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Abstract

This thesis studies the question of whether optimal alphabetic binary trees can be con-
structed in o(nlgn) time. Hu and Tucker [1] gave the first subquadratic algorithm in
1971, namely an O(nlgn) time algorithm. Optimal alphabetic binary trees have many
applications and the question of whether an o(nlg n) time algorithm exists has remained
an open problem in data structures for the last 20 years. We show that a class of tech-
niques for finding optimal alphabetic trees which includes all current methods yielding
O(nlgn) time algorithms are at least as hard as sorting in whatever model of computa-
tion used. We introduce a new idea for finding optimal alphabetic binary trees which we
refer to as region-processing. Region-processing methods have been successfully used to
give O(n) time algorithms for the case where all the input weights are within a constant
factor of one another and when they are exponentially separated. Although the region-
based method we give exhibits o(nlgn) time performance for many cases, we also show
a reduction from sorting to it as well. It is possible that the ideas used in this reduction

can be extended to yield a general w(n) lower bound.
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Chapter 1

Introduction

The problem of finding optimal alphabetic binary trees can be stated as follows: Given
a sequence of n weights wy, ..., w,, we wish to construct a tree whose leaves have these
weights, such that the tree is optimal with respect to some cost function and also has the
property that the weights on the leaves occur in order as the tree is traversed from left
to right. A tree which satisfies this last requirement is said to be alphabetic. Although
more general cost functions can be considered along the same lines as in the discussion
to follow, the original cost function studied, and the one we will concentrate on is 3 w;l;
where [; is the level of the i-th leaf node from the left in the tree. E. N. Gilbert and E.
F. Moore [4] gave the first efficient (O(n?®) time) algorithm for finding optimal alphabetic
binary trees, using dynamic programming. Their method was improved by Knuth (8],
in 1971, to O(n?) time for a more general problem where internal nodes are weighted as
well. F. Yao also solves this problem in O(n?) time with her more general method for
speeding up dynamic programming [5].

The first o(n?) time solution came in 1971, when T. C. Hu and A. C. Tucker [1]
gave an O(nlg n) time algorithm. Their original implementation was O(n?), but this was
improved to O(nlgn) by Knuth, using a better data-structure, and is mentioned in the
original Hu-Tucker paper. If we remove the restriction that the tree must be alphabetic,
then the problem becomes the well-known problem of building Huffman trees, which is
known to have ©(nlgn) time complexity in the comparison model. (The lower bound

model will be discussed in Chapter 5.) Modified O(n lg n) algorithms for finding optimal
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alphabetic binary trees, based on the ideas of Hu and Tucker, but with simpler proofs,
have been given by A. M. Garcia and M. L. Wachs in 1977 [3], and Hu, D. J. Kleitman
and J. K. Tanaka in 1979 [2]. The only recent progress on this problem has been made
by P. Ramanan [6] who showed that it is possible to verify that a given alphabetic tree
on a sequence of weights is optimal in O(n) time when the weights in the sequence are
either within a constant factor, or exponentially separated (notions we define precisely
later). However, it seems substantially more difficult to actually construct the optimal
trees in these cases.

As with Huffman trees, one application of optimal alphabetic binary trees is to build
efficient codes. Given an optimal tree, one can build codewords for the words at terminal
nodes according to how they are reached from the root node of the tree. This is done
by writing a “0” for each left branch taken, and a “1” for each right. Although not as
efficient as Huffman codes, alphabetic codes have the possibly desirable property that
that they preserve order. If one word comes before another in the original order then the
codeword for the first will be smaller than the codeword for the second.

Another interesting application is that of finding optimal binary search trees. This
is the problem of devising efficient tests to differentiate a number of objects which may
occur at different frequencies. An example mentioned in [1] is the problem of determining
which of set of n lengths a particular object is assuming that you can only decide whether
a particular object is longer or shorter than a given length and that the frequencies are
given. (Imagine logs of different lengths to be stacked in different piles according to
length.) To solve this problem, write down the lengths present in sorted order and
create an external node for each one. Assign each node a weight corresponding to the
frequency with which that length appears. An optimal alphabetic binary tree provides
a classification strategy which minimizes the expected number of length comparisons

necessary to identify the length of an object.
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We begin by reviewing the current Hu-Tucker based algorithms, which are unified
around the idea of building an optimal intermediate tree on the weights, from which the
final optimal alphabetic tree is subsequently constructed. A simple observation will show
that the construction of the intermediate tree requires at least as much time as sorting
in the given model of computation. An alternative approach is considered in which
input weights {w;} are first classified according to their order of magnitude. Define the
category of a node of weight w to be [lgw]. Maximal length regions of consecutive
weights in the same category are simultaneously considered. Using this idea, we give
O(n) algorithms for the case when all the input weights are within a constant factor of
one another, and the case where they are exponentially separated, in the sense that there
are only a constant number of weights between 2* and 2*+! for any k. The O(n) time
algorithm uses a new result of Maria Klawe for performing generalized selection in linear
time. Unfortunately, we are not able to give a general O(n) algorithm based on region-
processing. In fact, we show a reduction from sorting to a large class of region-based

algorithms. We conclude with some remarks about the ideas we have introduced.



Chapter 2

Review of Current Algorithms

In this chapter we describe the basic Hu-Tucker algorithm and its variants. All Hu-Tucker
based methods begin by building an intermediate tree on the input weight sequence. The
levels of the weight-carrying leaves in this intermediate tree are recorded and then used
to build an alphabetic tree whose weights are at the same level. Thus the cost of the
alphabetic tree is the same as the cost of the intermediate non-alphabetic tree. The
intermediate tree is proved to have optimal cost in a class of trees which contains all
alphabetic trees, so it follows that the alphabetic tree constructed is optimal. Some of the
proofs given are nearly identical to those given in [2], while others have been simplified.
We feel that the proofs given are simplest available for what is quite a complicated
argument.

The Hu-Tucker algorithm begins with a list of leaf nodes containing the weights
w1, ..., Wy, in order. This list is called the work list and is used to determine how nodes
combine to form the intermediate tree. Nodes in the work list are designated either
crossable or noncrossable. This affects which nodes may pair off together. Initially
all nodes are noncrossable. When two nodes are paired off, the resulting internal parent
node is designated crossable. The weight of the parent node is assigned the sum of the
weights of its children. The nodes that paired off are removed from the work list, and the
new parent node is put where the left child was. We say that two nodes in the list are
compatible if they are adjacent in the work list, or if all the nodes which separate them

are crossable. The symbol v, will refer to a node in the work list and w, will refer to its
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weight. The level of a node v, in the tree, denoted by I, is length of the shortest path
from v, to the root of the tree. Define an order of the nodes in the work list by v, < v,
if w, < wy or if w, = w, and v, is to the left of v, in the list. Note that this ordering is
transitive. A pair of nodes (v,,vs) are said to be a local minimum compatible pair

(Imcp) if and only if the following two conditions hold:

1. vy < v, for all nodes v, compatible with node v,.

2. v, L v, for all nodes v, compatible with node v;.

The first condition says that v, is the best node for v, to pair with, and the second
says that v, is the best for vy to pair with. We refer to the new node formed after they
pair as vgp.

Only lmcps are combined. When only one node remains it will be the root node in
the intermediate tree mentioned above. From now on we will refer to this intermediate
tree as the lmcp tree. In general, the construction of the lmcp tree is not unique; the
lmcps can combine in different orders. We now sketch a typical implementation of the

Hu-Tucker algorithm.

1. Given the initial nodelist,
(v1) (v2) (vs) ... (vn)

form sorted priority queues of nodes which are compatible with each other. (See

Figure 2.1.)

2. Since all nodes are compatible within a given priority queue above, the two smallest
nodes at the top of the queue will be the only candidates for being an lmcp. To
find an Imcp we can use a stack-based method. Beginning with the leftmost queue,

maintain a pointer to the current queue being considered. By checking neighboring
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(v 1)
(v9)

(v3)
(vp)

(v3)
(vg)

(Vn.2) ' (Vn)

i
| V) 1 O
|
|

Figure 2.1: Sorted list of priority queues

regions, we can determine in O(1) time whether or not the current pair is an Imcp. If
it is, combine the two nodes and place the resulting node in the position previously
occupied by the leftmost node. Move the pointer back to the previous queue, as it

may now contain an Imcp. Otherwise move the pointer forward.

It will often happen that combining two nodes will allow several queues to merge. If
we choose the appropriate data-structure for representing the queues, then merging
the queues can be done in O(lgn) time. Leftist trees provide such a representation
[10]. If we amortize the cost of finding lmcps over the entire course of the algorithm,
they take only O(1) time per Imcp to find. After each Imcp is combined we may
require O(lg n) time to update the queue structures. Hence forming the Imcp tree

in this way takes O(nlgn) time.

3. From the Imcp tree, it is easy to construct the optimal alphabetic tree in O(n) time
using O(n) space. This is a simple process and is well described in the original

Hu-Tucker and subsequent papers, so I will not describe it here.

2.1 The Garcia-Wachs Algorithm

An interesting modification to the basic Hu-Tucker algorithm presented above was made

by A.M. Garcia and M.L. Wachs in 1977 [3]. Their modification rests on the observation
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that crossable nodes may be moved past smaller nodes, regardless of whether the latter
are crossable or not. This follows from the fact that the smaller nodes will naturally
combine and become crossable before the moved crossable node will be involved in an
Imcp. By moving newly formed nodes judiciously, they ensure that all Imcp pairings are
between adjacent nodes, and hence no information about crossability of nodes need be

stored. Their algorithm begins with a list of the original input nodes:

(v1) (v2) (vs) ... (va)
Define a consecutive pair (v;_1,v;) to be right minimal if it satisfies:
1. wi—p + wi—y 2 wi—y + w; (when 7 > 2),
2. wiog +w; < wj—y +w; for all 7 > .

First the right-most right minimal pair is located. Say this pair is (v;—1, v;). This will
be an Imcp. Next the first (if any) entry to the right of v; whose weight is greater than
wi—1 + w; is found. Let this be v;1x41. Delete nodes v;_; and v; from the list and insert

the new node v;_;; into the list before v;;t41. The new list is then

(v1) (v2) ... (vic2) (Vig1) -+ o (Vigk) (Vio1) (Vigks1) - (va)-

If no such entry exists, then the new list is

(v1) (v2) ... (vic2) (Vig1) .- (Un) (Vicr,)-

An O(nlgn) implementation of this idea is given at the end of their paper. It is due
to Tarjan and makes use of some properties of balanced binary trees; namely that they
can be used to represent lists such that most basic list operations on lists of length &

require O(lg k) time.
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2.2 Correctness of the Hu-Tucker Algorithm

We prove the correctness of the basic Hu-Tucker algorithm following the approach in
[2]. Their proof is somewhat simpler than the original one given the original Hu-Tucker
paper [1] and is slightly more general in that it proves the algorithm works for a class
of cost functions. We have further simplified many of their proofs and present these
simplifications in full.

There are two key issues addressed in the proof of the Hu-Tucker method. The first
issue is feasibility. Are the leaf node levels in the Imcp tree realizable in an alphabetic
tree? The second issue is optimality. Does this alphabetic tree have minimum cost?

Following the notation in [2], denote the cost of a tree T' by |T'|. Instead of simply
adding the weights of the children to get the weight of the parent, they consider a more
general combine function f, where the parent of nodes v, and v is assigned the weight

f(wq, ws). The tree cost and combine functions must satisfy the following properties:

P1 |T| cannot increase if any of its weights is replaced with a smaller weight.

P2 For all v,, vs, and vy,
f(wa, wy) = f(wp, wa),
wa < fwa, wr)
and

w, S wp f(waawm) < f(wbawz‘)‘

P3 If v, < v, and [y > [, then interchanging vy and v, cannot decrease the cost of the

tree.

P4 Let T be a tree with n nodes in which v, and v; are combined. Let 7™ be the

tree of » — 1 nodes resulting from the combination, with the father of v, and v
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having weight f(w,,w;). Then there exists a function F(w,,w;) such that |T'| =
F(wg,wy) + | T

P5 The functions f and F must satisfy the following conditions if wp < w,:

f(f(wﬂ’ wb))’wc] < f(f(waa wc)a wb)

and

F('wm wb) + F(f('wm 'wb)a 'wc) < F(wa’ 'wc) + F(f('wa, 'wc)a wb)-

If the tree cost and combine functions satisfy these properties they are said to be

regular. From [2] some examples of regular cost functions are:

1. F(wx,wy) =w,; +w, = f(wa:aw'y)

|T| = ¥ w;l; (Hu-Tucker)

2. Flwg,wy) =0, f(wg, wy) = t(wy + wy),t > 1

|T'| = w(root) = T w;t" (power summation)

3. Fwg,wy) =0, f(wy, wy) =t X max(wg, wy)

|T'| = w(root) = max w;t' (min-max)

4. F(w,,w,) = 0 and let g be any function for which g(z) > z, and is increasing for

all relevant z in the range of the problem.

f(wz, wy) = max(g(w), g(w,))
|T| = max g(w;)!; (min-max)
2.2.1 Feasibility

To prove feasibility we consider a class of trees whose external node levels can be realized

in an alphabetic tree and show that all Imcp trees belong to this class. We begin with
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a definition of a class of trees which includes alphabetic trees, and as we will see, also
Imcp trees. Recall that two nodes are compatible if there are no noncrossable nodes
between them in the work list. A construction for a binary tree is just a list of node-
pairings, which if performed in order, will construct the tree. A construction is said to be
a monotone construction if the final levels of the nodes listed in the construction is a
decreasing sequence. That is, if the tree has depth 5, then all nodes at level 5 are paired
first, then all nodes at level 4, then all at level 3, and so on. Finally, a construction is

said to be compatible, if all node-pairings occur between compatible nodes.

Definition 2.1 Define C to be the class of all binary trees which have a monotone com-

patible construction. For a binary tree T in C, let ¢ denote such a construction.

We now give two complementary theorems about the class of alphabetic binary trees

and the class C.
Theorem 2.1 C includes all alphabetic binary trees.

Proof: Let T be an alphabetic binary tree. The result is easily proved by induction
on the height of T', with the base case of one node being trivial. Since T' is binary,
there must be an even number of leaves on the bottom (largest) level and they must
come in pairs in the original list of weights. We can build a monotone construction for 7'
recursively by appending a list of these pairs to the beginning of a monotone construction
for the subtree of T' with the bottom level nodes pruned. The monotone construction for

the subtree exists by induction. O

Theorem 2.2 The level sequence of the leaves of any tree T in C can be realized by an

alphabetic tree.
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Proof: Let T be a tree in C. Assume that it is constructed via some cr. To show
that a tree can be made alphabetic, it suffices to show that the nodes at any given level
in the construction occur in consecutive pairs in the work list. If this is true, one can pair
off the nodes at the largest (bottom) level, then pair off the nodes at the next largest
level and so on, as in the proof of the previous theorem. Consider the bottom level of
T. If we can establish that nodes on this level come in consecutive pairs then we will be
done, and the general result will follow by induction. If the nodes at the bottom level are
not in consecutive pairs, then there must be two nodes which pair up and are separated
by a node at a smaller (higher) level in the tree. But this node cannot be crossable, as we
are following a monotone compatible construction. This is a contradiction as the nodes

pairing would hence not be compatible. O

The next theorem shows that lmcp trees are in C, so from the last result we know
that they can be made alphabetic. The proof of the next theorem relies on the following

lemma which we give without proof. The proof can be found in [2].

Lemma 2.3 Let vy, v,y be nodes, where vy is crossed over in the formation of vaq.

Then lbc 2 lad-

Proof: Omitted. O

Theorem 2.4 Any Imcp tree T' is in C.

Proof: ~We can provide a monotone compatible construction for 7" by listing all
lowest level pairs, followed by all second lowest level pairs, etc. The only thing to show is

that if these node pairs are combined in order, then all combinations are made between
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compatible nodes. It is easy to see that we can order the lowest level pairs so that no
lowest level node prevents a pair from being compatible. The only issue is when a pair
of nodes (v,, vg) are initially incompatible and only become compatible after a node vy,
at a higher (smaller) level has formed. Hence l; < [,. But by the last lemma, l;. > l,4,
which implies that {; > I,. This contradiction proves that we can find an order to make
all the lowest level node combinations compatible, and by repeating the argument, find

a monotone compatible construction for 7". O

2.2.2 Optimality

This completes the proof of feasibility, so we now consider optimality. The crux of the

proof that the lmcp tree T” is optimal in C' is the next lemma.

Lemma 2.5 Given an initial node sequence vy,...,v, where some nodes may be cross-

able, there is an optimal tree T* in C such that all node combinations are between Imcps.

Proof: The proof is by induction on the number of nodes present. The base case
of two nodes is trivial. Assume the statement is true for any sequence of at most n — 1
nodes; we need to prove it for sequences of n nodes. By the inductive hypothesis it
suffices to show that there is is a construction of the tree in in which the first node pair
is an lmcp.

If there is no optimal tree T* in C, whose first combination is an Imcp then pick an
optimal 7™ and a construction cr+ such that the first pair of er+ is (vq, v5) with f(w,,ws)
as small as possible among all constructions of optimal trees in C. After v, and v,
combine, there will be n — 1 nodes in the sequence. By the inductive hypothesis we may

assume that the rest of the combinations in the construction are Imcps.
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Since we are assuming that (v,, vs) is not an lmcp, there must be a node v, compatible
to one of these nodes (say vs) with v, > v,. Further assume that v, is minimal among
all such nodes. Consider the second pair formed in e+, which by assumption is an Imcp.

There are four possible cases:

(i) The Imcp is (vr, v;) (two nodes other than ve; and v,).
(ii) It is (ve, va).

(iii) It is (vap, ve)-

(iv) It is (vas, va).

We can immediately rule out case (iv); since v, is compatible with vy, it will be
compatible with v4, when v, is formed. From P2 and the fact that v, > v, it follows
that vep > ve > v.. Hence vy would prefer to combine with v., and so (v, v4) could not
have been an Imcp.

In cases (ii) and (iii), we can change the first two combinations in er+ to be
(ii) (vs,v.) followed by (vq,vq).
(iii) (ve,v.) followed by (vse,v,).

In both cases, this would combine a smaller initial pair first, contradicting the the
choice of ers.
If case (i) happens, consider the sequence of combinations until v, is combined. This
will be either
(Vas U8)s (Va1 Vyy )y - -+ 5 (Vi Uy ), (e, 03)
or

(va, vb), (vwl? vyl)? ceey (vz‘pa vyp), ('Uc, vab)
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where their intermediate combinations (v, vy;) do not involve v, (or v, by the argument
used to handle case (iv) above). We assume that v, is to the left of v,, in the work list.

We now change these sequences to

(U, Ve)s (Vays Vg )s - -+ 5 (Vs Vg )5 (Vs Va)

and
('Uba 'Uc)a ('le 3 v'y1)’ ceey (vxpa vyp), (vbca 'vd)

As in cases (ii) and (iii), these new sequences give a construction of an optimal tree
with a smaller initial pair. The only problem is that one of the intermediate pairs (v, vy;)
might need to cross v,, which may be noncrossable. We show this never happens.

Suppose that (v,,, vy, ) is the first pair to cross v,, and that v, is noncrossable. Assume
w.l.o.g. that v, is to the left of v,, and v,, and v are to the right of v, in the initial
sequence. We know that when the pair (v,,,v,,) combines, the node v,, is compatible
with the node v,; and thus at this point both v,, and v, are compatible with v.. This
implies that v,, cannot be compatible with v; initially since this would imply that v, < v,
and hence v;; would prefer to combine with v.. Hence v,, becomes compatible with v
sometime during the node combinations (vg,, vy, )y .., (Ve_ysVy_,). We are specifically
interested in which of these combinations are between nodes which block compatibility
of vy, and v;. Figure 2.2 shows a fairly general case of how compatibility of v,, and vs can
be blocked by noncrossable nodes. Crossable nodes are circles and noncrossable nodes
are squares.

We note that all the nodes in the initial sequence between v, and v; are crossable, and
that no combination is made that crosses v;. This is because one of the nodes would then
be compatible to vy and thus also to v.. Thus this node would prefer to combine with
v.. We now show how to define a sequence of node pairs {(v”ik’ vy, )bk =1...1, with

such that 1 < j; < 7 and at least one of Vs, and Uy, is noncrossable. Furthermore this
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Figure 2.2: Compatibility blocking

sequence will have the property that vy;, and vg; ., be compatible for k=1...¢—1 and
that vy, is compatible to vy and vy, is compatible to vy. Let (vs; ,vy; ) be the closest
pair to the right of v, with at least one noncrossable node. Let (vz;,,vy; ) be the closest
pair to the right of v,; that combines after (vs; ,v,; ) with at least one noncrossable
node, and so on. Eventually we will define a pair (vs;,,v,, ) so that vy,, 18 compatible
with vy, and we are done. Notice that this last pair may cross over the location of vy,
as is shown in the diagram above. Local minimality of combining pairs together with
the compatibility requirements imply that v, < Vi < Uz, < ... < vy < vy,. Since
v, is compatible to v, just before the pair (v,,,v,;) forms, this pair cannot be an lmcp.
This contradiction ensures that no lmcp combination ever crosses v,, and thus finishes

the proof. O

We require one more lemma which we state without proof. The proof can be found

in [2].

Lemma 2.6 Given a node sequence consisting of crossable and noncrossable nodes, then
combining any Imcp in the sequence will not decrease the value of the smallest node

compatible to any other node in the sequence. In particular all other Imcps not combined
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will remain Imcps.

Proof: Omitted. O

We can now state and prove the final theorem.

Theorem 2.7 Given an initial node sequence vy,...,v, of noncrossable nodes, an opti-
mal tree in C for any reqular cost function can be built by successively combining Imcps

in any order.

Proof: We know from Lemma 2.5 that there exists a sequence of Imcp combinations
cr+» which constructs an optimal tree in C' on these nodes. Assume that sequence is
(Vz1s Vyg )y« -+ 3 (Vs ¥y, ). By Lemma 2.6, no lmcp can prevent another from combining,

hence all will eventually combine and an optimal tree will be built. O

This last theorem proves the correctness of all optimal alphabetic tree-finding algo-
rithms which are based on combining lmcps to find a level assignment for the external
nodes, and then building the alphabetic tree. The algorithms we present in the subse-

quent chapters are all based on this method.



Chapter 3

Faster Methods?

For certain classes of inputs, linear time algorithms for finding optimal alphabetic binary
trees exist. In this section we will present simple methods for some of these cases. We
will also introduce a new idea for finding optimal alphabetic binary trees in O(nlgn)
time, which to some extent is a hybrid of the two simple methods presented. We call
methods which use this idea region-based. Although all region-based methods will later
be shown to have at least the time complexity of sorting in the model of computation
being used, there are some interesting speed-ups which can improve their performance

substantially in a number of cases.

3.1 Some Simple Cases Solvable in O(n) Time

The first special case considered is that where the values wy,...,w, in the initial weight
sequence are all within a factor of two. That is, there is a real number ¢ such that
¢ < wy,...,w, < 2¢c. The next theorem provides the basis for a straightforward linear-

time algorithm given as a corollary afterwards.

Theorem 3.1 Given a sequence of n crossable nodes which are within a factor of two,
after the first [(n + 1)/2] Imcps have been found and combined, the new sequence will
consist of [n/2] nodes whose weights are again within a factor of two. Furthermore, if we
keep combining Imcps, the resulting Imep tree will be balanced, with the leaves differing

in level by at most one. Specifically, the 2(n — 20€") smallest weights will be at level

17
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llgn] + 1 and the others will be at level {lgn].

Proof: We note that that since all the nodes are crossable, this reduces the problem
to building a Huffman tree, where the result is known. We present a new proof, which
provides insight to the actual behavior of the algorithm, and motivates our results to
follow.

Let the initial sequence of nodes be vy,...,v, and let ¢ be a real number such that
c < w; < 2¢ for i =1 to n. Whenever two nodes form an Imcp and combine, the weight
of the new node is greater than 2¢, so it will not be involved in another lmcp until there
are less than two nodes smaller than 2c. When n is odd, a solitary original node less
than 2¢ will remain. It will be the largest node present in the original sequence and will
form an Imcp with the smallest available newly formed node. When n is even the largest
node present in the original sequence will merge with another original node. Regardless
of whether n is odd or even, the last (there may be more than one) largest node will
merge during the [(n + 1)/2]-th Imcp pairing. At this stage there will be exactly [n/2]
nodes present and they will be within a factor of two, as is easily observed below:

I n is even then it is clear that the [n/2] nodes present will be within a factor of two
since the weight of each new node is the sum of the weights of exactly two original nodes.
If n is odd, take ¢’ = w; + w;, the smallest value among the first (n — 1)/2 newly formed
nodes. Clearly the rest of the first (n — 1)/2 newly formed nodes have weights less than
2¢/. Let vy be the single remaining node. It will form an lmcp with the node v;;. Since
the original weight sequence was within a factor of two, wy, < w; +w; = ¢/. So the weight
of the next node formed, v;;, will equal w; + w; + wy, and hence be less than 2¢’. Thus
all [n/2] = (n — 1)/2 nodes present fall strictly between ¢’ and 2¢'.

We note that when n is even all leaves have had their level increase by exactly one.

When 7 is odd, the leaves associated with the node which paired with the largest node
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have had their level increase by exactly two; all others (including those of the largest
node) will have increased by exactly one. If the nodes were presented in ascending order

we would have the case illustrated in Figure 3.3.

ANNAN - AANA

Figure 3.3: Odd number of nodes present

The crucial observation for this proof is that if n is odd, then the largest node present
in the sequence of [n/2] newly formed nodes will be unique. If the largest node is vy with
weight ws, then w; < w; for nodes v; in the original sequence. Suppose that v, merges
with vy the smallest of the newly formed nodes. Since the weight of vi is wi +w; > 2¢, it
follows that w; < wy; for nodes v; in the original sequence. So w; +w; < Wi+ wp = Wy
for any two nodes v; and v; in the original sequence. Hence the largest node is unique.
Since it is unique, its parent will also be the largest node in next sequence of newly paired-
off nodes. This means that although the leaves associated with the node that paired with
the largest node had their levels increase by two after one stage of the algorithm, they
will always be rooted by a largest node and so will only have their levels increase by
one during all remaining stages. This argument also applies to nodes which have their
levels increased by two at later stages of the algorithm. Thus when the tree is finished,
the level of any two leaves can differ by at most one. As any Imcp-combining strategy is
guaranteed to produce a tree of optimal weight, we can be sure that the smallest values
are at the bottom (largest) level. A certain number, 2z, of the smaller nodes will pair off
and occupy the bottom level [lgn] + 1, and the remaining n — 2z larger nodes will get

their own leaves. We require £ + n — 2z = 208", or z = n — 287, O
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Corollary 3.2 There exists a simple linear time algorithm for finding an optimal al-
phabetic binary tree on a sequence of input weights which differ at most by a factor of

two.

From chapter one, we know that it suffices to find the levels of the leaves in the Imcp
tree. We know that this level sequence can be realized by an alphabetic tree which can
be constructed in O(n) time. In point form, the algorithm for finding the levels of the

leaves in the alphabetic tree is as follows:

1. Begin with the work list containing the original input sequence. Note that all nodes

are noncrossable.

2. Use a stack-based method to find Imcps and pair them off, removing them tem-
porarily from the work list. This process will continue until there are zero or one
nodes left in the work list. If a single node remains (n is odd), scan through the
list of newly formed crossable nodes to find the smallest pair. Pair this node with

the single noncrossable node.

3. At this stage we have m = [n/2] crossable nodes left. Moreover the new nodes are
still within a factor of two, by the same argument as in the proof of the preceding

theorem.

4. We can now directly find the levels of every leaf in the lmcp tree for the m crossable
nodes present by the preceding theorem. We know that if we continue to build up
the Imcp tree that we will get a balanced binary of tree of depth [lgm]. To find the
2(m — 20&™])-th weight in the list we can use the well-known linear time selection

algorithm based on median-finding [7]. We then scan through the list and find
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2(m — 28™)) nodes whose weights are less than or equal to the 2(m — 208™])-th
weight, and assign them the level [lgm]+1. The remaining nodes are assigned level
[lgm]. In an additional O(n) time, we can compute the levels of the nodes in the

original input sequence.

5. With knowledge of the leaf levels we can construct the optimal alphabetic tree for

the input sequence in O(n) time.

The next special case that is easy to solve in linear time happens when the weights
Wi, ..., W, in the input sequence are exponentially spread out; i.e. none of the nodes are
within a factor of two. Formally, for all weights w; and w;, if w; < w; then |w;/w;| > 2.

A simple bottom-up approach to building the optimal alphabetic tree on an expo-
nentially spread out sequence is just to use the basic stack-based method, but ignore
crossability of nodes (new nodes are still noncrossable). This reduces the running time

to O(n) time. The following lemma justifies this.

Lemma 3.3 If for all input weights wi,w;, w; £ w; = |w;/w;| > 2, no crossable node

will ever be crossed over.

Proof: In view of obtaining a contradiction, assume that the first Imcp combination
that crosses over a section of crossable nodes occurs when v, and vy combine and cross
over the nodes v,y ,...,Vsmny, in the work list, and that of these in-between nodes,
Vz;y; Was the last to form. Then v, was compatible to v,, and v, was compatible to
vy, when the node v, was formed. This means that w, > w,, and ws > ws. So
max(wq, ws) > max(wy;, w,,). Let the weight of the largest original node present in the
leaves rooted by either v, or v, be u. Since the leaves of v,, and v,, are disjoint and

leaves decrease in weight geometrically by a ratio of a least two, it follows that wg,y,,

which equals the sum of the weights of the original nodes rooted by vy, is less than 2u.
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On the other hand, max(w,,ws) > max(w,,;, w,,) > u. Since the weight u is not among
the weights of the original nodes of v, or v;, there must be a larger original node present
in order for the sum of the weights to exceed u. Such a node must have weight v > 2u
by assumption. Thus max(w,,ws) > 2u > wy,,,. This contradicts the pair (v,, vs) being

an Imcp since min(v,, vs) would prefer to merge with vg,,. O

Hence it is not necessary to maintain information about crossability as it will never
be used. It is relatively straightforward to see that ignoring crossability speeds up the
standard stack-based method to linear running time. The speed-up comes from the fact
that there are no longer crossable nodes lists to maintain and merge. We now give a
formal description of the algorithm.

Let the input sequence be

Uy Uy V3 V4 ... Up—1 Uy

(i
P

with the stack pointer P initially pointing to the first node in the work list. The basic
step consists of checking if the node above P and its neighbor to the right forms an Imcp;
this just involves checking the next two nodes to the right as we will see shortly. If the
pair is an Imcp it is combined, the new node inserted at P, and P reset to the previous

node. If not, P is advanced one node to the right. Thus in each step we either combine

two nodes or advance P. Assume the current work list is always vy,...,v, and that
we are examining the node (v;,vi;1). This means that the nodes (v1,v2),..., (vi—1,v;)
were not Imcps. Hence vy > vs,v2 > v4,v3 > vs,...,vi-; > viy1. Recombining these

inequalities shows that v; > v3 > vs > ... > Vg and v > vy > v > ... > Va[(i+1)/2)-

In light of the fact that nodes are assumed noncrossable, we only need to compare v; and
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Vip2 to see if (vi, v;41) is an lmep. If v; < viyo, it is. If we reach the end of the list and are
checking (v,—1, v,) we see that automatically this pair will be an Imcp. After combining
it, removing v,, — 1 and v, from the list, and placing the new node in the last position,
n — 1, P will retreat to check (v,—3,vn—2) for local minimality. Either it is an Imcp or we
need to move forward once to find one.

We now calculate the running time of this method, by counting the maximum number
of comparisons necessary to build the tree. Let T'(n,p) be the maximum number of
comparisons needed when there are n nodes and P is at position p in the list. We make

the following observations on T

1. T(2,1) = 0 (automatic pairing)

T(n,p+1)+1 (no lmcp above P
2. T(n,p) = max (mp+1) ( P ) for p < 3.

T(n—1,1)41 (Ilmcp above P)

T(n,p+1)+1 o Imcp above P
3. T'(n,p) = max (mp+1) (n P ) for2<p<n—1.

T(n—1,p—2)+1 (lmcp above P)

4. T(n,n —1) =T(n — 1,p — 2) (automatic pairing)

It is easy to verify by induction that T'(n,p) < 3n — p. Hence the total time cost of
the algorithm will be 3n for the cost of comparisons plus an additional cost of n — 1 for
forming the n — 1 new nodes between Imcps.

An alternative approach to finding an optimal alphabetic tree on n weights exponen-
tially spread out is to build the tree top-down. This is based on the observation that
placing the largest node as high as possible in the tree dominates over the consideration
that other nodes will potentially be at larger levels. We leave the details to be worked

out by the reader.



Chapter 3. Faster Methods? 24

3.2 Region-based Methods

In this section we present a new method for finding optimal alphabetic binary trees.
After the basic version has been explained, we will make observations on how to speed
up its performance in special cases. The method will be referred to as region-based.
Although it will later be shown that in the worst case it requires as much time as sorting,
it exhibits o(nlgn) time performance for a significant variety of inputs. In particular,
we are able to give O(n) algorithms for the case when all the input weights are within a
constant factor of one another, and the case where there are only a constant number of
weights between 2* and 2**! for any k. In all cases, its performance is at least as good
as the Hu-Tucker algorithm. The method is based on the observation that nodes that
are within a factor of 2 have approximately the same level. We begin with a complete

description of the basic algorithm.

Input: a list of weights: wq, ws,...,w,

Output: a representation of an optimal binary tree built on these weights

Assume the input has been placed in a doubly-linked list called the work list. We
define the category of a node v, in the work list to be [Igw,]. We then re-scan the work
list from left to right to build a new list (doubly-linked) of consecutive regions. A region is
defined to be the maximal length list of consecutive nodes from the work list of the same
category. It is represented as a 5-tuple (¢, pie, Pre, Pim, Prm ) Where ¢ is the category of the
region, pi. and p,. are pointers to the left and right endpoints of the actual region in the
work list, and pi,, and p,n, are pointers to the minimum nodes in the region compatible to
imaginary nodes to the immediate left and right of the nodes at p;,, and p,., respectively.

If, for example, the node at p;. is noncrossable, then py, = pj.. We have now partitioned
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the work list into regions:

{’01'1)2} {’1)3} {’04} {v5 Ve ’07} e { e ’Un}

The algorithm proceeds by determining a certain region is suitable to process, and
then combining nodes in that region. In some cases it will process several regions simul-
taneously. It then combines pairs of nodes in it (them) appropriately and in so doing,
eliminates the old region(s). Newly formed nodes may then join adjacent regions or cre-
ate new ones. If r is the number of nodes in the region processed, then we only require
O(rlgr) time to do the entire operation (including the time spent to update the work
list and region list). It is also the case that a region is examined in the region list at
most twice until it is processed and eliminated. So the total cost of eliminating the r
nodes and replacing them with [r/2 + 1] pairs is still O(r lgr) time, if we amortize over
the course of the algorithm. Hence we spend only O(rlgr) time to reduce the problem
to size [n — r/2]; this yields an O(nlgn) time algorithm.

To illustrate this, after a few steps of the algorithm, it may be that we have the

situation pictured in Figure 3.4.

Dashed lines indicate crossability

Figure 3.4: Region processing
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3.2.1 Detailed description of the algorithm

We use a stack-based method to determine which regions to process. We keep track of
node crossability and only combine Imcps. This ensures optimality by the results of the
previous chapter.

Assume that at the start the region list is:

R, Ry Rs Ry ... R,y R,

i
P

The pointer P points to the region we are currently considering for processing. To
determine if we can process the region above P we need to check adjacent regions in
the region list. To describe this process assume we are in the general situation pictured

below, with P below a region Ry, where 1 < k < m:

R, Ry ... Ry Riyr ... Rm

i
P

Let R; < R; iff the category of R; is less than the category of R;. The following
invariant is maintained by the algorithm:
There exists a possibly empty set J = {j; < j2 < ... < j,} of nonconsecutive indices

from the set {1,...,k — 1} such that:
1. R;; consists of a single non-crossable node for alli =1...s

2. By > ...> Rj, 1 < Rj;, >Rjj;1 >...> Rj.1s < Rj, >...> Rj,_1 <Ry, >

Rjp1>...> Ry

3. Rj_o > Rj; for allz =1...s where 3, — 2 > 0.
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4. |Rj,—1| is odd

Depending on the adjacent regions to Ry, we either process Rj and possibly other
regions or we advance P. In either case the invariant above is maintained. The cases are

given below:

1. Ry > Ri41: Move P under Ryy.

2. Ri < Ri41, Ri41 consists of a single non-crossable node, and Ry > Rji42: Move P

under Rj,..

3. Otherwise: In this case, we process Ry, and possibly other regions to the left. We
begin by finding the maximum even value j such that for all 7 = 0,2,4,...,7 we
have k — 1 — ¢ in J and Ry_3—; = Ry. In the case that no such j exists we set
J = —2. Let R, refer to the node in the work list pointed to by the p;. pointer for
region R. Define R,., Ry, and R, likewise. Now use a stack-based subroutine to

process the following list of nodes:

Rk—j'—3rm ) Rk—j—2ze7 KR Rk—j—2re7 Rk—j—lzey Rk—j;e7 ceey Rk—jre7 ceey Rk;e’ cee erea Rk+1;m

For example, when j = —2, we just have the list:

Rk—lrm’ Rkle’ ey ere’ Rk+12m

The reason for keeping track of singleton regions, is that nodes in regions on either
side of a singleton region may compete to combine with the singleton node separating

them. This happens when j = 0 as is shown in Figure 3.5.

3.2.2 The region-processing step

The subroutine begins by placing pointers in the work list to delimit the region we are

working on. This list will be a scratch list, and as we work on it we will remove nodes



Chapter 3. Faster Methods? 28

Rk+ 1

Figure 3.5: Typical region distribution

which are paired. We maintain a pointer @) in the scratch list that points to the current
node being considered for pairing with its right neighbor. To illustrate this, let us assume
the essentially general case when j = 2. For further convenience we will label the nodes
in region Ry_4 by a1,...,a,, those in Ry_2 by by,...,b, and those Ry by ci,...,c,. The

initial set-up of the work list is:

Rk_5rm a ... Qp Rk_3le b1 cee bq Rk—lle Cl .. Cp Rk+1lm

Some of the nodes in «, b and ¢ may be crossable. The singleton regions R;_3 and Rj_,
are not crossable and neither are the endpoint nodes Ry_s,,, and R4q,,,-

We now use the fairly simple stack-based implementation of the Hu-Tucker algorithm
to determine all the Imcps in the regions a, b and ¢, and pair them up. Since we know
that all of the nodes in a given region, say a will pair up and form a consecutive block of
crossable nodes, we can keep all newly formed nodes in a separate list, which we insert
into the work list when all the original nodes have been combined. After this is done we
can find the categories of all the new nodes and the new regions in this part of the work
list with one scan over the newly created nodes.

If there were an odd number of nodes in one of the regions, say a, to begin with the
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last node will either merge with one of the newly formed nodes or with an endpoint or
one of the singleton region nodes. After all the initial nodes have been merged, the list
of newly formed nodes is inserted into the work list. The region list is also updated. The

time complexity of the entire region-processing step is O(rlgr).

3.2.3 Time complexity of the basic region-based method

The proof that this method runs in O(nlgn) time is very similar to the proof that the
stack based method in the beginning of the chapter ran in O(n) time. The difference
being that the stack maintained now contains regions, and the basic cost of processing
a region of size m is O(mlgm). Let S(n,p) be the maximum number of steps required
by our method to build the lmcp tree on a list of n nodes, divided into some number
number of regions, with the region pointer P at position p in the region list. We make

the following observations on S:

1. S(2,1) = 0 (can automatically process region above P)

S(n,p+1)+1 (cannot process region above P)
2. S(n,p) = max
S(n—[s/2],1) + O(slgs) (can process region above P)

for p < 3.

S(n,p+1)+1 (cannot process region above P)
3. S(n,p) = max
S(n —[s/2],p —2) + O(slgs) (can process region above P)

for 2 < p < [last region).

4. S(n,[last region]) = S(n — [s/2],p — 2) + O(slg s)

(can automatically process region above P)

It is easy to verify by induction that S(n,p) = O(rnlgn) — O(p), which implies that
the running time of the method is O(nlgn).
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Speeding up Region-based Methods

There are many classes of inputs for which we can speed up the region-based method
presented in the previous chapter. This is done by not combining every lmcp, which
as we will see in the next chapter can be as time consuming as sorting. We begin by
discussing a way of speeding up the region-based method for general inputs, and then
consider the case where the inputs weights are within a constant factor of one another
and the case where there is a bounded number of weights between 2% and 2%*! for every
k. We refer to the input weights in these cases as being bounded by a constant
factor and being exponentially separated respectively. The linear time algorithm
for exponentially separated sequences is a simple observation on the behavior of the
basic region-processing method, whereas the corresponding linear time algorithm for the
constant factor case is very complicated. We only sketch the basic details of the method

discovered by the author and his supervisor Maria Klawe.

4.1 Speeding up General Region-based Algorithms

The basic idea used is that instead of explicitly combining Imcps we only find the ones
which will affect the levels of the leaves in the tree. For example, if the category of a
given region is much less than that of its neighboring regions, we know that the nodes
in the region will pair up and form a balanced subtree before pairing with any nodes
in neighboring regions. Hence we can process the region using a linear time method by

treating it as if it were the entire input sequence, as is shown in Figure 4.6.

30
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t @ m m =2 = w

R

Figure 4.6: Can process R quickly

Unfortunately there are cases where our strategy still requires accurate knowledge of
many of the Imcps which form in a given region. This happens when the categories of
the adjacent regions are not too much greater than the region currently being processed.
Newly formed nodes from the processed region recombine until they enter one of the
adjacent regions. If the category of the adjacent regions was not much larger than that
of the processed region many new nodes will enter it. For example, if the categories
differ by two, and there were r nodes in the lower (larger level) region then [r/4] nodes
will enter the higher region. Although immediate knowledge of the exact weights of the
entering nodes may not be necessary initially, it can happen that such information will
be required later in order to properly determine future Imcps. This would be the case
if, upon entering the new region, the input sequence is now within a factor of two. We
know that at this stage a balanced tree will be built with some of the nodes occupying
largest (lower) levels. It would then be necessary to have all the weight information
because we have to assign a set of the smallest weights to these larger levels and some of

the new nodes may well be among them. The region-based algorithm we give accurately
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determines the weights of all nodes entering a higher region; this strategy can save time
if the gaps between the initial regions are large enough.

We follow the overall region-combining approach that we described previously. That
is, we use a stack-based method to find regions to combine and then enter a subroutine
to process individual regions. The difference will be in the region processing step. By
checking the category of adjacent regions we can determine the height of the gap. If it
is cost-effective to do so, we will use a different method than just successively combining
Imcps until all the nodes enter one of the adjacent regions. We also sort the list of newly
created crossable nodes into adjacent regions before merging them into adjacent regions.
As we will see, this does not increase the time complexity of the method, as we spend at
least this much time processing the region itself. (This is clearly the case if the region
processing step given in chapter two is used; processing a region of size r cost O(rlgr)

time.)

Region S

AN

Region R

Figure 4.7: Gap between regions

Assume that there are r nodes in the middle region, R, which is the one currently

being processed. If we were to follow the basic region-processing procedure, we would
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spend O(rlgr) time combining the nodes present to form a new region whose category
would be one greater than the first, but would have half the nodes. This would continue
until eventually the newly formed region would merge with one of the adjacent regions.
The alternative is to use the idea of the linear time approach for weights within a factor
of two to predict the values of the nodes in the last newly formed region S just before it
merges with one of the neighboring regions. In this way, we will be able to construct S
without computing any of the intermediate regions in between. Provided the gap height
h is large enough, the time spent will be less than O(rlgr). Indeed if the gap is larger
than [lgr] then we know that we will form a complete balanced binary on the region
being processed, and that the root of this tree will later combine with a node in one of
the adjacent regions. As was mentioned before we could thus use the algorithm given in
the previous section to build this tree in linear time. We will begin with describing the
method for predicting the nodes in the last newly formed region that would be formed
by any Imcp-combining strategy and then we will provide a criterion on the gap height
for its cost effectiveness.

Let the gap height between R and its lowest adjacent neighbor be h, as pictured
in the previous diagram. We wish to find the nodes in S immediately below the lowest
adjacent neighboring region without going through the expense of computing every region

in between. Expand r as
ro=20(202(., 2%-2(2%-1(2% + 1)+ 1)...) + 1).

This takes O(lgr) time. Note that 3" a; = [lgr]. This expansion will let us determine
the partition of the original input sequence according to which nodes they descend from
in S. By summing the weights of the nodes in a given partition, we compute the weight
of their common ancestor in S. The next theorem shows how to find the partition of R

based on the expansion of r. It assumes that all the nodes in R are crossable. If they are
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not all crossable then additional time must be spent in order to pair off all noncrossable
nodes first. This will only require O(r) time, since any sections of crossable nodes are in
sorted order. It is not necessary to re-sort the crossable nodes afterwards.

Before we formally state a theorem about how R is partitioned, we will provide some
nomenclature for describing the intermediate combination steps in the transitory regions
formed between R and S. Assume that all nodes in R are crossable and that they are
labelled v; to v,. If r is even, then the lmcps we find and combine will be in order
(v1,v2), (v3,V4)y. .., (Vr—1,v,). At this point we will have formed a new region. Call this

one r-step. If r is odd then the lmcps formed will be

(vla vZ)a ('03, ’04), ey (v‘r-—-Za vr—l)a ((vla '02)’ vr)-

Also call this one r-step, even though two nodes have paired twice. This is pictured in

Figure 4.8. In either case, after one r- step a new region is formed.

AN AN N N N N N AN

1 V2 V3 Vg V5 Ve Y7 VB Vo Vio Vi1 Viz Via Va4 Vis Vie Viz Vis Vis

Figure 4.8: One r-step

As was seen in the proof of (the first theorem of this section), the largest node vyg is
a child of the largest node in the next region, and this node is unique.

After a number of r-steps the new region created will either have its smallest node
at category ¢ — 1, where c is the category of the nearest adjacent region or consist of
a singleton. In both cases we must stop. In the former case we can no longer assume
that all nodes present will combine with one another. This is because the largest node

can now be at category c, and thus be at the same level as one of the adjacent regions.



Chapter 4. Speeding up Region-based Methods 35

For example this would happen if in the last diagram w;, = 2,ws = 2,uq9 = 3.9 and
the category of one of the adjacent regions was 2. Assuming this is not the case, after

a couple more r-steps we will have formed the forest shown in Figure 4.9. Notice that

/TAAA)\/(>\/<>\\

Vio V11 V12 Via Vig Vs Vie V17 Vis Vo

Figure 4.9: Forest formed after three r-steps

that the smallest six nodes have increased their levels by 4, whereas all the others have

increased their levels by 3. The next theorem shows it easy to predict these numbers.

Theorem 4.1 Let r = 2%1(2%2(...2%-2(2%-1(2% + 1) + 1)...) + 1) and assume that j
r-steps occur (7 < [lgr]). Let s be mazimal such that Y"7_, a; < j. Then there will be

exactly

2(29 20tz 4| 4 2mtetas) yf k> 1 and s exists
¢y,j = Max
0 otherwise
nodes in R which have increased their level by j + 1 and the remaining r — ¢, ; will have
increased their level by j. Furthermore the nodes in the region formed after the j-th r-
step will have weights in order, (we, ;414 ...+ We, 429 )y (We, 42941+ + We, ;42942541 ),
o (Wepjame1)2ip1 oo Wepjqmai), (W1 +ooo W,y + We, ;pmaigr + ...+ W) where

m = [r/2j] — 1.

Proof: 'The proof of this theorem mirrors the one given for Theorem 3.1. We know

that in any r-step where the number of nodes present is odd, the smallest two nodes will
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combine to form a new node, and this new node will then combine with the largest node
present, as was pictured in the last figure. We also know that this new node will be the
sole largest node present in the next region. It was this observation which showed that
any node would have its level increased by 2 during at most one r- step; after this, it
would be a descendant of a largest node, whose levels only go up by one every r-step.
The formal proof is by induction on k. The base case of k¥ = 1 is simple; r is a power of
two, and so there are never any leftover nodes to combine after any r-step. Assume that
the theorem is true for all £ up to m — 1. We need to show it works for £ = m. Consider
a.

If a; = 0, we know that there are an odd number of nodes present. Hence the two
smallest nodes present will have their levels increased by 2 in the first r-step. The number
of nodes which have their levels increased by two will thus be 2 plus twice the number of
nodes in the next level which have their levels increased by two. This is because every
node at the next level represents two in the original level. In the case m > 2, by induction

this number is

92 + 2(2(2:12—1 + 2a2—1+a3 + 2a2—1+a3+a4 4.+ 2“2—1+---+%))

— 2(20+2a2 +2a2+a3 +2a2+a3+a4+...+2“1+...+a,)
= cr,j'

If m = 2, note that s = 1 (otherwise there are not enough nodes to combine) and so the
number of nodes which increase their level by 2 is 2 + 0 = 2(2%) = ¢, ;.

If @, > 0 then there are an even number of nodes present and so in the next r-step,
every node will have its level increased by exactly one. Thus the number of nodes which
have their levels increased by two will be twice the number of nodes at the next level

that do. Thus, by induction,

2(2(2a1—1 + 2a1—1+a2 + 2a1—1+a2+a3 + . + 2a1—1+...+a3)) = ¢
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nodes have their levels increased by two.

It remains to show how the nodes are partitioned. We will use induction on the
number r-steps to do this. The statement about partitioning is obvious for one r-step,
regardless of whether r is even or odd. Assuming it is true for j — 1 r-steps, we shall prove
it for j. Let the nodes in order be vy,...,v,. If a; = 0, then there are an odd number of
nodes present. After one r-step the nodes in order are vs4,vsg, ..., Vr—2,-1,V(1,2),r» BY

induction these nodes get partitioned as pictured in Figure 4.10.

C[/2]1,4-1 21 2i-1
/\ /\ "' /\ /\

ANNNN /\\

Crj 2 2l

Figure 4.10: Partition according to inductive hypothesis

Observe that ¢, ; = 2 + 2¢[;/2),j—1. From the diagram and the inductive hypothesis,
we see that the first ¢, ; nodes and the r — (¢, j4m2i) largest nodes in R share a common
ancestor in the region formed after j r-steps, . It is also clear that the m2’ nodes in
between are partitioned in sections of size 2/. If a; > 0, then r is even and it is easy to

see that c,; = 2¢[,/),j—1 and the partition of the nodes in R is as stated. O

Having shown how to predict the nodes formed after j r- steps, we now need to find

out when it is economical to do so.

Theorem 4.2 Let the region currently being processed be R, and assume it contains r
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nodes. Let the gap height between R and its lowest adjacent neighbor be h. We can

determine the region S formed after h — 1 r-steps in O(rlg(3x)) time.

Proof: There are approximately (55) nearly evenly spaced values to find in R. Using
the linear time selection algorithm we can find the middle one in O(r) time. Split the
list on this value into two approximately equal halves and again find the middle value in
each; this will take O(3) + O(5) = O(r) time. After O(lg(5%)) steps, we will know the
partitioning of R according ancestors in the new region S, at a cost of O(rlg(3x)) time,
and so we can accurately form the nodes in S by just summing the weights in each nodes

partition of R. O

Now use the conventional means of combining Imcps in S until all nodes have en-
tered the nearest adjacent region and we are finished. This only costs an additional
O((3%) 1g(35%)) steps, including the time necessary to sort the list of entering nodes, so

the entire running time is still O(r lg(3x)).

4.2 The Constant Factor Case

We now outline the linear time algorithm for weights within a constant factor. That is,
for the case where there is a constant C such that max{w;}/min{w;} < C. We make use
of new linear time generalized selection algorithm discovered by Maria Klawe. Because
of the complexity of the result and its recent discovery we only provide an outline of the
method and refer the reader to a forthcoming (as of August, 1992) paper of the author
and Maria Klawe.

As before, our objective is to determine the levels of the leaf nodes in the Imcp tree.
The underlying idea is an extension of the techniques in the case where the input weights

are within a factor of two. Specifically, we use a region-based method to process the
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weights region by region in increasing order by category number until we are left with a
single region of crossable nodes. At this point we apply Theorem 3.1 to determine the
Imcp tree levels of the nodes in this final region, and then work backwards from this
information to find the Imcp tree levels of the original weights.

There are a number of fundamental problems that arise in implementing this strategy.
The first is that given a region of r nodes that may be either crossable or noncrossable,
finding the Imcps that will be formed out of the region can take Q(rlgr) time since we
may be forced to sort the crossable nodes. Thus we cannot afford to actually determine
which nodes pair together in Imcps, nor the weights of the lmcps formed. Instead we only
obtain coarser information about the structure of the Imcp tree. In particular, we will
determine groups of nodes that pair together in the sense that the Imcp partner of each
node in the group is also in the group. As this procedure is iterated, we must be able to
“process” regions where we only have a coarse description of the region. Specifically the
description of a region is an ordered list of node-groups, where each noncrossable node is
a singleton node-group, and each crossable node-group, G, is described by an node-group
list representing the children of the nodes in G. For each node-group we will know the
number of nodes in the group, and the largest and two smallest weights of the nodes in
the node-group.

Working with node-group lists introduces a number of technical challenges. For ex-
ample, given a node-group list for a region, R, we must construct a node-group list for
L, the set of Imcps containing nodes in R. If the number r of nodes in R is even, because
the regions adjacent to R have higher category numbers, it is easy to show that the Imcp
partner of each node of R is in R. This makes constructing the node-group list for L fairly
trivial (i.e. it consists of a single node-group), except for the problem of determining the
largest and smallest weights of the nodes in L. The reason we need to know the largest

and smallest weights of the nodes in each node-group arises from handling the case when
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r is odd. In this case, R has exactly one node, a wallflower, whose Imcp partner is not a
node in R. We need to know the largest weight in each node group in order to find the
wallflower, and we will need to know the two smallest weights in order to know, at the
next stage, which node will be the lmcp partner of the wallflower. Our general strategy
for efficiently computing the largest weight among the lmcps that will be produced from
a region, is to construct (in linear time) a list of weighted nodes for which we can obtain
all the Imcps in linear time, and to prove that the largest weight lmcp from this list is
the same as that from the region. We use a similar method to find the two smallest
weights. The choice of these approximate lists is fairly natural, but proving that they
possess the appropriate extremal lmcps requires establishing a number of tools to deal
with how modifying work lists affects the extremal Imcps.

Another problem that arises is in applying Theorem 3.1 to the final region of crossable
nodes. In the case where the original weights differ by at most a factor of two, we know
the actual weight of each crossable node in the region and hence can apply the usual
linear-time selection algorithm to find the % smallest weight nodes for the appropriate
value of k. In the constant factor case, however, we only know the largest and two
smallest weights in each node-group, which makes selecting the k smallest weight nodes
much more difficult. What we need is a linear-time technique for producing a node-group
list that represents the k smallest weight nodes, and a node-group list representing the
remaining nodes in the region. From these we can work backwards to deduce the lmcp
tree levels of each of the original weights.

The linear-time algorithm for selection in node-groups consists of two pieces. The
first piece is a generalized selection algorithm, which given a collection of sets and a
“fast” selection algorithm for each set, does “fast” selection on the union of the sets.
Here the term “fast” selection algorithm for a set A means that for any o between 0 and

1, in time linear in the number of nodes in A we can partition A into A; U A; according



Chapter 4. Speeding up Region-based Methods 41

to the following conditions. First, we have “fast” selection algorithms for both A; and
Ay; second, every element in A; is less than or equal to every element in As; and third,
A; = |aA]|. The other piece of the node-group selection algorithm is a technique that
does the following task: Given “fast” selection algorithms for each node-group in a node-
group list for a region R and an integer k, produce a node-group list that represents the k&
smallest weight nodes in L, the set of lImcps constructed from R, as well as a node-group
list representing the remaining nodes in L. By iteratively interleaving these two pieces
we eventually obtain an algorithm which performs the desired selection in the final region
in time linear in the number of weights in the original list (though as might be expected,

the constant depends on C, the bound on the ratio between the original weights).

4.3 The Exponentially Separated Case

In this section we show that the basic region processing method yields an O(n) time
algorithm for the case where the input weights are exponentially spread-out. Formally
we say the the input weight sequence wy,...,w, is exponentially separated if there

exists a constant C such that for all n,
| {z: [lgw)] =k} | < Cforall k € Z.

Theorem 4.3 If the input weights w,,...w, are exponentially separated then we can

build an optimal alphabetic binary tree on them in O(n) time.

Proof: It is straightforward to observe that there are at most 2C nodes in any
intermediate region we process. Since this is the case, we can easily process every region
of size r in O(r) time. Since this is the case, we can afford to use the basic region-
processing method to build the entire Imcp tree in O(n) time. In an additional O(n)

time we can build the optimal alphabetic binary tree from the leaf-levels in the lmcp
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tree. O
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Chapter 5

Hardness Results

We begin with a simple hardness result that shows constructing the intermediate Imcp
tree produced by Hu-Tucker based algorithms in any model of computation is at least
as difficult as sorting in that model. We also give a more complicated reduction from
sorting to constructing the optimal alphabetic tree by means of a region-based method.
At this point we are uncertain what model of computation is realistic to use for this
problem, so we do not state explicit lower bounds for a given model, but rather show
that the problems stated are at least as hard as sorting in whatever model used. Given
an unsorted list of n numbers, in O(n) time we show we can transform the problem
of sorting the list into a problem about constructing a tree, and from the information
recorded in the structure of tree produced, compute the sorted order of the numbers in
O(n) time. Hence, if a w(n) time lower bound exists for sorting in the model, then we
have non-trivial lower bound on constructing the tree.

One easy way of getting a trivial lower bound is counting the number of possible
outputs the algorithm must generate. In any binary decision tree model in which outputs
appear at distinct leaves, the algorithm must be able to differentiate each of the different
output cases, and so any decision tree must have maximum depth at least lgs, where
s is the number of different solutions to the problem. A trivial {(n) time lower bound
follows easily by showing that the number of possible alphabetic trees built on a sequence
of n weights is 2°("). To see this, let ¢, be the number of alphabetic binary trees with n

leaves. As the root of the tree can split the input list in any of n — 1 places it follows that
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Cp = C1Cp1 + C2Ch_2 +...Ch16 Tor n > 1, with ¢; = 1. The solution of this recurrence

is given by the Catalan sequence, {C,}, [9], with ¢, = Cp—y = %(2((7:’__11))) = 20(n),

5.1 Finding the lmcp tree is as Hard as Sorting

Lemma 5.1 Let z1,%2,...,2, be distinct real numbers drawn from [2,4). Let y; =
ST+, for i = 1...2n. If (y1,...,Y2n) is given as input to any Imcp finding algo-
rithm, the set of the first n Imcps found, disregarding order, will be

{(y1,92)s (¥3,¥4)s - - - » (Y201, ¥20) }-

Proof: First notethat 1 < y; < 2forz=1,...,2n. Thus each new node formed from
a pair will have weight at least 2. This means that any noncrossable node would prefer
to combine with another noncrossable node, and thus the first n lmcp combinations are
between noncrossable nodes. Since we are only concerned with the first n Imcps, we may
assume that we just delete any two nodes involved in an Imcp. This ensures that all
Imcps found are between consecutive nodes in the list. Moreover, it suffices to show that
if (yi,yi+1) is among the first n lmcps formed, then ¢ is odd. Since (y:,yi+1) is an lmcp
we have y;-1 > yiy1 and y; < yipo. I i were even it would follow that y;_; = y; and

Y; = ¥;+1 Which is a contradiction. Hence 7 is odd and the result follows. O

Theorem 5.2 We can reduce sorting to finding the Imcp tree in O(n) time.

Proof: Assume n is even. Let y,%5,...,2, be drawn from [2,4). Define the y; as
above and consider the behavior of some Imcp-combining algorithm on the input sequence
Y1, - -+, Yan. According to Lemma 5.1, after n lmcps have been combined there will be n

nodes present in the node list. They will have weights z4,..., z,. Since these nodes are all
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crossable there will be only one Imcp present; the smallest pair of nodes in {z,,...,z,}.
This pair will combine to form a new node having weight at least 4. The next lmcp will
be the second smallest pair of nodes from {zi,...,z,} and so on. Hence the next n/2
Imcps found after the first n Imcp combinations have occurred sort {z1,...,z,} by pairs
(only consecutive pairs may need to switched in order for the list to be totally sorted).
This information can easily be recovered from an Imcp tree produced by any method by
searching it depth-first, always searching the least weight subtree first. We will encounter
the nodes corresponding to {zi,...,z,} in fully sorted order (a node with weight z; will
be the parent of leaf nodes with weights y2;_; and y;). Hence we can reduce sorting to

finding the Imcp tree in O(n) time. O

5.2 Hardness Result for a Class of Region-based Methods

If it were possible to process any region of size r in O(r) time, it is easy to show that
the region-based method of chapter two would then yield a linear time algorithm for
finding optimal alphabetic binary trees. Since we need only find the level of the nodes
in the Imcp tree, and not its actual structure, it is natural to see if we might be able to
avoid finding all the lmcps in every region we process. For example, we know that every
node will pair up with another in the region we are working on, except possibly the last
node when the number of nodes in the region is odd. This last node may form an Imcp
with one of the newly created nodes, or with an accessible node in one of the adjacent
regions. This suggests that we just need to know the smallest two nodes (they pair up
to form the smallest newly created node) in each new region when we start processing,
as we can then resolve in constant time which of the possible three alternative nodes

the leftover node combines with. In light of this, perhaps there is an efficient way of
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maintaining this information for every region we create? Unfortunately, the answer is
no. We show that any algorithm which follow this strategy will essentially sort the the
input weights. The algorithm need not find all the Imcps, it need only find enough of
them to compute the two smallest nodes in each region. On the surface this might be
potentially easier to do. For example, in the case where all the weights are within a
factor of two and n is a power of 2, it can be done in O(n) time by combining the first
n/2 lmcps (to ensure that every node is crossable). Let them be, in increasing order,
Tiy...,Tnj2- We can find z1,29,24,...,2,/4 (the median) in O(n) time by using the
linear time median-finding algorithm [7] to find z,/4 in O(n) time, then using it again on
the list of weights less than or equal to z,/4 to find z,/5 in O(n/2) time and so on. In an
additional O(n) time we can scan through the list of nodes and determine whether they
are in [z1, o], (23, 4], [T5, 8], . . ., [Bnja41, Tus2]. Tt Is clear from Figure 5.11 that we can
now easily predict the two smallest nodes in the k-th region formed after the first n/2

Imcps have combined. The smallest node will be the root of a balanced tree built on the

weights 21, ..., o+ and the second smallest node will be the root of a balanced tree built
on the weights zox1,..., Zok+1.
X1 X2 X3 X4 X5 Xg X9 X16

Figure 5.11: Simple case
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Theorem 5.3 We can reduce sorting to constructing a tree with the same leaf-levels as
the Imcp tree by processing regions in such a way that the two smallest nodes in every
region root the same leaves (and thus have the same weights) as they do in the Imcp tree

in O(n) time.

Proof: We consider the behavior of any region-processing algorithm which accurately
finds the smallest two nodes in each region on a class of inputs which have the property
that with this information alone we know the structure of the Imcp tree. The input
sequences we consider consist of approximately \/n regions, each containing about /n
nodes, and such that the category of a given region is one more than the region on its
left. The nodes in a region are distributed in such a way that in the lmcp tree they
interleave with the newly formed nodes created from the region to the left. It turns out
that insisting that the two smallest nodes in each region be accurate in the sense that
they root exactly those leaves that the corresponding node in the lmcp tree does, forces
enough structure on the tree being built, that it is essentially the lmcp tree up to some
linear time reordering of nodes. From this tree it is possible in linear time to sort the
entire input sequence. Finally, there are enough different input sequences in this class
that it is as hard as sorting in the general case.

Assume n = k* + 3k + 4, where k is a positive integer. Begin with 2! real variables
1 < 3 < ... < Zort1 drawn from [2,4). (We assume that they have been sorted in
ascending order.) The input list will consist of weights which form successively increasing
regions. The first region will contain weights values in [1,2), the next [2,4), then [4,8),
etc. Denote the j-th value in the i-th region by y;;. The first region will have 4k + 4
weights, the remaining have 2(k — 1), 2(k — 2),2(k — 3),...,2 weights respectively. Note
that 4k +4 4+ 2(k — 1) +2(k — 2) + ... 4+ 2 = k¥ + 3k + 4. The values for the {y;;} will

be determined from the {z;}. As the proof depends on the crossability of nodes, the
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values come in pairs so that the leaf nodes initially combine in pairs (this will be proved
in Lemma 5.4).

Consider the following recursively generated binary tree, built from the {z;}. If
internal nodes are assigned the sum of the weights of their children, then it has the

property that the left child of any node is always less than the right.

X9+X10+X1 1+X12

Xe+X X,4+X
5+X¢ 137X 14
X; Xy X3 Xy X7 Xg X15 X16

Figure 5.12: Tree generated from {z;}

Figure 5.12 the tree built for k¥ = 3. The tree built for £ = 2 is the subtree rooted
at the left child of the root. The tree for ¥ = 4 has this tree as the left child of its root,
with the right child of the root consisting of arm with leaf weights z17 + ...+ To4, To5 +
e+ 228, T29 + T30, T31, 32 from left to right.

The purpose of this tree is to assign values to the {y;;}. Randomly distribute consec-
utive pairs (y1,¥1,41), j = 1,3,...,4k + 3, among the 2k + 2 lowest terminal leaves in
this tree. For j = 1,...,4k 4 4, let y1; be half the weight of the leaf that it is associated
with. Then assign values to consecutive pairs of the 2(k — 1){y,;} by distributing them
among the next lowest terminal leaves and so on. This new tree is called the ordering
tree, and is shown in Figure 5.13. It records how the weights were assigned, and also

their sorted order.
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Y17 s V1,3V ,0Y112Y11 Y12 Y11591,1671,5 Y16 Y13 Y14 Y19 Y100

Figure 5.13: The ordering tree

The input weight list is as follows, with regions distinguished by height.

Y3,1,Y3,2
Y2,15Y2,2,Y2,3,Y2,4

Yi1,.91,2---5,Y1,15,Y1,16

Now consider the behavior of any region-based algorithm which finds the smallest two
lmcps in every region. The region chosen to process will always be the first one on the
left, as the regions present are always sorted in increasing order. We also note that there
are always be an even number of nodes in every intermediate region. To finish the proof

of the main result, we first need a lemma.

Lemma 5.4 If the children in the Imcp tree are ordered according to weight, then the

Imep tree is isomorphic to the ordering tree.

Proof: We may assume that we begin by combining all the lmcps in the lowest (largest
level) region. From Lemma 5.1 we know that since the weights come in consecutive pairs
of the same weight, these pairs will eventually form lmcps and combine, in agreement

with the ordering tree. At this stage the lowest region in the work list consists of crossable
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nodes interspersed with some noncrossable ones, which again come in pairs. It is easily
seen from the ordering tree that there is always an even number of crossable nodes smaller
than the consecutive pairs of noncrossable nodes in the lowest region. Thus we know that
these crossable nodes will pair off first, and then the consecutive pairs of noncrossable
leaf nodes will pair off as is shown in the ordering tree. It is clear from the ordering tree,
that this process continues and the Imcp-tree, with every internal node’s children ordered

by increasing weight is isomorphic to the ordering tree. O

We can now easily predict how the weights will be distributed on the tree T' that our
algorithm produces. We know that the last region processed will contain just two nodes.
Since these nodes will be the two smallest nodes in that region, their weights must match
the weights of the same nodes in the lmcp tree. The smallest node will thus root all the
leaves on the left branch of root the ordering tree, while the second smallest (the largest,
in this case) node will root all the leaves on the right branch. In time proportional to the
number of leaves we find, we can traverse the right branch of our tree and find all the
leaves and hence weights {y;;} that are on the right branch of the ordering tree. Since
there are only a constant number of leaves per level, we can afford to sort each level, and
hence begin sorting each of the regions in the initial input list. We now use this idea
recursively on the subtree rooted at the smallest node of the last region. This lets us
find all the leaves in the right branch of left branch from the root in the ordering tree.
Again, we may sort the weights present by region, and append them to the beginning of
the sorted region lists created previously. This will take time proportional to the number
of nodes in this branch. By repeating this process, we will completely determine every
input weight’s location in the ordering tree, and from this information produce sorted

lists of the weights in each region in the input. All this takes only O(n) time to do, once
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the tree T is known.

We have not reduced the problem of sorting arbitrary sequences to using region-based
methods to construct the optimal alphabetic binary tree because the sequences that we
sort are subject to the restriction that the first 4k + 4 weights come before the next
2(k — 1) which come before the next 2(k — 2) and so on. However, this problem seems to
be, asymptotically speaking, just as hard as sorting. An informal information-theoretic
argument for this is that the same order of bits must be given to specify the sorted order.
The total number of different orderings of the input sequences subject to the condition
that the first 4k 4 4 weights come before the next 2(k — 1) which come before the next
2(k — 2), etc. is

(2 + 2)1(k — DIk — 2)!1- -« (2)! > ([k/2INF/A > [k 4]k 400/ = (¢,

Since k£ = @(n%), this number is Q(n®), which the information necessary to specify

the sorted order for arbitrary sequences. O



Chapter 6

Conclusions

In this thesis we have extended the ideas of Hu and Tucker for constructing optimal alpha-
betic binary trees. In particular, we have used their basic idea of Imcp tree construction
together the new idea of region-processing to give O(n) time algorithms to solve the cases
where the input weights are within a constant factor, or exponentially separated. The
constant factor case makes use of a new technique for doing generalized selection in O(n)
time discovered by Maria Klawe. We show that any natural method employing either
the idea of Imcp tree construction or the idea of region-processing may force us to sort
a substantial amount of the input. We also make some observations about speeding up
region-based methods in the general case.

The basic question of whether there is a general o(nlgn) time algorithm for finding
optimal alphabetic binary trees for this problem remains open, though it is conceivable
that the ideas in the proof of Theorem 5.2 could be extended to obtain a superlinear

lower bound for the general problem in a weaker decision tree model.
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