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Abstract
This thesis investigates vibration-based electromagnetic energy harvesters (EMEHs) for
application in low power autonomous sensors. It makes contributions pertaining to the
development of a low cost fabrication technology, analytical modeling, simulations and
characterization of EMEHs under harmonic and random vibrations.
A novel, low cost, one mask fabrication technology devised in this thesis is used to
develop a copper foil-type linear EMEH, and a polydimethylsiloxane (PDMS) membrane type
nonlinear EMEH. The voltage and power generated by these harvesters are comparable to
existing EMEHs which use more involved fabrication processes. In the membrane type EMEH
the inclusion of a more flexible PDMS membrane design reduces the harvester resonant
frequency and makes it suitable for extracting energy from low level vibration environments. For
acceleration levels greater than 0.1 g, this harvester exhibits a nonlinear behaviour. At higher
levels of narrow band random excitations, the device therefore exhibits broadening of the load
voltage spectrum in comparison to the response under relatively low levels of narrow band
random excitations.
Analytical models for linear EMEHs with non-uniform magnetic field for harmonic
vibrations are developed. A simple analytical model based on Faraday’s law and uniform
gradient of the normal component of the magnetic flux density is developed for EMEHs where
the entire coil experiences approximately the same gradient of the normal component of the
magnetic flux density. However, for EMEHs where the entire coil is not exposed to the same
magnetic flux gradient a more robust model, based on the off-center analytical solution of the
magnetic flux density is devised. The simulation results of the developed models are in good
agreement with the experimental observations.
Analytical models for linear and nonlinear EMEHs under random vibrations are derived.
The models are parameterized such that they are applicable to all architectures of EMEHs and
can be utilized for designing and performance estimation of EMEHs. Nonlinear harvesters with
spring nonlinearity and with combined spring and damping nonlinearity are modeled using the
statistical linearization method. The developed models are useful in investigating the effects of
the mechanical nonlinearity on the performance and bandwidth of the harvesters under random
vibrations.
ii

Preface
This thesis is based on four manuscripts, resulting from collaboration between three researchers.
A version of Chapter 2 appeared in: Farid Khan, Farrokh Sassani and Boris Stoeber
2010 “ Vibration-based electromagnetic energy harvester”, Proc. ASME IMECE2010 and
in: Farid Khan, Farrokh Sassani and Boris Stoeber 2010 “Copper foil-type vibrationbased

electromagnetic

energy

harvester”,

Journal

of

Micromechanics

and

Microengineering, vol. 20. The author’s contributions in these papers were developing a low
cost, one mask fabrication technology for the components of MEMS scale electromagnetic
energy harvesters, developing an analytical model for linear electromagnetic energy harvesters
with non-uniform magnetic field configuration, analytical simulation, Finite Element Analysis,
experimental evaluation, and writing of the manuscripts. Dr. Farrokh Sassani and Dr. Boris
Stoeber assisted with their suggestions in the analytical model, extraction of electrical damping
co-efficient from the equivalent electrical circuit of the electromagnetic energy harvester and
helped with phrasing and editing the manuscripts.
A version of Chapter 3 has been submitted for publication: Farid Khan, Farrokh
Sassani and Boris Stoeber “Modeling of linear electromagnetic energy harvesters with nonuniform magnetic field for sinusoidal vibrations”. The author’s contributions in this paper
were developing analytical models for linear electromagnetic energy harvesters with nonuniform magnetic field configuration and planar coils, extending the previously developed model
to a more accurate and precise one for larger coils than magnets and for larger gaps between
magnet and the coils. Analytical simulations of the developed models and validation with
experimental results, optimization of the developed linear prototype with the devised model and
writing of the manuscript were the other contributions of the author. Dr. Farrokh Sassani and Dr.
Boris Stoeber suggested the extension of our previously developed model for a more robust
analytical model, helped in phrasing and editing of the manuscript.
A version of Chapter 4 appeared in: Farid Khan, Farrokh Sassani and Boris Stoeber
2010 “Vibration-based PDMS membrane type electromagnetic power generator for low
vibration environments”, Proc. CSME FORUM 2010 and the expanded full version has been
submitted for publication: Farid Khan, Farrokh Sassani and Boris Stoeber “Nonlinear
iii

behaviour of membrane type electromagnetic energy harvester under harmonic and
random vibrations”. The author’s contributions in this paper were the fabrication of the
electromagnetic energy harvester for low level sinusoidal and random vibration, magnetostatic
analysis in COMSOL multiphysics®, design and preparation of the experimental setup for
sinusoidal and random excitation, development of a program in LabVIEW Signal Express
(Sound and Vibration assistance) for random vibration generation, spectral analysis of the
random signals from the harvester and accelerometer and preparation of the manuscripts. Dr.
Farrokh Sassani and Dr. Boris Stoeber suggested the idea of characterization of the device under
random excitation, helped in data acquisition and processing under random vibration and editing
the manuscripts.
A version of Chapter 5 has been submitted for publication: Farid Khan, Farrokh
Sassani and Boris Stoeber “Modeling and simulation of linear and nonlinear MEMS scale
electromagnetic energy harvester for random vibration environment”. The author’s
contributions in this paper were developing analytical models for linear and nonlinear
electromagnetic energy harvesters for broadband and narrow band vibration, developing of the
MATLAB® code for the analytical simulation, Dr. Farrokh Sassani and Dr. Boris Stoeber
proposed the idea of extending the modeling of linear and nonlinear electromagnetic energy
harvesters for random excitation and helped editing the manuscript.

iv

Table of Contents
Abstract ......................................................................................................................................... ii
Preface……..……………………………………………………………………………...……..iii
Table of Contents ...........................................................................................................................v
List of Tables ............................................................................................................................... vii
List of Figures ............................................................................................................................ viii
List of Abbrevations ................................................................................................................... xii
List of Symbols ........................................................................................................................... xiii
Acknowledgements .................................................................................................................... xvi
Dedication .................................................................................................................................. xvii
1

2

Introduction .............................................................................................................................1
1.1

Motivation ........................................................................................................................ 1

1.2

Background ...................................................................................................................... 2
1.2.1

Piezoelectric energy harvester .............................................................................. 4

1.2.2

Electrostatic energy harvester .............................................................................. 5

1.2.3

Electromagnetic energy harvester ........................................................................ 6

1.3

Research objectives and contributions ............................................................................. 7

1.4

Chapter summary ........................................................................................................... 10

Copper foil-type vibration-based electromagnetic energy harvester ...............................13
2.1 Introduction .................................................................................................................... 13
2.1.1

Moving magnet EMPGs ..................................................................................... 14

2.1.2

Moving coil EMPGs........................................................................................... 17

2.2 Design and modeling ..................................................................................................... 19
2.3 Fabrication of the prototype ........................................................................................... 29
2.4 Modal analysis of the prototype ..................................................................................... 35
2.5 Experimental setup and results ...................................................................................... 36
3

Modeling of linear electromagnetic energy harvesters with non-uniform magnetic field
for sinusoidal vibrations .......................................................................................................45
3.1 Introduction .................................................................................................................... 45
3.2 Modeling of linear EMEHs ............................................................................................ 47
3.2.1

Analytical model based on Faraday’s law ......................................................... 48

3.2.2

Analytical model based on direct method or Lorentz’ force law ...................... 56

3.3 Simulation using the analytical models ......................................................................... 61
v

3.4 Optimization of EMEH using the analytical models ..................................................... 62
4

Response of PDMS membrane type electromagnetic energy harvester under
narrowband random vibrations ..........................................................................................67
4.1 Introduction .................................................................................................................... 67
4.2 Prototype architecture and working principle ................................................................ 75
4.3 Fabrication of the prototype ........................................................................................... 79
4.4 Experimentation and discussion .................................................................................... 82

5

4.4.1

Characterization of the prototype under sinusoidal excitation ........................... 83

4.4.2

Characterization of the prototype under narrow band random excitation .......... 89

Modeling and simulation of linear and nonlinear MEMS scale electromagnetic energy
harvesters for random vibration environments .................................................................96
5.1 Introduction .................................................................................................................... 96
5.2 Modeling ........................................................................................................................ 98

6

5.2.1

Harvester with linear stiffness and linear damping ........................................... 99

5.2.2

Harvesters with nonlinear stiffness ................................................................. 114

5.2.3

Harvester with nonlinear stiffness and nonlinear damping ............................. 120

Conclusions and recommendations ..................................................................................132
6.1 Summary ......................................................................................................................132
6.2 Conclusions ..................................................................................................................132
6.3 Recommendations for future research .........................................................................134

Bibliography ...............................................................................................................................137
Appendices
A

Evaluation of the integral of the square of the absolute value of complex frequency
response ...............................................................................................................................150

B

Calculation of the equivalent frequency for statistical linearization of the nonlinear
system with nonlinear stiffness .........................................................................................151

C Experimental procedure….………………………………………………………..……..151
C.1 Measurement of the relative displacement………………...…………………………154
C.2 Noise reduction during frequency sweeps……………...…………………………....156

vi

List of Tables
Table 2.1

Dimensions and parameters of the EMPG prototype ............................................ 34

Table 2.2

Simulated natural frequencies of the prototype ..................................................... 36

Table 2.3

Simulated and experimental frequencies ............................................................... 38

Table 2.4

Summary of vibration based electromagnetic power generators........................... 43

Table 3.1

Dimensions and parameters of the EMEH prototype ............................................ 53

Table 3.2

Parameters and the coil dimensions for EMEH optimization ............................... 65

Table 4.1

Comparison of vibration-based micro power generators ...................................... 68

Table 4.2

Power consumption of commercial sensors .......................................................... 69

Table 4.3

Dimensions and parameters of the EMEH prototype ............................................ 81

Table 4.4

Ultimate tensile strength of PDMS membrane ...................................................... 95

Table 5.1

Parameters of electromagnetic energy harvesters ............................................... 105

Table 5.2

Dimensions and parameters of an EMEH prototype. .......................................... 106

Table 5.3

Dimensions and parameters of the nonlinear EMEH prototype .......................... 119

vii

List of Figures
Figure 1.1

Architecture of an autonomous sensor node ................................................................. 3

Figure 1.2

Magnetic field configuration in EMEH ........................................................................ 7

Figure 2.1

Schematic of the developed EMPG ............................................................................ 19

Figure 2.2

Exploded view of the EMEH ...................................................................................... 20

Figure 2.3

Square spiral planar coil. ............................................................................................ 22

Figure 2.4

Equivalent circuit model for an inertial EMEH. ......................................................... 25

Figure 2.5

Magnetic flux density, normal component along the axis passing through the
center of the magnets .................................................................................................. 28

Figure 2.6

Simulated magnetic flux density distribution by COMSOL ...................................... 29

Figure 2.7

Normal component of the magnetic flux density for various gaps ............................. 29

Figure 2.8

Fabrication steps of the copper micro-coil ................................................................. 30

Figure 2.9

Microscopic image of a copper micro-coil…….………………………………..........29

Figure 2.10

Fabrication steps of the planar spring. ........................................................................ 32

Figure 2.11

Photographs of batch fabricated planar springs. ......................................................... 33

Figure 2.12

Photographic images of the prototype during various stages of assembly ................. 34

Figure 2.13

Modal analysis of the device ...................................................................................... 35

Figure 2.14

Schematic of the experimental setup. ......................................................................... 36

Figure 2.15

Relative displacement of the magnets vs input frequency. ......................................... 38

Figure 2.16

Load voltage for a 100 Ω load versus frequency at 13.5 g base excitation. ............... 39

Figure 2.17

Power delivered to the load versus frequency for a 100 Ω load resistance. ............... 40

Figure 2.18

Load voltage versus load resistance at 371 Hz and 13.5 g base excitation. ............... 41

Figure 2.19

Power versus load resistance at 371 Hz and 13.5 g base excitation. .......................... 41

Figure 2.20

Simulated electrical damping ratio against load resistance. ....................................... 42

Figure 3.1

Lumped mass model of a linear electromagnetic energy harvester ............................ 47

Figure 3.2

Circular spiral planar coil ........................................................................................... 50

Figure 3.3

Normal component of magnetic flux density over a coil area of 8 × 8 mm2, for a
gap of 500 µm ............................................................................................................. 54

Figure 3.4

Magnetic flux gradient of normal component magnetic flux density over a coil
area of 8 × 8 mm2........................................................................................................ 55

Figure 3.5

Voltage induction in a square loop from a non-uniform field .................................... 56
viii

Figure 3.6

Square spiral planar coil ............................................................................................. 57

Figure 3.7

Simulated magnetic flux density distribution by COMSOL multiphysics ® ............... 58

Figure 3.8

Magnetic flux density, x-component, for a gap of 500 µm ........................................ 60

Figure 3.9

Load voltage for a 100 Ω load versus frequency at 13.5 g base excitation ................ 61

Figure 3.10

2D of normal component of magnetic flux density .................................................... 63

Figure 3.11

2D of magnetic flux gradient of normal component of magnetic flux density........... 64

Figure 3.12

Load voltage for a 100 Ω load versus frequency at 13.5 g base excitation ................ 66

Figure 3.13

Power delivered to the load versus frequency for a 100 Ω load resistance and
13.5 g base excitation ................................................................................................. 66

Figure 4.1

Relative displacement as a funtion of frequency ........................................................ 75

Figure 4.2

Relative velocity as a funtion of frequency ................................................................ 76

Figure 4.3

Load voltage for 100 Ω load verses frequency ........................................................... 77

Figure 4.4

Cross-sectional view of the developed EMEH ........................................................... 75

Figure 4.5

Exploded view of the EMEH ...................................................................................... 76

Figure 4.6

Magnetic flux density, normal component along the axis passing through the
center of the magnets ................................................................................................... 77

Figure 4.7

Simulated magnetic flux density distribution by COMSOL ...................................... 78

Figure 4.8

Normal component of the magnetic flux density for various gaps ............................. 79

Figure 4.9

Photographic images of the prototype during assembly ............................................. 80

Figure 4.10

Slotted polycarbonate plastic spacer ........................................................................... 81

Figure 4.11

Assembled electromagnetic energy harvester............................................................. 81

Figure 4.12

Block diagram of the Experimental setup................................................................... 82

Figure 4.13

Load voltage for a 100 Ω load vs frequency at low levels of base accelerations ....... 83

Figure 4.14

Load voltage for a 100 Ω load vs frequency at various base accelerations ................ 85

Figure 4.15

Resonant frequency of the EMEH at different base accelerations ............................. 86

Figure 4.16

Load voltage for a 100 Ω load versus frequency at various base accelerations ......... 86

Figure 4.17

Load voltage and power delivered to 100 Ω load at resonance vs base
acceleration ................................................................................................................. 87

Figure 4.18

Load voltage at resonance versus load resistance ....................................................... 88

Figure 4.19

Load power at resonance versus load resistance ........................................................ 88

Figure 4.20

Schematic of narrow band random signal generation in LabVIEW Signal
Express ........................................................................................................................ 90
ix

Figure 4.21

Schematic of spectral density analysis in LabVIEW Signal Express ......................... 90

Figure 4.22

SD of low base acceleration for a narrowband random vibration from 5 to
150 Hz ......................................................................................................................... 91

Figure 4.23

SD of the load voltage for a 100 Ω load at low levels of narrowband (5 to 150
Hz) random excitation ................................................................................................ 91

Figure 4.24

SD of base acceleration for a narrowband from 50 to 150 Hz .................................. 92

Figure 4.25

SD of the load voltage for a 100 Ω load at different narrowband random
excitation levels ......................................................................................................... 93

Figure 4.26

SD of base acceleration for a narrowband from 50 to 400 Hz .................................. 94

Figure 4.27

SD of the load voltage for a 100 Ω load at different narrowband random
excitation levels ......................................................................................................... 94

Figure 5.1

Lumped mass model of an inertial electromagnetic energy harvester. ...................... 98

Figure 5.2

Mean power as a function of load resistance for different values of G2Qm ............. 107

Figure 5.3

Mean power as a function of load resistance for different values of G2 for Qm =
5.7 ............................................................................................................................ 107

Figure 5.4

SD of the load voltage as a function of frequency for various values of G2 ........... 109

Figure 5.5

Linear EMEH bandwidth as a function of the load resistance for different G2
and Qm = 5.7............................................................................................................ 110

Figure 5.6

SD of the power as a function of frequency and load resistance for Qm = 5.7 and
G2 = 0.01 T2m2.......................................................................................................... 111

Figure 5.7

SD of the load voltage as a function of frequency for various values of G2 at
band-limited random excitation. ............................................................................... 112

Figure 5.8

Integral factor for mean square load voltage of an EMEH subjected to bandlimited Gaussian white noise. ................................................................................... 114

Figure 5.9

SD of the load voltage as a function of frequency for low levels of broadband
Gaussian white noise excitation, (scaling factor η = 5 m-2). ..................................... 119

Figure 5.10

SD of the load voltage as a function of frequency for high levels of broadband
Gaussian white noise random excitation, (scaling factor η = 5 m-2). ....................... 120

Figure 5.11

SD of the load voltage as a function of frequency for low levels of broad band
Gaussian white random excitation, (spring scaling factor η = 5 m-2 and damping
scaling factor α = 0.05 s2m-2) ................................................................................... 127

x

Figure 5.12

SD of the load voltage as a function of frequency for high levels of broadband
Gaussian white random excitation, (spring scaling factor η = 5 m-2 and damping
scaling factor α = 0.05 s2m-2). .................................................................................. 128

Figure 5.13

SD of the load voltage as a function of frequency for high levels of broadband
Gaussian white random excitation, (spring scaling factor η = 5 m-2 and damping
scaling factor α = 5 s2m-2) ....................................................................................... 129

Figure 5.14

Equivalent frequency as a function of SD of acceleration for several values
ofdamping scaling factor α (η = 5 m-2) .................................................................... 130

Figure 5.15

Mean power as a function of load resistance for different values of G2 (spring
scaling factor η = 5 m-2 and damping scaling factor α = 5 s2m-2). .......................... 131

Figure C.1

Signals recorded at the resonance frequency of 371 Hz ......................................... 156

Figure C.2

Frequency response of the harvester during fast forward sweeps and without
band pass filter in LabView program ..................................................................... 157

Figure C.3

Frequency response of the harvester during slow forward sweeps and with band
pass filter in LabView program ............................................................................... 157

xi

List of Abbrevations
CVD

Chemical vapour deposition

DAQ

Data acquisition

DRIE

Deep reactive ion etching

EMEH

Electromagnetic energy harvester

EMPG

Electromagnetic power generator

ESEH

Electrostatic energy harvester

KOH

Potassium hydroxide

LIGA

Lithographie Galvanoformung Abformung

LPCVD

Low pressure chemical vapour deposition

MEMS

Microelectromechanical system

MPG

Micro power generator

PCB

Printed circuit board

PDMS

Polydimethylsiloxane

PECVD

Plasma enhanced chemical vapour deposition

PEEH

Piezoelectric energy harvester

PI

Polyimide

PMMA

Polymethylmethacrylate

POM

Product of merit

PSD

Power spectral density

PZT

Lead zirconate titanate

RIE

Reactive ion etching

SD

Spectral density

SPICE

Simulation program with integrated circuit emphasis

TPMS

Tire-pressure monitoring system

ULP

Ultra low power

ULV

Ultra low voltage

xii

List of Symbols
A

Base acceleration of vibration

Br

Remanent flux density

Bx

x-component of the magnetic flux density

By

y-component of the magnetic flux density

Bz

Normal component of the magnetic flux density

b

Spacing between the adjacent turns

bc

Critical damping coefficient

be

Electrical damping coefficient

bm

Mechanical damping coefficient

bT

Total damping coefficient

D

Length of the magnet

D(ż)

Nonlinear damping function

d(ż)

Damping force

Fe

Force acting on the magnet due to the current flowing through the coil

fm

Magnetic force per unit charge

f1

Fundamental frequency

G

Transformation factor

H(iω)

Complex frequency response

k

Spring stiffness

Li

One side length of a turn

L1

Length of the side of the first turn

m

Inertial mass

N

Number of turns of the coil

NA

Area sum of the individual turns

N(z)

Nonlinear spring stiffness function

PL

Amplitude of the power delivered to the load

PL1

Amplitude of the power delivered to the load at resonance

Qe

Electrical quality factor of the harvester

Qm

Mechanical quality factor of the harvester
xiii

QT

Total quality factor of the harvester

R

Radius of cylindrical magnet

RC

Coil resistance

RL

Load resistance

Ri

Inner radius of the circular spiral planar coil

RL,opt

Optimum load resistance

rm

Input impedance at the transformer element

S

Sum of the areas of the individual coil turns

Si

Areas of the individual coil turn

S0

Spectral density of acceleration for Gaussian white noise process

s(z)

Spring force

SA(ω)

Spectral density of the base acceleration

SU(ω)

Spectral density of the relative velocity

S PL ( )

Spectral density of power delivered into the load

SVL ( )

Spectral density of the load voltage

T

Combined thickness of the two magnets

t

Thickness of the planar coil

U

Amplitude of the relative velocity of the mass

VG

Induced open-circuit voltage in a single coil

VL

Amplitude of the voltage

V L1

Maximum voltage at resonance

VL2

Mean square value of the load voltage

Y

Base amplitude of vibration

Z

Amplitude of the relative displacement of the mass

Zmax

Amplitude of the relative displacement at resonance

z (t )

Relative displacement

z(t )

Relative velocity

z(t )

Relative acceleration



Scaling factor of nonlinear damping

∆ω

Bandwidth of harvester

ζe

Electrical damping ratio
xiv

ζm

Mechanical damping ratio

ζT

Total damping ratio

 eq

Equivalent total damping ratio of the equivalent linear EMEH

η

Scaling factor of nonlinear spring

 eq

Equivalent damping term of the equivalent linear EMEH

ρc

Resistivity of the coil material

z

Standard deviation of the relative displacement z(t)

 z

Standard deviation of the relative velocity z (t )

 z2

Variance of the relative velocity of the nonlinear EMEH

 z2

Variance of the relative velocity of the nonlinear EMEH

z

Standard deviation of the relative displacement for linear case, η = 0

T

Lin

 z2

Variance of the relative velocity of the linear EMEH

 z2

Variance of the relative displacement of the linear EMEH



Angle traced by the circular spiral coil turn/s

 max

Maximum angle traced by the circular spiral coil turn/s

ω

Frequency of excitation

 eq

Equivalent frequency of the equivalent linear EMEH

ωn

Natural frequency of the harvester

L

L

xv

Acknowledgements
I would like to thank my supervisors, Dr. Farrokh Sassani and Dr. Boris Stoeber, for their
valuable insight, constructive feedback, guidance and support during the course of my research. I
also owe thanks to my supervisory committee members Dr. Edmond Cretu and Dr. Srikantha
Phani for providing critical and constructive feedback during supervisory committee meetings.
My thanks also go to Instrumentation Laboratory, MEMS Laboratory, Dynamics and applied
mechanics Laboratory at UBC for providing access to the experimental facilities.
My special thanks to my parents and family without whose unconditional love and
support this work would not have been accomplished.
Finally, I would like to acknowledge the institutions, The University of British Columbia,
Higher Education Commission of Pakistan, and NWFP University of Engineering and
Technology for their generous financial support through fellowships and grants during my
studies.

xvi

Dedication
To my parents

xvii

1 Introduction
1.1

Motivation

There are a number of challenges in generating power from vibration-based electromagnetic
energy harvesters (EMEHs) these include: reducing fabrication costs, developing analytical
models for harmonic and random vibrations, exploiting low levels of vibration, and
characterizing device performance.
In the development of EMEHs, the fabrication of micro-coils, accurate mounting of the
high flux density permanent magnets, and the spring that supports the magnets or coil are crucial
tasks. Multi-mask microfabrication processes are typically used to produce planar coils and
planar springs for EMEHs adding complexity towards fabrication and contributing to high
fabrication cost of such devices. Most of the previously reported approaches use silicon-based
multi-mask processes or complex fabrication methods to develop planar coils and planar springs.
Applications to low cost wireless sensors require a simple and cost effective fabrication process
with a small number of masks and fabrication steps, using low cost materials and eliminating
costly process steps. Moreover the high young’s modulus of silicon (185 GPa) results in a high
device frequency, whereas its low material damping characteristics lead to a narrow bandwidth
of the device, which contribute to poor device performance at off-resonant frequency excitation.
Incorporating materials like copper, that have a relatively low young’s modulus (118 GPa) and
high material damping would result in a lower device frequency and a relatively broad
bandwidth response.
The development of a novel, low cost fabrication technique that uses one mask and fewer
processing steps to produce the planar copper coils and planar copper springs for vibration-based
EMEHs is one motivation of this research. Planar copper coils and planar spring to support the
motion of the permanent magnets have been fabricated from commercially available copper
foils. Two identical coils are used, one on either side of the magnets in order to enhance the
power generation for the same footprint of the EMEH.
Beside fabrication and characterization of EMEHs under harmonic vibration, the
analytical models for the electromechanical transduction have proved to be very useful tools for
the performance estimation and designing of these devices. The analytical modeling is
1

challenging, since it depends on the EMEH architecture (wound coil or planar coil), magnetic
field configuration between the magnet and a coil (uniform magnetic field or non-uniform
magnetic field), response characteristic (linear or nonlinear) and even on the nature of excitation
(harmonic or random).
Linear harvesters with non-uniform field configuration under harmonic excitation,
require better models that precisely estimate the performance of the harvester, even though, the
planar coil is larger than the size of the magnet and the gap between the coil and the magnet is
relatively large.
Most of the developed linear and nonlinear resonant energy harvesters have been tested
and characterized under harmonic excitation, however, real environmental vibrations do not lead
to single frequency excitation but rather the vibrational energy content is distributed over a
narrow or broad band of frequencies and random in nature. The harvester performance can be
quite different if instead of harmonic vibrations it is subjected to random vibrations. Similarly,
the analytical models developed for harmonic vibrations are not suitable to estimate the
performance under narrow band or broadband random vibrations. The developed EMEHs not
only need to be characterized for random vibrations but also need analytical models to predict
their performance and to optimize design parameters for the power generation over broader
bandwidth of random vibrations. The mechanical nonlinearity in EMEHs must also be
investigated and its effect on the device power generation and bandwidth must be determined
when the harvester is subjected to random vibrations.

1.2

Background
Energy harvesting for autonomous and self powered microelectromechanical system

(MEMS) sensors for industrial, healthcare and personal applications has been a major challenge.
In the ambient, several energy sources are available to harvest energy for the power requirement
of autonomous sensor nodes. An autonomous sensor node is a wireless sensor integrated with an
energy harvester. Architecture of an autonomous sensor is shown in Figure 1.1, it consists of an
energy harvester, rectifier, power distribution circuit, sensor, signal processing circuit and RF
transmitter. The super capacitor is there to store the excessive energy for the instance when the
power generation capability of the energy harvester decreases due to the unavailability of
sufficient ambient energy.

2

Figure 1.1: Architecture of an autonomous sensor node.
Significant work has been reported in the literature, regarding energy harvesters capable
of generating electrical energy from acoustical waves [1-8], thermal gradients [9-17], RF
radiations [18-22], solar radiations [23-27] and direct air flow [28-30]. However, generating
power from the motion and mechanical vibration has gained increased interest in the last few
years. The vibrational energy in the environment of sensors and other devices can be utilized to
convert them into self-contained and maintenance-free units. The vibration of industrial
machines, such as, compressors, turbines and electrical motors can be used to develop
autonomous sensors for the condition and health monitoring of these machines. Smart tires in the
automobile and in the aviation industry will soon be a reality, with autonomous tire-pressure
monitoring systems (TPMS) [31-35], completely powered from the vibration present in cars and
aircrafts. Intelligent cutting tools with vibration-powered embedded sensor nodes for precision
machining will be attainable. Autonomous temperature and pressure sensors in the air
conditioning ducts can be operated by generating power from air flow induced vibrations. The
condition and health monitoring of aircraft wings can be done with sensors powered by the

3

vibrations of the wings. Even the low levels of vibration in household and office appliances can
be used to harvest energy for the sensors in these appliances.
Vibration-based energy harvesters are inertial micro-generators that consist of a
proof/inertial mass supported by a suspension spring. The mass oscillates relative to the device
frame when subjected to vibration from the source. The oscillation of the mass is affected by the
mechanical damping (air, material, and support damping) and by the electrical damping
produced due to electromechanical transduction. There are typically three types of vibrationbased energy harvesters, piezoelectric [36-39], electrostatic [40-43] and electromagnetic [44-46].

1.2.1

Piezoelectric energy harvesters

A piezoelectric energy harvester (PEEH) consists of piezoelectric material [47], which when
subjected to mechanical deformation or strain, results in an electrical potential difference across
the material. This property of piezoelectricity attributes to the spontaneous polarization within
certain crystals (gallium orthophosphate and lagasite), polycrystalline ceramics (barium titanate,
lead titanate and lead zirconate titanate) and piezoelectric polymer (polyvinlidene fluoride). The
piezoelectric materials consist of polar domains, which are oriented randomly under unloaded
condition. However, when the piezoelectric material is subjected to the mechanical strain, the
dipole domains orient themselves and create a charge separation across the material, resulting in
the voltage.
The cantilever beam is the most common architecture in piezoelectric energy harvesters
according to the literature [48]. Thin layers of piezoelectric material, normally, lead zirconate
titanate (PZT) are deposited on a micro-fabricated cantilever beam, and a proof mass at the tip of
the beam is used to tune the frequency of the harvester. Interdigitated electrodes made up of thin
layer of gold are used for electrical current regulation during the operation. Energy harvesters
with only one layer of PZT on the cantilever beam are known as unimorph piezoelectric
harvesters [49, 50], whereas cantilever beams with two layers of PZT (on either side of the
beam) is referred to as the bimorph piezoelectric harvesters [51-53]. Piezoelectric energy
harvesters with an array of PZT coated cantilever beams [54] have also been developed and
reported for harvesting energy over a broader band of input frequencies.
The main advantage of PEEHs, is their ability to generat high voltage levels (>1 V) and
hence ordinary rectifying circuits can be used for AC to DC conversion. However, due to the
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high output impedance of these devices, normally in MΩ range, low levels of output current are
available. The resonant frequency of these devices is also high and requires a proof mass to
lower and tune the harvester frequency to typical environmental excitation frequencies.
Moreover, the mechanical properties of the piezoelectric materials restrict the operation only to
low levels of vibration amplitudes. The integration of the fabrication of these devices with
standard MEMS fabrication processes is also a challenging task.

1.2.2

Electrostatic energy harvesters

An electrostatic energy harvester (ESEH) is essentially a variable gap capacitor and as such it is
also known as the capacitive micro power generator. In its simplest form, it consists of two
parallel conductive plates, which are separated by a dielectric, normally air. The principle of
operation is based on the change of capacitance between the parallel plates. When the plates
move relative to each other due to vibrations, the capacitance between the conductors changes
which in turn causes an increase in the energy stored in the harvester. There are two modes of
operation for ESEHs, charge constrained mode and the voltage constrained mode. In the charge
constrained mode of operation, charge on the capacitor is held constant and when the
capacitance reduces, due to the increase in the gap between the plates or decrease of the overlap
area, the voltage between the plates increases. In the voltage constrained mode, the voltage
between the plates remains constant, therefore the charge on the plates increases when either the
gap between the plates is reduced or the plates overlap area is increased. In the former mode of
operation, one voltage sources would be required for the initial charging of the ESEH, whereas
for the latter mode of operation two voltage sources would be needed, one for initial charging
and the second one for keeping the voltage constant during operation. The comparison between
the two modes of operation is well addressed in [55].
Three architectures are commonly employed for micromachined ESEHs [56]. In out-ofplane gap varying type ESEH [56, 57], the capacitance changes due to the change of the gap
between the two parallel plates. The bottom, fixed plate is either the substrate or a conductive
layer deposited on the substrate, however, the top plate is suspended by beams. In-plane overlap
type [56, 58] and in-plane gap varying type [56, 59] ESEHs have interdigitated fingers, which
act as several parallel plates. In the former, the capacitance changes due to the change of overlap
area between the interdigitated fingers, however, in the latter, the changing gap between the
interdigitated fingers contributes to the capacitance change.
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The primary advantage of ESEHs, is the ease with which these harvesters can be
integrated with the standard MEMS fabrication technology. Monolithic fabrication of these
devices is possible, moreover, the multi-user MEMS processes (MUMPs), such as, poly
MUMPs, metal MUMPs or silicon-on-insulator (SOI) can easily be utilized. Also ESEHs are
capable of generating high voltage levels (>1 V) and hence ordinary rectifying circuits can be
used for AC to DC conversion. However, similar to PEEHs, they exhibit high output impedances
which result in low levels of output current. The need for a voltage source for the initial charging
and the requirement of a switching circuit for their operation are the major concerns that restrict
the practical use of ESEHs. Another disadvantage is the presence of the pull-in phenomenon that
can lead to stiction or a short circuit in ESEHs. The resonant frequency of these harvesters is also
relatively high.

1.2.3

Electromagnetic energy harvesters

An electromagnetic energy harvester (EMEH) generates power due to the relative motion
between a coil and a permanent magnet. Typically, the coil is either a wound coil or a planar
coil. The principle of operation of EMEHs is based on Faraday’s law of electromagnetism. When
the EMEH is subjected to vibration, the relative motion between the coil and the magnet induces
voltage across the ends of the coil. In its simplest form, an EMEH consists of a magnet, a coil, a
mechanical spring, and a frame. The spring supports either the magnet or the coil and allows the
relative motion in the device. During oscillations both mechanical damping and electrical
damping are present. The mechanical damping comprises of air damping, material damping and
support damping, whereas, the electrical damping arises when current flows in the coil.
There are a number of criteria to classify EMEHs, for example, the configuration of the
magnetic field in the harvester or the architecture of the harvester. On the basis of such
configurations there are EMEHs with uniform [60] and EMEHs with non-uniform magnetic field
configurations [61]. Two magnets are used to produce approximately a uniform magnetic field
for the coil to oscillate within, as shown in Figure 1.2(a). The coil experiences a non-uniform
magnetic field if it oscillates in the field of a single magnet, as shown in Figure 1.2(b).
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Figure 1.2: Magnetic field configuration in EMEH: (a) Uniform magnetic field configuration, (b)
non-uniform magnetic field configuration.
In comparison to PEEHs and ESEHs, EMEHs generate low voltages, normally in the mV
range, however, due to their lower output impedance relatively higher output current levels are
available. Unlike the other two types of harvesters, several architectures for EMEHs are possible,
and have been reported in literature. For example, moving magnet type [62], moving coil type
[63], wound coil type [64], planar coil type [65], cantilever beam type [66], planar spring type
[67], metallic spring type [68] and the polymeric membrane type [69]. The resonant frequency of
the EMEHs is also low and with the proper selection of the magnet (mass) and the spring design
these harvesters can easily be tune to low, medium and high g environments. The planar coil and
the planar spring for the EMEHs can be produced with standard MEMS fabrication processes,
such as SU8 molding and MEMS electroplating or even standard PCB technology can be utilized
to produce the parts of the EMEHs.

1.3

Research objectives and contributions

The work documented in this thesis addressed the following objectives:
1. Developing a novel, low cost, one-mask fabrication technology for the components of
EMEHs.
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2. Developing an analytical model for linear EMEHs with non-uniform magnetic field
configuration for sinusoidal vibrations.
3. Developing an analytical model for linear EMEHs for random vibrations.
4. Developing an analytical model for nonlinear EMEHs for random vibrations.
The following contributions have been made in the course of achieving these objectives:


A non-silicon-based fabrication technique has been developed for the components of
microelectromechanical systems, in which a commercially available copper foil is used to
devise a foil-SU8 and a foil-PDMS fabrication technology.
-

The developed technology is versatile enough to fabricate the bonded as well as
suspended structures.

-

The developed technology is not limited only to the fabrication of EMEH but can
readily be extended to produce any of the following at low cost:





Variable gap capacitors/ electrostatic micro power generator



Pressure sensor



Actuator



Micro pump



Flow sensor



RF energy harvester



Acoustic energy harvester, etc.

Analytical models for linear EMEHs with non-uniform magnetic field configuration and
planar coil have been developed for harmonic excitations and have been validated by
experimental observations.
-

An Analytical model for EMEHs with a square block magnet and a square spiral
planar coil has been developed and validated through experimental assessment.
The model is based on Faraday’s law and a uniform gradient of the normal
component of the magnetic flux density over the coil and utilizes the analytical
solution of the normal component of the magnetic flux density along the line
perpendicular to the center of the magnet. The model is suitable for EMEHs in
which all the turns of the coil are experiencing approximately the same normal
component of the magnetic flux density.
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-

The optimum load condition for linear EMEHs under sinusoidal vibration has
been determined.

-

An analytical model for EMEHs with a cylindrical magnet and a circular spiral
planar coil has been developed for device output estimations.

-

Analytical models based on the analytical solution of off-centre magnetic flux
density have been developed for better estimation of output in EMEHs, where the
normal component of the magnetic flux density is not uniform over all the turns
of the coil.



An analytical model for linear EMEHs under broadband and narrow band random
vibrations has been developed.
-

The relationship between the mean output power and the EMEH design
parameters (mechanical quality factor and transformation factor) has been
established. The product of merit for better performance has been found and its
significance has been theoretically analyzed.

-

The optimum load condition for linear EMEHs under random vibration has been
determined.



An analytical model for nonlinear EMEHs under broadband random vibrations has been
developed.
-

It has been established analytically that for EMEHs with nonlinear stiffness and
linear damping, the nonlinear spring hardening is responsible for the shift of the
central (resonant) frequency of the load voltage spectral density.

-

For EMEHs with both nonlinear stiffness and damping a relationship of stiffness
and damping on the central (resonant) frequency of the load voltage spectral
density has been established. It has been found that the shift of the central
frequency toward higher frequencies is due to the nonlinear stiffness and the
nonlinear damping, and it tends to decrease this frequency shift.

-

It was found analytically that under random excitations, bandwidth broadening
can be obtained in the nonlinear regime in comparison to operation of the
harvester in the linear regime.



Developed a nonlinear PDMS membrane type EMEH for low levels of harmonic and
narrow band vibrations.
-

A PDMS membrane was incorporated in the EMEH.
9

-

An experimental setup was established to generate random vibrations and to
analyze the random signals from the EMEH.

-

It was found experimentally that under high levels of random excitation, the
spring hardening of the membrane is responsible for the shift of the central
frequency of the load voltage spectral density.

-

It was found experimentally that under random excitations, the bandwidth
broadening can be obtained in the nonlinear regime in comparison to operation of
the harvester in the linear regime.

1.4

Chapter summary

The overall goal of the research conducted in this thesis is to develop a low cost, one mask
technique to fabricate the components for the EMEHs, experimentally evaluate the performance
of the fabricated devices under sinusoidal as well as random vibrations, and to develop and
validate analytical models for linear and nonlinear EMEHs under harmonic and random
excitations. This thesis has been written in the manuscript-based format, as specified by the
Faculty of Graduate Studies at the University of British Columbia. In the manuscript-based
thesis, each chapter represents an individual work that has been published, submitted or prepared
for submission to a peer reviewed journal. Each chapter is self-contained in the sense that it
comprises an introduction to the work presented, the methodology, results and the discussion.
The thesis also provides overall conclusions in the last chapter. The references summarized in
the bibliography and the appendices associated with the chapters are presented at the end of the
thesis.
In Chapter 2, modeling, simulation, fabrication, and characterization of a linear vibrationbased electromagnetic energy harvester are presented. A novel, low cost, one-mask technique is
developed to fabricate the planar coils and the planar spring for the EMEH. This fabrication
technique can provide an alternative for processes such as Lithographie Galvanoformung
Abformung (LIGA) or SU-8 molding and MEMS electroplating. Commercially available copper
foils are used for the planar coils and the planar spring to fabricate a non silicon-based, low cost
EMEH. A novel architecture for the EMEH is proposed in which planar coils on either side of
the magnets are used to enhance the power generation for the same footprint of the device. An
analytical model for the EMEH with square block magnets and square spiral planar coils is
10

developed. The model is based on Faraday’s law and a uniform magnetic flux gradient of the
normal component of the magnetic flux density over the coil; and it is suitable for EMEHs in
which all the turns of the coil are experiencing approximately the same normal component of the
magnetic flux density. The simulations based on the analytical model are also presented, which
are in good agreement with the experimental results.
Chapter 3 describes the analytical modeling and simulation for the electromechanical
transduction of linear EMEHs with non-uniform magnetic field configuration, under harmonic
vibrations. Models are developed for linear EMEHs with planar coils using Faraday’s law of
electromagnetic induction and the Lorentz force law. For better prediction of the performance of
the EMEH with larger coils than the size of magnet and/or larger gaps between the magnet and a
coil, the analytical solution of the off-center magnetic flux density for a square magnet is used.
Simulation results of the developed models show good agreement with the experimental results.
Further simulations of the previously developed EMEH show an improvement of the load
voltage and the power when optimizing the magnet-coil distance. Moreover maximizing the
number of coil turns for the optimized gap, the simulation yields a load voltage raise to almost
twice the experimental values and an increase of the load power to almost three times the
experimental result.
In Chapter 4, the fabrication and characterization of a nonlinear vibration-based
polydimethylsiloxane (PDMS) membrane type electromagnetic energy harvester (EMEH) is
presented. Instead of a planar spring, a PDMS membrane is used to support the magnets in order
to allow large amplitudes for the vibration of the magnet at low levels of base excitation. Slotted
polycarbonate plastic spacers are introduced in the device enclosure to permit flow of the air
between coil substrate and the membrane, which results in reduced air damping and enhanced
power generation. To understand how the number of turns or the overall area of the coil is
affected by the magnetic flux density distribution, a 2-D magnetostatic analysis is performed in
COMSOL multiphysics®. For maximum voltage generation, the same simulation model is used
to find an appropriate gap between the magnets and the coil. The harvester is characterized under
sinusoidal as well as narrow band random excitations. Under low levels of sinusoidal excitation,
it exhibits a linear response. However, at high acceleration levels the behaviour of the EMEH is
nonlinear, exhibiting sharp jump and hysteresis phenomena during frequency sweeps.

The

nonlinear behaviour of the EMEH is exploited to harvest energy under narrow band random
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excitations. With increasing levels of narrow band random excitations, the device exhibits a
broadening of the load voltage spectrum in comparison to the response under low levels of
random excitations. The results show that the nonlinear behaviour of the PDMS membrane can
be utilized to enhance bandwidth of the harvester under narrow band random excitations and
provides a simple alternative for other bandwidth broadening methods such as beam prestress,
resonance tuning, or stopper impacts.
Chapter 5 presents the analytical modeling and simulation of linear and nonlinear
electromagnetic energy harvesters (EMEHs) for random vibrations. For linear harvesters, an
analytical relationship of the harvester output with the design parameters is established and
simulation results for mean power, mean square load voltage and output spectral densities are
presented. The significance of increasing both the transformation factor and the mechanical
quality factor for the energy harvesting is analyzed. Moreover, the optimum load condition for
better performance of the harvester is investigated. The method of statistical linearization is used
to model nonlinear EMEH with a duffing spring and linear plus cubic damping. The simulation
of the nonlinear model for low levels as well as relatively high levels of broadband stationary
Gaussian random vibrations is performed. The effects of the nonlinear spring stiffness and the
nonlinear damping on the maximum load voltage, the central frequency, and the bandwidth of
the load voltage spectral density are investigated and presented.
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2 Copper foil-type vibration-based electromagnetic
energy harvester1
2.1

Introduction

Wireless sensor nodes have a wide range of application from condition monitoring of machines,
such as electric motors and compressors to tire pressure monitoring systems (TPMS) in
automobiles. One of the most challenging problems for wireless sensor nodes is providing the
required power [70, 71]. Batteries have a limited life and their use in wireless sensor nodes may
restrict the application of such devices in embedded and harsh environments. Harvesting energy
from the ambient will have a significant impact on the field of wireless sensors. Converting
ambient mechanical vibration into electrical energy for wireless sensor nodes with vibrationbased micro power generators (MPGs) is suitable for applications such as non-destructive health
monitoring of structures and machines. In industrial machines, such as electric motors, generators,
compressors, reciprocating engines or turbines, vibration levels for a frequency range of 0 to
5000 Hz vary from 0.5 to 15 g peak acceleration [72]. Whereas the vibration levels for some
production machines, such as lathes and drilling presses, and for household appliances typically
range from 30 to 200 Hz and vary from 0.01 to 1.1 g peak acceleration [73]. The general aim of
research in the area of energy harvesting is to develop devices suitable for harvesting energy from
these commonly available vibration sources to power wireless sensors and transmitters. The
power provided by vibration-based energy harvesters tends to be low, however, with the rapid
advancement in ultra low power (ULP) MEMS sensors and microelectronics the power need is on
a decline to a few µW. The power requirements of commercially available ULP sensors depend
on the type (pressure, temperature or acceleration) and model of the sensor. For their operation,
ULP acceleration sensors need more power (at least 21.6 µW for a supply current of 10 µA) in
comparison to pressure sensors (at least 1.8 µW for a supply current of 1 µA) and temperature
sensors (at least 1.89 µW for a supply current of 0.9 µA). The overall power consumption of ULP
sensors ranges from 1.8 to 324 µW for supply current range of 1 to 180 µA [74].
_____________________________
1

A version of this chapter has been published. Farid Khan, Farrokh Sassani and Boris Stoeber 2010
“Copper foil-type vibration-based electromagnetic energy harvester”, Journal of Micromechanics and
Microengineering 20 125006
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Due to such ultra low power needs, energy harvesting has the potential for integration into these
sensors to provide unlimited maintenance-free operation. The power need of wireless sensors is
typically a few mW [71], which is relatively high and a major portion of the power is required for
RF transmission. The current MEMS-scale energy harvesting techniques are not developed far
enough to completely eliminate the battery from the wireless sensor nodes, however, upon
subjecting the device output voltage to an ultra low voltage (ULV) and ULP rectifier, and the
resulting DC voltage to an ULV DC-DC step-up converter, these harvesters can be integrated to
supplement the power provided by the battery and increase its life span.
Several vibration-based power generators, based on piezoelectric [75], electrostatic [76]
and electromagnetic [77] transduction, have been demonstrated. Out of these, electromagnetic
power generators (EMPGs) have the advantages of low output impedance and high output
current [78]. Vibration-based electromagnetic energy harvesters typically consist of a permanent
magnet, a coil, and a suspension spring. Electrical energy is generated when the coil experiences
a change in magnetic flux as a result of a relative motion between the magnet and the coil, and
an emf is generated across its ends according to Faraday’s law of electromagnetic induction.
There are two well known architectures used for EMPGs to achieve this energy transduction. In
one architecture of EMPG the magnet is mounted on a suspension spring and the coil is
stationary, whereas in the other the magnet is fixed and the coil rides on a suspension spring.
However, the former is preferred since the magnet acts as the inertial mass and this has the
advantage of lowering the resonant frequency and enhancing the device’s power generation [79].
For both EMPG architectures, different methods to fabricate the coils and the suspension springs
have been reported in the literature.

2.1.1

Moving magnet EMPGs

This type of EMPG mostly consists of a bulk permanent magnet bonded to a microfabricated
planar spring, and a coil, which is either a microfabricated planar coil or a wound coil.
Wang et al. [80] have reported a moving magnet type EMPG, comprised of a NdFeB magnet, a
two-layer planar copper coil on a glass substrate, and a planar copper spring fabricated on a
double-side thermally oxidized silicon wafer. The planar spring is fabricated by selective etching
of SiO2 with buffered hydrofluoric acid (BHF), sputtering of Cr/Cu as seed layer, molding and
electroplating of copper, and backside wet etching of silicon and SiO2. Each layer of the coil is
14

produced by molding and electroplating of copper. A 150 nm Cr/Cu seed layer is sputtered for
this purpose. A cured, ground and polished polyimide layer is used as an insulation between the
two copper coils. A 2 mm x 2 mm x 1 mm NdFeB magnet is attached to the platform of the
planar spring, which is then bonded onto the substrate containing the copper coils to form an
MPG. The reported maximum 60 mV peak-to-peak open circuit voltage had been generated at
121.3 Hz for 1.5 g base acceleration. A silicon EMPG for wearable micro devices reported in
[81] consists of a planar spring and a magnet which moves within a central recess of the
substrate carrying the coil. The nickel iron (Ni-Fe) spring is fabricated on a silicon wafer with
the following process steps: application of nitride by low pressure chemical vapour
deposition (LPCVD), backside patterning of nitride, and etching of silicon with potassium
hydroxide (KOH) to obtain a supporting 30 µm silicon membrane, deposition of a Ti/Cu seed
layer on the frontside, molding and electroplating of a 20 µm thick Ni-Fe layer, and finally
removing of the backside silicon membrane and nitride by reactive ion etching (RIE) to release
the suspension spring. The planar copper coil is fabricated on the second silicon wafer using
backside patterning of the nitride layer, silicon etching with KOH to achieve the supporting
silicon membrane, sputtering and patterning of an aluminum layer on the front side, plasma
enhanced chemical vapour deposition (PECVD) of oxide as an insulation layer, sputter
deposition of Ti/Cu as a seed layer, followed by molding and electroplating of 100 µm thick
copper. As a last step, a backside silicon and nitride etch by RIE produces the central recess for
the movement of the magnet. After mounting the NdFeB magnet on the centre plate of the spring
wafer, it is adhesive bonded to the coil wafer to form a 6 mm x 6 mm x 1 mm EMPG. The
EMPG generated 1.4 µW when excited at 100 Hz and 50 µm base amplitude.
Pan et al. [82] reported the development of a two-wafer EMPG, in which a sputtered ironplatinum (FePt) magnet on a spiral planar spring is used instead of a bulk magnet. In their device
the silicon spiral spring is fabricated by bulk micromachining with a double-sided polished
silicon wafer. The fabrication involves selective deep reactive ion etching (DRIE) to define the
spiral, deposition of a SiO2/Si3Ni4 layer, backside selective etching of silicon by KOH to form a
spiral spring and then sputtering of the magnetic FePt film. A planar copper coil is made with a
4-mask process that needs a buffer layer coating, copper seed layer sputtering, molding and
electroplating of routing copper, insulator polyimide (PI) layer coating and mold electroplating
of copper. The two wafers are then joined by a low temperature bonding process to form a
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0.45 cm3 device. The authors reported a 40 mV voltage amplitude and 100 µW power generation
at the excitation frequency of 60 Hz. A membrane type EMPG, containing a 127 μm thick
kapton membrane to support NdFeB magnets, that moves in a recess provided within a silicon
wafer, and within a printed circuit board (PCB) frame has been reported by Serre et al. [83]. The
recess is produced by bulk micro-machining. A 52-turn, 15 µm thick electroplated planar copper
coil, fabricated on a recessed silicon wafer is bonded to the recessed PCB wafer. The kapton
membrane is glued to the backside of the PCB wafer to form the complete device. The response
of their fabricated device is nonlinear. Under resonant condition at 5.1 µm base amplitude it
produced a maximum power of 50 µW at matched load and a maximum voltage of 180 mV at a
resistance load of 100 kΩ.
A combined electromagnetic and piezoelectric generator for harvesting energy from a
computer keyboard is reported in [84]. The electromagnetic element of the device consists of a
NdFeB magnet, a rubber cushion spring and a micro-machined bi-layer planar aluminum coil.
5 masks are used to fabricate the bi-layer aluminum planar coil on a thin lead zirconate titanate
(PZT) plate. The fabrication comprises of 0.5 µm thick parylene deposition and patterning with
RIE to open the contact pads for the PZT electrode, sputter deposition of 0.6 µm thick aluminum
and patterning for the first spiral coil, deposition and patterning of 0.5 µm parylene as insulation
layer, sputtering and patterning of 0.6 µm thick aluminum for the second spiral coil, and lastly
deposition of 0.5 µm parylene as passivation layer. For electromagnetic conversion the authors
reported a maximum of 1.15 µW with a 35 Ω load for a typing speed of 40 words per minute.
The development of a wound copper coil harvester with NdFeB magnets and a tungsten proof
mass on the tip of a laser etched beryllium copper (BeCu) cantilever beam is reported in [85].
The detailed fabrication of the 2800-turn stationary coil and 50 µm thick BeCu beam is not
reported. The 150 mm3 generator produced a power of 58 µW at 52 Hz and 0.6 m/s2
acceleration, and successfully powered an RF accelerometer. A AA battery size power generator
for wireless applications, which is composed of a hand wound coil and a spiral planar spring to
support the magnet is reported in [86]. The spiral spring is fabricated by laser micromachining as
well as by SU-8 molding and electroplating. A magnet is attached to the central platform of the
spring and an inner housing, having a recess for the movement of the magnet, is bonded on
either side of the spring. A wire is wound on the inner housing to form a coil for the power
generator. It has been shown that when two such power generators are integrated with a power
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management circuit (rectifiers and a capacitor) and packaged into a AA battery size container, it
produced 1.6 V DC when subjected to vibration and charged for less than 1 minute.

2.1.2

Moving coil EMPGs

In a moving coil EMPG the coil moves relative to a fixed permanent magnet with the help of a
suspension spring to generate the electrical power. A proof mass has to be used to tune the
resonant frequency and enhance the power generation. Sari et al. [87] developed a moving coil
type EMPG for wideband environmental vibrations that consists of an array of coil embedded
cantilever beams and a fixed magnet. The EMPG is fabricated with a 5-mask process. The
fabrication steps involved are thermal growth of 1 µm thick SiO2, deposition and patterning of
1 µm thick parylene with RIE, sputtering and patterning of Ti/Au as coil material, deposition and
patterning of 1 µm thick parylene as isolation layer, metal deposition for electrical routing,
deposition of 13 µm thick parylene to define cantilevers, backside silicon etching by DRIE, and
finally the sacrificial oxide etching by BHF results in the release of the beams. With an array of
35 beams and excitation at 1 µm base amplitude the reported device produced 10 mV voltage
and 0.4 µW power over a bandwidth of 800 Hz (4.2-5 kHz). Kulkarni et al. [88] developed an
EMPG consisting of four fixed NdFeB magnets and a planar copper coil fabricated on a silicon
paddle. The fabrication of the planar coil and the silicon paddle comprised of chemical vapour
deposition (CVD) of 0.5 µm thick oxide, sputtering and patterning of a 2 µm thick copper layer
for electrical routing, deposition and patterning of 1.8 µm thick polyamide, molding and
electroplating of the copper as coil, and DRIE with a patterned photoresist to form the silicon
paddle, beam and frame. Two NdFeB magnets are assembled in a polymethylmethacrylate
(PMMA) chip that is fabricated by conventional milling. The silicon chip and two such PMMA
chips are then bonded together to produce a 0.1 cm3 EMPG. At the resonant frequency of
9.84 kHz and for 9.8 m/s2 acceleration the MPG has shown to generate a maximum power of
23 nW at a load of 52.7 Ω. An EMPG developed with standard silicon micromachining is
reported in [89]. The EMPG consists of four fixed NdFeB magnets, a cantilevered paddle and a
wound coil. The silicon paddle, frame and cantilever beam are fabricated by DRIE. A V groove
in the cantilever beam (to channel the copper wire from the wound coil to the pads) is produced
by selective etch of SiO2/Si3Ni4 and KOH etch of the silicon, the aluminum pads are made by
metallization and selective etching. Two magnets are positioned within the mechanically
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machined recess in the capping PMMA chip. One of such PMMA chips is then bonded onto
either side of the silicon chip to form a 100 mm3 device. The device generated 122 nW of power
for 0.4 g input acceleration at 9.5 kHz. An EMPG that consists of a hand wound coil attached to
an etched stainless steel beam, which moves between two fixed NdFeB magnets is reported in
[90]. The device has a natural frequency of 322 Hz and generated a maximum power of 37 µW
at a base amplitude of 13 µm. Soliman et al. [91] report a wideband energy harvester consisting
of four fixed magnets, a seismic mass and a wound coil supported by an aluminum cantilever
beam. The 1 cm2 wound coil has 22 turns and is made out of 160 µm thick copper wire. The
details of the fabrication of the beam are not reported. A sliding stopper is used to restrict the
motion of the beam to transform the harvester from a linear oscillator to a piecewise-linear
oscillator. It has been shown that with this transformation a broad bandwidth is obtained in the
vicinity of the natural frequency.
In EMPGs, the fabrication of micro-coils, accurate mounting of the high flux density
permanent magnets, and the spring that supports the magnets or coil are challenging steps. Multimask microfabrication processes are typically used to produce planar coils and springs for
EMPGs adding complexity to fabrication and contributing to high fabrication cost of such
devices. Applications to low cost wireless sensors require a simple and cost effective fabrication
process with a fewer number of masks and fabrication steps, using low cost materials and
eliminating expensive process steps.
This chapter describes the fabrication of vibration-based EMPG in which the planar coil
and the planar spring are fabricated by a novel, low cost, one mask process. The planar copper
coils and the planar spring to support the motion of the permanent magnets have been fabricated
from commercially available copper foils. Two identical coils are used, one on either side of the
magnets in order to enhance the power generation for the same footprint of the EMPG. The
detailed modeling and simulation for a device configuration in which a magnet is vibrating on
top of a coil is performed and is found in good agreement with the experimental results. The
equivalent electrical circuit model is used to extract the electrical damping ratio for load power
computation.
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2.2

Design and modeling

Figure 2.1: Schematic of the developed EMPG (a) cross-sectional view, (b) lumped parameter
linear model for the EMPG.
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The EMPG presented in this chapter consists of two NdFeB magnets (K & J Magnetics Inc.
Jamison, PA, USA) mounted on a planar copper spring as shown in Figure 2.1. Planar copper
micro-coils, fabricated on a glass substrate are placed on either side of the magnet assembly. The
magnets and the micro-coils are held apart by 2 mm thick polycarbonate plastic spacers
(Sheffield Plastics Inc. Sheffield, MA, USA). Figure 2.2 illustrates the exploded view of the
device.

Figure 2.2: Exploded view of the EMPG.

By modeling the EMPG shown in Figure 2.1 as a spring-mass-damper system with base
excitation, the amplitude of the relative displacement
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between the magnets and housing of the device are determined in terms of the frequency of
excitation ω, the natural frequency ωn, the base amplitude of vibration Y, the base acceleration
A = ω2Y, and the total damping ratio ζT.
The natural frequency

n 

k eq
m

(2.3)

of the EMPG is expressed in terms of the device parameters, mass m of the magnets, and the
equivalent stiffness keq of the planar spring. The planar spring in the harvester can be modeled as
four fixed-guided beams in parallel with equivalent stiffness

 12 EI
keq  4k  4 3
 ls

 4 Ews t s3
 
ls3


(2.4)

depending on young’s modulus E, width ws, thickness ts and length ls of each beam.
The induced open-circuit voltage in a single coil of the device is approximated according
to Faraday’s law of electromagnetic induction [92, 93] as

VG  U

d Bz
S,
dz

(2.5)

where Bz is the normal magnetic flux density and S is the sum of the areas Si of the individual
coil turns.
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For a square spiral planar coil, Figure 2.3, with the length L1 of the side of the first turn,
line width w and spacing b between the adjacent turns, S can be approximated as
n

n

i 1

i 1

S   Si   L2i

(2.6)

Li  L1  2i  1w  b ,

(2.7)

with

where Li is one side length of a turn.

Figure 2.3 Square spiral planar coil.
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The magnetic flux density for a rectangular block magnet [94] along a line normal to its
centre
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depends on the remanent flux density Br, the width of magnet W, the length of the magnet D, the
thickness or the combined thickness of the two magnets T in our case, and the distance from the
magnets z.
d Bz
is obtained by differentiating equation (2.8) with
dz
respect to z and then setting z equal to the gap between the magnet and a coil at rest.

For the analytical computations,

The amplitude of the voltage
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(2.9)

and the amplitude of the power
PL 

V L2
2RL

(2.10)

delivered to the load depend on the load resistance RL and the coil resistance RC.
The maximum voltage

 RL
VL ,1  
 RL  RC

 A d Bz

S
 2 n T d z

(2.11)

occurs at resonance.
The analytical model (equation 2.9) provides very good estimates for the EMPGs in
which the planar coil is much smaller than the magnet and for small gaps between the coil and
the magnet. However, it will slightly overestimate the EMPG performance if the outer edges of
the coil face a smaller flux density than the maximum flux density given by equation (2.8).
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The transformation factor G is an important parameter in inertial EMPGs. It describes the
coupling between the mechanical and electrical energy domains and it therefore describes the
energy conversion between the mechanical and the electrical domains. The open-circuit induced
voltage across the coil

VG  GU

(2.12)

is therefore expressed by the transformation factor, and the force

Fe  GI

(2.13)

acts on the magnet due to the current I flowing through the coil. Using equations (2.12) and
(2.13), an inertial EMPG can be represented by the equivalent electrical circuit model shown in
Figure 2.4. In the mechanical domain m, bm and k represent the inertial mass, mechanical
damping coefficient and spring stiffness, respectively. By ignoring the coil self inductance LC
that corresponds to a very small impedance at the frequencies of interest and combining the load
and coil series resistances the input impedance at the transformer element, Figure 2.4(b), is
expressed as

rm 

RL  RC
G2

.

(2.14)

In the equivalent electrical circuit, Figure 2.4(c), the total damping coefficient of the
EMPG bT  bm  be , includes the electrical damping coefficient

be 

1
G2
.

rm RL  RC

(2.15)
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Figure 2.4: (a) Equivalent circuit model for an inertial EMPG, (b) equivalent circuit in the
mechanical domain, (c) equivalent circuit with the combined damping coefficient.
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The transformation factor
GS

d Bz
dz

(2.16)

for our device configuration can be found from equations (2.5) and (2.12). The electrical
damping coefficient be and critical damping coefficient bc describe the electrical damping ratio

 e and using equations (2.15) and (2.16), the electrical damping ratio of the device can be
expressed as
2

1
 d Bz 
e 
S2
 .
2mn ( RL  RC )  d z 

(2.17)

Equations (2.10), (2.11) and (2.17) yield the load power at resonance
 RL
PL,1  
 RL  RC

 m e  A 



 4n   m   e 

2

(2.18)

in terms of the electrical damping ratio ζe and the mechanical damping ratio ζm, where ζe+ζm= ζT.
By eliminating the damping ratios ζe and ζm, equation (2.18) can be expressed in the form

PL,1 

G 2 S 2m2
RL
,
2
2
bm RL  RC   G 2





(2.19)

which is more suitable to derive the optimum power condition for impedance matching.
Optimizing equation (2.19) with respect to RL yields the condition for optimum power transfer to
the load as

G2
.
RL , opt  RC 
bm

(2.20)

In EMPGs with large transformation factor G and small mechanical damping coefficient
bm the second term on the right hand side of equation (2.20) can be significant, however, for
meso and micro scale EMPGs with planar coils, this term is negligible in comparison to the coil
resistance RC and can be ignored as will be shown for our device.
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The induced open-circuit voltage in a single coil of the device, according to Faraday’s
law of electromagnetic induction, equation (2.5), depends on the relative velocity U between the
magnets and the coil, the gradient of the normal component of the magnetic flux density

d Bz
,
dz

and the number of turns of the coil N or area-sum of the individual turns S. To understand how
the number of turns or the overall area of the coil is affected by the magnetic flux density
distribution, a 2-D magnetostatic analysis is performed in COMSOL multiphysics®.
According to the manufacturer of the magnets the remanent magnetic flux density of the
NdFeB magnets can range from 1-1.4 T. To model the magnets in COMSOL using the correct
remanent flux density, the normal component of the magnetic flux density, along the axis
passing through the center of the magnets is experimentally measured and compared with the
COMSOL simulation results obtained for different remanent flux densities. Two NdFeB magnets
of size 6 mm x 6 mm x 1.5 mm are stacked together and the normal component of the magnetic
flux density is measured experimentally using a teslameter (Sypris Test & Measurement,
Orlando, FL USA) and a measuring stage (Thorlabs, Newton, NJ USA). Figure 2.5 shows the
experimental and the simulation results obtained along the line J, Figure 2.6. The simulation of
the flux density along this line for 1.3 T remanent magnetic flux density agrees well with the
experimental result and therefore 1.3 T remanent magnet flux density is used to model the
magnets in COMSOL.
Figure 2.6 shows the magnetic flux density distribution along the magnets cross sectional
plane. The simulation shows that the magnetic flux density is mostly concentrated in an area
8 mm x 8 mm, near the surface of the magnets. Away from the magnets the flux density
decreases drastically.
Since the magnetic flux density gradient is high near the surface of the magnets, the gap
between the coil and the magnets should be kept as small as possible, however, to accommodate
the movement of the magnets the gap should be adjusted according to the amplitude of the
displacement of the magnets at resonance. Figure 2.7 shows the distribution of the normal
component of the magnetic flux density for gaps of 250, 500 and 750 µm (lines F, G, H
respectively in Figure 2.6). The range of horizontal distance of 8 mm in Figure 2.7 corresponds
to the width of the planar coil. The simulation result shows a fairly uniform distribution of the
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flux density in the central portion of the coil, whereas near the edges of the coil the polarity of
the flux density changes. By accounting for the displacement of the magnets, the requirement of
approximately same polarity of the magnetic flux density over the coil and clearance for
electrical wire that is to be bonded to the central pad of the planar coil, the initial gap between
each magnet and coil is kept at 500 µm. The average normal component of the magnetic flux
density, acting on the 8 mm x 8 mm planar coil for various gaps is obtained by averaging the
values of the magnetic flux density in Figure 2.7, for each gap. The computed average normal
component of the magnetic flux density at the gaps of 250, 500 and 750 µm is 0.203, 0.189,
0.175 T respectively, thus giving an approximate magnetic flux density gradient of 5.6x105

T/µm for a gap of 500 µm.

Figure 2.5: Magnetic flux density, normal component along the axis passing through the center
of the magnets (line J in Figure 2.6).
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Figure 2.6: Simulated magnetic flux density distribution by COMSOL.

Figure 2.7: Normal component of the magnetic flux density for various gaps.

2.3

Fabrication of the prototype

The fabrication process of the planar copper coils is illustrated in Figure 2.8. A 20 µm-thick
copper foil (Comet Metal Inc., Walton Hills, OH, USA) is bonded onto a glass substrate with
polydimethylsiloxane (PDMS) (Dow Corning Corporation, Midland, MI, USA). PDMS (mixture
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of 10 parts elastomer base and 1 part elastomer curing agent) is spun on the glass substrate at
500 rpm for 10 seconds followed by 1000 rpm for 30 seconds. Then the copper foil is pressed
onto the uncured PDMS layer, using a weight of 196 N on top of the copper foil at room
temperature to provide a uniform pressure for bonding, Figure 2.8(a). Cleanroom wipes are used
between the dead weight and the substrate in order to prevent direct contact of the weight and the
foil. After 1 hour the weight is removed and the sample is placed into an oven at 80oC for
2 hours in order to cure the PDMS, which results in the bonding of the copper foil to the glass
substrate. Photoresist SPR 220-7 (Rohm and Haas Company, Philadelphia, PA, USA) is then
spun on, exposed with a mask aligner using a mask, and then developed, Figure 2.8(b). The
copper foil is etched with a dilute solution of nitric acid (80 ml HNO3 and 160 ml H2O) at room
temperature for 10 minutes, Figure 2.8(c). Finally, the photoresist is stripped off using acetone,
Figure 2.8(d). Microscopic images of a fabricated micro-coil are shown in Figure 2.9.

Figure 2.8: Fabrication steps of the copper micro-coil: (a) spin coat a PDMS layer on a glass
wafer, and force bond a copper foil, (b) spin coat photoresist and perform photolithography,
(c) copper etch using a dilute nitric acid solution, (d) strip off photoresist.
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Figure 2.9: (a) Microscopic image of a copper micro-coil, (b) detailed view of a section of the
coil.
The fabrication process of the planar copper spring used to support the permanent magnet
is shown in Figure 2.10. The process starts with spinning a sacrificial layer of the negative
photoresist SU-8 2075 (MicroChem Corp., Newton, MA, USA) onto a silicon wafer, followed
by force bonding of a 350 µm thick copper foil (Storm Copper Components Co., Decatur, TN,
USA) to the wafer, Figure 2.10(a). Again, the dead weight of 196 N is used for 1 hour, to provide
a uniform pressure to bond the copper foil to the wafer. The weight is removed and the wafer is
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then soft baked on a hot plate at 95oC for 10 minutes. Photoresist SPR 220-7 is then spun on,
exposed and developed, Figure 2.10(b). The selective etching of the copper foil is then
performed using a 50% dilute solution of nitric acid (80 ml HNO3 and 80 ml H2O) at room
temperature for 15 minutes, Figure 2.10(c). The fabricated structures are then separated from the
wafer using SU-8 developer, Figure 2.10(d). Finally the separated structures are cleaned with
acetone to remove the photoresist, Figure 2.10(e). Figure 2.11 shows the fabricated structures.

Figure 2.10: Fabrication steps of the planar spring: (a) spin cast photoresist SU-8 2075 and force
bond a copper foil to the wafer, (b) spin coat photoresist SPR 220-7 followed by exposure and
development, (c) copper etch in dilute nitric acid, (d) strip off SU-8 in developer solution,
(e) strip off SPR 220-7 with acetone.
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Figure 2.11: Photographs of batch fabricated planar springs: (a) processed copper foil on a
silicon wafer with nine planar springs, (b) one of the planar springs.
The assembly of the EMPG is done under a stereo microscope (Olympus SZ61, Olympus
Imaging America Inc., Center Valley, PA, USA). First, the two permanent magnets are mounted
on the planar spring with the help of a specially designed jig, as shown in Figures 2.12(a) and
2.12(b). No adhesive is used to bond the magnets to the copper spring but rather, the force of
attraction between the magnets is exploited to tightly sandwich the planar spring between the
magnets, Figure 2.12(c). Two polycarbonate plastic spacers are then bonded on either side of the
planar spring with epoxy, by doing so the sides of the planar spring are firmly sandwiched
between the two spacers, Figure 2.12(d). Finally, the glass substrates, containing the micro-coils
are bonded to the spacers, using the same adhesive, as shown in Figures 2.12(e) and 2.12(f). The
dimensions and parameters of the assembled EMPG are listed in Table 2.1.
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Table 2.1: Dimensions and parameters of the EMPG prototype.
Description
Value
Device size
12 mm X 12 mm X 7 mm
Magnet (NdFeB)
1.3 T
Magnet dimensions
6 mm X 6 mm X 1.5 mm
Mass of each magnet
0.465 g
Coil size
8 mm X 8 mm
Gap between magnet and coil
500 µm
No. of turns of coil
21
Resistance of coil
7.5 Ω
Spring beam length
8 mm
Spring beam thickness
350 µm
Spring beam width
600 µm

Figure 2.12: Photographic images of the prototype during various stages of assembly: (a) jig for
mounting magnets onto planar spring, (b) magnets and planar spring in the jig, (c) magnets
mounted onto the planar spring, (d) planar spring sandwiched between the plastic spacers,
(e) glass substrates, containing the micro-coils bonded to the spacers, (f) top view of the
assembled EMPG.
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2.4

Modal analysis of the prototype

Modal analysis is performed in COMSOL multiphysics® in order to find the first few natural
frequencies and the corresponding mode shapes of the prototype device. The results of the modal
analysis are shown in Figure 2.13 and Table 2.2. The first mode, Figure 2.13(a), is the normal
mode during which the magnets vibrate perpendicular to the plane of the spring. In the second
mode, Figure 2.13(b) and third mode, Figure 2.13(c), the magnets appear to rotate about an axis
parallel to the plane of the coil. The first mode is well within the intended frequency range for
applications addressed in section 2.1.

Figure 2.13: Modal analysis of the device: (a) first mode shape, (b) second mode shape, (c) third
mode shape.
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Table 2.2: Simulated natural frequencies of the prototype.
Mode
Natural frequency (Hz)
First Mode
375.8
Second Mode
631.9
Third Mode
764.6

2.5

Experimental setup and results

Figure 2.14 shows the schematic of the experimental setup used for the measurement of natural
frequencies, vibration amplitude, and voltage output from the EMPG. The laser head and
vibrometer (Polytech Inc., Northbrook, IL, USA) are used for the measurement of the vibration
of the magnets and the device housing. The voltage output signal from the device and the signal
from the vibrometer are simultaneously fed to the oscilloscope. The function generator and
power amplifier control the frequency and vibration amplitude of the shaker (Model 4809, Bruel
& Kjaer, Naerum, Denmark). A 7 cm thick Teflon spacer block is mounted onto the shaker table
to safeguard the device from the ferromagnetic parts of the shaker. The EMPG and an
accelerometer (MMA1200EG, Freescale Semiconductor, Austin, TX, USA) are bonded to the
Teflon block by a double-sided adhesive tape.

Figure 2.14: Schematic of the experimental setup.
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Figure 2.15 shows the amplitude of the relative displacement between the magnets and a
coil as a function of the excitation frequency. The experimental data is obtained without the top
coil in place, instead a transparent glass piece is bonded to the top plastic spacer, such that the
laser from the vibrometer could be focused on the top magnet. A 100 Ω load resistance is
connected to the bottom coil and the EMPG is subjected to a frequency sweep from 200 to
800 Hz at A = 13.5 g base acceleration amplitude. The experimental results show the first three
natural frequencies 371, 616 and 725 Hz, with the relative displacement between the magnets
and the coils at these frequencies at 142.4, 52 and 38.6 μm, respectively. For simulation purposes
the total damping ratio was calculated using the relationship

T 

Y
A
,
 2 2
2Z max 8 f1 Z max

(2.21)

where Zmax is the relative displacement between the magnets and the coil at the fundamental
frequency f1. At the resonant frequency of f1 = 371 Hz equation (2.21) yields a total damping
ratio of ζT = 0.0857.
The relative displacement given by equation (2.1) is plotted in Figure 2.15 using the
measured fundamental natural frequency of 371 Hz and the measured damping ratio ζT. The
modal analysis described in section 2.4 confirms that the fundamental resonant frequency of
371 Hz corresponds to the mode during which the magnets vibrate normal to the plane of the
spring, whereas the two higher resonant frequencies of 616 and 725 Hz correspond to the
rotational modes where the magnets rotate about an axis parallel to the plane of the coil.
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Figure 2.15: Relative displacement of the magnets versus input frequency at 13.5 g base
acceleration amplitude.
The experimental resonance frequencies in Table 2.3, match well with the simulated
results of the modal analysis. The slight difference between the experimental and simulated
frequencies is likely due to the fabrication uncertainties and manual assembly of the prototype.
Table 2.3: Simulated and experimental frequencies.
Mode
Experimental resonant Simulated natural frequency
frequency (Hz)
(Hz)
First Mode
371
375.8
Second Mode
616
631.9
Third Mode
725
764.6
Open circuit potentials (OCP) of 31.9 and 28.2 mV are produced by the two coils, when
the EMPG is excited at the first resonance frequency of 371 Hz at 13.5 g. The difference in the
output signals of the coils is postulated to be due to fabrication uncertainties. A 100 Ω resistance
is connected to each coil and voltage signals across the resistances are algebraically summed in
the oscilloscope to obtain the combined load voltage generated by the EMPG.
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Figure 2.16 shows the load voltage amplitude measured experimentally and computed
based on the model equation (2.9) using dB/dz = 124.8 T/m. When the EMPG is subjected to a
frequency sweep from 200 to 800 Hz at 13.5 g acceleration amplitude, a maximum voltage of
46.3 mV is generated at the load at the fundamental frequency of 371 Hz. The voltage delivered
at the second and third modes are 16.8 mV and 17.9 mV, respectively.

Figure 2.16: Load voltage for a 100 Ω load versus frequency at 13.5 g base excitation.
The power delivered to the 100 Ω load resistance as a function of frequency is plotted in
Figure 2.17. The measured voltage across the 100 Ω load resistance is used to compute the
power delivered to the load resistance whereas the analytical values are obtained from
equation (2.10). The experimental data indicates that both coils are capable of producing a
combined power of 10.7, 1.4 and 1.6 μW at 371, 616 and 725 Hz, respectively. Good agreement
was found between the analytical and the experimental results for displacement, voltage, and
power around the fundamental frequency. However, at relatively higher frequencies (beyond
390 Hz) a deviation between the curves appear, which is due to the presence of higher resonant
modes and indicates that the device is no longer following the assumed single degree of freedom
analytical model.
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Figure 2.17: Power delivered to the load versus frequency for a 100 Ω load resistance and 13.5 g
base excitation.

Figures 2.18 and 2.19 show the load voltage and power versus resistive load. Different
load resistances were connected to the EMPG and it was excited at the first mode resonance
frequency of 371 Hz at 13.5g acceleration. The simulated load voltage and power are found
using equations (2.11) and (2.18), respectively. For simulation purposes the electrical damping
ratio ζe is calculated using equation (2.17) for different load resistances, this result is shown in
Figure 2.20. Knowing the electrical damping ratio at 100 Ω resistance, the mechanical damping
ratio ζm is extracted from the experimentally computed total damping ratio at 100 Ω resistance.
Figures 2.18 and 2.19 indicate that the larger the load resistor, the larger is the measured voltage
and the smaller is the through current. The maximum voltage measured was 49.5 mV for the
maximum load resistance of 200 Ω in our experiments and the maximum power obtained from
the EMPG was about 23.56 μW for a load resistance of about 7.5 Ω that is identical to the
resistance of the coils. The term G2/bm in the expression for the optimum load (equation 2.20) is
only 0.014 Ω for our device, which is small in comparison to the coil resistance of 7.5 Ω and can
be ignored as mentioned earlier. Based on the harvester overall volume of 1 cm3 and operating at
the matching impedance the optimum power density of the device is 23.56 μW/cm3.
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Figure 2.18: Load voltage versus load resistance at 371 Hz and 13.5 g base excitation.

Figure 2.19: Power versus load resistance at 371 Hz and 13.5 g base excitation.
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Figure 2.20: Simulated electrical damping ratio against load resistance.

The voltages generated by the developed EMPG are in the mV range (46.3 to 60.1 mV),
however, due to the low optimum load impedance of the device, which is only 7.5 Ω, relatively
high currents are expected. The EMPG has sufficient power producing capability to operate the
majority of the ULP sensors mentioned in section 2.1. However, for the relatively high supply
voltage (1.8 to 2.7 V) requirement of these sensors, the low output AC voltage signal of the
EMPG must be conditioned with an ultra low voltage (ULV) and ULP rectifier and multiplier
circuit. Rectification can be achieved using ultra low forward voltage (ULFV) diodes (for
example: PMEG2010AEB, NXP semiconductors, Eindhoven, Netherlands, minimum forward
voltage of 30 mV for a forward current of 0.1 mA) and the voltage can be amplified with an ultra
low voltage (ULV) DC-DC step-up converter (for example: LTC3108, Linear Technology,
Milpitas, CA, USA, operates from an input of 20 mV to provide a selectable step-up voltage
outputs of 2.35, 3.3, 4.1 and 5 V).
Vibration-based EMPGs Currently available are summarized in Table 2.4. The
comparison of the EMPGs is not straightforward, but power density and normalized power
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density [70] of the devices are some criteria for the comparison. Depending on the objective
many other criteria can be considered, based on for example, bandwidth, resonant frequency,
output impedance, optimum load and fabrication cost. The planar coil type EMPGs, where the
number of turns ranges from 10 to 100 are no match to the EMPGs with more than 1000 turns in
their wound coils. The wound coil type EMPGs [79, 85, 86] generate relatively high voltages,
mostly above 400 mV, however, the resistance of these coils is also high which contributes to
greater power loss. Moreover, the wound coil type EMPGs have lesser prospect in being
integrated into planar micro fabrication processes. Most planar coil type EMPGs [74, 80, 82, 83,
87, 95, 96, 98] have less coil resistance but produce low output voltages (< 180 mV) and will
need a special ULV rectifier and multiplier circuit for practical usage.
Table 2.4: Summary of vibration based electromagnetic power generators.
Materials
Type
Planar
coil

Moving
Magnet
Wound
coil

Planar
coil
Moving
Coil

Vload
(mVpk)

Rload
(Ω)

Rcoil
(Ω)

F
(Hz)

Pmax
(µW)

Volume
(cm3)

Y
(µm)

A
(gpk)

121.3
100
60
340
55
111
948
4080
371

1.44
100
50
1.15
0.61
61.5
3.2
0.4

0.004
0.036
0.45
1.35
0.13
2.25
2.27

50

23.56

50
111
58.5
52
24.4
4.25k
9.84k
9.5k
322

Spring

Coil

Cu
Ni-Fe
Si
Kapton
rubber
Cu
PDMS
Acrylic
-

Cu
Cu
Cu
Cu
Al
Cu
Cu
Cu
Cu

30
40
180
9b
84.3
3.2
9

100k
35
33
100
0.8
50

2
100
33
10.1
0.8
50

Cu

Cu

46.3

100

7.5

BeCu
Cu
Si
Steel/
BeCu
FR4
Parylene

Cu

15k
100k
110
4k

2.3k

Cu
Cu

931c
1440b
34.5c
428c

Cu
Au

10

100
250

100
580

52.7
100
0.6

55
-

Si
Cu
Si
Cu
steel
a
2
Calculated using equation A = Y (2πF) / 9.8.
b
open circuit voltage.
c
rms voltage.
Wound
coil

1.5k

Refs.

5
14
-

1.5
2a
2.3a
1.52
3
50.7a
1.9

Power
density
(µW/cm3)
40
222
40
4.7
27.33
0.148

1

-

13.5

23.56

58
27
10.8
46

0.15
1
0.15
0.15

250
-

0.08
12.4a
0.06
0.06

386.7
27
72
306.7

This
work
[85]
[86]
[79]
[79]

144
0.4

4.1
1.4

1

0.1
50

35.1
0.286

[97]
[87]

0.023
0.122
37

0.106
0.1
0.84

-

1
0.4
5.4a

0.217
1.22
44

[88]
[89]
[90]

13

[80]
[81]
[82]
[83]
[84]
[98]
[74]
[95]
[96]
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The EMPGs [79, 71, 85, 96-98] with a natural frequency below 100 Hz perform well
under a base acceleration less than 2g, and are more suitable for low level vibrations that are
present in household and office environments. However, these EMPGs are not necessarily
suitable for a medium and high g excitation and are prone to catastrophic failure of the spring
under such conditions. The EMPGs designed for medium and high g excitations will survive low
level of g’s but the generated power will be insufficient to provide meaningful amounts of
power. The different EMPGs are designed for different applications such as specific vibration
frequencies and amplitudes and simply comparing their power densities might therefore not be
justified.
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3 Modeling of linear electromagnetic energy
harvesters with non-uniform magnetic field for
sinusoidal vibrations2

3.1

Introduction

The ever growing interest for maintenance free embedded [99-102], abandoned [103] and
wearable [104-108] devices and sensors has greatly increased the needs for miniature energy
harvesting systems [109-111]. With the continuous advancements in the development of ultra
low power (ULP) sensors [112] and ULP analog and digital electrical circuitry [113,114], micro
scale, autonomous sensors are fast becoming a reality. Like, other energy sources (solar,
acoustics, wind or thermal), mechanical energy is abundantly available in the environment in the
form of vibration of rotary machines, reciprocating engines or even household appliances.
Vibration-based energy harvesters allow converting these mechanical vibrations into electrical
energy to power wireless sensors.
Previously, vibration-based energy harvesters based on piezoelectric [115, 116],
electrostatic [117] or electromagnetic [118] principles have been demonstrated. Out of those
electromagnetic energy harvesters (EMEHs) are experiencing a growing popularity as
prospective power sources for self-powered systems due to their ability to generate relatively
high current levels. Meso scale as well as micro scale EMEHs [119] have been successfully
fabricated and tested.
Based on the input vibration, the optimum parameters of energy harvesters can be
predicted with the aid of simulations using mathematical models, in order to design highly
efficient energy harvesters for these specific inputs.

_____________________________
2

A version of this chapter has been submitted for publication. Farid Khan, Farrokh Sassani and Boris
Stoeber “Modeling of linear electromagnetic energy harvesters with non-uniform magnetic field for
Sinusoidal vibrations”, Submission date: Feb. 2011.
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In EMEH the mechanical vibration energy is converted into the electrical energy due to
the change of the magnetic flux that the coil experiences as a result of the relative motion
between a permanent magnet and the coil. The coil in EMEHs is either a wound [120-122] or a
planar [123-125] type, however, the latter has the advantage of ease of integration with planar
micro-fabrication processes.
The reported EMEHs can be classified by different criteria, one possibility is to classify
them on the basis of the configuration of the magnetic field between the magnet and the coil, as
EMEHs with uniform magnetic field configuration [126] and with non-uniform magnetic field
configuration [127-130] behave differently. Mostly Faraday’s law is used to describe the
electromechanical transduction in EMEHs. The basic forms of Faraday’s law for voltage
generation in EMEHs with uniform magnetic field configuration as well as for EMEHs with
non-uniform field configuration are reported in [131, 93]. An analytical model based on
Faraday’s law and the simulation of a harvester with a cylindrical magnet and a circular wound
coil is reported in [97]. An analytical solution of the normal component of the magnetic flux
density (along the line normal to the centre of the magnet) and the magnetostatic simulation of
the magnet in Comsol multiphysics® are used to develop expressions for the average normal
component of the magnetic flux density and magnetic flux gradient as a function of distance
from the magnet. Modeling and simulation for an EMEH with a cylindrical magnet and a square
planar coil has been reported in [84]. The model is based on Faraday’s law, the simulation of the
magnetic flux density of the magnet in electromagnetic modeling software ViziMag is used to
compute the rate of change of the average normal flux density for the model.
This chapter reports the analytical modeling and simulation of vibration-based linear
electromagnetic EMEHs for harmonic excitations. Analytical models are developed for EMEHs
with non-uniform magnetic field over a planar coil. In most of the previously reported work
either a uniform magnetic flux density is assumed [87,95] or a uniform gradient of the normal
component of the magnetic flux density is used [132] to model the output voltage of EMEHs.
These reported models provide good estimations for the EMEHs in which the planar coil is
smaller than the size of magnet and/or the gap between the magnet and the coil is relatively
small, however, for larger gaps between the magnet and the coil and/or for a coil larger than the
magnet, these overestimate the device performance. Models based on both Faraday’s law and the
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Lorentz force law are developed using analytical solutions for the off-center magnetic flux
density to estimate the performance of EMEHs even for larger gaps and larger planar coils with
high confidence. Results from simulation based on the developed models are compared with
previously reported experimental results for an EMEH made from micromachined parts in
Chapter 2. An optimization of the same EMEH is also performed with one of the developed
models.

3.2

Modeling of linear EMEHs

Linear EMEHs are seismic or inertial devices, consisting of the inertial mass m being the magnet
or a proof mass and a suspension with a linear stiffness k to support the magnet or the coil.
During operation the motion of the inertial mass is damped by the linear damping bT that
comprises mechanical damping bm (air, material and support damping) and electrical damping be
induced when a current flows in the coil. The linear EMEH can be modeled as a single degree of
freedom, spring-mass-damper system with base excitation as shown in Figure 3.1.

Figure 3.1: Lumped mass model of a linear electromagnetic energy harvester.
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For harmonic excitation y(t )  Y sin t , the equation of motion for linear EMEHs
mz  bT z  kz  my

(3.1)

can be solved for the amplitude of the relative displacement
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and for the amplitude of the relative velocity
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between the magnets and housing of the device with the frequency of excitation ω, the natural
frequency ωn, the base amplitude of vibration Y, the base acceleration A = ω2Y, and the total
damping ratio ζT.
There are two approaches to model the induced voltage in a coil of the linear EMEH:
(1) Faraday’s law and (2) the Lorentz force law. The modeling of EMEHs has to account for the
configuration of the magnetic field (uniform magnetic field or non-uniform magnet field), shape
of the magnet (cylindrical, rectangular or square magnet), size and shape of the planar spiral coil
(circular or square spiral planar coil) and the gap between the magnet and the coil at rest.

3.2.1

Analytical model based on Faraday’s law

For the architecture of EMEHs in which the magnet is oscillating normal to the plane of the coil
[132], the magnetic field over the coil is non-uniform and the voltage induced in the coil by
Faraday’s law of electromagnetic induction
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VG  

d B
d Bz d z
d Bz
d
d
   B  d S    Bz d S   
d S  U 
dS
dt
dt
dt
d z dt
dz

depends on the relative velocity U and the integral of the local gradient

(3.4)

d Bz
of the normal
dz

component of the magnetic flux density Bz over the infinitesimal area dS of the coil turn. The
solution of the integral in equation (3.4) depends on the shape of the magnet, the shape of the
coil, the size of the coil relative to the magnet and the gap between the coil and magnet at rest.
The integral needs to be evaluated differently for different cases.

Faraday’s law for EMEHs with a small planar coils and a small magnet-coil
distance
For the EMEHs where the planar coil is smaller than the size of the magnet and the gap between
the magnet and the coil is relatively small, all turns of the coil would experience approximately
d Bz
and equation (3.4) reduces to a form [93, 131]
dz

the same magnetic flux gradient

VG  U

d Bz
S,
dz

(3.5)

where S is the sum of the areas Si of the individual coil turns.
The amplitude of the voltage
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and the amplitude of the power
PL 

V L2
2RL

(3.7)

delivered to the load depend on the load resistance RL and the coil resistance RC.
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The area sum S and the magnetic flux density gradient dBz/dz in equation (3.6) depend on
the shape and size of the coil and the magnet respectively; the expressions for S and

d Bz
dz

previously developed for EMEHs with square spiral planar coil and square block magnets
reported in Chapter 2 are therefore not applicable for EMEHs with cylindrical magnets and
circular spiral planar coils.
For a circular spiral planar coil, Figure 3.2, with the starting (initial/inner) radius Ri of the
spiral, line width w and spacing b between the adjacent turns, the radius of the turn

Figure 3.2: Circular spiral planar coil

R( )  Ri  (b  w)


2

(3.8)

increases with the angle  traced by the coil turns and describes the area sum
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50

of the areas of the individual turns for the total angle  max traced by the whole coil (from the
inner electrical pad to the outer electrical pad).
The coil with N complete turns, the total angle

max  2N

(3.10)

traced by the coil turns depends only on the number of turns N. Substituting  max accordingly in
equation (3.9) yields


(b  w) 2 N 2 
 .
S  N  Ri2  Ri (b  w) N 
3



(3.11)

The magnetic flux density for a cylindrical magnet along a line perpendicular to its
center [133]

Bz 

T  z   z 
Br 

2  R 2  T  z 2
R 2  z 2 


(3.12)

depends on the remanent flux density Br, the radius of the magnet R, the thickness of the
magnet T and the distance from the magnet z. For the analytical computations,

dBz
can be
dz

obtained by differentiating equation (3.12) with respect to z and then setting z equal to the gap
between the magnet and the coil at rest. By using the value of the magnetic flux gradient and the
area sum S (equation 3.11) in the analytical model, equation (3.6), the load voltage of an EMEH
with a circular spiral planar coil and a cylindrical magnet can be computed.

Faraday’s law for EMEHs with a large planar coil and a large gap
The linear EMEHs in which the planar coil is larger than the size of the magnet or the gap
between the magnet and the coil is large, the normal component of the magnetic flux density
(magnetic flux gradient) is highly non-uniform over the whole area of the coil. The outer edges
of the coil face either less magnetic flux density (normal component) or even opposite polarity of
the magnetic flux density. In such a situation, the analytical model, equation (3.5), overestimates
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the induced voltage. For a better approximation, the gradient of the normal component of the
local magnetic flux density should be computed over the entire area of each individual turn and
then needs to be averaged for this turn. The integral expression of Faraday’s law in equation
(3.4) can then be approximated as a sum over the individual turns

n
 dB 
VG  U   Z  S i
i 1  dz  i

(3.13)

 dB 
where  Z  is the average magnetic flux gradient of the normal component over the individual
 dz i

turn area Si.
Using equation (3.13), for EMEH with a coil resistance RC, the amplitude of the voltage
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(3.14)

delivered to the load resistance RL can be computed with the device parameters. The
computation with equation 3.14 requires the analytical solution for the off-centre normal
component, of the magnetic flux density Bz of the permanent magnet. The term in the summation
sign depends on the shape and size of the magnet and the planar coil.
For a square block magnet, the off center normal component of the magnetic flux
density [134]
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(3.15)

over the coil depends on the width x0, length y0 and thickness l of the magnet.
The EMEH developed and reported in Chapter 2 has square block magnets and square
spiral planar coils. The dimensions and parameters of the EMEH are listed in Table 3.1.
Table 3.1: Dimensions and parameters of the EMEH prototype [132].
Description
Value
Device size
12 mm X 12 mm X 7 mm
Magnet (NdFeB)
1.3 T
Mass of each magnet
0.465 g
Coil size
8 mm X 8 mm
No. of turns of coil
21
Resistance of coil
7.5 Ω
Total damping ratio
0.0857
Gap between magnet and coil
500 µm
Resonant frequency f1
371 Hz
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For a remanent magnetic flux density Br = 1.3 T and a gap of 500 µm between the coil
and the magnet, the normal component of the flux density according to equation (3.15), over a
coil area of 8 × 8 mm2 is shown in Figure (3.3). The magnetic flux density is relatively uniform
in the middle portion of the coil, whereas closer to the outer edges it sharply varies and changes
polarity at the outer turns. The distribution of the flux density depends on the size of the magnet
and gap between the coil and the magnet.

Figure 3.3: Normal component of magnetic flux density over a coil area of 8 × 8 mm2, for a gap
of 500 µm: (a) perspective view of the surface plot, (b) side projection.
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Differentiating equation (3.15) with respect to z yields the expression for the magnetic
flux density gradient over the coil and then setting z equal to the gap between the coil and the
magnet at rest, results in the magnetic flux gradient in the plane of the coil. The corresponding
magnetic flux gradient for a gap of 500 µm between the coil and the magnet is shown over a coil
area 8 × 8 mm2 in Figure (3.4). The central portion of the coil experiences an approximately
uniform magnetic flux gradient, however at the outer edges of the coil, the magnetic flux
gradient is of opposite polarity, which will result in a decreased net magnetic flux gradient for
the outer turns.

Figure 3.4: Gradient of the normal component of the magnetic flux density over a coil area of
8 × 8 mm2.

For the estimation of the output voltage with equation (3.14), the average magnetic flux
 dB 
gradient  Z  over a turn area Si can be obtained by computing and averaging the magnetic
 dz i

flux gradient at several points within the turn.
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3.2.2

Analytical model based on the direct method or the Lorentz force law

Figure 3.5 shows a non-uniform magnetic field of a permanent magnet in which a square loop is
moving with a relative velocity U in the positive z-direction.

Figure 3.5: Voltage induction in a square loop from a non-uniform field.
According to the Lorentz force law, the line integral of the magnetic force per unit
charge, f m  Fm

Q

 U  Bx over the coil side length AB results in the amplitude of the voltage
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Vab   f m  dl

(3.16)

induced in the side AB and can be expressed in terms of the x-component Bx of the magnetic flux
density and the relative velocity U between the magnet and a coil as

Vab   U  Bx   dl   BxUdl  U  Bx dl .

(3.17)

When the center of the magnet is coincident with the centre of the coil, the x-component
Bx and y-component By of the magnetic flux density B are identical on corresponding sides of the
coil (by symmetry), the voltage

Vi  4U  Bxi dl

(3.18)

induced in a whole loop can be approximated for n loops
n

VG  4U  Bxi Li

(3.19)

i 1

in terms of the average of the x-component of the magnetic flux density B xi at the side length Li
of an individual turn. For a square spiral planar coil, Figure 3.6, with the length L1 of the side of
the first turn, line width w and spacing b between the adjacent turns, Li can be computed as
Li  L1  2i  1w  b .

(3.20)

Figure 3.6: Square spiral planar coil.
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Using equation (3.19), the amplitude of the voltage delivered to the load RL becomes
n

 RL 
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(3.21)

For computation of the load voltage with equation (3.21), the average x-component B xi of
the magnetic flux density at the side of each turn can be obtained with the 2-D magnetostatic
analysis in COMSOL multiphysics®. Figure 3.7 shows the magnetic flux density distribution
along the magnet’s cross-sectional plane, for a remanent magnetic flux density Br = 1.3 T. In
Figure 3.7, the dotted line T at a gap of 500 µm from the magnets, corresponds to the crosssection of half of the coil. The values of the x-component of the magnetic flux density at the
points of line T corresponding to the centres of the sides of the individual coil turns and the
computation of the side length Li of individual coil turn with equation (3.20) are sufficient to
predict the load voltage of the EMEH.

Figure 3.7: Simulated magnetic flux density distribution by COMSOL multiphysics®; the two
rectangles indicate the position of the two magnets, line T indicates the location of half of one
coil.
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The load voltage with equation (3.21) can also be estimated with an analytical solution of
the x-component of the magnetic flux density of the rectangular block magnet [134]
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For the computation, the x-component of the magnetic flux density Bxi at z equal to the
gap between the magnet and the coil at rest needs to be computed at several points over the side
length Li of each individual coil turn in order to obtain an average x-component B xi of the
magnetic flux density for the side length of each turn. The x-component of the magnetic flux
density (equation 3.22), for a remanent magnetic flux density Br = 1.3 T and a gap of 500 µm
between the coil and the magnet, is shown in Figure 3.8. The surface plot of Bx over a coil area
of 8 × 8 mm2, Figure 3.8(a), is anti-symmetric with respect to the y-axis. The coil turns of side
lengths, nearly 6 mm, experience the maximum magnitude of the x-component of the magnetic
flux density, as shown in Figure 8(b) and Figure 8(c). The coil turns of side length less than
6 mm, are exposed to an x-component of the flux density between 0 and 0.27 T, while the outer
turns at the edges of the coil, experience about 0.15 T flux density.
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Figure 3.8: Magnetic flux density, x-component for a gap of 500 µm: (a) perspective view of the
surface plot, (b) side view, (c) contour plot.
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3.3

Simulation using the analytical models

The analytical models developed in this chapter are simulated for the values and dimensions
(Table 3.1) of our EMEH [132], where the non-uniform magnetic field is caused by two
permanent magnets that are mounted on a planar spring between two identical planar coils.
Figure 3.9 shows the load voltage amplitude measured experimentally for our EMEH
[132]. The device is subjected to a frequency sweep at 13.5 g base acceleration. A 100 Ω
resistance is connected to each coil and the voltage signals across the resistors are
mathematically summed to obtain the combined load voltage generated by the EMEH. The
simulation results in Figure 3.9 are based on the model using Faraday’s law, equation (3.14) and
equation (3.15), the models using the Lorentz’ force law, equation (3.21) with either the
analytical expression for the magnetic flux density (3.22) or the comsol simulation. Good
agreement is found between the simulation and the experimental results around the fundamental
frequency of the EMEH. However, at higher frequencies (beyond 390 Hz) a deviation between
the curves appears which is due to the presence of higher resonant modes, and this indicates that
the device is no longer following the assumed single degree of freedom analytical models.

Figure 3.9: Load voltage for a 100 Ω load versus frequency at 13.5 g base excitation.
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The load voltage predictions with Faraday’s law (3.14) and the Lorentz force law (3.21)
are approximately similar since they are equivalent laws and both use the off-centre analytical
solutions of the magnetic flux density. However, in comparison to the experimental result these
under estimate the output of the EMEH most likely due to the approximation used for the
calculation of the area sum or the side length of the each individual turn. The simulation result
based on the Lorentz force law and the COMSOL simulation, in comparison to the Lorentz force
law (3.21) and analytical solution (3.22) predicts a higher voltage due to the slightly over
estimated flux density from the 2D FEM simulation performed using COMSOL.

3.4

Optimization of the EMEH using a device model

The EMEH reported in [132] is optimized for maximum output voltage and power. The
optimization is based on practical constraints, for example, the minimum permitted gap between
the coil and the magnets and the maximum number of coil turns that can be fabricated in an area
of 8 mm X 8 mm.
The experimentally determined absolute displacement between the magnets and a coil for
accelerations of 13.5 g at the fundamental frequency is about 166.8 µm. In account for the wire
bonded to the central electrical pad, a minimum gap of 250 µm is necessary. The normal
component of the magnetic flux density and the magnetic flux gradient over the coil area of
8 mm x 8 mm, according to equation (3.15) are shown in Figure 3.10 and Figure 3.11,
respectively both for a gap of 500 µm and 250 µm. The length of the horizontal axis of 8 mm in
Figures 3.10 and Figure 3.11 corresponds to the width of the planar coil. With the decrease in
magnets-coil distance, the normal component of the magnetic flux density, in Figure 3.10, is
more uniform across the coil, also its maximum value increases to 0.32 T. Moreover, the
magnetic flux gradient of the normal component of the magnetic flux density, in Figure 3.11, has
become more uniform over the central turns of the coil for a reduced magnet-coil distance and
the coil experiences an increased magnetic flux gradient that will result in a higher induced
voltage.

62

Figure 3.10: Distribution of the normal component of the magnetic flux density: (a) for a gap of
500 µm between the coil and a magnet, (b) for a gap of 250 µm between the coil and a magnet.
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Figure 3.11: Distribution of the gradient of the normal component of the magnetic flux density:
(a) for a gap of 500 µm between the coil and a magnet, (b) for a gap of 250 µm between the coil
and a magnet.
The coil optimization can be obtained by keeping the overall coil area of 8 mm x 8 mm
fixed, the number of turns of the coil can be increased by adjusting the wire width w and the
gap b between the adjacent turns, for example, by decreasing the gap b between the adjacent
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turns from 100 µm to 50 µm, the number of turns will increase to 35. However, the increase in
the number of turns of the coil is accompanied by an increased coil resistance

RC 

 c lC
AC



4n c L1  2n  1w  b 
,
wt

(3.26)

which depends on the resistivity ρc of the coil material, the overall coil length lC and the crosssection area AC of the coil conductor. The increased coil resistance will lead to increased
electrical losses in the EMEH.
The simulation results for the modified EMEH are shown in Figure 3.12 and Figure 3.13.
The model based on Faraday’s law (equation 3.14) is used for optimization. The parameters and
the coil dimensions used in the simulation are given in Table 3.2.

Table 3.2: Parameters and coil dimensions for EMEH optimization.
Description
Gap between magnet and coil
Wire width w
Gap between adjacent turns b
Thickness of the coil t
Resistance of coil RC

Analytical A
500 µm
50 µm
100 µm
20 µm
7.5 Ω

Analytical B
250 µm
50 µm
100 µm
20 µm
7.5 Ω

Analytical C
250 µm
50 µm
50 µm
20 µm
18.82 Ω

When the gap between the coil and the magnets is reduced to 250 µm (Analytical B) an
improvement of 9.5 mV in load voltage and 4.9 µW in load power occur. However, when also
the number of coil turns is increased (Analytical C), the load voltage increases to 84.4 mV,
which is almost double of the experimental value and the power delivered to the load increases
to 35.6 µW that is almost three times the experimental value achieved at resonance for the
present device [132].
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Figure 3.12: Load voltage for a 100 Ω load versus frequency at 13.5 g base excitation.

Figure 3.13: Power delivered to the 100 Ω load resistance versus frequency for 13.5 g base
excitation.
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4 Response of PDMS membrane type electromagnetic
energy harvester under narrowband random
vibrations3
4.1 Introduction
The advancement in low-power microelectronics and MEMS sensors, and the trend toward
autonomous and self-powered systems make energy harvesting a viable choice for substituting
batteries in sensing systems for environmental or machine-condition monitoring, and other
applications. Vibration-based micro power generators (MPGs) are one of the options among the
many varieties of MPGs. However, the challenge for vibration-based generators is to harvest
energy from low level vibration present in the environments that range from a few Hz to a few
kHz at low accelerations (0.25 g to 4 g). Industrial machine vibration levels (electric motors,
generators, compressors, reciprocating engines or turbines) range from 0.5 to 15 g peak
acceleration, for a frequency range from 0 to 5000 Hz [72], whereas the vibrations of household
appliances, such as microwave ovens, kitchen blenders, washing machines, notebook computers
or refrigerators typically range from 60 Hz to 385 Hz over a peak acceleration range from 0.01 to
0.65 g [135]. Gao and Cui [73] reported the vibration data for some production machines (lathe,
drilling press, etc.) and household appliances from 30 to 200 Hz for a range of peak accelerations
from 0.01 to 1.1 g. The general aim of energy harvesting is to develop devices suitable for
harvesting energy from these commonly available vibration sources to power wireless sensors and
transmitters.
Vibration-based energy harvesters reported in the literature are commonly piezoelectric
[136], electrostatic [137] or electromagnetic [138] based. A comparison of these energy
harvesters is summarized in Table 4.1. Each MPG has merits and demerits. Piezoelectric and
electrostatic MPGs produce high output voltages, however, the output impedance is on the high
side, which results in low output currents. The output impedance of electromagnetic MPGs is low,
_____________________________
3

A version of this chapter has been submitted for publication. Farid Khan, Farrokh Sassani and Boris
Stoeber “Nonlinear behaviour of membrane type electromagnetic energy harvester under harmonic and
random vibrations”, Submission date: Feb. 2011.
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therefore even with low output voltage levels still comparatively high output current levels can be
generated [78], which is the main advantage of electromagnetic MPG over the other two types.
The power levels these energy harvesters generate tend to be low, however, with the rapid
advancement in ultra low power (ULP) MEMS sensors and microelectronics the power need is on
a decline to few µW.
Table 4.1: Comparison of vibration-based micro power generators.
Type
Piezoelectric

• MEMS

Electrostatic

• Fabrication compatible with standard

Electromagnetic

Advantages
compatible
processes
available for the deposition of thin
films of piezoelectric materials
• A number of piezoelectric materials
are available e.g PZT, BaTiO3,
PVDF, ZnO, AlN
• High output voltage levels
• Easy voltage rectification

Disadvantages
device architecture options
(normally cantilever beam type)
• Mechanical properties of piezoelectric
films limit the application to low g
vibration environment
• High resonant frequency
• Frequency tuning needs proof mass
• High output impedance
• Low output electrical current levels
• Mostly silicon based devices
• Require switching circuit for operation
• Require voltage source for initial
charging
• High resonant frequency
• High output impedance
• Low output electrical current levels
• Pull-in phenomenon (stiction issue)

• Few

IC technology
• High output voltage
• Easy voltage rectification
• Easy frequency tuning with beam
design
• Standard MEMS fabrication process
such as MUMPs can be utilized for
fabrication
• Monolithic fabrication possible
• A number of options for device • Bulk magnets limit the monolithic
fabrication
architecture, e.g moving mass,
moving coil, wound coil, planar coil, • Low output voltage levels
metallic or non metallic
beam, • Voltage rectification can be an issue
polymeric membrane etc.
• MEMS
compatible
processes
available for fabrication of planar coil
and planar spring
• A wide range for spring material e.g
Si, Cu, steel, parylene, etc available
• Standard PCB technology can be
utilized for fabrication
• Resonant frequency easily adjustable
with magnet mass or spring design
• Can be tuned to low, medium or high
g vibration levels
• Relatively low output impedance
• Comparatively high output current
levels
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The power requirement of commercially available ultra low power pressure, temperature
and acceleration sensors is given in Table 4.2. The minimum power consumption of ULP sensors
depends of the type and model of the sensor but accelerometers need relatively more power to
function. For the ULP sensors the overall power consumption range is from 1.8 to 324 µW for
supply current levels of 1 to 180 µA. Due to these ultra low power needs, energy harvesting
methods have the potential to enable integrated sensing devices with unlimited maintenance-free
operation. Wireless sensor power needs are typically a few mW, which is relatively high and most
of the power is required for RF transmission. The current MEMS-scale energy harvesting
techniques are not developed far enough to completely eliminate the battery from wireless sensor
nodes, however, they can still be integrated to supplement the power provided by the battery and
increase its life span.
Table 4.2: Power consumption of commercial ultra low-power sensors.
Sensor type

Pressure

Company

Measurement
Specialties
BOSCH
VIT Technologies
Sensonor
Sensonor

Temperature

Acceleration
(3-Axis)

STMicroelectronics
Fairchild
Semiconductor
Andigilog sensors
Inc.
Andigilog sensors
Inc.
STMicroelectronics
Analog Devices
Inc.
VTI Technologies
Kionix Inc.
VTI Technologies
Analog Devices
Inc.

Voltage
(V)

Current
(µA)

Standby
current
(µA)

MS5607-B

1.8

1

0.15

Calculated
power
(P=VI)
(µW)
1.8

BMPO85
SCP1000
SP300
(Pressure mode)
SP300
(Temperature
mode)
STLM20
FM20

1.8
2.4
2.1

3
3.5
4

n.r.
0.2
n.r.

5.4
8.4
8.4

2.1

0.9

n.r.

1.89

2.4
2.4

4.8
9

0.02
n.r.

11.52
21.6

TS10

2.4

12

n.r.

28.8

aSM121
(SiMISTOR ™)
LIS331DLH
ADXL346

2.7

14

n.r.

37.8

2.16
1.7

10
23

1
0.2

21.6
39.1

CMA3000-D01
KXSD9-1026
SCA3000-E05
ADXL330

1.7
1.8
2.5
1.8

70
120
120
180

4
0.3
n.r.
n.r.

119
216
300
324

Model type

n.r. : not reported in the data sheet provided by the manufacturer
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Electromagnetic energy harvesters (EMEHs) in which the relative motion of a magnet and
a coil is used to harvest energy, normally include a magnet that is bonded to a multi-mask
fabricated micro beam structure [80]. The micro-structured nature of the beam not only
contributes to the fabrication complexity and cost of the device but also exhibits low vibration
amplification or displacement magnification, which in turn limits the power generation.
Replacement of micro-fabricated beam structures by a thin polymer membrane is a cost effective
alternative. However, this replacement comes with increased air damping and associated
decreased output power. One solution to this problem is to package the device in vacuum [139],
or to design the device in such a way to allow the air on either side of the membrane to flow in
and out of the device during the vibration of the magnet. A relatively soft membrane and low
levels of air damping would help in increasing the amplitude of the relative displacement of the
mass at low vibration levels and would therefore enable energy harvesting from low vibration
levels.
Besides harvesting the energy from low level vibrations, there is an increasing interest in
expanding the frequency bandwidth of such harvesters, since environmental vibrations are
random and their frequency content can be quite broad. The spectral density (SD) of acceleration
along the tangential direction of a car tire at a speed of 50 km/h, for example, has a rich energy
content in a broad band from 5 Hz to 1 kHz [140]. The vibration of a car driven on a highway at
65 mph is within a broad band that ranges from 1 Hz to 500 Hz [141]. The vibration levels of
household appliances reported in [142] also cover a broad band from 1 Hz to 500 Hz. The use of
arrays of multi-frequency cantilever beams [143-146] is one of the approaches adopted to
harvest energy from a relatively broad band of excitation. Recently, the exploitation of
mechanical nonlinearities to broaden the harvester bandwidth has been also gaining increased
interest [147, 148]. These nonlinearities can be created with beam deflection stoppers, beam
preloading or with intrinsic characteristics of the flexible structure such as internal stresses in the
membrane, for example due to stretching. The nonlinearities of the beams suspending the proof
mass in an electrostatic energy harvester have been used to harvest under wide and narrow band
excitations [149]. Magnetically coupled piezoelectric cantilevers [150, 151, 152] have been used
to create bistable oscillators bouncing between the two stable energy states to harvest over a
wider band of excitations. Prestressed beams have been utilized to tune piezoelectric energy
harvesters to operate over a broader range of excitation frequencies [153, 154, 155]. Stoppers
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have been used to restrict the motion of a beam to transform the EMEH from a linear oscillator
to a piecewise-linear oscillator. It has been shown that with this method a broad bandwidth is
obtained in the vicinity of the natural frequency of the unrestricted beam [156].
Other nonlinear EMEHs reported in the literature use membranes as the restoring spring
element. The polyimide membrane type EMEH reported in [139] consists of two silicon wafers,
one contains the polyimide membrane and a samarium-cobalt magnet, and a planar gold coil is
fabricated on the other. Both wafers are bonded together by silver epoxy. The response of the
device is nonlinear beyond 5 nm base amplitudes. The device was tested in air as well as in
vacuum (10-5 Torr) and under vacuum it produced a maximum power of 0.3 μW at an excitation
frequency of 4.14 kHz. A Kapton membrane type harvester having a single coil micro-fabricated
on a silicon wafer and a NdFeB magnet bonded to the Kapton membrane is reported in [157]. The
magnet is allowed to move in the etched recess in the middle coil wafer. The EMEH generated
0.2 μW peak power at 360 Hz and 6.8 μm base amplitude. Serre et al. [83] developed an EMEH
using a single copper coil, electroplated on a SiO2 coated silicon wafer, a Kapton membrane
bonded between two PCB frames and two magnets. The upper magnet moving in the recess was
held on the membrane with the help of a smaller magnet located on the opposite side of the
membrane. The device response was nonlinear and it produced 50 μW for an impedance-matched
load. They reported a power density of 40 μW/cm3.
At high excitation levels, the nonlinear response of the polymeric membrane type
EMEHs is attributed to the nonlinear elasticity of the membrane. For such nonlinear harvesters
the lumped parameter model (Figure 3.1, in Chapter 3) comprises of linear damping and
nonlinear stiffness. The nonlinear response of harvesters can be described by the duffing
oscillator. When the harvester with nonlinear stiffness is subjected to the base excitation
y  A sin t , the equation of motion
z  2 T  n z   n2 z  z 3   y

(4.1)

depends on the linear natural frequency ωn, the total damping ratio ζT and the nonlinearity
coefficient β.
From equation (4.1), the frequency response equation [158]
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for the harvester can be obtained by using the method of multiple scales.
For the frequency response, equation (4.2), a third order polynomial in Z2, can be solved
for the three roots of relative displacement Z in terms of excitation frequency ω. However, an
alternative approach adopted in [158] considers ω as the dependent variable instead of Z that
results equation (4.2) in the form
2

 A 
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that computes the data for the frequency curve in the form of ω(Z).
The values of the relative displacement Z from the frequency response curve of the
harvester obtained by equation (4.3) can be used to compute the amplitude of the relative
velocity U  Z for the load voltage
VL 

RL
GU
RL  RC

(4.4)

that depends on load resistance RL, and harvester transformation factor G and coil resistance RC.
Figure 4.1 shows the frequency response simulation for EMEH with fn = 50 Hz,
11

β = 10 N/kgm3, G = 0.1 Tm and ζT = 0.05, when it is subjected to a base acceleration amplitude
of A = 1 g. The distortion of the peak of the response curve towards higher frequencies is
attributed to the spring hardening (β > 0) that results in the increase of resonant frequency of the
harvester.
The relative velocity obtained from the data of the frequency curve in Figure 4.1 is
plotted as a function of frequency in Figures 4.2.
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Figure 4.1: Relative displacement as a function of frequency for fn = 50 Hz, β = 1011 N/kgm3,
G = 0.1 Tm and ζT = 0.05 for a base acceleration of A = 1 g.

Figure 4.2: Relative velocity as a function of frequency for fn = 50 Hz, β = 1011 N/kgm3,
G = 0.1 Tm and ζT = 0.05 for a base acceleration of A = 1 g.
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The load voltage computed with equation 4.4 is shown in Figure 4.3. At base acceleration
amplitude of 1 g the simulation result predicts a load voltage of about 80 mV. The response of
the nonlinear harvester comprises of an unstable path, line CD, in Figure 4.3. During frequency
sweeps the unstable path CD is not followed and the harvester response exhibits the sudden drop
(line CE) in forward frequency sweep and a sudden jump (line DB) during the backward
frequency sweep. The region BCEDB is the hysteresis loop of the response attributed to the
unstable path CD, which is the result of the nonlinearity of the device.

Figure 4.3: Load voltage for 100 Ω load verses frequency for fn = 50 Hz, β = 1011 N/kgm3,
G = 0.1 Tm and ζT = 0.05 for a base acceleration of A = 1 g.
Although a nonlinear behaviour for polymeric membrane type EMEHs has been reported,
to our knowledge no previous study has exploited this nonlinearity to harvest energy from random
vibrations. There exists no report yet on the relation between the nonlinear behaviour of the
membrane type EMEH and the harvester bandwidth.
This

chapter

reports

on

fabrication,

characterization,

and

analysis

of

a

polydimethylsiloxane (PDMS) membrane type EMEH suitable for harvesting energy from low
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level sinusoidal and narrow band random vibration environments. Our novel, low cost, one-mask
micro-fabrication technique reported in Chapter 2 is used to fabricate the planar coils from
commercially available copper foil. A 200 µm thick and 11 mm by 11 mm square PDMS
membrane supports the magnets and allows large amplitudes of vibration from low acceleration
level excitation. Slotted polycarbonate plastic spacers permit flow of air between the coil
substrate and the membrane, which results in reduced air damping and enhanced power
generation. Planar copper coils on glass substrates are placed on opposite sides of the magnets to
provide enhanced double-acting power generation capability.

4.2

Prototype architecture and working principle

The cross-sectional and exploded views of the EMEH reported in this chapter are shown in
Figure 4.4 and Figure 4.5, respectively. Two NdFeB magnets (K & J Magnetics Inc., Jamison,
PA, USA) mounted on a PDMS membrane and two planar copper coils fabricated on glass
substrates are separated by 4 mm thick slotted polycarbonate plastic spacers (Sheffield Plastics
Inc., Sheffield, MA, USA).

Figure 4.4: Cross-sectional view of the developed EMEH.
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Figure 4.5: Exploded view of the EMEH.
The induced open-circuit voltage in a single coil of the device, according to Faraday’s
law of electromagnetic induction

VG (t )   NA

d Bz
z(t )
dz

(4.5)

depends on the relative velocity z(t ) between the magnets and the coil, the magnetic flux
density gradient

d Bz
of the normal component of the magnetic flux density Bz, and the number
dz

of turns of the coil N or area sum NA of the individual turns. To understand how the number of
turns or the overall area of the coil is affected by the magnetic flux density distribution, a 2-D
magnetostatic analysis is performed in COMSOL multiphysics®.
According to the manufacturer of the magnets the remanent magnetic flux density of the
NdFeB magnets can range from 1.0-1.4 T. Two NdFeB magnets of size 6 mm x 6 mm x 3 mm
are stacked together and the normal component of the magnetic flux density is measured
experimentally using a teslameter (Sypris Test & Measurement, Orlando, FL, USA) and a
measuring stage (Thorlabs, Newton, NJ, USA). The normal component of the magnetic flux
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density, along the axis passing through the center of the magnets is measured and compared with
the COMSOL simulation results obtained for different remanent flux densities in order to
identify the correct value. Figure 4.6 shows the experimental and the simulation results obtained
along the line J in Figure 4.7. The simulation of the magnetic flux density along this line for
1.32 T remanent magnetic flux density agrees well with the experimental result and therefore
1.32 T remanent magnet flux density is used to model the magnets in COMSOL.

Figure 4.6: Magnetic flux density, normal component along the axis passing through the center
of the magnets (line J in Figure 4.7).

Figure 4.7 shows the magnetic flux density distribution along the magnets’ crosssectional plane. The simulation shows that the magnetic flux density is mostly concentrated in an
area 8 mm x 8 mm, near the surface of the magnets. Away from the magnets the flux density
decreases drastically.
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Figure 4.7: Simulated magnetic flux lines by COMSOL.
Since the magnetic flux density gradient is high near the surface of the magnets, the gap
between the coil and magnets should be kept as small as possible in order to maximize the
voltage generated according to equation (4.5), however, to accommodate the movement of the
magnets the gap should be adjusted according to the amplitude of the displacement of the
magnets at resonance. Figure 4.8 shows the distribution of the normal component of the
magnetic flux density for gaps of 1250, 1000 and 750 µm (lines F, G, H respectively in
Figure 4.7). A horizontal distance of 8 mm in Figure 4.8 corresponds to the width of the planar
coil. The simulation result shows distribution of the same polarity of the flux density over the
coil at gaps of 1000 and 1250 µm whereas for a gap of 750 µm, near the edges of the coil the
polarity of the flux density changes. The opposite polarity of magnetic flux density within the
area of the coil will decrease the net magnetic flux or the magnetic flux density gradient during
operation of the device and will lead to reduced voltage generation in the outer turns of the coil.
By accounting for the flexibility of the PDMS membrane and the desire for the same polarity of
the magnetic flux density over the coil, the initial gap between each magnet and coil is kept at
1000 µm. The effective normal component of the magnetic flux density, acting on the
8 mm x 8 mm planar coil at various gaps is estimated by averaging the values of the magnetic
flux density in Figure 4.8, for each gap. The computed average normal component of the
magnetic flux density at the gaps of 750, 1000 and 1250 µm is 0.325, 0.264 and 0.188 T
respectively, thus giving an approximate magnetic flux density gradient of 2.74x10 -4 T/µm for a
gap of 1000 µm.
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Figure 4.8: Normal component of the magnetic flux density for various gaps (lines F, G and H in
Figure 4.7).

4.3

Fabrication of the prototype

The planar copper coils for the EMEH are fabricated from a commercially available copper foil
using our low cost, one mask fabrication technique detailed in [132]. A 200 µm thick PDMS
membrane is made by spinning Sylgard® 184 PDMS (mixture of 10 parts elastomer base and
1 part elastomer curing agent) on a glass substrate. The spinning is performed in two steps. In the
first the sample is spun for 10 seconds at 500 rpm followed by 1200 rpm for 20 seconds. After
curing the PDMS in an oven at 80oC for 2 hours, a second coat of PDMS is applied on top of the
first one by the same two spin steps. The cured 200 µm thick PDMS membrane is then peeled off
the glass substrate.
The assembly steps of the energy harvester are shown in Figure 4.9. During the first step
the two permanent magnets are mounted on the opposite sides of the PDMS membrane. A glass
jig is used for mounting the two permanent magnets and bonding the two plastic spacers to the
PDMS membrane. After placing one magnet in the recess provided in the glass jig, the membrane
is laid down and the second magnet is then mounted on the reverse side (Figure 4.9(a)). The force
of attraction between the magnets keeps the membrane firmly squeezed between them as shown
in Figure 4.9(b). The slotted plastic spacer, shown in Figure 4.10, is then carefully bonded to the
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sub-assembly by epoxy (UHU plus sofortfest, UHU GmbH & Co. KG, Bühl, Germany) (which
sets in 2 minutes) (Figure 4.9(c)). The sub-assembly is then removed from the glass fixture,
turned upside down and the second plastic spacer is carefully bonded as shown in
Figure 4.9(d), (e). The excessive membrane material is then removed with a surgical
knife, Figure 4.9(f). Finally, the two glass substrates containing the micro-fabricated coils are
bonded to the top sides of the plastic spacers (Figure 4.10) under a stereo microscope (Olympus
SZ61, Olympus Imaging America Inc., Center Valley, PA, USA) using the same epoxy. The
assembled EMEH is shown in Figure 4.11 and the dimensions and parameters of the device and
its components are given in Table 4.3.

Figure 4.9: Photographic images of the prototype during assembly: (a) magnets and PDMS
membrane on glass jig, (b) PDMS membrane squeezed between magnets, (c) first plastic spacer
bonded to PDMS membrane, (d) sub-assembly removed from glass jig, (e) second plastic spacer
bonded to PDMS membrane, (f) assembly after trimming excessive membrane material.
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Figure 4.10: Slotted polycarbonate plastic spacer.

Figure 4.11: Assembled electromagnetic energy harvester.
Table 4.3: Dimensions and parameters of the EMEH prototype.
Description
Device dimensions
Magnet (NdFeB)
Magnet dimensions
Membrane size
Membrane thickness
Coil size
Gap between magnet and
coil
No. of turns of coil
Resistance of coil

Value
15 mm X 15 mm X 10 mm
1.32 T
6 mm X 6 mm X 3 mm
11 mm X 11 mm
200 µm
8 mm X 8 mm
1000 µm
25
10.1 Ohms
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4.4

Experimentation and discussion

Figure 4.12 shows the block diagram of the experimental setup. A Bruel and Kjaer 4809
vibration shaker is used to produce the mechanical vibrations. A National Instruments™ data
acquisition (DAQ) card (NI USB-6212) and a Bruel and Kjaer 2718 amplifier regulate the
frequency and vibration levels of the shaker. A 7 cm thick Teflon spacer block is mounted onto
the shaker table to safeguard the device from the ferromagnetic parts of the shaker. The EMEH
and an accelerometer (MMA1220, Freescale Semiconductor) are bonded to the Teflon block by a
double-sided adhesive tape. A Polytech Inc. laser Doppler vibrometer is used for the
measurement of the amplitude and frequency of the base vibration. The signals from EMEH,
accelerometer and vibrometer are fed into the DAQ card, which in turn is connected to a
computer by a USB cable. LabView software (National Instruments™) is used for the
simultaneous measurement of the signals from the EMEH, the accelerometer and the vibrometer.

Figure 4.12: Block diagram of the experimental setup.
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4.4.1

Characterization of the prototype under sinusoidal excitation

For characterization of the device under sinusoidal excitation, each coil is connected to a 100 Ω
resistance and both signals are combined in LabVIEW. The device is first subjected to low levels
of base excitations. Figure 4.13 shows the combined load voltage amplitude from both coils as a
function of frequency for base accelerations of 0.1, 0.2 and 0.3 g. For acceleration level of 0.1 g
the response curve is approximately symmetrical, indicating the linear behavior of the EMEH at
this base acceleration. The response spectrum is distorted to the right as the amplitude of the
base acceleration is increased. This is attributed to the nonlinear behaviour of the device due to
spring hardening of the PDMS membrane at larger deflections. Higher base amplitude results in
increasing membrane stiffness and thus increases the resonant speed that causes the response
spectrum to distort to the right side for 0.2 and 0.3 g acceleration amplitudes. For 0.1 g and lower
levels of base excitations the device will behave as a linear system. Maximum load voltages of
8.4, 12.7, 17 mV are produced when the EMEH is subjected to a frequency sweep from 10 to
90 Hz at acceleration levels of 0.1, 0.2 and 0.3 g, respectively.

Figure 4.13: Load voltage for a 100 Ω load versus frequency at low levels of base accelerations.
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Figure 4.14 shows the combined load voltage amplitude as a function of frequency when
the EMEH is subjected to relatively high base accelerations. The EMEH is subjected to both
increasing as well as decreasing frequency sweeps. Maximum load voltages of 48.5, 62.6, 79.4
and 88.8 mV are produced when the EMEH is subjected to increasing frequency sweep from 60
to 140 Hz at acceleration levels of 1 g, 1.5 g, 2 g and 3 g, respectively. The frequency response
curves of the harvester in Figure 4.14, for the increasing (downward arrow) and decreasing
(upward arrow) sweeps exhibit the phenomena of sharp drops and jumps [159] that are normally
observed in nonlinear oscillators. Due to the non-monotonic response there are two possible
amplitudes for the mass near the resonant frequency. During the decreasing sweeps an overshoot
is also recorded which is consistent with that observed in a nonlinear electrostatic energy
harvester reported in [149]. The resonant frequency of the EMEH increases as the acceleration of
the applied vibration is increased as shown in Figures 4.13 and 4.14. Resonant frequencies of
89.0, 96.8, 104.5 and 108.4 Hz are recorded when the device is subjected to acceleration levels
of 1, 1.5, 2, 3 g respectively, as shown in Figure 4.15. This increase in resonant frequency is a
result of the nonlinear behaviour related to spring stiffening of the PDMS membrane. In
addition, such a nonlinear behavior of the EMEH is consistent with that observed in polymeric
membrane type EMEHs reported in [139] and [83]. When the EMEH is subjected to higher
acceleration or higher base amplitude levels the membrane stretches more and that results in
increased tensile stresses in the membrane which in turn increases the stiffness of the membrane
[139]. In addition, since PDMS is an elastomer, the nonlinear elasticity of the PDMS membrane
results in an increasing effective Young’s modulus when the membrane is subjected to larger
deflections (strains) [160]. At low levels of excitation the developed EMEH therefore shows a
linear response similar to that reported in [139] and [157], while at large base excitation it
exhibits the common jump phenomenon of nonlinear oscillators.

84

Figure 4.14: Load voltage for a 100 Ω load versus frequency at various base accelerations
(forward and backward sweeps).

Figure 4.15 indicates the dependence of the resonant frequency of the device on the
amplitude of the base acceleration during an increasing frequency sweep. This nonlinear
characteristic of the device can be exploited to harvest energy from narrow band random
vibrations, for example, if the device is subjected to random excitation with acceleration
amplitude changes between 0.2 and 3 g in a narrow band of frequencies from 50 to 115 Hz.
Within the range, there exists a higher probability for the harvester to resonate and harvest the
energy over the narrow band, unlike the linear harvesters, where the resonant frequency is
independent of the strength of the base acceleration. The increase in resonant frequency is not
unbounded but in reality it is constrained by the maximum stress (ultimate tensile strength) of
the membrane. The ultimate strength of the PDMS membrane depends on thickness and
increases as the thickness of the membrane is decreased [160]; the membrane can therefore be
tuned to cover frequencies present in the random excitation.
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Figure 4.15: Resonant frequency of the EMEH at different base accelerations.
The power delivered by both coils to the 100 Ω load as a function of frequency during
increasing frequency sweep is plotted in Figure 4.16. At resonance 11.8, 19.6, 31.5 and 39.4 μW
power is delivered at the different base accelerations.

Figure 4.16: Power dissipated in a 100 Ω load versus frequency at various base accelerations
(increasing frequency sweep).
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In Figure 4.17, the measured load voltage and power at resonance are plotted against the
base acceleration. The output of the device is not linear with respect to acceleration and this is
most likely due to the nonlinear increase of the membrane stiffness and the increased damping at
higher acceleration levels.

Figure 4.17: Load voltage and power delivered to a 100 Ω load at resonance versus base
acceleration.
Figures 4.18 and 4.19 show the dependence of the output voltage and power on the load
resistance. Different load resistances are connected to the coil and the EMEH is vibrated at
resonant frequency (increasing sweep), at a constant base acceleration. These plots indicate that
the larger the external resistor is, the larger is the measured voltage and the smaller is the load
current. According to the experimental results in Figure 4.19, at matching impedance of 10.1 Ω
the EMEH is capable of delivering a maximum power of 68.0 μW, when excited at 108.4 Hz and
3 g acceleration.
Based on the overall volume of the device, 2.25 cm3, and the experimental data for
optimum loading conditions, the EMEH is capable of generating power densities of 12.9, 18.1,
25.2, 30.2 μW/cm3 at the four base accelerations investigated.
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Figure 4.18: Load voltage at resonance versus load resistance.

Figure 4.19: Load power at resonance versus load resistance.
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4.4.2 Characterization of the prototype under narrow band random
excitation
Nonlinear EMEHs exhibit variable resonant frequencies depending on the amplitude of
the base excitation. The nonlinear EMEHs are thus more suitable to harvest mechanical energy
from narrow band random vibrations where the amplitude and frequency of the excitation varies
randomly. A linear EMEH when subjected to random vibration will act like a filter and will
resonate at its natural frequency. However a nonlinear EMEH will be able to harvest the energy
over a wider frequency range depending on the characteristics of the nonlinear spring and the
randomness of the amplitude of the random base excitation.
For characterization of the device under narrow band random vibration, an NI DAQ card
(NI USB-6212) and LabVIEW Signal Express (Sound and Vibration assistance) is used to
generate a narrow band random signal for the vibration shaker. The program steps used in
LabVIEW Signal Express are shown in Figure 4.20. A Gaussian white noise signal is passed
through a bandpass filter to obtain the narrow band signal, which with the DAQ card and the
amplifier is fed to the vibration shaker. Figure 4.21 shows the schematic of the program steps in
LabVIEW Signal Express used for the SD analysis of the signals from the accelerometer and the
EMEH. The DAQmx module represents the DAQ card and acquires the analog input signals
from the accelerometer and from the EMEH; these signals are further processed including
spectral density analysis and statistical steps using Signal Express. The scaling and conversion
tool converts the analog voltage signal of the accelerometer into the corresponding acceleration.
In Signal Express, the analog signal generation tool uses a sampling rate of 10 kS/s and a block
size (samples) of 10 k, and in the bandpass filter tool a Butterworth filter is used to produce a
band limited random signal. In the SD step, a Hanning window and RMS averaging are used to
compute the SDs of the load voltage and of the acceleration.
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Figure 4.20: Schematic of narrow band random signal generation in LabVIEW Signal Express.

Figure 4.21: Schematic of spectral density analysis in LabVIEW Signal Express.
The device is subjected to low levels (0.05 to 0.1 g) of narrow band (5 to 150 Hz) random
excitation; the acceleration measurements are shown in Figure 4.22. The SD values of 1.48x10-5,
2.67x10-5 and 4.23x10-5 g2/Hz correspond to the average of the individual acceleration SD over a
band from 5 to 150 Hz. The excitation levels are not strong enough to invoke the nonlinear
effects of the PDMS membrane as indicated from the response (SD of the load voltage) in
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Figure 4.23. The resonant frequency is stable (not changing with increased base excitation),
showing the linear response of the device under these low base acceleration levels.

Figure 4.22: SD of low base acceleration for a narrowband random vibration from 5 to 150 Hz.

Figure 4.23: SD of the load voltage for a 100 Ω load at low levels of narrowband (5 to 150 Hz)
random excitation.
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The SD of different levels of narrow band (50 to 150 Hz) random acceleration, under
which the device is further tested, is shown in Figure 4.24. The SD values of 0.00265, 0.00544
and 0.0128 g2/Hz correspond to the average of the individual acceleration SD over a band from
50 to 150 Hz; here, the excitation levels (0.8 to 2.0 g) are high enough to invoke the nonlinear
effects of the PDMS membrane.

Figure 4.24: SD of base acceleration for a narrowband from 50 to 150 Hz.

Figure 4.25 shows the SD of the voltage delivered to a 100 Ω load resistance at average
acceleration SD levels of 0.00265, 0.00544 and 0.0128 g2/Hz respectively. The maximum value
of the load voltage spectrum increases with increasing strength of the acceleration SD, moreover,
the central frequency of the load voltage SD is shifting towards higher frequencies and this is
consistent with an increase in membrane stiffness (resonant frequency) of the device when it is
subjected to stronger excitation levels. At relatively stronger base acceleration levels the large
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relative displacement of the mass invokes the nonlinear spring stiffening, the EMEH operates in
the nonlinear regime where the resonant frequency increases with increasing base acceleration.
Moreover in comparison to the load voltage SD under low levels of acceleration (Figure 4.23), at
high levels of base acceleration, the SD of the load voltage is broader, showing an increase in the
bandwidth of the device.

Figure 4.25: SD of the load voltage for a 100 Ω load at different narrowband (50 to 150 Hz)
random excitation levels.

The SD of the load voltage at different SD levels of acceleration, over a frequency range
of 50 to 400 Hz is shown in Figure 4.26. The acceleration levels of narrow band (50 to 400 Hz)
random excitation to which the harvester is subjected (Figure 4.27) are kept high enough (0.8 to
1.5 g) to drive the device in the nonlinear regime. The response of the device is approximately
the same as for base excitations over a frequency range of 50 to 150 Hz (Figure 4.25).
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Figure 4.26: SD of the load voltage for a 100 Ω load at different narrowband (50 to 400 Hz)
random excitation levels.

Figure 4.27: SD of base acceleration for a narrowband from 50 to 400 Hz.
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The central (resonant) frequency of the SD of the load voltage which depends on the
tensile stresses in the PDMS membrane is bounded by the ultimate tensile strength (maximum
permissible tensile stress) of the membrane. The resonant frequency of the harvester will not
further increase when the membrane is stretched or stressed to its maximum, as already observed
in Figure 4.15, where the achieved resonant frequencies seemed to saturate near 110 Hz at high
acceleration levels. However, the maximum stress (ultimate tensile strength) of the PDMS
membrane depends on the thickness of the membrane [160]. Table 4.4 shows the ultimate tensile
strength values for various membrane thicknesses. Thinner membranes can be stressed over a
broader range and thus a relatively wider band of resonant frequencies can be obtained in the
nonlinear regime. For example, decreasing the thickness of the PDMS membrane in the
investigated EMEH from 200 µm to 30 µm, is expected to increase the range of the resonant
frequencies in the nonlinear regime by approximately fourfold.

Table 4.4: Ultimate tensile strength of PDMS membrane [160].
PDMS membrane thickness Ultimate tensile strength
(µm)
(MPa)
250

25

130

75

50

85

30

100
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5 Modeling and simulation of linear and nonlinear
MEMS scale electromagnetic energy harvesters for
random vibration environments4
5.1 Introduction
The growing demand for autonomous and self powered sensors [161] has resulted in immense
interest in harvesting energy from the environment. Like other energy harvesting techniques
[161,162] harvesting energy from ambient mechanical vibrations [163] with piezoelectric [164],
electrostatic [165] and electromagnetic [166] energy harvesters has gained increasing interest in
the last few years. Mechanical vibrations are abundant in the environment in the form of
machine vibration [72] and the vibration of household and office appliances [73]. These sources
have sufficient vibration levels to generate power to run ultra low power (ULP) sensors [74] and
ULP electronic circuitry; however, the frequency content of these vibrations is spread over a
wide frequency range.
Most of the developed linear and nonlinear resonant energy harvesters have been tested
and characterized under a harmonic excitation, however, real environmental vibrations do not
lead to single frequency excitation but the vibrational energy content is rather distributed over a
broad band of frequencies and is random in nature. The power spectral density (PSD) of
acceleration along the tangential direction of a car tire at a speed of 50 km/h, for example, has a
rich energy content in a broad band from 5 Hz to 1 kHz [140]. The vibration of a car driven on a
highway at 65 mph is in a broadband that ranges from 1 Hz to 500 Hz [141]. The vibration levels
of household appliances reported in [142] also cover a broad band from 1 Hz to 500 Hz.
The models developed to predict the performance of linear resonant energy harvesters
under harmonic excitation [92, 93, 97, 98, 132, 167, 168] are not suitable to estimate the
performance of the same energy harvesters when subjected to the narrow or broad band of
_____________________________
4
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random excitation. A model for piezoelectric energy harvesters under broadband random
vibration has been developed by [169]; where they assume the ambient base excitation as a
stationary Gaussian white noise with constant spectral density (SD) over the considered
frequency range. The circuit simulator, a simulation program with integrated circuit emphasis
(SPICE) is used in [170, 171] to study an energy harvester under broadband random vibrations.
With the same SPICE technique an electrostatic energy harvester has been simulated for input
acceleration spectral densities of 5x10-5 and 5x10-4 g2/Hz [170]. A two-port transducer model
developed for performance tracking of linear electromechanical energy harvesters under random
broadband excitation [172] has been extended for the application of linear and non-linear
piezoelectric and electrostatic harvesters excited by broadband and narrow band random
vibrations [173]. The simulation of the harvester output power, proof mass displacement, and
optimum load has been performed under broadband Gaussian white noise and band limited noise
excitation. The author has suggested a mapping method to extend the model application to
electromagnetic energy harvesters.
This chapter presents the analytical modeling and simulation results for linear and
nonlinear resonant electromagnetic energy harvesters (EMEHs) under broadband and narrow
band excitations. The models are parameterized such that they are applicable to all types of
linear and nonlinear resonant EMEHs. Resonant EMEHs with moving magnet or moving coil
architecture, with wound coil or planar coil, and with uniform magnetic field or non-uniform
magnetic field configuration, all can be investigated for narrow and broadband random
vibrations using these models. The results of this work can be utilized for designing and
performance estimation of MEMS scale, linear and nonlinear EMEHs under random vibrations.
For broadband and narrow band random excitations, spectral densities (SDs) of load voltage and
load power, mean square load voltage and mean power delivered to the load can be predicted for
the harvester design parameters, such as, mechanical quality factor, transformation factor and
natural frequency. Nonlinear harvesters with only spring nonlinearity and with both spring and
damping nonlinearity have been modeled using the method of statistical linearization. These
nonlinear models are useful in investigating the effects of mechanical nonlinearity on the
performance and bandwidth of the harvesters, when they are subjected to random vibrations.
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5.2

Modeling

The EMEHs are seismic or inertial devices consisting of the inertial mass m being a magnet or a
proof mass and a suspension with the restoring spring force s(z ) to support the magnet or the
coil. During operation the motion of the inertial mass is damped by a damping force d (z) that
arises due to mechanical damping (air, material and support damping) and electrical damping
induced when current flows in the coil. The linear and nonlinear EMEHs can be modeled as
single degree of freedom, spring-mass-damper systems with base excitation as shown in
Figure 5.1.

Figure 5.1: Lumped parameter model of an inertial electromagnetic energy harvester.

For an excitation y(t ) , the general form of the equation of motion for an inertial EMEH
mz  d ( z)  s( z)  my ,

(5.1)

depends on the relative acceleration z(t ) , relative velocity z(t ) and relative displacement z (t )
between the permanent magnet and the coil. The expressions for the damping force d (z) and the
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spring force s(z ) are modeled according to the physical nature of the damping and stiffness
present in the harvester, that is, whether these are linear or nonlinear for the operational
excitation conditions. Depending upon the architecture and design of the EMEH, and the
excitation conditions, both damping force and spring force can be linear or one of these or both
can be nonlinear. The behaviour of a linear EMEH (both d (z) and s(z ) are linear) and a
nonlinear EMEH (one or both d (z) and s(z ) are nonlinear) is different and requires separate
models to investigate the performance under broadband or narrow band excitations.

5.2.1 Harvester with linear stiffness and linear damping
In linear EMEHs the damping force d ( z)  bT z and the spring force s( z )  kz are represented
using the linear total damping coefficient bT  bm  be and the linear spring stiffness k,
respectively. The mechanical damping coefficient bm and the electrical damping coefficient be
contribute to the total damping of the harvester. The equation of motion (5.1), for linear EMEHs
reduces to
mz  bT z  kz  my ,

(5.2)

or
z  2 T n z  n2 z   y ,

(5.3)

which can be written in the form
d
z  2 T n z  n2  z dt   y
dt

(5.4)

expressed in terms of the relative velocity z(t ) , the natural frequency n and the total damping
ratio  T of the system, the complex frequency response of the system

H (i ) 

U

A

1


i  2 T  n 
i
2
n



 i
   2 T  ni  
2

2
n




(   )i  2 T  n
2
n

2

(5.5)

is obtained using Fourier analysis by letting y(t )  Ae it and z(t )  Ueit in equation (5.4).
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The magnitude of the complex frequency response

H (i ) 

 
  
n



2 2







(5.6)

n 1        2 T    
n
n 




2

and the spectral density (SD) of the base acceleration S A ( ) yield the SD of the relative
velocity
SU ( )  H (i ) S A ( ) .
2

(5.7)

The open-circuit voltage induced in EMEHs [132]
VG (t )  Gz(t )

(5.8)

across the coil is directly proportional to the transformation factor G. The transformation
factor G describes the coupling between the mechanical and electrical energy domains of the
EMEH and greatly influences the energy conversion between these two domains. For EMEHs
that have a uniform magnetic field perpendicular to the coil displacement [92], the
transformation factor

G  BL

(5.9)

results from the uniform magnetic flux density B and the effective length of the coil L.
In EMEHs with non-uniform magnetic field configuration [132], where the coil moves in
the magnetic field direction, the transformation factor

GS

d Bz
dz

depends on the magnetic flux gradient

(5.10)

d Bz
of the normal component of the magnetic flux
dz

density Bz and the area sum S of the coil turns.
An EMEH with the coil resistance RC delivers a voltage of
100

 RL 
Gz(t )
VL (t )  
 RL  RC 

(5.11)

to the load resistance RL connected to the device. Using Fourier analysis, the load voltage in the
frequency domain

 RL
VL ( )  
 RL  RC


G H (i ) A( )


(5.12)

contains the complex frequency response

 RL
H V (i )  
 RL  RC


G H (i ) .


(5.13)

When the EMEH is subjected to a broadband random vibration with the SD S A of the
base acceleration, the SD of the load voltage
SVL ( )  H V (i ) S A ( )
2

(5.14)

can be expressed in the parameters of the system as

 RL
SVL ( )  
 RL  RC
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 n 

2

2

 2
 G
S A ( ) .
2
2
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1       2 T   
n
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(5.15)

If the excitation is a stationary Gaussian random process with zero mean, the response of
the system will also be stationary Gaussian with a zero mean [174]. The mean square value of
the load voltage




 RL
V   SVL ( )d   H V (i ) S A ( )d  
 RL  RC


2
L

2

2

 2
2
 G  H (i ) S A ( )d



(5.16)

yields the average power delivered into the load resistance [173]
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V2
1
PL  L 
RL RL
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SVL ()d  S PL ( )d  RL
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 G  H (i ) S A ( )d .



(5.17)

Equation (5.17) yields the SD of the power delivered to the load
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1  RL
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RL
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(5.18)

Broadband white noise excitation
When the excitation is a stationary Gaussian white noise process, the SD of the
acceleration S A ( ) is flat and independent of frequency. Substituting the constant S A ( )  S 0
in equations (5.16) and (5.17) yields the mean square load voltage
 RL
V  S 0 
 RL  RC
2
L

2

 2
2
 G  H (i ) d



(5.19)

and the mean power delivered to the load
S
PL  0
RL

 RL

 RL  RC

2

 2
2
 G  H (i ) d .



(5.20)

The integral in equations (5.19) and (5.20) is obtained by the method [175] described in
Appendix A, that results in

 RL
V  S 0 
 RL  RC
2
L

2

 2 
 G
,
2


T n


(5.21)
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and
S
PL  0
RL

 RL

 RL  RC

2

 2 
 G
.
2 T  n


(5.22)

The total damping ratio ζT = ζm +ζe consists of the mechanical damping ratio

m 

1
2Qm

(5.23)

that is expressed in terms of the mechanical quality factor Qm of the EMEH, and the electrical
damping ratio

e 

G2
2mn ( RL  RC )

(5.24)

that can be obtained from the equivalent electrical circuit for the EMEH as described in [132].
By substituting for the total damping ratio ζT, using (5.23) and (5.24), equation (5.22)
becomes

PL  mS 0

G 2 Qm
RL
,
RL  RC m n ( RL  RC )  G 2 Qm

(5.25)

which is more suitable to derive the optimum power condition for impedance matching.
Optimizing equation (5.25) with respect to RL yields the condition for optimum power transfer to
the load as
RL ,opt  RC2 

G 2 Qm RC
G 2 RC
.
 RC2 
m n
bm

(5.26)
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Equation (5.26) reveals that the optimum load, when an EMEH is subjected to random
vibration is different from the optimum load RL , opt  RC 

G2
when it is subjected to sinusoidal
bm

vibration [132].
The product G2Qm in equation (5.25) is known as the figure of merit for energy harvesters
driven by random vibrations [173]. Increasing the product G2Qm for an EMEH will increase the
mean power delivered to the load. The mechanical quality factor Qm can be increased by
packaging the device in vacuum [139] or by incorporating air passages in the device design that
allow flow paths for the trapped air during operation to reduce damping [112]. For EMEHs with
uniform magnetic field configuration the transformation factor G can be increased by increasing
the magnetic flux density B and/or by increasing the effective length L of the coil within the
constrained footprint of the device. For EMEHs with non-uniform magnetic field configuration,
the increase in the transformation factor G requires increasing the magnetic flux gradient

d Bz
dz

of the normal component of the magnetic flux density Bz and/or by increasing the area sum S of
the turns of the coil within the constrained footprint of the device. However, the increase in the
number of coil turns also increases the coil resistance leading to increased electrical losses.
Therefore, increasing the magnetic flux density B in uniform magnetic field configuration
devices, and the magnetic flux gradient in non-uniform magnetic field devices is a preferred
method for increasing the transformation factor.
Values of the mechanical quality factor Qm and of the transformation factor G for various
devices reported in literature are summarized in Table 5.1. The mechanical quality factor for
EMEHs ranges from 5.8 to 258.7. Due to their larger number of coil turns, wound coil type
EMEHs exhibit higher values for the transformation factor that contribute to the higher values of
the product of merit G2Qm in comparison to planar coil type EMEHs.
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Table 5.1: Parameters of electromagnetic energy harvesters.
Coil
type

m
(kg)

Fresonant
(Hz)

RC
(Ω)

42.8 x10-3
25 x10-3
3.8 x10-3
0.44 x10-3
0.028 x10-3

13.11
84
94.8
350
9.5k
52.1
50

18
3.65
1.2
93

-3

1.02 x10
Wound

0.028x10-3
4.036 x10-3
0.0304
x10-3
0.014x10-3
0.54x10-3

8.08k
208
106
24.8

0.93x10
a

2.7
100
100
200

Mech.
quality
factor
Qm
117.52
258.7c
216
232

243
210-60

Total
quality
factor
QT

181
164
119

100

100

2

4

16.2c

403.23a

9.837k
60

55
110

110

164
48.5c

2345.33a

31

39

136

120

100

221d
5.835

207d
5.83c

371

7.5

Calculated using equation Qe 

3.118b
0.3821b
0.3322b
0.41b

7.94c

G2Qm
(T2m2)

Ref.

1142.52 [177]
[177]
28.55
[91]
36.31 [119]
[119]
[79]
[85]
[85]
[88]
[90]
[90]
[97]

0.017 b

0.005

[81]

0.0691b
1.5x10-

0.232

[88]
[88]

3

0.0003

[128]

0.075

0.033

[128]
[132]

1
2 e

Calculated using equation G  ( RL  RC )

Calculated using equation Qm 

G
(Tm)

6.04
4.43

100

b

c

Elect.
quality
factor
Qe
6.53a
329.88a
24.61a
1120

26
121.8
141.3
23.36

Planar
-3

100
2323
1530
112

RL
(Ω)

1
2 m



2mF
Qe

2mF
bm

d

Determined from testing in vacuum

For simulation we used the dimensions and parameters (Table 5.2) of our EMEH [132]
described in Chapter 2, where the non-uniform magnetic field is caused by two permanent
magnets with remanent flux density Br that are suspended by a planar spring between two
identical coils.
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Table 5.2: Dimensions and parameters of an EMEH prototype [132].
Description
Device size
Magnet (NdFeB)
Mass of each magnet
Coil size
Resistance of coil RC
Mechanical quality factor Qm
Resonant frequency Fresonant
Transformation factor G

Value
12 mm X 12 mm X 7 mm
1.2-1.32 T
0.465 g
8 mm X 8 mm
7.5 Ω
5.7
371 Hz
0.075 Tm

The mean power as a function of load resistance for various values of G2Qm is shown in
Figure 5.2. The computation was performed for the acceleration SD of SA(ω) = S0 = 0.01 g2/rad/s.
The simulation results verify that there is an optimum value for the load resistance for each
product of merit (POM) G2Qm, moreover, the optimum load resistance increases as the POM is
increased. As the POM is increased the curves become increasingly flat beyond the optimum
load resistance, which shows that an EMEH with a high POM value is less dependent on the
optimum load resistance beyond the optimum operating condition and will perform well even at
the load resistance greater than the optimum load resistance. Figure 5.3 shows the dependence of
the mean power on the transformation factor as a function of the load resistance. This
corresponds to the situation where the mechanical quality factor Qm for the EMEH remains
constant while the transformation factor is varied. The curves in Figure 5.3 are more spiked in
comparison to Figure 5.2, where the product G2Qm is varied. This indicates that an EMEH
becomes more sensitive to load resistance variations when its Qm is low and only the
transformation factor is changed. Further, the optimum load resistance is quite different than the
case where the POM is increased.
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Figure 5.2: Mean power as a function of load resistance for different values of G2Qm.

Figure 5.3: Mean power as a function of load resistance for different values of G2 for Qm = 5.7.
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From equations (5.15), (5.23) and (5.24) the SD of the load voltage and the power for
white noise base excitation becomes
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and
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The SD of the load voltage as a function of frequency is shown in Figure 5.4 for different
values of G2. The SD of the load voltage shows a significant peak in the vicinity of the natural
frequency of the linear EMEH. The EMEH is acting as a mechanical filter, generating power in a
limited band that depends on the bandwidth

 1

G2

 n
  2 T  n  2( m   e ) n  

Q
m

(
R

R
)
n
L
C 
 m

(5.29)

of the EMEH. A broader bandwidth of the EMEH is preferred in order to convert the vibration
energy from a wider band of random excitation. The increase in the transformation factor
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contributes to increase the EMEH bandwidth. However, increasing the transformation factor by
increasing the number of coil turns within a constrained area is undesirable, as this increases coil
resistance which leads to power loss and negatively affects the bandwidth. As seen in Figure 5.2,
it is more significant for the EMEH subjected to broadband vibration, to optimize both Qm and
G2, however, the increase in the mechanical quality factor Qm adversely affect the bandwidth of
the device. This can be compensated by the significant increase in a transformation factor of the
harvester.

Figure 5.4: SD of the load voltage as a function of frequency for various values of G2, Qm = 5.7.
Figure 5.5 shows the bandwidth of a linear EMEH as a function of the load resistance for
several values of G2 and Qm = 5.7. Energy harvesters with large transformation factor exhibit
relatively broader bandwidths that drop sharply as the load resistance is increased. At higher load
resistances the contribution due to the transformation factor term in equation (5.29) is minimal
and the device bandwidth is controlled by the dominant mechanical quality factor term.
However, for EMEHs with small transformation factor, the contribution due to the
transformation factor term in equation (5.29) is negligible and the bandwidth becomes
independent of the load resistance as evident in Figure 5.5.
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Figure 5.5: Linear EMEH bandwidth as a function of the load resistance for different G2 and
Qm = 5.7.

The maximum value of the SD of the load voltage

SVL1 ( )  SVL (   n ) 

mS0 G 2 Qm
RL2
RL  RC  n (m n ( RL  RC )  G 2 Qm )

(5.30)

occurs at resonance and likewise, the mean power, also depends on the POM. Increasing the
POM for the EMEH will lead to an increase in the peak value of the SD of the load voltage.
The SD of the power as a function of frequency and load resistance is shown in
Figure 5.6. Similar to the SD of the load voltage it shows a narrow peak in the vicinity of the
natural frequency and at the optimum load resistance.
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Figure 5.6: SD of the power as a function of frequency and load resistance for Qm = 5.7 and
G2 = 0.01 T2m2.

Band-limited white noise excitation
When the linear EMEH is excited by a stationary band-limited Gaussian white noise
S A ( )  S 0 between the angular frequency limits ω1 and ω2 the power spectral density of the

load voltage becomes
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elsewhere 


The SD of the load voltage for various values of G2 for an EMEH excited by a bandlimited random vibration from ω1 = 1640 rad/s to ω2 = 3022 rad/s is shown in Figure 5.7. The
SD of the load voltage under band-limited excitation peaks in the vicinity of the natural
frequency similar to that of a broadband excitation, except, it is only non-zero over the frequency
band of the input excitation.
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Figure 5.7: SD of the load voltage as a function of frequency for various values of G2 at bandlimited random excitation.
Under band-limited Gaussian white noise random excitation, the mean square value of
the load voltage
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when expressed in terms of the total damping ratio and the frequency ratio
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contains incomplete integrals that can be obtained by using the method of partial fraction
expansion [175] or can be found with indefinite integral tables (for example by G. Petit Bois,
1961) [176]. Equation (5.33) can be written in a more compact form
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(5.34)

where the integral factor Γ [176] can be expressed in terms of the frequency ratio and the total
damping ratio as
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(5.35)

In equation (5.34) the terms in front of the brackets describe the mean square load
voltage (variance) of the harvester due to broadband Gaussian white noise excitation. The
integral factor Γ in the brackets is the correction factor when the excitation is band-limited. For
broadband Gaussian white noise excitation the value of the integral factor Γ (∞, ζT) – Γ (0, ζT) is
1, whereas for band-limited excitation it is always less than 1.
For three values of the total damping ratio ζT = ζm + ζe, the integral factor Γ is shown in
Figure 5.8. The factor Γ increases monotonically as a function of the frequency ratio ω/ωn with
values residing between 0 and 1. Higher values of the mean square load voltage (or correction
factor in the brackets) in equation (5.34) require lower values of the total damping factor. The
electrical damping ratio ζe (or proportionally G2) needs to be as high as possible for high power
generation, therefore for smaller values of the total damping ratio the mechanical quality factor
should be increased and the associated reduction in the bandwidth of the device should be
compensated by increasing the transformation factor.
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Figure 5.8: Integral factor for mean square load voltage of an EMEH subjected to band-limited
Gaussian white noise.

5.2.2

Harvesters with nonlinear stiffness

For a nonlinear EMEH with linear damping force d ( z)  bT z and nonlinear spring force
s( z )  kz  kN( z ) , the general equation of motion (5.1) of the harvester reduces to

mz  bT z  [kz  kN( z)]  my ,

(5.36)

in which, the nonlinear spring force s( z )  kz  kN ( z ) comprises of a linear stiffness
component kz , and the nonlinear stiffness component kN (z ) . The scaling factor  and the
nonlinear function N (z ) represent the nonlinearity of the stiffness of the harvester. For an
EMEH with a symmetric suspension spring, the potential energy is a symmetric (even) function
of z and that requires the spring force to be an anti-symmetric polynomial (odd function) of z.
The nonlinear function N (z ) is therefore a polynomial with only odd terms. The scaling factor
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 represents the magnitude of the nonlinearity of the spring, for small nonlinearity, η is small,
however, for severe nonlinearity, η can be significant.
A nonlinear spring force, that is common in EMEHs with a polymeric membrane as the
spring restoring member [112] can be modeled to good approximation by a duffing spring with
the nonlinear spring force s( z )  kz  kz 3 . By substituting for s(z ) and expressing in terms of
the linear natural frequency ωn and the total damping ratio ζT, equation (5.36), results in
z  2 T  n z   n2 ( z  z 3 )   y .

(5.37)

For a stationary Gaussian random excitation with zero mean, the response of the
harvester will also be stationary Gaussian with zero mean. The solution of (5.37) can be obtained
by the method of statistical linearization [178-181]. The replacement of the nonlinear component

 n2 ( z  z 3 ) by an equivalent linear component  eq2 z yields the equation of motion of an
equivalent linear energy harvester
2
z  2 eqT eq z  eq
z   y ,

that depends on the equivalent damping ratio  eqT 

(5.38)

n
 T and equivalent frequency  eq of the
eq

equivalent linear EMEH. To obtain an approximate solution for the response of the nonlinear
harvester, the mean square value, E[e 2 ] of the error
e   n2 ( z  z 3 )  eq2 z

(5.39)

which would be produced by representing the nonlinear harvester by an equivalent linear
harvester, must be minimized for the value of the equivalent frequency  eq , that is, the equation
d
d  eq2

E[e 2 ]  0

(5.40)

must be satisfied.
By substituting equation (5.39) into (5.40) and then performing differentiation yields the
expression for the equivalent frequency
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in terms of the standard deviation σz of the relative displacement z(t). Using the method [178],
describe in Appendix B reduces equation (5.41) to a much simpler form

eq2  n2 (1  3 z2 ) .

(5.42)

For a Gaussian white noise random excitation, the variance of the relative displacement
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can be solved for the complex frequency response
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(5.44)

with the method [175, 178] described in Appendix A that results in

 z2 

So
So

.
3
2 eq eq 2 T neq2

(5.45)

T

With equation (5.42), the elimination of the equivalent frequency  eq from
equation (5.45), yields a quadratic equation in  z2
3 z4   z2   z2Lin 

S o
2 T  n3

(5.46)

where  z Lin is the standard deviation of the relative displacement for the linear case where η = 0.
By substituting the positive root

 
2
z

1  12 z2Lin  1
6

(5.47)

of equation (5.46) in equation (5.42) we obtain the equivalent frequency  eq
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that minimizes the error e.

Equations (5.11) and (5.38) yield the equation

1 RL  RC  d

2
VL (t )  2 eqT eqVL (t )  eq
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RL
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(5.49)

which by Fourier analysis results in the frequency response of the harvester
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For a Gaussian white noise base excitation S A ( )  S 0 , the SD of the load voltage
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(5.51)

results in the SD of the power delivered to the load
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For the harvester, the mean square load voltage
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and the mean power delivered to the load
S
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can be expressed as functions of the equivalent total damping ratio and the equivalent frequency.

For simulating a nonlinear EMEHs, the dimensions and parameters (Table 5.3) of our
nonlinear membrane type EMEH [112] are used. The EMEH has a non-uniform magnetic field
configuration caused by two permanent magnets with remanent flux density Br that are
suspended by a polydimethylsiloxane (PDMS) membrane between two identical coils.
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Table 5.3: Dimensions and parameters of the nonlinear EMEH prototype.
Description
Device size
Magnet (NdFeB)
Mass of each magnet
Coil size
Resistance of coil
Linear resonant frequency

Value
15 mm X 15 mm X 10 mm
1.2-1.32 T
0.93 g
8 mm X 8 mm
10.1 Ω
50 Hz

The SD of load voltage for a 100 Ω load at low levels of broadband Gaussian white noise
random vibration is shown in Figure 5.9. The simulation is the result of equations (5.48) and
(5.51) for a scaling factor η = 5 m-2 and a mechanical quality factor Qm = 300. Under low levels
of random vibrations the contribution of the second term in equation (5.48) is negligible. As a
result, the resonant frequency is stable (not changing with increased base excitation), showing
the linear response of the device. Therefore, the nonlinear EMEH operates in the linear regime
under low levels of broadband random vibrations, where the relative displacement of the
magnets is too small to cause a significant contribution from the nonlinear spring stiffness term.

Figure 5.9: SD of the load voltage as a function of frequency for low levels of broadband
Gaussian white noise random excitation, (scaling factor η = 5 m-2).
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The simulation results of the SD of the load voltage for relatively high levels of broad
band Gaussian white noise random vibrations is shown in Figure 5.10. The maximum value of
the load voltage spectrum increases with increasing base acceleration, moreover, the central
frequency of the load voltage SD shifts towards higher frequencies and this is attributed to the
increase in spring stiffness (resonant frequency) of the device when it is subjected to stronger
levels of random excitation. At relatively large base acceleration the large relative displacement
of the mass invokes the nonlinear spring stiffening term, and the EMEH then operates in the
nonlinear regime where the resonant frequency ωeq given by equation (5.48) increases with
increasing base acceleration. Moreover, in comparison to the load voltage SD under low levels
of acceleration (Figure 5.9) at high levels of base acceleration the SD of the load voltage slightly
broadens, showing an increase in the bandwidth of the device.

Figure 5.10: SD of the load voltage as a function of frequency for high levels of broadband
Gaussian white noise random excitation, (scaling factor η = 5 m-2).

5.2.3 Harvester with nonlinear stiffness and nonlinear damping
For

EMEH

with

nonlinear

damping

d ( z)  bT z  bT D( z) and

nonlinear

stiffness

s( z)  kz  kN ( z) , the general form of the equation of motion (5.1) of the harvester becomes
mz  [bT z  bT D( z)]  [kz  kN ( z)]  my ,

(5.55)
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A good approximation is obtained by assuming the nonlinear EMEH as a duffing
oscillator, with linear-plus-cubic damping. The equation of motion for such a nonlinear EMEH
z  2 T n ( z  z 3 )  n2 ( z  z 3 )   y ,

(5.56)

contains the nonlinear damping force d ( z)  bT z  bT z 3 that consists of a linear damping
component bT z and the nonlinear damping component bT z 3 , with  as the scaling factor.
When the excitation and response of the harvester are both stationary Gaussian with zero
mean, the solution of (5.56) can also be obtained by the method of statistical linearization [178181]. The replacement of the nonlinear damping force 2 T n ( z  z 3 ) and the nonlinear spring
force n2 ( z  z 3 ) by an equivalent linear damping force  eq z  2 eqT eq z and equivalent
linear spring force  eq2 z respectively, yields the equation of motion of an equivalent linear
energy harvester
2
z   eq z  eq
z   y .

(5.57)

To obtain an approximate solution for the response of the nonlinear harvester, the error
e  2 T n ( z  z 3 )  n2 ( z  z 3 )   eq z  eq2 z

(5.58)

resulting from this assumption, must be minimized. The mean square of the error E[e2] is to be
minimized with respect to equivalent damping coefficient term  eq and equivalent frequency

 eq , that is equations



2
eq

E[e 2 ]  0

(5.59)

E[e 2 ]  0

(5.60)

and

 eq

must be satisfied. By substituting (5.58) into equations (5.59) and (5.60), two simultaneous
equations
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E[ z 2 T n ( z  z 3 )  n2 ( z  z 3 )]   eq E[ z 2 ]  eq2 E[ zz]  0

(5.61)

2
E[ z 2 T n ( z  z 3 )  n2 ( z  z 3 )]   eq E[ zz]  eq
E[ z 2 ]  0

(5.62)

are obtained for the equivalent damping term  eq and the equivalent frequency  eq .
For the relative displacement z (t ) being a stationary Gaussian random process, with
zero mean, the substitutions E[ zz]  0 , E[ z 2 ]   z2 and E[ z 2 ]   z2 [178-180] in equations
(5.61) and (5.62), yields the relation for the equivalent damping term

 eq 

E[ z 2 T  n ( z  z 3 )   n2 ( z  z 3 )]

(5.63)

 z2

as a function of the standard deviation  z of the relative velocity z (t ) as well as the relation for
the equivalent frequency

 
2
eq

E[ z 2 T  n ( z  z 3 )   n2 ( z  z 3 )]

(5.64)

 z2

as a function of the standard deviation  z of the relative displacement z(t). The assumption of
z (t ) and z (t ) being both Gaussian yields the much simpler equations








 eq  E  [2 T  n ( z  z 3 )   n2 ( z  z 3 )]
 z

eq2  E  [2 T  n ( z  z 3 )   n2 ( z  z 3 )]
 z


(5.65)

(5.66)

which after differentiation, result in the equivalent damping term

 eq  E[2 T n (1  3z 2 )]  T (1  3 z2 )

(5.67)

as a function of linear damping term T  2 T n of the linear EMEH where α = 0, and the
equivalent frequency

eq2  E[n2 (1  3z 2 )]  n2 (1  3 z2 )

(5.68)
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in terms of the natural frequency ωn of the linear case where η = 0.
For a Gaussian white noise random excitation, the variance of the relative displacement


 z2   S z ( )d  S o




 H (i )

2

d

(5.69)



can be solved for the complex frequency response

H (i ) 

1
   i 2 eqT  eq   eq2
2

(5.70)

of the equivalent linear EMEH with the method described in [175, 178]:

 z2 

S o
S o

3
2 eq  eq  eq  eq2

(5.71)

T

and the variance of the relative velocity

 z2 

S o
S
 o.
2 eq  eq  eq

(5.72)

T

With the variance of the relative velocity of the linear EMEH

 z2 
L

S o
S
 o
2  n
T

(5.73)

T

and equation (5.72), elimination of  eq and  T from equation (5.67), yields a quadratic
equation for the variance of the relative velocity  z2

 z2 (1  3 z2 )   z2 .
L

(5.74)

Substitution of the positive root
1  12 z2  1
 z2
T


 eq
 z2
6 z2
L

L

(5.75)

L

of equation (5.74) into equation (5.67) yields the relation for the equivalent damping term
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 eq


1  12 z2L  1
.
 T 1 


2



(5.76)

With the variance of the relative displacement of the linear EMEH

 z2 
L

S o
S o

3
2  n  T  n2

(5.77)

T

and equation (5.71), elimination of eq and n from equation (5.68), yields a quadratic equation
for the variance of the relative displacement  z2

 z2 (1  3 z2 )

 eq
  z2 .
T

(5.78)

L

Substitution of the positive root

 z2  1  12 L  1  T


6L
 z2 
 eq

(5.79)

L

of equation (5.78) into equation (5.68) yields the relation for the equivalent natural frequency


eq2  n2 1 


1  12 L  1

2


(5.80)

where

L   z2L

T
 eq
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 .
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(5.81)

Equations (5.11) and (5.57) yield

1 RL  RC  d

2
VL (t )  2 eqT eqVL (t )  eq
VL (t ) dt    y(t ) ,


G
RL
 dt


(5.82)

which by Fourier analysis results in the frequency response of the harvester
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(5.83)

in terms of transformation factor G , coil resistance RC and load resistance RL.
For a Gaussian white noise base excitation S A ( )  S 0 , the SD of the load voltage
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and the SD of the load power
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can be expressed in EMEH parameters.
Substitution of  eq  2 eqT eq and T  2 T n in (5.76) yields the equivalent total
damping ratio

 eq

T

1  12 z2  1
 n T 


1
eq 
2

L



(5.86)



in terms of the total damping ratio ζT of the linear harvester.

With equations (5.23), (5.24) and (5.86) the equivalent total damping ratio becomes
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Likewise, equation (5.81) becomes
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2
n

as functions of transformation factor G and mechanical quality factor Qm, and the mean square
load voltage
 RL
V  S 0 
 RL  RC
2
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 2
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2 eq  eq


(5.89)

and mean power delivered to the load
S
PL  0
RL

 RL

 RL  RC

2

 2

 G
.
2 eq  eq


(5.90)

can be computed in terms of the EMEH parameters.
Figure 5.11 shows the SD of the load voltage of an EMEH with nonlinear damping and
nonlinear stiffness, for a 100 Ω load, at low levels of broadband Gaussian white random
vibration. The simulation results are based on equations (5.80), (5.84) and (5.87) with a spring
scaling factor η = 5 m-2 and a damping scaling factor α = 0.05 s2m-2. In comparison to the load
voltage SD of an EMEH with linear damping and nonlinear stiffness in Figure 5.9, almost the
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same response is obtained. Under such low levels of base acceleration the linear damping and
linear stiffness terms are dominant, whereas the nonlinear damping and nonlinear stiffness terms
have negligible contributions due to the small values of the standard deviation of the relative
velocity and the relative displacement, respectively. At low base accelerations the second term in
equations (5.80) and (5.87) is negligible, so that the nonlinear EMEH operates in the linear
regime with a stable central frequency (resonant frequency) of the load voltage SD.

Figure 5.11: SD of the load voltage as a function of frequency for low levels of broad band
Gaussian white random excitation, (spring scaling factor η = 5 m-2 and damping scaling factor
α = 0.05 s2m-2).
The simulation results of an EMEH with nonlinear damping and stiffness at relatively
high levels of broadband Gaussian white random vibrations is shown in Figure 5.12. With
increased base acceleration level, the shift of the central frequency of the load voltage SD
towards higher frequencies indicates the operation of the device in the nonlinear regime. Under
these conditions, the higher values of the standard deviations of the relative velocity and the
relative displacement of the mass invoke the nonlinear effects of the system. In other words, the
contribution of the second terms in equations (5.80) and (5.87) becomes significant.
In comparison to the response of an EMEH with nonlinear stiffness only as in Figure
5.10, the same shift in the SD maximum value and central frequency is evident in the case of the
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fully nonlinear harvester. However, in Figure 5.12, these shifts are smaller due to the existence
of the nonlinear damping. The nonlinear damping of the EMEH, which increases as the standard
deviation of the relative velocity is increased, is not allowing the same increase in the maximum
value for the load voltage SD and the central frequency as in case of the EMEH with linear
damping. Moreover, the increased damping leads to broader bandwidths in comparison to the
EMEH with nonlinear stiffness only in Figure 5.10.

Figure 5.12: SD of the load voltage as a function of frequency for high levels of broadband
Gaussian white noise random excitation, (spring scaling factor η = 5 m-2 and damping scaling
factor α = 0.05 s2m-2).
The response of the nonlinear EMEH with a larger value for the damping scaling factor
2

α = 5 s m-2, is shown in Figure 5.13. In this case a much smaller increase in the maximum value
of the load SD is seen; moreover the central frequency is almost constant and does not change
with increasing base acceleration. Broader bandwidths are obtained in comparison to a nonlinear
EMEH with smaller damping scaling factor α = 0.05 s2m-2. The larger values of the nonlinear
damping term diminish the effects of the nonlinear stiffness term, until and unless the spring
scaling factor is very large.
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Figure 5.13: SD of the load voltage as a function of frequency for high levels of broadband
Gaussian white random excitation, (spring scaling factor η = 5 m-2 and damping scaling factor
α = 5 s2m-2).

For a nonlinear EMEH with combined nonlinear stiffness and damping, the equivalent
resonant frequency for stiffness damping factor of η = 5 m-2 and several values of damping
scaling factor α is plotted in Figure 5.14. When the EMEH is subjected to increasing SD levels
of the acceleration, for smaller values of α, the shift in the equivalent frequency of the response
is significant, however this shift decreases as α is increased. For, α = 5 s2m-2 or larger values, the
change in the equivalent frequency is negligible. Moreover it can be seen from the plot that at
lower SD levels of the acceleration the shift in resonant frequency is minimal even if the
difference in α is large. This indicates that at the excitation level equal to or less than 0.0001
g2/rad/s, contribution from the nonlinear effects are negligible. The EMEH will be operating in
the linear regime with approximately constant resonant (central) frequency of the SD of the
response.
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Figure 5.14: Equivalent frequency as a function of SD of acceleration for several values of the
damping scaling factor α (η = 5 m-2).

The mean power as a function of load resistance for several values of the transformation
factor is shown in Figure 5.15. The plots are obtained by using equations (5.80) and (5.87) in
(5.90). The computation is performed for the acceleration SD of 0.01 g2/rad/s. With increase in
the transformation factor, the peak value of the mean power increases as well as the optimum
load resistor.
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Figure 5.15: Mean power as a function of load resistance for different values of G2 at the
acceleration SD of 0.01 g2/rad/s (spring scaling factor η = 5 m-2 and damping scaling factor α = 5
s2m-2).
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6 Conclusions and recommendations
6.1

Summary

Vibration-based electromagnetic energy harvesters are alternative power sources for ultra low
power micro sensors and can have a major impact on how wireless sensor nodes are converted
into completely autonomous systems in the future.
In this thesis, a low cost fabrication technique for the components of EMEHs, analytical
models of linear EMEHs with uniform magnetic field configuration for harmonic vibrations,
analytical models of linear and nonlinear EMEHs for random vibrations and characterization of
the developed EMEHs under harmonic and random vibration were reported.

6.2

Conclusions

We have developed a low cost, one-mask technology to fabricate the components for a nonsilicon-based EMEH. With the devised technology a copper foil type EMEH has been developed
and characterized under harmonic vibrations in Chapter 2, and a PDMS membrane type EMEH
has been developed and characterized under harmonic as well as random vibrations in Chapter 4.
The voltage and power generated by these harvesters are comparable to other developed EMEHs
which use more involved fabrication processes. In the former harvester the spring stiffness of the
planar copper spring can be readily customized through mask design to achieve other resonant
frequencies for a broader range of applications. Likewise with the spring design EMEH can
easily be tuned to low, medium and high acceleration vibration environments. In the second
EMEH the incorporation of a more flexible polymeric membrane helped in reduction of the
harvester’s resonant frequency and made it suitable for extracting energy from low level
vibration environments. Moreover, unlike the planar spring, the fabrication of the PDMS
membrane does not require expensive photolithography and etching steps in the clean room. In
the PDMS membrane type EMEH the nonlinear behaviour was attributed to the nonlinear
elasticity of the PDMS membrane, which led to the commonly observed drop, jump and
hysteresis phenomena, and the resonant frequency changing with the level of base acceleration.
The nonlinear response of the harvester was exploited to harvest energy from narrow band
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random vibrations. Similar to sinusoidal excitations, the device displayed linear behaviour under
low levels of narrow band (5 to 150 Hz) random vibrations, with a stable central (resonant)
frequency of the spectral density (SD) of the load voltage. However, when subjected to stronger
narrow band (50 to 150 Hz) random vibration levels to invoke the nonlinear effects of the PDMS
membrane, a shift in the central (resonant) frequency of the SD of the output voltage was
observed. In comparison to the load voltage SDs under low levels of random excitation, at high
levels of random excitation the SDs of the load voltage are relatively broader, showing an
increase in the bandwidth of the device.
The analytical study conducted in Chapter 3 for linear EMEHs with a non-uniform
magnetic field under harmonic vibrations, comprised of a simple model based on Faraday’s law
and a uniform gradient of the normal component of the magnetic flux density that is more
suitable for EMEHs where the entire coil experiences approximately the same magnetic flux
density or the same gradient of the normal component of the magnetic flux density. The
limitations of the former model were resolved by the development of more robust analytical
models based on Faraday’s law and the Lorentz force law, and analytical solution of the offcenter magnetic flux density. We averaged the gradient of the normal component of the magnetic
flux density for each coil turn for the model based on Faraday’s law, and we averaged the xcomponent of the magnetic flux density at the side length of each turn for the formulation based
on the Lorentz force law. The resulting models can accurately predict the EMEHs performance
where the entire coil does not experience the same gradient of the normal component of the flux
density. We showed based on the practical constraints of the copper foil type EMEH that the
models can be very effectively used to optimize the output voltage and power of the harvester.
In Chapter 5, analytical models for linear and nonlinear EMEHs under random vibration
were used to investigate the behaviour of the harvesters under broadband and narrow band
random vibrations. We showed the significance of the harvester design parameters, such as the
mechanical quality factor and the transformation factor, on the device mean power, the mean
square load voltage and the spectral density of the load voltage. We found that under broadband
vibration, linear EMEHs with higher values of the product-of-merit the mean power is less
sensitive to the load, and moreover, the optimum load condition for linear EMEHs under random
vibration differs from that under harmonic vibrations. The simulation results for the nonlinear
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EMEHs showed that the response of the harvester not only depends on the spectral density of the
base acceleration but also on the standard deviations of the relative velocity and the relative
displacement. We noted that under low levels of random excitation, the contribution from the
nonlinear terms was negligible, the linear stiffness and linear damping were dominant, and the
harvesters operated in the linear regime, where and the response of a nonlinear device is similar
to a linear one. However, when subjected to higher levels of random excitations to invoke the
contribution of the nonlinear effects, the simulation results showed that not only the maximum
value of the load voltage increases but also the central (resonant) frequency of the spectral
density shifts towards higher frequencies. The shift in the central frequency is attributed to the
increased stiffness. This shift, however, became less significant in the case of an EMEH with
nonlinear damping, since the nonlinear damping term contributes inversely to the resonance
frequency. Moreover, slightly broader bandwidths are obtained in the nonlinear regime in
comparison to operation in the linear regime. The presence of large nonlinear damping not only
increases the bandwidth of the harvester at the expense of a decreased peak value of the load
voltage spectral density but also a stable resonant frequency is obtained even at relatively high
levels of random excitation.

6.3

Recommendations for future research
This research has revealed a number of potential venues for further research and

investigation in the field of electromagnetic energy harvesting. These are briefly discussed
below:
The low cost, one mask fabrication technology developed in this thesis can easily be
extended to the fabrication of suspended and embedded parts for other MEMS devices. The
technology is not limited only to the use of copper foil, depending on the type of the fabricated
device, aluminum, nickel or gold foils can be utilized. The developed fabrication technique can
readily be implemented to fabricate the following devices:


Energy harvesters
-

Acoustic energy harvesters

-

Electrostatic energy harvesters

-

Energy harvesters for pressure- changing environments
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RF energy harvesters

Micro sensors
-

Acoustic sensors

-

Pressure sensors

-

Flow sensors

Micro actuators
-

Micro pumps

-

Electromagnetic actuators

-

Electrostatic actuators

-

Externally controlled micro valves

Other applications
-

Micro heaters

-

Variable gap capacitors

-

Micro robots

The incorporation of PDMS in the developed technology makes it suitable for integration
with lab-on-a-chip technology, where the PDMS is one of the main fabrication materials.
For the architecture proposed in this thesis for the EMEHs, vacuum can be produced in
the cavity in which the magnets are oscillating. The vacuum will results in reduced air damping
and more power generation. The power enhancement can also be obtained by fabricating coils on
both sides of the glass substrate, this can almost double the output voltage and increase the
generated power. In the developed devices coils were fabricated on 1 mm thick glass substrate,
however, they can be easily fabricated on thinner glass substrate (for example, 170 µm thick
Fisherfinest® micro slides), this will result in smaller and lighter devices and increase the power
density of the harvester.
The EMEHs developed in this study are lightweight and suitable for small as well as
large area applications. To harvest energy from ambient vibrations over a fairly broad frequency
bandwidth, array of EMEHs with different resonant frequencies can be used. The output voltage
signals from each harvester can then be rectified before being combined for use.
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The analytical models developed in Chapters 2 and 3 for linear electromagnetic energy
harvesters with non-uniform field configuration under harmonic vibrations, can be extended for
nonlinear EMEHs. With proper modeling of the nonlinear stiffness, which is the main cause of
the mechanical nonlinearity in the harvesters, the drop, jump and hysteresis phenomena in
nonlinear harvesters can be explained more explicitly.
Realistic environmental vibration is random in nature, As a result, recent research has
started to investigate the behaviour of energy harvesters subjected to broadband or random
vibrations. Very little research has been reported with regard to the response of harvesters under
random vibrations, moreover the research which has been conducted, as in this work, is for uniaxial random vibration. However, real vibrations are more of tri-axial nature and relevant
research can be conducted in modeling, fabrication and characterization of suitable devices.
The analytical models developed, in Chapter 5, for linear and nonlinear EMEHs under
broadband random vibrations, must be validated. This requires the identification of realistic
model parameters for the harvesters and verification of the models by comparing modeling
results to experimental results.
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Appendix A
Evaluation of the integral of the square of the absolute
value of complex frequency response
For a system if the complex frequency response function is of the form

H (i ) 

iB1  B0
,
  A2  iA1  A0
2

(A.1)

the integral of the square of the absolute value of complex frequency response can be
computed as
 B02 
2
 A  A2  B1

0
2

 H (i ) d  
A1 A2

(A.2)

For other forms of complex frequency response functions, the evaluation of the integral
of the square of the absolute value of complex frequency response can be obtained from [175] or
integral tables, for example by G. Petit Bois, 1961 [182].
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Appendix B
Calculation of the equivalent frequency for statistical
linearization of the nonlinear system with nonlinear
stiffness
For x being a random process, the average of the ensemble of x


E[ x] 

 xp( x)dx

(B.1)



depends on the probability density function p(x) of x, it is also the mean or the expected value of
x. The mean square value of x is expressed as


E[ x 2 ] 

x

2

p( x)dx .

(B.2)



In statistical linearization, the replacement of the nonlinear component  n2 ( z  z 3 ) by an
equivalent linear component  eq2 z to obtain the equation of motion of an equivalent linear
energy harvester produces an error
e   n2 ( z  z 3 )  eq2 z .

(B.3)

The mean square value of the error e according to equation (B.1) can be written


E[e 2 ]   e 2 p( z )dz

(B.4)



in terms of the error e and the probability density function p(z) of the relative displacement z
between the magnets and a coil.
Substituting (B.2) into (B.3) yields the following equation
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E[e ]   [ n2 ( z  z 3 )   eq2 z ]2 p( z )dz
2





  [ n4 ( z  z 3 ) 2   eq4 z 2  2 n2 ( z  z 3 ) eq2 z ] p( z )dz .

(B.5)



2
Differentiating (B.5) with respect to  eq
and setting it equal to zero



dE[e 2 ]
  [2 eq2 z 2  2 n2 ( z  z 3 ) z ] p( z )dz  0
2
d eq

2


2
eq

z

2



p( z )dz  2

(B.6)


2
n

 z( z  z

3

) p( z )dz  0

(B.7)



eq2 E[ z 2 ]  n2 E[ z.z(1  z 2 )]  0

(B.8)

yields the equation for the equivalent frequency

eq2   n2

2
E[ z.z (1  z 2 )]
2 E[ z.z (1  z )]


n
E[ z 2 ]
 z2

(B.9)

that minimize the error e.
The expected value of the product [ z.z (1  z 2 )] can be obtained by the expansion method
of [174] as



d

E[ z.z (1  z 2 )]  E[ z.z ]E  z (1  z 2 )  E[ z 2 ]E 1  3z 2
 dz






 E[ z ]  (1  3z 2 ) p( z )dz 
 

2




 E[ z 2 ]  p( z )dz  3  z 2 p( z )dz   E[ z 2 ] 1  3E[ z 2 ]   z2 (1  3 z2 ) .

 






(B.10)

152

Form (B.10) by substituting the value of E[ z.z (1  z 2 )] into (B.9), results in the equivalent
frequency

eq2  n2 (1  3 z2 )

(B.11)

of the equivalent linear harvester in terms of the linear natural frequency ωeq, scaling factor η of
the nonlinear stiffness, and the standard deviation σz of the relative velocity z.
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Appendix C
Experimental procedure
C.1 Measurement of the relative displacement
The measurement of the relative displacement
z (t )  x(t )  y(t )

(C.1)

between the coil and magnet at various frequencies require a measurement of the displacement
signal x(t) at the magnet and the base oscillation signal y(t) at the frame of the device. An optical
reflective adhesive tape is bonded at proper spots to acquire a better reflection of the optical
signal for the vibrometer. While recording these signals separately, a signal from the voltage
amplifier is used as the reference.
For a noise free signal the following settings were used for the displacement sensor on
the vibrometer:


Decoder: DD-200



Range: 80 µm/V (selectable: 2, 4, 8, 16, 32, 80, 160, 320, 640, 1280, 2560, 5120,
10240 µm/V)



Resolution: 80 nm (Auto-selected with range)



Maximum velocity: 2.5 m/s (Auto-selected with range)



Tracking filter: Slow
The velocity sensor can also be used to measure the velocity of the magnet or frame and

then the respective displacement can be calculated with the measurement. With the velocity
sensor there is low pass filter option that helps in obtaining a better signal compared to the
displacement sensor. The displacement

x

x
2f

(C.2)

can be obtained from the velocity x reading at frequency f.
The following settings for the velocity sensor can be used during velocity measurement
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Decoder: VD-02



Range: 5 mm/s/V (selectable: 5, 25, 125, 1000 mm/s/V)



Maximum frequency: 250 kHz (Auto-selected with range)



Tracking filter: Slow



Low pass filter: 5 kHz (Selectable: 5 kHz, 205 kHz, 1005 kHz, 1.5 MHz)



High pass filter: 100 Hz
Following are the steps involved in obtaining the amplitude of the relative displacement

between the magnets and the coil of Figure 2.15 in Chapter 2:
1.

Turn on laser, allow 15 minutes for system warm-up

2.

Set the displacement or velocity sensor parameters

3.

Focus laser spot on the magnet or device frame by using the x-y-z motion knobs of the
microscope (probe station). Check the reflection indicator on vibrometer for precise
focusing and good signal.

4.

Set frequency of excitation with signal generator

5.

Turn on power amplifier (keep current knob on maximum)

6.

On voltage amplifier display, rotate the variable gain knob clockwise to start the
vibration of the shaker

7.

On the oscilloscope check the signals from vibrometer, accelerometer and the voltage
amplifier

8.

Adjust acceleration level with the variable gain knob on voltage amplifier display

9.

On the oscilloscope adjust the displayed signals with horizontal and vertical
positioning knobs and press “Trig” to trigger the signals

10.

Press “Save/Recall” button in oscilloscope to record the signals as data files.

11.

Repeat the measurement on the device frame

12.

In Excel, along the reference signal r(t) plot the signals x(t), y(t) and z(t)

13.

Read the amplitude Z of z(t)

14.

Repeat the same procedure (steps 1-13) for different frequencies to obtain several
points for relative displacement verses frequency
With the outlined procedure, the relative displacement obtained at resonance is shown in

Figure C.1.
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Figure C.1: Signals recorded at the resonance frequency of 371 Hz.

C.2 Noise reduction during frequency sweeps
In order to obtained frequency response of the PDMS membrane type EMEH (Chapter 4,
Figures 4.10 and 4.11) with minimal noise or disturbance due to the sudden jump phenomena,
the frequency sweeps are performed at low speeds, moreover, a band-pass filter is used in a
LabView program to reduce the high frequency noise in the acquired signals. The response of
the device recorded at fast forward sweep and without a band-pass filter shown in Figure C.2,
contains noise. However, the noise in the measurement decreased considerablely when the
device was subjected to slow frequency sweep and with the band-pass filter in the LabView
program, Figure C.3.
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Figure C.2: Frequency response of the harvester during fast forward sweeps and without bandpass filter in LabView program.

Figure C.3: Frequency response of the harvester during slow forward sweeps and with band-pass
filter in LabView program.
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