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ABSTRACT 

The m o t i o n o f a gyroscope i n a s a t e l l i t e o r b i t i n g t h e 

e a r t h i s c o n s i d e r e d . The a x i s o f r o t a t i o n o f t h e gyroscope 

i s assumed t o be p a r a l l e l y p r o p o g a t e d a l o n g i t s w o r l d l i n e . 

T a k i n g t h e s a t e l l i t e ' s p a t h t o be an e l l i p s e , and u s i n g 

t h e t r u e g r a v i t a t i o n a l p o t e n t i a l o f t h e e a r t h , i n c l u d i n g 

h i g h e r harmonics,one c a l c u l a t e s t h e p r e c e s s i o n o f t h e a x i s 

o f r o t a t i o n d u r i n g one o r b i t o f t h e e a r t h w i t h r e s p e c t t o 

t h e c o o r d i n a t e frames. 
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; I n t r o d u c t i o n 

The m o t i o n o f a gyroscope i n an o r b i t i n g s a t e l l i t e i s 

an i n t e r e s t i n g problem. I n t h e f o l l o w i n g we s h a l l c o n s i d e r 

a s p h e r i c a l l y symmetric gyroscope. From a Newtonian p o i n t 

of v i e w , and assuming a s p h e r i c a l l y symmetric g r a v i t a t i o n a l 

f i e l d , t h e s a t e l l i t e ' s p a t h i s an e l l i p s e , and a f t e r t h e 

c o m p l e t i o n o f one o r b i t t h e gyroscope w i l l have t h e same 

o r i e n t a t i o n as i t d i d a t t h e b e g i n n i n g of t h a t o r b i t . Even 

i f t h e g r a v i t a t i o n a l f i e l d i s not s p h e r i c a l l y symmetric the 

d i r e c t i o n o f t h e a x i s o f r o t a t i o n does not change i n t h e 

Newtonian a p p r o x i m a t i o n . I f , however, we t r e a t t h e problem 

r e l a t i v i s t i c a l l y we f i n d t h a t t h e a x i s o f r o t a t i o n undergoes 

a s l i g h t p r e c e s s i o n . Thus t h e r e l a t i v i s t i c e f f e c t s can be 

s e p a r a t e d f r o m t h e Newtonian ones and t h i s e xperiment can be 

used t o t e s t t h e o r i e s o f r e l a t i v i t y and g r a v i t a t i o n . ( F o r 

a f u r t h e r d i s c u s s i o n see R e f e r e n c e 1). 

The g r a v i t a t i o n a l p o t e n t i a l $ - $ 0 o f t h e e a r t h i s not 

s p h e r i c a l l y symmetric. One may expand $ as an harmonic s e r i e s ; 

$ - * o = f [ 1 + n | 2 ( ^ ) n
m | 0 ( C n m cos mx + S n m s i n mx) 

P n m ( s i n 0)] 

where r i s t h e d i s t a n c e f rom t h e e a r t h ' s c e n t r e o f g r a v i t y . 

0 i s t h e l a t i t u d e 

X i s t h e l o n g i t u d e f rom t h e Greenwich m e r i d i a n 

a e i s t h e e q u a t o r i a l r a d i u s o f t h e e a r t h 

The f i r s t c o e f f i c i e n t s i n t h i s s e r i e s have been e v a l u a t e d by 
2 "3 I z s a k and G u i e r J . 
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The r e l a t i v i s t i c e f f e c t o f the f i r s t few harmonic terms on an 

o r b i t i n g gyroscope i s c o n s i d e r e d i n t h i s t h e s i s . The p r e c e s s i o n 

t h u s caused i s compared w i t h t h a t p r e d i c t e d f o r a gyroscope 

o r b i t i n g i n a s p h e r i c a l l y symmetric g r a v i t a t i o n a l f i e l d . 

There are two methods o f l o o k i n g a t t h e m o t i o n o f a 

gyroscope i n a g r a v i t a t i o n a l f i e l d . The f i r s t may be c a l l e d 

t h e d y n a m i c a l method, and i s due t o de S i t t e r , P a p a p e t r o u , 

C o r i n d a l d e s l , and P i r a n i . De S i t t e r ^ " c a l c u l a t e s c o r r e c t i o n s 

t o t h e Newtonian t h e o r y i n t h e case o f t h e moon. P a p a p e t r o u ^ 

t a k e s as h i s model o f t h e gyroscope a " p o l e - d i p o l e p a r t i c l e " 

d e f i n e d by t h e p r o p e r t i e s o f t h e energy-momentum t e n s o r i n a 

s m a l l w o r l d tube. He i s t h e n a b l e t o d e f i n e a s p i n t e n s o r 

and t o d e r i v e c o v a r i a n t e q u a t i o n s f o r i t ' s change a l o n g the 

w o r l d l i n e o f t h e p a r t i c l e . To s o l v e t h e s e e q u a t i o n s sup-

p l e m e n t a r y c o n d i t i o n s a r e r e q u i r e d . C o r i n a l d e s i and P a p a p e t r o u 

and Pirani''' s o l v e t h e s e e q u a t i o n s u s i n g d i f f e r e n t s u pplementary 
o 

c o n d i t i o n s . S c h i f f e xtends t h e work o f P a p a p e t r o u by s o l v i n g 

h i s e q u a t i o n s w i t h t h e i n c l u s i o n o f e f f e c t s o f t h e e a r t h ' s 

r o t a t i o n (he adds t h e L e n s e - T h i r r i n g components t o t h e 

S c h w a r z s c h l l d m e t r i c ) and of n o n - g r a v i t a t i o n a l c o n s t r a i n i n g 

f o r c e s . 

The second method o f l o o k i n g a t t h e m o t i o n o f a gyroscope 

i n a g r a v i t a t i o n a l f i e l d may be c a l l e d t h e g e o m e t r i c a l method. 

The f o l l o w i n g argument i s due t o F o k k e r ^ . To d e s c r i b e the 

motions t a k i n g p l a c e near t h e c e n t r e o f the gyroscope we 

d e f i n e axes by an o r t h o n o r m a l t e t r a d o f v e c t o r s such t h a t t h e 

t i m e a x i s i s always d i r e c t e d a l o n g t h e w o r l d l i n e and t h e o r i g i n 
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o f t h e axes f a l l s w i t h t h e gyroscope. A l s o we demand t h a t 

t h e t e t r a d o f o r t h o n o r m a l v e c t o r s d e f i n i n g t h e axes r e m a i n 

p a r a l l e l t o t h e m s e l v e s i n t h e g e o d e s i c sense. With such a 

t e t r a d ( which c o r r e s p o n d s t o a n o n - r o t a t i n g frame"^) we 

may expect t h a t n e a r t h e o r i g i n , f r e e p a r t i c l e s w i l l move 

i n s t r a i g h t l i n e s under no f o r c e and t h a t a top s p i n n i n g around 

i t s a x i s o f symmetry w i l l keep i t s a x i s o f r o t a t i o n i n a 

f i x e d d i r e c t i o n r e l a t i v e t o t h e axes o f r e f e r e n c e . As the 

l a t t e r a r e c a r r i e d a l o n g t h e w o r l d l i n e p a r a l l e l t o t h e m s e l v e s , 

t h e same i s t r u e f o r t h e a x i s of r o t a t i o n . Because of t h e 

c u r v a t u r e o f space produced by t h e e a r t h , we must e x p e c t t h e 

a x i s o f r o t a t i o n o f t h e gyroscope t o p r e c e s s i n t h e c o u r s e 

o f an o r b i t . Assuming a c i r c u l a r o r b i t and a S c h w a r z s c h i l d 
q 

f i e l d F o k k e r 7 i s a b l e t o d e r i v e an e x p r e s s i o n f o r t h e 
o r i e n t a t i o n o f t h e g y r o s c o p i c a x i s o f r o t a t i o n a f t e r one 

7 

r e v o l u t i o n . P i r a n i shows t h a t t h e methods of P a p a p e t r o u 

and F o k k e r a r e e q u i v a l e n t i f one adds t o Papapetrou's e q u a t i o n 

t h e s u p p l e m e n t a r y c o n d i t i o n t h a t a n g u l a r momentum i s c o n s e r v e d . 

F o k k e r ' s c a l c u l a t i o n assumes a c i r c u l a r o r b i t i n a 

S c h w a r z s c h i l d g r a v i t a t i o n a l f i e l d . S i n c e t h e r e l a t i v i s i t i c 

e f f e c t s p r e d i c t e d a r e r a t h e r s m a l l i t i s not c l e a r whq'ther, 

or not t h e i n c l u s i o n o f t h e f i r s t few harmonic terms i n the 

g e o p o t e n t i a l and t h e a l l o w a n c e f o r a n o n - c i r c u l a r o r b i t would 

s e r i o u s l y a l t e r t h e s e p r e d i c t i o n s . 

I n t h i s t h e s i s we s h a l l n e g l e c t t h e e f f e c t s o f con­

s t r a i n i n g f o r c e s and t h e e a r t h ' s r o t a t i o n ( L e n s e - T h i r r i n g c : . 

e f f e c t ) . We can t h e n compare the p r e c e s s i o n o f t h e gyroscope 
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axis i n the actual f i e l d with the. precession i n a s p h e r i c a l l y 

symmetric f i e l d . It turns out to be a good approximation to 

replace the geodesies i n both f i e l d s by e l l i p s e s characterized 

by e c c e n t r i c i t y e« We can then calculate the above precessions 

for several or b i t s using e as a parameter. Taking the 

calculations to t h i r d order i n — (including the n=2 terms i n 

the geopotential) we can compare the r e l a t i v e sizes of these 

ef f e c t s . 

In order to do the calculations we s h a l l use a metric 
_ f 

with components: g k m = 6 k m e 

«4k = §k4 = 0 

2 
where f =c~2 (<i> - $ 0) and $ - $ 0 i s the Newtonian p o t e n t i a l . 

This m e t r i c 1 1 w i l l give the Schwarzschild f i e l d to a s u f f i c i e n t 

approximation and w i l l give the e f f e c t s of higher harmonics 

to the Newtonian approximation. This metric has the advantage 

that i t i s d i r e c t l y determined from a knowledge of the 

g r a v i t a t i o n a l p o t e n t i a l . We s h a l l assume that the path of 

the gyroscope about the earth i s a geodesic of t h i s f i e l d , 

and, a f t e r Fokker^ that the gyroscope's axis of rotation 

maintains a constant orientation with respect to the s p a t i a l 

t r i a d of an orthonormal tetrad of vectors which i s p a r a l l e l y 

propogated along the world l i n e of the gyroscope. In measuring 

the ro t a t i o n of t h i s tetrad we use a co-moving observer to 

eliminate the e f f e c t s of aberration due to d i f f e r i n g v e l o c i t i e s . 



Chapter 1. M o t i o n o f t h e S a t e l l i t e 

I n t h i s c h a p t e r we s h a l l f i n d t h e e q u a t i o n o f t h e 

o r b i t , 6ome c o n s e r v a t i o n l a w s , and some i d e n t i t i e s w h i c h 

w i l l be needed i n subsequent c h a p t e r s . 

The Newtonian p o t e n t i a l 3? ~ £ < a i s d e f i n e d so t h a t t h e 
—> —1> __, _ \ 

f o r c e F on a p a r t i c l e o f mass m ..is V* = - m V ( I j - i : * ) . 

Our m e t r i c i s t h e n w r i t t e n : 

J<^,= ^ e , fK4 = H = e (1-1) 

where - (§E-jF0) and § a i s a c o n s t a n t chosen so t h a t 

o H—^JFc) a t s p a t i a l i n f i n i t y . C o o r d i n a t e s w i t h r e s p e c t t 

an e a r t h f i x e d frame a r e denoted by Z. . (Greek l e t t e r s have 

the range 1, 2, 3, 4, w h i l e l a t i n l e t t e r s have t h e range 

1, 2, 3)' I t i s u s e f u l t o have a l i s t o f t h e C h r i s t o f f e l 

symbols f o r t h i s m e t r i c : 

I n t h e neighbourhood o f t h e e a r t h we have 

f - -zl' + Z. (<T?)2. C o s M "> »>%/'&ni (C<x>6) ] (1<3) 
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b = * cz 

- 8 
10 cgs = t h e g r a v i t a t i o n a l c o n s t a n t = 6.670 x 

- 8 
10 cgs 

Mo. = mass o f t h e e a r t h = 5.983 x 27 
10 ' gm 

= e q u a t o r i a l r a d i u s o f e a r t h = 6.378 x 1 0 8 cm 
C = speed o f l i g h t = 2.998 X 1 A 1 0 / 

10 cm/sec 

e = c o - l a t i t u d e 2 where i s t h e l a t i t u d e ) 

p 
and t h e f i r s t few c o e f f i c i e n t s a r e : 
n m chm" snm 
2 0 - 1 . 0 8 x 10"3 0 

2 1 0 0 

2 2 9 .68 x 1 0 " 7 - 4 . 0 0 x 1 0 " 7 

The c o o r d i n a t e s o f t h e s a t e l l i t e a r e g i v e n i n terms o f 

a parameter s, t h e a r c l e n g t h a l o n g t h e w o r l d l i n e . 

a r e t h e s a t e l l i t e c o o r d i n a t e s , 

we denote by . (eg. i ^ s H j ^ s ) ).. 
12 

Lagrange's Method t o Determine t h e O r b i t and Some I d e n t i t i e s 
We s e t F(z<s),i(s)) = ^ ^ C . * ( « 3 zfezfts) ( 1 . 4 ) 

Now t h e p a t h o f t h e S a t e l l i t e i s a g e o d e s i c o f t h e f i e l d . 

T h e r e f o r e : - iris) = 0 ( 1 .5) 
SS . ' 

w h i c h i m p l i e s 

T h e r e f o r e F i s a c o n s t a n t . F o r a t i m e l i k e g e o d e s i c ( t h e p a t h 

of a m a t e r i a l p a r t i c l e ) FL><*%i<*\] = " z (1-7) 
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We assume t h a t t h e g r a v i t a t i o n a l f i e l d i s t i m e independent 

Then from ( 1 .6) - O o r = Ka c o n s t a n t . 

E v a l u a t i n g f r o m ( 1 . 4 ) , (1 .1) we have 

2LH(s) = Ke (i.8) 
3 L f v 

Then f r o m ( 1 .7) Z(a"") = " 1 = ~ e ( 1 .9) 

and f r o m ( 1 .5) Vis) * k*(s) Uv*»4*(z*U e )*Ki ( l > 1 0 ) 

Measurement o f t h e V e l o c i t y o f t h e Gyroscope 

The v e l o c i t y t h a t an o b s e r v e r i n an e a r t h f i x e d frame 

would r e c o r d cannot be equated w i t h i c — ± because t h e 

m e t r i c i s n ot Minkowskian. We d e f i n e some new v e c t o r s by 

th e e q u a t i o n s : 

t O ^ V ^ c U * , 60* = (1.11) 

Then F i s w r i t t e n f = j (&/)%(«u l) l+ (n)*)'* w h i c h i s t h e 

Mink o w s k i a n form. 

T h e r e f o r e V*[*<s)J = * c ^ 4 = £ ( l - i S ) 

as u s u a l we d e f i n e 

^ (1.13) 
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D e t e r m i n a t i o n o f t h e O r b i t 

Here we assume t h a t i n t h e o r b i t c a l c u l a t i o n we can 

n e g l e c t terms o f the o r d e r b u t not o f o r d e r ( . T h i s 

w i l l be shown v a l i d b y an e s t i m a t e o f e r r o r i n appendix 1. 

We d e f i n e new c o o r d i n a t e s by 

Then F L ^ ^ s 0 = j e (Cff+lr l{©) l+^3^0C^ + K l ) = "l 

and ^ • |* „2iWe i 3 f <*§) } * P n m ( c ^ ) f - C ^ J ^ f t 4 5nr*<*™>J 

= 0 t o t h i s o r d e r 

Then by (».(•) lr iS^ © 7\ e =• = c o n s t a n t (1 .15) 

F o r our i n i t i a l c o n d i t i o n s we t a k e 0=^ ^ © = O . We now 

w r i t e t h e © e q u a t i o n f o r ( 1 . 6 ) , n o t i n g t h a t t o t h i s o r d e r 

[he 
d 

T h e r e f o r e w i t h t h e above i n i t i a l c o n d i t i o n we have 

. 0 = 2 © = O f o r a l l s (1 .16) 

' 1/ 

Then (1 .15) becomes ^/^e = y ( i . 1 7 ) 

and (1 .14) and ( l . l 6 ) i m p l y ( j£f+ ( J~s - ( ^ 2 4 e f ) 

We now d i v i d e by ^Chf" u s i n g (1 .17) 

Ld9\(i^+(i) =A-*B(i) -V C(̂ ) + terms of o r d e r (£) (1 .18) 
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We n e g l e c t terms i n ^ ~ j and d i f f e r e n t i a t e W. V^t. ft 

j l ^ i j + ( l - c ) ( " j : ) = 1 which has the s o l u t i o n 

Order of Magnitude Estimate f o r C 

t- 2-|£e = *.<\ * io- ' ~ i 

To estimate K we note t h a t speed of the: s a t e l l i t e i s s m a l l 

compared t o C i e . I . ( I . 1 3 ) then i m p l i e s K~~x 

To estimate U we take f^fl-e and f o r a t y p i c a l s a t e l l i t e 

we have a p e r i o d of 100 minutes. A l s o f — - - ~ \Q~~ SO e ~ 1 

Then * = - = ~ - x̂.o'V 
(1.17) give, r = A . 1 ^ , 0 - t 

- 8 
T h e r e f o r e C ^- - ^ l Ci + 2 kT1) = -f * 10 which i s much 

t i l e r than 1.- Thus 

e l l i p s e . y- — 

s m a l l e r than 1.- Thus we can approximate the o r b i t by an 

(1.20) 
U e C o o ( A - Ao) 

V "•••') 
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Chapter g. D e f i n i t i o n of, and Relations Between the Various 

In t h i s problem there are three observers to consider. 

There i s the observer who i s fi x e d on the earth (which i s 

assumed to be non-rotating), the observer who i s f i x e d i n the 

frame of the gyroscope, and the observer who i s i n the 

co-moving frame. In t h i s chapter we s h a l l derive re l a t i o n s 

between there orthonormal basis tetrads. 

The f i r s t coordinate system to consider i s the earth-

fix e d frame 5 e , This w i l l be the reference frame used by an 

earth-bound observer. (Note,mwe do not consider the effects 

of the earth's r o t a t i o n ) . In t h i s frame the coordinates are 

s) and we are given the equations of motion of the s a t e l l i t e 

i n terms of the parameter s. { We have a natural 

basis for S e 3 the tetrad of vectors Jr"r\ However t h i s 

Intterms of t h i s basis we may define an orthonomal tetrad 

Observers and Their Coordinate Systems 

i s not orthonomal. Indeed, 

(2.2) 

where 
_ J (2.3) 

9" <* 
(2.4) 
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Now we a r e t r e a t i n g t h e mo t i o n of t h e gyroscope by t h e 

ge o m e t r i c method. That i s t o say, we assume, t h a t t h e gyro s c o p e ' s 

a x i s o f r o t a t i o n m a i n t a i n s a c o n s t a n t o r i e n t a t i o n w i t h r e s p e c t 

t o t h e " s p a t i a l components" o f a t e t r a d o f v e c t o r s w h i c h i s 

p a r a l l e l y p r o p o g a t e d a l o n g t h e w o r l d l i n e o f t h e gyro s c o p e . 

We t h e r e f o r e d e f i n e an o r t h o n o r m a l t e t r a d o f v e c t o r s 

a l o n g t h e w o r l d l i n e o f t h e gyroscope and demand t h a t t h e y 

be p a r a l l e l y p r o p o g a t e d . They w i l l d e f i n e a r e f e r e n c e frame 

S<g . We e x p r e s s t h e s e v e c t o r s i n terms of t h e b a s i s o f S e 

4 
(2.5) 

O r t h o n o r m a l i t y i m p l i e s t h a t 

§ L Kip L*ts )3,^wCz<s)J 3 = £ 

f r o m w h i c h / \ [ 2 ( s ) ] A T [ 2 ' s ) J -

r 0 1 

^ i (2.6) 

A C?(s)3 d e f i n e s a L o r e n t z t r a n s f o r m a t i o n . To f u r t h e r 

d e termine t h e m a t r i x AC.2(s)J] we use t h e f a c t t h a t t h e t e t r a d 

i s p a r a l l e l y p r o p o g a t e d . The c o v a r i a n t d e r i v a t i v e , 

w h i c h . i m p l i e s t h a t 

To c a l c u l a t e t h i s t e r m we must expand ^ ^ C f c / s l J 

o f t h e b a s i s — u o f t h e t a n g e n t space. 

i n terms 

(2.8) 
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Then ( £ V > C * H = fs *(r"L*(S)J £ « C 2 < S ) ^ ^^s) *(//fCM*-)J = £, 

S u b s t i t u t i n g i n t h e v a l u e s o f ^^^Cas^j (2.8) and o f 
e^Lits)! (2.2) we f i n d t h e r e s u l t t h a t 

where ^ j x , 1 4 ^ ^ w(2«9) 

ir=i 

We have n o t y e t s p e c i f i e d t h e i n i t i a l o r i e n t a t i o n o f t h e 

t e t r a d ^ ( ^ C^fS^J . However, a p a r t f r o m t h i s t h e t e t r a d i s 

u n i q u e l y d e t e r m i n e d by t h e above d i f f e r e n t i a l e q u a t i o n . 

We now c o n s i d e r t h e p r o b l e m of o b s e r v i n g t h e o r i e n t a t i o n 

o f t h e g y roscope. I f we l o o k - a t i t f r om the p o i n t o f v i e w of 

an o b s e r v e r i n t h e ground frame as w e l l as s e e i n g r e a l 

e f f e c t s due t o a change i n o r i e n t a t i o n we w i l l a l s o observe 

s p e c i a l - r e l a t i v i s t i c a b e r r a t i o n e f f e c t s due t o t h e d i f f e r e n c e 

i n v e l o c i t i e s o f t h e o b s e r v e r and t h e g y r o s c o p e . We t h e r e f o r e 

have a co-moving o b s e r v e r measure t h e o r i e n t a t i o n o f t h e a x i s 

o f r o t a t i o n . We denote t h e r e f e r e n c e frame of t h i s o b s e r v e r 

by 5C , and h i s orthonomal b a s i s t e t r a d by C^(s)J„ 

We want the frame S c t o have a known o r i e n t a t i o n w i t h r e s p e c t 

t o 3^ . One way t o p a r t i a l l y d e f i n e t h i s o r i e n t a t i o n i s t o 

demand t h a t i f an o b s e r v e r i n S & measures t h e v e l o c i t y o f 

5 C as , t h e n an o b s e r v e r i n S c measures t h e v e l o c i t y o f 
as - V . We t h e n have: 

H-

y^CaisU = LUrU)l*<*l*^*W (2.10) 
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where1"^ 

c 

Then Hdcs)J i s also a Lorentz transformation. 

i e . HLZ(s)J / - / ^ Z C O J - J (2.12) 

we may now f i n d a r e l a t i o n between the two reference frames 

and S c , "attached" to the gyroscope. 

fr^Lzoj = ^^^pc&vjltptzivj (2.13) 

where, from (2.10) and (2.5) 

/\f£^)J = ZLK^J t/c*(S)J (2.14) 

also from (2.6), (2.12) RCilnl RT€i(^J = 2* (2.15) 

Now we can uniquely determine the tetrad ^ ^ £ i ' s ) J by 

demanding that at some point ft-A, i t coincide with the 

tetrad Ĝ*-) L^lS^J ; Using the d e f i n i t i o n (2.11) one can show 

that £ 2 ( S ) J 2 - < s ) J f o r a l l 5, [ t i s the unit tangent 

to the world l i n e J Therefore ^(.4) i s p a r a l l e l y propogated 

and consequently / ^ ) £ ^ ^ J = ft«o£*(s>J for a l l 3. (2.l6) 

Then from (2.13) and (-2.15); we conclude that 

^(*tUt)Cil(S)J = ? ( 0 ( V ) C « ( 0 J « O for a l l S 

(2*17) 

K(4)C<i)Cz(s)J - i . f or a l l S 
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Thus R£*(s~)J i s a m a t r i x c o r r e s p o n d i n g t o t h e r o t a t i o n o f t h e 

" s p a t i a l " v e c t o r s of t h e two t e t r a d s . We may now f i n d a 

d i f f e r e n t i a l e q u a t i o n f o r Rd(s,\] . (We l e a v e out t h e 

arguments h e r e , a l l u n d e r s t o o d t o be 2(0 ). 

from/\=/\/W ( 2 . 9 ) and A=RH ( 2 . l 4 ) 

^ = RUM *(Kti) ^ RH w h i c h i m p l i e s t h a t 

R = R ( H M - H ) H T , o n 

(2 .18) 

where 5 = (/V/H - H ) H 

P r o p e r t i e s o f t h e m a t r i x B 

fro m (2.17) R(4)M *° = 2. ^r«)C/3) BM)U) - =" ° 

B-reT= [ f i T R ) + ( R T « ) T = * R / ? + - J ^ f f / O = O (2 .19) 

i e . i s a n t i s y m m e t r i c arid <= &(<*) (4) « O ( 2 . 2 0 ) 
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Chapter 3- D e f i n i t i o n of Angular V e l o c i t y of Precession 

We now have three reference frames defined. Since the 

axis of rot a t i o n vector i s assumed to have constant components 

along the s p a t i a l basis vectors of , and since the basis 

tetrad of i s related to the basis tetrad of 5C by a 

s p a t i a l rotation, one can f i n d the rot a t i o n of the axis of 

rotation vector with respect to a co-moving observer by finding 

the rotation of the "spatial!, t r i a d " ^ ( t ) [ i ( s ) J with respect 

to the " s p a t i a l t r i a d " ^ ( ^ £ s ^ s ) J . This w i l l be determined 

by the matrix #C*(S)J and hence by # f 

Angular V e l o c i t y 

We wish to calculate the angular v e l o c i t y 

(with respect to time) of rot a t i o n of the t r i a d ^6c)£^ f f^7 

with respect to X(K)Li(S'J • Instead of c a l c u l a t i n g _ Q . £ ^ O J 

d i r e c t l y we calculate <-o i^(i)J} the angular v e l o c i t y (with 

respect to arc length ) of rotation of these t r i a d s . 

We then have _fi Ci(l)3 =. 00*LiCs)J (3-1) 
3 

3 

Using (2.18) fi(/c)tm);fe.(&tt)J •=* JLfiteHpi&tdJ ty»t*zL[S,tJ (3-3); 

where (to f i r s t order i n 4 ) ^ ^ G / O . 8 M + A J (3.4) 

One can show i n f l a t space f o r the rotation to£?'A)J that 

4 r > 
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T h e r e f o r e we i n t e r p r e t ^>j f / n)Ci^)J s 2^£*<dJ ( 3 . 6 ) 

From (3«1) t h e r e f o r e 

JlC * < « J - ^ £« a a f t ts>J, ByCtMJ, */*£*<ojJ (3-7) 

E v a l u a t i o n o f t h e M a t r i x BCi(S)J 

Be4)(«)Cw>3 = B^(tl)L*i(i)J s O ( 2 . 2 0 ) 

r*tt>j « /"OYM- H ) H T J < 2 - 1 8 ) 

Then u s i n g t h e v a l u e s o f H f r o m (2.11) and t h o s e f o r A? from 

( 2 . 9 ) we have: 

= ^ ^ ( z ^ / ^ - J ( 3 . 8 ) 

where ^C*(s) ]=— . f a ^ + / _ j K <f / l Jl (3-9) 

U s i n g t h e a p p r o x i m a t i o n t h a t •£ i s s m a l l and t h a t I we have 

fc^ v and A £ 2 ( ^ 3 ~ ~ if (3-10) 

T h e r e f o r e t o a good a p p r o x i m a t i o n we have 

— f e . 

As a check o f t h e above method we c a l c u l a t e Sl f o r a 

S c h w a r z s c h i l d f i e l d . r| 1 ^ 

h e r e f- " U /h JZ fe^O1 (3 .12) 

R _ ~3 i ? £ r v r « w - V ^ ^ | (3.13) 

(3.14) 

-TI * I ^jx^ -̂J ̂  * V . • • T h i s a g r e e s w i t h t h e v a l u e 
c a l c u l a t e d by S c h i f f ? 
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Chapter 4 . P r e c e s s i o n I n One O r b i t 

We have e q u a t i o n s o f m o t i o n f o r a gyroscope i n a s p e c i a l 

o r b i t about t h e e a r t h We s h a l l now c a l c u l a t e 

the r o t a t i o n o f t h e s p i n a x i s i n t h e c o u r s e o f one r e v o l u t i o n 

about t h e e a r t h f o r t h i s o r b i t . We c a l c u l a t e t h i s r o t a t i o n 

w i t h r e s p e c t t o t h e frame 5C ( w i t h b a s i s t e t r a d X(<<\ t t ^ J ). 

I t i s c o n v e n i e n t t o change parameters f r o m t h e i n t e r v a l S t o 

the l o n g i t u d e ?\ . We w i l l , f o r ease, denote 2 L ACs'O •= 

w h i l e ' w i l l s t i l l denote 7 i e . iCK) = ^ Z L a c i U . 

A f t e r computing t h e c a l c u l a t i o n s f o r t h i s o r b i t i f we 

w i s h t o f i n d t h e r e s u l t f o r any o t h e r o r b i t we may r o t a t e 

c o o r d i n a t e system u n t i l i n terms o f t h e new c o o r d i n a t e s 

(V|eJ>^ t h e o r b i t has e'^D . Knowing how s p h e r i c a l 

h armonics t r a n s f o r m under a r o t a t i o n , one can expand "£ i n 

terms o f them. 

Now AcoL*t703 Z j ^ , ^ t t ) ( ^ ) L * i ^ 3 / X ^ N L ^ i ^ J ( 4 . 2 ) 

f r o m ( 2 . 1 3 ) , (2.17) 

The o b s e r v e r i n Sc w i l l see t h e t r i a d ^ c i o C 2 ' ^ 3 r o t a t i n g and 

he can compare i t b e f o r e and a f t e r one o r b i t . 
3 

ftoofe'TMzTTU - ^^L^^zirJ^^^L^i)! ( 4 . 3 ) 

As mentioned i n Chapter 2 we choose t h e two t e t r a d s t o c o i n c i d e 

a t A-A/ 

T h e r e f o r e s<hnn) 

, -t h H Z J % , titty Li'V V » ft<»J ^ 
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( 4 - 5 ) 

Since we have only one orbit i t i s a good approximation 

to take R L 2(1\)J =• X 

Thus (SC*^),z^ = S K N -f- f M B M V L W M (4-6) 

We use the re s u l t (3.11) to do the i n t e g r a l . We therefore 

must calculate Z (ft) and 

The o r b i t i s given by K V ) = i+e 

Thus 2'<h)^h(7\y(Ltpft - cuc^7\ 

Therefore we have 

2 , * ) = ! r - f w n f t " M (4.8) 

Now we need to calculate the terms g j g ™ • We have 

It i s convenient to expand -f i n terms of spherical harmonics. 

where /4 n W - ? L hn ~ I ] ( 4 . 9 ) 

1 4 
We have the r e l a t i o n s 

J W ^ e ) e''"^ = ( - ^ ^ V ^ ^ ^ ( 4 . i o ) 

where n _ . / HIT (n-tmJT 
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T h e r e f o r e we s e t L/htY) = Anno D/mi 

* h h (4.11) 

and we have T + Z £ ^ / H ^ n ^ © / / ^ £ h R M fe, *)]) 

F o r t h e o r b i t ( f r o m e q u a t i o n 4.7) 

' & ="0 (4.13) 

S e t t i n g H*MYN„(\,%) +Um Y*-M (*/2 , b) 

(4.14) 

and »» = ̂ " ^ " ^ j ^ 4 ^ ^ Yr>-r»fe,%) 

we can w r i t e . *o >h 

Then f r o m (4.12) and (3.13) we can f i n d : 

*L <* (4.16) 
aetata - ^ . f ? ^ ^ 

We a r e i n t e r e s t e d i n t h e e f f e c t s a f t e r one o r b i t . We t h e r e f o r e 

s e t ftz-h,42U, To do t h e i n t e g r a t i o n (4.6), we c a r r y terms t o 

o r d e r b u t n e g l e c t t h o s e o f o r d e r (j:) . 
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Doing the integration (4.6) to t h i s order we f i n d that 

where: , 'A \ 
Jni23 = 7T£(Hf)(fa-lv)i-£e*c***(f/z,e*'- Ive'*''] 

Now f o r t h i s o r b i t we are given the values of ) Lhnt 

See •.(4.9), ( 4 . 1 0 ) , and (4.11) 

Substituting i n ( 4 . 1 7 ) , ( 4.l8) we f i n d : 

C,£WtZld,z= iW-£fC*°(^2)«* (4 .19) 

One can also determine the angle and the axis of rota t i o n 

for t h i s o r b i t . The method of doing t h i s i s straight foreward 

knowing . If we denote the angle of rota t i o n by $ and the 

axis of ro t a t i o n by )? we f i n d that \?= HC§2*> G/a] 

where & = ± . V^e^^s/ f̂ej)5" 
Now to t h i s order we have Ct)-= S2j - O • If we use the values 

-a 

i n Guier's paper-1 they are of order /O . Thus the 

^ z a and terms are very small, and may be set = O . In the 
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a/ w 

Q)/Z term we have three c o n t r i b u t i o n s which i s l a r g e s t , 

~  <^~TTT£*o(z4 3?2) which i s s m a l l e r by /03 and the l a s t term 

(see 4.19) which i s s m a l l e r by /O and can be set to O. 

To t h i s approximation 

X = (0,O,t4<hu)— (0,0,l) 

The f i r s t term i n the e x p r e s s i o n f or ^ i s the same as i s 

g i v e n by Fokker^ (see appendix 2). The r o t a t i o n occurs about 

the a x i s p e r p e n d i c u l a r t o the plane of the o r b i t . 

One may a l s o do a s i m i l a r c a l c u l a t i o n f o r other o r b i t s . 

An easy.way t o do t h i s i s to r o t a t e c o o r d i n a t e s . We e f f e c t 

a r o t a t i o n by E u l e r angles ( F i r s t r o t a t e about 

the 2? a x i s by angle )s , then r o t a t e about the new y a x i s by 

angle jS , then r o t a t e about the new 2 a x i s by angle °( ) 

t o a r r i v e at a r e f e r e n c e frame w i t h s p h e r i c a l p o l a r c o o r d i n a t e s 

/•>'£>', V and such t h a t the o r b i t i s d e s c r i b e d by S / = r ^ 

We may then expand 

where d'^CU fi.iUjo, 
IK 

i s a c o e f f i c i e n t e v a l u a t e d by Wigner . 

Since we have a r o t a t i o n h'~ h and i n our new c o o r d i n a t e 

To f i n d / / ^ and L' nhi i t i s convenient to set 
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We t h e n can s o l v e f o r M ) * ? and ^ /) »i and use e q u a t i o n s 

(4.17)* ( 4 . 1 8 ) ,to c a l c u l a t e p r e c e s s i o n f o r t h i s o r b i t . 

i 
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Summary 

Neglecting the e f f e c t of the earth's rotation, we have 

been able to calculate the precession of the axis of r o t a t i o n 

of a small s p h e r i c a l l y symmetric gyroscope i n the course of 

one o r b i t i n the earth's g r a v i t a t i o n a l f i e l d . This precession 

i s almost e n t i r e l y (to 1 part i n 10^) about an axis normal 

to the plane of the o r b i t . The expression giving the angle"of 

precession about t h i s axis contains two main terms. The 
Q 

largest i s analogous to the factor derived by Fokker^ fo r 

a c i r c u l a r o r b i t i n a s p h e r i c a l l y symmetric f i e l d . The other 

main term (1C-3 smaller than the f i r s t ) . contains the e f f e c t 

of the e c c e n t r i c i t y and of one of the harmonics (C20) 

of the g r a v i t a t i o n a l p o t e n t i a l of the earth. 

In doing the c a l c u l a t i o n we have assumed that the o r b i t 

was an e l l i p s e . This w i l l a f f e c t the r e s u l t by at most 2$. 

If, however, we wish to include the e f f e c t of the earth's 

rot a t i o n ( i t s e l f one or two percent of the main precession 
g 

term, see S c h i f f ) t h i s approximation i s no longer v a l i d . 

Taking the above error into account we see that the effects 

of both e c c e n t r i c i t y of the o r b i t and of the i n c l u s i o n of 

harmonic terms i n the geopotential do not seriously a f f e c t 

the :.re;suXt:u;; calculated:, by Fokker for a c i r c u l a r o r b i t i n a 

s p h e r i c a l l y symmetric g r a v i t a t i o n a l f i e l d . 



- 2 4 -

Appendix 1. J u s t i f i c a t i o n o f an A p p r o x i m a t i o n Made i n t h e 

O r b i t C a l c u l a t i o n 

C l a s s i c a l l y we have ^^r~ ~~^^~^.o) . We c a n w r i t e 

where lr6 i s t h e e l l i p t i c a l p a r t and £>- i s t h e 

rem a i n d e r . F o r t h e e l l i p t i c a l p a r t we have - Yt = V ^J^e. 

Thus - AH• 

We now c o n s i d e r t h e rwz. t e r m t o see t h e e f f e c t o f n e g l e c t i n g 

i t i n t h e c a l c u l a t i o n 

z 
where 1̂ . 1# and l j \ a r e u n i t v e c t o r s i n d i r e c t i o n o f i n c r e a s i n g 

c o o r d i n a t e and « t 

U s i n g t h e same a p p r o x i m a t i o n s as a r e used i n Chapter 1, we 

note t h a t f o r t h i s o r b i t & and. t h a t t h e o n l y non-zero 

c o e f f i c i e n t s a r e C 2 0 , C 2 2 , and S 2 2 . W r i t i n g 

( f o r G= 2. o n l y ) 
and i n t e g r a t i n g t w i c e we f i n d 

We can t a k e 4 ^ = 0 . The l a r g e t e r m i s t h e one c o n t a i n i n g 

C 2 Q and i s o f o r d e r 3T7TC2o ~ '30 km. 

We use t h e r e s u l t ( 4 . 6 ) E*<%), zV]^ ?̂ X x * ^ 0 0 ^ 
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and compare the re s u l t where we take r for an e l l i p s e as 

compared with r for the actual o r b i t . Using the approximation 

(3.13) and the res u l t s (1.8), (1.17) we have 

where are the times for the star t and end of the orb i t . 

As an approximation we take •fw-~#-, e ̂  / so that 

If we l e t n be the vector area of the orbit we have 

^ / f — j^(Fxv) • Therefore i f are c y c l i c we have 

$fr(WirJ& ~- Zt» - S As T h e d i f f e r e n c e b e t w e e n 

^icn for the r e a l o r b i t and <q<n for the e l l i p t i c a l o r b i t i s 

therefore proportional to t h e i r difference i n area. We know 

the maximum difference i n p o s i t i o n is' 130 kr*. . We l e t A be 

the average area and<^A be the difference between the area 

of the actual o r b i t and the e l l i p t i c a l o r b i t . Since both 

orbits are planar A and are zero. Thus there i s no error 

i n ^2 3 or £?3/ due to taking the path e l l i p t i c a l . The error 
r ^ i n t?/2 i s of the order ~ . To f i n d an estimate of the error 

we take the case of two c i r c l e s , the smaller of radius a, 

touching at one point with a difference i n diameter of 

*A_ TT(*+ y)*- ira}-_ *t + i(*Jf - z^o~Z 

Then ^ - CL V 1 ^/ 

Thus we can expect an error of about 2$ i n the precession 

c a l c u l a t i o n . Were we also concerned with the eff e c t due to 

the earth's r o t a t i o n (Lense-Thirring e f f e c t ) which contributes 
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8 at most a few percent to the precession of the axis of rotation 

t h i s approximation would not be j u s t i f i e d . 
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Appendix 2. A Comparison With Some P r e v i o u s R e s u l t s f o r t h e 
S p e c i a l Case o f a C i r c u l a r O r b i t i n a S p h e r i c a l l y 
Symmetric F i e l d 

I n t h i s a p p e n d i x we s h a l l show t h a t our r e s u l t s agree 

w i t h t h o s e c a l c u l a t e d by F o k k e r and by S c h i f f f o r t h e s p e c i a l 

case o f a c i r c u l a r o r b i t i n a s p h e r i c a l l y symmetric g r a v i t a t i o n a l 

f i e l d . R e c a l l , f o r comparison t h a t our c a l c u l a t i o n p r e d i c t s 

a p r e c e s s i o n o f a n g l e cf>=^ 1^^£" w i t h a x i s i n t h e d i r e c t i o n 

F'xV ( p e r p e n d i c u l a r t o t h e o r b i t a l p l a n e ) a f t e r one r e v o l u t i o n . 

To show t h i s a g r e e s w i t h S c h i f f , ' s r e s u l t we use t h e 

r e l e v a n t fceimi (fx"?) i n h i s e x p r e s s i o n f o r t h e r a t e o f 

p r e c e s s i o n . ( E q u a t i o n 40, Page 879> Ref. 8). To c a l c u l a t e 

t h e a n g l e o f p r e c e s s i o n a f t e r one r e v o l u t i o n we note t h a t 

= ^fl~zC~^) i n o n e d e v o l u t i o n . To c o n v e r t t o c.g.s. 
u n i t we r e p l a c e ^ by^fj^* t o f i n d t h a t 

yr.Z'^LtH^ w i t h a x i s i n t h e d i r e c t i o n h**^ 

Agreement w i t h t h e r e s u l t g i v e n i n F o k k e r s paper i s 

not so immediate (and i s t h e r e a s o n f o r t h i s a p p e n d i x ) . He 

uses s p h e r i c a l p o l a r c o o r d i n a t e s w i t h b a s i s v e c t o r s 

v — , CLnc\ 1 '. He t h e n d e f i n e s a t e t r a d o f v e c t o r s Utat\ a l o n g 

t h e w o r l d l i n e o f the gyr o s c o p e . These a r e p a r a l l e l y p r o p o g a t e d 

and b e g i n ( a t A = O ) as a known s e t w h i c h c o r r e s p o n d s t o 

an o r t h o n o r m a l t e t r a d . ( Aio i n d i r e c t i o n A t z ) i n 

d i r e c t i o n ^ and t h u s p e r p e n d i c u l a r t o t h e o r b i t a l p l a n e , 
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a n d / l f 3 ) i n d i r e c t i o n ^ ). Using the c o n d i t i o n t h a t the set 

U(<n) i s p a r a l l e l y propogated one can d e r i v e e x p r e s s i o n f o r 

U{e<)Lh3 when the gyroscope has movied through angle . These 

are g i v e n below. 

We set L - 2 . The i n i t i a l components are 

.Al) O 

Am v f c f 

* = 3 

o o 
V' o O 
0 O 
o o V 2. a. - i i 

Then at angle A 

U o o Adf o 

where /S = Ji - ih ~ / - & 

One can see t h a t the v e c t o r s Utt->(fi) , the u n i t tangent and 

U(X-)(f\) 'the v e c t o r p e r p e n d i c u l a r t o the o r b i t a l plane 

do not change components wi t h r e s p e c t t o the b a s i s ^£i>t^te'MJ. 

i n the course of the motion. T h i s would be expected. We 

a l s o note t h a t , r e l a t i v e t o an observer i n t h i s frame / ^ ^ ^ V 

b~B-} b4 -* * ^ h e s P ^ i a l p a r t s of the v e c t o r s Ui,) and 073j 
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undergo a r o t a t i o n of angle fih ( a f t e r the gyroscope has 
moved through angle \ ) i n a d i r e c t i o n - F>y V > . Thus 
i f an e x t e r n a l observer (say w i t h " C a r t e s i a n " b a s i s 
/ b * b h \ , 

^tf^Fy*diJ ) watches the process he w i l l see the 
gyroscope precess: by angle 7\-j5ft i n d i r e c t i o n . P*v V* 

as the gyroscope moved through a n g l e d . Thus the t o t a l 
p r e c e s s i o n a f t e r one r e v o l u t i o n i s 3 7 7 L1-LjAAd. 

oh 3 IT- jTV, = r~T 2- radians i n a d i r e c t i o n 



-30-

References 

1. 

2. 

3-

4. 

5. 

6. 

7. 

8. 

9-

10. 

11. 
12. 

•13. 

14. 

15-

Proceedings of the Conference on Experimental Tests 
of Theories of R e l a t i v i t y , Stanford U n i v e r s i t y , 
J u l y 20 - 21, 1961. In p a r t i c u l a r see the t a l k by 
L. I . S c h i f f on Page 80. 

Imre G. Izsak, Nature 199, 137 (1963). 

Guier, Nature 200, 124 (1963) 

De S i t t e r , M. N. Roy, Astron. S o c , 76, 699 (1916) 

Papapetrou, Proc. Roy. S o c , A209, 248 (1951) 

C o r i n a l d e s i ^ Papapetrou, Proc. Roy. S o c , A209, 259 (1951) 

P i r a n i , Acta." Phys. P o l o n i c a , 15, 389 (1956) 

S c h i f f , Proc. N. A. S., 4 6 ^ 871 (i960) 

Fokker, Kon. Akad. Weten. Amsterdam, P r o c , 2JS, 729 (1921) 

Synge, General R e l a t i v i t y , (North H o l l a n d ) , Page 12 

R a s t a l l , Can. J . Phys., 38, 975 (i960) 

Synge, General R e l a t i v i t y , (North H o l l a n d ) , Page 291 

Synge, S p e c i a l R e l a t i v i t y , (North H o l l a n d ) , Pages 114 - 116 

Jackson, C l a s s i c a l Electrodynamics, (Wiley) Pages 65 - 66 

Wigner, Group Theory (Academic Press) Page 156, 
Equation 15. 


