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ABSTRACT

The theory presented describes the physical phenomenon of
nonlinear coupling of longitudinal and flexural vibrations when a beam is
excited transversely at high frequencies. Equations are derived based on the
Bernoulli-Euler theory of flexure, by energy methods, to describe the trans-
verse and the longitudinal vibration of a beam of constant cross-section undef
plane motion. The initial crookedness of the beam and the longitudinal
inertia, accounted for in the theory, give rise to the coupled vibrations.

No closed form solution is presented. However, a simple analysis of some of
_the coupling terms suggests the existence of several coupled vibrations. By
the method proposed herein, the frequencies of these vibrations can be
established. In particular, the theory predicts two longitudinal coupled

vibrations with the frequency fatio 1:2,

The agreement between the theory and the experimental results
is good. The vibrations predicted exist and the frequency ratio for the pre-~
dicted longitudinal vibrations was 1:2, Further, the experimental results
indicate that there are more longitudinal vibrations than indicated by the
theory. A longitudinal coupled vibration at three times the frequency of
transverse excitation was recorded. There are indiéations in the data that
coupled flexural vibrations at twice the frequency of transverse excitation

exist,

A circular plate centrally supported and transversely excited
was also tested. Two pronounced resonant radial vibrations were recorded.

The frequency ratio was 1:2. Coupled flexural vibrétions were not identified.
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The influence of the longitudinal vibration on the flexural
vibration of the beam is examined. The limitations of the theory, of the

experiment, and the significance of the resonant strains is discussed.
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Symbol

o < w3 =

<

NOMENCLATURE

diameter of plate, in

frequency, cycles per second

acceleration‘of gravity, in/sec2

bar and plate thickness, in

radial distance, in

time, sec

deflection from static'equilibrium position, in

static deflection of bar, or beam, in (includes deflection
due to initial crookedness)

partial derivative of a displacement with respect to the
variable x

cross~section of bean, in2
plate étiffness
modulus of elasticity, lb/in2

moment of inertia

period, sec

volume, in
angle, radians
Poisson's ratio
mass/volume

frequency, radians per second

increment of some variable



Abbreviations

BAM
CRO

Hg

viii

bridge amplifier and meter

cathode ray oscilloscope

cycles per second

root-mean-square value of a function

Bessel function of the first kind, integral order o

Bessel function of the second kind, integral order o
Modified Bessel function of the first kind, integral order o

Modified Bessel function of the second kind, integral
order o



CHAPTER I

DEFINITION OF THE PROBLEM

Introduction

The application of the simple linear thin-plate theory at
frequencies of order 10 KHz encountered in this experimental investigation is
not appropriate. Additional phenomena arise in the mechanism of acoustic
energy transmission under these circumstances to those encountered in the
audible fregquency range usually considered in architectural acoustics;‘ An
analysis by means of the simple linear theory indicates for the upper end of
the acoustic frequency range that in plates the wavelengths of longitudinal
and flexural waves are of the séme order of magnitude; at frequencies much
below the above frequency range the wavelength of the two types of waves
differ by an order of magnitude. Consequently, there is the likelihood of
coupling between the two types of waves at the upper end of the frequency
range swept out in the experiment, whereas the coupling seems to be insigni-

ficant at frequencies much below 10 KHz.

A simple model was set up to explain the physical phenomenon
of acoustic energy transmission at the upper frequency range encountered in
the experiment. Following the approach taken by Mettler (35: that is, energy
methods and the Bernoulli-Euler theory of flexure, the coupled differential
equations of motion for a beam of constant, prismatic cross section under
plane motion were derived. The formulation of the problem differs from the
usual linear theory essentially in one respect - the assumed strain expression.

The equations account for the initial crookedness, or initial displacement, as

* parred numbers in parenthesis designate references in the Bibliography.



well as for arn usually omitted inertia term. The initial crookedness and

the longitudinal ‘inertia term account for the coupled vibrations recorded

in the experiment. The limitations of the two theories, the linear uncoupled
theory and the non-linear coupled theory, are essentially the same, namely
those of the Bernoulli-Euler theory of flexure. The bending strain is

assumed to be directly proportional to the distance from the central plane.
Plane cross sections are assumed to remain plane, that is, the shear deforma-
tion is ignored. Rotary .inertia is omitted and damping is ignored. Summariz-
ing, the proposed theory differs from the linear theory in that strains in

the central plane are assumed'to exist, whereas they aré ignored in the linear

theory.

No closed form solution is presented for the equations of
motion derived, However, an examination of some of the second order -coupling
terms indicates the existence of coupled vibrations. Thus, for a beam excited
at the supports, transversely, fhe analysis of the following terms, ﬁ#xwx,
waxx’ wxwxx, from the coupled equations indicates the existence of two longi-
tudinal vibrations with the frequency ratio of 1:2. Using the fact that there
are two coupled longitudinal vibrations, one can interpret the mixed second
order coupling terms in the complimentary equation in the same manner. Effect-
ing the necessary substitutions, two coupled transverse vibrations with the
frequency ratio 1:2 should occur. These represent the influence of the‘longi-
tudinal vibration on the transverse vibration. The method adopted in the
interpretation indicates only the existence of the coupled vibration. It
does not give any indication of their relative magnitude; it does not throw
any light on the influence of the longitudinal vibration on the flexural
vibration. Simply, the method just indicates the frequencies of the coupled

vibrations.



Statement of the Problem

l‘.The'pﬁrpose of this study was:

(1) to set up and check out the vibration system,

(2) to determine analytiéally and to interpret the coupled differential
equations of motion for a beam of prismatic cross-section, under plane

motion,

(3) to verify, experimentally, the occurrence of the coupled vibrations, in

the longitudinal direction,

(4) to locate, experimentally, along the frequency spectrum line, where the

predicted resonant vibrations occur,
(5) to determine the importance of the associated resonant vibrations, and

(6) to determine for a circular plate supported and excited transversely in

the center the same experimental information as for the bar.

Literature Survey

To the best of the author's knowledge, the literature contains
no record of the observance of acoustic coupling in bars, or plates. Theore-~
tically, this coupled vibration has not been treated before. Up to the
present time the transverse vibration of the bar, or the plate, has been
treated dissociated from the longitudinal vibrations. Moreover, the longitu-
dinal vibration has been considered without regard to the transverse vibra-

tions.

The existence of strains in the central plane was postulated
by mathematicians and stress analysts a long time ago. Pearson (6) and (7)

showed that a beam under uniform transverse load does have strains in the



central plane; from physical considerations it is known that a non-developable
surface has strains in the central plane., In the field of statics, Timoshenko
(16) used this fact to derive the deflection for a circular plate. To the
knowledge of the author strains in the central plane have not been previously
considered for the dynamic case. Mettler (3) perhaps came closest to the
solution for the case of a beam in plane motion. In his derivation, he
retained the most significant terms of the strain expression, thereby obtain-
ing coupling terms of the desired kind. There is no indication in his paper

that he recognized the significance of these terms,

Limitations of the Study

The prime reason for undertaking this study was to verify
experimentally the existence of the coupled vibrations in the plate and in the
bar. The limitations of the experimental investigation are as follows.

Because of the available system, the experiment was restricted to 'approximate
constant power' frequency spectra. Since the strain level was very small, the
desired Signal often vanished in the electronic noise and induced electromag-
netism. The experimental investigation was restricted to 10 KHz. The assumed
boundary conditions could not be realized in practice for the cantilever bar.

A solid plate could not be simulated., It was impossible to identify, independ-
ently from the spectral strain record, the nonlinear coupled flexural vibra-

tions,

The analytical expressions derived have limitations too.
First, the study is limited to nearly flat surfaces and those structures able
to develop bending stresses; second, the derived equations are not exact - the
limitations of the Bérnoulli-Euler theory of flexure are present. The method
adopted in interpreting the coupled differential equations indicates only the

frequency of the coupled vibrations. The method adopted does not indicate



the absolute amplitudes involved.
Definitions

Approximated Constant Power Plot - the plotting procedure used in the spectral
analysis. Briefly, it is the break-up of the frequency spec~
trum into short, cbnstant acceleration segments making use of
the maximum available power of the system. For a full discus-

sion of this method, see section Constant Power Plot Discussion.

Node - a line, a point, or surface in a standing wave where some characteristic

of the wave field has zero amplitude.

First Coupled Resonant Longitudinal (Radial) Vibration - longitudinal (radial)
vibration at the same frequency as the excitation frequency in

the transverse direction for the beam (plate).

Second Coupled Resonant Longitudinal (Radial) Vibration - 1bngitudinal (radial)
vibration at twice the frequency of the transverse vibration
of the beam (plate). It occurs at half the frequency of the

excitation as for the first longitudinal (radial) vibration.

Third Coupled Resonant Longitudinal Vibration - longitudinal vibration at thrice
the frequency of the excitation in the transverse direction.
It occurs at one third the frequency of the excitation for

the first longitudinal vibration.



CHAPTER II

THEORETICAL CONSIDERATIONS

Derivation of the Differential Equations of Motion for a Beam Under Plane
Motion

As the first step towards the deduction of the equations of
motion for a beam under plane motion, the strain expression has been derived.
For the development of the strain expressionvfor strains in the neutral
plane for an initially deflected line segment, a geometric approach is taken,
Love (3) presents a mathematical derivation. The difference between the
equation deduced herein and the one in the above cited work lies in the fact
that in the derivation presented an initial deflection curve is assumed and
that the dynamic deflections are measured relative to it. Love's deduction
assumes a fixed coordinate system in which the initial deflection of any
point of the neutral plane is zero. The initial deflection curve assumed
includes the static displacement of the beam from a perfectly flat surface
and any effects due to the non-homogeneity of the material., Also, since the
v longitudinal inertia is an integral part in the proposed theory, the second
order term WXZ has been retained in the strain expression., Since an elastic

system is assumed, the Lagrangian definition of strain is used throughout.

The barred letters in Fig. 1 refer to the stationary system,
that is, these coordinates account for the initial crookedness, static dis-
placement, and any existing non-homogeneity. A fiber of the central plane

is shown.
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Pig. 1. Extension and Rotation of Central Plane
Fiber

Before deformation, a line element of the axis of the beam

has the length _ -5 %
ds = (1 + W_ )< dx

when the beam has been deformed, the length is

i
2 = 2] 2
ds __[(1+Ux) +(wx+wx)] dx
The elongation of the axis of the beam is given by
1 i
ds - 5 = [(1+U)2+(\Tv +w)212dx-(1+§2)2dx
b4 b4 b 4 X

Expanding each radical by the binomial theorem, keeping second order terms

of the samé type, the total strain becomes

iy 1 2 2
R gx + wax +3 (UX + w# )

W
n

1 2
1+ 5 Wk

Since small transverse initial displacements are considered, one is entitled



to write

& = U +WW + % (u 2, wxz) (1)

This is the most general strain expression for the strains
in the central plane of a beam for static, or dynamic deflections in two

orthogonal directions.

The above expression is complete as it stands. However, an
estimate based on the experimental findings indicated that the term Ux2 is
approximately two orders of magnitude smaller. than sz. For this reason, the

term sz in the strain expression is omitted in further derivations,

The coupled equations of motion for the beam were derived by
Mettler (E). In the derivation of the equations of motion, the basic assump-
tions of the Bernoulli-Euler theory of flexure are adopted. Accordingly, it
is assumed that the bending strains vary linearly with the distancé from the
middle surface. Plane cross-sections are assumed to remain plane, that is,
the shear deformation is neglected. Rotary ‘inertia effects are ignored.
Further, internal and external damping and distributed transverse loads are

not considered.,

Let W (x) be the initial deflection of the beam and W-(x,t)
be the dynamic deflection of the beam measured relative to the initial

deflection curve as shown in Fig. 2.

The first assumption made is that there are strains in the
central plane of the beam. These can arise from the non-developability of
the central surface, from distributed transverse loads, or from longitudinal
inertia.. How the resulting strain is made up, that is, whether strains

induced by “inertia effects predominate over strains due to the non-i: -’



developability of the surface, is not discussed in this thesis.

zZw

W(xi,_".. .
\

INITIAL DEFLECTION CURVE

DYNAMIC DEFLECTION CURVE

S

Fige. 2. Reference Axis for Displacement Measurements

The additional extension of a fiber at a distance 2z from

the axis is

This follows from the usual beam bending theory, or from the assumption that

plane cross-sections do remain plane. The total strain is therefore,

The next major assumption is, as is wusually done in the beam bending theory,
that stresses occur only in the x-direction. The elastic strain energy
becomes

E 2
v

and carrying out the partial integration over the cross section of a prismatic

beam
L L
v = E& (U +WW + Ly 2)2 dx +JE w 2 dx
2 X XX 2 X

2 XX
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The kinetic energy is given by

L
) 2,42
T = S J (Ut A ) dx
o
Making use of Hamilton's Principle
t2
3 (U-T)dt = O (2)
t

Effecting the necessary substitutions, using Calculus of Variations, one

obtains
“EA (U +2W2 W) + QAU = 0 (3)
x 2 x X xX'x tt
EIW  -FA | (U +2w2+uw) (W +W)| +oaW, = O (&)
v XXXX X 2 X X X b 4 x4 tt

These equations are the coupled nonlinear differential equations
of motion for a beam under plane motion. These equations are based on the
simplified strain expression. If the full strain expression is used, or if

UX is of the same order of magnitude as Wi, one obtains the following set of

equations
—EA{[U +WW+l(U2+w2)](1+U) + AU, = O (5)
x X X 2 X X X < tt
EI W -eadlu +wuw +2 (u 2w 2)] (G + W)l +A W, =0 (6)
TXXXX X xXx 2 X b d b'4 X % tt

The above equations, (5) and (6), differ from (3) and (4) respectively, only
by the inclusion of the term Ux2 in the strain expression. This term might
be significant for explaining coupling frequencies higher than twice the

frequency of the excitation, and it might become important for excitations
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much higher than those used in this research,

To check the deduction, the equations are linearized

EAU = AgU e U =
xX

bt o U (7)

and

EI W + AW 0 (8)
XXX

Lt -

The first of these equations corresponds to the classical
longitudinal vibration of rods; the second of these equations corresponds to

the lateral vibration of a beam.

Discussion of the Derived Equations

In the paragraphs which follow the interpretation and the sig-
nificance of particular coupling terms of the equations of motion for the
beam are discussed. Even though the method assumed is qualitative in nature,

some concrete predictions can be made.

We consider now the equation of motion (3) for the beam.

Differentiating and rearranging the equation, one obtains

l -
- Uxx + CZ Utt = wxx Wx + Wx wxx + Wx wxx (9)

Assuming the flexural displacement to be of the form

W = F(x) cos wt
so that WoW = H(x) cos® wt (10)
X XX
and wxx . = Hl(x) cos wt (11)
wx wxx = Ha(x) cos wt (12)
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where Qx and Qxx are just functions of x .
From analytical geometry
cos® wt = % (1 + cos 2 wt)
therefore, Wou o= H3(x) [ 1 + cos 2 wt] » (13)

Next, it is assumed that the terms on the right-hand side of (9) are forcing
functions. Substituting expressions (11), (12), and (13) for the terms on

the right hand side of (9), one obtains

1
- Ut 2

~ Uy = { Hl(x) + Hz(x) } cos wt + H3(x) {1 + cos 2 wt} (%)

By analogy, expanding, differentiating, and rearranging as

was done above; one can write (4) in the following form,
EI W - EA [ U W+ waxx] + AgW, . = EA [Umwx + wam] (15)

Having established, analytically and experimentally, the fact
that there are at least two longitudinal coupled vibrations, one might sub-
stitute their expressions, guided by the approach taken for the longitudinal
vibrations, for the right-hand side cross products of (15). As a consequence
one should expect also two transverse, or flexural coupled vibrations, with
the frequency ratio of 1:2, These would represent the influence of longitu-

dinal vibrations on the transverse vibration.

In examining the expression (14) and (15) one can draw the
following conclusion:

Expression (14):
At any one instant of time the longitudinal vibration of the

beam is the result of two different, superimposed, sinusoidal excitations,
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the frequencies of which are in the ratio of 1l:2, Moreover, at least two
different resonant frequencies are to be expected - one fundamental at the
frequency of'flexural vibration; the second at twice the frequency of trans-
verse vibration.

Expression (15): ‘
Making use of the fact that the beam is excited longitudinally

by two forcing functions of frequency o and 2w, one can show that the right-

hand side of (15) consists of the following functions
Gl(x) cos wt + G, (x) cos 2 wt

Two attendant resonant frequencies are to be expected.
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CHAPTER ITI

APPARATUS AND INSTRUMENTATION

Signal Flow
The signal flowchart is shown in Fig. 3., Essentially, the

instrumentation consisted of a vibration control feedback system and ancillary
instruments to record diverse signals, Thus, a sound level meter was used

for dynamic sound pressure waveform recording and frequency reference. The
output was displayed either on the CRO, or on the level recorder. An optical
non-contacting displacement transducer, called a Fotonic Sensor (MTI Instru-
ments Division, Latham, N.Y.), was used as an independent frequency reference,
The output waé displayed on the CRO. Finally, a BAM and strain gauges were

used for frequency spectra recording and waveform analysis.

The vibration control loop consisted of the generator,
amplifiers, electromagnetic exciter, and accelerometer, The generator
(henceforth called the control unit) sent out a pre-programmed signal, corres-
ponding to the vibration level, to the 50 lbs. force vector exciter; the
actual vibration level was sensed by the accelerometer mounted rigidly on the
adapter for the specimen. The vibration level as recorded by the accelero-
meter was compared with the set point vibration level. Any error between
the set point control and the feedback signal was corrected by the vibration
control unit. For synchronization of the generator and the frequency cali-
brated paper on the level recorder an electrical connection was provided

between these two units. PFinally, a signal proportional to the acceleration
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was displayed as a frequency reference on the CRO.

Essentially, three electronically independent instruments
were used for signal recording. These were: displacement transducer, sound
level transducer, and strain gauge transducer. All three were useful and

practical. They are considered in turn.

Displacement &easurements - a fiber optic, non—cbntacting
displacement transducer, the Fotonic Sensor, was used at the beginning of the
experiment. Its use had to be discontinued later on because of the break-
down of the instrument. Moreover, this particular instrument was unsuitable
for the amplitude measurements around 10 KHz., The amplitudes were less than
one angstrom in magnitude for the vibration levels involved in the experiment.
The available instrument was simply not sensitive enough for amplitudes of

vibration of that order.

Sound Level Measurements - these were recorded by means of a
General Radio Sound level meter, type 1565-A. This instrument was used
essentially for waveform recording and frequency reference. The sound level
for the specimens fluctuated approximately twenty decibels, between the limits
of fifty and one hundred and ten decibels; the instrument émitted a signal
proportional to the soundvlevel fluctuation over a range of ten decibels. In
recording the sound pressure level, the signal was displayed either directly
on the CRO, or on the level recorder. The spund pressure level frequency
spectrum data turned out.to be useless due to the background noise compounded
with the noise emitted by the specimen and its reflections in the best room.
No trend could be established. However, with the addition of an anechoic
chamber, sealing off of the background noise and perhaps attenuating the

reflections, such records might prove useful.
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To establish whether the characteristic strain waveform at
the resonant first and second longitudinal vibration of the bar and the
resonant first and second radial vibration of the plate could be recorded-
independently, the sound level meter output was displayed simultaneously on -
the CRO. The microphone was suspended approximately four feet above the plate,
and off center. For the bar, the microphone was suspended approximately six
inches above the bar and over one cantilever. With this arrangement, the
sound level meter recorded the net result at that point of all sound waves

emanated and reflected from the specimen and surroundings.

Strain Gauge Measurements - on both the bar and the plate,
strain gauges were applied in appropriate positions. These gauges were hooked
up in suitable networks with, or without temperature compensating gauges in
external half, or full bridges to the bridge amplifying meter. Since, in
general, the étrains measured were extremely small, less than 20 pin/in, high
resistance wire strain gauges and 120 ohm film strain gauges temperature
compensated for steel were used. In addition, dry cells were used in series
with the internal excitation of the bridge amplifying meter to make the
bridges as sensitive as was possible without overloading the electronic net=-
work, From the BAM, the signal was taken either directly to the oscilloscope,
for qualitative and quantitative measurements, or the signal was amplified
in another stage of amplification and then recorded on the level recorder.

The last amplification mentioned was a necessity since the level recorder had
a minimum signal level of 10 mv RMS, and the maximum signal recorded at the

output of the BAM was less than 40 mv peak-to-peak.

Most instruments were hooked up for floating ground - grounding
was done through the oscilloscope. The components groundéd were: the power

amplifier, the sound level meter, the Fotonic Sensor, the specimen, the



18

oscilloscope, and the block on which the dummy guages were mounted,

Individual Instruments

Fige 4. Overall View of the Instrumentation

1 Power Amplifier 7 Frame

2 Amplifier 8 Frequency Counter
3 CRO 9 Control Unit

4 Polar Height Gauge 10 Level Recorder

5 Electromagnetic Exciter 11 BAM

6 Test Bed 12 Roots Blower

An overall view of the instrumentation set up is shown in
Fig. 4. Not shown in the figure is the Fotonic Sensor, the storage oscillos-

o

cope, and the vacuum tube voltmeter.

With automatic control, the system can be operated from 10 Hz
to 10,200 Hz. The maximum force available is 50 lbs; the maximum displacement
of the plunger of the electromagnet is restricted to less than 0.5 inches

peak-to-peak. The system can be run backward or forward, or backward and
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forward continuously over the whole frequency range, or over segments of its
range. The system can be run continuously at maximum power. The frequency
sweep of the generator of the control unit can bevsynchronized with the fre-
quency calibrated paper feed of the level recorder. The recording can be
done over the full frequency range of the control unit; an average frequency
reading can be obtained from a digital counter., Without automatic control,
the frequency range can be extended from 10,200 Hz to 20,000 Hz, but at a
reduced force, The manufacturer suggests an upper limit of 25 1lbs. under these
circumstances. Without automatic control, the control unit and the level
recorder are taken out of the circuit. The output of an external function
generator replaces the control unit. Under these conditions the controls
revert to manual - this extension requires a lot of patience and attentive-

ness on the part of the operator.

The Bruel and Kjaer Automatic Vibration Exciter Control Unit
Type 1025 provides a constant displacement control up_to 2 KHz and a maximum
amplitude of 0.l in. peak-to-peak; constant velocity control is available up
to 2 KHz and up to 100 in/sec peak value; constant acceleration control is
feasible up to 10 KHz and 1000 g peak value (1 g = acceleration of gravity).
Since the frequency dial on the instrument was not properly calibrated, and
even if it had been, it is impossible to read frequencies closer than 50 Hz
at the upper end of the frequency scale, an external General Radio Company
Digital Time and Frequency Meter, Type 1151-A, Serial 347 was used for fre-
quency measurements. At low scanning speeds of the control unit, this unit
provides not an instantaneous, but an average frequency. At steady state, it
displays the true frequency of the excitation (provided the signal is stable
and the & 1 count inaccuracy has been taken into account). The control unit

has six fixed scanning speeds if used with the synchronized level recorder,
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or 132 scanning speeds otherwise. In terms of frequencies being swept out
per unit of time, the concept of a fixed scanning speed has no meaning. This
arises from the fact that the generator produces the frequencies logarithmic-.
ally with time, whereas the scanning device is synchronous, or constant with

time. The control unit has fixed or pre~programmed compressor speeds.

The Bruel and Kjaer Level Recorder, Type 2305, was synchron-
ized electronically with the control unit for most tests. As plotting
medium 50 mm wax paper, frequency calibrated, was used in conjunction with
a sapphire pen and every plot was calibrated separately. This level recorder
does not reproduce the instantaneous value of the function, but plots either
the'RMS, DC, or peak value. The RMS function was chosen for this experiment =~
the influence of sudden extraneous signals is minimized thereby. Different

paper and writing speeds are available.

The Ellis Associates BAM 1 Bridge Amplifier and Meter has a
DC amplifier whose frequeﬁcy response is not flat over the used frequency
range. At 10 KHz the attenuations is approximately 3%. A Hewlett Packard DC
Vacuum Tube Voltmeter was used to measure the effective excitation voltage of
the different bridges., The amplifier section of the Bruel and Kjaer fre-

quency analyzer Type 2107 was used as cascading amplifier after the BAM unit,

The MB Electronics Model 2250 Power Amplifier is capable of
delivering up to 400 watts of power to the exciter.” The Bruel and Kjaer
dual channel accelerometer preamplifier Type 2622 has a built-in sensitivity
attenuator for setting of the accelerometer sensitivity. For correct setting
of the accelerometer sensitivity, the channel output is scaled to 10 mv/g.
The waveformé of interest in the experiment were displayed on the Tektronix

565 Dual Beam (or four beams with chopper) oscilloscope and photographed



therefroms Finally, the polar height gauge and Fotonic Sensor probe holder
was designed and built in the Department., These devices allow displacement

measurements in three coordinates - €, r, h,

Test Bed and Frame

The test bed on which the vibration exciter was mounted con-
sisted of a block of wood, a steel casing, and a two foot by two foot block

of concrete. The whole assembly was embedded in the ground beneath the floor

of the laboratory. See Fig., 5.

Fig. 5. Test Bed

The concrete block was structurally isolated from the building,
Since the tests were carried out during the night; the influence of Rayleigh
Surface waves (caused by trucks and cars passing the nearby road, unbalanced
machinery inside the building) was minimized. The steel casing shown in the
figure consisted of two heavy T-sections joined on the top by 1/2 inch steel
plate, braced by two gussets, welded together, and bolted to the concrete block.

A wooden block was screwed to the steel plate. This was used as a damper as
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well as a support for the frame to which the suspension and auxiliary fix-
tures were attached. The frame running the full length of the working sur-
face consists of a 3/16 x 1% inch angle iron, welded together and screwed to
the wood. A hole was drilled through the angle iron directly above the

center of the vibration exciter for attachment of the specimen suspension.

Suspension

For the plate as well as for the bar, an external suspension
had to be provided to take the weight of the moving element, specimen, and
any necessary appendages off the electromagnet. In the experiment, this was
a necessity in order to obtain the level of acceleration used throughout the

tests.

The suspension for the bar, shown in Fig. 6, consisted of two

Fig. 6. Bar Suspension

spring systems in parallel, First, there was the spring action provided by
an annular rubber diaphragm incorporated in the vibration exciter. Second,

there was provided an external spring system consisting of coil springs. For
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the plate this system comprised four springs in parallel; for the bar two
springs were used in parallel., The criterion for the choise of springs was
to keep the natural frequency of the complete spring-mass system as far away
as possible from the lowest operating frequency. Without power flow to the
exciter, a natural frequency between four and five cycles per second for both

systems was attained with the available springs.

The suspension was attached to the frame via a long 1/4"
threaded rod running fhrough the hole in the upper angle of the frame. A
hemispherical surface was machined on a large nut to keep the rod from sliding
down and to support the weight to be suspended. This nut and a locking nut
were threaded on the fap end of the rod to an appropriate height. The hemi-
spherical nut, resting on the hole in the angle iron, allowed for small

misalignments of the moving parts in two orthogonal directions.

Plate Support

The plate was supported essentially, by a threaded shaft, one
end of which had a wide flange which was bolted to the moving element of the
electromagnetic exciter, The length of the shaft consisted of four types of
thread - three external, one internal. The central external thread was a
tapered pipe thread to match the pipe thread in the central hole of the plate.
The internal one was used to fasten the accelerometer to the top of the shaft,
The upper machine thread on the shaft was used to fasten the external spring

system to the shaft,

Bar Clamp
The bar was clamped between two short cross beams, one of

which was an integral part of a shaft arrangement as in the previous case.
The accelerometer was threaded into the center of the upper bross beam; the
lower wide flanged section of the shaft was bolted to the plunger of the

exciter; the springs were attached to the upper cross beam, The double
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cantilever bar arrangement was used to provide a balanced system on the

shaker table,

Models and Boundary Conditions

Circular Plate

For the experiment a circular plate of mild steel, 1/4 x 16" ::i.

dia. (nominal) was used. This diameter was chosen for the plate so as to
bring the breathing mode frequency into the 8 XHz range. In the center of
the plate a 1/4" pipe thread hole was machined. The surfaces were ground on
a surface grinder and hand sanded to remove rust spots, Due to the grinding
operation, the plate had assumed a curvature -~ insignificant to be considered

a 'curved' surface.

The boundary conditions aimed for were: a circular plate
without transverse load, free edges, and supported and excited in the center.
As was mentioned under the heading 'Plate Support', the plate was supported
by a threaded shaft. The section of the shaft with the pipe thread was-
screwed hand tight into the hole of the plate. The intention was to simulate
a continuous plate, without a central hole. The Chladni figures obtained

were to be an indication of the symmetry of the vibration.

Two other supporting conditions were considered. One, a solid
plate clamped, or simply supported along its periphery; two, a clamped plate
in the center. The first model was dismissed as impractical, considering
the available excitation and the difficulty in producing the exact boundary
conditions. The second one was tried. The pléte was clamped between two
nuts run up on the shaft and against the plate. In spite of the care taken
in machining the surfaces involved, peculiar Chladni figures were obtained.

Therefore, this boundary condition was abandoned.
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Cantilever Bar

The bar was fabricated from 1/4 x 1" (nominal) cold rolled
steel. The full length of the double cantilever bar was 12.38". This length
was chosen so that the first coupled longitudinal resonant vibration occurred
in the 8 KHz range. The cross beam width was 17/32'". The surfaces were

ground so as to remove surface pits.

The boundary condition to be simulated was that of two canti-
lever bars, obtained by clamping a single bar at the center with the cross
beam. Obviously, the arrangement assumed will not yield true fixed end
conditions. For bending, the boundary conditions were exact; for longitu-

dinal wave propagation, the width of the cross beam has to be taken into account.

Strain Gauges and Bridges

Circular Plate

Two kinds of gauges were placed on the plate - for the tangent-
ial strains BUDD C6-141B film gauges of 120 ohm resistance were used; for the
bending plus radial strain and the radial strain records 500 ohm gauges SR-4
CD-8 Baldwin Lima wound wire gauges were used. Identical gauges were used
wherever dummy, or temperature compensating gauges were needed. The gauges
were cemented to the surfaces with GA-1 and SR-4 strain gauge cement, res-

pectively.

The location and hook-up of the gauges was as follows:
Tangential - three gauges placed at random along the periphery and hooked ﬁp
in series to form one arm of a 360 ohm external half bridge. The gauges were
located as symmetrically as was possible about the central plane. Bending
plus radia; and radial strain - two gauges, of short filament length located

within 1/64 of an inch from the outer edge. One gauge was located on each
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side of the plate surface in corresponding positions. Two such gauge
arrangements were placed at random along the periphery. For bending plus
radial strain, two gauges on the same side of the plate were hooked up in
series to form one arm of a half bridge. For radial strain records, a full
500 ohm bridge was connected with the active gauges, one on each side of the:
plate, connected so as to eliminate the bending strain. The location of the
strain gauges in the radial direction was arbitrary since an optimum position

for all frequencies could not be determined.

Cantilever Bar

Four BUDD C6~141-B gauges were located in symmetrical loca-
tions relative to the cross beam on both cantilevers. One gauge was located
on the top surface and one on the lower surface in corresponding positions on
each cantilever. The gauges were located 3%" away from the end and equi-
distant from the sides. GA-l cement was used for their adhesion. Because of
the higher strain level involved, the gauges were hooked up into 126 ohn half
bridge for the bending plus radial strain record and into 120 ohm full bridge

_ for the radial strain record.

Bridges
As far as it was tolerable, additional external excitation of
the bridge was provided. The criterion for the choice of magnitude of the
external excitation was dictated by the available sources and the dissipative
capacity of the strain gauges. As suggested by their respective manufacturers,
25 ma., was taken as the limiting current for the SR-4 gauges and 5 watts per

square inch of grid area was taken as the limiting power for the C-6 gauges.
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CHAPTER IV

TESTING

Calibration and Check Out

The accelerometer used in the experiment was calibrated at
the factory. No calibration check was made prior to the experiment. The
only test done was to compare its behaviour against a similar unit. Their
outputs agreed reasonably well over the full frequency range. The influence
of a cooling medium on the output of the accelerometer was examined. No

appreciable differences were recorded.

The system as a whole and its individual components were
checked as far as this was possible. The acceleration as set on the control
unit, and the acceleration recorded by the accelerometer agreed exactly. The
set point acceleration was not always constant throughout the different fre-
quency ranges. The acceleration meter on the control unit indicated small
deviations from the set point. In general, these deviations were unpredict-
able and insignificant. The oscilloscope's calibration was checked prior to
the experiment., The frequency response of the BAM was checked. The frequency
response complies with the manufacturer's specification. The frequency res-
ponse of the cascaded amplifier (amplifier of the frequency -analyzer) was
checked. Its response is flat over the frequency range involved. For the
particular application, an external frequency counter in conjunction with the
control unit was a necessity. Frequencies cannot be read from the control

unit frequency scale closer than approximately 250 Hz at 10 KHz., In addition,

AR
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the frequency scale was not properly adjusted, or calibrated. The required
airflow through the electromagnetic exciter was checked at maximum, constant
power dissipation. The airflow rate and the power input to the compressor
were inadequately specified by their respective manufacturers. A doubling of
the first quantity and triplinngf the second quantity was necessary. The
cooling system as now designed is adequate for continuous service at full
power dissipation. The synchronization between the level recorder and the

control unit was good,

The natural frequency of the complete suspension of the system
was established. To determine this frequency, a storage oscilloscope and the
Fotonic Sensor plus the height gauge were used. The probe of the Fotonic
Sensor was suspended over the surface of the plate, and the dynamic output of
the instrument was displayed on the storage oscilloscope. Finger preséure
was used to drive the system (specimen, adapters, plunger, accelerometer) at
its natural frequency. This procedure was repeated several times, and the
average of the recorded frequencies was taken. The deviations from the mean

were very small,

Noise problems arising from ground loops were eliminated.
All cables and wires used were shielded., Electromagnetic pick~up was mini-

mized,

Test Procedure

Since the test procedure for the plate is similar to that of
the bar, only one is described below. The plate with strain gauges and lead
wires attached was boited to the plunger of the electromagnet, making use of
the appropriate adapter. The connector for the suspension and ﬁhe accelero-

meter was attached. By means of a centering nut, a string, and a plumb,
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the exciter was centered directly under the hole in the frame. The suspen-
sion was attached to the frame, as outlined earlier, and the whole assembly
was lifted by means of the _hemispherical nut until the specimen, adapters,
etc. vibrated with the least excitation. This required a trial and error
procedure. Next, the stay ring was attached to the frame, and the lead wires
to it. By the procedure indicated earlier, the natural frequency of the
system (specimen, adapters, accelerometer, and plunger of electromagnetic
exciter) was determined, Next, the éctive gauges and the temperature com-
pensating gauges were checked for their resistance; the gaugés were combined
in'the.proper order to form the desired circuits and then connected to the
appropriate posts of the BAM. The shields of the lead wires and the ground
wire of the specimen and the temperature compensation gauge block were con-
nected to the ground of the oscilloscope. The external excitation was added
to the BAM. All instruments were properly interconnected, and connected to
the power source. Then the instruments were turned on and left in the stand-

by position for at least two hours.

The hext phase of the test procedure was to determine the
specimen characteristics - what acceleration to use over which frequency
range, This required a trial and error procedure. The figures in Table 1
were found to be satisfactory for the plate and the bar, respectively. This

tabvlation is useful in later discussions,

The actual testing got under way after:
(a) setting the set point acceleration, (b) synchronizing the level recorder
with the control unit, (c) choosing the scanning speed and direction,
(d) determining the compressor speed, (e) choosing the attenuation, the
writing speed, and the type of response of the level recorder, (f) cooling

the exciter with forced air, and (g) calibrating the BAM and measuring the
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Plate Characteristics Bar Characteristics
Frequency ~ Maximum Frequency Maximum
““Range-. Acceleration Range Acceleration

Hz ‘ g Hz g
150 200 2 koo 1000 Lo
200 700 5.5 1000 1200 20
7200 800 0.5 1200 1500 1.4
800 1000 4.5 1500 3600 50

1000 1500 20 3600 4000 ?
1500 2000 26 Looo 7000 100
2000  2k00 3 7000 7500 1k
2400 77000 _ 110 7500 9500 100
7000 7400 15 9500 10000 60
7400 10000 80

Table 1. Allowable Acceleration Level

excitation voltage of the bridge. Since each test extended over long periods
of time, the last step had to be done periodically during the course of the
experiment. The high external voltage source's life was limited -~ up to 50%

reduction in excitation was encountered.

Constant Power Plot Discussion

The ideal approach to the experiment would have been, of
course, a constant displacement frequency sweep of the specimen. A practical
examplevexplains best this choice. A rotating shaft to which a circular disc
is rigidly attached is considered. if the bearing in which the shaft is
rotating is misaligned, so that the disc experiences a sinusoidal transverse
periodic excitation, according to the theorj proposed herein, two radial
vibrations of the disc and the associated radial resonant vibrations must be
expected, Since the axial displacement of the shaft can be considered constant,

regardless of the frequency of rotation, an investigation, assuming the above
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criterion, is highly desirable. As was stated in the description of the

overall system, such an investigation was not possible.

The next best test procedure would have been a constant power

plot, however, the system is not designed for this kind of control.

The next alternative was a constant acceleration control.
This kind of control was also unsuitable. Since the frequency sweep extends
from 100 Hz to 10 KHz, it can be shown that the peak amplitudes in the center
of the plate are drastically reduced, by a factor of 104, and, consequently,
the resulting strains are very small, perhaps too small to be distinguished
from the inherent electronic noise. This point is clarified by the two

charts below, Fige 7.

(a)

(b)

Fige. 7. Constant Acceleration and Approximated

Constant Power Frequency Spectra
(a) Constant acceleration

(b) Approximated constant power
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In Fig. 7(a) the constant acceleration plot for the plate
is shown, for both radial and tangential strain. Only one resonant vibra-
tion (tangential strain at 4405 Hz) shows up clearly. In Fig. 7(b) the
approximated constant power frequency spectra for the plate is shown. Two
resonant vibrations, one at 4405 Hz and one at 8810 Hz, can be identified
clearly. The additional information obtained from the approximated constant

power plot dictated its choice over the constant acceleration control.

By definition, the approximated constant power frequency
spectra is the break-up of the fuil frequency spectrum into a number of con-
venient, small segments along which the acceleration is kept constant; dif-
ferent acceleration levels are used for different‘segments such that at one
point of each segment, the power input to the plate is a maximum (220 watts
approximately). The number of segments and their locatién is an engineering
decision - an optimization pfocess. Table 1 lists these frequency segments
and the constant acceleration ievel. This procedure allows for the fact that
the maximum allowable acceleration level of the épecimen plus its adapters,
is lowest at the.resonant frequencies. This procedure results in an optimum
testing, considering all the factors involved. This procedure allows the
constant acceleration control facility of the system to be used. This proéeQ
dure results in a decrease in amplitude of vibration by only a factor of 102
as comparedAto 104 for a constant acceleration frequency spectra between the
frequency extremes. This procedure is the first approximation to a constant,

maximum power frequency spectra.

The frequency response spectra, as will be shown shortly,
were plotted in a particular manner to satisfy two conditions. First, the
different frequency segments were separated from each other. This was a

necessity since transient voltages were set up whenever certain controls



33

were changed. For instance, in changing the acceleration level, the scriber
of the level recorder had to be lifted off the paper. Further, since dif-
ferent acceleration levels resulted in different locations of thigﬂ€£lce,A
different attenuation of the signal at the level recorder was used for dif-
ferent frequency segments. Second, since the damping is small in steel, the
resonant vibrations do show up as spikes in the records. To make absolutely

- sure thatnone of these spikes were missed, sufficient frequency overlap was
provided. This was achieved by running the whole system 'backwards', approxi-

mately 50 - 100 cycles and then forward again, after having decided on a new

attenuation level. St

Interpretation of Frequency Spectra

All frequency spectra shown herein were obtained by magnifying
the strain gauge signal in the BAM 120 x (depends slightly on the frequency)
and 1000 x thereafter in the cascaded amplifier.  To correlate the trace on
the record with the measured strain, the following must be known:

(a) the bridge excitation used at that time (this variable is a
function of time),

(b) the bridge arrangement and the gauge factor,

(c) the acceleration level in this particular frequency range, and:

(d) the attenuation of the level recorder.

Because the translation of the voltage level into a true
strain record is a tedious one, and because the aim of this thesis is to show
only the‘existence of the‘predicted vibrations, no such translation was
carried out. The only strain calculations carried out were at the predicted
longitudinal resonant vibrations of the bar and at specific frequencies
close by. The purpose was to show the significance of this resonant:vibra-

tion,
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Chladni Figures

The Chladni figures reproduced herein were obtained by
uniformly distributing ordinary sugar on the plate. The exact transverse
resonant vibrations were established in the following manner. The first
indication of a resonant transverse vibration was obtained from the sugar -
the individual sugar grains moved to a nodal circle. An even closer approxi-
mation could be obtained by observing the output voltage of the exciter
control unit. As a narrow frequency range straddling a transverse natural
frequency was swept through, the output voltage suddenly swung to a high
value, and then fell off again. The method used to obtain the figures listed
herein is as follows. The probe of the Fotonic Sensor was suspended over
the specimen, at a fixed position, and its output, at a constant setting,
was displayéd on the storage oscilloscope. A ffequency response survéy was
made, at discrete frequencies, through the expected range. At the frequency
where a natural frequency occurs, a maximum response was recorded on the

oscilloscope,

Plotting and Photography

The plotting was done on frequency calibrated,'BO mm,
logarithmic, wax paper. A sapphire stylus was used as scriber. This com=
bination resulted in a very high resolution of the signals. Ink on ordinary
paper would have been easier to reproduce, however, the resolution of this

"combination is not as good,

The appended photographs of waveforms, Fig, 10 and Fig., 11,
were taken directly from the screen of the Tektronix oscilloscope, in the

single sweep mode, with a Pentax camera and Tri-X film.



CHAPTER V

EXPERIMENTAL RESULTS

In this section the experimental findings are presented. An
interpretation and a discussion of the same is presented in Chapter VI, To
make the discussion coherent, all the findings of the plate are presented

first, followed by those for the bar.

Circular Plate

Figure 8 shows the Chladni figures for the transverse

resonant vibration of the plate, second to fifth natural frequency.

5th Mode

ige 8. Chladni Figures for the Transverse
Vibration of the Circular Plate
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For photographic purposes, more sugar than was actually
needed was oscillating on the plate. The resolution can be improved above

that shown in the figure.

The natural frequencies of transverse vibration of the plate,
and the non-dimensionalized nodal radii, with their respective largest devia-
tion from the mean radius, are shown in Table 2. The natural frequencies
serve as a test for the boundary conditions; the largest deviation from the

mean radius is a measure of the symmetry of the vibrating system.

Non-Dimensionalized ' Largest Deviation

Mode Fre%:ency Mean Nodal Radii from Mean Radius
1 2 3 b in

2 767

3 220k 0.87 0.51 0.02

b Lz35 0.91 0.65 0.36 . 0,03

5 7130 0.93 0.73 0650 0,28 0,04

Table 2. Non-Dimensionalized Nodal Radii for Plate

Note: The average deviation is much smaller than
the values quoted above., The non-dimen-
sionalized nodal radii are based on a full
radius (plate without a central hole).

The mean nodal radii were determined by averaging three ran-
dom radius measurements. The frequencies quoted above were measured with
the digital counter during steady~state vibration. The errors and inaccura-
cies involved in the frequencies quoted are:

(a) experimental error arising from inaccurate location of the

resonant peak - less than 1 Hz,

(b) the round off error from the fourth and fifth digit, and
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(c) inherent inaccuracies of the counting device.

In Appendix C, Fig. C-14 to Fig. C-16 are shown three 'approxi-
mated constant power' frequency spectra for the plate. Two spikes in the
radial strain record and the tangential strain record, Fig. C-15 and Fig, C-1k,

are shown. The first occurs at 4405 Hz and the second at 8810 Hz.

There is one limitation inherent in the frequency spectra.
Incorporated in these records.is‘a contribution from the electromagnetic in-
duction in the gauge installation., In the experiment, this extraneous signal
was minimized. However, it could not be eliminated. The signal impressed by
this electromagnetic inductidn has always the frequency of the excitation.
For the resonant peaks, their influence is small (approximately 5% of the
amplitude for the fundamental longitudinal frequency); at other excitation
frequencies this signal is very significant. Care must be exercised, there-

fore, in interpreting the spectral records.

Fig. 10 depicts the waveforms at the two radial resonant

vibration of the plate., Their interpretation is given in Appendix A.

Cantilever Bar

Figure 9 shows the Chladni figures for the transverse vibra-

tion of the bar.

Next, the natural frequencies for the transverse vibration
and the non-dimensionalized nodal distances from the built;in end are tabu-

lated.

The frequencies indicated in Table 3 have the same limita-
tions as the measured frequencies for the plate. The resonant frequencies

were measured to check the assumed boundary conditions,
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2nd Mode 3rd Mode

Fig. 9. Chladni Figures for the Transverse Vibration
of the Cantilever Bar

Non-Dimensionalized Nodal

Mode Frequency Distances from the
Hz Built-in FEnd
1 2
1367 0.78
3 3805 0.50 0.86
4 7364

Table 3, Non-Dimensionalized Nodal Distances
for the Bar

Note: The nodal distances for the fourth mode could not
be measured. The nodal lines are poorly defined
at 7364, Further, all non-dimensionalized nodal
distances were calculated using the exposed length
of the bar as reference length.

The 'approximated constant power' frequency spectra for the
bar are shown in Appendix C, Fig, C-17 and Fig., C-18. The two resonant
longitudinal vibrations are clearly labelled in the axial strain record,

Fig. C-18. Expected locations of higher vibrations than twice the frequency
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Breathing Mode

Frequency 8810 Hz

Signal Order (top to bottom)
Radial Strain
Tangential Strain
Acceleration
Displacement

Frequency 4404 Hz

Signal Order (top to bottom)
Bending and Radial Strain
Sound Pressure
Acceleration

Frequency 4403 Hz

Signal Order (top to bottom)
Radial Strain
Sound Pressure
Acceleration

Frequency 4405 Hz

Signal Order (top to bottom)
Tangential Strain
Sound Pressure
Acceleration

Fig. 10, Waveforms at Resonance for Circular Plate
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of the excitation are indicated as well as the expected transverse coupled

vibrations.

In Fig. 11 are shown typical waveforms at the resonant trans-

verse vibration.

2nd Longitudinal Vibration

Frequency 4135 Hz

Order of Signals (top to bottom)
Longitudinal Strain

Sound Pressure
Acceleration

P it RO LR R TP W E A [
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NlVad B =\NEY;
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3rd Longitudinal Vibration

Frequency 2756 Hz
-“. Order of Signals (top to bottom)

e
Eu‘.na‘.nu. Longitudinal Strain
{."".ﬁ".‘g . Acceleration
NOREEERET /

Fig. 11, Waveforms at Resonance for Cantilever
Bar
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CHAPTER VI

DISCUSSION OF EXPERIMENTAL RESULTS

Circular Plate

Table 4 lists the theoretical resonant frequencies for the

transverse vibration.

Mode Freguency
z
2 700
2030
L 4ooo

Table 4. Theoretical Resonant Frequencies for
the Transverse Vibration of the Cir-
cular Plate

Comparing this data with the data in Table 2, great differen-
ces in the frequencies are observed. The difference in frequencies suggests
that the boundary conditions aimed for could not be realized. Further, the
theoretical frequencies in Table 4 are based on a plate with a free edge and
supported in the center. The experimental frequencies listed in Table 2,
however, are based on a plate with a free edge and 'clamped' in the center
over a small area, -For transverse vibration, the small 'clamping' area
results in a stiffer plate than a plate clamped strictly-in the center. The
higher frequencies in Table 2 as compared to those in Table L seem, therefore,

to be justified.
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-The calculation for the breathing mode (assuming a solid
plate) indicates a radial resonance at 8900 Hz., The measured resonant
radial vibration frequency was 8810 Hz. For the radial vibration, a plate
with a discontinuity in the center, in the form of a circular hole, is a
less stiff structure than a plate without a hole. Therefore, it is to be

expected that the natural frequencies for radial vibration will be lower.

The largest deviation from the mean radius of the nodal
radii, Table 2, are relatively small. Consequently, the vibration was nearly
symmetrical with respect to the center, or no gross singularities existed in

the plate with exception of the center.

The static maximum deflection of the plate was determined to
be 7.18 x (10)-4 inches. In addition to this deflection, there existed the
deflection due to the initial crookedness of the plate. The dynamic deflec-

tions were, in general, much smaller than the static deflection,

The tangential strain record, Fig. C-l4, shows two pronounced
peaks - one at 4405 Hz and one at 8810 Hz, Another at 1160 Hz cannot be
explained. No other significant peaks were found. The radial plus bending
strain record, Fig., C-16, shows also these two spikes in addition to the
resonant bending peaks., It is important to note the difference in shape of
the two peaks - the bending resonant strains do not build up as fast as the
radial resonant strains. Also, it is worthy to examine the lower radial
resonant peak in these figures. First, one sees from Table 2 that the fourth
mode of flexural vibration occurs at 4335 Hz; second, the radial vibration
occurs at 4405 Hz. The spike is just to the right of the peak bending strain
and is indeed approximately of the same magnitude. ﬁowever, since the gauge

was not located at a position of maximum bending strain, it must be concluded
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that the radial resonant strain is smaller than the bending strain at
resonance. The radial strain, Fig. C-15, record corroborates these statements.
Two peaks, at 4405 Hz and 8810 Hz respectively, corresponding to the radial
resonant vibration, are indicated. In addition, vestiges of all the bending
resonant strains are visible. The explanation for this might be, one, an
incomplete compensation of the gauges and, two, the influence of the bending

strain on the longitudinal vibration.

Next, the waveforms involved are examined. The radial and the
tangential strain waveforms, at 8810 Hz, are shown in Fig. 10. The waveforms
are periodic and of the same frequency as the excitation. Therefore, at
8810 Hz a resonant radial vibration, the 'breathing mode', exists. Figure
10 (b), (c), and (d) represent, respectively, the bending plus radial strain,
the radial strain, and the tangential stfain.. Appendix A has to be consulted
for their interpretation. It is seen that the signal»is essentially the super-
position of two harmonics - one of the frequency of the excitation, and one
twice that frequency., The waveform recorded by the sound level meter is the

same as that of the strain signal.

Cantilever Bar

The theoretically determined nodal distances for a .cantilever

beam, excited at the built-in end, are listed in Table 5.

Non-Dimensionalized Distances

Mode . from the Built-In End
1 2 3
2 0:783
3 0.50k 0.868
b 0.358 C0.6h4 T 0,906

Table 5. Non-Dimensionalized Theoretical Nodal Distances
for a Cantilever Beam
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In Table 6 are listed the theoretical resonant frequencies for
the transverse vibration of the beam as well as estimates of the maximum error
(upper bound) for the calculated‘frequencies; The upper bound error estimates
take into account the inaccuracies in the measurements of the physical proper-

ties and parameters of the bar.

Mode Theoretical Frequency Maximum Error
Hz Hz
2 1400 ' 148
3860 ko6
L 7550 795

Table 6. Theoretical Resonant Frequencies for Flexural
Vibration of the_Beam

The predicted resonant frequencies for flexural vibration
listed in Table 6 were derived from the cantilever beam frequency equation.
Not listed are the predicted resonant frequencies for flexural vibration for
a cantilever plate. These frequencies are somewhat higher than those listed
in Table 6, The actual resonant flexural frequencies of the bar, Table 3,
are lower than those in Table 6. However, comparing the frequencies in
Table 3 with those in Table 6, taking into account the upper bound on the
error, one must conclude that the agreement between the two sets of data is

reasonable. It seems that the bar behaved more like a beam than a plate,

The agreement between the measured non-dimensionalized nodal
distances from the built-in end, Table 3, and the theoretical nodal distances
from the built-end tabulated in Table 5 is good. This corroborates the con-

clusion arrived at in the previous paragraph.

The theoretically predicted first coupled resonant longitudinal
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vibration should occur at 8520 Hz.ifi it is assumed that the effective length
of the bar is its exposed length. If the half length of the full double bar
is considered, the first coupled longitudinal resonant vibration ought to

occur at 8150 Hz.

Comparing this data with the experimental findings, a dis-
crepancy is observed in the first coupled longitudiﬁal resonant vibration
frequency. This suggests that the boundary conditions aimed for could not
be realized. In considering the longitudinal vibration, the effective length
of the bar is not its exposed length, but it includes an additional length

under the clampe.

Examining next the strain records, the following observations
are made. Axial Strain - as can be seen from Fig. C-18, there is a pronounced
spike at 8270 Hz, the first coupled longitudinal resonant vibration, and one
at 4135 Hz excitation, the second coupled longitudinal resonant vibration,
Further, there is a very, very small spikevat 2755 Hz labelled Ah‘ No others
can be identified positively. Also, as for the plate, Fig. C-l4, one sees
vestiges of the flexural strain resonant vibrations. These must be inter-
preted in the same light as those for the plate. Bending plus Axial Strain -
in Fig. C-17, there is a pronounced spike at 8270 Hz and one at 4135 Hz
excitation. None can be seen at 2755 Hz. As before, the resonant longitu-
dinal strain is at most equal in magnitude to the resonant flexural strain.
In the same spectra, one sees the flexural resonant peaks. Again, one notes
that the flexural resonant vibrations build up much more slowly than the
longitudinal resonant vibrations. One other item in these spectra is worthy
of note - spikes labelled A1 and A3. The first one occurs at one-half the

frequency of the excitation of the second bending resonant mode; the second

one occurs at one-half the frequency of the excitation of the fourth resonant
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bending mode, Both peaks'are extremely small compared to the strains just
_prior and just after its occurrence and both peaks show the characteristic
slow build-up of bending resonant strains. The signals involved are too
small for an accurate waveform analysis. However, by analogy with the more
pronounced longitudinal coupled vibration findings, it can be assumed that
these represent flexural vibrations of the bar at twice the frequency of the
excitation. In other words, these small peaks represent the influence of the
longitudinal coupled vibration on the flexural vibration as indicated in the

theory by the term (wax)x.

Examining next the waveforms at the three significant spikes
for longitudinal vibration, Fig. 11, making use of Appendix A, one has to
conclude the following: at 8270 Hz excitation, a longitudinal resonant
vibration of frequency 8270 Hz exists; at 4135 Hz excitation a longitudinal
resonant vibration of frequency 8270 Hz exists; at 2755 Hz excitation a longi-

tudinal resonant vibration of frequency 8270 Hz exists.

lre~
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CHAPTER VII

SUMMARY AND CONCLUSION

Suggestions for Future Research

Besides the obvious research to be done, such as the analyti-
cal solution of the exact formulation, a number of experimental investigations
based on the predictions of the simple, proposed formulation can and should
be done, The relationship between response and excitation should be examined.
This investigation can be done with the present set up. Next, this research
should be extended to the upper end of the acoustic frequency raﬁge. The
damping of the transverse and longitudinal vibration should be investigated.
Quantitative answers should be found for the influence exerted on the amplitudes
and frequency response by viscoelastic and elastic-viscoelastic damping layers
on the surfaces of the bar. Optimizing parameters for'the viscoelastic and
elastic-viscoelastic damping layers should be found. The isolation properties
of these materials at the frequency range encountered should be investigated.
Their transmission-of-energy properties are of interest. Conventional viséo-
elastic materials should be investigated 'in situ' and other promising materials
should be évaluated:s The surface treatment of the bar, or plate, for a parti-
cular damping material must be determined. The fatigue and temperature depend-

ence of wviscoelastic layers must be investigated.

The instrumentation can be refined. If possible, a control

unit for constant displacement control up to the upper end of the acoustic

frequency range should be acquired - the control technique adopted for this
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research is not the best one. For further investigations, a Fotonic Sensor
should be available; This instrument is the most promising one for waveform
investigations - noise problems associated with the other two sets of
measuring instruments are eliminated hereby. It is suggested that in the
future, strain gauges designed explicitly for dynamic.application‘be used.,

Time and capital outlay can be saved thereby. The BAM 1 should be altered

to a BAM 2 through the acquisition of a suitable Ellis Associates amplifier.
The frequency response of the present unit is down épproximately 3% at 10 KHz.
An amplifier of suitable gain and frequency response should be designed to
replace the amplifier of the frequency analyzer. This unit should be available
for its intended purpose. An anechoic chamber should be installed and its
acoustic characteristics Be studied. The General Radio Sound level meter
should be replaced by an instrument having a wider linear range. A band pass
filter should be incorporated into the system. The band should be synchronized
to the sweep control of the genérator. The desired boundary conditions should
be approximated more closely. The arrangement used for the cantilever bar
seems to be more promising than the support for the plate. A technique to

evaluate damping materials should be determined.

Summarx

The underlying reason for doing this experimental,wbrkmﬁassto
verify the speculation that the transverse excitation of a beam leads to longi-
tudinal vibrations of the beam. To this effect, a simplified model was set
upe Assuming strains in the central plane, coupled nonlinear partial dif-
ferential equations of motion were derived for a beam. By suitably manipula-
ting the equations and interpreting some of the coupling terms, two coupled
longitudinal vibrations, with a frequency ratio of 1:2, were predicted. In

addition, two coupled flexural vibrations, with a frequency ratio of 1:2,
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were anticipated.

The experimental investigation proved the validity of thé
above predictions. Two resonant longitudinal vibrations were determined for
a bar and the frequency ratio was 1l:2., Further, through the invesfigation,
the location of the resonant peaks in regards to the frequency of the excita-
tion was established., The first longitﬁdinal resonant vibration occurred at
the fundamental frequency for longitudinal resonant vibration. The second
longitudinal resonant vibration occurred at 1/2 times the frequency of the
transverse excitation at the fundamental frequency for longitudinal resonant
vibration and the frequency of the vibration was that of the fundameﬁtal longi-

tudinal resonant vibration,

Also;'one longitudinal vibration at three times the frequency
of the excitation in the transverse direction was recorded. The frequency of
the vibration seemed to be that of the fundamental longitudinal resonant
vibration. In the strain records there is evidence.that there are more
flexural resonant vibrations than indicated by the linear theory. These occur
at one-half the frequency for flexural resonant strains. A waveform analysis

was not carried out since the signal involved is very small.

Some general conclusions can be drawn in regards to the rela-.
tive value of the magnitudes at resonance between the flexural vibration and
the longitudinal vibration. At best, the 1ongitudina1 strain at resonance
eqﬁals the bending plus longitudinal strain for transverse resonance; in
general, it is smaller. Further, it seems that the magnitude of the strains

at resonance decreases as the order of the longitudinal frequency increases.

An experimental investigation, analogous to that of the bar,

was carried out for a circular plate suspended in the center and excited
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transversely. Two coupled resonant vibrations in the radial direction were

recorded. Their frequency ratio was 1l:2; they occurred respectively at 1 and
1/2 times the frequency of the transverse excitation for the fundamental fre-
quency for radial resonant vibration. No nonlinear coupled flexural vibration
at one-half the frequency of resonant flexural 'linear' vibration were identi-

fied,

Conclusion
Prom the investigation, the following conclusions were drawn:

(1) The anticipated longitudinal vibrations exist, when‘a bar is excited
transversely.

(2) There is some evidence that the anticipated flexural vibrations of the
beam at twice the frequency of the excitation exist. Their influence,
however, on the transverse vibration, even at their resonant condition,
was extremely small.

(3) The derived differential equations of motion for the beam are correct
insofarias the predictions of frequencies of coupled vibration are con-~
cerned.

(4) The method used in interpreting the special coupling terms is correct.

(5) Experimentally, it was determined that higher longitudinal vibrations
than the second do occur. A third resonant longitudinal vibration was
recorded.

(6) Resonant vibrations occur at the inverse ratio of their frequencies.
That is, for the beam, the longitudinal vibration frequency ratio is 1:2,
the resonant longitudinal vibrations occur respectively at 1 and 1/2
times the transverse excitation at the fundamental longitudinal resonant
vibration.

(7) It seems that, at best, the amplitude for resonant longitudinal vibration
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strain equals the amplitude for resonant axial plus bending strain. In
general, it is smaller., Nevertheless, the amplitude for resonant longi-
tudinal vibration strain is larger than the amplitude for longitudinal
plus bending strain at near-by non-resonant condition.

(8) The longitudinal resonant strains build up much faster than the flexural

| resonant strains..

(9) For the plate, two radial couéled vibrations were recorded. Their fre-

quency ratio was 1l:2; they occurred at 1 and 1/2 times the transverse

frequency for the breathihg mode.,
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APPENDIX A

ADDITION OF TWO SINUSOIDS

In this section, analytical expressions are derived and
graphical interpretations shown for the addition of two sinusoids of different
amplitude, different frequencies, and in phase such that both functions cross
the time axis at the same instant of time, and that an instant later both

functions are either positive, or negative.

Part 1
Different amplitude
One frequency being twice the other
.In phase

We consider the function

v A sin © + B sin 26

(A ¥ 2B cos 6) siné (16)

n

(Modulated Amplitude)(Circular Function)

Equation (16) represents a modulated amplitude rotating at the frequency of
the fundamental function, that is, regardless how large the individual ampli-
tudes are, the resulting waveform has one period equal to that of the funda-

mental function.

The maxima and the minima of the resulting function are

found from

éos 20 A '
s ® - B (17)
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and d ¥ o _ 4B sin 20 - A sin © (18)

As good aé'thé above apprbach is, it does not afford an easy
evaluation of the function (17) and (18) above. For this reason, the graphi-
cal evaluation of the original function is shown in Fig. 12. Everything which

has been derived above, analytically, can be verified in these figures.

AMPLITUDE RATIO 1:1

Fig. 12. Graphical Addition of Sinusoids

- Frequency Ratio 2

The frequency ratio is defined as follows

Frequency of 'Harmonic'
Frequency of Fundamental

and the definition of the amplitude ratio is

Amplitude of 'Harmonic!
Amplitude of Fundamental

The important items which deserve attention in Fig. 12 are,
first, the waveform involved, and, second, the relative magnitude of the two

peaks involved, As the amplitude of the harmonic, twice the frequency of the
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fundamental, is increased, leaving the other unchanged, the relative ampli-
tude of the second peak increases. As long as the single frequency.is finite,
.a relative increase of the amplitude of the second harmonic function will
cause the amplitude of the second peak to approach the amplitude of the first
peak. However, it will never equal it. This is an important deduction. It
allows one to estimate the ratio of magnitudes involved, without carrying out

a Fourier analysis.

As a final analytical derivation in this section, the RMS
value of the resulting function will be determined. This is of value in the
interpretation of strain frequency-spectra since, for the sake of minimization

of errors, RMS values were plotted thereon,

V. = % v (®) ae

To make the solution as general as possible, the following function is con-

sidered

v = A sin © + B sin n@

where n 1is an integer, n > 1

Substituting

l.,,2 2
VRMS = '2'(A +B)

Consequently, the RMS value of a function consisting of the superposition of
two sine functions, the frequency of one being an integral multiple of the

other, in phase, is always given by the above expression,
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Part 2
Different amplitude
. One frequency being thrice the other
In phase

It can be shown that

v

A sin Q + B sin 3 @

[ A+B(3 cos® © - sin® Q‘)] sin Q (18)

1N

[bModulated amplitude] (circular function)

As before, the condition for a maxima, or a minima is given

by
2 . 2
cos R [ A+B(3cos“" Q-9 sin~Q )] = 0
and
-Qfgf = = AsinQ + BsinQ (9 sin® Q - 29 cos® )
S lonie : .

Everything said for Part 1 has a counterpart in Part 2. For
similar reasons, the graphic solution of the problem, Part 2, is shown below
in Fig. 13, The definition of amplitude ratio and frequency ratio is given

in Part 1.

. AMPLITUDE RATIO 1:3 i

i m
R N N N N N . N s N N
{ + + + + + + + + + +

Fig. 13. Graphical Addition of Sinusoids

- Frequency Ratio 3
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APPENDIX B

LINEAR EQUATIONS FOR PLATE AND BEAM

Circular Plate

The 'linear' equation of motion for transverse vibration

symmetrical about the center according to (K) is written

22 %W

12 1 AW n W
(3:.3+;§—£)(3_1.E+;5—)+%§;_2-=0

whose solution, assuming a harmonic excitation, is’
Wir,t) = [A J, (Kr) + B Y (Kr) + C I, (Kr) + D K, (Kr)] cos ot

where " hmu

and A, B, C, and D are determined by the boundary conditions,

For a circular plate clamped in the center, with force exci-
tation in the center and outer edge free, the natural transverse vibration

is given by (1) as

2
Eh RAD
w = B /SEC
n n cpal* R _92)
and
B1 = 4,35 B. = 24,26 B3 = 70.39 B, = 138.85

2

The 'breathing mode', or the first radial vibration can be

deduced from the equations listed in (3)
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ddy (Kr) 1
—m = JO (Kr) ad Kr- Jl (K’I‘)
By trial and error Ka = 4,1
o
but Kk - @@ =-37) o
- B
| I
therefore f = 1. ua(IO) Hz

Cantilever Bar

The linear equations of motion for the transverse vibration
of a beam, vibrating under its own weight, assuming a harmonic excitation, is

given by (53 as

dx
n bl gl
where n. o= 57
whose general solution is

¥y = A cosh nx + B sinh nx + C cos nx + D sin nx
and A, B, C, and D are determined by the boundary conditions.

The frequency equation and the respective constants according

to (2) i
° +° (r 0)2
n
n e 2

EL RAD
i /SEC

and (0% = 352 (07 = 2.0 (07 = 6.7

120.8
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The first longitudinal vibration according to (2) is cal-

culated by using

(2n - 1) x E
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APPROXTMATE CONSTANT POWER FREQUENCY SPECTRA

Fig. C-14., Tangential Strain Frequency Spectra
for Circular Plate

60
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