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ABSTRACT

The cost of capital has received much theoretical and
empiricél study in recent years. Two contradictory views
have emerged concerning the effect of capital structure on
the cost of capital. Writers such as Modigliani and Miller
maintain that the cost of capital is independent of the rela-
tive proportion of liabilities to owners' equity and depends
only on the risk associated with the type of business the
firm is in. The opposite view is taken by those writers who
support what is known as the traditional view. These writers
maintain that judicious use of debt can reduce the firm's
cost of capital.

The purpose of this paper is to determine which ap-
proach appears to be the more accurate in a real world situa-
tion. We first investigate the many difficulties associated
with the empirical tests which have been applied to evaluate
the two conflicting hypotheses. The problems associated
with these tests lead us to re ject them as a means of resol-
ving the cost of capital controversy. 1Instead, we choose a
theoretical approach. Based on suggestions made by Modigliani
and Miller and by the traditional writers, we postulate the
way in which debt and equity capitaiization rates are expec-
ted to respond to increases in the amount of debt in the capi-
tal structure. The Modigliani and Miller hypothesis and the
traditional hypofhesis are studied in detail and computer

models for each hypothesis are then developed. The hypothe=-



tically determined capitaiization rates are used as indepen-
dent variables in the models to develop relationships between
the dependent variables and the debt-equity ratio. The res-
ponse of the dependent variables to changes in leverage is
studied to see if it represents rational investor behavior.

Real world factors are introduced into the analysis.
Effects of corporate income tax on both the Modigliani and
Miller hypothesis and the traditional hypothesis are inves=
tigated. In addition, we study the way in which legal rest=-
rictions ahd limited personal {iability may restrict the Mo-
digliani and Miller arbitrage process.

The three computer models used in the analysis are de-
scribed in detail in the appendices. These models have been
developed so as to be as flexible as possibie. Adliparame-
ters are specified by the user, so the models may be adapted
to a variety of situations. Program listings and the output

used in our analysis are also included.
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CHAPTER 1

INTRODUCTION

The cost of capital has received a great deal of both
theoretical and empirical attention in recent years. How-
ever, the many studies, instead of providing a precise and
workable definition, have resulted in much controversy. That
this controversy warrants further study can be seen from the
foll@wing definition, which shows the importance of the cost
of capital in finance.1.

"The cost of capital for a firm is a discount rate

with the property that an investment with a rate of

profit above (below) this rate will raise (lower)

the value of the firm,"

Although the cost of capital fs easily defined, it is very
difficult to determine.

In part this difficulty results from the fact that the
finance f;nction is composed of three closely interrédated

problems:

"{. How large should an enterprise be, and how fast
should it grow?

2. 1In what‘form should it hold its assets?

3. What should be the composition of its liabilities?"
We observe that the cost of capital which determines the cut
of f point for future asset expenditures is itself influenced
by the type and amount of assets purchased. As Gordoﬁ states,
thelcost of capital is not a constant but "a function of the

level of the firm's investment with the parameters of the fun-



2
ction depending on the firm's dividend rate, debt-equity ratio,
rate of return on investment, and/or other variables." )

A major difficulty in determining the cost of capital
for use as an investment decision criteria results from the
fact that it does not compensate for the uncertainty atta-
ched to the possible returns from the firm's assets. Authors
such as Cord4. and Paines. have studigd ways in which risk
may be introduced, and have found that in many cases, pro-
jects with expected returns which exceed the estimated average
cost of capital should be rejected due to abnormal risk,
while other projects with low or negative rates of return
should be accepted because they reduce overall corporate risk.
They have determined an asset protfolio which provides the
optimum combination of return and risk.

Many authors have also studied the companion problem
of the optimum composition of liabilities and owners' equity
with which to finance the asset portfolio. It is in this
area that much controversy has arisen. Writers such as
Modigliani and Miller . characterize a group which maintains
that no matter what combination of debt and equity the firm
has in its capital structure, the cost that the firm pays to
acquire its capital is a constant. Many other traditional
writers, in a group of which Solomon7. is representative,
maintain that the judicious use of debt can reduce the firm's
average cost of capital and therefore reduce the cutoff rate

for investment project acceptance. It is the question of

whether or not the average cost of capital can be reduced
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through the use of debt that we wish to study in this paper.
We will study this problem in isolation, but before proceding,
it should be noted that an optimal capital structure for the
firm can only be determined through a consideration of its
assets. As Johnson indicates, "there are certain instances
where a ma jor investment will change the entire cost of cdapi-
tal function for a firm. A major investment in jet aircraft
apparently lowered the break-even point on'the airlines, with
a consequent reduction in their risk class, even though they
remained in the same type of business.” )

If we are to disregard the assef side of the firm's
balance sheet, our analysis must then be made by considering

all investment to be in assets which are similar in risk to

those already held by the firm.
Types of Risk

As Schwartz has noted, the individual firm faces two
types 6f risk. ) The first of these is the external or busi=-
ness risk. This is determined fromw{he stability of earnings
of the firm, and the sifety, liquidity and marketability of
its assets. The firm has no control over this type of risk
since it is dictated by the type of business the firm is in
and isrnot sub ject to any control by the financial decision
makers. Business risk can be excluded from our analysis by
considering capital structures only for firms in what Modig-

10.
liani and Miller have called "equivalent return" classes

1.
or in what Wippern has calied equivalent risk classes.



There are many ways in which these equivalent return or risk
classes can be defined. A standard statistical method would
be to include all firms in the same risk class if they have
similar coefficients of variation for income, where the co-
efficient of variation is measured by the standard deviation
of income divided by the mean expected income. It should be
noted that this method measures variation relative to size,
so firms of greatly differing size can be included in the same
risk class. Modigliani and Miller use an aiternative but
similar definition of risk class. They view the firm as
yielding a stream of profits over time, but the elements of
this stream are uncertain and extend indefinitely into the
future. However, the mean value of the stream over time is
finite and represents a réndom variable which can be desc=-
ribed by a sub jectively assigned probability distribution,
Then, the average value over time of the stream of income
accruing to the firm is the annual return to the firm, and
the mathematical expectation of this average is the expected
annual return,
The firm generates ansincome stream,

X(1)y X(2) eeoeeoeoonnnnnnesX(T),
whose elements afeasubject to the joint probability distri-
bution,

X [x (1), X(2),..............X(T):| .
Average annual return to the firm is: o

X = tim 1 > X(t)



so the expected annual return is:

X = E(X)
Then for firms in any given equivalent return class, the
ratio of the annual return to the expected annual return will
be a constant, ( aép = constant). All shares in any expec-
ted return class a?e equally desirable from the point of
view of business risk,

The other type of risk for the firm is the internal
or financial risk which depends on its capital structure.
This risk depends on the proportion of fixed commitment lia-
bilities to equity capital. 1In this paper, we will deal
with firms in a given risk class, and see if there is some
coméination of debt and equity which will result in a maxi-

mum value for the firm, and, therefore, a minimum cost of

capital.
Models of the Firm

There are two types of models which can be developed
to study the effect of leverage on the cost of capital. In
the first model, the company substitutes debt for equity.
This is the type of model presented by Mao.12. In this case,
the company is considered to have a fixed group of assets
which yield earnings of a given risk class., Initially, the
company has only equity in its capital structure. The ow=-
ners issue debt and retain the proceeds, thereby keeping the

earnings and assets constant. That is, the company issues

debt and uses the proceeds to redeem outstanding stock held
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by the owners. The advantage of this model is that it keeps
the assets constant, and so allows a direct comparison of the
value of the firm at varying levels of debt.

The second type of model is the one used by Solomon.jB.
In this model, as debt is issued, it is used to acquire ad-
ditional assets, so the company is allowed to expand. This
model permits the ready identification of the marginal cost
of eéch‘increment of debt. However, to derive useful results,
we must assume that the new assets purchased produce ear-
nings of the same yield and quality as the original assets.

For our work, we shall use a model of the first type.
As has been previously noted, an expansion of assets can ea-
sily change the risk class of the firm, so ideally assets
should be kept constant. Also, this model is the type used
by Modigliani and Miller, whose hypothesis we want to inves~-
tigate.

The models to be developed will be based on the fol-
lowing assumptions: |

1. The company has a fixed group of assets on which
it éarns a constant rate of return of a given quality. Equi-
valently, the company has expected earnings of Y, which be-
long to a given risk class. This means that we are not con-
sidering busfness riék in our analysis. We determine how
changes in leverage, and therefore financial risk, can inf=-
luence the value of companies with earnings of a given busi=-
ness risk.

2. The company is considered to have only two sources



of funds: long term debt and equity.

3. The structure of market capitalizatidn rates is
given and does not change over time. The debt and equity
markets establish capitalization rates to apply to firms in
a given risk class.

In determining these capitalization rates, the markets
will consider such factors as variability in earnings, length
of time the firm has been in business, the nature of the busi-
ness, their estimations for further success, and the ease with
which securities can be traded on the market. Since all these
factors have been considered in assigning capitalization rates
to earnings of a given risk class, the capitalization rate
within a particular risk class should be a function only of
leverage. Tﬁat is, by working within a given risk class, we
have extracted all business risk from our analysis and are dea~-
ling only with financial risk. This financial risk is then the
risk of default on debt. If the ratio of equity to debt is
high, the interest coverage within a given rfsk class will al=
so be high. Also, in the case of default, the asset value in
relation to the cilaim from senior securities is large. Then
the capitalization rates for debt and equity within any given
risk class should be a functionconly of the relationship of
debt to equity within the firm. 1In our studies, we 'shall use
capitalization rates which increase asbthe absolute amant of
debt in the capital structure increases. Functions of this
type are similar to those in which the capitalization rate is
a positive function of the debt-equity ratio or the ratio of

debt to total value. In the models to be developed, debt is
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used to replace equity so any increase in debt results in a de-
crease in equity. Therefore, positive functions of the amount
of debt are equivalent to negative functions of the‘amount of
equity, the equity to debt ratio, or the ratio of equity to

total value.

The Dividend Effect

It has been shown that the debt and equity capitaliza=-
tion rates should be functions only of the amount of debt in
the capital structure for earnings of a given risk class.
Then could two firms in the same risk class with the same ca-
pitalsstructure have diffefent equity capitalization rates due
to a difference in dividend policy? The controversy surroun-
ding the dependence of the equity Eapitalization rate on divi=-
dend policy is almost as great as that surrounding the effect
of capital structure on the cost of capital. While it is not
the purpose of this paper to resolve the dividend controversy,
some indication will be given at this time as to why we think
equity capitalfzation rates should be independent of dividends.
That is, we propose that expected future earnings are the
source of the value of a stock, so the cost of equity is mea-
sured by an expected earnings=-price ratio.

'Of those writers who regard dividends as being the
determining factor of stock prices, the foremost is M. J.
Gordon,14.who has provided both empirical and theoretical mo-
dels to support his views. In his empirical findings, he
uses regression analysis to show that share price is depen=-

dent on dividends, dividend growth rate, earnings variability,



and corporate size. Unfortunately, empirical studies of this
type reveal little about stock price dependence on dividends.
It is expected earnings and not present earnings that deter-
mine stock price. It seems likely that corporate diviaend
policy is more stable than present earnings and also reflects
hanagement's expectations of future earnings. Dividend po-
licy is set by insiders who should have the best possible
knowledge of the firm's expected future performance., Divi-
dends therefore are a better surrogate for expected future
earnings than are present earnings, which tend to fluctuate
widely.

.Gordon also provides a theoretical argument supporting
his dividend hypothesis.15. Since uncertainty increases with
time, investors prefer a certain sum today to a larger, un-
certain sum in the future. This leads Gordon tb postufate
that the rate at which dividends are discounted must increase

with time. If this is true, then an increase in earnings re-

tention will lead to an increase in the equity capitaliza-

tion rate. Lintner follows an analysis somewhat similar to
16.

Gordon's, He finds that, since uncertainty increases with

time and since uncertainty is Qiscounted by the investor, pre-
sent dividend payouts should be increased. This results be-
cause "the relevant marginal cost of capital is not only grea-
ter thén current earnings yields by amounts that increase

with the size of the budget, but is necessarily rising at

the optimum point."

Unfortunately, both Lintner and Gordon have combined
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the investment and financing decision. In their models, their
only source of funds for further corporate expansion is from
retained earnings. The company is prevented from issuing ad-
ditional debt or equity, and so will be faced by a continually
changing debt-equity ratio. 1In addition, the policies deve-
loped from their models would lead to eventual liquidation
of all companies by establishing too high a cutoff rate for
expenditure. What these authors have failed to do is to con-
sider the opportunity cost of paid out dividends. If the in-
vestor shows a preference for dividends rather than earnings
retention and growth, we must ask what he wants these divi-
dends for. If he answers that he needs the funds for con-
sumption, then he should not have bought the stock in the
first place. If he wants dividends to purchase other stocks
and diversify his portfolio, then he could probably accom=-
~plish this diversification more effectively by selling some
stock, If the investor has an investment which yields him
a higher utility than the stock, then instead of putting only
his dividends in this investment, he should sell his stock
also.

Many other authors have provided both empirical and
theoretical work to show that any preference for dividends
is irrational. Miller and Modigliani17. have shown that if
we assume:

1. perfect capital markets in which all traders have
equal and costless access to information about price and

other data, and there are no brokerage costs, transfer fees
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or tax incentives;

2. rational behavior in which investors prefer more
wealth to less and are indifferent between cash payments and
capital gains; and

3. perfect certainty in which every investor knows
the future profit and investment programs for the corporation;
then under these circumstances, we will get the equivalent
value for a share by discounting cash flow, by using an invest=-
ment opportunity approach, by discounting streams of divi-
dends, or by discounting streams of earnings.

Moreover, they can extend these results to the case of
uncertainty if every trader prefers more wealth to less
wealth, regardless of the form this wealth may take, and be-
lieves that other traders behave this way also.

Lindsay and Sametz support the use of earnings in
share evaluation. They state:18.

"Earnings are the fundamental determinant of stock

prices; the stockholder's preference for cash divi=-

dends versus capital appreciation depends primarily

on his personal marginal income tax rate. But since

stockholders tend to hold those stocks whose cash

payout ratio fits their own desires, stock prices

are influenced primarily by statistics on earnings,

not dividends."

Their views subport our contention that, if two firms
with the same debt-equity‘ratio (same financial risk) and
in the same risk class (same business risk) have different
dividend payout policies, both stocks will sell at the same
price, for each firm will be able to attract a group of

stockholders that approves of its dividend policy.

Irwin Friend and Marshall Puckett have presented both
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intuitive and empirical results to refute the dividend hypo-
19.
thesis. They think that, since investors continue to buy
shares at the prevailing market price, it is indicated that
this price offers a rate of return at least as high as could
be obtained from other investmehts of a comparable risk.
Then, if investors are willing to buy and hold these shares,
they should be indifferent if the present value of the addi-
tional future returns resulting from earnings retention equals
the amount of dividends foregone. Also, there is a tax ad=-
vantage favoring earnings retention as opposed to dividend
payout.

They cite three behavioral assumptions necessary if

retained earnings are to consistently receive a lower market

20.
valuation than dividends., These are:
"1. The average holder of common stock possesses, at

the margin of his portfolio, a very strong prefe-
rence for current income over future income (a
situation which could hardly be expected to persist
over time.)

2. The expected increase in earnings arising from
increased per share investment is viewed as invol-
ving a much higher degree of risk than that atta-
ching to earnings on existing corporate assets.

3. The profitability of incremental corporate invest-
ment, as viewed by shareholders, is extremely low
relative to the competitive yield prevailing in
the stock market." _

Since new stock, which implies the substitution of current
for future income, can be issued at mear market prices, this
serves to refute the first two assumptions. Since marginal

profit rates in most industries appear to be quite high, and

in growth industries, incremental investment is highly pro-
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fitable, the third assumption must also be faise.

They note that in any statistical studies where price
is regressed against both dividends and retained earnings, if
the coefficients of these terms differ, then the payout posi-
tion is not in equilibrium and stock price could be increased
by increasing either dividends or earnings retention. Their
empirical results show that, when other pertinent variables
are included, the coefficients for price and retained ear-
nings are nearly equal. In the models that follow, we will
assume that the equity capitalization rate is independent of

dividend payout, and depends only on leverage.
Limitations of Empirical Tests

To test the effect of leverage on the cost of capital,
many empirical tests have been made. The first of these was
made by Modigliani and Miller to support their contention
that the cost of capital was independent of leverage. They
defined the cost of capital as total earnings after tax di-
vided by the market value of all securities, and found that
this cost, when expressed as a function of the ratio of debt
to total value, was independent of the debt in the capital
structure. That is, if

Xt = a + bh,
V Vv

where: xt is after-tax earnings,
V is total value of the firm,

L is the amount of debt in the capital structure,
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the value of b is not statistically significant.

~One of the ma jor problems in any statistical work of
this type is to make certain that all data is for firms in
the same risk class. In a recent paper, Wippern attempted to
determine if "ob jective determinable risk classes exist?
And do these élasses correspond to industry groups?"21. As
a measure of business risk, he used the variability.of ope-
rating earnings per share for firms in eight industries, in-
cluding oil, electric utilities, paper and rubber companies.
Variability was measured by the antilog of the standard error
around the logarithmic regression of annual earnings over a
ten year period. His results showed that for the proxy va-
riable chosen, there was as much variation within particular
industry groups as there was among different groups. He
could only conclude that "induétry groups do not provide an
adequate basis on which td insure homogeneity of basic busi-
ness uncertainty."eg.

The data uéed by Modigliani and Miller were for elec=-
tric utilities and oil companies. As Fisher has noted, the
electric utilities do not constitute a valid group on which
to test the effect of financial risk on the cost of capital.QB.
These utilities are controlled by regulatory bodies which pre=-
vent them from maximizing profit. Then, if a decline in ear-
nings were to occur, the regulatory bodies would relax their
restrictions to allow earnings to return to a "fair" level.

A public utility with the same apparent business risk or

fluctuation in earnings as a manufacturing company would be
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much less likely to default on its debt. Also, as Barges poi-
nts out, for the utility sample only 8 of the 43 utilities
studied had debt to total market value ratios between 0% and
50%, and most of the observations were between 50% and 80%.24'
Then, if the cost of capital curve was actually saucer~shaped,
there would not be enough observations in the declining cost
portion. The findings of Wippern and Barges indicate a fun-
damental problem in using empirical tests to determine the
effect of leverage on the cost of capital.

If there is an optimal capital structure which results
in a minimum cost of capital, we would expect all firms in
the same risk class to have this capital structure. The fact
that there is a wide range of capital structures for the sam-
ples from the oil industry probably indicates that these firms
are not in the same risk class. Weston found that the oil
companies in the risk class used by Mpodigliani and Miller in-
cluded the following:25. "fully integrated oil companies, oil
companies strong in refinfng, oil companies strong in dis-
tribution; some regional in their operations, some with
heavy investments in troubled international regions; some
with stable, assured or rising income from petrochemicals
or uranium or other minerals." The oil companies, therefore,
could not bedong to the same fisk class.

In the equation used by Modigliani and Miller in their
empirical studies, V, which may be sub ject to random varia-

tion, appears in the denominator of both the dependent and

independent variables. This tends to improve the correlation
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and bias the results against the traditional view.

If the firms in the sample used by Modigliani and
Miller belonged to the same risk class, then we should only
need to include some variable describing financial risk. Un-=
fortunately, since at least those firms in the oil industry
belonged to different risk classes, other variables such as
growth and firm size should have been included. Weston found
that when growth was included, the lack of any change in the
cost of capital with changes in the capital structure was
the result of the negative correlation between leverage and
earnings:growth.es.

Finally, to refute Modigliani and Miller's empirical
results, we should note that this data indicates that the
"after-tax" cost of capital is independent of leverage. In
é subsequeht paper, they discover that due to corporate tax,
the use of debt should actually result in a decreasing cost
of capital, something their results do not show.

Modigliani and Miller undertook a second study for the
purpose of determining the cost of capital in the electric
utility industry.27. They used two stage least-squares reg-
ression to express the value of the firm as a function of the
tax deductability of the interest on debt, firm size, ear-
nings and raté of growth. Their model allowed them to intro-
duce debt as an additional explanatory variabie and they
found that the coefficient of the debt term was not statis-

tically significant for any of the three years studied.

There are many reasons why the results of their tests
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are not useful in our analysis. As noted previously, the ele=-
ctric utility industry is not representative of industry in

general. In fact, Wippern does not even consider it in his 8
28,

empirical investigation of the leverage effect. He states:

"The electric utility industry, one that is most fre-
quently chosen to test for capital structure effects,
was excluded from this sample because it is believed
to be an inappropriate group from which to draw con~
clusions regarding shareholder responses to financial
risk. Interest charges are included among the expen-
ses allowed by the commissions in determining electric
utility rates. Further, the regulatory agencies appear
to have a significant influence over the financial
structure adopted by firms in this industry. It is,
therefore, doubtful whether fixed commitment financing
exposes the electric utility shareholder to finan=-
cial risk in the same manner and/or to the same extent
as the shareholder of a non-regulated firm."

Modigliani and Miller do not attempt to gustify their
choice of the electric utility industry as a test for their
model. They note that:zg.

"corporate income takes are deductible in computing

the earnings allowed on the rate base. To the extent

that tax is thus passed on, the ultimate value of the

tax subsidy on interest is correspondingly reduced."
However, as Gordon observes, their model describes industries
in which the before tax earnings is an exogenous random va=-
riable whereas the result of utility regulation is to make
after tax earnings the exogenous variable. )

Furthermore, as Modigliani and Miller admit, their ob=-
jective is to estimate the cost of capital and not to test con-
flicting views about the effects of leverage on valuation.
They do not want a precise estimate of the leverage effect,
but only want to make certain that leverage will not signifi=-

cantly influence their results. From the results of the mathe-
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mafical models of Chapter V, the effect of leverage on the
cost of capital is not great. This is particularly so for
_reﬂatively safe industries such as regulated utilities where
the required debt yield should increase only slightly if at
all to compensate for the increased financial risk of leverage.
We must reject the results of this test made by Modig~-
liani and Miller. They have considered an industry which is
far from being typical. Business and financial risk is almost
non-existent due to reguiation. Moreover, the capital struc-
ture is controlled by the reguiatory agency so that the range
of capital structures required to test the cost of capital
hypothesis can not be found in the electric utility industry.
The empirical studies done by those espousing the
traditional view are also of limited usefulness. Weston has
analyzéd Modigliani and Miller's data, and after including
terms to compensate for growth and size, he found that these
data actually supported the traditional view. However, as
noted earlier, the electric utilities do not constitute a
valid sample and the oil companies are not a homogeneous risk
class, so the data cannot be considered as conclusive.
Barge331.used railroads, department stores and cement
companies to test the effects of leverage on the cost of ca-
pital. His data for railroads indicated that the cost of ca-
pital was a saucer-shaped curve. Unfortunately, most of his
effort was devoted towards determining how the équity capi=
talization rate changed with leverage. OData from these tests

can be of only limited usefulness in choosing between Modig=
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liani and Miller's approach and the traditional approach to
the effect of leverage on the cost of‘capital.

Ronald Wippern has tried to avoid the problem of risk
class determination by including business and financial risk
in a single variable. He suggests that the sub jective proba=-
bility distribution of future returns can best be determined
from a study of past performance. He determines the logari=-
thmic regression of income on time for a ten year period.
Then, knowing the standard error for the regression line and
the current income predicted from the regression line, he
determines the minimum expected income within a giyen confi=
dence interval. By comparing the fixed interest charges which
are a function of leverage to the minimum expected income,
he obtains a proxy uncertainty variable which includes both
business and financial risk. The results of his study tend
to suggest that effective use of leverage can reduce the cost
of capital beyond the advantage provided by tax deductability
of the interest charges. However, future business risk is a
function of much more than past earnings fluctuations. Also,
current fixed interest charges may differ greatly from future
expected interest charges. Until all investigators can agree
on exact measures of financial and business risks, any con=-
clusions based on arbitrary risk parameters will remain sus-
pect.

We doinot think that empirical tests can be developed
which will determine whether the average cost of capital is
a function of leverage. We have noted that it is aimost im=-

possible to get data for a homogeneous risk class which is
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necessary if we are to exclude business risk and study only
the influence of financial risk. The yield on equities will
always be influenced by market impérfections.N Institutional
restrictions and imperfect knowledge on the part of investors
will prevent unlisted or unknown stocks from selling at as
high a price as listed stocks, even though they may belong

to the same risk class. Since restricted lists exist for
banks and other institutions, certain stocks will have their
prices bid up. If the investor is irrational enough to be
ifnfluenced by dividends, stocks in the same risk class could
sell at different price-earnings multiples. In gathering data
for empirical tests, measurement errors may result. We have
no way of determining expected earnings for a growth stock,
so any capitalization rate calculated from current earnings
and price will be low. Due to the many problems involved in
empirical testing, we think that the cost of capital contro-
versy can be resolved only from a theoretical analysis of the
behavioral characteristics suggested by the models developed
by Modigliani and Miller and the traditionalists. In the fol=
lowing chapters we shall develop each model and examine the
type of behavior required from investors if the models are to

be correct.
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CHAPTER 11

THE MODIGLIANI AND MILLER HYPOTHESIS

Assumptions

Modigliani and Miller1. propose that the average cost
of capital to the firm is independent of the firm's capital
structure. They maintain that the real cost of debt to the
firm after taking into account the increase in the equity ca~-
pitalization rate resulting from increased leverage, is such
that the marginal cost of capital must be equal to the ave=-
rage cost of capital. This implies that the total market
value of a firm is unaffected by the composition of its capi=-
tal structure.

In their initial model, Modigliani and Miller make the
following assumptions:

1. They first assume that all firms can be grouped
in homogeneous risk classes. As shown in the introduction,
this implies that investors regard income from all firms in
a given class as equally risky. Although the absolute amount
of income may differ (the firms may be of different sizes),
the variation in income as compared to mean expected income
is equal throughout the class, so a uniform capitalization
rate, Ko, .may be applied to the earnings of all firms in
the risk class.

2. All investors have assigned the same sub jective

probability distribution to the returns of a particular firm
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in a given risk class. This means that all present and future
investors will have identical estimates of the expected ave=-
rage income, X.
3. All stocks and bonds are traded in perfect capital
3.
markets., As defined by Modigliani and Miller,
"in perfect capital markets, no buyer or seller (or
issuer).of securities is large enough for his trans-
actions to have an appreciable impact on the then
ruling price. All traders have equal and costless
access to information about the ruling price and
about all other relevant characteristics of shares.
No brokerage fees, transfer taxes or other trans-
actions costs are incurred when securities are bought,
sold or issued, and there are no tax differentials
either between distributed and undistributed profits
or between dividends and capital gains."
Since markets are perfect, investors are assumed to be able
to borrow unlimited amounts at the same borrowing rate faced
by corporations.

4, In the first model developed by Modigliani and
Miller, they do not consider corporate income tax. This
means that ahy tax incentive resulting from debt financing
is neglected.

Working within this framework, we will now develop the
arguments put forth:by Modigliani and Miller. We will find
. that their model is consistent with the assumptions made,
but when real world characteristics such as corporate taxes,

fimited liability, and investor attitude toward risk are in-
troduced, the model will lead to paradoxical results.

Throughout our analysis, the following symbols will
‘be used. Since all models may be considered as describing

different firms in the same risk class but with a different
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composition of debt and equity, or as describing the same
firm with earnings characteristic of a given risk class but
with a changed debt-equity ratio, no subscripts will be used

to refer to different firms.

X = expected annual return on assets, where X is de-
termined as in the introduction.

L = amount of debt in the capital structure (at mar-
ket value.)

8 = amount of equity in the capital structure (at
market value.)

V. = L +8 = total market value of the company.

Ki = debt capitalization rate. 1t is determined by

the debt market and is assumed to remain con-
stant over time., Since it is a value assigned
to a particular risk class, it can only be a
function of the capital structure of firms
withincthe risk class to which it is assigned.

X
®
i

equity capitalization rate. It is assigned by
the equity market to equity of firms within

a particular risk class, so is a function only
of capital structure. It is assumed to remain
constant over time.

Y = return to investor from a given investment port-
folio.

Ko = average cost of capital to firms within a par=-
ticular risk class. (It replaces @ in Mo-
digliani and Miller's analysis.)

A complete list of symbols is given in Appendix I.

Proposition 1

Consider any firm in a given risk class and having
earnings X. Then the value of this firm is given by:
V = L +8
(1) =

=Ixi
@]
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Modigliani and Miller's Proposition 1 states that v, "the mar-
ket value of any firm, is independent of its capital struc-
ture and is given by capitalizing its expected return at the
rate, Ky, appropriate to its class." )

Alternatively stated,
(2) X -

so for firms in any given risk class, "the average cost of
capital to any firm is completely indeﬁendent of its capital
structure and is equal to the capitalization rate of a pure
equity stfeam of its class.”S.

Working within their'assumptions, they prove Proposi-
tion I by showing that if two firms in the same risk class;
but having different degrees of leverage in their capital
structure, have different values, then through what they call
arbitrage, shares will be bought and sold until, at equilib-
rium, the firms will have the same value.

Suppose both Company 1 and Company 2 are in the same
risk class, and have equal expected earnings, Y1 = 72. Now
suppose Company 2 is levered and has a value higher than un-
levered Company 1. An investor having an amount of shares,

sp, in Company 2 and therefore owning a fraction/of the com-

pany, &= S2, will receive the following return from his
82

portfolio:
(3) Y2 = O((.)-(.- K‘LQ)
If he wishes to sell his shares in Company 2, he would re-

ceive an amount, X 8p. Before he can invest in the unlevered



company, if he wishes to keep his financial risk in Company 1
the same as it was in Company 2, he must acquire some perso-
nal debt. Now, by pledging his new holdings in Company 1 as
collateral, he will borrow an amount, A Lp. This means that
through his "homemade leverage" he has preserved the same
debt-equity ratio he had in Company 2. That is, his new in-
vestment has the same financial risk as his old one. With
the proceeds from his sale of stock plus his personal borro-
wing, he can purchase an amount ®(S2 + Lp) of the shares of
the unlevered Company 1. He now owns a fraction:

51 (82 + L2)
57 84

H

After he pays the interest on his personal debt, his total

earnings from this new portfolio are:

Y1 = (82 +12) X - KjoLp

St

<

(4) = X_2F . KiXLo
1

Comparing equations (3) and (4), this arbitrage process wi il
remain profitable as long as Y{ > Ypo. Arbitrage will only
stop when Y1 = Yp, and at this time Vq will equal Vo.
Modigliani and Miller conclude that levered companies cannot
command a premium éver unievered companies because investors
can use personal leverage as a perfect substitute for corpo-
rate leverage.

Now consider the possibility that the levered Company
2 has a lower value than the unlevered Company 1. That is,

Vo < Vq. Now an investor will find it profitable to "switch"
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the shrares of Company 2 for his shares of Company 1.
His return from his holdings in Company 1 is:

(5) Yi = 51X = «X.
S1
If his financial risk is to remain constant, he must purchase

an amount of equity,

Lo
| = =4
This will give him a claim to the same share of earnings in

Company 2 that he had in Company 1. By acquiring this mixed
portfolio, the investor "undoes" the leverage of the firm,
Modigliani and Miller state that "it is this possibility of
undoing leverage which prevents tﬁe val ue of leveged firms
from being greater than that of unlevered firms." )

The return from his new holdings of equity and debt in

Company 2 is now:

Yo = 82 (X - KijLp) + Kijlo
S .
= iL(Y-Kil-z)+Ki.‘:£-.s1
Vo ‘ 2
(6) = 51X = x5 %

Comparing equations (5) and (6), if Vo is less than
819, then it will pay the stockholder to se!l his shares in
Company 1 and replace them with the debt and equity of Com=-
pany 2. Only when the value of the two firms are equal

(84 = Vo, where firm 1 has only equity in its capital struc-
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ture) will the arbitrage stop.

Proposition 11

Proposition Il states that "the expected yield of a
share of stock is eddal to the appfopriate capitalization
rate, Kg, for a pure equity stream in the class, plus a pre-
mium related to financial risk equal to the debt-to-equity
ratio times the spread between Ko and Ki."7' That is,

(7) Ke = Ko + (Kg = Kj) L/S
This is established as follows. The equity capitalization

rate can be given by:

(8) Ke = X = KijlL
3

But from Proposition I, equation (1), we know that
X = Ko(s + L)

Making this substitution for X in equation (8), we get equa-
tion (7), which is Proposition II. Proposition Il as deter=-
mined in this fashion has no independent logic. It is deri=-
ved from an expression for expected yield and from the ave-
rage cost of capital hypothesis given in Proposition I,

Proposition II1 can also be developed from the defini=-

tion of the average cost of capital.

Let w1 = debt = L
total value \
wo = equity = 38
total value Vv
Also, V = L + S. Then,

(9) KO = W1Ki +W2Ke
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Ke = Ko = WiK;
w2
Then substituting for wj and w2,
L.
~.
v
(7) = Ko + (Ko - Ki)k

3
Since Proposition I has not been used, the above rela-

tionship can be used to describe the behavior of Ke in the
models of both Modigliani and Miller and the traditional wri=-
ters. However, the model as used by Modigliani and Mifler
keeps Ko constant, so Ke is a linear function of leverage.
The traditional writers treat Kg as.a variable which depends

on the capital structure and the values of Ke and Kj.
Effects of Corporate Tax

‘Modigliani and Miller then remove assumption 4 and
consider corporate tax in their analysis. When corporate tax
is included, the value of a firm within a risk class becomes
a function of the tax rate and degree of leverage as well as
the ‘expected after-tax returns. This means that there is a
tax advantage to using debt so that increased leverage will
result in a higher value for the firm and, therefore, a lower
cost of capital. Modigliani and Miller note that the valua-
tion implied by their model now comes closer to that predic-
ted by the traditional model. However, it is their view that
this reduction in the cost of capital through the use of debt

occurs only because of present tax laws and not because debt
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is inherently cheaper.

As before, the long run average earnings before inte=-
rest and taxes can be denoted by X for the firm in a particu-
lar risk class. Then, if we let Z =X / X, all firms in
the same risk class will have the same value of Z. The ave=-
rage earnings, X, can be expressed as XZ. Now, X°, the ave-

rage earnings after tax but before interest, is given by
+

X = (1 =7T)(X - KjL) + KjL
= (1 -t)X + TKjL
(10) = (1 =71)XZ + tk;L
where X is the corporate tax rate, but
E(x¥) = X = (1 -%)X +%¢ kL.

S -’t

So, replacing (1 =X )X in equation (10) by X =~ TK;L gives
-Y

(11) xT = (X _=YKjL)Z + TKjL

= X (1 -TKiL)z + tkiL
'i”t

Now the distribution of X' is seen to depend on the
tax rate and the degree of leverage (where (KiL)/ X" is a
measure of leverage) as well as on the value of Z for the risk
class to which the company belongs.

From equation (10) we see that the long=run average
stream of after-tax earnings is composed of two parts. The'
first is an uncertain stream, (1 -t)XZ, where the uncertain-
ty associated with this stream is dependent on the risk class
to which the firm belongs. The second is a virtually cer=-
tain stream resulting from the tax deductability of interest

payments. This stream is certain to the extent that the tax
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deductability can be applied against current income or car-
ried forward or back to offset income of other periods.

Since the two streams have different degrees of uncertainty,
they should be capitalized differently. The value of an un-
levered company, V_,, can be determined by capitalizing after-

tax earnings at a rate, Ko. Then,

Ve = (=X
Ko
where Ko is now the appropriate cost of capital after tax.
The certain stream generated by the debt should be
capitalized at a rate Kj. Then the value of a levered firm
is determined by capitalizing the risky portion at a rate

Ko and the certain portion at a rate Kj. Then,

vp = (1 =)X + _EKjL

Ko Kj
(12) = vy, + TL
Equation (12) implies that the value of a levered firm

is equal to the value of an unlevered firm of the same risk
class, plus an additional amount which increases with both
the amount of debt in the capital structure and with the le-
vel of corporate taxes. We note that the additional term
resulting from the tax saving has been capitalized at a more

favorable rate than the uncertain stream.
Development of a Computer Model

To appraise the validity of Modigliani and Miller's
hypothesis, we wish to study the shape of the function for

Ke and the value of the firm after tax as the amount of debt
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in the capital structure changes. A computer program is de-
veloped based on the assumptions and equations of Modigliani
and Miller to provide the required information, This program,
and its output are given in Appendix II.

As noted in the introduction, the type of model used
by Modigliani and Miller in their theoretical development as=-
sumes that the firm has a fixed group of assets and receives
constant earnings from them, characteristic of the risk class
that the firm belongs to. This means that in our analysis,
X is treated as a constant. The firm is valued in the case
when there is no corporate tax, by capitalizing its earnings
at a rate characteristic of its risk class as given in equa~

tion (1),

When corporate tax is included in the analysis, the
firm is valued by equation (12).

(12) Ve o= (1 =X)X o+t
K

o

The debt capitalization rate is first determined by
using a hypothetical function to describe the behavior of
the debt market., We have noted the many difficuities encoun-
tered when empirical data is analyzed to determine functions
for Ke, Kij, etc. Then, instead of using empirical data, we
postulate what we consider to be a reasonable function for
the dependence of K; on the level of debt in the capital st-

ructure, based on characteristics that both Modigliani and

Miller and the traditional writers seem to agree upon. Both
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schools agree that Kj should be almost constant for the first
small increments of debt. Then, as the amount of debt increa=-
ses, the capitalization rate shou!d increase at an increasing
rate. The following functions have been developed to deter=-
mine Kj in the Modigliani and Miller mode! and alsb in the
traditional and net income models of the following chapter.
(13) Ki = a + bL
where: a = a constant arbitrarily chosen at 5%4. It should be
noted that the value of 'a' depends both on
current economic conditions and on the risk
class to which the firm belongs.

b = rate at which the capitalization rate increases
for each successive unit of debt in the capi-
tal structure.

L = amount of debt in the capital structure.

Equation (13) shows that the required debt yield is

a linear function of the amount of debt. This linear function
does not represent rational behavior and can be shown to

give paradoxical results when used in the traditional model.
(14) Ki = a +bL?

This function shows an increasing aversion to debt as
the level of debt increases. 1In this respect, it represents
rational behavior.

(15) Ki = a + bL?

This function shows an even greater investor aversion
to increased levels of debt than did equation (14). Equa-
tion (14) may be characteristic of behavior of debt holders
in industries which have a relatively stable level of ear-

nings, such as requlated utilities, while equation (15) could

be characteristic of the behavior of debt holders for an in=
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dustry where earnings fluctuate more rapidly, such as the
auto industfy.

It has been suggested that the debt capitalization rate
may remain constant as small amounts of debf are introduced
into an all-equity capital structure. Then, when the amount
of debt exceeds a certain level, the debit capitalization
rate increases sharply with subsequent increments of debt.
This suggests use of the following types of equations to des-
cribe the dependence of the debt capitalization rate on the

amount of depbt in the capital structure:

(16) Ki = a + b(L - &)
(17) Ki = a+b(L-"m°
(18) Ki = a +b(L = x)°
(19) Ki = a, for L< A

It should be noted that equations (13), (14), and (15) rep-
resent limiting cases of the above equations when A = O.

This program permits the user to specify the values
for the parameters a, b, and A and also whether he wishes
to use a firét, second or third order equation to determine
the cost of debt.

The user specifies the value of K, to use in equations
(1) and (32). In our analysis, we have used a value of 7%
which corrééponds to the after-tax equity capitalization rate
used in the traditional model when there is no debt in the
capital structure.

The Modigliani and Miller model first calculates the
value of the firm assuming there is no corporate tax. Since

it uses the after~tax capitalization rate to do this, the
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results are not realistic, but do not affect the basic shape
of the curves, so the data is still useful for our analysis.

After the value of the firm is found, the value of the
equity, S, is determined., The ratios of debt to total value
and equity to total value aré then determined. The equity
capitalization rate before tax is then uniquely determined
from equation (20).

(20) Ke = (Ko = wiKj)
w2

Using equation (12), the value of the firm after tax is then
calculated. Knowing the:value of the firm after tax and the
amount of debt in the capital structure, the value of the
equity is then determined. Then the equity capitalization
rate is found by dividing the earnings accruing to the equity
by the after-tax value of the equity. In the Modigliani and
Miller model, the cost of equity is dependent on the cost of
debt and the value of the firm as given by equation (1) in
the before-tax case, or equation (12) in the after-tax case.
In this model, Ke is the dependent variable and Ko and Kj
are the independent variables.

This program uses an iterative procedure and opera-
tes as follows. The program uses the debt capitalization
function, earnings capitalization rate Ko, earnings Y, tax
rate T , and increment to debt as specified by the user.
Initially, the program assumes that there is no debt in the
capital structure. 1In successive iterations, the program

increases the debt by an increment specified by the user.



The output from the program then gives the following values
for varying amounts of debt:

the value of the firm before and after tax,

the after-tax cost of capitai,

the before-tax and after-tax debt-equity ratio,

the value of equity before and after tax,

the average cost of debt,

the average cost of equity before and after tax.

The program adds successive increments of debt and

terminates when all the equity has been replaced by debt.
Footnotes

1. The analysis in this chapter is based primarily on their
papers, "The Cost of Capital, Corporation Finance,
and the Theory of Investment", pp. 261-97, and
"Corporate Income Taxes and the Cost of Capital:
Correction", American Economic Review, Vol. LIII,
No. 3, June, 1963, pp. 433%=43,

A

2. In their analysis, Modigliani and Miller use © as the
capitalization rate applied to earnings of a given
risk class., We will use K, instead of © so that the
symbols used in the Modigliani and Miller analysis will
be consistent with those used in the net income and
traditional analysis.

3., Miller and Modigliani, op. cit., p. 412,

4. Modigliani and Miller, "The Cost of Capital, Corporation
Finance and the Theory of Investment", p. 268,

5. ibid., p. 268.
6. ibid., p. 272,
7. ibid., p. 270
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CHAPTER II11

THE TRADITIONAL HYPOTHESIS

The Net Operating Income Approach

The Modigliani and Miller hypothesis described in the
previous chapter is what Durand1gas called the net operating
income approach to valuation of the firm. When this approach
is used, the net operating income is capitalized using a rate
characteristic of the risk class to which the firm belongs,
to determine the total value of the firm. The value of the
equity is then found by subtracting the amount of debt from
the total value. Then, as long as the debt capitalization
rate does not change, the equity capitalization rate is a
linear function of the debt-equity ratio and is given by
Modigliani and Miller's Proposition II. An example will make
this clear. Suppose a company belongs to a risk class in
which total earnings of $1,000 are capitalized at 104. Sup-
pose this company has $2,500 of debt at 4% in its capital

structure. Then the value of the equity is given as follows:
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Table 1
VALUE OF THE CORPORATION
NET OPERATING INCOME MODEL

Net Operating Income ‘ $1,000
Capitalized at 10% x 10
Total - Value 10,000
Less Total Debt 2,500
Value of Equity $7,500

We should note that because of Proposition I, the to-
tal value of debt and equity must always be $10,000, regard-

less of their proportions.
The Net Income Approach

The alternative approach is what Durand calls the net
income method. In this method, interest charges are first
subtracted from the net operating income. The remaining
net income is then capitalized at a rate applicable to that
risk class to determine the value of the equity. If the equ-
ity capitalization rate is 10%, then for the firm described
above, the value of the equity is now determined as follows:

Table 11
VALUE OF THE CORPORATION
NET INCOME MODEL

Net Operating Income $1,000
Less Interest - 100

Net Income 900
Capitalized at 10% x 10

$9,000
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Now the value of the equity is seen to be $9,000 instead of
$7,500 as determined by the net operating income method.
Furthermore, the value of the firm is now given by the total
of debt and equity, so it is now $11,500. We note that the
value of the firm increases as the amount of debt in the
capital structure increases.
Table 111
EFFECT OF CAPITAL STRUCTURE ON VALUE
NET INCOME MODEL

Amount of Debt 0 1,250 2,500
Value of Equity 10,000 9,500 9,000
Total Value $10,000 $10,750 $11,500

The proponents of the net income method do not suggest
that the procedure of replacing debt with equity and thereby
increasing the value of the firm can continue indefinitely.
The view of those supporting the net income approach to val-
uation is that for firms in a given risk class, the market
value of the firm will first rise as the amount of debt in
the capital structure is increased from zero to some point
determined by the capital market's evaluation of the finan-
cial risk associated with varying degrees of leverage. Be-
yond this point, investors require a higher yield on equity
to compensate for the increased financial risk resulting from
leverage. This means that any "saving" from the use of debt
is offset by the increase in "eost™ of'equity, so the value

of the firm remains almost constant. At even higher amounts
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of debt, both debt and equity purchasers regard their holdings
as very risky. The much higher yield that they demand results

in a rapid decrease in the value of the firm.
Two Possible Computer Models

We now wish to describe two different models. We de=-
velop a "net income model" and a "traditional modei". It
should be noted that this terminology is similar to that used

2.
by Weston, but many writers tend to use the two terms inter-
changeably.

The net income model may be regarded as describing a
possible extreme of investor behavior. It is used here since
it was suggested by Modigliani and Miller as a theoretical

3.
alternative to their hypothesis. They state:

"Without doing violence to this position (traditional

hypothesis), we can bring out its implications more

sharply by ignoring the qualification (that the ear=-
nings=-price ratio or its reciprocal, the times-ear-
nings multiplier, of a firm's equity will be only
slightly affected by moderate amounts of debt in the
capital structure) and treating the yield as a vir=-
tual constant over the relevant range."

This means that in what we have chosen to call the net
income model, the equity holder is regarded as considering
the moderate use of debt as not increasing financial risk
sufficiently to warrant any increase in the equity capitali=-
zation rate. After a given level of debt is reached (depen-
ding on the risk class to which the firm belongs), the equity
and debt capitalization rates increase rapidly.

In what we call the traditional model, we describe the
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investor as thinking that any use of debt results in increased
financial risk. Even moderate use of debt results in an in-
crease in the equity capitalization rate. The first deriva-
tive with respect to debt of the equity capitalization rate
is a positive increasing function of the amount of debt. The
equity holder regards increasing levels of debt as resulting
inamore than proportionate increase in financial risk.

The net income model is developed as follows. The ca-
pitalization rates for both debt and equity are set by the
market. As in the model developed to test the Modigliani and
Miller hypothesis, a choice of three functions is available
to determine the interest payments on debt. These functions

take the same form as in the Modigliani and Miller model.

(16) Ki = a +b(L - &)

(17) Ki = a +b(L - &)

(18) Ki = a+b(L-R)7

(19) Ki = a, for L< A

As in the previous mﬁdel, Ki = a, in all cases where L < A,

Also, since equity capitalization rates are now set

by the market, we have a choice of three functions for Keg:

(21) Ke = ¢ + d(L - &)
(22) Ke = c +d(L - B)2
(23) "Ke = ¢ + d(L - %)
(24) Ke = ¢, for LL A

By using functions of this type, the equity yield re=-
mains constant until the amount of debt in the capital struc-

ture is increased to the level at which L = A. This is in
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keeping with the ob jectives of the net income model. Once
the amount of debt exceeds K, the required yield increases

at a rate which depends on the function selected. Equation
(21) implies irrational behavior since aversion to financial
risk is expressed as a linear function of the amount of debt.
Equations (22) and (23) describe investors who require yields
which increase rapidly when the level of debt exceeds A.

In the analysis which follows, we assume that, initial-
ly, the debt holders require 5% interest on their holdings
and that the yield on equity must be 7%. Corporate earnings
must be sufficient to pay 5% to the debt holders and also
return 7% after tax to the equity holders. These numbers
are chosen because they are thought to be realistic for in-
vestors holding securities of a firm in a moderate risk class.
It should be noted that the programs can be readily adapted
to other interest rate functions. 1In addition, the level at
which the capitalization rates first increase can be varied
by changing A and the rate at which they increase can be
changed by specifying b and d.

The total market value of the firm for the net income
and traditional models is determined from an equation such as
the one given by Lindsay and Sametz: )

vV = L +38
(25) L +X = KjL
Ke

for the case when there are no corporate taxes, or, as given

by Mao, when corporate taxes are included:



(26) V = L + (X = KiL)(1 -T)
Ke

where all variables have been previously defined.

In equation (26), the second term on the right hand
side expresses the value of the equity as being the sum in
perpetuity of the net after-tax earnings to equity. It shoulid
be noted that X is the expected average return on assets as
specified in Modigliani and Miller's method of risk class de-
términation, so all growth and fluctuation in earnings have
been considered in determining X. The value of the equity can
then be accurately determined by applying a capitalization
rate characteristic of its risk class.

The programs operate as follows. The user specifies
the type of function he wants for Ke and Ki, including the
level of debt, A, up to which Ke and Ki are considered to re-
main- .constant. He specifies the expected average earnings
on assets, X, which in our analysis is considered to be $75.
The tax rate and increment to debt are also specified. The
programs then perform a series of calculations to determine
the value of the firm, value of equity, debt and equity yields,
average cost of capital and other parameters for various levels
of debt. The equations used are equation (26) and equation
(9), which expresses the average cost of capital as a func=-
tion of the cost and amounts of debt and equity in the capi-
tal structure:

(9) Ko = wyKj + waKg

The traditional model is identical to the net income
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model in all respects except for the functions describing Kg
and Ki. The traditional writers suggest that equity holders
are averse to even small increases in debt. Then, instead

of keeping Ke constant until a debt level of A is reached,
the capitalization rate should increase slightly as soon as
any debt is introduced into the capital structure. Equations
that can be used to describe the required debt yields are the

same as equations (13), (14) and (15):

(13) Ki = a + bL
(14) Ki = a + bL2
(15) Ki = a + bl

The equity capitalization rates can be given by the

following equations:

(27) Ke = ¢ + dbL
(28) Ke = c +dL?
(29) Ke = ¢ + dL3

A program listing, instructions for use, and output
of the traditional model is given in Appendix III. The net

income model is given in Appendix 1V,

Marginal Cost of Debt

Also included in the programs for the traditional mo-
del and the net income model are procedures to calculate the
marginal cost of debt for the type of model developed by Mo-
digliani and Miller and for the model developed by the tradi=-

tional writers. Although the marginal costs will not be
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analyzed in depth, their relationship to the average cost
curve and the maximum value of the firm will be consfdered
in the following chapters.

In the model developed by Modigliani and Miller, the
total value of assets is kept constant and debt is used to re-
duce equity holdings (dL = =dS). In determining the margi-
nal cost of debt, we need consider only the cost of the new
increment of debt plus the way in which the new debt influen-
ces the return required on the previous debt. The marginal

cost of debt can be determined from

d_(KjL) = L9Ki + Kj
dL dL

If we determine the marginal cost of debt for the Mo-

digliani and Miller model from equations (16), (17), and (18),

we get:

(30) d_ (KiL)16= = bL + a + b(L = RA)
aL

(31) d_ (KiL)17 = 2bL2 - 2RbL + a + b(L - R)2
aL

(32) d_ (KiL)18 = 3bL° - 6RbL® + 3bLAC + a
ar

+ b(L - A)D

If we use equations (13), (14), and (15) to determine
the required yield on debt, the marginal cost of debt is given

by the following equations:

(33) d_ (KjL)13 = bL + a + bl
dr
2 2
(34) d_ (KjL)1s = 2bL° + a + bl
dL
. _ 3 3
(35) (KiL)1s = 3bL” + a + bl

o.lo.
-
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In the mode!l developed by the traditional writers, K,
is fhe dependent variable and Ke and Kj are the independent
variables. We noted previously that in the Modigliani and
Miller model, Ke was the dependent variable and Ko and Kj were
the independent variables. This meant that a uniQque cross-
relationship was assumed to exist between the debt and equity
sectors of the market, which kept Kg and V constant. The
traditional writers do not assume that this relationship exists.
Since Ke and Kj are thought by them to be determined indepen-
dently, the marginal cost of debt in the traditional and net
income models must include a term to compensate for the change
in the cost of equity resulting from increased use of debt.
The marginal cost of debt is now composed of two components.
The first component accounts for the increased cost of debt.
In an iterative model, it may be given by the following exp=
ression:
(36) Ki marg = Ki(Lea)(L +2) = KiL

A

where /A is the amount by which the debt has been increased

and Ki(L+A) is the interest cost at the higher debt level.

The second component, giving the effect of increased

debt on the value of equity, is given for small increments
bys
(37) KY marg = (X = KiL) (1 =T) |Ke(L+a) = 1

' A Ke( L)

where Kg(L+a) is the capitalization rate at the higher debt

level, and KgpL) is the capitalization rate at the lower level,
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The total marginal cost of debt can now be determined

from the sum of the marginal cost of increases in debt char-

ges and the marginal cost of the change in the value of the
equity:

Ki marg = Ki'marg * Ki'marg

for small changes.
Footnotes

1. David Durand, "Cost of Debt and Equity Funds for Business:
Trends and Problems of Measurement', Conference on
Research on Business Finance, New York, National Bu-
reau of Economic Research, 1952, pp. 215=247,

2. J. F. Weston, op., cit., pp. 105-112

3. Modigliani and Miller, "The Cost of Capital, Corporation
Finance and the Theory of Investment", p. 268.

4, Lindsay and Sametz, op. cit., p. 129

5. James C. T. Mao, op. cit., chapter 11.
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CHAPTER 1V

AN ANALYSIS OF THE MODIGLIANI AND
MILLER HYPOTHESIS

In Chapter II, the Modigliani and Miller arbitrage ar=
gument has been used to show that if markets are perfeéct,
the value of two firms with the same earnings and in the same
risk class must be equal even if their capital structures are
different. We now wish to examine some of the implications
of the Modigliani and Miller hypothesis and to see how more
realistic assumptions can influence their results.

1.

Modigliiani and Miller state:

"Our Propositions I and II, as noted earlier, do not

depend for their validity on any assumption about

individual risk preferences. Nor do they involve

any assertion as to what is an adequate compensation

to investors for assuming a given degree of risk.

They rely merely on the fact that a given commodity

cannot consistently sell at more than one price in

the market; or more precisely, that the price of a

commodity representing a "bundle" of two other com=-

modities cannot be consistently different from the

weighted average of the price of the two components."”

It is our contention that Modigliani and Miller's Pro-
position Il js a description of equity holder behavior in
reaction to increasing debt in the capital structure. More-
over, we hope to show that the behavior described by Modig-
liani and Miller is not realistic in a real world context
where corporate income tax, limited personal liability and
risk-averse investors exist. Also, we suggest that due to

such factors as taxes, limited liability and institutional re=~
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strictions, the bundlie of commodities may depend on the compo=-

sition of its parts.
Arbitrage

Modigliani and Miller's Proposition I is based on their’
arbitrage idea. We will now examine some of the factors that
may impede this arbitrage or switching. Modigliani and Miller
maintain that whenever the value of two similar companies
with equal earnings differs, it will pay investors to sell
their shares in the higher-valued company and buy shares in
the fower-valued company. There are several factors which im=-
pede this process. First, if the value of shares in the "over-
priced" company has increased, the investor will be subjeét
to capftal gains tax. This may well wipe out all gains from
purchase of the undervalued shares. Also, the investor must
pay brokerage fees on his arbitrage transaction. The com-
bination of these two costs may make it more profitable for
him to retain his "overpriced" shares.

If arbitragé is to be éffective, a great amount of mo-
ney must be available for these transactions. Modigliani and
Miller think that funds can be raised by purchasing equity on
margin or by pledging shares of the undervalued company as
security for personal loans. There are several factors which
limit the effectiveness of margin buying. When Modigliani
and Miller published their first paper, legal restrictions
required the investor to own outright, 50% of the total equ=-

ity. This has now been increased to 90%, so the amount of
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funds available on margin is very small. Even this small
amount of margin buying is withheld from the institutions
which account for a large fraction of equity purchases. Mu=
tual funds, most personal trust funds, closed end trust, fire,
casualty and life insurance companies are all prevented from
buying stock on margin, either through direct restrictions
imposed by their charter, or through the dictates of prudent
behavior.

When we introduce the possibility of personal bank
ioans, secured by the equity purchases, many difficulties are
encountered. If investors are to be able to undo corporate
leverage through personal leverage, the interest rates paid
by the corporation and by the individual must be identical,
as can be seen from a study of equations (3) through (6).
Modigliani and Miller "conjecture that the curve for bond
yields as a function of leverage will turn out to be a non=-
linear one."g. They agree with traditional theorists that,
because of fhe increased risk of default of interest pay-
ments associated with excessive amounts of |leverage, debt
yields must increase as the amount of debt in the capital
structure increases. However, if "homemade" and corporate
leverage are to be substitutes, thé individual securing the
personal Ioan and the corporation must face identical func-
tions for Ki. This is not possible when we consider that
corporate debt is backedronly by the assets of the corpora-
tion while the personal loan is secured by unlimited personal

liability. At extreme levels of corporate leverage, the
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" individual can obtain debt funds at a lower cost than can‘the
corporation. Only if the individual is identical in all res=-
pects to the corporation can corporate and homemade leverage
be considered as equivalent.

However, Modigliani and Miller see another source of
3.
funds:

"Under normal conditions, moreover, a substantial part
of the arbitrage process could be expected to take the
form not of having arbitrage operators go into debt

on personal account to put the required leverage into
their portfolios, but simply of having them reduce

the amount of corporate bonds they already hold when
they acquire underpriced unlevered stock." i

In a real life situation, any action such as this will

most likely change the overall financial risk of the investment

portfolio. Before purchasing the underpriced, unlevered stock,

the investor has in hié portfolio a combination of bonds and
stocks which yield him earnings of a given mean and variance
or of a given financial risk. Any attempt to sell some of the
bonds in his existing portfolio to provide funds to create
homemade leverage for the purchase of the undervalued security
will probably alter the financial Ffisk. Unless the investor
holds the same proportion of Bonds and stock inlthe overpri=
ced security, the procedure described by Modigliani and Miller
will result in a greater amount of funds being invested in a
particular security, thereby changing the mean and variance of
returns from the portfolio. If Modigliani and Miller allow
financial risk to change, they introduce complications into
their analysis which are impossible to resolve without first

determining utility functions for investors.
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Table IV shows the value of two companies with the same
earnings and in the same risk class but with different capital
structures. - The equity of Company Y is capitalized at a higher
rate to compensate for the financial risk from leverage.

Table 1V
USE OF ARBITRAGE

Company X Company Y
Expected Earnings - $1,000 - $1,000
Debt - 3,000
Interest (4%) - 120
Refurns to Shareholders | 1,000 880
Capitalization Rate 10% 11%
Value of Equity © $05:000 8,000
Value of Firm 10,000 11,000
D/E Ratio 0 37.5

Through the Modigliiani and Miller arbitrage argument,
the investor, who is assumed to hold $1,000 of equity in Com-
pany Y, will sell these shares. To keep his financfal risk
constant, he will borrow $375 and invest this total of $1,375
in Company X.

In his old portfolio, he earned 11% on $1,000 or $110.
In this new one, he earns: $1,375(.1) = $375(.04) = $122.50.
However, if he uses the $375 he borrowed to purchase more
shares in Cdmpany Y, he would have an income of $136.25, or
an increase of $13.75 over what he could receive if he inves~
ted in Company X. The question of whether this added $13.75 is

sufficient to offset the increased financial risk cannot be
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answered by any of the models developed to date.

Barges describes these circumstances which limit the
usefulness of the arbitrage process in equating the valus of
similar firms with different capital sﬁructures. | Consider
firms X and Y as described previously. Since the investor
can receive a greater return at the same risk by switching
his investment from Company Y to Company X, the implication
is that this disparity in market value will be erased by ar-
bitrage. Sale of stock of Cbmpany Y will deflate its price,
driving its yield up, while the purchase of stock in Company
X will increase its price, driving its yield down. Barges
postulates that these changes in yields may induce the follo=
wing reaction, which serves to counter the effectiveness of
arbitrage. S8ince the yield of stock X has declined, some of
the original shareholders of Company X may think that this
new lower yield is insufficient to compensate them for their
risk. Moreover, these investors note that the yield of stock
Y has been driven up, while its risk has remained constant.
Then some of the shareholders of Company X who do not like
margin buying will now find stock Y more attractive. While
the Modigliani and Miller arbitrage process is acting to
cause investors to sell stock Y (depressing its price) and
buy stock X (inflating its price), an induced reaction resul-
ting from the arbitrage process is causing another group of
investors to sell stock X (depressing its price) and buy
stock Y (inflating its price). The actions of these two

groups of investors may counterbalance, resulting in unchan-
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ged stock prices. We note that investors selling stock X and
buying stock Y are increasing their financial risk, but they
may well regard the increased yield as adequate compensation.

We note that if the induced reaction is to procede, we
must have a group of investors who dislike margin buying. If
this were not so, the original investors in Company X could
improve their return by taking a margined position in Company
X. We now examine the way in which limited liability inf-

luences the risks of margin buying.
Limited Liability

Modigliani and Miller assert that arbitrage is possible
since homemade leverage is a substitute for corporate léve-~
rage. However, limited personal liability protects the equity
holder in the levered company. The investor using personal
leverage receives .no such protection.

Suppose an investor holds $7,000 of equity in Company
Y and that the remainder of the company's capital structuré
is composed of $3,000 worth of debt. If Company Y has a grea-
ter value than Company X, Modigliani and Miller suggest that
the investor can improve his return by selling his shares of
Company Y for $7,000. To keep the financial risk of his new
portfolio equal to that of his old one, he must borrow $3,000
and invest the total of $10,000 in Company X. Modigliani and
Miller maintain that return has been increased but financial
risk remains constant. We submit that Modigliani and Miller

are correct only if limited personal liability for equity
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holders does not exist. .In our example, the shareholder of
Company Y could lose a maximum of $7,000. After he has en-
gaged in homemade leverage, his maximum possible loss has been
increased to $10,000. As Durand notes,5. in practice the risk
of losing the entire $10,000 is small since the bank or broker
will sell out the stockholder to meet margin requirements,

but the protection of maximum loss greatly increases the risk
of smaller loss. In this context, we should note another
difference between personal and corporate leverage. When a
corporation borrows, interest on debt has first claim to the
earnings of the corporation. When the stockholder engages in
personal leverage, this is no longer so. Any dividend pay-
ment is now af the discretion of management., While the firm
may have ample earnings, it may decide to retain them., 1In
this case, the shareholder who has engaged in personal bor-
rowing to create homemade leverage will be forced to liqui=-
date some of his holdings to meet personal interest charges.
This can result in losses if the liquidation occurs at an in-
opportune time.

In summary, we have noted that there are many real
world restrictions which may prevent the arbitrage process of
Modigliani and Miller from equating the value of two firms
with equal earnings and in the same risk class but having dif=-
ferent capital structures. Restrictions on margin buying li=-
mit its usefulness. Also, we have seen that homemade leve-
rage is more risky than corporate léverage. If a group of

investors exist who are averse to margin buying, the arbit-
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rage process may induce results which cancel out its effec=-

tiveness.
Behavior of Debt and Equity Holders

Even though we have serious doubts about the effective-
ness of the arbitrage process, we wish 1o examine some of the
behavioral assumptions implied by Proposition II, given that
Proposition I is correct. Also, we want to examine the effect
of corporate taxes and the tax-deductabilitylof interest pay=-
ments on the Modigliani and Miller model.

We suggest that Proposition Il is a description of in-
vestor reaction to the introduction of debt into the capital
structure. Proposition 1I, developed in Chapter II and re-
peated below, gives the equity capitalization rate as a func-
tion of the debt-equity ratio:

(7) Ke = Ko + (Kg = Kj)L/8

and as we noted previously, it is based on the assumption that
the weighted average cost of capital is a constant depen-
dent on the risk class to which the firm belongs. Therefore,
Ke, which is the dependent variable in the Mddigliani and
Miller model, becomes a function of the independent variables
Ko, which is indicative of investor appraisal of the risk
class,»Kj, which is determined by the debt market, and L, the
amount of debt in the capital structure, Both the traditional
writers and Modigliani and Miller are agreed that the debt
capitalization rate should increase as the financial risk,

determined by the amount of debt in the capital structure, in-
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creases, What they arew=not agreed upon is the way in which
the equity capitalization rate should increase. In order to
better analyze the behavioral implications of Modigliani and
Miller's model, let us determine some of the reasons why the
debt and equity capitalization rates should increase with in-
creased use of debt.

Both debt and equity holders are concerned with the
risk of default, The debt holders are concerned with the
fact that they may not receive their interest payments. The
equity holders are concerned with the fact that if the debt
holders do not receive their interest payments, the equity
holders may lose control of the company. Both groups of in-
vestors are then interested in the amount by which the firm's
assets can decline in value before they become less than its
liabilities and the firm becomes insolvent. The likelihood
of insolvency can be determined by the equity-debt ratio.

For example, if the ratio is 19:1, the firm's assets may

fall 95% in value before the debt is no longer covered. How-
ever, if the ratio is 1:4, default will occur if the assets
lose only 20% of their value. For the first firm, the risk
fo default is very small, for even if the earnings fluctuate
greatly, the chances of not being able to cover the bond in-
terest is remote. In the second case, even slight filuctua-
tions in earnings may result in the firm's being unable to
meet its large interest bill, and if the firm defaults, the
assets would probably not be worth enough to pay the bonds

off in full. Both bond and stock holders of the second com-
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pany should require higher yields in order to compensate them
for their risk.

Use:i-of debt may influence the firm's future investment
strategy. A highly levered firm may be forced to pass up in-
vestments which an unlevered firm in the same risk class can
undertake. The highly levered firm may have inéufficient
funds to meet required interest payments and still undertake
all the planned investments which have a positive present
value. 8ince these profitable investments can be undertaken
by the unlevered firm, its value will be increased relative
to the levered firm., If the highly levered firm resorts to
external debt or equity markets, it may find that any bor-
rowing will result in creditors' imposing restrictions om the
firm's financial policies. Equity holders will express a re-
luctance to purchase shares of these unsound corporations
and can be enticed to do so only by offering substantial pre-
miums in yield,

If excessive use of leverage does result in restric=-
tions on the firm's investment policies, we can expect a
change in the expected average income, 7, and the firm may
be placed in a different risk class. The fact that use of
debt increases the financial risk of thé business and results
in operating limitations which cause debt and equity holders
to require higher yields tends to support Modigliani and Mil=-
ler's contention that the real cost of debt is the same as the
average cost of capital.

There are several other factors, however, which tend
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to ‘make debt "cheaper" than equity. S8ince corporate income
is taxed and fnterest.on debt is a tax deduction, there is an
adVantage us using debt in both Modigliani and Miller and in
the traditional model. Although use of debt increases the
expected per share returns, it also increases the variability
of these returns. However, due to the existence of {imited
liability, the gains possible through leverage are infinite,
while the losses are limited, so the distribution of returns
tends to be favorably skewed. Since debt contracts are made
in monetary terms instead of real dollar terms, a bonus will
accrue to equity holders if debt is contracted prior to an
inflation., 1In a recession, debt is a disadvantage to the
firm. Using our computer programs, we can now examine these

implications for a hypothetical firm,
Analysis of Results From Computer Model

We use our computer model to determine the value of
the firm as predicted by the Modigliani and Miller model,
In the following chapter, we repeat the calculations using
models based on the net income hypothesis and on the tradi=-
tional hypothesis.

The net operating income hypothesis of Modigliani and
Miller begins by positing a constant value for Kg. The ne-
cessary equilibrium value of Ke is then determined from Pro-
position II, using a debt yield, Kj, as set by the market.
We wish to study the Modigliani and Miller model by using a

hypothetical function to describe the dependence of Kj.on L.
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While this function has been chosen intuitively, it should be
noted that its form is characteristic of rational investor
behavior and is supported by many empirical studies. The re=-
sults of our analysis are not dependent on the exact shape

of the Kj function, but only on its form. As long as inves=-
tors are risk-averse, ( d2Kj is positive), our findings
will hold, -

The function for Kj that we use is:

Ki = .05 +5 x 1079 (L - 125)73
This function describes a debt market in which bond purchasers
do not F;quire any additional compensation for risk until
there is $125 of debt in the capital structure, This des-
cription of the behavior of debt holders is the same as that
given by the net income model.

Figure I gives the value of the firm, average cost of
debt, marginal cost of debt, average cost of equity, and ave-
rage cost of capital for a firm earning $75, and for which
there is no corporate income tax. In keeping with Modigliani
and Miller's method of analysis, our data is plotted using
the debt-equity ratio as a measure of leverage.

The data used in constructing this graph is given in
Appendix II. From a study of the data and graph, the follo=-
wing implicatibns of Modigliani and Miller's model are noted.
As long as there is no corporate tax, the value of the firm
and its weighted average cost of capital are constant. As
given by Proposition Il1, as long as Ki remains constant, Ke

is a linear increasing function of the debt-equity ratio. In
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this case, Ki remains constant until the amount of debt in the
capital structure exceeds K, where A = 125. When L exceeds
K, which in this model occurs at a debt-equity ratio of ap-
proximately .125, Ki then begins to increase. However, if
Ki is to increase and Kg remain constant, Ke must now increase
at a decreasing rate. Moreover, following a proof given.by
Robichek and Myers, we can show that when the marginal cost
of debt exceeds the average cost of equity, the average cost
of equity must start to decline with further increases in
the debt-equity ratio. )

The total interest paid by the corporation is KjL, so

the marginal rate is given by:

(38) M = d_ (KiL) = Kij + L dKij

hararannd mecsriranvse

d L

Also, the average cost of capital is given by:

(9) Ko = W]K] + WQKe
Ko = L Ki +3 Ke

Vv Vv

(39) KoV = LKj + SKe

Then, writing equation (39) in differential form:
(40) VdKg + KgdV = KidL + LdKj + KedS + SdKe
But Modigliani and Miller maintain that V and K, arebboth
constant, so:
(41) O = Kijdl. + LdKj + KedS + SdKe
However, in the Modigliani and Miller model, debt is being sub-
stituted for equity; so: '
db. = =dS

Then, making this substitution in equation (41) gives:
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(42) 0 = KjdbL + LdKj + SdKeg =~ KedL
The point at which Kg starts to decline occurs when its first
derivative dke = 0. Then, solving for this point from equa-

tion (42) gives:

(43) 0 = KijdL + LdKj - KedL
Then: '
(44) Ke = Ki + L dKj
dL
= M

From Proposition I, when Kij = Ko, then Ke must also equal Kp.
(9) Ko = WwiKj + woKe
but if Ki = Ko
then Ko = WiKo + w2Ke

(1 - widkg = Kg

But wy +wo = 1,
S0 Wp = 1 = wy,

Since Ke is declining in this region, for debt-equity
ratios beyond those at which Kg = Ki, a necessary condition
is that Ke << Kj.

From the above analysis, we note that if Ko is-to rem=
ain constant for all debt—equity ratios, the following beha-
vior fs required for Ke if Ki is to increase with increasing
use of debt. Ke first increases at a constant rate as long
as Ki is constant. Then, once Ki starts to increase, Ke in-

creases, but at a decreasing rate. When the marginal cost
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of debt exceeds the average cost of equity, Ke must start to
decline, Furthermore, once Kj exceeds the average cost of ca-
pital, the average cost of debt is greater than the average-
cost of equity. This behavior implies that, as debt is intro-
duced into the capital structure, thereby increasing finan-
cial risk, equity holders require a linear increase in their
yield. As greater amounts of debt are used, the compensation
for financial risk increases but at a decreasing rate. Then

a point is reached at which the compensation reguired dec-
reases asgimore debt is employed. Finally, the senior claim

is capitalized at a higher rate than the subordinate claim.
Modigliani and Miller state that the shares of an overlevered
company would be purchased by risk lovers, but it is diffi=
cult to conceive of an investor who is so fond of risk that

he prefers both a lower yield and more uncertainty to a higher
yield and greater certainty. We maihtain that if investors
are averseé to risk and are operating in perfect markikts, the
interest‘réte on debt cannot be greater than the yield on
equity, for the debt holders are in a preferred position to
the equity holders.

Robichek and Myers7. think that for risk-averse inves-
tors and perfect markets, the cost of debt cannot behave in
such a way as to force the equity capitalization rate to de=-
cline. They state that if the company adds an increment of
debt,A L, the interest rate on this additional debt cannot
be greater than the expected return required by stockhol=-

ders as long as the debt holders are in a preferred position.
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to the stockholders with regards to all cash flows and assets
of the company.

However, an analysis of their argument reveals that
they define the marginal cost of the increment of debt, AL,
as being the interest paid only on that increment of debt.
They maintain that additional increments of debt do not in-
crease the cost of existing debt. When we include a compo-
nent of marginal cost to cover the increased cost of debt al-
ready held by the company, we note from Figure II that the
average cost of debt is stil} much fower than the average
cost of equity when the cost of equity starts to decline.
Also, even if we accept Robichek and Myers' definition of
marginal cost, we still cannot explain the behavior of equi=-
ty holders. From Figure 11, we note that as soon as Kj in=-
creases, Keg increases at a decreasing raté. Robichek and
Myers provide no explanation for this paradoxical behavior
of equity holders.

The illogical behavior required by the Modigliani
and Miller model tends to support the traditional position
which maintains that both debt and equity capitalization rates
are established indepéhdently by the markets.

Figure II gives the cost of funds and the value for a
firm with the same earnings and debt charges as used in Fi=-
gure I, but paying a 50% corporate income tax. As in Figure
I, the average cost of equity is observed to decrease once

the marginal cost of debt exceeds it. Also, the average cost
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of debt, equity, and capital again intersect at one point.
However, when corporate tax is introduced into the analysis,
the value of the firm is seen to increase as debt is intro-
duced into the capital structure. The average cost of capi=-
tal is observed to decrease for small increments of debt,
reach a minimum where the marginal cost of debt is equal:; toe
the average cost of capital, and then increase. The data for
this figure are given in Appendix II, except for the marginal
cost of debt which is determfned from the net income model

of Appendix IV,

Figure I1I shows the influence of tax rate on the value
of the firm for different debt-equity ratios. The cost of
debt is once again given by the function:

Ki = .05 +5 x 1079 (L = &)7
Data is plotted for a firm with expected earnings of $75, and
paying tax at rates of 0%, 30%, 50% and 70%.

In all cases, the effect of corporate income tax is
to increase the value of the firm as the amount of debt in
the capital structure is increased. It is obvious that if
we resort to an all-debt capital structure, the value of the
firm will be equal to $1,071 (the value of the firm when
there is no tax), regardiess of the prevailing corporate tax
rate. The implication of Modigliani and Miller's model is
to suggest that the firm use the maximum amount of debt pos-
sible.

Also, from Figure III, we observe that the percentage
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increase in value for any given increment of debt increases
with increasing tax rates. If Modigliani and Miller's model
prbvides a valid description'of investor behavior, we would
expect cbrporations to increase their use of debt as COorpo=-
rate income tax increases. In practice, the past 50 years
have seen a great increase in corporate tax but a reduced use
of debt financing. Data for Figure III is given in Appendix
I1.

Two other observations about Modigliani and Miller's
hypothesis can be made from Figures Il and III. First, since
use of debt financing does increase the value of the firm, the
results of the Modigliani and Miller hypothesis and the tra-
ditionalihypothesis are similar. Therefore, it is very dif=-
ficult to prove or disprove either hypothesis based on empi=-
rical evidence. As Modigliani and Miller admit; "the tax
advantages of debt financing are somewhat greater'than we
originally suggested and, to this extent, the quantitative
difference between the valuations implied by our position and
by the traditional view is narrowed." )

Our second observation is thaf our theoretical work,
based on Modigliani and Miller's model and assumptions, re-
futes their own empirical evidence. In their empirical work,
in which they regressed cost of capital against the ratio of
dept to total value, they found that the cost of capital was
not significantly dependent on the debt-to-~total-value ratio.

Their definition of cost of capital was the ratio of total

earnings after taxes to the market value of all securities.
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If Modigliani and Miller did use after-tax data, our Figure
Il suggests that the cost of capital should decrease initial-

ly with increases in the debt-to-value ratio.
Analysis of Sub jective Probability Distributions of Earnings

In the preceding analysis, we have consideredlf_as the
expected average value of the income to the firm. However,
we know that although X is the most likely value, many other
levels Qf income are possible. We now wish to consider a
probability distribution for the income of firms in a parti=
cular risk class, Using ideas developed by Barges?w. we
~can determine how future expected economic conditions may fa-
vor the use of leverage and how the existence of |imited cor-
porate liability can influence the probability distribution
in such a way that personal and corporate leverage are not
perfect substitutes. i

Let us consider two corporations;Jo‘identical in all
respects except that Company A is 100% equity financed while
Company B has $200 worth of debt in its capital structure on
which it pays interest at 5%, so that residual earnings to
equity holders are reduced by $10. The hypotheticél inves-
tor will be considered to arriVe at the following sub jective

probability distribution to describe income from firms in

this risk cliass.



72
Table V
SUBJECTIVE PROBABILITY DISTRIBUTION OF
CORPORATE INCOME

Returns to Company Sub jective

Probability Distribution

$25 10%
50 25%
75 | 30%

100 25%

125 10%

In Company A, the distribution of shareholders' re=-
turns are the same as the distribution of returns to the
Company. In Company B, the shareholders' returns are reduced
by the interest payments of $10. The following table gives
returns to shareholders in the two companies.

Table VI
DISTRIBUTION OF RETURNS TO SHAREHOLDERS FOR
LEVERED & UNLEVERED FIRMS
(SYMMETRICAL DISTRIBUTION)

Company A Company B Sub jective
(Hnlevered) (levered) Probability Distribution
$25 $15 10%
50 40 257
75 65 30%
100 | 90 25%

125 115 10%
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Company A - X = $75 Company B = X = $65

For the unlevered and. levered company, the absolute
range of the distributions are the same. However, the lower
limit-.of $25 for the unlevered company represents a potential
loss of 674 = 75 - 25, and the upper limit of $125 represents

75
a potential gain of 67% = 125 = 75 . For the levered company,
75
the potential loss is now 77% = 65 - 15 , and the potential
5

gain is now 77% = 115 - 65 . The potential gains and losses
5

for Company B are greater than those of Company A, making
the shares of Company B more '"risky" than those of Company
A. Before considering how muéh combensation equity holders
should require for this added risk, that is, how much higher
will Ke be for the levered firm than it is for the unlevered
firm, we shall study how investors' expectations of future
economic conditions can influence the desirability of leve-
rage.

Suppose the investor thinks that the probability of
inflation in the future is greater than the probability of
price stability or deflation. 1If inflation occurs, debt in-
terest and principal repayments remain fixed in monetary
terms. However, it is generally assumed that the money ear-
nings of corporations rise with an increase in general price
level, This increase will partially or completely offset
any decline in the real value of the dollar amount of the

original earnings expectations of shareholders. The investor



T4

will now expect higher values of future income, so the proba-
bility distribution of earnings for all firms in this risk

class will become skewed, and could take the following form:

Table VII
DISTRIBUTION OF RETURNS TO SHAREHOLDERS FOR
LEVERED & UNLEVERED F IRMS
(SKEWED DISTRIBUTION)

Company A ‘Company B Sub jective
(unlevered) (levered) Probability Distribution
$25 $15 104
50 40 20%
75 65 - 25%
100 90 20%
125 115 15%

150 140 10%

When possible shareholder gains and losses are calcu-
lated from ithe skewed distribution for Company A, the poten-

tial loss is 67% = 75 - 25 , and the potential gain is
75

100% = 150 - 75 . For Company B, the potential loss is
75

77% = - 15 and the potential gain is 115% = 140 - 65 .
22 Loz

In both cases, the potential losses are the same as for the
symmetrical distribution, but the potential percentage gain
for Company B is greater than that for Company A. If Com=-
pany B had employed an even higher level of leverage, the

skewness of returns to shareholders of Company B would be
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further increased as would the potential gains of stock B
compared to stock A, If a strong inflationary sentiment pre~
vails in the minds of éhareholders, they will find that leve~-
rage will increase their possible returns. 1[It is obvious
that, if investors expect future deflation, shares in unlie-
vered companies will be more valuable to them.

In our previous examples for the levered company, there
was no chance of default on interest payments whether the ear-
nings distribution was symmetrical or skewed. Now, using a
symmetrical distribution of expected earnings, we can show
that for highly levered companies, the existence of limited
personal liability for equity holders can result in a favora=-
bly skewed distribution of expected returns. Suppose Company
B now has $1,000 of debt in its capital structure. Then the
distribution of returns is as follows:

Table VIII
DISTRIBUTION OF RETURNS TO SHAREHOLDERS FOR
LEVERED & UNLEVERED FIRMS
EFFECTS OF LIMITED LIABILITY

Company A Company B Sub jective
(unlevered) (levered) Probability Distribution
$25 $-25 10%
50 0 25%
75 25 30%
100 50 25%

125 75 10%
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For the shareholders in Company B, the maximum possible
return is now $75. If limited liability did not exist, the
max imum possib]e Iosé would be $-25 and the maximum possible
gain and loss would be symmetriéal about the mean. With the
existence of limited personal liability for equity holders,
the maximum possible loss is $0. Thus, the negative region
of the distribution of returns is truncated. The mean of the
distribution must therefore be shifted upward, and the possi-
bie gain expressed as a percentage of this new mean is grea-
ter than the possible loss. The existence of limited liabi=-
lity limits the shareholder's possible loss, but does not
limit~his possible gain, resulting in a distribution which
is favorably skewed. This skewed distribution does not exist
when personal leverage is used as a substitute for corporate
leverage, so the two forms of leverage cannot be regarded as
being identical in risk.

We now examine how leverage influences ihe distribu=
tion of yields to equity holders. By doing this, we hope to
determine the way in which the equity holders should react
to the increased financial risk resulting from leverage.

In the preceding part of our analysis, we assumed that
the interest required by the debt market was given by the
function Ki = .05 +5 x 109 (L - 125)3. If Proposition
Il were to hold, the equity capitalizatfon rate was uniquely
determined by the cost of debt and the risk class to which the
firm belonged. In this part of our analysis, we want to de-

termine if the equity capitalization rate derived from Mo-
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digliani and Miller's Proposition Il is a realistic descrip-
tion of investor behavior. More sbecifically, should the
equity capitalization rate increase at a constant rate as
debt is first introduced into the capital structure and then
increase at a decreasing rate, and finally decrease for suc-
cessivliey larger amounts of debt?

We use the following procédure. To provide a direct
comparison with the Modigliani and Miller model, we assume
that the debt market still requires an interest yield given
by the function Ki = .05 + 5 x 10=9 (L - 125)2, The equity
investor is assumed to arrive at the following conclusions
concerning firms in this risk class. The investor expects
an average annual income of X = $75. However, now he considers
the possible dispersion of this income. He concludes that
there is a 10% chance that annual income will be no greater
than $25 per year. He also concludes that there is a 10%
chance that annual income will exceed $125. The exact form
of the sub jective probability distribution is not required
in our analysis; however, we shall assume that the distri-
bution is symmetrical. 8ince the equity investor is dealing
with firms in the same risk class, all influence of business
risk has been removed from our analysis and we concentrate
only on financial risk. The equity holder is now concerned
with the possibility that the firm will default on its in=-
terest payments. We suggest that some indication of the
chance of default can be determined from the earnings acc-

ruing to equity holders after the interest on debt has been
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paid. As the amount of debt in the capital structure increa=-
ses, the residual earnings to equity holders decreases. Also,
the total interest bill increases, so the ratio of residual
earnings to shareholders divided by the interest cost decrea-
ses at an ever increasing rate. We can make ad justments to
our net income model and use it to determine the data requi-
red for our analysis. As we have seen, the Modigliani and
Miller model forces a particular behavior upon the investor.
Then, to see if this behavior is rational, we can not use

the Modigliani and Miller model, but must use a model which
will provide us with the data on which the investor bases

his behavior. 8ince the net income model determines the

value of equity from the function

(40) s = (X - KiL) (1 =t)
Ke

this model can be used to determine the residual earnings ac-
cruing to the equity holders if we set Ke = 1. Then in the
data presented in Appendix IV, the column headed Value of
Equity, on page 129 of this appendix gives the before-tax
returns to shareholders instead of the value of the equity.
Data are provided for cases in which expected corporate ear-
nfngs are 825, 475 and $125.

The befofe tax eérnings of the shareholders is shown
in Figure IV for various amounts of debt. From this figure,
we observe that the residual earnings to equity first dec-
rease at a linear rate and continue to do so as long as Kj
is constant. As soon as the amount of debt exceeds A and

Ki starts to increase, the residual earnings to equity dec-
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rease at an increasing rate. Moreover, since the total in-
terest bill is continually increasing, the ratio of residual
earnings to interest payments is decreasing rapidiy. The
following table gives the ratio of residual before-tax ear-
nings to equity holders divided by the total interest bill
for expected earnings of $25, $75 and $125 and for various
levels of debt in the capital structure.
Table IX
INTEREST COVERAGE OF RESIDUAL INCOME TO
EQUITY HOLDERS

Amount of Ratio of Before-Tax Income to Equity Holders
Debt Divided by Interest Charges
X =25 X =175 X =125

0 o0 o0 o0
50 9.0 29.0 49.0
100 4.0 14,0 24.0
150 2.3 9.0 15.6
200 1.4 6.2 11.0
250 o 4.0 7.4
300 .09 2.3 4.4
350 - 1.0 2.3
400 - .2 1.0
450 - - )

From Table IX, when expected earnings are $25, with
zero debt in the cépital structure, the interest coverage is
infinite., After $50 of debt has been introduced into the

capital structure, there is still enough additional income
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to cover interest 9 times. The next $50 of debt introduced,
making a total of $100 of debt in the.capital structure, re-
duces the interest‘coverage to 4.0. This is still a fairly
safe level of coverage and the equity holder faces little
risk of default. However, consider his behavior as described
by Modjgliani and Miller., From Figure I, we observe that Kg
is a linearly increasing function of the debt-equity ratio

as long as the amount of debt is less than $125, This implies
that the investor, who is attempting to compensate for finan-
cial risk by increasing his equity capitalization rate, asso-
ciates as much risk with the first $50 of debt which reduces
interest coverage from infinity to 9.0 as he does with the
next $50 which reduces it from 9.0 to 4.0.- We wou I d expect
that investors would find little risk associated with an in-
terest coverage of 9.0 and probabily would not require any ad-
ditional compensation for bearing this risk. The next inc-
rement of debt further increases risk, but a coverage of 4.0
should not require much compensation in the form of higher
equity yields. The next $50 of debt added increases total
debt to $150 and reduces interest coverage to 2.3. Now there
is a fair amount of financial risk associated with the capi=-
tal structure. Since the amount of debt has exceeded $125,
debt holders require increased compensation for their risk,
so Kj starts to increase. We would expect a noticable inc=-
rease in Ke, but Modigliani and Miller say this is not so.

[f Ke does increase, it increases at a decreasing rate, imp-

lying that equity holders now associate less risk with each
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successive increment of debt. As can be seen from Figure I,
at even higher levels of leverage, when financial risk becomes
extreme, Ke may turn downward and even be less than the yield
required when there is no debt in the capital structure. Mo-
digliani and Miller maintain that this may be caused by the
risk-seeking investor who gambles on the firm's receiving

the maximum possible earnings of $125 rather than the mini-
mum earnings of $25. However, as Table IX shows, even if ear-
nings are $125, at high levels of leverage there is still a
good chance of default. We maintain that Modigliani and Mil=
ler's equity holder who views the first few fifty dollar in-
crements to debt as being equally risky and views further in-
crements as decreasing the financial risk is acting’irratio=-
nally. We must agree with Hirshleifer who "feels very easy

in asserting convexity of the indifference éurves (diminis-
hing marginal rate of substi?gtion between certain income and
expected uncertain incomg)."11$ We suggest an equity capi-
talization rate which remaiﬁs constant or increases only
slightly with the first few increments of debt. Then, as more
debt is introduced, increasing the financial risk, the equity
capitalization rate increases at an ever increasing rate to
compensate for the investor's aversion to this increased

risk. In the following chapter, we will study the position
taken by the traditional writers who maintain that debt and
equity markets indepéndently determine the functions for Kg

and Kj.
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CHAPTER V

AN ANALYSIS OF THE TRADITIONAL HYPOTHESIS

The Traditional Hypothesis

In this chapter we study the results obtained using
the traditional and net income models. In these models, Kg
and Ki are determined by the equity and debt markets respec=
tively. While the Modigliani and Miller model treats Ky as
the dependent variable, in these models, Ky is the dependent
variable and is determined from the weighted average of the
costs of debt and equity in the capital structure. Tﬁe tra-
ditional model considers small increases in debt as causing
stight increases in the cost of both debt and equity. As
subsequent amounts of debt are added, the cost of both debt
and equity increases at an increasing rate. Functions which
meetl these requirements are:

Ki = .05+ 1 x 1079 L3
Ke = .07 +1 x 10°9 3

The above two functions were chosen as being represen-
tative of a moderately risky corporation which would have a
maximum value at a debt-equity ratio of about 40% or at a
debt-total value ratio of about 29%. The company is assumed
to have an expected annual income of $75. The results of
the model for cases in which the company pays no corporate in=-

come tax and in which it pays 50% corporate income tax are
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given in Appendix III.

‘We shall first analyze the case in which the firm does
not pay any corporate tax. Figure V shows the value of the
firm, the marginal and average cost of debt, the average cost
of equity and the average cost of capital, atl plotted against
the debt-equity ratio. The results are not intended to be
realistic, but are presented as an aid in determining the
relationship between the marginal cost of debt and the ave-
rage cost of capital.

We note several differences between Figure V and Fi~-
gure I. In both cases, Kj is an increasing function of the
amount of debt in the capital structure. 1In the traditional
model, Ke is also an increasing function of the amount of
debt. Instead of the value of the firm being constant, it
now increases as debt is introduced, reaches a maximum at
a debt-equity ratio of about .08, and then starts to decline.
The weighted average cost of capital is no longer constant.
It is now saucer-shaped. As debt is introduced, the weigh-
ted average cost of capital decreases slowly. When there is
no corporate income tax, it reaches a minimum at the same
debt-equity ratio at which the value of the firm is maximi-
zed., It then increases slowly as more debt is added. One
other observation should be made about the average cost of ca-
pital curve, Although there is a distinct minimum, the
curve is very flat. The model has been run using many other
types of functions for Ke and Kj and in all cases the ave=-

rage cost curve was only slightly dished. If the functions
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we have used are at all realistic, this shallow curvature will
make it almost impossible to use empirical data to test the
validity of the Modigliani and Miller hypothesis or the tra-
ditional hypothesis. We also note that the minimum cost of
capital occurs where the marginal cost of debt first exceeds
the average cost of capital. Up to this point, any use of
debt serves to reduce the weighted average cost of capital,
but beyond this point, it will raise it. We should also note
that the marginal cost used in this case is different from
that used in the Modigliani and Miller analysis. The mar=-
ginral cost of debt in this model includes a term to compen=-
sate for any change in the value of equity. The marginal
costs of debt - for both the Modigliani and Miller model and
the traditional model are given in the data of Appendix III,
where SO indicates the traditional calculation method and MM
indicates the Modigliiani and Miller calculation method.

Using the same functions for Ke and Kij, the data is
plotted in Figure VI for a firm paying 50% corporate income
tax. The firm now has a maximum value at a debt-equity ratio
of 40%. However, when tax is introduced into the analysis,
the minimum cost of capital occurs at a debt-equity ratio of
20%, long before the firm reaches its maximum value. We note
that maximizing the value of the firm is not equivalent to
minimizing the weighted average cost of capital when corpo-
rate taxes exist. However, the minimum average cost of capi-
tal is still that value at which the marginal cost of debt

(including a cost for the changing value of equity) is equal
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to the average cost of capital.
‘The Net Income Hypothesis

In the net income model, the costs of debt and eguity
remain constant until a certain amount of debt is introduced
into the capital structure. Only when this level is excee-
ded is the financial risk great enough to warrant an increase
in the capitalization rates. 8o that this analysis will be
consistent with that of Chapter IV, we use the same function
for Ki as was used in the Modigliani and Miller model.

Ki = .05 +5 x 109 (L - 125)7
Also, Ke = .07 +5 x 1079 (L - 125)3

Again the firm is assumed to have expected annual ear-
nings of $75 and pay corporate income tax at a rate of 50%.
Data for fhe above case and for the case in which the firm
does not pay any corporate tax are given fn Appendix IV.
From the data for the case in which the firm pays no corpo-
rate tax, the minimum cost of capital and maximum value of
the firm occur at the same debt-equity ratio. The minimum
cost of capital is equal to the marginal cost of debt as it
was in the traditional model.

The data for the case in which the firm pays 50% cor-
porate tax is given in Figure VII. As in the traditional
model, the value of the firm increases as debt is added,
reaches a maximum, and then decreases with the addition of
still greater amounts of debt. 1In this case, the curve is

more symmetrical than it was in the traditional model. The
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curves for Ke and Kj are constant until the amount of debt ex-
ceeds $125 (a debt;equity ratio of about .23). The marginal
cost chve coincides with the average cost of debt curve as
long as the cost of debt remains constant. When the cost of
debt starts to increase, the marginal cost of debt increases
at a much greater rate than it did in the traditional model.
The weighted average cost of capital is a minimum where it is
equal to the marginal cost of debt. The cost of capital is
not a minimum at the debt=equity ratio where the value of the
firm is maximized. In this model, however, the debt-equity
ratios at which the cost of capital is minimized and at which
the value of the firm is maximized are much closer than they
were in the traditional model. We also note that the net in=~
come model results in a more dished average cost curve with

a more pronounced minimum.
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CHAPTER VI

CONCLUSIONS

In this study, we have attempted to determine if the
cost of capital 6f the firm should be unaffected by its capi-
tal structure, as suggested by Modigliani and Miller, or if
the judicious use of debt can result in a decrease in the cost
of capital as suggested by the traditional writers. We were
forced to reject empirical methods as procedures for testing
the two conflicting hypotheses. We found that it was diffi-~
cult, if not impossible, to divide cpmpanies into groups in
which business risk was constant. Moreover, even if these
groups could be determined, the firms in a particular risk
class would usually have nearly identical capital structures.

Instead, we studied the assumptions on which each mo-
del was‘based. Modigliani and Miller proposed that the ave-
rage cost of capital, Ko, and the value of the firm, V, were
independent of the financial structure. From this, they de=-
veloped Proposition II, which expressed Kg as a function of
the debt-equity ratio. They validated these propositions
through their arbitrage argument.

There are several factors which can impede the arbi=-
trage pfocess. Legal restrictions prevent many large groups
of investors froh buying on margin. Furthermore, even those
investors who can buy on margin can bérrow only 10% of the

total funds required. A further restriction to the arbit=~
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rage process occurs if investors view personal borrowing for
margin purchases as being more risky than corporate borro-
wing. Modigliani and Miller maintain that arbitrage will
occur, for personal or homemade leverage is a perfect subs-
titute for corporate leverage. We suggest that this conten-
tion is not correct, for personail leverage results in unlimi=
ted personal liability, while corpbrate leverage results in
limited personal liability. Also, Modigliani and Miller
neglect the possibility that the new yield relationships
brought about by the arbitrage process may not provide satis=~
factory risk compensation to the original shareholders. They
do not consider the possibility that the original sharehol-
ders in the undervalued company, upon having their equity
yield reduced by arbitrage operators, may find the shares of
the overvalued company more desirable. Before a valid model
can be developed along the lines pursued by Modigiiani and
Miller, we need to know the tradeoff the investor requires
between higher yield and increased financial risk.

The Modigliani and Miller computer model is run using
a hypothetical function to describe the yield required by
the debt market in response to increases in leverage. It
should be emphasized that the yield function is not based on
any empirical evidence. However, the function does describe
a risk-averse investor. Although the exact description of
behavior may not be correct, it should be noted that any
other function with a positive second derivative (a risk-ave-

rse investor) will give results similar to what we have ob-
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tained. From this analysis, we observe that the equity capi-
talizatioé rate determined from Proposition II cannot repre-
sent rational behavior on the part of equity holders. As

debt is introduced into the capital structure, the equity hol=-
ders require linearly increasing compensation for risk as long
as the cost of debt is constant. As soon as the cost of debt
starts to increase, the yield required by the equity holders
increases at a decreasing rate. When the margfnal cost of
debt exceeds the average cost of equity, any further increa-
ses in leverage result in a decrease in the required yield on
equity. At still higher levels of debt, we have a paradox in
which the senior claim is capitalized at a higher rate than
the subordinate claim,

From an-analysis of the Modigliani and Miller hypothe-
sis, we note that there are many factors present in the real
world which can impede the arbitrage process. However, if we
admit that arbitrage is possible, then the behavior of equity
holders as determined from Proposition II is irrational.
Moreover, an introduction of corporate tax into the Modig-
fiani and Miller model results in a continually increasing
value of the firm for increasing use of debt, and suggests
the optimal capital structure to be one composed 100% of
debt,.

The traditional writers think that the cost of debt as
a function of leverage is determined by investors in the debt
market. The cost of equity is determined in a similar fashion

from the breferences of investors in the equity market. The

R
Lol
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traditional writers do not think that any cross relationship
exists between the cost of debt and equity to keep the average
‘cost of capital and value of the firm constant. In their ap=-
proach, Ke and Kj are determined independently by the markets
and the average‘cost of capital is determined by weighting
the cost of debt and of equity by their proportions in the
capital structure. Modigliani and Miller maintain that the
risk associated with income in any risk class cannot be al=-
tered by changing the composition of the firm's liabilities.
They state that:1'

"a given commodity cannot consistently seill at more
than one price in the market; or more precisely, that
the price of a commodity representing a "bundle" of
two other commodities cannot be consistently diffe-
rent from the weighted average of the prices of the
two components."
The traditional writeré contend that due to market imperfec-
tions, the value of the whole will depend on the composition
of its parts. Durand has shown how institutional restric-
tions result in the creation of a superpremium which is atta-
ched to high grade corporate bonds. . Life insurance compa-
nies, pension trusts, etc., all face legal restrictions which
compel them to purchase high grade corporate bonds. The de=-
mand created by these restrictions results in lower interest
costs than would occur in purely competitive markets., The
deductability of interest charges on corporate debt means
that there is a tax advantage to using debt. Limited lfabi-
lity protects the equity holder in the Ievered'company, while

no such protection is offered the investor who creates per-

sonal leverage through buying on margin. The traditional
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writers think that these and other restrictions will hinder
the arbitrage process and invalidate Proposition I and Pro-
position Il which is based on it.

As Vickers notes, "the assumption of market perfection
should not form the startfng point of analysis or provide the
paradigm," . Unfortunately, Modigliani and Miller have stu-
died the épecial case of perfect competition. The general
case involves an imperfectly competitive environment where
the firm can discriminate against its sources of capital,
thereby influencing the elasticity of its interest cost func-
tion. In fact, Schwartz has developed a procedure by which
the firm discriminates solely against the suppliers of debt
funds to influence its cost of debt. .

We think that due to the many differences that exist
between real world markets and perfect markets, the traditio-
nal model is likely to give more realistic results than the
Modigliani and Miller model. In addition, we suggest that
the behavior of the equity market predicted by the Modigliani
and Miller model is irrational. OQur analysis does not allow
us to choose between the traditional and net income hypothe-
ses, but this is of minor importance since both models indi-
cate that the firm can influence its cost of capital through
a judicious choice of the amount of debt and equity in its

capital structure.

Footnotes

1. Modigliani and Miller, "The Cost of Capital, Corporation
Finance and the Theory of Investment”, p. 281
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2. D. Durand, loc. cit.

3. Douglas Vickers, "Elasticity of Capital Supply, Monop-
sonistic Discrimination, and Optimum Capital Structure",
Journal of Fimance, Vol. XXII, No. 1, March 1967,
pp. 1=9 o

4, Eli Schwartz, loc. cit.
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APPENDIX 1

LIST OF SYMBOLS

equity capitalization rate

debt capitalization rate

weighted average cost of capital

amount of debt in the capital structure (at market value)

amount of equity in capital structure (at market value) -

"total market value of company

after-tax market value of a levered company
after-tax market value of an unlevered company
average annual before-tax earnings of corporation

expected average annual before-tax earnings of corpora-
tion

expected average annual after-tax earnings of corpora-
tion .

return to investor from a given portfolio of equity
and debt
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APPENDIX 11

MODIGLIANI AND MILLER MODEL

Description of Program

The program user is given the choice of three debt ca=-

pitalizétion functions by choosing a value for the variable

SELECT.
If SELECT = 1, the function used is
Ki = a + b(L - A)
SELECT = 3,
Ki = a + b(L - K)e
SELECT = 5,
Ki = a + b(L - K)j

The user specifies values for a and b. The folllowing

data is also specified by the user:

XBAR

TAX
RHO

DELT
ABAR

SENT

i

the earnings to be capitalized (expected net
operating income before tax).

average corporate tax rate.

capitalization rate for earnings of firms in
this risk class. In the before-tax case, it
is the value of Ky applied to the particular
risk class. In the after-tax case, it is the
rate at which earnings of unlievered firms in
the particutar risk class are capitalized.

amount by which the level of debt in the ca-
pital structure should be increased for the
next calculation.

A = the level of debt below which Ki remains
constant. A may be set equal to zero to get
functions similar to those described in the
traditional hypothesis.

sentinel which will terminate program if not



set equal

to O

The parameters are read off one data card with the for-

mat andAorder as listed be low..

Parameter

SELECT
A

B

XBAR
TAX
RHO
DELT
ABAR
SENT

Format
F5.0
£15.0
£15.0
F5.0
F5.0
F5.0
F5.0
F5.0
F5.0

A sample data card is given below.

999998
als 901210
M N20030

=

>

999999999979999999999999999999599999995999939999

7 18 19 20 21 2223 24 25 26 27 28 29 30 33 32 33 34 35 36 37 38 39 4D 41 42 43 44 45 46 47 48 49 5D 51 52 53 54 55 56 57 58 59 60 61 62 63 64 65 66 67 68 69 70 7§ 72

5
20
35
40
45
50
55
60
65

Ending Column

IR R R R R R R R R R R R R R R R R R AR R R R R R R R IR R R IR R R R AR R RRRRRARE
222202222222222222222222222222222222222222(]22222222222222
30033333333333333(J3333333(330J333(J3333333(J3333(]1333333333333
444044444444444444444444444444440444444444444444444444444
058555555555555D50555550555505555555555555505555555555555
566666666666666666666666666666666666666666666666666666666
7777777777777777777?77@7777777777377717777777777777777777
8(88888880088888,8888885,88.°888..88088888,8888,,888888888888

SEQUENCE

00000000
1320575 71 7878 80
SRRRRRR
22222222
33333333
44000444
55555555
56666666
17711111
88888888

99959983

7374757677 18 79 80

QuvI 3OVNONVI DIN0SWAS ¥60L/060L bv0L/0V0L




PROGRAM LISTING 06

MODIGLIANI AND MILLER HYPOTHESIS

MOUIGLIANI AND MILLER MODEL - EQUITY CAPITALIZATION RATE DETERMINATION
COST OF DEBT IS GIVEN BY THE MARKET -WE SPECIFY SHAPE,EARNINGS,TAXES

OO0

DEFINE REAL VARIABLES
REAL KOAT,L,KIBT,KEBT,KEAT

READ(59100) SELECTA,B+XBARyTAX,RHGyDELT 4ABAR, SENT
SENTINAL WILL TERMINATE PRCGRAM IF NON-ZERD
_ IF{SENT.NE.O.)GC TO 3
VBT=XBAR/RHO
WRITE(6,200) XBAR,TAXsA4B,VBT,SELECT,RHO,DELT,ABAR,SENT
WRITE(6,4202)

ON

C INITIALIZE ORIGINAL VALUES
L=0.0
CONTINUE , o
 DETERMINE WHICH FUNCTION TO USE FOR KIBT
IF{L-ABAR)10,10,11
10 KIBT=A

Or—-‘

G TO0 12
11 CONTINUE
IF{SELECT.EQ.1.)KIBT=A+B*(L-ABAR)
[F{SELECT.EQ.3.)KIBT=A+B*(L-ABAR) *%*2,
IF{SELECT.EQ.5.)KIBT=A+B*(L—ABAR) **3,
12 CONTINUE

C THE FOLLGOWING STATENENTS DETERMINE KEBT (EQUITY BEFORE TAX)
S=VBT-L
Wl=L/VBT
W2=S/VBT
W3=W1/W2
KEBT={RHO-WL*KIBT) /W2

C THE FOLLOWING STATEMENTS CETERMINE KEAT(EQUITY AFTER TAX)
VAT=(XBAR*(1.~TAX))/RHO+TAX*L
 SAT=VAT-L ]
C  DETERMINE EARNINGS TO EQUITY (EQEARN)
EQEARN=(1.~TAX)*(XBAR-KIBT*L)
C  KEAT=EARNINGS TO EQUITY/VALUE OF EQUITY

KEAT=EQEARN/SAT

WLAT=L/VAT

W2AT=SAT/VAT )

W3AT=WLAT/W2AT

KOAT=W1AT*KIBT+W2AT*KEAT

WRITE(64201) VAT KOAT,W3,W3AT,L,SySAT, KIBT,KEBT,KEAT

— e

201 FORMAT(1X41F9.3,1F10.6,2F10.643F1C.3,3F10.6)
C INCREMENT DEBT BY AN AMOUNT DELT
i L=L+DELT — -
C CHECK TO SEE IF ENOUGH VALUES HAVE BEEN COMPUTED
IF(WZ-.COOL]Z,Z,l
3 STOP
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PROGRAM LISTING (cont'd) Y

MODIGLIANI AND MILLER HYPOTHESIS

1C0 FORMAT{F5.0+2E15.0,6F5.0)

200 FORMAT(1HL1437X,25HTHE VALUE OF THE FIRM FOR/
39X,23HVARYING AMOQUNTS OF DEBT//

37Xy 27THMODIGLIANI AND MILLER MODEL//

15X,40HTHE FIRM HAS DETERMINISTIC EARNINGS OF %,F5.0/

15X,35HTHE FIRM HAS AN AVERAGE TAX RATE OF,F6.3/
15X,41HTHE COST OF DEBT IS GIVEN BY THE FUNCTION,
F16.9y 1H+yF13,1141HL/ o
15X,37HTHE VALUE OF THE FIRM BEFGRE TAX IS $,F10.3/
20X, THSELECT=3F5.0,10X,4HRHO=,F6.3,5X%,
SHDELT=,F5.0,5X,5HABAR=,F5.0,5HSENT=,F5.0///)

~N W o U NN

202  FORMAT{4X,5HVALUE 14X, THAT COST,3Xs 7HBT DEBT,3X,7HAT DEBT,
1 3X,5HVALUE,5X,SHVALUEy5X,5HVALUE 45Xy THAVERAGE y 3X y THAVERAGE ,
2 2X,THAVERAGE/4X 5HAFTER y 6X 4 2HOF  6Xy 6HEQUITY  4X, 6HEQUITY,
3 6Xy2HOF 16Xy 5HBT OF ySXy5HAT OF 46X s 4HCOSTy5X s THCOST BT 42X,
4 THCOST AT/5X,3HTAX,5X, THCAPITAL,
74X, SHRATIOWS Xy SHRATIO 15X, 4HDEBT,

5 S5Xy6HEQUITY ,4X,6HEQUITY,4X,7HOF DEBT,2X,9H0OF EQUITY,
6 1X,9HOF EQUITY///)

$ENTRY




THE VALUE

OF THE FIRM FOR
VARYING AMOUNTS OF DEBT

MODIGLIANI AND MILLER MODEL

THE FIRM HAS DETERMINISTIC EARNINGS OF $ 75.
THE FIRM HAS AN AVERAGE TAX RATE OF 0.500
. THE COST_OF DEBT_ IS GIVEN BY THE_FUNCTION 0.05000000+ _ 0.000000 oos(L—ms) e
THE VALUE OF THE FIRM BEFORE TAX IS $§ 1071.429
SELECT= 5. RHO= 0.070 DELT= 10. ABAR= 125.SENT= ~-0.
_____NALUE ___AT COST _ BT DEBT AT DEBT _ VALUE VALUE VALUE_ ___AVERAGE  AVERAGE AVERAGE _
AFTER OF EQUITY EQUITY OF BT OF AT OF cosT COST BT COST AT
TAX CAPITAL RATIO RATIC DEBT EQUITY EQUITY OF DEBT OF EQUITY OF EQUITY’
535,714  0.07C0CO__0.CCOGOC  0.000000  _0.000  1071.429 535,714 0.050000_ 0.070000 _ 0.070000__
T 540,714 0.069815 0.009421 0.018843 10.000 1061.429 530.714 0.050000 0.070188 0.070188
545,714 0.069634 0.019022 0.038043 20.000 1051.429 525.714 0.050000 0.070380 0.070380
550.7l4 0.06%455 0.028807 0.057613 30.000 1041.429 520.714 0.050000 0.070576 0.070576
555.714 0.065280 0.038781 0.077562 40.000 1031.429 515.7l4 0.050000 0.070776 0.070776
5¢0.7l4 0.069108 0.048951 0.097902 50.000 1021.429 510.714 0.050000 0.070979 0.070979
 5€5.714 _0.068939 0.059322 0.118644 _ 60.000 1011.429  505.714 0.050000 0.071186 0.071186 _
570.714 0.068773 0.069900 0,139800 70.C00 1001.429  500.714 0.050000 0.071398 0.071398
575.714 0.068610 0.080692 0.161383 80.000 991.429  495.714 0.050000 0.071614 0.071614
580,714 0.068450 0.091703 0.1834C6 90.C00  981.429  490.714 0.050000 0.071834 0.071834
585.714 0.068293 0.102941 0.205882  100.000  971.429  485.714 0.050000 0.072059 0.072059
590.714 0.068138 0.1F4413 0.228826 110.000 961.429  480.714 0.050000 0.072288 0.072288 -
595,714 0,067986 0.126126 0.252252 _ 120,000 _ 951.429 475,714 0.050000  0.072523 0.072523 _
T600.714 0.067836 0.138088 0.276176  130.000 941.429  470.714 0.050001 0.072762 0.072762
£05.714 0.067691 0..150307 0.300614  140.000  931.429  465.714 0.050017 0.073004 0.073004
610.714 0.067553 0.16279L 0.325581 150.000 921.429  460.714 0.050078 0.073243 0.073243 =
615.714 0.C67429 0.175549 0.351097 160.000 S911.429  455.714 0.050214 0.073473 0.073473 -
€20.714 0.067324 0.188590 0.377179 170.000  901.429  450.714 0.050456 0.073686 0.073686
625.714 0.067243 0.201923 0.403846  180.000_ 891.429  445.714 0.050832. .0.073870 0.073870 _
63C.714 0.067194 0.715559 0.431118 190.000  881.429  440.714 0.051373 0.074015 0.074015
£€35.714 0.067186 0.229508 0.459016  200.000 871.429  435.714 0.052109 0.074106 0.074106
640.714 0.067226 0.243781  0.487562  210.000  861.429  430.714 0.053071 0.074127 0.0/4127

?



2.74%836

€45.714 0.C67323 0.258389 0.516779 220.C00 851.429 425.714 0.C54287 0.074060 0.074060
€5C.714 0.067488 0.273345 0.546689 230.000 841,429 420.714 0.055788 0,073885 0.073885
655.714 0.067732 0.288660 0.577320 240.000  831.429  415.714 0.057604 0.073578 . 0.073578
TT660.714  0.068064 o 304348 0. 608696 250.000 821.429 410.714 0.059766 0.073115 0.073115
EES5.714 0.068497 320423 0.640845 260.C00 811.429 405.714 0.062302 0.072467 0.072467
670.714 0.0690473 0.336898 0.673797 270.000 801.429 400.714 0.065243 0,071603 0.071603
€75.714 0.069714 0.353791 0.707581 280.000 791.429 395.714 0.068619 0.070488 0.070488
€80.714 0.070524 0.371115 0.742230 290.000 781.429 390.714 0.072461 0.069087 0.069087
. 685.714 0.071487 0.388889 _0.777778 _ 300.C00 771,429  385.714 0.076797  0.067357 _0.067357
€90.714 0.072616 0.407129 0.814259 310.000 761.429 380.714 0.081658 0.065254 0.065254 .
€S5.714 0.073927 0.425856 0.851711 320.000 751.429 375.714 0.087074 0.062729 0.062729
700.7I4 0.075434 0.445087 0.890173 330.000 741.429 370.714 0.093076 0.059729 0.059729 -
705.714 0.077152 O0.464844 0.929688 340.000 731.429 365.714 0.099692 0.056198 0.056198 .
710.714 0.079099 0.485149 (0.970297 350.000 7214429 360.714 0,106953 0.052072 0.052072
__715.7Y4 0.081290 0.506024 1.012048  360.000 711,429  355.714 0,114889 _0.047285 0,047285
726,714 0.083741. 0.527495 1.054990  370.000  701.429  350.714 0.123531 0.041763 0.041763
725.714 0.086470 0.549587 1.099174 380.000 691.429 345.714  0.132907 0.035427 0.035427
73C.714 0.089494 0.572327 1.144654 390.C00 681.429 340.714 0.143048 0.028193 0.025193
735.714 C€.092831  0.595745 1.191489  400.000 671,429 335,714 0.153984 0.019967 0.019967
. 740.714 0.096459 0.619870 1.23974l 410.000 661,429 330.714 0.165746 0.010650 0.010650
745,714 0.100516 0.644737 1.289474  420.000 651,429 325.714 0.178362 0.000135 0.000135
750.71k4 0.104901 0.670379 1.340757  430.000 641.429 320.714 0.191863 -0.011694 —-0.011694
755.714  0.109673  0.696833  1.393665 440.000 631.429 315.714  0.206279 -0.024964 —0.024964
7€¢C.714 0.114851 0.724138 1.448276 450,000 621.429 310.714 0.221641 -0.039809 —-0.039809
765.714 0.120456 0.752336 1.504673  460.000 611.429 305,714 0.237977 -0.056375 —0.056375
170,714  0.126506 _0.781473 1.562945 _ 470.000 = 601.429 300.714_ . 0.255318 -0.074821 -0.074821
775.714 GC.133021 0.811594 1.623188  480.000 591.429 295.714 0.273694 -0.095317 —-0.095317
780.714 0.140023 0.842752 1.685504 490.C00 581.429 290.714 0.293136 -0.118048 ~0.118048
785.714 0.147532 0.875C00 1.750C00 500.000 571,429 285.714 0.313672 -0.143213 -0.143213
790.714 0.155568 0.908397 1.816794 510,000 561.429 280.714 0.335333 -0.171028 -0.171028
765.714 0.164153 0.943005 1.886010 520,000 551.429 275.714 0.358149 —0.201726 —-0.201726
_800.714 0.173308 0.978892 1.957784 530.000 _541.429  270.714 0.382151 -0.235562 —0.235562
805,714 0.183054 1.016129 2.032258 540.000 531.429 265.714 0.407367 -0.272808 -0.272808
81C.714 0.193413 1.054795 2.109589 550.000 521.429 260.714 0.433828 ~0.3213764 -0.313764
815.714 0.204407 1.094972 2.189944 560,000 511.429 255,714 0.461564 —-0.358752 -0.358752 . _
820.714 0.216059 1.136752 2.273504 570.C00 501429 250.714 0.490606 -0.408124 -0.408124 Q
825.714 0.228390 1.180233 2.360465 580.000 491.429 245,714 0.520982 ~0.462264 —0.462254
... 830.714 0.241423 1.225519 2.451039  590.C00 481.429  240.714 0.552723 -0.521586 —0.521586_
835,714 (0.255180 1.272727 2.545455  600.000 471,429 235,714 0.585859 -0.586548 -C,586548
840.714 0.26G9685 1.321981 2.643963  610.000 461,429 230.714 0.620421 -0.657646 ~0.657646
845.714 0.284561 1.273418 620.000  451.429 225.714  0.656437 -0.735423 -0.735423




e e e e

THE VALUE OF THE
VARYING AMDUNTS

FIRM FGOR
OF DEBT

MODIGLIANI AND MILLER MODEL

THE FIRM HAS DETERMINISTIC EARNINGS CF $ 75.
THE FIRM HAS AN AVERAGE TAX RATE OF 0.500 )
o ~ _THE COST OF DEBT IS GIVEN BY THE FUNCTION 0.05000000+  _ 0.000000001L3
THE VALUE OF THE FIRM BEFORE TAX IS $ 1071.429
SELECT= 5. RHO= 0.070 DELT= 10. ABAR= =-0.SENT= -0.
_ VALUE AT COST BT DEBT AT DEBT  VALUE  VALUE VALUE AVERAGE = AVERAGE AVERAGE
AFTER OF © EQUITY EQUITY oF BT OF AT OF CoST COST BT COST AT
TAX CAPITAL RATIO RATIO DEBT EQUITY EQUITY OF DEBT OF EQUITY OF EQUITY
_ 535.714 0.070C00 0.£CQ0C00 0.C00C00. 0.000 1071.429 535.714 _0.050000 _0.070000 0.070000
540.7Y4 0.069815 0.009421 0.018843 10.000 1061.429 530.714 0.050001 0,070188 0.070188
545.714 0.066634 0.019022 0.038043 20.C00 1051.429 525.714 0.050008 0.070380 0.070380
550,714 0.06$456 0.028807 0.057613 30.000 1041.429 520.714 0.050027 0.070575 0.070575
555.714 0.069283 0.038781 0.077562 40.000 1031.429 515.714 0.050064 0.070773 0.070773
56C.714 0.06S114 0.048951 0.097902 50.000 1021.429 510.714 0.050125 0.070973 0.070973
565,714 0.068951_ 0.059322  0.118644 60.000 1011.429  505.714 _0.050216 _0.071174 _0.071174
570.714 0.068795 0.069900 0,139800 70.000 1001.429 500.714 0.050343 0.071374 0.071374
575.714 0.068646 0.080692 0.161383 80.000 991.429  495.714 0.050512 0.071573 0.071573
580.7I4 0.068507 0.091703  0.183406 90.000 981.429  490.714 0.050729 0.071767 _0.,071767 ,
£85.714 0.068378 0.102941 0.205882  100.000 971.429  485.714 0.051000 0.,071956 0.071956
590.714 0.068262 0.114413 0.228826 110,000 961.429  480.714 0.051331 0.072136 0.072136
 595.714 0.068160 0.126126 0.252252  120.000  951.429  475.714 0.051728 _0.072305 _0.072305 _
600.714 0.068074 0.138088 0.276176  130.000 941.429  470.714 0.052197 0.072458 0.072458
605.714 0.068006 0.150307 0.300614 140.000  931.429  465.714 0.052744 0.072594 0.072594
610.714 0.067958 0.162791 0.325581  150.000  921.429 _ 460.714 0.053375 0,072706 0.072706 g
Z15. 714 0.067934 0.175549 0.351097  160.000  911.429  455.714 ©.,054096 0.072792 0.072792
620.714 0.067934 0.188590 0.377179 170.000 901.429  450.714 0.054913 0.072845 0.072845
 £25.714 0.067962 0.201923 0.403846 - 180.000  891.429  445.714 0.055832 0.072861 0.072861
630.714 0.068021 0.215559 0.431118  19C.000 881.429  440.714 0.056859 0.072833 0.0772833
635.714 0.068112 0.229508 0.459016 200.000 871.429  435.714 0.058000 0.072754 0.072754
640.714 O0.068240 0.243781 0.487562  210.000  861.429 _ 430.714 0.059261  0.072618 0.072618



220.000

851.429

425.714

645.714 0.068407 0.258389 0.516779 0.060648 0.072416 0.072416
650.714 0.068616 0.273345 0.546689  230.000  841.429  420.714 0.062167 0.072141 0.072141
655.714 0.068870 0.288660 0.577320 240.000  831.429  415.714 0,063824 0.071783 0.071783
660.714 0.069172 0.304348 0.608696  250.000 . 821.429  410.714 0,065625 0.071332 0.071332
665.714 0.069527 0.320423 0.640845  260.000  8l1.429  405.714 0,067576 0.070777 0.070777
670.714 0.069936 0.336898 0.673797  270.000  801.429  400.714 0.069683 0,070107 0.070107
675.714 0.070404 0.353791 0.707581  280.000  791.429  395.714 0.071952 0.069309 0.069309
©80.714 0.070935 0.371115 0.742230 290,000  781.429  390.714 0.074389 0.068371 0.068371
 685.714 0.071531_ 0.388889 0.777778  300.000  771.429  385.714 0.077000 0.067278  0.067278
690.714 0.072197 0.407129 0.814259  310.000  761.429  380.714 0.079791 0.066014 0.066014
655.714 0.072936 0.425856 0.851711  320.000  751.429  375.714 0,082768 0.064563 0.064563
7€0.714 0.073753  0.445087 0.890173  330.000  741.429 370.714 0,085937 0.062907 0.062307
705.714 0.074650 0.464844 0.929688  340.000  731.429  365.714 0.089304 0.061027 0.061027
710.714 0.075633 0.485149 0.970297  350.000  721.429  360.714 0.092875 0.058902 0.058902
_ 715.714  0.076704 0.506024 1.012048  360.000  711.429 355.714 0.096656 0.056511 0.056511
726. 714 0.077868 0.527495 1.054990  370.000  701.429  350.714 0.100653 0.053831 0.05383]
725.714 0.079130 0.549587 1.099174  380.000  691.429  345.714 0.104872 0.050835 0.050835
730.714  0.080493  0.572327 1.144654  390.000  681.429  340.714  0.109319  0.047497  0.047497
735.714 0.081961 0.595745 1.191489  400.000  671.429 335,714 0.114000 0.043787 0.043787
760.714 0.083539 0.€19870 1.239741  410.000  661.429  330.714 0.118921 0.039675 0.039675
745,714 0.085232 0.644737 1.289474  420.000  651.429 325,714 0.124088 0.035127 0.035127
750.714 0.087042 0.670379 1.340757  430.000  641.429  320.714 0.129507 0.030108 0.030108
755.714  0.088976 0.696833 1.393665  440.000  631.429  315.714 0.135184 0.024578 0.024578
760.704 0.091037 0.724138 1.448276  450.000  621.429 310.714 0.141125 0.018496 G.018496
765.714 0.093230 0.752336 1.504673  460.000 611.429  305.714 0.147336 0.011817 0.011817
770.714 0.095559 0.781473 1.562945  470.000  601.429 300.714 0.153823 0.004495 0.004495
775.714 0.098028 0.811594 1.623188  480.000 591.429  295.714 0.160592 -0.003524 -0.003524
780.7F4 0.100644 0.842752 1.685504  490.000  581.429  290.714 0.167649 -0.012294 -0.012294
785.714 0.103409 0.875000 1.750000 500.000  571.429  285.714 0.175000 -0.021875 -0.021875
790.714 0.106329 0.908397 1.816794 510.000 561.429 280.714 0.182651 -0.032332 -0.032332
795.714 0.109409 0.943005 1.886010  520.000  551.429  275.714 0.190608 -0.043734 -0.043734
_800.714 0.112652 0.978892 1.957784  530.000 541.429  270.714 0.198877 -0.056157 -0.056157
805.714 0.116065 1.016129 2.032258  540.000 531.429  265.714 0.207464 -0.069681 -0.069681
810.7I4 0.119651 1.054795 2.109589  550.000 521.429  260.714 0.216375 -0.084396 -0.084396
815.714  0.123416 1.094972 2.189944  560.000 511,429  255.714 0.225616 -0.100395 -0.100395
820.7T4 0.127365 1.136752 2.273504  570.000  501.429  250.714 0.235193 ~0.117783 -0.117783
825.714 0.131501 1.180233 2.360465 580,000  491.429  245.714 0.245112 -0.136673 -0.136673 =~
_830.7r4 0.135831 _1.225519 2.451039 590.000 _481.429  240.714 0.255379 -0.157186 -0.157186 =
835.714 0.140359 1.272727 2.545455  600.000  471.429  235.714 0.266000 -0.179455 -0,179455
840.714 0.145090 1.321981 2.643963  610.000 461.429  230.714 0.276981 -0.203625 -0.203525
845.714  0.150029 1.373418 2.746836  620.000  451.429  225.714 0.288328 —0.229856 —0.229856




"THE VALUE OF
VARYING AMOUNTS OF DEBT

THE FIRM FCR

MODIGLIANI AND MILLER MODEL

THE FIRM HAS DETERMINILSTIC EARNINGS OF $ 75.
THE FIRM HAS AN AVERAGE TAX RATE OF 0.300
___ THE COST OF DEBT IS GIVEN BY THE FUNCTION  __ O. osoooooo+k“_g,gqooq 005 (L-125)° o
THE VALUE OF THE FIRM BEFORE TAX IS § 1071.429
SELECT= 5. RHO= 0.070 DELT= 10. ABAR= 125.SENT= -0.
{
_ NALUE  AT_COST _ BT DEBT AT DEBT VALUE _VALUE VALUE AyEBAgE_/MAyEBQGE'VAQE@AG§_1¥
ARTER OF EQUITY EQUITY OF BT OF AT OF COST COST BT COST AT
TAX CAPITAL RATIQ RATIO DEBT EQUITY EQUITY OF DEBT OF EQUITY OF EQUITY
____150.CC0 _0.070000_ _0.€GCCOO 0.000600 _ 0.000 _ 1071.429__ 750.000 0.050000 0.070000 _0.070000
753.CC0 0.069920 0.009421 0.013459 10.000 1061.429 743,000 0.050000 0.070188 0.070188
7156.0CC 0.069841 0.019022 0.027174 20.C00 1051.429 736.C00 0.05C000 0.070380 0.070380
759.000 0.069763 0.028807 0.041152 30,000 1041.429 729.000 0.050000 0.070576 0.070576
762.C000 0.069685 0.038781 0.055402 40.000 1031.429 722.000 0.050000 0.070776 0.070776
765.0C0 0.069608 0.048951 0.069930 50.000 1021.429 715.C00 0.05C000 0.,070979 0.070979
__768.CC0  0.069531 0.059322 0.084746 _ 60.000_ 1011.429  708.000 0.050000 0.071186 0.071186
771.000 0.069455 0.069900 0.099857 70.000 1001.429  701.000 0.050000 0.071398 0.071398
774.0CC0 0.06G6380 0.08G692 0,115274 80.C00 991.429 694,000 0.050000 0.071614 0.071614
777.CC0 0.069305 0.091703 0.131004 90,000 981.429 687.000 0.050000 0.071834 0.071834
780.000 0.069231 0.102941 0.147059 100,000 971.429 680.000 0.050000 0.072059 0.072059
783.CC0 0.069157 0.114413 0.163447 110.000 961.429 673.000 0.050000 0.072288 0.072288
 786.CC0  0.069084 0.126126 0.180180 120,000  951.429  666.000_  0.050000 0.072523 0.072523
786,000 0.069011 0.138G88 0.197269 130.000  941.429 659.000 0.050001 0.072762 0.072762
792.0C0 0.068940 0.150307 0.214724 140.000 9314429 652.000 0.050017 0.073004 0.073004
795.000 0.068872 0.162791 0.232558 150.C00 921.429 645.000 0.05C078 0.073243 0.073243 o
768.CC0 0.068810 0.175549 0.250784 160.000 911.429 638.000 0.050214 0.073473 0.07134673 =
801.C00 0.068756 0.188590 0.26%414 170.000 901.429 631.000 0.050456 0.073686 0.073686
___ 804.,CCO0 0.068713 0,201923 0.288462 180,000 891.429 624.000 0.050832 0.073870 0.073870
807.CC0O 0.068684 0.215559 0.307942 190.C00 881.429 617.000 0.051373 0.074015 0,.G74015
810.0C0 0.068675 0.229508 0.327869 200.000 871.429 610.000 0.052109 0.074106 0.074106
813.CC0 0.068688 0.243781 0.348259 210.000 8614429 603.000 0.053071 0.074127 0.074127




§16.000 0.06E729 0.258385 0.369128 220.000 851.429 596,000 0.054287 0.074060 0.074060
819.0C0 0.068803 0.273345 0.390492 230.000 841.429  589.000 0.055788 0.073885 0.073885
822,000 0.068914 0.288660 0.412371  240.000  831.429  582.000 0.057604 0.073578 0.073578
TTTE25.060 0.069070 0.304348 0.434783  250.000 821,429  575.000 0.059766 0.073115 0.073115
828.CC0 0.069275 0.320423 0.457746  260.000 811.429  568.000 0.062302 0.072467 0.072467
831.000 0.069536 0.236898 0.481283 270.000  801.429  561.000 0.065243 0.071603 0.071603
834.C00 0.065861 0.353791 0.505415  280.000 791.429 554,000 0.068619 0.070488 0.070488
837.CC0 0.070256 0.371115 0.530165  290.000  781.429  547.000 0.072461 0.069087 0.069087
840.0C0 0.070728 0.368889 0.555556 _ 300,000  771.429 _ 540.000 0.076797 0.067357 0.067357
843,600 0.071286 0.407129 0.581614  310.000  761.429  533.000 0.081658 0.065254 0.065254
846.000 0.071538 0.425856 0.608365  320.C00  751.429  526.000 0.087074 0.062729 0.062729
849.000 0.072691 0.445087 0.635838  330.000  741.429  519.000 0.093076 0.059729 0.059729
852.000 0.073555 0.464844 0.664063  340.000  731.429  512.000 0.099692 0.056198 0.056198
855.C0C0 0.074538 0.485149 0.693069 350,000  721.429  505.000 0.106953 0.052072 0.052072
_ 858.000  0.075650 0.506024 0.,722892  360.000 711.429  498.000 0.114889 0.047285 0.047285
TTTE51.C00 0.076901 0.527495 0.753564  370.000  701.429  491.000 0.123531 0.041763 0.041763
864.CC0 0.0783CC 0.549587 0.785124  380.000  691.429  484.000 0.132907 0.035427 0.035427
867.C00 0.079858 0.572327 0.817610 _ 390.000  681.429  477.000 0.143048 0.028153 0.028193
870.0C0 0.081584 0.595745 0.851064  400.000 671.429  470.000 0.153984 0.019967 0.019967
873.6€60 0.083450 0.619870 0.885529  410.000  661.429 463,000 0.165746 0.010650 0.010650
876.0C0 0.085586 0.%44737 0.921053  420.000 651,429  456.000 0.178362 0.000135 0.000135
879.0C0 0.087884 0.670379 0.957684  430.000 641,429  449.000 0.191863 -0.011694 -0.011694
882.0C0 0.090396 0.696833 0.995475  440.000  631.429 442,000 0.206279 -0,024964 —0.024964
£85.00C 0.093132 0.724138 1.034483  450.000 621,429  435.000 0.221641 -0.039809 —0.039309
888.CC0O 0.096105 0.752236 1.074766  460.000 611,429 428,000 0.237977 -0.056375 -0.056375
_.891.0C0 0.099326_ 0.781473  1.116390 _470.000  601.429 421,000 0.255318 -0.074821 =0.074821
894.CC0 0.10281C 0.811594 1.159420  480.000  591.429 414,000 0.273694 -0.095317 -0.095317
857.CCC  0.106567 0.842752 1.203931  490.000 581.429  407.000 0.293136 -0.118048 —0.118043
900.0C0 0.110612 0.875C00 1.250000 500.000 571.429 400,000 0.313672 -0.143213 -0.143213 ,
903.C00 0.114957 0.908397 1.297710 510.000 561,429 393,000 0.335333 -0.171028 -0.171028 !
$06.000 0.119615 0.943005 1.347150 520.000 551.429  386.000 0.358149 -0.201726 -0.201726
... 909.000 0.124601 0.978892 1.398417  530.000 _ 541.429  379.000 0.382151 -0.235562 20.235562 _
$12.00C 0.129927 1.016129 1.451613  540.000  531.429  372.000 0.407367 -0.272808 -0.272808
915.C00 0.135608 1.054795 1.506849  550.000 521.429  365.000 0.433828 -0.313764 -0.313764
918.GC0  0,141659 1.094972 1.564246  560.000 511.429  358.000 0.461564 -0.358752 -0.358752 =
921.000 0.148093 1.136752 1.623932 570.000 501.429  351.000 0.490606 -0.408124 —0.408124 W
924,000 0.154925 1.180233 1.686047 580.000 491,429  344.000 0.520982 -0.462264 =0.462264
_ 927.0C0 0.162170 1.225519 1.750742  590.000 481,429  337.000 0.552723 -0.521586 -0.521586
1 930.0C0 0.169844 1.272727 1.818182  600.000  471.429  330.000 0.585859 -0.586548 -0.586543
933.CC0 0.177960 1.321981 1.888545  610.000  461.429 323,000 0.620421 -0.657646 —-0.657646
$36.C0C  0.186536 1.373418 1.962025  620.000__ 451.429 316,000  0.656437 -0.735)23 -0.735423



THE VALUE OF THE FIRM FOR
VARYING AMOUNTS OF DEBT

MODIGLIANI AND MILLER MODEL

THE FIRM HAS DETERMINISTIC EARNINGS OF & 75.
THE FIRM HAS AN AVERAGE TAX RATE QOF 0.700
. THE COST OF DEBT IS GIVEN BY THE FUNCTION __0.05000000+ 0.000000005(L-125)°
THE VALUE OF THE FIRM BEFORE TAX IS $ 1071.429 "‘ ) -
SELECT= 5. RHO= 0.070 DELT= 10. ABAR= 125.SENT= -0.
__VALUE AT CcOST BT DEBT AT DEBT VALUE VALUE VALUE AVERAGE AVERAGE AVERAGE
AFTER OF EQUITY EQUITY OF - BT OF AT OF COST COST BT COST AT
TAX CAPITAL RATIO RATIO DEBT EQUITY EQUITY OF DEBT OF EQUITY OF EQUITY
__ 32r.429 0.07C000 0.€COCO0 0.000000 0.000 1071.429 321.429 0.050000 0.070000 0.070000
328.429 0.069574 0.009421 0.031404 10.000 1061.429 318.429 0.050000 0.070188 0.070188
335,429 0.069165 0.019022 0.063406 20.000 1051.429 315.429 0.050000 0.070380 0.070380
342.429 0.068773 0.028807 0.096022 30.000 1041.429 312.429 0.050000 0.070576 0.070576
349,429 0.068397 0.038781 04129271 40.000 1031.429 309.429 0.050000 0.070776 0.070776
356.429 0.068036 0.048951 0.163170 50.000 1021.429 306.429 0.050000 0.070979 0.070979
363,429 0.067689 0.059322 0.197740 60.000 1011.429 303.429 0.050000 0.071186 0.071186
370.429 0.067354 0,069900 0.233000 70.000 1001.429 300.429 0.050000 0.071398 0.071398
377.429 0.067033 0.080692 0.268972 80.000 991.429 297.429 0.050000 0.071614 0.071614
384.429 0.066722 0.091703 0.305677 90.000 981.429 294,429 0.050000 0.071834 0.071834
391.429 0.066423 0.102941 0.343137 100.000 971.429 291.429 0.050000 0.072059 0.072059
398.429 0.066135 0.114413 0.381377 110.000 961.429 288.429 0.050000 0.072288 0.072288
__405.429 0.065856 0.126126 0.420420 120.000 951.429 285.429 0.050000 0.072523 0.072523
B 412.429 0.065587 0.7138088 0.460293 130.000 941.429 282.429 0.050001 0.072762 0.072762
419.429 0.065331 0.150307 0.501022 140.000 931.429 279.429 0.050017 0.073004 0.073004 .
426,429 0,065095 0.162791 0.542636 150.000 921.429 276.429 0.050078 0,073243 0.073243 3
433,429 0.064887 0.175549 0.585162 160.000 911.429 273.429 0.050214 0.073473 0.073473
440,429 0.064719 0.,188590 0.628632 170.000 901.429 270.429 0.050456 0.073686 0.073686
447.429 0,064602 0.201923 0.673077 180.000 891,429 267.429 0.050832 0.073870 0.073870
454,429 0.064548 0.215559 0.718531 190.000 881.429 264,429 0.051373 0.074015 0.074015
461.429 0.064572 0.229508 0.765027 200.000 871.429 261.429 0.052109 0.074106 0.074106
468.429 0.064687 0.243781 0.812604 210.000  861.429 258.429 0.,053071 0.074127 0.074127




475.429 0.0646910 0.258389 0.861298 220.000  B851.429  255.429 0.054287 0.074060 0.074060
482.429 0.065257 0.273345 0.911149  230.000 841.429 252.429 0.055788 0.073885 0.073885
489.429 0,065745 0.288660 0.962199  240.000  831.429  249.429 0.057604 0.073578 0.073578 )
496.429 0.066392 0.304348 1.014493 250,000  821.429  246.429 0.055766 0.073115 0.073115
503,429 0.067217 0.320423 1.068075 260.000 811.429  243.429 0.062302 0.072467 0.072467
510.429 0.068239 0.336898 1.122995 270.000 801.429  240.429 0.065243 0.071603 0.071603
517.429 0.069477 0.353791 1.179302 280.000 791.429 237.429 0.068619 0.070488 0.070488
524.429 0.070952 0.371115 1.237051  290.000  781.429  234.429 0.072461 0.069087 0.069087
_531.429  0.072686 0.388889 1.296296 300,000  771.429 _ 231.429 0.076797 0.067357  0.067357 _
538.429 0.074699 0.407129 1.357098  310.000  761.429  228.429 0.081658 0.065254 0.065254
545.429 0.077012 0.425856 1.419518  320.000  751.429  225.429 0.087074 0.062729 0.062729
552.429 0.079649 0.445087 1.483622  330.000 741.429  222.429 0.093076 0.059729 0.059729
559.429 0.082632 0.464844 1.549479  340.000  731.429  219.429 0.099692 0.056198 0.056198
566.429 0.085984 0.485149 1.617162 350.000 721.429  216.429 0.106953 0.052072 0.052072
573,429 0.089727 0.506024 1.686747  360.000 711,429  213.429 0.114889 0,047285 0.047285
$80.429 0.093887 0.527495 1.758316  370.000  701.429  210.429 0.123531 0.041763 0.041763
587.429 0.098486 0.549587 1.831956  380.000 691.429  207.429 0.132907 0.035427 0.035427
594,429 0.103548 0.572327 1.907757  390.000  681.429  204.429 0.143048 0.028193 0.028193
601.429 0.109100 0.595745 1.985816  400.000 671.429 201.429 0.153984 0.019967 0.019967
608.429 0.115164 0.619870 2.066235 410.000 661.429  198.429 0.165746 0.010650 0,010650
615.429 0.121766 0.644737 2.149123  420.000 651.429 195.429 0.178362 0.000135 0,000135
622.429 0.128932 0.670379 2.234595  430.000 641.429 192.429 0.191863 -0.011694 -0.011694
629.429 0.136686 0.696833 2.322775  440.000  631.429  189.429 0.206279 -0.024964 —0.024964
636.429 0.145054 0.724138 2.413793  450.000  621.429 186.429 0.221641 -0.039809 -0.039809
643,429 0.154063 0.752336 2.507788  460.000 611.429  183.429 0.237977 -0.056375 -0.056375
650,429  0.163738 0.781473 2.604909  470.000  601.429  180.429 0.255318 -0.074821 -0.074821
657.429 0.174105 0.811594 2.705314  480.000 591.429 177.429 0.273694 -0.095317 -0.095317
664.429 0.185190 0.842752 2.809173  490.000 581.429 174.429 0.293136 -0.118048 -0.118048
671.429 0.197020 0.875000 2.916667  500.000 571.429  171.429 0.313672 -0.143213 -0.143213
678.429 0.209623 0.908397 3.027990 510.000 561.429 168,429 0.335333 -0,171028 -0.171028
685.429 0.223023 0.943005 3.143351 520.000 551.429 165.429 0.358149 -0.201726 -0.201726
 692.429 0.237249 0.978892 3.262973  530.000  541.429 162,429 0.382151 -0.235562 -0.235562 _
699.429 0.252327 1.016129 3.387097 540.000 531.429  159.429 0.407367 -0.272808 -0.272808
706.429 0.268284 1.054795 3.515982 550.000 521.429  156.429 0.433828 -0.313764 -0.313764 _,
713.429  0.285149 1.094972 3.649907  560.000 511,429  153.429 0.461564 -0.358752 —0.358752 =
720.429 0.302947 1.136752 3.789174 570.000 501.429  150.429 0.490606 -0.408124 -0.408124 O
727.429 0.321707 1.180233 3.934109 580.000  491.429  147.429 0.520982 —0.462264 ~0.462264
734.429 0.341455 1.225519  4.085064  590.000  481.429  144.429 0.552723 -0.521586 -0.521586
741.429 0.362221 1.272727 4.24242%4  600.000  471.429  141.429 0.585859 -0.586548 -0.586548
748.429 0.384031 1.321981 4.406605 610.000  461.429  138.429 0.620421 -0.657646 -0.657646
755.429 0.406913 1.373418  4.578059  620.000  451.429  135.429 0.656437 -0.735423 -0.735423
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APPENDIX 111

TRADITIONAL MODEL

Description of Program

The user is given the choice of three functions for’

required yield on debt and three functions for required yield

on equity by choosing values for the variables SELECT and

TELECT.
If SELECT = 1, the function used is
Ki = a + blL
SELECT = 3,
Ki = a + bL2
SELECT = 5,
Ki = a +blL>
If TELECT = 2,
Ke = ¢ +dbL
TELECT = 4,
Ke = ¢ + dL®
TELECT = 6,
Ke = ¢ +dL°

The user supplies the following additional parameters:

A

a

b

in equation for debt function
in equation for debt function
in equation for equity function
in equation for equity function

the net operating income or expected average
annual earnings of the firm before tax



TAX = average corporate tax rate
DELT = amount by which debt should be
each successive calculation
SENT = sentinel which will
set equal to zero.
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increased for

terminate program if not

The parameters are read off one data card in the for-

mat and'order jisted below,

Parameter Format

SELECT F5.0 5
TELECT F5.0 i0
A £10.0 20
B8 £10.0 30
C E10000 40
D £10.0 50
XBAR F5.0 55
TAX F5.0 60
DELT F5.0 65
SENT F5.0 70

A sampie data card is given below.

. E-2 1.E-2 7.E-2

o
B —

"VARIABLE FIELD — ~

i 1 L -0

Ending Column

00000000
47576 T 1870 60
IRRRRRRE
22222222
313333333
44444444
55555555
66666666
111711717
88888888

99999939

73 74 1576 71 78 73 80

1.6-% 75, .so io.
o RS v SEQUENCE

COMMENTS

qyvo 39VNONVT DITOEWAS PE0L/060L HH0L/0b0L



PROGRAM LISTING
TRADITIONAL HYPOTHESIS

VALUE OF THE FIRM - DETERMINISTIC MODEL

TRADITIONAL MODEL .

MODEL ALLOWS CHOICE OF THREE TYPES OF FUNCTION FOR DEPENDENCE OF
DEBT AND EQUITY CAPITALIZATION RATES ON AMOUNT OF DEBT

WE SPECIFY INTEREST FUNCTIONS,EARNINGS,TAX RATE,AND INCREMENT

aNgllaNeNeNaNe)

2

DEFINE REAL VARIABLES
REAL L4KESTORyICSTORKIAVGyKEAVGy KIMARW, INTCOSsKOAVG,
1KMARGL yKMARGS y KMARGR
READ(5,100)SELECTsTELECT»AyByCyDy XBAR,TAXyDELTySENT

100 FORMAT(2F5.044E10.0,4F5.0)

C

C

SENTINAL WILL TERMINATE PROGRAM IF NON-ZERO
IF(SENT.NE.Q.)GO TO 3
WRITE(6,200) XBARyTAX9C9DyA4B,SELECT,TELECT,DELT,SENT
WRITE{64202)

INITIALIZE ORIGINAL VALUES
L=0.0

1

c

KESTOR=C

ICSTOR=0,.,0

CONTINUE

DETERMINE WHICH FUNCTIONS TO USE FOR KIAVG AND KEAVG
IF(SELECT.EQ.1.)KIAVG=A+B*L
IF(SELECT.EQ.3. )KIAVG=A+B*L**2,

IF(SELECT.EQeS5.)KIAVG=A+B%L*%3,
IF(TELECT.EQ.2. )KEAVG=C+D*L
IF(TELECT.EQe4s )KEAVG=C+DXL *%2,
IF(TELECT.EQ.6. JKEAVG=C+D*L**3,
THE NEXT FUNCTIONS DETERMINE THE MARGINAL INTEREST RATE WHERE
KIMARW = D/DL. OF (KIAVG*L)

algNel

C

= KIAVG + D/DL OF KIAVG MULTIPLIED BY L
IF(SELECT.EQels )KIMARW=B*L+A+B*L
IF(SELECT.EQe3e )KIMARW=2,%B%L %%2, +A+BAXL *%2,
IF(SELECT.EQeSe JKIMARW=3 . *B*L **3, +A+B %L *%3,

DETERMINE THE INTEREST COST OF DEBT
INTCOS=KIAVG*%*L

C
C
C

DETERMINE THE AFTER TAX EARNINGS FOR EQUITY
EQEARN=(XBAR-INTCOS)*(1.~TAX)

_DETERMINE VALUE OF EQUITY

S=EQEARN/KEAVG
DETERMINE TOTAL VALUE OF FIRM
' V=L+S

c

C

C

DETERMINE DEBT RATIO
Wl=L/V

DETERMINE EQUITY RATIO
W2=S/Vv

DETERMINE THE DEBT EQUITY RATIO
W3=W1/W2




PROGRAM LISTING (cont'd)
TRADITIONAL HYPOTHESIS

C DETERMINE AVERAGE COST OF CAPITAL
KOAVG=W1*KIAVG+W2*KEAVG

C THE FOLLOWING FIVE STATEMENTS ARE USED TO DETERMINE THE MARGINAL COST

C OF DEBT BY AN INCREMENTAL APPROACH., WE CONSIDER THE ADDED DEBT
C CHARGES AND ALSO THE EFFECT OF ADDED DEBT ON THE COST OF EQUITY

KMARGL=(INTCOS-ICSTOR)/DELT

KMARGS={ ({EQEARN/KESTOR) *KEAVG-EQEARN) /DELT
KMARGR=KMARGL+KMARGS

KESTOR=KEAVG

ICSTOR=INTCOS
WRITE{69201)VyeLySsKIAVG,KEAVG oW1, W3 ,KOAVG,KIMARWsKMARGR,

1W24KMARGL y KMARGS

201 FORMAT(1X,41F9.3,42F10.3,10F10.6)

C INCREMENT BY AN AMOUNT DELT
L=L+DELT

C CHECK TO SEE IF ENOUGH VALUES HAVE BEEN COMPUTED
IF(W2-,00001)2,241

3 STOP

200 FORMAT(1H1437X425HTHE VALUE OF THE FIRM FOR/
39X,23HVARYING AMOUNTS OF DEBT//

42Xy 1 THTRADITIONAL MODEL//

15Xy40HTHE FIRM HAS DETERMINISTIC EARNINGS OF $4F5.0/
15Xy35HTHE FIRM HAS AN AVERAGE TAX RATE OF,F6.3/

F13.11,1HL/15X441HTHE COST OF DEBT IS GIVEN BY THE FUNCTION,

NN PN O~

SHDELT=9F5.095X9s5HSENT=yF5.0/7/)
202 FORMAT (4XySHVALUE ¢5X96HAMOUNT y4Xy SHVALUE,
4X9s THAVERAGE y3XyTHAVERAGE y 3Xy8HFRACTIONy 4Xy 4HDEBT 44X,

THAVERAGE » 3X 9 8HMARGINAL 92X 9y BHMARGINAL 4 2X s BHFRACTION 2X,

6X92HOF 94Xy 9HCOST DEBT»1X,y10HCOST EQUTY/5Xy4HFIRM,6Xy4HDEBT,

2X910HOF .CAPITAL,1X,7THOF DEBT,3X,y7HOF DEBT,4X,6HEQUITY,3X,

@~NO VS N

THPORTIGON,3X, THPORTIGON///)
END
$ENTRY

15X, 43HTHE COST OF EQUITY IS GIVEN BY THE FUNCTIONsFl4.9,1H+,

F16.991H+yF13,1141HL/20Xy THSELECT=yF5.0+48Xs THTELECT=yF5.045X,

BHMARGINAL 92Xy BHMARGINAL /6X ¢y 2HOF 9y 8X 9 2HOF 98Xy 2HOF 9y 6X 9 4HCOST 96Xy
4HCOST 38X 92HOF 46 X9 6HEQUITY y4X94HCOST 95X, THCOST MM,y 3X, THCOST SO,

5Xys6HEQUITY y3X,7THOF DEBT,2X,9HOF EQUITY,4X,4HDEBT,6X,5HRATIO,
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: . 3 THE VALUE OF THE FIRM FOR
o . VARYIMNG AMOUNTS OF DEBT
TRADITIONAL MODEL Y
THE FIRM HAS DETERMINISTIC EARMINGS OF % 75. ;
THE FIRM HAS AN AVERAGE TAX RATE OF 0.000
o _THE _COST OF EQUITY IS GIVEN BY THE FUNCTION  0.,07000000+  0.00000000|L> o L P
"THE COST OF DEBT 1S GIVEN BY THE FUNCTION 0.05000000+ 0.0006000001L3
SELECT= 5. TELECT= 6. DELT= 10. ~  SEMT= -0..
. _VALUE _~ AMOUNT  VALUE  AVERAGE AVERAGt ) FQACTIONMM“EDEBIUW AVERAGE  MARGINAL MARGINAL FRACTION
OF oF OF CoST T COST OF EQUITY COST COST M4 COST SO oF
FIRM DERT EQUITY OF DEBT OF EQUITY DEBT RATIO OF CAPITAL OF DEBT  OF DEBT EQUITY.
' 1071429 0,000 1071. 427_‘0 050000 0.07C000 ~ 0.000000 0.000000 0.070000 0.0506000 -0. oouooomwg.oooooou<
1074.270 1C.0C0 1064.270  0.050001  0.070001 0.009309 0.009396 0.069815 0.050004 0,050107 0.990691
1077.C2C 20.900 1057.020 .0.050008 0.070008 0.018570 0.018921 0.069637 0.050032 0.050755 0.981430
1079.584 30.000 1049.584 0,050027 0.070027 0.027788 0.028583 0.069471 0.050108 (.05206C 0.972212
1081.868 40.000 1041.868 C.050G64 0.0700¢4 0.036973 0.038393 0.069325 0.050256 G.054032 0.953027
©11083.779 5C.CC0O0 1033.779 0.050125 0.070125 0.046135 0.048366 0.069202 0.050500 0.0656660 0.953865
©1.1085.,223 60,000 1025.223 0.050215 0.070216_ 0.055288 0.058524 0.069110 0.050864 0.,060013 C.944712
1086.107 7C.000 1016.107 0.050343 0.070343 0.064450 0.068890 0.069054 0.051372 0.,064023 0.925550
1086.340 80.00C 1006.,340 0.050512 0.070512 0.073642 0.079496 0.069039 0.052048 0.068743 0,926354
1085.835 90,000 995,825 0.050729 0.070729 0.082886 0.,090376 0.069071 0.052916 0.07414)1 0.917114%
1084.5C7 100.C00 9€4.5C7 0.051000 0.071000 0.092208 0.101574 0.069156 0.054006C0 0.080221 0.907792
1082.278 11C.C00  972.2748 0.051331 0,071331 0.101637 0.113136 0.069298 0.055324 0.086373 0.8%6363
_1079.C€77 _ 120.0C0 959,077 0.051723 0,071723 0.1112C6 0.125120 0.0695C4 0.056912 0.094382 C.888794
"1074.837 130.000 944,837 0.052197 0.072197 0.120949 0.137590 0.069778 0.058788 (.102428 0.87905)
1069.50C4 140.C00  927.504 0.052744 0,072744 0.130902 0.15061&  0.07012¢6 0.060976 0.111084 (.869098
.10€63.032 150.000 913,032 0.€53375 0,073375 0.141106 0.164288 0.070553 0.063500 0.120321 0.858894
1055.3¢23 160.CC0  8G5.388 0.054096 0.074096 0.151603 0.178694 0.071064 0.066384 0.130103 0.248397
1046.547 170.000  876.547 0.054913 0.074912 0.162439 0.193943 0.071664 0.069652 0.140389 C€.827561
1036.502  180.C00 856,502 0.055832 0.075832 0.173661 0.210157 0.072359 0,073328 0.151123 0.826339
1025.254 190.000 - 835.254 0.C56359 0.076859 0(.185320 0.227476 0.073153 0.077436 0.162287 0.814680
1012.821 200.000 812.821 0.058000 0.078000 0.197468 0.246057 0.074051 0.082000 0.173799 G.802532
~.999.230 210.C00 _789.230 0.059261 0.079261 0.210162 0.266082 0.075058 0.087044 0.185612 0.739838
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1 THE VALUE OF THE FIRM FOR

§ _ - VARYING AMOUNTS OF DEBT

; TRADITIONAL MODFEL .

] THE FIRM HAS DETERMINILISTIC EARNINGS GF $ 75. NS

g “ THE FIRM HAS AN AVERAGE TAX RATE OF 0.500

4  _THE COST GF EQUITY IS GIVEN BY THE FUNCTION _ 0.07000000+  0.00G00O0OW> . ~

! THE CGST OF DEBT IS GLVEN RY THE FUNCTIOM 0.05000000+ 0.00CN0000I%

4 SELEC.T= TELECT= DELT= 10. SENT= -0.

: _

4 VALUE  AMOUNT  VALUE  AVERAGE  AVERAGE  FRACTION DEBT ”__AVERApEMN_MAPCIN“L CMARGINAL  FRACTICGN
k OF OF OF cosT CoST OF CEQUITY cosT cosT hn COST SO OF

X FIRM DEBT FOUITY  ©F DEBT OF EQUITY CERT RATIO OF CAPITAL OF DESB GF DEBT EQUITY
4 535,714  0.000  535.714 0.050000 0,07CC00 0.000C00 0.00C00C  0.07000C  0.050000 -0.000000 1.000006
542,135 10.000 532,135 ~0.050001 0.070001 0.018446 0.018792 0.0696322 0.050004 0.050054 0.981554
4 548.510 20,000 528.510 0.050008 0.070008 0.036462 0.037842 0.069279 0.050032 0.050385 0.963538
d 854,752 30.C00 524,792 ©.050027 0.070027 0.054074 0.057166 0.068946 0.050108 0.051062 (0.945926
A 560.93% 40.C00 520.934 0.050064 0.,07C064 0.071210 0.076785 0.0686328 o.osozs& G.052103 C€.92E690
1 5¢6.889 50.000 516.889 0.050125 0.070125 0.088201 0.096732 0.0683¢1 .0505C0 0.05352%  0.911799
1 572.611 60,000 512.611 0.050216 0.070216 0.104783 0.117048 _0.068120H_O 050864 0.055342 C.uQDPl(
1 578.053 7€.C00 508,053 0.050243 0.070343 0.121096 0.137781L 0.067921 0.0%1372 0.057509 LB7E904
| 583.170 80.000 503.179 0.050512 0.070512 0.137181 0.158992 0.067768 0.052048 0.C60219 .&6zwlw
4 587.917 90.0600  497.917 0.C50729 0.070729 0.153083 0,130753 0.067667 0.052916. G.063203 0.R46917
4 592,254 100.CC0  492.254 0.051C00 0.071000 0.168847 0.203147 0.C67623 0.054000 0.066430 0.831153
1 596.129 110.000  486.139 0.051331 0.071331 0.184521 0.226273 0.067641 0.055324 0.070%07 0.815479
1 599.538 120.000  479.528 0.051728 0,071728 0.200154 0.250241 0.067725 0,0%6912 0.075239 0.799840
1 602.418  130.CCC 472.418 0.052197 0.072197 0.215797 0.275180 0.067361 0.058788 0.080126 0.784203
{1 604.752 140.C00 464,752 0.C52744  0,072744 0.231500 0.201236 0.068114 0.060976 0©.085469 0.768500
q 606.51¢ 150.000 456,516 0,053%75 0.073375 0.247314 0.328575 0.068429 0.062500 0.091265 0.752660
4 607.694 160.0C0  447.694 0.054096 0.074096 0.263290 0.357387 0.068830 0.066384 0.097507 G.736710
1 608.274 176.CC0 438,274 0.054913 0.074913 0.279479 0.387885 0.069323 0.069652 0.104187 0.720521
] 6068.251  180.CCO  428.251 0.055832 0.075832 0.295931 0.420314 0.069913 ,0.073328 G.111294  0.704069
{ 607.€627 190.000  417.627 0.056859 0.0768592 0.312692 0.454951 0.070605 0.07743 0.118516 0.687308
1 606.410 200.CC0 406,410 0.058C00 0.078000 0.329810 0.492114 0.C71404 0,08 7oc 0.126729 0.67G190
JR\jéq.els . 210,000 394.615  0.059761 0.07926) 0.347328 0.532164 0. 072314 0.037044 0.135046 0,652672
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602,263  220.0C0 ~382.263 0.060648 0.080648 0.365289 0.575520 0.073342 0.09259Z G.143723 0.634711
599,379  230.000 .369.379 0.062167 0.082167 0.283730 0.6226656 0.074492 0.098663 0.152751 0.616270
.585.697  240.C00  355.997  0.063824 0.083824 0.402686 0.674162 0.075770 0.1G5296 0.162113° 0.527314
592,153 250,000 342,153 0.065625 0,085625 0.422188 0.730667 0.077181 0.112500 0.1717395 0.577812
587.888  26C.0C0  327.888 0.067576 0.087576 0.442261 0.792954 0.078731 0.,120304 0.181780 0.557739
583,246  270.0C0  313.2446 0.069683 0.089683 0.462927 0.861944 0.080424 0.,128732 0.192054  0.537073
578.272  280.0CC 298.272 ©.071952 0.091952 0.484201 0.938740 0.082269 0.137808 0.202605 0.515797
573,016  290.000  283.015 0.074389 0.094389 0.506094 1.024677 0.084267 0.147556 0.213424  0,493906
567,526  30C.C00 _267.526 0.077000  0.097C00 0.528610 1.121387 0.086428 0.158000__0,224502 0.471390
561.850  310.600  251.850 90.079791 0.0993791 0.551748 1.230890 0.088756 0.169164. 0.235335 0.448252
556.038  320.000  236.038 0.082762% 0.102768 0.575501 1.355716 0.C91258 0.181072 0.247420 0.424499
550,135  330.000 220.135 0.085937 0.105937 0.599853 1.499083  0.093940 0.193748 0.259257 0.400147
544,186  340.GC0  204.186 0.089204 0.109304 0.624787 1.6565150 0.096808 0,207216 0.271350 0.375213
538.234  350.000  188.234 0.092875 0.112875 0,650275 1.859391 0.099869 0.221500 0.283703 0.349725
.532.318 _360.000  172.318  0.096656 0.116656  0.676288 2.089162 0.102130 0.236624 0,296327 0.323712
526,475  370.C00 156.475 0.100653 0.120653 0.702787 2.364592 0.106597 0.252612 0.369230 0.297213
520,739  380.000  140.739 (0.104872 0.124872 0.729733 2.700039 0.110277 0.269488 0.,322429 0.270267
515.139  396.000  125.139 0.109319 0.129319 0.757078 3.116545 0.114177 0.287276 0.335936  0.242322
509.701  400.0C0  199.761 0.114000 0.134000 O0.784773 3.646258 0.118305 0.306000 0.349769 0.215227
504,451 - 410.000 94,451 0.118921 0.138921 0.812765 4.340886 0.122666 0.325684 0.363947 0.137235
499.406  420.C00 79.406 0.124088 0.144088 0.840998 5.289240 0.127268 0.346352 0.373490 0.159002
494,586 . 43C.C00 64,536 0,129507 0.149507 0.869415 6.657831 0.132119 0.363028 0.393420 0.130525
490.C02  440.C00 50.C02  0.135184 0.155184 0.897955 8.799632 0.137225 0.390736  0.408759  0.102045
485.667  450.000 35,667 0.141125 0.161125 0.926560 12.616629 0.142594 0.414500 0.424530  0.073440
481,590  460.000 21,590 0.147336 0.167336 0.955170 21.306521 0.148233 0.439344 0.440757 0.044830
__417.776 _470.C00 __ _7.776. 0.153823  G.173823. _0.983725 60.444437 0.154148 _0.465292 0.457464_ _0.016275
1 474,230 . 480.000 -5.770 0.160592 0.180592 0.160349 0.492368 0.474678 -0.012163 -

1.012168-83.183978
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APPENDIX IV
NET INCOME MODEL
Description of Program

The user is given the choice of three functions for
required yield on debt and three functions for required yield

on equity by choosing values for the variables SELECT and

TELECT.
If SELECT = 1, the function used is
Ki = a +b(L = A)
SELECT = 3
Ki = a +b(L - R)2
G SELECT = 5
Ki = a +b(L -K)B
If TELECT = 2,
Ke = ¢ + d(L - &)
TELECT = 4,
Ke = ¢ +d(L - 7)°
TELECT = 6,
K, = ¢ +d(L-K)>

All the data specified by the user is identical to that
used in the traditional model of Appendix III. 1In addition,
the user must specify ABAR. a

ABAR = A = the level of debt below which Ke and Kj
remain constant.
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The parameters are read off one data card in the for-

mat and'order listed below.

Parameter Format Ending Column
SELECT F5.0 5
TELECT F5.0 10
A . £10.0 20
B : E10.0 30
C £10.0 40
D E10.0 50
XBAR F5.0 55
TAX F5.0 60
DELT F5.0 65
ABAR F5.0 : 70
SENT F5.0 75

A sample data card is given below.

VARIABLE FIELD _— b MMENTS

0 0 U U

—_ -
—_u
—_ -

IRR RN IR R R R R R R R R R RN R AR R AR R R R R MR R R

m5555555_ESCSS55555@58555555555E5555555i5:55555:5555:555555555

18 9 10 11 12 ¥
BM N20030

E~]
=

EOUUU000000000000UUUUUDUUUﬂﬂUOUUUUUUUUﬂﬂUUUDDUUUUUUOUJUDUDOOOUUUUU

48 910121314 15116 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 35 37 38 39 40 41 42 43 44 45 46 47 48 43 50 5! 52 53 54 55 56 57 5B 59 60 61 62 £3 64 65 65 67 68 63 710 11 72|

1111

2222222;22228222222z2222222222220222222222222222222222222222;2222
33003333030303333333330)333333333(0333333333(]33333331337333333733337133
A444444/41404440404444444444444444444444444484440444444444444444444
1555
&BDSGSSGEBGGBG68BBE6E86666GEEB6SE66E66666E685866666666668666566666
7777777i7777777777771777777727777777777771777U1777777777777777717
2|3 888888888 888688888(]888888888J8888888(158(j888888 8888 838
99999999999999(19999999999999999999(]9999999999999395999999

18 19 20 212223 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 4849 50 51 52 53 54 55 56 57 58 5960 61 62 6364 65G667686370 1 72

SEQUENCE

0000000
BT 8T8 80
T1trirat
22222222
33333333
44444444
555555655
666666656
17111111
88888888

998998989

73747576 17 1879 80

/OVOL/////
-

Q¥VvO 39VNONVT OITOSWAS v604/060L vH0OL
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PROGRAM LISTING

NET INCOME MODEL

VALUE OF THE FIRM - DETERMINISTIC MODEL

NET INCOME MODEL

MODEL ALLOWS CHOICE OF THREE TYPES OF FUNCTION FOR DEPENDENCE OF
DEBT AND EQUITY CAPITALIZATION RATES ON AMOUNT OF DEBT
IN THIS MODEL CAPITALIZATION RATES ARE CONSTANT UNTIL

s XeNelel aNeNeNaNe]

L IS GREATER THAN ABAR

WE SPECIFY INTEREST FUNCTIONS,EARNINGS,TAX RATE,AND INCREMENT
DEFINE REAL VARIABLES )
REAL L,KESTOR,ICSTOR,KIAVGyKEAVGyKIMARW, INTCOS,KOAVG,
1KMARGL ,KMARGS , KMARGR

2 READ(54+4100)SELECTTELECT+»AyByCyDy XBARyTAX+DELT,ABAR,ySENT

100 FORMAT(2F5.044E10.045F5.0)

C SENTINAL WILL TERMINATE PROGRAM IF NON-ZERO
IF(SENT.NE.O.)GO TO 3
WRITE(64200)XBARsTAX9yCyDyAyBySELECTTELECTyDELTy ABARy SENT
WRITE(6,202) ;

C INITIALIZE DRIGINAL VALUES
L.=0.0
KESTOR=C
ICSTOR=0,0
1 CONTINUE
C DETERMINE WHICH FUNCTIONS TO USE FOR KIAVG AND KEAVG

~ IF{L-ABAR)10,10,11
10 KIAVG=A
KEAVG=C
KIMARW=A
GO T0 12
11 CONTINUE A

IF(SELECT.EQ.1.)KIAVG=A+B*(L~-ABAR)
IF(SELECT.EQ.3.)KIAVG=A+B*(L-ABAR)**2,
IF({SELECT.EQ.5.)KIAVG=A+B*{L-ABAR ) *%3,
IF(TELECT.EQ.2. )KEAVG=C+D*(L—-ABAR)
IF(TELECT.EQ.4+ JKEAVG=C+D*(L-ABAR)*%*2,
IF(TELECT.EQeb64 JKEAVG=C+D*(L-ABAR ) *%*3,

C THE NEXT FUNCTIONS DETERMINE THE MARGINAL INTEREST RATE WHERE

c KIMARW = D/DL OF (KIAVG*L)

c = KIAVG + D/DL OF KIAVG MULTIPLIED BY L
IF(SELECT.EQ.1e )KIMARW=B*L+A+B*(L—-ABAR)
IF(SELECT.EQe3. )KIMARW=2, *B*L¥%2,-2. %ABAR*B*L+A+B*(L~-ABAR)**2,
IF(SELECT EQeSe JKIMARW=3 *B¥*L ¥%3, -6 *ABAR¥BHL*%2, 43, *B*L *ABAR%*2,

C DETERMINE THE INTEREST COST OF DEBT

1 +A+B*(L-ABAR)**3,
12 CONTINUE

o =K [AVG*L
C DETERMINE |THE AFTER TAX EARNINGS FOR EQUITY
EQEARN=( XBAR-INTCOS) *(1.-TAX)




PROGRAM LISTING (cont'd) v 127

NET INCOME MODEL

C DETERMINE VALUE OF EQUITY
S=EQEARN/KEAVG

C DETERMINE TOTAL VALUE OF FIRM
V=L+S

C DETERMINE DEBT RATIO
Wl=L/V

C DETERMINE EQUITY RATIO

. W2=S/V

C DETERMINE THE DEBT EQUITY RATIO
W3=W1/W2

C DETERMINE AVERAGE CQOST OF CAPITAL

KOAVG=W1*KIAVG+W2%*KEAVG
C THE FOLLOWING FIVE STATEMENTS ARE USED TO DETERMINE THE MARGINAL COST
C OF DEBT BY AN INCREMENTAL APPROACH. WE CONSIDER THE ADDED DEBT
C CHARGES AND ALSO THE EFFECT OF ADDED DEBT ON THE COST OF EQUITY
KMARGL=(INTCOS-ICSTOR)/DELTY
KMARGS=( (EQEARN/KESTOR) *KEAVG-EQEARN) /DELT

KMARGR=KMARGL+KMARGS
KESTOR=KEAVG
ICSTOR=INTCGS o
WRITE(69201) VoL ySeKIAVG,KEAVGyW1ly W3, KOAVGyKIMARW » KMARGR,
1W2 4y KMARGL s KMARGS '
201 FORMAT(1Xy1F9.3,2F10.3,10F10.6)

T

C INCREMENT BY AN AMOUNT DELT
L=L+DELT o

C CHECK TO SEE IF ENOUGH VALUES HAVE BEEN COMPUTED
IF(W2~.00001)2,2,1

3 sToP

200 FORMAT(1H1,37X,25HTHE VALUE OF THE FIRM FOR/

39X+ 23HVARYING AMGUNTS OF DEBT//

42Xy 16HNET INCOME MODEL//

15X940HTHE FIRM HAS DETERMINISTIC EARNINGS OF %$,F5.0/
15X,3SHTHE FIRM HAS AN AVERAGE TAX RATE OF,F6.3/

15X943HTHE COST OF EQUITY IS GIVEN BY THE FUNCTION,F14.941H+,
F13,11,1HL/15X+41HTHE COST OF DEBY IS GIVEN BY THE FUNCTION,

F16.99y1H+yF13.11,1HL/20Xy THSELECT=yFS5.0¢8X s THTELECT=9F5.095X,
SHOELT=9F5.095X95HABAR=yF5.045HSENT=,F5.0///)

202 FORMAT (4X,5HVALUE 45X, 6HAMOUNT y4X 9 SHVALUE,

4Xy THAVERAGE y3X9 THAVERAGE y 3X9y8HFRACTION,y 4X 3 4HDEBT 44X,
THAVERAGE ¢3X 9y BHMARGINAL 92Xy BHMARGINAL » 2X 9 BHFRACTION, 2X,
8HMARGINAL y 2X 9 BHMARGINAL/6X y 2HOF y8X 9 2HOF 98Xy 2HOF y 6X 4HCOST,6X,

NN W D

4HCOST 18Xy 2HOF 16X 6HEQUITY 34X 4HCOST +5Xs THCOST MM, 3X, THCOST SO,
6X 9 2HOF 94Xy 9HCOST DEBT 91Xy 10HCOST EQUTY/5Xy4HF IRMy 6X 9 4HDEBT,
SX,6HEQUITY 13X, 7THOF DEBT,2X,9HOF EQUITY,4X,4HDEBT,6X,5HRATIO,
2X, LOHOF CAPITAL,1X,THOF DEBT,3X,THOF DEBT,4Xs6HEQUITY43X,
a‘?ﬁﬁ@ﬁTION,3x THPORTION///)

. END

N‘Om-bwl\)r-‘
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'g THE VALUE OF THE FIRM FCOR
i VARYIMG AMOUNTS OF DEBT -
&
NET INCCME MODEL
THE FIRM HAS DETERMINISTIC EARNINGS OF 3 75,
THE FIRM HAS AN AYERAGE TAX RATE OF 0,000
o THF_COST DOF EQUITY 1S GIVEN BY THE FUNCTION _ 0.070C0000+  0.000000Qcs(L-i2s)®
THE COST DR DEBT IS GIVEN BY THE FUNCTICN 0.05000000+ 0.000000005(L—-125)°
' SELECT= 5. TELECT= 6. DELT= 1G. ABAR= 125.SENT= -0,
L.NALUE  AMOUNT__ VALUE__~ AVERAGE_ _AVERAGE  FRACTION  DEBT - AVERAGE  MARGINAL_ MARGINAL FRACTIOCN,
OF aF 0OF CosT COST - OF EQUITY CosT COST MM COST SO GF
FIRM DEBT EQUITY OF BERT OF EQUITY DERBT RATIO OF .CAPITAL OF DEBT OF DEBT EQUITY
1071429 0.C00_ 1071.429 _0.050000_ 0.070000 0.000000 0.000000 0.070000 0.050000 -0.000000__1,000000
1074.286 10.C00 1064.286 0.05C000 0.,07C000 0.009309 0.009396 0.069814 0.050000 0.050000 C.990691
1077.143 2C.C0C 1057.143 0.050000 0.07C0C0 0.018568 0.018919 0.069629 C€.050C00 0.05C500 0.981432
1080.0CO0 30,000 1050.C00C 0.050000 0,07C000 0.027778 0.028571 0.069444 0.050000 0.050000 0.972222
. 11082.857 40,000 1042.857 0.0500600 0.07C000 0.036939 0,038356 0.069261 0.050000 0.050000 0.963061
11085.714 50,00N0 1035,714 0.050000 0.070000 0.046053 0.048276 0.069079 0.050000 0.0502300 0.953947
11088.571 60,000 _1028.571 0,050C00 _0.070000 0.055118 0.058333 0.068298 0.050000_ 0.050000 0.244882
1091.429 70,000 102Y.429 0.050000 0©.070000 (0.064136 0.068531 0.068717 0,050000 0.050000 0.935864%
1C3%4.286 80.CCO 1014.286 0.05C000 0.07C000 0.073107 0.078873 0.068538 0.050000 ©¢.950000 0.926393
1C97.143 30.000 1007.143 0.0500C0 0.070000 0.,082031 0.089362 0.0683592 0.050000 0.050000 0.917969
1100.GCO 100,000 10C0.CO00 0.050000 0.070000 0.090909 0.100000 0.068182 C€.050000 0.050900 0.909091
1102.857 116.060 992.857 0.,050C00 0.07C000. 0.099741 0.110791 0.068005 0.050000 0.050000 0.739025°
1105.714_ 120.C00 _ 985.714 0.050000 0.07C000 0.108527 0.121739 0.067829 0.050000 ©.05CH00 0.891473
1108.562 130.000 978.562 0.050001 0.070001 0.117269 0.132848 0.067655 0.050049 0.050069 0.832731
1111.151 140.000 971.161 0.050017 ©0.070017 0.125994 0.144157 0.067497 0.05048G 0.051807 0.8740006
1113.C43 150.0C0 963.043  0.050078 0.070078 0.134766 0.155756 0.0¢7383 0.051484 0.056339 90.365234%
1113.732 160.000. 953,732 0.050214 0Q.070214 0.143661 0.167762 0.0673241 0.053154 0.065278 0.85%6339
1112.757 170.000 942.757 0.050456 0.070456 0.152774 0.180322 0.067400 0.055619 0.077138 0.84722¢0
11C9.¢70  180.000 629.670 0.050832 0.070832 0.162210 0.193617 0.067538 0.058G99 0,092394 C.837730
1104.057 190.C00 914.057 0.051373 0.071373 .0.172093 0.207864 0,067931 0.063414 0.,110967 0.827307 -
1 1095.558 200,000 895,558 0.052109 0.072109 0.182555 0.223324 0.068458 0.068924 0.132714 0.817445
11083.883  210.000, 873.833 0.053071 0.073071 0.069196  0.075829 0.157417 0.806252__
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THE VALUE OF THE FIRM FOR ‘
VARYING AMOUNTS OF DEBT i
(@
NET INCOME MODEL
THE FIRM HAS DETERMINISTIC EARNINGS OF & 75.
THE FIRM HAS AN AVERAGE TAX RATE OF 0.500 _ ~
. THE COST OF EQUIYY 1S GIVEN BY THE FUNCTION.  0.07000000+  0,000000008(t-tesy’ -~ "
THE COST CF DEBT IS GIVEN BY THE FUNCTION 0.05C00000+  0.,000000005(L-125)3 -+ ,
SELECT= 5. TELECT= 6. DELT= 10. ABAR= 125.SENT= -0. ' o —
__VALUE _ AMOUNY  VALUE  _ AVERAGE __ AVERAGE _ FRACTION _ DEBT _ AVERAGE _ MARGINAL MARGINAL FRACTION
oF - OF CF COST CGST OF EQUITY COST COST MM COST 50 OF
FIRM DEDRT EQUITY  OF DEBT OF EQUITY DERT RATIO OF CAPITAL OF DEBT QF DEBT EQUITY
| 535,714 0.000 _ 535.714 _0.050000 0.070000 0.000000 0.000000 0.070000 0.050000 -0.000000  1.000009
542.143 16.000  532.143 0.050000 0.07C000 0.018445 0.018792. 0.069631 0.050000 (€.C50000 0.981555
548,571 20.000 528.571 0.050000 0.07CC00 0.036458 0.037838 0.069271 0.050000 0.05000C 0.3563547
555,0C0 30,000 525,00 0.05CC00  0,070000 0.054054 0.057143 0,068919 0.050000 0.050000 C.%45%45
561.429 40.000  521.429 0.050C00 0.070060 0.071247 0.076712 0©.068575 0.050000 0.050000 0.928753
| 567.857 50,000 517.857 0.050C00 0.07C000 0.088C50 0.096552 0.068239 0.050CG0 0.05CN00 0.911955
1..574.286 _  60.CC0 _ 514.236__0.05CC00 0.07C000_ 0.104478 _0.116667 0.067910 0.050000 0.050000 0.825522
580.714 70.000  510.714 0.050000 0.070000 0.120541 0.137063 0.067589 0.050000 0.056000 0.879455
587.143 80.0C0  507.143 0.050C00 0.07C000 0,136253 0.157746 0.067275 0.050000 0.05000C 0.853747,
593,571 SC.C00  503.571  0.056000 0.070000 0.151625 0.178723 0.066968 0.050600 0.05000C C.848375
6C0.CCO 100,000  500.C00 0.050000 0.07C000 0.166667 0.200000 0.066667 0.050000 0.050000 0.833233
606,429 110,000  496.429 0.050000 0.07C000 0.1813920 0.221583 0.066372 0.050000 0.05000C C.818610
_612.857  120.000 492,857 0.050000 0.07CC00_ 0.195804 0.243478 0.066084 0.0500050 0.050000 < 804196
619.281 130.000° 489,281 0.050001 0.070001 0.209921 0.2656956 0,065802 0.050049 0.050039 0.790079
625.580 140,000  485.580 0.050017 0.070017 0.223792 0.238315 0.065%41 0.C50489 0.051017 0.776208
631,522 150.C00  481.522 0,050078 0.070078 0.237522 0.311512° 0.065228 0.051484 0.053887 0.762478
636.3¢6 16C.CCH 476,866 0.050214 0.070214 0.251230 0.335524 0.065190 0.053154 0.058768 O0.742770
641,379 170,000  471.379 0.059456 0.070456 0.265054 0.360644 0.065155 0.055019 (0.065727 0.734946 |
644.835 180.000 464,835 0,050832 0.0708232 0.279141 0.387234 0.06524% 0.0569%9 0.074311_ 0.720859 .
6€47.0279 130.000  457.023 0.051373  0.071373  0.293650 0.415729 0.065500 0.063414 0.086341 0.7063590
647.779 200.000  447.779 0.052109 0.072109 0.308747 0.446649 0,065934 0.06£984 0.0994056 0.691223
646,941 210.000  436.941  0.053071  0.073071 0.460614 0.066579 0.075829 _0.114856

C.675396
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644,415 220.0C0 424,415 0.0542837 0.074237 0.341 395 0.518361 0.C67459 C. 084069 C.132307 0. 658605
640,148 230.000 410,143 0.055788 0.075788 0.359292 0.560773 0.068602_ C.09322¢4 0.151633 G.H40708

634,146 240,C00 | 394.146 0.057604 0.077604 0.378462 0.608911 0.070035 0.105214 0.172680 0.621538
626,469 250.000 376.4469 0.059766 0.07976¢6 0.3990672 0.064065 0.CT1L7E4 0.11835%9 0.195266 0.,600838
6€17.231 260.C0C0 357,231 0.062302 0.D082302 0.421236 0.727821 0.073877 0.133379 0.2191672 0.578764
606,592 270.000 335,592 0.0652473 0.085243 0.445110 0.302157 0.076341 0.150394 C0.244254 0.554890
594,754 280.009 314.754 0.068619 0.088619 0.470783 0.82958 0.079204 (0.169524 Q.270256 C.529217
581.943 290.C00 291.943 0.0724461 0.092461 0.498331 0.993345 0.082494 0.130889 0.297019 0.501669

568,402  30C0.C00 . 268.402 0.076797 0.096797 0.527796 1.117727 0.086241 0.,214609 0.324392 (0.472204

P 554,378 310.000 244,378 0.081658 0.101658 0.56G9185 1.268528 0.090474 (0.240504 0.352260 - C.440815

540.,11¢C 320.000 220.110 0.087074 0.107074 0.592472 1.453821 N,095225 0.26959¢4 0.380547 C.407528
525,820 230.000 195.820 0.093076 0.113076 0.6217591 1.685217 0.100524 0.301099 0.409219 C.272402
511.711 340,.C00 171.711 0.0939692 0.119432 0.664438 1.980074 0.1064073 0.235439 0.428283 J.2255&7
497,954 350.0C0 147,954 0.106953 0.126853 0.702876 2.365602 D.1128966 O0.372724 O.467786 Q0.297124%

_484.694 360,000 124,694 0.114889 0,134889 0.742736 2.837064 0.120035 0.413104 0.497805 0.257264
472.047 37G6.000 - 102.047 0.123531 0.143531 0.783821 3.625788 0.12785%4 0.456669 0.528445 U2V6179

’ 460.099 380.00C0 80.099 0.132907 0.152907 0.825909 4,744125 0. 136289 0.503540 0.559837 G.174091

448,913 399,0C0 583.9173 0.,143048 0.,163048 0.868766 - 6.,619956 0.145673 0.553364 De5922123 . 13127234
438,527 4C0,.,CCO 38.527 0.1539834 0.1739234 0.912144 10.382280 0.155741 0.607734 0.625458 C.0a7856
428.962 410.000 18.962 0.165746 D.185746 0.955795 21.621955% 0.166£30 0.65652719 0.66ECGOD6 GC.Ca4205
420,222 420.CC0 0.222 0.178362 0.198362 0o GG 4T 2% i deskne s neoxe e 0.178372 C.726619 0,695926 0.000528
412.297 430,000 -37.703 0.191863 0.211863 1.042937-24,2£9969 0.191004 0.791874 C.7323387 -0.042937

1!
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THE VALUE OF THE FIRM FQR
VARYING AMOUNTS OF DEBT

NET INCOME MODEL

0.938107

15.,156798

. 0.075829

! W
T THE FIRM HAS DETERMINISTIC EARNINGS OF $ 25. v
i THE FIRM HAS AN AVERAGE TAX RATE OF 0,000
R __THE COST OF EQUITY IS GIVEN BY THE FUNCTION 1.00000000+ =-0.00000000L )
g THE COST OF DEBT IS GIVEN BY THE FUNCTION 0.05000000+ 0.000000007L-125)3
% SELECT= 5, TELECT= 6. DELT= 10, ABAR= 125.SENT= =-0.
__VALUE . AMOUNT VALUE  AVERAGE  AVERAGE  FRACTION DEBT - AVERAGE  MARGINAL MARGINAL FRACTION
. OF OF OF coST COST  OF EQUITY CoST COST MM COST SO OF
 FIRM DEBT EQUITY OF DEBT OF EQUITY DEBT RATIO OF CAPITAL OF DEBT  OF DEBT EQUITY
. 25,€C0 0,000 25.C00 0.050000 1.000000 0.000000 0.000000 1.,000000 0.050000 0.000000 1.,000000
34,5C0 10.000 24,50 0,050000 1.000000 0.289855 0.408163 0.724638 0.050000 0.050000 0.710145
44.000 20,000 24,000 0.050000 1.000000 0.454545 0.833333 0.568182 0.050000 0.050000 0.545455
. 53,5C0 30,000 23.500 0.050000 1.000000 0.560748 1.276596 0.,467290 0.050000 0.050000 0.439252
63,000 40,000 23,000 0,050000 1.000000 0.634921 1.739130 0.396825 0.050000 0.050000 0.365079
72.500 50,000 22.500 0.050000 1.000000 0.689655 2.222222 0.344828 0.050000 0.050000 0.310345
182,000 60,000 _ 22.000 0.,050000 1.000000 0.731707 2.727273 0.304878 0.050000 0.050000 0,268293
17791.5C0 70.000 21.500 0.050000 1.,000000 0.765027 3,2558l4 0.273224 0.,050000 0.050000 0.234973
101,000 80.000 21.C00 0.050000 1,000000 0,792079 3.809524 0,247525 0.050000 0.050000 0,207921
110,500 90,000 20.500  0.050000 1.000000 0.814480 4.390244 0.226244 0.050000 0.050000 0.185520
I 120.0C0 100,000 20,000 0.050000 1.000000 0.833333 5.000000 0.208333 0.050000 0.050000 0.166667
129.500 110.000 19.500 0.050000 1.000000 0.849421 5.641026 0,193050 0,050000 0.050000 0.150579
139,000  120.000 19.000 0.050000 1.000000 0.863309 6.315789 0.179856 0.050000 0.050000 0.136691
148.5C0  130.000 18.500 0.050001 1.000000 0.875421 7.027058 0.168350 0.050049 0.050008 0.124579
"157.998 140,000 17.998 0,050017 1.000000 0.886089 7.778799 0.158230 0.050489 0.050228 0.113911
167.488 150,000 17.488 0,050078 1.000000 0.,895585 8.577172 0.149264 0.051484 0.050936 0.104415
176.966 160,000, 16.966 0.050214 1.000000 0.904130 9.430793 0.141270 0.053154 0.052258 0.095870
| 186,423  170.000 16.423 0.050456 1.000000 0.911907 10.351624 0.134104 0.055619 0,054316 0,088093
'195.850 180,000 15,850 0.050832 1.000000 0.919069 11.356279 0.127649 0.058999 0.057228 0.080931
205.239 190,000 15,239 0.051373 1.000000 0.925750 12.467923 0.121809 0.063414 0.,061116 0.074251
-1 214.578 200.000 14.578 0.052109 1.000000 0.932061 13,719185 0.116508 0.068984 0.066098 0,067939
1 223,855 210.000 _ 13.855 0.053071 1.000000 0.111679 0.072296 0,061893
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"T333,057 220,000 13,057  0.054287 1.000000 0.943976 16.849344 0.107270 0.084069 0.079828 0056024
242.169 230,000 12.169 0.055788 1.000000 0.949751 18.900902 0.103234 0.093824 0.088816 0.050249
251,175 240,000 11.175 0.057604 1,000000 0.955509 21.476605 0,099532 0.105214 0.099378 0.044491
260,059 250,000 10.059 0.059766 1.000000 - 0.961322 24.854368 0.096132 0.118359 0.111636 0.038678
268,802 260,000 8.802 0.062302 1.000000 0.967256 29.540376 0.093005 0.133379 0.125708 0.032744
277.384 270,000 7.384 0.065243 1.000000 0.973379 36,563780 0.090128 0,150394 0.141716 0,026621
285.787 280,000 5,767 0.068619 1.000000 0.979752 48.387862 0.087478 0,169524 0.159778 0.020248
293,986 290,000 3,986 0.072461 1.000000 00986440 72.746994 0.085038 0.190889 0.180016 0.013560
301.961 300,000  1.961 0.076797 1.000000 0,993506%%kkkikitt 0,082792 0.214609 0.202548 0.006494
309.686  310.000  -0.314 1.000000 1.001014%kskkssikt 0,080727 0.240804 0.227496 -0.001014

0.081658

cel
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i THE VALUE OF THE FIRM FOR
VARYING AMOUNTS OF DEBT
| NET INCOME MODEL S
| THE FIRM HAS DETERMINISTIC EARNINGS OF $§ 75,
§1 THE FIRM HAS AN AVERAGE TAX RATE OF 0.000
b ) THE COST OF EQUITY IS GIVEN BY THE FUNCTION 1.00000000+ -0.00000000L o
THE COST OF DEBT. IS GIVEN BY THE FUNCTION 0.05000000+  0.000000005(L-125)
| SELECT= TELECT= DELT= 10. ABAR= 125.SENT= -0,
. VALUE. . __ AMOUNT ___ VALUE  AVERAGE  AVERAGE  FRACTION DEBT  AVERAGE  MARGINAL MARGINAL FRACTION
; OF OF . OF COoST CoST OF EQUITY CoST COST MM COST SO OF
Y FIRM DEBT EQUITY OF DEBT OF EQUITY  DEBT RATIO OF CAPITAL OF DEBT  OF DEBT EQUITY
75,000 . 0,000  75.C00 0,050000 1.000000 0.000000 0.000000 1.000000 0.050000 0.000000 1.000000
84,500 10,000 74,500 0.050000 1.000000 0.118343 0.134228 0.887574 0.050000 0.050000 0.881657
94,000 20.000 74.C00 0.050000 1.000000 0.212766 0.270270 0.797872 0.050000 0.050000 0.787234
103.5C0 30.000 73.500 0.050000 1.000000 0.289855 0.408163 0,724638 0.050000 0.050000 0.710145
113,000 40.000 73.C00 0.050000 1.000000 0.353982 0.547945 0.663717 0,050000 0.050000 0.646018
122,500 50.000 72.500 0.050000 1.000000 0.408163 0.689655 0.612245 0.050000 0.050000 0.591837
132,000 60,000 72.000 0.050000 1.000000 0.454545 0.833333 0.568182 0.050000 0.050000 0.545455
141.5C0 70.000 71.500 0.050000 1.000000 0.494700 0.979021 0.530035 0.050000 0.050000 0.505300
151.000 80,000 71.C00 0.050000 1.000000 0.529801 1.126761 00496689 0.050000 0.050000 0.470199
160.500 90,000 70,500 0.050000 1.000000 0.560748 1.276596 0.467290 0.050000 0.050000 0.439252
170.CC0 100,000 70.C00  0.050000 1.000000 0.588235 1.428571 0.441176 0.050000 0.050000 0.411765
179.500 110.000 69.500 0.050000 1.000000 0.612813 1.582734 0.417827 0.050000 0.050000 0.387187
189.000 120.000 69,000 0.050000 1.000000 0.634921 1.739130 0.396825 0.050000 0.050000 0.365079
198.5C0  130.000 68.500 0.050001 1,000000 0,654912 1.897812 0.377834 0.050049 0.050008 0.345088
207,998 140,000 67.998 0,050017 1.000000 0.673085 2.058895 0.36058]1 0.050489 0.050228 0.326915
217.488 150,000 67.488 0.050078 1.000000 0.689692 2.222608 0.344846 0.051484 0.050936 0.310308
226.966 160.000 66.966 0.050214 1,000000 0.704952 2.389283 0.330446 0.053154 0.052258 0.295048
236.423  170.000 66.423 0,050456 1.000000 0.719052 2.559372 0.317229 0.055619 0.054316 0.280948
245,850  180.000 65.850 0,050832 1,000000 0.732153 2.733474 0.305064 0.058999 0.057228 0.267847
255,239 190,000 65.239 0.051373 1.000000 0.744400 2.912364 00293842 0.063414 0.061L1l6 0.255600
264,578 200,000  64.578 0.052109 1.000000 0,755920 3.097024 0.283470 0.068984 0,066098 0.244080
 273.855  210.000 63.855 0.053071  1.000000 3,288692 0.273867 0,075829 0,072296 0.233171 .
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283,057 220.000 63.057 0.054287 1.000000 0.777229 3.488913 0.264964 0.084069 0.079828 0,222771
I 292.169 230.000 62.169 0.055788 1.000000 0.787216 3.699609 0.256701 0.093824 0,088816 0.212784%
. 301.175 240,000 61.175 0,057604 1.000000 0,796879 3.923174 0.249025 0.105214 0.099378 0.203121
310,059 250.000 60.059 0.059766 '1.000000 0.806299 4.162602 0.241890 0.,118359 0,111636 0.,193701
318.802 260,000 58.802 0.062302 1.000000 0.815554 4,421655 0.235256 0.133379 0.125708 0.184446
327.384 270,000 57.384 0.065243 1.000000 0.824719 4.705115 0.229089 0.,150394 0.141716 0.175281
335,787 280.000 55,787 0.068619 1.000000 0.833863 5.019129 0.223356 0.169524 0.159778 0.166137
343,986 290,000 53.986 0.072461 1.000000 0.843057 5.371721 0.218032 0.190889 0,180016 0.156943
351.961 300,000 51.961 0.076797 1.000000 0.852367 5.773568 0.213092 0.214609 0.,202548 0.147633
359.686 310.000 49.686 0.081658 1.000000 0.861863 6,.,239184 0.208515 0.240804 0.227496 0.138137
367,136 320,000 47.136 0,087074 1.000000 0.871611 6.788837 0.204284 0.269594 0.254978 0.128389
374.285 330.000 44.285 0.093076 1.000000 0.881681 7.451726 0.200382 0.301099 0.285116 0.,118319
381,105 340,000 41.105 0.099692 1.000000 0.892143 8.,271547 0.196796 0.335439 0.318028 0.,107857
387.566 350,000 37.566 0.106953 1.,000000 0.903071 9.316834 0.193515 0.372734 0.353836 0.096929
393,640 360,000 33,640 0.114889 1.000000 0.914542 10.701599 0.190529 0.413104 0.392658 0.085458 -
399,294 370.000 29,294 0,123531 1.000000 0.926636 12.630713 0.187832 0.456669 0.434616 0.073364
404,495 380,000 24,495 0.132907 1.000000 00939442 15.513122 0.185416 0.503549 0.479828 0.060558
409,211 390,000 19,211 0.143048 1.000000 0:953053 20.300620 0.,183279 0.553864 0.528416 0,046947
413,406 400,000 13,406 0.,153984 1.000000 0.967571 29.8368B18 0.181420 0.607734 0.580498 0.032429
417,044 410.000 7.044 0.165746 1.000000 0.983109 58.203133 0.179837 0.665279 0.636196 0.016891
420,088 420,000 0.088 0,178362 1.000000 0,999790*kkkxxkk%*k (0,178534 0.726619 0.695627 0.,000210
422.499 430,000 ~7.501 1.000000 0.177515 0.791874

0.758915 -0.017754
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THE VALUE OF THE-FIRM FOR -
VARYING AMOUNTS OF DEBT Y
NET INCOME MODEL y
THE FIRM HAS DETERMINISTIC EARNINGS OF $ 125.
THE FIRM HAS AN AVERAGE TAX RATE OF 0.000
P _ THE COST OF EQUITY IS GIVEN BY THE FUNCTION 1.00000000+ -0.00000000L ‘
THE COST OF DEBT IS GIVEN BY THE FUNCTION 0.05000000+ 0.000000005(L~-125)°
SELECT= 5. TELECT= DELT= 10. ABAR= 125.SENT= -0,
_ _VALUE _ AMOUNT VALUE _ _ AVERAGE  AVERAGE  FRACTION DEBT AVERAGE  MARGINAL MARGINAL FRACTION
OF OF OF COST cosST OF EQUITY CcosT COST MM  COST SO OF
FIRM DEBT EQUITY = OF DEBT OF EQUITY  DEBT RATIO OF CAPITAL .OF DEBT  OF DEBT EQUITY
125.0C0 0,000 125.C00 0,050000 1,000000 0.000C00 0.000000 1.000000 0.050000 0.000000 1.000000
134.500 10,000 124,500 0.,050000 1.000000 0.074349 0.,080321 0.929368 0.050000 0.050000 0.925651
144.C00 20,000 124,000 0.050000 1.000000 0.138889 0.161290 0.868056 0,050000 0.050000 0.861111
153.5C0 30,000 123,500 0.050000 1.,000000 0.,195440 0.242915 0.814332 0,050000 0.050000 0.804560
163.000 40,000 123.C00 0.050000 1.000000 0,245399 0.325203 0.766871 0,050000 0.050000 0.754601
1 172.500 50,000 122,500 0.050000 1.000000 0.289855 0.408163 0.724638 0.050000 0.050000 0.710145
182.000 _ 60,000 _ 122.000 0.050000 1.000000 0.329670. 0.491803 0.686813 0,050000 0.050000 0.670330
7191.500 70.000. 121.5C0 0.050000 1.000000 0.365535 0.576132 0.652742 0.050000 0.050000 0.634465
201.C00 80.000 121.000 0.050000 1.000000 0.398010 0.661157 0,621891 0.050000 0.050000 0.601990
210.500 © 90.000 = 120.500 0.050000 1.000000 0.427553 0.746888 0.593824 0,050000 0.050000 0.572447
220.CCO  100.000 120.000 0.050000 1.000000 0.454545 0.833333 0.568182 0.050000 0.050000 0.545455
229.500 110.000 119.500 0.050000 1,000000 0,479303 0,920502 0.544662 0,050000 0.050000 0.520697
239.000 120,000 119.000 0.050000 1.000000 0.502092 1.008403 0.523013 0.050000 0.050000 0.497908
T7248.5C0 130,000 118.500 0.050001 1.000000 0.523139 1.097047 0.503018 0.050049 0.050008 0.476861
257.998 140,000 117.998 0.050017 1.000000 0.542641 1.186464 0,484501 0,050489 0.050228 0.457359
267,488 150,000 117.488 0.050078 1,000000 0.560772 1.276723 0.467310 0.051484 0.050936 0.439228
276.966 160.000 116.966 0.050214 1.000000 0.577689 1.367922 0.451319 0,053154 0.052258 0.422311
286,423 170,000 116.423 0.050456 1.000000 0.593529 1,460198 0.436418 0.,055619 0.054316 0,406471
295.850 180,000 115.850 0.050832 1.000000 0.608416 1.553730 0.422511 0.058999 0.057228 0.391584
1 305.239 190.000 115.239 0.051373 1.000000 0.622463 1.648746 0.409515 0,063414 0,061116 0.377537
314.578 200,000 114.578 0.052109 1.000000 0.635772 1.745534 0.397358 0,068984 0,066098 0.364228
323.855 210,000 . 113.855 1.000000 0.648438 1,844449 _0.385975 _0.075829 0.072296 0.351562
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333,057 220.000 113.057 1.000000 0.660548 1.945923 0.,375311 0.084069 0.079828 0.339452
342,169 230.000 112.169 0.055788 1.000000 0.672183 2.050482 0.365317 0.093824 0.088816 0,327817
' 351.175 240,000 111.175 0.057604 1.000000 0.683420 2.158760 0.355948 0,105214 0.099378 0.316580
360.059 250,000 110,059 0.059766 1.000000 0.694331 2.271517 0.347166 0.118359 0.111636 0.305669
368.802 260,000 108.802 '0.062302 1.000000 0.704986 2.389673 0.338936 0,133379 0,125708 0.295014
377.384 270,000 107,384 0.065243 1.000000 0.715451 2.514333 0.331227 0.,150394 0.141716 0.284549
385,187 280,000 105,787 0.068619 1.000000 0.725790 2.646839 0.324013 0.169524 0.159778 0.,274210
393,986 290,000 103.986 0.072461 1.000000 0.736066 2.788826 0.317270 0.190889 0.180016 0.,263934
401,961 300,000 101.961 0.076797 1.000000 0.746341 2.942303 0.310975 0,214609 0.202548 0.253659
409,686 310,000 99.686 0.081658 1.000000 0.756677 3.109765 0,305112 0.240804 0.227496 0.243323
417.136 320,000 97.136 0.,087074 . 1.000000 0.767136 3.294343 0.299662 0.269594 0.254978 0.232864%
424.285 330.000 94.285 0.093076 1,000000 0.777779 3.500025 0.294613 0.,301099 0.,285116 0,222221
431,105 340,000 91.105 0.099692 1.000000 0.788671 3.731967 0.289953 0.335439 0,318028 0.211329
437,566 350,000 87.566 0.106953 1.000000 0.799879 3.996966 0.,285671 0.372734 0.353836 0.200121
__443.640 360,000 83.640 0.114889 1.000000 0.811469 4.,304169 0.281760 0,413104 0.392658 0.188531
449,294 370,000 79.294 0.,123531 1.000000 0.823515 4,666198 0,278214 0,456669 0.434616 0.176485
454,495 380,000 T4.465 0.132907 1.000000 0.836092 5.100987 0.,275030 0.503549 0.479828 0.163908
459,211 390.000 69,211 0,143048 1.,000000  0.849282 5.634923 0,272206 0.553864 0.528416 0.150718

463,406 400,000 63.406 0.153984 1.000000 0.863173 6.308526 0.269742 0.607734 0.580498 0.136826
467.044 410,000 57.044 0.165746 1.000000 0.877861 T.187337 0.267641 0.665279 0.636196 0.122139
470.088 420,000 50,088 0.178362 1.000000 0.893450 8.385239 0.265908 0.726619 0.695627 0.106550
4720499 430,000 42,499 0.191863 1.,000000 0.910055 10.,117916 0.264551 0.791874 0.7583915 0.089945
- 4T40,237 440.000 34,237 0,206279 1.,000000 0,927806 12.851563 0.263581 0.861164 0.826179 0.072194
475,262 450,000 25,262 0,221641 1,000000 0.946847 17.813510 0.263013 0.934609 0.897536 0.053153
475,531 460,000 15.531 0.237977 1.,000000 0.967340 29.618880 0.262864 1.012329 0.973109 0.032660
_.475.CC0  470.000 5,000 _0.255318 1,000000 0.989473 93,990874 0.263158  1.094444 1.053015 0.,010527
480,000 -6.373 0.273694 1.000000 1.013456-75.314352 0,263921 1.,181074 1.137377 -0.013456
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