ST, X meciond i M i oo e 2
: = : £

P UB.C. Lisrary |

| | 3

CAT. HO. LE3 B9 (933 A7. MGB’;;’

AR RASI

. &
i
M,‘:xa-eMmmmﬂmﬁT

BIPOLAR INDUCTION TORQUE IN A CIRCULAR DISC
by

- Ralph JacKenzie Morton

A Thesils submitted for the Degree of
 MASTER OF APPLIED SCIENCE
~ in the Department ‘

of

ELECTRICAL ENGINEERING

The Qniversity of British Columbisg

APRIL 1933






TABLE OF CONTENTS

| - Page
Introduction'- : o s 1
Investigation of Eady
k"Curreht Path - 2
‘GalGUiation;of/Torque h ) N

Appendix Index 13




Bipolar Induction Torque in a Circular Disc.

‘¥In ofdérkto eompute the torque‘of an induction
instrument it is- necessary to know the mavnltude and
kdlrectlon of uhe currenus induced in the moving elemeﬂu.
In developlnm the theory of the uorque due to
~b1pol&r 1nductlon in a Llau clrcular dlsc, 1t ws usually
'assumed that the eddy eurrents fIOW'around the lnduglng
‘magnet in a serlea of eonoentrlc rings.

o Wh;le this assumptlon is valld.ln,uhe case Where
~the centre of the magneu COanlaes w1th the centre of the
alsc, lt is not s0 When the ‘magnet is Located eccentrically
‘w1th respect to the dise ast, and torgue formulas based on
suchxan assumptlon_glye'results~ecn31derably'1mferrcr9 the
ﬁerréf inéreasing as the magnets approach the edge of the
disc; o ; ,

Drys’da‘lye and Jélléy sﬁaﬁe that the theoretical
tovque is about 220/ of the measured torque, the ratio
varylng w1th the dlstance between the magneus an@ the disc

edge.

Dryédale aﬁd.@olley,~Electrical Measuring Instruments,
Vol. 2, P. 168, Ernest Benn, Ltd., London.




The object of this paper‘is to investigate the
path of'the7eddyieurrenﬁs induced in a flat circular dise,
and to‘develop'&~t£3que formule hased on the sctual current

‘distribubion.

Investigation of Eddy Current Path.

Consider an glternating current field normal to
an infinite sheet of coniuctinm,material as in Fig. 1,
The res1stance of an ennular ring of mean radius

| R and Wldth dR is olven by

2nR. .~££‘
dR e
where & is the speclfle resistance of the materisl

ahd. tn the thlGKﬁuSS O"tﬂe sheesdt,

“The conductance of the ring is given by

& . dr
dé 27 5- : 7?
| O TR

Since the 62/77-7% induce& in all rings is the f
‘same, the current flowing in a ring of outer radius R, and

inner radius R is

£, a/c7 £ 2y T

n

Hext oon51der a pair of egual alternating current
fields of opoos1te poTarwty normal to an 1nf1n1te conducting :

sheet as shown in Flg; Ze



Let P move in the direction of the resultant
electric field, and let ¥ De on the locus of 2.

kSimceA PE 1s the loeus of P,  <the component of
 the electric field normal to BF must be zero. That is to
Say there can be no fesultant current crossing the locus FPF.

The current crossing PF induced by the pole at A

1, = Et  1og R
277 € ®

The curremu cr0881ng PE 1nduced by uhe pole at B

‘_’ E(: 1og Rg ' ‘
2770’ € T

‘The resultant current I + Ib must be zero

I, =

i
(e}

‘ El: | log _EE_I_

; R
. - log 2
2mng <" €-n
R, mo,
n

Fexb flna the equaulon of the locu° of P., Refer’

) JGO Elgo 30

Lakevtne origin at 0. v
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R, = {(s=+x) %y' = & +2SX+X +Y

2. . 2 2

R = (s—y) = SZ*ZSX+X +y
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This is the equation of & family of cirecles of

radius S having their centres at -
' =0 2.2 :

ka=, %@439
0

n

y
Equation (1) aescribés~the path of the edﬁy

currents induced in &,Bﬂ‘ﬂ.lﬂflnlﬁe sheet by a pair of equal

alternathg current poles 1800 out of phase w1th each otherw
A series 0L~taese‘01felesVtogetner with a sketeh of the

 physiecal arrangement of the”poles is shown in Fig. 4 and 5.

In erder to descrlbe the flow olrcles it is con~
verlent 0. know the reTatlon betweeL

the half dlstance between uhe pole cenires.

s =

R = 'uhe radlus,of any current pathe.

2 = ’the distance between the centre of the circle

o ’ of radius R and the centre of the inducing
pole.

This relation is obtained as follows:

e - x-s
mz%na RN 118 21 6]
2{m-n) 2
= n®
m-n
8 = m4n
, 2
m o= 25 -y
n = R -¢&
. ' pe , 2
e = R-e)

28 = R +& - R + &
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11; shou.la. be noted. ;rjom (2) mt <:

arameuer ﬂeflﬂizr a entlre fe lv of curren

e

,_ana tnat it the radlus of one clfcle 1s knOun nOgethwr J&th“

EILTACY
ENCS IR EY & Ko

- flow ewre7e%,¢;

‘ *the dlstance betweeﬂ 1us oeptre and uhe centre of the pole,‘

’; lthSﬂ :S can be compuued ‘an& by substltutlng this va1ue

'f'Ofk’S ln {5), the value 01 "R 'eorresponalng to any value

_of'f? can be 1oun@ thus deilnlng the entlre famlly of

 ‘flow llnes for that partlcu_ar oase. o

A serles of flow 11nes drawn by the above meuho&

'is’shovn.ln.Elg.:é.,[

Con31der an alternat:.n~ current pole locatea

 éccehtr1cally Wlth respect to a conauctlng dlser

 Let;~R' ‘ radlus of dlqc

7

':ff? = dlstamce between cenure of pole and

cenﬁre 01 dlSCo

‘fThen‘the'boundary of the &1sc deflnes one flow

: ~11ne, and by means of equatlons (2) an& (3) the ;low llnes

,1'Wluhln the dlso can be oompu.ted_e

In order to obualn some experlmenual eheck on

“the precedlng work, & shallow clrcular trough of mercury

’Was set up 1n,con3uneulon w1th an alternatlpﬁ

current magnet







’as ShOWn_in Fig. 7. 'de pointed’eleeﬁrcdes made contaét with
,the mercury5 and?Wefé;conneeted to a vibration galvanométer
‘tuﬁe& to the supply ffequency, provision being maae for o
'Jméﬁing;these c@htaots and plotting their poéitidn relative
'tb thg éisc.

L The,equipotential lines in the mercury disc Were
-~ found and olotted by means of this apparatuso The méthod'
Tgave’good results, because a very STlgh deviation of one
 elQ¢trode from‘the equipotential line passingkthrough ﬁhe
Séeon& electrode caused a‘large deflection of the galvano-
imetér. A plot of the equlpotentlal lines to full scale is

'shown in Flg, 6.
E The equation‘of the eguipotential 1o¢i is the

-orthogonal trajectory of the original flow line equation (l)

‘an& is glven by

2 + (y:F 0) / 2.

This defines a family of circles having their
céntresfbn_ﬁhe‘y~axis and paséing througﬁ the centre of
 each of the poles. |
o . By means of equations (2) ahﬂ (3) the y-axis was
: lOCQtéd fdr the value of R and € used in the mercury set
kﬁp,~and the Seriesyof‘equipotential and flow circles was
drawd.

The equipéfential circles described by the above

" method were found to correspond very well with the experi-







,mental results, and constltuued a check on the precedlng
uheory. In Flg.;é the theoretical equlpotentlal gurves
are drawn in full, whlle the eXperimental points are showm

by the small circles.

Calculation.Of'T@rq_uéa

 The précedihg«work indicates the path of the
currents induced in a disc. The next step is to develop
tofguékrelations baséé on this current‘distribution.
| In owder to compute the torque produeed by the
kflow of current 1nducea in the disc by one magnet across
_the flel& of the seeon& magnet it is necessary to know the
mavnltude and dlrectlon of the current.
The ﬁilow1ng data is requlred:
Dizmeter of disc.
- Thickness of disc. :
Specific resistance of disc materlal.
Dimensions of magnets,
Length of air gap.
Locatlon of poles. E
Magnitude and phase of flux in
each magnet.
Supply frequency

Refer to Fig. 8.

‘Thé firét step is to deseribe the flow line
circles through g ’ané he Then all the current that flows
kunderkthékpdle"B' due to the &m.f induced in the dise by
the pole ;A’ must flow in the crescent boﬁnded by these
L\o circles. |

Construction:




Given =~ & = uv = distance between centre
‘ of disc and centre of
pole 4. S
Ro‘ = radius of disc.
‘Evaluate s by means of eguation (2).
Draw the y-axis abt a distance s from the centre of
pole .

 Bisect uh at K and draw kKb normal to uh inter-

 Se¢ting;ﬁhe y-axis at b. Join bh  and draw hb'  normal

. ) : é .
to hb  and intersecting the x-axis at b . With centre b

4

S  -1‘-:’ ’ ‘ L : . ' ’. .‘ - . . . )
‘and radius b h describe a circle., This circle is the flow

line through the point he

By means of this construction draw flow circles

through g ana“‘j; the diagonally‘oppqsite corner, and

*centre of‘the
' Let"R,k
B
<y

,ezk

13

pple,‘respectivexy;

= radius of flow circle through g.

=‘radius of flow cirele through h.

= distance betwsen cenbtre of R o
circle and centre of pole A.

= distance between centre of R, circle
and centre of pole A,

= thickness of disc.

3

= specific resistance microhms/cm” .
‘ o 2 '
=:/s + R, -8

s——é——‘zr
()

5

5 + Ry

=/ o "So‘

dimensions in centimetres.




~Knowing the above six factors it is possible to

- work out the resistance of the ring. The calculation is

- rather longkand‘ is given in the appendix.

 The final expression is

 Resistance

;6

2116 e 1070
T : R

; log ~——————-ez,'
e - G’R

ohms.

- The current flowing in the ring can now be

‘computed.

”'Lét : ¢.é. ,

£

By

‘:\t

flux in magnet A w5

[ is obtained from Fig. § as follows:

= supply frequency.
= emf induced in ring by ¢ "
= resistance of ring sufroundingr
' magnet A
= c@rrént £lowing in. ring due 1o Eé.
= kfl_uz\;;d_ehsj:ty </>‘f magnet B.
= eleotricalphase angle between |
= meéﬁn length of path of current under
' magunet s B. : :
277f ¢{? 0 e, R,
B, *EAziloge & = X 10
' 'R—Af 216




~1 0=

f I§€7 a( be the cenure 01 the flow clrcle through J
f  (the centre of uhe pole B ) anouvh J draw Ja 1ntbr~
 ‘secu1ng the clrcles R, and R2 at d ;and e  respectlvely.
o Then L m&y be taken,as ‘the effeetlve area 0of th@ p01e~fB,; k 
%iid1v1ded oy deo‘1 *”5  ‘-f:J;§kV =“j§” )U%m;y% fymwfé”'

The force between $he eurren& 1nducea by magneu  £ -~

o and tne 11ela of magnet ‘  ié 

j fQ E{ 0 l K/Q?B x 375; x [ 31n.€

Slnce the flow llnes undex tae pole B 'ére'ﬁot

k'parallel ﬁhe alrectlou,0¢ the force varles over the pole

°~;face, ;or examole,‘zne force aue to the eurrent element

f ,‘_at the p01nt 'h. Would be alonp hb anq the Lorce aue 0  'd

‘ thu;0urreﬂt at g would oe along [;f Lt is assume&

"7uhat the resultant Iorce acts alonﬁ g4 > that is to- say,

falong the normal to tbe flow llne passxng unde; the centre

;'f_ ~of the poTea

Thls ;orce ean be resolve& lnto two components,

‘f ;iDne actlng through the ax1s of the dlscy and the Ouher

‘M’« tanﬂentlal to the dlSOo’ Tne torque 10 due to thls secona f  ,'

7 'Ncomoonente

anglé aJ ’U—

_wr

e Let 99
e

il

{ raalus arm, J”@"







- “ ;1,1‘”

: Slnoe aﬂ equal torgue is pwo&uced by the current
IB ,10W1ng under the field ¢)A° The total torqne is quce 

\the above, and can be exnressed by

T z 0;~2  2777( ¢'4 xﬂB xl@ sm.@ Slﬂ¢

dyne Ccis

fIn'order‘to~checkkthe precedingAtheory, an

»alumlnum dlsc mounteu on a vertlcal ax;s in Jewel bearlnﬁa
']lwas fltted thh a tors#on.head as uﬂOWﬂ 1n.F1g. 11. The
 1nstrument was carefully callbrated and the torgue developed
f“by the alsc under the 1nfluence of two magnets econnected %o
a two phase supnly was measured, The flux from each magnedt
was measured by means oz search coils wound on the poles. and
cqnnected,to,anVﬁc pquentlometera 

The dimensions of the apparabus were as follows:

‘Dlameter of dise - 12.7 cm.
‘Thickness of disc  +1055 cm. )

' Speclflc resistance ,2 83‘microhms per em@ eube.
 (ailuminum) '
“~,Dynamometer constant 18 .5 dyne cmo per degree.

. Pole dimensions - 2.2 x 1.9 cm. ‘

'Search 0011 N 20 tums.

The results obtaxned wmth Bhls aynaraﬁus are
k givén,in‘the appendlxa When ths. space angle between the
f poles Was 65 , the calculated torgue Varled from 62 %o 937

o of the measured torque, depenﬁlng on the dlstanoe between

k ?tqe magnets and the eave of uhe dlSGe When the poles were

 :spaeed‘outfto*9O the calculated torque varled from Eb 5

 to 76+ 5p of the measured torque»




‘@ig,

It saoul& be note@ that a number of assumptlons
amd 81mpllficatlons have been made in develonlng the pre~
: cealng theoryok It 15‘a1f;ieult'to Tind the magnitude and
,ilreculqn.of the resultant foroﬂ due to the current flow1ng
under the magnet beeause of the varylng‘current densitys
The effeets of the dlsc lealaoe inductance on the
"'flow conuours has not ‘been taken into account. In the case

,of a low re31stanee dlsc, the disec reactance woula decrease

5&

S,

the magn1tude and change the phase angle of the induced

™
AN

;/eurrentss The torqu@ would also be modified by the effect X

\
 Vof fr nglng in the driving m&gnetsﬂ ‘ - , B : K
| In V1ew‘0¢~the number of~variables*and the odm~’ é
| 7@1emy of ‘the phenomena involved, it is felt that the El
k thebfeﬁiealkreéults arégin abput‘as good agréement withkthe j
ebssrﬁeQ,QQanﬁities QS‘couli be eipeeted. | | ;
L iApparéntly very little work has been done on bhe j
k §ﬁbjeét, aﬁd it is probablé,thaﬁ further reaéarghyﬁould’ f/
 result"iﬁ the deteﬁminatibn'of an aceurate expréssion fOf///f
:thelﬁbfgga»‘ Rt ‘ 7 o :H“; - ‘ /
| k ‘§@v%@%ﬁ% wd & j&@é%

(z@g gt el ot
{,—"tw‘fl

Q{A&”C& wﬂw

. Cties Zf-éz%m{f’ ﬁ?‘ff@” -

R 0 . g A
g & N s il S0 !,fu ?Q 7 & Vo
. o /i £

) i .
g WSS b
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v E ot P fz; WQ& > e,’«w’{qe&e g
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APPENDIX.

Table of results.
Plotted resulbe.
Worked out Example.
~‘Calcu1ation 0£1Resistanee;,

Drawings.
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 9613‘Ang1e 65°

gDistan¢e betWeen  Measured  Computed
edge of pole end - Torque . Torque
Disc Bdge. mm. Dyne Cm, Dyne Cm. y/

..
)

o 2260 1420 | 63
Cre s sme 2840 6.5
17‘]7'~u 5300 | 4920 93.0

;ii‘l;POIEfﬁngie ‘9b0‘ | o
010 950 56
6 380 1950 63

o e   ’ .k  ;;4050:”   75026,- - “;74°5k
,17  ‘i ;  k‘ 4550  ,3440 | 76.5






‘Test No. 13.

Angle between poles 650°
Distanee between edge of pole and edge of disc 6m.m.

: E M;F. 1nduced in 20 turn search coil Pole A 1.820 V
; Bole B 1.3707

 ingle between By and B, = = 82,5° sin © = .991.
Dynamometer reading = 20°,
,Seé,page 4] for instrument‘data;

Flrst 8, plan of the @18@ was drawn showing tne'

\ two magnets in. thelx proper location as in ?1ga G

Then S was computei

: 2 2 2
Ry~ .  6.35 =~ 4,65
ae BRI ; 2 5 ’.4@65

= 201,

By means Qf the construetiom given on page
flow circles were described through the points g, h, and .

 Measure R 2,92 em.

ol

i

R 5.50 cm.
B : ~

k / é’ = 5/S2’+'R2 - 35

e o= //;301 + 2692 = 2,0L = 1l.53%
Sy 7 , ,
2 2 '
("OB = /2001 %"55-50 ~ 2,01 = 39870
Reéistaneé of ring = _—Z_E-Q/_- b L e R
‘ e 7 B TA
, - , 2.30% loglO B
GAL RB
. .2m=x 2.85 . __ 1 = 574'mierqhmée

105 log 1l.34



~16=

~Current flowing in ring

= }-ﬁ‘—g—g——q x 10 = 10062 ampSe
20 - 504 ~

. Flux density in'magnetS B

a5 ﬂ_«zfﬂ}g oo 1
' o R X 5y
: B2 pole area -~

: 10370 x -——]-'—q__ = 452 Tines ‘ / Cmo
40  x 60 4e2

i

’Thﬁ,fbildwing quantities-aré measured from Fig. 8,
f/a]flr, = ¢ = 255° sin ¢ = 430
o : de = '2;7’em°v‘

pole area

liean length of path under pole = 57

= -4;2-2—— = 1@56’ Cllle

= Radius arm = 4.65 om,

5

Torgue = 0.2 x 10,62 x 432 % 1.56 x 4.65 x 991 x 430
= 2850 dyme cm. |
 Meaéured torque = 20L x 18.5 = 3710 dyne em.

!CQmpﬁted:torque aS'perkcent‘of measured ﬁorqme = 7695%9
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\ S Calaulaulon Q.L Rlng Res:Lstance.k,
Reler to E’lg. , 9.

Let R ;'radlus of outer bou.ndai‘y of rln.ge .
| G yradlus of nmter bou:aaary of rlng;y )

e ‘~“6.:Lstance between magnet centre and
e centre of clrele R oo :

2 dlstanca be*ﬁween magnet centre o,nd.
i centre of elrole Rzo :
i’";s_peclflcz resmzance oi dlse materla.l.kg

' ‘,;,,«thmlmess of d.lsc. ' |

*tha,n Ra, the rlng regﬂlstance is glven by

R +R s

1/2

< (a2+R +2aR cos@) R

o) | A2+R +2aR oos@ ““RE] d@
0 ,’f&e?*R, R2 +2&R cos 6
.f}éaZTRlE

2 2
: :s-R fﬁfaaR‘ ‘cosy‘e

+2aR eose 5-9"7; =

/ & +R -R, +2aR cos@

Then prov:s.ded. that R, lS only sllmh ly:,kg‘:r:efa’ceiﬁf o |



\.;’Evaluatlon of 1‘ e‘ 7 ;

Let U tan e

o ?héli'sin: 1 9(; ‘\ = 2

[(w-ﬂ = (%) 7 ( Rﬂ“"f




:S\‘

SR
(a+R,) =R

2

m = __2;_()‘ k(R,’*RZ} (a-&R:)Z;
T (a-R, )
o U
I\k’_‘k m / / d»(tan¢>
Pk o tan 2
= % / [tan &tan?)]
fxd 2
I' = ‘ZZK _2.5 “(RL}RZ)‘ a-~R ;
2 T g/ f ‘ ) B « -
" a4 2
(a=R, 2)~R (a+R,) R
| R ( S )( | 2)
= 77(' (R *RV ) (&“ﬁ‘Rl)f

T /((amR )2_32 ) ((afﬁ,‘,‘)tg' —“382)

| Evaluation of 12,

. 7 ,
_2; T aE + R,_d - }Eig2 + 28R, cos Qk
Tet U = tanm &2z , ' “

Then cocg O = ——= a6 = —
s et
| =0 B2 & _2av
I = C {R'E‘R) : y

2 1=02

>;

2 _ 2 ( ;
a,,l,R' 5512 + 2aR 102




e

28R

\ 2 |

2 (Rl +Re)/ 2du 2 2 2

i E o Zu . C o Wk it
A {&“"R;‘? R2 } U | {Q&..R|) 32 }

: — ol
- L - o 2
2 - . 2
]/ ((a«R ) wR )( a+R ) R ) (a%ﬁl}zﬁaa .

n({R(R+R)

/((a——R )EmR )((a;ﬁ*ﬁ ) 2&)

L

| \ff m T : n((R iRz) (R .g..RZ.é,a)

T m/(m-w—»a ) (@R0TET)

The above expression glves the r881stance of a

: orescenﬁ Drov1&ed that Ry is only'sllghtly greater than Rze
k,In order to find the re31stance of a thlek.crescent such

~as in Pig. 10, it is necessary to change the above expression

into a conductance, and integrate the conductances between
s &

 the outer and inner vadii of the thick crescent.

This is done as follows:

: (RI+R2>'<RL%RZ+&),
| / (Ga-%, )?—;RE-% (=, ;2~322)
ey S

R g

W

i

Let ¢ = conductance

R =+ @R

=y
i




e —‘21‘.

s 1n aroltrary

’chen‘ ae = ‘ %@R Where ﬂ /s -&‘R

T . /(ZRQR ] ,6' ) ( zmﬁ +

(2R+d.R) (ZR‘—’rdR + ~73—)

(43. »,zmaa ER;""*R)

! ~ - )
“T /ﬁ (ﬁ R )(dR)

4&2;‘(434‘23 @®

G (4R-+ i ) i

| 411/3 (zmﬂ + ZR) ar

i Inver’c denomlna;tor
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