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ABSTRACT

In this thesis we present two approximations to

the distribution function of the sum of n independent ran-
dom variables. Tﬁey are obtained from generalizations of asym-
ptotic expansions derived by Rubin and Zidek who conéidered
the case of chi random'vériables. These expansions are ob-
tained from Gurland's inversion formula for the distribution
function by using an adaptation of Laplace's method for inte-
grals. By means of numerical results obtained for“é variety

. of common distributiohs and small vaiués of n these approxi—
mations ére*¢ompared to the classical methods of Edgeworth

and Craméf.. Finally, the method is uséd to obtain approxima-
tions to the non-central chi-square distribution and to the
doubly non-central F-distribution for various cases defined

in terms of its parameters.
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INTRODUCTION

. It is often necéssary.to approximate the'distripution
of a statistic whose exact distribution is unknown or cannot
conveniently be calcuiated. For example, in the evaluation of
error probabiliﬁies in some types.of communications systems

- or sometimes in the determination of the power function of a

n
likelihood ratio test, the probability P(% L X < x)
‘ ' : : i=1 ‘ _

where the Xi (i-=f1,2,.;ﬂ) are independent random variables,

1s required for some values of x . :

A well-known approximation availaﬁle-for this type
of problem is due to Edgeworth ([3], pp. 228-229; [7], p.
515). Another is that of Cramér ([7], p. 520; [(4]), which
was designed to provide an accurate approximatfon even in the
éase where x 1s permitted to deﬁend on n |

When fhe characteristic function of the statis-
tic is known, inverting the Fourier transform éxplicitly is
often impossible, while a numer}cal integration routine is
too time-consuming for procedufés requiring high accuracy,
especially when [¢(t)| is not rapidly decreasing as |t| a.g .

 ”In this thesis we consider two approximations, sug-~

" -gested by Rubin and Zidek [13], to the distribution function

'”’7,fbff£he sum of n independent random variables. Each of these
approximations is called, in [13], a saddlepoint approximation
in keep&ng with the terminology used by Daniels [5], who

seems to have been the first to introduce into the literature



of probability approximation theory the method upon which the
~approximations in [13] are based. Whereas in this thesis wé
are concerned with problems relating to distribution fdﬁctions,
the work of Daniels pertains to density functions.

| The efforts of Rubin and Zidek [13] afe directed
toward the problem of finding an approximation to the distfi—
bution function of (Ile + e+ ]an) , where the {Zi}
aré independent random variables and each Zi (i = l,...,q)
is normally distributed with mean O and variance 1
Each of their aepproximations is roughly equivalent, in terms
of required computer time, to those of Edgeworth and Cramér.
'In [13] it is shown for the problem considefed_there, on the
basis of numéricai results, that one of the approximations is‘
superior to either of the two classical methods. Even for
the case n = 16 » where for values of the arguments con-
sidered, the older methods yieid an accuracy of at most two
significant figures, it gives results accurate to five signi-
ficant figures.

In Chapter I of this thesis all of the approximations
mentioned above are presented. .Also given is an inversion for-
mula,‘derived from.that_of Gurland [9], which forms the basis
'for the saddlepoint approach.

The contents of Chapter II consist of broofs that the
formal expansions derived in [13] are in fact asymptotic ex- |
pansions.  In [13] it is suggested that these results might be
‘obtained‘by using an adaptation of the>argument given by
'VDﬁniéié [5], which is'based on the method of steepest descent.

" Here we. give for the case of non-lattice random variables



.-3'

simple direct,proofs which use Laplace's method for integrals
and special features of the present problem.‘ The results are,
in»one case, an expansion in powers of n—% s and, H
in the other, as in Daniels' case for densities, an eXpansion
in powers of n~t

The approximations are then compared, in Chapter 3,
with those of Edgeworth and'Cramér for a variety of special
cases on the hasis of numerical computations-for small values
of n . ‘Thelresults are qualitatively the same as those
found in [13] for the special case considered there, which is
presented for completeness in section(3.4).‘

The results given in Chapter 3 are obtained with the
intention of comparing_the various approximations'describedr
earller Except for the cases con51dered in sections 3.4 and

. 7, the desired values can be found w1th reasonable accuracy

from ex1st1ng tables. 1In Chapter L, some additional applica-

tlons ofvthe "saddlep01nt method" are considered. - These in-

volve the non-central ch1 square dlstrlbutlon for ‘large values

"non-centrallty parameter, and the doubly non—central

RHVF‘;ﬁlstrlbutlon for selected spec1al cases deflned in terms
fdof its four parameters. In the latter case particularly,
.ex1st1ng tables are 1nadequate, and the saddlep01nt approxi-
matlon may be of practlcal value.

o Two appendices are supplied. In the first is given
a method of evaluating the normal distribution functioh for
either real or complex values of its argument. The method,

which uses continued fractions, is given in [13]. " In Appendix



2, we describe a program written in FORTRAN which is suitable
for numerically evaluating the better of the two saddlepoint

approximations.
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CHAPTER I
NOTATION AND PRELIMINARY RESULTS
1.1 Notation.

Let {Xl,Xg,...} be a set of independent, identically

distributed random variablés, each having distribution function

L%

. L ' . 2
F , density function £ , mean Y = 0O , variance g 5
and characteristic function ¢ ; that is,

E{eitX]

o(t) (-m<p<w)

where i = /-1
We assume the moment generating function of X,
exists on a nbn-degenerate interval (a,b) and denote it by

M .  Let K be the cumulant generating function. Then

TUUUM(At) = o(t) T, f mediKe
Fllaha;ﬁ'“

K(t) = log M(t)

We take the domains of M and K to be the subset of the
complex plane given by f{z : a < Re(z) < b} |
The distribution and density functions of the stan-

dard normal distribution will be denoted by N and n , res-



pectively. !

Let F denote the probability distribution function

n .
of ¢ Xi/(Jﬁ'o) > (n=1,2,...) ; that is,

R =P (x g A)

,'  ?ﬁjséfynagnqtggftﬁéfgh;fbi&ﬁgéhvolution:of “Ff[;f More
1?ééheréi1y,:iffng¥’b.', F, and F will dencte the distribu-
hiffionlfunctioﬁs of_v_g (Xi - u))f(Jﬁ o) and (Xy - w) >
resﬁéctively, whi;el—é will denote the moment generating func-

tion of (X - W)

1.2 The Edgeworth Approximation.

THEOREM 1.2.1. If 1im sup |o(s)| < 1 , and the

- _th | = Si=e
r absolute moment of F exists, then

]

f?ﬁ(x) =‘N(X)‘+ n(x) kz} n’%k+1 Rk(X) + Okn—%r'+ 1> ?
(=) e

/

'uﬁiformly_igl x , for some polynomials Rl,..-.,Rr , each
depending on Wys.--l, » the first r moments of F , but

not on n , or otherwise on F or r

PROOF. - See Feller [7], p. 515.
The series in (1.2.1) is known as the Edgeworth
expansion of Fn . The construction of the polynomials,

Ry (k=1,...,r) , is described in Feller (7], p. 509. With

”



sits first few terms given explicitly, this expansion for Fn

=

i
=2

=

M (6) 2
+ 0 gy MW ) + (35 + 56hghg) —gr——

2100 .2, 15400 4 (12

(10
* —Tor M3y wt )'(Wn> H RS TR SO

n
(1.2.2),

_ iy n .
= o /0" (a, denoting the

denotes the ith derivative

where wn.= (x —'nu)/(Jﬁiﬁ) ',

nth cumulant of F ), and N(

"
i)
of N

In practice, it is not advisable to go beyond the
second or third term of the series (1.2.2), as a well-known
disadvant?ge of the Edgeworth expansion is that ‘it then tends

to give negative values for Fn(x) when x 1is small or

values exceeding 1 when x is large.

1.5 The Cramér.Approximation

Cases occur where, in Fn(x) , X depends on n ,



as when computing _Pf? < vyl ='Fn(Jﬁ_y/o) (With W= 0)

Then (1.2.1) will fail to hold, Since in this case both
Fn(x) and N(x) converge to 1 as n -« , a more appro-
priate cfiterion of the'accuracy of the approximation is the

relative error. 1In particuiar, we would like.the relation

‘1-Fn(x) L ‘ (1.3.1)
TEWET T '

t0 hold when both x and n tend to infinity. This relation
is not true generally, since, for example, in the case of the
symmetric binomial distribution, 1 - F (x) = 0 for all

x > /i . The limit in (1.3.1) does hold if x = o(n1/6)

S
this belng a consequence of the following more general result.
It is due to H. Cramér [4] and was generallzed to Varlable
components by Feller ({7], p. 524). |

Let the function )\ be defined by the equatiph

i

G2 () = k) - k() + - (1.3.2),

o
N

o /- | |
;hf is obtained as a power series in z by inverting the

where-:

‘series

gz = rE‘,e (I‘-—_§).' hr_l ‘ i (l. 3-3)

= K(l) (h)

Equation (1.3.2) implies .



M(z) = hy/6 + (/24 - x§/8)z-

S L, | |
+ (hg/120 = A0 /12 + A5/8)2% + L. (1.3.4).

THEOREM.l.B.l (Craméf)Q Suppose there exists a

. - _
number h_ such that I ePX dF(x) exists for all

- 00

he (-h,,h)) . Let x Dbe a real number, which may . depend

F
on n , such that x> 1 and x = o(n®) as n = =

Then | ‘

oo 1= Fp(x) = [1 - N(x)] exp'[J%k X(J%h)][l + o(J§=)]

(n = =)  (1.3.5a).

vFor’”x'< -1. , the corresponding relation is

. 5 |
F,(x) = N(x) exp LJ%= X (J%;)][l +'0(J§=)] )
| (n = @) . (1.3.5b).

PROOF.  See Feller [7], p. 517.

When the Cramér appfé#imation'is applied, difficul-~
ties may be encountered in the inversioh of the series (1.3.3),
because thé series given in (1.3.4) may féil to converge.
Examples where.fhis occurs are.given in section 3.3. The ap-

proximation can still be applied in these cases if it is pos-

sible to invert‘(1.3;3)'algebﬁaiéally..}
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1.4 The Saddlepoint Method.

We now present two saddlepoint approximations to
F, Obtained by Rubin and Zidek [13]. They are based on an
inversion formula derived in Lemma 1.4.1 from the Gurland
[9] inversion formula. It asserts that

-€ —1xt

+ lim 1lim T MY (it)dt
T—‘co €-’O { -T }

Wi

1-F (Jﬁ‘c) =
(1.4.1)

LEMMA 1.4.1. Assume that the moment generating

function M exists in the region {z : a < Re(z) < b}"

Then
T o -ixt
e n,.
T—Om G—’O € )
= f -(c+iu)x (c+1u)d - % sigﬁ (c)
? ct+iu 2

(1.4.2)

for every real number ¢ % O such that a < ¢c < b , where

sign(t) = -1 t <0

0] t =20
1 -t >0
'7PROOF : buppose b > c > O » and consider the -line

1ntegral 1n the complex plane of the functlon
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£(z) = e u(z)/(2miz) along the contour I = I Ip 4.+ Igos

where, for fixed positive constants T and € (e < T) , -

‘I, = {z : Re(z) =0 , €< Im(z) < T} ,

I, = {z: Im(z)'

fi

T , O0<Re(z) <c} ,

I;= (z:Re(z) =c ,-T<In(z) <T) ,
I, = {z : Im(z) =-T , 0 <Re(z)<ec} , .
I = {Z M Re(Z)"—‘—‘ 0 N -T < Im(z) ..S - E} s

Then [ _f(z)dz = 0
I

'. ]j f( , dz I-% e jc'llexpj(4x(y+iT)) M2 (y+iT) | dy
: E . CTET Vs o S y+iT

S C
Coell T "'Xy :
g;ﬁhéﬁi,f_ Mn(y !§;§TT E

R Lo
“f351nce.'. S .
iM‘(y+1T)| = |E(exp[ (y+iT) (X, + + X)) 1)
< E(exp[y(x1 + .0+ X))
= M (y)
Hence,
r 1 A 1 -CX
Iij(Z)dZIST[?—W—_X—(l_e )] 3
2
where A = maX 'Mn(y) , and therefore

o<y<e
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Similarly, 1im I £(z)dz = 0O
T oo 14

Consider .f f(z)dz . By the residue theorem,

where c¢(e) 1is a circle with centre at the origin, radius’

€ , and the integral is taken in a counterclockwise direc-

tion.
* We shall now show that
LR W/é - . -m/2 <l cL
S Ydm flee®eie® g9 = 1im flee*®)eiel® an
wolemo Y -m/2 €-0 ~T/2
(1.4.3).
From this it follows that 1im | f(z)dz = 3 , and

€0 I6
the desired result is an immediaﬁe consequence.

/

Now,

s aT/2 c s
%ﬁgf e xe (cos A +. 1 sin 8) Mn(e-cos p+e 1 sin g)de
-17/2
- 0 2 " .
1 T/ _ .
- 5= g¥e(cose + 1 31ne)Mn(€ cosh + € i sine)de]
T/2
1 T/2

= |77 §

[eqxe(cose + i sine)Mh(
-T/2

€ cosh +-€ i sine)
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-xe(-cos@ + 1 sipe)Mn(_e cose + € 1 sing)lda]

/2 _xe cos o
le
-T/2

2:_ XE COS@-

- n s
< 5= j M'(e cose + € i sing)-e

X Mn(—é cosg + € i.sine)|dna .

“Byfﬁhe'Legesgue tounded convergence theorem, the last quan—"
tity'COnverges to 0 as .€ -0 and the result, (1.4.3), is
established. Combining the results for j f(z)dz

g I,
f f(z)dz , and j f(z)dz , we obtain (1?4.2) for ¢ > 0O
Iy I . L
For a < ¢ < O, the proof is similar.

We shall make use of the inversion formula (1.4.2)

in the form,

v €S

1 - F (VA x/c) = §(1 - sign(c)) +>%?f} ~exp[-ﬁx(c+iu)+n JogM(c+iu)]

-

du :

where we shall choose ¢ to be a saddlepoint of the exponent'

in the integral; that is, ¢ 1s the solution of the equation

d [-nxz + n log M(zﬁ] = Ot?: (1.4.5),

“dz
or
(1) | o
g - z) - x : | | (1.4.6).

When ¢ = O , the integral in.(1.4.4) will be understood to
mean that of the Gurland inversion formula.
Daniels [5] showed that (1.4.6) has a single real

root under fairly general conditions.
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THEOREM 1.4.1 (Daniels).  Assume that

M(t)'= eK(t) = I e X dF(x)

converges for real t in -ci <t K« Cs where 0O < ¢y Lo
0 < 02.5 o Suppose
F(x) =0 ,

0 < F(x) <1 ,

F(x) =1 ,

where, possibly, & = -e Or b = e or both. Then

(1) a and be are finite if and only if KX(t)

exists for all real t , and (1.4.6) has no

‘real root whenever

x £ [a,p] ,
.~ (ii) for every x € (a,b) , where -w < a<b< e,

there exists a unique simple root ¢ of

"~ (1.4.6), and KQ;)(t) increases continuously

from x =a to xXx=D0b |,

(iii) for every x € (a,b), where “a and b may

be infinite, there exists a corresponding

¢ in (-cy,cy) Af 1im K(l)(t) = b and
lim K'7/(t) = a (these“conditions are satis-

t--»-cl

fied automatically unless a or b is in-

finite).
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PROOF. See Daniels [5].

Since K(t) converges for -c, < Re(t):< cs ,.and
c € (—cl,c2) B K(t) has a power series expansiod about t ; c
with a non-zero radius of convergence, and hénce a:uniformly
convergent series expansion for all 't such that |t - ¢l Lo
for some o > O . Then, for values of n in some neighbour-

" hood of the origin we can write '

. . 2
-nx(c+iu) + n K(c+iu) = -nxc + K(c)n - n % x(2) (c)
s 5 ) (o) (50T a7
r=3 r!

O k) ey,
o, = (%) (c) 17/ (r10™)
a, = (-i)r/(éo*)r , (1.4.8)

I e—nx(c+iu) + n K(c+iu)

I(X,n) = TTT J du
- c+iu
Then, prodeeding formally,
z . *2 2
_ ® ,n % K<r) (c) (1u)r -ng “u
I(x,n) = K{(c,n,x) § e T2 T! e 2 du
/'é;‘r -co c+iu
| ‘n Y b (y//_) y2/2 4 '
= K(C n, X <l+CO'*[> y
"*
co /2T

(1.4.9)
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Now,
A : @ ' 2' : N .
AN cO*r) N SR
L - o (1.%4.10)
ar . .
n T b (¥//m) -% 3 -1
e =3 =1l+n b3 y~ + n (b4y4 4. 3y )
+ 3/2(b5y + b3b4y7 +5 b§y9)
+ n'z(b6y +[%b4+b3b5]y +wb§b4y +?7Ib4 12)
+o.. | (1.4.11).
Heﬁce, » -1 -
__X__
(+ ) onln r (L) )= T <—)
(1.%.12),
where
do(y)‘ = 1 . By . o ,
oy 2 4
dy(y) = asy + (by + alb3)y + % b2 6
dqu) ? a4y4 + (b6 + al 5 + a bu + a3 3)y6 + (-gb4 + b3b5

‘8

' 2 0. L 12
1 3b4 + 2&2 3)y + (%bub +'6a1b ) L at 1

?E 3
T (1.4.13),

/aﬁa 1nugéﬁé}al; dEk 1(Y) 1s an odd polynomial in y 5
'fwhlle 2k(y) an even polynomlal in y (k. = 1,2,...)

As odd powers Of Ny vanish upon ;ntegrating, the explicit
,form‘of:_dzk 1 (y) (k = 1,2, .) is not required bélow

Tt will be shown in the following chapter that



o » om |
T(xem) ~ REmX) s g (L | (1.4.14)
co/n m=0 T \/n | '

is an asymptotic expansion. Here,

co

Aoy = [ nly) dp,(y) dy . (1.%.15)

-

1 2 :
(recall that n(y) = eV /2) » and the series in (1.4.14)

G
is obtained formally by interchanging summation and integration
in the'expreséion‘obtained from (1.4.9) by replacing the first
two factors in its integrand by their serieé expansion.
The first few coefficients in (1.4.1%) are

d, = 1
. - : 1 2 '
dy = a, + 3(by + ale) +-§§ b ' (1.4.16)

. ' 1.2 .
3ay + 15(bg + a1bg + aghy + a3b3) + 105(zby % bby

Q;
i=
il

. S . o 1 » \
b abyby + Bagh3) + 9E5(3b,05 ¢ gapd) + 29293 bl
', Explicitly, equations (1.%.16) are, with x(T) (6) _ KF
C(ris 1,2, ' | |

1

o
O
il

ay = -(ca®) 2 + (@K, - Lo K5) - 3¢ K%(cf)'6 (1.4.17)
, - -6, 1 1 1, b
QLI’ = B(Co”*) + -85- 0* (— -B—O K6 + Tc K5 - _C-:—QKM’ + —?KB)

55 x-8,1 .2 1 1 1.2y L 35 4-10
+ B c (—i_GK)-I' + —EKBKB - §EK3K)+ + ?KB) + 16 o
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1 2 1 i 385 x-12 4
Thus,
' . . . ' _ d d
1 - F (BX) ~ #(1-sign(c)) + e nxetnk(e)(y i —
(1.4.18) ,

. where c¢ is Bbtained from (1.4.6) and d, and d, from
(1.%.17).
Let us now return to (1}4.4) and by an alternate
argument arrive at another saddlepoint approxima@iqﬁ to Fn[ “

On letting op = c;/an and. br' = br/ir (r = 1,2,...) , we

have,'by-regrouping the factors in the integrand of_(l.4;4),

o s b’ (1) /AT 2
~n(u) e r=3 di
S (1.4.19)
‘But | ;.___v z g (iu («/—) » where :

' g, (y) (r = 0,1,2,...) -are defined in the obvious manner from

/
v

equation (1.4.11).
| Definé‘iQk(p) (k = 0,1,2,...) by

Qk(o) = j gigl (1u du a (1.4.20).

-0 p+1u
Then;‘ ’ '
. ay(e) =.ﬁ%57 (3(1 + sien(c)] - N(p)) (1.4.21),

o) =1-0a00) (1b.e2),
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and , Qk(p). (k ='2,3,.;j)2 satis@yithe recurrence formulae

Qu(p) = =0 Gy _1(P) (K = 1,2,...) (1.5.23),

Qo1 (p) = (-1)571(2k-3) (2Kk=5). .. (3)(1)-pQuy_p(p) -
k-1 |

(1.4.24),

]

Thus,'formally, we obtain, by interchanging summation and

integration, a result of the form -

' WNX s s a1 -
1 - PG, = E(1-sign(c)) + K(e,n,x) R A

“where

ho(e) = 9(e)

hi(p) = 2 o'*'3K3Q3(p) ,
ho(P) = 21 o*"”KMQLL(p) + '%'g 0*'6K§Q6('p) 5 (1.4.26)
hs(p) = 55 9% 7Kg0 (p) + Thy T ()
+ T555 0*'9K§Q9(p) E
-y (e) = 7y o T Kelg(0) + (gEmay + TagRsKs)o T 0g(0)

2 1 x=12_U
a7 0 T KKy Qole) tuimor 0 T KsQ(e)

and where thex Qk(p) (k = O,l,...,l}) are readily obtained
using equations (1.4.21), (1.4.22), (1.4.23) and (1.4.2%).
The'approximation obtained from (114.25) by deleting all terms
invélving hk (k:Z 5) will be referred to;as the saddlepoint

2 approximation. . . ' S | ' » |
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1.5 Remarks'

This last approximatien will be shown, by numerical
means in Chapter %, to be'superior for small samples toiboth
the Edgeworth (1.2.1) and the Cramér (1.3.5) approximation,
as well as to the saddlepoint 1 approximation (1.4.18), which
fails for ¢ = O | | ':

' A family of formai series expansions of 1 - Fn
can be obtained in the manner of (1.4.25) by letting c take
any value in *(—cl,c2) . In particular, c¢ = 0 yields the
Edgeworth series, which Cramér [3] proved to be asymptotic.
Hence, if the solution ¢ of (1.4.6) is O , the Edgeworth
-and saddlepoint 2 series must be_identical. However, as ¢
moves awey from AO » the quality of the Edgeworth.approxi-i-.
mation deteriorates. The explanation for this lies in the
fact ﬁhat ¢ 1is a saddlepoint, and, as.is well-known; through
o any saddlep01nt there is a path of steepest descent (see, for
u;example,'[6]) As Danlels [5] has argued, the path of inte-

gfetioh }{z‘}sz:%'c+1u ,T—m < u < m} will closely approx1mate

the path of steepesLQdescent locally 1n the reglon near the

addlep01nt,afrom whlch the only asymptotlc contrlbutlon tO‘.

ithe 1ntegral comes
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CHAPTER II
THE SADDLEPOINT APPROXIMATIONS

In this chapter we pro?e that the expansions given
in (1.4.18) and £1.4.25) are asymptotié. To do so we use |
Laplace's.method'for integrals and thereby achieve a more
stralght forward proof than that provided by the method of

héﬁsteepest descent (see, for example, Watson [16]) Further-

}more, thls method 1s readlly adaptable to other appllcatlons

1nvolv1ng paramet*rs dlfferent from n .which tend to Ainfi-

An example Wlll be glven in Chapter 4,

2. 1 Asymptotlc Expans1ons
N Returnlng to (1.4.8), for c A0 |,

' © . . . o
I(x,n) ='%F j e-nx(c+1u) +nn K(c+iu) du (2.1.1).
- c+iu
-/

iu) 1‘ Then g(u) is a integrable over the

Let g(u) = (1 +
interval (—R,R) for all R and is equal to the convergent

power series
gu) =1-2+ &) - &)+ (2.1.2)
1’ l]

in thevinterval"[-é & , where &, <'c
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As we shall show subsequently, the asymptotically

dominant contribution to the integral in (2.1.1) comes from
-1 -1
/3 0=1/3.

that portion'of it which is over  {-n In order

" that g(u) be adequately represented over this region by thé
| 1/3 ‘

first few terms of its series expansion, n must be large

in‘oomparison to c-l . Since in the case of the saddle-

,hp01nt l approx1mat10n we assume g(u) is so represented,

!t,tends to give unsatlsfactory results when c 1is near O

Land n 1s moderate ,_The saddlep01nt 2 approximatlon leaves

©in 1ts orlglnal,form and tends to glve good results even

;when c"1s small However, 1t is somewhat more compllcated

”hthan the saddlep01nt 1 approximatlon

C T Let
h(u) = £ au , Jul <& , ,
r
r=2 .
| (2.1.3)
h,(u) = -ixu + K(c+iu) - K(e) ,
where ar’=hK(r)(c)_ir/r! - (r = 2,3,...) and & is some

positive constant. g 4

- ‘ Daniels.[5] showed that if the moment generating H
function M exists in a region D = {z : -c; < Re(z) < cp}
where D fis the'largeSt such region, one-real root o of‘
qu)(z) - x = 0 exists, and it satisfies -c1°< ¢ < e,

'AsftM(z)i is~ana1ytio in. D ,

M(z) = M(c) + M) () (z-0) + w3 (e) (z-)? 4 ... (2.1.%)
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- converges in a circle with non-zero radius of convergence R .
 Therefore, (2.1.4) converges uniformly dh {z : |z-c| < p} for
some positive §'< R .. Hence, -log M(z) = K(z) has a power
series expansion about z = c  which converges uniformly on['
{z ;‘iz;c|“i 551 fbf some 8, > O . Thus hq(u) has a |

,power'Seriés expansion which is uniformly convergent for

lagi?el T (2.1.5).
L . r=
LEMMA 2.1.1. Let © = min(é;,8,) . If
[ lee)idatce " (2.1.6(a))
for some real Jj > 1 , then. !
-8 | nh. (u) :
) ' g(u) e 1 du =~O(n'M) s
, | (2.1.6)
and" “ .
® nh. (u) ‘ :
[ su) e 7 qu = o(n™)

)

for each positive integer M

PROOF. If the {xi} . (1 =1,2,...) , do not -

Mgc+iu§

‘M(p)

have a lattice distribution, <p <1
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since |ul > & > 0 (Daniels [5]). . Condition (2.1. 6(a)) 1mp11es,

after a change of variable, ‘that f IM( c+1t)|J dt € » fo€ ;
- nh u .
some J>1 , say k .. Writing L, = -M f g(u) e 1 du

we obtain

i | 1 n-k = k - M, -n
Ipn] <-——M ; IM(c f IM(c+1u)| du = A n'/p
' for some constant A > O . Thus  lim ILnI = 0 , since
. o n—e ,
p <1 . ' : y
-8 nh, (u
similarly, [ g(u)e <+  du=o0(n™M
- 00

ILEMMA 2.1, 2. There ex1sts a positive constant P

is

3 ==

}J*such that Re{h(u)} < -pu2 for all | 1 5 5. where b

>

' os1t1ve constant

PROOF.  Explicitly, when |u| < & , h is given by

. _ | | ) | o
-h(u) = 2 K(2r) c (-1)r w4 i v K(2T+D c ”(-l)r Ler+l )
. : ‘r=Ll- r)! ) ‘ . r=1 | T+1 T :

Therefore, | | o
Refhgu)i = -K2 + Ku.ue - K6 u4 + ...
u - }
| (1), . ' | ' 2
where K, = K (c) (i =2,3,...) . Now, Re{h(u)l}/u
is continuous, and equals -K, at u=0 . Using the ter-

‘minclogy and result (11; of Theorem 1.4.1, K(l)(t) increases

continuously from x = a to x =b . Hence, K(2)(c) > O
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Select e subject to the requirement X, > € > O
By the definition of continuity, there exists 63 > O such
that if |u| < b5

Re{n(u)}/dg < -K, + € <0
L S0 “ -

¢ - .
6"\’) ' &

. Thus,j- Re{h( )} < -pu for all |u] < 85 and for some

g From now on, 1et 6 = m1n(61,62,83) .

Tf‘Flrst cons1der the saddlepomnt 1 approx1mat10n - We

'fexﬁandeg(u eXP<n z}a b > = g(u) .¢XP<nu : ®r " 3>

r= 3 s a
double power serles in the two arguments nu3 and u s
convergent for all |u|l < & . Denote this power series by
; : . "o o i 3 : .
p(nu’,u) = R (nu?)* u (2.1.7)
where the c¢.. (i =0,1,... ; J = 0,1,...) are independent

v 1J
of n and u .
In order to approximaté P uniformly by its partial
. sums, we restrict nu3 to some finite 1nterval say,
|nu3[ <1 , that is, ilul < n'l/3 =5 Wi , 7
Wé can assume n > & -3 5. so that én < 5 . ‘Then
our region of inﬁegration'for I(x,n) consists of five in-.
tervals: (=w,=8) , (-8,=8.) » (=8,.,8.) » gsn,g) and (6,)
If 8 could be allowed -to depend on h , we could take

) =.6n and thereby obtain only three sub-intervals of inte-

gration and a simplification of the proof. However, since
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5 FIO ',' ]M(c¢1u)/M(c)[ would not then be uniformly boun-
ded by p <1 for & fu<e and all n , as it must if

the result of Lemma 2.1.1 is to hold.

LEMMA 2.1.3. .Using the same notation as above,

;ﬂjiﬁnﬁé<u).e _‘u du + f nh(u)  dau = o(n™)  (2.1.8)

“for‘each positive integer M

PROOF. For u € (5n,a) s

2

. 2 | '
pn(u” - én) > pn & (u - 6n) > p(u - én) (n > 1)
Then, : 5
- pnd_ . .d -pnu_ - pnd © -pnu
e n f e du<e .M f e du
- ®n | '
o -p(u-5)) -
< J e N7 qu = P 1
.En\
S .8 -pnu2 Sy _-Pnl/3 S : .
" Hence, .I e - du =.O\e 7 ) . From this and Lemma 2.1.2,
‘ 6n : -
:ré y _nh Jnh(u) L
IJ g(u) e du +, f g(u du|-~
18
n .
8 | .nReh(u), . '6n“' nReh(u)
< [ te(u)ile jau + [ ™ Jg(w)l]e |du
. -8 .
n
W82 -5 2
< J e P gy 4 j N mPAU gy
) -

n
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1/3 - - s ‘
= 0o(e™PR ) | (n > 877 (2.1.9)
= O(n_M) '
for 'any integer M > O and the conclusion follows.
COROLLARY 2.1.3, For each integer M > 0 ,
o 2 ' 1 1/3 .
f PP WM gy =.Oke'§pn ) (2.1.10)
PROOF. If u> s » we have
M -lpnu2 M --1—pu2 < K E(n > 1)
u e ® Lu e =T = =
for some constant K indéﬁendent of n . and so
o _ .
ot = O(e%nu) = 0(e®P™ ) | Equation (2.1.10) follows by

7

replacing p with 2p in

) /  :. '. . o 2 _ 1/3
/

© It is now clear why c is chosen to be a saddle-

" point, that is, a root of equation (1.4.6). If this were not

the case, h(u) would include a linear term in u , and P
o0 - .

would become T T e’y (nu)k J

| i=0 j=0 *J |

a finite interval in order to approximate P uniformly by

its partial sum leads to 6, = n"t rather than nfl/B

‘u Restricting nu to

The proof of Lemma 2.1.3 will fail since in this case
n 6§ - 0 rather than o« as n - o

In the remaining interval, (-én,én) , P is
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approximated by its partial sums. For any positive integer

A we write

) L. .' i .'
Py (nu3,u) = T cys (nuB) u?
| i>0,35>0 *9
i+J<A ‘
LEMMA 2.1.4, If J|ul < 8
o p(nuyu) - Py (nu?,u) = of (nu?)A) 4 ofuftt) (2.1.11).

PROOF, Sdppose an’ arbitrary power sériés,

Tz _dmn zmyn , converges for |z| <R , |yl <SS
- m>0,n>0 ' )
Since the terms of a convergent power series are bounded,
d =0 ™™) . Then, if |z| <R and |yl <S5 ,
m_n ‘ n
T ocedozyt =0 x IEITIET)
m>0,n>0 m>0,n>0
m+n> A . - m4nd>A
- .
=0( ~© (fﬁl + I%I)A)=

- k=A+1

O((1E] + 1M

Since, in general, |a +:b|¥ SﬁQ?fl(|a|rp+ Ib]¥) for all

r>1 , it follows that o dy
. , o m>0,n>0 -
m+n >A
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.EquatibnA(Q.l.ll) is an .rmediate consequence.

We now come to our main theorems in which we shall
prove, with the aid of the preceding lemmas, that the ex-
pansions given in (1.4.18) and (1.4.25) are asymptotic.

21

THEOREM 2.1.1. Let d, = (-a,) 2 % ¢
i 2 m=0

i

=
m,2i-m(_a2)

x [ (m+i+s) , (i=0,1,2,...) , where

ay = —K(2)(c)/2 , the {cmn} are defined in equation (2.1.7),

and [ denotes the gamma function, that is,

2
(2.1.12).

' 21‘1).‘ N . %
P (ned) = PR T

(2.1.13)

is ‘an’asymptotic expansion. ‘. .-

PROOF. From (2;1.10) we obtain, recalling that

for any fixed A
' Hénce, combining the above and the results of Lemmas

2.1.1, 2.1.2, 2.1.3, and 2.1.%4, - 3
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'.é,l{j: ) e

; na
- If B g(u nh( ) - PA(nu3 u)e e Jdul|
' 1 1/3
o 3a :
= 0(n M) + O(e 2 nA>
) na u2-
+ O<f, e ° (lnu3IA+l + A+l)du) ' (n=w)
' (2.1.15).
Now let us consider integrals of the type:
o 2 ,
:gx-éxxtxk dx , where Re(t) > O . For even k , sub-

_m s N

stltutlng tx2 =y , we obtain

o os‘> _b 2 . e .
o ‘j e #X xzm-dx =t ¢ {“(m+%)

= 1 -m-% )m = (sz,l,.Q.)
m'2 , :
(2.1.16).

The following estimate is valid for both odd and even k
- N
j e~ % xkldx = O([Re(t)] _f(k+l)) , (2.1.17)

-0

ﬁsing (2.1.17), wé see that the last term in (2.1.15) is
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1 » '
O(n-ﬁA—l)' . Therefore, combining (2.1.15), (2.1.16) and
(2.1.17),

1) nh (U.) : -
j g(u)e 1 du = by o €y B (mtk+1)
- - 4 m>0,k>0 "
‘m+k<A

. x'(_aE)-%‘(BIYH}H'l) P(%[Bm-lk"i'l]) + O(n“‘:‘é‘A-l) " O(n—M) (n—'co) ,

where ei is 0 or 1 'depending on whether 1 1is odd or

_éven, respectively., As A and M are completely arbitrary,.

we obtain an asymptotic series

_ d.n-§-1 _ (n-n'.b)

ﬂwwhere the ﬁdi are; the coefflclents computed in Chapter 1

3

- nu” ur3

SO v a
THEOREM 2.1.2. Let e =

k=3j

K(J
nY
SIS

T a'f,

X ck({ar})uk' > Wwhere K(r) c)i” (r=3,4%,...)

K(0) = 0 K(3) == (J > O) ,/ and ck({ar}) (k=0,3,4,...")

are apprépriately defined constants depending only on

{ar} (r=3,4,...) . Then, with Qk(z) (k=o,1;.l.) defined

as before (see equation (1.%.20)),

wo 3 (Y

1 p nhi(u) e K(J)
| f g(u)e
/2T - J=0  k=3] A /2
| - (=2a5)
g' j-k/2

Qk(c -2na, )/J' S '(n~g) (2.1}17)
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symototlc expans1on

- PROCF,  The proof is almost identical to the proof

of Theorem 2.1, l and will only be outlined brlefly here.

. | | nu’ ZB“arur‘3
In this Case,‘the factor e - - in the

integrand of (1.4.19) is expanded as a power. series in the

argument (nuB) This series 1s denoted by P'(nuB)

3

As in the proof of Theorem 2.1.1, nu” 1is restricted to the

3' <1 -1/3 =5

interval |nu , that is, |u] < n in order

n b

to approx1mate P’ uniformly by its partlal sums PA

Lemma 2.1.3 can be applied w1thout alteratlon, while Corollary

2
pnu

2
pnu, replacing e~ s

2.1.3 is obviously valid with -
c+1u

since the latter. is less in modulus than the former everywhere.
‘ . In the same manner as we obtained (2.1.11), we
find that, for . |u| < 5, >

')(nuB)_= o([nuB]A¥i)

(P’ - B}

uniformly in u and n . Then
7/
1 e nhl(u) L e 3 na,u°
o f; g(u)e du = f~ PA(nu su)e du
~o - : c+iu
2
o nasu ‘
+ O(n—M) + O{J e lnuBIA+1 du } (n=e)
-~ : c+iu
(2.1.18).
s 3y n SN
Writing P,(nu”) = E 37 (T a_u )



33.

A 3 K(J) o -
= v 3+ : ck({ar}) uk , equation (2.1.18) becomes
j=0 9° k=33 . T , | .
o o nh_ (u) A K(J) =T
_~_%_f g(u)e 1" du= ¢ T ck({arl }).
B B R ows

| nj—k/g-ngCJ—Qna;) S/ + o(n™ + o(n

(nf%) . ;ﬁ”(2.1.19).

Agein, as M and A are entirely arbitrary, the
above, and hence (1.4.25), is an asymptotic series.

This completes the proof of the asymptotic nature of
the saddlepoint 1 and 2 approximationé. We now discuss briefly
a case not included in Theoremé 2.1.1 and 2.1.2,

2.2 The Lattice Case.

-

When the ({X,} , (i=1,2,...) , have a lattice
distribution, the preceding argument falls; the tails‘of the
integrai (2.1.6) cannot be ignored, since for a distribuﬁion
having ité mass concentrated at points h ~ units apart, the
characteristic funiction is periodic of period X = 2r/h
with |o(A)] =1 and |o(s)| <,1 for 0< s <1

Daniels [5], in his work -involving the density func-
tion, avoids this complication because he 1s dealing wifh
densiﬁies instead of distributions. In that case, the path
of integration stops at ¢ + im , and no tail regions are
present. Using this' fact, an.approximation to the distribu-
tion function'could be obtained bybnumerically integrating
the density function.

Feller [7] introduces the concept of a polygonal

approximant Fﬁ to F, » where, more generally, G# is the.
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convolution of .G with the uniform distribﬁ%ion on (-h/Q,
h/2) and h 1is the span of G . He then shows that the
firstc two terms of (1.2.2) approximate Fi with an error
.of magnitude. o(n %) . This means that at the lattice points
of F, » the error is o(n—%) when Fn(x) is replaced by
%[Fﬂ(x) +‘Fn(x—)] . However, for higher order ekpansiOhs

of the type (1.2.2) the additonal assumption that

lim sup IQ(S)I <1 ' (2.2.1)
S | —eo : :
. is necessary, a condition not met by lattice distributions and
a considerable number of other distributions which have their
variation concentrated in a set of Lebesgue measure zero. The
Ordcr of magnitude of the crror'in approximating Fn by a
series of the Edgeworth type depeuds on.the arithmetical nature

of thc set of possible values of the random variable Xi .
Even if all the moments of F are finite, in the case og |
discréte-distributions it is necessary to supplement the
expansion (1.2.1) with discontinuous terms.

;VVHowever} although it is. 1mp0881ble to approximate

- such dlscrete dlstrlbutlon functlons w1th contlnuous functions

“:to{annaccuracy of w1th1n one half OL thelr max imum Jump, local
;»11m1t>theorems for approx1mat1ng F at its p01nts of dis-
'jcontlnulty e4lst (see Gnedenko-Kolmogorov [81). We reproduce
-ﬁtheﬂfollowing proposition of Esseen (see [8], p. 241) which is
analogous to the ‘Edgeworth expansion (1.2.1) in the absolutely

continuous case.



35.

Suppose the random variables Xi (i=1,2,...) éan
ohly take on the values x_ = a + sh (s =0, +1, +2,...) ,
where h 1is the maximum span of the distribution F 4,f'The

random variable

- 1
- Y =-— (X -1)
N osm k=1 £

3

can only take on the values

Yo = B(s - np)/(a/E)
where p = % ip, and p; = P(X, = atih) . Let
i=—e '
P, (s) = P(y, = yﬁs) . : : | B

THEOREM 2.2.1. (Esseen). If the identically dis-

tributed random var__iables'__.Xl,...,Xn are independent and ha&e

.“l#,fihi%éﬁabéblﬁte moments of the order k(k > 3), -then.

. . \____ ‘\ . ] _1/2
Yo [n(yns) +or 0

ni=l :Ri(?<¥ns))

(e

Here,

10 .2

(v) + 2212 20y

and the Ri(n(y)) (i > 2) are obtained in a similar manner

from the expansion (1.2.2) by replacing .N(i)(y) by n(i)(y)



PROOF. See Gnedenko-Kolmogorov [8], p. 241.
‘To obtain the values of the function F_ at the

points of discontinuity Vps DOV only requires a summation

procedure,

Fn(yns) = Fn(yn,s_l + 0)

£ P_(r)
r<s O

6.
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CHAPTER 3

" COMPUTATTONS

To Judge the quallty of the saddlep01nt approx1matlons

;1n'the case of small n f; several test cases were con31dered
‘:Numerlcal results were obtalned in each case for the sake of
comparison with the Edgeworth and Cramér approximations.
These results were obtained for values of the argument, x ,
’ selecpedvto fepresent the entire admissable range of values'
Aand for“values of nv between 1 and 40 inclusive. For bre—
- vity, only a few representative results for each distribution
considered are depicted. ° .
| It will be noted that whereastthe saddlepoint 2
expaﬁsion gives uniformly better results thah the other three
approximations, the Edgeworth series, (1.2. 2) is quite'good
when ¢ 1s,close to O , as we would expect on the basis
of the discussion in section 1.5. However, when X assumes
values in the extremities of its(range,'the saddlepoint method

'gives substantially better results.

3.1 Remarks on the Tables.

When ¢ = 0 , the saddlepoint 1'expansion does
not exist, and for programm:md purposes, the Edgeworth ap-
proximation is Drlnted in its place.

When F (x) 1is nearly 1, exponents in the calcula-
tion of the Cramér fofmula are excessively large for the com~-

puter, and the value F (x) =1 is assumed.
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Multiple entries under the headings represent suc-
cessive approximations obtained by adding,.at each stage, one
more term to the.approximations. They are included to faci-
litate a combarison of the rates.ef apparent convergence
~of the various series.

The results are printed in exponential format;'end
a series of digits, say O.nl...nk' , followed by "D + m"
represents the number O.nl...'nk x 10:™ . The letter E
occasionally replaces the letter D 1in this format. |

| In order to obser&e the effect of the location of
the Saddlepoibt on the Various approximations, the wvalue of
¢ and the aeeuracy to which it i1s calculated is given.
' Hence, "saddlepoint = cl + or - 8" means ¢ € (01-6,c1+6)

When it is available frem existing tables, the
correct value of Fn(x) is given for comparison. Fron
these cases it appears that the last entry for the_saddle— [
point 2 approximation in eech case is accurate at least in |
the digits where it and the next to last entry agfee In

"the'remaininv cases, Judgement on the quallty of the various

1eapprox1mat10ns must be w1thheld until exact values become

ﬁﬁfavallable If the 1ast SaddlepOlnt 2 entry is accurate to

the extent Just descrlbed, as seems llkely to be the case,

J-é%an examlnatlon of the tables indicates that this: method of

'approx1mat10n glves results of the same comparatively good
quality as it did in the earlier cases for which exact values

of F (x) are known.
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3,2 Chi Random Variables.

Let X, = lYiI_ > where Y, (i = 1,2,...) are
independent, standard normal variables, The density function

of Xi is given by

P 2
£(x) = S , x>0
0 s x <0 ,

and the moment generating function is

M(t) = 2e

1 .t 2
e~V /2

where  N(t) = Nt J dy

The cumulants are given by Rubin and Zidek [13] as

My = @y ~ 0.79788 45608 03

D -
o = a5 = l—al

~ 0.36338 02276 32

2 ' : :
Qg = al(al-az) ~ O.21§Ol 36141 45

o = 205(2-305) ~ 0.11477 06820 54

= o) (3-20a5424at) ~ - 0.00M43 T688H 6262

The saddlepoint ¢ " is the root of the equation

Elﬁhiéh7Can bé*é@iVedﬁhuméfically using Newton's Method.
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In order to compute the correct value of Fn(x) s
equation (1.4.4) was inverted numerically in [13]. This
entailed the evaluation of M(z), and hence, of N(z) , for
comﬁlexAvalues of its argument,. SinceAuse bf'its Taylor ex-
pansion results in‘uncontrollable round-off error, an ac-
curate method using continued fractions was employed. The
computation of ,Qo(p) (see equation (1.4.21)) also requires
N(p) , and for this reason, a detailed account of the me-
thod devised in [13) is given in Appendix A. |

| The defivatives of the cumulant generating function"

evaluated at c¢ are

K. = x/n = X

1
—_ . -2
K2 =cx + 1 - x
Ky = ¢°% + ¢(1-3%) - X(1-2%°)

Ky = 0% 4 ¢S(1-TR°) - OX(5-12%°) + Xo(4-6%°)
K. = c4§¥c3(1-15i2) - c2§(16-50§2)
- e(3-35%2460%7) + R(3-20%° + 24%)

Ke = 0% + ¢ (1-31%2) - o X(42-180%°)

- ¢?(13-191%%4+390%" ) + X (41-270%°4360% )
- %°(28-120%°+120%")
) . . : n :
From now on, Fn(x) will denote P( E X, < x) . Then, for
i=1 :

the saddlepoint 2 method, the first term approximation to



Table I(a)

41,

CHI RANDOM

VARTABLES

{=ABS(Y) s WHERE Y=NUORMAL MEAN=0,VAR.=1)

won o

N

3./0000

-0.2119238 'F 01
0.410254% E-02

10

+0R—- 0.

366E-13

x
SADDLEPOINT
F(X)
EDGEWORTH
T0.1080667090-01 O.

04409401340~

0,405517680D~-

D2
02

CRAMER

L4046R1243D-02

SADDLEPOINT 1

355120~

0.4174711670-

0.4452880830-02
0.3978

02

02

SADDLEPOINT 2
0;3838464480—02

L4106579237D-02
] -4’)99615(\9’\ 07

0.4043777420-

02

0.41028644530-02
0.4102950790—02

X = 7.00000
SADDLEPGINT = —0.2939604 € 00 +0R- 0.555E-16
FIX) =

... EDGEWORTH. ____

. CRAMER

L SADRDLEPGINT 1

SADDLEPOINT 2

0.3038036570- 00 . 0.2014527160 00.  0.6746890570 00  0.30159734SD 00
0.317309281D 500 e W 7 o =0.1674674%00 01 0.318787413D 00
0.3186011580700. ¢ - 0.235902800D 02 - 0.218713432D GO
0.3182148570 .00 B 3 ~ 0.318553248D 00
. Al A e } '0.318¢ 5137%n 0o
Ly e UL 10,40000 : '
"SADDLEPOINT = 0.5523426,E 00. +0OR— 0.619E-14

LR = 0.89276430 E 00
T UEDGEWORTH . - CRAMER “SADDLEPOINT 1 SADDLEPOINT 2
0.8979775370 00 0.888372267D 00 0.845706738D 00  0.8368030123D 00
0.8922496 76D 00 - 0.9589380730 00  0.9925033710 00
0.892928063D .00 0.722356634D 00 O 8927491360 00
_0.8927336620.00 - .. . ) | 8927584760 00
.ﬂ957o34, 00
X = 13.90000
SADDLEPOINT = 0.1156851 .E 0L +DR- 0.2228-15
e LX) = .0.99729%99 E.00
EDGEWORTH CRAMER SADDLEPGINT 1 SADDLEPGINT 2
0.9990523730 00 0.996790321D 00 59696456250 00 0.697225200D 00
0.9975984990 00 0,99?4049340 00  0.9972818850 00
_0.997199851D 00 __ . . 0.997230346D_ 00, . 0.997294364D 00
0.9973176900 00 0.997293781D 00
0.9972939930 00




Table I{b)

up

{(=A

CHI RANDO

M OVARITARLES

3S(Y),‘HERE Y=NORMAL s MEAN=0,VAR.=1}

5

SADOLEPOINT

N

= T 18.75999
-0.1307950"

ol

= /*Q

‘£ 01

+DR- 0.111E-14

FIX) _0.6274 E-0U
EDGEWORTH | CRAMER SADDLEPOINT 1 SADDLEPOINT 2
T 0.2796856250-03 0.632836852D-04 0.6597433759—04' 0.612809427D-04
~0.15671882140-04 0.621543542D-04  0.628270854D-04
0.5847569590-04 0.629239305D0-04  0.627431954D-04
0.6372576430-04 0.6274466020-04
. 0.627443278D=04
x = 24,75999 ,
CADDLFPCIN = -0.5843487F 00  +DR- 0.69%4E-15
’ =  0.2541083% -E-01
: _CRAMER SADDLEPRINT 1.~ SADDLEPOINT 2

0.302715069D-01

0.2465491230-01

0.247259289D-01

0.298779155D-01 '
0.257262394D-01 0.2273664690-01  0.254272829D-01
0.2545116680-01 0.2B1840164D-01  0.254101692p-01
0.254154082D-01 : 0.254113069D-01
e ) 0.254112390D-01
X = 39,00000
SADDLEPOINT = 0.4283156 . E 00 +0R-. 0.416E-16
F{X) = Q. 96412521 E 00
mﬂmwéncémﬁﬁ?ﬁwﬂ"”  CRAMER " SADDLEPOINT 1 SADDLEPOINT 2
0.968433734D 00  0.9634489290 00  0.9555373200 00 L9633715030 0D
0.963367546D 00 ' 0.970251090D 00 O,3u40°37%1b o0
0.964158501D 00 0.956385540D 00 G.964124178D CO

.£s9641216000 Q0

S 0.964124291D0 00

0.964124454D 00
X = 45.00000
SADDLEPOINT = . 0.7229734E 00 +0R—- 0.000F 0O
— XY = 0.99931710.E 00
- EOGEWORTH CRAMER 'SADDLEPQINT 1. SADDLEPOINT 2
0.999700453D 00 - 0.999297909D 00 .0.999254728D 00  O. 5963073420 00
0.9993281990 00 : 0.999333277D 00  0.99%3161800 00
_0.9992111940 00 . 0.999310014D 00  0.999317116D 0O
0.9993169090 00 0.999317100D 00
0.999317104D 00
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h Fp(x) > F (1 + sien(e)) - exernk(e) o ()/vET

.*;?{ﬁﬁé?é;fQ;(P) ~is given by (1.4.21).

EIE ~The results We obtained in this ca#e are listed
in Téﬂles I(a), (b).” The exact values of Fn(ﬁ) ‘given are
those computed by Rubin and Zidek [l}].

3.2 .The Exponential Probability Law.

The probability density function of the exponential

distribution is given by

£(x) = e M , X >0

0 : , Otherwise
where X > O . The moment-generating function is

M(t) = 2/ (x-t) - (Reft} <)

from which we obtain the cumulants

oy = K<i)(o) = i1t | (i =1,2,...)

Solving the saddlepoint equation yields

c =1 - (x/n)'l

b



ey
and hencé; K<r)(c) = 1r! \ (x/n)r  (r = 1,2,...)‘
Diffié&lties are encountered in applying the Cramér
~ approximation. For ceitain choicesvof the parameter A and
fhé argument X ., series (1.3.4) does not converge. For
example, wheh A =1 , (1.3.4) becomes

2 >3

Mz) =% - %z + F2Z° --% 22+ ..,

Wil =
Ul -

,%hiEbHAOes not converge for |z| > 1 . Thus, if x > 20 .
L aﬁd°'ﬂ =10 , w/Jﬁ.='(x-ng)/(no) >1 , and A(w/J/n) cannot
be evaluated using (1.5.4). We overcame this difficultyv
by .inverting directly the equation (1.3.3).- |

The form of the expresSion fof C 'indicétes that
it can‘be considerably different from Q for modefate values
of X . Hence, the Edgeworth series often yielded inaccurate
_results. Fof example, when x =4 and n = 15 it is incor-
rect in the first .significant figure[

Results for this case are listed in Tables II(a),

().
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Table TT{a)

EXPONENTIAL RANDOM VARTABRLE
: MEAN=1 .
VARTANCE=1

N = 15 |
X = 31.00000 |
SADDLEPGINT = . G.5161290 F 00 +0R- 0.COOE GO
F{X) = 0.99948:

EDGEWORTH CRAMER SADDLEPDINT 1 SADDLEPOINT 2
0.9999815550 CO  0.997211087D0 00  0.9994176550 GO  0.999447052D 00
0.999873390D 00 o 0.999491408D 00  0.9994757200 00
G.999634452D GO 0.9994697S7D 00  0.5994762350 00
0.999432049D 00 0.9994763730 00
0.59%4370310 00 0.9994763290 00

X = 11.00000 |
SADDLEPCINT = -0.3636353 £ CO  +DR- 0.000E
FIX) = 0.14596 .
_ EDGEWORTH CRAMER SADDLEPOINT 1 SADDLEPCINT 2.
0.1508498580 00  0,1339353650 00  0.201184734D 00  0.133927202D 00
0.145507G06D 00 0.617525364D-01  0.145433279D 00
0.1466163520 00 0.382376347D 00  0s1458955560 €D
0.1460833740 00 : 0,145952656D 0O
0.145580779D 00 0.145957081D 00
X = 5,75000
SADDLEPOINT = —0.1608495 £ Ol +0R- 0.GOOE 00
F(X) = 0.93 . E-03
) | '
CRAMER SARCLEPQINT 2

EDGEWORTH -

0.846234417D-02

0.9447172850-03

SADDLEPOINT 1L

0.,985568251D~-03

(L8649830210-03

-0.8612170820D-03
-0.31842687690-03

0 VB59E4G54540-03

0.913860332D-03
0.9347561530-03

0.926183078D-03
0:927902394D-03
0.9283587020-03

0.9C14119670D~C3 0.928433405D-03
X = 4.00000
SADDLEPGINT = -0.2749999 8 01 +0R— 0.000E 00
. FEX) = 0.2 "~ E-Oh
CRAMER SADDLEPGINT 1 SABDLEPCINT 2

EDCEWORTH

0.2254348950-02
—-0.20440166CD-02

 -0.393276205D-03

0.2349010740-03
0.21270¢214D-03

2.29807896CD-04

0.206221193D-04
D.1982582900-04
0.19G95951830-04

0,186829724D0-C4
0.199002245D-04

. D.1992148CT7D-04%

0.,1993001850~04

0.1993159130-04
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EXPONENTIAL RANDOM VARTABLE
MEAN=T

VART 2t

‘CE=1

F(X)

T
SADDLEPQINT =

15.50000
~0.1580644 F

01 +0R- 0.0C0E 0O

EDGEWCRTH

T 0.5357784620~04
~0.108795561D-03
0.618016292D-04

SADDLEPOINT 1

0.15270663360D-06
0.148444927D-06
0.148915500D-0¢

SADDLEPOINT 2

C.1440901120-06
0.143869473D-06
0.1488383170-06

0.4954126660-05

-0.667715176D-05

v

X

SADDLEPOINT

= 30.00000
= -0.3333333 E

00 +0R- 0.00CE QO

0.1488476950-06
0.148849150D-06

FIX)
corie EDGEWORTHL

0.556¢233681D0~-01
0.4788724340D-01

_ CRAMER

0.440145909D-01

SADDLEPOINT 1

0.558601681D-01
0,390066799D0-01

SADDLEPCINT 2

0.4401024010-01
0.4619276510D-01

0.462812285D-01
0.4625760940-01

L..0.4625171560-01 .

0.5580873290-01

0.462471508D-01
0.462527942D-01
0.4625321250-01

% = 45,00000
SADDLEPCINT = 0.1111111 £ 0G +OR- 0.0CGE GO
F X = ’
T EDGEWORTH CRAMER CSADDLEPCINT 1 SADDLEPOINT 2

0.7854023250 GO

C.6219070800 60

0.7802289270 (O

0.7911709&0D GO
0.7916667020 €O

C.7BC228869D GC

007916126760 00

- 0.7916188290 CO

0+1303262030 01 .
—~0,22371G637D 01

0.7918568340 00
0.75160246090 00
C.7916187610 00
0.7916182¢1D 00

SADDLEPOINT =

PR

- EDGERORTH

= 55,00000
10.2727272 €

AL

12
LB
m
3

00 " +DR- 0.000E 0O

. SADDLEPCINT 1

_SADDLEPOINT 2 -

0.9GL146GEED
0.9853669C8D CO
. 0.985132038D 00
0.985341275D0 00
0.9852975500 00

—
o0

T G.5846225310. 00

0.982479782D 00
0.986799003D 00

 0.983934896D 00

D.G846454870 GO

0.9853127%3D 00
C.9853C1129D GO
0.985302996D 00
0.98530281C0D0 00
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Table ITI(b) ' 48

o NOEMAL RANDOM VARTARBLES o '
’ CMEAN= 5 ' o '

VARTANCE=1

. = Aoe WIS . X
gﬁDD.E GINT = =0, 5000000 00 +0R~- 0,000E QW

i 0 i |
FxX) = 0.,13%4989803 E-02

ENGEWGRTH CrRaMoR SADDLEPOINT 1 © SADDLEPQINT 2

134G8GT7750=-02  0.134980775D-02  0.147728280D-02  0,1349898030=-07
34GR897750~02 0.121314027D-02  0.1349R9BO3DN=02
34G897T750-02 0.1367854450-02  0.1349893030-C2

349867750-02 ‘ 0.13498908030-02
349827750-02 » G.134989803D0~-02

X = 9.00000
SADBLEPOINT = —0,2500000 £ 00 +NR= 0,000F 00

E(X) .0.668072015 E-01

CEDGEWNRTH. . CRAMFR SADDLEPOINT 1 SADDLEPGINT 2

C.6680732650-01 0.A680723650-01 0.~634r”’790 01 0.A6830720130-01
N.6680733650~-01 - LAT796947990-01 D.668072013D- F]

C. 66?073?653 01 o : V.Q?luéu’FID Cl 0.6680720130-01
0.6£680733650-01 ' ‘ : 0.668072013D-01
C.6680732365N0-0Y L o L. . R.6A8072C130-01

X }_.v B'-.

i

{

S RPTLERATNT = <5333 59T =0T +0f- B.CO0F GO
FIX) = 0.308537539 S LN

m .

DOEWORTH . CRAMER  SADDLEPOINT 1 CSADDLEPCINT 2

0.208527540D 00 C.208527540D 00 Q.7 '51906‘4ﬁ o 0.3202537526D O
D.30852754GD 020 : -0.2112391960D (1 C.308537526n C0
G.30R5375400 00 . S 003168587940 02 0.202853752%D 00

’3

L308%375400 00 . , e ... 0.3085375290 00

C 3085375400 00 ' . 063085375390 GO

7 ; = 24,00000
~ SADDLEPDINT 0. 1666666 F
CF(X) . = 0.84134L746

00 +0NR- 0.00CE OC

1]

EDCFWORTYH CRAMER & SADDLEPDINT 1. SADDLEPQOINT 2

0.B413447370 0O 0.841344727D 00  G.758G292750°00  0.841344746D 0O
C.8413447270 GO 0.100000000D 01 D.841344746D 00
0.8413244737D 00  0.274087826D 00 0.R841344744D 00
0.8413447370 &0 0.841344746D 00
0.8412447270 00 . 0 R41344746D 00
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3.4 The Normal Probability Law.

This case is considered because extensiVe and
highly accurate tables are available. The results obtained
indigate the high accuracy possible with the'saddlepoint 2
approximation. In all cases considefed, the first term in
‘(1.4.25) gave'an answer which is correct to everyvfigure
tabulated. However, as the results given in Tables III(a)
and (b) indicate,’ the Edgeworth and Cramer methods generally
incorrect in the last two or three figureé.

3.5 The Non-Central Chi-Sqguare Probability Law.

The distribution function of the {xi} (i =1,2,...

is given by

-\/2

~ 8

(x/e F (X,v + 23)

F(xlv,x) =

I
O

- J

where X > O 1s termed'the non-centrality parameter, v

is the number of degrees of freedom, and
) 7k -1 k- -%
Fo(xk) = (25 P17t [ P e ar (0 < x < w)

is the central chi-square distribution with n degrees of
freedom. |

is

The characteristic function of Xl

o(t) = exp[Xit/(lfQit)](1_21t)—v/2

Using equation (1.4.6), we readily find that c,

the saddlepoint, is given by
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Also, the derivatives of the cumulant generating function

K evaluated at t = ¢ are given by
| K(J)(q)'= (1-2¢)79 297 0521y [y + 23/(1-2¢)]

As a first approximation to‘ Fn(x) we can write,
using (1.4.25),v

S | S 2, -
Fn(x)%: (1 +’s;gn(c)) 4 gmXernK(c)+p /2[%(1 + sign(e)) - N(p)]

wheré :p = cVnK(a)(c)

Numerical results aféutabulatéﬁ in Tables IV(a),

(b) and (c).

>



Table IV{a) - 57

NON-CENTRAL CHI-SQUARE
1 DEGREE OF FREEDGCM
NON CENTRALITY PARAMETER = 2

N = 5

X = 0.50000 |
SADDLEPCINT = -0.5354101 £ -01. +0R- 0.00CE 00
FX) = o e

EDGEWORTH CRAMER SADDLEPOINT 1 SADDLEPGINT 2
0.6115440530-04
0.727985978D0-04

0.737907413D-04

0.762591271N-04
0.744184606D-04
0.745856488D-0%

0.2015245C8D-C1 C.408479621D-03
-0.4626224490-03 '
—0.4282432470~-02

0.,743107341D-04
0.,744830492D0-04

-0.350359347D-02
-0.236738C0G7D-C2

X = 10.00000
SADDLEPOINT = -0.1403881 E CO +QR- 0.000E 0O
F{X) = ‘

EDGEWORTH | CRAMER  SADDLEPCINT 1 SADDLEPOCINT 2

0.226020105D 00
0.2584174640 00

0.415353119D €0
-0.,180394527D 00

0.2356750076D 00 0.2255094360 cC
0.260255003D0 CO

0.259691729D0 09O
0.260225196D 00
0.260275306D0 00

0.2600987750 GO
0.260265635D
C.260284453D CO

0.266618950CD 01

X 20.00000

SADDLEPCINT = 0.7B46480 E-01 +0R- G.O000E 00
FiX) =
EDGEWCRTH CRAMER SADDLEPOINT 1 SADDLEPOINT 2

0.542413476D 00 0.750672533D 00

0.760245524D 00 0.750808864D 00
0.780754851D 0O -
0.780511079D 00
0.781077939D 00

0.781703890D 00
0.780704254D GO
0.781086935D 00

0.171323931D 01
-0.657541756D 01

'‘0.781059121D 00 0.781057361D 00
X = 50.00000 .
SACDLEPOINT = 0.25000600 £ CO +0OR- 0,000& 00
FI{X) = ‘
EDGEWORTH CRAMER SADDLEPCINT 1 SABDLEPCINT 2

0.955999628D0 00
0.9999937070 00
0.999$555180 0C
0.9998385359D 00
0.999682619D 00

0.10CC0000CD 01

0.999736861D GO
0.99976G215D 00
0.999760936D 00

0.9997472650 00
0.,93G761253D €O
0.9997632710 CO
0,999763228D 00
0.,9997632230 00




Table TV(Dh) 52

NON-CENTRAL CHI-SQUARE
I - DEGREE 0OF FREEDOM
NON CENTRALITY PARAMETER ="2

0.50000.

X =
SADDLEPOINT = -0,1544097 E 02 +0R- 0.000E 00
CFA(X) = -

EDGEWORTH CRAMER SADDLEPOINT 1 SADDLEPCINT 2

0.1398500810-03  0.293893570D-09  0.8276460610-15  0.748692693D-15
-0.364363892D-03 0.820674756D~15  0.817670141D-15
0.2044586970-03 0.8205665220-15  0.819280304D-15
0.863652547D-04 - 0.820262712D-15
~0.1594743060-04 - _— 0.820522552D-15
X = 35.00000
SADDLEPCOINT = —-0.8229047 £-01 +0OR- 0.000E 00
FX) = '

EDGEWORTH .. CRAMER SADDLEPOINT 1 SADDLEPGINT 2
0.2071081480 00 0.197183833D 00 0.333944115D 00  0.157359615D 00
0.2143654600 00 . -0.729580433D-01  0.213253655D 00
0.213783176D CO 0.1523558320 01  0.213614325D 00
0.213724289D 00 - . . 0.213702119D 00
0,213711154D €O ~ } o , 0.213707284D 00

X =  50.00000 - |
SADDLEPOINT = 0.3050665 E-OL +0R— 0.000E 00
FX) = *

EDGEWORTH CRAMER  SACDLEPOINT 1 SADDLEPGINT 2
0.6584542800 00. 0.656802920D 00 0.962915067D-01  0.656773159D 00
0.681763554D. 00~ . . T 0.602392513D0 01  0.681432263D 00

- 0,6810447900 00 ;.- . o -0,107226205D 03 0.681076914D 00
L 0.681172406D°00° .  0.681164924D 00
. 0.681161€690.00 - -~ .« SO 0.681162475D 00
X . .= 80.00000
SADDUEPCINT = 0,1433714 £ GO +0R- 0.C00E GO
FIXy - = : '

"EDGEWORTH CRAMER SADDLEPOINT 1 SADDLEPGINT 2
0.957856E38D 00 0.9879626C4D 00  0.992283246D CO  0,993012895D 00
0.994195089D 00 0.993845643D 00  0,9933702620 00
0.9930024210 00 . 0.993040480D 00  0.993378925D 00
0.993430984D 00 . 0.9933798750 00

0.993397009D 00 ' . - 0.99337987CD CO




Table IV(c).

NON-CENTRAL CHI-SQUARE
1 DEGREE COF FREEDOCM -
NON CENTRALITY PARAMETER = .2

N = 40
X = 20.060000 -
SADDLEPOINT = -0.1118C33 E 0l +0R- 0.GOCE 00
F{X) = ‘
EDGEWCRTH CRAMER SADDLEPQINT 1 SADOLEPOINT 2

0.286651503D-06
~0.137847435D-05
0.251425291D-05

0.500525922D~-13 0.277554366D-13

0.,274821895D0-13

0:266054817D-13

0.275465300D-13
0+274951670D-13

-0,19593C5930-05
0.309407186D-06

0.274975374D-13

0.274966303D-13"
0.2749738830-13

X = 100.00000 -
SADOLEPQINT = -0,5825756 E-0l +CR- 0.GOOE 00
F(X] = . -

EDGEWORTH CRAMER SADDLEPOINT 1 SADDLEPOINT 2

0.158655263D 00
£.158625263D0 00

0.22975954CD 00

£.150502076D 00
- 0.322842898D-C1

0.15058071CD 00
0.157873472D0 0C

. 0.1580584020 00
0.157959325D CO
0.1575918240 00

0.568227400D0 00

200.00000

0.157573993D 00
0.157985998D0 00
0.157990658D 00

X , =
"SADDLEPOINY = 0.1298437 E €O +0R-"0.GC00E 0O
F{X) = o
EDGEWOKTH CRAMER SADDLEPQINT 1 SADDLEPCINTY 2

0.65995¢£8225D GO

0.99958£453D 00 0.599731178D 00

0.999745721D 00

0.9998745648D 00
0.9997786280 GO
0.969746572D 00

0.999751471D €O

0.99975738CD CO
0.9997507550 GO

0.999752314D Q0
0.9997525740 0O
0.999752575D 00
0.,999752575D CO

X = 5CC.003800
SADDLEPGINT = C£.27900624 E CO +0R- 0.000FE 00
F(X) =

EDGEWORTH CRAMER

SADDLEPOINT 1

SADDLEPCINT 2

0.,100000C00D 01
0.100000000D0 01
0.1CCCO0CCOD 01
C.100C000CCD 01
0.1CCCCCRO0D 01

0.100000000D-01.
0.100000000D 01
0.100000000D 01

C.1CCGCCOCOD 01

C.1000000C0OD O1
0.100000000D 01
0.100000000D 01

0,1000000008 01

0.100000000D O1




3.6 The Uniform Probability Law.

The probablility density function and moment genera-
ting function, respectively, of a random variable distributed

‘uniformly over the interval (a,b) are

-1

f(x) = (b-a) a<x<b
0 otherwise
and
M(t) = ebt _ eat
" (b-a
For simplicity, we consider the case a = -b

In general, the éumulants, if 'they exist, may be

expressed in terms of the central moments {ui} as

OLZ'L .= L"jei ' > 1= 1,2,3
ay = by - Mg
Gp = Wp - 104 (ks + 4ud)
5 5 2\"3 1
=g - 150, + 104 (K 611 +2u2) + 5043
% = He Hybo ¥ ™3 =gt OH R TRy =D

D »Fbrﬁthe uniform.pfobability 1aw,jas is easily shown,

= 1,3,5,...

L
i

i= 2,4,6,...



Thus,
a; =0 1=1,3,5,...
oy = b°/3
ay = —‘%3 bLL
o = 35 o°

. Equation (1.4.6) becomes
S 3 (e e7)/(e0 - 7)) = x/m

.+ To obtain numerical results for this case, the last equation

'14ﬁﬁ§§f£§1§ednﬁﬁmerically-for ¢ with initial iteraté'= x/n
‘ ,éhd éuccessiveiitefafes obtained by the ‘Newton technique.
'Note_that since IK(l)(t)l < b , a saddlepoint exists only
if x| < nb

,Let; u=e% o Pt g v.= Pt 4 7Pt Then

the relevant derivatives of the cumulant generating funétion

are

= -t~ + bv/u

=
P
frt
g
—~
d.
N
|

£72 - 4p2 0"

=
—_—
no
e
—~~
d.
S
i

K(B)(t) = o0 + 8b3v/u3

=
—~~
4=
N’
~~
d.
g
1

= 6t 4+ 8t (1-3vS/ul)
K(D)(t) = —24t'5 - 32b5(2;3v2/u2)v/u3

k(6)(t) = 120670 © 320°

(2-15v2/u2415v /) fu

2



“Table V(a) 56

UNIFORM DISTRTSUTION OVER (A,R)
WITH -A=R=2
N = 10
e e e e e e
SADDLEPOINT = -0.1994526 E 01 +0R- 0.000F 00
F LX) =_0.256647272 E-05
ENGEWORTH' CRAMER | SACDLEPDINT 1 SADDLEPGINT 2
TN iG996108590 06 0 4806654010-08 0. 2607815870 05 0.239750755D-05
0.199612853N-04 | 0.255348656D-05 0.256880081D-05
-0.4662955280-05 : 0.256784647ND-05 - 0.2558957110-05
20.466295628D-05 0.2563236020-05
5 0.194997456D-05 | 0.256475102D-05
= -5.00000 | _
T = =0.3399486 E 00 +0R- 0.125E-15
| = 0.867211958 E-01 I
FDQFNL_" CRAMER SADDLEPQINT 1 SADDLEPOINT 2

u.8)4519)57ﬂ 01 0.8396289630—01 0.114245835D 00 . 0.8493896250-01

L854518552n-01 ' 0.5623856294D-01 0.872612422D-01
0.8665517800-01 o 041473192170 00 D.867257777D-01
0.866551780D~01 T ' . 0.867366763D-01
_.0.8671628800= 01 . D.B67241595D=01

X = 2.00000 , K
SADDLEPOINT =

0.1509085 E 00 +0R- 0.486E-15

F(X) = 0.705481321 E 00
T UEDGEWORTH  © | CRAMER SADDLEPOINT 1 SADPLEPAINT 2

0587650 00 0.7081901C9N 00 0.371477193D 00  0.707887602D 00

g.708
C.708058765D 00 02450785420 01 0.704713867D 00
0.705519779D OO0 - . , ~0.182799354D 02  0.705493029D 20
. 0.7055187790. 00 . . _ . N . DLT05463289D 00
0.705480358D 00 : : ‘ 0.7054792630 00
X = - 10.00000
QADOLCPGINT = 0.8983779 . 00 +0R- 0.000E CO
e e e XY 0 E 00997 530827 E 00 i e e e e e
EOGEWORTH CRAMER .. SADDLEPDINT 1 SADDLEPOINT 2
0.996915051D 00 0.997671358D 00 :gb'907310067n 50 0.9976248740 00
0.99AG5150510 00 ’ : - 0.9975992496D 0C  0.997507510D 0N
0.997493172D 00 . 0.997494130D_00. 09975302620 00
0.997453172D 00 0.997529677D CO

0.667527C39D 00 o - . 0.9975385920 00




- Table V(b)
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UNT

FORM DISTRIBUTION OVER

(A,B)-
UITH -A=0=2 ‘

X

SADDLEPOINT

F(X)

40

N

= .00000
= -0.12941j195 01 +0R- 0.0Q0E GO
= 0.107542573 E-12

-0.614

EDGEWORTH
_783“0406 —]1

0.37u308496 =11

1624500-11

0.

CRAMER SADDLEPOINT 1

24207?3/70—12

0.107459744D=12
0. 1075496360 =12

T0.1089069920-12

SADDLEPOINT 2
0.1
0.107936408n=12
0.1075474490-17

05941847D=12

~0.6141G24500—11.

0.445536319D-11

0.107548432D-12
0.1075460580-12

X L= =10.00000

SADDLEPOINT = -0,1892840 .8 00  +0R- 0.347E-15

FX) = 0,8575604838 E-01
o ERGEWRRYH .. CRAMER _ __ __SADDLEPQINT 1 SADDLEPQINT 2
0.854518552N0-01 0.8507715820-01 0.1141274340D 00 0.85326924CD-01
0.8545185520D-01 ND.539766824D-C1 . 0 .8583%58398N-01
Q.8575262590-01 . D.1497669930 00 0.857568413D-01
0.8575268590-01 . 0.857572412D-01

_0B575650830=0V. _..0,857565350D-01

X = 5,00000
SADDLEPGINT = 0.9397053 £-01 +0R- 0.847F-15
F(X) = 0.752531582 E 00 )

WfEVM’PfF

0.753218597D 00

O.

CRAMER SADDLEPOINT 1

75328626280 00 - 0.538637309D 00

SADDLEPOINT 2

N,7521686100 30

0.753218597D
0.7525249400
07525342400
0.752531572D

GO
0n

00

Do

0.1519990310 C1
=0.475330943D 01

0.

0.7523219580
0.752532232D
7525305740
0.752531541D

00
Qo
05
00

X
SADDL
A .0

EDGEWNRTH

EPOINT.

0.00C00

= (0.3899486 F 00 +0R- 0.125E-15

CRAMER ‘SADDLEPQOINT 1

0.997061749.E 00 o

SADDLEPQOINT 2

0% CO
0.$97059581D 0

0.996615051D
0.9969150510 "0
99T05G581D 01

O 9070616Q80ﬁ

”J;Q

997

1245110 00 . 0,996752800D 00 |
Gl 0T 009971649840 00

..049970031850 00

L 0.997061647D
T 0.997061702D 00
0.:997061745D

Qo
0N
00

0.9970859110
0.997053953D

02
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Compafison with the exact values for F _(x) indica-‘

_tes that the saddlep01nt 2 series again yields the most accurate

results (see Tables V (a) and (b)),

A3 7. Remarks:° w¥

In additional test cases (whlch for the sake of

brev1ty'are omitted)ﬂinvolv1ng random variables from sections

r¢3 2 to 3 6 the results obtained were qualitatively the same
as those reported. Although for the reasons cited in section
2.2 these methodsiof approximation cannot be theoretically
,justified in the»lattice case, discrete random variables

_'distributed aeeording to the Poisson probability law were
treated. Predictably, the results were erratié and usually

| inaccurate,.but when the.aqguMent X was a point of discon-
tinuity.ef F the saddlepoint 2 series yielded results -
whichvwefe accurate to two significant ﬁigures in almost all
cases; Only the Edgewerth expansion, when ¢ Was,close,fo

. 0, yielded results of similar quality.
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CHAPTER 4

OTHER APPLICATIONS.

4.1 The Hon=-Central Chi-Square Distribution.

The form of the characteristié function of the ndn-
central chi-square probability law suggests that an alterna-
" tive approximation to the distribution function of the n-
fold convolution of this law may be obtained by expanding
‘the integrand in (1.4.%) in powers of A % , where A 1is
the non-centrality parameter. The objective oftthis alterna—'
tive approach'would be an approximétibn which was useful for
very large ) and moderate n

Let Xl,...,Xn be independent, non-central chi-
square distributeé random variables, each of whose distribu-
tion has non-centrality parameter X . The moment genera-

ting:function of X, (i = 1,2,...) is

-Vv/2

M(t) = exp[it/(1-2t)] (1-2t)

where v = number cf degrees of freedom and )\ = non-centrality

parameter. Equation (1.4.%) becomes

) . . 1 s o _ /2
1= F (%) = A(1-sign(e)) + 5z [ [1-2(criu)] ;W
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x_exp[-kx(§+iu) + nk(c+iu)/(l-2(c+iuf)] du | (3.1.1).
, o e+iu '

' The saddlepoint ¢ 1is the root of the equation

d Nz oy _
-a——z-[-ZX + -1—_—2—2'] = 0 .

Thus, = %(1 - ,X) ,
If we write g(z) = nz/(1-2z) , and proceed formally
as in Chapter 1, the integral in equation (4.1.1) becomes

GXp[;KXC + g(c)] Im [l-2(c+iu)]-nv/2 expt-x(_g(E)(c)ue/Q

vz ge) (1)) S
r=> .

Wi

~This can be expanded as a series in powers of s the asy-
mptoticity of which can be demonétrated in a proof very similar

to that of Theorem 2.1.2. This expansion, up to the first !

five . terms, is

_— T R 5
. +-(h2b3 + hiby + hobS)QS(p)v+ (%hlb3,+ hobsbu)Q7(p)
‘ 5 e . _ :
HERGRF(0)) # 1T (m@(p) + (nsby + By + byog

4 hobé)Q6(p) + (%h2b§ + hybsby + %hobf +‘hob3b5)Q8(p)

i

) | . _
b (@nypd + 300030,)050(0) + Bghod3aa(s))] 5 (H.1.2)
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where o = C Xg(g)(c) s Qi(p)-‘(i = 0,1,...,12) are defined

. by equations (1.4.21), (1.%.22), (1.4.23) and (1.4.24),

g(i)(c) . n —%_ : o .
bi = “/\/ Zgj C)i = .éA (nx).‘ (l = 9,.'.,6) , and

©

h, = —> (i = 0,1,2,...) , M, denoting the

function Mc(t) = (1_2t)-nv/2

. For the sake of simplicity, the case v =1 was
considered. Ndmerical results given below in Table VI indi-
cate that for moderate values of n and , the expansions
are nearly equivalent in accuracy and speed of '"convergence".
As expected, our earlier approximation is.superior where
n 1is large. But even in’extreme cases, such as when n = 1
and X} = 1000, the improvement achieved by using the new

approximation is very slight.



Table VI

. .'A.COMPARISON OF APPROXIMATIONS (1.%.25) AND (4.1.2) TO F_(»x)

~Ki"§ g”5é' ‘“5 {2X ?1 "i'¥EQUATION (i.%;25)‘ EQUATION (.1.2)

0 15 | :15' 523375879 5000000000
| 428072116 427895482
128277904 427895482

428278337 . 428280040

428278338 428280040

100 1 . 138175666 . 141809322
. 145448561 . 145367769

. 145528761 . 145535852

. 145545801 . 145545588

. 145546413 . 145546215

1000 . 369745696 . 373832713
. 375295334 . 375299472

. 375308061 . 375308827

. 375308876 _;575308896

. 375308880 . 375308896
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4,2 The Doubly Non-Central F-Distribution.

2 2 Lo :
Xl and X5 _be two independent non-central

chi-square random variables with degrees of freedom fl and

Tet

f2 and non-centrality parameters -Xl -and o respectively.
The distribution of X = Xi/fl is called the doubly non-
. v :_

Xo/T5

central F-distribution. It occurs in the analysis of variQ
ance and 1is used in onglneexl g problems where it gﬂves the
probability of error in certaln communications systems. No'
simple fermula for evaluating the probability integral, F ,
of XF is available. Tiku [15] developed several Series
expanéions for F which yield satisfactory approximations
when
(i) Ay 1s large and 1\, is small ,
(ii) b, 1is small and 1, ié large ,
(iii) both %, L and ), are large._
In this section we Obtaln an alternative to Tiku's
 '§p§f§ximation for the case when 'fl and f2 are large and .

/\1

\, and A, are moderate, It is derived by means of the
saddlepoint method and is, in payt intended to démonstrate
‘the vnrsatlllty of this method

| Gurland [9] shows that if X, and X, are two
independent random variables with characteristic functions
s respectively, then the ratio Xl/XE has a
distribution function G which satisfies
1 T

G(x) + G(x-0) = 1 - == lin linm (f Yoy (£)o,(-tx)at
Toeo €-0 e T



i

. . : -f./2
Putting o, (t) exp{xjit/(l—Qit)](l—Eit) J (3 =1,2) ,
()

we obtain from eguation (#.2.1), since F 1s continuous,

D

l ) o= 1 i i o X,it o asxit
QF(f"X/f ) = 1 - = 1im 1im 4 } 1 ‘ s
2 1 u} Tow €20 {ffT fﬁ,exp[ e

- £ 1ég(1—2it) - T, 1og(l+2xit)]§£ (4.2.2).
2 2 '

If we suppose f. = o while

1 xl,xg and T are

-2
Tixed, the appropriate saddlepoint equation is
1 = 0
i=2z
This equation has no finite solution, ¢ . A similar prob-

lem occurs when we try to expand in terms of fe,xl or A,
If the saddlepoint method, is to be useful, there-~

fore, we must suppose that fl - o o, f2 - o and that Xl
and kg are fixed parameters. Then ¢ is the solution of

4 1 . £, | |
Efi_ﬁ log(l-2z) + —5 log(it+2xz)] = 0
- . 1 1,
which yields ¢ ~-§§(f5;fl) . Now, -~ % < ¢ <--g 5 s,

formally at least, we can proceed as in section (1.4) and

expand the functions in the integrand of (4.2.2) about ¢

in convergent power series.



o
g(z) = ~ £, log(i-2z) - & ©, log(i+2xz)
. /2 x(f.+f,)
* (2), 1% ite) 1 1 .4
= c = T b = )F
" = 18(®) ()] )
Thern, eqguation (4.2.2) can bé'réwrittéﬁ
f(J) c)
Flc)+eg(c) (™ i
H(xfg/fl) = #(1+sign(c)) - 5- € (c)+g(c) exp[.y 3T (1u)3]
, ) - J=1
L@ (r)y 2,2
x exol T .ngTLgl(lu) ] expl- o gu }cf?u (4.2
— T P
Define constants 25 (j = 0,1,2,...) by
e - (r) ... T o .o J
c) /i ’ i
expl x &8 (A3 - ¢ e ()
r=1 - o J=0 o .
and let .
(j'\, _ *
bj = g b}(c)/J' s (j = 534; ) and p = Co

Proceeding as in the derivation of equation (1.4.25), equation

(4.2.3) becomes,
P(xfy/e)) = H(lssign(c)) - - e
Each Cj(fl’fzd (j = 0,1,...) represents a term of the order

Lo ,
(fj.‘i)J . The first few terms in the series of eguation

(L.2.4) are
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.'Co(fl;fg) =‘Qo(p)

QB(Q)

o ; a : b:
_Cl(flsfg) = _% Ql(P) + _%3
' Kej o7
\ 2
- a 1 b
ce(fl,fe).é__éz Q2(9)+7;pg(b4+alb3)Q4(o)+%_26 (o)
o} : ag

a 1 Lo | 1
cj(fl’fg) = _23Q3(p) +-;xg(b5+alb4+a2b3)g5(p)+;¢~7(b3p4

o}
| , |
+ 32153)0(0) + 5 23 Gg(o)
. : ag ‘

oleta) = B ay(s) + hglogravgraghran;)ag(e)
' ol : v

f:;%8(%b§+b3b5+alb3b4+%a2b§)QB(p) + ;%Ta(%b§b4 -
T PN | |
“ifl+ galPB)Qlo(o)‘+-§¢ ggié-ng(o)
CHere,” Q;(o) (i =0,1,...) is defined as in section 1.k
| Numerical results listed in Table VII indicate that
good aqéuracy is achieved when xl and 'Xz are sméll, say
Ay <4 K.~ The ekpansion is not, of course,(uniform'in 15
ahd? Ao -, éﬁd is usally accurate to no more than 2 significant

figures for larger . Ny .. S
.~ When 'fl =f,=f , the above approximation can be

_simplified considerably. The saddlepoint c. becomes ,%(1 - %)

If we let‘g(z) = xiz/(l-?z)—xéxz/(;+2xz) and h(z) é -3 log(l-2z)

= % log(1l+2xz) , then

“F(x) = #(1l+sign(c)) -




Table VI
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. The:first: few coeffi¢ients of this expansion are

?°1;%7alQl<°& + b3Q3(o)

1025% 22%(p) + (Byrepd 59 (6 + éb3Q6

L]

3Q3(P> + (b5+alb)++8:2b3)Q5(p) + (%a:L 3+b3b4)

X Qr,(p) + '5b Q9(p

; ?4'"»a4Q4(°) + (b6+al 5+a2b4+a3 3)Q,6(p) + (b3b5+a1 30y, )

+ Bagbs + %bmﬂm + (%b bu '68'1 3>Qlo<p) - EIFb3czlg<o>
Heré3ﬂ‘?;gl ’fh(a)(c) , Qi(p) (i = O,l,...) is definéd in

section 1. 4 ”bi = h(i)g 2 ~: (1= 3,4 ,...)’5;‘anq
: : (c) '_,; - P

ai (i ;_O;l,...)' is defined by the equation

Lo

. (r)
. exp[ 7 ————L—l (J;z;¥?: ) = ? a, (iY) .

Numerical calculations}listed in Table VIII again
indicate4thgt good‘accuracyﬁis‘obtained when- kl_ and A, are
- small. qu small £ , appréximation 4.2.5;is chsiderabiy A
more accurate than expansioq 4.2.4 for uneQual fy of the
same order of magnltude..;%l;:'}.w | o

In the case when' Xl = ke = x ~,iavﬁore suitable

aoprox1matlon is achieved for larger x.', séy A>3, if
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o . APPROXIMATIONS TG F=RATIO 7
~ Nl =ND.OF DEGREES .OF FREEDOM IN -NUMERATOR
N2 =NQ.OF DEGREES (OF FREFEDOM TN DENOMINATOR

NeC.P.{1)=NON CENTRALITY PARAMETER. IN NUMERATOR
MeC.P.(2)=NON CENTRALITY PARAMETER IN DENOMINATOR

7 7 . 0:2500  0.0000 ...0.7875 0.3708766

P . 0.3627365
- _ . 0.3634248
0.3634509

35 35 5.0000 1.0000  0.7500 0.1490082

. ‘ o . o 0.1269457
0.1199288
0.1236284

. . 0.1245618

7 7 0.0000 . 0.0000 2.0000  0.8154488

0..360.1682 e

T T | 0.8096126 .
S C T 0.8096126
o N  0.8096125

10 10 © 0.0000.  1.0000 . 2.5000  0.9357405
0693284103
0.9376194
0.92374207
0.9373013

. e s B . - - PRI, s e b e - S U 5 S S

”

10 10 1.0000  1.0000° 0.7500 . 0.3253837

- 0.32838592
0.3271418
D.3281402

Y

9 9 045000 0.2500  0.6000 - 0.2176499

\.‘,\\u~ ' -, - . 0.21727?0

S« 0.2173970
. 0.2176049

, P
15 15 . 1.8000 . 1,2000 - 1.4000 ° 0.7281970 -
‘ ‘ , i 0.7048951

0.3350003___ . ... .

0.2163377. e T

0.7139909
0.7185232 "~
0.7170775 I

40 40 0.2500  6.2500 . 0.7875 - 0.3223013

0.3909000
« 043663807

Da3724224

004221069 L
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}.l

we expand the 1ntegra1 in powers of A\ %

“The approprlate saddlep01nt equatlon now is

'1d*r“ z . e;- Xz _1 . OA
dZLlREZ - 1+2x2z

This equation has root c¢ = (-2/X + X + l)/((QJﬁ)(x—l))” 
It is seen that - %E < e <'% ,-and thus, the functions in
the integrand may be expanded abeuﬂ c

Again, the approximation is not uniform in the
remaining para@eters, fl aﬁd f2 s but for moderate values
of fi s say fi <15 fairiy accurate results (3 or more
significant figures) seem to be obtained. These and others
are tabulated in Table IX.
4;3 - Remarks. _ _ _

The results of this chapter suggest thatvthe saddie-
p01nt method can be effectively applled to an integral of the

form J g(z) Xh( )dz , provided that the equation

e

h(l)(z) = 0 has a finite, real solution ¢ . If it does,
o ~ Ahg(w)
““f‘and.the 1ntegra1 can be put in the form I gl(u) e du ,

L satlsfy the condltlons of Theorem 2. 1. l

nwhere'

tgl and h'
ihod i ield an asymptotlc expans1on 1n powers'
£50) aeuln the example cons1dered in sectlon 4.2,
' fthe ﬁfoblem has other parameters 1n addltlon to k: P the

'expansion need not be‘unlform with respect to them.
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APPENDIX

| Alf;fComputing N(z) .

_ s ‘In this appendix is presented a method of evaluating
v”cH.N(z) for complex values of z which was devised by Rubin

and Zldek (13]. It uses continued fractional expansionelfor

N‘,and thereby avoids the‘uncontrollable round~-off errors

which accrue in using'the Taylor's expansion‘ Their method

nvolves the complex form of Shenton's [14] continued fraction

O

fﬁh}ﬁfor small values of {zl‘ and Laplace's continued fraction

endall and Stuart [ll], p. 138) otherwise ‘
":Since N(z) = 1 = N(-z ) > We -can without loss of

generellty.assume__Re(z).z'o,v.' Writing

+oeee . (Al.1),
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| 'ana;fﬁsing‘Laplaee's fraction, ..
L S L
| (Al.3).

O ) ‘ ‘ ‘ N . - . . '.'
Jm»jﬁ_Rewriting‘equation (A1.2), with' t = z_?“ .

(z)' % + n(z)(f- :%4?.,2{52f5)»-?/%2x7) "i)- , Re(z) > 0

4 o

| (AL.4).

SO T We shall call

?T}'%: %éé i (2n-1l/[(tn-3)(4n-1)] . (n = 1,2;;..). (Al.5)

: the Qnth approximant to. the continued fraction in. (Al 4)

" [
a0

The remainder satisfies

‘?*“":én/[<4g-1)<un+1)3;’ (2n+1)/[ (4n+1) (4ne3) )
[\ - - P t+ ‘ " L

1/8n 1/8n  1/8n
R ~ O C

{Tjkn,~e&) | o . (AL.6).

The continued fraction on the right side of (Al.6) represents
the function wu(t) which satisfies the ‘equation |

'““v%eagfl‘fjéQ(tf;fP>f1]fl  (AL.7),

that is, .
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u(t) = (gn _ t/2) + [(t/2)% + ai]%' :,_ (51.8),

where a = 1/8n

Let

Ry(8) = Rel(t/2)° + a2}
I(t) = Im{(t/z)e +al) . (aL.9)

R, (1) = [3(R,(2) + (RE(E) + T3(6)19)12 (n1i2,..0).

Then (see Ahlfors [2], p.3)

(R2(t) + 12(6)0% =+ [R(%) + 3 T, (8)/RA(E)) (R} (£)40)

" 0 otherwise (A1.10)-.

The square root in (Al.lo) has branch points at 4+ 2ani s
and thedfunction obtained by choosing either sign is a branch
of the square root. Rather than fix the sign, we take

/

Gianlre(t)IIR(E) + 5 T,(8)/RL(8)]

S = S . Re(t)t0,Rp(t)+0
[Ri(t) + Ii(.t)]% =JR;1(t) + % ,in(t)/Rﬁ(t) > Re(t)=0,R’(t)40

L
CHE R/(t) = 0

”fAl.ll)

to obtain a continuous approximation to the continued fraction.
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Using (Al.8) we obt%iﬁ; as qgﬁasymptotic“approxima-

~tion to the continued fraction of (Alfgd:

‘AZ; 1 2 (2n-1) , Re(z) > O
CI- Bt B2 T N ey -
R (Mn;l)(t/2+an+d(t/2) +a_) |
(n=1,2,...) ©(Al.12).

This also gives satisfactory results when Re(z) = O .
Similarly, we obtain an approximapion to the con-

tinued fraction of (Al.3),

1 1 2 _2(n-1)
zZ+ z+ 2+ ; Z+(Z2+4n)%

- ;, Re(z) >0 , (n = 2;3,..;)
(A1.13).

One additional modification is introduced to further

improve these approximations. If

. e ,n-1 : ' , L ‘
Hn(z) = jbi%;?ITT exp[-%(t+;)2]dtl R Re(g).>‘0 5 (n=1,2, ),
' : ) ' (AL.14)
and '.J
_z2/2.' )
| Ho(z) = e T,
then

Hn(z) = (§+l> Hn+2(z) + z»Hn+l(z)" > (n=0,1,...)

Letting Q = H _,/H  yields
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z)'??fu =120 :5‘ (AL.16).

n(z)/(l N( )) =z 4 l/QQ(

..Qitz)j

12 n-1 .
—Z+‘é_-"_' "z_-:l'_‘--o Q7lz k) (n—2,3,...) (Al-l?)o

We now replace 4n by aé in (Al.13), Where-the
{ag}’ s (n=2,2,...) , are chosen so that thé~approximation

%(Z+Jz +aé) to Qn(z)‘ is exact at 2z = 0 , that is,

. 2
al =8 (“*1) /MPE) L (n=2,3,...) (A1.18)
where [ denotes the Gamma function. - Q
Let R (z) and I (z) denote Re(22+aé) and

Im(ze+a£)_ » respectively. ‘Then, if !

Ry n(2) = [E(Ry(2)(-1)"! + (R2(t) + T2(e))E)E

(k = 1,2;n = 2;3,...) , | (A1;19)
we take, as wé‘did in tﬁe deriﬁation of (Al.11),
(sign[T ( z)[1I (z)/2R2,n(z) + i Rg,n(z)}
AR 5 ‘-Rn(z) < 0, In(z?+O,R2,n(z)+O B
o (0) + 11 ()7} (212 00 1R ) s
' R, (2)<0,I (z) = 0, Rg,n(g)+0 5
(z) + 1 In(z)/QRl,n(z) s
R (2) >0, Rl,n(z) £0 ,
SUBE s R2,n(z) or Rl;n(z) =0 .

{ a1 20\

Rl,n
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“ Summarizing these results we obtain

N(z) ~ 3 sn(z) (& 1o 2 g- (2n-1 /[(4n- )(t/2 +1/8n

1~
. +.«/r(t/2)2 + _1/64n2)3]:) » Re(z) > O ', :j (Al.21)
and
N(z) ~ lon(z) (3 2 2+ 2(071) /(503 +8f‘2(n+1) M3,

" Re(z) > 0 , | (Al.22)

where the square roots are calculated according to (Al.ll)
and (Al 20)
The approx1mations were computed in [13] on a grid

for .z ‘comprised of 231 Q01nts spread over the region

= {z:-5 < Re(z) £ 5,0.< Im(z) < 5} ; and Table X was com-
pleted on the basis of the résults It 1lsts sultable approx1-
matlons for different subreglons of D - For s1mp1101ty the
- approximations in (Al.21) and (Al.22) are denoted by S, and
Cr (r = 1;2,9..) s respecti?ely, where r 1is a Value of
n sufficiently large to give an accuracy of at least 10 sig-

‘nificant figures over that subregion.
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A2: Computer Program for Evaluating the Saddlepoint 2.

Approximation.

uﬂyﬁﬂ .‘$%$j - To evaluate the saddlep01nt 2 approximation (1.%4. 25)

omputer program was written in FORTRAN and - run on the IBM

360/67“computer u51ng the Waterloo Uhiver51ty compller (WATFOR).

he entlre program was written in double precision to keep round-
"goff error to a minlmum |
k i,” ' Included in this appendix is a listing of a sample
;run'tobcalcp;ate‘the'approx1mation (1.4.25) in the case of
non-central random variables. Several of the subroutines,
such }as SUBROUTINE UU, FUNCTION CUMUL, FUNCTION K, FUNCTION
KP and FUNCTION KPP, which calculate the constants Kj (see
'secfionzl.4§, the cumulants, the cumulant'generating function
and:its first and. second §erivatives; respecti&ely, have to
. .be;rewritten for different distributioﬁs of the variables
47 and 48) which find the saddlep01nt are altered with dif-

In-addition, the few lines in the main program (11nes

’ferent cases.
A sample set of data cards w1ll contain the fol-

lowing information: :ﬁf/

i) Cards 1,2 and_3 - title or comments. ‘
'-_ii) "Card. 4 - the constant PARA, which may be any
‘ - parameter that the user wishes to vary durihg
~ the problem, If PARA > 1000 , the program
terminates.
" "4ii) Card 5 - an indicator showing whether the cumu-
lants are read ih[(for example, in the case of chi
random variables) or whether tﬁey are generated

" by the function CUMUL; the .card will read 2 or
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-1, respectively.

S (iv) VCard 6 - thé constant NCUM, which specifieé
the numbervof cumulants to be read in or |
generated.

(v) cards 6 + 1, 6 + 2,... - (optional). if Card

L

5 reads 2, the cummulants will have to be read
in as data,
 (vi) Card 7 - the number n ; if n > 1000 , the
progrém returns to (ii). _
(vii) Card 8 - the number x ; 4if x > 1000 ,

- the program returns to (vi); otherwise,

additional values of x  are read in.



’ SCOMPILE

COMMON

80.

- DIMENSTON ZID(S)vQ(13)vG(5)vU(6)

CUM{10), STDEV, PARA,NCUM

DOUBLE
_ DOUBLE
... DOUBLE
" DOUBLE

PRECISION CUM, MUlpSTDEVoENNpPI1oPIZpX8ARvUvPARApoRT STAR
PRECISION QoGyWyABSRHOSPERRyCyDEXPyDSQRTyKAY4KsKP KPP, F1
PRECISION. CUMULCEE+ESSyARGUMyENU+.BRsRHOyA24,RUTN,Z1D,CO,C1
PRECISION TEMP

EQUIVALENCE(U(1)+XBAR) - ; o .
INTEGER OPT _ ' -

i
Vo NV H W -

PII—.3989422804014327 .

10 Cpr2=z2.p0%PI1 - ... ,
eIl LTOLSS W B e e e e e

c

C

c ‘READ IN TITLE

12 READ(S,

500).

13 READ{5,501) -

14 __... ___ READ!S,
15 500 . FORMAT(-70H

1

16 501 FORMAT(TOH

5020 o wlocoo oo e

1

17~ 502 = FORMAT(TOH .

READ"ivaARfABLEsv-

' C IF OPT (ng).CUMULANTS ARE (GENERATED READ IN)5
22 . _Q‘>READ(5vIOO)NCUM
e e C R - -

c. .
23 1IF{OPT.

. C ;g;MAxIMUM Ncumf£'7ff'wﬂwm'wm’ L

24 . READ(S5,

EQ.1)60 70 1 . o S
300) (CUM(T),1=1,NCUM) ‘ T

25 300 . FORMAT(3026.16) - S L . |
26, _...GD TO. 222 . mmﬂwnwm;;wammﬁu;@wm;wggﬂ_;“;.HNTWWJA“',HH_. -

27 1 . DO 3 1= o
=CUMUL(TI) = . . /

28 © .3 CUMII)

1,NCUM

102N

29 222 READ(S,
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S WRITEL65499) 7

" FORMAT(1H1) .
WRITE(6,500)
WRITE(6,501)
WRITE{6, sozy.

S 300
31
32
.33
34

35" .. " ”*wRITE(6,9003N R
36 - 900 FORMAT(//34X,3HN -.13//)
37 102 FORMAT(IS) .
I o e e et g e o ~
c . MAXIMUM N = 9999 .. . - ‘
- AR
38 IF(N.GT, 9999)60 TO 22
39 ' 21 READ(5,400)X
o : ! ‘
e € U MAXIMUM X = 999e il e L
. C IR '
40 "~ IF(X.GT.999.3G0 .TO 222
41 400  FORMAT{(F10.5)
c ‘ :
. € START OF INITIAL CALCULATIONS
R ) e Tt
42 . MUL=CUM(1)
43 *STDEV=DSQRTICUM{2)) .
44 _ ENN=N
45 S w-tx—ENN*MUl)/(DSQRT(ENN)*STDEV) '
46 - XBAR=X/ENN . . ' f
R S, e NI ”U.,AN.V.L..“ .
- C “FIND SADDLEPOINT : : '
. C .
47 RT=,25D0/XBAR*%2+PARA/XBAR
48 - - . C=.5D0%{1.-.5DO/XBAR-DSQRT{RT))
49 . . SPERR=0. - o . .
250 . T3.D0 12 1=296 e
51 - - 12 ull)=0. . . . o : =
52 CALL UULU,C) )
53 STAR=DSQRT(U{2)}) - '
54 ARGUM=—C*X+ENN*K{C) : -
55 . KAY=DEXP{ARGUM) *p1l . ; .
56 . ... . ENU=ENN®U(2) :
¢ _
C . PROCEED WITH SECUND SADDLEPOINT APPRDXIMATION
o
57 .. 23 RHO—C*DSQRT(ENU)' S
58 - . - . A2=RHO*%2%.5D0 S 4
.59Amwn~__w-ao RHO U
60 | - ... ABSRHO=ABS(R 0) ' - g : '
61 . . IF(ABSRH0-2.25)38,38,37
62 - 37 QU1)=CEE(30, ABSRHO) *S IGNUM(C)
63 ... GO 70O 39 '
64 . .38 Q(l)=(DEXPlA2)/PI2- ESS(ZOoABSRHO))*SIGNUM(C)
65 . .39 FACT=1. e
66 : . DD 10 I=1,11,2 N
67 .~ FACT==1.%FLOAT(I-2)%FACT
68 . QUI+1)=FACT-RHO*Q(1) -
69 .10 QUI+2)==RHO*Q{I+1)
70 GLLY=Qll)
n o 6l2)= UL3)%Q{4 )/ (STAR%*3%6.D0)
2 o G(3)=U(4)*Q(5)/{U(2)%*2%24,D0)+U{3)%%2%Q(7) /{U( 2) **3%T72.D0)
73 n. .:6(4)=U15)%QL6)/(STAR¥*5%120. DO’+U(3)*U(4)*Q(8)/(STAR**7*144 DO} +

lULB)**3J( 10)/( STAR**‘?*IZ&é DO)
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- GUSI=UL6YRQUTI/ZIUL2) %%3%T20.00) +{U(4)%%2/1152.D0+U(3)*U(%)/720.D0)

74
l*Q(9)/U(2)**4+U(3)**2*U(4)*Q(11)/(U(2)**S*1728 DO)+UI3)*%4%Q(13) /1
2U{2)%%6%31104.D0) -

75 RUTN=1./DSQRT{ENN) |

76 ZID{1)=.,500%(1. +SIGNUM(C)) KAY*G{1)

17 DO 11 I=2,5

78 11 ZID(I)=Z1D(I-1)~KAY*G(I }*RUTN*¥*{]I-1)
C

ee oo € PREPARE OUTPUT oL . ot s i s e v e o e e

c ,

79 . XD=X

80 cs=C

81 - SPE=SPERR

82 WRITE{6,1000)XDsCSsSPE

831000 FORMAT(10X,1HXs11Xs1H=9F10.5/10Xy13HSADDLEPOINT. =4E16.852Xy4H+0R—,
1E10.3/10Xs4HF (X) 38Xy 1H= /)

84 WRITE(6,1100)(ZID{1),I=1,5)
85 1100 FORMAT(4X,13HSADDLEPOINY 2/5(1X,016.9/) )
86 GO YO 21
087 20  CONTINUE ‘ .
BB e STOP L i
89 UEND B IR

90V FUNCTION SIGNUMI(T)

- 91 DOUBLE. PRECISION.T

.92 CTFATIN9203 o
93 - .1 SIGNUM=-1, IR :
94 . 60 TO 4 ..
95 2 _SIGNUM=0.
96 . GO TO 4 .
97 23 SIGNUM=1. = . o o S
98 L& RETURNL L e e
99 END ' - o ’ o
100 . DOUBLE PRECISION FUNCTION FI(T)
c . : . - .
. € _ .. _NORMAL..DISTRIBUTION FUNCTION .. __ .. . . .. ... ....... . .
c .
101 . DOUBLE PRECISION DEXP, DSQRT.ESS,CEE AyFACTORy FFoPI1,T,TT
102 PI1=,7978845608028654
103 .. A==.SDO*T*%2 _/
104 . FACTOR=.5DO*DEXP{A)*PI1.
105 e 2 TT=T e e
106 TSP=TT o ' '
107 CA=T
108 IF{TT)6,7,8 .
109 7 FF=.5D0 -
110 GO TO 15
111 ... 6 A=-T , . .
112 8 TF{ABS{TSP)-1.75)1,41,2
113 1 FF—.SDO+FACTOR*ESS%8'A)
114 G0 10 5
115 . 2 IF{ABS{TSP)-2.2513,3,4
116 .. 3 FF=,5DO+FACTOR¥ESS(13,A)
117 ... ..G0O Y05 L
118 4 FF= 1.-FACTOR*CEE(25.A)-
119 5 IF(TT)9,15;15 ’
9 _

120

Fl=1.=FF




83.

' -";f‘;-,,GO TO 16

121 wfes- ot
122 . "15 FI=FF
123 - ‘RETURN
124 . END
125 DOUBLE PRECISION. FUNCTION, ESS{N,2)
c ~
..C. ... SHENTON CONTINUED. FRACTION
. C :
126 DOUBLE PRECISION Z,DENOM, BR, RUT Ty EN, DEXP DSQRT
127 _ESS=0.
128 IF{Z.EQ.O0.IRETURN . A ;
129 . EN=N ‘ L !
130 .. ... T=1./71%%2 o
131 RUT=.25D0%T*%2+1. 1(64 DO*EN**Z)
132 T MULT=4%N-1
133  NUM=2%N-1
134 SIGN=-1. - ' '
135 . DENOM=FLOAT(MULT) *{.c5D0%T+. 125/EN+DSQRT(RUT))
136 . ... LIM=NUM. e e o
137 DO 1 I=1,LIM '
138 MULT=MULT-2
139 . DENGM= FLOAT(MULT)*((SIGN+1 ) *T-SIGN+1.)*.5DO+SIGN*FLOAT{NUM) /DENOM
140 ) NUM=NUM-1 '
141 1 SIGN=-SIGN , .
142 ... ESS=I/DENOM. . . .. . ...
143 RETURN - , ’ '
144 END
145 DOUBLE PRECISION FUNCTIbN CEE{N,Z) -
c ..
. C LAPLACE CONTINUED FRACTION
146 . DOUBLE PRECISION DEXP,DSQRT,Z,DENOM,RUT,Al, Az.GAMM
147 Al={FLOAT{NI+1.)/2.D0
148 _A2=FLOAT(N)/2.D0
149 RUT=Z%%2+8.%{GAMM(AL) /GAMM{A2) ) %%2
150 . .. .. . . DENOM=Z+DSQRT{RUT) . : .
151 " LIM=2%N-2 : : :
152 DO 1 I=1,LIM . .
153 NUM=2%*N-1-1 :
154 1. DENOM= Z+FLOAT{NUM)/DENOM e
155 ‘ CEE=1./DENOM ‘ , :
156 . . RETURN .
157 . END ‘ . ' '
158 - DOUBLE PRECISION FUNCTION GAMM{X) :
c
..C ... GAMMA FUNCTION
. C :
159  DOUBLE PRECISION XyXX,FACT"
160 IF{X.LE.1, )co 10 10 °
161  N=X i
162 " XX=N _ - o _ :
163, _ CIFUXXNESXIGO TO 2 . . L Ll L i e
164 FACT=1. . ' S
165 " N1=N-1
166 DO 1 I=1.N]
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167. 1. .. FACY=FACT*FLOATI(I). .. .

168 | _GAMM=FACTY
169 GO TO 11
170 2 LIM=2%N-1
171 . FACT=1. o
172 DO 3 J=1.1IMe2
173 "3 FACT=FACT*FLOAT(J) . -
174 ' GAMM=FACT*1.772453850905516D0/2. DO**N ‘ . .
175...... . GO TO 11 S R TR E U I
176 10 WRITE(65100) ' o
177 100 . FORMAT(5X,20H ERROR IN GAMMA FCN. )
178 11 RETURN '
179 . ... END :
180 ' SUBROUTINE UUl . . . . UsC) -
K DERIVATIVES OF C,.Ge. F. CALCULATED AT C.
181 DIMENSION ute)
182 ... ... COMMON CUM(10),STDEV,PARA; NCUM
183 © DOUBLE PRECISION CUM,STDEV,UsRT,PARA, CAL.DSQRT.C
184 - RT=.25D0/U(1)*%2+PARA/U(1)
185 ___CAL=.5D0/U{1)+DSQRT(RT}
186 - L UL2)=2./CAL%*2% (1,42, %PARA/CAL)
187 j., U{3)=8.D0/CAL**3%{1.+3.DO%PARA/CAL)
188 ... Ul4)=48.D0/CAL¥%*4%[1.+4.D0%PARA/CAL) .
189 L " U(5)=384.D0/CAL**5%({1.+5.D0%PARA/CAL)
190 . . U{6)=3840.D0/CAL*¥*6*(1.+6.%PARA/CAL) .
191 _RETURN
192 .. END. .
193 .- DOUBLE PRECISION FUNCTION CUMULL{J)
c . .
C  CALCULATION OF CUMULANTS
¢ .
194 . COMMON CUM(10),STDEV;PARA,NCUM - 1
195 __ .. DOUBLE PRECISION.CUMsSTDEV,PARA,UMUL ' _ . . . . ;
196 ° . UMUL=1.+  PARA:
197 _ JM1I=J-1
198 FACT=1. '
199 . 1IF{J-11151,2 . “_ /
200. . 2 DO 3 K=1l.JM1° . : .
201 3 FACT=FACT#*2.%FLOAT{K) _ _ e e e
202 . UMUL=FACT#*({1l.+. PARA*FLDAT(J))
203 1 CUMUL=UMUL:T.!
204 ~___ RETURN
205 . . . END
206 . _DOUBLE PRECISIGN FUNCTION K (S) -
c ‘ ’ '
C__ CUMULANY GENERATING FUNCTION {C.G.F.) [
.C . ' ‘ - %
207 . - _ COMMON CUM(10),STDEV,PARA,NCUM S '
208 ... ... DOUBLE PRECISION CUM;STDEV,;S,PARA,ARG, DLOG A
209 CIF{S=.5)14252
210 2 WRITE{6,100)

211 100 FORMAT(S5X,13H K UNDEFINED ) -
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212 e K=0°
213 . . 60 YO.5. .
214 1 ARG 1.-2.%S
215 K .5DO*DLOG(ARG)+PARA*S/ARG
216 5 RETURN
217 __END
218 . . .DOUBLE PRECISION FUNCTION KP (S}
C A ' : oo
. C .FIRST DERIVATIVE OF CeG.Fe
c _
219 COMMON CUM(10), STDEV,PARA;NCUM
220 ' DOUBLE PRECISION CUM.STDEV,S,PARA ARG
221 . IF{S=.5)1,2,2
222 2 WRITE(6,100) ; ‘
223 . . 100 FORMAT(5X913H K UNDEFINED ey e
224 7 - "K=0. S RS
225 .7, GO TO 5 “;' - b
226 - . 1 ARG=1.-2.%S - R
227 coin. . KP=1, /ARG+PARA/ARG** :
228 _RETURN et ‘
229 JEND
230 : . DOUBLE PRECISION FUNCTION KPP(S) .
Co _ :
C . SECOND DERIVATIVE OF C.G.Fe.
.. C ‘
231 COMMON _CUM{10)3STDEV,PARA,NCUM
232 . DOUBLE PREGCISION CUM:STDEV S+PARA,ARG
233 IF(S-.5)152,2
234 . 2 WRITE{6,100) . . . ;‘Hu~w_u”;n
235 100 FORMAT(5X,13H K. UNDEFINED ) -
236 K=0. , _ ‘
237 GO 70 5 '
238 1 ARG=1.-2.%S
239 . KPP=2./ARG¥*%2+PARA%4, JARG#%3
240 ......5 RETURN. ... _ ... .0 . ... ...
241
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