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Abstract

Several parametric families of multivariate extreme value distributions (Hiisler and
Reiss 1989, Tawn 1990, Joe 1990a, 1990b) have been proposed re;:ently. Applications
to multivariate extreme value data sets are needed to assess the adequacy of the known
families in their ﬁt to data. Different families are compared in their range of multivariate
dependence and their ease of use for maximum likelihood estimation. Some useful

conclusions have been made from experience with several environmental data sets.
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Chapter 1 Introduction

Extreme value theory has a great number of applications. We list two cases where
the largest or the smallest “measurement” are of interest.

1. Air Pollution. Air pollution concentration is expressed in terms of proportion of
a specific pollutant in the air. Concentrations are recorded at equal time intervals, and
it is required by law to keep the largest annual concentrations below given limits.

2. Natural Disasters. Floods, heavy rains, extreme temperatures, extreme atmo-
spheric pressures, winds and other phenomena can cause extensive human and material
loss. Communities can take preventive action to minimize their effects even if such dis-
asters cannot be completely avoidéd. In dams, dikes, canals, and other structures the
choice of building materials and methods of architecture can take some of these poten-
tial disasters into account. Engineering decisions fhat confront such problems should
be based on a very accurate theory, because inaccuracies cén be very expe.nsive. For
example, a dam built at a huge expense may not last long before collapsing.

In exampie 1, at each time point, there may be a vector X of measurements, con-
 sisting of concentrations of a pollutant at several air quality monitoring stations in a
network or consisting of concentrations of severalvpollutants at a given monitoring sta-
tions. In example 2, there may be a vector X of measurements at several positions in a
spatial grid.

In the examples, we have over time a number n of random measurements Xy, .., X,,
and the behaviour of either Z,, = max(Xy,...,X,) or W, = min(Xjy,...,X,) can be of
interest. Here max and min refer to componentwise maxima and minima; see Chapter
2 for details. -

Statistical inferences of the upper or lower tail of the multivariate distribution of X

can be made from using extreme value theory to model the multivariate distribution of



Z, or Wy,

‘There has been much recent research in multivariate extreme value theory; see
Galambos (1987, Chapter 5) and Resnick (1987, Chapter 5) for some general theory.
The set of possible of multivariate extreme value distributions has been shown to be
of infinite dimension. Smith, Tawn and Yuen (1990) study a density estimation based
method for nonparametrically fitting a multivariate extreme value distribution. Except
in the bivariate case, the method was not too promising. An alternative is to find a
finite-dimensional parametric subfamily of the set of multivariate extreme value distri-
butions. A good subfamily would be “dense” in the complete family. Parametric families
have recently been proposed by Hiisler and Reiss (1989), Tawn (1990), Joe (1990a,b),
Coles and Tawn (1991). Experience is now needed to assess the adequacy of fit of these
families to multivariate extreme value data sets. Joe (1990b) did some work on this but
did not include the Hiisler and Reiss family in his comparisons. |

One goal of this thesis is to do maximum likelihood estimation with the Hiisler and
Reiss family. This turns out be very difficult and details are given in Chapter 3, where
comparisons are also made with results in Joe (1990b).

Another goal of the thesis is to déal with missing values in computing maxima. Joe
(1990b) deleted cases where there were many missing values so that maxima could not
be properly computed. These maxima were assumed t.o be missing at random. Here, in
Chapter 4, we treat these cases as right-censored maxima, that is the actual maxima is
known to be above the maxima of all non-missing observations.

The thesis proceeds next (in Chapter 2) with definitions and properties of general
multivariate distributions and of multivariate extreme value distrib’ution. The last chap-

ter (Chapter 5) of this thesis makes some final conclusions and points out a direction

for further research.



Chapter 2. Multivariate Extreme Value Distribution

2.1 Introduction

In this chapter we describe some general properties of multidimensional distributions
and copulas. Then we introduce some univariate extreme value theory and the general-
ized extreme value distribution. Following this, we éoncentrate on multivariate extreme

value distributions, the main topic of this chapter.

2.2 Multidimensional Distributions
Let us define the p-dimensional random variable X as the vector X = (Xi,...,X,)

The distribution function F(x) = F(z4,...,z,) is defined as
F(x)=PX<x)=P(X1 £ z1,..., X, L xp),
- where X < Y means X; <Y;,, forl<:<p.
For future reference, we also deﬁne
X4+4Y=(X1+V%,...,.X,+Y,),

XY = (X1¥,..., X,Y,),

and
XY =(X1/Y,. -, X/ Y).
Random variables with the same distribution as X will be denoted by Xjy,...,X,,
and the components of X; by X;;, that is, Xj; is the sth component of X;, or X; =
(Xij- ooy Xoj): |

The order statistics of the :th component (X, ..., X;,) are
W< xP <. < XM,

and we denote

W, =x¥ .z =xM

m



In extreme value theory, an objective is to investigate the existence of the asymptotic
distribution of

W‘n:(Wl,...,Wp), Zn:(Zl,...,Zp).

For this, we need some theory of multidimensional distribution functions.

A multidimensional distribution function F(x) of a random vector X has the follow-
ing elementary properties:

P1 (Bounds): 0 < F(=zy,...,2,) <1 V&q,...,Zp.

P2 (Monotonicity): F is nondecreasing in each of its arguments z;, 1 <¢ <p.

P3 (Limits): limg,——c0 F(21,...,2;) = 0.

P4 (Marginal distributions): If z; — 400, then F(x) tends to an (p— 1)-dimensional
_ distribution, which is the distribution of the irector obtained by removing its jth compo-
nent. We can obtain the univariate marginal distribution F;(z;) by letting each z;, 1 # j
- tend to 4o00. |

"P5 (Density): If F' has derivatives of order p, then

o
= —>
6271'--81:7, —0’

and f is the probability density function.
P6 (Rectangles):

14
P(a1 < X3 Sbl,...,ap<Xprp) = F(bl,b2,...,bp)—ZE+
i=1
'Zﬂj+"'+(_1)pF(a1"'-aap) 207

<G
* where for a subset I of {1,...,p}, Fris the value of F(si,...,s;) with s; = a; ifi €1,
and s; =b; if¢ & 1.

P7 (the Fréchet Bounds):

max (0, zp:F,-(:c,-) —p+1) < F(21,...,7,) < min(Fi(z1),. .., Fp(zy)).

=1



If F,...,F, are all continuous, then the upper bound corresponds to distribution of
(X1, F5 ' Fi(X1),..., F, ' Fi(Xy)). In general the lower bound is not a multivariate dis-
tribution function for p > 3. For example, suppose F' is a three-dimensional distri-
bution function with marginal functions satisfying Fi(z1) = 1/2, Fy(z2) = 1/2 and -
F5(z3) =1/2. Then |

F(+00,+00,400) — Fi(z1) — Fa(z2) — Fa(z3)
+ max(0, Fi(z1) + F2(z2) — 1) + max(0, Fi(z1) + Fs5(zs) — 1) +
j max(0, F(z2) + F3(z3) — 1) — max(0, Fy(z1) + F2(z2) + Fs(z3) — 2)

= 1-3/2=-1/2<0,

which contradicts Property 6.
P8 (Survival function): Let B; be the event (X; > z;) and j(k) = (j1,...,7%) be a

subset of {1,...,p}, then let
.Gj(k)(le" 3 Zj) = P(B; N---N Bj,), So(x) =1,

and

S(x)= >, Gi(zi,-..,25), 1<k<p.

1< <g2dk<p

For p > 2, then
p

F(z1,...,2) = Y (1) Sk(z1;...,2p).

k=0

In addition, for any integer 0 < ¢ < (p — 1)/2,

:Z_;J(_l)kSk(X) < F(x) < kzj:(—l)ksk(x).

The proof of most of the above results is straightforward; for the proof of properties

P7 and P8, readers are referred to Galambos (1987).



2.3 Copulas
Assume that F'(x) is a p-dimensional distribution function with univariate marginals
Fi(z;), for 1 <7 < p. Let C(y) be a p-dimensional function over the unit cube 0 < y; <

1,1 <4 < p, and such that it increases in each of its variables and
Flas,...,2) = ClF(@1), .., Fy(ay)]
Then the function C(y) is called a copula of F(x). If C is a copula, then

G(y1,---59p) = ClGi(y1)s - - Go(yp)]

is a multivariate distribution with univariate margins Gj, for ¢ = 1, ..., p, where G| is an
arbitrary univariate distribution function. When needed, we write Cr = Cp(y) = C(y)
for F(x). Note that some people call C(y) a dependence function.

If F(z4,...,z,) is a continuous p-variate cumulative distribution function with uni-

variate margins Fj(z;),7 = 1,...,p, then the associated copula is
Cluy,. .. up) = F(F Y (u),...,F  y,)), O0<wu;<l,i=1,...,p.

p

This is a multivariate distribution with uniform (0,1) margins.

Returning to extreme values, the sth marginal of F "(x) is F*(z;), and thus
F™(z1,...,2p) = Cpn[F (21, . ., (7).
On the other hand, we have |
F*(z1,...,2,) = Cp[F(z1),...,F(z,)]-
A comparison of these last two equations leads to

Crn(y) = CRln™, -5y



2.4 Univariate Extremes and the Generalized Extreme Value Distribution
Let Xi,...,X, denote independent and identically distributed (iid) random vari-

ables, with cumulative distribution function F'. Let
I, =max(X1,...,Xn),. W, = min(Xy,...,X,).
By the iid assumption, we have
H,(z) = P(Z, < z) = F"(x)

and
L,(z)=PW,<z)=1-—(1-F(z))".

We seek conditions on F(z) to guarantee the existence of sequences {a.}, {br}, {cn},

{d,} of constants such that, as n — oo

lim H,(an + bnz) = H(z)

and
lim Ly(cn + dnz) = L(z)
exist for all continuity points of H(z) and L(z) respectively, Whére H(z) and L(z) are
nondegenerate distribution functions. Equivalently, {a,}, {b.}, {¢.} and {d,} are such
that (Z, — a,)/bn and (W, — ¢,)/d, converge in distribution as n — oo.
A sufficient condition (see Galambos, 1987) is given next.
Assume that there are sequences ay, ¢, b, > 0, and d, > 0, of real numbers such

that, for all x and y,
lim nfl — F(a, + byz)] = u(z),

n—+4o00

lim nF(c, + dny) = w(y)

n—+4o00

exist. Then

lim P(Z, < a, + b,z) = exp[—u(z)]

n—oo



and

lim P(W,, < ¢, +dny) =1 — exp[—w(y)].

Example 1. ( The Exponential Distribution). Let Xj,...,X, be iid random variables

with common distribution function

Flz)=1-¢€77, z > 0.
Then

1 - F(an + buz) = e~ e bnT,
" In order to satisfy

lim n[l — F(a, + b.2)] = u(z),

n-——+00

we can choose a, = logn and b, = 1. Hence, u(z) = e7*, and thus,

| lim P(Z, < lbgn + 2z) = exp(—e™7).

n—oo

On the other hand, we can choose ¢, = 0 and d,, = 1/n, such that

lim nF(co+dyy) = lim nF(y/n)= lm n(l— e7V™) = y.

n—+oo n—+o00

Hence,
Jim P(W, <cp+duy) = liin P(W, <y/n)=1-¢€"".
Example 2. Let X;,..., X, be iid random variables with common distribution function

F(z)=1-2z71, > 1.

To determine the limiting distribution of Z,, we note that with a, = 0 and b, = n, we

obtain
1

lim n[l = F(a, + b,y)]= lim n— =

1 .
-, y > 0.
n—>+oo n—+o00 ny Y



and thus

) ' . 1
nll}r+noo P(Z, < ny) = exp(—;).
For maxima, it is well-known that there are only three types of nondegenerate distri-
butions H(z) that can be univariate limiting extreme value distributions. These results

are contained in books devoted to extreme value theory, such as Galambos (1987). The

three types are:

. exp(—z™) z >0,y >0,
Hy4(z) =
0 otherwise,
-1
exp(—(-z)™) z <0,y <0,
Hyq(z) =
1 x>0,
Hjo(z) = exp(—e™®) — o0 <z <400,y =0.

After adding location and scale parameters the above -three types of distributions

can be summarized together as the generalized extreme value distribution (GEV):

. H(z) =exp{—[max(1+7(xa—_'u),0)]-7l} — 00 <y < 4o0. (2-4-1)

The parameter 4 can be interpreted as a tail index pafameter of F. It measures the
thickness of the tail of F'; v is larger if F has a thicker tail, and vice versa. The tail
thickness is related to the rate of convergence of 1 — F' to 0 as z — oo.

For example, let

1 — F(z) = [max(1 + ~vz,0)] /.
For v, <1 < 0 then =1/ > =1/, > O‘ and

(1 + 3z, 0]V
lim = 00
z——-1/v [max(1l + y2z,0)]"1/7

For 42 < 0, 11 =0, then

e—.'l?

li =
x—»l—rln/'yz [max(1 + y2z,0)] -1/ o0

9



For v2 = 0, v1 > 0, then

-1/m z ’ x
lim [max(1 + 1z,0)] — Im e e

> lim ———— =
r— 00 e % L—00 [max(l + 71:1;’0)]1/’)'1 - :l:l»ngo (mfyl)l/’h *©

For 73 > 72 > 0, then 0 > —1/% > —1/y2,1/y2 — 1/m > 0 and

N P N € e 0 s
z—co [max(l + ypz,0)]"1/72 ~ z—00 (1 + ypz)~1/%

1 1/v2 .
> Jim, (e = lm (1 4 ) = oo
1

So, the tail is heavier as v increases.

For v > 0, from Theorem 2.1.1 of Galambos (1987), we find a, = 0 and b, =

7~ H(1/n)™" — 1] so that
F(bpz) =1 — F(byz) = [1 + (0" — 1)z] Y7 ~ 7z,
and
F'(byz) = (1 — F(by2))* = (1 — n'l:z,:"l/’y)” "2 exp(—z 7).
For v < 0, from Theorem 2.1.2 of Galambos (1987), we find a, = —1/7,
—~71n7 so that '
F(z) = (1 +~z)™ 1, F(an + bpz) = (—nz)™ V" = n~Y(—z)™ 1/
and
F™(an + bpz) = [1 = n7 Y (=2) V" - exp(—(—2z)"), =z <0.

For v = 0, from Theorem 2.1.3 of Galambos (1987), we find a, = logn,
so that .

F(w) =e 7 F(an + byz) = nle™®

and

F"(dn +b,7) =[1 = n7'e )" = exp(—e 7).

10
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The GEV distribution is useful for statistical inference when the distribution is un-
known, and the tail index must be estimated.
Since
min(Xy,...,X,) = —max(—Xy;...,—X,),
then, similarly for’ minima there are also three types of nondegenerate distributions as

the univariate limiting extreme value distribution which can be summarized together

and can be expressed in terms of (2-4-1)

L(z) = 1-H(-z)

= 1- exp’{——[max(l + -’7—(———'%:—&)—,0)]'1/7}.

2.5 Multivariate Extreme Value Distributions

We call a p-dimensional distribution function F(x) nondegenerate if all of its uni-
variate marginals are nondegenerate.

One object of the multivariate extreme theory is to seek conditions on F(x), under
which there are sequences {an} and {bn} of vectors such that each component of {b,}

is positive and

P(Z, < a, +b,z,) = H.(a, + byz,) — H(2) (2-5-1)

for a nondegenerate p-dimensional function H(z).
Suppose Xj,...,X;, are independent random vectors with common distribution

function F', then

H.(z) = P(Zn1 < 21y...,2Znp < 2,) = F™(2),
Lo(w)=PWp1 > wy,..., Wy, > w,) = G*(W),

where

G(w) = P(X1 > wy,...,Xp > wp).

11



Any problem on W is equivalent to one on Z by changing the basic vector X to
(—X), therefore we concentrate on the vector Z of maxima.

Next we list and d-iscusé various properties which F(x) or H(x) may possess.

Property 1. If F,(x) is a sequence of p-dimensional distributions, let the ¢th uni-
variate marginal of F,(x) be F.)(z;). If F,(x) converges to a nondegenerate continuous
distributioﬁ function F(x), then for each ¢ with 1 <3 < p, F{)(z;) converges to the ith
vmarginal FO(z;) of F(x).

Later we shall see that all limiting distribution functions of multivariate extremes
are continuous. Hence, Property 1 tells us that we can appeal to univariate case for
determining the components of a, and by whenever (2-5-1) holds.

The following several properties are important in multivariate extreme value theory.

Property 2. Let X;,..., X} be iid p-dimensional vectors with common distribution
function F'(x). Then there are vectors ap and by > 0 such that (Z, — ap)/bg converges

to nondegenerate distribution function H(x), if and only if, each marginal belongé to

the GEV family, and if
O;‘[y}/na’y;/n] - CH(yla'”lvyP)a n — oo.

Property 2 tells us that given a p-variate distribution function F,(x), we can check
if its marginals belong to the GEV family, if so, then we use the methods of the uni-
variate case to determine the components of the vectors a and by; furthermore we can
determine Cr(y) by its definition and check if CE(y'/") converges.

Example 3. Let (X,Y) have a bivariate exponential distribution
F(x,y):l—e—”—e'y+G(a:,y), (2_5_2)

where

G(z,y) = P(X > z,Y > y).

12



If (Zn — an)/bn converges to a distribution H(z1,22), then we can choose a, =

(logn,logn), and by = (1,1), and obtain

F(logn + z1,logn + 23) =1 — E——-:—e— + G(logn + z1,logn + 2z3).
For the Marshall-Olkin distribution
G(z,y) = exp[—z —y — Amax(z,y)], A>0.

The last term of (2-5-2) is

1 .
‘exp{—(2+ N logn — z1 — z2 — Amax(z1,22)} = T exp{—z1 — 22 — Amax(z1,22)}
= O(n™*),
and
lim F"(logn + z1,logn + 22) = lim (1 - i)
n—00 n—00 n

= exp(—e ™ — e 72). \

For another example, let

G(z,y) = (¥ + € — 1)1/, 6> 0.
Then
G(logn + zi,logn + z3) = (n’e®™ +nlef2 — 1)1/°
~ le_(eezl + ef7)1/8
and

21 22 _ (o021 022\-1/8
lim F*(logn + z1,logn + z3) = lim(l—e te (e + ™) "

n—00 n—oo n

= {exp[—(e" + &™) Hexp[(e + ")),

13



In the second example, there is dependence in the limiting extremes.
Property 3. A p-variate continuous distribution function H(x) is a limit distribu-
tion in (2-5-1) if, and only if, its univariate marginals belong to the GEV family and if

its copula Cy satisfies

CHGY . ub%) = Caysy - up) k= 1,2,  2-5-9)

Property 3 tells us that if the limit H(x) exists, then we check condition (2-5-3). If
it holds and if Cy is a copula, then we have got the actual limit distribution.

Example 4. Let Hy(z),...,H,(z) belong to the GEV family, then
H(x) = Hy(z) - Hy(z)

is a possible limit of (2-5-1). This limit consists of independent univariate marginals.
By assumption, the condition of Property 2 on the marginals is satisfied. Furthermore,
by definition,

Cu(y) =91+ ¥
for which the condition éf (2-5-3) is evident. An appeal to Property 3 yields the claim.

Example 5. The distribution function

H(zy,...,xp) = exp{exp[— min(z1,...,z,)|}
is a limit in (?—5-1).
The marginal distributions are H;(z;) = exp(—e™**) = Hso(z;). Therefore it remains

to check the validity of the condition (2-5-3):
‘exp{—\ exp[— min(zy,...,z,)]} = min{exp[—exp(—z;)] 1< < pl,

and

Cr(yiy---,Yp) = min(y1,...,Yp).

14



Hence for k > 1,

k . k . '
Ch’*, ..., yd*) = [min(y’%, . .., y2))F = min(y, . .., yp).

Example 6. The distribution
1
H(21,@2) = Hao(21)Hao(22)[L + 5(1 — Hao21))(1 — Hao(22))]

does not occur as a limit in (2-5-1). (See Galarn‘bos(1987).)‘ Even though the marginals
Hy(z1) = Hsp(z1) and Hz(z,) = Hsp(z,) the copula

CH(yl,?h) = y1y2[1 + %(1 - ?/1)(1 - ?/2)]

" fails to satisfy (2-5-3).
Let X = (Xi,...,X,) be a vector with distribution function F(x). Let j(k) =
(J1,---,7k), 1 < k < p be a vector with components 1 < j; < jo--- < jx < p. The
distribution function Fj)(zj,...,z;,) is a k-dimensional marginal distribution, which
is obtained from F(x) by letting z; — +o0 for all ¢ ¢ {j1,...,Jk} |
LAet |
Gi)(Tjps .-y z5) = P(Xg > z5,..., X, > 5).
Assume that F(x) is such that each of its univariate marginals belongs to the GEV

family. Then, there are Gin and b;, > 0 such that
lim F7(ain + binz) = Hi(z), 1<1<p, (2-5-4)

where H;(z) belongs to the GEV family. We assume that a;, and b;, > 0 have been
determined and put ap = (a1n, .. . ,apm) and by = (bin, - - - , bpn).-

Property 4. (Zn — an)/bn converges to a nondegenerate distribution H(x) if
and only if for each fixed vector j(k) and x for which H;(z;), 1 <i < p, of (2-5-4) are

positive, the limit

lim nGj(k)(ajln + bjsnTiiny - - s Qjen + bjknxjk") = h;, (‘rjl IRERR) :Ejk) (2 -3 5)

N=+00

15



are finite, and the function
. \ k
H(X) =eXp{Z(——1) Z hjk(mjl""’xjk)} (2_’5_6)
k=1 1<51<52-<3k<p
is a nondegenerate distribution function. If the actual limit distribution of (Zn — an)/bn
is the one given in (2-5-6), then the following inequalities hold. Let s > 0 be an integer,
then

H(x;2s+1) < H(x) < H(x;2s), (2-5-7)

where H(i, 0) =1 and
H(x,r):exp{i(—l)k > hi(Ziy- 525} (2-5-38)
k=1 1<51 <2<k <p
When 3 = 0 in (2-5-7), the inequality H(x,1) < H(x) < 1 obtains. This means that
H(x) is never exceeded by the product of its univariate marginals, and H(x) never
exceeds 1.

Example 7. . Let F(z,y) =1 —e™* — e7¥ + G(z,y) where
Gle,y) = (¢ + e — 1),

From the univariate case we know that

lim F'(logn + x) = exp(—e™), z >0,
lim Fj(logn +y) = exp(—e™), y > 0.

Since G1(z) = e7* and Gy(y) = €7
hi(z) = Jim nG(logn + z) = 711_1_{2) ne~(ogn+e) — o=,
Similarly, hy(y) = €7, and

hiz(z,y) = lim nG(logn + z,logn +y)
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= lim n(ne® 4+ nfef —1)~1/°
1
= hrn (e 4 &P — ~ e

n—+00

— (60:1: n eGy)—l/B‘
Therefore, the limiting extreme value distribution is

H(z,y) = exp{—hi(z) = ha(y) + h1s(2,)}
= exp{_e—z —e v+ (691' i eﬁy)—l/e}.

The following definition is needed for the next property.

Definition: The p-dimensional unit simplex S is the set of vectors q with nonnegative
components ¢; such that 3°7_, ¢; = 1.

Property 5 (The Pickands Represéntation for a min-stable exponential distribu-
tion). G(z1,...,,), with univariate exponential margins, is a survival function satisfy-
ing A

—log G(tz1,...,tz,) = —tlog G(z1,...,z,)

for all ¢ > 0 if and only if G has the representation

—log G(zy,..., / [max(¢:z:)]dU(q1,--,qp), z: 2 0,i=1,...,p, (2—=5-9)

1<ip
where S, = {(q1,---,9p) : ¢ 2 0,¢ = 1,...,p,>;¢; = 1} is the p-dimensional unit
simplex and U is a finite measure on S,.

Property 5 is a result of Pickands and an alternative statement of Theorem 5.4.5 of
Galambos (1987). It is not an easy task to give the representation (2-5-9) for a given
H(x), but one usually does not aim at giving another form of H(x) when it is already
known. The value of (2-5-9) lies in its possibility of generating functions which are limits

n (2-5-1). For applications of Property 5, see Joe (1990a). An example from there is:

exp{—A(z1,...,2p; A5, B C (1, ) 8)} = exp{— Z AB Z 1/5} 6> 1.
B#0 1€B
(2= 5 —10)
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For each integer m > 2, it can be directly shown that
Glarymm) = exp{=(af -+ 5)) (2-5-11)

is a survival function over z; > 0,5 = 1,...,m,for 1 < § < co. (2-5-11) satisfies the
homogeneity of degree one condition of Property 5. Hence by Property 5 , if m < p,

there is a measure V;, on S,, and a measure U, on S, such that

(xg+...+xfn)1/5 = / [max z:)]dVim (g1, - -1 gm)

= /Sp[r?ax( ;)|dUn, (qh > qp);

where U,, is a representation of V, in'p dimensions which puts all mass on g, ..., gn.

Therefore,

Z /\B E 1/6

B#0 i€B

has the representation
/ [lrgta‘(X q:T ]dU(qla ’qP)a

where dU has the form Y5 ApdUg. By Property 5, (2-5-10) is a distribution.

2.6 Some relation between extreme value theory and Central Limit theory
Since Central Limit theory is more familiar to statisticians, in this section we show
some similarities and differenceé between Central Limit theory and Extreme Value the-
ory.
Consider the univariate case first. Suppose that X;,..., X,, are iid with distribution
F. Let
Sn:Xl+"‘+>Xn7

Z, = max{Xy,...,Xu}, W, = min{Xy,..., X, }. -
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We would like to know whether there are any sequences {a,} and {b,} such that

Sp — an Zy — an ' W, —a,
or ——

b, ’ b, b,,

converge in distribution.
From Central Limit theory, if F' has a finite second moment, then there exist {a,}
and {b,} such that the limiting distribution (S, — a@,)/b, has a normal distribution.
Deﬁnition. Let H(z) be a nondegenerate distribution function, then F(z) is in the

domain of attraction of H(z) if there are sequences {a.} and {b,} > 0 such that

lim F*(a, + b,z) = H(z).

7n—00

From extreme value theory, we know that the limiting distribution H(z) of (Z, —
a,)/bn belongs to the GEV family if the distribution function F(z) is in the domain of
attraction of H(z).

For the multivariate case, assume that Xj,..., Xy are iid with distribution F. Let
Xi=(Xi,.., Xip)y,  Sn=Xi1+---+Xy,

Zn = (max(Xu, ey an), ey max(Xl,,, e ,an)).
Are there any {an} and {bn} > 0 such that

Sn — an _ Snl — an1 S'np - anp
= R ——————'—bnp

bn bnl

or
Zy —ap

bn
converge in distribution? If the limit of (Sp —an)/bn and the second order moments of
F exist, then from Central Limit theory the limit of (Sp — an)/bn has a multinormal

distribution.
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If the limit of (Zn—an)/bn exists, from extreme value theory, each univariate margin
must be in the GEV family. An analogy between multinormal and multivariate extreme
value distribution is:

(1) Suppose (Zy,...,2Zp) has a multinormal distribution, then linear cembinations
of univariate normal, i.e. a1Z; + - - - 4+ a,Z, has a univariate normal distribution.

(2) Suppose X; ~ H(-,7;,#t;,0;). After transformation to an exponential survival
function .

7 = —log(H(X;3 % 15,5))
have an exponential distribution. If (Z1,..., Z,) has a min-stable multivariate exponen-

tial distribution, then from Property 5,
G(z1y...,2,) = exp{—A(z1,.-.,2p)} (2-6-1)

and V = min(—i—}, ce %) has an exponential distribution e=*A(¥1r¥») where w; > 0.
That is, .weighted minima are univariate exponential.

Note also the main difference: The multinormal distributions form a finite-dimensional
parametric family, the multivariate extreme value distributions form an infinite-dimensional
family (as given by Pickand’s representation).

Since parariletric inference is easier than nonparametric inference, a “goal” is to find
good parametric (finite dimensional) subfamilies of the infinite-dimensional family (see
the next section).

2.7 Parametric families of multivariate extreme value distributions.

A multivariate extreme value distribution with margins transformed to a survival
function with exponential survival functions as univariate margin is a min-stable expo-
nential distribution. Let G be a p-dimensional min-stable exponential distribution, from

extreme value theory A = —log(G) satisfies
Atzy, ..., tz,) = tA(z1,...,2), Vt>0.
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. Let G, be the marginal survival function of G, then G,(z,) = exp{—A,(z;)} where A,
is obtained from A by setting z; = 0 for j € s and s is a subset of {1,...,p}.

Here we will list some parametric families of multivariate min-stable exponential
distributions in terms of A. These families can be found in Joe (1990a,b), Tawn (1989),
Coles and Tawn (1991), Hiisler and Reiss (1989). The interpretations of the parameters
are giveﬁ after all the families are listed.

The families are given here for p = 2, 3,4, from which the general multidimensional

form can be seen.

\ : Az, 22;6) = (22 + 28, 6>1, (2-7-1)
Alz,2057) =21 + 2 — (277 + 257) 77, T >0, (2-7-2)
A(Zl, 29423, (5, 63) = ((2:‘1S + 23)63/6 -+ 233)1/63, 6 _>_ 63 Z 1, (2 -7 - 3)

A(zl,z2,z3; T, TB)
= 21+ 22+ 23 — (ZI_T + lz;‘r)_l/"' — (Zl—”'s + 23—7'3)—1/7‘3 _ (22—7'3 + 23—1'3)—1/7'3 +

((zl—-f + 22—'7')7'3/’7' + za—'rs)"'l/Ts C r>r >0, (2 i 4)

A(Zl, 22y 234 24, (5, 63, 64) = ([(zf + 25)53/5 + Z§3]64/63 + 224)1/64, 1 S 64 _<_ 63 S 6,

(2-17-5)

A(zlv 22, 23, 24; 6’ 627 64) = ((Zf + 23)64/6 + (zgz + 222)54/52)1/54, 1< 52’ 64 < 6?

(2—17-6)

A(Zl, 22, 23,24, T, T3, T4)
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= ntzuntamta— G+ - (R4 25m) Y (257 + PG AL
(21 Ty + —1'4) -1/7y _ (zz—n + 2;74)—1/7'4 _ (23—7'4 + 24-7-4)—1/7'4 +

7' T -7 =1/, -1 | —T\T4/T -7 -1/
(217 + T4 23 3) 3+((zl + 2, )4/ + 24 4) T+

1/74 1/74

+ ((22—73 + 23—7'3)"’4/7’3 4+ 2:7'4)_ _:

1/74

(
((21 T3 +z—73 T4 /73 + —7‘,)
(((21 + z—r T3/T + Z—Ta)‘m/’fs + —T4) , T>Ta>142>0. (2 — 7= 7)

A(Zl, 22,23, 245 T, T2, T4)
= ntzntata— (a7 +257) =G+ (5 4 2) T -

(Zl Ty —14)—1/74 _ (zz—n + z4—‘f4)-1/7’4 . (z3—7'2 + 24—7'2)—1/"2 +

—1/74 -1/
et

(2 ) (G T )

1/74

(
(Z Ta + T2+Z—T2)T4/1'2) /7'4+( -7y +( T2+Z—T2)T4/7’2) _
(€

+ Z;T 74/7- " (23—7'2 + 24—7'2)7'4/72)— 1/74 , 1 S To, T4 S T. (2 —-7- 8)

Finally, the Hisler and Reiss(1989) model with p = 2 is

log z1 — log 22
2

log z; — log z,

A(Zl,Zz; )\) = q)(/\ + 3\

Y22 + (A + )z, A20. (2-7-9)

For p > 2, let
Aij €(0,00) VI<i,j<p with 7#j.
Put

A = (Aij)is<p Aii=0 Ve.

Moreover , for 2 < k < pand m = (my,...,mg) with1 < m; <my < ... <mp <p
define |
+ A2

ka = [2(/\ mj,mg )‘371., mJ)]i,jSk—l . (2 —-T- 10)

™mi,mg
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Furthermore , let S(-|T') denote the survivof function of a normal random vector with
mean vector 0 and covariance matrix I'. The extension of (2-7-4) is
P k
A2ty 23 i, 1 i< <p) = Y (=1)F Y hm(—log zm, , - - ., — l0g 2m,)
= 2—7-11)
with _
hrm(¥) = [ 78 (5= 2+ 202, i i) €7,

for 2 < k < p, where Zk means summation over all p-vectors m = (my, ..., my) with
1<my<mg<...<mp <p,and hym(y) =e ¥ for m =1,...,p. The cases p = 3,4
are given explicitly in Chapter 3. |

For comparison, note that the bivariate models (2-7-1), (2-7-2) and (2-7-9) each
have a single dependence parameter. For (2-7-1) and (2-7-2) dependence increases as
" the parameter inéreases;‘ for (2-7-9) dependence decreases as the parameter increases.
The trivariate models (2-7-3) and (2-7-4) have respectively models (2-7-1) and (2-7-2)
for each of the three bivariate margins. For the trivariate model (2-7-3) (respectively
(2-7-4)), 6 (respectively 7) is the dependence parameter for the (1,2) bivariate margin;
83 (respectively, 3) is the dependence parameter for both the (1,3) and (2,3) bivariate
margins. We have something similar for the 4-variate models (2-7-5) to (2-7-8). The
4-variate models (2-7-5) to (2-7-8) also have respectively models (2-7-1) and (2-7-2) for
each of the six bivariate margins. For (2-7-5), é is the dependence parameters for the
(1,2) bivariate margin; §3 is the dependence parameter for the (1,3) and (2,3) bivariate
margins; 64 is the dependence parameter for the (1,4), (2,4) .and (3,4) margins. For (2-
7-6), 6 is the dependence parameter for the (1,2) bivariate margin; é; is the dependence
parameter for the (3,4) bivariate margin; é4 is the dependence parameter for the (1,3),
(1,4), (2,3) and (2,4) margins. The model (2-7-11) has a dependence parameter for each

of the p(p—1)/2 bivariate margins. For (2-7-11), the dependence parameter of the (z, 5)
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bivariate margin, with 7z < 7, is )\;]-,‘a,nd the (7,7) margin has form (2-7-9).

Modelé (2-7-3) to (2-7-8) and their extensions have p — 1 parameters in total; as
above, some of the bivariate margins have the same dependence parameter. " Hence
these models do not have as much flexibilty in the dependence pattern but they have a
simpler form than (2-7-11).

-2.8 Estimation for a parametric family of multivariate extreme value distri-
bution.

Joe (1990b) suggests the following procedures for fitting of a parémetric multivariate
distribution to iid Xj,..., X;.

(1) Fit the p univariate margins separately by maximum likelihood using the GEV
family: : |

(2) Transform each margin so that each transformed variable has exponential survival
function G;(z) = e *.

(3) Suppose £hat the transformed data are iid p-vectors, then compare fit of differ-
ent families of min-stable multivariate exponential distributions. Check for parameter
estimation consistency with bivariate and higher order margins.

(4) Go back to the original data and estimate both multivariate parameters and
parameters of the univariate margins simultaneously, using maximum likelihood if a
copula has been decided on as being acceptable.

In (3), to check the fit of a model, we compare parametric estimates of A with
a nonparametric estimate of A. Besides the consistency checking from we know that
if (Z1,...,2,) is a random vector with the min-stable exponential survival function
G = e~ 4, then

E(min[i—i, ey i—:]) = [A(wy,..., wp)] ™"

for w; > 0,7 = 1,...,p. Soif ¥1,...,Yp are a transformed random sample, expo-
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nential probability plots of V; = min;Y;;/w; can be used to check the assumption of
min-stability for multivariate exponential distribution. If the plots are adequate, a non-
parametric estimate of A(wy,...,w,) is given by n/ Y7, Vi which can be compared with

parametric estimates of A from different models.
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Chapter 3 Maximum Likelihood Estimation With The Hiisler-Reiss Model

Hiisler and Reiss (1989) obtained a new class of multivariate extreme value distri-
butions by taking a non-standard extremé-value limit.

Let X and M, be as defined in Chapter 2. Fof a mutivariate normal random vec-
tor, having all correlation coefficients smaller than oﬁe, Sibuya (1960) proved that the
marginal maxima Mnyl,...v.,Mn,p are asymptotically independént. The rate of con-
vergence to asymptotic independence is slower as the correlation coefﬁcients increase.
Since in practice the sample size n never goes to infinity but is a fixed positve integer, is
there another asymptotic formulation which may provide a better approximation? This
motivated the work by Hiisler and Reiss. .

For the bivariate case, Hisler and Reiss let the correlation coeflicient p = p,, increase
"towards 1 as the sample size increases. It is shown that the marginal maxima are neither
asymptotically independent nor completely dependent if (1 — pn) logn converges to a
positive constant as n — oo. This was extended to dimensions p > 2.

Hiisler and Reiss define their limiting distribution by the c.d.f. or survival function.
To get a maximum likelihood estimation, the density is needed. To obtain the den-
sity, the following result for the conditional distribution of a multidimensional normal
distribution is needed.

Result 1:

Let U = (Uy,...,U,;) and V = (W,..., V) be random vectors such that

Y1 22
~MVN]| O,
VvV Yo Yoo

where Y11, Y19, ¥21, Y22 are a X a,a X b,b x a,b x b matrices respectively, and suppose

Y11 and X2 are nonsingular. Then
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Let Fx and Fx denote the distribution function and survival function for a random
vector X, and let fx and fxjy denote the density function of X and the conditional

density function of X when Y is fixed. Then the joint distribution of X and Y is

xy(®,y) = fxiyly)fx(y).

Let ¢(x;X), ®(x; L) denote the multivariate normal density and survival function

with zero mean vector and covariance matrix ¥. Then

fuv(u,v)=¢(u-— E1222—21\’; Yu - 21222_21 ¥21)d(v; Ea2)

and
Fyuv(u,v) = ¢((u,v); L)
_ / / / / #(s — D120t Ti1 — S12557 Ta1)b(t; Toa)dsdt
v vp Uy Ug '
_ / / B(u — S1u550 By — B15550 50 ) (6 Do)t
v1 Uy
Therefore,

- 0°0((u,v); ¥)

av avb = (—l)b@(u —_ 21222—21\’; 211 - 21222_21221)¢(V; 222).
. 10"

Now we are ready to derive the density for the Hiisler and Reiss survival function-
when the univariate margins exponential have been transformed to distributions with
mean 1.

We provide details for dimensions p = 2,3,4 from which the general case will be
apparent. The notation gets increasingly difficult as p increases. |
3.1 Bivariate Case

Frome Section 2.7,

G(wy,wa, A) = exp{—Az(w1, wa, )},
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where

1 : 1
Ag(wr,we, A) = ®(A + ——log(wy /ws;))ws + B(A + —~log(we/wr))wy, A>0.

22 2
Since % = —%G and % = —g—ﬁfG, we obtained the density function of G(wy, w2, A):
2 : 2A
0*G _ 0 ,0G _ 0 _8A2G):G(0A28A2G_ 0°A; .
awla'wg 3w1 8w2 8w1 sz 6w1 8w2 8w18w2

From ¢(z) = (2r)"Y/2e~%"/% we have ¢'(z) = zd(z). Also

~loglp(A + 55 log(wa/wn)) ]

1 :
= A?/2 4 (logw; — logw;)/2 + =—=((log w; — logw;)? + log w; + log V2

82
1
= A\/2 4 (logw; — logw,)/2 + 8W((log wy — log wy)? + log wy + log V27

= —loglp(A + 5y log(w/wa)) ws]

Hence
1 1
(A + 2_,\1°g(7~U2/w1))/w1 =¢(A+ ﬁlog(wl/wﬁ)/w%
Therefore '
0A,
Al,g = 8—w1
_ i(q)(pril (w2/w1)) + B(A + = log(wy /w;))un)
= 9 3\ oglwsy/w })ws 2N oglwy/wsz))un
1 1 1 1
= v _ﬁ(b(A =+ ﬁlog(wg/wl))(wz/wl) + 'Q"XQS()\ + ﬁlog(wl/u&))(wl/uh)
1
- 2\ + oy log(wi/wa))
X ‘
Similarly,
0A 1
Az = — = B\ + — log(wz/w)).
w2 2A
Finally,
Ajg = %ﬁ; = 3672(%12)



9 1
= 6_w2(q)()‘ + 'ﬁlog(wl/wz))
-1

1 .
= m A+ ﬁlog(wl/wz)).

From A; 2, A2 and A;; we can get the density function g(w,, ws, A).
3.2 Trivariate Case
Let
9 224 Ms + A% — AL
Ms+ 25— AL, 23
be the matrix in (2-7-10) and let

M + Ajs — A

Piz = pa =

21323
A+ 23—
P13 = P31 = 2/\12)\23 3
Al + M5 — A

P23 = P32 = M1z his

le., ‘
pii = M + A% - A
N 2Xik A

for ¢, 7, k distinct.

Then hg 123 in (2-7-11) can be written as

3

1
C(wl, W, W3, A1, A13, )\23) = ‘I’()\13+—(10g q—log wl), Aga+
0 2/\13

1
2has (105 q—log w2)§ P12)dq

where with some abuse of notation
B(-5p) = B(; )-
| Frqm Section 2.7, we have
G(wy, wo, w3) = exp{—As(wi, wo, w3, A2, A13, A23) }
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where with simplification of (2-7-11),

Az(wy, we, w3, A2, A3, Ao3) = —wy —wp — w3+ Ag(wn, wy, A12) +

Az(w1, w3, /\13) + Az(wz, w3,')\23) + C(wl, W2, ws)- :

Constraints are 0 < A;; < oo and 0 < p;; < 1.
By symmetry, equivalent forms for C can be obtained by permutations of subscript

indices:

O(wh Wy, W3, A12, A13, )\23)

) wy __ 1 1
= /0 (A3 + s (log g — log w3), A1z + m(logq — log ws); p23)dq

wy _
= d(A
/0 (12-4-212

1 1 ,
(log ¢ — log w1 ), Ag3 + (log ¢ — log ws); p13)dg.
A 2/\23

The density function for G(wq, ws, ws) is:

9
g(wl, wa, ws) = (—1)3m eXP{—As(wl, Wa, W3, A12, A13, /\23)}

0A3 0A30A3 0As 0°As 0As 0%As 0As 0°A; + 02 As

= G( 0wy Ow, Ow,  Ow, Ow,Bws 0wy 0w, 0wz  Ows Ow, 0wy | Ow10w0ws’
From
N Ty — pTy 1
¢($1,$2,P)——¢( ) (\/1_ )\/1_P2’
Banan) = [ [ oSS ()
- [ ‘(%)as(zl)dzl
and
6<I> =, Ty — pT1
87('731,332’/’) = (I)( \/’1—_'57)45(7;1)
Let -
Cris = o = B(Aus -+ 51— log(wr /), Mz + 52— log(wi /ws);
1,23 -= dw; = 13 s oglwy/w3a), A12 2/\ ” Og(wl wz),/)zs)-
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By symmetry, we have (13 := aﬁ% and C3 13 := %. Similarly,

3 og(w/w2))//T = )

_ 1 '
(M3 + log(wy/w3)) — p2a(A12 +
2)\13

0z + 55— og(ws fua)) 5
By symmetry, we also have Ci3 = 3w1 3w3 and Cy; : aw 8w . Finally,
Crggie — €
Ow,0w,0ws
= ¢(Aiz+ 2/\113 log(ws/w1), Aas + 53— 2)‘ log(ws/w2); Plz)m

¢(Aw-+—§—4og@mdua»¢u<xﬁ-+2A log(u2/ws)) —

1
log w1 /ws)))/y/1 = p2,] X =.
)\13)\23101102\/1 — P12

. 8A, B8A> 8A, _8%4A, 824,
Combmlng 01,23, C2,13, 03,12, 012,3, 013,2, 023,1, 0123,and Buwy’ Owy’Ows’Owydwy® Dwidws’

p12(A13 +

924,
OwrB8ws?

3
and =—242

| 5o 500 Ve have an expression for the density function g(w;, w2, ws).

3.3 Four-Dimensional Case

Let
2/\%4 )‘34 + /\%4 - /\%2 )‘%4 + /\:234 - /\¥3
Y=2 /\%4 + ’\%4 - ’\%2 2/\34 )‘34 + ’\:34 - )‘33
A2 — A AL+ A - 25 203,

be the matrix in (2-7-10) and let

Pk = AL+ AR — A
S

where X;; = Aj; and, ¢, 7,k are distinct and between 1 and 4. Then h4 1934 in (2-7-11)

can be written as:
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D(wl, W, W3, w4) =

wy __ 1 1
/0 <I>()\14 + Ex—-log(Q/wO, A24 + m 10%(‘1/“’4),‘

1
Asq + log(q/wa4), R(par2, pais, pazs))dq,
2X34

where

By symmetry, equivalent forms for D are

D(’U)], wa, W3, w4)

= /owl (Mo +

1
2/\12 log(g/w2), M3 + i log(q/ws),

Aa + 5}\—— log(q/w4) (p123, P124, P134))dq

= ?)7(/\12+2/\ log(q/w1), A23+2A log(g/ws),

/\2_4+2/\ log(q/w4) R(p213, p214, p234) )dg

w3 : 1 ’
= /0 (M3 + 2/\ log(q/w1), A2z + s log(q/w2),

Azq + é,\_ log(gq/wa), R(pai2, para, paza))dg.

Constraints are:

0 < \j £ o0, t# 7,0 < pijx <1,

1,7, k are distinct and

R(P412, P413, P423), R(Plzs, P124, P134), R(P213‘, P214, P234), R(Psm, P314, P324)

are positive definite.
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Taking derivatives, we have

oD

D = — = Q(A 1 .
1,234 awl (A2 + 2/\12 og(wi/ws),
1 .
Az + log(wl/ws) Mg+ log(wi/ws), R(p123, p124, P134))
2/\13 2)‘14 )
By interchange of 1 and 2, 1 and 3, 1 and 4in D 234 we can obtain Djq34 := %,
V 8D - ., I p13g
D3 124 := 6w3 D423 = Sue By making use of Result 1 with ¥; = ‘ ,
' p1za 1
Yig = przs , Y32 = 1 we have
P124
D . 0*’D _ 0Dy 234
12,34 -7 awlawz - a’wg -
_ 1 1
O( A3 + log(w; /ws) — pr23(A12 + log(wl/wz)), Mg+ log(w; /ws) —
2/\13 2/\ 2)\14
1 1
p124(A12 + g log(w1/w2)), Ras12)d(A12 + 5‘)“““ log(wl/w2))2/\12w2,
where
( 1 P134 P123
Rasne = | - P123  P124 )
p13a 1 P124
B ( 1 — plas P134 — P123P124
P134 — P123P124 11— P324
By permutation of indices we can easily get
Di3p4 = %;,DM,% = 3312—311,4 Da3pq = 3w23w3 D24 13 = %, D3412 =
82D
OwzBwy *

Again using Result 1 with ¥; =1,

P123 1 P134
Yo = ,222 =

P124 p1as 1
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then
1 1 —pP134
1— P%34

—pP134 1

Rigza=1- E1222_21221 =1- (szs +.P%24 - 2P12$P124P134)/(1 - /’334)
and

#D

D -
) 1234 ¢ 8w18w23w3

(I){(,\14+

2/\ log(wl/w4) — [(p123 — 17124;0134)()\12 + 2)‘ log(w1/w2)) +
(p124 — /’123/)134)()\13 + 5 2)‘ log(w:/wa))]/(1 ~ pis))/\/ Biza 4}

1
#( A2 + — log(wi/w2), A3 + —— log(w; /ws); p123)

2)\ 2M13 4)\12(\13w2w3 .
By symmetry and permution of indices we can easily get
Di243 := awlg:;%m Diaap2 = awlgzeawu Dasa : 51% Finally,
Digas = o'D _
3w18w28w38w4
¢(Ma + 2)‘14 log(wl/w4), Mg+ 51— 2)\ log(w2/wy), /\34 + 2/\1 " log(ws/ws), )
1
R(p412, pas, /)423)) 81424 Azqwwows

From Sections 2.7 we have
G(w1, wa, W3, w4) = exp[—A4(w1, Wa, W3, W4, A12, A13, A14, A23, A23, A24, /\34)],
where

A4(w1, Wa, W3, W4, A12, A13, A1d, A23, A23, Aza, /\34) =
hl(wl) + hl(’LU2) + hl(U)3) + hl(w4) — hz(’wl, ’LUQ) — hz(’wl, ’LU3) - hg(wl, ’U)4) —
hg(’wg, w3) e hg('wg, ’QU4) — hz(wg, U)4) + h3(’UJ1,’I.U2, w3) + h3(w1, Wa, ’U)4) +

ha(wr, ws, wa) + ha(ws, ws, W4) + ha(wr, we, w3, wy)
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= w1+ wy + ws + ws — [wy + wy — Az(wr, ws, A12)] —
[wi1, w3 — Az(w1, w3, Ma)] — [wi + wa — Ax(wi, s, Ma)] —
[ws + ws — Ag(ws, wa, Aaa)] — [w2 + wy — Az(ws, wa, A24)] —
[wa + wg — Az(ws, wy, Az4)] + C (w1, wa, w3, A12, A13, A2s) + C (w1, w2, s, A1z, Mg, A2a) +
C (w1, w3, Wy, A3, A4, A34) + C(w2, w3, wa, A2z, A2a, Aza) — D(w1, w3, w3, wy)
= —2(w1 + w2 + w3 + wy) + Az(wr, w2, Aiz)] + Az(wi, w3, Ais)] +

Ax(wy,wq, M4)] + Az(wz, w3, A2s)] + Az(w2, wa, Aag)] +

Az(ws, wa, Aze)] + C(wr, w2, w3, A2, A3, A2z) + C(wy, wa, wa, A2, A4, A24) +
C(w1, ws, Wa, A3, A1a, Azq) + C (w2, w3, Wa, A2z, A2a, >\34) — D(w1, wa, w3, wy)

and
9
Owy0w,0ws0w,
0A40AL 0A4 0A, 0*A; 0A,0A,
Ow, Ow, Ows Jwy " Ow, 0w, Ows Ow,
0*Ay 0A40A,4 0*Ay 0A40A,4 0*Ay 0A40A4
T Ow,0ws Owy Owy 0w 0w, Ow, Ows  Owedws Ow; Ows
0*Ay 0A40A,4 0*Ay 0A40A4 0*As  0%A,
_8w28w4 0w, Ows  Owsdwy Ow, Owy 0w 0w, Gwsdwy
0%°Ay  0%A, 0%Ay  0°Ay 0PAy  OAs
Ow,0ws Ow0wy 0w 0wy Owe0ws 0w 0wo0ws Owy
PAy 0A4 PAy  0A4 0PA; 0A4
Ow,0we0w, Ows  Ow,0wz0ws Owy  Ow,0wz0ws Ow, -
0*A4

Ow, 0w, 0ws0w,”

g(wy, ws, w3, Ws) = (—1)* G(wl,wz,ws,@%)

= &

Upon differentiation,

0A
a_w4 =24 A12+ A13+ A14+ Ci 23+ Ci 24 + Cr34 — D1 234
1

By symmetry,g—i:, %ﬁ-, %: are like %f with indices 1 and 2, 1 and 3, 1 and 4 inter-

changed. Also, 4
0%Ay

8w13w2

= A2+ Ciz3 + Ciz,4a — D12,34

35



and
8%A,

GO0 = Chras — D123

By the same reason as the above we can easily get
0*A,4 0%A, v 0%*A, 0%A, %A,
8w16w3’ 0w18w4’ 8w20w3’ 8w26w4’ 0w38w4’

OPAy 0PAy DA,

8w18w28w4 ’ 6w18w38w47 8w28w38w4 )

Finally,
01A,
Ow; 0w, 0ws0w,

- _D12345

3.4 Computer implementation of the Hiisler-Reiss model

The parameter \;;’s are estimated with a quasi-Newton routine. The multivari-
ate normal survival function is computed with the routine of Schervish (1984). Other
routines that are needed are a numerical integration routines and routines for the func-
tions: 01,23,01?,3, Cl23, D1 234, D12,34, D123.4, D234 Then Cy24,Ci34 etc., can be com-
puted from these routines by changing the parameters of the routines.

3.5 Data Analysis

Joe (1990b) constructed some multivariate extreme value environmental data sets
from Bay Area and from the Great Vancouver Regional District.

The first data set consists of weekly maxima of ozone concentrations (in parts per
hundred million) for several monitoring stations in the Bay Area; the weeks were for the
months of April to October in 1983-1987. For comparison with Joe (1990b), the same
subset of 5 statioﬁs are used.

The second data set consists of weekly maxima of SO;, NO2 and ozone concen-
trations (in parts per hundred milion ) for several monitoring stations in the Greater
Vancouver Regional District: the weeks were for the months of April to September to

October for July 1984 to October 1987. Joe (1990b) eliminated all weeks with too many
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missing values, and for comparison the same reduced data are used. In Chapter 4, weeks
with missiﬁg values are used as censored data.

Details of exploratory data analysis of both data sets are given in Joe (1990b).

Joe (1990b) compares the fit of the models (2-7-1) to (2-7-8) and their multivariate
extensions, as well as other models in Joe (1990a). The models in Joe (1990a) which have
some appealing theoretical properties were found td fit worse even though the models
had more parameters. A partial explanation is that the paramef'ers in these models are
not easily interpretable as in (2-7-1) to (2-7-11). For comparison with a baseline, the
likelihood of the multivariate normal copula with exponential margins was computed.

The comparison of the Hiisler-Reiss model with the best fitting of (2-7-1) to (2-7-8)
and with the multivariate normal copula is given in Tables 1 to 7. Only the parameter
estimates for the Hiisler-Reiss model are given. Noté that the likelihoods given are
for the dependence parameters, after the univariate margins have been transformed to
ekponential survival functions (see Section 2.8). Also all likelihoods based on margins (
or subsets of data from subsets of stations) are given. This is to check on consistency of
. the parameter estimates for multivariate margins of different orders. This check provides
an indication of the goodness of fit of the multivariate models. A final note for the tables
is that f01.‘ 3 or more stations, labelled as 1,...,p, the parameter estimates are given
iﬁ lexicographical order, that is, A1z, M3,..., A1p, A23y .-y A2py e oy Ap_1,p. FoT examble,
consider the pairs of stations PT, SJ in Table 1, where the other stations are abbreviated
CC, VA,ST. In the trivariate subset, (CC, PT, SJ), the A parameter for (PT,SJ) is the
thifd'va,lue (0.588); in the trivariate subset, (PT, SJ, VA), it is the first value (0.595).
in the 4-variate subset, (CC,PT, SJ, VA), it is the fourth value (0.567), etc. Recall from
Chapter 2, that a smaller value of A means more dependence.

Some overall conclusions from the tables are:
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(1) The parameter estimates for a particular X are similar over different likelihoods.

(2) Of the 37 bivariate likelihoods, the likelihood of the Hiisler-Reiss model is higher
than those of both models (2-7-1) and (2-7-2) in 13 cases, and it is higher than that of
the multivariate copula in 18 cases.

(3) Of the 25 trivariate likelihoods, the likelihood of the Hiisler-Reiss model is higher
than those of both models (2-7-3) and (2-7-4) in 11 cases. With the adjustment for the
number of parameters ( (2-7-3) and (2-7-4) have 2 parameters, the Hisler-Reiss trivariate
model has 3 parameters), through a penalty of half the number of parameters for the
log likelihood( the Akaike information criterion), the Hiisler-Reiss model is only better
for the first data set in Table 1.

(4) Of the 9 four-variable likelihoods, the iikelihood of the Hiisler-Reiss model is
higher than those of the models (2-7-5) to (2-7-8) in 6 cases. This is true even with
adjustment for the number of parameters ( 6 for the Hﬁsler-Rei‘ss model and 3 for models
(2-7-5) to (2-7-8) ).

Overall, it appears that the Hiisler-Reiss model provides a better fit for Tables 1 and
3, and maybe Table 5. Therefore it is a useful model in addition to those in Joe (1990b).

An indication of whether the Hiisler-Reiss model is better can be seen from the
esfirnates for the bivariate likelihoods. If the pattern of the A’s does not fit the bivariate
patterns that are possiblé with models (2-7-3) to (2-7-8), then the Hﬁsler—Reiss model
should be better. ( The restrictions of the bivariate pattérns for models (2-7-3) to (2-7-8)

can be seen from taking the bivariate margins in these models.)
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Table 1. Bay Area - Ozone(n=120)

~Notation: Concord(CC),Pittsburg(PT
San Jose(SJ) Santa RosT

;,Vallejo(VA),

Tikelihood tor dependence parameters.

estimate | negative log ikelihood
subset H-R 0’s TS normal H-R model
CC, PT 0.353 154,98 154.08  153.50 154.75
CC, SJ 0.451 176.17 175.96 179.40 176.91
CC, VA 0.532 190.70 190.38 192.41 190.30
CC, ST 0.708 211.60 211.03 214.24 210.47
PT, SJ 0.595 199.85 199.34 200.48 199.06
PT, VA 0.581 196.07 196.05 198.52 197.15
PT, ST 0.749 214.80 214.37 214.54 213.92
SJ. VA 0.579 197.68 197.40 202.49 197.15
SJ. ST 0.740 214.56 213.96 218.74 213.52
VA, ST 0.599 199.86 199.62 203.12 199.54
CC,BT,SJ 0'3845g8453 221.32 216.41 212.94 212.23
CC,PT,VA 0.3835gb532 225.26  221.36 223.87 9222.92
CC,PT,ST 0.3562%0704 244.94 24520 245.70 243.86
CC,SJ,VA 0.481596536 245.38 243.37 248.67 242.80
CC,SJ,ST 0.48072.1716 268.11 265.32 272.20 265.69
CC,VA,ST 0.5%3686708 271.62 271.40 273.54 268.28
PT,SJ,VA 0.5855%583 267.09 26527 269.90 264.27
PT,SJ,ST 0.53217g8755 290.80 288.08 291.56 287.04
PT,VA,ST 0.58.'2686752 279.04 277.97 278.94 275.45
SJ,VA,ST 0'58068'7747 28220 278.01 284.13 275.85
CC,PT,SJ 0.357,0.441 288.42 280.47 280.01  275.72
VA 0.539.0.567 |
0.581,0.574
CC,PT,SJ 0.355.0.441 311.54 305.04 303.61 299.69
ST 0.70, 0.567
: 0.738,0.741 :
CC,PT,VA 0.353.0.534 307.17 303.67 304.20 300.66
ST 0.706.0.581
0.754.0.607
CC,SJ,VA 0.450,0.538 329.94 324.70 329.57 321.01
ST 0.714,0.577
0.750,0.609
PT,SJ,VA 0.594.0.585 352.88 347.34 349.94 342.36
ST 0.755.0.581
0.746.0.610
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Table 2. GVRD-Sulphur Dioxide(n=70)

Notation: Confederation Park(CP), Second Narrows(SN),

Anmore(AN),Rocky Point Park(RP).

Likelihood for dependence parameters.

estimate negative log likelihood
subset H-R 8’s 7’s  normal H-R model
CP, SN 0.845 129.55 129.54 129.37 129.58
CP, AN 1.086 136.11 135.96 134.82 135.94
CP, RP 0.905 131.45 131.67 129.61 132.00
SN, AN 1.068 135.36 135.54 133.97  135.62
SN, VRP 1.229 137.04 137.40 136.48 137.70
AN, RP 0.756 123.39 124.54 123.63 126.08
CPSN AN 0.840,1.068 193.83 193.82 10216  193.44
1.062
CP,SN,RP 0.846,0.891 190.28 192.97 189.26 190.89
1.157
CP,AN,RP 1.045,0.909 183.89 188.01 182.94 187.05
0.750
SN,AN,RP 1.064,1.172 187.61 190.59 187.30 190.93
0.750
CP,SN,AN 0.840,1.060 241.86 247.15 240.07 244.05
RP 0.900,1.032
1.155,0.748
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Table 3. GVRD-Nitrogen Dioxide(n=84)

Notation: Kensington Park(KP), Confederation Park(CP),
Anmore(AN), Rocky Point Park(RP).

Likelihood for dependence parameters.

estimate negative log likelihood
subset H-R &’s 7’s  normal H-R model
KP, CP 0.378 112.97 113.10 120.15 114.06
KP, AN 0.415 119.26 119.31 124.01 119.59
KP, RP 0.362 110.64 .110.64 119.83 111.53
CP, AN 0.466 127.84 12730 128.81 126.55
CP, RP 0.346 108.53 108.27 107.87 107.71
AN, RP 0.356 110.48 110.22 112.64 109.91
KP,CP,AN  0.379,0.417 147.96 146.20 154.95  146.27
1 0.463
KP,CP,RP 0.382,0.363 133.11 126.51 . 137.25 128.55
0.343
KP,AN,RP 0.416,0.363 136.99 131.88 143.35  132.88
| 0.353
CP,AN,RP 0.463,0.345 139.29 137.49 135.81 132.40
0.356
KP,CP,AN 0.382,0.418 161.42 "151.95 160.77 149.77
RP 0.363,0.457
0.342,0.352
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Table 4. GVRD-Ozone(n=84)

Notation: Marpole(MA), Confederation Park(CP), Anmore(AN), Rocky Point Park(RP).

Likelihood for dependence parameters.

estimate negative log likelihood
subset H-R 8’s 7’s  normal H-R model
MA, CP 0.521 89.17 89.23  88.00 89.69
MA, AN 0.829 101.63 102.47 101.80 104.54
MA, RP 0.763 .99.94 100.50 100.88 102.21
CP, AN. 0.747 98.78 99.60  95.96 101.93
CP; RP 0.680 97.23 9772  93.19 98.95
AN, RP 0.284 61.55 61.73  72.02 64.66
MA,CP,AN 0.526;0.803 129.02 131.08 126.47 133.31
0.741
MA,CP,RP 0.526,0.738 125.73 129.42 123.81 130.07
0.676
MA,AN,RP 0.816,0.747 103.97 105.08 115.26 108.96
- 0.284
CP,AN,RP 0.734,0.670 101.13 101.70 107.48 105.76
0.285
MA,CP,AN 0.505,0.763 130.01 133.28 137.97 136.71
RP 0.705,0.700
0.642,0.291
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Table 5. GVRD-Station 5 (Confederation Park). (n=64)

Likelihood for dependence parameters.

estimate negative log likelihood
subset H-R o’s 7’s  normal H-R model
$0,,NO, 1.359  127.33 126.92 12549  126.77
503,03 1.033 122.83 122.88 122.10 123.01.
NQO,,03 A0.932 120.31 120.56 . 118.39 120.76

S0, NO,,0; 1.312,1.023 181.73 180.37 176.24  179.48
0.930

Table 6. GVRD-Station 7 (Anmore). (n=76)

Likelihood for dependence parameters.

estimaté negative log likelihood
subset, H-R &’s 7’s- normal H-R model
SO,,NO, 1.167 148.68 148.81 146.10 148.84
S03, 05 | 1.134 148.21 148.22 145.17 148.25
NO;,03 0.526 118.65 119.11 124.25 120.64

SO5,NO,, 05 1.132,1.112 189.37 190.11 192.69  191.96
0.526
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Table 7. GVRD-Station 9 (Rocky Point Park). (n=63)

Likelihood for dependence ﬁarameters.

estimate negative log likelihood
subset H-R 6 ’s‘ s normal H-R model
SO0,2, NO, 1.065 120.87 121.48 118.51 121.99 |
S0O,,0s 1.063 120.38 121.10 118.57 = 122.28
"NO,2,03 | 0.622 107.55 106.99 106.00 106.30

S502,NO;,05 1.019,1.050 162.60 163.61 159.92 164.04
0.625
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Chapter 4. Analysis With Missing Data

In statistical analysis, it may happen by accident or some other reason that some
of the observations are missing, cannot be collected, or in some other way are not
obtainable. In such a situation it is obvious that the routine method is not appropriate.

'Now we would like to reanalyze the data from Greater Vancouver Regional Dis-
trict with missing values among the hourly measurements. If there are missing hourly
measufernents, V\}e treat the daily or weekly maxima as right-censored.

For right censored data, let z; be either the observed value or the right censored

value, and let
1 if z; is right-censored
0 if z; is not right-censored

If f(¢;0) is a parametric family of models for the iid data and if S(¢;6) is the survival

function, then the likelihood function with right-censored data is
L=T7, f(z:,0)'7%S(t;, 0)%,

see, for example, Lawless(1980) for details.

We will use the procedure in Section 2 proposed by Joe (1990b) for fitting of a para-
metric multivariate distribution to‘independent and identically distributed p-vectors
X1,...,Xn. The first step is to fit generalized extreme value distribution to the uni-
variate margin separatly by maximum likelihood. That is, the jth univariate margin
is:

Fi(z, 75, 15, 05) = exp{—(1 + v;l(z = p3) /i) 7"},

where (z);+ = max(z,0). Assuming that the measurements are iid, the likelihood is

I [Fil@iss vis gy 05)) 00 [Fi (i)
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where F(z;7,1,0) = 1 — F(z;7,p,0) and f(z;7,p,0) = '—iﬂmﬂl, and subscript 7 has

been added for the jth component.

After fitting the univariate margins, make the transformation

yii = (14 %il(zi; — ps) /o))~

so that original random variables become exponential random variables. The y;;’s are not
treated as left censored data. Now for multivariate parameters, we take the univariate
margins to be exponential.

For bivariate data, suppose we have iid random pairs (Y31, Y12),...,(Yn1, Yn2),and

observe (Y1, le, 8115012)5- « - (Y1, Yn2, 6n1, 6,2),where

1 if Y;; is left censored,
ij =
0 if Y;; is not censored,

1=1,...,nand j = 1,2. The bivariate cdf is F(yl,y2,0) =F=1-F,—F;+F, where
T is the survival function and F, and F, are univariate margins of F.

Therefore we can get the following contribution to the likelihood of the bivariate

parameter 6:

P(Yi=y1,Ys = 2) = 5o if (81, 82) = (0,0)
) P(KSyl,Y2=yz)=%=%—%—’;§ if (6i1,6:2) = (1,0)

P(KZ?/I,Y&S?JZ):%Z%_% if (6i1,6:2) = (0,1)

P(}/l S yla}/Z S yZ) - F(ylay270) if (61'1,6{2) = (171) .

In the trivariate case, the generalization is straightforward and some details are
given below. Suppose we have iid random variables (Y11, Y12, Y13), ... (Ya1, Yoo, Yas),

and observe (Yll, Y12, Y13, 611, 612, 513), ceey (Ynl, Y52, Yaa, 6n1', On2, 6713)7 where
5 1 if Y;; is left censored,
i =

0 if Y;; is uncensored,
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i=1,...,nand j = 1,2,3. The trivariate cdf is

F(yl,yz, y2,0) =1- Fl(yl) - Fz(yl) - FB(yl) + ?—12(1/1,?/2,9)
+F13(y1, 93, 0) + F23(y2,¥3,0) — F(y1,2,92,0)
where F is survival function and F,, F3, Fs, Fia, F13, and Fo3 are the univariate and

bivariate margins of F.

~ Let Ci23 = (éi1, 6i2, 6i3), then we have

P(Y: =y1,Ys =2, Ys = ys) = —5- 55 if C123 = (0,0,0

0y108y28y2 .
P( S, Ya =Y = 1) = 5ok = S0 — 2F i Cuas = (1,0,0
P(Yi=y1,Ys <1, Ys = y3) = 5 = 2T _ 0T if Chas = (0,1,0
P(Yi =y1,Ya =y, Ys S ys) = 5o = £ O if Ciza = (0,0, 1

~ By Jdy3 Jys dys y3

P(Y1Syl,Yz=y2,Y3Sy3)=%=—%—’;j+%%f+%’;§i—% if C1a3 = (1,0,1

P(Y1=y1,Y2Syz,%3y3)=%=—%§f+%§z+%ﬁl—% if Cla3 =

)

)

(0,1,0)

(0,0,1)

PYi<y,Ys<ysYs=ys) = 2L = &0 4 8 4 3Fn _ SF 4f (0,5 = (1,1,0)
(1,0,1)

(0,1,1)

(1,1,1)

{ P(Y1 <y,Y2 <9,,Y3 §y3)=F(y1,y2,y2,0) if C23 =
Clearly, this can be genéralized to higher dimensions.

Computer implementati.on of likelihood

For models (2-7-1) to (2-7-8), the different contributions to the likelihood can easily
be obtained using a symbolic manipulation software, such as Maple (Char et al., 1988,
. 5th edition); where derivatives can be output in Fortran format.

Data analysis

Here we reanalysize the Data Set 2 of Chapter 3 with the missing hourly values and
censored weekly maxima.

The results of the multivariate extreme value analysis are summarized in Table 8—10.
The values of the maximum likelihood estimates are given in the left hand side of each

table, and the negative log likelihoods are in the right side of each table.
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A larger value of ,u‘means that the maxima for the station tend to be larger, a
larger valuel of o means more spread and a larger value of 4 means that the hourly
concentration has a heavier tail. Compared to the results of previous analysis, where
weeks with many missing Hourly measuremenlts were treated as missing at random, we
see that all parameter estimates of u,o and 4 in three tables are mostly slightly larger
(compare Tables 3 to 5 of Joe 1990b). This is not a surprising result.

~ After fitting the univariate margins, we obtain the transformed data which is left
censored. The next step is to analyze the transformed data. The models for the mul-
tivariate exponential distribution were described before. The parameter estimates for |
the censored data are quite close to the estimates in Table 3 to 5 of rJoe (1990b), but
the relative values of the estimates are different in some cases. For trivariate case, the
likelihoods for the §’s models and the 7’s models diverge whereas they are close in the
bivariate case. An explanation of the multivariate parts of Tables 8 to 10 is explained
next for one case. For example, for‘(CP, SN, AN) in Table 8, the estimates of the param-
eters in model (2-7-3) are (1.567, 1.249), and the estimates of the parameters in (2-7-4)
are (0.851, 0.507). For model (2-7-3) (respectively (2-7-4)), 1.567 (0.851) measures the
dependence of the pair of stations (CP, SN), and 1.249 (0.507),measures the dependence
of the pairs of (CP, AN) and (SN, AN). The model (2-7-3) is better in Table 10, and
the model (2-7-4) is better in Table 8 and 9.
Conclusions are the same as in Joe (1990b) which means that there is no substantial

difference with the missing values deleted.
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Table 8. GVRD-Sulphur Dioxide(n=104)

Notation: Confederation Park(CP), Second Narrows(SN),

Anmore(AN),Rocky Point Park(RP).

Likelihood for dependence parameters.

subset estimate estimate | negative log likelihood
d’s T’s 8’s T’S
CP, SN 1.560 0.843 185.581 185.664
CP, AN 1.220 0.468 205.635 205.345
CP, RP 1.462 0.729 200.587 - 200.556
SN, AN 1.292 0.535 191.869 192.223
SN, RP 1.447 | 0.720 190.815 190.669
AN, RP 1.647 0.905 195.814 197.452
Multivariate |

CP,SN,AN 1.567,1.249 0.851, 0.507 284.370 283.937

CP,SN,RP

1.550,1.456 0.823, 0.674 277.888 279.263

AN,RP,CP 1.650,1.348 0.875, 0.562 291.025 293.808

AN,RP,SN 1.675,1.395 0.868, 0.596 278.128  282.235

Estimate for univariate margin parameter

CP
SN
AN
RP

0.313 1.857 0.834
0.181 2.083 0.885
O.éﬁl 3.215 2.024
0.080 2.058 1.094
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Table 9. GVRD-Nitrogen Dioxide(n=84)

Notation: Kensington Park(KP), Confederation Park(CP),

Anmore(AN),Rocky Point Park(RP).

Likelihood for dependence parameters.

subset estimate estimate | negative log likelihood
o’s T's é’s T's
KP, CP 2.816 2.118 161.095 161.041
KP,AN  2.673 1.965  161.941  161.944
KP, RP 2.947 2.246 154.375  154.356
CP, AN 2.168 1.482 176.638 176.104
CP, RP 3.256 2.557 144.079 143.930
AN, RP 2.968 2.272 152.358 152.171
, Multivariate
KP,CP, AN 2.741, 2.259 2.061, 1'715' 219.517 215.709
RP,KP,CP 2.945, 2.718 2.364, 2.069 194.823 189.065
RP,KP,AN 2974, 2.597 2.226, 2.150 198.191 192.105
RP,CP,AN  2.961, 2.419 2.2.9, 1.934 204.392 199.517
Estimate for univariate margin parameter
KP 0.082 5.701 2.186
CP 0.179 6.093 2.442
AN 0.086 3.750 1.760
RP 0.078 5.228 1.658
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Table 10. GVRD-Ozone(n=_84)

Notation: Marpole(MA), Confederation Park(CP),
Anmore(AN),Rocky Point Park(RP).

Likelihood for dependence parameters.

subset estimate estimate negative log likelihood
6’s T’s o’s T’s
MA, CP 2.077 1.360 143.604 143.340
MA, AN 1.726 1.012 159.720 160.279
MA, RP 1.691 0.967 159.913 160.312
CP, AN 2.174 1.467 147.824 147.753
CP, RP 2.162 1.444 144.703 144.804
AN, RP 3.616 2.917 122.432 122.622 .
Multivariate

MA,CP,AN 2.061,1.835 1.322, 1.140 211.020  210.141
MA,CP,RP 1.948, 1.948 1.328, 1.073 207.476  210.365
AN,RPMA 3.606, 1.759 2.868, 0.963 189.255 = 191.630
AN,RP,CP 3586, 2131 2.852,1.439 176.798  177.085

Estimate for univariate margin parameter

MA -0.049 4.182 0.816
CP -0.019 3.054 1.384
AN 0.047 5.250 1.595

RP 0.091 5.054 1.761
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Chapter 5. Conclusion and Further Research

- This thesis has applied maximum likelihood estimation of several pafarnetric families
of multivariate extreme value distribution, including the case where some maxima are
right censored.

The Hisler-Reiss family has more flexibility, with one parameter for each bivariate
margin, than the parametric families used in Joe (1990b). However, its form is much
more complic‘ated and for diminsion p > 3, time-consuming integrations and computa-
tions of the multivariate normal cdf are needed. Also, unlike the other families, symbolic
manipulation software cannot be used to obtain the density function from the survival
.function. Th¢ maximum likelihood estimation takes 10-20 hours on a Sun SPARCsta-
tion 330 for vp =4, and is expected to take weeks for p =5 ( the programming for this
case has not been completed). If both the multivariate dependence parameters and the
univariate marginal parameters are simultaneously esﬁmated, the CPU time is much
more than the preceding (this also has not been donej. Fortunately, it seemé possible
from fhe maximum likelihood estimates of th_e bivariate likelihoods to check whether
the simpler models in Joe (1990b) fit the data adequately, if so, the bivariate parameter
estimates must follow certain patterns. If the simpler models appear not to be adequate,
then the best model, among known ones, would likely be the Hiisler-Reiss model.

Further research is needed to derive families of multivariate extreme value distri-
butions that have a dependence parameter for each bivariate Irﬁargin and that have a
simpler form than the Hiisler-Reiss model (simpler in the sense that maximum likeli-
hood estimation becomes possible for p > 5). Some positive work in this direction has-

been initiated.
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