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Abstract
Accreting white dwarfs can exhibit a variety of thermonuclear phenomena,
such as shell flashes, classical and recurrent novae, as well as Type Ia supernovae. To better understand these processes, we consider the accretion
of hydrogen-rich material onto the surface of a white dwarf. Our analysis is based on a semi-analytical approach that allows the investigation of
properties of nuclear burning on accreting white dwarfs. In particular, we
determine steady-state solutions and evaluate the stability of these solutions. As a first step, we follow Paczyński’s one-zone model and confirm his
results by following his analysis independently. We extend the framework to
a sophisticated multi-zone model encompassing a variety of detailed physics.
We determine accretion rates that may lead to stable or to unstable burning. Regimes of stable burning may result in mass increase and potentially
identify progenitors of Type Ia supernovae. Unstable burning may lead to
nova-like outbursts. The identification of both burning regimes is important, as these thermonuclear events influence the chemical and dynamical
evolution of the Universe.

ii

Preface
The work presented in this thesis was independently conducted by the
author, S. Pillay, under the guidance of supervisors, Professors Jaymie
Matthews and Jeremy Heyl. The work contained within Chapter 3 was independently conducted, but followed the work outlined in Bohdan Paczyński,
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Chapter 1

Introduction and Review
White dwarfs are extremely dense stellar remnants that are held up against
gravitational collapse by electron degeneracy pressure. White dwarfs are
formed through the final evolutionary stages of low mass stars, with a mass
less than eight solar masses [9]. As a result of this mass limit, and the fact
that high mass stars are rare, the majority of stars in the Galaxy will terminate their lives as white dwarfs [9]. These stars spend most of their lifetimes
burning hydrogen on the main sequence [16]. Once the star’s hydrogen fuel
is exhausted, and after several evolutionary steps, helium burning is ignited
within the core [16]. The products of helium burning, carbon and oxygen,
generally do not undergo burning [16]. Consequently, these stars collapse
under gravity until the collapse is halted by electron degeneracy pressure
[9], at a radius comparable to that of the Earth’s.
As a result of this evolutionary process, the majority of white dwarfs’
cores are composed of carbon and oxygen, also referred to as a CO core
[9], [16]. Furthermore, the CO core is enveloped by a thin layer of nondegenerate gas, a remnant of the evolutionary stage in which the outer
layers of the star are ejected [9], forming a planetary nebula. Hereafter,
evolution of an isolated white dwarf is characterised by cooling, as the star
slowly releases the energy attained through nuclear burning, via the nondegenerate envelope [16]. However, if the white dwarf is located in a binary
system, in which it can accrete or accumulate mass from a companion star,
the evolutionary path becomes more interesting [36]. In particular, a variety of thermonuclear phenomena may occur, which range from relatively
low energy events to explosions accompanied by mass loss [16]. However
violent or non-violent the eruption, it is clear that these events influence
the chemical and dynamical evolution of the Universe. In this thesis, we
focus on hydrogen-accreting white dwarfs and the conditions that may lead
to thermonuclear phenomena.
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White Dwarf Characteristics

White dwarfs are extremely dense and hot objects. The average surface
gravity is 108 cm s−2 and the average density is approximately 106 g cm−3
[9]. The average mass of an isolated white dwarf is approximately 0.6 M
[33], where M is one solar mass or approximately 1.989 × 1033 g [16]. With
these characteristics, white dwarf radii are approximately 0.01 R , where
R is one solar radius or approximately 6.96 × 1010 cm [16].
As already mentioned, electron degeneracy pressure supports the core
against gravitational collapse. Degenerate electrons are efficient conductors
of heat, rendering the core essentially isothermal [9]. Heat is conducted
out of the core relatively quickly, but must then diffuse through the nondegenerate envelope. Approximately 99% of the mass of a white dwarf is
contained within the core, while the non-degenerate envelope contains the
remainder [9]. These thin outer layers, composed of hydrogen and helium,
are extremely opaque to the radiation exiting the core, thereby acting as an
insulator [16]. As a result, isolated white dwarfs typically cool over extremely
long timescales, on the order of billions of years [33]. Furthermore, there is
a large temperature difference between the core temperature and that of the
effective surface temperature, as a consequence of the opaque layers which
regulate the heat flow from the core [9]. White dwarf effective temperatures
range from approximately 4,000 K to 150,000 K indicating a large range in
4
surface luminosities as a result of the Stefan-Boltzmann law, L = 4πR2 σTeff
where R is the radius of the white dwarf, Teff is the effective temperature,
and σ is the Stefan-Boltzmann constant [9].
The existence of degenerate electrons in the core is also responsible for a
variety of unique characteristics. The degeneracy pressure is entirely dependent on the chemical composition and density, and is decoupled from the
temperature [16]. As a result of this equation of state, the electrons within
the core cannot be packed any closer together and the white dwarf evolves
at essentially constant radius [9]. As a further consequence of degeneracy
pressure, white dwarfs satisfy an interesting mass-radius relationship, which
indicates that as they increase in mass, they decrease in radius [9]. Finally,
the maximum mass of a stable, degenerate white dwarf is approximately
1.46 M [21]. This limit is known as the Chandrasekhar limit [21].
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Cataclysmic Variables

White dwarfs that are found in a close binary system with a companion star
exhibit a variety of interesting evolutionary properties and events. The companion star may be a red giant, a main sequence star or in some rare cases,
another white dwarf [16]. As the binary evolves, the donor or companion
star may overflow its Roche lobe and transfer mass to the white dwarf [37],
[36]. Consequently, mass from the donor star will accrete onto the surface
of the white dwarf, adding to the non-degenerate layer. As a result of the
accretion, cataclysmic variables erupt periodically, with a sharp increase in
brightness over a day followed by a decline from peak brightness ranging
from weeks to years [16]. The periodicity of eruptions varies from days to
thousands of years, and depends largely on the physics behind the eruptions
[36]. There are several types of eruptions that can occur, namely, dwarf novae, classical novae, recurrent novae and shell flashes. In the most extreme
case, a Type Ia supernova resulting in the explosion of the white dwarf may
occur.
Typically, this accretion process occurs through an accretion disk, which
efficiently transfers angular momentum outwards in the disk while depositing
matter onto the equatorial plane of a non-magnetic white dwarf [37]. In this
thesis, we will not explicitly deal with the dynamics of the accretion disk.
We will briefly discuss dwarf novae as well as classical and recurrent novae,
which typically occur in non-magnetic cataclysmic variables [37]. We will
also give a brief overview of Type Ia supernovae and progenitors.

1.2.1

Dwarf Novae

Dwarf novae are caused by thermal instabilities in the accretion disk and are
not accompanied by mass loss [16]. Typically, white dwarfs exhibiting dwarf
novae phenomena accrete at low time-averaged rates of Ṁ < 10−9 M yr−1
[39]. However, once every month to a year, rapid mass transfer occurs for
a week [39], resulting in an eruption. The white dwarf brightens sharply
over less than a day, increasing in brightness by a factor of 100, and then
fades over the next few weeks [37]. At the peak of the outburst, the optical
luminosity is approximately 1034 ergs s−1 [16]. Over the duration of the
burst, the total energy released is approximately 1038 −1039 ergs [16]. Dwarf
novae recur on a timescale of approximately weeks to months [36].
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1.2.2

Classical and Recurrent Novae

Classical novae recur over much longer periods than dwarf novae and are generally accepted to occur as a result of unstable nuclear burning of hydrogenrich material on the surface of a white dwarf [39], [19]. The orbital periods
of close binaries exhibiting classical novae range from 1.4 to 16 hours [39].
These white dwarfs accrete matter from low mass companions at a timeaveraged rate of Ṁ ≈ 10−11 −10−9 M yr−1 [39].
Classical novae recur on a timescale of thousands to hundreds of thousands of years [36], [37]. Over the duration of an eruption, novae may
release between 1044 −1045 ergs, with approximately 1038 ergs in the optical
band [16]. Classical novae are hydrodynamic events, accompanied by mass
ejection of between 10−5 −10−4 M [16]. During a nova, the white dwarf
brightens up to 10 million times over a few days and then fades over a period of months to years [37]. Classical novae can be further divided into fast
or slow novae depending on the duration of decline from peak brightness
and expansion velocity [16]. Classical novae are defined as objects that have
erupted only once in recorded history, but may erupt again in the future
[16].
Recurrent novae have erupted more than once in recorded history, and
therefore have smaller periods. As a result, recurrent novae brighten much
less in magnitude than classical novae. RS Ophiuchi is a recurrent nova that
has erupted several times in recent history, with the last eruption taking
place in 2006 [17].

1.2.3

Type Ia Supernovae

Type Ia supernovae are the brightest of all supernovae [32]. Although it is
widely accepted that they occur as a result of the nuclear detonation of a
CO white dwarf, uncertainty remains in the progenitor systems that lead to
these events [17]. The single degenerate scenario proposes a binary system in
which a white dwarf accretes non-degenerate matter from a companion [40].
In this case, a white dwarf must accrete enough mass from its companion to
reach the Chandrasekhar limit of approximately 1.4 M [40]. At this limit,
critical density is reached within the CO core, resulting in runaway and
explosion through carbon ignition [17]. It is postulated that stable burning,
or scenarios that lead to mass increase of a CO white dwarf, are progenitors
of Type Ia supernovae [35]. However, the nature of the mass donor remains
uncertain and it is a challenge to simulate the growth of a white dwarf up
to the Chandrasekhar limit.
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1.2.4

Temperature and Mass in Binary Systems

We briefly discussed the effective temperatures and masses of isolated white
dwarfs. However, these general properties are slightly different for white
dwarfs in mass-transferring binaries. As previously mentioned, the average
mass of the vast majority of isolated white dwarfs is 0.6 M . However,
white dwarfs range in mass from 0.3 to 1.2 M , possibly as a result of binary
evolution [9]. It is reasonable to assume that white dwarfs in a binary system
are heavier [13], or at least exhibit a far wider range in mass than isolated
white dwarfs, which are sharply peaked around 0.6 M [36].
Core temperatures are estimated to range from approximately 5 × 106
K to 2 × 107 K [9]. Townsley and Bildsten [39] investigated the effect of an
accumulated layer of mass 5 × 10−5 M on the equilibrium core temperature
of a 0.6 M white dwarf for a range of accretion rates. The authors found
that the core temperatures range from approximately 106 K to 4 × 107 K for
accretion rates ranging from approximately 10−11 to 10−9.4 M yr−1 . Salaris
et al. [33] investigated cooling timescales for a variety of white dwarf masses.
Their cooling sequences began at core temperatures of 5 × 107 K [33].
There is observational evidence that the core temperature of an accreting white dwarf is higher than that of an isolated white dwarf as a result of
accretion [39], [36]. In a system exhibiting dwarf novae, the internal white
dwarf luminosity dominates the ultraviolet band between eruptions, as a
result of the drop in accretion rate, thus permitting measurement of the effective temperature, Teff > 10,000 K [36], [39]. This elevated temperature is
most likely the result of compressional heating as the accreted layer becomes
thicker. Indeed, as the layer becomes thicker, compressional heating heats
the core [39].

1.3

Shell Flashes

Shell flashes are essentially periodic increases in luminosity as a result of
the nuclear burning of hydrogen or helium, known as hydrogen and helium
shell flashes, respectively. They may lead to classical and recurrent novae,
or may lead to an increase in brightness not accompanied by mass loss,
a non-hydrodynamical shell flash [4]. In general, shell flashes not leading
to mass loss are regimes of stable burning while novae are those for which
unstable burning occurs. Indeed, unstable burning models have produced
hydrodynamic thermonuclear runaways resulting in a bolometric light curve
that is comparable, to some extent, to that of actual classical novae [19]. It is
accepted that classical novae eject most of the mass accumulated prior to the
5
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eruption. Thus, it is the stable and steady-burning regimes that presumably
allow mass increase and may be progenitors of Type Ia supernovae. Due to
the importance of both novae and supernovae, many authors have attempted
to elucidate the parameter regimes and conditions that lead to mass loss or
mass accumulation.
While a detailed review of the literature pertaining to this problem is
outside the scope of this thesis, we briefly review some of the pertinent work
in light of the analysis that will be presented in this thesis. We will compare
our results to other authors where possible.

1.3.1

Relevant Literature

In 1983, Paczyński studied the problem of accretion of hydrogen and heliumrich matter onto the surface of compact stars [28]. In particular, he developed a semi-analytical one-zone model to study the steady-state properties
of nuclear burning and the stability of these solutions. In the one-zone
model, a layer of hydrogen-rich material accumulates on the surface of the
white dwarf. The layer is assumed to be thin and contains very little mass.
As such, Paczyński fixed the surface gravity in the layer and employed a
plane-parallel geometry.
The one-zone model describes the time evolution of the layer with two
ordinary differential equations, and the steady-state behaviour with two nonlinear equations. After determining the steady-state solutions, Paczyński
conducted a linear stability analysis to determine if the system is stable or
unstable against perturbations of the underlying equilibrium solutions. We
will review this work in great detail in chapter 3, however, we state the
important results here in the case of white dwarfs.
Paczyński found that for very high or low accretion rates, the column
density increased with increasing accretion rate. In these regimes, the
steady-state solutions were found to be stable. In regions where the column
density decreased with increasing accretion rate, the steady-state solutions
were found to be unstable [28]. The analysis is restricted to accretion rates
Ṁ < 10−7 M yr−1 , as the model inherently prohibits surface fluxes larger
than or equal to the Eddington flux. The Eddington flux represents an upper
limit, above which gravitational forces are overcome by outwardly directed
pressure and the surface layers of the star may no longer be bound [16].
Following Paczyński’s one-zone model, José et al. implemented a twozone model to study the properties of nuclear burning on accreting white
dwarfs [20]. The top layer consists of material that is accumulated through
accretion, while the bottom layer is composed of the products of nuclear
6
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burning. In the case of hydrogen accretion, the top layer is composed of
hydrogen, while the second layer is composed of helium. The authors used a
plane-parallel geometry and specified the surface gravity and the flux from
the core in accordance with Paczyński. The layer is assumed to be thin and
thus a plane-parallel geometry is used. The authors used a semi-analytical
approach coupled with a computational algorithm, a fourth-order RungeKutta method, to investigate the evolution of the layer through a series of
shell flashes not leading to mass loss [20]. Neutrino losses and convection
were neglected in this model. Both effects are generally negligible as a result
of the temperatures and densities reached within the accreted layer [20].
The authors considered white dwarf masses in the range 1.0−1.2 M as
they were interested in massive white dwarfs as progenitors for Type Ia
supernovae. Consequently, accretion rates in the range 2 × 10−10 ≤ Ṁ ≤
2 × 10−7 M yr−1 were used, so as to study weak flashes and avoid regions
that lead to novae or steady burning. The range of accretion rates chosen
by the authors were motivated by previous investigations of shell flashes and
novae, which we will discuss shortly. To reiterate, the chosen range of accretion rates do not lead to mass loss events, such as novae, but shell flashes
and potentially mass accumulation. The authors went on to determine properties of flashes, such as recurrence periods and peak layer temperatures. In
particular, the authors found that as the hydrogen accretion rate decreased
for a given white dwarf mass, the recurrence period as well as the peak
temperatures and violence of the eruptions increased. The authors also considered helium flashes, both by direct and indirect accretion of helium. In
the latter case, hydrogen burning results in the accumulation of helium.
The authors found that recurrence periods were shorter for indirect accretion than for direct helium accretion. The recurrence periods were much
shorter for hydrogen flashes than for indirect helium flashes, with the first
helium flash occurring much later than the first hydrogen flash.
In 2007, Bildsten et al. derived the stability criterion for hydrogenaccreting white dwarfs by following the one-zone analysis of Paczyński [35].
These authors conducted a linear stability analysis. As in Paczyński’s model,
an explicit treatment of the flux produced from helium burning, accumulated as a product of hydrogen burning, was neglected. The authors found
a very narrow range of accretion rates for which stable burning can occur
as a result of radiation pressure stabilization. A one solar mass white dwarf
can stably accrete down to 1.7 × 107 M yr−1 when the core luminosity is
excluded [35]. The authors also considered the effect of the β-limited hot
CNO cycle, which is of importance in accreting neutron stars as a result of
the densities and temperatures reached within the layer. The authors found
7
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that including the hot CNO cycle with saturation increases the range of accretion rates, leading to stable burning only for very low metallicities and is
therefore, unlikely to be of significance in Type Ia progenitor scenarios [35].
The limits and ranges of accretion rates leading to stable and unstable
burning have been investigated by many other authors. We now present a
brief overview of previous studies.
Steady and Stable Burning Accretion Rates
Paczyński and Żytkow [29] investigated, through computations, the properties of a 0.8 M white dwarf accreting hydrogen-rich matter with a solar composition. The authors found that accretion rates ranging from 1.067 × 10−7
to 2.7×10−7 M yr−1 lead to stable burning in which the accumulating matter is processed as fast as it is accreted. Higher accretion rates were found
to result in envelope expansion and the formation of a red giant containing
a degenerate core [29]. In 1982, Fujimoto and Taam [13], who conducted an
analysis of helium flashes as a result of hydrogen burning in the context of
Type Ia supernovae, found accretion rates leading to steady burning which
agreed with the results of Paczyński and Żytkow.
Nomoto confirmed that for a solar mass white dwarf, a narrow range of
accretion rates 1−4 × 10−7 M yr−1 lead to steady burning [27]. This limit
on the accretion rate leading to stable burning was also confirmed by Iben,
in which an analytical expression for the steady-burning regime accretion
rate was found Ṁsteady ≈ 1.32 × 10−7 (M/M )3.57 M yr−1 [19]. José et
al. determined an upper bound on the accretion rate leading to flashes,
Ṁ = 4.5 × 10−7 M yr−1 [20]. Later estimates confirm that large accretion
rates are required to produce conditions in which steady burning can occur,
in which matter is burned as fast as it is accreted. Townsley and Bildsten
determined that the lower limit for stable burning for a solar mass white
dwarf is 1.7 × 10−7 M yr−1 [35]. The aforementioned results agree with
each other to within an order of magnitude. The discrepancies among the
estimates for the accretion rate for steady and stable burning may possibly
be a result of differing assumptions and the variety of methods employed.
Steady hydrogen burning is presumed to be responsible for supersoft Xray sources, which emit soft X-rays with a luminosity close to the Eddington
luminosity [17]. For larger accretion rates than those leading to steady burning, approaching or exceeding the Eddington limit, further accretion may be
inhibited as the outwardly directed pressure is larger than the gravitational
force [17].
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Shell Flashes and Novae Rates
Accretion rates that satisfy Ṁ < 10−9 M yr−1 are expected to lead to novae
[35], [23]. In particular, hydrogen accretion rates lower than 10−10 −10−9
M yr−1 , with the exact value depending on the mass and luminosity of the
white dwarf, result in novae [23], [20], [17].
The upper limit, 10−9 M yr−1 was determined by Fujimoto in 1982 [11].
Fujimoto used a semi-analytical approach to determine properties of shell
flashes on accreting white dwarfs, and found that for accretion rates lower
than 10−9 M yr−1 novae occur, as they are a consequence of slow accretion
onto white dwarfs [11]. Fujimoto found that the mass of the white dwarf
and the mass of the overlying layer uniquely determined properties of shell
flashes. Fujimoto characterised his findings in terms of the pressure of the
accreted layer, calculated by multiplying the column density by the surface
gravity. In a companion paper, Fujimoto determined the stability of steadystate solutions through a perturbation analysis [12]. Fujimoto found that for
accretion rates in between two limits, approximately 10−6 and 10−5 M yr−1
for a one solar mass white dwarf, stable burning in a steady-state results,
which corroborates the rates in the discussion above [12].
According to Nomoto, accretion rates below the threshold of steady hydrogen burning, 1−4 × 10−7 M yr−1 , lead to flashes [27]. Furthermore,
Nomoto found that below an accretion rate of 10−8 M yr−1 novae occur
with the violence of flashes increasing with decreasing accretion rate [27].
Fujimoto and Taam identified hydrogen-rich accretion rates of Ṁ <
−9
10 M yr−1 and white dwarfs of mass 0.7 M with classical novae [13].
General Characteristics of Flashes
Accretion rates smaller than those leading to steady burning but larger than
the limit leading to novae ∼ 10−9 M yr−1 , result in periodic shell flashes
that do not result in mass loss [17]. As the accretion is lowered below
10−9 M yr−1 , the flashes become more intense and eventually lead to novalike bursts or hydrodynamic events accompanied by mass ejection [4]. To
reiterate, the intensity of flashes increases with decreasing accretion rate,
until the threshold value is reached, and reducing the accretion rate further
produces a nova [17]. Accretion rates close to or larger than the Eddington
limit, result in envelope expansion and a red giant configuration [4]. Lower
accretion rates lead to a narrow range of steady burning. The lower limit
of accretion rates leading to steady, stable burning decreases as the white
dwarf mass decreases [27], [35]. The ignition masses, or mass required to
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accumulate through accretion to trigger a nova is much smaller than the
white dwarf mass [39]. The ignition mass decreases with increasing white
dwarf mass for a given accretion rate [27].

1.4

Motivation and Goals

The majority of stars in our Galaxy will terminate their lives as white dwarfs.
As such, many authors have investigated the problem of hydrogen accretion
onto the surface of a white dwarf. Novae, which are accompanied by mass
loss, directly eject hydrogen, helium or carbon into the interstellar medium.
Stable burning regimes that allow the white dwarf to accumulate mass may
be progenitors of Type Ia supernovae. Both these events influence the chemical and dynamical evolution of our Galaxy. In this thesis, we will embark on
a path that allows the identification of accretion rates that allow for stable
or unstable burning of both hydrogen and helium.
It is of particular importance to investigate the stable burning regimes
that may possibly identify progenitors of Type Ia supernovae. These events
are quite significant for a number of reasons. In particular, the explosion
of a CO white dwarf releases heavy elements, most notably iron [40], into
the interstellar medium, through a remnant or nebula. These heavy nuclei
influence the element abundance of the host galaxy [40]. Furthermore, as a
result of the uniformity in luminosity of these events, they can be used as
powerful observational tools to determine cosmological distances and parameters [32], [40]. The 2011 Nobel Prize in Physics was awarded to researchers
who, through the observation of these supernovae, discovered the accelerating expansion of the Universe [32]. Consequently, it is an important problem
to understand the progenitors of these events, so as to constrain both the
dynamical and chemical evolution of the Universe.
Whilst it is clear that stable burning may lead to mass increase, there
is an alternate scenario that may lead to mass accumulation as well. RS
Ophiuchi is a recurrent nova, accreting from a red giant, which has erupted
several times in the past [17]. The last eruption took place in 2006, 21 years
after the previous eruption [18]. The outbursts are presumed to be related
to nuclear burning of accreted hydrogen-rich material. However, these novae
seem to have the property that more mass is accreted than ejected during
a nova, resulting in mass increase [17]. Theoretical models have reproduced
salient features of the outbursts indicating an accretion rate in the 10−8 to
2 × 10−7 M yr−1 range [18]. The white dwarf increases in mass by 10−6 M
after every eruption [17].
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It is evident that an understanding of the accretion rates resulting in
various types of burning is still an important problem and one which we
tackle in this thesis. It is worth noting that there are two distinct methodologies that can be applied to this problem. Certainly, one can follow the
evolution of these scenarios with computationally intensive, one, two and
three-dimensional simulations. These simulations are able to describe the
physics in great detail. For example, the FLASH code was developed to
study shell flashes on accreting compact stars [10]. A sophisticated stellar
evolution code, Modules for Experiments in Stellar Astrophysics or MESA, is
able to tackle a wide range of problems [30]. MESA star, a one-dimensional
evolution module, is able to investigate classical novae and Type Ia supernovae [30]. While this approach is necessary to produce a comprehensive
description of the physics at work, it is time-consuming and examining a
large parameter regime is subsequently difficult.
The alternate approach, and the approach which we will employ in this
thesis, is based on a semi-analytical method. The advantage is that this
approach is not particularly time-consuming but allows for the identification of parameter regimes which lead to unstable and stable burning. In
particular, the dependence of burning on various aspects, such as surface
gravity, chemical composition and accretion rate can be explored.

1.5

Outline and Description of Model

Paczyński’s pioneering work set the stage for the investigation of stability
through a perturbation analysis of steady-state solutions [28]. Indeed, much
of the literature that deals with such an analysis on accreting compact stars
utilises his work as a reference. It is for this reason that we begin our
analysis by independently producing and confirming the results of Paczyński
in detail, as a first step to investigating problems of hydrogen-rich accretion
on the surface of white dwarfs. Paczyński’s work also forms the basis of
our subsequent analysis and a number of important assumptions and input
physics arise in the context of Paczyński’s model.
We then extend Paczyński’s one-zone model to a multi-zone model incorporating hydrogen and helium burning. The model can also be considered
as an extension of José et al. [20]. However, we do not explicitly zone the hydrogen and helium layers, but allow them to evolve naturally. Our analysis
will closely follow the work of Narayan and Heyl [26], in which the authors
conducted an analysis of the thermonuclear stability of hydrogen-rich material accreting onto the surface of a neutron star. The authors determined
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steady-state solutions, and conducted a global linear stability analysis to
determine the stability of the steady-state solutions. The authors also went
on to identify conditions that trigger bursts on neutron stars, and identified
various regimes of bursting behaviour. In an earlier paper, the same authors
conducted a similar linear stability analysis of accreting matter on the surface of a neutron star [25]. However, the steady-state solutions were found
through an alternate application of a boundary condition at the base of the
accreted layer [25]. We adapt their approach, outlined in [25] and [26], so
as to be suitable in the context of white dwarfs.
In our analysis, the layer of accumulated material is studied in a quasistatic approximation. We will focus on finding steady-state solutions and
thereafter present a framework, a linear perturbation analysis, with which
to determine the stability of these solutions. We aim to identify regimes of
stable and unstable burning by accretion rate and flux from the surface. We
will keep certain parameters such as the mass of the white dwarf and the
core temperature fixed. The identification of possible stable and unstable
burning parameter regimes may serve as input for detailed computational
simulations. Furthermore, our analysis produces results that can potentially
be tested by experiment.
We begin this thesis with a discussion, contained in chapter 2, of the
input physics that is relevant to the analysis of accreting white dwarfs. In
chapter 3, we verify the results of Paczyński’s one-zone model by following
his approach in detail. We then present an extension of the one-zone model, a
multi-zone model in chapter 4. We determine the steady-state solutions and
attempt to physically interpret the results and compare the results to those
of other authors. This is followed by the presentation of a framework that
can be used to determine the stability of steady-state solutions numerically
in chapter 5. Finally, we conclude with a discussion of our results, potential
observational confirmations of the theory and future work.
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Chapter 2

Preliminaries
2.1

Model Framework

The framework we will use to model the accreted layer consists of a number
of coupled differential equations. The standard stellar structure equations,
namely the hydrostatic equilibrium, radiative transfer and energy equations,
form the basis of the model. These equations describe the thermal and
structural conditions that must be satisfied by the layer for our model to be
physically correct [16]. The hydrostatic equilibrium equation enforces the
condition that the gravitational force must be balanced by the outwardly
directed pressure [21]. If this condition were not satisfied, the star and
the accreted layer would not be bound. The radiative transfer equation
indicates how energy is transferred in the system, and the sources which
hinder the flow of radiation [16]. The opacity, κ, specifies the processes
that obstruct the path of photons in the layer [5]. The conservation of
energy equation specifies how energy is produced and lost in the system
[16]. We will consider two sources of energy generation, , namely nuclear
and gravitational sources. The accreted layer is hydrogen-rich, and therefore
helium and other heavy elements will be produced through nuclear burning.
Thus, our model will consist of equations that describe the evolution of
hydrogen and helium. We will also need to specify the equation of state and
entropy in our model. Thus, the equations that describe the evolution of
the accreted layer contain a variety of physics. We will discuss these aspects
in this chapter to allow for an easier reading and understanding of material
contained within subsequent chapters.

2.2

Mean Molecular Weight

Gases in stellar modelling are mixtures of atoms, ions and electrons. We
consider each of these components as free particles. The ion mean molecular
weight, µI , in which we include neutral atoms, describes the average mass of
an average ion in the gas [16]. In a mixture, we assign to each species, i, of
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ions a mass fraction number, Xi , such that i Xi = 1 [16]. For example, if
60% of a gas is composed of hydrogen, then Xi = 0.6. Typically, we denote
the hydrogen mass fraction by X, the helium mass fraction by Y and heavier
elements by Z, such that X + Y + Z = 1.
Each ion or atom is associated with a charge number, Zi , indicating the
number of protons, and a mass number in atomic mass units, Ai , giving the
total mass [16]. As an example, carbon has a charge number of Z = 6 and
a mass number of A ≈ 12. We define the total number density of ions as [5]
nI = ρNA

X Xi
i

Ai

,

(2.1)

where NA = 6.022×1023 per mole is Avogadro’s number, and ρ is the density
of the mixture. We can define the ion mean molecular weight as [5]
!
X Xi −1

µI =

i

Ai

.

(2.2)

To define an electron number density and mean molecular weight, we
need to know the ionisation fraction, yi , which tells us how many free electrons are associated with a particular species, i. The number density of
electrons is defined by [16]
ρNA
ne =
,
(2.3)
µe
where the free electron mean molecular weight is [16]
µe =

!
X Zi Xi yi −1
i

Ai

.

(2.4)

The total mean molecular weight is [16]
µ=



1
1
+
µI µe

−1

.

(2.5)

In the accreted layer that we will consider, as well as within the interior
of a white dwarf, we expect the atoms or ions to be fully ionised so that
yi = 1. If this were not the case it would be quite a difficult task to calculate
the ionisation fractions. In stellar regions that are completely ionised, and
composed mainly of hydrogen and helium, we can approximate the electron
mean molecular weight as
2
µe =
,
(2.6)
1+X
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where we have approximated the nuclear charge of major heavy elements as
Z ≈ A/2 [5].
We will make use of the following expression for the total mean molecular
weight in regions of complete ionisation [5]
µ=

2
.
1 + 3X + 0.5Y

(2.7)

Equation (2.7) approximates the average atomic weight of a heavy element
as AZ = 2Z + 2 [5]. This is an adequate approximation in the accreted layer
where the initial heavy element fraction is very small.

2.3

Energy Generation Rates

For a star to produce luminosity, or a power output, sources of energy must
exist. We will consider energy generation from both nuclear sources and
gravitational sources.

2.3.1

Nuclear Energy Sources

The accreted material we consider in this thesis is hydrogen-rich. As such,
we need to describe the processes that liberate energy through hydrogen fusion and other relevant reactions. Stars burn hydrogen into helium through
two major reaction cycles, namely the proton-proton chains, and the CNO
(Carbon Nitrogen Oxygen) cycle [5]. The importance of each of these reaction chains in our model depends largely on the temperature of the accreted
material.
The proton-proton chains consist of three major cycles that are responsible for converting hydrogen to helium in main sequence stars [16]. The
effective energy generation rate for the proton-proton chains is [16]
−2/3

pp = 2.4 × 106 ρX 2 T6



−1/3

exp −33.8T6



erg g−1 s−1 ,

(2.8)

where T6 = T /106 K.
The CNO cycle is also responsible for converting hydrogen into helium
but at higher temperatures than the proton-proton cycle [16]. As a result,
this reaction cycle usually occurs in more massive main sequence stars. The
CNO cycle can be split into two cycles. The first cycle is known as the CN
cycle, which requires carbon and nitrogen as catalysts. We will refer to these
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heavy element catalysts as CN elements. The energy generation rate of the
CN cycle, using equilibrium abundances, is [5], [28]
−2/3

CN = 8 × 1027 ρXXCN T6



−1/3

exp −152.31T6



erg g−1 s−1 ,

(2.9)

where XCN is the CN element mass fraction. This rate can also be used for
the CNO cycle provided we use XCNO instead of XCN . The estimation of
XCN or XCNO requires careful consideration, as it depends on the number
density of 14 N [16]. In equilibrium, the number density of 14 N is the sum
of the number densities of the CN or CNO isotopes before burning. It is
crucial to decide on which cycle, CN or CNO, should be used to represent
14 N in the energy generation rate [16]. A detailed calculation of X
CN is
beyond the scope of this thesis. Paczyński set XCN = Z/3 in his one-zone
model [28]. However, from stellar models dealing with solar-like stars, one
can conclude that it is also reasonable to use XCN = Z/2, which introduces
an error of approximately 25% [16].
To discern which one of these energy generation rates, CN or pp , will
be most important for our model, we consider the temperature dependence
of each of these rates. It is common to express the energy generation rates
as power-laws of the form [16]
 = 0 ρλ T ν ,

(2.10)

where 0 , λ and ν are constants to be determined over a restricted range of
temperature and density. We are predominantly concerned with the temperature exponent ν, which can be deduced as follows
ν=





∂ ln 
.
∂ ln T6

(2.11)

From expression (2.8) for the proton-proton chains we find that
2
−1/3
νpp = − + 11.27T6
,
3

(2.12)

and from equation (2.9) for the CN cycle we find that
2
−1/3
νCN = − + 50.77T6
.
3

(2.13)

The temperatures that are relevant to our problem are generally above
2 × 107 K. Substituting this into the equations above we find that νpp = 3.49
and νCN = 18.04. Thus, the energy generation rate of the CN cycle is
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much more sensitive to changes in temperature in the regimes that we are
interested in. However, at lower temperatures, the proton-proton chains
become the dominant energy source. Figure (2.1) depicts the ratio of the
two rates for a range of temperatures on a logarithmic scale. In this plot,
we set X = 0.7 and Z = 0.03. The CN cycle dominates for temperatures
larger than approximately 107.5 K, while the proton-proton chain dominates
the energy generation at temperatures lower than this threshold.
While the CN cycle is sufficient for an analysis of burning on white
dwarfs, it is not sufficient for burning on neutron stars. The density and
temperatures will be much higher in the accreted layer due to the surface
gravity, which is approximately seven orders of magnitude larger for a neutron star than for a white dwarf. In this case, the hot CNO cycle with
saturation must be used for the energy generation rate. The energy generation rate can be written as [26]
XCNO
,
(2.14)
14
∗ is the energy liberated from the burning of one gram of hydrogen,
where EH
XCNO is the mass fraction of the CNO elements and rCNO is the “rate of
reactions per CNO nucleus” [26]. The following results for rCNO , τ13 and τ14
assumes equilibrium abundances for all the nuclear species, along with the
further assumption that 14 N constitutes the majority of these equilibrium
abundances [5]. We state the results for rCNO , τ13 and τ14 [26], [24]:
∗
rCNO
CNO = 4EH

rCNO =



1
1
+
τ13 862

−1 



1
τ13



1
τ13 + τ14 + 278.2

−2/3

τ13 = (Xρ)−1 3.35 × 107 T9


1/3

× 1 + 0.027T9

−2/3

+3.03 ×105 T9



+

1
862



−1/3

× exp −15.202T9

2/3

+ 0.9T9



− 0.8702T92

4/3

+ 0.173T9 + 4.61T9



exp −6.348T9−1
2/3

τ14 = 3.1 × 1010 (Xρ)−1 T6

−1




1
,
τ14 + 1038
(2.15)


5/3

+ 2.26T9

,



(2.16)
−1/3

exp 152.313T6



,

(2.17)

where T9 = T /109 K. The details of this reaction rate can be found in [26].
If temperatures reach 108 K, helium will undergo burning, through the
triple-α reaction, to produce carbon and oxygen. The energy generation
rate is [16]
3α = 3.5 × 1011 Y 3 ρ2 T8−3 exp(−43.2/T8 ),
(2.18)
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and the temperature exponent ν3α is
ν3α = −3 + 43.2T8−1 .

(2.19)

For a temperature of 108 K, ν3α = 40.2. This is much larger than the
corresponding exponent for the CN cycle at this temperature, νCN = 8.01.
This implies that helium burning can be quite explosive when a thermal
instability cannot be quenched.

2.3.2

Electron Capture

Electron capture reactions occur when an atomic electron is captured by a
proton within the nucleus [22],
e− + p −→ n + νe .

(2.20)

For the reaction to be energetically favourable, the parent nucleus must be
greater in mass than the combined mass of the daughter nucleus and binding
energy of the electron, Be , or mathematically, [22]
Q = (mparent − mdaughter )c2 − Be > 0.

(2.21)

Consequently, the Q-value for the reaction is positive, and the reaction will
be exothermic. If densities exceed 107 g cm−2 in the accreted layer, electron
capture reactions will occur on hydrogen and energy will be liberated [2].
Due to the surface gravity of the white dwarf, the density will rarely
reach this threshold in the accreted layer. However, this scenario is likely in
the accreted layer on a neutron star. We state the electron capture rate [2]
Rec =

ln 2
I(EF , T ),
1065

(2.22)

where EF is the Fermi energy and T is the temperature. Here I(EF , T ) is
an integral that has been evaluated explicitly by Bildsten and Cumming [2],
with the following result
I ≈
×

Q2
(me c2 )5






2(kB T )3 exp




EF −Q
kB T





EF < Q + kB T ln

 1 E + 3 − ln 9 k T − Q
F
B
3
2

3

 
9
2

,

EF > Q + kB T ln

  (2.23)
9
2

,

where Q = 1293.318 keV is the Q-value for the reaction and me is the electron mass. Note that the integral result is an approximation which has been
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calculated using certain limits to attain the analytic fitting formula above.
To calculate the electron capture rate accurately, one would have to calculate the complete phase space integral over the electron energy, I(EF , T ).
The fitting formula agrees with the rate given by the full integral to within
a factor of two [2]. The energy generation rate can be written as
∗
ec = 2EH
Rec .

(2.24)

The factor of two, and, in fact, the contribution of electron capture to the
energy generation rate, is inconsequential for accreting white dwarfs, as a
result of the densities reached in the accreted layer. The Fermi energy can
be calculated provided that the electron number density is known. Since
temperatures in the accreted layer are well above 104 K, we can safely assume
that the elements are fully ionised [16]. The Fermi energy can be written as
[34]


EF = me c2 1 + x2F

1/2

,

(2.25)

where xF = pF /(me c) and pF is the Fermi momentum associated with the
Fermi energy. To calculate xF we use the following relationship [16]:
x3F BNA =

ρNA
,
µe

(2.26)

where B = 9.739 × 105 g cm−3 for electrons and µe is given by equation
(2.6). Using this relationship, we find that


xF = 3π 2

ρNA (1 + X)
2

1/3

B̃,

(2.27)

−1/3

where B̃ = 3π 2 BNA
= 3.8617 × 10−11 g−1/3 mole1/3 cm. Substitution
of this result into (2.25) allows the calculation of the Fermi energy and hence
the electron capture energy generation rate. At the threshold between the
relativistic and non-relativistic regimes, xF ≈ 1 [16].

2.3.3

Gravitational Energy Sources

Energy release from gravitational sources arise as a result of a departure
from adiabatic behaviour during contraction or expansion. In our model,
gas is compressed as material accretes onto the star. Energy is released
when compression is accompanied by a rise in pressure which is less than
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adiabatic [16]. In this case, the energy generate rate, grav , due to gravity
will be greater than zero. We can express this mathematically as
grav = −T
where s is the specific entropy and

2.4

d
dt

ds
> 0,
dt

(2.28)

is the Lagrangian derivative [16].

Opacity

Opacity describes the resistance encountered by the flow of radiation. In
other words, the opacity affects how much radiation actually reaches the
surface of the star. Generally, to adequately describe the opacity, one must
include all processes that hinder the motion of a photon through the stellar
medium. There are two main sources of opacity, namely, radiative and
conductive opacity sources.

2.4.1

Radiative Opacities

Within a star, radiative opacity is described very well by four processes,
namely bound-free, free-free and bound-bound absorption and lastly, scattering from free electrons [5]. In each of the first three cases, the opacity
can be approximated by Kramers’ opacity, which is a power-law of the form
κ(ρ, T ) = κ0 ρT −3.5 , where κ is the opacity depending on density, ρ, temperature, T , and a constant, κ0 [5].
Electron Scattering Opacity
Photons are scattered by free electrons in the stellar gas in a process usually known as Compton scattering. In the non-relativistic regime, which is
typical of stars, it is known as Thomson scattering [5]. In areas where the
gas is almost completely ionised, the opacity produced by the scattering of
photons from free electrons is important. The electron scattering opacity is
[5]
κe = 0.2(1 + X),
(2.29)
where X is the hydrogen mass fraction.
The ionisation temperature of hydrogen is approximately 104 K [16]. Below this temperature, there are fewer free electrons left in the mixture. As a
result, the electron scattering opacity decreases rapidly from the value given
by the expression (2.29) for temperatures below the ionisation temperature.
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Bound-Free Absorption
In this process, a photon is absorbed by a bound electron. The photon has
enough energy to ionise or remove the electron from the atom or ion, and
hence the process is also referred to as photo-ionisation [5]. The opacity can
be written in Kramers’ form as [16]
κbf = 4 × 1025 Z(1 + X)ρT −3.5 ,

(2.30)

where Z is the heavy element mass fraction. Bound-free absorption becomes
an important source of opacity when temperatures exceed 104 K. It is in
this temperature regime that photons within the gas have enough energy to
ionise electrons.
Free-Free Absorption
This is the absorption of a photon by a free electron in the vicinity of an
ion [5]. If the ion were not present, this process would be prohibited by
conservation of energy [16]. The inverse of this process is Bremsstrahlung,
in which an electron moving past an ion results in the emission of a photon.
Once again, the opacity can be written in Kramers’ form as [16]
κff = 4 × 1022 (X + Y )(1 + X)ρT −3.5 .

(2.31)

Bound-Bound Absorption
An atom or ion absorbs a photon, which results in a bound electron making
a transition to a higher energy bound state [5]. The opacity produced by
this process can be written in Kramers’ form. However, the opacity from
free-free and bound-free transitions is typically an order of magnitude larger
then the bound-bound opacity, and we omit the result here [16].
Radiative Opacity
We use a radiative opacity that is the sum of electron scattering opacity
and Kramers’ opacity for bound-free, free-free and bound-bound transitions
[28]:


κrad = κe 1 + 2 × 1026 (0.001 + Z)ρT −3.5 .
(2.32)
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2.4.2

Conductive Opacity

Heat can also flow through conduction, and thus we can define a conductive
opacity. Degenerate electrons support the white dwarf core against gravity.
These degenerate electrons also facilitate energy transport through electron
heat conduction across a temperature gradient. We can define the conductive opacity as [16]
4acT 3
κcond =
,
(2.33)
3De ρ
where a is the radiation density constant, c is the speed of light and De is
a diffusion coefficient. In strongly degenerate, non-relativistic regions, the
diffusion coefficient is [5]
De = 2.36 × 103

ρT
,
µe ZΘ

(2.34)

where Θ is a slowly varying function, depending on electron velocity, that
describes Debye screening effects. In our approximations, we set Θ = 1,
thereby neglecting screening effects.

2.4.3

Total Opacity

The total energy flux is the sum of the energy flux produced by radiation
and conduction. In our analysis, we neglect convective effects. The total
opacity can be calculated as follows [5]
1
1
1
=
+
.
κtot
κrad κcond

(2.35)

If κrad  κcond , then κtot ≈ κrad . If If κcond  κrad , then κtot ≈ κcond . In
non-degenerate stellar material, radiative opacity dominates. However, in
degenerate material, conductive opacity usually dominates the total opacity.

2.5

Pressure

The pressure we use to describe the accreted material, and the inner regions
of the white dwarf, is the sum of the ideal gas law, radiation pressure, and
degeneracy pressure:
P = Pgas + Prad + Pdeg .
(2.36)
We use the total mean molecular weight, µ, given by equation (2.7) in the
ideal gas law
kB NA ρT
Pgas =
.
(2.37)
µ
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The radiation pressure is given by
Prad =

a 4
T ,
3

(2.38)

where a is the radiation density constant.
The degeneracy pressure for a zero temperature electron gas can be calculated in both the relativistic and non-relativistic regimes through the following integral [34],
Pdeg

πm4e c5
=8
3h3

!Z

0

xF

x4
1 + x2

1/2

= Ãf (xF ),

(2.39)

4 5

ec
where Ã = 24π 2 πm
= 1.42180 × 1025 dyne cm−2 and f (x) is given by [34]
3h3











2 2
1
x − 1 + ln x + (1 + x2 )1/2 .
f (x) = 2 x(1 + x2 )1/2
8π
3

(2.40)

Here xF = pF /(me c) and pF is the Fermi momentum associated with the
Fermi energy EF . The quantity xF can be calculated, provided the number
density of the electrons is known,through equation
 (2.27), which assumes
2
1/2
complete ionisation. Note that ln x + (1 + x )
= sinh−1 x.
In the non-relativistic case, xF  1, the electron degeneracy pressure is
[16],
 5/3
ρ
Pdeg = 1.004 × 1013
,
(2.41)
µe
where µe , the electron mean molecular weight, is given by equation (2.6).
2
Upon substitution of µe = 1+X
, we find
Pdeg = 3.16 × 1012 (1 + X)5/3 ρ5/3 .

(2.42)

The equation of state is decoupled from the temperature. For convenience,
we define a coefficient of density, K, as
K = 3.16 × 1012 (1 + X)5/3 .

(2.43)

Paczyński uses a slight variation of the parameter K [28]:
K = 3.12 × 1012 (1 + X)5/3 .

(2.44)

The expression for pressure that we use in our analysis is
P =

kB NA ρT
a
+ T 4 + Kρ5/3 .
µ
3

(2.45)
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We note that we do not include magnetic pressure, as a consequence
of the fact that our model does not extend to magnetic white dwarfs. In
addition, in our model, the pressure given by equation (2.45) would be larger
in magnitude than magnetic pressure, if we were to include weak magnetic
white dwarfs.

2.6

Entropy

The specific internal energy is given by [28]
u=

3kB NA T
3Kρ2/3 aT 4
+
+
2µ
2
ρ

erg g−1 ,

(2.46)

which is the sum of the specific energy of an ideal gas, a non-relativistic
degenerate electron gas and radiation pressure.
The fundamental thermodynamic relation for infinitesimal and reversible
processes is
 
1
dQ = T ds = du + P d
,
(2.47)
ρ
where Q is the heat added to or removed from the
 system per unit mass,
du is the change in internal specific energy, P d ρ1 is the work done by
the system on its surrounding if the specific volume changes, and s is the
specific entropy. All the quantities in equation (2.47) are specific quantities,
or quantities per unit mass.
Since u is a function of density and temperature, we can write the fundamental thermodynamic relation as
T ds =

∂u
∂u
P
dT +
dρ − 2 dρ,
∂T
∂ρ
ρ

(2.48)

where P is given by equation (2.45).
We calculate the partial derivatives of u from equation (2.46)
∂u
∂T
∂u
∂ρ

3kB NA 4aT 3
+
,
2µ
ρ
aT 4
= Kρ−1/3 − 2 .
ρ
=

(2.49)
(2.50)

Substituting these into equation (2.48) and simplifying, we find that
T ds =

3kB NA 4aT 3
+
2µ
ρ

!

4aT 4 kB NA T
dT + − 2 −
3ρ
µρ

!

dρ.

(2.51)
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The specific entropy is a function of density and temperature, s(ρ, T ). From
differential calculus, we can express ds as
ds =

∂s
∂s
dT +
dρ.
∂T
∂ρ

(2.52)

Using this, we find that
∂s
∂T
∂s
∂ρ

3kB NA 4aT 2
+
,
2µT
ρ
4aT 3 kB NA
= − 2 −
.
3ρ
µρ

=

(2.53)
(2.54)

Integrating these equations we find
s =
s =

4aT 3
3kB NA
ln(T ) +
+ f (ρ),
2µ
3ρ
4aT 3 kB NA
−
ln(ρ) + g(T ).
3ρ
µ

(2.55)
(2.56)

Combining these two expressions, we find that the specific entropy, s, is
4aT 3 kB NA
T 3/2
s=
+
ln
3ρ
µ
ρ

!

,

(2.57)

to within an additive constant.

2.7

Eddington Limit

The Eddington luminosity is [35]
LEdd =

4πcGm
,
κ

(2.58)

where c is the speed of light, G is the gravitational constant, m is the mass
of the star. The Eddington limit provides a threshold luminosity such that
if it is exceeded, radiative forces exceed the gravitational forces that keep
the star bound. Surpassing this limit is connected with mass loss [34]. This
limit is approached when the luminosity, and therefore temperature, is very
high. Consequently, the opacity used in equation (2.58) is that of electron
scattering opacity, κ = κe .
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2.8

Lagrangian Derivative

The Lagrangian or material derivative, which follows a particular parcel of
gas, is [6]
d
∂
(2.59)
=
+ v · ∇,
dt
∂t
where v is the fluid velocity and ∇ is the gradient operator. In the Eulerian
description, the time derivative
  is equal tothe partial time derivative in the
d
∂
Lagrangian description, dt
= ∂t
[6].
Eulerian

2.9

Lagrangian

Core Temperature, Mass and Surface Gravity

To conduct the multi-zone analysis presented in chapter 4, we will need
values for the mass and core temperature of a white dwarf found in a binary
system. In light of the evidence presented in the introductory chapter, we
choose a core temperature of 4 × 107 K. Whilst slightly hotter than the
typical central temperature of an isolated white dwarf, it seems to be a
reasonable choice, as we will be considering white dwarfs in mass-transferring
binaries. In our calculations we use a 0.929 M white dwarf, which was used
in Paczyński’s analysis [28]. The higher mass is substantiated by the fact
that the white dwarf is in a binary system, and fits within the range of
white dwarf masses chosen by the authors in the literature review. With
this mass, and a radius of approximately 0.01 R , which is typical of a white
dwarf, the surface gravity is approximately 108.5 cm s−2 [28]. This value is
slightly higher than the average surface gravity of an isolated white dwarf
108 cm s−2 , as a result of the larger mass.

2.10

Thermal Instability

There are two types of stability that we can investigate. Firstly, dynamical
stability probes properties of a star when hydrostatic equilibrium is perturbed. Thermal, or secular stability, investigates the effects of perturbing
thermal equilibrium. The focus of this thesis is thermal stability. In particular, we will investigate the effects of perturbing thermal equilibrium in the
accreted layer on accreting white dwarfs. There will be stable regimes, where
the perturbation is quenched, and unstable regimes, where the perturbation
grows exponentially with time.
If we exclude gravitational energy sources, the energy source within a
star is solely attributable to nuclear energy generation. For a star in ther26
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mal equilibrium, the rate of energy production must be balanced by the
rate of energy loss by radiative transfer, excluding conductive effects. In
other words, the rate of change of energy within the star should be zero, or
mathematically [21]
dU
(2.60)
= Lnuc − Lrad = 0,
dt
where U is the total energy. This equation implies that the rate of energy
produced, or luminosity, within the star, Lnuc , is balanced by the power
leaving the star, Lrad , at radius, r. Thus, the total energy remains constant.
If U̇ > 0, the total energy increases and thermal equilibrium is perturbed.
The relative importance of the various components of the pressure, namely,
the ideal gas, radiation and degeneracy pressure, will determine if the system
is able to restore thermal equilibrium. In a system dominated by the ideal
gas law, thermal equilibrium will be restored. The virial theorem for a system with the ideal gas law as the equation of state, states that 2E + Ω = 0,
where E is the internal energy and Ω is the gravitational potential energy
[21]. The total energy satisfies U = −E = Ω/2. For a bound star, the total
energy is less than zero, U < 0, as the gravitational potential energy is less
than zero, Ω < 0. If thermal equilibrium is perturbed, the total energy will
increase, which means that it becomes less negative, or smaller in absolute
value. The gravitational potential energy also becomes less negative, which
signals an expansion. By the virial theorem, if U and Ω increase, the internal
energy must decrease. Thus, an increase in total energy results in expansion
and a decrease in temperature, restoring thermal equilibrium [21]. In the
case of a non-relativistic degenerate electron gas, the pressure is decoupled
from the temperature in a constant density star. If U̇ > 0, the star will
still expand, but the expansion is accompanied by an increase in temperature [21]. Since the nuclear energy generation rates are proportional to ρT ν
in power-law form, an increase in temperature results in further increased
nuclear energy generation and a further increase in temperature and so on.
Since the temperature in the energy generation rates are usually raised to
very high powers, an increase in temperature initiates a thermonuclear runaway event. If the temperature becomes sufficiently high for the gas to
behave as an ideal gas, thermal equilibrium can be restored.
Thermonuclear runaways occur on the surface of accreting white dwarfs
through ignition of the accreted hydrogen-rich material. This nuclear ignition gives rise to hydrodynamic flashes, more commonly known as novae
in white dwarfs. To reiterate, we will investigate the stability of novae or
flashes in this thesis. In particular, we intend to identify regimes of stable
and unstable nuclear burning. Stable regimes do not lead to thermonuclear
27
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runaways. In stable regimes, the perturbations can be quenched and thermal equilibrium is restored. In unstable regimes, nuclear reactions lead to
thermonuclear runaways and novae.
We have now discussed all the relevant physics that will be required to
describe the nuclear burning of accreted material on the surface a white
dwarf. In the next chapter we investigate the problem using a one-zone
model and eventually progress to a more sophisticated multi-zone model.
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Figure 2.1: Ratio of CN to pp as a function of temperature, with X =
0.7 and Z = 0.03. The red line indicates the point at which the energy
generation rates are equal.
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Chapter 3

A One-Zone Model
Paczyński studied the problem of shell flashes on accreting compact stars.
In 1983, he published a paper outlining a one-zone model that described the
basic properties of accreting white dwarfs and neutron stars [28]. We follow
his analysis independently and confirm his results, as a starting point for
our investigation of the properties of accreting white dwarfs.

3.1

Model Equations

As previously discussed, the timescale for evolution, or cooling, of a white
dwarf core is on the order of billions of years [1], [33]. The timescale for
the evolution of the accreted layer of hydrogen-rich material will be much
smaller than the timescale for cooling, on the order of thousands to hundreds
of thousands of years [36], [37]. As such, we can treat the white dwarf core
as if it were in a steady-state compared with the accreted layer. Following
Paczyński’s approach, we treat the accreted layer as a thin zone of hydrogenrich material overlying the inert white dwarf core. As a result, we assume
that the height of the one-zone layer is much smaller than the radius of the
white dwarf, and that the layer contains very little mass in comparison to
the mass of the white dwarf. Consequently, we can fix the surface gravity
in the layer. Accordingly, we use a plane parallel geometry to describe the
layer. This model does not include magnetic affects, and assumes a negligible
magnetic field associated with the white dwarf, such that magnetic pressure
can be ignored.
We specify the independent variable as Σ, the column density of the
layer in mass per unit area,
∂Σ
= ρ,
(3.1)
∂z
where z is the height of the layer and ρ is the density.
The standard stellar structure equations, which include the structural
and thermal conditions required to describe the layer, along with an equation
for the evolution of the hydrogen-mass fraction, constitute the set of model
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equations, which are [16], [28]
∂P
∂Σ
∂Prad
∂Σ
∂F
∂Σ
dX
dt

= −g,
= −

κF
,
c

= H − T
= −

(3.2)
(3.3)
ds
,
dt

H
∗,
EH

(3.4)
(3.5)

where P is the pressure, g is the gravitational acceleration, Prad is the radiation pressure, κ is the opacity, F is the flux, c is the speed of light, H is the
energy generation rate of hydrogen burning, s is the specific entropy, and
T is the temperature. The time derivatives here are Lagrangian derivatives
∗ is the energy released by burning one gram of hydrogen, approxiand EH
mately 6 × 1018 ergs cm−2 s−1 . In these equations, we integrate from the
bottom of the layer to the surface in Σ.
The first equation describes the condition of hydrostatic equilibrium,
indicating that the outwardly directed pressure is balanced by the inwardly
directed gravitational force. The second equation, the radiative transfer
equation, indicates that energy is transferred through diffusion. This means
that the flux is driven by gradients in the energy density of the radiation field
[16], and accordingly, the opacity is the radiative opacity κ = κrad given by
equation (2.32). The equation for the flux, F , is the energy balance equation.
There are two sources of energy generation indicated in the equation for
the flux, namely the energy generated per gram per second by hydrogen
burning, H , and gravitational compression, expressed as grav = −T ds
dt > 0.
Finally, the last equation is essentially a conservation of mass equation for
the hydrogen mass fraction.
To solve this set of equations, we must specify the appropriate boundary
conditions. At the surface of the layer, we specify the following conditions
[28]:
Σ = Σs ,
P ≈ 0, Prad ≈ 0, X = Xs , Y = Ys ,
(3.6)
where Xs and Ys specify the composition of the accreted material. In other
words, Xs and Ys specify the hydrogen and helium composition of the donor
star. These boundary conditions are consistent with zero surface boundary
conditions. At the bottom of the layer, we have the following conditions on
the flux and hydrogen mass fraction [28]:
Σ = Σb ,

F = Fb , X = 0,

(3.7)
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where Fb is the flux from the bottom of the layer, which is the flux emanating
from the white dwarf core. The X = 0 boundary condition implies that all
the hydrogen must be burned upon reaching the bottom of the layer. The
column density of the accreted layer is ∆Σ = Σs − Σb [28].
The accretion rate, Σ̇, in g cm−2 s−1 , can be related to the surface column
density through [28]
dΣs
= Σ̇.
(3.8)
dt
The system of equations, equations (3.2) to (3.5), must be integrated
over the column density of the layer. However, in Paczyński’s analysis,
several simplifications were made to circumvent the numerical solution of
the system of differential equations. Specifically, Paczyński carried out the
integration analytically by replacing the integrands by their values at the
either the top or bottom of the layer, and arrived at the following set of
equations [28]:
P
Prad
F
X

= g∆Σ,
κ
=
F ∆Σ,
c


= Fb + H − T

d(∆Σ)
H
− X Σ̇ = − ∗ ∆Σ,
dt
EH

(3.9)
(3.10)


ds
∆Σ,
dt

(3.11)
(3.12)

where P, Prad , T, ρ, s, κ and H refer to the values of the associated variables
at the bottom of the layer, while X and F refer to quantities at the top
of the layer. The Lagrangian derivatives have been replaced here by total
time derivatives. This approximation neglects the heat and matter that is
carried to the bottom of the layer. Despite the simplifications, this model
produces well-known characteristics of accreting compact stars found by
detailed stellar models [28].
By some rearrangement we can derive two differential equations that
encapsulate the details contained within the equations above. Firstly, if we
substitute ∆Σ = Pg into equation (3.11), we find that [28]
T

ds
g
= H − (F − Fb ) .
dt
P

(3.13)

Similarly, if we substitute ∆Σ = Pg into the hydrogen mass fraction equation,
equation (3.12), divide by X and multiply by g, we find that [28]
dP
H P
= g Σ̇ −
∗.
dt
XEH

(3.14)
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To solve this set of differential equations numerically, the accretion rate, Σ̇,
the flux from the white dwarf core, Fb , the surface gravity, g, the chemical composition at the surface, Xs , Ys , the energy generation rate, H , the
opacity law, κrad , and the equation of state must be specified. The energy
generation rate will be that of the CN cycle as specified by equation (2.9).
We will use the radiative opacity given by equation (2.32), and finally the
equation of state will be the sum of the ideal gas, radiation and degeneracy
pressures, which are specified in equation (2.45). The corresponding specific
entropy is given by equation (2.57). The entropy, opacity, equation of state
and energy generation rate will be functions of density and temperature as
well as the hydrogen and helium mass fractions.
As is customary, we define 1 − β as the ratio of radiation pressure to
total pressure. By using equations (3.9) and (3.10) we find that
1−β =

Prad
κ κe F
=
.
P
κe cg

(3.15)

If β → 0 then radiation pressure dominates. Note that in this stellar model,
the flux can approach the Eddington limit but cannot exceed it since 0 <
β < 1.

3.1.1

Dimensionless Quantities

Before proceeding, we introduce some dimensionless quantities that make
the forthcoming analysis clearer. We introduce the Eddington flux
FEdd =

cg
,
κe

(3.16)

where κe is the electron scattering opacity, given by equation (2.29). This
equation is found by dividing the Eddington luminosity, equation (2.58),
by the surface area of the star. We define a critical accretion rate [28], in
accordance with Paczyński,
Σ̇c =

FEdd
∗X.
EH

(3.17)

This is essentially the nuclear Eddington accretion rate for total hydrogen
burning [35]. The dimensionless accretion rate in units of the nuclear Eddington accretion rate is
Σ̇
ȧ =
.
(3.18)
Σ̇c
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We also define a dimensionless heat flux from the white dwarf core in units
of the Eddington flux, fb ,
Fb
fb =
.
(3.19)
FEdd
We can find an equation for the flux at the surface by combining equations (3.15) and (3.16),
F = FEdd

κe
(1 − β) .
κ

(3.20)

By using this equation for the flux and the dimensionless quantities, we can
write equations (3.13) and (3.14) as [28]
ds
dt
∗
EH X dP
P dt
T

3.2





cg 2
κe
fb − (1 − β) ,
κe P
κ
2
cg
= −H +
ȧ.
κe P
= H +

(3.21)
(3.22)

Steady-State Solutions

We proceed by solving for the steady-state solutions, as Paczyński did. We
set the time derivatives in equations (3.21) and (3.22) to zero, and obtain
the following system of non-linear equations [28]
ȧ =
ȧ + fb =

H P κe
,
cg 2
κe
(1 − β) .
κ

(3.23)
(3.24)

These equations are functions of density and temperature, once the chemical
composition, accretion rate, surface gravity and heat flux from the core have
been specified. We have two unknowns, ρ and T , and two equations, and we
can therefore solve this system numerically. Note that the right-hand side
of equation (3.24) is the dimensionless flux from the surface F/FEdd , which
can be deduced from equation (3.20). The flux from the surface cannot
exceed the Eddington flux in our model and therefore ȧ + fb < 1 so that
F/FEdd < 1.
In our analysis, we will vary the accretion rate, ȧ, while keeping the
other parameters constant, namely, X, Y, g and fb . In fact, we will have a
distinct set of solutions for each set of parameters, also known as a linear
series of stellar models.
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3.2.1

Parameters

We specify the following set of parameters, [28]
g = 108.5 g cm−2 ,
M

(3.25)

= 0.929 M ,

(3.26)

R = 0.009 R ,

(3.27)

X = 0.7,

(3.28)

Y

= 0.27,

(3.29)

XCN = Z/3.

(3.30)

Following Paczyński’s analysis, fb will range from 0 to 0.3 and ȧ will vary
over a wide range of values. The chemical composition is that of a solar
composition star [16]. The Eddington flux and critical accretion rate over
the whole star for this set of parameters is 2.79 × 1019 ergs cm−2 s−1 and
3.26 × 1019 g s−1 , respectively.
To reiterate, we use the following expressions for the opacity, energy
generation rate of the CN cycle and the equation of state [28]




κrad (T, ρ, X, Y ) = κe 1 + 2 × 1026 (0.001 + Z)ρT −3.5 ,
−2/3

CN (T, ρ, X, Y ) = 8 × 1027 ρXXCN T6

a
kB NA ρT
+ T 4 + Kρ5/3 ,
µ
3
P (T, ρ, X, Y ) = g∆Σ,

P (T, ρ, X, Y ) =



−1/3

exp −152.31T6



,

given by equations (2.32), (2.9), (2.45) and (3.9), where κe is given by equation (2.29) and K is given by equation (2.44).

3.2.2

Numerical Scheme

The numerical scheme we employ to solve the system of non-linear equations
utilises both Newton’s method and the bisection method [3]. The numerical
scheme, which uses a nested loop structure, is outlined below.
Loop 1
1. Choose ∆Σ, which fixes P through equation (3.9)

35

3.2. Steady-State Solutions
Loop 2
2. Choose an initial guess for T
3. Choose an initial guess for ρ by approximating the pressure as
the sum of the ideal gas pressure and radiation pressure, ρ =
µ
T kB NA (P − Prad )
4. Use a one-dimensional Newton’s method to solve for ρ from the
complete equation of state, equation (2.45)
5. Once ρ is found, calculate κrad ,  and ȧ from equations (2.32),
(2.9) and (3.23)
6. Substitute all necessary quantities into equation (3.24) to define
a residual, R = κκe (1 − β) − ȧ − fb
7. If R 6= 0, choose a new value of T , Tnew , and repeat the process
from step 3
8. If R(T ) < 0 and R(Tnew ) > 0, or vice versa, a zero-crossing has
been found
9. Use the bisection method to find the value of T for which R = 0,
identifying a steady-state solution
End Loop 2
1. Return to step 1, choose a new value of ∆Σ so as to iterate through
all relevant values of ∆Σ
End Loop 1

3.2.3

Results

We present our results for the steady-state solutions and compare them to
Paczyński’s results. Figure (3.1) depicts the change in column density with
dimensionless accretion rate. Note that log denotes the logarithm to base
ten, while ln refers to the natural logarithm.
The accretion rates, ȧ, range from 10−9 to 1, which translates into Ṁ =
5.1608 × 10−16 M yr−1 to 5.1608 × 10−7 M yr−1 . This is the accretion rate
over the whole star, such that Σ̇ = Ṁ /(4πR2 ). These curves represent a
one-parameter family of curves, since each value of fb produces a distinct
solution. For fb = 0.0001, 0.001, 0.01 and 0.1, the curves have two turning
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points indicated by a relative maximum and minimum within a sufficiently
defined neighbourhood. Between these turning points, the column density
decreases with increasing ȧ. The peaks or relative maxima tend to occur at a
lower value of ȧ as fb decreases, while the troughs, relative minima, occur at
approximately the same value of ȧ. The curve for fb = 0.3 is monotonically
increasing while the curve for fb = 0 has a trough but no peak. We compare
our results to Paczyński’s [28] in figure (3.2).
Figures (3.2a) and (3.2b) are plotted against the same axes and for the
same values of the heat flux from the core, fb . The results appear to be
qualitatively similar, except for the curve for fb = 0.01. The curve for
fb = 0.01 in Paczyński’s figure is offset in log ȧ from the other curves. In
our results, figure (3.2a), the curve for fb = 0.01 lies in between the curves
for fb = 0.001 and fb = 0.1. The general trend seems to be that the local
maxima occur at a smaller value of ȧ as fb decreases. There is no indication
that the solution for fb = 0.01 should deviate from this.
To investigate this hypothesis further, we plotted two additional curves
for fb = 0.03 and fb = 0.003. The curve for fb = 0.03 should sit below that
for fb = 0.01 and above fb = 0.1. The curve for fb = 0.003 should sit below
that for fb = 0.001 and above fb = 0.01. The results are depicted in figure
(3.3).
As we suspected, the curve for fb = 0.1 lies in between the curves for
fb = 0.03 and fb = 0.003. We conclude that the curve for fb = 0.01 should
not be offset to the right in the log ȧ-axis as it is in Paczyński’s figure. We
assume that this was the result of a plotting error.
To facilitate a better understanding of the behaviour of the linear series, we conduct a linear stability analysis, which was also conducted by
Paczyński [28].

3.3

Linear Stability Analysis

In this section, we perform a linear stability analysis that allows us to investigate the stability of the linear series. The perturbations in density and
temperature, δT and δρ, can be expressed as [6]




δT
,
T0


δρ
ρ = ρ0 + δρ −→ ρ0 1 +
.
ρ0

T

= T0 + δT −→ T0 1 +

(3.31)
(3.32)
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In the linear theory, δT
T0
turbations and products
linear stability analysis.
nential time dependence

 1 and ρδρ0  1. Higher powers of these perof perturbations are assumed to be negligible in a
We assume that the perturbations have an expoassociated with an eigenvalue λ
δT
T0
δρ
T0

= T̄ (Σ) exp(λt),

(3.33)

= ρ̄(Σ) exp(λt),

(3.34)

where λ, T̄ and ρ̄ can, in general, be complex. The real part of the eigenvalues are indicative of the stability of the steady-state solutions. In particular,
a real part that is greater than zero indicates that the perturbation grows
exponentially with time. Thus, we have an instability. If the real part of
the eigenvalue is less than zero, then the perturbation will be quenched and
decay with time, indicating a stable solution.
δρ
Note that δT
T0 and T0 can be written as δ ln T and δ ln ρ, respectively. We
will make use of this equivalent notation in our analysis. The perturbations
in the other variables, δ ln s, δ ln κ, δ ln  and δ ln P can be expressed in terms
of δ ln T and δ ln ρ.
As we discussed in chapter 2, the opacity and energy generation rates can
be written in power-law form. We can extend this to the pressure as well,
and we have the following power-law forms of the opacity, energy generation
rate and pressure [16]
κ = κ0 ρφρ T φT ,
νρ

 = 0 ρ T
P

χρ

νT

= P0 ρ T

,

χT

(3.35)
(3.36)

,

(3.37)

where κ0 , 0 and P0 are constants. The exponents can be calculated as
follows
∂ ln κ
∂ ln κ
φρ =
,
φT =
,
(3.38)
∂ ln ρ
∂ ln T
∂ ln 
∂ ln 
νρ =
,
νT =
,
(3.39)
∂ ln ρ
∂ ln T
∂ ln P
∂ ln P
χρ =
,
χT =
.
(3.40)
∂ ln ρ
∂ ln T
We will write the results of the linear stability analysis in terms of these
exponents. In differential form, the power-laws are
d ln κ = φρ d ln ρ + φT d ln T,

(3.41)
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d ln  = νρ d ln ρ + νT d ln T,
d ln P

(3.42)

= χρ d ln ρ + χT d ln T.

(3.43)

These relationships provide the infinitesimal changes in the respective variables, and can therefore be used to express the perturbations δ ln κ, δ ln  and
δ ln P . In accordance with Paczyński’s approach we define a dimensionless
entropy S such that [28]
ds =

P
∂S
∂S
dS, ST =
, Sρ =
.
ρT
∂ ln T
∂ ln ρ

(3.44)

Using this, we can write dS as
dS = ST d ln T + Sρ d ln ρ.

(3.45)

We also define [28]
fb
,
ȧ
and the characteristic thermal and nuclear timescales [28]
α=

τth =

(3.46)

P
,
ρ

(3.47)

∗X
EH
.
(3.48)
H
We return to the time-dependent system, equations (3.21) and (3.22),
and linearise to allow for calculation of the eigenvalues, λ. To illustrate
the linearisation process, we perturb the equations isobarically, dP
dt = 0 and
δ ln P = 0, and calculate the thermal eigenvalue, λth . This is the usual
procedure for conducting a thermal stability analysis.
We perturb equation (3.21) isobarically and linearise to find, in terms of
the dimensionless variable dS,

τn =

P dδS
ρ dt

= δ ln  −

cg 2
(1 − β) (−δ ln k + 4δ ln T ) .
κP

(3.49)

Note that in this notation, any variable that is not preceded by δ is an
unperturbed quantity satisfying the steady-state equations (3.24) and (3.23).
These quantities should be subscripted with a 0. However, we omit these
subscripts to simplify the notation. Simplifying, using equations (3.24) and
(3.23), we find
dδS
dt

=





ρ
(ȧ + fb )
δ ln  −
(4δ ln T − δ ln k) ,
P
ȧ

(3.50)
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We substitute for the differentials, τth and α to find
dδS
dt

−1
= τth
(νρ d ln ρ + νT d ln T − (1 + α) ((4 − φT )δ ln T − φρ δ ln ρ)) .

(3.51)
After simplification and using the fact that d ln ρ = −χT /χρ d ln T from
d ln P = 0, we find
dδS
dt

−1 −1
= τth
χρ (χρ νT − νρ χT − (1 + α) (4χρ − φT χρ + χT φρ )) δ ln T.

(3.52)
The left-hand side of this equation, using the differential for S and ln P , is
χ−1
ρ (ST χρ − χT Sρ )

d ln δT
.
dt

(3.53)

Combining the last two equations, we find a differential equation in δ ln T
dδ ln T
−1 a1 − (1 + α)a2
= τth
δ ln T,
dt
a3

(3.54)

where
a1 = νT χρ − χT νρ ,

(3.55)

a 3 = S T χρ − χT S ρ .

(3.57)

a2 = 4χρ − φT χρ + χT φρ ,

(3.56)

The solution of this differential equation yields δ ln T = T̄ exp(λth t), which
is precisely the form of the perturbation, where
−1
λth = τth

a1 − (1 + α)a2
,
a3

(3.58)

and T̄ does not depend on t. The eigenvalue can also be deduced by substituting for δ ln T = T̄ exp(λth t) in the differential equation (3.54) and solving
for λth . This result agrees with that of Paczyński’s.
To find the nuclear eigenvalue, we perturb equations (3.21) and (3.22)
dS
adiabatically, so that ds
dt = 0, dt = 0 and δS = 0. By perturbing equation
(3.21) adiabatically, we find
0 = δ + δ ln P − (1 + α)(−δ ln κ − δ ln P + 4δ ln T ).

(3.59)
40

3.3. Linear Stability Analysis
From this, we can find an expression for δ ln ρ as a function of δ ln T ,
δ ln ρ = −

(νT + χT − (1 + α)(4 − φT − χT ))
δ ln T.
(νρ + χρ + (1 + α)(φρ + χρ ))

(3.60)

Perturbing equation (3.22), we find
∗
EH
X

dδ ln P
= −(δ ln  + δ ln P ).
dt

(3.61)

Rewriting δ ln P as χρ d ln ρ + χT d ln T using (3.43) and δ ln  using (3.42),
and using the expression for δ ln ρ in terms of δ ln T , we eventually find the
following differential equation in δ ln T for the nuclear eigenvalue
dδ ln T
H (1 + α)(a1 + a2 + a4 )
= ∗
δ ln T,
dt
EH X
a1 − (1 + α)a2

(3.62)

a4 = νT φρ − φT νρ + 4νρ ,

(3.63)

a5 = ST νρ − νT Sρ .

(3.64)

where

We also define a5 as
Solving for the eigenvalue by substituting for δ ln T = T̄ exp(λn t), we
find
(1 + α)(a1 + a2 + a4 )
λn = τn−1
,
(3.65)
a1 − (1 + α)a2

where τn is defined in equation (3.48). This result also agrees with the result
found by Paczyński.
Now, we use both equations (3.21) and (3.22) to derive a single differential equation for the eigenvalues, λ1 and λ2 . Perturbing equation (3.21), we
find
dδS
−1
= τth
(δ ln  + δ ln P − (1 + α)(−δ ln κ − δ ln P + 4δ ln T )) .
dt

(3.66)

Substituting for δ ln , δ ln P and δ ln κ using equations (3.42), (3.43) and
(3.41), we find an expression for δ ln ρ in terms of δ ln T and dδS
dt
δ ln ρ =

τth dδS
dt
νρ + χρ + (1 + α)(φρ + χρ )
(1 + α)(4 − φT − χT ) − (νT + χT ))
+
δ ln T.
νρ + χρ + (1 + α)(φρ + χρ

(3.67)
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ln P
d
Now, we can find an expression for dδ dt
= dt
(χT δ ln T + χρ δ ln ρ) in terms
of δ ln T , by substituting for δ ln ρ from the expression above. Combining
this with equation (3.66), we find that

dδS
dt

=

−1
τth
(τn (a1 − (1 + α)a2 )δ ln T
νρ + χρ + (1 + α)(φρ + χρ )
d2 δS
−τth τn χρ 2 − (1 + α)(a1 + a2 + a4 )δ ln T
dt

dδS
+(1 + α)(φρ + χρ )τth
.
(3.68)
dt

The left-hand side of equation (3.68) upon rearranging becomes
τth (νρ + χρ + (1 + α)(φρ + χρ ))

dδS
,
dt

(3.69)

in which the term (1 + α)(φρ + χρ ) dδS
dt cancels with the term on the righthand side of equation (3.68). Using equations (3.43), (3.42) and (3.45), and
with a little manipulation we find
χρ dS = Sρ δ ln P + a3 δ ln T,

(3.70)

νρ dS = Sρ δ ln  + a5 δ ln T.

(3.71)

and
Thus,
dδS
dt
dδS
χρ
dt
d2 δS
χρ 2
dt
νρ

dδ ln 
dδ ln T
+ a5
,
dt
dt
dδ ln P
dδ ln T
= Sρ
+ a3
,
dt
dt


dδ ln P
d2 δ ln T
−1 dδ ln 
= −Sρ τn
+
+ a3
.
dt
dt
dt2
= Sρ

(3.72)
(3.73)
(3.74)

Substituting
these expressions
into equation (3.68), we see that the expres

dδ ln 
dδ ln P
sion Sρ
on the left and right-hand sides cancel. Eventually,
dt +
dt
we are left with
d2 δ ln T
dδlnT
+ (τth (a3 + a5 ) + τn (a2 (1 + α) − a1 ))
+ ...
2
dt
dt
+(1 + α)(a1 + a2 + a4 )δ ln T = 0.
(3.75)
τn τth a3
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Substituting for δ ln T = T̄ exp(λt), we obtain a quadratic equation for λ
which is identical to Paczyński’s
τn τth a3 λ2 + (τth (a3 + a5 ) + τn (a2 (1 + α) − a1 )) λ + (1 + α)(a1 + a2 + a4 ) = 0.
(3.76)
We solve for the eigenvalues using the quadratic formula,
λ1,2 = −b̃ ±

q

b̃2 − 4ãc̃
,
2ã

(3.77)

where
ã = τn τth a3 ,

(3.78)

b̃ = (τth (a3 + a5 ) + τn (a2 (1 + α) − a1 )) ,

(3.79)

c̃ = (1 + α)(a1 + a2 + a4 ).

(3.80)

The results we obtained for the thermal eigenvalue, nuclear eigenvalue and
λ1 and λ2 corroborate Paczyński’s findings.

3.4

Results

We present the results of the eigenvalue calculations for a dimensionless heat
flux from the core of fb = 0.01. This is the curve that has been shifted to
the right in the log ȧ axis in Paczyński’s figure, figure (3.2b). The results
conform to the general trend of the eigenvalue results presented by Paczyński
in 1983 [28] for fb = 0.001. This gives further credence to our result that
the curve for fb = 0.01 should not be shifted.
Figure (3.4) depicts the dimensionless eigenvalues, τth λ1 and τth λ2 , versus the logarithm of the dimensionless accretion rate ȧ. The eigenvalues are
purely real for most of the domain except near the turning points, located
at log ȧ ≈ −2.1 and log ȧ ≈ −0.24. In the vicinity of the turning points,
the eigenvalues become complex conjugates of each other [28]. This is the
reason that only the red line indicating λ2 is visible near the turning points.
The quantity λ1 has the same real part over this portion of the domain. We
also note that the real part of the eigenvalues cross from Re(λ1 , λ2 ) < 0 to
Re(λ1 , λ2 ) > 0 at log ȧ ≈ −2.1, which corresponds to the local maximum of
the linear series for fb = 0.01. The real part of the eigenvalues cross from
Re(λ1 , λ2 ) > 0 to Re(λ1 , λ2 ) < 0 at log ȧ ≈ −0.24, which corresponds to
the local minimum of the linear series for fb = 0.01. From this observation,
we can conclude that the local maximum indicates the onset of thermal
instability, while the local minimum indicates the onset of thermal stability.
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The thermal and nuclear eigenvalues, equations (3.58) and (3.65), are
valid in the limit that τn /τth  1 and |λn /λth |  1 [28]. These limits
corresponds to regimes away from the turning points, as can be seen in
figure (3.5). In the vicinity of the local extrema, the thermal and nuclear
eigenvalues become comparable in magnitude, as illustrated in figure (3.5),
and λ1 and λ2 are required to adequately describe the behaviour of the
steady-state solutions.
∆Σ
We can calculate the gradient of the linear series ddlog
log ȧ from equations
(3.24) and (3.23). We find that
d ln P
d ln ∆Σ
(1 + α)a2 − a1
=
=
.
d ln ȧ
d ln ȧ
(1 + α)(a1 + a2 + a4 )

(3.81)

The numerator, (1 +α)a2 −a1 , corresponds to the negative of the denominator of the nuclear eigenvalue, excluding τn . The numerator also corresponds
to the negative of the numerator of the thermal eigenvalue. At the turning points, the gradient of the linear series passes through zero and we can
deduce that (1 + α)a2 − a1 = 0 at the turning points. Thus, the thermal
eigenvalue will also be zero, while the nuclear eigenvalue will diverge at the
turning point. Figure (3.6) depicts the gradient of the linear series versus
the dimensionless accretion rate. The behaviour of λth and λn is depicted
in figure (3.5).
Our result for the gradient of the linear series, equation (3.81), agrees
with Paczyński’s, up to a negative sign. The sign in our result is correct,
which can be seen from figure (3.6). The gradient is positive before we
reach the local maximum and is negative afterwards, indicating that the
function is increasing before the turning point and decreasing afterwards
which is consistent with a local maximum. A similar argument for the local
minimum indicates that the sign of the gradient in our result is correct.
Figure (3.7) depicts the variation of the eigenvalues, τth (λ1 , λ2 , λth , λn ),
with the accretion rate, ȧ, in the vicinity of the local minimum. The real
parts of λ1 and λ2 pass through zero at the turning point, from a positive
real part to a negative real part. This indicates a transition to stability. The
thermal eigenvalue also passes through zero, but at a slightly different point
to that of λ1 and λ2 . This is consequence of the fact that the limit used to
calculate the thermal eigenvalue is not valid in the vicinity of the turning
point, although it is a good approximation. The nuclear eigenvalue diverges
near the turning point, as expected.
We have shown that the steady-state solution is stable when the column
density increases with the accretion rate and unstable between the turning
points when the column density decreases with increasing accretion rate.
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We can analyze this behaviour in terms of the relative magnitudes of fb
and ȧ. The dimensionless accretion rate actually indicates the amount of
∗ X/F
flux produced by nuclear burning. Specifically, ȧ = Σ̇EH
Edd , which is
the dimensionless flux produced through the nuclear burning of hydrogen.
When the heat flux from the core, fb , is much larger than the flux produced
from nuclear burning, fb  ȧ, the model is stable. In this case, very little heat is produced from nuclear burning, and the accretion rate is very
low. This corresponds to the branch of the linear series to the left of the
local maximum. The branch between the turning points in the linear series correspond to regimes where ȧ and fb are similar in magnitude. The
energy generation rate is very sensitive to temperature. For a temperature
of 2 × 107 K, the temperature in the CN cycle is raised to an exponent
of 18.04. Heat is lost in the system through radiation pressure, which is
proportional to T 4 . Thus, any small increase in temperature results in net
heating causing the temperature to rise again, and so forth. In other words,
we have a thermonuclear runaway event and instability. The density starts
to decrease at the local maximum, as can be seen from figure (3.9). The
energy generation rate is also proportional to ρ. Eventually, the density
decreases enough to restore stability to the system despite the increasing
temperature. Thus, in regions to the right of the local minimum, for which
fb  ȧ, stability is restored. The temperature at the bottom of the layer
increases with increasing accretion rate, which is depicted in figure (3.8).

3.5

Discussion

We have investigated the nuclear burning of hydrogen on accreting white
dwarfs using Paczyński’s one-zone model [28]. Through a number of simplifications implemented by Paczyński, the most significant being the approximation of the integration of the model equations over the layer, we
have arrived at a set of two differential equations, (3.21) and (3.22). We
set the time derivatives in these equations to zero to allow investigation of
the steady-state behaviour of the model. This resulted in two non-linear
equations in T and ρ, namely, equations (3.24) and (3.23).
To solve this system of non-linear equations, we employed an iterative
scheme utilising both Newton’s method and the bisection method. We solved
this system for a range of values of the dimensionless heat flux from the core
over a range of accretion rates for X = 0.7, Y = 0.27 and g = 108.5 cm s−2 .
Each value of the dimensionless heat flux from the core, fb , produces a
distinct solution. Thus, we have a linear series of stellar models for each
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fb . We found that curves with fb = 0.1, 0.01, 0.001, 0.0001 have two turning
points, in agreement with Paczyński. The local maxima of these curves tend
to occur at a lower value of ȧ as fb decreases. The curve for fb = 0.3 is
monotonically increasing, and represents a limiting value, above which no
turning points exist [28].
Our results agree with those of Paczyński’s except for the model with
fb = 0.01. In figure (3.2), we compare our results to that of Paczyński’s.
The curve for fb = 0.01 is shifted towards increasing log ȧ in the log ȧ-axis
in Paczyński’s figure 1 which appeared in [28]. The curve for fb = 0.01 lies
between the curve for fb = 0.001 and fb = 0.1 in our results. In figure
(3.3), we plot two additional curves, fb = 0.03 and fb = 0.003, along with
fb = 0.01. The curve for fb = 0.01 lies between the curves for fb = 0.03 and
fb = 0.003. This follows the general trend of the curves, and we conclude
that there was a plotting error in Paczyński’s graph.
To better understand the behaviour of these curves, we conducted a linear stability analysis, which was also conducted by Paczyński. We assumed
an exponential time dependence in the perturbations associated with an
eigenvalue, λ. We solved for the eigenvalues, λ1 and λ2 , of the system by
linearizing equations (3.21) and (3.22). These eigenvalues are plotted in figure (3.4) for fb = 0.01, which agrees with the behaviour of the eigenvalues
for fb = 0.001, plotted by Paczyński in [28]. This corroborates our finding
that the model for fb = 0.01 should follow the trend of the other steady-state
models. We see that near the local extrema the eigenvalues become complex conjugates of each other. The real parts of the eigenvalues pass through
zero from a negative value to a positive value near the local maximum. This
indicates that the peak signals the onset of instability where the perturbation grows exponentially with time. The real parts of the eigenvalues pass
through zero again near the local minimum, but from a positive real part to
a negative real part. This indicates the onset of stability, characterised by
an exponential decay of the perturbation.
We also solved for a thermal and nuclear eigenvalue by perturbing equations (3.21) and (3.22) isobarically and adiabatically respectively. This approximation to the full calculation of the eigenvalues is not valid near the
turning points where the thermal and nuclear eigenvalues are similar in magnitude. The approximation holds when |λn /λth |  1 [28]. We also found
the gradient of the linear series and noted that when the gradient passes
through zero, corresponding to a turning point, that the thermal eigenvalue
also passes through zero while the nuclear eigenvalue diverges.
In figure (3.7), we plotted λ1 , λ2 , λth and λn near the local minimum of
the stellar model fb = 0.01. It is clear from this figure that the real parts of
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λ1 and λ2 become negative as they pass through zero. The point at which
λ1 , λ2 = 0 corresponds to the exact point of the local minima, as expected.
The thermal eigenvalue also passes through zero, but at a slightly different
value of log ȧ than that of λ1 and λ2 . The nuclear eigenvalue diverges near
this point. The point of divergence of the nuclear eigenvalue, and the point
at which the thermal eigenvalue passes through zero is slightly different
to where λ1 , λ2 = 0. This is a consequence of the approximation used to
calculate the thermal and nuclear eigenvalues, which is not valid near the
turning points.
We observe that when the column density increases with increasing accretion rate, the models for fb < 0.3 are stable. Between the turning points,
these models are unstable. The column density always increases with increasing accretion rate for the curve fb = 0.3. We can also conclude from our
stability analysis that this model is always stable. In this respect, fb = 0.3
represents a limiting value of fb , above which stellar models are stable.
We could explore various other aspects of this model, including the effects
of changing the chemical composition and surface gravity. However, these
aspects were discussed in Paczyński’s paper [28]. We have used his model
as a base with which to begin our investigation. We now move on to a more
sophisticated model that more accurately describes the aspects of nuclear
burning of interest to us.

47

3.5. Discussion

9.8

fb=0.3
0.1
0.01
0.001
0.0001
0



log Σ g cm−2

9.6
9.4
9.2
9
8.8

−8

−6

−4
log ȧ
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Figure 3.1: Column density as a function of log ȧ, where ȧ is the dimensionless accretion rate. The steady-state solutions are shown for a range of
dimensionless heat flux from the core, fb . The hydrogen and helium mass
fractions at the surface are X = 0.7 and Y = 0.27, respectively. The surface
gravity is g = 108.5 cm s−2 .
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(a) Steady-state solutions for a range of fb and ȧ
with X = 0.7, Y = 0.27 and g = 108.5 cm s−2 . This
figure is figure (3.1) replotted so as to compare with
Paczyński’s figure [28].

(b) Figure 1, Paczyński, B. (1983) A One-Zone Model
for Shell Flashes on Accreting Compact Stars. The
Astrophysical Journal, 264:282-295. Reproduced by
permission of the AAS.
Figure 3.2: Comparison of results
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Figure 3.3: Steady-state solutions for fb = 0.03, 0.01, 0.003 with X =
0.7, Y = 0.27 and g = 108.5 cm s−2 .
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Figure 3.4: Variation of eigenvalues, λ1 and λ2 , computed using the timedependent system of equations, equations (3.21) and (3.22), with dimensionless accretion rate for fb = 0.01, with X = 0.7, Y = 0.27 and
g = 108.5 cm s−2 . In the vicinity of the turning points, the eigenvalues become complex conjugates of each other. Thus, only the red line indicating
λ2 is visible near the turning points, as λ1 has the same real part over this
portion of the domain. The real part of both eigenvalues crosses from a negative to a positive quantity at the local maximum and vice versa at the local
minimum, indicating a transition to instability and stability, respectively.
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Figure 3.5: Variation of the thermal and nuclear eigenvalues with dimensionless accretion rate for fb = 0.01, with X = 0.7, Y = 0.27 and
g = 108.5 cm s−2 . These eigenvalues are valid in the limit τn /τth  1, where
|λn /λth |  1 [28], corresponding to regions away from the turning points.
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Figure 3.6: Gradient of the linear series as a function of log ȧ for fb = 0.01,
with X = 0.7, Y = 0.27 and g = 108.5 cm s−2 .
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Figure 3.7: Variation of the eigenvalues, including the thermal and nuclear
eigenvalues, with log ȧ for fb = 0.01, with X = 0.7, Y = 0.27 and g =
108.5 cm s−2 . This is a close-up of the local minimum for the curve fb =
0.01. The real parts of λ1 and λ2 pass through zero at the local minimum,
indicating a transition to stability. The thermal eigenvalue passes through
zero at a slightly different point to the local minimum while the nuclear
eigenvalue diverges. This is a consequence of the fact that the thermal and
nuclear eigenvalues are not valid in the vicinity of the turning points, and
λ1 and λ2 are required to give an accurate description of the behavior at the
turning points.
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Figure 3.8: Variation of temperature with dimensionless accretion rate for
fb = 0.01, with X = 0.7, Y = 0.27 and g = 108.5 cm s−2 .
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Figure 3.9: Variation of density with dimensionless accretion rate for fb =
0.01, with X = 0.7, Y = 0.27 and g = 108.5 cm s−2 .
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Chapter 4

A Multi-Zone Approach
In the previous chapter, we made use of Paczyński’s one-zone model. In
this chapter, we present a more sophisticated multi-zone approach. Once
again, we assume that hydrogen-rich material accretes onto the surface of a
spherical CO white dwarf. As with Paczyński’s model, we write our equations in terms of the column density, Σ, or mass per unit area. The column
density is measured from the top of the layer in this model, accounting for
the difference in signs in the set of model equations. We assume that the
white dwarf accretes material from a companion star at a rate Σ̇, which is
the mass accreted per unit area per second. The accretion rate over the
whole star is
Ṁ = 4πR2 Σ̇,
(4.1)
where R is the radius of the star. We neglect the gravitational redshift
as it is small for a white dwarf. Once again, we assume that the accreted
layer is geometrically thin in comparison to the radius of the white dwarf,
and thus we make use of plane-parallel geometry with a fixed gravitational
acceleration, g. We exclude any magnetic effects.

4.1

Model Equations

Once again, we use the standard stellar structure equations along with equations describing the evolution of the hydrogen and helium mass fractions to
obtain the following system of differential equations:
∂P
∂Σ
∂T
∂Σ
∂F
∂Σ
dX
dt

= g,
3κF
,
16σT 3
ds
= −T
− (H + He ) ,
dt
H
= − ∗,
EH
=

(4.2)
(4.3)
(4.4)
(4.5)
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dY
dt

=

H
He
− ∗ ,
∗
EH EHe

(4.6)

d
∂
∂
where dt
= ∂t
+ Σ̇ ∂Σ
is the Lagrangian derivative [15], which follows a
particular element of accreted material. As before, P is pressure, T is temperature, ρ is the density, F is flux, X is the hydrogen mass fraction, Y is
the helium mass fraction, g is the surface gravity, κ is the opacity, s is the
specific entropy, H and He are the energy generation rates for hydrogen
∗ = 6.4 × 1018 and E ∗ = 5.8 × 1017 is the
and helium, respectively. EH
He
energy released by hydrogen and helium burning, respectively, in ergs per
gram. The quantity σ is the Stefan-Boltzmann constant and a = 4σ/c is
the radiation density constant.
Equation (4.2) is the equation of hydrostatic equilibrium excluding any
local acceleration effects. Equation (4.3), which appears here in a slightly
different form to that used in Paczyński’s work, is the radiative transfer
equation [16]. We can derive this form of the equation from that used in
3 ∂T
rad
Paczyński’s model. Recall that Prad = a3 T 4 , and therefore ∂P∂Σ
= 4aT
3 ∂Σ .
Equating this expression to κF
c and rearranging yields equation (4.3). We
can include the effects of conduction in this equation by replacing κ by κtot ,
which contains both conductive and radiative opacity sources. Equation
(4.4) is the heat balance or conservation of energy equation. In particular,
(H + He ) is the energy generated per gram per second by nuclear burning
and grav = −T ds
dt > 0 is the energy generated through compression. Equations (4.5) and (4.6) describe the evolution of the hydrogen and helium mass
fractions due to nuclear burning.

4.2

Steady-State Equations

∂
To determine the steady-state solutions, we must set the time derivatives ∂t
to zero, which results in the following equations for the flux, hydrogen and
helium mass fractions:

dF
dΣ
dX
dΣ
dY
dΣ

ds
− (H + He ) ,
dΣ
1 H
= −
∗,
Σ̇ EH

= −T Σ̇

=

1
Σ̇

H
He
− ∗
∗
EH EHe

!

.

(4.7)
(4.8)
(4.9)

The equation of state is a function of temperature, density and the chem56
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ical composition, P = P (T, ρ, X, Y ). Using the chain rule, we find that
dP
∂P dT
∂P dρ
∂P dX
∂P dY
=
+
+
+
.
dΣ
∂T dΣ
∂ρ dΣ ∂X dΣ
∂Y dΣ

(4.10)

ds
in a similar manner.
We can express dΣ
After some rearrangement, we find the following set of differential equations for the density, ρ, temperature, T , flux, F , hydrogen mass fraction, X
and helium mass fraction, Y :

dρ
dΣ
dT
dΣ
dF
dΣ
dX
dΣ
dY
dΣ

4.2.1







∂P −1
∂P dT
∂P dX
∂P dY
,
(4.11)
=
g−
+
+
∂T dΣ ∂X dΣ
∂Y dΣ
∂ρ
3κF
=
,
(4.12)
3
16σT 

∂s dT
∂s dρ
∂s dX
∂s dY
= −T Σ̇
+
+
+
− (H + He ) ,
∂T dΣ ∂ρ dΣ ∂X dΣ
∂Y dΣ
(4.13)
1 H
= −
(4.14)
∗,
Σ̇ EH
!
1 H
He
=
.
(4.15)
∗ − E∗
Σ̇ EH
He

Surface Boundary Conditions

To proceed with the integration of the set of steady-state equations, we
must specify five surface boundary conditions. We identify the surface of
the accreted layer with the photosphere, located at an optical depth of 32
[16]. The photosphere is the visible surface of the layer, where the majority
of the radiation escapes.
We choose a surface flux, Fs . The precise value of Fs is determined
through the solution of the steady-state equations, a process which will be
described shortly. We note that the flux at the surface in the steady-state is
the sum of the flux from the bottom emanating from the white dwarf core,
ds
Fb , the compressional flux, Fc , expressed through the term grav = −T dΣ
in equation (4.13), and the flux from nuclear burning. The total flux from
nuclear burning, Fnuc , is
∗
∗
Fnuc = Σ̇ (EH
Xs + EHe
(Xs + Ys )) .

(4.16)

In Paczyński’s model, the compressional flux was neglected, as illustrated
by equation (3.24). In general, the compressional flux is orders of magnitude
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smaller than the flux produced by nuclear burning [35]. However, if the layer
becomes thick, the compressional flux will heat the core [39].
Once Fs is chosen, we can determine an effective temperature through
the Stefan-Boltzmann law,
Fs + Facc = σTs4 ,

(4.17)

where Facc is the flux released by material accreting onto the surface of
the white dwarf. In other words, this is the gravitational potential energy
released per unit area per second when material accretes onto the surface.
Specifically,
Facc = Σ̇c2 z(1 + z),
(4.18)
where z is the redshift factor. We can solve for the temperature at the
surface such that
Ts = ((Fs + Facc )/σ)1/4 .
(4.19)
To calculate the surface density, ρs , we use the definition that the surface
is located at an optical depth, τ ,
2
= κrad Σs ,
3

τ=

(4.20)

where κrad is the radiative opacity, given by equation (2.32) at the surface,
and Σs is the column density at a depth
where τ = 32 . We define κ0 such that

26
κ0 = κe 1 + 2 × 10 (0.001 + Z) , so that κrad = κ0 ρT −3.5 . We integrate
the hydrostatic equilibrium equation down to a depth Σs , so that Ps = gΣs .
At the surface, degeneracy effects are negligible, and the pressure can be
approximated by the ideal gas law. Solving for Σs , in terms of the pressure
yields
kB NA ρs Ts
Σs =
.
(4.21)
µg
We substitute this expression for Σ into equation (4.20) to find
τ = κrad

kB NA ρs Ts
2
= .
µg
3

(4.22)

Substituting for κrad , we find, after some simplification, that
ρs =

2µgTs2.5
3κ0 kB NA

!1/2

.

(4.23)

We can solve for Σs , which is where we start our integration, using equation
(4.21).
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Finally, we specify the composition of the accreted material, the surface
gravity and mass of the white dwarf. We assume the donor star is a solar
type star, so that Xs = 0.7, Ys = 0.27 and Zs = 1 − Xs − Ys = 0.03. We also
set g = 108.5 cm s−2 and M = 0.929M . Thus, we use the same chemical
composition, surface gravity and mass as we did in the previous chapter,
and which was used by Paczyński [28].
The surface boundary conditions could of course be specified differently.
For example, we could use zero boundary conditions, specifying P = 0,
T = 0 at the surface, Σ = 0 as in [20]. If were to specify just P = 0 at Σ = 0,
we could then integrate the radiative transfer equation, equation (4.13),
to solve for the surface density, as in [26]. In fact, there are many other
ways in which the surface boundary conditions can be specified. However,
the steady-state solutions are generally insensitive to the surface boundary
conditions, and converge to the same solutions for a specified Fs .

4.2.2

Inner Boundary Condition

The inner boundary condition is defined by the temperature of the white
dwarf core, such that the temperature at a specified depth in the layer
must be equal to the core temperature. In Paczyński’s analysis, the flux at
the bottom of the layer was fixed. We evaluated the effects of using this
boundary condition within this model. However, fixing the temperature
is a more natural and physically intuitive boundary condition to enforce,
and we proceed in this manner. We set the white dwarf core temperature
to Tcore = 4 × 107 K, a choice that was substantiated in the introductory
chapter.
The boundary condition can be satisfied through two methodologies.
The first method is confined to the accreted layer, while the second method
requires integration into the stellar substrate, the white dwarf core. The
results presented in this chapter use only the method confined to the layer.
However, in the interest of completeness, we present the details of both
methods.
Accreted Layer
We integrate the steady-state equations using the five surface boundary conditions, Fs , Ts , ρs , Xs , Ys , to some depth, Σbottom . At this depth, we require
the temperature at the bottom of the layer to be equal to the temperature
of the white dwarf core, T (Σbottom ) = Tcore . When the inner boundary
condition is satisfied, we have found a steady-state solution. We allow the
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hydrogen and helium mass fractions to evolve as necessary to match the
temperature of the white dwarf core at the bottom of the layer. This contrasts with Paczyński’s analysis, in which the hydrogen mass fraction was
set to zero at the bottom of the layer.
Degenerate electrons in the white dwarf core efficiently conduct heat
thus rendering the core essentially isothermal. As such, we assume that the
substrate beneath the layer is isothermal. This assumption is also consistent
with the observation that the evolutionary timescale of the white dwarf core
is much longer than the evolutionary timescale of the layer.
We confine our analysis to the accreted layer when matching the inner
boundary condition in this manner. This methodology was used by Narayan
and Heyl in [25]. In practice, there are several numerical techniques that can
be used to impose this boundary condition, which we will discuss shortly.
Note that the column density depth is approximately Σbottom , since ∆Σ =
Σbottom − Σs ≈ Σbottom .
Stellar Substrate
Once again, we integrate the steady-state equations using the five surface
boundary conditions, Fs , Ts , ρs , Xs , Ys , to some depth, Σbottom . Thereafter,
we integrate into the stellar substrate from this depth. We add a differential
equation for the thermal diffusion timescale, τdiff , to the set of five coupled
differential equations [26],
∂τdiff
9κkB NA (Σ − Σbottom )
=
,
∂Σ
128σT 3 µ

(4.24)

with τdiff = 0 at Σbottom . The form of the equation above is attained by
regarding equation (4.13) for the flux as a diffusion problem [26].
We introduce the accretion timescale, defined as the time required to
produce a layer of column density Σbottom , at an accretion rate of Σ̇, in the
steady state,
Σbottom
tacc =
.
(4.25)
Σ̇
We integrate the set of six differential equations from a depth Σbottom until
the diffusion timescale is twice the accretion timescale at a depth Σdiff , [26]
τdiff = 2tacc .

(4.26)

At Σdiff , we require the temperature to be equal to the core temperature,
T (Σdiff ) = Tcore . If this condition is not satisfied, we choose a different
60

4.3. Numerical Scheme
value for the flux at the surface, Fs , and repeat the integration to a depth
Σdiff . Once the inner boundary condition is satisfied, we have converged on
a steady-state solution. The substrate is assumed to be isothermal below
Σdiff .
A CO white dwarf core contains no hydrogen or helium, and conduction
by degenerate electrons is the dominant mechanism of energy transport. A
method that integrates into the core must take these physical aspects into
account. Thus, this methodology is more involved than the method confined
to the accreted layer.

4.3

Numerical Scheme

We have a set of five coupled ordinary differential equations to integrate
down to a specified depth. To do this, we make use of an adaptive RungeKutta-Fehlberg method [3], [8]. This method adapts the step size at each
step so that the local truncation error stays within a specified bound.
We use Runge-Kutta-2 and Runge-Kutta-3, which are second and third
order explicit ordinary differential equation solvers, to perform the step size
adjustment. In particular, we use the difference in the accuracy between the
two methods, 4, at every step to attain an estimate of the local truncation
error. If the error is unacceptable, in terms of a specified tolerance, then the
step size is recalculated to ensure that the error, 4, is within the specified
error bound. The procedure is repeated until we find a step size that yields
an error within the specified error bounds, or the step size falls below the
minimum specified step size. If the latter situation occurs, then the routine
terminates. We use Runge-Kutta-3 to advance the solution at each step.
The Runge-Kutta-Fehlberg [8] routine outlined here was adapted from an
algorithm provided by Professor Anthony Peirce [31]. There are higher-order
Runge-Kutta-Fehlberg methods that use, for example, Runge-Kutta-4 and
Runge-Kutta-5 to estimate the local truncation error [3], [8]. However, the
physics in our model is accurate to at most one-decimal place and the lower
order methods are sufficient for the accuracy that we require.
Generally, a numerical ordinary differential equation solver will only be
stable if the step size is below a certain value. To calculate the upper limit on
the step size, one would have to conduct a stability analysis of the numerical
method for the system of equations at hand. Since our routine adjusts the
step size to remain within a specified tolerance, the step size is generally
below the upper bound for stability.
The adaptive method outlined here is more efficient than a standard
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Runge-Kutta-3 method for this problem. A Runge-Kutta-3 method would
use a uniform step size which could potentially be very small in order to
avoid instabilities in the numerical routine. The adaptive method decreases
the step size when the gradients in the solution change rapidly and increases
the step size if the specified tolerance can be attained with a larger step size.
Our numerical routine rejects any non-physical solutions, such as negative or imaginary parts in the temperature, density, hydrogen or helium
mass fractions. If the routine encounters such solutions, it goes back a step
and recalculates the solution with a smaller step size. This methodology is
sufficient to avoid instabilities in the numerical method, and non-physical
solutions.
The solution of these types of differential equations, equations (4.11)
to (4.15), following the evolution of an accreted layer, whether for a white
dwarf or neutron star, are notoriously stiff. The temperature, density, flux
and mass fractions can change on very different length scales. Some of
the variables may change rapidly with Σ while others change slowly with
Σ. From the solutions, this is evidently true of the mass fractions, which
change slowly over most of the domain, while the density and temperature
change more rapidly. Numerical methods require increasingly smaller step
sizes to meet integration tolerances when dealing with solutions that change
on different length scales. Due to limits on computational time, however, the
implementation of a minimum step size is necessary. As such, the routine
terminates, as we have mentioned, once the solver tries to reduce the step
size beyond the minimum step size to meet the specified tolerance. Our
solutions are, therefore, limited in certain regimes where the stiffness of
the problem precludes further investigation. Other numerical approaches
to the problem, including those that are computationally intensive can be
employed to follow the evolution of the layer in detail. A treatment of the
problem in this manner is outside the scope of this thesis. As previously
mentioned, the FLASH and MESA codes can be used to investigate burning
on the surface of white dwarfs in detail [10], [30].

4.3.1

Imposing the Inner Boundary Condition

There are several numerical methodologies we could employ to apply the
inner boundary condition in the accreted layer. We outline two of these
methods. In our analysis, we use values of the flux at the surface, Fs , in
units of the Eddington flux, FEdd , such that fs = Fs /FEdd .
The first method iterates through values of fs for each value of Σ, specifically Σbottom , that we select as the maximum layer depth in steady-state.
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Method 1
Loop 1
1. Set up a grid in column density, Σbottom , and iterate through a range
of column densities in fixed increments
Loop 2
2. Set up a grid in fs and iterate through fs in fixed increments
3. Integrate the differential equations for each value of fs , and determine if the temperature at the bottom of the layer, specified
by the value of Σbottom in loop 1, matches the core temperature
4. If the temperature condition is satisfied, save the solution, otherwise move on to the next value of fs
End Loop 2
5. Return to step 1, choose a new value of Σbottom so as to iterate through
all relevant values of Σbottom .
End Loop 1
This routine integrates the equations for each fs multiple times, performing
one iteration for each value of Σbottom on the grid. We could also implement a
bisection method from step 2, in which the method steps in fs for a particular
Σbottom , until a zero crossing in the temperature is found. A bisection
method could then find the solution fs that matches the temperature at a
depth Σbottom . However, we would have to step along the whole grid in fs
to avoid missing multiple solutions that might occur at the same value of
Σbottom .
The second method uses a search routine to find steady-state solutions
after integrating the equations for a particular value of fs to a specified
maximum depth.
Method 2
1. Choose a maximum column density, for example Σmax = 1010 g cm−2
Loop 1
2. Set up a grid in fs , and iterate through each value of fs
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3. For each value of fs , integrate the equations down to Σmax
4. Use a search routine to search the temperature solution, T (Σ) where
Σ ∈ [Σs , Σmax ], for values that match the inner boundary condition
5. If the search routine finds a matching temperature value, save the
value of Σ at which it occurs, thereby identifying Σbottom
End Loop 1
Thus, we integrate the equations for each fs once, and determine if and at
what depth the inner boundary condition is satisfied. After conducting numerical experiments, we determined that this is the most efficient method as
it identifies all solutions for each fs without having to integrate the equations
to multiple depths.
To utilise this method, Method 2, we must specify a temperature tolerance that matches the temperature to a specified number of decimal places.
Depending on the tolerance, there may be multiple solutions at a particular
value of fs which lie very close to each other in column density. These solutions are approximations to a single solution point, and occur as a result
of the tolerance, the maximum step size in the Runge-Kutta routine, and
the manner in which the inner boundary condition is imposed through the
search routine. We could increase the tolerance and decrease the maximum
step size in the Runge-Kutta method to avoid these additional solutions.
This would increase the computational time. To circumvent this, we implement a simple routine that excludes solutions that are too close to each other
in column density at the same value of fs . In other words, we essentially
take the first instance of a solution in each branch at each fs . There may
be regions, however, in which there are still multiple solutions. These do
not detract from the behaviour of the solutions, if they are indeed approximations to a single data point. This is reasonable as the input physics is
at most correct to one decimal place. Furthermore, the logarithmic column
densities we will consider will only be significant to one decimal place. Indeed, this will be evident in the graphs of log ∆Σ versus log fs . To reiterate,
the general behaviour of the solutions is unaltered with this method, and
plotting at least the first instance of the solution in each branch is sufficient
for our purposes of determining the unstable and stable regimes and other
shell flash properties. A comparison of the steady-state results produced
by this method and a more accurate bisection method is presented for a
neutron star in the appendix.
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As with all numerical methods, a more efficient method is usually less
accurate than a method that is less efficient. There will always be a compromise between speed and accuracy. We have found that the method described
above is sufficient for our purposes, satisfying both our accuracy and speed
requirements.

4.4

Steady-State Solutions

The steady-state model and method of solution we have outlined thus far
differs from Paczyński’s model in several respects. In particular, we do not
approximate the Lagrangian derivatives or the subsequent integration over
the column density of the accreted layer, ∆Σ. Furthermore, we include helium burning through the triple-α reaction, equation (2.18), without screening effects. We neglect screening effects as the densities generally do not
reach high enough values, at the temperatures encountered in the layer, for
screening effects to be significant [14]. We present our results for the steadystate solutions in the log fs − log ∆Σ plane, where fs is the dimensionless flux
from the surface, for a fixed accretion rate Σ̇, in contrast to the one-zone
model where the steady-state results were presented in the log ȧ − log ∆Σ
plane for a fixed flux from the core, fb . This presentation enables us to
compare our results to similar models for compact stars. In other words,
we would like to compare the solutions for different accretion rates. In our
plots, ∆Σ = Σbottom − Σs ≈ Σbottom , such that log ∆Σ ≈ log Σbottom .
In all our analysis, we use equation (2.7) for the total mean molecular
weight, equation (2.29) for the electron scattering opacity, equation (2.32)
for the radiative opacity, equation (2.45) for the equation of state, equation
(2.57) for the entropy, equation (2.9) for the energy generation rate of the
CNO cycle, and equation (2.18) for the energy generation rate for helium
burning.
In order to draw comparisons with Paczyński’s work, we will begin our
analysis using the same parameters and expressions for the non-relativistic
degeneracy pressure, using equation (2.43), opacity and energy generation
rate for hydrogen burning as we did in the previous chapter for the one-zone
model. We will refer to this model as the basic model.
We will also conduct a more sophisticated analysis based on a more general approach, which we will refer to as the extended model. In particular, we
include energy generation through electron capture and the proton-proton
chains, conduction and a degeneracy pressure encompassing both the nonrelativistic and relativistic realms. Specifically, we use equation (2.33) for the
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conductive opacity and equation (2.35) for the total opacity. For the total
energy generation rate for hydrogen burning, we use the sum of the energy
generation rates of the proton-proton chains, the CNO cycle and electron
capture, equations (2.8), (2.9) and (2.24) respectively, H = pp + CNO + ec .
While we do not expect the electron capture energy generation rate to be
of significance in this problem, as the density of the layer rarely exceeds 107
g cm−3 , we include it for completeness. We use an equation of state which
is the sum of the ideal gas, radiation and degeneracy pressures, equation
(2.45), in which the last term for the degeneracy pressure is replaced by
degeneracy pressure calculated through equation (2.39). Entropy is given
by equation (2.57).
Another aspect to consider is the fraction of CNO elements, XCNO , to
be used in CNO , equation (2.9). In Paczyński’s model, we used XCN = Z/3,
which remained constant, since CNO element production was excluded in
the one-zone model. In this model, helium undergoes burning which results
in the production of carbon and oxygen. We assume that all the heavy
elements produced are CNO elements such that XCNO = nZs + (Z − Zs ),
where Zs is the fraction of heavy elements at the surface and n is the fraction
of Zs assumed to be CNO elements. We will investigate both n = 13 , as in
Paczyński’s model, and n = 0.8 as used by Narayan and Heyl [26].
To reiterate, we use g = 108.5 cm s−2 , M = 0.929 M , R = 0.009 R ,
Xs = 0.7 and Ys = 0.27 in our analysis.

4.4.1

XCNO = Zs /3

We set the accretion rate over the whole star to Ṁ = 6.3 × 10−9 M yr−1 ,
a value which was determined through numerical experiments to illustrate
key aspects of the solutions. This translates into Σ̇ = Ṁ /(4πR2 ) = 0.0813 g
cm−2 s−1 . We consider a flux from the surface fs = Fs /FEdd in units of the
∗ X/F
Eddington flux, FEdd = cg/ke , ranging from 10−3 to 2ȧ = 2Σ̇EH
Edd .
−3
∗
In flux units, Fs ranges from 10 FEdd to 2Σ̇EH Xs . The Eddington flux is
given by equation (3.16) which has a value of 2.79 × 1019 ergs cm−2 s−1 for
the surface gravity we have chosen.
We investigate the solutions in several regions, comparing the flux produced from the nuclear burning of hydrogen
∗
FH = Σ̇EH
Xs = ȧFEdd ,

(4.27)

with that at the surface. Specifically, we investigate fs  ȧ, fs < ȧ, fs = ȧ
and fs > ȧ.
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From the total flux produced by nuclear burning, equation (4.16), we
can define a second parameter, ȧnuc , such that
ȧnuc =

Σ̇
,
Σ̇nuc

(4.28)

where Σ̇nuc is a critical accretion rate defined as
Σ̇nuc =

FEdd
∗ X + E ∗ (X + Y ) .
EH
s
s
s
He

(4.29)

Basic Model, Σ ≤ 1010 g cm−2
We conduct our analysis for the same set of parameters as Paczyński, with
the same equations of state, entropy, opacity and energy generation rate for
hydrogen burning, with the addition of helium burning through the triple-α
reaction. We search for column densities ranging from 108.7 to 1010 g cm−2 ,
which fits within the range of column densities found in Paczyński’s model.
For the value of Σ̇ chosen, the dimensionless accretion rate, ȧ, is 0.0131 and
ȧnuc = 0.0147.
We search a grid of dimensionless heat flux from the surface in the range
indicated above, 10−3 to 2ȧ, in increments of 3 × 10−4 . We use a tolerance
that matches the core temperature to two decimal places. Since the grid size
in fs is quite small and temperature tolerance quite low, there will be cases
where we have two solutions at the same value of fs which are very close to
each other. We exclude solutions at the same value of fs if the difference
in the logarithmic column densities is less than 0.015, a value determined
through numerical experiments. The behaviour of the steady-state solutions
is depicted in figure (4.1).
Firstly, we note that the solution has a completely different behaviour
to that found in the previous chapter. Besides the fact that we are solving a
system of differential equations instead of a system of non-linear equations,
the shape of the solution is attributable to the manner in which we have
applied the boundary conditions, specifically the inner boundary condition.
We can identify three distinct branches. There is a bottom branch, where
the column density decreases with increasing fs , a top branch in which
the column density increases with increasing fs and a near vertical branch
signifying a change in the slope of the solutions.
The lower branch has the property that the column density decreases as
the flux from the surface increases. Furthermore, the solutions on the lower
branch are those for which nuclear burning has essentially not begun. For
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column densities less than 109 g cm−2 , the mass fractions have not changed
to two decimal places. At approximately 109.49 g cm−2 , approximately 0.046
of the hydrogen has burned. It is only above 109.5 g cm−2 that a significant
fraction of the hydrogen starts to burn. Given that the accuracy of our
analysis is one decimal place, it is reasonable to conclude that no hydrogen
burning, to any noticeable degree, occurs in this branch. Thus, the flux
emanating from the surface is essentially that emanating from the white
dwarf core in this branch. The layer is not particularly thick in this branch,
indicating that the compressional flux is negligible. The degenerate core
is an excellent conductor of heat, while the outer non-degenerate envelope,
the accreted layer in this case, is opaque to the radiation exiting the core.
It therefore follows that the lower the column density, the less opaque the
layer is to the exiting radiation, the higher the flux from the surface and
corresponding effective surface temperature.
The top branch has the property that the column density increases as the
surface flux increases. Furthermore, the solutions are those for which nuclear
burning has begun to a significant degree, indicating that the temperature
in the layer reaches or exceeds 107.6 K, the approximate temperature at
which hydrogen burning begins. The higher the surface flux, the larger the
amount of hydrogen burning. Consequently, solutions on the top branch are
characterised by partial hydrogen burning to complete hydrogen burning in
the layer. However, temperatures in the layer do not become high enough to
ignite helium burning, which occurs at approximately 108.1 K. Furthermore,
the solutions on the top branch are accompanied by a flux reversal, indicating that the temperature reaches a peak exceeding the core temperature at
some depth Σ, and decreases thereafter to match the core temperature at
the bottom of the layer. This is consistent with the fact that temperatures
exceed 107.6 K in the layer, igniting hydrogen burning, and must eventually
decrease to match the boundary condition. The reversal in the flux direction
results in the heating of the white dwarf core.
The deeper the layer, the higher the peak temperature reached in the
layer. A higher peak temperature indicates that more hydrogen is burned,
thereby producing a larger flux from nuclear burning. As a result of this
increased nuclear burning with increasing column density, we find that the
flux emanating from the surface is larger for larger column densities. The
top branch of solutions exist only for fs < ȧ. Beyond this, at fs ≥ ȧ = 0.013,
only the lower branch of solutions exist. It is interesting to note that f = ȧ
is the total flux that can be produced from hydrogen burning.
The vertical branch of solutions occur for one value of the flux, fs =
0.0016 < ȧ. There are no solutions for fs < 0.0016 or fs  ȧ. The temper68
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ature in the layer does not get high enough to match the inner boundary
condition for fs  ȧ. For example, for fs = 10−3 , the peak temperature
in the layer is approximately 3.82 × 107 K. We can explain the existence
and non-existence of certain solutions, and elucidate the behaviour of the
solutions explained above by considering X, Y, ρ, T and f = F/FEdd as a
function of Σ for certain values of fs .
The solutions for fs = 0.0016 = 0.12ȧ are depicted in figure (4.2). The
red line indicates the core temperature. We see that the temperature in the
layer matches the core temperature for at least two values of Σ, which are
very close to each other. These solutions indicate the turning point, and
are likely approximations to a single data point, if we were to increase the
tolerance. These are the points at which the hydrogen mass fraction drops
to 0.6 to one decimal place.
The solutions for fs = 0.0064 = 0.49ȧ are depicted in figure (4.3). The
temperature increases up to a maximum and then decreases sharply, as was
the case for fs = 0.0016. We have two solutions, one where hydrogen burning
has not begun, X = 0.69 ≈ 0.7, and another where it has begun, X = 0.1,
corresponding to a steady-state solution on the lower branch and top branch,
respectively. We note that as fs increases, the gap in column densities
between the two solutions on the lower and top branch increase. This is
a consequence of the fact that the flux produced from hydrogen burning
increases with fs , and thus the peak temperature in the layer increases.
A larger column density is required for the temperature to reach a higher
peak temperature and to decrease from a higher peak temperature to match
Tcore , thus explaining the larger gap between solutions at the same fs as fs
increases.
At fs = ȧ, the temperature at the end of the domain flattens out, but
does not decrease. Thus we have returned to a region in which there is
only one solution for the range of column densities we have chosen. As
fs increases beyond ȧ, the temperature increases with increasing log ∆Σ,
obeying a power-law-like relationship. The solutions at fs = 0.013 and
fs = 0.026, at ȧ and 2ȧ, are depicted in figures (4.4) and (4.5), respectively.
We can conclude from figures (4.2) to (4.5) that for 0.0016 < fs < ȧ
there are two solutions, one that appears on the lower branch and one that
appears on the upper branch. All solutions for which 0.0016 < fs < ȧ are
accompanied by a temperature inversion for solutions on the upper branch.
For fs < 0.0016, there are no solutions and for fs ≥ ȧ, there is only one
solution appearing on the lower branch.
We summarise the behaviour of the solutions in figure (4.6), in which
we indicate how many solutions exist for values of fs satisfying fs < 1.2ȧ,
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1.2ȧ < fs < ȧ, and fs ≥ ȧ. The three solution regions are indicated by black
dashed lines. In regions where there are two solutions, one solution occurs
where hydrogen burning has essentially not begun, and another where part
or all of the hydrogen has been burned. To reiterate, no helium burning
occurs at the column densities considered.
As a further confirmation of the steady-state results, we investigate the
change in temperature at a specified depth for a range of fs . The results are
depicted in figure (4.7). Figures (4.7a) and (4.7b) depict the temperature
variation with fs at a depth of 109.2 g cm−2 and 109.7 g cm−2 respectively.
Figure (4.7a) indicates only one solution at a depth of 109.2 g cm−2 , confirming the steady-state findings. The temperature increases with increasing fs
at this depth. This verifies our explanation that on the lower branch, where
minimal or no hydrogen burning occurs, the flux emanating from the surface is that emanating from the white dwarf core. Figure (4.7b) depicts
the variation at a depth 109.7 g cm−2 , a column density that lies on the
upper branch of the steady-state solutions in which hydrogen burning has
begun. The temperature changes more interestingly at this depth, decreasing until fs ≈ 0.005, and then increasing thereafter. Once again, there is
only one solution matching the core temperature, which corroborates the
steady-state solution found at fs ≈ 0.0085 for Σ = 109.7 g cm−2 . At this
depth and for the range of fs chosen, there will be a temperature inversion
in the layer until fs = ȧ. Thus, the inverted portion of the temperature
solution increases with increasing fs until fs ≈ 0.005, and thereafter the
inverted portion decreases until at fs = ȧ it has disappeared. Beyond ȧ no
temperature inversion occurs.
Helium burning can be ignited in this model. As an example, we set
fs = 0.02 = 1.5ȧ, and we integrate down to a depth of Σ = 1013 g cm−2 .
The nuclear fuel consisting of all the hydrogen and helium is exhausted in
this system at the specified depth. The depth at which all the hydrogen is
burned corresponds to the point where the flux first plateaus. The point at
which the second plateau occurs corresponds to the depth at which all the
helium is completely burned. This two step plateau behaviour is distinctive
of the exhaustion or quenching of a fuel source. As all the nuclear fuel
has been burned, Z = 1, or rather XCNO = 1, at a depth just above 1012
g cm−2 . The almost vertical drops in the flux correspond to the amount
of flux produced through nuclear burning. In particular, the first vertical
section corresponds to hydrogen burning while the second vertical section
corresponds to helium burning. At fs = 0.02, there is only one steady-state
solution that lies on the lower branch.
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Extended Model, Σ ≤ 1010 g cm−2
As a comparison, we conduct our analysis using a more general model in
which we include electron capture and the proton-proton chains in the energy
generation rate for hydrogen burning. We also include conductive opacity
and an electron degeneracy pressure which is valid in both the relativistic
and non-relativistic regions. We find that the steady-state solutions, depicted in figure (4.9), do not change, confirming our earlier assumption that
the densities reached at the column densities we have considered are not high
enough for electron capture, conduction and relativistic degeneracy effects
to be of significance on a white dwarf.

4.4.2

XCNO = 0.8Zs

We proceed to investigate steady-state solutions for which XCNO = 0.8Zs
within the more general framework described above. To reiterate, we include
electron capture and the proton-proton chains in the energy generation rate
for hydrogen burning as well as conductive opacity and an electron degeneracy pressure which is valid in both the relativistic and non-relativistic
regions. As before, we use equation (2.57) for the entropy. Furthermore, we
expand the range of the column densities to a maximum of 1016 g cm−2 .
Search Methodology
We conduct the search in stages. Firstly, we search for solutions with a
column density less than 109.9 g cm−2 on the same grid that we used in
the previous section. Thereafter, we search for solutions with a column
density larger than 109.9 g cm−2 , between the same ranges of fs with a grid
size of 5 × 10−5 . The reasoning behind this is that the tolerance for the
temperature matching and the methodology for the exclusion of solutions
which are too close to each other in column density is different in each of
these realms. The adaptive Runge-Kutta method uses larger steps when
integrating down to a larger column density. Therefore, it is possible to
step over certain solution values if the temperature matching condition is
too stringent. Thus, we reduce the temperature matching condition to one
decimal place, and double the exclusion gap for two logarithmic column
densities at the same value of fs to 0.03 for column densities larger than
109.9 g cm−2 . To reiterate, for the most part this is equivalent to taking the
first instance of a solution satisfying the temperature matching condition in
each solution branch, and is sufficient for our accuracy and computational
speed requirements.
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Behaviour of Solutions
Figure (4.10) shows the solutions in approximately the same range as the
solutions discussed in the previous section. The behaviour is very similar to
those of last section, except that we have more solution points satisfying the
model and numerical method criteria. This is evident in the vertical portion
of the solution. Figure (4.11) shows the steady-state solutions above a column density of 109.9 g cm−2 . Figure (4.12) depicts the entire solution space,
with three branches, a lower, middle and upper branch. Figure (4.11) displays unexpected characteristics, where the column density jumps from approximately 1010.7 g cm−2 at fs = 0.01275 to 1014.06 g cm−2 at fs = 0.01285.
There appears to a value of fs for which there is only one solution on the
lower branch in this vicinity at approximately fs = 0.0128, which is approximately 0.98ȧ. The solutions, X, Y, T, ρ and fs as a function of Σ, for this
value of fs are depicted in figure (4.13). The solutions for fs = 0.01285 are
depicted in figure (4.14).
There seems to be a second value of fs , fs = 0.0144 ≈ 0.98ȧnuc , for
which there is only one solution on the lower branch. We note that if we
were to exclude the compressional flux in this model, then these values of fs
for which there is only one solution on the lower branch would be situated
at ȧ and ȧnuc . In other words, these values of fs correspond to the total flux
produced from hydrogen burning and the total flux produced from hydrogen and helium burning respectively. The addition of the compressional flux
shifts these solutions to slightly smaller values in the flux. Recall that the
flux at the surface is the sum of the flux from the core, the flux from nuclear
burning and the compressional flux. We are unable to integrate deeper into
the layer for fs = 0.98ȧ or fs = 0.98ȧnuc due to the stiffness of the problem. It is unclear whether these values of fs will eventually lead to a second
solution at a much higher column density than we have considered. Alternatively, it is possible that approximations in the input physics prohibits
us from seeing these solutions. On theoretical grounds, we do not expect
solutions above the lower branch for these values of fs if the flux from other
sources is non-zero. If the flux from the core and the compressional flux
were to add to approximately zero, then we would see solutions at higher
column densities for these values of fs . We leave the investigation of these
possible solution points to future work.
We have explained the behaviour of the lower and middle branch in the
previous section for XCNO = Zs /3. We note that increasing the surface
CNO element mass fraction has some effect on the solutions in the lower
and middle branch. In particular, the amount of hydrogen burning in the
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lower branch increases to a small extent. At a column density of approximately 108.8 g cm−2 , X = 0.6951, and at 109.3 g cm−2 , X = 0.6562. The
turning point occurs at fs = 0.0025, which is larger than fs = 0.0016 in the
case of XCNO = Zs /3. The turning point sits slightly lower in column density, but remains in the range 109.4 −109.5 g cm−2 . Thus the bottom branch
is characterised by minimal hydrogen burning, and solutions for which no
temperature inversion occurs in the layer. The middle branch is characterised by partial to complete hydrogen burning, indicating a temperature
inversion in the layer, and a flux reversal. This is consistent with the behaviour found for XCNO = Zs /3. Figure (4.15) depicts the evolution of the
hydrogen mass fraction with column density.
Third Branch
We are left to consider the behaviour of the solutions in the highest branch,
consisting of solutions that decrease and then increase with increasing fs ,
separated by a turning point at fs ≈ 0.0136. This point is situated roughly
half-way between fs = ȧ and fs = ȧnuc , at approximately 0.98 (ȧ+ȧ2nuc ) .
The solutions in the third branch all exhibit helium burning. This it the
most salient feature. Furthermore, the amount of helium burning increases
with increasing fs . Indeed, solutions on the highest branch range from the
ignition of helium burning with very little helium burned to essentially complete helium burning, from left to right. This implies that peak temperatures
exceed 108.1 K in this branch, and thus the steady-state solutions are attained through a temperature inversion in the layer. This contrasts with
the solutions in the middle branch, for which there was no helium burning,
only hydrogen burning. In the highest branch, no hydrogen burning occurs
as all the hydrogen is burned before reaching these column densities.
The column density decreases with increasing fs in the branch to the
left of the turning point. The point at the which the temperature matches
the core temperature occurs at a shallower depth as one moves towards the
turning point in fs . The amount of helium burning increases, but occurs at
a shallower depth as we step in increasing fs in this left top branch until we
reach the turning point. These features are evident from figures (4.16) and
(4.17) for fs = 0.0130 and fs = 0.0136 respectively.
In Paczyński’s one-zone model, an unstable region was characterised by
a decreasing column density with increasing accretion rate. Narayan and
Heyl conducted a similar analysis investigating the thermonuclear stability
of hydrogen and helium burning on the surface of accreting neutron stars.
The authors found that where the column density decreased with increas73
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ing surface flux, the steady-state solutions were unstable. Furthermore, in
regions where the column density increased with increasing surface flux, the
steady-state solutions were found to be stable. We extrapolate from the
results of Paczyński and Narayan and Heyl, and postulate that in regions
where the column density decreases with increasing fs , the steady-state solutions are unstable, and in regions where the column density increases with
increasing fs , the steady-state solutions are stable.
Thus, while we have not conducted a stability analysis to identify stable
or unstable regions, it is reasonable to assume that this branch is unstable,
leading to helium flashes. In this branch, we have a decreasing column
density with increasing fs . Recall that for temperatures exceeding 108 K,
the temperature is raised to a power of approximately 40.2 in the energy
generation rate for triple-α reaction. The energy generation rate is also
proportional to the cube of the helium mass fraction. As helium burning
ignites, energy is released, which in turn raises the temperature, resulting in
more helium burning and so on. In other words, we have a thermonuclear
runaway. Furthermore, as helium burning raises the temperature in this
branch, more helium burns at a lower column density. The column density
does not play a significant role in raising the temperature near the bottom of
the layer, as the triple-α reaction is responsible for this. Most of the helium
is burned in this branch, before reaching the turning point, fs = 0.0136,
which is evident from figure (4.17). Thus, the energy generation rate of the
triple-α reaction decreases to some extent as the helium mass fraction has
dropped from approximately 0.8 to approximately 0.3 in the left slope of the
top branch.
As a result, beyond the turning point, the column density must increase
to assist in raising the temperature in the layer sufficiently to burn the
remainder of the helium. The column density therefore increases with increasing fs in the branch to the right of the turning point, indicating stable
burning. After the turning point, helium burning increases at approximately
the same depth until almost all the helium has been burned. The peak
temperature increases at this depth with increasing fs , as a result of the increasing column density. The higher the column density, the higher the peak
temperature, resulting in more helium burning. These features are evident
when comparing figures (4.17) and (4.18) for fs = 0.0136 and fs = 0.0139 respectively. For fs = 0.0141, helium is almost completely burned, indicated
by figure (4.19). Complete helium burning occurs once the flux exceeds
fs = 0.0141. For fs > 0.0141, the temperature as a function of Σ no longer
exhibits a temperature inversion, indicating that there will be only solution
on the lower branch for fs > 0.0141.
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Summary of Steady-State Solution Branches
In figure (4.20) we illustrate the salient features of the steady-state solutions. In particular, three distinct horizontal sections can be identified. The
bottom branch, where the column density decreases with increasing fs , is
presumably unstable. Minimal hydrogen burning occurs in this branch, and
the flux emanating from the surface is that from the white dwarf core. The
middle branch exhibits stable solutions, in which significant hydrogen burning is ignited and eventually completely depleted. No helium burning occurs
in this branch. This branch is composed of both hydrogen and helium, with
the fraction of helium depending on the amount of hydrogen that has been
burned. It is possible that solutions in this region lead to periodic hydrogen
shell flashes that are not accompanied by mass loss. The third branch has
an unstable and a stable portion. Helium burning is ignited in this branch,
and increases with increasing fs until almost all the helium is burned. This
branch is therefore a mixture of helium and CNO elements, with the fraction
of CNO elements depending on the amount of helium burned. There are
likely stable and unstable helium flashes in this solution region. The amount
of helium burning increases with increasing fs , which is reasonable as the
flux emanating from the surface should increase as the flux produced from
helium burning increases.
In figure (4.21), we compare the variation of temperature with fs at two
depths located in the third branch. In figure (4.21a), at a depth of Σ = 1012.1
g cm−2 , the temperature attains a minimum above 4 × 107 K, indicating no
solution at this depth. This corresponds to a depth just below the turning
point in the third branch where no solutions exist. At Σ = 1012.15 g cm−2 ,
depicted in figure (4.21b), the temperature dips below the core temperature,
satisfying the inner boundary condition before eventually increasing with
increasing fs . In fact, there are two solutions at this depth, corresponding
to a data points to the left and right of the turning point in the steady-state
solutions.

4.5

Other Accretion Rates with XCNO = 0.8Zs

We present the steady-state solutions for a range of ȧ. In particular, we depict ȧ = 1.31, 0.13, 0.0041, 0.0013, 1.31 × 10−4 and 1.31 × 10−5 corresponding
to accretion rates over the whole star of Ṁ = 6.3 × 10−7 , 6.3 × 10−8 , 2 ×
10−9 , 6.3×10−10 , 6.3×10−11 and 6.3×10−12 M yr−1 in figures (4.22), (4.23),
(4.24), (4.25), (4.26) and (4.27), respectively.
These accretion rates span the range of accretion rates that were dis75

4.5. Other Accretion Rates with XCNO = 0.8Zs
cussed in the introductory chapter leading to non-hydrodynamical shell
flashes as well as classical novae. Recall that for accretion rates larger than
those leading to stable burning, Ṁ ≈ 1.7 × 10−7 M yr−1 for a solar mass
white dwarf [35], a red giant configuration may result [29]. Accretion rates
higher than the Eddington limit may preclude further accretion [17]. In
constructing our model, we assumed that the layer is thin, and therefore
that the gravitational acceleration is fixed in the layer. Thus, we cannot
investigate accretion rates much larger than 10−7 M yr−1 , which is the Eddington limit. Our model is not valid if the layer is comparable in radius to
the white dwarf, or if the gravitational acceleration changes appreciably in
the layer, as in a red giant configuration. Thus, our analysis is restricted to
accretion rates Ṁ ≤ 6.3 × 10−7 M yr−1 .
Accretion rates smaller than those leading to steady burning result in
non-hydrodynamical flashes, while accretion rates below 10−10 −10−9 M
yr−1 lead to classical novae or regimes of unstable burning [23], [20], [17]. As
discussed in the introductory chapter, as the accretion rate is decreased from
the steady burning limit, the violence of the non-hydrodynamical flashes
increases until a nova occurs. Furthermore, the smaller the accretion rate,
the longer the recurrence period as it takes more time at a lower accretion
rate to accumulate the mass required to trigger a burst [20].

4.5.1

2 × 10−9 M yr−1 ≤ Ṁ ≤ 6.3 × 10−7 M yr−1

We find that the steady-state solutions exhibit the same general behaviour
for accretion rates in the range 2×10−9 M yr−1 ≤ Ṁ ≤ 6.3×10−7 M yr−1 .
In particular, there is a lower branch, where the column density decreases
with increasing fs . From our analysis of the steady-state solutions of Ṁ =
6.3×10−9 M yr−1 , we can conclude minimal or no hydrogen burning occurs
in these branches for 6.3 × 10−9 M yr−1 ≤ Ṁ ≤ 6.3 × 10−7 M yr−1 . The
luminosity emanating from the surface is that emanating from the white
dwarf core. This branch begins at higher column densities as we decrease
the accretion rate, thus flattening this branch before the turning point. In
addition, the minimal hydrogen burning in the lower branches decreases with
increasing accretion rate. No hydrogen burning occurs below the turning
point to two decimal places for Ṁ = 6.3 × 10−8 M yr−1 . For Ṁ = 6.3 ×
10−7 M yr−1 , no hydrogen burning occurs until the turning point. This
behaviour is depicted in figure (4.28) for Ṁ = 6.3 × 10−7 M yr−1 . The
scenario is different for Ṁ = 2 × 10−9 M yr−1 . For this accretion rate, the
lower branch exhibits significant hydrogen burning, where X has dropped to
0.65, above approximately 109.1 g cm−2 , which is depicted in figure (4.29).
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This possibly results in unstable hydrogen flashes. In fact, the increase in
hydrogen burning in the unstable branch is indicative of a behaviour change
that occurs below accretion rates of 10−9 M yr−1 , which we will discuss
shortly.
The middle branch, in which hydrogen burning occurs, is located at approximately the same column density, ∆Σ = 109.5 g cm−2 , for accretion rates
Ṁ = 6.3 × 10−9 , 6.3 × 10−8 , 6.3 × 10−7 M yr−1 . The amount of hydrogen
burning increases as fs increases. However, as we increase the accretion rate,
this branch becomes convex instead of a monotonically increasing function of
fs . The slight convexity that appears at higher accretion rates results in the
column density decreasing with fs for a narrow range of fs . While a stability
analysis is required to test the stability of these solution points, it is reasonable to postulate that these points are unstable. The steady-state solutions
immediately to the left and right of the local minimum are likely inaccessible
to the system. Indeed, the system will relax to the next equilibrium data
point at the same column density, at approximately ∆Σ = 109.5 g cm−2 ,
which appears on the increasing slope of the hydrogen burning branch. The
system will then move up this stable slope.
The height or column density of the hydrogen burning branch is approximately constant, with the branch beginning at approximately log ∆Σ ≈ 9.5
and ending at log ∆Σ ≈ 11. The characteristic accretion timescale, calculated as Σ/Σ̇ through equation (4.25), provides an estimate to the recurrence
period of flashes. The characteristic accretion timescale to ignite hydrogen
burning decreases with increasing accretion rate as tacc ∝ Σ̇−1 . In particular, the characteristic accretion timescale to ignite hydrogen burning at a
column density of ∆Σ ≈ 109.5 g cm−2 is approximately 1.2×10, 1.2×102 and
1.2 × 103 years for accretion rates 6.3 × 10−7 M yr−1 , 6.3 × 10−8 M yr−1
and 6.3 × 10−9 M yr−1 respectively. For a 1.2 M white dwarf, José et
al. found that the recurrence periods for stable hydrogen flashes were 9, 50
and 832 years for accretion rates 2 × 10−7 M yr−1 , 5 × 10−8 M yr−1 and
5 × 10−9 M yr−1 respectively [20]. Whilst our analysis has been conducted
in the steady-state, the characteristic accretion timescales are comparable
in magnitude to the recurrence timescales found by José et al. The hydrogen burning branch is entirely stable for Ṁ = 6.3 × 10−9 M yr−1 , and
mostly stable for accretion rates larger than this limit. Thus, we expect
non-hydrodynamical flashes, or flashes resulting in mass increase.
The top branch, in which helium burning occurs, appears at a lower column density as the accretion rate is increased. Furthermore, the height of
the branch in column density decreases with increasing accretion rate. The
local minimum of this branch is located at approximately 1012.1 g cm−2 for
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Ṁ = 6.3×10−9 M yr−1 and 1011.4 g cm−2 for Ṁ = 6.3×10−7 M yr−1 . The
helium burning branch begins at 1011.7 g cm−2 for Ṁ = 6.3 × 10−7 M yr−1 ,
after a characteristic accretion time scale of 2.0 × 103 years, and at approximately 1014.1 g cm−2 for Ṁ = 6.3 × 10−9 M yr−1 after a characteristic
accretion timescale of 4.9×107 years. For Ṁ = 6.3×10−8 M yr−1 , the characteristic accretion timescale for helium burning is approximately 4.9 × 104
years. Thus, the characteristic accretion timescale for helium burning is
much shorter with a larger accretion rate than with a smaller accretion rate.
It is reasonable to assume that a larger accretion rate results in an earlier
onset of a flash, and a smaller periodicity of flashes. For a 1.2 M , José et
al. found recurrence timescales of 1,195 years for Ṁ = 10−7 M yr−1 and
4,290 years for Ṁ = 5 × 10−8 M yr−1 [20].
The branch of the helium burning solutions which decrease in column
density with increasing fs are presumably unstable and lead to helium
flashes. The right slope, where the column density increases with fs , presumably result in stable burning and non-hydrodynamical helium flashes.
It is possible that only some of the solutions are accessible to the system, as
it may relax to an equilibrium solution at the same column density.
The accretion rate Ṁ = 6.3×10−7 M yr−1 is very close to the Eddington
limit. In fact, for fs at the end of the hydrogen burning branch and the
helium burning branch, where fs > 0.94, the addition of the accretion flux
and the surface flux exceeds the Eddington limit, fs + facc > 1. It is,
therefore, possible that accretion is actually switched off at these values of
fs , since the outwardly directed pressure will prohibit further deposition of
matter onto the white dwarf surface. As a result, some of the solutions in
the hydrogen branch, and all of the helium branch may not be accessible as
further accretion may not occur at these values of fs .
Besides the fact that more hydrogen burns in the lower branch for Ṁ =
2 × 10−9 M yr−1 , this accretion rate has another interesting property. At
fs = 0.00405 ≈ ȧ, there are solutions at approximately 1015 g cm−2 . This
is difficult to discern from figure (4.24) since this value of fs is very close
to the fs in the helium burning branch. The flux at the bottom of the
layer at fs = 0.00405 is approximately zero. All the hydrogen has been
burned, but no helium burning occurs. As we mentioned previously, for
there to be a steady-state solution above the lower branch at fs = ȧ, which
signifies complete hydrogen burning, the sum of the flux from the core and
the compressional flux would have to be zero. It seems that we have realised
this situation for this value of fs at this accretion rate. To better understand
this behaviour, we would have to conduct a stability analysis, or at least
investigate further. However, we leave this to future work, and focus our
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attention on lower accretion rates.

4.5.2

Ṁ < 2 × 10−9 M yr−1

The behaviour of the steady-state solutions changes quite dramatically for
accretion rates less than Ṁ < 2 × 10−9 M yr−1 . The solutions decrease in
column density with increasing fs indicating that these are likely unstable
solutions. The amount of hydrogen burning in these branches increases
with decreasing accretion rate. For Ṁ = 6.3 × 10−10 M yr−1 , complete
hydrogen burning occurs at smaller fs where the column density starts to
climb steeply at approximately log ∆Σ = 9.7 until approximately log ∆Σ =
10.3. However, partial hydrogen burning, X < 0.34, occurs all along the
branch with the amount of hydrogen burning increasing with decreasing
fs . As the column density increases, the temperature near the base of the
layer will increase, resulting in more hydrogen burning. However the larger
column density is more opaque to the exiting radiation resulting in a lower fs .
The evolution of the hydrogen mass fraction with column density is depicted
in figure (4.30). For Ṁ = 6.3×10−11 M yr−1 and Ṁ = 6.3×10−12 M yr−1 ,
all the data points exhibit complete hydrogen burning. However, none of
the solutions exhibit helium burning or a flux reversal.
The column density at which these branches begin occurs at higher column densities as the accretion rate is lowered. Or rather, as we decrease
accretion rate beyond 2×10−9 M yr−1 , the unstable branch starts at higher
column density. This is reasonable, as a higher column density is required
to ignite hydrogen burning at lower accretion rates. Furthermore, the data
points climb to higher column densities as the accretion rate is decreased.
The height of the branch, in column density, is larger with decreasing accretion rate. It is possible, that at either lower accretion rates or higher
column densities, helium burning may be ignited in these branches. We
leave to future work an investigation of steady-state solutions with helium
burning as well as a detailed exploration of the solutions, as presented for
Ṁ = 6.3 × 10−9 M yr−1 .
These accretion rates agree with the general literature indicating unstable hydrogen burning resulting in classical novae or nova-like outbursts
for accretion rates less than 10−9 M yr−1 [20]. The behaviour in the lower
branch for Ṁ = 2 × 10−9 M yr−1 is indicative of a regime change from
steady-state solutions with stable hydrogen branches to no stable hydrogen
branches. As we decrease the accretion rate, the characteristic accretion
timescale for hydrogen burning to occur increases as the column density
increases. For Ṁ = 6.3 × 10−11 M yr−1 , the branch begins at a column
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density of approximately 1010 g cm−2 , indicating a characteristic accretion
timescale of 3.9 × 105 years. For Ṁ = 6.3 × 10−12 M yr−1 , the branch begins after a characteristic accretion timescale of 1.2 × 107 years. The latter
estimate is much larger than the upper limit to the recurrence timescales of
classical novae of 105 years [37]. However, the general behaviour is consistent with the literature indicating that as the accretion rate is lowered the
recurrence periods increases [20].
Since the amount of hydrogen burning in the branch and the height of
the branch in column density increases with decreasing accretion rate, it is
reasonable to conclude that the flashes become more violent with decreasing
accretion rate. This is consistent with the literature indicating that the
violence of flashes increases with decreasing accretion rate [4].

4.5.3

Accumulated Masses

The mass in the accreted layer can be calculated by multiplying the column density by the surface area of the white dwarf. Figure (4.31) depicts
the mass, in solar masses, for the range of column densities encountered in
our analysis. At a column density of 109.5 g cm−2 , the mass in the layer is
approximately 7.8×10−6 M . This is the approximate mass that must be accumulated for hydrogen shell flashes to occur for accretion rates in the range
6.3 × 10−9 M yr−1 ≤ Ṁ ≤ 6.3 × 10−7 M yr−1 . According to Nomoto, for
a solar mass white dwarf, accretion rates in the range 10−9 −10−8 M yr−1
lead to flashes if 3 × 10−5 M is accreted [27]. Thus our estimate is comparable to that of Nomoto’s. The mass of hydrogen-rich material required
for a flash increases with decreasing accretion rate [27]. Nomoto found
that for an accretion rate of 10−10 M yr−1 , 10−4 M must be accreted,
and for 10−11 M yr−1 , 3 × 10−4 M must be accreted [27]. In our analysis, as we decrease the accretion rate beyond 10−9 M yr−1 , the height of
the hydrogen burning branch increases, and thus the accumulated mass increases. For Ṁ = 6.3 × 10−11 M yr−1 , the branch begins at approximately
1010 g cm−2 , which amounts to an accumulated mass of 2.5 × 10−5 M . For
Ṁ = 6.3×10−12 M yr−1 , the branch begins at approximately 1010.5 g cm−2 ,
which amounts to an accumulated mass of 7.8×10−5 M . Thus, we can infer
that the violence of eruptions increases with decreasing accretion rate as a
result of the higher accumulated masses.
For accretion rates 6.3×10−9 M yr−1 ≤ Ṁ ≤ 6.3×10−7 M yr−1 , helium
burning begins once a substantial amount of mass has been accumulated.
In particular, the mass in the accreted layer must reach approximately 1.2 ×
10−3 M for Ṁ = 6.3 × 10−7 M yr−1 , and approximately 3.1 × 10−1 M
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for Ṁ = 6.3 × 10−9 M yr−1 . In the latter case, the white dwarf mass is
approaching the Chandrasekhar limit.

4.6

Discussion

In this chapter, we extended the one-zone model presented in the first chapter to include both hydrogen and helium burning. In contrast to the onezone model, we did not approximate the Lagrangian derivatives in the timedependent system of equations, nor did we approximate the integration over
the height of the layer. The steady-state equations were supplemented with
the appropriate boundary conditions at the surface. We chose a particular
value of fs at the surface and added the accretion flux to the value of fs to
determine the total flux at the surface. We then determined the temperature
at the surface through the Stefan-Boltzmann law, and solved for the density
and column density at an optical depth of 2/3, coinciding with the photosphere. We solved the steady-state equations, equations (4.11) to (4.15),
using an adaptive Runge-Kutta method. We integrated the steady-state
equations down to a specified depth, Σmax , and identified solutions through
a search algorithm where the temperature matched that of the core. The
choice of the core temperature, Tcore = 4 × 107 K, was substantiated in the
introductory chapter. To reiterate, it is reasonable to conclude that the core
temperature of a white dwarf in a mass-transferring binary will be hotter
than that of an isolated white dwarf.
The use of the adaptive Runge-Kutta method and the search algorithm
were quite efficient, certainly more efficient than a bisection method. As with
all numerical methods, the more efficient the routine, the less accurate the
routine is likely to be. The physical inputs in our model are at most correct
to one decimal place, and therefore the numerical methods we employed
were suitable with regards to our accuracy and speed requirements.
The steady-state solutions were presented in the log fs − log ∆Σ plane,
where fs is the dimensionless flux from the surface, in units of the Eddington flux, for a fixed accretion rate. We conducted our analysis for
Σ̇ = 0.0813 g s−1 cm−2 , or Ṁ = 6.3 × 10−9 g cm−2 . We initially conducted
our investigation for the same parameter inputs, including the same CNO
element mass fraction, XCNO = Zs /3, and the same input physics as in
Paczyński’s one-zone model. The results, within a range of column densities
coinciding with the solutions in Paczyński’s one-zone model, do not resemble
the steady-state solutions found in the one-zone model. These steady-state
solutions are depicted in figure (4.1) and (4.6). There is a lower branch, in
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which minimal hydrogen burning occurs, a turning point, and a top branch
in which hydrogen burning occurs. The lower branch is a decreasing function of fs in column density, while the top branch is an increasing function
of fs .
We conducted the analysis in the extended model, including electron
capture, the proton-proton chains, conduction and both relativistic and nonrelativistic degeneracy pressure. The shape of the solutions did not change,
and are depicted in figure (4.9). This is consistent with the understanding
that the effects of electron capture and conduction will only be significant
for densities higher than approximately 106 −107 g cm−3 . We then conducted
the analysis for a surface CNO element fraction of XCNO = 0.8Zs . This CNO
fraction was used by Narayan and Heyl in their investigation of neutron
stars accreting from a solar composition star [26]. The steady-state results
changed slightly when the surface CNO fraction was increased. In particular,
the vertical portion of the branch was extended to a small extent, with the
turning point occurring at a larger value of fs . The solutions are depicted
in figure (4.10). In all our calculations, the elements produced by helium
burning were considered to be CNO elements such that XCNO = 0.8Zs +
(Z − Zs ).
We then searched for solutions at higher column densities in the extended model with XCNO = 0.8Zs . The solutions are depicted in figure
(4.12). There are three distinct branches, the lower branch in which minimal burning occurs, the middle branch in which hydrogen burning occurs
and the upper branch in which helium burning occurs. The lower branch is
a decreasing function of fs in column density. It follows that, since minimal
burning occurs, the higher the column density, the more opaque the layer
is to the radiation exiting the core, and hence the smaller the surface flux.
Indeed, the temperatures and densities reached at these column densities
are not high enough to ignite significant hydrogen burning in this branch.
The amount of hydrogen burning in the middle branch increases with
increasing fs until all the hydrogen has been burned. The black dashed
line in figure (4.20) appears at fs ≈ ȧ, or the flux produced from total
hydrogen burning. There is only one solution on the lower branch at this
value of fs . There is similar black dashed line at fs ≈ ȧnuc , or the flux
produced from total hydrogen and helium burning. The middle branch is
an increasing function of fs , indicating that the solutions are likely to be
stable here. If these solutions are indeed stable, which will only be confirmed
after conducting a stability analysis, there will be periodic flashes, but no
mass loss in this regime. Thus, this branch may likely lead to mass increase.
No helium burning occurs in this branch, and thus we can conclude that
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temperatures exceed 107.6 K in the layer, but do not reach 108.1 K, the
temperature at which helium begins burning. The temperature of the core is
107.6 K, and thus all the solutions in this branch are a result of a temperature
inversion in the layer. The temperature rises to a peak, exceeding the core
temperature, and then must sharply decline near the bottom of the layer to
match the core temperature.
The amount of helium burning in the third branch increases with increasing fs until essentially all the helium is burned. The left slope, before
the local minimum in this branch, is a decreasing function of fs while the
right slope is an increasing function of fs . It is reasonable to assume that the
left slope is unstable whilst the right slope is stable. In the left slope, where
helium begins to burn, Y ≈ 0.8, as all the hydrogen has been burned in the
lower branch resulting in an accumulation of helium. The energy generation
rate of the triple-α reaction is proportional to Y 3 , and the temperature is
raised to a power of approximately 40.2. Thus, as helium begins to burn in
this branch, energy is released initiating a thermonuclear runaway. Thus,
more helium can burn at lower column densities, as the rise in the temperature is fueled by the flux produced by helium burning. At the turning point,
the helium fraction has dropped to Y ≈ 0.2, the energy released through
burning has decreased and therefore, the column density must climb again
to raise the temperature sufficiently to burn the remainder of the helium
in the right slope of this branch. The right slope is an increasing function
of fs and solutions are likely stable here, resulting in non-hydrodynamical,
periodic, helium flashes potentially leading to mass increase. Note that not
all the points in the valley on the left and right slope may be accessible to
the system.
We then investigated the behaviour of the steady-state solutions for a
range of accretion rates. The accretion rates were Ṁ = 6.3 × 10−7 , 6.3 ×
10−8 , 2 × 10−9 , 6.3 × 10−10 , 6.3 × 10−11 and 6.3 × 10−12 M yr−1 , which correspond to dimensionless accretion rates ȧ = 1.31, 0.13, 0.0041, 0.0013, 1.31 ×
10−4 and 1.31 × 10−5 , respectively. The findings are depicted in figures
(4.22), (4.23), (4.24), (4.25), (4.26) and (4.27), respectively. There are
two distinct regimes. Accretion rates satisfying 2 × 10−9 M yr−1 ≤ Ṁ ≤
6.3 × 10−7 M yr−1 exhibited similar behaviour while those for Ṁ < 2 ×
10−9 M yr−1 exhibited similar behaviour. We leave to future work the
detailed exploration of solutions for accretion rates Ṁ = 6.3 × 10−7 , 6.3 ×
10−8 , 2×10−9 , 6.3×10−10 , 6.3×10−11 and 6.3×10−12 M yr−1 , as conducted
for Ṁ = 6.3 × 10−9 M yr−1 .
Steady-state solutions for accretion rates in the range 2×10−9 M yr−1 <
Ṁ ≤ 6.3×10−7 M yr−1 contained a lower branch where minimal or no burn83
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ing occurred, a middle branch where hydrogen burning occurred and a top
branch where helium burning occurred. For Ṁ = 2 × 10−9 M yr−1 , the
only difference to the aforementioned behaviour is that significant hydrogen
burning occurs in the lower branch. We believe that this aberration is indicative of the change to unstable hydrogen burning regimes that occurs for
lower accretion rates.
We find that the column density at which hydrogen burning begins,
log ∆Σ = 9.5, is approximately constant across the range of accretion rates
2 × 10−9 M yr−1 < Ṁ ≤ 6.3 × 10−7 M yr−1 . Thus, for larger accretion
rates, the characteristic accretion timescale to reach this column density is
shorter, since tacc is proportional to Σ̇−1 . The lower branch begins at higher
column densities as the accretion rate is reduced, thereby flattening the
lower branch of solutions. The hydrogen burning branch is approximately
constant in height across the range of accretion rates, with the amount
of hydrogen burning increasing with fs . For Ṁ = 6.3 × 10−9 M yr−1 ,
the branch increases in column density with increasing fs . However, for
accretion rates larger than 6.3×10−9 M yr−1 , the hydrogen burning branch
becomes slightly convex with a small portion which is a decreasing function
of fs , before reaching a local minimum and increasing in column density
with fs . Once the system reaches log ∆Σ = 9.5, it will likely move towards
the next steady-state solution with the same column density, which is on
the right stable slope of the hydrogen burning branch where most of the
hydrogen has been burned. For the most part, the solutions in the hydrogen
branch are likely stable. This agrees with the literature indicating nonhydrodynamical flashing behaviour for accretion rates smaller than those
leading to steady burning, approximately 1−4 × 10−7 M yr−1 for a solar
mass white dwarf [27], but larger than those leading to novae, approximately
10−10 −10−9 M yr−1 [20], [17], [23].
The helium burning branch begins at a lower column density as the
accretion rate is increased, and becomes shorter in height in column density
with increasing accretion rate. Thus, the characteristic accretion timescale
required for helium burning to begin decreases rapidly as the accretion rate
is increased, faster than Σ̇−1 . This is consistent with the literature indicating
a larger time to flash, and a larger recurrence period for smaller accretion
rates [20].
For accretion rates smaller than 2 × 10−9 M yr−1 , the steady-state solutions lie on one branch, which decreases in column density with increasing
fs and are thus likely unstable. Furthermore, the amount of hydrogen burning increases in the branch with decreasing accretion rate, with the entire
branch exhibiting total hydrogen burning for Ṁ = 6.3 × 10−11 M yr−1 and
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Ṁ = 6.3 × 10−12 M yr−1 . For Ṁ = 6.3 × 10−10 M yr−1 , partial hydrogen
burning, X < 0.34, occurs in the lower portion of this branch, but total hydrogen burning occurs once the solutions start to climb in column density at
smaller fs . This is reasonable as a larger column density is required to raise
the temperature in the lower layers sufficiently for total hydrogen burning
to occur. Furthermore, the decrease in fs is a result of the higher opacity at
a higher column density. There is neither helium burning in these branches
nor a flux reversal. The steady-state solutions for Ṁ < 2 × 10−9 M yr−1 result in unstable behaviour with the violence of the eruption likely increasing
with decreasing accretion rate. This agrees with the literature indicating
that novae occur for accretion rates lower than 10−10 −10−9 M yr−1 [20],
[17], [23].
Our model is not valid for accretion rates much larger than the Eddington limit, 10−7 M yr−1 . For accretion rates in this vicinity or larger,
envelope expansion resulting in a red giant configuration with a degenerate core may result [29], [4]. Our model assumes a thin layer with a fixed
gravitational acceleration and therefore breaks down if the gravitational acceleration changes appreciably in the layer. For accretion rates approaching
or larger than the Eddington limit, further accretion may be inhibited as
the outwardly directed pressure inhibits the deposition of material on the
surface of the white dwarf [17].
We believe that our results agree quite well with previous authors. However, we have postulated the stability of solutions based on Paczyński’s analysis [28] as well as that of Narayan and Heyl [26]. To confirm our results
and insights, the next step is to conduct a global linear stability analysis to
definitively determine the stability of solutions. We present this framework
in the next chapter.

85

4.6. Discussion

10
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Figure 4.1: Variation of column density, ∆Σ, with dimensionless flux from
the surface, fs , for a dimensionless accretion rate of ȧ = 0.0131. The surface
hydrogen, helium and CNO mass fractions are Xs = 0.7, Ys = 0.27 and
XCNO = Zs /3, respectively. The surface gravity is g = 108.5 cm s−2 .
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0.7, Ys = 0.27, XCNO = Zs /3 and g = 108.5 cm s−2 . The red line indicates
the core temperature. There are at least two steady-state solutions here.
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0.27, XCNO = Zs /3 and g = 108.5 cm s−2 . The red line indicates the core
temperature. There is only one steady-state solution.
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Ṁ = 6.3 × 10−12 M yr−1 , with Xs = 0.7, Ys = 0.27, XCNO = 0.8Zs and
g = 108.5 cm s−2 .

108

4.6. Discussion

0.8
0.7
0.6

X

0.5
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Chapter 5

Stability Analysis
We now present a framework with which to evaluate the stability of the
steady-state solutions found in the previous chapter. The analysis will not
be as simple as it was in the case of Paczyński’s model. In fact, we will
have to solve for the eigenvalues numerically, as a complete analytic treatment is not possible due to the complexity of the problem. To reiterate, we
conduct a linear stability analysis in order to find the eigenvalues associated
with a particular steady-state solution found in the previous chapter. This
will allow us to determine the instability or stability of that solution point,
enabling us to evaluate and potentially confirm our insights regarding the
stability of the steady-state solutions. The identification of stable regimes
will allow us to identify parameter regimes that may lead to mass increase
and possible progenitors of Type Ia supernovae. The identification of unstable regimes possibly lead to novae. The stability analysis is, therefore, key
to our understanding and applications of the steady-state solutions.
To begin our analysis, we must return to the original, time-dependent
set of equations, which we state again here,
∂P
∂Σ
∂T
∂Σ
∂F
∂Σ
dX
dt
dY
dt

= g,
3κF
,
16σT 3
ds
= −T
− (H + He ) ,
dt
H
= − ∗,
EH
H
He
=
− ∗ .
∗
EH EHe
=

(5.1)
(5.2)
(5.3)
(5.4)
(5.5)

The perturbation expansion for the temperature can be written in the
following form,


δT
T = T0 + δT −→ T0 (Σ) 1 +
,
(5.6)
T0
where

δT
T0 (t, T0 )

= T̄1 (Σ) exp(λt)  1, and λ is the eigenvalue, which, in
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general is complex. Alternatively, we can write this perturbation expansion
in the form
T = T0 + δT −→ T0 (Σ) + T1 (Σ) exp(λt),
(5.7)
where T1 (Σ) = T0 T̄1 (Σ). Similarly, we can write the perturbations for the
other variables as
ρ = ρ0 (Σ) + ρ1 (Σ) exp(λt),

(5.8)

X = X0 (Σ) + X1 (Σ) exp(λt),

(5.9)

Y

= Y0 (Σ) + Y1 (Σ) exp(λt),

(5.10)

F

= F0 (Σ) + F1 (Σ) exp(λt).

(5.11)

Note that T, T1 , ρ, ρ1 , X, X1 , Y, Y1 , F and F1 are, in general, complex. T0 , ρ0 ,
X0 , Y0 and F0 are the solutions to the unperturbed problem, or the steadystate solutions. The perturbed quantities are much smaller than the steady
state solutions, |T1 |  |T0 |, |ρ1 |  |ρ0 |, |X1 |  |X0 |, |Y1 |  |Y0 | and
|F1 |  |F0 |.
We substitute these expansions into the set of time-dependent differential
equations, equations (5.1) to (5.5), to find a system of equations for the
perturbed variables.

5.1

Equations for Perturbed Variables

Any function of the perturbed variables, given by equations (5.7) to (5.11),
can be expanded in a Taylor expansion, to first order, as
f (T, ρ, X, Y ) = f0 + . . .
+ exp(λt) T1



∂f
∂T



+ ρ1
T0



∂f
∂ρ



+ X1

ρ0



∂f
∂X



+ Y1
X0



∂f
∂Y

 !

,

Y0

(5.12)
where f0 = f (T0 , ρ0 , X0 , Y0 ). For simplicity of notation, we will define δf
such that
δf =

T1



∂f
∂T



+ ρ1
T0



∂f
∂ρ



ρ0

+ X1



∂f
∂X



+ Y1
X0



∂f
∂Y

 !

.

(5.13)

Y0

We substitute the perturbed variables into the radiative transfer equation, equation (5.3). Upon substitution, the left hand side of the equation
becomes
∂T
∂T0
∂T1
=
+ exp(λt)
.
(5.14)
∂Σ
∂Σ
∂Σ
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The right hand side, to first order in exp(λt), is




3κF
3
T1
=
κ0 F0 + exp(λt) κ0 F1 + δκF0 − 3 κ0 F0
16σT 3
T0
16σT03



,

(5.15)

 !

(5.16)

where κ0 = κ(T0 , ρ0 , X0 , Y0 ) and
δκ =

T1



∂κ
∂T



+ ρ1
T0



∂κ
∂ρ



+ X0
ρ0



∂κ
∂X



+ Y0
X0



∂κ
∂Y

.

Y0

Matching terms of order exp(λt), we find two equations,
dT0
dΣ
∂T1
∂Σ

3κ0 F0
,
16σT03


3
T1
κ0 F1 + δκF0 − 3 κ0 F0 .
T0
16σT03

=
=

(5.17)
(5.18)

The first equation is the equation for the steady-state solution, which we
have already dealt with in the previous chapter. The equation for the perturbed temperature, T1 , to first order in exp(λt), is given by the second
equation. Combining these equations, we find that the equation for the
total perturbed temperature, given by equation (5.7), to first order, is
∂T
3κF
=
,
∂Σ
16σT 3

(5.19)

which takes the form of equation (5.2). This is a more convenient form to
work with, in which we solve for the total perturbed quantity, instead of
just T1 .
The equation for the evolution of the hydrogen mass fraction involves a
d
∂
time derivative. Recall that the Lagrangian derivative satisfies dt
= ∂t
+
∂
Σ̇ ∂Σ . Explicitly, equation (5.4) is
∂X
∂X
H
+ Σ̇
=− ∗.
∂t
∂Σ
EH

(5.20)

The steady-state solution, X0 , does not have any time dependence, thus
∂X0
∂X0
∂t = 0 and ∂Σ can really be written as a total derivative, as we did in
the steady-state case, in equation (4.14). Upon substitution of X, given by
equation (5.9), we find, to first order in exp(λt)


∂X0
∂X1
λ exp(λt)X1 + Σ̇
+ exp(λt)
∂Σ
∂Σ



=−

H,0 + δH
,
∗
EH

(5.21)
113

5.2. Equations for Real and Imaginary Parts of Perturbed Variables
where H,0 = H (T0 , ρ0 , X0 , Y0 ) and δH is defined by equation (5.13). We
could split this equation into two equations, one for the steady-state solution
and one for the perturbed variable, X1 . However, it is more convenient to
work with X, such that, to first order
λ(X − X0 ) + Σ̇

∂X
H
=− ∗,
∂Σ
EH

(5.22)

where we have replaced exp(λt)X1 by (X − X0 ) since X − X0 = exp(λt)X1
through equation (5.9).
Similarly, for the helium evolution equation to first order, we find
λ(Y − Y0 ) + Σ̇

∂Y
H
He
= ∗ − ∗ ,
∂Σ
EH EHe

(5.23)

where Y is given by equation (5.10).
The equations for the pressure and flux take the same form as that given
in equations (4.11) and (4.13). The derivatives, however, are now functions
of the perturbed variables. In the steady-state case, the derivatives are restricted to evaluation at unperturbed data points. We will explicitly consider
the real and imaginary parts of λ, T, ρ, X, Y, and F in the next section, and
express the pressure and flux equations in terms of these variables instead.

5.2

Equations for Real and Imaginary Parts of
Perturbed Variables

By splitting the equations for the perturbed variables into real and imaginary parts, we will derive a framework that allows for the solutions of the
eigenvalues. We begin by writing all quantities in terms of the their real and
imaginary parts.
The eigenvalues, λ are complex
λ = λR + iλI .

(5.24)

Thus, the quantities, T, ρ, X, Y and F are complex and we can rewrite the
perturbed variables in terms of real and imaginary parts. The perturbed
temperature, in terms of real and imaginary parts, is
T

= TR + iT̂I ,

(5.25)

TR = T0 + Re(exp(λt))T1 ,

(5.26)

T̂I = Im(exp(λt))T1 ,

(5.27)
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where TR is the real part of T and T̂I is the imaginary part of T . We make
an adjustment to the imaginary part, T̂I , so that we can write it in the same
form as TR . We define TI as
TI = T0 + T̂I .

(5.28)

The first order Taylor expansion for a function of T is
f (T ) = f (T0 ) + exp(λt)T1





∂f
∂T

.

(5.29)

0

The real part of f (T ) can be expressed as a Taylor expansion to first
order in the variable TR ,
Re(f (T )) = f (TR ) = f (T0 ) + Re(exp(λt)T1 )



∂f
∂T



.

(5.30)

0

The imaginary part can be expressed similarly. However, we have to add
f (T0 ) to both sides such that
Im(f (T )) = (TI − T0 )
Im(f (T )) + f (T0 ) = f (TI ),



∂f
∂T



,

(5.31)

0

(5.32)

where TI − T0 = T̂I = Im(exp(λt)T1 ).
We have considered a function of one variable here for illustration. This
framework can be extended to several variables such that, to first order, we
have
Re(f (T, ρ, X, Y )) = f (TR , ρR , XR , YR ), (5.33)
Im(f (T, ρ, X, Y )) + f (T0 , ρ0 , X0 , Y0 ) = f (TI , ρI , XI , YI ),

(5.34)

where ρR , ρI , XR , XI , YR and YI are natural extensions of TR and TI . We
state these below
TR = T0 + Re(exp(λt)T1 ),

(5.35)

TI = T0 + Im(exp(λt)T1 ),

(5.36)

ρR = ρ0 + Re(exp(λt)ρ1 ),

(5.37)

ρI = ρ0 + Im(exp(λt)ρ1 ),

(5.38)

XR = X0 + Re(exp(λt)X1 ),

(5.39)

XI = X0 + Im(exp(λt)X1 ),

(5.40)

YR = Y0 + Re(exp(λt)Y1 ),

(5.41)

YI = Y0 + Im(exp(λt)Y1 ).

(5.42)
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The radiative transfer equation, equation (5.2), can be expressed in terms
of real and imaginary parts as
∂T
∂TR
∂TI
=
+i
= fR + ifI ,
∂Σ
∂Σ
∂Σ

(5.43)

where fR = f (TR , ρR , XR , YR ), fI = f (TI , ρI , XI , YI ) and f =
ing real and imaginary parts, we find
∂TR
∂Σ
∂TI
∂Σ

3κF
.
16σT 3

Equat-





3κF
,
16σT 3 R


3κF
=
.
16σT 3 I
=

(5.44)
(5.45)

Equations (5.22) and (5.23) can be written as
λR (XR − X0 ) − λI (XI − X0 ) + Σ̇

∂XR
∂Σ

λR (XI − X0 ) + λI (XR − X0 ) + Σ̇

∂XI
∂Σ

H (TR , ρR , XR , YR )
,
∗
EH
(5.46)
H (TI , ρI , XI , YI )
= −
,
∗
EH
(5.47)
= −

and
∂YR
∂Σ
∂YI
λR (YI − Y0 ) + λI (YR − Y0 ) + Σ̇
∂Σ

λR (YR − Y0 ) − λI (YI − Y0 ) + Σ̇

H,R He,R
∗ − E∗ ,
EH
He
H,I He,I
∗ − E∗ ,
EH
He

=
=

(5.48)
(5.49)

respectively, where we have simplified the notation such that
H,R = H (TR , ρR , XR , YR ),

He,R = He (TR , ρR , XR , YR ), (5.50)

H,I = H (TI , ρI , XI , YI )

He,I = He,I (TI , ρI , XI , YI ).

(5.51)

The hydrostatic equilibrium equation can be written as
∂ρR
∂Σ
∂ρI
∂Σ

=

=




g−



g−



∂P
∂T



∂P
∂T



R

I

∂TR
+
∂Σ
∂TI
+
∂Σ





∂P
∂X

∂P
∂X





R

I

∂XR
+
∂Σ

∂XI
+
∂Σ





∂P
∂Y

∂P
∂Y



I



∂YR
∂Σ

∂YI
∂Σ



R



∂P
∂Σ

∂P
∂Σ

−1

−1

,

R

(5.52)
.

I

(5.53)
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The energy equation can be written as
∂FR
∂Σ







∂s
(λR (XR − X0 ) − λI (XI − X0 ))
∂X 0



∂s
−T0
(λR (YR − Y0 ) − λI (YI − Y0 ))
∂Y 0



∂s
(λR (TR − T0 ) − λI (TI − T0 ))
−T0
∂T
  0

∂s
−T0
(λR (ρR − ρ0 ) − λI (ρI − ρ0 ))
∂ρ




 0 
∂XR
∂s
∂YR
∂s
∂TR
∂s
+
+
−T0 Σ̇
∂X R ∂Σ
∂Y R ∂Σ
∂T R ∂Σ
 

∂s
∂ρR
+
∂ρ R ∂Σ






∂X0
∂s
∂Y0
∂s
∂T0
∂s
+
+
−(TR − T0 )Σ̇
∂X 0 ∂Σ
∂Y 0 ∂Σ
∂T 0 ∂Σ
 

∂s
∂ρ0
+
− (H (TR , ρR , XR , YR ) + He (TR , ρR , XR , YR )) .
∂ρ 0 ∂Σ

= −T0

and
∂FI
∂Σ







∂s
(λI (XR − X0 ) + λR (XI − X0 ))
∂X 0



∂s
−T0
(λI (YR − Y0 ) + λR (YI − Y0 ))
∂Y 0



∂s
−T0
(λI (TR − T0 ) + λR (TI − T0 ))
∂T
  0

∂s
−T0
(λI (ρR − ρ0 ) + λR (ρI − ρ0 ))
∂ρ




 0 
∂XI
∂s
∂YI
∂s
∂TI
∂s
−T0 Σ̇
+
+
∂X I ∂Σ
∂Y I ∂Σ
∂T I ∂Σ
 

∂s ∂ρI
+
∂ρ I ∂Σ






∂s
∂X0
∂s
∂Y0
∂s
∂T0
−(TI − T0 )Σ̇
+
+
∂X 0 ∂Σ
∂Y 0 ∂Σ
∂T 0 ∂Σ
 

∂s
∂ρ0
+
− (H (TI , ρI , XI , YI ) + He (TI , ρI , XI , YI )) .
∂ρ 0 ∂Σ

= −T0

Equations (5.44), (5.45), (5.46), (5.47), (5.48), (5.49), (5.52), (5.53),
(5.54) and (5.54) are the first-order equations for the perturbed equations
117

5.3. Boundary Conditions
that we must solve, along with the steady-state equations, equations (4.11)
to (4.15).

5.3

Boundary Conditions

We must solve the system of fifteen equations, five for the steady-state solutions, five for the real part of the perturbations and five for the imaginary
part of the perturbations. We have already specified the five boundary conditions for the steady-state system. Thus, we need to specify ten boundary
conditions for the real and imaginary set of equations.
We begin by specifying the flux at the surface, Fs,p = Fs,0 + Fs,1 , where
Fs,1  Fs,0 is some small real perturbation and Fs,p is the surface flux for
the perturbed problem. We refer to the surface flux for the unperturbed
problem as Fs,0 . We then solve for the temperature, Ts and density, ρs as
outlined in the previous chapter. Since, Fs,1 is real, Ts and ρs will be real.
Note that the subscript s, 0 refers to the surface boundary conditions of the
steady-state problem. Through our definitions for the perturbed variables,
we can define TR,s , TI,s , ρR,s , ρI,s , FR,s and FI,s as
FR,s = Re(Fs,0 + Fs,1 ) = Fs,p ,
1/4

TR,s = ((Fs,p + Facc ) /σ)
ρR,s =

!1/2
2.5
2µgTR,s

3κ0 kB NA

FI,s = Fs,0 ,

(5.54)

,

TI,s = Ts,0 ,

(5.55)

,

ρI,s = ρs,0 ,

(5.56)

Xs,R = Xs,I = Xs,0

=

0.7,

(5.57)

Ys,R = Ys,I = Ys,0

=

0.27,

(5.58)

Zs,R = Zs,I = Zs,0

=

0.03,

(5.59)

X +Y +Z

=

1,

(5.60)

ΣR,s = ΣI,s

=

Σs,0 ,

(5.61)

where we have made use of the same methodology, as outlined in the previous chapter, to calculate Ts and ρs . Facc is the energy released from the
deposition of accreted material on the surface of the white dwarf, which
is specified by equation (4.18). At the surface, we have specified the same
composition of the accreting material as in the steady-state case, Xs,0 = 0.7,
Ys,0 = 0.27. Note that X +Y +Z = 1, and therefore the perturbed quantities
must satisfy X1 + Y1 + Z1 = 0.
We will also have to specify the eigenvalue, and we do this by choosing
eigenvalues that are purely real initially. We search for the eigenvalues
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through an iterative scheme, which will be outlined in the following section.
The inner boundary condition is still the core temperature of the white
dwarf. The temperature of the perturbed quantity, T = T0 +exp(λt)T1 , must
equal the core temperature at the point in Σ where we do the matching. In
other words, the perturbation must vanish at the matching point to satisfy
the inner boundary condition.

5.4

Numerical Scheme

Since the steady-state solutions appear in the equations for the perturbed
variables, we integrate the total system of fifteen differential equations together. In the previous chapter, we determined steady-state solutions at various depths, Σbottom . At this depth, the steady-state temperature matched
that of the white dwarf core, T (Σbottom ) = Tcore , and an equilibrium solution
was found. We can use this information to solve the perturbed problem. In
particular, we have an idea of which values of the surface flux, Fs,0 will yield
solutions, and the depth, Σbottom , at which those solutions appear.
Our aim is to find eigenvalues for which the perturbation, T1 , vanishes
at the matching point so that T = T0 = Tcore . To this end, we define a
function of λ as
f (λ) = T − T0 = exp(λt)T1 .
(5.62)
To match the boundary condition, f (λ) = 0, implying that T1 = 0, as
exp(λt) cannot be zero. Using the definition that T = TR + iT̂I , we find that
T −T0 = (TR −T0 )+iT̂I . Recall that we defined a new variable, TI = T0 + T̂I ,
in equation (5.28). In fact, we have used the variables, TI , ρI , XI , YI and FI
in our system of equations. Substituting for T̂I , we find
f (λ) = (TR − T0 ) + i(TI − T0 ) = 0,

(5.63)

to satisfy the inner boundary condition. Recall that the steady-state solution, T0 , already satisfies the inner boundary condition, and thus the perturbations must vanish at the bottom of the layer. We are essentially searching
for zeros of f (λ). To do this, we use Müller’s method, a root-finding technique solving equations of the form f (λ) = 0, published in 1956 [3]. Müller’s
method requires three function values to choose the next value of λ. Thus,
we have to integrate the equations for three initial guesses of λ. Thereafter, Müller’s method finds the zeros of f (λ). Once a zero is found, we
have found an eigenvalue of the perturbed problem. Since we are interested
in identifying regions of stability, we will only be interested in eigenvalues
that have a positive real part that allows for the instability to grow on a
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timescale shorter than the accretion timescale. The accretion timescale is
tacc = Σbottom /Σ̇, as given by equation (4.25). The perturbations of interest
to us will have a real part specified by
Re(λ) ≥

3
tacc

,

(5.64)

where the factor of three ensures that the instabilities grow faster than the
accretion timescale. The factor of three was based on Narayan and Heyl,
[26], in which the authors considered the growth of instabilities on accreting
neutron stars. If the real part of the eigenvalue is negative, then we have
stability.
Equation (5.63) potentially has an infinite number of solutions, given
that we are dealing with continuous functions, which are not polynomials.
The equations for the real and imaginary parts of each of the variables
exhibit opposite signs for the coefficient of λI . As a result of this symmetry,
the eigenvalue solutions will be complex conjugate pairs. Thus, to find
multiple eigenvalues associated with a particular Fs,0 , we need to factor out
the complex conjugate pairs from f (λ). In particular, if λ1 is a solution,
then λ̄1 will also be a solution, and to find another solution, we solve for
eigenvalues satisfying
f (λ)
= 0.
(5.65)
(λ − λ1 )(λ − λ̄1 )
The numerical scheme is outlined below. We would have to perform the
algorithm described below for each value of Fs,0 of interest.

Loop 1
1. Choose three values of λ real, first iteration as initial guesses, thereafter
through Müller’s method
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Loop 2
2. Choose the surface flux, Fs,p , where Fs,0 is a solution of the
steady-state problem
3. Calculate the surface boundary conditions for the real, imaginary and steady-state systems
4. Integrate down to a depth Σbottom
5. At Σbottom , evaluate if f (λ) = (TR − T0 ) + i(TI − T0 ) = 0, save
the solution if satisfied
End Loop 2
6. Choose a new value of λ through Müller’s method, until f (λ) = 0
End Loop 1
We briefly outline Müller’s method below.
Müller’s Method
Müller’s method, an adaptation of the secant method, uses three initial
guesses, (λ1 , f (λ1 )), (λ2 , f (λ2 )) and (λ3 , f (λ3 )) to determine the next approximation, λ4 , by considering the intersection of the λ-axis with the
parabola through (λ1 , f (λ1 )), (λ2 , f (λ2 )) and (λ3 , f (λ3 )) [3]. It has the
added advantage that it will take λ into the complex plane if necessary.
This is essential for the problem at hand as the eigenvalues can be complex.
Müller’s method uses the three initial guesses to calculate three coefficients,
a, b and c [3]
(λ2 − λ3 )(f (λ1 ) − f (λ3 )) − (λ1 − λ3 )(f (λ2 ) − f (λ3 ))
, (5.66)
(λ1 − λ3 )(λ2 − λ3 )(λ1 − λ2 )
(λ1 − λ3 )2 (f (λ2 ) − f (λ3 )) − (λ2 − λ3 )2 (f (λ1 ) − f (λ3 ))
b =
, (5.67)
(λ1 − λ3 )(λ2 − λ3 )(λ1 − λ2 )
c = f (λ3 ),
(5.68)

a =

to determine the parabola P = a(λ − λ3 )2 + b(λ − λ3 ) + c. The next approximation to the zero of f (λ), λ4 is calculated from [3]
λ4 = λ3 −

2c
.
b + sgn(b)(b2 − 4ac)1/2

(5.69)
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This formula is derived by calculating the zero of the parabola, P , by using
the quadratic formula. The algorithm chooses the sign of the square root
to be the same as the sign of the coefficient b, so that it chooses the approximation to the zero closest to λ2 . The procedure is then repeated with
(λ2 , f (λ2 )), (λ3 , f (λ3 )) and (λ4 , f (λ4 )) as the initial guesses to determine
the next approximation to the zero. We terminate the routine when f (λ)
is sufficiently close to zero or when two successive approximations of λ are
sufficiently close to each other.

5.5

Discussion

We have outlined the methodology with which to test the steady-state solutions for stability. Stability is an important aspect to understanding the
steady-state solutions and identifying stable and unstable regimes. Whilst
we have postulated the stability of the steady-state solutions in the previous
chapter, it is necessary to conduct the linear stability analysis to evaluate
our insights. As previously mentioned, stable regimes could elucidate progenitors of Type Ia supernovae, while unstable regimes may illuminate the
conditions that lead to novae. We leave the determination of the stability
of the steady-state solutions to future work.
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Conclusions, Future Work
and Other Remarks
We have investigated the problem of nuclear burning of hydrogen-rich material leading to shell flashes on the surface of accreting white dwarfs. Shell
flashes are essentially periodic increases in luminosity as a result of nuclear
burning of accreted material. These events may be hydrodynamic or nonhydrodynamic. Non-hydrodynamic shell flashes, caused by stable burning,
do not incur any mass loss and lead to mass increase. As a result, it is
possible that white dwarfs undergoing stable burning may reach the Chandrasekhar limit, resulting in carbon detonation and a Type Ia supernova.
On the other hand, unstable burning leading to mass loss is the likely cause
of classical and recurrent novae. Regardless of the violence of the flash,
these thermonuclear phenomena are significant, as they influence the chemical and dynamical evolution of the Universe to some extent. Our aim was
to elucidate parameter regimes, essentially the accretion rate, that lead to
stable and unstable burning or flashes.
As a first step, we followed Paczyński’s one-zone model [28], developed
in 1983, and confirmed his results by following his analysis independently.
After several approximations, Paczyński obtained a system of two ordinary differential equations describing the time evolution of the layer and
a system of two non-linear equations describing the steady-state behaviour.
Paczyński’s model required the choice of a flux emanating from the bottom
of the layer or core, fb = Fb /FEdd . Paczyński used a 0.929 M white dwarf
with log g = 8.5, accreting from a solar type star with X = 0.7, Z = 0.03.
Furthermore, Paczyński stipulated that all the hydrogen must be burned
upon reaching the bottom of the layer. We solved the non-linear system of
equations for the steady-state solutions using a numerical routine that employed both a bisection method and Newton’s method. Our results and those
of Paczyński’s are depicted in figure (3.2). Our results matched Paczyński’s
quite well. There are three branches that can be identified for fb < 0.3.
There are two branches which increase in column density with increasing
accretion rate, separated by a branch which decreases in column density
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with increasing accretion rate. Therefore, a local maximum and a local
minimum separates the branches. The local maximum tends to occur at a
lower value of the accretion rate as fb is decreased. However, Paczyński’s
curve for fb = 0.01 seems to be shifted to the right in increasing log ȧ. We
conclude that this was a plotting error. For accretion rates larger than or
equal to fb = 0.3, the curves are monotonically increasing. To understand
these solutions better, Paczyński conducted a linear stability analysis using
the system of time-dependent equations. We followed his analysis independently and produced results that match those of Paczyński’s. In particular,
we found that portions of the solutions which were increasing functions of
the accretion rate resulted in stable solutions, where the real parts of the
eigenvalues were negative. Branches in which the column density decreased
with increasing accretion rate resulted in unstable solutions. The turning
points coincided with the points at which the real parts of the eigenvalues
passed through zero. In particular, at the local maxima, the real part of
the eigenvalues passed from a negative quantity to a positive quantity, indicating a transition to instability. At the local minima, the real part of the
eigenvalues passed from a positive quantity to a negative quantity indicating the onset of stability. Whilst the one-zone model illustrates the basic
behaviour of stable and unstable solutions, a more sophisticated model is
required to produce realistic results.
In chapter 4, we extended the one-zone model to a more sophisticated
multi-zone model including hydrogen and helium burning. Furthermore, we
did not simplify the integration of the model equations over the layer or the
Lagrangian derivatives, as in the one-zone model. We included diffusion and
conduction in the radiative transfer equation, as well as energy generation
due to the proton-proton chains and electron capture in addition to the
CNO cycle for hydrogen burning. We used the triple-α reaction for helium
burning. We adopted the same surface gravity, surface chemical composition
and mass as that used in the one-zone model. In addition, we investigated
the surface CNO element mass fraction for XCNO = Zs /3 and XCNO = 0.8Zs .
To find the steady-state solutions, we set the time derivative in the Lagrangian derivative to zero, resulting in equations (4.11) to (4.15). We
supplemented these equations with five boundary conditions at the surface
of the layer, coinciding with the photosphere. To solve for the depth of the
layer, we employed an inner boundary condition enforcing that the temperature at the bottom of the layer matched that of the white dwarf core,
Tcore = 4 × 107 K. To solve this system of equations, we employed an adaptive Runge-Kutta-Fehlberg method [8], using a third order Runge-Kutta
method to advance the solutions at each step [31]. We also made use of a
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search algorithm to identify the bottom of the layer by matching the core
temperature to at least one decimal place. The numerical scheme was sufficient for our speed and accuracy requirements. In contrast to Paczyński’s
analysis, the multi-zone model allows the hydrogen and helium mass fractions to evolve as necessary to match the core temperature. Furthermore,
we produced results in the fs − log ∆Σ plane, where fs is the dimensionless
surface flux in units of the Eddington flux.
We found the steady-state solutions for the following accretion rates,
6.3 × 10−12 , 6.3 × 10−11 , 6.3 × 10−10 , 2 × 10−9 , 6.3 × 10−9 , 6.3 × 10−8 and
6.3 × 10−7 M yr−1 . The range of accretion rates chosen span those that
have been investigated by other authors, and are expected to lead to both
stable and unstable burning for white dwarfs accreting hydrogen-rich matter.
Our model is not valid for accretion rates much larger than 10−7 M yr−1 ,
which is the Eddington limit. For accretion rates equal to this limit or larger,
a red giant configuration results [4], [29]. In addition, further accretion may
actually be inhibited at these accretion rates [17].
We found three distinct solution branches for accretion rates in the range
2 × 10−9 M yr−1 < Ṁ ≤ 6.3 × 10−7 M yr−1 . In particular, there is a lower
branch in which minimal or no burning occurs as the temperatures and
densities reached are not high enough at column densities less than approximately 109.5 g cm−2 to ignite significant burning. In fact, the flux emanating from the surface is that emanating from the white dwarf core. For
Ṁ = 2 × 10−9 M yr−1 , the lower branch exhibits significant hydrogen burning indicating the onset of unstable hydrogen burning that occurs for lower
accretion rates. The second or middle branch for accretion rates in the range
2 × 10−9 M yr−1 ≤ Ṁ ≤ 6.3 × 10−7 M yr−1 is characterised by hydrogen
burning, with the amount of hydrogen burning increasing with increasing
surface flux. As a result, temperatures in the layer exceed the core temperature and must decrease sharply near the bottom of the layer to match
the core temperature. This branch increases in column density with surface
flux for accretion rates 2 × 10−9 M yr−1 and 6.3 × 10−9 M yr−1 . Whilst we
have not conducted a stability analysis as yet, we postulate that this branch
is stable for these accretion rates, leading to periodic flashes without mass
loss. For accretion rates 6.3 × 10−8 M yr−1 and 6.3 × 10−7 M yr−1 , the
hydrogen branch becomes slightly convex. However, for the most part, this
branch also increases in column density with increasing surface flux. It is
possible that for these accretion rates, the hydrogen branch leads to both
unstable and stable burning. However, it is more likely that the system
upon reaching this branch will relax towards the right stable slope, where
∆Σ ≈ 109.5 g cm−2 .
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It is noteworthy that the hydrogen burning branch begins at approximately the same column density, 109.5 g cm−2 , for accretion rates in the
range 2 × 10−9 M yr−1 < Ṁ ≤ 6.3 × 10−7 M yr−1 . This implies that the
characteristic accretion timescale will decrease with increasing accretion rate
as Σ̇−1 . The fact that this branch is generally stable for the range of accretion rates discussed agrees quite well with the literature. Other authors
indicate that accretion rates smaller than those leading to steady burning,
but larger than those leading to unstable burning 10−10 −10−9 M yr−1 [20],
[17], [23], result in stable hydrogen burning.
We also identified a third branch, characterised by helium burning, for
the accretion rates 2 × 10−9 M yr−1 ≤ Ṁ ≤ 6.3 × 10−7 M yr−1 . Helium
burning increases with increasing surface flux in this branch, which has a
trough-like shape. The left slope is a decreasing function of the surface
flux, while the right branch increases in column density with surface flux.
Most of the helium is burned upon reaching the turning point as a result
of a thermonuclear runaway in the left branch. It is plausible that the left
branch leads to unstable helium flashes resulting in mass loss, whilst the right
branch leads to stable helium flashes. Temperatures in this branch exceed
108 K, and thus a temperature inversion occurs in the layer in order to match
the inner boundary condition. The helium branch begins at lower column
density with increasing accretion rate. Thus, the characteristic accretion
timescale required to ignite helium burning decreases faster than Σ̇−1 . It
is reasonable to conclude that the time to initiate helium burning and the
recurrence time increases with decreasing accretion rate. This agrees with
the results found by José et al. for helium flashes [20].
For accretion rates 6.3 × 10−12 M yr−1 ≤ Ṁ ≤ 6.3 × 10−10 M yr−1 , the
shape of the solutions changes quite dramatically. There is only one branch
characterised by hydrogen burning. The amount of hydrogen burning in the
branch and the total height of the branch in column density increases with
decreasing accretion rate. Furthermore, the branch decreases in column
density with increasing surface flux. It is reasonable to postulate that these
branches lead to unstable hydrogen burning or nova-like outbursts, and that
the violence of these flashes increases with decreasing accretion rate. This
agrees well with other authors, [20], [23], [17] and [4]. The branch begins
at higher column densities as the accretion rate is decreased. Thus the
characteristic accretion timescale increases as we lower the accretion rate.
This agrees with José et al., where the authors found that decreasing the
accretion rate increased the initial time to flash and recurrent timescale for
hydrogen burning [20]. We leave a detailed investigation of the behaviour
of these solutions and those potentially including helium burning to future
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work.
Our steady-state results agree quite well with previous literature. In
fact, we can reasonably conclude that for accretion rates in the range 2 ×
10−9 M yr−1 < Ṁ ≤ 6.3 × 10−7 M yr−1 , stable hydrogen burning occurs,
as well as unstable and stable helium flashes. It is plausible that the regions of stable hydrogen and helium burning result in mass increase, and
present a set of parameters that could lead to progenitors of Type Ia supernovae. Accretion rates smaller than this lower limit, or in the range
6.3 × 10−12 M yr−1 ≤ Ṁ ≤ 6.3 × 10−10 M yr−1 , result in unstable hydrogen burning, most likely leading to nova-like outbursts. However, some of
our explanations were based on an inference of stability in the branches.
To confirm our intuition, we must conduct a global linear stability analysis.
The outline of such an analysis was presented in chapter 5. Our main goal
following this work is to test our steady-state solutions for stability.
As we have already noted, the evolution of the accreted layer can be
treated in great detail using intensive computer simulations. However, this
approach is time-consuming, making the exploration of a large parameter
set difficult. The approach employed in this thesis was based on a semianalytical method, in which we determined the steady-state solutions and
provided a framework with which to determine stability. The numerical
routines employed in our analysis were not time-consuming, thereby allowing
the exploration of a large parameter set. Indeed, we were able to attain an
understanding of the dependence of the steady-state solutions on a range of
accretion rates, surface fluxes and surface CNO element mass fractions.

6.1

Future Work

As previously mentioned, we would like to conduct a global linear stability
analysis to confirm our intuitive beliefs of the stability of the steady-state
solutions. Once this analysis is complete, we would like to investigate the
dependence of the burning regimes on the core temperature, the white dwarf
mass and the chemical composition of the donor star. In particular, we
would like to use a range of masses and core temperatures Tcore < 4 × 107
K, to evaluate if and how the steady-state solutions change. We could also
alter the input physics, to include, for example the hot CNO cycle with
saturation to evaluate if the range of accretion rates leading to unstable and
stable burning changes.
Narayan and Heyl investigated the problem of hydrogen-rich accretion
on the surface of neutron stars [26]. In their analysis, they used an inner
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boundary condition based on a diffusion timescale as outlined in chapter
4. We would like to extend our model to utilise this boundary condition
instead, and compare the results with those found in this thesis. We have
conducted an analysis utilising both methodologies for the inner boundary
condition for a neutron star. The reader is directed to the appendix for a
discussion. From this analysis, it is evident that the boundary condition
alters the shape of the solutions.
We would like to implement a more accurate routine to identify the
steady-state solutions when the inner boundary condition is applied at the
bottom of the layer. For example, we could employ a bisection method to
evaluate if the steady-state solutions change to any noticeable degree. In
the appendix, steady-state solutions are illustrated for a neutron star, which
were found by using both a bisection method and our search routine. The
results produced by both numerical routines agree incredibly well. However,
we would like to investigate the effects in the case of a white dwarf.

6.2

Potential Observational Confirmations of
Theory

Lastly, and most importantly, we would like to compare our theoretical
findings to observational data where possible. There are obvious difficulties
with obtaining observational data. Classical novae are expected to recur on
a timescale of thousands to hundreds of thousands of years [36], [37]. Thus, if
a classical nova was recorded previously, it is unlikely that a second eruption
will be observed in the near future. However, there are some aspects of our
analysis that could conceivably be compared to observational data.
The total fluence produced by nuclear burning is likely to be an observable quantity during a flash. In future work, we would like to calculate the
total fluence,
E + EHe , by integrating the energy generated per gram over
R ∗ H
∗ (X(Σ)+Y (Σ)) dΣ. An effective upper limit to the
the layer, EH X(Σ)+EHe
flash duration can be calculated by dividing the fluence by the Eddington
luminosity [26]. A time-dependent integration of the model equations will
elucidate how much of the fuel is burned and emitted during a flash, which
is a calculation separate to the current semi-analytical analysis.
Using near-infrared spectra, Das et al. estimated the mass ejected from
the 2006 eruption of the recurrent nova RS Ophiuchi to be approximately
3×10−6 M [7]. It is possible to determine the accreted mass in our analysis.
Assuming that all of this mass is ejected during an unstable flash, we could
possibly compare certain unstable flash regimes to the mass ejection estimate
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of ∼ 10−6 M , based on theoretical estimates of the accretion rate for RS
Ophiuchi found by Hernanz and José in [18].
According to Townsley and Bildsten, approximately 30 non-magnetic
white dwarf systems exhibiting dwarf novae were observed during quiescence, allowing for spectral detection of the photosphere and measurements
of the effective surface temperatures [38]. The authors used these observations along with theoretical work to determine local time-averaged accretion
rates [38]. In our analysis, we solve for the effective surface temperatures
using the Stefan-Boltzmann law, for a fixed accretion rate. Based on the
accretion rates found by Townsley and Bildsten for a range of surface temperatures, we could conceivably compare our effective surface temperatures
at specified accretion rates to their findings. Despite the fact that their
analysis was based on observations of dwarf novae systems, a comparison
with our analysis may lead us to useful insights.
There are a number of modifications that can be made to the input
physics in our model. However, it is only through a comparison with observational data that we can evaluate the suitability of these inputs. Whilst a
number of further investigations can be performed within our model framework, we believe that our analysis produces the well-known accretion regimes
discovered by other authors reasonably well. We aim to further validate our
model with relevant observational data in the future.
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Appendix A

Neutron Star
We use the code developed for a white dwarf to conduct a short analysis
of nuclear burning on accreting neutron stars. We compare the results produced by our code to the results produced by a code that was developed
for a neutron star. The code was obtained from my co-supervisor, Professor
Jeremy Heyl. This code uses a bisection method in the surface flux and a
standard Runge-Kutta 2 method that does not adjust the step size according to the local truncation error. Instead, the step size is adjusted through
a very simple routine, making the numerical method susceptible to instabilities for some values of the input parameters. This code applies the inner
boundary condition at the bottom of the accreted layer, which agrees with
the methodology used in our code.
The necessary adjustments were made to the code received in order to
produce the same output as our code for comparison. We also made some
adjustments to our code for the extended model. In particular, we replaced
the energy generation rate of the CNO cycle with that of the hot CNO
cycle with saturation, given by equation (2.14). Furthermore, we changed
the sign of grav in our model to be consistent with the code received. The
sign change does not affect the solutions to any significant degree, with the
general features of the solutions remaining unchanged. This implies that the
energy generated through nuclear burning is far larger than that produced
through compression or expansion in the model. This is consistent with the
observation in white dwarfs that the flux produced by compression of the
accreted material is orders of magnitude smaller than the flux produced by
nuclear burning [35]. We also alter our expression for the entropy and surface
boundary conditions slightly to be consistent with the code received. Lastly,
the code received approximates the energy generation rate of hydrogen by
 =  exp(−10−4 /X),

(A.1)

in which the X can be replaced by Y for the energy generation rate of helium
burning. If X or Y reaches 10−7 , the energy generation rates are set to zero.
In our white dwarf code, we set the energy generation rates to zero if they
were lower than 10−16 or X < 10−10 . We adjust our methodology so as
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to better compare the results produced by the codes. Note that this does
not change the behaviour of the solutions for the white dwarf, but since
X reaches zero at a shallower depth in the neutron star due to the larger
surface gravity, this is a more efficient method of keeping the code stable
and preventing X or Y from becoming arbitrarily small.
We conduct the analysis for the following set of parameters,
Xs = 0.7,
XCNO = 0.8Zs ,
Mns = 1.4 M ,
lacc =

Ṁ c2 z
,
(1 + z)LEdd
log g = 14.3,

Ys = 0.28,

(A.2)

XCNO = 0.8Zs + (Z − Zs ),

(A.3)

R = 10.4 km,

Fs
,
Fnuc
= 1 × 108 K.

(A.4)

fout =

(A.5)

Tcore

(A.6)

The chemical composition, mass and radius are the same as those used in
Narayan and Heyl [26]. The steady-state solutions for log lacc = −1.4 are
depicted in figure (A.1). We plot the solutions against fout where fout is
the surface flux, Fs , divided by the total flux produced by nuclear burning,
Fnuc , given by equation (4.16). Figure (A.1a) was produced using the code
we received and figure (A.1b) was produced using our code. It is clear that
the solutions produced by both codes are consistent with each other. It is
noteworthy that the features of the solutions produced by the respective
codes are dependent on certain inputs. For example, the solutions produced
by the bisection method depend on the values of Σ chosen. If we did not use
a refined grid in log Σ between log 9.8 and log 10, the features of the peak
would be obscured or missed entirely. Furthermore, the bisection routine in
fout terminates for a particular value of Σ once a solution has been found,
and thus this routine will never produce two solutions of fs for one value of
Σ. In our code, the features are dependent on the grid size in fout and the
tolerance used for the temperature matching. We match the temperature
to three decimal places and use a grid size of 8 × 10−4 in fout . Despite the
differences in the code, they produce nearly identical solutions.
The solutions have some behaviour in common with those that were
found for a white dwarf. Specifically, there is a branch which is a decreasing
function of fout , there is a turning point followed by a branch in which the
column densities increase with increasing fout . It is interesting that these
solutions do not resemble the solutions in Narayan and Heyl [26], which were
found by matching the inner boundary condition with a diffusion timescale,
for log lacc = −1.25 or log lacc = 1.5. The salient features in our solution
appear at column densities between 105 and 1013 g cm−2 and the range of
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log fout for which there are steady-state solutions run from approximately
−1.4 to −0.1. The prominent features of the solutions in [26] range from 107
to 108.5 g cm−2 in column density and −2.3 to 0 in log fout . Both solutions
exhibit a local maximum near log fout ≈ −0.4.
It is evident that the shape of the solutions depend significantly on the
manner in which the inner boundary condition is applied. To investigate this
hypothesis further, we developed a code that applies the boundary condition
at Σdiff , where the diffusion timescale, determined by the integration of
equation (4.24), is twice the accretion timescale. We discussed the procedure
of implementing this boundary condition in chapter 4. In particular, the
routine uses an iterative method to find solutions. Specifically, for each value
of Σbottom , the code iterates through each value of the flux, fout , integrates
to Σbottom , then into the outer crust until τdiff = 2tacc . The routine then
determines if the temperature condition is satisfied at a depth Σdiff . The
numerical scheme matches the diffusion timescale to one decimal place and
the temperature condition to at least one decimal place.
We use the same parameters and equations as those used in our extended model, and replace the energy generation rate of the CNO cycle
with equation (2.14) for the energy generation rate of the hot CNO cycle
with saturation. To integrate into the stellar substrate, the neutron star
outer crust in this case, we set X = Y = 0 in the equation for the mean
molecular weight (2.7). This is an adequate approximation to the mean
molecular weight of the neutron star outer crust, which is composed of 56 F e
[26]. In actuality, however, the outer crust will also consist of the products
of Type I bursts. The solutions are depicted in figure (A.2). The solutions
were produced using two different grids, one between log fout = −2.5 to 1.2
and a less refined grid from log fout = −1.2 to 0.
We note that matching the boundary condition in this manner produces
the same qualitative behaviour as that for log lacc = −1.25 in [26], which
is different to the behaviour found by matching the boundary condition
in the accreted layer. In particular, there are two peaks. According to
[26], these correspond to the hydrogen and helium burning peaks. The
temperature at the bottom of the layer increases with increasing fout . At
approximately 107.7 K, hydrogen burning begins [26]. The hydrogen peak
appears shortly after this temperature is reached in fout . Thus, the solutions
are accompanied by a flux reversal just past the hydrogen burning peak, so
that the temperature drops in the substrate to match the inner boundary
condition.
We conclude that the behaviour of the steady-state solutions is directly
dependent on the implementation of the inner boundary condition. We
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further conclude that the code used to produce the white dwarf steady-state
results has been independently corroborated through the comparison of the
results for the neutron star, figures (A.1a) and (A.1b), produced by the code
received from J. Heyl and our code respectively. In future work, we intend
to determine solutions for the white dwarf using the diffusion timescale to
implement the inner boundary condition.
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(a) Variation of column density with log fout , results produced with code provided by J. Heyl.
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(b) Variation of column density with log fout , results produced with code developed for white dwarf.
Figure A.1: Comparison of steady-state results using two different codes
for the neutron star with Xs = 0.7, Ys = 0.28, XCNO = 0.8Zs and g =
1014.3 cm s−2 .
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Figure A.2: Variation of column density with log fout , with Xs = 0.7, Ys =
0.28, XCNO = 0.8Zs and g = 1014.3 cm s−2
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