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Abstract

This study considers thev problém of.building a linear prediction model when the number
of candidate covariates is large and the dataset contains a fraction of outliers and other
contaminations that are difficult to visualize and clean. We aim at predicting the future
non-outlying cases. Therefore, we need methods that are robust and scalable at the same
time. |

’

We consider two different strategies for model selection: (a) one-step model building

and (b) two-step model building. For one-step model building, we robustify the step-by-

step algorithms forward selection (FS) and stepwise (SW), with robust partial F-tests as

stopping rules.

Our tWo-step model building procedure consists of sequencing and segmentation. In
sequencing, the input variables are sequenced to form a list such that the good predictors
are likely to appear in the beginning, and the ﬁrét m variables of the list form a reduced
set for further consideration. For thié step we robustify Least Angle Regression (LARS)
proposed by Efron; Hastie, Johnstone and Tibshirani (2004). We use bootstrap to sta-
bilize the results obtained by robust LARS, and use “learning curves’ to détefmine the

size of the reduced se’t.‘

i



The second step (of the two-step model building procedure) - which we call seg- |
mentation - carefully ekamines subsets of the covariates in the reduced set in order to
select the final prediction model. For this we propose a computationally suitable robust
cross-validation procedure. We also propose a robust bootstrap procedure for segmenta- -
tion, which is similar to the method proposed by Salibi4n-Barrera and Zamar (2002) to

conduct robust inferences in linear regression.

We introduce tile idea of “rﬁultivariate-Winsdrization” which we use for robust data
cleaning (for the robustification of LARS). We also propose a ﬁew correlation estimate
which we call the “adjusted-Winsorized correlation estimate”. This estimate is consis-
tent and has bounded influence, aﬁd has some advantages over univariate-Winsorized

correlation estimate (Huber 1981 and Alqallaf 2003).
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Chapter 1

Introduction

1.1 Motivation

We consider the problem of building a linear prediction model when there is a large
number d of candidate covariates. Large datasets usually contain a fraction of outliers and

other contaminations, which are difficult to visualize and clean. The classical algorithms

“are much affected. by these outliers and, therefore, these algorithms often fail to select the

‘correct’ linear prediction model that would have been chosen if there were no outliers.

We argue that it is not reasonable to attempt to predict future outliers without
knowledge of the underlying mechanism that produces them. Therefore, we aim- at
predicting the future non-outlying cases by fitting well the majority of the data. For
this, we need a robust method that is capable of selecting the important variables in the

presence of outliers in high-dimensional datasets.



Robust model selection has not received much attention in the robustness litera-
ture. Seminal papers that address this issue include Ronchetti (1985) and Ronchetti
and Staudte (1994) which introduced robust versions of the.selection criteria AIC and
Cp, respectively. Yohai (1997) proposed a robust Final Prediction Error (FPE) crite-
rion (for Splus documen‘gation). Ronchetti, Field and Blanchard (1997) proposed robust -
model selection by cross-validation. Morgenthalér, Welsch and Zenide (2003) constructed
a selection technique to simultaneously identify the correct model structure as well as
unusual observations. All these robust me’ghods require the fitting of all submodels. One
exception is the model selection based on the Wald test (Sommef and Huggins 1996)

which requires the computation of estimates from the full model only.

A major drawback of the existing robust model selection methods is that they do not
scale up to large dimensions, because fitting a robust model is a nonlinear optimization
problem. As the number d of possible predictors‘ increases, the number of submodels
(which is 2¢ — 1) increases dramatically, making the computational burdeﬁ enormous.
Also, the methods that require the fitting of only thé full model are nlot suitable, because
only a few of the d covariates are typically included in the final modél, and the ﬁttving of

the full model increases the numerical complexity of the methods unnecessarily.

In this study, we attempt to achieve robustness and computational suitability at the
same time. That is, we attempt to develop linear prediction model building strategies
_ that are simultaneously (i) capable of selecting the important covariates in the presence
of contaminations, and (ii) scalable to high dimensions. The term “scalable” is used to

indicate that the numerical complexity of the statistical methods proposed is “reasonable”

(e.g., not exponential).




1.2 Model selection str'atlegy.

We consider two different strategies for the selection of a linear predictidn model for
high-dimensional datasets: (a) one-step model building and (b) two-step model building,

which are described below.

1.2.1 One-step model building

Since for large values of d the computational burden of all possible subsets regression is
enormous, we turn our focus on step-by-step algorithms like forward selection (FS) and

stepwise (SW) procedures (see, for example, Weisberg 1985, Chapter 8) that ca_ri stop

when certain goals are achieved.

Classical FS or SW procedures yield poor results when the data contain outliers
and other contaminations, since they attempt to seléct the covariates that will fit well all
the cases (including the outliers). Therefore, our goal is to develop robust step-by-step
algorithms that will select important variables in the presence of outliers, and predict

well the future non-outlying cases.

We express the classical FS and SW algorithms in terms of sample means, variances
and cérrelations, and replace these sample quantities by their robust counterparts to
obtain robust step-by-step algorithms. Similar ideas have been used for building robust
estimators of regression parameters (see, for example, Croux, Van Aelst and Dehon 2003,

and the references therein). We also incorporate robust partial F-tests as stopping rules

during the implementation of these robust algorithms.




1.2..2_ Two-step model building

Our two-step model building procedure is a blend of all possible subsets regiessidn and
step—-by-step algorithms. All possible subsets regression is expected to select a better
model (with respect to predictive power) than any step-by-step algorithm, but its com-
putational bﬁfden is extremely high for large values of d. We, therefore, consider ap-
plying this procedure on a “reduced set” of covariafes. Thus, we consider procéeding in
two steps. The first step - Whiéh we call sequencing - qﬁickly screens out unimportanf
variables to form a “reduced set” for further consideration. The second step - which we
call segmentation - carefully examines different subsets of the variables in the reduced

set for possible inclusion in the prediction model. These two steps are described below.

Sequencing

The goal of the first step is a drastic reduction of the number of candidate covariates.
The input variables are sequenced to form a list such that the good predictors are 'likely'

to appear at the beginning of the list. The first m covariates of the list then form the

reduced set from which the final prediction model will be obtained.

One strategy for sequencing the candidate covariates is to use one of the several

available step-by-step or stagewise algorithms, e.g., Forward Selection (FS), or Forward

Stagewise procedure (Stagewise) (see, for example, Hastie, Tibshirani and Friedman

2001, Chapter -10). We focus on the powerful algorifhm recently proposed by Efron,
Hastie, Johnstone and Tibshirani (2004) called Least Angle Regression (LARS), which is

a mathematical solution to the Stagewise problem. LARS is computationally efficient and




“has been shown to have clear statistical advantages over other step-by-step and stagewise

algorithms.

Since LARS is very sensitive to contamination, our goal is to robustify LARS. We
show that LARS can be expressed in terms of the mean vector and covariance matrix of
the data, and we replace these classical ingredients of LARS by their robust counterparts
to obtain robust LARS. We combine robust LARS algorithm with bootstrap to obtain a

more stable and reliable list of covariates.

One important issue in the sequencing stép is to determine the appropriate value
of the number of covariates, m, for the reduced set. The probability that the reduced
set contaiﬁs all the important variables increases with m. Unfortunately, also the com-
putatibnal cost of the second step, segmentation, increases with m Therefore, we aim
to determine a “reasonable” value of m which is large enough to include most of the
important variables but not so largé as to make the second step irﬁpractical or unfeasi-'
ble. For this purpose, we introduce a “learning curve” that plots robust R? values versus

dimension. An appropriate value of m is the dimension corresponding to the point where

the curve starts to level off.

Segmentation

When we have a reduced set of m covariates for further consideration, one reasonable
approach to reach the final model is to perform all possible subsets regression on this
reduced set using an appropriate selection criterion. Again, the classical selection criteria,

e.g., Final Prediction Error (FPE), Akaike Information Criterion (AIC), Mallows’ C,,

cross-validation (CV) and bootstrap procedures are not resistant to outliers. The robust




AIC procedure (Ronchetti 1985) has certain limitations, which are discussed in this
thesis. The robust CV method (Ronchetti, Field and Blanchard 1997) is computationélly

expensive.

In this study, we propose computationally suifable robust CV and robust boot-
strap procedures to evaluate the predictive powers of different subsets of the reduced
set of covariates. Our robust bootstrap procedure. is similar to the methods proposed
by Salibién-Barrera'(2000), and Salibidn-Barrera and: Zamar (2002) to conduct robust
statistical inferences in linear regression. Since the performance of robust FPE procedure

(Yohai 1997) has not been studied so far, we also evaluate this method in our study.

1.3 Computation of robust correlation matrices

As mentioned earlier, our approach to robustification of FS, SW and LARS consists
of expressing these algorithms in terms of the mean vector and the correlation matrix
of the data, and then replacing these classical ingredients by their robust countérparts.
Therefore, robust estimation of the correlation matrix is a major component of the robust

methods we propose in this study.

The computatiqn of robust correlation estimates from a d-dimensional data set is
very time-consuming, particularly for large values of d. Even the fast MCD algorithm
by Rousseeuw and Van Driessen (1999) is not fast enough for the type of applications
we have in mind. Therefore, we use robust correlations derived from a pairwise affine

equivariant covariance estimator.



Interestingly, the pairwise approach for robust correlation métrix estimation is not
only computationally suitable, it is also more relevant than the d-dimensional approach
for robust step-by-step algorithms. Pairwise approach allows .us to compute only the
required correlations at each step of the algdrithm. Since we intend to stop as soon as
certain goals are achieved, a pairwise approach saves the computation of the correlations

that are not required.:

We consider robust correlations derived from a simplified version of the bivariate
M-estimator proposed by Maronna (1976). This estimate is' computationally efficient,

affine equivariant and has a breakdown point of 1/3 in two dimensions.

For very large high-dimensional data, however, we need an even faster robust corre-
lation estimator. Therefore, as a part of our robust LARS procedure, we propose a new
correlation estimate called the “adjusted-Windsorized correlation estimate”. Unlike two
separate univariate Windsorizations for X and Y (see Huber 1981 and Alqallaf 2003),
we propose a joint Windsorization with a larger tuning constant ¢; for the points falling
in the two quadrants that contain the majority of the data, and a smaller constant ¢,
for the pbints in the two minor quadrants. Our estimate has some advantages over the

univariate-Windsorized correlation estimate.

1.4 Organization of subsequent chapters

The following chapters are organized as follows. In Chapter 2, we présent the one-step

model selection procedure, where we develop robust versions of FS and SW algorithms

incorporated with robust partial F-tests used as stopping rules.




-

In Chapter 3, we present the first step (robust sequencing) of the two-step model
selection procedure. Here, we robustify LARS-tQ sequence the éovariates, use bootstrap
to stabilize the results obtained by robust LARS, and use “learning curves” to decide
about the size of the reduced set. For the development of robusf LAARS, we introduce
the idea of “multivariate-windsorization” which we‘use for robugt data cleaning. We also
propose a new correlation estimate which we call the “adjusted-Windsorized correlation

estimate”.

Chapter 4 deals with the second step (robust segmentation) of the two-step model
selection procedure. Here, we review the existing classical and robust selection criteria,
discuss their limitations, and propose computationally suitable robust CV and - robust
bootstrap procedures to evaluate the predictive powers of different subsets of the reduced

set of covariates. We also evaluate the performance of robust FPE (Yohai 1997).

Chapter 5 studies the properties of the adjusted-Windsorized correlation estimate
(the new correlation estimate proposed in Chapter 3). We show that the proposed
estimate is consistent and has bounded influence. We obtain its asymptotic variance
and intrinsic bias. We show that the tuning constants of this estimate can be chosen
such that it is approximately Fisher-consistent. We also show that a smoothed version

of this estimate is asymptotically normal.

In Chapter 6 we conclude by summarizing the main ideas proposed in this thesis,

and the main results obtained.

Though the major chapters (Chapters 2-5) are connected conceptually, each of them

is independent of the others. That is, they may be considered as individual research

papers, to a certain extent.




Chapter 2

One-step Model Building:
Robust Forward Selection and

Stepwise Procedures

2.1 Introduction

When the number d of candidate covariates is small, one can choose a linear predic-
tion model by computing a reasonable criterion (e.g., C,, AIC, cross-validation error
or bootstrap error) for all possible subsets of the predictors. However, as d increases,
‘the computational burdéh of this approach (sometimes refefred to as all possible subgets
regression) increases very quickly. This is one of the main reasons why step-by-step algo- *

rithms like forward selection (FS) and stepwise (SW) (see, for exaimple, Weisberg 1985,

Chapter 8) are popular.




)

3

Unfortunately, classical F'S or SW procedures yield poor results when the data con-
tain outliers and other contaminations. These algorithms attempt to select the covariates
that will fit well all the cases (including the outliers), and often fail to select the model
that would have been chosen if those outliers were not present in the data. Moreover,
aggressive deletion of outliers is not desirable, because we may end up deleting a lot of
observations which are outliers only with respect to the predictors that will notA be in the

model.

We argued earlier that it is not reasonable to attempt to predict the future outliers
without knowledge‘of the underlying mechanism that produces them. Therefore, our
goal is to develop robust step-by-step algorithmé that will select important variables in

the presence of outliers, and predict well the future non-outlying cases.

We show that the list of variables selected by classical F'S and SW procedures are
functions‘ of sample means, variances and correlations. We express the two classical algo- |
rithms in terms of these sample quantities, and replace them by rqbust counterparts to
obtain the corresponding rQBust versions of the algorithms. Once the covariates are sé—
lected (by using these .simple robust selection algorfthms), we can use a robust regressioﬁ

estimator on the final model.

Robust correlation matrix estimators for d-dimensional déta sets are usually de-
rived from affine-equivariant, robust estimators of scatter. This is very time-consuming,
particularly for large values of d. Moreover, the computation of such robust correlation
matrices becomes unstable when the dimension d is large compared to the sdmple size
n. On thg other hand, only a few of the d covariates are typically included in file fi-

nal model, and the computation of the whole d-dimensional correlation matrix at once

10




will unnecessarily increase the numerical complexity of the otherwise computationally

suitable step-by-step algorithms..

To avoid this complexity, we use an affine-equivariant bivariate M-estimator of scat-
ter to obtain robust correlation estimates for all pairs of variables, and combine these
to construct a robust correlation matrix. We call this the pairwise robust correlation
. approach. Interestingly, this'pair-vvise approach for robust correlation matrix estimation
is not only computationally suitable, but is also more convenient (compared to the full
d-dimensional approach) for robust step-by-stép algorithms. The reason is as foliows.
The sample correlation matrix (R, say) has the property that the correlation matrix of
a subset of variables can be obtained by simply taking the appropriate submatrix of R.
This property allows us to compute only the required correlations at each step of the

algorithm. With the pairwise robust correlation approach we keep this property.

Affine equivariance and regression equivariance are considered to be important prop-
erties for robust regression estimators (see, e.g., Rousseeuw and Leroy 1987). However,
these properties are not requvired in the context of variable selection, because we do not
consider linear combinations of the exiéting covariates.. The only transformations that
should not affect the selection result are linear transformations of individual variables,
ie., shifts and scale changes. Variable selection methods are often based on correlations
among the variables. Therefore, robust variable selection procedures need to be robust
against correlation outliers, that is, outliers that affect the classical correlation estimates
but can not be detected by looking at the individual variables separately. Our approach
based 0h pairwise correlations is robust against correlation outliers and thus suitable for
robust variable selection. It should be emphasized that with our'approach we consider

the problem of “selecting” a list of important predictors, but we do not yet “fit” the

+
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selected model. The final model resulting from the selection procedure usually contains

‘only a small number of predictors compared to the initial dimension d, when d is large.

Therefore, to robstly fit the final model we propose to use a highly robust regression
estimator such as an MM-estimator (Yohai 1987) that is resistant to all types of outliers.

Note that we always use models with intercept.

Croux, Van Aelst and Dehon (2003) estimated the parameters of a regression model
using S-estimators of multivariate location and écatter. They also obtained the corre- |
sponding standard errors. Their estimation method can be adapted for model-building
purposes. However, for the step-by-step algorithms like FS and SW, our pairwise ap-

proach has computational advantages.

The rest of this chapter is organized as follows. In Section 2.2 we review some
classical step-by-step algorithms. In Section 2.3 we decompose the FS and SW procedures
in terms of the correlation matrix of the data. In Section 2.4, we present robust versions

of these algorihms, along with their numerical complexities. Section 2.5 presents a Monte

Carlo study that cdmpares our robust methods with the classical ones by their predicting

powers. Section 2.6 contains two real-data applications. Section 2.7 is the conclusion.

2.2 Review: classiéal step-by-step algorithms

In this section, we review the three most important step-by-step algorithms: Forward Se- .
lection (FS), stepwise (SW) and Backward Elimination (BE). We show a serious drawback

of the BE procedure, which is.why we did not consider this algorithm for robustification.

12



2.2.1 Forward Selection (FS)

Let us have d predictors Xq,..., X4, and a résponse Y. Let each variable be standardized
using its mean and standard deviation. The FS pr(')cedure selects the predictor (X3,
say) that has the largest absolute correlation |r1y| with Y, and obtains the residual
vector .Y — r;y X;. All the other covariates are then ‘adjusted for X’ and entered into
competition. That is, each X; is regressed on X;, and thé corresponding residual vector
Z;1 (which is orthogonal to X)) is obtained. The correlations of these Z;, with the
residual vector Y — r1y X, which are also called “the partial correlations between X j
and Y adjusted for X,”, decide the next variable (X5, say) to enter the regression model.
All the other‘ covariates are then ‘adjusted for X1 and Xy’ and entered into further
competition, and so on. We continue adding one covariate at each step, until a s'topping

criterion is met.

The reason behind the ‘orthogonalization’, that is, the construction of Z;; from Xj,

is that the algorithm measures what ‘additional’ contribution X; makes in explaining

- the variability of ¥, when X; joins X in the regression model. The R? produced by

(X1, Z2) is the same as the R? produced by (X3, X), and the orthogohalization ensures

maximum R? at each FS step.

We stop when the partial F-value for each covariate that has not yet entered the

model is less than a pre-selected number, say “F-IN” (Weisberg 1985).

13



2.2.2 Stepwise (SW)

The SW algorithm is the same as the FS procedure up to the second step. Whenthere
are at least two covariates in the model, at each subsequent SW step we either (a) remove
a covariate, or (b) exchange two covariates, or (¢) add a covariate, or (d) stop. Note that,
the “exchange” of two covariates is not the same as the addition (removal) of a covariate
in one step followedlby the removal (addition) of another covariate in the next step.
Sometimes, a new covariate cannot enter the model because of an existing covariate, and

the existing covariate cannot be removed according to the criterion used.

The options at each SW step are considered in the order in which they are mentioned
above. A selected covariate is rembved if its partial F-value is less than a pre-selected
number, say “F—OUT” (Weisberg 1985). A selected covariate is exchanged with a new
one if the exchange increases R2. A covariate is added if it has the highest partial F-value
among the remaining covariates, and the value is more than F-IN (as in FS). And, we

stop when none of the above (removal, exchange or addition) occurs in a certain step.

2.2.3 Backward Elimination (BE)

The BE proqedure (see, for example, Weisberg 1985, Chapter 8) is the opposite of FS.
BE starts with the full model, and refnoves one covariate at each stép. The covariate to
remove is the one that has the smallest partial F-value among all the covariates that are
* currently in the model. We stop when the partial F-value for each covariate currently in

the model is greater thdn F-OUT.
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Limitation of BE

When the number d of candidate covariates is large, only a few of these covariates are

typically included in the final model. However, to apply the BE algorithm, we have to

“compute the pairwise correlation estimates for all the d covariates (since BE starts with

the full model). Therefore, BE has higher numerical complexity than that of FS (or SW).

This problem will be more serious with the computation of robust correlation estimates

(for robust BE). Therefore, we will not consider the BE procedure for robustification. -

"1

2.3 FS and SW Expressed in Correlations

In order to robustify the F'S and SW procedures, we will now express these algorithm in

terms of the original correlations of the variables.

2.3.1 F'S expressed in terms of correlations

Let the d covariates X1, ..., X, and the response Y be standardized using their mean and
standard deviation. Let r;y denote the correlation between X; and Y, and Ex be the
correlation matrix of the covariates. Suppose w.l.o.g. that X; has the maximum absolute
correlation with Y. Then, X; is the first variable that enters the regression model. We

call the predictofs that are in the current regression model “active” predictors. The

* remaining candidate predictors are called “inactive” predictors. We now need the partial

correlations between X; (j # 1) and Y adjusted for X;, denoted by r;y,, to determine

the second covariate X, (say) that enters the model.
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The partial correlation r;y; expressed in terms of original correlations

Each inactive covariate X; should be regressed on X; to obtain the residual vector'Zj,l

as follows
Zj1 = Xj = B Xy, | | (2.1)
where
Bi = %XfXj = 7. | (2.2)
We have . |
%th‘-ly = (X; - B X)'Y =Ty — Tiry, | (2.3)
and
;11‘25:12111 = (X — B X)) (X; = BuX1) =1—15. (2.4)

Therefore, the partial correlation r;y; is given by
ZE (Y = By X1)/n

Tiya = .
A /Z;JZ]‘J/TL SD(Y - /BYle)

Note that the factor SD(Y — fy1X1) in the denominator of (2.5) is independent of the

(2.5)

covariate X;; (j = 2,...,d) being considered. Hence, when selecting the covariate X;
that maximizes the partial correlation'rjy,ll, this constant factor can be ignored. This

reduces computations and therefore is more time efficient. It thus suffices to calculate

Z]t'.l(Y — Bv1X1)/n

Tyl =
\/ Zj1Zi1/m

which is proportional to the actual partial correlation. 7,y can be rewritten as follows -

(2.6)

_ Z;lY/n _ .
Tjy1 = —=———= [since Z;; and X; are orthogonall (27

\/ th'.lzj-l/n

= YT fising (2.3) and (2.4)].
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Now, suppose w.l.o.g. that X, (or, equivalently, Z, ) is the new active covariate, because
it minimizes 7y,; (and thus also the partial correlation rjy.1). All the inactive covariates

should now be orthogonalized with respect to Zs ;.

Orthogonalization of Z;; wrt Z;,

‘Each inactive variable Z;; should be regressed on Z,; to obtain the residual vector Z; 1,

as follows
Zj-12 = Zj.l - /Bj2.122.1-
Here,
Bioy = Zé.lzj-l/n
” Z51Z5.1/n
X3Zj1/n ‘ .
= —=2'_  [because of orthogonalit 2.8
: X4X; —raXh)/n .
= Using (2.1) and (2.2
7% Zor/n [Using (2.1) (2.2)]
= % [using (squared) denominator of (2.7) for j = 2].
' — 21

Thus, 7,y.1 and Bjz1 are expressed in terms of original correlations.

~

Lemma 2.1. Given that the numerators and denominators of the following equations

Zt'.12~--(1c—1)Y/n . ‘

Tiyaz(k-1) = ! , . for all inactive j, (2.9)
\/th'.m---(k—nZJ’-12---(’C—1)/”
and '
zZt Zi12(h-1)/ T
Bih12-(h=1) = Z?'lz'"(h_l) iz for h=2,...,k; j inactive, (2.10)

h.12-++(h—~1) Zh.12---(h—1)/n ’

are functions of original correlations, the numerators and denominators of the following

quantities can be expressed as functions of original correlations: (a) Tiyiz2.-k and (b)

Bj(k+1).12k-
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Proof. Here, 7jy.i2..(k-1) determihes the next active covariate Xj (or, equivalently,

Zk.12---(k—1))~ The given Bjk.12...(k—1) can be used to obtain the fesidﬁal vector

Zjtgk = Zj12-(k=1) ~ Bik12-(k=1) Lk.12--(k~1)- . (2.11)

Now,
Z;10.6Y/

J

ij.lZwk = . (212)
\/Zyt‘-lz-l-ij.n.»k/n

Using (2.11), the numerator of (2.12) can be written as .

1 1
;,L—Z;.w-n(k—l)y - ﬂjk‘12---(k—1) :'_’L—Z]f;JQ...(k_l)Y?

where the first part is the numerator of (2.9), ﬁjk,lg...'(k_l) comes from (2.10) for h = k,
and the rest is the numerator of (2.9) for j = k (because X was inactive at that point).

Thus, the numerator of (2.12) is a function of the original correlations.

Using (2.11), the squared denominator of (2.12) can be written as

1 ‘ | 1
;L‘th'_m...(k_l)Zj.12--~(k—1) - 2ﬂjk.12---(k-1)EZ;ﬁ,m...(k_l)Zj.12-.-(k-1)
+ﬂ;zk.mm(k—l)ZIf:.lZ-u(k—l)Zk~12"'(’€"“1)’ (2.13)

where, the first term is the (squared) denominator of (2.9), the secénd term is the nu-

merator of (2.10) for A = k, and the last term is the denominator of (2.10) for A = k.

This proves Part (a) of the lemma.

The quantities 7;y.12..,x determine the next active covriate X(x11). Now,

ﬁ'£k+1) 12k = Z(tk+1)-12~~kZJ'-12---k/n
’ . Z€k+1).12~-kZ(k+1).12...k/n

(2.14)
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Because of orthogonality, the numerator of (2.14) can be written as:

1 1 '
;L‘X(tkﬂ)zj.u---k = 7—1—X(tk+1)(Xj — B X1 — BjeaZaa — .. Bikaz(k-1)Zk12-(k-1))

1 1 1
= Tjk+1) — ﬁjlﬁX€k+1)X1 - ,5j2.1ﬁX(tk+1)Zz.1 cee ﬂjk.lZm(k—l)EX(tk+1)Zk.12~-(k—1)

1 1
= Tje+1) — Tj17k1 — Bj2a ;L‘Z(tkﬂ),lzz.l T ﬁjk.m-u(k—l)EZ(tkH),lz...(k_l)Zk.12-~(1c—1);
where the §’s come from (2.10).for h = 2,...,k, and the other quantities are the numer-

ators of (2.10) for j =k +1,and h=2,... k.
-For the denominator of (2.14), we can use the relation

Zik1)12k = Z(ki1)12-(k-1) — Blk+1)k.12-(k—1) Zk.12-(k~1)5

\

which follows from (2.11) by replacing j = (k + 1). So, the denominator can be written

as

Z(tk“),lg.,.(k_l)Z(k+1).12---(1c-1)/n - 2/6(k+1)k.12---(k—1)Z(tk+1)_12...(k_1)Zk.12--~(k—1)/n 4

+ﬁ(2k+1)k.12---(k—1)Z/i.lz---(k—nZk.1;-~(k—1)/n>

where the first part is the (squared) denominator of (2.9) for j = k + 1, the second part
is the numerator of (2.10) for j = k + 1 and h = k, and the last part is the denominator
of (2.10) for h = k. Therefore, Bjk41).12..x is a function of original correlations. This

completes the proof. o - [ |
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FS steps in correlations

We can now summarize the FS algorithm in terms of correlations among the original

variables as follows:

1. To select the first covariate X,,,, determine m; = argmax |r;|.

2. To select the kth covariate Xmy, (b =2, 3, ...), calculate 7jy.m,..m,_,,> Which is pro-
portional to the partial correlation between X; and Y adjusted for X, , --- , X

y M1y

and then determine m; = argmax |rjy.m1...m(k_1) |.

Partial F-tests for stopping

At each F'S step, once the “best” covariate (among the remaining covariates). is identified,
we can perform a partial F-test to decide whether to include this covariate in the model
(and continue the process) or to stop. The new “bést” covariate enters the model only if
the partial F-value, denoted by Fpara, is greater than F(0.95,1,n — k — 1) (say), where
k is.the current size of the model including the new covariate. Here again, the fequired
quantities can be expressed in terms of correlations among the original variables, as we

show below.

| Suppose that X is already included in the model, and X; has the largest absolute
partial correlation with Y after adjusting for X;. To decide whether X, should be

included in the model we perform a partial F-test using the statistic Fpartia given by
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(Y _ /BYle)t(Y - /BYle) - (Y - ﬂYle - ﬁY2.1Z2.1)t(Y - /BYle - ﬁY?.lZ2.1)

E artial —
partial (Y = By1 Xy — By2.1221)' (Y — By1 X, — Bya1Z21)/(n — 3)

(” —3) (2 /6Y2.1Z§.1Y/n — :3}2/2.1Z5.1Z2.1/n)
1- T%Y - (2 ﬂY2.1Z§.1Y/” - ﬁs%mzé.lzzl/n) o

(n — 3) (By2125,Y/n)
1- T%Y — Bya.1Z5, Y /n

(” - 3).7:%1/.1

_ ’ ‘ | 2.15
1 =12y — 75y, ( )
where 79y.1 is expressed in correlations in (2.7).
Similarly, when (k—1) covariates X1, ..., Xs_; are already in the model, and w.l.o.g.

X} has the largest absolute partial correlation with Y after adjusting for Xi,..., Xx_1,

the partial F-statistic for X, can be expressed as:

(n—Fk-1) 7:1293/.12---(k—1)

—_p2 _F2 72
L =7y = Tova Tkyi12-(k-1)

Fpartial = > (216)

i
where the partial correlations can be expressed in terms of the original correlations using

Lemmd 2.1.

2.3.2 SW expressed in terms of correlations |

The SW algorithm starts as the F'S procedure. When there are at least two covariates in
the model, at each subsequegt SW step we either add a covariate, or drop a covariate,

or exchange two covariates, or stop.
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To decide whether to add a covariate, the partial correlations of each inactive co- -
variate X; with ¥ can be computed és in the case of F'S (see (2.12)) to berform a partial
- F-test (see (2.15) and (2.16)). To decide whether to drop an “active” covariate, we can
pretend that the active covariate under consideration entered the model last, and calcu-

late its partial correlations with Y (see (2.12), subscripts modified) to perform a partial

F-test (see (2.15) and (2.16), subscripts modified).

Once an “active” covariate is dropped, the “orthogonalizations” of the other covari-
ates (active or inactive) with this covafiate that were used before to derive the partial
correlations become irrelevant, and the order of the other active covariates in the model
cannot be determined. Foftunately, this does not create a problem to decide.the next
covariate, because, for example, 7jy.346 = Tjv.643- Therefqre, we can update all relevant

calculations considering the currently active covariates in any order.

Stopping criteria for SW. Unlike the FS algorithm where a stopping critverion
is “obtional” (we may choose to sequence all the covariates), SW has to have a built-in
stopping rule, because at each step we have tovdecide whether to add one covariate and/ ér
drop another.. We may choose two different theoretical F percentiles as the inclusion and

deletion criteria, e.g., F/(0.95,1,n—k; —1) and F(0.90,1,n— k, — 1), respect’ively7 where

k, and ko are the model sizes after inclusion and before deletion.

2.4 Robustification of FS and SW algorithms

In the last section we expressed the FS and SW algorithms in terms of sample means,

variances and correlations. Because of these non-robust building blocks, these algorithms
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are sensitive to contamination in the data, as shown by our simulation and real-data ex-
amples later on. A simple robustification of these algorithms can be achieved by replacing
the non-robust ingredients of the algorithms by their robust countérparts. For the ini-
tial standardization, fhe choices of fast computable robust center and scale measures are
straightforward: median (med) and median absolute deviation (mad). As mentioned ear-
lier, most available robust correlatibn estimafors are computed from the d¥dimensional
data and therefore are very t.ime consuming (see, for example, Rousseeuw and Leroy
1987). Robust pairwise approaches (Huber 1981) are not affine equivariant and, there-

fore, are sensitive to two-dimensional outliers.

One solution is to use robust correlations derived from a pairwise affine equivariant
covariance estimate. We consider an estimate  which is inspired by the computation-
ally suitable multivariate M-estimate proposed by Maronna (1976). We first present,

Maronna’s estimate below.

-Definition 2.1. (Maronna’s M-estimate of multivariate location and scatter)

Let us have n multivariate observations z;, 1 = 1, ..., n. Maronna’s M-estimate of the -

location vector t and scatter matriz 'V is defined as the solution of the system of equations:
IS @)z —1) = 0, | (2.17)
'n Z 3 1 ’ '
1 .
- > ua(d)(zi—B)(zi—t) =V, (2.18)
where d? = (z; — t)'V~Y(z; — t), and u; and uy satisfy a set of general assumptions.
For further computational ease, we considered the following simplified version of

the bivariate M-estimate. We used the coordinatewise median as the bivariate location

estimate and only solved (2.18) to estimate the scatter matrix and hence theicorrelation.
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We used the function uy(t) = u(t) = min(c/t,1) with ¢ = 9.21, the 99% quantile of a
X2 distribution. For the bivariate observations z; = (z;,%),% = 1, ..., n, the steps for

calculating this correlation estimate are presented below:

1. Calculate the medians mx and my, and obtain z; = (Z;,%;), ¢ = 1, ..., n, where

Z; = x; — mx, and §; = y; — my.

. s 0
2. Calculate the mads sy and sy, and set Vy = *

0 Sy

3. Calculate d? = 2, Vy ' 2;,4=1, ..., n. Then obtain V; = 1 >~ u(d?) 2; 2.
=1

4. Set Vy + V1.

ot

. Repeat steps 3 and 4.

We stop when [T(Vl) — (V)] < 8, where & > 0is a pre-selected small number, and 7’()

is the correlation coefficient calculated from the bivariate scatter matrix.

Finally, FS and SW algorithms are implemented using these robust pairwise corre-

lations.

Robust partial F-tests. We replace the classical cofrelations in the paftial F
statistic by their robust counterparts to‘form a robust partial F statistic. We conjecture‘
that the robust pairwise correlations appearing in the numerator of the F statistic are
jointly normal. Therefore, under the qull hypothesis, the robust F statistic is asymptoti-
cally distributed as x2. To assess our conjecture numerically, we conducted the following
simulation. We generated X;, ¢; and ¢ frorh a standard normal distribution. We then

generated Y = [y + (1 X7 + 0161, and Xy = 9 + 71.X1 + 0262, where (o, [1, v and 7
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are generated from a uniform distribution on (—-10,10), 0, is chosen so that the signal-

to-noise ratio equals 2, and oy is chosen so that X; and X, have a particular correlation

randomly chosen from a uniform distribution on (0,1). We generated 2000 datasets

of size 100, and calculated the robust partial F statistic for covariate X, in each case.
Figure 2.1 shows the ggplot of the robust partial F values against the theoretical x?
quantiles. Moreovér, the average and variance' of the robust F values are 0.99 (~ 1) and
2.02 (=~ 2), respectively. All 6f these support our conjecture. Therefore, we consider it
to be reasonable to use theretical F quantiles’as our stopping criteria for robust FS and

SW algorithms.

Robust partial F values

Theoretical chi-square quantiles

Figure 2.1: QQplot of the robust partial F values against the theoretical X7 quantiles.

2.4.1 Numerical complexity of the algorithms

If we sequence all d covariates, the standard FS procedure requires O(nd?) time. However,

when applied with a stopping criterion, the complexity of F'S depends on the number of
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covariates selected in the model. Assuming that the model size will not exceed a certain
number m < d, the c.omplexity of FS is less than or equal to O(ndm). Similarly, the

maximum complexity of SW is O(n(dm + m?)) = O(ndm).

Since we used the coordinatewise median as the bivariate location estimate, the
correlation based on Maronna’s M-estimate can be computed in O(nlogn + bnj time,
where b‘is the number of iterations required. Assuming that b does not exceed O(logn)
(convergence was achieved after‘ 3 to 5 iterations in our éimulationé),' the complexity
of this estimate is O(nlogn). As a result, the maximum complexity of robust FS is
O((nlogn)dm), and the maximum complexity of robust SW is O((nlogn)(dm + m?)) =
O((nlogn)dm).

/

Though all possible subsets regression is expected to select a better model (with
respect to predictive power) than any step-by-step algorithm, its computational Burder;1
is extremely high for large values of d, since it reqﬁires the fitting of all 2¢ — 1 submodels.
The complexity of the classical algorithms of this type is O(2¢nd?). Since robust model
selection methods proposed so far uses all possible subsets regression, the complexity

of the existing robust algorithms is O(2¢nd?) multiplied by the number of iterations

required for the robust fits.

2.4.2 Limitation of the proposed algorithms

The robust FS and SW procedures based on robust pairwise correlations proposed are
resistant to bivariate (correlation) outliers. However, they can be sensitive to three-

or higher-dimensional outliers, that is, outliers that are not detected by univariate and
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bivariate analyses. Also, the correlation matrix obtained from the pairwise correlation
approach may not be positive definite, forcing the use of correction for positive definite-

ness in some cases (see, e.g., Alqallaf et al. 2002).

It svhounld be emphasized here that these are very small prices to pay to make the
selection of covariates possible for llarge vélues of d. For example, in our simulations
(presented later) we used d = 50. It is impossible to apply all possible subset!s regression
on a dataset of this dimension. If one robust fit takes 0.001 cpu second; we would need

250 % 0.001/(3600 x 24 % 365) years to select the final model.

2.5 A simulation study

To compare our robust methods with the classical ones, we carried out a simulation study
similar to Frank and Friedman (1993). The total number of variables is d'= 50. A small
number a = 9 or a = 15 of them.are nonzero covariates. We considered 2 correlation
structures of these noﬁzero covariates: “moderate correlation” case and “no correlation”

case, which are described below.

For the moderate-correlation case, we considered 3 independent ‘unknown’ processes,
represented by latent variables L;, ¢ = 1, 2, 3,>which are responsible for the systematic

variation of both the response and the covariates. The model is
Y =7L; + 6Ly + 5L3 + € = Signal +¢, (2.19)

where L; ~ N(0,1), and € is a normal error not related to the latent variables. The

variance of € is chosen such that the signal-to-noise ratio equals 2, that is Var(e) = 110/4.
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The nonzero covariates are divided in 3 equal groups, with each group related to exactly

one of the latent variables by the following relation

Xj = Li+5j,

~ where d; ~ N(0,1). Thus, we have a true correlation of 0.5 between the covariates

generated with the same latent variable.

For the no-correlation case (a true correlation of 0 between the covariates), inde-
pendent predictors X; ~ N(0, 1) are considered, and Y is generated using the a non-zero
covariates, with coefficients (7,6,5) repeated three times for a = 9, and five times for

a=15.

For each case we generated 1000 datasets each of which was randomly divided into

a training sample of size 100 and a test sample of size 100.

Contaminafion of the training data. FEach of the d — a noise variables are
contaminated independently. Each observation of a noise variables is assigned probability
0.003 of being replaced by a large nﬁmber. If this observation is contaminated, then the
corresponding observation of Y is also replaced by a large ‘number. Thus, the probability
that any particular row of the training sample will be contaminated is 1 — (1 — 0.003)d‘“,

which is approximately 10% for ¢ = 15, and 11.6% for a = 9.

For each of the 4 methods (2 classical and 2 robust), we fitted the obtained model
on the training data, and then used it to predict the test data outcomes. We used MM-
estimator (Yohai 1987) to fit the models obtained by either of the robust methods, because
of its 'high breakdown péint and high efficiency at the normal model. For each simulated

dataset, we recorded (1) the average squared prediction error on the test sample, (2) the
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number of noise variables selected in the model, and (3) the total number of variables

selected in the model.

Table 2.1: Performance of the classical and robust methods in clean and contaminated
data for moderate-correlation case. The average (SD) of mean squared prediction error

(MSPE) on the test set and the number of noise variables (Noise) selected are shown.

a=9 a=15

Data Method MSPE Noise MSPE

Clean  FS 59.7 (12.0) | 4.9 (2.4) | 502 (9.3) | 4.3 (2.2)
SW 60,3 (12.3) | 4.8 (2.3) | 51.2(9.7) | 4.2 (2.1)
Rob FS | 60.4 (12.2) | 5.1 (2.6) | 51.5 (10.3) | 4.7 (2.5)
Rob SW | 61.1 (12.8) | 5.0 (2.5) | 52.8 (10.5) | 4.6 (2.4)

Contam FS 157.6 (40.8) | 13.6 (3.1) | 134.5 (32.9) | 11.7 (2.9)
SW 158.4 (41.3) | 13.4 (3.0) | 136.3 (33.3) | 11.6 (2.8)
Rob FS | 94.9 (27.9) | 2.5 (2.9) | 78.9 (23.7) | 1.6 (2.9)
Rob SW | 95.1 (27.8) | 2.4 (2.8) | 79.3 (23.4) | 1.5 (2.6)

Table 2.1 shows the average (sd) of the first two quantities mentioned above over
all generated datasets for the moderate-correlation case. The average (sd) of the third
quantity (total number of variables) is similar for all the methods in the clean data.
However, for the contaminated data, the average increases (decreases) for the classical
(robust) methods. For example, for a = 15, the average for the classical methods increases

from 13 to 17 (approximately), while for the robust methods it decreases from 13 to 6.

. In general, 'F-S performs as good as SW, and robust FS performs as good as robust
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SW. For the clean data, the performance of robust FS (SW) is comparable to standard FS
(SW). For the contaminated data, the test errors produced by robust methods are much
smaller than the classical ones. Also, the models obtained by robust methods contain

fewer noise variables than the classical ones.

Table 2.2: Performance of the classical and robust methods in clean and contaminated
~data for no-correlation case. The average (SD) of mean squared prediction error (MSPE)

on the test set and the average number of noise variables (Noise) selected are shown.

a=29 a=15
Data, Method MSPE Noise MSPE Noise
| Clean . FS 55.6 (11.6) | 5.0 (2.4) | 107.0 (21.7) | 4.6 (2.3)
SW 55.8 .(11.8) | 4.8 (2.3) |108.1 (22.1) | 4.3 (2.1)
Rob FS | 56.5 (12.4) | 5.1 (2.6) | 109.9 (21.6) | 4.8 (2.4)
Rob SW | 56.7 (12.8) | 4.9 (2.5) | 108.4 (22.4) | 4.6 (2.3)

Contam FS 161.8 (38.1) | 13.6 (3.0) | 206.7 (
SW 162.5 (37.5) | 13.4 (2.8) | 297.9 (
Rob FS | 72.5 (13.9) | 2.1 (2.4) | 1241 (1
Rob SW | 72.6 (13.8) | 2.1 (2.3) | 124.2 (

Table 2.2 presents the results for the no-correlation case. Here, robust FS and SW
more drastically outperform the standard FS and SW, as compared to the moderate-
correlation case. Note that the errors presented in this table are not comparable to those
of Table 2.1 since Y is generated using the non-zero covariates (a = 9 or a = 15), instead

of the 3 latent variables. Thus, Y-has much more variability for a = 15 than for a =.9.
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2.5.1 Model selection with Spearman’s p and Kendall’s 7

‘In Section 2.3 we expressed the classical F'S and SW algorithms in terms of the corre-
lation matrix of the data. In Section 2.4 we feplaced these correlations by their robust

counerparts to obtain robust FS and SW.

We can also consider replacing the classical correlations in FS and SW by Spearman’s
| p or Kendall’s 7, since they are standard estimates of association that are invariant to
monotone transformations of the data. They may be good options for variable selection
when there is skewness in the data and no cluster of multivariate outliers. A small
simulation study (not presented here) indicates that ‘the méthods based on Spearman’s p
and Kendall’s 7 may perform better than the classical FS and SW. Further study is
required to investigate their performance as model building tools and compare them

with classical and robust F'S and SW.

It should be mentioned here that Spearman’s p can be computed in O(nlogn) time,
the same as the adjusted-Winsorized correlation estimate (the new correlation estimate
proposed later in this thesis). Though Kendall’s 7 separately examines each of the )
(order of m?) pairs of bivariate observations, there is an algorithm that can calculate

Kendall’s 7 in O(nlogn) time (Knight 1966).

2.6 Examples

In this section, we used two real-data examples to show the robustness and scalability of

our algorithms.
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Executive data. This dataset is obtained from Mendenhall and Sincich (2003).
The annual salary of 100 executives is recorded és Well as 10 potential predictors (7
quantitative and 3 qualitative) such as education, experience etc. We label the candidate
predictors from 1 to 10. Classical F'S (with Fyg as the inclusion critefion) and - SW (With.
Fug as béth inclusion and aeletion criterion) both select the covariates: (1,3,4,2,5).
Robust FS and SW (also with Fyg as incl’usion and deletion criterion) select the same

model.

We then contaminated the data by replacing one small value of predictor 1 (less
than 5) by a large value 100. When FS and SW are applied to the contaminated
data, they both now select a larger set of variables: (7,3,4,2,1,5,10). Thus, changing a
single number in t}‘lé data set drastically changeé the selected model. On the other hand,
robust FS and SW select the same model, (1,3, 4,2, 5), when applied to the contaminated

dataset.

P.article data. This quantum physics dataset was used for the KDD-Cup 2004.
Each of n = 50000 data-points (rows) describes one “example” (particle generated in
a high energy collider experiment). There are 80 variables in the data: Example ID,
class of thé example (positive examples are denoted by 1, negative examples by 0), and -
78 feature measurements. We considered only the feature variables in our analysis. We
deleted 13 of the features (either because they have a large number of missing values, or
they are degenerate with all observations equal to 0), and used the first feature as the
response. Thus, there are 64 covariates and one response in the selected déta. Though

" this analysis may not be of particular scientific interest, it will demonstrate the scalability

and robustness of our algorithms.
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We first applied the four algorithms to a training sample of size n = 5000. The
remaining 45000 cases will be used as a test sample. The classical FS and SW (with Fpg

criterion) select the same model. It contains the following 25 covariates:
(2,60,58,18,8,4,51,53,1,59, 5,20, 10,6, 62,19, 38, 46, 39, 47, 21, 36, 50, 48, 37).

With Fj g5 criterion, the model has 23 covariates. Interestingly, only one covariate is
selected by robust FS and SW (with either Fyg or Fygs criterion): Covariate 1.} The
reason for this drastic difference is as follows. The robust correlation of ¥ and Covariate
1is 0.86, while the classical correlé,tion'between these variables is only 0.42. About 86%
of the values of thé response variable and 88% of the values of Covariate 1 are equal to
zero. There are many zeroes in other covriates as well. Classical methods fail to identify
this unusual pattern in the data and therefore are unable to select a parsimonious model -
that fits well the majority the data (as oi)posed to all the data). The robust methods,
on the other hand, successfully detect the unusual pattern and select a model cdpable of

predicting well 90% of the data as explained below.

We fitted the selected classical and robﬁst models using the training data, and
then used them to predict the test data outcomes. The 5% and 10% trimmed means
- of squared prediction errors for the classical and (robust) models are: 0.012 (0.043) and
0.008 >(0.005), réspeétively. That is, the robust model with ‘only oné covariate predicts

90% ofl the data better than the classical model with 25 covariates.

To illustrate the scalability of our algorithm we also used a training sample of size
n = 25000. This time, classical FS and SW select a model of 30 cqvariates, and robust
FS and SW both select one covariate, in this case covariate 2 instead of covariate 1.

(Covariates 1 and 2 have robust correlations 0.82 and —0.85 with Y, respectively.)
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2.7 Conclusion

The main contribution of this chapter is that we developed robust step-by-step algorithms
as one-étep rhod_el-building procedures; Classical step—by—step algorithms FS and SW are
popular and computationally suitable, but they are sensitive to outliers. We expressed
these algorithms in terms of sample means, variances and correlations, and obtailned
simple robust versions of F'S and SW by replacing these sample quantities by their robust

counterparts. We used robust partial F-tests for stopping during the implementation of

- the proposed robust algorithms.

For the construction of the robust correlation matrix of the required covariates
we used a pairwise approach, because it is both computationally suitable, and more
consistent with the idea of step-by-step algorithms. We used robust correlations derived

from a simplified version of Maronna’s bivariate M-estimator of the scatter matrix.

Our robust methods have much better performance compared to the standard FS
and SW algorithms. Also, they are computationally very suitable, and scalable to large

dimensions.
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Chapter 3

Two-step Model Building:
Robust Sequencing with Least Angle

Regression

3.1 Introduction

In this chapter, we will consider the first step (sequencing) of the two-step model building
procedure. The candidate covariates will be sequenced to form a list such that the good
predictors are likely to appear at the beginning of the list . The first m covariates of the

list will form the reduced set which will be studied further in the next chapter.

We need a suitable step-by-step algorithm to sequence the covariates. We focus on

the powerful algorithm recently proposed by Efron, Hastie, Johnstone and Tibshirani
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(2004), which is called Least Angle Regression (LARS). LARS is computationally effi-
cient and has been shown to have clear statistical advantages over other step-by-step

“algorithms. -

Since LARS is based on sample means, variances and correlations (as will be shown
later), it yields poor results when the data are contaminated. This is a potentially
serious deficiency. Therefore, we propose several approaches to strengthen the robustness
properties of LARS without affecting its computational efficiency too much, and compare

their behavior.

The rest of this chapter is organized as follows. In Section 3.2, we review LARS in
details. In Secﬁon 3.3, we express the LARS procedure in terms of the correlation matrix
of the data. In Section 3.4, we illustrate LARS’ sensitivity to outliers and introduce two
~ different approaches to robustify LARS. A small simulation ‘stuay is also presented here
to comparé the performance and the computing time of LARS to those of the two robust
approaches. In Section 3.5, we investigate the selection of the size of the reduced set.
of candidate predictors. Section 3.6 proposes to use bootstrap to stabilize the results
obtained by robust LARS. Section 3.7 introduces “learning curves” as a graphical tool
to choose the size of the reduced set. Section 3.8 contains some real-data applications.

Section 3.9 concludes and the chapter appendix contains some technical derivations.

3.2 Review: Least Angle Regression (LARS)

Least Angle Regression (LARS), proposed by Efron, Hastie, Johnstone and Tibshirani

(2004), is closely related to another new algorithm called Forward Stagewise (Hastie,
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Tibshirani and Friedman 2001, Chapter 10). To better understand LARS, we will review

‘the Forward Stagewise procedure in details.

3.2.1 Forward Stagewise procedure (Stagewise)

The Forward Stagewise procedure (Stagewise) is related to the classical algorithm For-
ward Selection (FS). In FS, when the first predictbor (X1, say) is selected, all other
predictors are regressed on X;, and the residual vectors compete for the next entrance
in the model. This causes a problem. Important predictors that happen to be cofrelated
with X; are eliminated from the competition in many cases, which the researchers usually

want to avoid. In this sense, F'S is an aggressive model-building algorithm.

The Forward Stagewise procedure is a less aggressive version of F'S. Unlike FS; the
Stagewise procedure takes many tiny stéps to move towards a final model. We take the
zero vector as the initial prediction. If X; has the largest absolute correlation with Y,
we modify our prediction by moving a ‘small’ step in the (iircction of X;. We obtain the
new residual vector and repeat the process, until the required ﬁumber of predictors are

selected.” The goal is to obtain the order in which the variables enter the model.

We can assume, without loss of generality, that the covariates have mean 0 and
variance 1, and the response has mean 0. Let ¢ be a positive constant, typically small
(less than the absolute value of the regression coefficients). The Stagewise algorithm can

be described as follows:

1. Set the prediction vector, 1 = 0.
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2. Calculate & = X; (Y —f1), j=1,...,k,

where ¢; is proportional to the correlation between X ; and the current residual.

3. Let m = argmax; |¢;|. Modify the current prediction vector as follows:
o f1+ € sign(ém) Xom,
where ¢ is a positive constant.

4. Repeat steps 2 and 3.

At each step, the algorithm updates the prediction, and keeps track of the sequence
of covariates as they enter the model. Notice that at each Stagewise step, we maximize
the correlation of the current residual vector with a covariate, which is equivalent to

minimizing the ‘local loss’
' n

S (¥ i — B - )

i=1

over all j. (Because of standardizafion, Bm is proportional to é.)

Stagewise and FS: loss comparison

Both Stagewise and F'S select the same variable in their first steps, because they minimize
the same loss function. Suppose, the selected variable is X7, i.e., its loss S (Y — 61X1)?
is minimum. Let us consider that, after many e-steps alohg X1, Stagewise is about to
choose a second variable from the contenders Xy, ..., Xg. On thev other hand, for the
. second step, FS considers Za, ..., Zq, which are the residuals of the corresponding co-

variates after being adjusted for X;. To choose the second variable, FS minimizes the
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loss
n

Z (Y, — p1 X0 — ﬂiji)Z )
i=1 '
which is same as the loss _
ST (Y- B X - B X5)" (3.2)

i=1
Note that 87 is usually different from (3;. The loss used in Stagewise is
i ‘ . 2 :

> (Yi - BiXu - ,Biji) : - (33)

i=1
This loss depends on our position on the Xj-vector controlled by €. By choosing a small
€, we ensure that 8¢ < (%, so that the variables correlated with X; have more chance
of staying in the competition. (It_ should be noted that we are not ‘fitting’ a model.
We are ‘Sélecting’ the covariates.) The. minimizer of the Stagewise loss cannot beat the
minimizer of the FS loss (see equation (3.2)), at least at this stage. This means, if FS
chooses (X, X;) and Stagewise selects (X7, X3), then FS will yield a greatver value of R?.
Because, FS technically considers the residual sﬁm of squares of the final fit (equation |
(32)) However, this is not necessarily true for the next stage if F'S selects (X1, Xa, X4)
(for example), and Stagewise selects (X1, X3, X5). (Because, this Stagewise combination .
has not been considered by FS so far in any order. In other words, F'S has taken a different

path.)

Greater R? does not necessarily imply more prediction accuracy. Moreover, FS
cannot guarantee greater R? for a particular subset size in all cases. Therefore, orthog-
onalization of the Subsequent covariates with respect to the active ones is not usually

meaningful. This is why researchers often préfer Stagewise to F'S.
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Stagewise and Boosting

Boosting, originally developed for classification problems, is a procedure that combines
the output of many “weak” classifiers to produce a powerful “committee” (Hastie et al.
2001, Chapter 10). In the general setup, boosting is a way of predicting ¥; by combining

a set of simple “basis” functions additively:

) K
fl@)=> Bz, ou), k=1,... K, (3.4)
k=1

where [ are the expansion coefficients, and b(x, ;) are real-valued functions of multi-

variate & with parameters ay. Usually, f(x) is fitted by considering a loss function

which is minimized with respect to f¢’s and ey’s. Often, this is computationally intensive,
and the solution to (3.5) is approximated by sequentially adding new basis functions
without adjusting the parameters and expansion coefficients of the existing ones. In this

approach, at each iteration k, one updates

Fe(@i) = fo1(xs) + Beb(xi, o)

by minimizing the loss

Z L (Y;, flc—l(mi) + ﬁkb(wi, ak)) . : (36)

Ti=1

In Regularized boosting, one uses a parameter € to control the “learning rate” of the

boosting procedure:
fel@s) = fro1(zs) + eBrb(zi, o). (3.7)

The Stagewise algorithm discussed before is very similar to this regularized boosting,

where we use squared error loss for L in (3.6), K (see (3.4)) is the number of e-steps
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in Stagewise, b(x;, ax) = zk; (the ith observation of covariate X() chosen in the kth

iteration, not necessarily same as Xj), and §; in (3.7) is replaced by sign{g}.

Choice of an appropriate ¢ for Stagewise

The choice of an appropriate € is a problem with the Stagewise procedure, and is the
motivation for LARS. If € is ‘small’, the number of Stagewise steps to reach a final model
‘may be very large, increasing the computational burden of the algorithm. On the other

hand, if € is ‘large’, we have either or both of the following two problems:

‘Incorrect’ ordering of predictors: If ¢ — |é,|, Stagewise will aggressively throw

covariates correlated with X,, out of the competition.

A closed loop: In many cases, after the selection of the mth (say) covariate, the
remaining prédictors (that are not yet selected) have very small correlations with the
current residual vector. Suppose that the correlation of the currently selected predictor
X, 1s positive. If € is large, when we make an ‘e-step’ in the direction Qf ‘+X,,’, the
correlation of X, with the updafed residuals becomes negative and larger in absolute
value than that of any otHer competitor. Thus, t};e néxt Stagewise step is to make an

‘e-step’ in the direction of ‘—X,,’. These back-and-forth movements may go on endlessly.

Even when there is no closed loop, the Stagewise procedure may require hundreds
of tiﬁy steps to reach the final model. Therefore, this algorithm is not computationally

suitable. LARS overcomes this problem by taking a mathematical approach.

41




3.2.2 The LARS algorithm

LARS uses a mathematical formula to accelerate the computations in the Stagewise‘
procedure. Suppose, the first selected predictor in Stagewise is X; (i.e., X; has the
largest absolute correlation with Y'). If we choose a ‘small’ €, there will be at least

several Stagewise steps in the direction of the vector X;. A second predictor X, (say)

- will come in the picture as soon-as we cross a certain point in the direction of X, a point

at which both X; and X, have equal absolute correlation with the residual. LARS uses a

- mathematical formula to determine that point, and the prediction is modified by making

a move up to that point in a single step.

In Stagewise, when a .second predictor X, enters the model for the first time, we
make a few small steps in the directioﬁ of X3, but then X; becomes more correlated with
the residual, and we move in the direction of X;. Thus, we alternate between the two
directions, technically maintaining approximately equal absolute corre_léttions éf X; and
X, with the residual (until a third predictor comes into the picture). LARS, on the other
hand, mathematically determines a direction that has equal angle (correlationj with X,
and X5, and makes the second LARS move along that direction upto a point (determined
mafhematically, again) at which a third predictor X3 has equal absolute correlation with

the residual vector, and so on.

For the original LARS algorithm, Efron et al. (2004) is referred to, which is designed
to get the modified pfedictions at each step, in addition to the sequence of the covariates
as they enter the model. In Section 3.3 we show that, if we are interested in the ordering
of the covariates only (and not the modified pfedictions), the algorithm can be expressed

in terms of the correlation matrix of the data (and not the observations themselves).
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3.2.3 LARS and Shrinkage methods
LARS and Ridge Regression

If there are many correlated variables in a linear model, the estimates may show high
variance. This can be prevented by imposing a restriction on the size of the coefficients.
The ridge regression (Hoerl and Kennard 1970) minimizes a penalized residual sum of

squares
n

| d
Y (Y- Bz +2) 6,
ij=1

=1

where A is the parameter that controls the amount of shrinkage.

Ridge regression shrinks the coefficients towards zero, but does not set some coeffi-
cients exactly equal to zero. Therefore, it is not suitable for subset selection, and cannot
be compared to LARS. By imposing a different penalty, the Lasso algorithm (Tibshirani

1996) forces some of the coefficients to zero, which is presented below.

" LARS and Lasso

The Lasso (Tibshirani 1996) estimates are obtained by minimizing
n | d
> (Y- B+ 2D 16l (3.8)
i=1 j=1 -

Moderate to large A will cause some of the Lasso coefficients to be exactly zero, others

will be smaller in magnitude than the corresponding least squares estimates.

Interestingly, the estimates (and the sequance of the covariates) obtained by LARS

and Lasso are usually quite close, if not the same. The reason has not been established
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mathematically, though if is clear that both\ algorithms can be viewed as less aggressive
versions of the FS procedure. Efron et al. (2004) suggested a modification in the LARS
algorithm that will yield the Lasso solution.,which is as follows. Let 8 be the current

Lasso estimate, and gt = X ,B Then, for the Lasso estimates,
sign(f;) = sign (corr(Y — &, X)),

which is not necessarily true for the LARS estimates. This restriction should be enforced

in the LARS algorithm if we want the Lasso solution.

To better understand the LARS-Lasso relationship, let us consider the following
definition of the Lasso estimate, which is equivalent to (3.8).

Brasso = argming Z(Y; - B'z,)?, (3.9)

i=1

d
subject to Z 18| < t.

- J=1
The ‘tuning parameter’ ¢ is varied over a certain range. Ift > Z?Zl |B;s|, where ,3;5 are
the least squares estimates, then the Lasso estimates are the least squares esfimates.
For a LARS—LaSéo comparison, suppose that LARS has selected the first covariate s;.X;.
(LARS considers the ‘signed covariates’ to determine the equiangular vectors later.j To
select the second covariate, LARS mathematically determines the minimum distance vy
to move along s;X; so that a new covariate s, X, (say) is equally correlated with the
residual vector. We may assume that v is determined first .(as in Stagewise, where we

make many e-steps to obtain G, (see 3.3)) so that LARS loss can be written as

Z (Y; — vs1 X — B; Xj)" = Z (Y — v X1 — B Xj0)° (3.10)
i=1 i=1
where 7 = 2, ..., d, and v, = s is a restricted regression coeffcient. Since || is the

minimum distance (determined mathematically) to move before a second variable enters
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the model, a comparison of (3.10) and (3.9) makes it evident that, in the Lasso algorithm,.
t < |v| = only X; is in the model (only 3, is nonzero).

In LARS, when we have two active covariates s;.X, and s; X5, we modify our prediction

by moving along the equiangular vector B4 upto a point 4, so that the LARS loss has

the form
; (Yz — %5 X1 — YaBai — 8; X i)
i=1 .
= Y '(Y},— Y X1i — Ya(wis1 X1 + was2X2;) — lﬁjX‘ji)2
i=1
- zn: (Y5 = (v + yawr)s1. Xy — vawasa Xoi — 5ij¢)2, (3.11)
i=1

"where j = 3, ..., d, and @1 and.wg are given by ‘(3.21) (see Chapter Appendix, Sec-

tion 3.10.2). Again, since 7,4 is the minimum distance to move along B4 before a third

covariate comes in the picture, by comparing (3.11) and (3.9) we can say
l7s] <t < |vs| + |va(wi + wy)| = only X; and X, will be in the model,

~and so on. Note that [(7+vaw;)s1|+|yawesa] = |vs|+|va(w: +w2)|; since v, y4, w; and -
" we are all po;iti\}e at this stage. (The w; may not be all positive for higher dimensions.)
Thus, it is not surprising that LARS and Lasso sequences agree in most cases. However;
Lasso requires a computationally expensive quadratic programming technique to -obtain
the estimates, while the computational cosf of LARS is comparable to the ordinary least

squares applied to the full set of covariates.
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LARS and Boosting

For a comparison of Stagewise and boosting we refer to Section 3.2.1. Since LARS is a
mathematical solution of the Stagewise problem, the LARS algorithm maybe considered

as a mathematical alternative to a regularized boosting algorithm.

3.3 LARS expressed in terms of correlations

In this section, we show that the sequence of covariates obtained by LARS can be derived

from the correlation matrix of the data (without using the observations themselves).

Let Y, X;,..., X  be the variables, standardized using their mean and standard de-
viation. Let r;y denote the correlation between X; and Y, and Rx be the correlation

matrix of the covariates Xy, ..., X4. -Suppose that X,, has the maximum absolute corre-

- lation 7 with Y and denote s,, = sign(r,,y'). Then, X,, becomes the first active variable

and the current prediction f& <— 0 should be modified by moving along the direction of
S$mXm upto a certain distance y that can be expressed in terms of correlations betWeen
the variables (see Chapter Appendix, Section 3.10.1, for details). By determining -,
LARS simultaneously identifies the new covariate that will enter the model, that is the
second active variable. |

. -

As soon as we have more than one active variable, LARS modifies the current
prediction along the equiangular direction, that is the direction that. has equal angle
(correlation) with all active covariates. Moving along this direction ensure that the

current correlation of each active covariate with the residual decreases equally. Let A

46



be the set of .subscripts corresponding to the active variables. In Chapter Appendix
(Section 3.10.2) the standardized equiangular vector B, is derived. Note tvhat we do not
need the direction By itself to decide which covariate enters the model next. We only
-need the correlation of all variables (active and inactive) with B4. These correlations
can be expressed in terms of the correlation matrix of the variables as shown in Chapter
Appendix (Sectioh 3.10.2). LARS modifies the current prediction by moving along By
upto a certain distance 4 which, again, can be determined from the correlations of the

variables (see Chapter Appendix, Section 3.10.3).

Thus, the sequence of covariates obtained by the LARS algorithm is a function of
the correlation matrix of the standardized data. We now summarize the LARS algorithm
in terms of correlations r;y between X; and Y, and the correlation matrix Ex of the

covariates:

1. Set the active set, A = (), and the sign vector s4 = 0.
2. Determine m = argmax |rjy|, and s, = sign{r,y }. Let r = sprmy.
3. Put A< AU{m}, and s4 = s4U {smm}.

4. Calculate a = [l’A(D,;RADA)_llAI]*l/Q, where 14 is a vector of 1’s, D4 = diag(s,),
and R4 is the submatrix of Ry corrésponding to the active variables. Calculate
wa = a (DaRaDa)'14, and a; = (Darja)wa, for j € A€, where ';'jA is the
vector of correlations between X; and the active variables. (Note that, when there
is only one active covariate X,,, the above quantities simplify to a = 1, w = 1, and

G,j = ij-)

5 For j € A calculate v = (r — rjv)/(a — q5), and 7; = (r +r5v)/(a + a ),
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and let v; = miﬁ(vf,'y;). Determine v = min{fyj,'j € A°}, and m, the index
corresponding to the minimum vy = 7. If v, = v}, set s, = +1. Otherwise, set

sm = —1. Modify r <~ r — va, and r;y < r;v — 7va;, for j € A°.

6. Repeat steps 3, 4 and 5.

3.4 Robustification of LARS

From the results in Section 3.3, it is not surprising to see that LARS is sensitive to
contamination in the data. To illustrate this, we use a dataset on executives obtained
from Mendenhall and Sincich (2003). The annual salary of 100 executives is recorded
as well as 10 potential predictbrs_ (7 quantitative and 3 qualitative) such as education,
experience etc. Wé label the candidate predictdrs from 1 to 10. LARS sequences the
covariates Iin the following order: (1,3,4,2,5,6,9,8,10,7). We contaminate the data by
replacing one small value of predictor 1 (less than 5) by the large value 100. When
LARS is applied to the contaminated data, we obtain the following completely different
sequence of predictors: (7,3,2,4,5,1,10,6,8,9). Predictor 7, which was selected last
(10th) in the clean data, now enters the mc;del first. The position of predictor 1 changes
from first to sixth. Predictors 2 and 4 interchange their placés. Thus, changing a single
number in the data set completely changes the prédictor sequence, which illustrates the

sensitivity of LARS to contamination.

We now introduce two approaches to robustify the LARS procedure which we call

the plug-in and cleaning approaches respectively.
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3.4.1 Robust Pl~ug-in

The plug-in approach consists of replacing the non-robust building blocks of LARS (mean,
~ variance and correlation) by robust counterparts. rAI‘he choices of fast computable robust
center and scale measures are straightforward: median (med) and median absolute devi-
ation (mad). Unfortunately, good available robust correlation estimators are computed
from the d-dimensional data and therefore are very time consuming (see Rousseeuw and
Leroy 1987). Robust pairwise approaches (see Huber 1981) are not affine equivariant and
therefore are sensitive to two-dimensional outliers. One solution is to use robust correla-
tions derived from a pairwise affine equivariant covariance estimator. A computationally |
efficient choice is a bivariate M-estimator as defined by Maronna (1976). Alternatively,
a bivariate correlation estimator can be computed from bivariate Winsorized data. Both

methods will be explaihed in detail below.

M Plug-in

Maronna’s bivariate M-estimator of the location vector ¢ and scatter matrix V is defined
~in Chapter 2. Tt is affine equivariant and computationally efficient, and has breakdown
point 1/3 in two dimensions. As before, to further simplify computations, we used
the coordinatewise rﬁedian as the bivariate location estimate and only solved (2.18) to
estimate the scatter matrix and hence the correlation. In this equatidn we used the
function uy(t) = min(c/t,1) with ¢ = 9.21, the 99% quantile of a x2 distribution. The
bivariate correlations aré then ensembled to form a d x .d correlation matrix R. Finally,

LARS is applied to this robust correlation matrix. We call this the M plug-in method.
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Figure 3.1: . Limitation of separate univariate-Winsorizations (¢ = 2). The bivariate

outliers are left almost unchanged.

W Plug-in

For very large, high-dimensional data we need an even faéter robust correlation es-
timator. Huber (1981) introduced the idea of one-di‘mensional Winsorization of the
data, and suggested that classical correlation coefﬁcienﬁs be calculated from the trans-
fofmed data. Alqallaf, Konis, Martin and Zamar (2002) re-examined this approach for
the estimation of individual elements of a large-dimension correlation matrix. For n
univariate observations T1, Tg -y Tn, the transformation is given by u; = 9.((z; —
med(z;))/mad(z;)), i =1,2,...,n, where the Huber score function 1), (z) is defined as
Y, (z) = min{max{—c, z}, ¢}, with ¢ a tuning constant chosen by the user, e.g., ¢ =2 or

¢ = 2.5. This one-dimensional Winsorization approach is very fast to compute but un-
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fortunately it-does not take into accoﬁnt thfe orientation of the bivariate data. It merely
brings the outlying observations to the boundary of a 2¢ x 2c square, as shown in Fig-
ure 3.1. This plot clearly shows that the univariate approach does not resolve the effect.
of the obvious outliers at the bottom right which are shrunken to the corner (2, —2), and
thus are left almost unchanged.

i

To remedy this problem, we propose a bivariate Winsorization of the data based
on an initial tolerance ellipse for the majority of the data. Outliers are shrunken to the
border of this ellipse by using the bivariate transformation u = min(\/m, 1) x
with = (z1, z2)*. Here D(x) is the Mahalanobis distance based on an initial bivariate
cofrelation matrix Ry. For the tuning constant ¢ we used ¢ = 5;99, the 95% quantile
of the x2 distribution. We call this the W plug-in method. The choice of Ry will be

discussed below.

Figure 3.2 shows bivariate Winsorizations for both the complete data set of Fig-
ure 3.1 and the data set excluding the outliers. The ellipse for the contaminated data is
only slightly larger than that for the clean data. By using bivariate Winsorization the

outliers are shrunken to the boundary of the larger ellipsoid.

The initial correlation estimate. Choosing an appropriate initial correlation
matrix Ry is an essential part of bivariate Winsorization. For computational simplicity
we can choose the estimate based on univariate Winsorization explained above. However, .
we propose an adjusted Winsorization method that is'more resistant to bivariate outliers.
This method uses two tuning constants: a tuning constant c¢; for the two quadrants
that contain the majority of the standardized data and a smaller tuning constant c;

for the other two quadrants. For example, c¢; is taken equal to 2 or 2.5 as before and
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Figure 3.2: Bivariate Winsorizations for clean and contaminated data.. The ellipse for

the contaminated data is only slightly larger than that for the clean data.

c2 = hey where h = my/ny with n; the number of observations in the major quadrants

and ny = n — ny;. We use ¢; = 2 in this chapter.

Figure 3.3 shows how the adjusted Winsorization deals with bivariate outliers, which
are now shrunken to the boundary of the smaller square. Thﬁs, adjusted Winsorization '
handles bivariate outliers much bettér than univariate Winsorization. The initial correla-
tion matrix Ry is obtained by computing the classical correlation matrix of the adjusted

Winsorized data.

It should be mentioned here that, though we used ¢, = hc; in this study, a more
reasonable choice would have been ¢; = Vhe, (ie., ¢ = he?), because the areas of the

two squares should be proportional to the number of observations they contain.
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Figure 3.3: Adjusted-Winsorization (for initial estimate Ry) with ¢; = 2, ¢; = 1. The

bivariate outliers are now shrunken to the corner of the smaller square.

Note that the correlations based on both uni\‘fariate— and adjusted-Winsorized Idata
can be computed in O(nlogn) time. The adjusted-Winsdr_ized estimate takes slightly
more time for a particular n, but is much more accurate in the presehce of bivariate
outliers as shown above. Bivariate-Winsorized estimate and Maronna’s M-estimate also

require O(nlogn) time, but Maronna’s M-estimate has a larger multiplication factor de-

bperiding on the number of iterations required. Thus for large n, the bivariate-Winsorized

estimate is much faster to compute than Maronna’s M-estimate. Figure 3.4 shows for each
of the four correlation estimates the mean cpu times in seconds (based on 100 replicates)
for 5 different sample sizes: 10000, 20000, 30000, 40000 and 50000. T hese results confirm
that the bivariate-Winsorized estimate is faster to compute than Maronna’s M-estimate

and the difference increases with sample size. Numerical results (not presented here)
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Figure 3.4: Numerical complexity of different correlation estimates. Each estimate can be

computed in O(nlogn) time, but Maronna’s estimate has a larger multiplication factor.

showed that the bivariate-Winsorized estimate is almost as accurate as Maronna’s M-
estimate also in the presence of contamination. Note that both the univariate- Winsorized

and adjusted-Winsorized correlations are very fast to compute.

3.4.2 Robust Data Cleaning

If the dimension d is not extremely large, an alternative approach to robustifying LARS
is to apply it on cleaned data. For example, each standardized d-dimensional data point
x = (z1,...,1q)" can be replaced by its Winsorized counterpart u = min(y/c¢/D(z), 1)

in the d-dimensional space. Here D(x) = «!V ~'z, is the Mahalanobis distance of & based
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on V, a fast computable, robust initial correlation matrix. A reasonable choice for the

tuning distance c is ¢ = x5(0.95), the 95% quantile of the x? distribution.

The initial correlation matrix V. The choice of the initial correlation matrix
V is an essential part of the Winsorization procedure. Most available highvbreakdéwn,
affine-equivariant methods are inappropriate for our purposes because they are too com-
putationally intensive. Therefore, we resort to pairwise approaches, that is methods in
which each entry of the correlation matrix is estimated separately (see Alqallaf et al.
2002). As before we will use a bivariate M-estimator or the bivariate windsorized esti-
mator to calculate the correlations in V. The resulting methods are called M cleaning

and W cleaning, respectively.

3.4.3 Simulations

To investigate the performance and stability of the four proposed methods we consider
a simulation study involving a small number of variables. We used the following design
(see Ronchetti et al. 1997). The error distributions considered are (el) standard normal,
(e2) 93% from standard normal and 7% from N(0, 52), (e3) standard normal divided by

a uniform on (0,1), and (e4) 90% from standard normal and 10% from N(30,1).

‘Two design matrices are considered: the uniform design for which the columns are
generated from a uniform distribution on (0, 1), and the leverage design which is the same
as the uniform design except that it contains a leverage point. Six variables are uéed
from which .the first three are nonzero and in order of importance. The true regression

coefficients for the nonzero variables are 7, 5 and 3, respectively. The sample size equals
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Table 3.1: Percentages of correct sequences obtained by classical and robust methods for

univariate and leverage designs with 4 different error distributions.

Uniform 'Leverage
Method Clel €2 €3 ed| el €2 €3 ed
LARS E 97 8 11 8| 0 1 41 2
LARS G 100 89 26 24| 0 2 5 7

Mplugsin E | 95 97 53 87| 96 96 49 87
M plug-in G 99 99 T4 95| 99 99 68 95

W plug-in E 96 97 58 78| 92 85 46 59
Woplug-inG | 99 99 77 89| 94 86 61 68

M cleaning E | 96 98 55 89| 96 97 50 87
M cleaning G | 99 99 77 97100 98 73 97

W cleaning E | 96 98 54 82| 96 94 52 83
W cleaning G | 99 99 76 92| 98 96 71 92

n — 60 and we generated 200 déta sets for each setting. We used two performance
measures which we call exact (E) and global (G). The exact measure gives the peréentage
of times a procedure sequences the important variables in front and in their true order.
The global measure gives the percentage of times a procedure sequences the important

variables in front in any order.

Table 3.1 shows the simulation results. For error distribution el (standard normal),
the performance of the robust methods is almost as good as that of standard LARS.

For the heavy tailed distributions the robust methods drasticaily outperform LARS. -
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Overall we see from Table 3.1 that the plug-in approaches are almost as stable as the
computationally more expensive data cleaning approaches. Comparing the M and W
approaches for both the plug-in and data cleaning procedures, it is reassuring to see that
the computationally faster W approach (see Figure 3.5 below) is almost as stable as the

M approach.

Numerical complexity of the algorithms

We now. compare the computational complexity of the different methods. The stan-
dard LARS procedure sequences all d covariates in‘ only O(nd?) time. The plug-in ;cmd
cleaning procedures based on M-estimators both require O((nlogn)d?) time. Based on
Winsorization these procedures also require O((nlogn)d?) time, but with a much smaller
multiplication factor. Moreover, if we are only interested in sequencing the top fraction
of a large number of covariates, then the plug-in approach will be much faster than the
cleaning approach, because the plug-in approach only calculates the requiréd correlations
along the way instead of the ‘full’ correlation matrix_. In this case, the complexity for
plug-in methods reduces to O((nlogn)dm), where m is the number of variables being

sequenced.

.Figure 3.5 shows the mean cpu ’times based on 10 replicates for LARS, W.plug-in
and M plug-in for different dimensions d with a ﬁxéd sample size n = 2000. The times
required by the cleaning methods are not shown because they were similar to the plug-in
times since we sequenced all the covariatés. As in Figure 3.4, we see that the approaches
based on M-estimators are: more time consuming than the Winsorization approaches.

The difference increases fast with dimension.
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Figure 3.5: Numerical complexity of different techniques. LARS requires O(nd?) time.
W plug-in and M plug-in both require O((nlogn)d?) time, but M plug-in has. a larger

multiplication factor.

The cleaning approaches perform slightly better than the plug-in approaches when |
the number of variables is relatively small, and much smaller than the number of cases
(see Table 3.1). However, plug-in approaches are less time-cdnsuming when only a part of
the predictors are sequenced. Since W plug-in has a reasonable performance compared to
the other methods and has favorable computing times, this method is to be preferred for
large, high-dimensional datasets. The performance of W plug-in will be studied further

in the next sections and we will call this method robust LARS from now on.
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3.5 Size of the reduced set

To obtain a good final model, it is important to choose an appropriate value of m, the size
of the reduced set of covariates kept from the sequencing step. The reduced set should
be large enough to include most of the irhportant covariates, but not so large as to make
the segmentation step (Wilere we have to evaluate all possible subsets of the reduced set)
impractical. Several factors can be important when determining the size m such as d, the
total number of variables, the sample size n, the unknown number of non-zero variables

in the optimal model, the correlation structure of the covariates, and of course also time

_and feasibility of the segmentation step. For example, for high-dimensional datasets,

including only 1% of the variables in the reduced set may make the segmentation step

é,lready infeasible.

- To investigate what values of m are appropriate, we carry out a simulation study
similar to Frank and Friedman (1993). The total number of variables is d = 100. A small
number @ = 9 or @ = 15 of them are nonzero covariates. We considered 3 correlation
structures of these nonzero covariates: “no;correla,tion” case, “moderate-correlation” case

and “high-correlation” case, which are described below.

For the no-correlation case (a true correlation of 0 between the covariates), inde-
pendent covariat;es X; ~ N(0,1) are considered, and Y is generated using the a non-zero
covariates, with coefficients (7,6,5) repeated three times for a = 9, and five times for
a -: 15. The variance of the error term is chosen such that the signal-to-noise ratio

equals 2.

For the moderate-correlation and high-correlation cases, we consider 3 independent
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‘unknown’ processes, represented by latent variables L;, 1 = 1, 2, 3, which are responsible

for the systematic variation of both the response and the covariates. The model is
Y =50y +4Ly + 3L3 + € = Signal + ¢, - (3.12)

where L; ~ N(0,1), and ¢ is a normal error not related to the latent variables. The
variance of € is chosen such that the signal-to-noise ratio equals 2, that is Var(e) = 50/4.
The nonzero covariates are divided in 3 equal gfoups, with each group related to exactly

one of the latent variables by the following relation
X; = L; + 94y,

. where §; ~ N(0,0%). The value of 0 determines the correlation structure of the nonzero
covariates. The high-correlation case has a true correlation of 0.9 between the covariates
generated with the same latent variable, and the moderate-correlation case has a true

correlation of 0.5.

I

For each situation we generated 100 samples' of size n = 150. Outliers were added
by giving the noise term a large positive mean (asymmetric error). We considered four

different levels of contamination: 0,5,10 and 20%.

For the high-correlation and moderate-correlation cases, though “a” of the covari-
ates are linked to the response Y through the latent‘variables, it is not clear which of
these covariates should be considered important for explaining Y. Even when the true
pairwise correlations of the covariates are zero (no-correlation case), the “best” model
not necessarily includes all of the a non-zero coeflicients because of the bias-variance

“trade-off. Therefore, for each simulated dataset we first find the “best” model among
all possible subsets of the non-zero covariates \that has the minimum prediction error

estimated by 5-fold cross-validation.
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Figure 3.6: Recall curves for a = 9; (a) no correlation (b) low correlation (c) high

correlation. The 4 curves for (robust) LARS correspond to 4 levels of contamination.
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For each simulated dataset, we determine the “recall proportion”, i.e., the propor-
tion of important variables (in the sense that they are in the “best” model by cross-
validation) that are captured (recalled) by LARS/robust LARS for a fixed size of the

reduced sequence.

For a = 9, Figure 3.6 plots the average recall proportion against the size of .the
reduced set for the threé correlation structures. In each plot, the 4 curves with the same
line type correspond to the 4 levels of contamination, higher curves correspond to lower
levels of contamination. These plots show that, for each correlation strucfure considered,
we can capture \the important variables if the percentage of variables in the reduced set
is 9 or 10. Robust LARS performs as good as LARS for.clean data, and much better

than LARS for contaminated data.

Figure 3.7 plots the average recall proportiop against the size of the reduged set, for
the moderate-correlation case with a = 15. This plot can be compared with Figure 3.6(b)
to see how the increase in the number of nonzero variables affects the recall proportions.
In both cases, we observe that the average recall proportions stop increasing éven before

the size m of the reduced set exceeds the number a of non-zero variables.

3.6 Bootstrapped sequencing

To obtain more stable and reliable results we can combine robust LARS with bootstrap.
Therefore, we generate a number B of bootstrap samples from the dataset, and use robust
LARS to obtain the corresponding sequence of covariates for each of these bootstrap

samples. FEach sequence ranks the covariates from 1 to d. For each covariate we can take
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Figure 3.7: Recall curves for @ = 15 and moderate correlation with 4 different levels of

contamination.

the average over these B ranks, and the m covariates with the smallest average ranks

then form the reduced set.

When resampling from a high-dimensional dataset (éompared to the sample size,
e.g., n = 150,d = 100) the probability of obtaining singular samples becomes very high.

Note that even the original sample may already be singular or the dimension d of the

 data may exceed the sample size. In these cases it will be impossible to sequence all

covariates. - We can easily overcome this problem by sequencing only the first my < d
of the covariates for each bootstrap sample, where preferably mg > m. We then rank
the covariates according to the number of times (out of B) they are actually sequenced.

When ties occur, the order of the covariates is determined according to the average rank
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in the sequences. In our simulations, we generated B = 100 bootstrap samples from each
of the 100 simulated datasets. We sequenced the first 25 covariates in each bootstrap

sample.

Figure 3.8 shows the recall curves obtained by robust LARS (solid lines) and boot-
strapped robust LARS (dotted lines) for covariates with moderate correlation. The recall
curves obtained by bootstrapped robust LARS perform better than the initial robust
LARS curves for all levels of contaminat'ion, the difference being larger with larger con-
tamination prbportions. This confirms that by applying the bootstrap we obtain more

stable and reliable results. Even with 20% of contamination, bootstrapped robust LARS

- with m =10 (a = 9) or m = 15 (a = 15) already yields a recall proportion around 90%.

To investigate what minimum number of bootstrap samples is required to obtain

| significant improvement over robust LARS, we also tried B = 10, 20 and 50 in the above

setups. In each case, B = 10 and B = 20 do not yield much improvement, while with

B = 50 the results obtained are almost as stable as with B = 100.

3.7 Learning curves

Although the simulation results in the previous sections suggested that it suffices to select

the size of the reduced set eqﬁal to or slightly larger than the number of predictors in the
final model, we usually have no information about the number of predictors that is needed.
Hence, a graphical tool to select the size of the reduced set would be useful. The following
plot can be constructed to determine a reasonable size for the reduced set. Starting from

a model with only 1 variable (the first one in the sequence), we increase the number of
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variables according to the sequence obtained and each time fit a robust regression model

to compute a robust 22 measure such as R? = 1 —Median(e?)/MAD?(Y), where e is the

~vector of residuals from the robust fit. We then plot these robust R? values against the

number of variables in the model to obtain a learning curve. The size of the reduced set
can be selected as the point where the learning curve does not have a considerable slope

anymore.

A problem th‘at can occur with a robust R? measure is that, unlike its classical coun-
terpart, it is not always a nondecreasing function of the number of covafiates. This can
be resolved as follows. If the robust R2 at any step is smaller than that of tfle preceding
step, then fit a robust simple linear regression of the residuals- from the preceding step on
the newly selected covariate. The residuals obtained from this fit can be used to compute

another robust R? value. We then use the larger of the two values.

To investigate the performance of learning curves, we consider a dataset on air
pollution and mortality in 60 Metropolitan areas in the United States. Thg response -
variable is the age-adjusted mortality. There are 14 potential predictors, nurﬁbered from
1 to 14. Since row 21 contains 2 missing values, we drbp this observation from the data.
Based on robust data exploration we identified 4 clear outliers that correspond to the
four metropolitan areas in California. We applied 5-fold cross-validation (CV) to this
dataset without the four outliers, and obtained the “best model” that has the foilowing

7 covariates: (2,3,4,6,7,10,13). (The order of the covariates is not relevant here.)

Bootstrapped robust LARS applied to this dataset (including the outliers) produced
the sequence (7,5, 13,4,6,3,2,10,9,1,14,11,8,12). We used this sequence and fitted

Least Median of Squares (Rousseeuw 1984) regressions to obtain the robust R? values.
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Figure 3.9: Learning curve for Pollution data. A reduced set of 8 covariates is suggested

by the plot.

Figure 3.9 shows the corresponding learning curve. This plot suggests a reduced set of
size 8. It is encouraging to notice that the reduced set (first 8 covariates in the sequence

t

above) contains all 7 predictors selected in the “best model” obtained by CV.

3.8 Examples

Tn this section we use two real datasets to evaluate the performance of (bootstrapped)
robust LARS. The demographic data example further explores the idea of “learning
curves” to choose the size of the reduced set. We then use a large dataset (protein data)

to demonstrate the scalability as well as stability of robust LARS.
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Demographic data. Th(is dataset contains demographical infofmatidn on the 50
states of the United States for 1980. "The response .variable of interest is the murder rate
per 100,000 residents. There are 25 predictors which we number from 1 to 25. Exploration
of the data using robust estimation and graphical tools revealed one clear outlier. We
applied 5-fold CV to this dataset without the outlier, and obtained the “best of 25”

model that has the following 15 covariates (1,2,3,5,6,8,9,10,16,17,18,19, 21, 24, 25).

Figure 3.10 shows the learning curve for the Demographic data based on boot-
strapped robust LARS. This plot suggésts a reduced set of size 12 which include the
covariates: (22,20,4,15,10, 2,. 19,25, 8,18, 6,24). The boldface numbers coi"respond to
covariates in the sequenée that are also in the model obtained by CV. The number of

“hits” is 8 out of 12. ,

0.99
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0.98
1

Lear;wing rate
0.96
1

0.95
1

Number of variables in the model
Figure 3.10: Learning curve for Demographic data. A reduced set of 12 covariates is

) sﬁggested by the plot.

We applied 5-fold CV to the clean data using the reduced set of size 12 obtained by
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bootstrapped robust LARS. The model selected in this case has the following 9 covarie;tes:
(22,20,4,15,2,10,25,18,24). To compare this “best of 12” model with the “best of 25”
model above, we estimated the prediction errors of these two models 1000 times using
5-fold CV. The two density curves are shown in Figure 3.11. The “best of 12” model has

a mean error of 204.8 (median error 201.5) while the “best of 25” model has a mean error

-of 215.9 (median error 202.0). Also, the standard deviations (mads) of the errors are 25.6

. (22.7) and 74.6 (31.4), respectively. (Some of the “best of 25” errors are very large and

not included in the plot.) Thus, bootstrapped robust LARS gives more stable results in

this high-variability dataset. It should be mentioned here that we needed almost 10 days

-to find the “best of 25” model, while “best of 12” model requires less than 5 minutes

including the time needed to sequence the covariates by bootstrapped robust LARS. (CV

on m covariates is 2(4~™ times faster than CV on d covariates.)

—— Bestof25
-- Bestof12

0.015
1

density
0.010
1

0.005
1

0.000

CV error

Figure 3.11: Error densities for the two “best” models for Demographic data. The “best

of 12” model gives more stable result.
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Protein data. This datasef of n = 145751 protein sequences was used for the
KDD-Cup 2004. Each of the 153 blecks corresponds to a native protein, and each data-
point of a particular block is a candidate homologous protein. There are 75 variables in
the dataset: the block number (categorical) and 74 measurements of protein féatures.
We replace the‘categorical variable by block indicator variables, and use the first feature
'as the response. Though this analysis may not be of particular sciehtiﬁc interest, it will

demonstrate the scalability and stability of the robust LARS algorithm.

We used the package R to apply robust LARS to this dataset, and obtained a
reduced set of size 25 from d = 225 covariates (152 block indicators + 73 features) in
only 30 minutes. G.iven the huge computational burden of other robust variable selection
procédures, our algorithm maybe considered extremely suitable for computations of this

magnitude.

For a thorough investigation of the perforrﬁance of robuSﬁ LARS with this dataset,
we select 5 blocks with a total of n = 4141 protein sequences. Theée blocks were chosen
because they contain the highest proportions of homologous proteins (and heénce the
‘highest, proport'ions of .potential outliers). We split the data of eéch block into two
alrﬁost equal parts to get a training sample of size n = 2072 and a test sample of size
n = 2069. The r;umber of covariates is d'= 77, with 4 block indicators (variables 1 — 4)
énd 73 features. We apply bootstrapped robust LARS with B = 100 bootstrap samples
aﬁd we sequence the ﬁrst,\25 variables of each bootstrap sample. The resulting learning

curve is shown in Figure 3.12.

This plot suggests that a drastic reduction to a small number of predictors can be

performed, e.g. m=5 or m=10. The first 10 predictors found by bootstrapped robust
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Figure 3.12: Learning curve for Protein data. A reduced set of 5 covariates is suggested

by the plot.

LARS are (14,13,5,76,73,8,7, 40,46,.51). The covariates in this sequence are almost
the same as those obtained with the whole dataset (not shown). The standard LARS
produced the seqﬁence (14,13,5,8,7,76, 18,65, 2, 46). Note that the two sequences are
quite different. For example, if we selecf a model from the first five predictors, then only
3 predictors are contained in both sequences. Using MM-estimators and robust AIC,
_the best model selected from the first five variables of the robust sequence cbntains .vari—
abies (14,13, 5, 76) while the best rﬁodel out of the first 10 ‘predictors contains variables

(14,13, 5,76,40). Hence only 1 variable is added.

Using classical AIC, the best model selected from the first 5 variables of the LARS
sequence contains variables (14,13,5,8). Variable 76 of the corresponding robust model
is replaced by Variable 8. The best model from the first 10 predictors contains variables

(14,13,5,8,76,2). Note that 2 variables are added to the list compared to 1 variable in
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the robust case.

We fitted thé 4 best models using the training data, and then used them to predict

the test data outcomes. The 1%, 5% and 10% trimmed means of prediction errors for the

smaller robust (classical) model are : 114.92 (117.49), 92.77 (95.66) and 74.82 (78.19),
respectivelyﬁ The corresponding quantities for the larger robust (classical) model are:
114.37 (115.46), 92.43 (94.84) and 74.34 (76.50), respectively. Notice that the robust

models always outperform the classical models.

3.9 Conclusion

The main contribution of this chapter is that we developed robust versions of LARS to
obtain a reduced set of covariates for further investigation. We also introduced the idea
of rﬁultivariaﬁe—Winsorization of the data (when the dimens_ion is not too large). We
can perform computationally suitable classical multivariate allalyses on the transformed

data to obtain reliable results. We also proposed a new robust correlation estimate for

bivariate data which we called the “adjusted-Winsorized correlation estimate.”

LARS is a very effective, time-efficient model building tool, but is not resistant to
outliers. We introduced two different approaches to construct robust versions of the LARS
technique. The plug-in approach replaces the classical correlations in LARS by easily
computable robust_correlétion estimates. The cleaning approach first transforms the
dataset by shrinking the outliers towards the bulk of the data, and then applies LARS on
the transformeddata. Both approaches >use.robu‘st pairwise correlation estimates which

can be computed efficiently using bivariate-Winsorization or bivariate M-estimates.
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The data cleaning approach is limited in use because the sample size needs to be
(much) larger than the number of candidate predictors to ensure that the resulting cor-
relation matrix is positive definite. Moreover, the data cleaning approach is more time
consuming thanl the plug-in approach, certainly when only part of the predictors is being
sequenced. Since the plug-in approach has good performance, is faster to compute and
more widely applicable, we prefer this méthod. Comparing bivariate M-estimates with
bivariate Winsorization we showed that the latter is faster to compute with important

time differences when the number of candidate predictors becomes high.

We pfopose using the robust LARS technique to sequence the candidate predictors
and as.such identify a reduced set of most promising predictors from which a more refined
model can be selected in a second segmentation step. We recorhmend combining W plug-
in with bootstrap to obtain more stable and reliable results. The reduced sets obtained
by boqtstrapped robust LARS contain more of the important co{/ariates.than the reduced

sets obtained by initial robusf LARS.

It is important to select the number of predictors to use for the second step. This
number is a trade-off between success-rate, that is the number of impoftant predictors
captured in the reduced set, and feasibility of the segmentation step. Our simulation
~ study indicated that the reduced set can have size comparable to the actual number ‘of
relevant candidate predictors. However, this number is usually unknown. To still get
an idea about an appropriate size for the redﬁced set we introduced a learning curve
that plots robust R? values versus dimension. An appropriate size can be selected as the

dimension corresponding to the point where the curve starts to level off.
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3.10 Chapter Appendix

3.10.1 Determination of v for one active covariate

Assume that the first selected covariate is +X,.. The current prediction £ < 0 should

_ be modified as

=y X

The distance « should be such that the modified residual (¥ — 1) will have equal corre-

lation with +.X,, and another signed covariate X ;. We have

- _ XY = Xn)/n . r—y
cor(Y =, Xm) = S5 ¥ =oX,) ~ SD(Y —1X.)

and
X]"(Y — ¥ Xm)/n Ty = VTim

corlY = i) = B 3%~ SD(Y — X

~ Equating (3.13) to (3.14), we have

r—"Tvy
X;) = —L
v(+ \]) 1= rm

(3.13)

(3.14)

(3.15)

Similarly, equating (3.13) with the correlation of modified residual and —X; we have

T+ Ty
X)) = —A2L,
FY( ]) 17*‘ij

(3.16)

We should take the minimum of (3.15) and (3.16) and minimum over all inactive (not yet

selected) ] The signed covariate that will enter the model at this point is determined

alongwith.
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3.10.2 Quantities related to equiangular vector By

;

Here, A is the set of ‘activé’ subscripts. Let X4 = (--- X, --+), | € A, where s, is the
sign of X as it enters the model. The standardized equiangular vector B, is obtained
using the following three conditions. B, is a linear combination of the active signed |
predictors.

By =X4w,, where wy is a vector of weights. (3.17)

B, has unit variance:

1 .
“BjBa=1. (3.18)

B, has equal correlation (a, say) with each of the active predictors. Since the covariates

and B, are standardized,
1, . v )
EXABA:alA, 1, is a vector of 1’s. (3.19)

Using equation (3.17) in equation (3.18), we have

1 ' '
ﬁw%quXAwA = 1,

so that
'w'ARfj)wA =1, | . (3.20)

where RS) is the correlation matrix of the active signed variables. Using (3.17) in (3.19),
we have

Rﬁf)w,q = aly,,

so that the weight vector w4 can be expressed as

Wyp = a (R‘(:))_llA.
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‘Let R4 be the correlation matrix the unsigned active covariates, i.e., R4 is a submatrix
of Rx. Let s4 be the vector of signs of the active covariates (we get the sign of each

covariate as it enters the model). We have

. Wap=0a (DARADA)_llA, ”(321)
where D4 is the diagonal matrix whose diagonal elements are the elements of s4. Finally,

using equation (3.21) in equation (3.20), we get

a = [lh(DARADA)b_llA]_l/z. (322)

The correlation of an inactive covariate X; with By, denoted by a;, can be expressed
as follows

1 . 1 :
a; = —X‘;-BA = EX],XAwA = (DArjA)'wA, (323)

where 7;4 is the vector of correlation coefficients between the inactive covariate X; and
the (unsigned) selected covariates. Thus, we need only (a part of) the correlation matrix

of the data (not the observations themselves) to determine the above quantities.

3.10.3 Determination of v for two or more active covariates

Let us update 7 < (r — ), see (3.13), and 7y < (Tjy — VTjm), see (3.14).

The correlation of an active covariate with the ‘current’ residual ¥ — frisr/SD(Y —
ft), and the correlation of the active covariate with the current equiangular vector Ba

is ‘a’. Therefore, the correlation between an active covariate and the ‘modified’ residual

(Y — o — vaBa) is |
T—Yaa
SD(Y — it — vaBa)
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An inactive covariate +Xj, j € A°, has correlation 7;y/SD(Y — f1) with the ‘current’
residual, and it has correlation a; with B4. Therefore, the correlation between +Xj,
j € A€, and the ‘modified’ residual is

Ty —YAG
SD(Y — o — yaBa)

Equating the above two quantities, we get -

WX = —r)fa—a).  @24)
Similarly,
1A(=X) = (r +73)/(a + ay). (3.25)

We have to choose the minimum possible 4 over all inactive covariates. Note'that when

A has only one covariate, (3.24) and (3.25) reduce to (3.15) and (3.16), respectively.

77




Chapter 4

Two-step Model Building:

Robust Segmentation

4.1 Introduction

In Chapter 3 we developed robust sequencing methods to obtain a reduced set of covari-
ates from. which the. final prediction model can be selected. According to the notation
used before, we have m predictors Xi,..., X,, in the reduced set. In this chapter we
consider methods of segmentdtion (evaluation of all possible subsets of the reduced set

of covariates) in order to select the final prediction model.

To compare different subsets of covariates, we require an appropriate robust selection
criterion. For this purpose, we review some classical selection criteria in Section 4.2, and

their robust counterparts in Section 4.3. We use Bp‘to denote the estimate of 3, for the
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p-parameter submodel (p predictors'including the intercept) under consideration. Many
of the methods below require and estimate the variance of the error term under the

“true” model, o?. In such cases, o2 is estimated using the full model (with k = m + 1

3

parameters).

4.2 Review: classical selection criteria

In this section, we review some important classical selection criteria: Final Prediction
Error (FPE), Akaike Information Criterion (AIC), Mallows’ C,, cross-validation and

bootstrap.

4.2.1 Akaike Information Criterion (AIC)

A measure of the similarity between the fitted distribution f (yiﬁp) and the true distri-

bution g(y|B3) is the Kullback-Leibler information number (Kullback and Leibler 1951)

_ o g(Y|8)
o) = E{lgfwm,,)}

o | 9WIB) |
/1 g (f(ylfi’,,)> 9(y|B) dy: )

It can be shown that

(i) I(g,f) >0,

(ii) I(g,f) =0 <= g(y) = f(y) almost everywhere (Lebesgue measure).
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Our purpose is to minimize

Ig, f) = E {log g(v18)} - E {log f(Y18,) } ,

where only the second term is important in evaluating the fitted model. This term is

unknown, and it seems reasonable to consider the log-likelihood

L(B,) = _log f(uilB,)
. =1

_ A . |
as an estimate of nFE {log fY] ﬂp)}. However, this estimate has a bias, since the same

data are used to find the estimates ﬁp and to calculate the log-likelihood. Akaike (1973)
showed that the expected value of the bias ~ p. Therefore, the corrected estimate of
nE {logf(Y|Bp)} is

’

~

L*(B,) = L(B,) — p.

Based on this, Akaike (1973) proposed to choose the model that minimizes the Akaike
information Criterion: - '

AIC = —2L(B,) + 2p.

Bhansali and Downham (1977) proposed to generalize AIC by choosing a model

that minimizes, for a chosen fixed «,
M

AIC(p, @) = —2L(B,) + ap.

For normal errors,

RSS,

62

AIC(p, @) = K(n,6) +

+ ap, (4.1).

where K(n,d) is a constant depending on the marginal distribution of the covariates,

RSS,, is the residual sum of squares, and 62 is the estimate of ¢ from the full model.
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4.2.2 Mallows’ C,

Let us consider the following submodel of p parameters:
Y;:ﬂ;mi‘{‘ﬁi,i:l,Q,"',n, ’ . (42)

where ¢; are independent observations from the distribution F' with mean zero and vari-

ance o2 (when the current submodel is the true model). This subset model may produce

~

biased fitted values, i.e., E(Y;) # E(Y;), where ¥; = 5,,::: The bias may be tolerable if it
is offset by a reduced variance. Therefore, Mallows (1973) considered the mean square

error for each fitted value, and defined the following criterion for model evaluation:
J, = — ste(ﬁ)

(4.3)

The value of J, has to be estimated from the data. Mallows (1973) proposed the following

estimate:
~ RSS;
Cp=Jy= 222 4 2p—n, (4.4)
5 .
where 62 is the estimate of o2 from the full model. It can be shown that, for the full

model with k¥ = m + 1 parameters, C; = k. It is interesting to note that, for normal

errors, the C,, statistic is equivalent to AIC(p,2) (see (4.1)).

4.2.3 Final Prediction Error (FPE)

-

Akaike (1969, 1970) proposed a criterion for the selection of predictdrs in the context

of autoregressive probcesses. ‘The author minimized an estimate of the expected squared
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error in predicting the observations that are independent of the available data, but have

the same distribution.

Consider the subset model (4.2). Suppose that we are trying to predict, using the

estimates Bp, the values Y;* satisfying
=B,xi+¢€,i=1,2,-,n, (4.5)

where €}’s have the same distribution F', but they are independent of the ¢;’s. The Final

Prediction Error (FPE) of the current model is defined as
FPE = % f_:E [(Y;* - B;a:,-)2] . (4.6)
i=1 :
It is interesting to note fhat, for the linear regression setup considered above
FPE = — ZE [ ) Y*) +E(Y;) - 5pa:i)2]

Z(Y E(Y;))?

i=1

:'0220 +02E
= Jp+n,

where J, is defined in (4.3). Therefore, based on (4.4), an estimate of FPE is given by

RSS,
52

FPE = 22 4 9p, | (4.7)

where 62 is the estimate of o2 from the full model. Note that, for the evaluation of linear

prediction models, FPE is equivalent to the C, statistic.

4.2.4 Cross-validation

Cross-validation (CV) obtains an estimate of the error-rate of a prediction rule by split-

ting the n data points into a training sample of size n; (used for ﬁttiﬁg the predic-
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tion model, i.e., for estimating the model parameters) and a validation sample of size
n, = n — n; (used for assessing the model). We calculate the average prediction error
based on all or some of the (TZJ) different validation samples, and use it as a criterion to

select a prediction model. It is often called leave-n,-out cross-validation, or CV(n,).

The vast majority of papers on this topic deals with leave-one-out cross-validation,
denoted by CV(1). Lachenbruch and Mickey (1968) proposed the use of CV(1) in dis-
criminant analysis. The method is furthered by Allen (1974), Stone (1974), and Geisser

(19‘75). The asymptotic equivalence of CV(1) and AIC is shown by Stone (1977).

Efron (1983) used CV(1) to estimate the error rate of a prediction rule in the situa-
tion where the response Y is dichotomous. We can easily generalize the author’s approach

to a continuous response. Suppose that we have an n x p dataset
Z:{Zi>/[::1, 27 ) n}7

where each case (row) z; = (&;,y;) is an observation of the random quantity (X,Y), with
X being a row-vector of (p — 1) covariates and Y being a real-valued response variable.
The dataset Z is a random sample from distribution H on the p-dimensioﬁal safhple

space RP.

We want to evaluate a prediction rule n(x, Z) constructed based on the given dataset.
An example of n(x, Z) is ,B’Z:c where 3, is the linear regression coefficient of ¥ on X.
We want to estimate the error rate of n(x, Z) when n(xy, Z) ié used to predict a future
value yo of Y for a given predictor value xy. Let Q[yo,n(xo, Z)] denote the “error” in

predicting y, from xy. For example, we can consider the squared error

 Qlyo, (o, 2)] = (yo — nl=o, 2))2 | (4.8)
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True error rate

The true error rate Err(Z, H) of the prediction rule n(zq, Z) can be defined as
EI‘I‘(Z, H) = EH(Q[YOan(XOaZ)]) ’ (49)

the expectation being taken over (X, Yy) ~ H with Z fixed at its observed value.

Apparent error rate

The most obvious estimate of the true error rate Err(Z, H) is the apparent error rate
err(Z, H):
efr(Z, H) ZQ[%, zi, Z)], (4.10)

which usually underestimates Err(Z, H), because the same data have been used both to

construct and to evaluate the prediction rule n(z, Z).

CV error rate

CV attempts to overcome the problem of underestimaﬁion of Err(Z, H) by dividing the
given dataset into the train£ng and the validation parts. For CV(1), let Zy be the
training set with case z; rerﬁoved, and 7(x, Z(;) be the corresponding prediction rule.
The CV(1) estimate of Err(Z, H) is given by |

B = 23" Qlyi (e, Z)) (4.11)
=1 . ] v ‘

‘Shao (1993) used CV(nU) for model selection in regression using a random selection

of the (n ) possible vahdatlon samples
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4.2.5 DBootstrap

Efron (1983) used bootstrap to estimate the true error rate Err(Z, H) (see (4.9)). Since
the apparent error rate efr(Z, H) (see (4.10)) is an underestimate of Err(Z, H), a correc-

tion is required. Let op(Z, H) be defined as
op(Z, H) = Err(Z, H) — etr(Z, H). (4.12)

The expectation of op(Z, H), denoted by w(H), is given by

)
\

w(H) = Ey{Err(Z, H) — etx(Z, H) }, (4.13)

which could be the ideal correction if it were known. Note that, though the true error
rate and the apparent error rate are defined for particular dataset Z, the target correction
is the expectation over all datasets. It is not easy to find an estimate for (4.12) which is

defined for a particular Z.

The unknown w(H) can be estimated using the bootstrap procedure to get the

bootstrap estimate of Err(Z, H) as

— (B
EI'I'( oot) — eFr + W(Boot). (414)

To obtain W(B°Y let Z* be a bootstrap sample, i.e., a random sample of size n from fI .v

Based on (4.13), #(B°°) can be written as

@Boot) — {Err.(Z*,}AI)} - E, {efr(Z*,ﬁ)}

= FE. <%ZQ[yi7n(mi,Z*)]> — E, (Zpi*Q[yi,U(mi,Z*)]> ) (4-'15)

where E, is the expectations over all bootstrap samples, and P’ is the proportion of

K3
times a particular case z; occurs in the bootstrap sample Z*, i.e.,

_ g ==) =

n

P*

2

1,2, n
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The expression inside the first pair of parentheses of (4.15) suggests that the prediction
rule be constructed with the bootstrap sample Z*, and an average error of this rule be
calculated on the given dataset Z. The expfession inside the second pair of parentheses
of (4.15) suggests that the prediction rule be constructed with the bootstrap sample Z*,

and an average error of this rule be calculated on the same bootstap szimple z*.

4.3 Review: robust selection criteria

In this section we present the robust counterparts of the classical selection criteria AIC,
C, and FPE (in order of appearance in the robustness literature), and discuss their
limitations. We discuss robust counterparts of cross-validation and bootstrap procedures

in Section 4.4 and Section 4.5, respectively.

4.3.1 Robust AIC

Ronchetti (1985) proposed a robust counterpart of the AIC statistic. The extension
of AIC to AICR is inspired by the extension of maximum likelihood est‘imatio‘n to M-
estimation. The author derived AICR for an error distribution with density

£(6) = K exp(=x(e)). G

For a given constant o and a given function x, we can choose the model that minimizes

AICR(p, o, x) =2 _x(ri) +ap, (4.17)

i=1
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Al Al
where r; = (Y; — ,Bpa:i) /&, & is some robust estimate of o, and B, is the M-estimator

defined as the implicit solution of

n
> 4(riz: =0,
. i=1 _
with ) = x’. The author also proposed a choice for the parameter «, which is given by

a=2E [¢*(e)] /E[y'(¢)]. (4.18)

Limitation. The author considered that the M-estimate was the maximum likelihood
estimate for the density in (4.16). Unfortunately, this only hold for unbounded x func-

tions, and in such cases the breakdown point of the M-estimate is 0.

4.3.2 Robust C,

Ronchetti and Staudte (1994) pointed out the sensitivity of the classical C; to outlying

poinfs, and proposed a robust C, statistic denoted by RC,. Consider an M-estimator ,Bp

with weights w; = 1(r;)/r;, where r; is the residual for the ith observation. Using these

weights, the author defined a weighted version of J, (see (4.3)) as follows
1 PP

Iy = E {Z a2(%; - B(¥))?

The author proposed the estimate of I',, i.e., the robust version of C, (see (4.4)), as

oUW, (4.19)

52 , _ .

RC, =

where W, = 3 @?r? is the weighted residual sum of squares, 62 is a robust and consistent

" estimate of o2 from the full model, and U, and V, are constants depending on the weight

function and the number of parameters p.

When the weights are identically 1, RC, reduces to Mallows C,.
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4.3.3  Robust FPE

The robust analogue to the classical FPE criterion is proposed by Yohai (1997). Let s
be an estimate of the scale o from the full model, and Bp be the M-estimator of the

particular model under consideration.

. <

= argmin Z x(( B,x:)/s). (4.20)

When we are trying to predict y; (equation 4.5) using the estimate Bp, the robust FPE

RFPE = iE [x (%)} . | (4.21)

=1

(RFPE) is defined as

where the expectations are taken in the y;’s as well as in ,Bp. Note that when x(u) = u?,

RFPE reduces to the classical FPE.

Using second order Taylor expansions with respect to 3, (assuming that the current

3

model is the true model), RFPE is expressed as

RFPE ~ E (ZX (9__‘;[’_?_» —|—p’§, | (4.22)

i=1
where A = E(¢?(e/0)), B = E(¢'(¢/0)), and ¢ = x'. Therefore, an estimate of RFPE is

given by
B x; A
RFPE ~ +p=, (4.23
Z ( ) % (4.23)
where A = n=' 300 (¢ (ri/s)), B = ™! ZL(W(”/S)), and r; = y; — ﬁ;mz

The performance of RFPE has not been studied so far. In Section 4.6 we carry out

a simulation study to evaluate RFPE.
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4.4 Robust cross-validation

Ronchetti, Field and Blanchard (1997) proposed a robust cross-validation piﬁocédure
which is a robust version of the éross;validation method proposed by Shao (1993). The
authors used estimators that have optimal bounded influence for prediction. However,
their method is computationally expensive. Hubert and Engelen (2004) proposed a fast o
cross-validation method in the context of robust covariance estimation with MCD and

robust principal component analysis.

In this section we bropose a robust CV procedﬁre which is computationally suitable.
First, let us consider a simple rlobustiﬁcati.on of the CV procedure achieved by (a) con-
structing. a robust prediction rule, denoted by n®(x, Z), based on the given dataset Z,
and (b) calculating robust summary statistics of the prediction errors Qlys, "™ (i, Zi))]-
For the construction of a robust prediction rule, we consider the regression MM-estimates
proposed by Yohai (1987) because of its high breakdown point and high efficiency at the

normal model. This estimate is defined as follows.

Definition 4.1. (Regression MM-estimate) Let xo : R = R and x1 : R = R be two
score functions such that xo(u) < le(u), u € R, and each x satisfies the following set of

reqularity conditions:
1. x(-u) = x(u), u€R,
2. x is non-decreasing on [0, 00),

3. x(0) =0, and x(c0) =1,

4. x 1s continuously differentiable.

89




Let B be a high-breakdown-point “initial” estimate for 3, and & be the estimate of scale’

of the resz'duals based on B satisfying
ly Xo ((vi — xiB)/6) = b, (4.24)
g

where b € (0,1] is the expectation of xo(.) under the central model. Then, the regression

MM-estimate B is defined as the solution of

ix’l ((yi - wa)/é) x; =0. . | (4.25)

A reasonable choice for the initial estimate B in Definition 4.1 is the regression S-
estimate proposed by Rousseeuw and Yohai (1984) because of its high breakdown point.

This estimate is deﬁned as follows.

Definition 4.2. (Regression S-estimate) Let xo : R — R be the score function de-

scribed above. The regression S-estimate B is defined as

B = argmin 6(8), (4.26)
B : :

where (B) solves

—ZXO -—wtﬁ )/5(8)) = b. - (4.27)

The corresponding S-estimate of scale, g, 1s given by’

& = inf 5(8) = 5(B). | (4.28)

For a robust summary of the (squared) prediction errors we will use the trimmed
means with different amounts of trimming. The o-trimmed mean of X, denoted by

mq(X), is the sample mean obtained after dropping the largest 100a% observations of
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- X. Let Uy < Uy < -+ < U, be the ordered observations of X, and k = [n(1 — )|, where

[n(1 — @)] means the integer part of n(1 — «). Then,

Ma(X) = U;. (4.29)

—~ (CV
The robust counterpart of Err( ) is now given by

B = ma (Qly, 1™ (w1, Z)]) - (4.30)

— (RCV | . . .
Note that Err " does not estimate Err(Z, H) (see equation 4.9). Instead, it estimates

Errr(Z, H) = E% (Qlyo, "*(x0, Z)))
1

H }(1-a) R
- =/ Qmren2n (4.3

The use of a-trimmed mean will help us identify the robust model(s) that can be

expected to predict 100(1 — )% of the future data better than other models.

4.4.1 Dealing with numerical complexity

The computation of the MM estimates of regression for each training sample, i.e., the
computation of B(i), 1=1,2,---,n,is véry computer intensive. We propése to remedy
this problem as follows. We express the MM estimates of regression based on all the
observations on the current set lof covariates as a Weighted least squares fit, and obtain
the weighted least squareé fit for each training sample by using the selected céses and

their corresponding weights. We elaborate the proposed method below.

Let r; = y; — ,Bt:ni be the residuals obtained from the fit B (based on all the ob-

servations on the current set of covariates). Once the robust fit is complete, ﬁ‘can be -
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expressed as a weighted least squares regression coefficient as follows:

(ZwiwZ > Zwﬂ:zyz, (4.32)

with the weights w; expressed as

w; = Xll (Ti/6)/ria 1= 17 2) e, N (433)

For further computational 'eaSe, we will assume that 6() ~ g, Where 6() is the S-
scale based on the training sample Z(;). Now, a computationally su1table version of the

regressi‘dn MM-estimate B(i) can be calculated as .

n =1 g : .
5 (0) .
= (Sweist) Swa (434

J#i

Note that no robust fitting is needed for the calculation of BE?)) .

One-step adjustment

Based on a small simulation study (not presented here), we consider a one-step correction
2(0) : y 1 _ O . .
to B(; to make it closer to By Let r; —-y]-—a:]ﬂ(i), j=1,2,---,1=1,1+1,---,n

The updated set of weights wél) can be expressed as
wil = x4 (1P/6) D, =1,2,,i— 1,0+ 1, -+ n. (4.35)

Thus, an adjusted estimate of B; is given by

_ n -1, ,
o (1) . '
Bu = (ng'l) T; “’;) Z"“gl) T;y; . (4.36)

J#i J#
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4.5 Robust bootstrap

For the purpose of making robust statistical inferences about the linear regression co-
efficient 3, Salibidn-Barrera (2000), and Salibidn-Barrera and Zamar (2002) developed
the robust bootstrap procedure. The autho.r(s) considered the fegression'MM—estimate
B, and generated a large number of re-calculated ,é*’s to estimate the asymptotic co-
variance matrix and the distribution function of the robust estimatg ,3 This robust
procedure is computationally suitable, because a linear_system of equations is solved for

each bootstrap sample.

We propose to use a similar approach to develop a computationally suitable robust

—~ (Boot
counterpart of the bootstrap estimate Err( ooV of the true prediction error Err(Z, H).
Let B be the MM-estimate, B be the (initial) S-estimate and & be the S-scale. The

robust counterpart of the apparent error rate etr(Z) (see equation 4.10) is given by

efrr(Z) = mq (Qlyi, n(xs, 2))), (4.37)

where m,(.) is the a-trimmed mean defined before, and n®(z;, Z) uses the MM-estimate
8. Let r; and 7; be the residuals associated with the MM- and S-estimates, réspectively.
Once the robust fit is complete, B and & can be expressed as a weighted least squares
fit. Equation (4.32) shows the weighted average representation of 3 with the weights w;

defined in Equation (4.33). The scale estimate & can be expressed as

n ' .
. ~¢ .
5= vilyi—B), (4.38)
i=1 V
with the weights v; defined as
o N .
Vi = X0 (7i/0)[Ts, i =1,2,---, n. (4.39)
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Let Z* = {(x;, yi), =1, 2,---, n} be a bootstrap sample from Z. The unadjusted

bootstrap estimates can be calculated as

BZ = (Zw x; T; ) Zw x; y;, - (4.40)
oo = S v (- Bz, (4.41)

where w} = w; and v} = v; when (], y}) = (x;, y;). The corrected bootstrap estimate

B* can be obtained as

X 3 A

= B+ M(B, — B) +d(5% — 6), (4.42)

~ where M and d are the linear correction factors (see Salibidn-Barrera and Zamar 2002).
The robust prediction rules n®(x, Z*) can be based on the ,3* above. Now the robust

(Boot) (

counterpart of W see equation 4.15) is given by

R (RBoot) — E, {md (Q[yza UR(wz, )} E, {ma ( yz’ (:B Z*)])} (4'43)

Finally, the robust bootstrap estimate of Errg(Z, H) (see equation 4.31) can be expressed
as

— (RB ' :
B _ etrp(2) + wRBooY, (4.44)

4.6 Simulation study

At first, we carry out a small simulation (Section 4.6.1) to show that the classical CV
and bootstrap estimates of true error rate (see (4.9)) are sensitive to outliers while the
robust estimates are resistant to outliers. We then conduct another study (Section 4.6.2)

where we use these' methods along with FPE and RFPE to select the “best” models, and
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_compare the predictive powers of these models. Since AIC and Cj, are equivalent to FPE
for linear regression setup with normal errors, and robust AIC and robust C,, have some

limitations, we do not consider these criteria for our simulation study.

4.6.1 Robustness of the estimates

CV) —~(Boot) —~(RCV —~ (RB
( ), Err( 00), Err( V) and Err( °°Y using simulated

We evaluate the 4 estimates Err
clean and contaminated datasets. Since the true error rates Err(Z, H) and Errg(Z, H)

are different (the latter uses the trimmed mean), we multiply the robust estimates by

_ EHo (Q[y, UR(m, Z)])
E%, (Qly, n*(=, 2)])

to make the results more comparable with the classical results.

A

We considered two standard normal covariates X; and X5, and generated Y = 2 X+
Xy+¢€, where e ~ N(0, 4). We si‘mulated 100 datasets, and for each dataset we calculated
the estimates mentioned above. We then contaminated each dataset as follows. Each
of the 3 variables (2 covariates and the response) is contaminated independently.' Each
observation of a variable is assigned probability-0.03 of being replaced by a large number.
Therefore, the probability that any particular row of the dataset will be contaminated
is 1 — (1 — 0.03)%, which means approximately 9% of the rows will be contaminated.
For each contaminated dataset we obtained the 4 estimates mentioned above. Table 4.1

presents the results for the first 10 trials.

The average Err(Z, Hy) (the average true error rate for the clean data) is 4.12, while
the average Errg(Z, Hy) (multiplied by ) is 4.13. Table 4.1 shows that, for the clean data -

both the classical and robust methods estimate the true error rates very well. However, in

pa
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Table 4.1: First 10 trials: classical and robust estimates of prediction errors.

Trial v Boot RCV RBoot,

Clean | Contam || Clean | Contam { Clean | Contam | Clean | Contam

1| 460 | 1201 | 461 | 1165 | 418 |- 580 | 415 | 547
2 | 405 | 1020 | 402 | 899 | 348 | 518 | 342 | 505
3 | 386 | 1035 | 388 | 1064 | 370 | 572 || 367 | 5.66
4 || 495 | 1156 | 4.97 | 11.80 | 545 | 6.14 | 543 | 6.47
5 | 395 | 1492 || 394 | 1177 | 429 | 557 || 425 | 533
6 | 454 | 1256 | 452 | 1001 | 511 | 637 | 507 | 630
7 || 522 | 1028 || 516 | 1053 | 472 | 637 | 474 | 6.65
§ | 403 | 854 | 404 | 863 | 404 | 543 | 404 | 545
9 | 416 | 1045 | 420 | 1060 || 4.21 | 659 | 4.21 | 6.36
10 | 457 | 982 | 453 | 972 | 475 | 590 | 470 | 6.54

mean || 4.14 | 10.94 4.13 10.28 4.17 5.32 4.16 5.22

(sd). || (0.58) | (2.57) | (0.58) | (2.13) | (0.67) | (0.94) | (0.69) | (0.93)

the contaminated data, robust estimates perform much better than the classical methods.

4.6.2 Final model selection

In this simulation study we use the classical segmentation methods CV, Boot and FPE
along with their robust counterparts RCV, RBoot and RFPE to select the “best” models,

and compare the predictive powers of these models. The study is similar to Frank and
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Friedman (1993). We considered 2 latent variables L;, ¢ = 1,2, to generate Y = 6L, +
'5L2 + ¢, where L; ~ N(0,1), and ¢ is a normal error not related to the latent variables.
We considered a total of m = 8 covariates. Of them, a = 4 are related to the two latent

variables, with 2 covariates related to L; and the other two related to L.

We generated 100 datasets each of which was randomly divided into a training sam-
ple of size 100 and a test sample of size 100. Each training dataset was then contaminated
as follows. A number of rows (10%) were chosen randomly, and for these rows the co-
variates values were replaced»by large positive numbers while fhe’ response values were

replaced by large negative numbers.

We used all 6 methods on the clean and contaminated training data to select and
fit the final models, and then used them to predict the test data outcomes. For each
simulated dataset, we recorded the number of noise variables in the model, and the

average squared prediction error on the test sample.

Table 4.2 shoWs the average test. errof and the average number of nbise variables
selected by each method. For the clean data, the robust methods perform as good as the -
classical methods. For the contaminated data, robust methods produce much smaller
test errors than the classical methods. Also, robust models contain less noise variables.

The performance of the three robust methods are similar.
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Table 4.2: Performance of the classical and robust methods of segmentation (evaluation

of all possible subsets of the reduced set).

Method Test error ~ Noise

Clean | Contam | Clean Cohtam

Classical CV 41.81 | 56.49 | 0.00 | 0.60
Boot | 41.32 | 54.88 | 0.00 | 0.50
FPE | 41.93| 55.17 | 0.02 | 0.60

Robust RCV | 4297 | 43.62 | 0.06 | 0.08
" RBoot | 41.59 | 44.80 | 0.08 0.08

RFPE | 42.73 | 44.91 0.06 0.06"

4.7 Examples

In this section we use two real datasets to evaluate the performance of the classical and
robust methods for the segmentation of the reduced set. Both of these datasets were

used in Chapter 3 for the evaluation of robust sequencing.

4.7.1 Demographic data

This dataset contains n = 50 obsrvations on d = 25 covariates and a response. For more
details Section 3.8 is referred to. Using the learning curve based on standard LARS, we
selected the reduced set (22,20,4,15,25,2,14,5,3,17,24,23). The robust bootstrapped
LARS produced the reduced set (22,20,4,15,10,2,19,25,8,18,6,24). '
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We applied the classical segmentation methods CV, Boot and FPE on the first re-

* duced set above. The covariates selected by these methods are (22,4, 25,2,14,17, 24, 23),

(22,4,15,25,2,17,24), and (22,20,4,15,25,2,14,17, 24, 23); respectively. We then ap-
plied the robust methods RCV, RBoot elmd RFPE on the second reduced set. The covari-
ates selected are (22,4,15,10,19,25,18,24), (22,20, 4, 10, 19, 25,18, 24), and (15,6, 24),

respectively. Interestingly, RFPE selects a very small model compared to others.

To éompare the models obtained by the classical and robust methods, we used the
clean data (dropping one clear outlier) to estimate the prediction errors of these models
1000 times using 5-fold CV. The mean predicfion errors for the models are: CV 199.3,
Bbot 198.2, FPE 207.6, RCV 195.8, RBoot 197.5 and RFPE 246.9. The robust method
RCV performs slightly better than RBoot, and both of them perform much better than

thg classical methods and RFPE.

v

- 4.,7.2 Protein data

This KDD-Cup 2004 dataset was used in Section 3.8. We considered n = 4141 protein
sequences from 5 blocks. The number of covariates is d = 77, with 4 block indicators
(variables 1 — 4) and 73 features. The data were split to get a training sample of size

n = 2072 and a test sample of size n = 2069.

We considered a reduced set of size 5 using the learning curve based on standard
LARS on the training data, which contains the covariates (14, 13,5,8,7). Robust boot-
strapped LARS gives the reduced set (14,13,5,.76,73). We applied the 3 classical meth-

ods of segmentation on the first reduced set. They all select the same model, and it
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includes the covariates (14,13,5,8). The robust methods used on the second reduced set

select the covariates (14,13, 5, 76).

We fitted the 2 models using the training data, and then used them to predict the test
data outcomes. The 1%, 5% and 10% trimmed means of prediction errors for the robust
(classical) model are : 114.92 (117.49), 92.77 (95.66) and 74.82 (78.19), respectively. It
is encouraging to note that the robust methods outperform the classical methods for the

majority of the data.

4.8 Conclusion

The main contribution of this chapter is that we developed computationally suitable
robust methods of segmentation (evaluation of all possible subsets of the reduced set

- obtained in Chapter 3) to select the final model.

Classical selection criteria FPE, AIC, C,, CV and bootstrap are sensitive to out-
liers. We also identified certain limitations of Robust AIC (Ronchetti 1985) and robust
CV (Ronchetti, Field and Blancharci 1997) methods. Wé proposed computationally suit-
able rébust versions of CV and bootstrap procedures. We evaluated our methods using
both simulated and real datasets, and compared 1;hem with the classical methods as
well as robust F.PE proposed by Yohai (1997). According to the simulation study, the
perforrhance of the three robust methods are similar, and better than the classical meth-
ods. In the real datasets, robust CV (RCV) and robust bootstrap (RBoot) have better

performance compared to RFPE.
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Chapter 5

Properties of Adjusfed-WinsQrized

Correlation Estimate

5.1 Introduction

In Chépter 3 we proposed a new correlation estimate for bivariate data, which we called
the adjusted-Winsorized estimate. Unlike two separate univariate Winsorizations for
X and Y (Huber 1981 and Alqallaf 2003), we proposed a joint Winsorization with a
larger tuning constant c; for the points falling in the two major quadrants, and a smaller

constant c, for the points in the two minor quadrants.

In this chapter we will establish the consistency and derive the influence function of
the proposed correlation estimate. We will then discuss the asymptotié normality of this

estimate.
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Definition 5.1. (Adjusted-Winsorization) The adjusted- Winsorization of (u, v) €

R?, denoted by We(u,v) with ¢ = (c1, ¢2), is defined as

(Y (W), B, () , w0 >0,

CUe(u,v) = (Ye(u), ve(v)) = .
(e, (1), Y, (v)), wv <0,

(5.1)

where ¥ is a non-decreasing symmetric function, and ¢; and co are chosen constants.

Definition 5.2. (Adjusted-Winsorized estimate of correlation) Let (X;, Y;), i =
1, 2, M, be a random sample from a bivariate distribution with location parameters
px and py, and scaZe parameters ox and oy, respectively. Let @ = (ux, py, 0x, oy),
and 0 = (iix, py, 6);, 6y) be an estimate of 8. Denote U, = (X; — fix)/6x, and V, =
(Y; — i) /Gy, Let U, (U v) - (¢C(Ui),¢c(f/i)) be as defined in (5.1). Then, the
adjusted- Winsorized estimate 7, of the correlation between X and Y is given by.

o 1 gwc(“i)wc(%) - (%i:il@f’c(ﬁi))(%éw“(m) (5.2)

500 - (32 wc(m>)2 - (33 wc<m>)2

=1

For the validity of the results obtained in the subsequent sections, we need some
assumptions on the functions ., and 1., used for the adjusted-Winsorization of the data.

Let ¢ : R — R satisfy the following set of regularity conditions:

AL P(-u) = —¢(u), u e R,
A2. 1 is non-decreasing,
A3. 1 is continuously differentiable,

Ad. ¢, ' and ¥'(u)u are bounded.
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For the adjusted-Winsorization of the data, we will use the S-scales 6x and 6y
defined in Chapter 4. Let us assume that the score function X : R — R used in the

S-scales satisfy the following set of regularity conditions:

BL. x(—u) = x(u), v € R, x(0) =0, and x(o0) =1,
B2. y is non-decreasing on [0, c0),
B3. x is continuously differentiable,

B4. x, x’ and x'(u)u are bounded.

5.2 Consistency of adjusted-Winsorized estimate

The following theorem shows that under certain regularity conditions the adjusted-
Winsorized correlation estimates are consistent, provided that the location and scale

estimates are consistent.

Theorem 5.1. (Consistency of adjusted-Winsorized estimate) Let (X;, V;), ¢ =
1,2,--+,n, be a random sample from a bivariate distribution with location parameters
ux and py, and scale parameters ox and oy, respectively. Let U; = (X; — ux)/ox,
and V; = (Y; — py)/oy be the standardized variables. Let 6 = (ux, By, ox, oy), and

0 = (ix, iy, 6x, y) be an estimate of @. Then, if

then

n—oo
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where T, is the adjusted- Winsorized estimate of correlation between X and Y, and

E [4(U)y ( )]—Ewc( >1E[¢,_.< )

VE 0] — (B0 BW2V)] - (Blge(V))?

Tw =

(5.3)

To prove this theorem, we need an extension of “Serfling’s Lemma” (Serfling 1980,

page 253).

Lemma 5.1. (Extensilon of Serfling’s Lemma) Let Z; = (X;, Y;),i1=1,2,---,n,
be a sequence of independent random variables having an identical bivariate distributién
with parameter vector 0. Let g(z, t) : R x R* — R be continuous in t uniformly onz €
A%(0,A) for all A >0, and P(z € A(8,A)) — 0 as A — 0, with P(z € A(0, 0)) = 0.
Assume that |g(z, t)| < K for all z € R2. Let 8, be a sequence of random vectors such

that 0, —X— @. Then

n—r00

%ZQ(Zi’ én) rptxf Elg(Z, 0)). (54)

Proof. We have to show that, for any given € > 0,

lim P (}% Zn:g(zi, 6,) — Elg(Z, 0)]’ < e) =1 (5.5)

n—oo

gzg(zﬂ 0,)I(z; € A(9,A)) — Elg(Z, 0)I(Z € A6, A))]

L1 Zg 2, 0u)](z: € A%(6, ) — Elg(Z, 0)I(Z € A%(8, )
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< Zg 20 0.)I(z € A®, A>>| 510(2,)1(2 < A6,)]
Z 9(zi, B)1(z: € A8, A)) — Elg(Z, 0)I(Z € A°(, A))]‘ (5.6)
< |k %Z Iz € A(e,A»‘ + [k BLI(Z € a0,0)))
‘ zg z;, 0 I(z; € A°(6,A)) — —Zg z;, 0)I(z; € A%, A))‘
b %Z oz, 0)I(z € A°0,)) - Elg(Z, 0)I(7 € A6, A))]l, (5.7)

= Q (say).
~ Note that the last expression in (5.6) is bounded by the sum of the last two expressions

in (5.7). We will now deal with each of the four parts in (5.7).

Asn = oo, L3 I(z € A(9,4)) — P(z € A, A)), and P(z € A6, 0)) = 0.

Therefore, for any given ¢ > 0, there exists A > 0 such that

lim P (k ;I z; € A(B,A)) < 6/4) (5.8).
and
kE[I(Z € A(0,A)) =k P(Z € A(0,A)) < ¢/4. (5.9)
We now focus on the.third part of (5.7). Since 0, _—>—> 0, we have, for any 6 > 0,
lim P(|6n-0] <s)=1. (5.10)
n—00 . )

Now, for any € > 0, we can choose § = 6(A) (where A has been chosen before) such that

16, — 0| <6 = |g(2, 8,) — g(z, 0)| <¢/4, ze€ A%(9,A). (5.11)
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That is, 6 is chosen in such a way that it will ensure the uniform continuity of g(z, ) in

0 on z.€ A°(8,A). Using (5.10) and (5.11), we have, for any € > 0,

n—oo

lim p(‘ (g(z, 0,) — g(z, e)) I(ze Af(o, A))‘ < e/4> —1

which gives

Jgrolop< Zg zi, 0,)1(z; € A%(O, A))

_ %zn:g(zi, 0)I(z; € A%(8, A))’ < 6/4.) =1. (5.12)

For the fourth part of (5.7), we can use the Weak Law of Large Numbers. For any € > 0,

n—oo

lim P(’ Zg z;, 0)I(z; € A%(0,A))

— Elg(Z,0)I(Z € A(8, A))]i, < 6/4) =1. (5.13)

Y

Using inequalities (5.8}, (5.9), (5.12) and (5.13) in (5.7), we have,

lim P(Q <e¢) =1,

n—oo

which completes the proof. . ' : |

To prove Theorem 5.1, we also need the following lemma, which is similar to
~ Lemma 7.7 (Salibidn-Barrera 2000, page 217) where the author deals with p-functions

(x-functions accordmg to our notation).

Lemma 5.2. (Uniform continuity of ¢-functions) Let ¢ : R — R be a continuous
function such that P(u) = —c for u < —c, and P(u) = c for u > c, where ¢ is a finite
constant. Let m € M and s € S, where M and S are bounded real intervals, and

infS > 0. Then

u—m

f(u,m,s)--dz( ), ueR, meM, seS,

S

106




18 conutinuous in m and s uniformly in u.

The proof of this lemma is presented in Chapter Appendix (Secfion 5.8.1).

S

Proof of Theorem 5.1

With the use of Lemma 5.1 and Lemma 5.2 the proof is straightforward. We have
Z = (X, Y), 0= (/,Lx, Hy, O0x, O'y), and t = (ﬂx, ﬂy, &X, a'y) FiI‘St, let us deal Wlth

the second term in the numerator of Equation 5.2. We have
1< - 1 X — fix
- Us) = — c ~
u@) = 13w (P

= 23 () 1 - iy - ) > 0

+ 1_2% (X;ﬂx> I((X = ax)(Y — fiy) < 0).

Consider "
02,0 = e (F1X)
= ¢, (X;X“X) I((X = px)(Y = py) > 0)
# o (T225) (X - ) - ) <)

Since the tuning constant of our score function 1 changes with quadrants, to apply

Lemma 5.1 we set

A(0,A) ={z=(z,y) |z — px| <A or |y—py| <A}

We have to choose ¢ in (5.11) such that if (z — pux, y — py) € A°(6,A) belongs to a
particular quadrant, then (xz — iy, 'y — [iy) belongs to the same quadrant. If, for ex-

ample, (r — ux)(y — py) > 0, then (z — jx)(y — fiy) > 0, and, using Lemma 5.2,
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Ve (%}’i—x) = e, (%) is continuous in jix and &x uniformly on z € A%(6, A). There-

fore, using Lemma 5.1, we have

1 < X — jx P. . X —px
a2 (55) e ()]

That is,

%é"’c(ff") L B0 (5.14)
Similarly, _

LS w2 Bl (519)

Let us now deal with the first term in the numerator of Equation 5.2. We have

n

Ay 1 X — jx Y -y
—ch Je(V) = n2¢c< - )w( - )

1=1
1o X — j Y — o\ A A
= ;L_;¢CI< 6'X/'1'X>w01< 6YMY>I((X_”X)(Y_NY)>O)
BN X — px Y — iy
+H ;%2 ( Gx ) Yey ( Gy ) I((X px)(Y — py) < 0),
Considering g(Z, 9)': e (x uX) Ye ( p— ) = wq(U)wc(V), we have

%Z«AC(Ui) (Vi) T”OO> E [e(U)e(V)]. (5.16)

Using (5.16), (5.14) and (5.15) in the numerator of (5.2), we have

=3 09 el - (%chuz)) (%Zzﬁc(vi))

s BeUWe(V)] - B0 Ele(V)]. (517
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Let us now focus on the denominator of Equation 5.2. We have

3w - —sz =y
= —Zw (X “X) 1~ )Y = ) > 0)
+ o Z¢ (X “X) I((X — ax)(Y — fiv) < 0).

Consider g(Z, ) = ¢? (X—;’:—X> = 2(U). We then have

Ly wo <o suw). (5.18)
Similarly, |
AR A (519)

1=1

Using (5.18), (5.19), (5.14) and (5.15), we can say that the denominator of (5.2) converges

in probability to the denominator of (5.3). [ |

5.3 Influence function of adjusted-Winsorized esti-

mate

The following theorem gives the influence function of the adjusted-Winsorized correlation

estimate, when the influence functions of the scale estimates are well-defined.

Theorem 5.2. (Influence function of the adjusted-Winsorized estimate) Let
(X, Y) follow a continuous distribution H. Consider the adjusted- Winsorized correlation

functional r,(H) given by

ro(H) = ! C(5.20)




with

= (S5 (50

—en e () e () ) e

: — 27 1/2
o (SR} - (o o (5|
o71/2
e A )

where mx(H) and my (H) are location functionals, and sx(H) and sy (H) are dispersion

and

D(H) =

functionals. Suppose that

1. The central model Hy is symmetric about (mx(Hp), my(Hp)). We can assume,
without loss of generality, that mx(H,) = 0, my(Hy) = 0, sx(Ho) = 1, and

Sy(Ho) =1.

2. The influence functions IF(sx,u, Hy) and IF(sy,v,Hy) are welZ-deﬁned for all

z = (u,v) € R2.

The influence function of r(H) at Hy and z, denoted by IF(ry, 2, Hy), is given by

D()NO — N()DO

IF(Tw.,zaHO) = D2 )
0

where

No = B {te(X)ve(¥)},

Dy, = \/EHO{%/%(X)}EHOWZ(Y)},
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No = =Bty {0e(X)0e(¥)} + e () e (v)
— IF(sy,v, Ho) Emy{e(X) (Y)Y}

— IF(sx,u, Ho) EBao{$e(Y) ¥4(X) X},

and

N EH0{¢§(Y)} 2 . 2u
by - \/zEHO{¢z<X>} (Bn {200} - vitw

+ IF(sx,u, Hy) Emy{2ve(X) ¥4(X) X} )

_ | Erodye(0} RS
\/2EHo{wz<Y>} (?Ho{%(Y)} ¥)

+ T (sy,v, 1) B {2.(¥) 04(1) Y} ).

Proof. Let H be given by
H, .= (1—1t)Hy+ té,. (5.23)

For a fixed z = (u,v), using (5.21) we can express N(H, ) - N(t,z) = N(t) as

N = (-1 B {wc (X - mx(t)> v (Y —~ my(t))}

. Sx (t) Sy (t)

-t Y (ﬂ) ' <v—my(t>>

sx(t) sy (t)

foomnf () ()]
oo () oo (5] o
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where o(t) includes the terms involving #>. Now, since mx(0) = 0, my (0

and sy (0) =1, we have

iN(t)‘ = B (Xl + Ye(u)e(v)

dt :
e () S o

- The last term in (5.26) can be written as

g {o (S D) v (SO

oo (5535 (5

I<(X - mx(®)(Y —my(t)) > 0) }] o

o o (5 . (0

1 = m(@) = mv) <0) }] - (ea)

Interchanging the operations of differentiation and integration (see Chapter Appendix,

Section 5.8.2, for the justification), we can express (5.27) as

d

oo (50 (BN

112.




- The first term of (5.28) can be expressed as

s & o (4520 . (£5280) rrv )|

- Ef!o{%DCI (X ;}:Zx(t)> ” (Y ;Yﬂ(";;)/(t)>

—sy () £[my (t)] — L[sy ()] (Y — my (2)) (XY > 0)
sy (t) _
Y — my(t) X —mx (1)
Ve ( sy (t) ) Ve ( sx(t) )
—sx(t) L[mx(t)] — L[sx(®)](X — mx(t))
s%(t)

o

I(XY > 0)

-

= "'EHo{wm (X)QPQI(Y) [IF(my, v, Ho) + IF(Sy,’U,.H()) Y] I(XY > O)
+ e, (Y )9, (X) [T (mx, u, Ho) + IF(sx,u, Ho) X] I(XY > 0) } (5.29)

Similarly, the second term of (5.28) can be expressed as

el oo (55 v (55 ) 10 <o ]

= "‘EHO{Q/)cl (X)’(ﬁél (Y) [IF(my, v, H()) +. IF(Sy,’U, Ho) Y] I(XY < 0) .

A+ e, (V)9 (X) [Iﬁ(mx,u, Hy) + IF(sx,u, Hp) X.] I(XY < 0) } (5.30)

Using (5.29) and (5.30) in (5.28), we have




= — IF(my, v, Ho) Biny {$e(X) YY)} — TF(mx, u, Ho) By {te(Y) ¥(X)}
— IF(sy,v, Ho) Buy {$e(X) 4(Y) Y} = IF(sx,u, Ho) By {o(¥) $1(X) X}
=~ TF (s, Ho) Bio {(e(X) ¥4(Y) ¥} = IF (s, u, Ho) Bo{1e(Y) ¥4(X) X}. (5.31)
Using (5.31) in (5.26), we have
. p '

@) =-En, {wc(X)wc(Y)} + Ye(u)e(v) -

— IF(sy,v, Ho) By {0e(X) wL(Y) Y}

— IF(sx,u, Ho) Byo{we(Y) $4(X) X }. (5.32)

Using (5.23) in (5.22), we have

D()=D{#) Di(t), | (5.33)
where
0= 00 2 {22 (S5 oot (5550
o950 o (535 . (525
and

Do) = (1 —1) Eug {¢3 <Y_—1n_z@)} Tty <v - my(t)> |

Sy (t) Sy (t)

[reom (5 e (557)) o0

leferentlatmg both sides of (5.33) w.r.t. ¢, and settmg t =0, we have

Dy(t) Dy (t)
)+ 4 =t ) 4 b
o { D (t) D,(t) dt 2{ )} 0

(5.36)



From (5.34), we have

iDl (t)

dt + (). (5.37)

t=0

— - Bn {v200} + B {2 (L0

t=0
Using similar arguments as in the case of the numerator (see Chapter Appendix, Sec-

tion 5.8.2),
e (55352)

o (S5 0

t=0

e

+ B, {%w; (X ;XTZ))( kt)) I(XY <0)

L EHO{MCI (X - mx(t)> " <X - mx(t)>

} (5.39)

sX(t)d | ) sx(t)
—sx(t) flmx(t) ;%(d—é;x(t)](x =ms0) 1y 50)
w2 (0w (P ) |
—sx(t) lmx (0) —Sg(d%(gx(t)](x =mxl0) 1 (xy <o) B

= —EHO{2 Yo, (X)Wh, (X) [TF(mx,u, Ho) + IF(sx,u, Ho) X] I(XY > 0)
29, (X)L, (X)) [IF (mx, u, Ho) + IF(sx,u, Ho) X] I(XY < 0)}

= (i, 4, Ho) By (20 X040} — TF (s, Ho) Buny {266 (XD (X)X}
= ~IF(sx, u, Ho) By, {2 0e(X)WL(X)X ). | (5.39)
Using (5.39) in (5.37), we have

%Dﬂt) = —'EHO{w(Z:(X)} — IF(sx,u, Ho) By { 200e(X)YL(X) X } + 2(u). (5.40)
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Similarly,

iD2 (1)

= =~ B, {¥2(Y)} = IF(sy,v, Ho) By {206(Y WA(Y)Y } + 92(0).  (5.41)

Using (5.40) and (5.41) in (5.36), we have
(BB (e
— \/2EHO{¢z(x>} (Bn vz} - v

+ IF(sx,u, Ho) Ery{2%e(X) ¥L(X) X} >

_ EHo{w?:(X)} 2 _ QU' n
_\/‘2EH0{¢3(Y)} (EHo{wc(Y)} "/’c( )

+IF(oy,0,Ho) B (200001 V) ). 642

d
ED(t)

We also have | ‘ \
N(t)|,_o = Bro{¢0e(X)%e(Y)} = Mo (say), (5.43)

and

D(t)],.g = /B {¥2(X)} B, (w2(Y)} = Do (say). (5.44)

Finally, differentiating both sides of |
ro(t) = —2 | (5.45)

w.r.t. ¢, and setting { = 0, we have

DyNy — NyDy

IF(’I"w,Z,Ho) = DQ )
0

(5.46)

where Ny = %N(t)[tzo and Dy = (—;‘%D(t)]t=0 are obtained from (5.32) and (5.42), respec-

tively, and Ny and Dy are obtained from (5.43) and (5.44), respectively. [
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Figure 5.1 shows a 3D-plot of I F(r, 2, Hy) against z = (u, v), with u,v € [-10, 10],
HO = N(O, E), and
L p
H = . (5.47)
p 1

We used p = 0.5 for the bivariate normal distribution, and (¢, ¢c2) = (3,2) for ry,.

IF(u,v)
-2

-4

10 >

-6

-8

-10

Figure 5.1: Influence curve of adjusted-Winsorized estimate with (ci,¢o) = (3,2). The

curve is symmetric about (0, 0).
Based on Equation 5.46 and Figure 5.1, we can make the following comments on
the influence function of the adjusted-Winsorized estimate:
e Because of Regularity Condition A4, the expectations in (5.46) are bounded. Also,

Dy > 0. Therefore, I F(ry, 2, Hy) is bounded when I F(sx,u, Hy) and I F(sy,v, Hy)
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are bounded. Figure 5.1 also exhibits the boundedness of the influence function.

e Since the 1/-functions are symmetric, the influence function IF(r, z, Hy) is sym-
metric about (u,v) = (mX(HO),my(HO)) = (0,0) if IF(sx,u, Hy) is symmetric

about u = 0, and I F(sy,v, Hp) is symmetric about v = 0.

e By setting ¢; = ¢; = ¢ in IF(ry, 2, Hy), the influence function of the univariate-

Winsorized correlation functional can be obtained.

5.3.1 Standard error of adjusted-Winsorized estimate

Let Z; = (X;,Y3), i =1,2,--, n, bé ii.d. according to a continuous distribution H,
and 7, (H) be the adjusted-Winsorized correlation functional. The influence function of
ro(H) at the central model Hy and z € R?, denoted by IF(ry, 2z, Hy), is given by (5.46).
Using this, the asymptotic variance of the adjusted-Winsorized correlation estimator
7 for the central model Hy can be obtained as (see, for exami)le, Hampel, Ronchetti,

Rousseeuw and Stahel 1986, page 85)
AV (ro, Hy) = / IF(ry, 7, Hy) dHy(2): (5.48)

For a sufficiently large n, the standard error of #,, denoted by SE(#,), is given by

SE(#y) = \/AV (ru, Ho)/n. : (5.49)

Since it is difficult to get a closed form expression for (5.48), we can use numerical
integration to obtain approximations to the asymptotic variance and the standard error

of 7.

To evaluate the accuracy of the (approximate) standard error of the adjusted-

Winsorized. correlation estimates, we carried out the following simulation study. We
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generated 2000 random samples of size n from a bivariate normal distribution with mean

vector 0 and covariance matrix ¥ = (p) given By (5.47). We considered 3 different

sample sizes: n = 25, 100 and 400, and 3 different correlation coefficient values: p = 0.1,
0.5 and 0.9. The values of (cy, ¢2) chosen for these correlation coefficients are (3,3), (3,2)

and (3, 1), respectively. The choice of ¢; and ¢, is discussed later on in Section 5.4.

Table 5.1: Evaluation of the standard errors of 7,,. The empirical SD and formula-based

SE are close.

n =25 n = 100 n = 400
P SD SE SD SE SD SE

0.10
0.50
0.90

0.203 0.199
0.136  0.146
0.035 0.039

0.100 0.099
0.069 0.073

0.049 0.050
0.034 0.037
0.009 © 0.010

0.018 0.019

Table 5.1 presents the obtained results. For each n, the first column gives the
empirical standard deviations of the adjusted-Winsorized cdrrelation estimates (based
on 2000 samples), while the secqnd column shows the standard errors calculated using
(5.49). In geﬁeral, the differences between the numbers in the two colﬁmns are reasonably

small, particularly for large sample sizes. .
An estimate of the asymptotic variance in (5.48) is given by

AV (ry, H ZIF2 T Ziy Hy), © (5.50)

and the estimated standard error of 7, denoted by @(fw) is given by

= \JAV (r,,, H,)/n. | | (5.51)
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5.4 Choice of ¢; and ¢, for 7,

It is important to note that the robustness, efficiency and intrinsic bias (to be discussed in
the next section) of the adjusted-Winsorized correlation estimate depends on the values
chosen for ¢; and ¢;. Figure 3.3 in Chapter 3 shows how the bivariate outliers are handled
by 7. If we choose large values for c1 and cq, 7y, Will be less resistant to the outliers. On

the other hand, this will lead to a decrease in the standard error (increase in efficiency)

‘and a decrease in the intrinsic bias, both of which are desirable as well. Thus, the choice

of ¢; and ¢y may depend on our goal in a particular situation.

For appliéation purposes, we can first select an appropriate value for ¢; (the larger
tuning constant for the two “major.” quadrants, i.e., the quadrants that contain the
majority of the standardized data). Then, for the two “minor” quadrants, we can use
co = hey, where‘h is the ratio of the number of observations in the minor quadrants to
the number of observations in the major quadrants. Note that, as |p| increases from O to’

1, th.e asymptotic value of i decreases from 1 to 0.

5.5 Intrinsic bias in adjusted-Winsorized estimate

Let Z = (X,Y) have a continuous distribution H, and r,,(H) be the adjusted-Winsorized

correlation functional. Let the central model Hy be given by Hy = N(0,X), where

X = X(p) is given by (5.47), and p = p(H) is the true correlation coefficient of X and Y.

- The intrinsic bias of r,, occurs at the central model Hy because of the data trans-

formation. Since the adjusted-Winsorized data have a slightly different correlation coef-
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ficient than that of the original data, r,(Hy) # p(Ho). Therefore, the intrinsic bias of

Tw, denoted by IB(r,), is given by

IB(ry) = ro(Ho) — p(Hy). (5.52)

To compare r,(Hp) and p(Hp) empirically, we generated random samples of size’
n = 100000 from a bivariate normal distribution with mean 0 and covariance matrix
> = %(p). We considered several values of p from —1 to 1. To calculate 7, = 7, (Hp) we
used Huber score function with different values of ¢; With ¢ = heq, where h is defined in

the last section.

l

Figure 5.2 displays the plots of r,, against p for ¢; = 0.01, 1, 2 and 3. Based on"

these plots we can make the following comments:

e The intrinsic bias of r,, decreases as ¢; increases.
e 7, is a non-decreasing function of p.

e Consider 0 < p < 1. The magnitude of intrinsic bias increases from zero to reach
its maximum at p = 0.5, and then decreases to zero. Similar behavior is observed

for -1 < p<0.

e For —1 < p < 0 the intrinsic bias is negative, while for 0 < p < 1 the intrinsic
bias is positive. This is the exact opposite of the results obtained for univariate-
Winsorized estimate (see Alqallaf 2003, Figure 4.5, page 97), for which the bias is

positive when —1 < p < 0, and negative when 0 < p < 1.

To compare the behavior of r, (with ¢; ~ 0,‘ ¢2 ~ 0) with the univariate-Winsorized

correlation estimate r = r(Hp) (with ¢ ~ 0), we plotted r with ¢ = 0.01 against p in -
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Figure 5.2: Intrinsic bias in adjusted-Winsorized estimates with cz': hci. The bias in
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Figure 5.3: Intrinsic bias in univariate-Winsorized estimate (¢=0.01).

Figure 5.3 (which is a reproduction of the top left plot of Figure 4.5, Alqallaf 2003).
This plot is the exact opposite of the top left plot of Figure 5.2 in terms of the sign
of the intrinsic bias. The reason maybe as follows. Though ¢; = 0 = ¢, = 0 for the
adjusted-Winsorized estimates, but c; = hc; approaches zero faster than c;, making the
limit of r,, different from the limit of r as ¢ tends to zero (the limit in the latter case

being the quadrant correlation estimate).

5.5.1 Achieving (approximate) Fisher-consistency for r,,

Let Hy = N(0,%(p)) and let r(p, c1, ¢2) be the asymptotic value of r,, (Hp) when we use

tuning constants ¢, and c,. A plot of 7,,(p, c1,c2) against p is exhibited by Figure 5.2 for

different values of ¢; and ¢, = he;. Recall that A is the ratio of the number of observations
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‘in the minor quadrants to the number of observations in the major quadrants. To fix
ideas and without loss of generality, let us assume that p > 0. We notice ’that when ¢, = ¢;
(univariate—Winsorizéd estimate, Alqallaf 2003) 7,(p, c1,c1) < p, while r,(p, c1, hey) > p
when ¢ = hc;. Therefore, to achieve Fisher-consistency for a fixed value of p, we
could use an appropriate value of ¢y between ¢, = hcy and ¢ = ¢;. That is, we could
use c2l= acy, where a € (h,1) is such that r,(p,c1,ac;) = p. In practice, we could
approximate a by numerical mea‘nvs. For a fixed value of ¢; we could obtain a fable
relating p and a = ¢; (p). Since h is a decreasing function of p we have that a = g (h).
Tables relating a and h could be constructed by numerical means for any desired value
of ¢;. We will not elaborate this approach further, since a simple approach that works

remarkably well is presented below.

To avoid the constructio.n and use of numerous tables, we can use a simple alternative
that does not require any taLble. Since ¢, = he; and ¢ = ¢ give biases of similar
(though not sarné)' magnitudes with opposite signs, we caﬁ use ¢3 = ¢1(h + i)/.2, that is,

a = (h+1)/2. Figure 5.4 displays the plots of r,, against p for ¢, = 1 with ¢, = hc¢; and
| c2 = él(h +1)/2. Though the first plot (c; = he;) is the same as the top right plot of
Figure 5.2, it is presented again here t.o make its scale more comparable to that of the.
second plot. The degree of Fisher-consistency achieved by using ¢y = ¢;(h+1)/2 is quite

satisfactory.

Note that ¢; = ¢;(h + 1)/2 < ¢;. Therefore, with this choice of ¢, the adjusted-
Winsorized estimate is still more resistant to bivariate outliers than the univariate-
Winsorized estimate. At the same time, the extra tuning constant c, allows us to make

our estimate approximately Fisher-consistent.
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Figure‘ 5.4: Approximate Fisher-consistency for r,.

intrinsic bias than ¢, = hcy.

¢l =1, c2=c1(h+1)/2

10 -05 00 05 1.0 .

By using ¢z = ¢1(h+1)/2 we get less

We mentioned in Chapter 3 that though we used 02-': hcy in this study, a more

reasonable choice would have been ¢; = Vhe (i.

e., ¢ = hc?), because the areas of

the two squares should be proportional to the number of observations they contain.

Interestingly, (h + 1)/2 (the shrinkage factor that gives approximate Fisher-consistency)

is the first-order Taylor expansion of v/A.

5.6 Asymptotic normality of adjusted-Winsorized es-

timate

Since the indicator functions involved in the adjusted-Winsorized correlation estimate
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are not differentiable, proving the asymptotic normality of this estimate is extremely




diﬂiculf. One approach we can consider is to replace the sample indicator functions by
the true ones, which we can do only if the amount of error due to the replacement is |
0(1/+/n). See Chapter Appendix (Section 5.8.3) for more details of this idea, where we
use this approach to establish the asymptotic normality of the numerator of (5.2), i.e.,

the asymptotic normality of the adjusted-Winsorized “covariance” estimates.

Unfortunately, for the denominator of (5.2), the amount of error due to replacilng

“the sample indicator functions by the true ones is O (1/y/n) (see Chapter Appendix,

Section 5.8.4), and cannot be ignored. Therefore, the above approach cannot be used to

establish the asymptotic normality of the adjusted-Winsorized “correlation” estimates.

As a remedy of this, we can use differentiable versions of the indicator functions,
denoted by v (X—;("—XY—;)’/‘—"> and y3(.) = 1 — % (.), respectively. For example, v, can

be the distribution function of a continous random variable with support (—¢,¢), for

any small ¢ > 0. Using the functions v, and 7, we now define the smoothed adjusted;

 Winsorization of the data, and the smoothed adjusted-Winsorized correlation estimates

as follows.

Definition 5.3. (Smoothed adjusted-Winsorization)

The smoothed adjusted- Winsorization of (u,v) € R?, denoted by U3 (u,v), is defined as

U3 (u,v) = (¥2(u), ¥3(v)), (5.53)

where

Y1) = b, (1) 71 () + ey ()7 (up),
W5(W) = Yo ()71 () + ey (0) o),

1 18 a non-decreasing symmetric function, and c¢; and ¢y are chosen constants.
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Definition 5.4. (Smoothed adjusted-Winsorized estimate of correlation) Let
(X, Vi), i =1,2,---, n, be a random sample from a bivariate distribution with loca-.
tion parameters ux -and py, and scale parameters ox and oy, respectively. Let 6 =
(1x, by, 0x, oy), and 0 = (fix, fy, 6x, 6y) be an estimate of 6. Denote U, = (X; -

ix)/6x, and V. = (Y; — ﬂy)/&y. Then, the smoothed adjusted- Winsorized correlation

estimate, Tg, is defined as

The following theorem states the asymptotic normality of the smoothed adjusted-
Winsorized correlation estimates, provided that the - and x-functions satisfy the above

conditions, and the location estimates are consistent.

Theor.em 5.3. (Asymptotic normality of the smoothed adjusted-Winsorized
estimate) Let (X;, Y;),i =1, 2,---, n, be a random sample from an elliptically sym-
metric bivariate distribution with location parameters pux and py, and scale parameters
ox and O"y, respectively. Let iy and fiy be consistent estimates of ux and Ly, and 0x
and 6y are S-estimates of ox and oy with score functions satisfying conditions B1 — B4.
Then,. . v
Vi (fs = 7s) #N((),AV),
where 7, s defined in (5.54) with ¥-functions satisfying conditions Al — A4,

B [ () g (o) |

Iy

Ts =

\/E [{wcsv(za:xﬂ)}z] \/E Hz/)ﬁ(y_;ff_y)}z] |
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and the variance AV of the limiting distribution is given by
TAV = V;Evg,
where s )y = {a,]} with o;; = Cov (@, @;);1=1,2,3;5=1,2,3;
o = (i)Yo S (Xwe) K (Y,
ox Oy DX gx DY' Oy
X — px 2 K7 X —ux Kig Y — py ‘
= S _— - -
9 { c( ox >} DXX< ox Dy*\ oy )’

[ os(Y =\ K (Y —py\ Kn (X —px
Q3 - c - X - X )
oy Dy ™ oy Dy Ox

1 U U
V = y T y T 9
I (VVW’ QVVV W ZWVVWJ

o = p e (K5) . (S5)]
| ox Oy

)]

-with

)

-l

and the constants used in the above expressions are specified below:

e (52 () e
Dy —F [ (Y My> <Y w)] | (5.56)
e (552) (552 (55 (52|

y) X — Y — X —uxY —
L 25 [%( ux)wq( uy>%< X Ny)
Ox Ox Oy ox gy

. (X—uxY—uy> (X —uxY—uyﬂ  (557)

Ox Oy
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K 1s obtained by interchanging X andY in (5.57), K3 is obtained by replacing ¢ by ca,
and v, by v in (5.57), Ky is obtained by interchanging X and Y, and replacing ¢, by cs,
and v, by v in (5.57),

1 (X — X — Y —
K=o om | (P50) (F50) v ()
Ox ox Ox Oy .
(X'_NXY_/JY) (X_/JXY_,UY>:|
4! X ’Yz.

ox oy Ox Oy
1 X — Y - X — Y -
4+ F {%1 ( ,UX> e, ( MY) 71 < Mx MY)
Ox ox Oy Ox Oy
X —pxY — py X —pxY — py
Ox . Oy L ox gy
1 X — Y — X—uxY —
+ - F [wa ( MX) 1/)c2 ( MY) " ( bx NY)
Ox Ox Oy Ox Oy
X — Y — X — Y —
7§< KX - MY) < Ux MY)] - (5.58)
Ux\ Oy ox Oy -

Kg is obtained by interchanging X and Y, and ¢; and ¢y in (5.58), K7 is obtained by

interchanging ¢; and ¢y in (5.58), Kg is obtained by interchanging X and Y in (5.58),

Ky = Ki+Ks+Ks+ Ky,  (5.59)

K, + K, + K¢ + K, - | (5.60)

K&O

' - X —ux\ (X - —ux Y —
Ky=—F [wq (X “X> A ( “") ( “X> 7 <X - “Y)}
0x 0x . OX Ox Ox Oy

2 X — X -~ Y —
o () ()

Ox X 0x Oy
X - Y - X — Y —
71< px MY) ( Lx ‘uy>}’ (5.61)
Ox Oy ox Oy
2 X - X — Y —
K12=—E{ 31 <__ﬁ)f_> " ( Hx ,U'Y>
oy Ox ’ ox Oy .
X — Y — X — — :
%< J75% HY) ( px Y /J'Y>j| . (5.62)
ox Oy Ox Jy
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spectively),

.K13 and K4 are obtained by replacing ¢, by co, and v, by 2 in (5.61) and (5.62) (re-

\

2 [, (X-— X - X -
Ox - Ox Ox ox

’(X—uxY—uy> (X_NXY_NY>]
4t Yo

Ox Oy ox Oy

2ol () (e (522
ox Ox Ox 0x

X—pxY —py X—pxY —py
ox Oy " Ox O'Y

+iE {ﬂicl (XU_MX>¢cz (X;MX>71 (X—MXY—MY)

0x Ox X Ox Oy
X — Y — X — Y —
7;( Hx MY) ( Hx NY)]’ (5.63)
Ox Oy Ox Oy
: 2 X — X — X - Y —
K= —F [%bcl (——ﬁ) Ve, ( 'uX) M ( X X MY)
Oy ox Ox ox Oy

X—pxY —py X —pxY —py
Ox Oy 2 Ox Oy '
2 X — X - ‘ X — Y —
L 25 [wq ( ux) b, ( ux) 71( Ihx uy>
Oy Ox Ox Ox Oy

) (X—MXY—_uy> (X-MXY_MY>]  (5.64)

ox Oy Ox Oy

K7 K+ K3+ Kis, (5.65)

Kig = K+ K+ Kig, a ~ (5.66)

and, finally, K19 and Ko are obtained by interchanging.X andY in (5.65) and (5.66),

respectively.
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Sketch of the Proof.
The numerator of (5.54) can be written as

Z¢< Nx)d)s(Y W)——ZW( ) Z¢S<Y uy)

(5.67)

We can express the first term of (5.67) as

"Z¢S< NX)¢5(Yayuy>

Ly X = Xi—pxYi—jw\ ,  (Ximi Xi— fix Y — f
n < ox UX Uy Ox gx oy .

Y- X —px Yy — j Yi— iy (Xi—ixYi—p
% {%1( _ MY>%< - tx - MY) +w02< _ /~LY>72( - bx _ MY)}
Oy . 0x Oy Oy Ox oy

RS Xi—p Yi— v\ of Xi— px Yi— fir
L (B, (o) (S
n 4 ox Oy Ox Oy
— fx Yi—jy\ of Xi—pxYi— jpy
+ Z¢c2< 'A )1‘/)02< OA_Y >f)/2( &X a_y
L~ (Xi—ix Y — by Xi—ibxYi— py Xi —px Y — fy
P E S (B, (Hse ), (Bbeizh ) (X—he i
n - Ox Oy o Ox Oy ox Oy

1 on (Xi—px\, (Yi—iv\ (Xi—fxYi—py) (Xi—pxYi—
+-Z¢c2<A—M>%( - uy>%( —PxYi- uy>%< —fx Y uy>‘
. n - Ox Oy gx Oy -O’X Jy -

(5.68)

Let us consider the first term of (5.68). Using Taylor expansion about (ux,ox, iy, oy ),

we can write

— i Yi - i Xi—pxYi—fp
_Z¢CI( A X>¢CI< Y Y)/Y]2-< o : o Y)
Oy Ox oy )
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L1 X — Y, - Xi— px Yi— py
X ox Oy Ox Oy |
1 & (X; — ix\ Xi — fix (Y- X;— jix Y —
Zwél( - ,UX) - NX¢CI< ~ MY)W%( - fhx MY)(O’)(—U)()
Ox Ox Oy Ox Oy

2 o (X Yi— v\, (Xi—ixYi—
~ Z’L/}Cl <~—'u')()¢61< - 'uy)’)’l( p 'UIX ~ MY)

ox Oy ogx - Oy
,<Xi“*ﬁXY}—ﬁY>X px Y; — iy

~ (6x —ox)
ox Oy Ox Oy
n ~ ~ ~ ~ ~
<Xz~—ﬂx)¢él<yz—MY>YZ~—MY7%<XZ~—MXY1~—MY)(6Y_Uy)
X ox

oy Oy

gy

2\, (Xi—h Y, — i Xi—jix Yi—
g (N, (k) (Rl
— Ox _ Oy \ Ox Oy

o Xi—px Yo — gy \ Xi — ax Y; — iy
XM p ~ (6y —ov),
X Oy Ox Oy ,

since the coefficients of (Zx — px) and (jiy — uy) converge to zero in probability. Thus,

Yi— i\ of Xi—iix Yi— iy
_2%1( & )1/}01( Gy )71< ox Oy ) |
Vi—ur\ of Xi —pxYi— py
_Zwa( >wc1< oy )71( ox oy )

= K1(6X — Ux) — Kg(a'y — Uy), (569)

where K7 and K, are as defined in the statement of the theorem. Similarly, the next

three terms of (5.68) can be expressed as

Yi— v\ of Xi— ix Y- i
_ZQPC?( A )l(pcz( Y ﬂy)f}/%( 0 NX Y Y)
Oy gx Oy
Y, - Xi—pxYi—p
:_2%2( MX)wcz( NY),YS( Hx Y)
Oy Ox Oy _

— K3(5'X — Ux) — K4(a'y - 0'y), (570)
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1Zn Xi — fix Y, — jiy X; — ix Yi — fiy ([ Xi— px Y — fly
- wcl ~ wcz ~ 7 ~ ~ Y2 ~ ~
n < Ox Jy . . Ox Oy Ox Oy
.;1271 o Xi— px Y; — py Xi—px Y — py Xi—px Y, —py
- ,(/)01 ¢c2 4! Y2 ‘

n - Ox - Oy gx Oy gOx Oy

- K5(5'X — Ux) — Ks(&y — Uy), (571)

and

1« Xs — fix Y, -y Xi—iax Y, — iy X, — fix Y — NY
= e | == )b | == ml == - 7 -
n Ox oy ox Oy Ox Oy

i=1
Yi - Xi—pxYi— Xi — px Yi -

- —Z¢C2< )wq( MY>%< Hx NY>72< Hx MY) |
Oy Ox Oy : ox gy

— K7(6x —ox) — Ks(6y — CTY), (5.72)

respectively, where K3, K4, K5, K¢, K7 and Kz are as defined in the statement of the

theorem. Using (5.69), (5.70), (5.71) and (5.72) in (5.68), we have

‘DS( Xz fi) o (Y

Oy

LI X; — px Yi—py\ of Xi—uxYi— py
= ﬁzwcl( ox >'¢)cl< oy )71 Ox oy
1 Xi — px Yi—puy\ of Xi —px Ys— py
+"I’LZ¢CZ< Ox )w(:z( Oy )72 Ox gy
1o, (X Y; - Xi—pxYi—py\ (Xi—pxYi—
_'__»leq( MX>¢02< ,UY>71( Ux .UY>72< Bx MY)
n < gx gy Ox Oy ox Oy v
X; — Xi —px Yi—py\ (Xi—uxY—py Xi—pux Y —py
wq T Y2
ox oy Ox oy Ox oy

— Ko(6x — ox) — Kig(6y — oy), (5.73)

) where Kg K1+K3+K5+K7 and Klo—K2+K4+K6+Kg
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Now, it is straightforward to show that the second term of (5.67) is o(1/+/n). There-
fore, using (5.73) in (5.67), we have
Y, — o .
= _ZwS( /'I’X>¢S< ~ ,LLY) _lKg(Jx-Ux)—Klo(O'y—O'y). (574)
v ,
- Note that the first 4 terms of the right-hand-side of (5.73) are combined to get a single

term in (5.74).

Since 6x and 6y are S-scales, we have (see Alqallaf 2003, page 156)

—ox = — , (5.75)
Ox —0x ;X' (Xia_X#%) (Xlg—;x>
-and
> X <Y—;5—Y) — nb
Sy — oy = = (5.76)
2 (M) ()

Using (5.75) and (5.76) in (5.74), we have
s — KX s{Yi—py
“ra(Rr ()
K, X; — px . Kl ¢ Y — py
_D_Xﬁ;@ <——UX )—b> - Eﬁ;(x (———UY )—b), (5.77)

where Dx and Dy are defined in the statement of the theorem (equations 5.55 and 5.56).

The first term of the denominator of (5.54) can be written as

SR - (e e

We can express the first term of (5.78) as

_Z{‘PS( ux>}2
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I X — bx Xi—px Y — fly
—_Z Y | ——— Im = =
n < Ox Ox Jy
| Xi— Xi—px ¥ — v\
o (B (Kb )
Ox Ox gy
I o (Xi=px\ o Xi— hx Yi— by
=L )
i1 X Ox Oy
1 of Xi —bxYi— fiy |
nz¢< )2< 6x Gy
2 [ Xi— iix i — fx X — fix Yi— iy
+n2wcl\ 5 )w( Pl L1 Gy

Oy
i — px Y — [
><’)’2<X - Px - MY). (5.79)

ox gy

As in the case of the numerator, by using Taylor expansion about (ux,ox, sy, oy), the

three terms on the right-hand-side of (5.79) can be expressed as

Im o (Xi—jix\ of Xi— ix Yi— fiy

- Z¢cl = N - -

n Ox Ox Oy _
L1 SN o (Xi—px\ of Xi— pxYi— py
=y (P )R (PR

- Ku(a'x e 0)() —'Klg(&y — Uy), (580)
. Xi— @ Xi —ixYi— b
(552 B
P _UX Ox Oy
LI o (Xi—px\ o Xi—pxYi— py
= 0 Z ’(/)62 < ox >72 6-X

Oy

| —

3

— Ki3(6x — UX) K(6y —oy), (5.81)

X; — by X — fix Xi— x Y — jly Xi—pbx Y — py
D e | = e | — M|~ - Yo| —= -
Ox Ox ox Oy 0x . Oy
.2 Xi - X; — Xi—pux Y — Xi—px Y —
:._§:¢q<___ﬁ£>¢w<_L_ﬂ£>%( px ﬂy)%< px My>
n Ox Ox Ox Oy Ox Oy

— Ki5(6x —ox) — Ki6(6y —oy), (5.82)

3
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where Ki1, Ki2, K13, K4, K15 and K6 are as defined in the statement of the theorem.
Using (5.80), (5.81) and (5.82) in (5.79), we have |

1« s Xs— fix 2;1 - s Xi—ux\\?
‘ EZ%%“('&X )} "EE:{%( 2

=1

— Kir(ox — 0x) — Kus(6y — o), (5.83)
where K17 = Ku -+ K13 + K15 and K18 = K12 + K14 + Klﬁ. NOW, it can be shown that
the second term of (5.78) is o(1/+/n). Therefofe, using (5.83) in (5.78), and using (5.75)
and (5.76), we have i

R R e ()

1=1

[0}
=1 Y

Similarly, for the second term of the denominator of (5.54) we have

A Yi—ur\? Kl Y, — py
s . L s{¥i—py \ | _ Bl Yi—pyy
D2_nz{°( oy >} DY,nZ<X< oy ’

‘ =1 =1

| ‘%%i<x <M> —b>. (5.85)

o
i=1 X

Using (5.77), (5.84) and (5.85), and ignoring the terms which are o(1/1/n), we can

state that
[ &3 ve (Be) ws (%) Blue (F5) e (5]
Al agleCs) |- Elle(e)
- n oy ) 12 . —uy )12
| fur () el =), |
4, N (0, %), (5.86)

n—roQ

where ¥ is as defined in the statement of the theorem. Finally; we can use the é-method

(Billingsley 1986) on (5.86) to complete the proof. | |
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5.7 Conclusion

The main contribution of this chapfer is that we established some asymptotic properties
of the adjﬁsted-Winsorized correlation estimate (the new robust correlation estimate
proposed in this thesis). Our estimate is consistent and has bounded influence. We
obtained its asymptotic variance and intriﬁsic bias. The tuning constants of this estimate
" can be chosen such that we have approximate Fisher-consistency. An smoothed version of
this estimate is asymptotically normal. The computing time of this estimate is O(n logn),
the same as that of the univariate-Winsorized correlation estima@e, but our estimate is

more resistant to bivariate outliers.

5.8 Chapter Appendix

5.8.1 Proof of Lemma 5.2

We need to show that, for any € > 0, there exists J,, > 0 and 6; > 0 such that, for all

ueR,
My — ma| < 6m, [s1— 82| <0 = [f(u,m,81) — flu,mg,s)| <e

Following Salibidn-Barrera (2000), we will first show that there exists a closed and

bounded interval U such that, for any m, my € M, 51,82 € S,

¢<u—m1>:¢<u—m2>,. ugu.v (5.87)

81 82

It is given that m < m < m and s < s < 5. Consider u > 7 + 3c. For any m < 7 and

s < § we have (u —m)/s > c. Now, consider u < m — sc. For any m > m and s > s we
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have (u — m)/s < —c. Thus, for U = [m — sc, m + 3c|, (5.87) holds.

For w € U, 1) is uniformly continuous. Therefore, we only need to show that .

U—m U= my " ||32 51 N lmasy — myss|
S1 S2 5182 : 8152

sl |l el Tme = )

8182 8189 5152

|52 — 51 _|sa—s1] | |mg —my|
52 +m 52 + 52

VAN

Ky

3

where Ky = sup{|u| : u € U}. Thus,

sufficiently small.

may| and |sy — s1| are

5.8.2 Influence function: interchanging differentiation and in-

/mxu Lot (5 ) e ()t avas]_
mx (t my(t T —my —my
ﬁ/ / e (5 @53%4£;m@%vw@w

The first part of (5.88) can be written as

t=0

t=0

/mxm/my ( <>())¢°l <%<ty>(t)>f‘w’y)dydf

~ lim = [/T:(t) /n:(t) Wi, (%ﬂ) Yey (%(t—)> fl(x,y) dy dz

(5.88)

- /ooo /000 Ve () Yo (y) fz,y) dydz

|
tegration
The first term of the right-hand-side of (5.27) can be expressed as
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B %1-{%% [/mo:(w /mo;t) {% (x ;:z:)(t)> Ve <y ;:Z];(t» |
e (5% )}f(x,y)_dyd:v]

mx t)
~lim / Yoy (&) Y (v) £ (2,y) dy do

t—0 t

~lim / /m,, Yoo (@) Y (v) £z, y) dy da

t—0 ¢

mx(t) pmy(t)
~ lim 2 / Yoy (2) ey (v) (@) dydz (5.89)

t—0 ¢

[ (5 ) (55) o)

I(z — mx(t) > 0)_ I(y — my(t) > 0) f(z,y) dy dx}, (5.90)

since the last three terms of (5.89) are zero. Now, assuming that 1(u), ¥'(u) and
'(u)u are bounded for all v € R (under Regularity Condition A4), we can show that
L e, (X Xomx(l) ) Ve, (uﬂﬂ) |,_, is bounded. Therefore, using Lebesgue’s Dominated

Sx(t Sy t)

Convergence Theorem (see, for example, Bartle 1995, page 44), we have

i o Jo ¥ () 4o () S o]

/ /0 lim - {wcl (“:Z’;(“)wq (y;:g)(t)) ~ e, (2) ¥ (y)}‘f(x,y) dydz

- (5 ()
Similarly, | :

T () () s

L (o

f(z,y) dydz. ' (5.91)

t=0

t=0

f(z,y) dy dz. (5.92)

t=0
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Combining (5.91) and (5.92), we have

A oo (S5 o (53) (om0}

e () (55}

We can now write (5.28) from (5.27).

IQXY’>(n]. (593)

t=0

In a similar way, we can show that

£ ot (5555 5 -mr w0}

i (59

uxy>m} (5.94)

t=0

which gives (5.38).

5.8.3 Asymptotic normality of the adjusted-Winsorized “co-
variance” estimate

The numerator of (5.2) can be written as

A_ln Y — fiy _ln' Xi—px\1
—n_;wc( - )w( - )n;¢( - )n

Oy

" (Yi— iy
;¢( o )

(5.95)

Now, we can express the first term of (5.95) as

)m(Y_A“Y) qu( S (B2 B

B X, —
E;'@/}c( P




where Ti(c;) = I((X; — px)(Y; — fv) > 0), and Ti(co) = I((Xi — pix)(Yi — jiy) < 0).
Denote I;(ci) = I((Xi — px)(Yi — py) > 0), and Ii(c) = I((X; — px)(Yi — py) < 0).
Let us focus on the cases when I;(c;) and I;(c;) take different values. Assuming (without

loss of generality) that fix < px, we can argue that E(cl) # I;(c1) when
fx < X; < px.

(Or, piy <Y; < py.) Now, fix — ux is O(1/4/n), which means E(cl) —Ii(c1) is O(1//n).
Also, for the X;’s above, 4, (X522} is O(1/y/n) since ¢ is linear in the neighborhood of
zero, while 1, (Y—;—;“—Y) is bounded. Therefore,

—2%( 20y (B2 (B - 1)) = 0G/m). (597

Oy

Similarly,

n

lzww(xi(;“")%(%‘—”) (fer) = L)) =O(1/m).  (598)

n
=1 X

Using (5.97) and (5.98) in (5.96), we have

(5w (M)
:~Z¢cl< 5 Mx)lbcl(}/i;ﬂ)/) Ii(c1)

Y

+= Zw( p “X)wC2<Y;;ﬂY> Li(c), (5.99)

Y

“_n

where means “asymptotically equivalent”.

141



Let us now focus on the second term of (5.95). We can write
now(55)
=1
=2 (M5 ) ) + | z% (—“) fies
- %Zw (X525 ) e Z%( Z) ) +0 (1/VR) . (5100

Using Taylor expansion about (uyx,ox) in (5.100), and expressing all the terms that

involve fix — ux or 6x — ox as O (1/4/n), we have
1 < X; — i
_ch(__:_ﬁz)
i Ix
1 Xib—/LX 1 X
- - al\ — Iz - c
v (T e+ 13w

Since F [Tﬁcl (—/‘—X) I(cl)] = 0, we have % Zz/zcl ( —t ) Ii(c1) = O (1/4/n). Similarly, |

[}

Mx)Ii(Q) +0(1/v/n). (5.101)

ox

L Z Ve, ( - ) I/(c1) = O (1/y/n). Using these results in (5.101), we have

_Z¢ ( ) =0 (1/vn). (5.102)
Similarly, - | -
%gw‘:(ngyﬂy) =0 (1/vn).  (5.103)

Therefore, we have

—Z%( p > Z%(YA“Y)_o(l/\F) (5.104)

Oy

Using (5.99) and (5.104) in (5.95), we have

T BEN Xi— fix \ Y -y
N=— al —— ¥ - I;
S (S5 ()

Y .

1 Xi—pix\ ., (Yi— iy
' — _— i . Nl
+n;¢( -~ )¢< . )1(c2) (5.105)

Y

142




(Xi— i X — 1, (Xi—ix\ .
Ve, <A—MX> =Yg (—MX) ~ =%, <~—MX> (fx — px)
Ox ox ox Ox

\
Now, using Taylor expansion about (ux,ox), we have
|
\

for ix < fix < pux and 6x < 6x < Oox.

|
Similarly,

) - ; Y
77/}01 (Y; ” MY) :7/)01 (Y .UY> *;’qu( uY)(ﬂY'"NY)
Oy gy gy Oy
- ;'9/121 (Y; .._ NY) (Y MY) (UY - Uy) (5.107)

Oy Oy 0'y

for iy < by < py and 6y < 6y < oy. Using (5.106) and (5.107) in the first part of the

Y

_Z¢c1< p )%(?;ﬂ).[i(cl)

- right-hand-side of (5.105), we have

1 Xi—px\ , (Yi—dy\[(Yi— by i
_E;%(T)wc«‘ Gy >< Gy ) li{er) (6v =ov)

! ijwcl(}/’;“y)z/g;<x"fﬂx>(X"fﬂx) e (5 = o), (5109

Y Ox Ox

~ where the other terms are ignored since they are o(1/+/n). Using Lemma 5.1, we have

1 & Xi—px\ , (Yi—fy\(Yi—dvY) ;
o (T () (557 we
r, Llp [wCI<X;“X)¢;I <'Y_’““”> (Y_“Y> I(cl)] = A, (5.109)
X

n—00 Oy oy Oy
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and

1 < Yi—uy\ ,, (Xi—ix\ [(Xi— fbx
e (e (57 (5 e
., 1g [¢cl<ygﬂy>wél(x—ux> <X—“X) 1(61)] = B,,, (5.110)
Y

n—00 Ox ox gx

where I(c1) = I((X — px)(Y = py) > 0). Therefore,
1 gs (Ximi A
“Z"/}m( ~ MX>¢C1< — MY)-[i(cl)
n i—1 ox gy
B X
== 21/}01(
n <
i=1

MX)d)cl (Yi _ NY) Iz’(C1) - Acl (5Y‘— VO'Y) - Bq (5){ - UX)-

Oy

(5.111)

Since 6x and &y are S-scales, using (5.75) and (5.76) in (5.111), we have

1 X =] Y; — f
“ZTPQ( = “X)wcl( = MY)L‘(Q)
n ) Ox o

where ‘
szE[X' <X"“X> (X‘”Xﬂ, , - (5.113)
Ox Ox
~ and . | | _
Y - Y — o
Dy=E {x’( “Y> ( : “Y)]. | (5.114)
oy gy / : .
Similarly,




gy (Kim Yi—w) o

AR (B2 () e

Acz 1 < Y — py B, 1 - Xi — px
Dy (x(F52) 1) - 52 > (x(Frx) -v). e

where : _
4, = LE [wQ(X “X)wcz(y‘”y)<y‘“y) I(cQ)},  (5.116)
- Ox ox Oy Oy
_ 1 Y — py X —px\ (X —pux ‘
= Lo (C2 )i (Eo) () )], o

and Dx and Dy are as above. Using (5.112) and (5.115) in (5.105), we have
L, (Ximbx\, (Yi—py) _1x~, (Xizbx\15~, (Yi— iy
n;w( - )w( 5 ) n;w( o~ n;w o
Ll (X - Y, —
= 13 o BBy (Boi)
.n =1 oy

A, 1 & - y X; — . ‘
- ((5) ) e a X ((FR) o) e
y I —1 Oy DX n —1 Ox

where A, = A,, + A.,, and B, = B,, + B,,.

Using (5.118, we can state that

valw- e (222w (L2201 4 w0
Ox oy n—00
where _
oo (2o (15 (15 B (5]
0x Oy Dy oy X _UX .

5.8.4 Difﬁculfy with the denominator of (5.2)

Let us focus on the first term in the denominator of (5.2). It can be expressed as

2
N Xi— | 1 ¢ Xi — ji;
X e R A G R
= i=1
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As in the case of the numerator, we can write

() - S (S e o (B

(5.120)
Unfortunately, this time we cannot replace T;(.) by I;(.). The reason is as follows. When
T:(c1) # Ii(c1), we have either (i) fix < X; < px, or (i) fiy < Y; < py. In the first
case, as in the case of the numerator (see Section 5.8.3), we can show that the amount
of error due to replacing L,(.) by L() is O(1/n). However, in the second case, though
fy — py is O(l/\/_) the term 1, < ") (which is also O(1/+/n) for the Y;’s above) is
not there to make the product O(1/n). Therefore, the amount of error in replacing the

sample indicator functions by the true ones is O(1/y/n), and cannot be ignored. -
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Chapter 6
Conclusion

In this study, we considered the probiem of selecting linear prediction models for large
high-dimensional datasets that- possibly contain a fraction of contaminations. Our goal
was to achieve robustness and scalgbility at the same time. We considered one-step and
two-step model building procédures, the latter consisting of sequencing and segmentation
steps. We will now summarize the main ideas ﬁroposéd in this thesis, and the main results

obtained.

One-step model building

We proposed robust versions of step-by-step algorithms FS and SW. We expressed these
classical algorithms in terms of sample means, variances and correlations, and replaced
these sample quantities by their yobuét counterparts to obtain the robust alvgo_rithrns. We

used robust correlations derived from a simplified version of bivariate M-estimates of the
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scatter matrix. We proposed robust partial F-tests for stopping during the implementa-

tion of robust F'S and SW procedures.

Our robust methods have much better performance compared to the standard FS
and SW algorithms. Also, they are computationally very suitable, and scalable to large

dimensions. '

Two-step model building

Robust sequencing

We considered time-efficient algorithm LARS to sequence (some of) the d covariates to
form a list such that the good predictors are likely to appear in the beginning. Since LARS
is not resistant to outliers, we proposed two different approaches to rc')vbustify LARS. In the
plug-in approach, we replaced the classical correlations in. LARS by easily computable
robust correlation.estimates. In the data-cleanihg approach, we first transformed the
dataset by shrinking the outliers towards the bulk of the data (which we call multivariate-
Winsorization); and then applied standard LARS on the transformed data. The data-
cleaning approach is more time-consuming than the plug-in approach when only some bf

the p'redictors are being sequenced.

For both approaches (plug-in and data-cleaning), we used robust correlations derived
from a simplified version of the bivariate M-estimates of the scatter matrix. We also
proposed correlation estimates using bivariate-Winsorization of the data. We showed

that the latter is faster to compute with important time differences when the number of
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candidate predictors becomes large.

We recommend combining robust LARS with bootstrap to obtain more stable and
reliable results. The reduced sets obtained by bootstrapped robust LARS contain more

of the important covariates than the reduced sets obtained by initial robust LARS.

To obtain a reduced set of m covariates for further investigation, we introduced a
learning curve that plots robust R? values versus dimension. An appropriate value of m

is the dimension corresponding to the point where the curve starts to level off.

Robust segmentation

We perfromed all possible subsets regressioﬁ on the ’reduced set of covariates obtained
in the first step. Since classical selection cfiteria FPE, AIC, Cp,‘ CV and bootstrap are
sensitive to outliers, we needed robust selection criteria for this purpose. We identified
certain limitations of Robust AIC (Ronchetti 1985) and robust CV (Ronchetti, Field and
Blanchard 1997) methods. We proposed computationally suitable robust CV and robust
bootstrap procedures in this thesis. We le‘val'uated our methods using simulated and real
datasets, and compared them with the classical methods as well as robust FPE proposed
by Yohai (1997). Our robust CV and robust bootstrap methods have better performance

compared to the classical methods and robust FPE.
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Adjusted-Winsorized correlation estimate

For the development of robust LARS, we proposed this new cbrrelation estimate for
bivariate data. The proposed estimate is consistent and has bounded influence. We
obtained its asyrﬁptotic variance and intrinsic bias. The tuning constants of this estimate
can be chosen such that we have approximate Fisher-consistency.” An smoothed version
of this estimate is asymptotically normal. The computing time of this estimate is the.<
same (approximately) as that of the univariate-Winsorized correlation estimate, but our

estimate is more resistant to bivariate outliers.
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