
LINEAR TRANSFORMATIONS ON ALGEBRAS OF MATRICES 

OVER THE CLASS OF INFINITE FIELDS 
t 

by 

TONY TSUTOMU OISHI 

B.A.Sc., U n i v e r s i t y o f B r i t i s h C o l u m b i a , 1 9 5 9 

A THESIS SUBMITTED IN PARTIAL FULFILMENT OF 

THE REQUIREMENTS FOR THE DEGREE OF 

MASTER OF ARTS 

i n the Department 

o f 

M a thematics 

We a c c e p t t h i s t h e s i s as c o n f o r m i n g t o t h e 

r e q u i r e d s t a n d a r d 

THE UNIVERSITY OF BRITISH COLUMBIA 

June, 1 9 6 7 



In p r e s e n t i n g t h i s t h e s i s i n p a r t i a l f u l f i l m e n t o f the r e q u i r e m e n t s 

f o r an advanced degree a t the U n i v e r s i t y o f B r i t i s h C o l u m b i a , I agree 

t h a t t h e L i b r a r y s h a l l make i t f r e e l y a v a i l a b l e f o r r e f e r e n c e and 

s t u d y . I f u r t h e r agree t h a t p e r m i s s i o n f o r e x t e n s i v e c o p y i n g o f t h i s 

t h e s i s f o r s c h o l a r l y p u r p o s e s may be g r a n t e d by the Head o f my 

Department o r by h i s r e p r e s e n t a t i v e s , I t i s u n d e r s t o o d t h a t c o p y i n g 

o r p u b l i c a t i o n o f t h i s t h e s i s f o r f i n a n c i a l g a i n s h a l l not be a l l o w e d 

w i t h o u t my w r i t t e n p e r m i s s i o n . 

Department o f M ATH eMA 77C$ 

The U n i v e r s i t y o f B r i t i s h C o l u m b i a 
Vancouver 8, Canada 

Date g ~ q * e i 9 £~? 



( i i ) 

ABSTRACT 

The p r o b l e m o f d e t e r m i n i n g t h e s t r u c t u r e o f 

l i n e a r t r a n s f o r m a t i o n s on the a l g e b r a o f n-square m a t r i c e s 

over t h e complex f i e l d i s d i s c u s s e d by M. Marcus and 

B. N. Moyls i n the paper ''Linear T r a n s f o r m a t i o n s on A l g e b r a s 

o f M a t r i c e s " . The a u t h o r s were a b l e t o c h a r a c t e r i z e l i n e a r 

t r a n s f o r m a t i o n s w h i c h p r e s e r v e one or more o f the' f o l l o w i n g 

p r o p e r t i e s o f n-square m a t r i c e s ; r a n k , d e t e r m i n a n t and 

e i g e n v a l u e s . 

• The p r o b l e m o f o b t a i n i n g a s i m i l a r c h a r a c t e r i z a t i o n 

o f t r a n s f o r m a t i o n s as g i v e n by M. Marcus and B. N. Moyls b u t 

f o r a w i d e r c l a s s o f f i e l d s i s c o n s i d e r e d i n t h i s t h e s i s . 

I n p a r t i c u l a r , t h e i r c h a r a c t e r i z a t i o n o f r a n k p r e s e r v i n g t r a n s ­

f o r m a t i o n s h o l d s f o r an a r b i t r a r y f i e l d . One o f t h e r e s u l t s 

on d e t e r m i n a n t p r e s e r v i n g t r a n s f o r m a t i o n s • o b t a i n e d by M. Marcus 

and B. N. Moyls s t a t e s t h a t i f a l i n e a r - t r a n s f o r m a t i o n T 

maps un i m p d u l a r m a t r i c e s i n t o u n i m o d u l a r m a t r i c e s , t h e n T 

p r e s e r v e s d e t e r m i n a n t s . S i n c e t h i s r e s u l t does n o t n e c e s s a r i l y 

h o l d f o r a l g e b r a s o f m a t r i c e s o v e r f i n i t e f i e l d s , t h e d i s ­

c u s s i o n on the c h a r a c t e r i z a t i o n o f d e t e r m i n a n t p r e s e r v i n g 

t r a n s f o r m a t i o n s i s l i m i t e d t o a l g e b r a s o f m a t r i c e s o v e r 

i n f i n i t e f i e l d s . 
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CHAPTER ONE 

RANK PRESERVERS 

1.1 INTRODUCTION 

The purpose o f t h i s c h a p t e r i s t o e s t a b l i s h some 

n o t a t i o n t o be used i n t h i s paper and t o p r e s e n t a c h a r a c t e r ­

i z a t i o n o f l i n e a r t r a n s f o r m a t i o n s w h i c h p r e s e r v e the r a n k 
r i * 

o f n-square m a t r i c e s . A l t h o u g h t h e paper L1J o f M. Marcus 

and B. N. Moyls i s concerned w i t h t h e a l g e b r a o f m a t r i c e s 

o v er the complex f i e l d , t h e i r p r o o f s o f t h e lemmas and t h e 

theorem on rank p r e s e r v e r s a re n o t dependent on t h e c h a r a c t e r ­

i s t i c n o r the a l g e b r a i c c l o s u r e o f t h e f i e l d . I n f a c t , t h e 

p r o o f s h o l d word f o r word f o r t h e a l g e b r a o f m a t r i c e s o v e r an. 

a r b i t r a r y f i e l d . No p r o o f s a r e g i v e n i n t h i s c h a p t e r b u t t h e 

main r e s u l t o b t a i n e d i n [1] i s s t a t e d below i n Theorem 1.3-2. 

1.2 NOTATION 

The n o t a t i o n used i n [ l ] w i l l be a d o p t e d . L e t P 

denote a f i e l d . L e t the f o l l o w i n g symbols denote t h e r e s p e c t ­

i v e s e t s : 

Numbers i n square b r a c k e t s r e f e r t o t h e b i b l i o g r a p h y 
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t h e a l g e b r a o f n-square m a t r i c e s over F 

the u n i m o d u l a r group o f m a t r i c e s i n M_n • 

( i . e . , m a t r i c e s i n w i t h d e t e r m i n a n t l ) 

denotes th e t r a n s p o s e o f A . 

1.5 R A N K PRESERVERS 

1.3-1 D e f i n i t i o n L e t a ( A ) denote th e r a n k o f t h e m a t r i x 

A . A l i n e a r t r a n s f o r m a t i o n • T on i s s a i d t o be a r a n k 

p r e s e r v e r i f a ( T ( A ) ) = o(A) f o r a l l A e . $'r. 

1.5-2 Theorem L e t T be a l i n e a r t r a n s f o r m a t i o n o f M — n 

i n t o . T i s a rank p r e s e r v e r i f and o n l y i f t h e r e 

e x i s t n o n - s i n g u l a r m a t r i c e s U and V such t h a t e i t h e r : 

T ( A ) = U A V . f o r a l l A , 

o r T ( A ) = U A V . f o r a l l A . 

U n " 

s 
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CHAPTER TWO 

DETERMINANT PRESERVERS 

2.1 INTRODUCTION 

The main r e s u l t o f t h i s c h a p t e r i s g i v e n i n 

Theorem 2 .3-8 w h i c h s t a t e s t h a t t h e f o l l o w i n g c o n d i t i o n s 

a r e e q u i v a l e n t : 

(1) T maps U i n t o U . v ' n n 

(2) T p r e s e r v e s d e t e r m i n a n t ; i . e . , d e t T(A) = d e t A 

f o r a l l A e . 

(3) There e x i s t n o n - s i n g u l a r m a t r i c e s U and "V 

w i t h d e t UV = 1 such t h a t e i t h e r : 

' T(A) = UAV f o r a l l A 

o r T(A) = UA rV f o r a l l A . 

When t h e base f i e l d F i s an a r b i t r a r y i n f i n i t e 

f i e l d , t h e major d i f f i c u l t y e n c o u n t e r e d i n o b t a i n i n g t h e above 

r e s u l t s l i e s i n showing t h a t c o n d i t i o n ( l ) i m p l i e s c o n d i t i o n 

( 2 ) . The s o l u t i o n o f t h i s p r o b l e m i s t o a l a r g e e x t e n t t h e 

p o i n t o f t h i s t h e s i s . When F i s a f i n i t e f i e l d , c o n d i t i o n 

( l ) does n ot n e c e s s a r i l y i m p l y c o n d i t i o n ( 2 ) . A c o u n t e r e x a m p l e 

w i l l be g i v e n t o show t h i s . 
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2.2 A COUNTEREXAMPLE FOR FINITE FIELDS 

The f o l l o w i n g example i s a l i n e a r t r a n s f o r m a t i o n 

v/hich maps u n i m o d u l a r m a t r i c e s i n t o u n i m o d u l a r m a t r i c e s but 

does n ot p r e s e r v e d e t e r m i n a n t . 

C o n s i d e r t h e a l g e b r a M^ o f 2 x 2 m a t r i c e s o v e r 

the f i n i t e f i e l d o f c h a r a c t e r i s t i c two w i t h e l e m e n t s {0,1} . 

L e t G-, and G^ be the f o l l o w i n g subspaces o f Mg : 

«! " { (o 0°) , l) , (( I) , G ] 
G 2

 = {\ (o o) , (o o) , (o o) , Co o) j . 
L e t T be a l i n e a r t r a n s f o r m a t i o n on M g such t h a t 

T(G^) = G^ and k e r n e l T = G^ . Such a t r a n s f o r m a t i o n i s 

p o s s i b l e s i n c e M g i s t h e d i r e c t sum o f G^ and G^ ( t h a t i s , 

G.̂  n G 2 =' and d i m e n s i o n M 2 = d i m e n s i o n G^ + 

di m e n s i o n G^) • 

The t r a n s f o r m a t i o n T maps U i n t o i t s e l f : 
n ' 

t h a t i s , T ( U n ) C U . F o r each u n i m o d u l a r m a t r i x A t h e r e 

e x i s t s a m a t r i x B e G^ and a m a t r i x C € 
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G l " )\0 0. 
o a 

such t h a t A = B + C ( + denotes the u s u a l m a t r i x a d d i t i o n ) . 

Since T i s l i n e a r and B e Gg , then T(A) = T(B+C) = 

T(B) + T(C) = T(C) . But by the h y p o t h e s i s T(C) e 

a l l o f whose members are unimodular. Thus T(A) i s u n i ­

modular, and T ( U n ) G U n . 

On the other hand, T does not p r e s e r v e zero 

determinant. Consider E = (Q I / * S i n c e (o l ) = 

Go0) + ( J i 0 ) • =T(o10) • 1 

p r e s e r v e s unimodular m a t r i c e s , det T ^) = det T ^ ;= 1 . 

But det E = 0 , t h e r e f o r e T does not p r e s e r v e z e r o 

determinant. Thus the t r a n s f o r m a t i o n T maps unimodular 

matrices i n t o unimodular m a t r i c e s but does not p r e s e r v e 

determinant. ^ 

2.3 DETERMINANT PRESERVERS 

2.3-1 D e f i n i t i o n A l i n e a r t r a n s f o r m a t i o n T on M n i s 

s a i d t o be a determinant p r e s e r v e r i f . det T(A) = det A f o r a l l 

A e M n . 

2.3-2 Lemma I f F i s an i n f i n i t e f i e l d , then the n - t h 

r o o t o f an element of- F e x i s t s i n F f o r an i n f i n i t e number 

o f elements of F . 
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P r o o f : L e t a-j be a non- z e r o element o f P and b^ = a' 

C o n s i d e r the e q u a t i o n x = b Now a 1 i s one s o l u t i o n and 

t h e r e are a t most n s o l u t i o n s o f t h e e q u a t i o n i n F . But 

s i n c e t h e r e a r e an i n f i n i t e number o f elements i n F , t h e r e 
n 

e x i s t s a non-zero element a^ € F such t h a t a^ = b^ and 

bg F b^ . Suppose N d i s t i n c t e l ements b^, b^, ... , b^ 

have been fo u n d , each o f w h i c h has an n - t h r o o t . Then t h e r e 

are a t most nN s o l u t i o n s o f the e q u a t i o n s x n = b. , 

i = l} 2, . . . , N . S i n c e F i s an i n f i n i t e f i e l d , t h e r e 

e x i s t n on-zero elements ^^j. a n d ^N+l ' D e l o n S i n g t o F s u c h 

such t h a t a ^ + 1 = b N + 1 and b N + ± ^ b. , I = 1, 2, . . . , N . 

T h e r e f o r e t h e r e a r e an i n f i n i t e number o f elements i n F 

v/i t h an n - t h r o o t i n F . 

2 . 3 . 3 N o t a t i o n L e t A = ( a . .) e M n 

( 1 ) 

( 2 ) 

( i , j ) ^ ( s , t ) and • a ^ = x . ( T h a t i s , 

A ( s , t ) ( x ) i s t h e nxn m a t r i x o b t a i n e d f r o m 

A by r e p l a c i n g t h e e n t r y a. s t by t h e 

i n d e t e r m i n a t e x .) 
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2 . 3 - ^ Lemma I f A = (a.. .) € M n and d e t A ^ 0 , t h e n 

f o r some j , a, .A, . ̂  0 . C o n s e q u e n t l y , a, . 0 and 

A, . ̂  0 f o r t h i s j . I J 

P r o o f : Suppose a .A, . = 0 f o r a l l j , 1 < j < n . Then I j I J - -

n i + i 
det A ••= E (-1) ~ a. A, . = 0 w h i c h c o n t r a d i c t s t h e h y p o t h e s i s 

t h a t det A ^ 0 . T h e r e f o r e a, .A . 0 f o r some j . And 

s i n c e a, . and A n . a r e elements o f F , t h e n a., .A., . 7̂  0 l j l j . 3 1 0 l j 
i m p l i e s t h a t a.. . 5̂  0 and A., . r-'0 . 

2 . 3 . 5 Lemma I f det A ^ 0 3 t h e n f o r some f i x e d j and 

f o r each b e F t h e r e e x i s t s an element a e F su c h t h a t : 

det A ( l , j ) ( a ) = b . 

P r o o f : By Lemma 2 . 3 . ^ t h e r e e x i s t s a j , 1 _< j _< n , s u c h 

t h a t A, . £ 0 . L e t t h i s v a l u e o f j be k . I f 

S ( - 1 ) J a , .A . = c , t h e n d e t A ( l , k ) ( x ) = xA,, + c . 
j = l , j A ± J l k 

F o r any b e F , t h e p o l y n o m i a l xA-ij^. + c - b i n t h e i n ­

d e t e r m i n a t e x has a r o o t , namely x = ( b - c ) A ~ ^ . Denote 

t h i s r o o t by a . Thus, f o r any b e F t h e r e e x i s t s an 

a e F such t h a t det A ( l , k ) ( a ) = b . 
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2.?.6 Lemma L e t F be an i n f i n i t e f i e l d . I f T(U ) C U n , 

th e n f o r any A e such t h a t d e t A ^ 0 , d e t T(A) = d e t A . 

P r o o f : L e t A e M and d e t A ^ 0 . L e t B be an I n f i n i t e 

s u b set o f F such t h a t i f b e B } t h e n b ^ 0 and b has 

an n - t h r o o t i n F . By Lemma 2 . 3 . 2 such a s e t e x i s t s . S i n c e 

det A ^ 0 by Lemma 2 .3 -5 t h e r e e x i s t s a k such t h a t f o r 

each b e B t h e r e i s an a e F f o r w h i c h d e t A ( l , k ) ( a ) = b . 

Le t S be the sub s e t o f F such t h a t f o r each a e S t h e r e 

c o r r e s p o n d s a b e B f o r w h i c h b = d e t A ( l , k ) ( a ) . I n o t h e r 
l / n 

words, f o r each a e S det A ( l , k ) ( a ) ^ 0 and [ d e t A ( I , k ) ( a ) ] 

e F . S i n c e B' c o n t a i n s an i n f i n i t e number o f d i s t i n c t 

elements t h e n so does S . F o r each a e S , d e t [ A ( l , k ) ( a ) / 
( d e t A ( l 3 k ) ( a ) ) 1 / / n ] = 1 . And s i n c e T(U ) C U n 3 - f o r each 

a e S, det T ( A ( l , k ) ( a ) ) = det A ( l , k ) ( a ) . 

Denote by E. . t h e nxn m a t r i x whose ( i , o ) - t h 

p o s i t i o n c o n t a i n s t h e element 1 and i s z e r o e l s e w h e r e . ' Then 

det T ( A ( l , k ) ( x ) ) = det T(xE., + s a. , E , .) = 

det (xT(E,, ) + s a T(E .)) = p(x) , where p(x) 
1 K ( i , j ) ^ ( l , k ) 1 J ~ J 

i s a p o l y n o m i a l i n x o f degree _< n . I n t h e p r o o f o f 

Lemma 2 . 3 .5 i t was shown t h a t d e t A ( l , k ) ( x ) = x A l k + C f o r 

some c e F . S i n c e f o r each x e S d e t A ( l , k ) ( x ) = 

det T ( A ( l , k ) ( x ) ) , t h e n x A l k + c = p ( x ) f o r each x € S . 
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But S contains an i n f i n i t e number of d i s t i n c t elements, 
therefore x A p + c = p(x) i d e n t i c a l l y i n x . Thus f o r 

any x e F , det T(A(l,k)(x)) = det A ( l , k ) ( x ) . In p a r t i ­
c u l a r , the e q u a l i t y holds f o r x = a l k ; and s i n c e 

A ( l , k ) ( a 1 k ) = A , then det T(A) = det A . 

2.3.7 C o r o l l a r y . Let F be an i n f i n i t e f i e l d . I f 
T ( U ) C U , then f o r any A e M n , det T(A) = det A . 

Proof: Let A be any matrix belonging to M n , and l e t 

A(u) be the matrix obtained by r e p l a c i n g a ^ i n A by 

a. . + u , f o r i = 1, 2, 3, , n , where u i s 'an i n -

determinate. 

Det A(u) = u n 4- p 1 ( u ) = p(u) , where P-j^u) i s a 

polynomial i n u of degree _< n-1 . But det T(A(u)) = 
n 

det ( s (u+a ± i) T(E..) + S a . T(E )) , thus det T(A(u)) 
i = l . i ^ j 

= q(u) where q(u) i s a polynomial i n u of degree _<• n . 
Since p(u) = 0 has at most n s o l u t i o n s , then det A(u) 
= P ( u ) "r 0 f o r i n f i n i t e l y many values of u i n F . But 
i f det A(u) ̂  0 , then by Lemma 2.3-6 det A(u) = det T(A(u 
and consequently p(u) = q(u) f o r i n f i n i t e l y many values o f 
u i n F . Thus p(u) = q(u) i d e n t i c a l l y i n u and 
det A(u) = det T(A(u)) f o r a l l values of u i n F . In 
p a r t i c u l a r , the e q u a l i t y holds f o r u = 0 . But s i n c e A(0) 
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then det A = det T(A) . A was an a r b i t r a r y element i n 

and t h e r e f o r e det A = det T(A) f o r a l l A e M^ . 

The p r o o f s o f Lemma 2.3-8 and Lemma 2.3-9 a r e t h o s e 

g i v e n by M. Marcus and B. N. Moyls i n the pa p e r [ l ] . The 

p r o o f s a r e i n c l u d e d i n t h i s paper f o r the sake o f c o m p l e t e n e s s . 

2.5.3 Lemma I f T p r e s e r v e s d e t e r m i n a n t , t h e n T i s non-

s i n g u l a r and hence ont o . 

P r o o f : Suppose T(A)' = 0 . S i n c e d e t A = d e t T(A) = 0 , 

then the rank o f A , denoted by a(A) , i s ' l e s s t h a n n . 

There e x i s t n o n - s i n g u l a r m a t r i c e s M and N such t h a t MAN = 

I + 0 where r = a(A) , I the r x r u n i t m a t r i x and r n-r x 3 r 

0 the ( n - r ) x ( n - r ) z e r o m a t r i x and + denotes t h e d i r e c t 

sum. F o r any X e M_n , [det(MAN+X) ] [ d e t M"1!*"1] = 

det M" 1(MAN-tX)N" 1 = de t ( A+M - 1XN - 1) = d e t T(M~ 1XN~ 1) = 

det M~"*"XN~~ = det X det M-1!!"1 . T h e r e f o r e det(MAN-tX) = d e t X . 

Set X = 0^ + I n _ r . Then det(MAN+X) = det 1 = 1 . But 

det X = 0 u n l e s s r = 0 . But r = 0 i m p l i e s A = 0 . Thus 

T i s n o n - s i n g u l a r . 

2.5-9 Lemma L e t F be an i n f i n i t e f i e l d . I f T p r e s e r v e s 

d e t e r m i n a n t , t h e n T p r e s e r v e s r a n k . 
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P-<"oof: L e t A e M be an a r b i t r a r y m a t r i x . There e x i s t n 

n o n - s i n g u l a r m a t r i c e s M 1 , N 1 3 M g and N g s u c h t h a t 

M]_AW1 = Yx = I r + 0 n _ r and M 2T(A)N 2 = Y g * i g + 0 n _ g where 

r = a(A) and s = <j(T(A)) . 

D e f i n e 0 : Mn—•* M n by 0(X) = M ^ M ^ X N " 1 ) N 2 . 

The mapping 0 has the f o l l o w i n g p r o p e r t i e s : 

( 1 ) 

(2) 

(3) 

Set = 0 
y r 

= \ T and det 0(\Y1_ + ) = det (x0(Y 1) + 0{Y^)) = . 

d e t ( \ Y p + 0(Y^)) = p(\) , where p ( \ ) i s a p o l y n o m i a l i n 

X o f degree _< s . But' d e t 0( \Y± + Y^) = k de t ( \Y± + Y^) 

= k\ r , t h e r e f o r e p ( \ ) = k\ r f o r any \ e F . .Since 

0 i s l i n e a r s i n c e T i s l i n e a r , 

det 0(X) = k d e t X J where k = d e t ( M 2 M ~ % ~ ; 1 N 2 ) 

T h i s r e s u l t s f r om d e t 0(X) = 

det M 2-det T(M~ 1XN~ 1) • det Ng = 

det. M 2-det M^XN" 1 • det< N"2 = 

det(M 2M^ 1N^ 1N p) • det. X 

0 ( Y 1 ) = Y 2 s i n c e 0 ( Y 1 ) = M 2T(M^ 1(M 1AN 1)N^ 1)N 2 

= M 2T(A)N 2. = Y 2 . 

I n _ r . Por each s c a l a r \ i d e t ( \ Y 1 + YJ) 
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k ^ 0 , p(\) = k V i d e n t i c a l l y i n X . T h e r e f o r e r _< s 

and a(A) < G ( T ( A ) ) . 

By Lemma 2 . 3 . 8 , T - 1 e x i s t s ; and s i n c e T p r e ­

s e r v e s d e t e r m i n a n t , det B = d'et(TT" 1(B)) = det T _ 1 ( B ) f o r 

a l l B e M . T h e r e f o r e T - 1 p r e s e r v e s d e t e r m i n a n t . Thus n 

a ( T ( A ) ) _< a ( T _ 1 T ( A ) ) = a(A) and s i n c e i t . has p r e v i o u s l y been 

shown t h a t a ( A ) < a( T( A ) ) , t h e n a ( A ) = a ( T ( A ) ) . That 

i s , T p r e s e r v e s rank. 

The statement o f t h e f o l l o w i n g theorem d i f f e r s f r o m 

t h a t g i v e n by M. Marcus and B. N. Moyls o n l y i n p a r t ( 3 ) - I n 

p a r t i c u l a r , when F i s the f i e l d o f complex numbers, t h e y 

were a b l e t o f i n d u n i m o d u l a r m a t r i c e s U and V w h i c h s a t i s f y 

c o n d i t i o n s i n p a r t ( 3 ) o f Theorem 2 . 3 - 1 0 . ' 

2 . 3 - 1 0 Theorem L e t F be an i n f i n i t e f i e l d and T a 

l i n e a r t r a n s f o r m a t i o n on M n . The f o l l o w i n g c o n d i t i o n s 

are e q u i v a l e n t : 

( 1 ) T maps D"n i n t o U n . 

( 2 ) T p r e s e r v e s d e t e r m i n a n t . 

( 3 ) There e x i s t n o n - s i n g u l a r m a t r i c e s U and V 

w i t h d e t UV = I such t h a t e i t h e r 

T(A) = UAV f o r a l l 'A 

or T(A) = UA°V f o r a l l A . 
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P r o o f : ( l ) h o l d s i f and o n l y i f ( 2 ) h o l d s by C o r o l l a r y 2 . 3 - 7 . 

( 3 ) i m p l i e s ( 2 ) s i n c e det T(A) = d e t UAV = d e t A • d e t UV 

= det A . 

( 2 ) i m p l i e s ( 3 ) - I f T p r e s e r v e s d e t e r m i n a n t , t h e n by 

Lemma 2 . 3 - 9 and Theorem 1 . 3 - 2 , t h e r e e x i s t n o n - s i n g u l a r m a t r i c e s 

U and V such t h a t e i t h e r T(A) = UAV o r T(A) = UA tV f o r 

a l l A e M - L e t T ( I ) = det 1 = 1 , t h e r e f o r e 1 = d e t T ( l ) 

= det UIV = det UV - That i s J d e t UV = 1 -

2.4 COMMENTS AND FURTHER PROBLEMS FOR INVESTIGATION 

The h y p o t h e s i s o f Theorem 2 . 3 - 1 0 r e q u i r e s t h e 

f i e l d F t o c o n t a i n an i n f i n i t e number o f e l e m e n t s , but t h e 

i n f i n i t e f i e l d i s n o t a n e c e s s a r y c o n d i t i o n . I n o r d e r t o show 

t h a t two p o l y n o m i a l s o f degree < n a r e i d e n t i c a l l y e q u a l , 

i t i s s u f f i c i e n t t h a t the e q u a l i t y h o l d s f o r n + 1 d i s t i n c t 

elements o f the f i e l d . The p r o o f o f Lemma 2 . 3 - 6 r e q u i r e s 

t h e s e n + 1 elements t o be no n - z e r o and t o p o s s e s s an 

n - t h r o o t . I f t h e f i e l d c o n t a i n s n ( n + l ) n o n - z e r o e l e m e n t s , 

t h e n t h e r e e x i s t a t l e a s t n + 1 d i s t i n c t n o n - z e r o e l e m e n t s 

each p o s s e s s i n g an n - t h r o o t ( see t h e p r o o f o f Lemma 2 - 3 - 2 ) . 

T h e r e f o r e , f o r a g i v e n n , i t i s s u f f i c i e n t t h a t t h e f i e l d 

F o f Theorem 2 - 3 - 1 0 c o n t a i n s a t l e a s t n ( n + l ) n o n - z e r o 

elements. A g a i n t h i s i s n o t a n e c e s s a r y c o n d i t i o n on t h e 

f i e l d F s i n c e f o r some g i v e n n t h e r e e x i s t f i e l d s s uch 

t h a t each element o f the f i e l d has a n - t h r o o t ; f o r example, 
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f o r n = 3 t a k e F = Z c = Z/5Z . 

The paper [ l ] g i v e s a c h a r a c t e r i z a t i o n o f l i n e a r 

t r a n s f o r m a t i o n s w h i c h p r e s e r v e e i g e n v a l u e s f o r a l l m a t r i c e s 

i n the a l g e b r a o f nxn m a t r i c e s over the complex numbers. 

A f u r t h e r problem would be t o see i f the same c h a r a c t e r i z a t i o n 

h o l d s f o r the a l g e b r a o f m a t r i c e s o v e r a l a r g e r c l a s s o f f i e l d s . 

A n o ther p r o b l e m w h i c h may be c o n s i d e r e d i s t h e 

f o l l o w i n g . I n o r d e r t o o b t a i n the c h a r a c t e r i z a t i o n o f r a n k 

p r e s e r v e r s g i v e n i n [ l ] i t i s s u f f i c i e n t t h a t t h e l i n e a r 

t r a n s f o r m a t i o n s p r e s e r v e ranks 1. 2 and n . I t may be p o s s i b l e 

t o f i n d o t h e r s u f f i c i e n t c o n d i t i o n s on a l i n e a r t r a n s f o r m a t i o n . 

T such t h a t T i s a rank p r e s e r v e r . F o r example, i f 

a ( T ( A ) ) = CT(A) f o r a l l symmetric m a t r i c e s , A , i n t h e 

a l g e b r a o f m a t r i c e s o v e r a f i e l d F , t h e n i s T a r a n k 

p r e s e r v e r ? 
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