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Abstract
Understanding the growth and differentiation of silicic magma chambers is
a central issue in volcanology. Specifically, the injection, deformation and
breakup of new pulses of magma can influence how the chamber evolves
thermally and chemically, as well as the potential for eruption. Magmatic
structures (e.g. enclaves, ladder dikes, and schlieren) preserved in plutonic
and volcanic rocks record information about the physical processes that occur within the chamber prior to solidification. A key outstanding issue is
how to use magmatic structures to extract information about magma rheology and host chamber dynamics within the chamber and during magma
ascent–processes that are inherently inaccessible to direct observation. This
thesis is an attempt to elucidate the fundamental physics that governs the
breakup of an injected magma into a preexisting chamber. One major obstacle for the popular model that mafic inputs trigger big eruptions [Pallister
et al., 1992; Murphy et al., 1998] and govern the long-term growth of silicic
chambers is the way the new magma is injected. In particular, the scale
length at which thermal and compositional heterogeneity is introduced controls how efficiently heat is transferred and the extent to which chamber
convection causes mixing. This thesis provides a new understanding of how
injections breakup to such small sizes, which can lead to a greater efficiency
for mixing and remobilization of an otherwise immobile magma.
I use field and experimental studies to investigate specific magmatic features preserved in plutonic and volcanic rocks that can be used to constrain the magma rheology within the chamber at the time of deformation.
First, I use experiments and scaling theory to investigate the mechanical
and rheological conditions leading to the deformation and breakup of analog crystal-rich dikes. Second, I use field observations of “ladder dikes” from
ii
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the Tuolumne Intrusive Suite, together with experiments and scaling theory
to demonstrate that prior to solidification, these features are deformed and
broken by shearing motions in the magma chamber. And third, using experimental results along with thermodynamic and modeling constraints on key
physical properties of the injected and host magmas, I use size distributions
of enclaves preserved in lava flows to characterize the flow regime governing
enclave formation.
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This thesis includes three complementary manuscripts, presented in Chapters 2, 3, and 4, that were prepared for publication in peer-reviewed scientific
journals.
A version of Chapter 21 is published in Earth and Planetary Science Letters [Hodge et al., 2012a]. The co-authors are Kirsten Hodge (first author),
Guillaume Carazzo, and Mark Jellinek. I am responsible for the setup, implementation, and analysis of all experiments presented in Chapter 2 and
the majority of the writing in this manuscript. Guillaume Carazzo and
Mark Jellinek helped during several of the experimental runs and provided
extensive feedback for experimental setup and scaling analysis. They also
contributed to numerous versions of of the manuscript, providing editorial
comments, feedback on the overall structure, and invaluable comments on
all drafts prior to publication.
K. F. Hodge, G. Carazzo, and A. M. Jellinek. (2012), Experimental constraints on the deformation and breakup of injected magma.

Earth and

Planetary Science Letters, 325-326: 52-62.
A version of Chapter 32 is published in Contributions to Mineralogy and
Petrology [Hodge et al., 2012b]. The co-authors are Kirsten Hodge (first
author), Guillaume Carazzo, Xena Montague, and Mark Jellinek. I am responsible for the majority of the field work, image preparation and analysis
1
Reprinted from Earth and Planetary Science Letters, c 2012, with permission from
Elsevier.
2
Reprinted from Contributions to Mineralogy and Petrology, c 2012, with permission
from Springer.
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presented in Chapter 3 and the majority of the writing in this manuscript.
Guillaume Carazzo provided help in the field, including the preparation of a
detailed map of all ladder dikes presented in this Chapter. Xena Montague
helped with petrologic descriptions of all outcrops studied in the Tuolumne
Intrusive Suite. Mark Jellinek and Guillaume Carazzo contributed feedback
on the data analysis and provided editorial comments, general comments,
and scientific feedback on all drafts prior to publication.
K. F. Hodge, G. Carazzo, X. Montague, and A. M. Jellinek. (2012), Magmatic structures in the Tuolumne Intrusive Suite, California: A new model
for the formation and deformation of ladder dikes. Contributions to Mineralogy and Petrology, 1-14.
A version of Chapter 4 is in press to be published in The Journal of
Geophysical Research–Solid Earth. The co-authors are Kirsten Hodge (first
author) and Mark Jellinek. I am responsible for data collection, analysis,
and the majority of the writing in this manuscript. Mark Jellinek provided
editorial comments, general comments and scientific feedback on all drafts
prior to submission.
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Chapter 1

Introduction
1.1

Motivation

Figure 1.1: Ash pours out of the crater at Mount St. Helens during the May
18th, 1980, eruption (photo credit: USGS/Robert Krimmel).
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1.1. Motivation
The most catastrophic volcanic events include enormous caldera-forming
eruptions capable of releasing volumes on the order of 1, 000 km3 (> 103
times greater than the 1980 eruption of Mt. St. Helens, Figure 1.1) over the
course of several days to weeks. An eruption of this magnitude could blanket
the entire province of British Columbia in ∼ 1 meter of volcanic ash. Well-

studied examples include eruptions from the Yellowstone caldera, WY [see
Christiansen, 1984; Hildreth et al., 1991; Bindeman and Valley, 2000], the
Long Valley caldera, CA [see Halliday et al., 1989; Baliey, 2004; Hildreth,
2004], and from the Taupo volcanic zone, New Zealand [see Wilson et al.,
1995; Jurado-Chichay and Walker, 2001]. These cataclysmic events remain
one of the most poorly understood types of eruptions. The processes that
control the strength and magnitude of volcanic eruptions occur in magma
chambers which are zones located 10 − 15 km below the Earth’s surface that
host the long-lived (105 − 106 years [Jellinek and DePaolo, 2003]) accumula-

tion of large volumes (order 1, 000 km3 ) of eruptible magma. From a societal
standpoint, it is important to understand the processes active inside these
subsurface magma chambers in order to fully realize how and why an eruption of this magnitude can occur. Central to the issue of how and why these
eruption occur is the eruption timescale: How does all that magma get out
so quickly? Broadly speaking, the eruption rate is controlled by the mobilization of magma from inside the chamber through the volcanic conduit. A
magma’s rheological behavior, specifically how it moves and deforms, is ultimately what governs the timescale for mobilization. I use the term magma
here to describe a particle suspension (see Appendices A.2 and A.4) that is
a mixture of melt, crystals, and bubbles. When the crystal fraction is below
∼ 50 vol.% a magma will flow. Above this threshold (∼ 50 − 60 vol.%)

[Marsh, 1981] there exists a touching crystal framework, which results in
strong frictional interactions between neighboring crystals. The fundamental mechanical problem of erupting such a rheologically-complex material
puts specific demands on the underlying magma chamber processes.
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Several studies have hypothesized that volcanic eruptions can be triggered by the injection of a relatively more mafic (and therefore hotter)
magma into a shallow silicic magma chamber [Pallister et al., 1992; Murphy et al., 1998]. This idea has motivated numerous studies on the mixing
of compositionally distinct magmas [Snyder and Tait, 1996b; Jellinek and
Kerr, 1999; Perugini et al., 2002; Kennedy et al., 2008; Ruprecht et al.,
2008; Ruprecht and Bachmann, 2010]. Specifically, there exists numerous
well-studied volcanos (e.g. Mount Pinatubo, Montserrat) whose eruptive
products preserve evidence for mixing of mafic and silicic magmas prior to
eruption. The preservation of evidence for magma mixing in both plutonic
and volcanic rocks provides a tool for geologists to understand the details
of how two compositionally distinct magmas interact. One key outstanding
problem for the favored model that new mafic inputs of magma trigger big
eruptions and control the growth and differentiation of silicic chambers is
the way in which the new magma behaves upon injection. The scale length
of thermal and compositional heterogeneity introduced by the disaggregation of new inputs of hot mafic magma will control how a magma chamber
evolves both thermally and compositionally and possibly how and when it
will erupt. For example, if a new intrusion of hot mafic magma breaks up
into small blobs, heat will be transferred more efficiently to the host magma.
This will lead to more efficient remobilization of a large batch of crystal-rich
magma.
Field evidence for mechanical mixing comes in a variety of forms and
emphasizes the potential complexity of the interactions between the input
and resident magmas (Figure 1.2). Observationally, these interactions fall
into two limiting regimes:
1. An intrusion of new magma breaks up upon entering a magma chamber and forms blobs of magma called magmatic enclaves, which are
common in both plutonic [Barbarin, 2005; Paterson et al., 2004; Tobisch et al., 1997; Wiebe and Adams, 1997; Wiebe et al., 1997; Wiebe
and Collins, 1998; Didier and Barbarin, 1991; Vernon, 1984] and volcanic rocks [Eichelberger, 1975; Vernon, 1984; Bacon and Metz, 1984;
3
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50 cm

g

g
b

30 cm

f
Figure 1.2: Photos of mafic sheets and mafic enclaves preserved in silicic
intrusions. Photos a and b show layered mafic-silicic material from the
Gouldsboro granite, Coastal Maine, and the Aztec Wash pluton, Nevada.
Photos c and d show small (1 − 50 cm) mafic enclaves. Photo c is from
the Pleasant Bay intrusion and photo d is from the Vinalhaven intrusive
complex (Coastal Maine). Photos e and f show large (0.5 − 1 m) mafic
enclaves in the Tuolumne intrusive suite (e) and the Vinalhaven intrusive
complex (f ). Photo a by R. A. Wiebe. Photo b by C. F. Miller. Photos c
and e by K. Hodge. Photo d and f by M. Jellinek.
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Bacon, 1986; Didier and Barbarin, 1991; Wiebe et al., 1997; Clynne,
1999].
2. An injection of relatively mafic magma enters a chamber and spreads
over the floor as a gravity current forming continuous layers or sheets
[Wiebe, 1988; Irvine, 1982; Wiebe, 1993, 1996; Cawthorn and Walraven, 1998; Turnbull et al., 2010].
A key outstanding question crucial for understanding how silicic magma
chamber grow, differentiate, and ultimately erupt is: What controls the extent to which a new injection of magma will disaggregate and form enclaves
or remain intact and form continuous layers? In this regard, the broad goal
of this thesis is to develop a method to utilize certain classes of magmatic
structures observed in volcanic and plutonic rocks (e.g. mafic enclaves and
ladder dikes) to constrain aspects of the styles of flow, stirring, and mixing
within the magma chamber, as well as the rheological contrast between the
two mixing magmas. In doing so, my work provides a novel technique to
constrain magma chamber dynamics from basic field observations of magmatic structures, which are ultimately the remnants of dead processes. The
recovery of information about the dynamics of these flows is quite remarkable and comes as a consequence of the rheology of magma—its resistance
to deformation (Section 1.2.1). To achieve this goal, I use analogue experiments and theoretical scaling analyses to identify and understand the basic
fluid mechanics that govern how an injected crystallizing magma interacts
with a convecting chamber. In particular, I map an appropriate dynamical
parameter space that governs whether and how injections break up or form
layers. The key controls of this parameter space are the evolving rheology
of a crystallizing injection and the flow regime of the chamber. To test the
results of the analogue experiments and scaling theories, I conduct two detailed field-based studies to look at certain classes of magmatic structures:
ladder dikes and enclaves. In doing so, I use the analogue experiments and
scaling analysis to understand why these features exist and where in the
dynamical parameter space they occur. A major result of this study is the
development of a methodology that uses the geometry and size of magmatic
5
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structures as a way to infer key aspects of the magma rheology and chamber
flow regime.

1.2
1.2.1

Background
Magma rheology

Rheology describes how a material responds to an applied stress (see Appendix A.1 for a general discussion of rheology). Specifically for magmas,
rheology controls flow within a chamber and influences the potential for
its eruption at the surface. A magma’s temperature, melt composition, and
amount of suspended crystals and bubbles control its effective viscosity (Appendix A.3), which can vary over 15 orders of magnitude (from about 10 to
1015 Pa s, where 10 Pa s is for fluid, crystal-free melt and 1015 Pa s is for
a rigid, crystal-rich magma [Murase and McBirney, 1973]). Consequently,
this wide range in magma viscosity leads to a broad range in flow behavior,
which ultimately makes magma rheology a crucial parameter not only for
eruption models, but also for understanding how magma chambers accumulate and preserve strain. In particular, magmatic structures (e.g. magmatic
enclaves and ladder dikes) preserved in plutonic rocks record quantitative
information about the coupled crystal-melt dynamics that ultimately govern
the rheological response of a magma. The crucial link between the origin
of magmatic structures and chamber flow dynamics is understanding how
magma rheology governs the production of magmatic textures preserved in
the field.

1.2.2

Magmatic structures

Magmatic structures preserved in plutonic and volcanic rocks record information about the physical processes—e.g., mechanically driven flow during
magma ascent and emplacement [Abbott, 1989; Tobisch and Cruden, 1995]
or internal convection and stirring [Barrière, 1981]—that occur within the
chamber prior to solidification. Numerous studies emphasize the importance of these structures (e.g. aligned minerals (Figure 1.3a & b), schlieren
6
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(Figure 1.3c), and enclaves (Figure 1.2c-f)) in documenting flow within a
magma chamber [Balk, 1937; Barrière, 1981; Abbott, 1989; Tobisch and
Cruden, 1995; Pitcher, 1997].

(a)

(b)

(c)

Figure 1.3: (a & b) Photos of interface between dense mafic intrusion (dark)
and resident crystal-rich silicic magma (light). White lines show alignment
of feldspars in the silicic magma. (c) Photo of dense rhyolite that settled
into a less dense silicic mush. Parallel white lines indicate aligned biotite
crystals (i.e. schlieren) and textural gradients that indicate the accumulation
of simple shear strains along the side boundaries of the falling block. The
white arrow indicates the direction of paleo-vertical.
This thesis focuses on two classes of magmatic structures: mafic enclaves, which are ubiquitous in silicic plutons and volcanic products; and
ladder dikes, which are less common, but appear locally in a few well-studied
plutons. Both enclaves and ladder dikes remain topics of ongoing study as
there is no clear consensus regarding their formation.
Enclaves
There are three commonly accepted mechanisms for enclave formation: (i)
injection of a relatively more mafic magma into a silicic host magma chamber, whereby the mafic injection breaks up to form enclaves as a result of
stirring [Frost and Mahood, 1987; Wiebe et al., 1997; Smith, 2000; Paterson
et al., 2004]; (ii) fragments of the wall rock or previously-solidified cumulate host material that break off and become entrained in the host granite
[Didier and Barbarin, 1991]; and (iii) convective entrainment from ponded
layers of intermediate or mafic material at the base of a silicic chamber [Vernon, 1984; Wiebe, 1993, 1996; Wiebe and Adams, 1997; Wiebe et al., 1997].
7
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Most studies cite the rheological effects of rapid cooling and solidification
of a hotter mafic material upon injection into a cooler silicic chamber as a
key part of the breakup process [Frost and Mahood, 1987; Snyder and Tait,
1995], though the explicit effects of heat transfer have yet to be investigated.
Neglecting the effects of heat transfer and solidification, laboratory experiments show that rounded, basaltic enclaves of various sizes may be produced in a number of ways [Campbell and Turner, 1986; Snyder and Tait,
1995; Wiebe et al., 1997; Hodge et al., 2012a]. Depending on the rate of
injection, a new intrusion of basalt can enter a silicic magma chamber as a
dense turbulent fountain (e.g., Campbell and Turner [1986]) or as a laminar gravity current that spreads along the chamber floor [Snyder and Tait,
1995]. Campbell and Turner [1986] show that if the Reynolds number of
the injection is > 102 and the viscosity ratio is not larger than 400, the
deformation and entrainment of granitic magma will lead to mechanical
mixing. By inference, this process will lead to the production of enclaves
where the maximum size, as well as the size and shape distribution, will
depend on the structure and scale of the turbulent eddies in the fountain
that can impinge, deform and entrain more viscous silicic magma. Snyder
and Tait [1995] and Wiebe et al. [1997] interpret enclaves as being related
to flow front instabilities forming at the nose of a basaltic intrusion spreading as a gravity current at the chamber floor. Building on this picture,
Snyder and Tait [1996b] argue that subsequent thermal convection driven
by heat transfer from this newly-injected layer will lead to the intermittent
entrainment and stirring of basaltic “blobs” with a size that depends on
the strength of the convection and the viscosity variations between the two
magmas. In addition to processes occurring during magma chamber replenishment, enclaves may form as a result of magma chamber stirring during
large eruptions. Thomas et al. [1993] suggest that mechanical mixing can
occur following the exsolution of a gas phase from the vesiculation of mafic
magma whereby low density bubble-rich basalt rises as foamy plumes, driving vigorous convection. Kennedy et al. [2008] show that the structure and
mixing properties of the flow with the chamber and overlying ring dike during a caldera-forming eruption will generally be complex in both time and
8
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space. This suggests a strong likelihood for erupted magmas that are compositionally and texturally heterogeneous over a large range of scale lengths.
The length scales of texturally heterogeneity will probably depend strongly
on the time-dependence of the flow and the magnitude of any viscosity variations [Koyaguchi, 1985; Blake and Campbell, 1986; Jellinek and Kerr, 1999;
Jellinek et al., 1999].
Ladder dikes
Ladder dikes are a unique class of magmatic structures that exist sporadically in the Taveras pluton, Brazil [Weinberg et al., 2001] and in the Late
Cretaceous intrusions that make up the Sierra Nevada batholith (Reid et al.
[1993]; Paterson [2009]; Figure 1.4). In outcrop view, ladder dikes appear as
long (up to 25 m), often tortuous, features that consist of alternating mafic
and felsic bands. Mafic schlieren define the dike margins, and K-feldspar
megacrysts that vary in size distribution and concentration appear within
the mafic/felsic bands and also as large clusters within the dike margins.
The link between ladder dikes and magma chamber dynamics is poorly
understood [Reid et al., 1993; Weinberg et al., 2001; Paterson, 2009]. A
number of conceptual models have described how ladder dikes might form,
but there is no general consensus between studies. According to Reid et al.
[1993], ladder dikes occur as “crescent-shaped dark and light layers that appear dike-like in outcrop. Individual curved layers of these ‘ladder dikes’ are
nested and are younger in the concave direction.” The light and dark layers
contain the same petrologic phases (but in different proportions) as the surrounding host granodiorite. The dark layers and edges contain magnetite,
sphene, hornblende, and biotite, and are lacking plagioclase, alkali feldspar,
and quartz. The light layers contain plagioclase with lesser amounts of
quartz, k-feldspar, biotite, and minor hornblende [Reid et al., 1993]. Finegrained mafic layers grade into coarser-grained light layers. Weinberg et al.
[2001] propose an interpretation based on the idea that ladder dikes are
preserved plumes of silicic magma that flow relative to the surrounding material. According to their conceptual model, relative motion between fluid
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Figure 1.4: Photos of ladder dikes in the Cathedral Peak granodiorite, near
Glen Aulin, Tuolumne Meadows, Yosemite National Park.
layers produces aligned minerals, or schlieren along the plume boundaries
[Wilshire, 1969; Barrière, 1981; Abbott, 1989; Weinberg et al., 2001; Wiebe
et al., 2007; Paterson, 2009]. Paterson [2009] uses the term “tube” to describe the ladder dikes. This study defines magma tubes as “cylindrical
or tube-shaped structures in three dimensions that in sections perpendicular to tube axes display numerous, enclosed (if not removed by subsequent
magmatic erosion), elliptical schlieren bounded by layers.” Paterson [2009]
subdivides the tube structures into two types: stationary and migrating.
The “stationary tubes” appear as roughly symmetric concentric schlieren
rings and the “migrating tubes” appear as if a stationary tube migrated, in
some cases, tens of meters. The tube structures are present throughout the
Tuolumne Intrusive Suite (initial estimates by Paterson [2009] ∼ 1000) and

appear to be spatially clustered (0 − 100 tubes per km2 ).
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1.3

Thesis structure

This thesis combines three complementary studies aimed at understanding
the deformation and breakup of injected magma into a silicic magma chamber.
In Chapter 2, I use laboratory experiments and scaling theory to investigate the mechanical and rheological conditions leading to the deformation
and breakup of analog crystal-rich dikes injected as discrete plumes that
descend into an underlying imposed shear flow. To scale the experiments
and map the results across a wide range of natural conditions, I define the
ratio S of the timescale for the growth of a gravitational Rayleigh-Taylor
(R-T) instability of the sheared, injected material to the timescale for settling through the fluid layer and the ratio Y of the timescales for shearing
and lateral disaggregation of the particle-fluid mixture (yielding). At low
S (< 3) and high Y (> 40), descending plumes are stretched and tilted
before undergoing R-T instability, forming drips with a wavelength that is
comparable to the initial diameter of the injection. At low Y (< 40) and
S values that increase from ∼ 3 as Y → 0, an injection yields in tension

before a R-T instability can grow, forming discrete particle-fluid blobs that

are much smaller than the initial injection diameter and are separated by
thin filaments of the original mixture. At high S (> 3) and high Y (> 40),
injections remain intact as they settle through the layer and pond at the
floor. Applied to magma chambers, my results do not support the production of a continuum of enclave sizes. Indeed, from scaling analyses I expect
the two breakup regimes to form distinct size populations: whereas enclaves
formed in the R-T regime will be comparable to the injection size, those
formed in the tension regime will be much smaller. I show that enclave size
distributions observed in the field can potentially be used to infer the Y − S
conditions for the magma chamber at the time of injection. In addition,

these observations can constrain aspects of the styles of flow, stirring, and
mixing within the magma chamber, as well as the rheological contrast between the injected and host magma at the time of enclave formation. This
work shows that the contrast in composition between the injected and host
11
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magmas will have a strong effect on the mingling structures that are likely
to be generated.
In Chapter 3, I use field observations of meter-scale “ladder dikes” from
the Tuolumne Intrusive Suite (TIS), California, USA, together with analogue experiments and scaling theory (Chapter 2) to demonstrate that prior
to solidification, these features are deformed and broken by shearing motions in the magma chamber. Field observations indicate that the majority
of the ladder dikes are: (1) exposed perpendicular to gravity in a nearly
horizontal slice through a solidified magma chamber, (2) located near a contact (specifically where they occur in large clusters) with either host rock or
another intrusive unit in the TIS, and (3) oriented roughly perpendicular to
that contact. The ladder dikes show evidence of breakup at the meter-scale
as well as at the centimeter-scale (mafic-felsic banding). I hypothesize that
the ladder dikes are buoyant plumes in a stirred magma chamber. In particular, their orientation and deformation are related to their rise (or descent)
velocity, the stirring velocity within the chamber, and the rheological contrast between the plume and ambient material. The comparison between
field data and laboratory experiments suggests that most of the ladder dikes
deformed in a regime dominated by breakup from yielding under tension.
In Chapter 4, I discuss a comprehensive field study conducted to measure enclave size distributions in six Cascade lava flows. Using results from
analogue experiments (Chapter 2) along with thermodynamic and modeling
constraints on key physical properties of the injected and host magmas (i.e.,
temperature, density and effective viscosity), I use the size distributions of
enclaves to characterize the flow regime governing enclave formation. Scaling arguments suggest that the viscous stresses related to magma chamber
flow acting against the yield strength of a crystallizing injected magma control the breakup of 1 m-wide mafic dikes into mm-cm-scale enclaves. My
data analysis identifies a corresponding characteristic breakup scale that
constrains the yield strength of the injected magmas more reliably than existing empirical models for yield strength based on crystal content. In all six
lava flows, I show that the progressive fragmentation of the injected magma
is self-similar and characterized by a fractal dimension Df ∼ 2, which is
12
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similar to previous studies on enclaves. I also find a small but statistically
significant dependence of Df on the effective viscosity ratio between host
and enclave magmas, such that large variations in effective viscosity enhance breakup. This work demonstrates that field observations of enclave
size distributions can reliably constrain the rheological and flow conditions
in which enclaves formed.
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Chapter 2

Experimental constraints on
the deformation and breakup
of injected magma1
2.1

Introduction

It is widely recognized that the injection of mafic or intermediate magmas
into relatively silicic magma chambers through dikes can govern how these
bodies grow and differentiate [Reid et al., 1983; Dodge and Kistler, 1990; Pin
et al., 1990; Nardi et al., 2008; Alves et al., 2009] and also affect their tendency to feed eruptions [Pallister et al., 1992; Leonard et al., 2002]. However,
a crucial issue determining the impact of such an injection on the subsequent
evolution of the magma chamber is the extent to which it is stirred or mixed
by ambient convection [Jellinek and Kerr, 1999]. Field evidence of such injections can take many forms and highlights the potential complexity of the
interactions between the input and resident magmas (Fig. 2.1). Observationally, these interactions might be classified into two limiting regimes. In
one endmember situation the intrusion breaks up on entering the magma
chamber and this process is expressed in the field by the presence of magmatic enclaves [Vernon, 1984; Frost and Mahood, 1987; Didier, 1987; Pin
et al., 1990; Didier and Barbarin, 1991; Blundy and Sparks, 1992; Wiebe,
1993; Elburg, 1996; Tobisch et al., 1997; Wiebe and Adams, 1997; Wiebe
et al., 1997; Wiebe and Collins, 1998; Silva et al., 2000; Kim et al., 2002;
1
Reprinted from Earth and Planetary Science Letters, c 2012, with permission from
Elsevier.
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Paterson et al., 2004; Donaire et al., 2005; Barbarin, 2005; Sahin, 2008; Barbey et al., 2008; Kumar, 2010; Smith, 2000], which are common in almost all
granites [Didier and Barbarin, 1991; Vernon, 1984]. Enclave sizes are a few
millimeters to several meters in diameter and their shapes, although often
axisymmetric, can be complex [Kumar, 2010; Alves et al., 2009; Nardi et al.,
2008; Barbey et al., 2008; Wiebe et al., 2007; Donaire et al., 2005; Barbarin,
2005; Kim et al., 2002; Silva et al., 2000; Akal and Helvaci, 1999; Wiebe and
Adams, 1997; Wiebe et al., 1997; Pin et al., 1990]. Alternatively, an injection of relatively mafic magma enters a chamber, ponds and spreads over the
floor as a gravity current to form continuous layers or sheets [Wiebe, 1988;
Irvine, 1982; Wiebe, 1993, 1996; Cawthorn and Walraven, 1998; Turnbull
et al., 2010]. Indeed, one of the enigmatic features of large silicic plutons is
that whereas some are structurally layered, others are not.
Field observations of enclaves in intrusive rocks [Vernon, 1984; Didier,
1987; Didier and Barbarin, 1991; Blundy and Sparks, 1992; Wiebe, 1993;
Elburg, 1996; Wiebe et al., 1997; Wiebe and Collins, 1998; Paterson et al.,
2004; Barbarin, 2005; Kumar, 2010] suggest that whether injections form
layers or enclaves is related to differences in density, viscosity and the yield
strength of the two magmas. Three mechanisms for enclave formation have
been proposed: (i) Deformation and stirring of a mafic magma into a more
felsic host [Frost and Mahood, 1987; Wiebe et al., 1997; Smith, 2000; Paterson et al., 2004]; (ii) fragments of the wall-rock or previously solidified
cumulate host material that break off and become entrained in the host
granite [Didier and Barbarin, 1991]; and (iii) convective entrainment from
ponded layers of intermediate or mafic material at the base of a silicic chamber [Vernon, 1984; Wiebe, 1993, 1996; Wiebe and Adams, 1997; Wiebe et al.,
1997]. Although many studies identify that the rheological effects of rapid
cooling and solidification of a hotter mafic material as it is injected into a
cooler silicic chamber are probably a key part of the breakup process [Frost
and Mahood, 1987; Snyder and Tait, 1995], these dynamics have been neglected most magma mixing studies (e.g., Koyaguchi [1985]; Campbell and
Turner [1986]; Blake and Campbell [1986]; Thomas et al. [1993]; Snyder and
Tait [1995, 1996b]; Thomas et al. [1993]; Jellinek and Kerr [1999]; Jellinek
15
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Figure 2.1: Photos of mafic sheets and mafic enclaves preserved in silicic
intrusions. Photo a shows layered mafic-silicic material from the Gouldsboro
granite, Coastal Maine. Photo b shows small (1−50 cm) mafic enclaves, from
the Vinalhaven intrusive complex (Coastal Maine). Photo a by R. A. Wiebe.
Photo b by A. M. Jellinek. Figure reprinted from Earth and Planetary
Science Letters, c 2012, with permission from Elsevier
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et al. [1999]; Kennedy et al. [2008].
The evolution of the rheology of the injected relatively more mafic magma
on cooling and solidification [Sparks and Marshall, 1986; Scaillet et al., 2000]
is a key aspect of the breakup problem. In particular, whereas cooling alone
will lead to an exponential increase in the mafic melt viscosity, the addition
of suspended crystals can strongly augment this effect and potentially introduce non-Newtonian behavior [Lejeune and Richet, 1995; Caricchi et al.,
2007]. Depending on the extent of crystallization, the injected magma may
exhibit yielding behavior during replenishment. To make progress on this
issue, we use analog experiments to examine the impact of enhanced viscosity and complex rheology of viscous, crystal-rich injections on the formation of layers versus enclaves in a convecting magma chamber. To capture
the combined effects of cooling and solidification on the rheology of dense,
mafic intrusions in a straightforward way that can be scaled to the natural
magmatic case, we introduce buoyant, particle-laden plumes with different
physical properties into a lower viscosity fluid undergoing simple shear flow.
By carefully varying the buoyancy, effective viscosity, and yield strength of
the injected material, as well as the strength of the imposed shear in the
ambient fluid layer we characterize the deformation of the injections over
a wide range of conditions expected to occur in natural systems. Our objectives are to understand why injected magma breaks up or ponds and to
identify the main processes that set the shapes and size distributions of the
broken-up material. Applying our results to magmas, we demonstrate that
field observations of the shape and size distributions of enclaves can be used
to constrain various chamber dynamics prior to solidification.

2.2
2.2.1

Experiments
Experimental setup, materials and methods

Our experiments are conducted in a cylindrical Plexiglas tank (8 cm high
by 60 cm in diameter) filled with a 6 cm high layer of corn syrup, which
has a viscosity of 251 Pa s at room temperature and a density of 1430 kg
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Figure 2.2: Cartoon of experimental set-up. (1) Tank, (2) corn syrup, (3)
upper rotating plate, (4) syringe, (5) particle-corn syrup mixture, (6) highspeed camera.
m−3 (Fig. 2.2). At the top of the layer, immersed approximately 0.5 cm
into the corn syrup, is a 30 cm diameter rotating cylinder with four 1 cm
diameter holes at set distances measured from the center of the cylinder (r =
5, 8, 10, 13 cm). The rotating cylinder is attached to an external Brushless
DC motor controlled by a BK Precision 1786B Programmable Power Supply
and is used to generate a steady simple shear flow in the tank. There is a
no-slip boundary condition along the base of the rotating cylinder and along
the base and side-walls of the tank. Prior the start of each experiment, we
load 3 mL of a particle-fluid mixture into plastic syringes. The cylinder is
then set into motion and a steady simple shear flow with a linear vertical
velocity gradient is rapidly established (the flow is at very low Reynolds
number). Next, a constant volume dense plume of the particle-fluid mixture
is introduced through one of the four holes by depressing a syringe. To
test whether the timing or style of injection influenced the results we ran
experiments at different injection rates and with the injections both before
and after the start of cylinder rotation and found no dependence on these
initial conditions.
The injected material is a suspension of polydisperse rigid spheres in corn
syrup. The corn syrup is the same material used as the ambient fluid. The
particles are zirconium silicate spheres with a density of 3600 kg m−3 and an
18
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average diameter of 0.4 mm and glass powder (ρ = 2600 kg m−3 , d = 1µm).
The volume fraction xV of particles listed in Table 2.1 refers to the total
volume fraction of both zirconium silicate spheres and glass powder. The
density difference between the individual particles and the viscous syrup in
the injection mixture is sufficiently small that buoyancy effects related to
the relative motion of the particles and fluid within the suspension can be
neglected over the short duration of the experiments. We note that because
the layer depth and the diameter of the cylinder are significantly less than
the diameter of the tank, additional variations in the imposed velocity field
with radius related to drag on the sidewalls are minimized, an expectation
that we verify prior to all experiments. The response of the dense particlerich plume to the imposed shear flow is recorded through the side of the
tank using a high-resolution video camera.
Our set-up allows us to vary several conditions externally: (i) particle
volume concentration, (ii) rotation rate of the cylinder, and (iii) volume
injected. For all experiments, the total volume injected is constant. The
polydisperse particle volume fraction varies between 36% and 83% and the
rotation rate varies between 0.08 and 16 rpm. A typical experiment lasts
between 1 and 10 minutes (Table 2.1).
Table 2.1: Experimental conditions and results. Experiments marked with
an asterisk (∗) denote experiments that fell within the transition between
two regimes.
experiment

Ω(rpm)

S

Y

xV

regime

1

0.08

0.65

606

0.36

Rayleigh-Taylor

2

0.08

0.65

380

0.36

Rayleigh-Taylor

22

0.08

0.65

380

0.36

Rayleigh-Taylor

23

0.31

0.65

80

0.36

Rayleigh-Taylor

101

0.08

0.65

606

0.36

Rayleigh-Taylor

102

0.08

0.65

380

0.36

Rayleigh-Taylor
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experiment

Ω(rpm)

S

Y

xV

regime

103

0.34

0.65

57

0.36

Rayleigh-Taylor

104

0.08

1.26

920

0.47

Rayleigh-Taylor

105

0.08

1.26

575

0.47

Rayleigh-Taylor

106

0.50

1.26

58

0.47

Rayleigh-Taylor

109

0.59

2.29

66

0.57

Rayleigh-Taylor

29

0.08

2.29

1230

0.57

Rayleigh-Taylor

30

0.08

2.29

770

0.57

Rayleigh-Taylor

13

0.08

1.8

1150

0.53

Rayleigh-Taylor

14

0.08

1.8

720

0.53

Rayleigh-Taylor

107

0.08

2.29

1230

0.57

Rayleigh-Taylor

15∗

0.47

1.8

78

0.53

Rayleigh-Taylor-tension

108∗

0.11

2.29

555

0.57

Rayleigh-Taylor-ponding

V 1001

11.86

1.8

8

0.53

tension

V 1002

12.18

7.17

11

0.76

tension

V 1003

8.98

0.65

3

0.36

tension

1004∗

11.22

4.18

5

0.67

tension

n6

1.62

0.65

15

0.36

tension

n7

1.62

4.18

33

0.67

tension

n3∗

1.62

4.13

46

0.67

tension-ponding

28∗

0.82

4.18

65

0.67

tension-ponding

R3

0.79

7.17

104

0.76

ponding

R6

0.82

4.18

5390

0.67

ponding

9

0.56

4.13

101

0.67

ponding

110

0.08

4.18

1690

0.67

ponding

4

0.08

4.18

1690

0.67

ponding

5

0.11

4.18

760

0.67

ponding

6

0.56

4.18

95

0.67

ponding

25

0.08

4.18

1690

0.67

ponding

V
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experiment

Ω(rpm)

S

Y

xV

regime

26

0.08

4.18

1060

0.67

ponding

16

0.08

7.17

2590

0.76

ponding

17

0.11

7.17

1160

0.76

ponding

18

0.79

7.17

104

0.76

ponding

7

0.08

4.13

1807

0.67

ponding

8

0.08

4.13

1130

0.67

ponding

10

0.08

10.72

5390

0.83

ponding

11

0.15

10.72

1890

0.83

ponding

12

0.82

10.72

208

0.83

ponding

n1

0.08

10.72

5386

0.83

ponding

n2

0.08

10.72

3370

0.83

ponding

n4

16.02

10.72

11

0.83

ponding

n5

6.42

10.72

26

0.83

ponding

R1

0.08

7.17

2590

0.76

ponding

R2

0.11

7.17

1160

0.76

ponding

R4

0.08

4.18

1690

0.67

ponding

R5

0.08

4.18

1060

0.67

ponding

R7

0.08

10.72

5390

0.83

ponding

R8

0.15

10.72

1890

0.83

ponding

R9

0.82

10.72

208

0.83

ponding

2.2.2

Dimensionless parameters and scaling considerations

To characterize the mechanics governing the behavior of negatively buoyant
multiphase plumes descending into an imposed shear flow it is useful to
perform dimensional analysis bearing in mind the timescales for the key
dynamics at work (Table 2.2). First, the timescale for the injection to settle
through the syrup layer to the tank base is:
ts =

µa h
,
∆ρg ∗ Ri2

(2.1)
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where µa is the viscosity of the ambient fluid, h is the fluid depth in the
tank, ∆ρ = (ρi − ρa ) is the density difference between the ambient fluid

and the injected mixture, Ri is the injection radius, and g ∗ is the effective
gravity which takes into account the orientation of the injection, which can
be written as
g ∗ = g sin θ,

(2.2)

where θ is the angle of the injection from horizontal (θ = arctan 1/V ∗ ). V ∗
is the ratio of the imposed cylinder velocity, Vc = rΩ/2π, to the Stokes
velocity of the injected material, Vs , and has the form
V∗ =

Vc
rµa Ω
=
.
Vs
2πC1 ∆ρgRi2

(2.3)

Here, r is the radial position of the injection point on the upper plate and
Ω is the rotation rate and C1 ≈ 0.22 is for our cylindrical plumes.
Table 2.2: Symbols and parameters
Symbol

Value/units

Parameter

r

m

radius of upper plate at the injection point

Ri

0.0045 m

injection radius

d

0.009 m

injection diameter

h

0.06 m

fluid depth in tank

xV

volume fraction of spheres in fluid-particle mixture

µi

Pa s

µa

251 Pa s

νi

m2 s−1

ρi

m−3

ρa
∆ρ

kg

1430 kg
kg

m−3

m−3

dynamic viscosity of the injected material

1

dynamic viscosity of the ambient fluid at 20 ◦ C

2

kinematic viscosity of injected mixture
density of injected material
density of ambient fluid
density difference between injected material and ambient
fluid

continued on next page
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Symbol

Value/unites

Parameter

λ

m

wavelength of fastest growing instability

db

m

measured blob size in Tension regime experiments

ds

m

scaling for the blob size by balancing of the imposed viscous
stress with the retarding yield stress of the mixture

L∗

measured wavelength and blob size normalized by radius of
the injection

Ω

s−1

rad

s−1

Vc

m

Vs

m s−1

V

∗

rotation rate of upper plate
rotation velocity of upper plate
Stokes settling velocity of injection
ratio of imposed velocity of upper plate to Stokes settling
velocity

τy

Pa

φm

0.85

yield stress
maximum packing fraction for polydisperse spheres [Yu
et al., 1993]

φc

0.25

critical packing fraction for spheres [Hoover et al., 2001]

A

5.3

constant that accounts for the total interparticle cohesion
[Hoover et al., 2001]

p

1

g∗

s−2

constant that reflects the suspension’s response to shearing
[Hoover et al., 2001]

m

effective gravity which takes into account the orientation of
the injection

trev

s

t∗

time for one revolution of the upper plate
t/trev = tΩ/2π
timescale for the injection to settle through the syrup layer

trt

µa h/∆ρg ∗ Ri2
µi /∆ρg ∗ Ri

tf

2πRi /rΩ

timescale for lateral stretching over the scale of a plume

ts

timescale for the growth of a Rayleigh-Taylor instability:
diameter

ty

Ri

p

ρi /τy

timescale for lateral disaggregation or yielding of the deformed plumes

continued on next page
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Symbol
S
Y

Value/unites
µi Ri /µa h
√
√
2π τy /rΩ ρi

Parameter
ratio of trt to ts
ratio of tf to ty
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A second timescale is that for lateral disaggregation or yielding of the
deformed plumes, which on dimensional grounds has the form:
ty = Ri

r

ρi
,
τy

(2.4)

where τy is the yield strength and ρi is the density of the injected fluidparticle mixture. We take the yield strength of the mixture as [Wildemuth
and Williams, 1984; Hoover et al., 2001],
τy = A

 x /φ − 1 1/p
c
V
,
1 − xV /φm

(2.5)

where φc is the critical packing fraction at which the suspension can support
an external stress with no deformation, φm is the volume fraction of solids
in closest-packing at which the yield strength approaches infinity, A is a
constant that accounts for the total interparticle cohesion, and p depends
on the response of the mixture to shearing. From Hoover et al. [2001] we
set φc = 0.25, p = 1, and A = 5.3, since xV > φc for all experiments. In
addition, we set φm = 0.85 to account for the polydispersivity of the spheres
[Yu et al., 1993]. Replacing xV with experimental values gives yield stresses
between 4 and 450 Pa.
Because the injected plumes are negatively buoyant they can undergo
a gravitational Rayleigh-Taylor-type instability if they are tilted away from
vertical by the imposed shear [e.g. Skilbeck and Whitehead, 1978; Whitehead, 1988]. Consequently a third timescale is that for the growth of such
an instability:
trt =

µi
,
∆ρg ∗ Ri

(2.6)

where µi is the effective viscosity of the injected material, which for high
particle concentrations has the form [Scott and Kohlstedt, 2006]
µi = µa exp(BxV ),

(2.7)

where B = 6 for our working fluids.
Finally, ignoring the effects of shear at the sidewalls for reasons discussed
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above, there are three timescales for deformations by vertically-varying viscous stresses related to the imposed motion of the cylinder with a velocity Vc :
(i) the timescale for a full rotation or large-scale lateral stretching 2πr/Vc ,
(ii) the timescale for vertical shearing over the depth of the layer h/Vc , and
(iii) the timescale for lateral stretching over the scale of a plume radius
Ri /Vc . However, because Ri /Vc < h/Vc  2πr/Vc , viscous stresses acting
to stretch plumes over the full rotation time can be neglected. In addition,

although viscous stresses acting over the layer depth are important for understanding the steady-state shape of a sheared plume over the full layer
depth [e.g. Richards and Griffiths, 1988] lateral deformations on the scale of
Ri including breakup of the injection occur almost an order of magnitude
faster in our experiments. Moreover, as we are focusing on whether ponding
or small-scale (compared to the layer depth) behavior such as break-up occurs we choose to simplify the problem and take a single timescale for flow
to be:
tf =

Ri
.
Vc

(2.8)

We use these four timescales to define two dimensionless parameters.
The Stokes ratio S of the time for the growth of the first Rayleigh-Taylor
instability to the time for the injection to fall through the syrup is:
S=

µi Ri
trt
=
.
ts
µa h

(2.9)

Because Ri and h are fixed in our experiments this parameter is essentially a
modified viscosity ratio, which only depends on the particle volume fraction.
Next, we define a Yield ratio Y of the timescale for lateral stretching over the
scale of a plume radius Ri to the timescale for yielding by lateral stretching
as:
Y =

tf
2π  τy 1/2
=
.
ty
rΩ ρi

(2.10)

This parameter quantifies the yielding of the injected material depending on
the shearing intensity. Whereas low Y conditions favor disaggregation of the
mixture, the large yield strength under high Y conditions inhibits breakup
from lateral stretching.
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2.3

Qualitative observations

We identify three main Y − S regimes (Fig. 2.3a-c). At relatively low par-

ticle concentrations and high cylinder rotation velocities Vc (Y ∼ O(10)

and S ∼ O(1)), the strongly sheared mixture undergoes rapid extensional

deformation and is pulled apart. In this “Tension regime” the injected mixture breaks up into a series of discrete particle-fluid blobs or clumps of a
characteristic size that we analyze below (Fig. 2.3a). Immediately after
break-up, these blobs are connected by a thin filament of interstitial fluid
and entrained, widely-spaced particles. As the imposed deformation progresses the blobs roll under continued shearing to become more spherical,
while entraining and stretching filament material. Concurrently, the rotation of individual particles entrained within the fluid filaments has a similar
effect but at the much smaller length scale of individual particles. The combination of both effects eventually causes the larger blobs and individual
particles to become disconnected from one another. Fig. 2.3a shows the
time evolution of an experiment in the Tension regime. In particular, at
∼ 120ty a consequence of the initial stretching is the emergence of a varicose
instability with a wavelength that is small in comparison to the injection

diameter. With increasing deformation (140 − 160ty ) small blobs form as
yielding of the mixture evolves. At 180ty the injection breaks and by 300ty

discrete blobs are apparent (highlighted in the final image in Fig. 2.3a at
t = 380ty ). The images show that deformation begins with lateral stretching
that leads, in turn, to pinch and swell or varicose behavior before ultimately
yielding (see Fig. 2.4 for more detailed observations).
By contrast, at relatively low particle concentrations and more moderate Vc (Y > O(100) and S ∼ O(1)), comparatively modest shearing and

disaggregation of the sinking multiphase plumes is followed by the growth
of a gravitational Rayleigh-Taylor-type instability that takes the form of
drips akin to behavior observed in studies of sheared low viscosity plumes
[Skilbeck and Whitehead, 1978; Whitehead, 1988]. Fig. 2.3b shows the formation of a gravitational instability while the injection is being stretched
by lateral shearing. In this “Rayleigh-Taylor (R-T)” regime, the injection
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a. Tension

b. Rayleigh-Taylor

c. Ponding

0.5 t rt

20 t y

t* = 0.1
1 cm

1 cm

1 cm

t* = 0.5
1 cm

1 cm

1 cm

t* = 1.0

db
λ
380 t y

1 cm

0.65 t rt

1 cm

g

Vc

db

g

1 cm

g

λ

Figure 2.3: Photographs showing the dimensionless time evolution (t∗ =
tΩ/2π) of the three regimes, during experiments (a) V 1001 (S = 1.8 and Y =
8), (b) 13 (S = 1.8 and Y = 1150), and (c) 10 (S = 10.72 and Y = 5390) (see
Table 2.1 for a list of experimental conditions). Time is reported in terms
of the yield timescale ty for the Tension regime and the Rayleigh-Taylor
timescale trt for the Rayleigh-Taylor regime. The measured wavelength λ is
shown for the Rayleigh-Taylor regime at t∗ = 1.0 as well as the measured
blob diameter db in the Tension regime (see Figs. 2.4 and 2.5 for more
detail).
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20 t y

40 t y

60 t y

80 t y

100 ttyy
100

120 t y

140 t y

160 t y

180 t y

200 t y

220 t y

240 t y

260 t y

280 t y

300 t y

320 t y

380 t y

400 t y

db

340 t y

360 t y

db

Figure 2.4: Image sequence showing evolution of injection breakup in the
Tension regime experiment (V 1001). Time is reported in terms of the yield
timescale ty . Image 120ty shows variations in the diameter that are small in
comparison to the radius Ri as lateral stretching pulls the injection apart.
In images 140 − 160ty small blobs form as yielding becomes the dominant
deformation mechanism. The image at t = 180ty shows the first break in the
injection. As the deformation progresses, small blobs of injected material
form connected by thin filaments of interstitial corn syrup. The image at
t = 300ty shows discrete blobs forming. Individual blobs are highlighted in
the image at t = 380ty .
initially sinks to the bottom of the tank (t = 0.20trt ) and a thin tail forms
behind a fat head which spreads laterally along the bottom of the tank. On
a particle-scale the stretching in the tail induces movement of individual
particles away from each other such that particle clumps form in regions of
high cohesion which causes a local decrease in particle concentration elsewhere. As the deformation progresses, particle clumps form the troughs of
drips, which grow by drawing surrounding fluid to a well-defined instability
at t = 0.40trt (Fig. 2.5).
Finally, for very concentrated mixtures (S > O(10) and for all Y) the

injection remains intact as it sinks. Ultimately, the mixture breaks off at
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0.5 t rt

0.10 trt

0.15 trt

0.20 trt

0.25 trt

0.30 trt

0.35 trt

0.40 trt

0.45 trt

0.50 trt

0.55 trt

0.60 trt

0.65 trt

0.70 trt

0.75 trt

0.80 trt

0.85 trt

0.90 trt

0.95 trt

trt 00.1

g

Vc

λ

Figure 2.5: Image sequence during R-T regime for experiment 1. Time is
reported in terms of the time for the injection to fall through itself, trt .
The images show the formation of a gravitational instability accompanied
by lateral stretching. Stretching in the thin tail of the injection is shown
by the cartoon zoom in the image at t = 0.30trt . The instability begins at
t = 0.25trt and progresses as material is pulled laterally along the injection
into the drips.
the injection point and ponds at the bottom of the tank (Fig. 2.3c). In this
“Ponding regime” no deformation or yielding related to the imposed shear
is observed.

2.4
2.4.1

Quantitative results
Regime diagram

Our experiments show that under certain conditions, a buoyant particle-rich
plume descending into a shear flow can break up either as a result of the
growth of a R-T instability or by tensile failure of an otherwise cohesive
mixture. Which regime dominates the geometric evolution of the injection
depends on the relative timescales over which these two processes act. The
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10

2

0.5 cm

Ponding

1

S

10

Sc

Tension
10

0

Yc

Rayleigh-Taylor

0.5 cm

−1

10

03

10

0.5cm
cm
0.5

10 1

10 2
Y

10 3

10 4

Figure 2.6: Diagram showing injected material behavior. All experiments
are plotted in terms of dimensionless numbers Y and S. Transitions between
the Tension, R-T, and Ponding regimes are shown by the solid lines (Yc ∼
50 and Sc ∼ 3). Photo insets show examples of injection behavior under
different conditions.
full range of behavior is summarized in a Y − S parameter space (Fig. 2.6).
The Rayleigh-Taylor regime is observed for low S and high Y, whereas the

Tension regime occurs at low S and low Y. The Ponding regime is observed
when S is high except for below Y = 40 at which point S increases with
decreasing Y.
The transition between the different regimes can be explained in terms
of critical values Sc and Yc . Where Y < Yc and tf < ty < trt , ts , the
injection breaks up in the Tension regime before settling to the base of
the ambient fluid layer. Where Y > Yc , S < Sc , and trt < ty < tf , ts ,
the injection undergoes a gravitational instability in the Rayleigh-Taylor
regime (Fig. 2.6). When S > Sc , the injection ponds over a timescale small
compared to all others ts < ty , tf , trt . Under these conditions, the injection
31

2.4. Quantitative results
reaches the bottom of the tank very quickly.

2.4.2

Length scales of breakup

The length scale of breakup observed in our experiments is a fundamental
result that can be used as a tool to interpret the geological record. The Tension and Rayleigh-Taylor regimes give distinct length scales for breakup. In
the Tension regime, the injection breaks up into round blobs with a characteristic size db separated by interstitial fluid and a thin strand of particles
(Fig. 2.3a). In the Rayleigh-Taylor regime, the gravitational instability is
characterized by drips with a maximum wavelength λ (Fig. 2.3b). To better
understand this behavior and identify theoretical scalings, we measure db
and λ in each experiment with image analysis.
The Tension regime
For the Tension regime, we measure the average size of the large blobs once
they are distinct (i.e., at t > 320ty , Fig. 2.3a). We are interested in what
controls the average size of these blobs. Balancing the imposed viscous stress
with the retarding yield stress of the mixture gives a scale for the blob size
ds = C2

µa V c
,
τy

(2.11)

which captures the trend in the experimental data (Fig. 2.7a) with the geometric constant C2 = 0.001.
The Rayleigh-Taylor regime
For the Rayleigh-Taylor regime, some care is required because all wavelengths are unstable and we are interested only in the fastest growing or
dominant mode (i.e., at t > 0.25trt in Fig. 2.3b). To identify this feature,
in each experiment we determine visually the onset of the instability. Next,
we fit a line to the deformed interface and estimate the power spectrum of
the nascent gravitational instability [Welch, 1967]. From the spectra, we
use a full-width-half-maximum method to estimate the wavelengths of the
32

2.5. Discussion
dominant mode to a 95% confidence level (Fig. 2.5 and Fig. 2.3). From
dimensional analysis the wavelength has the form [Chandrasekhar, 1961],
λ = C3

 ν 2 1/3
i

g∗

(2.12)

where νi = µi /ρi is the effective kinematic viscosity of the injection and
the geometric constant C3 ≈ 0.2 (Fig. 2.7b). To compare our results with

natural data in both regimes it is useful to introduce L∗ which is the ratio
of the measured blob size (Tension regime) or measured wavelength (R-T
regime) to the dike width.

2.5
2.5.1

Discussion
Aspects of the dynamics of breakup and ponding

The characteristic timescales introduced in Section 2.2.2 are key tools to
understanding the time evolution of our experimental plumes (see Section
2.4.1). The transition from one breakup regime to the other occurs where
ty = trt , and is particularly sensitive to the particle volume fraction xV
and to a lesser extent the imposed stirring velocity Vc (Fig. 2.8). The strong
dependence on xV highlights the essential role of the particle microstructure
in controlling the evolution of an injection. Indeed, for a given rate of
stirring the effect of the initial particle volume fraction on the evolution of
the injection can clearly be profound (Fig. 2.3a and b and 2.8). In the R-T
regime, shear strain accumulated by the mixture spreads out the particles
and reduces both xV and Ri linearly in time, which, in turn, decreases
the local effective viscosity, buoyancy and yield strength of the mixture.
From Eqs. 2.5 and 2.6, for a given injection radius Ri and stirring rate Vc ,
trt will consequently decline exponentially as xV decreases with progressive
−1/2

stretching, whereas ty will increase approximately in proportion to xV

.

Thus, it is not surprising that the R-T mechanism is favored for low initial
particle volume fractions (Fig. 2.6 and 2.7). Moreover, once the instability
begins, the additional component of stretching in the vertical direction on

33

2.5. Discussion
(a)

(b)

0.6

36% particles
47% particles
53% particles
57% particles

5

0.5

λ
d

4

0.45

L* =

db
d

0.55

L* =

6

36% particles
53% particles
67% particles
76% particles

0.4

2
1

0.35
0.3

3

0
0

20

40

60

μa Vc
τy d

80

100

120

16

18

20

22

24
2
i

26

28

30

* 1/3

(ν /g )
d

Figure 2.7: (a) Observed vs. predicted blob size db for experiments in the
Tension regime. Each data point represents one experiment of a given particle concentration (see figure legend for symbol definitions). Observed values
of db refer to the diameter of the blobs after one half of a cylinder revolution
(t = 380ty ). We normalize the observed db and the scaling law for the blob
size (ds ) by the diameter d of the injection. We define this ratio as L∗ .
Error bars on individual data points represent the 95% confidence level. (b)
Observed vs. predicted wavelength λ for experiments in the Rayleigh-Taylor
regime. Each data point represents one experiment of a given particle concentration (see figure legend for symbol definitions). The observed λ refers
to the wavelength of the fastest growing instability after one half of a cylinder revolution (t = 0.5trt ). We normalize λ and the scaling law for a R-T
instability by the diameter d of the injection. We define this ratio as L∗ .
Error bars on individual data points represent the 95% confidence level. The
dotted line represents L∗ = 1.
its growth will spread out particles and further reduce the mixture viscosity,
enhancing the growth rate of the instability (Fig. 2.3b and Fig. 2.5).
Whereas the mechanics underlying the growth of the R-T instability are
readily observed and explained (Fig. 2.7b), the physical processes governing
the disaggregation or yielding of the mixture are less straightforward to
identify. In more detail, although yielding behavior is often observed and
discussed in the context of concentrated polydisperse mixtures [Jeffrey and
Acrivos, 1976; Hoover et al., 2001; Huang et al., 2005], the mechanism giving
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rise to the yield stress of the mixture as described by Eq. 2.5 remains a matter
for debate. Nevertheless, in Fig. 2.5 we observe that stretching gives rise
first to a pinch-and-swell or varicose instability and then to abrupt breakup
where the characteristic wavelength of the resulting blobs is captured by the
balance between the imposed shear stress acting to stretch the injection and
the effective yield stress of the mixture expressed in the scaling in Eq. 2.11.
A plausible microstructural picture is that the cohesion of the mixture is
governed by the combined effect of lubrication forces between neighboring
spherical particles as they are pulled apart during horizontal stretching of
the injection under the imposed shear. Because particle-particle lubrication
forces resisting disaggregation in tension scale as the inverse of the film
thickness cubed [Leal, 1992] a further speculation is that there will be a
threshold value of xV above which the mixture will act effectively as a solid
mass over the timescales of stirring and settle to the floor of the tank where
it ponds as a dense layer. Indeed, this notion is an explanation for the
Ponding regime at xV > 0.70 (Fig. 2.8). Because trt → ∞ as xV → 1, it is
also reasonable to expect that the R-T mechanism will also not enter over
these timescales.
Finally, whereas the transition between the Ponding and R-T regimes
occurs at a constant Sc value, the transition between the Tension and Ponding regimes is a strong function of both Y and S for Y < Yc (Fig. 2.6).
This behavior can be explained in two ways assuming that trt >> ty . In
one view, for breakup in Tension to occur as the timescale for settling ts
becomes small (i.e., S increases) the timescale for flow tf must decrease accordingly (i.e., Y decreases). That is, the faster the injection falls through
the flow, the stronger the flow must be to cause breakup of a given mixture.
1/2

Alternatively, because Y ∝ 1/ty ∝ τy , as ts decreases and S becomes large

the mixture must be progressively less cohesive for breakup in Tension to
occur (Eqs. 2.4 and 2.10). Thus, for a transition to happen, Y must decline
as S increases (Fig. 2.6).
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Figure 2.8: Plot showing the characteristic timescales for yielding, ty (dashed
line) and a Rayleigh-Taylor instability, trt (solid lines) vs. particle concentration, xV . trt is shown at different values of imposed velocity, Vc . The
inset shows which behavior dominates left or right of where ty = trt . Ri = 1
m. For xV > 0.70 the injection will undergo ponding behavior, which is
shown in the shaded region on the right side of the plot. The asymptotic
behavior as ty goes to infinity is set by the critical packing fraction that
we define in our model. After Hoover et al. [2001], we use φc = 0.25 for
spherical particles.
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Implications for magmas

A key result of our work is that enclaves related to the injection of relatively
more viscous magma into a convecting magma chamber are likely to be either much smaller than, or comparable in size to the width of the injection
(i.e. L∗ in Tension < L∗ in R-T Fig. 2.7). Implicit in our problem design is
that these dikes are relatively more mafic than the resident magma. Consequently, the increase in melt viscosity and onset of yielding behavior on
cooling and crystallization of the intrusion will cause these magmas to have
a higher effective viscosity than the chamber itself. More generally, however,
our results are appropriate for any situation in which the injected magma
becomes more viscous than the resident magma. To apply our results to
magma chambers we first present a survey of enclave sizes and use these
data to develop a plausible Y − S regime diagram for magma chambers.
Next, we discuss the implications of this work for magma mixing and the

growth and internal differentiation of silicic magma chambers. In particular,
we address the length scales of heterogeneity expected from replenishment
events and discuss why some silicic magma chambers preserve a record of
meter to kilometer scale mafic-silicic layering at their bases whereas others
are relatively homogeneous.

2.6.1

Enclave sizes and a regime diagram for magma
chambers

Fig. 2.9a shows enclave size ranges found in silicic to intermediate igneous
intrusions around the world. The data suggests that there is a dominant size
range from centimeters to meters in most of these systems. Millimeter-scale
enclaves are present in only a few cases and are predominantly observed
to be mafic micro-granular enclaves (MME); whereas, the majority of the
meter-scale enclaves are felsic micro-granular enclaves (FME). Although the
existing data are limited, this pattern suggests that the break-up scale is
generally the same for all enclave compositions and that end-member sizes
might be more influenced by composition.
To estimate Y − S conditions we assume that buoyant magma enters a
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Figure 2.9: (a) Published enclave size data from silicic igneous intrusions
around the world. Different line-styles denote tectonic environment (see figure legend) and different end-point symbols refer to type of enclave: FME
is felsic micro-granular enclave and MME is mafic micro-granular enclave.
Enclave size range is reported in meters. All plutons listed are felsic to intermediate in composition. Data sources: Kumar [2010]; Alves et al. [2009];
Nardi et al. [2008]; Barbey et al. [2008]; Wiebe et al. [2007]; Donaire et al.
[2005]; Barbarin [2005]; Kim et al. [2002]; Silva et al. [2000]; Akal and Helvaci [1999]; Wiebe and Adams [1997]; Wiebe et al. [1997]; Pin et al. [1990].
(b) Y − S regime plot for magma chambers. Fields show behavior of felsic
and mafic injections into a silicic chamber.
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chamber through a dike. We take the dike width to be 1 m, which is reasonable for mafic and lower viscosity silicic magmas [Lister and Kerr, 1991;
Petford et al., 1993], and is a value that is consistent with field observations
of mafic and silicic feeder dikes for silicic plutons [Wiebe and Adams, 1997;
Wiebe and Collins, 1998; Keay et al., 1997] and 10 m as a reasonable value for
felsic dikes [Petford et al., 1993, 1994]. We assume that the intrusion enters a
0.1 − 1 km–high convecting silicic magma chamber in which the background

flow velocity is in the range 10−4 − 10 m s−1 . The viscosity variations be-

tween the injected and resident magmas can be complicated for the reasons
discussed above. We calculate a range in µi using the melt viscosity from the
Giordano et al. [2008] model together with Eq. 2.7, which takes into account
crystal content. For felsic injections that are similar to or more crystal rich

than the ambient magma we take µi = 105 − 109 Pa s and for crystallizing
mafic magmas we set µi = 102 − 106 Pa s. Here we assume a range in crys-

tallinity from 0.3 to 0.6. We define an ambient chamber viscosity µa = 105

Pa s [Scott and Kohlstedt, 2006; Giordano et al., 2008; Petford, 2009]. Applying these values, we calculate 101 ≤ S ≤ 102 and 10−2 ≤ Y ≤ 101 for
felsic intrusions and 10−5 ≤ S ≤ 10−2 and 10−2 ≤ Y ≤ 102 for mafic in-

trusions (Fig. 2.9b). Fig. 2.9b shows that depending on the viscosity ratio,
(i) a 10 m–wide felsic intrusion will either break-up in tension or pond as a
continuous layer, (ii) a 1 m–wide mafic intrusion is more likely to break-up
into enclaves than pond as a layer, and (iii) in both cases the mechanisms
that lead to break-up in the Tension regime are probably dominant over
breakup in the Rayleigh-Taylor regime.
Whereas Fig. 2.9b shows an expected range of Y − S conditions for mafic

and felsic injections for reasonable parameter choices, we can use the data
in Fig. 2.9a together with the scalings in Eqs. 2.11 and 2.12 to constrain

specific breakup regimes, as well as key aspects of the underlying magma
dynamics such as the convection velocity. For example, assuming an order
1 m wide dike, the observed mafic enclave size range of order 0.01 − 1 m
gives L∗ = 0.01 − 1 (the ratio of enclave size to injection diameter), which is
consistent with the Tension regime. Assuming that the data in Fig. 2.9a are

predominantly formed in this regime, we apply typical chamber viscosities
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of, for example, a granodiorite with 30 to 50% crystals (105 − 109 Pa s) and

plausible yield strength values for subliquidus basalts (5 − 160 Pa) [Hoover

et al., 2001] and estimate a range in chamber velocities between 10−4 −

10−2 m s−1 required to breakup the injected mafic material into enclaves.
For the cases favoring breakup, existing data suggest that this mechanism
occurs mostly in the Tension regime (Fig. 2.9). Consequently, new magma is
introduced into these chambers potentially as blobs with a scale length that

is significantly less than a dike width–order tens of centimeters. Eq. 2.11
can be used to calculate chamber properties (e.g. stirring velocity, viscosity)
given field data of enclave sizes or, conversely, to make predictions for L∗ ,
based on estimates of chamber stirring velocity and viscosity.
As a final remark, the Y − S regime of a given injection can evolve in

several ways. We have discussed effects related to cooling and crystallization
and the range in viscosity ratios we have taken to produce Fig. 2.9b includes
these effects. In principle, depending on the rate of injection, cooling and
magma chamber overturn, an initially hot, low viscosity basalt may evolve
to a high viscosity magma. For example, if the timescale for cooling is less
than the timescale for yielding and flow, the Y − S regime is shifted to a

higher S value (increase in µi ). The opposite will occur (i.e. shift to a lower
S value) if the timescale for cooling is greater than the timescale for yielding
and flow.

In addition to effects related to an evolution in temperature, the amount
of water in either the injected magma or the ambient magma influences the
Y −S regime. Whereas water contents in calc-alkaline, or water-rich, basalts

may exceed 6 wt%, they can be as low as 0.1 wt% in tholeiitic, or waterpoor, basalts [Sisson and Layne, 1993]. High water contents will lead to a

decrease in both viscosity and liquidus temperature of the basalt [Giordano
et al., 2008]. Thus, under comparable crustal magma chamber conditions,
injections of water-rich basalt will be under lower Y and lower S conditions
than dry basalts. Consequently, water-rich basaltic intrusions into silicic
magma chambers are relatively more likely to break up and form enclaves.
Increasing the water content of the silicic host magma to oversaturated conditions, say, which is consistent with a number of recent studies [Wallace
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et al., 1999; Wallace and Anderson, 1999], can reduce the viscosity of the
whole chamber, leading to an increase in stirring velocity and a lower Y
condition that favors breakup in the Tension regime.

2.6.2

Breakup vs. ponding in batholiths: Role of
compositional contrasts

An intriguing observation is that whereas some silicic batholiths have interleaved basaltic and silicic layers near their bases, others are comparatively
homogeneous. Thus, the growth and differentiation of large silicic magma
chambers may occur in vastly different ways. As discussed above, based on
injection viscosity, our work predicts that the wet basaltic injections characteristic of, for example, arc settings are more likely to break up than dry
basaltic injections in continental settings.
In Table 2.3 we present a catalog of silicic plutons and batholiths from
around the world that preserve evidence for mafic recharge into a silicic
chamber either in the form of mafic layers or enclaves. The data show that,
in comparison to mafic-silicic layered intrusions, chambers without mafic
layers are water-rich, which means that the intruding magma can have up
to 6 wt % H2 O [Sisson and Layne, 1993; Wallace, 2005; Kelley and Cottrell,
2009], which has a large effect on the magma viscosity and can alter how an
injected magma deforms (breakup vs. ponding). Whereas all of the unlayered magma chambers reported in Table 2.3 are calc-alkaline and potentially
water-rich, the magma composition in chambers with layering has a wide
range from water-poor to water-rich. For cases where water-rich magma
forms layers (e.g. Elwell et al. [1962]; Blundy and Sparks [1992]; Coleman
et al. [1995]; Sisson et al. [1996]; Di Vincenzo and Rocchi [1999]), this may be
a result of variations in the ambient magma viscosity and chamber stirring
rates rather than properties of the injected mafic magma. Consequently,
with no clear trend in the data, tectonic setting may not be the distinguishing feature for whether a chamber will form layers vs. enclaves. Likewise,
basalt chemistry, which is indicative of water content, alone cannot provide
a link to why mafic-silicic layering is observed in some locations and not
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others. Instead, our experiments along with the data in Table 2.3 suggest
that the rheological contrast between injected and ambient magma and the
ambient chamber stirring velocity will determine the deformation regime of
the intruding magma.
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Table 2.3: Examples of composite plutons with and without mafic layers. Water contents are reported based on
a range of typical wt % values for given basalt compositions [Dixon and Clague, 2001; Saal et al., 2002; Wallace,
2005; Kelley and Cottrell, 2009].
Tectonic setting
post-collisional
extensional
transtensional rifting

Basalt type
calc-alkaline
calc-alkaline
tholeiitic

Guernsey
Halfmoon
Mounte Plebi

U.K.
New Zealand
Italy

continental arc
island arc
extensional

Pleasant Bay
Onion Valley
Terra Nova

U.S.A.
U.S.A.
Antarctica

transtensional rifting
continental arc
continental arc

calc-alkaline
calc-alkaline
calc-alkaline and
tholeiitic
tholeiitic
calc-alkaline
calc-alkaline

Tectonic setting
continental arc
extensional
continental arc
extensional
extensional

Basalt type
calc-alkaline
calc-alkaline
calc-alkaline
calc-alkaline
calc-alkaline

Plutons without mafic layers
Intrusion
Location
Budduso
Italy
Kozak
Turkey
India
Ladakh
Searchlight
U.S.A.
Wilson Ridge
U.S.A.

water content (wt %)
2−6
2−6
0.1 − 0.5
2−6
2−6
0.1 − 6
0.1 − 0.5
2−6
2−6

water content (wt %)
2−6
2−6
2−6
2−6
2−6

Reference
Blundy and Sparks [1992]
Harper et al. [2004]
Wiebe [1994]
Wiebe et al. [1997]
Elwell et al. [1960, 1962]
Turnbull et al. [2010]
Franceschelli et al. [2005]
Wiebe [1993]
Sisson et al. [1996]
Di Vincenzo and Rocchi [1999]
Perugini and Poli [2005]

Reference
Barbey et al. [2008]
Akal and Helvaci [1999]
Kumar [2010]
Bachl et al. [2001]
Larsen and Smith [1990]
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Plutons with mafic layers
Intrusion
Location
Adamello
Italy
Aztec Wash
U.S.A.
Cadillac Mountain U.S.A.
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2.6.3

Some comments related to magma mixing and
degassing

Assuming the input and resident magmas have Newtonian rheologies, for
a given style of chamber convection the extent of mixing depends on the
rate of stirring or shearing and the magnitude of the viscosity variations.
Comparison of the large number of studies on mixing implicitly highlights
that the efficiency of mixing also depends on the geometry of the problem.
The structure of the motions that are responsible for mixing are, for example, different in volcanic conduits, convecting magma chambers and magma
chambers undergoing a roof collapse [Blake and Campbell, 1986; Turner
and Campbell, 1986; Snyder and Tait, 1996b; Jellinek and Kerr, 1999; Perugini et al., 2002; Kennedy et al., 2008; Ruprecht et al., 2008; Ruprecht
and Bachmann, 2010]. Two additional issues that have not been explored
systematically are the importance of the initial scale length of the injected
new magma and the effect of rheological (not just viscosity) variations between the magmas. Magma replenishments in the breakup regime introduce
heterogeneity at scale lengths that are small in comparison to the initial dike
width. In the limit that these new magma blobs have a viscous response to
magma chamber stirring motions, we would expect the rate and efficiency
at which this material is stirred in to increase significantly over current estimates [Blake and Campbell, 1986; Turner and Campbell, 1986; Snyder and
Tait, 1996b; Jellinek and Kerr, 1999; Perugini et al., 2002]. In the case of
mafic magma, the enclaves would begin in a viscous regime followed by rapid
thermal equilibrium and increased crystallization to a point at which they
are too rigid to be stretched. Mechanically, the timescales for stretching in
pure and simple shear down to a scale length at which chemical diffusion
operates depend strongly on this initial scale length and so this expectation
is not surprising. However, in our experiments breakup occurs as a result of
yielding behavior. Indeed the initial size distribution of our analog enclaves
includes one scale at the size of a (rotating) particle and another (rotating)
“clump” scale governed by a balance between the yield stress of the mixture
and imposed viscous stress. From our experiments alone it is not clear a
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priori how to reduce clumps to individual particles.
A crucial aspect of magma chamber convection not captured in our experiments is that the motions are three-dimensional and time-dependent.
Thus, the steady rotation of particle-fluid clumps we observe, for example,
may be perturbed in a way that permits additional and effective stretching.
However, we note, that the rheological inversion due to thermal equilibrium
may hinder additional stretching of enclaves. Although we cannot comment
on the occurrence or timescale for such a process, we offer a caution which
is that quantifying the extent and efficiency of mixing in numerical models
with classical techniques [Schmalzl et al., 1996] assuming Newtonian viscous
behavior (e.g., Ruprecht and Bachmann [2010]) is likely to give misleading
results.
A final remark related to mafic magmas injected in either the Ponding or
Breakup regime is the effect on magma degassing. In the Breakup regime the
increased surface area over which the mafic and silicic magma are coupled
thermally and chemically through this mechanism should lead to enhanced
thermal and chemical exchange between the two magmas. By contrast, in
the Ponding regime, mafic magma has less contact with silicic magma, inhibiting thermal and chemical exchange between the magmas. Ruprecht and
Bachmann [2010] show that magma mixing and reheating prior to eruption
decreases magma viscosity, due to an increase in pre-eruptive temperatures.
The higher temperatures, lower viscosities, and accelerated volatile diffusion
lead to more efficient degassing, thus inhibiting explosive eruption behavior. Therefore, since the formation of enclaves will favor increased thermal
exchange between magmas, which leads to enhanced degassing, the chambers in the breakup regime are more likely to erupt effusively. On the other
hand, mafic layers that do not break up hinder thermal exchange between
the injected and ambient magmas, which impedes degassing and can lead to
explosive eruption behavior.
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Conclusions and future work

Our experiments show that under certain conditions a buoyant particle-rich
mixture injected into a shear flow can break up from either the growth of
a Rayleigh-Taylor instability or by yielding under tension. The timescales
over which each process acts will influence the geometric evolution of the
injection. If Y < Yc , the injection will deform by tensile failure of an otherwise cohesive mixture, before a Rayleigh-Taylor instability can grow. This
regime produces axisymmetric blobs that are smaller in diameter than the
injection size. Alternatively, if Y > Yc the injection will undergo a RayleighTaylor instability, and break up at length scales similar to the size of the
injection. The deformation timescales depend on the particle volume fraction xV and the imposed stirring velocity Vc . As xV approaches a threshold
value (xV > 0.70 from our experiments), we observe a Ponding regime in
which the injection behaves as a solid over the timescale of stirring and sinks
to the bottom of the tank.
The scalings for the two breakup regimes have implications for enclave
formation in magma chambers and length scales for magma mixing. Our
results suggest that enclave sizes will either be comparable to, or much
smaller than the injection size. Enclave size distributions can be used to infer
aspects of the style of stirring and rheology of the host magma at the time
of formation. Similarly, we show that length scales (e.g. db or λ) for magma
mixing can be estimated for a given particle volume fraction and chamber
stirring velocity. In the Tension regime, we expect mixing heterogeneities
that scale with or are smaller than the injection size. Whereas, in the
Rayleigh-Taylor regimes, mixing length scales will range from the particle
scale (thin filament connecting neighboring drips) to the size of the injection.
Although there is no direct link between tectonic setting and layering,
our results identify mechanisms for the formation of layering and/or enclaves
in magma chambers. From our experiments, we can infer that the absence of
layering in some chambers results from a decrease in the viscosity of the input mafic magma (e.g. from the addition of water or from a higher injection
temperature) and as a result, the injection is more likely to break up and
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form enclaves (i.e. a decrease in the S parameter) than to pond at the base
of the chamber. An interesting direction for future work is to investigate the
mixing properties and compositional differentiation of magma chambers in
this situation. For example, is the breakup to short scale lengths in the Tension regime a major reason why unlayered chambers are so homogeneous?
Since the viscosity and yield strength of the injected magma influences the
deformation regime, a more important component is perhaps the composition of the mafic injection and/or volatile oversaturation (or not) in the host
chamber.
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Chapter 3

Magmatic structures in the
Tuolumne Intrusive Suite,
California: A new model for
the formation and
deformation of ladder dikes1
3.1

Introduction

Magmatic structures preserved in plutonic rocks can record information
about the physical processes that occur within a magma chamber prior to
its solidification. Early work by Balk [1937] emphasizes the importance of
internal structures (e.g. aligned minerals, schlieren, enclaves, and ladder
dikes) in documenting magmatic flow during pluton emplacement. Paterson [1989] defines magmatic flow as deformation by displacement of melt
in combination with rigid-body rotation of crystals. Other studies interpret
magmatic structures to result from several processes: flow during magma
ascent or emplacement [Abbott, 1989; Tobisch and Cruden, 1995], natural
convection [Barrière, 1981; Snyder and Tait, 1996a; Wiebe and Collins, 1998;
Weinberg et al., 2001; Z̆ák and Paterson, 2005], and regional deformation
[Hutton, 1988; Archanjo et al., 1994]. Wiebe and Collins [1998] suggest that
magmatic structures and fabrics can also reflect processes active in a magma
1

Reprinted from Contributions to Mineralogy and Petrology, c 2012, with permission
from Springer.
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Figure 3.1: Photos highlighting specific features of ladder dikes that we
measure in the field. (a) White and black lines indicate mafic and felsic
band widths. (b) Large scale meander of tortuous ladder dike. We use
λ to denote the wavelength of these undulations (large scale, shown here,
as well as small scale undulations). (c) and (d) Break points along ladder
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dike length. White curved lines mark endpoints of the broken ladder dike
segments. (e) Schematic cartoon showing geometry and key length scales
of ladder dikes. L is the dike segment length, d is the dike width, ds is the
effective diameter of a circle of equal area to the ladder dike segment area
measured in outcrop.
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chamber during solidification.
In this paper, we focus on an enigmatic class of magmatic structures
called “ladder dikes” [Reid et al., 1993; Weinberg et al., 2001; Paterson,
2009]. In general, ladders dikes are long (up to 25 m), in many cases tortuous, features that consist of alternating mafic and felsic bands (Figure 3.1).
Mafic schlieren define the dike margins, and K-feldspar megacrysts that vary
in size distribution and concentration appear within the mafic/felsic bands
and also as large clusters within the dike margins (Figure 3.1b, c, and e).
Here, we present a field study on ladder dikes in the Tuolumne Intrusive
Suite (TIS) conducted to test a model for the injection and breakup of dikes
in a convecting magma chamber developed in Hodge et al. [2012a]. We focus on one particularly impressive outcrop located in the Cathedral Peak
Granodiorite near the Tuolumne River (Figure 3.2; e.g. Reid et al. [1993];
Paterson [2009]). This location offers a unique opportunity to observe a
high density of preserved magmatic flow features exposed perpendicular to
gravity in a nearly horizontal slice through a solidified magma chamber [Paterson, 2009].
We hypothesize that these features are buoyant, rheologically complex
plumes in a stirred magma chamber and, in particular, that their orientation
and deformation are related to their rise (or descent) velocity, the stirring
velocity within the chamber, and the rheological contrast between the rising
plume and ambient magma. These features have been previously referred
to as “ladder dikes” [Reid et al., 1993] and “migrating tubes” [Paterson,
2009]. We use a combination of detailed field measurements, laboratory
experiments, and scaling theory to argue that meter-scale ladder dikes are
relict plumes strongly deformed by shearing motions in the TIS magma
chamber. We propose that these delicate features preserve length scales
of deformation that can be used to infer fundamental quantities such as
chamber stirring velocity and magma rheology at the time of deformation
(Figure 3.1).
Our paper is organized in the following way. In the next section we provide background information about the geology of the TIS and summarize
current conceptual models for the origin of ladder dikes. Section 3.3 de50
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scribes field observations from our case study on ladder dikes from the TIS.
In section 3.4, we briefly describe analogue experiments on the deformation
and breakup axisymmetric plumes in a shear flow, and we summarize the
theoretical scalings found in Hodge et al. [2012a]. These results are then
used to understand the deformation of ladder dikes in the TIS and to make
specific predictions for properties such as chamber flow velocity and magma
rheology. In section 3.5, we describe our interpretation for the formation
of ladder dikes based on our field observations and experimental results reported in Hodge et al. [2012a]. In section 3.6, we conclude and discuss
directions for further investigations.

3.2
3.2.1

Ladder dikes in the Tuolumne Intrusive Suite
Geologic setting

The Tuolumne Intrusive Suite, located in the central Sierra Nevada range
(California) provides well-exposed sections (∼ 1000 km2 ) of a Late Cretaceous (95 Ma to 85 Ma) batholith. A series of four intrusive units make up
the TIS with the most evolved unit in the center [Bateman and Chappell,
1979; Bateman, 1992; Z̆ák and Paterson, 2005]. From oldest to youngest:
Kuna Crest granodiorite, Half Dome granodiorite, Cathedral Peak K-feldspar
megacrystic granodiorite, and Johnson granite porphyry (Figure 3.2). Preservation of magmatic structures related to flow in the TIS indicates that the
host material can have a yield stress (i.e. when the particle volume fraction,
xV > 0.20) [Saar et al., 2001]. Although magmatic structures (e.g. schlieren
and ladder dikes) are common in all intrusive units in the TIS, they are most
prevalent in the Half Dome and Cathedral Peak units [Z̆ák and Paterson,
2005]. We present data from only the Cathedral Peak granodiorite.

3.2.2

What are ladder dikes?

Kinematic indicators for flow in magmas (i.e., “magmatic structures”) in
silicic batholiths exhibit a large variety of geometries: ladder dikes, pipes,
troughs, and small-scale diapirs, schlieren, and folds [Barrière, 1981; Reid
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Tuolumne Intrusive Suite, California

Kuna Crest granodiorite/tonalite
Half Dome granodiorite
Cathetral Peak granodiorite
Johnson granite porphyry

10 km

Figure 3.2: General geologic map of Tuolumne intrusive suite (modified
from Paterson [2009]). Units are label from oldest (Kuna Crest granodirite/tonalite) to youngest (Johnson granite porphyry). Small black lines
mark ladder dike locations and orientations. Black circles indicate high
density of ladder dikes. Black square denotes Glen Aulin outcrop.
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et al., 1993; Wiebe and Collins, 1998; Weinberg et al., 2001; Z̆ák and Paterson, 2005; Paterson et al., 2005; Wiebe et al., 2007; Paterson, 2009]. Among
these magmatic structures, ladder dikes are mysterious and their link to
magma chamber dynamics is poorly understood [Reid et al., 1993; Weinberg et al., 2001; Paterson, 2009]. According to Reid et al. [1993], ladder
dikes occur as “crescent-shaped dark and light layers that appear dike-like
in outcrop. Individual curved layers of these ‘ladder dikes’ are nested and
for the most part conformable and are younger in the concave direction.”
The light and dark layers contain the same petrologic phases (but in different proportions) as the surrounding host granodiorite (Figure 3.1). The
dark layers and edges contain magnetite, sphene, hornblende, and biotite,
and are lacking plagioclase, alkali feldspar, and quartz. The light layers
contain plagioclase with lesser amounts of quartz, k-feldspar, biotite, and
minor hornblende [Reid et al., 1993]. Fine-grained mafic layers grade into
coarser-grained light layers.
Weinberg et al. [2001] propose an interpretation based on the idea that
ladder dikes are preserved plumes of silicic magma that flow relative to the
surrounding material. According to their conceptual model, relative motion
between fluid layers produces aligned minerals, or schlieren along the plume
boundaries [Wilshire, 1969; Barrière, 1981; Abbott, 1989; Weinberg et al.,
2001; Wiebe et al., 2007; Paterson, 2009].
Paterson [2009] uses the term “tube” to describe the ladder dikes. This
study defines magma tubes as “cylindrical or tube-shaped structures in three
dimensions that in sections perpendicular to tube axes display numerous, enclosed (if not removed by subsequent magmatic erosion), elliptical schlieren
bounded by layers.” Paterson [2009] subdivides the tube structures into two
types: stationary and migrating. The “stationary tubes” appear as roughly
symmetric concentric schlieren rings and the “migrating tubes” appear as if
a stationary tube migrated, in some cases, tens of meters. The tube structures are present throughout the TIS (initial estimates by Paterson [2009]
∼ 1000) and appear to be spatially clustered (0 − 100 tubes per km2 ).
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Figure 3.3: Diagram showing injected material behavior from experiments
described here and in Hodge et al. [2012a]. Experiments are plotted in terms
of dimensionless numbers Y and S. Transitions between the Tension, R-T,
and Ponding regimes are shown by the solid lines (Yc ∼ 40 and Sc ∼ 3).
Photo insets show examples of injection behavior under different conditions.
Gray field denotes predicted Y − S conditions for ladder dikes.
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3.2.3

A new quantitative model for the formation and
deformation of ladder dikes: Experiments and scaling
analysis

In Hodge et al. [2012a], we show that buoyant plumes of polydisperse rigid
spheres in corn syrup propagating in a shear flow may breakup or remain
intact depending on the rheology of the plume and the intensity of the shearing. Since both the viscosity and yield strength of an injection of magma are
related to cooling and crystallization, we use high viscosity (i.e. high particle volume fraction, xV ) suspensions in our experiments. Our laboratory
experiments and scaling analysis show that a number of processes acting
over distinct timescales govern the major response of a plume to an imposed
shear. First, the timescale for a plume to settle (or rise) through the magma
chamber is:
ts =

µa h
,
∆ρgRi2

(3.1)

where µa is the viscosity of the ambient chamber, h is the chamber depth,
∆ρ = (ρi − ρa ) is the density difference between the ambient chamber and

the plume, Ri is the plume radius, and g is gravity. A second timescale is

that for lateral disaggregation or yielding of the deformed plumes, which has
the form:
ty = Ri

r

ρi
,
τy

(3.2)

where τy is the yield strength and ρi is the density of the plume. The yield
strength of the mixture can be written [Wildemuth and Williams, 1984;
Hoover et al., 2001],
 x /φ − 1 1/p
c
V
τy = A
,
1 − xV /φm

(3.3)

where xV is the particle volume fraction, φc is the critical packing fraction
at which a particle (i.e. crystal) suspension can support an external stress
with no deformation, φm is the volume fraction of solids in closest-packing at
which the yield strength approaches infinity, A is a constant that accounts for
the total interparticle cohesion, and p depends on the response of the magma
to shearing. From Hoover et al. [2001] we set φc = 0.25, p = 1, and A = 5.3,
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since xV > φc for all of our experiments. In addition, we set φm = 0.85
to account for the polydispersivity of the spheres in our experiments (and
crystal size distributions in nature) [Yu et al., 1993]. Replacing xV with
experimental values gives yield stresses between 4 − 450 Pa.

Because these plumes are buoyant they can undergo a gravitational

Rayleigh Taylor-type instability if they are tilted away from vertical by
the imposed shear [e.g. Skilbeck and Whitehead, 1978; Whitehead, 1988].
Consequently a third timescale is that for the growth of such an instability:
trt =

µi
.
∆ρgRi

(3.4)

Here µi is the effective viscosity of the plume which for high particle concentrations has the form [Scott and Kohlstedt, 2006]
µi = µa exp(BxV ),

(3.5)

where B = 6 for our experimental fluids.
Finally, the timescale that takes into account the chamber stirring velocity, Vc has the form,
tf =

Ri
.
Vc

(3.6)

We use these four timescales to define two key dimensionless parameters.
First, the ratio S takes into account gravitational effects and compares the
time for the growth of the first Rayleigh-Taylor instability to the time for
the plume to fall through the magma,
S=

µi Ri
trt
=
,
ts
µa h

(3.7)

which includes a geometrical (Ri /h) and a rheological term (µi /µa ). In
our experiments, because Ri and h are fixed, this parameter is essentially a
modified viscosity ratio, which only depends on the particle volume fraction
through Equation 3.5. Second, we define a ratio Y,
Y =

tf
1  τy 1/2
=
,
ty
V c ρi

(3.8)
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which compares the timescale for flow to the timescale for disaggregation or
yielding by lateral stretching. This parameter quantifies the yielding of a
plume of a given rheology depending on the shearing intensity. Qualitatively,
low Y conditions promote the disaggregation of the plume, whereas the
large yield strength under high Y conditions prevents breakup from lateral
stretching.
Our experiments investigate the mechanical and rheological conditions
leading to the deformation and breakup of analog rheologically-complex
dikes injected as discrete plumes that descend into an underlying imposed
shear flow. The main objective of this study is to estimate the rheology and
flow dynamics of the host magma at the time of ladder dike deformation.
Similar to Paterson [2009], we interpret the ladder dikes to be plumes of
magma rising through the host chamber. We interpret their nearly horizontal present-day outcrop expression to be a result of shearing within the
chamber. We will argue that the TIS ladder dikes occur in one of two
regimes: ponding or breakup (Figure 3.3). The Ponding regime occurs at
high S (> 3) and high Y (> 40), when injections remain intact and undergo
little to no deformation. The Tension regime occurs at low Y values (< 40)
and S values that increase from ∼ 3 as Y → 0. In this regime an injec-

tion yields in tension before a R-T instability can grow, forming discrete
particle-fluid blobs that are much smaller than the initial injection diameter and separated by thin filaments of the original mixture. We show that
ladder dikes in the TIS undergo one of two types of deformation: Ponding
or Tension. We also show that a number of the ladder dikes are close to the
regime transition, which suggests that the breakup behavior of these features is sensitive to particularly small changes in crystallinity, as expected
from Equations 3.3 and 3.5, and to a lesser extent, chamber flow conditions.
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Figure 3.4: (a) Field map from Glen Aulin outcrop with 105 ladder dikes.
(b) Detailed zoom of meandering dikes, and (c) detailed zoom of broken
dike segments. Map shows the overall orientation and distribution of ladder
dikes.
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3.3
3.3.1

Ladder dike classification
Dike orientation and geometry

We report the results of a comprehensive field investigation based on 105
ladder dikes in the TIS (Figure 3.4). To analyze the geometry and deformation of these features, we carefully stitch photographs taken along the
dike length to make a photomosaic image of each ladder dike (Figure 3.5).
These high resolution images are then used to measure the length, width,
and orientation, as well as the width of mafic/felsic bands (Figure 3.1). Figure 3.6 shows photographs of a few ladder dikes and emphasizes the large
variety of ladder dike geometries observed. Despite this diversity, all of the
mapped dikes are located near (∼ 30 m) a contact between intrusive units
(the Halfdome granodiorite and Cathedral Peak granodiorite), and are oriented N-NW which is roughly perpendicular to the contact (Figure 3.7a).
From our mapping, we group together dikes that have similar orientations
and geometries and are located within 5 m of one another. The majority
of these dikes are between 1 − 10 m in length. Some of the longest ladder
dikes that we map are ∼ 25 m long and have distinctive meandering map
patterns and undulating margins. Figure 3.7b shows the size distribution of

all ladder dikes, the majority of which are between 0 − 10 m long. We build
a ladder dike classification scheme based on these measurements.

3.3.2

Classification scheme

To compare our field and experimental results in Figure 3.3, we subdivide
the ladder dikes into two deformation classes: broken and unbroken dikes.
For broken dikes, we classify them further based on their total length L
and total number of segments (Figure 3.1). The total length includes break
points along the dike length as long as the segments are less than 10 cm
apart (Figure 3.8a). We define three categories: (short) chains of 2 segments, (long) chains of more than 2 segments, and complex chains, where
interactions between dikes make interpretation difficult. Within the second
group of dikes, we subdivide the dikes according to their total length. We
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define two categories: isolated (short) dikes, meandering (long) dikes. Finally, out of the 105 ladder dikes observed in this study, we identify a few
dikes that have unique features or complex geometries and therefore are
unable to be classified. We label these as complex dikes.

3.3.3

Group 1: broken dikes

A few of the mapped ladder dikes have obvious break-points along their
length (see Figure 3.5). In addition to obvious break points that disrupt the
long ∼ 25 m ladder dikes, a larger scale map pattern (Figure 3.4) reveals

that smaller, 1 − 10 m long ladder dikes (e.g. no. 62 − 80) are regularly
spaced (1 − 5 m) with similar geometry and orientation. The distribution
of ladder dike lengths shows that 45% of the dikes are less than 5 m and

75% are less than 10 m (Figure 3.7b). Interestingly, if we group together
neighboring ladder dikes that lie along the same trend and have similar
geometries, the sum of these grouped dikes (usually between 2 − 5, with

up to 8 segments in each group) measures between 25 − 30 m, which is

the length of the longest ladder dikes that we observe at this location. We

group dikes based on outcrop patterns from our field map (Figure 3.4). We
identify 20 groups in the broken (long) category. The groups include any
two or more ladder dikes that are located within ∼ 5 m of another dike with

similar outcrop appearance, geometry, and orientation. The segment length
ranges from 0.5 to 12 m. Figure 3.8b shows the distribution of broken dike

segment lengths normalized by the reconstructed total length. The number
of broken segments in each group ranges from 2 to 9 and we assume that
the reconstructed length can be up to 25 m, which is consistent with length
of the longest unbroken ladder dikes that we observe.

3.3.4

Group 2: unbroken dikes

Almost all ladder dikes in this study have meandering or tortuous map patterns at the meter-scale and irregular margins at centimeter-to-millimeterscales (Figures 3.5 and 3.6). The irregularities are, however, approximately
periodic and the scale of the larger meander-patterns is commonly repeated
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1m
d
λ

Figure 3.5: Photomosaic showing several meters of one continuous ladder
dike (no.52) near Glen Aulin, Tuolumne Meadows. Rectangular field notebook (17.8 cm long) shown in each image for scale. White circles highlight
breaks along the dike length. The length scale d is measured for broken
segments and λ for the dominant wavelength along the dike margins.
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along the length of the ladder dike. With an aim of understanding the
mechanisms that govern the spacing of undulations along the dike margins,
we measure the wavelength λ between undulation crests using our detailed
photomosaics. For each meandering dike, we fit a line to the margins and
estimate the power spectrum of the margin tracing [Welch, 1967]. From the
spectra, we use a full-width-half-maximum method to estimate the wavelengths of the dominant modes to a 95% confidence level. The distribution
of measured wavelength reveals that λ ranges from 0.03 to 2 m, whereas measured widths of mapped ladder dikes ranges from 0.2 to 2.3 m (Figure 3.9).
We note that the majority of the ladder dike margins have irregularities that
are less than 0.5 m, while the larger-scale meanders are less dominant and
range in size from ∼ 0.5 to 2 m. The average dike width is approximately 0.5
m. Figure 3.8b (bottom) shows the distribution of sinuosity measurements
of the unbroken dikes.

3.3.5

K-feldspar-rich dikes

We observe a high density of subhedral to anhedral K-feldspar megacrysts
(MCs) (1−10 cm) associated with the Glen Aulin ladder dikes. They appear
as clusters within the dike margins, or as individual megacrysts, often crosscutting mafic-felsic banding, and in some cases the margin of the ladder
dike (Figure 3.6). The MCs are randomly oriented with alignment parallel
to ladder dike banding of crystals smaller than ∼ 3 cm. We identify three

main subcategories of the K-feldspar-rich dikes. The long or meandering
dikes have large clusters of K-feldspar MCs within the dike margins. The
dense clusters are uniformly distributed and continue along the length of the
dike for several meters (e.g. ladder dike no. 70). Where K-feldspar clusters
are present, mafic-felsic banding is usually absent. The isolated K-feldsparrich dikes are short (< 10 m) and contain clusters of MCs within the dike
margins. The wide K-feldspar-rich dikes have thin, wide mafic bands on
one end with a large K-feldspar cluster at the other end that gradually
transitions into the surrounding Cathedral Peak granodiorite (e.g. ladder
dikes no. 87 − 89). These dikes are up to 8 m wide and range from 10 − 20
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Figure 3.6: (a) − (b) Photos of large-scale meander pattern of ladder dikes
near Glen Aulin outcrop. (c) Close-up photo of small-scale irregularities
along margin of ladder dike. (d) − (g) Photos of ladder dikes with irregular
margins near Glen Aulin, Tuolumne Meadows.
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Figure 3.7: (a) Rose diagram of ladder dike orientation data. (b) Histogram
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m in length.

3.3.6

Mafic-felsic banding

We measure the width of the mafic and felsic bands that make up the ladder
dikes (Figures 3.1 and 3.6c-g). In Figure 3.10, we plot the range in widths
of the mafic and felsic bands against the length of the ladder dike. The
majority of the mafic band widths are between 1 − 6 cm with a few wider
bands (20 cm) measured in the shortest dike segments (1 − 10 m long). The

felsic bands are mostly between 1 − 10 cm wide with a few thicker ( 20 cm)

band widths. Across all ladder dike sizes (short to long), the mafic bands

are thinner than the felsic bands and the longest ladder dikes (> 10 m) have
the thinnest bands.

3.4

Comparison with analogue experiments

We use analogue experiments presented in Hodge et al. [2012a] to investigate
the extent to which the enhanced viscosity and possibly complex rheology
of viscous, crystal-rich plumes govern whether these magmas break up or
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Figure 3.8: (a) Ladder dike classification scheme based on field observations
of geometry and size. (b) Histograms (top) showing the distribution of broken segment lengths over the reconstructed total length and (bottom) the
distribution of sinuosity measurements (straight length measured from endpoint to endpoint (l) over the actual meandering length measured through
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Figure 3.9: (a) Histogram showing λ values for ∼ 70 meandering ladder
dikes (b) Histogram showing distribution of dike widths for the ∼ 70 ladder
dikes from which we measure λ.
form ladder dikes in a convecting magma chamber. To capture the effects
of solidification on the rheology of magmatic plumes that rise (or fall) in a
magma chamber in a straightforward way that can be scaled to the natural
magmatic case, we inject buoyant, particle-laden plumes with physical properties that we vary into a lower viscosity simple shear flow (Figure 3.11a). In
more detail, we vary the particle concentration and particle size distribution
to vary the buoyancy, effective viscosity, and yield strength of the injected
plumes. We also vary the strength of the imposed shear in the ambient fluid
layer relative to the fall (or rise) speed of the plumes. We quantitatively
characterize the deformation of the plumes over a wide range of conditions
expected to occur in natural systems.

3.4.1

Experimental results: Constraints on the deformation
of ladder dikes

In Hodge et al. [2012a] we show that the stability of our experimental plumes
is controlled by the dimensionless parameters S and Y (see Section 3.2.3;
Figure 3.3). At low S (< 3) and high Y (> 40), descending plumes are
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Figure 3.10: Plot of the range in widths of mafic and felsic bands along the
length of the ladder dikes vs. the total dike segment length. Dark grey area
shows the distribution of width measurements for mafic bands and light grey
area shows the distribution of width measurements for felsic bands. Vertical
dashed lines mark the division between dike length categories: short (< 5
m), intermediate (5 − 10 m), and long (0 − 5 m)
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Figure 3.11: Main results from Hodge et al. [2012a]: (a) Cartoon of experimental set-up. (1) tank, (2) corn syrup, (3) upper rotating plate, (4)
syringe, (5) particle-corn syrup mixture, (6) high-speed camera. (b) Image
sequence showing evolution of injection breakup in the Tension regime experiment. Time is reported in terms of the yield timescale ty . Image 120ty
shows variations in the diameter that are small in comparison to the radius
Ri as lateral stretching pulls the injection apart. In images 140−160ty small
blobs form as yielding becomes the dominant deformation mechanism. The
image at t = 180ty shows the first break in the injection. As the defor68
mation progresses, small blobs of injected material form connected by thin
filaments of interstitial corn syrup. The image at t = 300ty shows discrete
blobs forming. Individual blobs are highlighted in the image at t = 380ty .
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Figure 3.12: Plot of Observed ds /d values for ladder dikes at Glen Aulin
vs. Predicted ds /d values. The Predicted values are calculated using µa =
106 Pa·s, Vc = 10−3 − 10−1 m s−1 , and τy = 10 Pa, which corresponds
to xV = 0.40, . Error bars represent the range in Predicted ds /d values
calculated using a range in Vc . The solid line denotes perfect agreement
between predicted and observed values, suggesting that these ladder dikes
broke up in the Tension regime. The dashed line shows a 2 : 1 relationship
between Observed ds /d and Predicted ds /d values.
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Figure 3.13: Y − S regime plot for magma chambers. Field shows behavior
of felsic plumes (broken and unbroken ladder dikes) within a silicic chamber.
stretched and tilted before undergoing R-T instability, forming drips with a
wavelength that is comparable to the initial diameter of the injection. At
low Y (< 40) and S values that increase from ∼ 3 as Y → 0, plumes yield

in tension before an R-T instability can grow, forming discrete particle-

fluid blobs that are much smaller than the initial injection diameter and
separated by thin filaments of the original mixture. At high S (> 3) and
high Y (> 40), injections remain intact, settle through the layer, and pond
at the floor. Application of these results to magma chambers shows that
the most crystal-rich injections will breakup in the Tension regime (Figure
9 of Hodge et al. [2012a]).
In the Tension regime, the length scale of breakup is a fundamental result
that can be used as a tool to interpret magmatic structures. In this regime,
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the injection is stretched while the growth of a varicose instability creates
periodic variations in diameter until the injection eventually breaks into
discrete blobs with a characteristic size db separated by interstitial fluid and
a thin strand of particles (Figure 3.11b). The evolution of a typical breakup
in this regime is illustrated in the time series in Figure 3.11b from experiment
V1001. In particular, the image at 120ty shows that the initial stretching
leads to the emergence of a varicose instability with a wavelength that is
small in comparison to the injection diameter. Here ty is the timescale for
lateral disaggregation or yielding of the deformed plumes defined in Equation
3.2. With increasing deformation (140 − 160ty ) small blobs form as yielding

of the mixture evolves. At 180ty the injection breaks and by 300ty discrete
blobs are apparent (highlighted in image 380ty ). The images show that

deformation begins with lateral stretching that leads, in turn, to pinch and
swell or varicose behavior before ultimately yielding.

3.4.2

Quantitative implications for broken ladder dikes

Ladder dikes are usually exposed on planar surfaces, with rare 3D crosssectional views. It is therefore difficult to assess the nature of these structures in the third dimension. Since we are looking parallel to gravity, we
are unable to assess the influence of, for example, a Rayleigh-Taylor instability on the deformation of these features. Consequently, this discussion
will focus on the onset of a varicose instability and transition to breakup of
the ladder dikes, which is the more relevant regime in nature [Hodge et al.,
2012a].
A remarkable discovery of our experiments is the control of the imposed
viscous stress and retarding yield stress of the mixture on the average size
of large blobs in the Tension regime. We find that the ratio of segment
diameter ds to dike width d follows the scaling (Figure 3.1e),
ds
µa V c
= 0.001
,
d
τy d

(3.9)

where µa is the ambient fluid viscosity and Vc is the shear velocity. Here, τy is
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the yield strength of the mixture and is defined in Equation 3.3 [Wildemuth
and Williams, 1984; Hoover et al., 2001] and 0.001 is an empirical constant.
We use Equation 3.9 to determine whether broken dikes in the TIS
were formed by mechanisms occurring in the Tension regime. For this,
we calculate an effective diameter for each ladder dike based on the area
exposed in outcrop. We compare the calculated diameter values normalized
by dike width to theoretical values given by Equation 3.9. The range in yield
strength values will depend on the degree of crystallization (or stiffness) of
the dike material. We use τy = 10 Pa which corresponds to a mean particle
volume fraction, xV = 0.40. We calculate a range in µi using the melt viscosity model of Giordano et al. [2008] and the suspension viscosity law from
Scott and Kohlstedt [2006], which is appropriate at these high crystallinities
[Hodge et al., 2012a]. We, thus, take a plausible range of magma viscosities
to be 105 − 108 Pa·s. A reasonable range of magma stirring velocities is

10−3 − 10−1 m s−1 [Hodge et al., 2012a]. From Equation 3.9, we estimate

ds /d to be between 0.47 and 3.2, which is the same order of magnitude as

our field measurements. The relative agreement between our measurements
of ds /d and estimations of ds /d suggests that the ladder dikes at Glen Aulin,
TIS deformed in the Tension regime (Figure 3.12).

3.4.3

The broken/unbroken transition: Why do some dikes
break?

Whereas some dikes break up, others remain intact (Figures 3.4, 3.5, 3.8)
and, thus, the ladder dikes may preserve a record of varying or transitional
Y − S conditions (Figure 3.3). Almost all ladder dikes presented in this

study have undulating margins with a wavelength λ that we measure (Figure

3.1 and 3.9). We suspect these axisymmetric undulations are preserved
varicose instabilities that did not evolve into discrete blobs. Again, we take
Vc = 10−2 m s−1 and µa = 106 Pa s and define a Y − S parameter space for
the Tuolumne magma chamber using the following definitions:
S=

µ(xV )d
,
µa H

(3.10)
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and

p
Y =

(τy (xV )/ρ)
.
Vc

(3.11)

Here H = 10 − 1000 m is the chamber height, xV ranges from 0.30 − 0.80,

and d = 0.06 − 3 m. We estimate S values between 10−1 − 102 . Using
τy = 1 − 1000 Pa, ρ = 2600 kg m−3 , and Vc = 10−2 m s−1 , we estimate Y
in the range 10 − 100.

Figure 3.13 shows that ladder dikes probably evolved near the transition

between the tension and ponding regimes. In this transition zone, the behavior of each dike is highly sensitive to small changes in xV , which strongly
governs the effective viscosity and yield strength through Equations 3.3 and
3.5 [Hodge et al., 2012a]. An increase in plume viscosity will increase S and
an increase in yield strength will increase Y (Figure 3.3 and 3.13). We suggest, therefore, that the broken/unbroken dikes observed in the field reflect
dynamical conditions close to the Tension/Ponding transition. In Figure
3.12, we interpret the data that plot on or close to the dashed line to represent incomplete breakup in the Tension regime. Since the ratio d/ds from
field measurements plots on a line that is twice the predicted d/ds value,
we assume that the dikes on this line did not break completely. That is
to say, if they broke at least once more, their size (d/ds ) would match the
theoretical predictions. The fact that they did not break is possibly related
to local variations in τy imposed by the amount of crystals in the magma
at the time of deformation. We conclude that these dikes must have existed
so close to the Tension-Ponding regime transition that a portion of the dike
was able to remain in the Ponding regime while another part broke up in
the Tension regime.

3.5

The origin of ladder structures

One of the most notable features of ladder dikes is the mafic-felsic banding,
which literally resembles the “rungs” of a ladder. In the light of our results,
we propose a conceptual model for the formation of ladder dikes (Figure
3.14). Our hypothesis is that the banding occurs in two stages. First, as
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the uniform plume of granodiorite magma propagates vertically through the
chamber (Figure 3.14a), a velocity gradient associated with simple shear
at the plume’s margins promotes the migration of the solid phase toward
the edge of the plume (Figure 3.14b) [Leighton and Acrivos, 1987; Huang
and Bonn, 2007]. This process results in the formation of a thin schlieren
layer by accumulation of mafic minerals at the plume’s most outer margin
(Figure 3.14c). The second stage occurs when the high concentration of
mafic minerals in the thin schlieren layer has a yield strength (Equation 3.3).
At this point the schlieren boundary layer has become rigid enough to break
under tension from lateral stretching induced by convection in the chamber.
This extensive stretching and tilting caused by shearing motions within the
chamber finally breaks the outer mafic margin of the plume revealing its
flowing granodiorite core (Figure 3.14d). Ladder rungs form because the
core of the plume is still flowing when the schlieren boundary layer breaks.
However, once the conditions for breakup by tension are met (i.e. Y< 40),
the ladder dike starts to break at a much larger scale (Figures 3.8a and
3.14e).
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Figure 3.14: Evolution (from left to right) of ladder dike deformation: mafic-felsic banding and large-scale breakup
that result from shearing motions within magma chamber as plume becomes tilted away from vertical. Top and
bottom arrows show shearing direction. (a) As the cylindrical plume of granodiorite magma propagates through
the chamber, a velocity gradient forms due to simple shear; (b) Mafic minerals migrate toward regions of low
velocity and concentrate at the plume boundary; (c) Segregation of particles creates a thin schlieren boundary
layer that eventually yields under tension and breaks; (d) Progressive stretching eventually breaks the mafic bands
into thinner segments, revealing more of the plumes interior felsic phases. (e) Large-scale breakup of ladder dike.
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Our picture that ladder dikes begin as a vertical plume of magma ascending or descending in a velocity gradient related to magma chamber flow
is consistent with previous conceptual models [Weinberg et al., 2001; Paterson, 2009]. However, unlike previous studies, our model captures quantitatively and self-consistently key geometrical features of ladder dikes such as
their orientation perpendicular to gravity, their periodic mafic-felsic banding, and the occurrence and length scales of their breakup. Previous studies
[Weinberg et al., 2001; Paterson, 2009], which suggest ladder dikes form as
migrating tubes of magma or stacked troughs are unable to capture these
observations and are not consistent with our data analysis. In particular,
migrating tubes and stacked troughs would predict two perpendicular directions of flow within the chamber: vertical flow to create the ”tube” structure
and horizontal flow to cause migration of the tube, which previous models
use to explain the stacked mafic-felsic banding characteristic to all ladder
dikes. In contrast to this picture, our quantitative analysis of field data
that are understood with laboratory experiments and scaling theory show
that the ladder dikes may be tilted plumes of magma that are broken up
by shearing motions in the magma chamber such that breakup occurs along
the dike length in the direction of maximum stretching (Figure 3.14e).

3.6

Conclusion

Our new comprehensive fieldwork combined with analogue experiments and
scaling theory supports the following conclusions. Ladder dikes that were
once as long as ∼ 25 m have been broken up by shearing motions in the

chamber prior to solidification. Length-scales of broken dike segments are

consistent with a chamber stirring velocity close to Vc = 10−3 m s−1 and a
yield strength up to τy = 103 Pa of the injected material. Ladder dikes in
the TIS formed close to the Tension-Ponding transition and therefore, small
or localized variations in crystallinity within the dike margins strongly influenced whether ladder dikes broke-up or remained intact. Mafic-felsic banding is the result of initial segregation of mafic minerals toward the margin
of the plume followed by lateral stretching and breaking of the outermost
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mafic layer of the plume to reveal the felsic core. Our combined field, laboratory, and theoretical approach puts a new quantitative mechanical framework to the formation and deformation of ladder dikes. Our model captures
the large-scale breakup and orientation, as well as the mafic-felsic banding,
however, there remain a number of key questions about ladder dikes. In the
future we aim to understand the following: (1) the spatial distribution of Kfeldpar megacrysts within the ladder dike margins as well as at the outcrop
scale; (2) the spatial clustering of ladder dikes throughout the TIS; (3) their
proximity to contacts (specifically where they occur in large clusters) with
either host rock or another intrusive unit in the TIS; and (4) their nearly
perpendicular orientation to that contact.
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Chapter 4

Linking enclave formation to
magma rheology
4.1

Introduction

Mafic to intermediate magmatic enclaves hosted in intermediate to silicic
igneous rocks provide direct evidence for mechanical mixing of two compositionally and thermally distinct magmas within the same chamber [Eichelberger, 1975; Vernon, 1984; Bacon and Metz, 1984; Bacon, 1986; Didier and
Barbarin, 1991; Wiebe et al., 1997; Clynne, 1999]. The wide variety of sizes
and shapes of preserved magmatic enclaves highlights the inherent complexity of the interactions between the input and resident magmas (Figure 4.1).
Where they are observed, enclaves range in size from a few millimeters to
several meters in diameter and their shapes, although often axisymmetric,
can also be ovoid, elongate, disk-like, blade-like, or elliptical [Kumar, 2010;
Alves et al., 2009; Nardi et al., 2008; Barbey et al., 2008; Feeley et al., 2008;
Wiebe et al., 2007; Donaire et al., 2005; Barbarin, 2005; Paterson et al.,
2004; Kim et al., 2002; Silva et al., 2000; Akal and Helvaci, 1999; Clynne,
1999; Wiebe and Adams, 1997; Wiebe et al., 1997; Thomas and Tait, 1997;
Barbarin, 2005; Pin et al., 1990; Didier and Barbarin, 1991; Bacon, 1986;
Vernon, 1984; Bacon and Metz, 1984].
Field observations of enclaves in both intrusive rocks [Vernon, 1984; Didier, 1987; Didier and Barbarin, 1991; Blundy and Sparks, 1992; Wiebe,
1993; Elburg, 1996; Wiebe et al., 1997; Wiebe and Collins, 1998; Paterson
et al., 2004; Barbarin, 2005; Kumar, 2010] and lava flows [Bacon and Metz,
1984; Bacon, 1986; Thomas and Tait, 1997; Clynne, 1999; Feeley et al.,
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Figure 4.1: Examples of magmatic inclusions from different lava flows. Inclusions size ranges from 1 m down a few mm: (a), (b), (d), and (e) from
Chaos Crags, Lassen Volcano; photos (c) and (f ) from Mt. Helen Dome,
Lassen Volcano; (g) and (h) from Glass Mountain, Medicine Lake Volcano;
and (i) from Grotto Cove, Crater Lake.
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2008] suggest that they form during the mechanical mixing of the injected
and host magmas as a consequence of differences in density, viscosity and
possibly yield strength of the two magmas. In a recent analog study, we
identify dynamical conditions in which an injected magma may break up
to form enclaves (Hodge et al. [2012a], hereafter HCJ12). Here, we apply
the results and theoretical scalings for breakup size to understand a new
and comprehensive characterization of enclave size distributions and compositional variations in 6 lava flows and domes in the Cascades. Our aim is
to use these field data, together with scaling analyses developed in HCJ12
to propose a quantitative connection between the existence and size distribution of enclaves and the rheological properties and dynamical regime of
the flow in which they were produced. We have applied a similar approach
to understand the structure of deformed and broken “ladder dikes” in the
Cathedral Peak granodiorite (Tuolumne Intrusive Suite, California) [Hodge
et al., 2012b].
The main goal of this paper is use the results of HCJ12 to link statistical
properties of enclave size distributions determined for six Cascade lava flows
to the physical properties and flow regimes of the host and injected magmas.
A novel result of HCJ12 is that the breakup of meter scale dikes to millimeter
or centimeter scale enclaves probably occurs where driving viscous stresses
related to host magma flow act against the retarding yield strength of an
injected crystallizing mafic magma. Assuming that enclave formation occurs
in this restrictive dynamical regime, a key implication that we explore first is
that median diameters from enclave size distributions provide quantitative
constraints on the yield strength of the enclave magma that are more reliable
than estimates from empirical correlations based on crystallinity [Hoover
et al., 2001]. The structure of the enclave size distributions also records
information about the style and extent of enclave fragmentation, which can,
in turn, constrain rheological variations between host and enclave magmas.
We use fractal analysis of our enclave size distributions to show that in all six
lava flows the progressive fragmentation of the injected magma is self-similar
and characterized by a fractal dimension Df (Section 4.5.2). We find a small
but statistically significant dependence of Df on the effective viscosity ratio
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between host and enclave magmas and argue that large variations in effective
viscosity lead to a greater extent of breakup.

4.2
4.2.1

Enclaves in 6 Cascade lava flows
Crater Lake

Mount Mazama is a Pleistocene volcano located along the Cascade arc.
Approximately 7,700 years ago, a climactic caldera-forming sequence of pyroclastic eruptions created what is the present-day Crater lake [Bacon, 1986;
Bacon and Druitt, 1988; Bacon and Lanphere, 2006]. The caldera and surrounding deposits from pre- and post-climactic events, provide a window
into a wide range of magmatic processes. Specifically, the eruptive records
of Mount Mazama provide evidence for volcanic growth over timescales up
to thousands of years. The compositional range of magmas that erupted
in the Mount Mazama region spans from 47.6% to 73.2% SiO2 [Bacon and
Lanphere, 2006]. We focus our study on two pre-climactic lava flows and
their enclaves (Figure 4.2b): the Holocene Llao Rock rhyodacite flow which
contains abundant andesitic enclaves (mostly < 3 cm, but up to 10 cm in
diameter) and the Grotto Cove andesite (previously referred to as the 70,000
year old lava flow in Bacon [1986]) which contains mafic andesitic enclaves
that range from 2 to 100 cm in diameter.

4.2.2

Medicine Lake Volcano

The Pleistocene to Holocene Medicine Lake volcano is a shield volcano located in the southern Cascade range, California, whose erupted products
range from basaltic to high-silica lavas [Grove and Donnelly-Nolan, 1986;
Grove et al., 1997; Donnelly-Nolan et al., 2008]. We focus on two lava flows
at the Medicine Lake Volcano: the Glass Mountain dacite and the Hoffman
flow rhyolite (Figure 4.2c). Both locations provide good evidence for the
formation and emplacement of a large volume of silicic melt that is host to
very small (millimeter-scale) blobs of mafic magma.
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Figure 4.2: (a) Map of southern Cascade volcanos from this study. (b)
Modified geologic map of Llao Rock and the Grotto Cove andesite at Crater
Lake from Bacon and Lanphere [2006]. (c) Geologic map of Glass Mountain
and Hoffman flow modified from Grove and Donnelly-Nolan [1986]. (d)
Modified geologic map of Chaos Crags and Mt. Helen Dome near Lassen
Volcano from Feeley et al. [2008].

82

4.3. Methods

4.2.3

Lassen Volcano

The Lassen Volcanic Center is a Pleistocene to Holocene stratovolcano located in the Southernmost part of the Cascade range, California (Figure
4.2a & c). The Holocene Chaos Crags comprise a series of six dacite to
rhyodacite domes that represent a 1100 year old eruptive sequence [Clynne,
1999]. The Crags Domes highlight the interaction between mafic and felsic magmas common in the Lassen Volcanic Center [Tepley et al., 1999].
The rhyodacite to dacite lavas that make up the six domes (A-F) are host
to basaltic to andesitic enclaves. The enclaves range in size from approximately 1 to 50 cm in diameter with some as large as 150 cm [Heiken and
Eichelberger, 1980]. In addition to the Chaos Crags Dome C, our work
focuses on the Pleistocene Mount Helen dacite dome, another well-studied
example of mafic-silicic interactions at the Lassen Volcanic Center. The
Mount Helen dome is host to abundant mafic enclaves that range in size
from a few millimeters up to 1 meter in diameter [Feeley et al., 2008].

4.3

Methods

We chose six Cascade lava flows based on their high abundance of magmatic
enclaves (Figures 4.1 and 4.2). Our goal was to sample a range in host
(rhyolite to andesite) and enclave (andesite to basalt) compositions. The
data presented in this paper are from two lava flows at each location. At
Crater Lake, we took measurements of andesite enclaves in the Llao Rock
rhyodacite and mafic andesite inclusions in the Grotto Cove andesite. The
enclaves in the Llao Rock flow range in size from a few millimeters up to
12 cm in diameter; whereas, the andesite of Grotto Cove hosts large mafic
andesite enclaves that are up to 40 cm in diameter (Figure 4.3). At Medicine
Lake Volcano, CA, the Glass Mountain dacite hosts small (0.1 − 12 cm
in diameter) enclaves of basaltic-andesite and the rhyolite of the Hoffman

Flow is host to anhydrous basaltic enclaves that range in size from a few
millimeters up to 20 cm in diameter. At Lassen Volcano, the Mount Helen
dacite dome and the rhyodacite Dome C of the Chaos Crags both host large
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Figure 4.3: Enclave size distribution plots from our field locations. We
calculate a diameter from the measured area of each enclave. The longest
axis of some of the larger ellipsoidal enclaves is not represented in this plot
as we use a spherical shape to convert the area to a diameter. In general, the
largest enclaves (longest long axis) from each location is approximately twice
the length of the largest diameter shown here. dm is the median enclave size
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(up to 50 cm in diameter) enclaves of basaltic andesite (Figure 4.3).

4.3.1

Field methods

To sample both the smallest (millimeter to centimeter-scale) and largest
(meter-scale) enclaves in a statistically meaningful way, we took outcrop
photos at several different scales (a few centimeters up to tens of meters).
Our sampling approach was to carry out multiple parallel traverses in which
two people used different cameras to image the same section of outcrop. To
sample km-scale sections of each lava flow, we combine data from several
such traverses. Our cumulative dataset for all six locations comprises nearly
5000 enclaves.

4.3.2

Image analysis

We use ImageJ to analyze approximately 2000 digital photographs of enclaves. In each photo, we first carefully hand-trace the edges of individual
enclaves. Next, we find the area A of each enclave and estimate an effective
√
diameter d = A, which is an appropriate average value given the remarkable variability and complexity in enclave shapes (Figure 4.1). Our size
distributions (Figure 4.3) all exhibit a positive skew with most of the data
to the left of the mean enclave diameter. Thus, we take the median enclave
size dm as a representative of each size distribution.

4.3.3

Fractal analysis

Fractal analysis is a common method for identifying the self-similar fragmentation of Earth materials from initially large to small length scales
(e.g. Matsushita [1985]; Turcotte [1986]; Sammis et al. [1986]; Storti et al.
[2003]; Gonnermann and Manga [2005]; Perugini et al. [2006]; Perugini et al.
[2011]). Here, we use the word fragmentation to refer to the breakup of order
1 to 10 m wide mafic dikes into mm to cm sized enclaves. Previous studies
demonstrate that enclaves preserved in igneous rocks have size distributions
that exhibit fractal behavior [Perugini and Poli, 2000; Holtz et al., 2004;
Ventura et al., 2006; Perugini et al., 2007]. For our unimodal distributions,
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we find a power law dependence of the total number of fragments N larger
than dm such that
N (d > dm ) = kd−Df ,

(4.1)

where d is the fragment dimension, dm is the median enclave size in the
distribution (Figure 4.3), k is a constant, and Df is the fractal dimension of
the size distribution [Mandelbrot, 1982]. This relationship shows that the
breakup of big fragments into smaller fragments is a length scale-invariant
process. That is, where size distributions are fractal the implication is that
the same physical process governing deformation and breakup is acting at
all length scales. To determine the fractal dimension Df for our size distributions, we first take the logarithm of Equation 4.1:
log(N ) = −Df log(d).

(4.2)

We then determine Df from the slope of the data in log(1/d) vs. log(N )
space (Figure 4.6).
Before we search for fractal behavior in the enclave size distributions it
is useful to bin the data to reduce the variance in d. Bin widths for d are
chosen such that the best fit to the data in a least-squares sense gives a
sum of the residuals R2 > 0.8. Fits to the binned data from all 6 flows give
1.8 < Df < 2.5 (Figure 4.6). However, a closer inspection of the results
shows that the Grotto Cove, Chaos Crags, and Mount Helen enclaves are
characterized by a smaller fractal dimensions (Df = 1.8 ± 0.5) and a larger

median enclave size (2 ≤ dm ≤ 3 cm) than the enclaves measured in the

Llao Rock flow, Glass Mountain and Hoffman flows (Df = 2 ± 0.5 and
0.5 ≤ dm ≤ 1 cm). We return to this observation in Section 4.5.2.

4.3.4

Physical properties of host and enclave magmas from
compositional data

In all 6 flows there is local variability in enclave composition and textures, which many previous studies have attributed to differences in in86
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truding magma composition and/or enclave formation processes [Grove and
Donnelly-Nolan, 1986; Bacon, 1986; Bacon and Druitt, 1988; Tepley et al.,
1999; Feeley et al., 2008]. We take an average composition for each lava flow
for both the host and enclave material, assuming that these compositions are
essentially similar to the initial host and injected magmas. Local variability relative to these average compositions obviously introduces a variance
that affects estimates of the density and effective viscosity of the host and
injected magmas. However, these variations are very small in comparison
to the much larger differences between the average compositions of the host
and injected magmas and do not affect the results or the conclusions of this
study.
We use MELTS and Rhyolite-MELTS to estimate a maximum temperature for the host and enclave magmas. For these calculations, we use
the temperature at which a minimum solid fraction (i.e. phenocryst content observed in the field) is present in the melt. In order to model the
crystallization path for each magma, we model the cooling history for each
magma with MELTS and Rhyolite-MELTS using the compositional data in
Table 1 [Gualda et al., 2012; Feeley et al., 2008; Kinzler et al., 2000; Tepley
et al., 1999; Asimow and Ghiorso, 1998; Ghiorso and Sack, 1995; Bacon and
Druitt, 1988; Bacon, 1986; Grove and Donnelly-Nolan, 1986; Eichelberger,
1980]. We use the host temperature reported in Table 1 as a lower-bound for
the enclave magma temperature range, assuming that this is the minimum
possible temperature the injected magma will reach as it mixes with the
host. We calculate melt viscosities with the Giordano et al. [2008] viscosity
calculator. The effective viscosity of the host magma is calculated using
the phenocryst content observed in the field [Scott and Kohlstedt, 2006].
We estimate a lower and upper bound for the effective viscosity [Scott and
Kohlstedt, 2006] and yield strength [Hoover et al., 2001] of the enclave magmas, using two different crystallinities. To establish a lower bound for the
enclave magma crystallinity, we use the phenocryst content observed in the
field. To obtain an upper bound for the enclave magma crystallinity, we use
MELTS to calculate the solid fraction present in the magma when it cools
to the temperature of the host magma. We note that this assumption over87
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estimates the minimum-temperature of the enclave magma, as the timescale
for breakup of the injected magma is less than that for thermal equilibration
between the host and enclave, for all enclaves larger than a few millimeters.
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Rock type
rhyodacite
andesite
dacite
rhyolite
rhyodacite
dacite

Enclave
Llao Rock
Grotto Cove
Glass Mountain
Hoffman Flow
Chaos Crags
Mount Helen

andesite
mafic andesite
basaltic-andesite
basalt
basaltic-andesite
basaltic-andesite

53.80
60.00
53.80
49.60
56.74
58.60

Temp.
(◦ C)
930
1020
900
850
980
1025

xV
(%)
6-14
20-30
1-3
5-10
30-35
25-30

H2 O
(wt.%)
3-5
3-5
3-5
3-5
2-4
2-4

density
(g cm−3 )
2.22
2.27
2.29
2.24
2.23
2.40

Ref.
1
2
3, 4
3, 4
5, 6
7

930-1095
1020-1110
900-1175
850-1230
980-1050
1025-1050

1-50
1-50
1-73
1-90
1-50
1-45

2-4
1-3
1-5
0.10
1-3
1-3

2.2-2.3
2.2-2.3
2.3-2.5
2.7-3.1
2.3-2.4
2.3-2.4

1
2
3, 4
3, 4
5, 6
7
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Table 4.1: Physical properties of six lava flows. SiO2 wt.% and H2 O wt.% data from: (1) Bacon and Druitt
[1988], (2) Bacon [1986], (3) Grove and Donnelly-Nolan [1986], (4) Kinzler et al. [2000], (5) Tepley et al. [1999],
(6) Eichelberger [1980], (7) Feeley et al. [2008]. We report xV for the host rocks as the range in phenocryst content
and xV for the enclaves as a range between phenocryst content (lower bound) and calculated solid fractions using
MELTS and Rhyolite-MELTS (upper bound) that would crystallize as the enclave magma cooled to the initial
temperature of the host magma [Gualda et al., 2012; Asimow and Ghiorso, 1998; Ghiorso and Sack, 1995]. We use
Rhyolite-MELTS and MELTS to constrain the host temperature as the temperature at which the minimum solid
fraction (xV lower-bound) is present in the melt. We report the range in enclave temperature with the minimum
constrained by the host temperature and the maximum constrained using MELTS as the temperature at which
the minimum solid fraction xV is present in the melt.
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Host
Llao Rock
Grotto Cove
Glass Mountain
Hoffman Flow
Chaos Crags
Mount Helen

SiO2
(wt.%)
70.30
61.60
65.50
71.20
68.88
64.94
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4.4

A model for linking magma rheology to
enclave sizes

HCJ12 show that buoyant, rheologically complex plumes ascending or descending in a very viscous shear flow can be strongly deformed or broken up,
depending on the flow regime in the magma chamber (Figure 4.4). Whether
and to what extent these analog dikes become fragmented depends on a flow
regime defined by two key parameters (Figure 4.5). The parameter S is the
ratio of the timescale trt for the growth of a gravitational Rayleigh-Taylortype (R-T) instability on an injected plume that is tilted with respect to
gravity [Skilbeck and Whitehead, 1978] to the timescale ts for an injection
to rise or sink through the magma chamber:
S=

trt
µi di
=
,
ts
µh h

(4.3)

Here, h is the chamber depth, di is the plume width, µh is the viscosity of
the host magma, and µi is the effective viscosity of the plume which for high
particle concentrations has the form [Scott and Kohlstedt, 2006]
µi = µh exp(BxV ),

(4.4)

where xV is the particle volume content, and B = 6 for our experimental
fluids.
The parameter Y is the ratio of the timescale for shearing of a rheologically complex dike of width di by flow in the magma chamber tf to the
timescale for lateral disaggregation or yielding of the dike ty :
Y =

tf
1  τy 1/2
=
.
ty
V c ρi

(4.5)

Here Vc is the characteristic flow velocity of the host magma, ρi is the density
of the injected dike, and τy is the yield strength, which depends on the volme
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Figure 4.4: Main results from Hodge et al. [2012a]: (a) Cartoon of experimental set-up. (1) tank, (2) corn syrup, (3) upper rotating plate, (4) syringe,
(5) particle-corn syrup mixture, (6) high-speed camera. (b) Image sequence
showing evolution of injection breakup in the tension regime experiment.
Time is reported normalized to the yield timescale ty . Image 200ty shows
variations in the diameter that are small in comparison to the radius Ri as
lateral stretching pulls the injection apart. In images 300ty and 400ty small
blobs form as yielding becomes the dominant deformation mechanism. The
cartoon highlights the initial varicose instability which eventually leads to
breakup into blobs with a characteristic size db . (c) Image sequence during
R-T regime experiment. Time is reported normalized to trt . The images
show the formation of a gravitational instability accompanied by lateral
stretching. Stretching in the thin tail of the injection is shown by the cartoon zoom in the image at t = 0.3trt . The instability begins at t = 0.4trt
and progresses as material is pulled laterally along the injection into the
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drips. The cartoons show the dominant forces acting to deform the plume.
In both cartoons, g is gravity and τs is the horizontal shear stress.
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Figure 4.5: Y-S regime diagram for enclaves in lava flows. Fields show the
range in the Y and S parameters that account for the chamber conditions
(geometry and flow dynamics), the viscosity ratio between enclave and host
magmas, and the yield strength of the injected magma that we calculate
using a range in τy that is based on the possible range in solid fraction in
the enclave magma (phenocryst content as a lower bound and solid fraction
present in the magma as it reaches the host magma temperature as an upper
bound). The stars within each field indicate Y values that we obtain using
a yield strength value calculated from scaling laws in Hodge et al. [2012a]
which takes into account the breakup length scale dm that we measure in
the field. Photo insets show examples of plume behavior under different
conditions observed in the experiments in Hodge et al. [2012a].
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fraction of crystals and has the form [Hoover et al., 2001]
τy = A

 x /φ − 1 1/p
c
V
.
1 − xV /φm

(4.6)

Here φc is the critical packing fraction at which a particle (i.e. crystal)
suspension can support an externally-imposed yield stress with no deformation, φm is the volume fraction of solids in closest-packing at which the
yield strength approaches infinity, A is a constant that accounts for the total interparticle cohesion, and p depends on the response of the magma to
shearing. From Hoover et al. [2001] we set φc = 0.25, p = 1, and A = 5.3,
since xV > φc for all experiments. In addition, we set φm = 0.85 to account
for the polydispersivity of the spheres in the experiments (and crystal size
distributions in nature) [Yu et al., 1993]. Qualitatively, disaggregation of a
strong analog dike will occur for Y < 40, whereas it will remain intact for
larger Y conditions.

4.5
4.5.1

Results and Discussion
A Y-S regime for enclaves in lava flows

HCJ12 show that dike fragmentation can occur in two regimes that give
distinct enclave scale lengths (Figures 4.4 and 4.5). Whereas the growth
of gravitational Rayleigh-Taylor-type instabilities can cause tilted dikes to
break up in the form of drips with a scale length that is a few times the initial
width of a dike injection, disaggregation in the tension regime leads to blobs
with a scale length much smaller than the initial dike injection. Assuming
that the mafic to intermediate magma injections ultimately giving rise to the
enclave size distribution shown in Figure 4.3 are 1-10 m wide dikes [Petford
et al., 1993], the data suggest that the magma mixing dynamics preserved in
these lava flows, occurred in the tension regime. In this regime, dike breakup
occurs primarily as a result of viscous stresses related to flow in the host
chamber acting against the yield strength of crystallizing dike magmas. In
comparison to the initial dike injection width di , the resulting blobs have a
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Figure 4.6: log(1/r) vs. log(N ) plots used to determine the fractal dimension
(Df ) for enclaves in each lava flow.
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characteristic diameter db ≈ dm given by:
dm
µh V c
= 0.001
,
di
τy di

(4.7)

where µh is the host viscosity, Vc is the ambient chamber velocity, di is the
initial dike width, and τy is the yield strength of the intruding material.
Assuming enclave production occurs in the tension regime and that the
injection dike widths and host magma viscosity can be inferred from field and
petrologic constraints, Equation 4.7 implies that dm /di ∝ Vc /τy , and that

(Vc /τy ) cannot vary such that Y > 40 (to remain in the Tension regime).

For a given yield strength τy , this constraint limits the possible range in
chamber flow velocities Vc (or vice versa). A popular way to estimate the
yield strength of magmas related to a touching framework of crystals is
through Equation 4.6. Using upper and lower bounds for the solid fraction
in the enclave magma discussed in Section 4.3.4, we obtain ∼ 0.3 < τy < 300
Pa for all data (Table 4.2), which restricts Vc ≥ 10−2 m s−1 . Using these

values, we plot a Y-S parameter space for enclave formation in each of the
six lava flows in Figure 4.5.
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µh (Pa s)
4 × 104
3 × 103
1 × 104
3 × 105
2 × 104
2 × 105

µe (Pa s)
5 × 102−3
5 × 103−4
5 × 102−4
2 × 102−6
4 × 103−4
1 − 2 × 104

τy (Pa)1
0.3-300
0.3-160
0.3-100
0.3-350
0.3-350
0.3-250

τy (Pa)2
35
1
15
300
10
70

S
5 × 10−5
6 × 10−3
5 × 10−5
7 × 10−6
1 × 10−3
2 × 10−4

Y
12
2
7
30
5
20

dm (cm)
1
3
1
1
2.5
2.2

Df
2.2
2
2.2
2.2
2
2

Table 4.2: Calculated properties of six lava flows using data reported in Table 4.1, median enclave size dm , and
fractal dimension Df for each lava flow. We estimate magma effective viscosity using the Giordano et al. [2008]
model to calculate melt viscosity together and the effective viscosity relationship (see Equation 4.4) from Scott
and Kohlstedt [2006], which accounts for the solid fraction in the melt. We calibrate the Scott and Kohlstedt fit
to capture the effective viscosity for both low (0 − 40%) and high (> 40%) crystal fractions (see HCJ12a for a
more complete discussion). µh is host effective viscosity and µe is enclave effective viscosity. We use two methods
to calculate the enclave magma’s yield strength: (1) the phenocryst content (Table 4.1) with results from Hoover
et al. [2001] (see Equation 4.6), and (2) the scaling law from Hodge et al. [2012a] (see Equation 4.7) which utilizes
the breakup length scale dm that we measure in the field. We use a range in chamber heights h = 100 − 1000 m
and we take the initial dike width di = 1 m. (1) [Hoover et al., 2001], (2) [Hodge et al., 2012a]

4.5. Results and Discussion

Location
Llao Rock
Grotto Cove
Glass Mountain
Hoffman Flow
Chaos Crags
Mount Helen
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We can further refine the yield strength of the enclave magma, and thus
the Y − S regime for each lava flow using dm from the data analysis. If we

apply this value as a unique constraint and the order of magnitude estimate
for Vc ∼ 10−2 m s−1 as a lower bound to Equation 4.7 we obtain the Y-S
values shown as star-symbols (Figure 4.5). We note that in all six cases,
these points plot within the Y-S ranges determined using the scaling for τy
from Equation 4.6.
In Figure 4.5, the variation in the Y values calculated from the data
analysis in Figure 4.3 is related to variations in the median enclave diameter
dm in the data for each lava flow. Variations in the S parameter arise mostly
from the range in chamber height (h = 100 − 1000 m) that we prescribe

(Table 4.2), but also from viscosity variations between the host and enclave
magmas (Equation 4.3 and Table 4.2). For a given h and di , we can explore
variations in S caused only by viscosity contrast between the host and enclave
magmas and classify the lava flows into two groups: low-S (Llao Rock, Glass
Mountain, and the Hoffman Flow) and high-S (Grotto Cove, Chaos Crags,
and Mount Helen). The high-S group (hereafter: Group HS ) has S-values
between 10−1 and 10−4 and dm between 2 and 3 cm . The low-S group
(hereafter: Group LS ) has S-values between 10−4 and 10−6 and dm values
∼ 1 cm (Figure 4.7a). Since the variation in S is a function of the viscosity

ratio between injected and host magma, we note that Group HS corresponds
to a low viscosity contrast and Group LS corresponds to a high viscosity
contrast.

4.5.2

The character of enclave fragmentation

A fractal dimension Df for our enclave distributions characterizes the extent
to which an injection at the large scale of a dike width ultimately breaks
up over the range of scale lengths we observe in the field. The power law
behavior in Figure 4.6 implies that the same physical process acts at all
scales. A visual example of such a continuous process of fragmentation of
a rheologically complex plume in a shear flow is shown in the time-series
in Figure 4.4b. In this case, the majority of the evolution of the stretching
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and breakup of the analog dike is governed largely by a balance between the
viscous stress related to imposed shearing and the retarding yield strength
of the buoyant mixture. All lava flows in this study show similar fractal
dimensions that are consistent with previous studies [Perugini and Poli,
2000; Holtz et al., 2004; Ventura et al., 2006; Perugini et al., 2007].
Although the range in Df is similar for all lava flows (Figure 4.6), indicating comparable evolutions and extents of fragmentation from the largest
to the smallest enclave sizes [Turcotte, 1986], the mean fractal dimensions
for the LS and HS groups are distinct, which suggests that viscosity variations between the enclave and host magmas influence the breakup size, and
consequently the extent of fragmentation (Figure 4.7a and b). Additionally,
our data confirm a relationship between median enclave size dm and fractal
dimension Df (Figure 4.7c), such that Group LS and HS lava flows form two
clusters that have high Df and low dm values, and low Df and high dm values, respectively. This result implies that large viscosity contrasts between
the host and enclave magmas enhance the effeciency of fragmentation.
One common speculation for the variability of enclave sizes in, for example, the Chaos Crags Dome C is that original blobs of magma that form as
a result of stirring motions in the chamber (largest enclaves) will undergo
further deformation and breakup during ascent through the conduit (M.
Clynne, personal communication). An interesting outcome of this study is
that Df is more or less similar in all flows, even though enclaves originally
produced in the chamber may be subjected to further deformation during
eruption. This result suggests that the same physics govern deformation and
fragmentation from the chamber through the conduit. A crucial difference,
of course, is that assuming the flow velocities in the chamber and conduit
are close in an order of magnitude sense, the predominant strain rate giving
rise to the viscous stress deforming enclaves Vc /d >> Vc /h, where d is the
conduit diameter. Thus, a greater extent of fragmentation in the conduit
may occur for enclave magmas with a given yield strength.
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4.6

Conclusions

We analyze an extensive dataset of enclave size distributions using results
and scaling theory from HCJ12 to demonstrate that field observations of
enclave sizes can reliably constrain aspects of the rheological and flow conditions that govern the deformation and breakup of dikes of relatively more
mafic magma injected into a silicic magma chamber. Our data analysis understood with experiments and scaling theory is consistent with millimeter
to centimeter-scale enclaves forming in a regime in which meter-scale dikes
with a yield strength disaggregate as the result of viscous stresses related to
magma chamber flow. Our results also identify a corresponding characteristic breakup length scale dm that constrains the yield strength of the injected
magma more reliably than existing empirical models for yield strength that
are based on crystal content. From fractal analysis, the evolution of breakup
from the initial injection size (dike width) to the mm-cm scale enclaves is
self similar. The extent of breakup in all 6 domes is roughly similar with
a fractal dimension Df ∼ 2. However, the fractal dimension has a small

but statistically significant dependence on effective viscosity ratio consistent
with greater extents of fragmentation occurring where viscosity contrasts
are large.
This study provides a method to use field data of enclave size distributions to back out key physical properties of the host and enclave magmas and
to constrain chamber flow conditions at the time of enclave formation. Our
work assumes enclave production occurs in the tension regime where, for
example, a 1 m-wide dikes will breakup into mm to cm size enclaves, which
sets limits on the ratio between Vc and τy such that Y > 40. Therefore, an

important direction for future work is finding a way to independently constrain chamber stirring velocities Vc . Additionally, because we sample six
lava flows in the Cascades, another obvious direction for future work would
be to expand this dataset to include other lava flows that host enclaves in
an attempt to map a wider range in viscosity variations.
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Conclusion
In this thesis my aim was to build understanding of how silicic magma
chamber grow, differentiate, and ultimately erupt. More specifically, I was
interested in what controls the extent to which a new injection of magma will
disaggregate and breakup or remain intact and form continuous layers upon
injection into a magma chamber. The main goal was to develop a method
to utilize field observations of magmatic structures observed in volcanic and
plutonic rocks (e.g. mafic enclaves and ladder dikes) as a tool to constrain
aspects of the styles of flow, stirring, and mixing within a magma chamber,
as well as the rheological contrast between two mixing magmas. In this
section, I provide a summary of the main findings from each of the three
research chapters and discuss possible directions for future work.

5.1

Summary

Chapter 2 presents laboratory experiments and scaling theory used to investigate the mechanical and rheological conditions leading to the deformation
and breakup of analog crystal-rich dikes injected as discrete plumes that descend into an underlying shear flow. In this chapter, I show that depending
on the rheology of the host and injected material as well as the ambient flow
conditions, a rheologically complex dike will breakup in one of two regimes:
(i) the Rayleigh-Taylor regime in which Y>Yc and the breakup length scale
is similar to the injection width; or (ii) the Tension regime in which Y<Yc
and the breakup length scale is much smaller than the injection width. In
the Ponding regime above a certain particle volume fraction, an injected
plume will behave as a solid over the timescale of stirring in the tank. The
scaling results for the breakup size in both the Rayleigh-Taylor and Tension
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regimes place restrictions on the length scales of deformation that can occur
during magma mixing. Furthermore, in the case of a 1 meter wide dike
entering a silicic magma chamber, the resulting enclave sizes (millimeters to
centimeters) will be much smaller than the initial dike width. The major
result of this study is that enclave size distributions can be used to infer
aspects of the style of stirring and rheology of the host magma at the time
of enclave formation.
Chapter 3 and 4 were aimed to test the results of Chapter 2. Chapter
3 presents a new comprehensive field study of ladder dikes in the Tuolumne
Intrusive Suite. This field study, understood with experiments and scaling
theory, shows that ladder dikes represent broken segments of previously long
(> 25 m), buoyant, and rheologically complex plumes that rose or fell while
being deformed by shearing motions in the magma chamber. In this chapter,
I describe the new quantitative mechanical framework that this study places
on the formation and deformation of ladder dikes. The model captures both
the large scale breakup patterns as well as the mafic-felsic banding—features
that have, until now, only been described conceptually in previous studies.
Chapter 4 presents an extensive field investigation of enclave formation
in lava flows. Applying again the results described in Chapter 2, I link field
data of enclave size distributions to aspects of the rheological and flow conditions within the chamber necessary for enclave formation. I identify the
characteristic breakup length scale in each lava flow that I use to constrain
the yield strength of the enclave-forming magma more reliably than other
empirical models that use crystal content to calculate yield strength. I use
fractal analysis to show that the breakup of a 1 m wide dike into millimeter
to centimeter size enclaves is self similar and the corresponding fractal dimension has a small but statistically significant dependence on the effective
viscosity ratio between host and enclave magmas.

5.2

Future work

The length scales of thermal and compositional heterogeneity introduced
by the breakup of new inputs of mafic or silicic magma will control how
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a magma chamber evolves both thermally and compositionally and possibly how and when it will erupt. For example, if a new intrusion of hot
mafic magma is broken up into small blobs, heat will be transferred more
efficiently to the host magma than it would from a continuous mafic layer.
Therefore, understanding the link between the breakup and deformation of
a new injection of hot mafic magma and the mobilization (or remobilization) of a viscous crystal-rich batch of eruptible silicic magma may place
constrains on what volcanologists should monitor at active volcanos—for
example, changes in heat flow that may signal the input and subsequent
breakup of a hot, mantle-derived mafic magma (e.g.. Yellowstone Volcano;
Lowenstern et al. [2006]) [Bachmann and Bergantz, 2004; Huber et al., 2012].
A major result discussed in Chapter 2 is that the breakup scale sets the
scale for thermal and compositional interactions between the new injection
and the host magma. New magma inputs that disaggregate in the breakup
regime introduce heterogeneity at scale lengths that are small in comparison to the initial dike width. The increased surface area over which the new
mafic and host silicic magma are coupled thermally and chemically through
this mechanism should lead to enhanced thermal and chemical exchange between the two magmas. In the limit that these new magma blobs have a
viscous response to stirring motions in the magma chamber, it is possible
that the rate and efficiency at which this material is incorporated into the
host magma will increase greatly over current estimates [Blake and Campbell, 1986; Turner and Campbell, 1986; Snyder and Tait, 1996b; Jellinek and
Kerr, 1999; Perugini et al., 2002]. In Chapter 2, I mention that the absence
of mafic layering in some chambers may come as a result of a decrease in
the viscosity of the input mafic magma (perhaps from the addition of water
or from a higher injection temperature) and as a result, the injection will
be more likely to break up and form enclaves. One interesting direction for
future work is to look at the mixing properties and compositional differentiation of magma chambers for this case, which would suggest that the
breakup to short length scales can explain why silicic plutons that do not
preserve mafic layers are so homogenous. Moreover, the spectrum of scales
of thermal and compositional heterogeneity that result from the breakup of
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a new injection will govern how efficiently magma chambers heat up and
also how they evolve chemically as a result of mechanical mixing.
There are a number of unanswered questions from my work presented
in Chapter 3 on ladder dikes. One of the many noteworthy features of
ladder dikes are the huge K-feldspar megacrysts that are present not only
within the ladder dike margins but also throughout the Cathedral Peak
Granodiorite. Understanding the spatial distribution of these megacrysts
may provide more information on the flow history of the ladder dikes during
deformation. The spatial clustering of ladder dikes remains an enigma—why
are they not everywhere? One goal for a future investigation would be to
understand why they are located so close to contacts (specifically where they
are clustered) with other intrusive units and what their nearly perpendicular
orientation to these contacts tells us about their formation and deformation
history.
In Chapter 4, I conclude that because enclave are produced in the Tension regime, the presence of millimeter-centimeter size enclaves puts constraints on the initial dike width (∼ 1 − 10 m) and the ratio between the
chamber stirring velocity and the injected magma’s yield strength so that
the Y parameter in our regime diagram is less than 40. An independent
constraint on the chamber stirring velocity would further restrict the yield
strength necessary for breakup. Because the data presented in Chapter 4
comprise six lava flow from the Cascades, it would be useful look at other
enclave and host compositions to fill out a wider range in viscosity variations
on my regime diagram.
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Appendix A

Appendix
A.1

General concept of rheology

Rheology is the branch of physics that deals with the deformation and flow
of materials. Specifically, rheology describes how a material will behave in
response to an applied stress.

A.1.1

Mathematical description

A rheological law is a constitutive equation that relates the stress on a material (solid or fluid) to the strain (or strain-rate) it experiences via measurable
parameters (e.g. viscosity of a fluid). In doing so, it relates two second-order
tensors by using a fourth-order tensor. The general form of the equation is
given by
τij = cijkl ij

(A.1)

where τij is stress and ij is strain. For a linear elastic material, cijkl is the
fourth-order elastic modulus tensor. It has 81 components. If the material
is isotropic (i.e. when the constitutive equation is isotropic and the array of
constants cijkl remains unaffected with respect to rotation or reflection of
coordinates), the number of elastic constants shrinks from 81 to 2–the elastic
modulus and Poisson’s ratio. Elastic behavior obeys Hooke’s law, which
states that the force (stress) applied is equal to the strain experienced by a
material multiplied by the elastic modulus. This type of behavior results in
instantaneous strain with the application of stress, where stress and strain
are linearly related and the strain is recoverable below a certain amount
strain (i.e. Hooke’s law is not valid at large strains). Elastic behavior is well
represented by the behavior or a spring (Figure A.1a).
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For a fluid, the two material coefficients that relate stress and strain rate
are the viscosity µ and the second coefficient of viscosity λ. Stresses on the
x-plane are
τxx = −p + 2µxx + λ(xx + yy + zz )

τxy = 2µxy

(A.2)

In the absence of a velocity field, the normal stress is equal to the hydrostatic
pressure. In terms of velocity gradients eq. A.2 becomes
τxx = −p + 2µ

∂u
+ λ∇ · u
∂x


τxy = 2µ

∂u ∂v
+
∂y ∂x


(A.3)

For incompressible fluid, µ is the only material property in the constitutive
equation.

A.1.2

Rheology models

The rheology of fluids is subdivided into two classes—Newtonian and nonNewtonian. Newtonian viscous behavior is commonly modeled by a dashpot
(Fig. A.1b), whereby the strain-rate is linearly proportional to the applied
stress through the viscosity (Fig. A.2). Any departure from this behavior is
said to be non-Newtonian. For an incompressible fluid, the flow is unaffected
by changes in hydrostatic pressure (normal stresses) so the pressure term
(isotropic stress) in equation A.2 can be ignored the total stress τij will be
taken to be the shear stress only. All the models presented in this proposal
assume that the fluid is incompressible.
Broadly speaking, non-Newtonian fluids can be subdivided into two
classes: time-independent fluids η = µ()
˙ and time-dependent fluids η =
µ(,
˙ t). For the time-independent case, viscosity depends on strain-rate and
can be modeled using a power law
τ = η ˙n

(A.4)

where n is the flow behavior index. The viscosity is reported at a specific
strain-rate as an “apparent viscosity,” η. This class of non-Newtonain fluids
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a.

c.

b.

d.

Figure A.1: Spring and dashpot models for the deformation of materials. a.
elastic model; b. viscous model; viscoelastic models: dashpot and spring in
c. series and d. parallel
is further subdivided into shear-thinning n < 1 (viscosity decreases with
increasing strain-rate) and shear-thickening n > 1 (viscosity increases with
increasing strain-rate) (Fig. A.2). For the time-dependent case, viscosity depends both on strain-rate and the time over which the strain-rate is applied.
Time-dependent fluids are subdivided into thixotropy behavior (a decrease
in apparent viscosity over time under a constant strain-rate or applied stress,
followed by a gradual recovery upon removal of strain-rate or applied stress)
and rheopexy behavior (an increase in apparent viscosity over time under a
constant strain-rate or applied stress, followed by a gradual recovery upon
removal of strain-rate or applied stress).
Ideal plastic behavior means that no deformation occurs below a critical
yield stress τo . For the case of a Bingham plastic, above τo , the material
behaves like a Newtonian fluid with constant viscosity (Fig. A.2)
τ = τo + µ.
˙

(A.5)

Below the yield stress, the material behaves like a solid. The HerschelBulkley model describes viscoplastic material that exhibits yielding behavior below a critical yield stress and exhibits power-law behavior (i.e. shear
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Figure A.2: Stress-strain rate curves for various rheology models.
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thinning) once the yield stress has been reached
τ = τo + η ˙n .

(A.6)

The physical rationale behind shear thinning behavior can be attributed
to mechanisms such as the alignment of elongate particles with flow direction, deformation of spherical droplets (e.g. squishing bubbles) in a fluid, or
breaking up particle aggregates in a suspension.
Viscoelastic behavior combines both an elastic response for which, according to Hooke’s law, stress is directly proportional to strain, but independent of strain-rate and a viscous response for which, according to Newton’s Law, stress is proportional to strain-rate, but independent of strain.
Viscoelastic materials, unlike elastic materials which store all energy due
to deformation, dissipate energy under deformation. This phenomenon is
called hysteresis (see Fig. A.3a).
Stress relaxation and creep are two important properties of viscoelastic
material. Stress relaxation occurs when the stress on a material reaches
a peak under fixed strain and then decreases (or relaxes) over time (see
Fig. A.3b). A common model for viscoelastic behavior, specifically stress
relaxation, is Maxwell’s model of a dashpot and spring in series (Fig. A.1c).
In this case, the stresses are equal and the strains (viscous + elastic) are
additive (i.e. the total deformation is equal to the sum of deformation in
the spring and in the dashpot). Under a constant applied stress, the spring
deforms (stretches) according to Hooke’s Law. At a later time, the dash-pot
begins to flow as the spring gradually returns to its original length. The
total strain is given by:
=

τ
τ
t+
µ
E

(A.7)

Where µ is the viscosity of the dashpot and E is the elastic modulus of
the spring. Once the material has fully responded to the force (stress) and
the force is removed, the material does not return to its original dimensions
due to flow of the dashpot (i.e. strain is not fully recoverable). A Maxwell
material subjected to a instantaneous constant strain will undergo stress
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(a)

(b)

time

(c)

time

Figure A.3: (a) Stress-strain curves show hysteresis of loading and unloading of viscoelastic material. Shaded region between curves represents energy dissipation. (b) Stress relaxation with time for viscoelastic material
held under fixed strain. (c) Creep of viscoelastic material with time under
instantaneously-applied constant stress.
relaxation over time.



E
τ = τo exp − t
µ

(A.8)

The characteristic time for this process is called the relaxation time—a measure of the time required for the stored energy in the spring to move to the
dashpot and dissipate—and is given by:
trelax =

µ
E

(A.9)

Creep refers to the general characteristic of a viscoelastic material to
undergo increased deformation under a constant stress, until an asymptotic
level of strain is reached (see Fig. A.3c). This phenomenon is conventionally
studied using a Kelvin model, which illustrates a type of viscoelastic behavior whereby a dashpot and spring are arranged in parallel (Fig. A.1d).
Because of this arrangement, the deformation is equal in both elements, but
the total stress applied is the sum of the stress on the spring and the stress
on the dashpot:
τ = E + µ.
˙

(A.10)

As the material deforms, its movement is hindered by the elastic response
of the spring which provides a continuously increasing restoring force to
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prevent deformation. When the force is removed, the material returns to
its original shape; however, the restoring process is slowed by the viscous
response of the dashpot. Under constant applied stress, the elastic response
of the spring is suppressed by the dashpot and the strain on the material
evolves as:


 
τ
E
=
1 − exp
t .
E
µ

(A.11)

The Maxwell and Kelvin models are not valid for large strains.
Another type of yielding behavior is characterized by a yield strain (see
Fig. A.2). Deformation at low strain-rates exhibits non-Newtonian behavior
(e.g. shear-thinning) and past a certain strain-rate (or strain) the material
behaves like a Newtonian fluid.

A.2

Suspension rheology

A.2.1

Flow around rigid particles

The volume fraction of particles in a suspending fluid has a large effect on
the rheological properties of the suspension which macroscopically can lead
to, e.g., power-law, plastic, and/or yielding behavior. Particles affect the
properties of a suspension in three ways:
1. Particles increase viscosity because flow must go around them (see Fig.
A.4).
2. At the particle-fluid boundary there exists a layer of fluid that is essentially “stuck” to the particle making that part of the flow more or
less rigid.
3. Particles can interact with each other generating their own velocity
field which can lead to hydrodynamic (i.e. non-Brownian) self diffusion.
The diffusion of particles causes concentration and viscosity gradients
in the suspension.
For these reasons, viscosity models for particle-fluid mixtures characterize
the effective viscosity of the suspension as a function of the solid volume
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(a)

(b)

Figure A.4: (a) Flow-lines in a laminar flow of particle-free fluid far from a
stationary boundary. (b) Influence of particles on flow-lines.
fraction,
η = η(φ)

(A.12)

However, given that most suspensions do not contain a uniform size, shape,
and distribution of particles, equation A.12 should have the form:
η = η(φ, other details of the microstructure)

(A.13)

Where “other details of the microstructure” includes particle shape, size
distribution, and the nature of particle-particle interactions.
Examples of particles suspended in a viscous fluid exist widely in nature
(e.g. wet sediments and crystal-rich magmas) and in industry (e.g. cement
and salsa). A long-standing problem in studies of particle suspensions has
been to calculate the effective viscosity of the suspension. Due to variables such as particle concentration, shape, size, and interactions, a flowing
suspension cannot accurately be described as a Newtonian fluid. Therefore, suspensions are commonly treated as non-Newtonian fluids. Observations of non-Newtonian behavior in particle suspensions—i.e. shear thinning/thickening, yielding behavior, etc.—come from early studies on suspension rheology [Bagnold, 1954; Jeffrey and Acrivos, 1976]. An ongoing
problem has been to determine the link between bulk macroscopic properties of the suspension, which can be measured with a rheometer, and the
particle-scale microstructure. Stickel and Powell [2005] describe a particle
suspension’s viscosity as a function of several variables:
η = f (r, ρp , n, ηo , ρo , kT, ,
˙ t),

(A.14)
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where the variables r, ρp , and n are the radius, density, and number concentration of the particles; ηo and ρo are the viscosity and density of the
suspending fluid; kT is the thermal energy, ˙ is the strain-rate, and t is
time. The variables in Equation A.14 can be non-dimensionalized to give:
ηr = f (φ, ρr , Pe, Re, tr ),
where
ηr =

η
,
ηo

ρr =

ρp
,
ρo

Re =

ρo r2 ˙
,
ηo

φ=
Pe =
and

(A.15)

4π 3
nr ,
3

6πηo r3 ˙
,
kT
tr =

tkT
.
ηo r 3

Assuming the particles are neutrally buoyant and the flow is steady, the
viscosity only depends on the particle fraction φ, the Peclet number Pe and
the particle Reynolds number Re. The influence of Brownian motion is determined by the Peclet number [Mewis and Macosko, 1994] (i.e. Brownian
motion occurs when Pe ≤ 1), which describes the balance between hydrodynamic forces, which tend to align particles with the flow, and Brownian

motion, which leads to randomization of particle orientation as a result of
thermal fluctuations. Particles small enough to experience Brownian forces
are constantly bombarded by molecules in the suspending fluid. These collisions cause the Brownian particle to undergo a random walk. If Pe ≥ 1, particles may experience non-reversible interactions leading to hydrodynamic

self-diffusion. This process can cause particle migration from regions of
high strain-rate (i.e. high number of particle interactions) to low strain-rate
(i.e. low number of particle interactions).
The suspensions discussed in this proposal have low particle Reynolds
number (i.e. interial forces are negligible) and high Peclet number (i.e. particles do not undergo Brownian motion). In suspensions of this type, particles
interact via hydrodynamic (i.e. due to relative motion of particles and fluid
and generated by particle-fluid motion) and interparticle (i.e. due to colli-
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sions between particles) forces.

A.2.2

Particle shape and rheology

Spheres
See section A.3.3.
Rods
Since most natural suspensions rarely contain mono-dispersed spheres, it
is useful to understand the rheology of non-spherical particles, e.g. rod-like
particles, suspended in a Newtonian fluid. Hydrodynamic and particle interactions become more complex in these systems. The suspension’s viscosity
is a function of particle-fluid and particle-particle interactions, which depend on particle aspect ratio and concentration. The particle concentration
is defined by the volume fraction of particles and the particle aspect ratio is
L
d,

where L is the particle’s length and d is the particle’s diameter. Bearing

in mind this is a complicated stress coupling, there are three regimes for
particle concentrations:
1. Dilute: when particles do not interact, nL3  1, where n is the number
of particles per unit volume.

2. Semi-dilute: when particles interact primarily through long-range hydrodynamic interactions, nL3 > 1, but nL2 d  1.
3. Concentrated: when additional non-hydrodynamic interactions become important, nL2 d > 1
Experiments by Milewski [1973] show that for rigid cylinders packed in random orientation the maximum volume fraction decreases with increasing
aspect ratio.
The viscosity of a suspension can be related to the work required to
maintain the motion of the suspended particles, which is influenced by the
shape and orientation (for non-spherical particles) of the particles. Happel
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[1957] defines the rate of work W required to shear a volume of fluid as:
dW
= η ˙2 V
dt

(A.16)

Where η is the apparent viscosity of the fluid, ˙ is the strain rate, and
V is the fluid’s volume. If the fluid contains particles, the total rate of
work required is the sum of the rate of work necessary to shear an identical
volume of particle-free fluid plus the extra rate of work from the presence
of the particle. The apparent viscosity of the suspension is given by:
η=

Ẇf
Ẇp
+ 2
˙2 V
˙ V

(A.17)

If the suspending fluid is Newtonian, the first term in equation A.17 is the
Newtonian viscosity µ and the equation reduces to:
ηr = 1 +

Ẇp
φ
µ˙2 Vp

(A.18)

Where φ is the particle volume fraction. Equation A.18 has the form of
equation A.40 which is Einstein’s equation for the viscosity of a dilute suspension of spheres. Here the B-term (which is 2.5 for spherical particles) is
Ẇ /µ˙2 Vp .
The work required to keep a particle in motion depends on shape and
orientation (for non-spherical particles). Jeffery [1922] derives Ẇp in his
equation 61:

h α

i
dW
4
1
2
1
2
o
4
2
2
2
= πµκ2
+
−
sin
θ
sin
2φ+
cos
θ+
sin
θ
dt
3
2b2 αo0 βo00 2b2 αo0 βo0 (a2 b2 )
b2 αo0
βo0 (a2 + b2 )
(A.19)
which can be used to determine a particle’s instantaneous contribution to
viscosity as a function of the particle’s orientation in the flow (see Jeffery
[1922] for definition of parameters αo , βo0 , αo0 , βo00 , a, b). In Figure A.5,
equation A.19 is solved to calculate the Einstein coefficient B (Ẇ /µ˙2 Vp )
that is used to represent the viscosity. The viscosity is smallest when the
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Figure A.5: A particle’s instantaneous contribution to the viscosity of a
dilute suspension as a function of (a) particle orientation and (b) strain.
Strain is made dimensionless by the amount of strain after one period of
rotation.
particle is oriented at π/2 and π (perpendicular or parallel to the flow). At
π/2 the particle is parallel to the flow and so does not cause a significant
disturbance to the flowlines. At π the particle is perpendicular to the flow
but is moving at the same speed as the fluid and so there is little distortion to
the flowlines. The viscosity is largest at π/4 as the particle presents a large
profile to the flow and moves at a slower speed than the flow. Figure A.5b
shows the viscosity as a function of strain. For this case, B was computed
by calculating a particle’s orientation as a function of strain. The amount
of time a particle spends in a given orientation depends on the orientation,
such that a plot of strain vs. viscosity shows the contribution of time as
the particle rotates through one orbit. The largest contribution to viscosity
comes just before and after the particle is perfectly aligned with the flow
since it spends the most time close to this orientation and moves quickly
through the other orientations (recall that flip over time scales with r−1 ).

A.2.3

Particle behavior in a shear flow

The motion of an ellipsoid particle in a shear flow can be described by
Jeffery orbits (Figure A.6b). Jeffery [1922] solved the equations of motion
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Figure A.6: (a) Orientation angles, φ and θ of a particle undergoing motion
in a simple shear flow. (b) Jeffery orbits for different values of the orbit
constant C for a simple shear flow in the xy plane, modified from Stover
et al. [1992].
for non-interacting rigid ellipsoidal particles immersed in a Newtonian fluid.
He predicted that a single particle, in the absence of particle-particle
interactions, undergoes periodic rotations in a spherical orbit. The particle
rotates with a period given by:
2π
T =
˙



1
re +
re

(A.20)

Where ˙ is the magnitude of the local strain rate and re is the aspect ratio of
the particle. The differential equations which govern the motion of particles
in simple shear [Jeffery, 1922] are:
dφ
˙
= 2
(r2 cos2 φ + sin2 φ)
dt
re + 1 e
and

dθ
= ˙
dt



re2 − 1
re2 + 1

(A.21)


sin θ cos θ sin φ cos φ

(A.22)
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The two angles that characterize the orientation of the particle are φ, measured from the y direction, and θ, measured from the z direction (see Fig.
A.6a). Each closed trajectory (i.e. Jeffery orbit) is characterized by an orbit
constant, C, which is given by:
1

C=

tan θ(re2 cos2 φ + sin2 φ) 2
re

(A.23)

In a simplified case in which the particle only rotates in the x − y plane,

Jeffery’s equation becomes:

 2 

∂vy
dφ
re
∂vx
2 ∂vx
2 ∂vy
=
− sin φ cos φ
− sin φ
+ cos φ
+ sin φ cos φ
dt
re2 + 1
∂x
∂y
∂x
∂y



∂vy
1
∂vx
2 ∂vx
2 ∂vy
− 2
− sin φ cos φ
+ cos φ
− sin φ
+ sin φ cos φ
.
re + 1
∂x
∂y
∂x
∂y
(A.24)
Where φ describes the particle’s orientation and the velocity gradient is,
e.g., ∂vx /∂x. This equation does not account for particle-particle interactions. The particle’s orientation only changes with the rotation of the
suspending fluid.
The rotation of elongate particles in a shear flow can lead to alignement.
Particles in a simple shear flow will rotate continuously, spending part of
the time aligned with the flow and the rest of the time unaligned with the
flow. The time spent at different orientations within the orbit depends on
the particle’s aspect ratio and the strain rate. Long slender particles spend
most of their time lined up with the flow and the “flip-over” time (i.e. the
time for rotation through π in the xy-plane) is of the order of r−1 . Figure
A.7b shows the angular velocity of a particle with an aspect ratio ≥ 1 at as it

rotates through a closed orbit. The probability of a particle having a certain

orientation is inversely proportional to the particle’s angular velocity at that
orientation. For particles with aspect ratios ≥ 1 there is a high probability

that the particle will be oriented at π/2 or 3π/2. At these orientations, the
particle’s angular velocity is the smallest (Fig. A.7b) such that the particle
stays in (or close to) this orientation much longer than it does at 0, π, or
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Figure A.7: (a) The probability density function in the φ-direction for particles with aspect ratios between 1 and 10. (b) Angular velocity of different
aspect ratio particles in a simple shearing flow as a function of particle orientation. Equation A.21 describes the angular velocity which is normalized
by the average angular velocity (2π/T ).
2π. The probability density function for a particle’s φ-orientation is
1
p(φ) =
T ˙



re + 1
re2 cos2 φ + sin2 φ


(A.25)

where T is a normalizing constant such that the integral over all orientation
(0 to 2π) is equal to 1 for any aspect ratio (Figure A.7a).
Manga [1998] found a steady-state distribution of the orientation of slender rods in a simple shear flow by integrating equations A.21 and A.22 for
one million randomly oriented, non-interacting ellipsoids with aspect ratio
re = 10 (Fig. A.8). He characterizes the orientation distribution according
to the standard deviation of the angles φ and θ. Similar to results obtained
by Gay [1966], Manga [1998] reports that during pure shear, elongate particles will ultimately become almost perfectly aligned. These theoretical
studies do not take into account particle-particle interactions.
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Figure A.8: Orientation distribution as a function of strain during pure and
simple shear. σφ and σθ are the standard deviation of the angles φ and θ,
modified from Manga [1998].
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A.2.4

Hydrodynamic particle diffusion in semi-dilute and
concentrated suspensions

Studies on semi-dilute and concentrated suspensions require detailed consideration of both particle interactions and the microstructure configuration.
Both experimental [Folgar and Tucker, 1984; Leighton and Acrivos, 1987;
Huang and Bonn, 2007] and numerical [Brady and Bossis, 1985; Sierou and
Brady, 2002] investigations on concentrated suspensions of rigid spheres have
made significant progress in quantifying and describing the behavior of these
systems.
Rotary diffusion model: fibers in shear flow
The orientation distribution of fibers depends on the type of flow (e.g. pure
or simple shear), particle concentration, geometry, and the rheology of the
suspending fluid. Folgar and Tucker [1984] developed a theoretical model to
predict the orientation distribution in concentrated suspensions of elongate
particles undergoing pure and simple shear flow. They perform experiments
of particles in simple shear flow and compare the steady-state orientation
distributions between theory and experiment. Their model uses a statistical
approach to predict a probability distribution function of particle orientation. The probability of a particle having an orientation between φ1 and φ2
is given by:
Z

φ2

P [φ1 < φ < φ2 ] =

ψφ (φ0 ) dφ0 .

(A.26)

φ1

Here ψφ is independent of whether the particle is oriented at an angle φ or
φ + π. ψφ evolves in time according to
∂ψφ
∂
= − (ψφ φ̇)
∂t
∂φ

(A.27)

where φ̇ is the average angular velocity of a rotating particle. Folgar and
Tucker [1984] combine Jeffrey’s equation (see equation A.24) for the orientation of a particle in the x − y plane (setting re equal to infinity) with an
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interaction term in an expression for φ̇:
φ̇ = [− sin φ cos φ

∂vy
∂vy
∂vx
∂vx
C1 ˙ ∂ψφ
− sin2 φ
+ cos2 φ
+ sin φ cos φ
]−
∂x
∂y
∂x
∂y
ψφ ∂φ
(A.28)

where C1 is a constant determined from experiments and accounts for particle interactions. It depends on particle aspect ratio and the volume fraction
of particles. In a concentrated suspension, particles undergo a series of interactions which reorient them out of a closed Jeffery orbit. Once disrupted
from their original orbit, the particles start a new orbit, assuming rotation
according to Jeffery’s equation. The interruption of orbits via interaction
with other particles leads to a randomization of particle orientations. The
final form of the theory by Folgar and Tucker [1984] is:
∂ψφ
∂ 2 ψφ
∂vy
∂vy
∂
∂vx
∂vx
= C1 ˙
−
[ψφ (sin φ cos φ
− sin2 φ
+ cos2 φ
+ sin φ cos φ
)].
2
∂t
∂φ
∂φ
∂x
∂y
∂x
∂y
(A.29)
The interactions between fibers in a suspension undergoing simple shear
are random and cause small changes in the fiber’s orientation. According to
Rahnama et al. [1995], these small changes in orientation can be considered
diffusive. They find that as a fiber rotates according to Jeffery’s orbits, it
creates a disturbance to the flow field which in a semi-dilute to concentrated
suspension can alter the periodic rotation of neighboring fibers (within ∼one

fiber length of the fibers center). The orientational diffusivity results from
the hydrodynamics of the flow and is not caused by thermal motion of
the molecules in the fluid. The diffusivity ratio Dθθ /Dφφ represents the
ratio between diffusivity in the θ and φ directions (recall Fig. A.6). A
high diffusivity ratio means that particles are oriented nearly parallel to the
vorticity axis. Rahnama et al. [1995] found that the diffusivity ratio does not
systematically depend on particle concentration and geometry. For a given
particle aspect ratio, the diffusivity ratio decreases as concentration increases
which suggests that particles align with the flow direction (i.e. perpendicular
to the vorticity axis) at higher particle concentrations. The steady-state
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Figure A.9: Distribution of Cb (Cb = C/(1 + C)), where C is the orbit
constant from equation A.23. Curves are from a model by Rahnama et al.
[1995] modified from Manga [1998]for diffusivity ratios of 1.2 and 4.
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orbit constant distribution is given by:
Dθθ
4Cb D
φφ
p(Cb ) =  h
i2
3/2
Cb
Dθθ
4 1−C
+
1
(1 − Cb )3
Dφφ
b

(A.30)

where p(Cb ) is the probability of a fiber having a certain Cb value ((Cb =
C/(1 + C))). Figure A.9 shows the probability distribution for diffusivity
ratios of 4 and 1.2.
Diffusion model: Migrating spheres
Leighton and Acrivos [1987] investigate an observed decrease in a concentrated suspension’s effective viscosity over time during experiments discussed
in Gadala-Maria and Acrivos [1980]. They attribute the decrease in viscosity to particle migration out of the sheared gap in the Couette device. The
migration, caused by irreversible particle-particle interactions, leads to a
local decrease in particle concentration in regions of highest shear. During their experiments, they observe an initial viscosity-increase prior to the
long-term viscosity decrease. They attribute the initial increase in viscosity
to shear-induced particle migration from regions of high to low shear stress
(gradients in shear stress). The viscosity increase reaches equilibrium after
a total strain of ∼ 102 while the viscosity decrease is not obvious until after

a strain of ∼ 103 . They attribute the initial increase in viscosity to the ob-

servation that the initial suspension had a non-uniform concentration profile
(which was set up by loading the sample into the Couette device) and when
sheared, the particles diffuse to attain a uniform distribution—leading to an
increase in viscosity. They model the diffusion process with the diffusion
equation

∂φ
∂2φ
= D⊥ 2 ;
∂t
∂z

0<z<h

(A.31)

where z = 0 is the base of the gap and z = h is the top of the gap. D⊥ is
the diffusivity normal to the plane of shear and depends on concentration
(although they assume the diffusion coefficient is constant during the migration process because the total concentration variation within the gap is
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very small). The solution to equation A.31 is given by
φ(z, t) = φ∗ +(φo −φ∗ )

h V̂
1 + V̂

+

∞
X
2 exp(−λ2 )D⊥ t/h2 

n=1

n

(λ2n + V̂ (1 + V̂ ))

λ2 sin

λn z i
λn z
−V̂ cos
h
h
(A.32)

The decrease in particle concentration in the gap given by equation A.32
leads to a decrease in observed suspension viscosity. They model this as the
average viscosity in the gap:
µobs =

1
h

Z

h

µ dz

(A.33)

0

They use the viscosity data (increasing or decreasing) to estimate a diffusion coefficient D⊥ which is proportional to a
˙ 2 (a = particle radius and
˙ = strain rate). They estimate D⊥ by matching the viscosity decrease
predicted by their model to the observed decrease from the experiments.
They attribute the migration of particles in concentrated suspensions to irreversible particle-particle interactions. As particles approach one another
without any notable displacement from their original streamlines they can
eventually come into physical contact, rotate due to vorticity in the shear
flow, and finally split up. Because the particle is displaced from its streamline, the interaction is not reversible and leads to permanent displacements
of the particles following each interaction. Additionally, particles can migrate across streamlines if there are viscosity gradients in the suspension.
The viscosity gradients arise from concentration gradients. As two touching
particles rotate in the presence of a viscosity gradient, the center of mass is
no longer the center of rotation which causes the particles to be displaced
from areas of high to low viscosity.
Phillips et al. [1992] develop a constitutive equation for concentrated
suspensions that accounts for shear-induced particle migration. The SIM
(shear induced migration) model which accounts for changes in the particle
volume fraction of a sheared suspension. The particle conservation equation
is given by

Dφ
= − 5 ·(Nc + Nµ )
Dt

(A.34)
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where Nc and Nµ are particle fluxes resulting from particle interactions and
viscosity, respectively. Particle interactions can cause a particle to move
from its original streamline. A particle will tend to migrate away from
regions of high collision frequency toward regions of low collision frequency.
Said differently, the higher the strain-rate, the more opportunities particles
have to interact (i.e. high collision frequency), which causes particles to
migrate from high to low strain-rates. The number of particle collisions
scales with φ,
˙ where ˙ is the local strain-rate. The particle flux due to
interactions is
Nc = −Kc a2 (φ2 5 ˙ + φ˙ 5 φ)

(A.35)

where Kc is a constant determined by experimental data and a is the particle radius. The first half of the expression states that even in the absence
of a concentration gradient, particles will migrate as the result gradients in
strain-rate. The second half of equation A.35 states that a gradient in particle concentration will lead to a spatial distribution of particle interactions
and hence the frequency of interactions. The gradient in particle concentration can also lead to spatial variations in viscosity, which causes particles to
migrate from high to low viscosity. As two particles interact, one particle
experiences a higher viscosity or resistance to motion relative to the other
particle and so the center of their rotation is displaced in the direction of
lower viscosity. The particle flux due to viscosity is given by
Nµ = −Kµ φ
˙ 2(

a2 dµ
)
5φ
µ dφ

(A.36)

where the particle flux due to viscosity does not depend on the viscosity of
the suspending fluid.
Comparing global and local viscosity measurements
Huang and Bonn [2007] study the viscosity of concentrated suspensions.
They show an agreement between global and local viscosity measurements
by taking the particle migration (i.e. a particle density gradient) recognized
by Leighton and Acrivos [1987] into account. They use MRI (Magnetic
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Resonance Imaging) to measure the concentration gradient resulting from
flow-induced particle migration. They find that the suspension dilates in
regions of high shear (near the moving cylinder), compacts in regions of low
shear (near the stationary cylinder), and that the concentration increases
linearly with increases distance from the moving cylinder, which leads to
viscosity variations across the sheared gap. In order to obtain accurate
global viscosty measurements, Huang and Bonn [2007] use a small-gap, largeaspect-ratio Couette geometry in which particle migration is suppressed due
to a balance between particle migration caused by the shear-rate gradient
and migration due to the viscosity gradient. To compare the global and
local measurements (local measurements are made in an wide-gap Couette
geometry) they consider the effect of particle migration within the wide-gap
experiments by measuring the viscosity as a function of volume fraction.
They conclude that the flow of a concentrated suspension is governed by
σ = µ(φ)˙

(A.37)

Their measurements agree with the Krieger-Dougherty model discussed in
Section A.3.3. Particle volume fraction increases linearly with distance away
from the moving cylinder. This confirms the idea that viscosity varies within
the sheared gap due to the migration of particles away from the moving
cylinder.
At low speeds, the fluid is treated as a Bingham fluid rather than a
Newtonian fluid. In their experiments, for velocities below some critical
value Vc , they observe shear banding in which two well-defined bands form:
a sheared band and a motionless band. They conclude that the viscosity
profiles µ(r) are not independent of rotation speed (Figure A.10). For slow
rotation speeds, (i.e. V < Vc ) there exists a non-zero intercept (yield stress)
in the stress-strain-rate plots at different speeds. The motionless region
influences the viscosity of the sheared band–it tends to increase the viscosity.
This was first noted by Huang et al. [2005] who discovered that below a
certain strain-rate ,
˙ stress remains constant and above ,
˙ increases directly
with strain-rate (Newtonian). They define the Leighton number as Le =
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Figure A.10: Plot and caption from Huang et al. [2005]. (a) Viscosity bifurcation: under imposed stress the viscosity either grows in time or decreases;
therefore the steady-state viscosity jumps to infinity at a critical stress. This
allows us to define both the critical stress and the critical shear rate. Before
each experiment, the material is presheared during 30 s at 30s−1 to obtain
a reproducible initial state. (b) Flow curve (shear stress versus shear rate)
for 20 mPa s silicone oil, both at an imposed macroscopic shear stress and
shear rate. The shaded area is the statistical error bar.
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Figure A.11: Schematic diagram of Si-O bonds being replaced by M-O
bonds. From Bottinga and Weill [1972].
µ/σ
˙ which is a ratio between lubrication and frictional forces and describes
the transition from yielding behavior to viscous flow. Below a critical Le
(∼ 7 × 10−4 ) the suspension behaves as a dry granular material.

A.3
A.3.1

What controls a magma’s effective viscosity
Melt viscosity

Magma is a multiphase fluid. A rheological description of a magma includes
the influence of a temperature-dependent melt viscosity, the presence of
crystals and bubbles, and the deformation rate [Webb and Dingwell, 1990;
Giordano et al., 2008].
Chemical composition and silicate melt structure
Silicate melt viscosity depends on bulk chemistry and can be explained in
terms of a deforming silicate structure (e.g. Bottinga and Weill [1972]). The
melt is made up of an extensive framework of silicate tetrahedra (SiO4 )
linked to one another by Si-O bonds. In pure quartz SiO2 , all four oxygen
atoms in each tetrahedron are bridging making an extremely rigid framework; whereas, olivine is made of isolated tetrahedron which are connected
by cations. Flow of a silicate melt requires movement of the strong Si-O
bonds. The addition of metal oxides to silicate melt leads to a weaker structure (Figure A.11) and causes a decrease in viscosity (see Bottinga and Weill
[1972]).
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Rate of deformation
The response of magma to an applied differential stress depends strongly on
the timescale over which the stress is applied. In particular, the relaxation
time of a melt governs whether the melt deforms viscously or elastically.
The relaxation rate ˙r describes the structural relaxation of a silicate melt
[Webb and Dingwell, 1990]. Deformation experiments on analogue and natural magmas at temperatures above the liquidus demonstrate that at low
strain rates, ˙ << ˙r (e.g. 10−5 s−1 ) magma exhibits Newtonian behavior
[Dingwell, 1995; Murase and McBirney, 1973; Spera et al., 1988; Shaw et al.,
1968]; whereas, its behavior becomes non-Newtonian at high strain-rates,
˙ >> ˙r , when the melt structure cannot respond fast enough to deformation and so behaves in an elastic (and sometimes brittle) manner [Simmons
et al., 1982; Webb and Dingwell, 1990]. This phenomenon is known as the
rheological glass transition. The glass transition temperature is a function
of melt composition and water content (i.e. GTT strongly decreases with
water content) [Deubener et al., 2003]. Caricchi et al. [2007] perform deformation experiments on particle-silicate melt suspensions which show that
at low strain rates (10−6 to 10−5 s−1 ) the suspensions behave as a Newtonian fluid. Increasing strain-rate causes shear-thinning effects which they
attribute to a decrease in randomness of the particle distribution. This type
of behavior follows power law relationship: τ = A˙n (see Appendix A.1
for further discussion on constitutive equations) where τ is shear stress, ˙
is strain rate, A is the flow consistency index and n is the flow behavior
index. Values of n < 1 show shear-thinning behavior and n > 1 show shearthickening behavior. At high enough strain rates (∼ 10−4 s−1 ), the particles
reach a maximum degree of ordering and Binghamian behavior emerges.
Temperature and dissolved volatiles
Silicate melt viscosity depends strongly on temperature (Figure A.12). Shaw
[1972] demonstrates that the temperature T dependence of silicic melts fol-
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Figure A.12: From Gonnermann and Manga [2007] Silicate melt viscosity
as a function of temperature and water content after empirical formulation
of Hess et al. [2001].
lows an Arrhenius relationship:
ln η = ln A +

E
,
RT

(A.38)

where the constants A and E are given by the y-intercept and the slope of
the line in a plot of ln η vs. 1/T . A represents the value of ln η at infinite
temperature. E is the activation energy for viscous flow and R is the gas
constant. Until recently, this was a common approximation used for most
melt viscosity models.
Giordano et al. [2008] present a model to calculate melt viscosities for a
wide range of compositions and show that the relationship between temperature and viscosity does not necessarily follow an Arrhenian relationship.
They use the Vogel-Tammann-Fulcher (VFT) viscosity equation: ln η =
A + (B/T − C) to account for the non-Arrhenian temperature-dependence

of melt viscosity. A is assumed to be constant for all melts, which sug152
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gests that at high temperatures silicate melts converge to the same viscosity
value. The constants B and C are adjustable parameters which account for
compositional effects. The parameters are defined as linear groups of oxide
components. Dissolved volatiles (e.g. mostly H2 O and some CO2 ) decrease
melt viscosity [Giordano and Dingwell, 2003] (Figure A.12).

A.3.2

Bubbles

Depending on their size, bubbles can either increase or decrease a magma’s
viscosity [Taylor, 1932; Manga et al., 1998; Lejeune et al., 1999; Llewellin
and Manga, 2005]. This effect is described by the Capillary number
Ca =

ηmelt r
˙
,
γ

(A.39)

where γ is the surface tension, ηmelt is the melt viscosity, r is the bubble
radius, and ˙ is the shear strain rate. The Capillary number is a ratio of
viscous shear stresses which cause bubble deformation and surface tension
which resists bubble deformation. At low capillary number, bubbles do not
deform and may increase the viscosity of the suspension. In the higher Ca
limit, bubbles may stretch and deform creating free-slip boundaries along the
melt-vapor interface, subsequently accommodating deformation resulting in
a lower overall magma viscosity relative to the melt viscosity.

A.3.3

Crystals

There have been numerous models to describe the effect of crystals on
magma’s effective viscosity (see Petford [2009]). The earliest description of
two-phase flow came from Einstein [1906] who considered a dilute (i.e. particles far enough apart to be treated independently of each other) suspension
of spherical particles that could be described by an effective viscosity:
η = ηo (1 + 2.5φ),

(A.40)

where ηo is the viscosity of the suspending fluid and φ is the volume fraction
of dispersed particles. As φ increases, fluid has to flow around the spheres,
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Figure A.13: Monodisperse and polydisperse rigid spheres.
which increases the effective viscosity of the suspension. Einstein’s model
is linear in φ and only applicable to dilute suspensions (φ < 0.05 [Roscoe,
1952]). Krieger and Dougherty [1959] present a theoretical expression for the
relative viscosity (i.e. the ratio of the effective viscosity of the suspension to
the viscosity of the suspending fluid) of suspensions at non-dilute (φ > 0.05)
concentrations:
η = (1 −

φ Kφm
,
)
φm

(A.41)

where K = 2.5 for monodisperse spheres and φm (maximum packing fraction) is the volume fraction of solids in closest-packing at which the relative
viscosity approaches infinity,
lim η → ∞.

φ→φm

(A.42)

Said differently, when φm is reached the suspension is unable to flow. φm
depends on particle shape and shape distribution and is always higher for
polydisperse systems than for monodisperse systems (Fig. A.13). Lejeune
and Richet [1995] report that when crystal concentrations reach ∼ 40% there

is a rheological transition to a suspension dominated by crystal-crystal inter-

actions that acts like a Bingham fluid (see Figure A.14). In this regime the
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Figure A.14: From Lejeune and Richet [1995]. Rheological regimes as a
function of crystal concentration.
touching framework of crystals gives rise to a yield strength which depends
on the aspect ratio of the crystals [Saar et al., 2001].

A.4

Linking a magma’s microstructure to a
macroscopic description of its rheology

The microphysics governing the rheology of crystal-rich silicic magma remains an open question. An outstanding issue in the analysis of a granite’s
rheology and a key hurdle to understanding how large silicic eruptions occur rapidly is explaining how a microstructure behaves at the crystal-scale
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in relation to a macroscopic property such as the effective viscosity. The
goal of this section is to build understanding of how an average rheology
of a particle suspension is related to its microstructure. In particular, I
address how certain classes of microtextures (e.g. schlieren around stoped
blocks) observed in plutonic rocks can be related quantitatively to the coupled crystal-liquid dynamics that ultimately govern the rheological response
of the magma. Field observations of kinematic indicators including crystal
alignments and textural gradients around the margins of stoped blocks (see
Fig. A.15) compared with scaling analysis drawn from thin viscous sheet theory [Wiebe et al., 2007] suggest that the host silicic magma had a viscoplastic
rheology with a yield stress. The missing link in the analysis, however, is
the relationship of this macroscopic rheology to the microphysics governing
the deformation of the crystal-rich magma. To understand how a magma’s
microstructure might evolve to produce the textures we observe in the field,
I perform quasi-two-dimensional analogue experiments to investigate the responses of mono- and poly-disperse mixtures of plastic particles (analogue
crystals) and viscous liquid to an imposed simple shear using a rotating
cylinder-Couette setup under laminar flow conditions. I aim to understand
phenomena such as particle alignment and particle migration in terms of
the three-way (solid-liquid, liquid-solid, solid-solid) particle-fluid coupling
in the experiments. I use particle image velocimetry (PIV) and video analysis to characterize the microstructural response to imposed shear for a
broad range of strain rates, particle concentrations and shape distributions.
Stress-strain rate curves are measured and the corresponding rheologies are
applied in numerical models to understand measured velocity profiles.
A vast amount of work has been done to characterize the rheology of particle suspensions (section A.2). Specifically, experimental work on natural
and analogue suspensions demonstrates that the concentration of crystals
suspended in a magma influences the magnitude of its viscosity and its rheological response to an imposed stress. An important component in the
rheological description of a magma is the details of how the microstructure
behaves in order to produce a macroscopic response.

156

A.4. Linking a magma’s microstructure to a macroscopic description of its rheology

Schlieren Thickness (cm)

8
25
20

6

15

1

10
15.7
5
0

4

0

100

200

300

1

400

15.3

2
0

0

20

40

60

80

100

120

Block Length (cm)

Figure A.15: (bottom) Photo of dense rhyolite that settled into a less
dense silicic mush. Parallel white lines indicate aligned biotite crystals
(i.e. schlieren) and textural gradients that indicate the accumulation of simple shear strains along the side boundaries of the falling block. The white
arrow indicates the direction of paleo-vertical. (top) Plot of schlieren thickness vs. block length and a comparison with thin viscous sheet theory. The
linear relationship constrains the rheology of the silicic mush to be stressdependent and close to a perfect plastic.
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Figure A.16: (a) General design of concentric cylinder rheometer. (b) Experimental set-up. Simplified cartoon of tank, motor, torque sensor, power
supply, and video recording set-up. Bottom cartoon of inner and outer
cylinder dimensions with approximate fluid layer depths and particle size.

A.4.1

Experimental set-up

Rotational rheometers
Rotational rheometers have several features which make them appropriate
for investigating the rheology of particle suspensions. Measurements can be
made under constant shear for long periods of time allowing steady-state
flow conditions to be achieved. Additionally, several measurements can be
made on the same sample at various strain rates.
I use a concentric-cylinder rheometer (or Couette apparatus) (Fig. A.16a),
which consists of an inner cylinder with radius R1 and height h and an outer
cylinder with radius R2 . The inner cylinder rotates at a prescribed speed Ω
set by an external motor. This mechanism produces simple shear flow in the
fluid contained between the cylindrical gap. The basic concept behind all
rheometers is identical: the material of interest is forced to flow in a simple,
well-constrained geometry. Measurements of the force needed to drive the
flow and the resulting deformation are recorded as functions of time and the
measurements are then converted to stress and strain-rate. This conversion
begins by recording the torque M on the inner cylinder. The torque M is
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then converted to a shear stress τ by the relation:
τ = aM

(A.43)

where a is a constant related to the geometry of the concentric-cylinder
set-up. For a set-up similar to Fig. A.16a:
a=

1
2πhR12

(A.44)

I use a wide gap concentric-cylinder rheometer with an outer cylinder
(d = 60 cm, h = 8 cm) that is transparent to allow transmission of light
and easy viewing through the base the side-walls as I film all experiments
from below. The inner cylinder (d = 22 cm, h = 4 cm) is suspended within
the larger cylinder with a gap width = 19 cm allowing the Couette gap to
be more than 10× the particle length (∼ 1 cm) [Powell, 1991]. I control the
rotation of the inner cylinder using a a brushless DC motor and a constant
voltage programable DC power supply, which sets the rotation rate of the
inner cylinder. There is a torque sensor mounted between the inner cylinder
and the motor, which records the torque applied to the inner cylinder. The
goal was to use this torque measurement to calculate stress.
Experimental materials
The working fluids for the experiments are silicone oil and water. A layer of
Dow Corning 200 R Fluid (silicone oil), 10,000 CST (ρ = 967 kg m−3 , η =
9.7Pa s) is stratified above water (ρ = 997 kg m−3 , η = 10−3 Pa s). The
layer depth of the silicone oil is approximately 0.5 cm and the water layer is
approximately 5 cm deep. The inviscid water layer below the viscous silicone
oil creates a free-slip boundary condition along the bottom of the cylinder,
reducing the geometry to two dimensions with a no-slip boundary condition
at the moving boundary (i.e. the inner cylinder) and the stationary boundary
(i.e. the outer cylinder). I use plastic particles as analogue crystals. Two
different particle shapes—elongate prisms and equant spheres—represent,
for example, two dominant minerals in silicic magmas (feldspar and quartz).
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The particles are neutrally buoyant in the silicone oil.
I use a monolayer of particles suspended in a thin layer of oil to investigate the essential physics behind the microstructure in the plane of shear.
This technique has been used by Belzons et al. [1981] who performed experiments in a Couette device with layer of oil with a depth of 2a, where a is
the sphere radius of the particles. The oil layer floats on top of a water layer
similar to our setup. The effective viscosity measurements are uniformly
lower than viscosity measurements of 3D suspensions [see Brady and Bossis,
1985]. The difference can be attributed to the fact that at high concentrations particles in the monolayer can follow the path of least resistance and
emerge out of the plane of shear, which would lower the effective viscosity.

A.4.2

Methods for calibration

Calibration of the torque sensor begins with recording the torque on the
cylinder in air and then in water at a range of voltages (V = 0.1 − 5.0).
Measuring the torque on the cylinder in air detects any wobbles in the cylin-

der as it rotates that could affect the torque data. This signal is subtracted
from all future measurements in water and oil. Any added torque from the
presence of the water layer is subtracted from measurements with oil. The
Newtonian case (silicone oil only) is used as the baseline for experiments
with particles. The torque data is converted to a shear stress using equation
A.43.

A.4.3

Experimental conditions

For the rheological measurements, the rotation rate is ramped up and down
by adjusting the voltage through the power supply. For experiments in
which I measure microstructure behavior, the rotation rate is fixed for a
period of time before ramping up or down. There is a no-slip condition at
side walls of cylinder and a free-slip condition along the base. We prescribe
a particle volume concentration and shape distribution. Fig. A.17 shows a
schematic parameter space for the proposed experiments. I ran a total of
32 experiments for each particle distribution (i.e. mono- or poly-disperse)—
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Figure A.17: Example regime diagrams for (right) fixed strain-rate, increasing total strain and (left) fixed total strain, with increasing strain-rate. The
goal is to compare the radial velocity profile for each regime (see section
A.4.4).
that includes four different particle concentrations at four strain-rates and
four total strains ((4 × 4) + (4 × 4) = 32). I measure velocity profiles for
each regime.

A.4.4

Techniques for characterizing kinematics of
particle-fluid motions

The presence of crystals has a significant effect on a magma’s viscosity, extent of shear thinning, and onset of yield strength [Jeffrey and Acrivos, 1976;
Lejeune and Richet, 1995; Hoover et al., 2001; Saar et al., 2001; Caricchi
et al., 2007]. Since magmas are multi-component suspensions with a variety of crystal shapes and sizes, incorporating the effect of crystal shape can
make suspension models used to study magma movement more accurate.
I have developed a few techniques to analyze the kinematics of particleparticle interaction, particle rotation and alignment. For each experiment,
measurements of the microstructure behavior include: particle alignment
(feldspars), particle paths and interactions, radial variation in particle concentration, average velocity profile extending out from inner cylinder.
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Figure A.18: Regime diagram showing the initial conditions of the experiments. Feldspars = black prisms. Quartz = white spheres.
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Figure A.19: (a) Histogram plots of feldspar orientation distribution. Orientations range from 0 (perfectly unaligned with flow—blue) to 90 (perfectly
aligned with flow—red). Concentrations range from monodisperse feldspar
particles to polydisperse mixtures of feldspar and quartz. The total particle
concentration ranges from 10 to 90%. (b) Feldspar orientation as a function
of position away from the inner cylinder (black quarter circle in the bottom
right of each plot). Yellow dotted lines trace interpreted bands of unaligned
feldspars.
Particle alignment mapping
I measure feldspar alignment by recording the angle of each particle at a
given amount of total strain (number of cylinder revolutions). Fig. A.19a and
A.19b show the orientation distributions for different particle mixtures and
total concentrations as histograms and as a function of radius, respectively.
I hand-trace the particles, from which an automated code measures the
orientation of each particle. The goal was to establish a regime diagram for
the evolution of particle alignment during a measurement of macroscopic
rheology.
Particle tracking
I trace the particle paths using still-frames taken from video footage. By
tracking one particle at a time, I qualitatively record particle interactions
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and rotation rate of individual particles. While this method is tedious and
has yet to produce promising results, the goal was to expand the technique
by following single particles through one entire orbit around the cylinder.
The new set-up (Fig. A.16b utilizes the full-tank view (as apposed to 1/4
of the tank as in previous experiments not described in this thesis)). The
goal is to understand how hydrodynamic particle interactions influence the
particle orientation distribution.
Particle image velocimetry
I use PIV (particle image velocimetry) to calculate average velocity profiles.
Measurements are made using the PIV toolbox in MATLAB R . The process begins by importing two still-frames taken from video footage of an
experiment. The time (in seconds) between the frames is dt. The frames
are divided into many small windows. A displacement vector is calculated
for each window by means of cross-correlation technique. The displacement
vector is converted to a velocity vector after dividing by dt. I radially sample
the velocity matrix and then plot azimuthally-averaged velocity profiles (see
Fig. A.20).

A.4.5

Measuring a macroscopic rheology: What did not
work

The aim of the experiments for measuring macroscopic suspension rheology
was to cover a broad range of conditions to characterize the effect of particles
(shape distribution and concentration) on the apparent viscosity of a suspension. The main goal was to compare measured macroscopic rheologies to
qualitative descriptions of the corresponding microstructures. Suspensions
regimes are outlined in Fig. A.18.
For all experiments, the torque measurements on the cylinder could not
be reproduced. The wobble between the motor and torque sensor was too
large compared to the range in torque measurements. I employed various
methods to reduce the wobble:
1. Recutting the gears that connect the motor to the rotating cylinder
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Figure A.20: Image analysis process. (a) Images used for PIV analysis,
dt = 0.5 sec. (b) Velocity vectors (green arrows) plotted over image 2. (c)
Sampling the velocity matrix. (d) Plot of velocity profiles. Blue line is the
steady-state solution for flow between concentric cylinders.
2. Removing the gears
3. Adding foam padding between any metal-to-metal contact points between the torque sensor cylinder and the motor
4. Loosening the connection (i.e. the tightness) between the supporting
beam and the torque sensor
Even after various adjustments to the apparatus, I concluded that the error
on the measurements was too large to confidently convert the torque measurements to a shear stress—which would then have been used to estimate
the effective viscosity of the suspension at each rotation rate.

A.4.6

1 dU
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(Governing equation: 0 = dr 2 + r dr − r 2 )
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Future work

Solutions to the torque sensitivity
Given the delicate nature of this type of experiment, I concluded that my
home-made rheometer could not produce accurate measurements for the
macroscopic rheology of my particle suspensions. One possible solution that
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I did not explore, was to use an ambient fluid with a higher viscosity as a
way to increase the torque on the inner cylinder. Alternatively, a thicker
fluid layer depth (i.e. more fluid in contact with the rotating cylinder) might
increase the torque value above the measured variation caused by instrument
wobble. The problem in this case is that as the fluid layer increases beyond
one particle thickness, the experiment is no longer two-dimensional.
New ideas for future experiments
Similar to the experiments described by Belzons et al. [1981], the difficulty
in monitoring a quasi-two-dimensional particle suspension in which some of
the particles have long aspect ratios is that in a monolayer with a free-slip
boundary above and below, the particles will follow the path of least resistance during deformation and will move out of the plane of shear, which
lowers the effective viscosity measurement. As a first order solution, using only equant shapes to match micro- and macro-viscosity measurements
would eliminate the possibility for rotation out of a two-dimensional plane.
One other interesting direction for future work is to use MEMS (Microelectromechanical systems) particles to measure the stress distribution among
particles. The goal of this type of experiment would be to compare the stress
distributed between particles as they rotate and collide to a macroscopic rheology measurement as a tool to understand how stress is accommodated at
the microscopic scale—e.g. how strain associated with magma mobilization
is accumulated and preserved at the crystal-scale in silicic magma chambers.
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