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Abstract
1

The objective of this thesis is to contribute in the understanding of both the induced
behavior and the underlying risks of a decision maker who is rewarded through option-like

compensation schemes or who is subject to risk tolerance constraints.

In the first part of the thesis we consider a risk averse investor who maximizes his
expected utility subject to a risk tolerance constraint expressed in terms of the risk measure
known as Conditional Value-at-Risk. We study some of the implicit risks associated with the
optimal strategies followed by this investor. In particular, embedded probability measures
are uncovered using duality theory and used to assess the probability of surpassing a loss
threshold defined by the risk measure known as Value-at-Risk. Using one of these embedded
probabilities, we derive a measure of the financial cost of hedging the loss exposure associated
to the optimal strategies, and we show that, under certain assumptions, it is a coherent

measure of risk.

In the second part of the thesis, we analyze the investment decisions that managers
undertake when they are paid with option-like compensation packages. We consider two

particular cases:

e We study the optimal risk taking strategies followed by a fund manager who is paid
through a relatively general option-like compensation scheme. Our analysis is develo-
ped in a continuous-time framework that permits to obtain explicit formulas. These
are used first to analyze the incentives induced by this type of compensation schemes
and, second, to establish criterions to determine appropriate parameter values for these

compensation packages in order to induce specific manager’s behaviors.

e We consider a hedge fund manager who is paid through a simple option-like compensa-

tion scheme and whose investment universe includes options. We analyze the nature of

ii
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the optimal investment strategies followed by this manager. In particular, we establish
explicit optimal conditions for option investments in terms of embedded‘ martingale
measures that are derived using duality theory. Our analysis in this case is developed
in a discrete-time framework, which allows to consider incomplete markets and fat-
.ta.iled distributions -such as option return distributions- in a much simpler manner

than in a continuous-time framework.
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Preface

"The development of the foundations of Portfolio Theory in the nineteen fifties by Harry
Mérkowitz marked an important breakthrough in Economics and Finance. In his seminal pa-
per “Portfolio Selection”, published in 1952, Markowitz assembled for the first time a theory
of choice under certainty that was capable of explaining the observed diversification behavior
of investors in the financial markets. This theory was the first mathematical formulation of
diversification (Rubinstein (2002)), yet simple enough to be understood and applied. There-
fore, this seminal work, together with other early important contributions by Tobin (1958},
Markowitz (1959), Sharpe (1964), Lintner (1965), Samuelson (1969), Hakasson (1970), Fama
(1970), Merton (1969, 1973), arﬁong others, opened the door to a torrent of research that
has extended, enriched and applied this theory in many ways, with no sign of diminishing

its momentum yet.

Each investment decision has an associated risk. Variance from the mean rate of return
is the measure that Markowitz used to quantify and include risk in his basic portfolio model.
He used it because variance captures, in a relatively simple manner, the interrelations among
the different securities’s returns included in the portfolio’s investment universe. The degree of
these return interrelations -measured by the covariances- was precisely what explained, under
Markowitz’s model, the investor’s diversification behavior. However, as Markowitz himself
recognized since the very beginning (Markowitz (1959)), variance has several inconveniences
as a risk measure. For instance, variance does not distinguish between values that are above
or below their expected mean, by the same amount. This is contrary to the notion that risk
quantification should be more concerned about values below the average than about those
above the average. Therefore, since the early days of portfolio theory there has been a per-
manent interest of proposing other risk measures. Notable initial efforts in such issue include

those done by Stone (1973) and Fishburn (1977), among others. At the beginning of the
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nineties, J.P. Morgan popularized the use of the Value-at-Risk (VaR) measure, given its easy
interpretation (Jorion (2000b)). However, this measure has serious drawbacks. Probably the
most important one is that it can penalize diversification. That is, the risk of a portfolio
constructed by investing our wealth equally among two financial positions can be strictly
larger, as measured by VaR, than the average risk of investing our money in any of these two
positions (e.g., Follmer and Scheid (2002)). This counterintuitive situation in which VaR
might incur has led to the recent development of the concept of “Coherent Measures of Risk”
(Artzner, et al. (1999)). This concept established a benchmark for differentiating between
“good” and “bad” risk measures (Ortobelli, et al. (2005)) and motivated the definition of
other related classes of risk measures such as: Expected Bounded Risk Measures (Rockafel-
lar, et al. (2002b)), Spectral Measures of Risk (Acerbi (2002)), and Conditional Drawdown
Risk Measures (Chekhlov et al (2005)). Nonetheless, it is important to emphasize that be-
sides its desirable properties, the proper use of a risk measure depends importantly on the
context where it is used. In particular, in Portfolio Theory, opﬁimal investment decisions are
typically consistent with the solution of an “expected utility maximization problem” (e-g.,
Ortobelli, et al. (2005)), whgre this consistency is usually characterized through the concept
of stochastic dominance (Hadar and Rusell (1969), Rothschild and Stiglitz (1970)).

Conditional Value-at-Risk ! (CVaR), defined as the expected loss given that the loss has
exceeded VaR (refer to Rockafellar and Uryasev (2002a) for a formal and general definition),
is currently the most popular member of the class of coherent risk measures. This is mainly
because of its closed relation with VaR, nowadays the most used risk measure in financial
. markets, but also significantly because of its nice mathematical properties. For instance,
CVaR is -for general loss distributions- a convex function and, moreover, it can be deter-

mined as the solution of a minimization convex problem (Rockafellar and Uryasev (2002a)).

'For continuous loss distributions, CVaR is also known as Mean Excess Loss, Mean or Expected Shortfall
(e.g., Acerbi and Tasche (2002)), or Tail-Value-at-Risk (Artzner, et al. (1999)).
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Therefore, its inclusion in portfolio optimization, either in the objective function or in the
set of constraints, is rather appealing. For example, consider a typical portfolio problem
in which the investor wants to minimize risk subject to an expected return restriction and,
probably, to other linear constraints (e.g., non-short-selling constraints), where risk is mea-
sure in terms of CVaR. Hence, since CVaR, is convex, the pfoblem has a unique solution
and, given the linearity of the constraints, there exists many efﬁcient algorithms to obtain
the optimal solution (e.g., Bazaraa, et al. (1993)). Convexity of CVaR has been also used
to derive equivalent formulations of generic portfolio problems that consider CVaR in the

objective function or constraints (Krokhmal, et al. (2001)).

Chapter 1 of this Ph.D. thesis considers a risk averse investor who maximizes his expected
utility subject to a risk tolerance constraint expressed in terms of CVaR. This chapter studies
some of the implicit risks associated with the optimal strategies followed by this investor. In
particular, embedded probability measures are uncovered using duality theory and used to .
assess the probability of surpassing a loss threshold defined by the VaR measure. Using one
of these embedded probabilities, we derive a measure of the financial cost of hedging the loss
exposure associated to the optimal strategies, and we show that, under certain assumptions,

it 1s a coherent measure of risk.

The variety of financial problems addressed from Markowitz’s seminal work has reached
enormous proportions in both the academic and practitioner’s arenas. Indeed, it is not
presumptuous to say that Portfolio Theory laid the groundwork for the Mathematical Theo-
ry of Finance. One of the major applications of Portfolio Theory is precisely the issue
that motivated it in the first place: the understanding of investors’ behavior. This issue
has recently attracted the attention of both academics and finance professionals in relation
to the compensation packages that many managers and executives receive nowadays. For

instance, the interest in executive compensation has grown significantly in the last fifteen
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years because of two main reasons. First, the escalation and recent decline of the average
executive compensation amount. Second, the replacement of base salaries by stock options
as the single largest component of executive compensation (Hall and Murphy (2003)). On
the other hand, managerial compensation has captured the interest of many investors and
academics, especially after the nearly catastrophic bankrupt of LTCM (Long Term Capital
Management) hedge fund in 1998 which, according to the U.S. Federal Reserve (Jorion
(2000a)), jeopardized the world economy. Hedge Fund managers, like some other managers

and traders, are compensated with option-like schemes.

Option-like compensation packages for both, executives and managers, are designed, in
principle, to align interests between investors and executives or managers. Therefore, it is
crucial to understand the induced incentives derived from these compensation mechanisms.
Chapters 2 and 3 of this Ph.D. thesis analyze the investment decisions that managers un-
dertake when they are paid with this type of compensation packages. Chapter 3 studies the
optimal risk taking strategies followed by a fund manager who is paid through a relatively
general option-like compensation scheme. This chapter is developed in a continuous-time
framework that permits to obtain explicit formulas. These are used first to analyze the
induced incentives by this type of compensation schemes and, second, to establish criterions
to determine appropriate parameter values for these compensation packages in order to in-
duce specific manager’s behaviors. Chapter 2 focuses on the particular case of a hedge fund
manager who is paid through a simple option-like compensation scheme and whose invest-
ment universe includes options. This chapter analyzes the nature of the optimal investment
strategies followed by this manager. In particular, it establishes explicit optimal conditions
for option investments in terms of embedded martingale measures that are derived using
duality theory. Given the inclusion of options in the manager’s investment universe, Chap-

ter 2 is developed in a discrete-time framework that allows to consider incomplete markets,
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in which options are not necessarily replicable, and fat-tailed distributions -such as option

return distributions- in a much simpler manner than in a continuous-time framework.

Overall, the objective of this Ph.D. thesis is to contribute in the understanding of both
the induced behavior and the underlying risks of a decision maker who is rewarded through
option-like compensation schemes or who is subject to risk tolerance constraints. Although

related, each chapter is intended to be self-contained.
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Chapter 1

Living on the Edge:
How risky is it to operate at the limit
of the tolerated risk?




1.1 Introduction

As financial markets have grown in complexity and volume of operation, risk management
has become an increasingly crucial issue. Therefore, different risk measures have been pro-
posed to evaluate the risk of financial positions, particularly to evaluate the risk of positions
associated with investment portfolios. For a long time the variance has been a standard to
evaluate the risk of such portfolios. Therefore, it is a typical element included in models
that look for optimal portfolios such as the mean-variance approach (Markowitz (1952)),
that targets a portfolio with the best mean-variance tradeoff. However, the variance has
several drawbacks. For instance, it has the disadvantage of not distinguising between losses
and profits. To overcome such drawbacks, alternative risk measures have been proposed.

‘The most popular of these, and indeed the standard in many financial markets worldwide,

is Value at Risk (VaR). This risk measure evaluates the maximal loss of a financial position

over a time horizon and with a certain level of confidence. Yet, while VaR penalizes only for
the losses, it could also penalize for the diversification of positions. That is, the VaR measure
could indicate a risk increment of a portfolio, even if the volatility of the portfolio is reduced
through the diversification of its positions. Therefore, VaR is said to be an incoherent mea-
sure of risk. Hence, alternative coherent risk measures, in the sense of Artzner, et al. (1999),
have been proposed to be used instead of or as a complement to VaR. One of the measures
within this class of coherent measures of risk is the one known as Conditional Value at Risk
(CVaR), which is the expected loss in the event that the loss has surpassed the standard VaR
threshold (Jorion (2000b)). This chapter studies the implicit risks of the strategies followed
by an investor who maximizes the expected value of his final wealth, subject to budget and

risk tolerance constraints expressed in terms of coherent risk measures such as CVaR.

This chapter undercovers embedded probabilities that are implicit in the optimal strate-

giesb followed by the type of investor considered. Key relationships between these embedded




probabilities are obtained and used to evaluate the implicit risks associated with the optimal
strategies whenever these involve operating at the limit of the tolerated risk. This evalu-
ation is done, under each embedded probability, in terms of the probability assessment of
surpassing a certain VaR threshold and, more importantly, in terms of a risk measure, in
the sense of Follmer H. and Shied (2002), which is a coherent measure of risk (Artzner, et

al. (1999)), under certain conditions.

This chapter is organized as follows: Section 2 describes the decision space framework,
while Section 3 specifies the basic model that constitutes the starting point for the analysis
of this chapter. Section 4 develops the way in which risk management is considered and how
it is incorporated into the basic model to derive the model over which the main analysis of
this chapter is done. In Section 5, duality is applied to the model of Section 4 to undercover
(three) embedded probabilities within this model, and then it is used again to establish one
of the main results of the chapter (Theorem 1.5.1), which describes a general relationship
between these embedded probabilities. Other interesting, and useful, consequences of The-
orem 1.5.1 are also established in Section 5. Section 6 defines a measure that attempts to
evaluate the financial cost of hedging the loss exposure associated to the optimal strategies
followed by the type of investor considered in the model of Section 4. This measure, named
Ezpected Shortfall Hedge, is proved to be a monetary measure of risk (Follmer H. and Shied

(2002)) and, under certain conditions, a coherent measure of risk (Artzner, et al. (1999)).

Section 7 concludes and proposes two main directions for further research.




1.2 Decision Space Framework

1.2.1 Probability Space

The probability space uses a scenario tree structure that models all possible scenarios or
states (represented by nodes of a tree) of the market ovér a finite number of discrete time
periods ¢ = 0,...,T. The scenario tree structure is such that every possible state is the
consequence of a unique sequence (trajectory) of states (events). This is convenient for

assigning probabilities to each of the tree scenario nodes.

Assume that every node n € N;, where IV, denotes the set of all nodes at time t, has a
unique parent denoted by a(n) € N,_; and a set of child nodes C(n) C Ny;,. Defining a
probability measure (i.e. assigning probabilities to each node of the tree), say P, consists of
assigning (strictly) positive weights p, to each leaf node n € Nr such that EneNT Pn =1

and then recursively computing the remaining node probabilities

Pn= Pm,VneEN,Ve=T~1,..0.
meC(n)

Let © be the set of possible trajectories or sequences of events (from time 0 to the end
of period T') in the scenario tree, then (£, P) defines a sample space. Every node n € N, has
a unique history up to time ¢ and a unique set of possible future trajectories. N, induces
a unique set of histories up to time ¢, say F;, and a partition of Q. The collection of sets
{Ft}t=0,...,T satisfy Fi C Fiyy for t =0,...,T — 1. The triplet (2, Frr, P) forms a probability
space. Hence, for a probability space (2, Frr, P), the conditional probability of state (event)
m given that n occurs (m € C(n)) is (;L':), and if {X.},_, _; is a discrete stochastic process
defined on (§, Fr, P), then EP[X,] = 5, y, Xupui and EF(Xers| ] = ¥ recimy (;ﬂ) Xom i

random variable taking values over the nodes n € N,.



Definition 1.2.1 (Martingales) Let {Z;},_, 1 be a discrete stochastic process defined on

(Q, Fr, P). If there exists a probability measure Q such that

Zy=E°[Z,|F) ,t=0,...,T -1

then {Z},_ 1 i called a martingale under Q, or simply a Q-martingale, and Q is called

a martingale measure for the process {Z,},_y -

1.2.2 Financial Market

The market consists of I + 1 tradable securities i = 0,...,I whose prices at node n are
Sn = (5%,...,SE). Assume that one of the securities, the numeraire, always has a strictly
positive value and, without loss of generality, assume it is security 0. Define discount fac-
tors B, = § V n € Ny, and the discounted price (relative to the numeraire) Z} = .S,
Vi=0,...,] where Z =1Vne€ N, Vt=0,...,7. The market can be complete or

incomplete.

Let 6: be the amount of security ¢ held by the investor in state n € N,. Thus, the

portfolio value in state n € N, is

I
Zn-0n=) 7.0 .
=0 )

We assume 3, class of investors that do not influence the prices of any security and trade

at every time-step based on historical information up to time ¢.




Arbitrage

Arbitrage refers to the opportunity of making a sure profit out of nothing (usually through
the purchase and sale of assets). In our framework, arbitrage reduces to finding a poftfolio
with zero initial value whose terminal values, obtained through self-financing strategies, are
nonnegative for any scenario and for which at least one of those is strictly positive and has

a positive probability of occurring,.

Definition 1.2.2 (Arbitrage) There is arbitrage if there erists a strategy

{0"}n€Nz,0$t§T ’

where 6%, is the quantity of security i held in state n € Ny, such that

Zo-6h=0

Zn-(On—Ga(n))=O, VneN,,Vit=1,...T.
Zn-0,20,VneNgr, and
P{Zy -0, >0} >0, for someme Ny .

Assume that there is no arbitrage opportunity in our financial market. This assump-

tion guarantees, under this framework, the existence of a martingale measure for {Z}imo,.r

(King (2002), Theorem 2.2).




Completeness

Completeness of a financial market refers to the capability of replicating any sequence of
payofts. That is, a financial market is said to be complete if given a sequence of payoffs, it is
always possible to construct a portfolio whose values coincide with such sequence of payoffs,

for each possible scenario.

Definition 1.2.3 (Completeness) The financial market is said to be complete if and only

_if given a sequence of payoffs {en}ne No<t<T » there exists a strategy

{on}nENt,OStST )

where 6%, is the quantity of security i held in state n € N,, such that

Zp-Op=cCy,VREN, t=0,..T

A financial market is said to be incomplete if it is not complete. We do not make any

assumption regarding the completeness of the market. Therefore, all the results developed

in this chapter applied to both complete and incomplete markets.




1.3 Basic Model

Consider the model

Maz g 3 pen, U(Zn-0:)pn
s.t.
Zy - 6o = (oW .
Z -+ (8 — Bamy) = —Buln, VREN, Vt=1,..., T

(1.1)

where U(-) is assumed to be a strictly increasing concave function and W, > 0 is the initial

wealth. This model applies to several relevant cases including

e self-financing strategies, when L, = 0 foralln € N, , V¢t =1,...,T. This case is
relevant to study, for example, the problem of finding an arbitrage (let Wy = 0 and

U(z) be the identity function); and

o the case of strategies that consider the payment of liabilities, when L, > 0, and/or
the inclusion of future endowments, when L, < 0. An example of this case is the
problem faced by the writer of a contingent claim who receives a payment of Fyy (= Wp)
monetary units an who is obliged to pay an amount of F,, (= L,) in scenario n € N,

fort=1,...,T.

1.4 Risk Management Modelling

Risk management is incorporated to Model (1.1) through the addition of a risk tolerance con-
straint that specifies the maximum risk tolerated, where risk is measured in terms of CVaR.
This risk constraint can be established by the investor or by a supervisory/regulatory institu-
tion, such as a central bank. In the case that this constraint is established only by investor’s

risk concerns, it is natural to think that these risk concerns can be, in theory, included in
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the investor’s utility function. However, in practice, determining the precise form of the
investor’s utility function is rather difficult. Therefore, the inclusion of this risk constraint
in Model (1.1) can be seen as a practical way of approximating the true investor’s utility

function.

Conditional Value at Risk (CVaR)

Let I(z,y) a loss function, where x represents a decision and y symbolizes the future (stochas-
tic) values of relevant variables (e.g. interest rate). Then, the Conditional Value at Risk
associated with the loss function ! and a level of confidence «, which we denote by ®4(x), is
defined as the mean of the a-tail distribution of the loss function l(z,-). This distribution is

defined as

if n < VaR,(z)
\Pa 1 =
(z,m) ¥em)—a] ¢ n > VaRy(z)

l1-a

where ¥(z,7) is the distribution of the loss function I(z,y), i.e.

¥(z,n) = P{l(z,y) <n} , (1.2)

and VaR,(r) is the Value at Risk associated with decision z at a confidence level .. Value
at Risk (VaR) is a popular measure of risk which aids to define a threshold for the maximum

loss associated with a loss function I(z,y). VaR,(z) is defined as

VaRq(z) = Inf {n|¥(z,n) > a}




where ¥(z,n) is defined in (1.2). Conditional Value at Risk (CVaR) is a measure of risk
with several important properties not shared by VaR, (Pflug (2000), Rockafellar and Uryasev
(2000), Rockafellar and Uryasev (2002)). For instance,

o if the loss function I(z,y) is convex (sublinear) with respect to z then ®,(z) is convex

(sublinear), and

® 9,(z) behaves continuously and has left and right derivatives with respect to the level

of confidence a € (0, 1).

The convexity of a risk measure is an appealing property since it means that, under
such risk measure, diversification does not increase the risk. Continuity, on the other hand,
assures that slight changes on the level of confidence imply slight changes on the risk of the
underlying position. These two properties are a direct consequence of the following useful

way of expressing ®,(z),

D,(z) = Min , Fy(z,n) (1.3)

where Fyo(z,n) =n+ 15 E [(I(z,y) — n)*] and (z)* = maz {z,0} (Rockafellar and Uryasev
(2002)). Formula (1.3) is useful not only for modelling CVaR within optimal investment
problems (as described below), but also for obtaining VaR (for the same level of confidence)

simultaneously since VaR,(z) € Argmin ,, F,(z,n) (Rockafellar and Uryasev (2002)).




Risk Tolerance Constraint

The risk tolerance constraint that is considered for Model (1.1) is

®.(0) < RT (1.4)

where RT is the maximum tolerated loss that the investor is expecting to face if the loss
surpasses the Value at Risk threshold and whose amount could be directly established by
the investor or indirectly set by a supervisory institution. RT is presurﬁably, although not
necessarily, chosen in such a way that it is not redundant with respect to the utility function
U(-), i.e. that restriction (1.4) effectively constraints the set of optimal solutions of Model
(1.1). For instance, the investor could solve Model (1.1) to obtain an optimal strategy 6**
with an associated conditional value at risk of ®,(6**). Hence, if ®,(6**) is not affordable
by the investor and/or not allowed by a relevant supervisory institution, RT should be equal

to a value strictly less than d,(6*).

Constraint (1.4) is, by (1.3), equivalent to

Min , F,(0,7) < RT

or,

F,(6,n) < RT, for somen € R

ie.,
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1 _1_ SE [(8,y) —=m)*] < RT, for some n € R. (1.5)

Constraint (1.5) reduces to

1 +
n+ 1—a Z (19, z,) — n) pn < RT | for some 5 € R, (1.6)

neNy

which, within any optimization problem, can be modelled as

7+ () Sucny st < AT
—$n+10,y.) —n < 0 ,Vne Ny (1.7)
—8, < 0,Vné€Nyp

since (8n),ey, satisfying (1.7) and such that s, > (1(8,y,) — n)" for some n € Ny is never
better than (3,),cy,., Where 5, = (I(8,y.) — )" V n € Nz. Clearly, (3n)nen, satisfies (1.7),
and hence (1.6), but also in a less restrictive manner, thus allowing for a broader set of
feasible solutions and therefore leading to a better, or at least not worse, objective function

value.

Within the context of portfolio management, a particular relevant case for the loss func-

tion I(-,-) is 1 (6, Z,) = — (Zy, - 0, — BoWp) for n € Nyp. The model is .

Maz np,6 ZneNT U (Zn - 0n) pn

s.t.
ZO * 90 = ﬂOWO )
Zn'(en_oa(n)) = —f.L,, VnENt,Vt=1,,T(18)
n+ (TiE) ZneNT SnPr < RT
_Sn_(Zn'gn_ﬂOWO)_n SO ,V’ILENT
—S8n S 0 , Vne NT

12




and whose dual (Zangwill (1969)) is

Min g,y ZnENT (U(Zy - 6) — UZ - 60)(Z0 - 01)) Pa
BT = oWo)z + (v06Wo = SLy T, Yol

s.t.
U,(Zn‘gn)pn'f'xn—yn = 0,Vne Ny
ynZn _ZmGC(n) ymZm =0 ’ Vne Nta (19)
Vt=0,...,T-1.
xn—z(f’_"—a) < 0,Vne Ny
x—ZneNTxn =0
- < 0
-z, < 0,VneNr.

where:

1. yo corresponds to the initial portfolio’s value constraint (first restriction of the primal

problem);

2. Y = Un)ne N, tef1,...,} 18 associated with the re-balancing conditions over the portfolio’s

value at each period (second set of restrictions of the primal problem), and

3. x = (z, (Tn)pe NT) corresponds to the risk tolerance constraint (specified by the third

and the last two sets of restrictions of the primal problem).

1.5 Embedded Probabilities

The dual problem contains embedded probability measures that yield different assessments
of the probability of surpassing the VaR threshold. These probability measures and their

relationship are described in the following propositions.
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Proposition 1.5.1 (Embedded Probabilities) Let (8*,x*,y*) be an optimal solution of
the dual problem (1.9), where x* - '(:v*, (T3 )nen,) and

y* = (_y:l)nGN:, ¢=0,..T" Then,

) Q" = (q})nen, where g, = (:—;) V' n € Nr, defines a martingale measure of {Z,},_, 1
in (Q, F).

i) If z* > 0, i.e. if the risk tolerance constraint is binding for the optimal solution, then
P= (ﬁ")nEN—p’ where p, = (ﬁﬂ) V n € Nr, defines a probability measure on (Q, F).

i) P = (Pr)ne Ny Where P, = > eUN(Z(}'[?éi’_’ n o V' n € Ny, defines a probability measure in
n T n

(@, F).

Proof:

i) From (1.9), ,
v = U(Zn-0;)pn+ T

*

Y = 2neng Yn

U(") strictly increasing and z}, > 0 implies y* > 0V n € Ny and hence, Yo = D neny Un > 0.

Therefore,

l)q;=%;}>0Vn€NT;

-

D1l=Sen (%3) =Y nen, 4 and

3) anszC(n) (%’%‘) ZmVTLENt s Vt=0,,T—1 That iS,

EV|Z Rl =2, ,Vt=0,...,T —1.

14




Hence, {Z;},_, _r is a Q*-martingale.

ii) By hypothesis and from (1.9),

1)ﬁn='(5)20,VneNT;and

*

2)1=3 ,\}T (%1) = neng Pn- Hence, (Pn),cy,. defines a probability

measure in (2, F').

iii) U(-) strictly increasing implies U'(Z, - 8,)p, > 0 for all n € Ny. Therefore,

5 _ _ U(Zat3)pn .
1) pn = Srew, U Gt 20+ V1€ Nrj and

— U(Za3)pn _ _ 5
2) 1= ZnENT ZnENT U'(Zn0%)Pn ZnENT Pn -

Q.E.D.

,,,,,

our framework allows for z'ncomplete markets. Indeed, for any feasible solution y of Problem

(1.8), @ = (yL'J)mENT defines a martingale measure of {Z},_, 1.

These three probability measures, Q*, P, and P, have special and, in general, different
meanings. Q* is a martingale measure and hence linked to arbitrage pricing. P is a ineasure
depending directly on the preferences of the investor and standard for models such as Model

(1.1). P is shown later on to be a conditional distribution.

We are particularly interested in comparing and interpreting the different assessments

of the event of surpassing the VaR threshold, when using an optimal strategy, under Q*, P,

15




and P. We define the latter event in terms of the (primal) variables of Problem (1.8).

Definition 1.5.1 Let (*,6%,s*) be an optimal solution of problem (1.8). Define
A = {n € Nr|s;, > 0} ,
i.e., A is the event of surpassing the VaR threshold.
Before assesing the probability of A under Q*, 15, and P, we state some basic relations

between VaR and CVaR within the context of Problem (1.8) and describe precisely which

conditional distribution P is.

Proposition 1.5.2 Let (7%, 8*,5*) be an optimal solution of problem (1.8), and A as defined
in 1.5.1. Then,

i) If A= 0 then ®, (0*) = VaR, (6*).

w) If A # 0 then O, (6*) > VaR, (6°). Moreover,

Zf ZnEA (i%) <1 then

Do (0%) = VaR, (6°) + EP [st] (1.10)

where P is any probability measure in (Q, F) that satisfies p, = £ for alln € A.

Proof: Observe that

Do (0") = n*+ ZneA (%&) Sn
= VaR. (0") + 3 ca () st
VaR, (6*) if A=
{ VaR, (0*) +k, for k> 0,if A#0

16




Under the hypothesis ¥, (%) < 1, it is clear that there exists a probability measure P

such that pn = p,/(1 — @), for all' n € A. Therefore,

i

P4 (67) VaR (6%) + 3 e 4 Pnss,
VaRa (87) + 3 e a BnSy, + 3 g4 Push,
= VaR, (9*) + ZnGNT DnS

= VaR, (0*)+ EP [s}] .

fl

Q.E.D.

‘The next two propositions show that, under certain conditions, P not only satisfies the
conditions in Proposition 1.5.2 i), and hence (1.10) holds under P, but also coincides with

the a-tail distribution of the loss function

1(01 Zn) = "‘(Zn - 011 - IBOWO) .
Proposition 1.5.3 Ifz* > 0, i.e. if the risk tolerance constraint is binding for the optimal
solution, and A # 0 then
i) @ (0*) = RT = VaR, (6*) + EP [s3).

i) If |A] > 2 then

(gﬂ) = (pl) Vn,n;€A.
pnj pnj

!For instance, let p, = p,/(1 ~a) for all n € A and, if 4 # N,

1= Tea ()

I AW

for n € Nz \ A.
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Proof: i) From Proposition 1.5.1, P = (ﬁ")neNT is a probability measure and thus it is

satisfied

> ha<1. (1.11)

ncA

From the dual problem (1.9) and complementarity,

z;=x*( Pn ) VneA,

11—«

which, under the assumption z* > 0, implies

VneA. (1.12)
(84

Therefore, from (1.11) and (1.12),

Zﬁ,;Z(%)gl.

neA ncA

Thus, the hypothesis of Proposition 1.5.2 ii) is satisfied and hence

By (6%) = VaR, (67) + EP [s3].

Finally, from the assumption z* > 0 and applying the property of complementarity to the

corresponding primal restriction leads to

®, (6*) = RT .
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ii) Let n;,n; € A. Then, from (1.12)

. p - Dn;
n; — . d n; = — .
Pr 1—q 9Py 1-«a
Therefore,
Pri _ Pn
Pn;,  Pn

Q.E.D.

Proposition 1.5.4 Ifz* > 0, i.e. if the risk tolerance constraint is binding for the optimal

solution, then P is the a-tail loss distribution.

Proof:

From Proposition 1.5.1, P is a probability measure, and from (1. 12) P satisfies that Pn =
= VneA Letne Nz \ A. Hence, by definition of A, s, = 0. If p, > 0 then, by
definition of P, z,, > 0 and thus, by the application of the complementarlty property to the

corresponding primal

0= = — (Z 0 - ﬂOWO) = — (Z 9 - BOWO) VaRa (0*) .

Therefore,

—(Zn - 0}, — BoWy) = VaR, (6%) .
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That is, p, > 0 for n € N \ A implies that scenario n corresponds to the VaR scenario.
Thus, for any other scenario n € Nr \ A such that — (Z, - 8X — foWy) # VaR, (6*) it must

be satisfied that p,, = 0. Hence,

n

£ if n € A.
1-L — (Znewpaare)=e 5o n o N\ A and
- T—a 2.meaPn = 1—a ifn€ Nr\ Aan

- (Zn . 0:; - ,BoWo) = VG,Ra (0*)

0 _ otherwise.

Therefore, P is the a-tail loss distribution.
Q.E.D.

We now obtain a lower bound of the probability of surpassing VaR under P. This
is useful to compare the assessment of the probability of such event under the different

embedded probabilities.

Corollary 1.5.1 If z* > 0, i.e. if the risk tolerance constraint is binding for the optimal

solution, then

5 PvaRr

where pvar = pn and n € Ny is such that — (Z, - 6}, — foWy) = VaR, (6%).

Proof: By definition of VaR,

a> Z Pn — DvaR -
neENT\A
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Hence,

_ l-«
1 l-a

PVaR—(ZneNT\A Pn)+1
l-a :

— Xncaln PVar
- ( 1-a + I-a

= P(A) 4 Bz

where the last equality follows from Proposition 1.5.4. Thus

5 DPvaer
1< P(A —_— 1.13
< P( R (1.13)

The result follows from (1.13).

Q.E.D.

The main result that establishes the relations among the embedded probabilities (Q*,

P, and P) and P is presented in the following theorem.

Theorem 1.5.1 (Relations among the embedded probabilities)
* _ * P
(-Z) ra+(2) (£9) = q (1L1a)

Yo o l-o

-Proof: From Problem (1.9)

UZn-0)pn+zt=9y.,Vne Ny (1.15)

and hence

21




UI(Zn-Gn)pn—F:c;:y;,VneA.

Therefore,

DU (Zn-6)pat+d zh= v

‘nEA nc€A neA

SO

() Z0 @ tm+ () X —Zy" -~ Q).

neA neA neA Y%

By complementarity,

Thus

S g = (1%)2%— (+%5) P

neA

Hence, combining (1.16) and (1.17), leads to

(3) g am e (2) (29) - 55 -0

ncA neA

Now, from (1.15) and dual problem (1.9)

22

(1.16)

(1.17)

(1.18)




Jariy te e . o e

= 0= U(Z 0)pat Y za=> U(Zn-0)patz .

neENt nENr neNr neNp

Thus,

(l) > U (Zn-0)pn= (1 - ”y”—0> : (1.19)

Yo neNT

Therefore, combining (1.18) and (1.19),

(-5) (Beran) () (1) -

‘which, by definition of P, implies

(-5 () (12) o

Q.E.D.

Whether the risk tolerance constraint is binding or not and/or whether the investor or
decision maker is risk-neutral or not, Theorem 1.5.1 allows us to compare the embedded
probabilities and P with each other. The following corollaries and lemmas establish these

comparisons.

Corollary 1.5.2 If z* = 0, i.e. if the risk tolerance constraint is not binding, then

Q*(4) = P(A).
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Proof: The result is a direct consequence of applying condition z* = 0 to Equation (1.14).
Q.E.D.

Corollary 1.5.3 IfU(z) = z for all z in its domain, i.e. if the investor is risk-neutral,

then P(A) = P(A) and hence,

() s (2) (P9) cew. oo

Proof: Observe that

75 Z A U (Zn “0n) Pn y2
P(A) = ne 7 nEA = pn = P(A)
( ) ZnENT U (Zn : 9n) Dn ZnGNT Pn Z (

ncA
where the second inequality is due to the risk-neutrality assumption on the investor prefer-

ences. The result follows from substituting the above expression in Equation (1.14).
Q.E.D.

Lemma 1.5.1 If U(x) = = for all x in the domain of U(-), i.e. if the investor is risk-

neutral, then Q*(A) > P(A). Moreover, the latter inequality is strict if z* > 0, i.e. if

_ the risk tolerance constraint is binding.

Proof: From Equation (1.20)

Q) = PA[1-%+ 2]

P [1+(3) (222

> P(A).
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Finally, the latter inequality is strict if z* > 0.
Q.E.D.

Corollary 1.5.4 If z* > 0, i.e. if the risk tolerance constraint is binding for the

optimal solution, then

(1-2) P+ (5) P -
Yo
Proof: From Equation (1.12) p, = {2, V n € A. Therefore,

p(A):Zﬁn— Pn __ZneApn_P(A)

- l-a l-a 1-a

neA neA

Then, by Theorem 1.5.1 the result follows.

Q.E.D.

Lemma 1.5.2 If z* > 0 ,i.e. if the risk tolerance constraint is binding for the optimal

solution and py.r < (1 — P(A)) (1 — @), then Q*(A) > P(A).

Proof: From Corollaries 1.5.4 and 1.5.1,

Q(A) = 1-;—:§ P(A)+ (%) P(4)

> (1-%)P(A)+ (& (1 — Brak)
> Min {P(A),1— Bl

Hence, if condition pyer < (1 — P(A)) (1 — @) is satisfied then
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Therefore Q*(A) > P(A).
QE.D.

Corollary 1.5.5 IfU(z) = z for all z in its domain, i.e. if the investor is risk-neutral, and

z* > 0, i.e. if the risk tolerance constraint is binding for the optimal solution, then

(1 _ 3’_) P(A) + ($—> P(4) = Q*(A) .

Yo Yo

Proof: This follows from Corollaries 1.5.3 and 1.5.4.

Q.E.D.

In summary, if the investor is risk-neutral or the risk tolerance constraint is binding and
the probability of losing an amount equal to VaR is small enough, then the probability of
surpassing VaR is larger or equal under Q* than under P or P respectively. Otherwise,
the probability of surpassing VaR under Q* is a convex combination of the corresponding
probability assessments of P and P. Moreover, the probability of surpassing VaR is strictly
larger under Q* than under P or P if the risk tolerance constraint is binding and, respectively,
the investor is risk neutral or the probability of losing an amount equal to VaR is small
enough. Therefore, if the risk tolerance constraint is binding, @*(A) is in some sense a
measure of how risky it is to operate at the limit of the tolerated risk. Indeed, Q*(A) has

the interpretation
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Q"(4) = BV [14] , (1.21)

where

1 fweA
Law) = 0 otherwise

Hence, since Q* is a martingale measure, Q*(A) can be interpreted as a no-arbitrage
price of a binary option (Hull (2003)) that provides one monetary unit in the event of a loss
greater than VaR. Therefore, if the market is complete, Q*(A) can be regarded as the cost
of hedging one monetary unit of loss beyond the VaR threshold. The latter interpretation of
Q*(A) serves as a motivation to define an implicit risk measure for the optimal strategies of

Problem (1.8). This risk measure is described in the following section.
1.6 Implicit Risks

The assessment of the probability of surpassing the VaR threshold under the different em-
bedded probabilities provides us with an indication of the implicit risks associated with an
optimal strategy for Problem (1.8). However, these embedded probabilities do not directly
define measures of risk in the sense of quantifying the required capital to hedge for the im-
plicit risks of such optimal strategy. From this perspective of capital requirement, a measure

of risk is defined (F6llmer and Shied (2002)) as follows:

Definition 1.6.1 (Monetary Measure of Risk) Let p : X — R be a mapping, where X
is a class of the financial positions. Then, p is said to be a monetary measure of risk in X,

if it satisfies the following two conditions:

27




o (Monotonicity) Let XY € X. Then, X <Y a.s. implies p(X) > p(Y).

o (Translation Invariance) Let X € X and m € R. Then,

p(X +m)=p(X)—m.

Within the framework of Problem (1.8), the class of financial positions that we consider
is the set of the feasible investment strategies of (1.8) for different values of risk tolerance
parameter RT in a relevant convex set S (e.g. S = [0, RT], where RT < RT, = ¢o(6**) and

6** is an optimal strategy for Problem (1.1)). That is, we consider

X = {#(RT)|RT € S and 4 is a feasible solution of Problem (1.8)}

which, under the linearity of the restrictions in (1.8) and the convexity of S, is a convex set.

VaR and CVaR are monetary measures of risk in the sense of Definition 1.6.1 (Féllmer
and Shied (2002)). Indeed, VaR and its multiples are in practice capital requirements of some
sort for many financial institutions (Jorion (2000b)). However, VaR has the disadvantage of
not providing information about the extent of the losses beyond the threshold amount that it
defines. On the other hand, CVaR does quantify losses beyond the VaR threshold and hence
a capital requirement equal to CVaR should cover, at least, for the expected shortfall beyond
VaR. Nevertheless, CVaR could be much larger than VaR and so it could be very costly as
a capital requirement. Nonetheless, in principle, there is no need to require for the whole
expected shortfall, CVaR - VaR, but rather for the premium of an insurance, or a hedge, that
will ensure for the payment of the expected shortfall in case the loss goes beyond the VaR

threshold. In other words, it would be enough to require the price of a binary call option
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whose underlying is the loss of the portfolio and which pays (CVaR - VaR) with a strike price
equal to VaR. From observation (1.21), and denoting CVaR and VaR (as before) by ®4(6)
and VaR,(6) respectively, for a feasible strategy 6, it follows that, under the assumption of

completeness of the market, such binary option would cost

Q*(A) (Pa(6) — VaR,(9)) . (1.22)

Therefore, a natural capital requirement that takes into account losses beyond the VaR

threshold is

VaRa(0) + Q*(A) (2a(f) — VaRa(6))

or equivalently,

(1-Q"(A4)) VaRa(0) + Q" (A)0a(6) - (1.23)

The latter measure, called the FEzpected Shortfall Hedge (ESH), is a monetary risk mea-

sure (See Proposition 1.6.1).

When the market is incomplete Q* is only one of several martingale measures of the
discount price process {Z;},_, - Hence, (1.22) is just one possible no-arbitrage price of a
binary option that pays the expected shortfall loss beyond the VaR threshold. However, the
election of a different martingale measure ) does not change most of the results that are
next obtained for ESH. For instance, if other martingale measure () is chosen, the associated

expected shortfall hedge ESH, i.e. expression (1.23) but with Q instead of Q*, will still
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be a monetary measure of risk and will posses the basic properties described in Proposition
1.6.2. Nonetheless, it is important to emphasize that under the generality of allowing for
incompleteness of the market, ESH, would not necessarily superhedge for the expected
shortfall, i.e. it would not necessarily be enough to provide for a payoff of at least the
expected shortfall in all possible scenarios. Therefore, in this case, the decision maker should
consdider Q* and the other martingale measures in his analysis (see F6llmer and Shied (2002)

for a detailed treatment on this issue).

Proposition 1.6.1 Let ESH,(0) = VaR,(0) + Q*(A) (Pa(0) — VaR.(8)), for a € (0,1).

Then, ESH, is a monetary measure of risk.
Proof: Let 64, 0, € X.

e Monotonicity: Assume that 6; > 6, a.s.. Then, given that VaR and &, are monetary

measures of risk, it is satisfied that

VaRa(6)) < VaRa(62)
(Da(gl) S (I)a(92)

Since Q*(A) € [0, 1], then (1 — @*(A)) € [0,1] and so

ESH.(6) = (1—Q*(A)VaRa(61) + Q*(4)®(6;)
< (1-Q*(A) VaRa(8:) + Q*(A)Pa(62)
— ESH,(6,) .

o Translation Invariance: Let m € R. Hence,

ESHu(61+m) = (1—Q*(A)) VaRa(6: +m) + Q*(A) 2 (61 + m)
(1 =@ (A)) (VaRa(61) ~ )+Q*(A)(<I> (61) = m)
( Q*(A)) VaR,(61) + @ (A)4(61) —
E

SH,(61) —
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where the second equality follows because VaR and CVaR are monetary measures of risk.
Q.E.D.

The essence of proving that ESH is a monetary risk measure relies on expressing it as
a convex combination of VaR and CVaR. Indeed, from substituting VaR and CVaR by any
other pair of monetary measures of risk in the proof of Proposition 1.6.1, it can be concluded
that any convex combination of monetary measures of risk is also a monetary measure of

risk. Therefore,

(1= P(A)) VaRa(8) + P(A)®,(6)

and

(1 - P(A)) VaR4(0) + P(A)2,(6)
are also monetary measures of risk though these measures do not share the hedging meaning
of ESH. Moreover, the definition of ESH as a weighted average of VaR and CVaR also
implies that ESH inherits certain properties shared by both VaR and CVaR. For instance,
VaR and CVaR are positive homogeneous for any loss distribution and therefore, ESH is
also positive homogeneous. Furthermore, although VaR is not a convex risk measure for any
loss distribution, ESH is convex whenever VaR is convex. The latter claims are formalized

in the next proposition.
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Proposition 1.6.2 (Basic Properties of ESH) Let a € (0,1). Then,

i) ESH, is positive homogeneous in X for all o € (0, 1).

it) If VaR,, is convez in X, for a € (0,1), then ESH, is convez in X.

Proof: i) Let A > 0, a € (0,1) and 8 € X. Then,

ESH,(M) = (1-Q*(A)) VaRa(M) + Q*(A)a()0)
= (1-@"(A4) WVaRa(6)] + Q(A) [A2a(0)]
= M1 -@Q(4)) VaRa(0) + Q*(A)®a(6)]

AESH,(6)

where the second equality is due to the fact that VaR and CVaR are positive homogeneous

(Féllmer and Shied (2002)).

ii) Since the loss function (0, Z,) = —(Z, - 6, — BoWy) for n € Nr is convex in 6, then

CVaR, is convex in @ (Corollary 11 in Rockafellar and Uryasev (2002)). Therefore,

ESH, (M +(1—-2)0) = (1-Q*(A)VaR, (M+(1—-X)F)
+ Q" (A)2, (M + (1 - N)F)
< (1-@%(4) [AVaRa(6) + ( A)
+ Q(A) [A0a(8) + (1 - @]
= A(1-Q*(4)) VaRa(6) + Q*( )2a(0)]
+(1 =) [(1 = Q*(4)) VaRa(0') + Q*(4)2a()]
= AESH,(0) + (1 — A\)ESH,(#)

VaR,(6)]

for any A € (0,1) and 8,6’ € X. Hence, ESH, is convex.




Proposition 1.6.2 states that ESH is, at least, as appealing as VaR in the sense that
ESH is positive homogeneous, as is VaR, and convex whenever VaR is convex. Within the
context of the optimal investment Problem (1.8), ESH is convex for a broader class of loss
distributions than VaR. This is shown in the next proposition, for which we require first the

following preliminary result:

Lemma 1.6.1 Let a € (0,1) and assume the following:

1. The investor of Problem (1.8) is risk neutral with a mazimum tolerated risk equal to

its initial wealth, i.e. RT = GgWj.

2. Q=P.

If the corresponding dual problem (1.9) has a solution (x,y) such that

Z,#0,VYneNr, (1.24)
and,

In > Pn vnde Np (1.25)

Yn Da

SO e

for some B, Bt € |a,1) and BT > .
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Proof: Let (x,y) be an optimal solution of Problem (1.9) that satisfies conditions (1.24)
and (1.25), under assumptions I and 2. If (x,y) satisfies (1.26) then lemma’s claim holds.
Otherwise, we will construct, departing from (x,y), another solution (X, ¥) of Problem (1.9)

that does satisfy (1.26) for some 8, 8% € [a,1) and S+ > 3.

Let 8 = a and 87 € [@,1). The idea is to scale x and y in such a way that the derived pair
(x,y) is feasible, optimal and satisfies condition (1.26). That is, we find 6 > 0 and v, > 0,

for all n € Ny, such that

Ty = YnTn , Yn = 6yn , VneNr, (127)

is a solution of (1.9) and satisfies (1.26). To show this, we primarily focus on the first set of
constraints of (1.9) and condition (1.26). The pair (X,¥), as defined in (1.27), satisfies such

conditions if and only if

Pn+ Yn%n = 0Yn , V1 € N, (1.28)

and,

ey Tnn _ (1) [( 1-a —ﬁ*)] N (1 _ é) , (1.29)

Yo o 1—at)

where we recall that 3 has been chosen equal to a. The set of conditions defined by (1.28)
and (1.29) form a system of |Nz| + 1 linear equations with |N7| + 1 variables. This system

always has a solution. For instance, let
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o= (2) [ o] ()

Therefore, from (1.28) and (1.29), and provided that m(5%) # 1, we obtain

~ w(1—m(B))

from which, using (1.28),

Yn = On =

Tn
Yn—Pnlo (l—m(ﬂ+)) ?
Znyo(1-m(B+))

where 6 and 7, are not necessarily positive unless the value of 8% is chosen appropriately.
Later on we establish conditions on A+ under which m(8%) # 1, and § and ~,’s are strictly

positive.

Therefore, (X,¥), as defined in (1.27), satisfies by construction condition (1.26) and the first
set of constraints of Problem (1.9). The vector ¥ clearly satisfies the second set of constraints

of Problem (1.9) and if we define

z

D &
neNyp

then, 7 satisfies the last three sets of constraints of Problem (1.9). Hence, the only constraint

of Problem (1.9) that remains to be verified by (X,y) is

:inngc( p"a) VneNr. (1.30)




To prove (1.30) recall that, by assumption, x is optimal and thus it must be satisfied that

Let 2 € Np. Therefore,

wen <[5 8 ()

We claim that assumption (1.25) implies that

n o= (z) (] (1.31)

vV
N
vy
3R
S’
N
§F
SN’

for all n,7n € Nr. If the latter inequality holds then

Soere (2) (2) > Toam, (2) (1)

where the last equality is due to the assumption Q) = P. Hence,


file:///_Syn-pn

<1
ZnGNT ('yj%) (EIEL)
Therefore,
o < 1 7 ( Pn_
o < [ty | ()
< #()
To prove (1.31) it is enough to show that
0Yn — Pn (yn>
> £ 1.32
0Ya — Pn Yn ( )
since z, > 0, for all n € Ny. Observe that
dm(pt) 11—«
=— <0,V BreRr,
B+ al—ag 0 Ve
and so,
(i) 5
1-m(B7) _ ap+ - <0.

dp* (1 —m(B+))

Therefore, m(3") and Wl(m—) are strictly decreasing functions for all 8t € R. If f% is

2

—at
restricted to the interval (1 — (ll—fl, 1—(1—a™)?) then

24

oemir= (3) [5tpe- ] (-2 1
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1—at)?

That is, the function m is bounded if 8+ € (1 — g—lgl,l -1 ——a+)2). Thus, as B+

approaches (1 - 51;_‘_’—;)2) from the right, the limit of m(8") exists and equals

lim m(Bt)=1.
pr—(1- 9522
This implies that
1
lim (BT = ———— =0 (1.33)
)
Therefore,
+ -
ﬂ+—'(1—£1—;f-:)—2-)+ 6B )ya—pn  Ya
On the other hand, assumption (1.25) implies
6 (g£ﬂ+)yn—17n) 665ﬁ+2
(BT )yn—ps a8+ [
= YnPn — YaPn] 20, V1 € Ny . (1.35)
op* (5(B)yn — pa)’°

That is, gg%)%:—% is a monotone increasing function under assumption (1.25). Hence, (1.35)

and (1.34) imply (1.32) (See Appendix 1).

To complete the proof, we now establish appropriate conditions on S+ to guarantee the
nonnegativity of § and the +,’s as well as the condition m(8%) # 1. Recall that g+ €

(1- %ﬁ, 1—(1-a")?) C e, 1) implies 0 < m(B+) < 1 and so
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1
= = mEn) ~

However, the nonnegativity of 6 does not ensure that the 7,’s are nonnegative too. Further

restrictions on % need to be imposed.

Recall that v, = (0yn — pn) /Tn, for all n € Np. Hence, by (1.33), B can be chosen

l-a

—at)?
sufficiently close to (1 — ﬁl—a—L>, but above it and less than 1 — (1 — a+)2, such that we

2

~ —at
assure that all the v,’s are positive. That is, there exists 3 € (1 - QTf——L, 1-(1- a+)2>

(2]

2
[0 4

such that if §* € (1 _ () B] then

+ —
o= P 50y Ny,

2
at

Therefore, if 3+ € (1 - Q—;—)—

—Q

,B} , then (X, y) is a feasible solution of (1.9). We now prove

that (X,y) is also optimal.

By assumption, the investor is risk neutral and the maximum tolerated risk is the initial

wealth. Hence, the dual objective function of (1.9) associated with (X,¥) reduces to

T
5 |50BoWo— > > infuLn

t=1 neN;

Thus, since multiplying the objective function by a positive constant does not alter the point

at which the optimal is reached, (X,¥) must be an optimal dual solution associated with 6.

Q.E.D.
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Under the assumptions of Lemma 1.6.1, there are multiple optimal solutions.

Proposition 1.6.3 (Convexity of ESH) Suppose that the assumptions of Lemma 1.6.1
hold, and assume that the cardinality of the sample space |} = |Nr| is such that given
61,0, € X, A € (0,1) and o € (0,1), there exists a probability measure P', defined over €,

that satisfies

Va’Ra,P'(o) = VaRa,P(g) , f07' 0= 61, 02, /\91 -+ (1 — )\)92
Ot () = P%p(0), for 6 =01,02,061 + (1 — A

Let (x*,y*) be a solution of the dual problem (1.9) that satisfies condition (1.26), and let
ESH be the expected shortfall measure associated with this solution. Then, ESH is a convex

measure of risk in X.

Proof: By definition of ESH (see Equation (1.23)),

ESH.(0) = (1 — Q*(A)) VaRa(9) + Q*(A)8.(6) , V f € X, (1.36)

where Q* is defined as in Proposition 1.5.1. On the other hand, ®, can be expressed as (See

Proposition 6 in Rockafellar and Uryasev (2002))

1—-at

l—-«

at -«

3, (6) = ( ) VaR.(6) + ( ) o) ,VoeX. (1.37)

l—«

where ®}(0) = EP [1(6,9)|(0,y) > VaR,(0)] and a* = ¥(, VaR,()). Therefore, substi-
tuting (1.37) into (1.36) leads to
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ESH,(06) = [ Q*(4) ( —a*)] VaR.(0) +

[ *(4) (1 "*)] OO, VOEX . (1.38)

The essence of the proof relies on showing that, under the conditions stated in the proposition,
given 0;,0, € X and X € (0, 1), there exist a probability measure P’ and a level of confidence
[ such that

1. Q*(4) (1;—a+) = (1:@) Ve X, and

—-a 1-8

2.
VaR,p(6) = VaRgp(0)

CVaR}p(0) = CVaR;’,P, (9)

where St = 1 (6,VaRg(0)) and 6 € {61,602, A0, + (1 — A)B:}. If these two conditions are

satisfied, then

ESH,p(8) = [1—Q*(A)( 21| VaRa ()
+ (@ (=] 010
= (522) VeRyw )+ (55) 24 (6)

= CDﬁ,P’ (9)

for 8 = 0,, 62, A0, + (1 — A)0, and, therefore,

ESH,p(M01 + (1= N) = @45 (N1 + (1= \)bs)

)\@ﬁ’P’ (91) + (1 - )\)@ﬂ,P' (02) ,
AESH, p(61) + (1 — \)ESH, p(62)

IA

where the last inequality is due to the convexity of CVaR (See Corollary 11 in Rockafellar

and Uryasev (2002)). Thus, given that 6;, 6;, and X are arbitrary, we conclude that ESH,, p
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is convex in X. We now prove claims 1 and 2 to complete the proof.

1. Lemma 1.6.1 assures the existence of (x*,y*). By assumption, (x*,y*) satisfies

COEERD) D) e

for some 3, 8% € [a,1) and BT > B. From Lemma 1.5.1,

Q" (4)

PO [1+ () (22)]
= (- 1+(5) (=)] -

Substitution of (1.39) into (1.40) leads to Condition 1.

(1.40)

2. Given 6;, 6, € X, and XA € (0,1) we need to show that there exists a probability

measure P = (p,),,.y, such that

(a) VaRap(0) = VaR, p(0) , for 6 = 01,05, 201 + (1 — A)6a.

(b) @;P(G) = (I):P' (9) , for 8 = 64,65, 20, + (1 — /\)62
Conditions (a) and (b) determine a system of equations for every triplet (61,62, ).
Therefore, if the sample space is large enough, as it is appropriately assumed in the

statement of the Proposition, we can always find a set of values (p,,)nen, that define a

probability measure which solves this system of equations.
Q.E.D.

The convexity of ESH relies on the idea that, under certain assumptions, the Expected

Shortfall Hedge of a given strategy, with a pre-specified level of confidence, is equivalent to
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Density
induced by P’

Density
induced by P

ESHpg5p = CVaR g5, pr

/

/ CVaRg g5

VaRy g5 p = VaRy g5, p
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-4 -3 -2 -1 [} 1 2 3 4 B €

Figure 1.1: Convexity of ESH. This graph shows a density P (gray line) and a density
P’ (black line) such that the ESH, under P, coincides with the CVaR, under P’, for a
confidence level of o = 0.95 and where P’ is obtained by distorting appropriately the tail of
the P density. :

the Conditional Value at Risk of the same strategy but under a different probability measure
and, possibly, a different level of confidence. Although, in principle, the alternative proba-
bility measures under which the ESH is a CVaR could be quite different from the original
distribution, we should focus on those which tend to be close to the original distribution given
that this distribution should contain important historical and expert information. In partic-
ular, given that ESH and CVaR are risk measures for extreme losses, we should concentrate
on those alternative distributions that are as close as possible to the original distribution for
losses up to the VaR threshold and therefore, differ from the original distribution only on

the tail area. (see Figure 1.1).

From Propositions 1.6.2 and 1.6.3 we know that, under certain conditions, ESH is both

convex and positive homogeneous. Therefore, ESH is a coherent measure of risk in the sense
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of Artzner et al (1999). Next corollary states this fact.

Corollary 1.6.1 (Coherence of ESH) Suppose that the assumptions of Proposition 1.6.3

hold. Then, ESH is a coherent measure of risk in X.

Proof: A direct consequence of Propositions 1.6.2 and 1.6.3.

Q.E.D.

1.7 Conclusions and Further Research

The motivation for this research was to assess the implicit risks of the strategies followed by
an investor who maximizes the expected value of his final wealth, subject to budget and risk
tolerance constraints. A discrete-time framework that allows to consider incomplete markets
and distributions other than the normal distribution, including the typically observed fat-
tailed distributions, is used. Risk tolerance constraints are considered in terms of a maximum
tolerated loss, which is measured using a coherent and stable measure of risk such as the
Conditional Value at Risk (CVaR). Implicit Risks are uncovered in terms of the likelihood
of surpassing the standard Value at Risk (VaR) threshold. For instance, three embedded
probability measures are determined and compared with each other when assessing the prob-
ability of surpassing the VaR threshold. One of these embedded probability measures is a
martingale measure and, hence, it is used to quantify the cost of hedging losses beyond
the VaR threshold. In fact, it is proved that if this hedging cost is visualized as a capital
requirement, then the mapping that associates this financial cost to a given strategy is a
monetary measure of risk. Moreover, this monetary measure of risk, which we denominate
Ezpected Shortfall Hedge (ESH), is proved to be a coherent measure of risk for a broader

class of loss distributions than those for which VAR is coherent. The other two embedded
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probability measures are related to the particular utility function of the decision maker and
the risk tolerance constraint. Finally, it is also proved that if the risk tolerance constraint
is binding, then the probability of surpassing the VaR threshold and the cost of hedging
losses beyond the VaR threshold are strictly larger under the embedded probabilities than
under the natural probability measure. Therefore, this research particularly emphasizes the
importance of considering these implicit risks, especially when the selected strategy operates

at the limit of the tolerated risk.

Further research can be done in at least two main directions. A first direction should
be in the line of extending the results obtained in this chapter by considering other convex
risk measures and/or other type of loss functions and/or dynamic risk measures. A second
and broader direction should be based on the observation that the inclusion of a convex risk
measure, such as CVaR, in a stochastic programming model induces another implicit risk
measure, such as ESH. Therefore, a problem to address is whether, in general, the inclusion
of convex risk measures in a stochastic programming model always induces implicit risk
measures. The inverse problem is also of interest. That is, given a risk measure, is there an

associated stochastic programming model that induces such risk measure?
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Chapter 2

The Duality of Option Investment
Strategies for Hedge Funds




2.1 Introduction

Hedge Funds are private investment partnerships that attempt to obtain superior risk-
adjusted returns in any market condition for their mostly wealthy investors. Although hedge
funds have long existed!, it was until the collapse of the Long-Term Capital Management
(LTCM) hedge fund in 1998 that the influence and role that these institutions play in the
financial markets was fully realized (e.g. de Brouwer (2001)). The high-profile (four billion
dollars) failure of LTCM jeopardized several large financial institutions and, according to

the U.S. Federal Reserve, the world economy.(e.g. Jorion (2000a)).

The LTCM event attracted immediately the attention of academics, who were interested
in understanding well what actually happened and which was the real nature of these financial
institutions. Early studies on hedge funds, such as Fung and Hsieh (1997), Eichengreen, et al.
(1998), Fung and Hsieh (1999), Ackermann, et al. (1999) and Brown, et al. (1999), among
the most important, were particularly difficult to realize since, at that time, information
about hedge funds, both qualitative and quantitative, was not freely available for the general
investment public. This is because hedge funds deal with sophisticated investors, such as
wealthy and institutional investors, for which standard disclosure information regulations do

not apply.

Over the past six years, the number of hedge funds has doubled and the assets under
management by the hedge fund industry have grown exponentially, being one of the main
reasons of this phenomena the significant increment of asset allocation to hedge funds by

institutional investors (Fung and Hsieh (2006)).

IThe term hedge fund describes the “hedge” against risk that some of these partnerships aim for through
their strategies. The first official hedge fund was founded in 1949 by Alfred Winslow Jones in the United
States. For more on the history of hedge funds, see Eichengreen, et al. (1998). Early hedge funds, such as
the Chest Fund at King’s College (Cambridge) which was managed by J.M. Keynes from 1927 - 1945, are
discussed in Ziemba (2003), and Ziemba (2007).
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Academic research on hedge funds has been mainly focused on their performance, their
strategies and the risk associated with such strategies. Performance of hedge funds is typi-
cally measure in absolute terms with respect to the risk free rate and they normally use a

wide variety of dynamic investment strategies.

Hedge fund performance is perhaps the main research topic given the popular claim
that hedge funds obtain superior risk-adjusted returns. To verify this claim, many related
studies do some kind of empirical analysis based on a performance model, which is typically
a generalization or an extension of Sharpe’s Performance Model (Sharpe (1992)). Sharpe
proposes a simple linear regression model to explain portfolio returns in terms of suitable
chosen factor variables and finds that his model explains reasonably well mutual fund returns.
However, Fung and Hsieh (1997), when studying the nature of the hedge fund strategies,
apply Sharpe’s model to a large database of hedge fund returns and observe that Sharpe’s
model does not explain satisfactorily these returns. Therefore, several extensions of Sharpe’s
model have been proposed for such matter. Most of these extensions are based on the work
of Glosten and Jagannathan (1994), who propose a general performance model based on a
contingent claim perspective and which, in practical terms, reduces to add call-option payoft
terms to Sharpe’s model. Recently, Agarwal and Naik (2004) extend a bit further Glosten
and Jagannathan’s model and propose to include also put-option payoff terms. They find
that this model fits well observed hedge fund returns. Overall, performance studies conclude

that hedge funds consistently outperform mutual funds but not standard market indices.

Explaining the performance of hedge funds is intimately related to understanding their
strategies. Therefore, studies that focus on performance also provide insights about their
strategies and vice versa. For example, Agarwal and Naik (2004) conclude from the good fit
of their performance model, the nonlinear option-like nature of hedge fund returns, which

are characteristics that have been deduced by others that were primarily studying hedge
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fund strategies (e.g. Fund and Hsieh (1997)).

Describing the strategies followed by hedge funds is not an easy task. This is due to
the lack of information, given the sui generis nature of hedge funds as financial entities for
sophisticated investors, and the wide variety of strategies that hedge funds actually follow.
However, there are some common characteristics that are well known about their strategies.
For instance, most hedge funds use dynamic investment strategies that very often involve
leverage and which have a low correlation with standard asset classes (Fung and Hsieh (1999,
2006)). Nonetheless, there exists great variety of investment styles. Consultants classify
hedge funds according to self-described styles. Among the most common are Long/short
equity funds, which are typically exposed to a long-short portfolio of equities with a long bias,
Event driven funds, that specialize in trading corporate events, such as merger transactions
or corporate restructuring, and Equity market neutral funds, which usually trade long-short
portfolios of equities with little directional exposure to the stock market. Nevertheless,
there are alternative classifications. For example, Fung and Hsieh (1997), using a principal
component approach based on returns alone, provide a quantitative classification of hedge

fund styles.

One of the popular beliefs about hedge funds is that these financial institutions do
not have systematic risk. There are few studies that address this issue. This is because
hedge fund managers usually diversify their fund’s performance across a variety of strategies.
Hence, risk analysis has foqused on specific hedge fund style strategies. For example, Fung
and Hsieh (2001) study the risk associated with the strategy style known as trend following
and Mitchell and Pulvino (2001) analyze risk associated with the risk-arbitrage strategy
style. Recently, Agarwal and Naik (2004) have proposed a general approach to characterize
the risk of any hedge fund strategy. These studies conclude that hedge fund strategies do

have systematic risk, and moreover, that in some cases, such as equity-oriented hedge fund
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strategies, payoffs resemble a short position in a put option on the market index. Therefore,

risk management of hedge fund strategies is a crucial topic that needs to be addressed further.

Instead of trying to describe or deduce the strategies that hedge funds actually follow,
other academics have theoretically derived the strategies that hedge fund managers should
implement, given some preference model framework, and analyze the risks associated with
such strategies. Hedge fund managers are typically compensated with an incentive fee formed
by a fixed compensation plus a variable payment that is equal to a predetermined percentage
of the positive profits over a specified benchmark. In other words, hedge fund managers are
compensated with a fixed compensation plus a percentage of the payoff of a call option,
whose underlying in the fund value. Carpenter (2000) solves explicitly for the first time, in a
continuous-time framework, the dynamic investment problem of a risk averse manager who
is compensated with a call option on the assets he controls, such as a hedge fund manager.
Carbenter finds that the optimal strategy implies that the compensation option ends either
deep in or deep out of the money. That is, the hedge fund manager implements a policy
that leads to a fund value that is either well above or well below the benchmark. Carpenter
also finds that the volatility associated with the optimal strategy can be strictly below the
volatility of the policy followed by the same manager if he were trading his own account. This
latter feature has questioned, in general, the ability of this type of option-like mechanisms to
induce specific risk profiles. This topic is one of the main issues discussed in Chapter Three

of this Ph.D. Thesis.

Cadenillas, et al. (2004) extend Carpenter’s (2000) model, in a continuous-time frame-
work, to study the case in which the manager chooses, in addition to the volatility of the
portfolio of the assets that he controls, his level of effort. Carlson and Lazrak (2005) com-
plement Cadenillas, et al. (2004) analysis by investigating the case in which the manager

decides on the leverage instead of the effort level. Recently, Panageas and Westerfield (2006)
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obfain, also in a continuous-time framework, the optimal portfolio choice of a hedge fund
manager who is compensated with a high-water-mark contract, where the benchmark is the
last recorded maximum fund value. Unlike previous related studies, they assume that the
horizon time is indefinite or infinite. They find that under such assumption the optimal
‘portfolio will place a constant fraction in a mean-variance portfolio and the rest in a riskless
asset. This implies that even risk-neutral investors will not invest unboundedly in risky
assets, contrary to what previous studies with finite horizons would imply (e.g. Carpenter
(2000)). Therefore, they conclude that risk-seeking incentives of option-like compensation

schemes rely more on the horizon than in the convexity of the compensation scheme.

This chapter studies the nature of the optimal strategies followed by a hedge fund ma-
nager who includes stock index options in his investment universe. Our main motivations are,
on one hand, that payment benchmarks for hedge fund managers are typically established in
reference to a certain stock index and, on the other hand, that previous studies on optimal
strategies use probability frameworks that do not allow to consider the well known skewed
and fat-tailed features of option return distributions. Therefore, we consider a discrete-
time framework that, in contrast to typical used continuous-time frameworks, can be easily

adapted to consider not only these type of distributions, but also incomplete markets.

We consider a general risk averse hedge fund manager who is compensated with a fixed
salary and predetermined percentage of the net profits with respect to a benchmark. Using
duality theory, we obtain explicit theoretical conditions under which it is optimal for this
manager to invest in stock index options. These conditions establish pricing thresholds for
the stock index options, in terms of embedded martingale measures that are linked to the
preferences of the hedge fund manager. We derive these optimal investment conditions for
different benchmark policies and risk management considerations. The numerical valuation

of these optimal conditions is relatively easy to obtain, given that all the models used involved
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optimization problems with linear constraints, for which there are well established algorithms

to solve them (e.g. Bazarra, et al. (1993)). We illustrate our results with some examples.

This chapter is organized as follows: Section 2 describes the decision space framework
used for our models. Section 3 presents our basic model, establishes explicit optimal invest-
ment conditions for such model, and develops a detailed example that shows the application
of these conditions. Section 4 extends these results for a broader class of utility functions.
~ Section 5 illustrates the risk incentives induced by the manager’s compensation scheme. Sec-
tion 6 generaiizes the results of Section 4 for multiple periods of fee payments and different
policies to determine the benchmark. Section 7 considers more advanced models, and Section

8 concludes.

2.2 Decision Space Framework

Our framework is based on King (2002) and uses three elements: a probability space, a

financial market, and a class of investors.

Probability Space

The probability space uses a scenario tree structure that models all possible scenarios or states
(represented by nodes of a tree) of the market over a finite number of discrete time periods
t=0,...,T. The scenario tree structure is such that every possible state is the consequence
of a unique sequence (trajectory) of states (events). That is, every node n € N;, where N,
denotes the set of all nodes at time ¢, has a unique parent, denoted by a(n) € N,_,, although
with a set on possibly many child nodes, denoted by C(n) C N¢y. This is convenient for
assigning probabilities to each of the tree scenario nodes. Defining a probability measure P

(i.e., assigning probabilities to each node of the tree) in this type of scenario tree consists of
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assigning weights p, > 0 to each leaf node n € Nr with } n pn =1 and then recursively

computing the remaining node probabilities via

Pa= Y. Pm, ¥YnEN, t=T-1,...,0.
meC(n)

Let € be the set of possible trajectories or sequence of events (from time 0 to the end
of period T) in the scenario tree, then (2, P) defines a sample space. Every node n € N
has a unique history up to time ¢ and a unique set of possible future trajecfories. There-
fore, N, induces a unique set of histories up to time t, say F;, and a partition of 2. The
collection of sets {Ft}t=0,...,T satisfy F; C Fyy; for t = 0,...,T — 1. The triplet (2, Fr, P)
forms a probability space. For the probability space (2, Frr, P), the conditional probability
of state (event) m given that n occurs, where m € C(n), is (T;—’:), and if {Xi},_, risa

discrete stochastic process defined on our probability space, then EX [X)] = 3 v XnDn

and EF [X,14|Fy] = 2 meCin) (;’L:l) Xom.

Martingales

Definition 2.2.1 Let {Z:},_o r be a stochastic process defined in (Q, Fr). If there ezists

a probability measure Q) such that

Zy = E?[Z4|Ny], t=0,...,T -1

very

martingale measure for the process {Z;},_o -

Martingales are useful in the financial context, for example, to determine if a price
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process is fair in the sense that at any time the price equates its expected future value

(under a probability measure Q), i.e., if the price process is a martingale (under Q).

Financial Market and Investors

The market has I+1 tradable securities i = 0, . .., I, whose prices at each node n are denoted
by the vector S, = (S9,...,S!). We assume that one of the securities, the numeraire, has
always a strictly positive value and without loss of generality we assume that it is security 0.
This numeraire defines the discount factors G, = ( sig) and the discounted prices (relative to

the numeraire) Z: = (3,S% for i = 0,...,1. The price of the numeraire in any state equals

one. The market may be either complete or incomplete.

Let 6% be the amount of security ¢ held by the investor in state n € N;. Thus, the

portfolio value in state n € N, is Z,, - 0, = Efzo VARY 3

We assume that investors do not influence the security prices of any security and trade

at every time-step based on information up to time ¢.

Arbitrage

Arbitrage is the opportunity of making a sure profit with no risk (usually through the
purchase and sale of assets). Here, arbitrage is to find a portfolio with zero initial value
whose terminal values, obtained through self-financing strategies, are nonnegative for all
scenarios and at least one of those terminal values is strictly positive with a positive proba-

bility. In other words, there is an arbitrage if there exists a sequence of portfolio holdings

{en}nGNg, 0<t<T such that
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Zy-0p=0
/A (Gn—Ga(n)) =0 VneN,,Vt=1,..,T
Zn0,>0 ¥Yne Nr,and
P{Z, 6, >0} >0 for some m € Np
We assume that there is no arbitrage in our financial market. This assumption guaran-
tees the existence of martingale measures for {Z,},_, ; (King (2002), Theorem 2.2), which

are used to express optimal conditions for option investments for models presented below.

2.3 The Basic Problem

We consider a hedge fund manager who controls assets with a current value of W, and
who receives compensation of a fixed fee f and an incentive fee of a percentage a of the
positive profit, if any, of the hedge fund manager’s portfolio with respect to a previously
specified benchmark, usually based on a stock index, over a T-period horizon. The hedge
fund manager can invest in any of I + 1 securities and can buy or sell European stock
index options. Our basic problem is that faced by a hedge fund manager determining the

investment strategy that maximizes his expected fee.

We focus on two disjoint cases: either the hedge fund manager is only allowed to buy
stock index options or he is only allowed to sell stock index options. We make the following

assumptions:
e The hedge fund manager only considers strategies that do not lead to negative values
of his portfolio. Hence, Z, - 8, > 0, for all n € Np.

e The manager can re-balance his portfolio periodically. However, there are no inflows

or outflows of capital during [0,7]. hence, the hedge fund manager only considers
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self-financing strategies that satisfy

/A (Hn—Ha(n)) =0, forallne Ny, Vi=1,...,T.
This restriction is relaxed in subsequent sections.

e If the hedge fund manager takes a position in stock index options at time 0, then he

maintains such position until time 7.
2.3.1 Buying Options

We consider the set of strategies in which the hedge fund manager is allowed to invest in
any of the I 4 1 securities and to buy (European) Options (vanilla Calls and Puts) whose
underlying is a Stock Index, which is assumed to be the benchmark. The manager’s objective
is to maximize his expected fee (we study more complex objective functions in subsequent
sections). The optimization investment problem, without the constant term f (ZM Ny ﬁnpn),

which does not influence the optimal solution, is

Maz 0,€0,8 84 [ZHENT /annpn]

s.t.
Zy - 6o+ Bo (€0 - Vo) = BoWoy
Zn-(en—ea(n))=0, VneN,,Vt=1,..., T (2.1)

Zn'an—ﬂn5n+ﬂn(€0’vn):,Bana vnEJVT
Zn-0,>0,5,>20,VnéeNrp
6020)

where €9 = [e§,ef], Vo = [Co(1 + tc©), Py(1 + tcF)], Vo = [Cr, Po], 0 = [0,0], and
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Sn . The surplus over the benchmark in scenario n € Nr.
€§ (¢£) : Quantity of Call (Put) options that are purchased at time 0.
Co (Po) : Call (Put) price at time 0.
Cn (P,) : Call (Put) payoff in scenario n € Nr.
tcC (tcP) : Transaction Costs when buying Calls (Puts) at time 0.
(as a percentage of the option’s value).
Wo : Initial Value of the Hedge Fund Manager’s portfolio.
B, : Benchmark value in scenario n € Ny.

The dual problem of (2.1), which provides insights into the nature of the optimal strate-

gies for the hedge fund manager, is (see Appendix 2)

Min g,y s aumemr YoBoWo = D e n, TnbnBn

s.t.

Opp+ fn —Tn =0, V0 € Np

Mt zTp—y=0,Vne Nrp

(YnZn — Zmec(n) YmZm) =0, Vn e N, Vt=0,...,T -1 (2.2)
> ey EnBnCn — Y0oCo(1 4 tc®) +nc = 0

Y neny TnBnPr — YofoFPo(l + tcf)+np =0

A 20, pp, 20, Vn € Ny

nc=>0,np20.

The first set of restrictions corresponds to the positive profits, if any, over the Bench-
mark. The second set of restrictions is associated with the final value of the hedge fund
manager’s portfolio. The third set of restrictions is consequence of the self-financing strate-

gies constraint. The last two constraints correspond to the purchase of options.

Observe from the first two sets of restrictions of the dual that

Tp = n +0pp > apy, >0 ,Yn € Np
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and y, = Zp, + An 2 Zp, ,V n € Np. Thus,

Yn = T > apy > 0. (2.3)

The third set of restrictions of the dual problem and the fact that Z2 = 1 for all n € M,

Vt=1,...,T, imply that

Yo= D Ym,VYne€ N, Vt=0,..,T—1 (2.4)
meC(n)
Hence,
HENT
Therefore, from (2.3) and (2.5),
neENp

These preliminary observations of the dual problem are key for its analysis and interpre-

tation.

Analysis and Interpretation of the Dual Problem

1. Let y5 and (z},),cp, be the optimal values for the linear programming dual variables
Yo and (Zn),ey,- These values represent, respectively, the marginal change of the
optimal expected fee of the hedge fund manager with respect to the initial hedge fund

portfolio’s value Wy, and the possible benchmark values (By),, Ny
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2. The last two restrictions of the dual problem are equivalent to

bo > Tocr, oa(2)(G)(1 + 1) (27)
Yo = ZneN,‘xn(%)(%)ﬂ"‘tcp)—l' (2.8)

The expressions on the right hand side of these two inequalities can be interpreted as

a (discounted) weighted average return of the Stock Index Options.

3. From (2.6) - (2.8), it must be satisfied that

v 2 Moz {Ten, el B)E)( + 1),
ey an(2) )L +1F) ™, T ey, o}

Therefore, the optimal value of yo, say yg, must satisfy

v = Maz{Toen, (E)NG) A+t
Snens TG B)A+ 1), T e, o0 )

where (x},),,cx, are the optimal values of (z},),cy, - Hence, if

N e (B (Cn c)-
Yy = an(%) (CO)(l—i—tc )~
or

= Y o (%) (F) aren.
0

nENt

then, from 2, y can be interpreted as a (discounted) weighted average return of Stock

Indezx Options. Otherwise, if




Y=Y Tn, (29)

neENy

then, by (2.3) and (2.5), z}, = y;,, for all n € N, and hence, \; =0, for all n € Nr.
Thus, by linear complementarity, Z, - 6} > 0 for all n € Np. That is, if condition
(2.9) is satisfied, then the hedge fund manager aims for a strictly positive value of his
security’s portfolio for every possible final scenario. Therefore, given the no arbitrage
assumption, the initial value of the security’s portfolio, Zy- 93; must be strictly positive.
In other words, if condition (2.9) holds, then the hedge fund manager must invest in

the security’s portfolio.

4. The dual objective function can be expressed as

Y0BoWo = D TnBuBn =0 (ﬂoWO -y (%) ﬂan) :

neNyp neENt

Therefore, the optimal dual value,

ys (ﬂOWO - Z (%) ﬂan> 3

n€ENy yO

can be interpreted, using 2 and 3, as a weighted average return over the remaining

capital derived from subtracting the weighted average,

3 ("“—) BuBn

neNt y(]

from the current value of the hedge fund manager’s portfolio.

5. From equations (2.3)-(2.5)

nEy—">0,VnGNT

Yo
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defines a probability measure Q). Furthermore, the third set of restrictions of the dual
problem (2.2) implies that {gn }neny defines a martingale measure for the (discounted)
price process {Zt}t=o,...,T- Moreover, if the final values of the portfolio (Z,-6,,, n € Nr),
are unrestricted, then z,, = y, for all n € Nr (see the Appendix 2 for the proof), and,

thus, the dual objective function is

Yo (:BOWO - Z (%) ,3an> = yo (BoWo — E° [6rBr]). (2.10)

neNy

Hence, the optimal dual value,

vy (BoWo — E¥ [BrBr)) ,

can be interpreted as a weighted return over the remaining capital derived from sub-
tracting the expected value of the benchmark (under Q*) at time T from the current

value of the hedge fund manager’s portfolio.

6. From equations (2.3) and (2.5), it follows that yo > a. Therefore, based on the inter-
pretations of y§ argued in Items 4 and 5, the optimal hedge fund manager’s expected fee
must be at least o percent of the remaining capital derived from subtracting a weighted
average value (expected value, under the no-bankruptcy assumption made in Item 5) of

the benchmark from the current value of the hedge fund manager’s portfolio.

7. Finally, equation (2.3) provides us with a set of lower bounds for the dual variables

{¥n}nen,» and, hence, with a set of (scaled) lower bounds for the martingale probabil-

ities {gn},cn, defined in Item 5. That is yo gn = apn , V1 € Nr.

We summarize the previous analysis in Table 1.
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Table 1

Expression Interpretation Bounds
1. Marginal change of the
v optimal expected fee with Yo 2 «

respect to Wy,

2. Weighted Average Return.
Marginal change of the
optimal expected fee with Qapy
respect to the benchmark
value B,, n € Nr.
Martingale Measure of the

Q= (n)nen, » ;= (fﬁ) discounted price process gn > @ (%‘)

(Zt)t=0,...,T'
Weighted average return over
the remaining capital derived

0 (,BOWO — Zne Ny (%) ,Ban) from subtracting an average a (BoWh)
of the possible benchmark —QY Ny (%) B.Bn

values at T from the current
value of the hedge fund
manager’s portfolio

Example 1

Description:

Consider a static one-period horizon problem with two equally likely scenarios, n, and ny,
and a financial market with two securities: a bond (security 0, the numeraire) and a stock
(security 1). We assume that the hedge fund manager receives, at time 7', a variable incentive
fee of 20% over the positive profit of the portfolio he controls, with respect to a benchmark
B. This benchmark is established as the capital that would be accumulated if the current
portfolio value Wy would be invested at a rate of return equal to the return gained by the

stock index ST plus a fixed return k. That is, the benchmark B can take the two following

possible values:




SIn . :
B, = (—S—Iﬂl + n) Ws , in scenario n;, and

| . (S . .
: B,, = (S—ID?* + Ii) Wy , in scenario ng, .

where Sy is the current value of the stock index and S1I,; represents the stock index value

in scenario j, 7 =1, 2.

Finally, we assume that there is an option market on the stock index SI. The basic

problem is then

Maz geos  (0.2) [BrySniPry + BrySnaPno)

s.t.

89 + Z305 + Boe§ Co + Poeh Po = BoWo

(65, — ) + 2, (61, — 65) =0

(63, - 68) + 25, (65, — 65) =0

00 + Z} 0% — Bn,Sn, + Bni€§Cny + Bri€§ Py = Bny Bn,
0%, + ZL,0%, — BrySny + By€§ Cny + By €6 Pry = BryBa,
65 + 2, 0% >0, 60 +26., >0

€§ >0, ¢8>0,

Sny 20, 8p, 20

(2.11)

where G, = (5’21)‘1 = (S9(1 + r))—l, j = 1,2; 7 is the one-period (fixed) interest rate; Cy,
(Pr,) is the Call (Put) payoff under scenario n;, j = 1,2; and Cy (Fp) is the current price of
the Call (Put) option.

We assume that the current price of the options on the Stock Index SI correspond to the
no-arbitrage prices

Co = (i) [@Cn +(1-9)Cm) , and

Po= () GPu+1=-9PF,] ,
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where

~ SI()(l -+ ’I') — SIn2
1= 751, - SI,,

(2.12)
Suppose that the current security prices are S§ = 90 and SJ = 10, and that W, = 500,

SIy =100, r = 5% and x = 2%, with the following scenarios:

Scenario n:

S8 = (1+7)Sy =105, S} =108, and SI,, = 115. Therefore,

SI,,
By, = ( A +n) Wo = 585.

Scenario ny:

SY, =(1+7)58 =105, S}, = 67.5, and SI,, = 70. Therefore,

SI, |
B, = [ =™ = 360.
. < A n) Wo = 360

Thus,

100(1 + 0.05) — 70

5=70 =0.7778

g=

and hence, considering an exercise price of 80 for both options, it holds that Cy = 25.926

and Py = 2.116.
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Solution:

The optimal strategy for the hedge fund manager is
00" = —92.857 , 6, = 14.444
S =0 , €5t =60.75

which means that the manager borrows cash, at a rate of interest r = 5%, takes a long
position in the risky security S!, and buys put options. This leads to the expected variable

fee

0.2 [ﬂn15n1pﬂ1 + /ansnzpnz] = (1—(0):)15) [(O) (%) + (247501) (%)]
2.35715 .

The Dual Problem and its Interpretation:

The optimal solution of the dual problem of (2.11) is

ys =045, y1 =03, z}=03,
y3 =0.15, z3=0.1.

Then

5 [BoWo — (280 By + B60,Bny )| = (0.45) [(50) — (B5) ({2} (585) + {9 } (360))]
= (0.45) [50 — 44.762]
= 2.35715

0.2 [Bny SnyPny + BraSnaPns) -

Thus, the optimal expected variable fee for the hedge fund manager is approximately?

45% (= y3) over the remaining capital derived from subtracting the expected (discounted)

2 [(%) B, B, + (%:) ﬁn,Bn,] = 44.762 ~ 48.571 = [(gﬁ) By Bn, + (%ﬁ) ﬂnanz] = E?" [8rBr]
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benchmark value

[(4) BruBus + () BraBra| = B BrBy]
= 48.571,
from the current (discounted) hedge fund manager portfolio SoW, = (1/10)500 = 50. Note
that @* does not coincide with the probability measure Q= (4,1 — §), where § is defined in
(2.12).

Moreover, observe that

foPy = (248)
= (w3) [530) + 33 (10)]
= [(ﬂ) (B ) (Pa ) (1 +2cP) ™ + (g:) (ﬁnz)(Pm)(HtcP)—l] ,

Yo

This latter condition is expected to hold since optimal purchase of (Put) Stock Index
Options, i.e., 65 ™ > 0, implies, by linear complementarity,
BoPs = Tnewy (%) (B)(Pa)(1 + ")

Saewy () (Ba)(Pa)(1 +1P) (2.13)
E? [BrPr] (1 +tcP)~L.

IA

f

where the first inequality follows from (2.3). Therefore, from (2.13), we have proved

Proposition 2.3.1 If €g* > 0, then ByCo(l + tc€) = Y neNs <%§) B.Cr, < E? [BrC7),

where Q* = {%:} o Analogously, if 6{; ™ > 0 then,
n T

BoPo(1+1tc") = > (2—:) BnP, < EY [BrPr].

neNy
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The optimal investment condition for the purchase of stock index options given in Propo-
sition 2.3.1 can be restated as the Stock Index Options must not be overpriced. This is proved

in

Corollary 2.3.1 Ife;™ >0 (eg’* > O), then

ﬂng(l + tCC) < Ma:z:QeQ EQ [,BTCT] , (,Bopo(l + tCP) < Maz{QEQ} EQ [ﬂTPT]) .

ey

Proof: The result follows directly from Proposition 2.3.1 and the obvious fact that

Mazgeg E° [6rCr] > E?" [BrCr] .
QE.D.

Within this framework King (2002, page 550) proves that the fair value of the contingent

claim V, at time T is

Mazgeo E° [BrVa) ,

where V, is the contingent’s claim price at time ¢, and Q denotes the set of martingale
measures of {Vt}t=0,...,T- Hence, Corollary 2.3.1 states that it is optimal to purchase Stock

Index Options if these are not overpriced.

In summary, if the hedge fund manager is allowed to purchase Stock Index Options, then

the optimal strategy leads to a percentage (of at least o) over the remaining capital derived
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from subtracting the average value of the Benchmark from the current value of the hedge
fund manager’s portfolio and will include the purchase of options if these are not overpriced

(with respect to the no-arbitrage price under Q*).

2.3.2 Selling Options

We concentrate now on the set of strategies where the hedge fund manager is allowed to sell
Stock Index Options. The manager’s objective is again to maximize his expected variable

fee. The optimal investment problem is

Maz gec ors @ [Xnens BrSnpn)

s.t.

-0 — &5 BoCo(1 + tcC) — € BoPo(1 + tcP) = FoWo

-(9n—9a(n))=0, VneN,Vt=1,..., T (2.14)
'en_ﬁnsn_égﬁncn_g(l)pﬂnpn :ﬁan ) Vne NT

Zin-60,>0, 8,20, Vne Np

where € (€0') is the amount of Stock Index Call (Put) Options that are sold and Cp (Pp) is
the current (unitary) price of such Call (Put) options. As in the case of purchasing Stock
Index Options, the dual of (2.14) provides insights into the structure of the optimal strategies
for the hedge fund manager. The feasibility of (2.14) is discussed in Section 2.3.4). The dual

(see Appendix 2 for its derivation) of problem (2.14) is
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Min yoyxApmcme YoBoWo — ZnENT TnnBn

s.t.

apn+ pn — T, =0, V1 € Np

An+ZTh—Yn=0, Vn € Np

(YnZn — ZmEC(n) YmZm) =0, VRne N, Vt=0,...,T -1 (2.15)
Y050Co(1 + %) — 3, cny TnBnCn + 10 =0

YoBoPo(1 +tc?) = 32 cn. TnbnPr+1p =0

A 20, pp >0, Vn € Ny

nc20,n7p20.

Analysis and Interpretation of the Dual Problem

The difference between the dual problems (2.2) and (2.15) is only in the last two restrictions.
Therefore, we expect that most of the interpretations derived for purchasing options are valid
for the case of selling options. For instance, interpretations 1, 4, 5, 6 and 7 of Section 2.3.1
apply exactly or almost exactly in the sarﬁe manner. Interpretations 2 and 3 do not have a
straight forward interpretation in this case although they do have the following corresponding

counterparts:

1. (2’) The last two restrictions of the dual problem are equivalent to

w < zneN,,,[(—gz)(%g)u +1¢%) e, 2.16)

W < Sew[(2) (&)1 +tc) Nz,
The right hand side of each of the previous restrictions can be interpreted as weighted

average returns of Stock Index Options.

2. (4’) Equations (2.16) and (2.6) imply that
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EneNT-’IIn < yw < Min{ZneNT[(g%)(%g)(l+tCC)_1]:L'n,
ZneNT[(g_;)(%)(l +tcP) Ha,} .

Therefore, optimality implies y5 = > . Ny Tn- Hence, 2, = y; and, thus, A7 =0 for

all n € Nr. By linear complementarity,

Zy-0.>0,VneNy.

Hence, given the assumption of no arbitrage, the initial value of the security’s portfolio,
Zy- 05, must be strictly positive. That is, in the case of selling Stock Index Options, the
optimal strategy is to always invest in the security’s portfolio. The reason is that if the
manager sells options, he must, at least partially, hedge his position by in\}esting in the
security’s portfolio; otherwise, he needs to invest in his attempt to beat the benchmark.

Therefore, in any case, the hedge fund manager must invest in the security’s portfolio.

We now state necessary optimality conditions for the sale of options.
Proposition 2.3.2 If Eg’* > 0, then ByCo(1l + tc®) = E? [BrCr], where Q* = {%} .
neNy

Analogously, if € > 0 then,

BoPy(1 +tcP) = E¥ |BrPy]

i.e., selling calls or puts on a Stock Index is optimal if these are fairly priced (under Q*).

Proof: Assume that & > 0. Then, by linear complementarity,

UsBoCo(1+1c®) = D (BaCr)a;, - (2.17)

. neNyp
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Optimality implies y5 = > .. Ny T, and, hence, z7, =7, , V n € Np. Therefore,

> (BuCr)zh = Y (BuCr)y; - (2.18)

neNr neNyp

Thus, combining equations (2.17) and (2.18) yields Y3BoCo(1 + tc®) = 3 en, (BnCn)ui-

Hence,

ﬂoéo(l + tcc) = ZnENT(ﬂnCn) (%:::‘)
= E9 [BrCr] .

The case of selling put options is proved in an analogous manner.
Q.E.D.

In summary, if the hedge fund manager is allowed to sell Stock Index Options, then the
optimal strategy leads to a percentage (of at least a %) over the remaining capital derived
from subtracting the average value of the Benchmark from the current value of the hedge
fund manager’s portfolio. Moreover, the optimal strategy will always involve an investment
in the security’s portfolio and will include the sale of options only if these are fairly priced

(with respect to the no-arbitrage price under Q*).

Recall that in this case the optimal strategy for hedge fund managers involves an invest-
ment in the security’s portfolio as a way of hedging, at least partially, the associated risk

with the sale of the Stock Index Option.

Risk Management is discussed in Section 2.7. However, as motivation, we present a

simple modification of model (2.14) that considers this issue.
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Risk Management

Suppose that the hedge fund manager, who is usually a major investor of the hedge fund,
agrees with the investors to consider strategies that could reduce, at least in a proportion d,
the expected payoff of the Stock Index Options that he decides to sell. Therefore, the hedge

fund manager considers the modified objective function

, (2.19)

Maz O,Eg,q',’,s a [Z :annpn] - 6 [Z ,Bn (EO ) Vn) Dn

nENy neNp

where 3>, . n. Bn (€ - V».) pn represents the expected payoff of the sold options and 6 € [0,1]
is the proportion of such payoff that is desired to be minimized. In this case, the manager
will sell Stock Index Options if such options are overpriced. Proposition 2.3.3 proves that
the overpricing of the Stock Index Options is a necessary optimal condition for the sale of

such optioﬁs and also states by how much these options must be overpriced.

Proposition 2.3.3 Consider model (2.14) but with the objective function (2.19). Then,

e > 0 implies

BoCo(1 + t°) = E? [BrCr) + (';—*) EP (BrCq]
0

where Q* = {%;L} .
neENy

Proof: The addition of the term § [Ene Ny (€0 - Vo) pn] to the objective function of model

(2.14) implies that the dual restriction,

yOﬁOC—'O(]- + tcc) - Z xnﬁncn S 0 )

neNp
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is replaced by 305oCo(1 + tc€) — > neNy TnbnCn — 6 Y neNs (8nCr) pr < 0.

Therefore, Eg * > 0 implies, by linear complementarity,

foCo(1+1tc%) = (3—:) BaCi + <ﬁ> [Z ﬁnCnpn] .

y*
n€ENT 0 neENy

Recall from the proof of Proposition 2.3.2 that optimality implies z}, = y V n € Nr. Hence,

BoCo(1+tc€) = 3, en, (%ﬁ) BrnCrn + (%) [ neny BnCnpn)
= B9 [3Crl + (&) BF [B:Cr] -

Q.ED.

This result shows not only how risk management considerations can be included but also

how to extract relevant information through the use of the duality framework.

2.3.3 Buying and Selling Options

The analysis of the two previous subsections allow us to study the nature of the optimal
strategies for the entire basic problem in a straight forward manner. For instance, the opti-

mization model for the basic problem is

Maz 8,c0,60,8 ¥ [ZneNT ,annpn]

s.t.
Z0'90+50(€0'V0~50‘VO)=§0W0
Zn-(ﬁn—ea(n))=0, VneN, Vi=1,..., T (2.20)

Zn'en_ﬁn5n+/8n(€0_€0)'Vn=,3an; VTLGNT
Znenzoa SnZO, V’I’LGNT
6020’ EOZO)
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where €9 = [e§,el], @ = [€§, &],Va =[Cn, P] Vn € Ny, and

Vo = [(1+tc€)Co, (1 + tcP) Ry}, Vo = [(1+tc°)Co, (1 + tc”) Py .

The dual is

Min Y0,Y,X yOﬂOWO - anNT xnﬂan

s.t.

op, — 2, <0, Vn € Nr

Tn—Yn <0, Vn e Nrp

(WnZn ~ Lmecm YmZm) =0, ¥n € Ny, VE=0,...,T =1 (2.21)
> ey EnBnCn — YoBoCo(1 + 1) <0

> neng TnBnPr — oo Po(1 +tc¥) <0

Y000Co(1 + 1) = 3w, TnnCn < 0

YoBoPo(1 + tc”) — 2 neNg TnBnPn < 0.

Comparing the dual of the basic problem with the dual problems (2.2) and (2.15), we
observe that the dual problem (2.21) has only more restrictions than the other two dual
problems. This follows because the model for the basic problem can be derived from any of
the primal models (2.1) and (2.14) by simply adding terms into two of their set restrictions
(the initial and the final set of restrictions). Therefore, necessary optimality conditions
for the purchase and sale of Stock Index Options should be similar to those obtained in

Propositions 2.3.1 and 2.3.2 since these conditions are derived from the application of linear

complementarity to the dual restrictions shown in

Proposition 2.3.4 i) Purchase Conditions: If €5 > 0 (GOP’* > 0), then

BoCo(1 +1c€) < E? [BrCr] , (BoPo(1 + tc¥) < E?" [BrPr]) .
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it) Sale Conditions: If & > 0 (EOP’* > 0), then

BoCo(1 +tc®) < E¥" [BrCr] , (BoPo(1 + tc”) < E¥ [BrPr]) .

Proof:
i) Assume ;™ > 0. By linear complementarity,

BColl 1) = 3 (ﬁ) BaC |

neENy y()

but, 22, < y* ¥V n € Nr. So BoCo(l + tc€) < E [BrCr).
ii) Assume EOC ™ > 0. By linear complementarity,

YBoCo(l +1cC) = Y (BaCr)a}, .

nENp

Therefore, ﬁoC—b(l + tCC) = ZnENT (BnCn) (%)

But, 2} <y, Vn € Nr. Hence,

a1+ 1) < 3 (0 () = £ forcl

neENt Y

In general, ByCo(1 + tc€) # E?" [BrCr), since feasibility of the dual problem implies

i = Matuens {Sens 7 ooy 74 (2) (%), Dot (2) (£)}

Q.ED.
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2.3.4 Feasibility of the Basic Problem

We now establish conditions for feasibility of the optimization problems (2.1), (2.14), and
(2.20).

Feasibility of Model (2.1):

Model (2.1) is feasible if and only if the following inequality holds:

BoWo > Min g Zo - 00+ Po (€0 - Vo)
s.t.
Zy (0 —0Oumy) =0, YVREN,,Vt=1,..., T (2.22)
Zn + On + Bréo - Vo = BnBn, Y1 € Nr
€ >0, Z,-0, >0V n¢& Np.

Model (2.1) is feasible if and only if the current value of the hedge fund portfolio, ByW,,
is no less than the minimal amount needed to replicate the benchmark through self-financing

strategies derived from the investment in the security’s portfolio and the purchase of Stock

Index Options.

The dual of the optimization problem on the right hand side of inequality (2.22) is

Maz xq Y neny TnPnBn

s.t.

GnZn = Y meom) InZm, Y nE N, , Vi=1,..., T

¢ >0, Vn€ Nr (2.23)
go=1

BoVo < D neny TnlaVa

Gn > Tn >0, VN € Np..
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The first three restrictions imply that Q@ = {gn},,cy,. is a martingale measure of { Z;},_, -
Hence, recalling that Q represents the set of all the martingale measures of {Z;},_, _r, then

the dual problem (2.23) becomes

Maz xq Y neny TnbnBn
s.t.

QnZCCnZO, vnENT
ﬁOVE) < ZnGNT af'nﬂnvn
{Qn}neNT = Q c Q

which is equivalent to

Ma:z: x,q ZnENT Qnﬁan
s.t.

:60% S ZnGNT qnﬁnVn
{Q’n}neNT = Q g Q

Therefore, we have proved

Proposition 2.3.5 Model (2.1) is feasible if and only if

,BOWO Z MCLIEQEQ EQ [ﬂTBT]
s.t. (2.24)
BoVo < E9 [BrVr].

That is, Model (2.1) is feasible if and only if the current value of the hedge fund manager’s
portfolio is no less than the maximum expected value of the (discounted) benchmark over
all the martingale measures of the (discounted) price process {Z;},_, r under which the

Stock Index Options are overpriced with respect to its current market value V4.
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The feasibility of Model (2.1) requires that the optimization problem on the right hand
side of the inequality (2.24) is bounded. Therefore, feasibility of Model (2.1) demands
the feasibility of Model (2.24) which needs the existence of a martingale measure of the

(discounted) price process, say @, such that SV < E? [BrV7).

Feasibility of Model (2.1) implies the existence of a martingale measure ¢ under which
the current market value of the Stock Index Option, V;, is not greater than the corresponding
no-arbitrage price under ). This condition is consistent with the result of Proposition 2.3.1
in which the purchase of a Stock Index Options is optimal if its current price is not greater
than the no-arbitrage price under the specific martingale measure @Q* defined in Proposition

23.1.

The analysis of the feasibility of Model (2.14) is completely analogous to the case of
Model (2.1). The necessary and sufficient conditions for the feasibility of Model (2.14) are

in
Proposition 2.3.6 Model (2.14) is feasible if and only if

BoWo > Mazgeg E [BrBr]
s.t. (2.25)
BoVo > E° [BrVr].

Hence, Model (2.14) is feasible if and only if the current value of the hedge fund manager’s

portfolio is at least equal to the maximum expected value of the (discounted) benchmark

ceey

the Stock Index Options are underpriced with respect to the current market value V;.

As with Model (2.1), the feasibility of Model (2.14) requires the existence of a martin-

gale measure @Q of the discounted price process {Z;},_o . under which the current (sale)
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price of the current value of the Stock Index Option is not less than the corresponding no-
arbitrage price under Q. This condition is consistent with the optimal sale condition stated

in Proposition 2.3.2.

The analysis of the feasibility of Model (2.20) is analogous and straightforward from the

results established in Propositions 2.3.5 and 2.3.6.
Proposition 2.3.7 Model (2.20) is feasible if and only if

BoWo 2 Mazgeo E [BrBr]
s.t. (2.26)
BoVo = E? [BrVr] > BoVs.

Therefore, the basic problem is feasible if and only if the current value of the hedge fund
manager’s portfolio is at least equal to the maximum expected value of the (discounted)
benchmark over all the martingale measures of the (discounted) price process {Zi} 0,1
under which the corresponding no-arbitrage price of the Stock Index Options is within the

bid-ask price range [Vp, Vq).

2.4 Other Utility Functions

We now extend the analysis of the previous section to the more general class of utility
functions I/ formed by the set of functions that are twice differentiable, concave, and strictly
increasing. This class of utility functions is standard to incorporate risk aversion (Pratt

(1964)). Second order differentiability assures that U(-) and U'(-) are continuous, and,

hence, if the feasible region is bounded, it guarantees that the maximum is achieved.




Let U(-) be a utility function belonging to the class of functions ¢. Consider the basic

problem with

Z U([f + as|Bn) Pn

neNy

replacing f [Zne N ﬁnpn] + [Zne Ny ﬂnsnpn] as the objective function. That is, the opti-

mization problem is

Maz g s ZnENT U ([f + asa] Ba) Pn

s.t.
Zy 60+ o (€0 - Vo — & - Vo) = BoWo
Zn~(0n—0a(n)):0,VneNt,Vtzl,...,T. (2.27)

Zn'an_ﬂnsn'f'ﬁn(fo—EO)'Vn=ﬂana VTLEIVT
ZanZO, anOa VnENT
602()’ gOZO

The dual of this problem provides us with information about the optimal investment
strategies. From standard nonlinear programming theory (e. g., Zangwill (1969), pp. 47 -
52), the dual of (2.27) is

Min yoyx [(QO/BOWO - ZneNT xnﬁan) + ZneNT (U ([f + asn] Bn) — asU’ ([f + asn) ﬂn)) pn]
s.t.
op U ([f + asn) Bn) — 2, <0, V1 € Nr
Tn—Yn <0, Vn € Np
(ynZn—Zmec(n)ymZm) =0,YVnenN,,Vit=0,...,T-1.
Y oneNg InbBnVa — BoVoyo < 0
=3 neNy EnBnaVa + BoVoyo <0 .
(2.28)

Except for the first vrestriction, the rest of the dual restrictions do not depend on the

utility function U, therefore, most of the results and interpretations developed in Subsection

80




2.3.3 are preserved. For instance, yj still satisfies the condition,

e £ T (2) (@) (B o

neNy nENy neNyp

and, hence, y} is still interpreted as an average return. Other important results are also

maintained. For example,

qnz(y—">,‘v’n€NT,
Yo

ceey

tivity of v, is guaranteed since U is strictly increasing. For instance, the first two sets of

restrictions of (2.28) imply that

Yn > T > oppU ([f + @s,) Br) >0, Vn € Np . (2.30)

The dual objective function is the sum of the dual objective function of the basic problem,

yOIBOWO - Z xnﬁan )

neNyp
and the nonlinear term Y, v (U ([f + @sa] B2) — aspU' ([f + asa] Bn)) Pn-

The dual objective function of the the basic problem has a key role in the understanding
of the optimal strategies for the hedge fund manager. It tells us thét the manager should
obtain the best return out of the remaining capital derived from subtracting the expected
benchmark value, under a specific martingale measure Q*, from the hedge fund manager’s

portfolio value. Therefore, martingale measures are crucial for evaluating appropriately the
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Benchmark. We inherit such importance of the martingale measures since the current dual
objective function includes the dual objective function of the basic problem. Hence, it is
important to understand the parameters that define such martingale measures. In particular,
it is useful to comprehend the way the utility function U(-), the variable fee percentage o, and
the natural or given probabilities (pn),c ~p determine these martingale measures. Equation
(2.30), a generalization of equation (2.3), provides understanding of the relationship betwe_:en

such parameters and the martingale measures. Equation (2.30) implies that

Yo qn > aanl ([f + asn] ,Bn), VnéeNr. (231)

Hence,

{aan' ([f + asq) ﬁn)}

neENy

defines a set of (scaled) lower bounds for the martingale measures @ = (¢»),cn,- The value
of each of these lower bounds depends on a combination of three factors: @, (Pn),c Ny and
the marginal utility of hedge fund manager’s compensation. This dependency of the lower

bounds with respect to these three factors has the following characteristics

e Each of these factors has, ceteris paribus, a monotonically increasing relationship with
the corresponding lower bounds; that is, the higher the value of any of the factors, the

higher the corresponding lower bound value.

e The first two factors, @ and (pn) ¢ ,., do not depend on the particular strategy followed

by the hedge fund manager.

e Given a feasible strategy, two lower bounds for two different scenarios have the same

value if they have equivalent tradeoff between natural (or given) probability and marginal
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utility of the hedge fund manager’s compensation fee. That is, given a feasible strategy

(,¢,s), two scenarios n; and n; have the same lower bound if

pniU, ([f + asni]IBni) =pnjU/ ([f+ as"’j] ’B"J) )

This tradeoff condition implies, given the concavity of U, that the larger the surplus
on a particular scenario is with respect to the surplus of an equivalent scenario, the

higher the probability of occurrence of such a scenario.

Although yogy, for n € Nr, does not necessarily equate its corresponding lower bound,
the previous analysis describes the behavior of the forces that determine g,, n € Nr. The

optimal value y3 is the best return from the remaining capital SoWo — EQ" [BrBr].

For the basic problem, y§ must be at least &. We now obtain the corresponding lower
bound of 3 for the current case. Again, we use Equation (2.30) and that yo =}, . Ny Yn 18

also satisfied. Therefore, assuming that (6*, €*, s*) is an optimal solution, then

w>a Y pU ([f+asy]B) -

nENy

The lower bound of y depends, in general, on the marginal utility of the optimal surplus.
If we consider a risk-neutral hedge fund manager, as in the basic problem case, this lower

bound reduces to «.

To conclude this section, we state necessary conditions under which it is optimal to invest

in options.

83




Proposition 2.4.1 (i) If 5™ >0 <e€’* > 0), then

BoCo (1 +1tc%) < E? [6rCr] , (BoPo (1 +1tc") < E9 [BrPr)) ,

and, if (i) & > 0 (Eé)’* > O), then

,8000 (1 + tCC) S EQ‘ [5TCT] y (,30150 (1 —+ tCP) S EQ‘ [ﬁTPT]) y

where Cy (Cy) and Py (Py) denote the Call and Put bid (ask) prices, and Q* = {%il} is a
martingale measure for the process {Zt}t=o,...,T: that is, buying or selling options is optimal

if these are not overpriced under Q.

Proof:

(i) Assume 600’* > 0. Then, by complementarity,

Z m:L:B’ILCTL = ﬁOCO (1 + tcC) yS :

nENyp

But y} >z} V n € Nr, hence ZneNT YnBnCn 2 3 ey TnbnCn = BoCo (1 + tcC) yg- There-

fore,

EQ‘ [IBTCT] = Z q:;ﬁncn = Z y—aﬁnCn 2 ,B()CO (1 +tCC) .

neENT neNgp 70

The proofs of the purchase of Stock Index Options case and analogous.

Q.E.D.
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Proposition 2.4.2 proves that if the purchase and the sale of Stock Index Options are

optimal in a simultaneous manner, then the sale and the purchase prices must be equal.

Proposition 2.4.2 (i) If 5 > 0 and & > 0, then Cy = C.

(i) Analogously, if €™ > 0 and &* > 0, then Py = P,

Proof:

i) Assume €$* > 0 and € > 0. Then, by complementarity,
0 0

B()é() (1 + tcc) = Z z;ﬂnCn = GyCy (1 + tCC) .

neNyp

Q.E.D.

The latter result can also be obtained from the feasibility of (2.28) and the assumption
Vo > Vp. Feasibility of (2.28) implies BoVoyo < YNy ZnBnVa < BoVoyo, which combined
with Vy > Vj yields Vp = V.

Next section solves Problem (2.27) for two particular examples to illustrate the risk

incentives induced by the manager’s compensation scheme, for a specific utility function.
g Y

2.5 Risk Incentives

In the previous sections we have characterized, using duality theory, the nature of the optimal
strategies followed by the hedge fund manager, when stock index options are included in his
investment universe. For instance, we have proved that the purchase or sale of such options

is optimal if these are, respectively, underpriced or not overpriced, and established explicit
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pricing thresholds to determine the underpricing or overpricing of these options. Moreover,
we have shown that these pricing thresholds depend on the variable fee percentage and the

utility function that describes the preferences of the manager.

In this section, we illustrate the connection of the variable fee (a) and the risk aversion
level () of the manager with the optimal strategy, in terms of the risk incentives induced by
the combination of o and y. We do this in the following manner. We consider a specific risk
averse hedge fund manager that solves Problem (2.27), for particular market and investment
conditions, and measure the variability of his compensation with respect to its optimal
expected value. The variability of the manager’s optimal compensation is directly linked
to the variability of the final value of the portfolio. Therefore, the higher the variability of
the optimal manager’s compensation, the riskier we consider the strategy that leads to such

compensation.

Our risk incentives study focuses on two particﬁlar cases. First, we analyze the situation
in which the manager is only allowed to buy options. Second, we study the more general case
in which the manager is permitted to buy and sell options. In both cases, we study the risk
incentives induced for different degrees of risk aversion and distinct variable compensation

fees.

2.5.1 Buying Options

Consider the static one-period horizon problem described in Example 1 of Section 2.3.1, but

we now suppose that the hedge fund manager is risk averse and his preferences are described

by the utility function




where v > 0 represents his level of risk aversion and U belongs to the class of utility functions

U, described in Section 2.4. That is, the hedge fund manager solves the problem

s.t.

03 + Z305 + Boe§ Co + Boek Po = BoWo

(On, — 60) + Z3, (67, — ) =0

(67, — 08) + Zs, (62, — 65) =0

03, + Z}, 0%, — By Sny + Py €6 Cny + By €6 Py = By Bny
03, + Z3,0%, — BraSny + Bra€§ Crg + Bra € Prg = B By
g0 + 2z 6. >0, 65, +2,6, >0

§ >0, ¢8>0,

Spy 20, 8p, 2 0.

(2.32)

where Wy = 500, and

Variable | Value at £ = 0 | Value in scenario n; | Value in scenario ns
St 90 108 67.5
S0 10 10.5 10.5
SI 100 115 70
B - 585 360
C 25.926 35 0
P 2.116 0 10

where 8, = (Sp)™" = (S(1+ )", =1,2 r = 5% is the one-period (fixed) interest rate,

and the fixed salary f is assumed to be 0.5% of the current fund capital (W, = 500), i.e.

f=25.

We solved Problem (2.32) for different levels v of risk aversion and distinct values of the

variable fee percentage . For all the cases that we consider, the optimal investment strategy

followed by the hedge fund manager is the same:
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Optimal Investment Strategy:
Long positions in the Risky Asset and Put Options

100.00% -
99.00% -
98.00% -
97.00% -

96.00% |

0O Put Options
Risky Asset

95.00% -

Percentage

94.00% -|

93.00% -

92.00% - |i

91.00% -

90.00% -t

1.25 15 1.75

Risk Aversion Level

Figure 2.1: Optimal Strategy. This graph shows the optimal long positions in the risky
security and the put options, as a percentage of the sum of the amount borrowed and the
initial capital Wj.

e Borrow money from the bank, at an interest rate r,
e Take a long position in the risky asset S*, and

e Buy put options.

This strategy is somewhat natural. This is because, on one hand, the expected returns
of the risky asset and a long position in put options are both larger than the interest rate r
and, on the other hand, the expected return of a long position in call options is significantly
smaller than a long position in put options. Figure 2.1 shows the optimal long positions in
the risky security and the put options, as a percentage of the sum of the amount borrowed

and the initial capital Wy, for different levels of risk aversion. As it can be observed, although
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both percentages are relatively stable across the levels of risk aversion considered, the higher

the manager’s risk aversion, the smaller the percentage invested in put options.

In order to study the risk incentives induced by the compensation scheme as v and «

vary, we usé the standard deviation of the hedge fund manager’s optimal compensation,

o' = \/[f+as;§1 - u*]zpn1 + [f-i—as;‘lz - w]zpn2 ,

where s}, is the optimal surplus value for scenario ¢ = 1,2 and

pt=[f+asi]pn+[f+ ash. ] Pn,

as a measure of risk.

We analyze the effect of the risk aversion level by solving Problem (2.32) for different
values of v, given a fixed variable fee percentage a of 20%. Figure 2.2 shows the graph of o7,
as a function of «, for the values of v considered. From this graph we can observe that the
higher the risk aversion level, the smaller the risk incentives induced by the compensation
scheme. Moreover, this behavior holds when ¢o*(vy) is scaled by the corresponding expected
compensation g*(). This means, in particular, that the higher the risk aversion, the higher
the expected compensation per unit of risk. In other words, as the manager’s risk aversion

increases, he tends to target for a more efficient mean-risk relationship.

We study the impact of the variable fee percentage o in the same manner that we
analyzed the effect of the risk aversion level. That is, we solved Problem (2.32) for different
values of o, given a fixed risk aversion level . Figure 2.3 plots several curves of o*, as a
function of a, for different values of v. From these curves, we conclude that (i) managers with

the same risk aversion will have higher risk incentives for higher variable fee percentages «,
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Risk Incentives

Standard Deviation

of manager's optimal comp

90.00%

T 80.00%

]

+ 70.00

B

+ 60.00%
+ 50.00%

+ 40.06%

Standard Deviation / Mean
of manager's optimal compensation

T 30.00%

3.5 T T “r T T T T 20.00%

0.5 0.75 1 1.25 1.5 1.75

2.5
Risk Aversion Level

[=——5td. Dev. — — Std. Dev. / Mean |

Figure 2.2: Risk Aversion Effect. This graph shows the effect of the risk aversion level
on the risk induced by the compensation scheme.

and (ii) given a fixed «, the higher the the risk aversion level, the smaller the risk incentives

induced by the compensation scheme.
2.5.2 Buying and Selling Options

Consider the example developed in 2.5.1, but we now allow the manager to sell options too.

Therefore, in this case the hedge fund manager solves for Problem (2.32) but using

03 + 2305 + Bo (e — &) Co + o (f — &) Po = BoWo

as the initial budget constraint and
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Risk Incentives

225.00
200.00 .
175.00 - -
150.00 - .
125.00 - .

100.00 - - e =

Standard Deviation
of manager's optimal compensation
o
©o
\

0.00 T T T - T T
5% 10% 15% 20% 25% 30% 35% 40%

Variable Fee Percentage

Figure 2.3: Variable Fee Effect. This graph shows the effect of the variable fee percentage
on the risk induced by the compensation scheme, for different levels of risk aversion.

621 + Z‘rlLl 971“ ~ By Sny + Py (600 _g) Cny + Bny (EOP - EOP) P, = [ By

— €
9912 + Zrngerng - ﬂnzsnz - ﬁn'z (GOC - Eg) Cn2 + ﬂm (60P - E(I)D) Pnz = ﬁnanz

as the surplus constraints.

We solved the modified optimization problem for different levels v of risk aversion and
distinct values of the variable fee percentage a. For any combination of (v, @) considered,

the optimal strategy is the following:

e Borrow money from the bank, at an interest rate r,

e Take a long position in the risky asset S*, and
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e Buy put options.

e Sell call options.

The unique difference between the case in which the only the purchase of options is
allowed and the current case is that now the manager also sells call options. This is because
(i) taking a long position in put options is significantly more profitable than taking a long
position in call options, (ii) the sale of call options can be hedged by taking a long position in
the risky asset, and (iii) the risky asset generates a higher expected return than the interest
rate 7. Therefore, the manager borrows extra money by selling call options, and uses this
money to buy more put options and to take a longer position in the risky asset. The latter,

in order to hedge the sale of call options.

The risk incentives results are similar to those obtained in 2.5.1. That is, managers with
the same risk aversion will have higher risk incentives for higher variable fee percentages a,
and given a fixed «, the higher the the risk aversion le\fel, the smaller the risk incentives
induced by the compensation scheme. However, o* values are significantly higher than
in previous case. These results are expected since the manager has now a broader set of
investment possibilities, which implies that the optimal strategy leads to a higher expected

compensation and thus, to a higher risk too.

We compare the risk incentives results with those of 2.5.1 by scaling the standard de-
viations of the manager’s compensation by its corresponding mean. For instance, Figure 2.4
shows o*/u* for different values of y. It can be observed that, in relative terms, the manager

takes higher risks when he is allowed to buy and sell options.

Chapter 3 of this Ph.D. Thesis treats in depth, among other issues, the risk incentives

induced by more general option-like compensation schemes.
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Risk Incentives Comparison
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Figure 2.4: Risk Aversion Effect: Buying versus Buying-and-Selling. This graph
compares the effect of the risk aversion level on the risk induced by the compensation scheme,
for the two sets of investment conditions considered in this section.

2.6 Multiple Monitoring Dates

All the models considered in the previous sections assume that the performance of the hedge
fund manager is measured, or monitored, at the end of the planning horizon. In this section,
we relax this assumption and study the nature of the optimal strategies when the hedge fund
manager is faced with multiple dates in which his performance, and hence his compensation,
is evaluated. It is shown that the nature of such optimal strategies depends on the mechanism
or policy to determine the benchmark. We focus on two policies: Fixed or Stock Index Based
Benchmarks and High Water Marks Benchmarks. The first policy refers to the common
practice of determining the benchmark based on a preestablished fixed return (such as zero)
or on a Stock Index (e.g., return obtained by S&P500 over the planning horizon). In the

second policy the benchmark is the maximum historical value of the portfolio. We proceed
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in two phases. In phase one, we study the case of two monitoring dates, and, then, we study

the general case in phase two.

2.6.1 Two-Period Monitoring Case

Consider two monitoring.dates T, and T5, where T} < T3, in which the hedge fund portfolio’s
value is measured against its benchmark. Suppose that the hedge fund manager follows self-
financing strategies between monitoring dates and that a proportion g (with ¢ < 100%) of
the profit over the benchmark is subtracted from the hedge fund portfolio’s value at T;. This
amount should cover at least the variable fee of the hedge fund manager, i.e. ¢.> «, and
it could possibly include some revenue payments to the investors. We further assume that
the rebalancing of the investment positions does not occur at T but a period later, 7 + 1.

Finally, we consider a utility function U that is time-additive, i. e.

U (Br,[f + asty), Brf + asp,]) = Uy (Br [f + asny]) + Us (Br,[f + as1))

where each U; (i = 1,2) belongs to the class of functions I/ that is defined in the previous

section.
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Fixed or Stock Index Based Benchmarks

We assume that the benchmark that applies is either fixed (e. g. 0 %) or based on a Stock

Index (e. g. 2 % above a certain Stock Index return). The model in this case is

Mazx 0,5 [EneNT1 Uy ([f + as5]Ba) P + EnéNTz Us ([f + @s2]Bn) pn]

s.t. ‘

Zo 80+ Bo (€0 Vo — & - Vo) = BoWo

Zn~(9n—9a(n))=0, Vne N, Vit=1,..., T}

Zy - On — By + Bn (€0 — &) - V) = BuB), , Y1 € Ng

Zn O + B (er+1 - Viyr1n — €141 - Vngm) —

(20 Oy + B e0 = &) - Vi (222) — aBasliny (B2)] =0, ¥neNnn

Zn - (Bn —Oay) =0, Y€ N, Vi=Ti+2,..., T

Zn O — Bn8% + B (€ry41 — Eny1) - VI = 3,B2 | Vn € Ny,
>0,sL>0,Vne Np

Zp 60,>0, s2>0,Vne Ng

(2.33)

Vin = [Ctn, Pin) : Purchase prices in scenario n, n € N,.
Vi = [Cin, Pon] : Sale prices in scenario n, n € N.
Vi =|[Ct, P!] : Payoff in the event n, n € Ny, of an option purchased at time ¢.

et = [, ¢ | : Amount of options purchased at time ¢, where t = 0,71 + 1.

& = [eC, €] : Amount of options sold at time t, where t = T1,..., T — 1.
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The dual is

Min Y0,Y,X yéﬁOWO - ZnENTl xylugnBrlL - ZnENTz x%ﬁnt
+ ey, (U ([f + as]Ba) — ashU] (If + ast]Bn)) pa
+ X:neNT2 (U2 ([f + asi]ﬁn) - aS%U; (If + asi]ﬂn)) Pn
s.t.

appUy ([f + asp]Ba) — 2 —qyn <0, Yn € Npy

i -yl +942<0,Vne Np

(UnZn = >omecn) Ymém) =0, VR € Ny, VE=0,..., T3 — 1

Ponenz, TnbaVid = BoVos + Lneny, YabnVe <0 (2:34)
2 neNg, TaBVa ™ = 3 ey YaBn Vi1 £ 0

S e, TV BTt — Sy V2 < 0

- ZnENTz T2 BVt + ZnENT1+1 Y2Bn V11 <0

ap.Uy ([f + as2])Bn) — 32 <0, V n € Ny,

2 —y2 <0, VneE N

(W2 Zn — Comcoim VaZm) =0, VR €N, Y =T,..., Ty~ 1,

where Y2 = 3", o0 Yo V 1 € Nry.

The dual yields necessary conditions under which it is optimal to invest in options at

t=0andt=1T; +1.

Proposition 2.6.1 (Optimal Option Investment at ¢ = 0)

(i) If eg* > 0 (e{,”* > o), then BoCo < E91 [Br,CR.] (BoPo < E [Br, PL]).

() 175" >0 (f > 0), then o < B [3nCh] (GoFo < B9 [5r,FR)).

1

where Qf = { (Z:) } is a martingale measure for the process {Zs},_o 1, and E91 [ -]
0 nENTl n

denotes the expected value operator under Q}, and based (conditional) on the information at

t=0.

96




Proof: (i) Assume eoc’* > 0. Then, by complementarity,

BoCo (5) = D ((z2)" + (u2)") BuCr -

nENTl

From the first two sets of dual restrictions

yp > Th+ Y2 > zh+qys > opaUy (f+asy) >0, Vo€ Ny,

where the strict inequality follows from the fact that U(-) is strictly increasing and differen-

tiable. From the third set of restrictions,

W=D Un-

n€N7,

1\*

Hence, Q7] = {%Z—'l‘g—} is a probability measure. Therefore, from the fourth set of dual
0 n€NT,

restrictions, we obtain

1 *
BoCo < Y ((y") )mcg — B9 [Br,CR] .

1V*
neNTl (yO)

The martingale property of Q% comes from the third set of restrictions in (2.34).

(ii) Assume & > 0. By complementarity

BoCo (w0)" = D_ (=) + (82)") BaCi

nENTl
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Therefore, by the properties of y§ and y} discussed in (i),

A (yn)” 0 _ Q% 0
BoCo < Y B.Co = E¥ [Br,C7,] -

1\*
nENTl (yo)

Q.E.D.

Proposition 2.6.2 (Optimal Option Investment at ¢t =T} + 1)

(i) If 541 > 0 (efiy > 0), then

E% [Br,CH*] > E% [Br,11Cn41] 5 (B9 [Br, PR 2 E9% (B Priv))

and, if (ii) &y > 0 (@5;’;1 >0), then

E% [Br,CH*Y] > E% [Br,11Cn 1] (E9 [Br, PE*] = E9% [Br 1 Prs])

2 *
* (yn} . - 92 .
where Q5 = { ) } is a martingale measure for the process {Z;},_r, +1,.T, and Yg 18
nENT2

w= > v

neNT, 41

EQ: [ . ] denotes the expected value operator under Q% and based (conditional) on the infor-

mation at t = 0.

Proof: (i) Assume e%ﬁrl > 0. Then, by the application of the complementarity property to

the fifth set of dual restrictions
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3 (@) 6.CE T = Y (42) BuCriern -

TLENT2 ’ILGNT1+1

From second and third to last set of dual restrictions

y2 > 22 > ap,U, (f +as?) >0, Vn € Ny, ,

where the strict inequality follows from the assumption that U is strictly increasing and

differentiable. Therefore,
D> @2 BCHT = > (2) BeCriin - (2.35)
n€NT2 "eNT1+1

2 -

and Q3 = {%Z_:)L} defines a probability measure. Dividing both sides of (2.35) by (y2)”
0 neEN,

yields ’

E% [,BTZC,E“] > E9% [Br,1101,41) -
The martingale property of Q% comes from the last set of restrictions in (2.34).
(ii) The proof is analogous to (i).

Q.E.D.

Propositions 2.6.1 and 2.6.2 state that the purchase and sale of options at ¢ = 0 and
t = T, + 1 is optimal if these options are not overpriced under Q7 and @3, respectively. The

conditions of Proposition 2.6.2 are a sort of forward-looking conditions.

99




In addition to the optimal investment conditions in terms of the embedded martingale
measures @} and @, the dual problem (2.34) provides us with other insights. For instance,

the inequalities

gl >zl 492 >zl + g > apal; ([f + @sh)Bn) , Vn e Nr (2.36)

and

y2 > 12 > ap,U, ([f + @s2)Ba) YV n € Ny, , (2.37)

imply that

yeat = b > ap Uy (If +asp)B) , Vne Ny
>

, 2.38
B = 12 > apUy([f +ast]f) , ¥neNg (2.38)

This set of inequalities establishes (scaled) lower bounds for the martingale measures Q]
and @} which are of the same form as those in Section 2.4 for the single-period monitoring
case. The probability value that the martingale measure @} assigns to each scenario depends
on the natural or given probability and the marginal utility under the utility function U;,
(z = 1,2), of the profit over the benchmark for such scenario. In particular, observe that the
Q3 probability values at 7} do not depend on then the utility gained over the fee at monitoring
date T;. Therefore, the Q} probabilities at T} are, in a certain sense, independent of the

future scenarios at T5. This does not occur for high water marks.

High Water Marks

At the beginning of the time horizon (t = 0) there is a preestablished benchmark B! for the

first monitoring date Tj. For the second monitoring date 75, the corresponding benchmark,

100




B2 is determined through the policy of high water marks. Hence, B? depend upon B! and

the (positive) profit obtained with respect to the benchmark, if any. Therefore, we add

_ﬂnB'?L + /BnB}z + (1 - a)ﬁnsi = O, Vne NTI

BuB2 = BamyBZy = 0, ¥YneEN,,Vi=Ti+1,..., Ty, (2.39)

to formulation (2.33) to model such a benchmark determination policy. The first set of re-
strictions in (2.39) models the benchmark update at time T; by adding the adjusted profit
(1 — a)s! (after subtracting the incentive fee paid to the hedge fund mdnager) to the bench-
mark B'. The second set of restrictions rolls over the updated benchmark value at 71 until
time T, where the hedge fund portfolios’s value is measured against its benchmark again.

Then, (2.33) and (2.39) implies:

e the definition of additional dual variables (l,) that satisfy

b= ) lm=0,YneN,, t=",....h-1, (2.40)
meC(n)

~224+1,=0, Vn€ Ng,, (2.41)

e the replacement of the first set of restrictions in (2.34)

ap,Uy ([f +ash)Bn) —zn —qy2 <0,V n € Np,

ap Uy ([f +asplBa) —zh —qyi + (1 —a)ln <0, V€ Ny, (2.42)
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e and the addition of the term ) 1.6.B2 to the dual objective function of (2.34).

nGNT2

Restriction (2.42) expresses the optimal investment conditions in terms of implicit mar-

tingale measures and defining (scaled) lower bounds for these measures. So

apUy([f + ast]Ba) + (1 — a)ln <z + qu

But, 71 + g2 < zl +92 <yl , Vn € Np. The fact that U;(-) is strictly increasing,

together with (2.40), (2.41), and 22 > ap,Us([f + as2]B,) yields

0 < ap Uy ([f + asi)B) + (1 —a)l, , Vn € Ny, .

Therefore,

0 < ap Uy ([f + ash]Bn) + (1 — )ln < 2+ qu2 <y, - (2.43)

Hence, Q; = {ll’f} defines a probability measure.
Yo 'nE]VT1

Propositions 2.6.1 and 2.6.2 hold for the high water marks policy, although with different
embedded martingale measures @} and Q3%; Q7 has different lower bounds than the corres-
ponding ones for the case of fixed benchmarks (see equation (2.38)). To see this, observe

that if we apply Equation (2.40) repeatedly

meDT2(n)
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where D™2(n) is the set of descents of node n by time T5. Then, by equations (2.41) and
(2.37),

Z lm = Z x?n > Z ame;([f+a3$n]/Bm) .

meDT2(n) meDT2(n) meDT2(n)

Therefore, 1, > 3, cprm) oapmUy([f + as?]Bm). Hence, using (2.43), Q7 is bounded

from below by

apn + (1 - Oé) Z ame;([f + asfn]ﬂm) ’ (2'44)

meDT2(n) nENT,

ie. 3

Ui = yhat* > apalUy (If +ash]Ba) +(1—a) | Y apnls([f +ash]Bm) | L V1€ Nny .
meDT2(n)

Therefore, the value of the embedded (martingale) probability measure @} for each

scenario n € Ny, depends on the combination of natural probabilities and marginal utilities

in n at T}, and all its descendant scenarios by monitoring date T5.

2.6.2 Multiple Monitoring Dates

We now extend the results to the multi-period monitoring case. Assume that there are m
monitoring dates T1,...,T, (m > 2) where the portfolio’s value is measured against its
benchmark. As in the two-period case, we assume that the hedge fund manager follows
self-financing strategies between monitoring dates and that a proportion ¢ (with ¢ < 100 %)

of the profit over the benchmark is subtracted from the hedge fund portfolio’s value at each

103




monitoring date T}, except for the last one (i. e., j = 1,...,m —1). The subtracted amount
should cover at least the incentive fee of the hedge fund manager (i.e., ¢ > «). As in the
two-period case, the re-balance of the investment positions does not occur at T; but a period
later at T; + 1. The utility function over the entire horizon is assumed to be time-additive

and each of its utility components belongs to the class of utility functions U.

Theorem 2.6.1 (i) If e%:_l > 0, then EQi+ [ﬁTjHC%:l] > E%+ [5T,-+1CTJ'+1]7

-2y g =Cox * Tj+1 * ~
and (1) if €5y > 0, then E%in [/BT]'HCT;H] > E%+ [Bry+10m41]
J+1)*

where Q7 = { W)

operator under QF and based (conditionally) on the information at t = 0.

} is @ martingale measure, and E% [ - | is the ezpected value
neNT;

Proof: Only (i) is proved since (ii) is completely analogous.

Fixed or Stock Index Based Benchmarks

The corresponding dual restrictions are

apUjpy ([f + asit)B,) — i —qyi™ <0V n e Npy, (2.45)

ot 4y — 4yt <0, Vne Ny, , (2.46)

3 (@ ) BCE = Y i Bl <O (2.47)
”ENT,'H nENTj

for j=0,...,m—2 and
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opaUs, ([f + as™B,) — 2™ <0, Vne Ny, , (2.48)

zy—yr<0,9Yne Ng,, (2.49)
S @) BCE T = N Y BaCr it SO (2.50)
n€Np,, n€NT, 4

for T,,_;. Assume 6%:_1 > 0. Then,

Case 1: j=0,...,m — 2. Applying the complementarity property to (2.47) yields

Yo (@) + @)) Bl = Y () BuCryrn

nENTj+1 nGNTj
From (2.45) and (2.46) 0 < apaU,,,; (If + asit)Bn) < o3 + quit? < ot +yit? < i+t

i+1 Tj+1 J+1 ividi +1 — Jj+1
Hence, ZneNTjH WHp.Ch " > ZneNTj Y21 ,Cry 41,0, and, dividing by 33" = ZneNTj Yo'

i [ﬂ Ta‘+ICT]'. ] > % [ﬂTjCTj] :

Tj41

Case 2: The proof is analogous to Case 1.

The case of put options is proved in an analogous manner.
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High Water Marks

The dual restrictions for high water marks are the same as the two cases treated for fixed or

stock index benchmarks except that (2.45) and (2.48) are replaced respectively by

apUy (If + osit)Bn) — 2 — g+ (1 - )t <0, Vne Ny, , j=0,...,m—2,

and ap,U,, ([f + asT™B,) — 27 + (1 — a)i™ < 0, ¥V n € Ny, where i1 satisfies

l£+1—z:m€c(n)l‘7in+l = O,V'I’LeNtt=7}-+1’.._’1}+2—1’j:O’.._,m_2,
—pitl 4 = 0,VneNg, ,j=1,...,m~-1
The proof for this benchmark policy follows the same structure used for the case of fixed or

stock index benchmarks.

Q.E.D.

2.7 Advanced Models

The models given here incorporate risk management features and other considerations that
are not so far. These models include measures of underperformance (with respect to a bench-
mark), risk management of options, and other risky factors such as short selling constraints.

We focus on the single monitoring case and depart from the following basic set of constraints

Zo 80+ Bo (€0 Vo — & - Vo) = BoWo
Zn- (O —Oam) =0, VneEN,, ¥t=1,..., T, |
Zp  O0p — Busn+ Bn(eco—&) Vo= 0uBn, Vn € Ny (2.51)

Zn'anzoy SnZO,VRENT,
€=>0,620.
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2.7.1 Underperformance Risk Management

The risk of underperforming the benchmark is a major issue for any hedge fund manager,
whose performance and compensation fee is based on it. Therefore, appropriate risk measures
of underperformance should be included in the objective function of the hedge fund manager.
An important class of measures in that sense are so called downside-risk aversion measures
(Fishburn (1977)) that penalize the shortfall of the portfolio relative to a given benchmark
Byp. Within this class of downside-risk aversion measures, there is a subclass of measures
that is widely applied and which is known as the class of lower partial moment measures
(Bawa and Lindenberg (1977)). In this subclass, the penalization is done through partial

(statistical) moments of the shortfall. That is, underperformance measures are of the form

R,(Br) = E[Maz (Br — Wr,0)] ,

where v > 0 and Wy is the value of the portfolio at time T'. The values of v determine the
weight that the investor gives to small or large deviations. The larger the <y, the more the
investor cares about larger deviations and vice versa. Popular values of v are v = 0, which
defines the so called shortfall probability, v = 1, which is simply the ezpected shortfall, and

~ = 2, which defines the downside variance.

Underperformance measures of the form of R,(Br) may be combined with the goal of

maximizing the hedge fund manager’s compensation fee, using the objective function

Maz g.s E|[(f +asr)Pr] — A R, (BrPr) (2.52)

where A is a nonnegative constant that determines the risk aversion of the hedge fund

manager (towards underperformance) or equivalently, a tradeoff parameter between expected
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profit and underperformance risk. The objective function (2.52) is

Maz ges D [f+asalBupn— A Y (SFuBu)"pu s (2.53)

n€ENg neNy

where SF,, is nonnegative and represents the shortfall relative to the benchmark B, in

scenario n € Nr, and must satisfy the following set of (modified) constraints

Zn O — Brsn + B (€0 — ) - VO + BuSFy = BB, , Yn € Ny | (2.54)

plus nonnegativity restrictions, where A > « to assure feasibility. Consider the case of the

expected shortfall as the measure of underperformance, i. e., ¥ = 1. Then,

SFy = Maz (BuBn = [Zn - 6 + B (€0 — &) V7] ,0) -

since the objective function can be re-expressed as

Z fﬂnpn'i‘ Z [a (Zn9;+5n(€3—%)Vf-ﬂan)Pm'*'(a-A)SF;Pn] .

nENy nENy

Hence, if Z, - 0% + B, (e — &) V.Y > B, B, for some n € Nr, then, given that (o« — A) <0,
then SF* = 0. Otherwise, if Z, - 0%+ B, (€} — &) V. < 3,By, for some n € Ny, the objective

function is

Z fﬂnpn + Z [A (Zn : 9:; + ﬁn (63 - E;) Vv? - ﬁan) DPm + (a - A)S;klp"] .

"lENT nENT
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Thus, (o — A) < 0, implies that s}, = 0. Hence, by feasibility, SF,; must satisfy that

SE* = BuBn — Zn - 0 — B (e} — &) V2.

The inclusion of the set of variables (SF,)nen, extends the feasible region defined by

(2.51) and adds the restrictions

zp, < App , Vn € Nr (2.55)

to the dual associated to (2.51) (see (2.28) in Section 2.4).

The model formed by the objective function (2.53) subject to the constraints (2.51)
(with the modified restriction (2.54)) possesses the same optimality conditions for option
investment stated in Proposition 2.4.1. The addition of the dual restriction (2.55) gives
us more structure; and, hence, more insights about the optimal solutions. For instance, if

SE? > 0, then, by complementarity, z, = Ap,. Analogously, s} > 0 implies z; = apn.

Furthermore, from our previous analysis, s} SF,; = 0. Therefore,

. ap, ifs; >0 v N
=9 Ap, ifSFr>0 < EAT

That is, the dual optimal variable z} plays the role of an indicator function of profits

and shortfalls for each scenario.

2.7.2 Option Risk Management

Hedge fund managers should consider appropriate risk management for any trading strategy
that is implemented in their pursuit of superior returns. We propose some risk measures for

the case of strategies involving options and the way these measures could be included in our
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framework. We also study the implications of the inclusion of such measures on the nature

of the optimal strategies.

Buying options is less risky than selling options since the maximum loss is bounded.
At worst, the premium paid for the option is lost if the option expires out of the money.

Therefore, an appropriate risk measure for the purchase of an option is

PY(Vobo) (2.56)

where 1 is the probability that the option expires out of the money (3 can be computed
once the scenarios have been set up and therefore it is known at the moment of solving the
model), and V; is the option’s price (call or put). Hence, assuming homogeneity of the risk
measure (i.e., a double position have double risk, see Artzner, et al. (1999)), a model that

incorporates a tradeoff between profit and risk of purchased options in our framework is

Maz 0,60,8 Z [f + asn]ﬁnpn - 60[1/)(‘/0ﬂ0)] (257)

neENy

subject to (2.51). The inclusion of €y[1)(Vofo)] yields the following proposition:

*

Proposition 2.7.1 If & > 0, then BoCo = Zn_} 3.C, < EQ [BrCr|, where
0 neN7 \ P4y

Q= {yﬂ} . Analogously, if e > 0 then,
Yo neNt

BoPy = ( T ,,)ﬂnPn<EQ‘[ﬁ Prl.
040 nezl;’r ¢+y0 TLT

Proof: The proof is analogous to that of Proposition 2.3.1. The key is that the corresponding

dual problem differs only in the last two constraints from (2.2). The last two constraints are
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ZnENT *’Enﬂncn - (yO + w) /BOCO(]- + tCC) + Nc = 0 )
ZRENT mnﬂnpn - (yO + 'd)) ﬁOP()(]- + tcP) +np = 0 s

Q.ED.

i.e., buying options in the current model is optimal if these are underpriced (under Q*).

Selling options implies taking a position where losses are, in principle, unbounded and,
hence, risk management is crucial. Hedging the risk of sold options is usually carried out
through either the implementation of a portfolio of assets that replicates the payout of the
option or the purchase of an option of the same characteristics (i-e., same expiry date and
exercise price). The latter is partially implicit in the basic formulation (2.51) since it allows
for buying and selling options of the same type although the model does not enforce the
purchase of options if stock index options are sold. Perfect replication of the option’s payoff
is not always possible since our framework allows for incomplete markets. Therefore, it is
imperative to include risk measures into the basic formulation. We addressed this problem

for the basic problem in Section 2.3.2 by including

0 [Z ﬂn (60 . Vn)pn

neENyp

We now address the risk management for sold options in a broader sense. For instance,
we consider a class of risk measures that satisfies two properties: homogeneity and a priori
determination (i.e., once the scenarios have been set up, the risk measure can be determined).
Two members of this class of measures are Value-at-Risk (VaR) and Conditional Value-at-
Risk (CVaR) (see Mina and Yi Xiao (2001)). VaR is the mazimum expected loss under
a certain confidence level and CVaR is defined, given a certain level of confidence, as the

expected loss given that the loss has surpassed the VaR of the corresponding confidence
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level. Although, VaR is the mosf widely used risk measure in the financial context, CVaR
has more appealing properties. For instance, Artzner, et al. (1999) prove that CVaR is a
coherent risk measure (while VaR is not), Rockafellar and Uryasev (2000 and 2000a) prove
that CVaR is convex and continuous, and Rockafellar, et al. (2000b) prove that CVaR is an
expectation-bounded risk measure (while VaR is not). Other convex risk measures, which
place more weight on losses, are discussed in Rockafellar and Ziemba (2000) and Carifio and

Ziemba (1998). If VaR is computed at the confidence level of (1 — )%, then a tradeoff

between profit and risk over sold options can be modelled via

Maz g5 Z [f + @8,]Bnpn — &(MVaR) (2.58)
neNy
subject to (2.51) or
Maz g s Z [f + asn)Brpn — € (nCVaR) (2.59)
neENt

subject to (2.51) if CVaR is used. Application of duality leads to

Proposition 2.7.2 If €g *>0 (e‘op’* > 0), then

(1) under model (2.58),

BCr=3" <x—") B.Cr + (510-) (nVaR) | (ﬂ0P0= O <$—) BPy+ (i%) (nVaR)) ,

neNy yO n€Np 0

(11) under model (2.59),




BoCo= 3 (ﬂ> BuCut (yi) (n CVaR) , (ﬂOPO -y (?-n-) BPy+ (5) (n CVaR)>

*
n€ENy Y% 0 nENT 0 0

Proof: Only (i) is proved since (ii) is completely analogous. Assume €OC * > 0. Then, by

complementarity, ¥550Co = 3. Ny TnBnCn + nVaR. Therefore,

ico= Y (%) 8,00+ (52) (Var)

neNr

Q.E.D.

2.7.3 Other Extensions

Restrictions on the positions of the portfolio

None of the models studied before impose any restrictions on the asset positions within
the portfolio. Nevertheless, such restrictions often appear in practice. For instance, liquidity
and short-selling restrictions are common investment constraints that investors impose on the
management of their portfolios. Such restrictions can be included into the set of constraints

(2.51) through the addition of the constraints

GHan s VTLGNt ,tZO,...,T,
where b, € R. Therefore, the dual restriction, y,Z, — Zmec(n) YmZm = 0, for all n € N,

and t = 0,...,T¥ 1, is replaced by

ynZn_ Z ymZm—)\n=0, V’I’LENt, t=0,...,T-—1;
meC(n)
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:En—yn—{—/\gSO, Vné&Nrp,

AM>0,VneN, t=0,...,T—1;

and the term — ) Anby 1s added to the dual function.

neNr

Although y, > 0, Vn € N, {qn = yy%} N is no longer a probability measure on
neNp
(Q, Fr).

Further Extensions

The model (2.51) assumes that the hedge fund manager buys and sells options with the same
payoff. A natural extension is to allow for buying and selling options with different payoffs

and/or different times to maturity. For instance, the budget constraint is still of the form

Zo 6o+ o (0 - Vo — & - Vo) = BoWo ,

but now €y = (€}, ..,€)) and & = (&,...,€d!), where €} (&) is the purchase (sale) price
of the j** option (European calls or puts) for j = 1,...,N (j = 1,..., M). Self-financing

restrictions are modelled using

Zn-(en—ea(n))—,Bn(ef)-v,f—éfy‘_/,f)=0, VnéeN,

where €} (€) is the vector of positions of the option purchased (sold) at time 0 and which

matures at time ¢, and V! (V!) is the vector of corresponding payoffs. The Benchmark
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restriction is

Zn - On — Busn + Bn (ed - VT —& . VT) = 3,B,, Vn € Nr.
0 n 0

Duality can be applied to obtain insights on the structure of optimal investments as in

this chapter.

2.8 Conclusions

This chapter develops a duality framework for a variety of models of the problem faced by a
hedge fund manager whose goal is to maximize his expected compensation fee using option
investment strategies. This framework leads to explicit characterizations of the optimal
strategies that contrast with many stochastic programming models used in finance that only

provide numerical results.

The application of the duality framework for the hedge fund manager’s problem leads
to the general, and expected, conclusion that the purchase or sale of Stock Index Options
is optimal if these options are not overpriced or not underpriced respectively. However, our
approach derives the pricing threshold that determines the overpricing or underpricing of
such options, and the relation of this threshold with the parameters that characterize his
compensation scheme. We obtain explicit relations between the predetermined percentage
that the manager obtains from the profits over a specified benchmark and the embedded
probability measure that defines the pricing thresﬁold. Moreover, we generalize our results to
a broad class of utility functions, risk management considerations, short selling restrictions,
multiple monitoring dates, and different policies for determining the benchmark, such as

fixed and high water marks schemes.
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The framework has several advantages: First, it allows for a broad class of distributions
including the commonly observed fat-tailed return price distributions. Second, it is applica-
ble to both, incomplete and complete markets. Third, the mathematics used to construct
this framework are simpler, and hence more accessible, than those in the continuous-time
framework. Fourth, the implementation of this framework to establish optimality conditions

is relatively simple.

Our duality framework can be extended to consider more complex or general problems
such as more general convex compensation schemes that include problems such as the com-
pensation of a corporate manager that controls firm leverage or the compensation of a trader

at a security firm.
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Chapter 3

Incentives and Design of Option-Like
Compensation Schemes
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3.1 Introduction

Two of the most significant changes in corporate compensation practices in the last fifteen
years have been, on the one hand, the escalation and recent decline of the average executive
compensation amount and, on the other hand, the replacement of base salaries by stock
options as the single largest component of executive compensation (Hall and Murphy (2003)).
For instance, since the early 1990s stock options have replaced base salaries as the single
largest component of executive compensation in almost all industry sectors and, during the
same period of time, firms related to the technology sector (computers, software, internet,
telecommunications and networking) have had a pronounced increase in employee stock

options (Hall and Liebman (1998), Murphy (1999)).

The explosive growth in the use of options as a compensation can be roughly explained
by two main factors. First, the belief that option-like compensation schemes are capable of
aligning interests between executives, empioyees and shareholders while, at the same time,
they can attract, motivate and retain high qualified executives and employees (e.g. DeFusco
et al (1990)). Second, practical reasons for companies related with the conservation of cash

and the reduction of reporting accounting expenses (e.g. Oyer (2004)).

Regardless of its causes, the use of option-like compensation schemes has generated
concerns about their design and the behavior they induce, as well as about the valuation
of the options embedded in these payment schemes from the executives’ and shareholders’

point of view.

The design and induced behavior of these option-like compensation schemes are inti-
mately related. The compensation scheme design determines the induced behavior of share-
holders, executives, and employees. Conversely, a desired induced behavior characterizes the

required compensation schemes.
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Since the early nineties, there has been an intensive research on the issue of induced be-
havior of option-like compensation schemes (Murphy (1999)). Most of these studies support
the idea that these compensation mechanisms can be effectively used to align interests and
induce desired behaviors, such as the implementation of riskier strategies by an investment
manager. However, recent studies by Carpenter (2000), Lewellen (2006), Ross (2004) and
Braido and Ferreira (2006) conclude that this type of payment schemes do not necessarily
imply the ezpected or desired behaviors, unless some assumptions on the executives’ and
employees’ preferences, or on the specific form of the compensation scheme, are made. For
instance, Carpenter considers a risk averse manager compensated with a call option on the
assets he controls. Under certain assumptions, Carpenter obtains the manager’s explicit
optimal policy and finds that this type of option compensation does not necessarily lead to
greater risk-taking, as it might be intuitively ezpected !. Ross (2004) corroborates Carpen-
ter’s theoretical findings in a simpler static framework and proves that, among the class of
convex compensation schemes, such as vanilla call options, there is no single scheme that
would make all strictly-concave utility functions uniformly display lower\ (absolute) risk aver-
sion in their domains. However, very recently, Braido and Ferreira (2006) find, in a static
setting too, that for the particular case of a call option, there exist conditions on the stock
price distribution -not considered by Ross (2004)- under which all strictly-concave managers

prefer riskier projects to safer ones.

Many of the ideas developed recently about induced risk incentives by option-like com-
pensation schemes (e.g., Carpenter (2000), Ross (2004), Braido and Ferreira (2006)) have
been applied to.other important corporate issues such as optimal leverage decisions. For
instance, Cadenillas, et al. (2004) and Carlson and Lazrak (2005) are two important, and

complementary, studies that have analyzed the optimal leverage choice from the shareholder’s

lF‘rom‘ option pricing theory, it is well known that the higher the volatility, the higher the option value.
Therefore, it is intuitive to think that a manager who holds a stock option as part of his compensation, will
be encouraged to take higher levels of volatility in order to increase his expected compensation.
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and the manager’s point of view.

Research on corporate compensation design has been importantly influenced by agency
theory (Ross (1973)). This theory considers the problem of a person, the princip‘a,l, who
wants to induce another person, the agent, to take some action which is costly to the agent.
The principal’s problem consists in designing an incentive payment from the principal to the
agent that induces the agent to take the best action from the principal’s point of view. In
the context of executive compensation the shareholders play the role of the principal, while
the executives represent the agents. The majority of executive compensation design studies
that are based on agency theory, visualize executive compensation as a remedy to the agency
problem (e.g. Murphy (1999) and Core, et al. (2003) for surveys). However, there exist
some recent studies that consider executive compensation not only as a remedy, but also as
part of an agency problem itself (Bebchuk and Fried (2003)), arguing that managers usually
have a certain degree of power or influence over the people (e.g. board of directors) that set

their compensation payments.

For the shareholders, writing compensation options represents an opportunity cost, while
for the executives or employees these options are an expected benefit. However, the expected
benefits usually do not equate the opportunity costs of issuing these options. In fact, these
costs are often greater than the expected benefits, since compensation options typically have
trading and hedging restrictions that an outside investor would not have. The magnitude of
the difference between the expected benefits and the opportunity costs derived from these
options is directly related to their induced behavior and, thereafter, their design. For in-
stance, the smaller this magnitude is, the stronger the induced incentives are, and vice versa.

Therefore, the design of these options is connected to the control of this magnitude.

Determining the company’s opportunity cost from issuing compensation options is less

challenging than estimating their value for executives or employees, since they have trading
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and hedging constraints than an outside investor would not have. In fact, the outside in-
vestor’s freedom usually fits into the model assumptions made by the existing frameworks to
value options and therefore, opportunity costs can be usually estimated by using an appro-

priate option-valuation model.

Hedging constraints on compensation options imply that executives’ and employees’ va-
luations depend on their particular preferences. Therefore, research efforts on the valuation
of these options have mostly relied on utility-based frameworks with two types of approaches:
a certainty equivalent approach, which determines the riskless cash compensation that the
executive or employee would exchange for the option (e.g. Hall and Murphy (2000,2002)
and Lambert, et al. (1991)), and an optimal strategy approach in which, given an objective
function, the optimal exercising policy is obtained and used to value the option (e.g. Hudart
(1994) and Marcus and Kulatilaka (1994)). Nevertheless, there are some studies that have
addressed the valuation problem without considering an explicit preference-based model. For
example, Carpenter (1998) shows that a simple extension of the American option (binomial)

model is reasonable to value, in practice, these compensation options.

Characterizing the optimal exercise policy of a compensation option is not only important
for obtaining the subjective value of compensation options, but also for determining the
hedging cost for the shareholders. This is because even though the outside investor has, in
principle, no trading restrictions, the person who actually exercises the option is the executive
or employee. Theory of optimal exercise of compensation options is still under development.
Most part of the efforts on this direction are based on the intuition that, given the payoff risk
and the undiversified condition of the executive or employee, the compensation option holder
chooses an option exercise policy as a consequence of a greater utility maximization problem
that includes other decisions, such as portfolio and consumption choice and managerial

strategy. The majority of the papers under this perspective, make some kind of exogenous .
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assumptions about how non-option wealth is invested (e.g. Huddart (1994), Marcus and
- Kulatilaka (1994) and Carpenter (1998)) or about the exercise policy (e.g. Jennergren and
Naslund (1993), Cvitanic, et al. (2004), and Hull and White (2004)).

This chapter focuses on the design and induced behavior of option-like compensation
schemes for a fund manager. It considers payment schemes composed by cash and two
call options with the same underlying -the fund value- but different strike prices. There
are two main goals: First, studying the induced incentives of this type of compensation
package -fund value and risk incentives- and analyzing if these compensation schemes have
the same unexpected theoretical features that have been documented for the single-option
case. Second, finding criterions to determine appropriate parameter values of the considered

compensation package to induce, as much as possible, specific behaviors.

In order to achieve these goals, we develop our analysis in a continuous-time framework
similar to the one used by Carpenter (2000). This framework presents two main advantages
for our study. First, it assumes that the fund value is governed by a geometric Brownian
motion that allow us to derive explicit formulas that facilitate our analysis. Second, it is

easily adaptable to general convex compensations schemes, as the one treated in this chapter.

We obtain the explicit optimal risk-taking strategy for an undiversified risk-averse ma-
nager who maximizes the expected utility value of his compensation package. We find that
including two distinct options in the compensation scheme does not eliminate the unex-
pected risk-taking behavior observed for the single-option case, but it does provide us with
a significant higher control on the manager’s implied actions. In particular, we obtain that
the sensitivity of optimal risk-taking choice with respect to fund value is roughly propor-
tional to a stability factor, which involves only the compensation parameters. Therefore, the
smaller the value of this factor, the less sensitive is the risk-taking decision to changes in

the fund value. This result can be used, for example, by investors to decrease the incentives

122




to rebalance the fund’s portfolio by appropriately choosing the compensation parameters.
For instance, we consider in our analysis a situation in which investors desire to induce an
strategy that leads to a range of fund values of the form {0} U (V, o), where V is a mini-
mal target value. This type of strategy is typically implied by a single-option compensation
scheme (Carpenter (2000)) and can be induced by the double-option payment scheme con-
sidered in this chapter. However, this strategy can involve, in both cases, drastic changes
of optimal risk-taking decisions given small variations of the fund value, specially when the
options are out-of-the money. This is costly in terms of transaction costs or investment
irreversibility or lumpiness. Therefore, it is imperative to be able to control the possibility of
such drastic changes. Although there exists a stability factor for the single-option case that
could be used to control stability, this is hardly possible in practice since there are typical
values for the corresponding compensation parameters. However, for the double-option case,
the stability factor involves two extra parameters, namely the second-option exercise price
and the relative weight of the second-option payoff in the compensation scheme, for which
there are not such typical values. Hence, adding a second option provide to investors with
two degrees of freedom for controlling stability. We propose specific criterions to determine
optimal values for these extra parameters. Therefore, this stability factor, together with
other results obtained in this chapter, provide incentives for investors to grant the manager

additional options.

Nevertheless, we also discover that the risk-taking optimal profile can change abruptly
for a certain second option’s threshold exercise price. This means that two managers with
very similar option-like compensation packages can have different risk-taking profiles. In
other words, a marginal change in the compensation structure may imply drastic changes in
the risk-taking incentives and hence a policy implication of our work suggest that investors

should pay attention to global compensation scheme of their managers. To our knowledge,




this is one of the few studies on how exercise price decisions may affect managerial risk-taking

behavior (Hjortshgj (2006)).

This chapter is structured as follows: Section two describes the model. Section three
analyzes the utility function derived from the manager’s preferences over his compensation
package. Section four develops closed-form expressions for the manager’s optimal choice
of terminal fund value and volatility. Section five illustrates different types of fund value
and risk incentives that the proposed option-like compensation scheme is, in theory, able to
induce. Section six proposes simple criterions, based on the theoretical results and analysis
of the previous sections, to determine appropriate compensation parameter values in order

to induce specific fund value or risk profiles. Section seven presents the conclusions.

3.2 The Model

We consider the problem of an undiversified risk-averse manager who maximizes the expected
utility value of his compensation package. We assume that the manager makes decisions
regarding the risk level of the fund, given a compensation package. To address this problem

we consider a continuous-time framework that is described in the following subsections.

3.2.1 The Fund Value

We depart from the standard assumption that the value of a fund is governed by a geometric
Brownian motion (Black and Scholes (1973), Merton (1974)) and consider the extended

model

d‘/t = 'u,‘/tdt -+ al/t‘/tdt + I/t‘/tdzt, (31)




where p and o are fixed parameters, (11),,, is an adapted process and (z),5, is a standard
Brownian motion. Model (3.1) is equivalent to the one used in Carpenter (2000) and a
particular case of the one used in Cadenillas, et al. (2004). The parameter p is exogenous
and represents the expected return due to the fund’s momentum which cannot be affected
by the manager. In an equilibrium setting, u would be related to the prevailing interest free
rate in the economy. The process- (14 );>0 represents the volatility of the fund’s value and
it is assumed that it can be controlled by the manager and that it has an impact on the
expected return of the fund. This impact is captured by the parameter a and so it can be
interpreted as the expected return per unit of risk undertaken by the manager, as measured

by the volatility.

3.2.2 The Manager Problem

The manager is risk averse with utility function?

Ux) = , > 0,
(z) i

where z is the compensation that the manager receives and <y represents the manager’s risk
aversion, and who receives a compensation package formed by a fixed salary Xo, a proportion
p of a call option payoff on the fund’s value with a a strike value B, that represents a
benchmark payoff for the manager, and a proportion ¢ of the payoff of another call option
on the fund’s value with a strike price B + K, where K > 0. Therefore, the total value of

the compensation package is

¢(V)=Xo+p(V—B)" +q(V-B-K)*

2This is the power utility function, the most popular member of the class of CRRA utility functions.
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where (z)* = maz(z,0). We assume that the values B and K are preestablished by the
investors. If we were in a firm value context, the parameter B might represent the leverage
level of the firm, then the compensation package is composed by a fixed salary Xy, a pro-
portion p of the shares of the firm, and a proportion ¢ of the payoff of a call option on the

levered value of the firm.

The goal of the manager is to maximize the expected derived utility of his compensation
package at the end of the horizon time [0, T, by choosing the level of risk for the fund. That

is, the objective of the manager is

sup FE

(Vl)tG[O,T]

1—7

(d’(VT))l—’Y} , (32)

where the volatility process v is well behaved and is such that

It can be shown that the solution to Problem (3.2) is uniquely characterized (e.g. Karatzas

et al (1987)) as the solution of the static problem

sup F
Vir

(p(Vir))' ™"
3.3

1 _ ’7 ? ( )
under the positivity constraint Vo > 0, i.e. under the assumption that the fund’s value is

always nonnegative, and the constraint
E [§TVT] S Vba

where
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Shape of the Derived Utiity Function U ° ¢

0 T T T T T T T T T

-100

-120

-140

-160

-180

T

_200 L L Il 1 1 i
0 0.5 1 1.5 2 25 3 3.5 4 4.5 5

Value of the Fund

Figure 3.1: Shape of U o ¢. This is the graph of U o ¢ when the following parameters are
considered: Xy, = 0.005,p = 0.01,q = 0.02, B = 1.04, K = 0.76 and v = 2. Note
that (U o ¢) (0) = (—1) (0.0057*) = —200.

o?
& = exp {—ut - —2-t - azt} , for t € {0, T, (3.4)
and which, in the case that u represents the (instantaneous) interest free rate, represents a

state price density or a pricing kernel.

3.3 Derived Utility Function Analysis

Problem (3.3) cannot be solved directly using standard theory since the derived utility func-
tion U o ¢ = ¢ /(1 — ~) is not concave overall its domain (See Figure 3.1). This lack
of concavity is expected up to some extent since the convex compensation schedule ¢ is

designed with the intend of inducing the manager to be less risk-averse and therefore with
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the goal of making its utility function less concave.

In order to solve Problem (3.3) we construct an equivalent problem where Uo¢ is replaced
by an appropriate concave function which we refer to as the concavification function of U oqﬁ.‘
This section is devoted to the related analysis of the derived utility function U o ¢ in order

to construct its concavification function.

3.3.1 Motivation

Concavity of the concavification function of U o ¢ is required in order to apply standard
methods while its appropriateness refers roughly to the property that its solution is also
optimal for the original problem. Intuitively, one would expect that the concavification
function of U o ¢, say U, is closed to it since U should reflect the essential set of preferences
represented by the derived utility function U o ¢, at least over a neighborhood of the optimal
solution. Thus, in such sense, the construction of U entails to find the closest concave
function to U o ¢. This closeness to U o ¢ must be ruled by the referred appropriateness of
U. That is, it must be guided by the premise of assuring that the optimal solution under U
is also a solution of Problem (3.3). In other words, the optimal solution must not change if
U o ¢ is replaced by U. One way of satisfying such premise is to restrict our search of U to

the set of all the concave functions that dominate U o ¢, i.e. to consider the set of functions

G ={g:R" > R| g is concave and g(z) > (U 0 ¢) (z) for all z > 0} .

The reason to focus on this class of functions is the following: suppose that it exists

g € G such that

E[g(X")] = E[(U © ¢) (X")] (3.5)
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where X* is the optimal solution of Problem (3.3) when U o ¢ is replaced by g. Then,

E[(Uo¢)(X")] = E[g(X")] 2 E[9(X)] = E[(U o ¢) (X)]

for all X. Thus, X* must be an optimal solution of Problem (3.3). Therefore, the construc-
tion of the concavification function U can be formulated as determining a concave function
that dominates U o ¢ and that satisfies condition (3.5). This condition is precisely what we

mean by the closest concave function to U o ¢.

3.3.2 Concavification Function Construction

As previously motivated, the concavification function of U o ¢ is roughly the closest concave
function that dominates U o ¢. Using this idea, we provide a geometrical motivation for the
construction of the concavification function U, derived from conditions established in terms
of the absolute risk aversion induced by the compensation schedule ¢. Then, we state formal

concavification results for the particular compensation scheme ¢ that we consider.
Geometrical Motivation

To motivate the geometrical construction of the concavification function U, we assume that
it is of the form (U o ¢) + h, where h is a function, and analyze the conditions that should
be imposed on h to assure that U is the closest concave function that dominates U o ¢.
Dominance of U over U o ¢ holds by simply imposing the restriction that h(z) > 0 for all
z > 0. Concavity and optimal closeness of U require a deeper analysis. To perform such
analysis we use the concept of absolute risk aversion (Pratt (1964)). We start off by assuming
that h is twice differentiable over all its domain and that its first derivative does not vanish

over the interval [0, B). Therefore, the induced absolute risk aversion of (U o ¢) + h can be
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decomposed as follows:

(

(Uog)” +h'

_(Uo) +h_
(Uod) +h

—%r if z < B.

N <JL‘L> (-M—h—) ifz € (B,B+K)U(B+K, o).

A(U0¢)+h =

(Uog) +1 (Uog)”  (Uog)

Therefore, in the case that z < B, the induced absolute risk aversion of U, and thereafter

its concavity, depends on the term

So, U is concave for z < B if and only if Ay, > 0. On the other hand, in the case that

z € (B,B+ K)U (B + K, 00) observe that Awog)+r can be rewritten as

}

where F' = (U o ¢>)' / [(U o ¢), + h']. Hence, if we assume that the concavification function

"

h
(Uog)

!

F{A¢+AUW)kf—1]+lAUw)—

U is within the class of (strictly) monotone utility functions, then F(z) > 0 for all z > 0.
‘Therefore, the induced absolute risk aversion of U, and thereafter its concavity, depends on .

the expression

As+ Au(9) |6 — 1] +

A - e
o]

Thus, for the case z € (B,B + K) U (B + K, 00), the absolute risk aversion of U, and

its concavity, depend on the interaction of three effects (Ross (2004)): a converity effect,
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represented by Ay; a magnification effect, represented by Ay(¢) [qﬁl — 1]; and a translation

effect, represented by [AU(¢) - (U':’;),]. Hence, U is concave in this case if and only if the

translation effect is positive and it offsets both, the convezity and the magnification effects.

That is, concavity of U requires that

"

[AU(¢)— (U’Z ¢),] > - (4 + Aule) [¢ - 1])

or equivalently

A

B < (Uog) {As+ Auv(9) [¢ — 1] + Au(8)}

= —(Uo¢)

In summary, if the concavification function U is of the form (U o ¢) + h, then h must

satisfy the following conditions:

Dominance (D):

e h(z) >0, forallz >0.
Monotonicity (M):

o K (z)>—(Uog¢) (z), for all z > B.
Concavity (C):

1. Ap(z) = —%”%2 >0, for all z < B.

~

"

2. h'(z) < - (Uo¢@) (), forallz € (B,B+ K)U(B+ K, ).
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Therefore, intuitively, the function (U o ¢) + h is the closest concave function that dom-

inates U o ¢ if h is the smallest function that satisfies the D, M and C conditions.

If the D and M conditions were the only ones considered, h would simply be the zero
function (i.e. h(z) = 0 for all z). However, the zero function does not satisfy the C con-
ditions. For instance, under the assumption that A is twice differentiable, the zero function
clearly does not satisfy the C.2 condition. Therefore, the C conditions are the key ones.
We focus first on C.2 —h" > (Uo ¢)", and then analyze conditions C.1, D, and M. In
particular, we study the minimal conditions under which —h" satisfies C.2. That is, we

analyze the condition

—h' =Uo¢) . (3.6)

Although we are interested on the fulfillment of (3.6) for £ > B, we omit for the moment
this range restriction and analyze the consequences of this condition. Equation (3.6) implies

that h must be of the form

hz) =b+mz — (Uog¢)(z).

That is, we need to add to U o ¢ what it is necessary to obtain a linear function, at least
over the range of values in which U o ¢ is not concave. This makes sense considering that
linear functions are minimal concave functions, since any linear function is both, concave
and convex. We now analyze the range of values for b and m that would lead & to satisfy

the D and M conditions. If h satisfies the D condition, then

b+ mz > (U o ¢)(z) (3.7
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i.e., the linear function b 4+ mz must dominate the derived utility function (U o ¢) (z). It
turns out that h must satisfy 2(0) = 0 in order to be optimal ®. This implies b = (U o ¢) (0),

which means that this linear function must be anchored to the point (0, (U o ¢) (0)).

The inequality (3.7) cannot be satisfied in a strict manner for all z > 0 since that would
imply the existence of a concave function that is closer to U o ¢. Indeéd, it exists £ > B
such that

b+mi = (U o ¢) (0) + ma& = (U o ¢) (%) .

Therefore, b+ mx must be the line that is tangent to the graph of U o ¢ at & that passes
through the point (0, (U o @) (0)). Thus, Z satisfies

Uo¢)(0)=(Uog) (@) +Uog) (£)(0—%).

and m = (U o ¢) (&) > 0. Hence, note that

hz) = b+ma—(Uod) (@)
= Uo9)(0)+[Woe) @)]s-(Uod) (@)

satisfies

K(z)=(Uog) (&)~ Uod) (z)2—(Uo¢) (z)

i.e., h satisfies the M condition. Moreover, note that

31If h(0) > 0, it is always possible to construct a function k such that 2(0) = 0, (U o ¢) + h concave, and
0 < h(z) < h(z) for all z € [0, B), given that U o ¢ is flat over this interval.
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o W)@
(Uo) (&)—(Uos) (a)

for ¢ > B. Therefore, h(z) = (U o ¢) (0) + [(U o¢) (ic)] z — (U o @) (z) satisfies the D,
M, and C conditions. However, note that for z > Z, it is enough, and thus optimal, to set

h(z) = 0 in order to satisfy the D, M, and the C conditions.

So,

hay < [ WeD O+ [Wog) @)z~ Uod) (@) forz<i,

0 otherwise
That is, the geometrical construction of the concavification function entails drawing a.
line that is tangent to the graph of U o ¢ that passes through the point (0, (U o ¢) (0)). The
concavification function will be formed by this tangent line, for values less than or equal to

the tangency point Z, and by the derived utility function otherwise.

We now formalize the construction of the concavification function for the type of com-

pensation scheme ¢ that is considered in this chapter.
Concavification Results

The current analysis of the concavification function of U o¢ begins from its conceptualization
as the closest concave function that dominates U o ¢. In the motivational part, the idea of
closeness is mapped into a set of conditions that characterize the offsetting forces of the
convexity effects induced by the compensation scheme ¢. Therefore, closest within this
context means to satisfy minimal conditions to offset these convexity effects, which lead to

the described geometry of the concavification function construction.

134




Although, the previous motivational subsection provides us with a good understanding
of the construction and shape of the concavification function, its concept has not been fully
formalized yet. To formalize the concept of concavification function, we use the charac-
terization of a concave function f in terms of its hypograph, defined by {(z,y)|ly < f(z)}.
For instance, a function f is concave if and only if its hypograph is a convex set (Zangwill
(1969)). Therefore, using this characterization, the concavification function of f can be for-
mally described as the function f whose hypograph is the smallest convex set that contains
the hypograph of f. 'The smallest convex set that contains a given set is called the conver
hull of such set. Hence, the definition of the concavification of f can be rephrased in the

following manner:

Definition 3.3.1 (Concavification) Let f be a real valued function on R and let

Hy = {(z,y)ly < f(2)}

be the hypograph of f. Let H} be the convez hull of Hy. Then, if it exists a function f such
that its hypograph coincides with the convex hull of Hy, i.e. if Hy = H, then f is said to be

the concavification of f.

Armed with the above definition, we formally characterize the concavification function
for particular cases derived from the consideration of U o ¢ over special subsets of its domain
and then combine appropriately such cases to define the concavification function of U o ¢
overall its domain. To follow this strategy, we need to establish first the following preliminary

results:

Lemma 3.3.1 Let v > 0. Then, it exists Vi > B such that
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11—y _ 1—v - .
X7 (Xo+p(;/173)) —pVi(Xo+p(Vi—=B))™" ,ifv#1, or

= (3.8)
log(Xo) =log (Xo+p(Vi - B)) - %k~ » =1
Proof: See Appendix 3.
Lemma 3.3.2 Let v > 0. Then, it exists Vy > B + K such that
% otV Braa=BKN' (5 4 )V, [Xo+p (Vi — B) +q(Va—= B—K)] 7,
ify#1, or |
log(Xo) = log ((Xo +p (Vi — B)) — o ro)bs
0g{%o) = J08 A0 TP Xotp(Vi—B)+a(Va—B—K)
ify=1. 9)
3.9

Proof: See Appendix 3.

136




Lemma 3.3.3 Let v > 0. Then, there exist Vo, V3 € R such that satisfy the following system

of equations:

Q=7 Xo+p(Va—B)™" = (1—7)(Xo+p(Va—B)+q(Vs—B-K)'"
+ (p+9(Xo+p(Va—B)+q(Va—B-K))"(Va—V3)
(3.10)

and

(1= (Xo+p(Va—B)+q(Va—B-K))'" = (1-7)(Xo+p(Va—B))'™"

+ p(Xo+p(Va—B))" (Va3 - Vo)
(3.11)

ify#1, or

log (Xo+p(Va— B)) = log(Xo+p(Vs—B)+q(Vs— B~ K))
+ (p+q)(Xo+p(Va—B)+q(Va—B—K))™ (V2 — Va)
(3.12)

and

log (Xo+p (Vs — B) +q(Vs— B~ K)) = log(Xo+p(Va— B))

" (3.13)
+ p(Xo+p(Va—B))" (Va—13)

ify=1.

Proof: See Appendix 3.

The previous results establish, under certain assumptions, the existence of four tangency

points over the graph of U o ¢. For instance, it is established the existence of
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e the points (Vi, (U o ¢) (V})) and (Vy, (U o ¢) (V4)) on the graph of Uog¢ for which the co-
rresponding tangent lines have the property of crossing through the point (0, (U o ¢) (0)),

and

e the points (Vz, (U o ¢) (V2)) and (V3, (U o ¢) (V3)) for which the line that passes through

them is tangent to the graph of U o ¢ at both points.

These tangency points are crucial for the construction of the concavification function of

Uodg.

Next proposition proposes and characterizes formally, under certain assumptions, the

concavification function of U o ¢ when its domain is restricted to the interval [0, B + K].

Proposition 3.3.1 Assume v > 0, let V; > B such that it satisfies equation (3.8), and

define the function
)= U9 +u(Uog¢) (Vi) forv € [0,Vi]
(U o ¢) (v) forv>W
If Vi < B+ K, then U, is the concavification function of the U o ¢ restricted to the domain
[0, B + K].
Proof: See Appendix 3.
The following proposition characterizes the concavification function of U o ¢ over the

interval [B, 00).

Proposition 3.3.2 Lety > 0 and assume that Va and V3 satisfy equations (3.10) and (3.11),

if v # 1, or equations (3.12) and (3.13) otherwise. Define the following function:
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Ta(v) = { (Uod)(Va) +(v—Va) (Uog) (Vo) forve (Vp, Vi
(U o ¢)(v) otherwise.

Then, Us is the concavification function of U o ¢ over the interval [B,00).

Proof: See Appendix 3.

So far, it has been proved that U, and U, are the concavification functions of U o ¢
restricted to [0, B + K] and [B,00), respectively. We use these two functions to define a
candidate function for being the concavification of U o ¢ overall its domain. The construction
of this candidate function is based on the idea of combining U, and U, in such way that its
combination possess, at least, the property of dominating the derived utility Uo¢. Therefore,

a natural candidate in such sense is the following function:

Us(v) = Maz {ﬁl(v),ﬁg(v)} forallv>0.

It is immediate that

Us(v) > (U o ¢) (v) for all v > 0

given that both, U; and [72, dominate U o¢. However, Us is in general not a concave function.
Nevertheless, it turns out that if U, is concave then U; must be the concavification function
of U o ¢. This fact is proved in the next proposition.

Proposition 3.3.3 If Us is concave, then Us is the concavification of U o ¢.

Proof: See Appendix 3.
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There are two natural issues that follow from the previous result:

1. Finding conditions under which U, is concave, and

2. Proposing another candidate function in case that Us is not concave.

The first issue is implicitly, although partially, addressed in the proof of Proposition 3.3.3
(See Appendix 3) where the condition V, > V; is proved to be necessary from the assumption
of concavity of Us. The next proposition proves that this condition is also sufficient to assure

that Us is concave.
Proposition 3.3.4 U, is concave if and only if V3 > V4.

Proof: See Appendix 3.

If U; is not concave, we need to look for another candidate function to be the concav-
ification function of U o ¢. Note that U, dominates U o ¢ and it is at least by pieces its
concavification function. Therefore, the search for an alternative candidate function should
depart in some way from Us. A natural guess is to propose the concavification function of
U, as a candidate function. It results that this is the right guess. This is proved in the next

two propositions.

Proposition 3.3.5 Assume that U, is not concave. Then, its concavification function is the

function U defined as

) — { (Uo@) (Va)+(Uog) (Va)v—Va) forve0,Vi] (3.14)

(Uo¢)(v) forv >V,

where Vy satisfies the equation
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-7 (X" = Q=9 Xo+p(Va—B)+q(Va—B—K)'™"

_ (3.15)
— Vilp+9 Xo+p(Va—B)+¢9(Va— B-K))™"
ifv#1, and
log(Xo) = log(Xo+p(Va—B)+q(Va—B—K))
(P+a)Va (3.16)
Xo+p(Va—B)+q(Va~B—K)
ify=1.

Proof: See Appendix 3.
Proposition 3.3.6 U is the concavification of U o ¢.

Proof: See Appendix 3.
Shape of the concavification of U o ¢

The concavification function of Uo¢ has two possible shapes. It has a four-piece shape if Us is
concave, and hence characterized by Us itself (See Figure 3.3). Otherwise, the concavification
function has a two-piece shape characterized by the function U defined in (3.14) (See Figure
3.2). Therefore, the shape type of the concavification function of U o ¢ depends on the

concavity of U; and hence, it is characterized by Proposition 3.3.4.
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Concavification function of U ° ¢ : Two~piece shape case
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Figure 3.2: Two-piece shape Concavification of U o ¢. This is the graph of U o ¢ and
its concavification for a case in which the concavification function has a two-piece shape.
The parameters are: Xy = 0.005, p = 0.01, ¢ = 0.02, B = 1.04, K = 0.76 and v = 2.
U o ¢ and its concavification function coincide, for this particular example, over the interval
[2.0544, 00). The concavification function displayed in this graph corresponds to the derived
utility function of Figure 3.1.

3.4 Optimal Solution

The main reason for the construction of the concavification function of U o ¢ is the definition
of an alternative problem to (3.3), by replacing U o ¢ by its concavification function, for
which standard techniques can be applied and whose solution is also a solution of (3.3). In
this section we solve this alternative problem and demonstrate that its solution is optimal

for (3.3) too *.

4Refer to Corollary 3.4.1.




Concavification function of U ° ¢ : Four—piece shape case
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Figure 3.3: Four-piece shape Concavification of U o ¢. This is the graph of U o ¢ and
its concavification for a case in which the concavification function has a four-piece shape.
The parameters are: Xy = 0.005, p = 0.01, ¢ = 0.02, B = 1.04, K = 146 and v = 2.
U o ¢ and its concavification function coincide, for this particular example, over the intervals
[1.7611, 2.0858] and [2.7391, c0).

3.4.1 Optimal Fund Value

Consider the alternative problem

sup v, E [U(VT)]
s.t.
ElenVe] < Vo (3.17)

Vr >0

where U is the concavification function of U o ¢, and where (gt)te[O,T] is the pricing kernel as

defined in (3.4). The following proposition states explicitly the optimal terminal fund value

of Problem (3.17).




Proposition 3.4.1 Let v > 0 and Vi and V, as defined in Lemmas 3.3.1 and 3.3.3, respec-
tively. Then, if Vo > Vi and

91p(N) = E [erhy (Mer) Livasmeryswiy) + B [Enha (Mr) L aer)>va)] < 00 (3.18)
for all A > 0, where

)~ YT
m(y) = G % - X°+B,

(_u_)'l/”'..xo+qk'

holy) = -~ +B,

the optimal terminal fund value of Problem (3.17) is

1 1
* 1 A YTy
Vi = [B *h [(5) &’ - XOH L oixotp(va-B™ < Mer < piXotp(Vi-B) 7}

i (3.19)
1 A YTy
+ [B + (17171) K+ (m) [(m) &7 = X"H Lixer < plXo+p(va-B)1"}
where X\ is a nonnegative scalar that satisfies
ElerVr] =Vo (3.20)
where Vy is the initial fund value. Otherwise, if
92p(A) = E [Erha (M) Linyaer)>vay] < 00 (3.21)

for all A > 0, where Vy is defined as in Lemma 3.3.2, then the optimal terminal fund value

is given by
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Vi =

B+(—q )
p+q

where )\ is a nonnegative scalar that satisfies condition (3.20).

1 A Ty 1
K+ (p n q) [(p n q) ' = XO” Lixer < pro)lXo+p(Ve-B)+a(Va-B-K) 7}
(3.22)

Proof: Assumption (3.18) implies that gs, is continuous and strictly decreasing and hence, it
assures that Equation (3.20) has a solution for some A > 0. Suppose that V, > V;. Therefore,

the concavification function of U o ¢ is

Uod)(Vi)+Uog) V)w—Vi) ,ifv<W.
Tw)={ (Uod)(v) if v € [VA, Vo) U (Vs, 00).
(Uod)(Va) + (Uog) (Vo)(w—Va) ,ifve (Va,Va]

By standard theory (Karatzas et al (1987) and Cox and Huang (1989)),

U'(Vy) = Mr as. (3.23)

where )\ is a nonnegative scalar that satisfies Equation (3.20). Therefore, condition (3.23)

and definition of U implies

p[Xo+p(Vi — B)]™” , if Mr(w) € Cy
UVaw) =4 @+ [Xo+p(VEw) - B)+q(Viw) - B-K)|7" ,if Mr(w) € Co
p[Xo+p(Vi(w) — B)]™” , otherwise

for all w € Q for which equation (3.20) has a a solution, and where

C, = {zlz=p[Xo+p(Vi — B)|""}
C; = {zlz<plXo+p(Va—B)"}
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Therefore, if AXér(w) < p[Xo+p (V1 — B)]77, for some w € 2, then

-1 :
Viw) = (U7) (&)
[B + (%) K+ () [(ﬁ)" Er(w)™ — XOH | if Mer(w) € Cy
[B+% [(g)'*&(w)-i —XOH i Aer(w) € (CLUG)
Note that if Aér(w) € C; then Vii(w) € (0,Vi] (U is not defined at v = 0), while if

Xr(w) > p[Xo +p (Vi — B)]7, then equation (3.20) does not have a solution for A > 0. We

extend the definition of U’ to consider the latter two cases using the following mapping 5:

p[Xo+p(Vi = B)]™” , if Mep(w) € Cy

F (Ve = PTOoFpE =B +ql—B-KIT ,ifMr(w) €

’ [p[Xo+p (Vi = B)], 00) , if Mr(w) € Cs
pXo+p(v—B)]" , otherwise

where C3 = {z|z > p[Xo + p(V1 — B)]™"}. Hence, condition (3.23) generalizes to !

@ (Vi) = Mer a.s.

from which condition Aér(w) > p[Xo +p (Vi — B)]”" implies V7 (w) € [0,V;]. Therefore,

the optimal terminal fund value can be expressed as

1

. _ 1A\ oS
Vi = {B + 5 [(;) &7 — XOH 1{p[xo+p(V2—B)]" < Mr < plXo+p(Vi-B) 7"}

+ [B+ (173“3) K+ (ﬁ) [(TJ%E)_% 5;% B XO” 1{/\&1' < plXo+p(V2—B) 7"}

SFormally speaking, @ is a subdifferential of U (e.g. Rockafellar (1970)).

146




The proof of expression (3.22) is similar.
Q.E.D.
Corollary 3.4.1 The optimal solution of Problem (3.17) is also optimal for Problem (3.3).

Proof: By construction of the concavification function U it holds the condition

E [U(VT)] > E[U(Vr)]

for Vr such that

EérVr) <V
V>0

From Proposition 3.4.1 it is clear that

E[0(v)] = EW(2)]

where V7! is the optimal solution of Problem (3.17). Therefore, it follows that V7 must be

an optimal solution of Problem (3.3).

Q.E.D.
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3.4.2 Optimal Risk Taking

We now explicitly characterize the manager’s optimal risk-taking strategy.

Proposition 3.4.2 Let v > 0 and Vi and V as defined in Lemmas 3.3.1 and 3.3.3, respec-
tively. If Vo, > V4, then the manager’s optimal volatility choice for any t € [0,T) is given

by

v = a(l-7)

n :(B _ Xo_;qﬁ) e—u(T—t)] (VL) [W_z—_~—<m21)> — a1 = ¥ )N (dr-e(ma, 1))]

ptq vT—t
+ :<B - 2‘;1) e—u(T—t)] (T/l") [n(dT_L(ml,1\)/)T__fng_L(m2,1))]
= [(B-%) e 0] a(t — ) W (dr-ilm, 1)) = N (dr-e(ma, 1) ()

+q

N Vt (B u) e HT-ON (dy._ t(m2,1))] (%) G(Xo,p, B, ¢, K, 7)

— [(B= %) e O] W (dr-e(ms,1)) = N (dr—ilma, V)] () G(Xo, P, B, 0, K, )

where v* =1—1/~,

T (dr-y(ma, 7)) + L [ (dr—e(m, 7)) = 7 (dry(ma, 7))
(p+9)"" N (dr-e(ma,v*)) + p" N (dr—t(m1,7*)) = N (dr—¢(ma, v*))]

G(XOapanq,vay) =

and dy(-,-) is the function defined by

du(m,B) = [Iogm - <—,uu + a’u (fx ~ %))} / (ev) (3.24)
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N(-) and n(-) are the standard normal cumulative distribution and density, v* =1 — 1/,

and )\ is the nonnegative scalar that satisfies Equation (3.47). Otherwise, if Vo < V4, the

manager’s optimal volatility choice for any t € [0,T) is

Yy

+

a(l =)

(2= 35) 2] ) [t ot =W o)

* Xo—qK \ _—u(T— 1 n{dr-+(ma,7"))
[Vie = (B~ 5555) 0N (dra(mas )] (o) [t 2= -

Proof: Assume that Vo > Vi. Therefore, the optimal fund value for any time ¢ € [0,7T] is

given by (See Proposition 3.7.1 in the Appendix 3)

‘/t*

where

(B — S322K] ¢ HTON (74, 1))

r o . - +ﬂ1‘—"") *(T—t)
_(:0+q)7/\7 —1g] l]e (” ’ )7 N (dr—¢ (m2,7*))

:B _ Kpa] e MT=Y [N (dp_i(my, 1)) = N (dr—i(ma, 1))

21— ")\ e .
2O o VIN (dre(ma,v*)) = N (dps(ma, 7))

'p"f'/\ﬂ"l&?"l] e_<

m; = [E] [(Xo+p(Vi=B)™",

for i = 1, 2. Therefore,
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d‘/g* — -B — XOT;ZE] e_”‘(T_t)dN (dT—t(m2’ 1))

+ |B-— XT:LZE] N (dr_t(mg, 1)) e T~ pdt
4 B — Xpa] e T4 [N (dr—¢(mi, 1)) — N (dr—i(ma, 1))]
B = 2] NV (droslms, 1) = N (dr—efima, 1))] Tt

r _ 2@ —*)\ ey
+ |p+q) " Al _1] dle <“+ z >7 @ t)N(dT—-t (mz»’)’*)))

n :p_,Y* /\,Yr«_lg;y-_l] d (6_(“-'& 12:._2'7 )'y*(T—t) [N (dT—t(mla'Y*)) _ N(dT-t(m2, 7*))])

By Ito’s lemma,

d(N (dr—¢(ms, B)))

[%nl (dT—t(mi,ﬂ))] dt + n (dr—(m;, B)) d(dr—e(my, B)) ,fori=1,2,

a(g) = [“*—“Hz—] & dt+ (2) & dx

d(dr-om:, B)) = d(‘°g([fé—:l[jy;jy-3>l*’))

_ el gy (106 ([ ] o+ p (V- BY))

= [u+§+log([;%] [Xo+p(Vi-B ]_7)] dt + = dz

for 8 = 1,7* =1 — 1/~. Thus, the stochastic part of V;* is given by
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-B - X_*‘lﬁ] e—i(T—t) nldr-1(m2,1))
L pt+q

VT-t
+ -B _ _)go_] e_u(T_t) [n(dT_tfm;,ln _ n!dT-,(mg,l)):l
L P VT—t VT—t

] (e )am g [

+ o+ X! N (dr— (ma, 7)) (2) + 2erglmead]

.. . — o?a-q") “(T—t ) .
+ g e (st IV (i, ) (2) + 2]

- [P_"Y'/\"‘_lf?*_l] e_<u+£2(12;7*2)7*(T_t) [N (dr—-t(ma,v*)) (g) 4 nldr=(mey")) dT"(mQ”Y*))]

v T—t
(3.25)
On the other hand, V;* must satisfy
AV = [pV + af V' dt + v Vidz, .
Therefore, v} V;* must equate expression (3.25), from which the result follows.
Q.E.D.

3.5 Induced Incentives

Based on the theoretical results of the previous section, we analyze and illustrate in this
section the different fund value and risk incentive profiles that can be induced by the com-

pensation scheme ¢.

3.5.1 Fund Value Incentives

The optimal choice of terminal fund value implies a sort of gambling behavior of the manager.

In the two-piece shape case (See Equation (3.22)), the solution implies an all-or-nothing
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strategy. Either the manager is far out (V% = 0) or well in the money (Vf > V4 > B+K > B)
for the two embedded options of the manager’s compensation package. In the four-piece
shape case (See Equation (3.19)), the optimal solution implies that the manager is either
far out (V3 = 0) or well in the money for at least one of the two embedded options of his
compensation package. That is, either V¥ > V3 > B+ K > Bor Vo > Vi > Vi > B.
This gambling behavior of the manager is up to some extent expected. The manager will
get the same compensation, and thus the same utility, either if V7 = 0 or 0 < Vpr < B,
although he will have to use part of his budget in the latter case. Hence, if the manager
chooses to be out of the money, he will be as far out of the money as possible. On the other
hand, if the manager decides to be in the money, he will target for firm values that will
provide him a sufficiently small marginal utility. For instance, in the two-piece shape case,
the manager aims for fund values with smaller marginal utility than the one provided by a
fund value equal to V4, and characterized in terms of the pricing kernel & (See Figure 3.4).

The intuition behind the threshold value of Vj relies in the fact

(Uod)(0)+(1-¢Uog)(Va) 2 (Uog)(¢-0+(1-()Va) ,V(E(0,1).

That is, the weighted average utility of the zero and V, payoffs, surpasses the utility
of the weighted average of those payoffs. Therefore, any strategy that implies to target for
fund values between zero and Vj could be dominated, in the sense of expected utility, by a
strategy that takes either the value of zero, with an appropriate chosen probability P, or V4

with probability 1 — P (See Appendix 3).

For the four-piece shape case, the manager targets for fund values with a marginal utility
necessarily smaller than that associated to the fund value V;, but without aiming for fund

values between V; and V3. The reason for excluding [Vs, V3) is that the utility of any fund
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‘Optimal ‘Choice of Vr
(Two:Piece Case)

&o:

1057 o7 () H4 43 1s a7
Pricing Kemel (7).

Figure 3.4: Optimal Choice of V;: Two-piece shape case. This is a graph that shows
the optimal terminal value as a function of the pricing kernel &7 for a particular example.
The parameters are: Xy = 0.005, p = 0.01, ¢ = 0.02, B=1.04, K =0.16, vy =2, Vj =1,
p=0.04, = 0.4, T = 1. The relevant tangency point in this case is V; = 1.5838, which
corresponds to the threshold value & = (1/X) (U o ¢) (Vy) = 1.2462.

value between V, and V3 is dominated by the corresponding weighted average of the utility
values of V, and V5. Therefore, in this case, the manager targets for fund values in the range

(V1, Vo] or the range (V3,00). The election between these two ranges can be characterized in

terms of the pricing kernel & (See Figure 3.5).

3.5.2 Risk Incentives

One of our primary goals is to explore the risk incentives induced by the compensation
scheme ¢ and analyze if these incentives present the same unexpected features documented
by Carpenter (2000). In particular, we are interested in studying if ¢ can induce the manager

to take lower volatility levels than investors would like. In order to do such analysis, we
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Figure 3.5: Optimal Choice of V;: Four-piece shape case. This is the graph of the
optimal terminal value as a function of the pricing kernel £&7. The parameters are: Xy =
0.005, p = 001, ¢ =002, B =104, K =126, v=2, Vo =1, u = 0.04, @« = 04,
T = 1. The relevant tangency points are in this case V; = 1.7611 and V3 = 2.5147, with the
corresponding threshold values &; = 1.0524 and &, = 0.8144.

consider first an example of the single option case (i.e. ¢ = 0 %) for which, contrary to
what it is supposed to be designed for, the compensation scheme induces less risk (volatility)
taking of the manager than if he were trading his own account (characterized by Merton’s
constant (0.2 in this case), see Figure 3.6). Then, we study the impact of adding the second
option payoff into the compensation scheme. This analysis is divided in three parts. First,

we analyze the effect of parameter K for a fixed ¢ # 0. Second, we study the impact of g,

for a fixed K. Third, we analyze the combined effect of K and g¢.
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Optimal Volatility: Single Option Case
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Figure 3.6: Optimal Volatility: Single-Option Case. This graph shows the optimal
volatility strategy for the case of a single option (i.e. ¢ = 0%) with the following parameters:
Xo=0.005p=001,B=104,v=2, V=1, 40=0.04, «a=04,T =1.

K Effect

We computed the optimal volatility curve, as a function of the fund value, for different
- values of K using the same parameters of the single-option example considered in Figure
3.6, except that we now set g equal to 2 %. We choose ¢ = 2% to make our compensation
scheme ¢ more conver than with ¢ = 0 % (See Figure 3.7), for fund values greater or equal
than B + K. This should, intuitively, make more attractive for the manager to target for

fund values greater or equal than B + K. Figures 3.8 and 3.9 show these volatility curves.

A primer observation that we can derived from Figures 3.8 and 3.9 is that the compensa-
tion scheme ¢ shows, for g # 0, the same unexpected features observed for the single-option

case studied by Carpenter (2000). For instance, all volatility curves lie below Merton’s
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Figure 3.7: Compensation Scheme Shape. This is a graph shows the shape of the com-
pensation scheme for the single option case (g = 0%), and the double option case (g = 2%).

constant for most of the range of fund values considered.

Other observations that can be made from Figures 3.8 and 3.9 are the following;:

1. The minimal value of the optimal volatility curve for the case ¢ = 0 % (around 0.16)
is greater or equal than the minimal value associated with each of the volatility curves
plotted. That is, for the particular example and values of K considered, the effect of

the second option is inducing less volatility taking than with a single option (g = 0 %).

2. For values of K associated with the same concavification function shape (Figure 3.8
corresponds to a two-piece shape, while Figure 3.9 is associated with a four-piece

shape), we observe that the larger the value of K,

(a) the smaller the minimal value of the optimal volatility curve., and
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Optimal Volatility: Effect of the parameter K for a given percentage g (1)
0.26 T T T T T

0.24
0.221

P e e I S I il B

-t
-t Ty
P TR R

0dhy e T e e T T E

-

0.14}%4

- = = Merton’s constant

0.12 a=0% .
v K=0
ol OO e K=05 i
- ==K=10
008 1 1 1 L. 1
2 4 6 8 10 12 14

Value of the Fund

Figure 3.8: K Effect (I). This graph shows the effect of parameter K on the optimal

volatility decisions, for a fixed ¢ ( = 2 %). The parameters used are: Xy = 0.005, p = 0.01,

B=104,vy=2,Vy =1, u=0.04, « =04, and T = 1. The values of K considered are

0, 0.5, and 1.0. The concavification function associated with these values has a two-piece
shape.

(b) the steeper the volatility curve for values smaller than the fund value at which

the minimum volatility is reached, which we denote by V(K) (e.g. V(1) ~ 2.6).

For fund values larger than V(K), the volatility curve has essentially the same

type of curvature for all the values of K considered.

3. The minimal values of the optimal volatility curves that are shown in Figure 3.9, which
correspond to values of K larger than one, are smaller than the corresponding minimal
values showed in Figure 3.8, which corresponds to values of K smaller than one (see also
Figure 3.10). That is, for the particular parameters considered, the minimal volatility
value decreases as K increases, regardless of the shape of the concavification function.

Unfortunately, this is not always true as it is shown in Figure 3.11.

157




Optimal Volatility: Effect of the parameter K for a given percentage q ( Il )
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Figure 3.9: K Effect (II). This graph exemplifies the effect of parameter K on the optimal
volatility decisions, for a fixed ¢ ( = 2 %). The parameters used are: Xy = 0.005, p = 0.01,
B=104,v=2,Vy=1, 4 =004, a =04, and T = 1. The values of K considered are
1.5, 2.0, and 2.5. The concavification function associated with these values has a four-piece
shape.

Observation 2 can be explained in the following manner: the higher the second option
exercise price, the smaller the manager’s incentive to pursue higher risk-taking once he is in
the money, but the higher the risk incentives if the manager is out of the money. Nevertheless,
Observation 2 does not hold always. For instance, if ¢ is relatively large with respect to p
then, for sufficiently large values of K, it holds that the larger the value of K, the larger the
minimal value of the optimal volatility curve (See Figure 3.11). This fact can be reconcile
with Observation 2 by arguing that the manager will pursue higher risk-taking if the relative

weight of the second option payoff with respect to the compensation scheme is sufficiently

large, even in the case that both options are in the money.

In addition to the piecewise monotonic behavior of the minimal optimal volatility as
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Minimal Volattility for different values of K
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o
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V,{K) - V,(K)

Figure 3.10: Minimal Optimal Volatility: K Effect (I). This graph exemplifies the
effect of the parameter K on the minimal volatility decision, for a fixed ¢ ( = 2 %). The
solid line represents the minimal volatility decision, while the dashed lined corresponds to
the difference between the tangent points V, and V;, for each value of K considered. The
concavification function has a four-piece shape if and only if Vo — Vi > 0 (Proposition 3.3.4).
The parameters used are: Xo = 0.005, p=0.01, B=1.04,vy=2, V=1, p =0.04, « = 04,
and T = 1.

a function of K, Figures 3.10 and 3.11 show an abrupt change of the minimal volatility
decision at K ~ 1.05 and K = 1.38, respectively. Coincidentally, these values of K co-
rrespond, respectively, to the threshold values, ceteris paribus, between a two-piece and a
four-piece shape concavification function. The size and direction of this discontinuity (upward
or downward) depend on the parameter g. This phenomena is relevant because of its policy

implications: it means that it is possible that managers with similar compensation schemes

behave in a different way.
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Minimal Volaltility for different values of K
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Figure 3.11: Minimal Optimal Volatility: K Effect (II). This graph exemplifies the
effect of the parameter K on the minimal volatility decision, for a fixed ¢ ( = 10 %). The
solid line represents the minimal volatility decision, while the dashed lined corresponds to
the difference between the tangent points V3 and Vi, for each value of K considered. The
concavification function has a four-piece shape if and only if V53 — V] > 0 (Proposition 3.3.4).
The parameters used are: X = 0.005,p=0.01, B=1.04,v=2, Vo =1, pn=0.04, a =04,
and T = 1.

q Effect

In order to get a sense of the ¢ effect, we computed the optimal volatility, as a function of
the firm value, for different values of q. To make this numerical exercise comparable with
those done for the analysis of the K effect, we use the same parameters of the single-option
example considered in Figure 3.6, except that we now set K = 0.5. We plotted these optimal

curves in Figure 3.12.

For the particular case and values of ¢ considered, the effects are analogous to those

observed in the analysis of the K effect. For instance,
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Optimal Volatility: Effect of parameter q for a given K
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Figure 3.12: q Effect. This graph illustrates the effect of parameter ¢ on the optimal
volatility decision, for a fixed K ( = 0.5). The parameters used are: X, = 0.005, p = 0.01,
B=104,v=2,Vy=1, p=0.04, « = 0.4, and T = 1. The values of g considered are 0.5%,
1%, and 1.5%.

e it is induced less risk-taking than with a single option (¢ = 0%), and

e minimal volatility decisions decrease as ¢ increases, although, contrary to what it is
observed in the K effect case, such monotonic behavior is continuous over all the range

of q values considered (see Figure 3.13).

Combined Effect of K and q

From the numerical analysis done previously, we conclude that the inclusion of a second
option payoff in the compensation scheme does not eliminate the unexpected volatility levels
that may arise in the single option-case. However, this analysis considers separately the

effect of the two parameters that determine the second option, K and ¢q. Therefore, a natural
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Minimal Volaltility for different values of g
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Figure 3.13: Minimal Optimal Volatility: ¢ Effect. This graph illustrates the effect of
parameter g on the optimal volatility decision, for a fixed K ( = 0.5). The parameters used
are: Xo =0.005,p=001,B=1.04,7y=2,V=1,4=0.04,a =04, and T = 1.

question is if K and g can be chosen simultaneously in such way that the unexpected risk
profiles -when investors want to induce higher risk-taking- can be mitigated, at least in some
degree. This is indeed possible as it is exemplified in Figure 3.14. This figure shows that for
K = 2.5 and relatively small values of ¢ (approximately less than or equal to 0.15%), the

minimal volatility value is higher than that associated to the single-option case (q = 0 %).

Optimal volatility decisions can be more complex than those exemplified previously. For
instance, if ¢ is relatively small and K is relatively large the shape of the optimal volatility
curve can take the form shown in Figure 3.15. In this case, the rationale of the manager is

the following:

e If both options are out of the money, i.e. V < B, the manager will take higher risk-
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Minimal Volaltility for different values of q
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Figure 3.14: Mitigation of Unexpected Risk Profiles. This graph plots the maximal
minimal volatility level for a given q. It shows that the unexpected risk profile observed for
the single-option case illustrated in Figure 3.6 can be mitigated. The parameters used are:
Xo=0.005p=001,B=104 K=25v=2Vp=1,40=004, a=04,T =1, and
T—-¢t=0.5.

taking than if he were trading his own account and, the farther the option is from
being in the money, the higher the risk the manager will take in order to increase the
possibility that the first option, with payoff (V — B)+, ends up in the money at time
T.

e If only the first option is in the money then,

— if the fund value V is not sufficiently above the benchmark B (B <V < V* in
Figure 3.15), then the higher the fund value, the lesser the risk the manager will
take. The manager acts in this way to decrease the chance that the first option,

which is already in the money, ends out of the money at time T'.

— if the fund value V is sufficiently above the benchmark B but still significantly
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Optimal Volatility Decision: "Small” q and "Large”™ K
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Figure 3.15: Optimal Volatility Decision: Small ¢ and Large K. This graph shows
the optimal volatility decisions for a relatively small g (= 0.225 %) and a relatively large
K ( = 3), and the corresponding single-option optimal volatility curve (¢ = 0%). The
parameters used are: Xg = 0.005, p=0.01, B=1.04,v=2,V, =1, u =0.04, a =04, and
T=1.
below the other benchmark value B + K (V* < V < V** in Figure 3.15) then,
the higher the fund value, the higher the risk the manager will take. That is,
the manager will increase risk-taking as the fund value increases, once the first
option is sufficiently deep in the money. The manager behaves this way to increase
both, the expected first option payoff and the possibility that the second option,
with payoff (V — B— K )+, ends in the money at time 7. Note in Figure 3.15
that the difference between the volatility curves associated, respectively, with

(¢ = 0.225%, K = 3) and ¢ = 0%, captures the manager’s risk appetite induced

to increase the chance that the second option ends in the money.

— if the fund value V is sufficiently closed to the benchmark value B + K




(V** < V < B + K in Figure 3.15) then, the higher the fund value, the lesser
the risk the manager will take. In this situation, the second option is relatively
near to be in the money and therefore, the closer is the fund value to B + K, the
higher the incentive of the manager to guarantee that the second option ends up

in the money at time T
o If both options are in the money then

— if the fund value V is not sufficiently above the benchmark value B + K
(B + K < V < V** in Figure 3.15), then the higher the fund value, the
lesser the risk the manager will take. In this case, given that the second option
is not sufficiently deep in the money, the manager tries to reduce the possibility

that the second option ends out of the money at time 7.

— if the fund value V is sufficiently above the benchmark B+ K (V' > V***), then
the higher the fund value, the higher the risk the manager will take. That is,
once both options are sufficiently deep in the money, the manager will increase

risk-taking as fund value grows in order to increase both expected payofls.

The observations made in this section suggest that an appropriate selection of the second
option parameters (g, K) allow investors to have a significant higher control on the manager’s
risk profile they want to incentive than with a single option. Next section analyzes this issue

further.

3.6 Incentives Design

This section is devoted to the design of terminal fund value and risk profiles. For this purpose,

analytical results related to the sensitivity and stability of the induced profiles with respect
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to the compensation parameters are obtained. Based on these results, specific criterions are

proposed in order to induce particular fund value and risk profiles.

3.6.1 Terminal Fund Value Design

The range of (optimal) terminal fund values depends on the shape of the concavification
function of U o ¢. In the two-piece shape case, the range is of the form {0} U (V4, 00).
Otherwise, in the four-piece shape case, the range is of the form {0} U (V4, V3] U (V3,00).
That is, in the two-piece shape case the manager follows an all-or-nothing strategy while
in the four-piece shape case the manager targets for a less disperse range of fund values
than in the two-piece case. Therefore, it is crucial for the investors, or whoever establishes
the manager’s compensation scheme, to understand the way in which the compensation
parameters determine the shape of the concavification function. To do so, recall that this
shape can be characterized in terms of the sign of the difference V; — V; (See Proposition
3.3.4). If Vo — V; is negative we have a two-piece shape concavification function. Otherwise,

we have four-piece shape concavification function.
Four-piece shape concavification function

In the case that investors want to induce a terminal fund value range of the form

{0} u (W, Va] U (V3,00)

it is important to characterize the set of compensation parameters values that guarantees
condition V5 —V; > 0, and their impact on V;, V; and V3. To accomplish these two goals, we
proceed in the following manner: First, we analyze the effect on V; from the set of parameters

that determines it: Xy, p, and B. Second, we study the impact of ¢ and K on Va, ceteris
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paribus (Xo,p, B). Third, we do analysis on the simultaneous effect of (Xo,p, B,q, K) on®
Vi and V.

Proposition 3.6.1 (Sensitivity of V; with respect to X,, B, and p) Lety >0,p € (0,1),
and Xog > 0. Then,

1. % >0

2. %‘;1 < 0 if and only if

Vi>B[1+{(pV)™ (Xo+p (Vi - B))}] (3.26)

3. g—)‘% > 0 if and only if

Vi X,

Y T h-B) S KetpioB)

Proof: See Appendix 3.

Proposition 3.6.1 states on one hand, that V; increases as B increases. On the other hand,
changes in the fixed compensation X or the proportion p could either derive in increments
or decrements of V; (See Figure 3.16). These results are useful to determine the impact,
both qualitative and quantitative, of the decisions made over the compensation parameters

Xo, p, and B.

In the following proposition we analyze the sensitivity of V; with respect to the second

option compensation parameters q and K.

6V; is a linear transformation of V, (see Equation (3.40)). Therefore V; determines V3 and viceversa.
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Figure 3.16: Sensitivity of V; with respect to p. This graph exemplifies the way V)
changes as p changes. The parameters used are: Xy = 0.005, B = 1.04, and v = 2. For
these parameters, and the range of values considered for p, condition (3.26) of Proposition
3.6.1 is satisfied and therefore %/} < 0.

Proposition 3.6.2 (Sensitivity of V, with respect to ¢ and K) Lety > 0 andp € (0,1).
Then,

1 ‘3—‘1/? < 0 if and only if v < 1.

2. %‘;2- < 0 if and only if
1 1\ O« a\ 00
I (-3) 5+ (%) Z] <o
(1—7> [( ﬁ) dq  \pB*/ 9q
where a and B are defined in (3.39) in Appendiz 3.

Proof: See Appendix 3.
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Proposition 3.6.2 states that V; increases or decreases (proportionally) as K increases,
depending upon if the risk aversion parameter v is, respectively, strictly greater or smaller
than one. The sensitivity of V, with respect to ¢ is more complex. It depends on the risk
aversion parameter v and the sign of g—‘;. For instance, assume that v < 1. Then, g—‘; <0
implies that V; increases as q increases. However, %% > 0 does not imply that V5, decreases

as g increases.

A practical consequence of Propositions 3.6.1 and 3.6.2 for the design of the compensation
scheme is the following: suppose manager’s risk aversion parameter is v > 1 and that
investors’ first priority is to establish the threshold value V;. Thereafter, they select (Xo, p, B)
accordingly, and for which Proposition 3.6.1 is helpful. In order to determine ¢ and K, and
given result one of Proposition 3.6.2 (%’{2 > 0iff v > 1), it is useful to obtain, for each value of
g, the minimal value of K that assures Vo —V; > 0, which we denote by K*(q). Let @ be the
set of values of ¢ considered by the investors. Hence, the set of values {B + K*(¢)| ¢ € Q}
specifies the lower bound, and thereafter the range of values, of the second option exercise
price that induces a four-piece shape concavification function for each value q considered
(see Figure 3.17). Hence, if investors want to induce a four-piece shape concavification
function, they choose q associated with the range of values of K they are more comfortable
with. That is, they select the interval [K*(g), co) they prefer the most. Finally, they choose

K € [K*(q), o) using some criterion.

This two-phase procedure for establishing the compensation parameters is not onlyvprac-
tical but also useful to give a characterization” of the set of compensation parameter values

that guarantees V, — Vi > 0. For instance,

"There are other ways to characterize condition V, — V; > 0. For example, given (Xg,p, B), we could
determine a threshold value of g for each value of K, say ¢*(K), in the same spirit that K*(g) was defined.
However, the determination of feasible intervals will not be as straight forward as in the case of K*(q)
because the sign of %%2 depends on the risk aversion parameter v and the g—fl‘ (Result 2 in Proposition 3.6.2).
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Figure 3.17: K*(¢): This graph shows the minimal value of K required to assure that
condition V5 — V] > 0 is satisfied for each value of ¢, and given a set of parameters (Xy, p, B).
The parameters used are: Xq = 0.005, B = 1.04, and v = 2. The range of values of g
considered is @ = [0.001,0.1].

{(Xo,p,B,q, K)| Va=Vi 20} = |J {(Xo,p,B,q,K)| K > K*(g),q € Ry}
(Xo,p,B)ERE
Compensation parameters can also be chosen simultaneously to induce a specific terminal
fund value profile. For example, suppose investors want to incentive a fund value range of
the form {0} U (Vi, V2] U (V3,00) and that they prefer the strategies that lead to a final fund
value within the range (14, V3] rather than those strategies that lead to the range (Vs, o).
Therefore, they would like to increase the length of the interval (V4, V5] and the value of

V3. In order to determine the required compensation parameters to induce this specific fund

value incentive profile, investors can solve the following optimization problem:




Maz xoppex OVz+(1—06)(Va—Vi)

s't' (3.27)
Vo—-V1 20
(Xo,p,B,q,K) € AC R,

where 6 and (1 — §), for § € [0, 1], represent, respectively, the relative weight that investors
assign to strategies that lead to fund values within the interval (V3, 0o) and (Vi, V5], where the
set A specifies other restrictions that might apply to the compensation parameters, including

nonnegativity conditions. Section 3.6.3 develops a numerical example for this criterion.
Two-piece shape concavification function

In the case that investors want to induce a terminal fund value of the form {0}U(V4, 00), there
are two crucial issues at hand: the characterization of the set of compensation parameter
values that implies V3 — Vi < 0 and their impact on Vj. The following proposition establishes

the sensitivity of V4 with respect to each of the compensation parameters.
Proposition 3.6.3 (Sensitivity of V) Lety > 0 and p € (0,1). Then,

1. %% > 0.

2. %‘;‘1 < 0 if and only if

Va>B[1+{((p+ @)WV (Xo+p(Va—B) +q(Va — B- K))}]

3. %V(f < 0 if and only if

Vi>B+K)1+{((p+a9) W) (Xo+p(Va—B)+q(Va — B-K))}]
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a. g—)‘% > 0 if and only if

Xy o1+ (p+ @) Va
(Xo+p(Va—B)+q(Va— B—-K))™" (Xo+p(Va—B)+q(Va— B - K))

Proof: The proof of all the results uses the same methodology in Proposition 3.6.1.
Q.E.D.

The sensitivity of V; with respect to the type of compensation parameter (proportions
and exercise prices) is identical to that of Vj: V4 decreases, under certain conditions, as the
value of the proportions p and q increase; V; increases as the option exercise prices B and
B + K increase; and the sensitivity of V; with respect to the fixed salary X, depends on a

certain condition that involves, among other quantities, the risk aversion parameter +y.

3.6.2 Risk Profile Design

Two important features of manager’s risk profile for the investors are the range of the vola-
tility levels that the manager can take and the sensitivity of the risk-taking decisions with

respect to the firm values and the market conditions.
Range of Volatility Values

The range of volatility values is of the form (v, 00), where

I/(P)=Minvzo U*(‘/,P) ;
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V represents the fund value, and P = (X, p, B, ¢, K) is the vector of compensation parame-
ters. The analysis done in 3.5.2 illustrates that regardless the convexity of the compensation
scheme ¢, v can be below the volatility level that the manager will take if he were trading
his own account. However, it is also observed in 3.5.2 that if the compensation parameters
are chosen appropriately, this undesired feature -for the investors that want to induce higher
risk-taking- can be mitigated and even eliminated in some cases. For instance, given the
compensation parameters (Xo,p, B,q), K can be chosen equal to K*(g), where K*(q) is
defined as

K*(q) = ArgMaz ¢ Min v v* (¢, K,V) ,

where v* (g, K, V') denotes the optimal volatility choice given the parameter values (g, K )and
the firm value V, in order to mitigate as much as possible the undesired low volatility effect

for any firm value.

In general, investors can set a minimum level ML and choose a vector of compensation
parameters P* that solves the following optimization problem
Min ,p [v(P)— ML)

where the set P specifies particular restrictions that the vector of compensation parameters

P must satisfy.
Stability

Drastic changes of optimal risk-taking decisions given small variations of the fund value and

the market conditions are costly in terms of transactions costs or investment irreversibility
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or lumpiness. Therefore, it is crucial for investors to induce stable risk-taking decisions.
Stability could be indirectly achieved by controlling the range of volatility values. However,
under the current model we only have control over the lower bound of the range of volatility
values v. Hence, it is necessary to study directly the sensitivity of the optimal volatility
with respect to changes of the firm value V. In order to accomplish such analysis, we uss

the following result.

Lemma 3.6.1 (Sensitivity of volatility with respect to the fund value) Let v > 0
and Vi and V4 as defined in Lemmas 3.3.1 and 3.3.3, respectively. If V, 2 Vi, then

A (x;;gqx) (T~ t)( )[n(dT L(rma.1) N(dT_t(mz’l)){a(l_7*)+G(X0,p,B,q,K77)}]
n({dr_i(ma2,1))

1
(4;1) ~(T- t)( ) [ r—(ma, 1)> — N (dr_¢(ma, 1)) {o (1 — v*) + G(Xo,p, B,q,K,v)}]
— (B-Z) e (L) [ﬂ—% ~ N (dr—(m, 1) {a (1= 7°) + G(Xo,p, B, 0, K, M)}

where dy(-,-) is the function defined by

dutm, ) = [logm — (< u (8- 3) )| /(e

N(-) and n(-) are the standard normal cumulative distribution and density, v* =1 — 1/,

and X is the nonnegative scalar that satisfies Equation (3.47). Otherwise, if Vo < V4, then

% B_M e—#(T—1) N _¢(ma, .
og = (T )T [ Ml (47, (7)) = e (e, 1)) ()

+ (B B2) 0 fal1 =N (s (e D) ()

Proof: Differentiate with respect to V; the optimal volatility expressions obtained in Propo-

sition 3.4.2.
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Q.E.D.

The explicit expressions obtained in the previous lemma show a direct, and useful, link
between the compensation parameters and the sensitivity of the volatility with respect to
the fund value. For instance, for the two-piece shape case (i.e., Vo < V), observe that -g—"’,%

can be factorized in terms of the expression

( p_ Xo—aK ) , (3.28)
p+q

which involves all the paramet;eljs that determine the compensation scheme ¢, without con-
sidering the risk aversion parameter +. In other words, expression (3.28) is a scaling factor of

.
ovf

5V - Therefore, we can control the stability of v} with respect to V by adjusting the absolute

value of this factor. The smaller the absolute value of this factor, the more stable is v} with

respect to V.

Factor (3.28) can be used to establish conditions to maintain a stability level. For
example, suppose that investors want to keep a stability level® of e. Hence, we can infer the
value of any compensation parameter to maintain the stability level €. For instance, suppose

that Xy, p, B, and ¢ are given. Thus,

K=- (1 + 9) (B—¢)+ (3{—0> (3.29)

assures

8The value of € could be chosen to guarantee, for example, that

ov*
\4
v

where 3 is a predetermined percentage and V € R.

Q)

<B%
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<B_ __XO“IK) —e (3.30)
pta /)

Moreover, we can deduce the required increment or reduction of a parameter value. For

instance, from (3.29) we obtain

So, %’qﬁ > 0 if and only if pB > X + pe. That is, if the manager’s fixed salary is small
enough (i.e. Xy < pB — pe) then a larger value of ¢ will require a larger value of K in order
to preserve the same stability level e. This is consistent with intuition. If the manager’s
fixed salary is relatively small (ie. X, < pB — pe) and ¢ is increased, the manager will
be encouraged to take higher risks to get a better expected compensation. To mitigate an
excessive increase in the volatility level, the exercise price of the second option, B + K, must

be increased.

In the four-piece shape case, there are two factors -instead of one- controlling the size of

v*

g, that involve only compensation parameters. These factors are:

Xo—qgK X,
p+gq p
and
X
B-20
p
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Stability can be controlled by setting the value of the factors equal to some predetermined
constants®, say €; and €;, and therefore establishing conditions and implicit relationships that
compensation parameters must satisfy, as it is illustrated previously for the two-piece shape
case. A particular and relevant case occurs when the constants €; and €, are equal. This

Y

assumption implies that % is proportional to the single factor

p+qg p

from which we derive the implicit relation

Xo—qgK
p+q
Therefore, factor (3.28) is relevant for the stability of % in any concavification case.
For instance, condition (3.30), for € small, allows to control stability through a single factor

for both cases.

3.6.3 An Example

The goal of this section is to exemplify some of the theoretical results that are developed
in the previous sections. We focus on the selection of the second option parameters g énd
K, given that in practice there exists a typical set of values for the first option parameters
and the fixed salary. That is, we assume that the compensation parameters Xy, p, and B
are given, the risk aversion parameter  is known, and propose specific criterions to choose

q and K.

For instance, suppose that the initial or current fund value is V = 1, that the coeflicient

9Using some criterion as that outlined in the precedent footnote to the previous one.
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of risk aversion is v = 2, and the following compensation parameters X, = 0.005, p = 0.01,
and B = 1. That is, investors compensate the manager with 1% of the profits above the
current firm’s value and a fixed salary equivalent to 0.5% of the actual firm’s value. We
assume that investors decide first on the range type of terminal firm values and then on the

stability of the optimal volatility decisions.

To determine the type of terminal fund range, we need the reference value Vi, in this

case equal'® to 1.7071, and select ¢ and K such that

e V; > Vi, if investors want to induce a terminal fund value range of the form {0} U

V1, Vo] U (V3, 00),

e or V, < V4, if investors want to induce a range of the form {0} U (V4,00)

We suppose, for simplicity, that ¢ and K are not chosen simultaneously.

Choosing q first

Assume that investors set ¢ = 2% and want to determine K. The election of K depends
primarily on the type of terminal fund value range they want to induce. Given that v > 1,
we know that V3 is an increasing function of K (Refer to Proposition 3.6.2). Therefore, it
must exist a threshold value K*(q) such that K < K*(q) implies a terminal fund value of the
form {0} U (V4,00). Otherwise, if K > K*(g), the terminal fund value range is of the form
{0} U (V4, Vo] U (V3,00). Under the given assumptions, K*(g) = 1.0305 (See Figure 3.18).

Suppose that investors want to induce a range of the form {0} U (V4, 00). How should
they select K € [0, K*(q)]? There are certainly many ways to do such selection, depending
upon what extra criterions investors would like to consider. To illustrate how this extra

information could be used to determine a specific K, we consider the following situation:

10Refer to Lemma 3.3.1 for the characterization of V;.
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Graphical Determination of K*(q)

2.4 4

2.2 1

V,=1.7071

K*{(q) = 1.0305

0 0.2 0.4 0.6 08 1 1.2 14 1.6 1.8

N

Figure 3.18: Determination of K*(g): This graph shows V, as function of K, given risk
aversion parameter v = 2 and the parameter values X, = 0.005, p = 0.01, B = 1, and
g = 0.02. K*(g) is determined as the value at which V, (K*(q)) equates Vi, which in this
case is equal to 1.7071. The terminal fund value is of the form {0} U (V4, 00) if and only if
K €0,K"(q)]-

Assume that investors want to increase fund’s value but without inducing the manager

to follow a relatively unstable risk-taking policy. To determine the appropriate value of K,

investors can solve the following optimization problem

XO——‘]IS>2 (3.31)

Mazx x 1-8)V, -6 B—
Kelo,i(q)) ( ) Va ( P

where 1 — § and 4, for § € [0, 1], are the relative weights that investors assess, respectively,
to a minimum target fund value, if the manager decides to be in the money, and stability.
Recall that it was shown in 3.6.2 that the term B — Xop;;f is a key factor for controlling the

stability of optimal risk-taking decisions. By solving Problem (3.31), investors try to choose
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Optimal Selection of K

0.71

0.63

Figure 3.19: Optimal Selection of K: This graph shows the objective function of Problem
(3.31) for K € [0, 1]. The optimal value is reached at K** = 0.39. The optimal exercise price
for the second option is then B + K** = 1.39.

the value of K that leads to the best tradeoff between the minimum target value V; and
stability. The form of the objective function in (3.31) emulates the classical mean-variance

approach of portfolio theory (Markowitz (1952)). The squared of the factor B — X"TjquK can

be directly related to the variability of the portfolio’s return 1.

We solved Problem (3.31) for § = 35%. We obtained that the value of K that leads to

HLet V : Q@ — R a random variable and G : ® — R a real valued function. Therefore, by Taylor’s Theorem

G(V(w)) = G(Vo) + (V(w) = V)G (Vh)
for w € Q, and Vy € N. Hence, the variance of G(V'), which we denote by VAR(G(V)), can be approximated
in the following manner:
, 2
VAR(G(V)) ~ [G (Vo)] VAR(V)
If V represents the fund’s value and G(V') the optimal volatility decision v* then, by the analysis developed

' 2 Xo—qk |2
in 3.6.2, [G (VO)] is proportional to [B - "T;g—] .
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the best tradeoff is K** = 0.39 (See Figure 3.19). Hence, investors should set a percentage
of ¢ = 2% and an exercise price of B + K** = 1.39 for the second option included in the
compensation scheme. In other words, investors should set a second benchmark, 39% higher
than the current firm’s value (Vp = 1), if the manager is compensated with 2% of the profits

over such benchmark.

Choosing K first,

Assume now that investors set K = 0.8 and want to determine ¢q. The election of ¢
depends primarily on the type of terminal fund value range they want to induce. Under the
given parameters, V; is a decreasing function of ¢ (Refer to Proposition 3.6.2). Therefore,
it exists a threshold value ¢*(K) such that if ¢ < ¢*(K) then the fund value range is of the
form {0} U (W, V2] U (V3,00). Otherwise, if ¢ > ¢*(K), the fund value range is of the form
{0} (V4,00). In this case, ¢*(K) = 0.0036 (See Figure 3.20).

Suppose that investors want to induce a terminal fund value range of the form {0} U

(V1, V2] U (V3,00). Thus, investors must select ¢ from [0, ¢*(K)].

Furthermore, assume that investors want to amplify the range (V1, V2] as much as possible
and, at the same time, to maximize the minimum target value V3. To define the value of g,

investors can solve the following optimization problem:

Maz gefo gy Vs + (1 -8) (- W) (3.32)

where § and (1 - S), foré € [0,1], are the relative weights that investors assess, respectively,
to a minimum target value V5 and the length of the range of fund values (V}, V5]. Note that

Problem (3.32) is a particular case of Problem (3.27) outline in 3.6.1.

We solved Problem (3.32) for § = 55%. We obtained that the value of ¢ that leads to
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Graphical Determination of q*(K)
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Figure 3.20: Determination of ¢*(K): This graph shows V, as function of ¢, given risk
aversion parameter v = 2 and the parameter values Xy = 0.005, p = 0.01, B = 1, and
K = 0.80. The point at which the function V,(g) crosses the value of V; = 1.7071 is
¢*(K) = 0.0036. The terminal fund value is of the form {0} U (Vi, Vo] U (V4, 00) if and only

if g € [0,¢*(K)].
the best tradeoff between strategies that lead to terminal firm values in (V;, V3] U (V3, 00)
is ¢** = 0.18% (See Figure 3.21). That is, investors should compensate the manager with

0.18% of the profits over a benchmark set 80% above the current firm’s value.

3.7 Conclusions

The main motivation of this research is to contribute on the understanding of the induction
and design of risk incentives derived from option-like compensation schemes. In particular,
this study focus on the intriguing finding that option-like compensation schemes might ge-

nerate unexpected risk-taking policies. For instance, single-option compensation schemes,




Optimal Selection of q
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Figure‘3.21: Optimal Selection of ¢: This graph shows the objective function of Problem
(3.32) for ¢ € [0,0.02]. The optimal value is reached at ¢** = 0.0096.

which are in principle established to induce higher risk-taking, can imply that the manager
actually takes less risk than if he were trading his own account. We studied the case of a
compensation scheme formed by two options instead of one, as it is a. common case in practice.
Our expectation was to find out that two-option compensation schemes could alleviate, in
some degree, the unexpected features of the single-option case given the extra degrees of
freedom (exercise price and the proportion that the second option represents from the whole
compensation package). We corroborated our expectation by obtaining the explicit optimal
risk-taking policy and making a detailed analysis on the induction and design of such optimal

policy.
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The theoretical results obtained and the criterions proposed here on relation to the design
of incentives for the type of option-like compensation schemes considered, should be useful

in practice and a starting point for adapting these schemes to particular needs or proposing

others.




Final Remarks

The main motivation of this Ph.D. thesis is understanding the behavior of investors
that have to operate under risk tolerance constraints or managers who are compensated
through standard and relatively more sophisticated option-like compensation schemes. Our
analysis is developed in two different model frameworks: a discrete-time framework, that can
easily consider incomplete markets and fat tailed distributions, and under which we study
investment under risk constraints and standard option-like compensations; and a continuous-
time framework, in which we explore the optimal strategies and induced incentives of slightly
more complex option-like compensation schemes than the typical single-option case observed

in practice.

The discrete-time analysis framework derives many important and useful insights about
the nature of the optimal manager’s strategies followed by the type of investors and managers
considered. For instance, in the case of an investor subject to risk tolerance constraints,
we uncover implicit probability measures that are used to assess the risk of implementing
optimal strategies that involve to invest at the limit of the tolerated risk. For a manager or
executive paid with a typical option-like compensation scheme, the optimal strategy leads
to an expected gain that is proportional to the difference between the initial capital and the
expected market value of replicating the benchmark. Moreover, if options are considered
in the investment universe, we establish explicit optimal investment conditions for such

mstruments.

The study realized in the continuous-time framework reveals that although compensation
schemes formed by two different options might present the same counterintuitive behavior
that the standard single-option case, these more complex compensation packages can be
designed to mitigate this kind of behavior and to induce richer terminal firm value and risk

taking profiles. We obtain several explicit theoretical results on the sensitivity of the terminal
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firm value and the stability of the risk taking decisions with respect to the compensation
parameters. Furthermore, we propose and illustrate specific criterions that combine some of

these theoretical results to determine concrete firm value and risk profiles.

The analysis done in this Ph.D. thesis should be useful to administration boards, that are
responsible for establishing compensation packages and risk limits for investment managers,
and to researchers who are interested in the induced behavior and the design of option-
like compensation packages. The results can be extended to consider other. monotone risk-
averse utility functions and different convex risk measures. The discrete-time framework
developed in this thesis should be particularly appealing, because of its relative simplicity
and generality, to explore the induced behavior under other investment restrictions, while
the concavification technique developed in the continuous-time framework, can be applied to
more sophisticated option-like compensation schemes than the one studied in this research

work.
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Appendix 1

Lemma 3.7.1 Let f : ® — R be a real-valued function that is monotone nondecreasing.
Assume that lim,_q+ f(z) (kimit of f as x approaches to a from the right) exists for some

a € R and is equal to L. Then, f(x) > L for z > a.

Proof: The proof is by contradiction. Assume that there exists Z > a such that f(z) < L.

Let e = L—_Qf(—iz > 0. Therefore, there must exist § > 0 such that if 0 <z — a < 4 then

f(e) - ) < c= @) (3.33)

Let 6 = min (6,Z — a). Hence, 0 < z — a < § implies £ < 7 and (3.33). Therefore,

f(”_”)T_Lq(x)—L

then f(Z) - L < f(z) — L — (L_g z ), which implies

10> 10+ (12) > s

thus leading to a contradiction, since f is monotone nondecreasing and z < Z. Therefore,

f(z) > L for all z > a.

Q.E.D.
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Appendix 2

1. Derivation of the Dual Problem (2.2)

The Lagrangian of (2.1) is

L(8,€§ €€, 5,90, 9> T, A, 1y i, Tp) =

@ [ZneNT 5"8"10"]

—1y0(Zo - O + €§BoCo(1 + tc€) + €5 BoPo(1 + tcF) — BoWo)
— Xt Ynen, YalZn - (60 = bam)]

+ ZneNT T (Zn - On — PBrsn + €5 BnCr + € B Pr — BnBn)
+ 2 neny Mnl(Zn - 0n) + 2y HnBnn + Ncel + npey

(3.34)

where

A >0, 4, >0, Vn € Np |
Tlc Z 07 np Z 07
and —yo, —¥» and z, are free variables since they correspond to equality constraints.

The signs have been chosen to give later on a contextual interpretation. The Lagrangian

can be rewritten as (see Item 3 of this Appendix)

L(6, €5, €, 5,90, Y5 T, A, f1, M Tp) =

Y0BoWo — 2 neny TnBnBn

+ 2 ey (@Pn + fin — Tn)Brsn + Y oneng (An + Tn — Yn) (Zn - On)
- Zz:ol ZneN, (YnZn — Zmec(n) YmZm) * On

+€§ 1> neny TnBnCn — BoCo(1 + 1cC)(30) + nc]

66 [ neny TnbnPr = BoPo(1+ tc”) (yo) + ne]

(3.35)

The dual constraints require that the factors of the primal variables are zero, and the
dual objective function comes from all the Lagrangian terms that do not involve primal

variables. So, the dual is
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Min .y x A uncme YoBoWo — EnéNT TnfnBr
s.t.

app+ fin — T, =0, Vn € Nr

An+ T —Yn =0, V1 € Np

(ynZn—Emec(n)ymZm) =0,VneN, Vt=0,...,T -1
> neng ZnBnCn — BoCo(1 + tc€)(yo) +mc =0

> neng TnBnPa — BoPo(1 + tc”)(yo) +1p =0

A >0, g, 20, Vn € Nr

nc=20,np20.

Q.E.D.

2. Derivation of the Dual Problem (2.14)

The Lagrangian of (2.14) can be expressed as (see (3.34) and (3.35))

L(6,&, €, 5,90, Y, T, Ay s 710, 1IP) =

YoBoWo — 2 ey TnBnBn

D Ny (OPn + i — T0) Basn + e ng (An + Tn = Yn)Zn - b

- Zz:ol 2 nen, YnZn — Zmec(n) YmZm)On

+& [9050Co(1 + tc®) = e ng TnBnCn — 2 neny (BnCn)pn + 1c]
+&5 [yoBoPo(1 + tc) = 3 en, TnBaPr — 2 neny (BaFr)pn +np]

where

(3.36)

/\nZOa MnZO,VTLENT,
”7020’ nPZOa

and —yy, —¥. and z,, are free variables since they correspond to equality constraints.




The dual constraints require that the factors of the primal variables are zero; and the
dual objective function comes from the Lagrangian terms that do not involve primal

variables. The dual is

Min wyxaumcme YoBoWo = D ey TnbBnBn

s.t.

app + fn — T, =0, Vn € Np |

M+ Zo—Yn=0, Vne Nr,

(YnZm — ZmeC(n)ymZm) =0,VneN,Vt=0,...,T-1,
Y0BoCo(1 +tc®) — 3 ey TnBnCn = 2 e ny (BaCr)pn +1c =0 ,
YoBoPo(L+1cF) = ¥ eny TnbnPrn — Xneny (BuPn)Pa +1p =0,
A >0, o >0, Vne Np,

Neaw 20, np 2 0.

Q.E.D.

3. Equivalence between equations (3.34) and (3.35)

The equivalence between equations (3.34) and (3.35) follows from showing that

0 (Zo - 00) + 311 Sonen, Un [ Zn - (O — bam))] =

Z‘HGNT y’n. (Zn * en) + Ez;_ol EnGNl (ynZn - ZmEC(n) ymZm) * 971
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Proof:

Yo (Zo : 90) + Zthl Znem Yn [Zn ) (an - aa(n))] =
Zf:o Znem Yn (Zn : on) - Z’tl;l ZneNt YnZn - ea(n) =

Z:Ol [ZnENz Yn (Zn ) 077') - EnENt+1 Yn (Z" ’ 90("))] + ZnGNT Yn (Zn : 9")

Observe that

Z Yn (Zn - Oamy) = Z ( Z ymZm) en

ne€EN1 neNy \meC(n)

Hence,

Yo (Zo - 60) + Y iy e, Yn [Zn (0n = 9“(".))] -
ftl":—bl [ZneNt Yn (Zn . en) —_ ZnEN: (Zmec(n) ymZm> . Gn] + ZnGNT Yn (Zn . en) =
ftT:—Ol ZnENt (y'n,Zn — ZmEC(n) ymZm) . Hn + ZnGNT Yn (Zn . en)

Q.ED.

4. Proof of Equation (2.10)

If Z, - 0,, is unrestricted for n € Ny, then the term

> A(Zn - 6n)

neNp
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vanishes from the Lagrangian function of Problem (2.1) (see (3.34) in Item 1 of this

Appendix); hence, Y, cn (A + Tn — Yn) (Zn - 05) is replaced by

Z (xn - yn)Zn -0,

neENy
in the Lagrangian equation (3.35), and z,, = y, for alln € Np. Thus, the dual objective

function is

Yo (:BOWO - Z (%) ﬁan> = Yo (ﬂOWO - E° [5TBT]) .

neNt

Q.ED.
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Appendix 3
Proof of Lemma 3.3.1

Consider the function g : [B,00) — R defined in the following manner:
» otpleB)'™ _ iy (X 4 plo— B)) " — 2 ify #1.

g\x) = .
log (Xo+p(z— B)) — mz%ﬁ) — log(Xo) if y=1.

Clearly, this function is differentiable over its domain and hence it is also continuous. There-
fore, it is enough to show that there exist x and Z such that g(x) < 0 < g(Z) and then
apply the Intermediate Value Theorem to claim that there must exist V; in the interior of

the domain of g such that g(V4) = 0, from which we can conclude (3.8). Note that

g(B)=—-pBX;" <0.

To prove that it exists Z such that g(Z) > 0, observe that the function g can be expressed,

for the case of v # 1, in the following manner:

1—y

o(0) = -2+ (Ko pta- B) 7| ({22 -08) + (125 ) pe-B)]

Thus, by applying L’ Hopital’s Theorem, it follows that

sttt () (25 {7 135

Thus,




lim g(z) =

T—00

{oo if v < 1.

j .
—&1?_77 if v> 1.

_ .
Note that _2%__71 > 0 for v > 1. For the case of v = 1, observe that

lim (_W—) —1
z—o0 \ Xo + p(z — B) '
Hence,

lim g(z) = oo

for v = 1. Therefore, for any v > 0, it must exist T such that g(Z) > 0. Hence, by the
Intermediate Value Theorem, it must exists V] in the interior of the interval [B, Z|, so V; > B,

such that g(V1) = 0 and thus it follows that Vi must satisfy equation (3.8).
Q.E.D.

Proof of Lemma 3.3.2

The proof is similar to the proof of Lemma 3.3.1.

Q.E.D.

Proof of Lemma 3.3.3

Let v > 0 and v # 1. Then, the system formed by equations (3.10) and (3.11) imply that

p(Xo+p(Va—B)) " =(p+q)(Xo+p(Vs—B)+q(Vs - B-K))™" (3.37)
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or equivalently,

5

Xo + p(Va — B) = (1+§) (Xo+p(Vs — B) + q(Vs — B — K))

Solving for V; from equation (3.38) leads to

Vo=pVs+a
where:
o= ()
a = Xb@+?_?4 +(1—4@B-ﬁK(g)(1+g)"%
Thus, |

() )

Also, from equation (3.38), we deduce that

1—1
P

(Xo+p(Va—B)"™" _ (1 M ,%)

= (Xo+p(Va— B) +q(Vs — B— K))'™"

-7 1—7

ie.,

(Xo+p(Va— K)'™?

-8

-7y 11—~

(Xo+p(Va=B)+a(Vs—B-K))""

(3.38)

(3.39)

(3.40)

©(3.41)




Therefore, using (3.37), (3.40) and (3.41), we can rewrite equation (3.10) in the following

manner:

(Xo+p(Va— B)' _ H [(Xo 06— BN e gy (V _ (1% _ g))

1—+ B8 1—7 B B
So,
— B\
(X°+p§‘f73)) [1—%] =p(Xo+p(Va - B) [Vz <1—%)+%] -
Hence,
(X0+P(V2—B))[ _1]= [ (_1) e}
— ['7a 7P \"5) 5
Therefore,
AV AN Sl AV
wlo(1-3) (25)] =# (5) - (=) ca-om)
from which

(3.42)

Q.E.D.
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Proof of Proposition 3.3.1

V1 exits by Lemma 3.3.1 and hence the function U, is well defined. Denote the derived
utility function U o ¢ restricted to the domain [0, B + K] by (U o ¢)|0,8+k]- We need to
show that the hypograph of U, restricted to [0, B+ K], is the convex hull of the hypograph
of (Uo¢)lp,p+k)- Let Hy and Hyos be, respectively, the hypographs of Uy and U o ¢

restricted to [0, B + K]. Thus, we have to prove the following conditions:

1. Hp, is a convex set.
2. Hy, 2 Hyop.

3. If A2 Hyog and A is convex then A D Hy; .

1. By the construction of Uy, U; exists over the interval [0, B + K] and it is defined as

o 0 for v € [0, V1].
Ui(v) = { (Uo@) (v) otherwise.
where
o) ) =U (¢0)) ') +U" (60)) (6 ) - (3.43)

Note that the assumptions that U is concave and differentiable, together with the observation
that the compensation scheme satisfies the condition qﬁ"(v) = 0 for all v > 0, imply that
(Uo@) (v) <0 for all v > V;. Therefore, U, (v) < 0 for all v > 0, and thus it follows that

U, must be concave over all its domain. Hence, by the characterization of a concave function

in terms of its hypograph, Hy is a convex set.
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2. By construction of Uy, U; dominates U o ¢ over the interval [0, B + K], that is Uy(v) >
(Uo¢)(v) for all v € [0,B + K]. Therefore, using the definition of the hypograph of a

function, it is clear that Hy 2 Hyog.

3. Let A be a convex set such that A D Hyoe. We have to show that A D Hy . To do so,

we partition A, Hy , and Hyeg in the following manner:

A = AUA\A) , with A = {(v,3) € A € [0, A]}

=
|

B U (Hg \HY) . with Hy = {(vy) € Hy,lve[0,]}

HUCd) = H(1)'0¢U(HUO¢\H(1]0¢) 3 with H(1]o¢ = {(’Uay)EHUOd"'UE[O?‘/l]}

and where C'\ B denotes the set formed by all the elements of C that are not contained in B.
That is, we partition each of these sets with respect to the tangency point V. The rationale
of this partition is to prove A D Hy by pieces. First, we prove that (A \ A;) 2 (H o, \H (111)

and then we prove that A4; 2 Htlh‘

o (A\4) 2 (Hg \ H}):
By the design of Uy, Uy and U o ¢ coincide over the interval (V;,00). In particular,
Uy (v) = (U o ¢) (v) for v € [Vi, B + K]. Hence, it must be satisfied that Hy, \H}]1 =
Hyoy \ Hjjoy- Thus, it is clear that the assumption A O Hyog implies (A\ Ar) 2
(Ho, \ Hy,)-

e A, D H}h:
Observe first that the assumption A D Hyos assures that A; 2 H,ljo¢. Then, by
construction of Uy, U; dominates U o ¢ over the interval [0, V;] and thus, it is satisfied
that H}h D H}Jo¢. Therefore, to prove A; D Hll71 it is enough to show that A; D

(Hll-]1 \H}jod,). To accomplish this task, we use the following strategy: choose an
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arbitrary point in (H (171 \ H,ljoqs) and show that this point can be expressed as a convex
combination of two elements of A;. Then, we prove that A; is a convex set and thus

conclude that the arbitrary point chosen must belong to A;, by the convexity of A;.

Let (vo,y0) € (H(lj1 \H}]w) and consider the line that passes through the points

(0, (U o ¢) (0)) and (v, yo). This line is described by the equation

(y) = (U0 6) (0) + (LM) (v = )

Vo

where its slope, by construction of Uy, satisfies

(yo —(Uo¢)(0)

Uo

)s(ans)'(m-

Recall that V; satisfies the following equation:

Uog) (Vi) =(Uo¢)(0)+Vi(Uog) ().

Therefore,

Uog) (V)

v

v
3
[e]

&

©

+
i~

=)
<
e}

&

~~

Thus, we deduce that [ must cross the graph of U o ¢ at some value v* < Vi. That
is, it exists (v*,y*) such that v* < V] and [(v*) = (U o ¢)(v*). Clearly, (v*,y*) €
Hyos- Therefore, the point (vg, o) belongs to the line segment between the points

(0, (U o ¢) (0)) and (v*,y*). Hence, it must exist A € [0, 1] such that
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(vo,%0) = A0, (U 0 ¢)(0)) + (1 = A)(v",y") -

Now, we claim that A, is a convex set. To prove such claim let (7, 7), (7,7) € A; and

n € (0,1). ‘Observe that it must be satisfied the condition

n+(1-nv <V

since 7 and 7 are, by definition of Aj, less than or equal to V;. On other side, 4; C A

and A convex implies that

n(@y +01—n) (5,5 €A.

Therefore, by definition of Ay,

77(77,37)‘*‘(1“77) (ﬁ,ﬂ) GAI

and so, A, is a convex set.

To finish the proof of (3), recall that (0, (U o ¢) (0)), (v*,y*) € Hyog C A; and use
the convexity of A; to conclude that (v, y0) € A; and thus, since (vo, yo) is arbitrary,

A D Hy,.

Therefore, from conditions (1),(2), and (3), we conclude that Hy, is the smallest convex set
that contains to Hyos. Hence, by definition 3.3.1, U; must be the convavification of U o ¢

over the interval [0, B + K].

Q.E.D.
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Proof of Proposition 3.3.2

By Lemma 3.3.3, V, and V; exist and therefore, U, is well defined. Denote the derived utility
function U o ¢ restricted to [B,00) by (U o ¢) |(B,c0)- The goal is to show that the hypograph
of U, restricted to [B,oo), is the convex hull of the hypograph of (U o ¢) |(5,c). Let Hy,
and Hy., be, respectively, the hypographs of (72|[B,oo) and (U o ¢) |[,o0). Thus, we need to

prove the following conditions:

1. H A is a convex set.
2. H[}z 2 Hyog.

3. If AD Hyoy and A is a convex set then A 2 Hpg,.

1. By the construction of Us, U, exists over the interval [B, co) and it is defined as

il 1

0 0) = { 0 for v € (Va, V3.

(Uo@) (v) for all v > 0 such that v ¢ {(Va, Va] U {0} U {B}}

where

" ’

Uos) ) =U (606" () + U" (6() (6 @) <0

The assumptions that U is concave and differentiable, together with the observation that the
compensation scheme satisfies condition ¢" (v) = 0 for all v > 0, imply that (U o ¢) (v) <0
for all v > 0 such that v ¢ {(V5, V3] U {0} U {B}}. Therefore, (U o ¢)" (v) <0 forallv >0
such that v # B. Thus, U, must be a concave function. Hence, by the characterization of a

concave function in terms of its hypograph, Hy, must be a convex set.
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2. By the construction of Us, U; dominates U o ¢ over the interval [B, co), that is Up(v) >
(U o ¢) (v) for all v € [B, 00). Therefore, using the definition of hypograph of a function, we

obtain that HUz D) HU0¢~

3. Let A be a convex set such that A O Hy.s. We need to show that A O Hp,. To

accomplish that, partition A, Hy,, and Hyog in the following manner:

A = A UA\A) , with A = {(v,y) € Alv € (V,, V3]}

I
I

Hy, Hau(Hm\H@) , with HY = {(v,) € Hp,lve (Va, Vi]}

Hyoy = HposU (Huos\ Hpoy) , with Hpo, = {(v,y) € Hyoglv € (Vo, Va]}

and where C \ B denotes the set formed by all the elements of C' that are not contained in
B. That is, we partition each of these sets with respect to the tangency points V, and V.
The rationale of this partition is to prove A D Hy, by pieces. First, to prove (A\ A;) 2
(H(-,2 \H[-]:}), and then, to prove that A; D ngl.

o (A\ A1) 2 (Hg, \ H},):

By design of U,, U, coincides with U o ¢ over the set [0,Vs) U (V3,00). That is,
(Uo¢)(v) = Us(v) for all v € [0,V,) U (V3,00). Hence, it must be satisfied that
Hyg, \ Hyy = Hyog \ Hyoy- Thus, it is clear that the assumption A 2 Hyos implies

(A\A) 2 (Hy, \ Hyy).

[ ] A1 2 H}le

The assumption A O Hy.g4 assures that A; O H [1J°¢. Then, by construction of (72, IL

dominates U o ¢ over all its domain. Hence, it is satisfied that H 03 2 H}Joqs. Therefore,
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to prove A; 2 Hj,, it is enough to prove that A, 2 (H & \H ,1]°¢). To do so, we follow
the next strategy: choose an arbitrary point in (H }]2 \ H, llJo¢) and prove that this point
can be expresses as a convex combination of two elements of the set A,. Then, prove
that A; is a convex set and thus conclude that the arbitrary point chosen must belong

to Aj, by the convexity of A;.

Let (vo,%0) € (H}/2 \H,ljo¢> and consider the line that passes through the points
(Va, (U o ¢) (V3)) and (vp, yo). This line is described by the equation

vo — Va

(y) = (U 0 ¢) (Vi) + (y° mCAL) (V?)) (v— Vi)

where its slope, by construction of U,, satisfies

<yo —(Uog) (V)

vg — Vo

)s(qus)'(Vs).

Recall that V3 satisfies the equation

(Uog)(Va) = (Uog) (Va) + (Va—Va) (Uog) (Va)

Therefore,

Uod)(Va) = (Uod)(Va)+ (Vas—Va)(Uog) (Va)
> (Uog)(Va)+ (vo— Va) (Uog) (Va)
> (U0 d) (VD) + (v — Vo) (Besia))

(vo)
= Y

Thus, we deduce that ! must cross the graph of U o ¢ at some value v* < V5. That

is, it exists (v*,y*) such that v* < V3 and [(v*) = (U o ¢) (v*). Clearly, (v*,y*) €
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Hyop. Therefore, the point (vg,yo) belongs to the line segment between the points

(Va, (U o ¢) (V2)) and (v*,y*). Hence, it must exists A € [0, 1] such that

(v0,50) = A(V2, (U 0 8) (V2)) + (1 = N)(v",y") -

We claim that A; is a convex set. To prove this claim, let (7,%), (9,7) € A; and
n € (0,1). By definition of A;, ¥ and ¥ are less than or equal to V3, and greater than
Va. Hence,

Va<ni+(1—n)o < V3.

On the other hand, A; C A and A convex implies that

n@,9) +1-n)@j eA.

Therefore, by definition of Ay, n(7,9) + (1 — n)(7,§) € A, and so, A; is convex.

To end the proof of (3), recall that (Vz, (U o ¢) (Va)), (v*,y*) € Hyoy C A: and use
the convexity of A; to conclude that (vo,yo) € A;. Thus, since (ug, yo) is arbitrary, we

deduce that A; O Hy,.

So, from conditions (1),(2), and (3) we conclude that Hy, is the smallest convex set that
contains to Hy.s. Hence, by definition 3.3.1, U, must be the concavification of U o ¢ over

the interval [B, 00).

Q.E.D.
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Proof of Proposition 3.3.3

~ Let Hy, and Hy.y be, respectively, the hypographs of Us and U o ¢. We need to show that

H03 is the convex hull of Hyog.

By construction of Us, Ug(v) > (U o @) (v) for all v > 0 and hence, Hy, 2 Hyog. On the
other hand, concavity of Us implies that H, 7, is a convex set. Therefore, the only issue that
remains to be proved is that Hy, is the smallest set that satisfies the latter two properties.
To prove this, the strategy is the following: show that the assumption of concavity of Us
implies that V5 > Vi and hence, deduce that U, coincides with U, over the interval [0, V2],

and with U, over the interval (V3,00). Therefore,

Hy = H 0

3 Utlio,v)

UHQ

and Hy NnH
21(v4.00) 1lo,va)

D2levy,o0)

where H01|[0,v2] is the hypograph of U; restricted to [0, V3], and H(jzl(vzm) represents the
hypograph of U, restricted to (V3, 00). Finally, use the fact that ﬁ1|[0,V2] must be the concavi-
fication function of U o ¢ restricted to [0, V5], while Us|(v,,00) is the concavification function
of U o ¢ restricted to (V,00) to deduce that any convex set A such that A O Hyos must

satisfy that A O Hy,. We now prove this strategy in detail:

By construction of Us, the following conditions are satisfied:

e V32>V1

Us(Vs) = (Uog)(Vs)

Us(i) = Uog¢)(V1)

e U, is twice differentiable and,

~ (Uog) (Va) =(Uog) (Va),




— under the assumption of concavity, U (v) < 0 for all v > 0.
Thus,

Uog) (Vo) = (Uog) (Va) = Us(Va) < Us(Vi) = (U o ¢) (Vh) -

Therefore,

Uog) (B) < (Uog) (Vi)

which, by the concavity of U o ¢ over the interval [B, B + K|, implies that V2 > V;. Hence,

by the definition of U; and U,

Ui(v) = Us(v) , forw e [Vi, V4],
U(w) > Uy(w) , forv<V
Uy(v) > Uh(v) , forv>V,

Therefore, by the construction of Us,

i Ul(v) forv <V, 544
37 Dh(v) forv>Vy (3.44)
So,

H03 = H01|[0,V2] U HO?'(Vz,w) and HU1l[o,v2] A HﬁzI(VQ,m) = @ (3'45)

From Propositions 3.3.1 and 3.3.2 we know that U, and U, are, respectively, the concavifi-

cation functions of U o ¢ restricted to [0, B + K] and [B,00). Thus, given that V2 > 1, it
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is clear that U |o,v,) must be the concavification function of U o ¢ restricted to [0, V2], while

Uz|(v2,00) is the concavification function of U o ¢ restricted to (V3,00).

Let A be a convex set such that A D Hyos and partition A and Hy.g in the following manner:

A = AUMAN\A) , A = {(v,y) € Ajv € [0, 15]}

Hyos = HpoyU (Huop \ Hipoy) » Hioy = {(viy) € Hyoglv € [0, V2]}

where C' \ B denotes the set of all the elements of C that ar not in B. Thus, by definition

of this partition,

Al 2 H[1]o¢ and (A\Al) 2 (HUO(b \ Hllfod))

Hence, since [711[0,v2] and Uzl[vg,oo) are, respectively, the concavification functions of U o ¢

over [0, V5] and (V,, 00), it must be satisfied then that

A D H

Uljo,vy)

and (A \ Al) 2 HUzl(v2,oo)

Therefore, by (3.45), A D Hy,.

Q.ED.

Proof of Proposition 3.3.4

The necessity of condition Vo, > V) is proved in the first part of the proof of the previous

proposition.
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We now prove the sufficiency of condition V3 > V;. This condition implies, by the definition

of (71 and UQ, that

1(v) = Us(v) , forwve W, Vs,
~1(1)) > (72(7)) , forv< Vi,
~2(71) > 01('0) , forv> V.

Therefore, by construction of U,

03:{ Uy(v) forv <V,

Uz(v) for v >V,

Hence, since U; and U are concave, twice differentiable and U; (Va) = Uy(V3), then Uj (v) < 0

for all v > 0, and so we conclude that U; must be concave.

Q.E.D.

Proof of Proposition 3.3.5

The proof is completely analogous to the proof in Proposition 3.3.1 except that in the current
case Vj, instead of Vi, plays the role of the pivot to partition the domain of Us. Conditions
(3.15) and (3.16) are simply the explicit statement that the point (0, (U o ¢) (0)) belongs to

the tangent line of the gréph of (U 0 ¢) |iB+k,00) 8t (Va, (U 0 ¢) (V4)). That is, V4 must satisfy

(Uo¢)(0) = (Uod)(Va) +(0— Vi) (Uog) (Va)

Q.E.D.
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Proof of Proposition 3.3.6

If Us is concave then, by Definition 3.3.1, U(v) = Us(v) for all v > 0, and hence, by
Proposition 3.3.3, U is the concavification of U o ¢. Otherwise, assume that U, is not
concave and let Hy be the hypograph of U. By construction, U is concave and satisfies
U(v) > Us(v) > (Uo¢)(v) for all v > 0. Therefore, Hy is a convex set that contains to
Hyos. Hence, what remains to be shown is that Hy is the smallest set with the latter two
properties. Let A be a convex set such that A O Hy.s. We need to prove that A D Hy. It is
enough to show that A O Hy, given that U is the concavification of Us. To prove A D Hy,,

we decompose A and Hy,e into

A = A1UA2

where:

A = {(v,y) € Alve [0,B+ K|}
Ay = {(v,y) € Alv € [B,o0)}
Hjoy = {(v,y) € Huoglv € [0, B + K]}
(v,y

Hl2jo¢ = { v, ) (S HUO¢|’U € [B,OO)}

Thus, A D Hyos implies 4; 2 H(110¢ and A; O H[2,0¢, Therefore, given that U, and U, are,
respectively, the concavification functions of U o ¢ restricted to [0, B + K] and [B, o), it

must be satisfied that 4; D H}h and A, D Hsz, where

Hp = {(v,y) € Hy,Jv € [0,B+ K]}

H;i = {(v,y) € Hy,|v € [B,o0)}
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Hence, A U Ay D H(171 U H[?.b. Moreover, by construction of U; and U, and the definition of

U37

1 2 — -
.E[("]1 LJ}IO2 = HU] UHU2 = HU3 .

Thus,

A=A UA; D Hy, .

Therefore, since U is the concavification function of Us, AD Hpj must be satisfied.

Q.E.D.
Proof of Proposition 3.6.1:
By construction, V; satisfies V; > B and (see Lemma 3.3.1)
0=(Uog) (Vi) —(Uo¢)(0)—Vi(Uog) (Vi) (3.46)

The results are obtained by deriving the previous equation with respect to B, p, and X, and

then solving of the corresponding partial derivative, as it is shown next:

1. Deriving (3.46) with respect to B leads to

0 = (Xo+p(Vi—-B))"p|
- p(Xo+p(Vi - B))7 [

— 1]+ Vi (o +p(Vi~B) 7 [§3 1]

]

s SR

or equivalently,
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1% _1 [0V 151%
0=p[a—B‘—1] +p* Vi (Xo+p(Vi - B))™ [551—1} —p [531]

from which

i% -
ap =1+ Xo+p(i—B) (py¥) ™ >0.

2. Deriving (3.46) with respect to p leads to

0 = (Xo+p(Vi=B)) [p% + (Vi - B)]
+ pVi(Xo+p(Vi— B) [p% + (Vi - B)]
- Vi(Xo+p(Vi-B))”"
- | 9V}
- p(Xo+p(i-B)7 %]
or equivalently,
vy

0=-B+pyVi(Xo+p(Vi—B)™ [p—a;ﬂ% ~ B)

Hence,

i B[1+{) " (Xo+p(Vi-B)}] -V

Op P

from which the result follows.

3. Deriving (3.46) with respect to X, leads to

0 = (Xo+p(Vi-B))™" [1+:0%5]—_Xo_7

+ P (Xo+p(hi—B) 7 [1+p85] —p(Xo+p(Vi - B) " [2%]
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or equivalently,

- Po
0 = (PVi)(Xo+p(Vi—B))™ [%] +1 - Gmoioe—

+ pyVi(Xo+p(Vi—B)™
Thus,

v _
Xy

o
(Xo+p (Vi — B))

(Vi)™ (Xo +p (Vi — B)) [ 1A (Kot p(Vi - B))‘l]

from which result (3) follows.

Q.E.D.

Proof of Proposition 3.6.2:

1. Deriving (3.42) with respect to K leads to

vy _(_Py (1-3) &+ (%) 2
6K—_((1—'7):3> ” (1_%)2 <1—'_LA;)2

where o and 3 are defined in (3.39). Therefore, the sign of 'g—‘}/(z depends on the expres-

sion

(w55) |03 aic+ () o]

From (3.39)

9B _
3K 0




-Therefore,

- (e23) (-5 () ()"

which does not depend on K. Thus, V; is a linear function with respect to K. Moreover,

from (3.39), (1 — 1/6) < 0 if and only if v < 1. Hence, 22 < 0 if and only if v < 1.

2. Dériving (3.42) with respect to ¢ leads to

av2_< PPy > (1-3)%+(2)%
=08/ | (1= 2) ()

8¢
where a and [ are defined in (3.39). The result follows from the above equation.
Q.E.D.

Lemma 3.7.2 Let X ~ N(u,0?) be defined in a probability space (0, F,P) and let A C Q.
Then,

E [e’X1(xcay] = #4170 P (X € A)
where X ~ N{u + Bo2,02).

Proof: Just note that

Bx — ﬁ(w —p)? = 2azﬁz—(z22;;21ﬂ+ﬂ2)
= —gu1 (2® = 2z(p + Bo?) + p?)
= g ((@ = (u+ o))’ = po*(2u + o))

= —gn (5= (u+00%)" + ub+ 30°6° .
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Hence,

xT—(j+ 172 2
E [eﬁX]_A] — e“ﬁ+%a2ﬂ2 fA 1 e_g_('_z-:i_)l_

V2ro
= enb+3o’Fp (X € A)

where X ~ N (i + 02, 02).

Q.E.D.

Lemma 3.7.3 (Characterization of \) IfV, > V), the parameter A must satisfy the equa-

tion

o = [B- %] e T N (dr(mi, 1)) ~ Mdr(ma, 1))

a?(1—4*

+ ()0 7 ()T i 17) — N (drmas )

+ [B - X5 TN (dr(mg, 1))

N (_1_) (L)(’Y*_l)e—(ﬂ_'—i(l;—’y*z)v*TN(dT(mz,’Y*))

(3.47)

where dy(-,-) is the function defined by

i = [oam - (wren (5= )]s e

N(-) is the standard normal cumulative distribution, v* =1—1/7, and

i = [{g—] Xo+p(Vi— B, fori=1,2,
t

225




i

and where V| and V are defined in Lemmas 3.3.1 and 3.3.3, respectively. Otherwise, A must

satisfy the equation

Vo = [B-X5E] et TN (dr(ms, 1))

p+q
. . (3.49)
(v*-1) - lkfﬁ(l_ll T .
r () () T Wt
where
mo= (229 (o +p (V= B 4 g a- B KO
and Vy is defined in Lemma 3.3.2.
Proof: Assume that V5 > V;. Therefore, condition (3.20) is equivalent to
_ X,
Vo = [B _pQ] [Tl{p[xO+p(w “B)I™Y € Mr < plXotp(Vi=B)|” ’}]
1) ()" !
+ (E) (5) [fT 1{p[X0+P(V2 —-B)]™" < Mz < p[Xo+p(Vi—B)]~ 1}] (3.50)
Xo—gK '
+ [B - ;)J+q ] |:§T1{/\§T < p[Xo+p(V2—B)]”"’}}
(Af _1) »
1 A Y
+ (ﬁ) (m) E [5T 1{p[Xo+p(vz—B)]—7 < Mr < p[Xo+p(v1—B)1‘*}]
By Lemma 3.7.2
a2 _ ~
E [gﬂﬁ“l{logETEA}] = b (F)e-plerp (X S A) (3.51)

where X ~ N (— [,u + ("‘72) (1- ,6)] T, a2T). The result follows from applying (3.51) to

(3.50).




The proof of condition (3.49) is similar.

Q.E.D.

Proposition 3.7.1 (Optimal Firm Value for any time ¢ € (0,7]) Let v > 0 and W}

and Vo as defined in Lemmas 3.3.1 and 3.3.3, respectively. If Vo > Vi, then the optimal

fund value for any t € [0,T) is

‘/’t*

_B _ ﬁ)p_——_;gﬁ] e—lt(T"‘),/\/ (dT_t(m% 1))

_ . . . _ a?(1-4%) “(T—
(40 1] T g

: B— &pl] e~ HT=) [N (dp—y(my,1)) — N (dr—e(mg, 1))]

] o Gat ) S

:P‘W'/\‘f*‘lﬁl"l e W (dr—t(m1,v*)) = N (dr—e(m2,7*))]

where dy(-,-) is defined by expression (3.48),

m; = [%:] (Xo+p(Vi—-B)]" , fori=1,2,
¢

N(-) is the standard normal cumulative distribution, v* =1—1/v, A is a nonnegative scalar

that satisfies Equation (3.47). Otherwise, the optimal fund value for any t € [0,T) is given

by

where

Ve = [B - S5 e uTON (droy(ma, 1))

- (u+°—231{—"2)7‘(T—t)

+ [+ g e N (dr-i (ma,7"))
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p+q -
m4=[)\—&][Xo+p(V4—B)+q(V4—B—K)] ;

Vi is defined as in Lemma 3.3.2, and \ is a nonnegative scalar that satisfies Equation (3.49).

Proof: Assume that V; > V1. Note that (§V;*),s, is a martingale. Therefore,

&Vy = E[érVrl

for all t € [0, 7] and where E; [ - ] is the expected value operator with information up to time

t. Hence, the above expression and (3.19) lead to

Vo= LEleVy)

- _X &r
B [B _pQ] E [(&) 1{p[Xo+p(Vz—B)]"’ < Nr < p[Xo+p(V1—B)]_7}]

* *

L ()G e ()
o [5-532] 5(8) 1y <oomis-m)]
« () ()72 () o s

By Lemma 3.7.2

Lipixotp(va-B) < 2er < P[X0+p(V1—B)]_"}] (3.52)

B [ goeren] = & 14 (5)0PVTR (X € 4) (3.53)

where X ~ N (— [N + (%2) (1- ,6)] T, a2T). The result follows from applying (3.53) to

(3.52). The proof for the case V5 < V; is similar.




Observation made in 3.5.1

Any strategy that leads to fund values between 0 and V, can be characterized in terms
of a density function g(z), for z € (0,V}), that specifies the likelihood of choosing the

intermediate value z. By construction,

(Uog) () <AMz)(Ued)(0)+(1—Az)) (Uog)(Va)

where A(z) € (0,1) and it satisfies z = A(z) - 0+ (1 — A(z)) V4. Therefore,

R Uo#) @dg(n) < [ Ma)dg(@)| (U0 9) (0) + [L = [ Aa)dg(a)] (U 0 ¢) (Va)
= PUo¢)(0)+[1-PI(Ue9) (Vi)

where P = fov“ Mz)dg(z). Clearly, P € [0, 1]. Hence, following a strategy that takes on the
payoff of zero with probability P and the payoff of Vj, with probability 1 — P is better, in

the sense of expected utility, than any strategy that takes on intermediate values between

zero and Vj.




