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ABSTRACT

A new microwave technique has been developed for the experimentel study
of small emplitude surface waves on sn electricelly conducting fluid. . The
flﬁid forms one of the walls of & resonating, microwave cavity. Surface
waves with amplitudes &s smell as 10~ cm. cen be measured by observing the
resulting chenge in. the resonant frequency of the cavity.

This technique has been. successfully used to measure‘the.viscous end
magnetic demping coefficient of a small amplitude, standing, sﬁrface wave
in liquid mercury. The magnetic damping coefficient (for & vertical,
gggnetiq fiéld)_was found to be in good agreement with & calculation that was
mede. for low msgnetic Reynolds numbers. When the viscous demping coefficient
was compared. with the standard theory, which allows horizontael motion of
the.surf;;é,.a disagreement of up to a factor of four was found. 1It,
however, showed excellent egreement with a modified theory which assumes

that there. is no horizontal motion of the surface.
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“Chapter 1 o INTRODUCTION

Surfaéé waves are sfudiedAin many scientific fields: oceanbgraphy,
geqphysics, plasma physics, etc. They are of interest to the plasma
physicist with respect to the confinment of plasmas. Ali plasmas in one way
or another must-have surfaces to be sepafated from our normal, hostile room
temperature environment. These surfaces, produced under the influence of
‘gravitatioﬁal and magnetic fields, tend to become unstable or distorted.

This disqﬁgtion can be described by a series bf sine and cosine waves.

Hence, the study of a plasma surface involves the étudy of surface waves.

The effect of gravitational and magnetic fields on the surface motion is of
great interest. The study of this effect is complicated, however, by
témperature and mass density gradients which are preseht in most laboratory
plasmas. The effect can be computed and observed more easily if an
electricélly éonducting fluid, such as mercury, is used instead of a plasma.
For this reason a theoretical and an experimental study of surface waves on an
electrically conducting fluid have been.made.

The time dependence for a linear (small amplitude) surface wave is
usually expressed in the form exp (04 ) cos (2x$%). O is called the
damping coefficient and £ is called the oscillation frequency of the surface
wave. It was the aim of this thesis to study the damping coefficient of a
- surface wave under the influence of a magnetic field, but it was found
necessary, firét, to investigate the damping of a surface wave free of
magnetic fields and fo consider the methods used to measure this wave.

It was found that the linear theory of surface waves has not previously
'5een properly tested and verified in many cases (ref. 18). This is at least
partly due to the problems associated with the wavé guages used in the past.
 Devices such.as_capacifance (ref..4l) and resistance(ref. 42 and 43) wave
-guagés aré available to studyAsurface wévés. They, however, suffer from the

~1-
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@ifficulties.commonwtb allfimmersion devices. The difficdulties. are
attributabie to:
(1) the erratic dynsmic behavionr.of the meniscus,
(2) the existence of & viscous film of. fluid on the gauge &s the free
Surfacewrecedes,
and. (3) 1arge.distﬁrbances“aroundmthe gauge. when fluid velocities are lerge
(e.g. the upward directed. jet &t the stagnation.point end. caviation
in the wake)
4lso, the usefulness of. these ahd;othénmdevices‘is.limited;min.many ceses,. by
the. leack:of the.sensitivity‘requiredftojstgdymlinear surfece waves... For
exsmple, the linearity restrictionm,.. S.K<s:_(HK)3, (where; %o is the wave
§°K€10_4 for shellow fluid. (KHZ G.1) experiments.. .Investigation of .
shallow fluid. surfzce WEVes, as;a.nesult5.hgsmbeen,restricted”becausevreliable

methods.of:measuring“'§o, when KSe € 1074

have not been evailable.

In view of these'problems“CUrzbnTgnd.prard“(ref} 39 and.40) developed
theoretically a new technique to study.linear.surfeace.weves.on &. column of an
electrically conducting: flnid.. Tﬁéiessentialnidea‘behindwthis_teChnique is

“the following. If an electrically conducting fluid acts es & wall of &
microwave,cavitj,.any change in shépe.ofythgp.fluid,(e.g. surface waves)
;apses.a changemin»tﬁeLshape of the cavity which, in turn, causes & change in
“the resonent frequency of that cavity. It is, therefore, possible to
monitor the motion of the fluid by monitoriég,thé chenge in the resonsnt
f;equency of the microwave caviﬁy. Tﬁis.ideaﬁwas:adopted;by.the,authon to
d;velop thebretically,and“experimentallyﬂa ngw'techniqué_to.study surfece
waves on & flet surfsace.

In chepter 2 Slater's theorem (ref. 2) is used to caiculate”the,change

in frequency .of & microwave cavity from W to Wa when a surfece wave of.
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amplitude So ‘is.set up on the end plete. of the cavity of.length.L}

Results show that QUo. W)L £ 1. There are two important features here.
. WSe ,

First, thewchangeﬂinﬂthe.rgsonant,freqﬁchy Es“directly,proportional,to the
surfece wave. amplitude. . This. will make. the observation of the time
dependence. of $. very eeasy. Sééondly,Athe system.is sensitive.to smell

amplitude surface.waves. * Since velues.of 0.5 x 107 for Wa - W
' W

are easily observed it appesrs that surfece. weves such.that SeK 2 0.5'x 10_4
c;n be detected. ThHis technique, therefore, can be used.to study;linear
sur%éce”waves5.even“in.the shallow fluid region. . Another interesting
feature.ié also found. . Celculstions show that”a,rectahgularmcéfity}vhen
ﬁéedmto study surfece waves acts. as en. sutometic Fourier snalyser. -~It
aépgars‘that.a”rectangularvcavity cen. be constructed so the change in. rescnant
frequency. of. the. cavity is directly proporticnal.to only cne Fourier
céﬁponentmof the surfacemwave.undefuinvestigaiion¢ This,féaturemshoula
eliminate.theutedious“andwcomplex procedure of Fourier enalysing arbitrery
sﬂrfaqe;wavesm These feéiures;tqgether”with the fect that the aystemwis
free of,theAprobléms:associated“with.immersibn,devices,makeuthe:microwave
cavity =& usefuljdiagnosticﬂtodl.fOf.stuinng surface.waves:y

A cylindricai,microwave cavity hss been used to measure.the oscillsation
frequency, §, and viscous demping coefficient, Co, of & stending,
.axisymmetric.wave:inAshallow‘andmdeepzpools.éflmercury. This .work, described
in chépters 3, A"and.5,show3'that.the“OBServedméscillation‘frequenqiés are
higher;thanwpredicted"by,theony by up to 15%. Thé'resultsvindipate‘that.the :
~méniscus.isuthe cause of this. discrepancy. Thehobserved;viscgps;damping
coefficients.are higher than predicted. by the. stenderd theory of. Cese and

Perkinson: (ref. 7) by up to 400%..  In view of this discrepancy the

gssumption that there is.no horizontal.motion of the surface is introduced.


http://can.be
http://is.no

-

Acc’oi'.ding,,..to. Lamb .end Levich (ref. 21 and 22) this.is. the condition that must
be used.when an incompressible, inscluble, surf.acg“ film is.present. . The author
calculeted that the additionsal. vis'cous..damping,..coefficient resulting from the

ehove assumptionuisuequal.to

\f’ 275 & coshz(KH) J  is the

sinh (2KH)

kinémeiichviscosify of the fluid.. The?experiﬁentalmresultsuareufcundmto,be
in excellent egreement witg therﬂheopy;when this. effect is. included. . It is,
therefore, concluded;yhat there wes. no horizontal, surface moticn. It is
suggested. that this wes due to the presence of & surface film. Since the
literature indicates,that.surface“filmsmarempresentmon.fluidswih“ordiﬁé;y
lsboretory experiments, the above calculation should. beuseful to those
studying surface. waves. |

The study of magnétohydrodynamic‘surfaceﬂwaves.iswinitiatedwby the
author's calculation of. the megnetic dsmping cocefficient, Cyg;for low magnetic
Reynolds. numbers. It is calculeted. in. chepter & for.anwaxisymmetric5 linesr,
standing, surfece wave on &n 1ncompr6551ble, idezl. fiuid with a flnlte
electrlcalnconduct1v1ty,¢% and mess. density,/o . The efﬁec§!of‘a vertica}
constant, &pplied, uniférm,.magnetic field, B3 , is considered. J%;tailed

calculations ere mede for the case % 823 << 1. The celculations show that
P2TS

the oscillation frequency is independent. of 53 and thet O; is gi.ven by

G, == B3 é , Lk g This celculation is
7:/0 exp (2KH) - exp (- 2KH) ~

experlmentally verified by & series of experiments with liquid mercury.

Chapter 7 describes this work. The msgnetic demping: coefficient, O; , 18
measured. by measuring the totel damping coeffiéi.ént,~’a-,. end assuming that
g - Qo+ O; . Experimental results confirm. this essumption. In egreement

. . . 2
with. the. theory O; is found. to be.proportional to 2 B; &and to vary from
%


http://Le.vi.ch
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- B'238 (for KH € 0.3) to - 132,3 (for KH 2 3.0) es the.fluid depth,. H, is
2./0 : 4/0 :

-Varie.d.,fr.om., smell. to large. values. The rete &t which O; varies. with fluid
depth.is..found. to increase with K as predicted.  All experimental. values

are within 10% of the theoreticsl.values. This. percentage is. less.then the
meximum.systematic percent error. These results,. therefore,.are considered
to be in excellent ..agneemeﬁt with our theory for the demping of surface

weves. in. a vertical, megnetic field.



Chapter. 2 MICROWAVE .THEQRY

The theory for the. proposal. to use & microwave cevity to study surface
waves .is developed in this chapter. Sleter's theorem. releting the. chenge. in
ﬁhe,. resonent frequency of & microweve. cavity to smell changes in .shape of
that cavity is given. His theorem is used to.celculete frequency shifts for

a surfece wave perturbation of the cavity.

Section 1 SLATER'S THEOREM
Slater's theorem-(ref. 2) describes. .t.be.,relat.iqn. between. .the..chenge. in
shepe of. & microwave cavity, the electromegnetic field. distribu.t.ion‘in. that
cevity, end. the resulting chenge in resonant .i;r..equency of.l.,.th&t;.cavity.\ _ The'
theorem is stated ss: (,Ja_z - U)z (r + f[[ (Be? - Eaz)d\/ )G IND.
_ ' V, '

[ 4

() is the resonant frequency. of. the. cavity before its shape is.changed.
(Ja 1s the resonant frequency of the cevity after its shape is chaziged -

2 , A
Be and Ez szre given by Ba? = 181 /NZB Ba?- 1,1‘312/ sz

Ng ? et f ff I’B\I_z- dv  and I\I'E‘2 - jffl'ﬁ]? av .
ve o

Vp is the chenge in volume of the cavity .

\/ ¢ is the originel volume of the cavity.

IF.\I endiﬁ aite the original. electric. end magnetic fields in the .Qavit,y.
It should. be noted here thaet a perturbation method was used to develop. this
theorem. . It was assumedthat changing the cavity volume by the amount . \/P
cguses only & smell chenge in g and /B\

It is evident that the theory of resonant cavities must be. consider.gad

before this. theorem.cezn be used. |
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Section 2 CAVITY RESONATORS

A micrqwayeAcavity<is.a conteiner mede of .a materisl of high, electrical
conductivity. . The £oll§wingﬂdefinitionsnare made:

M is the masgnetic permeability. in .the. cavity.

€ is the electric permittivity in the cavity. |

Ew isutheweleciric,permixtivity in the cavity walls.

ge is the electricel conductivity in the cavity

?w.is,the.electrical.conductivity in the cevity walls.

() is the oscillation freguency of the electromagnetiéM(em.)nwave in
the cevity.
It is assumedthat:
(1) The materiel in the cavity end in the cevity wells is homogeneous
and isotropic.
(1i) There is no free charge present.

(iii) The depth of penetrztion of ﬁhe,fields,.the skin depth,.in the
cavity is very.much<lérger then the. wavelength of the. fields.end
the. skin depth in the cavity walls is very muchﬂsmallexAthan.the‘
wavelength 2

(i.e. Q/ew«l and. . gw/z'eww'”'l ).
The nature of the em. field in the cavity is found by solving Maxwell's
equations using. the above essumptions.. The sclution-for e.cylindrical cavity
cen . be.found in most texts on electromsgnetics (ref. 1). It will be steted
" here.without proof. Figure 1 shows the geometry of the cevity.
There are two situations possible. First, the magnetic field in. the
cavity can be transverse to.the axis..of. the cavity. This,isldalled a

trensverse magnetic or T.M. mode. Secondly, the electric field.can be

transverse to the axis of. the cevity.. .This,is.called”a_transverse.électric



Figure I Cylindrical microwave cevity



or T. E. mode.

For the T M. modes it can be shown that \
B= (Bb+BH)e™ AND E=- (Felo+Erlr * Euh)e”
where g = K, J}ll( Kol ) Cos (ﬂe ) Cos(?’rTTZ/L)
Br = . J(Kr) sin (L6) Cos (vmz/ L)
. \(1.2.1)
Fo = -JW 4 nm J(Kr)sin (£0) sin (mTZ/L
, kL 2‘/
Fvr = JWI)?IL_.,KD Je (K.Y Cos (L&) Sin (n72/L)
Ee= gk % (Kor) Cos (£©) Cos (n72/L)
T CKa (gmIA)-=-0
Je is & Bessel function of order AL
and  Ji=V1. - | J
' Al_so, these stending em. waves are set up in the cavity only when
W= KXo+ (/L) C(1.2.2)
Eu

6_‘) is. the re_sQnant frequency “of the cavity and the three variables 1, m and n
are integers which describe the azimuthel, radisl and axial dependence,
respectively, of the em. fields in the cavity. A specific T. M. mode is
usually denoted by T'M'JZ,)n,h -
Similerly for the T.E. 1, m, n, it can be showp that
B=Bolb B, 1 + By 1)€Y nd B=(Eolo + E-TE™ 1 (.20 3)
where By =- FZrZZLJk(_lSF) Sin (/6 ) Cos ()’)772,/).4 )
Br = T Ji'(KK) cos (48 ) Cos (n72/L)
B: = J(kr)cos(he) sm(nmz L)
Eo %ﬁ(Kr)Cos(Ie)Sm(nWZ/L)
Ev = —Jinz(Kr) s (18) smnz/L)
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Frwen

T, (K(1,m)a) = 0
and where v
W? - 2+ (nm/l )2, (L. 2. 4)
€ U 4

In the above equations. for B and.. E .a.constant egmplitude.factor has been

omitted... This fector is determined.by the. output. power.of . the microwave
system. and.is.unimportant. in the. following calculetions. . Slater's. theorem
cen now be used to compute the change in resonant. frequency of e caevity for a

surfsce weve perturbetion of that cavity.

Section 3 'CALCULATION .OF THE RESONANT FREQUENCY. CHANGE
FOR A SURFACE WAVE IN A CYLINDRICAL CAVITY

The. surfece. Awa'v_e.‘.is‘_ assumed. to. be. on the end .plste. (at.Z - O0) of the
cavity. . In reference.& it is.shown that the.emplitude of & linear,
stending, surface wave in Aan..incompressible.f.lui'dw with small viscosity . in
e cylindricsl. basin.can. be.expressed.by . .

Zf(s P) s (X (S, P)) COS (S©) where J s (K (s: P) &) = oO.

The calculetion for a)u —(l)h will be made. for a simple wa.ve

(§- 35, 75 (Kr) cosc(‘fqe)). It is assumed that 'hﬂ'&/'L.“l and

(&)a —(J)/’w«/. Equation (1.2.1.) is used. in.(l. 1. 1) for T. M. modes

and (1. 2. 3) is used.in (1.. 1. 1) ‘f.or T. E. modes. . The. int.egré...tion. variable,

dv, is written in the form, rd® drd£. In. this way it can be shown that.for

T. E. modes : K(4,m)A
’ U .
2'(&)a—(")) - 12 ﬁ]“:ll - ge _L . sin‘2 (18) cos (se)de Ji ‘sz‘Js(X)L)dX
. L 2102 0 x
w | Ll NB K _’ k(L m)A ) (. 3.1)
* [I\_Tf}g_o_ j cos (129) Cos(se)dej [J (X)J Js (¥x) x d.x
L - K* N e

vhere Jll (x) .:.ij,t (x)
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K (L, m)
Similerly it cen be shown.that.for T. M. ques k( !,m)n
Z(Q)a -0) __—__ig_J cos? (1) cos (S0 ) Ao [Jl’ (x)] 2 Jg (%) x dx
L Ne o | Kcgma 0
t g2 S.,)' sin® (6 )cos (56 ) de S T2 (038 (wx) x o x
| Y o kcgmA*
_(,() ) © Ko * 3, G g jcos2 (16) cos. (SO )6(6 j J:,QZ (x) Js (cxx)xc(x
qu B , A (1. 3. 2)
vhere
K (S, P) .
K, (1, m)

It is only necessery. to..compute.one..of t,he.,norma,liza,tion..constan.tAs',
Ng 2 and N 2 ,- beceguse. they are simply releted. This can. be shown by. using

Poynting's theorem. (ref. 1). Poynting' s theorem.stetes that

j(ExB) & + 9 j BB+ EE€]6{V = Jf.'ﬁ-?c(v.

\4

S is the surface enclosing. .the volume V .. ? is the current.density in V,

. [
Let V. be.the volume of. the microwave cevity, \/ ¢. As a result, J - O.
A~ A
Also, E de'g - O because. the electric field:tangential to the surface S:is
zero.. This. is.a consequence of the assumption.that the. conductivity of the

cavity walls is very high. (essumption iii above). Therefore,
AN ’
[B B + E-E& dv - constant.
2
Equatlons (1. 2. 1) and (1. 2..3) show thet B and T ere out. of phase by 90°.

AN
Thet is,. when E -0 B’ - B max. and when B - 0 ,E-E Therefore,

mex.

J[BB+ EEe]d.v—JBmax Bmax/v;j/ﬁmax /E\Zmaxédv-
2

Bil't, P nax B mex.. - 1B7and E mex- B mex. -IEI

As a r.e.sult,J III§I2 0( v :_/_,Léf IEIZ&{V and.so Ng 2 ;/{16 N62

Ve Ve
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It can easily be shown (by the use of equation 1. 2., 1) that for T. M.

modes )

Y +5M){a <& L KOJ[J(K r)]rdr ﬁ%mjﬂ (Kor)dr}

and
: o i 44
/\/Ez= /\/3%5/(1) : 6U={1 :=j j(l 3. 8)

Slmllarly for T. E. modes it can be shown (by use of equation 1. 2. 3) that

6/1’\/5 "~ and . )
A 1 A .
N = L) (&N [T RDrdy + 4% [ 7k dr)
%{ o Jlsckerdr <, [Rndr)
| (1. 3. 4)

Equations (1. 3. 1) to (1. 8. 4) relate the change in resonant frequency of a
cylindrical microwave cavity to the amplitude of a surface wave on a fluid
acting as the end plate of that cavity.

. The above calculations were made for a cylindrical cavity because this
type of cavity was used during the experimental work, This type was used
because it was easy to construct and to set up surface waves on a fluid within
it. = A rectangular cavity, however, has also been considered., Calculations
similar to those above are given in appendix I. They show that a rectangular
cavity acts as an automatic Fourier analyser. It appears that a rectangular
cavity can be constructed so the change in resonant frequency of the cavity
is directly proportional to only one Fourier component of the surface wave
under investigation. The advantage of this feature is as follows. The
theory of suxrface motion usually expresses the time and spatial dependence in
terms of Fourier components, It is necessary, therefore, to Fourier analyse
experimenfal data to obtain the time and spatial dependence of each Fouriér
component in order to make a comparison with theory., This tedious and complex
analysing procedure may be eliminated by the automatic Fourier analysing

feature of a rectangular cavity.
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In the celculations for the rectenguler and the cylindrical cavities
it was found that the change in resonant frequency was proportional to the
surféce wave amplitude. .. ,Thisfmeansmthat.the”observationwof”the.surface.waveis
time dependence will be very easy. . Also, .an order of megnitude. czlculetion
using .equation (1. l..l) shows that (O)a ) ) = ;{i . .. Since velues

2N L »

of 0.5 x 1074 for (ng_:ﬁg) are easily observed.it means that.the micro-
veve system.is sensitive to very sﬁallmamplitude.waves-.‘ These. features, with
the fact that the system is free of the problems associated with immersion
devices,make the microweve systemwanwextremelywusefuludiagnostic:tool.for
studying.surfacemwaﬁes.

.~ In order to use,Slater\svthepnemwtoAstudynsurfacenwaves,it.was
considered.necessary to test the importent.features of theutheorem“and;to
exemine the. conditions. for which they are vslid. . This.was done. by
introducing verious, well defined.shapes of known.dimensions.inta,thewcavity
at known positions. = The work is reported. in appendix 2. .. The. results. were
found to be in agreement with the thecry and it was con;ludeduthat Slater}s
theorem cen be used to predict the chenge in rescnant frequency of a
microweve cavity ceused by a small amplitude perturbetion.of the shape.of that
cavity.

The .theoreticel results. of this chapter wereﬂusedﬁto‘develop‘a
‘microvave system to study surface waves on. mercury. . The equipmeht,and

techniques used to study .these.weves are the topic of the.next chapter.



Chapter 3 EXPERIMENTAL .PROCEDURE, .
o PARAMETERS, VARIABLES, AND ASSUMPTIONS

Section 1 EXPERIMENTAL PROCEDURE

The microweave system. that wes.used.is given in a.block diegram.in
figure 2., Liquid mercury wes. placed in the. bottom. of the test cavity. as
shown in figure 3. The. test cavity and microweve system were mounted.on &
lerge (lm.xIm.xIm) cement block to prevent any vibrations that might. set up
unwanted. surface waves in the mercury. The test cavity was made of brass.
end. nickel pleted.to prevent the mercury ffom.reacting”with the brass.

Three centimeter (8.6 to 9.6 KMc./s.) microweve equipmentﬂwas.chbseﬁ
because it was easy to build the required test cavities end. because.of. the
aveilebility and low cost of. the components.  The klystron (723 A/B) was
the. source of microwave power. (a. few milliwatts). Its. output. frequency was
electrbnically modﬁlated“by'a.séwtooth.voltage.(from“the.oscilIOScope) which
wes edded to the. repeller voltage of. the klystron.  In this way the output
. frequency of. this klystron was changed by amounts. up. to 65 Mc./s. at
modulation reates. of. up to .10,000. ¢./s. - It.was“foundnthat.thehchangemin'
output. frequency of .the.klystron was.directly proportionel. to the sawtooth
voltage of the scope for changes.up.to .65 Mc./s. The isoletor was used.to
prevent reflections caused. by the wevemeter,. megic. tee, test cavity, etc.

" from .changing. the output ﬁower of the klystron. The calibrated. wavemeter
was.usedﬁﬁo determine the output freqﬁency range..of. the. klystron and. to
determine. the resonent frequency of the.microwave test. cavities. .The magic
-tee..split the power. from the klystron: one-half to the power terminator
(which dissipated,the energy) and one-half té the test cevity which
dissipated or reflected the. energy depending.upon whether or not the output
'frequency‘of.the klystron,wﬁs equal. to orvnot equal to the resonsnt frequency

of the test cavity.  The difference .in pover reflected.from the power
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Fig. 2 Microwave system and test cavity.
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terminator and.the test cavity weas detec£ed b& & crystal detector. The
output voltage of the detector was a monctonic increASing function of the
power_detected and was applied tc the vertical input of the scope. The
nature of the resulting trace on the scope is shown in figure 4.

~ The Q. of the system ( CQUQN.U)//kbanwidth of the resonant'dié»was
f?ppd tohbe,about 2000,. as expected. An order of magnitude calculation
(ref. 1) shows that

- Cavity volume
(5 Vg S)ie)

where 9& is the electrical conductivity of the cavity wall surface, S;,

?Pd/?é %;;the c0upling.CoeffiQiQDPjé_“The coupling between théhda§e guide“ané
cavity was varied until Q. was & maximum. This corresponded to having
B ] . It was. calculeted fram the above equation that the Q. value could
be increased by about 50% if copper or silver plating is used instead of
niékel.platingmin the cavity. A (QL of éOOO, however, was more than
adequate for measuring resonent frequency changes of .5Mc;/s. or larger.

The depth of the mercury, H, was determined by the position of the
rlunger asméhown in figure.3. Thé.length of the éavity was varied (by
 varying the amount'of mercury in the cavity) until an appropriste resonant
em. mode was set up in the cavity (i.e. until & resonant "dip" was observed
on the scope &s in figure 4). This signal was expanded énd the scope face
ggskedwoffvas shown in figure 5. The entire trece was masked off except for
tygésya}l“piepes which appeared as dots. The horizontal mctiom of these
dots gqrresponded to the change in. resonant frequency of the cavity. The
’ hérizontal motion of the peak of the reéonant»dip also corresponded to the

change in resonant frequency of the cavity. The dots, however, were

precisely defined whereas. the peak of the resonent dip was not. Measurements
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~ Figure 4. Deteils of. the oscilloscope trace.
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Figure 5 Method of monitoring the resonsnt frequency changes. . ‘The

horizontal exis represents the kylstron frequency and the
vertical axis represents the power reflected by the test cavity.
The motion of the visible part of the scope trace was filmed.
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wefe made to. ensure that the horizontal motion of the dots (for respnant
frequency chenges of less then 2 Mc./s.) was due only to & change in resongnt
:frequency,and not due .to & .chenge in the shape of the'resonant dip.

Tc set . up exisymmetric, stending, surfeace.waves on the mercury, air
was pulsed into the cavity through & hcle in the center of the cavity top
(figure. 3).. Other workérs such as Keuligan, Case and Parkinson (ref. 10 and
72”§ecp§pically rocked. the basin containing the fluid to set up surface waves.
- Fultz and Taylor, on the other hend, (ref. 11 and 12) used "flapgenerators."”
Thet is, they moved portions of the basin's wells tu create surfece wzves.
It was considered desirable to avoid these methods because the theories for
surfece weves assume .that the basin is not in motion and that its walls ere
rigid. .. As.a:result, the methqd of setting up surface waves with pulsed air
was developed.
| The repetition rate of this pulsed air was varied (figure 6) until it
was equal to the oscillation freéquency of one of the "allowed" surface waves.
At this point the "sllowed" Surface wave was set up. This ceused the rescnant
frequency of the cevity to change. The &ir pulses were then turned off and
the mercury weve was allowed to oscillete freely.

It has been shown (chapter 2, section 3) thut the change in resonant
frequency,. (Ja -0, is properticnal to. the emplitude of the surface wave,

$o . (Recall. that 5;(t).; SO(O) cos (275t ) exp (0 ¢).) Therefore,

the time dependence of the horizZontsl motion of the two dots, seen on the
scope face, is proportional to the time dependence of the surface wave in
the cavity. This time dependence was c&htinousiy reccrded by conﬁinuously
rolling film through a cemersa. that was mounted on the scope face. In this

way successive traces were photographed for an interval of sbout ten seconds.
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The. nature of the resulting negative is seen in figure 7.

from,similar.negatives.the values of §°(o), f end O were found for
various conditions. The oscillation frequency, f, was found by counting the
number of treces that occurred during ten complete oscillistions of the surfece
weve. The trace time wes measured by a time merk generator. . The number of
traces per ten oscilletions could be measured to within %%. Therefore, when
the trace time was kept constant, oscillation,frequency chenges of %%vor
larger could be detected. The demping coefficient, O , was measured by
counting the number. of oscilletions of the surface wave that cccurred as the
emplitude decayed. to .E;’ of its origiﬁal velue and then using the
oscillation frequency.

It was. found that periodic surfuce weves were set up when the
repetition. rate of the air pulses wes within 5% of 5, Furthermore, no
change in 4 (i.e. less then 3% change in § ) was found when the repetition
rete wes varied within 5% of . This indicates that the oscillation
frggggncy, f , of the particuler surféce weve thset wes created was
independent of the method used to create the.wezve.

During & number of experiments the effect of a uniform, constant,
vertical, epplied megnetic field was studied by plecing the test cavity and
fluid.in. the megnetic field at the center of & sclenoid (figure 8). The
solenoid consisted of 5 coils of #11 copper wire in perallel. Ezch coil
QQQsisped of 150 turns. Twenty-four volts across the sclenoid czused &n
input current of zbout 600 amperes. This resulted in & megnetic field of
about 2200 géuss at ‘the center of the solencid. . This field was independent
of position (i.e. varied by léés than 3%) in the volume indicated in figure
8. The mercury was placea-in this volume when the effect of = magnétic
field on & surface wuve was studied. Switching the megnetic field on or off -

caused unwanted surface waves.. These waves were allowed .to demp out before
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Figure 7. A record of the time cdependence of & surface weve
emplitude. The zbove is z 120 film negctive tezken of the
horizontel poticn of the scope trece shown in figure 5. The
horizontel positicn of ezch dot represents the chenge in the
resonent frejuency of the test cavity which is proportionzl to the
emplitude of the surfzce wzve in the cavity. Tre verticel exis
represents time. '
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& controlled weve was set up end investigeted. .. The strength of the magnetic

field wes measured.by & Bell 240.incremental.géussmeter.

Section 2. PARAMETERS;UVARIABLES;AND}ASSUMPTICNS
The oscilletion frequency end the damping.coefficient of a surface wave
‘have been measured.for a veriety of. persmeters.
During.allvéxperiments described in this. chapter and in.the following
chapters. this. surfece weve wes of the form
g - 50 () Js (K (S, P)lY‘ ) cos (S© ). The standard.theory of fluid
surface waves (ref. 6 or equstion (4,u1._1)).was.ﬁsednto.compute K,(S;.PS'
from the measurement of the oscillation.frequency. The velves of S end P
were then found by consulting the tables for K (S, P) A (ref. 5). ﬁecall
that Jé (K (S, P) o) =~ O where 4 is the cevity radius. The study wes
restricted to waves where S - 0 end P - 2. By keeping.S and P constent the
"shape" or "type" of wave was kept constent. From the tables of. reference
5 it was found that K (0, 2). A - 1.2297 7T . Three different values of K
were used by using three different cavity redii (A - 2.54, 3.17 and 3.64 cm.).
In &1l surface wave experiments the em. mode in the rescnating cavity
was elther. the TEZ,l or the TE,,, mode. A computer program was used to
calculate.(a)a —bJ )_L from equations (1. 3. 1) and (1. 3. 2). Thisl
. rw $o ,. N s '
calculation was only used to measure .the magnitude of So . This was. done
to ensure'that the. linear or small smplitude assumptions were vealid. for. the
waves under investigation.  The study of the demping.coefficients..and. the
oscillarion.frequehéies,however, relied only upon,theﬂfact.thatfzja.—ébl
is. proportionel. to §§
Tablenl,summarises.the,parameters and”variablesufotwwhichmxpg

oscillation frequencies end. damping. coefficients were meeasured.
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In order to isolate the megnetic demping ccefficient, (S;. , from the

observed, totel dsmping, 0 , (§= O o + Oz ) the viscous damping
coefficient, CSB, end alsc the oscillsation freguency have tc be measured.

The  following two chapters describe this work.

SUMMARY OF. DEFINITIONS. AND CONSTANTS
USED IN TABLE 1

cavity radius ,

redial weve number of surfece weves

0 P =2 KA = 1.219777

surfzce tension of mercury = 490 dynes/cm.

mass density of mercury == 13.6.9./cm.

kinemetic viscosity of mercury.

011 centipoises cm.”/

grevitetional constent == 980 dynes/g.

electricel conductivity of mercury

1.04 x 100 (ohm meter)-1

depth. of mercury

demping coefficient of the. surface wave

oscillation fregquency of the surface wave

surface wave amplitude

applied vertical magnetic field

length of the microwave cavity

sxiel mode number of em..mode in the cavity
= change in resonant freguency of the cavity

resonant fregquency of the microwave cavity

magnetic Reynolds number

Sy r4‘g,ynuﬂa:n WwW ThHvE®>

i

CEEIT T

2
o8
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Teble 1 . Parameters, Variebles and Assumptions used during surface

wave. experiments

Variables and Assumptions Experimental velues
Parameters. used in
theory

Cavity number I II III
A (cm) 2.54 3.17 3.64
K (em.”" ) 1.51 1.21 1.05
em. mode uged TE ;) TE ,» TE
S renge (cm.) .04 - .01 |.0015 - .0007| .0015-.0007
H range (cm.) 0.4 - 4.0 0.4 - 4.0 0.4-4.0
B; (gauss) 0 - 2200 0 - 2200 0-2200
§ (c/s.) 4.6 - 7.0 | 3.5-5.8 3.5-5.2
NTSe /L << 1.0 <0.1 £ 0.004 £0.004
(Wa~ W)/W << 1.0 < -002 | < .002 < .002
Se /H << 1.0 < .06 | «.0005 < -0005
56K << 1.0 < .03 < .002 < .002
SOK/(KLH)3 << 1.0 < -5 < -04 < 04
[Jlmfjl/(i%) << 1.0 < :pggé gfbdoé < .0006
[ T2/ (0) << 1.0 < 015 | <.005 < .015
[{%S f‘/(ﬁ) << 1.0 < -001 | <.001 < .001
g/ (27f) << 1.0 < -02 <.02 < .02
/O = CONSTANT . mercury fsed
g 8; /(p27§) << 1.0 < .2 <2 < .2

L AGVL = R << 1.0 < .0l <01 < .01




Chapter 4. STUDY OF THE OSCILLATION. FREQUENCY
UF A SURFACE WAVE IN MERCURY

Thewm;crowéve cavity technique.yas used to investigate the relation
between the oscilletion frequency, § s the.fluid“dépth, H, .and. the radial wave
number, K, of & linear, stending, gravitf'surfacevwave. . The..oscillation
frequencies. were studied for both deep and shsllow fluid waves. KH wes
varied from about 0.4 to about 3.0. | Figure 10 is typicel of the time
@gpendence gf'the weves that were studied. It shows that the time
dependence. was sinuscidsl,. as. expected... The oscillation frequenéiesuwere
measured and summarised in figures 94 and 9B.

The linearized theory of standing surface. waves on an. idezl, incom-

pressible fluid (ref. 6) shows thet (2T §)2 - (1x3 + g ¥) tenh (KH). (4.1.1)

'Tableﬂl contains the relevant définitions.and»a 1ist of the assumptions which
were mede in order to deveiop the above equation. Eguaticn (4. 1. 1) was
plotted using the valves for T,/) , end KA given in teble 1 for verious A's.
These plots (fig. 9&)‘indicate that the oscillation fregquency depends.on the
basin.radius, A, and the fluid depth, H, as predicted.by the theory.. It Qés
noted, however, that the observed frequencies were larger. than the theoretical
ones. by 10 to 15%.

Discrepancies of this nature have been noted by other workers (ref, 7)-
The difference between experiment .and theory may be due to:

(1) experimentsl error in measuring Ss

(2) thenassumptions of the linear theory not being walid,

(3) an error in the value of T4o that was used,

(4) surface tension effects associated with the meniscus.
Esch of these possibilities willi now be considered.

(1) The maximummpercent.error in measuring's' was less.- than 2%.
Thefefpre, the differences. between the experiment and the. theory (approx. 10%)
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cannot. be explained ih this way.

(2) Téble,l”shows,that.all.of the,#ssumptions.ofithe theory were
satisfied during. the experiment.

(3) It is well known that contemination.of. a surface .can decrease

théwsurface.tension, T. (ref. 9). However,h$§?'<. 10% of;y K for our
F

experiments. Therefore, T would have to be increesed by 200%.to. eccount
for,thérdiffereﬁce between experiment end theory. (Seé.equation.(A.l.l))

(4) The equation for_* results from evsluating & lineerized form
of the equation of motion of.the fluid at the surfece. . The velue.of K is
determined. by using the boundary condition, V‘,.? Ost Y= 4
(er is the radisl velocity of the fluid). . It is conceivable, however,
that beczuse of the meniscus . this boundary condition.is.not.true at the
surface. . It is suggested thet the condition VL = OQstr = A -€ .
(wherelé is defined in figure 11) is more realistic at the»surfaqe.

This would result in K and, therefore, 5 being evalusted by A - €
instead .of A.

During.the.expgrimenﬁs corresponding to graphs I and II of figure 9
€ was mezsured. and.found to,bé”ofﬁthe order of 0.2 cm.. Figure 9b shows
that the use of € velues of this size to calculate & for these two
exberimentshresults in egreement between theory end. experiment. During the
experiment of greph III, figure 9b,”é’ wes less then .02 cm. . This low
value was.presumably.dﬁe to surface contamination during this experiment.
Figure 9bY shows that the use. of en € velue of this size to czlculszte s
for this experiment agsin results in agreemen€ Bétween theory and. experiment.

Another experiment to test the dependénce of S on € was performed
for H - 1.00 cm. end & - 3.64 cm. The results showed that € was of the
order of 0.2 cm. when fresh, clean mercury“wag“hsed The. oscillation

frequency agreed with the theory when A - 025,cmmfwas used. instead.of A.
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After & film of oil, dust and mercury oxide,was.introduced”the value of €
wes found to be of the order of 0.02 cm. The oscillation. frequency was then
found to zgree with the theory using A - 0.02 cm.

These results suggest thatqthe”mep13cusmis‘responsiblehfonﬂthe.lo%
discrepancy between the theoretical and experimental values for the

oscillationwfreqpenéy.‘



CHAPTER 5 STUDY OF THE VISCOUS DAMPING
OF. A SURFACE. WAVE IN.MERCURY

The time dependence ofﬂa.small_amplitude,stanéingmwave.is.given,by
exp.(CYail) sin_(2775£ ). The microwave cavity technique was used to
investigete the relation. between .the viscous damping-.coefficient, Go , the
fluid depth, H, and the radiazl wave number, K, of a linear, standing, gravity,
surface wave.

The viscous damping:onSurfacenwgﬁesuwas.studied for. both deep &and
shallow fluid waves. KH was. varied from about.0.4.to ebout 3.0. Figure 12
shows how the surface wave asmplitude decayed. .. It shows. that the waves
.decayed‘gxponentiaily, as expected. . The daﬁpingwcoefficient,was.méasured‘apd
the. results. summzrised in figure 13.

The standard, lineafized theory of axisymmetric,. stending weves in an
iﬁ;ompressible fluid is given by Cese and Parkinson (ref. 7). They show that
O—O: O-‘/+Jw+6‘b+65-~ (5. 1. 1)
C{: is the damping coefficient due to the energy dissipation.in-the body. of
the.liquid.. (S;, is due teo the boundary layer .at the side walls. . Cﬂ:k is
due to.the boundery'layer at. the bottom well of . the fluid contziner and (5—
is due to the dissipation .in the boundary layer at the free surface of the

fluid. They find the following:

N
Oy - ~2Vx?
O = - \Il/zﬂf K ( 1+ (S/KA) _ 2KH ) (5. 1. 2)
2 (AK)2 1- (5 /Ka)< sinh (2KH) ) \ .
Gy - —\Wors x (a2 )~
| - V— + (sinh (2KH))
O’s = 0 . J
where (2 Ts )2 = (E{_B 1-07}( ) tanh ( KH) and Vis the kinematic viscosity

| P
- of the fluid. The assumptions. that were used to develope. this. theory. are

given in table 1.

- 3
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Fig. 12 greph showing. the exponentiszl decay of &

typical surface wave.
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Théwboundary conditions were the .following:

(i) The fluid velocity is zero gt the.rigidebundaries,

(ii).. The flow is irrotational et the free surface. |
The zbove equetion for-1<5:|., (5. 1. 1) and (5. 1. 2), w&s.plotted.in‘
figure 13 using the experimental valugs given in section.2, chapter 3.
Figure. 13 indicates that the experimental values.of  Cx;-wereularger than
predicted. by Case end Pgrkinsonls theory by up.-to & fector of 4.
Discnepanciés of éhis nature have been noted and, in.some.cases,. accounted for
by‘peopleﬂworking;on other surface wave experiments (ref. 10,.14, 16, 17, 18).
The difference‘betweenﬂgxperiment and.theory mey be due. to

(1) systemétic.errors (i.e. axpgrimental erroryin<measuring.(5;,'),

(2). a damping effect due té em.ﬁfieldsuinwthe.microwave cavity,

(3) violations of the linearity assumptibnsAused_to develop .the \

theory,

(4). rough boundaries,

or (5) the use of an inveslid boundary condition.
Eech of:thesevpossibilities will now be considered.

(1) The systematic percent error (i.e. the percent: error in the
measurement .of (5;) could be as high es 15%. The graph_of'figure 13 shows
that there was a difference between experiment and theory of up to about
400%. The systemetic error, therefore, could not account. for it.

(2) An experiment was performed. to. investigate the effect. of the
microwave cavity's em. field on the damping.of the. surface weves.  An
attendator wes used to vary (by a fector <f 3) the power.absorbea by the
cavity during resonance. In this way CS; wes. measured. for various values
of the cevity's em. field. Results showed that 0; veried by less than 5%.
It was concluded, the?efore, that Oo was independent of the cavity's em.

field.
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(3) Other workers have not always satisfied 2ll the linearizing
assumptions given in teble 1.. The assﬁmption | §;f( « (HK')3 is, in some
ceses, nst.even included in the theoretical discussions (ref. 7, 10, 17).
Hunt and Ursell (ref. 18 and 13) have pointed ocut this omission. In meny
ceses (ref. 7, 14 end 17) workers have violated.thisnassumption'during.théir
experiments. in shallow'ﬁatér.(i.e. KH < O.l).f‘uThis harpened. beczuse. they
had difficulty observing surface weves such .that 5;}{<4 (0.1)3. Table 1,
however, shows that all of the assumptions (including 5;)( <L (KH)B) wvere
setisfied in our experiments. The high. sensitivity of the microwave system
made this possible.
| (4) Case and Parkinson.(ref. 7) noticed an effect which was éppafently
due to wall roughness. They found that the experimentel. damping coefficient
wes. two to thréeltimeS'larger then their theory predicted until they highly
polished the container walls. Even a roughness of depth less then the ~
boundary leyer thickness. appesred to increase the rate of demping. After
polishing the conteiner they found that .their experimental results agreed to
within 15% of their theory. iUther experimenters (ref. 19 and 20), however,
found that O, vwes independent of wall roughness.. In view of this and in
view of later work on surface wave dampingbdue‘to surface fi}ms, it is
suggested. that the Case end Perkinson discrepancy wes, ih fect, due-to &
film on the water‘surfaée. For our experiments. the cavities were plated with
e herd nickel &nd then highly polished.»

(5) The theory of Cese and Perkinson (equetions (5. 1. 1) and (5. 1. 2))
assumes. that the fluid motion is irrotetional et the fluid surfacef | If;
however, this assumption 1s replaced by the assumption that there is no
horizbntal, fluid velocity &at the surface then the theory will be altered.

The following is an outline of how the Cese. and Parkinson. theory was
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modified by the.suthor using.this new boundary. conditicn in an. attemptv..to
explain the experimental. results of figure 13. |

Case and. Parkinson used. stendard,. boundary.layer .theory and let,\; » the
fluid.velocity,. equal -6¢ + 7 x.fl\.\..‘. §¢ is.the fluid velocity. that
would exist.if J) - O and ¥ x 2 is the. corrsction that must be added to
%¢ to sgti.sf.y.. the additional .boundary condition. thet occurs when )) 7* 0.
When.. )j # -0 the fluid velocity tengential to & well is zero. Cese and
Parkinson show that |
¢ = C, cosh (K% ) cos (S8 ) Js ( Kr) cos. (2)T5f ) exp (Got ) (5.1.3)
vhere C, is a constant.
The approximations used in boundary .layer theory allow cne to. calculate GCo
fram Oy = Ov + 0w * J. t Os (.re_f. 21)_ where |

o) :_sz (6 x V x?&)d\/

Vi

Ow ;_czjv(r”z x v xK)d\/ > '(5.‘1;‘ 4)

@:Czj(ﬁxe X/A)d\/_
’ VS J .

CL is &n unimportant constant... \/b R Vw , ,‘/s ’ ére volumes in the
vicinity of the bottom wall, the side walls and. the ‘surface respectively.

It is convenient to define. ﬁs‘, A\, and Aw by

A n
A - As in volume s

N N

A - Ab in volume Vi / (5. 2. 5)
ﬁ = ﬁw in volume. Vv J :

Cese and Parkinson solved. for /Eb and. Aw by using the. bcundary. condition

resulting from the fact. that )/# C. That is, they sclved for KL and

.wa,romll\Z x(%xﬁb) - f% xﬁQﬁ(Z:O) ' (5. 1‘.6)
and T, x (U x&w) - %, x§¢ (r=1a) (5. 1. 7)

using equation (5. 1. 3). They then solved. for O, end Jw by using

equa.ti.ons. (5. 1. 5) and (5. 1. 4).
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They assumed that. the flow.was. irrdétational et .the. surface. (i.e. \7 - -§¢ ).
This. meent that As - O and, therefore, O, - O. |

If, however, it is assumed .that there is no horizontal fluid velocity
at. the. surface then O s will not. be. zero because /.R.s will not be .zero. This
is because " \/ - —V¢ at surface! is replaced.by
Iz X. V(% —H)-O--—I x v@(% - H) t 1 xVxAs . (5. 1. 8)
A1l that. r‘ema.ins,‘,is. to.use equation. (5. 1. 3) in (5. 1. 8) to .solve for ﬁs
_and then. use (5. 1. -5) -in,. (5. 1..4) to solve for. 6; . This can be..eas_ily'r
accomplished. by noting in. equation (5. 1. 3) that o |
(2 =8 = (P(2=0) cosn (K). .19
Using equation ‘(.52. 1..9) in (5. 1. 8) and (5. 1. 6) it is obvious tﬁat'
'E_s.;"&.g. cosh (KH). Using this with equetions. (5. 1. 4) end (5. 1. 5)

gives 6; = 6; co§h2 (KH). From equation (5. 1. 2) we find, therefore,

_Vﬂzﬂf, K cosh? KH) ' - (5. 1. 16)
sinh (2KH)

It is reassuring. to note that

6-5 _—__V 2]T§ K for KH 77 "1 and that. this egrees. with.the
2 2

that

calculations mede. by Lamb. end Levich (ref. 21 and.22).. . The total damping

coefficient is. found by using (5. 1.710) in (5. 1. 1) end (5. 1. 2).. It is

Oo =-2/K? =7yamf ‘k{Vlfl + (5/ka)? - 2KH
| 2 o=l 1 -(S/kfA)* sinh (2KH)

+ a2 + coshZ (KH) , (5. 1. 11)
sinh. (ZKH) - sinh (2KH) . _

—————

" Equetion (5 l ll) for I 6 1 was. plotted in figure 13... As figure 13
shows there is excellent agreement between this.modified theory. and the
experiment. . It was, therefore, concluded that. the horizontal. fluid\,'velo.ci.,ty

at the surfece was zero.
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The question now is, why. is there no. horizontal,. fluid. velocity. at the:

surfsce? According to Lamb and.Levicih (ref. 21 &nd.22) .this may be due to
. an. incompressible, insoluble,.massless; surface film on the. fluid. A surfece
film of this type acts. as a thin metal plate would. . The motion of fluid

can. easily bend the,surface.film,.thafuis, cause the. fiim. to move veftically.
The fluid motion cannot, however, cause the film. to. move horizontaLLy

because the film i1s incompressible. ... Because. of. the finite viécosity of ugmﬂuid
the fluid. at the surface must move with the film. This.means.thatwthev

fluid et the surface canmmove.vertically.but,,becauseﬁof the film's presence,
cennot move. horizontally. . In other words, there can be nQ;horizontal,

fluid velocity at the surface if &an.incompressible,. .inscluble, surfgce,film

is present.

Lemb (ref. 21) considered theoreticelly. the effect of an incompressible,
insoluble, surface film for deep fluid waves. . Van Dorn (ref. 14) too,
considered this tyée of film. . He worked theoretically and. experimentally
on progressi?e, grevity weaves. in. a. rectangular. tank. Van Dorn claims to
have. celculated the total viscous damping. coefficient. including. the. surface
film effect for &ll values.of KH. . This, unfortunately, is not. true
because.his cslculations use a formulsa féken”from.Landau and. Lifshitz
(ref.. 44) which is only true for deep fluids (i. e. K H 77 1). His
experimental results do not closely,agnee.withmhis theory. }

Surface film effects were discussed theoreticelly as.a function of
the. compressibility and solubility of the film by Levich and Dorrestein
(ref. 22 and 24) for deep fluid waves (i. e. KHY 1). | Experimental
work to.investigate these effects .for deep fluid, capillary waves was
carried out by Davies and Vose (ref. 16). Their experiments demonstrated,
in agreement with theory, that damping.is increased by factors of two or

three by surface films. Only when the. experimental. equipment and. fluid
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were.scrupulously cleanedmdid4the.dampingwcoefficient,agneemwithuthéoretical
celculations which neglected surface. film .effects.

It can be concluded from our.work that the. observed.viscous.demping
coefficients agree with the linear theory when the.assumption thet. the
flow is. irrotational et the fluid surfece is replacedhwithwthemassumpt;on
thatmtherewis.no‘ﬁoriéontalwifluidAvelocity~atuthemsurfaceLq. Also,. the
comments. and work of others. in. the field .suggest..that.an incompressible,
insoluble,. surface film made this.latter assumption valid during ocur
experiments.

This..concludes the study .of surface waves free of magnetic fields.

" In the following two chapﬁers.the effect of & vertical, magnetic field is

theoretically. and experimentelly studied.



CHAPTER 6 THEORETICAL CALCULATION. OF
MAGNETIC _BAMPING. OF SURFACE WAVES
“FOR LOW MAGNETIC REYNOLDS.NUMBERS

In this chapterchewdamping“coefficientﬂis.deriyedeor,standing,
axisymmetric,. surface waves. on an ideel, incompressible0fluidqofufinite
conductivity. end depth“inma,verticél,muniform,_constant,uappliedwmagnetic
field,l33 .. The theory in this.chapter was.devéloped”toﬂexplainwthe“results
ofﬂthewexperiment“describedhin chapter 7. . A mofe genersl discussicn of
damping. by magnetic fields.is.meade .in appendix 3.

Figure 14 shows the neture of the problem to be sclved. .We define the

L)
o]
=
[
o
=
H-
[a]
[1)e;

magnetic . field.

electric field.

electrical. conductivity of the. fluld
current. density. .
fluid velocity.

fluid density

surface wave amplitude.

fluid depth. -

radius. of. fluid contalner
. fluid surface tension. .

pressure.

epplied magnetic field.
gravitetional. constant.

redial wave number of the.surface wave,
fluid. viscosity.

w
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< XOW T A E W D <y ) o)

We use. the following essumptions and.equations:

Maxwell's equations (assuming@nohfree.charge)

VB - o o
a B = 6}(
t -
I x B /.AJ +/u€ AE i (6. 1. 1)
67.@ = 0 ) ~ A
(The =bove equations give SVeJ o= 0)

Ohm's law (neglectlng Hall. currents)
T g(E+ ¥ xB) (6. 1. 2)

In this work we make the assumption that.the magnetic .Reynolds. number, Rm,
is.much.less than one. . (Rm_:;/lgléf wherea\/ and. / are the characteristic
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N A N
velocity and length,. respectively).. This means that E <4 Vx B in
. A
equation. (6. 1. 2) and that the induced .megnetic field, ,.65, is much
smaller .than.the.applied magnetic .field, B; .

The fluid. equations are

%ot_ t Velpv) -0 v (6. 1. 3)

and/o {_éi_"' (\76)\7} - -VP - /oeG,ﬁ.-% :T\ xB ¥ V(’other. terms)
(6. 1. 4)

we assume J) — 0 (i. e. ideal fluid),

' that/a is & constant. (i.e. incompressible fluid),

and G = 92 (i.e. in a constant gravitational field).
The Linearity conditions required are
KS “e 1, |
S/ < 1, (6. 1. 5)

and . §k << (H;()3.

The bqundary .cdnditiops are

/\7)1’1\ - 0- (at rigid walls), . ' (6. 1. 6)
P - P,7-T (1) a_( Y AS ) (at.the. free surface), (6..21.7)
A r dr  or
and V;_ - a_{ - (&t the free .surface).e : (6. 1. 8)
| o | »
The surface wave is essumed to. be axisymmetric. . The problem will be solved

A A
using.a perturbation. technique. . .(i.e.. we assume.B. - Bz *+ §B where

)6%] <L IIB\gl ) . The oscillation frequency,.. 5 ,. end. the damping.coefficient,
6& ,, are found by assuming that the. time. dependence. 1s of the. form
-exp (-int) where M- 27§ + i Og - Fraenkel (ref. 24) has solved
this problem with the restriction K H << 1. VWe will solve this problem for
&£ll values of KH.

By using (6. 1. 5) in (6. 1. 4), taking the. curl cud. of (6. 1. 4), |
dropplng terms of first order or. higher in. 8'15/83 ', and using (6..1. 3) we

- find that
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5 av% - A(r é\/i.) = 8 (}\/z (6. 1. 9)
,on{ dz g 1v‘dr or 7 ’

We recell. that

;_é_{_r_a__% (KY )} - -K2Jo (KY ) (where Jo (Kr) is a Bessel function
yor{ or. o

of order 0). TTherefore, we csn use

\/z A Jo (Kr) &A,cosh (ﬁi ) + A, sinh (vl:z )) as a solution. to (6. 1.9).

We note, however, that A; - O because a boundary condition (equation .6 .1.6)
gives us. V& - Oat 2 - 0. Using.»v; in (6. 1. 9) we find that
(%]

kf(x+ igBlg ) = K2, (6.1.10)

The value of K is found in.the following manner.. By taking the curl
of (6. 1. 4) we find that

a\/r 1+ i B1 -V . Therefore \/roc Js' (kr).

The boundary condition at the walls gives us. \/ r - Oat.r- A.

’ » :
Therefore , J, (K4 - 0, (6. 1.11)
: . /
The velue of K,as a result, is determined by the rocots of. Jo

The dispersion relation (relating n to.K, k , B3, H ete.) is found
by teking the time derivative. of (6. 1. 4) and eveluating its. 2 component

at the surface. . Note that the :I\ x§ term in the # component. of equa.tidn

(6. 1. 4) is of the order of V,E 8 8358 and,. therefore, can be neglected.
This gives/ovi = :I‘_a_ (r 35 ) —/409 695 . (6. 1.12)
T or or

¢ 5 —/hf
We recall that S = \/% at the surface. This means that. % Jo (X r)

We define lf/s.o that _Qzlj_-. \/i . Therefore (6. 1..12) becomes

2 2 2 ,
Yl/o %Q - (TK* + 9/0 ) gz%z/ (evaluated at.Z - H). (6. 1.13)

However, '{fj o« cosh (kZ) because..&y: \/i o  sinh (‘\QZ )
. 02
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As..e result, (6. 1. 13) becomes
2 2 L n
n ;{_’E_ls +(9}k tanh (k H) (6. 1. 14)
°
The problem is solved, .therefore, by considering the three equationAs,

(6. 1. 14), (6. 1. 11) and (6. 1. 10). They are as follows:
v “ 3
712 :{1)_(2+ ? }k tanh (k H)

/O .
T . : T ' (6. 1.15)
k{1+ 1982 ) - K ’ . ‘
ne
7o (KB) =0

/ —int
vwhere Y\ - 277§ + iO—B- and.gd Jo (KY¥ )e .

For 83 = () the above results .agree with.Coulson (ref. 6). The problem

of finding N in terms of K, H, and B, is simplified if we assume
2  <$_/‘ . It is clear later that this. corresponds. to assuming that
/O/Y)
Ce

/
/77§ ¢« 1. This assumption is consistent with the experimental results
descri.bed.. in chapter 7. Using the above. assumption and using the fact

tanh{A 1+ i_e)}"—‘ tenh ()] (1 + 4401 | ) for ©<< )
| é (1+ a°0°)(e<* - g<h) )

we find thet (6. 1. 15) reduces to ~

n o= 2S5+ iGs :
(2775 )% ;{1)_<3+(9K } o (xm
p i
s - =Big §1+ LKH §> (6. 1.16)
i =
3’0 (KA) =.0
' -int
S« Jo (Kr)e
| J

The interesting points to note ere the following:
(1) § is independent of B3 for all K H.

(i1) Gg is proportional to 3323 for a1l X H ,
P
FRN 2
(iii). For XE 1 O: = -B;g .

4o
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(iv) ForkH<«< 1 Oo - =Bi%¢ | This egrees with the
?/9 ,
theoretical calculation by Freenkel (ref. 24).

(v) The shepe.of. the wave. is. independent.of B 3 -

In the next. chapter.the results. of.the experiment..to test.this. theory
ere given. § eana Og were measured. for different. values .of . 83 y K oy-
and H.. The. experimental.results agree well with. the above theoretical
calculations.. |

7 The problem of solving (6. 1. 15). for all values. of 2 _was.not
s ¥&——/O "

considered.



CHAPTER 7 “ EXPERIMENTAL® STUDY OF
“THE MAGNETIC DAMPING. OF
A SURFACE WAVE IN MERCURY

This,chapter.describesmthemexperiméntalmstudyhofmtheumagneticpdamping
coefficient,,.(SE ’ éf linear,,gnavitywmstanding,,surfaceuwavesmin,mercury
‘immersedmin“anhapplied,mentical,muniform,.constant,magnetiQLfield,.lgs. .
The. microwave cavity,techniqueww&smusedwtouinvest%gatemthe‘relations
between.. 0, , H, K ,.and. B3 .. . A discussion of the results and.a
comparison with .the theory . (developed.in chapter é}.is'aISO included .in. this
_chapter.

The values of Cﬂ; were.. found from.thevmeasﬁrement‘ofuthe observed,
total .damping. .coefficient, O , by.assuming (J = O, + o) . The. velues of

O, . thet were.used here were obtained“frqmwthewexperiment.describeq”in
Chapter .5. .The results are summarised in figure 15, 4, BTandLC;'.jThis
experiment,.studied both deep -and: shallow fluid waves. K H was. varied from
ebout.0.4 to about 4.0.. -In figure 15 the magnetic.fieldﬂvalues,are
described. &s,..for examplew;"approx; 2lOO.gauss,H"Thié.means”that,thg.
magnetic.fieldmvalue.wasmin-theVZIOOMgaussﬂrange (i.e;“between 2050 and
2150 gauss). . fThe“measured.value.with en error of less than 5% was. used,
however,.to_calculateMWCJZ/Igf

The. 1ineerized. theary. of stending waves. in.a vertical, magnetic. field

hes been developed in éhapter.é,for.thisvexperimenth. Equation (6. 1.16).gives

o, - - 987 g,l + LXKH g o (7. 1. 1)

€¢g exp (2KH) - exp (-2 KH)

The sssumptions.used .fo.develaop..this. theory ere summerized.in. teble 1. . The

above equation.was. used to.plot O as a function.of depth.with wavelength
&s & parameter. (figure 15.A, B, C).". Tﬁe plotsmshow thet.the agreement
between..the theory and.the experiment. is very. good. .. Any difference can. be

. explained by .the experimentalmerror.in.measuringw(z; andAE%f .~ The
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percent. error in. the measurement.of could”be“as.high as. 15% and the
percent.error in the.measurement.of.£§52 could bewas.highuasmloi.
The oscilletion freguency, § , was. found to be,independentvof £33

to within 1%. This agrees with the theory develbpeduin.chapter'é.



CHAPTER 8 ) ‘FUTURE 'WORK

It is the intention of this. chepter to lisp & number of questions
which erise neturally from the.work reported. in this thesis... The
answering of these questions is. regarded &s..future work.

The microwave cevity technique .has proved .very useful for studying
the .viscous. and magnetic dsmping of & surface. wave on a .conducting fluid.
Cen it elso be used to study surface motion ceused by density gradients,
temperature‘gradients,and.current discherges in a.conducting.fluid?

- In appendix I the theory for the use of a rectengular microwave
cevity as en egutomatic Fourier anszlyser of surface waves was developed.
Cen this theory be.put into_prgctise?.

In chepter 4 it was sugg;sted:that4the observed oscilletion frequency
of & stending surface weve was lurger then that predicted by the standard
theory because of the meniscus. Can & detailed theory te developed to
eccount for this effect?

In chepter 5 experimentel evidence indiceted thst there was'no
horizontzl motion of the surface when the viscous cdemping of & surfsce wave
on mercury wes studied. . Was this due to an incompressible, insocluble,
surfece film? Could &n o0il or mercury oxide film have czused this effect?
Could the em. fields in the microwa&e cevity have caused this effect?

In chepter 6 and eppendix 3 a theory for the megnetic demping of
surfazce waves was developed by using the restrictions. Bm << 1 and
(982)/07“/@ <1 (i.e. Jg /2mf 1). Cen & theory be developed

vithout these restrictions? Vhat would we expect if Rm > 1 or if

(9B /(mio)» 132

~54=
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As chapter 7 shows,. the experiment on the demping of a surface wave
by. & vertical magnetic field confirms the theory that was. developed for it.

Will e similar.experiment using a horizontal‘magnetic field agree with. the

. theory developed in appendix 3?



SUMMARY

A new,convenient,method of studying small emplitude,. surface waves has
beenwdemelopedntheoretiéally.and.experimentally,m. ThHis method.is free of the
problems associated. with immersion devices. It isvcapébleuof‘measurihg
surfacewwaves;where.§<>K 2. 1074 ' In certain cases it can.be .used to
autamatically Fourier analyse arbitrary. surface waves.

This method was used to study a .simple, axisymmetric. surface wave in
liquid mercury. Theﬂﬁave.was.studiedlfor values.of KH between 0.4 and
4.0.  Experiments showed..that. the oscillation freguencies of the wave
were‘highe} than predicted by the linear: theory by up to 15%. . It was
suggested .that this.discrepancy. can be accounted for byvconsidering.the
effect. that the meniscus.has upon the boundary condition at the walls.
Experiments. also showed. that the viscous damplné coefficient was much higher
than predicted by standam. theory. In view of this the suthor computed the
additional.dampingwcoefficient which resulted‘when th? assumption that "the
flow is irrotational at.the fluid surface" was replaced‘by‘thehassumption
thatm"themhorizontalvfluidwvelocit&.is zero &t the surface."” This additionsl

term was. found to. .be

VV21T§ K " cosh?® (KH).. The experimentsl results were in excellent
2 31nh (2kH)

agreement,with the theory when this effect was included.

l‘
Flnally, the damping .of surface.weves by. a.vertical megnetic. field was

considered for low maggetichReynolds,Nunbehs. Tﬁé"magnetlc demping .coefficient
 and.the.oscilletion freguency were calculated.by the ezuthor for &n

axisymmetric, linear,. standing -surface wave on an,inccmpressible,electrically

conducting fluid. Detailed calculations were made fof the case ? < e /
) . - //ozﬁ

They showed that the ogcillation.frequency wasuindepehdent.of the.magnetic

-56-—
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field and.that the magnetic damping. coefficient was given by

- glgiih 5 1 + 4KkH _ g . An experiment with liquid
4/0 exp (RkKH) - exp (-2KH)

mercury was performed.. The results are in excellent agreement. with. the

above celculetion.
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" APPENDIY . I- CALCULATION OF THE RESONANT. FREQUENCY CHANGE
FOR A SURFACE WAVE IN A RECTANGULAR CAVITY

The method for calculating.the change in resonent frequency of &
microwave cavity for & surfece perturbstion on the end plate of the cavity
is the. same &s.that in chapter.2.. Details of the cavity are given in

figure 16.
In & rectanguler cavity it can be shown (ref. 1) that

=(E,"|; + Ey,\\j + Eillxz)e‘,)wt&ﬂd» g"—' (BXTX +B)”‘\)' * Bi l-é)eA 1. 1)

where

E, = E, cos (M&/A) Sin (mwy/B) Sin ( mTz/L)
E. Sin (fryf) Cos (mmy/B) Sin (ymz/L)

Ey =
Fa = Ej; Sin (¢ny/a) Sin (yy/B) Cos (nw2 /L)
B, = %[ Expill ~ nﬂ] sin (77X /A ) Cos (m—ry/s) Cos (1m2/L)

By =4 [E,Lmr -EZMJ cos (fy/a) stn (vny /) tos (niz /1)

B, = -J [E 0y - Em ITJ Cos ([)T)(/H Cos (mry/B) Sin (n7z /L)
w

(TE,  + MmMUE. + O

A B L
where E, , E, and E; are the pesk velues of E, , E, and '-.Ea and vhere
2
e = (/)7 ¢ Y . ~ (A. 1. 2)

= () (7 ) (P )

In order to specify completely E and B (except for the arbitrary power
factor) it is necessary to let either Ez= 0 (T. E. modes) or

B;= 0 (T. M. modes).

In reference § it is shown that the smplitude of & linear, standing

surfece wave on an ideal, incompressible fluid in & rectanguler tenk can

be expressed by 5 Z§ (s,P) COS. ( PTD() cos (S STD‘ ) (see fig. 16).
S and P are integers. The Ca].CUlu.thIl for 2(CL)a &)) Wlll be mede assuming
) ,
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thet only one simple standing wsve is present

(i.e. § = ga cos (PTTX) Cos (SNY ) ). By using equation (A 1.1) in
. A B )

(1. 1. 1) it is. easy to. show
NE = A_g_g[mz (1= 6mo ML= §no N+ &, )+ B2 (- &y DX

(l - én,o )(l + 67’!\,0 ) t E-32 (l - 671\,0 )(1" 61,0 )(l t 671)03}
z

and }\/32 - €/(,{ NE . o (A1.3)

As before, if the amplitude of the surfece wave.. , 5 o » 1s small

(i.e. _ MM $o e l) and .(l)a— W « 1 then&/ -0 ‘can be calculated
L. W _ w

from

' rA
2(lh -0 ). -§OAB [ E;TM < Ex N0 J(_v_r)u, (Q,P)(1>nz (m,S)
| LI\ 4

W w"}\/B 77 B 4 2
S0 AB EnTl_ - Esﬂ)‘( J(_T_T_) D, (m,S)WD, (4P)
a)‘/\/ T L L
— oAB , ( )(77)1) (4,P) D, (m,s) (K1. 4)
where
2 2
g end A/E are. given by equation (Al. 3)J [EL‘,-r_ ME, + NEs -0,
. A B L
and either E5 - O (for T. E. modes) or
LE;, -mE, - 0 (for T. M. modes).
A B 4
T o
Also,. j Sin2 (ie) Cos (3_6)6{6 =MD, (i, J) _—_{ 0 for i - 0
. s e
T (1-dip) § = O
2
Idzi,i i #0 end j#O
W - L4
JCOSz(ie) cos (jo)de - 7D, (i, j)= 7TCSJ-)O i -0
o 4 ‘

(x + dzi,o) j, = 0

ézi,) i#£0eand j £ 0
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Therefore, if an em. wave is set up in the cavity such that.ﬁ - O &nd

M # O then (l)a- () < 0 unless P - 0and S -2m. (In other words,
W

a} - (/-) is proportional to the P = 0, S - 2m, Fourier component of the
w .

surfece wave in the cavity). Similarly, if /M - O and £ 5 0.then

(,()' - ¥ 0 unless S -0and P -29Q . (In other words,. &L-a) is
w - w

proportional. to the S -0, P - 2Q , Fourier component of the surfece wave in

the cavity). This sllows the "P -0, S —2m" end "S - 0, P =20 "

Fourier components of &n arbitrery surface wave to be studied with eese. -
If an em. wave is set-up in the cevity such that £ # 0 and M #£0

then M— W 0 unless one or mcre of the following is true: - |

W
(i) 24 - Pend S -0
(ii) 2m=- Send P - O

(11i) 24 - Pend 2m - S .

In other words,. em. modes. of this. type "react" to three different
types of surface waves (i. e. three differént Fourier compone'nts) . In
this case |
Wa- W :,_C',go(_s:o,f':z'ﬁ) + c2§o(s:2m, P - 0)

w
+ 035 o(S=-2m, P-2{)
where Cy, Cy and C3 sre found from -equation (1. 4. 2). Therefore, cnce
go(S -0, P-2¢) and"’fo('s ~ 2m, P - 0) have been measured (by using
the £# 0, m - 0 and m;éo, £ = 0 em modes ) §o(s: 2m, P - 24 )
can be stﬁdied" by. the use of the. £ +£ 0, M #0 emn. modes.

In this. way the rectenguler microwave cavity can be used to sutometicelly

Fourier anslyse an zrbitrary, standing, surfece wave in a rectangulasr tank.



APPENDIX 2. THE TEST OF SLATER'S THEOREM

A pie sheped perturbation (fig.. 1’7.) was introduced into the bottom of
g microwave. cavity to test Sleter's theorem.  The cha.nge. in rescnant
frequency for such a perturbatlon was computed froum the theorem in the same

way. &s. in chapter 2. The assumptions, &)a CL)4<'1 and N1 39 2 1 ,
W L

are used egein.

It cen be shown that for,ﬂ -0 (T M. modes)
2(&) - W) - K g ¢JEIO ( Korilrdr - K W" 3 @JJO (Kr)]rdr
W Na )(ZN (42.1)
Similerly for £# 0 .
2 : » 1
2(6_) _ ) ) = Ko 3, { 2f¢ + Sin (2{[ 6,‘*(25__{) - sin(Zfe, )}J[:& (Kor%rdr
79, Ng L4 . z ‘
+ 43 { 20p -sin(28[ &, +33 ) + sin(z{®, )}J j@r)dr
o 7Y

Ne* L4
~Wke 3. Y2 AP + sin(24[6,+@]) - sin(24s,) " rr d
L 40 { : }LJ}; (x.yrar.
(A2.2)

2 2
/\/B end M. are given by equation (1. 3. 3).

It can be shown that for { =0 (T. E. modes)

R, z
2(Wh- W Y = (YW/\Z So Nﬁ J EIO/ (Kr)}rdr. (az.3)
L K* Ng* 0 .

Similarly for 1 # 0

2(6h-0 ) - fl/mﬂl 3, { 2Mp  —sin(2 @+ 246, )+ sin(z L O, )}times
u FI\ L /KNG

R
J J/Q (Kr)dr}
+ ( )K : (22¢ + sin(2f¢ + 206 ) - sin(2 46, ) itimes

{ J[J (l(r)rdr} : | (K2.4)

2
/\/B is given by equation (1. 3. 4).

~6/,-
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7
Ny Zaen 7

Figure 16 'Rectangular microvave cavity

" end plate of cylindrical
microwayé cavity '

Figure 17  Deteils of the.perturbation used .to test Slater's theorem.
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A pie shaped perturbation wes placed on the bottom plate cf the cavity.
The azimuthel position, @, , (see fig. 17) was varied.  All other parsmeters
~were held constant. As the perturbstion was rotated 360° about the axis

of the. cavity the resonant frequency varied from a minimum tc a maximum &
.certain number of times.. The difference between»thé maximum &nd. the
minimum . rescnant frequency, GF, end. the number of varietions, N0, were

. measured. FEquation (A2.4) wes used to calculete .F and NO from Sl&ter's(
theorem and a comparison was. made between the thecoretical and experimentsal
velues. . This experiment. was repeeted for various [ 's (i.e. for different
em. modes in.the cavity). . Equations (1. 2. 2) and.(1l. 2. 4) were used. to
identify the modes.  The results are shown in teble 2.

A similar experiment was performed.but, in this case, the position of
the perturbztion was kept.constant and the perturbation smplitude, .§o , Was
varied frdm 0 to .85 cm. ;All other pafameters were held constant. The
change in resonant frequency per cheange in perturbation amplitude

]

_ 6@&f’&/ was.measured for go € .4 cm. Bguetion (A2.4). was used to
5270

calculate”CLh;-&) from_Slater's theorem. This ekperiment was repeated for
various‘l,'séii?;. for different em. modes in the cavity). The experimental
results. for the TE,, and TE ,, modes &re given in figure 18. It shows
. that, &s..expected, the change in reéonant fregquency is. directly proporticneal
to the emplitude of the perturbstion.. 'Table.B shows. that the experiment
and.theory ere in agreemeﬁtmfor the four modes that were tested.

Varying the size or position of the perturbetion also resulted in small,
undesireabile chang;s‘in the length of the cavity. These unavoideble changes
sémetimes caused resonant frequency changés thaet were almcst as large &s
those ceused by changing the .perturbation size or position. = This effect cen
account for any difference between the theoretical and experimental values of

tables.2 end 3.



. Parameters for Table II (see figure 17)

5, = .310 cn. @ = 43°

R = 1.6 cn - a/znf 8.9KMc./s.

A = 2.5, cm.

1
Experiment . - Thecry

L F No Mode L ™m n F No
{em.) (Ge./s.) (Ge./s)
1.83 .018 2 © TE 111 |1 | .020 2
2.20 .008 . 4 TE 2 1|1 .006 4
445 ©.003 A TE 2 | 1| 2 .003 4

Te¥le II. Compariscn between theory and experiment

Parameters for Table III (see figure 17)

R = .97 cm. @ = 43°
A = 2.5, cm. : : W =38.9 kKMe./s
27 ]
Experiment ' Theory ,
L (Wa-a))] 27 5o Mode 2 || | (Wa-w) /7S
(em.) (Ge/sec.cm.) (Ge/sec.cm.)
1.83 0.14 TE ' 1 1 1 0.15
2.20 - 0.017 , TE 2 1 1 0.018
2.90 0.16 I ™ 11 1 1 0.12
3.66 0.071 TE l 1 2 0.063
Teble I1I1. Comparison between theory and experiment.
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Fig. 18 Graphs showing. the change in resonant. frequency es e function of the
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In some cases when a perturbation was introduced into the cavity, two
resonant frequencies were observed differing by less than 20Mc./s. The
relative changes in these resonant frequencies, as the perturbation was
being moved about in the cavity, suggested that they corresponded to
‘identical em. modes (i.e. same f , M and N ) with different azimuthal
orientations,

As expected, the‘electromagnetic fields near a coupling hole or
probe (between the waveguide and the cavity) were found to be different than
given by equations (1. 2. 1) or (1. 2. 3). Probes were found to distort the
fields in the cavity more than holes. A coupling hole, therefore, was
used., It was made as small as possible and placed as far from the
perturbation as possible (see fig. 5);

It was found in agreement with the theory that the change in resonant
frequency was proportional to the perturbation amplituae for amplitudes
leés than .4 cm. When 3, was made greater than .4 cm., however, the
change' in resonant frequency was no longer proportional to 3o . This
is to be expected because the small amplitude assumption that was made
(i.e. MW S8s « 1) is not valid in this case.

Thé'above results, therefore, show that Slater’s theorem can be used
to predict the change in resomnt frequency of a microwave cavity caused by

a small amplitude perturbation of the shape of that cavity.



APPENDIX 3. ' THEORETICAL CALCULATION OF
THE. MAGNETIC DAMPING. OF SURFACE WAVES
FOR LOW MAGNETIC REYNOLDS NUMBERS

In this appendix the demping coefficient is derived for linear, sta.riding,
surface waves. on en ideal, incompressible ‘fll‘lid_.‘jof finite conductivity end
depth in a uniform, constant, applied msgnetic field. Figure 19 shows
the. nature of the problem to be solved. The definitions ere the same &as
those used in chapter 6 except that k) = 27 /x, end k. = 27W/x,-

The assumptions .and equaticns (6. 1. 1), (6. 1. 2), (6. 1. 3), (6. 1. 4),
and (6. 1. 5) in chapter 6 are used to solve the stove problem. . The

boundary conditions are.as. follows:

V,=0 AT 2=0. - | (A3.6)

2 2z - . .
P=R + T{_%%(l + %él} , at the free surfeace. (A3.7)
Vi = %i(. ‘ - , at the free surface . (A3.8)

The. problem will be solved using & perturbation technigue. We
A ~ o~ A Fay . A
sssume B = Bo* 6B where OB <<« Bo . Bo is the applied
A A A A

megnetic. field. Bs= B/l * By ly + Bslg . The

oscillation frequency, 1( , and the demping coefficient, Oz, are found by
assuming thet the time dependence is of the form exp (-/mt ) vhere
N o= 27 + IG5 .
n

Freenkel (ref. 24) has solved this problem for the case ( )<,Z + kzl)L)‘/i«/,
B,=0, B, = o. Roberts and Boardmen (ref. 26) hsve solved it for
the case ( ,{*IZ+ k:’ }H » 1, B, =0 =8, . Ventzell and
Blackwell (ref. 27) have solved this problem for the case k, H > l;
B, = 0=B;=k,  and Kukshas, Ilgunas and Barshsuskes (ref. 23)
have considered various aspects of the cese B; = B, ='k7_ = 0.
We will solve the problem for &ll veslues of (k,z + k:)EH , ki /<z, 5,,

BZ )83 .
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atmosphere

, 2.5,
fluid (finite conducti?vity, 9)

N :ﬁmass density7/3)

l

- ; — Rigid bottom,

(o]
o :
pd

Fig. 19  Description of the magnétic damping problem to be solved.
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By teking the curl curl of (6. 1. 4), dropping terms of second order

or higher. in |J§\ | end .using the. fact that '\?'l\;=0 = 6% = 63
ve find that

inevT = 9B T 3.9
Let. \/Z be of the form .‘._e)q:(‘ kX o+ kY - INt ) times

I Vo

{A-, cosh (k2 )+ 4, sinh ( ki:)}. We note, however,vthat A,= O because
. & boundary condition requires that Vi = 0e&t 2 =0. Using this form
for Vi in (43.9) we find that

£ Car g ) = ke fr - :gn/(,a;k;ﬁi;%)}« (43.10)

The dispersion equation (releting. M to k,, k., k ," B. , H) is
found by taking the time derivative of (6. 1. 4) znd evaluating it at the

surface. . This gives

(A3.11)
It is more convenient to considér twoc separate.ceses,I ( B, = 0 =8, )

and II ( B, = 0), when solving (4 3.10) and (A3.11) simul.taneouély.

Case. I (B, = 0 =8B. )
- v _int
Using Vi o sinh (k2)e&'” we find that (A3.10) and (A3.11)
reduce to

\'

n=>Cg + T(k+kIE ANHCER)

/0
“\ . i
KSC1 v igBy ) = k™ + ki \ (A3.12)
7P |
N =2rf + 10
§ & ExP(/kX+ikey -int) - J
For B_; = 0 the above results agree with Coulson (ref. 6)

The problem of finding N in terms of X, , K. , H, and B; is

2
simplified if we assume g B << ] . Using this assumption and

/oml


http://evaluating.it

~73-
using .the fact that tanh{ﬂ (1+ (6 )} S

{tanh(A)}{l + 104 _ FOR © <1
(/f ATO L EXPLZLA) - exXP(-2A) )

we find that (£3.12) becomes

|

Nn= 27§ + 10s

(275) - {/T?/é + gh ) TaH(kH) L (4313)
@=—g§§{z+ s }
40 exp (2kM) = eXP(-2kN)
K = X + ks
S Exp(ik.“x')ri)u)’—inff y

The interesting points.to ncte are the following:
(1) § 1is independent of . B, for all velues of kM,

(ii) Of is.proportiénal.,to, gB; for e11 kK.
0

N .
(iii) Jg = - % B; for kH > 1 . This result agrees with
4P

the theoretical calculetion of Roberts and Beardmen (ref. 26)-

2

(iv) Js = - ng for kH << 1 . This result agrees with the
2P
theoretical calculations of Fraenkel (ref. 24).

Case II ( B3z = 0)

w _Y]{
Using \/4, o ginh ( k2 )e' we find that (43.10) and (A3.11)

reduce to N
f 2 2z T e . 2 2
n" = kot ks TANH( kH) -ing( B +B;
n )L(9+/_‘z;( 4 )}k H_.: (kM) /lz_g( +B.)
Re= {xZ+ ks V1 + JQ ( Bk, *+ Buk:)
{ }{ | gn/g( kEE k) } , (4 3.14)
N =205 +IC;

kgein the problem of finding M in terms of k, , )(,_ , H, B, and B, is

2
simplified if we assume Q(B,Z + B:.) e 1 . Using this assumption




-7l

)

and using the fact that tanh{A( ]+ i@)} =

{TANH’(A)}{ 1+ (4RO " ForR 941
7+ AeNTU exXp(zA) - Exp(-2A)
we find thaet (A3.14) reduces to \
MN=27s +i0s
(zm)%{gf +yk} TANH (kH)
s = g _[2(B+BL)- (B + Bkt ) 1 + kM | )} , (A3.15)
B 4?0{&< ) Kr + K& : ( eXP(2kH) — EXP(-2KH)
K=k + ke
§ o« @XP (KX IkY —int) - )
The interesting_points”to.nqpe are the. following:
(1) § is independent.of B, end B, for e11 kH: |
. - 2 o 2,2 22 .
- - ] 2 - LY 2Kz ))1
(i1) Og = %,.{&(Bm) Bk’,(T++k;Bk } FOR kM
For the case B,=k, = 0 this agrees with the theoreticeal

calculations of Wentzell and Blackwell (ref. 27) and also
Kukshas et al. (ref. 28).
R . 2.1 2
(iii) Op ;—g {(z(ahsﬁ)— (B2k> +B.k: ) (2 - 2 (kN) -)}--VFOR. kM <1,
f/o vtk ’ 3 ’
For the case.. B, = 0=k, this agrees with Kukshas et el.
Kukshzs et al. cleim that g - 0if k,=0end B, = 0 or if
X, = 0and B, = 0 (i.e. if the applied magnetic field is parallel to
the wave front). This ¢laim does not agree with .our calculations.

The problem of solving (A3.12) and (43.14) for &ll values of

g (B> +B} + B ) was not considered.
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APPENDIX 4 MUMMERY. SUMMARY

The following is based on work by F. Winsor (ref. 45).

This is the theory Jeck built.

This is the flaw

that lay in the theory Jsack built.

This is the mummery
hiding the flew

that lay. in the theory. Jack built.

This is the. summary
based on the mummery
hiding the flaw

thet lay in the theory Jack built.

This is the constant K
that saved the summery
besed on the mummery
hiding the flaw

that lay in the theory Jack built .

This is the erudite verbal haze
closking constant K
that saved the summary
based on the mummery
~ hiding the flaw
that lay in the theory Jack built,
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This is the turn of a plausible phrase
that thickened the erudite verbal haze
cloaking constant K

that saved the summery

based on the mummery

hiding the flaw

that lay in the theory Jack built.

This is chaotic confusion and bluff

that hung on the turm of a plausible phrase
that thickened the erudite verbal haze
cloaking constant X

that saved the summary

based on the mummery

hiding the flaw

thet lay in the theory Jack built.

This is the electromagnetics and stuff

that covered chaotic confusion and bluff
that hung on the turn of a plsusible phrase
and thickened the erudite. verbal hsaze
clogking constant K

that saved the summary

based on the mummery

hiding the flaw |

that ley in the theory Jzck miilt.
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This is the microwave cavity mechine

to make with the electromagnetics and stuff
to cover chaotic confusion and bluff

that hung on.the turn of a plausible phrease
and thickened the erudite verbal haze
cloeking constant K

that saved the summary

based on. the munmery

hiding the flaw

that ley in the theory Jack built.

This is the fool with brow serene

who started the microwave cavity machine

Fbgﬁ mgd? with the electromegnetics and stuff
without confusion, exposing the bluff

that hung on the turn of a plausible phrease
and, shredding the. erudite verbsal haze,;
clogking constant K

wrecked the summary

based on the mummery

hiding the flaw

and demolished the theory Jack built.
Ttis is the theory Rob built.,

This is the flaw

that lay in the theory Rcb built .........



