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METHODS OF INVESTIGATING PHENOMENA ARISING 
FROM NON-LINEARITIES IN POWER-SYSTEMS 

ABSTRACT 

Mathematical methods for investigating power-
system phenomena arising from non-linearities are 
developed in this thesis. 

Most information available about power-system 
phenomena arising from non-linear effects is obtained , 
from two main sources of research: field tests and 
miniature representation experiments. 

The use of equivalent circuits describing the 
physical system and the application of circuit analysis 
techniques is another approach to this problem. This 
thesis is concerned with the establishment of procedures 
for methods based on this approach. 

The incremental method is simple in theory but its 
application was difficult in the past because of the 
necessity of numerous calculations. The facilities of 
the digital computer overcome this difficulty and this 
method is fully explored. Certain aspects of the 
phenomena are investigated and some programming details 
of the method discussed. 

In contrast, the other methods require less cal­
culations as the solutions are in the form of simple 
algebraic expressions. An insight into the system be­
haviour rather than accurate numerical results are 
obt ained. Under the broad heading of analytical methods 
the Method of Isoclines, the Principle of Harmonic 
Balance and the Method of Integral curves are investi­
gated and used. 

The establishment of the equivalent circuits rep­
resenting the physical system is studied and the 
adequacy of these representations is discussed. An 
interesting method of approaching the transient 
solution of the long-line equations is also developed. 
Comparison between the representations of the power 
transmission line by a finite number of T-sections and 
the use of distributed parameters is made. 

Underlying the whole study is the growing 
importance of non-linear effects and transient 
phenomena in power-system planning, design and 
operation. 
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ABSTRACT 

Mathematical methods f o r i n v e s t i g a t i n g power-system 

phenomena a r i s i n g from n o n - l i n e a r i t i e s are developed i n t h i s 

t h e s i s * 

Most i n f o r m a t i o n a v a i l a b l e about power-system phenomena 

a r i s i n g from n o n - l i n e a r e f f e c t s i s obtained from two main sources 

of r e s e a r c h : f i e l d t e s t s and miniature r e p r e s e n t a t i o n experiments., 

The use of e q u i v a l e n t c i r c u i t s d e s c r i b i n g the p h y s i c a l 

system and the a p p l i c a t i o n of c i r c u i t a n a l y s i s techniques i s 

another approach to t h i s problem* This t h e s i s i s concerned with 

the establishment of procedures f o r methods based on t h i s approach., 

The incremental method i s simple i n theory but i t s 

a p p l i c a t i o n was d i f f i c u l t i n the past because of the n e c e s s i t y 

of numerous c a l c u l a t i o n s * The f a c i l i t i e s of the d i g i t a l computer 

overcome t h i s d i f f i c u l t y and t h i s method i s f u l l y explored* 

C e r t a i n aspects of the phenomena are i n v e s t i g a t e d and some 

programming d e t a i l s of the method d i s c u s s e d . 

In c o n t r a s t , the other methods r e q u i r e l e s s c a l c u l a t i o n s 

as the s o l u t i o n s are i n the form of simple a l g e b r a i c e x p r e s s i o n s . 

An i n s i g h t i n t o the system behaviour r a t h e r than accurate 

numerical r e s u l t s are obtained. Under the broad heading of 

a n a l y t i c a l methods, the Method of I s o c l i n e s , the P r i n c i p l e of 

Harmonic Balance and the Method of I n t e g r a l curves are 

i n v e s t i g a t e d and used. 

The establishment of the e q u i v a l e n t c i r c u i t s r e p r e s e n t i n g 



t h e p h y s i c a l s y s t e m i s s t u d i e d and t h e adequacy o f t h e s e 

r e p r e s e n t a t i o n s i s d i s c u s s e d . An i n t e r e s t i n g method o f 

a p p r o a c h i n g t h e t r a n s i e n t s o l u t i o n o f t h e l o n g - l i n e e q u a t i o n s 

i s a l s o d e v e l o p e d . C o m p a r i s o n between the r e p r e s e n t a t i o n s o f 

t h e power t r a n s m i s s i o n l i n e by a f i n i t e number o f T - s e c t i o n s 

and t h e use o f d i s t r i b u t e d p a r a m e t e r s i s made. 

U n d e r l y i n g t h e whole s t u d y i s t h e g r o w i n g i m p o r t a n c e o f 

n o n - l i n e a r e f f e c t s and t r a n s i e n t phenomena i n power-system 

p l a n n i n g , d e s i g n and o p e r a t i o n . 
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1 

CHAPTER I. 
1-1 I n t r o d u c t i o n 

The t i t l e of t h i s t h e s i s i s purposely general although the 

sub j e c t matter i t s e l f i s q u i t e s p e c i f i c . The j u s t i f i c a t i o n f o r 

t h i s i s based on the f a c t t h a t whereas a p a r t i c u l a r n o n - l i n e a r 

e f f e c t under d e f i n i t e system c o n d i t i o n s i s t r e a t e d i n d e t a i l , 

the emphasis i s on e s t a b l i s h i n g a method of treatment r a t h e r 

than d i s c u s s i n g the s o l u t i o n of t h i s p a r t i c u l a r problem. The 

ideas developed are themselves q u i t e general and c e r t a i n l y w i l l 

have a p p l i c a t i o n i n the r a t h e r broad f i e l d of n o n - l i n e a r e f f e c t s 

i n power-system a n a l y s i s . 

The two key—words i n t h i s t i t l e are n o n - l i n e a r i t i e s and 

power systems and i t i s important t h a t the sense i n which these 

are used be e s t a b l i s h e d . This i n t u r n r e q u i r e s a d i s c u s s i o n of 

the c i r c u i t concept which w i l l be used e x c l u s i v e l y i n t h i s 

s tudy. 



2 

1-2 The C i r c u i t C o n c e p t . 

E l e c t r i c c i r c u i t t h e o r y f i n d s i t s t r u e f o u n d a t i o n i n M a x w e l l ' s 

t h e o r y of t h e e l e c t r o m a g n e t i c f i e l d . T h i s t h e o r y e x p r e s s e d b y t h e 

w e l l known M a x w e l l ' s e q u a t i o n s has been v e r y s u c c e s s f u l i n 

e x p l a i n i n g a l l e l e c t r i c and m a g n e t i c phenomena i n terms o f f i e l d s ^ 

r e s u l t i n g f r o m c h a r g e s and c u r r e n t s . D e s p i t e t h e s u c c e s s o f t h i s 

f i e l d t h e o r y , t h e c i r c u i t c o n c e p t has f o u n d w i d e s p r e a d use and 

a c c e p t a n c e e s p e c i a l l y i n t h e f o r m u l a t i o n o f many phenomena of 

e n g i n e e r i n g i n t e r e s t . I t s s i m p l i c i t y o f a p p l i c a t i o n and use of 

e a s i l y m e a s u r a b l e q u a n t i t i e s — v o l t a g e s and c u r r e n t — h a v e been 

r e s p o n s i b l e f o r i t s d e v e l o p m e n t i n d e p e n d e n t of f i e l d t h e o r y and 

t h i s f a c t has h i d d e n i t s f o u n d a t i o n , i t s l i m i t a t i o n s and a p p r o x i m ­

a t i o n s . 

H i g h f r e q u e n c y phenomena, t r a n s i e n t b e h a v i o r and n o n - l i n e a r 

e f f e c t s have been r e s p o n s i b l e f o r a more c r i t i c a l e x a m i n a t i o n of 

t h e c i r c u i t c o n c e p t . I t s p r a c t i c a b i l i t y i n a n a l y s i s of t h e s e 

e f f e c t s i s s t i l l a b i g a t t r a c t i o n b u t i t s v a l u e as an a p p r o x i m ­

a t i o n must be examined and t h e r e s u l t s o f any s t u d y must be 

c o l o u r e d by i t s l i m i t a t i o n s . T h e r e a r e f i v e main p a r a m e t e r s 

w h i c h u s u a l l y e n t e r a c i r c u i t a n a l y s i s — c u r r e n t , v o l t a g e , r e s i s ­

t a n c e , i n d u c t a n c e and c a p a c i t a n c e . The o t h e r q u a n t i t i e s of i n t e r ­

e s t — c h a r g e , f i e l d s , power, e t c . — c a n be computed f r o m t h e s e . 

I n d e f i n i n g t h e s e q u a n t i t i e s , t h r e e d i f f e r e n t a p p r o a c h e s 

a r e p o s s i b l e , e a c h f i n a l l y g i v i n g the same m a t h e m a t i c a l r e s u l t , 

and i t i s a m a t t e r of c h o i c e whether one s t a r t s w i t h t h e e a s i l y 

v i s u a l i z a b l e c o n c e p t o f c h a r g e , t h e more p h y s i c a l l y s i g n i f i c a n t 

c o n c e p t o f c u r r e n t or t h e more m a t h e m a t i c a l b a s i s o f M a x w e l l ' s 



e q u a t i o n ^ 1 } Two o f t h e s e ' c o n c e p t s w i l l be, u s e d and t h e c h o i c e 

i s b ased: ou c o n v e n i e n c e . 

1-2-1 The E l e c t r i c C u r r e n t . 

U s i n g t h e c o n c e p t o f c h a r g e as u n d e r s t o o d i n p r e s e n t day 

a t o m i c t h e o r y , a s i n g l e e l e c t r o n i s c r e d i t e d w i t h h a v i n g t h e 

b a s i c u n i t o f c h a r g e . The phenomenon o f c h a r g e t r a n s f e r o r 

v e l o c i t y i s d e s c r i b e d by t h e t e r m e l e c t r i c c u r r e n t . I f q d e n o t e s 

t h e c h a r g e and i t h e e l e c t r i c c u r r e n t , i n e q u a t i o n f o r m , t h e 

r e l a t i o n 

c u r r e n t i = ^ i s e s t a b l i s h e d ( l - l ) 

1-2-2 The E l e c t r i c P o t e n t i a l or V o l t a g e . 

The movement o f c h a r g e r e q u i r e s e n e r g y o f one f o r m or a n o t h e r 

and t h e term v o l t a g e or p o t e n t i a l i s d e f i n e d as the e n e r g y p e r 

u n i t c h a r g e — i . e . i t i s t h e amount o f e n e r g y r e q u i r e d t o t r a n s ­

p o r t a u n i t c h a r g e u n d e r c e r t a i n d e f i n i t e c o n d i t i o n s . I n e q u a t i o n 

f o r m , i f dV g i s t h e e n e r g y r e q u i r e d t o move dq c h a r g e , t h e n 

d V e 
v o l t a g e v= j^- (1-2) 

a l s o 
d V g d d ¥ e 

v i = j - - — = = r a t e o f d o i n g work or e x p e n d i n g e n e r g y = power 

.'. power p = v i (1-3) 
e n e r g y ¥ g = Jp^-t = J v i d t (1-4) 

1-2-3 The M a g n e t i c F i e l d . The I n d u c t a n c e P a r a m e t e r . 

F o r a f u l l e r a p p r e c i a t i o n o f t h e d e s c r i p t i o n n o n - l i n e a r as 

a p p l i e d t o an i n d u c t i v e e l e m e n t , t h e c o n c e p t o f e n e r g y and 

M a x w e l l ' s e q u a t i o n s a r e u s e d as a b a s i s . 

M a x w e l l ' s equation,^ ̂  s t a t e 
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C u r l H = 3* + | | (1-5) 

C u r l E = - | | (1-6) 

from which 

di v B = 0 (1-7) 

d i v 5 = y (1-8) 

As expressed i n these equations, the b a s i c q u a n t i t i e s 

are : 

3 = magnetic f i e l d i n t e n s i t y ( l - 9 ) 

E = e l e c t r i c f i e l d i n t e n s i t y ( l - l O ) 

B = f l u x d e n s i t y ( l - l l ) 

C = displacement d e n s i t y (l-12) 

J = c u r r e n t d e n s i t y (l-13) 

J) = charge d e n s i t y -(l-14) 

In the c i r c u i t concept, a l l r e l a t i o n s must be expressed 

by q u a n t i t i e s of v o l t a g e , current and c i r c u i t parameters. 

A necessary step i s to e s t a b l i s h the correspondence between 

the f i e l d q u a n t i t i e s and the q u a n t i t i e s used i n the c i r c u i t 

concept. 

C o n s i d e r i n g equation ( l - 6 ) and r e f e r r i n g to P i g ( l - l ) , 

C u r l E = - | | (1-15) 

then 
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B L INES 

FIG. I 



B.cTs = constant ( l - 9 ) 

.*. equation ( l - 8 ) can be w r i t t e n 

¥ + ¥' = Jz.KE (^K.&I (1-10) 
s 1 

Now 

)H.oT = f j . d a 

a 

where a = surface area bounded by a B l i n e , t h e r e f o r e a 

q u a n t i t y M can be d e f i n e d 

M 4<^BVd"T = J J.d"a U - l l ) 

¥ + ¥' = J ,M B.'cCs (1-12) 

s 

from which 

d(¥ + ¥') = J (M dE).d"s" + J(dM B). ds (1-13) 

s s 

Comparing t h i s equation with ( l - 6 ) suggests t h a t 

d¥ = Ju dB.ds. (1-14) 
s 

and 

d¥» = J &H B.ds. (1-15) 
s 

In c i r c u i t theory, the v a r i a b l e s are the t e r m i n a l v o l t a g e s 

and c u r r e n t s , and a r e l a t i o n s h i p must be e s t a b l i s h e d betweeen 

these and the f i e l d q u a n t i t i e s . 

Now t e r m i n a l c u r r e n t i = J J.cLa* (1-16) 

a* 

where a* = area of the c r o s s - s e c t i o n of the conductor. 

Prom the form of equations ( l - l l ) and (1-16), i t follows-
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C o n s i d e r i n g equation ( l — 5 ) and n e g l e c t i n g the term 

dD 
r££f a procedure j u s t i f i a b l e i n t h i s context, a r e l a t i o n 

ĵH.<n"=* Jir.di = J UO (1-23) 

1 s 
can be e s t a b l i s h e d . jX, i s the constant of p r o p o r t i o n a l i t y 
between Ĵ.cTs and i " , the c u r r e n t . 

Eq. 5(l=22) gives a r e l a t i o n between v o l t a g e and f l u x -

l i n k a g e ; eq. (l-23) gives a r e l a t i o n between current and 

magnetic f i e l d i n t e n s i t y . In any medium, there i s a 

correspondence between B and H. This correspondence can 

then be used to r e l a t e v. , and i . 
i n d 

In some media r the correspondence between B and H i s 

l i n e a r . In such a case, the r e l a t i o n between X and i i s 

l i n e a r . Then 
v _ dX _ dX d i j djL (1 OA\ 
V i n d - dt ~ d i * dt ~ L * dt (1-24) 

The constant L i s c a l l e d the inductance parameter. 

In other media such as i r o n r the correspondence between 

B and B i s r a t h e r complex, e s p e c i a l l y when h y s t e r e s i s e f f e c t s 

are present. The simple r e l a t i o n s h i p given by eq. (l-24) 

i s no longer v a l i d * Instead some complex f u n c t i o n r e f e r r e d 

to as 

X = X ( i ) 
(1-25) 

or i = i ( X ) 

has to be used* I t may not even be p o s s i b l e to express 
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s u c h a f u n c t i o n a n a l y t i c a l l y and t h e methods o f h a n d l i n g 

s u c h f u n c t i o n s f o r m an i m p o r t a n t p a r t o f t h i s s t u d y . 

1-2-4 The E l e c t r i c F i e l d . The C a p a c i t a n c e P a r a m e t e r , 

U s i n g t h e same a p p r o a c h as i s s e c . (1-2-3) and 

r e f e r r i n g t o F i g ( l - 2 ) , t h e r e l a t i o n 

V 
(1-26) 

s 

i s u s e d . 

Nov 

(1-27) 

t h e r e f o r e 

(1-28) 

s V 

D e f i n i n g 

(1-29) 

V 

t h e r e l a t i o n 

(1-30) 

s 

i s e s t a b l i s h e d . 

t e r m i n a l s 
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OF EQUAL POTENTIAL 

F I G . 1 - 2 
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E.dT = v (1-31) 
; c 

1 

Eq. (l-30) e s t a b l i s h e s the r e l a t i o n between V £ and E. 

I f the r e l a t i o n between D and E i n a medium i s simply 

given by 

S = e.E (1-32) 

where e = some constant ( p e r m i t t i v i t y ) , (l-33) 

then the r e l a t i o n between q and v c i s expressed by the 

l i n e a r equation 

q = C v c (1-34) 

C i s c a l l e d the capacitance parameter. 

For other cases, some complex r e l a t i o n s h i p 

q = q ( v „ ) c 

or v = v (q) c c 
(1-35) 

must be used* This type of n o n - l i n e a r i t y does not a r i s e 

i n t h i s i n v e s t i g a t i o n and w i l l not be considered any 

f u r t h e r . 

1-2-5 S i m u l a t i o n of Losses. The Resistance Parameter, 

In power-systems, l o s s e s are always present. These 

l o s s e s may a r i s e from cu r r e n t flow i n conductors, the corona 
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phenomenon, s e c o n d a r y e f f e c t s o f t h e m a g n e t i s i n g f i e l d , e t c . 

The c u r r e n t s and v o l t a g e s c o r r e s p o n d i n g t o t h e s e phenomena 

s a t i s f y t h e p r i n c i p l e , o f c o n s e r v a t i o n o f e n e r g y , 

dV 

d t 5 = P E " H (1"36) 

I f t h e r e l a t i o n between i ^ and v R i s l i n e a r , t h i s r e l a t i o n 

may be e x p r e s s e d as 

v R = R i R (1-37) 

However, w i t h t h e i n c r e a s i n g i m p o r t a n c e of t h e more complex 

phenomena o f c o r o n a , a r c - b e h a v i o u r , h y s t e r e s i s l o s s e s e t c . f o r 

t h e s i m u l a t i o n o f t h e s e l o s s e s , eq. 1-37 i s n o t v a l i d . I n t h i s 

s t u d y , t h e q u e s t i o n o f t h e h y s t e r e s i s l o s s e s i s i n v e s t i g a t e d 

w i t h t h i s i n mind and some i n t e r e s t i n g r e s u l t s a r e o b t a i n e d . 

E x c e p t f o r t h i s c a s e , i t w i l l be assumed i n t h i s s t u d y t h a t 

t h e r e s i s t a n c e p a r a m e t e r R i s c o n s t a n t . 

1-3 N o n - L i n e a r i t y . 

I n t h e c i r c u i t c o n c e p t , t h e c i r c u i t p a r a m e t e r s a r e u s e d t o 

r e p r e s e n t a p h y s i c a l s y s t e m w h i c h d i s p l a y s c e r t a i n e l e c t r i c a l 

phenomena. I t i s r e a l i z e d t h a t s u c h r e p r e s e n t a t i o n c a n o n l y be 

an a p p r o x i m a t i o n , as a c o m p l e t e and t r u e d e s c r i p t i o n o f t h e phy­

s i c a l b e h a v i o u r w i l l i n t r o d u c e e n d l e s s c o m b i n a t i o n s o f c i r c u i t 

p a r a m e t e r s and t h u s d e f e a t t h e s i m p l i c i t y o f t h e method. 

The same p h y s i c a l s y s t e m may be r e p r e s e n t e d by d i f f e r e n t 

p a r a m e t e r s d e p e n d i n g on t h e phase o f t h e b e h a v i o u r b e i n g s t u d i e d , 

The c h o i c e o f t h e r e p r e s e n t a t i o n depends on e x p e r i m e n t a l f a c t 

and e n g i n e e r i n g judgement b u t a wide range o f phenomena c a n be 

s t u d i e d by t h e use o f l i n e a r a n a l y s i s . T h i s i m p l i e s t h a t t h e 



p h y s i c a l s y s t e m i s r e p r e s e n t e d i n a c i r c u i t by p a r a m e t e r s w h i c h 

a r e c o n s t a n t f o r v a r i a t i o n s o f t h e magnitude o f c u r r e n t , c h a r g e 

and v o l t a g e . 

The m a t h e m a t i c s and p r o c e d u r e o f l i n e a r a n a l y s i s a r e w e l l 

d e v e l o p e d and f o l l o w a s e t p a t t e r n b u t , as w i l l be s e e n , t h e 

i n t r o d u c t i o n o f n o n - l i n e a r e l e m e n t s r e q u i r e s i n d i v i d u a l mathem­

a t i c a l t r e a t m e n t and t h e e s t a b l i s h m e n t o f a p r o c e d u r e t o s u i t 

t h e s p e c i f i c p r o b l e m . 

B e f o r e b e i n g a b l e t o s t u d y a sys t e m , t h e r e a r e o t h e r q u e s ­

t i o n s t o be a s k e d about t h e e l e m e n t s o r p a r a m e t e r s . A r e t h e y 
(2) 

b i l a t e r a l , t i m e - i n v a r i a n t , lumped? I n t h i s s t u d y , t h e a s s ­

u m p t i o n w i l l be made t h a t a l l p a r a m e t e r s a r e b i l a t e r a l and t i m e -

i n v a r i a n t b u t t h e q u e s t i o n o f a lumped-network r e p r e s e n t a t i o n o f 

a t r a n s m i s s i o n l i n e w i l l be f u l l y d i s c u s s e d i n C h a p t e r 2. 

1-4 M a t h e m a t i c a l I m p l i c a t i o n o f N o n - L i n e a r i t y . 

I f l i n e a r b e h a v i o u r i s assumed, t h e n e q u a t i o n s ( l - 2 2 ) , 

( 1 - 3 5 ) , (1-37) c a n be w r i t t e n 
A T d i r. , = e-, - L TT i n d A d t 

(1-38) 
v c = / i d t 

v = E i r 

where C, L, R a r e c o n s t a n t s and depend o n l y on t h e geometry 

o f t h e p h y s i c a l s y s t e m . 

I f however, any o f t h e s e e l e m e n t s a r e n o n - l i n e a r , no v a l u e s 

o f C, L, R, c a n be d e f i n e d , t h e r e f o r e t h e f u n c t i o n s A ( i ) , q ( v ) , 
c 

and v R ( i R ) have t o b e c i i s e d d i r e c t l y and a s u i t a b l e m a t h e m a t i c a l 

a p p r o a c h has t o be d e v e l o p e d . • , 

I f any f o r m o f m a t h e m a t i c a l a n a l y s i s i s t o be a t t e m p t e d , 
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FIG. 1-3 

F I G . 1 - 4 
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t h e n o n - l i n e a r c h a r a c t e r i s t i c must be e s t a b l i s h e d f o r t h e non­

l i n e a r e l e m e n t . T h i s r e q u i r e s f u r t h e r a p p r o x i m a t i o n and t h e 

use o f e n g i n e e r i n g judgment as t h e m a t h e m a t i c a l c o m p l e x i t i e s 

must be b a l a n c e d a g a i n s t t h e u s e f u l n e s s o f t h e r e s u l t . 

To c l a r i f y some of t h e p o i n t s d i s c u s s e d , an example w i l l 

be b r i e f l y d i s c u s s e d . 

C o n s i d e r t h e c i r c u i t shown i n F i g . ( 1 - 3 ) . A l l t h e elem­

e n t s a r e l i n e a r . T h i s i s r e c o g n i s e d as t h e s i m p l e s e r i e s r e s ­

onant c i r c u i t , w i t h a s i n g l e f r e q u e n c y e x c i t a t i o n . 

The m a t h e m a t i c a l e q u a t i o n g o v e r n i n g t h i s c i r c u i t i s g i v e n 

by 
e = E sin(<ot + 0 ) = i R + ^ f i d t + | | (1-3?) 

D i f f e r e n t i a t i n g , 
2 

oE Cos(tet + e ) = R | ^ + i - i ' + — | (1-40) 
d t 

A s s u m i n g l i n e a r i t y t h r o u g h o u t , 

dA _ dX d i T d i 
d t ~ d i d t d t 
dA. dA. d i . , d i /, \ 3 7 = L r r (1-41) 

where A ^ 
L = -j-r ( s i n c e l i n e a r ) (1-42) 

.'. E q u a t i o n ( l - 4 0 ) r e d u c e s t o 
2. 

L d — | + R ~ + i - i = <oE cos (wt + 0 ) (1-43) 
d t 

T h i s i s a s i m p l e l i n e a r s e c o n d - o r d e r d i f f e r e n t i a l e q u a t i o n 

and t h e v a r i o u s methods a v a i l a b l e f o r t h e s o l u t i o n o f t h i s equ­

a t i o n y i e l d an e x p l i c i t s o l u t i o n f o r i as a f u n c t i o n o f t . 



15 

The complete s o l u t i o n gives both t r a n s i e n t and steady-

state behaviour ; the terms i n the s o l u t i o n c o n t a i n i n g exponen­

t i a l decrement f a c t o r s become i n s i g n i f i c a n t when the c i r c u i t 

reaches i t s steady-state (t—>°° ). 

I f i n s t e a d of the previous c o n d i t i o n s , the inductor e x h i b i t s 

n o n - l i n e a r i t y , before the s o l u t i o n of the equation can be 

attempted, a r e l a t i o n s h i p between i and A must be e s t a b l i s h e d . 

The f u n c t i o n i = i ( A ) i s u s u a l l y given i n the form of a graph but 

f o r the purpose of t h i s example, i t w i l l be assumed that an exact 

r e l a t i o n s h i p 
3 5 

i =: a-^A + a^A + a -A^ (1-44) 

e x i s t s , where and a^ are known constants. 

This r e l a t i o n s h i p can be s u b s t i t u t e d i n equation (l-40) 

y i e l d i n g 

toE cos(iot + 0) =a(a| ||. + 3 a 3 A 2 | | + 5a 5 A 4 |£) 
2 

+ j*- (a,A + a~A 3 + a. A 5) + ^ 4 (1-45) 

Fu r t h e r manipulation of t h i s equation y i e l d s 
2 

— ^ + R(a-^ + 3a^A + 5a^A ) -rr; + ^ (a^A + a^A + a^A^) 
cL ~t 

= toE cos(ttt + 0). (1-46) 

The s o l u t i o n of t h i s n o n - l i n e a r d i f f e r e n t i a l equation 
( 3 ) 

provides an i n t e r e s t i n g mathematical e x e r c i s e and the r e s u l t s 

are c e r t a i n l y not as s t r a i g h t forward or simple as i n the previous 

example. 

Although the i n t r o d u c t i o n of a n o n - l i n e a r element comp­

l i c a t e s the mathematics, the b a s i c problem of what e f f e c t t h i s 

has on the p h y s i c a l phenomena s t i l l has to be answered. In a l l 
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c a s e s , v e r i f i c a t i o n o f t h e v a l i d i t y o f any a n a l y s i s depends 

u l t i m a t e l y on e x p e r i m e n t a l r e s u l t s b u t , i n n o n - l i n e a r p r o b l e m s , 

t h e r e i s t h e added d i f f i c u l t y t h a t g e n e r a l methods f o r d i r e c t 

i n t e r p r e t a t i o n o f n o n - l i n e a r e q u a t i o n s a r e n o t a v a i l a b l e . 

P i g ( l - 4 ) shows t h e v o l t - a m p e r e r e l a t i o n s h i p s o b t a i n e d 

e x p e r i m e n t a l l y f o r t h e c i r c u i t of F i g . ( 1 - 3 ) . Curve ( a ) , a 

s t r a i g h t l i n e c h a r a c t e r i s t i c , i s o b t a i n e d i f an a i r - c o r e d r e a c t o r 

i s u s e d — i . e . one t h a t c a n be t r u l y r e p r e s e n t e d by a l i n e a r 

i n d u c t a n c e . C u r v e (b) i s o b t a i n e d w i t h t h e same p a r a m e t e r s b u t 
(3 ) 

an i r o n - c o r e d r e a c t o r i s u s e d . O b v i o u s l y , . o b t a i n i n g a 

s o l u t i o n f o r s u c h a p h y s i c a l system w i l l i n v o l v e more complex 

r e p r e s e n t a t i o n and t e c h n i q u e s . E q . (1-46) as an a p p r o x i m a t e 

d e s c r i p t i o n o f s u c h a sy s t e m i s one example o f t h e d i f f i c u l t 

m a t h e m a t i c a l p r o b l e m s i n v o l v e d i n s t u d y i n g s u c h phenomena. 

I n t h e s i m p l e s e r i e s l i n e a r c i r c u i t shown i n F i g . (2) a 

f a m i l i a r t e r m i s t h e r e s o n a n c e f r e q u e n c y . I f e i t h e r co, L or C 
2 1 

i s v a r i e d , t h e r e o c c u r s a p o i n t when co = JJQ a n < l t h e c u r r e n t i 
E r e a c h e s a maximum v a l u e , i = — : t h i s v a l u e o f co i s c a l l e d t h e ' max R ' 

r e s o n a n t f r e q u e n c y . 

T h e r e i s no s u c h s i m p l e o c c u r r e n c e i n a n o n - l i n e a r c i r c u i t . 

I n s t e a d , t h e terms h i g h e r h a r m o n i c s , s u b - h a r m o n i c s , f e r r o - r e s o n -

ance and jump phenomenon a r e common t h r o u g h o u t t h e l i t e r a t u r e o f 

n o n - l i n e a r s t u d i e s . The s i g n i f i c a n c e o f t h e s e terms w i l l be 

c o n s i d e r e d as t h e y o c c u r i n t h i s s t u d y . 

1-5 Power-Systems. 

The t r a n s f e r o f e n e r g y f r o m one p o i n t t o a n o t h e r r e q u i r e s 

a s y s t e m d i a g r a m m a t i c a l l y shown i n F i g . ( 1 - 5 ) . ^ ^ Three main 
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f e a t u r e s c h a r a c t e r i s e ,an e l e c t r i c a l power sy s t e m as u s e d i n t h i s 

c o n t e x t : 

(1) The t r a n s m i s s i o n medium and c o u p l i n g a r e s o l i d 

c o n d u c t o r s . 

(2) R e l a t i v e l y low f r e q u e n c i e s ( 100 c . p . s . ) a r e 

u s e d f o r t r a n s m i s s i o n . 

(3) The q u a n t i t i e s o f e n e r g y t r a n s f e r r e d a i e u s u a l l y 

v e r y l a r g e . 

B e c a u s e o f t h e s e f a c t o r s , t h e c i r c u i t c o n c e p t i s a d m i r a b l y 

s u i t e d f o r s t u d y i n g power s y s t e m s . I f a p r o p e r r e p r e s e n t a t i o n o f 

t h e e l e m e n t s o f the s y s t e m i s d e t e r m i n e d , t h e a p p l i c a t i o n o f t h e 

s i m p l e laws o f K i r c h h o f f i n c o m b i n a t i o n w i t h t h e v o l t a g e - c u r r e n t 

r e l a t i o n s f o r t h e lumped p a r a m e t e r s r e d u c e s th e p r o b l e m t o t h e 

s o l u t i o n of a s e t o f d i f f e r e n t i a l e q u a t i o n s . 

The lumped t r a n s m i t t e r or s o u r c e i s u s u a l l y a 3-phase .a. c 

g e n e r a t o r o r a c o m b i n a t i o n of s u c h g e n e r a t o r s . The c o u p l i n g s a t 

e i t h e r end depend on t h e s y s t e m b u t i n most c a s e s ; power t r a n s ­

f o r m e r s a r e r e q u i r e d . 

I n d . c . t r a n s m i s s i o n , a c o m b i n a t i o n o f t r a n s f o r m e r s , r e c t i ­

f y i n g and c o n v e r s i o n equipment i s n e c e s s a r y . The t r a n s m i s s i o n s y s ­

tem i s s o l i d c o n d u c t o r s w i t h t h e e a r t h sometimes b e i n g u s e d as 

p a r t o f t h e s y s t e m . 

E a c h component i n a power system as d e s c r i b e d i s c a p a b l e of 

complex b e h a v i o u r . I n t h e r e p r e s e n t a t i o n s of t h e s e d e v i c e s u s i n g 

t h e c i r c u i t c o n c e p t , many s i m p l i f i c a t i o n s have t o be i n t r o d u c e d 

b u t even t h e n , n o n - l i n e a r t e c h n i q u e s must be employed i f t h e 

e n t i r e range o f p e r f o r m a n c e i s t o be s t u d i e d . 
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A r e v i e w o f t h e l i t e r a t u r e p e r t i n e n t t o t h i s f i e l d r e v e a l s 

t h e n e c e s s i t y o f s u c h s t u d i e s . I t i s r e m a r k a b l e t h a t power 

s y s t e m d e s i g n and a n a l y s i s has r e a c h e d i t s p r e s e n t a d v a n c e d s t a g e 

r e l y i n g p r i n c i p a l l y on l i n e a r t e c h n i q u e s . 

R o t a t i n g m achines w i t h t h e i r complex f i e l d d i s t r i b u t i o n and 

g e o m e t r i c a l a s y m m e t r i e s , t r a n s f o r m e r s c h a r a c t e r i s e d by t h e non­

l i n e a r f l u x - c u r r e n t r e l a t i o n s h i p , n o n - l i n e a r r e s i s t o r s u s e d as 

p r o t e c t i v e d e v i c e s a r e a l l e s s e n t i a l e l e m e n t s o f any modern power 

s y s t e m . Under s t e a d y - s t a t e c o n d i t i o n s , t h e mode of o p e r a t i o n o f 

t h e s e d e v i c e s and phenomena e x p e r i e n c e d a r e s u c h t h a t l i n e a r 

d i f f e r e n t i a l e q u a t i o n s c a n u s u a l l y be u s e d t o d e s c r i b e them. The 

s o l u t i o n o f t h e s e e q u a t i o n s i n c o m b i n a t i o n w i t h some e m p i r i c a l 

i n f o r m a t i o n p r o v i d e u s e f u l and s u f f i c i e n t l y a c c u r a t e r e s u l t s 

f o r n o r m a l , s t e a d y - s t a t e a n a l y s i s o f power s y s t e m s . The s i z e and 

c o m p l e x i t y o f t h e s y s t e m may w a r r a n t t h e use o f n etwork a n a l y s e r s 

o r d i g i t a l c o m p u t e r s , u s i n g t h e t e c h n i q u e s o f l i n e a r a n a l y s i s . 

1-6 N o n - L i n e a r E f f e c t s i n Power Systems. 

F a u l t o c c u r r e n c e s , s w i t c h i n g o p e r a t i o n s can s e t up d i s t u r b ­

a n c e s on a s y s t e m r e s u l t i n g i n phenomena w h i c h c a n n o t e a s i l y be 

r e p r e s e n t e d by l i n e a r p a r a m e t e r s . E x p e r i m e n t a l t e s t s have p r o v e d 

t h a t knowledge o f t h e e f f e c t s c a u s e d by t h e s e d i s t u r b a n c e s i s 

n e c e s s a r y f o r t h e d e s i g n and o p e r a t i o n o f power s y s t e m s . 

I n t h e economic d e s i g n and o p e r a t i o n o f any power sy s t e m , 

two f a c t o r s a r e o f p r i m e i m p o r t a n c e : f i r s t l y , t h e c o o r d i n a t i o n 

o f i n s u l a t i o n l e v e l t h r o u g h o u t t h e system^ s e c o n d l y , t h e s e t t i n g 

up o f a r e l i a b l e , s e l e c t i v e and q u i c k - a c t i n g p r o t e c t i v e s y s t e m . 

The f i r s t f a c t o r r e q u i r e s a knowledge o f t h e v o l t a g e s t h a t w i l l be 

e x p e r i e n c e d b y t h e equipment i n a l l p a r t s o f t h e system u n d e r 
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expected c o n d i t i o n s , and the second r e q u i r e s a knowledge of both 

v o l t a g e , c u r r e n t and a s s o c i a t e d r e l a t i o n s h i p s mainly at key p o i n t s 

of the system. 

F i e l d t e s t s v e r i f i e d i n p a r t by t h e o r e t i c a l c o n s i d e r a t i o n s 

have shown that abnormal v o l t a g e s may e i t h e r be e x t e r n a l l y 

i n d u c e d — p r i n c i p a l l y from l i g h t n i n g — o r r e s u l t from switching 

o p e r a t i o n s . L i g h t n i n g surges have been the most frequent cause 

of outages, f o l l o w i n g i n s u l a t i o n breakdown, and a great deal of 

r e s e a r c h work has been devoted to t h i s f i e l d . Development of 

ingenious transformer designs, improvement of i n s u l a t i n g m a t e r i a l s 

and the i n t r o d u c t i o n of l i g h t n i n g a r r e s t e r s have a l l c o n t r i b u t e d 

to making power systems more immune from such f a i l u r e s . 

With the growing use of e x t r a high v o l t a g e s , long t r a n s m i s s i o n 

d i s t a n c e s , and such devices as s e r i e s c a p a c i t o r s and d. c. 

conversion equipment, p r e d i c t i o n of abnormal v o l t a g e s caused by 

s w i t c h i n g operations has become i n c r e a s i n g l y important i n system 

p l a n n i n g . The term s w i t c h i n g o p e r a t i o n as used here i m p l i e s a 

change of s t a t e of the system from one set of c o n d i t i o n s to 

another. A s s o c i a t e d with t h i s change of s t a t e i s a new d i s t r i b ­

u t i o n of v o l t a g e s and c u r r e n t s which i s accompanied by, a t r a n s i e n t 

behaviour. The causes of such changes of s t a t e are v a r i e d and 

the consequent behaviour covers a very wide range but there i s 

one e s s e n t i a l d i f f e r e n c e between t h i s phenomenon and l i g h t n i n g 

surges. In t h i s case, exponential or near-exponential v o l t a g e s 

and c u r r e n t s are experienced whereas i n l i g h t n i n g phenomena, 

wave-shapes of v a r i e d patterns occur. 

I t must be noted at t h i s p o i n t that i n f a c t the phenomena of 

abnormal v o l t a g e s and c u r r e n t s need not n e c e s s a r i l y be a s s o c i a t e d 
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w i t h n o n - l i n e a r b e h a v i o u r and i n f a c t , some s e v e r e o v e r v o l t a g e s 

c a n be s t u d i e d c o m p l e t e l y by means of l i n e a r t e c h n i q u e s . S p e c i f ­

i c a l l y , f u n d a m e n t a l f r e q u e n c y v o l t a g e s t h a t o c c u r due t o t h e 

o c c u r r e n c e o f a system f a u l t c a n be d e t e r m i n e d by t h e use o f 
(5 ) 

s y m m e t r i c a l components. T h i s t e c h n i q u e may r e l y on c e r t a i n 

a s s u m p t i o n s w h i c h e x c l u d e n o n - l i n e a r i t y ; e . g . ^ t h e n o n - e x i s t e n c e 

o f a r c i n g o r a s s i g n i n g a c o n s t a n t impedance t o r o t a t i n g m a c h i n e s . 

However, i n t h i s s t u d y , a t t e n t i o n w i l l be c o n f i n e d t o t h e p a r t ­

i c u l a r c a s e o f t h e e n e r g i s i n g o f a s y s t e m i n w h i c h th e n o n - l i n e a r 

f l u x - c u r r e n t r e l a t i o n s h i p o f a t r a n s f o r m e r p l a y s an i m p o r t a n t 

p a r t . T h i s p a r t i c u l a r p r o b l e m w i l l be s t u d i e d i n some d e t a i l w i t h 

t h e emphasis on methods of a p p r o a c h t o c e r t a i n p r o b l e m s r a t h e r 

t h a n on t h e s i g n i f i c a n c e o f t h e r e s u l t s . Some of the i d e a s exp­

l o r e d w i l l be p e r t i n e n t t o most n o n - l i n e a r b e h a v i o u r i n power 

systems and s i m i l a r t y p e s of s w i t c h i n g c o n d i t i o n s , e.g. ; t h e 

d r o p p i n g o f l o a d and t h e p a r a l l e l i n g o f t r a n s f o r m e r s . 

To a p p r e c i a t e how some of t h e s e e f f e c t s a r i s e , two i n t e r e s ­

t i n g phenomena w i l l be examined. 

C o n s i d e r a t r a n s m i s s i o n l i n e , f e d by a s i n g l e - p h a s e a . c . 

g e n e r a t o r . The l i n e i s t e r m i n a t e d by a r e a c t o r . The f l u x - l i n k a g e 

v s c u r r e n t r e l a t i o n s h i p o f t h e r e a c t o r i s g i v e n by c u r v e (a) 

P i g ( l - 6 ) . The c i r c u i t r e p r e s e n t a t i o n o f s u c h a system i s shown 

i n F i g (1-7) where R and L ( b o t h l i n e a r ) a r e t h e r e s i s t a n c e and 

i n d u c t a n c e r e s p e c t i v e l y o f t h e l i n e . 

The e q u a t i o n d e s c r i b i n g s u c h a c i r c u i t i s 
e = E Sin(cot + 9 ) = i R + L | x + e, max d t A 
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As a f i r s t a p p r o x i m a t i o n , i t can be assumed t h a t 

e-̂  > > i B 
^ , d i 

E A » L d t 

Then eq. (1-47) s i m p l i f i e s t o 

E S i n (tot 
max d t 

i . e . E 
A = — C O S ( A T + Q) + K 

to 

I f t h e i n i t i a l c o n d i t i o n s a r e 

A = 0 
0 = 0 

a t t = 0 
t h e n E K l = max 

to 

i . e . 
E 

A = max 
to 

(1 - Cos tot) 

E q . (1-56) shows t h a t f o r 

«t = TT; 
2 E 

A = max 

= 2 x n o r m a l s t e a d y - s t a t e v a l u e o f A 

= 2 A max 

(1-48) 

(1-49) 

(1-50) 

(1-51) 

(1-52) 

(1-53) 

(1-54) 

(1-55) 

(1-56) 

(1-57) 

(1-58) 

(1-59) 

C u r v e (a) F i g . ( l - 6 ) shows t h a t as A a p p r o a c n e s t h i s v ^ l u e 

2 A l a r g e v a l u e s o f c u r r e n t r e s u l t . The i n c l u s i o n o f max e 

l i n e r e s i s t a n c e i n t h e s e c o n s i d e r a t i o n s r e s u l t s i n a damping 

e f f e c t , t h e peak v a l u e o f A a p p r o a c h i n g i t s s t e a d y - s t a t e v a l u e 

A w i t h i n c r e a s e i n t i m e . However, i n any c a s e , l a r g e v a l u e s max ' * o 



FIG. 1-9 



25 

o f c u r r e n t o c c u r i n i t i a l l y . 

A t r a n s f o r m e r t e r m i n a t i n g a t r a n s m i s s i o n l i n e behaves l i k e a 

r e a c t o r w i t h a n o n - l i n e a r f l u x - c u r r e n t r e l a t i o n s h i p . T h i s 

phenomenon o f l a r g e c u r r e n t s o c c u r r i n g i n i t i a l l y on e n e r g i s i n g 

i s t h e w e l l known t r a n s f o r m e r c u r r e n t i n r u s h . 

B e c a u s e o f t h e f a c t t h a t t h e peak v a l u e o f t h i s i n r u s h 

c u r r e n t may e x c e e d t h e c u r r e n t r a t i n g o f t h e t r a n s f o r m e r , know­

l e d g e o f t h e wave shape and magnitude o f t h i s c u r r e n t i s n e c e s s a r y 

i n t h e s e t t i n g up o f p r o t e c t i v e d e v i c e s f o r t h e t r a n s f o r m e r . 

Some a t t e n t i o n has been g i v e n t o t h i s p r o b l e m — t h e more 

s i g n i f i c a n t c o n t r i b u t o r s , i n \ t h i s f i e l d b e i n g T u r n e r F i n z i ^ ^ 
(8) 

and Blume . The a p p r o a c h has been p r i m a r i l y e x p e r i m e n t a l as a 

co m p l e t e r i g o r o u s m a t h e m a t i c a l t r e a t m e n t w i l l be complex and d i f f -
( 9) 

i c u l t . T h i s phenomenon d e s c r i b e d o v e r 60 y e a r s ago- has a 

c o n t i n u e d i n t e r e s t f o r s y s t e m d e s i g n e r s and p l a n n e r s . B e c a u se of 

the use o f h i g h e r f l u x d e n s i t i e s and t h e need f o r more e x a c t i n g 

s p e c i f i c a t i o n s o f p r o t e c t i v e equipment, more p r e c i s e r e s u l t s must 

be o b t a i n e d . 

A s i m p l e d e m o n s t r a t i o n o f t h e o c c u r r e n c e o f o v e r v o l t a g e s 

r e q u i r e s t h e use o f t h e c i r c u i t shown i n F i g ( l - 8 ) . A l o n g t r a n s ­

m i s s i o n l i n e t e r m i n a t e d by a n o n - l i n e a r r e a c t o r i s r e p r e s e n t e d by 

F i g ( 1 - 8 ) . R e s i s t a n c e i s n e g l e c t e d and t h e A ( i ) f u n c t i o n i s 

g i v e n by F i g . ( 1 - 9 ) . The sy s t e m i s assumed t o be s u d d e n l y d e -

e n e r g i s e d . 

The e q u a t i o n d e s c r i b i n g s u c h a c i r c u i t i s 
Ji d t + e x = 0. (1-60) 

D i f f e r e n t i a t i n g eq. ( l - 6 0 ) 

. de^ 
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Nov, r e f e r r i n g t o P i g (1-9) 

i = i ( X ) 

i = kX i n r e g i o n (a) 

and i = ,mX + b i n r e g i o n (b) 

e X _ d t 

d t " d t 2 

.'. E q . ( l - 6 l ) becomes 

-z + c ^ 7 + £ i ( X ) = 0 
d t 

2dX 
M u l t i p l y i n g t h i s e q u a t i o n by , 

d t 
2 dX d A + 2 dX = 0 

d t d t ^ C d t 

I n t e g r a t i n g eq. ( 1 - 6 7 ) , 
.2 

d t 
d X r + §ji(A) dX = 2h 

v h e r e h i s some c o n s t a n t d e t e r m i n e d by i n i t i a l c o n d i t i 

E q . ( l - 6 8 ) c a n be p u t i n t o a more c o n v e n i e n t f o r m 

dX 
d t = ± ^ 2 (h - V ( X ) j 

v h e r e 

V ( X ) = i J i ( X ) dX. 
I n r e g i o n (a) 

v(x)„ = i JKX dX = a 2G 

i n r e g i o n (b) 

'b 
2 

V ( X ) U = i f(mX + b) dX = + ^ 
0 J 2C C 
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The s i g n i f i c a n c e o f t h e s e r e s u l t s i s more e a s i l y shown 

g r a p h i c a l l y , 

A p l o t o f V ( A ) v e r s u s A i s shown i n F i g ( l - l O ) ; b o t h V ( A ) 

and V ( A ) ^ a r e p a r a b o l a s b u t V ( A ) ^ i n c r e a s e s more r a p i d l y . The 

p h a s e - p l a n e t r a j e c t o r y i s t h e n p l o t t e d . 

F o r some i n i t i a l c o n d i t i o n g i v e n by V ( A ) = h , t h e p h a s e -

p l a n e t r a j e c t o r y v e r s u s A c a n be p l o t t e d u s i n g t h e r e l a t i o n 

g i v e n by eq. ( l - 6 9 ) . 

T h i s g i v e s t h e c l o s e d t r a j e c t o r y (a) and no abnormal c o n ­

d i t i o n s o c c u r . 

However, f o r some i n i t i a l c o n d i t i o n h^ t h e p h a s e - p l a n e 

t r a j e c t o r y t a k e s t h e shape g i v e n by c u r v e (b) and v e r y h i g h 
dA 

v a l u e s of and hence e^ a r e p o s s i b l e j u s t o u t s i d e t h e n o r m a l 

o p e r a t i n g r e g i o n ( a ) . These o v e r - v o l t a g e s a r e o f t e n r e f e r r e d t o 

i n t h e l i t e r a t u r e as f e r r o - r e s o n a n c e v o l t a g e s b u t i n f a c t s i n c e 

a r e s o n a n c e f r e q u e n c y i s r a t h e r d i f f i c u l t t o d e f i n e u n d e r s u c h 

c i r c u i t c o n d i t i o n s , t h e t e r m f e r r o - r e s o n a n c e i s m i s l e a d i n g . 

1-7 Methods of I n v e s t i g a t i o n . 

I n t h e i n v e s t i g a t i o n o f p r o b l e m s o f t h i s n a t u r e , t h e methods 

u s e d c a n be c l a s s i f i e d u n d e r t h e b r o a d h e a d i n g s o f 

(1) F i e l d T e s t s . 

(2) M a t h e m a t i c a l A n a l y s i s . 

(3) Model Methods. 

F i e l d t e s t s , i n f a c t , p r o v i d e t h e most a c c u r a t e i n f o r m a t i o n 

a bout a p a r t i c u l a r s y s t e m and have t o be r e l i e d upon e v e n t u a l l y 

t o v e r i f y any r e s u l t s o b t a i n e d o t h e r w i s e . However, t h e expense 

and i n c o n v e n i e n c e of p e r f o r m i n g t h e s e f i e l d t e s t s , e x c l u d e them 
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f r o m most i n v e s t i g a t i o n s . 

A n o t h e r method w h i c h has p r o v e d v e r y s u c c e s s f u l i s t h e 

s i m u l a t i o n o f t h e s y s t e m t o be s t u d i e d i n m i n i a t u r e and c a r r y i n g 

o u t measurements o f v o l t a g e s and c u r r e n t s where needed. The s u c ­

c e s s o f t h i s method l i e s i n t h e f a c t t h a t w i t h t h e s y s t e m s e t 

up, many d i f f e r e n t c o n d i t i o n s c a n be t r i e d and t h e e f f e c t s s e e n 

a l m o s t i m m e d i a t e l y . G r e a t i n g e n u i t y has gone i n t o t h e d e s i g n 

o f t h e s e v e r y s p e c i a l i z e d a n a l o g u e computers and t h e t r a n s i e n t 

a n a l y s e r ' and t h e "Anacom" a r e some o f t h e b e t t e r known 

d e v e l o p m e n t s i n t h i s f i e l d . E f f o r t s have c o n t i n u e d t o improve 

t h e m i n i a t u r e r e p r e s e n t a t i o n o f t r a n s f o r m e r s and g e n e r a t o r s and 

t h e s i m u l a t i o n o f e f f e c t s l i k e c o r o n a a r c i n g e t c . 

P e t e r s o n , ( r e f e r r i n g t o t h i s t y p e o f p r o b l e m ) i n t h e p r e -

f a c e t o h i s book p u b l i s h e d i n 1951 wrote "any method o f 

c a l c u l a t i o n i s e i t h e r e x t r e m e l y and p r o h i b i t i v e l y t i m e consuming 

o r i s so r i d d l e d w i t h s i m p l i f y i n g a s s u m p t i o n s t h a t t h e f i n a l l y 

c a l c u l a t e d r e s u l t i s i t s e l f o f q u e s t i o n a b l e v a l u e " . I n v i e w o f 

t h i s s t a t e m e n t , t h e q u e s t i o n a r i s e s whether t o d a y , t e n y e a r s 

l a t e r , a m a t h e m a t i c a l a n a l y s i s i s any more a t t r a c t i v e . 

A s i g n i f i c a n t p a r t o f t h i s s t u d y - C h a p t e r 3 - w i l l be d e v o t e d t o 

t£e use o f " t h e d i g i t a l computer i n i n v e s t i g a t i n g t h i s p r o b l e m 

and t h e answer t o t h e above q u e s t i o n i s a v e r y d e f i n i t e a f f i r m a t ­

i v e . The d i g i t a l computer has made p o s s i b l e t h e e x p l o r i n g o f 

a few m a t h e m a t i c a l methods w h i c h were p r e v i o u s l y c o n s i d e r e d 

u n a t t r a c t i v e b e c a u s e o f t h e i r t e d i o u s n e s s . The c o n t i n u i n g imp­

rovement i n d i g i t a l computer d e s i g n as r e g a r d s speed, c a p a c i t y 

and s i m p l i c i t y i n programming w i l l e s t a b l i s h i t as a v e r y u s e ­

f u l t o o l i n t h e s e i n v e s t i g a t i o n s . 
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The comparison between these two methods w i l l not be 

d i s c u s s e d here as the accuracy d e s i r e d , economics and equip­

ment a v a i l a b i l i t y w i l l have to be considered but, although the 

analogue method i s w e l l e s t a b l i s h e d and has proved s u c c e s s f u l , 

i t i s f e l t t h a t there w i l l be a place f o r analyses which r e l y 

on the d i g i t a l computer. 

Quite o f t e n , an i n s i g h t to the i n f l u e n c e of changes of 

design or op e r a t i n g c o n d i t i o n s i s needed without having to 

r e s o r t to e i t h e r analogue or d i g i t a l computers. This n a t u r a l l y 

i n v o l v e s some s i m p l i f y i n g assumptions and minimum numerical 

computation. Chapter (4) w i l l be devoted to d i s c u s s i n g such 

an approach. A v a i l a b l e n o n - l i n e a r a n a l y t i c a l techniques are 

examined with the p o s s i b i l i t y of a p p l y i n g them to t h i s problem. 

Some numerical examples demonstrate some of these techniques 

and s e v e r a l i n t e r e s t i n g general c o n c l u s i o n s a r i s e . 
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CHAPTER 2 

2-1 I n t r o d u c t i o n 

The c i r c u i t conceptual scheme i s used e x c l u s i v e l y i n t h i s 

study, and before attempting a s o l u t i o n of the behaviour of the 

system, a c i r c u i t r e p r e s e n t a t i o n or e q u i v a l e n t c i r c u i t must be 

e s t a b l i s h e d . Such a c i r c u i t , d e s c r i b i n g many complex phenomena, 

w i l l be the r e s u l t of some s i m p l i f i c a t i o n s and approximations! 

t h e r e f o r e , another o b j e c t i v e w i l l be to o b t a i n an a p p r e c i a t i o n cf 

the adequacy of the r e p r e s e n t a t i o n by a p a r t i c u l a r e q u i v a l e n t 

c i r c u i t . 

As d e s c r i b e d by F i g ( l - 5 ) , a power system r e q u i r e s p r i n c i p a l l y 

four d i f f e r e n t types of p h y s i c a l apparatus? a source, a c o u p l i n g , 

a t r a n s m i s s i o n medium and a load. 

In t h i s study, emphasis w i l l be on the c o u p l i n g — t h e power-

t r a n s f o r m e r — a n d the t r a n s m i s s i o n medium-~the high~voLtage t r a n s ­

m i s s i o n l i n e . 

The 3-phase synchronous generator which normally i s the 

generating source, w i l l be represented by i t s simplest e q u i v a l e n t 

c i r c u i t - - a s i n u s o i d a l voltage of constant amplitude i n s e r i e s with 

a l i n e a r inductance. Proper r e p r e s e n t a t i o n of synchronous machines 

under d i f f e r e n t c o n d i t i o n s has been e x t e n s i v e l y s t u d i e d and forms 

an important and i n t e r e s t i n g p a r t of machine theory. 9 ^ ^ ) , (16) 

The transformer's f l u x - c u r r e n t r e l a t i o n s h i p provides the non-

l i n e a r i t y of concern i n t h i s study and thus, the c i r c u i t r e p r e s e n t ­

a t i o n of t h i s device w i l l be considered f u l l y with p a r t i c u l a r -

emphasis on the s i m u l a t i o n of the h y s t e r e s i s l o s s e s . 
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I n c o n t r a s t w i t h t h e 3-phase g e n e r a t o r and t r a n s f o r m e r , l i t t l e 

a t t e n t i o n has been g i v e n i n t h e l i t e r a t u r e t o t h e p r o p e r r e p r e s e n t ­

a t i o n o f t h e p o w e r - t r a n s m i s s i o n l i n e . I t s c o n v e n t i o n a l r e p r e s e n t ­

a t i o n as a s i m p l e lumped r e s i s t a n c e i n s e r i e s w i t h a lumped i n d u c t ­

ance or as a f o u r - t e r m i n a l T o r it c i r c u i t has always been a d o p t e d 

and t h e adequacy of s u c h r e p r e s e n t a t i o n s has n o t o f t e n b e en s t u d i e d . 

T h i s c a n be somewhat j u s t i f i e d by the f a c t t h a t t h e b e h a v i o u r o f 

t h e t r a n s m i s s i o n l i n e i t s e l f i s u s u a l l y overshadowed by t h a t o f more 

complex components of t h e s ystem. 

However, the use o f l o n g e r l i n e s and e x t r a - h i g h v o l t a g e s , the 

g r o w i n g i n t e r e s t i n t r a n s i e n t b e h a v i o u r o f power systems and t h e 

need f o r more knowledge o f s y s t e m l o s s e s have c r e a t e d g r e a t e r i n t e r e s t 

i n t h e t r a n s m i s s i o n l i n e as a c i r c u i t e l e m e n t . 

I n t h i s C h a p t e r , t r a n s m i s s i o n l i n e b e h a v i o u r and t h e v a r i o u s 

c i r c u i t r e p r e s e n t a t i o n s o f s u c h l i n e s w i l l be s t u d i e d , r e l y i n g 

p r i n c i p a l l y on n u m e r i c a l r e s u l t s f o r any c o n c l u s i o n s drawn. 

2-2 The P o w e r - T r a n s f o r m e r . 

A t r a n s f o r m e r i s a d e v i c e w h i c h t r a n s f e r s e l e c t r i c a l e n e r g y 

a t one t e r m i n a l v o l t a g e " , t o a n o t h e r . I t s o p e r a t i o n depends on the 

e x i s t e n c e o f a m a g n e t i c f i e l d . Thus, t h e r e a r e two major i n t e r ­

d e p endent phenomena a s s o c i a t e d w i t h s u c h a d e v i c e — t h e t r a n s f e r o f 

e l e c t r i c a l e n e r g y and the e x i s t e n c e o f a m a g n e t i c f l u x . A l l t h e 

e f f e c t s o f i n t e r e s t i n t h i s s t u d y o c c u r when the t r a n s f o r m e r i s 

u n l o a d e d or a t v e r y l i g h t l o a d ; t h e r e f o r e , t h e t r a n s f o r m e r as an 

e n e r g y t r a n s f e r d e v i c e w i l l n o t be c o n s i d e r e d i n any d e t a i l . 

A v e r y u s e f u l and w i d e l y a c c e p t e d c o n c e p t i s the t r e a t m e n t o f 

t h e t r a n s f o r m e r as the c o m b i n a t i o n o f an ' i d e a l ' e n e r g y t r a n s f e r -
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d e v i c e w i t h a c i r c u i t s i m u l a t i n g t h e o t h e r e f f e c t s . T h i s s e c t i o n i s 

d e v o t e d t o t h e d e v e l o p m e n t o f t h e c i r c u i t t h a t s i m u l a t e s t h e more 

i m p o r t a n t e f f e c t s . 

The most s i g n i f i c a n t component o f t h e f i e l d o f m a g n e t i c f l u x 

i s e s t a b l i s h e d i n s p e c i a l l y shaped s t r u c t u r e s o f f e r r o m a g n e t i c 

m a t e r i a l w i t h a p p r o p r i a t e l y l o c a t e d c u r r e n t - c a r r y i n g c o n d u c t o r s . 

The a n a l y s i s o f s u c h a d e v i c e w i t h t h e n e c e s s a r y c o m p u t a t i o n o f 

f l u x d e n s i t y B and t h e f i e l d i n t e n s i t y H i s e s s e n t i a l l y a f i e l d 

p r o b l e m . The q u a n t i t i e s B and H a r e f u n c t i o n s o f b o t h space and 

t i m e ; t h e y depend on t h e geometry, m a g n e t i c p r o p e r t i e s and h i s t o r y 

of t h e s t r u c t u r e and t h e c u r r e n t s i n t h e c o n d u c t o r s . 

I n e f f e c t , s t a t e d as a f i e l d p r o b l e m , t h r e e e q u a t i o n s have t o 
(17) 

be s a t i s f i e d : -

B. ds = 0 (2-1) P 
o v e r any c l o s e d s u r f a c e 
i n t h e r e g i o n , 

H. dT = M (2-2) 

and t h i r d l y , t h e i n h e r e n t r e l a t i o n s h i p between the f l u x d e n s i t y and 

f i e l d i n t e n s i t y . T h i s depends on t h e m a t e r i a l of t h e t r a n s f o r m e r 

c o r e . (2-3) 

E x a m i n a t i o n o f t h e n ormal c o n s t r u c t i o n o f a power t r a n s f o r m e r 

r e v e a l s t h a t f o r t h e f r e q u e n c i e s and c u r r e n t s i n v o l v e d , one major 

s i m p l i f i c a t i o n can be i m m e d i a t e l y i n t r o d u c e d . The f l u x l i n e s a r e 

c o n f i n e d a l m o s t e n t i r e l y t o t h e h i g h p e r m e a b i l i t y p a t h s o f t h e f e r r o ­

m a g n e t i c m a t e r i a l and i n f a c t , t h i s t h r e e - d i m e n s i o n a l f i e l d p r o b l e m 

can be s i m p l i f i e d t o a o n e - d i m e n s i o n a l m a g n e t i c c i r c u i t p r o b l e m . 

E q u a t i o n s (2-1) and (2-2) a r e now open t o e a s i e r i n t e r p r e t a t i o n 

and w i t h th e use of a g i v e n B(H) r e l a t i o n s h i p of t h e m a t e r i a l , 
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a n a l y s i s o f t h e f i e l d p r o b l e m i s t h e o r e t i c a l l y p o s s i b l e . However, 

a t t h i s p o i n t , t h e e x i s t e n c e o f c e r t a i n o t h e r e f f e c t s has t o be 

k e p t i n mind b e c a u s e t h e s e a r e of some i n f l u e n c e i f t h e e l e c t r i c 

c i r c u i t r e p r e s e n t a t i o n i s t o be u s e d . 

These e f f e c t s a r e : -

(1) The n a t u r e o f t h e e x c i t i n g c u r r e n t . 

(2) The h y s t e r e s i s and e d d y - c u r r e n t l o s s e s i n t h e 

(3) The c o n d u c t o r s ' l o s s e s . 

(4) M a g n e t i c l e a k a g e . 

(5) The C a p a c i t i v e e f f e c t o f t h e w i n d i n g s a t h i g h 

f r e q u e n c i e s . 

E f f e c t s ( l ) and (2) a r e c l o s e l y r e l a t e d and t i e d t o the 

c o n d i t i o n g i v e n by eq. ( 2 - 3 ) . 

O b t a i n i n g t h e B(H) r e l a t i o n s h i p f o r a t r a n s f o r m e r c o r e i s an 

i n t e r e s t i n g measurement p r o b l e m ^ " ^ ' . A s e t o f c u r v e s as 

shown i n F i g (2-1) i s o b t a i n e d when a sample of c o r e m a t e r i a l i s 

e x c i t e d t h r o u g h c o m p l e t e c y c l e s i n c o n t i n u o u s s u c c e s s i o n . These 

c u r v e s r e v e a l t h a t 

(2) The B(H) r e l a t i o n s h i p i s n o t s i n g l e - v a l u e d . 

(3) A f t e r t h e f i r s t few c y c l e s , a s t e a d y - s t a t e 

c o n d i t i o n i s r e a c h e d when t h e B(H) c o n t o u r 

becomes a c l o s e d l o o p — t h e h y s t e r e s i s l o o p . 

(4) The s i z e and shape o f t h e s t e a d y - s t a t e B(H) l o c u s 

v a r i e s w i t h t h e peak v a l u e o f H. 

c o r e . 

(1) H. dB ^ 0. 

The i n t e g r a l 
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as an e n e r g y l o s s p e r u n i t volume o f f e r r o m a g n e t i c m a t e r i a l p e r 

c y c l e . T h i s l o s s , c a l l e d t h e h y s t e r e s i s l o s s i s t h e r e s u l t o f t h e 

m a t e r i a l ' s p r o p e r t y o f r e t a i n i n g magnetism o r o p p o s i n g a change i n 

m a g n e t i c s t a t e . 

The e d d y - c u r r e n t l o s s e s a r e p r o d u c e d by c u r r e n t s i n t h e 

m a g n e t i c m a t e r i a l , and t h e s e c u r r e n t s r e s u l t f r o m t h e v a r y i n g f l u x 

d e n s i t y B u n d e r a.c. e x c i t a t i o n . 

F i g . (2-2) shows t h e s e t o t a l l o s s e s f o r a p a r t i c u l a r t r a n s ­

f o r m e r a t a d e f i n i t e f r e q u e n c y and i m p r e s s e d v o l t a g e o f e x c i t a t i o n . 

F o r m u l a e have been d e r i v e d , g i v i n g e x p r e s s i o n s f o r t h e s e l o s s e s 

i n terms of t h e c i r c u i t p a r a m e t e r s b u t t h e s e have been m o s t l y 

e m p i r i c a l and i n any c a s e a r e d i f f i c u l t t o s i m u l a t e u s i n g c i r c u i t 

e l e m e n t s . 

These p h y s i c a l phenomena p r e s e n t a m a j o r p r o b l e m i n c i r c u i t 
(21) 

r e p r e s e n t a t i o n and m a t h e m a t i c a l a n a l y s i s and t h r e e d i f f e r e n t s e t s 

of a s s u m p t i o n s a r e made i f any c o m p u t a t i o n or a n a l y s i s i s t o be 

c a r r i e d o u t . 

(1) 

(a) The B(H) r e l a t i o n s h i p i s a t most, a t w o - v a l u e d 

f u n c t i o n . 

(b) The e d d y - c u r r e n t l o s s e s a t no l o a d f o r a p a r t i c u l a r 

t r a n s f o r m e r a r e s i m u l a t e d by a r e s i s t i v e e l e m e n t . 

(2) 

(a) The B(H) r e l a t i o n s h i p i s s i n g l e - v a l u e d . 

T h i s s i n g l e - v a l u e d c u r v e i s o b t a i n e d by d r a w i n g 

a c u r v e t h r o u g h t h e t i p s o f a s e r i e s o f i n c r e a s ­

i n g l y l a r g e r s y m m e t r i c a l h y s t e r e s i s l o o p s . T h i s 

c u r v e i s c a l l e d t h e m a g n e t i s a t i o n c h a r a c t e r i s t i c 

and i s f u r t h e r assumed t o be s y m m e t r i c a l about 

t h e o r i g i n . 
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(b) The t o t a l c o r e l o s s e s a r e r e p r e s e n t e d by a lumped 

r e s i s t o r . 

(3) 

(a) The m a g n e t i s a t i o n c h a r a c t e r i s t i c i s u s e d . 

(b) A l l c o r e l o s s e s a r e n e g l e c t e d . 

A s s u m p t i o n ( l ) can r a r e l y be u s e d as i t i s d i f f i c u l t t o f o r m u l a t e 

an a n a l y t i c a l e x p r e s s i o n f o r t h e t w o - v a l u e d r e l a t i o n s h i p and i n any 

c a s e s u c h an e x p r e s s i o n would be awkward t o u s e . I n C h a p t e r 3, a 

method u t i l i s i n g t h e d i g i t a l computer i s d e s c r i b e d t h r o u g h w h i c h an 

a c t u a l h y s t e r e s i s l o o p can be f o l l o w e d i n t h e c o m p u t a t i o n . Such 

an a p p r o a c h i s b a s e d on a s s u m p t i o n ( l ) . 

I n most s t e a d y - s t a t e c o n s i d e r a t i o n s , t h e c i r c u i t r e p r e s e n t ­

a t i o n arising f r o m a s s u m p t i o n (2) i s u s e d . Such a c i r c u i t c o n s i s t s 

of a s i n g l e i n d u c t i v e e l e m e n t i n p a r a l l e l ( o r i n s e r i e s ) w i t h a 

r e s i s t i v e e l e m e n t . The i n d u c t i v e e l e m e n t s i m u l a t e s t h e m a g n e t i c 

phenomena and t h e r e s i s t o r a c c o u n t s f o r a l l c o r e l o s s e s . The 

t r a n s i e n t r e s p o n s e o f the s e r i e s c i r c u i t does n o t a p p r o x i m a t e the 

t r a n s i e n t b e h a v i o u r o f t h e t r a n s f o r m e r and i s o f no v a l u e i n t r a n s ­

i e n t s t u d i e s . The p a r a l l e l c o m b i n a t i o n i n d i c a t e s two s e p a r a t e 

c u r r e n t s where o n l y one e x i s t s b u t i s a more r e a s o n a b l e a p p r o x i ­

m a t i o n . 

When n o n - l i n e a r a n a l y t i c a l t e c h n i q u e s a r e employed, a s s u m p t i o n 

(3) p r o v i d e s t h e s i m p l e s t p o s s i b l e r e p r e s e n t a t i o n — a s i n g l e non­

l i n e a r e l e m e n t . 

U s i n g t h e i n c r e m e n t a l method d e v e l o p e d i n C h a p t e r 3, t h r e e 

s e p a r a t e c o m p u t a t i o n s o f t h e i n r u s h - c u r r e n t t o a t r a n s f o r m e r a r e 

done. The g r a p h s of F i g . (2-3) show the r e s u l t s . C u r v e s ( a ) , ( b ) , 
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( c ) a r e o b t a i n e d u s i n g a s s u m p t i o n ( l ) , (2) and (3) r e s p e c t i v e l y . 

C u r r e n t waveforms a r e p l o t t e d as t h e s e g i v e a b e t t e r i n d i c a t i o n of 

t h e d i f f e r e n c e s and a r e a l s o the q u a n t i t i e s o f i n t e r e s t . 

The l o s s e s o f t h e s y s t e m c h o s e n a r e p r i n c i p a l l y t h e t r a n s ­

f o r m e r c o r e l o s s e s as t h i s a l l o w s an a p p r e c i a t i o n o f t h e d i f f e r e n c e s 

between t h e t h r e e a s s u m p t i o n s . 

W i t h a l l t r a n s f o r m e r l o s s e s i g n o r e d , c u r v e ( c ) P i g . (2-3) 

i s o b t a i n e d . A l t h o u g h h a v i n g a s l i g h t l y l o w e r maximum peak v a l u e 

t h a n c u r v e ( b ) , i t s d e c a y is.much l e s s r a p i d s i n c e c u r v e (b) 

r e s u l t s f r o m a c i r c u i t i n w h i c h th e l o s s e s a r e s i m u l a t e d by a c o n ­

s t a n t r e s i s t i v e e l e m e n t . 

The a c t u a l t r a c i n g o f t h e h y s t e r e s i s l o o p w h i c h c a n be done 

u s i n g t h e i n c r e m e n t a l method ( C h a p t e r 3 ) — r e s u l t s i n c u r v e ( a ) . 

The f a c t t h a t d e c r e a s e i n c u r r e n t magnitude r e s u l t s i n a r e d u c t i o n 

o f t h e s i z e o f t h e h y s t e r e s i s l o o p and hence t h e h y s t e r e s i s . . l o s s e s , 

i s d e m o n s t r a t e d by t h e i n i t i a l d e c a y o f c u r v e (a) b e i n g more r a p i d 

t h a n t h a t o f c u r v e ( c ) and t h e t e n d e n c y f o r t h e s e two c u r v e s t o 

c o i n c i d e a t s m a l l e r peak c u r r e n t v a l u e s . 

The use of a l i n e a r r e s i s t o r t o s i m u l a t e t h e c o r e l o s s e s r e s ­

u l t s i n t h e c o n t i n u i n g r a p i d d e c a y o f c u r v e ( b ) . The f a c t t h a t the 

a m p l i t u d e o f t h e v o l t a g e a c r o s s t h e t r a n s f o r m e r does n o t change 

a p p r e c i a b l y k e e p s th e R. M. S. l o s s e s s i m u l a t e d by t h e r e s i s t o r 

a l m o s t c o n s t a n t . These l o s s e s , i n f a c t , v a r y w i t h t h e peak v a l u e o f 

t h e c u r r e n t and t h e a c c u r a c y o f such a r e p r e s e n t a t i o n f o r t r a n s i e n t 

s t u d i e s w i l l depend on t h e y.alue o f t h e r e s i s t i v e e l e m e n t c h o s e n . . 

The l o s s e s o f the c o n d u c t o r s o f t h e t r a n s f o r m e r c a n be s i m u l a t e d 

by a lumped r e s i s t a n c e i n w h i c h th e t o t a l c u r r e n t f l o w s and t h e 

m a g n e t i c l e a k a g e can be r e p r e s e n t e d by a l i n e a r i n d u c t a n c e . ' 
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The c a p a c i t i v e e f f e c t s o f t h e w i n d i n g s a r e o f no s i g n i f i c a n c e 

i n t h e f r e q u e n c y range e x p e r i e n c e d i n t h e phenomena b e i n g i n v e s t ­

i g a t e d and w i l l be n e g l e c t e d i n t h e s e c o n s i d e r a t i o n s . 

F i n a l l y , t h e n , t h e e q u i v a l e n t r e p r e s e n t a t i o n o f t h e t r a n s f o r m e r 

as a c i r c u i t e l e m e n t c o n s i s t s o f an i d e a l e n e r g y t r a n s f e r d e v i c e , 

a n o n - l i n e a r e l e m e n t and a s e t o f l i n e a r r e s i s t i v e and i n d u c t i v e 

e l e m e n t s . The c h o i c e of c o m b i n a t i o n of t h e s e i s b a s e d on t h e t y p e 

o f b e h a v i o u r b e i n g s t u d i e d and t h e e x t e n t o f s i m p l i f i c a t i o n : t h a t 

can be t o l e r a t e d . 

2-3 The T r a n s m i s s i o n L i n e . 

I n any p r o b l e m t h a t i n v o l v e s t h e p a r a m e t e r s of a t r a n s m i s s i o n 

l i n e , two a p p r o a c h e s a r e p o s s i b l e . The f a m i l i a r T or i t - s e c t i o n 

r e p r e s e n t a t i o n u s i n g lumped e l e m e n t s c a n be u s e d as an a p p r o x i m a t e 

c i r c u i t r e p r e s e n t a t i o n * o r the s o l u t i o n o f t h e a c t u a l p a r t i a l 

d i f f e r e n t i a l e q u a t i o n s d e s c r i b i n g t h e t r a n s m i s s i o n l i n e b e h a v i o u r , 

w i t h p r e s c r i b e d b o u n d a r y and i n i t i a l c o n d i t i o n s , can be s o u g h t . 

B o t h t h e s e methods w i l l be d e s c r i b e d and t h e r e s u l t s o f 

n u m e r i c a l examples a r e p r e s e n t e d i n g r a p h i c a l f o r m t o o b t a i n . 

a p p r e c i a t i o n o f t h e magnitude of t h e d i f f e r e n c e s i n v o l v e d . 

I n p a r t i c u l a r , a s o l u t i o n of t h e p a r t i a l d i f f e r e n t i a l e q u a t i o n s 

i s f u l l y d e v e l o p e d . The method u s e d h e r e c a n be q u i t e u s e f u l i n 

o t h e r power sy s t e m a p p l i c a t i o n s , e s p e c i a l l y u n d e r t r a n s i e n t c o n d i t i o n s . 

As w i l l be r e a l i z e d , i t s s u c c e s s depends on many n u m e r i c a l c a l c u l ­

a t i o n s and t h e use o f a d i g i t a l computer i s a l m o s t e s s e n t i a l . 

2-3-1 The T r a n s m i s s i o n L i n e — L u m p e d P a r a m e t e r s . 

C o n s i d e r th e network shown i n F i g . (2-4), i n w h i c h t h e e l e m e n t s 

z, and z/ j_ d e n o t e a r b i t r a r y impedances.. ,. 
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A p p l y i n g K i r c h h o f f ' s l a w s and w i t h t h e use o f t h e L a - p l a c e 

T r a n s f o r m a t i o n , mesh , e q u a t i o n s a r e e s t a b l i s h e d . 

L e t 

v*> = IK] 
Then c o n s i d e r i n g any i n t e r i o r mesh, 

Z k \ + Z k + i ( l k " W + ^ - 1 ( Z k - W = 0 

(k = 1, 2, N - l ) . (2-5) 

F o r t h e z e r o t h mesh i . e . k" = 0. 

('Z0 * Z ' ^ *6 " Z ' | X l " E 0 < 2-6) 

and f o r t h e N t h mesh. 

- Z N - i XN-1 + ( Z N - i + V . ^ N = " E N ( 2-7) 
These N + 1 e q u a t i o n s c an be w r i t t e n more s y s t e m a t i c a l l y as 

( z o + ZV J 0 " Z ' | *1 = E o 

-Z' [o ( z " i + z ' u + z i ) J i - Z ' H I 2 = 0 

- z ' u J i ( z ' u + z , 2 ^ + ^ *2 - Z ' 2 i V = 0 

" Z N - U JN-2 ( Z N - l l + Z N - l + ZN-1> V l " Z N - i h=° 

I N - 1 + ( Z N - i + V *N ' ' = " E N 

These a r e a s e t o f d i f f e r e n c e e q u a t i o n s and i f 

Z l = Z i * Z
3 = Z N - 1 = Z < 2-9) 

and Z 1 ! = z j i = z L ... = Z;T 1 = Z"' 
2 -L2 ^2 JNI — 2 

w i t h Z Q = Z N = i Z (2-10) 
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(23) 
t h e s o l u t i o n f o r 1̂ . i s g i v e n by 

E A c o s h |*2(N - k) a l - E A T c o s h (2ka) I t ( s ) = - 2 L ^ J N ( 2 _ n ) 
Lk . 2 

(ZZ1 + i Z 2 ) " s i n h ( 2 N a ) 

where s i n h ( a ) = Z 
4Z 

(2-12) 

I n t h e c a s e o f a t r a n s m i s s i o n l i n e , EQ i s u s u a l l y some s p e c i f i e d 

v o l t a g e and 

E N = Z R Z N < 2- 1 3> 

where 

(2-14) 

Z;R = an impedance f<unctlbn;„ 

S u b s t i t u t i n g t h i s r e l a t i o n i n eq. ( 2 - l l ) and p u t t i n g k = N 

E A c o s h (0) - Z D I„ c o s h (2Na). 
I ( B ) = _0 T— — (2-15) 
N „ 2 

(ZZ' + \Z2)~ s i n h ( 2 N a ) 

F u r t h e r 

I N ( s ) = E ° — (2-16) 
o 1 

( ZZ' + iZ ) 2 s i n h ( 2 N a ) + Z R c o s h ( 2 N a ) 

Hence, i f a t r a n s m i s s i o n l i n e i s t o be r e p r e s e n t e d by T or 

Tt-sec t i o n s , N i n number, eq. (2-16) c a n be u s e d t o d e t e r m i n e t h e 

c u r r e n t r e s p o n s e a t t h e end o f t h e l i n e when some v o l t a g e e ^ ( t ) 

i s a p p l i e d . 

D e f i n i n g 

A N = ( Z Z 1 + } Z 2 ) ^ s i n h ( 2 N o c ) + Z R c o s h ( 2 N a ) (2-17) 

f o r N number o f T - s e c t i o n s , 

Z = R + sL 
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where 
„ _ t o t a l lumped r e s i s t a n c e o f l i n e i n ohms  
tt - N 
j _ t o t a l lumped i n d u c t a n c e o f l i n e i n h e n r i e s (2-18) 
h ~ N 
rt t o t a l lumped s h u n t - c a p a c i t a n c e o f l i n e i n f a r a d s 
° = N 

Then 

A „ = N = l ( ^ T H I i ) + ( R - p I i ) 2 ) 2 s i n h (2Na) + Z R c o s h (2Na) 

and 

s i n h a = ( sC (R + s L ) ^ 

c o s n a = ( i + «c (R + B L ) } * ( 2 _ 1 9 ) 

To f i n d t h e c u r r e n t r e s p o n s e f o r any number o f s e c t i o n s when a 

s t e p — f u n c t i o n v o l t a g e i s a p p l i e d a t one end o f t h e l i n e , t h e i n v e r s e 
E 0 

L a p l a c e t r a n s f o r m o f T— has t o be f o u n d . 

I . e 
iv(t) = X."1 

v 0 
s A N J 

where VQ = a m p l i t u d e o f t h e s t e p - v o l t a g e . 

I n t h i s c a s e , t h e p r o b l e m amounts t o f i n d i n g j£ ~ l — ^ — J . 

T h i s r e q u i r e s p u t t i n g t h e e x p r e s s i o n 1 ^ i n t o p a r t i a l f r a c t i o n s 

and t h e n f i n d i n g t h e i n v e r s e t r a n s f o r m s o f t h e s i m p l e r f r a c t i o n s . 

F o r a t e r m i n a t i n g i n d u c t a n c e , t h e p o l y n o m i a l s has 2 r e a l z e r o s 

one o f w h i c h i s s = 0, and N c o n j u g a t e p a i r s o f complex z e r o s . 

E x p r e s s i n g — — as a sum o f p a r t i a l f r a c t i o n s a l l o w s t h e e v a l u a t i o n 
s A N 

o f i j j ( t ) as a f u n c t i o n o f t i m e . 

_ i A i , v 1 V + A k 
s A N s s + a 1 (s + a k + j p k ) ( s + a k - j p f c ) 

2 
(2-20) 
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N 

D ve a k c o s ( B k +0 k ) 
k = l 

(2-21) 

where ~ l 
A / 2 ( B k a k " V \ 2 

k k fl2 
\ P k / 

and (2-22) 

0, k t a n " 1 ( B k a k - V , 
k B k Pk 

The s o l u t i o n o f t h e p o l y n o m i a l s A r o f o r d e r 2 ( n + l ) , t h e 

c o n v e r s i o n t o p a r t i a l f r a c t i o n s and t h e f i n a l e v a l u a t i o n of i j j ( " t ) 

become an a l m o s t i m p o s s i b l e t a s k w i t h o u t t h e a i d o f machine comp­

u t a t i o n . Programmes t o p e r f o r m t h e s e n u m e r i c a l t a s k s were w r i t t e n 

and a wide r a n g e o f b e h a v i o u r c o u l d be s t u d i e d . 

2-4 T - s e c t i o n s t e r m i n a t e d by a l i n e a r i n d u c t a n c e . 

F o r 1, 2, and 4 T - s e c t i o n s , t h e c u r r e n t and v o l t a g e r e s p o n s e s 

a t t h e end o f v a r i o u s l e n g t h s o f l i n e s a r e computed. E a c h l e n g t h 

of l i n e was t e r m i n a t e d by v a r i o u s v a l u e s o f l i n e a r i n d u c t a n c e s , 

v a r y i n g f r o m 0.1 h e n r y t o 9000 h e n r i e s and t h e more i n t e r e s t i n g o f 

t h e s e r e s u l t s a r e p r e s e n t e d g r a p h i c a l l y i n F i g s . (2-6) t o ( 2 - 2 2 ) . 

I n e a c h c a s e , a 1000 v o l t s t e p - i n p u t was a p p l i e d a t t h e b e g i n n i n g 

o f t h e l i n e . 

The a l g e b r a i c e x p r e s s i o n s f o r i n terms o f R, L, C and 

a r e g i v e n by e q u a t i o n s ( 2 - 2 4 ) , ( 2 - 2 5 ) , (2-26) and (2-27) f o r 

1, 2, 3 and 4 T - s e c t i o n s r e s p e c t i v e l y . R, L, C a r e as d e f i n e d 

p r e v i o u s l y by e q u a t i o n s (2-18) and i s t h e v a l u e o f t h e t e r m i n ­

a t i n g i n d u c t a n c e i n h e n r i e s . 

The r e s u l t s o f t h e c u r r e n t r e s p o n s e s as g i v e n by e q u a t i o n 

(2-21) and t h e v o l t a g e r e s p o n s e s as g i v e n by 
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(2-23) 

a r e d i s c u s s e d i n g r e a t e r d e t a i l i n s e c t i o n .2-7 . 

One- T - s e c t i o n 

A x = s 3 CL (0.25L + 0 . 5 L R ) + s 2 CR (0.5L + 0 . 5 L R ) 

+ s (L + L R + 0.25CR Z ) + R (2-24) 

Two T - s e c t i o n s 

A 2 = s 5 L 2 C 2 (0.25L + 0 . 5 L R ) + s 4 L C 2 R (0.75L + L R ) 

+ C 2 R 2 (0.75L + 0 . 5 L R ) + L C ( l . 5 L + 2 L R ) 

+ s " CR(3L + 2 L R ) + 0.25C 2R 3 

+ s I(2L + L R ) + 1.5 CR 2 1 + 2R. 

(2-25) 

T h r e e T - s e c t i o n s 

A Q = s 7 L 3 C 3 (0.25L + 0 . 5 L D ) + s 6 L 2 C 3 R (L + 1 . 5 L R ) . 3 - » - « ' ~* ̂  R 

.5 I T 2 „2 

4 

+ s 3 1 (2L + 3 L R ) + L R 2 C 3 ( l . 5 L R + 1.5L) + 

+ s C 3 R 3 (L + 0 . 5 L R ) + c 2 RL (6L + 6 L R ) 
(2-26) 

+ s 3 | C 2 R 2 (6L + 3 L R ) + LC (4.75L + 4.5 R) + 0.25C 3 R 4 

+ s^ | CR (9.5L.+ 4 . 5 L R ) + 2R 3 C 2 

+ s 4.75 C R' + 3L + L R + 3R 

Pour T - s e c t i o n s 

A 4 = s 9 L 4 C 4 (0.25L + 0 . 5 L R ) + s 8 R L 3 C 4 (1.25L + 2 L R ) 

+ s 7 

+ s 

R 2 L 2 C 4 (2.5L + 3 L R ) + L 3 C 3 (2.5L + 4 L R ) 

C 4 R 3 L (2.5L + 2 L R ) + L 2 C 3 R (10L + 1 2 L R ) 

C 4 R 4 (1.25L + 0 . 5 L R ) + C 3 R 2 L (15L + 1 2 L R ) 

+ L 2 C 2 (8.5L + 1 0 L R ) 

(2-27) 
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4 „5 

C 3 B 3 (10L + 4 L R ) + L C 2 R (25.5L + 2 0 L R ) + °4
 R J 

C 2 R 2 (25.5L + 1 0 L R ) + LC ( 8 L R + 11L) + 2.5C 3 R 4 

CR (22L.+ 8 L R ) + 8.5C 2 R 3 (2-27) 

L 0 + 4L + 11C R' K + 4R 

2-5 The t r a n s m i s s i o n L i n e — D i s t r i b u t e d P a r a m e t e r s . 

N o m e n c l a t u r e . 

r = l i n e r e s i s t a n c e , ohms p e r u n i t d i s t a n c e 

1 = l i n e i n d u c t a n c e , h e n r i e s p e r u n i t d i s t a n c e 

g = l i n e c o n d u c t a n c e , mhos p e r u n i t d i s t a n c e 

c = l i n e c a p a c i t a n c e , f a r a d s p e r u n i t d i s t a n c e 

d = l e n g t h o f l i n e 

x = d i s t a n c e a l o n g t h e l i n e measured f r o m t h e s e n d i n g - e n d 

t = t i m e i n s e c . 

s = complex f r e q u e n c y v a r i a b l e 
r + s i 

sc . 

^=V(r + s i ) (g + s c ) 

Z R = Z j j ( s ) ~ t e r m i n a t i n g impedance 

N ( s ) 
J0 JR 

Z 0 + Z R 

i ^ ( x ) = v a l u e of i ( x , t ) a t t = 0 

v Q ( x ) = " v ( x , t ) a t t = 0 

C o n s i d e r an e l e m e n t o f a t r a n s m i s s i o n l i n e as shown i n 

F i g . ( 2 - 5 ) . 

Then u s i n g n o t a t i o n shown i n F i g . (2-5) 

(2-28) 
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FIG. 2-5 
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- | i ' Ax = (gv + c | | ) . Ax (2-29) 

T r a n s f o r m i n g t h e s e e q u a t i o n s , 

^ V ( x , s ) = - ( r + s i ) I ( x , s ) + l i Q ( x ) (2-30) 

^ I ( x , s ) = - ( g + s c ) V ( x , s ) + c v 0 ( x ) (2-31) 

The d i s t r i b u t e d - p a r a m e t e r s o l u t i o n t o t h e t r a n s m i s s i o n l i n e 

r e q u i r e s t h e s o l u t i o n o f t h e e q u a t i o n s (2-28) and (2-29) w i t h 

t h e a p p r o p r i a t e i n i t i a l and b o u n d a r y c o n d i t i o n s . 

T h r e e s t e p s a r e r e q u i r e d f o r a c o m p l e t e s o l u t i o n . 

(1) D e t e r m i n a t i o n o f t h e f u n c t i o n s V ( x f s ) and l ( x , s ) s a t i s f y i n g 

e q u a t i o n s (2-30) and ( 2 - 3 l ) . 

(2) S a t i s f y i n g i n i t i a l and b o u n d a r y c o n d i t i o n s . 

(3) D e t e r m i n a t i o n o f t h e i n v e r s e t r a n s f o r m a t i o n s v ( x , t ) 

and i ( x , t ) . 

The f i n a l s t e p u s u a l l y p r o v i d e s t h e g r e a t e s t d i f f i c u l t y and 

an i m p o r t a n t f e a t u r e o f t h i s s e c t i o n i s t h e d e v e l o p m e n t o f a 

method f o r a c c o m p l i s h i n g t h i s f i n a l s t e p . 

The g e n e r a l s o l u t i o n o f e q u a t i o n s ( 2 - 3 0 ) , (2-31) i s w e l l 

k n o w n ^ 2 4 ^ and w i l l n o t be r e p e a t e d h e r e . L e t VQ(X,S) be t h e 

t r a n s f o r m s r e p r e s e n t i n g t h e e f f e c t o f t h e i n i t i a l v o l t a g e and 

i n i t i a l c u r r e n t d i s t r i b u t i o n a l o n g t h e l i n e r e s p e c t i v e l y ; t h e 

c o m p l e t e s o l u t i o n o f t h e e q u a t i o n s ( 2 - 3 0 ) , (2-31) y i e l d s , 

V ( x , s ) = V Q ( x , s ) + A c o s h ( ^ x ) + B s i n h ( ^ x ) : (2-32) 

I ( x , s ) = I 0 ( x , s ) - I s i n h (yx) - I c o s h (^x) (2-33) 

where A and B a r e t o be d e t e r m i n e d f r o m t h e b o u n d a r y c o n d i t i o n s . 

A t x = 0 V ( x , s ) = V ( 0 , s ) = Vg = X [ s e n d i n g - e n d v o l t a g e ] 

l ( x , s ) = l ( 0 , s ) = I g = [ s e n d i n g - e n d c u r r e n t ] 
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Vg = V Q ( 0 , s ) + A (2-34) 

I s = I 0 ( 0 , s ) - | o (2-35) 

A = V s - V Q ( 0 , s ) (2-36) 

B = - Z Q I g - I 0 ( 0 , s ) | (2-37) 

V ( x , s ) = V Q ( x , s ) - V Q ( 0 , s ) c o s h tyx) + Z Q I 0 ( 0 , s ) s i n h ( ^ x ) 

(2-38) 

+ V g c o s h ( ̂ x ) - Z Q I S s i n h (^x). 

and 

0 

V, 

I ( x , s ) = I Q ( x , s ) - I Q ( 0 , s ) c o s h ( ^ x ) + ^ ( 0 , s ) s i n h ( ^ x ) 

(2-39) 

- 2^ s i n h ^ x ) + I g c o s h ^ x ) . 

At x = d, V ( x , s ) = V ( d , s ) = V R = JL | r e c e i v i n g - e n d v o l t a g e ] 

I ( x , s ) = l ( d , s ) = I R = Jl j ^ r e c e i v i n g - e n d c u r r e n t ] 

P u t t i n g t h i s c o n d i t i o n i n e q s . (2-38) and ( 2 - 3 9 ) , an e x a c t 

r e l a t i o n s h i p between Vg, I g , and V R and I R i s o b t a i n e d . 

T h i s i s g i v e n by 

V R = V Q ( d , s ) - V Q ( 0 , s ) c o s h (yd) + Z 0 I Q ( 0 , s ) s i n h (yd) 

(2-40) 

+ Vg c o s h (^d) - Z Q I g s i n h (yd) 

I R = i Q ( d , s ) - l 0 ( 0 , s ) c o s h (yd) + y~ ( ° » s ) s i n h tyd) 

V S 
- ~ s i n h (j'd) + I g c o s h (yd) 

A t t h i s p o i n t , d e p e n d i n g on t h e range and t y p e o f b e h a v i o u r 

o f i n t e r e s t , t h e s e e q u a t i o n s c a n be p u t i n t o v a r i o u s f o r m s . 

F o r example, i f changes i n c o n d i t i o n s a f t e r some d i s t u r b a n c e 
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a r e o f i n t e r e s t , t h e most c o n v e n i e n t f o r m i s 

Z Q A I S ( 0 , s ) s i 

(2-42) 

AV R ( d , s ) = AVg ( 0 , s ) c o s h tyd) - Z Q A I g ( 0 , s ) s i n h (^d) 

where 

AV 
A I R ( d , s ) = - -JT s i n h tyd) + A I

S
 c o s h tyd> 

0 (2-43) 

AV - V - V 

f o r K=S and R 

On t h e o t h e r hand, i f s t e a d y - s t a t e s i n u s o i d a l b e h a v i o u r i s 

o f i n t e r e s t , t h e c o r r e c t m a t h e m a t i c a l r e l a t i o n s h i p s a r e e s t a b l i s h e d 

i f t h e f o l l o w i n g s u b s t i t u t i o n s a r e made 

(1) V Q ( 0 , s ) = 0; I Q ( 0 , s ) = 0 
(2-44) 

(2) s =j« 

where (A = f r e q u e n c y o f t h e e x c i t a t i o n 

Such s u b s t i t u t i o n s r e s u l t i n t h e e q u a t i o n s i n v o l v i n g t h e 
(25^ 

f a m i l i a r g e n e r a l i s e d l i n e c i r c u i t c o n s t a n t s '. 

I n t h i s s t u d y , o f p a r t i c u l a r i n t e r e s t i s t r a n s i e n t b e h a v i o u r , 

i . e . b e h a v i o u r f o r s m a l l v a l u e s o f t a f t e r t = 0. T h e r e a r e 

two r e a s o n s f o r t h i s i n t e r e s t . F i r s t l y , t h e main p u r p o s e o f t h i s 

c h a p t e r i s t o e v a l u a t e th e T o r f i - s e c t i o n as a c i r c u i t r e p r e s e n t ­

a t i o n o f t h e power t r a n s m i s s i o n l i n e i n c o m p a r i s o n w i t h t h e 

d i s t r i b u t e d p a r a m e t e r s o l u t i o n . I t i s r e c o g n i s e d t h a t i n t h e 

s t e a d y - s t a t e o r f o r l a r g e t , t h e T and i t - s e c t i o n r e p r e s e n t a t i o n s 

a r e a c c u r a t e c e r t a i n l y as r e g a r d s t e r m i n a l c o n d i t i o n s b u t t h a t 

i n a c c u r a c i e s do o c c u r f o r s m a l l t . S e c o n d l y , i n t h e l a r g e r f i e l d 

o f t r a n s i e n t s i n p o w e r-systems, i t i s f e l t t h a t t h e method d e v ­

e l o p e d h e r e may have some d e f i n i t e a p p l i c a t i o n s . 
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I n t h i s c o m p a r i s o n , t h e i n i t i a l c o n d i t i o n s a r e n o t s i g n i f i ­

c a n t and b o t h V Q and I Q w i l l be p u t = 0 . 

T h e r e f o r e E q u a t i o n s ( 2 - 4 0 ) and ( 2 - 4 1 ) c a n now be w r i t t e n 

V ( x , s ) = v g c o s h (j/x) - Z Q I Q s i n h (^x) ( 2 - 4 5 ) 

I ( x , s ) = s i n h (jfx)+ I g c o s h (j/x) ( 2 - 4 6 ) 

I f t h e l i n e o f l e n g t h 'd' i s t e r m i n a t e d by some f i n i t e 

impedance ZR, 

t h e n a t x = d 

V B - Z B Z R ( 2 " 4 7 ) 

VR =' ZR h = V S C ° S H ( ^ D ) " Z 0 X S S i n h {)fd) ( 2 " 4 8 ) 

and f r o m ( 2 - 4 6 ) , 

Z 0 JR= ~ V S s i n h ( ^ D ) + Z 0 I S c o s h ( / D ) ( 2 - 4 9 ) 

Z R V G c o s h (j/d) - Z Q I g s i n h (^d) 

Z 0 -Vg s i n h (j/d) + Z Q I g c o s h (^d) 
( 2 - 5 0 ) 

I g is- d e t e r m i n e d f r o m t h i s e q u a t i o n i n terms of V „ and 

s u b s t i t u t e d i n e q s . ( 2 - 4 5 ) and ( 2 - 4 6 ) . S i n h (^x) and c o s h (j'x) 

a r e r e p l a c e d by t h e i r e x p o n e n t i a l e q u i v a l e n t s and t h e f o l l o w i n g 

e q u a t i o n s r e s u l t , 

e - r * _ N ( s ) e~ ^ 2 d " x > + N ( s ) e" ^ ( 2 d + x ) 

- N ( s ) 2 e - ^ 4 d " x ) + N ( s ) 2 e - < T ( 4 d + x > 

( 2 - 5 1 ) 

V ( s , x ) = V g ( s ) 

and + 
V ( s ) 

I ( s , x ) = „ , n I e 
Z 0 + Z R 

+ N ( s ) e " y ( 2 d " x ) + N ( s ) e ^ ( 2 d + x ) 

+ N ( s ) 2 e ^ ( 4 d - x )
 + N ( s ) 2 e - / ( 4 d + x ) 
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where A "0 z R N ( s ) = (2-52) 
'R 

f o r x = d 

V ( s , d ) = V R = V g ( s ) e " ^ d - N ( s ) e _^ d+ N ( s ) e ^ - N 2 ( s ) e _ F 3 d 

+ N 2 ; U ) e - ^ - N 3 ( s ) e ^ - f ... (2-53) 
V ( s ) / ' 

l ( s , d ) = I R = ^ - y - e ^ d + N ( s ) e _ f d +N(s) e - P d + N 2 ( s ) e " ^ 3 d  

B Z 0 + Z R \ \ 
+ N 2 ( s ) e~X5i + N 3 ( s ) e"(T 5 d + ... (2-54) 

T h i s f o r m o f r e p r e s e n t i n g t h e e x p r e s s i o n s f o r V ( s , x ) and 

l ( s , x ) i s c o n s i d e r e d more c o n v e n i e n t t h a n t h e h y p e r b o l i c f u n c t i o n s 

t i o n and l o s s c o e f f i c i e n t s r e s p e c t i v e l y . T h i s i d e a c o r r e l a t e s t h e 

above a p p r o a c h w i t h t h e t r a v e l l i n g wave c o n c e p t n o r m a l l y u s e d i n 

t h i s t y p e o f a n a l y s i s . 

S i n c e a l l t h e d i s t r i b u t e d c i r c u i t p a r a m e t e r s a r e c o n s i d e r e d 

i n a r r i v i n g a t e q u a t i o n s (2-51) and ( 2 - 5 2 ) , e x a c t v a l u e s f o r 

v ( x , t ) and i ( x , t ) c a n be o b t a i n e d f o r a l l t i f t h e i n v e r s e t r a n s ­

f orms o f t h e e x p r e s s i o n s f o r V ( s , x ) and l ( s , x ) c a n be d e t e r m i n e d . 

S i n c e t h e s e e x p r e s s i o n s a r e i n f i n i t e s e r i e s i n s and x, e x a c t d e t e r m ­

i n a t i o n o f t h e i n v e r s e t r a n s f o r m s w i l l be d i f f i c u l t f o r a g e n e r a l 

c a s e , b u t f o r s m a l l t . an a p p r o x i m a t e e v a l u a t i o n o f i ( x , t ) and 

v ( x , t ) i s p o s s i b l e . 

as t h e f u n c t i o n s N ( s ) and c a n t h e n be t h o u g h t o f as r e f l e c -

Now, 

(2-55) 



55 

and 
7 _ r + s l  
J0 ~ g + sc 

2.\\ /1\ ( s+u) 2- a 2 ) 2
 p (s+u)*- a )̂ 

V (s+u) - q " tt0 t . S+(A - q) (2-56) 

where 
A 1 

f> = ( l o ) 2 

• * I <r - f > 

(2-57) 

a l so 
Z„ - Z 

N ( s ) = 
Z 0 + 

_R 

((s+n)2- q 2 j 2 - ̂  (s + (x - q) 

( s ^ n ) 2 - a 2 ) f + (s + jx - q) 
R 0 

(2-58) 

(2-59) 

S i n c e i n a l l t h e s e e x p r e s s i o n s s o c c u r s c o u p l e d w i t h LL, use 
(26) 

o f t h e s - t r a n s l a t i o n t h e o r e m s i m p l i f i e s t h e c o m p u t a t i o n . 

Then 

i ( d , t ) = e " ^ I"1 (s-q) Y (s-\i) 
S 

R Q (s 2 -q 2 ) 2 

(2-60) 

e - 6 d ( s 2 - q 2 ) ^ + N ( s _ ^ e - 8 d ( s 2 - q 2 ) 

+ N(s-fx) e - 2 3 d ( s 2 - q 2 ) 2 + . 

.*. i n f a c t , e v a l u a t i o n of i ( d , t ) amounts t o t h e e v a l u a t i o n 

of terms o f t h e f o r m 

- L i t 
e r x 

-1 ( s - a ) V R ( s - ( i ) 4 , , t , n _ t , ^ 2 ^ 2 ) * 

E 0 ( s 2 - q 2 ) 2 

r x N(s-fx)) 

(2-61) 
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where 2 2\ \ Z D s -a \ d R 

N ( s - a ) = 0 
2-a2) 2 + ^ ( s - u ) 

' R 0 

and t.. = some c o n s t a n t f o r a p a r t i c u l a r t e r m. 

I n t h i s e x p r e s s i o n f o r N ( s - [ i ) , t h e s u b s t i t u t i o n 

s - ( s 2 - o c 2 ) 2 - a , l v - 1 ' or s = -z (z + — J a (2-62) 

i s made. 

Then N(s-|x) = 

2 3 = 1 + m^z + n^z + m^z + .m z 1 1 + . . 
n 

T h e r e f o r e 

N ( s - ( i ) n 2 3 (l+m-^z + m„z + m 0z + 

k=0 
c z j k 

2 
k 

n • .m z + n 
2 _ 2 x i . k 

5 - ( s ^ - o ^ ) 

k=0 
j k I a 

. . ) n 

(2-63) 

(2-64) 

where c ., i s d e t e r m i n e d f r o m t h e c o e f f i c i e n t s m. . 
j k k 

and 

i ( d , t ) = e" •lit x £ f - 1 

.1=0 
( s - a ) V g (s-u.) 

R, 

2 2 s -a 
o<3 

k=0 
j k 

»-(s2-«Vk
 p . t , ( 3 2 - a 2 ) f 

a. (2-65) 

The p u r p o s e b e h i n d t h i s m a n i p u l a t i o n i s t o o b t a i n f u n c t i o n s o f 

s f o r w h i c h i n v e r s e t r a n s f o r m s a r e a v a i l a b l e . 

The t r a n s f o r m p a i r 
i r k 

i-1 

a 
,2 2\ 2 \ s -a 1 

= < l ^ ) k / 2 Ik («(t2-tj)*) (2-66) 

(27) t > t i s g i v e n i n Bateman's ̂ " t a b l e s . j 
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1 2 2 ~ 

M u l t i p l y i n g t h e t e r m js + ( s 2 - a 2 ) J 2 by s " ( s " a ) ^ 

s - ( s 2 - a 2 ) * 

g i v e s t h e f o l l o w i n g p a i r 

x - 1 
s 2 _ 2 ^ 4 k _ - t . . ( s 2 - a 2 ) ^ " | t - t . k/2 0 _ 1 

-W> I k l « « * - * j ) I ) 

(2-67) 

a 
e 1 

ll . 
(s - a ) 2 

where 1^ i s t h e m o d i f i e d B e s s e l f u n c t i o n o f t h e f i r s t k i n d 

of o r d e r k, g i v e n by , . 
©-» (x> (2p+k) 

I k ( x ) = — (2-68) 
P=O p i ( k + P ) ; 

N ( s - , x ) n e ^ j < " V > * . . a l l t h e terms o f t h e f o r m 
2 „2xi 

(s*-oc*) 

c a n be e v a l u a t e d i n t i m e * To e v a l u a t e t h e c o m p l e t e e x p r e s s i o n f o r 

i ( d , t ) e x a c t l y , an i n f i n i t e number o f terms w i l l have t o be e v a l u a t e d . 

I n p r a c t i c e , f o r s m a l l ( t - t . ) , t h e s e r i e s c a n be t e r m i n a t e d a t a 

f i n i t e v a l u e o f k 

as 

>• . t - t . . . k/2 o o i \ 
:V:-.,<t+d-> *k (a ( t "*f>") » 0 <2"69> 

as k becomes l a r g e . 

The v a l u e o f k a t w h i c h t h e s e r i e s i s t e r m i n a t e d depends on 

t h e a c c u r a c y r e q u i r e d and t h e maximum v a l u e o f ( t - t . ) f o r w h i c h 

r e s u l t s a r e t o be computed. The v a l u e o f t . w h i c h has t h e dimen-

s i o n o f t i m e , i s some m u l t i p l e o f (3d. 

The e v a l u a t i o n o f t h e c o e f f i c i e n t s c ^ , t h e B e s s e l f u n c t i o n s 

1^ and t h e f i n a l computed v a l u e o f i ( d , t ) r e q u i r e . t h e use o f a 

d i g i t a l computer f o r s p e e d and a c c u r a c y . 

2-6 A F i n i t e L i n e T e r m i n a t e d By a L i n e a r i n d u c t o r 

U s i n g t h e method d e v e l o p e d i n s e c , 2-5, t h e c u r r e n t r e s p o n s e s 
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as g i v e n by eq. ( 2 - 6 5 ) , are. f o u n d f o r v a r i o u s l e n g t h s o f l i n e s , 

t e r m i n a t e d by a l i n e a r i n d u c t a n c e w i t h a 1000 v o l t s t e p - i n p u t 

a p p l i e d . 

A l g e b r a i c a l l y , t h e above c o n d i t i o n s i m p l y 

V s ) = i f P -

Vs(s-|i) = ^ (2-70) 

Z R ( s - u ) = (s-u.)<LR 

.'. f r o m eq. ( 2 - 5 8 ) 

R n ( s 2 - o t 2 ] 2 - (s-u.)(s-oc) L R 

N(s-u-) = 5 (2-71) 
i 2 2 1 

R Q (S - a j 2 + ( s - u . ) ( s - a ) L R 

The s u b s t i t u t i o n 
s = " 2 ( z + z } 

g i v e s 

* 4 + ^ " a T > - * 2 < 2 ^ > + 2 * 4 + i - 5 ) + 1 

N(s-u.)< R B 

- z 4 - 2 z 3 (l+lt + ^ ) - z 2 ( 2 + ^ ) - 2z( \ + 1 + 
a a k R a ' v aL R or 

0 

(2-72) 
k 

I t was f o u n d by n u m e r i c a l c o m p u t a t i o n t h a t f o r t h e t i m e 

range o f i n t e r e s t , o n l y terms up t o t h e o r d e r z need be c o n s i d e r e d 
4 

and f o r h i g h v a l u e s o f L R , terms up t o z p r o v e d s u f f i c i e n t . 

E q u a t i o n (2-65) now becomes 

I 
j=0 

( d , t ) = e ^ I l - l [ ( ^ l ^ ) 1 0 0 Q ) x
 ( ^ 3 ) 

2 2 \\ Z - j k 
3 a ' j=0 

k - t . (s - a J 2 -
c , t z e D 
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A s - ( s 2 - c x 2 ) 2 
where n now has some f i n i t e v a l u e and z = — '— 

a 

I f t h e l i n e c o n d u c t a n c e g i s n e g l e c t e d — a r e a s o n a b l e approxim­

a t i o n — t h e n e q . ( 2 -57 ) becomes 

S = ( l c ) * 

a = 0 . 5 f-

(i = 0 . 5 T 

Hence 

a = LI, 

Kd,t) — J L _ X 
n 

V 1000 V i \k - t . ( s 2 - a 2 ) 2 

) 5 — s - r ) c . t ( z ) e y 

j=0 V s a ; k=0 

- a t -> t t k / 2 

e ^ 1 0 0 0 V~ V / j \ T / f + 2 + 2 x i x 
= T 7 2_ L c j k < t + t . > I k ( o c ( t - t ^ ) 2 ) 

u 3=0 k=0 J 

The c o e f f i c i e n t s c ., a r e t a b u l a t e d i n T a b l e 2-1 up t o k=6 

f o r j=0 t o j = 4 . 

W i t h t h e t a b u l a t e d c., v a l u e s computed and t h e use o f t h e 

s e r i e s f o r t h e m o d i f i e d B e s s e l f u n c t i o n 1^ — eq, ( 2 - 6 8 ) , i ( d , t ) 

c a n now be computed. 

The v o l t a g e a c r o s s t h e i n d u c t a n c e , v ( d , t ) c a n be computed 

f r o m t h e r e l a t i o n s h i p 

v ( d , t ) = L R * i | | t i ) # ( 2 - 7 8 ) 

2-7 N u m e r i c a l R e s u l t s . 

E q u a t i o n s ( 2 - 2 1 ) , ( 2 - 2 3 ) , ( 2 - 7 6 ) , ( 2 -78 ) c a n p r o v i d e f o u r 

d i f f e r e n t r e s u l t s f o r t h e c u r r e n t and v o l t a g e r e s p o n s e a t t h e end 

o f a l o n g l i n e t e r m i n a t e d by a l i n e a r i n d u c t a n c e . 



k = 0 1 2 3 4 5 6 

3=0 1 0 0 0 0 0 0 

3=1 -1 c l C 2 C 3 c 4 c 5 c 6 

3=2 

1 2c^ 2 c 2 

- 2 .. 
2 c 3 

+ C l c 2 

2c. + c, c-4 1 3 

+ 4 

c l c 4 + C 2 C 3 
+ c 5 

2 c l c 5 + C 2 C 4 + c 6 

+ e= 

3=3 

-1 3 c l 3 c 2 

- I 2 

3 c 3 

+ 6 C l c 2 

+ C3 

c
4 + 2 c l C 3 

2 ^ 2 c 2 + C l c 2 

3 c ^ + 6c-j!c^ 

(5°2 C3 + c 2 c ^ 

2 
+ C l c 2 

^ c l c 5 + 2 c 2 ° 4 + c 6 

2 2 c 3 + Clc4 

+ c 3 + 2 C l c 2 c 3 

3=4 

1 
4 c l 4c ^ C 2 

+ 6 c 2 

4 c 3 

+ 1 2 c 1 c 2 

3 
+ 4c|[ 

4c.+ 12c, c , 4 1 3 
2 4 

+ 1 2 c £ c 2 + 

+ 6 c 2 

4 c c + 120,0. 5 1 4 
2 

1 2 c 2 c 3 + 1 2 c £ c 3  

1 2 c l c 2 + 4 c 2 C l 

L 2 c 1 c ^ + 1 2 c 2 c ^ + 4 c ^ 

2 
12c^c^+ 2 4 c ^ c 2 c 3 

4 c 2 + 4 c 3 c 3 + 6 c 2 

a. 2 
6 c l c 2 

T a b l e 2-1. (c, c 0 c , c. c^ cA d e f i n e d i n . 
i f *t Jt 4 » o, A p p e n d i x l . J 
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I n s p e c t i o n o f t h e a l g e b r a i c e x p r e s s i o n s g i v e n by t h e s e 

e q u a t i o n s (."does not r e v e a l t h e d i f f e r e n c e s between t h e r e s u l t s and 

t o o b t a i n some a p p r e c i a t i o n o f t h e s e d i f f e r e n c e s , c o m p u t a t i o n o f 

n u m e r i c a l examples i s n e c e s s a r y . The c o m p u t a t i o n i s i n v o l v e d b u t 

t h e speed and a c c u r a c y o f t h e d i g i t a l computer permit,' t h e c a l c u ­

l a t i o n o f v a r i o u s examples and t h u s a v e r y wide range o f l i n e 

l e n g t h s and i n d u c t a n c e v a l u e s c a n be c o v e r e d . 

The d e s i g n d a t a o f a t y p i c a l h i g h - v o l t a g e power t r a n s m i s s i o n 

l i n e was c h o s e n and t h e v a r i o u s p a r a m e t e r s c a l c u l a t e d . 

The l i n e c o n s t a n t s a r e 

r = 0.0376 ohms p e r m i l e (2-79) 

1 = 1.52 x 1 0 - 3 h e n r i e s p e r m i l e 
-9 

c = 1.43 x 10 f a r a d s p e r m i l e 

g = 0 

F o r l e n g t h s o f l i n e , f r o m 40 m i l e s t o 600 m i l e s , t h e c u r r e n t 

and v o l t a g e r e s p o n s e s a r e c a l c u l a t e d when a 1000 v o l t s t e p - i n p u t 

i s a p p l i e d a t one end o f t h e l i n e and t h e o t h e r end i s t e r m i n a t e d 

by an i n d u c t a n c e . 

The more i n t e r e s t i n g o f t h e s e r e s u l t s a r e p r e s e n t e d g r a p h ­

i c a l l y i n F i g s . (2-6) t o ( 2 - 2 2 ) . These a r e t h e r e s u l t s f o r l i n e 

l e n g t h s o f 40, 80, 160 and 320 m i l e s t e r m i n a t e d i n i n d u c t a n c e s o f 

v a l u e s 0.1, 10, and 100 h e n r i e s . I t i s f e l t t h a t t h i s r a n g e of 

l i n e l e n g t h s and i n d u c t a n c e v a l u e s c o v e r s t h e b e h a v i o u r e x p e r ­

i e n c e d i n t h i s p a r t i c u l a r study;. 

2-8 The C u r r e n t R e s p o n s e . F i g s . (2-6) t o ( 2 - 1 7 ) . 

These r e s u l t s show t h a t b o t h i n magnitude and wave-shape, 

t h e r e a r e d e f i n i t e d i f f e r e n c e s between t h e c u r r e n t v a l u e s o b t a i n e d 

u s i n g t h e l o n g - l i n e e q u a t i o n s and t h o s e computed f r o m t h e 1, 2, or 
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4 T - s e c t i o n r e p r e s e n t a t i o n s . The d i f f e r e n c e s a r e more p r o n o u n c e d 

a t t h e l o v e r v a l u e s o f i n d u c t a n c e s and f o r l o n g e r l i n e l e n g t h s . 

2-9 The V o l t a g e R e s p o n s e . 

These r e s u l t s o b t a i n e d f o r /the v o l t a g e r e s p o n s e r e v e a l t h e 

s i g n i f i c a n t d i f f e r e n c e s between a lumped c i r c u i t and t h e d i s t r i ­

b u t e d p a r a m e t e r a p p r o a c h . U s i n g t h e e x p r e s s i o n s d e v e l o p e d f r o m 

t h e l o n g l i n e e q u a t i o n s , t h e f a m i l i a r t r a v e l l i n g wave phenomenon 

i s d e m o n s t r a t e d . The t i m e d e l a y and t h e n d o u b l i n g o f t h e v o l t a g e 

wave i s s e e n i n t h e s e g r a p h s . 

On t h e o t h e r hand, t h e 1, 2 and 4 T - s e c t i o n r e p r e s e n t a t i o n s 

g i v e an o s c i l l a t i n g v o l t a g e wave shape and i n no c a s e , a p p r o a c h ; 

the b e h a v i o u r p a t t e r n o b t a i n e d f r o m t h e d i s t r i b u t e d p a r a m e t e r 

method, o v e r t h e p e r i o d o f time c o n s i d e r e d . 

O n l y f o u r s e t s o f r e s u l t s a r e p r e s e n t e d i n t h i s c a s e and 

t h e s e r e p r e s e n t t h e extreme range of behay.iour. . F i g . (2-18) 

g i v e s t h e v o l t a g e r e s p o n s e f o r a 40 m i l e l e n g t h o f l i n e t e r m i n ­

a t e d by an i n d u c t a n c e o f 0.1 h e n r y , w h i l e F i g . (2-21) i s f r o m 

r e s u l t s f o r a 320 m i l e l i n e and 100 h e n r y t e r m i n a t i n g i n d u c t a n c e . 

S i n c e n o r m a l l y , t h e main q u a n t i t y o f i n t e r e s t i n v o l t a g e 

b e h a v i o u r i s t h e peak v a l u e , F i g . (2-22) p r o v i d e s a b e t t e r i n d i c ­

a t i o n o f t h e e r r o r s i n v o l v e d i f a lumped c i r c u i t r e p r e s e n t a t i o n i s 

u s e d . These g r a p h s o f maximum v a l u e o f t h e v o l t a g e s show t h a t 

l a r g e , i n t o l e r a b l e e r r o r s o c c u r a t t h e l o w e r v a l u e s o f i n d u c t a n c e s , 

e s p e c i a l l y f o r t h e l o n g e r l e n g t h s o f l i n e . The r e a s o n f o r t h i s i s 

s i m p l e . I n t h e f i n a l s e c t i o n o f a lumped c i r c u i t r e p r e s e n t a t i o n , 

i f t h e c u r r e n t f l o w i n g i s t h e n t h e v o l t a g e a c r o s s t h e l o a d 

i n d u c t a n c e 
d i N v R = L R d t (2-80) 
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and a c r o s s t h e i n d u c t a n c e o f t h e s e c t i o n i t s e l f i s 

N' - N d t (2-81) 

T h e r e f o r e , i f L R i s o f c o m p a r a b l e v a l u e w i t h l>^f a l t h o u g h t h e 

c u r r e n t r e s p o n s e i ^ may be c o r r e c t , t h e v o l t a g e r e s p o n s e w i l l 

be i n c o r r e c t . A c c u r a t e r e p r e s e n t a t i o n r e q u i r e s an i n f i n i t e 

number~of s e c t i o n s t o e n s u r e t h a t L j , ^ ^ 7 Lv T, and hence 

R N' 

V R ' '-.»V 
T h e r e f o r e , f o r s m a l l L R and a s m a l l number o f T - s e c t i o n s , ( i . e . 

r e l a t i v e l y l a r g e L^), l a r g e e r r o r s i n v o l t a g e v a l u e s w i l l o c c u r . 

2—10 G e n e r a l C o n c l u s i o n s . 

E x a m i n a t i o n o f t h e s e n u m e r i c a l r e s u l t s , p r o v i d e s some g e n e r a l 

c o n c l u s i o n s . 

F i r s t l y , t h e d i f f e r e n c e s i n t h e c u r r e n t r e s p o n s e a r e n o t 

i n t o l e r a b l e and c e r t a i n l y f o r t h e l a r g e r v a l u e s o f t e r m i n a t i n g 

i n d u c t a n c e s , e i t h e r t h e 1, 2, o r 4 T - s e c t i o n s a r e good a p p r o x i m ­

a t i o n s t o t h e t r a n s m i s s i o n l i n e so f a r as c u r r e n t b e h a v i o u r i s 

c o n c e r n e d . S e c o n d l y , t h e s i m p l e one T - s e c t i o n seems t o g i v e j u s t 

as good r e s u l t s as t h e 2 o r 4 T - s e c t i o n s and b e c a u s e o f t h e e a s i e r 

a n a l y s i s i n v o l v e d , w i l l be a s u i t a b l e c h o i c e f o r many a n a l y t i c a l 

methods. 

The e r r o r s i n t h e wave-shapes o f t h e v o l t a g e r e s p o n s e s a r e 

p r o n o u n c e d , when t h e T - s e c t i o n r e p r e s e n t a t i o n i s u s e d . However, 

c o r r e c t peak v a l u e s a r e o b t a i n e d , p r o v i d e d L R i s l a r g e and t h e s e 

l i m i t a t i o n s must be b o r n e i n mind i n t h e i n t e r p r e t a t i o n o f r e s u l t s 

o b t a i n e d u s i n g a f i n i t e number o f T - s e c t i o n s . 

2-11 E q u i v a l e n t C i r c u i t . 

I n l i g h t o f t h e s e c o n s i d e r a t i o n s , t h e components o f t h e power 
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s y s t e m a r e r e p r e s e n t e d as f o l l o w s 

(1) The s o u r c e i s r e p r e s e n t e d as a s i n u s o i d a l v o l t a g e o f 

c o n s t a n t a m p l i t u d e and f r e q u e n c y i n s e r i e s w i t h a l i n e a r 

i n d u c t i v e e l e m e n t . 

(2) Whenever p o s s i b l e , a d o u b l e - v a l u e d h y s t e r e s i s c u r v e i s 

u s e d t o a c c o u n t f o r t h e no-n-linear. f l u x c h a r a c t e r i s t i c 

and t h e h y s t e r e s i s l o s s e s o f t h e t r a n s f o r m e r . The s i n g l e -

v a l u e d m a g n e t i s a t i o n c h a r a c t e r i s t i c i s u s e d i n t h e a na­

l y t i c a l methods and h y s t e r e s i s l o s s e s a r e n e g l e c t e d . 

(3) A s i n g l e T - s e c t i o n i s u s e d as an e q u i v a l e n t f o r t h e 

t r a n s m i s s i o n l i n e a l t h o u g h t h e same method o f s o l u t i o n — 

t h e i n c r e m e n t a l m e t h o d — i s a p p l i c a b l e t o a 2 o r 4 T - s e c ­

t i o n r e p r e s e n t a t i o n . The a n a l y t i c a l methods as u s e d i n 

C h a p t e r 4 become t o o i n v o l v e d i f any b u t a s i n g l e T-

s e c t i o n i s u s e d . The e f f e c t o f n e g l e c t i n g t h e lumped 

s h u n t - c a p a c i t i v e e l e m e n t i n d e a l i n g w i t h s h o r t e r l e n g t h s 

o f l i n e s i s d i s c u s s e d i n C h a p t e r 3 ( s e c 3-8<-6) 0 

(4) C o r o n a l o s s e s w h i c h a r e b ecoming i n c r e a s i n g l y s i g n i f ­

i c a n t i n h i g h - v o l t a g e systems a r e n o t t a k e n i n t o a c c o u n t 

i n t h i s s t u d y . S u g g e s t i o n s a r e made how t h i s n o n - l i n e a r 

e f f e c t c a n be s i m u l a t e d when a t e c h n i q u e s u c h as t h e 

i n c r e m e n t a l method i s u s e d . 

(5) A s i n g l e - p h a s e r a t h e r t h a n t h e more complex t h r e e - p h a s e 

e q u i v a l e n t c i r c u i t i s u s e d . E x t e n s i o n , o f t h e s e i n v e s t ­

i g a t i o n s t o t h r e e - p h a s e , § y s t e m s ' i s beyond the scope o f 

t h i s t h e s i s ; . However, a s i n g l e phase a n a l y s i s i s o f q u i t e 

g e n e r a l n a t u r e as any g e n e r a l t h r e e - p h a s e l i n e a r e l e c t r o -



65 

m a g n e t i c s y s t e m c a n always be t r a n s f o r m e d i n t o 
(28) 

f o u r e i g e n v e c t o r s ' , each o f w h i c h , by d e f i n i t i o n 

o f t h e e i g e n v e c t o r , has a s e t o f s i n g l e - p h a s e 

e q u i v a l e n t c i r c u i t s . 

I n c o n c l u s i o n , i t must be b o r n e i n mind t h a t t h e f i n a l e v a l u ­

a t i o n o f t h e adequacy o f any e q u i v a l e n t c i r c u i t w hether u s e d i n 

m a t h e m a t i c a l a n a l y s i s o r f o r m i n i a t u r e r e p r e s e n t a t i o n must depend 

on r e s u l t s f r o m c o m p a r a t i v e f i e l d t e s t s . 
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CHAPTER 3. 

3-1 I n t r o d u c t i o n 

I n i n v e s t i g a t i n g f o r a s o l u t i o n t o t h e t y p e o f n o n - l i n e a r 

p r o b l e m u n d e r s t u d y , two a p p r o a c h e s a r e p o s s i b l e . An a n a l y t i c a l 

s o l u t i o n w i t h i t s s i m p l e n u m e r i c a l c a l c u l a t i o n s and i t s a p p r e c i ­

a t i o n o f t h e s y s t e m b e h a v i o u r w i t h o u t t o o many c a l c u l a t i o n s has 

t h e d i s a d v a n t a g e o f d e p e n d i n g on t o o many a p p r o x i m a t i o n s and 

s i m p l i f i c a t i o n s . On t h e o t h e r hand, t h e r e may be a v a i l a b l e a 

m a t h e m a t i c a l method, s i m p l e i n t h e o r y b u t w i t h many d i f f i c u l t i e s 

i n p r a c t i c a l a p p l i c a t i o n . These d i f f i c u l t i e s may stem p r i n c i p a l l y 

f r o m t h e t e d i o u s and numerous c a l c u l a t i o n s n e c e s s a r y t o o b t a i n a 

complete:; s o l u t i o n b u t i f s u c h o b j e c t i o n s a r e overcome, a mihifllum 

o f a p p r o x i m a t i o n s : i s n e c e s s a r y and a r e a s o n a b l e d e g r e e o f 

a c c u r a c y c an be o b t a i n e d . 

I n t h i s c h a p t e r , t h e l a t t e r a p p r o a c h i s f u l l y e x p l o r e d and 

t h e f a c i l i t i e s o f t h e d i g i t a l computer a r e u t i l i s e d . 

C e r t a i n f a m i l i a r l i n e a r t e c h n i q u e s a r e b a s e d on more g e n e r a l 

methods w h i c h c a n be a p p l i e d t o n o n - l i n e a r p r o b l e m s . One a p p r o a c h 

t o t h e s o l u t i o n i s t h e a p p l i c a t i o n o f some s u c h g e n e r a l method. 

The a c t u a l p r o c e d u r e i s u s u a l l y s i m i l a r t o some l i n e a r method 

and t h i s i s an a d v a n t a g e . The e q u i v a l e n t l i n e a r i z a t i o n p r o c e s s , ^ 9 

t h e i n c r e m e n t a l method and c e r t a i n i t e r a t i v e t e c h n i q u e s a r e 

examples o f t h i s a p p r o a c h . 

I n t h i s s t u d y , t h e i n c r e m e n t a l method and an i t e r a t i v e 

t e c h n i q u e a r e d e c i d e d upon and a l t h o u g h b o t h a r e d e s c r i b e d and 

u s e d , t h e i n c r e m e n t a l method i s f a r s u p e r i o r i n d e a l i n g w i t h t h i s 

t y p e o f p r o b l e m . The i t e r a t i v e t e c h n i q u e , has some a t t r a c t i v e 

f e a t u r e s and may p r o v e more s u c c e s s f u l i n some o t h e r a p p l i c a t i o n s . 
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I n d e c i d i n g upon a p a r t i c u l a r method, t h e f o l l o w i n g 

r e q u i r e m e n t s a r e d e s i r a b l e : 

(1) Need f o r few a p p r o x i m a t i o n s and s i m p l i f i c a t i o n s o f 

t h e c i r c u i t s . 

(2) P o s s i b i l i t y o f s t u d y i n g t h e e n t i r e range o f s y s t e m 

b e h a v i o u r i n t i m e i . e . b o t h t r a n s i e n t and s t e a d y -

s t a t e . 

(3) S u i t a b i l i t y f o r programming on a d i g i t a l computer. 

3-2 I n c r e m e n t a l Method. 

C o n s i d e r any c i r c u i t i n w h i c h t h e r e i s a n o n - l i n e a r e l e m e n t — 

e.g. an i r o n - c o r e d r e a c t o r a b o u t w h i c h i s known t h e r e l a t i o n s h i p 

between X, t h e f l u x l i n k a g e and i , t h e c u r r e n t f l o w i n g i n t h e 

r e a c t o r . 

C o n s i d e r any v a l u e o f c u r r e n t i , w h i c h o c c u r s a t t i m e t . 

The T a y l o r ' s e x p a n s i o n a r o u n d i = i ( t ) y i e l d s 

X ( i ) = X ( i ( t ) } + ( i - i(t ) j . d X
d [ l ( t ) ^ + ... (3-1) 

and d i f f e r e n t i a t i n g 

d | i i l = d x { i l t l ) + _ . ( t ) ) t d 2 x ( i ( t ) ) + _ ( 3 _ 2 ) 

d i - d i T " v y 1 ' ,.2 
di 

B u t e^ = v o l t a g e i n d u c e d 
_ dX 
~ d t 
_ dX d i 
- d i * d t 

i i M > . | t t ( i . i ( t , ] . ^ i i t l i ) . | i + . . ( 3 - 4 ) 
t h e r e f o r e , i f i - i ( t ) i s c h o s e n s m a l l enough, terms w i t h h i g h e r 

powers o f i - i ( t ) a p p r o a c h z e r o and 

_ dX '• i ( t ) . d i / x 
e X ~ d i * d t U 5 ; 

dX 
d i 



Any n o n - l i n e a r e l e m e n t c a n be d e a l t -with, i n a s i m i l a r manner 

and t h i s f orms t h e b a s i s o f t h e i n c r e m e n t a l method. 

I n t h e p a r t i c u l a r c a s e o f a r e a c t o r , t h e r e l a t i o n s h i p (3-5) i s 

v a l i d o v e r a s m a l l e x c u r s i o n f r o m i ( t ) and t h e r e f o r e , o v e r t h a t 

c o r r e s p o n d i n g p e r i o d o f time t h e c i r c u i t c a n be t r e a t e d by a l i n e a r -

t e c h n i q u e . 

A t t=0, i n i t i a l c o n d i t i o n s of v o l t a g e s and c u r r e n t s a r e known; 

the d i f f e r e n t i a l e q u a t i o n s d e s c r i b i n g t h e c i r c u i t a r e e s t a b l i s h e d 

and a s o l u t i o n o v e r some i n c r e m e n t o f time o r c u r r e n t i s o b t a i n e d . 

A f t e r t h e v a l i d r ange o f i i s e x c e e d e d t h e new i n i t i a l c o n d i t i o n s 

a r e c a l c u l a t e d ; ^ ^ i ( t ) ^ f o r a new t=0 i s f o u n d and t h e p r o c e s s 

i s r e p e a t e d . T h i s a p p r o a c h p r o v e s h i g h l y s u c c e s s f u l and i s a d m i r a b l y 

s u i t e d f o r d i g i t a l c o m p u t i n g t e c h n i q u e s . V a r i o u s examples, w i t h 

t h e i r c o m p l e t e s o l u t i o n s , w i l l show t h e f l e x i b i l i t y and u s e f u l n e s s 

of t h i s method. 

The L a p l a c e o p e r a t i o n a l c a l c u l u s i s u s e d e x c l u s i v e l y as i t 

o f f e r s two d i s t i n c t a d v a n t a g e s ; 

(1) A s y s t e m a t i c s o l u t i o n of s i m u l t a n e o u s d i f f e r e n t i a l 

e q u a t i o n s . 

(2) S i m p l i c i t y i n t a k i n g i n t o a c c o u n t v a r i o u s i n i t i a l 

c o n d i t i o n s . 

To d e m o n s t r a t e t h e v a l i d i t y o f t h i s a p p r o a c h , a s i m p l e l i n e a r 

example o f a r e s i s t a n c e B i n s e r i e s w i t h an i n d u c t a n c e L e n e r g i s e d 

by a v o l t a g e e = E s i n a t i s c o n s i d e r e d i n A p p e n d i x - 2. 

3-3 The E q u i v a l e n t u C i r c u i t s . 

Of c o n c e r n i n t h i s s t u d y i s t h e s y s t e m w h i c h i n c l u d e s a 

g e n e r a t o r , a t r a n s m i s s i o n l i n e and an u n l o a d e d t r a n s f o r m e r . F i g s . 

(3-1) t o F i g s * (3-7) g i v e t h e e q u i v a l e n t c i r c u i t s o f some t y p i c a l 

a r r a n g e m e n t s * 



FIG. 3 - 2 



FIG. 3 - 4 
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FIG. 3 - 6 



FIG. 3 - 7 
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F i g . ( 3 - l ) i s t h e f a m i l i a r r e p r e s e n t a t i o n o f a t r a n s f o r m e r a t 

the end o f a ' s h o r t - l i n e ' ; t h e l i n e i s c o n s i d e r e d s h o r t enough so 

t h a t t h e shun t c a p a c i t a n c e may be n e g l e c t e d . T h i s c i r c u i t i s o f t e n 

u s e d i n t h e i n v e s t i g a t i o n o f i n r u s h c u r r e n t phenomena. 

F i g . (3-2) r e p r e s e n t s a s e r i e s - c a p a c i t o r compensated v e r s i o n 

o f F i g . ( 3 - 1 ) . T h i s c i r c u i t a l t h o u g h o f g r e a t i n t e r e s t i n c e r t a i n 

f i e l d s i s o f n o t t o o g r e a t i m p o r t a n c e i n t h i s s t u d y as u s u a l l y i n 

e n e r g i s a t i o n o f a power t r a n s m i s s i o n l i n e , t h e s e r i e s - c a p a c i t o r s a r e 

out o f c i r c u i t . 

F i g . (3-3) r e p r e s e n t s a ' l o n g - l i n e * t e r m i n a t e d by a t r a n s f o r m e r ; 

t h e l i n e i s c o n s i d e r e d l o n g enough so t h a t t h e e f f e c t s o f t h e s h u n t -

c a p a c i t a n c e must be t a k e n i n t o a c c o u n t . The lumped e l e m e n t C simu­

l a t e s t h e s e e f f e c t s . S i m u l a t i o n o f c o r o n a l o s s e s i s n o t i n v e s t i ­

g a t e d i n t h i s s t u d y b u t i n t r o d u c t i o n o f some n o n - l i n e a r e l e m e n t , 

V(V ) - i s a p o s s i b l e method o f so d o i n g . 

F i g . (3-4) r e p r e s e n t s t h e compensated ' l o n g - l i n e ' . 

F i g . (3-5) r e p r e s e n t s a sy s t e m w h i c h i n c l u d e s two t r a n s f o r m e r s . 

T h i s s y s t e m i s r a t h e r t y p i c a l o f t h e no r m a l a r r a n g e m e n t i n a 

t r a n s m i s s i o n system, although;, b o t h t r a n s f o r m e r s need n o t be i n 

c i r c u i t s i m u l t a n e o u s l y on e n e r g i s a t i o n . 

F i g . (3-6) i s e q u i v a l e n t t o a n e t w o r k when a c a p a c i t o r p o t e n ­

t i a l d i v i d e r i s u s e d f o r r e l a y i n g or m e a s u r i n g p u r p o s e s . The non­

l i n e a r e l e m e n t i n t h i s c a s e i s a h i g h - v o l t a g e p o t e n t i a l t r a n s f o r m e r . 

I n e a c h o f t h e s e r e p r e s e n t a t i o n s , t h e t r a n s f o r m e r l o s s e s c a n 

be s i m u l a t e d by t h e i n c l u s i o n o f a r e s i s t o r R̂ , i n p a r a l l e l w i t h 

t h e n o n - l i n e a r e l e m e n t . 

As o b s e r v e d i n s e c . ^2-2 t h e use o f t h i s i n c r e m e n t a l method 
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a l l o w s t h e a c t u a l h y s t e r e s i s l o o p t o be c l o s e l y a p p r o x i m a t e d b u t 

e d d y - c u r r e n t l o s s e s s t i l l have t o be a c c o u n t e d f o r . I n F i g . (3-7) 

a r e s i s t o r R^ i s i n c l u d e d t o ; : s i m u l a t e s u c h t r a n s f o r m e r l o s s e s . 

The systems r e p r e s e n t e d by F i g s . ( 3 - l ) , ( 3 - 3 ) , ( 3 - 5 ) , (3-7) 

a r e c o m p l e t e l y s o l v e d u s i n g t h e i n c r e m e n t a l method and n u m e r i c a l 

examples a r e worked out u s i n g a c t u a l n e twork p a r a m e t e r s and c h a r a c ­

t e r i s t i c s . 

3-4 The L a p l a c e T r a n s f o r m s and T h e i r I n v e r s e s . 

I n t h e s o l u t i o n s o f t h e d i f f e r e n t i a l e q u a t i o n s a r i s i n g f r o m 

t h e s e c i r c u i t s , cer-taan L a p l a c e t r a n s f o r m s and t h e i r i n v e r s e s a r e 

u s e d f r e q u e n t l y . F o r c o n v e n i e n c e i n r e f e r r i n g t o them, t h e y a r e 

t a b u l a t e d and c l a s s i f i e d i n A p p e n d i x - 3 . T h i s i d e a ; a l s o p r o v e d 

u s e f u l i n programming as t h e v a r i o u s i n v e r s e s a r e programmed as 

s u b - r o u t i n e s , and u s e d when n e c e s s a r y . 
( 3 1 ) , (32) 

These i n v e r s e s a r e o b t a i n e d f r o m two s o u r c e s b u t as 
(.26 

w i l l be n o t i c e d i n some c a s e s , 'the m u l t i p l i c a t i o n - b y - s - t h e o r e m ' 

i s u s e d i n o b t a i n i n g some i n v e r s e s . 

3-5 The E q u a t i o n s . 
3^5"! The Uncompensated 1 S h h r t - L i h e 1 ' ( F i g . . 3-1-:) j 

U s i n g t h e f o l l o w i n g n o m e n c l a t u r e 

R^ ohms = (sum o f s o u r c e and l i n e r e s i s t a n c e s ) p e r phase 

L h e n r i e s = (sum o f s o u r c e , l i n e and t r a n s f o r m e r l e a k a g e 

i n d u c t a n c e s ) p e r phase 

e = E s i n ( a t + 0 ) , max 

0 v o l t a g e s w i t c h i n g a n g l e , 

c u r r e n t ; 

A t o t a l f l u x l i n k a g e i n t r a n s f o r m e r . 

T t o t a l t i m e 
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t h e b a s i c e q u a t i o n i s 

e = i R , + L f i + fr <3-6) e t s d t d t 

= i B t + t i <L
S
+fr>- (3-7) 

D e f i n i n g . 
dA. A T / . \ 
d i = L X ( l ) 

E q u a t i o n (3-16) c a n be t r a n s f o r m e d 

j, tt cos 0 , s_ s i n ^ 0 
max 2 . 2 - . « s + tt s + tt 

+ x f J = K + s ( L s + L * ( i 4 K^--
- JL s + L x ( i ) j . i ( 0 ) . (3-8) 

where i ( 0 ) = v a l u e o f i a t t=0 

and I ( s ) = X f1^) 
From eq. ( 3 - 8 ) , 

E 

where 

and 

1 ( g ) _ max to c o s Q + s s i n 0 + u (3-9) 

t ( s 2 + tt2)(s + ^ ) L t ( s + r")-

L t = L s + L A ( i > 

u = L t . i ( 0 ) . 
(3-10) 

i ( t ) c a n be computed f r o m t h e t r a n s f o r m p a i r s 1 and 3 g i v e n i n 

A p p e n d i x — 3 . 

The v a l u e o f i ( t ) a f t e r a s m a l l i n c r e m e n t o f tim e A t i s computed; 

t h i s v a l u e ^ ( ^ ) - t — ' " " s u s e d t o d e t e r m i n e 

(1) a new v a l u e o f L ^ ( i ) and hence L ^ . 

(2) a new v a l u e o f i ( 0 ) and hence u. 

0 i s i n c r e a s e d t o OQ + to.T where QQ = i n i t i a l v o l t a g e s w i t c h i n g 
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a n g l e and t h e p r o c e s s r e p e a t e d . The c o r r e s p o n d i n g v a l u e o f 
d i e 1 = L , ( i ) . (3-11) 'X - A v y * d t 

c a n be e a s i l y computed as i t i n v o l v e s s i m p l e d i f f e r e n t i a t i o n o f 

t r i g o n o m e t r i c f u n c t i o n s . 

3-5-2 The Uncompensated ' S h o r t - L i n e ' w i t h S i m u l a t e d T r a n s f o r m e r  
C o r e L o s s e s . 

U s i n g t h e n o m e n c l a t u r e o f s e c . 3-5-1 w i t h t h e a d d i t i o n a l 

t e r m 
A R^ = r e s i s t i v e e l e m e n t t o s i m u l a t e c o r e l o s s e s , 

c i r c u i t e q u a t i o n s a r e 
d i 

E S i n ( a t + 0) = R,. i , + L . - J T ^ + e, max t 1 s d t A 

d i l d i l d i 2 = R t . i 1 + L g . + L x ( ± 1 - i 2 ) . (j^- - ^) (3-12) 

and 

0 = - e x + R A. i 2 

d i 2 di.^ i 

d t ~ " IT + V i 2 (3-13) 
= L X

 ( i l " i 2 ) 

T r a n s f o r m i n g e q s . (3-12) and ( 3 - 1 3 ) , w i t h t h e f u r t h e r 

d e f i n i t i o n s 

I x ^ I f i ^ t ) ] (3-14) 

I 2 = i [ i 2 ( t ) ] (3-14a) 
u l = ( L s + L X ^ l " ^ ) ) - ~ ( V 1 ! - ^ ) - i 2 ( ° )

( 3 _ 1 5 ) 

(3-16) u 2 = L X ' M 0* ~ M 0* 
and 

t h e n 

L t = L s + L X ( i l " i 2 ) (3-17) 

E 
max 
2 2 s +a 

(s S i n © + a Cos 9)+ u± = (R t+ s L t ) . I ^ s L ^ . ^ (3-18) 
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u 2 = - s L x . I 1 + ( R x + s L x ) . I 2 (3-19) 

S o l v i n g t h e s e two e q u a t i o n s y i e l d s 

E 2 
j ( s ) _ m a x 4s s i n Q + tts cos Q)  

1 S ~ L s ( s 2 + to2) (s + <x) (s + u.) 

E 'R, J ( V s i n 0 + BTTOS ©) SW + u 2 ^ + L7 u l 
max A , A 

+ p 5 
L L, (s + ) ( s + a ) ( s + u.) L (s + a ) ( s + u) s A s 

(3-20) 

E / 2 . v s (L, u_ + ii.. ) + R, u_ -j- _ max s m Q + tts c o s 0 ) t 2 A 1 7 t 2 
2 ~ L / ' 2 . , _ 2 \ / . ' \ / ^ \ L LT (s + a) (s + ix) s (s. + tt)(s+a)(s+uj s A V R / 

and 

(3-21) 

where -a and - a a r e t h e r o o t s ( a l w a y s r e a l and n e g a t i v e ) o f t h e 

q u a d r a t i c e q u a t i o n 
~ (R-J L, '+ R, L-. ) R, R-, 

s 2 + s L
A

 L
t — ± — + rSr = 0 ( 3 _ 2 2 ) 

X s X s 

I n c o m p u t i n g t h e c u r r e n t s i - ^ ( t ) and i ( t ) , t h e t r a n s f o r m p a i r s 

, 5 and 2 i n A p p e n d i x - 3 a r e u s e d . 

C o m p u t a t i o n o f i - ^ ( t ) and -^2^^ o v e r a p e r i o d A t i s c a r r i e d o u t and 

t h e v a l u e s i ^ ( t a n d ^ 2 ^ ^ t - A t a r e u s e d ^o d e t e r m i n e new v a l u e s 

of u^ and u 2 « The p r o c e s s i s t h e n r e p e a t e d . 
eA LA ( i l " i 2 ) 

d i l d i 2 \ 
• d t d t c a n a l s o be computed. 

(3-23) 

3-5-3 T r a n s f o r m e r a t t h e R e c e i v i n g - E n d o f a ' L o n g - L i n e ' F i g . (3-3) 

N o m e n c l a t u r e 
L h e n r i e s = (sum o f s o u r c e i n d u c t a n c e + \ t o t a l l i n e 

S 

i n d u c t a n c e ) p e r phase. 

L 2 h e n r i e s = {\ t o t a l l i n e i n d u c t a n c e + t r a n s f o r m e r l e a k a g e 

i n d u c t a n c e ) p e r phase 
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R-l = R 2 ohms = \ t o t a l l i n e r e s i s t a n c e p e r phase 

C f a r a d s = lumped s h u n t c a p a c i t a n c e p e r phase 

v v o l t s = v o l t a g e a c r o s s t h e c a p a c i t a n c e a t t=0 c 

X r e f e r s t o t h e t r a n s f o r m e r 

L-. = 44 f o r some v a l u e o f i ~ . A d i 2 2 

D i f f e r e n t i a l e q u a t i o n s o f t h e s y s t e m : 

Emax S i n ( < C t + e ) = V d T + B i a i + h f c l ' ^ d t 

(3-24) 

1 f d i 2 
0 " C / ( - i I - i 2 ) d t + R2'±2 + V d t ~ + 6 X 

= - i / ( i i - i 2 > d t + + < L2 + V - ir- (3~25) 

T r a n s f o r m i n g t h e s e e q u a t i o n s and u s i n g 

u l = L s a i ( 0 ) (3-26) 

L q ^ L 2 + L x (3-27) 

u 2 = L ^ . i ^ O ^ (3-28) 

e q u a t i o n s (3-24) and (3-25) become 

s E s i n 0 « E cos 0 v , - I 0 

max , max , c / , T , 1 \ T 2 / 0 o r i \ 
" T — 2 + " 2 — 2 + u l " — = ( r l + s L s + i C ^ 1 ! TIC ( 3 " 2 9 ) 

S + (6 S + (A 

U 2 + ! T = : i C - + < R2 + s L q + S c ) ' I 2 ( 3 " 3 0 ) 

The d e t e r m i n a n t o f t h e impedance m a t r i x i s g i v e n by 

R, E , f L + L 
A L L L R^+ L R-, 1 2 ' s ' q 

s 3 + 2 ( s " 2 ^ q "1) . 
s + s < L L ; + S L L 

s q s q 

* R l + R 2 
+ C L L 

s q 
(3-31) 
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w h i c h c a n be p u t i n t h e f o r m 
K 

( s + a ) 2 + p 2 (3-32) 

u., a, and p a r e o b t a i n e d f r o m t h e f a c t o r i z a t i o n o f t h e c u b i c 
R1 R 2 + L + L 

3 M 2 ( L s R 2 + L q R l ) , 5 C 9 

L L 
s q 

L L 
s q 

R-. + R~ 
+ — (3-33) 

CL L 
s q 

and w i l l a l w a y s be r e a l and p o s i t i v e . 

The s o l u t i o n o f t h e s e e q u a t i o n s y i e l d s , 

E s ( « R 0 Cos Q+Sin Q-q- L S i n Q)+a(qos, Q-rO> L.. Cos O^ttR^; S i n 9 ) 

(s+a) ( s + a ) 2 + 0 2 ( s 2 + * 2 ) 

s L u,+s(E L S i n 0+u., R~-v L )+E ( R 0 S i n ©+a L Cos ©) + q 1 max q 1 2 c q max 2 q 

^ (s+a) ( s + a ) 2 + p 2 

+ u l + u 2 - v R 0 c 2 

X 2 = 

K x (s+|x) ( s + a ) 2 + p 2 

E (s S i n © + tt Cos 0) max ' 

K,C (s+ji) ( s + a ) 2 + p 2 ) ( s
2 + t t 2 ) 

\ \ 
2
 u l + u 2 

s L g u 2 + s ( R l U 2 + L g v c ) + Q 

(3-34) 

+ v R, 
c 1 (3-35) 

K x (s+u) j ( s + a ) 2 + p 2 | 

i - ^ ( t ) and -^2^^ c a n ^ e c o m P u ' t e d f r o m t h e e x p r e s s i o n s f o r t h e 

i n v e r s e t r a n s f o r m a t i o n s as g i v e n by 4 and 6 - A p p e n d i x 3. 

i - ^ ( t ) and -^2^^ a r e e v a l u a t e d f o r some s m a l l t i m e A t ; t h e 

v o l t a g e s 
di, 

e X = L A dT 
v = E s i n (at + ©) c max R i xi ~ L s d T 

(3-

(3-

36) 

•37) 
a r e c a l c u l a t e d . 
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W i t h t h e s e v a l u e s , new v a l u e s of u 1 and u 2 a r e t h e n c a l c u l a t e d and 

the p r o c e s s r e p e a t e d f o r a new t=0 and ©=©Q + 

where 0 Q = i n i t i a l v o l t a g e s w i t c h i n g a n g l e . (3-38) 

3-5-4 T r a n s f o r m e r s a t B o t h Ends o f a ' L o n g - L i n e ' . F i g . (3-5)» 

Nome nc 1 a t u r e ; 

L ^ h e n r i e s = s o u r c e i n d u c t a n c e p e r phase, 

B 1 ~ B 2 ° k m s = \ t o t a l l i n e r e s i s t a n c e p e r phase-

L^ h e n r i e s = \ t o t a l l i n e i n d u c t a n c e p e r phase. 

L 2 h e n r i e s = (\ t o t a l l i n e i n d u c t a n c e + t r a n s f o r m e r l e a k a g e 

C f a r a d s 

V Q v o l t s 

1 0 ' XI* 1 2 

i n d u c t a n c e ) p e r p h a s e , 

lumped s h u n t c a p a c i t a n c e . ]>ecr phase 

v o l t a g e a c r o s s t h e c a p a c i t a n c e a t t=0 

c u r r e n t s i n amps, as marked. 

p r e f e r s t o s e n d i n g - e n d t r a n s f o r m e r — L f o r . some v a l u e 

o f i Q - i r 

dA 
j p r e f e r s t o r e c e i v i n g - e n d t r a n s f o r m e r — h p - ^ — f o r some v a l u e 

of i 2 . 

The b a s i c e q u a t i o n s a r e 
d i r t d i ] 

- V a t e = ( L g + 1 ^ ) . ^ 

d i 
0 - w-+ + S + v>- air + h J(h-^ d t , 

o = R 2 . I 2 + ( L 2 + y ^ 

I n t r o d u c i n g , 

\ = L i + H 

\ J(i-,^^) d t . 

(3-39) 

(3-40) 

(3-41) 

(3-42) 

(3-43) 



L r = L 2 + L p A 

U ]_ = ( L s + Ltf) i Q ( 0 ) - i 1 ( 0 ) " 

u 2 = ( L x + L^) i 2 ( 0 ) - L^j- i Q ( 0 ) 

= ( L 0 + L 0 ) i o ( 0 ) 

where 1Q ( 0 ) , i ^ ( 0 ) , ^2(0) a r e t h e v a l u e s o f i ^ , i ^ and i 2 

r e s p e c t i v e l y f o r any t=0, t h e t r a n s f o r m e d e q u a t i o n s a r e 
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(3-44) 

(3-45) 

(3-46) 

(3-47) 

E (s s i n 9 + a cos 9) max  
2 2 s + « 

+ u l = s L p J 0 " s V h 

" T-  + u 2 = " s V o + ( R 1 + s L q + S C " ) ' 1 ! " i f 

+ IT + u 3 = 0 " sT + < R2 + s L r + 

(3-48) 

(3-49) 

(3-50) 

A The d e t e r m i n a n t ° f t h e impedance m a t r i x i s g i v e n by 

A = s (L L L - L l>r- ) + 

+ s 

"p q r r "Ju"" 

L + L 

L ( B l L r + R 2 L ) - R 2 V 

L ( R x R 2 + 
L 2- \ L 

w h i c h c a n be p u t i n t h e f o r m 

^ 2 = K 2 (s+a) ( ( s + a ) 2 + p 2 

(3-51) 

(3-52) 

The v a l u e s o f a, a and P w i l l a lways be r e a l and p o s i t i v e . 

The s o l u t i o n o f t h e s e e q u a t i o n s y i e l d s 

E s L L S i n 9 max q r  

K 2(s+u.) ( s + a ) 2 + p 2 ] ( s 2 + t t 2 ) 
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E s 
max 

L +L 
s S i n ©(R..L +R 0 L ) + to Cos © L L + S i n 6(R,R I q „ r ) 1 1 r 2 q q r ' 1 2 C 

K 9 ( s + a ) | ( s + a ) 2 + 82) ( s 2 + t o 2 ) 

+ E S f t Cos © (R.L + R„ L ) 
^ max - . 1 r 2 q_ 

( s + a ) 2 + S 2 I (s 2+to 2) 

+ 

K 2(s+(x) 

R,+R 0 L +L 
E S i n © ^ + fe Cos © R,R~ + q

n
 r 

max ^C 1 1 2 C 

K 2(s+[x) j ( s + a ) 2 + S 2 

R-, +R~ 
E to Cos © x

n ^ 
max C 

' 2, 2x (s +to ) 

K0 s (s+u) ( s + a ) 2 + S 2 ( s 2 + t o 2 ) 

u, s 
L +L 
i g. L L + s ( R , L + R 0 L ) + R.R_ + ~ ; q r 1 r 2 q 7 1 2 C 

K 0 ( s + u ) ( s + a ) 2 + 0 2 

(3-53) 

(R + R 2 ) 
C 

K 2 s (s+a) j(s+a) 2 + 8 2 j 

E s L L S i n © 
max r a 

K 2 ( s + a ) ( s + a ) 2 + S 2 ] ( s 2 + t o 2 ) 

Emax S % ( S ^ R 2 S i n 9 + 6 5 L r C ° S 0 / + ftR2 C o S 

S i n © 

K 9(s+u.) ( s + a ) 2 + 8 2 ( s 2 + t o 2 ) 
(3-54) 

E 
+ max 

to Lp- Cos © 

K (s+u) I(s+a)2 + 8 2 / 2 2 N (s +to ) 
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0 L ( u 9 + u „ ) + Lj-u, 
s ^ ( l ^ . L u,+L L u 0 ) + s ( R 0 L _ u , + R 0 L u 0 - v L L )+ ^ L 

x 6 r 1 p r 2 2 o 1 2 q 2 c p r y C 
K^ts+Li) ( s+ct) 2 + S 2 

c p 2 

K 9 (S+LI) ( s + a ) 2 + S 2 

(3-54) 

E V s S i n Q + to Cos Q max u r\ 

K 9 (S+LI) (s-Hx) 2 + B 2 ) ( s 2 + « 2 ) 
(3-55) 

UAJ + u,L^ + u„L 
^ s 2 L L u~ + s(u-R-.L + L L v - L 2 v )+ - 2 — E — 3 — E +v E,L 
+ q p 3 3 1 P p q c C c C c I p 

K 9 (s+u.) ( s + a ) 2 + 6 21 

U s i n g t h e a p p r o p r i a t e t r a n s f o r m - p a i r s o f Ap p e n d i x - 3 L 0 ! 

i ^ and i.^ c a n be e v a l u a t e d as f u n c t i o n s o f t i m e and computed o v e r 

some s m a l l i n c r e m e n t o f time d t . 

The v o l t a g e s e^-, Bp and v c a r e g i v e n b y 
d i , 

= e - L , , o s dt 
0 

d i , 

_P~ dt 
di, 

V c =  eP + R

2

i 2 + L 2 * dT 

(3-56) 

(3-57) 

(3-58) 

The p r o c e s s i s r e p e a t e d as i n p r e v i o u s s e c t i o n s . 

3-6 Programming N o t e s . 

F o r r e s u l t s o f any a c c u r a c y when t h e i n c r e m e n t a l method i s 

u s e d , a d i g i t a l computer i s n e c e s s a r y . The s o l u t i o n o f t h e c u b i c 

e q u a t i o n ; t h e wide range o f numbers u t i l i s e d ( f r o m t h e v e r y s m a l l 

m i c r o f a r a d v a l u e s t o t h e l a r g e m e g a v o l t v a l u e s ) ; t h e a c c u r a t e 

e v a l u a t i o n o f t h e t r i g o n o m e t r i c f u n c t i o n s , a i l p o i n t t o t h e need f o r 
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machine c o m p u t a t i o n . 

I n t h e a c t u a l s o l u t i o n o f t h e s e p r o b l e m s , two p o i n t s a r e t o be 

n o t e d i n t h e programming. 

( l ) The s o l u t i o n o f t h e c u b i c e q u a t i o n . 

The knowledge t h a t t h e v a l u e s o f oc, 8 and u. a r e r e a l and p o s i ­

t i v e i n a l l c a s e s , e l i m i n a t e s any t e s t i n g o f t h e c o e f f i c i e n t s o f t h e 

c u b i c . The e v a l u a t i o n o f a, p and u. f o l l o w s d i r e c t l y as shown 

below ^ 3 3 ^ 

The c u b i c e x p r e s s i o n 

3 . 2 s + ps + qs + r (3-59) 

i s c o n s i d e r e d , a, 8 and \i i s o b t a i n e d as f o l l o w s : 

d = 3 c ^ 9 - P 2 (3-60) 

e k 2 p 3 - 4 9 P q + 27r ( 3 _ 6 l ) 

f = e 2 + d 3 (3-62) 

g =V(f - e ) . (3-63) 

h =V( - f - e): (3-64) 

a = - g - h + f ; a = S | i + E ; 8 = (g - h) (3-65) 

(2) D e t e r m i n a t i o n o f f r o m t h e c o r r e s p o n d i n g v a l u e o f 

c u r r e n t . 

F o r e a c h i n c r e m e n t o f c u r r e n t o r t i m e , a v a l u e o f has t o be 

d e t e r m i n e d . The o b v i o u s method o f d o i n g t h i s i s t h e use o f some 
1 1 

f o r m o f ' t a b l e l o o k - u p r o u t i n e . The c o m p l e x i t y of s u c h a r o u t i n e 

w i l l depend on t h e f l u x - l i n k a g e v s . c u r r e n t c h a r a c t e r i s t i c and t h e 

a c c u r a c y r e q u i r e d . C o n s i d e r a b l e t i m e s a v i n g can be a c h i e v e d i f t h e 

c o r r e c t r o u t i n e i s u s e d s i n c e t h i s r o u t i n e w i l l have t o be u s e d 

many t i m e s i n a c o m p l e t e s o l u t i o n . 
U s i n g t h e m a g n e t i s a t i o n c h a r a c t e r i s t i c as shown i n F i g . ( 3 - 8 ) , 
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i n s t e a d o f a ' t a b l e l o o k - u p ' r o u t i n e , a s i m p l e r and time 
j 

s a v i n g method i s p o s s i b l e . The m a g n e t i s a t i o n c h a r a c t e r i s t i c 

c u r v e (a) F i g . (3-8) i s d i v i d e d i n t o 3 s e c t i o n s — t w o s t r a i g h t l i n e 

s e c t i o n s , j o i n e d by a l o g a r i t h m i c c u r v e . F o r e a c h s t r a i g h t 

l i n e s e c t i o n , i s a c o n s t a n t and f o r t h e c u r v e d s e c t i o n , 

i s d e t e r m i n e d f r o m t h e r e l a t i o n s h i p 

L = c o n s t a n t {3-66) 
A i 

T h i s method w h i c h i s s u i t a b l e f o r t h i s p a r t i c u l a r c u r v e , 

e l i m i n a t e d a g r e a t d e a l o f c a l c u l a t i o n . I n t h e c o n s t a n t 

s e c t i o n s o f t h e c u r v e , a l l c a l c u l a t i o n s u s i n g a r e r e q u i r e d 

t o be done o n l y o n c e . These v a l u e s a r e s t o r e d and u s e d as 

r e q u i r e d . 

A f u r t h e r s i m p l i f i c a t i o n i s t h e use o f two s t r a i g h t l i n e s 

t o a p p r o x i m a t e t h e m a g n e t i s a t i o n c h a r a c t e r i s t i c . Two s u c h l i n e s 

a r e marked L and L, i n F i g . ( 3 - 8 ) . T h i s a p p r o x i m a t i o n t o t h e r u 

c u r v e ( a ) , F i g * (3-8) i s u s e d and t h e r e s u l t i n g c u r r e n t wave­

fo r m o v e r t h e f i r s t c y c l e a r e shown i n F i g . ( 3 - 9 ) — c u r v e ( a ) . 

These r e s u l t s a r e f o r a 320 m i l e l e n g t h o f l i n e and c o r r e s p o n d i n g 

wave-forms o b t a i n e d u s i n g t h e c o m p l e t e c h a r a c t e r i s t i c a r e p l o t t e d 

on t h e same g r a p h ( c u r v e ( b ) ) . The p o s i t i v e peak v a l u e s a r e 

s i m i l a r : b u t t h e r e a r e wide d i f f e r e n c e s on t h e n e g a t i v e s i d e o f 

t h e wave-forms. S i n c e i n t h e i n c r e m e n t a l method, any computed 

v a l u e o f c u r r e n t o r v o l t a g e depends on t h e p r e v i o u s computed 

v a l u e s , an e r r o r i n one r e s u l t may s e t up a p a t t e r n o f divergence. 
F o r t h i s r e a s o n , a p p r o x i m a t i o n o f t h e m a g n e t i s a t i o n c h a r a c t e r i s t i c 

by two s t r a i g h t l i n e s i s l i k e l y t o g i v e i n c o r r e c t r e s u l t s . 

3-7 The I t e r a t i v e Method. 

I t e r a t i v e methods f o r t h e s o l u t i o n o f d i f f e r e n t i a l e q u a t i o n s a r e 
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w e l l known and w e l l d e v e l o p e d b u t f o r p r o b l e m s t h a t a r i s e f r o m some 

p h y s i c a l phenomena, t h e f o l l o w i n g r e q u i r e m e n t s a r e d e s i r a b l e i n 

t h e c h o i c e o f a method: 

(1) Few a p p r o x i m a t i o n s i n e s t a b l i s h i n g t h e d i f f e r e n t i a l 

e q u a t i o n s i n a f o r m f o r s o l u t i o n . 

(2) C l o s e t i e between th e method and t h e a c t u a l phenomena. 

(3) A c c u r a t e answers i n a r e a s o n a b l e t i m e . 

One method t h a t s a t i s f i e s t h e s e c o n d i t i o n s i n t h i s t y p e o f 

i n v e s t i g a t i o n i s d e s c r i b e d i n t h i s s e c t i o n b u t i s n o t u s e d e x t e n s i ­

v e l y as t h e i n c r e m e n t a l method p r o v e d f a r s u p e r i o r . 

I n t h i s i t e r a t i v e method, t h e terms i n v o l v i n g t h e n o n - l i n e a r 

e l e m e n t a r e s e p a r a t e d f r o m t h e o t h e r s . The l i n e a r e l e m e n t s a r e t h e n 

i g n o r e d and a s o l u t i o n o b t a i n e d . A c o r r e c t i o n computed f r o m t h e 

l i n e a r e l e m e n t s i s t h e n a p p l i e d t o t h e s o l u t i o n and t h e p r o c e s s 

r e p e a t e d . T h e r e a r e a few v a r i a t i o n s ' 4 ' ' o f t h i s a p p r o a c h b u t t h e 

f o l l o w i n g example shows the method as u s e d i n t h i s i n v e s t i g a t i o n . 

3-1-1 T r a n s f o r m e r T e r m i n a t i n g a T - s e c t i o n . - The I t e r a t i v e  

Method. 

The e q u i v a l e n t c i r c u i t i s shown i n F i g . ( 3 - 3 ) . 

The t r a n s f o r m e d e q u a t i o n s f o r t h i s c i r c u i t a r e 

(3-67) 

(3-68) 

where 

L h e n r i e s = (sum o f lumped s o u r c e i n d u c t a n c e + \ t o t a l 
s 

lumped l i n e i n d u c t a n c e ) p e r phase, 

L 2 h e n r i e s = {\ t o t a l lumped l i n e i n d u c t a n c e + t r a n s f o r m e r 

l e a k a g e i n d u e t a n c e ) p e r phase 
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R l = R 2 0 ^ m s = 2 t o t a l lumped l i n e r e s i s t a n c e p e r phase 

C f a r a d s = lumped s h u n t c a p a c i t a n c e o f t h e l i n e p e r phase 

V Q v o l t s = v o l t a g e a c r o s s t h e c a p a c i t a n c e a t t=0 

i ^ , ±2 amps = c u r r e n t s as marked 

= v a l u e o f i - ^ a t any t=0 

i 2 ( 0 ) = v a l u e o f ±2 a ^ a n y ^=0 

i4 
2=I[ i2<*> 

11 
E l i m i n a t i n g 1^ f r o m e q s . (3-67) and (3-68) 

A 3 i 2 

R,+sl + ^ 1 s sC 

£ [ e ( t ) l + u x - v e 

s C ( R l + s L s + fe} 

f u 2 + ^ (3-69) 

where 

A A L L 0 s + (R, L 0 + R 0 L ) s + R-. R 0 + 
L s + L 2 (3-70) 

R l + R 2 
sC 

The f u n c t i o n e 1 ( t ) ' -1 
-J[e(t)] + u, - ^ 

} l s c i + u 0 + — 
sC (R x + s L s + y 

(3-71) 

i s e x p r e s s e d as a f u n c t i o n o f t i m e . 
E 

e . ( t ) = ^ * 

L C 
s 

- a t 
( 8 2 - to2) + 4 a 2 to2)2 

l l 

1 s i n 9. s i n (tot + § - P x ) 

(3-72) 
- a t 

+ jj . 8 0 . s i n ( B t + B 2 - P 3 ) + t o cos 9 ^. s i n ( t o t - p 1 ) + | . s i n ( B t+ P 3 ) 

+ "1 
- a t Q , u, e s m p t v 
L C 8 s K 

L CB s ~ K 0 

, - a t 
jj- + | . s i n ( 8 t + B 2 ) + u 2 d ( t ) + v c u ( t ) . 
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v h e r e 
a2 A 2 Q 2 8 Q = a + B • 

8 = t a n -2 - y 
P 0 - <* 

B 2 = t a n -a 
8^ = t a n - 1 ~ 2 a ^ 

a 8 2
 + * 2 

d ( t ) = 1 t=0 

d ( t ) = 0 t > 0 

u ( t ) = 1 t >, 0 

oc 
A B l 

2L L C 
s 

- a 

I g n o r i n g t h e l i n e a r e l e m e n t s , eq. (3-69) i s s o l v e d . 

e x - e»(t) 

t h e r e f o r e , 

X = 

0 

e ' ( t ) d t 

(3-73) 

(3-74) 

(3-75) 

(3-76) 

(3-77) 

(3-78) 

(3-79) 

(3-80) 

(3-81) 

(3-82) 

F o r some c h o s e n v a l u e o f T, X c a n be d e t e r m i n e d by a n u m e r i c a l 

i n t e g r a t i o n p r o c e s s . 

¥ i t h v a l u e s o f A t a b u l a t e d o v e r t h e p e r i o d o f t i m e T, c o r r e s ­

p o n d i n g v a l u e s o f i 2 c a n t h e n be d e t e r m i n e d . 

From e q . ( 3 - 7 2 ) , t h e c o r r e c t i o n t e r m i s 
J>-lr A_ . I 

A e ' ( t ) ' 3 2 

D e f i n i n g 

R, + sL + ± -
1 s S C 

(3-83) 

f ( t ) 
A. 

R, + sL + ±77 1 s sC 
(3-84) 
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f r o m Appendixw-3 and eq. (3-70) 

f ( t ) d ( t ) + 
R 2 e -at 

8 L, 
( a Q - a ) 2 + 8 2 s i n ( 8 t + B 4 ) 

+ \ \ ] \ %Q + F e " a t s i n ( p t ~ P2> (3-85) 

where 
R 

1 + 1 L , - n r . and B. = a r c t a n c — L_ R^C K 4 a o 
T 

(3-86) 

U s i n g t h e c o n v o l u t i o n t h e o r e m . A e ' ( t ) = f i 0 ( t ) . f ( T - t ) d t (3-8?) 

v a l u e s o f A e ' ( t ) c a n be t a b u l a t e d as a f u n c t i o n o f t i m e . 

These c o r r e c t i o n v a l u e s a r e s u b t r a c t e d f r o m e ' ( t ) and a new 

s e t o f v a l u e s f o r e | ( t ) = e ' ( t ) - A e ' ( t ) f o u n d . 

The p r o c e s s i s t h e n r e p e a t e d , s t a r t i n g f r o m eq. (3-82) and a 

s u c c e s s f u l i t e r a t i v e p r o c e d u r e depends on d e c r e a s i n g v a l u e s , o f A e ' ( t ) 

T h i s method, a d m i r a b l y s u i t e d f o r machine c o m p u t a t i o n has i n 

many c a s e s t h e a d v a n t a g e o f speed o v e r t h e i n c r e m e n t a l method. How­

e v e r , t h e v a l u e o f T i s c r i t i c a l . Too l a r g e a v a l u e o f T l e a d s t o 

d i v e r g e n c e and i n c o r r e c t r e s u l t s . I f t h i s c o n d i t i o n o c c u r s , 

t h e n t h e p r o c e s s c a n be s t o p p e d and a s m a l l e r v a l u e o f T c h o s e n . To 

o b t a i n a c o n t i n u o u s s o l u t i o n , a f t e r a s u c c e s s f u l i t e r a t i o n f o r some 

v a l u e o f T, w i t h new i n i t i a l ' c o n d i t i o n s , t h e p r o c e s s i s r e p e a t e d . 

I n t h e n u m e r i c a l example a t t e m p t e d , i t was f o u n d t h a t t h e m a x i ­

mum s u i t a b l e v a l u e s o f T were so s m a l l t h a t any a d v a n t a g e o f speed 

o v e r t h e i n c r e m e n t a l method was l o s t . 
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3-8 D i s c u s s i o n o f R e s u l t s . 

S o l u t i o n s o f v o l t a g e s and c u r r e n t s f o r some s p e c i f i c examples 

a r e o b t a i n e d f o r a t w o - f o l d p u r p o s e . Some g e n e r a l i d e a s a b o u t 

t h e phenomenon i t s e l f c a n be o b t a i n e d and s e c o n d l y , some d e t a i l e d 

p r o c e d u r e s a b o u t t h e use o f t h e d i f f e r e n t e q u a t i o n s , e q u i v a l e n t 

c i r c u i t s , programming t e c h n i q u e s e t c . . . can be e s t a b l i s h e d . 

I n t h i s s t u d y , g r e a t e r emphasis i s on t h e s e c o n d o b j e c t i v e . 

The use o f t h e t e c h n i q u e s e s t a b l i s h e d i n t h e i n v e s t i g a t i o n o f 

v a r i o u s a s p e c t s o f s y s t e m b e h a v i o u r w i l l n o t be c o n s i d e r e d i n 

any d e t a i l . 

A l l r e s u l t s f o r t h i s d i s c u s s i o n a r e o b t a i n e d u s i n g t h e 

i n c r e m e n t a l method. 

3-8-1 The ' S h o r t - L i n e ' C u r r e n t and V o l t a g e Wave-Forms. 

F i g . (3-10) shows t h e c u r r e n t and v o l t a g e wave-form f o r a 

40 m i l e s y s t e m . The ' s h o r t - l i n e ' e q u i v a l e n t c i r c u i t i s u s e d -

F i g . ( 3 - l ) , and t h e s y s t e m i s e n e r g i s e d when t h e i n s t a n t a n e o u s 

v a l u e o f t h e s i n u s o i d a l d r i v i n g v o l t a g e i s z e r o w i t h p o s i t i v e 

s l o p e . i . e . 0=0 a t t=0. 

The c u r r e n t wave-form d i s p l a y s h i g h i n i t i a l p o s i t i v e peak 

v a l u e s and low i n i t i a l n e g a t i v e peak v a l u e s . The d e c a y o f t h e 

c u r r e n t peaks as t i n c r e a s e s i s a l s o e v i d e n t . 

The v o l t a g e wave-form d i s p l a y s no peak v a l u e s g r e a t e r t h a n 

E . T h i s i s t o be e x p e c t e d f r o m th e e q u i v a l e n t c i r c u i t u s e d . 

3-8-2 The ' L o n g - L i n e ' C u r r e n t and V o l t a g e Wave-Forms. 

U s i n g t h e ' L o n g - L i n e ' e q u i v a l e n t T - s e c t i o n • ( F i g . 3-3) , 

s o l u t i o n wave-forms a r e o b t a i n e d f o r t h e e n e r g i s a t i o n o f a 

320 m i l e s y s t e m . 
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F i g . (3-11) shows t h e wave-forms o f the. l i n e c u r r e n t 

i - ^ ; , t h e t r a n s f o r m e r c u r r e n t ^2 a n ^ ^ e v o l t a g e a c r o s s 

t h e t r a n s f o r m e r e^. The s y s t e m i s c o n s i d e r e d t o be e n e r g i s e d 

agj$fh a t © = 0 f o r t=0. 

B o t h c u r r e n t wave-forms d i s p l a y t h e f a m i l i a r i n r u s h 

c u r r e n t phenomenon, r e a c h i n g a l m o s t the same peak v a l u e s b u t 

t h e r e a r e d i s t i n c t d i f f e r e n c e s i n t h e wave-shapes. 

Peak v a l u e s o f t h e t r a n s f o r m e r t e r m i n a l v o l t a g e a r e o f 

t h e o r d e r o f 1.6 E and v a l u e s g r e a t e r t h a n E p e r s i s t 
max & max * 

t h r o u g h o u t t h e o s c i l l a t i o n s . T h i s phenomenon o f o v e r v o l t a g e s 

i s e x p e r i e n c e d i n t h e e n e r g i s a t i o n o f l o n g - l i n e s and t h e i r 

p e r s i s t e n c e c a n be d a n g e r o u s . 
3-8-3 E n e r g i s a t i o n o f a System W i t h a T r a n s f o r m e r a t B o t h  

Ends o f t h e L i n e . 

F i g . 3-6, shows the e q u i v a l e n t c i r c u i t f o r a " l o n g - l i n e 1 

w i t h t r a n s f o r m e r s a t e i t h e r end o f a 320 m i l e l i n e . 

E n e r g i s a t i o n o f s u c h a s y s t e m w i t h a 0=0, t=0 i n i t i a l 

c o n d i t i o n , r e s u l t s i n t h e v o l t a g e wave-forms d i s p l a y e d i n 

F i g s . (3-12a) and ( 3 - 1 2 b ) . ep r e f e r s t o t h e r e c e i v i n g - e n d 

t r a n s f o r m e r and e ^ t o t h e s e n d i n g - e n d t r a n s f o r m e r . 

I n b o t h c a s e s , peak v a l u e s o f o v e r 1.6 E a r e e x p e r i e n c e d 

and t h e s e o v e r v o l t a g e s p e r s i s t f o r some t i m e . A s s o c i a t e d w i t h 

t h e s e overv-oltages;:ar.e h i g h - f r e q u e n c y o s c i l l a t i o n s i n t h e 

t r a n s i e n t s t a t e . 

3-8-4 D e - e n e r g i s a t i o n o f a ' L o n g - L i n e ' System. 

When a s y s t e m s u c h as t h a t r e p r e s e n t e d by F i g . (3-3) i s 

d e - e n e r g i s e d . , t r a n s i e n t o v e r v o l t a g e s may be e x p e r i e n c e d 

d e p e n d i n g on t h e i n i t i a l c o n d i t i o n s . 



FIG. 3-13 
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A 320 m i l e s y s t e m i s c o n s i d e r e d t o be d e - e n e r g i s e d 

w i t h two d i f f e r e n t s e t s o f i n i t i a l c o n d i t i o n s . 

(1) t = 0 

T r a n s f o r m e r v o l t a g e e^ = 0 

T r a n s f o r m e r c u r r e n t i 2 = 750 amps, (maximum t r a n s i e n t 
v a l u e ) . 

(2) t = 0 

T r a n s f o r m e r v o l t a g e e^ = 1.1 E max 

T r a n s f o r m e r c u r r e n t i 2 = 0, 

P i g . (3-13) shows t h e t r a n s f o r m e r v o l t a g e wave-forms. 

C u r v e (a) c o r r e s p o n d s t o c o n d i t i o n s ( l ) . O v e r v o l t a g e s e x c e e d i n g 

2 E a r e e x p e r i e n c e d and t h e s e d e c r e a s e as t i n c r e a s e s , max 

C u r v e ( b ) , c o r r e s p o n d i n g t o c o n d i t i o n s ( 2 ) , shows a d e c a y 

o f t h e v o l t a g e o s c i l l a t i o n s and no o v e r v o l t a g e s a r e e x p e r i e n c e d . 

3-8-5 The T r a n s i e n t C u r r e n t I n r u s h . 

The t e r m ' i n r u s h c u r r e n t ' i s o f t e n u s e d i n d e s c r i b i n g t h e 

t r a n s i e n t c u r r e n t o f a s y s t e m w h i c h c o n s i s t s o f a t r a n s m i s s i o n 

l i n e t e r m i n a t e d by an u n l o a d e d t r a n s f o r m e r . 

I f t h e ' s h o r t - l i n e ' e q u i v a l e n t c i r c u i t i s used, - P i g . ( 3 - l ) 

- t h i s t e r m r e f e r s t o c u r r e n t ! i ' . I f however, the c l o n g - l i n e ' 

e q u i v a l e n t c i r c u i t i s u s e d , two c u r r e n t s ! i ' and i 2
! t h e n 

e x i s t , and t h e t e r m ' i n r u s h c u r r e n t ' c a n be m i s l e a d i n g as t h e 

b e h a v i o u r o f t h e s e two c u r r e n t s d i f f e r s i n some r e s p e c t s . 

I f t h e b e h a v i o u r o f t h e t r a n s i e n t c u r r e n t f o r s u c h a s y s t e m 

i s an i m p o r t a n t s y s t e m d e s i g n c r i t e r i o n , t h e n i t becomes i m p o r t a n t 

t o d i s t i n g u i s h between t h e s e c u r r e n t s . 

I n t h i s s t u d y , when a T - s e c t i o n e q u i v a l e n t c i r c u i t i s u s e d , 
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; i ^ ; w i l l be r e f e r r e d t o as t h e l i n e i n r u s h c u r r e n t and t h e 

t e r m t r a n s f o r m e r i n r u s h c u r r e n t w i l l r e f e r t o • 

3-8-6 The ' S h o r t - L i n e ' and t h e ' L o n g - L i n e 1 . 

P i g s . (3-1) and (3-2) show t h e e q u i v a l e n t c i r c u i t s f o r 

t h e ' s h o r t - l i n e ' and ' l o n g - l i n e ' systems r e s p e c t i v e l y . I n 

t h e f i r s t c a s e , t h e l i n e i s c o n s i d e r e d s h o r t enough so t h a t 

s h u n t c a p a c i t a n c e may be n e g l e c t e d ; i n t h e s e c o n d 

lumped c a p a c i t a n c e a t t h e m i d d l e o f t h e l i n e i s u s e d t o 

s i m u l a t e t h e e f f e c t s o f t h e l i n e s h u n t c a p a c i t a n c e . 

To o f f e r some a p p r e c i a t i o n o f t h e d i f f e r e n c e s between 

t h e s e two r e p r e s e n t a t i o n s , a 40 m i l e s y s t e m and a 320 m i l e 

s y s t e m a r e s o l v e d u s i n g one r e p r e s e n t a t i o n , t h e n th e n e x t . 

F i g . (3-14) shows t h e l i n e c u r r e n t wave-forms f o r a 40 

m i l e s y s t e m . T h e r e a r e no a p p r e c i a b l e p r a c t i c a l d i f f e r e n c e s 

between t h e s e wave-forms and c e r t a i n l y t h e i m p o r t a n t peak v a l u e s 

a r e n e a r l y i d e n t i c a l . The c o r r e s p o n d i n g v o l t a g e wave-forms 

a r e shown i n F i g . (3-15).. The d i f f e r e n c e s i n t h i s c a s e a r e more 

p r o n o u n c e d b u t n o t l a r g e enough t o be o f c o n c e r n . 

S i m i l a r wave-forms, .are shown i n F i g s . (3-16) and (3-17) 

f o r a 320 m i l e s y s t e m . The d i f f e r e n c e s i n t h e c u r r e n t wave­

forms a r e i n shape r a t h e r t h a n i n t h e more i m p o r t a n t q u a n t i t y o f 

peak v a l u e s . The v o l t a g e wave-forms a r e , however, q u i t e 

d i f f e r e n t b o t h i n shape and a m p l i t u d e . I n s p e c t i o n o f t h e 

' s h o r t - l i n e ' e q u i v a l e n t c i r c u i t r e v e a l s t h a t no t r a n s f o r m e r 

v o l t a g e s g r e a t e r t h a n E max a r e p o s s i b l e whereas, i n f a c t , 

t r a n s f o r m e r v o l t a g e s o f t h e o r d e r o f 1.6 E max a r e e x p e r i e n c e d . 

These c o n s i d e r a t i o n s i n d i c a t e t h a t i f t r a n s f o r m e r v o l t a g e s 
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a r e i m p o r t a n t i n a p a r t i c u l a r i n v e s t i g a t i o n , t h e ' l o n g - l i n e ' 

e q u i v a l e n t c i r c u i t i s n e c e s s a r y f o r r e a s o n a b l e r e s u l t s . A n o t h e r 

p e r t i n e n t f a c t o r i s t h a t i n t h i s p a r t i c u l a r s t u d y , use o f t h e 

' l o n g - l i n e ' e q u i v a l e n t c i r c u i t r a t h e r t h a n t h e ' s h o r t - l i n e ' 

r e q u i r e s a p p r o x i m a t e l y t h r e e t i m e s as much c o m p u t i n g ti m e on a 

d i g i t a l computer. 

3-8-7 The A c c u r a c y o f t h e I n c r e m e n t a l Method. 

The a c c u r a c y o f t h e i n c r e m e n t a l method depends a l m o s t 

e n t i r e l y on s m a l l enough c u r r e n t changes o v e r e a c h i n t e r v a l . I f 

t h e programming i s a r r a n g e d so t h a t t h e s e c u r r e n t changes a r e 

e x t r e m e l y s m a l l t o e n s u r e maximum a c c u r a c y , t h e c o m p u t a t i o n t i m e 

i n v o l v e d may become e x c e s s i v e . 

I n a l l t h e programmes t h a t use t h e i n c r e m e n t a l method, a 

t i m e i n c r e m e n t r a t h e r t h a n a c u r r e n t i n c r e m e n t i s u s e d . T h i s 

c h o i c e i s b a s e d s o l e l y on programming c o n v e n i e n c e . The v a l u e o f 

the t i m e i n c r e m e n t t h e n becomes t h e c r i t e r i o n f o r a c c u r a c y and 

speed o f c o m p u t a t i o n . 

A 320 m i l e s y s t e m i s s o l v e d u s i n g t h r e e d i f f e r e n t t i m e 

i n c r e m e n t s - At = 0.0002 s e c ; At = 0.0001 s e c ; At = 0.00005 

s e c . P i g s . (3-18) and (3-19) show the r e s u l t i n g c u r r e n t and 

v o l t a g e wave-forms f o r t h e s y s t e m . 

A t i m e i n c r e m e n t o f 0.00005 s e c . g i v e s t h e most a c c u r a t e 

r e s u l t s b u t on t h e o t h e r hand, c o m p u t a t i o n t i m e f o r a s o l u t i o n 

i s t w i c e t h e t i m e needed f o r a 0.0001 s e c . i n c r e m e n t . The t i m e 

i n c r e m e n t o f 0.0002 s e c . i s t o o l a r g e and g i v e s i n a c c u r a t e r e s u l t s . 

S i n c e c o m p u t a t i o n t i m e i s an i m p o r t a n t f a c t o r i n d i g i t a l 

computer t e c h n i q u e s , i t i s n e c e s s a r y t o c a r r y o u t some p r e l i m i n a r y 
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i n v e s t i g a t i o n s t o d e c i d e upon t h e optimum time i n c r e m e n t . I t s 

v a l u e may change n o t o n l y f r o m s y s t e m t o sy s t e m b u t may a l s o 

be i n f l u e n c e d b y t h e s t a g e o f b e h a v i o u r b e i n g s t u d i e d , 

3-9 C o m p u t a t i o n P r o c e d u r e s . 

The n u m e r i c a l r e s u l t s o f c h a p t e r s 2 and 3 a r e computed by 

d i g i t a l computer programmes. 

W i t h t h e e x c e p t i o n o f t h e programme u s e d f o r t h e f i n d i n g o f 

p o l y n o m i a l z e r o s , a l l programmes were w r i t t e n e s p e c i a l l y f o r t h i s 

s t u d y . 

The programme f o r d e t e r m i n i n g t h e z e r o s o f t h e p o l y n o m i a l s i s 

b a s e d on B a i r s t o w f s method and a s l i g h t l y m o d i f i e d v e r s i o n i s 

u s e d t o s u i t t h e wide r a n g e o f c o e f f i c i e n t s t h a t o c c u r r e d i n 

t h i s s t u d y . 

An I.B«M, 1620 machine was u s e d f o r most o f t h e c o m p u t a t i o n 

and t h e programmes were w r i t t e n i n t h e l a n g u a g e o f F o r t r a n IA. 

Most o f t h e programmes a r e w r i t t e n i n a g e n e r a l f o r m so 

t h a t t h e y may be a v a i l a b l e t o o t h e r r e s e a r c h e r s i n t h i s f i e l d . 

One s e t o f i n p u t d a t a c a r d s i s n e c e s s a r y f o r a l l t h e programmes 

b a s e d on t h e i n c r e m e n t a l method; t h e programme make use o f 

t h e n e c e s s a r y d a t a , i g n o r i n g t h e r e s t . 

F o r e f f i c i e n t , a c c u r a t e and q u i c k p l o t t i n g o f t h e r e s u l t s , 

an X-T p l o t t e r and t a p e c o n v e r t e r were u t i l i s e d * TheseC.devices 

removed a g r e a t d e a l o f t h e t e d i o u s n e s s o f g r a p h — p l o t t i n g . 

F o r c e r t a i n u t i l i t y r o u t i n e s , p r e l i m i n a r y r u n s and c h e c k s , 
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an Alwac I I I - E machine was u s e d and t h i s was programmed i n 

machine l a n g u a g e * 
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CHAPTER 4 

4-1 I n t r o d u c t i o n 

There a r e many a d v a n t a g e s i n an a n a l y t i c a l s o l u t i o n o f a n o n ­

l i n e a r d i f f e r e n t i a l e q u a t i o n * A good s o l u t i o n i n a l g e b r a i c f o r m 

g i v e s a b e t t e r i n s i g h t i n t o t h e r a n g e o f b e h a v i o u r o f t h e s y s t e m 

w i t h o u t t h e need f o r t e d i o u s n u m e r i c a l c a l c u l a t i o n s and t h e e f f e c t s 

o f change o f p a r a m e t e r s and new i n i t i a l c o n d i t i o n s c a n be b e t t e r 

v i s u a l i z e d . These r e a s o n s j u s t i f y t h e e f f o r t s s p e n t i n s e a r c h i n g 

f o r a n a l y t i c a l methods w h i c h s u i t a p a r t i c u l a r p r o b l e m . 

There has b een w i d e s p r e a d i n t e r e s t i n n o n — l i n e a r " a n a l y s i s a,nd 

some v e r y u s e f u l methods have b e e n d e v e l o p e d f o r t h e s o l u t i o n o f 

v a r i o u s t y p e s o f d i f f e r e n t i a l e q u a t i o n s . The work done by K r y l o f f 

and B o g o l i u b o f f , M i n o r s k y e t c . i s f i n d i n g a p p l i c a t i o n i n a l l f i e l d s . 

The c o n c e p t s and t e c h n i q u e s u s e d i n e n g i n e e r i n g a n a l y s i s c a n 

be b r o a d l y c l a s s i f i e d i n t o two g r o u p s * t h o s e o f a g e n e r a l n a t u r e 

a p p l i c a b l e a t a l l t i m e s and t h o s e t h a t a r e o n l y v a l i d i n l i n e a r 

a n a l y s i s . I n n o n - l i n e a r a n a l y s i s , t h e g e n e r a l c o n c e p t s and t e c h ­

n i q u e s a r e i m m e d i a t e l y a p p l i c a b l e b u t t h e f a m i l i a r l i n e a r t e c h n i q u e s 

have t o be examined f o r v a l i d i t y and i n most c a s e s , a more g e n e r a l 

f o r m must be d e t e r m i n e d b e f o r e a p p l i c a t i o n . 

Methods o f p a r t i c u l a r u s e f u l n e s s i n n o n - l i n e a r a n a l y s i s have 

b e e n d e v e l o p e d b u t u n l i k e l i n e a r a n a l y s i s where d i f f e r e n t i a l e q u a ­

t i o n s c a n be e a s i l y c l a s s i f i e d i n t o g r o u p s , e a c h p a r t i c u l a r e q u a ­

t i o n has t o be t r e a t e d i n d i v i d u a l l y , i n e i t h e r o f two ways: a comp­

l e t e l y new method may be d e v e l o p e d t o s u i t t h a t e q u a t i o n o r v a r i o u s 

w e l l d e v e l o p e d methods may be t r i e d i n s e a r c h f o r a r e a s o n a b l e s o l u ­

t i o n . 

The l a t t e r a p p r o a c h i s a d o p t e d i n t h i s s t u d y and t h e p r o c e d ­

u r e s f o r t h r e e d i f f e r e n t methods a p p l i c a b l e t o t h i s t y p e o f p r o b l e m 
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a r e e s t a b l i s h e d . E a c h method i s p a r t i c u l a r l y u s e f u l o v e r a d e f i ­

n i t e r ange o f b e h a v i o u r and n u m e r i c a l examples d e m o n s t r a t e t h i s 

u s e f u l n e s s . 

4-2 The F l u x - L i n k a g e v s C u r r e n t R e l a t i o n s h i p . 

An i m p o r t a n t r e q u i r e m e n t b e f o r e an a n a l y t i c a l s o l u t i o n i s 

s o u g h t i s t h e e x p r e s s i n g o f a l l r e l a t i o n s d e s c r i b i n g t h e p h y s i c a l 

s y s t e m i n a n a l y t i c a l t e r m s . The use o f t h e l i n e a r c i r c u i t c o n c e p t 

i n i t s e l f does t h i s f o r a l l l i n e a r b e h a v i o u r b u t f o r n o n - l i n e a r 

phenomena, some a d d i t i o n a l m a t h e m a t i c a l r e l a t i o n s must be e s t a b l i s h e d , . 

I n t h e p r o b l e m o f i n t e r e s t , t h e n o n - l i n e a r i t y i s i n t r o d u c e d by t h e 

f l u x - l i n k a g e v s c u r r e n t r e l a t i o n s h i p . 

The f i r s t a p p r o x i m a t i o n i s t h e use o f t h e s i n g l e - v a l u e d 

m a g n e t i s a t i o n c h a r a c t e r i s t i c — i ( X ) — i n s t e a d o f t h e m u l t i - v a l u e d f l u x -

l i n k a g e v s c u r r e n t r e l a t i o n s h i p . V a r i o u s e x p r e s s i o n s have been u s e d 

t o d e s c r i b e t h e m a g n e t i s a t i o n c h a r a c t e r i s t i c o f a t r a n s f o r m e r . 

These i n c l u d e p o l y n o m i a l e x p r e s s i o n s , e x p o n e n t i a l and h y p e r b o l i c 

f u n c t i o n s . The use o f one f u n c t i o n o r a n o t h e r o b v i o u s l y depends on 

t h e shape o f t h e c h a r a c t e r i s t i c b u t i n some c a s e s , a p a r t i c u l a r 
I 
i 

f u n c t i o n i s u s e d w i t h t h e p o s s i b l e s a c r i f i c e o f some a c c u r a c y t o 

t a k e a d v a n t a g e o f some s p e c i a l a n a l y t i c a l t e c h n i q u e . F o r example, 
i = a e (4-1) 

a l t h o u g h i t i s n o t a good a p p r o x i m a t i o n f o r t h e m a g n e t i s a t i o n 
(36) 

c h a r a c t e r i s t i c n e a r t h e o r i g i n and f o r n e g a t i v e X v a l u e s c a n 

and w i l l be u s e d w i t h r e a s o n a b l e s u c c e s s . 

One o f t h e more s u c c e s s f u l a p p r o x i m a t i o n s t o t h e f u n c t i o n s i ( X ) 

i s t h e p o l y n o m i a l f i t 
i = a,X + a X n (4-2) I n 

where n i s some p o s i t i v e i n t e g e r . 
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T h e r e a r e t h r e e main r e a s o n s f o r t h i s s u c c e s s : 

(1) Such a f u n c t i o n g i v e s a r e a s o n a b l y good f i t 

t o most m a g n e t i s a t i o n c h a r a c t e r i s t i c s . 

(2) a-̂  and a n a r e e a s i l y d e t e r m i n e d , 

(3) I n many c a s e s , t h e use o f t h i s e x p r e s s i o n r e s u l t s 

i n a d i f f e r e n t i a l e q u a t i o n t o w h i c h w e l l d e v e l o p e d 

s o l u t i o n t e c h n i q u e s a r e a p p l i c a b l e . 

The i n c l u s i o n o f a d d i t i o n a l terms o f t h e f o r m a ^ Ak i s sometimes 

c o n s i d e r e d n e c e s s a r y b u t t h e t e c h n i q u e s employed i n t h e s o l u t i o n s 

a r e t h e same a l t h o u g h t h e a l g e b r a and t r i g o n o m e t r y become somewhat 

more i n v o l v e d . 

I n t h i s s t u d y , e x c e p t f o r one i n s t a n c e , i t w i l l be assumed 

t h a t t h e f l u x - l i n k a g e c u r r e n t r e l a t i o n s h i p can a l w a y s be e x p r e s s e d 

by t h e r e l a t i o n s h i p 

i = a, A + a Xn 

1 n 

S e c . ( 4 - 6 ) d e a l s w i t h t h e r e l a t i o n s h i p g i v e n by eq. (4-1) i n t h e d i s c ­

u s s i o n o f t r a n s i e n t c u r r e n t i n r u s h phenomena. 

4-2-1 D e t e r m i n a t i o n o f a, and a . 
1 n 

F o r a g i v e n s e t o f v a l u e s o f A and i , many methods e x i s t f o r 

t h e d e t e r m i n a t i o n o f t h e c o n s t a n t s a-̂  and a n f o r a p a r t i c u l a r v a l u e 

o f n. 

The a r t o f i n t e r p o l a t i o n i s q u i t e a d e v e l o p e d one and many of 

t h e s e e l e g a n t and a c c u r a t e methods make v e r y good use o f t h e f a c i l -
<37) 

i t i e s o f a d i g i t a l computer.- ' S i n c e t h e i n t e n t i o n b e h i n d t h i s 

c h a p t e r i s t h e k e e p i n g o f n u m e r i c a l c a l c u l a t i o n s t o t h e minimum, 

the method s u g g e s t e d h e r e i s one o f t h e s i m p l e s t and most f a m i -
( 38) 

l i a r — t h e method o f l e a s t s q u a r e s 
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I f t h e m a g n e t i s a t i o n c h a r a c t e r i s t i c i s some, f u n c t i o n i (X) 

t h e n a n and a h e r e have t o be d e t e r m i n e d so t h a t a,X + a X n i s I n I n 

t h e b e s t a p p r o x i m a t i o n t o i ( X ) . I n t h e method o f l e a s t s q u a r e s 

t h i s r e q u i r e m e n t i s f u l f i l l e d i f 

(X) - a-̂ X — a Q X n dX 0 (4-3) 

and 

i ( X ) - a, X — a X 1 n 
n dX 0 (4-4) 

where 0 t o Xffl g i v e s t h e r a n g e o f v a l u e s o f i n t e r e s t . A s i m p l e 

d i f f e r e n t i a t i o n and i n t e g r a t i o n y i e l d s two s i m u l t a n e o u s e q u a t i o n s 
(38) 

t h e s o l u t i o n o f w h i c h g i v e s v a l u e s f o r a-̂  and a n . 

I f i ( X ) i s e x p r e s s e d as a s e t o f t a b u l a t e d d a t a o r i n t h e f o r m 

o f a g r a p h , t h e i n t e g r a t i o n p r o c e s s may have t o be done n u m e r i ­

c a l l y . 

I t i s r e a l i z e d t h a t t h e d i f f i c u l t y o f n u m e r i c a l c a l c u l a t i o n s 

depends t o a g r e a t e x t e n t on t h e r e l a t i o n assumed between i and X. 

The h i g h e r t h e v a l u e o f n, t h e h i g h e r t h e o r d e r o f t h e r e s u l t i n g 

e q u a t i o n s i n X w i t h t h e added d i f f i c u l t i e s i n s o l u t i o n s . 

A t y p i c a l m a g n e t i s a t i o n c h a r a c t e r i s t i c f o r a power t r a n s ­

f o r m e r i s shown i n P i g . (4-1) c u r v e ( a ) . P o l y n o m i a l e x p r e s s i o n s o f 
t h e form i = a,X + a X n f o r v a r i o u s v a l u e s o f n were f i t t e d and t h e 1 n 
r e s u l t i n g c u r v e s a r e shown f o r n = 3, 5, 7, and 9. 

o 

Use o f t h e e x p r e s s i o n i = a-̂ X + a^X g i v e s a b e t t e r a p p r o x i ­

m a t i o n t h a n any o f t h e o t h e r s and c e r t a i n l y , i f l a r g e c u r r e n t 
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v a l u e s a r e expected^ i n t o l e r a b l e e r r o r s w i l l r e s u l t i f t h e e x p r -
3 

e s s i o n i = a-^A + a-^A i s u s e d i n c a l c u l a t i o n s . A f u r t h e r e f f e c t 

o f t h e c h o i c e o f p o l y n o m i a l e x p r e s s i o n w i l l be d i s c u s s e d i n 

sec.4v-9-
4-3 The R i t z Method and t h e P r i n c i p l e of Harmonic B a l a n c e . 

One o f t h e t e c h n i q u e s u s e d i n t h i s c h a p t e r i s b a s e d on t h e 
(36) 

w e l l - e s t a b l i s h e d R i t z Method . I n t h i s p a r t i c u l a r c a s e , the 

p r o c e d u r e f o l l o w e d i s e q u i v a l e n t t o t h a t o f t h e P r i n c i p l e o f 

Harmonic B a l a n c e w h i c h a r i s e s n a t u r a l l y f r o m t h e R i t z method when 
(40) 

o s c i l l a t o r y systems a r e c o n s i d e r e d . ' 
C o n s i d e r a n o n - l i n e a r e q u a t i o n o f t h e form 

f (D, x, t ) = 0 - (4-5) 

An a p p r o x i m a t e s o l u t i o n X ( t ) , a l i n e a r c o m b i n a t i o n o f s u i t a b l y 

c h o s e n l i n e a r l y i n d e p e n d e n t f u n c t i o n s , i s assumed: 

x(t)£T x ( t ) = c Q 0 o(t) + c 1 0 x(t) 4 c m 0 m(t) 

(4-6) 

The c h o i c e o f : f u n c t i o n s 0̂ , 0^etc. is" n o t a r b i t r a r y b u t p r e ­

s u p p o s e s some knowledge o f t h e p r o p e r t i e s o f t h e s o l u t i o n and may 

a l s o be i n f l u e n c e d by i n i t i a l c o n d i t i o n s . The c o n s t a n t s CQ, C-̂ , C2-

C m a r e t o be a d j u s t e d t o o p t i m i z e t h e solution."!. 

The assumed s o l u t i o n X ( t ) i s s u b s t i u t e d i n eq. (4-6) and the 

r e s i d u a l 

e ( t ) = f (D, X ( t ) , t ) " (4-7) 

g i v e s a measure o f u n b a l a n c e i n t h e d i f f e r e n t i a l e q u a t i o n . 

The i n t e r v a l o v e r w h i c h t h e assumed s o l u t i o n i s a r e a s o n a b l e 

a p p r o x i m a t i o n may be l i m i t e d and i n t h e c a s e o f o s c i l l a t o r y s o l u ­

t i o n s i n a s t e a d y - s t a t e , t h i s i n t e r v a l w i l l n o r m a l l y be t h e l e n g t h 
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o f a p e r i o d . 

T h e r e a r e v a r i o u s a p p r o a c h e s p o s s i b l e i n t h e d e t e r m i n a t i o n o f 

the c o n s t a n t s C„., C, , C~ ... C , and t h e s o l u t i o n s o b t a i n e d t o a 0 1 2 m 
p a r t i c u l a r p r o b l e m need n o t be i d e n t i c a l . 

I n G a l e r k i n ' s method, t h e m i n i m i z a t i o n o f t h e i n t e g r a l 

J = r f i t ) (4-8) 

i s t h e c r i t e r i o n f o r an optimum s o l u t i o n . 

I n t h e B i t z method, t h e m i n i m i z a t i o n o f the- i n t e g r a l 

I = j F ( D , X ( t ) , t ) d t (4-9) 

i s t h e c r i t e r i o n and t h i s l e a d s t o t h e c o n d i t i o n ^ 1 ) 

\ 
e ( t ) 0 i(t) d t = 0 (4-10) 

i = 0 , 1 , 2 , 3 , . . . m. 

p r o v i d e d t h e f u n c t i o n s 0̂  s a r e p e r i o d i c 

i . e . 

0 i ( t Q ) = 0 i ( t 1 ) (4-11) 

where t-^ - t ^ = l e n g t h o f a p e r i o d s 

I f a s o l u t i o n X = C, cos a t + C cos ( n a t + © ) (4-12) 
1 m m v ' 

i s assumed, t h e n t h e B i t z Method r e q u i r e s 
2TC-

t h a t ' . e ( t ) cos a t d ( a t ) = 0 (4-13) 
0 
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2% r 

a n d e ( t ) c o s n a t d ( a t ) = 0 
O' 

B e c a u s e o f o r t h o g o n a l i t y a l l terms o f t h e f o r m 

(4-14) 

cos a t c o s n a t d ( a t ) = 0 f o r m ^ n (4-15) 

0 

T h e r e f o r e , i n f a c t , t h e r e q u i r e m e n t i s e q u i v a l e n t t o t h e s i m p l e 

c o n d i t i o n t h a t t h e c o e f f i c i e n t s o f t e r m s i n cos ttt and cos n a t 

a p p e a r i n g i n t h e r e s i d u a l must i n d i v i d u a l l y sum t o z e r o . T h i s 

i n t e r p r e t a t i o n i s r e f e r r e d t o as t h e P r i n c i p l e o f Harmonic B a l a n c e . 

4-4 The F u n d a m e n t a l , The H i g h e r - H a r m o n i c s and The Sub-Harmonics. 

The e x p r e s s i o n s F u n d a m e n t a l , H i g h e r - H a r m o n i c s and Sub-Harmonics 

a r e commonly u s e d i n e f l e c t r i c a l e n g i n e e r i n g l i t e r a t u r e ; i n t h i s 

c h a p t e r , t h e s e tbrms a p p e a r ^ f r e q u e n t l y . I t i s , t h e r e f o r e , n e c e s s a r y 

t o emphasize t h e i r o r i g i n and s i g n i f i c a n c e as u s e d j.n t h i s s t u d y . 

I n d e t e r m i n i n g t h e F o u r i e r components o f some wave-form, 

i n t e g r a t i o n has t o be c a r r i e d o u t o v e r a f u l l - c y c l e ( i . e . t h e c u r v e 

r e p e a t s i t s e l f e x a c t l y a f t e r i t s p e r i o d - r - t h e l e n g t h o f one c y c l e ) , . 

I n s u c h a F o u r i e r a n a l y s i s , :'. one c a n o b t a i n an i n f i n i t e number 

of components where f r e q u e n c i e s a r e m u l t i p l e s o f t h e f u l l - c y c l e 

f r e q u e n c y . 

One o f t h e components t h u s o b t a i n e d may have some s p e c i a l s i g ­

n i f i c a n c e i n t h e p h y s i c a l s y s t e m b e i n g s t u d i e d . I t may have the 

l a r g e s t a m p l i t u d e o r be a s s o c i a t e d w i t h one o f t h e n a t u r a l f r e q ­

u e n c i e s o r may be t h e f r e q u e n c y o f one o f t h e s o u r c e s . I n any c a s e , 

i n e n g i n e e r i n g p r a c t i c e , s u c h a c h o s e n component i s c a l l e d t h e 

F u n d a m e n t a l and t h e components w i t h h i g h e r f r e q u e n c i e s a r e c a l l e d 

t h e H i g h e r - H a r m o n i c s w h i l e t h o s e w i t h l o w e r f r e q u e n c i e s a r e c a l l e d 
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t h e Sub-Harmonics. 

I t must a l s o be o b s e r v e d t h a t i f ^ i s d e f i n e d as t h e r a t i o o f 
t h 

t h e f r e q u e n c y o f t h e \J h a r m o n i c t o t h e f u n d a m e n t a l f r e q u e n c y , 

i t i s p o s s i b l e t h a t f r a c t i o n a l fj1 s w i l l a p p e a r b o t h f o r h i g h e r 

and l o w e r h a r m o n i c s . 

4-5 The Method o f I s o c l i n e s . 
(42) 

The method o f I s o c l i n e s ' i s a g r a p h i c a l method t h a t c a n be used 

f o r t h e s o l u t i o n o f some t y p e s o f d i f f e r e n t i a l e q u a t i o n s . 

C o n s i d e r t h e f i r s t - o r d e r e q u a t i o n 

H:= f ( x i t } ( 4 " 1 6 ) 

F o r any g i v e n p o i n t on t h e x - t p l a n e , t h e n u m e r i c a l v a l u e o f 

dx 

c a n be c a l c u l a t e d . T h i s v a l u e c a n be i n t e r p r e t e d as 'm' - t h e 

s l o p e o f t h e s o l u t i o n c u r v e a t t h a t p o i n t . W i t h a s u f f i c i e n t 

v a l u e o f p o i n t s , t h e s i g n i f i c a n t i s o c l i n e s ( c u r v e s o f c o n s t a n t m) 

ca n be p l o t t e d and u s i n g t h e s e , t h e s o l u t i o n c u r v e x ( t ) c a n be 

drawn. 

4-6 The Method o f I n t e g r a l C u r v e s . 

A c o m b i n a t i o n o f g r a p h i c a l and a l g e b r a i c methods o f t e n g i v e s 

a b e t t e r i n s i g h t i n t o some p r o b l e m s . The method o f I n t e g r a l C u r v e s 

combines t h e P r i n c i p l e o f Harmonic B a l a n c e w i t h a g r a p h i c a l t e c h ­

n i q u e and p r o v e s v e r y u s e f u l i n t h e s t u d y o f h i g h e r h a r m o n i c s , sub-

h a r m o n i c s and t h e e f f e c t t h a t i n i t i a l c o n d i t i o n s have on t h e s e . I t 

ca n a l s o e s t a b l i s h g r a p h i c a l l y t h e r e l a t i o n between t h e t r a n s i e n t ai 

s t e a d y - s t a t e b e h a v i o u r s . 

I n d e a l i n g w i t h o s c i l l a t o r y m o t i o n , a s o l u t i o n made up o f 

terms o f t h e form x n ( t ) S i n n t o t and y n ( t ) Cosntot i s assumed. x
n ( ^ ) 

and y n ( t ) .are c o n s t a n t s i n t h e f i n a l s t e a d y - s t a t e b u t may be some 
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f u n c t i o n o f t i n t h e t r a n s i e n t s t a t e . 

U s i n g t h e P r i n c i p l e o f Harmonic B a l a n c e , e x p r e s s i o n s a r e 

o b t a i n e d f o r 

If a*(x.y> 

a n i If & l ( x , y ) < 4 " 1 7 ) 

The c u r v e s g i v e n b y t h e e q u a t i o n 

p. = UlLxZl (4_18) 
d X X ( x , y ) 

a r e c a l l e d t h e i n t e g r a l c u r v e s and s i n c e t h e s e f u n c t i o n s a r e n o t 

e x p l i c i t f u n c t i o n s o f t , t h e s e c u r v e s c a n be drawn i n t h e x-y p l a n e . 

The s i n g u l a r p o i n t s g i v e n b y 

Y ( x , y ) = 0 (4-19) 

and X ( x , y ) = 0 (4-20) 

a r e t h e n d e t e r m i n e d and t h e b e h a v i o u r o f t h e s o l u t i o n c a n be d i s ­

c u s s e d . 

An i m p o r t a n t s t e p i n t h i s method, h a v i n g d e t e r m i n e d t h e s i n g ­

u l a r p o i n t s i s t h e d e t e r m i n a t i o n o f t h e n a t u r e o f t h e s i n g u l a r i t i e s 

as t h e s t a b i l i t y o f a p a r t i c u l a r s o l u t i o n depends on t h e n a t u r e o f 

t h e s i n g u l a r i t i e s . 

The q u e s t i o n o f s i n g u l a r p o i n t and t h e i r b e h a v i o u r i s w e l l 

c o v e r e d i n t h e l i t e r a t u r e a n d o n l y t h e b r i e f e s t o u t l i n e i s g i v e n 

h e r e . 

A n u m e r i c a l a p p l i c a t i o n o f t h i s method a m p l i f i e s t h i s a p p r o a c h . 

4-6-1 S i n g u l a r P o i n t s . 

The S i n g u l a r P o i n t s a r e v a l u e s o f x and y w h i c h s a t i s f y t h e 

s i m u l t a n e o u s e q u a t i o n s ( 4 - 1 9 ) , ( 4 - 2 0 ) . These v a l u e s may be 

denoted'by. ,XQ,y.Q. *. J • \ 
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i . e . X ( x Q , y Q ) = 0 (4-20) 

and T ( x 0 , y Q ) = 0 (4-21) 

S m a l l v a r i a t i o n s n e a r a s i n g u l a r i t y , i . e . a t a p o i n t (XQ + J? , 

YQ + p ) a r e c o n s i d e r e d , t h e s e c o n d i t i o n s d e t e r m i n e w hether t h e s e 

d e v i a t i o n s a p p r o a c h z e r o o r n o t w i t h i n c r e a s e i n t i m e . 

Now, u s i n g eq. ( 4 - l j ) , 

dp 
y 

d t 

d% 
d t 

•^x* /y' c5y 

= p . & + rr . ̂ Y 
y x ^ y ^ y ^ ~ 

(44) The s o l u t i o n s f o r p x and p a r e o f t h e f o r m e 

where u i s g i v e n by 

Ot 

5x 

dx 

c^X 

d y .. 

= o 

(4-22) 

(4-23) 

(4-24) 

D e f i n i n g 

dX 
X = X Q 

y = y 0 

= A , 

d X l 
r5y I x=x 

§7 

dY 
57 

= A , 

i B, 

0 
y = y 0 

x = x 0 

y = y 0 

x = x o = B, 

(4-25) 

y = y 0 

t h e n 
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\ , \ = A l + B 2 ± ( ( A 1 + B 2 ) 2
 + 4(A 2B 1-A 1B 2 ( 4 _ 2 6 ) 

2 

The n a t u r e o f ^ and whether r e a l , i m a g i n a r y e t c . d e c i d e s 

t h e t y p e o f s i n g u l a r i t y . 

(a) 0 0 r e a l and o f same s i g n - Node 
i , 2 

(b) ^, r e a l and o f o p p o s i t e s i g n - S a d d l e 
1, 2 

(c) ^, 0 i m a g i n a r y - V o r t e x 
I, 2 

(d) u , ^ 0 complex c o n j u g a t e s - F o c u s 

1 , 2 

4-7 The N o n - L i n e a r E q u a t i o n s . 

C o n d i t i o n s l e a d i n g t o t h r e e d i f f e r e n t n o n - l i n e a r d i f f e r e n t i a l 

e q u a t i o n s a r e c o n s i d e r e d . S u i t a b l e and r e a s o n a b l e a p p r o x i m a t i o n s 

c a n be made and u s i n g t h e t h r e e t e c h n i q u e s d i s c u s s e d , an i n s i g h t 

i n t o t h e s y s t e m b e h a v i o u r i s p o s s i b l e . 

The c h o i c e o f t h e s e t h r e e e q u a t i o n s i s b a s e d on two r e a s o n s . 

F i r s t l y , t h e c o n d i t i o n s d e s c r i b e d a r e o f p r a c t i c a l i m p o r t a n c e and 

s e c o n d l y , t h e d i f f e r e n t methods p r e v i o u s l y o u t l i n e d c a n be e f f e c ­

t i v e l y a p p l i e d . The p r o c e d u r e s f o r t h e i r use a r e e s t a b l i s h e d , an 

i m p o r t a n t o b j e c t i v e o f t h i s s t u d y . 

4-7-1 The ' S h o r t - L i n e ' - S h u n t - C a p a c i t a n c e N e g l e c t e d . 

N o m e n c l a t u r e 

R^ ohms = (sum o f s o u r c e and l i n e r e s i s t a n c e s ) p e r phase 

L h e n r i e s = (sum o f s o u r c e , l i n e . , and t r a n s f o r m e r 
s 

l e a k a g e i n d u c t a n c e s ) p e r phase 
e = E S i n («ot + © ) max 

0 = V o l t a g e s w i t c h i n g a n g l e 

1 = c u r r e n t 

R e f e r r i n g t o F i g * ( 4 - 2 ) , t h e e q u a t i o n d e s c r i b i n g t h i s c i r c u i t i s 



FIG. 4 - 3 
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e = L s It + 1 R t + e A . ( 4 " 2 7 ) 

P u t t i n g 

e A = o T ' ( 4 ~ 2 8 ) 

e q u a t i o n (4-2t)becomes 

IT + L j f . + R K M - E S i n (tot + 0) = 0 d t s dA d t v max v ' 

(4-29) 

( l ) The s u b s t i t u t i o n s 

i ( A ) = a ] A + a n A n (4-30) 

and 9 = 0 ( i t s v a l u e a t t=0 i s u s e d as an ( 4 _ 3 l ) 

i n i t i a l c o n d i t i o n ) , 

and t h e a p p r o x i m a t i o n 

R^ = 0 ( l o s s e s n e g l e c t e d ) (4_3Q) 

r e s u l t i n t h e e q u a t i o n 

E S i n tot 
dA max 
d t ~ n _ ± 

1 + L ( a , + na A ). 
s i n ' 

(4-33) 

(2) The s u b s t i t u t i o n s 

i ( A ) = a e X / k (4_34) 
and 9 = 0 (4^3 5) 

r e s u l t i n t h e e q u a t i o n f o r c u r r e n t 
1 

.2 . 2 

: • E S i n tot - L + (E S i n tot - L - 4 R , . k . f ^ ) ^ _ max s d t - max s d t t di>,' 
2 R, 

(4-36) 
or t h e e q u a t i o n f o r f l u x 

X = k L o * e <Emax S i n fct " a T ) - L o g e a-<lT-dT + V 
(4-37) 
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E i t h e r o f t h e s e e q u a t i o n s (4-36) or (4-37) c a n be u s e d i n an 

i s o c l i n e p l o t and i t may a p p e a r t h a t eq. (4-36) i s more s u i t a b l e 

as i t g i v e s a d i r e c t s o l u t i o n f o r c u r r e n t , t h e q u a n t i t y t h a t i s 

n o r m a l l y o f i n t e r e s t . 

However, t h e h i g h r a t e s o f change i n c u r r e n t t h a t a r e 

e x p e r i e n c e d make the use of eq. (4-36) i m p r a c t i c a l f r o m th e 

p o i n t o f v i e w o f a g r a p h i c a l method. On t h e t h e o t h e r hand, 

p u t t i n g eq. (4-37) i n t h e f o r m 

E — = k 

max 

L R, s . t L o g e ( S i n tet - p ) - L o g g a(-j-- + g — ) 
max 

(4-38) 

where 

IT / E (4-39) d t max 

a l l o w s an e a s y g r a p h i c a l c o n s t r u c t i o n as p t h e n l i e s i n 

t h e range -1 -̂ -p < 1. 

The use o f eq. (4-36) o r eq. (4-38) depends on w h i c h 

a p p r o x i m a t i o n can be more e a s i l y t o l e r a t e d . I n e q u a t i o n (4-36). 

s y s t e m l o s s e s a r e n e g l e c t e d b u t a good a p p r o x i m a t i o n i s 

p o s s i b l e f o r t h e m a g n e t i s a t i o n c h a r a c t e r i s t i c . I n e q u a t i o n 

( 4 - 3 8 ) , l o s s e s c a n be c o n s i d e r e d b u t t h e e x p r e s s i o n f o r 

i ( X ) = a e X / k 

i s n o t as good a f i t . 

S o l u t i o n c u r v e s a r e o b t a i n e d f o r b o t h t h e s e e q u a t i o n s 

u s i n g t h e method o f i s o c l i n e s and t h e d i f f e r e n c e s between t h e s e 

s o l u t i o n s a r e d i s c u s s e d i n s e c t i o n 4-8. . 

4-7-2. The ' L o n g - L i n e ' - E n e r g i s a t i o n o f t h e System. 

N o m e n c l a t u r e 



L h e n r i e s 
s 

L 2 h e n r i e s 

R^=R 2 ohms 

C f a r a d s 

X 1 , X 2 
e = 
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(sum o f s o u r c e i n d u c t a n c e + \ t o t a l l i n e 

i n d u c t a n c e ) p e r phase. 

(\ t o t a l l i n e i n d u c t a n c e + t r a n s f o r m e r l e a k a g e 

i n d u c t a n c e ) p e r phase 

\ t o t a l l i n e r e s i s t a n c e p e r phase 

Lumped s h u n t c a p a c i t a n c e p e r phase 

c u r r e n t s i n amps, as marked 

E S i n ftt 
max 

R e f e r r i n g t o F i g . ( 4 . 3 ) , t h e e q u a t i o n s d e s c r i b i n g t h i s c i r c u i t 

a r e 

e = h R l + L s d T + h J ( i i - ^ 4 * ( 4 " 4 0 ) 

0 = 1*2*2 + L 2 ^ i 2 ) d t + e k t (4-41) 

E l i m i n a t i n g i ^ y i e l d s ^ 

L d 2 e , S A d 3 i , A2 d i , 

d t 2
 + R r TT  + " I + L s L 2 - - 3 + ^ s W i - ) - -TA  +  d t d t ' d t ' 

+ ( V ^ 2 + R R ) ^ 2 + ± V * 2 £. 
+ c + tt1"2i-dt + X 2 C ~ C 

The s u b s t i t u t i o n s 
_ dA 

e A - d t 

0. 
(4-42) 

(4-43) 

and 

y i e l d 
T d 3 A 

S dt" 

i = i ( A ) 

t 

d t 

(4-44) 



L 2 + L s 1 

v h e r e t h e n o t a t i o n 
/ 
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A , E S i n (ttt+9) 
i ' U ) . f | - = 0 (4-45) 

i - cx ) = * -§ <4~46) 
dX^ 

i!"{k) = 

d X J 

i s u s e d . 

E q u a t i o n (4-45) as i t s t a n d s , even w i t h t h e s i m p l e e x p r e s s i o n 

f o r i ( X ) = a-^A + a^A i s r a t h e r complex and c e r t a i n s i m p l i f i c ­

a t i o n s w i l l have t o be i n t r o d u c e d b e f o r e any a t t e m p t a t an 

a n a l y t i c a l s o l u t i o n i s made. 

The a p p r o x i m a t i o n s 

L 2 = 0 ( n e g l e c t i n g l i n e i n d u c t a n c e ) (4-47) 

R^ = R-2 = 0 ( n e g l e c t i n g l o s s e s ) 

r e s u l t - i n t h e m o d i f i c a t i o n o f e q u a t i o n (4-45) t o 

L ^ + L s ( i ' ( A ) + l ) | | - e = 0. (4-48) s j j. 3 o d t Q 

I n t e g r a t i n g t h i s e q u a t i o n , 

+ r c " h L s hr \ e ^ = J , 
s s J 

dfx 

d t 2 

(4-49) 

J = a c o n s t a n t 

The s u b s t i t u t i o n f o r i ( X ) , 

i ( X ) = a 1 X + a n X n (4-50) 

f u r t h e r y i e l d s 
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o ,A2 
2 — + «TX + a, X L + A« L a X - — — = J (4-51) ^ 2 0 1 s 0 s n $ v ' 

where 

»0 - b - • <*-52) 
s 

T h i s s i m p l i f i e d f o r m o f t h e e q u a t i o n i s i n v e s t i g a t e d u s i n g 

b o t h t h e P r i n c i p l e o f Harmonic B a l a n c e and t h e Method o f I n t e g r a l 

C u r v e s . 

4-7-3 The ' L o n g - L i n e ' . D e - e n e r g i s a t i o n o f t h e System. 

U s i n g t h e n o m e n c l a t u r e o f s e c t i o n 4-7-2 and t h e same 

a p p r o x i m a t i o n s ( 4 - 4 7 ) , t h e e q u a t i o n d e s c r i b i n g s u c h a s y s t e m 

c o n d i t i o n i s 

dlT + c- = ° <4-53> 
and i n t e g r a t i n g 

2 
+ £ l i ( X ) dX = 2h (4-54) dX 

| d t C 

where 2h = some c o n s t a n t f i x e d by i n i t i a l c o n d i t i o n s . 

Hence 
*A _ + d t _ - ('h - V ( X ) j (4-55) 

where 

V ( X ) k i J i ( X ) dX. (4-56) 

The s u b s t i t u t i o n i ( X ) = a-̂ X + a n X n (4_57) 

y i e l d s 

i J±M ax = I ( ^ 
,2 ,n+l a-, X a A 

+ n n+1 (4-58) 
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and hence 

dX 
d t 

2 , n + l l 
= + | 2 ( h - i a l X

 +
 a n X | 2 (4-59) 

" , ° ~2 nTT ' / 

I n t h e f o r m g i v e n by eq. ( 4 - 5 9 ) , t h i s e q u a t i o n can be s o l v e d 

g r a p h i c a l l y by t h e Method o f I s o c l i n e s . However, u s i n g t h e 

o r i g i n a l f o r m o f t h e e q u a t i o n (4-53) and t h e s u b s t i t u t i o n ( 4 - 5 7 ) , 

t h e f o l l o w i n g e q u a t i o n r e s u l t s 

^ | + i Uyk + a n A n ) = 0 (4-60) 
d t 

T h i s f i n a l e q. (4-60) w i l l be u s e d i n t h i s s t u d y . 

4-8 The T r a n s i e n t B e h a v i o u r . - E n e r g i s a t i o n o f a ' S h o r t - L i n e 1 . 

E q u a t i o n s (4-33) and (4-38) a r e u s e d and s o l v e d by t h e Method 

o f I s o c l i n e s . 

E q u a t i o n (4-33) s t a t e s 

dX 
d t 

D e f i n i n g 

,, E S i n tot 
dX _ max J 

1 + L (a-, +n a X n ) s i n 

dX A 

d t = m 

and p u t t i n g n=9 
\ 9 i . e . i ( X ) = a-̂ X + a^X . 

Then 

m + m L (a, + 9 a n X ) = E S i n tot. s i 9 max 

(4-61) 

(4-62) 

(4-63) 

(4-64) 

where 

X = 
q S i n tot -1 - a , L 1 £ 

9 a Q L 9 s 

A E 
A max 

q. = m 

(4-65) 

(4-66) 
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U s i n g eq. (4-38) b a s e d on t h e s u b s t i t u t i o n 

i = a e X / k (4-67) 

t h e c o r r e s p o n d i n g e q u a t i o n i s 
L R, 

| = k L o g ( S i n at - p) - L o g a ( p + g - > (4-68) 
max max 

where 

p k | A / E (4-69) 
* d t / 1 max 

The i s o c l i n e s and s o l u t i o n c u r v e s u s i n g t h e s e r e l a t i o n s 

f o r a 60 m i l e s y s t e m a r e shown i n F i g s . (4-4) and ( 4 - 5 ) . 

F i g , (4-4) c u r v e (a) i s o b t a i n e d u s i n g e q u a t i o n (4-61) and 

F i g . (4-5) c u r v e (b) i s o b t a i n e d u s i n g e q u a t i o n ( 4 - 6 8 ) . C u r v e 

( c ) on b o t h f i g u r e s i s t h e r e s u l t o b t a i n e d u s i n g t h e i n c r e m e n t a l 

method. 

I n b o t h c a s e s , t h e i n i t i a l c o n d i t i o n c o r r e s p o n d s t o a 

s w i t c h i n g c o n d i t i o n - e=0 f o r t=0. 

4-9 The S t e a d y - S t a t e - E n e r g i s a t i o n o f a ' L o n g - L i n e ' .  

The P r i n c i p l e o f Harmonic B a l a n c e . 

I n t h i s s e c t i o n , i t i s assumed t h a t a s t e a d y - p e r i o d i c s t a t e i s 

r e a c h e d and t h e a p p r o a c h w i l l be t o d e t e r m i n e t h e a m p l i t u d e and 

n a t u r e o f t h e v a r i o u s components o f f l u x and f r o m t h e s e , v o l t a g e s 

and c u r r e n t s . The b a s i s f o r t h i s t r e a t m e n t i s t h e P r i n c i p l e o f 

Harmonic B a l a n c e . 

I n t h e s t e a d y - s t a t e , t h e d i f f e r e n t i a l e q u a t i o n o f i n t e r e s t 

when t h e sy s t e m i s e n e r g i s e d , i s eq. (4-49) w i t h J=0, t h u s , 

2 a 2 

+ a 2 (X + a l n A L s) + L g a n A n - = 0. (4-70) 
d t 
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where 

4 = h r ( 4 - 7 l ) 

s 

4-9-1 The F u n d a m e n t a l Component. 

As a f i r s t a p p r o x i m a t i o n , i t w i l l be assumed t h a t 

X =..Xln Cos tot (4-72) 

S u b s t i t u t i n g t h i s i n e q u a t i o n (4-70) 

- « 2 X 1 Cos tot + « 2 (X. Cos cot + a,X L, )+ L a X n, :.. C o s I 1 tft " I n 0 I n 1 Xn s s n I n 

- G Cos tot = 0 (4-73) 

where ^ 

G A ,0 ^max. (4-74) 

m / \ 
C o s " tot c a n be e x p r e s s e d as ^ a Cos m tot^ ^' (4-75) 

1 m 

and u s i n g t h e P r i n c i p l e of Harmonic B a l a n c e , t h e i n d i v i d u a l 

components o f Cos tot a r e e q u a t e d . 

F o r p r a c t i c a l v a l u e s o f a-, and L i : ^ a , L . T h i s 
J . S p X S 

a p p r o x i m a t i o n i s made w i t h o u t any l o s s o f g e n e r a l i t y i n t h e 

method* Then, to2 ( l + a ^ ) - ^ to2 = * Q (4-76) 
s 

W i t h t h i s s u b s t i t u t i o n , and p u t t i n g n=3 
-3 

i . e . i = a 1 3 X + a^X^ (4-77) 

X 1 3 ( t o 2 - t o 2 ) + \ a 3 L g to2 X 3
3 - G = 0 (4-78) 

and w i t h n=9 

i . e . i = a 1 9 X + a^X^ (4-79) 

X 1 9 ( t o 2 ^ t o 2 ) + | f f a 9 - L s to2 X ^ - G = 0 (4-80) 

Note t h a t i n t h e n o t a t i o n X m r e f e r s t o t h e harmonic o^der o f 
mn ̂  

t h e component and n r e f e r s t o t h e o r d e r o f t h e p o l y n o m i a l b e i n g 
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u s e d . 

F o r any assumed p o l y n o m i a l r e l a t i o n between i and X, 

an e q u a t i o n o f t h e above t y p e w i l l be o b t a i n e d . 

The s o l u t i o n o f t h e n o r d e r e q u a t i o n , b e s i d e s g i v i n g 

an a p p r o x i m a t e v a l u e o f t h e f u n d a m e n t a l a m p l i t u d e o f t h e f l u x , 

c a n a l s o p r o v i d e an i n s i g h t i n t o t h e b e h a v i o u r o f t h e s y s t e m . 

I f f o r example, t h e r e i s more t h a n one r e a l value o f X f o r 

p a r t i c u l a r v a l u e s o f to, t h e f a m i l i a r 'backbone' r e s p o n s e 

c u r v e s ^ a r e o b t a i n e d i n d i c a t i n g t h e p o s s i b i l i t y o f jump-

phenomenon. Under t h e s e c o n d i t i o n s , f o r t h e s e v a l u e s o f <o, 

t h e a m p l i t u d e o f X c a n change q u i t e r a p i d l y w i t h r e s u l t i n g 

o v e r - v o l t a g e s . 

The q u e s t i o n now a r i s e s whether t h i s jump phenomenon 

can o c c u r i n t h e s y s t e m d e s c r i b e d by eq. (4-78) and ( 4 - 8 0 ) . 

F o r n=3, a d i r e c t answer t o t h i s q u e s t i o n i s p o s s i b l e . 

C o n s i d e r t h e c u b i c e q u a t i o n 

x 3 + p x 2 + q x + r = 0. ( 4 - 8 l ) 
(33) 

T h i s e q u a t i o n has 3 r e a l , u n e q u a l r o o t s i f 

p 2 + q j < 0 (4-82) 

where 

P l = 2 ? 3 - g * 2 7 r , 4 l = 2 i - p £ : (4-83) 

E q u a t i o n (4-78) i s 

r 3 , 4(« 2-ft> 2)X T„ 4 E 
X 1 3 + °- g " = 0 (4-84) 

3 a 3 L s % 3 a 3 

T h e r e f o r e , i n eq, (4-81) 

p = 0 (4-85) 
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4.U2, - co 2) 
q = °—~2 (4-86) 

3 a 3 L s t o O , 

4E 

^ ^ „. _Jiiax ( 4 _ g 7 ) 

3 s 

The r e l a t i o n s h i p g i v e n by eq„ (4-82) w i l l o c c u r o n l y i f 
to2 > <62. (4-88) 

In power s y s t e m s , s i n c e <0Q = ^ ^ and to i s t h e power 
s 

f r e q u e n c y , t h i s c o n d i t i o n i s u n l i k e l y t o o c c u r f o r p r a c t i c a l 

v a l u e s o f L and C and t h u s o c c u r r e n c e o f t h e jump phenomenon 
s 

i s i m p r o b a b l e i n t h e e n e r g i s a t i o n o f s u c h a power-system. 

F o r t h e c a s e n=9, a d i r e c t answer i s n o t p o s s i b l e b u t 

e x a m i n a t i o n o f t h e c o e f f i c i e n t s o f t h e e q u a t i o n showed t h a t 
E 

e x c e p t f o r a r e a l r o o t of t h e o r d e r o f = — ^ ~ ~ 9 ^ e 

o t h e r r o o t s of t h e e q u a t i o n a r e i m a g i n a r y . T h i s f a c t was 

v e r i f i e d by a c t u a l n u m e r i c a l s o l u t i o n o f v a r i o u s examples. 
4-9-2 The H i g h e r H a r m o n i c s . 

A s o l u t i o n i s now assumed 

A = A, Cos cot + X Cos m a t (4-89) I n mn ' 

where n and m a r e i n t e g e r s -

T h i s e x p r e s s i o n f o r X i s s u b s t i t u t e d i n e q u a t i o n (4-70) and 

u s i n g t h e P r i n c i p l e o f Harmonic B a l a n c e , t h e i n d i v i d u a l 

components o f Cos <»t and Cos m tot a r e e q u a t e d . Two s i m u l t a n e o u s 

e q u a t i o n s r e s u l t , t h e s o l u t i o n o f w h i c h d e t e r m i n e s v a l u e s of A ^ N 

and X . mn 

As w i l l be s e e n , t h e s o l u t i o n of t h e e q u a t i o n s c a n p r e s e n t 

c e r t a i n p r a c t i c a l d i f f i c u l t i e s w h i c h may e l i m i n a t e some o f 

t h e n i c e t i e s o f an a n a l y t i c a l s o l u t i o n . 
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4-9-2-1 The T h i r d H a r m o n i c . 

A p p l y i n g t h e above p r o c e d u r e i n i n v e s t i g a t i o n o f t h e 
r d 

3 h a r m o n i c , t h e r e s u l t i n g e q u a t i o n s a r e : 

( l ) w i t h i = a 1 3 A + a 3 X 3 (4-90) 

(fl) 2-« 2)A 1 3+ 3
r h 3 A 3

3 + 3 h 3 X 1 3 A 3 3 ( A 1 3 + 2 X 3 3 ) - G = 0 

(4-91) 

3 h ti ^ 
( « 2 - 9 t o 2 ) A 3 3 + A 3

3 + 3
4
 1 3 ( A 1 3 + 6 A 3 3 ) = 0 (4-92) 

and 

where 

h 3 k a 3L g ;to§ (4-93) 

(2) w i t h i = a 1 9 A + a g A 9 (4-94) 

^ 0 - ^ 1 9 ^ Ml V l 9 + IS V l 9 X 3 9 " G = ° ( 4 " 9 5 ) 

and 

where 

( ^ - 9 « 2 ) A 3 9 + | f 6h 9A 9
9 + If h 9 A ^ 9 A 3 9 = 0 (4-96) 

h 9 = a 9 L s t t 0 ( 4 " 9 7 ) 

4-9-3 A m p l i t u d e s o f t h e H i g h e r H a r m o n i c s . 

N u m e r i c a l a n a l y s i s s o l u t i o n s o f e q u a t i o n s ( 4 - 9 l ) , ( 4 - 9 2 ) , 

( 4 - 9 5 ) , (4-96) rjgaMe^ .values o f t h e f u n d a m e n t a l and 3 r d 

h a r m o n i c component of A. The c o m p u t a t i o n n e c e s s a r y f o r s u c h 

e x a c t answers i s t e d i o u s and w i l l n o t be c a r r i e d o u t . 

I n s t e a d , t h e a s s u m p t i o n t h a t A, > > A i s made. 
r I n mn 

i . e . t h e f u n d a m e n t a l p r e d o m i n a t e s o v e r t h e h i g h e r h a r m o n i c s 

and c e r t a i n l y i n t h e s t e a d y s t a t e , t h i s i s a l m o s t always a 

c o r r e c t a s s u m p t i o n . Then e q u a t i o n s ( 4 - 9 1 ) , ( 4 - 9 2 ) , ( 4 - 9 5 ) , 
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and (4-96) s i m p l i f y t o 

(to2,- to2)A13 + fh 3A 3
3 - G = 0 (4-98) 

hi _ _ V | 3 ( 4 _ 9 9 ) 

X 1 3 4(to 2 - 9to 2) 

(to 2 - to2)A19 + Iff h 9 X ^ 9 - G = 0 (4-100) 

hi = _ 84Vi9,\. 
A 1 9 256(to 2 - 9to 2) 

(4-101) 

These s i m p l i f i e d e q u a t i o n s d e t e r m i n e t h e p r o c e d u r e f o r 

o b t a i n i n g a p p r o x i m a t e v a l u e s o f t h e f u n d a m e n t a l and any o t h e r 

h i g h e r h a r m o n i c component. The f u n d a m e n t a l component c a n be 

d e t e r m i n e d f r o m an e q u a t i o n o f t h e f o r m g i v e n e i t h e r by e q u a t i o n s 

(4-98) o r ( 4 - 1 0 0 ) . W i t h t h e f u n d a m e n t a l component d e t e r m i n e d , 

th e a m p l i t u d e o f any h a r m o n i c component r e s u l t s f r o m an e q u a t i o n 

o f t h e t y p e (4-100) or ( 4 - 1 0 1 ) . 

E q u a t i o n s (4-99) and (4-101) g i v e r i s e t o a u s e f u l 

c r i t e r i o n . C o n s i d e r e q u a t i o n ( 4 - 9 9 ) , 

r1 - - ^ ¥ 7 • (4-102) 

r d 
A 3 3 i . e . t h e a m p l i t u d e o f t h e 3 h a r m o n i c w i l l be l a r g e 
i f 

"0 

i . e . i f 

to2 = 9te 2 (4-103) 

( 3 « ) 2 = j - ^ — (4-104) 
s 
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r d 
An i n t e r p r e t a t i o n o f t h i s c o n d i t i o n i s t h a t d a n g e r o u s 3 

r d 

h a r monic o v e r - v o l t a g e s o c c u r i f t h e 3 h a r m o n i c o u t p u t impedance 

f r o m t h e t r a n s f o r m e r t e r m i n a l s i s i n f i n i t e . T h i s c o n c l u s i o n can 

a l s o be r e a s o n e d from p h y s i c a l c o n s i d e r a t i o n s . ^-7 ) T h e o v a l u e 

of X^^ f o r t h i s c o n d i t i o n i s n o t i n f i n i t e as eq. ( 4 - 1 0 2 ) . s u g g e s t s 

b u t i s some f i n i t e v a l u e . T h i s i s r e a l i z e d i f t h e more e x a c t 

f o r m o f t h e t h i r d h a r monic e q u a t i o n i s u s e d - eq. (4-91) 

Then, with 1,! 

te2 - 9te 2 = 0 (4-105) 

eq. (4-92) becomes 

X 3 3 + 2 A 3 3 A 2
3 + j X 3

3 = 0 (4-106) 

E q . (4-106) g i v e s one r e a l r o o t 

A 3 3 = 0.16 A 1 3 (4-107) 

Hence u n d e r th e c o n d i t i o n . 
j T t j - = ( 3 « ) 2 \ (4-108) 

s 

t h e a m p l i t u d e o f t h e t h i r d h a r m o n i c component o f the f l u x - l i n k a g e 

i n c r e a s e s t o 16$ o f t h e peak v a l u e o f t h e f u n d a m e n t a l . Such a 

h i g h t h i r d h a r m o n i c c o n t e n t c a n l e a d t o d a n g e r o u s p e r s i s t e n t 

o v e r - v o l t a g e s . 

A s i m i l a r p r o c e d u r e c a n be a d o p t e d i n t h e i n v e s t i g a t i o n o f 

any h i g h e r h a r m o n i c s b u t an i m p o r t a n t o b s e r v a t i o n must be made. 

Assuming a p o l y n o m i a l f i t o f o r d e r 3, 

i . e . i ( X ) = a j A + a 3 A 3 (4-109) 
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i f t h e p r o c e d u r e o u t l i n e d i n t h i s s e c t i o n i s u s e d i n t h e 

i n v e s t i g a t i o n o f t h e f i f t h h a r m o n i c , e q u a t i o n s c o r r e s p o n d i n g t o 

e q s . (4-91) and (4-92) a r e 

( a 2 - « 2 ) A 1 3 + \ h 3 A 3
3 - G = 0 (4-110) 

and 2 -j 
( « W ) X „ + „ ! V l 3 = 0 < ( 4 _ m ) 

-L D j 2 4 

E q . (4-110) g i v e s a r e s u l t f o r X ^ 3 i d e n t i c a l w i t h eq. ( 4 - 9 l ) 

b u t i n s p e c t i o n o f eq. (4-111) r e v e a l s t h a t one r e a l r o o t i s 

g i v e n by 

A 5 3 = 0 (4-112) 

and t h a t o t h e r r e a l r o o t s e x i s t s o n l y i f 

2 5 « 2 > a 2 (4-113) 

T h i s c o n d i t i o n may l e a d t o some i n t e r e s t i n g c o n c l u s i o n s 

i f t h e p o l y n o m i a l f i t 

i ( X ) = a l 3 A + a 3 A 3 (4-114) 

i s an e x a c t one. However, a s s u m i n g a p o l y n o m i a l f i t o f o r d e r 9 

i . e . i ( X ) = a l tjA+ a^X^ (4-115) 

t h e e q u a t i o n c o r r e s p o n d i n g t o eq, (4-111) i s 

A 5 9 h - * 8 

X 1 9 
^ 5 — (4-H6) 

2 5 6 ( « Q - 2 5 « T ) 

T h i s e q u a t i o n g i v e s r e a l r o o t s f o r X^^ w i t h no such c o n d i t i o n 

as g i v e n by eq. ( 4 - 1 1 3 ) . S i n c e i n t h i s p a r t i c u l a r c a s e , eq. (4-115) 

i s a b e t t e r a p p r o x i m a t i o n t o t h e m a g n e t i s a t i o n c h a r a c t e r i s t i c 

t h a n t h e one g i v e n by eq. ( 4 - 1 0 9 ) , t h e c o n d i t i o n s u g g e s t e d by 

eq. (4-113) i s i n c o r r e c t and may l e a d t o m i s l e a d i n g c o n c l u s i o n s . 
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E x a m i n a t i o n o f t h e a l g e b r a o f t h e method s u g g e s t s t h a t i f 

a p a r t i c u l a r h i g h e r h a r m o n i c i s o f i n t e r e s t , t h e n a p o l y n o m i a l 

a p p r o x i m a t i o n o f o r d e r g r e a t e r t h a n or e q u a l t o t h e o r d e r o f 

t h e h a r m o n i c s b e i n g i n v e s t i g a t e d must be u s e d t o a v o i d i n c o r r e c t 

r e s u l t s . T h i s s t a t e m e n t assumes t h a t t h e h i g h e r o r d e r p o l y n o m i a l 

a p p r o x i m a t i o n u s e d i s a b e t t e r f i t t o t h e m a g n e t i s a t i o n 

c h a r a c t e r i s t i c t h a n any o f l o w e r o r d e r . 

4 - 9 - i A N u m e r i c a l Example. 

The c i r c u i t t o be s t u d i e d i s shown i n F i g . (4-6) and 

r e p r e s e n t s a t r a n s m i s s i o n l i n e o f l e n g t h 320 m i l e s t e r m i n a t e d 

by a t r a n s f o r m e r whose i ( X ) c h a r a c t e r i s t i c i s g i v e n by F i g . ( 4 - 1 ) , 

c u r v e ( a ) . The f o l l o w i n g v a l u e s a r e a l s o u s e d . 

L g = 0.75 h e n r y 

C = 4.54 x I O " 7 F a r a d s , 

e = 375000 S i n 3 7 7 t . 

Two v a l u e s f o r n w i l l be c o n s i d e r e d 

n=3 
x 3 

i = 0.00024A + 9.84 ( JTJQQ ) (4-117) 

n=9 
X 9 

i = 0.003A + 13 ( f o o o ) ' (4-118) 

a 1 3 = 0.24 x 1 0 ~ 3 a 3 = 0.984 x 1 0 ~ 8 (4-119) 

a 1 9 = 0.3 x 1 0 ~ 2 a 9 = 0.13 x I O " 2 5 (4-120) 

to2 = f - r r = ^ - = 2.94 x 1 0 6 (4-121) 
u s 0.75 x 4.54 

« 2 = ( 3 7 7 ) 2 = 0.142 x 1 0 6 ( r a d i a n s p e r s e c ) 2 (4-122) 
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F IG . 4 - 6 

FIG. 4 - 7 



2 1 5 8 

q = = 375000 x 2.94 x 1 0 6
 = ^ x 1 Q 9 ( 4 _ 1 2 3 ) 

« 377 

h-= a Q L « 2 = 2.16 x 1 0 ~ 2 (4-124) 3 9 s 0 

h Q = a Q L tt2 = 2.86 x 1 0 " 2 0 ' (4-125) 9 9 s 0 

= 61,6 (4-126) 3 h 3 

! i h 9 = * 1 0 - 2 0 ( 4 - 1 2 7 ) 

F o r n=3, t h e f u n d a m e n t a l component X^ 3 r e s u l t s f r o m 
- 4 ( a ? - « 2 ) A , ~ „ 

*?3 + ^ I h ^ 2 - = 0- < 4 " 1 2 8 > 

X 3
3 + 1.72 x 1 0 8 A 1 3 - 1.80 x 1 0 1 1 = 0. (4-129) 

The o n l y r e a l r o o t o f t h i s e q u a t i o n i s g i v e n by A ^ 3 = 1050 wb-

t u r n s . (4-130) 

F o r n=9, t h e c o r r e s p o n d i n g e q u a t i o n i s 

A ^ 9 + 1.99 x 1 0 2 6 A 1 3 - 2.08 x 1 0 2 9 = 0. (4-131) 

The o n l y r e a l r o o t o f t h i s e q u a t i o n i s g i v e n by 

A 1 9 = 1010 w b - t u r n s (4-132) 

F o r t h e h i g h e r h a r m o n i c s 

n=3 

X h X 2 

- l l = 3 13 = Q > 3 2 4 x 1 0 - 2 (4-133) 
X 1 3 4(<* 2 - 9te 2) 

.!« X 3 3 = 0.324% o f t h e f u n d a m e n t a l . (4_134) 

n=9 

39 = 9 1 9 = Q > 5 5 x 1 Q - 2 (4-135) 
A 1 9 256(«J - 9ftT) 
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A 3 9 = 0.55$ o f t h e f u n d a m e n t a l . (4-136) 

"fch 

U s i n g t h e p o l y n o m i a l o f o r d e r 3 i n s t e a d o f t h e 9 o r d e r 

r e s u l t s i n a s m a l l d i f f e r e n c e i n t h e a m p l i t u d e o f t h e f u n d a m e n t a l 

f l u x b u t an a p p r e c i a b l e d i f f e r e n c e i n t h a t o f t h e t h i r d h a r m o n i c . 

The added a c c u r a c y i n u s i n g t h e more complex r e l a t i o n s h i p may 

o r may n o t be j u s t i f i e d b u t i n any c a s e , an a p p r e c i a t i o n o f t h e o r d e r 

o f magnitude o f a p a r t i c u l a r h a r m o n i c c a n be o b t a i n e d . 

4-10 T r a n s i e n t t o S t e a d y - S t a t e . The Method o f I n t e g r a l C u r v e s . 

E x a m i n a t i o n o f some o f t h e c u r r e n t and v o l t a g e wave-forms 

o b t a i n e d u s i n g t h e i n c r e m e n t a l method ( C h a p t e r 3) shows t h a t i n 

g e n e r a l , t h e t r a n s i e n t b e h a v i o u r o f t h e systems u n d e r s t u d y c a n be 

e x t r e m e l y complex. T h i s c o m p l e x i t y does n o t enc o u r a g e an a n a l y t ­

i c a l s o l u t i o n o f t h e t r a n s i e n t s t a t e and t h e r e have been few 

e f f o r t s i n t h i s r e g a r d , r e c o r d e d i n t h e l i t e r a t u r e i"48 ̂  (^9) (50) 

The Method o f I n t e g r a l C u r v e s c a n g i v e an i n s i g h t i n t o t h e 

b e h a v i o u r o f a p a r t i c u l a r h a r m o n i c component and i t s main u s e f u l n e s s 

i s t h e p r e d i c t i o n o f t h e e x i s t e n c e o f some h i g h e r h a r m o n i c o r s u b -

h a r m o n i c i n t h e s t e a d y - s t a t e . 

To e s t a b l i s h t h e p r o c e d u r e and show i t s u s e f u l n e s s , t h e method 

i s a p p l i e d i n t h e i n v e s t i g a t i o n o f t h e t h i r d h a r m o n i c and t h e one 

t h i r d s u b - h a r m o n i c . 

4—10-1 E n e r g i s a t i o n o f a ' L o n g - L i n e ' . The T h i r d H a r m o n i c . 

The e q u a t i o n d e s c r i b i n g t h e e n e r g i s a t i o n o f a ' l o n g - l i n e ' i s 

( e q . ( 4 - 4 9 ) - s e c . 4-7-2) 

2 
+ <o2A + h 3 A 3 - G Cos wt = 0 (4-137) 

d t 
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A s o l u t i o n 

X = x ( t ) S i n 3<ot + y ( t ) Cos 3tot + X Cos tot (4-138) 

i s s o u g h t , where x ( t ) , y ( t ) f u n c t i o n s o f ti m e a r e a s s o c i a t e d w i t h 

t h e 3 r d h a r m o n i c . 

The s u b s t i t u t i o n s 

x ( t ) = a ( t ) . X ^ 
(4-139) 

y ( t ) = b ( t ) . X 1 

a r e made, t h e n e q . (4-138) becomes 

X = X Cos 3«t + a ( t ) . S i n 3tot + b ( t ) . Cos tot (4-140) 

S u b s t i t u t i n g t h i s v a l u e o f X i n eq. ( 4 - 1 3 7 ) , t h e P r i n c i p l e 

o f Harmonic B a l a n c e i s a p p l i e d and t h e f o l l o w i n g e q u a t i o n s r e s u l t 

3 
r d 

f r o m e q u a t i n g t h e 3 h a r m o n i c t e r m s , 
2 3hX" 

+ A 1 ( 6 t t * i d T -
 9«2b) + V » 0 b + ^ ( i + b 3 + a 2 b ) = 0 

(4-141) 
2 3hA.~̂  

X 1 . d - | - X 1 J6« J| br - 9 « 2 a ) + X r t o 2 a + [2a+a 3+ab 2] = 0 
cL"fc 

(4-142) 

As s u m i n g t h a t a ( t ) and b ( t ) a r e s l o w l y v a r y i n g 
2 2 

— t ; and — x c a n be n e g l e c t e d , 
d t ^ d t ^ 

E q u a t i o n s (4-141) and (4-142) a r e t h e n p u t i n t h e form 

I f = " h ( b ( ^ - 9 t o 2 ) + j + b 3 + 2b + a 2 b ) ) (4-143) 

3hA ^ 

I T = h | a ^ 0 " 9 t t 2 ) + -TL ( a 3 + 2 a + a b 2 ) I (4-144) 

T h e r e f o r e , f o l l o w i n g t h e p r o c e d u r e o u t l i n e d i n sec (4-6) t h e 

f u n c t i o n s Y ( a , b ) , X ( a , b ) a r e now d e f i n e d 
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T ( a , b ) A db 
d t 6« 

3hA 
a(a> 2-9tt 2) + 4

1 ( a 3 + 2 a + a b 2 ) (4-145) 

X ( a , b ) ^ |f = | b ( « 2 - 9 « 2 ) + {\ + b 3+2b+a 2b) ] (4-146) 

4-10-1-1 The I n t e g r a l C u r v e s o f t h e 3 H a r m o n i c . 

Prom e q s . (4-145) and ( 4 - 1 4 6 ) , t h e e q u a t i o n s t o t h e I n t e g r a l 

C u r v e s a r e 

Y ( a , b ) _ d h = 

X(a>b) d t 

a ( « 2 - 9 « 2 ) + ^ X 2 ( a 3 + 2 a + a b 2 ) 

(4-147) 

- j b ( « 2 - 9 a 2 ) + 3 h 3 * 2 ( i + b 3 + 2 b + a 2 b ) J 

a l s o 

c ^ ( a , b ) 
c>b 

c^X(a.b) 
d b 

^X 
d h c^a 

1 
6o> 

3 h 3 A 2 

. ab 

= 0 

, 3h»A, . 
^ ( . ab) 

(4-148) 

(4-149) 

(4-150) 

t h e eq, 

T da - X db = 0 (4-151) 

i s an e x a c t • i n t e g r a l and t h e i n t e g r a l c u r v e s a r e g i v e n by 

A (,A2 Q/>\ . 3 1 /a , 2 , a b \ 

4. b 2 f,* 2 Q « 2 U 3 h 3 X l ,b 4. b 4 a. V , 2 a. a 2 P 2 \ 

+ 2 ( t t
0~ 9 ^ + — 4 — (3 + 4 + b + —2—' 

where i s a c x s o h s t a n t . 
The s u b s t i t u t i o n 

2 A 2 ^ , 2 r 3 = a + b 

(4-152) 

(4-153) 

i n eq. ( 4 - 1 5 2 ) , g i v e s 
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r l + r 2 | 4 + 2b 2 + ®- 3- («2-9te2) 4b 4 + 2£- - 2b -4 C 2 = 0 

3 1 3 (4-154) 

E q . (4-154) i s a q u a d r a t i c i n r 2 and f o r v a r i o u s v a l u e s o f 
2 ' 

s o l u t i o n o f t h i s q u a d r a t i c as b i s v a r i e d g i v e s v a l u e s o f r ^ . 

U s i n g t h e s e v a l u e s , an a-b p l o t c an be made. 

4-10-1-2 The S i n g u l a r i t i e s o f t h e T h i r d H armonic. 

The s i n g u l a r i t i e s ( a ^ b^) a r e g i v e n by t h e s o l u t i o n o f 
t h e s i m u l t a n e o u s e q u a t i o n s , 

3h A.2 

b 0 ( « 2 - 9 « 2 ) + 3 1 3 ( \ + b 3 + 2 b 0 + a 2 b 0 ) == 0 (4-155) 
and _ 

3h A 
a 0 ( a > 2 - 9 « 2 ) + I 1 3 ( a 3 + 2 a 0 + a Q b 2 ) = 0 (4-156) 

Prom ( 4 - 1 5 6 ) , a.^ •- 0 i s one r o o t . 

P u t t i n g aQ=0 i n eq. (4-155) 

3 ii A ̂  

b 0 ( « 2 - 9 « 2 ) + 3 1 3 ( \ + b 3 + 2 b 0 ) = 0 (4-157) 

b 0 + b 0 2 + - 4 — 2 (« 2-9<o 2) 
3 h 3 A 1 3 

+ j = 0 (4-158) 

E q u a t i o n (4-158) g i v e s 3 v a l u e s f o r b. 

U s i n g t h e c o n d i t i o n s t a t e d i n eq. ( 4 - 8 2 ) , f o r normal power-

sys t e m v a l u e s o f <6Q and te, e q . (1-58) has o n l y one r e a l r o o t . 

T h e r e f o r e , o n l y one s i n g u l a r i t y e x i s t s and t h i s i s g i v e n by 

a° =° h k2 
b n = - ^ - p 2 — J — (4-159) 

0 4 ( « 2 - 9 t e 2 ) 

r d 

4-10-1-3 The N a t u r e o f t h e 3 Harmonic S i n g u l a r i t y . 

Prom eq. (4-145) and ( 4 - 1 4 6 ) , 
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£ X = _ 1 _ 
5 a 6tt 

oX _ _ 1 
6« 

^Y 
"da 

A ^ . 2 ab) = 

3h A.2 

(<* 2-9«o 2) + _ | _ a J ( 3 b 2 + 2 + a 2 } 

(4-160) 

= A 2 
(4-161) 

6a (« 2-9<o 2) + ^ i 3 - ( 3 a 2 + 2+b 2) ) £ B 1 

dY 1 f ^ T l 3 ~ Q K N 
5b = 6 a ~ ( ~ 4 • 2 a b ) 

Prom eq. ( 4 - 2 6 ) , 

V ^2 = A l + B 2 ± «VB2)2 + ^ 1 ^ 

3h,X! 

F o r t h e s i n g u l a r i t y , 

a Q = 0 

A, = B 2 = 0 

6(6 

1 ~ 6« 

b ^ = some f i n i t e v a l u e 

( « 2 - 9 » 2 ) + ^ l ^ 3 - (3b 2+2) 

( « 2 - 9 « 2 ) + 3 - ^ i 3 - (3b 2+2) 

= B 

(4-162) 

2 

(4-163) 

(4-164) 

(4-165) 

(4-166) 

(4-167) 

2 2 
Hence, p r o v i d e d <Aq 9<c - a u s u a l c o n d i t i o n i n power s y s t e m s , 

4 A 2 B X < 0 (4-168) 

and t h u s , v)^, 0 2 a r e i m a g i n a r y and t h e s i n g u l a r i t y i s a 

v o r t e x . 
r d 

4-10-1-4 The I s o c l i n e s . The 3 Harmonic . 

The i s o c l i n e s a r e sometimes h e l p f u l i n t h e a-b p l o t o f a 

p a r t i c u l a r h a r m o n i c . 
r d 

The i s o c l i n e s ..for t h e 3. -Harmonic p l o t a r e g i v e n by 
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m = db da 

a(a 2-9a> 2) + 3 h 3 A 2
3 ( a 3 + 2a + a b 2 ) 

b ( « 2 - 9 « 2 ) + 3 h 3 A 2
3 ( i + b 3 + 2b + a 2 b ) 

(4-169) 

T h i s e q u a t i o n c an g i v e c o r r e s p o n d i n g v a l u e s o f a and b f o r 

v a r i o u s v a l u e s o f in. 

4-10-1-5 The T r a n s i e n t t o S t e a d y - S t a t e b e h a v i o u r o f t h e 
3 r d Harmonic. 

S e c t i o n s (4-10-1-1) t o (4-10-1-4) p r o v i d e i n f o r m a t i o n f o r 
r d 

a p l o t o f t h e I n t e g r a l C u r v e s o f t h e 3 Harmonic component 

o f t h e f l u x - l i n k a g e . However, some i n t e r e s t i n g r e s u l t s c a n be 

d e r i v e d f r o m i n s p e c t i o n o f some o f t h e e q u a t i o n s . 

The e q u a t i o n f o r t h e i n t e g r a l c u r v e s - eq. (4-154) s t a t e s 
4 ^ 2 r 3 + r 3 4 + 2 b 2 + ^ 

3 h 3 A ^ 3 

2 ( « g-9« 2) + Y~ ~ 2b 4-4 C 2 = 0 

N o r m a l l y , 

8 ( « 2 - 9 < o 2 ) 

3 h 3 X 2
3 

>y 4 + 2b* 

(4-170) 

(4-171) 

eq. (4-170) t h e n becomes 

r 4 + r 2 ( a > 2 - 9 « 2 ) . 8 

3 h 3 ^ I 3 
+ - 2 b 4 - 4 C 2 = 0 

(4-172) 

I f C2 i s v e r y s m a l l , andlb|< 1, t h i s e q u a t i o n has a l a r g e 
2 2 

n e g a t i v e r o o t and a s m a l l ( <|bl ) r o o t f o r r 3 . I n n e i t h e r c a s e , 

a r e r e a l v a l u e s f o r a and b o b t a i n e d . 

If. C 2 i s l a r g e , and|b|<0, t h e r o o t s a r e t h e n i n d e p e n d e n t o f 
2 

t h e v a l u e s o f b and r 3 r e m a i n s r e a s o n a b l y c o n s t a n t as b i s v a r i e d . 
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INTEGRAL CURVES 
F O R 

THIRD HARMONIC co0
4 - 9 CO2 = 1-66 X IO6 

FIG. 4 - 8 
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The i n t e g r a l c u r v e s a r e t h e n v e r y n e a r l y c i r c l e s . The 

a p p r o x i m a t e v a l u e o f t h e s i n g u l a r i t y o b t a i n e d i n sec (4-10-1-2) 

i s 

a n = 0 (4-173) 
7 

h„A 
b Q = - ^ 3 - (4-174) 

4 ( « 2 - 9 « 2 ) 

T h i s c o r r e s p o n d s e x a c t l y t o t h e peak v a l u e o f t h e s t e a d y -

s t a t e t h i r d h a r m o n i c component g i v e n by eq. (4-99) o b t a i n e d i n 

t h e s t e a d y - s t a t e a n a l y s i s . 

These f a c t s suggest^. t h a t t h e i n t e g r a l c u r v e s a r e a s e t 

o f n e a r - c i r c u l a r l o c i , c o n c e n t r i c a r o u n d t h e s t e a d y - s t a t e v a l u e 
r d 

o f t h e 3 h a r m o n i c . I f l o s s e s a r e c o n s i d e r e d , t h e s e l o c i w i l l 

become a c o n t i n o u s c u r v e s p i r a l l i n g t o w a r d s t h e s i n g u l a r i t y . 

U s i n g t h e s y s t e m p a r a m e t e r s o f t h e n u m e r i c a l example -

s e c . ( 4 - 9 - 4 ) - i n t e g r a l c u r v e s f o r t h r e e d i f f e r e n t v a l u e s o f 

a r e shown i n P i g . ( 4 - 8 ) . T h i s p l o t v e r i f i e s t h e c o n c l u s i o n s 

a r r i v e d a t i n t h i s s e c t i o n ; 

4-11-1 E n e r g i s a t i o n o f a ' L o n g - L i n e 1 . The T h i r d Sub-Harmonic. 
E q . (4-49) i s r e p e a t e d 

2 
+ « 2 A + h 3 X 3 - G Cos 3«t = 0 (4-175) 

d t 

As p r e v i o u s l y , a s o l u t i o n 

A = x ( t ) S i n tft + y ( t ) Cos a t + A 1 3 Cos at (4-176) 

i s s o u g h t . Note t h a t t o a v o i d f r a c t i o n s , t h e d r i v i n g f r e q u e n c y 

i s now 3 « . 

The s u b s t i t u t i o n s 

x ( t ) = a ( t ) . A 1 3 (4-177) 



y ( t ) = b(t)...X 13 
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(4-177) 

a r e made and w i t h t h e s e s u b s t i t u t i o n s , t h e e x p r e s s i o n f o r 

X - eq. (4-176) - i s s u b s t i t u t e d i n eq. ( 4 - 1 7 5 ) . 

A s s u m i n g t h a t a ( t ) , and b ( t ) a r e s l o w l y v a r y i n g 

d 2 a d 2 b 
— ^ and —-x c a n be n e g l e c t e d . 
d t z d t Z i 

The e q u a t i o n s c o r r e s p o n d i n g t o e q s . (4-143) and (4-144) 

a r e t h e n 

da _ 
d t ~ 

-1 
2a> 

db 1 
d t _ 2tt 

b(a 2-to 2) + 3 ( b 3 + a 2 b + 2 b + b 2 - a 2 ) 

2 3 2 
n n 3h_Xr ,_(a +ab + 2a-2ab) 

a ( « 2 - * 2 ) + 

(4-178) 

(4-179) 

The f u n c t i o n s Y ( a , b ) , X ( a , b ) , a r e t h e n 

Y ( a , b ) = H = i j - a ( « 2 - « 2 ) + 3 1 3 (a 3+ab 2+2a-2ab) ] (4-180) 

X ( a , b ) k |£ = - l - [ b(<o 2-<o 2)+ ( b 3 + a 2 b + 2 b + b 2 - a 2 ) 

(4-181) 

4-11-1-1 The I n t e g r a l C u r v e s o f t h e T h i r d Sub-Harmonic r . 

The e q u a t i o n Y.da-X.db = 0 (4-182) 

i s a g a i n a c o m p l e t e i n t e g r a l and t h e i n t e g r a l c u r v e s a r e g i v e n 

b y 
A 0 0 A 2 4 2.2 .4 0 0 a , a b , D . / 2 , , 2 \ 4 + — 2— + 4 + (a +b ) 1 + 

3 h 3 X 1 3 

/ 2 2\\ a 2 b 2 

2 ( < V t t } + — 

- 2 a 2 b + | - C 3 = 0 (4-183) 

where C 3 i s some c o n s t a n t . 
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The s u b s t i t u t i o n 

2 
1/3 
2 2 2 r n / 0 = a + b i s made and t h e r e s u l t i n g e q u a t i o n 

i s 

: l / 3 + r l / 3 
.,,2, 8 4 - 8b + 2"b + 28 v 3 0 14 

(4-184) 

T h i s q u a d r a t i c i n r 2 ^ c a n be s o l v e d f o r v a r i o u s v a l u e s o f 

b and and an a-b p l o t i s made f r o m t h e s e r e s u l t s . 

4-11-1-2 The S i n g u l a r i t i e s o f t h e T h i r d Sub-Harmonic. 

The s i n g u l a r i t i e s ( a n b n ) a r e g i v e n by t h e s i m u l t a n e o u s 

e q u a t i o n s 

3 h 

a 0(<o 2-co 2) + 3 1 3 ( a 3 + a Q b 2 + 2 a Q - 2 a 0 b 0 ) = 0 

and 3 

b 0 ( t t 0 ^ 2 ) + " P 1 ( b 0 + a 0 b 0 + 2b0+bg-ag) =. 0 

a^=0 bQ=0 i s one s i n g u l a r i t y . 

(4-185) 

(4-186) 

The o t h e r r o o t s a r e g i v e n by 
2 --2 a Q = 3 b Q 

and 

4 b 2 - 2 b Q + 2 + 3 3 X 1 3 (» 2-co 2) = 0 

S o l v i n g f o r b Q f r o m eq. (4-188) 

b Q = 0.25 ± j-0.4375 - | h 3 X 2
3 ( » 2 - w 2 ) 

Hence, s i n g u l a r i t i e s o t h e r t h a n (0,0) can e x i s t o n l y i f (0 > <0Q 

an u n l i k e l y c o n d i t i o n i n p o w e r - s y s t e m s . 

4-11-1-3 The N a t u r e o f t h e S i n g u l a r i t y . T h i r d Sub-Harmonic 

F o r t h e s i n g u l a r i t y (0,0) f r o m e q s . ( 4 - 1 7 8 ) , (4-179) 

(4-187) 

(4-188) 

(4-189) 

2. ..2 

AJ = B 2 = 0 (4-190) 
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A 2 = 

B l = 

4« (4-191) 

(4-192) 

\ ^ 2 = ± ( 4 A 2 B 1 ) 2 (4-193) 

Prom e q s . ( 4 - 1 9 0 ) , ( 4 - 1 9 1 ) , ( 4 - 1 9 2 ) , ( 4 - 1 9 3 ) , ^ ^ a r e 

2 

e q u a l and i m a g i n a r y f o r n o r m a l v a l u e s of <0Q. The s i n g u l a r i t y 

(0,0) i s t h e r e f o r e a v o r t e x . •'• . . 

4-11-1-4 The I s o c l i n e s . The T h i r d Sub-Harmonic. 

The i s o c l i n e s i n t h i s c a s e a r e g i v e n by 
4 a 

M = db d a 
1 3 h 3 A 1 3 

^ (to2-a>2) + a 2+b 2+2-2b 

(4-194) 

-b 
3 h 3 A 1 3 

— ( « 2 - « 2 ) + a 2+b 2+2 + a 2 - b 2 

or i n a n o t h e r f o r m 

3 2 a +a (mb-m) + a — («g-to 2)+2(l-b)+b 2 

+ m b 3
+ b 2

+ 

3 h 3 X 1 3 

2 (o> 2-« 2) + 2b 
3 h 3 A ^ 3 

0 (4-195) 

The s o l u t i o n o f t h i s c u b i c e q u a t i o n i n 'a' f o r f i x e d v a l u e s 

o f m as b i s v a r i e d g i v e s p o i n t s f o r p l o t t i n g t h e i s o c l i n e s 

w h i c h a r e h e l p f u l i n t h e i n t e g r a l c u r v e p l o t . 

4-11-1-5 T r a n s i e n t t o S t e a d y - S t a t e B e h a v i o u r o f t h e T h i r d 

S i i h - H a r m n n i p.. 

S i m i l a r c o n s i d e r a t i o n s as u s e d i n d i s c u s s i n g t h e T h i r d 

Harmonic show t h a t t h e i n t e g r a l c u r v e s a r e v e r y n e a r l y c i r c u l a r 
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FIG. 4 - 9 
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a b o u t t h e s i n g u l a r i t y - i n t h i s c a s e t h e p o i n t ( 0 , 0 ) . T h i s 

s u g g e s t s t h a t no s t a b l e s u b-harmonic o s c i l l a t i o n o f f l u x -

l i n k a g e e x i s t s i n t h e s t e a d y - s t a t e . 

The i n t e g r a l c u r v e s c o r r e s p o n d i n g t o t h e y Sub-Harmonic i s 

shown i n F i g . ( 4 - 9 ) . ••{'.'' 

4-12 The C o n d i t i o n f o r t h e Maximum.Third Harmonic Component. 

I n s e c . ( 4 - 9 ) , t h e c o n d i t i o n 

fo2 = 9 a 2 (4-196) 

i s d i s c u s s e d . T h i s c o n d i t i o n l e a d s t o a maximum v a l u e o f t h e 

t h i r d h a r m o n i c component. 

S u b s t i t u t i n g t h i s c o n d i t i o n i n eq. (4-155) and ( 4 - 1 5 6 ) , 

t h e s i n g u l a r i t i e s a r e g i v e n b y 

j + b 3 + 2 b Q+ a 2 b Q = 0 (4-197) 

and 

a 3 + 2 a Q + a 0 b 2 = 0 (4-198) 

These e q u a t i o n s g i v e one s i n g u l a r i t y 

a Q = 0 (4-199) 

and 

b ^ - t h e o n l y r e a l r o o t o f t h e e q u a t i o n 

b 3 + 2 b Q + j = 0 (4-200) 

S i n c e b ^ = X Q ( t ) . A ^ eq. (4-200) c o r r e s p o n d s e x a c t l y w i t h 

eq. ( 4 - 1 0 6 ) a r r i v e d a t i n s e c . 4-9. -

T h i s b e h a v i o u r i s shown g r a p h i c a l l y i n t h e i n t e g r a l c u r v e 

p l o t - F i g . ( 4 - 1 0 ) . The s i n g u l a r i t y g i v e n by 

a Q = 0 DQ-- 0.16A 1 3 
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FIG. 4-10 
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F IG . 4-11 
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r e p r e s e n t s t h e s t e a d y - s t a t e and t h e l o c i r e p r e s e n t t h e a ( t ) , 

b ( t ) b e h a v i o u r f o r v a r i o u s v a l u e s o f C^. 

F o r c o m p a r i s o n , t h e i n t e g r a l - c u r v e p l o t c o r r e s p o n d i n g t o t h e 
2 2 

T h i r d Sub-Harmonic f o r c o n d i t i o n . <0Q-« i s shown i n F i g . 4-11. 
4 - 1 3 - ^ D e j - e n e r g i s a t i o n o f a ' L o n g - L i n e 1 . The Method o f I n t e g r a l  

C u r v e s . 

A s i m i l a r p r o c e d u r e c a n be a d o p t e d i n c o n s i d e r i n g t h e f l u x -

l i n k a g e b e h a v i o u r when a ' l o n g - l i n e ' t e r m i n a t e d by a 

t r a n s f o r m e r i s d e - e n e r g i s e d . 

Such a s y s t e m i s c o n s i d e r e d i n A p p e n d i x 3. The s y s t e m i s 

l o s s l e s s and t h i s f a c t o r , i n t h i s p a r t i c u l a r c a s e , d e t r a c t s f r o m 

t h e u s e f u l n e s s o f t h e r e s u l t . However, the e s t a b l i s h i n g o f t h e 
v. 

p r o c e d u r e when more t h a n one s i n g u l a r i t y e x i s t s ( i n t h i s c a s e , 

f i v e s i n g u l a r i t i e s a r e f o u n d ) i s c o n s i d e r e d i m p o r t a n t enough 

t o i n c l u d e s u c h an example. 

The n u m e r i c a l d e t a i l s and i n t e g r a l c u r v e s a r e i n A p p e n d i x 4. 
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4-14 D i s c u s s i o n o f t h e A n a l y t i c a l Methods. 

The t h r e e methods u s e d i n t h i s c h a p t e r a r e o f d e f i n i t e 

u s e f u l n e s s i n t h e i n v e s t i g a t i o n o f t h i s t y p e o f p r o b l e m b u t t h e i r 

a p p l i c a t i o n may be l i m i t e d by t h e d e s i r e d a c c u r a c y . 

4-14-1 Use o f t h e Method o f I s o c l i n e s . 

The Method o f I s o c l i n e s has t h e d i s a d v a n t a g e s o f any 

g r a p h i c a l method. The a c c u r a c y i s l i m i t e d and t h e g r a p h i c a l 

c o n s t r u c t i o n c a n be t i m e c o n s u m i n g . 

These two f a c t o r s s u g g e s t t h a t t h i s method as u s e d i n t h i s 

i n v e s t i g a t i o n may o n l y be s u i t a b l e f o r o b t a i n i n g good a p p r o x i m a t i o n s 

f o r peak v a l u e s r a t h e r t h a n s o l u t i o n s f o r t h e e n t i r e w a v e f o r n u 

T h i s i s n o t e n t i r e l y c o r r e c t as w i t h t h e c o m p u t i n g d e v i c e s 

a v a i l a b l e , r e a s o n a b l y a c c u r a t e r e s u l t s a r e p o s s i b l e . 

I n t h i s s t u d y , t h e n u m e r i c a l r e s u l t s f o r t h e i s o c l i n e p l o t 

were computed by a d i g i t a l computer, and p l o t t e d by an x-y 

p l o t t e r . The use o f t h e s e d e v i c e s p r o v i d e d i n a r e a s o n a b l e t i m e , 

q u i t e a c c u r a t e r e s u l t s . 

4-14-2 Use o f The P r i n c i p l e o f Harmonic B a l a n c e . 

The main u s e f u l n e s s o f t h i s method i s i n g i v i n g an i n d i c a t i o n 

o f p o s s i b l e a b normal c o n d i t i o n s a r i s i n g i n t h e s t e a d y — s t a t e . 

The c r i t e r i o n e s t a b l i s h e d f o r a b n o r m a l l y h i g h f l u x and 

v o l t a g e v a l u e s o f a p a r t i c u l a r h i g h e r h a r m o n i c c a n be u s e f u l i n 

p r e l i m i n a r y i n v e s t i g a t i o n s . The a c c u r a c y o f t h e a c t u a l v a l u e 

computed by t h i s method w i l l be l i m i t e d b y t h e a p p r o x i m a t i o n s 

t h a t a r e made i n a r r i v i n g a t a s o l u t i o n . 

4-14-3 Use o f The Method o f I n t e g r a l C u r v e s . 

T h i s method can g i v e an i n s i g h t into t h e sy s t e m b e h a v i o u r o v e r 
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a w i d e r range o f b e h a v i o u r t h a n t h e o t h e r two. The n u m e r i c a l 

c o m p u t a t i o n needed i s g r e a t e r t h a n i n t h e p r e v i o u s methods b u t 

t h e f a c t t h a t i t g i v e s an i n s i g h t i n t o t h e complex t r a n s i e n t 

b e h a v i o u r o f t h e s y s t e m j u s t i f i e s t h i s * 

F u r t h e r comments on t h i s method a r e i n c l u d e d i n C h a p t e r 5. 
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CHAPTER 5 

5-1 I n t r o d u c t i o n 

T h i s c h a p t e r w i l l be d e v o t e d t o some g e n e r a l c o n c l u s i o n s 

a r i s i n g f r o m t h i s s t u d y . I t w i l l n e c e s s a r i l y be b r i e f as t h e 

f i n a l s e c t i o n s o f e a c h p r e v i o u s c h a p t e r a r e u s e d i n d i s c u s s i o n s 

and c o n c l u s i o n s a r i s i n g f r o m t h e t o p i c s s t u d i e d i n i t . 

I n t h i s c h a p t e r , a t t e n t i o n w i l l be r e s t r i c t e d t o some g e n e r a l 

i d e a s about t h e phenomena b e i n g i n v e s t i g a t e d ; t h e a p p r o a c h u s e d 

i n t h i s s t u d y ; and s u g g e s t i o n s f o r f u t u r e work. 

5-2 The Phenomena. 

The b e h a v i o u r o f t h e t r a n s f o r m e r c u r r e n t i n r u s h has been f o r 

a l o n g t i m e a m a t t e r o f g r e a t e n g i n e e r i n g i n t e r e s t and t h e 

q u e s t i o n o f o v e r v o l t a g e s as a r e s u l t o f ' s a t u r a t i o n e f f e c t s ' 

has become i n c r e a s i n g l y i m p o r t a n t o v e r t h e p a s t t e n y e a r s . + The 

r e s u l t s p r e s e n t e d i n c h a p t e r 3 i n d i c a t e t o some e x t e n t t h e r e a s o n s 

f o r t h i s . 

F i g s . (3-10) t o (3-17) show t h e l a r g e t r a n s i e n t c u r r e n t peaks 

and t h e a s s o c i a t e d o v e r v o l t a g e s t h a t a r e e x p e c t e d u n d e r c e r t a i n 

n o r m a l s y s t e m c o n d i t i o n s . I n f o r m a t i o n about t h i s p a r t i c u l a r 

a s p e c t o f s y s t e m b e h a v i o u r w i l l be an i m p o r t a n t n e c e s s i t y i n most 

power s y s t e m d e s i g n s and t h e a c c u r a c y o f t h i s i n f o r m a t i o n w i l l 

become more c r i t i c a l as systems grow l a r g e r , t r a n s m i s s i o n d i s t a n c e s 

become l o n g e r and t r a n s m i s s i o n v o l t a g e s a r e i n c r e a s e d t o h i g h e r 

l e v e l s . 

* See r e f e r e n c e s ( 3 6 ) , ( 5 1 ) , ( 5 2 ) , ( 8 ) , ( 5 3 ) , ( 5 4 ) , ( 5 5 ) , ( 6 ) . 

+ See r e f e r e n c e s ( 5 6 ) , ( 5 7 ) , ( 5 8 ) , ( 5 9 ) , ( 6 0 ) , ( 6 l ) , ( 6 2 ) . 
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P r e s e n t day economic c o n s i d e r a t i o n s do n o t p e r m i t l a r g e 

d e s i g n t o l e r a n c e s , and t e c h n i q u e s f o r d e a l i n g w i t h t h e most 

complex phenomena must be d e v e l o p e d . 

5-3 The Methods,, 

The d i g i t a l computer has p r o v e d i t s e l f an e x t r e m e l y u s e f u l 
(63) (64). 

t o o l i n c e r t a i n a s p e c t s o f power sys t e m s t u d i e s . ' • 

S i n c e t h e s u c c e s s o f t h e i n c r e m e n t a l method i s c o m p l e t e l y 

d e p e n d e n t on t h e a v a i l a b i l i t y o f a f a s t and a c c u r a t e d i g i t a l 

computer, t h i s t y p e o f i n v e s t i g a t i o n can be a n o t h e r example o f 

i t s u s e f u l n e s s . 

The i n c r e m e n t a l method has some i n h e r e n t a d v a n t a g e s w h i c h 

makes i t an a t t r a c t i v e a p p r o a c h t o t h e s e p r o b l e m s . F i r s t l y , 

more t h a n one n o n - l i n e a r e f f e c t c a n be t a k e n i n t o a c c o u n t and 

t h i s i s o f p a r t i c u l a r i m p o r t a n c e i n p o w e r - s y s t e m s ° ( s e e * 3-5-4, 

i s an example where t h i s i s u t i l i s e d ) . W i t h t h e i n c r e a s i n g 

i m p o r t a n c e o f c e r t a i n n o n - l i n e a r e f f e c t s s u c h as c o r o n a l o s s e s , 

t h i s a d v a n t a g e may become q u i t e an i m p o r t a n t one. S e c o n d l y , 

c l o s e l y r e l a t e d as i t i s t o a f a m i l i a r l i n e a r t e c h n i q u e , t h e 

m a t h e m a t i c a l d e t a i l s n e c e s s a r y f o r c o m p u t a t i o n a r e r e l a t i v e l y 

s i m p l e and t h e a v a i l a b i l i t y o f c o m p r e h e n s i v e t a b l e s o f L a p l a c e 

t r a n s f o r m p a i r s e t c D s i m p l i f i e s some o f t h e m a t h e m a t i c a l 

c o m p u t a t i o n n e c e s s a r y . T h i r d l y , s t r i c t c o n t r o l o f t h e a c c u r a c y and 

o f t h e s o l u t i o n t i m e , c o n t i n u i t y o f t h e s o l u t i o n - a l l i m p o r t a n t 

f a c t o r s i n programming - a r e a v a i l a b l e . 

I n c o n t r a s t , t h e i t e r a t i v e method l a c k s t h e s e t h r e e 

a d v a n t a g e s t o some e x t e n t and i t s main a t t r a c t i o n l i e s i n i t s 

s p e e d and t h e i n d e p e n d e n c e o f a f i n a l s o l u t i o n on any s m a l l e r r o r s 
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made d u r i n g t h e c o m p u t a t i o n . 

Some comments ab o u t t h e a n a l y t i c a l methods have a l r e a d y b e e n 

made i n s e c . 4—14 b u t f u r t h e r r emarks about t h e method o f i n t e g r a l 

c u r v e s a r e j u s t i f i e d . 

B e c a u s e o f t h e c o m p l e x i t y o f t h e t r a n s i e n t phenomena 

a s s o c i a t e d w i t h t h i s p r o b l e m , any a n a l y t i c a l method t h a t g i v e s 

an i n s i g h t i n t o t h e t r a n s i e n t b e h a v i o u r i s w o r t h y o f c o n s i d e r a t i o n . 

The method o f i n t e g r a l c u r v e s , p r o v i d i n g a g r a p h i c a l p i c t u r e o f 

t h e t r a n s i e n t b e h a v i o u r o f t h e h a r m o n i c s w i t h d e f i n i t e i n f o r m ­

a t i o n a bout t h e s t e a d y - s t a t e c o n d i t i o n o f f e r s a q u i c k and s i m p l e 

a p p r o a c h t o t h i s p r o b l e m . As w i t h most a n a l y t i c a l methods f o r 

n o n - l i n e a r p r o b l e m s , i t does n o t g i v e p r e c i s e answers b u t c a n 

p r o v i d e h e l p f u l i n f o r m a t i o n f o r f u r t h e r s t u d i e s o r i n p r e l i m i n a r y 

i n v e s t i g a t i o n s * 

5-4 S u g g e s t i o n s f o r F u t u r e Work. 

I n t h e c o u r s e o f t h i s s t u d y , many i d e a s and q u e s t i o n s a r o s e 

and t h e s e , a l t h o u g h p r o m i s i n g t o be o f g r e a t i n t e r e s t c o u l d n o t 

be d e a l t w i t h i n t h e s e i n v e s t i g a t i o n s . 

The more i n t e r e s t i n g o f t h e s e a r e i n c l u d e d h e r e as s u g g e s t i o n s 

f o r f u t u r e w o r k « 

5-4-1 The D i s t r i b u t e d - P a r a m e t e r S o l u t i o n f o r a T r a n s m i s s i o n 
L i n e . 

I n t e r e s t i n t r a n s i e n t b e h a v i o u r o f power systems has been 

g r o w i n g and b e c a u s e o f t h i s , t h e need f o r adeq u a t e r e p r e s e n t ­

a t i o n s o f t h e s y s t e m components u n d e r t r a n s i e n t c o n d i t i o n s has 

become more n e c e s s a r y . 

R e p r e s e n t a t i o n o f t h e power t r a n s m i s s i o n l i n e by i t s d i s t r i b u t e d 
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p a r a m e t e r s and t h e s o l u t i o n o f t h e e q u a t i o n s a r i s i n g f r o m t h i s 
( ) 

has r e c e i v e d some r e c e n t a t t e n t i o n . D-' 

I n t h e p a s t , t h e r e have b e e n some w o r t h y c o n t r i b u t i o n s and 

i n some c a s e s , t e r m i n a t i o n o f a l i n e b y a n o n - l i n e a r e l e m e n t has 
• A - A +• (50-) r e c e i v e d c o n s i d e r a t i o n . v ' 

5-A-2 The S o u r c e - R e a c t a n c e . 

The s i m p l e s t r e p r e s e n t a t i o n o f t h e a . c . s y n c h r o n o u s g e n e r a t o r 

i s u s e d i n t h i s s t u d y . 

The a d e q u a c y o f s u c h a r e p r e s e n t a t i o n sec.2-11 u n d e r t h e s e 

s y s t e m c o n d i t i o n s c a n be a m a t t e r o f i n v e s t i g a t i o n . The s i m p l i c i t y 

o f t h e r e p r e s e n t a t i o n i s an a t t r a c t i o n b u t t h e q u e s t i o n o f t h e 

v a l u e s and c h a r a c t e r i s t i c s o f t h e s o u r c e r e a c t a n c e w i l l n eed 

f u r t h e r s t u d y . 

5-4-3 System L o s s e s . 

B e c a u s e o f t h e c l o s e s y s t e m d e s i g n t o l e r a n c e s demanded by 

economic c o n s i d e r a t i o n s , s y s t e m l o s s e s and t h e e f f e c t t h e s e have 

on s y s t e m b e h a v i o u r a r e b e c o m i n g . i n c r e a s i n g l y i m p o r t a n t . 

I n t h i s s t u d y , a t t e n t i o n i s g i v e n t o t r a n s f o r m e r and l i n e 

l o s s e s . C o r o n a l o s s e s a r e n o t c o n s i d e r e d b u t a s u g g e s t i o n how 

t h e s e c a n be a c c o u n t e d f o r u s i n g t h e i n c r e m e n t a l method i s made 

i n s e c . 3 - 3 . W i t h s u f f i c i e n t i n f o r m a t i o n o f t h e magnitude 

and v a r i a t i o n o f c o r o n a l o s s e s , some su c h s u g g e s t i o n c a n be u s e d 

t o a c c o u n t f o r t h e s e a d d i t i o n a l l o s s e s . 

5-4-4 The A n a l y t i c a l Methods. 

The a p p l i c a t i o n o f methods o f n o n - l i n e a r a n a l y s i s w i l l 

be h e l p f u l i n many a s p e c t s o f t h i s t y p e o f i n v e s t i g a t i o n . 

E x a c t s o l u t i o n s f o r e q u a t i o n s s i m i l a r t o t h e t y p e s s t u d i e d 
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a r e r e c e i v i n g some a t t e n t i o n ^ 6 6 ̂ 6 I n d i n t h i s r e g a r d , t h e method 

o f i n t e g r a l c u r v e s o f f e r s some p o s s i b i l i t i e s . The i n c l u s i o n o f 

a t e r m i n t h e e q u a t i o n t o a c c o u n t f o r sys t e m l o s s e s , t h e e s t a b ­

l i s h i n g o f a r e l a t i o n s h i p between t h e c o n s t a n t o f i n t e g r a t i o n C 

and a c t u a l s w i t c h i n g i n i t i a l c o n d i t i o n s a r e s u b j e c t s w h i c h may 

p r o v i d e f r u i t f u l r e s e a r c h . 
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Appendix 1 

The C o e f f i c i e n t s f o r Table 2-1 

R 
A 

a l = 

a 2 

a 3 

°2 

°3 

°4 

"2<S + U 1-1) 

-2(1 + (A 1-2) 
R, 

" 2 ( a + 1 + ^ (A 1-3) 

o1 = a 3 - a ; L (A 1-4) 

a 3 ( a i - a 3 ) (A 1-5) 

( a 3 - a 1 ) ( a 3 - a 2 - l ) (A 1-6) 

( a 3 - a 1 ) ( 2 a 3 a 2 - a 1 - a 3 + a. ) (A 1-7) 

2 2 2 4 °5 = ( a 3 - a - L ) ( a 2 + a 2 ~ 3 a 2 a 3 - a 3 + a 3 + 2 a 1 a 3 - l ) (A 1-8) 

c 6 = a 3 ( l - a 3 + 4 a 2 ) - 2 a 2 ( a 3 - a 1 ) - a 3 + a 1 + 3 a 3 ( l - a 2 ) (A 1-9) 
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A p p e n d i x 2 

A L i n e a r Example S o l v e d U s i n g t h e I n c r e m e n t a l Method. 

To d e m o n s t r a t e t h e v a l i d i t y o f t h e I n c r e m e n t a l method u s e d 

i n C h a p t e r 3, a s i m p l e l i n e a r example o f a r e s i s t a n c e R i n 

s e r i e s w i t h an i n d u c t a n c e L e n e r g i s e d by a v o l t a g e , 

e = E m a x ( S i n tot + © ) (A 2-1) 

i s c o n s i d e r e d . 

A s s u m i n g t h a t t h e i n i t i a l c o n d i t i o n s a r e 

t=0 

G = 0 0 (A 2-2) 

< 0 M 0 i 

t h e n a f t e r a t i m e i>2t u s i n g any s u i t a b l e l i n e a r t e c h n i q u e , t h e 

c u r r e n t 1 ^ 2 ) i s g i v e n by 
Rt„ E R t ~ - r - 2 , max - r - 2 i ( t 0 ) = i 0 e ~ L * + -ESS. r e" L * S i n ( 0 - O n ) 

E 
( R 2 + to2L2) 

2
 m 2 X

2 1 S i n ( « t 2 + 0 Q - 0) (A 2-3) 

where 

(R + to^/) 

t a n 0 = f 

S i m i l a r l y 
Rt-. E Rt 

i ( t , ) = i n e " L + _ 1 e~ L S i n ( 0 - Q n ) 
1 0 ( R 2 + to 2L 2)>  0  

E 
+ J 2 S 2 — S i n U ^ + 0 O - 0) (A 2-4) 

( R 2 + to2L2)2 

I n u s i n g t h e i n c r e m e n t a l method t o o b t a i n i(t2)> i n i t i a l 

c o n d i t i o n s a t t = t ^ ( t 2 > t ^ ) a r e c o n s i d e r e d . These a r e 
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t ^ 

1=1(1^) (A 2-5) 

© = © 0 + « t 1 

. *. a f t e r a t i m e " ^ " " ^ l * 

R ( t 0 - t , ) E R ( t 0 - t , ) 
i = K t j j e " L 2 1 + - 2 ^ = e ' L 2 1 S i n ( 0 - « t 1 - O ( ) ) 

( R 2 ±4&?) 

E 
+ _jnajx: S i n ( a ( t _ t 1 ) + . « t , + O n - 0 ) (A 2-6) 

S u b s t i t u t i n g t h e v a l u e o f i ( t ^ ) f r o m e q . (4) and s i m p l i f y i n g 

t h i s e x p r e s s i o n f o r i y i e l d s 

R t 0 E_ _ __ R t 0 

i = i n e " h  Z + r e" L * Sin(0-O n) 
0 ( R 2

 + A 2) 1 

E E t , 
+ -JSM r e ~ L ^ S i n ( t t t 0 + QN - 0) (A 2-7) 

( R 2 + « 2 L 2 ) 
2 2 T 0 

= i ( t 0 ) as g i v e n b y e q . (3) (A 2-8) 
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A p p e n d i x 3 

L a p l a c e T r a n s f o r m P a i r s f o r C h a p t e r 3 

The f o l l o w i n g d e f i n i t i o n s a r e u s e d : 

e l = e 

e 2 
- a t 

00 = oc2 + B 2 

2 2 j . « 2 ji0 = \i + a 

|i2 = (a-n)2 + 8' 
0, = T a n " 1 

1 JA 

0. = T a n " 1 2 t x t t 

B 2 - * 2 

©., = Tan' -1 8_ 
3 u^oc 

0, = T a n " 1 =|afL 
4 " a 2 - 8 2

+ « 2 

0- = T a n " 1 2-
5 -a 

c , f - c o n s t a n t s 

The f o l l o w i n g n i n e p a i r s and t h e i r c o m b i n a t i o n s a r e u s e d 

i n t h e c o m p u t a t i o n s f o r C h a p t e r 3. 
F ( s ) f ( t ) 

1 1 - a t 
s + a 

2 s + c (c-u)e"'it-(c-a)e"gt 

(s+a) (s+|j,) a-u. 

3 s + c 
(s+u.) (s+tx) 2 + B 2 1 ' ' " + 

j_(c-|i) e2"y(c-a)2+ B 2 S i n ( B t + 0 1 - © 3 ) 
2 a 

0, = T a n " 1 ̂  
1 c-a 
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4 s + f c + c 
(s+u) | ( s + a ) 2 + p2) 

2 
{\i - f\i + c)e1 

2 
*1 

I g . ~ \ ^ a 2 - p 2 - f a +c) 2+ p 2 ( f - 2 a ) 2 S i n ( 8 t + 0 2 - © 3 ) 

3 ( f - 2 a )  

0 2 = Tan 1 <x 2-3 2 -foc + c 

s^+ ft, + c 
5 (s+uMs+oO (s+a)2+ 3 2 

2 

(u - f u + c ) e 1 

(dr-u)(la-u)2 + 0 2) 
(J2-f/x + c ) e 2  

+
 (|A_<ft ((a-cf)2+ p 2 ) ^ 

(a2-32-fct+c)2+ 3 2 ( f - 2 a ) 2 

(c/-a)2+ 3 2 ) j(̂ -a)2+ p 2 | 

-1 3(f -2oc) 0 3= Tan 2 - Tan -1 3_ 

a -3 -fa + c -a 

e 2 S i n(3t+0 3-©, 

(c-u)El V ^ 2 " 
2 2 (s+fx)(s +a ) (s+a)2+ 8 2) u ^ 2 

S i n ( a t + 0 3 - © 1 - © 2 ) 

2V(c-a)2+ 3 2 

"1 2 
3 U j U g 

S i n ( p t + 0 4 - © 3 - © 4 ) 

0 4 = T a n " 1 & 

^ 5 = T a n _ 1 

7 s ( s + c) 
(s+(x)(s 2+« 2) (s+a)2+ p 2 

T h i s i n v e r s e f u n c t i o n i s o b t a i n e d 

by d i f f e r e n t i a t i n g t h e i n v e r s e 

f u n c t i o n ( 6 ) . 
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s ( s 2 + c s ) 
( s + u . ) ( s 2 - K * 2 ) ((s+oc) 2+ B 2) 

f u n c t i o n (7) y i e l d s t h i s f u n c t i o n , 

e1 S i n ( a > t - 0 1 - 0 2 ) 

D i f f e r e n t i a t i o n o f t h e i n v e r s e 

( s + u ) ( s ^ ) ( ( S + a ) 2
+ ^ ) ^ 2 - ( i o ( i 2 

+ — 2 " S i n ( 8 t - 0 -9 ) 
3 u ] [ a 2 
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A p p e n d i x 4 

D e - e n e r g i s a t i o n o f a ' L o n g - L i n e ' System. The Method o f  
I n t e g r a l C u r v e s . 

To e s t a b l i s h t h e p r o c e d u r e when more t h a n one s t a b l e 

s i n g u l a r i t y e x i s t s , an example o f a l o s s - l e s s s y s t e m i s c o n s i d e r e d . 

The 30 c . p . s . f r e q u e n c y i s i n v e s t i g a t e d when a 320 m i l e system 

i s d e - e n e r g i s e d . 

The f a c t t h a t l o s s e s a r e e x c l u d e d i n t h i s example d e t r a c t s 

f r o m t h e u s e f u l n e s s o f t h e r e s u l t . The i n c l u s i o n o f l o s s e s 

n a t u r a l l y e x c l u d e t h e e x i s t e n c e o f any s i n g u l a r i t i e s o t h e r t h a n 

( 0 , 0 ) . 

The e q u a t i o n d e s c r i b i n g s u c h a s y s t e m ( e q . 4-60) i s 

f3 + C~~ ( a 1 3 X + a 3 x 3 ) = 0 

a t 

U s i n g t h e p a r a m e t e r s o f s e c . 4-9 and p r o c e e d i n g i n t h e 

manner o f s e c . 4-11 t h e f o l l o w i n g e q u a t i o n s r e s u l t : 

2 

(A 4-1) 

T ( a , b ) A db 
d t ~ 2« 

3h . ,A 
a(a 2-<c 2) + — | - ^ 3 - ( a 3 + a b 2 + 2 a - 2 a b ) 

X(a,b) I f f 
26) b ( ^ ) + ^ 

2 2 
H — ^ — _ 2 a b+ j -C 

(A 4-2) 

3 

(A 4-3) 

The i n t e g r a l c u r v e s a r e g i v e n by 

4 2, 2 ,4 n 0 a . a b . b ./ 2,,2\ 1 + 
3 h 3 A 1 3 

—(« 2-« 2) + 2 
a b - 2 a 2 b + | -C =0 

(A 4-4) 

where C i s a c o n s t a n t . 

The I s o c l i n e s a r e g i v e n b y eq. ( 4 - 1 9 5 ) . 

S i n g u l a r i t i e s e x i s t a t t h e f i v e p o i n t s 

( 0 , 0 ) ; ( 0 . 9 9 , 0 * 5 7 ) ; (-0.99,0.58); (0.116,-0.07); (-0.116,-0.07) 
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A p p l i c a t i o n o f t h e c r i t e r i o n t o d e t e r m i n e t h e n a t u r e o f t h e 

s i n g u l a r i t i e s e s t a b l i s h e s t h e t h r e e p o i n t s ( 0 , 0 ) ; ( 0 . 9 9 , 0 . 5 7 ) ; 

(-0.99,0.58); as v o r t i c e s and t h e r e m a i n i n g two (0.116,-0.07); 

(-0.116, -0.07) as u n s t a b l e s a d d l e p o i n t s . 

The i n t e g r a l c u r v e p l o t - F i g . ( l ) shows t h e s e r e s u l t s i n 

g r a p h i c a l f o r m . 
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|b(t) 

INTEGRAL CURVES, 30 C/S 

FIG. ' 



191 

REFERENCES 

1. Fano, R.M., L . J . Chu, and R.B. A d l e r , " E l e c t r o m a g n e t i c F i e l d s , 
E n e r g y and F o r c e s " , J o h n W i l e y & Sons, I n c . , New Y o r k s 

1960, C h a p t e r T i l 

2. V a n V a l k e n b u r g , M.E., Network A n a l y s i s , P r e n t i c e - H a l l , New 
Y o r k , 1955, C h a p t e r 1 

3. K e l l e r , E.G., "Resonance T h e o r y o f S e r i e s N o n - L i n e a r C o n t r o l 
C i r c u i t s " , J o u r n a l , F r a n k l i n I n s t i t u t e , 225(1938)% 
561-11 

4. A d l e r , R.B., and L . J . Chu, E n e r g y T r a n s m i s s i o n and R a d i a t i o n , 
M a s s a c h u s e t t s I n s t i t u t e o f T e c h n o l o g y , 1957, 
I n t r o d u c t i o n 

5. Wagner, C.F., and R.D. E v a n s , S y m m e t r i c a l Components as A p p l i e d 
t o t h e A n a l y s i s o f U n b a l a n c e d E l e c t r i c a l C i r c u i t s , 
M c G r a w - H i l l Book Company, New Y o r k , 1933 

6. T u r n e r , H.M., " T r a n s i e n t C u r r e n t s i n T r a n s f o r m e r s " , J o u r n a l , 
F r a n k l i n I n s t i t u t e , 211, ( J a n u a r y 1931) 

7. F i n z i , L.A., and W.H. M u t s c h l e r , "The I n r u s h o f M a g n e t i s i n g 
C u r r e n t i n S i n g l e Phase T r a n s f o r m e r s " . , T r a n s . 
A . I . E . E . VOL.70, 1951, P. 323. 

8. Blume, L . F . , G. C a m i l i , S.B. Farnham and H.A. P e t e r s o n , 
" T r a n s f o r m e r M a g n e t i s i n g I n r u s h C u r r e n t s and 
I t s I n f l u e n c e on Systems O p e r a t i o n " , T r a n s . 
A . I . E . E . , VOL.63, 1944, P.366 

9. F l e m i n g , A., J o u r n a l , I n s t i t u t i o n o f E l e c t r i c a l E n g i n e e r s 
(London, E n g l a n d ) , 1892, P.677 

10. P e t e r s e n , H.A., T r a n s i e n t s i n Power-Systems, J o h n W i l e y & Sons, 
I n c . , New Y o r k , 1951, C h a p t e r I. 

11. H a r d e r , E . L . , and E . J . C a r l e t o n , "New T e c h n i q u e s on t h e 
A n a c o m - E l e c t r i c A n a l o g Computer", T r a n s . A . I . E . E . 
VOL.69, 1950, P.547 

12. Kimbark, E.W., P r i v a t e C o m m u n i c a t i o n w i t h t h e Department o f 
E l e c t r i c a l E n g i n e e r i n g , J a n . 1962 

13. P e t e r s o n , H.A., T r a n s i e n t s i n Power Systems, J o h n W i l e y &.Sons, 
I n c . , 1951, P r e f a c e 

14. Kimbark, E.W., Power System S t a b i l i t y V O L . I l l , C h a p t e r X I I , 
J o h n W i l e y & Sons I n c . , 1956, Nfew Y o r k , 



192 

15. P r e n t i c e , B.R., F u n d a m e n t a l C o n c e p t s o f S y n c h r o n o u s 
Machine R e a c t a n c e s , T r a n s . Supplement, 1-21, 
1937 

16. R a n k i n , A.W., "The D i r e c t - a n d Q u a d r a t u r e - A x i s E q u i v a l e n t 
C i r c u i t s o f t h e S y n c h r o n o u s M a c h i n e " , T r a n s . 
A . I . E . E . , VOL.64, 1945, P.861 

17. E . E . S t a f f M.I.T., M a g n e t i c C i r c u i t s and T r a n s f o r m e r s , 
J o h n W i l e y & Sons, I n c . , New Y o r k , 1943, 
C h a p t e r I I 

18. L o r d , H.W., "Dynamic H y s t e r e s i s Loop M e a s u r i n g E q u i p m e n t " , 
T r a n s . A . I . E . E . , VOL.71, 1952, P.269 

19. C o nover, W.B., "Method f o r t h e D e t e r m i n a t i o n o f H y s t e r e s i s 
Loop A r e a " , T r a n s . A . I . E . E . , VOL.70, 1951, 
P.485 

20. E.E. S t a f f M.I.T. M a g n e t i c C i r c u i t s and T r a n s f o r m e r s , 
J o h n W i l e y & Sons, I n c . , New Y o r k , 1943, C h a p t e r V 

21. L o r d , H.W., "An E q u i v a l e n t C i r c u i t f o r T r a n s f o r m e r s i n 
Which N o n - L i n e a r E f f e c t s A r e P r e s e n t " , T r a n s . 
A . I . E . E . , VOL.78, 1959, P.580 

22. S z a h l y a ^ , J . F . , "Time Dependent V e c t o r F u n c t i o n s i n 
E l e c t r o m a g n e t i c s " , U n p u b l i s h e d R e s e a r c h R e p o r t 
o f t h e E l e c t r i c a l E n g i n e e r i n g D e p t . , U n i v e r s i t y o f 
B r i t i s h C o l u m b i a , P a r t I I , C h a p t e r I 

23. V a n d e r P o l , H.B., O p e r a t i o n a l C a l c u l u s B a s e d on t h e Two-
S i d e d L a p l a c e I n t e g r a l , Cambridge U n i v e r s i t y 
P r e s s , Cambridge, 1950, C h a p t e r IX 

24. Ku, Y.H., T r a n s i e n t C i r c u i t A n a l y s i s , D. Van N o s t r a n d 
Company, I n c . , P r i n c e t o n , 1961, C h a p t e r X 

25. W e s t i n g h o u s e E l e c t r i c & M a n u f a c t u r i n g Company, T r a n s m i s s i o n 
and D i s t r i b u t i o n R e f e r e n c e Book, The L a k e s i d e 
P r e s s , C h i c a g o , 4 t h E d i t i o n , 1950, C h a p t e r IX 

26. H i l d e b r a n d , F.B., A d vanced C a l c u l u s f o r E n g i n e e r s , P r e n t i c e -
H a l l , I n c . , New J e r s e y , 1949, C h a p t e r I 

27. S t a f f o f t h e Bateman M a n u s c r i p t P r o j e c t , T a b l e s o f I n t e g r a l 
T r a n s f o r m s , M c G r a w - H i l l Book Company, I n c . , 
New Y o r k , 1954, C h a p t e r IV 

28. Sjz'ably.a;-> J . P . , "Time Dependent V e c t o r F u n c t i o n s i n 
E l e c t r o m a g n e t i c s " , U n p u b l i s h e d R e s e a r c h R e p o r t 
o f t h e E l e c t r i c a l E n g i n e e r i n g D e p t . , U n i v e r s i t y o f 
B r i t i s h C o l u m b i a , P a r t I I , C h a p t e r IX 



193 

29. K r y l o f f , N. and N. B o g o l i u l o f f , I n t r o d u c t i o n t o Non-
L i n e a r M e c h a n i c s , ( a f r e e t r a n s l a t i o n by 
Solomon L e f s c h e t z ) , P r i n c e t o n U n i v e r s i t y 
P r e s s , P r i n c e t o n , 1947, C h a p t e r IV 

30. Kimbark, E.W., E l e c t r i c a l T r a n s m i s s i o n o f Power and 
S i g n a l s , J o h n W i l e y & Sons, I n c . , New 
Y o r k , 1949, C h a p t e r X 

31. N i x o n , F . E . , Handbook o f L a p l a c e T r a n s f o r m a t i o n , P r e n t i c e 
H a l l , I n c . , New J e r s e y , 1960, S e c t i o n V I 

32. G a r d n e r , M.P., and J . L . B a r n e s , T r a n s i e n t s i n L i n e a r 
Systems, J o h n W i l e y & Sons, I n c . , New Y o r k , 
1942, A p p e n d i x C 

33. N i x o n , F . E . , Handbook o f L a p l a c e T r a n s f o r m a t i o n , P r e n t i c e 
H a l l , I n c . , New J e r s e y , I960, S e c t i o n I I 

34. Hughes, W.L., N o n - L i n e a r E l e c t r i c a l N e tworks, The R o n a l d 
P r e s s Company, New Y o r k , I960, C h a p t e r V I 

35. Ru'denberg, R. , T r a n s i e n t P e r f o r m a n c e o f E l e c t r i c Power-
Systems , M c G r a w - H i l l Book Company, I n c . , 
New Y o r k , 1950, C h a p t e r 50 

36. F i n z i , L.A., G. C a m i l i , S.B. Farnham and H.A. P e t e r s o n , 
" T r a n s f o r m e r M a g n e t i s i n g I n r u s h C u r r e n t s and 
I t s I n f l u e n c e on Systems O p e r a t i o n " , T r a n s . 
A . I . E . E . VOL.70, 1951, P.323 

37. L a n c z o s , C., A p p l i e d A n a l y s i s , P r e n t i c e H a l l , I n c . , 
New J e r s e y , 1956, C h a p t e r V 

38. L a n c z o s , C., A p p l i e d A n a l y s i s , P r e n t i c e H a l l , I n c . , 
New J e r s e y , 1956, C h a p t e r IV 

39. K e l l e r , E.G., M a t h e m a t i c s o f Modern E n g i n e e r i n g , VOL.11, 
J o h n W i l e y & Sons, I n c . , New Y o r k , 1958, 
C h a p t e r I I 

40. 'Cunningham, W.J., I n t r o d u c t i o n t o N o n - L i n e a r A n a l y s i s , 
M c G r a w - H i l l Book Company, I n c . , New Y o r k , 
1947, C h a p t e r V I 

41. K l o t t e r , K., " N o n - L i n e a r V i b r a t i o n P r o b l e m s T r e a t e d by 
t h e A v e r a g i n g P r o c e s s o f W. R i t z " , P a r t I , 
T e c h . R e p o r t No.17, D i v i s i o n o f E n g i n e e r i n g 
M e c h a n i c s , S t a n f o r d U n i v e r s i t y , 1951 

42. M c L a c h l a n , N.W., O r d i n a r y N o n - L i n e a r D i f f e r e n t i a l E q u a t i o n s , 
2nd E d i t i o n , O x f o r d U n i v e r s i t y P r e s s , New Y o r k , 
1947, C h a p t e r V I I I 

43. H a y a s h i , C , F o r c e d O s c i l l a t i o n s i n N o n - L i n e a r Systems, N i p p o n 
P r i n t i n g and P u b l i s h i n g Company, Osaka, J a p a n , 1953, 
C h a p t e r V 



194 

4 4 . Ku, Y.H., A n a l y s i s and C o n t r o l o f N o n - L i n e a r Systems, 
The R o n a l d P r e s s Company, New Y o r k , 1 9 5 8 , C h a p t e r 
V 

4 5 . Loney, S.L., P l a n e T r i g o n o m e t r y , Cambridge U n i v e r s i t y 
P r e s s , Cambridge 1 8 9 6 , C h a p t e r IV, P a r t I I 

4 6 . S t o k e r , J . J . , N o n - L i n e a r V i b r a t i o n s , I n t e r s c i e n c e P u b l i s h e r s , 
New Y o r k , 1950 , C h a p t e r V 

4 7 . P e t e r s e n , H.A., T r a n s i e n t s i n Power-Systems, J o h n W i l e y & 
Sons, I n c . , New Y o r k , 1 9 5 1 , C h a p t e r V I I 

4 8 . R;'udenberg, R. , T r a n s i e n t P e r f o r m a n c e o f E l e c t r i c Power 
Systems, M c G r a w - H i l l Book Company, I n c . , 
New Y o r k , 1 9 5 0 , C h a p t e r 50 , S e c t i o n B 

4 9 . P e t e r s e n , H.A., T r a n s i e n t s i n Power-Systems, J o h n W i l e y & 
Sons, I n c . , New Y o r k , 1 9 5 1 , C h a p t e r X 

50 . Kimbark, E.W., E l e c t r i c a l T r a n s m i s s i o n o f Power and 
S i g n a l s , J o h n W i l e y & Sons, I n c . , New Y o r k , 
1 9 4 9 , C h a p t e r X 

5 1 . S p e c h t , T.R., " T r a n s f o r m e r M a g n e t i s i n g I n r u s h C u r r e n t " , 
T r a n s . A . I . E . E . , 1 9 5 1 , V O L . 7 0 , P.323 

52 . Sonneman, W.K. , C L . Wagner, C D . R o c k e f e l l e r , " M a g n e t i s i n g 
I n r u s h Phenomena i n T r a n s f o r m e r Banks", T r a n s . 
A . I . E . E . , O c t o b e r 1 9 5 8 , V O L . 7 7 , P a r t I I I , P.1492 

5 3 . Kempj, '. P ? . " M a g n e t i s i n g C u r r e n t Wave Form", I E E , 
V O L . 6 3 , P.895 

54 . Hayward,C ?"Prolonged I n r u s h C u r r e n t w i t h P a r a l l e l T r a n s f o r m e r s " , 
T r a n s . A . I . E . E . , V O L . 6 0 , 1 9 4 1 , pp 1096-1101 

55 . K u r t z , E,"Transf ormer C u r r e n t and Power I n r u s h e s under L o a d " , 
T r a n s . A . I . E . E , V O L . 5 6 , August 1 9 3 7 , P.989 

56 . Knudsen, N.B., "Abnormal O s c i l l a t i o n s i n E l e c t r i c C i r c u i t s 
C o n t a i n i n g C a p a c i t a n c e " , T r a n s a c t i o n s o f t h e R o y a l 
I n s t i t u t e o f T e c h n o l o g y , S t o c k h o l m , No.69 , 1953 

57o P o r t n i o i , M .Go , "The O c c u r r e n c e o f Sub-Harmonic Resonance 
i n U n b a l a n c e d L i n e C o n d i t i o n s , E l e c t r i c T e c h n o l o g y , 
U.S.S.R., V 0 L . 4 , December 1959 

5 8 . B a r t h o l d , L . 0 „ , L„B„ J o h n s o n , A„J. S c h u l z , "Over V o l t a g e s 
F o l l o w i n g S e c o n d a r y S w i t c h i n g o f T r a n s f o r m e r s C o n n e c t e d 
t o H i g h V o l t a g e L i n e s " , F e b r u a r y 1 9 5 9 , V O L . 7 7 , P a r t I I I , 
P . 1 4 9 2 



195 

59. S h a n k l e , D.R. , E.R. T a y l o r J r . , " T r a n s m i s s i o n L i n e 
S w i t c h i n g S u r g e s as M o d i f i e d by T r a n s f o r m e r 
Impedance and A r r e s t e r O p e r a t i o n " , i b i d , 
P.1596 

60. K r a t z , E . F j L.V. Manning, M i l e s Manning, ''Eerroresonance i n 
S e r i e s C a p a c i t o r s - D i s t r i b u t i o n T r a n s f o r m e r 
A p p l i c a t i o n s " , T r a n s . A . I . E . E . , A u g u s t 1959, 
VOL.78, P a r t I I I , P.438 

61. K e r l i c e k , R.F., E.R. T a y l o r J r . , " F e r r o r e s o n a n c e o f Grounded 
P o t e n t i a l T r a n s f o r m e r on Ungrounded Power 
Systems", T r a n s . A . I . E . E . , A u g u s t 1959, i b i d , 
P. 607 

62. Gohar, N. Kamal, "A New Method o f T r e a t i n g N o n - L i n e a r 
P r o b l e m s w i t h A p p l i c a t i o n s t o I r o n C o r e d 
O s c i l l a t o r y C i r c u i t s " , T r a n s . A . I . E . E . , i b i d , 
P.771 

63. Van Ness, J . E . , " I t e r a t i o n Methods f o r D i g i t a l Flow S t u d i e s " , 
T r a n s . A . I . E . E . , VOL.78, 1959, P.583 

64. D y r k a c z , M.S., and D.G. L e w i s , "A New D i g i t a l T r a n s i e n t 
S t a b i l i t y Program'.', T r a n s . A . I . E . E . , VOL.78, 
1959, P.913 

65. B a r t h o l d , L.O., G.K. C a r t e r , " D i g i t a l T r a v e l i n g - W a v e 
S o l u t i o n s " , T r a n s . A.I.E.E.-, VOL.80, (December 
1961), P.812 

66. Soudack, A.C., " J a c o b i a n E l l i p t i c and o t h e r F u n c t i o n s as 
A p p r o x i m a t e S o l u t i o n s t o a C l a s s o f G r o s s l y 
N o n - L i n e a r D i f f e r e n t i a l E q u a t i o n s " , T e c h n i c a l 
R e p o r t No. 2054-1, A p r i l 24, 1961, S t a n f o r d 
E l e c t r o n i c s L a b o r a t o r y 

67. Hsu, C.S., "On t h e A p p l i c a t i o n o f E l l i p t i c F u n c t i o n s i n 
N o n - L i n e a r F o r c e d O s c i l l a t i o n s " , Q u a r t e r l y o f 
A p p l i e d M a t h e m a t i c s , VOL.17, ( J a n . I 9 6 0 ) 


