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ABSTRACT

The complex dispersion relation which describes transverse plasma
waves propagating in a cold gyrotropic ambient plasma parallel to the back-
ground magnetic field as they interact with charged particle streams is
derived by solving the linearized collisionless Boltzmann equation
simultaneously with Maxwell's equations using the Fourier-Laplace transform
method. The wave frequency is allowed to be complex with a positive imaginary
part corresponding to a growing instability. The real and imaginary parts of
the dispersion relation yield two separate equations. Under several
assumptions, the equations can be simplified to yield an expression for the
imaginary part of the frequency (the growth rate) and an equation relating
the real wave frequency and the wave number.

The theory 1s then applied to the magnetosphere by choosing a
dipole model for the earth's magnetic field and a suitable distribution
function for the particles. The specific case of waves of the ion- resonance
mode 1interacting with mono-energetic, contra-streaming protons is considered
in detail, and the results of this calculation are used in explaining hydro-
magnetic (hm) emissions. In particular, it is suggested that the high
frequency cutoff is a result of the pitch angle distribution of the particle
stream.

Computer calculations are done in order to display the general
results of the theory. Specifically, when low energy protons (10 - 20 kev),
trapped on a field line with an L value of 5.6 are considered, it is found
that the region of instability occurs near the geomagnetic equator, and that

the growth rate is a sharply peaked function of the frequency.
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CHAPTER I

INTRODUCTION

General Discussion

Since the earth's upper atmosphere contains a significant number of
charged particles, a physical study of that region involves the concepts of
magnetohydrodynamics and plasma physics. The theory of plasma waves has been
used to explain such phenomena as atmospheric whistlers and geomagnetic
micropulsations. In such studies, the geomagnetic field is fundamental.

Atmospheric whistlers are electromagnetic waves which occur in the
frequency range 300 -~ 30,000 cps and propagate in the electron resonance
mode (fast mode) which has an upper frequency limit at the electron cyclotron
frequency -&J. They originate in lightning flashes (Helliwell and Morgan,
1959) and bounce between the northern and southern hemispheres along paths
which approximately follow the magnetic field lines (Helliwell, 1965).

An analogous left-hand circularly polarized wave exists in the ion
resonance mode (slow mode) for frequencies below the ien gyrofrequency W:i.
The dispersion relation for these two types of waves propagating parallel to
the background magnetic field Bo in a cold, ambient plasma can be written

(Astrdm, 1950)

2 ey
- Pk = £hee 0 e W

— 1-1
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for a plasma with one singly-charged, ionic component; ) is the wave
frequency, k is the wave number and ¢ 1s the speed of light. 1In this

equation, both @ and k are real quantities. 4bpeand &hgare the electron

and ion plasma frequencies respectively, and are defined by
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where Np is the electron number density of the plasma, q is the charge on an
electron or a proton and 4 is negative or positive respectively, and m,
and m; are the electron and ion masses respectively. The Gaussian system of
units 1s used throughout the thesis. In equation 1-1, the upper sign is
used for the ion resonance mode and the lower sign for the electron
resonance mode.

It is possible that waves of the ion resonance mode are directly
involved with the production of micropulsations in the pe 1 frequency range
0.2 - 5 cps. Tepley and Wentworth (1962) were the first to present the
dynamic spectra (frequency-time plots) of such micropulsatiens. Those
which showed a distinct fine structure consisting of repetitive rising tones
which often overlapped were called hydromagnetic emissions, or briefly,
hm emissions. They have also presented a theory which accounted for this
fine structure (Wentworth and Tepley, 1962).

Jacobs and Watanabe (1965) have described the history of the
research done on hm emissions and they emphasize the following points. At

0 . 3 '
hydromagnetic frequencies,. waves of the ion resonance moede tend to be i

i
§

|
guided by the magnetic field to a much greater extent than waves of the

electron resonance mode (Jacobs and Watanabe, 1964). The dispersion of 'hm
whistlers' or 'micropulsation whistlers' yields a theoretical spectrum which
agrees approximately with the observed characteristics of the structured hm
emissions. The hm whistler signaI; differ from those of atmospheric

whistlers in that the signal intensity does not constantly decrease after the

first bounce but often grows before decaying (Tepley and Wentworth, 1964).



The idea developed in this thesis is that the waves gain energy
through a cyclotron instability process involving low energy protens which
are trapped in the magnetosphere. The process is exactly analogous to the
instability found by Bell and Bu?eman (1964) for electrons interacting with
waves of the whistler mode. It is not a single particle effect (cyclotron
radiation) but a plasma instability involving the transfer of some of the
transverse kinetic energy of the particles to electromagnetic energy in the
wave (Brice, 1964;. Neufeld and Wright, 1965a).

In order to have an instability at all, an initial wave
disturbance must exist so that the wave-particle interaction can take place.
The actual source of this initial, small 'seed' wave is not known at
present. The problem has been discussed by Jacobs and Watanabe (1965) and.
Obayashi (1965). 1In the present discussion, the existence of perturbing hm

whistler waves is assumed.

Cyclotron Resonance

It is assumed that the streaming particles have an initial
transverse component of ;elocity. In order to determine whether the wave
grows or 1s damped, the velocity distribution function for the particles must
be specified. It has often been noted that growing instabilities require an
anisotropic distribution (Stix, 1962; Montgomery and Tidman, 1964;

Cornwall, 1965).

It can be seen intuitively that a 'resonance' might occur if a
particle 1s gyrating with the same sense of rotation as the wave's polariza-
tion, and if the particle sees a wave frequency equal to its own cyclotron

frequency. In a laboratory reference frame, the resonant  frequency is



different from the cyclotron frequency because of the Doppler shift .arising
from the particle's longitudinal velocity u.

For the case of protons and a left—h;hd polarized: wave, the
resonance conditions mentioned above are satisfied with a positive real
frequency W given by

w - ku= W (1-3)
In the magnetesphere, W -W); < 0 (Booker, 1962). It can then be seen that
the product ku must be negative, viz., the wave and particles must travel in
opposite directions. However, it must be noted that protons can interact
with waves of the whistler mode because of the anomalous Doppler effect
(Brice, 1964). When a particle travels faster than the wave and in the same
direction, it sees a reversal of the wave's polarization. Jacobs and

Watanabe (1965) have discussed the different possibilities leading to

cyclotron instabilities.

Thesis Outline

In Chapter II, a general linear analysis of the problem is carried
out starting from Maxwell's equations and the collisionless Beltzmann
equation. The Fourier-Laplace transform method is used, the general
procedure being similar to that outlined by Stix (1962) for longitudinal
plasma oscillations. This method was suggested.by Watanabe (1965a), and the
results of these calculations agree with those of Cornwall (1965).

Chapter III involves the application of the general results to the
magnetosphere. The proton streams are assumed to be monoenergetic. The
pitch angle distribution function is chosen to satisfy a differential

equation which is valid for particles trapped in a strong, steady, magnetic



field in a tube of flux which has a small normal cross-section (Watanabe,
1964).

In Chapter IV, the results of numerical calculations made on a
computer are presented. In order to carry out the calculations, several
assumptions are made: the earth's field is assumed to be a centered dipole
field baving a value of 0.3 Gauss on the earth's surféce at the geomagnetic
equator; the Smith medel (Smith, 1961) of the equatorial electron density,
which is valid only for distances up to four earth radii frem the earth's
surface, is assumed to hold in all regions of the magnetosphere. These
two assumptions limit the exactness of the results, A discussion of the
variation of electron density along field lines has been given by
Carpenter and Smith (1964). Watanabe (1965c) has indicated how information
about the distribution of electrons at altitudes greater than about four
earth radii may-be obtained.

The final chapter summarizes several relevant papers which deal
with hm emissions and cyclotron instabilities in the magnetosphere and

discusses the limitations of the thesis.
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CHAPTER . II

MATHEMATICAL ANALYSIS

To describe the interaction between the waves and the particle
stream, one must determine the evolution in time of the particle
distribution function. Knowing the initial conditions, the electromagnetic
fields in the plasma can then be determined. It is assumed that the
distribution function f(x,{,tl satisfies the cellisionless Boltzmann
equation, and if the plasma is cold, then the fields produced by the
particle density fluctuations (due to thermal metions) are negligible

compared to the fields of the wave and the equatien can be written

?%4. y.g_i + %[g+ %x(§+b_o)]-g—§=0 (2-1)

Lo

where t and r are the time and space coordinates respectively, v is the
particle velocity, m 1s the particle mass and E and B are the electric field
strength and the magnetic flux density, respectively, of the wave. ?/Sr
represents the spatial gradient and 9/9y the gradient in velocity space. The

Maxwell equations used are

curl E:ggi.{_é% (2-2)
curl. E = - -é,—-g—% (2-3)

where

N =7 1}4\_/ v§ (2-4)

comp

defines the current density. The summation is taken over all the components

of the plasma.



Equation 2-1 is expanded by assuming that the fields B and E are

first order quantities (B, is zeroth order) and that f can be written
f(y:{:t) = fo (X) + fi (X:_{’t) (2"'5)

where f, 1s a first-order perturbation on f,. The background field B, is
taken to be in the positive z direction. Only transverse waves are con-

sidered and the spatially varying quantities are assumed to depend only on
the coordinate z, and not on x and y. Neglecting terms of second order in

equation 2-1, the zeroth and first-order equations are found to be

g_i¢+ y.g_ip-f.wnlo(y‘b_o).g_\i?:o . (2-—6)

and

a%, a1, ) 0 —
o +\_/--9—’;- + %J(yxﬁo)-%fg + }n[_E_Jr v xib_,)]'% =0 (2-7)

Introducing  the cylindrical coordinates (u,w,$) in velocity space, the

last term in equation 2-6 can be written

= (v % B)- 25“ =~ We % (2-8)

<

where
q
W = ——.mBCj (2-9)

is the particle gyrofrequency which can be positive or negative. It is

assumed that

_____ (2-10)

so that equation 2-6 is satisfied.



Using a Fourier transform in space and a Laplace transform in
time and using two component equations obtained.from equations 2-2 and
2-3, the transformed equation 2-7 can be solved for f,(v,k,w) (Appendix I).
In this way, equation 2-7 is handled as an initial value problem, where
the particle distribution function at time t = 0 must be specified. This
method was first used by Landau (1946) in discussing the longitudinal vibrations
of an electronic plasma. If the initial distribution can be written

5,(v,k,0) = f ‘:iwemb (2-11)
M= - o

then f,(v,k,w) is given by

f(y kW) = w- %u+wc{9:mc[('§ )_37'“"’39‘)&4[5*(“"“-&57(“’@
4 2lbuo. b - iB,(o.%)]}
b {; (¢ -w2k s %}[B,(w.%ﬁiby(w.*ﬂ

T W -ku-Wwe
- %ﬁ%%[wo.k) . iBy(o,Ve)]}

(wn)

2 ez'mé
+7nak (2-12)

’W\:-w

Using equation 2-4, simple algebra gives

CoLr tid o Tid (2-13)
WEL, —Zﬁ) &jdze w§ —CZP“-SA!G wiy
o P om
since f,(v) is constant with respect to $. Using equation 2-12, and the

other two component Maxwell equations after transformation (Appendix I), it

can be shown (Appendix II) that
By w, %) £ (B (w, k)=
LB (0, ) T iBy(ok)] 7 ck[Ex(o.b) £ LEy(o, k)% D
w* - ¢k +5 ywa* i L(w- qu)w_a_fe + Lk 28
m

towmp w -kw 7 W

(2-14)




where

£,
q* tw $o
T e (R =

comp
(2-15)
& W f(:d)
= qc¢ 3
D= Femach oy ey

+The upper and lower signs correspond to left and right pelarized waves
respectively (Appendix IV).

In principle, B(t,z) can now be found by applying the inverse
transformations to equation 2-14. This means that the response of the
plasma system to an initial perturbation of particle distributiens by a
particle beam can be found. It is this result that justifies the use of
the transform method, but in order to make the problem feasible mathematically,
it is not solved in general. In the Laplace transformation,.the parameter
is allowed to be complex, with the restriction that its imaginary part be
positive. Later, W is identified as the wave frequency. The inverse
transformation must be carried out along a path which lies in the upper
half W -plane above the singularities of B(W,k). But physically,
negative imaginary parts for (J should be allowed. The procedure followed
in overcoming this difficulty involves the analytic continuation of a
singular integral and has been discussed by Stix (1962). Using the
Cauchy Principal Value (P), it is found (Appendix V) that the dispersion

relation is given by

W - AR uT W & o\_w{PJdu—w—wé(—fi)— - T‘m[w(}(ﬁo)]u,v} =0 (2-16)

comp -RUF We

where
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and
V = W 3 We
%
Equation 2-16 is valid for both positive and negative imaginary parts of W.

The presence of the singularity in the inverse transformation results in the

last term in equation 2-16 being evaluated under the condition

This is how the cyclotron resonance condition enters the problem
mathematically.
Equation 2-16 can be simplified by specifying the cold, back-

ground part of f, as fg by writing

fo=fo+ i (2-18)
with
Np &(w)
= 1% S 8 (2-19)

where N is the number density of the background plasma and ® represents
the Dirac delta function. The distribution function fg is normalized to'Np
and fg represents the streaming particle distribution functien. The 25/ou
term in the principal value integral vanishes under the .integral over w.

The 95s/0W term can be simplified using integration by parts so that

0 +
WG (5 —-— w-kwde __ N 2-20
fiw Pfo\ua—:{]ﬁ—?ﬁc' wﬁﬂpduw-kuzwc_ W ¥ W ( )
o -0

and since B}(fsﬂuﬂ/= 0, equation 2-16 becomes

3.96' Zo_d_ﬂ_. + 4vai$¢)w deu VG‘(E' wc

‘51,\? CO‘MP

RES N Zj} (awlvosd, . = © (2-21)
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2 %
where £1P==HWN91/Wn¢ is the electron plasma frequency of the background
plasma and is taken as the total plasma frequency since Ng is assumed to be

much smaller than N, . IfW is written
W= We +iW; (2-22)
it is also assumed that
|us| « (Or (2-23)

This condition means that the instability grows or decays very.little during
a time interval corresponding to the period of the wave. Assuming that Ng

and Wy are first order quantities compared to Ny and (W, , equation 2-21
can be simplified (Appendix V) and setting the real and imaginary components

separately equal to zero gives

h- R Diwe g (2-24)
® Lohpwk:wc’
and
*“jTUk ﬁfj
We= k] ‘ZL'"‘ AW&WSG’)]“VR (2-25)
Q,)w = tﬂg (A)c
R towmp (wﬂ_": wf.)
where
— Wg + e
VR - Y

Equation 2-24 is the real dispersion equation which relates (Wg and k, and

equation 2-25 is the expression for the growth rate of the instability.
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CHAPTER III

APPLICATION OF THE GENERAL RESULTS

TO THE MAGNETOSPHERE

Discussion

The results of the previous chapter have been derived for the case
of plane waves infinite in extent propagating parallel to a homogeneous
background magnetic field which extends over all space. In applying these
results to the magnetosphere, it is assumed that the region of interaction
is small enough that the geomagnetic field can be considered homogeneous
there, but large enough that the hm waves are well approximated by plane
waves. This problem has been mentioned by  Hruska (1966).

In order to calculate Wy using equation 2-25, an explicit
expression for fg must be determined in a meaningful way. Although much
has been learned experimentally about particles contained in the van Allen
belts, almost nothing 1s known about the distribution of low energy protons
at higher altitudes. Davis and Williamson (1962) have reported data
obtained from the satellite 'Explorer 12' and Cornwall (1965) suggested
these protons might be important in cyclotron emissions as well as
constituting a ring current. Most of the results concerned protons in the
energy range 50 kev - 5 mev. Hoffman and Bracken (1965) have given a more
complete report of the same data. Some of these results will be quoted
later.

Two distribution functions are now considered. The shifted,
anisotropic Maxwellian distribution is used as an example since it has been
used several times before (Sudan, 1963; Guthart, 1964; Hultqvist, 1965;

Hruska, 1966). The second distribution chosen is discussed in detail below.



w\_
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The Shifted, Anisotropic, Maxwellian Distribution

This type of distribution represents a particle stream whose
spread of random thermal velocities perpendicular to the background field
is different than the spread parallel to it, and there is an organized,
uniform velocity parallel to the field. In this case, the distributien

function is written

2 L o2 %
o B Bl Blu-u)T B 3-1
&5"'\]3?2‘ ™ e e ( )
where
@ﬁ'=_._ﬁﬂ___
W D:KBT" (3;2)
A _Mm
6;‘ LK T,
fg has been normalized to Ng . In this case,

G(s) = {il *‘“]hw 4Ry ALNCS M}} (3-3)

Setting u = Vg, and integrating over w and ¢,

% 2 _
gw olwd{w@(&-s)luw: - 1_;%@-@«\ (Vg-Uo) {@f(l_o%ov_:) ; %3.; gg‘(vk_},‘)] (3-4)

and so equation 2-25 gives

* e A §“(V ‘u) %V = Vg-Uo) -5
W.= q-“‘-gl\w covng':\ “(-5‘0' ) ‘? (1 R ¥ 3“( & } (3-8)
T 23-*&1 u)c
1wa+ —__L___I

comp (wg s (A)c.)
and

A, b

Syl
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If only one type of particle is streaming, then the summation can be

removed and the condition for positive {Jr is

Ly W 3_6
Tl\ > wx:wc_ -‘kuo ( )

This result is known (Stix, 1962).

A Monoenergetic Pitch Angle Distribution

Using a theoretical approach, Watanabe (1964) has obtained a
differential equation which governs the distribution function of particles
trapped in a 'strong' magnetic field, viz., one for which the scale of
spatial variations 1s much larger than the gyroradius of the particle. If

the field is steady in.time,

3% 25 4. L1485 _ o (3-7)
g‘t + Ve OS“}‘al +1VSW\\P‘B*_1-3—' =

where ¥ is the local pitch angle of a particle, 1 is distance measured along
a field line, and B is the local magnetic field strength. This equation is
valid only 1n the one-dimensional case, when the particles are confined to
a tube of flux for which the linear dimensions of any normal cross-section
are much smaller than the scale length of the trapping region. A particular

solution 1s given by
A
senTY
= (= 3-
{=e(*2Y) (3-8)

where o« is an arbitrary constant and & is constant with respect to 1,V ,
and t and contains the normalization factor. In a 'streng' field, with no
perturbing wave, sin2W /B is a constant of the motion since it 1s
proportional to the magnetic moment of a particle, the first adiabatic

invariant (Chandrasekhar, 1960; Alfven and Falthammar, 1963). The result
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that fg depends on the adiabatic invariant is to-be expected (Cornwall,
1965). The discussien in the remainder of the thesis concerns only mono-
energetic protons. The assumption that the particles are monoenergetic is
not too restrictive and helps to simplify the mathematics. Monoenergetic
electrons have been considered previously (Wentworth and Tepley, 1962).

In the numerical calculations which are done later, the particle energy is

varied as a parameter. The distribution function is written
3
IS:S: AS(V—Vo) SLE/& (3_.9)

where ¥ is the 'pitch angle distribution parameter'. It is assumed that
the number density of the streaming particles is known at some point in
the magnetosphere, that is for some value of the main field B*, for
instance at the equator. The constant 'A' is determined by normalizing
fg to N* at this point, and it is necessary that ¥ > -2 so that the
integral does not diverge. In this case,

A= Ne B’*i PEY (3-10)
AT Ve (&)

where p = ¥ + 1 and [ represents the gamma function. The integral over
the pitch angle ¥ , is taken from O to W because the particles are supposed
to stream in the positive and the negative z directions, although for a
given wave at any point, only one-half the particles can participate in the
cyclotron interaction.

Using equations 2-25 and 3-9, Wr is calculated (Appendix VI) and

is found to be non-zero only when \VR\< Vo . In this case,

% €L 3,_ Va‘ Y/;, (e
T (oioz;p% “b,:’\/a . v ; [x(i Y-

+ A8 We
We + ————
LWk cg;AﬁJR¥-a%\m

Wy = (8-15)
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The following important qualitative results can be obtained from this ,
expression.
1. The growth rate is directly proportional to the density of
streaming particles since A™~Ng.

2. The only factor which can be negative is
Y _q) -
¥(EH - -2

a) The '-2' term represents a constant damg}ng factor
which originates in the expression —2‘f dw wfg

b) The quantity Ewg/wg - 1 is positive *for both the
electron-whistler interaction and the proton-hm whistler
interaction., Therefore, for wave growth in either case,

¥ must be at least positive. In fact, ¥ must satisfy

&
+We _
_Z)-g 1

¥ > (3-16)

If W), is taken as the equatorial value, then this
condition allows wave growth at any point on that field
line provided V? > V% .

c) Suppose a particle stream trapped in the magnetosphere
can be described by a specific value of ¥ . It follows
that there is an upper frequency limit for waves that will

be amplified. This maximum frequency &y, is given by

W, = bk (3-17)

Any waves with frequencies higher than this will be
damped, and using the value of W, at the equatorial

plane will indicate approximately the maximum frequency
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of any amplified waves. If the mechanism for wave
amplification suggested here 1s correct, then the
existence of a maximum frequency gives a method of
determining ¥ , provided the guiding magnetic field
line can be determined. This problem is discussed
qualitatively later.

3. At a given point in space and for a given particle energy, as
waves of lower frequencies are considered, Vi-? vt , and the
waves are not amplified. This fact may be used to explain the
observed minimum frequency of hm emissions.

4. Tor a given particle energy and wave frequency, Vg .can vary
only if 65, varies. V: approaches v% as W, gets larger and
this occurs as the region under consideration moves down the
field line away from the equatorial region. Past a certain
point, V% will always be greater than vg and instability can
no longer take place so intuitively it seems that the unstable
region tends to be situated near the equatorial plane. The
numerical calculations show that this interpretation 1s valad.

The existence of maximum and minimum frequencies as discussed
above can be thought of as roughly defining a band width for the emissions

The suggestion that the instability tends to occur 1in the
equatorial region is due to Watanabe (1965b) and has been mentioned by
Jacobs and Watanabe (1965). The same idea has been put forth by Tepley
and Wentworth (1964) for different reasons. They suggest that streaming

r

protons 1n the magnetosphere can sometimes be superluminous with respect
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to hm waves and that since the particles move faster near the equatorial
plane, it is in these regions that the proton cyclotron radiation is
subject to the anomalous Doppler shift and is likely to be most intense.
They suggest that on each pass through the equatorial region, the same
process occurs. In order that the wave be reinforced each time, they
suggest that the bounce periods of the wave packet and particles be
approximately equal so that the particles pass through the wave packet

at the equator each time. It is not obvious that by the time the particles
return to the equatorial plane, they will still be in phase with the wave
which they initially generated. Tepley and Wentworth also had to assume
that the particle stream was coherent to begin with in order to obtain a
significant amount of radiation in the first emission. Obayashi (1965)
has discussed this point. Besides this, there is no 'a priori' reason
for the two travel time periods to be the same. But the most important
fault in the theory is the suggestion that such a superluminous particle
stream can interact in a collective manner with the hm waves. Since the
particles see anomalously Doppler shifted waves, the sense of the waves'
polarization is opposite to that of the gyration of the particles (Brice,
1964) and cyelotron resonance cannot occur. Other different attempts have
been made to determine likely regions of wave growth in the magnetosphere
and several of these are discussed in Chapter V.

It was suggested above that ¥ must exceed a minimum value
before wave growth can occur. The energy which 1s gained by the wave in
the amplification process comes from particle kinetic energy. It is
possible that although some energy is transferred from the particles, it
is not enough to balance the constant damping which is present and the

wave decays. It is seen then, that the transverse component of velocity



of the particles cannot be arbitrarily small (Neufeld and Wright, 1965b);

Obayashi, 1965).

-~

Since the pitch angle distribution is given by sin® ¢ , when ¥
is positive, more particles have large pitch angles than small (fig. 1).
Increasing ¥ from zero effectively increases the average transverse
kinetic energy of the particles while decreasing the average longitudinal
kinetic energy. When the particles lose transverse energy to the wave in
a growing instability, there is a general reduction of pitch angles and
some particles may be lost because they have pitch angles which are inside

the 'loss-cone' (Cornwall, 1965; Brice, 1964).
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Fig. 1 Family of curves of sin®*W¥ . Values of
the parameter ¥ are written beside
the corresponding curve in the diagram.
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CHAPTER IV

NUMERICAL CALCULATIONS

Normalization of the Equations

It is assumed that only protons are contained in the particle
stream. The background plasma contains therefore, more electrons than
protons by a small amount in order to preserve overall charge neutrality.
Since fg is non-zero only for protons, the summation over components 1in
the numerator of the expression for the growth rate of the instability is
not required.

It is often convenient to write the important equations obtained
in a study in normalized form involving dimensionless variables so that
the general results can be seen without employing numerical values which
are valid for a specific caselsnly.

In equation 3-15, the term 2 &) in the denominator originates
in the displacement current term in Maxwell's equations and at hm
frequencies it can be neglected (Jacobs and Watanabe, 1965). Eliminating
this term allows the equation to be put into dimensionless form with the

help of the following relationships.

\ (A)I Ns ! wk

= — - — w = e

(A)I (A)\. KP N‘> R wl

= Vo _ _m
Us = Vi Wei = W: Wee=-We M™M= —'E (4-1)
% %
£, =S5 Wee Wt k=S, Wk

VA VA

where
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It is then convenient to write

Ve | Or/wezi _ W'EA
U= Vi % /00, X' (4-3)
by defining
Vot
k Wi (4-4)

If the 2 term in equation 3-15 is neglected, then by dividing both sides

of the equation by W¢ , it is found that

L) o W@l )
“x_ o ivak!’ CQWats) He‘ v b( -y 1]
W

T = (4-5)
Iv\
(W= ) N (w' * M)

.
(9

In a similar manner, the real dispersion relation (equation
2
2-24) can be put into normal form by neglecting the &k term for the same
reasons as above, and then it is written

P8 \
‘k\ - w - M w' (4-—6)
- w IM+w

Parameter Values

The first requirement of any theory of hm emissions is that the
emitted frequency be in the Pc 1 range from 0.2 to 5 cps. If a proton's
velocity and pitch angle are known, then the resonant frequency for that

particle can be determined from the resonance condition

wWe + klul = W (4-7)

If the distribution function for the particles is anisotropic such that
there are more particles with parallel components of velocity slightly
less than |u|l than there are particles with components slightly greater,

then energy will be transferred to the wave. Transverse Landau damping
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of the wave occurs 1f the particle distribution is isotropic (Scarf,
1962; Stix, 1962). If (. is specified, and the emission is to be of a
certain frequency, then the value for \u| can be calculated from
equation 4-7, and a lower bound for the energies of the particles
involved can be calculated.

In order to specify W , the earth's main magnetic field is
assumed to be a centered dipole field with a value B} = 0-3 on the
surface of the earth at the geomagnetic equator. If A\ is the
geomagnetic latitude and L is the McIlwain coordinate (McIlwain, 1961) in
this case applied to a dipole field, then the total field strength at a

point with coordinates (L,A) is given by

| ¢ 2% ‘/a,
p,- & Crdee) (&)

L represents the distance, measured in units of earth radii, that a given
field line in the equatorial plane lies from the centre of the earth.

For a dipole field
_ 1
L= o (4-9)

where ), is the geomagnetic latitude at the point where the relevant line
of force intersects the earth's surface. It is recognized that a dipole
representation of the earth's main field is not perfect because of the
compression on the daytime side but it is a good approximation and very
easy to describe mathematically.

Under the dipele model, W; is inversely proportional to 13, At
very low frequencies, the wave's phase velocity 1s very nearly the Alfven
velocity V, , and using equation 4-7, the frequency of emission can be

approximated by
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(/K

= Toam

(4-10)

' Using the density model of Smith (1961), the local electron number density

is linearly proportional to the gyrofrequency, or

NPNB"‘ = (4-11)

1

L3

It is assumed that this model holds not only in the equatorial plane
below L = 5, but that it is valid along field lines away from the
equatorial plane and at altitudes which correspond to L values greater

than about S (Brice, 1964; Carpenter and Smith, 1964). Using equation

4-10, it can be seen that

1
13 (14wl 25)

Wr (4-12)

and it can be seen that for a given emitted frequency, the position in the
magnetosphere at which the interaction takes place strongly determines the
energy range of the particles involved.
Cornwall (1965) has suggested that since the data from the
Explorer 12 satellite, first reported by Davis and Williamson, (1963). and
later in more detail by Hoffman and Bracken (1965), indicate a laége flux
of protons with energies of the order of hundreds of kev at L®3.5, these
protons may be very important in emission processes. The energy range is
the right order for resonance in the Pc 1 range in a dipole field.
Cornwall (1965) also mentions that 10 - 20 kev protons at
L= 5.6 have been suggested as the energy source for the emissions.
Hoffman and Bracken (1965) have reported the presence of protons in the

region of the magnetosphere between these two extremes, with the flux of

low energy particles increasing with increasing altitude. If these
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energies are in the correct range, then resonance could occur on any
line of force having an L value between about 3.5 and 5.6. Obayashi (1965)
indicates that all hm emissions should occur in the region between
L =4,0and L =5.6. However, out of nine examples, Watanabe (1965¢) found
no L values for the guiding line of force below 4.98 for a dipole field.
For the distorted dipole field which he used, this value becomes 4.75.

Taking into account the outline of hm emissions given in
Chapter I, the repetition of rising tones separated by a constant time
interval is interpreted as an hm wave packet bouncing between ionospheric
reflections in the northern and southern hemispheres, being guided by the
geomagnetic field lines. It is suggested that the wave is strengthened
by the cyclotron interaction with the proton stream each time it traverses
the field line. The bounce period of hm waves has been calculated
theoretically by Jacobs and Watanabe (1965) as a function of the frequency
and the L value, and it involves calculating an integral numerically.
Using their table, the bounce periods for a wave with a frequency of 1.3 cps
for L = 5.6 and L = 3.5 are found to be approximately 280 sec. and 60 sec.
respectively. Tepley and Wentworth (1964) mention that the repetition
period of the rising tones in hm emissions can vary from one to five
minutes so that these values are not outstanding. This result is
physically reasonable since the dispersion relation indicates that the
phase velocities of 1on resonance mode waves tend toward zero as (Jg
approaches ., and so, for a given frequency range, the wave goes slower
at higher altitudes since the cyclotron frequency decreases. At the same
time, the path which the wave follows is longer at higher altitudes.

Such differences of repetition period between different emissions

1s noticeable even by making very rough measurements on different
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dynamic spectra. In the example presented by Cornwall (1965), the

period measured over the interval between 7 min. and 14 min. is
approximately 84 sec. with a mean deviation of about 10 sec. In the
sonogram given by Jacobs and Watanabe (1965), the period measured between
13% hr. and 14 hr. 1s never less than 130 sec. The difference between
these two spectra is measureable. This type of measurement has been

made by Watanabe (1965c).

The frequencies of the emission in the example above in which
the bounce period is 130 sec. are low, around 0.3 cps. If this event is
to have occurred on the line of force given by L = 3.5, then at the
least, the protons would have had to have energies of about 30 mev. At
this energy, the protons are relativistic and such particles are not
mentioned in Cornwall's presentation (Cornwall, 1965).

Besides the particle energy, the streaming particle density
and the pitch angle parameter must be chosen. Hoffman and Bracken (1965)
.fitted their data to a pitch angle distribution and found that the best
fit was made when they considered two ranges of pitch angles separately,
0°to 30° and 30° to 90°. The parameter values which gave a good fit
ranged from 1 to 4 over the region L = 2 to L = 7. Each calculation here
is done for ¥ = 2. The ratio Ns/Np is taken to'be 1 at the equator so
that relative sizes can be seen from the results, but the calculated growth
rates are too large. Jacobs and Watanabe (1965) assumed the ratio to be
10=%. The correct ratio probably varies from case to case. One limiting
factor in the choice of Ny is that the growth rate must. be very much
smaller than the real frequency.

It was mentioned above that Watanabe (1965c). found no emissions

taking place on a line of force with an L value less than 4.98 in nine
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examples considered. Cornwall (1965) suggests that the emissions would
not take place at lower altitudes if the ratio Ns/N? is too small and
this might occur because the background plasma density is large.

All the calculations have been done using an L value of 5.6.
For each Wy, the quantity v% - V: is calculated and if v¥ ¢ V: , W
is set equal to zero. The wave frequencies have been varied from
(v, (eq)/20 to 19 W;(eq)/20 and at each frequency, the growth rate is
calculated for twenty-nine values of the geomagnetic latitude from 0° to
29° in half-degree steps.

The Smith model of electron density (Smith, 1961) can be written

Np = 12,000 “ee y-3 (4-13)

AT

This model has been used by Brice (1964) in the form

Lpe = (2% 1,000 wﬁ: (4-14)

In the calculations, equation 4-13 is written

Np= 275,530 B, cm™ (4-15)

and using this value for the gensity, the Alfven velocity can be calculated
for the magnetosphere. Values corresponding to particle energies in the
range approximately 10 - 20 kev can then be assigned to U;. For L = 5.6,
the value of V, at the equatorial plane 1s 4.95 x 107 cm-sec! A proton
energy of 10 kev corresponds to a velocity of 1.38 x 108 cm-sec'so in this
case, Us(eq) = 2.79. Since the velocity increases as the square root of
the energy, for 20 kev, Us(eq) =\Y§1(2.79)= 3.95. In the programme, v,

is given the following seven values; 2.8Vp(eq), 3.0Vy(eq), ... , 4.0V, (eq).
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It should be noted that equation 4-13 describes Ng empirically and is an
average value. Since Ne can vary by as much as a factor of 2 at different
times, the calculated results are not exact and differences exist
between one specific example of hm emissions and another. The results
will serve as an indication of general effects which result from the
mechanism which has been considered.

The calculations have been done at the University of British
Columbia Computing Centre on an I.B.M. 7040 computer using Fortran IV

language.
Results

The largest growth rate at any point was found to occur at the
equatorial plane (X = 0) at a frequency of 0.65 cps. Figure 2-a indicates
how the growth rate varies with frequency and particle energy at the
equatorial plane. The lower cutoff is very sharp and the peak, itself
is narrow. Figures 2-b and 2-c show the same type of plot for A = 10°
and A = 20° respectively. It can be seen that as A increases, the

frequency band of amplification moves toward higher frequencies for a

given v, . This is to be expected and results from the requirement that

2.
vy ler- W)

%2.
which means that as (i increases with A, Wk must increase in order to
&
restrict the size of Vg.
This effect can be seen in another way by observing how Gz
changes with A for several frequencies. It is found that the growth

rate is practically zero for all frequencies less than or equal to
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0.2 W: (eq). Rémembering that the largest growth rate occurs near
Wr = 0.25 W: (eq), figure 3-a gives the results for Wer = 0.3 W; (eq).
At the higher energies, it is noticeable that the growth rate maximum
occurs near A & 10> In figures 3-b and 3-c, this effect is much more
noticeable and as the wave frequency is increased still further (figures
3-d and 3-e), the wave is damped slightly near the equator and amplified
in the region around 25° geomagnetic latitude. This damping effect occurs
near the equator because at that point on the field line, the ratio W./tu
is smallest and if ¥ does not happen to be large enough, the expression
¥(We/tog - 1) : 2 can easily be negative.

For energies in the range 10 - 20 kev, the sharp low frequency
cutoff occurs at 0.2 W;(eq) and it is important to note that the maximum
proton energy determines this cutoff point. The proton energy also is

very important in determining the size of the growth rate.
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CHAPTER V
SUMMARY

Discussion

It is important to remember that the analysis is valid only to
first order. The growth of waves can be indicated but soon after it begins,
the linear theory becomes invalid and nothing further can be said about
the behaviour of the system. It might happen that when the particles have
lost a sufficient amount of their energy, many are dumped into the
ionosphere so that the wave growth becomes negligible compared to 1its
attenuation. In this case, the thermal background plasma may be an
important damping agent, but it was assumed to have zero temperature in
the above analysis. Kennel and Petschek (1966) have considered the
stability of trapped particles in detail and Cornwall (1966) and Watanabe
(1966) have discussed some non-linear aspects of the problem. It is
conceivable that Ng might sometimes be large enough that the ratio Ns/N,
is of the order of unity and this would invalidate the linear theory.

It is also known that the earth's field 1s not accurately
represented by a dipole but this representation makes the analysis much
simpler and general results can still be obtained.

Considering only monoenergetic particle streams is an over-
simplification, although the variation of W, with energy has been
calculated numerically. Hoffman and Bracken (1965) indicate that a
doubly sloped exponential energy spectrum describeswell the distribution
of proton fluxes which they observed. If their detailed observations were
taken at lower energies, then the introduction of an energy distribution
of the form e E/Eo  where E, is empirically determined would make the

results more quantitative.
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In order to determine more exactly the actual growth of a
wave of some fixed frequency, the wave amplitude must be integrated over
the region in which (g is non-zero. Jacobs and Watanabe (1965) have
used Sturrock's analysis of growing waves (Sturrock, 1961) and shown
that the mechanism which has been considered here gives rise to a
non-convective instability (the point where the instability occurs
initially remains fixed in space, although the disturbance can spread out
around it) and they have discussed briefly the problem of how such a
disturbance might come to be observed on the earth's surface.

In Chapter III, the theory presented by Tepley and: Wentworth
(1964) has been discussed and references to the papers by Cornwall (1965)
and Obayashi (1965) have been made in several places.

Gendrin (1965) and Hruska (1966) have considered the problem of
cyclotron emissions in the magnetosphere. Both authors finally consider
only the (L, e) and (R, p) interactions where 'R' and 'L' refer to left and
right-hand polarized waves and 'e' and 'p' refer to electrons and protons
respectively.

Gendrin comments briefly on instabilities which arise when the
transverse velocity components of the particles are important but
suggests implicitly that this would never occur except near the mirror points.
This assumption does not seem reasonable. He suggests that hm emissions
occur when super-luminal protons interact with R waves and describes the
process of repeated emissions as Tepley and Wentworth (1964) do. This idea
has been criticized above.

Hruska (1966) considers a plasma instability by considering the

net transfer of energy between waves and particles. He chooses a shifted
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Maxwellian distribution for the streaming particles but gives no reason
for this choice. Since he takes the temperature distribution to be
1sotropic, the contra-streaming (L,p) and (R,e) interactions do not
give rise to a growing instability and he does not discuss them any

further.

Conclusions

It is suggested that hm emissions result from hm wave packets
propagating along the earth's magnetic field lines guided between
ionospheric reflections in the northern and southern hemispheres. The
ion resonance mode of wave is considered because it is guided by the
earth's field at hydromagnetic frequencies much more than the electron
resonance mode of wave and because the dispersion characteristics of the
ion resonance mode are the same as the observed spectra of structured hm
emissions.

Since the signals sometimes increase in intensity in time before
dying out, 1t is suggested that the wave packets gain energy via a
cyclotron instability process as they interact with low-energy protons
which are trapped in the magnetosphere. An expression for the growth of
the waves was developed starting from Maxwell's equations and the
collisionless Boltzmann equation. Choosing a pitch-angle distribution
function containing the factor sinxw/Bwa results in an upper cutoff
frequency of W,/(1 + 2/¥) at any given point. It is not knewn whether this
effect is more important than the damping which results from the thermal
background plasma.

Computer calculations (for ¥ = 2) indicate three important

features of the theory. First, the growth rate 1s a sharply peaked
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function of the frequency. Second, changes in the proton energy greatly
influence the magnitude of the growth rate as well as the frequency of
the steep lower cutoff. This suggestion was also made by Obayashi (1965).
Finally, the largest growth rates for the instability are found t6 occur
near the equatorial plane, although at some frequencies, there are two
regions of largest growth, each slightly removed from the equator by ten
or twenty degrees.

The observed latitude dependence of hm emissions may be explained
by the fact that none of the L waves in the hm packet can have a frequency
above the ion cyclotron frequency at the geomagnetic equator and that it
decreases as the latitude of the point where the line of force intersects
the earth's surface increases. Another important consideration is the
effect of the ionosphere on the wave as it travels from the lower regions
of the magnetosphere to the observation point on the earth's surface.
Ionospheric wave guiding may restrict the wave packet frequencies because
of a latitude variation of the duct characteristics.

If measurements on wave propagation above the ionesphere could
be made to determine polarizations and if detailed records of low-energy
proton fluxes (1 - 100 kev) could be obtained, many uncertainties in the

theories of hm emissions would be eliminated.
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APPENDIX I

Transformation of Equations and Solution for f, (v,k,w).

Let G(t,z) represent any of the quantities which are to be
transformed. If G(t,z) is well-behaved, then the Fourier-Laplace transform

of G exists and is defined by

Glw, k) = fo\tjo\% GG, v otk w*) (A1-1)

° -~

For the Fourier transform to exist it is sufficient that G(t,z) be of

bounded variation and absolutely integrable, i.e.,

+ 00

gla(t,ﬂ\ AT ¢ (A1-2)

and it is implied that G(t,z)—>0 as z—=tco. In order to assure existence
of the Laplace transform, it is convenient to assume (Stix, 1962;
Sokolnikoff and Redheffer, 1958) that for some choice of the constants M

and M,
G(t, k) & e"t (A1-3)
t M

and Im@>M.
Applying the transformations defined above to the following

component Maxwell equations

e It (AL-4)
'Z‘S%x _ ‘ic‘_' by + _é: @%v (A1-5)
%v = %5‘%‘ (A1-6)
%_? - _ % %%v (A1-7)
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and using integration by parts and the conditions outlined above, it 1s

found that
-k By(w k)= 2T ) (w, k) - —IcwEx(w k) + Ex(o, 9?)} (A1-8)
ke Bolw, k) = 4Ty, (w, k) = 2ewEy(w, k) +E (0, k)] (A1-9)
kEy(w k)= = L[ewBw, %) + By (o, %) (AL-10)

(RE, (w, k)= %{[U)By(&),g?) + By (o,k)]

(A1-11)

The first-order Boltzmann equation which was derived in Chapter II

(equation 2-7) can be written

2% . . of, 25 |, a _1 ga_io
—9_t|+ua% (.L),649 ,’-—“(Ex CUE)y)

+*(Ey ‘*6)

+,Y—;\“-LE (vxBy - vy Bx) g—i =0 (A1-12)

Applying the combined transformation defined by equation Al-1 to this
equation and eliminating E (w,k) and Eyﬁp,k) from the resulting equation

using equations Al-10 and Al-11, it 1s found that
_Q)C%'Sl(!)»{)w) -ilw-*k ‘A)&;(‘_{,k, W) - Si(\-/)gz) 0)

+2[(¢-w by(\w,%) - Q By (o, k)57 355—

mel(g- W Bk - ¢ Bato k)] 22

——[\MS (00, k) - vy By (w, k) 3§° = O (A1-13)

is the differential equation governing the transformed distribution function

f,(y,k,W).
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It is now convenient to transform coordinates from (v,

vy) to
(w,$) using the following relations
?.i" = §§°_3_".’ + E&"Q_Q
V% W % | 9% 2% (Al-14)
25, ’35 DW 25, o9
2% _ 228 2L -15
% aw Yy T2 2, (A1-15)

and it was assumed above that ?f, /54 vanishes. Since w? = vZ + vg, it is
easy to show that

X -
oW Vx _ e "+ e
e w S cese =T (A1-16)
. b
\ et®_ "
_'g_\\'/iy = -\3 =siné = _—5.-"—. (A1-17)

By writing f,(V,k,0) as a Fourier series in ¢,

+0
M) (mdb
f, (e, k,0)=2 5 e (A1-18)
M= -00
equation Al-13 can finally be written

% 2 5y kw) + (- RU J)QM.‘\'(\/ kb w) =

{9

+';%, Cwi(g_u) °+w3§] °¢Y@x(w )~¢[5 (w, Pe)}

?Lfvv\c;cu\--(w‘M)9§° gfo] -£¢[%x(w,(¥)+¢5y(w,92)}

q c‘b
25 A B B0 R - Byo k)
q 1 2%
—%’W\ch k >W Q &6 (O Qﬁ)“‘L&\/(O %)]
0“) cmé
wcm:_ff

(A1-19)
This equation is linear, non-homogeneous, first-order with constant

coefficients and can be solved using standard methods. Coddington (1961)
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uses the notation
y! 4+ ay = b(x) (A1-20)

where a is a constant and b is a continuous function on an interval I. All
solutions must have the form

X
-axX

w=§()() = G—AXfe.at b(t)dt + ce (A1-21)

Xo
where x, is in I and ¢ is any constant. Note that if the anti-derivative of
the integrand is evaluated at x., then this 'constant' can be grouped with

'c' in multiplying € ®* and the integral evaluated at the upper limit of

11!

x' is jJust the indefinite integral. The new constant 1s then chosen to be

zero, and the result 1s the same. In this way, the term involving the indefinite
integral represents the particular solution of the inhomogeneous equation

and the term containing the redefined constant is the general solution of

the homogeneous equation. The redefined constant is chosen to be zero

because f;(v,z,t) must be zero when the wave and particle stream perturbations
are removed, so the solution to the homogeneous equation must be dropped

from the general solution of the inhomogeneous equation. The resulting

solution for f,(y, k,W) 1s given by

v kw) = —&L_AJ{Q,MO[(& —u>3 e +w—9]{6 (w, k) -LBy<w1%)1
_ifv%&%{ 25"[‘5 (0, k) - ¢y (o, 9?)1} (A1-22)

LAY TN T | XL LAY
L

%E US (o,R) +1i By(o,%)l
_S_(’W\)
+Z w- ‘ku-!-'W\(l)e.

m=-m

e£~n¢
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APPENDIX II

Determination of the Transformed Magnetic Fields

Applying the Fourier-Laplace transform defined in Appendix I to

equation 2-13 gives

R0, R) 2 Uy (w,R)= 2] &Jo\! S TACH D) (A2-1)

CO‘N\P

and using the expression for f;(y, k,Ww) found in the first appendix, equation
A2-1 gives the current density (transformed) in terms of the transformed
magnetic fields. An expression for the current density can also be found
from the transformed Maxwell equations. By eliminating E,(w,k) and Ey(w,k)

from the four transformed equations in appendix I, it is found that

. 2 .

(- R) B (W, k) = -umck (W, k) - wB, (0, k) +ck E,Co.k)  (A2-2)
and

i(w® - o) B,(w,%)= '-nrc.ga}x(w,ﬂe) - By (o, k) -ckEL(0,k) (A2-3)

and hence

: by e A \ - .
Wiy = o {i(wl_ >k XE,‘ (w,R)x¢ By(w,k)] T L(A)X&((O,oe)i { By (o, 0?)}
‘\'ng[Ex(O;gt)t éEyCD;Q%)]} (A2-4)
Noting that when the solution for f,(y,k,w) is substituted into
equation A2-1, the integral involving fﬁ“%i‘m¢ 1s non-zero only when

m =+ 1, it 1s found that
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9 35’@]
By £ By

}x(w 92)‘\'(&),(0.) k) = Z +1_Jd [(&-u)w—ﬁ-r W

comp w - ku F We

A
T —szdy - LA [B (o,k) 1 Bylo,R)]

(1)

: w
*2, ‘ifaz ook Tor (A2-5)

to’VMP

Finally, using equations A2-4 and. A2-5, it is found that

5 umd o k)¢ B, ok
T

w-%u
T
w* - &k + 2 %1 1

CO'W\P

B (w,k)tiBy(w k)= :

_g_(: 1)

- CQ[E k)t iEy(o, ) £ ) wac%fdv —m

ToOMmP

RLrLY LN Z wa"'l*

Co'w\P

(A2-6)

where

_ (1 - kuve e 2
I'= JAV w- &ua+wa; (A2-7)
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APPENDIX III

Analytic Continuation of the Integrals

The outline of the procedure as given by Stix (1962) will not be
copied.in detail. There, the case of longitudinal plasma oscillations is
considered as an example. The differences for the case of transverse waves
interacting with a particle stream are noted. The problem is simplified by
calculating the asymptotic value of B(t,k) as t->®,

The expression for the magnetic fields given 1in equation 2-14 is
valid for Im&w >MU, where M was defined in Chapter I in connection with the
definition of the Laplace transform. The analytic continuation of
equation 2-14 must be determined.

It is assumed that B,(0,k), B,(0,k), Ex(0,k), Ey(o,k), 2f./ow,
9f. /@ u, and ffti) are all entire functions of u. One must then consider

integrals of the form

Iwn= —i gtE-(‘%‘ du (A3-1)
with
V= ﬁ%w— (A3-2)

where the integral is to be taken along the real axis. F(u) is assumed to
be an entire function of u. If one is considering u as a complex variable,
then the path of integration in equation A3-1 can be changed in accordance
with complex variable theory.

There are four cases, depending on the signs of k and W;.
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Case 1. kX0, Wz~ 0.

In this case, Im(V)>0. The path of integration can be raised
(fig. 10) from the real axis above the singularity using the residue

theorem.

I(v) (path 1) = T(v)(pathl) - &% F(v) (A3-3)

Case 2. k0,wW:4 0,

In this case, Im(V)< 0 and the analytic continuation is obtained
by deforming the path of integration down from the real axis (fig. 11) so

that

I(V) Cpath 1) = TW)(patha) - 2LLFCY) (A3-4)

and path 2 can easily be chosen to be the real axis.

Case 3. k<O, wy> 0.

In this case, Im(V)<0. The path is taken along the real axis and

it is trivial to write (fig. 12)

T (path 1) = T(V)(pathd) (A3-5)

Case 4. k<0, ;4 0.

Im(V)> 0 and the continuation by contour deformation is analogous

to case 2. From figure 13, it can be seen that
TV (patht) = TV (path &) (A3-6)

Using the residue theorem

T (V)(real axes) = T(v)(path d) = ~ % Fv) (A3-7)
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I (V;.)
A

—

path 1 > Re(va)

+Fig. 4 Contours for integration when k> O and Wr > O

Alw (vz)

path 2

path 1 ag >Re(vs)
X)Ve=V

Fig. S Contours for integration when k> O and Wr < O
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Am (V2)

path 2

path 1 i Vo= V > Re(Vgz)
[ =

Fig. 6 Contours for integration when k< O and (Wr> 0.

AIm (vz)

path 2

R

path 1 - “Re(Vz)

‘Fig. 7 Contours for integration when k<0 and W< O
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and so

TV (path 1) = T(V) (real axis) = &-0}_ Fv) (A3-8)

since k<O in this case.

It can be seen from the above discussion that the integrals over
'u' for Wr>0 are taken strictly as they appear, along the real u. axis
(cases 1 and 3). For W4 0, (cases 2 and 4), again the integrals are taken
along the real axis but there is an additional residue term in each of the
two cases.

Following Stix (1962), it is seen that both the numerator and
denominator of By(Ww,k) + iB,(W,k) are analytic functions of u in the whole
plane (entire functions) and so the poles of B(w,k) come only from the
zeroes of the denominator. There are two equations, one for each of

positive and negative b .

25,
W - R Mﬁfd ﬁ(w L ribhwia o

!

“kw 3 we (A3-9)

cevmp

for Wr> 0, and

YUN Ztma.{f t(w- 0W‘)W'aw mw

comp w - ‘ku + wg

amifl
+53W[‘|T| 7 (w Qeu)ww &kwagu . V]} =0 (A3-10)

for Wr< 0.
Using the Cauchy principal value () notation, these two
equations can be combined into one equation which is valid for both

positive and negative values of the imaginary part of W .

wh- o+ &y uro) ,mféw (deu WG(5.) %[WG(§°)]u=V} =0 (a3-11)

tomp u +w¢
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where the functional form of G is given by

66) =3a-kuy 28, du 2%

w u (A3-12)
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APPENDIX IV

Wave Polarization

Consider the case of pure wave propagation when no particle

(1)
stream perturbation is present. In this case, D= 0, since f; =0, "

Consider waves of the form

@ - +CZ(Q%- wt)

oy

£ = E*et(h-wt) (A4-1)

~with only x and y components present. Left hand polarization is defined by

writing
B.(t,2) +¢By(t,2) =0 (A2-2)
It then follows from Maxwell's equations that

E(t.?) + (Ey(t,2)=0 (A4-3)

The Fourier-Laplace transformation of these two equations is straight

forward so that at t = 0, the condition

B,‘(o,k)itgy(o,k)-.-o (A4-4)
implies that

E.(o,k) xiEy(o,k) =0 (A4-5)

The total field is written as the sum of the separate fields of two waves

of opposite polarization.

b(w, 0?) = §u)(w:%) +‘§(&)<w)9?) (A4—6)

ECw k) = EMw.k) + g‘m(w, )
- (A4-7)
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where the superscript (1) indicates the left-hand mode and (2) the

right-hand mode. Using equations A4-6 and A4-7, it is found that

Il

Beo, k) = B,k + BV, k) (A4-8)

and

il

Ecok) = E"0,%) + £,k (A4-9)

' Substitution of the above values of By(w,k), B,(w,k), B,(0,k), B,(0,k),
Ex(0,k) and Ey(O,k) into equation 2-14 and choosing, say, the upper sign
everywhere, yields an equation involving only the superscript (1) because
those quantities involving the superscript (2) all vanish because of the
definition of the right and left modes of polarization. When the lower
sign is chosen, the resulting equation contains only the superscript (2).

Therefore, in equation 2-14, the upper sign corresponds to left-hand

polarization and the lower sign corresponds to right-hand polarization.
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APPENDIX V

Simplifying the General Dispersion Relation

Equation 2-21 is

LQ;&LL) _Q.f WG('S‘;)
wh- Ak TS ruTw), MSM}*“ wRkuTwe

comp W F We Cowmp

R T R elacs =0 (151

caw\P

The first and third terms can be approximated.using the fact that

-
W= R +dWelr (A5-2)
and
e T (We
= + YA
Wilde WeIWe (WrTWe)* T (A5-3)
The fourth term in equation AS5-1 contains the product of G(fg) and w
and the product 03N is second order. At the:same time, two of the
three terms in G(fg) contain a multiplying factor l/w, and when this
factor is written in the normal form of a complex number with a real
denominator,
Es_ = Ns ~ (We=-cWr)Ns ~ weNs = N_s_
W Weriby W3 + W3 W Or (A5-4)

Exactly the same procedure can be carried out for the denominator of the
integrand of the fourth term, with the result that

WG(S'S) ~ W G('Ss)

~ (AS-5)
W-RUTWe  We-kuse

In the last term, the multiplying (J can be replaced by &g. One further

simplification can be made in the last term. Expanding the numerator of
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the integrand in a Taylor series about u = V,, it is found that

W), = (WG, + (v-ve){%{we(s,)]i N

u=Ve
o~ [wG:(Ss)]u=VR (ASw6)

since V - Vg~Grand G(fg) contains the first order quantity Ns.

Using all the above approximations, equation AS5-1 can be written

g'w qa' WG(‘S’S)
Wi - k- et o ywwe) & Play We - kU 300

comp We 3 We cowmp
: +0D2 w. 2 2
H{w‘llw‘ +¢§pgw;: wc)“} -5 4)?\)‘t ;P% JAE[WG‘G’)LVSS SO (as-7)

Setting the imaginary part of this equation equal to zero gives equation
2:25. A second equation results when the real part is set equal to zero.
The fourth  term can be neglected since it is of first order while the
third term is zeroth order. This approximation yields the dispersion

relation given in Chapter I.
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APPENDIX VI

Coordinate Transformation and Calculation gf_éé

In cylindrical coordinates (u,w)

G5 = fﬂ(i- %)%—% + % %—i‘] (A6-1)

Equation 3-9 gives fg in spherical coordinates (v,y) as
Lo &
= -V,) St W -
§i=A8v-vo) B (A6-2)

It is convenient to transform G(fg) using the chain rules

2% _ 2% .0v . 2% 2%
sw = v oaw T ou oW (A6-3a)

2% _ 239V, 2% BY

= 6-3
2 u 2V M 2¢¥ du (A6-3b)
and the transformation
- x a.)ul
V=+(Ww*"+ U (A6-4a)
— q-v\-‘ w A6—'4b
W=t W ( )
Equations Al-3a and Al-3b then become
D% DS vy S W A S STy Ya (A6-5a)
9w B2 v ®a 1+(V)*
3% — A 5'¢ sin®v u ) Sy WAy
095 = V=V, 2 +¥ASLv-V) cos¥Y ———— A6-5b
U ABw-w Zewy ¥ 7% 1+ (V) (he-s0)

and u and w can be eliminated using the inverse transformation.
However, the problem can be simplified because the integral in

the numerator of equation 2-25 must be evaluated at u = V. It will be
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written

f"‘ﬂ{WG(ss)]uvg = “SW"“’[W 6(5e ), (A6-6)

In equations Al-5a and Al-Sb, u and w are eliminated by putting u = V., and

L
w=+ (v2 - V:)2. This result for 'w implies that
wdw = vdv (A6-7)

and

(v¥- Vv?)’f’L

. w
Siny = v v (A6-8)

Using these results, it then follows by algebra that

o
gdw[\“G({”ﬂwvg = lwfvdv&w&(&,}]ww =

WE\IAVW'C‘ %(1-“«)[5 W v)Sl_"s_)_%_ v ¥ Sv-va)(v? —V,%)a Ve o]
Vel

/ &' )
N %m-v%)’ﬁ{gi(v_vo) \l«(vvf'l;*\/f)“L ¥ 8 (v-ve) (WPoNR)T V*) (va-vé)’*%e]}=

R

V
Q‘“XAV B%‘[g(v v.) 2 -Ve)% +(1- 9?%2)38(\/ Vo) == (va-Vi )
Vel
i
kVR (v? -VR)3'+ ]

—~¥ = We SCV V) VY+1 (A6—9)

with
S
¥ has been restricted to values greater than -2. If Ivgl > wv,,
then the integral is zero. If |Vgl = v,, the integral may be different from

zero because of the presence of the delta functions. In this case, ¥ must
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be further restricted in order to avoid division by zero in factors
containing the expression v2 - V%. From the third term in the integrand,

it can be seen that ¥ 2 -2, and this is weaker than the original restriction.
The second term requires that¥>» 0. In the first term, the presence of the
delta-function derivative means that the funcfion which multiplies it in the
integrand must be first differentiated and then evaluated at v = v,. This
calculation leads to an expression containing terms with the factors

(v* - Vi')a and (v¥* - Vi')%ﬂ . It is seen, then, that for \Vg| = v,, ¥

must be at least zero, and in this case, whether ¥ is zero or positive, the
integral is zero.

This result is not unexpected since ‘Vg\ = v, represents the
resonance condition for the case of protons interacting with contra-
streaming left-hand polarized waves when the proton beam is 'linear',
that is, when the beam has no transverse kinetic energy. Neufeld and
Wright (1963) have shown that for this case, a contra-streaming instability
does not exist.

It is found then, that for \VR\ { v, and ¥> -2,

;nrfv dV‘_WG(f’sAu=VR =

2
* a ‘V
9.W§dvl%%.{ (v~ Ve) ‘-(1 +1)9.,V - ¥(v*- Ve )] + ch _Yf_(_\_'_w&_x_)
+3(-1% (A)c.) (v2- V,)&(Va V‘%S(v_v,) _
Vb’+$
%[S—V—;_—- (+ Cl)c -9 - X)} (46-10)

Substituting this result in equation 2-25, it is immediately found that

LFW (Y qﬂ- Ns r'(a.*‘l) (Vo Vg) y 2 g a‘
G, = _TEL M WIFCEE) v D -9-3)
2056 We (A6-11)
o) ¢
Q‘ ® +c§p<wn+wc)
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where Ng is defined by
* B\
Ns = Ns (—B—>3' (A6-12)

and represents the streaming particle density at a point where the magnetic

field has the value B,
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