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ABSTRACT

The dynamic stability of a power system has been of
constant interest for many years. Among the many contributors
are Concordia, Heffron, Phillips; and Messerle,

In most studies, the tie line resistance and the saliency
effect were neglected. An attempt has been made in this thesis
to study the dynamic stability of the poﬁer system in the small
including all important effects such as tie line resistance,
reactance, saliency, voltage regulator, stabilizer time constants
and gains, and governor time constants and gain. Two different
methods for studying stability have been applied, namely, the
Réuth—Hurwiti criterion and the D=partition method.

The important results found in the study are the
significant effects of tie line resistance and saliency upon the
stability limit from Routh-Hurwitz criterion studies and upon the
stability region from studies using the D-partition method.

Also, sigwificant are the effects of the machine short circuit
ratioc, the governor, the exciter and stabilizer time constants

and gains, and their coordination.
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1. INTRODUCTION

Since the introduction of the continuously-acting voltage
regulatgr, both theory and practice have shown that a voltage=-
regulated generator has a greater steady state stability limit_in
a power system.(l-ls) |

Normally, the steady state stability limit of a generator in
-a power system is defined as its maximum steady state load limit |

(21)

‘without falling out of synchronism. For an unregulated

generator, this limit depends on the machine and the system

(21f22’23) For a machine with a continuously=-

parameters alone.
acting voltdge regulator and = governor, negative feedback
is introduced so that fhe pover and voltage differences, which
may cause machine instability, are constantly monitored and
corrected before the machine becomes unstable. In this way, the
machine load can be increased beyond the ordinary steady state
limit to a new power limit called the'dynamic stability 1imit.(4)
The dynamic stabilify limit of a generator in a power system
primarily. depends | upon the parameters in the feedback  1loops
introduced by the continucusly-—-acting voltage regulét6£ and
governor. However; the machine parameters and -the+nature
wofvfthe system to which the machine is connected ére also
important.
| In the developmenf of a modern power system, the ability of
the synchronous generator to operate in the dynamic stability
region becomes more and more important. This is due to the fact

that many synchronous generators have to operate with almost'unity

power factor or even leading power factors. The steady state



Sfability limit of an under—excited synchronous generator,
however, is small unless it is operated in the dynamic stability
region with the aid of a voltage regulator. The technical
soundness of such an operation has been confirmed in both theory

and practice.(3’9’l3)

To the theoretical analysis of the dynamic stability of a
regulated generator, standard control theory can be applied.(1’4’s)
This requires a complete description of the system with
differential equaﬁions.This-is usually considered tedious because
high order differéntial equations with complicated coefficients
are involved.

Simplification of the problem is usually made by using
“only one reactance and one voltage source for the synchronous

(17)

machine. The results obtained, nevertheless, are not

accurate, because many important changes like voltage and current

transients, and voltage regulator and governor actions are not

(4)

included in the equations.

(26)

As for synchronous machines, Park's equations canalways
be used for accurate investigations, since all important machine
parameters are included.

Work has been done in this direction sihce 1944 when

(1)

Concordia discussed and pointed out the important effects
of voltage regulation with respect to stability limit. Park's
equations were used and the stability limit of a round-rotor machine
operating at unity power factor was studied.

Concordia's work was followed by several others. Among

(3)

them were Heffron and Phillips who gave a method, also based

on' Park's equations, for the investigation of a round-rotor



generator operating at any power factor. The dynamic
stability limits in the leading power factor region were
established with the aid of an analogue computer.

Analogue computer methods(3’4’5’6’7)
(4-6)

were also
developed by Messerle and Bruck, and Aldred and
Shackshaft(7) in their dynamic sfability studies. Messerle

and Bruck had gone a step further in taking thé prime mover
control into consideration « Nyquist criterion was _also employed
to determine the stability limit of a round-rotor generator.

(8) ..

Messerle's work was further extended by Goodwin who, using
a network analyser, determined the external impedance and the
initial conditions for the stability study of a water wheel
generator.

Reports from the C.I.G.R;E.(lo’ll’IZ)

indicated that
similar approaches to the problem of dynamic stability studies ‘have
been done in the U.S.S.R. in the past two decades. The two-
reaction theory for the synchronous machine has also been
employed. |

The previous work of Heffron and Phillips, and. also that of
Messerle have been extended in this thesis. A new method for
the study of a salient-pole machine operating at any power
factor has been established. The method, includes
the round-rotor machine as a special case. The effects of
saliency in the round-rotor machine, and theltie-line resistance,
which were normally neglected, are taken into consideration.
Voltagg regulator and governor effects in the under-excited

region are investigated. The well known Routh-Hurwitz criterion

is used to determine the stability limits. The D-partition



(24)

method is used for the investigation of the effect of two
par&icular parameters on stability. A digital computer is used

for the computations.



2. REVIEW OF GENERAL THEORIES

2.1 Classical Svnchronous Machine Theory(22’23’26’27)

When the equations describing the performance of a
synchronous machine are written in phase co-ordinates, they
become linear equations with time-varying coefficients because
the mutual inductances between the stator and rotor circuits
are periodic functions of rotor angular position.

In the case of a salient-pole machine ‘the mutual
inductances between stator phases are also periodic functions
of rotor angular position. This causes difficulties in
analysise |

Park(26) introduced the well known d-q transformation
with the following assumptions:

-i. The stator windings are sinusoidally distributed
around the air gap.
~ 2o The effect of the slots on the air gap flux -~
is not appreciable with variation inr the rotor angles
3. Saturation effects are neglected.

-Park's transformption matrix,modified by Yu(27% has the

following form:

1 cos © .
Ka ¢§ ~- sin © Kd
2 1 .
K. | =5 ¥ cos (8 - 120) - sin (6 - 120) Kq (‘251)‘
K_ > cos (8 +120) - sin (6 +120) | |K




| 6
where Ka, Kb, Kc represent variables such as armature currents,’
flux linkages or voltages in phase co-ordinates and K&, Kﬁ, Ky
the corresponding variables iﬁ the difecta quadrature- and zero-
axié coordinates,

When the synchronous machine equations are transformed
by the transformation matrix (2-1) from the phase coqrdinates
to the d-g-o coordinates,the time-varying coefficients of the
inductances are eliminated. .

The transformation, in effect, resolves the three phase
windings of the machine into a two-phase model with the

direct— and the quadrature—axis windings, and in addition to

that a zero axis winding which can be analysed separately.

d-axis

Lol

- F 3
D B8 _
—axis
A— -
Q
/
I/
(a) Synchronous Machine in (b)  Synchronous Machine in
Phase Coordinates , Park's Coordinates

Fige. 2-1 Synchronous Machine Models



Park's equations in the operator form can be written:

Va T Py PO - T iy

Vg = PV tWgpe - Ty (2-2)
Vo = PV T Taly

X
v, =8 Xalp) |

T @ fd o« d
= = 1 -
\Vq @ q ' ’
X0
Vo =~& %
where
x3 (1 + Tgp) (1 + 74p)
xd(P) =
/’ L4
(1 +T) p) (1 +T; p)
x (1 + 7 p)
x,(p) = - —b—0 (2-4)
(1 + “cqop) ' -
x (1 +7T..p)
G(p) = -84 D1 ”
Ry (1 +tdop)(} +75,P)
For details of symbols see Appendix I.
Additional equations relating the machine terminal
conditions are
2 2 2
Ve =Vq F vq
Te = 1 WV, = iV .
‘12d d'q (2-5)




where vivis the terminal voltage and T_,, the electromechanical

energy conversion torque.

2.2 _§§gbilitv of a Dynamical System

2.2.1 Stability in the small

Thé system equd%ipns describing the performance
of a regulating process are usually nonlinear differential
equations, However, in the study of a syndhronous machiﬁe in
a power system, a Sméll deviation from an initial eéuilibrium
point is usually considerede

Liapounoff has éhown(l6’25) that‘the stability of a non~
linear system under small déviations from equilibrium, is. .,
completely déterminedvby thellinearly perturbated system
equations which are the first variation of the différential
equations, There are also c¢ritical cases when the method
cannot be applied. Then either all linear perturbation terms
vanish or the characteristic roots of the lineafized system' 
équations posseés a zero root or a pair (or pairs) of purely
imaginary roots.

| In power system dynamic stability studies, howevef, it
haS'been;assumed that the'regulating system is still at the

stability.boﬁndafy when these cases afise.

2.2.2  Stability of a sxstem with 11negr1zed dlffergntlg
equations

,The stability of a linear differential equation

is determined by the homogeneous differential equation

describing the free motion of the systém. ‘For a system of nth



6rder5the-éqdatiqn_of the following form will be obtaineds:

»dnv dn--l
8, IT S(t) + a S(t) + eieeeen a S(t)

1 " dt
" (2-5)

The solutibn'bf:whichfis well known as
S(t) § Aje

Where‘zi;are'the”rbots of the:éharacteristic equation of the
" form

aoPn +:31Pn—1 + ess . a; =0 ’ (2-6)

‘ The'stability of the system is then determined by the
real part of zi whose nature can be 1nvest1gated by a number of
criteria, whlch make 1t pos31ble to judge the stablllty w1thout

recourse to the computation of Zj.

2.2.3 The Routh-Hurwitz Stability Criterion

In order to ensure ﬁhat all roots of the equation
(2a6)'have‘negative real parts, it is necessary and sufficient
- that, with ao'gréétef than. zero, all the diagonal determinants

. of the array constructed from the coefficients of (2-6),

: a‘l a,}.: 345 « &« o« 0
0 a a .
L e . * .
. . . Y
Lo . . 'y
. K n
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be greater than zero; i.ees

1 %3
Al = a.l >0, A2 = >O, seece
a a
0 4 ~
a.l &3 &5 e ¢ « O
a,o 8.2 3:4 .
0 a a e
b= | . . . | >o | (2-8)
. . . *
. . * :
0 0 0 e o o an

2.2.4 D-partition method for two real parameters(24)

 When the.effect of.twa real parameters on.theustabiligy..

of a regulating Systém is to be considéred and if the two
parameters can be expressed,expiicitly in the characteristic
equation,'the stability boundaries with respéct to the two
parameters can be deferminedc

Let the chafacteristiﬁiequation of the system be expressed
in the form |

T2(p) + TQ(p) + R(p) = O (2-9)

wvhere ¥ and T are the two real parameters under consideration
and Q(p), f(p) and R(p) are polynomials with coefficients that
are independent of ¢ énd't e |

| For‘a stable system all the zeroes of the charactéristic
equation must be in the left'half z—plane. If the values'df
¥ and T are allowed to vary continuously so that at least oﬂe

of the zero locations moves towards and finally reaches the
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imaginary axis, the system is on the stability limit anq

becomes oscillatorys The locus of points in the (¥-7) ?lane
representiné such a situation is called the stability boqndary:
One side 6f the bduﬁdary is the stable region which corresponds
to the caée of all the zeroes of the characteritic equation lying
in: the left~half z-planes The other side of the boundary is
thé unstablé region corresponding to the case where at least
one of the zeroes of the characteristic equation is in the
right half z—plane.

‘Thereforey if all the possibie loci which corréSfond
"to the j-axis zeroes of.thg characteristic equation are found
in the (T-7) plane, the stability boundary can be determined
from‘the loci. :The.loci would divide the (¥=1) plane -into '
stablé and unstable regions provided that stable regidns_existd

To find the loci of the stability boundary in the_((—t)

plane, let P = jw in the characteristic equation,

r.g,-(jco)_ + TQ(jo) + R(jw) =0 ~ (2-10)

Let P, Q and R further be separated into real and»imaginary

 parts:
P(jw) = P, (0) + jP, ()
(jo) = 0, (@) + jQ,(e)
R(jo) = R (@) + jRB,(«)

Then 1P, (@) +7Q (0) + R, () +’j[b'.I’2(co) +z0,() + RZ(Q)J =0

or

¥ P, (o) +2Q;(0) + Rl(w) =0
(2-12)

i
O

XPz(w)}+ th(m) + Rz(w).
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vwhence _Rl(m) Pl(m)‘
T = x ‘
-Rz(w) P,(0)
|9, (@) - B, (0) |
! = % | (2-13)
19,(0)  ~R,(0) '
Awhei'e . . Ql (“) Pl(‘o)

A = ' | (2-14)
Q,(w)  P,(w) '

Nontrivial solutions of f and T exist when A # 0. If A = O
the nontrivial solutions do not exist which means that there
is no possibie point in the (f—~7) plane which gives an imaginary—:
axis rdot. | |
| By vafying.w from —oo 0 o0 all the loci of the j—axis
characteristic root can be obtained. In the computation it is
sufficient to vary @ from O to oo since both ¥and T are the ratios
of odd polynomigls. Note that‘Ply Ql and R1 are even, and P2,
QZ’ 52 aré>odd polynomialsvin 7
Straight line lociare obtained by substitﬁting @ =0
énd © =c0into equation (2~12) becguse they satisfy it. These
lines in the (¥-1) pl&hegrépresaﬁt‘the characteristic rootsj@%andj&
dn& can, therefore, be possible stability boundaries.

After the loci are obtained the stable and;wnstable

fegions can be identified'by some other stability driterion.



3. DERIVATION OF SYSTEM EQUATIONS FOR THE DYNAMIC
STABILITY STUDIES |

3.1 Thg;§vstem Under Study

A power system normally consists of.a number of
: synchronous machines supplying power to the system at various
points; For the dynamic stability study of one particular
sYnchfonous machine of the system, the remaining parts -
-Ofbthéw‘system are normally considered as an infinite bus to
which the machine is connected through an external impedance.
The syﬂéhronous machine of the system under study -
;is controlled by a volﬁage regulator and a'speed governor,
bqfh of the continuously-acting type. |

A schematic diagram of the system is shown in Fig, 3-1.

oil relay
system
tie tine < init
. [speed step [IOT™ njinife
!ame: turbine [ sensing - =~ — }T 7 - ‘UP bus.
mey U jelement [ TTX T ST T T fans- [~ TTOD —ww————L
governov excifer former
~ valve r;-sn] generator ) N —W———)

vol ,
1efetence tage
requiator

Fig. 3-1 Schematic of System Undér Study-

E

‘d—axis

13

Fig; 3-2 Voltage Phasor Diagram of the Infinite Bus and

Q‘Synchronous'Generator



14

342 System quations

3+2+.1 The synchronous machine

Park's equations will be applied to the dynamic
stability study. In order to find the major effects of the
synchronous machine Qn.stabiiity of the system, the following
additional assumptions will be made:

l. The induced voltages due to the change of flux
linkages PVy and pwq in the d and q axes can-be neglected
‘because they are small compared to the speed voltages Oﬂa

and OW& due to the cross excitations.

2. The armature resistance voltage drop can be neglected

because it is small.

o / v 4 v :
3. The time constants T4 :do’ zq, Zqo and TDﬁ’ belpg '
relatively small, will also be neglected.
With the above éssumptions,
v = -V pO
d qp
Vq = \Vdpg
Va0 Veda " @ tq
x (p)
= - 1
Vq ® q
Te = lqwa - 1dwé . -(3-1)
(1 + 74p)
x4 (p)= x4 ~
(1 + zdog)
X ( = X
q p) q
. X
G(p) = ad

Rp(1 +'Zd0p)
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The other relevant equations are

=]
il

Jpe + axpo + Te

2 v 2442 | (3-2)

3.2.2 The tie line

An assumption will be made for the external impedance,
namely that its resistance and reactance elements are constant.
Two more equations are obtained from the steady

state phasor diagram} Fig. 3-2,

v, =v sind + ri. - xi
0 : d
(3-3)

v =%V cos§ + xi_, + ri
) d q

3.2¢3 The voltage regulator and the governor

Since a small-change in machine terminal voltage
" causes a small change in the field excitation, the transfer
function of a voltage regulator can be written geﬂerally as

Av,

g(p) = mf;d (3-4)

A similar transfer function can be written for a speed governor,

/ AT .
£ (p) :"35% (3-5)

A small change in speed or frequency causes a small

change in prime mover input.

The details of the transfer functions are given in
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Appendix IT.

v3.3_ Linearization of the System Equations

For the dynamic Stability study only small changes of
-varieuws variables é?ound an initiél-operating point will be
taken into fonsideration. Hence stability can be determined
from a set of linearized equations of the original system
equations. |

The frequency of the infinite bus is considered fixed.

The instantaneous ahgular displacement:.., velocity and

acceleration of the machine, respectively, can be written as
g=-90+5

P8 =@ + p§ 4 where p@o = @
and

p29 = p26

Then the dynamic stability of the system can be defined.by
whéther or not § goes to infinity with time after a small load
disturbance.

From equations (3=1) through (3-5), .the following

linearized system equations are obtaineds

d qu qQ q
bry = VWgobd + xa(p)aiy + G(p)ave,
= YAV ’
Avfd g(P) %

AT = £(p)pd§
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Av, =v_ cos § Ab + rAi, - xAi
d 0 0 d q
Av = -v .sin & A§ + xAi, + rAi
q 0 0 d q
wAT; = ldoAvd + 1quvq + deAld + quAlq - i;dpAé

BT, = Jp°D6 +aphd + AT

v v
- - —do- g0 A ’
Avt =3 Avd + Av = vdoAv a

_+V
to Vio

d OAV

By défininé

e

h(p) 2 g(p)G(p) f (3-8)

li>-

. T :
3(p) 2 3% + (x - —2)p - 2(p),
4
where f£(p) = pf(p),
and eliminating ATm, ATe, Avt from the system equations, the

following five homogeneous equationsare obtaineds

1 0 , -T x —&ocosé:_ —_Av;—

0 1 -X | —T vosiné0 qu

1 0 0 | —xq W&op :Aid .= 0
B(p)vg, ~h(eIvoHl xg(p) 0 VP M

13, ;qo Yio vqo ©J(p) B AS

(3-9)

3.4 The Characteristic Equation of the System

This is obtainable from the characteristic determinant

of the above matrix equationas The characteristic determinant



where

= 1 [vdo(x+xq) + v

18

= J(p) [h(p)A1+ x,(p)A, + A3]

+ h(p) [ Ap + AS] + xd(p) [A6p + A7} + [A8p + Ag] (3-10)

/ 2 2
v r -+ -+ X
qo( x“+ x q)]

i
i
>
o}

o
=
»*
Qo
|

r . 2 2
- “ﬁo[-vdo{vdox +Vvq0r + 1q0(r > )} *

/

. . 2 2
qu{vdor - vqox + ldo(r + X {I

0 ’ (x4x ) + r(v_+ i, x)
= VO sin { do qorxq - qu{vdo x+xq + r qu 1d0xq H

. 4 .
+ vocosé [ do q( do 1q0x) - ?qo{‘vdor + x(vqo+1dd)ﬂ

= “&o(vqo - iy x4 1qor)

==y sind i (x+x ) + v cos§(v —-i. . x +i 1)
o 0 qo q ) 0o qo do q qo

. 2,2 .
q0” + 1qo{(r +x )+ qu] + 14,7 xq}

do

do(r2 + xz)J

+ V¥ [ﬂv T +V X —= 1
qo do qo

= v sinwf[v (x+x ) +v r +i. r x ]+
0 o| do q qo do q

v cos§ |-v. r +v x + i, xx
o 0 do qo do q

Since the transfer function of the voltage regulator

- g (1+ 'C;P)

g(p) = (3-11)

{1+(’Cé + T )p + zeZSPZJ
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and the transfer function of the speed governor

’ —l"’m
£(p) =
(1+ .rlp)(1+ ?zp)
or (3-12)
“H_P
f(p) = B

(1+9p) (1+7,0)

J(p) and h(p) functions become

- T P, P
3(p) = 9p% + (a = —22)p + .

© | (1+7p) (1+,p)

X a b (1+Tp)

h(p) = - ; ;
P RBp (1+’cdop){1 + ( e+'Csp,S)p +teTSp2]

o
ke (1 +7,p)

>

_ ' , / :
(1+¢, p) { 1+(T +Tp )p +, TP }

where /A

Therefore, the characteristic detérminant

-ue(l+ng)A1

T PP ]

A = [Jp2+(a - zo)p +
- (145 p) (1+T,p)

<’ Ty 2
(1+ dop){1+(te+ W )P+HT TP }

xd(l+?(;p)A2 -;r (1+7p)
+ ’ + AB} \i ‘ 2 > ’ 2 :I[A4P+ A
(1+g ) (1+‘%0p){l+(?e+?;us)p+’ce’(sp I 5
(1+?ép) | o
+ X4 ZI:EQZEY- A6p+ A7;]+[ A8p+ A9J | (3-14)

From equation (3-14), the characteristic equation is obtained:
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aop7+ alp6'+ a.2p5+ a3p4+ a,4p3+ a,5p2+ agp + a, = 0 §3-15,),.
Wheie
a, = TaJ B1
a; = TaB4 + TdJ B1
ay =T B+ T J B+ 1B, -y AJTT LT
ay = Ta33+ TbJ Bl+ TcB4+ TdB5+ melteZs—

g (JA) T+ BT, 7))

, .
a, = I,B,+ T B+ T B + um{Bl(Te+'?sps) + BZTé?4

T
1? ?S+ B6TE) + JBl

—pe(J Aj T+ AT T,

= T4TW) - uf
a TbB5+.TcB3v+ Hm{Bl+ B2( et s“s) He Alzg}
_@;{JA1+ A.T_+ B T } + B

5°E 6" F 4

_;' . _'l_ _ N V
ag = TyBy+ up (By— weh)) = ¢ (AsTp+ Bg) + By

/
a7 = By — Hehs
‘For details of the derivation,; see Appendix III.

3.5 The Routh—-Hurwitz Determinants of the Characteristic
Equation )

Routh-=Hurwitz Determinants can be written as

ay aq as a7 0 0 0

.aO a, a4 ac 0 0 0

0 ay 2y ag an 0 0]

0 ag, a, a, a;z 0 0 (3-16)
0 0 ay a5 ag 8 0 /x
0 0 24 a, a4 a¢ 0]
,O 0 0 ay 84 a5 &g
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Separately written, they are

Al = a;

A2 = a,8, — 832,

A3 = 8485 = alAO, where AO = g1§4 - agag

A4 = a4A3 + Az(a1a6 - aga, - azas) + aoa5A0

Ly = agh, = aja LAy, + Az(a ay8-% a8 8s = ala4ai)—aoa3a7Ao

574 3763 27377 1
—a, (a.a,—a.a )2
1'Y71°%6 077
Ag = a6A5- a4a7A4+ a2a6a7A3+ Az(a2a4a7— a“,a, aoa6a5)a7
2 2
+ ajaia 7AO+ a0@7(a1a6— a0a7)

3.6 The D-partition Equations

To find the effect of relative values of two real
parameters on stability, the Routh—Hurwitz Criterion can also be
useds The procedure; however, is rather tedious. When the
characteristic equation of the system can be expressed
explicitly as the function of two real parameters, the D-partition
method can be applied.

The characteristic equation of the system under study by
the D—partition method can be first written as equation (2-9)
and then separated into real and imaginary parts as equation
(2-12).

In terms of the ﬂ; and p;§ which are of particular

interest, equatidn (2-12) becomes

M;Pl(“) - H;Ql(“) + Ry(0) =0

, , (3-18)
p Py (0) - w0, (0) + Ry(0) =0 »



The stability boundaries can be determined by solving
this equation and by varying «@ from zero to infinity.
Detailed derivation of equation (3-18) is given in

Appendix III.

22
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44 SYSTEM PARAMETERS AND INITIAL CONDITIONS OF SYNCHRONOUS

MACHINES

4,1 8System Parameters

The system under study has parameters with the following
values,

Synchronous Machines. Synchronous machines of various ratings

will behdve in exactly the same way as long as the per unit
values of the machine parameters are fhe same. In the

analysis the direct— and quadrature—axis reactancegof the
.Synchronous machine and the tie line impedance will be varied except
for . the following parameters which will be kept constant:

J =120 gH = 4000 p-u.

/

T40 = 2000 PelUse
'(('1 = 600 Pola
a = 3.0 Petua

Voltage Regulator Settings. The voltage regulator

settings are assumed, unless otherwise specified, to be normally

T = 800 Peu.
Ty = 800 Pele
p;= 30

wy= 5

Governor Settings. Two different governor transfer

functions are considered, unless otherwise specified.
For a governor with one time constant, the gain and the

time constant respectively are
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b, = 25
Zl = 377 Pela
z2 =0 Pele

For a governor with two time constants kp= 5 and

Ti: T2= 300 peu. are assumeda

4,2 Initial Conditions of Salient=Dole Synchronous Machine

A new method for finding initial conditions, 14o? lq0’ vdo’
V40! Wy Who, Veqo 2nd 50 for a salient-pole synchronous '
machine will be developeda

Consider the steady state. From Park's equations (3-1)

to (3-=3) we have

Avdo = Xq'lqo (4-1)

| Xad . :

Vg0 T By 'fdo” ¥a “do (4-2)
P=v, i, +v_ i . (4-3)

Q= vqoldo do “qo (4-4)
Vio = Vo Sin 50+ ri;o-x 1qo (4-5)
vqO = v _ cos 66+ X ¥d0+ T 1qo (4-6)
2 .2 2
Vto =V a0 TV qo (4=7)
In these equations v, , Yq0? tdo’ tq0” Vo’ $o? Vedo 2TC

unknown while v, , P and Q are given. There are 7 equations

to
with 7 unknowns. From (4-3) and (4-1)

P = (4-8)

1dolqoxq+ qu 1q0



From (4-4) and (4-1)
) . .2
Q = quldO- Xq 1 qo0

From (4-7) and (4-1)

. _ng 2 12
q to T q " go

From (4;9) 5
' 0 + X i

go

ido = v
go
From (4-=11) and (4-8)

(Q + X 12 )
= q x1 4+v i

V40 g g0 g0 qo

From (4-12) and (4-10)
' 2

P = *q* qo /rto— x qo Tqo

ng _ xz .2
to q qo

Hence
) 4 Vio
iqo =
, 2 2 2
XP x )T+ (Pt x Q)
Vdo ~ quqo
_ 2 _ 2
Vgo /v to~ ¥ do
. _ 0 +‘x 1 qo
do = v
qo
" R
_ - x.i F
Vedo ~ (vqo xdldo) X4
consequently
“ﬁo - “vdo
v =V
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(4-9)

(4-10)

(4-11)

(4-12)

(4-13)

(4-14)

(4-15)
(4-17)

(4-18)

(4-19)

(4;20)
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Next from (4-5) and (4-6)

2

<
I

. . 2 . .
o \/(vdo— ri +x 1qo) + (vqo— x i -1 1q0)

(4-21)

| Vdoé . ido+ X ioo
8 = arc tan (V - X i. -1 1 _') (4—22)
go do qo

All the initial conditions have thus been found. The
method is general and applicable to a salient-pole machine as
well as a round-rotor machine, the latter being a special case

of the former. The external tie line reactance,and resistance

have been included. 4
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5. DYNAMIC STABILITY STUDIES USING ROUTH-HURWITZ CRITERION

5.1 Effect of Saliency on the Dynamic Stability

The synchronous saliency in a round-rotor machine has

usually been assumed to be zero, but testson actual machine§l4—15)

show that some saliency is present. Thus the assumption of non-
saliency for round-rotor machines is not valid. In the
following, three cases will be studied.i The first case,

x.= X jscorresponds to an ideal round-rotor machine; the second
q S0 [}

d

case, x,= 0.85 xé,:a round-rotor machine with saliency effect~

d
considered; and the third case, X3 0.6 Xé, corresponds to a

typical salient-pole machine.

Fig. 5-1 shows the effect of rotor saliency on the
dynamic stability of the system under unity and leading power
factor opefation. The action of the épeed governor is dis-

counted by setting W= O, while the voltage regulator has the

normal settings.

Curve 1 indicates the dynamic stability limit of the

ideal round-rotor machine witﬂnxd='x"= 1.0, p.u., curve 2 the

stability 1limit of the round-rotor machine with & saliency

effect considered (x,= 1, xqz 0.85), and curve 3 the stability

d

limit of the salient-pole machine (x.,= 1, X = 0.6). It can be

d
seen that the rotor saliency increases the dynamic stability
limit, especially under leading powér factor operation. The.
family of curves shown in dotted lines ?orresponds to the sysfém
without tie line resistance (r=0), and those shown in solid lines

corresponds to the system with the tie line fesistance

included,
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Similar computations are repeated with governor
effect included, and the results are summarized in Fig. 5-2
and 5-3.
In Fig. 5-2 the speed governor of the system has one
time constant, while in Fige 5-~3 it has two time constants.
The same conclusion can be drawn that the saliency effect of a

synchronous machine increases the dynamic stability limit.

5.2 Effect of the Short Circuit Ratio of a Synchronous Machine

The short circuit ratio of a synchronous machine of

modern design is approximately equal to %—. A high short

circuit ratio ﬁachine costs more than one with a low short
circuit ratio.

Machines designed with low short circuit ratios have
limited stability 1limit if it is operated without a modern
_ voltage regulator, but fhe stability limit will be increased
considerably by using a continuously-acting voltage regulator.
Fig. 5—4 shows the effect of the short circuit ratio on the
stability limit fgr an under—excited machine. The dotted lines
indicate the power limit of the machine with voltage regulator
set at @;: 0.01 and Zéz 3000 to approximate a system without a
continuously-acting regulator, and the solid lines are those for
a system with a continuoUSly—acting voltage regulator.

For example, when the short circuit ratio is equal to

TLE the machine without a voltage regulator can hardly be loaded

beyond 0.9 p.u. power at unity p.f.  When the continuously-
acting voltage regulator is used the limit can be increased to

as high as 1.35 p.u. at the same p.f. in the dynamic stability
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region.

53 Effect of the Tie Line Impedance

5.3.1 Effect of the line resistance

It is observed from Fig. 5-1, 5-2 and 5-3 that the
tie line resistance has a distinct effect on the dynamic stability
1limite Larger stability limits are observed when the tie line
resistance is included in the computations.

The studies are extended by increasing the resistance
value from O to 0.3 p.u. while the reactance is kept constant
at 140 peu. In allvcases the voltage regulator and governor are
at normal settings. The results are shown in Fig. 5-5 and 5-6.
Closer examination of Fig, 5-6 further reveals the effect
of the line resistance on stability limit at unity power factor

and with different degrees of saiiency.

5.3.2 The effect of the line reactance

Fig. 5-7 and 5-8 show the results of stability
studies>by varying the value of tie line reactance. The
Edifference between the stability limit with line resistance
included and that without is insignificant, when the. ...
tie line reactance is comparatively small. But it becomes signi-

ficant when the reactance is large. Fig. 5-8 especially shows

- “*the results of studies for unity power factor. It also reveals

that the smaller the tie line reactance, the larger is the

stability limit.
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5.4 Effect of Exciter Time Constant

The range of conventional exciter time constants varies
from about 0.5 to 3 seconds. Fige 5-9 shows the effect of varying
exciter time constant while the other parameters of the
regulator and governor are kept‘constant. It can be seen thdt for
the particuiar gain'p;= 30 the stability limit tends to incréase
with increasing exciter time constant.

Fig. 5-10 shows the results of two other studies. By
varying the voltage-regulator time Zé and keeping the gain
p;: 30, the increase in the value of Zé seems. to have a
favourable effect on stability limit. However, the maximum limit
depends on both p;.and T, Fig. 5-10 also shows that for a
fixed Zé of 800 p.u. the maximum power limit occurs in the

regibn of low voltage-regulator gain.

5.5 Effect of the Governor Time Constants on the Dynamic
© Stability Limit

5651 Governor with one time constant

When the speed governor has a single time constant,
the stability limit of a synchronous generator can be improved
considerably by making the time constant small. Fig. 5-11
shows the stability limit of the system under unity and leading
power factor operation as affected by the value of the governor
time constant. The solid lines are for the round-rotor machine
and the dotted lines are for the salient-pole machine. Both
sets. of curves show that fast acting governors are desirable for

the improvement of the system dynamic stability.
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Fig. 5-12 shows the effect of governor gains on the

stability 1limit. It can be seen that the larger the gain the
larger is the stability limite. For a governor with a large time
constant it will have little effect on the stability 1imit. This
can be seen by comparing curve 1 of Fig. 5-1 with curve-1 of

Fig. 5-11.

5.5.2 Governor with two time constants

When the speed governor has two equal time constants
its effect on the system dynamic stability changes. The improve-
ment in the stability‘lﬁmit is very small even when thé go#ernor
time constants are decreased from 1000 to as low as 100 p.u.
Moreover,there is a value of governor time constant, between zero
and the highest possible value, that gives the smallest stability
limite Curve 3 (solid line) in Fig. 5-13 shows that the lowest
stability limit, among the four computations, occurs for a
governor time constant value of ZOQ pP.u. While the solid lines
in Fig. 5-13 indicate the stability'limit of the round-rotor
synchronous machine , the dotted lines in the same figure indicate
thosé of the salient-pole machine, Vefy little improvement in
stability 1limit is obtained by reducing the governor time constant
of a salient-pole machine from 1000 p.u. to,zero.

Fig. 5-14 shows the slight decrease obtained instead.of
an expected increase of stability limit with an increase in
governor gain. This is contradictory to the results obfaiﬁed
from the study of the system with a governor with one time
constant.

The above conclusions suggest that the govérnor,effect

on the dynamic stability limit must be included if the governor
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is represented by a single time constant. On the other hand,

the effect of the governor is rather small and could therefore
be neglected if the governor is represented by two equal time

constants.
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6. .bYNAMIC STABILITY STUDIES USING THE D-PARTITION METHOD

For a given operating load condition, the boundary-.of
" the dynamic stability of a system can be found in the (p;—p;)
plane by using the D-partition Method.

An @ value ranging from O to 0.02 is found to be sufficient
for‘finding all the results of practical interest. Usually
o =0 to 0.001 yields the boundary of maximum permissible
K., and @ = 0,001 to 0,011 yields the boundary of the maximum
permissible p;.

The studies are carried out on the system by varying
system operating conditions and also some of the system
parameters.

In general, the stability region of interest in each
‘study is shown with two boundaries in the (p;— p;) plane. The
upper—~left boundary will be referred to hereafter as the high—p;

bound and the lower-right boundary as the high;p;'bound.

6.1 'The Effect of Saliency on the Stability Boundaries

Fig. 6-1 shows the efféct of saliency on the stability
boundaries in the (@;— ﬁ;) plane. The governor action is
excludedjby setting pm = Os Curves 1, 2 and 3 correspond to xq:
0;6? 0.85, and 1.0 respectively while xd_is kept constant at
unitye

It is observed that for the portion of the curves shown,
the presence of salienc& increases the stability region at the
high—p; bound, but decreases it in the high—p; bound. However,

in the very low p; region the presence of saliency decreases the
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stability region at the high-w; bound.

Curves 3 and 2 in Fige 6-~1, which correspond respectively
to the stability region of a round—rotordmachine with and without
rotor saliency, clearly indicate thatﬁthe saliency yields
a rather pessimistic.result for the sté?ility region at the
high—d; bound and a rather optimistic result for the stability
region at the high-u; bound.
| Fig.‘6—2 shows that for the same power limit a salient-
‘pole machine must be operated with a higher p; gain than -

for the round-rotor machine.

662 .The Effect of the Tie Line Resistance and Reactance

Fig. 6-3 shows the effect»bf the tie line resiétance
on the stability region of the system. The line reactance is
set at 1.0 pe.u., and the i;ratio is varied.

The stability.region is increased considerably by an
increase in the i ratio from zeroe. By comparing curves 1 and 2
in Fig. 6-3,it can be seen that a very pessimistic result in
the stability region would be obtained if the tie line resistance
is completely ignored. This is rather misleadiné and mighf o
result in an inappropriate coordination of the voltage regulator
parameters.

Curves 1 and 2 of Fige 6—4 show the effect of tie line
'reactance on the stability regiones It can be seeﬁ that the
decrease in the tie line reactance gives a larger stability

" region.
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6.3 - Neglecting Both the Tie Line Res1stance and the Saliency in
a Round-rotor Machine

Fig. 6—5'sh0ws the effect of both tie line resistance
and saliency on the stability region of a round-rotor machine
operating at unity power factor for various power values.

It can be seen that the neglect of both line resistance and
saliency gives a smaller stability region at the high—@; bounde
For the'stability region at the high—p; bound, the effect of
neglecting béth line resistance and saliency becomes very great
when X4 is large or the short circuit ratio is small. This can

be seen from Fig. 6-6.

644 The Effect of Short Circuit Ratio

Fig. 6-6 also shows that the stability region af the
high—p; bound decreases with short circuit ratio. As for the.'
stability region at the high-@; bound, the decrease in short
circuit ratio usually increases the stability region. The solid
lines show the stability region of the round-rotor machine with
a saliency —i 0.85, and the dotted lines are those of the

round-~rotor machine with saliency and tie line resistance

neglected.

645 The Effect of the Exciter Time Constant

Fig. 6-7 shows the stability region of a round-rotor

machine, X3

the variation of Ze. Noticeable effects are observed onlyvin

= xq, operating at unity power factor subjected to

the stability region at the high—@; bound, especially for low

p; values.
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Similar compﬁtations are repeated for a salient-pole
machine instead of the round-rotor machine. The results are given
in Fig. 6-8 which shows that the same conciusion can be drawn -
- for both types of machinesnamelys for low p; values the
smaller fhe exciter time constant, the smaller the stability region

at the highAﬁ; bound B

6.6' The Effect of the Stabilizer Time Constant

The decrease in Ts usually results in an increase in
the stability region. The stability.region at the high-w;
bound and the stability region at the high—@; bound increase
as T; decreases which can be seen from Fig. 6-9 and 6-10. How-
ever, for a salient-pole machine, X3= 1 and xq= 0.6, a decrease '
in T, may cause a decrease in the stability region at the high-

p; bound for low p; values, as is seen in Fig. 6-10.

6.7 The Effect of the Governor Time Constants

Fig. 6-11 shows the effect of a goﬁernor with two time
constants on the stability region of a round-rotor machine;
xd=:xq= 1.0, It can be seen that the two-time-constant governor
affects the staﬁility region at the high—n; bound but not the
high—ﬁ; bound.

For high p; values, the smaller the governor time
‘constants, the larger would be the stability region at the
high—ﬁ; bound. However, there exists a case, le ?é: 200.p.u.,
that yields the smallest stability region.

The above conclusion applies also to the case of a salient—

pole'machine, Xq= 1, xq: 0.6, as seen in Fig. 6-12.
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The effect of a governor with one time constant on the
stability region is shown in Fig. 6~13. The time constant changes
the stability region considerably. A faster governor usually
gives a larger stability region at the high-p; bound, except for
low p; where a very fast acting governor may cause a smaller

stability region at the high—ﬂ; bound.
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7. CONCLUSIONS

From the results of the studies in this thesis, the
principal conclusions that can be drawn are as follows:

1. It has been fdund from Routh-Hurwitz Criterion
study that for fixed settings of control parameters the
saliency of a synchronous machine considerably increases the
dynamic stability limit of a power system and from the D-
partition study that for a fixed power limit the saliency
of a synchronous machine increases the stability region at the
high—ﬁ; bound:ekcept for low p; values, but decreases it at the
high-p; bound considerably. | |

2. The short circuit ratio of a synchronous machine
has effects similar to that of i;. The larger the short circuit
ratio, the larger is the dynamic stability limit. It also
increases the stability region at the high—w; bound and
decreases it at the high—ﬁ;‘boﬁnd.f

3. The tie line impedance has a sigﬁificant effect
upon the dynamic stabilitys Both the stability limit in the
Rouﬂh—Hurwitz Criterion study and the stabilityjiegion,in the
D-partition study increase with the tie line reéistance, but
decrease with an increase in the line reactance. For a fixed
ratio of i, the effect of tie line resistance on stébility limit
.is réther small for a small tie line reactance but becomes
larger for a larger tie lime reaétance. ‘ |

4. Both the stability limit and the‘stability region
are greatly reduced if the saliency and the tie line resistghce

are neglected. Actually a larger; rather than a\smaller, u;
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gain is permissible for the machine when the saliency and the tie

line resistance'afe considered.

5. It has been found that a larger exciter time constant
gives a larger stability limit for a particular setting of
parameters, or a larger stability region for a particular powver.
"However, in order to obtéin a maximum stability limit, the time
constants and the gain of an eiciter must be appropriately
coordinated.
| 6. A decrease in the stabilizer time constant increases
the stability region at the high—ﬂ; bound and also at the high—
g; bound., However, for.low”u; values, decreasing'the
stabilizer time constant may result in a decrease éf the
stability region at the high—u; bound.

7.' The governor has comparatively less effect on the
dynamic stability. For a governor with two equal time constants,
its effect on the dynamic stability limit is small and in some
cases it can even decrease‘the stability limit. For a governor
with one fime constant, its effect on stability is comparatively
largé‘. For high—w; values at the high—ﬁ; bound, the smaller
the'governor time constant, the larger is the stability region.
For the low p{ part of the high-ﬁ' bound, however, a small

tlme—constant governor may decrease the stability region. On

.the other hand, the governor time constant has little effect on

the stability region at the high—p,s bound.

The study in this thesis has been confined to the dynamic
stability in the small without considering nonlinearities. The
'dynaﬁic sfability in the large of a power system including non-

linearities is left for future studies.
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APPENDIX I. SYMBOLS AND UNITS

Subscript o denotes an initial condition

Prefix A denotes a sméll change about the initial operating

value

P

E]

<G Mmoo ™o

AL
= iz = time derivative

armature currents in d- and q-axes respectively
armature voltages in d~ and q-axes respectively
armature terminal voltage

applied voltage in fiéld winding
infinite'bus—bar voltage

armature flux.  linkages in d- and q-axes respectively

X

24 v _ armature open circuit voltage
RF fd

synchronous reactance in d- and q-axes .respectively

mutual reactance between the stator and rotbr in

d-axis

vtie-line reactance between the generator and the bus-bar

field winding resistance

armature winding resistance in d- or q-axis circuit

.tie=line resistancebetween the generafor and the bus-bar

power angle
meéhanical input torque to the rotor

energy conversion torque

real power output of the machine

reactive power output of the machine
inertia constant

moment of inertia
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damping‘coefficient
instantaneous angular position of rotor

angular velocity of machine

rated angular velocity

rated system frequency

direct-axis transient open-circuit time constant
direct-axis transient short-circuit time constant

direct-axis subtransient short-circuit time constant
quadrature-axis subtransient open-circuit time constant

quadrature-axis subtransient short-circuit time
constant

direct-axis damper leakage time constant
exciter time constant

étabilizer time constant

governér time constants

exciter gain

converter gain

amplifier gain

stabilizer gain

FoxPabr = regulator gain
*ad
—ac U = over all regulator gain

e

By

_ A o
1l + Hoxhsy = over all stabilizer gain

Throughout the thesis all calculations are made using the

per-unit system based on M.K.S. units.
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~ The unit of time is 1 radian; at f = 60 Hz, 1 second =
2nf = 377 radians, Moment of inertia J = 4nfH, and p.u. power and

Pesus torque are numé“ri_ca_lly identical, i.e. P = Téo'P-u-“ L wm
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APPENDIX II. VOLTAGE REGULATOR AND SPEED GOVERNOR TRANSFER
1 - FUNCTIONS

‘'a. Yoltage Regulator Transfer Function(4’8)

Mgy |rgq -

T TN
1 t M, ’ e | ‘
AV, | Up | BV | TTP AV, avy
| 1 sr

Fig. I. Voltage Regulator

The<§oltége_re§ulating system under consideration
is shown in Fig. I. It has the following parts:

l. A heans of measuring the terminal voltage error.

2. A device ta convert the voltageerror to a suitable
signal (Avr). The converter may be defined by an amplification
factor (p_) and}zerd time constant. |

"3. ‘A static or rotating amplifier with a large gain
(pé) and a ‘small time constant (1%). |

4. An éxciter supplying the field current to a
synchfonous machine. L

5. A stabilizing traﬁSformer feeding back into the
regulator circuit a signal proportional to the rate of change of

the field current.,”
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'Since:
| Avr =’"rAvt’ cdnvgrter
_ p_Av '
Ava = -2 ?, amplifier
1*3£P
. B &P ’
vy = —gfé— OV g9 stabilizer
1+Cp -
S
and
Av o tex (Av - av.), field
' = = : : ’ o
fd _1*,%P a b

the.voltage regulator transfer function .

~:g(p)‘ L DV, ‘ ﬁ;(1+‘csp),

vy (1+ Zap)[ 1+{T + 2 (u 4 )}p+ze-csp2]

where

p‘le= PexPalr? Fg™ Pggbex

b. Speed Governor Transfer Function(ls’lg)

The speed governor system, including the time lags
due to steam or water and some intermediate actuating member can
be specified by two time constants, and one gain.

Thus the transfer function of the governor

_p,m

(p) &

1f oneyof the.time constantscan be neglected the transfer function
 becomes |

. 7 ) -

o _ "y
£(p) =
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APPENDIX III. DERIVATION OF THE CHARACTERISTIC EQUATION

From equation (3-14), the following characteristic
equation is obtained . . |
- / . . . . A' . ’ 2 .
(-1_+ %o?) (}+?1p)(1+?2p){1+(2e+ Th )P + T TP }A
[’(P)(l"'Z P)(1+T2P)H(1+? P) (1+7 p) (147 ) {1+ T p dp +

7, T P ]h(p)
'+(A P+A )]+(1+ p)(1+‘( p)(1+ T p){l-c-('c' +Zp.S)P+'C 7P ] (p)(A6p+A )
| +(1+"td’°p) (1+'C1p) (_1»+v'(2p){1+("te+v'tsps)p-lO-‘(e‘Csj‘pz}'(A8p+A9)
) 0 - _

To expand, let
B_Ade+AZ

1~ %2 3 do
Ba= Ayxg + A5
B3 = lA-.de + A_9

,'B"t = Aéxd‘cd+ AS‘Cd + B, (a - E‘-‘?) + BJ
B, = (A+A'C)x+A8+A9 ‘+ B (a—%ﬁ’-_)
B6=A1(a-%_2)-+1&4 |
Ta - t.l'TZZeTs

Ty = T AT AT

T = T THT T T HT,) (T + T )

T4 - tl.'tz(ze+ tsp’s)+(t1+z2)tets
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,TE = 'El '(2+ 'C2 Zs-l- ?'l'Cs

T
1Y 54T

o]
S

Now
3(2) (1+92) (1+2,0) 1+ 5 B) [L4(c i Jp+e, 7 %) (D)4 g (DA %)

= pTr g, + 6y B(a-%—o)+JB + T, JB
I S s A a.{l ) 2} a 1

__ T T ,
+p5 [TaBz(cx - —;")+ TCJBI+rd{Bl(a - —:°)+JB2] -poJA, Ty zzzs}

‘Teo
2} * I8, - ©

|1 JB#T{B (a - 33—0-) + JB
P i 17 el ™1 T e
Bt "A {IT_+( ——Te°)?'t'z
By STy = ok {ITgH(e - 2 12"s}
'+3T{B(§-—£’i)'+JB}+TB(a-E?£’-)+p{B (T +Tp )4B.T <
P bl"1" ® 2 e 2 @ miT1" "e” SPs 2_es}
| / . - .eo)' J
—pe_Al-{JTF + TE(av- o0 } + JBy
+2TB(a-h)+ B.+ B_ (T +T )-./A‘C ,
P b 2 © »‘um{ 1 72" e sts Hef1 s}
| T

A T :
/ . eo €0
ok {(x - 5 Tpe T) + By (- 9) JBz]

' T ‘ T
/ ~"eo _ _eo
+p[pm(32_- p‘eA‘l) - p‘eAl(oc'"» © ) + Bz(“ © ]

Next consider

[

| ) | | ,
g(p)_(lfzdop)(url_p)(1+r2p){1+(te+zsps)p+zezsp | (agpeas)

= -p;{p4A4'(1’C2‘Cs + D2 (A T+ AsT T, T )+ D2(A, TpthsTp) +p (A, +ASTy)

A
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(4R (1479) (14 Typ) {14(T T D +‘%‘tsp2]xd(p)(A6p+A7)

6
[p T A6 + P {T (A6+A7 D+ T Aetd}

+ p4{TaA7+ T Ao a* T, (At AT )}

+ p3{TbA6zd+,tc(A6+.A7za) + Tahq)

. Pz{T (Aé A7td) + T A+ Aétd}.
T

p{ pAT* A6+ A.,'cd} + ] a

(1+ _'Cdop-)-(l+t1p);(1+tzp){.1+(Ze+tsu's)p+te Csp2] (A8p+A9)

6
= p T, Ag? d +p {T (A8+A9za )'+szA8Zh ‘

+

4 . .

P {Tohg + TcABZaQ + Ta(Ag+ Ag T )}
3

+p {TbAsta + T (A8+A z o)+ Taky ]

+ p {T Agt Ty (A + AT ) + A

0%0) * 48 %0

+ D {T Aot A8+ Agza ] + A9

Hence the_final form of the characteristic equation is

written as equation (3-15). -
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APPENDIX IV. DERIVATION OF THE D-PARTITION EQUATIONS

/7 .
o z 4
Let Tc ©% TG T ( 1+Z2) Ce

equation (3-15) becomes

“sl% JB) T 05 *'P.{JBl(t1+?é) s+B4zltézé}+ P {JBlts+B4(t1+?é)zé

. : - 3 o
+Bstltéz;] + D {B3Titétg + B, T + B (T, +T,)T + meITS}

+p2{B3(tl+zé)t§ +'BSts + mezts} + PB5t3J :

-

e | B
“He szAltitéTé

+ p4{TEJA1+ BgT) 0,0 ) + p’{TgB+ TpIh) +AsT T, )

T2, AT )
+p2{T.A + ToBo+ JA1+,pmAlts} + p{T A. + B+ pmAl} + A

1E%5 F*5 5
+p7T JB.+ pOfT B + T.JB.7 | + pO[T B+ T_JB + T.B.T
LP a 1 .{‘a 4 E1 e} {“3'5 c 1" "E"4 e]
4y o
4D {TaB3+ T B,+ TB T + TpJB + melzets}
PR » o |
+p {TCBS+_TEB3;é+ TFB4+VB1J +:pm(Bl+Béts)te}
L2 o m . o -
+p {¢CBB +VTF§5 +B, +p (B+ Béte)}
+p(TFB3 + Bézf‘gmBz)-+ B3 =0

Theféharacterisfic'eQuation can be expressed as.
K, P(p) - u0(p) + R(p) = 0
Let 'p = jw, we ha&e
’ | KPR ‘ PR . | . —
m {Pl(¢)+ J?z(w)} - ue{Qi(w)+ qu(w)] +{Rl(w) + JRz(w)}— 0

-

where
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p. (@) = «%B. 7.7 < +a>4JB
1 11 2"s {

1

R (t +T, )‘c + Bs'cl‘c'z‘c',j}

-«2{3 ('c+t)'c +B.T +p B

5 ZS}

o) - o | o3
P,(0) =@ {JB('C+Z)T + BT zztsl— {B-czz + BT

41° 37172 4

+ Bs('tl-g-zz)ts + p.mBl'ts} + m. 3313

- o2 2
Ql(w)_ {TJA+BT‘C‘(3 -® {TA+TB+JA1+p,mA1ZS]+A

E "1 2 E'5 "F6 5

514 » > o3 |
- B
g (®) =0 JAT T T - {TE o TpIh +A521'czt 1 + co{T A5+ B+ b AS

TB +TB+TB‘C+TJB

a4 'E a 3 4 E5e F 1

F
R. (0) = -(06TB‘+-T JBT ) + 0t
1 1 e
. 2 /
+ng-c‘—<o{TB+TB+B
m 1l e’s

+p (B +B
B3t TpBst Byt by (B <)) + B

Y £ >
R'z(“) = —® TaJB1+m {T 135 + T oJB * TEB4t]

3’ n
- TB._+ T_B T B :
© {'0'5 R 3% T p 4 ¥ JBlf pm_(Bl." Bzrs)te}

+ {TFB3,+ B5. + b BZ]
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