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Abstract

This thesis considers the problem of estimating limited dependent variable models when
the latent residuals are heteroskedastic normally distributed random variables. Com-
monly used estimators are generally inconsistent in such situations. Two estimation
methods that allow consistent estimation of the parameters of interest are presented and
shown to be consistent when the latent residuals are heteroskedastic of unknown form.
Both estimators use recent advances in the econometric literature on nonparametric es-
timation and deal with the unknown form of heteroskedasticity by approximating the
variance using a Fourier series type approximation.

The first estimator is based on the method of maximum likelihood and involves max-
mising the likelihood function by choice of the parameters of the variance function ap-
proximation and the other parameters of interest. Consistency is shown to hold in the
three most popular limited dependent variable models — the Probit, Tobit, and sample
selection models — provided that the number of terms in the approximation increases
with the sample size. The second estimator, which can be used to estimate the Tobit
and sample selection models, 1s based on a two-sfep procedure, using Fourier series ap-
proximations in both steps. Consistency and asymptotic normality are proven under
restrictions on the rate of increase of the number of parameters in the approximating
functions.

Finally, a small Monte Carlo experiment is conducted to examine the small sample
properties of the estimators. The results show that the estimators perform quite well
and in many cases reduce the bias, relative to the commonly used estimators, with little

or no efficiency loss.
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Chapter 1

Introduction

The use of limited dependent variables in economics has increased dramatically in recent
years. Such models often arise in micro-econometric contexts where data sets contain
variables which may be qualitative or limited in nature. This has necessitated the explicit
introduction of such possibilities into structural economic models and the development of
statistical techniques for the estimation of such models. This approach often gives rise to
a latent model and a rule determining what will be observed in the data. From this and
an assumption governing the distribution of the unobservables in the model one can then
proceed to estimate the parameters. A common assumption is that such unobservables
are independent and identically distributed (i.i.d.) as normal random variables.
Because of the nature of limited dependent variable models this assumption is not
harmless and so the situation differs markedly from other more standard situations such
as the linear regression model. In particular, violation of either the normality assumption
or the identicality assumption is known to cause estimator inconsistency (the nature
of which is still not well understood). While recent attention has been focussed on
the normality assumption and, in particular, on obtaining consistent estimators without
explicit knowledge of the distribution of the error terms, the identicality assumption
has been relatively. neglected. This thesis examines this assumption while maintaining
the normality assumption, and proposes estimation techniques for some popular limited
dependent variable models which yield consistent estimators in situations where there is

quite general heteroskedasticty in the unobserved components of the model.
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Chapter 2 provides a brief survey of the literature on the estimation of limited de-
pendent variable models (LDVMs) and other. theoretical work related to that considered
in this paper. It will be apparent that while there have been important advances.in our
understanding of LDVMs and in estimation technology, much remains to be done before
our understanding of LDVMs approaches that of the regression model. It i1s hoped that
this thesis will remedy some of the deficiencies in this literature.

LDVMs are typically estimated (under normality) using either maximum likelihood
or some two-step method (which is computationally simpler). Chapter 3 considers the
problem of estimating the three workhorse LDVMs: the Probit, Tobit, and sample se-
lection models, using a maximum likelihood type estimator. The estimator proposed in
this case allows for heteroskedasticity of unknown form in the latent residual by approx-
imating the variance using a Fourier series type approximation. Consistency results for
these three models are proven under the assumption that the number of terms in the
approximation increasés with the sample size. vThis technique has been developed by
Gallant and Nychka (1987) and is referred to as semi-non-parametric estimation. Similar
estimation techmiques are referred to in the statistics literature as “method of sieves”,
see Geman and Hwang (1982). One attractive feature of the estimation technique is ease
of computation relative to some other estimators proposed in the literature.

In Chapter 4 we consider two-step type estimators for the Tobit and sample selection
models, which are similar to those proposed by Heckman (1979), but which explicitly
allow for the fact that there is heteroskedasticity of unknown form in the latent errors.
It 1s shown that heteroskedasticity shows up in the conditional mean of the dependent
variable in two places and lends a structure similar to that of the semiparametric re-
gression model. The added complication arises from a first step estimation error. The
estimator proposed is similar to estimators belonging to a class of semiparametric estima-

tors, recently proposed by Andrews (1989a), and again use series approximations o the
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unknown functions. Results regarding the /N consistent estimation and asymptotic nor-
mality of the proposed two-step estimator are proven under fairly weak assumptions and
explicit maximal rates of increase of the number of parameters are derived. In addition,
consistent estimators for the covariance matrix are proposed and Durbin-Wu-Hausman
type specification test statistics are developed.

One nice feature of the estimators proposed in this thesis is that they are relatively
easy to compute and may in fact be computed using standard packages such as SHAZAM
or TSP. This makes 1t relatively simple to perform a small Monte Carlo experiment to
examine how the estimators perform relative to the commonly used estimators in small
samples. In addition, some evidence on the required number of terms for good perfor-
mance can also be provided although the evidence cannot look at all possible situations.
As is the case with other nonparametric type estimators, it is found that the bias can be
reduced even with a small number of terms in the approximating functions. In the case
of the two-step estimators, this usually comes at the cost of a loss in efficiency, but in
the case of the MLE, allowing for heteroskedasticity may even improve the efficiency (in
small samples) of the estimates. Chapter 6 concludes the thesis with a brief summary of

the contributions and points to areas of future research.



Chapter 2

Literature Survey

In this chapter we survey briefly some of the literature concerning the estimation of
limited dependent variable models, identifying important contributions and deficiencies
in this area. We then identify some of the contributions to this literature made in this
thesis. More complete surveys on LDVMs which also survey some of the applications
of these types of models may be found in Maddala (1983), McFadden (1985), Amemiya
(1985), Dhrymes (1986), and Maddala (1986). In addition, recent contributions to the
theoretical literature are contained in Duncan (1986a) and Blundell (1987) and a survey
of some specification testing literature is contained in Pagan and Vella (1988). This
survey is by no means complete and concentrates on the econometric literature in this
area, recognising that some of these models have a longer history in statistics.

The need for LDVMs in economics is quite obvious. Often, especially in microeco-
nomic situations, one is confroﬁted with data that are qualitative or limited in nature.
Examples include: car or electrical appliance ownership; hours worked by an individual;
expenditure on durables and so on. The first example of empirical work in economet-
rics using a model which takes into account this type of situation is Tobin (1958) in his
analysis of household expenditure on durable goods. In this situation, one is confronted
with a non-negligible portion of households with zero expenditure in a given year. Tobin
noted that the usual least squares estimator in this situation is inconsistent, even if the
random errors are 1id normally distributed, because a negative expenditure is impossible

(at least in observed data). Tobin proposed a maximum likelihood (MLE) estimator by
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constructing the logarithm of the likelihood function under the assumption of 11d normal
latent errors. His model has become known as the “Tobit” model.

The next paper to consider this type of situation in economics appears to be Cragg
(1971) who presented a number of more general models, some of which contained bivariate
random variables and which were estimated under the same assumptions used by Tobin
(1958). These can be considered as forerunners to the now popular ‘sample selection
model’ attributed to Heckman (1974, 1976, 1979) and Gronau (1973). All of these models
have been termed ‘generalised’ Tobit models by Amemiya (1985). An glternative method
of estimation for these models based on a two-step procedure was proposed in Heckman
(1976, 1979). Arﬁemiya. (1973) proved the consistency and asymptotic normality of the
MLE of the Tobit model under the assumption of iid normal random errors. Amemiya
(1985) provides a useful survey of Tobit type models and various applications.

In the case of discrete dependent variables, the first papers to appear in the econo-
metric literature appear to be Theil (1969) and McFadden (1974) — the latter relating
such models to choice decisions of individuals and hence incorporating utility functions.
As in the case of the Tobit type models, the early contributions appear to be directed
at generalisations of the simple zero-one case and, although in the case of discrete choice
models, distributions' apart from the normal one have been used to construct the like-
lihood functions (notably the logistic, giving rise to the Logit model) little attention
has been pald to the possible mis-specification bias resulting from invalid distributional
assumptions. McFadden (1985) provides a useful summary of the literature on discrete
choice models.

Since these early contributions, researchers have begun to worry more about the
extreme distributional assumptions needed ‘for consistency and examined to what extent
they can be relaxed. An important paper by Robinson (1982) showed that for the Tobit

model the usual MLE remains consistent when observations are dependent. The only
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problem is to obtain a consistent estimate of the covariance matrix of the MLE. In
addition, the MLE is inefficient in this case. As Dagenais (1983) has shown, computing
the true MLE, even in the simple case of an AR(1) error term can be computationally
intractable. Parallel work in the case of the discrete choice or Probit model shows that
the MLE in this case is also consistent with dependent data, see Gourieroux, Monfort
and Trognon (1984) and Poirier and Ruud (1988). Estimation taking into account the
dependence has been examined by Poirier and Ruud (1988).

Most work concerning robustness has been focussed on the normality assumption
which is in general needed for consistency, see Ruud (1983). Due to the highly nonlinear
nature of these models, the precise nature of the inconsistency is poorly understood.
There has been some evidence provided in very simple cases by Arabmazar and Schmidt
(1982) for the Tobit model, who show that the biases can be ‘large’ and are worse the
higher the degree of censoring. Also Paarsch (1984) has shown that in finite samples the
usual MLE may perform quite poorly when the true error distributions have fat tails.

Given that our understanding is so limited, it is unsurprising that much attention has
been devoted to the problem of estimating LDVMs without making explicit distributional
assumptions. Perhaps the first papers to do this are Manski (1975, 1985) who developed
the Maximum Score (MS) estimator for the discrete choice model. This estimator chooses
the parameter vector that maximises the number of correct predictions (regarding choice)
and 1s consistent under quite general conditions, only .requiﬁng a median restriction. The
estimator is robust not only to nonnormality, but also heteroskedasticity. One drawback
of the estimator 1s that it is difficult to compute and that it 1s not asymptotically normally
distributed. Moreover, it is less than v/N consistent (and is in fact only N/2 consistent).
A smoothed version of the estimator has recently been proposed by Horowitz (1989)
which is asymptotically normally distributed but is still less than v/N consistent.

Similar work for Tobit type models has been done by Powell (1984, 1986). The first
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estimator proposed is similar to the MS estimator in that it is consistent under a restric-
tion on the median of the latent errors. This estimator, known as the Censored Least
Absolute Deviations (CLAD) estimator, works because the median is invariant to cen-
soring provided that it is positive (assuming that censoring is at zero). A fundamental
identification condition requires that a non-negligible part of the data comes from con-
ditional densities that where this is true. Like the MS estimator 'the CLAD is robust
to heteroskedasticity and the only impediment to its use is computation which is quite
difficult. The second estimator proposed is known as the Symmetrically Censored Least
Squares (SCLS) estiinator. It 1s based on the observation that if one could censor the ob-
servations symmetrically about the mean (assuming symmetric distribution of the latent
errors) then ordinary least squares applied to the symmetrically censored data would be
consistent. An objective function which does‘ this (asymptotically) is set up and estima-
tion 1s based on a sort of reweighted least squares type algorithm. A similar approach
works 1n the truncated regression model where trimming takes the place of censoring.
As with the CLAD estimator these estimators are robust against heteroskedasticity and
only require a symmetric and unimodal distribution.

Despite the attractiveness of the estimators of Manski and Powell they have not been
used much in practice. This appears to be in part due to the computational difficulties
and also the fact that they tend to be inefficient. Thus based on an MSE criteria they may
not be much better than the usual estimators (see Paarsch (1984) and Powell (1986)).
This has led to some other work which has been concentrated on obtaining estimators
based on maximum likelihood type criteria. Work in this direction has been done by
Cosslett (1983) for the discrete choice model and by Duncan (1986b) and Fernandez
(1986) for the Tobit model. In these estimators, the likelihood function is maximised
by choice of the parameters in the model and the density function of the latent errors.

To make this a meaningful exercise some restrictions must be made in finite samples,
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but consistency results obtain due to the fact that the restrictions are relaxed as the
sample size grows. Duncan (1986b) uses splines to approximate the density of the error>s,
while Fernandez (1986) uses Fourier series approximations and estimation is performed
by choice of the parameters of the approximation and the parameters in the model.
Unfortunately, for these estimators only consistency results have been obtained thus far.
Another drawback is that while the estimators are robust to nonnormality they maintain
an identicality assumption and so are not robust to heteroskedasticity. The estimation
method proposed by Matzkin (1988) which maximises by choice of both the distribution
function and the regression function, may circumvent this problem, but the estimator
seems difficult to employ and will give estimates that may be somewhat difficult to
interpret.

Similar work to this has been done by Ichimura (1988) as well as Klein and Spady
(1987) for the discrete choice model and Horowitz (1986, 1988) for the Tobit model. In
these cases, however, the estimators have been shown to be consistent and asymptotiéally
normal and in the case of Klein and Spady the estimator attains the semiparametric effi-
ciency bound. These estimators use kernel estimation and exploit the single index nature
of the moments of the dependent variable. Note too, Andrews (1988, 1989d) has shown
recently that similar results will hold if series are used instead. As with the estimation
methods based on the likelihood function, these estimators require the assumption that
the latent error terms are identically distributed, or the restrictive assumption that the
distribution depends on the indpendent variables only through the index (which is also
the mean of the latent variable).

Thus far we have neglected any discussion of the sample selection model. This is
because it differs in an important way from the other models in that it contains a bi-
variate random variable. This makes it impossible to employ estimators analogous to

those of Manski and Powell since quantile restrictions in bivariate models are somewhat
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problematic. This means that the likelihood based methods or some alternative methods
have to be used. Gallant and Nychka (1987) have proposed a likelihood based method
similar to the methods of Duncan and Fernandez, but approximate a bivariate density
using hermite polynomial approximation. They also give quite general results for tl.lis
type of situation. The other recently proposed method for the sample selection model
is based on two-step methods similar to the Heckman (1979) estimator but which allow
for an arbitrary density of the unobserved latent errors. The first paper to do this is
Cosslett (1984) who derived consistency results. Also in this vein is the work of Powell
(1987) and Newey (1988b) who use kernel estimation and polynomial approximation re-
spectively. Both estimators have been shown to be v/N consistent and asymptotically
normally distributed under certain conditions. In the first stage one must use a method
such as that of Ichimura or Klein and Spady, which are v/N consistent and asymptotically
normal. The distribution of the second step estimator will depend on the distribution
of the first step estimator. The results in Andrews (1989d) also cover this situation as
does the semiparametric regression results of Robinson (1988) although the identification
conditions in his case are quite restrictive. An application of these methods by Newey,
Powell, and Walker (1990) has shown that in the case of the Heckman (1974) model of
labour supply (and the subsequent work of Mroz (1987)) the ;esults do not differ much
from those obtained under the assumption of normality.

Common in much of this work is the assumption that the latent errors are identi-
cally distributed and it seems likely that the estimators (apart from those of Powell and
Manski) will be inconsistent in the presence of lieteroskedasticity. As 1s the case with
the normality assumption, little is known about the properties of the usual estimators
when the homoskedasticity assumption is violated. Only Hurd (1979) and Ara‘bmazar
and Schmidt (1981) have considered the nature of the asymptotic bias caused by het-

eroskedasticity in very simple situations. Powell (1986) in his. Monte Carlo experiments
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has provided some finite sample evidence on the nature of the bias in the contexf of
the Tobit model and was led to the conclusion that “..failure of the homoskedasticity
assumption may have more serious consequences than failure of normality in censored
regression models.” Moreover, since these models are typically estimated using cross-
sectional data where there is often considerable heterogeneity, it i1s somewhat surprising
that more work on LDVMs with heteroskedasticity has not been done. The only con-
tributions appear to be those of Powell (1984, 1986) and Manski (1975, 1985) which are
limited to univariate models and have seen little application. In fact, it appears that no
remedies for the problem of heteroskedasticity in the sample selection model have vet
been proposed. The contribution of this thesis is an attempt to remedy this deficiency
in the literature. In particular, while maintaining the normality assumption (in which
case the heteroskedasticity shows up as changing variance across observations) we pro-
pose estimation methods for the three main LDVMs, which yield consistent and in some
cases asymptotically normal estimators, when the errors are heteroskedastic of unknown
form. One nice feature of the estimators proposed is that they are relatively easy to
compute as evidenced by the ease with which we can perform a Monte Carlo experiment.
As a by product we present in Chapter 5 some small sample evidence on the effect of
heteroskedasticity on these models

We should also briefly mention some of the technical work that is used in this paper.
The main tool used to overcome the unknown nature of the variance function is the
Fourier series approximation method proposed in the econometric literature by Gallant
(1981) for estimation of regression models. The basic idea is to substitute the Fourier
series approximation for the variance and to choose the parameters based on the max-
imisation of some objective function. In Chapter 3 the objective will be the likelihood
function, while in Chapter 4 the objective will be the sum of squared deviations of the

dependent variable from its expected value. The proof of consistency in the first case is
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similar to that of Gallant (1987) and Gallant and Nychka (1987), while in the second
case we employ some of the results of Robinson (1988), Andrews (1988, 1989d) as well
as Andrews and Whang (1989) although the situation is somewhat different from any
of these. The methods used in the second case differ from those proposed in Andrews

(1989a,b,c) which yield consistency and asymptotic normality for situations similar to

that considered in this thesis.



Chapter 3

Maximum Likelihood Estimation Methods

3.1 Introduction

Likelihood based methods are now quite common in applications of LDVMs. This is
especially the case in the Probit and Tobit models. Recent contributions by Cosslett
(1983), Duncan (1986b) and Gallant and Nychka (1987) have examined generalising
these methods to situations where the density of the latent errors in LDVMs is not
restricted to a particular parametric family. Estimation proceeds by maximising the
likehhood by choice of a density and the usual parameters of interest. The density is
usually approximated by a function which is capable (in the limit) of approximating an
arbitrary density function. Hence the terminology nonparametric maximum likelihood
estimation. A common assumption is that the latent errors are identically distributed.
The robustness of these types of estimators to heteroskedasticity is as yet unknown, but
from a theoretical viewpoint it appears inconsistency will result.

In this chapter, we propose an estimator, which under the assumption of normal-
1ty, provides consistent estimates of the parameters of interest in the presence of het-
eroskedasticity of arbitrary unknown form. We deal with this case because when there is
normality, heterogeneity takes on a form which can clearly be examined. The particular
type of heterogeneity to be examined is a dependence of the scale parameters on the
exogenous variables in the model. This is much like heteroskedasticity in the regression

model, but unlike the regression model it produces inconsistent estimates (although little

12
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1s known about the nature of this inconsistency).

The basic idea of the estimator is to approximate the scale parameters with the
Fourier Flexible Functional (FFF) form, é\.ﬂd then to maximise the hikelihood function
with respect to the parameters of interest and the parameters of the approximating
function. Consistency obtains because as the sample size increases, the number of terms
i the approximation increases and the approximation error reduces. The advantage of
this approach is that the estimates can be obtained using standard maximum likelihood
methods. This approach is similar to recent work by Gallant and Nychka (1987) (hereafter
GN) who approximate the shape of the density function with a Hermite polynomial
series. The proof of consistency in this chapter and GN (and most papers considering
consistency of optimization type estimators) is essentially adapted from the classical proof
of the consistency of the Maximum Likelihood Estimator (MLE) in the independent and
identically distributed (iid) case by Wald (1949).

The major drawback of the approach is the assumption of normality which is main-
tained. Future work could examine the possibility of consistent estimation with arbitrary
distributional shape and heterogeneity. The estimation technique does, however, appear
to be useful in situations where there is an infinite dimensional nuisance parameter which
must be taken into account before consistent estimates of the paralﬁeters of interest can
be obtained.

The remainder of the chapter is organised as follows. Section 2 gives a heuristic
discussion of the estimator and gives a general result on consistency which is adapted
from GN. The remaining sections present the specific models of interest and provide
assumptions on these models which guarantee that the conditions of the theorem are
satisfied. The chapter concludes with a discussion of the practical implications of the

chapter and suggests areas where further work is needed.
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3.2 Heuristics

The type of situation we have in mind is the following. The underlying unobservables in
the model are generated according to the following density function f(u|o(z)) where f
is a known density function and o(z) is an unknown function of a vector of exogenous
variables z belonging to on some set X', which is a subset of Euclidean space. Typically
f will be chosen to be normal so that o®(z) is the variance parameter. This would give
rise to the familiar heteroskedastic regression model if u were an additive disturbance in
the usual regression model.

Observations of the dependent variable z, which is possibly a vector, are presumed to
come from some parametrically specified model with parameter vector 3 but are observed
with error because of some, possibly discontinuous, dependence on the unobserved errors
u. It 1s alsé presumed that we are dealing with a situatioﬁ in which the MLE of 8
assuming o(z) is a constant, is inconsistent (unlike the case of the linear regression
model). This is generally the case with the LDVMs considered in this chapter. The
parametric assumptions and the density f give rise to a density of the observed variables
z (conditional on z) which we denote by p(z|z,8,0(z)) and a sample average logarithm
of the likelihood function (assuming independence of observations) the negative of which
is given by

sn(B,0) = (—1)(1/n)Et:logp(ztlwz,ﬁ,v)
The true values of # and ¢ will be denoted 4~ and o¢~. The objective is to estimate 8~
consistently by minimising this function by choice of 3, belonging to some set B, and the
function ¢~, assuming that o belongs to some set of functions denoted .

The afguments used to achieve this end follow the classical lines of the proof of consis-
tency of the MLE by Wald (1949) which have been used repeatedly since. Our particular

problem bears some resemblance to recent work by Gallant and Nychka (1987) who also
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follow Wald’s methods, ‘but they are interested in maximising the likelihood function
over 3 and the density f, under the maintained assumption that the u variables are iid
random variables. A whole host of other types of semi-(non)-parametric MLEs can be
cited (Matzkin (1988), Cosslett (1984) efc.) but it appears that most have been con-
cerned with shape rather than with heterogeneity across observations. (Matzkin (1988),
however, can deal with both for the discrete choice model.)

The intuition behind the approach taken in this chapter is clear. Since the set ¥ will
be infinite dimensional, the exercise of minimising s,, by choice of § and the function o will
not provide estimators which converge to the true values in any meaningful sense. What
is done instead, is to minimise over some subset of X, denoted Yk, where the restriction
is such that there may be only a finite number of parameters, which we denote K. For
example X could contain trigonometric polynomial functions of z and K parameters,
and one would proceed by estimating 8 and the parameters of the polynomial. In our
case this will represent an approximation to the o function. The consistency result, for
the estimators of 8~ and o™, which will denote the true values, is obtained by letting
the number of parameters, K increase with the sample size, provided that the set g
becomes “close” to X, in some sense. The sense in which thay must be close is that as K
increases, there should exist functions in X x which are éapable of approximating the true
function in ¥ as measured by some norm denoted ||.||. This corresponds to the dénseness
condition in the theorem presented below, which is a slight modification of Theorem 0 of
GN. Note that since K will be required to increase with n, we index it by n as K,,.

Theorem 1: Let 8, and 6, minimise 5.(8,0) over Bx Xk, where B C R* is compact
in the Euclidean norm ||.||g and Tk, is a subset of ¥ on which is defined a norm ||o||.
Suppose the following cénditions hold;

(a) Compactness: The closure of ¥ w.r.t ||.|| 1s compact in the relative topology generated

by |I.1I,
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b) Denseness: |J2°, Yk, s a dense subset of ¥ w.r.t |||,
n=1 L
(c) Uniform Convergence: There are points (87,0~) in B x ¥ and there s a function

5(8,0,87,07) that is continuous in (8,0) w.rt. ||Bllg + |} and

lim sup [sn(8,0)— 5(8,0,87,07)| = 0

el M35
(d) Identification: Any point (8°,0°) in B x & with §(8° 0% 87,07) < 5(87,07,8",07)
has ||3° — B*|lg = 0 and ||e® — o7l = 0.
Then lim,,_, o Hﬁn — B’HE = 0 as and lim, |6, — ¢7]] = 0 as. provided that
lim,,_, K, = co.

Proof: For the proof of this result and all others in Chapter 3, see Appendix A.

Our approach is somewhat similar to GN, in that we obtain consistency by using an
approximation of the unknown function. In our case we are concerned with the scale
parameter o, whereas GN were concerned with the density function parameters. In
addition, the nature of the approximation in our case will be very different from that
used in GN.

The conditions (a), (c) and (d) are fairly standard conditions for consistency results
involving extremum type estimators. Condition (b) is the major modification, and as
mentioned earlier, essentially requires that the approximation for o be capable of be-
coming arbitrarily “good” as the number of terms increases. In the next section, we
present the three models to be examined in this chapter. The subsequent sections then
make primitive assumptions on these models that guarantee that the above conditions
for Theorem 1 are satisfied. The first two conditions can be examined in fairly general
terms without reference to any particular model. The other two conditions must be
verified specifically for each model. 1t will become apparent that one set of primitive
assumptions will guarantee conditions (c) and (d) for almost any LDV model that may

. arise in practice (at least when normality is maintained).
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3.3 Models of Interest

The structures of the Probit and Tobit models are fairly similar as is the way in which
they fit into the framework of section 2. Consider some latent variable y generated by

the following (where ¢ subscripts have been suppressed for notational convenience),
y =z + u.
In the Probit model, one observes the following endogenous variable

z=1I(y = 0)

s

(where I(A) is the indicator function for the event A) while in the Tobit model one

observes
2y = ](y > 0)
zy = yl(y > 0).

The densities of the observables are respectively
p(zle,B,0) = F(aBlo)" [F(28]0))" "

p(21,2202,8,0) = f(22 — 2Blo) [L = F(2Blo))' ™™

where
F(aflo) = /_: flulo(z))du.

In both these models f is typically chosen to be a normal density with variance o(z) so

we can write

flule) = é(

F(zBlo) = &
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where ¢ and ® are the standard normal density and distribution functions.

In both these cases, we will be minimising s,(3,c) by choice of B and the R' valued
function o where o > 0. More details on the required properties of this function will be
given in Section 4.

The sample selection type model involves a bivariate normal density function and the

two latent variables given below

Y1 = zf +u
Y2 = s + us.
The observed endogenous variables in this case are

21 = I(yl 2 0)

22 = Z1Y2-
In this case, the vector (u;,us) has the bivariate normal density with covariance matrix

oiz) oz
Qe = ( ) o ))

o1a(z)  oi(z)

Because this must be positive definite for all the observations, it will be convenient to

) which can be written as follows

impose some structure on it and to redefine the covariance matrix. In particular, we
assume that 1t can be written as follows
oiq(z)? 0121(2)q2 ()
Q) =
o1291(2)g2(z) 7392(z)?

where the two functions g1 and g2 will be restricted to be positive. Positive definiteness

can then be imposed by making sure that the constant matrix
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is positive definite. Note that this structure allows covariance terms to be heteroskedastic
but imposes constancy on the correlation coefficient. Also no restriction is placed on the

sign of this correlation. Such a structure would arise if
u; = q1(z)e;

Uy = Q2(33)€2
with (€1, €;) having a homoskedastic bivariate normal density with covariance matrix ¥.
The density in this case is complicated and is given below where the above assumptions
have been imposed. The parameter p,, is the constant correlation coeflicient.

z3; (=)
0191(13))} .

p(=10(z), 2, 8) = [1 _ 4

1 2y —zfy |7

Uz‘h(iﬂ) ‘72Q2(-'B)

X x4 P12 s — 2 y-1y2
q((Ulql(JJ) + 0'2Q2($)( 2= zB))(1 — piy)" ")

Note that it is inlpossibleb to identify o; and o3, unless ¢; and g, are normalised, although
this is unneéessary since the main concern 1s with the 8 coefficients. Also note that in
this case and in the Probit case some normalization of 3; will be required to help identify
the other parameters. This is also obviously the case in the homoskedastic models where
1t is typically assumed that o7 = 1.

In the sample selection case, we minimise the objective function by choice of the two
g functions, the two sets of coefficients 8; and 3, and the correlation coefficient p;,. The
restrictions will be that the g functions are poéitive and that |py5] < 1— € for some € > 0.
The second of these restrictions is easy to impose. The problem of imposing pos‘itivity on

the approximating functions in all these models will be discussed in Section 7 where we

look more closely at the practical implications of this work. The next section considers
in detail the technical side of conditions (a) and (b) with regard to these models and

discusses the nature of the approximating functions.
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3.4 Approximating the Variance

In this section, we discuss the way in which the unknown variance and covariance func-
tions will be approximated. The functions we wish to approximate are o for the Probit
and Tobit models and ¢; and ¢, for the sample selection model. All the discussion will
apply to each of these functions separately. Before deciding on a method of approxima-
tion, we must first decide what minimal set of conditions these functions must satisfy.
We will refer to the function of interest generically as g. Then we must decide the sense
in which the approximating function approximates g. This is done with reference to some
norm. This will then be termed the consistency norm for the function g. We denote this

norm by ||.|| and for the moment we define it by

lgll = sup lg(z)]

where g 1s defined on the set X'. We will assume that X is an open bounded subset
of k-dimensional Euclidean space where, without loss of generality, we assume that the
closure of X is contained in the k-dimensional open cube defined by the intervals (0, 27).
This assumption i1s motivated by the fact that the type of approximation to be used is
based on Fourier series which are periodic of period 2x. Since g will not be assumed to
be periodic, this type of approximation will only be able to approximate g on X if cl( )

1s in the open cube, see Gallant (1981).

The following notation will be useful in what follows. Let

D> Al
)= ———g(z
9(z) oz}1.....0z " 9le)
where [A| = Y% | A; and ); are nonnegative integers. If A = 0 then D%(z) = g(z). We

make use of the following pseudonorms (which are discussed fully in Adams (1975))

Igllmcon = max ess sup |D*g(x)|
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where the essential supremum is with respect to the probability measure u defined on
X. That is we assume that z is a random vector on X, with probability measure given
by p. These norms are termed Sobolev norms and give rise to Sobolev spaces which are
subspaces of the more familiar LP spaces.

In discussing the issues of compactness and denseness, we follow the same arguments
as in Elbadawi, Gallant, and Souza (1983) (hereafter EGS). We define the set of g func-
tions as G. Assumption 1 gives the conditions we wish the g functions to satisfy.

Assumption 1: G consists of all functions g defined on X such that i)D*g(z) is
continuous on X for all X such that |A| < 3; i) sup,|D*g(z)| < oo for |A| = 3;
1) {|gll2 00 < b < 00 ;i) inf, g(z) >8> 0.

Note that these assumptioiis imply that up to third order partial derivatives are
continuous (1), and that certain smoothness conditions are satisfied by the function. The
last assumption (iv) ensures that the variance terms are bounded away from 0 uniformly
i z. The type of approximating function that we use is a variant of a multivariate Fourter
seri¢s function. It may contain linear and quadratic terms in z, but the remaining terms
in the function will be trigonometric. In talking about the number of terms of the
approxjmating function going to infinity, we will be refering to the trigonometric terms.
If the function were to contain quadratic terms, then it would coincide with the Fourier
Flexible Functional (FFF) form of Gallant (1980). The addition of quadratic terms to
the Fourier terms is meant to improve the approximation so that fewer trigonometric
terms are needed to obtain a “good” approximation. These additional terms, however,
will not affect any of the theory regarding the approximation of a function by Fourier
Series.

The FFF is given by

1
gr(z) = a+bz+ 593'0:1: +
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A J
> (woa + Y _(uja cos(jk,z) — vja sin(jk;2)))
a=1

j=1
with a, b, C and u;; being parameters, and where the k, are a sequence of multi-indices

(which are integer valued k-dimensional vectors) given in Gallant (1981) and

A

C == uoakakl

a=1

The degree of the trigonometric polynomial will be denoted by K and satisfies
k
J 2; kil < K

for all « € {1,2,...,A} and 57 € {1,2,...,J}. As noted by EGS, 4 and J will depend
on K. For a given sample size n, we let the degree of the polynomial be K,,. In order
to obtain a consistent estimate for the function, we will need the number of parameters
in the approximating function to increase with the sample size. That is, we need that
K, — oo. As noted by Gallant (1980), the rule determining the degree K may be

adaptive (data dependent) or fixed.

A convenient way of writing the approximating function is
K
gk (2l0) = > 6;9;(e)
7=1

Here the 6, are coeflicients and the 1); are the elementary functions used (a constant will
be included). The attractive feature of these types of approximations is that as K goes
to infinity the above function becomes capable of approximating g in a sense that will

now be discussed. In particular, letting 8 be an infinite dimensional vector of parameters

and given Assumption 1 and the corollary to Theorem 1 in Gallant (1981) then there

exists a vector 6~ such that

Jim 1lg = g1 (62,00 = 0. 5.1)



Chapter 3. Maximum Likelihood Estimation Methods 23

In practice, it would appear that there would be little problem in just substituting the
approximating function into the objective functions defined in Section 4 and minimising
over 3 and the § parameters using standard maximum lkelihood type procedures. To
obtain consistency, however, we must overcome a number of technical difficulties to ensure
that the conditions of Theorem 1 are satisfied. We follow the line of argument of EGS
with some modification.

From above, we know that there is a vector 8" such that the corresponding approx-
imating function represents g in the sense defined above. We will define the pointwise
limit of this approximating function by g.. We would like to be able to just replace
the g function with the corresponding g, function and proceed from there. There are,
however, a few problems we must overcome. First, we want to make sure that g, is at
least continuous. Second we would like the set of these g, functions, corresponding to
the g functions satisfying Assumption 1, to be contained in a set which is compact with

respect to ||.||. We introduce some more notation. Let ||goo)|2,00u = ||f]l2,00,.- Define the

set © by
by
— -1 Db
©={f: lim maxsup Ij;@JD ¥;(z)] < oo}
and the set Oy by
O ={0€0:0llrcu.<b, ingéj'Lﬁj(m) > &}
7=1

Now by ( 3.1) {for every g in G there is a § in ©¢ which corresponds to it in the sense of

H.Hz’oo,“ . The the following lemma is the first part of Lemma 2 of EGS and is useful in

obtaining the needed compactness and continuity discussed above.
Lemma 1: There is a set ©" such that for all 8 in O g (z|f) is continuously
differentiable to order 1 and there is a continuous mapping from the weak* closure of ©,,

denoted by O, onto ©~. Moreover the set O is compact in the relative topology generated

by H-Hl,oo,u'
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Proof: See Elbadawi, Gallant, and Souza (1983).

This lemma provides us with the desired continuity and compactness. We can now
represent the g function by some § in ©” as g.(z|d). This g, function will be continuous
and so is identical to the g function in the consistency norm.

Next, since we have that all the g, are continuous then

900l = {[goollo,00u < figoolitoon

where the weak inequality 1s obvious from the definition of the Sobolev norm given above.
This result then gives the result that convergence in ||.||; o, implies convergence in ||.]|
so that ©” will also be compact in the topology generated by the consistency norm.

Next, we discuss the estimation space. Since it is clearly infeasible in finite samples
to minimise the objective function by choice of the complete vector § we must truncate
the vector at some point say K, which may depend on the sample size n. In terms of the
above we represent this as minimising over the subset of § vectors in N © which have
the form (6,,...,0xk,,0,...) There will clearly not be any problem of emptiness here since
if b > 6 then the element which has all zeroes except the first and that is between b and
8, 1s clearly of the appropriate form and is also in @ N ©. We denote the set of vectors
with K, nonzero elements by O . Clearly, we will then have that 72, @ = ©0"NO
provided that K, — oo so that condition (b) of Theorem 1 is satisfied. In actual practice,
when performing the optimisation we will have two sets of constraints that will force the

function to bein ;N O C "N O. These will be that
sup |D*gx, (216) < b
for all [A| £2, and
ilgfg;("(:r:w) >6>0.
The required continuity will be clearly satisfied. EGS note that the fact that we are

optimising over a subset of the function space 1s not likely to be of much importance
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in practice. As far as imposing the above restrictions goes, the first does not seem to
pose any practical problems since we can always make b quite large. The non-negativity
constraint, however, does appear to pose some problem 1n practice. More on this will be
taken up later.

So far we have only considered the case of a single variance parameter. In the case
of a bivariate niodel, we must estimate two functions. This i1s easily handled by the
above discussion since we can treat each function as a separate parameter and consider
compactness and denseness separately. The norm of the variance covariance matrix
can just be defined as the sum of the norms of the two functions. The product space
©"NO x O"N O will then be compact in this norm. Minimisation will then be done over

two sets of § parameters.

3.5 Uniform Convergence

In this section we provide conditions which guarantee that (c) of Theorem 1 is satisfied for
the three models of interest. That is, we verify that there exists a function §(8,0,87,07)

that is continuous in (f, o) with respect to the norm ||(8,¢)| and

lim sup [s.(8,0) — §(8,0,8",0")| = 0

nT® iy
(Note that in the sample selection model the p;» parameter shoulé be included with the 8
parameters and will be restricted to lie in [—~1+¢, 1 —€]). In addition, to our Assumption
1, we make the following assumption on the exogenous variables.

Assumption 2: z, s a Cesaro sum generator with respect to p(z) on X and (u¢, z¢)
is a Cesaro sum generator with respect to f(u|o™(z))dudu(z) where o~ is the true variance
parameter(s).

The meaning of this assumption is that limits of Cesaro sums of the random variables

of interest can be computed as integrals. Moreover, the same applies to any continuous
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function which is dominated by an integrable function. This allows for completely ex-
ogenous variables (GN), so no identicality of distributions is needed. Essentially, all that
1s needed 1s that some law of large numbers is applicable.

The following three lemmata give the required results for the three models of interest.
In addition to assumptions 1 and 2, we use the fact that B is compact. This along with
assumption 1 put bounds on the regression function part @ and keeps o away from 0 or
oo and these facts are used heavily in the proofs of the lemmata. Also, convergence in
the metric ||| implies pointwise convergence of the function and this is exploited.

Lemma 2: For the Probit model, given Assumptions 1 and 2 and compactness of B,
(c) of Theorem 1 1s satisfied.

Lemma 3: For the Tobit model, given Assumptions 1 and 2 and compaciness of B,
(c) of Theorem 1 is satisfied.

Lemma 4: For the sample selection model, given Assumptions 1 and 2 and compact-
ness of B, (c) of Theorem 1 is satisfied.

The proofs are somewhat simpler than the proof of the result in GN which is for the
sample selection model. That proof is complicated by the fact that they were interested
i approximating the shape of the density function. Note that in the proofs heavy use
is made of the fact that the z variables are bounded. This comes about because of the
type of approximation we have used, which will only work for a function defined on a
bounded set. If we were able to choose an approximating function that was able to
approximate the variance terms over the whole real plane then some assumptionvs about

the integrability of certain functions of z would be required.



Chapter 3. Maximum Likelihood Estimation Methods 27

3.6 Identification

In this section, we examine the identification of the three models of interest. This is done
by verifying that in the class of functions C(XX') and the set B, that any two parameters
which are different from the true parameters in the sense of the norm, give rise to different
probability models in a sense that will be defined below. Then it will be shown that this
implies condition (d) of Theorem 1. Instead of examining the narrow class of function
©~, we concentrate here on the class C(X) which contains ©~. ldentification in C(X)
will imply identification in ®~. Note that two elements are considered différent if the
norm of their difference is nonzero.

We make use of the following definition of identifiable uniqueness of a probability
model 1n a set of semi-non-parametric probability models. It is a generalisation of the
definition typically used in the literature (see Wald (1949) Assumption 4 for example).

Definition: The parameter vector (8~,07) in B x C(X) is identifiably unique in
B x C(X) tf for any (B,0) not equal to (8~,07) theré is a set D in X with p(D) > 0 and
a set E wn the support of z, such that Pr(z € E|z;8,0) # Pr(z € Elz;8%,07) for all z
m D.

Note that E must have positive probability under at least one of the two parameter
vectors. In examining whether the models satisfy this, we make a number of assumptions
which are typical of this type of work.

Assumption 3: The probability measure p on X has the property that at least one
co-ordinate of x has everywhere (on its domain in (0,2n)) positive Lebesgue density con-
ditional on the other components.

This assumption 1s common in work on nonparametric approaches to estimation and
identification (see Matzkin (1989) for example). It allows one to obtain an open ball

around a given point in X which has positive probability with respect to p. and on
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which the densities of z differ for some nonnull set in the support of z.

Assumption 4: For the Probit model and the Tobit model o is in C(X). For the
sample selection model the functions q, and g, are in C(X).

Assumption 5: z in R* satisfies a full rank condition that u(z : (B~ ") =0) =1
wmplies that B = 3~.

Assumption 6: In the Probit model and the dichotomous part of the sample selection
model (when only the variable I(y > 0) is observed) it is known that the coefficients in
the correspondingv equation satisfy ||B||lg = 1.

Assumption 4 is a minimal smoothness condition which is satisfied by the set of
functions of interest, discussed in the previous sections. Assumption 5 rules out perfect
multicollinearity among the = variables and allows identification of 8 given that zf is
identified. Assumption 6 takes care of the fact that when the discrete variable is observed
the contribution to the likelilhood function is invariant to monotonic transformations to
the 8 and the o coeflicients. Since it can be shown that z83/c is identified and hence
the sign of 0 is identified, we can then identify the 8 up to scale. This is similar to
the situation of Manski (1975, 1985). To be able to obtain similar results we make the
following assumption where we have z partitioned as ¢ = (z4,z;) with z, being the
continuously distributed variable, and the domain of z; being (e, f) (which is strictly
contained in (0, 27) ).

Assumption 7: It us known that in the equation for the variable y for which I(y > 0)
15 observed, the B corresponding to the continuously distributed z, (;, is nonzero. In

addition if B; > 0 then

eﬂ; + 33lﬁ1>: <0< fﬁl: + mlﬁlx

for a (measurable) set of z; € C with P(C) > 0 and P(zi € (c,d)|C) > 0 (where these

probability measures are derived from the measure p) for any (c,d) C (e, f). If Bf < 0
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then the inequality‘ above s reversed.

This provides a sufficient condition for the identification of the parameters of the
equation generating the dichotomous variable. They are slightly stronger than those
of Manski (1985) and are necessitated by the fact that in our case the @ variables are
bounded, which implies that the values of zf8 will be bounded. Hence, more stringent
restrictions on the 8 vector are required. Essentially, the above assumption guarantees
that there is a non-trivial subset of X on which the sign of the z3 changes. This then
allows identification of the 3~ parameters. The simplest example of the type of restrictions
being imposed is the case where z; is a constant. Then we require that the intercept term
and the slope coefficient 8; differ in sign (assuming that the z variables have been scaled
to be positive, as is required for use of the Fourier series approximation) and be of
magnitudes which allow the above inequality to hold.

Lemma 5: Gwen Assumptions 3-7 the parameter vector (87, 07) is tdentifiably unigue
for the Probit model.

For the Tobit model we are able to identify 8 and o without the use of normalisations.
This 1s the same as the usual case without heteroskedasticity. It results because at least
for some observations we observe the value of y. Moreover, for any z value there is a
positive probability that y 1s nonzero. Identification then follows from the properties of
the normal density and the continuity built into the model.

Lemma 6: Under Assumptions 3-5 (87,07) is identifiably unique for the Tobit
model.

The sample selection model contains elements of both the Probit and Tobit models
and hence it is unsurprising that 3; is only identified up to scale. It is important, however,
to note that p;, is 1dentified although ¢y and o, are not, their influences on the density
being mixed into the functions g; and ¢, which are identified up to scale.

Lemma-.7: Giwen Assumptions 3-7 (87,0747,85,05q5,p3,) is identifiably unique.
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We can now verify condition (d) of Theorem 1. To do this we use the approach of Wald

(1949) which exploits Jensen’s inequality, identifiable uniqueness, and the integrability

of functions of z. We first note that the densities in all cases may be written as

s(u,z,8°% 0% B7) = —logp(zlz, B°,¢°)

and that

[ ot 8%,0% ) ——b(—— dudu(z) =

o (z)" o (z)

Ix 7 —log p(2lz, B°,0°)p(2|z, B, 0 )dv (z)dp(z)

for any function h, where v(z) is the measure with respect to which

p(zle, 8% 0°)
is a density. (To get this we use a change of variables argument.) For example, in the
Probit model
v(z) = bo(2) + 61(2)

where §; gives measure to the set where z = 7 and in this case Z = {0,1}. Using this
notation, we have that for all three models the following lemma holds.

Lemma 8: The identification condition (d) of Theorem 1 is satisfied in all three
models.

We have now verified that the four conditions of Theorem 1 are satisfied by the three
models. Although in this section we only used C'(X), it should be noted that this will
imply identification in the actual function space used. This is because the function space

(¥ in Theorem 1 and ©~ in Section 4) is contained in C(X).

3.7 Consistency and Practical Implications

We can now state the main results of the chapter relating to consistency of the maximum

likehhood estimators for the three models. These are presented below.
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Proposition 1: Given Assumptions 1-7, the mazimum likelihood estimators 8 and
o of the Probit model converge almost surely to the true values.

Proposition 2: Given Assumptions 1-5 the MLE of the Tobit model converges almost
surely to the true values.

Proposition 3: Given Assumptions 1-7 the MLE of the sample selection model con-
verges almost surely to the true values.

These propositions are direct applications of Theorem 1 where the preceding lemmata
have verified the conditions of the Theorem.

In practice, we could face a number of problems. The first is related to the use of the
FFF. As can be seen from the representation given earlier, there are likely to be a large
number of parameters especially if z contains a large number of variables. This could
lead to difficulties when trying to maximise the likelihood function. In principle, the
maximisation can be done, but in practice difficulties may arise. One solution may be to
limit the number of = variables appearing in the function. For example, if one had prior
information on the variables most likely to be related to heterogeneity then this could
be used. Omne such example could be that in the case of durable expenditure one would
expect there to be more expenditure variability at the high income levels. Information
of this sort may be useful in simplifying the estimation.

A second problem concerns the imposition of the non-negativity constraint on the
variance approximations. As the method has been presented this is likely to be nontriv-
ial. One way to get around this problem is to approximate some transformation of the
variance, with the transformation ensuring that the variance is nonnegative. For example

if one notes that
g9(z) = exp(log(g(z)))

it would be possible to impose non-negativity on g by approximating log(g(z)) and
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ensuring that this is bounded away from —oo and oo. This will keep g bounded away
from 0 and oo as is desired. All of the previous analysis can be applied to the parameter
defined by logo(z). Since exp is a uniformly continuous function on bounded intervals
all the identification results will trivially be satisfied.

It was noted earlier that we have assumed that X is a bounded open set. Amemiya
(1973) and Dhrymes (1987) both prove consistency in the iid case for models of the type
discussed in this chapter under the assumption of bounded z varables. In our case,
this was necessitated by the fact that we chose to use the FFF. In practice, this is not
likely to cause problems since all actual data sets can be contained in some bounded
open. set, and hence can be scaled so that all z variables are in (0, 27r.). An alternative
to this boundedness assumption would be to use an alternative type of approximating
function and some other metric for measuring the goodness of the approximation to
the true function. This would require the imposition of restrictions on the moments
of the z variables, and the integrability of certain functions of z. Moreover, the type
of convergence one could achieve would likely be weaker than the intuitively appealing
uniform convergence achieved in this chapter. Further work could examine the possibility

of using other conditions and assumptions.

3.8 Conclusions

This chapter has considered the consistent estimation of heteroskedastic LDV models
with particular reference to the Probit, Tobit, and sample selection models. Although
interest in these models is typically centered on the parameters of the means of the latent
variables (the 8’s), it was noted that mis-specification of the variance parameters, and
in particular assuming homoskedastic latent residuals when there is in fact heteroskedas-

ticity, will lead to inconsistent estimates of the parameters of interest (unlike the case of
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the linear regression model). The method proposed in this chapter allows one to obtain
consistent estimates of both the variance parameters and the parameters of interest. The
basic idea was to approximate the unknown variance functions using a Fourier series
type approximation and to let the number of terms in the approximation increase with
the sample size. Given certain smoothness conditions on the vartance functions, the ap-
proximation becomes capable of being arbitrarily good (in the sense defined above). In
addition, and of more interest, the corresponding estimates of the 8’s are consistent.

Since the method of estimation is based on maximum likelihood, the estimation should
be fairly straightforward to perform in practice and can be done using any of the stan-
dard optimisation algorithms. The only difference lies in the fact that one must optimise
with respect to both the 3’s and the parameters of the approximation to the variance
parameter. This makes the method attractive relative to the computationally burden-
some Maximum Score and Least Absolute Deviations estimators for the discrete choice
and censored regression models respectively. The other advantage of the method is that
1t 1s more generally applicable unlike the techniques mentioned above which are based
on quantile restrictions and do not.generalise in an obvious way to multivariate con-
texts. In particular, for the sample selection model or any other bivariate model, no
other technique is as yet known which is consistent in the presence of heteroskedasticity
of an unknown form (at least without substantial identification assumptions as would be
required in a semi-parametric regression type technique). One could conjecture that the
method may also be used in other multivariate models such as those listed in Amemiya
(1985).

This chapter has been concerned only with consistency. Therefore, a useful area for
further work is the asymptotic distribution theory for the estimator. There are two
possible avenues to explore in this context. The first is to view the approximation as a

parametric assumption and to consider the problem of making inferences on the resulting
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Quasi MLE. In this case, the methods of White (1982) and others may be of use. The
second approad1 1s to attempt to find the distribution of the ﬁ and or p1» (note that we
are most interested in inferences on 3 and p;. rather than the o terms) using recent results
on asymptotic distribution theory for these types of estimators (see Andrews (1989) for

example).



Chapter 4

Two Step Estimation Methods

4.1 Introduction

In this chapter we consider the problem of using two-step methods to estimate the sample
selection and Tobit models when there is heteroskedasticity of an unknown form in the
latent residuals. Such methods are quite common in practice since they are somewhat
less burdensome computationally than the maximum likelihood estimator (MLE). These
methods were first suggested by Heckman (1976, 1979)V7 for these models and one rarely
finds examples where the maximum likelihood estimator has been computed (see Donald
(1985)). Another reason for considering these methods is that the regression structure
they possess is easier to handle than the MLE, which is usually defined as the implicit
solution of a set of nonlinear equations, so that when one is concerned with the distribu-
tion of the estimators the analysis may be somewhat simpler. In addition, the analysis
may aid in the development of an asymptotic normality result for the MLEs considered
in the preceding chapter.

The work in this chapter differs in an important way from the work of Newey (1988),
Powell (1988), and others who have considered two-step estimators which are consistent
and asymptofically normal when the latent residuals are independent and identically

distributed (iid) but with unknown density function. The models in this case have a

double index form which in general will be lost if there i1s heteroskedasticity which is not

35
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a function of the indexes. In fact, the robustness of these methods to the heferoskedas—
ticty is unknown and is an important topic for future research since most data used to
estimate these models are heteroskedastic in nature (being typically large cross sections
with heterogeneity a common problem — see Phillips (1988)). Also, in a recent paper
Newey, Powell, and Walker (1990) have estimated the Heckman (1974) model using these
methods and found that the results do not differ much from the results obtained under
Gaussian assumptions, so at least for that particular problem distibutional assumptions
regarding the shape do not seem to matter too much. They argue that other forms of
mis-specification may be more important (at least with regard to that model and data).
Heteroskedasticity is one form of mis-specification that has been relatively neglected,
and may actually be important. In addition, the results of this chapter cover the case
of the Tobit model and so offer an alternative estimator to the censored least absolute
deviations and symmetrically censored least squares estimators of Powell (1984, 1986).

This chapter first considers the nature of the problem we are dealing with and, in
particular, shows that the conditional means which are typiczﬂly considered bear some
resemblance to some other models that are currently being used in econometrics, namely
semiparametric regression models. We then go on to present a two-stage estimation pro-
cedure similar to the standard Heckman (1979) procedure, but which allows for fairly
general forms of heteroskedasticity in the latent error terms. Under the various quite gen-
eral assumptions presented, the estimator is shown to be consistent and asymptotically
normally distributed with the usual rate of convergence.

The semiparametric method we use is based on series type nonparametric estimators
which are quite easy to use and quite generally applicable. In particular, since the con-
ditional mean regression function is likely to have heteroskedastic error terms, as noted
in Robinson (1988), (and since we would like to be able to cope with heterogeneous ob-

servations in any case) we would like a nonparametric technique which copes with quite
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general heteroskedasticity. The series approaches cope with this situation quite easily
whereas other techniques such as kernel regressions vappea.r to not be able to cope (see
White and Stinchcombe (1989)). For this reason the results of Robinson (1988) are not
directly applicable since he maintains the assumption of independent and identically dis-
tributed (i.i.d) errors (although he claims that heteroskedasticity can be dealt with using
his technique). For this reason we first provide results analogous to those of Robinson
(1988) but using series estimators and then go on to adapt this framework to the prob-
lem at hand. The main complication that arises and which causes the model to differ
from a pure semiparametric regression model is due to the fact that the usual inverse
Mills ratio is estimated (consistently and asymptotically normally) so there will be some
estimation error involved which will complicate the nonparametric estimation and the
covariance matrix. This chapter deals with these by the application of a result on the
VN asymptotic normality of averages of nonparametric point estimates.

Obtaining a consistent and asymptotically normal estimator with the usual rate of
convergence (v/N) is quite useful. First, if one wishes to obtain an estimator that is best
among all estimators which allow for arbitrary heteroskedasticity, then one would like to
at least know that an estimator exists that is consistent at this rate so that it must then
follow that the best possible estimator must also be consistent at this rate. That is, the
semiparametric efficiency bound is surely smaller than the variance-covariance matrix
for the estimator obtained in this chapter. Second, the result allows one to provide a
basis for a specification test for heteroskedasticity in these types of models which can
be based on the difference between the estimator obtained under homoskedasticity and
that obtained under general heteroskedasticity in this chapter measured in the metric
provided by the variance-covariance matrix of this difference. Without both estimators
being asymptotically normal at the same rate it is difficult to see how such a test could

be constructed.
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The chapter is structured as follows. Section 2 discusses the model of interest and
shows how it is related to a semiparametric regression model and also what complicates
it relative to a semiparametric regression model. Some issues regarding identification
of the model are also discussed. Section 3 presents in fairly general terms the type of
nonparametric regression technique to be used throughout the chapter and presents a few
results regarding convergence rates of the meém squared error and asymptotic normality
of weighted averages. Section 4 presents results analogous to Robinson (1988) but allows
for heteroskedasticity and uses the series regression estimator. This allows the derivation
of a v/N consistent asymptotically normal estimator in the unrealistic situation that the
inverse Mills ratio were known. Section 5 discusses two possible ways of estimating the
discrete choice model depending on the assumptions one makes regarding the error term
in the discrete part of the model (which will only be relevant in the case of the sample
selection model) and of obtaining an estimator of the inverse mills ratio. A linearisation
analogous to the § method is used to put the estimator in a form that can be handled
when the distribution of the second stage estimator is examined. Section 6 presents the
main result rega,rding VN consistent and asymptotically normal (RNCAN) estimation of
the full two stage eétiﬁmtor. Section 7 discusses the estimation of the variance-covariance
matrix of the estimator. Section 8 presents a Hausman (1978) type specification test for
heteroskedasticity which i1s shown to be asymptotically chi-squared. Section 9 concludes

the chapter.

4.2 The Model

The type of model we consider involves a bivariate normal density function and the two

latent variables given below

Y1 = 11 + uyy (4.2)
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Yoo = T2 + un. (4.3)

for t = 1,2...N. The observed endogenous variables in this case are

vio= I(y120) (4.4)

Y2 = 1Y, (4.5)

That is, we observe a discrete variable y;, and conditional on -this being unity we observe

the value of the continuous latent variable y;. An example of this situation would be

that we observe whether or not someone works and then conditional on them working

we observe the number of hours worked. Also we observe the z variables for all the
observations.

Since we will be assuming that the observations are independent, we can order the

data such that the first Ny have y; = 1 and the last Ny have y; = 0 and N = N; + N,.

The vector (u;,u,) has the bivariate normal density with covariance matrix Q which can

oi(z) on(z)
Qz) = ( ) (4.6)

o12() Uzz»(w)

where ¢ = (z,,z;). Note that if 8, = 8, , £, = z, and u; = u, then the model reduces

be written as follows

to the standard Tobit or censored model.

The estimation problem arises because unobservables determining the value of the
discrete variable (é.e., u1), may be correlated with those determining the value of the
continuous variable. Thus employing OLS to estimate £, using only observations for

which y; = 1 may be inconsistent. This is best seen by taking conditional expectations

of y5 given that y; = 1.

E(yalyn = 1) = 2282 + 012(33;)/\ ( z1by ) (4.7)

o1(zy) o1(z;)

where

(4.8)
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with ¢ and ¢ being the standard normal density and distribution functions respectively.
When the covariance term is nonzero, then the possible correlation between the second
term and t.he first will in general lead to inconsistent estimates of 3,.

The above representation also provides motivation for a two-step estimation proce-
dure where in the first stage we estimate 3; by Probit maximum lhkelihood on the first
equation in the two equation model and then use it to obtain a correction term X. Then
the second stage consists of performing OLS for the N; observations with y; with the
correction term included as a regressor. This is almost always done under the assumption
that the covariance matrix is constant across all the observations. If this is false, then
problems may arise both in the estimation of A and in the second stage regression where
the coeflicient of A may in fact be a function of z. In general, this will result in the
estimator being inconsistent (the degree of this inconsistency has not to my knowledge
been considered in the literature). This chapter will discuss a method for dealing with
these sources of inconsistency.

First since the main concern here is in estimating the (3, parameter vector, the ar-

21:8;

gument of A, o1z’

can be treated as some unknown function h(zy). We are implicitly
assuming that the variance of the first latent residual u; is a function of only those z vari-
ables appearing in the mean (z.e., z;). This assumption greatly simplifies notation and
does not seem too extreme. Writing it in this way does not affect any of the main results
of the chapter since for the asymptotics the whole function must be consistently esti-
12

mated. Note also that we can write the function 671%::2)) as g(z). Using these adjustments

the model can be written as

Yo = Tufs + g(z)A(R(z1e)) + &, (4.9)

where ¢; 1s an heteroskedastic error term with mean zero. In fact, the variance of ¢, is
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given by

V(tlz) = o3(a) - Z%((;:))(w“ﬁﬁ(h(ﬁu)) + A(h(z1e))?). (4.10)

The model above bears some resemblance to some models that are currently being

examined in econometrics — namely, semiparametric regression models, see Robinson
(1988). Suppose for the moment that the A function is known and is bounded on its
domain so that A is bounded away from 0 and co. Then one can transform the model

mto the semiparametric regression form given below
we = 2.0 + g(zt) + e (4.11)

where wy, = yi/A¢e, 20 = T/ Ao, 7 = /A and Ay = A(h(z1¢)). This is now in the familiar
semiparametric regression form with g being an unknown function. So given that A is
known we can apply recent results, for example Andrews (1988, 1989d), to obtain v/N
consistent estimates of (3, for this model. Note, however, that since fnhe error term is
heteroskedastic the results of Robinson (1988) are not directly applicable. Section 4
presents a method of dealing with this.

In practice, however, h will be unknown and must be estimated. The model will have

the form

Wy = £02 + 9(5’%) + 7 + 9, (4-12)

with ¥, being related to the estimation error inherent in estimating the A,, and where
estimates are used in place of the true values. In analysing this model, we must also
worry about the estimation error inherent in the estimation of the A,. In addition, one
must worry about the identification of the model since the unrestricted nature of the g

function may cause problems unless there are certain exclusion restrictions (referring to

exclusion of certain of the z variables from the different functions involved).
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4.2.1 Intuition Behind the Estimator

Before we discuss the intuition behind the estimation method to be used, we outline
some of the basic assumptions on the model. For ease of exposition denote the vector of
z variables included as arguments of the covariance matrix elements and hence arguments
of g by z5 and remember that A; is a function of z,;. The complete set of exogenous
variables will be referred to as z. Then, as noted above, we can write the conditional

mean of yo; as
Yoo = Ta B2 + g(mst))\t + & (4.13)

with E(&,) = 0 and V(&) = o? for all t and it will be assumed that the model is such

that
0< iltlf ol < supo? < 0o (4.14)
t
and

0< ix’txf A < sup Ay < 00. (4.15)
¢
As mentioned above this allows us to transform the model so that
we = 2405 + g(za) + M (4.16)

with the transformed residual, 7;, having properties similar to those of ¢;. The population
motivation for the type of estimator to be used in this chapter is the following. Take

expectations of (4.16) conditional on zz which gives
E(w|zy) = E(Zt'wat)ﬁz.-l' g(za) (4.17)
and subtract this from (4.16) to give
w — E(wi|ea) = (20 — E(zi|za:))B2 + 7 (4.18)

Note that we are implicitly conditioning on the fact that y;; = 1. Since this is common

to all the observations, the inclusion of this as an argument is redundant provided that
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z3 contains a constant. This will be important further on in this chapter, so one should
remember that yy; is, in fact, an argument of these conditional expectations, but that it
1s omitted for notational simplicity. Note also that we are assuming that g i1s a common
function for all the observations and that it does not depend on y;,. This 1s no different
from the usual case with homoskedasticity.

It would follow that if we knew the expectations in (4.16) then we could potentially
estimate .. There 1s, however, the question of identification to be dealt with since
if 2z = E(zza) then (4.18) would no longer contain information on f, due to the
cancellation. To avoid problems of non-identification in this regression model we make
the following assumptions

Assumption 2.1: For each element of the vector z; we have that zy # E(zy|zat).

Since in our case we have that z; = ﬁm then we will require that z; contain at
least one variable that is not contained in the vector z3. Moreover, we require that this
variable is not measurable with respect to the o-field generated by zs. If all the elements
of the variance-covariance matrix are functions of z3 then this would require that there
be one variable in z; that is not in z3. Our next assumption is a standard full rank
assumption on the regressors. Define the matrix of the z; vectors as Z and the matrix of
conditional expectations as Ts.

Assumption 2.2: Assume that

A,

.1 ,
phmE(Z - T13)(Z — Ts)

which 1s a finite, positive definite mairiz.

Note that we avoid complications such as in White (1984), where the limit may not
exist. This simplifies the notation appreciably without diminishing the worth of the re-
sults. In addition to the preceding assumptions, we make the assumption of boundedness

of all the exogenous variables. This is obviously not a desirable assumption, but is quite
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common in theoretical work on limited dependent variables and in nonparametrics in-
volving series type estimators (see White and Stinchcombe (1989), for example). Finally,
it will be assumed that the errors possess sufficient moments, so we can apply a central
limit theorem to the estimators considered in this chapter.

Assumption 2.3: The data z; are uniformly bounded independent random variables

and any needed probability limits are assumed to ezist. In addition
E(llz) < A< oo

for all t.

Note that this allows the data to be heterogeneous but does not allow any sort of
dependence. This independence assumption may not be needed, as recent work by White
and Stinchcombe (1989) has shown.

Define the population regression estimator of 3, by
Be=((Z - Ts)(Z — T3)) " MZ - Ts) (W — E(Wlzy)). (4.19)

We now can prove the following simple result on the asymptotic normality and consistency
of the above estimator.

Theorem 1: Given Assumptions 2.1-2.3 we have

VNi(B = B2) ~ N(0, 72)
where
Vo = (A;) 'plim(1/N,)E((Z — T3)'D3'TD;HZ — Ts))(A;) ™"
Proof: For the proof of this and all other results in this chapter, see Appendix B.
The matrix I is the diagonal variance covariance matrix of the error terms &, and the
D3 matrix is given by D3 = diag);. The result in Theorem 1 is not operational and the

estimator 3, is infeasible, but it does provide motivation for the approach in this chapter

which is essentially to replace the unknown expectations by consistent estimates.



Chapter 4. Two Step Estimation Methods 45

4.3 Nonparametric Series Regression results

In this section, we examine the series approach to the estimation of conditional expecta-
tions as are used to make the estimator considered above a feasible estimator. In doing
this it is useful to refer to a generic type of situation given by the following nonparametric
regression model

Y = g(ze) +w (4.20)

where g is the function to be estimated (note that these variables are not necessarily the
same as those included in the preceding analysis). The error term has expectation zero
conditional on z; so that the regression function has the conditional mean interpretation.
A series type estimator for g is obtained by replacing g with a truncated series or approx-
imation to g which involves parameters and basis functions denoted by v;(z;) which may
be polynomials or trigonometric functions. The type of approximation that will be used
is based on the Fourier Flexible Functional Form (FFF), developed by Gallant (1981).
In that case the basis functions include quadratic terms involving z, and trigonometric
terms of the form

cos(gkl.z), sin(jk.z)

where the k, are multi-indices, some of which are presented in Gallant (1981), and j
are constant integers. The number of terms in the FFF is increased by adding more
trigonometric terms. For a given number of terms, one is then working with following

regression

Ye = Z O:vbi(ze) + uy + g(ze) — Z 0:¢i(z:) (4.21)

=1

where the object 1s to estimate the §; parameters, K denoting the number of terms
in the approximation. Note that there are now two sources of error — one is due to

sampling error (the u;) and the other stems from the fact that the approximation may
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not necessarily equal the true function. Typically, one can eliminate this specification
error asymptotically by choosing basis functions that are capable of approximating the
unknown g function and by increasing the number of terms K with the sample size.
Results on the consistency (see Gallant (1987) ) and asymptotic normality (see Andrews
(1988, 1989d)) are now available for these types of estimators. Our interest will be in
considering the rates of convergence of MSE for these types of estimators in situations
where the sampling error is possibly heteroskedastic, and also in the asymptotic normality
of weighted averages of these estimates.

For this purpose the estimator for g can be written

g = ¥(a)(¥(z)¥(z))" ¥(z)y

= Py

where ¥(z)is a N x K(N) matrix of basis functions and K (N) is the number of terms in
the approximation and will depend on the sample size N. P, will be used to denote the
projection matrix formed by the basis functions of the FFF constructed using the vector
z. When the inverse does not exist then some generalised inverse may be used or else
some terms may be omitted. Interest here will centre on the behaviour of the MSE(g,9)

given by

. 1
MS5E(g,9) = Ellg - Pylf? (4.22)
where ||.]| will refer to the Euclidean norm of the argument.

The following assumptions will be used:
Assumption 3.1: For the regression equation ({.20) the observations are indepen-
dent and

E(u|z,) = O,E(ufj:ct) = Utz
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where

0< il}f‘fzz < supo}? < oo.
2 .

Next define the following Sobolev norm (see Adams (1975)) of the function A by
|h]|g,00.x = max sup |D*h(z)] (4.23)
‘ P<a zex ’

where D denotes the generalised partial derivative as defined in Chapter 2 and the Sobolev

smoothness index (see Andrews (1988)) of the function A by
S(h) = max{q : ||hljge0x < o0} (4.24)

where X is the set to which z belongs and X € R? where d is the dimension of the
z; vector. The following assumption concerns the possibility of approximating the g
function of interest.

Assumption 3.2: For any g there is a sequence
Hm - (gmla--ygmm)’ € R™

such that
m?|| Z; Omizi(z) = g9(z)lloc0x — 0
as m — oo for all a such that 0 < a < %9-).

This assumption says that it 1s possible to find a sequence of uniformly convergent
approximating functions. Moreover, the approximation error goes to zero at a rate that
1s larger the larger is the smoothness of the g function relative to the number of variables
m z.

There are a number of circumstances when this assumption will be satisfied. The one

of interest to us is given below.
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Assumption 3.3: The density functions of the z; is everywhere bounded below by
some small positive number. In addition it is assumed that X s open and bounded and
closure(X) C x2_,(0,27), and the basis functions are gwen by the trigonometric func-
tions as used wn a fourier series.

Note that any bounded set X can be made to satisfy this assumption by suitable
linear transformations, without affecting, in any meaningful way, the results. Many of
the results of this chapter will also hold for polynomial series estimators under a similar
condition. Note that the results also cover the case where the z are fixed provided that
the empirical distribution c>onverges to one like that above. The following result which
1s similar to that of Andrews and Whang (1989) can now be proved where we condition
on the z vector to find the MSE and determine its rate of convergence.

Lemma 1: Given Assumptions 3.1 and 3.2 (i) If 51(\& — 0 and K(N) — oo then
MSE(g,§) — 0. (©) If K(N) = O(N") then MSE(g,g) = O(N%) where b = min{l —
r, 2ar} (1) Ifﬂdg—) > X and K(N) = O(N9 ") for g <1 and 0 < v < ¢ — +%=, then

29 2 2S(g)’
VN[ K 6iz:(z,) — g|| — 0 for some sequence of parameters, and if ¢ < 3, then in

addition b in (i) is such that b > (1 — q).

These results show that the rate of convergence depends on three parameters relating
to the smoothness of the unknown function, the dimension of its argument and the rate
of increase of the number of terms in the approximation. Generally, the rate increases
when the function is smooth, when the dimension of z is reduced, and when K increases
more slowly. The final result concerns bias reduction and will be crucial in the results of
the chapter. In particular, it appears that v/N consistency will not obtain unless the bias
can be reduced at faster than v/ N {(as one may anticipate). This is achieved by altering
both S(g) and K — the rate of increase on K used in (iii) will also be needed in the
11iaii1 results.

As it stands, the result does not allow for discrete z variables. However if the discrete
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z variables have finite support then g may be written as a finite sum of g; functions of
continuous z variables, one for each point in the support of the discrete z’s. Then the
result would hold provided that each g; function satisfied the conditions of the Lemma.
The remainder of the chapter avoids this complication without loss of generality.

A second result that will prove useful in the remainder of this chapter concerns the
asymptotic distribution of weighted averages of estimated g functions — z.e. #c'g for
some vector of constants c¢. In particular it is possible to show that under certain condi-
tions such averages are v/N consistent and asymptotically normal.

Theorem 2: Under Assumptions 3.1-3.2 and (i) S(g) > d + 1, (@) K(N) =
O(NY?=7), and (iii) ¢, = c(z;) a bounded sequence of known functions of z, with S(c)>0

we have
— 1, 1, 1,
\/]—V—(Nc Py — N g)= jﬁcu + 0,(1)
and hence
\/_]v(—l—c'Pmy - —l—c/g) — N(0 lim—l—E(c’\Il c))
N N N “

where ¥, = E(uu'|z) s the diagonal covariance matriz of u.

This result will prove useful in Section 6 when we deal with the estimation error inher-
ent in using an estimator of the A,. It will allow us to obtain the usual v/N convergence
even though the individual § (or in our case A, ) elements are less than v/N consistent (see
Andrews (1988, 1989d)). This type of result has been proved for kernel type estimators
by Rilstone (1989) and Powell, Stock and Stoker (1989). A simple corollary to the above
result arises when the ¢ vector is just a vector of ones and a constant is included in the
series functions (as is usually done). Denoting such a vector by ¢ then since Pou = ¢
(because P, is a projection matrix), the result is immediate.

Corollary 1: Given Assumptions 3.1-8.2 and hypotheses (i) and (%) of Theorem 2
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then

%(U 2y —t'g) = N(0,lim E(%/—tr‘l’))

Note that in both results the hypotheses (i) and (ii) are used to eliminate the bias at
faster than v/N rate as in Lemma 1 (iii) shows. The third hypothesis ensures that P.c
converges to ¢ in MSE and uniformly. This is trivially true when ¢ 1s, in fact, equal to one
of the basis functions as in the case of ¢ as proved in Corollary 1. One could pursue this
line of work further, and could in particular consider the estimation of average derivatives

for the discrete choice model considered below in Section 5.

4.4 Estimation with known J,

The estimator of interest in this section is the same as B35, but with the unknown expec-
tations replaced by estimates based on series regression discussed in the previous section.
The analysis of this estimator is useful as an intermediate step toward the result for
the estimator considered later, in which A, is estimated. In fact as will be shown, the
completely general estimator can be split up into two parts. The first will have the same
distribution as the estimator of this section, and the second will have a non-degenerate
distribution that will depend on the preliminary estimator of A;.

Since the expectations in this case are conditional on 3 we denote the relevant pro-
jection matrix by P, and the truncation parameter by K*(N,;) or simply as K*® where
1t will be understood that it increases with N and or N;. The estimator can then be
written as

-1

VN8 = o) = (N2 = PuuZ)(Z = PoiZ)| (4.25)

1

1

m

WZ — PoyZ) (g — Peyg +1 — Pryn) (4.26)
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-1

L yz-P.2yz-P,2)| |

==

using the expression for w and the fact that

1

N

NZ = Py Z)'(g + ) (4.27)

(Z = Po,Z)Pay = 0 (4.28)

since P, is a projection matrix. The dimension of z; will be denoted d;, so that the
dimension of z is d (in the case of the Tobit model d; = d,) and each element of z; will

be referred to as z;. The conditional expectations are denoted by
E(zi|zs) = 7i(23:) (4.29)

and the matrix of these values by T3 = E(Z|z3) which will be of the same dimension as
Z. The symbol § will denote a generic small strictly positive constant while A and C will
be used as generic large finite positive constants.

The following assumptions will be required to prove that the estimator 3, is RNCAN.

Assumption 4.1: Assume E(z;|zs) = m;(zs) for each i with x5 € X C R* and
assume Assumption 8.3 applies to the distribution of s, and the set X3,

Assumption 4.2: Defining u; = 2 — 7:(23) then u; satisfies Assumption 3.1 for
all 1. |

We are now in a position to prove the main result of this section concerning the
RNCAN of the estimator .

Theorem 3: Given Assumptions 2.1-2.3 and 4.1-4.2, +f (i) —SCETQ) > 2—1q for some ¢ < 1,

(i) S(7:) 2 0 for all i, (i) K3(Ny) = O(Ni™") with 0 < v < g — 35 then

VNi(B2 = B2) = N(0,V2)

where Vy is given in Theorem 1.
Note that it is required that the unknown g function (which arises due to the het-

eroskedasticity in the latent model) be smooth and increasingly so the larger is the
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dimension of its argument and the the slower the rate of increase of the K* parameter.
This along with the third hypothesis guarantee that the bias term disappears at the
required v/N rate as proved in Lemma 1. The 7; functions related to the expectations
are required only to possess one derivative in order for the bias in estimating them to
disappear sufficiently fast as K* — oo.

Obviously, this result is generally inapplicable since A; is generally unknown, however
it does provide a useful result en route to the more general result. Moreover, this result is
of independent interest since it provides a proof of RNCAN for semiparametric regression
models which allows for more general data generating processes than does Robinson
(1988) (although he claims his result does generalise to this case). It also provides
alternative conditions to those of Andrews (1989a) who uses empirical process methods

to obtain a similar result under a diflerent set of assumptions.

4.5 Estimation of the Discrete Choice Model

As noted above, the preceding analysis 1s generally inapplicable due to the fact that
A, is generally unknown. This section details two approaches to the estimation of A,
which are appropriate under different conditions, depending on whether one believes
there is heteroskedasticity in the discrete part of the model or not. In the case of the
Tobit model, both latent equations are the same so that only the method allowing for
heteroskedasticity is of interest. Therefore, the method based on a homoskedastic discrete
choice model assumption is only of interest in the context of the bivariate sample selection
model.

The equation of interest is rewritten below

Yii = 1P + v (4.30)

where E(uy) = 0 and V(uy) = 3(z1,) and uy, are independent normal random variables.
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The variable y;; = I(y;, > 0) is all that 1s observed As noted earlier, A, is related to these

variables by
(=)

A= —2 =
oe(R)

(4.31)

so as in Heckman (1979) one can obtain a consistent estimator of A, by replacing the §;
and o, parameters with consistent estimators. There are two possibilities that will be
considered here. 'The first is to assume that o, 1s, in fact, a function of the z variables,
remembering that we assumed that only the vanables in #; may be included as arguments
of the function. In this case, there is bivariate heteroskedasticity (this is the only inter-
esting case for the Tobit model) so the problem can then be written as one of obtaining
consistent estimates of ULI‘(';%-) = h(z,;) where the structure of h can be ignored without
affecting the results (the convergence properties of an estimator of h ‘Will depend on both
the estimators for 8; and o). Alternatively, one could treat o, as being a constant and
then without loss of generality one could normalise it to 1 and then use standard Probit

maximum likelihood estimation. It should be re-emphasised that this second case is only

of interest in the case of the bivariate sample selection model.

4.5.1 Heteroskedastic uy;

The work of Heckman (1979) and the survey of Amemiya (1985) are useful in pointing
out that the use of an estimated A; in a second stage regression will have some affect on

the variance-covariance matrix of the parameters due to the pre-estimation error. In fact,

the distribution of the estimator will depend on the distribution of the A; estimator. This
makes it imperative that we choose a method for estimating the A, that allows us to get
at the distribution of the estimator. Since in the form in which the estimator appears the
estimated A; enter as a weighted linear average the results of section 3 will be of use with

some adjustments. (Note that we are excluding the possibility of finding a super-efficient
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estimator for A; in which case the pre-estimation error would disappear at a sufficiently
fast rate so that the distribution of the second stage estimator would not depend on
the distribution of the first stage estimator.) Unfortunately, as it stands the work in
Chapter 3 is inapplicable due to the difficulty in obtaining appropriate expansions and
distribution theory. In contrast, it appears that the regression based methods discussed:
in Section 3 may be more useful with some adjustment. In fact, we will show that the
use of the § method along with the results for series regression estimators allow us to
obtain a consistent estimator for A, and an expansion or linearisation that will help in
the derivation of the distribution of the second stage estimator.

To see why a regression based technique may work, consider the following expectation

E(yulzyy, 22, 2a) = E(ynlzy) = ®(h(21,)) (4.32)

so that y;; can be written in a regression form as
Y = P(h(z1e)) + €t (4.33)

with E(eyjzy) = 0 and V(eylzi) = P(h(z1))(1 — ®(h(z1))) which has a familiar
regression type structure. Since A is an unknown function we can let I(z1,) = ®(h(zy))

and then the regression equation can be written as
Y = l(z1e) + e - (4.34)

and then h can be recovered by the inverse transform h = ®7!(l) using the inverse
function of the normal cumulative distribution function. The following assumptions
regarding h and [ will be made

Assumption 5.1: h: X' — [-A Al and hence [ : X! — [6,1— §] where § = 3(—A)
and 1 — 6 = ®(A) for some small § > 0. Also X' and the distribution of the z, satisfies

Assumption 3.3.
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Again we rule out discrete exogenous variables in this but as mentioned earhier they
can be dealt with without much trouble. Note that the conditional probabilities are kept
away from 0 and 1. This also ensures that the conditional variances are bounded away
from oo and 0 as 1s required for the results of Section 3 to be useful. These are required
to avoid problems when we transform the variables in the second stage regression by
division.

The technique used to estimate A, will be based first on estimation of the heteroskedas-
tic regression model (4.34) which gives us estimates of [, = I(zy;) which are then are used

to construct the A; using the fact that { and A, are related by

L) s

The estimator for A, 1s obtained by replacing the [, i this relation with the Zt obtained
by the series regression of y;; on z1;. Two important facts about the transformation are

that the first two derivatives with respect to the l; given by

dr

==
dzA -3 )—] | -1 -2 l = )
2 =@ W) e ) -1 (m)—dz(l)

are both bounded functions of I on [§,1 — §] for any small §. This will prove useful in the

—(@(@(1)) + 1)) = dy (1) (4.36)

(4.37)

expansions of A: about its true value \;. Note also that ), itself is bounded away from 0

and oo

The estimator for I that we use is given by
[ =P,y (4.38)

where P, is the projection matrix formed by the the basis functions of z, as described
in section 3, analogously to P, and the number of terms in the approximation or the

truncation parameter is denoted by K'(N) or K'. Note that all the N observations are
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used in the computation of the ! unlike the second stage estimator which uses only the
N, observations for which y3; = 1. One complication that arises when one computes the
A, estimator is that it is required that one compute <I>"1(l“) which is only defined if the
lis between 0 and 1. Unfortunately, the use of the series regression estimator does not
guarantee this so one must have some rule for dealing with such observations. Note that
this analogous to the problem in the linear regression model with heteroskedasticity where
one estimates the variance function using the squared residuals and performs weighted
least squares using the estimated residual squared regression function for weights (as in
Cragg (1988) for example). Depending on the method used, one can obtain negative
predicted variances. These are usually dealt with by setting them to some small positive
value. The solution proposed here will be similar. In particular the following rule is used

to define the estimator i(mlt)

’

(zy) if68/2<i(zy)<1—6/2
lz) =19 §/2  ifi(z:t) < 6/2
1—6/2 ifl(zit)>1—6/2

where the é is as defined as in Assumption 5.1. In practice, the choice of § 1s up to the
discretion of the econometrician and typically some small number will be chosen.

The following lemma allows us to write linear combinations of :\t — A as linear combi-
nations of I(zy1;) — I(z1,) plus a stochastic error that converges to zero as N — 0o. Since
such linear combinations of A, — A appear in the the second stage estimator and since
Lemma 2 allows us to find the distribution of linear combinations of i(mlt) — l(z;) this
will allow us to show how the distribution of the second stage estimator depends on the
distribution of this first stage estimator.

Lemma 2: Given Assumption 5.2 and (i) S(I) > d, +1, (#5) K (N) = O(N/?~7) for
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) 1
0<7<§~——1—

Sy and (1) c(zy;) a sequence of bounded constants then

Z_: 331z ):

N
=3 (21 )da (Uz1e))(U(210) = Uzas)) + 0p(1)

t=1

5i-

Note that in this result all N observations are used. In the application of this result,
this will also be the case so some condition on the relation between N; and N will be
needed. The hypotheses of the result are slightly stronger than in previous results since
in this case we need the MSE of the  to be op(IN~1/2) for the result to follow. Combined
with Lemma 2 this result allows us to prove the following result concerning the RNCAN
of weighted averages of A, — A, and as noted earlier is one of the key steps in proving the
RNCAN of the second stage estimator.

Lemma 3: Given Assumption 5.1 S(c) > 0 and conditions (3),(#1) and (i) of Lemma
2 then

1

1,1 ,
\/N(]—v-c’)\ - -N—C/A) = 7w Dye + 0,(1)

where Dy = diag{d;({(zy,))} and hence

1 . 1
\/N(—Nc'/\ — jv—c')\) — N(O,limE(—]lvc'Dlﬂch))

This result bears some resemblance to a é method type of result. In fact, it 1s a
combination of the § method, which i1s applied to linearise At — A, for each t, and the
result in Lemma 2 on the distribution of weighted averages of point estimates, which
proves RNCAN for combinations of point estimates which are less than RNCAN as

noted earlier.
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4.5.2 Homoskedastic uq;

As mentioned earlier in this case due to the assumed homoskedastic normality of the
latent error u,, one may proceed with the Probit MLE to estimate 3, with oy = 1

imposed as a normalisation. Then the estimator for A; may be computed as

A = denby) (4.39)

‘I’(iﬂufh)
Using standard results, as in Amemiya (1985) for example, one can then perform the

same sort of lineansation of this about its true value so that

_ o

Ao — N 3
1

(B — B:) + OL(N ) | (4.40)
which can be written in vector notation as
A=A==DyX1(B — B1) + O,(N7Y) (4.41)

where Dy = diag(z:5:1A; +A2) and X is the N x dy matrix of z;; variables which appear
after evaluating the derivative. Standard mean value expansions for the MLE 8; as in

Amemiya (1985) (which are valid given our assumptions) yield
VN(B = ) — N0 plim N(X1D2X1)7") (4.42)

where
D, = diag(‘I’(1¢1tﬁ1)_1(1 - ‘I’(muﬁl))_lﬁb(iﬂuﬁl)z) (4-43)
Using this notation, it then follows that

1 c 1
ﬁ(cl/\ - C/)\) - N(O, plinl-jv—ClD;;;\'l(_X{Dg.Xl)_-I‘X'I.D;;C) (444)

which 1s the usable equivalent to the result provided in Lemma 5. Much of this is

standard and found in Amemiya (1985) or any other text dealing with this problem. The
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use of the standard MLE Probit estimator a.\}oids the need for trimming or truncating
the \observations in practice as is needed in the heteroskedastic case. An interesting
question to consider in the finite sample analysis (using simulations) would be whether
the effect of the trimming is such that even in the presence of mis-specified variance
(i.e., assuming homoskedasticity when it is false) the second approach is superior. In
the case of heteroskedastic regression models, Cragg (1989) has found that the use of
variance estimators where trimming (or more correctly truncation) is required, that in
finite samples one may obtain more efficient estimates using a mis-specified variance
function than the true one. The situation here may differ somewhat, however, since
in the regression model unbiasedness and consistency obtain no matter what weighting
function is used, whereas here mis-specification causes inconsistency (although the nature

of this is still not very well understood).

4.6 Asymptotic Normality with Estimated ),

The preceding results allow us now to derive the distribution of the estimator given in
Section 4 where A; 1s replaced by either of the two estimators developed in Section 5. We

denote this estimator by 6.2 and note that it can be written as follows.

Br=((2 = Pe, 2Y(Z — P, 2)) M2 = Pa, 2) (v — Payib) (4.45)
Noting that
. . At — A
Wy = 200 + g(za) + g(m&)(—t:——t—) + ~£—L (4.46)
Ay At
this estimator can be rewritten as
By =((Z = Po,ZY(Z — Py, 2)) "' % (4.47)

) s ; A=A A -
(Z - PmaZ)l((Z — Fr,Z)B2 + 9~ Pz39+g£—i——) - ngg———j\—) + § _Praé)
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where g&;ﬁ 1s a vector of the elements g(;c;;i)L;M and § 1s the vector of f\—' Simplifying
and noting that

(Z — Py, Z) Py, =0 (4.48)

due to the fact that P,, is a projection matrix, we have
VNi(Be = B2) = (Z = Py 2Y( — Poy 2)) 7 x (4.49)

- - (A= A) ¢

which is now in a form that can be analysed. It should be noted that this estimator can
be split into two parts. The first part involves g and ¢ and is similar to the estimator
analysed in Section 4.4. The only difference involves the fact that Z is used in place of
Z. It will be shown in Theorem 4 below that this term and the estimator in Section 4.4
are asymptotically equivalent. The second term involves the pre-estimation error X = A
Using the linearisation results of Section 4.5, it will be shown in Theorem 4 that the term
will have an asymptotic distribution similar to the one in Lemma 3. Finally, since the
two terms will be shown to be asymptotically uncorrelated, the asymptotic distribution
of the sum will be normal with covariance matrix given by the sum of the covariance
matrices of the two terms involved.

One technical complication that arise when we consider the asymptotic distribution of
the term involving the estimation error is that all N observations are used to estimate the
A¢. The problem arises because only the estimates of A; for observations with y,, appear
in the estimator. After linearisation of the term corresponding to the pre-estimation

error, we will end up with a sum of the following form,

N R
Z yltc(«’I’u)(lt — lt).
t=1

The problem arises because the constants that appear in the sum involve y;, and the

results of Lemma 2 and 3 require the constants to be smooth functions of only zy;. The
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results in those Lemmata are obtained because of the properties of the projection matrix
formed by the basis functions (of z;;) and the fact that ¢ is a smooth function of z;;
(see the proof of Theorem 2). To make this type of result apply we must break up the
constants into a part which is the conditional expectation of the constants (given z;) and
another part with conditional mean zero, and then make assumptions regarding these
terms so that the previous results may apply.

To do this we introduce the following notation. Define the following variable v;, by
vie = E((zie — 1i(®a))y1e]Tae) (4.50)

which will be defined for all N observations, and where z; — 7;(z3,) appears as part of
the constant in the sum above. It should be noted that as mentioned earlier 7(z3) is
actually a function of y;; but the argument is suppressed for convenience. Note that we
have only considered estimating this for observations with ¥y, = 1. Since the v terms
will appear in the covariance matrix it would appear that we would need estimates of
7 for all the observations. Fortunately this is not the case because when we estimate
v by projecting (zi; — 7i(z3))y1. onto the space spanned by the basis functions of zy,
the terms corresponding to y;; = 0 will be zero so that 7 need not be estimated for
these observations. This avoids a complication when we come to estimate the covariance
matrix.

Assumption 6.1: The error term defined by z; — 1;(z3;) — viy satisfies Assumption
3.8 and n addition phm%u’u 15 a fintte positive definite matriz.

More useful notation includes the matrices
D3 = diag(A;) (4.51)

Dy = diag(d,({(zy,))) (4.52)

L = diag(l(zy)) (4.53)
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and

G = diag(g(za)) (4.54)

The main result of this section 1s the following
Theorem 4: Gwen Assumptions 2.1-2.8, 4.1-4.2, 5.1, 6.1, and,
(i) K*(N) = O(NY*™) for 0 < 7 < 1 — 2—5‘5(75 and S(1) > di + 1, () K3(N;) =

O(N;>7Y for 0 < 75 < 3 — 5oy and S(g) > dy+ 1, () S(ri) > da + 1 for all i (iv)
N, =0O(N), B+ = p>0and & >6>0 (v) 23 C 1, a proper subsel and E(z|z,) has

strictly positive Sobolev smoothness index for all i (vi) S(v;) > 0 for all i then

\/E(Bz — B2) = N(0,13)

where Vy = ATH(Sy + Sy) AT with

1
51 = phlllﬁ(z - T3)’D3_1FD51(Z - T3)
1

and

1 1
Sy = ;plimNU'GDngsLQLDnglGu

This result provides the basis for performing linear and non-linear Wald tests on the
parameters for both sample selection and Tobit models under heteroskedasticity One
should note that in this result we have strengthened the smoothness conditions on the
7; functions which are required for convergence due to the fact that only estimated A;
values are used which potentially reduces the rate of convergence of the estimated =
functions to the true values. This needs to be increased for RNCAN to hold and the
way this is achieved is by requiring a stronger smoothness condition. Assumption (v) is
required for the application of Theorem 2 to be valid. It seems likely that this may be

unnecessary, but the proof, which is already quite complicated, would become even more
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complicated. The implication is that the variance-covariance matrix is a function of a
subset of the variables in the first latent equation (the discrete part), and in that case
1t would just require that not all of those explanatory variables appear in the varnance
function. Cﬁnditions (1) and (11) are slightly stronger th.a,n in Theorem 3 due to the fact
that there 1s estimation error and a faster rate of convergence of the MSE of the estimated
expectations is required. Condition (iv) ensures that the number of observations with yJ,
always makes up a nontrivial proportion of the sample and seems fairly mild, while (vi)
allows the application of Lemma 5.

Although the result does offer some guidance concerning the rates of increase for the
truncation parameters, the actual choice of these in practice i1s somewhat more difficult
to advocate. The results may suggest a rule of thumb where say for 100 observations
one would pick K < 10 and so on, however in practice there is no reason to suggest that
such a rule will be optimal in any sense. The results of a simulation exercise may aid in
this regard. Alternatively, one could use cross validation type procedures or some testing
procedures. More on this will be discussed in the following chapter.

One advantage of the estimator is that it is relatively simple to computé, requiring only
regressions and transformations. In fact, in some sense it may even appear to be simpler
than the usual Heckman procedure which involves the first stage maximum likelihood
Probit estimator. In principle, any regression package, such as SHAZAM, LIMDEP or
TSP, should be able to compute the estimator while the use of matrix commands should
enable the computation of the covariance matrix (more on this will be taken up in the
following section).

A corollary to the above result arises under the assumption that the discrete part of
the model is homoskedastic and then the Probit MLE can be computed in the first stage
to compute the A, for the second stage. The result corresponding to Theorem 4 is given

for this case.
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Corollary 2: Given Assumptions 2.1-2.3, 4.1-4.2, then (i) K*(N;) = O(Nll/z_%)
Jor 0 <3< 3 — 2;(3!]) and S(g) > ds+ 1, (1) S(7:) > ds + 1 for all i, (1i) Ny = O(N),
—]]\% —p>0 and % > 6> 0 (w) the uy, are homoskedastic

then
Vi N1(B2 - ﬂz) — N(O; Vz)
where Vo = A7(S; + S3)A7! with

1
S, = plim-]—V—(Z ~ T3)'D3'TD;Y(Z — Ts)
1

and

I .. 1 ’ - -1 - N—11"/
52 = ;phm—ﬁ(z - T3) Dg)tl(_xlpg_xl) 1.X D3(Z - T3)

The estimator in Corollary 2 1s slightly more difficult to compute but not overly so
and most statistical packages should be able to do it. Clearly, the only difference between
the two estimators lies in the part of the vanance-covariance matrix related to the first
stage estimator. In the case of the Probit estimator, there is no need for trimming since
all predicted probabilities will be restricted to lie between 0 and 1. It will be interesting
{0 see in the simulations whether the trimming hé.s an adverse effect on the first estimator

and whether the second performs better even in the presence of mis-specification.

4.6.1 Estimating the Covariance Matrices

The only thing that remains to make the results in Theorem 3 and Corollary 2 operational
i1s to find ways of estimating (comsistently) the variance-covariance matrices. This is
needed to construct Wald type tests of restrictions on the B, parameters. A natural
thing to do is to replace the unknown values appearing in the A;, S; matrices with
consistent estimates and sample analogués. This requires a decision on how to estimate

each unknown.
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We first deal with S;. In the case of the I' matrix, a natural estimator is to take the

squares of the estimated residuals given by

ét = Yy — 132152 - §($3t)5\z - (4.55)

A natural estimator of I is

I = diag{¢?} (4.56)

and given (4.16) a natural estimator of the vector g is
§ = Poa(w — Z,) (4.57)

while the obvious estimator for Z — Ty is Z — PmJZ . Finally, D3 can be estimated by
D; = diag{)}. Define the variance estimator so constructed by

1

S, =
1 N,

(Z — P,,Z)D;'TD;Y(Z — P, Z) (4.58)

Similarly, in the case of S, define

0 = diag{l(z1,)(} — I(zw))} (4.59)
G = diag{g(2a)} (4.60)

Ds = diag{d,(i(z1,)} (4.61)

L = diag{l(z 1)} (4.62)

and the natural estimator of v can be constructed by
v ="P,((Z - P, 2)0 (4.63)

where 0 here denotes a Ny X d, matrix of zeroes which arises due to the definition of v;

and the fact that for these observations y;; = 0. A natural estimator for S, is then given

by
Sy = ——v'GD; ' D; LQALDsD; G (4.64)
N, N
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Finally, define the estimator of A, by

1 - -

Ay = —(Z - P, 2Y(Z-P,,2) (4.65)
N,

Note that G contains estimates of g for all the observations and for observations with
y1; = 0 one must take the estimated g function and recover the estimated parameters
and evaluate the function at the values of z3 for the 6bservations. Defining the basis
functions for these Ny functions as W3, and the basis functions for the other observations

as ¥, the estimated vector of g functions for these observations is given by
§ = ao(WiW;) 7 Wi(ib — Z3,). (4.66)

Unfortunately, due to technical difficulties it was necessary to alter some of the con-
ditions of Theorem 4 to obtain consistency of these estimators. In particular, thus far we
have avoided worrying about the rank of the matrix formed by the basis functions and
just used a generalised inverse. To prove consistency of the covariance matrix estimator
we need that the inverse exists. This necessitates an additional assumption and stronger
smoothness conditions on the functions of interest. This assumption is based on the work
of Andrews (1988, 1989d) and ensures that provided the number of parameters does not
increase too fast (the explicit rate must be no faster than N*/*) and that the distribution
of the z satisfies the assumptions made earlier, then the matrix of basis functions will
have full rank. In addition, a condition on the projection matrices which ensures that
the diagonal elements go to zero will follow. The {following assumption in conjunction
with those made previously allows the application of Theorem B-1 of Andrews (1988)
which in turn allows the circumvention of the technical difficulties.

Assumption 6.2: The smallest eigenvalues of the matrices

]' I
jv—lE(‘I’s‘I’s)
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and

]‘ /
RALEAD

have strictly positive limit infimum.
This along with a slower rate of increase of the K*(N) parameters allows the use of
the results of Andrews which gives the following fact that is used in the proof of the

consistency of the covariance matrix estimators:

max i, (W ¥:) ™o — 0 (4.67)
for both 7 = 1 and 3. The following Theorem provides the necessary result for the

consistency of the estimated covariance matrix estimator
Theorem 5: Given Assumptions 2.1-2.8, 4.1-4.2, 5.1, 6.1, and 6.2 and gwen (i)
K'NN)=O(NY*™) for 0 < 71 < {551y and S(1) 2 2d1+1, (i) K*(Ny) = O(N}*7™)

for 0 <y < - %(39) and 5(g) > 2ds+ 1, () S(r;) > 2d3 +1 for all i (i) Ny = O(N),

Mo p>0and J >8>0 (v) x3 C 21, a proper subset and E(z|z,) has strictly
posttive Sobolev smoothness index for all © (vi) S(v;) > 2dy + 10 for all i then the result
of Theorem 4 holds and

S1— 81 = o0,(1)

52 - Sg = Op(l)
Al = Al + Op(].)

and hence the estimator of V; defined by
Vi = (A1) 751 + S2)(Ay)™

satisfies Vi = V; + 0,(1).
The work of Andrews (1988, 1989d) indicates that in the case of a polynomial series

estimator a slower maximal rate of increase of the parameters may be necessary. Also in
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the case of the FFF series approximation the fact that the functions are not orthonormal
may cause problems with Assumption 6.2. Andrews suggests that some of the functions
may have to be deleted to ensure that the condition holds. In practice, there 1s unlikely
to be any problem of invertibility. The N/ should therefore be interpreted as a maximal
rate.

Note that in constructing the matrix I' we use a similar estimator to that of White
(1980) for heteroskedastic regression models. As in the regression case this estimator may
be improved on by use of the jackknife estimator proposed by MacKinnon and White
(1985). This does not affect the consistency of the estimator but is likely to improve the
finite sample performance of the estimator.

The equivalent result for the model with homoskedastic discrete component is given
in Corollary 3 below where the only difference lies in the estimation of the S; matrix.
Define the estimator of the S3 matrix by

R N 1 . A R .. ,
53 = FN(Z - PISZ))ID;;_'\'l(/\'{DQ_Xl)_I_X{Dg(Z - PE3Z) (468)
1

and define

~

Vo = (A1) Sy + S3)(4;)™? (4.69)

Corollary 3: Under the conditions of Theorem 5, and with the assumplion of a

homoskedastic discrete part, then the result of Corollary 2 holds and

Vo = Vi + 0,(1).

4.7 Specification Tests

This section considers two forms of specification tests based on the estimator developed in

this chapter. Both tests are of the Durbin-Wu-Hausman form and compare the estimator

\
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of this chapter to other estimators which are generally preferable under certain restric-
tions due to improved efficiency. The metric of comparison is the variance-covariance
matrix of the difference of the estimators so the tests will have a x? limiting distribution
under the respective null hypotheses. The value in performing the test is that under
the null the two estimators should have the same limit (the true value), while under
the alternative the estimator developed in this chapter will converge to the true value
while the alternative estimator will not in general. Thus, the tests may be considered
consistency tests on the alternative estimators, where it is the case that the alternative
estimator is that which is generally used in practice.

Since in our case the alternative estimator need not be the MLE (and may include the
two-step estimation method of Heckman (1979) which is not efficient) the simplification
of the variance-covariance matrix noted by Hauéman (1978) is not generally applicable.
This simplification relies on one estimator being asymptotically efficient (in the sense that
it attains the Cramer-Rao lower bound), in which case Hausman (1978) has shown that
1t must be uncorrelated with any other consistent and asymptotically normal estimator.
This greatly simplifies the computation of the covariance matrix of the difference between
the two estimators. This will not generally be the case here, so that one must deal with
the correlation between the two estimators in forming the variance-covariance matrix.
This 1s not overly difficult, however, as can be seen by the various applications of this
testing framework proposed by White (1980a), for example. In particular, if one can

show that two estimators, say b, and b,, satisfy
b1 = Wéul + Op(].)

b2 = VV;UZ + Op(l)

where W, are non-random matrices, and u; are random error terms, then the variance-

covariance matrix of the difference between b; and b, can be found provided that one
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can find the covariance between u; and u,. This will be the case with the estimators
considered in this chapter.

In addition, there may be a number of alternative estimators and the tests will be
developed for the most commonly used ones only. The two forms of mis-specification
dealt with are sample selectivity bias (which is only relevant in the case of the bivariate
sample selection model) and a test for heteroskedasticity in the latent model (which can

be performed in the case of both types of models considered in this chapter).

4.7.1 A Test for Sample Selectivity Bias

A common test in empirical applications of the bivariate sample selection model 1s for
selectivity bias. In the homoskedastic case, this is done by performing a t-test on the
estimated coefficient of ), in the second step regression. Since in this case the coefficient
is 22 the test corresponds to a null hypothesis that o1, = 0, and this being the case one
may use OLS without the correction term, since it will then yield consistent and efficient
estimates of the 8, parameters.

There are two reasons why this form of test (a Wald type test of 1o = 0) will not
be proposed. The first relates more generally to why such a test is of interest in any
case. The second reason will have to do with the nature of this type of test in the
heteroskedastic case.

In both the heteroskedastic and homoskedastic cases, the fact of o1 # 0 1s insufficient
for the parameters 5, to be biased by the neglect of the A, regressor in the second stage
regression. In particular, if A, is uncorrelated with the other regressors then no bias
will be evident, so if one is mainly interested in obtaining “good” estimates of [ then
the OLS estimator may be preferred — even if there is a small correlation then OLS
may even be preferable on a MSE criterion. Of course, if the main concern is to obtain

estimates of the E(y,|y; = 1) then the correction term will be included in any case. This
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suggests that the use of a Durbin-Wu-Hausman type test may be of use since it examines
directly whether the exclusion of the correction term causes significant bias (or change)
in the parameter estimates for the 3, vector. Such a test would be based on testing
the significance of the difference of the estimates obtained when the correction term is
included and when it is not.

The second reason why a Wald type test may not be advisable has to do more specif-
ically with the nature of the model in the heteroskedastic case. The null in this case
would be o12(z3) = 0 or in the context of the notation and form of the model as devel-
oped in this chapter, Hy:g(z3) = 0. The null, therefore, requires that the function be
identically 0. In the instance where we know the parametric form of g up to a finite
number of parameters, one could write the null as a test involving restrictions on these
finite parameters that ensure that g is 0. Standard Wald type tests would be applicable
as there would be a finite number of restrictions, and the parameter estimates themselves
would be asymptotically normal with the usual rate of convergence. The more general
nonparametric case is more problematic. First, tbhere 1s the problem that the number of
parameters in the g function is not known and the épproximation involves an increasing
number of parameters. So even if one could ascertain the distribution of each parameter
(and the results of this chapter do not deal with this problem) then one has the problem
of testing an increasing number of restrictions, where there is no bound to the number.
To consider this difficulty more closely, suppose that one were able to observe the true

value of 8. Then a natural estimator for g would be given by
g = Py (w—28,) = P.,£ _ (4.70)

(where the restriction g = 0 has been imposed). Using the nature of the P,, matrix one

may expect that a test statistic of the form

W = ¢'0(U'T)P¢ (4.71)
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could provide the appropriate form of the test. The degrees of freedom, however, are
unbounded since the dimension of ¥ increase with the sample size.

One alternative to this type of procedure would be to consider a finite number of
the functions in ¥. In this case, a Lagrange Multiplier (LM) type test could be con-
structed where the ¢ could be replaced by the estimated values from OLS, which are
consistent under the null hypothesis. Thus, one ié testing whether the OLS residuals are
uncorrelated with the candidates z3. This type of conditional moment testing procedure
has been surveyed and developed by Pagan and Vella (1989). The situation here, how-
ever, involves an infinite number of conditional moment restrictions. Alternatively one
could pick a finite number of points in X2 space at which to evaluate the g function and
use the results of Andrews (1988, 1989d) to obtain an appropriate test statistic. These
procedures are likely to possess some power, but are not entirely satisfactory since they
do not test the entirety of the null hypothesis and there is likely to be some degree of
arbitrariness in the selection of moment conditions.

These two factors make it seem preferable to construct a test of the null Hy:g = 0
based on the consequences for 8, estimators, of violations of the null. A natural compari-
son is between the 3, estimator developed in this chapter and an OLS (or more generaﬂy
some weighted least squares (WLS)) estimator, denoted ﬁ;" ). Although we have allowed
quite general heteroskedasticity we will not rule out the possibility of obtaining an efficient
estimator. The main test result, however, will not be developed under this assumption

Note that recent work by Robinson (1988) and White and Stinchcombe (1989) has
shown that efficient estimation in the heteroskedastic regression model is possible under
quite general conditions — in our case since the residuals are maintained to be normally
distributed, such an estimator will attain the Cramer — Rao lower bound which will make
the test statistic developed in this section somewhat simpler than it appears, due to a

simplification noted by Hausman (1978). We can write the two estimators for comparison
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m the useful form

/N (B — = -1—X’WX ’1LX’W +0,(1
V 1()82 62) (Nl 2 2) \/ﬁl 2 3 P()

= 4, B¢ + 0,(1) (4.72)

and

VNiBs = ) = JNi((Z = T)(Z = T3))"M(Z = T)' D + o0p(1)

= A,BLE + o(1) (4.73)

where W is a matrix of weights and the simplifictaion in 3, arises from Theorem 3 and
the fact that under the null g = 0. The rationale for considering a test statistic based on
the difference between these two estimators 1s that if g = 0 then the estimators should
have the same probability limits (82) whereas if g # 0 then the estimators will have
different limits. A significant difference will be interpreted as evidence that the exclusion
of the correction term results in selectivity bias or some other form of mis-specification.
The following result provides the basis for such a test

Theorem 6: Under Hy:g = 0 and gwen the conditions of Theorem 5,
Ni(B = Bo)'Viz (B8 — B2) = x*(d2)
where \j’n 15 a consistent estimator of Vi, which is given by
plimA4,; BB A; + A;B,T' By A,

— A, BITB, A, — A, BiT B, A,

which is assumed to be a finite positive definite matriz.
A consistent estimator for Vi, can easily be obtained by replacing unknowns with

estimates and population moments with averages as was done previously. There are also
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a number of alternatives that can be used. One which is guaranteed to be positive definite

1s given by using an estimator for A; given by
R | R
‘41 = (—‘-/\21/‘/./\2) (474)
Ny

1
VN

where W are possibly estimated weights, and for the second estimator

B! = X (4.75)

s = (- (2~ Pu2)(Z - P 2)) (4.76)

N 1 . N
B, =——(Z—-P,,Z)D 4.77
2 \/7\7;( 3 ) 3 ( )

while the variance-covariance matrix of £ can be estimated

I = diag{€?} . (4.78)
I? = diag{£3} (4.79)
M2 = diag{élél} (4.80)

where the matrices are used respectively in the first, second and last two terms in V1».
(We ignore the need for consistency results as they follow from Theorem 5 and work
in White (1984)). The weights appearing in the first estimator may be any weights
(any quasi-Aitken estimator), however in the situation where one is able to compute
the asymptotically efficient estimator of White and Stinchcombe (1989) the variance-

covariance matrix appearing in the test may be written as
Vi = pimA4,B,T' B, Ay, — AV (4.81)

where AV is the Cramer-Rao lower bound, and this is positive definite although it is
difficult to see how one could ensure an estimator in finite samples was positive definite

without using the more complicated form above. The test based on the efficient estimator
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may be expected to be more powerful (asymptotically) than the more general WLS
test, although the relative performance of any of these tests in finite samples 1s open to

question.

4.7.2 A Test for Heteroskedasticity

Similar principles point to the possibility of a test for heteroskedasticity in both sample
selection and Tobit models, based on the estimator developed in this chapter. In this case,
the null hypothesis of homoskedasticity not only imposes a restriction on the g function,
but also imposes a restriction on the A; function. That is, it depends on z, via z,(3; only.
This makes a Wald type test problematic. The same principle of a conditional moment
test as discussed in Pagan and Vella (1989) is applicable in this case. Since violation of
the hypothesis of homoskedasticity causes mis-specification of the conditional mean of
y2 one would expect that a test could be constructed using the residuals from the model
estimated under homoskedasticity. In particular, the null of homoskedasticity would
require that these residuals be uncorrelated with any function of ;. As in the case of
a test for selectivity bias there is some degree of arbitrariness in the selection of these
conditions and it seems unlikely that such a test would be powerful against all forms of
heteroskedasticity. As mentioned in the previous section, a fully robust procedure would
be based on an increasing number of such moments (although it is difficult to see how
such a procedure could be very powerful in practice).

This suggests that a Hausman type test may have some merit since it will be based
on the prenuse of the null being rejected only when allowing for heteroskedasticity makes
a difference in practice, and testing whether the consistency of the estimator is question-
able. Such a test would be based on the difference between the preferred estimator under
the null and the heteroskedasticity robust estimator developed in this chapter. The pre-

ferred estimator may be either the two-step estimator or the MLE. As noted easlier, this
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will generally mean the MLE for the Tobit and the two-step estimator for the sample
selection model. As noted previously when the preferred estimator i1s the MLE, the test
statistic may be somewhat easier to compute. Here we develop the test for the case where
the preferred estimator is the two-step estimator.

In this case, the second stage regression will have the form

012

(A —A) (4.82)

G0 ~
Yot = T2 + -2 Ap+ &+
02 o}

where A, is estimated using the homoskedastic estimator developed in Section 5. Since
the test will be based on the (3, estimates, we are only interested in this part of the

parameter vector and since under the null any weighted least squares estimator of the

above 1s consistent a useful weight could be /\i in which case the regression equation

t
becomes

. o A _5\
wt:ztﬁz—%——lz—}éi.;gl_z(_fﬂ__i)
02 At e3)] A!

(4.83)

which 1s similar in form to the heteroskedastic model. The estimator in this case may be

written as

B2 =((Z - E(2))(Z - B(Z)) (2 ~ B(2))( — E(«)) (4.84)
where )
E(Z) = L"T'v? - (4.85)

which are the averages of each of the regressors. This is similar in form to @,. From
Theorem 4 we know that these estimators can be written under the null as

VMoo = 8) = (3 (2 = T)'(2 - 1) (4.86)

1

( 1
VN

((Z - T3)D3'€ +v'GD3' DsLe) + op(1)

= Ay(BiuE + Blye) +0p(1) (4.87)
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where 77 = Z in the case of the Tobit model, and
. 1 , B
VMG = B2) = (5 (2 = BQ2)(Z - B(Z) (4.85)
1

(L
VN,
(Z — E(2))'GDsX1(X!D;X1)"* X, D5 Dge) + 0,(1)

((Z - E(Z)D3 ¢+

= Ag(Bly€ + Blye) + op(1). (4.89)

using the expansion for B, given 1n Section 5. Note that the values in these representations
are the true values under the null so that G is proportional to the identity matrix. Using
the fact that £ and e are uncorrelated vectors we now have the following test of mis-
specification.

Theorem 7: Under the null that the underlying model 1s homoskedastic, and gwen

the conditions of Theorem /,
N1(B2 = B2)(Vis) ™} (B2 = B2) — x*(d2)
where \;’13 15 a consisient esiz’mator of the variance-covariance matriz Vi3 given by
pimA, (B I'By1 + B3y Byy)A; + Az(Bsu IT'By +> B3, B3y) A3

—4,(By, B3y + ByyQBsy)As — Az(By, T'Bay + B3, 0 Bas) Ay

which 1s assumed to be positive definite.

As in the previous case, all one is required to do is to obtain a consistent estimator
for the variance-covariance matrix, which can easily be done by replacing unknowns with
consistent estimates. Also, one may obtain an estimator that is bound to be positive
definite.

Again, if the preferred estimator was the MLE then the test would have the form

N(Bs = Bo)' (Vo — VMEEY-Y(3, _ ) (4.90)
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where the covariance matrix is somewhat easier to compute although it may not be
positive definite in finite samples. This may be the desired form of the test in the case of
the Tobit model. As noted above, this form of the test 1s hikely to hba.ve power against quite
arbitrary forms of heteroskedasticity, at least to the extent that such heteroskedasticity
causes inconsistency. In addition this form of the test may be powerful against other
forms of mis-specification.

As noted earlier, one of the advantages of obtaining RNCAN estimators for these
models 1s that they allow the construction of tests of mis-specification of the sort con-
sidered here. Not only does one have a relatively simple estimator to use in the event
of model failure, but one also has a relatively nice form of test of model adequacy based

directly on the consequences of mis-specification for the parameters of interest.

4.8 Conclusions

In this chapter, we have developed two-step estimation procedures for both the sample
selection model and the Tobit model, when there is heteroskedasticity of unknown form in
the latent errors. The estimators were shown to be consistent and asymptotically normal
un'der fairly mild regularity conditions. In addition, estimation of the covariance matrix
was considered along with specification tests for heteroskedasticity and selectivity bias.
One of the nice features of the estimator is the ease of computation being solely based
on regressions. A useful result regarding the distribution of averages of nonparametric
estimates was developed and used to find the distribution of the second stage estimator,
where the problem of pre-estimation error must be dealt with.

Compared to the MLE developed in Chapter 3 the estimator differs in a couple of
ways. First, the identification of the model réquires that some restrictions must be satis-

fied by the data generating process. In the case of the Tobit model, this was simply that
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at least one of the variables in the mean of the latent variable not appear as an argument
of the variance function. Such restrictions were not required to identify the model in the
case of the MLE. Another difference is that in the case of the two-step estimator we do
not have to worry about the variance-covariance matrix being positive definite, which 1s
required for the MLE method to be well defined. Also the two step estimation method
1s likely to be somewhat easier to compute in practice. This is evidenced in the Monte

Carlo experimentation that appears in Chapter 5.



Chapter 5

Small Sample Properties

5.1 Introduction

In this chapter, we examine the small sample properties of the estimators developed in the
preceding chapters. There are a number of reasons for doing this. First, the arguments
used to justify the use of the estimators have been asymptotic in nature and in no way
guarantee that the estimators will have any merit in samples of the size typically used
in practice. Second, the consistency results rely on being able to increase the number
of terms in the approximating functions with the sample size. Although in practice a
sample size will be forced on an applied econometrician, the number of terms in the
approximating functions 1s a choice vanable, so it will be useful to see what number of
terms may be required in some simple situations to make the estimators perform well.
As in most simulation work, simple models will be employed and it should be stressed
that we make no attempt to examine every possible aspect of the performance of the
estimators. Also, we make no attempt to choose the optimal number of terms in the
approximations. The experiments will be conducted using a few different number of
terms (truncation parameters) which will be chosen a priori and could be related loosely
to the asymptotics. One interesting thing to consider is how well a simple quadratic
approximation performs and whether there is much need to add on the Fourier terms.
The simulation work also gives some guide as to parameterisation of the variance

function, which is obviously useful for practical purposes. In particular, in the case of

80
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the MLE estimator, it is required that the variance function be restricted to be positive
and the parameterisation should be chosen so that this will be true, plus it should be
such that the estimator is relatively easily computed (i.e., convergence is quick and
no numerical problems arise). In addition, the ease with which the estimators can be
computed will be brought out. For example, standard packages that have nonlinear
optimisation routines will be sufficient to compute the estimators. There is in fact no
need to program the derivatives (provided that the package has reasonable facilities for
computing the derivatives as in SHAZAM and TSP).

The chapter has four remaining sections. In Section 2 we consider the Probit model
and compare the usual MLE with the heteroskedasticity adjusted MLE in Chapter 3.
Section 3 deals with the Tobit model and compares the usual Tobit MLE with the het-
eroskedastic MLE of Chapter 3 and the two-step estimator of Chapter 4. Finally, we
consider the sample selection model and compare the usual Heckman two-step estimator
with variants on this developed in Chapter 4. We do not examine the performance of the
MLE in this case due to the fact that it is somewhat more expensive to compute than the
other MLEs. In addition, as noted by Newey, Powell, and Walker (1990) the likelihood
function in this case may be ill-conditioned making it somewhat difficult to perform a

simulation exercise using it. Finally, in Section 5 we summarise the main findings.

5.2 Probit Model

In this section, we consider the Probit model and compare the performance of the usual
(homoskedastic) MLE with the heteroskedastic MLE proposed in Chapter 3. The model

we consider is based on the following equation for the latent variable

Y, = a+ bx, + uy (5.91)
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where we assume that the z; are independent \and uniformly distributed on (0.1,6.1)
which ensures that that they are contained in the (0,27) interval required for the use
of the Fourier series approximation. We assume that a = —3 and & = 1 so that ap-
proximately one half of the observations on the latent variable y~ will be positive. The
discrete dependent variable is determined according to the rule y, = I(y; > 0). The la-
tent residuals will be generated as independent normal random variables with mean zero
and variance given by o?(z;) where o varies across the different experiments. Assuming
that we proceed to estimation assuming that the standard deviation of u, is given by
f(z;) then the contribution to the likelihood for observation ¢ is

y.log & (“;E:t‘;‘) +(1 - y)log (1 oy (Ejj(rm—lzm)‘)) (5.92)

Obviously, in the standard case f is assumed constant. In the heteroskedastic case, we

must substitute in an approximation based on the arguments of Chapter 3. When doing
this the approximating function must be kept away from zero. One way that seems to

work well computationally 1s to let

Flee) = (L b95(e)) (5.93)

where the §; are parameters that will be estimated along with ¢ and b, and ¥;(z,;) are
the basis functions, or the functions that comprise the Fourier Flexible Functional Form

(FFF), discussed in Chapter 3. Since the z; are scalars these functions will be (in order),

1,z,z°, sin(z), cos(z), sin(2z), cos(2z), .... (5.94)

As noted in Chapter 3, some normahisation of the coefficients a and b will be required to
identify the parameters. The normalisation used in chapter 3 may not be easy to impose
computationally, but an equivalent normahisation can be imposed by restricting one of the

coefficients in the likelihood to a particular value. There are obviously many alternatives,
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but the one chosen, and which resulted in the quickest convergence was to restrict b =1
and fo maximise over a and the 6; parameters. To make the results comparable across
the different experiments we normalise the resultant estimates so that they he on the
unit circle (z.e. a® 4+ 5% = 1 holds), and then compare these for the different estimators
Note that the true values of a and b correspond to values of —0.94868 and 0.31623. The
exponential parameﬁrisation suggested in Chapter 3 was also tried and although it gave
sensible results most of the time there were instances when the optimisation procedure
failed due to exponential overflow. The parameterisation chosen here was better behaved.

In all the experiments apart from the above data generating process, we also keep
constant the sample size, which 1s 200, and maintain the same set of z, variables across
all experiments. There are 500 replications 1n each experiment. We conduct five different
experiments, one for each different assumed o(z;) and compare the bias, standard devi-
ation and quartiles for the different estimators. The variance functions will be chosen
so that the average variance i1s constant across the experiments. The variance functions

that we use are:

(2) *(z) = cyxa?
(3) o*(z) = caexp(0.1z)exp(exp(0.1z))
(4) (&) = csexp(—a)explexp( )

(5) o*(z) = cs(5(z - 8)" +1)

where the constants are chosen so that the average variance in all experiments is 1. This is
done because in LDVMs the performance of the estimators depends on the magnitude of
the scale parameter (the o). This enables one to be able to attribute whatever behaviour
1s observed for the different estimators, to the fact of changing variance function, as

opposed to changing scale. These functions are chosen because it is easy to impose the
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No. of Terms Measure Exp2  Exp3 Exp4  Expb

1 Ly 2.6 0.01 0.59 0.65
Lo 74 0.19 1.6 1.5

3 L, 0.5 0.00 0.0005 0.147
Ly 4.0 0.0001 0.066 0.723

S L, 0.17 0.00 0.00001 0.023
Lo 24 000002 0.013 0.371

Table 5.1: Approximate Specification Errors - Probit

constant average vanance assumption and because they correspond to different types of
heteroskedasticity. The first is homoskedasticity which is used to give some idea of the
cost of using the estimators when the usual Probit estimator is valid. The second and
third correspond to increasing functions of z, the fourth is a decreasing function of z,
while the fifth is not monotonic. To gain some idea of the extent to which the FFF is
capable of approximating these functions, we provide, in Table 5.1, different measures
of fit for the four heteroskedastic experiments and three different approximations used.
Since the normalisation 1s such that :/—1; 1s approximated by the FFF, we regress these
values on the terms in the FFF to see how well the FFF fits. Two measures of fit are
provided. The first, denoted by L, is the mean squared error, while the second, denoted
Lo, 1s the maximum difference in the sample, of the function from the corresponding
FFF approximation. These measures are computed for the three cases considered in the
experiments below.

The rows corresponding to one term can be loosely interpreted as measuring‘ the
degree of heteroskedasticity, while the other rows give some indication of how well the
FFF fits and hence the degree of mis-specification. As one would expect the FFF fit

improves as more terms are added using either measure.
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In each of the five experiments, we consider the properties of the following three like-
lihood based estimators which are all contained in the general likelihood above. Accord-
ingly we identify each estimator with value of K. The first is the usual Probit estimator
denoted by K = 1. The second is based on a quadratic approximation, and is denoted
K = 3. The two other estimator corresponds to K = 5. Because the optimisation be-
comes increasingly time consuming the more terms that are included, we neglected any
further estimators. The estimators are computed using the Newton-Raphson algorithm
m TSP, which uses analytic derivatives. The number of iterations to convergence is gen-
erally two to three times the number that are usually required in the ordinary Probit

estimation. The results are contained in Tables 5.2 to 5.6.



Chapter 5. Small Sample Properties

Estimator Variable Bias SD LQ Median UQ
MLE one 0.00012 0.00450 -0.95151 -0.94832 -0.94535
z 0.00006 0.01341 0.30762 0.31732 0.32606

HMLE3 one 0.00045 0.00738 -0.95255 -0.94859 -0.94375
z 0.00053 0.02190 0.30440 0.31652  0.33066

HMLES5 one 0.00101 0.00765 -0.95310 -0.94820 -0.94234
z 0.00230 0.02271 0.30266 0.31768  0.33466

Table 5.2: Probit experiment 1

Estimator Variable Bias SD LQ Median UQ
MLE one -0.00069 0.00252 -0.95114 -0.94934 -0.94776
z -0.00216 0.00761 0.30876 0.31425 0.31899

HMLE3 one 0.00013 0.00446 -0.95244 -0.94824 -0.94491
' z 0.00009 0.01340 0.30471 0.31756  0.32732
HMLES3 one -0.00017 0.00473 -0.95302 -0.94896 -0.94523
z -0.00089 0.01423 0.30292 0.31540  0.32640

Table 5.3: Probit experiment 2

Estimator Variable Bias SD LQ Median UuQ
MLE one -0.00041 0.00395 -0.95557 -0.95312 -0.95021
z -0.00130 0.01230 0.29477 0.30258 0.31160

HMLE3 one -0.00005 0.00630 -0.95184 -0.94782 -0.94240
r -0.00050 0.01848 0.30611 0.31882  0.33449

HMLES5 one -0.00024 0.00704 -0.95437 -0.94931 -0.94529
z -0.00110 0.02104 0.29863 0.31433 0.32624

Table 5.4: Probit experiment 3
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Estimator Variable Bias SD LQ Median UuQ
MLE one 0.01260 0.00459 -0.93922 -0.93643 -0.93312
z 0.03500 0.01215 0.34331 0.35086  0.35956
HMLE3 one 0.00099 0.00333 -0.95013 -0.94796 -0.94574
z 0.00280 0.00985 0.31860 0.31840 0.32493
HMLES one (.00034 0.00460 -0.95277 -0.94969 -0.94659
z 0.00130 0.01345 0.30525 0.31318 (.32243
Table 5.5: Probit experiment 4
Estimator variable mean SD LQ Median UQ
MLE one -0.00420 0.00343 -0.95521 -0.95309 -0.95074
z -0.01300 0.01076 0.29594 0.30268 0.31000
HMLE3 one -0.00112 0.00223 -0.95100 -0.94975 -0.94854
z -0.00346 0.00700 0.30920 0.31301 0.31666
HMLES5 one -0.00102 0.00424 -0.95028 -0.94884 -0.94721
z -0.00337 0.01331 0.31139° 0.31576 0.32061

Table 5.6: Probit experiment -5
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The resulté indicate that the estimators that correct for heteroskedasticity do reduce
the bias relative to that of the usual Probit estimator. In all the heteroskedastic cases
(experiments 2 to 5) the bias is significantly (at the 0.01 level) smaller for both the
heteroskedastic MLEs. In experiment 3 and 4 the estimator based on five terms is signif-
icantly (at the 0.01 level) less biased than the quadratic approximation. In experiments
2 and 5, HMLE3 and HMLE5 do not have signicantly different biases. In experiments
2 and 3, the bias reduction comes at the cost of a loss of efficiency, with the standard
deviation being slightly less than twice as big as in the ordinary Probit case. In ex-
periments 4 and 5, however, the estimator based on a quadratic approximation is less
biased and more efficient than the usual Probit estimator and the estimator based on five
terms 1s only slightly less efficient than the Probit MLE. These results indicate that the
need for some method of choosing the number of approximating terms may be useful.
With regard to the effect of heteroskedasticity on the Probit estimator it seems that
the increasing function (experiments 2 and 3) result in an downward biases in both the
coeflicients. The decreasing variance function results in biases in the opposite direction.
The use of HMLE3 and HMLES5 in homoskedastic situations may be costly, as one might
expect, although only estimates based on HMLE5 are significantly biased. The order of
the biases are small in the experiments but are statistically significant (at the 0.01 level)
in all cases except the first. The small order of the biases is obviously related to the
experimental design, but it is noticable that the degree of bias did not seem to be related

to the degree of mis-specification, as measured in Table 5.1.

5.3 The Tobit Model

In this section, we compare the performance of the usual (homoskedastic) MLE with the

heteroskedastic MLE of section 3 and the two step estimator of section 4. In light of the
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identification conditions needed for the two step estimator, the simplest specification of

the model is given by

Yy, = a+bxy +cz + uy (5.95)

where u; are independent normal random variables with mean zero and variance given by
some function of z;, o(z;)’. The z, and 2, are independent, uniform random variables on
(0.1,6.1), and the parameters will be fixed at (—6,1,1) so that approximately one half
of the observations will be censored, with the observed dependent variable given by the
rule y; = max{0,y; }. Writing in shorthand the mean of the latent variable as p, we can
write down the contribution to the logarithm of the likelihood function when the square

root of the variance function is approximated by the function f(z,) as

L = (1 I(y; > 0))log @‘(fé;’t» +1(y; > 0)log (f(iy(y}@j‘ )) (5.96)

In the homoskedastic MLE case, the function will be a constant, and in the heteroskedas-
tic case we will use the approximation based on
K
f(ze) = exp (Zl 9j¢j(mt)) (5.97)
i=
where the 1; functions are as in the Probit case. As in the Probit case, we distinguish
different MLEs by the number of terms used to approximate the variance function. For
the experiments we use the shorthand HMLEK where HMLE denotes the fact that it is
the heteroskedastic MLE and the K denotes the number of terms in the approximation.
We perform the experiments for K = 3 and K = 7 due to the cost of computing the
MLE in a Monte Carlo experiment. The homoskedastic MLE corresponds to K = 1, but
1s denoted MLE.
To compute the two-step estimator we need to define the qualitative variable v, =

I{y; > 0). The first step in the computation of the two step estimator regresses v; on
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the FFF constructed from the variables z and z as in
K,
= Z 8 ;(z1,2,) + error (5.98)
1=1 ’
where the ¢ functions are constructed using the algorithm described in Gallant (1981):the
first five consist of 1,z, 2,22 2%, 2z and correspond to the quadratic part of the FFF; next

there are the trigonometric functions of the form
sin(k,z + k.z),cos(kzz + k.z)
where the k., k. are constructed using Gallant (1981), the first few being
(1,0),(0,1),(2,0),(0,2),(1,-1)....

The terms are ordered by the index formed by |k, | + |k.|, and since these will give groups
of increasing size we ensure that the estimators are computed using all the terms up to
.a specific group.

Denote the predicted values from this regression by v,. As noted in the Chapter 4, we
must censor these values to ensure that they are between 0 and 1. This is done using the
rule in Chapter 4 where the value of § is 0.01. As noted in Chapter 4, this is somewhat
arbitrary. As this value gave estimators that performed fairly well, no experimentation
with different values was done. Denote the censored values by v,. In the second stage,

we transform these values to create the analogue of the inverse Mills ratio by

}ﬁzﬂgjﬂﬁ (5.99)

Uy

In the second stage the following regression is performed using the observations for which

¥y > 0,

Yt
- =a— +b—— +c L 624, (z ) + error 5.100
RS VRS VRS Y Z k(e (5.100)
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where the ¥, functions are as above. We denote the different estimators in this case
by TK1, K2 where T signifies that it 1s a two step estimator and K1 and K2 give the
number of terms used in the approximating functions.

In all experim.ents, we use 200 observations and perform 250 replications due to the
cost of computation. As before, the variance functions used in the five experiments are

given by:

(1) o*(z) = 10
(2) o%(z) = ez
(3) 0%(z) = ecsexp(0.3z)exp(exp(0.3z))
(4) 0%(2) = csexp(—2)exp(exp(—a))

(5) *(z) = cs(5(z~3)"+1)

The constants are chosen so that the average variance in all the experiments is about
10. Again, to gain some idea of the specification errors involved and the ability of the
FFF to approximate these functions, we compute measures of fit analogous to those in
Table 5.1. We do this for two normalisations. The first, which is used for the two-step
estimators, recognises that o appears in the regression function in the second step. The
second, relevant for the MLE based estimators recognises that we are implicitly trying

to approximate logo.
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No. of Terms Measure Exp2 Exp3 Exp4 Expd

1 L, 9.9 48.7 47.2 37.9
L 7.7 7.9 22.6 15.3
3 L, 0.05 0.33 1.7 0.05
Lo, 0.95 2.5 5.1 0.56
7 Ly 0.0013 0.003 0.020 0.007
L 0.17 0.21 0.48 0.21
11 L, 0.0001 0.0001 0.009 0.0004
Ly 0.07 0.044 0.12 0.045

Table 5.7: Approximate Specification Errors - Tobit, o

No. of Terms Measure  Exp2 Exp3 Exp4 Expb

1 L, 0.17 0.93 0.88 1.02
Lo 1.5 2.01 1.9 1.5
3 Ly 0.0083 0.00056 0.00067 0.109
L 0.47 0.076 0.091 0.79
7 L, 0.00047 0.0 0.0 0.00083
: L 0.12 0.003 0.006 0.08

Table 5.8: Approximate Specification Errors - Tobit, log o
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All estimators were computed using SHAZAM which uses numeric derivatives and
the algorithm of Davidon-Fletcher-Powell to compute the MLEs. The main stumbling
block in computing the two-step estimator was in obtaining the inverse of the Normal cdf.
SHAZAM was used because it allowed easy calculation of the inverse while TSP did not.
Convergence in the MLE computations generally took two to three times the number of
iterations usually required for the homoskedastic Tobit MLE. Note that we also computed
the Heckman two-step estimator to enable some sort of comparison between the MLE

and this estimator. It will be denoted Heck in the tables. The results are contained in

Tables 5.9 to 5.13.
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Estimator Variable Bias SD LQ Median UQ
OLS one 5.772 0.773 -0.T71 -0.155 0.332
z -0.524  0.142 0.368 0.471 0.577
z -0.519  0.153 0.379 0.480  0.591
MLE one -0.088  0.887 -6.707 -6.05 -5.455
x 0.017 0.156 0.904 1.018 1.130
z 0.008 0.179 0.889 1.005 1.131
HMLE3 one -0.592 1.343  -7.464 -6.590 -5.585
z -0.113 0.204 0.768 0.903 1.030
z 0.233 0.337 1.035 1.288 1.453
HMLE?7 one 0.088 1.026  -6.631 -5.795  -5.135
z -0.019 0.186 0.854 0.985 1.094
z 0.001 0.187 0.875 0.990 1.137
Heck one 0.282 7.787 -10.228 -5.341  -0.816
z -0.026 0.745 0.506 0.902 1.423
z -0.032 0.721 0.524 0.939 1.329
T6,3 one -1.216 43.565 -25.447  -6.374 11.453
z 0236 4488 -0.424 1.021 2.810
z  0.031 4.014 -0.731 1.033  3.255
T10,7 one 1.851 31.565 -19.878  -2.434 12.150
z -0.023 3.667 -0.755 0.831 2.771
z -0.232 2706 -0.533 0.579  1.998
T18,11 one 3.027 19.174 -11.216 -1.765 6.974
z -0.102 2.442 -0.337 0.779  1.917
z -0356 1.750  -0.208 0.577  1.560

Table 5.9: Tobit experiment 1
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Estimator Variable Bias SD LQ Median UQ
OLS one 4.564 0.937 -2.074 -1.401 -0.766
z -0.152  0.166 0.738 0.843 0.973
z -0.544  0.169 0.348 0.450  0.565
MLE one -2.186 1.117 -8.847  -8.115 -7.432
z 0409 0.193 1.283 1.411 1.544
z 0.095 0.200 0.950 1.095 1.236
HMLE3 one -1.668 1.473 -8.559  -7.609 -6.792
x 0.066 0.217 0.923 1.084 1.215
z 0314 0.327 1.155 1.316  1.519
HMLE7 one -0.099 1.096 -6.355  -5.838 -5.160
z -0.041 0.192 0.819 0.948 1.094
z 0.007  0.195 0.881 0.990 1.134
Heck one 1.772  9.238 -11.279  -4.942 0.765
¢z 0.197 0.871 0.635 1.190  1.755
z -0.213  0.849 0.218 0.753  1.293
T6,3 one 2.052 48.138 -22.590 -2.505 14.500
z -0.163 2.748 -0.252 1.027  2.530
z -0.269 5639 -1.617 0.514  2.555
T10,7 one 2.248 33.259 -16.602 -3.742 11.184
z 0.093 3.092 -0.039 0.908  2.456
z -0.321 3979 -0.819 0.469 1.933
T18,11 one 4.023 21.732 -9.286 -1.614 8.479
z -0.163 2748 -0.150 0.805 1.899
z -0.408 2.328  -0.430 0.552  1.421

Table 5.10: Tobit experiment 9
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Estimator Variable Bias SD LQ Median UQ
OLS one 0.238 1.373 -6.722  -5.819 -4.882
z 0.663 0.255 1.491 1.651 1.832
z -0.396 0.198 0.465 0.600 0.731
MLE one -5.312 1599 -12.238 -11.195 -10.169
z 0.876 0.283 1.672 1.847 2.069
z 0.396 0.205 1.256 1.385 1.521
HMLE3 one -0.327 0.768 -6.769  -6.291  -5.823
z 0.023 0.114 0.936 1.026 1.108
z 0.055 0.128 0.977 1.042 1.127
HMLE7 one -0.071 0.843 -6.627 -5.974  -5.507
z 0.002 0.150 0.899 1.003 1.107
z 0.016 0.130 0.932 0.998 1.097
Heck one 1.555 8363 -9.779 -4.756 1.035
z 0557 0.700 1.148 1.548 1.988
z -0.541 0966 -0.179 0.500 1.081
T6,3 one -1.987 23413 -19.509  -5.909 4.858
z 0.678 1.453 0.860 1.513 2.503
z -0.132 3.627 -1.000 0.367 2.806
T10,7 one -0.295 17.690 -16.315  -6.073 5.300
z 0.856 1.408 0.855 1.771 2.717
z -0.526 2850 -1.259 0.373 2.160
T18,11 one 0.529 7.140 -9.777  -4.952  -1.229
z 0346 0.802 0.774 1.295 1.794
z -0.282 1.100 0.116 0.667 1.380

Table 5.11: Tobit experiment 3
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Estimator Variable Bias SD LQ Median UuQ
OLS one 6.776 1.009 0.099 0.836 1.482
z -1.107 0.177 -0.212  -0.107 0.012

z -0.396 0.103 0.536 0.612 0.677

MLE one 1.938 0.615 -4.454  -4.020 -3.636
z -0493 0.124 0.415 0.507  0.589

z 0.017 0.115 0.932 1.009 1.089

HMLE3 one -0.174 0.435 - -6.441 -6.1564 -5.889
z 0.008 0.078 0.944 1.009  1.060

z 0.029 0.043 0.997 1.030 1.056

HMLE7 one 0.004 0.373 -6.228 -5998 -5.729
z 0.004 0.067 0.954 0.994  1.040

z 0.002 0.041 0.971 1.003 1.030

Heck one -3.423 2.609 -11.150  -9.253 -7.509
z 0.005 0.328 0.789 1.000 1.216

z 0.623 0.239 1.437 1.614 1.758

T6,3 one 0.111 2.022 -7.472  -5.960 -4.476
z -0.023 0.291 0.772 0.989 1.216

. z -0.002 0.123 0.908 0.994 1.092
T10,7 one -0.013 1913 -7.389  -6.106 -4.752
z 0.000 0.295 0.817 1.024 1.223

z 0.002 0.121 0.922 0.993 1.076

T18,11 one 1.540 1.760 -6.500 -5.643 -4.621
z -0.110 0.321 0.752 0.931 1.065

z -0.005 0.079 0.943 0.994 1.043

Table 5.12: Tobit experiment 4
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Estimator Variable Bias SD LQ Median uQ
OLS one  4.850 1.27 -1.916 -1.020  -0.204
z -0.260 0.216 0.532 0.709  0.867
z -0.630 0.178 0.250 0.366  0.467
MLE one -1.250 1.187 -8.111 -7.178 -6.340
z 0.012 0.227 0.854 1.022 1.170
z 0274 0.183 1.149 1.277 1.385
HMLE3 one -0.05 1.008 -6.648 -5.918 -5.373
z -0.466 0.228 0.355 0.524 0.700
z 0.354 (.186 1.230 1.343 1470
HMLE7 one 0.037 0.478 -6.244 -5.916 -5.632
z -0.019 0.112 0.893 0.988 1.052
z 0.006 0.063 0.962 1.004 1.056
Heck one -6.79 6.296 -16.378 -11.939 -8.450
z 0489 0.489 1.166 1.472  1.764
z 0.848 0.802 1.296 721 2.335
T6,3 one -1.162 28.173 -19.244 -5.313 6.319
z 0.676 1.845 0.674 1.387 2.428
z -0.320 3.874  -0.993 0.438 2.536
T10,7 one -1.870 10.36 -12.306  -7.488 -2.325
z 0.680 1.269 0.938 1.536  2.320
z -0.185 1.429 0.016 0.825 1.630
T18,11 one -0.140 3.516 -8.307 -5.826 -3.866
z 0170 0.732 0.709 1.117  1.604
z -0.082 0.518 0.597 0.889 1.224

Table 5.13: Tobit experiment 5
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The results indicate that the heteroskedastic MLEs perform quite well under all forms
of heteroskedasticity. In particular the MLE based on K = T is generally significantly (at
the 0A01‘ level) less biased and more efficient than the usual MLE under heteroskedasticity
and 1s almost unbiased in most of the cases. The MLE based on a quadratic approxima-
tion generally performs well, but is usually inferior to the other heteroskedastic MLE. In
the homoskedastic case, there is some cost in terms of bias and efliciency loss in using
HMLE3 and, to a lesser extent, HMLE?Y.

With regard to the two-step estimators the efficiency loss is quite marked. Moreover,
in the cases where there is not substantial heteroskedasticity the heteroskedastic two-step
estimators perform quite poorly, as in experiments 1 and 2. The estimates of the inter-
cepts are particularly biased and variable, although T6,3 and T10,7 are not significantly
biased. The performance also varies quite a lot depending on the number of terms used
in the approximation. However, it seems that iilcreasing the number of terms reduces the
standard deviation, at least for the estimators considered here. One would hope that the
performance in such situations would improve in larger samples, and with more terms
added to the approximations. In the experiments with considerable heteroskedasticity
(3, 4 and 5), the heteroskedastic estimators generally improve the bias significantly over
the Heck estimator (especially in experiments 4 and 5). Curiously, however, the bias
reduction 1s more pronounced for the constant and the coefficient of z;, both of which
are poorly estimated by Heck. In experiments 3, 4 and 5, T18,11 estimator is just as
efficient as Heck. The T1811 estimator 1s not always the least biased of the two-step
estimators so that in practice some criteria for choosing the number of terms may be
useful. The performance of both the heteroskedastic MLE and the two-step estimators
1s encouraging. With regard to the nature of the bias in the MLE for the Tobit model,
it appears that as in the Probit case an increasing variance function causes a downward

bias of the intercept and an upward bias in the slope coefficients with the bias being
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larger for the coefficient of z (which is the variable in the variance function). A decreas-
ing variance function has the opposite effect on the intercept and coefficient of z and
little effect on the coefficient of z, while the nonmonotonic variance function seems to
influence the intercept and coefficient of 2z most severely. The bias in using Heck is not
always the same sign as that in the Tobit MLE, especially with respect to the effects on
the intercept and coefficient of 2. Unlike the Probit case, the degree of bias did appear

to be related to the degree of mis-specification as measured in Tables 5.7 and 5.8.

5.4 The Sample Selection Model

The simplest model that we can consider in which all of the identification conditions of

section 4 are satisfied is given by
Yy, = a + bz, + uy, (5.101)

Yy = C+dzy + ez + uy (5.102)

where the dependent variables that are observed are given by the relations

Y= ](y;t > O)y;t (5'103)
Y2 = I(yz > 0) (5.104)

and where the latent errors vuu and uy, are bivariate normal random variables with covari-
ance matrix that depends on some function of z;. The coefficients in the model are set
to {0,1,—6,1, 1} so that approximately one half of the observations will be censored and
hence one half “selected”. The correlation between the latent residuals will be set at 0.75
for all the experiments. As in the previous models, the z;, and z; variables are uniformly
distributed on (0.1,6.1), and are held fixed throughout the different experiments.

We compare the performance of the two-step estimator with that of the homoskedastic

two step estimator proposed by Heckman (1979). The homoskedastic two-step estimator
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1s computed in the usual way, by performing Probit estimation in the first stage using yo,
z, and z;. Then the inverse Mills ratio i1s constructed and used as a ‘regressor in the second
step regression, where for observations with y»; = 1, we regress y;;, on a constant, z; and
the mverse mills ratio. We also compute a weighted version of this estimator, where the
weights are the inverse of the inverse mills ratio. This 1s because the heteroskedastic two
step estimator is based on a similar weighting. These estimators will be denoted by H1
- and H?2 respectively. The hetleroskedastic two step estimators are computed in a way
that is very similar to the Tobit case except that in the second step regression the term
corresponding to the z, regressor is omitted. We compute three different heteroskedastic
two step estimators. The first, denoted by T°6, 3, is based on only the use of quadratic
approximations The next two denoted by 7710, 7 and 718,11 add on the denoted number
of Fourier terms (i.e., 710, 7 has four Fourier terms in addition to the quadratic terms
in each of the two approximations). In addition we compute an estimator which uses the
second step of the heteroskedastic estimator, but uses the homoskedastic inverse Mills
ratio. This estimator will be denoted by TP, 11, and is computed to see to what extent

the bias is due to the bias in the estimation of the first step.
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No. of Terms Measure Exp2 Exp3 Exp4d Expb

1 L, 9.9 49.6 38.7 37.8
Lo 7.7 18.4 16.8 15.3
3 L, 0.045 0.362 0.270 0.049
L 0.948 2.07 1.56 0.56
7 L, 0.0013 0.0008 0.0006  0.007
Lo 0.17 0.06 0.073 0.207
11 L, 0.0001 0.00002 0.00002 0.0004
L 0.069 0.017 0.015 0.045

Table 5.14: Approximate Specification Errors - Sample Selection, h

The number of observations is set at 200 and there are 500 replications. The errors are
generated by taking 1.1.d. Normal random pairs with correlation 0.75, and multiplying
them by a function of z;, denoted by h(z,), which is constructed so that the average
variance is roughly constant (as close to 100 as possible) across the different experiments.

The five h functions used are given by

(1) h(z) = 10

(2) ha) = e
(3)h(z) = erexplze)
(4) h(z) = esexp(~52)

(5) h(z) = ecqo(B(z — 3)* +1)V2

The constants are chosen so that the mean of the function (over z) is approximately 100.
Again, we provide measures of fit for the FFF approximations, by fitting the various FFF
approximations to the data on h generated using these functions.

The estimators are computed using SHAZAM. Various summary statistics for the
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estimators (in addition to the least squares estimator) are contained in Tables 5.15 to

5.19.
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Estimator Vamnable Bias SD LQ Median

UuQ
OLS one 7.478  1.842 6.351 7416  8.669
z -0.489 0481 0.207 0.516  0.849
H1 one -1.234 25.021 -6.629 1.087 6434
z 0.096 1.789 0.451 0.915 1.547
H2 one -1.349 25.587 -6.832 0.764  5.783
z 0.101 1.831 0.411 0.977 1.596
TP,11 one 0.653 63.613 -11.487 2.301 13.650
' z -0.104 12844  -2.570 0.417  3.503
T6,3 one 1.707 20.276 -7.943 3.421 12.911
z -0.153 4870 -1.932 0.609  3.621
T10,7 ' one 3.508 18.782 -4.413  4.125 14.060
z -0.163 4999 -1.698 0.775  3.141
T18,11 one 5736 22911  -3.797 6.304 14.164
z -0.369 4.982  -1.437 0.668  2.861

Table 5.15: Sample selection experiment 1
Estimator Variable Bias SD LQ Median UQ
OLS one 4.016 1.610 3.013 3.972  5.072
‘z 0556  0.510 1.189 1.586  1.897
H1 one -5.086 17.550 -9.967 -2.538  2.668
z 1.287  1.596 1.518 2.095 2.796
H2 one -548 18324 -10.844 -2.877 -3.534
r 1281 1.626 1.363 2.062 2.762
TP,11 one 1234 66.014 -14.453 0.582 11.509
z -0.376 16.529  -2.006 1.184  4.784
T6,3 one -0.374 19.123 -8.876 0.767  9.748
z 0575 5250 -1.355 1.351  4.495
T10,7 one 0.661 18.602 -7.345 0.837  9.467
oz 0699 5031 -1.025 1.672  4.491
T18,11 one 2475 18.394  -4.943 2.818 10.365
z 0518 4.629 -0.630 1.269  3.689

Table 5.16: Sample selection experiment 2
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Estimator Variable Bias SD LQ Median UuQ
OLS one -2.500 2330 -3.979 -2.378 -0.938
x 2,310 0.843 2.753 3.308 3.876
Hi1 one -7.903 10.475 -12.656  -6.668 -2.289
z 2.831 1.353 2.991 3.797  4.562
H2 one -11.036 14.687 -17.978 10.015 -2.188
z 3.377 1.939 3.189 4.181  5.509
TP, 11 one -8.993 31.024 -23.343 -7.758  G6.870
z 2.941 8.074  -0.539 3.791 8.044
T6,3 one -2.506 17.541 -10.896 -2.275 5.972
z 1.138  5.810  -0.800 2.235 5.543
T10,7 one -4.700 18.557 -12.877 -3.367 4.823
x 2.087 5.921  -0.483 3.124 6.354
T18,11 one -4.913 28.367 -11.486 -2.938 4.261
z 2.359  6.729 0.097 3.019 6.104
Table 5.17: Sample selection experiment 3
Estimator Variable Bias SD LQ Median UuQ
OLS one 11.967 2.788 10.06 11.904 13.839
z -2.325 0.603 -1.706 -1.327  -0.931
H1 one 06.564 6451 2.794 7.217 10.725
xr -1.625 0.949 -1.247 -0.720  -0.071
H2 one 4.230 4.095 1.869 4,374  6.980
z -1.081 0630 -0.512 -0.112  0.269
TP,11 one 4.163 8.109 -0.988 4.365  9.504
z -0.935 1.604 -1.007 0.062 1.512
T6,3 one (0.358 7.168 -4.300 0.529  5.251
z -0.068 1.267 0.086 0913 1.773
T10,7 one 0.853 8431 -4.170 0.851  5.961
z -0.157 1.532 -0.066 0.804 1.741
T18,11 one  3.279 8.975 -2.913 2.943  8.249
z -0.607 1.654 -0.517 0.446 1.512
Table 5.18: Sample selection experiment 4
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Estimator Variable Bias SD LQ Median UQ
OLS one 4490 2.538 2.783 4515 6.265
z -0.094 0.709 0.444 0.912 1.419
H1 one -0.842 4.061 -3.151  -0.475 1.821
z 0250 0.798 0.667 1.215  1.786
H2 one -3.744 4762 -6.410 -3.419 -0.100
z 0937 1.035 1.208 1.904 2.619
TP,11 one -0.262 8.72 -5.523 0.493 4.954
z 0529 2476 0.020 1.372  3.055
T6,3 one -2.376 24.7 -5.992 1.076  7.382
z 0891 5700 -0.582 1.164  3.277
T10,7 one -1.434 20.824 -7.345 1.145 7.38
z 0.645 4.889 -0.846 1.165  3.513
T18,11 one -2.044 15383 -7.303 -0.216 5.682
z 0738 4.050 -0.451 1.258  3.405
Table 5.19: Sample selection experiment 5
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The results indicate that the heteroskedastic estimators perform fairly well. The bias
reduction is significant (at the 0.01 level) in experiments 3 and 4, with respect to both
coefficients, in experiment 5 for the constant, experiment 2 for the slope. As in the To-
bit experiments, the heteroskedastic two-step estimators do not estimate the intercept
very well when there is little in the way of heteroskedasticity, as in experiments 1 and
2, although the estimates of the slope are not badly biased in these cases. Although
there 1s substantial bias reduction in using the heteroskedastic two-step estimators, the
estimators, are in most cases (with the quadratic approximation estimator being slightly
better), still significantly biased. The quadratic approximation based estimator appears
to be somewhat better than the other heteroskedastic estimators in estimating the inter-
cept.

It 1s noteworthy that the usual homoskedastic estimators, H1 and H2  are biased
significantly (at the 0.01 level) compared to Heck in the Tobit case. This appears to be due
to the fact that average variance is higher in this case. The estimator based on standard
Probit in the first step, performs well in some cases, but is very inefficient in the first
three experiments. Even in the first experiment where the Probit estimator is valid in the
first step, the TP,11 estimator i1s very ineflicient relative to the two step estimators that
take account of heteroskedasticity (when they need not) in both steps. The conjecture,
regarding possible efficiency gains from using a mis-specified first step estimator, made
in Chapter 4, appears to be untrue, at least in the experiments conducted. This seems
to indicate that both sources of mis-specification may have serious consequences for the
properties of the usual estimators.

Generally, the heteroskedastic estimators are less efficient than the homoskedastic
ones, although in the estimation of b in experiment 4 the difference is not that great.
Among the different heteroskedastic estimators the relative variances depend on the ex-

periment, once again suggesting the need for some criteria for choosing an “optimal”
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estimator. Although the quadratic approximation does quite well it is evident that when
the variance function is not monotonic some of the Fourier terms may improve the esti-
mator-as evidenced in Table 5.19 where the quadratic approximation does worst among
the three heteroskedastic estimators.

The nature of the biases i1s as one might anticipate with the increasing variance
function biasing the coefficients in a way that indicates a rotation of the regression line
in an anti-clockwise direction. That is, the slope increases and the intercept decreases.
This is quite marked in experiment 3 where only the quadratic estimator seems to succeed
in reducing the slope appreciably. In experiment (4), precisely the opposite occurs, and in
this case the heteroskedastic estimators are quite successful at reducing the bias without
sacrificing much in the way of efficiency. In experiments 2 and 3 the bias in the use
of the homoskedastic estimators is so bad that even the OLS estimator appears to be
preferred. As in the Tobit case, there did seem to be some relationship between the

degree of mis-specification measures and the biases.

5.5 Conclusions

In this chapter, we have considered the performance of the estimators developed in Chap-
ters 3 and 4. The findings may be summarized as follows. Both the MLE based estimators
of Chapter 3 and the two step estimators of Chapter 4 seem to be successful in reducing
the bias when there 1s moderate to extreme heteroskedasticity. In the case of the Probit
and Tobit experiments, the bias reduction in using the MLE based estimators may even
be accompanied by improved efficiency, although this only occurs in one case considered
for the Probit model. The two-step estimators are generally much less efficient for the
Tobit and sample selection models, but relative to their homoskedastic counterparts they

are also successful in reducing bias, with in some cases little if any loss in efficiency. It
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was also noted that when there was little or no heteroskedasticity, the two istep estima-
tors performed relatively poorly, so there may be some cost in using them when they are
not needed. This prelinunary examination of these estimators on the whole gives quite
encouraging results with regard to the performance of the estimators.

It was quite apparent that substantial biases may occur in the usual estimators and
a distinct pattern emerged (at least in the experiments performed in this chapter). If
the vanance 1s related positively to one of the regressors then this generally results in
an upward bias in the regression coefficient of that variable and a downward bias in the

/
intercept. The opposite seemed to hold for the case where the variance is negatively
related to the regressor.

One thing that was noticable w.a,s that the performance among various versions (cor-
responding to different numbers of approximating terms) of the estimators proposed in
this thesis differed so there appears to be some need for criteria for choosing an optimal
estimator in a given instance may be desirable. The work of Andrews (1989¢) and ref-

erences therein, relating to cross validation may be of some use here, and it would be

interesting to see how the chosen optimal estimator performs relative to the above.



Chapter 6

Conclusions

This thesis has considered the problem of estimating limited dependent variable mod-
els when there is heteroskedasticity of unknown form in the latent residuals, under a
maintained assumption of normality. As noted, this situation differs from the usual re-
gression model since the commonly applied estimators (obtained under a homoskedastic
assumption) are inconsistent as well as inefficient. The aim of the thesis was to propose
estimation methods which yield estimators that are consistent and two such methods
were considered.

The first, proposed in Chapter 3, is bésed on maximum likelihood estimation, and
deals with the heteroskedasticity by approximating the variance with a Fourier series
approximation. Estimation proceeds by finding the parameters of the approximation
and the parameters of interest that maximise the likelihood function. Given various
regularity conditions (including smoothness of the variance function) and an assumption
that the number of terms in the approximation increases with the sample size, such
estimators were shown to be consistent in the three most commonly used LDVMs, the
Probit, Tobit, and sample selection models.

The second type of estimation technique, proposed in Chapter 4, is based on a two-
step estimation strategy and was developed for the Tobit and sample selection models.
The method takes into account the possibility of heteroskedasticity in both stages using -
Fourier series type regression estimators. In the first stage, a nonparametric regression is

performed to estimate the discrete part of the model and then in the second stage these
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nonparametric estimates are used to construct a correction term. This correction term
1s used to transform the second stage regression so that in the second stage the model
resembles a semi-parametric regression. The estimators were shown to be consistent and
asymptotically normal at the usual N'/? rate for the two models under fairly general
conditions. Omne of the interesting features of the estimator 1s that although the first
stage estimates are consistent at a slower than N'/? rate, and appear as pre-estimation
error in the second stage, the (weighted) averaging of these over the observations restores
the N/? for the estimates from the second stage. As a by-product of the results, we were
able to construct specification tests for heteroskedasticity and selectivity bias based on
the work of Hausman (1978) and White (1980b).

Since the arguments used to justify the estimators are largely asymptotic, a small
sampling experiment was conducted in Chapter 5 to see whether the estimators could
perform well in small samples, and to examine the feasibility of computing the maxi-
mum likelihood estimators. The results were encouraging. Both estimators seemed to
be successful in reducing the bias in the usual estimators, and in some situations this
came at a small efficiency loss. In fact, in some instances the heteroskedasticity robust
estimators appeared to be more efficient than the usual estimators. This was particu-
larly the case with the likelihood based Tobit estimators. In addition, fairly small order
approximations seemed to perform quite well. As far as computation goes the estimators
were relatively simple to compute. The two step estimators needed only regressions and
a nonlineér transformation, while the maximum likelihood estimators could be computed
with packages which possessed nonlinear optimisation routines.

One of the obvious avenues where further research is needed is in obtaining distribu-
tional results for the likehihood based methods of Chapter 3. This appears to be in sight

as methods for regressions with increasing dimension are now available (as in Andrews
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(1988, 1989d)). Also Portnoy (1988) has considered the distribution of parameter esti-
mates in the maximum likelihood context when the number of parameters increases. He
does, however, assume that the data generating process changes with the sample size so
that the model 1s correctly specified at each stage. The situation we have i1s one where
the data generation process is fixed and the number of parameters increases so that in
the limit the model i1s correctly specified. It would seem that some headway could be
made by adapting the results of Port_noy to the mis-specification situation, as done for
the standard case by White (1982), and to then show that mis-specification does in fact
disappear at a sufliciently fast rate so that the asymptotic distributions are appropriately
centered.

One of the drawbacks of the results obtained in this thesis is that they are obtained
under a maintained assumption of normality. It would be nice if one could relax this. The
work of Powell (1984, 1986) and Manski (1975, 1985) is one approach, but as mentioned
earlier this approach appears to be limited to univariate models. If this is indeed the
case, then one would be requireci to generalise the estimators developed in this thesis to
a heteroskedastic non-normal situation. One obstacle to such a development is a possible
identification problem. This seems to be particularly true for the two-step estimation
methods where the structure possessed when the model is either non-normal (in which
case it possesses a multiple index structure) normal and heteroskedastic will be lost and
one may end up with an almost pure semi-parametric regression model. As the work of
Robinson (1988) shows certain exclusion restrictions are neeeded to identify the usual
parameters of interest, and these are likely to be much stronger than those needed in
any of Newey (1988), Powell (1988) or the work of Chapter 4. Nevertheless, further work
1s needed on the identification and estimation of LDVMs under general data generating

processes.



Appendix A

Proofs for Chapter 3

Proof of Theorem 1:

This is essentially the same as the proof of Theorem 0 in Gallant and Nychka (1987)
but is included for completeness. We consider those points w on the abstract probability
space (£2,S, P) for which we have lim,_, K, = oo and for which condition (c) of the
theorem holds. Almost all w satisfy this. Now since (,é’n,&n) € Bx XY and B x ¥ i1s
compact in (||8]|% + [|]|?)/?, we must have a subsequence (§,,,6,,) converging to some
(8% 0% € B x T in this metric. By condition (b), however, there is a sequence {0'21, 2
with of € £k, such that lim; .o llon, — 07| = 0. (Here we have corrected an error in

the proof of Theorem 0 in Gallant and Nychka (1987) ). Since the sequence (ﬁnj,énj)

minimises the objective function, whereas (8,02 ) need not, then
7

Snj (ﬁﬂ]’ ) OA'TL_,' ) S Sn; (/B: O-gj )

for all j. By uniform convergence (condition (c)) we have

hm Sn; (ana&nj) = 5(1607‘70718x70-x)

j—oo

and
lim s, (ﬂ*,a,ﬂj) =3(B,07,87,07).
j—o0

Since the inequality must be preserved in the limit we get
g(ﬁ070'075‘70.*) Sg(ﬁx)ax’ﬁx.?opx)
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which implies, using condition (d) that

18° - B7|e =

and

lo® — o = 0.

Since every subsequence of (Bn,&n) has a further subsequence satisfying this, then the
sequence itself must have only one limit point and it must be (8~,07) Q.E.D.

Proof of Lemma 2:

Let
Sn(lga 1/7’L Zs ut;mtalg:aaﬁx)
t=1
where
s(u,z,B,0,87) = ~I{zfB +u > 0)g*(z,8,0) ~ I(zB +u > 0)g*(z,B,0)
with
1 z3
g'(z,8,0) =g = log &(— )
and

28

9*(z,B8,0) = g° = log(1 — ®( —))

Following GN we will argue that the required 5 function is given by

E(ﬂ,a,ﬂx,a”):/:\_/R.s(u,w,ﬂ,a,ﬁ‘)h"(u)dudp(z)

where h*(u) i1s the true (normal) density of u, and show that it is continuous in (f3,0).
First, we will show continuity. (In referring to the space of o functions we will use X.)

Define

z
Ay = sup |——ﬂ-} < 00
XxBxT O
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First, counsider

5 (B,0,87,07) = /X/};I(zﬁ”w > 0)g'h™(u)dudp(z)

Now note that g* is continuous in (z, 8,0 ) in ||(z,8, )|l = (lzl|% +118]|% +llo]|*)/? since
convergence for o implies uniform and hence pointwise convergence, so that the argument
of log @ is continuous. Since log ® is a continuous function it is continuous in (z,53, 7).
Now suppose we have a sequence (0., 0,) converging to some point (8o, o) in the sense

of the metric above. Then clearly

I(zf" +u 2 0)g'(z,8n,00) = I(@f™ +u > 0)g* (2, Bo, 00)
pointwise. Since
I(zB" +u > 0)g"| < |log ®(—A4,)| < o

for any admissable sequence, and since

[ [ 1108 ®(=A41)[h"(u)dudu = |log B(—41)]| < o
then we have by the dominated convergence theorem (Royden (1987)), that 5' is contin-
uous in (5,0). A similar argument establishes continuity for the term corresponding to
g®. Next we verify the uniform convergence part. First, note that the continuity result
holds when we replace I with any function x which is continuous and bounded between
0 and 1. Hence, define the function x(z) by x(z) =1ifz >, x(2) = 0if 2 < 0, and x
continuous on ,[0,7]. Define the function s to be the same as s but with I replaced by

x- This function will also be continuous and dominated by the function
~x(z8” + u)log ®(—A1) — x(28” + u)log(l — (A1)

Also, define the functions s and 3" in a similar way — i.e., replace I with x in the

definitions. Now

sup |sn(8,0) — 5(8,0,87,07)| < sup |s3(B,0) - 57(8,0,87,07)
Bx¥ BxX
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+supr}; 1s2(8,7) — sn(B,0)]

+supgyy ‘57(670':/6’>0x) - g(ﬁ’mﬁl’ox)

Now consider each of these terms in turn By Theorem 1 of Burguette, Gallant, and
Souza (1980) (hereafter BGS) the first converges to 0 as n — oo, since the s functions
are continuous. For the next, as in GN define the function a” by 0 < a? <1, a"(z) =0

for |z] > 2y, a"(z) = 1 for |z| < v and it is continuous. Then

52(8,0) — sa(B,0)| < i

x(@B™ +u)— I(@B™ +u > 0)]lg" + g°|

<

a¥(zf” + u)l€]

M: i

o
1

1
where ¢ = log ®(—A4;) +log(l — ®(A;)). Again applying Theorem 1 of BGS we obtain

that

Jim sup [$2(8,0) ~ 5a(8,0)| < [ [ a7(aB" + w)gIh"(u)dudp

BxX%

A similar bound can be obtained for the third term directly, since it does not depend
on n. But both bounds can be made arbitrarily small by picking small ~, since the
function a” converges to zero except at the set of points {(z,u) : 28~ + v = 0} which has
probability zero with respect to h*(u)dudp. Thus all three terms are zero in the limit.
Q.E.D.
Proof of Lemma 3:

The proof follows along the same lines as Lemma 2 with minor modifications. In this

case, we have

L o - B)+u
" o)

(ef0) = logll = HZ25)

Clearly, both g* and g? are continuous in the arguments. To obtain the desired continuity

gl(u;m,ﬁ,o’ﬁh) = log

of the s function, all that is required is that we find dominating functions for the g
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functions and show that they are integrable (with respect to h™(u)dudp ). Clearly

l9°(z,8,0) < [log(1 — ®(A1))]

as before. For g! we have

g' = —loga(z) — 20(13:)2((;3()3» — B +u?+22(8 — B)u)

Let

and

c = max(|log é},log b) < oo

Then we have
u?

lg'l < e+ = (42 =

+ 24, [ul)

which 1s integrable since u is normally distributed. The proof then. follows along similar
hines to that for Lemma 2. Q.E.D.

Proof of Lemma 4:

As before we require the bounding function which enables the method used in the

proof of Lemma 2 to be used. Here

1:;61 + pg—;% = B2) + u2)

o= e
1 (ﬁz ﬂ2)+u2
Tl we)

3,

92 = 10g(1 - (I)(Ol(ic)

)

These are clearly continuous in any argument. The bounding function for g2 is as before.

The second part of the g' function can be bounded as in the Tobit case. Therefore we
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are left with only the log ®(.) component. The @ part is just the following integral. (The

arguments of the o functions are suppressed for convenience.)

oc 1
x
/_zﬁl (2m) 201 (1 — p2)1/2
exp(— gy (¥ — P& (¥2 — 262))*)dus

3 —(7_12_ 2
—p =¥ (y2—<B2)’

= X2

) %
o 2072 (y2~2B2)u} A\ g
o1 (1= p?)V2 [ s, exP(—g(l—z_;mz—)(ﬁ(ul)d%

1
0.1(1__/,2)1 2
2

= exp(F) (5 ) E(exp(iu)lu; 2 52072)

—32 81 . . s —x,
> exp(“) (e ) exp(G B (uilui 2 557%))

where the inequality follows from the use of Jensen’s inequality for the convex function

exp(z), and j is defined by,
- p%(yz — z32)
=
and
Uy

Taking logarithms and evaluating the expectation we get

) TG

=

’U,1:

-2
02912_12-+1og<1>(
g

where

_ zf
(L= )7

Observing the usual bounds on the parameters and z’s then we can bound each of these

functions from below. In particular,

Z = (A7 4 ul + 245]us|)

where

Az = sup |z(f; — Ba)| < o
XxB
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This function is integrable since v is normally distributed. Next,

log ®(k) > log( _651) > —00
Similarly,

p(k) (1= e)ps 4(0)

T3k) =T s (L)

which is integrable since each part is finite and |us| is integrable since u, is normal.
Q.E.D.
Proof of Lemma 5:

Step 1.
z3*

c' (=

=83

) 1s identifiable. Suppose s # UL{_ZB at some point zo. Then

First we show that

there is an open ball B(zo,9) such that (assume without loss of generality that % > Ef—)
zf S zf3

o (z) ~ o*(z)

for all z contained in the ball. This implies that

4+ €

Pr(y =0;z,08,0) # Pr(y = 0;2,87,07)

for all such z. Since p(B) > 0 by Assumption 5 we have that EUQ— is identifiably unique.

Step 2. ’
Given the result of step 1 and the fact that o(z) > 0 it is clear that sign(z(3~) is
identified. Suppose that
sign(zb) = sign(zf )a.e.[u]
and that ||b]|g = ||87||g = 1 but that b # 8~. Then it must also be the case on the set
{zr € (e, f),z; € C}. Assume without loss of generality that 87 > 0. Now consider the
set L which is a subset of C, containing all z; for which the sign equation is violated for

some z. We want to show that for the sign condition to hold a.e. then L must have
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zero measure. It will then follow that b = 8~ which will provide us with a contradiction.
Now for each z; € L there 1s an ¢ such that the sign equation is violated. Since zb is
continuous in z; for any x;, this must also be true on B(a‘:k,é) for some ¥ > 0. Denote

the everywhere positive (on (e, f)) conditional density of z, given z; by g(z|z;). We

have then that the probability that the sign condition is violated is given by

/L/;(ik,&)g(mk}ml)dﬁkdp(ml)

But
dz; > 0
/};(&k,é)g(‘l?k‘ml) Zy

for all ¢, € L by the above argument and Assumption 7. Thus this probability is only
zero if P(L) = 0. Hence almost every z; € C has the sign condition satisfied for all

z € (e, f). Restricting attention to such z; we get that
sign(zkb, + ;b)) = sign(z By + . 0)

for all z € (e, f). Clearly b, > 0 must be true. Since this is true there must be an

z(z;) € (e, f) such that
if:k(wl)bk + 131b1 =0= Ifik(ic[) = —-—

Zr(2)B; + 2By = 0 = & (2) = *%

This implies that
zb; . $lﬁf

b B
for almost all z; € C. By the full rank condition we must have that

b B

b B;
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The condition ||b]|% = ||5”

% = 1 implies that
b2
b + 5 lAlE =1
k

which implies that b, = §; and hence that b = 3~ which contradicts the assumption that
they differ. Q.E.D.
Proof of Lemma 6:

We can use the same argument as in Step 1 of Lemma 5 to show that U”;'Lz;) 1s identified.

Now suppose that there is a point zo such that o(zo) # 0*(zo) then it must also be true

on B(zg,d) for some ¥ > 0. Assume it is greater (without loss of generality), then for all

rz e B

for some ¢ > 0. Note that u(B) > 0. This implies that

1 y—zf, 1 y—zf”
0(m)¢( o(z) )= U‘(z)¢( o (z)

)

at at most two points (using properties of the normal densitigs). Thus they differ almost
everywhere for y > 0 and hence there are clearly events regarding y which have different
probabilites under o compared to that under o”. By a similar argument we obtain
zb = 3~ for almost all x. By the full rank condition we must have that b = 4. Q.E.D.

Proof of Lemma 7:

Using a similar argument to that in Lemma 5 we can show that ¢™(z) is identified

and B~ is identified to scale. Thus clearly we have ;z_ézz_) identified also. (This is using

only the observations for which y; = 0.) Next, consider the other part of the density

function given by

=81 —zB
1 yz—wﬁz)@(M’{‘p(yiz(z) ))
a3(z)"" o) (1—p2)/2

Hence both parts are clearly continuous in y,, however the first part is not monotone in

y» unlike the second part (again using properties of the. normal density function). Now
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suppose that oa(zo) # 05(20), at some point zo € X, then it must also be the case that
they differ on an open ball B around the point and that pu(B) > 0. By a similar argument
to that used in Lemma 6, the normal density paris under these different o, functions
will be equal at two different points (note that y, is not restricted to be positive —
the addition of this restriction would turn the model into Cragg’s (1971) double hurdle
model). However the & part is monotone in y, so evaluated at different o, functions
will only cross once. Together these two facts ensure that the densities evaluated at the
different o, fuctions will differ on a nontrivial set of y,. Hence o, is identified. A similar
argument can be used to ensure that the other parameters , p~ and f; are identified.
Q.E.D.
Proof of Lemma 8

This follows from the use of Jensen’s inequality and Lemmata 5-7. In particular

suppose we have
5(8°0°,87,87) < 5(87,07,07,07)
Now by Jensen’s inequality we have
—/X/st(u,:c,ﬁ",a”,ﬁ‘) — s(u,z,8° 0%, 8" (w)dudy(z)
> —log [ [ expls(u,2,87,07,8°) ~ s(u,2,8°,0°, 8 )b (u)dudu(e)
= ~log [ [ exp(~ logp(zlz, 6,07) + log p(zla, 6°,0"))
p(zle, 7, 0" )du(2)dp(z)

= -—log/X/Zp(z|:v,,30,00)du(z)du(w)
=—logl=20

Hence we must have that

5(8°,0°%67,07) > 5(8",07,57,07)
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with the equality holding only if we have
s(u,z,8% 0%, 87) - s(u,z,87,07,87)
1s constant a.e. h™(u)dudp(z). Together we ha1ve then that
s(u,m,ﬁo.,oo,ﬁ"') = s(u,z,87,07,87)
a.e. h™(u)dudu(z). But by Lemmata 5-7 this is only true if
18°~ 87l =0

and

o° ol = 0

Q.E.D.
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Proofs for Chapter 4

Proof of Theorem 1:
By Assumption 2.1 and Assumption 2.2 we have
1 , -
7\/——(2 —T5)(Z — Ta) = 41 + 0p(1)
1 .

and using Assumption 2.3 we can apply the Liapunov Central Limit Theorem for inde-

pendent non-identically distributed (i.n.i.d) random variables so that

1
—\/T(Z - Tg)nglf — N(O,plim(
1

and the result follows.Q.E.D.

1
Ny

(Z - T2Y DaT Da(Z — Tu)

ﬁ

Proof of Lemma 1:
The proof is similar to that of Andrews and W hahg (1989). We condition on z in this

so all expectations are conditional. Write

5 g) = “Eli— gll> = —Ellg — Poyll?
MSE(3,9) = % Blg - glI* = T Elg - Pay)
= 16— Pagll* + 5 Bl Pl

using the parallelogram law in a Hilbert space. Now,

1 1 1
—ﬁEI(P,unz = WE’(’l;r]:’,_.uu'Pz)2 = -]VE(teruu')

= %ter\I'u < Sltlp o? K](VN)

124



Appendix B. Proofs for Chapter 4 125

by Assumption 3.1 and since P, is a projection matrix with K(N) regressors. Next
denoting the remainder term of the difference between the approximation in Assumption

3.2, denoted gk, and the true function, g, by g%, and noting that
Pogx = gk
then we have that we have that,
<119 = Pagll® = < lg — Pegi + Pagic|’
N g zd = N g zdK zdK

1 r 1 T 112 r
= NH(I - Pz)gKHZ = NHQK” < ”gKH(Z),oo,X

using facts about projections on Hilbert spaces. Therefore, we have that

MSE(g,4) < sup Gfov) + 119k 116,00, x
Then if the conditions of (i) hold then
| MSE(g,g)— 0
by Assumption 3.2. If K(N) = O(N7) as in (i1) then

MSE(g,g) = O(N""1)+ O(NT**"K(N)*||gk{§ c0x
’ — O(Nr—l)+O(N—2ar)

by Assumption 3.2, so the result holds. For (iii) first note that by Assumption 3.2 we

can choose an a < % such that

K(N)*|lgkllocox — 0
and since K(N) = O(N?77) then

N6 g s = 0
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and the exponent can be made bigger than 1/2 provided that S—Ef) > ;11- and 0 < v <

q-— ﬁg—). Finally, we must also have that if ¢ < 1/2 then
l—r=1-(q—v)>1/2

and 2ar can be made bigger than 1 using the above mentioned a and v. Q.E.D.
Proof of Theorem 2:

We can write

1 1 1 1 1
VN(—c' Py — —c'g) = (—=c'P,g + —=c'P,u — —=¢'
et = yeo) = (Rehat 7F Vol
1, 1
= ——c'Pou— ——c'(I - P,
ViRV, S

Consider the second term first and condition on z so that the results will hold for every
possible sequence of z

1

VN

(1 = Pl < VRSP (1~ Pl

< O()VN| gk lo,oox — 0

using the fact that ¢, is a bounded sequence and (i) and (ii) of the Theorem which allow
the application of Lemma 1(iii).

Next, consider

lu_l _1_
N T UN JN

Suppose we condition on z again (and hence on ¢) and find the variance of this, then

!

cPou =

c'(I - Plu

E((\/—l_ﬁc’(l —Pu)?) = -jlvc'(f - )W, (I - P.)e

1 r
< supo? (7 = Pl < sup o2l ox = 0

using (ii1) and (i) by Lemma 1, so by Chebyshev’s Inequality

1

-—\/__—jv—c'(] — P )u = 0,(1).
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Finally,

!

1
—=c'u — N(0, plim( c

N )

using Liapunov’s Central Limit Theorem, which is applicable since Assumption 3.1 im-
plies that

E(lu*™) < A < o0

and ¢; are bounded. Q.E.D.

Proof of Corollary 1:

Follows simply from the proof of Theorem 2 and the fact that P, = .. Q.E.D.
Proof of Theorem 3:

The result will follow from the following two results

AY = AY +0,(1)

where
1
AY = (2~ PoZ)(Z - P.,2)
1
and
i 1
AN = —(Z-T)(Z =T
¥ = (2= T2 - Ty
and
1 1

(Z - P, Z)(g+n)= (Z = Ts)'n + op(1)

VN

with g = § = D3¢, For the first write

VN

Z—PpZ=0-Ts+Ts— Py,

so that

. 1 1
AV = AN 4+ —(Z - T3)Y(Ts — Po,) + —(Ts — P, 2)(Z — T5)
. N] N1
1
(T3 - Pr:sZ)’(Tfi - P:L'sZ)

M
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Using the Cauchy Inequality, it suffices to show that for each i
1 2
jv—lHPzaZi = 7il|” = 0p(1)

and

f%nzf —nl® = 0,(1)

which follow using (i1) (i), by Lemma 1, and Assumption 2.3.

Next, consider

1 1

—(Z — P.,Z)'g = Z'(g — P.,9).
J\/l( )'g oA ( g)
By the Cauchy Inequality

1 ) zlz; 1 9v1/2
\/A—,llzl'(g — Po,9)| < \/Nl(TVT)l/;)(—N—ng — Poyg||)Y?

2z, )
< (22912 /Nillgi e — 0
1
by Assumption 2.3, (ii) and (iii) and Lemma 1(iii). Finally, consider

1 1
Z - P, Z)y=
f—Nl( )'n i

Thus, the result will follow provided for each 1,

1
Z ~ T3 ——(T5 - P, . Z)
( 3)77+\/—N—1(3 3)77

1
VN

To show this it will suffice that

(7: = Pryzi)'n = 0p(1).

- Payz)n)?) = 0

by Chebyshev’s Inequality. To compute this expectation first condition on z so that
¥ q P p

1 ‘ ! 2
E((\/—ﬁ;(n — Ppyzi)'n)?)
= B(5-(ri ~ Paye) Blaa)(r: = Pryz2))

N
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1

= E(——(Ti - Py, 1) Dy 1FD ( szi))
N,
< sup V({tla,t)sup| |E “ zs"zHQ 0 j

given Assumption 2.3, (ii) and (iii) (which allow the application of Lemma 1). Therefore,
by Theorem 1 the result holds. Q.E.D.
Proof of Lernma 2:

Using a second order mean value expansion of A, about A(l(zy)), which 1s valid for

)

observations with [ € [§/2,1 — §/2] and defining
I, = I(i(ew) < §/2, (i(zy) > 1 - §/2)
we have
A= A= di(U(z1))(Uzre) = Uzae)) + (1/2)da(8) (U (z20) = U(=2e))

for some I” lying between [ and [. Using this we then have

g \—}Zc (U(z2))(i(z2) - (1)

ﬁl

(mlt)-[t(;\t - /\t)

an

T
1

N .
ZC :C]t ﬂ31¢))]t(l($1t)- l(mlt))

t=1

S

N . 4
Z (e )da (U (1)) L (I(21:) — Uzar))?

t=1

5~

Since c(z1,), A; are both bounded sequences, the second term on the right of this satisfies,

Té iEu Itl

\}Nip (z1:) < 8/2, l(:cu)>1_5/2)
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2; ((z1) — Uzw)) > 6/2)

ﬂl

| 20 2
—5—\/NZE -’Bu —lzy))?)

N LR -y~
SVES
where convergence follows from the application of Lemma 1(iii), given (i) and (i1), which

imply that

VNE%M_UVHQ

Next, using the Cauchy and Chebyshev Inequalities, and the boundedness of ¢ and d,

\/N Z c(@1e)dy (U ) ) (U 1e) — Uzay))]

VN(E If 12 L
SCVN(E=—F—) (ENH

< OV ( memywﬁﬂmpu—wm

_ lH2)1/2

PE I - 1P

< ZEVREli - PR E - 1)

2C 1.
= —+VNE=|l-1?
N B~ 1] — 0
as above. Similarly since d, are bounded we have for the final term

E’% ; c :Blt d? mlt))]t(i(mlt) - l(mlt))z‘

=

SCVNE%M_uVﬂo

and the result follows by applying Markovs Inequality to each of these terms to show
that all but the first term are 0,(1). Q.E.D.

Proof of Lemma 3:
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This result follows from Lemma 2 and Theorem 2, since d; is a smooth func'tion and
c(zy,) satisfies S(c) > 0 so the product will also have at least one derivative bounded and
also be bounded. Q.E.D.

Proof of Theorem 4:

Consider first

A}, = ]—\1];(2 — P,.Z)(Z — P,,Z)
and show that
| AN = ANV 1o (1) (B.105)
Since we can write
Z —PoZ =2 —Ts+Ts— P, Ts+ P, Ts— P, Z (B.106)

+P,Z~P,2+2Z-2

then by the Cauchy Inequality applied element by element to the product it suffices to

show that

wln- Panl=o) (B.107)
S 1Pes (5 = )17 = o) (8.108)
==l = 0,(1) (B.109)
P = I = (1) (B.110)
= 5P = 00, (B.111)

For (B.107) for any sequence of z,

1 .
““HTi - PmsTiHZ < HTiKlug,oo,X — 0

N
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given (ii) and (ii1), by Lemma 1. For (B.108), taking expectations first conditional on z
we get |

B gy | Pas(ri = )| = B (b Pagu)

1
= EYV—(trPISE(uiu;]w))

1
K3(N,)

/1

<C

— 0

using Assumption 4.2, and the fact that P,, is a projection matrix with K3(N,) regressors,
so (B.108) follows from Markov’s Inequality. Next, given Assumption 3.2 and (iii) (B.109)

1s true. For (B.110) we have

1 > 2 ]’ - / .
iV Pes (s = 2l = (3 = 2 Pey (s — 1)

1
< ]_\f:( — 2:) (2 — 2)

due to the fact that F,, is a projection matrix, so that (B.110) will follow from (B.111).

For (B.111),
1 ) 1M 1 1
' T %) T 333(7; - 3)
N] At At

t=1

1 & (= A+ A

= Ezmi

212
t=1 At At

1 .
< O lellllA = Al
. since, A, and A, are bounded variables for all ¢. By the mean value theorem applied in
Theorem 2,
A=A = —di (U (eat))(Uzye) = U(z10))
for observations where I; = 0 (where this is defined in the proof of Theorem 2), so that

1 . N1ZX )
jv_lH’\—/\H <——Zd1 (z2))*(1 = L)(i(z 1) - Uze))
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N1
C——=—> 1
+ N1N;t

and since d; are bounded, and by (iv) Nﬂl — }19, the first term on the right converges to 0

in probability provided that [ converges to I n MSE as does the second given the proof
in Lemma 2 (using Chebyshev’s Inequality). But this is guaranteed by (i). So (B.105)
follows since \/—}V:HLH = 0,(1).

Next, consider
1 ‘

VN, VN

To show that this 1s 0,(1), it suffices that for each 1

(Z — P, Z)g = Z'(g — Pa,9) (B.112)

\/ﬁv—lzxg ~ P.yg) = o,(1)

By the Cauchy inequality

e = Prag)| < (I a1 = Pus)l)

< Op(1) Nl gks(vyyll — 0

using Assumption 2.3 and Lemma 1, which applies given (ii1). So that (B.112) is 0,(1).

Next consider,
1

VN

Using (B.106) we show the following hold for each 1

(Z — P,,Z) Dst.

1

'\/Tl(zi—n)’[?;lé = ﬁ(zi—ri)’pglg+op(1) (B.113)
ﬁ(Ti = Poyri) D3¢ = 0,(1) (B.114)
\/iv—l(Pm(n - 2))' D7 = op(1) (B.115)
ﬁ(ﬂs(zi = &))D3'e = 0,(1) (B.116)
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1
VN,

To show all but (B.113) we consider the expectation of the term squared, conditional

(8 — 2:)' D3 = 0,(1) (B.117)

on y; and z and show that each of these converges to zero, so then by Chebyshev’s

Inequality the results follow. First, consider (B.114) taking expectation first conditional

on y; and z and then over these we get,

(Ti - -Pa:gTz')ID3—1£)2) =

= E(~ (7 — Poys) D3 E(¢€'|2,41) D3 (i — Payms))
] LA -
= E("_]\—/-:(TI - PmaTi) D3 1FD3 1(Ti - P:csTi))
< B(sp i = Pearill* = 0

1
using Assumption 2.3, (ii), (iii) and the result of Lemma 1. Similarly, for (B.115) we

have

K3(N,)
<o
O 0

1

by Assumptions 2.3, 4.2 , (iii) and (ii). For (B.116)

using Assumption 2.3, and a previous result. For (B.117),

1 ; Iy—=1¢3\2
m(zi - %)) Dy ¢))

E((
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< CE(=lI3 - z?
CE(3-l5 = 51) = 0
as before. Finally, for (B.113),
E((—e (5 — (D5 — D57)6)?)
\/]—V.—l‘ 2 7 3 3
1 % 1 1
< CE ey Ky 7 2 VT T 2
> (N1 ;( ¢ (z31)) (/\t /\1)
1 M
< CE(=— Z()‘t — /\t)z) — 0
Nl t=1

using the boundedness of z;; — 7;(z3,) and the MSE convergence of ) to A which is shown

above. Therefore, (B.113) holds and we have from Theorem 1 that since

1
VN

where we let BY = ﬁ(Z — Ts)'D3*, then since

B¢ — N(0, plim( BY' TBM))

1

(Z — Poy 2)Dst = BN¢ 4 0,(1)

$

it 1s also true that

1
VN

(Z = Po,Z)'Ds¢ — N(0, plim( BN TBN)).

Finally, we show that

1

VN

We do this by breaking up the term using (B.106) and show the following,

: o, (A=A
(Z - P-’t:}Z),g(_——/i—)

— N(O, 52)

e R R 2 BN (N R0
1 L (A=X
(7~ Pear) g5 = (1) (B.119)
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1 =
\/]W(Pma('rz "‘1))9 /\ - Op(l)
1 , (A=)
\/N—l(st('*t "1)){] )\ - Op(l)
1 (A=)

Consider first (B.119), .

/ ()‘ - )‘)
— Pp7) g——
/—-‘( )'g .

N, 2 )
< (VN B+ Hn Paril V(N B S 9E 5y
Nlt 1 )‘E

| . A
COYMBS s = Peril (N | = A7)
1

E|

-0
using (i), (i), (iii), (iv) by Lemma 1, and boundedness of \,. For (B.120),

(A -2)
A

Elﬁ(ﬂ-a(ﬂ' ~z))'g l

A?

< ot/ IRy e L - ey

— 0

1 , 1 Ny T 2 A
< (VN B (v Pau)) Ay MB35 25 0, ey
t=1

by (ii), (i) and from above. Next for (B.121),

< OBy (5 = 42) Pao (22 = 20)) (/M B |2 = )
1

C(y N, EN1 (zi — 2,))V2(/N E—||A IVERE

136

(B.120)

(B.121)

(B.122)
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1 XN
C(\ NlE]V szt

\TE 1A =A%)

<C MENM—XWﬁo

j\z

using boundedness of z;;, A; and the above result. Similarly (B.122) holds. Finally for

(B.118) we have ’
(A=) (A=)

1
E Z2; — T3 ! S it
lm( )(g 5 g 3
T -
\/——-E! Z 41{ - c’ESt g(Aizzt)(At - At)2|

t

< C—\/]_V—TEH/\ — AP =0

as before. Therefore,

1 (A= 2X) 1 , (A=)
\/]_V;(Z Pzaz) 3 = \/—]VT(Z_TB)Q \ +O_p(l)
Using the defimtion of y; we can write
1 , (A=X)
Vo
N
res) 2520, - 4

\/m - 7/1:(~n -
= e vt~ s B e 1o - ) + 501

using the result of Lemma 2. Letting Y7 = diag{y:;} this can be written as

5 v

(Zi - Ti)lGDngl}rl(Pmlyl - l)

=
35

1

(= - 7.)GD; D\Yi Py, e

il
!

5
$

1

=(2i = 7:)'GDy D1Yy(Po, L~ 1)

=
=
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Since (iv) holds we ignore the factor % \/ ----- ' for the moment to simplify the notation. Con-

sider now the second term on the right,

N 1 (
—=\Z; —
Ny +V/N
< C\/]—VW;(I(N)HO,OO,X —0

‘ Ti)IGD;1D1}'1(lel—l)l

using boundedness assumptions, and (i) which allows application of Lemma 1(iii). Next,

define the following vector (z; — ;)y, by

(z: ~ m)yr = Y1(a: — 70)
and noting that
(z2i — )y = vi(z1) + v

then we can write the first term as

1
ﬁ(zi — Ti),GDg_lDl}"lpmlE

(z1)'GDy 'D lee

é»fl'“

viGD3'D 1Pz, €

Defining (;; by

_ ‘g(mgt)
it = Vit Y d1(I(z1t))

we have that E((;jz:) = 0 and V({;|z,) is bounded above given Assumption 6.2 and
boundédness of the other functions. Hence,

‘\—/‘——’U,GD lD P ;

1
< —=E|(P,, el = 0
< o ElGPe
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by Lemma A2.1 since € has conditional mean zero and bounded conditional variance and
since (i) holds.

Thus, we need only consider

1 1 r
——=9;(21)'GD;'D P, e = —=BN P, ¢
\/N ( 1) 3 15 xy \/]v 12
and show that for any vector b such that ||b]] = 1,

1
VN

is normally distributed. But by Theorem 2 we have that since 'BY’ is a function of x;

I N’
b'Bi, Pp €

which has positive Sobolev smoothness index then

1

Vv'N

and this 1s asymptotically normal using the Liapunov Central Limit Theorem so that

BBy, Prye = —=b'BY e + 0,(1)

Ly
VN

1

\/Nb'B{\;Pmle — N(0,S2)

Finally, we have that
VN:1(B2 = B2) = (AY)H(BY € + By €) + 0,(1)

and since € and € have zero correlation, then the result holds. Q.E.D.
Lemma A2.1 : Let {3 and (3 be veclors of dimension N and P, be a N x N projection
matriz formed by K functions of ¢ and suppose that the observations are independent

and
E(Cit’mt) =0
0 < sup E((2lzy) < o0
t

then

1 K
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for some finite C. Proof:

E| fclpczl_ \ﬁ( (PG E(G PN

1 ! 1/2 ! 1/2
= 5 (BlrPoB(Gi(l o)) (B(tr P B(GoGile))

1 K
< C——=E(ttP,) < C—=

since the variances are bounded by some finite constant C and since the trP, = K
because it is a projection matrix. Q.E.D.

Proof of Theorem 5:

It 1s easy to show that under the conditions of this result, the conclusion of Theorem 4
hold. In fact instead of having MSE of the various functions being o,(N ~1/2?) it is instead
0,(N~3/%), although this fact is only used to prove part of this result. The convefgence

at rate o,( N ~%/?) suffices for most of the proof. Clearly, we have
:1? = ‘4€V + 05(1)

as in the proof of Theorem 3 so it remains to consider the remaining two matrices. This

will be done by showing convergence element by element. In the case of S, the typical

element will be written in shorthand notation as

13 g
Zalgaﬁ,\
1t 1

where
i = 2y — Py 3
with P} denoting the t row of P;,. To show that
Sy = 51 + 0p(1) (B.123)

we show that for all z and j

_Z Qg Ji __“"Z 1ta'Jt :Op(l)
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After some rearranging it is easy to show that it will be sufficient to show the following

results,
1 .1
_N1 Z a,itajm—z(ftz — &) = 0p(1)

(A + A .
Za” ajt i\z/\z )( Ae = A)Ed = op(1)

1 1
7V—1 a.,_t(ajt - ajt)‘)gﬁf = Op(l)

. 1
—]Vl- Z ajt(au - ait))‘—fftz = Op(l)

(B.124)

(B.125)

(B.126)

(B.127)

The following inequalities will prove useful in verifying these four results. For all 7 we

have
max lai] < A+ max [0 (OO
Now we have,

max [$(¥'9) W5 < sup (o) x|

T max( (U0) ) (5 - ) (5 — )
+m;xxwt(wrlwt)“2(u;Puui>l/2
o (e (08) )2 N |77 oo

< A+ 0y (NV4) + 0,(NV®) + 0,(1)

using Assumption 6.2 and respectively, (ii) and Lemma 1, Assumption 2.3 and MSE

convergence for A, of o,(N~Y/?), Lemma A2.1 and (ii) and finally (1) ,(ii1) and Lemma

1(i1). Thus we have that

max |i| < Aoy, (N

(B.128)

for some finite A. Next consider the MSE convergence of the estimated g for the obser-

vations with y; = 1. We have that

1
Ny

91H<\/—(HPMZ(62 By
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T = ol + 1Pag 22 4 P S

The following four results give the desired MSE convergence result for g;.

1 . N
I Pe2(8 - )P < AOL (N
1

1

(7\/}”(1 = Poy)gill?)? < llgkallocox = op(N7%)

1 (A=) ary _
|| Py g~ |1})V2 < Ao, (N~V*
(N1|| -'E:)g A H) — OP( )

¢
A

using respectively, root N convergence of 8., (i1) and Lemma 1, MSE convergence for A,

1 2v1/2 -
(TVTHP’“ 12)}/2 < Doy (N %)

and (i). Therefore we have that

]' ~ —
T8~ aill < Aog(N V4 (B.129)

Finally, noting that

~

€ = 22(Be — B2) + g(za) (A — Ao) + M(g(za) — g(za)) + &,

1t 1s easy to show that

o S - € < Ao, (B.130)

using the boundedness of g, A and the aforementioned results regarding s, A and g.

Using this and (B.128) then we can show that (B.124) holds. For (B.125) write it as,

1 (A + /\t)

A Gir(aj — aje) Y

(e — A&

1 Xy g
+Flzalt__~;\_:—2/\t2—(/\t /\t)ét

then by (B.128) boundedness of the a;, the convergence in MSE at o,(N~'/2) for d; and

), the boundedness of the fourth moments of & we can show that each of these terms
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converges to zero by the use of Cauchy Inequality and Markovs Inequality. Note that we

have that
1

2 L(N73/4) (B.131)

~lla: = aif|* = o

although this is faster than is needed in this part of the proof. Finally the same sort
of arguments verify that (B.126) and (B.127) hold and so we have verified that (B.123)
holds.

We next must show that

SY =5 4+ 0,(1) (B.132)

and this will be done in a similar fashion to the previous result. First, denote the ith

element of v by

v; = Pﬂ?l((‘%l - P-'ta‘éi)lol)
and denote the population values for each t by v;;. Then we must show that for all 7 and
7 that

1 N
Vvt g( -’ESt G — = Z Vthth(333t) Ct = Op(l)
N =

an

where

2 1
C = g(m3t)~pdl(lt)zlt(1 - lt)
t

and ¢; denotes the estimate of this. Since we have that [, d;, and A; and the estimates

of these are all bounded, and the estimators converge in MSE to the true values at

0x(N~3/*) by Lemma 1 the main concern will be with § and the £;,. Since in this case
we must estimate g for all the observations, we must verify that a similar result to that
in (B.130) holds. Also similar inequalities to that in (B.128) will be required. First, we

deal with ¢, which is given by,

§ = ((Pey (0 = Z2)) (Rao(¥3¥a) W5 (@0 — ZB2))')’
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where ¥, 1s the matrix of basts functions evaluated at the z3 for observations for which

y1 = 0. For any ¢ we can write the estimate as
d(za) = Y (T3 s) U5 ((w = Z28s)
so that as we did above to yield inequality (B.128) we have that
(sl < ($i(¥53) ') (B2 = B2) 2'Z(Bs — B2))V?
+ibis | + ($1(¥3%3) " 9) VN lgks oo x
H@U(Pa W) ) PAIN = A+ (3 %) ) P A€
< Aoy (N

using argument similar to the above and the fact that convergence of A is o, (N34,

using (i) and (ii), and Assumption 6.2 which by Andrews (1989) shows that
(i (P5¥3) 7 9,)? = 0p(1) (B.133)

It 1s clear that since (B.129) holds to show MSE convergence for g which is based on all
the observations we need only consider the convergence for the observations with y; = 0.

Therefore, we note that we can write the appropriate expression as,

go = go = Wao(WsWa)-1W5 7( 52 — B2) + o (W5 W5) 3 W4 Wspx,

=90 + Uao(V3¥3) " Vg + ‘I’SO(‘I’;‘IJS)~1‘1’;'§

Since we have (B.133) then as before we can show that given (ii), (v) and the result

proved in Lemma 1(iii), then

1 -
(57160 — g0l2)"2 = (N 1)
and so we have that

1 -
18— all* = op(N7V%) (B.134)



Appendix B. Proofs for Chapter 4 : 145

Regarding »;; we have that
D] = 11, (W1 ®1) 7 04 (a;0"))]
< Uy (9,9:) 7 ¥ (a;0')']
91 (P 81) T (a0 — a:)'0")|
< Ao,(NY?®) (B.135)

using similar arguments to the above. Also, it is the case that

I 2 _ ~1/2
-]—v—Hvi —vi||* = 0,(N / )- (B.136)

In fact, this like the other rates is slower than the actual rates that obtain under the
assumptions but is sufficient for the proof. Now to show (B.132) the following will
suffice,

]—b‘ Y g(ma) iU — vit)

1 1
S "-TZ 1135 V’Lt Vzt)(V]t_Vyt)+ ]vzg m3t)zyzt(ujt'—y_7t)
< Ao

SNl

Vi“lll}j - Vj” + AOP(NIMHQJ' - VjH
< Aoy(1)

using (B.136), (B.135), and (B.134). Next,

_Zg stt Vi (Vi — vig)

1

< o (N 5 = i)

and

~ Z Vievie(9(zar) + g(za))(9(zae) — g(za))

< Aop(1)(5 113 - gl = o,(1)
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It remains then to show that

1 2.
N Z vivirg(es ) (¢ — c) = op(1)

and this follows due to the boundedness of all of the elements and the fact that each
converges in MSE to the true value. Therefore, we have that (B.132) holds and so the
result of the Theorem follows. Q.E.D.

Proof of Theorems 6 and 7:

The result follows from Lemma 3.3 of White (1980a). Q.E.D.
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