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ABSTRACT 

The f l o w a t i n c i d e n c e t o a s l e n d e r d e l t a wing w i t h l e a d i n g edge 

and secondary s e p a r a t i o n i s c o n s i d e r e d . A p o t e n t i a l f l o w model i s 

c o n s t r u c t e d i n which the s p i r a l v o r t e x sheets of the a c t u a l f l o w 

are r e p l a c e d by c o n c e n t r a t e d v o r t i c e s and f l a t v o r t e x f e e d i n g sheets 

c o n n e c t i n g them w i t h the s e p a r a t i o n l i n e s . The problem i s then 

reduced t o a two-dimensional one by the use of s l e n d e r body theory and 

the assumptions of c o n i c a l f l o w . The method of conformal mapping i s 

employed t o o b t a i n the p o t e n t i a l s o l u t i o n . The a u x i l i a r y boundary 

c o n d i t i o n on each of the v o r t e x systems i s t h a t i t i s f o r c e f r e e . 

The r e s u l t i n g n o n - l i n e a r a l g e b r a i c e q u a t i o n s are s o l v e d n u m e r i c a l l y 

by means of an i t e r a t i v e method, and v a l u e s f o r l i f t a re o b t a i n e d as 

a f u n c t i o n of i n c i d e n c e . 
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NOMENCLATURE 

c o o r d i n a t e a l o n g c e n t e r l i n e of wing 

c o o r d i n a t e a l o n g wing normal t o f r e e stream 

c o o r d i n a t e normal t o wing s u r f a c e 

^ + 12 

~% + I rt| = t r a n s f o r m of o~ 

p o s i t i o n of primary v o r t e x i n <T-plane 

p o s i t i o n of secondary v o r t e x i n o~-plane 

t r a n s f o r m of o~t = 

t r a n s f o r m of C?z - ^ _ (£ 

semispan of wing a t chordwise s t a t i o n x 

p o s i t i o n of secondary s e p a r a t i o n a t chordwise s t a t i o n 

COL | /_ (Ji.)2" = t r a n s f o r m of o~-b 
angle of a t t a c k 

= tangent of semi-apex angle 

s t r e n g t h of primary v o r t e x a t chordwise s t a t i o n x 

s t r e n g t h of secondary v o r t e x at chordwise s t a t i o n x 

f r e e stream d e n s i t y 

f r e e stream v e l o c i t y 

f r e e s t r e a m M a c h number 

p e r t u r b a t i o n v e l o c i t y p o t e n t i a l 

i m a g i n a r y p a r t of complex p o t e n t i a l 

(£> + l IfS = complex p o t e n t i a l 



v i i 

i = f\ 

( ) = complex conjugate 

Vv(o") = -jjjr = complex v e l o c i t y 

F^l = l o c a l f o r c e on primary f e e d i n g sheet 

= l o c a l f o r c e on secondary f e e d i n g sheet 

'V/ = t o t a l v e l o c i t y component a t primary v o r t e x p o s i t i o n normal t o 

v o r t e x ' 

A/j, = t o t a l v e l o c i t y component a t secondary v o r t e x p o s i t i o n normal t o 

v o r t e x 

F̂ j = l o c a l f o r c e on primary v o r t e x 

F^2. ~ l ° c a l f o r c e on secondary v o r t e x 

W|(Gl) = v e l o c i t y a t 0"j due t o cr o s s f l o w only 

V^i = v e l o c i t y a t 6\ due t o cr o s s f l o w only 

<Xj(0",)= d e f i n e d by eq u a t i o n (20a) 

<3r(0\,) = d e f i n e d by e q u a t i o n (22a) 

L = L i f t 
r L 

= = l i f t c o e f f i c i e n t based on wing area 



I INTRODUCTION 

O b s e r v a t i o n shows t h a t , when a s l e n d e r d e l t a wing i s p l a c e d a t 

i n c i d e n c e i n a stream the f l u i d s eparates from the s u r f a c e a l o n g l i n e s 

near the l e a d i n g edges. In the case of sharp-edged d e l t a wings a t i n 

cidence the major s e p a r a t i o n l i n e s are the l e a d i n g edges themselves. 

The f l u i d l e a v e s a l e a d i n g edge c a r r y i n g w i t h i t a sheet of v o r t i c i t y 

w hich c o i l s around above the wing. The main stream f l o w curves around 

above t h i s v o r t e x sheet and r e a t t a c h e s t o the wing s u r f a c e a l o n g some 

attachment l i n e . The f l o w outboard of the attachment l i n e e x p e r i e n c e s 

an adverse boundary l a y e r p r e s s u r e g r a d i e n t , and sepa r a t e s a g a i n a l o n g 

a secondary s e p a r a t i o n l i n e and a c o i l e d v o r t e x sheet of the o p p o s i t e 

v o r t i c i t y i s shed as was demonstrated by Cooke and Brebner^"^. As i n c i 

dence i n c r e a s e s the main v o r t i c e s move f u r t h e r i n b o a r d and are r a i s e d 

(2) 

more from the s u r f a c e of the wing. Experiments by P i n k and T a y l o r 

have confirmed t h i s . 

The l e a d i n g edge s e p a r a t i o n s and c o i l e d v o r t e x sheets of a s l e n d e r 

wing are not n e c e s s a r i l y a d i s a d v a n t a g e . Underneath the c o i l e d up 

p o r t i o n the v e l o c i t i e s are h i g h , w i t h consequent i n c r e a s e d s u c t i o n on 

the s u r f a c e and so i n c r e a s e d l i f t . The v o r t i c e s extend down stream, 

r e t a i n i n g t h e i r c h a r a c t e r , but as i n c i d e n c e i s i n c r e a s e d they 

break u p j t h e p o i n t of c o l l a p s e , a t f i r s t w e l l downstream, moves fo r w a r d 

u n t i l i t f i n a l l y reaches the apex and the,wing i s completely s t a l l e d . 

The i m p o r t a n t f e a t u r e of t h i s f l o w i s the p r o d u c t i o n of f r e e v o r 

t e x sheets i n which l a r g e d i s s i p a t i o n u l t i m a t e l y occurs but only a t 



g r e a t d i s t a n c e s downstream so t h a t i n the v i c i n i t y of the wing, p o t 

e n t i a l f l o w t h e o r y may be a p p l i e d w i t h s u i t a b l e a l t e r a t i o n of the 

u s u a l boundary c o n d i t i o n s . T h i s t e c h n i q u e i s not new t o f l u i d 

mechanics; the Karman v o r t e x s t r e e t r e p r e s e n t s one s u c c e s s f u l a p p l i 

c a t i o n . 

The f i r s t attempt t o c a l c u l a t e the f l o w over the d e l t a wing was 
(3) 

made by Legendre who assumed c o n i c a l f l o w w i t h two i s o l a t e d v o r t i c e s 

( a c t u a l l y v o r t e x l i n e s ) whose s t r e n g t h v a r i e s as the d i s t a n c e from 

the apex; the s t r e n g t h and p o s i t i o n of the v o r t i c e s i s governed by 

the K u t t a - J o u k o w s k i c o n d i t i o n of smooth f l o w from the l e a d i n g edges, 

and the c o n d i t i o n t h a t there are no f o r c e s on the v o r t i c e s . T h i s 

p i c t u r e i s not a complete one as i n f a c t there i s a sheet of v o r t i c i t y 

coming out from the l e a d i n g edge. Legendre's S o l u t i o n f a i l e d t o 

p r o p e r l y account f o r the f o r c e s on t h i s f e e d i n g v o r t e x sheet and 
i n c l u s i o n of the sheet f o r c e s produces a r e s u l t which i n e f f e c t l e a v e s 
an u n c a n c e l l e d f i n i t e f o r c e i n the f l o w f i e l d over the wing. Brown 

(4) 
and M i c h a e l assumed t h a t the v o r t e x sheet went s t r a i g h t from the 
edge t o the v o r t e x and was t o t a l l y (but not l o c a l l y ) s u b j e c t t o no 

(5) 

r e s u l t a n t f o r c e . Mangier and Smith improved the model by assuming 

a sheet of v o r t i c i t y i s s u i n g smoothly from the l e a d i n g edge and s u b j e c t 

t o no f o r c e l o c a l l y a t t h r e e d i s t i n c t p o i n t s . I n t h i s way they were 

a b l e t o p r e d i c t b o t h the approximate shape and s t r e n g t h of the v o r t e x 

s h e e t . 

None of these methods produced r e s u l t s a g r e e i n g very w e l l w i t h 

experiment, and none of them takes i n t o account secondary s e p a r a t i o n . 



I n the p r e s e n t a n a l y s i s , secondary s e p a r a t i o n i s taken i n t o 

account, s i n c e i t was hoped t h a t disagreement between e a r l i e r t h e o r e 

t i c a l r e s u l t s and experiment might be p a r t i a l l y e x p l a i n e d by the 

presence of secondary v o r t i c e s . The h i g h v e l o c i t i e s on the upper 

s u r f a c e p r o d u c i n g l a r g e s u c t i o n w i l l be reduced i n magnitude by 

the presence of the secondary v o r t i c e s c a u s i n g a r e d u c t i o n i n the 

l i f t p r e d i c t e d . T h i s would be d e s i r a b l e s i n c e r e s u l t s from o t h e r 

models p r e d i c t e x c e s s i v e l y h i g h l i f t . Moreover, a l l the t h e o r e t i c a l 

models mentioned l o c a t e the primary v o r t i c e s t o o f a r outboard, and 

t h i s might be improved by the e f f e c t of secondary v o r t i c e s . 



I I . THEORY 

2.1 S l e n d e r Body F i e l d E q u a t i o n s : 

The approximate the o r y of the f l o w p a s t s l e n d e r b o d i e s , e l o n g a t e d 

i n the d i r e c t i o n of f l i g h t y which i s now g e n e r a l l y known as S l e n d e r 

Body Theory, was d i s c o v e r e d by M u n k ^ ^ i n 1924 and was a p p l i e d by 

him t o the c a l c u l a t i o n of the f o r c e s on a i r s h i p s i n low-speed f l i g h t . 

I t s e x t e n s i o n t o wings, which gave r i s e t o a new branch of a i r 

f o i l t h e o r y , was made i n 1946 by R.T. J o n e s ^ \ Munk and Jones 

c o n s i d e r e d b o d i e s and wings, r e s p e c t i v e l y , f l y i n g a t s m a l l a n g l e s of 

a t t a c k and, i n view of the e l o n g a t i o n i n the f l i g h t d i r e c t i o n , made 

the a p p r o x i m a t i o n t h a t the f l o w p a t t e r n near the body i n any t r a n s 

v e r s e s e c t i o n i s the same as i n two-dimensional i n c o m p r e s s i b l e f l o w , 

Jones made i t c l e a r i n h i s paper t h a t h i s slenderw'ing t h e o r y 

a p p l i e d t o b o t h s u b s o n i c and s u p e r s o n i c f l i g h t , a t l e a s t f o r p o i n t e d 

p l a n forms. To be sure, the meaning of " s l e n d e r " i s a l i t t l e d i f 

f e r e n t i n the v a r i o u s speed regimes. For any s u p e r s o n i c Mach 

Number, " s l e n d e r " means t h a t the body l i e s w e l l w i t h i n the Mach cone 

from the nose or apex. T h i s , of course, i s the reason f o r the l i m i 

t a t i o n t o p o i n t e d bodies and wings. I t a l s o l e a d s t o the c o n c l u s i o n 

t h a t r e l a t i v e l y b l u n t bodies and wings may q u a l i f y as " s l e n d e r " a t 

low s u p e r s o n i c speeds, w h i l e f o r h y p e r s o n i c speeds the method must 

f a i l e n t i r e l y f o r p r a c t i c a l shapes. In the s u b s o n i c regime, i t i s 

e a s i l y v e r i f i e d t h a t the Word " s l e n d e r " becomes l e s s r e s t r i c t i v e as 

the Mach Number i n c r e a s e s from z e r o toward u n i t y , u n t i l a t s o n i c 

speeds a wide range of bodies and wings become " s l e n d e r " . 



The well-known P r a n d t l - G l a u e r t d i f f e r e n t i a l e q u a t i o n f o r the 

p e r t u r b a t i o n v e l o c i t y p o t e n t i a l i n e i t h e r s u b s o n i c or s u p e r s o n i c 

f l i g h t i s 

( l 

where x, y and z are r e c t a n g u l a r c a r t e s i a n c o o r d i n a t e s , as i n 

P i g , ( l ) o The x - a x i s i s the l i n e of i n t e r s e c t i o n of the plane of 

the wing and a plane normal t o the wing c o n t a i n i n g the u n d i s t u r b e d 

f l o w d i r e c t i o n , and M denotes the stream Mach Number. The Slender 

Body a p p r o x i m a t i o n c o n s i s t s of n e g l e c t i n g the f i r s t term of e q u a t i o n 

(2.1.1) i n comparison w i t h the second and t h i r d . The e q u a t i o n 

becomes: 

f± + * ± = O (2.1,2) 

The j u s t i f i c a t i o n f o r t h i s a p p r o x i m a t i o n i s , a t l e a s t i n t u i t i v e l y , 

the s l e n d e r e l o n g a t e d form of the wing or body under c o n s i d e r a t i o n . 

I t seems c l e a r t h a t s i n c e the g e o m e t r i c a l p r o p e r t i e s of the body or 

wing vary only s l o w l y i n the x - d i r e c t i o n , the d e r i v a t i v e 2—5. , 
bx2-

which i s the r a t e of change of the p e r t u r b a t i o n v e l o c i t y component 

i n the same d i r e c t i o n , must a l s o be s m a l l . 
( & ) 

Robinson and Young observed t h a t the s l e n d e r - w i n g t h e o r y 

of Jones y i e l d s reasonable and s e l f - c o n s i s t e n t r e s u l t s when a p p l i e d 

t o wings w i t h o u t t h i c k n e s s a t M = 1. T h i s c o n c l u s i o n , which might 

seem t o f o l l o w immediately from p u t t i n g M = 1 i n e q u a t i o n ( 2 . l . l ) , 
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i s i n f a c t , somewhat s u r p r i s i n g , s i n c e i t i s known t h a t e q u a t i o n 

(2.1.1) i t s e l f i s not g e n e r a l l y v a l i d i n the t r a n s o n i c regime. The 

treatment of wings and bodies w i t h t h i c k n e s s , f o r example, r e q u i r e s 

t h a t e q u a t i o n ( 2 . l . l ) be d i s c a r d e d i n f a v o r of a d i f f e r e n t a p p r o x i 

mation i n which a n o n l i n e a r term i s r e t a i n e d . 

Thus the t h e o r y o r i g i n a t e d by Munk and Jones, and now more 

g e n e r a l l y known as the S l e n d e r Body Theory, i s seen t o be almost 

unique w i t h i n the category of s m a l l p e r t u r b a t i o n t h e o r i e s , i n t h a t 

i t a p p l i e s , a t l e a s t t o some case s , w i t h o u t m o d i f i c a t i o n throughout 

the whole spectrum of f l y i n g speeds from M = 0 t o h i g h s u p e r s o n i c 

(but not h y p e r s o n i c ) speeds. 

2.2. D e s c r i p t i o n of Brown and M i c h a e l ' s Model: 

Brown and M i c h a e l c o n s i d e r e d the f l o w over a s l e n d e r d e l t a wing 

w i t h l e a d i n g edge s e p a r a t i o n . They sought an a n a l y t i c a l model of 

the p h y s i c a l f l o w f i e l d shown i n P i g u r e (2) a.' I n t h i s f l o w , 

s e p a r a t i o n occurs a t the l e a d i n g edge and produces two s p i r a l 

v o r t e x sheets a c r o s s which the p r e s s u r e i s continuous but the 

t a n g e n t i a l v e l o c i t y i s d i s c o n t i n u o u s . F or the s l e n d e r d e l t a wing 

the f l o w f i e l d i s c o n i c a l , s i n c e t h e r e i s no c h a r a c t e r i s t i c dimension 

on which t o base v a r i a t i o n s i n any q u a n t i t y a l o n g c o n i c a l r a y s through 

the o r i g i n . The only c o n t r i b u t i o n of v i s c o s i t y i n t h i s f l o w i s t o 

f i x the s e p a r a t i o n a t the l e a d i n g edge f o r reasons e x a c t l y analogous 

t o those j u s t i f y i n g the use of the K u t t a c o n d i t i o n a t su b s o n i c t r a i l 

i n g edges. 



S i n c e s o l u t i o n t o the problem c o n s i d e r i n g the s p i r a l v o r t e x 

sheet i s very d i f f i c u l t , because the s o l u t i o n must p r o v i d e both the 

shape and the s t r e n g t h of the v o r t e x sheet, Brown and M i c h a e l 

c o n s i d e r e d a s i m p l i f i e d model, i n terms of the s l e n d e r body the o r y 

of 2.1. T h i s model shown i n P i g u r e (2) b, r e p l a c e s the s p i r a l s heets 

w i t h two c o n c e n t r a t e d l i n e v o r t i c e s above the wing and two f l a t 

f e e d i n g v o r t e x s h e e t s c o n n e c t i n g the source of v o r t i c i t y ( l e a d i n g 

edge) and the c o n c e n t r a t e d l i n e v o r t i c e s . For the c o n i c a l f l o w 

the net v o r t i c i t y i n the s p i r a l i n c r e a s e s l i n e a r l y i n the downstream 

d i r e c t i o n , hence the c o n c e n t r a t e d v o r t e x l i n e s must a l s o i n c r e a s e 

l i n e a r l y i n s t r e n g t h . 

The boundary c o n d i t i o n s imposed by Brown and M i c h a e l i n the 

complex o~- plane ( F i g u r e 3) are i n two p a r t s . The c o n d i t i o n s at the 

wing are f i r s t t h a t the wing i s s o l i d , so t h a t normal v e l o c i t i e s a t 

the s u r f a c e are z e r o , and second t h a t the f l o w s e p a r a t e s a t the l e a d 

i n g edges. The c o n d i t i o n s i n the f i e l d are f i r s t t h a t d i s t u r b a n c e s 

•vanish at l a r g e d i s t a n c e s , and second t h a t the f l u i d p r e s s u r e i s con

t i n u o u s . The l a s t c o n d i t i o n i s however i m p o s s i b l e t o s a t i s f y w i t h 

the assumed model and i t must be r e p l a c e d w i t h one which i s more com

p a t i b l e . The d i f f i c u l t y l i e s i n the presence of the f e e d i n g v o r t e x 

sheet a c r o s s which t h e r e must be no p r e s s u r e d i s c o n t i n u i t y , but 

s i n c e the assumed v o r t e x system r e p r e s e n t s the t r u e s p i r a l only a t 

a d i s t a n c e i t i s t o be expected t h a t i n the s m a l l r e g i o n near the 

system v i o l a t i o n s of n a t u r a l c o n d i t i o n s might occur. Hence the 

p r e s s u r e boundary c o n d i t i o n was r e p l a c e d by a s i m p l e r one, which 

r e q u i r e s t h a t the i n t e g r a l of p r e s s u r e around the assumed v o r t e x 
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system v a n i s h . I n s i m p l e r terms, i t was r e q u i r e d as a f i n a l c o n d i 

t i o n t h a t the assumed v o r t e x system ( f e e d i n g sheet and c o n c e n t r a t e d 

v o r t e x ) have zero net f o r c e a c t i n g s i n c e only the wing and not the 

f l u i d can s u s t a i n any f o r c e s . A p p l i c a t i o n of t h i s t o the model 

leads t o the c o n d i t i o n t h a t the f o r c e s on the f e e d i n g sheet be 

c a n c e l l e d by eq u a l but op p o s i t e f o r c e s on the c o n c e n t r a t e d v o r t e x . 

The above boundary c o n d i t i o n s r e s u l t e d i n t h r e e e q u a t i o n s i n 

the unknowns ay - ^ + L E ( ^ e v 0 r " t e x p o s i t i o n , and the v o r t e x 

s t r e n g t h . These eq u a t i o n s were s o l v e d n u m e r i c a l l y and i t was 

p o s s i b l e t o p r e d i c t the v o r t e x p o s i t i o n and s t r e n g t h f o r any d e s i r e d 

a n g l e of a t t a c k . Knowledge of these t h r e e b a s i c q u a n t i t i e s enabled 

Brown and M i c h a e l t o compute the l i f t and the p r e s s u r e d i s t r i b u t i o n 

over the wing s u r f a c e f o r any v a l u e of angle of a t t a c k , 

2.3 D e s c r i p t i o n of P r e s e n t Model; 

In t h i s model the f l o w over a s l e n d e r d e l t a wing w i t h both 

secondary and l e a d i n g edge s e p a r a t i o n i s c o n s i d e r e d . The p h y s i c a l 

f l o w f i e l d i s shown i n P i g u r e (4) a. In t h i s f l o w , primary s e p a r a 

t i o n occurs a t the l e a d i n g edge and iproduces two s p i r a l v o r t e x 

s h e e t s h o v e r i n g above the wing s u r f a c e . This v o r t e x system produces 

an outward spanwise f l o w w i t h adverse pre s s u r e g r a d i e n t s on the wing 

upper s u r f a c e j u s t i n b o a r d of the l e a d i n g edge, c a u s i n g secondary 

s e p a r a t i o n t o develop a l o n g a c o n i c a l r a y from the o r i g i n . The 

secondary s e p a r a t i o n l e a d s t o the f o r m a t i o n of ano t h e r s p i r a l v o r t e x 

sheet h o v e r i n g under the primary s p i r a l much c l o s e r t o the wing s u r f a c e . 

Due t o symmetry about the c e n t e r l i n e there w i l l be two such secondary 

s p i r a l s . 
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S o l u t i o n s t o the problem c o n s i d e r i n g the s p i r a l v o r t e x 

sheets i s very d i f f i c u l t , s i n c e the s o l u t i o n must p r e d i c t both the 

shape and s t r e n g t h of the s h e e t s . The author c o n s i d e r e d a s i m p l i 

f i e d model i n terms of the s l e n d e r body the o r y of 2.1. T h i s model 

shown i n P i g u r e (4) b, r e p l a c e s the primary s p i r a l sheets by two 

c o n c e n t r a t e d l i n e v o r t i c e s above the wing and two f l a t f e e d i n g 

v o r t e x sheets c o n n e c t i n g them t o the l e a d i n g edge. S i m i l a r l y , i t 

r e p l a c e s the secondary s p i r a l sheets by two o t h e r c o n c e n t r a t e d l i n e 

v o r t i c e s above the wing and two f l a t f e e d i n g v o r t e x sheets c o n n e c t i n g 

them t o the l i n e s of secondary s e p a r a t i o n . F o r the c o n i c a l f l o w 

the net v o r t i c i t y i n c r e a s e s l i n e a r l y i n the down-stream d i r e c t i o n , 

hence the c o n c e n t r a t e d v o r t i c e s , d e s c r i b e d above, must a l s o i n c r e a s e 

l i n e a r l y i n s t r e n g t h . 

The boundary c o n d i t i o n s imposed on t h i s model i n the complex 

c r - p l a n e ( P i g . 7 ) , are i n two p a r t s . The c o n d i t i o n s at the wing 

are f i r s t t h a t the wing i s s o l i d , so t h a t normal v e l o c i t i e s a t the 

s u r f a c e are z e r o , second t h a t the f l o w s e p a r a t e s a t the l e a d i n g 

edges, and f i n a l l y t h a t the f l o w s e p a r a t e s a l o n g the l i n e s of sec

ondary s e p a r a t i o n . The c o n d i t i o n s i n the f i e l d are f i r s t t h a t d i s 

turbances v a n i s h a t l a r g e d i s t a n c e s , and second t h a t the i n t e g r a l 

of p r e s s u r e around each of the two v o r t e x systems v a n i s h e s , s i n c e 

only the wing and not the f l u i d can s u s t a i n any f o r c e s . T h i s l a s t 

c o n d i t i o n i s s i m p l i f i e d t o the requirement t h a t the f o r c e on the 

primary f e e d i n g s h e e t , due t o the f l o w f i e l d , be e q u a l and o p p o s i t e 
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t o the f o r c e on the c o r r e s p o n d i n g primary c o n c e n t r a t e d v o r t e x ; 

a l s o t h a t the f o r c e on the secondary f e e d i n g sheet be equal and 

o p p o s i t e t o the f o r c e on the c o r r e s p o n d i n g c o n c e n t r a t e d v o r t e x . 

A p p l i c a t i o n of these boundary c o n d i t i o n s r e s u l t s i n f o u r 

e q u a t i o n s i n the unknowns cr, = J},+Lt| , C i - 3 ^ + t 2 ; 2 ? Y, } Xz. 

and b. S i n c e i d e a l f l o w theory can not p r e d i c t the p o s i t i o n of 

secondary s e p a r a t i o n b, i t i s c o n s i s t e n t t h a t the number of r e s u l t i n g 

e q u a t i o n s i s i n s u f f i c i e n t t o s o l v e f o r a l l the unknowns. The use 

of boundary l a y e r e q u a t i o n s must be employed i n c o n j u n c t i o n w i t h the 

p o t e n t i a l f l o w equations i n order t o p r e d i c t v a l u e s of b f o r any 

angle of a t t a c k . T h i s problem would then become much more c o m p l i 

c a t e d , and i s beyond the scope of the i n t e n d e d a n a l y s i s . Hence 

f o r the purpose of t h i s a n a l y s i s b i s l e f t as a f r e e parameter 

t h a t must be s p e c i f i e d i n advance i n order t o s o l v e f o r the remain

i n g unknowns o-, } CJ \ ? If, and Y^. Knowledge of these q u a n t i t i e s 

w i l l be s u f f i c i e n t t o compute the l i f t on the wing a t any angle of 

a t t a c k . 

2.3 The P o t e n t i a l S o l u t i o n 

The s o l u t i o n t o e q u a t i o n (2,1.2), which w i l l s a t i s f y the two 

c o n d i t i o n s , f i r s t t h a t t h e r e be no f l o w through the wing s u r f a c e 

and second t h a t d i s t u r b a n c e s caused by the presence of the wing i n 

the u n i f o r m f l o w d i s a p p e a r a t l a r g e d i s t a n c e s , can be o b t a i n e d by 

the use of conf orm.al mapping. 

U s i n g the f o l l o w i n g t r a n s f o r m a t i o n ( f o l l o w i n g Brown and M i c h a e l ) 

from the C -plane to. -the- &-plane ( f i g u r e s 5 and 6) 

9 = d (!) 
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i t i s p o s s i b l e t o w r i t e an e x p r e s s i o n f o r the complex p o t e n t i a l i n 

the -9— plane as f o l l o w s ; 

F(e) = IL^I f l f i ) + i *±J*t <*-*>• ) -
z / r \ 9+e,l in \ &+ezJ 

(2) 

where a r e the transformed v o r t e x p o s i t i o n s 0] , G% r e s p e c t i v e l y 

E q u a t i o n (2) thus r e p r e s e n t s the f l o w past a f l a t p l a t e of 

l e n g t h 2 a , w i t h f o u r v o r t i c e s p l a c e d s y m m e t r i c a l l y on e i t h e r s i d e 

at p o s i t i o n s , ~^i» a n d - § 2 « 

The c o r r e s p o n d i n g complex p o t e n t i a l i n the p h y s i c a l p l a n e , 

F(<3~:a) = <̂> + <- where i s a f u n c t i o n s i m i l a r t o a stream f u n c 

t i o n but h a v i n g no p h y s i c a l s i g n i f i c a n c e t o the t h r e e d i m e n s i o n a l 

stream l i n e s of the f l o w . The dependence of t h i s s o l u t i o n on x l i e s 

only i n the r e l a t i o n between a and x. 

F(cr) = _ l I I 
Z-fT 

-c*V/7^r> (3) 
. (o-ift.1- 4 {ft _ *V 

Thus E q u a t i o n (3) r e p r e s e n t s the f l o w normal t o an impermeable f l a t 

p l a t e h a v i n g f o u r s y m m e t r i c a l l y p l a c e d v o r t i c e s a t p o s i t i o n s c T ^ c T ^ , 

and - Ct . I t i s a l s o e v i d e n t t h a t d i s t u r b a n c e s caused by the wing 

and i t s v o r t e x system w i l l d i s a p p e a r as ^0~| becomes l a r g e and 



12 

t h a t i s l e f t i s the e f f e c t of u n i f o r m f l o w normal t o the wing's s u r 

f a c e . 

2.5 Boundary C o n d i t i o n s ; 

I n a d d i t i o n t o the u s u a l boundary c o n d i t i o n s s a t i s f i e d by , 

e q u a t i o n (3), t h e r e are t h r e e v o r t e x sheet boundary c o n d i t i o n s 

imposed on t h i s model; 

1. Primary s e p a r a t i o n from the wing at the l e a d i n g edge. 

2. Secondary s e p a r a t i o n from the wing upper s u r f a c e a l o n g a ray 

from the apex i n b o a r d of the l e a d i n g edge. 

3. Each primary and secondary system of v o r t i c e s and v o r t e x 

f e e d i n g s heets has no net f o r c e a c t i n g s i n c e only the wing and 

not the f l u i d can s u s t a i n any f o r c e s . 

The a p p l i c a t i o n of the above boundary c o n d i t i o n s w i l l y i e l ' d the 

r e q u i r e d e q u a t i o n s t o s o l v e f o r the unknown parameters Y^, Y^* 0~{ } 0\ 

i n terms of the p o s i t i o n of secondary s e p a r a t i o n . 

2.5 .1 S e p a r a t i o n a t l e a d i n g edge: 

S e p a r a t i o n a t the l e a d i n g .edge i m p l i e s t h a t the v e l o c i t i e s a t 
Qre f in i te 

& - +0.̂  F i g u r e 5); i . e . 

= i£ 00 
der ' 

but 

_ 41 i£ and = ^CZ7-

clcr ~ do-

hence df - °~ i f . 
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I n order f o r ~r- t o remain f i n i t e ae C approaches the 
de

v a l u e <T = a, i t i s n e c e s s a r y t h a t s 

dF 
' S a 

lience 

J — O . ®u f j °~= a i s e q u i v a l e n t t o %• = 0, 

But from e q u a t i o n (2) 

i f I *o . • ( 4 ) 

t h e r e f o r e : 

^\ = t i i [±. + J-) - t "L (J- + -L) - L* V = o 

or 

(6) 

The above r e l a t i o n between the v a r i o u s parameters must be s a t i s 

f i e d i n order t o achieve s e p a r a t i o n a t the l e a d i n g edge, 

2,5.2 Secondary S e p a r a t i o n ; 

S e p a r a t i o n a t the secondary l i n e i m p l i e s t h a t there i s a 

s t a g n a t i o n p o i n t i n the c r o s s - f l o w plane a t the s e p a r a t i o n p o s i t i o n 
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1 o 6 • j 

( F i g u r e 5 ) 5 

but i f = 

fcr 3© CIF 

40" I cr^b 

and de 

t h e r e f o r e 
ovv> 

However a© i s f i n i t e and w e l l behaved f o r a l l v a l u e s cTo- \cr-\o 

of b except b = 0 and b = a c S i n c e i t was assumed t h a t the l i n e of 

secondary s e p a r a t i o n l i e s i n b o a r d of the l e a d i n g edge and outboard 

of the c e n t e r l i n e , the above two cases can be ex c l u d e d and ^.1 f̂c- O 

hence: 

but 0~=̂ 3 i s e q u i v a l e n t t o @-QQ _ ^ ^ o r 

(7) 

T h e r e f o r e i (8) 

U s i n g e q u a t i o n ( 5 ) : 

i f 

or 

1 |_^«-p,)(e.+ei' 
at ( 9) 

file:///cr-/o
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T h i s sBconi r e l a t i o n must be s a t i s f i e d i n order t o o b t a i n a 

s t a g n a t i o n p o i n t i n the c r o s s - f l o w plane a t the secondary s e p a r a t i o n 

p o s i t i o n . 

2.5,3. Force f r e e v o r t e x Systems: 

T h i s system c o n s i s t s of two p a r t s , the primary v o r t e x w i t h i t s 

f e e d i n g sheet and the secondary v o r t e x w i t h i t s f e e d i n g s h e e t . In 

each of these systems, the f o r c e on the c o n c e n t r a t e d v o r t e x must 

be equal and o p p o s i t e t o the f o r c e on i t s f e e d i n g sheet, as i n Brown 

and M i c h a e l ' s model. 

The pr i m a r y f e e d i n g sheet f o r c e v e c t o r per u n i t l e n g t h 

F ^ can be computed u s i n g K u t t a ' s law: 

F%{ ^ t^sj i*i (O\-OL) do) 

The complex q u a n t i t y i i s needed t o r o t a t e the v e c t o r (cr, -cx) 

through 90° c o u n t e r c l o c k w i s e t o g i v e the c o r r e c t f o r c e d i r e c t i o n . 

(Cosines of s m a l l a n g l e s are assumed t o be u n i t y ) . 

S i m i l a r l y an e x p r e s s i o n f o r the secondary f e e d i n g sheet f o r c e 

can be w r i t t e n as f o l l o w s : 

To compute the f o r c e s on the c o n c e n t r a t e d v o r t i c e s , i t i s 

assumed t h a t the v e l o c i t y of the c r o s s - f l o w f i e l d a t the v o r t e x 

c e n t e r i s or i n the d i r e c t i o n p a r a l l e l t o the l i n e d e f i n i n g the 

f e e d i n g sheet i n the c r o s s - f l o w p l a n e . Thus /vT i s the v e l o c i t y 

a t the primary v o r t e x and has the same d i r e c t i o n as the v e c t o r ( c r j-tx). 

v* i s the v e l o c i t y a t the secondary v o r t e x and has the same d i r e c t i o n 
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as the v e c t o r (<r t _ V a ) . S i n c e the u n i f o r m f l o w i s o b l i q u e t o the v o r t i c e s , 

'the magnitude of these v e l o c i t i e s t a k e s i n t o account the u n i f o r m f l o w 

component as w e l l as the c r o s s f l o w e f f e c t s on the v o r t i c e s . 

The f o r c e on the primary v o r t e x p er u n i t l e n g t h can be expressed 

u s i n g K u t t a ' s law: 

* (12) 

S i m i l a r l y an e x p r e s s i o n f o r the f o r c e a c t i n g on the secondary v o r t e x 

can be found: 

S i n c e the primary v o r t e x system can not s u s t a i n any f o r c e s : 

Using e q u a t i o n s (lO) and (12): 

or 

but s i n c e i t was assumed t h a t Y-^(x) and Yg(x) vary l i n e a r l y i n the 

x - d i r e c t i o n , i t f o l l o w s t h a t : 

i l l ^ Xr or w i t h X = 

dh - Hi r, 
hence 

A/* = v i e , ( (14) 
Cc ' 
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S i m i l a r l y , f o r the secondary v o r t e x system: 

Using e q u a t i o n s ( l l ) and (13) 

-t ' t V i}y <V t -fe) +i\ id uv* 
(AX 

or 
ax 

But dTz. _ K i r, 

hence 

t i * = VK,. i ŝ k) (15) 

2 . 5 . 4 D e t e r m i n a t i o n of AT 

if 

AT, i s made up from the component of u n i f o r m f l o w p e r p e n d i c u l a r 

t o the v o r t e x core p l u s the c o n t r i b u t i o n from the cross f l o w p o t e n t i a l . 

T his can be expressed as f o l l o w s : 

hence 

Using e q u a t i o n (14) f o r A T , * 

^ vK, ( ^ > - M + vie, I L 

= VK, ( *£• . | ) (16) 
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S i m i l a r l y : 

hence 
b 

b 
U s i n g e q u a t i o n (15) f o r 

e q u a t i o n s (l6) and (17) can be r e w r i t t e n as f o l l o w s , 

(17) 

(18) 

b 
(19) 

These two e q u a t i o n s imply t h a t t h e r e i s no net f o r c e on the v o r t e x 

system. In order t o make use of them, e x p r e s s i o n s f o r W][ ( cTJ ) and ^2(<Tl) 

must be o b t a i n e d . 

W 

or 

cr 

\ 
6 i i 

\Jcr^oJ- i 7 r ( < r - t r , ) 
(20) 
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I t i s c l e a r t h a t the 2nd, 3 r d , 4 t h , and 5th terms i n the l a t t e r 

e x p r e s s i o n are w e l l behaved as C approaches the v a l u e <7"- (TJ <, 

However a l i m i t i n g p r o c e s s must be a p p l i e d t o the 1st and 6 t h terms, 

l e t 

Q t (<r,) = - S ^ Z f ( I* 
cx-* ex. 

Qy(<rt) ^ ill 
zir 

where A: = J CT* - ft> c o n s t a n t 

A p p l y i n g L ' H o s p i t a l ' s R u l e : 

2-7T 

crA 
/ \)fl-*--ft> 

J <r\<x> - o- A 

<̂  1 <r-o> - c r A 

A p p l y i n g L ' H o s p i t a l ' s Rule a g a i n : 

, 1 . - (ertr,) - A 

3<r {fay - za-A + t(o--£r,) j<rVv+2.<^(r\<^ + ^ r f t r - < r i ) _ A ( 2 . ( r - ^ , ) 

£ 7 
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l e t t i n g <r a~t and u s i n g A = ^"cr^T^-

lit 

lSei(e?i&) -tflj/o-,̂) T - a ^ C c r , ^ ) -<n(er,\£) 

cJO *• 
^ a<r ((c^_Ar) 

Hence 

-r 
i t i 
17T 

- t 'it 
27T 

(21) 

S i m i l a r l y : 

W . G T - I ^ df _(>U (_±_) 

cr-crv 

r ' 1 
\ 

ZTT Z.TT 

zjr 

L ' i i " j ' ' J 

(22) 

Here the 1st, 2nd, 4th, and 5th terms are w e l l behaved as cr approaches 

the v a l u e cr- a\ m 

Let QiCcTi,) = L i m i t (3rd Term + 6th Term) 

to) = - < £ ^ 
Z F <r-*<rt 

( 2 1 OL) 
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T h i s e x p r e s s i o n i s s i m i l a r t o t h a t f o r 6^(0",) and the same 

l i m i t i n g process- w i l l a p p l y , g i v i n g the r e s u l t s 

<3«. to) a. 
IT 

So t h a t : 

W j o V ) ^ -i Ik. °t 

a7r 

Combining eq u a t i o n s (18) w i t h ( 2 l ) and ( l 9 ) w i t h (23): 

(23) 

V K , ( l S - i ) - ill ^ 
17T 

277 
(24) 

A l s o 

<7i 
ITT 

- I 
27T 

Equations ( 6 j , (9^ (24), a n d ( 2 5 ) y i e l d 6 r e a l e q u a t i o n s i n the unknowns: 

x l » y l * X 2 ' y 2 ' Y l * Y 2 ' b ' S ° t h a t b i S l e f t a S a f r e e P a r a m e t e r ' 
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2.6 Computation of L i f t : 

The l i f t i s e a s i l y obtained from momentum c o n s i d e r a t i o n s or by 

computing the f l o w of downward momentum through an i n f i n i t e plane 

p e r p e n d i c u l a r t o the stream a t the t r a i l i n g edge, as shown by Adams an 
(9) 

S e a r s v . Thus, 

(26) 

The above e q u a t i o n can be expressed i n terms of the complex 

p o t e n t i a l P(o-) as f o l l o w s : 

. R . ^ v/ ( <̂3 F(cr) -f ̂  y cid) (27) 

where R.P. stands f o r the r e a l p a r t of the complex f u n c t i o n , and the 

contour e n c l o s e s the wing and the c o n c e n t r a t e d v o r t i c e . s w i t h t h e i r 

c o n n e c t i n g s h e e t s . The i n t e g r a t i o n of If/ i s zero around the c l o s e d 

curve s i n c e if/ i s s i n g l e v a l u e d i n the f i e l d and c o n s t a n t on the wing 

boundary. Furthermore, the f u n c t i o n p( 0~) i s a n a l y t i c i n the f i e l d 

e x t e r n a l t o the contour; hence, the i n t e g r a l i s independent of the 

pa t h p r o v i d e d t h a t i t e n c l o s e s the o r i g i n a l contour. The s i m p l e s t 

i n t e g r a t i o n . i s o b t a i n e d by t r a n s f o r m i n g e q u a t i o n (27) t o the $-plane; 

hence, 

L , - R.P. \zv F(e) ^ (28) 
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Using e q u a t i o n (2) and ^df — ^ . - g i v e s : 
d 0 \f5%? 

(29) 

C o n s i d e r the l a s t term i n t h i s i n t e g r a n d . 

©Me 

where I.P. stands f o r the im a g i n a r y p a r t of the complex f u n c t i o n 

I t can be shown t h a t as a r g (•&) i n c r e a s e s through 2u, I.P.( ̂ j © * ^ ) 

has the same v a l u e at bot h l i m i t s , whereas I . P . 6 + { & \ 6 £ ^ •= <3Ub̂  (s+Jtf+ê ) 

i n c r e a s e s by 2 i u Hence the v a l u e of "O becomes: 

or, 

(30) 

To e v a l u a t e other terms i n e q u a t i o n ( 2 9 ) , c o n s i d e r the term a r i s i n g 

from the primary v o r t e x a t •& = •& : 

^ R P ! li. fc> ~fa(B-e,)-J— de 

or 
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I n t e g r a t i n g by p a r t s and making use of i n t e g r a l t a b l e s , i t can 

be shown t h a t 

There w i l l be an e x p r e s s i o n s i m i l a r t o t h i s from the term f o r 

the primary v o r t e x a t & = —8^ 

(0 + ©,) 
Combining and t§( , the r e s u l t i s 10^(0-° 

- e v / -21 L P . 
2/r 

^7^ 
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A g a i n i t can be shown t h a t the only c o n t r i b u t i o n t o the above 

e x p r e s s i o n as a r g ($) i n c r e a s e s from 0 t o 2TC i s from 

which i n c r e a s e s by 2n„ Hence tz^ becomes, 

* V eS, = -Z\Jf, ( 9,+&t) (3i) 

S i n c e e q u a t i o n ( 2 9 ) has another such term, a r i s i n g from the 

secondary v o r t i c e s , i t i s p o s s i b l e t o w r i t e down the complete 

e x p r e s s i o n f o r l i f t as f o l l o w s ; 

or i n c o e f f i c i e n t form, 

«• ±iv\g) VOL ^ CK. 1 \}<K. \ CL / 1 

I n t h i s e x p r e s s i o n , the l a s t term r e p r e s e n t s the l i f t which 

would be o b t a i n e d i n the absence of s e p a r a t i o n (the l i f t as computed 

by J o n e s ) , and the f i r s t two terms r e p r e s e n t the e f f e c t of the primary 

and secondary s e p a r a t i o n r e s p e c t i v e l y . 
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III SOLUTION TO EQUATIONS : 

E q u a t i o n s ^ iS), (24) and(25) of (̂2.5) make up the nece s s a r y 

r e l a t i o n s t o s o l v e f o r the unknowns ^ , ̂ ( t j 2^ , tf| 

and Y j . i n terms of the f r e e parameter b. The f i r s t two equations 

(6 and 9) are two r e a l e quations l i n e a r i n the q u a n t i t i e s Tf and / t 0 

T h i s made i t p o s s i b l e t o o b t a i n e x p r e s s i o n s f o r v o r t e x s t r e n g t h s i n 

terms of t h e i r p o s i t i o n c o o r d i n a t e s . U s i n g these e x p r e s s i o n s i n the 

r e m a i n i n g two complex equations (24 and 25) g i v e s r i s e t o f o u r r e a l 

n o n - l i n e a r e q u a t i o n s i n the v o r t e x coordinates., I t was these l a t t e r 

r e a l e q u a t i o n s t h a t were s o l v e d n u m e r i c a l l y u s i n g the I.B.M. 7040 computer. 

A f t e r two d i f f e r e n t attempts a t n u m e r i c a l s o l u t i o n by the a u t h o r 

proved u n s u c c e s s f u l , the s e c a n t m e t h o d was used t o s o l v e the system 

of e q u a t i o n s , u s i n g a program w r i t t e n by P u n d e r l i c and R i n z e l ^ " ^ . 

D e t a i l s are g i v e n i n Appendix I . T h i s program r e q u i r e s f i v e i n i t i a l 

e s t i m a t e s f o r each of the f o u r v o r t e x c o o r d i n a t e s , and then by means ' 

of an i t e r a t i v e p r o c e s s i t attempts t o converge on the f o u r r o o t s 

n e a r e s t t o these i n i t i a l e s t i m a t e s . 

T h i s system of eq u a t i o n s i s i l l - c o n d i t i o n e d , i n t h a t i t was d i f f i 

c u l t t o achieve convergence t o the c o r r e c t r o o t , and the s o l u t i o n 

was extremely s e n s i t i v e t o the choi c e of i n i t i a l e s t i m a t e s . The 

c o r r e c t r o o t i s here d e f i n e d as p r o d u c i n g r e a l i s t i c r e s u l t s i n terms 

of v o r t e x s t r e n g t h and the d i r e c t i o n of c i r c u l a t i o n , a l s o v o r t e x 

p o s i t i o n s above the wing and f i n a l l y the magnitude of l i f t developed. 
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For a p a r t i c u l a r c h o i c e of b (the secondary s e p a r a t i o n p o s i t i o n ) and a 

(the angle of a t t a c k ) i t was p o s s i b l e t o o b t a i n two independent r o o t s , 

which i n terms of the above c o n d i t i o n s can be c o n s i d e r e d c o r r e c t . 
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IV DISCUSSION. AND RESULTS: 

The r e s u l t s o b t a i n e d by s o l v i n g the equ a t i o n s f o r tfie v o r t e x 

c o o r d i n a t e s are t a b u l a t e d i n Appendix I I t o g e t h e r w i t h v o r t e x s t r e n g t h s 

and l i f t . The l i f t r e s u l t s are shown i n P i g . (8) and compared w i t h 

Brown and M i c h a e l ' s l i f t c u r v e . I t was found t h a t i n or d e r t o o b t a i n 

r e a l i s t i c s o l u t i o n s a t h i g h e r v a l u e s of i n c i d e n c e , the v a l u e f o r b 

(the secondary s e p a r a t i o n p o s i t i o n ) had t o be decreased which i s con

s i s t e n t w i t h experiment s i n c e the secondary s e p a r a t i o n l i n e does 

move i n b o a r d as the angle of a t t a c k i s i n c r e a s e d . 

Prom the r e s u l t s t a b u l a t e d i t i s c l e a r t h a t the system of equations 

s o l v e d has m u l t i p l e r o o t s which must be c o n s i d e r e d , s i n c e f o r p a r t i - . 

c u l a r v a l u e s of a and b i t was p o s s i b l e t o o b t a i n as many as. three r o o t s 

c o r r e s p o n d i n g t o v o r t e x p a i r s above the wing w i t h c o r r e c t c i r c u l a t i o n 

d i r e c t i o n s g i v i n g r i s e t o three d i f f e r e n t v a l u e s f o r l i f t . An example 
K b of t h i s i s the combination — = 0.50 and — = 0.93. f o r which t h r e e r o o t s a . 

were obt a i n e d by v a r y i n g the i n i t i a l e s t i m a t e s of the r o o t s . 

The s o l u t i o n s t o t h i s system of equ a t i o n s can be d i v i d e d i n t o 

a t l e a s t f o u r f a m i l i e s , d i s t i n g u i s h e d by the f o l l o w i n g c r i t e r i a : 

1 - One f o r which the secondary v o r t e x i s outboard of the primary 

and weaker. 

2 - One f o r which the secondary v o r t e x i s outboard of the primary and 

s t r o n g e r . 

3 - One f o r which the secondary v o r t e x i s i n b o a r d of the primary and 

weaker . 

4 - One f o r which the secondary v o r t e x i s i n b o a r d of the primary and 

s t r o n g e r . 
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These d i f f e r e n t f a m i l i e s are d i s t i n g u i s h e d i n P i g , (8). 

T h i s c l a s s i f i c a t i o n was the most obvious, s i n c e experiments show 

t h a t the secondary v o r t e x i s always outboard of the primary and i s much 

weaker, and s i n c e t h i s model y i e l d s some r e s u l t s c o n f i r m i n g t h i s 

and others not i n c l o s e agreement w i t h experiment. 

At s m a l l a n g l e s of a t t a c k a l l f a m i l i e s seem t o converge onto 

Brown and M i c h a e l ' s l i f t c u r ve, i n good agreement. However f o r 
o< v 

v a l u e s of ~ / 0.20 m u l t i p l e r o o t s appear more f r e q u e n t l y and i t 
*\ 

becomes d i f f i c u l t t o d e t e c t any smooth t r e n d s i n l i f t u n l e s s a l l the 

r o o t s i n the neighbourhood of Brown and M i c h a e l ' s curve are a v a i l a b l e . 

Due t o t h i s problem of m u l t i p l e r o o t s i t i s i m p o s s i b l e t o 

observe any t r e n d s i n v o r t e x p o s i t i o n s and s t r e n g t h as f u n c t i o n s of 

i n c i d e n c e s i m i l a r t o what Brown and M i c h a e l were a b l e t o observe w i t h 

t h e i r model, i n which the problem of m u l t i p l e r o o t s does not a r i s e . 

Brown and M i c h a e l ' s v a l u e s of v o r t e x p o s i t i o n and s t r e n g t h as f u n c t i o n s 

of i n c i d e n c e were c a l c u l a t e d from t h e i r e q u a t i o n s by means of a computer 

program of the a u t h o r ' s , and the curves are g i v e n i n P i g . ( 9 ) . However, 

f o r the purpose of i l l u s t r a t i o n of t y p i c a l v o r t e x c o n f i g u r a t i o n s 

p r e d i c t e d w i t h the present model, some r e s u l t s are shown i n P i g . (lO) 

i n d i c a t i n g r e l a t i v e p o s i t i o n s of the v o r t i c e s w i t h t h e i r f e e d i n g s h e e t s . 

A l t h o u g h some primary v o r t e x p o s i t i o n s are i n b o a r d of Brown and M i c h a e l ' s 

v a l u e s f o r the same i n c i d e n c e , others are outboard, and no t r e n d c o u l d 

be d e t e c t e d from the number of v a l u e s c a l c u l a t e d * 
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V CONCLUSIONS 

I t has been demonstrated t h a t the i n c l u s i o n of secondary 

s e p a r a t i o n i n the p r e s e n t model made the a n a l y s i s very d i f f i c u l t 

and produced an i l l - c o n d i t i o n e d system of n o n l i n e a r a l g e b r a i c e q u a t i o n s . 

The s o l u t i o n t o these equations r e s u l t e d i n the occurrence of 

m u l t i p l e r o o t s t h a t had t o be c o n s i d e r e d . T h i s makes i t d i f f i c u l t t o 

draw any conclusions' r e g a r d i n g the e f f e c t of secondary s e p a r a t i o n on 

the l i f t of d e l t a wings. Some of the l i f t r e s u l t s agree w i t h 

experiment b e t t e r than the r e s u l t s from the c o r r e s p o n d i n g model 

not h a v i n g secondary s e p a r a t i o n , but o t h e r l i f t r e s u l t s p r e d i c t e d 

w i t h the present model are much h i g h e r than the e x p e r i m e n t a l d a t a , and 

d i s a g r e e w i t h them I n other ways. I t i s , however, p o s s i b l e t o conclude 

t h a t the secondary s e p a r a t i o n p o s i t i o n on the s u r f a c e of the wing 

moves i n b o a r d as the i n c i d e n c e of the wing i s i n c r e a s e d . This i s i n 

complete agreement w i t h e x p e r i m e n t a l o b s e r v a t i o n s . I t i s a l s o c l e a r 

t h a t r e a l i s t i c p o t e n t i a l f l o w models of the f l o w a r i s i n g from l e a d i n g 

edge and secondary s e p a r a t i o n are p o s s i b l e . 

In the pre s e n t a n a l y s i s the f l o w model c o n s i d e r e d i s only an a p p r o x i 

mation t o the a c t u a l f l o w f i e l d . I t i s hoped t h a t subsequently the 

p o t e n t i a l f l o w problem c o n s i d e r i n g primary and secondary s p i r a l v o r t e x 

sheets can be s o l v e d , which might prove t o p r e d i c t more r e a l i s t i c 

and c o n s i s t e n t r e s u l t s . 
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APPENDIX I 



S I B F T C M A I N 
D I M E N S I O N X ( 1 0 . 1 1 ) . A N S I 1 0 ) .Z ( 1 1 ) .W( 1 1 ) 

.. COMMON. RR*AA. GA .GB..CL — - — — -
1 1 1 1 R E A D I 5 . 1 ) RR » AA 
1 F O R M A T I 2 F 1 0 . 5 ) 

R F A D L 5 ^ 2 J I 1X( I ..)) ..1=1 . 5 1 . 1 = 1 . 4 )  
2 F O R M A T I 8 F 1 0 . 5 ) 

N = 4 
100.Q . C A L L NONLIN(,X.N.»ANS,I.CQNV) 

0 0 3 1 = 1 . 4 
3 Z ( 1 ) = A N S ( I ) 

DO 4 1 = 5 . 1 1 
4 Z ( I ) = 0 . 

C A L L F V A L I Z . W ) 
W R I T E I 6 . . 5 ) R R . A A . I C O N V 

5 F O R M A T ( 4 H 1 R R = . F 8 . 5 , 1 0 X . 3 H A A = , F 8 . 5 / / 1 X , I 3 . 1 2 H I T E R A T I O N S ) 
W R I T E 1 6 . 7 ) ( A N S I I ) . 1 = 1 . 4 ) 

7. E C RM AT.L4H D X_A=_»JE 2JQ., &11AH YA=_. F 2 0 » 8/ M H XB= t E20.Jl/i/14±LYJl^f__U 8 1 
W R I T E ( 6 . 1 0 ) G A . G B 

1 0 F O R M A T ( 4 H 0 G A = . E 2 0 . 8 / / 4 H G B = . F 2 0 . 8 ) 
W R J T E [ 6 J 8 . L . C L . _ 

8 F 0 R M A T I 1 0 H 0 C L / K 1 * * 2 = . E 2 0 . 8 ) 
GO TO 1 1 1 1 

2 2 2 2 S T O P . , _ 
E N D 

S I B F T C N O N L I N 
_ ._. S U B R O U T I N E . N O N L I N U » . _ _ A N S . i I.COMV.). 

D I M E N S I O N X( 1 0 . 1 1 ) . A N S I 1 0 ) , X B A R ( 1 0 . 2 ) . A ( 1 1 . 1 1 ) . A I N V I 1 1 , 1 1 ) . P ( 1 1 ) , 
I B I 1 1 ) . X N O R M I 1 1 ) 

' I_CONV = 0 . . '. . 
N P 1 = N + 1 
DO 1 J = 1 . N P 1 
A I N P 1 , J ) = 1 . Q „ . ..... 

1 C A L L E V A L ( X l l . J ) . A ( l . J ) ) 
DO 2 1 = 1 . N P 1 

_ D 0 . _ 2 _ J i l . j N . P l _  
2 A 1 N V ( I » J ) = ( I / J ) » ( J / I ) 

DO 4 J = 1 . N P 1 
SUM =0..0 . . . 
DO 3 1=1.N 

3 SUM = SUM + A 8 S I A I I . J ) ) 
4_.XNflR.M( J)j_SJjM . 

CALL MATINVIA.AINV.NP1> 
DO 5 1=1.N 

. 5 .XBAR.C.L.l) =X 11 .NP.1.1. ~ . -
ITER=30*N 
DO 18 K=l.ITER 
XjaNUM = 0.0 
XBDEN=0.0 
DO 7 1=1,N 
XflAR.I i 12.) = Q..D 
DO 6 J=1.NP1 

6 XBARII»2)=XBAR(1.2) + A IMVIJ.NP1>*XI I.J1 
XBNUM.XRMUM + IXBAR( I.7)-XBARI I.1 ) )«» 7  

7 XBDEN =XBD£N + X B A R ( I . 2 ) * * 2 
IC0NV=IC0NV+1 
LEJL(JiaNUi)/..XB_£Nj - i._c-0.7.) 1.9.. 8...8 . _. 

8 DO' 9 I = 1 »N 
9 XBARII.1)=XBAR(1.2) 

RIGNOR =0.0  
DO 11 J=1.NP1 
IF < XNORMI J I - B I G N O P U 1.11.10 

10 -B.LGLND.R_ JUAQ-RHlJ . -
JCOL = J 

11 CONTINUE 
rAl I -EVAI I XRAR.P) 
P(NP1)=1.0 
XNORMIJCOL)=0.0 

X I 1.JCOL)=XBARI I . 1 ) 
12 XNORMIJCOL)=XNORMIJCOL)+ABSIPI I) ) 

DO 13 1 = 1 .NP1 
B I I 1=0.0 
DO 13 J=1.NP1 

13-.B.L La=aUJ.±AiKV-(J.AjJ_tP..LJ-i; 
DO 16 1=1.NP1 
IF ! I - J C O L ) 1 4 , 1 6 . 1 4 

14 DO 15 1 = 1 .NP1  
15 A I N V I I . J ) = A I N V I I . J ) - A I N V I J C O L . J ) * ( B I I ) / B I J C O L ) ) 
16 CONTINUE 

DO 17 1=1.NP] 
17 A I N V I J C O L . I ) = A I N V ( J C O L . I ) / B ( J C O L ) 
18 CONTINUE 
19 DO 20 1 = 1.N  

http://D0._2_Jil.jN.Pl_
http://-B.LGlND.R_


20 ANSI I)=X8AR(1.2) 
RETURN 
END 

SIBFTC MATINV 
SUBROUTINE MAT INV(A.B.I I I! 
D.1ME N SJ.0 N ..Al 1 1_.11.1_-B J JJ...JJ 
KK =I I I 
NV= I I I 
KKM=KK-1 
D014I=1»KKM 
S = 0.0 
D02J=I .KK _. _ 
R = A B S ( A ( J > I ) ) 
I F I R - S 1 2 . 1 . 1 

.1 S=R 
L = J 

2 CONTINUE 
LEjlL-L).3..-7-t3_. 

3 D0 4 J = I , K K 
S = A ( I . J ) 

. . A I I . J ) =A(.L . J.) 
4 A I L . J ) = S 
5 D06J=1.NV 

S = B I I , J ) 
B ( I . J ) = B ( L . J ) 

6 B ( L . J ) = S 
7 IF.( A l . l . I ) ) 8.1..8. 
8 IPO=I+] 

D013J=IPO.KK 
. IJLi Ai.JjJL >.' -9 rS. 

9 S - A ( J »I )/A( I,I ) 
A I J . I ) = 0 . 0 
DO10K=IPO»KK . 

10 A ( J . K ) = A ( J . K l - A I I . K ) * S 
11 D012K=].NV 
12...B < J • K ).? 8 < J_. KJ -BJ I...K ) *S. 
13 CONTINUE 
14 CONTINUE 
15 KM0=KK-1 

D017K=1.NV 
B(KK.K)=B(KK.K)/AIKK.KK) 
JJ 0__7.I = JL»JiM_. 

N=KK-I 
D016J=N»KMC 

_6..6.<N.K.)=.B(N.K)-A<N.J+.1)*B(J + 1 JK1 ... 
17 B(N.K)=B(N.K)/A(N.NI 
18 RETURN 

FJAQ . . . 
SIBFTC VALUF 

SUBROUTINE EVALIZ.W) 
0.1 MENS I ON. 2(11)..W(11) - . 
COMMON RR.AA.GA.GB.CL 
COMPLEX CI»ENA>DA>ENB>DB.THO>TA.TAC.TB.TBC.CMPLX.CONJG.CSORT 
COMPLFX SA.SAC. SJ_._-BCJ.F_I_. , 
CI=CMPLX(0..1.) 
SA=CMPLX(Z(1).Z(2)) 

... SAC = CONJG.(.SA> . . 
SB=CMPLX(Z(3)»Z(4)) 
SBC=CONJG(SB) 
T H O = C T » S O R T ( 1 ._R_*_2J 
TA=CSQRT(SA**2-1.) 
T AC=CONJG1 TA) 

__XB«__iQRI LSat.*2.-_ ..1 
TBC=CONJG(TB) 
ENA=TA»TAC*(THO-TA)*(THO+TAC)*(TH0+TBC-T6) 
DA=f T A + T A C ) * I TR»Tfl("»( T H O + T A T — T A I - T A » T A T * ( T H n * T R T - T R I ) 
ENB=TB«TBC*(THO-T A)*(THO+TAC)* <THO+TBC-TBI 
DB=(TB+TBC)«(TB*TBC*ITHO+TAC-TA)-TA*TAC*(THO+TBC-TB)) 
GA.=R£A_1£N.A/QAJ . . . . 
GB-REAL(ENB/DB-TB*TBC/(TB+TBC)) 

0F=SA*(1.-2.*SAC)/AA+0.5*CI»GA/(TA»*2)+CI*ISA»*2/TA)»<GA/(TA+TAC)+ 
1GR/(TA-TR)-GR/(TA+TRC1-1.I  
0H=SB*(RR-2.*SBC)/AA-0.5*CI*GB/(TB*»2)-CI#(SB*»2/TB)»(GB/(TB+TBC)+ 
lGA/(TB-TA)-GA/( TB + TAO + l . ) 
W11.J=REAL(£.) 
W(2)=AIMAG(F) 
W(3)=REAL(H) 
W I 4 ) = A T M A G ( H )  
CL=2.*3.14159265*AA*REAL(2.«GA*(TA+TAC)-2.*G8*(TB+TBC)+1.) 
RETURN 
END. _ 

SENTRY 

http://1_.11.1_-B
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APPENDIX II 

2, 2 r 
Vi 

T-WoiOL)/ 
Y, 

0.05 .970 .9676 .0460 .9592 .0034 .3991 .2735 .3853 

0.06 .970 .9646 .0445 .9701 .0034 .3990 .0261 .4618 

0.08 .970 .9581 .0358 .9715 .002 5 .4935 .0389 .6118 

0.09 .970 ..560 .0402 .9716 .0030 .4928 .0378 .6985 

0.10 .920 .9571 .0259 ,9166 .0001 .5989 .6134 .7514 

0.10 .967 .9436 .0433 .9488 .0033 .7469 1.242 .8142 

0.10 .969 .9567 . 0402 .9719 .0030 .4897 .0576 .7756 

0.10 .970 .9546 .0398 .9718 .0030 .5105 .0408 .7780 

0.10 .971 .9540 .0388 .9724 .0029 .5216 .0352 .7775 

0.10 .972 ."9588 .0362 .9814 .0026 .6652 .5471 .7986 

0.11 .970 .9565 .0398 .9731 .0030 .4958 .0617 .8531 

0.12 .970 .9575 .0400 .9737 .0030 .4878 .0739 .9297 

0.13 .970 .9566 .0396 .9738 .0030 .4994 .0786 1.008 

0.14 .970 .9610 .0414 .9741 .0031 .4485 .0759 1.080 

0,15 .920 .9577 .0280 .9189 .0002 .5594 .0300 1.129 

0.15 .921 .9590 .0283 .9200 .0002 .5374 .0223 1.126 

0.15 .950 .9361 .0861 .92 58 .0132 .6113 .3445. 1.352 

0.15 .970 . .9637 .0424 .9746 .0032 .4236 .082 5 1.154 

0.15 .970 .9377 .0522 .9522 .0010 .7142 2.834 1.262 

0.16 .970 .96 58 .0432 .9750 .0033 ti 406 2 .0866 1.229 

0.20 .960 .9477 .0556 .9475 .0084 . 5577 .2291 1.643 

0.22 .950 .9447 .0894 .9269 .0115 .5409 .2923 1.968 



*7<i Zi H t 2lT<k.tX.V 
Yi 

0.25 .950 .9088 .0828 .8968 .0131 1.169 2.376 2.386 

0.30 .940 .8397 .1275 .8641 .0315 1.731 1.627 3.606 

0.35 .930 .8019 .1546 .8257 .0333 2.131 2.671 4.657 

0,38 .930 .9486 .0917 .9494 .0113 .5329 .2111 3.438 

0,40 .910 .9549 .0853 .9502 .0150 .7151 .7153 3.743 

0.40 .930 .8478 .1356 .8558 ;0306 1.496 1.539 4.708 

0,42 .930 .9514 .0798 .9653 .0196 1.985 1.898 5.463 

0.45 .910 .9249 .0881 .9128 .0123 .6076 .0764 4.097 

0.45 .930 .8793 .0343 .8864 .0028 4.428 27.26 4.325 

0.45 . .930 •.7765 .1168 .8047 .0187 3.926 9.947 6.127 

0.50 .910 .8305 .1183 .86 54 ,0187 1.418 .9438 5.712 

0.50 .930 .9625 .0815 .9674 .0177 1.412 1.398 5.879 

0.50 .930 .8309 .1507 .8194 .0339 2.004 3.369 6.255 

0.50 .930 .9516 .1578 .9691 .0311 1.312 .6210 7.542 

0.52 .930 .7662 .0443 .8371 .0352 9.314 3.805 7.007 

0.60 .920 .8200 .1665 .8121 .0383 1.845 2.542 7.735 

0.60 .920 .7127 .2571 .9100 .0561 1.750 .1958 9.601 

0.62 .920 .9278 .0797 .9444 .0159 .8336 .5121 5.820 

0.62 .920 .8647 .1798 .8998 .0310 .8907 .1675 7.364 

0.65 .910 .7905 .1366 .8119 .0229 2.348 4.002 8.391 

0.65 .920 .9548 .0369 .9459 .0140 .5266 .2720 5.787 

0.70 .910 .9011 .1254 .9311 .0001 .7378 16.55 7.207 

0.70 .910 .8660 .1980 .8352 .0362 1.020 .8047 8.692 

0.72 .910 .9003 .1251 .9303 .0000 .7370 112.3 7.403 

0.72 .910 .9209 .2421 .9459 .0494 .9667 .2558 10.49 

0.75 0,900 .7969 .1997 .8205 .0367 1.464 1.066 10.14 

0.80 0.900 .9359 .0839 .9309 .0147 .6745 .4832 7.266 



2, • 2 r 
r, 

Z7TA,0<V 

0.80 0.900 .9014 U 2 5 5 .9314 .0035 .8314 1.686 8.478 

0.82 0.900 .9010 . .1254 .9310 .0034 .8284 1.670 8.677 

0.82 0 . 9 0 0 .9228 .2143 .9529 • .0418 1,500 .7052 14.24 

0.85 0.900 .9274 .0752 .9429 .0200 2,270 2.916 9.984 

0.85 0.900 .9265 .2391 .9512 .0489 1.276 .4 895 14.24 



C » 2 Q 0 

F i g u r e 1 (a) 
S l e n d e r Wing a t Angle of A t t a c k 

<r = 3 + i z 

- a 

Voc 

a 

F i g u r e 1 (b) 
C r o s s f l o w Plane of S l e n d e r Wing 



(2) a: Assumed Plow F i e l d 

(2) b: Approximated Plow F i e l d 
F i g u r e (2) 

Schematic Drawing of Separated Flow 
i n Brown and M i c h a e l ' s Model 



P i g u r e 3 
C r o s s f l o w P l a n e f o r Brown and M i c h a e l ' s Model 



( 4 ) a: Assumed Flow F i e l d 

(4) b: Approximated Flow F i e l d 
F i g u r e (4) 

Schematic Drawings of Separated 
Flow f o r P r e s e n t Model 



Pigure (6) Transformed Plane 



P i g u r e (7) Forces on V o r t e x System 
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0.2 0.4 0.6 0.8 

C X / K y 

P i g . (8) L i f t R e s u l t s 
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£ 1 - 0.72- , J2. 

v- a 

a l l 

b <x 

P i g . (10) V o r t e x C o n f i g u r a t i o n s 


