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ABSTRACT

A barter economy and a monetary economy are modelled
using the cooperative game approach. The feature that
distinguishes the two economies is the manner in which exchange
activities are organized in the face of trasnaction costs.
While division of labour or specialization is exploited in
the monetary economy's technology of exchange, it is not
exploited in that of the barter economy. The presence of a
medium of exchange in the monetary economy permits its
specialized traders to operate efficiently.

The cooperative game approach admits group ration-
ality along with the usual assumption of individual ration-
ality. Group rationality means that individuals are able
to perceive their interdependence. Money is explained as
the product of interactions between individual rationality
(utility maximizing consumers and profit maximizing traders)
and group rationality (the ability to perceive the benefits
of monetary exchange versus barter exchange). Consequently,
money is viewed not as an object, but as an instituion.

Its value reflects the relative superiority of a monetary

economy over a barter economy.

ii



TABLE OF CONTENTS

ABSTRACT
ACKNOWLEDGMENTS.
Chapter
1 INTRODUCTION
2 THE "BARTER" ECONOMY
3 THE "MONETARY" ECONOMY
4 THE RELATIVE EFFICIENCY OF A "MONETARY"
VERSUS A "BARTER" ECONOMY. .o
FOOTNOTES.
BIBLIOGRAPHY
APPENDICES
A MATHEMATICAL CONCEPTS

B THE EXISTENCE OF COMPETITIVE
PRICE EQUILIBRIA. .

iii

11
37

59
78
81
87

92



ACKNOWLEDGMENTS

I wish to thank the members of my dissertation
committee, Charles E. Blackorby, W. Erwin Diewert, and
especially my chairman, Keizo Nagatani, for their advice and
encoufagement during the preparation of this thesis. The
comments of Louis P. Cain, Richard G. Harris, R.A. Restrepo,
and Gideon Rosenbluth have also been helpful.

I gratefully acknowledge financial assistance from
H.R. MacMillan Family Fellowships, 1972-74, and from the
Canada Council, 1974-75. I am also indebited to G.C. Archiba]d,'
W.E. Diewert, and T.J. Wales for employment as research
assistant. Finally, I am happy to thank Sharon Haller for

her expert typing of the final manuscript.

Civ



Chapter 1

INTRODUCTION

A. In this thesis I shall attempt to build a sensible
model of a monetary economy. The model will include some
important features of monetary economics which I believe have
not been given enough attention in the Titerature. To bring
out these features, I shall compare my monetary economy with
a barter economy. By doing so, I am able to examine the
structural differences between monetary and barter exchange.
The purpose of this exercise is to understand better how a
monetary economy functions.

Neoclassical economic theory does not provide an
adequate explanation of the importance of money in modern
economics. Persumably, money serves some useful purpose in
the Arrow-Debreu models. But these models fail to bring out
money's role because they do not describe how goods are
exchanged between agents. Recently a number of authors have
attempted to prove the usefulness of money ([25, [49] and [64]).

While the details of the models differ from one author to



another, they all postulate money as something which is
inherently useful. 1In a way, therefore, the conclusion is
assumed at the outset. What I propose to do instead is to
build models of a monetary economy and a barter economy which
are plausible in the 1light of economic history. Then I shall
examine the conditions under which money is in fact usefu].‘

I believe that there is a structural difference
between monetary and barter exchange. This structural difference
will be modelled rigorously in Chapter 2 and 3. The difference
between monetary and barter exchange will be developed by
recognizing that real resources are used up when individuals
(agents)lin an economy exchange goods. The real resources
used up when goods are exchanged are ca]]ed\}ransaction costs.
Examples of transaction costs are the cost of hoving goods
from one agent to another and the legal cost of transferring
ownership. There are various ways of organizing the exchange
of goods in the presence of transaction costs. The structural
difference referred to above is based on the different manner
in which goods are exchanged in my monetary and barter economies.
I shall argue that the usefulness of money in monetary exchange
in contrast to barter exchange is the result of this difference
in organizing exchange activities.

Let me be a bit more specific about how transaction
costs are handled in my model. I assume each agent is endowed
with a certain degree of efficiency in exchanging goods. An

agent's ability at performing exchanges is represented by his



transaction technology. A transaction technology is similar
to the more conventional production technology. While the
latter describes feasible outputs for each set of inputs,

the ‘former describes all feasible exchanges and their atten-
dant real resource costs. An individual who exchanges the
vector y of goods for the vector x of goods will use up real
resources as represented by some vector z. The magnitude of‘
the transaction cost vector z dépends on the individual's
efficiency at exchanging goods. In other words, z depends on
an individual's transaction technology. In my model an
individual's transaction technology is taken as a primitive.
I choose not to investigate the source and nature of trans-

action costs because it is not necessary for my purposes.

B. In Chapter 2 I shall build a model of an economy
which I call a "barter economy." In this economy I require
that each individual's exchanges be constrained both by goods
in his possession and by his own transaction technology. I

do not permit any agent to execute ‘exchanges on behalf of
another agent; Each agent in the economy will have some idea
about the ratios at which goodg are being exchanged. When an
agent wants to exchange goods with one or more agents, his
desired exchanges will be based on his existing stock of goods,
his beliefs about the prevailing exchange ratios between goods,

and his transaction technology.



An agent is permitted to engage not only in direct
exchange but also in indirect exchanges. He can uSe some
good as an intermediary or link in exchange if it is to his
advantage. Furthermore, he is not limited to bilateral
exchanges. He can involve himself in multilateral exchange
to the extent permitted by his personal credibility. Con-
sequently, my notion of a barter economy is much wider than that
which is genera]]& used. More will be said about this in
Chapter 2.

Generallty, it does not make much sense to postulate
the presence of prices in a barter economy. Historically,
barter economies were not highly unified, but consisted of a
number of isolated markets. While an individual might engage
in arbitrage in a local market, the scope of his activities
was limited by his information, tastes, initial endowment,
and transaction technology. Thus, especially between isolated
markets, there would probably have been no high degree of
consistency in the ratios at which goods were exchanged.
Although my analysis of a barter economy deals with a price
vector in connection with existence proofs, my description
of barterAexchange does not depend on the presence of prices.

The main feéture of barter exchange that I want to
bring out is the absence of specialization among agents in
carrying out exchanges. At each stadge in the process of
exchanging goods, an individual's planned exchanges are

~constrained both by goods in his possession and by his



transaction technology. The barter economy can be charac-
terized by the statement that division of Tabour is not
exploited in the manner in which goods are exchanged between

individuals.

C. In Chapter 3, on the other hand, I shall build a
model of an economy which I call a "monetary economy." The
crucial difference between this economy and that of Chapter 2
is that I now remove the restriction that each agent must only
exchange goods on his own behalf. Here, an individual is
permitted to execute exchanges on behalf of others. An agent
may act as a trader by buying goods from some individuals

and rese]]ingbthem to others. By acting as a trader, an agent
hopes eventually to consume a more desirable bundle of goods
than he could have if he only exchanged goods on his own
behalf, or, if he permitted some other agent to execute his
exchanges. On the other hand, if an agent is not particularly
efficient at exchanging goods, it may be to his advantage to
have another agent execute his exchanges. Competition between
traders will ensure that only the relatively efficient agents
act as traders. If the agents with superior transaction
technologies are actually performing the exchange tasks,

then the manner in which goods are exchanged in this economy
is more efficient than that in the barter economy. Thus the
crucial structural difference befween the two economies is
that the monetary economy exp]oits'division of labour in the

way goods are exchanged between individuals.



Let me now explain why a medium of exchange has an
important role to play in this monetary economy. A trader's
act of buying some goods from an individual is separate from
his act of selling these same goods to another'individua].

If the trader's customers always demand spet payment in goods
whenever the trader wants to buy goods, the trader may not be
able to meet their demands from his inventory. A trader's
initial endowment of the goods may have been sma]],'or else,
recent trades may have deb]eted his stock of particular goods.
The trader has a problem. He must buy goods in order to sell
goods, but this is difficult if individuals always demand

spot payment in goods.

In a monetary economy, the presence of a medium of
exchange solves the traders problem. As we shall see in the
next section, Ris customers will accept money in exchange for
goods. They know that they can buy or order any goods they
desire from any trader and pay for them with money. Through
the use of a medium of exchange, the trader is no longer
constrained at each point in time by goods in his possession.
Thus the universal acceptability of money allows the traders:
in the economy to use their transaction technologies with

maximum efficiency.

D. In conclusion, let me describe some of the important

features of the monetary economy that emerge from my analysis.



First, I have seen the essential difference between
a barter economy and a monetary economy in the manner in
which exchange activities are organized in the two economies.
To put it briefly, a monetary economy makes use of division
of Tabour or specialization in its technology of exchange
while a bartér economy does not. On the basis of this struc-
tural difference, I have shown that the set of feasible allo-
cations in a monetary economy is larger than that in a barter
economy, and hence, that the former is potentially (but not
necessarily) more efficient than the latter. The potential
benefit of monetary exchange is thus established.

Reliance on specialized traders means separation
between the act of sale and the act of purchase of a good
both in time and place. For the reasons given below, traders
and their customers will accept money in exchange for goods.
Consequently, each participant in a transaction is no longer
constrained by goods in his possession and/or by his tastes.
A medium of exchange cuts the act of sale and the act of
purchase loose from the requirements of double coincidence
of wants.

Second, in formulating the two economies, I have
employed a cooperative game or core theoretic approach. The
rationa]e.for this choice lies in the peculiar nature of
money. Money has conventionally been introduced into general
equilibrium models as an additional good and made to work

on the strength of individuals' demand for it. Unlike ordinary



goods, however, one cannot legitimately derive aﬁ individual's
demand for money from his physiological needs. But to ensure

the positive exchange value bf money, one ends up assuming

the usefulness of money. This is essentially what Starr [64],
Hahn [25] and others have done.

Given the difficulty of deducing the usefulness of
money from individual tastes, one is naturally led to a society-
oriented approach in which society and its members perceive
the usefulness of money. But it is equally difficult to explain
the process of such perception.

Core theory enables us to deal systematically with
the two types of economies at both the individual and at the
group level. Core theory retains the usual assumption that
individuals maximize their utility. It also assumes, however,
that individuals are able to perceive their interdependence
and that any group of individuals will carry out acts which
are of mutual benefit. 1In other words, core theory recognizes
group rationality along with individual rationality. In fact
the core is a set of allocations which are rational from the
point of view of both individuals and groups.

I stated above that monetary exchange is potentially
moré efficient than barter exchange and that money permits
the traderé in a monetary economy to ope}ate effectively. 1
have explained money as something which emerges as a product
of interactions between individual rationality (profit maxi-

mizing on the part of traders) and group rationality (ability



to perceive benefits of monetary exchange throughout the economy).
Thus, in an equ111br1um of the monetary economy, any group of
individuals is free to break away and use alternative means

of exchange. However, no group will do.so because there is

not any group which can offer all its hembers greater utility
than they can get by remaining in the monetary economy. Thus,
an individual must join the monetary economy to exchange goods.
To exchange goods, he must use money. For this reason, it

can be said that individuals' demand for money is derived

both from their chosen environment, namely, the requirements

of monetary exchange, and their desire to exchange some of
their initial endowments. In short, I have characterized

money as something that reflects in its value'the relative

superiority of a monetary economy over a barter economy.

E. Theuprogram of this thesis proceeds as follows.
In Chapter 2 I shall present a model of a barter economy. I
first model the economy using the cooperative game approach.
Then I deduce the structure of prices needed so that competi-
tive behaviour on the part of agents is equivalent to coopera;
tive behaviour. In other words, I derive a competitive
barter economy from the cooperative economy.

In Chapter 3 I shall present a model of a monetary
economy. ‘I again start from a cooperative economy. Here
agents form coalitions for the purpose of‘éxploiting the

division of Tlabour in exchange. Because I start with a
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cooperative economy rather than a competitive economy, I am
better able to model the process by which agents are assigned
to particular exchange tasks. [ again deduce the structure
of prices needed so that competitive behaviour is equivalent
to cooperative behaviour. I find that a set of buying and a
set of selling prices is now needed instead of the one set of
prices of the barter economy.

Chapter 4 expands the model of Chapter 3. Here
permit agents the choice between monetary and barter exchange.
The cooperative approach is particularly suited for this
purpose because it allows group vrationality. 1In other words,
a group of agents can consider the advantages of breaking away
from the monetary economy and of using alternative ways of
exchanging goods. In this chapter I present a sufficient
condition for monetary exchange to dominate barter exchange.
By this I mean that all agents will choose to use monetary
exchange rather than barter exchange.

Finally, the appendix contains the proofs which
establish the existence of competitive price equilibria in
the barter and monetary economies. This is necessary to ensure

the logical consistency of my models.



Chapter 2

A "BARTER" ECONOMY

A. Before I present my description of a barter economy,
let us first consider how a barter economy is usually
described. Jevons [37] has described a barter economy as one
where exchange requires the "double coincidence of wants."

By this he means that if two agents are to exchange goods,
each agent must have something that the other agent wants.

In a recent paper, Starr [64] has attempted to model double
coincidence of wants. According to Starr, in a barter economy
exchange of goods must satisfy two requirements. First, the
exchange of goods between a pair of agents must be "price
consistent." This means that for any given agent the value

of goods supplied to any other agent must equal the value

of goods received from him at the current prices. In other
words, trades between any two agents must always be cleared
between them. A third agent cannot be involved. Thus Starr's
"price consistency" assumption restricts trade to bilateral

exchange of goods.

11
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Starr's second restriction on exchange is that it
be "monotone excess demand diminishing." This restriction
on exchange ensures that it is voluntary. By this Starr
means that an.agent will not give up a good unless he has an
excess supply of this good. Conversely, an agent will not
accept a good unless he has an excess demand for this good.
To put it briefly, the exchange of goods is said to be
"monotone excess demand diminishing" if trade between any
pair of agents does not increase the excess demand for any
good by either agent, or increase the excess supply of any
good by either agent. In effect, this restriction prevents
the use of an intermediary in exchange.

It is easy to construct simple examples in which
Starr's two restrictions on exchange prevents some agent from
attaining his desired bundle of godds. This can "happen even
though the price vector at which goods are being exchanged
would be an equilibrium price vector if one of the restrictions
was lifted. Starr shows that this difficulty of barter can
be circumvented if a good — called money — is appended to
the existing list of goods. Starr designates as money that
good which is always acceptable in exchange. An agent will
accept money even though he does not wish to consume it. The
use of money is found to be socially desirable because its
use enlarges the set of feasible trades. Allocations of goods

which were impossible to achieve through barter exchange can
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now be achieved because money's universal acceptability over-

comes the absence of double coincidence.of wants.

B. While Starr's formalization of double coincidence

of wants is an important contribution to the theory of money,
his paper leads to some serious problems. First, double
coincidence of wants certainly is a difficulty of barter
exchange. However, I do not believe that it is a historically
valid description of barter exchange. In my opinion, double
coincidence of wants is too narrow a definition. It restricts
trade to bilateral exchange, it precludes all debt contracts,
and it does not permit the use of even a limited intermediary
in exchange. Historically, there is evidence that multilateral
exchange, credit between individuals, and the local use of
intermediate goods in exchange occurred in barter economies
[20].

Furthermore, Starr does not explain his use of
prices in conjunction with his double coincidence of wants
requirements. In a barter economy there will be 2(2-1)/2
exchange ratios between goods. To be able to reduce these
exchange ratios to a set of 2-1 relative prices, someone
must be engaged in arbitrage. However, in Starr's economy
no agent can use a third good as an intermediate 1link between
two goods. Nor can any agent act as a third party to a =
transaction between a pair of agents. Clearly arbitrage is

ruled out in Starr's economy, and thus double coincidence of
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wants is inconsistent with Starr's use of a set of 2-1 rela-
tive prices.

My model of a barter economy is more general than
Starr's. It permits agents to engage in arbitrage. Agents
are permitted to use indirect exchange, either through a
third good or through a third party. However, their arbitrage
operations are limited by their initial endowments, tastes,
and transaction technologies. Because I consider the struc-
ture of trade in an economy along with the presence of a medium
of exchange, I am able to retain a meaningful distinction
between barter and monetary exchange, in spite of the gener-

ality of my barter economy.

C. In Chapter 1 I briefly described my model of a barter
economy. The fmportant feature that distinguished it from the
monetary economy was that agents were not permitted to execute
exchanges for other agents. Each agent's exchanges were con-
strained both by goods in his possession and by his transaction
technology. I shall now be a bit more exact and rigorous
in explaining what I mean by this statement.

Let A represent the set of agents in the barter
economy. By a ¢ A we mean that the individual -a is a member
of the economy. With each agent a we associate the vector
w(a), agent a's initial endowment of goods. The vector w(a)
has dimension £, where %2 is the number of goods in the economy.

We write w(a) € Rz where R% is the non-negative orthant of

+)
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the Euclidean space R% of dimension 2. An agents preferences
are represented by %a‘ The statement x €9 Vs where x and y
are vectors in Rf, means that agent a prefers the bundle of
goods y to the bundle x, or else he is indifferent between
the two bundles.

In the last chapter we said that an agent's effici-
ency at exchanging goods is expressed by his transaction
technology. An agent's transaction technp]ogy is modelled
by his transaction set. Suppose agent a € A wants to exchange
the bundle of goods y(a) for the bundle x(a). The vectors
y(a) and x(a) are elements of R%, the comnodity or good
space. An agent's transaction set will indicate whether the
| exchange of y(a) for x(a) is technologically feasible. If
exchange is feasible, the transaction set will also indicate
the real resources required to execute the exchange. Agent
a's transaction set is given by S(a), where S(a) is a subset

of the Euclidean space of dimension equal to three times the

number of goods in the economy or Ri%. If agent a € A wants

to exchange y(a) ¢ Rf for x(a) e Rf, then this exchange is
technologically feasible if and only if there exists a vector

z(a) ¢ Rf such that
x(a), y(a), z(a)] e S(a). (1)

The vector z(a) represents the quantities of real resources

needed by a to exchange y(a) for x(a).
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Even though an exchange of y(a) for x(a) is tech-
nologically feasible for agent a, he may not be able to execute
the exchange because his initial endowment is insufficient.

The exchange y(a) for x(a) with transaction costs z(a) is

compatible with a's initial endowment w(a) if
w(a) + x(a) - y(a) - z(a) 2 O. (2)

This is the material balance condition for agent a.

Relations (1) and (2) express mathematically the
crucial restriction that I place on exchange in the barter
economy. Each agent's exchanges are constfained both by
his transaction technology and by goods in his possession.

I still need one more relation to ensure that
material balance is maintained for the entire economy. Suppose
that each agent a ¢ A wants to exchange some bundle y(a) for

x{a) and that there is a vector z(a) such that
[x(2), y(a)s 2(2)] < s(a).
Let f(a) = w(a) + x(a) - y(a) - z(a) be the disired consumption

vector for every a € A, where f(a) > 0. Then the material

balance condition for the entire economy is given by
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It reads that the total quantity of each good consumed must
equal the total initial endowment of this goods minus the
total quantity of the good used up in the process of exchanging

goods.

D. I have already explained why I use the cooperative
approach to modelling. Let me now explain more fully what
I mean by the cooperative game approach. The core theoretic
or cooperative game approach assumes that economic agents in
a social exchange economy will enter into relations with
others. Unlike the competitive approach, the cooperative
approach assumes that individuals will form coalitions or
associations which are of mutual benefit to their members.
It is assumed that every possible coalition of agents forms
and considers the possibility of redistributing their avail-
able goods. An individual will not join a coalition, unless
he is offered a more desirable bundle of goods than his initial
endowment. Furthermore, he wants to join that coalition which
offers him the most desirable bundle of goods. Thus individual
rationality is admitted in cooperative economies just as it
is in competitive economies.

The main difference is that group rationality is
also admitted. Suppose some reallocation of goods throughout
the economy is proposed. Group rationality means that this
proposed allocation of goods will not be accepted by a coalition

if each member of the coalition can gét a more desirable
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bundle of goods from some possible redistribution of the
coalition's resources. Rather than exchange goods with the
rest of the economy, the members agree to exchange goods only
within the coalition.

An allocation of goods to individuals which results
from a redistribution of goods among all agents is said to
be a core allocation if it does not violate either the indi-
vidual or group rationality criterion. The set of all core
allocations is said to be the core of the economy. Clearly, a
core allocation is also a Pareto optimal allocation, although
the converse need not be true.

The core is an equilibrium concept of cooperative
economies which can be compared with the equilibrium price
vector of traditional general equilibrium analysis. It has
been demonstrated that each competitive allocation, i.e. the
distribution of goods among agents after trading at equilibrium
prices, belongs to the core. For economies with a finite
number of agents, the core is generally larger than the set
of competitive allocations. As the number of agents "gets
large" the core "shrinks" to the set of competitive alloca-
tions [4], [15]1, [31] and [70]. The equivalence, for large
economies, of the core with the set of competitive equilibrium
allocations will be exploited throughout this’theses.l

The cooperative game aspects used in this thesis
rely heavily on and borrow freely from the papers by Aumann

[4] and [6] and Hildenbrand [31], [32], [33] and [34] with
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respect to both the definitions of concepts used in models

and the techniques used in the proofs of propositions. Other
papers of importance to the application of the theory of
cooperétive games to economics include those by Cornwall [12],
Debreu and Scarf [15], Schmeidler [55], Sondermann [62] and
Vind [70].

E. The conventional theory of the core assumes, however,
that no resource costs are incurred in effecting a ;edistri-
bution of goods among members of a coalition. By incorporating
transaction costs in a cooperative economy, it is possible
to consider formally, different ways of organizing an economy's
exchange process. Later in Chapter 4 the use of core theory
permits me to hodem the choice between barter and monetary
exchange.

We have been considering an economy whose initial
state is described by its agents' preferences, endowments
and transaction technologies. To give it the flavour of a
barter economy, we also added the constraint that each agent
must use his own transaction technology in performing exchanges.
Let us now set up the economy in its cooperative context.

}he set of agents in the economy was given by A.
Now let @ be the set of admissible coalitions of agents. Q
consists of those coalitions which are permitted to form. If
the number of agents in the economy is finite, Q@ is usually

the set of all subsets of A. Formally, @ is required to be
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a o-field, which means that countable unions and finite
intersections of its elements are also admissible coalitions.
For each coalition E € @ there is defined a real number v(E)
which represents the fraction of the totality of agents
belonging to the coalition E.

An allocation of commodities, denoted by f, is a
distribution of goods among the agents, where f(a) is the
vector assigned to agent a. Coalitions of agents form for
the purpose of reallocating initial endowments among their
members. To model barter exchange, any reallocation of goods
must be in accordance with each agent's transaction set and
initial endowment. A given allocation f is said to be
attainable for a coalition E ¢ Q using barter exchange, if

for each member agent a € E there exist vectors x(a), y(a)

L

+ such that

and z(a) in R
i) (x(a), y(a), z(a)) e S(a),
ii) f(a) = w(a) + x(a) - y(a) - z(a), and

iii) y f(a) = )} w(a) - )Y z(a).
ackt aek ack
The first two conditions state that the barter ex-
change pattern which results in allocation f must be both
technologically feasible for each agent and compatible with
each agent's initial endowment. The last condition is coalition

E's material balance equation.
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An allocation which is attainable by the coalition
consisting of gl agents in the economy is said to be a
state of the economy. A state f of the economy is said to
be blocked by the coalition E ¢ Q@ if the coalition can re-
distribute its initial endowments among its members in
such a way that the resulting attainable allocation g is
perferred to f by all members of the coalition E. The core
is then defined as a set of state of the economy which

cannot be blocked by any admissible coalition.

F. As was mentioned above, the core is an equilibrium
concept for cooperative economies which can be compared with
the»equ111brium\pr1ce vector of competitive economies. If

p € Rf is a vector of prices in the competitive economy,

then the budget set for an agent a € A can be given by

a) (x,y,z) e S(a)
B(a,p) = {(X,y,Z) £ le b) w(a) + x-y-z > 0, and

'The budget set of our "barter" economy can be compared with
the usual budget set of an agent in an Arrow-Debreu economy,

i.e.
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In this chapter I am interested in discovering
under what conditions the allocations of-.goods resulting
from competitive behaviour coincides with the core.
Ts;provésthateaslisttofitrelativeopricés, onenprice
per good, is sufficient for competitive behaviour to achieve
the same result as cooperative behaviour. The competitive
version of this economy is just the traditional pure exchange
economy with transaction costs. This is in contrast to the
model in the next chapter where a set of buying and selling
prices and coalition traders are required to achieve the
same result.

These statements are established by proving the

following propositions.

Proposition 1.

A competitive allocation is-also a core allocation.

Proposition 2.

In a "perfectly competitive" economy — where each
agent has only a negligible influence on any final alloca-
tion of commodities — it is possible to derive from a given
core allocation a set of equilibrium relative prices such
that the quasi-competitive allocation corresponding to these

prices is the given core allocation.
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Proposition 3.

Under certain conditions, a quasi-competitive‘a110ca-
tion is also a competitive allocation.

Let me explain briefly why it is necessary to work
with a quasi-competitive allocation. Below, I shall assign a
consumption set X(a) to each agent a ¢ A. For each agent a,
X(a) is a subset of R% and it consists of a's possible con-
sumption vectors. The quasi-competitive equilibrium concept,
described by Debreu [14], was introduced because an agent's
initial wealth may not be sufficient td ensure him a consump-
tion vector in his consumption set after exchanging goods at
a given price vector. When this happens, the demand corre-
spondence used to establish the existence of an equilibrium
is discontinuous. If an agent cannot exchange any goods and
still remain inside his consumption set, his choice of a
consumption vector will be suitable restricted to ensure that

the demand correspondence is in fact continuous.

G. In the remainder of this chapter I shall prove in
a rigorous manner the propositions made above. But first it
is necessary to give precise definition to the concepts

introduced.

1. The Measure Space of Agents, (A, 2, v)

The economy consists of a measure space of agents

(A, @, v) where A is the set of economic agents,  is a
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o-field of subsets of A and consists of the admissible set
of coalitions and v is a countably additive function on

Q to R+. The function v is called a measure.z’3

2. The consumption set correspondence, X

The consumption set correspondence X is a v-measur-
able mapping from A to the subsets of Ri, minorized by a
v-integrable function. The non-empty, closed convex set
X(a) associated with agent a consists of his possible con-

sumption vectors.

3. The set of al]Qcations, L

X
An allocation is a v-integrable function f from A

L

to Ry such that f(a) e X(a), a.e. a in A.Th-The:setf of all allo-

cations is denoted by LX.

4. The initial endowments, w

The initial distribution of goods among the agents
w is a v-integrable function from A to Rf such that w(a) ¢

X(a), where the initial endowment of agent a is w(a).

5. Agent's preferences, %

For every a € A there is defined a quasi-order on

X(a) — denoted by fa and called preference-or-indifference.
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This relation is transitive, reflexive and complete. From
the relation %a we also define the relation < called pref-

erence by: s «_ 1 ifsg t but not t %a s. The two rela-

tions have the following properties:

i) £, Ts continuous, j.e. if s e X(a)
then the set {t e X(a)]s £t} is
closed.

ii) *a exhibits Tocal nonsatiation,4 i.e.
for every s € X{a) and:every open set
Urcontaining s,Xthere iis. a~t enX(a) N

U such -that s «_ t.
- a

Furthermore, the preference function « mapping A into Rz X Rz

is v-measurable (Hildenbrand [31]).

6. Agent transaction technologies, S

The transaction techno]ogica] correspondence S maps
elements of A into subsets of Ri% I assume S has the follow-

ing properties.
i) S(a) is closed for all a e A.

1) (x(a), y(a), z(a)) ¢ S(a) and x'(a)
< x(a), y'(a) < y(a) and z'(a) > z(a)
then (x'(a), y'(a), z'(a)) ¢ S(a).

iii) 0 e S(a) for all a e A.
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iv) for any f ¢ Lx and any a € A there
exists x(a), y(a), z(a) € Rf such
that (x(a), y(a), z(a)) € S(a) -and
w(a) + x(a) - y(a) - z(a) > f(a).

v) S is a v-measurable correspondence.

The first three properties need Tittle comment. Condition

i) is usually aséumed in the literature, condition ii) admits
free disposa] and condition iii) allows for the possibility

of no exchange. Condition ivy) is a technological feasibility
condition. Because the total resources available in the

economy are unbounded from an individuals point of view,

this condition implies that given enough resources an individual
agent can attain any vector in his consumption set. Property

v) is similar to the assumption that the preference function

« be v-measurable.

7. Attainable allocations, Kw

The allocation f ¢ LX is said to be attainable

for coalition E € © if and only if there exist’v-integrable

functions x, y, z from A to Rf such that
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i) (x(a), y(a), z(a)) ¢ S(a)

ii) f(a) = w(a) + x(a) - y(a) - z(a), and

iii) f fdv = J wdv - J zdv.
E E E

These conditions have already been discussed above. Condi-

tion ii) together with condition iii) implies that
iv) J x{(+)dv = J' y(+)dv.
E E

That is, the total quantity of each commodity received in
exchange by all members of the coalition must equal theé total
quantity of each commodity given up in exchange.6

For a given coalition E ¢ @ the set of -all attain-

able allocations is denoted by Kw(E).

8. A state of the economy is defined as an allocation which
is attainable by the coalition consisting of all agents

(a.e. agents) of the economy. K (A) is the set of all states
of the economy.

9. The ”barter“ economy, EB

The description of our barter economy is now complete.

We denote the economy by

8- [(A, 2, v), X, %, S, wl.
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10. The core of the economy, C(EB)

B

A state f of the economy Z~ is said to be blocked

by the coalition E ¢ A if there exists an attainable alloca-

tion g ¢ Kw(E) such that
i) f(a) = g(a), a.e. in E
ii)  v(E) > 0.

The core C(EB) is the set of states of the economy which

cannot be blocked by any coalition.

11} Competitive allocations

The price vector of this economy should be inter-
preted as a 1ist of relative prices, one price per commodity,
and is denoted by p € R&. Following Hildenbrand [31], three
basic states of the economy EB are defined.

Let f(= w + x -y - z) be a state of the economy =B,

a) Competitive allocation, W(EB)

f is-called a competitive allocation or Walras
allocation if there exists a price vector p € Rf, p#0

such that

p + x(a) <p - y(a), for all a € A and if
s(= w(a) + x' - y' -2z') e X(a), (x', y', z') e S(a)

with f(a) = s,

a
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then ' p - x'>p - y'.

Let W(EB) be the set of all competitive allocations.

b) Quasi-competitive allocation, Q(EB)

f is called a quasi-competitive allocation or a
quasi-Walras allocation if there exists p ¢ Rf, p # 0 such

that:

p » x(a) <p + y(a), for all a € A and if
s(= w(a) + x* - y'" -2z') e X(a), (x', y',.2") e S(a)
with w! f(a) «. s,

and if T A e x 2o v <

then p ¢+ x' >p «y'.

Let Q(EB) be the set of all quasi-competitive allocation.

c) Expenditure minimizing allocation, E(EB)

f is called an expenditure minimizing allocation
or a pseudo-competitive allocation if there exists p € R%,

p # 0 such that
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p - x(a) <p - y(a) and if
s(= w(a) + x" - y' -2') e X(a), (x', y', x') e S(a)
with f(a) < S
then pex'>p -y,

Let E(EB) be the set of all expenditure minimizing allocations.
From the definitions and comments made above it is
clear that
B B
) ).

W(zB) c q(=B) c E(=

Expenditure minimizing allocations are introduced to facilitate

the proofs of the following theorems.

i The propositions made above will be established

by provinggthe following Theorems. Theorem 1 establishes
Proposition 1, Theorem 2 and its corollary establish Proposi-
tion 2. Finally, an example of an economy. in which Proposi-

tion 3 is true will be given in "Appendixd B.

Theorem 1
Every competitive allocation is also a core alloca-

tion, i.e. W(sB®) c c(sB).

Theorem 2

If the measure space of agents is non-atomic, then
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every core allocation is also a pseudo-competitive allocation,

i.e. c(z8) c £(=P).

Corollary
Every core allocation is also a quasi-competitive

allocation, i.e. C(EB) C Q(EB).

K. The following proofs follow closely the proofs by

Hildenbrand [31] for coalition production economies.

Proof of Theorem 1. W(EB) c C(EB).

Let f e‘w(EB) but éuppose f ¢ C(EB). Then there exists E € @
with v(E) > 0 and h ¢ Kw(E) such that h =+ X' - y' - z',
(x'(a), y'(a), z'(a)) € S(a) and f(a) < h(a) for a.e. a

in E.

But f ¢ w(EB) >p « x'(a) >p *y'(a), a.e. a in E

- TE p » x'(e)dv > JE p e y'(+)dv

> jE X' (+)dv ¢flE4y{c:)dv.

But this contradicts the material balance requirement that

h e K (E). Thus f e c(zBy,
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Proof of Theorem 2. C(EB) C E(EB).

Let f ¢ C(EB). From the nonsatiation assumption 5.1i1)

assumption 6.iv) for the transaction technologies, the set
pla) = {{X(a), y(a), Z(a)J e S(a)[f(a) =, w(a) +
x(a) - y(a) - Z(a)}

is non-empty for a.e. a in A. Now define the correspondence

§ from A to R% by

§(a) = {X(a) - y(a)||x(a), y(a), Z(a)J € p(a)}.

Let L(S be the set of y-measurable function g from A to RQ
such that g(a) e 6(a) for a.e. a in A. Since f is v-integrable
and S is a v-measurable correspondence L6 # o[31, p. 448].

Define the set U C R2 by

U T . QTv(E) >0}{JE L dv = {JE gdvlgeL}}

I claim 0 ¢ U. Suppose 0 € U. Then there exists E € Q with

v(E) > 0 and a function g : A = RY such that
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a) g € Lg > Tetting x(a) = g(a)+, y(a) =

i . i
_ . g (a) if g (a) > O
g(a) , where g‘(a)+ = 4 '
0 otherwise

; _ -g1(a) if gT(a) < 0
g (a)” = ¢
0 otherwise

then g-=xxzyzandssinece & is vsmeasurable,
by Theorem B in [33] there exists
integrable z : A » R such that

(x(a), y(a), z(a)) e S(a) and

f(a) = w(a) + x(a) - y(a) - z(a) = h(a).

b) 0 = jE gdv =_JE (x(+) - y(+))dv

JE x(+)dv - JE y(+)dv.

But a) and b) imply h ¢ Kw(E) and h is a blocking allocation

for coalition E contradicting f ¢ C(EB . Therefore 0 £ U.

Because U is the integral of a set correspondence with respect
to a non-atomic measure v, U is convex (see Vind [70]).

Using a separating hyperplane theorem, it is possible to show
that there exists a vector p € Rz, p # 0 such that u ¢ U
implies p « u > 0. It is now possible to show that f is a
pseudo-competitive allocation for the price vector p. Let
M={aeA|p -+ x(a) >p + y(a), for all (x(a), y(a), z(a)) ¢

p(a)}. It is possible to show that M ¢ @. In fact,
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v(M) = v(A). If not, there exists B e @ with v(B) > 0 such
that for every a € B there exists a point (x'(a), y'(a),
z'(a)) € p(a) such that p » x'(a) < p - y'(a). Without’loss
of generality I can assume that the functions x', y', x'

from B to R* are measurable (see Theorem B [33, p. 621]).

But p « x'(a) <p + y'(a) a.e. a in B
sp - JB X' (+)dv < p - jB y'(+)d
- p e J (x'(+) - y'(-))dv < 0.
B

But since J (x*(+) - y'(+))dv € U by construction, we have a
3B ‘
contradiction and thus v(M) = v(A). It just remains to

demonstrate that f = w + x - y - z satisfies each agents budget
constraint. Since (x(a), y(a), z(a)) € closure of p(a) by

continuity of preferences we have
p + x(a) >p ¢« y(a) a.e. a inA.
Suppose there exists C € @ with v(C) > 0 such that
p - x(a) >p « y(a), all a e C.

The last two equations imply that

' JA p o+ x(+)dv > JA p = y(-)dv
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or ‘ J x(e)dv # J y(*)dv.
A A
But this contradicts the material balance constraint that
f e KQ(A)’ Therefore,
p - x(a) =p « y(a) a.e. a inA.
and thus f is a pseudo-competitive allocation, i.e.

f.e E(EB).

Proof of CoZZagng(EB) c Q(EB)

To prove that f is also a quasi-competitive allocation, it is

necessary to show that in the case where

Cdnf *{D "X X -pp.-vy'}< <0
(%,92) £51a)) J
w(a)+x-y-zeX(a)
w(a) + A - Z € X(a)

~then f(a) is a maximal element in the budget set. Since f

is a pseudo-competitive allocation, if

s € X(a)

where

and’



then f(a) =y S

Let s be in the budget set of acA, i.e.
peoxt<p -y
s can be obtained as a 1imit of a sequence'{sn} where

= 1 - ! - r
S, w(a) + x n ', z'

p'Xh<p.-yn.v

(x'n, y'n, z'n) e S(a) with

Then by continuity of preferences and assumption 6.i) on
S(a), we get f(a) £, s. Thus f(a) is a maximal element in

the budget set.

36



Chapter 3

THE "MONETARY” ECONOMY

A. I stated in Chapter 1 that I want to build a
sensible model of a monetary economy. The strategy was to
focus on the structure of exchange. While the last chapter
dealt with the structure of barter exchange, here I shall
examine the structure of monetary exchange. The next chapter
will bring together both monetary and barter exchange and
will consider the choice between the two methods of exchange.
The barter economy was first modelled by using the
cooperative approach. It was assumed that each agent possessed
a transaction technology. A coalition of agents formed for
the purpose of exchanging goods among its members. However,
each individual was restricted to executing only his own
exchanges. From a given core allocation, I derived the
structure of prices required for competitive behaviour to
replicate cooperative behaviour. We discovered that a sét of

2 equilibrium prices, one price per good, was sufficient.

37
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In competitive behaviour, individuals accept these prices as
parametric. They attempt to obtain the most desirable consump-
tion bundle in their budget set by exchanging goods at these
prices, using their own transaction technology. In Appendix

B, I have broven that a set of equilibrium prices does in

fact exist. Since each agent is constrdined at each stage

of the exchange process by goods in his possession and by

his transaction technology, a general medium of exchange is

not necessary for the barter economy to function efficiently

within its given constraints.

B. We will again use the cooperative approach to model
the monetary economy. However, in the monetary economy
coalitions of agents do not just form for the purpose of
exchanging goods. They also form for the purpose of exploit-
ing division of labour in order to reduce transaction costs.
I assume that a coalition assigns exchange tasks to its
members. Its efficiency at exchangingigoods depends on its
skill at allocating members to tasks according to their
abilities. To capture this idea of division of labour or
specialization, I begin by assigning a transaction technology
to every coalition. I assume that the transaction technology
assigned to a coalition consists of the most efficient subset
of its member's transaction technologies. In other words, I

assume exchange tasks have been allotted as efficiently as
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possible. The following chapter will describe a method for
obtaining a coalition's transaction technology from its
member's transaction technologies.

Furthermore, in this chapter I do not allow
individuals to "barter," i.e. use their own transaction
technologies to effect exchanges. This assumption will be
relaxed in the next chapter when I give agents the choice of
barter or monetary exchange. However, here an agent must join
a coalition if he wants to obtain more desirable goods. An
agent requires access to a coalition's transaction technology
in order to trade with its members. His potential trades
depend on his environment, i.e. on the coalition to which he
belongs. The coalition, on the other-hand, wants te admit
those individuals whose exchange abilities enhance its tech-
nology of exchange and whose initial endowments complement
the coalition's initial endowments.

I shall again derive the structure of prices needed
for competitive behaviour to replicate cooperative behaviour.
I shall show that a list of equilibrium buying and selling
prices will do the job. 1In the competitive version of this
model, coalitions act as profit maximizing traders; individuals
act as utility maximizing consumers. As a profit maximizing
trader, the coalition is willing to buy goods from its members
or to sell goods to its members. To cover transaction costs,
the trader must establish a differential between his buying

and selling prices.
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The idea of a coalition trader may seem a bit strange
at first. In fact however, the coalition trader consistg
of a set of individual traders who are individually trying
to maximize profits, given their transaction technologies and
the parametric 1list of buying and selling prices. The coali-
tion traders represent the commercial sector of the economy.

In Chapter 1 I discussed the importance of money
when some individuals specialize in trade. There I assumed
some "institution" was present to provide the needed medium
of exchange function. In the cooperative approach that I
am using, this "institution" is provided by the coalition.
A coalition could set up different, although conceptually
equivalent, arrangements to play the role of a medium of
exchange. An account could be maintained for each member
agent. An agent's account would be credited when he sold goods
to one of the coalition traders and debited when he bought
goods from a trader. Some clearing arrangements would also
be necessary among the traders. An agent's budget constraint
would be satisfied if his account was nonnegative at the end
of all trading. Alternatively, the coalition could issue
fiat money to its consumers and traders. By agreement, the
fiat money would always be acceptable in exchange for goods.
The precise institution used by a coalition will depend, of
course, on the transaction costs incurred in setting up and
running the institution. The use of different institutions -’

would be reflected in the coalitions efficiency at executing
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exchanges, i.e. in its transaction technology. Throughout
this thesis I assume that a coalition's transaction tech-

nology embodies the optimal configuration of such institutions.

C. Let me be a bit more explicit about the monetary
model. For every coalitiontE € Q, there is specified a
subset T(E) of R* x RY - the transaction technological set.
A coalition can only reallocate goods among its members

in accordance with the coalition's transaction technology.
For a given vector (x,-y) e T(E), where x,y ¢ R%, the
vector x denotes the total quantities of goods delivered

to member agents by the coalition; the vector y denotes

the total quantities of goods obtained from member agents
by the coalition. The vector y-x which must belong to

R2

+ represents the real resources used up in effecting the

reallocation of goods.

I assume that the transaction set corresponding to
each admissible coalition is closed, admits free disposal
of resources and allows for the possibility of no exchange

within a coalition. These properties need 1ittle comment as
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they are standard assumptions for production sets. I also
assume that the correspondence T mapping elements of Q to
subsets of R2% is countably additive. This means that for
every countable family {E } el of pairwise disjoint coa11—

T(E.).

tions in Q, we have T(U iel ) 181 ;

The concept of a production set for a coalition of
agents in a measure theoretic context was first introduced
by Hildenbrand [31]. As I have mentioned, the derivation
of T from the transaction abilities of a coalition's members

will be considered in the next chapter.

D. An Allocation of ecommodities, denoted by f, is
again defined as a distribution of goods among the agents
where f(a) - the vector of commodities assigned to agent a -
is an element of agent a's consumption set X(a). If the
initial endowment is w, then an allocation f is said to be

attainable for coalition E if and only if, letting

then (x,-y) e T(E).
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The vectors x(a) and y(a) are respectively the
quantities of goods received in exchange and the quantities
of goods given up in exchange by agent a. The vectors x and
y are respectively the total quantities of goods received
from the coalition by member.agents and the total quantities
of goods given up to the coalition by members agents. The
definition implies that material balance is maintained for
both individual agents and coalitions of agents, since, for

every a € A

f(a) - w(a) = [fla) - w(a)l’ - [f(a) - w(a)l™,

whence,

and

A state of the economy is again defined as an
allocation which is attainable by the coalition consisting of
all agents in tHe economy. Similarly, the core is defined
as the set of states of the economy which cannot be blocked

by any admissible coalition.
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E. In this chapter I am again interested in discovering
under what conditions the allocations of goods resulting
from competitive behaviour coincide with the core allocations.
I establish the fact that a 1ist of equilibrium buying and
selling prices are required. The difference between the
buying and selling prices reflect the transaction costs
incurred by the coalition while transporting goods from one
agent to another. The prices represent contracts between
the coalition of the entire economy and its member agents
regarding the terms of acquiring commodities and the alloca-
tion of transport tasks to agents. Because the act of buying
and the act of selling a good are separate with respect to
both time and place, debt contracts between the coalition as
a set of specialized traders and its member consumers are
also required to ensure that agent'§ budget constraints and
coalition material balance requirements are satisfied.

These statements are established by proving the

following propositions.

Proposition 1:

A competitive allocation is also a core allocation.

Proposition 2:

In a "perfectly competitive" economy — where each

agent has only a negligible influence on any final allocation
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of commodities — it is possible to derive from a given
core allocation a set of equilibrium buying and selling prices
such that the quasi-competitive allocation corresponding to

these prices is the given core allocation.

Proposition 3:

Under certain conditions, a quasi-competitive allo-

cation is also a competitive allocation.

F. These propositions will be proven in a rigorous
manner after giving precise definition to some concepts not

‘required in the last chapter.

1. Coalition Transaction Technologies. 7/

The coalitional transactions correspondence T maps
elements of @ into subsets of RZQ. I assume T has the follow-

ing properties.

i) T(E) is a closed; convex set for
all E ¢ Q.
ii) if (x,-y) € T(E) then x' < x and
y' >y implies (x',-y') e T(E).
iii) 0 e T(E) for all E ¢ Q.
iv) T is dominated by the measure v,
j.e. E e @ with v(E) = 0 implies
T(E) = {0}.
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v) T is countably additive on Q.

vi) T possesses a Radon-Nikodym derivative
[31, [51, [17] and [18]. That is, there
exists a correspondence T mapping A into
subsets of RQ X Rz such that for every
Eeq, T(E) = J L_dv, where L_ = {t | t

E T T
is a v-integrable function from A to

L L

R* x R”™ such that t{(a) « t(a), a.e. a in A.

vii) T(E) is a compact set for all E € Q.

The first three conditions need 1ittle comment and
are similar to the properties for agent's transaction sets.
Condition iv) indicates that only "significant" coalitions
are capable of production. Conditions v) and vi) imply constant
returns to scale with respect to the nonmarketed factors owned
by coalitions, i.e. with respect to member agent's abilities
used in the operation of coalitions' transaction technologies.
Properties i), iii) - v) plus vii) imply property vi) [31,
p. 447].

2. Attainable allocations, Kw.

The allocation f ¢ LX is said to be attainable for

coalition E ¢ Q@ if and only if, letting
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+ -
x(a) = [f(a) - w(a)] , y(a) = [f(a) - w(a)l ",
x=J X(-)dv,y=J y(+)dv.
E E
then ' (x,-y) e T(E)
The set of all attainable allocations for coalition
E is denoted.by Kw(E). A state of the economy is an element

of Kw(A)'

3. The "monetary" economy, EM

The description of the monetary economy in its

cooperative game context is now complete and is denoted by

EM = [(A’ Qs \))’ X’ %9“TS (1)]-

4. Prices, Profits and the Radon-Nikodym Derivative

A coalition buys commodities at one set of prites
and resells commodities at another set of prices. The dif-
ferential in the prices pays for the cost of transporting
goods from one agent to another. This process could result
in a profit or loss for the coalition. The assumption was
made that the specidlized traders operating the transaction
technology of a coalition were profit maximizers. Denote

the price vector by p = (pb, ps) e RY x R* where p, and p
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represent the 1list of prices the traders respectively pay
when buying commodities and receive when selling commodities.
The profit function for coalition E ¢ Q for a price vector p

is defined by

n(p,E) = ma x (pb * X - p. oY)
(x,-y) e T(E)

That is, the coalition's profit function is equal to the
maximum difference between the value of commodities sold and
the value of commodities purchased, for all feasible combina-
tions of quantities bought and quantities sold.

It is possible to verify that the mapping I(p, )
of @ into RY {»} has the following properties and therefore
is a measure.

i) n(p,¢) = 0,
ii) n(p,+) is countably additive on Q,

iii) 1m(p,+) is dominated by the measure v.

From the Theorem of Randon-Nikodym [60], there
exists a function m(p,+) of @ into R U {=}, where 7 is v-
measurable and for every E ¢ Q,

I(p,E) = j (p,~)dv.

E

The function m evaluated at a ¢ A, i.e. m(p,a) can be inter-

preted as agent a's share in a coalitions profit (or loss).
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An agent's share of profits is independent of the particular

coalition he joins because of the countable additivity of

the transaction technology correspondence.8 Furthermore,

since T is a compact mapping m is continuous in p.

5. The Core and Competitive Allocations

Let f be a state of the economy EM and define

x(a) = [f(a) - w(a)]’, y(a) = [f(a) - w(a)l”

x = jE x(+)dv, y = JE y(+)dv.

za) The core, C(EM)

f is called a core allocation if it cannot be

blocked by any coalition E ¢ Q.

Let C(EM) be the set of all core allocations.

b) Competitive allocations, w(EM)

f is called a competitive allocation or Walras

allocation if there exists avvector p = (pb, ps) £ Rzz,'p £ 0

such that



i) py - x(a) s p, - y(a) + w(p,a)

s
and s ¢ X(a) with f(a) «, S
imp]ies.pb e« [s - w(a)]+ > pg o

[s - w(a)]™ + w(p,a).

ii) p, * X -p. sy = _ max {p « X - p
b s (,25) e T(a)L'®

Let W(z") be the set of all competitive allocations.

c) Quasi-competitive allocations, Q(EM).

f is called a quasi-competitive allocation or a
quasi-Walras allocation if there exists a vector p =

(p,-p) € R**, p # 0 such that

1)) py » x(a) g pg - y(a) + m(p,a)
and s ¢ X(a) with f(a) =, s and

[r-w(a)]-} < n(p,a), implies
P * [s-w(a)l* > p . - [s-w(a)]- +
T¢p,a).

ii) same as above.

50
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Let Q(EM) be the set of all quasi-competitive

allocations.

d) Expenditure-minimizing allocations, E(EM)

f is called an expenditure-minimizing allocation
or a pseudo-competitive allocation if there exists a vector

p = (pb’ PS) € RZQ, p # 0 such that:

i) = x(a) g pg » y(a) + n(p,a) and
s ¢ X(a) with f(a) <) S jmplies
pp * [s - w(a)1" 2 p, + [s - w(a)]” + 7(p,a).
ii) same as above.
Let E(EM) be the set of all expenditure-minimizing
allocations.
The definitions of the competitive allocations
correspond to those used by Hildenbrand [31]. As I mentioned
the concept of a quasi-equilibrium was first introduced by

Debreu [14] to cope with the "basic mathematical difficulty

that the demand correspondnence of a consumer may not be

upper semi-continuous when his wealth" — at a given price
vector — "equals the minimum compatible with his consumption
set." From the definitions we again get
=M ~M -M
W(=") c Q") c E(27).
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G. The propositions made above will be established by
proving the following theorems. Theorem 1 establishes
Proposition 1, Theorem 2 and its corollary establish Proposi-
tion 2. An éxample of an economy in which Proposition 3

is true will be given in fAppendix5B.

Theorem 1 °
Every competitive allocation is also a core alloca-

tion, i.e. w(z") c c(zMy.

Theorem 2
If the measure space of agents is non-atomic, then

every core allocation is also a pseudo-competitive allocation,

i.e. C(EM) c E('EM).

Corollary

Every core allocation is also a quasi-competitive

allocation, i.e. C(EM) C Q(EM).

I. e The following prodéfs are again based on those by

Hildenbrand [31] for coalition production economies.

Proof of Theorem 1. (EM) c C(EM).

Let f ¢ W(E") but suppose f ¢ C(EM).

Then there exists E ¢ © with v(E) > 0 and h ¢ Kw(E) such that
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f(a).éc'a h(a) a.e. a in E and

[ thee) - w()T v, = [ [h(e) - w()17dv] e T(E)
E E

But £ ¢ W(E") implies

p, * [h(a) - w(a)l >p..+ [h(a) - w(a)]” + n(p,a) a.e. a int

or

O B B A MLUICY IR CI R R
J_ (o, 2av = mipE)

Contradicting the definition of the coalition profit function I.

Q.E.D.

=M

Proof of Theorem 2. C(g") c E(EM).

Let f ¢ C(z"). Since f(a) is a nonsatiation con-

sumption vector for almost all agents a € A, the set

p(a) = {s ¢ X(a) | f(a) =, s}

a

is non-empty for a.e. a in A.

Now define the correspondence p:mapping A ifité-sibsets of

2

R™ x Rz by
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_ "+ -
pla) = {([s - w(a)l", - [s - w(a)]) | s e w(a)l.
Let Lp be the set of measurable fuhctions g from A to R2 x R*

such that g(a) € p(a) a.e. a in A.

It is possible to show that Lp‘# p (see Hildenbrand [31]).

L L

Define the set U € R” x R™ by

U = U '{J L dv - J L dv}
{Eeq | vE)>o0rUE P E T/

where Tt is the Radon-Nikodym derivative of the correspondence
T w.r.t. v. I claim that 0 ¢ U. Suppose 0 € U. Then there
exists E ¢ @ with v(E) > 0 and a function g:A » RY x rY

such that

a) g el > letting g(a) = (x(a), -y(a))
where x(a), y(a) € Rf,- and h(a) = w(a) + x(a) - y(a)
then f(a) < h(a), a € E.

b) JE gdv ¢ T(E) = JE L dv.

But, J gdv = g dv - J g dv
E E

- [ (x(+), 0)dv - j (0,y(+))dv

n
—
x
!
<
~—
m
—4
—
m
~—
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But a) and b) imply h ¢ Kw(E) and the state f is blocked by
coalition E using allocation h. This contradicts f ¢ C(EM)
and therefore 0 ¢ U.

The set U is convex becausé it is the union of
integrals of a set cgrrespondence w.r.t. the non-atomic
vmeasure v (Vind [70]).

From Minkowski's separating hyperplane theorem there

exists a vector p = (pb, ps) £ R2 X RQ such that u € U implies

Or if E € @, then
fpb s x -pg Yy | (x,-y) e T(E)} < I(p,E)
o R O e A FEZO L RCICI

§a) < ola) 2 < £} (1)

I now show that f is an expenditure-minimizing allo-

).

‘cation for the price-vector p = (p,5 pg

Let M ='{a e A | p, - x(a) 2 p, - y(a) + n(p,a), (x(a), -y(a) e
o(a)}. It is possible to show that M e Q. In fact v(M) =
v(A)te If not,utheré existéra cdalition-B-e Q-with-v(B) > 0
such that,=for all a%eaB there exists (x(a),zyfa)) € pla)

such that
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P, * x(a) < pg - §(a) + m(p,a).

Without Toss of generality I can assume, X § are measurable

functions from B to R%. Integrating the last equation we get

§(+)dv < j m(p,+)dv,

Pp * JB x(+)dv - P, ° j .

B
or

Py, * X - p, =y < I(p,B),

contradicting relation (1) .above.

To show that f(a) belongs to each agent's budgetsset
let x(a) = [f(a) - w(a)]*, Y(a) = [f(a) - w(a)]™.

Then since (x(a),-y(a)) € closure of p(a) for a.e. a in A we

know from (1) that

p, + x(a) 2 p, » y(a) + w(p,a), a.e. a in A.
Suppose there exists C ¢ @, v{¢) >CO0ssuchtthat
- y(a) + n(p,a), a e C.

pb - x(a) > pS

Then clearly
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Py ° JA x(+)dv - p. - JA y()dv > JA (p,+)dv

or

Pp * X - pg *y > I(p,A)

But since (x,zy) € T(A) by assumption, we have a contradic-

tion of the definition of II.

Therefore P x(a) = p_ » y(a) + n(p,a).

S

Integrating the last equation we get
Pp * X - Py =y = T(p,A)

j.e. f maximizes profits on T(A).

M)'

Therefore f ¢ E(E Q.E.D.

Proof of Corollary. C(EM) c Q(EM)

To prove that f is also a quasi-competitive alloca-

tion, it is necessary to show that in the case a £ A where

dne ey I w1 < g+ D5 - w(@)1} < wlpue)

then f(a) is a maximal element in a's budget set. Since f

is an expenditure-minimizing allocation, if



s e X(a) and py - [s - w(a)l¥ <p_ + [s - w(a)]' + m(p,a)

S

then f(a) ¢ s.

Let s be in the budget set of a € A, i.e.
+ -
P, * [s - w(a)l <pg + [s - wl@)]l +n(p,a).

Then s can be obtained as a limit of a sequence'{sn}

where

py - [s, - w(@)1” < pg « [s - w(a)]™ + n(p,a).

and thus f(a) ¢ Sp

Then by continuity of preferences we get f(a) # s. Thus

f(a) is a maximal element in the budget set, i.e. fe Q(EM).

Q.E.D



Chapter 4

THE RELATIVE EFFICIENCY OF A "MONETARY” VERSUS
A "BARTER” ECONOMY

A. The presence of division of Tabour characterized
the transaction technology of the monetary economy in
Chapter 3; the absence of division of labour characterized
that of the barter economy in Chapter 2. In this chapter,

I shall be investigating these economies efficiency in the
allocation of commodities through competitive trading and I
shall develop a procedure for deriving aggregate transaction
technologies from the transaction abilities of individual
agents.

Recall that an individual in the monetary economy
of Chapter 3 had to use a coalition's aggregate transaction
technology to obtain more desirable goods. The use of the
barter exchange process, which underlies the monetary economy,
was not available to agents. In this chapter I shall remove
this restriction and I shall allow agents the choice between

monetary and barter exchange. It will be said that the

59
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monetary economy dominates its underlying barter economy if

no group of agents wants to break away from the monetary economy
and use barter to allocate goods within the group. I shall
establish a sufficient condition, based only on an economy's
aggregate monetary and barter transaction technologies,

which ensures that a monetary economy dominates its underlying

barter economy.

B. It is generally believed that society benefits

from the use of money. Recently, some authors have attempted
to establish the benefits of monetary exchange by demonstrat-
ing that money's presence improves the allocation of re-
sources in an economy. The approach used by these authors

is very simple. First, they set up two economies which are
identical in all details except that one economy uses "money"
while the other does not. Then they show that while competitive
exchange with "money" is efficient in allocating commodities,
exchange without "money" may fail to be efficient. Money's
role in promoting efficient exchange in these models depends
on each author's concept of the distinguishing feature of

monetary exchange.
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In Chapte? 2 I discussed in some detail Starr's
paper [64], where the presence of a medium of exchange
overcomes possible inefficiencies which result from the
absence of double coincidence of wants. Ostroy [50], in
a similar paper, claims that the presence of "money" in
a decentralized economy is capable of improving the -
efficiency of the trading process. In Ostroy's model,
tfade occurs as the result of a sequence of simultaneous
encounters. between pairs of agents. The trading decision
of each pair of agents must be based only upon the agents'
knowledge of the state of the economy, i.e. onthe prevail-
ing equilibrium prices and the agents' tastes, endowments
and trading histories. Ostroy's measure of the efficiency
of a tradihg process is the number of simultaneous bilateral
meetings required to move an economy from a state of zero
aggregate excess demands to a state of zero individual
excess demands.

Every competitive trading process requires some
mechanism to ensure that each agent lives within his budget.
Budget balance can be ensured under decentralized trade if,

for every agent, the value of goods given up equals the
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value of goods received at each bilateral encounter. However,
this rather stringent restriction on trade, called bilateral
balance by Ostroy, may conflict with the desire for an
efficient trading process.

A more accomodating method of ensuring budget
balance involves the use of "money." Suppose an account is
maintained for each agent and that all violations of bilateral
balance are recorded. Whenever the value of goods that is
exchanged by a pair of agents is unequal, one agent's account
would be credited while the other‘s would be debited. At
the end of trading, budget balance will have been achieved
if each agent's account is nonnegative. Ostroy calls this
record keeping device "money" and demonstrates the efficiency
of the monetary exchange process.

Other papers which use a similar research Strategy,
although 1in a different context, are those by Starett (an
asset called "money" permits efficient intertemporal alloca-
tion of resources [66]), Feldman (rotating sequences of bi-
lateral trade moves lead to a Pareto'optima1 allocation if
"money" is present [21]) and Ostroy and Starr (the presence
of a medium of exchange reduces the information required to
coordinate exchange and therefore permits efficient decen-

tralization of the trading process [51]).

C. While these authors succeed in establishing the

benefits of monetary exchange, given that money has a role
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to play, they do not establish the superior efficiency of
monetary versus barter exchange. In Chapter 2 and 3 I argued
that the mere absence of money was not the proper characteri-
zation of a barter economy. I claimed that there is a struc-
tural difference in the organization of trade between a
barter and a monetary economy, based on the presence of
division of labour in the latter's transactions technology.
Therrole of money and the benefits of monetary exchange cannot
be established just from an analysis of a monetary economy,
but must be established in relation to a barter economy.
Using this test of the superior efficiency of mone-
tary exchange, I shall demonstrate the somewhat startling
result that a monetary economy need not be more efficient
than jts-under]ying barter economy. The superiority of
monetary exchange depends on the proper assignment of agents
in the operation of a monetary economy's transactions tech-
nology. If tasks are allotted ineffectively to agents, a
monetary economy may be less effi¢ient than its associated
barter economy. Later in this chapter I shall construct

an example to demonstrate this point.

D. While the cited articles deal with the social

benefits of "money," they do not provide an adequate explana-
tion of the presence of "money." The emergence of "money"

in its role as a dominant medium of exchange has been analyzed
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by Brunner and Metzler [9] and Nagatani [48]. In both models,
some existing commodity achieves the status of a universal
intermediary in exchange as the result of unconcerted
utility maximizing behaviour on the part of individuals.
Because agents do not know the identity of potential trading
partners with certainty, direct exchange involves the
expenditure of real resources on search behaviour. Indirect
exchange may reduce these research costs if there exist
goods acceptable as intermediaries in exchange. To an
individual agent, the acceptability of a particular good
aé an intermediary in exchange depends on his information
about the goods qualities and properties and about its
acceptability to potential trading partners. Through a
gradual process of learning by agents, some favourite
intermediary in exchange becomes the dominant medium of
exchange in these models.

This "individualistic" approach, whose roots lie
in the works of Menger [47] and von Mises [67], is in con-
trast to the "social" or cooperative approach that I am using
in this thesis. While these authors' have concentrated on the
presence of the object serving as a medium of exchange as the
distinguishing feature of a monetary economy, I am concentrating

on the structural difference between a monetary and barter economy.
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E. The cooperative game approach that I am using in
this thesis does not require the usual assumption, that money
has positive exchange value, in the existence proof of a
monetary equilibrium. Usually, while the demand for any
other good is based on the utility agents derive from its
consumption, or on its use as a productive agent, the demand
for money is based on its objective exchange value (von Mises
[67]; Kurz [41]; Nagatani [48]). Agents will use and hold
money only if it has positive exchange value, that is, only
if they believe that other agents will accept it in exchange
for more desirable goods.

Unfortunately, the possibility exists that the
equilibrium price of money is not positive (Hahn [24]; Kurz
[41]; Starr [65]). When this happens it must be concluded
that no trade takes place in the economy, since the demand
for money is zero and the use of money is necessary for trade.
This problem has been circumvented by Starr [65], who shows
that "sufficiently exacting" taxes payable in money will ensure
the existence of equilibria with a positive price of money.
Starr's approach, which is based on a suggestion by Lerner
[45], uses taxes "to create a demand for money independent
of its usefulness as a medium of exchange" [65, pt 46].

However, the imposition of taxes upon a pure exchange
model, to ensure money's use, appears somewhat ad hoc.

Using the cooperative game approach, I have shown that money's
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usefulness is related to the structure of an economy's tech-
nology of exchange. Therefore, to exhibit a monetary
equilibrium, I only need to show that an equilibrium exists

for the economy of Chapter 3. This is done in Appendix B.

F. The choices that are available to an agent in
Starr's model are very limited. An agent must either‘consume
his initial endowment, or else, he must use the monetary
exchange process to obtain more desirable goods and/or to
obtain money for taxes. Starr uses taxes payable in money
to force participation in the monetary economy. He does not
give an agent an alternative to monetary exchange.

It is my belief that the use of the monetary ex-
change process should not be a constraint imposed on the
trading behaviour of agents. Rather, it should result from
their maximizing behaviour. It is obvious that an agent,
who breaks away from the monetary economy by himself, has
no choice but to consume his initial endowment of goods.
because he will have no trading partners.

Therefore, to provide an alternative to monetary
exchange, it is necessary to consider the possibility that
some groups of agents will break away from the monetary
economy and will use an alternative method to exchange goods

within the group. This possibility can be analyzed within
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the framework of this thesis because the cooperative approach
admits group rationality along with individual rationality.

In Chapter 3 I assumed thaf each coalition's transaction
technology consisted of the most efficient subset of its members'
transaction technologies. Later in this chapter I shall devise a
way of constructing this efficient transaction technology from
members' transaction technologies. A coalition who is given the
choice between barter exchange and the use of this efficient tech-
nology will clearly choose the latter. However, in general it is
possible that some coalitions are not very skilled at assigning
exchange tasks. The next section describes an economy in which
agents are not given exchange tasks according to their abilities.
Consider for example a traditional society where the eldest son
always takes up his father's trade. The pdint [ am trying to make
is that for some coalitions, barter exchange might be more
efficient than monetary exchange. In other words, the set of
feasible allocations attainable through barter is larger than the
set of feasible allocations through monetary exchange, at the
given assignment of exchange tasks to agents.

However, I shall prove in section I below that for mone-
tary exchange to dominate barter exchange, it is sufficient that
for the coalition consisting of the entire economy, the set of
feasible allocations attainable through monetary exchange contain
the set of feasible allocations attainable through barter. Mone-
tary exchange will dominate barter exchange even though there are
smaller coalitions for whom barter exchange is more efficient

than monetary exchange.
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G. In this section I shall devise an example to illustrate
the advantages and disadvantages of monetary exchange and the
derivation of aggregate transactions technologies. Consider an
economy with a finite number of agents in whcih transaction
costs are linear in amounts exchanged and, following Niehans
[49], consist simply in a shrinkage by some percentage in the
amount of a good that is exchanged. The transaction cost can be
interpreted as the cost incurred in transporting the good to
or from the market place, with different agents having differing
transport abilities.

If in some trading pattern, agent a exchanges the
vector y(a) of goods for x(a), thezeomponents z(a) of
resource costs that are incurred can be given by

z;(a) = Z;(a)(x;(a) + y5(a)), §=1,---,2,

and agent a's transaction set S(a) is given by

s(a) = {[x(a), y(a),,Z(a)]IX(a), y(a) e RY, z(a) =

2(a) « [x(a) + y(a)]}

For any good j either xj(a) or yj(a) will be zero, depending on

whether good j is received or given up in exchange by agent a.
The vector z of resource costs which are incurred by

the entire society in the barter exchange process is the sum of

the individual agents' resource costs.
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i.e. z =) z(a),
acghA
where
z; = aéA Ej(a) xj(a) + agA Ej(a) yj(a).

This trading process 1§ a barter exchange process because each
agent must transport his own goods.
Suppose. that agents are now allowed to specialize
in the transportation of certain goods. To capture this
idea, for each good j select a(j) € A such that Ej(a(j)) =

min z.(a). This is, agent a(j) is the most efficient of
achA

’;11 agents in transporting good j. If for each j, agent
a(j) is allotted the task of transporting good j, the economy's
transactions technology is exploiting the division of Tlabour
and therefore it is of the type described in Chapter 3.

The jth component of the total resdurce cost vector

for an arbitrary exchange pattern x, y is given by
= z.la(j : +y. .
2 = 1 [A)][x;0) + yyta)]

Clearly, this monetary exchange process is more efficient
than the barter process for any trading pattern.
On the other hand, suppose that tasks are allotted

by selecting a'(j) e A such that z.(a'(j)) = max z.(a).
J aceA J
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That is, agent'a'(j) is the least efficient of -all agents in
transporting good j. The economy where agent a'(j) is
allotted the task of fransporting good j is also a legitimate
monetary economy, however, its exchange process is clearly
less efficient than the barter exchange process. Therefore,
it is possible that society does not benefit from monetary

exchange.

H. I now shall consider the problem of deriving trans-
action technologies from agents' transaction abilities. To
begin, consider a barter economy of the type described in

Chapter 2 given by

B

[1]

= {(As §, \))9 X, Es 'S-s (.0].

Recall that‘the transactions set S(a) of agent a consists of
all feasible combinations of exchanges and attendant resource
costs. An exchange of the bundle of goods y(a) for the
bundle X(a) is technologically feasible if there exists a
vector z(a) of.resource costs such that (X(a), y(a), z(a) ¢
S(a). If w(a) represents agent a's initial endowment, the

resulting consumption bundle is given by

f(a) = w(a) + x(a) - y(a) - Z(a).
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It is .important to note that y(a) is the vector of quantities
that is actually given up in exchange to other agents,

while Q(a) is the vector of quantities actually received from
other agents. The transaction cost vector g(a) consists of
~goods from agent a's initial endowment and/or goods obtained
from others during the process of exchange. Therefore any
vector z(a) of resource costs can bévdecomposed into two
componenté, |

~

z(a) = z1(a) + z,(a),

where gl(a) consists of goods obtained during the process
of exchange and z,(a) consists of goods obtained from a's
initial endowment.

This distinction was not necessary in-the discussion of
barter economy because each agent had to bear directly any
resource costs which were incurred during the trading process.
However, if agent a's transaction abilities ére employed in
the operation of an aggregate transactions technology, both
gl(a) and z,(a) must be obtained from other agents.

Now define

x(a) = X(a) - z:(a),

y(a) = y(a) + Z,(a).
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Then, if a coalition uses the transaction abilities S(a) of
agent a, it must obtain y(a) of goods to deliver x(a) of
goods. Therefore, the transaction abilities of agent a as

perceived by a coalition can be given by

st (a) = {-I[X(a),—'y(a)]lx(a) - %(2) - 21(a), $(a) = y(a) + Za(a),

where
[(3(2), §(2), 2a) = £1(a) + 2a(a)] s<a)}.

From the properties of the correspondence S, it is easy to
show that the correspondence S', which maps elements of A

into subsets of Rg X RR, has the following properties.
i) S'(a) is closed for all a € A.

_ii) (x(a), -y(a)) € S'(a) and x'(a)'i

x(a), y'(a) > y(a) then
(x'(a), - y'(a)) e s'(a).

iii) 0 € S'(a) for all a ¢ A.
jv) S' is a v-measurable correspondence.

I shall now use the correspondence S' to‘construct
aggregate transactions technologies for each coalition E e Q.

*
Define the correspondence T : Q - RY x R2 by
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T*(E) = {(x,-y)]|x,y € Ri and such that there
exist v-integrable functions x', y': A > Rf
with (x'(a), - y'(a)) € S*(a) for all a ¢ E
and x :.JE x'"(*)dv; y ='JE y'(<)dv}.

*
T (E) is the integral of the correspondence S' with respect
to the measure v over the set E. .Using the notation of

Chapter 3, it can also be written as
TE) - JE Dy, dv.

The set T*(E) incorporates all possible ways of
organizing coalition E's transactions technology by allotting
its member agents to various tasks. Since v is an atomless
finite measure, T*(E) is convex. Furthermore, from the
properties of S', it is possible to show that the correspon-
dence T satisfies properties i) through v) of Chapter 3
for coalition transactions technologies. If for each E ¢ Q,
T*(E) is bounded by the total quantity of resources initially
available to coalition E, then T* is also a compact corre-
spondence and therefore also satisfies property vi).

Thus the economy given by

M* *

= = [(A3 Qa \))5 Xs é,C\EsT s (.U]
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is a legitimate monetary economy whose underlying barter

. _B
economy is T .

% with

Let T be any correspondence from Q to R2 x R
T(E) € T'(E) for all E ¢ © and that satisfies the conditions

of Chapter 3. Then the economy given by

M

4]

= [(A’ Q’ \))’ X’ S)“-.T’ w]

can also be interpreted as a monetary economy whose under-
lying barter economy is EB. However, the agents who operate
the aggregate transactions technology T aré not as effic-

iently specialized as those that operate T*.

I. Recall that the aggregate transéctions set of the
monetary economy is a subset of the space RZQ. While the
transaction abilities of an individual agent can be repre-
sented in the space Rzz’ the barter economy's transactions
technology cannot. However, it is possible to derive an
implicit aggregate transactions set for the barter economy
in Rzz- This implicit transactions set can then be compared
with the monetary economy's transactions set.

B

For all E ¢ @, define the correspondence T :

o » R* x RY by
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TB(E) = {(x,-y)|x, y ¢ RY
and such that there exists
| _B
f ¢ Km(E) of =
with
X = J [f—w]+dv; y = j [f-w] dv}.
E E
M

Let f ¢ Kw(E) of E Then there exist v-integrable functions

X', y', z' =z} +z) + A > Ri such that for all a ¢ A

x'(a), y'(a), z'(a)] e S(a)

and

f(a) = w(a) + x'(a) - y'(a) - z'(a).

Substituting z'(a) = z;(a) + z;(a) as defined above into

the last equation and rearranging we get
fla) - w(a) = [x'(a) - zi(a)] + [y'(a) + 23(a)
But then

[f(a) - w(a)]" = x'(a) - zi(a) ,
[f(a) - w(a)]™ = y'(a) + z,(a)
implies, since (x'(a) - zi(a), - (y'(a) + z;(a))) ¢ S'(a), that

1

TB(E) < T*(F)
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Now I shall demonstrate the condition which ensures
that a monetary economy will dominate its underlying barter

economy.

Theorem: Consider the monetary economy given by

M

1]

= [(A’ Q’ \)), X’ %) T’ w]

and its underlying barter economy EB whose implicit aggregate
transactions technology is given by TB. If TB(A) Cc T(A),
M

then the monetary economy £ dominates the barter economy EB.

Proof: Let f be a core allocation of EB. Then since

TB(A) C T(A), f is also a state of the economy EM. Let f*
M

(83}

be any core allocation of I claim that f(a) = f*(a)

for é.e. agents in the economy :M. Otherwise f would be a

blocking allocation for some E € @ contradicting the choice

of f*. Thus any agent who is given a choice between EM and

EB will choose EM.
Furthermore, it will not be to the advantage of
any group of agents to break away from the monetary economy.

If g is an attainable allocation for any E € @ in EB, with

v(E) > 0, then by definition of f, g(a) =. f(a) for a.e.

a
agents in E. By the transitivity of preferences, it is also
true that g(a) =, f*(a) for a.e. agent in E.

Q.E.D.
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/

It is important to note that the condition
TB(A) C T(A) applies only to the coalition of the entire

economy. No restriction is required on the aggregate
transaction sets of smaller coalitions. In other words, the
theorem holds even though barter exchange is "more efficient"
than monetary exchange for some of the admissible coalitions
in the economy. That is, there might be coalitions E ¢ Q,

E # A, such that

B('

T(E) ¢ T (E),

and monetary exchange will still dominate barter exchange.



FOOTNOTES

]I assume that no real resource costs are incurred
in the hypothetical formation of a coalition, hypothetical
reallocation of goods within the coalition and dissolution
of the coalition in the cooperative economy. The analogous
assumption in the competitive version of the economy is
that no real resource costs are incurred in the determination
and dissemination of the equilibrium vector of phices. A
more complete analysis would consider the structure of these
institutions, the costs incurred in their operation and the
efficiency of one institution relative to another. The
papers by Feldman [21], Howitt [36] and Ostroy [50] are
attempts to analyze the role of money in the operation of
these institutions. The purpose of this thesis, however,
is to show that the usefulness of money depends on the structure
of an economy's transaction technology. To achieve this
result, it is sufficient to consider only the transaction
costs resulting from the transportation of goods from one
agent to another.

%See AppefdixnAifor definitions of mathematical
concepts unusual to economics.

36enera11y, it is assumed that A is a finite set.
For some proofs, however, it is necessary to assume that the
measure space is non-atomic. In this case, A must be of the
cardinality of the continuum.

4The local nonsatistion assumption on <2 is weaker

than the usual assumption that «_ is monotonic, i.e. s,t, ¢ X(A)

a
with s < t implies s <o t. Montonic preferences are assumed

in Chapter 5 to ensure that a quasi-competitive price
equilibrium is also a competitive price equilibrium.

78



79

5In Kurz's [41] barter economy, the "market" provides
the proof of resources required to effect exchanges. These
resources can be contracted by individuals for the purpose
of carrying out their exchanges. An agent does not bear
directly the resource costs incurred in effecting exchanges,
as is the case in my barter economy. Consequently, the
barter economy of this chapter is more "primitive" in the
degree of commercial development than that of Kurz.

6From condition 6ii), y(a) and z(a) can always
be chosen so that x1(a) > 0 implies yl(a) = 0. That is,
an agent need not buy and sell a good at the same time.
Therefore,

f(a) e X(a) c.R, = f(a)

w(a) + x(a) - y(a).- z(a) 2 0
x(a) > y(a) + z(a)

= w(a) +
= w(a) > y(a), and
wla) + x(a) > z(a)

nv

The inequality w(a) y(a) states that an agent cannot sell
more than his initial endowment, while the inequality

w(a) + x(a) 2 z(a) states that the resource costs incurred

by an agent in effecting an exchange cannot exceed his initial
endowment plus the quantities of goods acquired in exchange.

7The aggregate transaction technology described
in this chapter differs from Foley's [22] in that he combines
both production and exchange activities. It differs from
Kurz's [41] in that he uses separate "buying" and "selling"
technologies 1inked by a medium of exchange. Furthermore,
to my knowledge, aggregate transaction technologies have
never been studied either in a core theoretic or a measure
theoretical context.

8Sondermann [62] has obtained "stable" profit
distributions in the case certain productive factors show
increasing returns to scale for coalition production economies.
To incorporate increasing returns to scale in tthe context
of coalition transaction economies, we would have to let T
be superadditive on Q. That is, for every pair of disjoint
coalition E; and E,,

T(E1) + T(E2) C T(E; U E,).



80

91¢ A is a finite set, then
*
T (E) = ) S(a)

achA

e . . *
where I indicates the set theoretic sum. Toecerisure T is
convex, we must also assume that S(a) i$ convex for each
a ¢ A.

]OKurz [41] and [43] has investigated the existence
of an equilibrium in barter and monetary economies ‘under the
more reasonable assumption: . '

j w(e)dv >> 0.
A
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APPENDIX A

MATHEMATICAL CONCEPTS

The following mathematical concepts are unusual
to economic theory and so their definitions are gathered

here.

T. :MeaslrecSpace:

A measure space is a . tripde (A, Q, v) where A
is a set, Q is a o-fiéld of subsets in A, and v is a count-

ably additive, non-negative set function on Q@ with v(A) = 1.

2. o-field:

' Q is a o-field in A if for every countable

sequence {E_} of subsets E_ ¢ Q,
n n
) En e Q, and

n

E1-E2€Q.
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Furthermore, U E = A.

3. Measurable set:

A set is called measurable if it is an element

of Q.

4, 'Measure:
A function v : 9 - Rf is called a measure if it

is countably additive on Q. That is, for any countable

sequence'{En} of disjoint sets in Q,
tea) = 2 ols)

5. Almost every a ¢ A (a.e. a € A):

A relation is said to hold for almost every
element of A (a.e. a € A) if the set of those elements for
which the relation is not true has measure zero. That is,

if E e Q is the set for which the relation is not true, then

v(E) = 0

6. Measurable function:.

A function f : A - R is called measurable if for
every interval o € R, f-!'[a] € Q. f is sometimes called v-

measurable or Q-measurable.
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A vector-valued function f : A >~ R” is called

measurable if each component f! is measurable.

7. v-integrable function:

A function f : A > R'is called v-integrable if
it is v-measurable and if the Lebesque-Stieltjes integral

of f with respect to v over A, denoted by,

jA F()dv,

exists.

2

A Vector-valued function f : A > R” is called

v-integrable if each component £ is v-integrable.

8. Lebesque-Stieltjes integral and properties:

See Sion [60].

9. Correspondence:

A correspondence ¥ from A to Rg associates with

every element a of A a subset y(a) of RY.. Its graph is

6, ='{(-a,r) c A X RY | r g,w_(a)-}.
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10. Inverse of a correspondence:

The inverse yY~! of the correspondence is defined

as follows: let I be a family of subsets of R*, then

p-t[r] = {a e A Y w(a)te P}-

11. Strong-inverse of a correspondence:

If X is a subset of Rz, then the strong-inverse
s

v

of the correspondence ¥ is given by

vSIX] ={a e A ]ww&é).cxx}

12. Upper semicontinuous correspondence:

A correspondence ¢y : A - R% is upper semicontinuous

if its graph is closed. That is, for every sequence'{an, rn}

in Gw with %iz (an,rn) = (a,r), then (a,r) e Gw.

13. Measurable correspondence:

The correspondence ¢ : A > RR, where A is part
of the measure space (A, 2, v), is said to be measurable

(v-measurable or Q-measurable) if for every open set X in RZ,

v3[X] e 2. .

See Debreu [17] for alternative definitions.
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14. Integral of a correspondence:

Consider the correspondence v : A - RY. Let Lw

be the set of all point-valued f : A » RY such that f is
v-integrable over A and f(a) ¢ y(a) for all a € A. The integral

of the correspondence y over A is defined by:.
J P(+)dv = {J f(e)dv | f e-L }.
A A v

The integral J Pp(+)dv is also written as‘j Lw dv.
A A

See Aumann [ 5], Debreu [17] and Artstein [ 3 ] for properties

of the integral of a correspondence.

15. Non-atomic measure space:

The set E ¢ Q is called an atom of the measure
space (A, @, v) if v(E) > 0 and ED F ¢ Q implies v(F) or
v(E-F) = 0. The measure space is called non-atomic if it

has no atoms.



APPENDIX B

THE EXISTENCE OF COMPETITIVE PRICE EQUILIBRIA

A. In this appendix I shall provide the proofs that
establish the existence of price equilibria for both the
"barter" and "monetary" economies. In view of Theorems 2.1,
2.2, 3.1 and 3.2, I am also establishing the conditions under
which the cores of these economfes are non-empty. The proofs
are based on similar existence proofs by Debreu [13], Aumann
[6], Schmeidler [55] and Hildenbrand [33], [34]. The required
mathematical tools can be found in Artstein [3], Aumann [5],
Debreu [17], Debreu and Schmeidler [18], Schmeidler [56]

and Sion [60].

First, I shall demonstrate the existence of a quasi-
competitive price equilibrium for the "barter" economy, under
the conditions of Chapter 2, in Theorem 1 and for the "mone-
tary" economy, under the conditions of Chapter 3, in Theorem 2.
At the end of the appendix, I shall list the additional assump-
tions required so each quasi-competitive price equilibrium is

also a competitive price equilibrium,
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|

Consider the "barter" economy

B

(1]

= [(A, @, v), X, %, S, w]
as described in Chapter 2. Let
L .
A = {p eRY | 1 p' o= 1}

be the unit price simplex. Define the budget correspon-

dence B : A x A » Ril by

a) (x,y,z) e S(a),
b) w(a) + x-y-z € X(a), and },

c) pex<sp-y

Bla,p) = {(x,y,2) e R}*

and the demand correspondence ¢ : A X A > Riz by

d(a,p) = {(x,y,Z) e Bla,p) | for every (x',y',z') e B(a,p),

o

w(a) + x'-y'-2z" s w(a) + x—y—z}

Finally, define the quasi-demand correspondence §:A x A - Riz

by
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( ~

¢(a,p) dif inf {p - x - p - vy} < 0,
(R,5,5) < s(a)
s(a,p) = 4 w(a) + x-y-z €-:X(a)

B(a,p) otherwise

N

Definition I. Quasi-competitive price equilibrium

Let p be a price vector in the unit simplex A C Rf
and f be a v-integrable function from A to Rf. The pair (p,f)
is called a quasi-competitive price equilibrium of the economy
EB if there exist v-integrable functions x,y,z : A - Rf such

that

ii) x(a), y(a), z(a)]'e S(a,p), a e A, and

i) [ fav g [ e - [ 2()av.
A

Conditions i) and ii) state that f(a) must be
maximal with respect to fa,in agent a's budgef set whenever
the minimum wealth situation does not occur, while condition
iii) is the material balance equation for the entire economy.

This Tast relation can also be written as
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Definition 2: Competitive price equilibrium

The pair (p,f) is called a competitive price

equilibrium of the economy EB

if it forms a quasi-competitive
price equilibrium and if the set of agents for whom the

minimum wealth situation occurs has measure zero.

m
*
1]
f‘*“\
QU
m
)
-
—~—
o
.
x>
L}
©
.
<>
[u—
V4
o
;—Y_/

then v(E*) = 0.
In other words, for the equilibrium price vector
p e A "most" agents have sufficient wealth to exchange some goods

and still remain inside their consumption set.

C. The proof of the following theorem is patterned
after the existence proofs by Hildenbrand [33] and [34].

The main difference is that my model portrays a barter economy
with transaction costs and individual specific transaction
technologies, while in [34] Hildenbrand models a pure exchange
economy and in [33] he models a coalition production economy.
My economy differs from the barter economy portrayed by

Kurz [43] in the specification of the transaction technologies

(see footnote 3) and in its measure theoretic context.
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In part a) of the proof, to ensure that each agent's

budget set is bounded and thus to ensure that his demand set

is non-empty, a sequence of "truncated economies" is con-
structed. In part b) it is shown that each truncated economy
has a quasi-competitive price equilibrium by showing its

total quasi-demand correspondence satisfies the properties

of Debreu's lemma [13, p. 82]. Finally, in part c) it is

shown the existence of a sequence of quasi-equilibria for

the sequence of truncated economies implies the existence

of a quasi-competitive price equilibrium for the original

economy.

Theorem 1: If the measure space of agents of the "barter"

B . . . . .
economy % is non-atomic, then there exists a quasi-competi-

tive price equilibrium.

Proof:

Part a) In an economy with a continuum of agents, an agent
of measure zero has only an infinitesmal portion of the goods
of the entire economy. As Aumann [ 6] points out, the
possibility exists that for a given price vector p € A the
budget set B8(a,p) for some agent a € A is unbounded, and
hence the demand set ¢(a,p) may be empty. To circumvent this
possibility, for every positive integer k consider the

truncated consumption set
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and the truncated transactions set
k
$"(a) = {(x,y,Z) e S(a)|(x,y,z) <

k[w(a) w1, wla) + 1, wla) + 1]}

Define the k-th truncated budget correspondence,

k .
B~, demand correspondence, ¢k, and quasi-demand correspondence,

“ k(a) and Sk(a) in the

8", by replacing X(a) and S(a) with X
definitions of section B above.
Finally, define the total quasi-demand correspondence

wk A~ Rl for the "k-th truncated economy by

k(p) = {s e RY | there exist v-integrable functions

X,¥,2Z ¢ A - Rf such that [x(a),y(a),z(a)} €

ék(a,p) for almost every a € A and

: = JA [xt) - v()] av}.

If we define the correspondence ok : A > Ri2 by



p) = JA sk (- .p)dv,

i.e. ok(
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p) is the integral of the quasi-demand correspondence

with respect to the measure v, then wk can also be defined by

k ’ AOA A AN A
o) = {9 | (RE) e Ml
Part b)
I claim that the correspondence wk has the
following properties:

L

i) there is a compact set N € R” such

that wk(p) C N for every p e A,
ii) the graph of wk is closed,

iii) for every p € A, wk(p) is non-empty

and convex, and
iv) for every p e A, p * wk(p) < 0.

To prove property i) let
N - {s e RY | s < k[J ((+) + 1)dv]}.
A

Then by construction of wk, for every p € A and v-integrable

functions x,y,z : A - Rf with (x(a), y(a), z(a)) € dk(a,p)
we have 0 < x(a) < k(w(a) + 1), 0 < y(a) £ k(w(a) + 1) and

thus
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Ix(a) - y(a) | < k[m‘(a) ' 1], a.e. a in A. (1)

Integrating we get

A

\jA (xC) -y av jA [[xC) - v ]av

A

k[JA[w(a) + ]]dv]

or wk(p) C N for every p e A.

To prove property ii) let (pn,sn) be a sequence in

6 = {55 s x RY |5 ek}
v

the graph of wk, with 1im(pn,sn) = (p,s). That is for every
n-»>o
positive integer n there exist v-integrable functions Xy

. L k
Yo» Z, * A > Ry such that (xn(a), yn(a), zn(a)) e 8§ (a,p)

and

;12 JA {xn(-) - yn(-)}dv = lim s_ = s.

From (1) above, the sequence of v-integrable functions'{(xn—y )}

n
from A > RQ is bounded pointwise in absolute value by the



v-integrable function k(w + 1) : A » Rf. Using Theorem E
[33, p. 622] (a version of Fatou's Temma), there exists a

v-integrable function t : A > RQ such that

J t(+)dv = s, and
A

n
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(2)

t(a) e c]osure~{[xn(a)—y (a)J} for almost every a € A. (3)

Since each agent is eithérypavnetspurchaser-or a net

supplier of a particular good, but not both, if we let x(a)
y(a) = t(a)” for all a € A, then x(a) c]osure'{xn(a)} and
y(a) € closure {yn(a)}. Because Sk(a) i$ compact, for every
a € A there exists z(a) such that z(a) ec]osure'{zn(a)} and
(x(a), y(a), z(a)) ¢ Sk(a). From the measurability of the
correspondence Sk, z(a) can be chosen for each a € A such
that the function z : A ~» Rf is v-integrable (Theorem B [33,
p. 6211].

I also claim that for fixed a ¢ A, Gk(é,-) A >
is an upper semi-continuous correspondence. Following

Schmeidler [55, p. 582], 1et‘{pm} and {(xm, Yo zm)} be

z ) = (x,y,z)

sequences such that lim p = p, lim (xm, Ym» Zp

‘Moo Moo
with p. e 4, (xm, Y zm) € Sk(é,pm). Then we must have

Pmn * *n s Pm " Y >

t(a)

+
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(Xys Vs 2y) € SC(3), and (5)
w(@) + x -y -z e xX3) (6)
m m m
Suppose that
inf #-<xm};o
(%.9,2) e sX(a)
w(a)+x-y-2 e xK(3)

Then since Sk(é) and Xk(é) are closed and inequalities are
preserved under limits, we get after taking limits on (4),
(5) and (6) that

(x,y,z) € 8%(3,p) (7)

On the other hand, if

then since Sk(é) and Xk(é) are compact, there exists

(x',y',z') ¢ Bk(é,p) such that

<p ey (8)
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But 1im Pp = P implies there exists a positive integer m,
m->oo

such that m > mq

= (x',y'.z') e 8¥(E.p,)

Py i 1 I < 3 _ -
= w(a) + x'-y'-z 2 w(a) + X~ Ym™~ Zn

By continuity of fa we get after taking limits that
w(a) + x'-y'-z' fé w(é)u+ X-y-z . (9)

If we have (x,y,z) € Bk(é,p) with

then (x,y,z) is the 1imit of points in Bk(é,p) with properties
(8) and (9). After taking limits we get

3 (@) - x-y-z. (10)

w(a) + x-y-2
But since (7) holds here as well, we have (x,y,z) €
y(a,p). Combining the two cases we get (x,y,z) ¢ Sk(é,p)

and therefore 6k is upper semi-continuous in p.
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(3), z

and (x(a), y(a), z(a)) ¢ c]osure'{(xn(é), yn(é), z (a))} implies

Then 1im p = p, (xn(a), y

n->co n

n

by the upper semi-continuity of sk in p that (x(a), y(a), z(a))

£ Gk(é,p). Therefore,
s = J [x(-) - y() ]dv e oK (p)
A

and consequently (p,x) € G i.e. the graph of wk is closed.

pke
To show that wk(p) # 0 for every p € A, it is
ol

sufficient to show that § (a,p) # 0 for almost every a e A

and that the correspondence Gk(-,p) : A > Rig is v-measurable.

Since the budget set Bk(a,p) is compact, w(a) € Xk(a) for

oo

almost every a € A, and ~a is continuous for all a € A,

5k(a,p) # 0 for p € A.
The budget set correspondence can be written as
B(a,p) = S(a) N p(a) n u(a)
where

p(a) = {(x,y,Z) e R,V | wl(a) + x-y-z ¢ Xk(a)}, and
w@) = {0oys2) e R 1 p e s e ek

We know that S is a v-measurable correspondence. The measur-

ability of p follows from the measurability of w and Xk while
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u(a) is trivia11y-v-measurab1e. By Lemma 5.3 of Artstein
[3, p. 109], B8(+,p) is also v-measurable and thus clearly
S0 is,"Bk('sP).

By Proposition 4.5 of Debreu [17, p. 360], for
fixed p € A the set

" {a o I(x,y,Z)ZZE(a)“P(a){p . (X°¥)} < 0}

belongs to Qp since Sk N p is a v-measurable correspondence
and since the function p ¢ (x-y) is both continuous on

Sk(a) N p(a) and is also trivially v-measurable. From Theorem
B [33, p. 621], there exists a sequence'{(xn, Yo zn)} of
v-measurable functions of A into R* such that'{xn(a), yn(a),
zn(a)} is dense in Bk(a,p) for every a € A.

Define

“

o,(a) = {(x,y,Z) e B (a,p) | w(a) + x (@) -y (a) -z (a) %,

w(a) + x—y-z} for a e M.

Clearly, Gk(a,p) c On(a) for a € M. Suppose we have (x,y,z) €

A @n(a), but (x,y,z) ¢ ak(a,p). That is, there exists -
n=1

(x',y',2') ¢ Bk(a,p) such that w(a) + x-y=z «_ w(a) + x'-y'-z',

Since =, is continuous and'{(xn(a), yn(a), zn(a))} is dense

in 8%(a,p), there is an integer A such that
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Cd(a) + x-y-z < w(a) + xa(é) - yﬁ(a) - za(a)

Contradicting the fact that (x,y,z) ¢ 0a(a).
Thus

dk(a,p) = A On(a) for every a € M.

But since the correspondence Bk(-,p), the function x_, y ., z,
and the set M are v-measurable, en is v-measurable for all
positive integers n. By Lemma 5.3 of Artstein [3] we again
have that Gk(-,p) is a v-measurable correépondence. Using
Theorems 1 and 2 of Aumann [5, p. 2], we get that 6k(p) is
non-empty and convex:forzeverygpeesd. CClearly,“this implies
that wk(p) is non-empty for every p e A, and it is easy to

show that‘wk(p) is also convex for every p e A.

Finally, property iv) "holds since s ¢ wk(p) implies

2

thereeexist v-integrable functions x,y,z : A - RS

such that-
s =JA[X(') - y(-)Jdv, and

{x(a), y(a), z(a)] € dk(a,p) for a.e. a € A.

“(

But since §"(a,p) C Bk(a,p) we also have

p - x(a) < p -« yla).
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Integrating the Tast inequality we get
J p o+ x()dv ¢ J p » y(+)dv, or
A A
p . S:J [x(o) —y(')}d\)go-
A

Part C
We now can apply Debreu's lemma [13, p. 82], which
is based on Kakutani's fixed point theorem,ttotthe.correspon-

dence wk. It states that there is a p € A such that

W (p) n RY # 0.

That is, there exist v-integrable functions x,y,z : A » Rf
such that
[X(a), y(a), Z(a)J € Gk(a,p)s and- (11)
j {x(-) i y(-)J-d\) < 0. (12)
A

But condition (12) is equivalent to

jA x(+)dv < JA y()dv, (13)

and condition (11) implies that
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'{xi(a), y(a), z(a)J e s(a) c s(a).

Therefore, if we let f = w + x-y-z then the pair (p,f) form
a quasi-competitive equilibrium for the "k-th truncated
economy."

I have shown that for every positive integer k

k

there is a price vector p° ¢ A and v-integrable functions

‘xk,-yk, zk : A > Rf such that the pair (pk,fk) form a quasi-
equilibrium for the "k-th truncated economy" where A
w + xk -:yk - zk. Since A is compact we canrassume without

lToss of generality that the sequence'{pk} converges to the
price vector p* e A.
From the material balance requirement we have for

each k that
k k
0 < | f(«)dv g w(e)dv - z (+)dv.
A A A
Thus we get immediately that

,

£X () dv

o
uA
nA

JA w(+)dv,

jA w(e+)dv.

A
and

Zk(-)dv

o
A
nA

Since an agent cannot sell more than his initial endowment,

we must have,
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0 < v (a) < w(a), for every a ¢ A

and therefore we must have using (13),

o
A

A

Hence, {JA xk(o)dv}, {jA yk(-)dv}, {JA zk(-)dv} and

{j fk(-)dv} are all bounded sequences in Rf and by the
A

j XK(yav < [ yK(rdv < [ w(+)dv.
A A '

Bolzano-Weierstrass Theorem each has a convergent subsequence.

AN A ~

Without loss of generality, there exist X, Yy, z, f ¢ Rf such

that

lim J xk(i)dv
A

k->co ’

I
x>
-
ey
—_—
>
<
~
N
a
<
i
<>

L]
—+H>

]
N>
-

Hm[ 2% (< )dv
A

k->c0

11’mJ K (+)dv
A

ko0

By Schmeidler's [56] version of Fatou's Temma,

L

there exist v-integrable functions x*, y*, z*, f* : A -» R+

such that

[x=(a), y*(a), 2x(2), %(a)]

is a cluster point of the sequence
rro . ] Y
SR AN yk(a)s zk(a)s *k(a\f for ¢ o2 a . A -

{{Xk(a), v (a), zX(a), fk(a)}} for a.e. a ¢ A, and
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‘j x*(+)dv < X, J y*(*)dv < ¥ ,
A A B
J z*(+)dv < z ., J fx(=)dv < f (15)
A A
Since inequalities are preserved under limits, the material
balance equation must also hold,
i.e f <,J, w(e)dv - z
A
From (15) we get that
J’ fx(+)dv < f w(+)dv - J 2% (+)dv. (16)
A A A

However, there is a subsequence {k'} of the positive integers

such that

Tim ka'(a),y§'(a),zkl(a),fkl(a)J'= [x*(a),yf(a),z*(a),ff(a)}.'

k'+oo

But for E e {k'} we have

A

fE(a) = w(a) + xX(a) - y

~

k(a) - zk(a) a.e. agA,

and taking Timits we get

fx(a) = wla) + x%(a) - y*(a) - z*(a) a.e. aecA. (17)



Furthermore,

[xk'(a), yk'(a), zk'(a)J e 6% (a,p¥') c 8% (a,p ),

S(a) and X(a) closed and the preservation of inequalities

under limits implies

'[X*(a), y*(a), Z*(a)J e B(a,p*).

Thus f* is an attainable allocation.

Suppose for fixed a € A we have

inf . {p* . (§-§)} < 0.
(x,¥,z)eS(a)

w(a)+x-y-zeX(a)
Then, there exists (x',y',z') e B(a,p*) such that

p* « x' < p* . y'.

kl

But since 1im p = p*, for k ¢ {k'} large enough,

k !>
we have

k 1 k ]
P =X <P ¥y

(x',y',2"') € sk(a), and

w(a) + x'-y'-z' ¢ Xk(a) .

110
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But (xk(a); yk(a), zk(a)) £ Gk(a,pk) implies that
w(a) + x'-y'-z' fa w(a) + xk(a)‘- yk(a).- zk(a).
Taking l1imits, by the continuity of.fa we get
w(a) + x'-y'-z"' Ta wl(a) + x*(a)-y*(a)-z*(a) = f*(a).:

In the case (X,y,z) € B(a,p*) with

(X,y,Z) is the 1imit of vectors (xn,yh,z ) e B(a,p*) with

n

p* - Xn < p* - Yy
and

-z fa wl(a) + x*(a) - y*(a) - z*(a) .

w(a) toxp -y, n

Taking Timits again we get

Thus;

'[x*(a), y*(4), z*<a>] e 5(a,p*) (18)



112

Equations (16), (17) and (18) imply that (p*,f*)
is a quasi-competitive price equilibrium for the "barter
economy EB]

Q.E.D.

Corollary. If the measure space of agents of the "barter"
economy EB is non-atomic, or if for every a € A with v({al}) > 0,
both the preference-or-indifference relation fa and the
transaction set S(a) are convex, then there exists a quasi-

competitive price equilibrium,

Proof. The property that v is non-atomic was required in
the theorem to show ok(p), the integral of the correspondence
6k with respect to v, is convex. Since v is a finite measure,
the measure space (A, 2,vv) has at most a countable number
of atoms [33, p. 615]. The set A, therefore, can be decomposed
into two subsets A = A; U A, where v is non=zatomic on A; and
A, is countable, a € A, = v(a) > 0.

But a € A, implies B(a,p?)) is convex since S(a)
and X(a) are convex. Consequently, fa convex as well implies
¢#(a,p*) is convex or empty and thus &(a,p) is convex. Clearly

kk e a ‘ L.
oultp)iisadlsocconvexssince

ck(p)_= JA s¥(..p)dv + J &(a,p).

1 aghA,

The rest of the theorem goes through as before.
Q.E.D.
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|©

Consider the monetary economy

EM = [(A, Q, V), Xs fs Ta V]

as described in Chapter 3. Let
2% % i i
b={p = Gyepd e REF T (pL bl <)

befthgwunitspricexsimpléi“inanxze Befinedthe budget corre-

spondence 8 %A xya » R*Y by,

8(a,p) = {(Ls - w(2)1", - [s - w(2)]7) Iss eix(a)
and

P+ [s - w(a)]" <P+ [s - w(a)] + w(p,a>} .

b S

and the demand correspondence ¢ : A x A - Rzszy
¢(a,p) = {(x,-y) e B(a,p) | for every (x',-y') ¢ B(a,p),
w(a) + x'—y'“‘fa w(a) + x-y} .

Finally, define the quasi-demand correspondence § : A x A » R22

by
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[ ¢ (a,p) if r;gfa){pb - Ir-w(a)1¥ - pg -'[r—w(a)]'} < 7(p,a)
§(a,p) = A

B(a,p) otherwise

Definition 3. Quasi-competitive price equilibrium

Let p be a price vector in the unit simplex

A C Rf X Rf'and f be a v-integrable function from A to Ri.

The pair (p,f) is called a quasi-competitive price equilibrium

M

for the "monetary" economy & if

a) [[f<a> - w(a) 1t - [f(a) - w(a)]'] e 5(a,p)

for almost every a ¢ A,

b) '[jA[f(a> - w(a)TTdv , - jA[f(-) - () 1) € T,

and

c) B, - jA[f(-) - w()Thav - pg - jA [F(+) - w(+)]dv

max lp' * X - p. ° y}.

(x,-y)eT(A) P s
"“i7‘cn Condition a) implies that f(a) e X(a) and that f(a)

must be maximal With‘respect to Sa in agent a's budget set

whenever the minimum wealth situation does not occur. Condition
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b) ensures that f is an attainable allocation, while condi-

tion c¢) is the profit maximizing relation for the coalition

traders.

Definition 4. Competitive price equilibrium.

The pair (p,f) is called a competitive price equil-
ibrium for the "monetary" economy EM if it forms a quasi-
competitive price equilibrium and if the set of agents for

whom the minimum wealth situation occurs has measure zero.

i i {a e A | inf {pb - [r-w(a)l” - Ps ° [ﬁ'w(a)]_} : ﬂ(p’a)}

then v(E*) = 0.

E. The strategy used in the proof of the next theorem
follows closely that of Theorem 1. 1In part a) the properties
of the total quasi-demand correspondence are investigated

for a "truncated economy"; in part b) the properties of the
supply correspondence fier the coalition traders is investi-
gated; in part c) it is shown that the excess quasi-demand
correspondence has the properties required by Debreu's Temma.
Finally, the existence of a sequence of quasi-equilibria for
the sequence of truncated economies is shown in part d) to
imply the exitence of a quasi-equilibrium for the original

economy .
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Theorem 2: If the measure space of agents for the "monetary"
economy'EM is non-atomié and if the economy's aggregate
transaction set T(A) is compact, then there exists a quasi-

competitive price equilibrium.

Proof

Part a
For every positive integer k we again define the

truncated consumption set by
xK(a) = {s e X(a) | s < k(w(a) + 1)}

Define the k-th truncated budget correspondence, Bk, demand
correspondence, wk, and quasi-demand correspondence, Gk,
by replacing X(a) with Xk(a) in the definitions of section D
above.

Finally, define the total quasi-demand correspon-

dence wk . A » R2Y by

k¢

p) jA sK(+,p)dv

A A A A L
{'(Xa'y) l X,y € R+
and there exist v-integrable functions
X,y + A~ Rf

such that
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[x(a), - y(a)) £ Gk(a,p), a.e. a £ A,

and

X = JA x(e)dv, y = JA y(-)dv};

I claim that the correspondence wk has the follow-

ing properties:.

i) there is a compact set N C R%% such

that wk(p) C N for every p e A,
ii) the graph of'wk is closed, and

iii) for every p e A, wk(p) is nonempty

and convex.

The proof that wk has these properties follows closely the
proof in Theorem 1 above. Therefore we will only sketch
parts of it.

To prove property i), let

1

N ={s-= (s1,52) ¢ RY + R | Is.| < k[JA(w(-) ; 1)dv]}.

If (X,-y) € wk(p) for p € A then by construction there exist
V-integrable functions x,y : A = Rf such that (x(a), -y(a)) €

(a,p) and % = | x()av, § = [ y()av. sut (x(a),-y(a)) e
k A A ' '

¢-(a,p) implies
s.oo) tantias
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w(a) + x(a) - y(a) e x*(a)

A

>-wla) + x(a) - y(a) =‘k[w(a) + ]J

= x(a) -

A

(k=T)w(a) + k < k[w(a) + 1]

Furthermore, since x'(a) > 0.= y'(a) = 0 and'Xk(a) c r*

+
we have
y(a) ¢ w(a) < k[w(é) + 1)
Therefore
X = JA x(+)dv < k JA [w(a) + 1]dv,
y = JA y(+)dv < JA [w(a) + 1)dv.

Hence wk(p) C N for every p e A.

To prove property ii), let (pn, (ﬁn,—yn)) be a
sequence in G . with 11m(ph{§(§h§;§g)% Lo(pi%(X,-y)). Then
oK Noreo "
there exist v-integrable functions Xps¥y - A +'Rf such that

n

X = J X (+)dv, ; = j y (+)dv, and
n pon n g on

[Xn(a), - yn(aﬁ; € Sk(a,pn) for every a~€ A.
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However the sequence of v-integrable functions {(xn,-yn)} is
bounded pointwise in absolute value by the v-integrable
function k(w+1). Applying Theorem E [33, p. 622] there exist

v-integrable functions x,y : A - Rf such that

: JA [X(‘)’ - y(a)]dv = (X,-y) , (1)

and

[x(a), - y(a)J e closure {[xn(a), - yn(a)]}
for almost every a e A. (2)

It is possible to show, as before, fontfixed
a € A, that the correspondence Gk(é,-)lis upper semi-continuous.

Then 1im p = p, (x,(3), -y, (3)) e 65(3,p,) and (x(3), -y(3))

n->co
€ c1osure'{(xn(5), -yn(é)} implies by the upper semi-con-

k

tiniuty of & in p that (x(a), -y(a)) € 6k(a,p). Therefore,

(X,-y) € G > 1.e. the graph of wk is closed.
v .
It is again possible to show that wk(a,p) # 0 for

almost every a € A and that the correspondence wk(‘,p) is
v-measurable. Then since the integral of a correspondence
with respect to an atomless measure is convex, wk(p) is convex

for every p € A,
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Part b..
The supply correspondence for the coalition of

traders'of the entire economy.is defined for p € A by
n(p) = {(8,-9) € T() ¥y« & - pg + § = n(e.M},

It is easy to see that n has the following properties:

i) for every p € A, n(p).is closed and
since it is contained in the compact

set T(A), it is also compact,

ii). for every p € A, n(p) is nonempty and

convex, and
iii) the graph of the correspondence n is closed.

By definition,

T(p,A) = -
(p:A) (x,-$?§T<A){pb < hs )

The first two properties follow from the contindity and Tine-
arity of the function P, * X = pg *y in (x,-y) and from the

compactness of T(A). Property iii) holds since the function

Ph + X - pg =y is also continuous in (p,,p.).
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Part c.
Now define the excess quasi-demand correspondence

for the k-th truncated economy by

X)) = v8(p) - n(p).

L

The correspondence gk : A > R” X RQ

has the following

properties.

2

i) - there is a compact set N C R%* such

that Ek(p) C N for every p € A,
ii) ~ the graph of gk is closed,

iii) for every p e A, Ek(p)<is nonempty

and convex, and

iv) for every p € A, p Ek(p) < 0.

Seg Properties i)-iii) are immediate consequences of
the properties of the total quasi-demand and supply correspon-

dences. ~To establish iv) let z € &(p) = z = (x'-Xx, -

(y'-y)) such that
(x',-y') e v5(p), (X,-y) € n(p).

But (x',-y') ¢ wk(p) implies that there exist v-integrable
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functions x,y : A - Rf, such that (x(a), -y(a)) ¢ dk(a,p) and
x' = J x(+)dv, y' =-J y(+)dv.
A A

But (X(a); y(a) e 65a,p) = (x(a), -y(a)) ¢ Bk(a,p) and

therefore
p, * x(a) - p, - y(a) < n(p,a), a.e. in A.
If we integrate-the Tast inequality we get
pp - | x(av - pg o [ y(aav g [ weia)
A A - JA
or
P, * X' - pg = y' g I(p,A).

However, (Q,-y) e ni(p) = Py X - Py * ¥ = m(p,A).

Thus Pp * x' - Py Y

IN
o
o
.
x
[
o
wn
.
<>
-

or

pp * [x'=X] - p .« [y'-§y1 g 0

A
o

That is,. pre z = (pb,ps) . (x'-§,-(y'-§))=§ 0.
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Part d.
By Debreu's lemma [13, p 82], there is a p € A such
that Ek(p) N Rfl # ¢. That is, there exist v-integrable

functions X,y + A~ Rf such that

.[x(a), -y(a)} € Gk(a,p), a.e. a € A, and (3)
if X = f x(+)dv and y = J y(+)dv,
A A '
then (x,-y) € T(A), (4)
and P, * X - Py =y = I(p,A). (5)

Equation (4) follows from property ii) of the transactions
correspondence T.

If we define the v-integrable function f : A » R
by . .

f=ow0+ x-y,

then f is at$tat@foﬁhﬁh@C@@dmdmﬁME%néndhﬁh@ﬂﬁiiﬁﬂcﬁJf)‘is a
quasi-competitive price equilibrium for the "k-th truncated
economy."

Thus for every positive integer k, there is a price

k 2

vector pk € A and v-integrable functions xk,y : A > RJ

such that if we let
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then the pair (pk,fk) form a quasi-competitive price equil-
ibrium for the "k-th truncated economy."
Since A is compact, w.l.0.g. Tim pkA= p* = (p;,p:).

Furthermore, since for every positive integer k,
[J xK(+)dv, - J yk(-)dv) e T(A)
A - JA

and since T(A) is compact, each of the sequences {J xk(-)dv}
A

and {J yk(-)dv} has a convergent subsequencess Without Toss
A .

2

+ such that

Ofsgenehélity,ytheﬁé existtXay, e R

1im J K()dv = %, 1im‘J yK()dv = §
A A

k=0 k-

Since no agent can se®l more than his initial endowment we

also have, for all k, that

0 < y¥(a) < wha), for every a € A.

By applying Schmeidler's [56] version of Fatou's
lemma to the first sequence and Schmeidler's corollary to
the second sequence, we get that there exist v-integrable

function x*,y* : A » Rf such that
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[x*(a)s;y*(a)J is a cluster point of the (6)

sequence {[xk(a), —yk(a)]} for a.e. a € A, and

| ooty ¢ &y - (7)
A
But T(A) compact implies that (X,-y) e T(A). From property
i1) on the transactions correspondence T and (7) .above we
also get
[J x*(+)dv, - J y*(()dv]ee T(A). (8)
A A '

Since (x*(a),-y*(a)) is a cluster point of the
sequence'{(xk(a), —yk(é)}, there is a subsequence {k'} of the

positive integers such that

x*(a) = lim xk'(a) , y*(a) = Tim ykl(a).

k!>o )
Furthermore,
[xk (a), —yk (a)] e o (a,pk ) c gk (a,pk )

implies that
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pE - x¥'(a) - p§ cy¥ (@) £ n (N L),

Since T(A) is compact, the function w(-,a) is continuous on

A. Taking limits, we get that

*

Py + x"(a) - py - ¥y*(a) £ 7(p ,a) (9)

Since X(a) is closed,
Tim [w(a) + xK'(a) - yk'(a)] e X(a).
k 'o0 .
Thus, '[x*(a),—yf(a)J e Bla,p*).

Suppose for a € A, we have

Y‘::lea){p;. [r‘—w(a)]+ - p: ¢ [r‘—w(a)]'} < 'n‘(p*,‘a) ('IO)

and there exists (x,-y) € B(a,p*) such that
. _ A
Py X - pg - ¥ < m(p*,a).

But since T1im pk = p*, for k € {k'} large enough
koo
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Pl % - ¥ - § < w(pK,a), and
_ k
w(a) + x-y € X" (a).
But (xX(a), -y¥(a)) e s¥(a,pX) implies that

w(a) + x-y £ w(a) + xX(a) - y¥(a).

o«

Since ~a.is continuous, after taking Timits we get

w(a) + x-y € wla) + x*(a) - y*(a).

a
Thus for r e X(a) satisfying

* +

Pp = [r-0(a)]” - pg « [r-w(a)l™ < n(p*,a) (11)

we have r fa f*x(a).
Following Hildenbrand [33,p. 620] when (10) holds,
for every s e X(a) with

py + [s-0(a)1* - p « [s-44a)] ==

=~
—
-
2 3
Y

j=1}

~—

is the 1imit of vectors ﬁn e X(a) with
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*

P+ [2,-e(@)T - p] -+ [° -w(a)]™ < m(p*,a).
Thus '
[x*(a), -y*(a)] e 5(a,p*). (12)

Finally, I claim that

*

O e R A O LTI (SN (13)
A A
We know for k e {k'} that

m(pk,A),

SR A O e L AL
A AT
and that

pE . xk(a) - pg . yk(a) n(pk,a), for all a € A.

A

The last two equations imply there exists A; e Q such that

v(A;) = v(A) and
pﬁ . xk(a) - pg . yk(a)‘= n(pk,a), for all a € A,.

Taking limits on the last equation we get

*

Py x*(a) - p: . y*(a) = ﬂ(p*,a), for all a € A;.
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Integrating the last equation gives (13).

Equations (13), (12) and (8) imply (p*,f*), where
f* = w + x*-y*, is a quasi-equilibrium of the "monetary"
economy EM.

Q.E.D.

Corollary: If the measure space of agents for the "monetary"

. -M . R .
economy = 1is non-atomic, or if for every a € A with v({a}) > 0,
the preference-or—mhdifﬁenenee?néiatﬁon%ga*ﬁscconvex,'then there

exists a quasi-competitive price equilibrium.

Proof: Same as in the corollary to Theorem 1.

F. The assumptions made in Chapters 2 and 3 were
sufficient to prove the existence of a quasi-competitive

price equilibrium in both the "barter" and "monetary" economies.
To ensure that these equilibria are also competitive price
equilibria, additional assumptions must be made. Suppose

for both the "barter" and "monetary" economies:

L

1) X(a) = R

for all a € A, i.e. each
agent's consumption set is the non-
negative orthant of the Euclidean

space of dimension ¢,
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2) The preference relation <a is monotonic
for all a € A, i.e. X,y ¢ Rf with x <y

implies x < ¥

3) w(a) >> 0 for all a € A, i.e. each agent
possesses positive quantities of every

~good.

I conjecture that these three additional assumptions
are sufficient to ensure that the quasi-competitive price
equilibrium in the monetary economy is also a competitive
price equilibrium (see Aumann [6], Hildenbrand [33], Kurz
[41] and Schmeidler [55]).

To ensure that the quasi-competitive price equilibrium
of the Ubarter" economy is also a competitive price equilibrium..

I conjecture that the assumption:
¢
4) S(a) is convex for all a € A,
J

plus the first three assumptions are sufficient. Assumption
4) is necessary, toeensure that an agent will be able to buy
positive quantities of all commodities. Otherwise, the
transaction cost of Stanting &l EXchangé plis the amount given
up in the exchange may exceed an agent's initial endowment

(see Kurz [43]);]0



