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ABSTRACT 

An i n v e s t i g a t i o n i 3 made i n t o the approximate 

s y n t h e s i s of optimal feedback c o n t r o l l e r s from the maximum 

p r i n c i p l e necessary c o n d i t i o n s . The o v e r a l l s y n t h e s i s can 

be separated i n t o two phases: the computation of optimal 

open-loop c o n t r o l s ( c o n t r o l progia.ms) and t r a j e c t o r i e s from 

the necessary c o n d i t i o n s , and the p r o c e s s i n g of t h i s data to 

o b t a i n an approximate r e p r e s e n t a t i o n of the optimal c o n t r o l 

as a s t a t e f u n c t i o n . 

A p a r t i c u l a r technique f o r approximating the optimal 

feedback c o n t r o l from the optimal open-loop c o n t r o l s and 

t r a j e c t o r i e s i s proposed and examined i n Part I of the 

t h e s i s . Parameters i n a prechosen suboptimal c o n t r o l l e r 

s t r u c t u r e are computed such that a sum of i n t e g r a l square 

d e v i a t i o n s between the suboptimal and optimal feedback con

t r o l s i s minimized. The d e v i a t i o n s are computed and summed 

over a c e r t a i n s et of t r a j e c t o r i e s which "cover" the system 

o p e r a t i n g r e g i o n . Experimentation with v a r i o u s c o n t r o l l e r 

s t r u c t u r e s i s q u i t e f e a s i b l e s i n c e the c o n t r o l l e r parameters 

are computed by s o l v i n g l i n e a r a l g e b r a i c equations. Examples 

are g i v e n t o i l l u s t r a t e the a p p l i c a t i o n of the technique and 

ways i n which s u i t a b l e c o n t r o l l e r s t r u c t u r e s may be found. 

I f g e n e r a l purpose f u n c t i o n s are to be used f o r t h i s purpose, 

piecewise polynomial f u n c t i o n s are recommended and techniques 

f o r t h e i r use are d i s c u s s e d . The s y n t h e s i s method advocated 

i s evaluated with respect to c o n t r o l s e n s i t i v i t y and 

i n s t r u m e n t a t i o n and compared to a l t e r n a t i v e procedures. 

P a r t I I i s concerned with the computation of optimal 

i i 



c o n t r o l programs, the most time consuming numerical task 

i n the s y n t h e s i s procedure. A new numerical o p t i m i z a t i o n 

technique i s presented whi^h extends the f u n c t i o n space 

Newton-Raphson method ( q u a s i l i n e a r i z a t i o n ) to a more general 

t e r m i n a l c o n d i t i o n . More s i g n i f i c a n t l y , a generalized-

R i c a t t i t r a n s f o r m a t i o n i s employed, and as a consequence, 

the i n t e g r a t i o n of the unstable coupled c a n o n i c a l system 

i s e l i m i n a t e d . Examples are g i v e n as evidence of the 

improved numerical q u a l i t i e s of the new a l g o r i t h m . This 

method i s one example of a c l a s s of algorithms, d e f i n e d and 

developed i n the t h e s i s , c a l l e d second v a r i a t i o n methods. 

Some methods i n t h i s c l a s s have p r e v i o u s l y appeared i n the 

l i t e r a t u r e but they are developed i n the t h e s i s from a u n i 

f i e d p o i n t of view. The r e c o g n i t i o n of t h i s c l a s s allows the 

r e l a t i o n s h i p s between the v a r i o u s methods to be seen more 

c l e a r l y as w e l l as a l l o w i n g techniques developed f o r use 

i n one a l g o r i t h m to be used i n o t h e r s . 

i i i 
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NOTATION 

Let S(x,y,...) be a s c a l a r f u n c t i o n of the v e c t o r s 

x,y,... Assume that x has n components and y has m com

ponents . Then 

ax = S x = ( S x ' S x ' - — S x } 

1 2 . n 
and 

a2s 
5xoy S I 

xy 

S x v ' * * s 

x i y l V m 

V i . s x y nJm 

I f f ( x , y , . . . ) i s a v e c t o r f u n c t i o n with k components, 

o f 
dx f £ x 

•lx, . . f l x n 

"kx. . . f kx 
n-J 

A s u p e r s c r i p t T denotes the transpose of a v e c t o r or matrix 

i x 
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1. INTRODUCTION 

1-1 Tne Optimal C o n t r o l Problem. • 

The optimal c o n t r o l of dynamical systems i s of 

i n t e r e s t to c o n t r o l system engineers f o r s e v e r a l reasons. 

There may be d i r e c t economic returns" from the use of optimal' 

c o n t r o l such as i n c r e a s e d p r oduction, more e f f i c i e n t use of 

c o s t l y i n p u t s , or t i g h t e r c o n t r o l of product q u a l i t y . An 

optimal c o n t r o l system may be sought to cope w i t h demanding and 

c o n f l i c t i n g o p e r a t i o n a l s p e c i f i c a t i o n s . An example of t h i s 

type of- d e s i g n problem i s the requirement f o r an extremely 

r a p i d c o r r e c t i o n of system e r r o r while u s i n g a c o n t r o l element 

whose output cannot exceed a gi v e n maximum v a l u e . Another 

m o t i v a t i o n f o r s t u d y i n g the optimal c o n t r o l problem i s the 

great p o t e n t i a l value of the optimal c r i t e r i o n i n design 

methodology. Inherent i n the f o r m u l a t i o n of the optimal f e e d 

back c o n t r o l problem i s the q u e s t i o n of c o n t r o l system syn

t h e s i s . A complete s o l u t i o n of the optimal feedback c o n t r o l 

problem would immediately y i e l d the proper c o n t r o l l e r s t r u c t u r e . 

A mathematical statement of the optimal c o n t r o l 

problem, w i l l now be given. The statement i s of s u f f i c i e n t 

g e n e r a l i t y to cover a l l cases considered i n t h i s t h e s i s . I t i s 

intended that the f o l l o w i n g d i s c u s s i o n serve to make c l e a r 

both the nature of the problem and the meaning of the s o l u t i o n . 

D e t a i l e d and p r e c i s e c o n d i t i o n s on the problem w i l l not be 

s t a t e d here (see [ l ] , f o r example). 



The p h y s i c a l processes of i n t e r e s t are those which 

can be s u i t a b l y modelled by a system of f i r s t - o r d e r o r d i n a r y 

d i f f e r e n t i a l equations 

x = f ( x , u , t ) (1.1) 

T r ~i 
where x = (x-^,...,x ) i s the s t a t e v e c t o r ( [2J , Chpt. l ) , 

T • 

u =. (u^,...,u^) i s the c o n t r o l v e c t o r , and x denotes dx/dt. 

No e x p l i c i t account w i l l be taken of s t o c h a s t i c d i s t u r b a n c e s 

of the process, that i s , the model ( l . l ) i s assumed to be 

d e t e r m i n i s t i c . S o l u t i o n s of'Eq. ( l . l ) are r e f e r r e d to as 

t r a j e c t o r i e s . 

The c o n t r o l s i g n a l u ( t ) i s assumed to act d u r i n g an 

i n t e r v a l of i n t e r e s t c a l l e d the c o n t r o l p e r i o d d e f i n e d as 
t„- t where t i s the i n i t i a l time and t„ i s the t e r m i n a l f o o f . . 
time. At the t e r m i n a l time t ^ , i t i s r e q u i r e d that the 

sta t e - t i m e (x,t) belong to a c e r t a i n set S, c a l l e d the t a r g e t 

set or t e r m i n a l manifold, d e f i n e d by 

< p ( x ( t f ) , t f ) = o (1.2) 

T 

where = (^-P-^,...,^ ) . The t e r m i n a l m a n i f o l d S i s of 

dimension (n+l)-m i n the st a t e - t i m e product space. For 

example, i f <P = x ( t ^ ) , then S i s the o r i g i n . o f s t a t e space 

which i s of dimension one i n the sta t e - t i m e space. The 

a c t u a l value of t ^ i s s p e c i f i e d by Eq. (1.2) e i t h e r e x p l i 

c i t l y ( f i x e d - t i m e problem) or i m p l i c i t l y ( f r e e - t i m e 

problem). In the fr e e - t i m e case, t ^ i s determined as the 

f i r s t i n s t a n t at which the optimal t r a j e c t o r y i n t e r s e c t s S. 



In g e n e r a l , the c o n t r o l f u n c t i o n v a l u e s u ( t ) may 

be r e s t r i c t e d to l i e i n a c e r t a i n subset U of E c a l l e d the 

set of permissable c o n t r o l v a l u e s , and the t r a j e c t o r i e s x ( t ) 

may be r e q u i r e d to remain w i t h i n a c e r t a i n subset X of E n . 

For a p a r t i c u l a r i n i t i a l s t a t e X q and i n i t i a l time 

t , a c o n t r o l u ( t ) , t - t - t,,," is- c a l l e d a l l o w a b l e i f i t o' ' o f ' 
has values belonging to U and i f i t t r a n s f e r s the system from 

( x o , t Q ) to a p o i n t ( x ( t ^ ) , t ^ ) i n S i n such a way that the 

t r a j e c t o r y does not leave X. I t should be noted that there 

may be no a l l o w a b l e c o n t r o l s . In g e n e r a l , the e x i s t e n c e of 

such c o n t r o l s i s extremely d i f f i c u l t to e s t a b l i s h a - p r i o r i . 

In what f o l l o w s , i t w i l l always be assumed t h a t more than 

one a l l o w a b l e c o n t r o l e x i s t s . 

The optimal c o n t r o l problem may now be s t a t e d as 

f o l l o w s : f o r the i n i t i a l s t a t e - t i m e p a i r ( x Q , t ), f i n d the 

a l l o w a b l e c o n t r o l u* which minimizes the f u n c t i o n a l 

J(u) = 0 ( x ( t f ) , t f ) + j P ( x , u , t ) d t (1.3) 
t 
o 

where 0 and F are s c a l a r f u n c t i o n s . 

In order to begin a mathematical a t t a c k on the 

optimal c o n t r o l problem i t i s necessary to impose r e s t r i c 

t i o n s on the g e n e r a l i t y of the problem such as r e q u i r i n g the 

c o n t i n u i t y or d i f f e r e n t i a b i l i t y of some of the f u n c t i o n s 

introduced above. Having done t h i s , the optimal c o n t r o l 

* r 
E i s r-dimensional E u c l i d e a n space. 



problem can be reduced to a problem i n the c a l c u l u s of 

v a r i a t i o n s £l] or, from a s l i g h t l y d i f f e r e n t p o i n t of view, 

the maximum' p r i n c i p l e o f Pontryagin \j>~\ • Necessary con

d i t i o n s and c e r t a i n s u f f i c i e n c y c o n d i t i o n s f o r an optimal 

c o n t r o l are g i v e n i n the l i t e r a t u r e Qlj , £3] , [4-]. 

The nature and meaning, of. the s o l u t i o n of the 

problem posed above needs, to be emphasized. To emphasize 

•that the optimal c o n t r o l i s a v e c t o r f u n c t i o n of time based 

on the p a r t i c u l a r i n i t i a l s t a t e - t i m e p a i r (x , t Q ) , i t should 

be w r i t t e n as 

u = u * ( t ; x o , t Q ) (1.4) 

The corresponding optimal t r a j e c t o r y i s denoted 

x = x * ( t ; x Q , t o ) .(1.5) 

With r e s p e c t to the t a r g e t set (1.2) and the performance 

f u n c t i o n a l (l .3)> the c o n t r o l u* i s optimal f o r a l l s t a t e s 

l y i n g on the optimal t r a j e c t o r y , that i s , f o r a l l p a i r s 

( x ( t ) , t ) where x ( t ) = x * ( t ; x , t Q ) , t - t - t ^ ( " p r i n c i p l e 

of o p t i m a l i t y " [^5j) • A c o n t r o l i n t h i s form i s v a r i o u s l y 

c a l l e d a c o n t r o l program or open-loop c o n t r o l . There i s no 

feedback to the c o n t r o l l e r of the a c t u a l system progress; the 

c o n t r o l input s i g n a l to the process i s programmed. 

1-2 Optimal Feedback C o n t r o l . 

In most c o n t r o l systems, s a t i s f a c t o r y o p e r a t i o n 
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can only be obtained by determining the c o n t r o l l e d inputs 

to the system on the b a s i s of measured process v a r i a b l e s , 

that i s , by u s i n g feedback c o n t r o l . Open-loop c o n t r o l i s 

f e a s i b l e only i f the d i s t u r b a n c e s a c t i n g upon the process 

are very s m a l l . By d i s t u r b a n c e s are meant in p u t s to the 

system which are e i t h e r not d e t e r m i n i s t i c or not f e a s i b l e 

to t r e a t as d e t e r m i n i s t i c . Thus, i n c e r t a i n cases, a 

v a r y i n g s e t - p o i n t may be considered as a d i s t u r b a n c e . 

The most ge n e r a l form f o r the optimal feedback 

c o n t r o l i s 

u = u*(x,t) ( 1 . 6 ) 

a f u n c t i o n of the present s t a t e x.(t) and p o s s i b l y a l s o of 

time t . I f the optimal feedback c o n t r o l law i s employed, 

then i r r e g a r d l e s s of the s t a t e of the system which r e s u l t s 

from any d i s t u r b a n c e , the c o n t r o l s i g n a l a c t i n g upon the 

process w i l l s t i l l be o p t i m a l . Of course, "optimal" here 

means optimal f o r the system mathematical model where no 

account was taken of t h i s p a r t i c u l a r d i s t u r b i n g s i g n a l . 

In g e n e r a l , the optimal feedback c o n t r o l law w i l l 

depend upon a l l of the s t a t e v a r i a b l e s . Thus, the r e a l i z -

a b i l i t y of the optimal c o n t r o l law i s contingent upon the 

" a c c e s s i b i l i t y " of a l l the s t a t e v a r i a b l e s . A s t a t e 

v a r i a b l e i s s a i d to be a c c e s s i b l e i f i t i s p o s s i b l e to : 

determine i t s value at a g i v e n i n s t a n t from measurements 

•of process v a r i a b l e s at that i n s t a n t . In g e n e r a l , l i t t l e 

can be s a i d about the optimal c o n t r o l law when i n a c c e s s i b l e 



s t a t e v a r i a b l e s e x i s t . For one important.problem c l a s s , 

however, i t i s known ( [6], Ch.pt. 6) that the optimal system 

i s achieved by s u b s t i t u t i n g f o r the a c t u a l s t a t e i n the 

c o n t r o l law, the best estimate of the s t a t e ( i n the Kalman 

sense [7]). Thus, the optimal c o n t r o l system c o n s i s t s of 

two separate f u n c t i o n s ; estimation-. and c o n t r o l . The design 

problem i s decoupled i n t o two subproblems: determining the 

optimal c o n t r o l law u*(x,t) and determining the best s t a t e 

e s t i m a t o r . Although t h i s procedure has been proven optimal 

f o r a s p e c i a l problem c l a s s only, i t i s an i n t u i t i v e l y 

reasonable one to adopt i n any case. In t h i s t h e s i s , the 

e s t i m a t i o n problem i s not considered f u r t h e r . 

An a l t e r n a t i v e procedure i s to s y n t h e s i z e a sub-

optimal c o n t r o l law based on a c c e s s i b l e s t a t e v a r i a b l e s 

o nly. T h i s a l t e r n a t i v e i s d i s c u s s e d f u r t h e r i n S e c t i o n 4-2. 

1-3 Scope of the T h e s i s . 

In p a r t I of the t h e s i s , the problem of synthe

s i z i n g a n e a r l y - o p t i m a l feedback c o n t r o l l e r i s i n v e s t i g a t e d . 

Chapter 2 c o n t a i n s the development of a s y n t h e s i s technique 

based on the s o l u t i o n of the optimal programming problem. 

This method processes the n u m e r i c a l l y computed t r a j e c t o r y 

data i n a simple and e f f i c i e n t manner to o b t a i n a suboptimal 

c o n t r o l . Examples are g i v e n to i l l u s t r a t e the use of the 

method together with the d i f f i c u l t i e s i n v o l v e d i n i t s employ

ment. Chapter 3 d e a l s with c o n t r o l l e r s having a piece'wise 

polynomial s t r u c t u r e . Piecewise polynomial f u n c t i o n s are 

http://Ch.pt
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int r o d u c e d i n order to overcome the d i f f i c u l t i e s i n h e r e n t 

i n h igh-order polynomial approximation. In Chapter 4, 

the approach to suboptimal c o n t r o l law s y n t h e s i s taken i n 

t h i s t h e s i s i s evaluated and compared wi t h a l t e r n a t i v e pro

cedures. 

In a p p l y i n g the synthesis" procedure, of Part I, 

the two most d i f f i c u l t tasks f a c i n g the des i g n e r are the 

s p e c i f i c a t i o n of a s u i t a b l e c o n t r o l l e r s t r u c t u r e ( d i s c u s s e d 

i n Chapter 3) and the computation of the optimal c o n t r o l pro

grams. Since, i n ge n e r a l , many optimal programming problems 

must be so l v e d to provide the data r e q u i r e d i n the s y n t h e s i s , 

i t i s e s s e n t i a l that the numerical algorithms employed f o r 

s o l v i n g the open-loop problem be extremely e f f i c i e n t with 

r e s p e c t to computer s o l u t i o n time. The s o l u t i o n of optimal • 

programming problems i s the su b j e c t of Part I I of the t h e s i s . 

The d i v i s i o n of the t h e s i s i n t o two p a r t s was made because 

the m a t e r i a l i n Part I I , while i n t i m a t e l y connected with 

the procedure of Part I, a l s o has a p p l i c a t i o n s i n other 

areas. 

In Chapter 5, a new technique i s presented which 

i s an exte n s i o n and m o d i f i c a t i o n of the f u n c t i o n space 

Newton-Raphson method [_8~]. The new al g o r i t h m has a 

r e l a t i v e l y l a r g e r e g i o n of convergence, a r a p i d r a t e of con-

• vergence i n a neighborhood of the d e s i r e d extremal, and 

numerical s t a b i l i t y p r o p e r t i e s which are a c o n s i d e r a b l e 

improvement over those of the o r i g i n a l method. An e n t i r e 
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c l a s s of al g o r i t h m s , h e r e i n c a l l e d second v a r i a t i o n 

methods, i s d e r i v e d i n Chapter 6. Included i n t h i s group 

of al g o r i t h m s are some of the c u r r e n t l y popular numerical 

o p t i m i z a t i o n techniques. C e r t a i n of these had p r e v i o u s l y 

been c a l l e d "the second v a r i a t i o n method" although the 

p r e c i s e meaning of t h i s term was fo r m e r l y u n c l e a r . The method 

of Chapter 5. a l s o belongs to t h i s c l a s s of a l g o r i t h m s . 

The r e c o g n i t i o n of a c l a s s of second v a r i a t i o n methods u n i f i e s 

s e v e r a l seemingly d i v e r s e techniques f o r s o l v i n g the optimal 

programming problem as w e l l as p r o v i d i n g the means f o r 

de v e l o p i n g new techniques. 



2. CONTROL LAW APPROXIMATION 

2-1 C o n t r o l Synthesis Based on Optimal T r a j e c t o r i e s . 

Bellman's method of dynamic programming i s 

the only g e n e r a l procedure for"computing the optimal 

feedback c o n t r o l d i r e c t l y . The r e s u l t of performing the 

dynamic programming c a l c u l a t i o n would be a m u l t i d i m e n s i o n a l 

numerical map g i v i n g the r e q u i r e d value of optimal c o n t r o l 

at a l l p o i n t s of a . d i s c r e t e g r i d i n some r e l e v a n t r e g i o n of 

sta t e - t i m e space. As a numerical technique, d i s c r e t e 

dynamic programming has some severe l i m i t a t i o n s when a p p l i e d 

to the optimal c o n t r o l of continuous dynamic systems. Quite 

apart from the e r r o r s i n t r o d u c e d by t r u n c a t i o n and q u a n t i z 

a t i o n , the main f a c t o r l i m i t i n g i t s a p p l i c a b i l i t y i s the s i z 

of the computer memory r e q u i r e d and the r a t e of i n c r e a s e of 

the r e q u i r e d storage with system dimension ( [_6~\ , pp. 21-23). 

Considerably more success has been experienced 

i n s o l v i n g the optimal programming problem. Prom a com

p u t a t i o n a l p o i n t of view, a s o l u t i o n of the optimal pro- • 

gramming problem r e q u i r e s the s o l u t i o n of a two-point boun

dary value problem, which i s g e n e r a l l y n o n l i n e a r . Many 

techniques now e x i s t f o r s o l v i n g t h i s d i f f i c u l t problem and 

the work i n Chapters 5 and 6 of t h i s t h e s i s c o n s t i t u t e s a 

f u r t h e r c o n t r i b u t i o n towards a c h i e v i n g a r a p i d and e f f i c i e n t 

means of s o l u t i o n . Although more development and improvemen 

of these numerical techniques remains to be done, i t i s f e l t 
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that they are now s u f f i c i e n t l y w e l l developed as to make i t 

h i g h l y d e s i r a b l e that the c o n t r o l law s y n t h e s i s procedure 

be based on optimal open-loop c o n t r o l s and t r a j e c t o r i e s 

r a t h e r than on dynamic programming c a l c u l a t i o n s . 

The optimal programming s o l u t i o n (Eqs. (1.4) and 

(1.5))day be thought of as a parametric r e p r e s e n t a t i o n of 

the optimal feedback c o n t r o l law (1.6). What i s r e q u i r e d , 

then, i s an a l g o r i t h m to convert the parametric form to the 

c l o s e d - l o o p or p r e s e n t - s t a t e form. Such a procedure must 

n e c e s s a r i l y be approximate i n a l l but the s i m p l e s t cases. 

2-2 Reformulation f o r Time-Invariant Feedback. 

Conceptual s i m p l i f i c a t i o n s r e s u l t i f the e x p l i c i t 

time dependence of the feedback c o n t r o l law i s removed.' For' 

t h i s purpose, the c o n t r o l problem d e a l t with i n Part I has 

the f o l l o w i n g s p e c i a l form: 

S p e c i a l problem f o r m u l a t i o n 

Dynamics x = f(x,u) x ( " t 0 ) = x
0 (2.1) 

Terminal c o n d i t i o n s < P ( x ( t f ) ) = 0 (2.2) 
t f 

Performance f u n c t i o n a l J(u) = F ( x , u ) d t (2.3) 
• t ' o 

The t e r m i n a l time t ^ i s determined i m p l i c i t l y by (2.2) and the 

bounds on u, i f any, "are considered to be independent of time. 

I t i s assumed that the s t a t e i s c o n s t r a i n e d only by (2.1) 
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and (2.2). For t h i s s p e c i a l problem, the i n i t i a l time t 

has no e x p l i c i t i n f l u e n c e on the optimal c o n t r o l which can 

thus only depend on the c u r r e n t s t a t e , that i s , i t may be 

w r i t t e n as u ( x ) . 

The more g e n e r a l f o r m u l a t i o n i n S e c t i o n 1-1 can 

be reduced to the s t a t i o n a r y form above. Equation (1.3) .is 

e q u i v a l e n t to 

• V . 
J(u) =. ^ (P(x,u,t) + 0 x ( x , t ) f ( x , u , t ) + 0 t ( x , t ) ) d t 

*o (2.4) 

The time dependence may be f o r m a l l y r e p l a c e d by i n t r o d u c i n g 

the e x t r a s t a t e v a r i a b l e x , where • 
n+1 

x , = 1 ^ x , (t ) = t (2.5) n+1 n+1 o o 

x n + 1 ( t f ) = 1 (2.6) 

Then x
n + 1 ( " t ) i s s u b s t i t u t e d f o r t i i i ( l . l ) and (2.4) and 

x n + - ^ ( t ^ ) f o r t ^ i n (1.2) which r e s u l t s i n equations of the 

same form as (2.1), (2.2), and (2.3). 

2-3 Development of the Approximation Scheme [ 9 l . 

The optimal c o n t r o l law u(x) i s to be approxim

ated over a s p e c i f i e d r e g i o n B of s t a t e space by a f u n c t i o n 

v ( x ; c ) , where c i s an N-vector of a d j u s t a b l e parameters. To 
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avoid unnecessary c o m p l i c a t i o n s i n n o t a t i o n , the c o n t r o l 

v e c t o r u w i l l be considered as a s c a l a r . The form of the 

suboptimal c o n t r o l v(x;c) must be p r e s p e c i f i e d . The para

meters c are to be determined so t h a t , i n some sense,v i s 

the best c o n t r o l law amongst a l l other c o n t r o l l e r s having 

the same s t r u c t u r e . C o n t r o l l e r s which are "op t i m a l " s u b j e c t 

to a p r e s p e c i f i e d input-output r e l a t i o n have been c a l l e d 

" s p e c i f i c optimal c o n t r o l l e r s " [lO] . 

A great d e a l of l a t i t u d e e x i s t s i n the choice of 

c r i t e r i a f o r determining the a d j u s t a b l e parameters of the 

suboptimal c o n t r o l l e r . For example, the parameters could be 

chosen to minimize the performance value J ( V ; X Q , C ) obtained 

f o r some nominal i n i t i a l c o n d i t i o n , or to minimize some' 

f u n c t i o n a l of the d e v i a t i o n between the optimal t r a j e c t o r y and 

the q u a s i - o p t i m a l one. A l t e r n a t i v e l y , a f u n c t i o n a l of the 

d e v i a t i o n between the optimal open-loop.control and the 

c o n t r o l s i g n a l ' •-

v c ( t ) = v ( x v ( t ; x o ) ; c ) ( 2 . 7 ) . 

could be minimized. .. 

The c r i t e r i o n advocated i s c l o s e l y r e l a t e d to t h i s 

l a s t suggestion. To begin with, the qu a s i - o p t i m a l c o n t r o l l e r 

i s r e s t r i c t e d to have the form 

N 

v(x;c) = ]>~J c.Z.(x) (2.8) 
j = l 

where the f u n c t i o n s Z.(x) are termed b a s i s f u n c t i o n s . Let 



u ( t ; x k ) and x ( t ; x Q k ) , 0 - t. -' "tf^.' "°e r e s p e c t i v e l y the 

optimal c o n t r o l and optimal t r a j e c t o r y from the i n i t i a l p o i n t 

X q^. The s u b s c r i p t k d i s t i n g u i s h e s d i f f e r e n t i n i t i a l 

s t a t e s ; t ^ k i s the t e r m i n a l time determined by (2.2). The 

parameter v e c t o r c i s chosen to minimize 

M * f k 
(c) =]>~j • J ( u ( t ; x Q k ) - v ( x ( t ; x Q k ) ; c ) ) 2 d t 

(2.9) 

E . 

k=l 0 

Note that i n (2.9), the suboptimal c o n t r o l v(x;c) i s 

evaluated not along the t r a j e c t o r y which r e s u l t s from u s i n g 

c o n t r o l v as i n ( 2 . 7 ) but along the optimal t r a j e c t o r y 

(produced by u s i n g u ) . 

The M optimal t r a j e c t o r i e s { x ( t ; x Q k ) } are 

r e f e r r e d to as development t r a j e c t o r i e s . More w i l l be s a i d 

about the l o c a t i o n of the i n i t i a l s t a t e s x , i n S e c t i o n 
ok 

2-3.2 . but, i n some sense, the development t r a j e c t o r i e s 

"cover" the r e g i o n of o p e r a t i o n B. Thus, the m i n i m i z a t i o n 

of E(c) i n (2.9) r e s u l t s i n an approximation v(x;c) to u(x) 

which g i v e s a l e a s t sum of mean-square d e v i a t i o n s over 

s e v e r a l system t r a j e c t o r i e s . .-

I f (2.8) i s s u b s t i t u t e d i n t o (2.9), the r e s u l t i n g 

i n t e g r a l can be w r i t t e n as 
B(c) = c TAc - 2b Tc + r (2.10) 

where ' * " lf« " ' . 

' A i j = f ^ J ' Z . ( x ( t ; x o k ) ) Z . ( x ( t ; x o k ) ) d t 
0 (2.11) 
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M *fk 
b i = V | P Z . ( x ( t ; x o k ) ) u ( t ; x o k ) d t • (2.12) 

k-1 ^ 

M t f k 

f u 2 ( t ; x o J d t (2.13) 
k=l ^ 

ok' 

0 
( i , j = 1, . . ,',N) 

I f A i s p o s i t i v e d e f i n i t e , a u n i q u e m i n i m i z i n g c 

e x i s t s and i s g i v e n by t h e s o l u t i o n o f 

Ac = b (2.14) 

The minimum v a l u e o f E i s 

E . = r - b T A _ 1 b :(2.15) mm 

C o n d i t i o n s on the' b a s i s f u n c t i o n s w h i c h e n s u r e t h a t A 

i s p o s i t i v e d e f i n i t e a r e g i v e n i n S e c t i o n 2-3.1. 

A v e r y i m p o r t a n t f e a t u r e o f t h e p r o p o s e d method 

i s t h e e a s e o f c o m p u t a t i o n . In g e n e r a l , t h e o t h e r 

p o s s i b l e c r i t e r i a p r e v i o u s l y r e f e r r e d t o l e a d t o n o n 

l i n e a r m i n i m i z a t i o n p r o b l e m s . S u b s e q u e n t d i s c u s s i o n w i l 

i n d i c a t e t h e p r a c t i c a l n e c e s s i t y o f h a v i n g t o e x p e r i 

ment w i t h d i f f e r e n t c h o i c e s o f b a s i s f u n c t i o n s . The 

a t t e n d a n t c o m p l e x i t y and t e d i u m o f n o n l i n e a r m i n i m i z 

a t i o n methods would t h u s g r e a t l y i n h i b i t t h e o v e r a l l 

s y n t h e s i s p r o c e d u r e . 

2-3.1 C o n d i t i o n s f o r a P o s i t i v e D e f i n i t e A. 

C o n s i d e r t h e i n t e g r a l 
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M t f k 
K c ) =zi r v 2 ( x ( t ; x , );c)dt > 0 (2.16) 

k=l J 
0 

I f (2.8) i s s u b s t i t u t e d .inv-o (2.16), i t i s e a s i l y 

shown that 

1(c) = c Ac (2.17) 

Thus, from (2.16) and (2.17), A i s p o s i t i v e d e f i n i t e 

p r o v i d e d the b a s i s f u n c t i o n s Z . are l i n e a r l y i n -
J 

dependent along at l e a s t one of the development t r a j e c t 

o r i e s . I t i s most u n l i k e l y that t h i s c o n d i t i o n would not 

be met i n p r a c t i c e . 

2-3-2 The Choice of Development T r a j e c t o r i e s . 

development t r a j e c t o r i e s . In essence, a f u n c t i o n 

d e f i n e d over a m u l t i d i m e n s i o n a l region B i s being 

approximated by another f u n c t i o n which i s to be " c l o s e " 

a long s p e c i f i c curves i n B. This approach i s analogous 

to a common technique used i n approximating f u n c t i o n s 

of a s i n g l e v a r i a b l e over an i n t e r v a l of the r e a l l i n e 

where the approximation i s c a r r i e d out f o r a f i n i t e p o i n t 

subset of t h i s i n t e r v a l . Even i n this much simpler 

problem, the d e t e r m i n a t i o n of an optimum number and 

s p a c i n g of p o i n t s r e p r e s e n t s an exceedingly d i f f i c u l t 

computational task. In both cases, Know ever, the .hope i s 

that i n approximating on a subset of the d e s i r e d r e g i o n , 

the r e s u l t i n g approximation i s adequate over the e n t i r e 

L i t t l e can be s a i d about the "b es t " choice of 
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r e g i o n or i n t e r v a l . 

In .many problems, there e x i s t p r e f e r r e d r e g i o n s 

f o r d i s t u r b e d s t a t e s , that i s , regions of probable system 

i n i t i a l c o n d i t i o n s . Sample or t y p i c a l i n i t i a l c o n d i t i o n s 

w i t h i n these- p r e f e r r e d regions are a n a t u r a l " c h o i c e f o r de

velopment t r a j e c t o r y i n i t i a l c o n d i t i o n s . Otherwise, i n the 

absence of any a - p r i o r i i n f o r m a t i o n , the most obvious choice 

i s a g e o m e t r i c a l l y uniform d i s t r i b u t i o n of i n i t i a l con

d i t i o n s around the boundary of the approximation r e g i o n . 

2 - 3 . 3 Computational C o n s i d e r a t i o n s . . 

Numerical computation of the best c i s simple 

and convenient. As each'new development t r a j e c t o r y i s com

puted or i s r e t r i e v e d from storage, the b a s i s f u n c t i o n s are 

evaluated, m u l t i p l i e d and i n t e g r a t e d a c c o r d i n g to Eqs. ( 2 . 1 l ) 

to ( 2 . 1 3 ) . The r e s u l t s are then added on to the p r e v i o u s l y 

accumulated c o e f f i c i e n t , matrix and the next development 

t r a j e c t o r y i s generated. When a l l M development t r a j e c t 

o r i e s have been processed i n t h i s manner, the l i n e a r set of 

equations ( 2 . 1 4 ) i s s o l v e d . The r a t i o E . / r serves as a ^ mm' 
f i g u r e of merit i n comparing the s u i t a b i l i t y of one set of 

b a s i s f u n c t i o n s with another. 

• I t i s remarked that the choice of i n t e g r a t i n g 

the squared d i f f e r e n c e i n ( 2 . 9 ) r a t h e r than summing has the 

e f f e c t of making e f f i c i e n t use of t r a j e c t o r y data. The., 

optimal t r a j e c t o r y i s the s o l u t i o n of a d i f f e r e n t i a l equa-. 

t i o n and hence, i s a v a i l a b l e i n a numerical form which i s 
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completely compatible with the quadrature o p e r a t i o n s i n 

(2.11) - (2 .13) . 

2-4 Example 1. 

To i l l u s t r a t e the a p p l i c a t i o n of the s y n t h e s i s 

technique., an example c o n t r o l problem f o r a n o n l i n e a r system 

with two s t a t e v a r i a b l e s i s presented. This example w i l l 

a l s o demonstrate how s u i t a b l e b a s i s f u n c t i o n s may be chosen 

and how the number and d i s t r i b u t i o n of development t r a j e c t 

o r i e s i n f l u e n c e s the r e s u l t i n g approximation. 

I t i s d e s i r e d to f i n d a suboptimal feedback 

c o n t r o l which s u i t a b l y approximates the optimal c o n t r o l f o r 

the problem of minimizing 

* f - • 
J(u) = ± J ( x 2 + x 2 + u 2 ) d t (2.18) 

/ 0 

where • 

x]_ = x 2 

x 2 = ( l - x 1 ) x 2 - x 1 + u (2.19) 

and where t ^ i s determined as the f i r s t i n s t a n t at which 

r i ( x ( t f ) ) = K x 2 ( t f ) + x 2 ( t f ) - (O.l) 2) (2.20) 

i s zero. The expected r e g i o n of o p e r a t i o n B i n s t a t e space 

was taken to be the square x ^ e ( - 2 , 2 ) , x 2 e ( - 2 , 2 ) . 

A p p l y i n g the minimum p r i n c i p l e [4~\ , the optimal 

programmed c o n t r o l from an i n i t i a l s t a t e x i s determined by 
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= u + p 2 = 0 . (2.21). 

2 2 2 2 where H = i-(x-^ + x 2 + u ) + P - ^ + p 2 ( (l-x-^x^x-j^+u) (2.22) 

and p x = - H x = -x± + ( l + 2 x 1 x 2 ) p 2 (2.23) 

• 

P 2 = " \ 2 = -x 2 - ? 1 • ( l - x 2 ) p 2 

The t e r m i n a l c o n d i t i o n on the a d j o i n t v e c t o r p i s given by 

p ( t f ) = = nx(t f) (2.24) 

where \x i s an "undetermined s c a l a r parameter. A f u r t h e r 

necessary c o n d i t i o n f o r . t h i s f r e e terminal-time problem i s 
r 

g i v e n by 

H = 0 . (2.25) 

a l o n g an optimal t r a j e c t o r y . Prom Eqs. (2.22), (2.24), 

(2.25), i t can be deduced that \x i s the p o s i t i v e root of 

the f o l l o w i n g q u a d r a t i c equation: 

x 2 u 2 + x 2 ( l - x 2 ) ^ i +'T(X 2 + X 2) = 0 (2.26) 

where (x-^x,-,) i s any optimal t r a j e c t o r y t e r m i n a l p o i n t . 

Optimal t r a j e c t o r i e s may be generated by choosing 

a p o i n t x ( t f ) on X"]L = .0, determining u from (2.26), p ( t f ) 

from (2.24) and i n t e g r a t i n g the c a n o n i c a l system ( s t a t e and 

a d j o i n t equations) (2.19) and (2.23) i n reverse time u n t i l 

the t r a j e c t o r y l e a v e s B. Although one has no i d e a i n 
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s e l e c t i n g a t e r m i n a l p o i n t where the t r a j e c t o r y w i l l end 

up, i t was p o s s i b l e i n t h i s problem to generate a s u f f i c i e n t 

number of t r a j e c t o r i e s i n t h i s manner so that a l l p a r t s of • 

the o p e r a t i n g r e g i o n are covered. Prom the many t r a j e c t 

o r i e s generated, t en were s e l e c t e d as candidate develop

ment t r a j e c t o r i e s (numbered 1-10-in F i g . 2-1) and seven 

t r a j e c t o r i e s were chosen as t e s t t r a j e c t o r i e s ( l e t t e r e d 

A-G i n F i g . 2-1). These t e s t t r a j e c t o r i e s , whose perform

ance valu e s are l i s t e d i n Table 2.1,, 

Table 2.1 Optimal Performance Values f o r Test T r a j e c t o r i e s . 

Test T r a j e c t o r y . (see F i g . 2-1) 

Optimal P e r f J(u) 
A B C D E F G 

7.885 7.161 10.171 8.601 9.224 9.761 9.113. 

w i l l be used to compare the performance of the optimal and 

suboptimal systems. Note that from the symmetry of Eqs. 

(2.18)-(2.20), u(-x) = -u(x) so that only h a l f of the 

approximating r e g i o n B need be con s i d e r e d . 

From the many t r a j e c t o r i e s t h a t were generated 

to g e t h e r with crude i n t e r p o l a t i o n s , the gen e r a l form of the 

optimal feedback s u r f a c e u(x) was p l o t t e d ( F i g . 2-2). While 

i t may be p o s s i b l e t o . o b t a i n a s a t i s f a c t o r y approximation 

to u(x) by a c u r v e - f i t t i n g procedure u s i n g F i g . 2-2 ( ( j L l J , 

pp. 94-117)., the knowledge of u(x) provided by F i g . 2-2 i s 

here used only to suggest a s u i t a b l e form f o r the suboptimal 

c o n t r o l . I f a coordinate system (z,y) i s int r o d u c e d by a 



Pig.- 2 - 1 Optimal-Development ( s o l i d ) and Test (broken) T r a j e c t o r i e s . 
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r o t a t i o n of the (u,x^) system through an angle 9, a 

reasonable approximation of the curves i n F i g . 2-2 i s g i v e n 

by 

z - - a x Q y • - bx. (2..27) 

= -7-25 

F i g . 2-2 Optimal Feedback Surface. 

where 

z ='u cos 9 + x-^sin 9 

y = x-^cos 9 - u s i n 9 

(2.28) 

S u b s t i t u t i n g (2.28) i n t o (2.27), s o l v i n g f o r u, and then 



expanding i n a T a y l o r s e r i e s n e g l e c t i n g terms of order f i v e 

or more, the f o l l o w i n g c o n t r o l l e r s t r u c t u r e i s obtained: 

2 2 3 
v(x;c) = c-̂ x-ĵ  + + c 3 x i x 2 ";" C 4 X 1 X 2 + C 5 X 2 (2.29) 

The c ^ , i = 1,...,5 are f u n c t i o n s of the parameters a,b,9 

which w i l l remain u n s p e c i f i e d . 

Employing one development t r a j e c t o r y only, the 

f i v e c o n t r o l l e r parameters i n (2.29) were evaluated a c c o r d i n g 

to Eqs. (2.1l)-(2.14) with M = 1. Having obtained a set of 

parameter v a l u e s , the suboptimal c o n t r o l (2.29) was evaluated 

by i n t e g r a t i n g the system (2.19) under suboptimal c o n t r o l 

from each of the seven t e s t i n i t i a l c o n d i t i o n s . This pro

cedure was repeated f o r f o u r d i f f e r e n t development t r a j e c t 

o r i e s and the r e s u l t s are summarized i n Table 2.2. The worst 

Table 2.2 C o n t r o l l e r Parameters and Worst Case Performance, 
S i n g l e Development"Trajectory. 

C o n t r o l l e r Parameters Performance 
D e t e r i o r a t i o n 

Development C l 
C2 

C 3 
C4 

C 5 Worst Case 
T r i a l T r a j e c t o r y 

( P i g . 2-1) 

C l 
C2 

C 3 
C4 

C 5 
Test : 

Tra.i. 
%'. Increase 

1 3 -0.4914 
-2.4047 

-0.8879 
-4.2055 

-3.3008 " C 329 

2 5 -0.4124 
-2.6728 

0.6698 
0.1054 

0.1641 A 5.3 

3 8 -0.4137' 
-2.6171 

0.8749 
0.5096 

0.1204 C 45 

4 10 -0.4121 
-2.7212 

1.2872 
0.8470 

0.2151 C,D OO 
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case performance i n c r e a s e l i s t e d i n t h i s t a b l e i s obtained 

by e v a l u a t i n g 

J k ( v ) - J (u) 
max 

k J k ( u ) 

where J k ( v ) i s the suboptimal performance value f o r the 
t h 

k t e s t t r a j e c t o r y and J k ( u ) i s the optimal performance 

v a l u e ( ( s e e Table 2.1)). The optimal and suboptimal- t r a j e c t 

o r i e s f o r the seven t e s t p o i n t s are shown i n F i g s . 2-3 and 

2-4 f o r t r i a l s l.and 2. In t r i a l 4 (development t r a j e c t 

ory 10), the suboptimal system d i d not reach the t e r m i n a l 

manif o l d from two t e s t s t a t e s . That the best r e s u l t s were 

obtained u s i n g the "middle t r a j e c t o r y " (#5) i s not a l 

together unreasonable from an i n t u i t i v e p o i n t of view. 

The r e s u l t s where s e v e r a l development t r a j e c t o r i e s 

were employed are d i s p l a y e d i n Table 2.3. In these e i g h t 

t r i a l s , the suboptimal c o n t r o l was a general polynomial 

of the f o u r t h - o r d e r but with the c o n d i t i o n u(-x)'= -u(x) 

enf o r c e d : 
"3 2 2 3 v(x;c) = c^x-^ + c 2 X2 + c^x^ + c ^ x - j ^ + 0^x^X2 + Cg x2 

(2.30) 

Note t h a t (2.30) has one more term than (2.29). The 

optimal and suboptimal t e s t t r a j e c t o r i e s f o r t r i a l s 1 and 

8 are d i s p l a y e d i n F i g s . 2-5 and '2-6. 

S e v e r a l important observations can be made from 

the data i n Table 2.3. F i r s t , i t i s n o t i c e d that the 



P i g . 2 - 3 Optimal (broken) and Suboptimal ( s o l i d ) Test T r a j e c t o r i e s 
f o r T r i a l 1 , S i n g l e Development T r a j e c t o r y . 



2 5 

P i g . 2 - 4 Optimal (broken) and Suboptimal ( s o l i d ) Test 
T r a j e c t o r i e s f o r T r i a l 2, S i n g l e Development T r a j e c t o r y . 
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P i g . 2-5 Optimal (broken) and Suboptimal ( s o l i d ) Test T r a j e c t 
o r i e s f o r T r i a l 1 , ' M u l t i p l e Development T r a j e c t o r i e s . 



F i g . 2 - 6 Optimal (broken) and- Suboptimal (solid.) Test T r a j e c t -
' o r i e s f o r T r i a l 8 , M u l t i p l e Development T r a j e c t o r i e s . 
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Table 2.3 C o n t r o l l e r Parameters and Worst Case Perform
ance, M u l t i p l e Development T r a j e c t o r i e s . 

C o n t r o l l e r Parameters Perfoimance 
D e t e r i o r a t i o n 

Development 
T r a j e c t o r y 
( P i g . 2-1) 

Worst Case 

T r i a l 

Development 
T r a j e c t o r y 
( P i g . 2-1) 

C l 
c 2 

°3 
c4 

C 5 
. c6 

Test 
T r a j . 

% Increase 

1 1,7 -0.4560 
-2.6418 

0.0101 
.0.7931 

0.4349 
0.1601 

C 21 

2 5,10 -0.5214 
-2.6757 

0.0233 
• 0.6951 

0.2440 
0.0382 

D 3.0 

3 8,10 -0.4394 
-2.6906 

0.0267 
1.0084 

0.5896 
0.1439 

C 355 

4 1,5,9 -0.4181 
-2.6105 

-0.0090 
0.6809 

0.2148 
0.0359 

D 2.5 

5 3,7,10 -0.5232 
-2.6828 

0.0344 
0.8600 

0.5135 
0.1318 

C 39 

.6 1,3,5,7,9 -0.3118 
-2.4926 

-0.0644 
0.6287 

0.2872 
0.0834 

C 1.5 

7 2,4,6,8,10 -0.4121 
-2.5705 

-0.0133 
0.7005 

0.3200 
0.0779 

C 3.3 

8 1,2,3,4,5, 
6,7,8,9,10 

-0.3577 
-2.5294 

-0.0437 
0.6578 

0.3021 
0.0805 

c 2 

parameter c^ i s comparatively s m a l l i n a l l t r i a l s which 

confirms the s u i t a b i l i t y of the form (2.29) p r e v i o u s l y 

used. I t f u r t h e r appears, from t h i s data, that one can 

f e e l more c o n f i d e n t of o b t a i n i n g a " g l o b a l l y " v a l i d 

approximation when more development t r a j e c t o r i e s are 

employed and that g e o m e t r i c a l l y uniform d i s t r i b u t i o n s of 

t r a j e c t o r i e s produce b e t t e r r e s u l t s than nonuniform d i s t r i 

b utions (compare t r i a l s 2 and 3). Comparing the c o n t r o l l e r 

parameters between t r i a l s , the ranges of values taken by the 
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parameters i n the more s u c c e s s f u l t r i a l s ( t r i a l s 2,4,6,7,8) 

i n d i c a t e s a r e l a t i v e l y low s e n s i t i v i t y of performance to the 

suboptimal c o n t r o l l e r ' s parameters. Note that on the l e s s 

s u c c e s s f u l t r i a l s ( t r i a l s 1,3,5), the values f o r parameters 

c^,c^,Cg are d e f i n i t e l y o u t s i d e the range of values taken 

by these parameters on the s u c c e s s f u l t r i a l s . 

2-5 Example 2 . 

The second example belongs to the f o l l o w i n g pro

blem c l a s s : 

x = Fx + Gu + f ( x ) + g(x)u '(2.31) 

t + t f • 
J(u) = t f (x TQx + u TRu)dt (2.32) 

,Q,(x(t+t J ) = i ( x T K x - e 2) = 0 (2.33) 
t + t f 

In the dynamical equations (2.31), F i s a constant nxn 

matrix, G i s a constant n x l matrix (assuming r = l ) , f ( x ) 

and g(x) are continuous n-vector f u n c t i o n s of s t a t e 
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s a t i s f y i n g 

f (0) = g ( 0 ) = 0 ( 2 . 3 4 ) 

The matrix Q i n the performance f u n c t i o n a l ( 2 . 3 2 ) i s p o s i 

t i v e s e m i d e f i n i t e and s i n c e i t i s assumed that dim(u) = 1 , 

R may he taken as u n i t y without l o s s of g e n e r a l i t y . 

Equation ( 2 . 3 3 ) d e f i n e s the terminal'time ( s t o p p i n g f u n c t i o n ) 

and K i s the p o s i t i v e d e f i n i t e s o l u t i o n of t h e . s t e a d y - s t a t e 

matrix R i c a t t i equation: 

KGR - 1G TK - KP - P TK - Q = 0 ( 2 . 3 5 ) 

Since K i s p o s i t i v e d e f i n i t e , the st o p p i n g f u n c t i o n ( 2 . 3 3 ) 

r e p r e s e n t s a h y p e r e l l i s p s o i d about the o r i g i n . 

The q u a l i t a t i v e purpose of the c o n t r o l system i s 

to r e t u r n the system to the o r i g i n (or the neighborhood 

i n s i d e the e l l i p s o i d ) f o l l o w i n g a d i s t u r b a n c e i n such a way 

that those s t a t e v a r i a b l e weighted i n the performance i n 

tegrand do not make l a r g e excursions and with l i m i t e d use 

of c o n t r o l energy. The n o n l i n e a r f u n c t i o n s f and g i n the 

dynamics could represent h i g h e r - o r d e r terms of s i g n i f i c a n c e 

i n the expansion of the o r i g i n a l system equations. I f f 

and g were both i d e n t i c a l l y zero, the optimal feedback con

t r o l would be given by 

u R ( x ) = -G TKx • ( 2 . 3 6 ) 

that i s , a l i n e a r combination of the s t a t e v a r i a b l e s 3 4 • 



The c o n t r o l u D ( x ) w i l l be r e f e r r e d to as the R i c a t t i 

c o n t r o l . Thus, at l e a s t i n a neighborhood of the o r i g i n 

where f and g are s m a l l , the s t r u c t u r e of u i s known. 

I t should be noted that the l i n e a r s t r u c t u r e (2.36) a p p l i e s 

only i f X s a t i s f i e s (2.35). I f f and g are smooth f u n c t i o n s 

of x, i t i 3 reasonable to expect that the l i n e a r f u n c t i o n 

(•2.36) w i l l change i n a smooth manner as x gets f u r t h e r 

from the o r i g i n . Hence, a polynomial s t r u c t u r e f o r v(x;c) 

i s l i k e l y to be a good approximation. 

The s p e c i f i c example t r e a t e d i n t h i s s e c t i o n i s 

d e f i n e d by Eqs. (2.31) - (2.33) and 

0 1 0 0 0 
0 0 1 , G = 0 , f ( x ) = 0 , g(x) 

-1 -1 -1 1 - X 3 

- 1 

3 0 0~ -R _ ]_ 

Q = 0 5 0 
0 0 2 = 0 .3 

o, 

(2.37) 

From Eq. (2.35), the s t e a d y - s t a t e R i c a t t i matrix i s 

•E = 

7 5 1 
5 10 3 
1 3 2 

and the R i c a t t i c o n t r o l i s 

(2.38) 

u R(x) = (-l,-3,-2)x (2.39) 

An approximation r e g i o n was chosen a r b i t r a r i l y as the r e g i o n 

B i n t e r i o r to the planes 
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B: I n t e r i o r of 

x 3 = ± 2 

x l + X 2 = - 2  

X l ~ X 2 = — 2 

(2.40) 

Based on the reasoning i n the preceding, paragraph, 

a f o u r t h - o i d e r polynomial was chosen f o r v ( x ; c ) . Since the. 

symmetry c o n d i t i o n u(-x) = - u ( x ) , a p p l i c a b l e i n the previous 

example, a p p l i e s here as w e l l , the suboptimal c o n t r o l 

may be w r i t t e n 

3 

v (x;c) = 2 i x . ( c . - t - X , . 

i,.= 1 
_̂X_̂  ) + C"| -̂ X^X^Xr-

(2.41) 

which i s of the form (2.8) where 

m = 1,2,3 

Z (x) = m 

nr 

x 2 x k , m = 3j + k, j,k = 1,2,3 

m = 13 

(2.42) 

I n i t i a l l y , 7 development t r a j e c t o r y i n i t i a l con

d i t i o n s (Group 1 i n Table 2.4) were s e l e c t e d around the 

Table 2.4 Development T r a j e c t o r i e s I n i t i a l C o n d i t i o n s 

Group 1 (7 T r a j e c t o r i e s ) Group 
A l l 

2 (13 T r a j e c t o r i e s ) 
of Group 1 p l u s : 

x l 2 0 -2 0 2 0 0 1 1 -1 -1 ^ 1 1 

x 2 0 2 0 -2 0 2 0 1 -1 1 -1 1 -1 

X 3 2 2 2 2 0 0 .2 2 2 2 2 0 0 
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boundary of B. The c o n t r o l l e r , parameters computed by 

the procedure of t h i s chapter are l i s t e d as Parameter Set 1 

i n Table 2.5- Then another t r i a l was made with 13 develop-

Table 2.5 C o n t r o l l e r Parameters, A l l Third-Order Terms. 

c l C4. .... C 7 C10 C13 

9.2 °5 c 8 C l l 
C 3 C 6 C 9 C12 

Parameter -0.9427 0 .1562 -0 .7328 -0.0384 -0.3208 
Set 1 -2.9854 -0 .6032 -0 .2583 -0.0476 

E . / r = 3 mm' .9 10 5 -2.0039 -0 .1392 -o .1876 -0.0101 

Parameter -0.9236 0 .1498 -0 .7560 -0.0320 -0.3637 
Set 2 -2.9645 -0 .6412 -0 .2615 -0.0556 

E . / r = 7 
mm 

• 3 10" 5 -2.0013 -0 .1454 -0 .1956 -0.0047 

ment t r a j e c t o r i e s (Group 2 i n Table 2.4) and the c o r r 

esponding c o n t r o l l e r parameters are given as Parameter Set 

2 i n Table 2.5. The development t r a j e c t o r i e s and a l l other 

optimal t r a j e c t o r i e s used i n t h i s example were computed by 

employing the extended Newton-Raphson method of Chapter 5. 

Prom the data i n Table 2.5, i t can be seen that the 

c o n t r o l l e r parameters d i d not change s i g n i f i c a n t l y between 

the two t r i a l s . In e f f e c t , t h i s means that approximating 

to the Group 1 t r a j e c t o r i e s has produced a hypersurface 

which i s not s i g n i f i c a n t l y a l t e r e d by a s k i n g i t to be " c l o s e " 

to other t r a j e c t o r i e s i n the range, covered by the f i r s t 
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group. Although the r a t i o ^ m-^ n/ r i s l i s t e d f o r each t r i a l 

i n Table 2.5, i t i s not s i g n i f i c a n t i n comparing the two cases 

s i n c e d i f f e r e n t development t r a j e c t o r i e s have been used. I t i s 

i n t e r e s t i n g to observe the closeness of the data (c-^,C2,c^) to 

the c o e f f i c i e n t s i n the R i c a t t i c o n t r o l , Eq. (2.39). 

I f i t i s d e s i r e d to reduce the number of b a s i s f u n c t i o n s 

but s t i l l r e t a i n the polynomial s t r u c t u r e of Eq. (2.41), a 

simple procedure e x i s t s f o r t r y i n g subsets of the o r i g i n a l set 

of b a s i s f u n c t i o n s . E l i m i n a t i n g a p a r t i c u l a r b a s i s f u n c t i o n 

Z m from the suboptimal c o n t r o l merely i n v o l v e s d e l e t i n g the 

m̂ *1 row and m̂ *1 column from the augmented matrix [A:b] of 

Eqs. (2.11) - (2.12). Thus, any number of b a s i s f u n c t i o n s can 

be e l i m i n a t e d i n t h i s way and the r e s u l t i n g reduced system of 

l i n e a r equations i s then s o l v e d f o r the reduced parameter s e t . 

A comparison can be made between v a r i o u s subsets on the b a s i s 

of the r a t i o E . / r . 
m m ' 

For example, suppose i t i s d e s i r e d to have only 5 

t h i r d - o r d e r terms i n Eq. (2.41) i n s t e a d of t h e , f u l l 10. There 

are 252 p o s s i b l e 5-element subsets of { z ^ , i = 4,...,13}. For 

each subset, the corresponding 8 x 8 l i n e a r subsystem of the 

augmented matrix f o r the Group 2 t r a j e c t o r i e s was solved and 

E m ^ n / r evaluated. The s m a l l e s t f i g u r e of merit r e s u l t e d when 

b a s i s f u n c t i o n s 6,9,10,11, and 12 were omitted. The c o n t r o l l e r 

parameters and E - ^ n / r are given i n Table 2.6. This procedure 

was repeated f o r 7 t h i r d - o r d e r terms (120 p o s s i b l e subsets) 

and the parameter val u e s f o r the best subset are a l s o 

l i s t e d i n Table 2.6. I t i s i n t e r e s t i n g to observe from 
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Table 2.6 C o n t r o l l e r Parameters, C o n s t r a i n t on Number of 
Third-Order Terms. 

C l C4 C 7 c10 c13 
C2 °5 . c 8 c l l 
c 3 c 6 C 9 C12 

Best with 5 -1.3142 0.2793 -0.5800 0 -0.2895 

3rd-order terms -3.3035 -0.5430 -0.1460 0 

E . / r = 1.96xlO~ 5 

mm' -2.3249 0 0 0 

Best with 7 -0.9576 0.1526 -0.7530 0' -0.2735 

3rd-order terms -3-0143 -0.6144 -0.2602 0 

W r = 2.90X10" 4 -2.0047 -0.1201 -0.1688 0 

Table 2.5 and Table 2.6 that with the s i n g l e e xception of c^ 

i n the f i r s t case, the parameters omitted were the s m a l l e s t . 

Although a great number of p o s s i b l e subsets have to be 

t r i e d , the procedure i s not time consuming. The computer 

(IBM 7044) time r e q u i r e d f o r the 5-element subsets was 38.5. 

seconds and f o r the 7-element subsets, 24.5 seconds. 

.The suboptimal c o n t r o l with the c o n t r o l l e r para

meters i n Table 2.5 was t e s t e d over a range of i n i t i a l con

d i t i o n s w i t h i n the approximation r e g i o n . These i n i t i a l 

c o n d i t i o n s were chosen as worst case t e s t s i n that they 

were maximally d i s t a n t from development t r a j e c t o r y i n i t i a l 

c o n d i t i o n s . The i n c r e a s e i n performance val u e s over optimal 
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was n e g l i g i b l e i n every case. In-order to observe . 

d e v i a t i o n s from optimal performance, i t was necessary t o 

use t e s t i n i t i a l c o n d i t i o n s outside B. The.values of 

t e r m i n a l time and performance f o r some cases of i n t e r e s t 

are l i s t e d i n Table 2.7. Terminal times f o r the suboptimal 

t r a j e c t o r i e s l i s t e d i n Table 2.7 are accurate to w i t h i n 

+ 0.025 (the i n t e g r a t i o n step s i z e ) . In a d d i t i o n to the 

suboptimal feedback c o n t r o l s s p e c i f i e d by Eq. (2.41) and 

the parameter s e t s i n Table 2.5, the r e s u l t s of u s i n g 

optimal c o n t r o l , the l i n e a r R i c a t t i c o n t r o l and a c o n t r o l 

based on an expansion of the Hamilton-Jacobi equation are 

shown i n the Table. This l a t t e r c o n t r o l i s of e x a c t l y the 

same form as (2.40) but with d i f f e r e n t parameter values 

(see Appendix A). The response x ^ ( t ) to the optimal con

t r o l , n o n l i n e a r suboptimal c o n t r o l s and the R i c a t t i l i n e a r 

c o n t r o l are shown i n F i g . 2-7 f o r the i n i t i a l c o n d i t i o n 

(2,2,2). 



Table 2.7 E v a l u a t i o n of Various Suboptimal Feedback 
C o n t r o l s . 

I n t . C o n d i t i o n 
Performance J 

Terminal time t ^ . 

x l • X2 X 3 
Optimal Parameter 

Set 1 
Parameter 

Set 2 
Merriam's 

Method (AppA) 
L i n e a r 
R i c a t t i 

2 -2 . ' 2 13.1 
2.83 

13-1 
2.95 

13.1 
2.80 . 

13.1 
2.79 • 

13-7 
3.50 

2 1.5 1.5 144.4 
5.12 

144.9 
5.10 

144.9 
5.10 

158.1 
.5.31 / 

160.4 
6.50 

2 2 . 0 . 175.9 
5.15 

176.9 
5.15 

176.8 
5.15 

191.7 ••' 
5.34 

199.5 
6.70 

2 2 1 196.7 
5.20 

197.9 
5.20 

197.8 
5.20 

216.1 
5.40 

230.1 
6.85 

2 2 2 221.6 
5.25 

223-0 
5.25 

222.9 
5.25 

244.6 
5.46 

•269.2 
7.00 

2 2 3 250.6 
5.31 

252.4 
5.30 

252.3 
5.30 

277.3 
5.55 

318.6 
7.15 

3 3 3 1003.2 
6.31 

1036.6' 
j 6.15 

• 1027.3 
6.10 

1146.0 
6.33 (Unstable) 



Xl(t) 

3 h 

xQ
r* (2,2,2) 

\ OPTIMAL ' 
'RICATTI 

F i g . 2-7 x 1 ( t ) f o r the Optimal,- N o n l i n e a r Suboptimal (Eq. (2.40)) ajid : L i n e a r 
R i c a t t i C o n t r o l s . 
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3 . PIECEWISE POLYNOMIAL APPROXIMATION ' 

3 - 1 Polynomial Basis F u n c t i o n s . 

S u c c e s s f u l a p p l i c a t i o n of the s y n t h e s i s technique 

g i v e n i n Chapter 2 depends upon the d e s i g n e r ' s a b i l i t y to 

s p e c i f y a s u i t a b l e c o n t r o l l e r .structure ( s u i t a b l e b a s i s 

f u n c t i o n s i f v(x;c) i s to be l i n e a r i n c ) . There are two 

b a s i c approaches to t h i s q u e s t i o n . The f i r s t i n v o l v e s 

making a d e t a i l e d study of a p a r t i c u l a r problem or problem 

c l a s s i n an attempt to o b t a i n c l u e s about the s t r u c t u r e of 

u ( x ) . While t h i s study could be completely e m p i r i c a l , i t 

should c a p i t a l i z e on any e x i s t i n g t h e o r e t i c a l knowledge of 

the s o l u t i o n and be aided by whatever a n a l y s i s i s f e a s i b l e . 

Examples of t h i s approach are contained i n S e c t i o n s 2-4 and 

2-5. In the second approach, the b a s i s f u n c t i o n s employed 

are of g e n e r a l u t i l i t y , t h a t i s , they are ones that w i l l 

adequately serve f o r a l a r g e c l a s s of problems. The most 

common example of such a general u t i l i t y set of b a s i s 

f u n c t i o n s i s the polynomials. 

I f high-order polynomials are r e q u i r e d to o b t a i n an 

adequate approximation, s e v e r a l d i f f i c u l t i e s w i l l be en

countered. In computing c from Eq. (2.14), there i s reason 

to b e l i e v e that the matrix A w i l l become i l l - c o n d i t i o n e d 

as the order of the polynomial i n c r e a s e s . The e x i s t e n c e 

of t h i s phenomenon i s supported by the author's computational 

experience and i s well-known i n s i n g l e - v a r i a b l e l e a s t - s q u a r e s 



approximation theory ( J J L 2 J , S e c t i o n 1 7 . 5 ) . High-order 

polynomial approximations a l s o e x h i b i t numerical i n s t a b i l i t y 

( [ l ^ J > p. 2 9 6 ) . T h i s p r o p e r t y i s c l o s e l y a s s o c i a t e d wi'i'h 

an even more s e r i o u s c o n d i t i o n which may a r i s e , namely un

wanted f l u c t u a t i o n s of v(x;c) i n r e g i o n s between develop

ment t r a j e c t o r i e s . 

3 - 2 Piecewise Polynomial F u n c t i o n s . 

approximation may be l a r g e l y overcome through the use of 

another c l a s s of general u t i l i t y b a s i s f u n c t i o n s , the p i e c e -

wise polynomial f u n c t i o n s . A f u n c t i o n v of t h i s c l a s s i s 

a polynomial on each of s e v e r a l d i s j o i n t r e g i o ns B , that 

The above o b j e c t i o n s to high-order polynomial 

i s , i f there are such r e g i o n s and J ^ J B^ = B, then 
m=l 

N 
V(x;c) P ( x ; c m ) K (x) / 1 m ' m ( 3 - D 

m=l 

on B, where P ( x ; c m ) i s a polynomial i n x, 

c ( 3 . 2 ) 

r c 

and 
0, otherwise 

m 
( 3 . 3 ) 

The vector c has N components where 
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N 

• r 

m=l 

I t should be observed that i f the r e g i o n s are p r e -

s p e c i f i - ^ d , ( 3 - l ) i s a linea.r approximating f u n c t i o n of the 

form (2.8). The optimal choice of subregions w i l l not be 

considered i n t h i s t h e s i s . 

One of the most powerful arguments i n f a v o r of 

polynomial approximation i s provided by the W e i e r s t r a s s 

Approximation Theorem ([l4~j , Sect. 6.6) which s t a t e s that 

any r e a l continuous f u n c t i o n can be approximated a r b i t r a r i l y 

c l o s e l y on any c l o s e d and bounded set by polynomials of 

s u f f i c i e n t l y high degree. For a g i v e n approximation accuracy, 

i t i s evident that a polynomial of lower degree w i l l s u f f i c e 

i f the approximation r e g i o n i s reduced i n s i z e . Thus, by 

u s i n g low-order polynomials i n each of s e v e r a l subregions, 

the accuracy of high-order polynomial approximation i s 

maintained while the u n d e s i r a b l e p r o p e r t i e s a t t r i b u t a b l e to 

h i g h order are e l i m i n a t e d . 

I n t e r p o l a t i o n and approximation by s p l i n e f u n c t i o n s 

of a s i n g l e v a r i a b l e has r e c e i v e d c o n s i d e r a b l e a t t e n t i o n 

( [ l 5 j , f o r example). S p l i n e f u n c t i o n s are a s u b c l a s s of 

piecewise polynomial f u n c t i o n s . For s c a l a r x, v(x;c) i n 

Eq. (3.1) i s a s p l i n e - f u n c t i o n of degree k i f i t i s equal 

to a polynomial of k^*1 degree on each s u b i n t e r v a l B^ of the 

i n t e r v a l B and the parameters c are such t h a t on B, v i s 

continuous and has continuous d e r i v a t i v e s up to order k-1. 



42 

F u r t h e r d i s c u s s i o n s on the advantages of s p l i n e approx

ima t i o n may be found i n [ l 6 j p. 17, and [17] • 

3-3 Discontinuous Suboptimal C o n t r o l Law. 

The polynomials P m ( x ; c m ) i n Eq. (3.1) have the 

form 
N 
m 

P m ( x ; c m ) =<Tc™ Y^(x) (3.5) 

r = l . 

where Y^(x) i s a product of powers of the s t a t e v a r i a b l e s . 

From Eqs. (2.8), (3.1), and (3.5), the b a s i s f u n c t i o n s 

Z^(x) are giv e n by 

Z.(x) = Y^(x)K (x) (3.6) i r m 

f o r r = l , v . , N m , m = l , . . . , N r 

where i = i(r,m) = ^ + N 2 + ... + N ^ + r (3-7) 

With no r e s t r i c t i o n s on the parameters c, the 

optimal c can be obtained d i r e c t l y from Eq. (2.14). I f 

i = i ( l , m 1 ) and j = j ( r , m 2 ) , then from Eqs. (2.1l) and 

(3-6), 

^ — 1 f k m, m9 

A., = > C (Y n Y K K )dt (3.8) I J Z 1 \ 1 r mn m0

J 

•k=l J x d 

0 

where the argument of each f a c t o r i n the integrand i s x ( t ; x 
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But along any t r a j e c t o r y , 

K ( t ) K (t) m2 

' K
m _ ( t ) , m1 = m2 

(3.9) 
0 , m̂  £ m. 

Hence, Â .. = 0 i f the i n d i c e s i and j correspond to d i f f 

erent subregions of B, thus p e r m i t t i n g the f o l l o w i n g de

composition of the l i n e a r system ( 2 . 1 4 ) : 

~ 1 I I 
A i 0 1 0 

— 1 - 2 1 " " 
0 I A ' 0 1 | 

0 I 0 I . 

I I . 

• 0 

0 i A 

1 ,1 c b 
2 ,2 c b 

• 

• 

N N 
r c b 

(3.10: 

The v e c t o r of parameters c m corresponding to subregion B 

i s the s o l u t i o n of 
m 

Am m , m A c = b (3.11) 

I t i s probable that d i s c o n t i n u o u s piecewise p o l y 

nomial b a s i s f u n c t i o n s might only be used i n an i n i t i a l 

i n v e s t i g a t i o n i n t o the nature of u(x) and that a more 

e f f i c i e n t c o n t r o l l e r s t r u c t u r e would be chosen on the b a s i s 

of t h i s i n v e s t i g a t i o n . 

3-4 G-rid-Dependent Parameters. [ l 8 J 

I f B i s p a r t i t i o n e d i n t o a r e c t a n g u l a r g r i d , b a s i s 
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f u n c t i o n s may be formed from piecewise polynomial f u n c t i o n s 

of a s i n g l e v a r i a b l e with parameters dependent upon tne g r i d 

c o o r d i n a t e s . To i l l u s t r a t e , the case of two s t a t e v a r i a b l e s , 

denoted x and y, i s d i s c u s s e d . 

The r e c t a n g u l a r g r i d i s shown i n F i g . 3-1. Along each 

g r i d segment p a r a l l e l to one of.the axes, say the x a x i s , 

the suboptimal c o n t r o l i s taken to be a low-order polynomial 

i n x ( f o r concreteness, assume second o r d e r ) . 

>y 

• 

1 

• 

*1 x 2 . . 
• 

F i g . 3-1 Approximation G r i d 

Thus along the g r i d l i n e y = y^, v(x,y;c) i s g i v e n by 
m 

g k ( x ; c ) ( a k i x 2 + P k i X + ~ * k i ) K i ( x ) ( 3 ' 1 2 ) 

• i = l 

where K^(x) =. 
l , x . - x - x. , ' l l + l 
0, otherwise v. ' 

and c i s the v e c t o r of parameters oc^, T i k > i = l , • • • >m> 
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k = l , . . . , q . The suboptimal c o n t r o l v between constant -y 

g r i d l i n e s i s , o b t a i n e d by a l i n e a r i n t e r p o l a t i o n process 

i n the y - d i r e c t i o n . For example, i f Lagrangian i n t e r 

p o l a t i o n over the f u l l range of y i s employed, then 

q 
v(x,y;c) = 2 L k ( y ) g k ( x ; c ) (3.13) 

k=l 

where 
P(y) 

M y ) ( y - y j p ' (yJ 

q 

p(y) = I I (y-y±) 
i = l 

C o n d i t i o n s of c o n t i n u i t y and/or smoothness can be 

imposed on (3.13), thus r e d u c i n g the number of f r e e para

meters but without a f f e c t i n g the l i n e a r i t y of v with 

r e s p e c t to these parameters. To demonstrate, i f we r e q u i r e 

the f u n c t i o n s g^(x;c) to be s p l i n e f u n c t i o n s of degree 2 

(see S e c t i o n 3-2), then f o r each k(k = l , . . . , q ) , 

a k i x i + P k i x i + ^ k i = a k , i - i x i + A , ± - i x ± + T T k , i - i 

2 a k i X i + Pki = 2 a k , i - l X i + Pk,i-1 
(3.14) 

f o r i = 2,...,m. The minimum of the q u a d r a t i c f u n c t i o n E(c) 
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g i v e n by Eq. ( 2 . 1 0 ) s u b j e c t to the l i n e a r c o n s t r a i n t s 

( 3 . 1 4 ) can be computed d i r e c t l y by i n t r o d u c i n g Lagrange 

m u l t i p l i e r s . However, because of the simple r e c u r s i v e nature of 

Eqs. ( 3 - 1 4 ) , 2q(m-l) parameters may be e x p l i c i t l y e l i m i n a t e d 

from ( 3 . 1 3 ) - I f the parameters. p\ k, T i k , i=2 , . . . ,m,k=l, . . . ,q 

are e l i m i n a t e d , Eq. ( 3 . 1 2 ) becomes 

2 2 

g k ( x ; c ) = T k l + p k l x + a k l ( x - ( x - x 2 ) U 2 ( x ) ) 

m 
+ Z i a k i ( ( x ~H)2\{x) ~ ( x - x i + i ) 2 u i + i ( x ) ) 

i=2 
( 3 - 1 5 ) 

' 1 , x > x. 
where U^(x) = 

1 

0 , x = x ± 

and c denotes the reduced parameter v e c t o r . I f Eq. ( 3 . 1 5 ) 

i s s u b s t i t u t e d i n t o ( 3 . 1 3 ) , the r e s u l t i n g c o n t r o l law i s 

l i n e a r i n the components of c. The technique of the pre

v i o u s chapter can thus be a p p l i e d to the d e t e r m i n a t i o n of c. 

3-5 Example. 

The technique of the p revious s e c t i o n i s here 

a p p l i e d to the c o n t r o l problem of S e c t i o n 2 - 4 . For pur

poses of t h i s example, the two s t a t e v a r i a b l e s x-̂  and x 2 

are renamed x and y r e s p e c t i v e l y . 

The r e c t a n g u l a r g r i d chosen f o r the approximation 
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procedure i s shown i n P i g . 3-2. Along each of the s i x 

g r i d segments p a r a l l e l to the x a x i s , v(x,y;c) was taken 

to be a polynomial i n x of order 3* 

g k ( x ; c ) . = Y] ( " ^ k i x 3 + a k i x ' + ? k i X + Y k i ) K i ( x ) 

i = l 
(3.16) 

k = 1,2,3 

2 

Y 

2 % 

-2 0 32 2 

3, 

x 

P i g . 3-2 Approximation G r i d f o r Example Problem. 

f 1 , -2 * x * 0 f l , 0< x * - 2 
where K. (x) = 4 K„(x) = { 

X LO, x > 0 . < 10, x ^ 0 

At each of the j o i n t s (0,2),. (0,0), and (0,-2), c o n t i n u i t y 

of the f u n c t i o n s g k ( x ; c ) and t h e i r f i r s t d e r i v a t i v e s i s <* 

imposed. The symmetry .condition 

v(-x,-y;c) = -v(x,y;c) (3.17) 

i s a l s o enforced. In terms of the reduced parameter v e c t o r , 

Eqs. (3-16) are then g i v e n by 
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•z 2 3 2 
gj(x;c) = {T[ xJ+ cx^x )TLL+ B ^ x +f +(y\^2x^+ ct^x 

(3.18) 

g 2 ( x ; c ) = "^21 x + a 2 1 X s S n ^ x ^ + P21 X (3-19) 

and g^(x;c) f o l l o w s from (3.18) and the symmetry c o n d i t i o n 

(3.17). Using Lagrangian i n t e r p o l a t i o n , the suboptimal 

c o n t r o l approximating form i s giv e n by 

3 
v(x,y;c) L, ( y ) g l r ( x ; c ) (3.20) 

k=l * K 

where L± = y(y-2)/8 L 2 = (4-y 2 ) / 4 = y(y+2)/8 

The nine f r e e parameters i n (3.20) were evaluated 

(see Table 3«l) by the procedure of Chapter 2 u s i n g the ten 

development t r a j e c t o r i e s numbered 1-10 i n F i g . 2-1. 

Table 3.1. C o n t r o l l e r Parameters. 

021 -0.1872 
Y 3 l -4.9151 * b i 0-.6531 

a 2 1 -0.4272 
P31 2.3054 a32 1.2016 

^21 - - .0432 
a 3 l 3.5534 ^32 -0.7532 

Test i n g the r e s u l t i n g c o n t r o l law f o r the seven t e s t 

t r a j e c t o r i e s (A-G) d i s p l a y e d i n F i g . 2-1 re v e a l e d that the 

worst case performance' i n c r e a s e was only ( a t t a i n e d f o r 

t e s t t r a j e c t o r y E ) . In F i g . 3-3, the qua s i - o p t i m a l f e e d 

back c o n t r o l v i s p l o t t e d . This f i g u r e should be compared 

with the optimal s u r f a c e i n F i g . 2-2. 



F i g . 3-3 Quasi-Optimal Feedback Surface. 

3-6 Kolmogorov's R e p r e s e n t a t i o n Theorem. 

A theorem r e c e n t l y developed by Kolmogorov and 

others ( [ 1 9 ] , Chpt. 1 1) i s of c o n s i d e r a b l e p o t e n t i a l im

portance, not only f o r the d e t e r m i n a t i o n of s u i t a b l e sub-

optimal feedback c o n t r o l laws, but a l s o f o r the approximation 

of g e n e r a l m u l t i v a r i a b l e f u n c t i o n s . This theorem, which s t a t e s 

i n essence, that m u l t i v a r i a b l e f u n c t i o n s can be represented 

by f u n c t i o n s of a s i n g l e v a r i a b l e , i s presented i n t h i s 

s e c t i o n as a stimulus to f u r t h e r r e s e a r c h i n t o c o n t r o l law 

r e p r e s e n t a t i o n s . 

The f o l l o w i n g statement of Kolmogorov's theorem i s 

taken from f l 9 ~ ! w i t h s l i g h t m o d i f i c a t i o n s i n symbolism. There 
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e x i s t n constants 0 < \^ ^ 1, i = l , . . . , n and 2n+l f u n c t i o n s 

0 (x),q=0,l,...,2n d e f i n e d on [ p,lj and with values i n [ o,l] , 

which have the f o l l o w i n g p r o p e r t i e s : the 0 are s t r i c t l y 
*• 

i n c r e a s i n g and belong to a c l a s s L i p a . For each con-

tinuous f u n c t i o n f d e f i n e d on the u n i t cube i n E , one can 

f i n d a continuous f u n c t i o n g ( u ) , 0 s u - n such that 

2n • ' 
f( X l,...,x n) =Sg(\ L0 q(x 1) + ••• + ^ q ( x n ) ) (3.21) 

The r e p r e s e n t a t i o n of m u l t i v a r i a b l e f u n c t i o n s g i v e n 

by Eq. (3.21) has s e v e r a l a p p e a l i n g f e a t u r e s . F i r s t , a 

d e f i n i t e form with some s t r u c t u r a l i n f o r m a t i o n i s provided 

as a s t a r t i n g p o i n t f o r approximation. Secondly, i f analog 

i n s t r u m e n t a t i o n of the suboptimal feedback c o n t r o l i s con

templated, the advantages of the r e p r e s e n t a t i o n (3.21) should 

be e v i d e n t . Each of the s i n g l e v a r i a b l e f u n c t i o n s 0̂  can 

be e a s i l y formed with a f u n c t i o n generator as can the 

s i n g l e - v a r i a b l e f u n c t i o n g ( u ) . The remaining l i n e a r 

a l g e b r a i c operations are a l s o c o n v e n i e n t l y performed with 

analog equipment. I t i s remarked that the c l a s s L i p a 

•includes the c l a s s of continuous piecewise polynomial 

Functions f i n t h i s c l a s s s a t i s f y a L i p s h i t z c o n d i t i o n 
of order a, that i s , i f f ( x ) i s d e f i n e d on an i n t e r v a l I, 
there e x i s t two p o s i t i v e constants M and a such that 

a 
| f ( x 2 ) - f ( x 2 ) - M |x1• - x 2 | f o r a l l x - ^ x ^ I 



f u n c t i o n s , of which the continuous piecewise l i n e a r 

f u n c t i o n s appear p a r t i c u l a r l y a t t r a c t i v e f o r use with 

f u n c t i o n g enerators. Perhaps the most important b e n e f i t 

which might accrue from e x p l o i t i n g Kolmogorov's 

r e p r e s e n t a t i o n i s the conceptual i n s i g h t p o s s i b l e with 

s i n g l e v a r i a b l e f u n c t i o n s . 

These advantages w i l l not be e a s i l y gained, how

ever. Simultaneous approximation of the f u n c t i o n s 0̂  and 

the f u n c t i o n g i n the form (3.21) w i l l r e q u i r e that a non

l i n e a r approximation problem be s o l v e d . V/hether the 0̂  

can be approximated s e p a r a t e l y from g i s a t o p i c f o r f u t u r e 

r e s e a r c h . 
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4. EVALUATION AND CONCLUSIONS: PART I 

4-1 C o n t r o l S e n s i t i v i t y . 

S u c c e s s f u l a p p l i c a t i o n of the proposed s y n t h e s i s 

technique w i l l depend to a l a r g e extent on the s e n s i t i v i t y 

of end c o n s t r a i n t s and performance f u n c t i o n a l to c o n t r o l 

p e r t u r b a t i o n s . The g r e a t e r the i n s e n s i t i v i t y to c o n t r o l 

e r r o r s that e x i s t s i n a problem, the g r e a t e r w i l l be the 

t o l e r a b l e approximation e r r o r and hence, a g r e a t e r l i k e 

l i h o o d of o b t a i n i n g an acceptable suboptimal c o n t r o l . 

Belanger [20] has employed a f i r s t - o r d e r a n a l y s i s 

to determine the e f f e c t of c o n t r o l e r r o r s on t e r m i n a l accuracy. 

He has shown that only i n the case where the dimension of 

the t e r m i n a l manifold i s one l e s s than the dimension of the 

state-time.product space (that i s , m = 1 i n Eq. (1.2)) i s 

i t p o s s i b l e to s p e c i f y a t o l e r a n c e on the optimal c o n t r o l 

such that a l l c o n t r o l s w i t h i n t h i s t o l e r a n c e w i l l t r a n s f e r 

the system to the t a r g e t s e t . Moreover, to f i r s t order, 

such c o n t r o l s cause no d e v i a t i o n from optimal performance 

s i n c e each perturbed t r a j e c t o r y reaches the t a r g e t set and 

the v a r i a t i o n of J i s zero, to f i r s t - o r d e r , f o r an optimal 

t r a j e c t o r y . For example, i f the t e r m i n a l manifold i s geo

m e t r i c a l l y e q u i v a l e n t to a c l o s e d hypersurface surrounding 

the o r i g i n (m = 1 case), any c o n t r o l law w i l l be all o w a b l e i n 

the sense.'.of meeting end c o n d i t i o n s i f the cl o s e d - l o o p 
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system i s a s y m p t o t i c a l l y s t a b l e . 

• I t i s o f t e n f e a s i b l e to convert the end c o n d i t i o n 

requirements f o r a problem to a s i n g l e equation. For 

example, i f the o r i g i n a l t a r g e t set i s a p o i n t , t h i s can'be 

approximated by a s u i t a b l y small sphere or e l l i p s o i d about 

t h i s p o i n t , as i n the examples of Chapter 2. P h y s i c a l 

c o n s i d e r a t i o n s of accuracy and en g i n e e r i n g c o n s i d e r a t i o n s 

of economy u s u a l l y d i c t a t e that mathematically " t i g h t " 

t e r m i n a l s p e c i f i c a t i o n s be r e l a x e d somewhat f o r the c o n t r o l 

system des i g n . 

4.2 Instrumentation: Incomplete State Feedback. 

Optimal c o n t r o l laws may r e q u i r e u n j u s t i f i a b l y 

s o p h i s t i c a t e d i n s t r u m e n t a t i o n to implement. One of the 

d e s i r a b l e f e a t u r e s of s p e c i f i c optimal c o n t r o l l e r s (see 

S e c t i o n 2-3) i s that i n s t r u m e n t a t i o n c o n s t r a i n t s can be i n 

corporated i n t o the suboptimal c o n t r o l law Eq. (2.8). An 

important example of such a c o n s t r a i n t i s the i n a c c e s s 

i b i l i t y of c e r t a i n s t a t e v a r i a b l e s ( d i s c u s s e d b r i e f l y i n 

S e c t i o n 1-2). A d i r e c t , though not n e c e s s a r i l y s a t i s f a c t o r y 

means of d e a l i n g with t h i s problem i s simply to omit the 

i n a c c e s s i b l e s t a t e v a r i a b l e s from the suboptimal feedback 

law. This approach i s d i s c u s s e d i n [l6\ and [2l] f o r a 

l i n e a r system and a q u a d r a t i c performance f u n c t i o n a l . 

In c e r t a i n cases, simply i g n o r i n g i n a c c e s s i b l e 

s t a t e v a r i a b l e s may y i e l d a s a t i s f a c t o r y suboptimal c o n t r o l 

system and, i n these cases, the s y n t h e s i s procedure of t h i s 
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t h e s i s may be used to. determine i t . However, c o n s i d e r a b l e 

improvement at l i t t l e e x t r a cost may r e s u l t from simple 

e s t i m a t i o n schemes. This i s i l l u s t r a t e d by the improved . 

system behaviour which o f t e n r e s u l t s from the use of com

pen s a t i n g networks i n c l a s s i c a l l i n e a r c o n t r o l systems. 

4 - 3 Switching (Bang-Bang) C o n t r o l Systems. 

C e r t a i n optimal c o n t r o l systems r e q u i r e that the 

c o n t r o l s i g n a l switch from one value to another d i s -

c o n t i n u o u s l y . The optimal feedback c o n t r o l i s then 

determined by the a l g e b r a i c s i g n of s w i t c h i n g f u n c t i o n s . 

In such cases, i t i s o b v i o u s l y more convenient to approximat 

the s w i t c h i n g s u r f a c e s d i r e c t l y r a t h e r than attempting an 

approximation i n the form of Eq. ( 2 . 8 ) f o r the c o n t r o l 

f u n c t i o n . An approach based on a mean-square f i t to p o i n t s 

on the s w i t c h i n g s u r f a c e has been taken by Smith [22] . A 

l e a r n i n g - a l g o r i t h m approach was taken by Mendel and 

Zapalac [23] who d e s c r i b e t h e i r s y n t h e s i s technique as o f f 

l i n e t r a i n i n g of a r e a l i z a b l e c o n t r o l l e r . I t i s i n t e r e s t 

i n g t h at the method proposed i n t h i s t h e s i s may a l s o be 

looked upon as one of o f f - l i n e t r a i n i n g i n which the develop 

ment t r a j e c t o r i e s are regarded as c o n s t i t u t i n g the 

" t r a i n i n g s e t " , the p r e s p e c i f i e d c o n t r o l l e r f u n c t i o n (Eq. 

( 2 . 8 ) ) as the " t r a i n a b l e c o n t r o l l e r " and the computational 

procedure d e s c r i b e d i n S e c t i o n 2 - 3 . 3 as the " t r a i n i n g 

a l g o r i t h m " . 
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4-4 Comparison With A l t e r n a t i v e Procedures. 

There are e s s e n t i a l l y three d i f f e r e n t q u a n t i t i e s 

which might be approximated i n attempting to s y n t h e s i z e a 

n e a r l y optimal feedback c o n t r o l . In t h i s t h e s i s , a d i r e c t 

approximation of the optimal feedback c o n t r o l u(x) i s 

attempted. Another p o s s i b i l i t y i s p ( x ) , the optimal ad

j o i n t v a r i a b l e as a f u n c t i o n of s t a t e . F i n a l l y , an approx

i m a t i o n of the minimum value V(x) of the performance index 

as a f u n c t i o n of s t a t e may be attempted. I f e i t h e r p(x) 

or V(x) i s approximated, the suboptimal c o n t r o l i s obtained 

through the necessary c o n d i t i o n s f o r an optimum. For the 

c o n t r o l problem of S e c t i o n 2-2, the Hamiltonian i s 

H(x,p,u) = F(x,u) + p T f ( x , u ) ' (4,1) 

I f p(x) i s approximated by p ( x ; c ) , the suboptimal c o n t r o l 

v(x;c) i s obtained by min i m i z i n g (4.l) with p = p ( x ; c ) . I t 

can be shown(see f o r example [24] , pp. 14-17) that 

p(x) = V;(x) ' (4.2) 

Thus, i f V(x) i s approximated by V ( x ; c ) , the suboptimal con

t r o l i s obtained by min i m i z i n g (4.1) with the gr a d i e n t of 

V(x;c) s u b s t i t u t e d f o r , p . 

Assume that 

u = g(x,p) (4.3) 

minimizes (4.1). Only those components of p which appear 
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e x p l i c i t l y i n the r e l a t i o n (4-3) need be approximated. Even 

so,, s e v e r a l components of p may have to be approximated i n 

order to o b t a i n the suboptimal c o n t r o l . This e x t r a work could 

only be j u s t i f i e d i n the case where a s w i t c h i n g c o n t r o l is.' 

expected s i n c e p w i l l be continuous and, presumably, e a s i e r 

to approximate than u. K i p i n i a k (jjLl] , pp. 94-117) presents 

a scheme f o r approximating p(x) which i n v o l v e s e l a b o r a t e 

p l o t t i n g and cross p l o t t i n g and eventual curve f i t t i n g of the 

g r a p h i c a l data. 

I f e i t h e r p(x) or V(x) i s approximated, the designer 

cannot e x e r c i s e d i r e c t c o n t r o l on the i n s t r u m e n t a t i o n 

r e q u i r e d to implement the c o n t r o l s i n c e f u r t h e r operations 

must be performed on the approximation to o b t a i n the sub-

optimal c o n t r o l . 

The c h i e f advantage i n approximating V(x) i s that 

V i s always a continuous, non-negative s c a l a r f u n c t i o n , 

independent of the dimension of u. This advantage i s more 

than o f f s e t , however, by the f a c t that p a r t i a l d e r i v a t i v e s 

of V must be taken to o b t a i n a suboptimal c o n t r o l . A c l o s e 

approximation of V does not n e c e s s a r i l y imply a c l o s e 

approximation of i t s d e r i v a t i v e s . . Durbeck [25] proposed a 

method where V i s approximated f o r an i n f i n i t e i n t e r v a l 

( t ^ =co) p r o c e s s . The parameters i n the approximation must 

be determined by a cumbersome descent m i n i m i z a t i o n of a non

l i n e a r f u n c t i o n . This technique i s l i m i t e d to a r e l a t i v e l y 

few number of parameters because of the r e q u i r e d use of non

l i n e a r programming methods. G-ragg .f24j approximates V by a 
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l e a s t - s q u a r e s procedure. The c h i e f disadvantage of Gragg's 

procedure i s the p r e v i o u s l y mentioned one of having to 

take p a r t i a l d e r i v a t i v e s of the approximation. 

4-5 Summary and Con c l u s i o n s . 

A technique f o r s y n t h e s i z i n g n e a r l y - o p t i m a l 

feedback c o n t r o l f u n c t i o n s has been presented. To begin 

the s y n t h e s i s procedure, a c o n t r o l l e r input-output r e l a t i o n 

dependent upon a set of a d j u s t a b l e parameters must be p r e 

s c r i b e d . The " d i s t a n c e " between the suboptimal c o n t r o l l e r and 

the optimal feedback c o n t r o l l e r i s measured by a sum of i n 

t e g r a l square d e v i a t i o n s between the optimal c o n t r o l and 

the suboptimal c o n t r o l a l o n g s e v e r a l system t r a j e c t o r i e s . 

Choosing the c o n t r o l l e r parameters to minimize t h i s d i s t a n c e 

r e s u l t s i n an o v e r a l l computational a l g o r i t h m which i s 

simple enough to make experimentation with d i f f e r e n t con

t r o l l e r s t r u c t u r e s completely f e a s i b l e . 

I f l i t t l e i s known about the a l g e b r a i c form of the 

optimal feedback c o n t r o l f u n c t i o n , piecewise polynomial b a s i s 

f u n c t i o n s are advocated. Low-order piecewise p o l y n o m i a l 

b a s i s f u n c t i o n s w i l l provide an accurate approximation of 

the optimal feedback s u r f a c e but without having the u n d e s i r 

able numerical p r o p e r t i e s of hig h - o r d e r polynomial b a s i s 

f u n c t i o n s . In a d d i t i o n , piecewise polynomial f u n c t i o n s 

possess a f l e x i b i l i t y which could never be e q u a l l e d by 

a n a l y t i c f u n c t i o n s (polynomials, f o r example). Even i f i t 

were n u m e r i c a l l y p o s s i b l e to compute a high - o r d e r polynomial 
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approximation, the f l e x i b i l i t y of piecewise polynomial 

f u n c t i o n s w i l l allow more complicated optimal feedback 

f u n c t i o n s to be approximated with a fewer number of parameters. 

I t was shown i n S e c t i o n (4.l).how the a l l o w a b l e . 

approximation e r r o r i s r e l a t e d to the t e r m i n a l s p e c i f i c 

a t i o n s . F u l l advantage must be taken of t e r m i n a l c o n s t r a i n t 

t o l e r a n c e s to reduce the s e n s i t i v i t y to c o n t r o l e r r o r s . 

In p r i n c i p l e , the s y n t h e s i s technique explored i n 

t h i s t h e s i s i s very g e n e r a l . In a p p l y i n g i t to p r a c t i c a l 

problems, two major h u r d l e s must be overcome. F i r s t , a 

s u i t a b l e c o n t r o l l e r s t r u c t u r e must be found. This i s the 

major t o p i c of Part I. Secondly, many optimal t r a j e c t o r i e s 

must be computed. This job i s , by f a r , the most (computer) 

time consuming numerical task faced by the user of t h i s 

technique and c o n s t i t u t e s the s u b j e c t of the next two 

chapters. 



5. THE EXTENDED NEWTON-RAPHSON METHOD WITH THE 

GENERALIZED RICATTI TRANSFORMATION 

5-1 A p p l i c a t i o n s of Optimal C o n t r o l Programs. 

A p p l i c a t i o n s of optimal c o n t r o l programs can be 

grouped i n t o those r e q u i r i n g o n - l i n e s o l u t i o n of the 

o p t i m i z a t i o n problem and those r e q u i r i n g o f f - l i n e com

p u t a t i o n only. On-line computation would be c a l l e d f o r i n 

a c l o s e d - l o o p a p p l i c a t i o n u s i n g optimal open-loop c o n t r o l 

with p e r i o d i c updating based on the l a t e s t sampled s t a t e . 

To the author's knowledge, t h i s i s a speculated a p p l i c a t i o n 

only and has never been a c t u a l l y implemented. O f f - l i n e 

s o l u t i o n s of the o p t i m i z a t i o n problem may be u t i l i z e d 

i n the design stage. Many optimal t r a j e c t o r i e s are r e q u i r e d 

f o r the s y n t h e s i s procedure advocated i n t h i s t h e s i s . More

over, any p r e l i m i n a r y study of an optimal or suboptimal con

t r o l system design w i l l r e q u i r e the computation of a few 

optimal t r a j e c t o r i e s . In guidance a p p l i c a t i o n s , an optimal 

t r a j e c t o r y i s o f t e n used as a r e f e r e n c e t r a j e c t o r y f o r the 

guidance law ("open-loop s t e e r i n g " ) and feedback c o n t r o l i s 

based on d e v i a t i o n s from t h i s r e f e r e n c e t r a j e c t o r y \_26~\ . 

Many approaches to n u m e r i c a l l y s o l v i n g the optimal 

c o n t r o l problem have been taken, a l l of which l e a d to 

i t e r a t i v e procedures. The p r o p e r t i e s of an i t e r a t i v e 

a l g o r i t h m considered most d e s i r a b l e i n a p p l i c a t i o n s are, 

f i r s t of a l l , a wide r e g i o n of convergence and second, a 

f a s t speed of convergence. I t i s d i f f i c u l t to compare 

re g i o n s of convergence between v a r i o u s techniques because 
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o f t e n the re g i o n s belong to d i f f e r e n t spaces. 

Q u a l i t a t i v e l y , however, a comparison can be based on the 

ease with which s t a r t i n g elements can be s p e c i f i e d so that 

the i t e r a t i o n s w i l l converge from these elements without 

i n t e r v e n t i o n . The d e s i r a b i l i t y of having a wide r e g i o n 

of f a s t convergence i s not l a r g e l y i n f l u e n c e d by whether 

the computation i s to be performed o n - l i n e or o f f - l i n e . 

For o n - l i n e a p p l i c a t i o n s , i t i s probably d e s i r a b l e that 

the a l g o r i t h m have a r a t h e r s m a l l memory requirement. On 

the other hand, i n o f f - l i n e a p p l i c a t i o n s where a block of 

f a s t memory i s a l l o t t e d and co s t s do not depend on what. 

f r a c t i o n of that b l o c k i s a c t u a l l y used, the memory de

manded by the a l g o r i t h m i s of no consequence, provided, of 

course, the demand does not exceed the memory a l l o t t m e n t . 

5 - 2 The Newton-Raphson Method. 

The method to be presented i n t h i s chapter i s an 

extension and m o d i f i c a t i o n of the, f u n c t i o n space Newton-

Raphson method [ 8 ] ( a l s o c a l l e d q u a s i l i n e a r i z a t i o n [ 2 7 ] ) . 

Experience gained i n s e v e r a l numerical s t u d i e s ( [ 2 8 j , f o r 

example) has shown that f o r the Newton-Raphson method, i t i s 

normally r a t h e r easy to choose s t a r t i n g elements from which 

the process w i l l converge. Moreover, the r a t e of convergence 

i s q u a d r a t i c i n the v i c i n i t y of the i t e r a t i o n f i x e d , p o i n t . 

only the " p o i n t - t y p e " t e r m i n a l c o n d i t i o n i s t r e a t e d , that i s , 

In [ 8 ] and subsequent papers of these authors 
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a p a r t i c u l a r s t a t e v a r i a b l e has e i t h e r a s p e c i f i e d t e r m i n a l 

value or i s f r e e . By r e l a b e l l i n g the s t a t e v a r i a b l e s i f 

necessary, i t may be assumed that the f i r s t m are s p e c i f i e d 

Thus f o r t h i s case,- <p i n Eq. (li .2) has the s p e c i a l form 

< P ( x ( t J , t J = I T x ( t j - (5.1) 

where x_p i s an m-vector of constants, I i s a nxm matrix 

d e f i n e d by 

I = nm 

I i s the mxm u n i t matrix and 0 i n (5-2) i s the (n-m)xm zer m • 

matrix. In a d d i t i o n , the o r i g i n a l Newton-Raphson method 

assumes that t ^ i n (5.1) i s f i x e d . Free t e r m i n a l time 

problems are handled by s o l v i n g a sequence of- f i x e d time 

problems, a device which w i l l be explained i n more d e t a i l 

i n S e c t i o n 5-5. 

The primary d i f f i c u l t y encountered i n employing-

the Newton-Raphson method l i e s i n the i n s t a b i l i t y of the 

d i f f e r e n t i a l equations which must be i n t e g r a t e d at each 

i t e r a t i o n . In S e c t i o n 5-4, a t r a n s f o r m a t i o n i s introduced 

which l a r g e l y overcomes t h i s d i f f i c u l t y . 

5-3 The Extended Newton-Raphson Method. 

_m 
0 (5.2) 

For the f r e e t e r m i n a l time c o n t r o l problem 

d e s c r i b e d by Eqs. ( l . l ) , (1.2) and (1.3), the c o n d i t i o n s 
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which must be s a t i s f i e d by the extremal are [ 2 6 ] 

x = f ( x , u , t ) x ( t Q ) = X Q ( 5 . 3 ) 

• T 

p = - H x ( x , p , u , t ) (5.4 ' ) 

0 = H^(x,p,u,t) ( 5 . 5 ) 

p ( t f ) = ^ ^ ( x ( t f ) , ^ , t f ) ' ( 5 . 6 ) 

<P(x(t f),t f) = 0 ( 5 . 7 ) 

v Q i ( x ( t f ) , p ( t f ) , u ( t f ) ,V> , t f ) = ^ t ( x ( t f ) , V , t f )•, 
( 5 . 8 ) 

+ H ( x ( t f ) , p ( t f ) , u ( t f ) , t f ) = 0 

where 3>(x,\?,t) = 0(x,t) + \; T<p(x,t) 

H(x,p,u,t) = P(x,u,t) + p f ( x , u , t ) 

p i s an n-vector of t i m e - v a r y i n g m u l t i p l i e r s 

V i s an m-vector of constant m u l t i p l i e r s 

I t i s assumed that any s t a t e or c o n t r o l i n e q u a l i t y con-, 

s t r a i n t s have been approximated by i n c l u d i n g p e n a l t y terms 

i n the performance f u n c t i o n a l . Equations ( 5 . 3 ) - ( 5 . 8 ) 

represent a n o n l i n e a r two-point boundary-value problem (TPBVP) 

The Newton-Raphson method f o r s o l v i n g o p t i m i z a t i o n 

problems i s a f u n c t i o n space g e n e r a l i z a t i o n of the f a m i l i a r 

z e r o — f i n d i n g technique of-the same name. Suppose i t i s 

d e s i r e d to f i n d a r e a l number x such that the s c a l a r f u n c t i o n 
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f vanishes at x. I f an estimate x"*" ^ i s a v a i l a b l e , the 

next estimate x 1 i s obtained by assuming f ( x x ) = 0 and then 

expanding about x 1 ^ up to l i n e a r terms only; that i s 

0 fCx 1" 1) + f ' ( x i ~ 1 ) ( x i - x i _ 1 ) (5.9) 

Thus, the s o l u t i o n of the n o n l i n e a r equation i s r e p l a c e d by 

the s o l u t i o n of a sequence of l i n e a r equations. 

Proceeding analogously, suppose that estimates 

x, p, u , v , t ^ of the s o l u t i o n of Eqs. (5.3) - (5-8) are 

a v a i l a b l e . The overbar i s used i n s t e a d of a s u p e r s c r i p t i - 1 

f o r n o t a t i o n a l convenience. In a d d i t i o n , arguments of f u n c t i o n s 

are not w r i t t e n e x p l i c i t l y where no c o n f u s i o n should 

a r i s e . Thus f o r example, x stands f o r a v e c t o r time f u n c t i o n 

d e f i n e d on j~t o,t_pj. I t i s assumed that Eq. (5.5) i s s a t i s 

f i e d by x, p, u, that i s , u i s e l i m i n a t e d i m p l i c i t l y or 

e x p l i c i t l y by (5-5). Otherwise, the ( i - l ) i t e r a t e need 

not s a t i s f y any of the other necessary c o n d i t i o n s . I f the 

next i t e r a t e s a t i s f i e d Eqs. (5.3) - (5.8), then x 1 , . f o r 

example, would be the s o l u t i o n of 

x 1 = f ( x 1 , u 1 , t ) (5.10) 

The Newton-Raphson l i n e a r i z a t i o n , of (5.10) i s . ' 

. x 1 = f ( x , u , t ) + f ( x 1 - x) + f 1 1 ( u 1 - u ) ( 5 . U ) ! 

Dropping the s u p e r s c r i p t i ( f o r ease of n o t a t i o n ) and -the. 

overbar from p a r t i a l d e r i v a t i v e s where i t i s to be under- ' 

stood t h a t a l l p a r t i a l d e r i v a t i v e s are evaluated for' 
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previous i t e r a t e q u a n t i t i e s , the d e s i r e d l i n e a r i z e d s t a t e 

equation i s 

x = V + V . - ( f - f x x - f u U - } . ( 5 - 1 2 > 

Equation (5.4) i s t r e a t e d i n e x a c t l y the same manner. The 

c o n t r o l can be e l i m i n a t e d s i n c e f o r each i t e r a t e , 

p ^ u S p V ^ t ) = 0 (5.13) 

The f i r s t - o r d e r d i f f e r e n c e u - u i s 

u - u = -H 1 ( H (x - x) + f T ( p - p)) 

. (5.14) 

where i t i s assumed that H i s n o n s i n g u i a r . The Newton-
uu 0 

Raphson l i n e a r i z a t i o n of Eqs. (5.6) - ( 5 . 8 ) i s c a r r i e d out 

i n Appendix B. 

Using (5.14) to e l i m i n a t e (u - u), the complete 

set of l i n e a r equations analogous to Eq. (5.9) i s given below 

and the symbol d e f i n i t i o n s are i n Table 5.1. 

x = Ax + Bp + a (5.15) 

p = Cx - A Tp + b (5.16) 

p ( t f ) = < 5 x x x ( t f ) + <P^* + octf + \ (5.17) 

<l>= 0 = < p x x ( t f ) + 0 t f + 9 (5.18) 

X l = 0 = a T x ( t f ) + p TV + T t f + w (5.19) 

Equations (5.15) - (5.19) represent a l i n e a r 
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Table 5.1 Symbol D e f i n i t i o n s f o r Eqs . ( 5 .1.5) - ( 5 .19) . 

Symbol Use r e f e r e n c e D e f i n i t i o n 

A * ' - 5.15 
1 f - f H^H -

X u uu ux 

B * 5 -15 
„ - T - l „T 

- i n I u uu u 

C * • 5.16 -H + H H _ 1H 
X X . • xu uu ux 

a * 5.15 f - Ax - Bp 

b * 5.16 T T -H"~ - Cx + A X p 

5.19 

5.18 ? - « t y o i f 

X * f - j 

a ' , 5 .19 ( 8 x t " + $ x x f + H ^ f • • • 

a •5.17-. 5 - ( $ X X X + P ) ^ ' 

P •* . a T 
H x + P ' • . 

5 .19 . ' & ' * t x + * T - A x x ^ f - X ) + a t ] t f -

: 5-17 ® x " § x x x - ^ V a V 

9 -5.18. (<p- <P xx)^ f- (3t.f 

to 5.19 CCL+( 35 x- p T ) f - a T x - p T v ) ^ - ? t f 

* Functions of time 
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TPBVP, the s o l u t i o n of which i s the next ( i ^ * 1 ) i t e r a t e . 

Thus, the' o r i g i n a l n o n l i n e a r TPBVP has been r e p l a c e d by 

a sequence of l i n e a r TPBVP's. U s e f u l c o n d i t i o n s f o r the 

convergence of t h i s i t e r a t i v e process have not yet been 

e s t a b l i s h e d . Some convergence theorems are giv e n i n £29 ] 

f o r the r e l a t e d Newton-Raphson method [&] but these s u f f i c i 

ent c o n d i t i o n s f o r convergence are g e n e r a l l y very d i f f i c u l t 

or .impossible to check and are extremely r e s t r i c t i v e i n 

the sense t h a t they w i l l not be s a t i s f i e d f o r most pro

blems of i n t e r e s t . In p r a c t i c e , i t i s found that con

vergence i s g e n e r a l l y obtained i f the s t a r t i n g f u n c t i o n s are 

"c l o s e " . enough to the converged s o l u t i o n . 

The Newton-Raphson me thod of [©] was a l s o extended 

to cover the gen e r a l t e r m i n a l c o n d i t i o n (Eq. ( 5 . 7 ) ) by 

Lewallen Jj50) • Before d i s c u s s i n g the s o l u t i o n of the 

l i n e a r TPBVP ( 5 - 1 5 ) - ( 5 . 1 9 ) , i t w i l l be made c l e a r how the 

present method d i f f e r s from that i n [j30j • . Lewalleh's pro

cedure r e q u i r e s that the t e r m i n a l c o n d i t i o n s ( 5 . 6 ) - ( 5 . 8 ) 

be expressed i n the form 

h ( x ( t f ) , p ( t f ) , t f ) = 0 ( 5 . 2 0 ) 

where h i s an (n+ l ) - v e c t o r f u n c t i o n . In essence, t h i s 

r e q u i r e s that \? be e x p l i c i t l y e l i m i n a t e d by s o l v i n g m of the . 

n equations ( 5 . 6 ) f o r V and s u b s t i t u t i n g i n the remaining 

(n-m) equations of ( 5 . 6 ) and i n ( 5 . 8 ) . Apart from the 

a l g e b r a i c complexity which can a r i s e , the r e s u l t i n g l i n e a r 

i z e d boundary c o n d i t i o n s ( l i n e a r i z a t i o n of ( 5 - 2 0 ) ) are such 
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t h a t , i n g e n e r a l , a R i c a t t i t r a n s f o r m a t i o n cannot be 

u t i l i z e d i n s o l v i n g the TPBVP. Thus, the present t r e a t 

ment d i f f e r s . f i r s t , i n the form i n which the boundary con

d i t i o n s are handled and second, i n the method of s o l v i n g the, 

l i n e a r TPBVP. ~ 

5-4 G e n e r a l i z e d R i c a t t i Transformation. 

The standard method of s o l v i n g the l i n e a r TPBVP 

a s s o c i a t e d w i t h the Newton-Raphson method r e q u i r e s s e v e r a l 

i n t e g r a t i o n s of the l i n e a r i z e d c a n o n i c a l system,. Eqs. (5.15) 

and (5.16). T h i s g i v e s r i s e to fundamental problems of 

numerical s t a b i l i t y £31] s i n c e as a coupled system, the 

c a n o n i c a l d i f f e r e n t i a l equations have s o l u t i o n s c o n t a i n i n g 

both f a s t - g r o w i n g (unbounded) and f a s t - d e c a y i n g components. 

An approach u t i l i z i n g the R i c a t t i t r a n s f o r m a t i o n 

i n connection with the Newton-Raphson method has been taken 

jj52j f o r the s p e c i a l problem where the t e r m i n a l time i s 

s p e c i f i e d and the t e r m i n a l s t a t e s are f r e e . In [33], the 

g e n e r a l i z e d R i c a t t i t r a n s f o r m a t i o n was used i n connection 

w i t h a d i f f e r e n t computational technique. I t i s here 

a p p l i e d to the extended Newton-Raphson technique of S e c t i o n 

(5 . 3 ) . 

Consider the t r a n s f o r m a t i o n 

p ( t ) R ( t ) ' L ( t ) l ( t ) 

<p L T ( t ) Q(t) m(t) 

a I T ( t ) m T(t) n( t) 

~ x ( t ) q ( t ) 

\> + r ( t ) 

s ( t ) 

(5.21) 
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This transformation must be couvoatible with the l i n e a r i z e d 

equations (5 .15)- (5.19) . D i f i ' e r e n t i a t i n g 2 qs.- (5.21) y i e l d s 

• 
P • 

• 
R 

• 
L 1 X R •• L • 1 

• 
X 

• 

0 = Q m V + . 1/ '' Q m 0 + 
• 
r 

0 i 1 -T 
El 

• 
n J . 

a. 
m m 

J. ra n 0 
* 
s 

(5.22) 

where x = (A + BR)x + B ( L v + l t f + q) + a (5.23) 

and • p = (C - A T R ) x - A T ( L V + l t _ , + oj + b (5.24) 

x 

I f (5-22) i s to be an i d e n t i t y i n x,v, and t ^ , and the 

R i c a t t i transformation (5.21) i s to be compatible with the 

l i n e a r i z e d boundary c o n d i t i o n s (5«17) - (5.19)> the R i c a t t i . ' 

c o e f f i c i e n t s must s a t i s f y the d i f f e r e n t i a l equations and . 

termi n a l c o n d i t i o n s l i s t e d i n Table 5.2. 

Note that the d i f f e r e n t i a l equations s a t i s f i e d 

by 1 and 1 and by.m and m are, i n each case, of e x a c t l y the 

same form; only the t e r m i n a l c o n d i t i o n s are d i f f e r e n t . How-' 

ever, examining Table 5.1, i t can be seen that i f the pr e 

vious i t e r a t e were i n f a c t the extremal, then X = P = 0 

and hence, a = a, 3 = |3. Thus, i n the l i m i t as the i t e r 

a t i o n converges, 1-*- 1, m—*m and hence the t r a n s f o r m a t i o n 

matrix i n (5«2l) becomes symmetric s i n c e R and Q are sym

me t r i c . ^ :;.;',• 
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Table 5-2 D i f f e r e n t i a l Equations and Terminal C o n d i t i o n s 
f o r the R i c a t t i C o e f f i c i e n t s . 

C o e f f i c i e n t D i f f e r e n t i a l Equation Terminal C o n d i t i o n 

R 
• 

- R = RA + A TR + RBR - C 

L 
m 

- 1 = ( A T + RB)L T 

Q - Q T 
L BL 0 

<1 - q = ( A T + RB)q .+ Ra - b \ 

r 
• 

- r L T ( a + Bq) 9 

1 
* 

- 1 7 ( A T + RB)1 a 

1 - 1 ( A T + RB)1 a 

m 
• 

- m = 
T 

L B l "P 

m 
• 

- m T -
L B l P 

n - n' -T 
1 B l V 

s - s l T ( a + Bq) 0) 
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5-4-1 Computational Procedure. 

R,L,1,1 and q are i n t e g r a t e d i n r e v e r s e time 

from the t e r m i n a l c o n d i t i o n s s p e c i f i e d i n Table 5.2 to the 

i n i t i a l time. The remaining c o e f f i c i e n t s are r e q u i r e d only 

at t = t and can be obtained by quadrature. The new 

values of V and t ^ are found by s o l v i n g 

Q(t 0) m(t 0) 

_m T(t 0) n-
(5.25) 

which are the l a s t two equation s e t s from (5.21) evaluated 

at t = t . A c c o r d i n g to the a c t u a l Newton-Raphson l i n e a r 

i z a t i o n of the necessary c o n d i t i o n s , <p and XX i n (5.25) 

should be zero. S t e p - s i z e c o n t r o l may be e x e r c i s e d , how

ever', by r e q u i r i n g that only a f r a c t i o n of the remaining 

necessary c o n d i t i o n e r r o r s be c o r r e c t e d at any one step, 
t h 

Thus, at the- i i t e r a t i o n take 

> i 

n, 
_ 

0 £ e 1 < 1 (5-26) 

The other necessary c o n d i t i o n e r r o r s , namely X, P and 
T -(3?v

 _ p)+ » may be l i m i t e d i n a s i m i l a r way. 

Having- obtained the new estimates of \? and t ^ , 
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the new s t a t e t r a j e c t o r y estimate i s obtained by i n 

t e g r a t i n g (5.23) forward from t to t ^ . The new a d j o i n t 

v e c t o r estimate i s computed from the f i r s t equation set i n 

(5.21).. 

Convergence i s checked.by e v a l u a t i n g some 

d i s t a n c e f u n c t i o n of the present and previous i t e r a t e s . 

For example, l e t 

£ . / , i 4 _ i - l \ (5.27) 

and l e t 

z = 
" x l 

p 
(5.28) 

Then, the d i s t a n c e between the 2n-vector f u n c t i o n s of time 

z ^ ( t ) and.z."^ "̂(t) defined on the i n t e r v a l s ^ 0 » ^ f a n c ^ 

[j'o'^f \̂ r e s P e c " k i v e l y i s gi v e n by 

„i „i-l z - z 
t e 

;max (max 
* i k 

z ^ ( t ) 1 ( t ) | ) + w t 1 - t 1 " 1 

( 5 . 2 9 ) 

where w i s a p o s i t i v e constant weighting the t e r m i n a l time 

d i f f e r e n c e . - The i t e r a t i o n s are^stopped when ||z^ - z"*~ "'"IJ i s 

l e s s than some convergence f a c t o r . 

5-4.2 S t a b i l i t y of the D i f f e r e n t i a l Equations. 

From Eq. (5.23) and Table 5.2, i t can be seen that 
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there are e s s e n t i a l l y only two types of d i f f e r e n t i a l equations 

that need be s o l v e d i n t h i s i t e r a t i v e scheme. The f i r s t i s 

the equation f o r R (the matrix R i c a t t i d i f f e r e n t i a l equation) 

which must be s o l v e d i n reverse time and the other i s the 

l i n e a r system t y p i f i e d by the homogeneous part of Eq. ( 5 . 2 3 ) . 

The equations f o r L , l and 1 are a d j o i n t to t h i s system as i s 

the equation f o r q but with a d r i v i n g f u n c t i o n . A l l the 

others can be s o l v e d by quadrature. 

S u f f i c i e n t c o n d i t i o n s f o r the asymptotic s t a b i l i t y of 

the R i c a t t i equation i n reverse time have been given by 

Kalman [ 3 4 ] and computational experience i s r e p o r t e d by 

Merriam [ 3 5 J . From the work i n t h i s l a t t e r r e f e r e n c e and the 

experience of others i n c l u d i n g the author's, i t may be s a i d t h a t , 

i n p r a c t i c e , f o r problems having a n o n s i n g u l a r H (as assumed 

h e r e ) , the matrix R i c a t t i equation has a bounded s o l u t i o n i n 

r e v e r s e time provided the R i c a t t i matrix has a p o s i t i v e semi-

d e f i n i t e value at t ^ . T h i s statement, a p p l i e s i n a neighborhood 

of the sought f o r extremal. Thus, although adjustments may 

have to be made to the s t a r t i n g t r a j e c t o r i e s and i n i t i a l value 

of V such that the above c o n d i t i o n s apply, t h i s had not yet 

been necessary i n any computational work attempted. 

The^ behaviour of Eq. ( 5 . 2 3 ) can best be judged by 

r e c o g n i z i n g the homogeneous part as having the p r o p e r t i e s of 

the c l o s e d - l o o p l i n e a r i z e d system f o r the problem with no 

t e r m i n a l c o n d i t i o n s (see S e c t i o n 5 - 5 . 1 ) . Again p o s s i b l y j u s t 

i n a neighborhood of the extremal, i t i s safe to assume that 



the s o l u t i o n i s decaying. Tne equations f o r L , q , l and 1 

have q u a l i t a t i v e l y s i m i l a r p r o p e r t i e s i n reverse time 

s i n c e they are a d j o i n t to ( 5 . 2 3 ; . 

In summary, then, the d i f f e r e n t i a l , equations which 

must be s o l v e d at each i t e r a t i o n have s t a b i l i t y p r o p e r t i e s 

which are much more d e s i r a b l e f o r numerical computation than 

those possessed by the coupled l i n e a r i z e d c a n o n i c a l system. 

5-5 A l g o r i t h m f o r F i x e d Terminal Time Problems. 

The l i n e a r i z a t i o n of the necessary c o n d i t i o n s i s 

c o n s i d e r a b l y l e s s complex when t ^ i s given e x p l i c i t l y s i n c e 

v a r i a t i o n s i n t ^ need not be considered and Eq. ( 5 . 8 ) i s no 

long e r necessary. 

For t h i s case, the a p p r o p r i a t e R i c a t t i transform

a t i o n i s 

p "R L X 

= 
L T 

+ 
L T Q r 

where R,L,Q,q and r are d e f i n e d by the f i r s t f i v e e n t r i e s i n 

Table 5 . 2 . I f a and 8 are taken to be zero, the d e f i n i t i o n s 

of \ and 9 g i v e n i n Table 5.1 are c o r r e c t f o r the f i x e d time 

case as w e l l . The decoupled s t a t e d i f f e r e n t i a l equation i s 

gi v e n by 

x = (A + BR)x + BLV + Bq + a ( 5 . 3 l ) 

In s o l v i n g the f r e e t e r m i n a l time problem, i t may be 
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d e s i r a b l e t o s o l v e a.sequence of f i x e d - t i m e problems-rather 

than to employ the a l g o r i t h m i n S e c t i o n 5-4. R e f e r r i n g to 

Eq. ' (5.23), i t can be seen that i f the newly determined t ^ 

i s l a r g e r than the o l d va l u e , e x t r a p o l a t i o n of the time-

dependent c o e f f i c i e n t s i n (5.23) w i l l be r e q u i r e d . Although i n 

convenient, t h i s d i f f i c u l t y i s common to a l l o p t i m i z a t i o n 

techniques which determine a new estimate of the t e r m i n a l time 

at each i t e r a t i o n . The fi x e d - t i m e approach c o n s i s t s i n guessing 

a value f o r t ^ , s o l v i n g the fi x e d - t i m e problem and then r e 

p e a t i n g t h i s f o r another value of t ^ . Prom then on, the 

sequence of t e r m i n a l times ^ t k j i s . determined by 

t k - t k _ 1 

,k+l ,k ̂  , u f f w (v, *~\ 
f f <Fhk - r f - 1 • 

where SI i s d e f i n e d by Eq. (5.8) and =j T X ( t k ) . Equation 

(5.32) i s a d i s c r e t e approximation of the or d i n a r y Newton method 

f o r f i n d i n g the zero of£Xt^). 

5-5.1 Free Terminal S t a t e , (m = 0) 

Since m=0, L,Q and r va n i s h and (5.30) s i m p l i f i e s 

f u r t h e r to 
V p = Rx + q . (5.33) 

The d i f f e r e n t i a l equations f o r R and q are unchanged but the 

t e r m i n a l c o n d i t i o n s become 

R ( t f ) = 0 X X (5.34) 

q ( t f ) = 0̂  - 0 x xx. (5.35) 
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and the s t a t e equation i s (5-31) with L = 0. For t h i s s p e c i a l 

case, the a l g o r i t h m c o i n c i d e s with that i n [j52j . 

5-6 Numerical I n t e g r a t i o n Method. 

The choice of numerical i n t e g r a t i o n procedure f o r 

the extended l Tewton-Raphson method (ENRM) r e q u i r e s some 

c o n s i d e r a t i o n . At each i t e r a t i o n , there are two pe r i o d s of 

i n t e g r a t i o n r e q u i r e d . The f i r s t i s the reverse-time i n t e g r 

a t i o n of the R i c a t t i c o e f f i c i e n t s R,L and q whose equations 

i n v o l v e the s t o r e d time f u n c t i o n s x,p. A f t e r o b t a i n i n g the 

other c o e f f i c i e n t s by quadrature and s o l v i n g f o r y, the de

coupled s t a t e system (5*31) which contains the s t o r e d time 

f u n c t i o n s j u s t generated as w e l l as x and p i s i n t e g r a t e d f o r 

ward. I f i t i s d e s i r e d that e l a b o r a t e i n t e r p o l a t i o n o f' 

st o r e d data not be r e q u i r e d , two c o n c l u s i o n s should be evident: 

throughout any i n t e g r a t i o n the same step s i z e should be used 

and the same step s i z e should be used i n i n t e g r a t i n g the 

R i c a t t i system as i n i n t e g r a t i n g the s t a t e equations. Thus, 

numerical i n t e g r a t i o n methods which attempt to "optimize" 

the step s i z e at each step or which e x e r c i s e e r r o r c o n t r o l by 

i n t e r v a l h a l v i n g d u r i n g an i n t e g r a t i o n are not d e s i r a b l e f o r 

the purposes of t h i s a l g o r i t h m . Furthermore, the popular 

s i n g l e - s t e p methods such as the Runge-Kutta method are not a 

good choice because they r e q u i r e e v a l u a t i o n of the d e r i v a t i v e 

f u n c t i o n s at f r a c t i o n s of i n t e r v a l s which again would r e q u i r e 

i n t e r p o l a t i o n of time f u n c t i o n s . 
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These c o n s i d e r a t i o n s d i c t a t e that a m u l t i s t e p p r e 

d i c t o r - c o r r e c t o r i n t e g r a t i o n formula be used. Although some

what more d i f f i c u l t to use than Runge-Kutta methods, p r e d i c t o r -

c o r r e c t o r i n t e g r a t i o n i s about twice as f a s t f o r a given 

accuracy ( t r u n c a t i o n e r r o r ) and a f i x e d step s i z e . .A technique 

found most s a t i s f a c t o r y f o r the ENRM i s a f i f t h - o r d e r method 

due to Hamming [36] i n which the c o r r e c t o r i s not i t e r a t e d 

and only two e v a l u a t i o n s of the d e r i v a t i v e f u n c t i o n s are 

r e q u i r e d at each step (see Appendix C). 

5-7 Neighborhood Optimal C o n t r o l l e r . 

The i t e r a t i v e scheme which y i e l d s the optimal t r a 

j e c t o r y a l s o determines the ti m e - v a r y i n g gains f o r optimal 

l i n e a r feedback c o n t r o l about the optimal t r a j e c t o r y . Con

s i d e r the f i x e d t e r m i n a l time problem and the a l g o r i t h m of 

S e c t i o n 5-5- (The f o l l o w i n g d i s c u s s i o n a p p l i e s with only 

s l i g h t m o d i f i c a t i o n s to the f r e e time case as w e l l ) . I f the 

previous i t e r a t e was, i n f a c t , the optimal t r a j e c t o r y , the 

l i n e a r i z e d c o n t r o l c o r r e c t i o n r e q u i r e d f o r d e v i a t i o n s 

from optimal i s g i v e n by Eq. (5.14): 

6 u = - H u X x 5 x + * S*P> . ( 5 . 3 6 ) 

From the f i r s t s e t of Eqs. (5.30), the p e r t u r b a t i o n Sp i s 

gi v e n by 

<Sp = R cSx + L 6\> (5.37) 



77 

and. the second set s p e c i f i e s <Sv>: 

<5v = - Q _ 1 L T 6x (5.38). 

S u b s t i t u t i n g ( 5 . 3 7 ) and ( 5 . 3 8 ) i n t o ( 5 . 3 6 ) y i e l d s the o p t i r r a l 

l i n e a r neighborhood c o n t r o l law: 

6 u = -K(t) 6x ( 5 . 3 9 ) 

where K(t) = H ^ ^ H ^ + f£(R - L Q _ 1 L T ) ) ( 5 . 4 0 ) 

The neighborhood c o n t r o l l e r ( 5 - 3 9 ) has been d e r i v e d s e v e r a l 

times before from d i f f e r e n t approaches (see [ 2 6 ] and { j 5 3 J » f o r 

-example). Because of the t e r m i n a l c o n d i t i o n on Q, the g a i n 

matrix K i s i n f i n i t e at- the t e r m i n a l time un l e s s the t e r m i n a l 

s t a t e s are f r e e ( m = 0 ) . 

5 - 8 "Point-Type" Terminal C o n d i t i o n . 

In t h i s s e c t i o n , the f i x e d t e r m i n a l time a l g o r i t h m of 

S e c t i o n 5 - 5 i s s p e c i a l i z e d to the " p o i n t - t y p e " t e r m i n a l c o n d i t i o n 

Eq. ( 5 . 1 ) , i n order to compare the present method with that 

advocated i n [s'J. I t i s f u r t h e r assumed that 0=0 although 

t h i s i s not r e s t r i c t i v e because 0 may be i n c l u d e d i n the per

formance i n t e g r a l . The t e r m i n a l c o n d i t i o n on p thus becomes, 

from Eqs. ( 5 . 1 ) and ( 5 . 6 ) , 

p ( t ' ) = I V ( 5 . 4 1 ) * f nm 

The Newton-Raphson method (NRM) of [ 8 ] s o l v e s the 

l i n e a r TPBVP s p e c i f i e d by Eqs. ( 5 . 1 5 ) , ( 5 . 1 6 ) , ( 5 . 1 ) and ( 5 - 4 1 ) 
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by w r i t i n g the s o l u t i o n to the l i n e a r i z e d c a n o n i c a l system as 

xH) 

P ( t ) 
Y ( t ) c p + y ( t ) (5.42) 

where Y ( t ) i s a 2nxn matrix of s o l u t i o n s to the homogeneous part 

of Eqs. (5.15) - (5.16) with i n i t i a l c o n d i t i o n s s p e c i f i e d by 

Y(0) 0 
n 

(5.43) 

I • i n Eq. (5.43) i s the nxn u n i t matrix, 0 i s the nxn zero 

matrix, c p i n (5.42) i s . an n-vector of undetermined parameters, 

and y ( t ) i s a 2n-vector p a r t i c u l a r s o l u t i o n of (5.15)-(5.16) 

wi t h i n i t i a l c o n d i t i o n s 

y(o) = 
X . 

p(0) 
(5.44) 

where p(0) i s the' l a t e s t estimate of the a d j o i n t i n i t i a l con

d i t i o n . Equation (5.1) s p e c i f i e s the f i r s t m v a l u e s of x ( t ^ ) 

and Eq. (5.41) s p e c i f i e s the l a s t (n-m) values of p ( t ^ ) to 

be zero. Thus, n components of the combined (x,p) v e c t o r have 

known t e r m i n a l v a l u e s . Prom Eq. (5.42) at t=t^, the c o r r 

esponding n equations are e x t r a c t e d and s o l v e d f o r c p . The new 

estimate of p(0) i s obtained from (5.42) at t=0, that i s 

p(0) = c p + p ( o ) (5.45) 
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and the new t r a j e c t o r y i s generated by i n t e g r a t i n g (5.15)-(5.16' 

w i t h the new i n i t i a l c o n d i t i o n or can be. computed d i r e c t l y 

from(5.42) i f the s o l u t i o n s T ( t ) . a n d y ( t ) are s t o r e d . I t 

can be seen that the constant Lagrange m u l t i p l i e r V i s un

necessary and that the s p e c i f i e d t e r m i n a l values are met by 

every i t e r a t e . 

For the extended Newton-Raphson with R i c a t t i t r a n s 

formation approach (ENRM), the t e r m i n a l c o n d i t i o n s of the 

R i c a t t i c o e f f i c i e n t s are, i n t h i s s p e c i a l case, 

R ( t f ) = 0, L ( t f ) = I n m , Q ( t f ) = 0, q ( t f ) = 0, 

r ( t J = -x\ (5.46) 

From Eqs. (5-30), 

p ( t f ) = L ( t f ) v 

<P = 0 = L T ( t f ) x ( t f ) + r ( t f ) 
(5.47) 

which are i d e n t i c a l with the r e q u i r e d c o n d i t i o n s (5.1) and 

(5.41). Hence, the t e r m i n a l c o n d i t i o n s are s a t i s f i e d by 

every i t e r a t e i n the ENRM as w e l l . 

To i l l u s t r a t e the a p p l i c a t i o n of the two methods and 

to compare t h e i r s u i t a b i l i t y f o r numerical computation, a 

simple closed-form example i s presented i n the next s e c t i o n . 

5-9 Simple Exam-pie. 

The dynanics are f i r s t order 

x = u x(0) = x Q (5.48) 



the f i n a l v a l u e of x i s s p e c i f i e d 

< P ( x ( t J ) = x ( t - ) - x\ 

and the performance f u n c t i o n a l i s q u a d r a t i c 
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(5.49) 

J(u) j ( x 2 + u 2 ) d 

0 

The c a n o n i c a l system and t e r m i n a l c o n d i t i o n s a r e 

x = 

P = 

x ( t f ) 

p ( t J 

- X 

(5.50) 

(5.51) 

(5.52) 

(5.53) 

(5.54) 

Standard approach (NRM). 

F o l l o w i n g the procedure d e s c r i b e d i n S e c t i o n 5-7, 

the s o l u t i o n i s w r i t t e n as Eq. (5.42) where 

0 - 1 
Y Y(0) = 

-1 0 

S o l v i n g (5«55) y i e l d s 

. Y ( t ) =. 
- s i n h ( t ) 

c o s h ( t ) 

(5.55) 

(5.56) 

The p a r t i c u l a r s o l u t i o n of Eqs. (5.51) and (5.52) w i t h i n i t i a l 

c o n d i t i o n (5.44) i s 
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y ( t ) = 
c o s h ( t ) x - s i n h ( t ) p o -̂ o 

- s i n h ( t ) x + c o s h ( t ) p o r o 
( 5 . 5 7 ) 

Equation ( 5 - 4 2 ) becomes, f o r t h i s example, 

x ( t ) - s i n h ( t ) 

= c + 
- P 

p ( t ) cosh(t) 

c o s h ( t ) x - s i n h ( t ) p o o 

-sinh(t)x o+ c o s h ( t ) p Q 

( 5 . 5 8 ) 

S o l v i n g the f i r s t of Eqs. ( 5 . 5 8 ) at t = t f f o r c and with 
P 

Eq. ( 5 - 5 3 ) s a t i s f i e d y i e l d s 

Cp = -p"0 + c o t h ( t f ) x Q - c s c h ( t ^ ) x ^ ( 5 . 5 9 ) 

and the new estimate f o r p Q i s , from ( 5 - 4 5 ) , 

p Q = c o t h ( t ^ ) x - c s c h ( t f ) x f = p Q ( 5 . 6 0 ) 

The value p Q g i v e n by ( 5 . 6 0 ) i s the optimal i n i t i a l c o n d i t i o n 

f o r p, that i s , the method has converged i n one i t e r a t i o n 

s i n c e the o r i g i n a l TPBVP was l i n e a r . 

Now suppose that' on the previous i t e r a t e , the estimate 

of p was 

Po Po + £ ( 5 . 6 1 ) 

Then, as i s e a s i l y demonstrated, the t e r m i n a l v a l u e s f o r the 

p a r t i c u l a r s o l u t i o n ( 5 - 5 7 ) would be 



82 

x ( t f ) x f 

+ 

-sinh( t^)-

_p(t f)_ * 
_ p f _ COSl\( t^) 

(5.62) 

where i s the optimal t e r m i n a l value f o r p. For example, 

i f t ^ = 10 and x^ = 0, then p^ ~ 0 and 

x ( t f ) -11,000 

- p ( t f ) _ _ 11,000_ 
(5.63) 

New Approach (ENRM). 

From Table (5.2) and Eq. (5.46), the R i c a t t i coeff

i c i e n t s s a t i s f y the f o l l o w i n g equations and t e r m i n a l con

d i t i o n s 

-R 
* 

-L 

-r -Q = -L 

R 2
 + i 

- R ( t ) L 

- R ( t ) q 

LBq 

2 

R ( t f ) 

L ( t f ) 

q ( t J 

r ( t f ) 

Q ( t f ) 

0 

1 

0 

-x J 

(5.64) 

= 0 

whose s o l u t i o n s are gi v e n by 

R(t)'= 

' L ( t ) = 

0 

t a n h ( t ^ - t ) 

s e c h ( t ^ - t ) 

q ( t ) 
Q(t) - t a n h ( t ^ - t ) 

(5.65) 
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Note that a l l s o l u t i o n s (5.65) are bounded as ( t ^ - t ) — > c o . 

The .new value of v i s g i v e n by 

V = -Q 1 ( 0 ) ( L ( 0 ) x Q + r ( 0 ) ) 

/ \ '" A * s e c h ( t - ) x - x„ =.\? i o r 
tanh(t^) 

(5.66) 

which i s a l s o optimal because of the p r e v i o u s l y mentioned 

l i n e a r i t y . The decoupled s t a t e system s a t i s f i e s 

x = -R(t)x - L ( t ) V (5.67) 

and at t = t ^ , 

x ( t f ) = s e c h ( t f ) x Q - .tanh(t f)\? (5.68) 

Again, suppose that the previous estimate of V was 

V = V* + e (5.69) 

Then, from (5.68), 

.|x(t^) - x f | ̂  e (5.70) 

and from (5-30) with t f ~ 10 as before, 

p ( t f ) * x ( t f ) (5.71) 

Thus, the s e n s i t i v i t y of the end val u e s to changes i n 

the boundary value parameter i s reduced s e v e r a l orders of 

magnitude by u t i l i z i n g the approach of t h i s chapter. 
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5-10 Numerical Example. 

The many optimal t r a j e c t o r i e s and c o n t r o l programs 

r e q u i r e d f o r the feedback c o n t r o l s y n t h e s i s i n Example 2, 

S e c t i o n 2-5, were computed by the method of t h i s chapter. 

In p a r t i c u l a r , the method o u t l i n e d i n Section' 5-5 f o r s o l v i n g 

f r e e t e r m i n a l time problems as a sequence of f i x e d time pro

blems was employed. T y p i c a l l y , s i x to eight s h i f t s of the 

t e r m i n a l time a c c o r d i n g to Eq. (5.32) were r e q u i r e d to reduce 

v Q j to zero. In t h i s s e c t i o n , the numerical s o l u t i o n of a 

problem very s i m i l a r to the one i n S e c t i o n 2-5 i s di s c u s s e d 

In order to compare the ENRM and the NRM, the t e r m i n a l con

d i t i o n s are of the po i n t type, namely, 

x ( t f ) = 0 

(5.72) 

and the t e r m i n a l time i s considered f i x e d at t ^ = 5. Other

wise, the dynamics, Eqs. (2.31) and (2.37) and the performance 

f u n c t i o n a l , Eqs. (2.32) and (2.37) are the same as i n S e c t i o n 
T 

2-5. The i n i t i a l c o n d i t i o n i s taken to be x = (2,0,3). 

L i n e a r i z a t i o n of the c a n o n i c a l system Eqs. (5-3) -

(5.5) and e l i m i n a t i n g c o n t r o l r e s u l t s i n 

<P(x) = I 2 3 x ( t f ) = 
0 

0 

1 

0 

0 

I 
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0 1 0 1 0 0 0 

0 0 1 ! 0 0 0 . X 

- ( 1 + 3 1 * ) -1 -1 1 0 0 -1 

1 -

-3+6x 1p^ 0 0 1 0 0 (l+3x 2) 

0 -5 0 | -1 0 1 P 

0 0 -2 1 0 . -1 1 _ _ 

corresponds to Eqs. (5.15) and (5.16') . Pi 

+ 

0 

0 

2x; 

- 6 x x p 5 

0 

0 

(5.73) 

the t e r m i n a l a d j o i n t c o n d i t i o n i s 

P ( t f ) = i 3 2 v (5.74) 

The a p p r o p r i a t e R i c a t t i t r a n s f o r m a t i o n i s given by Eq. 

(5.30) where the d i f f e r e n t i a l equations f o r the R i c a t t i c o e f f 

i c i e n t s are l i s t e d i n Table 5.2.with t e r m i n a l c o n d i t i o n s 

(5.46) ( x f = 0 ) . 

To i n i t i a t e the ENRM, " s t a r t i n g elements" must be 

s u p p l i e d : i n i t i a l s t a t e and a d j o i n t t r a j e c t o r i e s x,p and an 

i n i t i a l V • Quite a r b i t r a r i l y , and were each taken 

to be u n i t y . I n i t i a l t r a j e c t o r i e s were generated, by choosing 

a reasonable feedback c o n t r o l (programmed c o n t r o l would do 

e q u a l l y as w e l l ) and i n t e g r a t i n g " t h e s t a t e equations (5.3) 

forward, determining the t e r m i n a l c o n d i t i o n on p(t ^ ) from 

Eq. (5.6) u s i n g x ( t f ) and V , and i n t e g r a t i n g the a d j o i n t 
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system (5-4) i n reverse tima back to the i n i t i a l time with 

x = x ( t ) . Two i n i t i a l c o n t r o l s were u t i l i z e d : the l i n e a r 

R i c a t t i c o n t r o l 

u R = - x 1 - 3 x 2 - 2 x 5 " (5-75) 

and a c o n t r o l which was d e l i b e r a t e l y chosen to be poor, 

u p = x^ + |^ x 1 (5.76) 

A l l numerical i n t e g r a t i o n i n these t r i a l s employed 

the procedure d e s c r i b e d i n Appendix C and quadrature was by 

Simpson's Rule. The i n t e g r a t i o n step s i z e i s determined by 

the requirement f o r an ac c e p t a b l y s m a l l e r r o r i n the s o l u t i o n , 

e r r o r a r i s i n g mainly from the per step t r u n c a t i o n e r r o r of the 

i n t e g r a t i o n formula. For both the ENRM and the NRM, a con

v e n i e n t measure of i n t e g r a t i o n accuracy e x i s t s , namely, the 

p r e c i s i o n with which the l i n e a r i z e d t e r m i n a l c o n d i t i o n s are 

met at each i t e r a t i o n . The l i n e a r i z e d t e r m i n a l c o n d i t i o n s 

would only be s a t i s f i e d e x a c t l y i f the numerical i n t e g r a t i o n 

and i n t e r m e d i a t e data p r o c e s s i n g could be performed without 

e r r o r . Thus, the extent to which the l i n e a r i z e d t e r m i n a l ' 

c o n d i t i o n s are not met i s a convenient i n d i c a t i o n of the t r u n c 

a t i o n e r r o r accumulated and propagated each i t e r a t i o n . 

Both the ENRM and the NRM with 50 step i n t e g r a t i o n 

converged to the extremal when the R i c a t t i c o n t r o l (5-75) 

was used to s t a r t the process. For the p a r t i c u l a r i n i t i a l 

s t a t e ( 2 , 0 , 3 ) , the R i c a t t i c o n t r o l produces a t r a j e c t o r y 

not too u n l i k e the extremal. In Table 5.3 i s l i s t e d data 
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Table 5.3 Progress of the I t e r a t e s : Eq. (5.75) as 
I n i t i a l C o n d i t i o n 

Extended Newton-Raphson Newton-Raphson 

I t e r . 
No. 

T r a j e c t o r y 
Norm 

x x ( 5 ) x 2 ( 5 ) T r a j e c t 
ory Norm 

x 1 ( 5 ) x 2 ( 5 ) 

1 4.3 1 0 1 1.1 10" 4 0.3 10" 4 3.8 1 0 1 2500 10~ 4 3500 10" 4 

2 8.3 1 0 " 1 - .9 1.0 2.6 10° -15 -18 

3 1.1 10~ 2 - i . o 1-2. 1.1 1 0 - 1 -2.0 2.4 

4 4.0 10~ 5 -1.0 1.2 2.2 10" 3 - L 3 -1.6 

5 7.6 10~ 6 -1.0 1.2 2.0 10" 4 -1.6 -1.8 

6 9.5 10~ 6 -1.0 1.2 1.6 10" 5 0.8 0.9 

which d e s c r i b e s the progress of the i t e r a t i o n s f o r both 

methods. The t r a j e c t o r y norm i s given by Eq. (5.29) wi t h 

w=0. Note that although the s t a t e t e r m i n a l c o n d i t i o n s are 

u l t i m a t e l y met wit h about equal p r e c i s i o n by e i t h e r method, 

a comparison of the p r e c i s i o n away from the extremal 

( i n i t i a l l y ) i n d i c a t e s that the accumulated e r r o r due to 

numerical i n t e g r a t i o n i s c o n s i d e r a b l y l e s s i n the ENRM than 

i n the NRM. 

The computer (IBM 7044) time per i t e r a t i o n i s s l i g h t l y 

l e s s f o r the ENRM than f o r the NRM: ' 1,4 seconds as 

opposed to 1.7 seconds. This s h o r t e r i n t e r v a l i s a r e s u l t of 

the fewer number of d i f f e r e n t i a l equations to be i n t e g r a t e d 

at each i t e r a t i o n (18 i n t e g r a t i o n s plus 5 quadratures com

pared to 30 i n t e g r a t i o n s f o r the NRM). In f a c t , i f a s i n g l e 

quadrature, i s counted as being e q u i v a l e n t to h a l f an i n t e g r 

a t i o n , the number of i n t e g r a t i o n s per i t e r a t i o n i s always l e s s 

f o r the ENRM and the d i f f e r e n c e grows more s i g n i f i c a n t as the 
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number of t e r m i n a l c o n d i t i o n s (m) decreases. 

When c o n t r o l (5.76) was used to o b t a i n a s t a r t i n g 

t r a j e c t o r y , the ENRM converged again u s i n g 50 step i n 

t e g r a t i o n but the NRM div e r g e d . Because the same TPBVP 

i s being s o l v e d at each i t e r a t i o n i n both methods, divergence 

of the NRM could only be caused by excessive i n t e g r a t i o n 

e r r o r . S uccessive d o u b l i n g of the number of steps f i n a l l y 

r e s u l t e d i n convergence with 400 step i n t e g r a t i o n . The 

i n i t i a l and f i n a l i t e r a t e s are d i s p l a y e d i n P i g s . 5-1 and 

5-2 and the progress of the i t e r a t i o n s i s shown i n Table 

5.4. Again i t can be seen that even with the much s m a l l e r 

step s i z e , the i n t e g r a t i o n e r r o r i s much l a r g e r i n the 

NRM as i n d i c a t e d by the t e r m i n a l values of the e a r l y 

i t e r a t e s . The computer time per i t e r a t e was 13.2 seconds f o r 

the NRM and 1.4 seconds f o r the ENRM. 

This example g i v e s f u r t h e r s u b s t a n t i a t i o n of the 

c l a i m that the d i f f e r e n t i a l equations p e r t i n e n t to the ENRM 

can be n u m e r i c a l l y i n t e g r a t e d w i t h s i g n i f i c a n t l y l e s s accumul

a t i o n of e r r o r than can the l i n e a r i z e d c a n o n i c a l system, f o r 

the s a m e ' i n t e g r a t i o n step s i z e . 



P i g . 5-1 I n i t i a l (broken) and F i n a l ( s o l i d ) State 
I t e r a t e s . 
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F i g . 5-2 I n i t i a l (broken) and F i n a l ( s o l i d ) A d j o i n t 
I t e r a t e s . 



Table 5.4 Progress of the I t e r a t e s : Eq. (5.76) as I n i t i a l C o n t r o l 

Extended Newton-Raphson Newton-Raphson 

I t e r . 
No. 

T r a j e c t o r y 
Norm 

x l (5) x 2 ( 5 ) T r a j e c t o r y 
Norm 

' x x ( 5 ) x 2 ( 5 ) 

1 . 3.2 10 2 1.3 10~ 4 3.5 10" 4 1.8 l O 3 -53,000 1 0 - 4 -240,000 10" 4 

2 6.4 1 0 1 -0.9 -1.9 7.6 l O 3 1000 4300 

3 . 5.5 1 0 1 -27 -3. 3 5.5 1 0 5 -1600 -7800 

4 2.5 1 0 1 -0.5 -0.3 8.9 1 0 1 -400 1700 

5 1.4 1 0 1 -1.1' 0.3 1.1 1 0 2 30 150 , 

6 5.6 10° -0.9 0.8 4.6 1 0 1 -3.9 " 1 5 

7 2.3 l O " 1 -1.0 1.2 1.0 .10 1 19 48 

8 2.4 i o - 5 -1.0 1.2 1.1 1 0 1 6.5 9.5 

9 9.5 10" 6 -1.0 1.2 1.6 10° -6.5 ' -7.7 

lO- 5.7 10" 6 -1.0 1.2 7.8 l O " 2 6.3 7.6 

l l 9.2 l O " 3 -7.3 -8.8 

12 7.8 10-5 4.4 5.3 ' 
—* 
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• 6. GENERAL THEORY OF SECOND VARIATION METHODS 

• 6-1 I n t r o d u c t i o n . 

The extended Newton-Raphson method presented i n 

Chapter 5 has l o c a l convergence p r o p e r t i e s c h a r a c t e r i s t i c 

of a group of o p t i m i z a t i o n techniques, namely, r a p i d 

("quadratic") convergence i n a c e r t a i n neighborhood of the 

extremal. In t h i s chapter, an e n t i r e c l a s s of r a p i d - c o n 

vergence numerical o p t i m i z a t i o n algorithms i s d e r i v e d . 

Algorithms belonging to t h i s c l a s s are h e r e i n g i v e n the name 

second v a r i a t i o n methods. 

Many, but not a l l - o f the second v a r i a t i o n method 

have a l r e a d y appeared i n the l i t e r a t u r e . The approach taken 

i n t h i s chapter develops these e x i s t i n g techniques from a 

s i n g l e , u n i f i e d p o i n t of view a l l o w i n g the r e l a t i o n s h i p s 

between them to be seen c l e a r l y . I t i s i n t e r e s t i n g that 

c e r t a i n of the e s t a b l i s h e d methods have been c a l l e d "the 

second v a r i a t i o n method", most commonly [37] , [̂ 38] and 

o c c a s i o n a l l y [ 2 6 J . The term "second v a r i a t i o n method" i s 

made p r e c i s e i n t h i s chapter and i n so doing, other import

ant methods i n a d d i t i o n to the three j u s t c i t e d are shown to 

belong to the same c l a s s of a l g o r i t h m s . These i n c l u d e the 

" s u c c e s s i v e sweep method" [33]> the function-space Newton-

Raphson method \jf\, and the extended Newton-Raphson method 

1 
of Chapter 5- ' 

The r e c o g n i t i o n of a c l a s s of second, v a r i a t i o n methods 



i s v a l u a b l e f o r other reasons as w e l l . A b a s i s ' i s pro

v i d e d f o r developing new and u s e f u l o p t i m i z a t i o n technique 

from t h i s c l a s s . In a d d i t i o n , computational devices 

u t i l i s e d i n one of these methods can e a s i l y be e x p l o i t e d 

i n the others when t h e i r u n d e r l y i n g s i m i l a r i t i e s are 

exposed. For example, the use of. the g e n e r a l i z e d R i c a t t i 

t r a n s f o r m a t i o n i n the previous chapter was suggested by 

an almost i d e n t i c a l t r a n s f o r m a t i o n i n McReynolds and 

Bryson \j>3J who propose the s u c c e s s i v e sweep method. 

Although the advantages have not yet been i n v e s t i g a t e d , 

the R i c a t t i t r a n s f o r m a t i o n can be a p p l i e d i n c o n j u n c t i o n 

with any second v a r i a t i o n method. 

6-2 F i r s t and Second V a r i a t i o n s . 

The c o n t r o l problem d e a l t with i s again that 

s p e c i f i e d by Eqs. ( l . l ) , (1.2) and (1.3). In order to 

s i m p l i f y the ensuing d e r i v a t i o n s , the t e r m i n a l f u n c t i o n s 

0 and 4p thus depend only on the t e r m i n a l value o f the 

s t a t e . Again the assumption' i s made that any i n e q u a l i t y 

c o n s t r a i n t s on the c o n t r o l or s t a t e v a r i a b l e s are 

accounted f o r by i n c l u d i n g them as pe n a l t y f u n c t i o n terms 

i n the performance f u n c t i o n a l i n t e g r a n d . 

F o l l o w i n g the v a r i a t i o n a l c a l c u l u s method of 

Lagrange m u l t i p l i e r s , a ti m e - v a r y i n g n - v e c t o r p and a con

s t a n t m-vector V are introduced to form the augmented 

f u n c t i o n a l J : 
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( t f ) ) = $ ( x ( t f ) , V ) + f (H(x ,p,u,t)-p^x)dt 

(6.1) 

where £(x(t f),v) = <£>(x(t f» + V T < P ( x ( t f ) ) ' (t.2) 

T 
H(x,p,u,t) = F(x,u,t) + p f ( x , u , t ) (6.3) 

The arguments of J are now considered to be independent and 
a 

s u b j e c t to no c o n s t r a i n t s . J has a s t a t i o n a r y p o i n t with 
a 

r e s p e c t to i t s arguments at the same fu n c t i o n , u f o r which 

J(u) i s a minimum subj e c t to the dynamical c o n s t r a i n t s and the 

t e r m i n a l c o n s t r a i n t s . 

Let u, x,p,v,x( t^,) be nominal values of the arguments 

of J and. 6u = u - u, c5x = x - x, e t c . be p e r t u r b a t i o n s from 

these arguments. Assuming that J & i s twice d i f f e r e n t i a b l e [39] 

and that 6x(t ) = 0, the change i n J to second order, d e r i v e d 
i n Appendix D, i s gi v e n by 

A 0 J ( &u, 6x, 6p,6v, 6x(t J ) = 6 J + 6 2 j. (6.4) 
where , • 

f 6Ja•= f (u T 6u +pT6x + x T 6 P ) d t + ^T6v + ̂ T 6 x ( t f ) 

(6.5) 

i s the f i r s t v a r i a t i o n and 

6 2 J a = i 6 x ( t f ) T ^ x x 6 x ( t f ) + 6v T<P x6x(t f) 
t 

+ . f ( 6 P
T ( f 6x + f 6u - 6i) + 1 6X T H Sx 

f 

t 
o 

+ 6uTH 6x + iSuTH <Su)dt (6.6) ux- uu ' • 
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i s the second v a r i a t i o n . The c o e f f i c i e n t s appearing i n the 

f i r s t v a r i a t i o n are d e f i n e d as f o l l o w s : 

u 

p 

T 

= H u(x,p,u,t) 

T / 
= H x(x,p,u,t) + p 

(6.7) 

(6.8) 

X 
• 

= f ( x , U , t ) - X (6.9) 

5 = < p ( x ( t f ) ) (6.10) 

= §l(*(tf),V ) - p ( t f ) (6.11) 

where the v e c t o r f u n c t i o n s U,P and X are d e f i n e d on j j t ^ t ^ J 

and ^ and % are constant v e c t o r s . 

6-3 Second V a r i a t i o n Methods. 

I t i s convenient f o r the subsequent d i s c u s s i o n to 

d e f i n e the set 

" A = {u,P,X,$ ,n) (6.12) 

The f i v e v e c t o r s which compose the s e t . A - w i l l be r e f e r r r e d to 

as the elements of J\. . A n e c e s s a r y c o n d i t i o n that a nominal 

path be optimal i s that 6 J =0 which r e q u i r e s that the 

elements of j\. be zero over t h e i r domain of d e f i n i t i o n . The 

r e s u l t i n g equations are the standard necessary c o n d i t i o n s f o r 

an optimum. I t i s d e s i r e d to c o n s t r u c t an i t e r a t i v e process 

such t h a t the " f i x e d p o i n t " of t h i s process i s the set of 

arguments of J which s a t i s f y these necessary c o n d i t i o n s , a 
• Regarding the nominal values as values obtained on the 

( i - l ) . i t e r a t i o n , the i t e r a t i v e procedure i s e s t a b l i s h e d by 
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adhering to the f o l l o w i n g s t e p s : 

A. Some elements of the set _A_ are c o n s t r a i n e d to be zero 

over t h e i r domain of d e f i n i t i o n , that i s , c e r t a i n of the 

necessary c o n d i t i o n s are s a t i s f i e d at each i t e r a t i o n . Let 

6 J R denote the remainder.of the f i r s t v a r i a t i o n a f t e r imposing 

the s e l e c t e d c o n s t r a i n t s . 

B. Determine the increments 5u, 6x, 6p, 6v> , 6 x( t^) so 
2 

that &2^a = + & J a i s s t a t i o n a r y . 

C . . To s a t i s f y the necessary c o n d i t i o n s s e l e c t e d i n step A, 

c e r t a i n m i s s i n g parameters and/or. f u n c t i o n s must be f u r n i s h e d , 
t h 

The new ( i ) i t e r a t e i s obtained by s a t i s f y i n g the c o n s t r a i n t s 

imposed i n step A, u s i n g the increments computed i n step. B to 

form the new estimate of any m i s s i n g parameters of f u n c t i o n s . 

To c l a r i f y step C, co n s i d e r the case where the imposed 

c o n s t r a i n t s are X = 0, P = 0, it = 0, that i s , each i t e r a t e 

must s a t i s f y 

. x = f ( x , u , t ) (6.13) 

P = -H x(x,p,u,t) (6.14) 

p ( t f ) = $ ^ ( x ( t f ) , V ) (6.15) 

Step C would then i n v o l v e i n t e g r a t i n g (6.13) forward with 

u 1 = u 1 ^ + <5u and. (6.14) backward with t e r m i n a l c o n d i t i o n 

(6.15) where = V^" 1' + 6v> . The increments <5u and 6v> 

are determined i n step B. 

As another example, assume that the c o n s t r a i n t s U = 0, 

P = 0 and X = 0 are imposed, that i s , each i t e r a t e must 
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s a t i s f y Eqs. (6.13), (6.14) and' 

H^(x,p,u,t)"= 0 (6.16) 

I f (6.16) i s used to determine u 1 , then a l l that i s r e q u i r e d 

f o r the i n t e g r a t i o n of (6.13) and (6.14) i s a new estimate 

of the m i s s i n g i n i t i a l c o n d i t i o n p 1 ( t Q ) . This i s found i n 

step B by e v a l u a t i n g 6 p ( t )-. 

I t e r a t i v e computational algorithms which can be.derived 

by f o l l o w i n g steps A-C above w i l l be d e f i n e d as second  

v a r i a t i o n methods. 

6-3.1 The A u x i l i a r y M i n i m i z a t i o n Problem. 

Step B of the i t e r a t i v e procedure w i l l now be performed 

f o r the g e n e r a l case where a l l the elements of the setjA>_are 

u n c o n s t r a i n e d . Stated i n other terms, a l l of the standard 

necessary c o n d i t i o n s f o r a minimum are r e l a x e d . This a n a l y s i s 

t h e r e f o r e i n c l u d e s a l l p o s s i b l e s e l e c t i o n s of r e l a x e d 

necessary c o n d i t i o n s as s p e c i a l cases. Of course, t h i s most 

ge n e r a l case i s i t s e l f a second v a r i a t i o n method. 

The second-order f u n c t i o n a l A 0 J i s r e w r i t t e n here i n 
2 a 

a s l i g h t l y d i f f e r e n t form: 

A 2 J & = * T 6 x ( t f ) + i 6x T(t f) <jSxx 6x(t f) + Sv(\+VxSx(tf)) 

t f 
+ f ( 6pT(x- + f 6x + f 6u - 6x) + P

T 6x + u T 6u 
t o 

+ i 6x TH 6x + 6uTH 6x + i6u TH 6u)dt 
* X X u x ^ u u 

(6.17) 
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To determine 6u, Sx, 6p, 6V>, & x ( t - ) such that A Q J i s 
x c. a 

s t a t i o n a r y , the f i r s t v a r i a t i o n of m a ^ ^ e taken and 

set to z e r o . While t h i s i s s t r a i g h t f o r w a r d , the l a b o r i n - . 

v o l v e d may be circumvented by r e c o g n i z i n g A 0 J as the aug-
d. a 

mented f u n c t i o n a l f o r an a u x i l i a r y m i n i m i z a t i o n problem. 

T h i s a x u x i l i a r y problem has a l i n e a r d i f f e r e n t i a l c o n s t r a i n t 
Sx = f 6x + f <5u + X (6.18) 

X . XX. 

and &p i s the Lagrange m u l t i p l i e r a s s o c i a t e d with t h i s con

s t r a i n t . The f u n c t i o n a l to be minimized i s 
A 2 J = rtT6x(tf) + i 5 x T ( t f ) ^ x x 6 x ( t f ) 

+ 1 ( P T 6x + U T £ u + i6x TH 6x + 6uTH 6x 
X3C~ UJX A 1 

t o ' + ̂ 8u TH 6u)dt 
^ uu 

(6.19) 

and the l i n e a r t e r m i n a l c o n s t r a i n t i s 

<Px6x(tf) + $ = 0 (6.20) 

where 6 v i s the Lagrange m u l t i p l i e r a s s o c i a t e d with t h i s 

c o n s t r a i n t . ' 

The necessary c o n d i t i o n s f o r a s o l u t i o n t o the 

a u x i l i a r y m i n i m i z a t i o n problem are obtained from Eqs. (6.7) -

(6.1l) by s e t t i n g the elements of A to zero and accounting 

f o r the change i n symbolism. This y i e l d s Eqs. (6.18), (6.20), 

and 

- 6p = H x x6x + f^6p + H x u6u + P (6.21) 
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0 = H u x 6 x + f * 6 p + H u u 6 u + U "(6.22) 

t p ( t f ) = $ x x 6 x ( t f ) +<P x6v> + Jt ( 6 . 2 3 ) 

Equations (6.18), (6.20) - (6.23) represent a l i n e a r two-

po i n t boundary-value problem (TPBVP). The equations assoc

i a t e d with any other second v a r i a t i o n method can be obtained 

d i r e c t l y from Eqs. (6.18), (6.20) - (6.23) by equating the 

app r o p r i a t e elements of the set j\. to zero. 

6-3.2 Step Size C o n t r o l . 

From the equations f o r the l i n e a r TPBVP, i t can be 

.•seen that the " s i z e " ( i n terms of a p p r o p r i a t e norms) of the 

elements of _A_ determine how l a r g e the p e r t u r b a t i o n s of the 

nominal v a l u e s w i l l be (step s i z e ) . Since these r e l a x e d 

c o n d i t i o n s may be regarded as necessary c o n d i t i o n e r r o r s , 

s t e p - s i z e c o n t r o l may be e x e r c i s e d by attempting to c o r r e c t 

f o r only a f r a c t i o n of the t o t a l e r r o r i n any one st e p . This 

device was u t i l i z e d i n the technique of Chapter 5, as w e l l as 

by others. 

6-3.3 S o l u t i o n of the A u x i l i a r y Problem. 

I f Eq. (6.22) i s sol v e d f o r <Su (assuming H . to be 

nonsingular) and s u b s t i t u t e d i n t o Eqs. (6.18) and (6.21), 

the f o l l o w i n g l i n e a r i z e d c a n o n i c a l system r e s u l t s : 

6i" A B 5x" a 

_6A 
— 

C T 
-A _6P_ 

+ 
b 
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where A = f - f H _ 1 H . (6.25) 
X u uu ux 

B =" - f H _ 1 f T (6.26) 
u uu u . 

C = - Hxx + Hxu Huu Hux (6'-27) 

a =
 x- fu H;i u <6-28' 

Two. b a s i c approaches to the s o l u t i o n of the l i n e a r 

TPBVP (6.20), (6.23), (6.24) can be d i s t i n g u i s h e d . In the 

f i r s t approach, the l i n e a r i z e d c a n o n i c a l system or i t s 

corresponding a d j o i n t i s i n t e g r a t e d as a s i n g l e set of 

coupled d i f f e r e n t i a l equations. This approach was o u t l i n e d i n 

S e c t i o n 5-8 i n connection w i t h the.Newton-Raphson method. The 

other technique u t i l i z e s the g e n e r a l i z e d R i c a t t i transform

a t i o n , as i n the extended Newton-Raphson method of Chapter 5. 

The d e t a i l s of a p p l y i n g these two approaches are s l i g h t l y 

d i f f e r e n t f o r each second v a r i a t i o n method. 

6-4 P a r t i c u l a r Methods. 

The purpose of t h i s s e c t i o n i s to r e l a t e the d e f i n i t i o n 

of second v a r i a t i o n methods given i n S e c t i o n 6-3 to some w e l l -

known o p t i m i z a t i o n methods. I t i s claimed that these t e c h 

niques are second v a r i a t i o n methods a c c o r d i n g to t h i s d e f 

i n i t i o n . Because each technique was o r i g i n a l l y developed 

s e p a r a t e l y and from d i f f e r e n t p o i n t s of view, a b r i e f i n d i c 

a t i o n w i l l now be given of how the three steps i n the 
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d e f i n i t i o n apply i n each case.. 

6-4-1 Successive Sweep Method. [33] 

The necessary c o n d i t i o n s s a t i s f i e d at each i t e r a t e are 

X = 0, P = 0 and % = 0. T h i s corresponds to the f i r s t 

example i l l u s t r a t i n g step C i n S e c t i o n 6-3 and the comments 

there e x p l a i n how the r e s u l t s of step B are u t i l i z e d i n 

s a t i s f y i n g the s e l e c t e d c o n s t r a i n t s . As has a l r e a d y been 

s t a t e d , a g e n e r a l i z e d R i c a t t i t r a n s f o r m a t i o n was used i n 

s o l v i n g the a u x i l i a r y m i n i m i z a t i o n problem. 

The s u c c e s s i v e sweep method g e n e r a l i z e s Merriam's pro

cedure [37] which t r e a t e d the f i x e d t e r m i n a l time, f r e e 

t e r m i n a l s t a t e problem. Thus, only the c o n d i t i o n U = 0 i s 

not s a t i s f i e d i n Merriam's method. 

6-4.2 Method of Breakwell, Speyer and Bryson. [26] 

For t h i s technique, the c o n s t r a i n t s imposed are X = 0, 

P = 0 and U = 0 which c o i n c i d e s with the second example i n 

S e c t i o n 6-3. In essence, a l l the f u n c t i o n c o n s t r a i n t s are 

s a t i s f i e d at each i t e r a t e and the a d j o i n t i n i t i a l c o n d i t i o n 

i s i t e r a t i v e l y adjusted u n t i l the t e r m i n a l c o n d i t i o n s are met. 

The l i n e a r i z e d c a n o n i c a l system i s t r e a t e d i n i t s uncoupled 

form i n s o l v i n g the l i n e a r TPBVP which determines the i n 

crement 6p Q . For d e t a i l s of t h i s phase, the o r i g i n a l 

r e f e r e n c e should be c o n s u l t e d . 

Another technique [38], though advocating an approach 

based on removing the t e r m i n a l c o n d i t i o n s by p e n a l t y f u n c t i o n s 
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i n the i n i t i a l phase of the computation, i s i d e n t i c a l to [26] 

i n t i e r a p i d l y convergent t e r m i n a l phase. 

6-4.3 Newton-Raphson Methods. 

In the Kenneth and M c G i l l a l g o r i t h m [_&], the 

necessary c o n d i t i o n s s a t i s f i e d at each i t e r a t e are g i v e n by ' 

U = 0, ^ = 0 and it = 0 whereas i n the extended Newton-Raphson 

method of Chapter 5 and a l s o i n Lewallen [36] , only the 

c o n d i t i o n U = 0 i s enforced when the more g e n e r a l t e r m i n a l 

c o n d i t i o n i s allowed. :No f u r t h e r d i s c u s s i o n of these 

methods i s g i v e n here as t h e y are d i s c u s s e d f u l l y i n Chapter 5 
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7. CONCLUSIONS AND EXTENSIONS: PART I I 

7.1 C o n c l u s i o n s . 

A technique f o r s o l v i n g the n o n l i n e a r two-point 

boundary-value problem a r i s i n g i n dynamic o p t i m i z a t i o n pro

blems was presented i n Chapter 5. B a s i c a l l y a f u n c t i o n space 

Newton-Raphson scheme, the method i s applied- to an o p t i m i z 

a t i o n problem with more general t e r m i n a l c o n d i t i o n s than the 

o r i g i n a l method [8]. The method of h a n d l i n g t e r m i n a l con

d i t i o n s i s d i f f e r e n t from e i t h e r [8] or another work [30] 

which a l s o t r e a t s the gen e r a l end c o n d i t i o n s . A g e n e r a l i z e d 

R i c a t t i t r a n s f o r m a t i o n i s a p p l i e d to decouple the l i n e a r i z e d 

c a n o n i c a l system, a procedure which c o n s i d e r a b l y enhances the 

numerical p r o p e r t i e s of the o v e r a l l a l g o r i t h m . This enhance

ment takes the form of a g r e a t l y reduced s e n s i t i v i t y to bound

ary value parameters and d i f f e r e n t i a l equations which can be . 

i n t e g r a t e d n u m e r i c a l l y with l e s s e r r o r f o r a g i v e n step s i z e . 

The new a l g o r i t h m r e q u i r e s c o n s i d e r a b l y more f a s t memory s i n c e 

the R i c a t t i c o e f f i c i e n t s must be s t o r e d . For o n - l i n e com

p u t a t i o n , t h i s i s unquestionably a disadvantage but f o r o f f 

l i n e a p p l i c a t i o n s , as i n the s y n t h e s i s technique of Part I f o r 

example, i t should be unimportant unless the problem i s very 

b i g or the a v a i l a b l e memory un u s u a l l y s m a l l . 

In Chapter 6, the extended Newton-Raphson method was 

shown to belong to a c l a s s of algorithms c a l l e d second v a r i 

a t i o n methods. The d e f i n i t i o n and development of t h i s f a m i l y . 

of algorithms serves to .unify s e v e r a l seemingly d i v e r s e o p t i m i z 

a t i o n techniques and provides a f i r m - b a s i s f o r . f u r t h e r i n -
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v e s t i g a t i o n of computational methods belonging to t h i s 

c l a s s . 

7.2 E x t e n s i o n s • 

I t was assumed i n de v e l o p i n g the extended Newton-

Raphson method that s t a t e and c o n t r o l i n e q u a l i t y c o n s t r a i n t s , 

i f any e x i s t e d , were approximated by s u i t a b l e p e n a l t y terms 

i n the performance f u n c t i o n a l . The pen a l t y f u n c t i o n approach 

i s o f t e n a convenient t h e o r e t i c a l device but i s not without 

i t s disadvantages when a c t u a l numerical r e s u l t s are d e s i r e d . 

A more d i r e c t method of h a n d l i n g these c o n s t r a i n t s i s d e s i r e -

a b l e . The case where magnitude l i m i t s are imposed on c o n t r o l 

v a r i a b l e s should be i n v e s t i g a t e d f i r s t s i n c e i t i s the most 

common type of i n e q u a l i t y c o n s t r a i n t and probably the e a s i e s t 

to handle. An approach taken by Kenneth and M c G i l l [29] 

t r e a t s the c o n t r o l bounds as a d d i t i o n a l a l g e b r a i c c o n s t r a i n t s 

to be s a t i s f i e d a long t r a j e c t o r i e s and then a p p l i e s the 

Newton-Raphson method to the n o n l i n e a r problem having a l g e b r a i c 

as w e l l as d i f f e r e n t i a l c o n s t r a i n t s . Future work should 

examine the p o s s i b i l i t y of a p p l y i n g t h i s technique while con

t i n u i n g to u t i l i z e the g e n e r a l i z e d R i c a t t i t r a n s f o r m a t i o n . 

An i n v e s t i g a t i o n i n t o the advantages and disadvantages 

of u s i n g the g e n e r a l i z e d R i c a t t i t r a n s f o r m a t i o n i n con

j u n c t i o n with second v a r i a t i o n methods where i t has not yet 

been a p p l i e d might y i e l d improved a l g o r i t h m s . In p a r t i c u l a r , , 

the method of Breakwell, Speyer and Bryson o u t l i n e d i n S e c t i o n 

6-4.2 should be examined i n t h i s connection. The s u i t a b i l i t y 



of u n e x p l o i t e d second v a r i a t i o n methods f o r numerical 

computation i s a l s o a s u b j e c t f o r a f u t u r e r e s e a r c h . 
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APPENDIX A 

Approximate S o l u t i o n of the Hamilton-Jacobi Equation, Example 2. 

Let V(x) denote the minimum value of the f u n c t i o n a l 

( 2 . 3 2 ) s t a r t i n g from the i n i t i a l s t a t e x. A necessary con

d i t i o n f o r o p t i m a l i t y i s gi v e n by the Hamilton-Jacobi 

equation (v^ . l i d f o r the problem c l a s s i n Example 2) : 

H(x,V x,u*(x,V^)) = m^ nH(x,V^,u) = 0 (A.l) 

where H(x,V^,u) = i ( x T Q x + u TRu) + V f ( x , u , t ) (A.2) 

Hence, f o r the problem i n S e c t i o n 2-5, the Hamilton-Jacobi 

equation i s : 

x TQx + V (Fx + f ( x ) ) + (Fx + f ( x ) ) T V T - V GG TV T = 0 
X X X X 

( A ^ ) 

and the optimal feedback c o n t r o l i s given by 

u * ( x , V * ( x ) ) ' = - f iV (x) (A.4) 
X X 

An approximate s o l u t i o n of (A.3) can be obtained by 

assuming a power s e r i e s f o r V(x) and then equating c o e f f i c i e n t s 

of l i k e terms to zero. D e t a i l s may be found i n Merriam [j35] • 

Since, f o r t h i s problem, V must be an even f u n c t i o n of x, 

a power s e r i e s up to fourth-power terms may be w r i t t e n 

V(x) ^ l x T K x + V(x) (A.5) 

where K i s an nxn symmetric matrix and 

v(X) = z: h v̂ -V̂ M 
i=0 j=0 K ± d •> 

. k = i i i f l + j + 1 (A.6) 
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A f t e r computing the p a r t i a l d e r i v a t i v e s , (A.5) i s s u b s t i t u t e d 

i n t o (A.3) and c o e f f i c i e n t s of l i k e terms are c o l l e c t e d and 

set to zero. T h i s r e s u l t s i n 

K = K (A\7) 

where K i s d e f i n e d i n Eq. (2.38), and f i f t e e n l i n e a r a l g e b r a i c 

equations f o r the c o e f f i c i e n t s a^,k = 1,...,15. The s o l u t i o n 

of these equations i s l i s t e d i n Table A . l . 

Table A . l 
' — • )- •• 

a l a 4 a10 a 13 

a 2 a 5 a 8 a l l a i 4 

3 a 6 a g a12 a15 

0.3228 1.2772 0.9088 0.0132 0.0960 

0.5441 0.1456 . 0.5250 0.2311 0.0199 

-0.5000 0.0110 0.1324 0.2272 0.0017 

Prom Eqs. (A.4), (A.5), (A.7) and (2.36), the sub-

optimal c o n t r o l i s given by . ^ 

y x ) - . y * > - £ £ (A.8) 
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APPENDIX B 7 

Newton-Raphson L i n e a r i z a t i o n of Equations (5.6) - (5.8^. 

T r e a t i n g Eq. (5.6) f i r s t , the f i r s t - o r d e r expansion 

i s ' 
T _ _ rp 

A p f = " p ( V + ^ x x A x f +<PX&V+ ^ t ^ t f ( B , 1 ) 

where, to f i r s t - o r d e r , 

Ap f = 6p(t f.) + p ( t f ) 6 t f (B.2) 

Ax f = 6 x ( t f ) + k(t ) 6 t f _ (B.3) 

S u b s t i t u t i n g (B.2) and (B.3) i n t o ( B.l) and s o l v i n g f o r p ( t ^ ) 

r e s u l t s i n Eq. (5.17). 

S i m i l a r l y f o r Eq. (5.7), 

< P ( x ( t f ) , t f ) = 0 = <p + <pxAxf + < p t 6 t f (B.4) 

which i s the same as (5.18) when (B.3) i s s u b s t i t u t e d . 

The Newton-Raphson l i n e a r i z a t i o n of (5-8) i s given 

by 

£i= 0 =ri+n A X , + H A P + H AU-+ <P?6V +n±6 t 
X I p I -U I X 0 I 

(B.5) 

Theterm i n Au^. drops out s i n c e = 0 at each i t e r a t i o n . Sub

s t i t u t i n g ( B .l) i n t o (B.5) y i e l d s 

si= 0 =ri+ H p ( ^ x - p ( t f ) ) + (n,x + H p $ x x ) A x f -

+ K + H p ^ x ^ + ( ^ t + H p ^ x t ^ t f (B.6) 

—T 
I f (B.3) i s s u b s t i t u t e d i n t o (B.6) and n o t i n g that H = f •, 

E q . (5.19) i s obtained. 



109 
APPENDIX C 

Hamming f36] Numerical I n t e g r a t i o n Formula. 

The d i f f e r e n t i a l equation to be i n t e g r a t e d i s 

assumed to be of the form 

x = f (x,t) (.0.1) 

Let t = t +nh, x = x ( t ) , where n i s the stage index and n o ' n n ' to 

h i s the step s i z e and l e t f = f ( x ,t ). Then the formula i s ^ -n n' n 

P r e d i c t : p , = x , + 4-|(2f - f n + 2f 0 ) (C.2) ^n+1 n-3 3 n n-1 n-2' 

Modify: m , = p , - ip^ 2- (p - c ) (C.3) J • n+1 *n+l 121 ^n. n 

C o r r e c t : c • n = i (9x - x „ + 3h(f(m , , t , ) + n+1 8 . n n-2 n+1' n+1 

2 f n - f n - l » < ° - 4 ) 

Modify: x n + 1 = o n + 1 + I | I ( p n + 1 - = n + 1 ) (0.5) 

Note that only two e v a l u a t i o n s of f are r e q u i r e d at 
6 

each stage. The t r u n c a t i o n e r r o r term i s p r o p o r t i o n a l to h . 

To s t a r t the i n t e g r a t i o n ( f i r s t three s t e p s ) , a f o u r t h - o r d e r 

Runge-Kutta ( G i l l modified) r o u t i n e was used. At the f o u r t h 

stage, which i s the f i r s t stage a f t e r the Runge-Kutta i n t e g r 

a t i o n , v a l u e s are not a v a i l a b l e f o r p and c and hence the 

p r e d i c t e d value cannot be m o d i f i e d . 
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APPENDIX D 

Second-Order Expansion of the Augmented F u n c t i o n a l . 

The change i n J , Eq. (6.1), i s expanded as f o l l o w s : 

A J a = i x 6 x ( t f ) + 5 v 6 v + i & x ( t f ) T $ x x 6 x ( t f ) 

+ < S v T ^ v x 6 x ( t f ) + i S v T ^ w 6 v 

+ | (H 6x + H 6x + H 6u + l S x T H 6x +6pTH 6x J x p u xx ^ px 
t 
o 

+ T 6 P T H 6p + 6pTH 6u +6uTH 6x PP P u ux 

+ ̂ (5uTH Su - 6pTx - p T6x - 5p T5x)dt 

+ Terms of order 3 or more (D.l) 

S i m p l i f i c a t i o n s can be made i f the f o l l o w i n g r e l a t i o n s h i p s 

are r e c o g n i z e d : 

$ = 0, H = 0, H = f T , H = f 
v v PP P ' pu u 

H ' -f.-, $ = (p T, $ = <l> px x v ^ ' vx x 

A l s o , an i n t e g r a t i o n by p a r t s i s performed: 

- J* p̂ " 6xdt = -p ^ S x + j p"̂" 
t t n o • o 0 

t f * f 
6xdt 

Assuming 6x(t ) = 0 , Eq. (D.l) becomes 
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AJ = - p ( t J T ) 6 x ( t J + 6vT<P a 

+ i 6 x ( t f ) T ^ x x 6 x U f ) + 6v T < P x6x(t f) 

t. 'f 
+ ( H

u & u + ( H
x + 5 T) & x + 6 P T ( f - i ) ) d t 

0 

+ 
0 

f ( 6 p T ( f 6x + f 6 u - 6x) + | 6X TH . 6x 
J • r X U XX 

+ 6u^H,_6x + 1 6u^H & u ) d t + 3rd order terms 

(D.2) 

"UX ' 2 "UU 

By d e f i n i t i o n |_39J , i f J & i s twice d i f f e r e n t i a b l e , the f i r s t 

v a r i a t i o n can be i d e n t i f i e d as the l i n e a r f u n c t i o n a l part 

of AJ (Eq. (6.5)) and the second v a r i a t i o n as the q u a d r a t i c a 
f u n c t i o n a l p a r t (Eq. (6.6)). 
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