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ABSTRACT 

Methods o f d e t e r m i n i n g t h e d e f o r m a t i o n c h a r a c t e r i s t i c 

p h y s i c a l p r o p e r t i e s and dynamic response o f c o h e s i v e s o i l s were 

e v a l u a t e d i n o r d e r t o o b t a i n d e s i g n parameters f o r s o i l - m a c h i n e 

systems. The s t u d y was l i m i t e d t o s i m p l e s c a l e d s o i l - m a c h i n e 

systems on Haney c l a y and on mixed Haney c l a y and Ottawa sand 

i n the s e m i - s o l i d t o p l a s t i c range. 

A s p e c i a l moire method was s u c c e s s f u l l y d e v e l o p e d 

t o s t u d y l a r g e d e f o r m a t i o n and t r a n s l a t i o n paths o f s o i l as a 

f u n c t i o n o f t o o l shape and p o s i t i o n . 

C o m p ression, d i r e c t s h e a r , s t r e s s wave and f o r c e d 

v i b r a t i o n methods were used t o measure m e c h a n i c a l p r o p e r t i e s 

o f s o i l s . Advantages•and d i s a d v a n t a g e s o f each method were 

e v a l u a t e d • ' 

Q u a s i - s t a t i c s t r e s s - s t r a i n r e l a t i o n s h i p s were 

e s t a b l i s h e d from improved u n c o n f i n e d c o m p r e s s i o n t e s t s t o 

produce u n i x i a l c o m p r e s s i o n . Y i e l d s t r e s s and s t r a i n h a r d e n i n g 

e f f e c t s c o u l d be o b s e r v e d from t h e s e t e s t s . 

Rate dependency o f c o h e s i v e s o i l was v e r i f i e d by 

o b s e r v i n g s t r e s s wave p r o p a g a t i o n i n s o i l . I t was o b s e r v e d 

t h a t s t r e s s wave p r o p a g a t i o n v e l o c i t y was more s e n s i t i v e t o 

s o i l p a r t i c l e s i z e t h a n t o s o i l s t r e n g t h . 

F o r c e d v i b r a t i o n methods were used t o e v a l u a t e 

e l a s t i c c o n s t a n t s such as Young's modulus and s h e a r modulus 

whi c h are u s e f u l i n d e t e r m i n i n g the c o n t r i b u t i o n o f e l a s t i c 

s t r a i n s t o the t o t a l f o r c e r e q u i r e d t o deform a s o i l . 



The t h e o r y o f p l a s t i c i t y was s u c c e s s f u l l y used i n 

c o n j u n c t i o n w i t h e x p e r i m e n t a l o b s e r v a t i o n s t o e s t a b l i s h 

s t r e s s - s t r a i n r e l a t i o n s h i p s i n the s o i l on the assumption 

t h a t s t r a i n h a r d e n i n g was l i n e a r and e l a s t i c s t r a i n s were 

n e g l i g i b l e . The maximum d i f f e r e n c e between t h e o r e t i c a l 

f o r c e s deduced on the above b a s i s and measured f o r c e s was 

l e s s than twenty p e r c e n t . 

The use o f g e l a t i n as a s i m u l a t e d s o i l was i n v e s t i ­

g a t e d t o d e t e r m i n e whether i t s use c o u l d p r o v i d e a u s e f u l 

q u a l i t a t i v e a i d t o d e s i g n o f s o i l - m a c h i n e systems. I t was 

found t h a t the g e l a t i n s t u d y gave s t r e s s t r a j e c t o r i e s and 

s l i p l i n e s w hich resembled t h e r e s u l t s o b s e r v e d by the moire 

method i n a c t u a l s o i l . R e s u l t s o b t a i n e d from the a p p l i c a t i o n 

o f s o i l - m a c h i n e systems on s i m u l a t e d s o i l and p r o t o t y p e s o i l 

were compared. 
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1. INTRODUCTION 

P r o p e r d e s i g n o f s o i l machine systems i s 

e c o n o m i c a l l y i m p o r t a n t i n terms o f i t s i n f l u e n c e on- the 

c o s t o f crop p r o d u c t i o n , c o n s t r u c t i o n and t r a n s p o r t a t i o n . 

In N o r t h A m e r i c a a l o n e , 500 b i l l i o n t o n s o f s o i l a r e 

a n n u a l l y s u b j e c t e d t o p r i m a r y t i l l a g e on 600 m i l l i o n a c r e s 

o f c r o p l a n d . S i m i l a r l y , l a r g e q u a n t i t i e s o f s o i l a r e 

m a n i p u l a t e d f o r c o n s t r u c t i o n purposes and many t y p e s o f 

t r a c t i o n d e v i c e s are u t i l i z e d t o a c c o m p l i s h t h e s e j o b s . 

I t i s , t h e r e f o r e , i m p o r t a n t t o p r o v i d e t h e most e c o n o m i c a l 

s o i l machines f o r t h e s e o p e r a t i o n s . T h i s can be a c h i e v e d 

by i m p r o v i n g e x i s t i n g t o o l s o r by d e s i g n i n g new machines. 

There are t h r e e p o s s i b l e approaches t o the 

d e s i g n and development o f a s o i l machine. Design may be 

based on t r i a l and e r r o r , on t h e o r e t i c a l a n a l y s i s o r on 

s i m i l i t u d e s t u d i e s . The d e s i g n o f a s o i l machine i s s t i l l 

c o n s i d e r e d more o f an a r t tha n a s c i e n c e , because o f the 

l a c k o f s u f f i c i e n t b a s i c q u a n t i t a t i v e knowledge o f t h e 

r e a c t i o n o f s o i l t o t h e i n t r u s i o n o f a s o i l machine. T h i s 

i s due t o d i f f i c u l t y i n a c c u r a t e l y m e a s u r i n g the s t r e s s 

and s t r a i n as w e l l as t h e m e c h a n i c a l p r o p e r t i e s o f s o i l . 

F o r t h i s r e a s o n r e s e a r c h e r s have used s i m i l i t u d e t e c h n i q u e s 

w i t h d i s t o r t e d model c o n d i t i o n s . T h i s i s s t i l l m o s t l y a 

t r i a l and e r r o r method as the i d e n t i f i c a t i o n o f s u i t a b l e 
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p h y s i c a l v a r i a b l e s i s not p o s s i b l e due t o a l a c k o f under­

s t a n d i n g o f the p h y s i c a l b e h a v i o r and m e c h a n i c a l p r o p e r t i e s 

o f s o i l . Many i n v e s t i g a t o r s u s i n g s i m i l i t u d e t e c h n i q u e s 

have found t h a t a model t e s t d i d not p r e d i c t the performance 

o f the p r o t o t y p e , p a r t i c u l a r l y i n c o h e s i v e s o i l s where 

p h y s i c a l v a r i a b l e s are o f a complex n a t u r e . I t i s t h e r e f o r e 

e s s e n t i a l t o d e t e r m i n e s t r e s s and s t r a i n r e l a t i o n s h i p s and 

o t h e r p e r t i n e n t s o i l p r o p e r t i e s n e c e s s a r y f o r l o g i c a l d e s i g n 

o f s o i l machine systems. 

P h y s i c a l and m e c h a n i c a l p r o p e r t i e s o f s o i l s are 

so complex and v a r i a b l e t h a t no s i n g l e g e n e r a l t h e o r y can 

be a p p l i e d . R e s e a r c h e r s have t r e a t e d s o i l as an e l a s t i c , 

v i s c o e l a s t i c o r p l a s t i c m a t e r i a l . The t h e o r e t i c a l approach 

used depends on the type o f s o i l , i t s p h y s i c a l s t a t e and 

the l o a d i n g c o n d i t i o n s . E l a s t i c i t y t h e o r y may be a p p l i e d 

f o r v e r y s m a l l s t r a i n l e v e l s w i t h i n c r e m e n t a l l o a d i n g 

c o n d i t i o n s w h i l e v i s c o e l a s t i c t h e o r y may be used f o r dynamic 

o r s t a t i c l o a d i n g a t low s t r a i n l e v e l s i n b oth c o h e s i v e and 

c o h e s i o n l e s s s o i l s . P l a s t i c i t y t h e o r y i s s u i t a b l e f o r 

c o h e s i v e s o i l s s u b j e c t t o l a r g e d e f o r m a t i o n . M e c h a n i c a l 

p r o p e r t i e s o f a s o i l and t h e s t r e s s - s t r a i n r e l a t i o n s h i p 

depend upon the p h y s i c a l c o n d i t i o n o f s o i l w h i l e s o i l 

r e sponse v a r i e s a c c o r d i n g t o t h e c o n d i t i o n s o f the a p p l i e d 

l o a d . 



2. CRITIQUE OF CURRENT APPROACHES 

In the past many simi l i t u d e studies of s o i l 

machine systems have been conducted. Since Bockhop* (6) 

used true model theory to predict the performance of a 

prototype disk from a scaled model, many researchers (3, 6, 

47, 48, 56, 57 and 68) have attempted to develop model 

design techniques for s o i l machine systems based on both 

true model and distorted model theory. The accuracy of 

predict i o n has been poor although some studies using 

simple tools i n s p e c i f i c s o i l conditions have been quite 

s a t i s f a c t o r y . Results have been reasonably accurate i n 

cohesionless s o i l s while the prediction accuracy generally 

decreased with increased clay content. 

Inaccurate prediction has been due to i n s u f f i c i e n t 

i d e n t i f i c a t i o n of suitable physical variables and lack of 

basic q u a l i t a t i v e and quantitative knowledge of soil-machine 

i n t e r a c t i o n s . I t i s s t i l l d i f f i c u l t to determine to what 

degree each factor influences the accuracy of prediction. 

Individual factors require thorough investigation under 

separately controlled conditions. Investigations such as 

the v a r i a t i o n i n shearing resistance with v a r i a t i o n of 

shearing s t r a i n rate are required since the model and proto­

type must each function i n a d i f f e r e n t speed range. Also 

* Numbers i n parentheses r e f e r to the appended bibliography. 
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needed i s an i n v e s t i g a t i o n t o a s c e r t a i n the r e l i a b i l i t y o f 

e m p i r i c a l l y determined, d i s t o r t i o n c o r r e c t i o n f a c t o r s . The 

p r e d i c t i o n i s not o n l y the f u n c t i o n o f d i s t o r t e d f a c t o r s 

but a l s o o f o t h e r u n d i s t o r t e d " P i " t e rms. P a r t i c u l a r l y i n 

c o h e s i v e s o i l s t h e r e i s doubt as t o whether the model w i l l 

work under t h e same g e o m e t r i c a l c o n d i t i o n a f t e r l o a d i n g even 

though t h e model and p r o t o t y p e were g e o m e t r i c a l l y s i m i l a r 

b e f o r e l o a d i n g . I f t h i s i s t r u e , the s t r e s s - s t r a i n b e h a v i o r 

i n the s o i l i s d i f f e r e n t f o r the model and t h e p r o t o t y p e , 

r e s u l t i n g i n d i s p r o p o r t i o n a t e d r a f t f o r c e s l e a d i n g t o 

i n a c c u r a t e p r e d i c t i o n . 

I t i s a l s o unknown whether d i f f e r e n t shapes o f 

g e o m e t r i c a l l y s i m i l a r t o o l s ( f o r example, a d i f f e r e n t apex 

a n g l e i n a c h i s e l o r a d i f f e r e n t p r o p o r t i o n between d i s k 

d i a m e t e r and c u r v a t u r e ) change t h e a c c u r a c y o f p r e d i c t i o n 

as t h e b a s i c s t r e s s - s t r a i n b e h a v i o r o f s o i l i s not u n d e r s t o o d 

U n l e s s b a s i c q u a l i t a t i v e and q u a n t i t a t i v e d e s i g n p arameters 

a r e t o be s t u d i e d , t h e s i m i l i t u d e t e c h n i q u e i s l i t t l e 

d i f f e r e n t from t h e t r i a l and e r r o r d e s i g n methods used i n 

the p a s t . F o r t h e s e r e a s o n s , t h e dynamic b e h a v i o r o f s o i l , 

i t s s t r e s s - s t r a i n r e l a t i o n s h i p s and i t s m e c h a n i c a l p r o p e r t i e s 

r e q u i r e f u l l i n v e s t i g a t i o n . 



3. PURPOSE OF THIS RESEARCH 

T h i s r e s e a r c h i s i n t e n d e d as a development o f 

t e c h n i q u e s f o r t h e model d e s i g n o f s o i l - m a c h i n e systems i n 

c o h e s i v e s o i l s . I t i s d i r e c t e d toward t h i s u l t i m a t e 

o b j e c t i v e by e m p h a s i z i n g a d e s c r i p t i o n o f t h e m e c h a n i c a l 

p r o p e r t i e s o f s o i l s and t h e dynamic and s t a t i c s o i l r e s p o n s e s 

t o c o n t r o l l e d s o i l - m a c h i n e systems. 

The purpose o f the s t u d y may be summarized as 

f o l l o w s : 

1) To p r o v i d e q u a n t i t a t i v e and q u a l i t a t i v e i n f o r m a ­

t i o n on the dynamic and s t a t i c response o f s o i l 

t o t h e i n t r u s i o n o f c o n t r o l l e d s o i l - m a c h i n e 

systems. The s o i l r e s p o n s e i s examined from the 

measurements o f d e f o r m a t i o n and t r a n s l a t i o n 

w i t h i n the s o i l mass, u s i n g the moire t e c h n i q u e t h a t 

p r o v i d e s much h i t h e r t o u n a v a i l a b l e i n f o r m a t i o n . 

2) To e s t a b l i s h a c c u r a t e s t r e s s and s t r a i n r e l a t i o n ­

s h i p s o f s o i l s f o r t h e i n v e s t i g a t i o n o f y i e l d 

phenomena, s t r a i n h a r d e n i n g e f f e c t s and p l a s t i c 

s t r e s s - s t r a i n r e l a t i o n s h i p s . The s t r e s s and 

s t r a i n r e l a t i o n s h i p s are s t u d i e d by u s i n g an 

improved u n c o n f i n e d c o m p r e s s i o n t e s t . 

3) To e v a l u a t e a p p r o p r i a t e m o d u l i as a means o f under­

s t a n d i n g m e c h a n i c a l p r o p e r t i e s 'under the d i f f e r e n t 

p h y s i c a l c o n d i t i o n s . E l a s t i c i t y c o n s t a n t s have t o 



be e v a l u a t e d t o c o n s i d e r the s i g n i f i c a n c e o f 

e l a s t i c s t r a i n s on the t o t a l f o r c e t h a t i s 

e x p e r i e n c e d d u r i n g e l a s t i c d e f o r m a t i o n p r i o r 

t o e n t e r i n g the p l a s t i c r ange. 

To i n v e s t i g a t e the r a t e dependency o f s o i l s t r e n g t h 

t o d e termine the importance o f machine speed when 

used as a . d e s i g n parameter. 

To i n v e s t i g a t e the p o s s i b i l i t y o f u s i n g photo­

e l a s t i c g e l a t i n as a s i m u l a t e d s o i l t o p r o v i d e 

some q u a l i t a t i v e d e s i g n parameters f o r s o i l -

machine systems. 



4. REVIEW OF LITERATURE 

^ • S o i l Deformation Measurement 

The accurate measurement of s o i l deformation i s 

an important step i n the design of soil-machine systems. 

Although many .techniques have been used for s o i l deforma­

tio n measurement, most res u l t s have been q u a l i t a t i v e and 

not d i r e c t l y applicable to soil-machine design. 

G i l l (21) studied s o i l deformation by tracing 

the movement of embedded pins i n a s o i l mass. Total d i s ­

placement of each pin was determined by marking i t s 

i n i t i a l l o c a tion on a transparent sheet of acetate paper 

which was placed over the surface of the s o i l and measuring 

i t s f i n a l l o c a t i o n . He attempted to analyze shear s t r a i n 

by measuring the difference between the i n i t i a l magnitude 

of the corner angle and f i n a l corner angle. Average shear 

s t r a i n was then assumed to be 

_ m ( X , - X 0 ) H-, D^ e 1 2 cos B . -1 o 
Y = tan 
avg - Z"-~T + D e m r X 2 " V c o s 3 

i l o 

where y = average shear s t r a i n avg B 

D = actual s o i l displacement at t o o l surface o 
m = rate of attenuation of displacement at 

remote locations 

X , j X ^ = l a t e r a l distances to edges of s o i l element 
p r i o r to displacement 

F = average angular movement of s o i l element 



The b a s i s o f t h e s e c a l c u l a t i o n s was the assumption t h a t the 

p i n s moved w i t h t h e s o i l and t h a t measurement o f the p i n 

movement was a r e l i a b l e measurement o f s o i l movement. 

Khamidov (31) and C h a n c e l l o r and Schmidt' (10) 

used l e a d s h o t s , d e t e c t e d by X-ray methods, t o measure s t r a i n 

i n s o i l s . Roscoe e t a l . (52) and Boyd (7) used a c i n e f l a s h 

X-ray t e c h n i q u e t o measure t h e t r a n s l a t i o n and v e l o c i t y o f 

p a r t i c l e s w i t h i n a s o i l mass. They a l s o assumed t h a t move­

ment o f the l e a d s h o t s was an a c c u r a t e i n d i c a t o r o f s o i l 

movement. T h e i r e x p e r i m e n t s were r e s t r i c t e d t o d r y sand 

as i t i s p o s s i b l e t o a c c u r a t e l y p o s i t i o n the l e a d s h o t s 

i n t h i s s o i l . 

N i c h o l s and Reed ( U l ) used markers t o t r a c e the 

movement o f d i f f e r e n t p o r t i o n s o f a s o i l mass a d j a c e n t t o 

a t o o l . Toms (64) used a method o f c o l o u r i n g l a y e r s o f 

s o i l which were photographed a f t e r d e f o r m a t i o n . Other 

i n v e s t i g a t o r s have used s o f t t i s s u e paper p l a c e d between 

s o i l l a y e r s t o observe d i s p l a c e m e n t . O l s o n and Weber (43) 

used a h i g h - s p e e d movie camera t o st u d y the movements o f 

a s o i l s u r f a c e d u r i n g d e f o r m a t i o n by a t o o l . Siemens e t a l . 

(55) a l s o used h i g h - s p e e d movie cameras and a square g r i d 

method t o i n v e s t i g a t e f a i l u r e p l a n e s r e s u l t i n g from the 

movement o f a v e r t i c a l b l a d e . Thomas and Anderson (63) 

a p p l i e d a method used i n foundr y m o u l d i n g p r a c t i c e s . 

Sand g r a i n s were c o a t e d w i t h a t h i n l a y e r Of sodium 

s i l i c a t e and t h i s c o a t e d sand was th e n used t o p r e p a r e 



moulds i n the u s u a l way and a f t e r d e f o r m a t i o n the mix was 

s e t by p a s s i n g C0 2 gas thr o u g h i t . I t was p o s s i b l e t o o b t a i n 

p a t t e r n s o f d e f o r m a t i o n by u s i n g dyed s o i l l a y e r s o f 

d i f f e r e n t c o l o u r s i n p r e p a r a t i o n o f the mould. By s e c t i o n i n g 

t h e b l o c k s a f t e r d e f o r m a t i o n , t h r e e d i m e n s i o n a l c h e m i c a l 

d e f o r m a t i o n p a t t e r n s c o u l d be o b t a i n e d . Due t o the s e t t i n g 

s t r e n g t h o f the s o i l , the c l a y f r a c t i o n s h o u l d not exceed 

two p e r c e n t . N i c h o l s e_t a l . (42) s t u d i e d the s o i l movement 

from a plow by v i e w i n g i t through the g l a s s s i d e o f the 

model t e s t b i n . The g l a s s was c o v e r e d w i t h l e v i g a t e d 

aluminum p e r m i t t i n g t h e movement o f s o i l p a r t i c l e s t o t r a c e 

p a t h s on the g l a s s s u r f a c e . T h i s method p r o v i d e d v i s u a l 

s h e a r s u r f a c e s and s o i l f l o w l i n e s . 

Most o f the methods d e s c r i b e d above are u s e f u l 

f o r q u a l i t a t i v e a n a l y s i s o n l y and a r e o f t e n l i m i t e d t o 

n o n - c o h e s i v e s o i l s . A q u a n t i t a t i v e d e s c r i p t i o n o f s o i l 

d e f o r m a t i o n s , p a r t i c u l a r l y i n c o h e s i v e s o i l s , has not been 

o b t a i n e d . 

4.2 S o i l S t r e s s Measurement 

The magnitude o f s t r e s s i n a s o i l medium has been 

measured by many i n v e s t i g a t o r s by u s i n g a s e n s i n g d e v i c e 

t h a t can d e t e c t s t r e s s . Many ty p e s o f s t r e s s t r a n s d u c e r s 

have been d e s i g n e d f o r t h i s use. Cooper e t a l . (13) used 

s t r a i n gauge c e l l s t o measure s o i l p r e s s u r e . Plantema (45) 
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d e v e l o p e d a s o i l p r e s s u r e c e l l w i t h s u i t a b l e c a l i b r a t i o n 

equipment. Numerous t r a n s d u c e r s o f s i m i l a r t y p e s have 

been d e s c r i b e d by Redshaw (49) and D u r e l l i and R i l e y ( 1 7 ) . 

M o s t . t r a n s d u c e r s are i n s e n s i t i v e t o s h e a r s t r e s s , r e s p o n d i n g 

o n l y t o the normal component o f the s t r e s s v e c t o r . The 

s e n s i n g s u r f a c e o f a t r a n s d u c e r r e p r e s e n t s a p l a n e and a 

s t r e s s v e c t o r a c t s on t h i s p l a n e . 

The main problem i n d e s i g n i n g s t r e s s t r a n s d u c e r s 

has been t o overcome a r c h i n g phenomena. As n o t e d by G i l l 

and Vanden Berg ( 2 2 ) , i f a t r a n s d u c e r i s more r i g i d t h a n 

t h e s u r r o u n d i n g s o i l , a h i g h e r v a l u e w i l l be o b s e r v e d t h a n 

i f t h e t r a n s d u c e r has the same r i g i d i t y as the s o i l . 

S e t t l e m e n t o f s o i l i m m e d i a t e l y a d j a c e n t t o the t r a n s d u c e r 

r e s u l t s i n an a r c h i n g a c t i o n t h a t t r a n s f e r s some o f the 

a p p l i e d l o a d t o t h e t r a n s d u c e r . C o n v e r s e l y , i f t h e t r a n s ­

d u c e r i s l e s s r i g i d t han the s o i l , a l o w e r v a l u e w i l l be 

o b t a i n e d s i n c e t h e l o a d w i l l be t r a n s f e r r e d from t h e 

t r a n s d u c e r t o the s u r r o u n d i n g s o i l . Thus, t h e s i z e , shape 

and r e s i l i e n c y t h a t t h e t r a n s d u c e r p r e s e n t s t o the s o i l mass 

a f f e c t s the response o f the t r a n s d u c e r . Another problem 

i n u s i n g s t r e s s t r a n s d u c e r s i s t o determine t h e i r o r i e n t a t i o n , 

p a r t i c u l a r l y i f s o i l d e f o r m a t i o n i s l a r g e . 

A s o i l s t r e s s gauge, r e c e n t l y d e v e l o p e d by S e l i g 

and W e t z e l (54) f o r l a b o r a t o r y measurements, uses a 

p i e z o e l e c t r i c c e r a m i c d i s k ( l e a d t i t a n a t e z i r c o n a t e ) 
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p o s i t i o n e d w i t h i n an aluminum c a s e . The gauge i s c a p a b l e 

o f b o th s t a t i c and dynamic response i n the range o f m i c r o ­

seconds t o m i n u t e s . I t i s , however, r e p o r t e d by Hampton 

(24) t h a t the s e n s i t i v i t y o f the gauge i s a p p r o x i m a t e l y 

+ 20 p e r c e n t o f the n o m i n a l v a l u e . 

4.3 Dynamic B e h a v i o r and M e c h a n i c a l P r o p e r t i e s o f S o i l s 

4.3.1. Dynamic response o f s o i l 

The v e l o c i t y o f s t r e s s wave p r o p a g a t i o n i n a 

s o i l may be used t o det e r m i n e i t s dynamic m e c h a n i c a l 

p r o p e r t i e s . N a c c i and T a y l o r (40) and o t h e r i n v e s t i ­

g a t o r s showed a g e n e r a l agreement among s h e a r s t r e n g t h , 

p o r o s i t y , c o n f i n i n g p r e s s u r e and s t r e s s wave pr o p a ­

g a t i o n . S o i l s a re however d i f f e r e n t from e l a s t i c 

s o l i d s and s t r e s s wave p r o p a g a t i o n may be a f u n c t i o n 

o f many more f a c t o r s such as m o i s t u r e c o n t e n t , a p p l i e d 

s t r e s s i n t e n s i t y and s t r a i n l e v e l . Many o t h e r 

r e s e a r c h e r s have used s t r e s s wave p r o p a g a t i o n as a 

means o f e v a l u a t i n g s o i l parameters and u n d e r s t a n d i n g 

the r e s p onse o f s o i l under dynamic l o a d i n g c o n d i t i o n s . 

Gupta and Pandya (23) used s t r e s s wave 

p r o p a g a t i o n v e l o c i t y t o compute c o m p r e s s i v e and s h e a r 

s t r e s s e s i n d u c e d i n s o i l by t i l l a g e implements. They 

c l a i m t h a t i t p r o v i d e s a c c u r a t e s t r e s s v a l u e s . 

Hampton and W e t z e l (24) at t e m p t e d t o d e r i v e a 

s u i t a b l e t h e o r y f o r p r e d i c t i n g wave p r o p a g a t i o n 



phenomena i n s o i l s but had l i t t l e s u c c e s s . Vey and 

S t r a u s s ( 6 5 ) , o b s e r v i n g s t r e s s wave p r o p a g a t i o n under 

d i f f e r e n t c o n f i n i n g p r e s s u r e s , c o n c l u d e d t h a t v e l o c i t y 

i n c r e a s e d w i t h an i n c r e a s e i n the c o n f i n i n g p r e s s u r e . 

A t t e m p t s were made by Baker and T r i a n d a f i l i d i s ( 2 ) , 

C o n s t a n t i n o e t a l . (12) and W i l s o n and D i e t r i c h (66) 

t o e v a l u a t e the e l a s t i c modulus from t h e e q u a t i o n 

C = /E7"p, assuming t h a t s o i l i s an e l a s t i c medium. 

Comparison between m o d u l i measured by s t r e s s and 

s t r a i n r e l a t i o n s h i p s and tho s e computed from the s t r e s s 

wave p r o p a g a t i o n , showed t h a t v a l u e s o b t a i n e d from 

s t r e s s wave t e c h n i q u e s were g e n e r a l l y an o r d e r o f 

magnitude g r e a t e r . I n most o f t h e s e s t u d i e s i t i s 

d i f f i c u l t t o det e r m i n e whether.the modulus measured 

from s t r e s s and s t r a i n r e l a t i o n s h i p s was t h e e l a s t i c 

o r p l a s t i c t a n g e n t i a l modulus s i n c e y i e l d s t r e s s i n 

the s o i l was u s u a l l y n ot d e f i n e d o r e v a l u a t e d . R e s u l t s 

o f s t r e s s wave p r o p a g a t i o n s t u d i e s i n s o i l s i n d i c a t e s 

t h a t p a r t i c u l a r l y i n c o h e s i v e s o i l s many s e e m i n g l y 

d i v e r g e n t f i n d i n g s can be made. Kondner (33) 

summarized t h i s as f o l l o w s : 

" O f t e n f o r s i m i l a r s o i l s , o r even the same 
s o i l , p r o p a g a t i o n v e l o c i t i e s o b t a i n e d i n 
d i f f e r e n t s t u d i e s may agree i n some cases 
and may d i f f e r w i d e l y i n o t h e r s ; t h e y may 
be a f f e c t e d b o t h s t r o n g l y and n e g l i g i b l y by 
v a r i a t i o n s i n the time c h a r a c t e r i s t i c s o f 
t h e a p p l i e d e x c i t a t i o n ; s t r a i n l e v e l may 
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have l i t t l e e f f e c t on p r o p a g a t i o n v e l o c i t y 
i n some s i t u a t i o n s and l a r g e e f f e c t s i n 
o t h e r s ; i n some cases v e l o c i t y i n c r e a s e s 
w i t h s t r a i n r a t e w h i l e o t h e r t e s t r e s u l t s 
i n d i c a t e a d e c r e a s e . . . . " 

Vey and S t r a u s s (65) i n v e s t i g a t e d t h e dynamic 

b e h a v i o r o f s o i l s by s i m u l t a n e o u s l y o b s e r v i n g s t r a i n 

and s t r e s s waves at a number o f p o s i t i o n s on r e l a t i v e l y 

l o n g specimens. A l t h o u g h t h e i r e x p e r i m e n t a l a p p a r a t u s 

p r o v e d t o be v e r y u s e f u l f o r i n v e s t i g a t i o n o f s t r e s s 

wave p r o p a g a t i o n s i n l o n g s p ecimens, the f i r s t s t r e s s 

and s t r a i n gauges were i n s e r t e d so n e a r th e l o a d end 

o f t h e specimens t h a t the q u a n t i t a t i v e v a l u e s o f s t r e s s 

and s t r a i n measured near the l o a d end a r e q u e s t i o n a b l e . 

D u r e l l i and R i l e y (17) found t h a t f o r a c c u r a t e 

r e s p o n s e and s i m u l a t i o n o f i n f i n i t e l y l o n g specimens 

t h e f i r s t gauge s h o u l d be i n s e r t e d a t a d i s t a n c e o f a t 

l e a s t f o u r t i m e s t h e specimen d i a m e t e r from t h e impact 

end. Vey and S t r a u s s i n s e r t e d n i n e gauges i n t h e 

specimen. S i n c e gauge d i a m e t e r was g r e a t e r than one-

t h i r d o f t h e specimen d i a m e t e r problems o f c o n t i n u i t y 

and homogeniety o f t h e specimen may have o c c u r r e d . 

Many t h e o r e t i c a l works have a l s o been conducted 

i n an a t t e mpt t o s o l v e t h e problem o f s t r e s s waves i n a 

s o i l medium. S h i p l e y et_ a l . (59) used n u m e r i c a l a n a l y s i s 

and a f i n i t e element t e c h n i q u e t o s i m u l a t e s t r e s s wave 

p r o p a g a t i o n i n s o i l . A c omparison was made between 



f i n i t e element p r e d i c t i o n s and e x a c t s o l u t i o n s t o 

i n v e s t i g a t e t h e a c c u r a c y i n a n a l y z i n g wave p r o p a g a t i o n 

p roblems. Comparisons showed t h a t f o r c ases i n v o l v i n g 

o n l y a s i n g l e wave, the f i n i t e element r e s u l t s were i n 

e x c e l l e n t agreement w i t h e x a c t s o l u t i o n s . Even f o r 

t h e case o f two p l a n e waves, r e s u l t s compared w e l l 

w i t h t h e o r e t i c a l c a l c u l a t i o n s . S i n c e no comparisons 

w i t h e x p e r i m e n t a l r e s u l t s from the a c t u a l s o i l t e s t s 

were made, the u s e f u l n e s s o f t h i s approach i s 

q u e s t i o n a b l e . 

I s h i h a r a (29) i n v e s t i g a t e d t h e p r o p a g a t i o n o f 

c o m p r e s s i o n a l waves i n a s a t u r a t e d s o i l . He e s t a b l i s h e d 

s e p a r a t e e q u a t i o n s o f m otion f o r t h e s o l i d and f l u i d 

phases o f s o i l by assuming t h a t a s o i l i s r e p r e s e n t e d 

by a w a t e r s a t u r a t e d porous e l a s t i c m a t r i x . As a 

r e s u l t o f t h e s e a n a l y s e s , he d e r i v e d a r e v i s e d form 

o f t h e two c o m p r e s s i o n a l waves t h a t were o r i g i n a l l y 

f ound by B i o t ( 5 ) . By e x a m i n i n g the d e f o r m a t i o n modulus 

a p p e a r i n g i n t h e f r e q u e n c y e q u a t i o n , w i t h r e f e r e n c e t o 

s p e c i f i c t e s t c o n d i t i o n s , he p o s t u l a t e d t h a t t h e f i r s t 

c o m p r e s s i v e wave t r a v e l s t h r o u g h th e s o l i d - w a t e r system 

w i t h o u t c h a n g i n g any pore volume, but t h a t the second 

c o m p r e s s i v e wave p r o g r e s s e s o n l y when a volume change 

o f the pore space t a k e s p l a c e . T h i s t h e o r y may be 

a p p l i c a b l e f o r s m a l l impact l o a d i n g c o n d i t i o n s w i t h 



e l a s t i c s t r a i n f o r t h e f i r s t t y p e wave and f o r l a r g e 

d e f o r m a t i o n w i t h s t a t i c l o a d i n g c o n d i t i o n s f o r a 

second t y p e wave. F o r b o t h cases the s o i l has t o be 

s a t u r a t e d . 

F u r t h e r t h e o r e t i c a l work has been conducted 

by many o t h e r s such as B a t d o r f (4) on a i r i n d u c e d 

ground shock and Ang and Chang (1) on the n u m e r i c a l 

c a l c u l a t i o n o f t h e i n t e r a c t i o n between s o i l and 

i n e l a s t i c p l a n e s t r u c t u r e s , 

4.3.2. D e t e r m i n a t i o n o f m o d u l i 

The dynamic modulus o f e l a s t i c i t y may be 

e v a l u a t e d from t h e m e c h a n i c a l resonance f r e q u e n c y o f 

s o i l specimens s u b j e c t t o f o r c e d v i b r a t i o n . T h i s method 

has been e x t e n s i v e l y used, i n m e t a l l u r g y , r o c k mechanics 

and c o n c r e t e t e c h n o l o g y , but i n f r e q u e n t and l i m i t e d 

a p p l i c a t i o n has been found i n s o i l s . I s h i m o t o and I r d a 

(30) and W i l s o n and D i e t r i c h (66) d e s c r i b e d t e s t s t o 

d e t e r m i n e the modulus f o r c o h e s i v e s o i l specimens. 

The s o i l specimen was p l a c e d i n a v e r t i c a l p o s i t i o n and 

l o n g i t u d i n a l and t o r s i o n a l v i b r a t i o n s were produced by 

t h e moving diaphragm o f a h o r n d r i v e r which was 

d i r e c t l y c o n n e c t e d by a r o d t o a clamped r i m on t h e 

diaphragm. The r e s o n a n t f r e q u e n c i e s were.then used t o 

compute a p p r o p r i a t e m o d u l i , such as the modulus o f 

e l a s t i c i t y , the modulus o f r i g i d i t y and P o i s s o n ' s r a t i o . 

A l t h o u g h W i l s o n and D i e t r i c h improved the 
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e x i s t i n g e x p e r i m e n t a l a p p a r a t u s , they n e v e r c o n s i d e r e d 

the e f f e c t o f s i z e and shape o f ,the t e s t specimens. 

They a l s o i n t r o d u c e d i n e r t i a f o r c e s o f the specimen 

and cap by mounting the specimen v e r t i c a l l y on, the 

v i b r a t i n g p l a t e , which c o u l d have a f f e c t e d t h e 

resonance f r e q u e n c y . 

E x t e n s i v e and d e t a i l e d t e s t p r o c e d u r e s f o r 

g e n e r a l a p p l i c a t i o n o f measuring e l a s t i c m o d u l i from 

the m e c h a n i c a l resonance f r e q u e n c i e s have been 

p r e p a r e d by S p i n n e r and T e f f t ( 6 0 ) . They d i s c u s s 

d i f f e r e n t t e c h n i q u e s f o r e x c i t i n g , d e t e c t i n g and 

measuring the m e c h a n i c a l resonance f r e q u e n c i e s o f t h e 

specimen. I n a d d i t i o n , e q u a t i o n s a r e g i v e n f o r com­

p u t i n g the a p p r o p r i a t e e l a s t i c m o d u l i from t h e s e 

r e s o n a n c e f r e q u e n c i e s . 



5. NEW APPROACH. TO SOIL-MACHINE- SYSTEM DESIGN 

The a n a l y s i s and d e s i g n p r o c e d u r e used i n t h i s 

s t u d y i s a new approach t o s o i l - m a c h i n e d e s i g n . The s t e p s 

used i n t h i s p r o c e d u r e are o u t l i n e d i n F i g u r e 1. 

The s t u d y i s c a r r i e d out i n i t i a l l y from t h r e e 

s t a g e s . I n t h e f i r s t s t a g e the q u a l i t a t i v e s o i l b e h a v i o r s 

were r e c o g n i z e d t o u n d e r s t a n d b a s i c p h y s i c a l and m e c h a n i c a l 

p r o p e r t i e s p r i o r t o q u a n t i t a t i v e a n a l y s i s . In the second 

s t a g e q u a n i t a t i v e p h y s i c a l and m e c h a n i c a l p r o p e r t i e s o f 

s o i l a r e measured and a n a l y z e d t o p r o v i d e b a s i c q u a n i t a t i v e 

knowledge o f s o i l r e a c t i o n s and i d e n t i f i c a t i o n o f measurable 

p h y s i c a l v a r i a b l e s . From t h e o b s e r v e d r e s u l t s s o i l b e h a v i o r 

and s t r e s s - s t r a i n e q u a t i o n s were e s t a b l i s h e d . The t h i r d 

s t a g e i s a p r a c t i c a l a p p l i c a t i o n o f t h e s e e s t a b l i s h e d r e l a t i o n s 

and o t h e r p e r t i n e n t c r i t e r i a t o the d e s i g n o f s o i l - m a c h i n e s . 

A p p l i c a t i o n o f the d e s i g n p r o c e d u r e i s l i m i t e d t o c o h e s i v e 

s o i l s i n the s e m i - s o l i d t o p l a s t i c range. T h i s range has 

seldom been i n v e s t i g a t e d due t o the d i f f i c u l t y o f m a n i p u l a t i o n 

and a n a l y s i s t e c h n i q u e s . Two t y p e s o f s o i l - m a c h i n e s were 

a p p l i e d as a p r a c t i c a l a p p l i c a t i o n o f p l a s t i c i t y t h e o r y and 

a p h o t o e l a s t i c g e l a t i n t e c h n i q u e was used f o r comparison 

and q u a l i t a t i v e a n a l y s i s . 
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6. NEW METHOD OF SOIL DEFORMATION MEASUREMENT 

D e f o r m a t i o n i n s o i l s may be measured from the 

c o r r e s p o n d i n g moire e f f e c t . I f two s c r e e n s o f s l i g h t l y 

c r o s s e d e q u i d i s t a n t l i n e s a r e superimposed, i n t e r f e r e n c e 

p a t t e r n s , c a l l e d moire f r i n g e s , appear where t h e l i n e s on 

the f i r s t s c r e e n ( s u r f a c e g r i d ) i n t e r s e c t t h o s e o f t h e 

second (master g r i d ) . The moire e f f e c t has been a p p l i e d 

by e n g i n e e r s i n t h e st u d y o f d e f o r m a t i o n o f m e t a l s and 

p l a s t i c s . 

I f one draws r e g u l a r l y spaced l i n e s o f e q u a l 

w i d t h on an undeformed s o i l t e s t specimen and a l s o on a 

t r a n s p a r e n t s c r e e n and deforms t h e t e s t specimen, moire 

f r i n g e s a re formed when t h e t r a n s p a r e n t master g r i d i s 

superimposed upon t h e deformed g r i d . These f r i n g e s p r o v i d e 

t h e b a s i s from which the amount o f d e f o r m a t i o n may be 

c a l c u l a t e d . 

T h i s t e c h n i q u e has t h e advantage o v e r some o t h e r 

methods i n t h a t r e g i o n s o f p a r t i c u l a r i n t e r e s t a r e c l e a r l y 

shown. The f r i n g e measurements y i e l d a l l t h e components o f 

d i s p l a c e m e n t o f a two d i m e n s i o n a l s t r a i n f i e l d , and pho t o ­

g r a p h i c r e c o r d s o f t h e f r i n g e s can be t a k e n a t any s t a g e 

o f s o i l d e f o r m a t i o n . 

6.1 M o i r e Technique 

I n t h e a c t u a l e x p e r i m e n t one a r r a y i s p l a c e d on t h e 

1 8 . 
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s u r f a c e o f t h e t e s t specimen ( c a l l e d t h e s u r f a c e g r i d ) and 

a r e f e r e n c e a r r a y ( c a l l e d the m a s t e r g r i d ) u s u a l l y o f the 

same p i t c h , i s p l a c e d a d j a c e n t t o , and a l i g n e d p a r a l l e l 

w i t h , t h e s u r f a c e g r i d . As t h e t e s t specimen i s l o a d e d , 

the s u r f a c e g r i d w i l l deform and f o l l o w the s u r f a c e d i s p l a c e ­

ments i n d u c e d i n t h e specimen. The m a s t e r g r i d , o f c o u r s e , 

does not change as t h e specimen i s l o a d e d and c o n s e q u e n t l y a 

m o i re - i n t e r f e r e n c e p a t t e r n forms. 

M o i r e f r i n g e p a t t e r n s can most e a s i l y be i n t e r ­

p r e t e d by r e l a t i n g them t o t h e d i s p l a c e m e n t f i e l d s i n c e the 

m o i r e f r i n g e s g i v e t h e d i s p l a c e m e n t f i e l d i n a s i m p l e and 

d i r e c t f a s h i o n . Once the s u r f a c e u and v d i s p l a c e m e n t s 

have been e s t a b l i s h e d by u s i n g a r r a y s p a r a l l e l t o t h e x and 

y axes o f a model, the c a r t e s i a n s t r a i n components can be 

computed from th e d e r i v a t i v e s o f t h e d i s p l a c e m e n t s . 

F o r t h e use o f f i n i t e s t r a i n , the normal s t r a i n 

e x and are d e f i n e d as t h e change i n l e n g t h o f a l i n e 

segment p a r a l l e l t o t h e x a x i s and y a x i s r e s p e c t i v e l y 

d i v i d e d by i t s o r i g i n a l l e n g t h ( L a g r a n g i a n s t r a i n ) . 

3u + ^v + iil In + l 2 i £Z 
Y = s i n - 1 & ^ 3 x ' ̂  9 x ' 8-y [3] xy (1 + e x ) ( l + e y) 
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In t hose i n s t a n c e s where p r o d u c t s and powers o f 

d e r i v a t i v e s are s u f f i c i e n t l y s m a l l t h a t t h e y can be n e g l e c t e d , 

t h e above e q u a t i o n s reduce t o t h o s e commonly employed i n the 

c l a s s i c a l l i n e a r t h e o r y o f e l a s t i c i t y . 

•<Xy- [ " 

A f t e r d e t e r m i n i n g the t h r e e s t r a i n components 

e , e , and y f o r homogeneous p l a n e s t r a i n , the p r i n c i p a l 

s t r a i n s and and t h e i r d i r e c t i o n 0 are t h e n g i v e n by: 

e l » e 2 = 1 / 2 < Ex + e y > ^ / ( £ x " ey>* + * x / t 7 ] 

t a n 2 9 = Y ^ [ 8 ] 
x y 

I f t h e s t r a i n i s not homogeneous, as may be t h e 

case i n s o i l s , t h e s e f o r m u l a e g i v e t h e average v a l u e s o f 

t h e s t r a i n component i n a s m a l l a r e a l i m i t e d by the i n t e r ­

f e r e n c e f r i n g e s . 

6•^ Assumptions f o r S t r a i n A n a l y s i s 

The f o l l o w i n g assumptions must be made b e f o r e 

s t r a i n s i n t h e s o i l mass may be c a l c u l a t e d : 

(1) The element o f s o i l between th e i n t e r f e r e n c e 

f r i n g e s s t r a i n s u n i f o r m l y . 

(2) F r i c t i o n between the master and s u r f a c e g r i d s 
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has a n e g l i g i b l e e f f e c t on the c a l c u l a t e d r e s u l t s . 

(3) S o i l c o n d i t i o n s o f each t e s t sample b a t c h ar'e 

r e p r o d u c i b l e . 

6.3 F r i n g e - P a t t e r n I n t e r p r e t a t i o n 

The moire f r i n g e phenomenon can be e x p l a i n e d i n 

terms o f the r e s u l t i n g f r i n g e p a t t e r n s shown i n F i g u r e 2. 

The f r i n g e s were formed by o v e r l a p p i n g the s u r f a c e g r i d 

w i t h t h e m a s t e r g r i d w i t h a l l l i n e s p a r a l l e l . E q u a l w i d t h 

o f opaque l i n e and t r a n s p a r e n t space i s not e s s e n t i a l , but 

i t g i v e s t h e b e s t r e s o l u t i o n . F i g u r e 2 shows the r e s u l t i n g 

p a t t e r n f o r t e n s i o n . I n g e n e r a l , t h e d i s t a n c e between the 

c e n t e r s o f a d j a c e n t l i n e s o f maximum d e n s i t y ( f r i n g e l i n e s ) 

w i l l be g i v e n by 

D = | (1 + e ) C9] 

where D = f r i n g e s p a c i n g 

P = u n s t r a i n e d g r i d p i t c h 

e = s t r a i n p e r p e n d i c u l a r t o t h e g r i d l i n e s , 
+ f o r t e n s i o n and - f o r c o m p r e s s i o n . 

Normal s t r a i n i n a d i r e c t i o n p e r p e n d i c u l a r t o t h e 

g r i d l i n e s t h e r e f o r e can be d e t e r m i n e d i f P i s known and D 

i s measured; thus 

e t = j j-l - y [103 

f o r t e n s i l e s t r a i n s and 

P 
e c = D + P 

f o r comDressive s t r a i n s . 

[ 1 1 ] 



F i g u r e 2. M o i r e f r i n g e e f f e c t , t e n s i l e s t r a i n . 

The moire f r i n g e p a t t e r n s r e s u l t i n g from r e l a t i v e r o t a t i o n 

o f two g r i d s w i t h an a n g l e 9 are a r e shown i n F i g u r e 3 

C o n s i d e r a t i o n o f t h r e e t r i a n g l e s A, B and C d e t e r m i n e s 

the r o t a t e d a n g l e 9. 

S i n c e t r i a n g l e s B and C are e q u a l t r i a n g l e s , 

q = P. 

Then f r o m t r i a n g l e A: 

a = = 3 — = _P and b = P t a n i [12] tan9 tan9 2 

The d i s t a n c e between t h e f r i n g e s , measured 

p a r a l l e l t o the mas t e r g r i d l i n e s i s g i v e n by 

H = a + b [13] m 
and 



2 3 . 

f r i n g e 

Figure 3. Moire fringe e f f e c t , rotation 
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H = ~~~n- + P t a n ^ m tanO I 

By a p p l i c a t i o n o f t r i g o n o m e t r i c r e l a t i o n s , e q u a t i o n L14] 

red u c e s t o 
P 

[14] 

H m sxn9 

Hence 

6 s m -1 P_ H 

[15] 

[16] 
m 

S i n c e s h e a r s t r a i n y r e s u l t s i n r o t a t i o n , moire f r i n g e s 

can now be r e l a t e d t o s h e a r s t r a i n . A s u r f a c e element 

d i s t o r t e d by s h e a r i s shown i n F i g u r e 4b, By d e f i n i t i o n , 

Y = t a n a. I f g r i d l i n e s were o r i g i n a l l y h o r i z o n t a l xy 
on b o t h s u r f a c e and m a s t e r , t h e f r i n g e p a t t e r n would be 

as shown i n F i g u r e 4c and the a n g l e , Q = (a/2) , can be 

e v a l u a t e d as 

9 ( a / 2 ) x = + s i n " 1 g [17] 

The " p l u s " a p p l i e s f o r f r i n g e s r o t a t e d c o u n t e r c l o c k w i s e 

from a c o o r d i n a t e p e r p e n d i c u l a r t o the maste r g r i d . I f 

t h e g r i d l i n e s were o r i g i n a l l y v e r t i c a l on both s u r f a c e 

and m a s t e r , t h e f r i n g e p a t t e r n would be as 'shown i n F i g u r e 4d 

and the r o t a t e d a n g l e 9 can be e v a l u a t e d as 
6 y 

(a/2) . . -1 P 
s m j j [18] 

The "minus" a p p l i e s f o r t h e f r i n g e s r o t a t e d c l o c k w i s e from 

a c o o r d i n a t e p e r p e n d i c u l a r t o the master g r i d . 
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Hence the s h e a r s t r a i n Y i s : 
xy 

Y x y '= t a n " 1 a = t a n " 1 [|(a/2)x| + 

|(a/2) |3 = t a n " 1 (6 - 9 ) [ 1 9 ] y x y 

i n w h i c h 9 and 9 can be e i t h e r p l u s o r minus, x y 

.Moire f r i n g e e f f e c t and combined normal and s h e a r 

s t r a i n a r e shown i n F i g u r e 5. U s i n g e q u a t i o n s [ 2 ] and 

[ 3 ] , t h e s t r a i n measurement i n b o t h t e n s i o n and c o m p r e s s i o n 

i n a d i r e c t i o n p e r p e n d i c u l a r t o i t s s c r e e n l i n e s , i s 

d e t e r m i n e d by: 

e x = r f r C 2 0 ]  
x 

and 

e y = D~TT C 2 1 ]  

y 

where e = s t r a i n i n x - d i r e c t i o n x 
P = u n s t r a i n e d g r i d p i t c h 

D = d i s t a n c e between two a d j a c e n t f r i n g e s i n 
x t h e x - d i r e c t i o n on a v e r t i c a l g r i d 

D = d i s t a n c e between two a d j a c e n t f r i n g e s i n 
^ t h e y - d i r e c t i o n on a h o r i z o n t a l g r i d 

t h e n 

" Y = t a n " 1 [ ( s i n - 1 ~ ) - ( s i n - 1 ~ ) ] [22] ' xy H H x y 

where H = d i s t a n c e between two a d j a c e n t f r i n g e s i n x t h e x - d i r e c t i o n on a h o r i z o n t a l g r i d 

H = d i s t a n c e between two a d j a c e n t f r i n g e s i n 
y t h e y - d i r e c t i o n on a v e r t i c a l g r i d . 
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F i g u r e 5. Moire f r i n g e e f f e c t , combined normal and 
s h e a r s t r a i n 
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In cases where D and D >> P ( s m a l l s t r a i n ) 
x y 

the normal s t r a i n s become 

X 

and 

e = — [24] 
y 

f o r e i t h e r t e n s i o n o r c o m p r e s s i o n . 

In c a s e s where H >> P and H >> P ( s m a l l a n g l e 
x y 

o f r o t a t i o n ) , 

0 = *L [25] 
X H 

X 

y y 
and 

Y = (9 - 9 ) [27] ' xy x y 

s i n c e the s i n e and t a n g e n t f u n c t i o n s o f s m a l l a n g l e s are 

n e a r l y e q u a l t o the v a l u e o f the a n g l e i t s e l f . 

W i t h 9 j 9 , and Y known, the p r i n c i p a l s t r a i n s x y xy 
can be computed i n the u s u a l manner by e q u a t i o n s [ 7 ] and 

[ 8 ] . 

6• 4 M o d i f i e d S t r a i n E q u a t i o n s f o r Large D e f o r m a t i o n s 

I n t h e case o f an i n f i n i t e s i m a l d e f o r m a t i o n the 

h i g h e r - o r d e r terms i n s t r a i n e q u a t i o n s may be n e g l e c t e d 

and we can use the s p e c i a l e q u a t i o n s [ 4 ] and [ 5 ] f o r normal 

s t r a i n s . 



However, i n the case o f a f i n i t e homogeneous 

p l a n e s t r a i n which may o c c u r i n s o f t m a t e r i a l such as c l a y 

s o i l , t h e s e c o n d - o r d e r terms a r e no l o n g e r n e g l i g i b l e . 

We have, t h e r e f o r e , t o e v a l u a t e r e a l s t r a i n from 

o t h e r f o r m u l a s o r a d j u s t from t h e apparent s t r a i n w hich 

has been c a l c u l a t e d from t h e s p e c i a l e q u a t i o n s . The f o l l o w ­

i n g more a c c u r a t e method was d e v e l o p e d t o c a l c u l a t e the r e a l 

o r L a g r a n g i a n s t r a i n from the a p p a r e n t s t r a i n o b t a i n e d from 

the s p e c i a l e q u a t i o n s . 

The apparent s t r a i n s from t h e s p e c i a l e q u a t i o n s , 

u s i n g t h e measured q u a n t i t i e s and D y are g i v e n i n 

e q u a t i o n s [20] and [ 2 1 ] , These s p e c i a l e q u a t i o n s g i v e , 

however, the s t r a i n s on the d i s t o r t e d p l a n e : 

e x " OC L 2 8 J 

y OA L ^ 3 J 

as shown i n F i g u r e 6. 

Whereas th e L a g r a n g i a n s t r a i n s a r e : 
- o c - oc r - n 1  

e r x " OC C 3 0 ] 

and 
- OA' - OA r „ , 

e r y " OA C 3 1 3 

The L a g r a n g i a n s t r a i n e p x and e can p o s s i b l y be c a l c u l a t e d 

from the a p p a r e n t s t r a i n s and e and t h e r o t a t e d a n g l e 

between s u r f a c e and master g r i d s 6^ and 0 y which are g i v e n 

i n e q u a t i o n s [17] and [ 1 8 ] . 
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From Figure 6: 

OC" = p + pC" 

since 

and: 

e 

cos 0 OC* + tan 6 C p 
x y 

cos 0 OC + tan 9 Sin 9 OC x y x 

OC (cos 9 + tan 9 sin 9 ) x y x 

OC" - OC 
x OC 

OC - OC 
V 
rx 
: H x 

x rx 

e = rx OC 

OC = : OC (e 

OC" = = OC (e. 

+ 1) = = OC (e 

( e x + 1 } -1 
rx (cos9 + tan9 ixn9 5" x y x 

Likewise we can derive 

ry ( c o s 9 + t a n 9 s i n 9 ; y y x y 

and 

[32] 

[33] 

Y = t a n - 1 (9 - 9 ) [34] xy x y 
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6.5 P r o c e d u r e and A p p a r a t u s 

S i n c e t h e moire method was d e v e l o p e d f o r the s t r a i n 

measurement o f r i g i d m a t e r i a l , such as m e t a l s and p l a s t i c s , 

a d i f f e r e n t t e c h n i q u e was r e q u i r e d f o r s t r a i n measurement i n 

s o i l s . 

6.5.1. M o i r e g r i d s 

P h o t o g r a p h i c m e t h o d s , . e t c h i n g and t h i n f i l m 

t e c h n o l o g y have been used t o p r o v i d e an a r r a y on r i g i d 

m a t e r i a l s . These are c l e a r l y not s u i t a b l e f o r s o i l 

p r o f i l e s . C o n s i d e r a b l e d i f f i c u l t y was e n c o u n t e r e d i n 

p r o d u c i n g c o n s i s t e n t l y good q u a l i t y g r i d s on d i f f e r e n t 

s o i l t y p e s . The f o l l o w i n g system e v e n t u a l l y p r o v e d 

s a t i s f a c t o r y . S l o t s 3.2 mm wide were m i l l e d 3.2 mm 

a p a r t i n a 38 cm square s h e e t o f 6.35 mm t h i c k p l e x i g l a s . 

The r e s u l t i n g s t e n c i l was p l a c e d i n a m e t a l frame under 

t e n s i o n t o remove w a r p i n g caused by uneven s t r e s s 

d i s t r i b u t i o n . An a r t i s t s " a i r b r u s h " was used t o s p r a y 

a m i x t u r e o f powdered carbon and a l c o h o l t h r o u g h the 

s l o t s i n the s t e n c i l on t o t h e p r e p a r e d s o i l p r o f i l e 

i n a p l e x i g l a s c o n t a i n e r . The master g r i d s were s u p p l i e d 

- by a D e c a l company wh i c h p r o v i d e d a matching g r i d o f 

3.2 mm b l a c k l i n e s on a m y l a r f i l m . T h i s p r o v i d e d a s e t 

o f c l e a n c u t l i n e s w i t h a s p a c i n g e r r o r o f - 1.5 p e r c e n t . 

B e t t e r r e s u l t s were o b t a i n e d u s i n g c a r b o n powder 

mixed w i t h a l c o h o l t h a n u s i n g b l a c k p a i n t . A l c o h o l was 



q u i c k l y e v a p o r a t e d as carbon powder was d e p o s i t e d on 

the s o i l s u r f a c e . T h i s method not o n l y e l i m i n a t e d t h e 

c o h e s i o n p r o p e r t i e s o f p a i n t but a l s o reduced the 

f r i c t i o n between master and s u r f a c e g r i d s . The f r i c t i o n 

was f u r t h e r reduced by c o a t i n g the s o i l - s o i l box 

i n t e r f a c e w i t h a t h i n l a y e r o f f i n e g l a s s beads b e f o r e 

s p r a y i n g on the s u r f a c e g r i d . The s u r f a c e o f t h e master 

g r i d and t o o l s were a l s o c l e a n e d w i t h acetone b e f o r e 

each t e s t . . 

. The f r i n g e s formed were r e c o r d e d by camera as 

l o a d i n g p r o g r e s s e d . F r i n g e measurements were made from 

t h e photographs t o g e t h e r w i t h t h e s c a l e f a c t o r t o b r i n g 

a l l measurements t o an a b s o l u t e v a l u e . Normal s t r a i n s , 

s h e a r s t r a i n s , maximum and minimum p r i n c i p a l s t r a i n s and 

maximum s h e a r s t r a i n s were measured. 

6.5.2. S o i l p r e p a r a t i o n 

T e s t s were c a r r i e d out on remolded Haney c l a y 

and on m i x t u r e s o f Haney c l a y and Ottawa sand (10-20 

mesh). Upper and l o w e r p l a s t i c l i m i t s o f the c l a y were 

47.9 and 19.8 p e r c e n t , r e s p e c t i v e l y . 

To o b t a i n u n i f o r m m i x t u r e s , d r y c l a y and sand 

were p l a c e d i n a s e a l e d c o n t a i n e r and tumbled t o a 

u n i f o r m mix. The s o i l mix was c o o l e d below f r e e z i n g 

b e f o r e m i x i n g w i t h powdered snow and then warmed t o 

a c h i e v e a u n i f o r m m o i s t u r e c o n t e n t . The same m i x i n g 



method was used f o r a l l s o i l p r e p a r a t i o n r e q u i r e d f o r 

e x p e r i m e n t s r e p o r t e d i n t h i s t o t a l s t u d y . 

The c o n d i t i o n e d s o i l was p l a c e d i n a box and 

compacted w i t h f l a t p l a t e s which were mounted i n an 

I n s t r o n T e s t i n g Machine and l o a d e d t o e l i m i n a t e a i r 

p o c k e t s and o b t a i n u n i f o r m m e c h a n i c a l c o n d i t i o n s . 

Two d i f f e r e n t t y p e s o f s o i l were used: 

C l a y S i l t Sand 

Type I U5% 37% 18% 

Type I I 3 3% 2 8% 39% 

S o i l Type I I compacted t o a b u l k d e n s i t y - o f 2.19 grams/ 
3 

cm and 13 + .5 p e r c e n t m o i s t u r e c o n t e n t was used f o r 

square p l a t e t e s t s , which are d e s c r i b e d i n the n e x t 

s e c t i o n . The r e m a i n i n g t e s t s were conducted on s o i l 
3 

Type I w i t h a b u l k d e n s i t y o f 1.9 grams/cm and m o i s t u r e 

c o n t e n t o f 12.5 + .5 p e r c e n t . A l l m o i s t u r e c o n t e n t s wer< 

det e r m i n e d on a dry w e i g h t b a s i s by g r a v i m e t r i c methods 

w i t h oven d r y i n g . D e n s i t y was measured by a c l o d method 

and m o d i f i e d c o r e method. The m o d i f i e d c o r e method 

c o n s i s t e d o f t a k i n g a known weight and volume by p r e s s i n 

a c y l i n d r i c a l can i n t o the s o i l specimen and t r i m m i n g t h 

t o p o f t h e f i l l e d c y l i n d e r . The sample was t h e n d r i e d 

t o 105°C and weighed. B u l k d e n s i t y was o b t a i n e d by 

d i v i d i n g t h e wet s o i l w e i g h t by the f i l l e d sample volume D e n s i t y v a l u e s g i v e n i n t h i s s t u d y are c a l c u l a t e d 
on wet b a s i s . 



6.5.3. The t e s t s o i l - m a c h i n e s 

Three s c a l e d s o i l - m a c h i n e s - w e r e s t u d i e d ; wedges, 

f l a t b l a d e s and a square p l a t e . Wedge apex a n g l e s o f 

35° and 50° were c a s t from l i q u i d p l a s t i c i n a mould 

and machined t o the d e s i r e d s i z e a f t e r c u r i n g . F l a t 

b l a d e s and t h e square p l a t e were made o f .6 cm t h i c k 

p l e x i g l a s . The bottom o f the b l a d e was sharpened t o 

a v o i d a b l u n t edge. The wedges and square p l a t e were 

mounted on an i n v e r t e d c o m p r e s s i v e l o a d c e l l o f an 

I n s t r o n t e s t e r . I n s t r o n l o a d i n g equipment i s shown i n 

F i g u r e 7. The f l a t b l a d e was mounted on a r i g i d frame 

as shown i n F i g u r e 21 and was p u l l e d by the I n s t r o n 

t h r o u g h a p u l l e y system. 

6.5.U. S o i l b i n and t e s t box 

The c o n d i t i o n e d s o i l was p l a c e d i n a box 35 cm 

w i d e , 2 7 cm t a l l and 15 cm deep made o f 1.5 cm t h i c k 

p l e x i g l a s . The s o i l was compacted t o e l i m i n a t e p o c k e t s 

o f a i r and t o r e p r o d u c e r e a s o n a b l y c o n s i s t e n t m e c h a n i c a l 

c o n d i t i o n s . A square p l a t e was mounted i n an I n s t r o n 

t e s t i n g machine t o i n v e s t i g a t e the f o r c e r e q u i r e d t o 

deform t h e s o i l t o a f i x e d depth. T h i s t e s t was used as 

a check on the r e p r o d u c i b i l i t y o f the s o i l ' s m e c h a n i c a l 

c o n d i t i o n . T h i s s o i l box was a l s o used f o r the wedge 

t e s t s . 

As shown i n F i g u r e 21, the s m a l l s o i l b i n 6 0 cm 



Figure 7. Instron loading equipment and s o i l box 



l o n g , 30 cm wide and 22 cm t a l l , made o f t h i c k p l e x i g l a s , 

was p r e p a r e d f o r t h e b l a d e t e s t s . ' Rubber guide wheels 

were used t o m i n i m i z e v i b r a t i o n d u r i n g the t e s t s . The 

t e n s i o n l o a d c e l l was used t o measure the p u l l r e q u i r e d 

t o move the f l a t b l a d e t h r o u g h t h e s o i l . The s o i l b i n 

was p u l l e d by t h e I n s t r o n w h i l e the l o a d c e l l was 

con n e c t e d t o t h e draw-bar t h r o u g h a p u l l e y system. 

6.6 R e s u l t s and D i s c u s s i o n 

The f o l l o w i n g r e s u l t s were o b t a i n e d from s t r a i n 

c u r v e s w h i c h were d e r i v e d from the s p a c i n g s between the 

i n t e r f e r e n c e f r i n g e s a l o n g l i n e s a t 5 mm i n t e r v a l s drawn 

on t h e photographs i n b o t h t h e h o r i z o n t a l and v e r t i c a l 

d i r e c t i o n . 

These r e s u l t s p r o v i d e d v a l u a b l e i n f o r m a t i o n on 

s o i l b e h a v i o r t o the i n t r u s i o n o f s o i l - m a c h i n e systems. 

S u r f a c e h a r d e n i n g e f f e c t s a f t e r b u l l d o z i n g , s o i l i n response 

t o a g e o m e t r i c a l change o f a t o o l and o t h e r e s s e n t i a l 

d e f o r m a t i o n p a t t e r n s f o r d e s i g n parameters were o b s e r v e d . 

Due t o t h e l a c k o f i n f o r m a t i o n on s o i l d e f o r m a t i o n measure­

ment by o t h e r s l i m i t e d p r a c t i c a l comparison o f t e s t r e s u l t s 

was p o s s i b l e . 

6.6.1. Wedge-shaped t o o l s 

C ast p l a s t i c wedges 10 cm l o n g w i t h apex a n g l e s 

o f 35° and 50° were used t o a p p l y c o m p r e s s i v e l o a d s a t 

the r a t e o f 2 cm/min. t o t h e s o i l . M o i r e p a t t e r n s were 
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photographed w i t h a 35 mm camera t o o b t a i n x and y 

d i s p l a c e m e n t s up t o 7 cm o f t o o l p e n e t r a t i o n . 

Composite moire p a t t e r n s y i e l d i n g x - y d i s ­

p l acements are shown i n F i g u r e s 8 and 9 f o r 50° and 

35° wedges r e s p e c t i v e l y . The s t r a i n a n a l y s e s f o r t h e 

same i s shown i n F i g u r e s 12 and 13 f o r 50° wedge and 

i n F i g u r e s 10 and 11 f o r 35° wedge. 

Large c o m p r e s s i v e d i s p l a c e m e n t s and a c l e a r 

i n d i c a t i o n o f c o m p r e s s i v e t o t e n s i l e t r a n s i t i o n 

s u r f a c e s are shown on the h o r i z o n t a l g r i d s ( y - d i s p l a c e -

m ents). Maximum s h e a r s t r a i n a n a l y s i s f o r the 35° 

and 5 0° wedges are shown i n F i g u r e s 14 and 15 

r e s p e c t i v e l y . 

The s t r a i n a n a l y s i s o f y - d i s p l a c e m e n t s shown 

i n F i g u r e 10 and 12 d i f f e r o n l y i n magnitude between 

35° and 50° wedges. However, the x - s t r a i n s are 

d i f f e r e n t i n both magnitude and p a t t e r n . More u n i f o r m 

s t r a i n g r a d i e n t s were found under the 35° wedge. I t 

s h o u l d be n o t e d t h a t n o n - u n i f o r m s t r a i n s i n the 

x - d i r e c t i o n o c c u r r e d f o r b o t h 35° and 50° wedges n e a r 

t h e i r t o p s ( i n t h i s case a t the s o i l s u r f a c e ) and a l s o 

i n t h e m i d d l e p o r t i o n o f t h e 50° wedge. I t i s assumed 

t h a t t h i s n o n - u n i f o r m i t y i s i n d u c e d by t h e y - d i s p l a c e ­

ments . 

The upper 30 p e r c e n t o f p e n e t r a t i o n on the 35° 



wedge showed a l a r g e t e n s i l e s t r a i n g r a d i e n t . The 50° 

wedge showed a u n i f o r m s t r a i n f i e l d t h r o u g h o u t . T h i s 

d i f f e r e n c e i s due t o apex a n g l e e f f e c t . The p l a n e o f 

t r a n s i t i o n o r p l a n e o f maximum sh e a r s t r a i n i s c l e a r l y 

e v i d e n t i n both t e s t s . P r o g r e s s i v e moire f r i n g e p a t t e r n s 

under the 5 0° wedge are shown i n F i g u r e 24. 

6.6.2. S t r a i n s under the r e c t a n g u l a r p l a t e 

P l e x i g l a s models o f f o o t i n g s 5.5 cm by 10 cm 

were l o a d e d a t the r a t e o f 5 cm/min. u n t i l 3 cm o f 

d i s p l a c e m e n t o c c u r r e d . F i g u r e 16 i s a composite o f 

moire f r i n g e p a t t e r n s . A n a l y s e s o f x and y - s t r a i n s 

a re shown i n F i g u r e 18 and F i g u r e 19. 

F i g u r e 17 shows p r o g r e s s i v e y - d i s p l a c e m e n t p a t t e r n s . 

S i m i l a r t o the r e s u l t s f o r wedge-shaped t o o l s t r a n s i t i o n 

p l a n e s are c l e a r l y shown on t h e h o r i z o n t a l g r i d s . 

Large c o m p r e s s i v e s t r a i n s a re shown d i r e c t l y below the 

f o o t i n g and t e n s i l e s t r a i n s on b o t h s i d e s . A p p r o x i m a t e l y 

h a l f o f t h e c e n t e r p o r t i o n o f t h e f o o t i n g i s f r e e o f 

x - d i s p l a c e m e n t s . D e t e r m i n a t i o n o f d i s p l a c e m e n t i n 

h i g h c l a y c o n t e n t s o i l s under a f l a t p l a t e was ne v e r 

f u l l y i n v e s t i g a t e d [67] and has been a problem i n the 

c o n s t r u c t i o n i n d u s t r y . 
2 

The r e c t a n g u l a r p l a t e l o a d e d t o 1,5 Kg/cm showed 

v e r y h i g h c o m p r e s s i v e s t r a i n g r a d i e n t i n the y - d i r e c t i o n 

under the e n t i r e f o o t i n g . U n i f o r m but f l a t t e r t e n s i l e 

g r a d i e n t s o c c u r r e d a t t h e s i d e s o f the f o o t i n g but t o 
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F i g u r e 9. O v e r a l l view (X and Y d i s p l a c e m e n t s ) o f 
M o i r e f r i n g e p a t t e r n s i n d u c e d by a 35° 
wedge. 



Ml-. 

. FIGURE 10. P e r c e n t s t r a i n i n y - d i r e c t i o n i n d u c e d by 35° 
.wedge a f t e r 7 cm p e n e t r a t i o n . R a t e o f 
l o a d i n g = 2 cm/min. A p p l i e d l o a d = 4 9 . 3 . K g . 

FIGURE 1 1 . P e r c e n t s t r a i n ir>. x - d i r e c t i o n i n d u c e d by.3 5 ° 
wedge, a f t e r 7 cm p e n e t r a t i o n . R a t e o f 
l o a d i n g =-2 cm/min. A p p l i e d l o a d = 4 9 . 3 Kg. 
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wedge a f t e r 7 cm p e n e t r a t i o n . R a t e o f 
l o a d i n g = 2 cm/min. A p p l i e d l o a d = 69.8 Kg. 

FIGURE 13. P e r c e n t s t r a i n i n x - d i r e c t i o n i n d u c e d by 50° 
wedge a f t e r 7 em p e n e t r a t i o n . R a t e o f 
l o a d i n g = 2 cm/min. A p p l i e d l o a d = 6 9.8 Kg. 



FIGURE 14. Maximum shear s t r a i n i n percent induced by 
35° wedge a f t e r 7 cm penetration. Rate of 
loading = 2 cm/min. Applied load = 49.3 Kg. 

FIGURE 15. Maximum shear s t r a i n i n percent induced by 
50° wedge a f t e r 7 cm penetration. Rate of 
loading = 2 cm/min. Applied 3oad = 69.8 Kg 



depths c o n s i d e r a b l y below the comp r e s s i v e s t r a i n s . 

More than 60 p e r c e n t o f the s t r a i n change, i m m e d i a t e l y 

under the f o o t i n g , o c c u r r e d w i t h i n one h a l f o f the 

t o t a l p e n e t r a t i o n . 

In c o n t r a s t t o y - d i s p l a c e m e n t s t h e x - d i s p l a c e -

ments o c c u r r e d w e l l away from t h e f o o t i n g c e n t e r l i n e . 

S t r a i n i n t e n s i t y was o f the o r d e r o f 11 p e r c e n t . 

S i n c e measured x - d i s p l a c e m e n t s were v e r y s m a l l , i t 

can be assumed t h a t a u n i a x i a l s t r e s s c o n d i t i o n was 

a p p l i e d . Hence s t r e s s - s t r a i n r e l a t i o n s h i p s may be 

c o n s t r u c t e d f o r a low s t r e s s f i e l d when l a r g e volume 

s t r a i n s do not o c c u r . A more a b r u p t t r a n s i t i o n p l a n e 

o c c u r r e d under the f o o t i n g than f o r the wedges. T h i s 

sharp change i s due t o the edge e f f e c t o f the f o o t i n g 

and t o s o i l t e x t u r e . Maximum s h e a r s t r a i n p a t t e r n s 

under t h e r e c t a n g u l a r p l a t e a re g i v e n i n F i g u r e 20. 

6.6.3. V e r t i c a l a n d i n c l i n e d b l a d e s 

P l e x i g l a s models o f c h i s e l t o o l s mounted a t 

90° and a t 45° t o t h e d i r e c t i o n o f t r a v e l were used t o 

compare s o i l d i s p l a c e m e n t s . L o a d i n g r a t e s , o f 2 cm/ 

min. f o r both v e r t i c a l and 45° t o o l s were used. 

F i g u r e s 2 7 and 28 compare x and y - d i s p l a c e m e n t s f o r 

the 45° mounted t o o l and F i g u r e s 29 and 30 show the 

same f o r the 90° mounted t o o l . P r o g r e s s i v e d i s p l a c e ­

ment p a t t e r n s f o r b o t h t o o l s are shown-in F i g u r e s 22 
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(a) (b) (c) 



FIGURE 19. P e r c e n t s t r a i n i n x - d i r e c t i o n under a model 
f o o t i n g a f t e r 3 cm s e t t l e m e n t . Rate o f 
s e t t l e m e n t •= 5 cm/min. A p p l i e d l o a d = 82.5 Kg. 
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30 20 8 

Maximum shear s t r a i n i n percent under a 
model footing a f t e r 3 cm settlement. 
Rate of settlement = 5 cm/min. Applied 
load =82.5 Kg. 
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and 23. S t r a i n a n a l y s e s o f b o t h t e s t s a r e shown i n 

F i g u r e s 25 and 26 f o r the i n c l i n e d b l a d e and F i g u r e s 31 

and 32 f o r the v e r t i c a l b l a d e . Large t e n s i l e y - s t r a i n s 

i m m e d i a t e l y i n f r o n t o f the 90° mounted b l a d e are 

e v i d e n t but the 4 5° mounted b l a d e produces more u n i f o r m 

s o i l d i s p l a c e m e n t s . 

As shown i n F i g u r e s 25 and 26 the x - y 

s t r a i n s i n d u c e d by the movement o f a 45°. t i l t e d b l a d e 

shows r e l a t i v e l y u n i f o r m and s i m i l a r s t r a i n p a t t e r n s 

i n b o t h x and y - d i r e c t i o n s e x c e p t f o r l a r g e r s t r a i n s 

i n the d i r e c t i o n o f t o o l movement. S i m i l a r s t r a i n 

p a t t e r n s were t o be e x p e c t e d because o f t o o l symmetry 

w i t h t h e x and y axes. 

V e r t i c a l b l a d e s have a s u b s t a n t i a l l y d i f f e r e n t -

s t r a i n f i e l d from s l o p e d b l a d e s as shown i n F i g u r e s 

31 and 32. A b u i l d up o f s o i l was n o t i c e d a t the 

s h a r p edged t i p o f the b l a d e which f o r c e d s o i l t o move 

downward c a u s i n g c o m p a c t i o n . However th e compacted 

a r e a was v e r y t h i n . High s t r a i n g r a d i e n t s o c c u r i n 

both t h e x and y - d i r e c t i o n i n the r e g i o n near the t o o l 

t i p . The s t r a i n f i e l d expands f o r w a r d and upward t o 

the s o i l s u r f a c e . 

K o s t r i t s y n (34) s t u d i e d a v e r t i c a l c u t t e r and 

noted t h a t n e a r the s u r f a c e , s o i l would r u p t u r e o r 

move upward, but a t g r e a t e r depths the movement was 
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( c ) ( d ) 
F i g u r e 24. M o i r e f r i n g e p a t t e r n s u n d e r p r o g r e s s i v e 

i n t r u s i o n s o f a 50° vredge. 
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FIGURE -25. P e r c e n t s t r a i n i n y - d i r e c t i o n i n d u c e d by' 
*' a.'45° t i l t e d model f l a t b l a d e a f t e r 21.5 Kg 

l o a d - a p p l i c a t i o n . T o o l speed - 2 cm/min. 



FIGURE .26. 'Percent s t r a i n i n x-..direction i n d u c e d by 
a 45° t i l t e d model f l a t - b l a d e a f t e r 21.5 Kg 
• l o a d a p p l i c a t i o n . . . T o o l speed =• 2 cm/min. 



F i g u r e 27. M o i r e f r i n g e p a t t e r n s 
i n d uced by 45° b l a d e 
movement. 
X - d i s p l a c e m e n t . 

F i g u r e 29. Moire f r i n g e p a t t e r n s 
i n d uced by 90° b l a d e 
movement. 
X - d i s p l a c e m e n t . 

F i g u r e 28. M o i r e f r i n g e p a t t e r n s 
i n d u c e d by 45° b l a d e 
movement. 
Y - d i s p l a c e m e n t . 

F i g u r e 30. M o i r e f r i n g e p a t t e r n s 
i n d uced by 90° b l a d e 
movement. 
Y - d i s p l a c e m e n t . 





FIGURE 3 2 . P e r c e n t s t r a i n i n x - d i r e c t i o n i n d u c e d by 
a . v e r t i c a l model f l a t b l a d e a f t e r 32 Kg 
l o a d a p p l i c a t i o n . T o o l speed'= 2 cm/min. 



p a r a l l e l t o the d i r e c t i o n o f b l a d e t r a v e l . T h i s 

c l a i m i s o n l y p a r t i a l l y c o r r e c t as s l i p l i n e s , even a t 

g r e a t e r d e p t h s , can not be p a r a l l e l t o t h e d i r e c t i o n 

o f b l a d e t r a v e l . T h i s phenomenon was c l e a r l y 

o b s e r v e d d u r i n g moire e x p e r i m e n t s . K o s t r i t s y n a l s o 

d i d not observe s u r f a c e h a r d e n i n g which i s caused by 

the b l a d e ' s sharp edged t i p f o r c i n g s o i l t o move 

downward. 

These r e s u l t s a re v e r y e n c o u r a g i n g i n d i c a t i n g 

t h a t the moire t e c h n i q u e can be used t o check the type 

and degree o f s o i l m a n i p u l a t i o n by a s o i l machine, o r 

i t can be used t o make i n i t i a l i n v e s t i g a t i o n s o f new 

s o i l machine d e s i g n s . 

Double g r i d t e c h n i q u e s s h o u l d be t r i e d f o r an 

o v e r a l l s t r a i n a n a l y s i s when d e s i r e d s o i l p h y s i c a l 

p r o p e r t i e s cannot a d e q u a t e l y be r e p r o d u c e d . The 

methods r e p o r t e d i n t h i s s t u d y gave a p p r o x i m a t e l y 5 

p e r c e n t s t r a i n r e s o l u t i o n . H i g h p r e c i s i o n can be 

a c h i e v e d by f r i n g e m u l t i p l i c a t i o n t e c h n i q u e s o r by u s i n g 

a s m a l l e r g r i d p i t c h . A h i g h speed camera can be used 

i n s i t u a t i o n s i n v o l v i n g h i g h l o a d i n g r a t e s . 



7. STRESS AND STRAIN RELATIONSHIPS IN SOIL 

7.1 G e n e r a l Review 

The moire method p r o v i d e s the measurement o f s o i l 

d e f o r m a t i o n t o the i n t r u s i o n o f s o i l - m a c h i n e s . S t r e s s -

s t r a i n r e l a t i o n s h i p s are r e q u i r e d f o r l o g i c a l d e s i g n o f 

s o i l - m a c h i n e systems s i n c e measured d i s p l a c e m e n t must be 

r e l a t e d t o the' f o r c e r e q u i r e d t o produce i t . 

Compression t e s t s and d i r e c t s h e a r t e s t s are two 

examples o f s e v e r a l p o s s i b l e methods o f e s t a b l i s h i n g s t r e s s -

s t r a i n r e l a t i o n s h i p s i n s o i l . A c o m p r e s s i o n t e s t has an 

advantage o v e r d i r e c t s h e a r t e s t s as p r o g r e s s e f f e c t s are 

s m a l l e r and the s t a t e o f s t r e s s i s known at a l l s t a g e s 

d u r i n g t h e c o m p r e s s i o n t e s t . E x i s t i n g c o m p r e s s i o n methods 

produce b u l g i n g i n the m i d d l e zone w i t h a r e s u l t a n t non­

u n i f o r m d i s t r i b u t i o n o f c o m p r e s s i v e s t r e s s e s p e c i a l l y a t 

the ends o f the specimen. Rowe (52a) has s t u d i e d the impor­

t a n c e o f m a i n t a i n i n g f r e e d i s p l a c e m e n t s a t t h e l o a d i n g head 

d u r i n g t r i a x i a l t e s t s and S c o t t (61) i n d i c a t e d t h a t i n f o r m a t i o n 

on the d e t a i l s o f the s t r e s s - d e f o r m a t i o n b e h a v i o r o f m a t e r i a l 

o b t a i n e d from th e u s u a l c o m p r e s s i o n t e s t can be a c c o r d e d 

o n l y q u a l i t a t i v e v a l u e . 

The ends o f a t e s t specimen s u b j e c t e d t o f l a t 

p l a t e l o a d i n g a r e h i n d e r e d from expanding l a t e r a l l y due t o 

f r i c t i o n , w h i c h r e s u l t s i n s t r e s s c o n c e n t r a t i o n s at the 

edges as shown i n F i g u r e 39b. Lambe's (34a) i l l u s t r a t i o n 

o f the problem i s shown i n F i g u r e 3 3 ( a ) . Dead zones o c c u r 

a t the t o p and bottom where p r a c t i c a l l y no s t r a i n o c c u r s . 

The c e n t e r zone undergoes c o n s i d e r a b l y g r e a t e r s t r a i n t h a n 

57. 
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I FLAT P L A T E 

FLAT PLATE 

Element showing 
small strain 

^Element showing 
large strain 7|lAAAAj.«i A A'rtX A A .\ A ^ A £" 

--/x'. So i l - cone 
f r i c t ion ang le 

Element showing 
uniform strain 

( A ) ( B ) 

Figure 3 3 . Displacements i n a x i a l compression t e s t , 
(A) Compression between f l a t p l a t e s . 
(B) C o m p r e s s i o n between cones. 
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t h e edges. T h i s d i f f e r e n c e was measured by u s i n g t h e moire 

method. S t r a i n s a t the edges were computed by the moire 

t e c h n i q u e and the t o t a l d e f o r m a t i o n o f the c e n t e r zone was 

d i r e c t l y measured by u s i n g a d i a l gauge. The d i f f e r e n c e s 

were s i g n i f i c a n t and i n c r e a s e d w i t h i n c r e a s e i n d e f o r m a t i o n 

as shown i n F i g u r e 4 0. Hence e x i s t i n g methods do not p r o v i d e 

u n i a x i a l s t r e s s f i e l d s , and i t was not p o s s i b l e t o d e v e l o p 

a c c u r a t e s t r e s s - s t r a i n r e l a t i o n s . To overcome t h i s problem 

t h e f o l l o w i n g m o d i f i e d t e c h n i q u e was d e v e l o p e d . 

S i n c e n o n - u n i f o r m d i s t r i b u t i o n o f c o m p r e s s i v e 

s t r e s s was due t o f r i c t i o n o f t h e l o a d i n g p l a t e , the t e s t 

specimen was compressed between two cones whose g e n e r a t o r 

l i n e s made an a n g l e w i t h t h e p l a n e o f c o m p r e s s i o n e q u a l t o the 

s o i l - l o a d i n g p l a t e f r i c t i o n a n g l e . As shown i n F i g u r e 33b the 

cone a n g l e i n d u c e s outward s l i p p i n g o f the s o i l t o m a i n t a i n a 

more u n i f o r m specimen d i a m e t e r . A net s o i l d i s p l a c e m e n t n e a r l y 

p a r a l l e l t o t h e l o a d i n g head movement combined w i t h t h e e f f e c t 

o f S t . Venant's p r i n c i p l e r e s u l t s i n a more r a p i d d i f f u s i o n o f 

s t r e s s t o a pure a x i a l c o m p r e s s i o n o v e r a g r e a t e r p r o p o r t i o n 

o f the specimen l e n g t h . 

7.2 T e s t P r o c e d u r e and Apparatus 

Two t y p e s o f l o a d i n g were u s e d , a cone f o r t h e 

c y l i n d r i c a l specimen and a pyramid f o r t h e . s q u a r e specimen 

as shown i n F i g u r e 34. 

The pyramid t e s t , w i t h the a p p l i c a t i o n o f t h e 

moire t e c h n i q u e was used as a means t o check whether the 
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d i s t r i b u t i o n o f c o m p r e s s i v e s t r e s s was u n i f o r m . P y r a m i d a nd 

c o n e a n g l e s w e re d e t e r m i n e d f r o m f r i c t i o n t e s t s b e t w e e n t h e 

s o i l a n d t h e l o a d i n g p l a t e m a t e r i a l . S i n c e i t was d i f f i c u l t t o 

d e t e r m i n e a c c u r a t e f r i c t i o n a n g l e s , due t o t h e p r e s e n c e o f 

a d h e s i o n f o r c e s , a n g l e s o f 110° t o 160° i n 10° i n c r e m e n t s 

w e r e p r e p a r e d . A c o m b i n a t i o n o f b o t h f r i c t i o n and c o m p r e s s i o n 

t e s t s w e r e u s e d t o o b t a i n o p t i m u m l o a d i n g p l a t e s . P l e x i g l a s was 

u s e d f o r p y r a m i d s ( 9 x 9 cm) and c o n e s w e re m a c h i n e d f r o m 12.5 cm 

d i a m e t e r p o l y p e n c o n y l o n Mc-9 0 3 r o d . . C y l i n d r i c a l s o i l s p e c i m e n s 

w e r e 5.5 cm d i a m e t e r by 18 cm and the. s q u a r e s p e c i m e n s w e r e 6.5 

cm s q u a r e by 18 cm. 

7.3 R e s u l t s and D i s c u s s i o n 

M o d i f i e d c o m p r e s s i o n t e s t o v e r c a m e t h e p r o b l e m o f 

b u l g i n g and p r o d u c e d a p p r o x i m a t e l y p u r e a x i a l c o m p r e s s i v e s t r e s s 

( F i g u r e s 35 and 3 9 a ) . T r u e a x i a l s t r e s s and n a t u r a l s t r a i n 

r e l a t i o n s were p l o t t e d t o f i n d t h e c o m p r e s s i o n m o d u l u s ( s e c a n t -

m o d u l u s ) f o r d i f f e r e n t l o a d i n g r a t e s . An a p p r o x i m a t i o n m e t h o d 

was u s e d t o d e t e r m i n e y i e l d s t r e s s and t h i s was c o m p a r e d w i t h 

e x i s t i n g y i e l d c r i t e r i o n t h e o r y . The volume c h a n g e s were 

m e a s u r e d by c o m p a r i n g i n i t i a l r a d i u s a nd h e i g h t o f t h e s p e c i m e n 

t o t h e f i n a l r a d i u s a nd h e i g h t a f t e r t h e t e s t . M o i r e t e c h n i q u e 

was a g a i n u s e d t o m e a s u r e t h e a x i a l s t r a i n s a n d t h e y w e re 

c o m p a r e d w i t h t h e d i a l gauge m e a s u r e m e n t . 

7.3.1, S t r e s s and s t r a i n r e l a t i o n s h i p s 

Type I and Type I I I s o i l s ( s e e s e c t i o n 8.2) i n t h e 

d i f f e r e n t m o i s t u r e c o n t e n t s w e re t e s t e d by u s i n g 110°, 120° 

and 130° c o n e s . T r u e s t r e s s was c o m p u t e d by u s i n g a 
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F i g u r e 35. L o a d e d s p e c i m e n s a f t e r 
12 p e r c e n t d e f o r m a t i o n . 



c o r r e c t e d c r o s s - s e c t i o n a l a r e a , which i s computed from 

t h e f o l l o w i n g f o r m u l a : 
A 

A = _ ° _ _ 

1 - s t r a m 

where A q = o r i g i n a l a r e a 

A = c o r r e c t e d a r e a . 

The n a t u r a l s t r a i n s , used as a x i a l s t r a i n s , 

were computed by 

e = l n (1 - e) [35] 

h - h 
where e = - ~ . [36] 

o 

And when moire t e c h n i q u e s are u s e d , 

P 
E ." D y + P 

When a d i a l gauge was us e d , l a g r a n g i a n s t r a i n was 

computed from 

AL 
L o 

where AL = change o f specimen l e n g t h as r e a d from 
a d i a l gauge 

L = the i n i t i a l specimen l e n g t h . 
O f b 

The 5 cm i n i t i a l gauge l e n g t h was marked b e f o r e a 

t e s t a t the m i d d l e o f the specimen and t h e change i n 

gauge l e n g t h (AL) was computed from the f i n a l l e n g t h 

measured a f t e r the t e s t . The c o n i c a l l o a d i n g heads 

which were i n s i d e o f the t e s t soecimen t h e r e f o r e d i d 

[37] 



not a f f e c t the measurement. 

Compressive s t r e s s was then e v a l u a t e d from t h e 

r e l a t i o n s : 

a = £ [38] 

where F = c o m p r e s s i v e f o r c e 

and s h e a r s t r e s s was computed from, 

T = | . [39] 

True s t r e s s was t h e n p l o t t e d a g a i n s t n a t u r a l s t r a i n as 

shown i n F i g u r e s 36 and 37. From t h e s e r e l a t i o n s h i p s , 

c o m p r e s s i o n ( S e c a n t ) and t a n g e n t i a l m o d u l i can be 

o b t a i n e d and th e s e m o d u l i can be used t o e x p r e s s s t r e s s i n 

terms o f s t r a i n i n s o i l s . True s t r e s s was a g a i n p l o t t e d 

a g a i n s t n a t u r a l s t r a i n on a l o g - l o g s c a l e , t h e graph was 

v e r y n e a r l y l i n e a r as shown i n F i g u r e 38. The p l a s t i c 

s t r e s s can be t h e n a p p r o x i m a t e d by: 

0 = K £ n [HO] P 
where K = the p r o p o r t i o n a l i t y f a c t o r 

e = n a t u r a l s t r a i n 

n = s t r a i n h a r d e n i n g c o e f f i c i e n t . 

S t r a i n h a r d e n i n g c o e f f i c i e n t n and the p r o p o r t i o n a l i t y 

f a c t o r K are d e t e r m i n e d from b e s t f i t s t o e x p e r i m e n t a l 

d a t a . 
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— Sandy clay (type IE) 

rate of loading cm/min 
© 1 

10 20 40 60 

% S T R A I N 

r i g u r e 38. L o g - l o g p l o t o f s t r e s s - s t r a i n c u r v e f o r Haney c l a 
Type I , and sandy c l a y T y p e . I I I . M.C. = 11.3%. 
D e n s i t y = 2.01 g/cm"'. 



(a) (b) 

F i g u r e 39. D i s p l a c e m e n t p a t t e r n s shown by moire e f f e c t f o r 
(a) pyramid l o a d i n g head, (b) f l a t p l a t e l o a d i n g 
head. (Note n o n - u n i f o r m d e f o r m a t i o n a t l o w e r 
c o r n e r s ) . 

A n o t h e r i n t e r e s t i n g comparison was the s t r a i n 

d i f f e r e n c e s between the c e n t e r and o u t e r p a r t o f t h e specimen 

i n f l a t p l a t e compression t e s t s . As p r e v i o u s l y d i s c u s s e d , 

l a t e r a l e x p a n s i o n r e s i s t a n c e due t o f r i c t i o n produced about 

30 p e r c e n t h i g h e r s t r a i n a t t h e c e n t e r than a t the o u t e r p a r t . 

T h i s d i f f e r e n c e was computed by measuring t h e s t r a i n on the 

o u t e r p a r t o f the specimen by the moire method and the c e n t e r 

p a r t by a d i a l gauge. The moire p a t t e r n s o b s e r v e d on the 

r e c t a n g u l a r specimens, one compressed between two pyramids 

which was used as an improved method and t h e o t h e r compressed 

between two f l a t p l a t e s which has been the c o n v e n t i o n a l method 

as shown i n F i g u r e s 39a and 39b r e s p e c t i v e l y . 
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As shown i n F i g u r e 39b, the s t r e s s c o n c e n t r a ­

t i o n caused by f r i c t i o n o b s t r u c t i n g l a t e r a l e x p a n s i o n 

can be o b s e r v e d a t the bottom o f t h e specimen, w h i l e 

F i g u r e 39a shows u n i f o r m s t r a i n d i s t r i b u t i o n . 

o f t h e specimen w i t h f l a t p l a t e and pyramid l o a d i n g 
heads. 



As an a d d i t i o n a l check on whether u n i f o r m and 

u n r e s t r i c t e d e x p a n s i o n was o b t a i n e d t h e volume changes 

were measured from t h e r e l a t i o n : 

n r 2 h 
Volume change - — ^ [ U l ] I l r ^ h o o 

where r and h are t h e r a d i u s and h e i g h t r e s p e c t i v e l y o f 

th e c y l i n d e r a t any g i v e n t i m e , and r Q and h Q a r e 

i n i t i a l v a l u e s o f r and h. There was no s i g n i f i c a n t 

volume changes i n b o t h t y p e s o f s o i l when cones were 

used as c o m p r e s s i o n heads, and a t t h e r a t e o f l o a d i n g 

between 1 and 100 cm/min. 
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7.3.2. Y i e l d s t r e s s i n c o h e s i v e s o i l 

The concept o f " y i e l d " i n s o i l s , p a r t i c u l a r l y 

i n c o h e s i v e s o i l i s v e r y d i f f i c u l t t o d e f i n e when t h e 

m a t e r i a l does not have a l i n e a r s t r e s s - s t r a i n c u r v e as 

o c c u r s i n some v e r y d u c t i l e m e t a l s . The d e f i n i t i o n 

o f y i e l d i n g as t h e upper l i m i t o f e l a s t i c i t y t h e r e f o r e 

l o s e s i t s meaning. Such n o n - l i n e a r s t r e s s - s t r a i n c u r v e s 

a r e c h a r a c t e r i s t i c o f s o i l s . I n a d d i t i o n , i n c o h e s i v e 

s o i l s where p h y s i c a l p r o p e r t i e s c o n t r o l s o i l b e h a v i o r , 

t h e s t r e s s - s t r a i n c u r v e s a r e a l s o r a t e dependent. The 

work by Casagrande and W i l s o n (8) and Geuze (20) 

i n d i c a t e s the i n f l u e n c e o f cr e e p e f f e c t s on y i e l d o r 

f a i l u r e o f c o h e s i v e s o i l . Thus " y i e l d " o f a c o h e s i v e 

s o i l cannot be r i g o r o u s l y d e f i n e d . A p p r o x i m a t i o n s may 

be worked out i f a c c u r a t e s t r e s s and s t r a i n r e l a t i o n ­

s h i p s a r e e s t a b l i s h e d and r a t e e f f e c t s a re c o n s i d e r e d . 

A f u r t h e r a p p r o x i m a t i o n made was the f i t t i n g 

o f a s t r a i g h t l i n e t o t h e s t r a i n h a r d e n i n g p o r t i o n o f 

the s t r e s s - s t r a i n c u r v e . T h i s assumes t h a t t h e y i e l d 

s u r f a c e w i l l c o n t i n u e t o expand w i t h t h e s t r e s s and 

s t r a i n h i s t o r y but w i l l r e t a i n the o r i g i n a l shape. 

The e l a s t i c s t r a i n w h i c h i s v e r y s m a l l compared t o the 

t o t a l s t r a i n was n e g l e c t e d and t h e m a t e r i a l was 

r e g a r d e d as i n c o m p r e s s i b l e . The s t r a i g h t l i n e i n 

F i g u r e 41 i s t h e c o r r e s p o n d i n g ' s t r e s s - s t r a i n c u r v e 



used i n t h i s a p p r o x i m a t i o n method. The y i e l d s t r e s s 

was t h e n d e t e r m i n e d from the s t r e s s - s t r a i n c u r v e 

o b t a i n e d by t h e improved c o m p r e s s i o n t e s t - c o n e method. 

S T R A I N 

F i g u r e 41. Approximated y i e l d s t r e s s d e t e r m i n e d from 
the s t r e s s - s t r a i n c u r v e . 
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To check the y i e l d s t r e s s o b t a i n e d f rom t h e 

d e s c r i b e d a p p r o x i m a t i o n method, y i e l d s t r e s s was 

e v a l u a t e d a g a i n from t h e maximum s h e a r s t r e s s t h e o r y . 

C o h e s i v e s o i l s w i t h a h i g h m o i s t u r e c o n t e n t f l o w l i k e 

a d u c t i l e m e t a l and t h e s l i p - l i n e w hich appears a t t h e 

o n s e t o f p l a s t i c f l o w i s i n c l i n e d a t an a n g l e o f 

45-50° w i t h r e s p e c t t o t h e d i r e c t i o n o f t h e p r i n c i p a l 

s t r e s s e s d u r i n g u n i a x i a l c o m p r e s s i o n . 

The t h e o r y can be d e s c r i b e d a s : 

T = o = c o n s t a n t [44] 
max 2 

and i n u n i a x i a l c o m p r e s s i o n , 

V 2=°' ° 3 = -°3 
t h u s 

a 
o 

max " 2 

Hence t h e y i e l d c o n d i t i o n r e q u i r e s t h a t 

max I 1 6 l • 

The d i f f e r e n c e between v a l u e s measured by t h e a p p r o x i ­

m a t i o n method and computed by y i e l d t h e o r y was g e n e r a l l y 

l e s s t h a n 10 p e r c e n t . The v a l u e s o b t a i n e d from t h e 

a p p r o x i m a t i o n method were used l a t e r i n 10.1.3. f o r 

the a n a l y s i s o f p r a c t i c a l d e s i g n a p p l i c a t i o n s . 

7.3.3. S t r e s s - s t r a i n r e l a t i o n s h i p and c o m p r e s s i o n  
modulus by r a t e e f f e c t 

As shown i n F i g u r e 42 and 43, the c o m p r e s s i o n 

modulus d e c r e a s e d w i t h d e c r e a s e i n l o a d i n g r a t e i n b o t h 



Type I and I I I s o i l s . I n o t h e r words, s h e a r r e s i s t a n c e 

i n c r e a s e d w i t h i n c r e a s e d l o a d i n g r a t e . These r e s u l t s 

a g a i n c o n f i r m the r a t e dependent c h a r a c t e r i s t i c o f t h i s 

Type I c l a y s o i l as o b s e r v e d i n the s t r e s s wave t e s t . 

However, on t h i s p a r t i c u l a r s o i l , r a t e dependence 

became a l m o s t i n s i g n i f i c a n t f o r r a t e s o f l o a d i n g 

between 10 - 100 cm/min. From t h e s e r e s u l t s i t i s 

a p p a rent t h a t as l o n g as the model s o i l machine t r a v e l s 

between 10 - 100 cm/min., the v e l o c i t y e f f e c t does not 

a f f e c t p r e d i c t i o n e q u a t i o n s o f p r o t o t y p e machines i n 

t h i s s o i l . The a p p r o ximate y i e l d s t r e s s ( F i g u r e 41) 

a t the 10 cm/min. l o a d i n g r a t e was almost t w i c e t h a t 

o f t h e 1 cm/min. ( F i g u r e 36). As shown i n F i g u r e s 4 2 

and 4 3 c o m p r e s s i o n modulus d e c r e a s e d more t h a n 7 0 

p e r c e n t below t h e 5 p e r c e n t s t r a i n l e v e l and was 

e s s e n t i a l l y c o n s t a n t t h e r e a f t e r . 

7.3.4. A p p l i c a t i o n o f s l i p p l a n e t h e o r y 

I n a two d i m e n s i o n a l element o f s o i l s t r e s s e d 

t o f a i l u r e under p r i n c i p a l s t r e s s and a^, f a i l u r e 

o c c u r s a l o n g a " s l i p p l a n e " i n c l i n e d a t an a n g l e a w i t h 

t h e major p r i n c i p a l p l a n e . The w e l l known Mohr-Coulomb 

f a i l u r e c r i t e r i o n can be used t o d etermine a as shown i n 

F i g u r e 45. The f a i l u r e c r i t e r i o n i s 

s = C + a t a n 6 [46] 





F i g u r e 4 3, Compression modulus v e r s u s a x i a l s t r a i n f o r sandy c l a y Type I I I . 
M.C. = 11.3%. D e n s i t y = 2.28 g/cm 3. 
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w h e r e s = s h e a r s t r e n g t h 

C = c o h e s i o n 

o* - n o r m a l s t r e s s 

6 - a n g l e o f i n t e r n a l f r i c t i o n 

The n o r m a l and s h e a r s t r e s s e s (a and T) on t h e f a i l u r e 

s u r f a c e a r e g i v e n by 
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s i n 2 a . [48] 

At f a i l u r e t h e shear s t r e s s T on t h e f a i l u r e s u r f a c e 

must be e q u a l t o t h e s h e a r s t r e n g t h s. S u b s t i t u t i n g 

e q u a t i o n [ 4 7 ] and [48] i n [46] and s e t t i n g 

s = T 

a -a a +a a -a 

(_£__£) s i n 2 a = c + (-^y-^ + 2
 c o s 2 a ) t a n 6 ^ 2 ' ] 

By a p p l i c a t i o n o f t r i g o n o m e t r i c r e l a t i o n s , e q u a t i o n 

[49] may th a n be t r a n s f o r m e d i n t o : 
c + a g t a n 6 

01 0 3 + s i n ~ a cos a- cos" 2~a tan~S * 

Wu (67) g i v e s a s o l u t i o n f o r o b t a i n i n g the a n g l e a 

whic h produces a f a i l u r e p l a n e f o r minimum v a l u e s o f 

f o r g i v e n v a l u e s o f by d i f f e r e n t i a t i n g the 

denominator o f e q u a t i o n [ 5 0 ] . 

[50] 

0 

/ a 

/ V 

F i g u r e 45. F a i l u r e p l a n e . 
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The angle a can then be obtained from the r e l a t i o n 

a = 45° + | . [51] 

In un i a x i a l compression a ̂  becomes zei^o and equation 

[50] then reduces to the solution: 

° 1 s in a cos a - cos 2~a tan £ • t »> 2 ] 

Since the denominator of equations [50] and [52] are 

the same the s l i p plane angle can s t i l l be obtained as: 

a = 45° + i 
2 

Substituting a = 45° + — into equation [52] y i e l d s 

0 1 cos 6 - s i n 6 tan 6 -*~t 
2 c 

From equation [48], shear stress becomes 

T = sin a cos a [53] 

when a g = 0 . 

As a varies between 45°to 50°, s in a cos a approaches 

0.5 and hence 

[54] 
a l 
2 

which j u s t i f i e s equation [39] for computing shear 

stress. 

The stress obtained from the compression 

test and that computed from equation [5 3]' were compared 

and found to be i n good agreement (less than 5% 

di f f e r e n c e ) . 



8. DYNAMIC RESPONSE OF SOIL 

P a r t o f the energy a p p l i e d i n d e f o r m i n g a c l a y 

t y p e s o i l i s e l a s t i c a l l y s t o r e d and p a r t i s d i s s i p a t e d , 

t h e r e f o r e on an i n d i v i d u a l d a t a p o i n t - b y - p o i n t b a s i s i t i s 

r e a s o n a b l e t o c o n s i d e r s o i l r esponse as v i s c o e l a s t i c . 

Young's modulus f o r an e l a s . t f c s o l i d can be 

e v a l u a t e d by measuring t h e v e l o c i t y of a s t r e s s wave i n 

the s o l i d and u s i n g t h e r e l a t i o n 

E = pC 2 [55] 

where E = Young's modulus 

p = s o i l d e n s i t y 

C = v e l o c i t y o f s t r e s s wave. 

The a t t e n u a t i o n c o n s t a n t a (co) and phase v e l o c i t y 

C (co) i n a v i s c o e l a s t i c medium are d e r i v e d and t h e y a r e , 

r e s p e c t i v e l y 

[56] 

where 

aC s i n 9 
CO 1 + cos 9 

C = | E | / p 1 / 2 SEC (9/2) 

a = a t t e n t u a t i o n c o n s t a n t 

9 = phase a n g l e 

E| = complex modulus 

P = d e n s i t y o f medium 

CO = f r e q u e n c y 

C = s t r e s s wave v e l o c i t y . 

[ 5 7 ] 

D e t a i l s o f the d e r i v a t i o n a re g i v e n i n the appendix. 

79. 
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E q u a t i o n s [56] and [57] e x p r e s s l i n e a r v i s c o -

e l a s t i c wave p r o p a g a t i o n response where parameters |E| and 

9 are f u n c t i o n s o f co and t but not o f s t r e s s l e v e l . 

H unter (27) d e r i v e d v i s c o e l a s t i c s t r e s s and 

s t r a i n f o r m u l a e f o r s i m p l i f i e d a p p r o x i m a t i o n s by assuming 

t h a t a and G are c o n s t a n t . 

o ( x , t ) = - pCVe- B ( t - x / c ) " a x [58] 

e ( x , t ) = - { £ + « } + a Y { t - x/c} 

+ {C" 1 - a / 3 } e - 6 ( t - x / c ) e " a x . [59] 

where a = s t r e s s 

e = s t r a i n 

V = v e l o c i t y o f mass m a t time o f impact 

m = mass 

t = time 

x = d i s t a n c e from t h e impa c t e d end 

A = a r e a o f specimen c r o s s s e c t i o n 

6 = a C + (p C A/m) 

Y = a m/p A 

and o t h e r terms a r e as p r e v i o u s l y d e f i n e d . 

Both e q u a t i o n s reduce t o the c o r r e s p o n d i n g s o l u t i o n s 

f o r an e l a s t i c s o l i d as a •*• 0. Kondner (32) and o t h e r s found 

t h a t 9 v a r i e s from a p p r o x i m a t e l y 10 degrees t o l e s s t h a n one 

degree. T h e r e f o r e , a t the wave f r o n t x = c t and Hunter's 

e q u a t i o n s reduce t o : 
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O = -pCV, [60] 

e = - ~ and [61] 

E = pC 2 . [62] 

These s o l u t i o n s a re i d e n t i c a l t o t h o s e f o r an e l a s t i c 

s o l i d . T h i s a p p r o x i m a t i o n may be used f o r s o i l , such as 

c l a y , where t h e phase a n g l e i s v e r y s m a l l . 

8.1 Pr o c e d u r e and App a r a t u s 

S t r e s s wave p r o p a g a t i o n was ob s e r v e d and measured 

i n Haney c l a y and sandy c l a y s o i l s w i t h d i f f e r e n t m o i s t u r e 

c o n t e n t s and d e n s i t i e s . F o r t h e comparison between s t r e s s 

wave and v i b r a t i o n methods, the same specimens were used f o r 1 

b o t h t e s t s . S t r e s s wave measurements were conducted 

i m m e d i a t e l y a f t e r v i b r a t i o n t e s t s so t h a t changes i n m o i s t u r e 

c o n t e n t and o t h e r p h y s i c a l p r o p e r t i e s were m i n i m i z e d . 

D i f f e r e n t s i z e s o f r e c t a n g u l a r and c y l i n d r i c a l 

specimens ( T a b l e I ) were l o a d e d on one end w i t h a pendulum. 

A s t r i k i n g s t e e l b a l l suspended w i t h t h i n c o t t o n c o r d was 

r e l e a s e d w i t h an e l e c t r o m a g n e t t o produce the s t r e s s wave. 

The wave a m p l i t u d e i s c o n t r o l l e d by v a r y i n g the drop h e i g h t 

and mass o f the b a l l . B e f o r e impact the b a l l i s h e l d i n 

p o s i t i o n by a D.C. e l e c t r o m a g n e t , which was a t t a c h e d t o 

t h e bottom o f a r i g i d pendulum. The r o d o f t h e pendulum 

was h e l d i n p o s i t i o n by a b r a c k e t c o n n e c t e d t o the pendulum 

framework. The pendulum r o d h o l d e r and b r a c k e t was 

a d j u s t a b l e , thus a l l o w i n g t h e b a l l t o be p o s i t i o n e d 
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a c c u r a t e l y a t a s p e c i f i c h e i g h t . 

The s t r u c k end o f the s o i l specimen was c o v e r e d 

by an aluminum p l a t e t o p r o v i d e u n i f o r m p r e s s u r e a c r o s s t h e 

a r e a . The specimen was suspended e i t h e r by t a p e s o r r e s t e d 

on foam r u b b e r . However, i t was found t h a t a f t e r each 

impact, the p o i n t where the b a l l s t r u c k changed,due t o 

permanent s t r a i n produced i n t h e t e s t specimen. The specimen 

p o s i t i o n was checked a f t e r each impact and a d j u s t e d t o 

m a i n t a i n a f i x e d r e f e r e n c e p o i n t . 

A T e k t r o n i x 502A d u a l beam o s c i l l o s c o p e and 

P o l a r o i d camera attachment was used as a r e c o r d i n g d e v i c e . 

Time exposures were t a k e n o f the beam t r a c e s . An e x t e r n a l 

t r i g g e r i n g c i r c u i t a c t i v a t e d by c o n t a c t between the s t e e l 

b a l l and t h e aluminum c o v e r p l a t e was used t o o b t a i n a 

s i n g l e h o r i z o n t a l sweep o f the two o s c i l l o s c o p e beams. The 

a c c e l e r o m e t e r s were co n n e c t e d t o the o s c i l l o s c o p e t h r o u g h 

p r e a m p l i f i e r s . The t r i g g e r i n g c i r c u i t i s shown i n F i g u r e 46. 

I n o r d e r t o i n v e s t i g a t e whether an embedded 

a c c e l e r o m e t e r gauge i n a specimen a f f e c t s s t r e s s wave v e l o c i t y 

a s i n g l e gauge was used t o p i c k up the f i n a l s t r e s s wave 

which had t r a v e l l e d a l o n g the specimen. The f i r s t p u l s e 

was g e n e r a t e d by c o n t a c t between the s t e e l b a l l and t h e 

aluminum c o v e r p l a t e t o produce a 12 v o l t p u l s e as a 

r e f e r e n c e p o i n t . The v e r y s h o r t p e r i o d f o r s t r e s s wave 

p r o p a g a t i o n t h r o u g h t h e c o v e r p l a t e . w a s n e g l e c t e d . T y p i c a l 
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p u l s e - t i m e r e c o r d s a r e g i v e n i n F i g u r e 49. 

A l t h o u g h the s t r e s s wave v e l o c i t y i n t h e t e s t 

s o i l (30 m.p.s. t o 300 m.p.s.) i s much l o w e r t h a n i n m e t a l , 

a f u l l sweep time o f the o s c i l l o s c o p e i n the o r d e r o f 1 - 2 

m i l l i - s e c o n d s was used i n o r d e r t o a v o i d r e p r o d u c i n g 

r e f l e c t e d waves on the o s c i l l o s c o p e s c r e e n . 

S t r e s s e s were a l s o measured by u s i n g K i s t l e r 

Q u a r t z P r e s s u r e T r a n s d u c e r , Model 606A, embedded i n the 

specimen. The p r e s s u r e gauges were c a l i b r a t e d w i t h the 

e l e c t r o n i c c i r c u i t o f the K i s t l e r c h a r g e - a m p l i f i e r . 

Specimens o f Type I and Type I I I s o i l s , 4.5 cm 

d i a m e t e r by 85 cm l o n g , were s p e c i a l l y p r e p a r e d f o r t h i s 

t e s t as shown i n F i g u r e 48. D e n s i t y and m o i s t u r e 
3 

o f Type I and Type I I I s o i l s were 2.0 8 grams/cm and 14.8% 
3 

and 2.29 grams/cm and 12.1% r e s p e c t i v e l y . P a i r s o f p r e s s u r e 

gauges were i n t u r n p o s i t i o n e d a t 19 and 29, 29 and 39, 

39 and 49, 49 and 59 cm from the impacted end. The f i r s t 

gauge p o s i t i o n a t 19 cm from t h e impacted end was chosen t o 

have t h e b e s t response and t o s i m u l a t e c o n d i t i o n s i n an 

i n f i n i t e medium, f o l l o w i n g the s u g g e s t i o n by D u r e l l i and 

R i l e y (17) t h a t l e n g t h t o d i a m e t e r r a t i o s h o u l d be a t l e a s t . 

4 t o s a t i s f y the above c o n d i t i o n s . The major p o r t i o n o f 

the i n c i d e n t wave passed the l a s t gauge p o s i t i o n b e f o r e the 

r e f l e c t e d wave a r r i v e d . 

The i n t e n s i t y o f impact l o a d i n g was v a r i e d from 

t h a t o f s t r e s s wave p r o p a g a t i o n v e l o c i t y measurements t o 
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F i g u r e 46. Schematic diagram o f e x p e r i m e n t a l a p p a r a t u s f o r 
s t r e s s wave measurement. 



F i g u r e 47. Equipment f o r s t r e s s wave measurement. 
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t h a t o f c o m p r e s s i v e s t r e s s measurements as w e l l as from 

t e s t t o t e s t . Low i n t e n s i t y l o a d i n g was used a t t h e 

b e g i n n i n g o f a s e r i e s o f t e s t s and h i g h e r i n t e n s i t y l o a d i n g s 

a t t he end o f the s e r i e s . 

When a l l t e s t s were c o m p l e t e d , measurements were 

made o f sample d e n s i t y and m o i s t u r e c o n t e n t a t t h r e e 

l o c a t i o n s a l o n g the l e n g t h o f the specimen. 

8.2 S o i l Specimen P r e p a r a t i o n 

The same m i x i n g method as d e s c r i b e d i n s e c t i o n 

6.5.2. was a g a i n used f o r t h i s e x p e r i m e n t as w e l l as f o r a 

f o r c e d v i b r a t i o n method t o be d e s c r i b e d l a t e r . D i f f e r e n t 

s i z e s and shapes o f specimens were p r e p a r e d by t r i m m i n g i n 

a p r o c e d u r e s i m i l a r t o t h a t used f o r t r i a x i a l specimen 

p r e p a r a t i o n . 

Type I and Type I I s o i l s were a g a i n used and one 

more Type I I I s o i l was added f o r t h i s e x p e r i m e n t . The 

Type I I I s o i l : „.,. 0 , 
C l a y S i l t Sand 

Type I I I . 20% 18% 62% 

D e n s i t y and m o i s t u r e c o n t e n t were v a r i e d f o r 

d i f f e r e n t t e s t s and are r e p o r t e d w i t h the t e s t r e s u l t s . 

8.3 R e s u l t s and D i s c u s s i o n 

S t r e s s wave p r o p a g a t i o n v e l o c i t i e s were measured 

f o r d i f f e r e n t m o i s t u r e c o n t e n t s and d e n s i t i e s . C y l i n d r i c a l 

and r e c t a n g u l a r t e s t specimens were used and t h e i r 

d i m e n s i o n s a re g i v e n i n Ta b l e 1. S o i l c o m p o s i t i o n was a l s o 
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F i g u r e 48. I n s t r u m e n t a t i o n f o r s t r e s s 
measurement. 

Upper p o s i t i o n = 29 cm 
Lower p o s i t i o n = 19 cm 

Upper p o s i t i o n = 49 cm 
Lower p o s i t i o n = 39 cm 

Upper p o s i t i o n = 29 cm 
Lower p o s i t i o n = 39 cm 

Upper p o s i t i o n = 49 cm 
Lower p o s i t i o n = 59 cm 

V e r t i c a l s c a l e •* 1 cm = 0.146 Kg/cm 

F i g u r e 49. T y p i c a l p r e s s u r e gauge r e c o r d s on 
Haney c l a y . 
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v a r i e d by i n c r e a s i n g the sand c o n t e n t i n a h i g h c l a y c o n t e n t 

s o i l . The p r o p a g a t i o n v e l o c i t y o f t h e d i f f e r e n t s t r e s s l e v e l s 

o f t h e wave f r o n t was c a l c u l a t e d by p l o t t i n g the c o n s t a n t 

s t r e s s l e v e l s o b s e r v e d a t d i f f e r e n t p o s i t i o n s a l o n g the r o d 

i n t h e x - t p l a n e t o i n v e s t i g a t e r a t e dependency o r i n d e p e n ­

dency o f s o i l . S t r e s s waves are shown i n F i g u r e 4 9 and the 

c o n s t a n t s t r e s s l e v e l p l o t s are g i v e n i n F i g u r e 50. 

8.3.1. Rate dependency o f s o i l 

I t has been o b s e r v e d t h a t s o i l r e s p onse t o 

a p p l i e d l o a d i s t i m e dependent and t h e r e f o r e m o d i f i e d 

K e l v i n and Maxwell models were used by Murayama ( 3 9 ) , 

C h r i s t e n s e n and Wu (9) and Vey and S t r a u s s ( 6 5 ) . The 

methods used by t h e s e r e s e a r c h e r s have been m o s t l y 

c a r r i e d out by s t a t i c o r q u a s i - s t a t i c l o a d i n g c o n d i t i o n s . 

I t i s t h e r e f o r e n e c e s s a r y t o i n v e s t i g a t e whether s o i l 

obeys r a t e dependent t h e o r y under dynamic l o a d i n g . The 

s t r e s s wave i n d u c e d by impact o f an 81.2 gram s t e e l 

b a l l r e l e a s e d from a h e i g h t o f 25 cm was r e c o r d e d on 

t h e o s c i l l o s c o p e as shown i n F i g u r e 49 and t h e r e s u l t i n g 

s t r e s s - t i m e record'was a n a l y z e d . 

C o n s i d e r a b l e s t r e s s a t t e n u a t i o n t o o k p l a c e 

as d i s t a n c e i n c r e a s e d from th e impacted end. S t r e s s 

a t t e n u a t i o n as a f u n c t i o n o f d i s t a n c e from the l o a d e d 

end o f t h e specimen i n Type T and Type I I I s o i l s a re 

shown i n F i g u r e 51. 
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C o n s t a n t s t r e s s l e v e l s i n d u c e d by impact l o a d 

were p l o t t e d i n the x - t p l a n e t o i n v e s t i g a t e whether 

t h e s o i l was s t r e s s - r a t e ( o r s t r a i n - r a t e ) dependent. 

T h i s was a c c o m p l i s h e d by p l o t t i n g t h e t ime t which had 

e l a p s e d from i n i t i a l impact u n t i l s t r e s s r o s e t o a 

g i v e n l e v e l a t a d i s t a n c e x from the impact p o i n t . 

A c c o r d i n g t o t h e s t r a i n - r a t e independent t h e o r y , each 

s t r a i n i n c r e m e n t must prop a g a t e w i t h a c o n s t a n t 

v e l o c i t y . I f the m a t e r i a l obeys the r a t e independent-

t h e o r y , any c o n s t a n t s t r e s s l e v e l p l o t t e d i n the x - t 

p l a n e must l i e a l o n g a s t r a i g h t l i n e w h i l e the s t r e s s 

l e v e l p l o t t e d i n the x - t p l a n e s h o u l d l i e a l o n g 

c u r v e d l i n e s i f the m a t e r i a l e x h i b i t s any r a t e dependence. 

I t was c o n c l u d e d t h a t t h e s o i l used was a r a t e 

dependent m a t e r i a l as c o n s t a n t s t r e s s l e v e l s p l o t t e d 

i n the x - t p l a n e l a y a l o n g c u r v e d l i n e s as shown i n 

F i g u r e 50. The r a t e dependency o b s e r v e d d u r i n g t h e 

q u a s i - s t a t i c c o m p r e s s i o n t e s t , as shown i n F i g u r e s 36 

and 37, was v e r i f i e d by t h i s s t r e s s wave t e c h n i q u e . 

8.3.2. S o i l s t r e n g t h and p h y s i c a l p r o p e r t i e s 

P r o p a g a t i o n v e l o c i t i e s were measured f o r 

d i f f e r e n t m o i s t u r e c o n t e n t s and d e n s i t i e s . The l e a s t 

square method was used t o draw the l i n e o f b e s t f i t f o r 

p r o p a g a t i o n v e l o c i t y as a f u n c t i o n o f b u l k d e n s i t y f o r 

each m o i s t u r e c o n t e n t . From the d a t a shown i n F i g u r e 



p l a n e f o r Haney c l a y Type I . 
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F i g u r e 51. S t r e s s a t t e n u a t i o n as a f u n c t i o n o f d i s t a n c e from th e l o a d e d 
end o f the specimen. 
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54 i t can be seen t h a t t h e r e was a n o t i c e a b l e i n c r e a s e 

i n wave v e l o c i t y w i t h i n c r e a s e d s o i l d e n s i t y w h i l e wave 

v e l o c i t y d e c r e a s e d w i t h i n c r e a s e d s o i l m o i s t u r e c o n t e n t . 

However, as m o i s t u r e c o n t e n t i n c r e a s e d the s l o p e 

o f p r o p a g a t i o n v e l o c i t y i n c r e m e n t was d e c r e a s e d compared 

w i t h l o w e r m o i s t u r e c o n t e n t s . 

Three d i f f e r e n t s t e e l b a l l s w e i g h i n g 53, 81.2 

and 155 grams were used. Each b a l l was r e l e a s e d from 

h e i g h t s o f 10 cm, 20 cm and 30 cm. The h e i g h t o f b a l l 

and drop d i d not a f f e c t p r o p a g a t i o n v e l o c i t y . 

I t was t h e r e f o r e c o n c l u d e d t h a t p r o p a g a t i o n v e l o c i t y was 

independent o f impact f o r c e and impact r a t e w i t h i n the 

range o f f o r c e s and r a t e s used. T h i s c o n c l u s i o n must 

be l i m i t e d t o t h e i n v e s t i g a t e d range o f m o i s t u r e c o n t e n t s 

from 12.6 t o 19,8 p e r c e n t and b u l k d e n s i t y range from 

1.7 t o 2.37 grams p e r c u b i c c e n t i m e t e r s . 

The s t r e s s wave v e l o c i t y measurement o b t a i n e d 

from t h e s i n g l e gauge and t h e 12V D.C. r e f e r e n c e p u l s e 

was compared w i t h v e l o c i t y measurements o b t a i n e d by 

u s i n g two embedded a c c e l e r o m e t e r gauges. There was no 

n o t i c e a b l e d i f f e r e n c e i n v e l o c i t y by the two methods. 

T h e r e f o r e the s m a l l (1 cm d i a m e t e r x 1.5 cm l o n g ) 

a c c e l e r o m e t e r embedded i n the specimen d i d not a f f e c t 

the p r o p a g a t i o n v e l o c i t y i n the s o i l . T y p i c a l r e c o r d s 

o f r e f e r e n c e p u l s e and s t r e s s wave p o s i t i o n a re shown 

i n F i g u r e s 5 2 and 53. 
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F i g u r e 52. D.C. and wave p u l s e s response i n Type I s o i l , 
3 

D e n s i t y = 1.98 grams/cm . M.C. = 13.3%. 
H o r i z o n t a l s c a l e : 1 D i v . = ,2m. sec. 

F i g u r e 53. D.C. and wave p u l s e s response i n Type I I I s o i l 

D e n s i t y - 2.3 grams/cm . M.C. = 12.8%. 
H o r i z o n t a l s c a l e : 1 D i v . = 1 m. s e c . 



Young's modulus computed from p r o p a g a t i o n 

v e l o c i t y i s shown i n T a b l e I . The v a l u e s o f E are as 

much as 7 5 p e r c e n t g r e a t e r t h a n t h o s e e v a l u a t e d from 

f o r c e d v i b r a t i o n t e s t s on the same s o i l . There d i d not 

appear t o be any s i g n i f i c a n t e f f e c t from the shape o f 

specimen, o r any e f f e c t from t h e mounting method used 

( s u s p e n s i o n o r r e s t i n g on foam r u b b e r ) . No c o n s i s t e n t 

r e l a t i o n s h i p between p r o p a g a t i o n v e l o c i t y and Young's 

modulus was found. For example, p r o p a g a t i o n v e l o c i t y 

i n c r e a s e d t o g e t h e r w i t h s o i l . d e n s i t y as sand c o n t e n t 

o f the c l a y s o i l was i n c r e a s e d . The r e s u l t was a 

c a l c u l a t e d i n c r e a s e i n Young's modulus w h i l e the 

m e c h a n i c a l s t r e n g t h o f s o i l was reduced. T h i s was 

p r o b a b l y due t o a h i g h dependence o f the s t r e s s wave 

v e l o c i t y t o s o i l p a r t i c l e s i z e . Hence t h i s t e c h n i q u e 

would not be s u i t a b l e f o r m e asuring m e c h a n i c a l p r o p e r t i e s 

o f s o i l s , p a r t i c u l a r l y when t h e s o i l c o n s i s t s o f a wide 

range o f p a r t i c l e s i z e s . 
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D E N S I T Y (gms /cm3) 

F i g u r e 54. S t r e s s wave p r o p a g a t i o n v e l o c i t y v e r s u s d e n s i t y f o r d i f f e r e n t 
m o i s t u r e c o n t e n t s . 



TABLE I . P r o p e r t i e s and Dimensions o f S o i l T e s t e d and I t s R e s u l t s . 

No. S o i l Shape 
Type o f 

Speci-

D e n s i t y 
gr/em 3 

Dimensions 
cm 

Water 
Content 

Modulus o f E l a s t i c i t y 
Kg/cm 2 X 10 0 • 

sw 

P o i s s o n ' s 
R a t i o 

men 

S t r e s s 
Wave 
V e l o c i t y 
m/sec. 

• 2.1 4.5x3.6x18 12.1 6. 5 7. 06 8.23 2. 35 0. 38 0. 5 196. 1 

T . 
Y 

HANEY O 2.1 5 ( D i a . ) x l 4 . 5 12.1 5. 85 5. 80 8.65 1. 80 0. 62 0. 61 201. 0 

P 
E CLAY 1.98 4.5x3.6x18 13.3 4 . 69 5. 39 7.10 1. 69 0. 39 0. 59 188. 2 

I O 2.01 5 ( D i a . ) x l 4 . 5 13.0 4. 23 4 . 68 7. 37 1. 59 o. 33 0. 47 191. 0 

T 
Y 
p 

SANDY • 2.38 4.5x3.6x18. 2 12 . 8 5. 52 5. 77 11. 62 1. 88 0. 47 0. 53 221. 0 

E 
I I I 

CLAY O 2.38 5 ( D i a . ) x l 4 . 5 12.8 5. 36 5. 4 2 12.07 1. 95 0. 38 0. 39 225 , 2 

["YPE 
I 

HANEY 
CLAY o 1. 81 5 ( D i a . ) x 3 3 20.3 0.42 49. 0 

T 
Y SANDY o 1.97 5 ( D i a . ) x 3 3 16.7 1. 8 2.04 101. 6 

P 
E 
I I 

CLAY o,. 2.19 5 ( D i a . ) x 3 3 15 . 8 3. 8 4.25 138 . 1 

^ : Modulus o f e l a s t i c i t y computed from l o n g i t u d i n a l r e s o n a n c e f r e q u e n c i e s . 
: Modulus o f e l a s t i c i t y computed from f l e x u r a l r e sonance f r e q u e n c i e s . 

i ) s w : Modulus o f e l a s t i c i t y computed from s t r e s s wave v e l o c i t y . 
5 : Modulus o f r i g i d i t y computed from t o r s i o n a l r e s o n a n c e f r e q u e n c i e s . 



9. DETERMINATION OF ELASTIC MODULI 

9.1 Pr o c e d u r e and Apparatus 

The main f u n c t i o n o f equipment used i n t h e f o r c e d 

v i b r a t i o n method, i s t o e x c i t e and d e t e c t resonance i n t h e 

• s o i l specimen and measure the f r e q u e n c y o f t h i s r e s o n a n c e . 

T h i s was a c c o m p l i s h e d by u s i n g the equipment shown 

i n F i g u r e s 55 and 56 and i l l u s t r a t e d i n F i g u r e 57. 

The o u t p u t o f t h e a u d i o o s c i l l a t o r i s a m p l i f i e d 

and t h e n f e d t o t h e horn d r i v e r , the m e c h a n i c a l energy o f 

wh i c h i s t r a n s m i t t e d t h r o u g h a i r t o the s o i l specimen. 

When t h e o s c i l l a t o r f r e q u e n c y was scanned, i t e v e n t u a l l y 

r e a c h e d one o f the m e c h a n i c a l resonance f r e q u e n c i e s o f t h e 

s o i l specimen. The predominant c h a r a c t e r i s t i c o f t h e specimen 

i n resonance was t h e l a r g e i n c r e a s e i n the. a m p l i t u d e o f i t s 

v i b r a t i o n s when e x c i t e d a t i t s m e c h a n i c a l resonance 

f r e q u e n c i e s . T h i s v a r y i n g a m p l i t u d e was d e t e c t e d by a B r u e l 

and K j a e r a c c e l e r o m e t e r type 4336, i n c o n t a c t w i t h the 

specimen. The a c c e l e r o m e t e r o u t p u t was a m p l i f i e d and f e d 

t o t h e cathode r a y o s c i l l o s c o p e . A f r e q u e n c y c o u n t e r 

c o n n e c t e d t o the o s c i l l a t o r was used t o determine the 

resonance f r e q u e n c y more a c c u r a t e l y than by r e a d i n g t h e 

o s c i l l a t o r s c a l e i t s e l f . 

9.1.1. L o n g i t u d i n a l and t o r s i o n a l r e s o n a n c e f r e q u e n c y  
measurements 

The specimen was s u p p o r t e d on t h i c k foam r u b b e r 

pads a t t h e n o d a l p o i n t . The diag r a m m a t i c s k e t c h f o r 
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t h i s method i s g i v e n i n F i g u r e 5 7a. The s o i l specimen 

was v i b r a t i n g f r e e l y when t h e s u p p o r t i n g pad was 

s u f f i c i e n t l y t h i c k and spongy (10 cm f o r a 1.5 k i l o g r a m s 

specimen). The r e s u l t i n g v i b r a t i o n s o f the specimens 

were d e t e c t e d w i t h a c r y s t a l p i c k - u p which l i g h t l y 

t o uched t h e specimen. T h i s method n o t o n l y s i m p l i f i e d 

t e s t i n g p r o c e d u r e s f o r s o i l but a l s o e l i m i n a t e d 

u n d e s i r a b l e i n e r t i a o f the specimen and p i c k - u p 

a c c e s s o r i e s which c o u l d change the specimen's resonance 

f r e q u e n c y . The t o r s i o n a l resonance f r e q u e n c i e s , f u n d a ­

m e n t a l and o v e r t o n e s , were measured by t r a n s m i t t i n g 

m e c h a n i c a l energy t o t h e o p p o s i t e s i d e from t h e c r y s t a l 

p i c k - u p attachment as shown i n F i g u r e 57b. T h i s method 

i s sometimes c o n f u s e d w i t h the o u t p u t o f f l e x u r a l 

r esonance f r e q u e n c y . The f i r s t o v e r t o n e o f t o r s i o n a l 

resonance and the fundamental resonance f r e q u e n c y o f 

f l e x u r e were t h e n d i s t i n g u i s h e d by n o t i n g whether t h e 

re s p o n s e on the o s c i l l i s c o p e c o n t i n u e d o r d i e d out 

as t h e a t t a c h e d p o i n t s o f t h e v i b r a t o r and p i c k - u p were 

moved from t h e ends toward t h e c e n t e r a l o n g the l o n g 

a x i s o f the specimen. Thus', t h e response o f t h e specimen 

i s n o t i c e a b l y reduced f o r a t o r s i o n a l mode bu t w i l l 

c o n t i n u e f o r t h e f l e x u r a l mode. T h i s method a l s o l o c a t e s 

the n o d a l p o i n t s a l o n g the l o n g a x i s o f t h e specimen. 
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9.1.2. F l e x u r a l resonance f r e q u e n c y measurement 

F l e x u r a l resonance f r e q u e n c y was e a s i l y 

measured by r e s t i n g t h e specimen on t h i c k sponge r u b b e r 

a t t h e two n o d a l p o i n t s as shown i n F i g u r e 57c. 

M e c h a n i c a l energy was t r a n s m i t t e d by t h e horn d r i v e r 

w h ich was p l a c e d a t t h e bottom o f the specimen and 

between t h e foam r u b b e r s u p p o r t s . In t h i s way t h e 

problem o f the c o n f u s i o n w i t h t o r s i o n a l resonance 

f r e q u e n c y was e l i m i n a t e d . The r e m a i n i n g measuring 

d e v i c e s a r e t h e same as used i n the o t h e r resonance 

f r e q u e n c y measurements. 

9.1.3. P o i s s o n ' s r a t i o measurement 

I t i s n e c e s s a r y t o compute P o i s s o n ' s r a t i o f i r s t 

t o use t h e c o r r e c t i o n f a c t o r s f o r d e t e r m i n a t i o n o f o t h e r 

e l a s t i c m o d u l i . An approximate P o i s s o n ' s r a t i o may be 

computed d i r e c t l y from t h e fundamental resonance 

f r e q u e n c i e s o f the c y l i n d r i c a l specimen as 

y = j ( ~ ^ ) 2 - 1 [63] 
t 

where f = fundamental l o n g i t u d i n a l resonance 
e f r e q u e n c y 

f = fundamental t o r s i o n a l resonance 
f r e q u e n c y . 

Young's modulus (E^ o r E^) and s h e a r modulus (G) 

were t h e n computed. P o i s s o n ' s r a t i o f o r t h e r e c t a n g u l a r 

specimen may be more a c c u r a t e l y computed from t h e 
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F i g u r e 5 5 . E l e c t r o n i c equipment f o r the 
measurement o f t o r s i o n a l and 
f l e x u r a l resonance f r e q u e n c i e s . 

F i g u r e 5 6 . Apparatus f o r the l o n g i t u d i n a l 
resonance f r e q u e n c i e s . 
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F i g u r e 57. S k e t c h o f equipment used f o r dynamic r e s o n a n c e measurement. 
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r e l a t i o n s h i p 

y 
, E o r 
1 r _ l f 
2 v G 

) - 1 [6 

where Young's modulus computed from t h e 
l o n g i t u d i n a l resonance f r e q u e n c y 

E f Young's modulus computed from the 
t o r s i o n a l resonance f r e q u e n c y . 

9.1.4. S o i l specimen 
The specimens were p r e p a r e d from t h e same 

Haney c l a y and m i x t u r e s o f c l a y and Ottawa sand t h a t 

were used f o r s t r e s s wave p r o p a g a t i o n t e s t s . Most 

specimens used f o r t h i s t e s t were used f o r s t r e s s 

wave p r o p a g a t i o n measurements made i m m e d i a t e l y a f t e r 

t h e v i b r a t i o n t e s t . The modulus o b t a i n e d from t h e 

v i b r a t i o n t e s t was t h e n compared w i t h r e s u l t s computed 

from t h e s t r e s s wave p r o p a g a t i o n measurement f o r t h e 

same s o i l p h y s i c a l c o n d i t i o n . 

D i f f e r e n t s i z e s o f c y l i n d r i c a l and r e c t a n g u l a r 

specimens were t e s t e d and c o r r e c t i o n f a c t o r s , due t o 

s i z e and shape e f f e c t s as g i v e n i n A.S.T.M. (60) 

t a b l e s were a p p l i e d . Dimensions f o r t h e c y l i n d r i c a l 

and r e c t a n g u l a r specimens are g i v e n i n T a b l e I . 

9.2 R e s u l t s and D i s c u s s i o n 

sandy c l a y s o i l s by the f o r c e d v i b r a t i o n method. The 

r e s u l t s f o r t h e s e s o i l s are summarized i n Ta b l e I . Both 

shape o f t h e t e s t specimen and t h e t y p e o f resonance 

E l a s t i c d a t a were o b t a i n e d f o r Haney c l a y and 
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f r e q u e n c y ( l o n g i t u d i n a l o r f l e x u r a l ) a f f e c t e d r e s u l t s . 

R e c t a n g u l a r specimens produced h i g h e r m o d u l i 

and h i g h e r P o i s s o n ' s r a t i o compared t o v a l u e s o b t a i n e d from 

c y l i n d r i c a l ones. The m o d u l i computed from l o n g i t u d i n a l 

and f l e x u r a l resonance o f c y l i n d r i c a l specimens were a l s o 

more c o n s i s t e n t t h a n those o b t a i n e d by r e c t a n g u l a r specimens. 

S . 2.1. Modulus computed from t h e f l e x u r a l resonance 
f r e q u e n c y 

Young's modulus was e v a l u a t e d by m e a s u r i n g 

f l e x u r a l resonance f r e q u e n c i e s o f the t e s t specimen 

b o t h f o r c y l i n d r i c a l and r e c t a n g u l a r shapes and by 

u s i n g t h e f o l l o w i n g e q u a t i o n s : 

a) C y l i n d r i c a l specimen: 

E = 1.261886 f 2 T [65] 
d 2 f n 

b) R e c t a n g u l a r specimen: 

E = 0 . 94642 f 2 T [66] 
t 

where E = Young's modulus 

y = P o i s s o n ' s r a t i o 

p = d e n s i t y o f m a t e r i a l 

s = l e n g t h o f specimen 

d = d i a m e t e r o f c y l i n d r i c a l specimen 

t = c r o s s - s e c t i o n a l d i m e n s i o n i n the 
d i r e c t i o n ( o r p l a n e ) o f v i b r a t i o n 
( f l e x u r e o f p r i s m s o n l y ) 

n = 1 , 2 , 3 , ... = o r d e r o f v i b r a t i o n 
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= fundamental resonance f r e q u e n c y 

f = resonance f r e q u e n c y o f the n t h node 
o f v i b r a t i o n n 

T = c o r r e c t i o n f a c t o r g i v e n i n A.S.T.M. 
V o l . 61, 1961 (pp. 1231-1233) 

= 1 + 6.585 (1 + 0.0752 y + 0.8109 y 2 ) 

n 

where T 

(I)2 _ 0.868 ( - ) 4 

s s 
8.340 (1+0.2023 y+2.173 y 2 ) ( - ) 4 

1+6.338 (1 + 0.14081 y + 1. 536 )j > (-) 

As shown i n T a b l e 1, the modulus o b t a i n e d from t h e 

r e c t a n g u l a r specimen was up t o 17% h i g h e r t h a n t h a t 

computed from t h e c y l i n d r i c a l specimen. T h i s was 

p r o b a b l y due t o the assumptions and a p p r o x i m a t i o n s 

S p i n n e r and T e f f t (60.) made i n computing the modulus o f 

t h e r e c t a n g u l a r specimen. As sand c o n t e n t i n c r e a s e d 

the d i f f e r e n c e between the two shapes was d e c r e a s e d t o 

l e s s t h a n 8 p e r c e n t . T h i s method which r e q u i r e s a more 

c o m p l i c a t e d t e s t p r o c e d u r e was a f f e c t e d by the specimen 

shape as w e l l as p r o d u c i n g i n c o n s i s t e n t r e s u l t s d u r i n g 

t h e t e s t . 

9.2.2. Modulus computed from the l o n g i t u d i n a l  
r esonance f r e q u e n c y 

Young's modulus was computed from t h e f o l l o w i n g 

e q u a t i o n s f o r : 
a ' C y l i n d r i c a l specimen: 

E [67] 
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m2 2 2 ^2 
T n y d , 

where K £ 1 ± j i f °2. « 1 . o 

n 8s 

O t h e r w i s e , K , c o r r e c t i o n f a c t o r f o r t h e n t h 

node o f l o n g i t u d i n a l v i b r a t i o n was g i v e n i n A..S.T.M. 

( 6 0 ) . 

b) R e c t a n g u l a r specimen: 

E q u a t i o n [67] may be used i f t h e f o l l o w i n g 

e q u a t i o n i s s u b s t i t u t e d i n t o K 

n 

d 2 = | ( a 2 + b 2 ) [68 

a and b = c r o s s - s e c t i o n a l d i m e n s i o n s o f 

p r i s m a t i c specimens, w i t h r e s t r i c t i o n 

a < b. 

In t h i s method the computed modulus was not 

i n f l u e n c e d by the specimen shape t o the same e x t e n t 

as i t was f o r the f l e x u r a l t e s t s . The t e s t p r o c e d u r e 

was s i m p l e and t h e r e s u l t s were more c o n s i s t e n t . 
9.2.3. Shear modulus computed from the t o r s i o n a l  

resonance f r e q u e n c y 
T o r s i o n a l resonance f r e q u e n c i e s a re i m p o r t a n t 

not o n l y because a s h e a r modulus can be computed but 

a l s o because an a c c u r a t e d e t e r m i n a t i o n o f Young's 

modulus r e q u i r e s a knowledge o f P o i s s o n ' s r a t i o w h i c h , 

i n t u r n , i s a f u n c t i o n o f E/G. 

The t h e o r y f o r t h i s t y p e o f v i b r a t i o n i s b o t h 

a c c u r a t e and s i m p l e f o r c y l i n d r i c a l specimens. The 

c y l i n d r i c a l shape however i n t r o d u c e s e x p e r i m e n t a l 
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d i f f i c u l t i e s . R e c t a n g u l a r specimens on the o t h e r hand 

a r e t h e e a s i e s t t o d e a l w i t h e x p e r i m e n t a l l y , b u t t h e 

e q u a t i o n s i n v o l v e d a r e n e i t h e r as s i m p l e nor as 

a c c u r a t e as tho s e f o r c y l i n d e r s . Both shapes o f 

specimen were t h e r e f o r e used f o r t h i s t e s t and t h e i r 

r e s u l t s were compared as shown i n Table 1. The r e l a t i o n 

o f s h e a r modulus t o t o r s i o n a l r esonance i s 
s f 

G =. r n " ) R [69] 

where R depends on the shape o f t h e specimen. 

F o r a c y l i n d r i c a l specimen R = 1 and i s 

independent o f the v a l u e o f d/s the d e f i n i t i o n s o f 

whi c h a r e the same as g i v e n f o r e q u a t i o n s [65] and 

[ 6 6 ] . E q u a t i o n [69] i s t h e r e f o r e e x a c t f o r c y l i n d r i c a l 

specimens. 

F o r r e c t a n g u l a r specimen R becomes 

1+0-00851 n 2 b 2 

2 
s 

[70] 
- 0 . 0 6 0 (nk)3/2

 (k _ i ) 2 . 

s a 

S p i n n e r and T e f f t (60) i n d i c a t e d however t h a t t h e 

a c c u r a c y o f e q u a t i o n [ 7 0 ] i s w i t h i n about 0.2 p e r c e n t 

f o r b/s < 0.3 and b/a < 10 i n a fundamental mode o f 

v i b r a t i o n . 

Shear m o d u l i o b t a i n e d from specimen shapes 

i + 
a. R = 

4-2 
\ o 7 ^ + i / _ 
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showed t h a t t h e r e s u l t s computed from t h e r e c t a n g u l a r 

specimen gave about 8 t o 20 p e r c e n t h i g h e r v a l u e s 

t h a n t h o s e o b t a i n e d from the c y l i n d r i c a l specimen i n 

h i g h c l a y c o n t e n t s o i l . The d i f f e r e n c e was reduced 

as t h e sand c o n t e n t was i n c r e a s e d . 

9.2.4. P o i s s o n ' s r a t i o 

The s h e a r modulus was e v a l u a t e d from the 

t o r s i o n a l resonance f r e q u e n c y measurements and Young's 

modulus was d e t e r m i n e d from t h e l o n g i t u d i n a l resonance 

f r e q u e n c i e s . Then P o i s s o n ' s r a t i o may be computed 

from 

[71] 

where y = P o i s s o n ' s r a t i o 

E = Young's modulus, and 

G = s h e a r modulus. 

By s u c c e s s i v e a p p r o x i m a t i o n a more a c c u r a t e 

v a l u e o f y was d e t e r m i n e d by f i r s t s u b s t i t u t i n g an 

approximate y i n t o e q u a t i o n [64] then s u b s t i t u t i n g E 

i n t o e q u a t i o n [ 7 1 ] . 

As shown i n T a b l e I computed v a l u e s f o r P o i s s o n ' s 

r a t i o ranged however from 0.33 t o 0.62, whereas v a l u e s 

must be l e s s than 0.5. T h e r e f o r e , t e c h n i q u e s and 

equipment must be improved b e f o r e the method can be used 

f o r t h e r e l i a b l e d e t e r m i n a t i o n o f P o i s s o n ' s r a t i o . 
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9.2.5. S i g n i f i c a n c e o f e l a s t i c s t r a i n s 

The s t r a i n s i n an element o f s o i l y i e l d i n g 

under a f o r c e a p p l i e d by a s o i l - m a c h i n e i n g e n e r a l 

would have a r e c o v e r a b l e o r e l a s t i c and a permanent 

s t r a i n . I n p r a c t i c a l a p p l i c a t i o n s the e l a s t i c s t r a i n s 

may be n e g l e c t e d e n t i r e l y and o n l y permanent s t r a i n s 

need be c o n s i d e r e d . The c o n t r i b u t i o n o f e l a s t i c s t r a i n 

t o t he t o t a l f o r c e r e q u i r e d t o deform a s o i l however 

r e q u i r e s i n v e s t i g a t i o n . 

I n a ccordance w i t h one o f t h e assumptions 

made, i t i s assumed t h a t t h e components o f t h e 

r e s u l t a n t s t r a i n s a r e t h e sums o f e l a s t i c and permanent 

components: 

e = 
X 

e-' + e" 
X X 

Y = ' y z Y' + Y 
' yz 1 

it 
y z 

e' = 
X 

e l a s t i c s t r a i n component 

e" = x p l a s t i c s t r a i n component 

Y' = e l a s t i c s h e a r s t r a i n 

Y < < = p l a s t i c s h e a r s t r a i n 

[72] 

[73] 

For t h e components o f t h e e l a s t i c s t r a i n s i t i s assumed 

t h a t Hooke's law i s v a l i d : 
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e' x 
X + G 

G(3 X + 2G) 

X + G 
G(3 X + 2G ) 

X 
G(3 X + 2G) 

X 
2G(3 X + 2G 

X 
2G(3 X + 2G 

X 
2G(3 X + 2G 

'.o + a ) i y z 

(a + a ) ) x y 

Y 1 

xy G T x y 

, 1 
v = — x 

y z G y z 

' zx G zx 

In u n i a x i a l s t a t e o f s t r e s s , 

a = i f 

t h e n 

a p p l i e d u n i a x i a l s t r e s s 

= 0. = a = x z xy X = T 
yz zx 

E q u a t i o n s [ 7 4 ] , [ 7 5 ] and [76] th e n reduce t o 

E . = 'A + G a 
e x G(3 X + 2G) x 

X _ ' 

where 
z 

X 

2G<3 X + 2G) x 
G(2G - E) 

[74] 

. [75] 

[76] 

[77] 

[78] 

[79] 

E - 3G 

(X = Lame's c o n s t a n t ) ; 

E = Young's modulus 

G = Shear modulus. 

The e l a s t i c s t r a i n l i m i t i s as d i f f i c u l t t o det e r m i n e 

i n s o i l as i t i s i n some d u c t i l e m e t a l s . The a r b i t r a r y 

e l a s t i c s t r a i n has t o be s m a l l enough t o ensure t h a t t h e 

e l a s t i c l i m i t i s below o r a t t h e y i e l d s t r e s s . The e l a s t i c 
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m o d u l i o b t a i n e d by t h e f o r c e d v i b r a t i o n method was s u b s t i t u t e d 

i n t o e q u a t i o n [78] w i t h a chosen as the y i e l d s t r e s s which 

was d e t e r m i n e d by the method d e s c r i b e d i n s e c t i o n 7.3.2. 

For t h i s purpose i t was assumed t h a t the y i e l d s t r e s s i s a t 

the e l a s t i c l i m i t . The computed s t r a i n was a p p r o x i m a t e l y 

0.0005 cm p e r cm which i m p l i e s t h a t t h e e l a s t i c s t r a i n must 

be s m a l l e r t h a n 0.05 p e r c e n t . Hence t h e e l a s t i c s t r a i n i s 

v e r y s m a l l compared t o t o t a l s t r a i n u s u a l l y i n d u c e d by 

s o i l - m a c h i n e systems and t h e r e f o r e i t can be n e g l e c t e d i n 

d e t e r m i n i n g t h e t o t a l f o r c e r e q u i r e d t o deform a s o i l . Only 

t h e permanent p l a s t i c s t r a i n i s t h e r e f o r e c o n s i d e r e d . 



10. APPLICATION OF THEORY OF PLASTICITY 

10.1 G e n e r a l Review 

S o i l i s p r i m a r i l y s u b j e c t e d t o p l a s t i c deforma­

t i o n by s o i l machines. P l a s t i c i t y t h e o r y was a p p l i e d t o 

d e a l w i t h s t r e s s e s and s t r a i n s i n s o i l masses r e s u l t i n g 

from the i n t r u s i o n o f machine systems. The b e h a v i o r o f s o i l 

i s o f c o u r s e c o n s i d e r a b l y d i f f e r e n t from t h a t o f an i d e a l 

p l a s t i c m a t e r i a l , but a n a l y s i s by p l a s t i c t h e o r y p r o v i d e s 

a t h e o r e t i c a l b a s i s on which the a c t u a l b e h a v i o r o f s o i l 

masses may be compared. 

L i m i t e d work has been conducted on the s t u d y o f 

s o i l f l o w beneath a wheel and p l a t e . The ex p e r i m e n t s o f 

Reece and Wong (50) have r e v e a l e d t h e d e f o r m a t i o n o f 

th e s o i l body beneath wheels and showed t h a t t h e e f f e c t s a t 

the s o i l - w h e e l i n t e r f a c e depend on t h e whole s o i l f l o w 

f i e l d . H a y t h o r n t h w a i t e (26) a p p l i e d a method o f upper and 

l o w e r boundary s o l u t i o n s based on p l a s t i c e q u i l i b r i u m t h e o r y 

t o s t u d y the g r o u s e r p l a t e o f a t r a c k e d v e h i c l e . The 

r e s u l t s computed from v a l u e s o f s h e a r s t r e n g t h parameters 

a n d . d i s s i p a t e d energy were n ot s a t i s f a c t o r y , p a r t i c u l a r l y 

when a i s l a r g e . Dagan and T u l i n (15) a l s o used a 

c l a s s i c a l approach i n a p p l i e d mechanics: t h e s o i l b e h a v i o r 

i s r e p r e s e n t e d by m a t e r i a l c o n s t i t u t i v e e q u a t i o n s , t h e 

s t r e s s e s and v e l o c i t y f i e l d a r e i n t e r r e l a t e d t h r o u g h 

e q u a t i o n s o f motion and the p a r t i c u l a r s o l u t i o n f o r t h e 

wheel i s o b t a i n e d by i n t e g r a t i o n w i t h t h e a p p r o p r i a t e 
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boundary c o n d i t i o n s . 

U n f o r t u n a t e l y the d i f f i c u l t i e s e n c o u n t e r e d i n such 

an approach a r e f o r m i d a b l e . The most i m p o r t a n t problem i s 

t h e l a c k o f a good m a t h e m a t i c a l r e p r e s e n t a t i o n o f the s o i l 

b e h a v i o r i n t h e form o f c o n s t i t u t i v e e q u a t i o n s , d e a l i n g w i t h 

r e l a t i o n s h i p s beti^een s t r e s s e s and s t r a i n s . F or the 

above r e a s o n s , i n t h i s p r e l i m i n a r y study the problem has 

been s i m p l i f i e d by a d o p t i n g a number o f assumptions and 

a p p r o x i m a t i o n s t h r o u g h o u t t h e a n a l y s i s . When s o i l i s 

s u b j e c t e d t o i n t r u s i o n o f a s o i l - m a c h i n e , t h e s o i l b e h a v i o r 

i s c o n s i d e r e d as a r i g i d - p l a s t i c i n c o m p r e s s i b l e m a t e r i a l . 

F u r t h e r a ssumptions are t h a t s o i l - m a c h i n e s can be c o n s i d e r e d 

t w o - d i m e n s i o n a l , r i g i d and u n d e r g o i n g s t e a d y m o t i o n . S o i l 

b e h a v i o r assumptions l i m i t s the a p p l i c a b i l i t y o f r e s u l t s t o 

s o f t c l a y s w i t h r e l a t i v e l y h i g h w a t e r c o n t e n t . 

T h i s s e c t i o n p r e s e n t s a p p l i c a t i o n s o f t h e o r y and 

e x p e r i m e n t s t o a number o f s o i l - m a c h i n e problems. A l t h o u g h 

a p r a c t i c a l s o i l c o n d i t i o n i n the f i e l d would be d i f f e r e n t 

from l a b o r a t o r y t e s t c o n d i t i o n s , s o l u t i o n s by t h i s method 

may p r o v i d e some o f t h e needed d e s i g n parameters f o r s o i l -

machine systems. 

10.1.1. Theory 

C o n s i d e r a s o i l - m a c h i n e t r a v e l l i n g a t a 

c o n s t a n t v e l o c i t y i n a s o i l mass. The s t r a i n r a t e s 

i n t r o d u c e d by the movement o f the s o i l - m a c h i n e i n t h e 
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s o i l a r e denoted by e , £' and £ where t h e s u b s c r i p t s 
J x' y z y 

x, y and z r e f e r t o the c o o r d i n a t e axes. High m o i s t u r e 

c o n t e n t e d c l a y s o i l i s assumed t o be i n c o m p r e s s i b l e , 

and t h u s t h e f o l l o w i n g e q u a t i o n o f i n c o m p r e s s i b i l i t y , 

r e l a t i n g t he p r i n c i p a l s t r a i n r a t e s h o l d s , 
£ + £ + £ = 0 [80] x y z 

The d i s t o r t i o n a l s t r a i n r a t e s £ , £ 
xy yz 

and £ are not s m a l l f o r l a r g e s o i l - d e f o r m a t i o n by ?c z 
s o i l - m a c h i n e s and may not be n e g l e c t e d . The g e n e r a l i z e d 

s t r a i n r a t e i s d e f i n e d a s : 

t - * ! [ ( * x - y 2 +'< £y - v 2 + ( g x - v 2 

• + 6 ( e x y ) 2 + 6 ( e y z ) 2 + 6 < £ z x ) 2 ] 1 / 2 [81] 

S i n c e the p r i n c i p a l d i s p l a c e m e n t s o c c u r i n p l a n e s 

p a r a l l e l t o the x - y p l a n e and £ i s n e g l i g i b l e f o r 

a two d i m e n s i o n a l system the problem reduces t o p l a n e 

s t r a i n . Hence 

e = e = e = + = t = 0 z xz yz xz yz 

and e q u a t i o n [81] becomes 

£ = /2 [ ( f t x - £y)2•+ Uy)? * Ux)2 

+ 6 U X Y ) 2 ] 1 / 2 [82] 

The g e n e r a l p r o c e d u r e t o be f o l l o w e d i s now o u t l i n e d . 

A r e l a t i o n must be o b t a i n e d between the g e n e r a l i z e d 
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s t r e s s a and t h e g e n e r a l i z e d s t r a i n e. C o n c u r r e n t l y 

t h e s t r a i n r a t e components must be found from k i n e m a t i c 

c o n s i d e r a t i o n s and the g e n e r a l i z e d s t r a i n r a t e i found 

from [ 8 2 ] . The g e n e r a l i z e d s t r e s s t h e n may be 

e v a l u a t e d by t h e f o l l o w i n g manner. F i g u r e 36 shows a 

t y p i c a l t r u e s t r e s s - s t r a i n c urve f o r u n i a x i a l c o m p r e s s i o n 

i n c l a y s o i l . The s t r a i g h t l i n e i s t h e c o r r e s p o n d i n g 

s t r e s s - s t r a i n c u r v e used i n t h i s a n a l y s i s . I n 

p a r t i c u l a r the e l a s t i c r e g i o n o f t h e cur-ve i s i g n o r e d 

c o m p l e t e l y . a n d the approximate s t r a i g h t l i n e r e l a t i o n 

t o r i g i d p l a s t i c t h e o r y i s a p p l i e d . T h i s i s r e a s o n a b l e 

s i n c e s o i l d e f o r m a t i o n s a re s u f f i c i e n t l y l a r g e t o produce 

t o t a l s t r a i n s much g r e a t e r than the e l a s t i c s t r a i n . F o r 

many d u c t i l e m a t e r i a l s , such as aluminum, the s t r a i g h t 

l i n e a p p r o x i m a t i o n o f t h e s t r a i n h a r d e n i n g p o r t i o n o f 

t h e s t r e s s - s t r a i n c u r v e i s s a t i s f a c t o r y ( 5 3 ) . The main 

advantage o f t h i s a p p r o x i m a t i o n i s t h e r e s u l t i n g 

m a t h e m a t i c a l s i m p l i f i c a t i o n s w hich do not g r e a t l y a f f e c t 

t h e v a l i d i t y o f the a n a l y s i s . 

W i th t h e assu m p t i o n o f l i n e a r h a r d e n i n g , t h e 

g e n e r a l i z e d s t r e s s and s t r a i n i n c r e m e n t s a re r e l a t e d 

by 6 - E t. I n t e g r a t i o n o f t h i s e q u a t i o n y i e l d s the 

f o l l o w i n g s t r e s s - s t r a i n r e l a t i o n 

a = a + E ^ e [83] o t 
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where a = g e n e r a l i z e d s t r e s s ( f l o w s t r e s s ) 

o =. y i e l d s t r e s s o J 

E^ = s l o p e o f t h e l i n e a p p r o x i m a t i n g t h e 
s t r a i n h a r d e n i n g p o r t i o n o f the s t r e s s -
s t r a i n c u r v e from a s i m p l e c o m p r e s s i o n 
t e s t 

e = g e n e r a l i z e d s t r a i n . 

10.1.2. P l a s t i c f l o w o f c o h e s i v e s o i l 

I n d e n t a t i o n o f c l a y s o i l by a r i g i d wedge was 

s t u d i e d t o o b s e r v e the p l a s t i c f l o w and s h e a r l i n e 

p a t t e r n s ( F i g u r e s 58 and 59). As the wedge was p r e s s e d 

i n t o the p l a s t i c c l a y body, the volume o f r a i s e d " l i p s " 

on b o t h s i d e s o f the wedge must be e q u a l t o the volume 

d i s p l a c e d by t h e wedge. The s h e a r l i n e p a t t e r n i s 

i n d i c a t e d i n F i g u r e s 58 and 60. To prove t h a t c o h e s i v e 

s o i l i s a p l a s t i c m a t e r i a l which f l o w s under the 

a p p l i c a t i o n o f a l o a d , c o n s i d e r the geometry o f the 

wedge shown i n F i g u r e 60. AG i s t h e undeformed s u r f a c e 

and AE t h e " l i p " . AEB and CED are r e g i o n s o f c o n s t a n t 

s t a t e ; BEC i s a c e n t e r e d f a n formed by the f i r s t s h e a r 

l i n e s . 

I f t h e v e r t i c a l v e l o c i t y o f t h e wedge was 

t a k e n as t h e u n i t o f v e l o c i t y , and i f t h e time t was 

count e d from t h e i n s t a n t when the wedge touches the 

c l a y body, t h e depth o f p e n e t r a t i o n e q u a l s t . 

T h e ' " l i p " AE makes an a n g l e cc-B w i t h t h e X a x i s . 
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F i g u r e 58. Moire f r i n g e p a t t e r n s i n d u c e d by a 5 0° 
wedge. Y - d i s p l a c e m e n t . 

F i g u r e 59. Moire f r i n g e p a t t e r n s i n d u c e d by a 50° 
wedge. X - d i s p l a c e m e n t . 
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Then a, b, and S are a l s o found i n terms o f t , a, and 

3 as f o l l o w s : 

t 
a ~ cos a - s"in~Ta-3) 

s i n a+ cos (a-3 ) 

and 

t s i n (a-3 ) cos a- s i n (a-3 ) 

a 

t s i n (a-3 ) 
c o s a - "sxn (a-3 ) 

-1 n i 3 

1/2 [3 + cos x t a n (~~ - j)] 

[8H] 

[85] 

[86] 

[87] 

a= /£> of wedge angle 

F i g u r e 60. P o s s i b l e s t r e s s f i e l d f o r i n d e n t a t i o n o f 
. a f r i c t i o n l e s s wedge i n c o h e s i v e s o i l . 
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10.1.3. Wedge t e s t 

Those v a l u e s a, b, s and a and 8 were measured 

from t h e experiment as shown i n F i g u r e 58. The 

d i f f e r e n c e s were about 8.5 p e r c e n t between the 

e x p e r i m e n t and t h e o r e t i c a l s t e a d y s t a t e f l o w . The 

r a i s e d " l i p " AE was not a s t r a i g h t l i n e . 

The f o r c e F^ n e c e s s a r y to. d r i v e t h e wedge 

i n t o the p l a s t i c m a t e r i a l i s 

F1 = 2 P f b ( s i n a + y» cos a) [89] 

where = f l o w s t r e s s on the f l a n k o f t h e 

wedge 

u' = c o e f f i c i e n t o f s l i d i n g f r i c t i o n 

A pproximate f l o w s t r e s s was computed from 

the s t r a i n s measured by moire method and y i e l d s t r e s s 

measured by co m p r e s s i o n t e s t . To s i m p l i f y the t h e o r y , 

the s t r a i n h a r d e n i n g p o r t i o n o f t h e s t r e s s - s t r a i n 

c u r v e from s t a t i c c o m p r e s s i o n t e s t s was a g a i n 

a p p r o x i m a t e d by a s t r a i g h t l i n e ( F i g u r e 4 1 ) . F i n a l l y , 

e l a s t i c s t r a i n s , which a r e v e r y s m a l l compared t o p l a s t i c 

s t r a i n s were n e g l e c t e d , and t h e m a t e r i a l was r e g a r d e d as 

i n c o m p r e s s i b l e . The y i e l d s t r e s s can then be o b t a i n e d 

from the co m p r e s s i o n t e s t as d e s c r i b e d i n s e c t i o n 

7.3.2. 

The f o r c e measured t o d r i v e t h e wedge i n t o t h e 

c l a y s o i l and the f o r c e computed from e q u a t i o n [89] 
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a f t e r s u b s t i t u t i n g f l o w s t r e s s o b t a i n e d from e q u a t i o n 

[83] were l e s s t h a n 15 p e r c e n t d i f f e r e n t . However, i f 

s o i l was c o n s i d e r e d as a ' r i g i d - p e r f e c t p l a s t i c m a t e r i a l 

and the ap p r o x i m a t e d y i e l d s t r e s s was s u b s t i t u t e d i n t o 

e q u a t i o n [89] r e s u l t s d i f f e r e d by more t h a n 30 p e r c e n t . 

T h i s i n c r e a s e was due t o n e g l e c t i n g the s t r a i n -

h a r d e n i n g e f f e c t , hence s t r a i n - h a r d e n i n g e f f e c t i n 

c o h e s i v e s o i l can not be n e g l e c t e d . T h i s e x p e r i m e n t 

showed t h a t p l a s t i c i t y t h e o r y may be a p p l i e d as a means 

o f a n a l y z i n g s o i l - m a c h i n e systems. Though c l a y s o i l 

behaves a p p r o x i m a t e l y l i k e a p l a s t i c m a t e r i a l , i t s t i l l 

f o l l o w s r a t e dependent t h e o r y . I t i s , t h e r e f o r e , 

c o n c l u d e d t h a t c l a y s o i l i s a v i s c o - p l a s t i c m a t e r i a l 

and s t r a i n r a t e has t o be c o n s i d e r e d . 

10.1.4. G r o u s e r t e s t 

F o r f u r t h e r s t u d y on t h e v a l i d i t y o f t h e 

T r e s c a y i e l d c r i t e r i a and ap p r o x i m a t e d f l o w s t r e s s i n 

s o i l s u b j e c t e d t o t h e i n t r u s i o n o f a s o i l - m a c h i n e , 

Type I I and Type I I I g r o u s e r p l a t e s was conducted on 

s o i l Type I . The shape and dimensions o f Type I I and 

Type I I I g r o u s e r a re g i v e n i n T a b l e I I I and F i g u r e 61. 

To s a t i s f y t h e e q u i l i b r i u m c o n d i t i o n s , t h e 

s t r e s s Ppj and a c t i n g o v e r the a r e a ab and bd must 

be e q u a l t o Q ( F i g u r e 6 3 ) . The y i e l d s t r e s s was 

computed the same way as i n the i n d e n t a t i o n t e s t . A 
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c o m p r e s s i o n t e s t specimen was made from an u n d i s t u r b e d 

p a r t o f the s o i l i n the g r o u s e r e x p e r i m e n t . The speed 

o f t h e g r o u s e r and c o m p r e s s i o n head were the same a t 

2 cm/min. 

The f o r c e Q measured by the r e c o r d e r and Q 

computed from t h e f l o w s t r e s s a c t i n g on the g r o u s e r 

p l a t e were 26.4 Kg and 21.02 Kg r e s p e c t i v e l y . The 

d i f f e r e n c e was i n c r e a s e d compared t o the wedge t e s t 

p r o b a b l y due t o a d d i t i o n a l a p p r o x i m a t i o n s o f t h e s t r e s s 

f i e l d under the g r o u s e r p l a t e . However the d i f f e r e n c e 

was s t i l l l e s s t h a n 2 0 p e r c e n t . 

G r o u s e r s w i t h t h r e e d i f f e r e n t t r a i l i n g edges 

i n c l i n e d a t 30°, 45° and 60° were used f o r t h e comparison 

s t u d y i n o r d e r t o f i n d an improved d e s i g n i n t r a c t i o n 

and f l o a t a t i o n . As shown i n F i g u r e s 64 and 67, t h i s 

t y p e would c e r t a i n l y d e c r e a s e t h e t r a c t i o n though i t 

showed an i n c r e a s e i n f l o a t a t i o n compared w i t h t h e 

t y p e shown i n F i g u r e 6 2 p r o v i d e d both t y p e s o f g r o u s e r 

were f u l l y submerged. T h i s i s due t o s t r e s s c o n c e n t r a ­

t i o n a t the l i f t i n g edge r e s u l t i n g i n n o n - u n i f o r m 

s t r e s s d i s t r i b u t i o n i n the s o i l under the g r o u s e r which 

causes e a r l y f a i l u r e o f the s o i l . Maximum t r a c t i o n 

o c c u r s when u n i f o r m s t r e s s d i s t r i b u t i o n i s o b t a i n e d . 

The p r oblem o f a dead zone a t t h e i n t e r s e c t i o n o f 

v e r t i c a l and h o r i z o n t a l p l a t e s o c c u r r e d i n edge t r a i l e d 



g r o u s e r s i n the same way as i n the o t h e r t y p e s . 

From t h e above t e s t , i t can be c o n c l u d e d t h a t 

the m o d i f i e d y i e l d s t r e s s can be used t o compute f l o w 

s t r e s s t o t h e i n t r u s i o n o f s o i l - m a c h i n e systems as an 

a p p r o x i m a t i o n method. Hence t h e moire method can be 

a p p l i e d t o s o i l t o s t u d y d e s i r e d d e s i g n parameters i n 

s o i l - m a c h i n e model d e s i g n . 

TABLE I I DIMENSION OF GROUSER TYPE I and I I 

Dimensions 5' 1 

Width 

T 
Y G r o u s e r A 130 
p 

E G r o u s e r B 65 

I T G r o u s e r A 70 
Y 
P G r o u s e r B 70 
E 
T T G r o u s e r C 70 

74 62 

43 31 

66 71 37 

48 71. 37 

39 71 37 

12 - 37 

12 - 37 

8 30° 37 

8 4 5° 37 

8 60° 37 

* A l l d i m e n s i o n s i n m i l l i m e t e r s 
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gure 62. Moire p a t t e r n s i n d u c e d by Type I g r o u s e r l o a d i n g . 

gure 63. P o s s i b l e s t r e s s f i e l d under the g r o u s e r Type I . 
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F i g u r e 64 Moire f r i n g e 
p a t t e r n s formed 
under a 60° edge 
t r a i l e d g r o u s e r 
showing h o r i z o n t a l 
d i s p l a c e m e n t s . 

F i g u r e 6 5 Moire f r i n g e 
p a t t e r n s formed 
under a 45° edge 
t r a i l e d g r o u s e r 
showing h o r i z o n t a l 
d i s p l a c e m e n t s . 

F i g u r e 66. Moire f r i n g e 
p a t t e r n s formed 
under a 30° edge 
t r a i l e d g r o u s e r 
showing h o r i z o n t a l 
d i s p l a c e m e n t s . 

F i g u r e 6 7 Moire f r i n g e 
p a t t e r n s formed 
under a 45° edge 
t r a i l e d g r o u s e r 
showing v e r t i c a l 
d i s p l a c e m e n t s . 



11. PHOTOELASTIC GELATIN AS A SIMULATED SOIL 

11.1 G e n e r a l Review 

S o i l p h y s i c a l b e h a v i o r i n d u c e d by s o i l - m a c h i n e 

systems i s o f t e n d i f f i c u l t t o i n v e s t i g a t e e i t h e r a n a l y t i ­

c a l l y o r e x p e r i m e n t a l l y . For example, i n comparing d e s i g n 

parameters a f f e c t i n g s o i l r e a c t i o n s , t h e v a l i d i t y o f t h e 

a n a l y t i c s o l u t i o n i s q u e s t i o n a b l e when s o i l - m a c h i n e systems 

become complex. I n a d d i t i o n , i t i s i m p o s s i b l e t o e s t i m a t e 

an i d e a l i z e d m a t h e m a t i c a l model w i t h o u t e x p e r i m e n t a l r e s u l t s 

as e r r o r s due t o assumptions a r e i n e v i t a b l e . 

Model t e s t s can be used t o examine th e parameters 

o f d e s i g n shape, and p r o v i d e a comparison t o t h o s e o f t h e 

p r o t o t y p e . A model can be t e s t e d i n a p r o t o t y p e s o i l by 

m a n i p u l a t i n g t h e model under a d e s i r e d c o n d i t i o n . However, 

such methods r e q u i r e complex and e x p e n s i v e s o i l b i n t e s t i n g 

f a c i l i t i e s . F o r t h i s r e a s o n t h e y o f t e n have l i m i t e d a p p e a l 

t o a p r a c t i c i n g e n g i n e e r w i s h i n g t o have answers t o s p e c i f i c 

d e s i g n p roblems. : 

In a d d i t i o n , i t i s d i f f i c u l t t o examine d i f f e r e n t l y 

shaped models under th e same c o n d i t i o n due t o the problems 

o f r e p r o d u c i n g the p h y s i c a l c h a r a c t e r i s t i c s o f s o i l s such as 

u n i f o r m i t y and b u l k d e n s i t y . I t i s even more d i f f i c u l t t o 

compare models w i t h s l i g h t d i f f e r e n c e s i n shape s i n c e 

d i f f e r e n c e s i n r e s u l t s must d i s t i n g u i s h between model shape 

and u n c o n t r o l l e d v a r i a t i o n i n s o i l c o n d i t i o n s . 
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Photoelastic gelatin mixtures which have high 

o p t i c a l s e n s i t i v i t y give an easier and simpler experimental 

approach to a s p e c i f i c t e s t such as a simulated s o i l . Gelatin 

has been known for a long time but i t s early use was 

r e s t r i c t e d because i t s mixtures were extremely f i c k l e and 

weak. 

However, since 1940, with the advent of large f i e l d 

diffused l i g h t polariscopes, g e l a t i n has been used on a few 

occasions for s p e c i a l i z e d problems mostly on s o i l mechanic 

structures. 

Farquharson and Hennes (18) used i t to study stress 

in a mass of earth around tunnels. Crisp (14), Richards and 

Mark (51) and Tan,(62) used i t to analyze s o i l mass gravity 

structures. However, the most extensive study of gelatin 

properties has been car r i e d out by Moreno and Benito (36), 

(37) i n Spain including work on three-dimensional analysis. 

Osokina (44) and Shichabalov (58) i n Russia also studied i t s 

physical property and used i t in modelling geological cross 

sections. 

Mellinger et aJL. (35) i n the U.S. Army Engineer 

Divi s i o n used i t for the f i r s t time under dynamic loading 

conditions to investigate stress behavior under the moving 

vehicle wheel. 

This study describes comparison tests of d i f f e r e n t l y 

shaped model grousers using g e l a t i n mixtures under s t a t i c 
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c o n d i t i o n s . 

V i s c o e l a s t i c b e h a v i o r o f g e l a t i n m i x t u r e was 

d e s c r i b e d t o g e t h e r w i t h c l a y s o i l w h ich may be c o n s i d e r e d t o 

have s i m i l a r v i s c o e l a s t i c p r o p e r t i e s . 

D i m e n s i o n a l a n a l y s i s f o r t h e o r e t i c a l q u a n t i t a t i v e 

a n a l y s i s w i t h i n t h e e l a s t i c l i m i t i s g i v e n i n Appendix I I 

u s i n g v i s c o e l a s t i c c o n s t a n t s as major p h y s i c a l v a r i a b l e s . 

11.2 V i s c o e l a s t i c P r o p e r t i e s o f S o i l and G e l a t i n 

R h e o l o g i c a l p r o p e r t i e s o f c l a y s have been s t u d i e d 

e x t e n s i v e l y by Murayama and S h i b a t a ( 3 8 ) , (39) :, C h r i s t e n s e n 

and Wu (9) and s e v e r a l o t h e r s . 

Murayama d e s c r i b e d i t s s t r u c t u r e i n terms o f type 

o f j o i n t s , e l a s t i c and v i s c o e l a s t i c j o i n t s , where no r e l a t i v e 

s l i d i n g between segments o c c u r r e d a t the e l a s t i c j o i n t and 

t h e segment s l i d e s on the s u r f a c e o f the a d j a c e n t segment 

h o l d i n g t h e adsorbed w a t e r a t t h e v i s c o e l a s t i c j o i n t . Hence 

he used t h e m e c h a n i c a l model as shown i n F i g u r e 6 9 w h i c h 

r e p r e s e n t s t h e r h e o l o g i c a l b e h a v i o r o f c l a y and o b t a i n e d 

f o r m u l a e w e l l i n agreement w i t h t h e r e s u l t s o f e x p e r i m e n t s . 

F i g u r e 68. K e l v i n model F i g u r e 69. Murayama model 
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As shown i n c l a s s i c a l and Murayama v i s c o e l a s t i c 

m e c h a n i c a l models, i t c o n s i s t s o f an independent Hookean 

s p r i n g , , c o n n e c t e d i n s e r i e s w i t h a K e l v i n and a. m o d i f i e d 

K e l v i n element. The l a t t e r element i s composed o f a Hookean 

s p r i n g , G 2, and a das h p o t , c o e f f i c i e n t , n 2» a n d a s l i d e r T Q 

i n t he Murayama model t o r e p r e s e n t n o n - l i n e a r i t y . 

C h r i s t e n s e n used a n o t h e r type o f model as shown i n 

F i g u r e 70. 

F i g u r e 70. C h r i s t e n s e n and Wu model 

I t may be e r r o n e o u s t o assume t h a t a l l t y p e s o f 

c l a y c o n t e n t s o i l b e l o n g t o the above t y p e s o f m e c h a n i c a l 

models. However t h e y can be used t o r e p r e s e n t c e r t a i n 

t y p e s o f c l a y s o i l s , and m a t h e m a t i c a l f o r m u l a e d e r i v e d from 

t h e s e models may be used t o r e p r e s e n t r h e o l o g i c a l p r o p e r t i e s 

o f c l a y s o i l . 

The r h e o l o g i c a l p r o p e r t y o f g e l a t i n was, f o r t h e 

f i r s t t i m e , e x p r e s s e d i n terms o f s t r e s s and s t r a i n as a 
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f u n c t i o n o f t i m e , i . e . v i s c o e l a s t i c p r o p e r t y , by R i c h a r d s a n d Mark 

(51).They c o n s t r u c t e d the c r e e p curve by p l o t t i n g maximum 

s h e a r s t r a i n as a f u n c t i o n o f t i m e . As shown i n F i g u r e 71, 

a m e c h a n i c a l model which r e p r e s e n t s the v i s c o e l a s t i c p r o p e r t y 

o f g e l a t i n was used and G^, G 2, n 2> and n^, the v i s c o e l a s t i c 

c o n s t a n t s were e v a l u a t e d . 

F i g u r e 71. Maxwell and K e l v i n model c o m b i n a t i o n 

11.3 P r o c e d u r e and A p p a r a t u s 

11.3.1. P r e p a r a t i o n o f g e l a t i n m i x t u r e s 

The g e l a t i n m i x t u r e used c o n s i s t e d o f ; g e l a t i n 

20.58%, g l y c e r i n 21.60%, h y d r o c h l o r i c a c i d 2.11% and 

w a t e r 55.70% by w e i g h t . A r e f i n e d , ground commercial 

., g e l a t i n was poured s l o w l y i n t o b o i l i n g d i s t i l l e d w a t e r 

w i t h c o n t i n u o u s s t i r r i n g . A f t e r the g e l a t i n m i x t u r e 

was c o o l e d t o 50°C, g l y c e r i n and a c i d were added. 

A d d i t i o n a l a c i d may be added i f improved t r a n s p a r e n c y 
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of g e l a t i n m i x t u r e i s d e s i r e d . When t h e m i x t u r e 

t e m p e r a t u r e reduced t o 45°C, i t was c a r e f u l l y poured 

t h r o u g h a f u n n e l i n t o t he mould. E x c e s s i v e a i r b u b b l e s 

were s c r e e n e d o u t by a No. 100 T y l e r s i e v e b e f o r e 

p o u r i n g i n t o t he mould. The mould was kept i n a 

r e f r i g e r a t o r a t 4.5°C f o r not l e s s t h a n 18 h o u r s . A 

t h i n l a y e r o f s i l i c o n grease was a p p l i e d t o the s u r f a c e 

o f the mould t o ease d i s m a n t l i n g o f t h e g e l a t i n m i x t u r e 

p r i o r t o t e s t i n g . A l i g h t (5w) l u b r i c a t i n g o i l was 

used d u r i n g t h e t e s t t o reduce the f r i c t i o n between t h e 

g e l a t i n m i x t u r e and g l a s s . 

A 25 cm f i e l d d i f f u s e d l i g h t p o l a r i s c o p e w i t h 

mercury monochromatic and w h i t e l i g h t s o u r c e s were used 

f o r a l l o b s e r v a t i o n s . B l a c k and w h i t e , and c o l o u r 

photographs were t a k e n w i t h a Pentax camera u s i n g 

Kodak p l u s - X and Kodachrome I I f i l m s . Only i s o c h r o m a t i c s 

were r e c o r d e d by a c i r c u l a r p o l a r i s c o p e i n a dark f i e l d . 

I s o c l i n i c s were a l s o r e c o r d e d by. a p l a n e p o l a r i s c o p e 

from w h i c h the s t r e s s t r a j e c t o r i e s were c o n s t r u c t e d . 

11.3.2. The t e s t s o i l - m a c h i n e 

The c a l i b r a t i o n mould, made o f p l e x i g l a s had 

an i n s i d e d i m e n s i o n o f 6.9 x 4.25 x 19 cm. Moulds f o r 

g r o u s e r t e s t s were 45 x 3.8 x 15 cm. Model g r o u s e r s 

made o f p l e x i g l a s , c o n s i s t i n g o f 2 main t y p e s , t y p e 

I I and t y p e I I I , and 3 d i f f e r e n t shapes each were 
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i n s e r t e d i n the s u r f a c e of the g e l a t i n i n the mould 

i m m e d i a t e l y a f t e r the g e l a t i n m i x t u r e was poured. 

The dim e n s i o n s and shapes o f g r o u s e r a r e g i v e n i n 

Tab l e I I I and F i g u r e 61. 

'11 • ̂  R e s u l t s and D i s c u s s i o n 

11.4.1. B l o c k t e s t 

T e s t s on g e l a t i n b l o c k s were c a r r i e d out by 

t h e same method used by F r o c h t (19) and by D u r e l l i e t a l . 

(16) t o e v a l u a t e e l a s t i c c o n s t a n t s o f t h e g e l a t i n . 

These c o n s t a n t s were c a l c u l a t e d by measuring deforma­

t i o n s and p h o t o e l a s t i c f r i n g e l o c a t i o n on the square 

g e l a t i n b l o c k s t a n d i n g under i t own w e i g h t , which 

p r o v i d e d a c o n d i t i o n o f p l a n e s t r e s s and p l a n e s t r a i n . 

Hence p l a n e s t r e s s and maximum s h e a r s t r e s s can be 

e a s i l y e v a l u a t e d . F r i n g e v a l u e s and Young's modulus 

were c a l c u l a t e d from the f o l l o w i n g e q u a t i o n s : 

f = T m a x « H [90] n 
where f = g e l a t i n f r i n g e v a l u e 

Tmax = maximum s h e a r s t r e s s 

H = t h i c k n e s s o f model 

n = f r i n g e o r d e r 
and 

d yi 1 
Y - 1 [91] 
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where E = Young's modulus 

d = d e n s i t y o f g e l a t i n 

u = P o i s s o n ' s r a t i o f o r g e l a t i n = 0.5 

1 = h e i g h t o f g e l a t i n b l o c k 

Y = i n c r e a s e d r a t i o between the w i d t h a t 
the bottom and top o f t h e g e l a t i n 
b l o c k . 

A c r e e p c u r v e was c o n s t r u c t e d from the b l o c k 

t e s t by p l o t t i n g t he maximum sh e a r s t r a i n as a f u n c t i o n 

o f t i m e f o r c o n s t a n t maximum s h e a r i n g s t r e s s . As shown 

i n F i g u r e 72, t h e cre e p c u r v e shows v i s c o e l a s t i c 

b e h a v i o r , which may be r e p r e s e n t e d by a K e l v i n and 

Ma x w e l l model c o m b i n a t i o n (see F i g u r e 7 1 ) . 

T h i s model can be d e s c r i b e d by a m a t h e m a t i c a l 

e q u a t i o n : 

i + i (1 
G l V 

( G 2 t / n 2 ) 
[ 9 2 ] 

where, Y 

T 

G1 8 G 2 

n 2 £ n 3 

s h e a r s t r a i n 

c o n s t a n t s h e a r s t r e s s 

i n s t a n t a n e o u s and r e t a r d e d s h e a r m o d u l i 

m a t e r i a l v i s c o s i t i e s 

t = time a f t e r a p p l i c a t i o n o f t h e c o n s t a n t 
s h e a r s t r e s s T . 

Hence we may be a b l e t o c a l c u l a t e v i s c o e l a s t i c 

c o n s t a n t s G^, G^, n 2 and n 3 by t a k i n g a s e r i e s o f Y J T, 

and t v a l u e s from t h e c r e e p c u r v e . 



-H 1 ! ! 1 ! J — 
1 0 2 0 3 0 4 0 5 0 6 0 7 0 

H O U R S 

F i g u r e 72. Creep c u r v e f o r b l o c k t e s t . 



11.4.2. G r o u s e r t e s t s 

Two d i f f e r e n t t y p e s o f g r o u s e r s were used t o 

i n v e s t i g a t e the s t r e s s b e h a v i o r i n g e l a t i n , o r 

s i m u l a t e d s o i l . F i g u r e 61 shows the t y p e s o f g r o u s e r s 

used and t h e i r d i m e n s i o n s a r e g i v e n i n T a b l e I I I . 

TABLE III.DIMENSIONS FOR GROUSERS TYPE I I AND I I I 

Dimensions A B C D E 9 Width Shape B 9 Width 

T 
Y G r o u s e r A 2 5* 25 32 . 26 5.5 -
P G r o u s e r B 50 50 32 26 5.5 -

G r o u s e r C 65 65 32 26 5.5 — 
I I I 

T G r o u s e r D 70 66 71 37 8 30° 37 
Y 

p G r o u s e r E 70 48 71 37 8 45° 37 
E G r o u s e r F 70 39 71 37 8 60° 37 
I I 

* A l l d i m e n s i o n s i n m i l l i m e t e r s 

The s t a t i c l o a d s S and F (see F i g u r e 61) were 

a p p l i e d by dead w e i g h t s , S = 631 grams and F = 1352 

grams t h r o u g h o u t a l l t e s t s . The l o a d F was a p p l i e d by 

a p u l l e y system. 

Type I I I t e s t 

Three d i f f e r e n t l y spaced g r o u s e r s (A, B and C) 

as l i s t e d i n T a b l e I I I were a n a l y z e d . I s o c h r o m a t i c s 

t a k e n from t h e s e g r o u s e r s are shown i n F i g u r e 75. H i g h e i 
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f r i n g e o r d e r o r h i g h e r s t r e s s f i e l d was e n c o u n t e r e d 

i n t h e f r o n t g r o u s e r and more u n i f o r m l y d i s t r i b u t e d 

i n the f r o n t and r e a r f l a n g e s as t h e s p a c i n g was 

i n c r e a s e d . However, f o r a l l t h r e e g r o u s e r s , t h e 

c o n f i g u r a t i o n o f the f r i n g e p a t t e r n was s i m i l a r . 

The r e a s o n f o r a h i g h e r s t r e s s f i e l d on the f r o n t 

g r o u s e r was p r o b a b l y due t o the narrow space between 

f r o n t and r e a r g r o u s e r s , which causes a h i g h e r s t r e s s 

r e a c t i o n due t o compaction i n f r o n t o f t h e r e a r 

g r o u s e r . These i s o c h r o m a t i c f i g u r e s a l s o show the 

c o n f i g u r a t i o n o f maximum s h e a r s t r e s s as i t i s h a l f 

o f t h e d i f f e r e n c e o f two p r i n c i p a l s t r e s s e s . F i g u r e 

79 shows s t r e s s t r a j e c t o r i e s f o r g r o u s e r s A, B and C 

r e s p e c t i v e l y . F i g u r e 79 shows t h a t not much d i f f e r e n c e 

i n s t r e s s t r a j e c t o r i e s e x i s t s between f r o n t and r e a r 

g r o u s e r s r e g a r d l e s s o f s p a c i n g s . However, the i s o c l i n i c s 

f o r t h e f i r s t g r o u s e r expanded h o r i z o n t a l l y toward t h o s e 

o f the second as t h e f l a n g e s p a c i n g i n c r e a s e d . The 

r e s u l t o f t h i s i s t o expand th e Q s t r e s s t r a j e c t o r y 

( d o t t e d l i n e ) more r a d i a l l y toward the r e a r o f t h e 

g r o u s e r which s h o u l d i n c r e a s e t r a c t i o n under th e same 

normal l o a d and g r o u s e r s i n k a g e . 

However, maximum t r a c t i o n f o r u n i t normal l o a d 

can o n l y be o b t a i n e d by p l a c i n g g r o u s e r s a t an optimum 

s p a c i n g as l o n g i t u d i n a l space a l o n g the t r a c k i s always 



l i m i t e d . 

Type I I t e s t 

G r o u s e r s w i t h t r a i l i n g edges i n c l i n e d a t 4 5 ° 

were used by I k e d a and P e r s s o n (28) t o i n v e s t i g a t e 

the improvement o f t r a c t i o n and f l o a t a t i o n . However 

the a n g l e o f the t r a i l i n g edge s h o u l d be i n v e s t i g a t e d 

t o p r o v i d e optimum perf o r m a n c e . Three d i f f e r e n t 

t r a i l i n g edge a n g l e s were i n v e s t i g a t e d , g r o u s e r s 

D-30°, D-ir5° and F-60°. A l l o t h e r dimensions appear 

i n T a b l e I I I . , 

As shown i n F i g u r e 76, g r o u s e r D gave the low­

e s t f r i n g e o r d e r a t t h e t r a i l i n g edge which r e l a t e s 

more d i r e c t l y t o r e a c t i o n s t r e s s a g a i n s t s i n k a g e t h a n 

t o t r a c t i o n . Hence g r o u s e r D would g i v e b e s t f l o a t a t i o n . 

The h i g h e s t f r i n g e o r d e r was e n c o u n t e r e d a t t h e f r o n t 

o f g r o u s e r D, which c o n t r i b u t e s t o t r a c t i o n . I n c r e a s i n g 

t h e t r a i l i n g edge a n g l e r e d u c e s t h e f r i n g e o r d e r a t 

t h e f r o n t o f the g r o u s e r . However the s t e e p e r t r a i l i n g 

edge a n g l e y i e l d e d h i g h e r f r i n g e o r d e r s under t h e 

t r a i l i n g edge. T h e r e f o r e , some doubt s t i l l e x i s t s as 

t o whether g r o u s e r D would g i v e t h e most s u p e r i o r 

performance i n terms o f r e s i s t a n c e t o s i n k a g e and h i g h e r 

t r a c t i o n . Q u a n t i t a t i v e a n a l y s i s would be r e q u i r e d t o 

prove any s u p e r i o r i t y . 

F i g u r e 7 8 shows s t r e s s t r a j e c t o r i e s f o r 

g r o u s e r s D, E and F r e s p e c t i v e l y . 
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F i g u r e 74. Grouser models and t e s t i n g a p p a r a t u s 
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F i g u r e 75. I s o c h r o m a t i c s f o r g r o u s e r t y p e A, B and C. 



139. 

F i g u r e 77. I s o c h r o m a t i c and i s o c l i n i c p a t t e r n s under 
the Type I g r o u s e r . 
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F i g u r e 78. S t r e s s t r a j e c t o r i e s under edge t r a i l e d 
g r o u s e r Type I I . C o n s t r u c t e d from photo­
e l a s t i c g e l a t i n . Edge t r a i l e d a n g l e 
(A) 30°, ( B ) 45° and (C) 60° 
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F i g u r e 7 9 . S t r e s s t r a j e c t o r i e s under t h e 
g r o u s e r Type I I I . C o n s t r u c t e d 
from p h o t o e l a s t i c g e l a t i n . 

As s t r e s s t r a j e c t o r y f i g u r e s show, P s t r e s s t r a j e c ­

t o r i e s ( s o l i d l i n e ) a t the t r a i l i n g edge f o r g r o u s e r 

D showed more h o r i z o n t a l l y spreaded p a t t e r n s toward 

the r e a r o f t h e g r o u s e r w h i l e t h e Q s t r e s s t r a j e c t o r i e s 

( d o t t e d l i n e s ) showed s t e e p e r g r a d i e n t s toward the 

bottom o f the g r o u s e r which o b v i o u s l y c o n t r i b u t e s t o 

f l o a t a t i o n . However the s t r e s s t r a j e c t o r i e s o f t h e 

f r o n t p a r t o f a l l g r o u s e r s have s i m i l a r p a t t e r n s 



14 2 . 

r e g a r d l e s s o f t h e t r a i l i n g edge a n g l e , e x c e p t f o r a 

more complex s t r e s s t r a j e c t o r y a t the bottom o f 

g r o u s e r E. 

11.4.3. Comparison t e s t between g e l a t i n and a c t u a l 
s o i l 

S u f f i c i e n t i n f o r m a t i o n has been d e v e l o p e d t o 

a n a l y z e the s t r e s s t r a j e c t o r i e s and normal s t r e s s 

d i s t r i b u t i o n on p l a n e s i n t h e g e l a t i n . I t s t i l l r e q u i r e s 

however comparison on how c l o s e l y i t can be s i m u l a t e d 

on an a c t u a l s o i l . The f o l l o w i n g p r a c t i c a l comparison 

was c a r r i e d o u t . 

Square P l a t e : 

The a n a l y s i s o f s t r e s s b e h a v i o r i n the c o n t a c t 

p l a n e o f t h e square p l a t e was c a r r i e d out i n g e l a t i n 

under the model square p l a t e as shown i n F i g u r e 8 0 f o r 

q u a l i t a t i v e comparison o f r e s u l t s between s i m u l a t e d 

c l a y s o i l ( g e l a t i n ) and r e a l c l a y s o i l . 

S t r e s s d i s t r i b u t i o n i n the c o n t a c t p l a n e o f 

t h e square p l a t e ( F i g u r e 84) was e v a l u a t e d by s e p a r a t i n g 

s t r e s s e s a l o n g the l i n e s o f p r i n c i p a l s t r e s s , A-A', 

B-B', and C-C ( F i g u r e 8 3 ) . As we see i n F i g u r e 82 

i t i s not easy t o d e t e r m i n e t h e r a d i u s o f c u r v a t u r e o f 

t h e t r a n s v e r s e l i n e s o f p r i n c i p a l s t r e s s . However, 

l i n e s o f p r i n c i p a l s t r e s s e s i n t e r s e c t a t s u c c e s s i v e 

i s o c l i n i c l i n e s a t a n g l e s v a r y i n g from 60° t o 90°. 
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One of Filon's methods for solving the Lame-Maxwell 

equations was used by applying cotangent values to 

angles between the P l i n e and the i s o c l i n i c . 

This equation i s 

6P = (P - Q) cot 4> 63 [92] 

where 6P = increment in P along the P l i n e 
of p r i n c i p a l stress 

3 - = i s o c l i n i c parameter to one of the 
parameters (3 + 6 0) i n this case 
the i n t e r v a l of 63 = 10°. 

ip = angle between P l i n e and the 
i s o c l i n i c . 

(P - Q) values at the points of inter s e c t i o n of 

A-A', B-B'; and C-C with i s o c l i n i c s were obtained from 

the isochromatics i n Figure 80. 

Table IV shows the measurements from which the 

values P and Q, minimum and maximum p r i n c i p a l stresses 

respectively are determined. 

The r e s u l t s obtained from the g e l a t i n model 

(Figure 84) showed good agreement with the r e s u l t s from 

clay tests i n the C i v i l Engineering ?Iandbook (11). 

Gelatin tests shown in Figure 84 and clay test r e s u l t s 

in reference (11) indicated high stresses measured under 

the edge of the plate, with stresses under the center 

of the plate somewhat less than average. This i s due 

to the a b i l i t i e s of clay and g e l a t i n to r e s i s t shear 

and tension. However, clay r e s u l t s showed a l i t t l e 



s t e e p e r g r a d i e n t a t the edge o f t h e p l a t e compared t o 

the g e l a t i n t e s t due t o h i g h e r s h e a r and t e n s i l e 

s t r e n g t h p r o p e r t i e s o f g e l a t i n . 

I s o c l i n i c s and s t r e s s t r a j e c t o r i e s a r e shown 

i n F i g u r e s 81 and 82 r e s p e c t i v e l y . I n F i g u r e 80, 

f r i n g e p a t t e r n s show t h e h i g h c o n c e n t r a t i o n o f s h e a r 

s t r e s s a t the edge o f the p l a t e . 

G r o u s e r t e s t c o m p a r is o n. Comparison o f s t r e s s 

t r a j e c t o r i e s by t h e moire and g e l a t i n method are shown 

i n "Figure 85. The s t r e s s t r a j e c t o r i e s from the g e l a t i n 

were e s t a b l i s h e d by o b s e r v i n g i s o c l i n i c s ( F i g u r e 77) 

and i n t h e s o i l t h e y were drawn by p l o t t i n g the d i r e c t i o n s 

o f maximum p r i n c i p a l s t r a i n ( o r s t r e s s ) measured by the 

moire method. The r e s u l t s were i n agreement a l t h o u g h 

g e l a t i n showed more d e t a i l s . R e s u l t s o b t a i n e d i n g e l a t i n 

and i n s o i l a r e shown i n F i g u r e s 75, 78 and 64 t o 67, 

r e s p e c t i v e l y . As shown i n F i g u r e 85, s e n s i t i v e g e l a t i n 

showed more d i s t i n g u i s h i n g s t r e s s c o n c e n t r a t i o n a t the 

sharp c o r n e r s and edges compared t o the s o i l t e s t . 

W h i l e q u a l i t a t i v e r e s u l t s can be used q u a n t i t a t i v e 

r e s u l t s can not be compared as s t r e s s e s i n t h e g e l a t i n 

a r e i n t h e e l a s t i c r e g i o n w h i l e i n the s o i l t h e y a r e 

i n the p l a s t i c r e g i o n . 
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F i g u r e 82. S t r e s s t r a j e c t o r i e s under the square p l a t e . 
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F i g u r e 83. I s o c l i n i c s , i s o c h r o m a t i c s and s t r e s s 
t r a j e c t o r i e s under th e square p l a t e . 

- 3 . 0 -

F i g u r e 84. S t r e s s d i s t r i b u t i o n i n the c o n t a c t p l a n e 
o f t h e square p l a t e . 
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( A ) 

(B) 

i 
I 
I 

F i g u r e 85. S t r e s s t r a j e c t o r i e s under g r o u s e r 
Type I . (A) c o n s t r u c t e d from photo-
e l a s t i c g e l a t i n t e s t . (B) c o n s t r u c t e d 
from moire p a t t e r n on Haney c l a y Type I . 



TABLE IV. CALCULATION OF STRESSES ALONG LINE OF PRINCIPAL STRESS 

Line of P-Q 2 ty cot (P-G) (P-Q) 53 6 P P Q 
P r i n c i p a l (gr/cm ) (Degrees) ty cot ty cot ty Radians (gr/cm ) (gr/cm ) (gr/cm ) 
Stress (mean) 

A - A' 0 0 0 0 
0 0.175 0 

1.1 f 90 0 0 0 -1.1 f 
3.73 -f 0.175 0.653 f 

2.0 f 15 3.73 7.46 f 0.653 f -1.347 f 

B - B' ' 0 0 0 0 
0 0.175 0 

1.4 f 90 0 0 0 -1.4 f 
1.28 f 0.175 0.222 f 

2.0 f 30 1.28 2.56 f 0.222 f -1.78 f 
5.06 f 0.175 0. 885 f 

3.1 f 25 2.15 6.6 6 f 1.2 8 f -1.82 f 

C - C 0 0 0 0 
0 0.175 0 

2.1 f 90 0 0 0 2.1 f 
0.83 f 0.175 0.142 f 

2.3 f 55 0.7 1.61 f 0.142 f 2.158 f 
1.86 f 0.175 0. 326 f 

2.5 f 50 0.84 2.1 f 0.468 f 2.232 f 
2.75 f 0.175 0.482 f 

3.5 f 46 0.97 3.4 f 0.964 f 2.536 f 

f = fringe value 
P, Q = p r i n c i p a l stress l i n e 



12. S U M M A R Y A N D C O N C L U S I O N S 

The following i s a summary of the nature and 

scope of the complete study, the r e s u l t s of the experimental 

investigations and the subsequent conclusions. The study 

was l i m i t e d to simple scaled soil-machine systems on Haney 

clay and on mixed Haney clay and Ottawa sand i n semi s o l i d 

to p l a s t i c range. 

1. A new method for determining the physical and mechanical 

properties of s o i l was used to understand the more basic 

q u a l i t a t i v e and quantitative s o i l reactions to the intrusion 

of soil-machine systems. 

2. The moir>e technique can be used to find normal 

s t r a i n s , maximum and minimum p r i n c i p a l s t r a i n s , d i r e c t i o n 

of s t r a i n s , shear s t r a i n and maximum shear s t r a i n i n s o i l s . 

Strains can.be measured at any desired time on any p a r t i c u l a r 

region of i n t e r e s t . This technique has been applied to 

wedge-shaped tools, flat-blade tools and models of footings 

i n high clay content s o i l s . Two dimensional s t r a i n f i e l d s 

have been calculated to display c h a r a c t e r i s t i c differences 

between tool types. Hence the moire method can be success­

f u l l y used to determine some of the design parameters of 

soil Lmachine systems. 

3. The introduction of cone and pyramid loading heads 

s i g n i f i c a n t l y improved the compression test to approximate 

pure a x i a l stress. The approximated y i e l d stress and E 

1 5 0 . 
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( t a n g e n t i a l modulus) o b t a i n e d from t h i s t y p e o f co m p r e s s i o n 

t e s t can be used t o compute f l o w s t r e s s i n s o i l r e s u l t i n g 

f r o m t h e i n t r u s i o n o f s o i l - m a c h i n e s . 

4. I n comparison t o the t o t a l s t r a i n produced i n a 

s o i l by a s o i l machine the e l a s t i c s t r a i n i s v e r y s m a l l 

and the f o r c e r e q u i r e d f o r e l a s t i c d e f o r m a t i o n o f a s o i l 

can be n e g l e c t e d w i t h o u t s i g n i f i c a n t e r r o r . 

5. Rate dependency o f Haney' c l a y s o i l was v e r i f i e d 

by o b s e r v i n g s t r e s s wave p r o p a g a t i o n i n s o i l . O t her 

q u a l i t a t i v e p h y s i c a l p r o p e r t i e s were o b s e r v e d t o i n f l u e n c e 

s t r e s s wave p r o p a g a t i o n . I t was found t h a t wave v e l o c i t y 

i n c r e a s e d w i t h i n c r e a s e o f s o i l p a r t i c l e s i z e w h i l e wave 

v e l o c i t y d e c r e a s e d w i t h i n c r e a s e d s o i l m o i s t u r e c o n t e n t . 

However, a t h i g h m o i s t u r e c o n t e n t l e v e l s the s l o p e o f 

p r o p a g a t i o n v e l o c i t y i n c r e m e n t was d e c r e a s e d compared t o 

t h e s l o p e o b s e r v e d a t lo w e r m o i s t u r e c o n t e n t l e v e l s . 

6. F o r c e d l o n g i t u d i n a l and t o r s i o n a l v i b r a t i o n o f a 

s o i l specimen p e r m i t s the d e t e r m i n a t i o n o f e l a s t i c c o n s t a n t s 

o f s o i l . 

7. S t r a i n h a r d e n i n g e f f e c t was s i g n i f i c a n t i n c o h e s i v e 

s o i l and must be c o n s i d e r e d i n s t r e s s - s t r a i n r e l a t i o n s h i p s . 

The s o i l cannot be c o n s i d e r e d as a p e r f e c t l y r i g i d p l a s t i c 

m a t e r i a l . 

8. The t h e o r y o f p l a s t i c i t y can be s u c c e s s f u l l y used 

i n c o n j u n c t i o n w i t h e x p e r i m e n t a l o b s e r v a t i o n s t o e s t a b l i s h 
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s t r e s s - s t r a i n r e l a t i o n s h i p s i n t h e s o i l on the assumption 

t h a t s t r a i n h a r d e n i n g i s l i n e a r and e l a s t i c s t r a i n s are 

n e g l i g i b l e . 

9. The c o h e s i v e s o i l used i n t h i s s t u d y was a v i s c o -

p l a s t i c m a t e r i a l s i n c e i t was found t o be r a t e dependent 

and c l o s e l y f o l l o w e d p l a s t i c i t y t h e o r y , 

10. P h o t o - e l a s t i c g e l a t i n as a s i m u l a t e d s o i l p r o v i d e s 

a u s e f u l q u a l i t a t i v e a i d t o d e s i g n o f s o i l - m a c h i n e systems. 

S t r e s s t r a j e c t o r i e s and s l i p l i n e s s t u d i e d by t h e g e l a t i n 

method resembled the r e s u l t s o b s e r v e d by the moire method 

i n a c t u a l s o i l . 



13. RECOMMENDATIONS FOR FURTHER STUDY 

Although t h i s study provides many u s e f u l b a s i c 
q u a l i t a t i v e and q u a n t i t a t i v e s o i l parameters, f o r the 
development of soil-machine systems, the study i s l i m i t e d 
to Haney c l a y and to mixtures of Haney c l a y and Ottawa 
sands, i n the p l a s t i c and s e m i - s o l i d range. 

Further i n v e s t i g a t i o n s should be conducted on 
d i f f e r e n t s o i l s i n a wider range of water contents with 
a d d i t i o n a l soil-machine systems, to v e r i f y the v a l i d i t y 
o f the method over a wider range of c o n d i t i o n s . 

A f i n e r g r i d p i t c h should be developed f o r more 
accurate measurement of s o i l deformation by the moire 
technique. 
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APPENDIX 1 

Theory f o r S t r e s s Wave Propagation i n a V i s c o - e l a s t i c Medium 

When the wave l e n g t h o f l o n g i t u d i n a l waves i n a 

rod i s l a r g e compared to the diameter o f the r o d , the wave 

propagation can be expressed adequately by a one-dimensional 

theory which n e g l e c t s l a t e r a l i n e r t i a . The governing 

equations are t h a t o f motion, 

2 

j- - p — 2 [ 1 ] 

the s t r a i n - d i s p l a c e m e n t r e l a t i o n , 

and the equation d e s c r i b i n g the mechanical p r o p e r t i e s o f 

the s o l i d . The l a t t e r i s most c o n v e n i e n t l y taken i n e i t h e r 

the Laplace o r F o u r i e r r e p r e s e n t a t i o n . The Laplace method 

may be used as a technique f o r o b t a i n i n g c e r t a i n g e n e r a l 

r e s u l t s a p p e r t a i n i n g t o the p r o p a g a t i o n o f the wave f r o n t 

w h i l e , as might be expected, the F o u r i e r method i s important 

from an experimental viewpoint. 

S o l u t i o n by Laplace Transform 

The Laplace transforms o f equations [1] and [2] 

are r e s p e c t i v e l y : 

8 a ( x , s ) 2 — , •v r o l 5 — 2 = p s u (x,s) [3] 3x ' 

e (x,s) = 8 u (x,s) / 9x [4] 

i n which the e q u i l i b r i u m c o n d i t i o n was assumed to be 

s a t i s f i e d p r i o r to t = 0, and where the e x p l i c i t dependence 

o f the s t r e s s and s t r a i n transforms on the s p a t i a l c o o r d i n a t e 
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has been r e c o g n i z e d . E l i m i n a t i n g any two o f 0 , u, F 

between e q u a t i o n s [ 3 ] , [ 4 ] and t h e L a p l a c e t r a n s f o r m a 

i n a form analogous t o Hooke's law f o r an e l a s t i c s o l i d 

0 ( s ) = E ( s ) e ( s ) ' [ 5 ] 

l e a d s t o a s e c o n d - o r d e r d i f f e r e n t i a l e q u a t i o n 

2 
- y 2 ( s ) } ( a , u, e) = 0 [ 6 ] 

9x^ 

where y ( s ) = p x / i s [E ( s ) ] x ' £ (y > 0, a r g s = 0 ) . 

The g e n e r a l s o l u t i o n f o r [6] i s g i v e n by 

( o , e, u) = A ( s ) e w ( s ) x
 + B ( s ) e ~ y ( s ) x [ 7 ] 

where A ( s ) , B ( s ) are t o be d e t e r m i n e d by boundary 

c o n d i t i o n s o b t a i n e d i n any s p e c i f i c problem. 

F i n a l l y , by means o f t h e i n v e r s e L a p l a c e t r a n s ­

f o r m a t i o n , we o b t a i n 
0 ( x , t ) = (2 ir i ) " 1 

c 

f o r x > 0 and t > 0, 

where 

— f n » - y ( s ) x + s t , r o n o ( 0 , s ) e ̂  ds [ 8 ] 

0 (0 , s) = 0 ( 0 , t ) e ( ~ s t ) d t [ 9 ] 
o 

and y ( s ) i s d e t e r m i n e d from the e q u a t i o n 
. 0 0 

2 3 
i = p s g ( t ) e ( _ s t ) dt [10] 

o 

so t h a t i t i s p o s i t i v e when s i s r e a l and p o s i t i v e . I n 

t h i s e x p r e s s i o n p i s the d e n s i t y o f the r o d and g ( t ) i s 

the s t r a i n p e r u n i t s t r e s s a t time t a f t e r the a p p l i c a t i o n 

o f a c o n s t a n t s t r e s s . T h i s s o l u t i o n however i s r e s t r i c t e d 

t o a m o s t l y t h e o r e t i c a l s i g n i f i c a n c e and the s i m p l e s t s o l i d , 
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S o l u t i o n by F o u r i e r T r a n s f o r m 

The s o l u t i o n by F o u r i e r methods c l o s e l y p a r a l l e l s 

t h a t o f the L a p l a c e t r a n s f o r m . I n p l a c e o f e q u a t i o n [ 6 ] , 

2 
_ x 2 <&>)} Co, e, u) = 0 [11] 

3 x 

can be d e r i v e d f o r t h e b a s i c d i f f e r e n t i a l e q u a t i o n 

d e f i n i n g t h e F o u r i e r t r a n s f o r m s . I n t h i s e q u a t i o n the 

complex f u n c t i o n X o f the r e a l v a r i a b l e to i s g i v e n by 

X (co) = X 1 (to) + i X 2 (to) [12] 

where X^ i s a p o s i t i v e even f u n c t i o n 

X 1 ( u ) = ( p / | E ( i c o ) | ) 1 / 2 to s i n (6 (w)/2)= 0 [13] 
and X^ an odd f u n c t i o n 

X 2(to) = ( p / | E ( i t o ) | ) 1 / 2 w cos (6 (to)/2)., [14] 

The g e n e r a l s o l u t i o n o f [11] i s g i v e n by 

( o , i " , u) = A (co) e X x + B (co) e ~ X x [15] 

where A and B are d e t e r m i n e d by t h e boundary c o n d i t i o n s . 
Xx 

For t h e s e m i - i n f i n i t e r o d e d i v e r g e s 

e x p o n e n t i a l l y f o r l a r g e x. I t f o l l o w s t h a t Ado) v a n i s h e d 

i d e n t i c a l l y and t h a t B i s g i v e n by the F o u r i e r t r a n s f o r m , 
o (x,co) = 0 (0,co) e (a) 

u (x,co) = u (0,w) e X x (b) 

e (x,w) e (0,co) e X x ( c ) C l 6 ] 

v (x,co) = v (0,w) e X x (d) 
The i n v e r s i o n o f e q u a t i o n [16a] i s g i v e n by 
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0 ( x , t ) = 2n 0 (0,to) e dto [17] 

When 0 ( 0 , t ) i s r e a l , [17] may be e x p r e s s e d i n more 

p h y s i c a l l y s i g n i f i c a n t f o r m , 

0 ( x , t ) = i 
J 

[o R(to) cos {to(t - x/c(to)} 

-0^ (to) s i n {to(t - x / c ( t o ) ) ] e-0-^'* ^to 

Where 0 R and 0̂  a r e the r e a l and i m a g i n a r y components 

o f 0 ( 0 , to): 

0 R(to) 0(0,t) cos (wt) dt 

[18] 

[19] 

0 ^ ( 1 0 ) = o ( 0 , t ) s i n (tot) d t 

and where 

0 (0,io) = o R (to) + i 0̂  (to) c (w) and c'(to) 
a r e p o s i t i v e even f u n c t i o n s d e f i n e d by t h e e q u a t i o n s 

a (to) 

c (to) 

A x (to) 

to / A 2 (to) 

[20] 

[21] 

[22] 



APPENDIX I I 

C o n d i t i o n s o f V i s c o e l a s t i c , S t a t i c a l S i m i l a r i t y 

A system d e f i n e d by the f o l l o w i n g q u a n t i t i e s i s 

c o n s i d e r e d : 

T - maximum s h e a r s t r e s s ML" 2 

H = g r o u s e r l e n g t h L 

D ; = o t h e r p e r t i n e n t l e n g t h s L 

G l = independent hookean s p r i n g c o n s t a n t ML" 2 

G 2 = s p r i n g c o n s t a n t i n K e l v i n model ML" 2 

n 2 = dashpot c o e f f i c i e n t i n K e l v i n model ML" V 
W = f o r c e a p p l i e d M 

g = a c c e l e r a t i o n o f g r a v i t y LT" 2 

From the above i d e n t i f i e d p h y s i c a l v a r i a b l e s , 

d i m e n s i o n l e s s t e r m s , c a l l e d " P i " t e r m s , were e s t a b l i s h e d 

as i n t h e Buckingham II theorem. 

Thus the g e n e r a l e q u a t i o n f o r maximum s h e a r s t r e s s 

i n t he s o i l can be e x p r e s s e d a s : 

6, 
Hn 2 G 2g n 2

 w H 2 

~T"2~' ~~T~4 ' ~2~~5 G
± g G± 

C l ] 

S i n c e the above e q u a t i o n i s e n t i r e l y g e n e r a l , 

i t a p p l i e s t o any o t h e r s y s t e m , i n t h i s case g e l a t i n , w h i c h 

i s a f u n c t i o n o f the same v a r i a b l e s . Hence i t a p p l i e s t o 

a s p e c i f i c system c a l l e d the model, and t h e f o l l o w i n g 

d e s i g n and o p e r a t i n g c o n d i t i o n s s h o u l d be s a t i s f i e d . 

2L_ = HL_ [ 2 ] 
1 lm 
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2 ? H n % H n % m 2 _ m 2m [ 3 ] 

2 2 
1 1 m 

„ 4 4 G 0n _ G 0 n 

and 

2 ' 2 _ 2m' 2m r -. 
G l l m 

4 4 Wn 0 w n 0 2 m 2m r [5 
« i 5 

S i n c e g s g and where sub-m a p p l i e s f o r t h e model. 

Once l a b o r a t o r y t e s t s p r o v i d e the v i s c o e l a s t i c 

c o n s t a n t s f o r t h e s o i l t o be u s e d , and t h e model s c a l e n 

i s d e c i d e d , t h e G, c o u l d be e v a l u a t e d by s e l e c t i n g t h e 
lm ° 

p r o p e r n n from the t a b l e s o f v i s c o e l a s t i c c o n s t a n t s o f r 2m 
g e l a t i n . As ; 

P _. n2m G l 1/2 r c 1 

G - — n [6] 
lm n 2 

t h e n G„ , V/ c o u l d a l s o be c a l c u l a t e d from t h e e q u a t i o n 2m m 

G n 4 G 4 

G„ = 2 2 1 m r n-, 2m n L. C73 
G l n 2m 

and 

W = L 1 . [ 8 ] 
m p 5 4 

G l n 2m 
I f above d e s i g n and o p e r a t i n g c o n d i t i o n s would be s a t i s f i e d , 

t h e T o b t a i n e d from g e l a t i n t e s t would p r e d i c t t h e T i n m ° 
th e s o i l t o be t e s t e d by the p r o t o t y p e machine from t h e 



e q u a t i o n : 
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