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ABSTRACT

~ This thesiS‘exténds thebapplicationvof wéiting line
theory ta situations where both arrival rate and service rate
‘distributions arevafbitrary or ron-random. It does so oﬁly
for single channel, single phaée; steady‘étate; infinité queues
with no feed-back. | | |
Prévious work by A.K. Erlang had shéwn that queueing'.
éharacteristics‘could be predicted for one case of an arbitrary
service rate distribution, the constant service time. Alsé,
F. Pollaczek had shown that,'wh;re arrival rates are random,
queue lengths and waiting times were independeﬁt of the form
of the service rate distributibh, being functions of the coe-
fficient of'variaﬁée squared. But all of thé works  assumed
random arrivals around a stable nean arrival rate aﬁd, excépt
for the constant service time case, most appliéations were
.limited to cases where both arrival and service rates were
random. This restriction has limited applications severely
and has required thaﬁ most analysis of queueing characteristics
be done by simulation. | | | _
» This sfudy developé and proves by inférence the
hypothesis that system length is dependent on these factors
only: the square of the coefficient of varlance of the inter-
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arrival time distribution, C_ , the square of the coefficient

of variance of the service time distribution, Cg , and the

ratio of mean arrival rate to mean service rate, p . Through

a combination of calculation and simulation a set of curves has



been developed covering values, Ci-'from. 0 to 6, g

i1

2

from 0 to 6 and of p from 0.1 to 0.9 . These curves

permit the prediction of system length, and then of average

gueue length andiwaiting'time, i'or any case where only the meaﬁ

.—and variance of the arrival and service time distributons are

known, even though nothing is knoWn about}the'form of the distri-

butions.

7

In the usage of the set of graphs (figures 10-29),

the following steps are all that is required to obtain the

necessary characteristics:

a)

b)

d)

Var(t'sf)' - ¢ (6

-

Calculate the average interarrival time,

-% = (Total time of observation/Total number of
arrivals)

Calculate the variance for interarrival times,

2

n
Var(t_ ) = g (% —l) /Total number of arrivals
S = B

Calculate the fractional coefficient of variance

squared for interarrival time distribution,

2 _ vor 2
o = Var(t,)/(1/1)

Calculate the average service time,
1 - (rotal time service facility is in operation/

Total number serviced)
Calculate the variance for service times,
1,2 S
S -=) /Total number serviced



e)

iii
Calculatg the fractional coéfficient'of variance

squared for service time distribution,

¢§ = var(ty)/(1/u)?
Calculate the utilization factor,
0 =1(Averége service time/Average interarrival

time)

With the values p , €2, and €2, read from

"a’
the set of graphs (figures 10-29) the verticle
axis, L .

Compute Lg, W and Wq .
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CHAPTER I
INTRODUCTION |
Queues for service oi one kKind or another are- present
in many different iields of activity. | The meohanism of the
queueing processes is very simple and can be broken down into
elements, each of which has the following basic behaviour. A
sequence of units or customers arrives at some facility or
counter, which services each unit and eventually discharges it.
| De01s10ns regarding the amount of service capacity
must be made frequently in 1ndustry. Unfortunately, the amount
of capaCity to prov1de usually cannot he detefmined by estimat—
ing the average flow. if the mean oapacity is less than the
average flow, a "traffic Jam" will build up until either flow
is reduced-or capacity is increased. Even if‘mean capacity
is greater than average flow, transient and, in certain cases,
permanent ”trafficrjams" can occur because the actual flow or
the actualvcapacity to handle the flow fluctuates, heing some-
-times larger and sometimes smaller than its mean value. Hence,
congestion will occur.from time to time if.there are sufficientv
"1rregu1arit1es in the system even though average capac1ty is
more than adequate. Generally the theory of queues deals with
the investigation of the stochastic law of‘different processes
arising in connection.with'mass sefvicing in cases when random
'fluctuations occur. However,.the practical aim in investigating
-a~system with congestion is-usually to imtrove the system.-

In the study of queues, the important charactefistics

are.:
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a) ‘Wq , the mean queueing time of a customer. The gqueue-

~ing time is defined as the time a customer has to wait

~ before being attended to.

- b) W, the mean waiting time of a customer. The waiting
time is defined as the queveing time and the service time

- of a customer.

é) ‘'La , the mean queue length of the system. The mean queue
: léngth is defined as the average number of customers in

the queue excluding the one .in service.

"d) L', the mean waiting length of the system. The mean
o waiting length is defined as the average number of cust-

omers in the system including the one in service.
e) p , the utilization factor of the service mechanism..

In order to'predict one or more of these character--
iétics, it is necessary to spécify the system sufficiently
fully. |

In order to specify a system completely, it is necess-
ary to describe the elements of the queue sufficiently. A

system has four elements:

'a) The input element is described by the following factors;
| (1) The initial input population. It‘is required to |
' know whether the customers come from a finite or

infinite population. It is obvious that no popu-
lation can be infinite. However, when it is’Suffi-'
. ciently large, the errcr in assuming infinite popu-

lation is negligible. Messrs. L.G. Peck and
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R.N. Hazelwood inetheir_preSentation, Finite Queue-

ing Tables, for the Operations Research Society of

Amerwca in 1958 presented a maximum of 250 customers
| in his tables for flnlte populatlon.
(2) The input variation. Customers can arrive singly
- or in batches according to a certain distribution.
(3) The time factor. The input rate can be transient
or statiOnary.' '
"The theory of stationary queues is very
1mportant because most of the queueing processes
are ergodic; i.e., starting from any initial state,
the process tends towards equilibrium irrespective
of the initial state. In state of equilibrium the
process shows only statistical fluctuation with no
tendency to a certain state. Many queueing processes
rapidly approach equilibrium and this explains why
one can apply with success the stationary approxi-
mation. However, the investigation of the transient
behaviour of queueing processes is also important,

" not only from the point of view of the theory but

also in the applications. nl

(4) The interarrival time distribution. It is necessary
to knoﬁ the type of input distribﬁtion or interarrival
time distribﬁtion. One is dependent on the other.

The interarrival time distribution may either be
arbitrary or it may follow an algebraic expression.'
The most important algebraic expressions in queue-

ing theory are the exponential interarrival time
distribution and its hybrlds the Erlangian and'hyper-.
exponenulal dlstrlbutlons.' The exponential inter-
arrlval tine dlstrlbutlon is obtalned from the assump-

tlon that the arr1va1 'is "pure random . - The Erlanglan

lLagos Tahacs Introductlon to the Theory of Queues
(Oxford University Press Inc., New York, 1962) p. b.




k4,
'Adlstrlbutlonb prov1de a Tamlly of dlstrlbutions

which ranges from the "

pure random to the completely
'revular constant idterarrlval tlme whlle the hyper-
‘exponentlal 1nterar11val twme dlstrlbutlonc prov1de
'.another family which ;s "more random" than the "pure
“random". Figures‘B and ! give the»cumulative graph- -
Cical repreeentatiou of the distributions and the
ffequency grephical repreéehtation-of the distri-
-butiOns respectively. | o
"The simplest arrival pattern, mathematic-

ally, and the most commonly useful one in applications,

is when the arrivals are completely random. "1

(5) The customers behaviour before Joinihg the queue.
The followiné are various possibiliﬁeé& o
(f) Lost calls. Customers may not be able to wait

| and’ hence the presence-of any queue will fe—
sult in lost calls.

(ii) Balking. Arr1v1ng customers may not join the
‘queue because of the length of the existing
‘queue. This is considered as balking.

(iii) Delayed calls. It may be pésSible to delay'
the customers so that when they arrive there
will be no queue. |

iiv) | Imperfect information about the line to be

| Joined. 1In a multiple queue'operation there
may:be insufficieht or imperfect information

“about the'various gueues and/or-channel.-'

lCox D.R. and W.L. bmlth Queues (Methuen and Co.
Ltd., London, 1965) p. 5. _ ,
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(v) l Join the nearest Queue.A The‘customer arriv-
ing at the service mechanism will join the
nearest quefe regardless df its relative 1ength.
(vi) Collusion of -ustomers. Several customers |
may be in collusion wnefeby one persen may
wait in line while the fest are then free to
attend to other things. | |
(6) The control of cuetomers before arrivels. There ean

be control or no control. e

»fB) The following factors describe the waiting line element:
(l) .The type of queue discipline.’ The queue discipline
J can be on "
(i)  Pirst come-first served.
wi(ii)' Allocation to definite channels.
(iii) Ordered queues. |
(iv) Last come-first served.
(v) Random selection for service.
(vi) Priorities, preemptive or nonpreemptive.
”(2) The'properties of'the line and cuetomers after Jjoin-
| ing the queue. Tne-queue‘or queues can be of
-(i) A specialized tYpe where a particular need
| of customers are met or general type where
all the needs of customers are met. ‘
- (ii) Finite or infinite maximum length.
and the customers can be.described as reneging or

non-reneging.

c) The components to describe the service element are:
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(1) - The service time distribution. The‘distributieh can
| ‘be arbitrary Or'followAan algebraic expression. B
: "For many applications the assumption of
random arrivals .is reasonable; however, the assumption

of exponential distributions of serv1ce time is

often:unsatisfactory.”l

"Nelson's?® study indicated that other math-.
" ematical distributions such as the hyperexponential
-and the Erlangian distributions are better descript-

|l3

ions of the actual distribution.
‘(2) The‘servicing variation. Servicing can be done singly
or in batches, eccording to a probability distribution.
(3) The number of channels. This can be fixed or varying.
) (4) The number of phases.in the.channels.
(5) The type of channele. The channels can be of a ;peciai

or general type.

d) The output element. The output can either go off or eycle.

Historicdal Brief

The origin of queueing theory is to be found in tele—
phone-network congestion problems. - Erlang4 in 1917 published
his paper where he assumes that input is Poisson and service

time distribution either exponenﬁial or constant. His models

1vid., p. s0.
2Nelson, R.T., An Empirical Study of Arrival, Service
"Time, and Waiting Time Distributions of a Job Shop Production

Process . (Research Report No. 6, Management Sc1ences Research
‘Project, U.C.L.A. 1959)

3Buff‘a E.S., Models for Production and Operatlons
Management (John Wlley and Sons, Inc., New York, 1960) p. 252.

uBrockmeyer E., H. L.}Halstrom and A. Jensen, The
Life and Works of A.K. Erlang (Copenhaden Telephone Company,
'Copenhawen 1948) _ | .
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are for‘a delay systém with énlafbitrafybnumber of channels
for ekponential service.timé distribution and one, two, or
three channels for constant servicé time diétributibn. |

: Erlangfs work simulaﬁed'otﬁer works in the field by

3

T.C. Fry', E.C. Molina®, and G.F. 0'Dell’. This, as described

by Syskiu, is the ”Erlang—Q'Dell”Aperiod, and the works were

basically concerned with provihg'or‘disproving Erlang's results.
In the early thirties, F. ?ollaczekhdéveloped his well

known formula for a single channel with Poisson input and arbi-

trary holding time. This~formulavis known as the Pollaczek-

~ _Khintchine formula.

From then on numerous works had been done on queue-
ing theory. T.L. Saaty’ provided a bibliography of about 900
articles in 1961.. This quantity has grown tremendously from
- then.
“ _Queues of all types are being studied, but it is re-
grefted that most of the results are extrémely complex and hence

do not provide a very good base for business appliCations:

lFry, T.C., The Theory of Probability as Applied to
- Problems of Congestion, in "Probability and Its Engineering
Uses” (D. Van Nostrand, Inc., Princeton, N.J., 1928).

2Molina, E.C., Application of the Theory of Probabi-~’

lities Applied to Telephone Trunking Problems (Bell System Tech.
Journal, vol. 6, 1927) p. 461-494, ‘ '

, 3O'Dell G.F., Theoritical Principles of the Traffic
- Capacity of Automatlc Switches (P.O. Elec. Congrs. J., vol. 153,
_1920) p. 209-223.

usyskl R., The Theory of Congestion in Lost-call

Systems (A.T.E. J., vol. 9, 1953) P. 182-215

5Saaty, T.L., Elements of Queueing Theory with Appli-
cations (McGraw-Hill Book Co., Inc., New York, 1961).

’
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C"We @i id not cover any of the multiple- phase situations .
1nvolv1nﬂ arrival and/or service distributions other than
Poigson, and queue discinlines other than first come-first

served. t is felt that the more complex structures are best

handled through the technlque of computer 81mulat10n."l

It is the obgectlve of this thesis to prov1de a set
of graphe to enable the businessman to predict the necessary
characteristics ef a single channel queue'with arbitrary inter-
arrival time and service time distributions,vend with custom-

. ers arriving'from an infinite populatioh. It is assumed that'

the queue and service facility are in statistical ‘equilibrium.

,'lBuffa, E.S., Models for Production and Operations

Management (John Wiley and Sons, Inc., New York, 1966) p.266.




 CHAPTER 2 |
DERIVATIONS OF DISTRIBUTIONS AND THEIR PROPERTIES |

Derivetions of Distributions

This sectibn_shail deai with the derivation of the
Pbisson and exponential distribuﬁions from random arrivals and B
thence to derive the Erlangian and”hypefexponential‘distribut— "
“ions via simulation in which only the exponential element is
used. |
It is necessary to specify'the mechanis@ by which the
Erlangian and hyperexponential distributions are obtained so
"that;we may be able fo oﬁtain theichafacteriétics-of queues
~with these distributions for interarriQal time and service time.i
Figure 1 shows the utilizétion of the exponential distiibutionA
to simulate the Erlangian distribution while‘Figure 2'is usged
to simulate the hyperéipohential‘distribution; | |
. Appendix II shows how this property isiﬁﬁilized»to
Simulate the queues with Erlangian/h&perexponéntial intérérrival
.time distriﬁutiqn_and Erlangian/hyperexponential ééf&ige tiﬁé'

disi?ibﬁ@ion.'f N

- Poisson and Exponential Distribution
| ~ 'In the study of queues, the Poisson and its ébunter-
part, the exponential; distributions are of prime importance.
‘_This is due to the properties of these distributions. It is‘
only the exponential'facilities and Poiséon-arrivals that give -
rise fo simple linearvequations fqr detailéd balance of traﬁsi;
tions between states, independent of time.
Assuming that the arrivals are random with an aversage

-



10. .
rate of X from an infinite population.
In a short interval of time Azt ,

Probability of 1 arrival, 2= Mt

Il

Probability of O 'arr:'ival,' PO 1-2.At-0.7% where 0.pAt is

such that lim. 0at =0 :

At_0 st
Probability of n' arrivals, P, = 0.pat .0 as at L, 0

In the period ¢ ‘Where t = m.At s

2

By the use of the blnomlal probablllty 1aw

P = B (rat) T(1-3.0t)™F

Consider At -0 and m=t/pt , m - .

' _ s m! ALy, Atym-T
Therefore PI‘ = iil:om— ( ) (l-—m—) ‘

'
"

[(__l ]11m r lim( l—%—t-)uf'lim(.lfél—t)

Y e (m—- r)! m.e meeo

@.(m_l).(m-e)...‘.(m_m)

Also lim — = linm
m-‘wm (m_r)’ m_. m. m.mo.....-..._..-.m
llm— 11m-(—rp-—l—z lim -(——z.....lim-(p—;—lzjl—)
m.oo T m, o mooo M m->%
T R O N |
= 1
-r
11m.(1—-—- = 17 = 1
m-,c0 '
| | -2t .
llm.(l————) = lim.(l+y) ¥ where y = —At

Moo y-0
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1 :

=[1im. (1+y)Y]
y0 :
N |
But 1lim.(1l+y)Y is the definition of e .
y-0 : o : '
. ' U
Therefore 1im,(l+L—) = e '

_ ' .
Therefore P = (Ot) oAt

This is the POISSON distribution.

b= 08)° ot _ -t

0 - 0!

This is the probabiliﬁy that interarrival time is greater than t
This is so because the probability of no arrivals in time, %

is the probability that interarrival time is greater than t .
0 ’ S - :

“Hence P, = I a(t).dt where a(t) is the interarrival time

.distribution,

P, = j:yégt).dt - It.a<t)d§

. 0
- But ,
[ a(t).at =1 as this is the total probability.
0 | S
Therefore ( )
- d(1-P.)
1-P
a(t) = —gg—

at

: At
Hence a(t) = g_(iig__._).

Therefore a(t) = Xe-xt | ; ' “, .
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. The probabllltj that 1ntercrr1val ime is greater than ¢t

_jA(V»t_)' = f:va(t)df =D, = ’-.é'»lllt |

a(t) is the'EXPONENTIALvdistribution'
and  A(t) s the cumulatlve EXPONENTIAL dlstrlbutlon.'

Erlangian Distribution

With a chosen set of exponential phases and appropri-
ate rules for‘transitibn as represented by Figure 1, the

Erlangian distribution can be simulated.

~units exp. u‘jexp,ﬁ . lexp. | exp. . units

- . : 3 . . . e Do e i e E —e
- - enter Ky kp Ry Ky - depart

.phase k phase k-1 phase k-2 phase 1

'Figure 1: Erlangian distribution facility of k phases.

g

Rules: a) There are k phases, with each phase having an
B exponential distribution of rate ky .
b) No units ar are to be introduced into the facility
‘_ untll the previous unlt has completed all k phases.
Prooablllty that unlt passes through all k phases between

time t and t4+dt

= Probability of unit in pﬁase one'sﬁartihg in time Xy and
flnlshlng in tlme t ;' | |

X Probablllty of unit in nhase two startlng in tlme xB 'aﬁd

-flnlshlng 1n time iz :

. . oo B ez - B
@ 8 8 6 6 0 0 5 8 00 0 08 606006060000 P PG EESCELEILEEEEEP SIS NLLILIBLEOEEINOSIOSIGs

| @ 8 6 0 06 8 0 00 00 6 6 0 0 6 0 00008 C TP O EE e NS S S 00000 L0 N L NS00
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X Probability of unit in phase k”'starting~in time O and

- finishing in time X

K |
t o-kp(t-x) X2 —Kulxo-x.) X q )
= [jokue g 2 dxé’fo K& 2 x? X3°°’f0 3 e(xk'l ks Xk‘dxk]

By sucdessiﬁe integration,
s(t) = (kut) e M (k1) 1 TRy
This is the ERLANGIAN distribution.
The éumulative_ERLANGIAN distribution
t

s(t)'= jw s(t).at

' C k-1
.e—ku‘t 3 (kut)n/n.'
© n=0 _

n

- 4 The following situation generates aﬁ Erlangién arri-'
val rate. Consider a depd£'with a constant -‘queue of customers
entériné one at a time into a constantly busy mechanism of g
phases; each with an exponential time distribution and mean
service rate ¢\ from the mechanism.after cpmpléting all
phases and Jjoin another queue. No.customer‘éhteré tﬁe first
phasevﬁhtil the previous customer has‘éompletéd all ¢ phases.
- Customers leaving thié mechanism joih a second queue. The |
intefarrivalrtime distribution for ﬁhis second service facility
is an g phase Erlangian.

- With the same form of analysis used préviogsly for

the service time distribution, the inter arrival time distri-

AN



. bution function, d(t) s can be determined:
Coa(t) = ()T e M (p1) 118
hence the cumulative interarrival time distribution,

O A(t) = e zb(zxt)n/n!

Hyperexponential Distribuﬁion

| The_hyﬁerexponént;ai distribution can be simuiated
with expdneﬁtial‘distribution fe)'s aésuming’thaﬁ the service
channel is made up of two independent branches, oﬁe of rate

20y , the other of rate 2(1-o)u (where O < 6 <) . When

élunit enters for sér&iée,-it is assigned to one of the two
branches at random, the choice going>tb the 2oy 'branch, on.
the average, ¢ of tﬁe time, and going to the 2(1-0)p branch,
.(1-o5) of the times, on the éverage.' When it enters 6ne_qf
the‘ﬁranches no units are to be introduced into the facility

until the previous unit has completed its service. Figure 2

givés a diagramatic representation'of the facility.

exp.

d’/f’ 204,

Q‘l}eue < ‘

(1-0)

exp.
2(1- o)

Figure 2: Hyperexponential distribution facility;

- The probability that a unit will complete service in time

between t and t4+at : ' | _ s
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(Probablllty that a unlt w1ll complete serv1ce in tlme
between t and t+At in the 2cu branch)
+ (1- )(Prooablllty that a unlt will complete service in time

between t and t+At in the- 2(l-o)u brapch).

Therefore s(t).dt

|

(a)(QGu)e (2u)t ¢

| + (1‘0)[2(1—0) ]e'[e(l""‘)"*]t dt

[202ue-2ugt + 2(1-0 ) 2(1’ )”t]dt

'Let j = [1 ¥ 20 lf ] o e g

Here ] plays the same role as 1ntegers k and ¢ play.with
the Erlangian dlstrlbut¢on.‘ The quantlty measures the depart-

.ure from pure random.

ol

Therefore o

1 1 4 . _
—-‘/[E-m] since 0 <0 <

5(t) fzfs(t)dﬁ’

5o~ 20Ut 4 (2- c)e 2(1-0)ut

A depot ﬁith a constant_queﬁe of eustehers entering
one at a time into a mechenis@, w;ﬁh two'braﬁches,4one‘withvan
exponential time distributioh of rate 2g)\ and the other with
‘anfeiponential‘distfibution-of rate 2(1-o)\ . When a unit
‘enters a mechanism it is assigned'ﬁo one ef.the two-branches
- at random; the choice geing to the 2a) branch,>on the average

o of the time, and to the 2(1-g)) branch (l-g) of the time.
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| Only one unit may be in the}system at a tlme. Thelunit'leaves
:the mechanlsm to 30_n a second queue. The lnterafrlval time
distribution for uhls second queue is hyper-exponentlal
| With the same form of analySLS as for the service
time‘distributien ebove, the intefarrival time distributien,

“a(t) , may ve determined:
L 2. 2yt 2. -2(1-¢)%0t
a(t) = [26%2e” 9" + 2(1-5)%e ¢ ]

and the eumuiative interarrival time distribution,

A(t) = 0e™2 4 (14 2(1' e
\ (1. 2‘
J =11+ 527290
‘where = l (i ] " si 0¢ g<=
ere ¢ = - ./'[J; ’é-(—l-:_—'j-y - 8lince < c___»e

-

Propertles of Dlstrlbutlons

Since the fractlonal coefflc1ents of variance squared

‘**ofminterarrlval time- dlstrlbutlon and serv1ce tlme dlstrlbutlon

will be of prime importance in the constructlon of the graphs,
- this property will be derived for the exponential, Erlangian,
ﬂend’hypefeXponential distribuﬁions{ | V |
~Let f£(t) De the contiuuous prObability-dietribution of time
| a - be the averaée rate. e | o
Av(t) be thefeve}égeitime:t‘
Var(t) ‘be‘tue'Variancevef distribution f£(t).

2

C be the fractional eoeffiCient of variance squared.



S | Car
| A&(t) = f: t.f(f).dﬁ' . -

'Var(t:) ;Im [£ - Av(t)1%£(t).at
'=w2_ '._' NP t"” 2 e
?JO § f(t?dt . 2Av(§) Jo t£(t).dt f [Av(t)]- jof(t) a
= J: t2e(t)at - 2[Av(t)]? +-'[Av(t)]2.
- f:t.gf(f)dt - [Avit)A]g' |

¢ = var(t)/[Av(t)]?
Ex'ponént ial Distribution

£(t) = ae”®t

- ' o -at te"at ® - °°. e
Av(t) = | toe = af[-= ]. - « - .dt
Yo e 0 jo @
-] - , . -
= X e atdt - _ l[ at]o
O .
.1
T a
, ® 5 5 -at ° -at
2 -=at 1 A t“e *® ’ - 2te 1
Var(At) = Iot ae At - (‘a‘) = CI.[-—_—a‘ ]O_- a So —. < .dt—(-&)
=2 [T te %, gt - (&) = 2L - (1)2
- SO a’ T a‘a a
2



Erlangion Distributions

[

CE(t) = (et) et /(4o1) 1 ]pa

CAv(t) = Jwt(zat)i_l[é_Lat/(Lrl)l]ga.dt
‘ 0 . . ‘
- %:I:(Lat)z[e%a#/(t-l)l]dt 
= %%%%éf jw te~ %3¢
A1) Jg.

By successive integration by parts,

Therefore Aﬁ(t)

il
g
© s IS
>
\; -
+-
I
SF

_var(t)

f:'t2(£at)£fl[e'zat/(4fl)!]ga.dt - (%)2

® ~ : 42
[ sleat)tem 2%/ (410 et - ()

L ® | 1.2
'~={L_L)_C‘ £ -0t 1,
Ry 1.50 t.tte M at - (3)



(e)s ¢
o = |
-LgUG) - =Lt -
_1 1y
ol [c]
) (lfrﬁ
. a 4 - _;L_
L L
a2

Hyperexponential Distribution

£(t) = 25°0e” 2000 | 2(l—a)2ae'2°(l'°)t

-

Av(t) = j‘o t[20%0e™2%0% 4 2(1-5)2ae2H 1)t 4y

® - - L ,; | - | .
[ t[26°ae” %0t 1a¢ + r t[2(1-o) 206" 2% 1-0) ¢
0 : . Yo : o

- Integrating by parts

av(t) = o(3) + (1-0)(3)
- ()
Var(t J’ t2[20°0e™ 2%t 4 p(1-g)2aem2H1m0)t gy (-l)2

a .
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o o IR
[, t71ec%ee 20‘f’tld# ,+.,[:t2£2(1-_s)eae‘ga(l‘ff)_t]dtl5 (3)
25 - 2(1-q) - (_1_)2
(2ag)2 [2(1-_g)a]2 a
1 20 . 2(1-¢) |
5 + - 1]
id® 4g2 U(1-4)2
;_[2-23+2¢-4g+4n2j
1 o-lgtlg?
2 Bg{i-g) ]
1 [1-2g+2n2]
2 2a(l-0)
1 .
=J
02.
2 .
C_ rl-2gk2g o
J=[—2—;(g_—§-‘§——]vor ,c=—%—-~/[%-—2—(—%_'—_;3)-‘]since O_(_o'_(_
(£5)3
= I =
a

2

p
2



Exponential -
Erlangian

Hyperexponential

Tabie I.

Av(t) Var(t) c?
1 1

ik ;Ef 1
1 1- 1
a QQ' I}

Ql~
Q,\flq
[N

Properties of Distributions

21,

Comments
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N . CHAPTER 3
 EXPONENTIAL INTERARRIVAL TIME DISTRIBUTION:
. EXPONENTIAL SERVICE TIME DISTRIBUTON

- Erlang's Model -

_The model is for stéady‘étate'in Which the custémers
coméfffpm an infiniteﬂpopulatidn with an ekponential inter-
arrival time distribution 6f raté ‘x "to a sgrvice-channel
Where'thé service time distfibution is exponential with mean

rate u . ‘The utilization factor =-ﬁ <1.

P (t+pt) : Probability of n’ customers in the waiting line

in the system at the time t+At .

Pn(t) e Probabiiity of n customers in the waiting line in

the system-at the;time t .

,The .state probabilities equations are:

Initial equation:
Po(t+at) = Po(t)[lfo] + Pl(t)uAp . | | o ..;..1,

Queue eqguation:

P, (t+at) ='Pn(t)[l-(x+u)At] + Pn_l(t)kgt + P (tluat e 2
ap, :
| Therefore I < - APq + “Pl
| @ ' o
and a?n_ = - (Atu)P + 3P, 1 + WP g

Since the system. is in steady state:



CaP. o ap

But from (3) , P, = PP

25,

a-t—=o and aft'—=o

“.Hence 'XPO,+ uEl = 0

o
[>
b

Therefore Pl = o

Also ‘(X+u)Pn + NPy + uPpy =0

s

| ‘ Dividing by g ; : » BN

=(pt1)Py + PPy g + Py = O

2 0

Let n=1, P, = (p+1)Py - P

1 0

I

Therefore P2 =

Let n=2, P3= (pfl)Pg.— PP,
P

But from (3), P, = PP, and (%), P, = P°P,
- o ,
Therefore . P3 = p Po eeeesb
Let n=3, Py = (pH)Py - 0P,
_ 2 = o)
But from (%), P, = p“P, and (5) P3 = p7P,
Therefore - P = puP .6

By deduction Pn

I

©
B

4

- O
~
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But Py + Py + Pyt ... + P ..+ By =1
o © n
i.e. 3 P =1 or $ PP, =1
nso n=0 O
1 1
® n 1
Therefore P, = % 4 = —~
o 0 n=0 (1 P]
Thérefofe. Py = (1-0) .....8
0 3 -p)p
theref L =2 B :9
Therefore L =<-y—5y eeee
T o ' o0 p
L = 3 (n-1)P = g nP_- 35 Pn)=7—sy-P°=
Ll 10
- (1-0) )
=L
W X
L
w o ==9
q A

The main limitation of Erlaﬁg's model for steady
state single channel_analysis is its restriction to exponent-
ial‘interarrival time distribution and eXponential service

time distribution.



| - CHAPTER 4 . |
_ EXPONENTIAL INTERARRIVAL TIME DISTRIBUTION:
. ARBITRARY SERVICE TIME DISTRIBUTION

'The Pdllaézek = Kﬁintchine Fofmula‘

The Poliaciek - Khintchine formula alsobdeals with-
steady ‘state single channel with gxponential interarrival time
distribution. However, it goes one step further by coﬁsider~
iné sérvice time disﬁribution as arbitrary. Arrivélé'occur
at random by a Poisson process with the raté A per unit'fime,;
to a waiting‘line, in statistical equilibrium before a single
service facility. The arrivals are to be servéd 0y an arbitrary
'serviée time distribution facility at the rate , per unit

time first come-first served basis. The utilization factor,

Suppose that the departing customer leaves ¢ in
line, including the one in éervice, whose service time is ¢t
Let r customers arrive during this time t . If the next

departing customer leaves q' customers behind,

6:

then q' =¢q - 1 +r + L | where {O if ‘g >0
' 1 if q =0

Therefore 'E(-qf ) = E(q) - E(i) + E(r) + E(8)

But since it is in steady state or statistical equilibrium,
E(q') = E(q)
Therefore E(5) = E{1) - E(r)

=1 - E(r)

But during the service time of 1ength- t,
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i we have E(r) =.(1t)

GO 22 Q87 o0 - (5(2)1% 4 B(x) = (\6)2 + (a0)

~ Let s(t) be the service time distribution with mean -i .

But & ts(t) is the mean and is equal to -ﬁ .
£=0

Il
o

Therefore ‘E(r) =-ﬁ

Also E(rg) % [Xt)2 + (at)1s(t)

=2 % t%(t) + xt‘iv:"o ts(t)

2 2 2 -
. 1 ; 2 o
=27 (6-2) s(6) + 2 T es(t) - A5 § s(t) +
R . = Ll . U. t=o u t=o
= 2\Var(t) + 2p° | - 52 +p

2

= ’)\QVar(t) + pT + p

Squaring both_sides'of the eduation Q' =g-1+1r + 3
. _ : .

)2

q' (a-1+r+p

But since § 1 when qv='0

and =0 when q > 1

Therefbré 52 = g
‘and  q(l-§) =g

 Hence q'2 = q2A— 2q(1-r) + (‘r—l)'2 + p(or-1)



AButhsince it is statistical equilibrium,

B(a'?) = 5(a?)

Hence E(q'Q) - B(q®) = 2E(q)E(r-1) + E[(r-l)?J-+'E(5)E(2r-i)_; 0

- 1\ 2aml <Vl o
i.e. E(q) = E[(‘"léEgifg?)E(gf—Ll,

_ E(r®)-2n(r)+E(1)+E(g) [25(r)-E(1) ]
- 2LE(1)-E(r)]

_ xQVar(t)+P2+p—2p+l+(1;p)(20-1)

ATe)

\

E 2 N

But the fractional coefficient of»variance squared'of service

time,
c2 - Vargt}
s 2
2)
(€3

- p2(1+02)
Therefore L =E(Q) = p +——2—(-1—_—p‘)'

o eB(uc?)
Igq=L - p = _EKT:37_

Therefore L and Lg are functions of »p and Cg only.

Since 'L is a function of the utilization factor, o , and
the square of the coefficient of variance of service rate

b'disfribution, 02

s 3 only, it is necessary only to vary'-b

and Cg to compute the different values of L in the equation
R
- P(14C2y
(1+CZ)

L =9+ I



o - 50,
Tatle II was obtained by substituting values of o from 0.1
to 0.9 and Cg ~from O to 6 in the above equation.
. iUsing Cf as the ordinate and L as the abscissa;
and varying P , Figure 5 was cbnstfucfed.v
Xnowing that the interarrivél-time distribution is
exponential, i.e. .arrivals are random, and also the coefficieht

of variance squared of service time, Cg , and the utilization

factdr, P, theAaverage lgngﬁh of the system, L ; can be

' read from the verticle‘axié.

The values of the avefage quéue length, _iqr, the
:‘average waiting time in the system, W , :and the aVerage queue
| time, Wq , can Dbe easily-computed.oncé L is known, as théy ‘
are all fuﬁctions of L, p and the average arrival rate,

A, only. The relationships are listed below.

Lq

= (L-p)
_L
=3
wq = {Ize)

Values of L with given p for exponential interarrival time

distribution and arbitrary service time distribution with a

fractional coefficient of variance squared, Cg



0.05

0.10°

0.15
0.20
0.25
0.320
- 0.35

0.40
-~ 0.45
0.50

0.55
0.60
0.65

0.70

0075

0.80

0.35
0.90
0095

0

 0.051316

0.105556
0.163235
0. 225000
0.291667

- 0.%64286
0.438846

0.533333
0.634091
0.750000
0.886111

1.050000

- 1.253571
- 1.516667

1.875000
2. 400000

. 3.258333
4.95QOOOT
9.975000

1

0.052632

0.111111

0.176471
~0.250000

0.333333

0.428572

0.527692
0.666667

1 0.818182

1.000000

1.222222

1.500000
1.8571k42
2.333333
3,000000
%, 000000
5.666667
9.000000

19.00000

Table II Values of  L

and Arbitrary Service Time Distribﬁtion

2

0.053948
0.116667
0.189706
. 275000
375000

.492858
.616538

.002273

1.250000

0
0
0
0
0.800000
1
1
1

.558333
1.950000
2.560713
3.150000
L,125000

5.600000 .
8.075000
13.05000

28.02500

.3

0.055264
0.122222

0.202941

0.300000
0.416667
0.557144
0.705384
0.933333
1.186364
1.500000
1.894444
2,400000
3,06428)4
3.966667
5. 250000

. 7.200000

10.48333
17.10000

37.05000

4

.0.056580

0.127777
0.216176

621430
. 794230

H = O O O O

. 370455

 1.750000

2.230555
2.850000
3.667855
h,783333
6.375000

- 8.800000

12.89166

21.15000
_ 46.07500

.325000 -
458333

. 066667

0.057896
0.137333
0.220411
0.350000
0.500000
0.685716
0.883076
1.200000
1.554546
2.000000
2.566666

3,300000

L, 271426
5.600000
7.500000

~ 10.%0000
15.30000

25.20000

55.10000

FW OOV REHOOOOOO O

£

.059212

242646
. 375000
541667
. 750000
971922

874997
6.416667

8.625000
12.00000 -

17.70833
29.25000
64.12500

for Exponential Interarrival Time Distribution

.1388388

.3333%33
.738637
.250000
902777

. 750000 -

g
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CHAPTER 5
‘ARBITRARY INTERARRIVAL TIME DISTRIBUTION:

- EXPONENTTIAL SERVICE TIME DISTRIBUTION

Relationship between L and p and Ci

The Pollaczek - Khintchine formula provides a relation-
ship between L , P and C§ for the exponential interarrival
time distribution and arbitrary serviée time distribution.' The
following analysis will attempt t¢ show that, for the arbitrary
interarrival time'distribution and exponential time distribution,

L is a function of # and C- only.

The iﬁtérarrival'time distribution, 'd(t), is arbitrary
with a mean rate of ) per unit, to a waiting 1iné, in stat-
isticai equilibrium before a single facility. The érrivals are
‘then served by an'exponential service time distribution'cﬁannel
at the rate of u peryuniﬁ tihe first come;first served dis-

cipline. The utilization factor, o =2<1.

Suppose that an arriving customer findé o] iin line,

including fhe one in service and himself. Thé time before
the arrival of the next éustomer'is t . Let r customers
depart during this time t . If the next arriving customer
finds gq' custoﬁers, including the one in service and himSelf,:
theh Q' =q+1l-1r+ 3§ where ’ITWQI_IfﬁIq.i'r

| : ° r-q ifrIqﬁ<'r’
E(q') = E(q) + E(1) - E(r) + E(s) -

"But since it is in statiétical‘equilibrium or steady state,



E(q}):=}E(q? | B
Thersfore E(s) = 1 - E(r)

But du}ing an arrival time of 1ength t,

A . r
we have E(r) = ‘E’ :iﬂ$l— e™hb ut

r=0 r

' g”t}re'uﬁ' . . Ct s .
where 7T is the Poisson distribution.
Therefore E(r) = ut

: . r . | ‘
o : -

B(r?) = % r2 (W) omub o ()2 4 (ut)

Let a(t) be the interarrival time distribution with mean

s |
i.e. I ta(t)dt = %
O .

oo
-
H
p -
u

Il

'IZ uta(p)dt - f: ta(t)ds

_.% =

Also  E(r2)

It

f: [(gﬁie + (ut)Ja(t)dt

® '
= u® [T tBa(t)at + u f” ta(t)dt
o - 0 o

2 p® . 1.2 o p® 2 |
£-1)2a(%)dt + Zta(t)dt -
s Io ( K) a(t) M IO X a( ) _

2 p® 1
- W —a(t) + ¥

. L2 .2
uwVar(t) + - BB
S S
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| 1 1
= pVar(t) +;§,+—P—

Il

Squaring q' a —:1 +r + § on both sides.

Cq'2 = (gilir+s)?
: q'2 = q2 +1+ 1%+ 52 - 29 + 2iq,+ eaq - 2r - 2§ + 2rp
Hence,
[ 12 2 2 2
E(q'") = E(a%) + E(1) + E(r") + E(§)° - 2E(q) + 2E(r)E(q) +

-+ 2E(5 E(q) - 2E(r) -V2E(5) + 2E(;)E(5)
But since it is in statistical equilibrium,
E(q'®) = E(a®)
Therefore O = 1 + E(r2) + E(ae) - 2E(q) + 2E(r)E(q + 2E(5 B(q) -
- 2E(8) + 2B(r)E(s)

Therefore E(q) 1+E(r2)+E(522E?§8£%E€§(8)+25Lr)E(6)

Therefore L = E(q) is a function of E(rz) A E(sg) , E(r)

and E(s) only.

Also E(r) = p ,

E() =1 - E(r) =1- ¢ ;

E(r?) = u2Var(t) +3 41
= A o

2
p

Therefore L is a function of p R C§ and E(52) only.

0 if qQ2>r

Since

and §=1r - q if ¢ {r

Therefore §2 = o if qQq>r
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85 = (r-q)% if q<r
- " 2 2 S
Hence § is a function of . r~ , ¢~ , .r and q@ only,

or ;E(ga)

» is a function of E(rg) s E(qe) » E(r) and E{q) only.
But (q'-q) = (1l-r+s) | S
- Squaring both sides,

2

2 + 52.f 2r + 2§ - 2rg§

q'? - 2qq' + q°

=1l+4r
Therefore E(q'e)_.isla function of E(r) , E(a)., E(q) and
"E(r?) only. | '

since B(a'®) = B(e?) and B(a') - B(a)

vThereque E(ag) is a function of E(r) , E(s) , E(q) énd
';E(rg) only. | |
Thérefore E(se) :is a function of E(r) » E(a) and E(re)

‘only'as_ E(s) =..l - E(r) , and since E(r) > B(q) and E(ré)

2

5 only,

are functions of p and C

Therefore L is a function of P and Cg only.

i It is unfortunate that'no‘simplelgquation canvbe
'obtained directly,vbuﬁ a set'of tab1es or graphs can be’set
up through two basiévapproache§:  |
' A(i)' Morse's method: Simulation of non—éiponéntial
A : distributidns;‘Eriangian and hyperexponéntial
distributions, via the ﬁsé of exponential phases
. and branches. |
(ii)‘ Monte Cerlo or GenérallPurpose Simulation‘Sysfem

IIT to obtain_férious L with different p's

and ,0213
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. Analytical Approaches for Exponential Service Time Distribution

and Lrlangian or HyperexponentialtInterarrival Time DiStributiens
| - As previouslyvmentioned,.there are two main teeh—'
'niques via Which a set of tables or graphs .can be set up to
eheble'one to ebtain the eharecterisﬁics of a queue, given that
the service time-distribution is exponenﬁial, an utiiization
factor of . P , and en interarrival time distribution which is
arbitrary and having a fractionel coefficient of'variance |

sQuared, Cg .

As P.M. Morse provided an analytical approach..I
‘shall use tne Tormer technique for the follow1ng reasons:
(1) The values obtained are definite and not an
| approximate.

(ii) Much less computer time is needed for computation.

Erlangian Interarrival Time Distribution

Units, from a depot with an infinite population,
passes through 2 éhases to Jjoin a'queue for service. The
service time dlstrlbutlon is exponentlal. No units are to enter
 the phases until the previous one has completed all L phases.
-The unlts stay 1n each phase for an interval of time. This
interval of time 1s exponentlally dlstrlbuted The average
rate for each phase is 4\ . The average rate for service is o’

' As had prev1ously been shown, -the result of using
a2 channel with <4 phases each with time 1nterval exponentlally
dlstrlbuued and average rate &\ , is an Erlanglan interarrival
time distribution. , A

2

Let P_  (t) be the probability of the state where
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_a unit is in phase s and. there are n units in the quéue '

a.nd service facility."a_‘c the fimé t .- |

" Since at least one unit must be in the channel, 1< s < 4 .
'In the time interval t to (t+At) where Aﬁ ~0;

" Initial equations;

18

?1,d(t+at) .[if(Ll)éﬁ)jPi,o(t).+-uAtPl’l(t)"-'  EIEE

Ps,o(t+pt) '[1—(1x)At]Ps’o(t) +:uAtPS,l(t) +

+ LxPS’_l,O(t). . ...i.z
Queue éqliations H

Pl’n(t+At)l=r[l—(&k+u?At]Pl,n(t) + P, o (t) +

+ uAtPl,n+l(t) 0-0003‘/
Ps’n(t+At) = [1-(ax+“}At]Ps’n(t) + LkAtPs_l,n(t) +
1S + uAtPs,n.{.l(t) | oooo.l""
- 4B 0
Therefore —3F = U‘PJ:,O + “Pl,l , S 5
'dPs,O : ‘ ‘
dt = LAPS’O + uPS’l - {')\Ps_l’o o ‘Q05.0‘06 )
l.n _ A ,
—at = s po1 t ePrne - (‘CH"“)Pl,n neseeT
dPS n : _ - 4
—dt T st HPg nia T (LH“)Ps,n . TS

Since the queue is in stat.istical equilibrium or stéady state,

the left hand side of equations 5 to 8 are zero.



‘Hénce, ‘U‘Pl,O + uPi_,i =0
‘LXPS,'O + U'PS,']. —4 x“XPS-l,O.= 0
CUP, oyt WPy np - (WP
‘X3s—1,n +-“Pé,h+l - (Lx+u)P
'+ p gD
Lgt» Ps,n.— st_
Substituting in
(9)  (nwter)By =0
(10)  (Lp-w)Bg = £PBy_;
(11)  w(2p+1-w)By = £oB,
(22)  (eo+1-w)Bg = 20By ;
From (12) B_ = w___ B
, -/ s (2o+1l-w) “s-1
‘Cp' A
y) B = B
s-1 i Lp-l-l-w; s-2
_ d .
By = {gpi=a) B
Lp s-1 -
Hence - B, = [ yrEa e ] Bl_
b, bl

‘ Therefdre

By T [?&p+l-w)] P
Dividing (15) by (17),

L.O. ] L

wle[Lp+l-5

,n»

S,

40,
000009‘
...’lo

.1

If
(@]

n_' ....012‘

.. 13
-1
....15

ee..16

v 000.117 »



Let u =1 Lp*l—w

Therefore w=ut and B, =u "B

Suéstit_ﬁfiﬁg: B, = u®"tB, in P%,n"‘ B "

Psn” Buthts-1 -

.'._Substitut;ng' in :(1'2)

les—l,n + Ps n+l ~ (Lp+1)Ps,n =0

becomes z,pBl ints-2 Blgzn+z4s-l - (Lp+l)BluLn+s"% =0
jTherefqre Lp+d‘*1 - (Lptl)u = Q = (u-i)(u4+u4+l+...+g2+u—zp)

..;.,18
“One root is u=1 and is diSéarded. |

Since by Descarte's rule of sign, there are 6ne 6r two roots
1éft:in'which one roqﬁlis‘less than one but greater than zerc:
- and possibly another rbot which is less than zero.

Discard the negative root.

Therefore 0 < y < 1

o ‘ om
. . w
Multiplying (18) by'»:F;i

= (L) - gt : | | ]

“Also L'LL = Lp " u - u2 - eee - uL—l

"Using the above relations and the initial equations,

_ . -1
'PL:O = Blu

. o B
_ -2 1 -1
_-PL—-l,O = Blu.-z' - I‘E(u )



;L"‘?:o _f Sl . ) 40
- -4 1o -2, -2, &3
PL~3,0 By u’ Lp( v -lr_uT ur )
R 1 By -1, ;—2 2-S 2
PQ,O = Blu. - 1—5(1,1 | +u 4+ FTeeeetyy )
0 ‘Bl -1, 4-2, 4-3, - 2
Pl',O. = Bju - IF—’(u +g , +-‘4_ teeootu +1)
; -1 B, e
- Adding P, =B, g u° - =k [(L—l)u{'_l+(z—2)_tr"-2+---+?u2+u)
-1 n Bl -1 n
=B £ u -5= ¢ mu
Tmso © o1

- [l_u‘(d] ) Biﬂu[l_&u&"l_}_(&_l)u& ]
soEEET L w2

’ B,u B, u
T "’ (1-p)ut  ®1 17
' = .= + = + =
nso Pp=1=7F o2 P, = By o(l-u) " T-u T p(Tw
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Hyperegponenﬁial Interarrival Time Distribution

- Units from a depot; with an infinite population, pass
through a channel, with two branches, to join a queue. The
| Service time distribution is exponential. The units enter
one branch ¢ of the time. Its period in this branch is ex-
ponentially distributed with a mean of E%f . They enter the
other branch = (1l-g) of the time. Its period in this branch
. ' : ks s 1
is gxponentlally_d;strlbuteg.wlth a @ean<of;-§(I:57K . No
units are to enter the channel if one of the branches is
oécupiéd,

~ As has previously been shown, the result of using
“this mechanism is a_hyperexponential interarrival time distri-
bution.’ | |

Let Py . Dbe the probability of the state where a
> .
'"init is in branch 1 and there are n units in the queue

and service facility, and P be the probability of the

2,n
state where a unit is a branch 2 ‘and there are n units in
Equeue and éerVice.fagility. |

'Inyfhe time intefval t t0~tt+At where At o O

Initial equations;

Pl,o(t+At) [l—(QUk)At]Pl O(t)‘;'uAtPi l(t) | R

Pg,o(t+ét) [1-2(1-¢ xat]Pe o(t) + uAtp2 l(t) | ceeen2

Q\ieue equations;
Py, n(t+At) = G(QGX)AtPl - 1(t) + 20(1' thpe n- l(t) *

uAtPl,n+l(t)+ [l—(u+2ok)At]Pl’n ‘ »> 000003



Pz;n(§+A?) = (l*a)(2dX)A.+ ?1,n-1(t)'+ (};62)2XAtP2,n_l(t)‘+
MAtP, 141 (8) + [1-{2(1-0)arudatlPy ((8) ...

- ~apy o | |
Therefore “aE+—-= uPl,l - 2CXP1,O - | ff...s

ar, 5 , - | .
-—HEL— = uPe’l - 2(;-0}XP2,0 . ooco-6

dp ‘
1l,n 2

qE = 20 WPy oy * 20(1-0)aPy gt

4

+ uPl,n+l - (p*QUX)Pl’n< . 00{0o7

ap
PPN MY
—dt - Qc(l—c)lPl,n—l + 2(1-0) lpz,n—l +

R “1_)2,n+1 - [uﬂ‘z(l—g))\]Pg,n ceeeed

Since the queue is in statistical equilibrium or steady state,

the left hand sides of equations (5) to (8) are zero.

uPl’l = 2OXP1,O = O ‘ : . 000009
“Pg,l é 2(1_G)XP2’O % O . | : | o /‘ ...;10
2 | - " _

. 2 -
2g(1-g)AP + 2(1-g)°)\P, . 4 + uP -
of °)X 1,n-1 ( 0) A 2,n-1 Mo, n+l
- [u+2(1fo)x]P2’n = Q o S -
., | : _ n-1
Let Ps,n = Bsw

Substituting in

2

(11) 2¢ an_2Bl + 20(1-0)a™ %By + wiBy - (ut201)o™ 1By = O

ceedl3
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ay . .ne2 2. n-2. . n. . . n-1. _

(1c) Qq(l-s)}w. BlfQ(lfo) \w By fopw By - [u#Q(l-c)x]w B, = C
| | Oooy.l)’!fb

and the secular equation from (13) and (14) is
’ . 9 ’ ‘-- ) - B .
w(w~l)[w‘—(l+2p)w+2p-4c(l-c)p(l-p)] =0
The roots ¢ =0 and =1 are discarded.

The other roots are
1, 1 N2 .
w=3+pt I - (20-1)%(1-p) ]
There is only one root which is greater than O  and less than 1 .
S 1 © ol 2
This is @ = 5t p- J[E‘— (20"1) p(l-p)]

Discard‘the other root which is greater than one.

Substituting in (11) and (12),

Qe obtéin B, = w(l;ggéifggw'ClBi = l-o:2cp-w By ’T...15
Substituting (15) and _Ps’n.= gsm_Qi in
(11) P o= B u™ T
(12?_ Pe,n'= Bg@n—e
Substituting Py . = ngnfl in
B \

) Py o= lg

it

(20) P

2



B, B
_o 2

'2Gp 2(1‘U)p

_ By(1-0)+Byo _ [2-20+2qp-u)

B
20(1-0)p 20(1—o)p] 1
Pn»é Pl,n + Pz;n
= (BBt

r1+240-w n-1
[ o ]Blw

s

+ Py Pyt H Pkl F By =

i.e.. PO + g P =1

2-2gt2gp-1 l+20 -1
B + B
[ 20(1_0) ] [ ]

n
5 w =
lvn=O

0

=
3
0
o
™

&

It

—; and (1-w)(2p-w)

_ 20(1-5)p(31-p)
?herefore B, = (2-26+209-0)

. Hence PO-= 1-op

and P Ll+20‘p-m)(l— (,))(20—\1)) n-

n 20(2-20+20p m)
L § nf' nP L
= = L = 1w
n=0 P nSo " 1o
[ ]
Lqg = 3 (n-1)p  =$&

Ho(1-0)p(1-p)

L6,
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It should‘be noted from the derivation ofithe hypérexponential”'
that J = [1/206(1-06)] - 1

1

- Sl 1
or -0 =% - JLE —.E(I;ET]

Construction of Tables and Graphs for Single Channel with

" Arbitrary Interarrival Time Distribution and Exponential Service

Time Distribution ' L S

Since the average walting length of a queue with
arbitrary interarrival time distribution and ekponential service

time distribution is only dependent on the utilization factor,

p, and the'fraétional_coefficient of variance squared, Cg 5.
the plot will have an ordinate in term of the fractional coeffi-

cient of variance squared and the absc1ssca w1ll be the average

waltinv length, for varying values of utilization factor.'“ h
| With the aid of the UniverSity_of British Columbia

I.B.M. 7040, I, was computed for ﬁarying p and 5 for the

Erlangian interarrival time distributions and p and J for

the hypérexponsntial inferarrival'time distributions;

Fbr‘thé Erlangian distributisns, theAfdrmulae' |

o
L @ =——
()

1
cc ==
| L

‘where 0 ¢ w<l in uwt+u¥l gl 4P + u = pyg
and for the hyperexponential distribuﬁions, the formulae

L =P
: {l-w)

C =]



B - A

b - Ik - (20-1)26(1-p)]

e ,

where 0 < w<1 in u

1

1 1
2 'AE' 2(1+J')]‘

andg

were used to compute L . Table II and Figure 7 give the

computed vaiues of L against Ci for various values of p .
It is not neceésary to provide graphs for the other

characteristics as the‘relationship_between L and Lq , W, Wq _

and the busy period can be éasily computed.

Lg = (I-p)
_L
=3

Bgsy period = utilization factor = p



‘0.05
0.10
0.15
0.20

0.25 .
.+ 0,30
0.25

- 0,40
0.45
0.50
0.55
- 0.60
0.65
0.70
0.75
0.80
- 0.85
0.90

0.95

0.201409
0.312793
0. 448129

0.627410

- 0.887837

1.313074
2.153432

4,651163

1/20

0.050000
0,100030
0.150485

0.202450"

0.257390

 0.316926

0.382884
0.,457463

0.6447T7L
- 0.766733

0.917412

© 1.109375

1.363507
1.717353
2, 245048
3.124321
k877497
10.13049

"TABLE IITI A Values of

and Exponential Service Time Distribution

1/10 _

10.050001

0.100098
0.150936
0.203758
0.260045
0.321409
0.389692
0.467149
0.556699

- 0.662321

0.789668
0.947151
1.147924
1.413863
1.784292
2.337815

3.257793

5,094249
10.59720

1/5
0.050016
0.100419

0.152299
0.207050

0.266148"
" 0.331210

0.404137

- 0.487312

0.583866

0.698098

0.836146
1.007165
1.225490
1.514969
1.918494

2.521805

3.524927
5.527877

11.53%067 .

1/4

0.050039

0.10068%
0.153193
0.208982
0.260524
0.336448

C0.411694
0.497714 .

0.597T749
0.716262

- 0.859635

1,037394
1.264465

1.565685
1.985729

2.613907
3.658572
5.744745
11.99744

13

0.050112
1 0.101282

0.154952
0.212547
0.275535
0.345576_

. 0424684
- 0,515430

0.621244
0.746863
0.899078.
1.088038

1.329653

1.650409
2.097951
2.767538

- 3.881411
6.106251 -

12.7754%0.

1/2 _
0.,050423
0.103006

0.159300
0.220696 . ..~

0.288675

0.364984 -

0.451800

0.551956
0.669264

0.809017

0.978831
1.190100

1.460707
1.820436

2.320876

3.075184
L,327373

6.820U55
14 ,33344

I, for Arbitrary Interarrival Time Distribution

.61'(



0.05
© 0.10

0.15
0.20
0.25
0.30
0.35
0.40
0.45
0.50
0.55
0.60

0.65 {
2.335333

0070
0.75

. 0.80

0.85
0.90
0.95

1
0.052632

0.111111 -
0.176471
- 0.,250000
0.333333

0.428571
0.538462

0,666667

0.818182

1.000000
1.222222 -
~ 1.500000

1.857143

3,000000
4.,000000
5.666667
9.000000
18.99999

2
0.053538
0.115069
0.186215
0.269008
0.366025
0.480566
0.616922
0.780776
0.979821
1.224745
1.530892
1.921165
2,431406

3,121320

k,098076

5.576034

8.055216
13.03562
28.01722

TABLE III B Values of

3

0.054016.

0.117265
0.191922
0.280776
0.38T7426
0.516539

0.67h217

0.868517
S 1.110243

1. 41401k

1.801408

- 2.202776

2,966403
3,871924
5.162278
T.123105
10. 42089
17.05538
57.02628

o

n

0.054310

0.11866%

. 288839
. 402700

0.939902
1.220867
1.581139
2.047726
2,659852
3. 4778%0
I ,60113%6
6.208099
8.655354
12.77555
21.06797
46.03187

.195686 -

0
0
0.54334h
0.718837

5

'0.054510

0.119633

0.198360.

0.294727
0.414421
0.564268
0.754991
1.000000

1.317532

1.752051
3.000000

3.973555
5,316624
- T.2h26h1

10.17891

15.12404
25.07669
55.03566

6

' 0.054655
0.120345
. 0.200358

0.299225
0.423232
0.581139

0.785098
1.051785

1.403700
1.870829

2.493411
3.327677

i, 458039

6.022657

8.269696
11.69690
17.46870
29,083%09
64 .03839

MNP HEMOOOOOO O

T

.O54T764
.120890
.201910
. 302776

«595075
.810681

.097168
481617
. 005000

4,934122
6.721841
9.291503
1%.21110
19.81082

33.08799

73.04044

I, for Arbitrary Interarrival Time Distribution

and Exponential Service Time'Distribution
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Tecting of Graph

The validity of_the gfaﬁh ﬁill noﬁiéé tested with
varioys'arbitrafy interarrival time distributions, and expo-.
nential service time distribution with the aid of the‘University
of'Briﬁish Columbia I.B.M. 7040 compﬁter.l A p  of 0;8 were
used fof tire différent'éombinations of arbitrary interarrival
tiﬁe distribution and service time distribution. The program
G.P.S;S. IIT was usedvto.Simulate the queue. A run of ten
thousand transactions were §imulated for each of the combination.
The flow chértvfor the'program is as shown in Appendix III.

| The_distributions used and the resulﬁs‘frdm_G.P.S.S.

III and from the graph are shown in Table IV.

Appendix I/x : The distribution as given in Appendix I, section x ,
e.g. Appendix I/a is the distribution as depicted in Appendix i;

section a .

P : The utilization factor used.
pc : The utilizaﬁion of the facility as obtained from G.P.S.S. II
Lgce : The average.length‘of queue as obtained from G.P.S.S. III.

Tec

The average waiting length as ovbtained from G.P.S.S. III
Lgc + pe . | |

Lp> : The éverage waiting length in thé system as obtained |

| from graph with utilization factor = 0.8 = p .

~Lpc : The average waiting length in the system as obtéined

from graph with utilization factor = pc .

/BNN N



Interizgéval": _cg §i§¥i§§uti§§; b pc  Lac e Lo ILp | ]ch;Lcl

distribution ' :
(1) Appendix I/a"d,4046 Exponential 1 0.8 0.8330 3.39‘ 4322' 2,90 3,68 54
(2) Appendix I/b 1 Eprneﬁtial' 1 0.8 0.7hl2 2.47 3.21 L b,00 3.52 . 31
(3). Appendix I/c 5;8 | Exponential ‘1 0.8 0.705%4 7.3 8.04 11.%0 T.47 .57
(4) Appendix I/d 1;6 Exponential 1 0.8 0.7420 3.39 4,13 4,85 3,55 .58
(5) Appendix I/e 0.3333 Exponential 1 0.8 0.8087 2.61 3.b2 2,77 2.99 .43
(6) Exponential 1 | Exponential 1 0.8 0.8032 3.68 .4-”8, 4,00 4,17 C .31

- TABLE IV Test Results for Arbitrafy Interarrival Time Distributions

and' Exponential Service Time Distributions

HG



. i _ 55.

'“The following faetors willraccount for the'difference_'

between Lc , Lp and ch
Ci of the actual run of 10,000 transactions

2

.a) The
| is not equal to tne C,

of an infinite number
of runs as ﬁsed in-the construction of the graph.
" b) pc and p. are not egual.

o

s of the actual run of l0,000 transactione '

is not equal to the C§

"¢) The C
of an infinite number

»

of runs.as used in the construction of the graph.
d) The accuracy.of the random number generator.
Iﬁ can be noted that in the case where the inter-
arrival time and service time distributions are exponential,
the difference of'the simulated L and that of»the computea

L is 12.08 percent..
Average pc = (4.6335/6) = 0.7725.

Since average‘ pc < p it is probable that g Lpc <
Z Le and ¥ Le. < g Lp if the assumptlons in the usage of the
graph are correct. This 1s borne out by the facts:
5 Lc = 27.50 , E Ly = 29.92 and - g Lpc = 25.38 , then
T ch <ple<<zlp. |

Furthermore we shall examine the differences between
Le¢ and TILpc . We use Lpc instead of Lp for comparlson
because pc is the actual utilization factor of the 51mulatlon.
The dlerrences between Le and Loc for the six sets of simu-
lation are shown in the final column of Table IV. The»average

‘difference is 0.46. TWhen we use expenential interarrival and
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service tiﬁe:distributioné and whére We,wére_éure of .ch |
because it waé_calculated from_thé classical'Erlang's formula
there‘was.a;différencé between Ic and Lpc ,6f 0.51; Hence,
the value of‘0.46 avérage’difference is not disturbing. ‘

'It is necésséry for further works to be done on
the teéting of'the.graphs. This, unfortunatély,.is ouféide'the '
scope of the limited time available in»thé>pfeseﬁtétion of

this thesis..
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| _CHAPTER 6 5
~ ARBITRARY INTERARRIVAL TIME DISTRIBUTION:
ARBITRARY SERVICE-TIME_DISTRIBUTIQN
| When interarrival time distfibution isAexponential
and service time distribution is arbitrary, the average_iength

in the system is a function of p and_C§~ only as proved by

the Pollaézekv— Khintchine formula; and when interarrivél time
distribution is afbitrary and service time distribution is

éxponéntial, the average lepgth in the system is a function of

e
-

o and cg only as proved in Chapter 5.If, then, the interarrival

time distribution is .arbitrary and the service time distribution

is arbitrary, is the average length of the system, L , a
function of »p , Cg and CS only? Our purpose is to show,

empirically, that it is.
" The problem is to determine the value of L for'each'

2 c2

~-combination of C_ -, CC and p . This problem is resolved

through four separate techniques. These, related to the values

2 and Cg , are illustrated in figure 9 and explained

below.

of C

i) For Poisson distribution'arriVal rates and

.
<> 0) the

arbitrary sefvice.timesu (Cg =1, C

Pollaczek e.Khiafchine approach of Chaptér L

can be used. Thus values of L may be taken
' directly from Table IT.

ii)  For arbitrary arrival rates and exponential

2

s = 1)

- distributed service times (CS_Z 0, C

~
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- the work 6fﬂChapter 5 is pértinent.A Valueé
of L ‘can be teken from Table III,
. i1ii) Approaches i and_ii are indicated in figure 5
N ‘by‘lines l‘and 2 respéctivély. Fér‘all other

~areas of figure 5, L must be determined by
: "
G

’ : : . 2 "
simulation, except for one point (Ca =0, C. = 0)

- The sampling distributions must be hyper-exponential

2
a

for values of C or Cg >1; must be Erlangian for values

of 'Cg or C§'< 1 ; and must be constant for values of

»Ci or C§ = 0 . Thus the actual simulatidn technique depends
on the'particular combination of values Qf- Cg and Cg‘ being

tested. The flow charts of these techniques are detailed in
Appendix III and are referenced below to the relevant areas

of the chart in figure 9.

Fig. 9 2 | - cé  Flow Chart
Area _i __i
3 S - 31 1
. d<c§<1 \ .' c§>;-A,. 2
5 0251 o<c§<i | 3
6 =0 31 B
T c2>1 =0 5
8 o¢ci<l 0¢cBeL 6
9 c2=0 o<c§<i< 7
2 2 _

10 ' 0KCi<l - ¢S =0 8
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2 —lO’: we know that»"r =0 .
S —> ‘ , - AJq - . *

CFor €2 =0 and ©
Since L =Lg+ p, then .L =p . This applies to point 11
in figure 9. ' | - ' |
|  Each simulation was carried through 10,000 transactions
and»total waiting time in the queue (TWT) was accumulated.

"Thus‘for each set of values Wq , the average waiting time,

~ could be determined. (Wq = TWT * 10,000)
The value of L , average system length, was deter-
' mined from the equationl | '

L =Wax +p

Thé results of these calculations and simulations
are shown in a set of‘graphs, figures 10 - 29.

2

For each of 10 values of C_ ,

values of - I, are

2

s for vaiues of 0 from 0.1

plotted against ten values of C
to _0.9 . There are two graphs for each value of Ci because

the I scale for values of p between O and 0.5 was
inadequate for higher b values. |

From thé plotted poiﬁfs,.curves have been constructed
by inspection representing eaéh value of p . For values Qf
p below 0.6 there appears fo be a linear.relationship be-

tween Cg and L .

1Buffa, E.S5., Models in Production and Operations
Management, John Wiley and Sons, Inc., New York, 1900.
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(2)

Fractional Coefficient of Service'Time Squared -

S

o2

k9y(8

)

(7)

ci -Fractional Coefficient of Interarrival Time Square

Illustration of Derivations.for Arbitrary Interarrival.

. and Service Time Distributions

Figure 9
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'}Teetlnﬁ of Gfanns
| ~ The valldlty of the graphs w1ll now be tested W1th
varlous arbltrafy 1nterarr1val tlme dlstrloutlons and arbltrary
- service twme dlstrloutlons w1th the aid of the Unlver81tv of
British Columbia I.B. M 7040 comouter. A p of O 8 were used
for the different comblnatlons of arbltrary interarrival tlwe
‘dlstrlbutlon and service tlme dlstrlbutlon. A second set Wlth ‘

= 0,5 :wes also tested. The program G.P.S.S, IITI was used
to simulate the queue. - A run ofleQQOO transactions ﬁere eimu—
lated for each of the combihation, Therflow chart for the
program is aswshown:in‘Appendix IIi. o | o

| ‘The distributions u;edeand'the resdlte'from,GaP.S.S.

Y‘III_and_frOm the graphe-(figures‘10€29) are shown -in Table 5.

Appendlx I/x : The dlstrlbutlon used as glven in Appendlx I
section’ X . e.8. Appendlx I/c is the dlstrlbutlon in section ¢

of Appendlx I.

S L e wtilization factor used.
pc  : The utilization of the facility as obtained from G.P.S.S.
1. | | | |
, Lch': The everage 1eﬁgtﬁ of queue as obtained from G.P.S.S. III.
o | | .

The average waiting length as obtained from G.P.S.S. IIT
= Lqe'f.bc . | | . |
Lp - : The average waiting length in the syetem ds obtained
| .from graphs_with'the utilizetion.factor ﬁsed..
Lbc : The average waiﬁing lehgﬁhein the system as}obtained.

from the graphs with utilization factor 'pc .



. Interarrival - c, Service time  Cg H I'p» - pc - Lgc - “Le. " Lp  Lpe |Lpe-Lel
: time distribution . ‘ _ L y - , :
distrivbution -
(1) Appendix I/d 1.6 ~ Appendix I/c 5.8 0.8 0.8319 14.43 15.26 12.20 16.00 T4
(2) Appendix I/a 0.4046 Appendix I/b 1 0.8 0.8870 - 4.89  3.75 2.90 © 5.80 .04
(3) _Appendix I/b 1 Appendix I/c 5.8 0.8 0.8153 9.85 10.67 11.67 12.80 .13
(%) Appendix I/d4° 1.6  Appendix I/a 0.4046 0.8 0.7450 2.8% 3.50 406 3.61 0,02
(5) Appendix I/c 5.8 = Appendix I/e 0.3333 0.8 0.7432 8.71 9.45 10.50 5.01  O.44
(6) Appendix I/e 0.3333 Appendix I/d 1.6 0.8 0.862% 3.33 6.19 4.05 6.25 -0.06 =
(7) Appendix I/b 1 Appendix I/c 5.8 0.5 0.5201 :"1.88 2,40 2.20 2.50  0.10
- (8) Appendix I/d 1.6  Appendix I/c 5.8 0.5 0.5017 1.95  2.45 2,50 2.52  0.07.
 (9). Appendix I/a O0.4046 Appendix I/a 0.4046 0.5 0.4722 0.25 . 0.72 0.6% 0.61  0.09.
(10) Appendix I/d 1.6 .. Appendix I/b -1 . 0.5 0.5011 . 1.11 1.61 - 1.13 . 1.20 = 0.41
(11)  Appendix I/e 0.3333 Appendix I/e  0.3333 0.5 O0.4547 0.16 0.61 0.62 0.55  0.06
' 0.5 0.4901 3.35 3.84 2,18 2.15  1.69.

(12) Appendix I/c 5.8 Appendix I/d 1.6

TABLE V Test Results féf Krﬁitfary Interarrival Time Distributions

~and Arbitrary Service Time Distributions.

"e8



'The following~factors wiil'ac¢ount for the difference
between Lc and Lp ¢

: é); The CS‘ of the actualIanber of transactions of

10,000 is not equal to the C2 of an infinite
| number of transactlons éb‘érror is inéurred'in |
both The G P. S S. Il‘r program and the constructlon
. of the graphs,. This increases the maximum .
'POssibléIorrOr.' | I
'5).”pc and p. are néf.equalI'

'c).vThe *Cg of the actual number of transactlons of

_I0,000 is not-equal_to the Czl of an.infinite

‘Inumber of transactions, so error is incurred_in.I'v

' both the G.P.3.S. III program and the constructlon
‘of the graphs.] This 1ncreases the ‘maximnum |
p0851ble error.

d)-.Thevaccuracy'of-the random number geﬁefétor;

0.6625

(7. 7950/12)
(7 8/12)

'AVerage'-pc

Average p

0.65

Since average opc > P ,- it is possible that: ch‘> Le:
and Le > Lp if the éssdmptions in the usagé of the graphs
are correct; Since thiS‘ié borhe out to the facts: Lc = 60.55
Lp = 57.65 and “Lbc = 63.02 , ‘then Lpc >_Lc'> Lo . |

'-IFurthermore we shall examine the differences between

Le and.ch . We use ch‘ instéad}of' Lp for comparison be-
cause pc . is the actuél‘utilization_factor of the simglation

The dlfferences b@tween Lc and Lpu' for the twelve sets of

simulatlon are shown in the flnal column of Table V. The



.
‘avérége differenbé is'0.49;» Where previéﬁsly_wé used expohentf ‘
_ial interarrivalAahd éerVi¢e,timeadistribufions and'whefe we‘
‘were'suré'of ip¢' because it was calculatéd ffom the Classical -
Erlaﬁg‘é formula,»(Taﬁle‘IV) there was a difference between Le
and Loc of '0.31‘; Hence the valuelbf' 0.49; averageldiffer_
enc¢ is.nctAdiétﬁrbing{ | .

1 is_ﬁecessary for further wofks'to be done on the
:testihg.éf the graphé_(figufés ld-é95.“ This,'unfoftﬁnatél&,¢‘ 
1s outside the scopé of the limited time availablé in the pre- -

B sentation of_this’thesis. -
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| CHAPTER 7 -
© CONCLUSION

- The usage of the graphs-will enable one to conpute.
V'the requlred charactorlstlcs to make the necessary decisions
without going through the process of 51mulatlon or curve flttlng ’
for eachvparticu lar case of 51ngle channel queue w1th custom—
. ers comlng from an 1nf1n1te populatlon._ It is not necessary
o know the forms of dlstrlbutlon of lnterarrival time and
‘service time to obtain the,required characteristics;

Slnce the average waltlnc length of the SJstem is

dependent only on utlllzatlon factor ;b ; _square of the A

fractional coefficient of interarrival time, ‘Cgt and square

of tne'fractional'coefficient ofvservice time _Cg,, The follow-
1ng process will® enaole-one to compute the necessary charact-
- erlstlcs.' o : B |
The p0531ble erlor 1s relatlvely small and as shown

by.comparlson w1th 31mulatlon of lO 000 transactlons via
G.P.S. S IIT for twelve. comblnatlons of arbltrary dlstrlbutlons
the: average dlfferences in waltlng length of the system is
only O. 49 customer° ThlS glves a percentage difference of lOo/o.

| a) Calculate the average 1nterarr1val time.

A

Average interarrival t:Lme_='_-l = (Total time of
observation/Total number of arrivals) =~% .
b) Calculate the variance for interarrival time.

n 2
5 - - 1
Variance = Var(t,) = ifl(tai.l /Total number

. : ! ' . 2
of arrival = £ fi(tai'%?
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c) Calculate the-fractional“coeffieient;of variance

. -squared for interarrival timexdiStribution, C§ .

,Cé . Var(ta)
a " (3)?
AP

d) Calculate the average service time.
Average:Service,time =-ﬁ_= (Total timevfaciliLy
‘“‘is‘ih'operation/Totai_number_serviced) =‘%
e).-Calculate the variance for serviCegtimes.
Variance ;'Var(t ) = g (t sJ =) /Total number

1‘21

servieed 5 £, (t

f) 'Calculate the fractlonal coefflclent of variance
squared for service tlme dlstrlbution Cs .
Var(t )
02

M
g) Utilizationvfacfor p = (Average service tlme/
average 1nterarr1val tlme)ff: |
- h) _With the values p cg , and _cg, ' read fron the
graphs'(figuree;lo-29)Vthe verticle axie;' L .
i) Compute, o o I | |
" 'The average queue length Lq = (L-p)
. The. average queueing tlme, q = (L—p)/x
The average waiting time in the eystem, W‘=}L/A'
The busy period = . 6. | - | |
For an examnle of the usage of the graphs (flgureq

10;29), we shall assumne tnat a saw receives logs from two

sources. During the entire period of observation, it is
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noted that a total of 1000 logs arrive at the saw. The total
period pf observation“is.SOOﬁ minutés. Iﬁ is noted thaﬁvBOo/b
of the.intefa?rival-time is 3 mﬁnutes and 500/0 is T ﬁﬁnutes.'
It 1s also &novn that 30 /o of %“he logs require 3 mlnutes to

saw each TOg, 40 /o requlres h mlnutes and 30 /o requlles 5
_minutes., It is requlred tovcompute the average waiting length,
'fhe-éﬁerége'queue’1eng£h, the average waiting time, the aver- .
::égejqﬁeué timéfapdbthe;ﬁtiliZatibhAfaétor1

a) _AVerage:interafriVal time = £%== = 5 minutes/log.

b) * Variance of interarrival time

[(0.50)(3-512 +
(0.50 (7- 21 =y |

Il

- d) Average service time = (.30x3 +.40xk + .30x5)

=.4_minutes/log

‘) Variance of service time = [0.30(3-4)2 + 0.4o(4-4)2
+ 0.50(5-4)%]
0.80

"

h) From figures 10-29, and using interpolation:
2 2 = 0.05

From figure 11 with CJ = O , p=0.8 and CS

I = 0.85 |

From figure 13 with Cg = 0.25 , p = 0.8 ‘and
. | _ .

S = 0.05

. By interpolation:



. Wq

Q.95vlogs-

1) Lq = (I-p) = (0.95-0.80) = 0.15 logs.
." ___:E’ '
FJ'—'X

L = k.75 minuteé/log.'

0.95%5

1

'Lg = 0.15%5 = 0.75 minutes/log.



. APPENDIX I

" DISTRIBUTIONS FOR TESTING OF GRAPHS

8.

Ca) 5 £(t) F(t) t.£(t) (t-1) (t-1)° Variance (t)°  C°
0.0" 0.05 0.05 0,000 -1.0 1.00 0.0500
0.1 .0.07- 0.12 0,007 = -0.9 0.81 - . 0.0567 -
0.2 0.06 0.18 0.012 -0.8 0.6%  0.038%
0.3 0.05 0.23 0.015 =-0.7  0.49 0.0245
0.4 0.06 0.29 0.02%  -0.6 0.36 . 0.0216
0.5 0.05 0.3% 0.025 -0.5 0.25 - 0.0125
0.6 0.04 0.38 0.02% -0.4 0.16  0.0064
0.7 0.03 0.41 0.021 . -0.3 0.09 . 0.0027
0.8 0.02 0.4% 0.016 -0.2 0.04 0.0008
0.9 0.01 0.4% 0.009 -0.1 0.0L ~  0.0001
1.0 0.03 0.47 0.030 0.0 ,0.00  0.0000
1.1 0.03 0.50 0.033 0.1 - 0.01 0.0003
1.2 0.05 0.55 0.060 = 0.2 0.04 0.0020.. °
1.3 0.06 0.61 0.078 0.3 0.09 0.0054
1.4 0.08 0.69 0.112 0.4 0.16 0.0128
1.5 0.07 0.76 0.105. 0.5 0.25° - 0.0175
1.6 0.03 0.79 0.048 0.6 -0.36  0.0108
1.7 0.08 0.87 0.136 0.7 . 0.%9 0.0%92 .
1.8 0.07 0.9% 0.126 0.8 0.64 0.0448
1.9 0.01 0.95 0.019 0.9 0.81 0,0081
2.0 _0.05 1.00 0.100. 1.0 1.00 10.0500 |
- 1.000 c0.4046  0.4046
0,050 . .. P .
e(e) [ o L e e i .
1ot RO T e e e .
SN e .



5.
b) t f(t) F(t)tf(t) v,l(t—.J:) | (t-—l)'? Variance (t) ¢c2’

0.0 0.5 0.5 0.0 -1.0 1.00 ©0.50

2.0 0.5 1.0 1.0 . 1.0  1.00 0.50

1.0 | 100 0 1.00

-

B £(t)




N f(_t)"

ff(t) ,

0.0 0.3 0.8
2.0 0.1 0.9

0.0
0.2
0.8

-1.0 1.00

1.0 1.00

0.80

010

91.

£ f(t)A.F(ﬁ).-t;f(t) E(tél) (t-1)° 'Vériancé (t) 2

8.0 0.1 1.0

7.0 49.00

4.90

1.0

5.80

.5..'80 -
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~‘. .d5 b e(t) F(t) it.f(t) (t-1) .(f'l)e..Variancé (t) c2

0.0 0.6 0.6 0.0  -1.0 1.00 0.6
2.0 0.2 0.8 0.4 1.0 1.00 0.2
3.0 0.2 1.0 0.6 2.0 4.00 - 0.8
| 1.0 1.6 1.5
£(t] o .
3 I- 2 3
i
1 | —
F(t)
1 < 2 >
. |

e) f(t) = 0.5 when 0<t<g2
= 0.0 when 0>t >2

| 2
F(t) Io 0.5 dt = 1

- ) 2 ..
Average (t) = j 0.5 t.dt =
o 0o . :

Il
-~
10
L]
\J1
ct

Variance (t f (t 1) 0.5dt = f t 2. 5dt - 2 I £.0. 5dt +

- j 0.5dt

| £3 |
o= -005[.3_\]0 -2 + 1



=% R 2 ot 1

0. 333_3 |

Fractidnéi coeff.i_cie_nt of vai‘iance squared, ‘Cg=' 0.3333_ o

£(t)

L

1.0 |

R




 APPENDIX IT

 Flow Chart; G.P.S.S. III: Single Channel Queue .

 QUEUE

" SEIZE

DEPART C:Z

ADVANCE
8,FN1 -
3

RELEASE

Y

TABULATE | -k\l
| 1
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CAPPENDIX III.

‘ Flow Chart i

¢2=y, | paal D ,'LAMBDA 1,2 3,...,9
-y o o1 iy R
Vs s 1% T3 EI-TGEEHD N B P 2,3,...,6.
o L 3 , N o
_1_ ,1_ -1 1 ’
% =2 4T (Ir5,)
1 - |
. INITIAL | MU=10 - AT =0 TWT =0
I S . . IDT =0
1o ooo S ‘ < ‘ |
- transactlons ' GENERATE D |
GENERATE -A | GENERATE A
AT = - log(A)/(20,LAMBDA)| |AT = - log(A)/(2(1-c,)LAMEDA)
e _f' . » Y
' S AT=AT-UT
o ' » { - .
' | GENERATE E| v
E<ag - ——E>05]
GENERATE S g GENERATE _ S
) v Y o C o v
ST = - 1og(s)/(2asMU)-_ |sT = - 1og(s)/(2(1~cS)MU)_




IDT=0

WI=ST-AT|

b

TWT=TWT+WT

A=O

| IDT=AT-ST

!

TIDT=TIDT+IbT




Flow Chart 2

97.

LAMBDA = 1,2,3,...,9.

Ci = 1/k DatA
2 . ::7 js = 2’3’000,60
= J. _r 01 1. o
s s BRI ¢ )
 INITIAL MU =10 AT =0  THT
I : L -
| _ _CONDITIONS WP =0 TIDT
A \10,000 IDT = O
transactions :
| -~ |_GENERATE Al
* | GENERATE A2
!
. A J
‘ GENERATE Ak,
AT = - (logAl+logA24...+logAK /(%. LAMBDA)
(]
[ AT=AT-WT |
GENERATE E
‘E<gS’ E:o E>cyé—1
GENERATE S S < GENERATE- S .
3 L | S . =
ST=-10gS/( 20 ,MU) | - | 8T=-1ogS/(2(1-u MU
S’I‘>AT AT<AT’———
B ‘ST=AT .
~ IDT=0 =0 Wr=o0 |
B WT?FT-AT] |IDT=0 I:IDT=%E-ST ]

[ TWD=TWT-+WT |

[TIDT=TIDT+IDT|

.
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Flow Chart 3

Ca .= Ja . T -} DATA C - IIAI'BDA = 1,2,3’00'],90
2.__ ',,'~ - ) ___l l l » - J .= 23-,000 60
_C.s::—-‘l/& B .Ga_"—é‘_‘ ”/E--é_[-—_—)-l'i-ja a :: ‘ E)
” - # _ ‘ o o o .
doﬁgﬁgiggév MU =10 AT =0 TWT.= O
- : WI=0 TIDT =0
10,000 - N ‘ : : IDT = 0
transactions 3 N ' ' '
_GENERATE D]_
cha >0
) | . !
 GENERATE A | GENERATE A
i | R — B
AT=-1ogA/( 2¢, LAMBDA) - |AT=-logA/(2(1-0, )LAMBDA)|
. AT=AT-WT
v
__GENERATE S1
GENERATE S2|.
H
i
Y
. GENERATE Sy
] v ¢ ‘
' ST=-(1logSl+logS2+...+1ogSy)/( 4. MU)
' -ST>AT
Lm0 | L WT=Oi ]
[ WE=ST-AT’] [ rpr=AT-ST |
THT=TWT+WI : - | TIDT=TIDT+IDT

- B T



DATA

9.

LAMBDA = 1,2,3,...,9.

2
¢S =0 -
C§.= 'jS 5. = _]; - ,J l._' 1 ‘J.S_= 23»3:":'36'
R e ) I
INITTIAL MU =10 AT =0 TWT
LoomprrIoNS  WT = o TIDT
10,000 R IDT = O
transactions 4 '
| AT=1/LAMBDA |
T
AT=AT-WT
4
GENERATE E
| E<os \\\f:jﬁ//r E>cs |
GENERATE S o L_GENERATE 5
ST=-10g5/( 26 11U) ST=-1ogs/(2( 1~ o )MU)
i ,L | '
—ST>AT ST<AT
STTAT
“ip§=o 1 C HT=0 Lm0 ]
L WI=ST-AT ] DT=0 | '[AIDT=AT;ST 1

[ THr=Twr-T

[ rDP=TIDT+IDT |




Flow Chart 5 .

N

2 _ ..
‘a " %a |
2" s : Ja = 2,3’00.,60
s - 5 = 1 J 1l -1
|9 2 T ,‘ g( +Ja§-
- (:)[NTITIAL' , l MU =10 AT =0
CONDITIONS .  wr=o
10,000 Al CIDT = O

|/ transactions

\ . N
 |GENERATE D] -

D> og

y

TWT =0

[aT=-10ga/(2(1- o, ) LAMBDA) |

: r‘D'<<.sa ' D:ig,
- L
| GENERATE A | .~ |GENERATE A |
AT=-1ogh/( 20, AMBDA)
L ‘ ;
r.

T>AT

|_1pT=0

[ wr=sr-ar ]

y
TWT=TWT+WT |

" |AT=AT-WT

|

ST<KAT —

y

WT=0

[ pr=AT-5T |

A
| TIDT=TIDT+ID

100,

LAMBDA = 1,2,3,...,9.



' Flcw Chart 6

2 _
c. = 1/k
=1 INITIAL
. CONDITIONS
10,000.

transactions

- | GENERATE A2]

: Y S
. [GENERATE Ax|

_jEHWMWEAﬂ!-

[pata]  1amBpa = 1,2,3,...,9.
' MU =

10 AT =0
WL =0
IDT = 0

AT = -(logAl+logA2+,..+16gAk)/(k.LAMBDA)

| [_AT=%T—WT |

" [ GENERATE 81|

\
'GENERATE S2

}

]

I
v

GENERATE S¢

!

ST = -(logSl+logSe+...logSe)/(4.MU)

WT=ST-AT

TWT=TWT+WT

 le=O_

IDT=AT-ST

/

TIDT=TIDT+IDT|

101, °

TIDT = O



Flow Chart 7

l102.

LAMBDA = 1,2,3,...,9.

2
Ca—l/x
o y MU;_-'].O_ AT
¢S =0 INITIAL - .
- B CONDITIONY .
T - IDT
A 10,000 N
' transactions - -
- -~ | GENERATE A1]
| GENERATE A2|
, T ,
|
P
¥
GENERATE Ak |
AT = -(logAl logA2.....logAk)/(k.LAMBDA)
_ ] ~
| ar=AT-wr |
- s
ST>AT ST<AT-
| ! oy
IDT=0 . =0 WT=0 |
y [
IT=ST-AT IDT=0 IDT=AT-ST
] T
[ TIDT<TIDT-+IDT

WT=TWT-+WT
[

0 TUT
0 TIDT
0

Il



- Flow Chart 8

. |

Cy =0 DATA

c® = 1/ INITIAL
S R CONDITIONS
;\\10;000 ,

: | transactions

4
| AT=1/T.AMBDA |

[ AT=AT-wT |

GENERATE 51|

Y )
|_GENERATE S2|
I

I
N
| GENERATE S4|

LAMBDA = 1,2,3,...,9.

10 AT = 0
WD =0
IDT = 0O

ST = -(logSl+logS2+....+10gS4)/(4.MU)

. —ST>AT-

— ST<AT —

ST=AT
B | |
~ IDT=0 WT=0 WT=0
) . ' | B 4 v
| Wr=ST-AT IDT=0 IDT=AT-ST
Y
TPWT=TWT+WT TIDT=TIDT+ID

TWT

TIDT

I
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.‘APPENDIX'IV S |

'Tlrlevw“o‘llow:mcr tabl S contaln the values of the average
length»pf the system, L , W1th glven boefflcvent of service
time variancé_squared, Cg s coefflclent of 1nterarr1val tlme

variance squared, Cg 5 and util*za*ion factor p, as obtained

from the appllcatlon of the wvarious technlques llsted in -

1Chapter 6 .

The values are used to obtain the graphs (flvures

10—29) for arbifrary service and interarrival time dlstrlbutlons.
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0.41179

'0;44813

0.70498

0.T76565

0.96452

1.08654

0.41327
0.42557

0.43293

0.44485'
0.49771 .
0.60567
0.70385
0.92615
1.00238
1.03617

0.5
0.50000
0.63715

0.51843

0.53650

0.62757

0.97988
1.06953

1.46049

1.68314
1.87173

0.53172
0.56871

0.57821

0.61133
0.71626
0.98002
1.12102
1.29407
1.53755
1.85463

B 0.6
0.60000
0.63715

0.64974
0.70786:

0.8878%4
1.37234
2.01297

2.71278"
3,04609
2.79277

0.67211
0, TH43L

0.78070
0.81837

1.03729
1.47787
1.88185
2.25240
3,18722

3.28373

APPENDIX IV (Continued)

.0.7 .
0.70000

0.79283
.0.86288

0.96359

1.31307
2,30510
3.34897
L4,06366 ..

4.21116

5.22927

0.85272

1.04190
1.06483
1.21688
1.56569
2.42208
407435
4. 72930

5.22968

' 6.19331

008

10.80000
1.05906

1.22588
1.38123

»2.15343_
4 72062

5.40883

»85?2504.
" 6.23288

10.6126

3.00341
1.52993

1.6245)0

1.82870

2,61%91
4,61372

'5,20162

8.61751
6.91972

9.47219

.},0;9

0.90000
1.63273
S 1.99542
2.59995
4,65116
11.0258
10.7971

13,7601

20,2304 <
20,2308

2.95744

3.37091

5.TA4TS
111.7321
118.9732

21,3472
20,5841
22,7431

1.87272
3.12692 .

S sSot



 0.333

B G I N

0.5

O\Q\-r\u-m -

- 0.25 '
- 0.333
005

0,1

0.10010
10.10030
10.10030
0.10074
 0.,10128
- 0.10517

0.10768

O.1l1l424

0.11646
0.12517

'0.. L0066
0.10120

0.10155°

0.10152
0.10301

" 0.10610

0.11146

| 0.11489
0.12509
0.13079

0.2

0.20143

0.20376
- 0.,20453
10.20573

0.21255

0.23153
0.24256

0.27457

' 0.,28981

0.3105h2

0.20505
0.20906
0.20935

.0,22070

0.24118
0.26572
0. 28547
0.29889

0.32216

0.3

0430607

0.31460

0431663

0:32521
0.34558
0.%40191
0.44861

0.52535 -

0,60960

10.62166

0.31643

0.32725
0.23605

0.33541
0.36498

0.42510

0. 47094
0.55945
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0.4
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0.41932

0.4403%
0. 44776
0.46231
0.51543
0.64413

0.76608

0.82266

0.97263
'1.21860

0. 4hoko

0.47147
O.h7aTh
0.50288
0.55196
0.68397
0.78140
1.02071
1.16238
1.16016

P
0.5

0.54524

0.58641

0,.59865
0.64446
0.74686
1.02115

1.35042

1.76441

o.591é6‘

0.64001
0.66756

0.70519
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1.08013%
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1.62487

. 2.26760

i

0.6
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0.7

-0.902k5
1.08486 -

1.11857
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