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ABSTRACT 

The dynamics of a submarine detection system using neutrally 

buoyant inflated structural members is investigated with mathematical 

models representing increasing order of complexity. An appreciation of 

the flexural deflections of a single inflated viscoelastic cylindrical 

cantilever is first gained using the three parameter solid model. 

This is followed by its free vibration analysis in the presence of 

hydrodynamic forces and axial tension arising due to the internal 

pressure. The approximate solutions of the governing nonlinear, 

partial differential equation are substantiated through numerical and 

experimental data. An analysis of dynamical response to the surface 

wave excitations provides useful design information. 

Next, the coupled motion of an array consisting of three 

legs and a central head is studied. The inplane and out of plane 

motions, which essentially decouple for small oscillations, are consider

ed separately. Effects of the inflation pressure and inertia parameters 

on the natural frequencies of the system are examined and the possibility 

of dynamic instability for certain parametric values established. 

The vertical motion of a buoy-cable-array assembly is con

sidered subsequently. The cable is replaced by a spring of equivalent 

stiffness and the flexural displacements of the legs are superposed on 

the motion of the central head. The free vibration of the system is 

studied first and the influence of the important system parameters on 

the natural frequencies evaluated. The motion excited by a sinusoidal 



surface wave is also studied to explore the possibility of reducing 

the tip displacements. 

The dynamics of a buoy-cable-array assembly drifting with a 

uniform velocity is then investigated. As the motion is rather complex 

because of the large number of degrees of freedom involved, a relatively 

simple model is considered to obtain some appreciation of the problem. 

The oscillations of the buoy and flexibility of the legs are ignored 

and the cable is represented by two straight lines. The steady state 

configurations of this system and their dependence on various 

parameters are examined. The double pendulum type motion of the 

cable along with the rotational oscillations of the array around the 

equilibrium positions are studied to obtain preliminary information 

regarding the stability of the motion. Reduction in the length or 

diameter of the arms appears to improve the damping rates of the system. 

Finally, some of the restrictions inherent in the simplified 

model are removed. The flexibility of the legs and the tangential 

drag which were neglected earlier, are taken into account. A more 

accurate cable configuration is considered to make the model closer 

to the reality. However, the oscillations of the buoy are again 

ignored. With this, the steady state configurations of the system 

are determined around which a linearized perturbation analysis is 

carried out. Longitudinal and lateral motions essentially decouple 

for small amplitude motions. Natural frequencies of the system are 

found by analyzing the resulting eigenvalue problem and the influence 

of various parameters on the damping of the disturbances examined. 

As noticed in the rigid array analysis, shorter arm lengths improve 
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the decaying characteristics of the system. But the minimum acceptable 

length being governed by the signal processing considerations, a 

compromise is indicated in the design. For given cable and arm lengths, 

there appears to be an optimum diameter from the stability considerations. 
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1. INTRODUCTION 

1.1 Preliminary Remarks 

In recent years foldable or inflatable structures have 

gained much prominence because of their compactness and light weight. 

They find a variety of applications primarily requiring transportation 

of deployable systems, in a concise form, to their destinations. 

Inflated cylindrical structures have been suggested for fuselage and 

satellite appendages while inflated plates may form the wings of re

entry gliders and control surfaces of satellites. An interesting 

discussion on applications of inflatable structures for space explor

ations is given by Brauer. As regards the underwater applications, 

neutrally buoyant inflated structures have been proposed for several 

missions like submarine detection, oceanographic survey, lifting 

surfaces of hydrofoil type vehicles, etc. Consider, for example, 

the problem of patrolling of submarines. It is currently undertaken 

in various ways, such as: 

(i) long range patrol aircraft equipped with radar which 

can detect the surfaced or snorkeling subs; 

(ii) turnstiles placed across the various gateways to the 

major ocean basins; 

(iii) fixed site or towed sonar systems; 

(iv) sonobuoys providing platforms for hydrophones and 

telemetering systems; etc. 



2 
Of particular interest is the last option. Sonobuoys are 

passive listening devices housed usually in a cylindrical container 

about 3 ft.long and 5 to 6 in. in diameter. The containers are 

dropped from an aircraft in the area of interest. On hitting the 

water surface, a hydrophone attached by a cable to the floating 

container is released. The system transmits all the signals received 

by the hydrophone back to the aircraft. Theoretically, at least three 

or four hydrophones are needed to locate an object in two or three 

dimensions, respectively. 

The sonobuoy has a certain lifetime after which it ceases 

to function and is allowed to sink. It has been established that the 

efficiency of this operation can be improved considerably by using 

an array of inflatable tubes, each carrying a hydrophone at one end 

and joined to a central head, equipped with a pump, at the other 

(Figure 1-1). The pump pressurizes the tubes with water making them 

neutrally buoyant. An object can then be located through processing 

of signals received by the array, provided the position and orientation 

of the array are known. 

As the system under normal operating conditions will be 

subjected to the ocean currents, waves and other local disturbances, 

the knowledge of its dynamics is of fundamental importance for 

evolving suitable design procedures. The analysis of statics and 

dynamics of such systems employing neutrally buoyant inflated 

structural members forms the main objective of this thesis. 



To aircraft 

Transmitter 

Figure 1-1 Schematic diagram of a submarine detection system using an array of inflated structural 
members 
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1.2 Literature Review 

The possibility of numerous applications have led to investi

gations aimed at better understanding the structural behaviour of an 

inflatable member. A review of the available literature suggests 

that the interest in the field is of relatively recent origin. There 

are several studies dealing with inflated membranes having different 

geometries: plate-like structures, bodies of revolution having 

cylindrical, spherical or toroidal shapes, etc. The works concerning 

inflated cylindrical structures are of interest in the present investi

gation. The buckling and collapse loads for inflated cylindrical 
2 

cantilever beams were calculated by Leonard, Brooks and McComb using 

a simple analysis. It was observed that the local buckling starts 

at the extreme fiber when the compressive stress due to a bending moment 

just cancels the tensile stress due to the internal pressure. As the 

load is increased, the wrinkle progresses around the cross-section and 
the collapse occurs when the wrinkle has progressed all the way to 
the other extreme. At this point, the resisting "plastic hinge 

moment" is just exceeded by the moment due to the load. Stein and 
3 

Hedgepeth considered an inflated circular cylindrical tube carrying 
a constant moment and obtained a relation between the beam curvature 

4 

and the moment. Comer and Levy studied the deflection of an inflated 

elastic cylindrical cantilever beam when the load exceeded the buckling 

value and obtained the tip deflection and maximum stress. The 

relation between the shearing stiffness and inflation pressure, 
5 

accounting for the beam edge effect, has been determined by Topping, 



who concluded that the inflation pressure can be treated as an 

effective shear modulus. All these investigators observed that the 

flexural stiffness is essentially independent of the internal pressure. 

This is true only if the deformations are reasonably small. 

Corneliussen and Shield6 formulated a theory for the finite 

inflation of a thin membrane composed of homogeneous elastic material 

and extended it to the case of a small bending deformation superposed 

on the known finite deformation. Small flexural deformations of a 

circular cylindrical tube which has been subjected to a finite homo

geneous extension and inflation were considered as an example. Later 

Douglaŝ  using a similar theory of incremental deformations, showed 

how the structural stiffness of an inflated cylindrical cantilever is 

influenced by large deformations which occur during inflation. The 

analysis covers a rather wide range of inflation pressures leading 

to a change in diameter as high as 400%. It was observed that the 

inflation pressure has a linear relationship with the stretch in 

diameter only in the early stages of inflation (up to about 40% 

stretch in diameter or pdQ/2yh0 - 0.6). The pure bending deformation 

of an inflated circular cylindrical membrane of initially isotropic 
g 

rubbery materials was analyzed by Koga . It was assumed that the 

cylindrical. membrane is inflated into another circular cylinder 

which is then subjected to small pure bending. The wrinkling of the 

membrane was also taken into account. All these investigations 

are limited to the materials which do not exhibit time dependent 

properties. 
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The knowledge of the hydrodynamic forces acting on a 

vibrating cylinder is essential to the study of its dynamics. The 

forces on cylinders in an oscillating fluid have been measured by 
9 10 Morison et al. and Keulegan and Carpenter while that on a 

cylinder vibrating in a fluid have been obtained by Laird et a l . ^ , 
12 13 14 Bishop and Hassan , Toebes and Ramamurthy and Protos et al. 

All the above investigators measured the total force on the cylinder 

but followed different procedures for the analysis of the data. For 

example, Keulegan and Carpenter separated the total resistance into 

a drag force which is due to the velocity effects and an inertia force 

caused by the acceleration of the surrounding water and the cylinder, 

and studied the variation of both inertia coefficient C and drag 
m 3 

coefficient Ĉ  with period parameter VmT/d. On the other hand, Laird 
et al. assumed C to remain constant and included its deviation from m 

the theoretical value in the variation of Ĉ  with Reynold's number. 

Toebes, Protos and their associates also considered a fixed apparent 

mass but studied the distribution of the remaining force with the 

frequency ratio (ratio of the natural frequency of the cylinder to 

the Strouhal frequency). 

Although there is a vast amount of literature on the 

flexural vibration of a rigid circular cylinder in a fluid, 

corresponding studies for a flexible cylinder are relatively scarce. 

Landweber^'^ and Warnock^ investigated the dynamics of an elastic 

cylinder in an incompressible, inviscid fluid to determine the 

apparent mass effects. But the hydrodynamic damping forces were 

absent as the flow was considered potential. The flexural vibration 
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1 g 

of an inflated cylindrical cantilever has been studied by Douglas 

and Corneliussen and Shield6 taking into account the change in the 

flexural rigidity due to inflation. But both the components of the 

resultant fluid dynamic force, i .e. , added inertia and drag were 

neglected probably because the structure was oscillating in air. 

The general case of a dissipative system with axial tension arising 

due to the inflation pressure is yet to be studied. 

Under the normal operating conditions the system may 

drift because of the presence of a current. The equilibrium con

figurations and dynamical behaviour will be similar to those of a 

towed vehicle system, although the drifting velocity is usually much 

lower. The towed vehicle problem has been a subject of considerable 

interest over the last half century. Applications of this system 

range over a broad spectrum, from the mooring of buoys to the towing 

of glider aircrafts. Similarly, there is a variety of techniques 

employed to study these systems - - method of characteristics, linear

ization procedures, equivalent lumped mass approach, finite element 

method, etc. A survey of these analytical methods for dynamic 
19 

simulation of cable-body systems is given by Choo and Casarella . 

In many applications it is important not only to assess the 

dynamical stability but also the precise location of the towed body 

with respect to the towing vehicle and hence the steady state solution. 

For this, an accurate description of the fluid dynamic loading on a 

cable inclined to the flow direction is necessary. The forces on a 

cable element can be resolved into two components F̂  and F^, normal 

and tangential to the elements, respectively. These were first 



20 measured by Relf and Powell . It was observed that the function 

F̂  exhibited a sine square dependence on the angle of attack of the 

cable. On the other hand.no functional form was suggested by the 

data for F T . It was apparent, however, that the magnitude of F^ 

is generally much smaller than the magnitude of F^. Subsequent 

investigators have generally agreed upon the sine square variation 
21 

for F^, but have used widely varying forms to describe F^. Hoerner 
22 

and Whicker derived theoretical expressions for F T , the former 
obtaining a cosine form while the latter, a combination of cosine 

23 24 and cosine square functions. Mustert and Schneider and Nickels 

have fitted experimental data to a cosine square term. Apparently, 

no single form for F^ has been universally accepted by researchers 

working in the area of towed vehicle systems. 

Among the early studies of the towing problem, the C O n t r i -
pE nr 

bution of Glauert ' is the most significant one. The first of 

Glauert's papers dealt with the equilibrium configurations and the 

stability of a towed vehicle system in a uniform flow field. For 

simplicity, i t was assumed that the tangential drag and the mass of 

the cable can be neglected. Three different problems were considered. 

The towed body in the first problem was a sphere. The cable was 

assumed to be in a plane but the entire system underwent a rigid 

body rotation about the longitudinal axis of the towing vehicle. 

By considering small oscillations about the equilibrium configuration, 

it was shown that both longitudinal (in plane) and lateral (side 

to side) motions were always asymptotically stable. The second 

problem focused attention on the aerodynamics of the towed body. 

http://hand.no
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Only longitudinal motion in the plane of the cable was considered 

but the towed body was allowed translational motion as well as 

rotation about its pitch axis. It was observed that a short towed 

body and a short towing cable tended to be unstable. The third 

problem dealt with the lateral stability of the towed body. 

Glauert's second paper on the subject provided tables and graphs 

for the computation of two dimensional equilibrium configurations of 

a heavy flexible cable for specified towed body forces. 

During and after the World War II, attention was focused 

on ways of stabilizing gliders being towed by military aircrafts. 

Bryant et al. , Mitchell and Beach , O'Hara , Sonne u and Shanks 

represent a few of the numerous investigators who explored the 

natural frequencies, damping rates and stability criteria for 

various glider models. The lateral instability observed in the 

motion of a towed bucket used in the transportation of construction 
32 

materials by helicopters, was explained by Etkin and Mackworth . 

While these investigators were interested mainly in the dynamics 

of towed systems, some others were concerned with obtaining a more 
accurate description of the steady state configuration. Landweber 

33 

and Protter , including the tangential drag for the first time, 

gave a series of equations and curves for equilibrium shapes and 

tensions. However, they neglected the mass of the cable, which was 
34 

subsequently taken into account by Pode . 

Recently, attempts have been made to incorporate cable 

inertia into the dynamical studies of the system. Some of the 

analyses use the finite element method. In one case, all the forces 
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and masses along the cable were assumed to be concentrated at the 

nodes, sections between the nodes being considered either inextensible 
35 

straight lines (Dominguez ) or extensible straight springs (Hicks 
36 

and Clark ). In another approach, the segments were taken to be 
straight, rigid cylinders with universal joints at the junctions 

37 38 39 (Strandhagen and Thomas , Morgan , Paul and Soler ). Studies by 
40 22 41 42 

Phillips , Whicker , Schram and Huffman and Genin have incor

porated a continuously distributed cable mass into the dynamical 

analysis of the towed vehicle system. Phillips analyzed the propagation 

of disturbances along an inextensible, infinitely long, originally 

straight cable, and noticed that waves propagating upward from the 

point of disturbance were always damped while those propagating down

ward could either be amplified or damped depending on the relative 

magnitudes of wave velocity and towing speed. As the equations were 

hyperbolic in nature, Whicker used the method of characteristics to 

study the two dimensional cable dynamics. Schram extended it to 

three dimensions. Huffmann and Genin included elasticity into the 

model to obtain the frequencies of oscillation and damping rates 

of a heavy elastic cable as functions of towing speeds and cable 

lengths. The cable was assumed to lie in a plane. While the above 

investigations, accounting for cable inertia, resorted to numerical 
43 

techniques, Cannon developed several approximate analytical 

solutions for three dimensional towing vehicle systems, which gave 

a better insight into the problem. The vibrational frequencies and 

damping rates for both lateral and longitudinal motions were determined 

by using the principle of angular momentum and later by an averaging 
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technique applied to the differential equations. 

The emphasis in the above investigations was more on the 

cable dynamics and not so much on the dynamics of the towed body 

which was most of the times a rigid body and sometimes even a sphere. 

The configuration of the towed body, in the submarine detection 

system under consideration, is not only more complicated than earlier 

studies but also flexible in character. Thus flexibility of the 

leg forms an important parameter in the analysis and can affect the 

stability of the system to a great extent. 

1.3 Purpose and Scope of the Investigation 

The precise knowledge.of stiffness and dynamical character

istics of the inflatable members is a prerequisite to any attempt, 

at a structural design using them. The inflatable members in the 

present case are generally made of plastic films like polyethylene, 

mylar, etc., or sandwich materials formed out of them, which exhibit 

time dependent deformations. This fact has received little attention 

in the past while studying the flexural deflection of inflated 

structures. Hence, at first, the static solutions for cylindrical 

cantilevers are extended to the viscoelastic case for moderately 

large inflation. This is followed by a free vibration analysis of 

the cantilevered member in the presence of hydrodynamic drag and a 

tensile follower force arising due to the internal pressure. The 

effect of added inertia is also accounted for. The governing 

equation is studied using two approximate analytical procedures: 
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mode approximation method and perturbation technique. Subsequently, 

the dynamical response of a viscoelastic, inflated cantilever to 

surface wave excitation is investigated. 

Next, the coupled motion of the array consisting of 

three legs and a central head is considered. The effect of the 

various system parameters on the natural frequencies of the system 

is studied and the possibility of any dynamic instability examined. 

This is followed by the dynamical analysis of the cable-

buoy-array assembly. Two situations are considered: 

(a) the system at one station undergoing vertical motion; 

(b) dynamics of drifting assembly. 

For the first case the natural frequencies of free vibration and 

their dependence on the different system parameters are determined. 

The steady state response to the surface wave excitation is also 

investigated. The drifting motion of the system adds to the 

complexity of the problem because of the large number of degrees 

of freedom: the spatial motion of the buoy, three dimensional 

oscillations of the cable, the motion of the array in its own plane 

and the motion of the plane of the array itself, etc. So to start 

with, a simplified model is considered where the cable is approximated 

by two straight lines and the flexural displacements of the legs are 

ignored. The buoy is assumed to move with a constant velocity and 

the double pendulum type motion of the system along with the 

rotational motion of the array investigated. Later, the above 

assumptions are removed to make the analysis more general. The 

equilibrium configurations are determined and small oscillations 



around these equilibrium positions studied. Furthermore?the effects 

of system parameters on the natural frequencies and damping rates 

are evaluated. 

Figure 1-2 schematically illustrates the plan of study. 
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Figure 1-2 Schematic diagram of the proposed plan of study 
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2. STATICS AND DYNAMICS OF A NEUTRALLY BUOYANT INFLATED VISCOELASTIC 

CIRCULAR CYLINDRICAL CANTILEVER 

This chapter investigates the flexural deformations and 

vibrations of a neutrally buoyant inflated circular cylindrical 

cantilever made of materials exhibiting time dependent properties. 

First, the flexural deflection of the structure is studied using the 

three parameter solid model in conjunction with the correspondence 
44 

principle . The analytical procedure'is substantiated through an 

experimental program employing several polyethylene models. 

The flexural free vibration of the cylindrical cantilever 

in the presence of hydrodynamic forces and a tensile follower force 

due to the inflation pressure is considered next. The governing 

nonlinear, partial differential equation is studied using two 

approximate analytical procedures: 

(a) mode approximation in conjunction with the Krylov and 
45 

Bogoliubov method , which yields essentially the 
same results as the first order perturbation; 

^ 46 
(b) more precise second order perturbation technique . 

The validity of the approximate methods is examined by comparing the 

results with numerical and experimental data. 

This is followed by the steady state response analysis of 

the beam to the surface wave excitation, with the motion of a water 

particle due to the waves approximated to a sinusoidal function. The 
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information concerning the statics and dynamics of a single cylinder 

so generated should prove useful during the dynamical study of a more 

complex submarine detection system. 

2.1 Statics 

Consider a neutrally buoyant inflated cylindrical cantilever 

(Figure 2-la) of initial length LQ, diameter dp, wall thickness hg 

and internal pressure p. Let the initial dimensions of the cylinder 

and those at any instant during inflation be related by the principal 

stretches as follows, 

L = A*LQ , d = A*dQ and h = X*hQ . (2.1) 

The bulk modulus of most of the materials under consideration is 

relatively large. The material, therefore, can be assumed to be more 

or less incompressible. Hence, 

A*X*A* = 1 . (2.2) 

It can be shown that the principal stresses are given bŷ  

*2 *-2 
a l l = *0+<h^l "^-l^l = P d / 4 n ' (2.3a) 

*2 *-2 
°22 = *0+*lA2 +*-lA2 = p d / 2 h ' (2.3b) 

*2 *-2 
a33 = *0+*lA3 +*-lA3 = °^P^ ' (2.3c) 
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Figure 2-1 (a) Geometry of flexure of a single cylinder; 

.(b) Three parameter viscoelastic solid 
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where (JK are scalar functions of the diagonal stretch matrix. Since 

a-jg is small compared to or (the ratio being of the order of 

h/d), it may be neglected. With this approximation, one obtains from 

Equations(2.2) and (2.3), 

(A*2A*4-l)((|,1-A*2(j)_1) = 2(A*4A*2-l)((f»1-A*2(J)_1) ' . (2.4) 

For a material obeying the Mooney-Rivlin constitutive equations, 

c(>1 and <j> -j are constants: 

*1 = v({+$e) , (2.5a) 

*_1 = - ^ \ ^ e ) ' ( 2 ' 5 b ) 

where u is the shear modulus of the underformed material andB^is 

the Mooney-Rivlin elastic coefficient. 

It has been found that inflation is independent of 8e for 

moderate stretches (upto about 40% increase in diameter)''. Since 

in the present case inflation lies within this range, an arbitrary 
* 

Bpmay be assumed to obtain a relation between p and A. . Choosing 

Be= 0, Equation (2.4) yields 

A*2 = 1 , (2.6a) 

and (2.2) reduces to 

* * 
A0 A« = 1 

(2.6b) 
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Above relations together with Equation (2.3) lead to 

A* = (l-pd 0/2uh or 1 / 4 

= l+pd0/8uh0 , 

since pdg/2uhQ is small compared to unity in the present case. 

Thus , 

d = d0(l+pd0/8uh0) . (2.7) 

In the actual practice, a change in length is small compared to the 

changes in the diameter and thickness. Hence A 1 = 1, i.e.B = 0, 

represents a good approximation in evaluating changes in the dimensions 

due to inflation. 

Equation (2.7) suggests that the variation in diameter is 

proportional to the internal pressure. To account for the time 

dependent properties of the material, the equation can be modified, 

approximately, using a concept similar to the correspondence principle 

to 
d(t) = d0[l+pd0J s(t)/8h0] , 

where J g(t) is the creep compliance in shear and p the step pressure 

applied at t = 0. The diameter after a long time is thus given by 

d f = d 0[l+pd 0J sH/8h 0] , (2.8a) 

with the final thickness as 
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= h 0 [ i - P d 0 J s H / 8 h 0 ] (2.8b) 

The cantilever beam is now allowed to undergo bending 

deformations. It is assumed that there are no wrinkles in the struc

ture. Wrinkles appear as soon as the stress at any point becomes 

compressive. This implies that the internal pressure is sufficiently 

large to make the resultant stress tensile everywhere. The elastic 

solution must be obtained before the viscoelastic one, which is then 

realized by the correspondence principle. The resultant stress on 

an element with coordinates (x,y,z) is given by superposing the 

stresses due to bending and inflation pressure, i .e. , 

where F is the load and I the moment of inertia of the cross-section 

about a transverse axis, 

c n = pdf/4hf+F(L-x)z/I (2.9) 

I = TTd^h . / 8 . 

The curvature is approximately given by 

d w = -F(L-x)/EI (2.10) 

Integrating and using the boundary conditions at x = 0, lead to 
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w(x) = -(FL3/6EI)[(x/L)2(3-x/L)] = W(x)/E . (2.11) 

If the stress level is not too high, the materials used for 

inflatable structures behave like a linear viscoelastic solid. In 

that case a three parameter solid (Figure 2-1b) can represent the 

material behaviour fairly well since the long time creep is very small. 

But this is not true if the stress level is high. However, even in 

that case the creep in the initial stages can be represented fairly 

well by the above mentioned model. 

Applying the correspondence principle, 

V e ( x , s ) = w(x,s)E/sE(s) , (2.12) 

where w (x,s), w(x,s) and E(s) are the Laplace transforms of the 

viscoelastic solution, elastic solution and the relaxation modulus 

of the material, respectively. For a three parameter solid, 

sE(s) = E1(E2+v2s)/(E]+E2+v2s) , 

where E-|, E 2 and v 2 are the three parameters defining the material 

behaviour. Noting that 

w(x,s) = W(x)/sE , 

from (2.12) one obtains 



22 

w v e (x ,s ) = W(x)(E1+E2+v2s)/E1(E2+v2s)s 

and on inverting, 

V e . ( x , t ) = W(x)[(l/E1)+(1/E2){l-exp (-E2t/v2)}] 

W(x)J(t) , 

where W(x) is given by Equation (2.11) and 

J(t) = (l/E1)+(l/E2){l-exp(-E2t/v2)} 

(2. 

2.2 Dynamics 

2.2.1 Free vibration of an inflated elastic cylindrical cantilever 
under water 

Z ,W 

internal pressure p 

X 

Figure 2-2 Geometry of motion of a single cylinder 
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Equilibrium of the forces acting on an element of an inflated 

elastic cylinder (Figure 2-2) oscillating in water leads to 

E I +
 3pw4r- Fa F H = 0 • < 2 - 1 4 A > 

3x4 W 9t2 a 8x2 H 

where F̂  is the total hydrodynamic force on the element and Ffl the axial 

force due to the inflation pressure. Note that existence of the 

pressure term is not quite apparent from the elementary beam theory, how

ever, its presence can be explained by the membrane shell theory. It may 

be noted that the second term representing the inertia force of the element 

is primarily due to the water inside the structure since the mass of the 

wall material is very small. The resistance F̂  is often separated into a 

drag force proportional to the square of the velocity and an added inertia 

force caused by the acceleration of the surrounding water, i .e. , 

dV , 

F H = ( l / 2 ) C d d p w V r e l | V r e l | + C m S p w - ^ l . (2.14b) 

where and Cm are the drag and added inertia coefficients, respectively, 

and V r e l the velocity of the element relative to the fluid. This assumes 

that the drag and the inertia effects are free of appreciable mutual 

interference. Thus any dynamical study requires the knowledge of the 

variation of C. and C with flow conditions. The value of C as d m m 

predicted by simple hydrodynamic theory is 1.0 while Cd in the sub-

critical region is approximately 1.18." More precisely, Keulegan 

et a l . ^ have correlated the variation of C. and C with the period 
d m r 

parameter V^T/d where Vm and T are the maximum velocity and period of 

the motion, respectively. (The coefficient Cm in their investigation 

corresponds to the total inertia force, not the added inertia force, 
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i.e. it exceeds the present coefficient by unity). It was observed 

that as the period parameter is increased the total inertia coefficient 

first falls from the theoretical value to a minimum around V T/d = 15 
m 

and then gradually increases to a value of 2.5 at VmT/d = 120. On the 

other hand, shows exactly the opposite behaviour. Hence, in general 

the sum of the two forces deviates relatively less from the theoretical 

value. 
11 13 Laird et al . and Toebes et al. assumed a constant C m 

thereby including all its deviations from unity in the variation of C^. 

The forces on cylinders having constant acceleration or deceleration 

have been measured by Laird et al. Although was found to change, 

the variations were not substantial. On the other hand, Toebes et al. 

determined the hydrodynamic force's on an oscillating cylinder with 

its axis perpendicular to the mean flow direction. was observed to 

deviate substantially from the theoretical value if the frequency of 

vibration was close to the Strouhal frequency. However, the deviations 

were small for frequencies far from the Strouhal frequency. 

In the present analysis,these coefficients and Cm are 

assumed to be constant and equal to 1.18 and 1.0, respectively. 

From Equations (2.14a) and (2.14b), 

E I $ + V J - F a J • 1 Cddpw f*||*| . 0 • (2.14c) 

Defining 

n = w/d, C = x/L , 



x = [El/Spw(l+Cm)L 4] 1 / 2t, P = F aL 2/EI , 
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(2.15) 

Equation (2.14c) can be nondimensionalized as 

4 2 2 
3 n p 9_n + 9 n 9n 

4 2 —2" — 3?H 9? 3T 3T 

3n 
3x 

= 0 , (2.16a) 

where 

ct = 2Cd/7r(Cm + 1) (2.16b) 

It may be noticed that the damping parameter a is independent of the 

geometrical dimensions of the cylinder. The boundary conditions are 

given by 

n(0,T) = 9n(0,T) = 

3£ 
3 n(l,T) 

7T~ 3r 
(2.16c) 

= 0 

Let the initial conditions be 

nU.O) = A0(?) and *nU*»L = 0 . (2.16d) 

This is a nonlinear partial differential equation with no 

known exact solution. Hence one is forced to resort to approximate 

or numerical analysis. Two distinct approaches have been attempted. 

Since the equation is moderately nonlinear and the displacement-time 

relation is usually more important than the displacement variation 
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along the length, it may be assumed that the mode shape does not deviate 

substantially from the linear case. This approximation yields a non

linear ordinary differential equation which can be solved by the Krylov-

Bogoliubov method. An alternate approach would be the perturbation 

technique which yields relatively more accurate results but leads to 

complicated expressions. 

(a) Mode approximation method 

The nondimensionalized equation of motion in the absence of 

hydrodynamic drag is given by 

47 

The above equation can easily be solved by the separation of variables 

and the solution can be shown to be 

nU.x) = E V U)f (-T) , (2.18a) 
r=l r r 

where 

VrU) = Kr[(coshu^-cosy^)-or{sinhy^ 

(2.18b) 

-(yj/ypsinu^)] . 

and 

f R ( T ) = Arcosy2x+Brsiny2T . (2.18c) 



Here 

vf = (MJ+P 2/4) 1 / 2+ P/2 , 

u' 2 = ( P 4 + P 2 / 4 ) 1 / 2 - P/2 , 
r 

or = [coshy^ +(y;2/y^2)cosp;]/[sinhu; 

+ (y;/ypsinu^] , 

and ŷ  are the roots of the frequency equation 

P2+2u4(l+coshy"cosy')-y2Psinhy"siny' = 0 . 

The coefficients Kr are so chosen as to normalize ¥ (5), 

|V(?)d? = (l/4)[^2(1)+(P/y4){^r|l|2] = 1 . 

From Equation (2.18b), with the help of (2.20) one obtains 

V 2 0 ) = K2[(y;2+y^2)2/y;3y^3][(y;3sinhy; 

+yj. 3sinyp/(y»sinhy^ + u^sinuj.)] , 

and 
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[ { ( y ; 2 - y ; 2 ) + y X s i n h ^ s i n y ^ } / ( y ^ s i n h y ^ s i n u ; . ) ] 2 . (2.21c) 

Substitution of the above relations in (2.21a) yields Kr- Then A r and 

B r may be evaluated from the initial conditions. The objective here 

is to employ these modes in the analysis of the nonlinear Equation.(2.16). 

If the modes of oscillation are close to the ones given by 

Equation (2.18b) , 

As the nonlinearity is not too strong (a ^ 0.35), Krylov-Bogoliubov 
45 

method may be used to yield the solution of the form, 

Equation (2.16a) now yields a nonlinear differential equation 

^ • " ( f a j i f n i - o . (2.22) 

n = A ( S , T )COS [U 2 T+8(T ) ] , (2.23) 

where A (£ ,T ) and 8(T) are slowly varying functions of T and can be 

obtained from the following averaging relations: 
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A = -(a/u4)(u2/27r) u Asinc|Asinc| sin^dc = -4au A /3TT 
0 

(2.24a) 

and 

4 2 4 9 = -(a/u )(u /2TTA) U AsinclAsin^jcos^di; = 0 
J0 

(2.24b) 

Evaluation of A and 0 from the above equations and substitution in (2.23) 

lead to 

Equation (2.25) shows a decay in the amplitude of the motion with time 

in the presence of hydrodynamic drag. On the other hand, the frequency 

of oscillation remains unaffected, at least up to the first order approxi

mation. This approximate method can be applied only if the initial 

conditions correspond to one of the natural modes. 

(b) Perturbation method 

The governing Equation (2.16a) may be rewritten as 

n = [A(C,0)/{l+4aM2A(?,0)T/37r}]cos[p2T+9(0)] . (2.25) 

(2.16a') 
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where the appropriate sign is chosen so as to oppose the motion. It is 

sufficient to solve (2.16a1) either for positive or negative sign for 

half a cycle as the solution for the other half may be obtained simply by 

reversing the sign of a with the new initial conditions. 

The solution for the negative sign is sought in the form 

n(5,T) = n0(£,x) + an-,(5,T) + a2n2(£,x) +•••• . (2.26) 

A new time variable t is defined by 

t = T[1 + ab1 + a 2b 2 + ] . (2.27) 

Since the period of oscillation may vary slowly across the length, b-j 

and b2 are slowly varying functions of £. With (2.26) and (2.27), 

Equation (2.16a1) becomes 

4 ? 3 2 3 2 2 2 —4 (riQ+arii+ot T]̂ +....) _ p — _ (riQ+arii+a ri 2+'• • • )+[l+ab^+a b2+"*«] * 
3C 3£ 

2 ^ 
[ (n0+ciTi-|+ct ri2+* * * * ) _ c t ^ — (nQ+aq-j+a n2

+••••)} ] = 0 
3t 3t 

Equating the coefficients of the different powers of a to zero separately, 

one obtains 
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0 9 % 
a 

*2 a2 
P
 9 no , 9 no 

2 - 2 
ac at 

o , (2.28a) 

a 1: 
4̂ 2̂ 2̂ 

3 n-, 
~A 

3 n n 

" P ,2 
a n-

+ ~2 
35 3C 3t 

a n n 3nn ? 

-2b, (O ( ^ ) Z 

3t 3t 
(2.28b) 

« 32n9 32rio 32ru 

as ar 3t 
•[2b2(0 + bf(5)] 

3t 

3rin o 3 n-, 
+ 2b 1(?)[(-^) 2 - - J " 

3t 3t 
•] + 2 

3T1Q 3n-| 

3t 3t 
(2.28c) 

etc. 

The objective is to solve this system of equations such that 

all n '̂s confirm to the boundary conditions (2.16c) with initial 

conditions (2.16d) satisfied by nQ alone, while zero initial conditions 

are met by other n^'s. 

Equation (2.28a) is identical to (2.17) and its solution for 

the given initial conditions can be written as 

n0(5,t) = S AQ r4 ' r(Ocosy 2t , (2.29a) 

where Y (5) and y r are defined by (2.18b) and (2.20), respectively and 

A0r 

.1 
A (OV r(£)d£ . (2.29b) 

0 
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With this, Equation (2.28b) becomes 

3 4 ru 3 2Hi 3 2 n l) lh " 1 1 1 flu -1 0 0 0 0 

L _ p I + I ' [ 2 E ¥ 

35 35 3t r=l s=l r 

+ 2 b l ( C ) ^ V r (5 ) A 0 r c o s u 2 t 

= q(5»t) . (2.30) 

The solution to (2.30) can be taken in the form 

m U.t) = Z Y,(S)f,(t) . (2.31) 
' j=l J J 

Substitution of (2.31) in (2.30), multiplication by ^ ( 5 ) , 

integration with respect to 5 over the length and the use of orthogonal' 

ity condition lead to 

d 2 - 4 

dt 
2" V t ) + u ^ - U ) = Q.(t), i = l , 2 , - - - « , (2.32) 
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where 

Q^t) = [ q(S,t)Y.(Od£]/[ f
1 ? 
0 i 

Since ^(C)are in the normalized form, the denominator is equal to unity 

(Equation 2.21a); hence 

C O C O 

Q i f t ) = M l s f / i r s ^ o / o s ^ 0 5 ^ ^ ^ 1 

•cos(pV ) t +2 Z 
r s r=l 

^ ( ^ ^ ( ^ ^ ( C ) * 

AQrcosurtdS , (2.33a) 

where 

^irs (2.33b) 

As the last term in Equation (2.33a) gives rise to secular 

quantities, it must vanish for all i , hence 

b^O = 0 , (2.34) 

i.e. the frequencies do not deviate from the linear case upto the first 

order. It may be noted that the mode approximation also led to the 

same conclusion. 
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The solution to (2.32) can now be written as 

f i U ) = 2" ^ s ? / i r s V ^ 0 r A 0 s ^ o s ( ^ ) i / 

2~ 2 +C l rcosy it + D l rsinu.t 

Evaluating C^r and D^r from zero initial conditions and substituting in 

(2.31) yield 

00 00 00 

[{cosy2t-cos(y2-u2)t}/{y4-(y2-U

2)2} 

-{cosy2t-cos(y2+y2)t}/{y4-(y2+y2)2}] . (2.35) 

Now the second order Equation (2.28c) becomes 

2 2 2 2 
3 n ? 3 rio 3 Ho 3 n n 3nn 3qn 

- P + = - 2b ?U) - J . + 2 ^ -^1 
35 3C 3t 3t 3t 3t 
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= 2b2(?) Z A0 j^.(?)yjcosM

2t+(l/2) 

C O C O O O O O 

E E E E B- An.A„ An y2y2y2H<-
i = j - = 1 r = 1 s = 1 irs Oj Or Os j r s i j * *̂ * 

[[-y2(l-cos2y2t)+(y2-y2){cos(y2-y2-y2)t 

-cos(y2-y2

+y2)t}]/{y4-(y2-y2)2}-[-y2(l-cos2y2t) 

+(M2+y2){cos(M2+y2-y2)t-cos(u2+y2+y2)t}]/ 

{y|-(y2+y2)2}] . (2.36) 

To avoid secular quantities, sum of all the terms having fre

quency equal to one of the natural frequencies must vanish, 

_ 00 O O O O 

4 2: 2b?(0 E A n.¥.'(5)uTcosu't+(l/2) E E E B , , n 

j=l J J i=l j=l p=l 1 J P 

A O j V i ( ? ) V ^ P C ( ^ H ) / ^ - ( P H ) 2 > 

(y2+y2)/{y4-(y2+y2)2}]cosy2t = 0 . 
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As the expression should be valid for all t, 

00 C O 

2 b 2 ( O A 0 p V p ( O = -(1/2)^ [ 6 ^ ( 5 ) ^ ( 0 

(u 2+u 2-u 2)] , p = 1, 2, • • • 00 

Expressing b 2 (£) as a series in 

b2(5) = AM'1 ' 
multiplying by ^ p (C) and integrating 

CO CO 

2

 r ? , b 2 / o P 3 , - p • -"/*>,.*, ^ l / i i / o U ^ K K ^ H 

. 2 U 2. 2 2., 2X 2 2 W 2X 2 2 n  

+ M p ) ( y i + V J - M p ) ( y j + V ^ i ) ( V M i " M J ) ] ' p = 1,2,' (2.37) 

where 

rl 
Vp 0 

Cr_1Vp(e)d5 

This set of equations may be solved for b 2 r - Hence from Equation (2.27) 
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t = T[1+( E b„ f r _ 1 ) a 2 ] (2.38a) 
r=l 

Avoiding secular terms, Equation (2.36) can now be solved for n 2 using 

zero initial conditions. Hence, the solution can be written as 

where t is as obtained from(2.38a). 

For the positive sign in Equation (2.16a1) the solution is 

similar except that the sign of n-j is different. The complete solution 

is obtained by using the two solutions alternately and determining the 

amplitude at the start of each half cycle. 

Now certain particular initial conditions may be considered. 

Case 1: Let the initial conditions be 

n(£,0) = A ^ U ) , M M l = o . 

Here A Q 1 = A and A Q i =0 (i = 2, 3, •«• «) . 

It is apparent that the velocity is negative for the first 

half cycle. From Equations (2.29) and (2.35), 

nQ(C.t) = A^UJcosu 2? , 

n ^ . t ) = - ( l / 2)p 4 A 2 [ 3 1 1 1 4' 1(?){(cosM 2 t - l)/M 4 

H ( C . T ) = 50(5,t)+an1(5.t)+a2n2(5,t) , (2.38b) 
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-(cosy2t-cos2u2t)/(y4-4u4)}+311^2(^){(cosy2t-l)/ 

y2-(cosy2t-cos2y2t)/(y2-4y4)}+B113?3(C){(cosy2t 

-1)/y3-(cosy2t-cos2y2t)/(y3-4y4)}] . 

Noting that (y 1 /y 2 ) 4 , (y^y^)? etc. are small compared to 1, 

V ^ . t ) = -(l/2)A2[31111'1(5){(4/3)cosy2t-(l/3)cos2y2t-l}]. (2. 

From Equation (2.37), all the t>2r's can be evaluated. However, for 

simplicity, neglecting the dependence of b 2 on £ (i.e. neglecting the 

variation of the frequency along the array arm), 

b2 = ~3f n -, A2/6 ; 

hence, t = T C I - C ^ B ^ A 2 ^ ] . (2.40) 

Using zero initial conditions and avoiding secular terms from Equation 

(2.36), 

n2(C,t)-(2/3)B2

1 1A3{(4/3)cosy2t-l-(l/3)cos2y2t}^(?)+-.-- . 

Hence 
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n(5,t)^AT1(5)[cosy2t+aB111A{(l/2)-(2/3)cosy2t+(l/6)cos2M2t} 

-a2B2

11A2{(2/3)+(8/9)cosy2t+(2/9)cos2M2t}] , (2.41) 

where t is as given by (2.40) . 

The cylinder comes to rest again when 

x = r h = TT/U 2 (1 -a2B2^ .j A2/6) 

Correspondingly, n(5,xh) = A(say). The solution can now be obtained 

for the next half cycle by replacing -a by +a and A by A, 

Case 2: Let the initial displacement correspond to the second mode, 

i .e., n(5,0) = A ¥ 2 ( 0 , = 0 

Following a procedure similar to that in Case 1, the first 

order perturbation solution is obtained as 

n(5,T)^2(5)[Acosy2t-(a/2)3222A2{(4/3)cosp2t-l-(l/3) 

cos2y2t}]-(a/2)A2,F1 u ( v 2

/ v ] )4(cosy2t-l) 

Note that the coefficient of ^(S) as represented by the square bracket 

diminishes with time, hence the motion tends to reduce to that given 

by the first case. 
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As any set of initial conditions may be written as a linear 

combination of various mode shapes and since the first few modes are 

likely to be dominating, the analysis may be confined to the first two 

modes only. 

2.2.2 Forced vibration of an inflated cylindrical cantilever with  
velocity square damping 

Consider an inflated cylindrical cantilever oscillating under 

the influence of ocean waves. It is assumed that the motion of a 

water particle due to the waves can be approximated to a sinusoidal 

function. The steady state response of a viscoelastic system can be 

studied either using the correspondence principle in conjunction with 

an elastic solution if it is linear or by including in the equation 

equivalent dissipative terms representing energy loss due to visco-

elasticity. For a three parameter solid the complex modulus can be 

represented as 

E*(u>) = E ^ E g + i V g w J / ^ + fEg+ivgO))] = E ] [1 ^ / ( E ^ + i v ^ ) ] . 

In the present case (E-|+E2)/v2 was found to be of the 0(1/100) and 

hence can be neglected, thus reducing the expression to 

E*(u) = E1[l+iu(E1/v2w2)] = E1[l+itoy(w)] . (2.42a) 

Adopting this latter procedure, the nondimensionalized equation 

can be written as 
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(H Y £ ) 
3C4 

- P 5!n 
352 

3 2 (n + n w ) + a - f T ( n + nw) 
3T 

(2.42b) 

where n is the nondimensionalized displacement of any point on the 

cantilever with respect to its root and y represents the energy loss 

in the viscoelastic structure dependent on frequency. The nondimen

sional ized wave displacement nw is given by 

= TIQCOSCOT . (2.43) 

Here T is defined by Equation (2.15) with E replaced by the instantaneous 

modulus of elasticity E-j. 

In general the solution will contain all the harmonics of w. 

However, for simplicity, only the fundamental term will be considered, 

i .e., the solution is assumed to be of the form 

n = nc(5)coso)T + n s ( £ ) s i n w T . (2.44) 

Substitution of (2.43) and (2.44) in (2.42b) leads to 

A* A* A2- A* 

a d \ d n s d nc n s (1+ Y T - ) [ — C O S W T + — s i n w r ] - P[—yy- COSWT + — T ^ - sinwu] 
d T dr dr dr dC 

? 2 -co [(nQ+nc)cosu)T+nssinwT]+aw [-(ng+nc)sincoT+nscoscox] * 
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l-(nQ+nc)sina)T+nscos(.ox| = 0 . 

Multiplication by cosorr and sinoox separately and integration over one 

period gives 

4 d 2 

-̂ 4 (nc+Ywns)- P - w 2 ( V n 0 ) + 8 a w 2 n s [ ( V n 0 ) 2 + n s ] 1 / 2 / 3 7 T = 0 ' 
(2.45a) 

and 

4 d2n 
Sr (- Y aV ns ) _ P —-w 2n s-8oW

2[n c+n 0][(n c+n 0) 2+ns] 1 / 2/3Tr = 0 
dr dC 

The quantities n c and n s can be represented as 

(2.45b) 

n c ( C ) =

 r
Z

1
 A k * k ( ? ) » (2.46a) k=l 

n s ( ? ) = ? B k * k ( 5 ) » (2.46b) 
IN T 1 

where $ k ( £ ) ' s are the eigenfunctions of a cantilever (without axial 

tension) and are given by (2.18b) after putting K = 1, P = 0. Since 
d2d> 
— c a n be represented as an infinite sum of $•(£) , 
A C • 1 
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.2 
an °° °° 
—?r- = £ A . E C. . (C) 

dr k=l Ki=l k 1 1 

(2.47a) 

where C^. is given by 48 

rl d2$, 
Cki 0 d£ 2 *i <D,dC = 

4(y k a k -u i a i ) / [ ( -D i + k - (y i /u k ) 2 ] , i^ k 

y ko k(2-y ka k), i = k , (2.47b) 

and a. is obtained from (2.19c) after putting P = 0. 

Substituting (2.46) and (2.47a) in (2.45), multiplying witf 

integrating with respect to £ over the length, one obtains 

^ ^ V ^ m ^ ^ f / k S m - ^ V V o ^ ^ 8 ^ 2 / 3 ^ \] ^ 

[g 2+g 2] 1 / 2<U£)d£; = o , (2.48a) 

and 

^m (-^V Bm)- p
kf 1

 Bk Ckm- Bm W / 3 * ) 
rl 

0 
gc<0* 

[gs+g2]1 /\(c)dc = 0 , m = 1,2,- (2.48b) 

where 

g (C) = Z B $ (?) , 
s j=l 

9C(5) = V * A j * J U ) » 6m = V ^ m ' j=l J J 
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and u are the roots of the equation m 

1 + coshu cosy = 0 . 

The set of Equations (2.48) can be solved to yield Am and Bm- In the 

actual computation the series were truncated to the first four modes. 

2.3 Experimental Set-up 

To assess validity of the analytical approach and to generate 

relevant design information, an experimental programme was undertaken. 

The tests were performed in a 6' x 3' x 4' rectangular water tank 

(Figure 2-3) constructed from waterproof plywood with front plexiglas 

panel to help photographing of the deflected model. The tank was equipped 

with a moveable head to support the tube centrally. A compressed air 

bottle pressurized an intermediate water tank which was then used to 

inflate the tube after the test tank had been filled with water. A 
pressure gauge in the interconnecting piping indicated the inflation 

pressure. A system of trolley enabled loading of the tube at any 

desired station. 

For dynamic testing, the mounting block supporting the model 

was made a part of the scotch yoke mechanism driven by a 3/16 horsepower 

d.c. motor equipped with a variable speed control unit. 

A set of 10 models made from thin films of polyethylene was 

tested to cover a wide range of L/d^ ratio, an important system 

parameter. One end of each tube was sealed by inserting a thin 

plexiglas plug of the same diameter as the tube and bonding it with 



cn 
Figure 2-3. Experimental set-up: A. water bottle; B. compressed air bottle; 

C. water tank; D. test model; E. shaking mechanism. 
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epoxy. Each tube was divided into 4 in. sections at which the deflec

tions were measured. 

Since the static deflections are time varying and the measure

ments at different stations have to be taken at the same instant, photo

graphic technique was applied to record time history of a beam undergoing 

creeping deformation. 35 mm pictures were taken, initially 30 sec apart 

with the interval gradually increasing to 5 minutes as the creep rate 

diminished. A thin wire strung above the tube served as a reference 

during these measurements. 16 mm movies were taken for the dynamic 

tests. The deflection data were analyzed by projecting the pictures 

on a screen. 

2.4 Results and Discussion 

Although the amount of experimental information generated is 

rather extensive,only a few of the typical results helpful in establish

ing trends and deriving conclusions are presented here. Figure 2-4 

shows a typical deflection history during a loading/unloading cycle. It 

corresponds to a cantilever of 28" length, 2.93" diameter, 0.010" wall 

thickness and loaded at station 6. The internal pressure is 3 psi. 

An instantaneous deflection followed by creep is apparent. The creep 

rate gradually decreases and becomes almost negligible after about 40 

minutes. With removal of the load, there is an instantaneous drop in 

the deflection, of the magnitude equal to the instantaneous initial 

deflection. The model asymptotically returns to the original position 

following essentially the same behaviour as that observed during the 

loading cycle. 



0 20 . 40 60 80 
t, mm. 

4̂  
Figure 2-4 A typical deflection history for a point on the beam during a loading-unloading ^ 

cycle 
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To evaluate instantaneous stiffness or the influence coefficient 

matrix, it is essential to obtain instantaneous deflection configuration 

of the beam. A typical set of such plots is shown in Figure 2-5 which 

corresponds to a model 40" long, 4.76" in diameter and having a wall 

thickness of 0.010". Each plot is related to a load station designated 

as 10, 9, 8,etc. These can be used to construct the flexibility matrix 

which in conjunction with the matrix iteration method can yield the 

natural frequencies and the associated mode shapes. 

Figure 2-6 compares some of the test results with analytical 

predictions. In Figure 2-6a both the models are made of polyethylene 

film of 0.010" thickness and have a diameter of 4.76". The models 

are 40" and 28" long, respectively. It is interesting to note that the 

behaviour is more or less that of a three parameter solid. Average 

values of E-j, E^, have been obtained to give the analytical curves. 

In the tests was found to vary but the instantaneous modulus of 

elasticity Ê  was fairly constant (=4.5 x 104 psi). 

In Figure 2-6b , which corresponds to a model 32" long, 

4.90" in diameter and having a wall thickness of 0.005", one notices the 

continuing creep. This is because of the higher stress level due to 

the reduced thickness of the wall. The three parameter solid does 

not predict the longtime deformation character very well but a creep 

compliance of the form 

J(t) = (0.22 + 0.14t 0 , 2 7) x 10"4 , (2.49) 

t in minutes,.obtained by fitting a curve to the J(t) given by Lifshitz 
49 

and Kolsky improves the correlation considerably. 



<o 0-3k 

Figure 2-5 Representative instantaneous beam configurations for 
different loading conditions 



0 10 20 30 

t,min. 
Figure 2-6 Comparison of analytical and experimental results for the static deflection 

using: (a) three parameter solid model 
o 



t.min. 

Figure 2-6 Comparison of analytical and experimental results for the static deflection 
using: (b) J(t) as given by Equation (2.49) 
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The tip deflections at t = 0 and t = 35 minutes are plotted 

as functions of L/d^ in Figure 2-7 for the structural models having a 

wall thickness of 0.010" and tip load of 1/2 lb. The lines represent 

the analytical results as given by Equation (2.13) while the isolated 

points indicate the test data. Potential of the analytical approach 

becomes apparent as it is able to predict with accuracy even large 

deflections. Physically this would suggest that the curvature can be 
2 2 

represented by d w/dx without much error even though the deflections 

are large. 
It should be emphasized that long time strain (say after a 

few hours) for high stress level has a nonlinear relationship with the 
50 

stress. Findley and Khosla have found the creep of polyethylene 

to follow the equation 

ec = e c 0 s i n h ^ a / a e ) + m' sinh(a/am)t n , (2.50) 

where e'cQ> m'» n, og and om are material constants. On the other hand, 
51 

Kalinnikov observed the creep relation for polyethyleneterephthalate 

(mylar) to be of the form 

m. n 
ec = ec0 + a o 1 • 

where a, m, n are constants. A similar equation can also be used for 

polyethylene. But in the study of dynamics of these structures only 

the short time creep is of significance, since the period of most of 

the neutrally buoyant structures is very small (a few seconds). 
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Figure 2-8 shows the variation of the eigenvalues u r and the 

associated quantities u^, and Kp as obtained from Equations (2-18) 

to (2-21) with the axial force parameter P. As observed by Anderson 
47 

and King, the lowest eigenvalue decreases with an increase in P while 

the higher eigenvalues increase. Kr decreases with increase in P, but 

its variation is small for higher modes. It may be noticed that K-j 

is very small for large P. Figure 2-9 compares the decay in amplitude 

due to the hydrodynamic drag as given by the mode approximation, per

turbation and numerical solutions. The initial conditions correspond 

to the first mode shape, i.e. A(£,0) = 0.5¥.j(C). The close agreement 

between the approximate solution and the numerical method is encouraging. 

Figure 2-10 is a typical plot showing the variation of the 

amplitude at four different points along the length with the forcing 

frequency and pressure parameter. The peaks correspond to the reson

ance. As expected, with increase in P, the 1st peak occurs for smaller 

co, while the 2nd peak moves to a larger value. 

The forcing frequencies at which resonance occurs have been 

measured for a set of test cylinders.Table 2.1 compares these with the 

theoretical predictions. Considering a degree of uncertainty introduced 

by the added inertia coefficient and elastic properties, the agreement 

may be considered satisfactory. 





1.0, 56 

P = 0 numerical 
perturbation 

mode approximation 

-1.0 

Figure 2-9 Free vibration of an elastic cylindrical cantilever as 
given by approximate and numerical methods 
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Figure 2-10 Response of an inflated viscoelastic cylindrical cantilever 
* to the surface wave excitation 
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TABLE 2.1 

Comparison Between Analytically and Experimentally 
Obtained Frequencies 

dQ , in. L Q , in. hQ, in. wexpt.' H z - w , , Hz. anal. 

1.0 12 0.005 16.8 17.8 

2.37 19 0.01 15.9 15.5 

2.93 44 0.01 4.12 3.20 

3.80 40 0.01 4.7 4.44 

4.76 40 0.01 5.5 5.20 

2.5 Concluding Remarks 

The important conclusions based on the analysis can be summarized 

as follows: 

(i) The static analysis suggests that a three parameter solid 

model can yield results of sufficient accuracy to be 

useful in any engineering design of a neutrally buoyant 

inflatable structure. For the long time creep, a modified 

creep compliance may be used to improve correlation, 

(ii) During the free vibration of an inflated elastic cantilever 

with hydrodynamic drag and a follower force, the governing 

equation can be suitably nondimensionalized to render the 

damping parameter independent of geometrical dimensions of 

the beam. The results of mode approximation and second 

order perturbation analysis compare well with the numerical 

and the experimental data. 
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(iii) Dynamical response of the viscoelastic beam to surface 

wave excitation accounting for the hydrodynamic drag and 

internal pressure induced follower force, should prove 

useful in the design of an underwater submarine detection 

system. 
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3. DYNAMICS OF AN ARRAY FORMED BY THREE NEUTRALLY BUOYANT 

INFLATED CYLINDRICAL CANTILEVERS 

The last chapter investigated the flexural behaviour of a 

single cylinder, in the presence of hydrodynamic forces and a tensile 

force due to inflation pressure. It was noted that with increasing 

pressure, the second and subsequent frequencies increase while the 

fundamental decreases asymptotically to zero. The steady state 

response of the beam to the surface wave excitation was also studied. 

The object of this chapter is to extend the previous analysis to the 

coupled motion of three similar flexible cylindrical cantilevers placed 

symmetrically around a central head to form an array. 

The rigid body rotations of the array and flexural displace

ments of the legs are superposed on a vertical motion of the central 

head. Small oscillations are considered and the resulting eigenvalue 

problem for the coupled motion is investigated. Effects of the 

inflation pressure and inertia parameters on the natural frequencies 

of the system and any possibility of dynamic instability are studied. 

3.1 Formulation of the Problem 

Consider an array of three cylindrical cantilevers connected 

to a central body symmetrically (Figure 3-1 a). Let L and d be the 

length and diameter of each leg. The principal body co-ordinate system 

x, y, z with its origin at the centre 0 of the array is so located that 



Figure 3-1 Geometry of motion of an array formed by three neutrally 
buoyant inflated cylindrical cantilevers and a central 
head 
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the x-y plane contains the array, while the x-axis coincides with the 

central line of one of the legs. The orientation of the array can be 

specified with respect to the inertial co-ordinate system Xg, y^, Zg 
by a vertical displacement ẑ  of the centre of the head along the zQ 

axis and a set of Eulerian rotations: <J> about the Zg-axis giving 

x̂ , y^, z.|; 6 about the x-j-axis yielding x.^, y^, z^; and ^ about the 

z2-axis resulting in the final body axes x, y, z. Subsequently, .the 

flexural deflections v̂  and ŵ  (i = 1,2,3), in and out of the plane of 

the array, respectively, are imposed. 

The co-ordinates of a point in the systems Xg, y^, ẑ  and 

x, y, z are related by 

where 

(r 0) 

(r 0) 

[R](r) + (rh) (3.1a) 

(r) = 

and 

[R] = 
cos(|) -sincj) 0 
sin<}> costj) 0 
0 0 1 

0 
cose 
sine 

0 
-sine 
cose 

cos\p -sini/> 0 
sim/> cos^ 0 
0 0 1 

(3.1c) 

The kinetic energy (accounting for added inertia) associated with an 

element of mass dm located at r referred to the body co-ordinate 

system is given by 
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dT a= (1/2K1+CJ dmr 0.r Q 

= (1/2)(1+C) dm [z2+2zh(x sinesinip+y sin9cosiJj+z cose 

+ x(6cos6sin^+^sin0costjj)+y(9cosecos -̂iijsin8sin )̂+z(-9sin6)} 

+ x +y +z +2(<J>cos9+ijj) (xy-yx)+2(<j>sin9simj;+9cosij0 (yz-zy) 

0*0 O O O Q . O 

+2(4>sin8coŝ -esirnp)(zx-xz)+x ^ (1 -sin 9sin i>)+Q sin ty+ty 

0 0 0 0 ' 0 0*0 

-2i6sin6simJ>cosiJj+2#cose}+y ^ (1-sin 9cos ip)+8 cos ^ 

+2*9sin9siniiiCOS^+2<i)ijjcose}+z2(4)2sin28+e2)+2xy{-i2sin2esin^cos^ 
0 0 0 0 

+9 simpcosip+<j>9sin0(sin ip-cos IJJ) }+2yz{-<j> sin9cos9cosi|rt-<j)9cos9sim(j 

O 0 
+9̂ siniJj-#sin9coŝ }+2zx{-<j) sin0cos9sin -̂̂ 9cos0cosi|j-9ijjcos 9cosi{> 

-#sin9sini^}] , (3.2) 

where C is the added mass coefficient for a circular cylinder, m 

The flexural displacements of a point on i t n leg at a distance 

£L(0<£;<1) from the root can be resolved into two components v̂  and ŵ  

as shown in Figure 3-lb. Hence, the co-ordinates of the above point 

in the xyz-system are 
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(^LcosI. - v^sin^), (CLsin^. + v.cosl.) w. . (3.3a) 

where I. = 2ir(i-l )/3 , i = 1,2,3 (3.3b) 

The displacements v. and w. may be expanded in series forms, 

CO 

v. = E *.(OA..(t) 
1 j=l J 1 J 

(3.4a) 

and 

C O 

w. = E *.(5)B..(t) i j = 1 J U (3.4b) 

where $•(?), j = 1 , 2 , a r e a set of orthonormal functions. If the 
J 

two infinite series are truncated to finite number of terms during 

numerical computations, there will result a residual error which can be 

minimized by selecting the above functions such that they satisfy the 

boundary conditions for a cantilever with a follower force, i .e., 

It may be noted that if the axial force is not of the follower type 

but has a fixed direction, the third derivative at the free end is not 
52 

zero . One may choose $. to be the eigenvalues of a cantilever with 

no axial force as they satisfy the same boundary conditions, i .e. , 

= 0 
3£ 3£ 2 3£ 3 
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M O = (coshy,? - cosu.O- a.(sinhu.5 - sinu.£), (3.5a) 
J J J J J J 

where y, are the roots of the equation 

1 + coshy cosy = 0 , (3.5b) 

and 

a. = (coshy. + cosy-)/(sinhy. + siny.) . (3.5c) 

Note that Equation (3.5c) represents a particular case of (2.19c) 
corresponding to zero pressure parameter. Integration of dT from 

a 

Equation (3.2) with the help of Equations (3.3) to (3.5) and summation 
over the three legs yield 

T = (l/2)m(l+Cm)[3z2+(l/2)L2{<j>2sin20+e2+2(<j)COs9+i)2} a m n 

3 3 . . 
+ Z I [A. 2 +B2.+ 2z. 6 .{sinecos^.A..+cos0B. .+(6cos6cos^. 

• J 'J n j i i j 'J i 

• . o • * 
Hjjsin6sim|/.)A. .-8sin8B. .}+(4L/y,){((()COse+^)A, ,-(<j>sin6cosiJ;. 

• • • 

-esimjj. )B. -}+2(4>sin0sin^,+0cos^.)6.(A. .B. .-A: .B. .) 

•(2L/y2){(j)2sin20-02)sin2iJ;,-2(})0sin0cos2iJj.}A. .+(2L/y2)* 
*2 • • ? 

(4) sinZesim/i.+Z^ecosecos^.+Ze^tcos ©cosmosI.-sinipsin^.))Bi 
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+{(/+/+2#cosG)-(/sin2e-G^)cos2^ i+(j)0sinesin2^ i}A2j 

+ (4> sin 8+6 )B̂ +{-<j> sin2ecosi|>i+2<j)ecos0sin̂ 1.+2eii)(cos ecosipsin^ 

+sin^cosI.)-2#sin6cosi|;.}A.jB.j]] , (3.6a) 

where ty. = ty+I^ and 6. = 2a /y . (3.6b) 

The kinetic energy associated with the central head is 

0 o 

T h = (!/2)[(l+Cm h)mhz^+Ixxa(4)sin0sin^+0cosilj)' :+Iyya(^sin0cos^ 

-0sin^) 2 +I z z a (*cos^) 2 ] , (3.7) 

where C . is the added inertia coefficient, m. the mass and I , I 
mh h xxa yya 

and I , the apparent moments of inertia of the head about x, y and z zza 
axes, respectively. The total kinetic energy T is the sum of T and 

a 

T̂  as given by (3.6a) and (3.7), respectively. 

The potential energy U due to the flexural displacements can 

be expressed as 

rL r/3 2v, v „ ,32w, N2. 
U = (1/2) Z EI [{—^l 2 +{—4} ]d(U) 

3(U)"' l3(U)' 

= (EI/2L3) Z Z u4(A2 +B2.) . (3.8) 
i=l j=l 
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The axial tensions arising due to the internal pressure give 

rise to nonconservative follower forces which do not contribute to the 

potential energy. However, the resulting generalized forces Q^.j 

and Q^.j must be evaluated. Consider an element of length d(L£) on 

the i leg at a distance LS from the root (Figure 3-lc}. The forces 
9F. 

acting at the two ends of the element are Fja and Fja + ̂ -p d£ , where 

F. is given by 
I a 

9v. 9v. 
F i a = F

a ^ { c o s ^ - ( i f - s i n I i ) / U u + (sin I i + (-ĝ - cos l . ) / l } u y 

3w. 
H ( ^ ) / L J 5 Z ] , (3.9) 

and Fa is the axial tension related to the internal pressure by 

F a = P77d2/4 . (3.10) 

The contribution dQ .̂̂  to the generalized force Q^.j from this element 

is given by 

d Q A i i = <dF1a> 

Hence, on integration 

where C . is defined by (2.47b). Similarly Q'. . can be written as 
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QBij " " y L > ^ C s j B i s • < 3- l l b> 

It is clear that the contributions of the axial force to Q., QQ and 

Q, are zero. 

The equation of motion corresponding to the generalized co

ordinate is 

_d_ /_3J\ JTT . _3U_ = n 

dt ^ q . ; • 3q. . 3q. " \ ' 

where is the nonconservative generalized force consisting of Q£ due 

to the follower force and Q£ arising because of the hydrodynamic 

damping. For example, the equation of motion in the A., degree of 

freedom i s given by, 

*" *? O " 1 * O O 0 
A. .+6.z.sinecos^. + (2L/y .){«|)COse-24)esinesin i>.+ty+y{<i> sin 9-0 ) si n2ip.} 

•26 .B. . (<j>si n9si m|> .+9COSI/J, )-A. . {(<j>2+i2+2#cos9) - ( / s i n 2 9 - 9 2)cosV 

+4)6sin6sin2iJ;i >~B-j jC 6 j ((4)Sine+(|)ecose-ei/j)sini|ji + (4)i|;sine+e)cosi/ji} 

+())9cos9siniJ;i-(4)2sin9cos0-9ii;cos29+^^sin9)cosi|ji]+[EIy47m(l+Cm)L3]A 

[ F ^ m d . C j L l ^ C ^ A ^ ^ . j / m d ^ ) . (3.12) 

Similarly, the equations for B^., z^, tj>, 9 and \p degrees of 
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freedom may be obtained. This leads to a set of coupled nonlinear 

ordinary differential equations, which is not easily tractable. Hence, 

some simplifications must be made. If the displacements are assumed to be 

small, the second and third order terms may be ignored. The linearized 

equations thus obtained are 

Aii+(2L/y^)(^)+{EI/m(l+Cm)L-:i}yTA..-{F /m(l+C)L} Z C -A. = 0, 
• J J in j I J a m 1 sj is 

(3.13a) 

Z Z (2L/y2)A i,+[L2+{I77;i/m(l+Cm)}](^) = 0, i="j j-] J 'J z z a m (3.13b) 

3 ~ 
(3.13c) 

6 jz h +B i j +(2L/p 2)esinI i + {EI/m(l +Cm)L 3}y J

4B.. 

00 

(3.13d) 

Z Z (2L/y 2)B i jsinI i +[L 2/2 +{I x x a/m(l +Cm)}]9= 0, (3.13e) 

1 = 1 , 2 , 3 ; j = 1, 2, ••• 00 

Defining 

a i j = V 1 ' b i j = B i j / L ' % = V L a n d 

o 1/2 
T = t[EI/m(l+C)LJ] 
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Equations (3.13) can be nondimensionalized to yield 

a ; \ + ( 2 / y ) ( f Y ) + p a. rPEC .a. = 0 , (3.14a) 
• J J J ' J J • -> 

3 C O ^ 

Z E (2/u2)a" .+(1+1 )(f+4>") = 0 , (3.14b) 
i=l j=l J 1 J z 

(3+r. M+ E E 6 b" = 0 , (3.14c) 
n * n i=l j=l J 1 J 

a j V b i y « ^ ) e , , s 1 n I i ^ i j - p

s i l
c s j b i s = 0 • ( 3 - 1 4 d ) 

3 oo 
E E (2/u2)b"sinI.+(l+2I*)972 = 0 , (3.14e) 

i=l j=l J U T 

i = 1, 2, 3; j = 1, 2, 

where P is given by (2.15) and 

• • © C O 

I* = I

z z a / m ( 1 + C n i ) L 2 , (3.15b) 

and prime denotes differentiation with respect to x. It may be noted 

that for small amplitude motions, the rotations I/J and 4> always appear 



as a sum and hence can be replaced by one variable. 

(̂+<J>) >nh and 0 from the above equations gives 
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Elimination of 

J ? ? * A 
a".- Z Z {4a; /yn(l+I _)}+u*a -P Z C -a. = 0, (3.16a) 

IJ rb j b i. j i j -j bj ib 

co 

+ y J b i J - P

s ^ C s J b i s = 0 • ( 3 - 1 6 b ) 

i and r = 1, 2, 3; j and s = 1, 2, • • • O O 

These two sets of equations can be analyzed separately. Assuming the 

solution to be of the form a,. = |a.. |e 1 ( i ) T , Equations (3.16) 

reduce to 

A A 3 «> A p o * 
(y>r)a,.+ Z Z [ 4 A%V ( 1 + I )]a -P Z C .a. = 0 , (3.17a) J ' i j r = 1 s = 1

u " J ' s * Z
, J rs s = 1 sj i s 

and 

^ ^ j ^ j / 4 t « j V ( 3 + ^ ^ } + { 8 s i n I i s i n V ^ s ( 1 + 2 I x ) } ] b r s 

P Z C -b. = 0 , i = 1 . 2 , 3; j = 1, 2, ••• » . (3.17b) 
s=l S J 1 S 

2 where ai = A 
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This represents two sets each containing an infinite number 

of frequency equations. In the actual computation for the eigenvalues, 

however, they were truncated to the first six modes so that each contained 

3 x 6 equations. 

3.2 Results and Discussion 

3.2.1 Inplane motion 

The three sets of eigenvalues obtained from Equation (3.17a) 

correspond to the inplane motion of the array. Two of these are 

identical while the third set is different. With the help of (3.14b), 

it can be noticed that there are two types of inplane motion: 

(i) oscillation of the cantilevers without any rotation of the 

central body; 

(ii) coupled inplane motion of the array. 

The former corresponds to the repeated eigenvalues which are identical 

to those of a single cantilever having the same axial tension parameter 

P. For a given P, the eigenvalues for the coupled motion are higher 

than those in the uncoupled motion, when the lower two modes are 

considered. But for the higher modes there is little difference 

between the two sets of frequencies. 

When there is no inplane rotation of the array, the correspond

ing points on two legs move in one direction while that on the third 

moves in the opposite direction. But in the coupled motion, the 

corresponding points on all the three legs move in one direction so as 
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i|> + <j> * 0 

out of plane motion 

e = o , z h = 0 

9 = 0 , z h * 0 

0 * 0 , z . = 0 

Figure 3-2 Typical inplane and out of plane motion of the array 
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to balance the moment caused by an opposite rigid body rotation of the 

array (Figure 3-2). 

Since the repeated eigenvalues correspond to a single cylinder 

with axial tension, their dependence on P is as observed before (Figure 
* 

2-8b). Clearly, they are independent of I . But the coupled 
eigenvalues are higher for lower I z , gradually approaching the uncoupled 

* 
values as I increases (Figure 3-3a). If the inertia parameter is not 

too small, the variation of the coupled eigenvalues with increasing P is 
* 

similar to the previous case. But for small I and above certain P, 

there is a possibility for the eigenvalues to appear as complex conjugates 

thus suggesting instability. However, the hydrodynamic damping, which 

has been neglected because of its second order effect, will oppose 

this instability to some extent. ' Since the complex eigenvalues for a 

real system appear as conjugate pairs, the variation with P before 

instability is such as to make the real parts of consecutive eigenvalues 

identical. For example, in Figure 3-3a, the second eigenvalue increases 

while the third decreases with P, before the instability region shown 

by the dotted lines is reached. 

3.2.2 Out of plane motion 

The three sets of eigenvalues obtained from Equation (3.17b) 

correspond to the out of plane motion of the array. In conjunction 

with Equations (3.14c) and (3.14e), it is observed that the three sets 

correspond to the following types of motion: 
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(i) The central head remains stationary and there is no 

rolling motion of the array. Here the eigenvalues are 
* 

independent of r ^ and I and coincide with those of a 

single cantilever having the same P. 

(ii) There is a vertical motion of the central body, but no 

rolling motion of the array. These eigenvalues are 

greater than those in the previous set, but the differ

ence becomes smaller for higher modes. The variation 

of the eigenvalues with P is also similar to that of 
* 

the first set, but now they depend on r^and * x 

* 
as well. As r ^ and I increase, the eigenvalues 

decrease, gradually approaching the first set (Figure 

3-3b). 

(iii) There is no vertical motion of the central head, but the 

array goes through a rigid body rolling motion. These 

eigenvalues are greater than those in the second set 

for the lower modes, but slightly smaller for the higher 

modes. Their dependence on P is similar to that of the 
coupled inplane motion. As a matter of fact, for a given 
* * 

I x > there exists an I such that the eigenvalues for these 

two types of motion are identical. 
3.3 Concluding Remarks 

Based on the analysis of inplane and out of plane motions of 

an array of three cantilevers, joined to a central body, with follower 

forces,the following remarks can be made: 
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(i) The inplane motion of the array exhibits two different 

characters -- one involves uncoupled oscillations of the 

legs at their own natural frequency with the central 

head remaining stationary, while the other represents the 

coupled flexural-rotational motion of the whole array. 

The former corresponds to two sets of repeated eigen

values. 

(ii) The out of plane motion consists of three different forms 

- - flexural vibrations of the cantilevers at their natural 

frequency with the central body at rest; bending displace

ments of the legs superposed on the vertical motion of 

the array, in the absence of its rolling motion; and 

flexural-rotational out of plane motion without the vertical 

motion of the head, 

(ii i) For pure out of plane motion (without rolling), the eigen

values approach those of a single cylinder as the inertia 

parameters are increased. If these parameters are not too 

small, the eigenvalues of coupled flexural-rotational motion 

also exhibit a similar behaviour. 

(iv) For small values of inertia parameters, there is a possibility 

of unstable coupled motion above a certain magnitude of P. 
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4. VERTICAL MOTIONS OF A BUOY-CABLE-ARRAY SYSTEM 

The coupled motion of an array having been investigated, 

the next logical step would be to consider the submarine detection 

system itself which consists of a similar array joined to a buoy by an 

elastic cable. It is a rather complex problem due to the large number 

of degrees of freedom involved. Hence, to start with, only the vertical 

motion of the assembly is considered. 

In this analysis, the cable is replaced by a spring of 

equivalent stiffness such that the system reduces to a buoy and an 

array connected by a spring. The central head of the array is allowed 

to move vertically and the flexural displacements of the legs are 

superposed on this motion. To start with, a general formulation of 

the problem is presented using the classical Lagrangian procedure. 

The free vibration of the system is considered first by equating the 

forcing terms in the equations of motion to zero. The influence of 

the important system parameters on the natural frequencies of vertical 

motion is evaluated. Subsequently,the motion excited by a sinusoidal 

surface wave is investigated. Attempts are made to determine the 

effects of various parameters on the tip displacements where the 

hydrophones are located. 

4.1 Formulation of the Problem 

Consider a system comprising of a cylindrical surface float 

connected by an elastic cable to a central head, supporting three 
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Figure 4-1 Geometry of vertical motion of the buoy-cable-array 
assembly 
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neutrally buoyant inflated cylindrical cantilevers (Figure 4-1). Let 

and be the masses of the buoy and central head, respectively, 

while L and d the length and diameter of each leg. The cable is replaced 

by an equivalent spring of stiffness k. An inertial co-ordinate 

system XQ, y^, ẑ  is located at the free surface as shown in Figure 4-1 

such that (0, 0, z b Q) and (0, 0, -H) are the co-ordinates of the 

equilibrium positions of the centres of mass of the buoy and central 

head, respectively. At any instant t, the locations of the centres 

of mass of the buoy and the head and a point on the i * n leg at a distance 

£L(0<£<1) from the root, are given by (0,0,zb0+zb), (0,0,-H+zh) and 

(£LcosI.j, CLsinl^, -H+ẑ +ŵ ), respectively, where ŵ  is the flexural 

displacement and I., were defined in Equation (3.3b). 

As before, ŵ  can be expanded in a series form, 

w, = E *,(S)B..(t) , (4.1) 
• j=l 3 1 J 

where *.(?) is given by Equation (3.5). 

The kinetic energy T of the system is given by 

T = (mb/2)z2+(mh/2)z2+(l/2) Z 
3 f . 0 0 • 2 

{z. + E B. .* .rdm 
m n j=l 1 J J 

3 
(mb/2)z^(mh/2)z^+(m/2)[3z2+_Ei ^^8^+2^63^] , (4.2) 

where m is the mass of each cylinder including the water inside it 

and 6. as defined in (3.6b). This does not include the kinetic energy 
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associated with the apparent inertia of the assembly as the effect could 

be accounted in the generalized forces. 

the energy associated with the buoyancy of the buoy, the elastic 

energy stored in the cable, and that due to the flexural displacements 

of the legs. The nonconservative follower forces arising because of 

the internal pressure do not contribute to the potential energy. 

Hence, 

U = (c/2)(zb-zw)2+(k/2)(zb-zh)2+(EI/2L3) ^ . ^ X j ' ( 4 ' 3 ) 

where c is the equivalent stiffness due to buoyancy and can be written 

as 

c = (Pw9) (Area of the cross section of the buoy), 

and zw the displacement of a water particle due to the wave at the free 

surface. Using Equations (4.2) and (4.3), the classical Lagrangian 

formulation yields, 

The potential energy U of the system consists of three parts: 

V b ^ V ^ ^ V V = Qzb » (4.4a) 

3 oo 

(4.4b) 

m ^ j + S . z . M E I / L 3 ) ^ - Q B i j (4.4c) 
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where Q z | 3 ' Q z n

a n c ' Qg-jj a r e the generalized forces corresponding to z^, 

ẑ  and degrees of freedom, respectively, arising due to the hydro-

dynamic forces and internal pressure. 

The hydrodynamic forces and F̂  acting on the buoy and central 

head, respectively, are given by 

Fb = - ab(V zw)-(PW

/ 2 ) Cdb Sb(V zw^v' 2wl . <4-5a> 

and 

Fh = ^h^h^wh^^w^^Vh^h^wh^^h^whl • <4-5b> 

where a ,̂ a ,̂ C ^ * C ^ , and are the corresponding added masses, 

drag coefficients and areas of cross-section, respectively, and 

the wave displacement at the head. 

The hydrodynamic forces acting on an element Ld£ located on the 
"t h 

i leg at a distance L£(0<E;<1) from the root can be written as 

d F i = - ^ ( V ^ - z w i ) + ( p w / 2 ) C d d ( z h^i - z wiH^w r z w i |L]dC , (4.6a) 

where z . is the wave displacement at the element and wi . 

a = P W C M SL . (4.6b) 

Realizing that the generalized force 0- arising due to a 

set of forces F̂ (k = l,2,««»n) acting at the points r^ (k = 1,2,••*n) 

is given by 



n _ 3r. 

one obtains from Equations (4.5) and (4.6) 
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Q z b = - a b ( V z w ) - ^ w / 2 ) C d b S b ( V z w ) I V z w l (4.7a) 

.. 3 r l 
-a[3z. - E 

n i=l 0 Z w l ' d ? + i ' l s ^ i s H e w / 2 ^ ^ 

• iw1+

sS1*s<^>B i s>l ih- iw1+

sf1*s (e>6islde 

and 

(4.7b) 

Q B1J = - a ^ j V B i j " ^ i V ° d ? H V 2 > C d L . d 

1 
l zh~ zwi + Z *s ( C ) * 0 s=l s 

B i s l t V z w i +

s f 1

$ s ^ ) ^ s

] $ j ( ? ) d ? (4.7c) 

where Q^.Q^and Qj^ are the generalized forces due to the hydrodynamic 

forces only. 

The contribution of the follower forces to the total general

ized force Q D . . is obtained from (3.11b),•i.e., 
D l J 
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(4.8a) 

Clearly, 

>zb = Qzh 0 . (4.8b) 

Defining 

nb = Z b / d ' \ = Z h / d ' b i j = B i j / d ' \ = z w / d ' 

nwh = zwh/d> \ i = z w i / d a n d T = t [c/(m b + a b )] 1 / 2 , 

the equations of motion as given by (4.4) in conjunction with (4.7) 

and (4.8), can be nondimensionalized to yield. 

n b ' + (l +n 2)n b -fi 2

n h + a b(n b-n;)|n bX (4.9a) 

+a Z 
i=l 

1 CO oo 

0

{ « 1 +

s S 1 * s ^ ) « > i s } | n i - n i l +

s S 1

# s ^ ) b i s l d 5 

f. n". +f z hwh i = 1 

3 rl 
n" 

0 wi * 
(4.9b) 

and 

b i ' j + 6 j ' 1 K b i j - f

s f )

C s j b i s + a 

rl 0 0 

0

{ « i +
s ^ s ( ^ b l s } * 
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l « i +

s ^ s ^ ) b i s l $ j ( ? ) d ^ f 

i = 1, 2, 3; j = 1, 2, 

•1 
n".$.(c)dc , (4.9c) 

Q Wl J 

• • • O O 

where 

2 
ft = k/c, r ^ = (mb+ab)/(m+a), P = (F a/cL) (mb+ab)/(m+a). 

ft2 = y][EI/(m+a)L3][(mb+ab)/c], afa = (py2)CdbSb<J/(mb+ab). 

ah = ( P w
/ 2 ) C d h S h d / ( m + a ) ' fb = a b / ( m b + a b ) ' fh = a h / ( m + a ) ' 

f = 1/(1+Cm), (4.10) 

with r ^ and a obtained from Equations (3.15a) and (2.16b).respectively. 
To incorporate viscoelastic effects of the legs, E in the expression for 
2 
ft. in Equation (4.K 

J 

as given by (2.42a) 

2 * ftj in Equation (4.10), should be replaced by the complex modulus E (to) 

4.2 Vertical Free Vibrations of the System 

For the free vibrations of the system, the forcing terms in 
the equations of motion are equated to zero, i.e., 

nw = nwh = nwi = 0 • 

Since the effect of the damping terms on the natural frequencies and the 
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modes of the system is of the second order, they may be ignored. If 

the motion is assumed to be sinusoidal with OJ as its dimensionless 

frequency, Equations (4.9) transform to 

(l+fi2-u)2)nb - ^ 2 n h = 0 , (4.11a) 

-2 -? ? ? 3 °° 
1=1 s=l 

and 

A v ^ P ^ i j - ^ ^ s j ^ s = ° » ( 4 - i i c ) 

i = 1, 2, 3; j = 1, 2, • • • O O 

The above set contains infinite number of equations. In the numerical 

computations, however, only the first six modes were retained so that 

Equation (4.11) reduced to an eigenvalue problem of the type 

[A](x) = (o2[B](x) , (4.12a) 

of order 20. Premultiplying (4.12a) with [B]"1 one obtains 

or 

[B]_1[A](x) = OJ2(X) 

[C](x) = u)2(x) , (4.12b) 



where [C] = [B]"][A] 
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The system of Equations (4.12b)can now be solved by an iteration procedure 

(for example UBC DREIGN) to obtain the frequencies and mode shapes. 

4.3 Response of the System to Surface Wave Excitations 

The system under normal operating condition will be subjected 

to the ocean waves which,in general, would lead to both horizontal 

and vertical motions of the buoy. Obviously, the resulting dynamical 

analysis of the system will indeed be quite complicated. Fortunately, 

considerable simplification in the analysis can be achieved without 

substantially affecting the physics of the problem by examining the 

system response with the buoy at the crest of a standing wave. Moreover, 

a complex wave can always be expanded in a Fourier series and the 

general forced motion can be obtained by following a similar procedure. 
54 

It can be shown that for a standing wave 

nw = n 0cos2TT(t/f) , 

n w h •= n 0 e " 2 7 T H / L A c o s 2 T r ( t / T ) , 

Vi = V " 2 7 T H / L A c o s 2 T r ( x / L A ) c o s 2 T r ( t / T ) ' 

provided the crest lies along the vertical axis of the system. Here 

n , T and L, are the amplitude, period and length of the wave, 
0 A x 

respectively. It may be noticed that the particle motion decreases 
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rapidly with depth. For H = L /̂2 , the amplitude of particle motion 

is HQ/23.1, while at a depth equal to the wavelength, the motion reduces 

to TIQ/535. With the average wavelength of around 100 ft (sea state 3) 

and cable length of 100-400 ft, it may be assumed that 

nwh = nwi a 0 » 
and 

nul = nncos27T(t/T) = n n coso3T , 

(4.13a) 

(4.13b) 

where co is the dimensionless frequency. 

The forced motion, in general, will involve all the harmonics 

of co; but for simplicity only the fundamental term, which is usually 

the most important one, is considered. To account for the system 

damping, both sine and cosine terms should be included in the solution. 

Hence 

nb = ^bc00^1" + n b s S i n a ) T ' (4.14a) 

rih = cosovr + n^sintor , (4.14b) 

b. . = b. . COSCOT + b.. sincoT . (4.14c) T i l l r. n i x / 

Substitution of (4.14) in (4.9) will not, in general, satisfy the 

equations for all T. But one can use Ritz's averaging technique which 

involves multiplying both the sides of each equation by COSCOT and sincox 

in turn and integrating over a period. The resulting algebraic equations 

are 
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£ 2 
( l ^ - ^ ) n 5 c - n \ c ^ b ( 8 ^ ( l - - f b ^ ) n Q , (4.15a) 

(1+ft2-c/)nb s-ft\^^^ = 0, (4.15b) be "0/LV"bc "0y "'bs-

1 - I K~* I 

3 1 
(nL +nhc)V 2+<x(8a) 2/3TT) T. { D (D 2+D 2) 1 / 2dS = 0 , nc ns i = 1 j Q s e s (4.15c) 

3 °° 
%s+[-rb!? " ( 3 + V ) w ] n hs" w

 .l
=] k f 1

6 k b i k s A ( 8 u / 3 T r) 

3 1 
n h c ( V + T 1 h s ) 1 / 2 - a ( 8 t o 2 / 3 ^ . ? f D

c ( D c + D s ) 1 / 2 d S = 0 > (4.15d) 

("r u 2 ) b i j c + ^ b i j s - w 2 6 j ^ h c - p

k ^ k j b i k c + a ( 8 w 2 / 3 ^ * 

ri 
^(5)D s(D 2+D 2) 1 / 2dS = 0 , (4.15e) 

,2 2 ycoft.bijc+(ft.-co )b i j s -^6 j n h s -P k E i C k j b. k s -a (8^/3 , ) 

^(^)DjD 2+D 2) 1 / 2dC J " ' C c s 
= 0 , (4.15f) 

i = 1,2,3; k = 1,2,----; 

where 
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and y the equivalent viscoelastic damping. 

The solution of these simultaneous equations gives the sine 
and cosine components of each generalized co-ordinate. Since the 
f i r s t few modes are li k e l y to be the most important ones, only the f i r s t 
two are considered in the numerical computations. 

4.4 Results and Discussion 

4.4.1 Free vibration 

By truncating the i n f i n i t e order system to the f i r s t m modes, 
(3m+2) eigenvalues are obtained from (4.11). Two identical sets of m 
eigenvalues result along with a third set containing (m+2) frequencies. 
The repeated eigenvalues correspond to the independent motion of the 
cantilevers at their natural frequencies while the buoy and the central 
body are at rest. On the other hand, the nonrepeated eigenvalues describe 
the coupled motion in which a l l the legs move identically and hence 
only (m+2) eigenvalues can correspond to this type of motion. In the 
present casern is taken to be 6. 

The typical amplitudes of motion of the buoy, central head 
and the cylindrical legs during coupled motion at fundamental and 
higher natural frequencies are shown in Figure 4-2. It may be pointed 
out that to emphasize the relative motion, only the displacements are 
presented to the scale (unit central head displacement), geometrical 
dimensions being l e f t arbitrary for c l a r i t y . One may notice that for 
the lowest three frequencies, the shape of the cylinder resembles i t s 
fundamental mode since i t is the most dominating one. However, the 
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Figure 4-2 Modes of coupled vertical motion: (a) i = 1 to 4 
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Figure 4-2 Modes of coupled vertical motion: (b) i = 5 to 8 
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subsequent frequencies correspond to the second and higher modes of 

the leg. Since the third natural frequency of the coupled motion is 

quite close to the natural frequency of the buoy due to its buoyancy, 

the buoy has a large displacement. 

The variation of the coupled natural frequencies with P and 

1̂ for given ft, r ^ and r ^ is shown in Figure 4-3. Here P character

izes the effect of internal pressure while ft-j the fundamental frequency 

of each leg. The first three of these frequencies, for a given P, 

first decrease and then increase with increasing ft^ (Figure 4-3a). For 

large values of ft-| , these frequencies decrease with increasing P, while 

for small values of the fundamental frequency, the behaviour is exactly 

the opposite. This is so, because for large ft-j the structure behaves 

like a cantilever while for small ft.j it acts as a string. As is well 

known, increasing the axial tension has opposite effects on these two 

structures. The behaviour of the fourth (Figure 4-3a) and higher 

frequencies (Figure 4-3b) is the same as that of the second and higher 

frequencies of a single cylinder, i .e., they increase with ft-j and P. 

If ft-j is not too small, they vary linearly. 

The variation of the coupled frequencies with ft and r ^ for 

given P, ^ and r ^ / r ^ is plotted in Figure 4-4. The first three 

increase with ft, i.e. the stiffness of the spring, while the subsequent 

ones are almost independent of it. The parameter r ^ , representing 

the ratio of the apparent masses of the buoy and the leg, has opposite 

effects on the lower and higher frequencies. The higher frequencies 

(Figure 4.4b), which are characterized by the stiffness of the legs, 



Figure 4-3 Variation of natural frequencies of coupled vertical motion with the pressure 
parameter and dimensionless fundamental leg frequency: (a) i = 1 to 4 
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Figure 4-3 Variation of natural frequencies of coupled vertical motion 
with the pressure parameter and dimensionless fundamental 
leg frequency: (b) i = 5 to 8 



Figure 4-4 Variation of natural frequencies of coupled vertical motion with the sprinq stiffness 
and weight of the head: (a) i = 1 to 4 
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Figure 4-4 Variation of natural frequencies of coupled vertical motion 
'with the spring stiffness and weight of the head: 
(b) i = 5 to 8 
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decrease slightly with r ^ while the lowest one which involves large 

coupling between the buoy and the array increases with the same 

parameter. 

Given the operating sea conditions, the parameters must 

be so chosen as to yield the natural frequencies of the system (at least 

the lower ones) far removed from the forcing frequencies. 

4.4.2 Forced vibration 

The frequency response of the buoy, central head and the tip 
_2 

of a leg, for different ft (=k/c), are plotted in Figure 4-5a. One may 

notice that the buoy displacement peaks at smaller frequencies with 

reduction in k/c. For k/c = 1, there is a less conspicuous peak since 

around this value of k/c the array acts somewhat like a dynamic absorber. 

For the motions of the central head and leg tips, resonance is observed 

first at a very small frequency (fundamental) and subsequently at 

higher frequencies. It may be observed that these resonant displace

ments diminish with k/c, i .e., if the elastic cable is a soft spring, 

the motion at the water surface is not transmitted to the array. 

Figure 4-5b shows the frequency response when ft-j is varied. 

It is evident that the displacements of the tips of the legs could be 

reduced by increasing ft-j, i .e. , by making the legs more stiff. This 

implies reduction in length of the legs and increase in their diameter, 

thickness and elastic modulus. Moreover, it may be noted from Figure 

4-5c (in logarithmic scales)'that for a given ft-| , P and ft, the tip dis

placement for higher forcing frequencies diminishes with increasing r ^ , 

while that at lower frequencies remains unaffected. 
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Figure 4-5 Frequency response of the buoy, central head and the tip 
ôf a leg as affected by: (a) equivalent spring stiffness 
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Figure 4-5 Frequency response of the buoy, central head and the tip 
of a leg as affected by: (b) fundamental frequency of 
a leg 
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Figure 4-5 'Frequency response of the. buoy, central head and the tip 

of a leg as affected by: (c) weight of the central head 



103 

Figure 4-5 Frequency response of the buoy, central head and the tip 
of a leg as affected by: (d) wave amplitude at the central 
head 
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The effect of taking the wave displacements n , and n . into 
3 r wh wi 

account is indicated in Figure 4-5d. Here and n n- are assumed 

to be equal and have a constant phase difference with respect to 

the surface wave displacement nw- Clearly, consideration of n w n and 

n .j increases the displacements of the central head and tip of each leg 

for moderate forcing frequencies. = TT represents a more adverse 

situation than 8 . = 0. 
ph 

4.5 Concluding Remarks 

The important conclusions based on the analysis can be summar

ized as follows: 

(i) The solution of the eigenvalue problem for free vertical 

oscillation of the buoy-cable-array system yields two 

sets of repeated natural frequencies corresponding to the 

independent motion of the legs and a third set describing 

the coupled motion. All the three legs move identically 

during the coupled pure vertical oscillations, 

(ii) The variation of the natural frequencies with different 

system parameters as obtained in this study, should prove 

useful in a design procedure aimed at avoiding resonance, 

(ii i) Analysis of the response of the system to surface wave 

excitations suggests that the displacements of the leg 

tips can be reduced by using an elastic cable with small 

stiffness and legs having a large fundamental frequency. 

The typical value of this frequency as observed in the 

prototype structures is below 2 cycles/sec. The analysis 



suggests that any increase in this value is likely to 

have beneficial influence on the structural response. 

On the other hand, as emphasized by Figure 4-5b, very 

small values of leg frequency may lead the buoy to 

leave the water surface and hence must be avoided. 

Although an increase in the inertia of the central 

head is likely to reduce tip deflections, it would be 

difficult to realize this from design considerations. 
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5. DYNAMICS OF A DRIFTING BUOY-CABLE-ARRAY ASSEMBLY 

USING DOUBLE PENDULUM APPROXIMATION 

The previous chapter considered the vertical motions of the 

submarine detection system when it was stationed at one location. 

Although the response of the system to surface waves was considered, it 

was assumed that the waves are not associated with any drifting 

velocity. The objective of this chapter is to investigate its behaviour 

when drifting in an ocean current. 

The drifting motion of the system is rather complex because 

of the large number of degrees of freedom involved: the spatial 

oscillations of the buoy superimposed on its drifting, three dimensional 

motion of the flexible cable, the motion of the array in its own plane 

and that of the plane of the array itself. Hence it was thought 

appropriate to study, at least in the beginning, a relatively simple 

model to obtain some appreciation regarding the physical character of 

the problem. 

It is assumed that the system is drifting with a constant 

velocity and oscillations take place around the corresponding steady 

state configuration. Furthermore, the effect of these vibrations of 

the cable and array on the drifting velocity is neglected. In actual 

practice, occassionally a small velocity gradient across the current 

is observed; however, for simplicity it is ignored. Of course, this 

does not affect the mathematical procedure and if required, its 

influence can be included quite readily. The up and down and rocking 

motion of the buoy are assumed to be absent. Thus the buoy is 
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considered to have a uniform drifting velocity and hence the origin of 

the inertial co-ordinate system can be located at the centre of the 

buoy. The mass of the cable is considered to be continuously and 

uniformly distributed along its length, but its shape is approximated 

by two straight lines, i .e., the system behaves like a double pendulum. 

For the time being, the flexibility effects of the legs are ignored. 

With these assumptions, the steady state configurations are 

determined and their dependence on the system parameters examined. 

The double pendulum type motion of the system along with the rotational 

oscillations of the array, around these equilibrium positions, are 

studied. The analysis provides useful information concerning the 

stability of the motion and influence of various system parameters.on 

damping rates. 

5.1 Formulation of the Problem 

5.1.1 Equations of motion 

Consider a buoy-cable-array assembly drifting with a uniform 

velocity V (Figure 5-1). Let xQ, yQ, Zg be an inertial coordinate 

system fixed to the centre of the buoy. The cable of length L c > connect

ing the centres of mass of the array and buoy, is approximated by two 

straight lines inclined at angles 3 (̂t) and 82(t) to the vertical, 

respectively. Let 8(t) be the inclination of the plane of the array 

to the flow and let angles \\>. (i=l ,2,3) measured from the projected 

direction of the flow in the plane of the array, define the orientation 

of the legs. Clearly 



Figure 5-1 Geometry of motion of a drifting buoy-cable-array assembly 
.using double pendulum approximation 
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= ^ + 2ir(i-l )/3 . (5.1) 

The position vector r^ of the centre of mass of the head is 

given by 

r h = -(L1sin31+L2sinB2)i-(L1cos31+L2cos62)k , (5.2a) 

where L-| and l_2 are lengths of the two linear parts of the cable and i , 

j and k the unit vectors in XQ , y^ and ZQ directions, respectively. The 

location of a point P on the i . leg, at a distance£L(0<£<1) from the 

centre of the head, can be written as 

r< = r h

+ S L e t i , (5.2b) 

— J. u 
where e^. is the unit vector along the i leg and can be expressed 

in terms of the array rotations as follows: 

et̂  = cosBcos^^T+sin^^j-sinecos^^R . (5.2c) 

The expressions for the kinetic and potential energy must 

be obtained for the Lagrangian formulation. The kinetic energy of the 

system consists of three parts: T of the legs, T, of the central head 
a n 

and T £ of the cable. Considering the kinetic energy of an element 

Ld£ and summing over the three legs, one obtains 



no 

T = (1/2) I 
a i=l 

(r i-F i)(l+C m)(TTdV4 )p wLd5 

Substituting from (5.2), the above expression yields 

T a = (l+Cm)(pw/2)(Trd' :L/4) _E r 2 
1 [V^+2a^(-Vhx̂  sin^cosG+V^.cosiJ,. 

+Vhz sin^isin6)-2c:Le(Vhx costy.sin9+Vhz cos^coseh? 2!. 2^ 2 

+62cos î)]d? 

= (m/2)(l+Cm)[3V2+L2i2+L262/2] , (5.3a) 

where is the velocity of the head given by 

Vh = -(L161cosB1+L2B2cosB2)T+(L131sin61+L232sin32)k 

so ,,jro " " 0 
(5.3b) 

and 

i|; = ij/. (i = 1, 2, 3) (5.3c) 

The kinetic energy of the central head is given by 



I l l 

T h = ( V 2 ) [ ( H C m h ) n i h v 2 + G 2 ( I x x a S i n V l y X^ + I z z a ^ • < 5 ' 4 ) 

while that of the cable can be obtained from 

"L = (1+C )[ c v mc'L |V c l(s 1)| 2dm c l+] |V c 2(s2)|2dm c 2]/2 , .(5.5a) 
m cl mc2 

where m -j, m c 2 and C m c are the masses of the two sections of the cable 

and its added inertia coefficient, respectively and Vc-|(s-|) and V c 2 (s 2 ) 

the velocities of elements on the two portions of the cable. It can 

be shown that 

V c l ( s ] ) = -(s131cosB1+L262cosB2)i+(s1B1sin31+L232sin32)k, (5.5b) 

and 

V c 2 (s 2 ) = -s232cos32T+s282sin32k , (5.5c) 

where s-j and s 2 are distances of the elements from the hinges of the 

first and second pendulum, respectively. Hence 

T c = (l+Cmc)[(mcl/2){(L2/3)32+L23|+L1L23132cos(31-32)} 

+(mc2/2)L232/3] . (5.5d) 
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The potential energy of the system can be obtained as 

U = -mhg(L1cos61+L2cos32)-(mcl/2)g(L1cos61+2L2cos62) 

-(mc2/2)l_2cosB2 . (5.6) 

Using Equations (5.3)-(5.6), Lagrange's equations of motion are 

(l+CjmL2^ = > (5.7a) 

(1+Cm)(m/2)L29 = Qe , (5.7b) 

[ ( l + Cjm ( 3 + r h £ ) + ( l + C m c ) (m c l / 3 ) ]L fBy [ ( l + C Jm ( 3 + V ) + ( l + C m c ) (m c l / 2 ) ] 

L1L2[B2cos(B1-32)+32sin(31-32)]+[mh+(mcl/2)]gL1sin31 = Q e i , (5.7c) 

[(HCjm(3 + V ) + ( l + C m c )( l + 3L 1 /L 2 )(m c 2 /3)]L |3V[( l + C m )m(3 + r h £ ) 

+ (l+Cm c)(m c l/2)]L1L2[^cos(3 1-3 2)-32sin(3 1-32)]+[mh+mc l+(m c 2/2)] 

gL2sinB2 = Q^2, (5.7d) 

where Q,, QQ, QD 1 and QQ O are the generalized forces corresponding to 
V o pi p<-

co-ordinates \p, 0, 3-| and 32> respectively, arising due to the hydro-

dynamic forces. 
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5.1.2 Evaluation of the generalized forces 

In order to determine (i = 0,4),3-| » a n a c c u r a t e knowledge 

of the hydrodynamic loading on an inclined circular cylinder is required. 

The drag forces on an element, proportional to the square of the velocity, 

can be resolved into two components F̂  and F-p, normal and tangential 

to the element, respectively. As discussed earlier, F̂  exhibits a sine 

square dependence on the angle of attack of the cylindrical element. 

However, no single form for F-j. has been agreed upon. In this analysis, 

the functions used to describe F̂  and F-p are the ones proposed by 
24 

Schneider and Nickels . From the experimental data, they observed 

that FN and F-p for unit length are given by 

FN = (pw/2)CNV2d sin2(angle of attack) 

and 

F T = (pw/2)CTV2d cos2(angle of attack) 

where V is the relative velocity of the element with respect to the 

fluid. 

The coefficient is obtained by noting that the normal 

drag is primarily a pressure drag. A detailed plot of versus the 
21 

Reynolds number Re(based on diameter) is given by Hoerner . It is 
seen that is approximately constant (=0.18) over the range 

3 5 

Re = 10 - 5 x 10 which covers the region of interest in the present 

situation. 
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The tangential drag is mainly the contribution of skin 

friction and the corresponding coefficient Cj-is inversely proportional 
?1 

to the square root of the Reynolds number , 

CT = (constant) R e ~ 1 / 2 

43 
Cannon obtained a value of 7.69 for the proportionality constant.by 

20 
fitting the data of Relf and Powell for a 0.388 inch diameter cable. 

The hydrodynamic forces acting on an element Ld? of the i 

leg can now be written as 

dF.T = (P w/2)CTLd(W^ e t 1 ) | f l A i . e t . | e t . d 5 , (5.8a) 

and 

d F i N . = - ( p w / 2 ) C N L d { \ i - (W £ i - e t i ) i t i } | W £ i - ( ^ . . i t i ) i t i | d ^ 

(5.8b) 

where Ŵ . is the relative velocity of the element with respect to the 

fluid and can be obtained by differentiating (5.2b) with the help of 

(5.2c) and (5.3b) and adding V to it. (The signs of the above 

expressions are exactly opposite to those in Reference 43, because of 

the difference in the definition of the relative velocity used). 

Similarly, the hydrodynamic forces acting on an element ds. 
A. U 

on the j portion of the cable are given by 
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d F T c j " <<\/2>CTcdc<V 5tcj>l" Wcj- W 5 t c j d S j ' ( 5 - 8 c ) 

and 

d fNcj " - ( V 2' CNc dc { ScJ-( i icj- W W | S c J 

- ( B c j - e"tcj> 5tcjl d Sj • J = 1.2. (5.8d) 

where d c > C-pc and C^c are the diameter, tangential and normal drag 

coefficients of the cable, respectively. The unit tangential vectors 

i t c J - are given by 

e t c j. = -(sin3ji + cos3jk) , (5.9a) 

and w"cj can be obtained from 

Wcj - V i + V C J . ( S j ) , (5.9b) 

where V ,(s,) are as defined in Equation (5.5). 
J J 

Consider a typical case of an array made of 6 inch diameter 

cylinders drifting with a velocity of 1 ft/sec. The corresponding 
4 

Re is approximately 5 x 10 . Hence 

CT'= 7.69 Re" 1 / 2 = 0.034., 
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which is substantially smaller than C .̂ Although the value of Cyc is 

slightly higher due to the smaller diameter of the cable, it is sti l l 

small compared to C ^ . Hence, in this simplified analysis, the 

tangential drag components will be ignored. 

The generalized forces corresponding to the co-ordinates 

are given by 

8r 

where r $ is the position vector, with respect to the inertia! co-ordinate 

system, of the point of application of F . Hence 

2 3 r l 
% = (P w /2)C NL f cd_SJ oC|A.|[{(V+V h X o)cose-^ sine}sinTP i-€L*:d€: , 

(5.10a) 

Qe = (p w /2)C N L 2 d^ ^ ?|A. |[(V+V )sin9+«. cose-SL6cosi|>.]cosi(>.dii 
0 1 n x0 n z 0 1 1 

(5.10b) 
3 rl 

QB1 = ( ^ / 2 ) W i ^ Q|A i|{(V+Vhx JcosB^V^ sinB1-cos(31-6)cos2^i * 

((V+V^)cos9-\Jj sine)-?Li()Sin^1.cos(B1-8)+CL6cosi|;.si 11(6^6)}d?] 

f1 

+(pw/2)CN cdc[J^|Vcos3 ]-s 1b }-L 2B 2cos(B 1-B2)I{VcosB ]-s ]B ] 

-L2B2cos(B1-B2)}s1ds1] , (5.10c) 



and 
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'32 ( P w/2 )C N LL 2 d[ S fl - 2 
I A i J -[ (V+Vhx )cos3 2-Vh z sin32-cos(32-e)cos> i-

where 

((V+Vhx )cos0-Vhz sin9)-5L^siniJjicos(32-0)+CLecos4)isin(32-e)}d?] 

rl 
| VcosBj-s^-LgBgCOsfBj-B^ | {VcosB^s^ 

•L232cos(B1-32)}cos(31-32)ds1+ |Vcos3 2-s 2B 2|(Vcos3 2 

-s232)s2ds2 (5.10d) 

A i = fiA1 " < V 5t1> 5 t i 

Defining a dimensionless time T by 

T = 10Vt/(L-,+L2) = lOVt/L c ' (5.11) 

the equations of motion (5.7) in conjunction with (5.10) may now be 

written as 

? 3 f1 

ip" = aR{(R]+R?)/10} Z |a. |[{(l+unx )cos6-u^ sin6}siniK-105ij/ 
i =1J 0 0 20 1 
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/(R1+R2)]^d? (5.12a) 

)" = 2aR{(R1+R9)/10r E 
1 • i=l 

|a.|{(l+u, )sinG+u cos0-l 0C6 'cosiJ>. 
1 hXr Il7- i h z0 

/(R1+R2)}cos^i?d? (5.12b) 

^v + V c £ / 3 ( vy } g ' i + { ( 3 + v> + Va / 2 ( vy } (yv 

{32'cos(61-B2)+32Sin(31-62)}+{l + (R1rch/2)/(R1+R2)}r1(R/R1)^ 

r h d sinB ] (5.12c) 

and 

{(3+rhz) + (l/3)(3R1+R2)rca/(R1+R2)}B2'H(3+rhA) + (R1ra/2)/(R1+R2)}'' 

(R1/R2){B!,,cos(B1-B2)-B]2sin(BrB2)}+{l+(l/2)(2R1+R2)rch/(R1+R2)}^ 

r 1 (R/R 2)rh dsinB 2 = Q^, (5.12d) 

where r a = «n c(l+Cm c)/m(l+Cm), r c h = mc/mh> (mc = m^+m )̂, 

r 1 = 2{(R1+R2)/10}VTT(1+Cm), R = L/d, R] = Lj/L, R£ = L 2 /L 
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R, = d /d, R = p /p , r, . = 2m,g/p V Ld, d c p c w hd rr Kw 

uhj = V h j / V ' ( j = x 0' y 0' Z 0 ) ' 

3 rl 
(RrJtlC / R , ) E |a.|{(l+u J C O S B T - U sine, i IN i i = 1 j 0 i nxg i nzQ i 

cos(B-|-6)cos ((l+uhx^)cos6-uhz sin6)-10^'sinip1.cos(B1 

-e)/(R1+R2)+105e,cosipisin(Br9)/(R1+R2)}dC+CNcRdJ |CosB1 

•10R2B2cos(B1-B2)/(R1+R2)-10R1Bj(s]/L1)/(R1+R2)|{cos31 

-10R2B2cos(B1-32)/(R1+R2)-10R1B](s1/L1)/(R1+R2)}(s1/L1)d(s1/L1)] 

3 f1 2 (Rr1)[(CN/.R2)>z:^ J a \ |{(l+uhxJcos32-uhzsin32-cos(32-e)cos <jy 

((1 ̂ ^ c o s e - ^ sin6)-10^'sirn|;icos(32-6)/(R1+R2)+10Ce,cosiJ;i 

sin(32-e)/(R1+R2)}dC+CNcRd(R1/R2)|o|cos31-10R2B2cos(31-32)/(R1+R2) 
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-lOR^-l (s 1/L 1 )/(R-,+R2) | {cos31-10R2B2'cos(31-B2)/(R1+R2) 

-10R13-j (s 1/L 1 )/(R1+R2)}cos(B1-B2)d(s1/L1 ) +CN ( ;R d 

1 
|cos39 

0 * 

•10R23^(s2/L2)/(R1+R2)|{cos32-10R232(s2/L2)(R1+R2)}(s2/L2) 

d(s 2/L 2)] 

and 

' 5 i ' 2 = ( 1 + ^ X o ) 2 ( 1 - c o s 2 ^ c o s 2 e ) + u t a n - cos 2 i | » i s in 2 6)+2( l+^ 

cos2^isin6cose-{20C/(R1+R2)}[ij;,{(l+uhx Jcose-u^ sine} si 

+ 6 ' { ( 1 """V̂  s 1 n^ + uhZg C 0 S^^ C 0 S l' ;i ] + H 0/ (R] +R2)} 2 ? 2 (ip' 2+9' 2cos 2^ i). 

(5.12e) 

Here prime denotes differentiation with respect to the dimensionless 

time. The objective is to analyze this set of highly nonlinear and 

coupled equations of motion to assess the influence of system parameters 

on its equilibrium configurations and free vibration. 



5.2 Steady State Configurations and System Response 
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For equilibrium configurations, time derivatives in the 

equations of motion must vanish. Hence 

3 
Z |a. 0 |cose 0sin^ i 0 = 0 , (5.14a) 

^|a i 0 | s in6 0 cos^ i 0 = 0 , (5.14b) 

[l + (r c h R 1/2)/(R 1 + R 2 )](r h d /R 1 )sin3 1 0 -[(C N /R 1)_Ej5 i 0 |{cos3 1 0 

-cos(810-e0)cos24J.0cose0}+(CNcRd/2)cos2310] = 0 , (5.14c) 

and 

3 
[l+(rc h/2)(2R1+R2)/(R1+R2)](rh d/R2)sin32 0-[(CN/R2) E|5 i 0|{cos82 0 

i=l 

-cos(32 0-e0)cos2^ i ocos90}+CN cRd{(R1/R2)cos231 0cos(31 0-32 0) 

+ (l/2)cos232fJ}] = 0 , (5.14d) 

where 

| a . 0 | 2 = l-cos2^. cos20 a n d s u b s c r 1 ' P t 'O' refers to equilibrium 

configurations. Examination of (5.14a) and (5.14b) yields the following 

combinations of GQ and ĝ(= Q-1^) : 
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(i) e Q =0, ^ = 0; 

(ii) 6 n = 0, ^ N = T T / 3 ; 
(5.15) 

(iii) 6 0 = T T / 2 , ^ 0 = 0; 

(iv) 6Q = T T / 2 , i\)Q = T T / 3 . 

Equations (5.14c) and (5.14d) in conjunction with (5.15) can now be solved 

to determine B-|g and f o r a 9 i v e n s e t of system parameters. 

Efforts were made to isolate the effects of different parameters 

on the dynamical behaviour around the steady state configuration of the 

system. Since the length of the cable is decided by considerations other 

than just the stability of the system, it was used to define a dimension

less time T in Equation (5.11). The real damping time can now easily 

be determined from T once the drifting velocity and the cable length are 

given. As the equations of motion were highly nonlinear, the response of 

the system was studied by numerical method. An Adams-Bashforth predictor-

corrector quadrature with a Runge-Kutta starter was used. Initial 

disturbances of 20° from the equilibrium configurations were given to 

all the degrees of freedom. As the displacements were rather large, a 

small step size of 0.002 was required to give sufficient accuracy. (For 

a system drifting with a velocity of 1 ft/sec and having a cable 100 ft 

long, this amounts to 0.02 sec). For larger cable lengths, the step 

size had to be reduced further. 

5.3 Results and Discussion 

Of the four possible steady state configurations cited in 

Equation (5.15), only the first one was found to be stable. This 

corresponds to the array remaining horizontal and the leading leg 
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Figure 5-2 Steady state configurations as affected by: (a) length to 
diameter ratio (R) of a leg and the weight (m.g) of the central 
head; (b) length ratios R, and R0, and the diameter of the 
cable 1 
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aligned in the direction of drifting. It may be pointed out that the 

equilibrium orientation corresponds to 8g = 0, because the cable was 

assumed to be connected to the centre of mass of the array. In practice, 

this may not be strictly true and 0̂  may acquire a small non-zero 

value. 

The variation of angles B-jQ and 32g which characterize the 

steady state shape of a given cable is shown in Figure 5-2. The 

effects of a given parameter on 3-jQ and 3 2Q are essentially similar. 

The shape of a given cable when viewed from the buoy changes from con

vex to concave as the diameter or length of each leg is reduced. It 

may be observed from Figure 5-2a that both 3-jQ and 3 2Q decrease with an 

increase in R as well as r ^ . Hence a smaller diameter of the legs or 

a heavier central head keeps the system closer to the vertical. The 

effect of increasing the length ratios R-j and R2 or the diameter of the 

cable is to make 3-JQ and 3 2Q smaller (Figure 5-2b), 

Figure 5-3 shows some typical plots of the system response. 

It may be noticed that when a disturbance is given to the = 60° 

equilibrium configuration ( i i , in Equation 5.15) \\i increases, finally 

reaching a value of 120° (Figure 5-3a). This corresponds to the other 

steady state orientation in which the leading leg is aligned with the 

direction of drifting. But if an initial displacement is given to 

I/JQ = 0 configuration, the system returns to the starting equilibrium 

position (Figure 5-3b). Hence the former is an unstable equilibrium 

while the latter a stable one. Of course, for the second case, a dis

turbance exceeding 60° would result.in the system attaining an alternate 

stable orientation. 
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It was noticed that initial disturbances given to the steady 

state configuration characterized by ij^ = 0, damp out asymptotically in 

the range of parameter values considered. No oscillatory motion was 

encountered. However, decaying rates are dependent on the system 

parameters. In order to compare the damping ratio, arbitrary displace

ments of 20° were given to each degree of freedom and the time taken 

to come within 1° of the equilibrium angles was noted. It was observed 

that the decay of the yawing motion of the array is the fastest followed 

by that of its pitching motion and the pendulum type oscillations of 

the cable. 

Figure 5-4 shows the variation of damping rates with R̂  and 

R2 (i.e. ratios of the lengths of two linear portions of the cable to 

that of the leg) and R (length to diameter ratio of the leg). It is 

of interest to recognize that increase in R-j and R2 improves the decaying 

characteristics (Figure 5-4a). Hence for a given cable length, shorter 

arm lengths are desirable. But this would create an apparent problem 

in signal processing due to a reduction in phase difference of the 

detected signals. Thus, as is often the case in a practical design, 

one is faced with a situation demanding a compromise between conflict

ing requirements. ' For specified l_ c , R-j and R2» a larger R reduces 

the damping times for 8, 3-j and 32 increasing that for ijj slightly 

(Figure 5-4b). This indicates that a smaller diameter of the legs is 

preferrable. Table 5-1 indicates the influence of the central head, 

cable and drifting velocity associated parameters on the damping rate. 

Changing the weight of the central head does not have significant effect 
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TABLE 5.1 
Influence of the Central Head, Cable Dimensions and Drifting Velocity on Damping Time 

Parameters Varied 

Damping Time t, sec 
t = L T/10 V c 

Comment Parameters Varied 6 g l B 2 Comment 

mhg = 5 lb 
mhg = 7.5 lb 

55.5 
58 

292 
270 

316 
301 

306 
293 

R = 20, R1 = R 2 = 5, 
L c = 100 ft, d c = (l/4)in, V = 1 ft/sec 

d c = (l/4)in 
d c = (l/2)in 

55.5 
58 

292 
263 

316 
294 

306 
269 

R = 20, R1 = R 2 = 5, 
L = 100 ft, V = 1 ft/sec, mhg = 5 lb 

L = 100 ft c 
L c = 200 ft 

38.5 
58 

169 
large 

198 
520 

195 
520 

R = 20, R1 = R 2 = 10, 
d c = (l/4)in, V = 1-ft/sec, mhg = 5 lb 

V = 1 ft/sec 
V = 0.5 ft/sec 

55.5 
145 

292 
273 

316 
340 

306 
327 

R = 20, R1 = R 2 = 5, 
L c = 100 ft, d c = (l/4)in, mhg = 5 lb 

ro 
to 
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on the decay of the disturbances. It affects only the steady state 

shape of the cable (Figure 5-2). For a given array, an increase in 

the diameter of the cable with its length fixed improves the stability 

slightly while an increase in the length ,with its diameter fixed slows 

down the decay. Finally, for a higher drifting velocity, the decay of 

the disturbances (except 8) is faster, because the drag forces involved 

are larger. 

5.4 Concluding Remarks 

The significant conclusions based on the above analysis of 

drifting assembly can be summarized as follows: 

(i) Of the four possible steady state orientations, only the 

one in which the array lies in a horizontal plane with 

its leading leg aligned in the direction of drifting, 

is stable. Other orientations, when disturbed, tend to 

reach this stable configuration. 

(ii) Smaller length and diameter of the legs or a heavier 

central head keeps the cable closer to the vertical, 

(iii) The system is asymptotically stable in the range of para

meters of practical interest. 

(iv) Reduction in the length or diameter of the arms generally 

improves the decaying characteristics of the system. How

ever, as the minimum acceptable length is governed by the 

signal processing considerations, the final design will 

reflect a degree of compromise. 



(v) Although a smaller diameter has favourable influence 

the stability according to this rigid array analysis, 

consideration of flexibility (accentuated by smaller 

diameter) may alter this conclusion. 



132 

6. GENERAL DYNAMICS OF THE DRIFTING ASSEMBLY . 

Having gained a preliminary understanding of the system 
dynamics, the next logical step would be to remove some of the restrictions 
inherent in the simplified model analyzed. The f l e x i b i l i t y of the legs, 
which was ignored before, must be taken into account since i t may affect 
the s t a b i l i t y of the system to a great extent. The bilinear approxi
mation of the cable should be removed to bring the model closer to the 
reality. Moreover, the effect of the tangential drag, which was neglec
ted before, must be considered. The purpose of this chapter is to 
bring over these improvements in the analysis of a drifting buoy-cable-
array system. 

At f i r s t , a general Lagrangian formulation of the problem is 
presented. The steady state configurations of the flexible legs 
subjected to hydrodynamic loading are determined, and an approximate 
equilibrium shape of the three dimensional cable developed in terms of 
the slope and curvature at the central head. As the system with a l l 
i t s nonlinearities is not easily tractable, a linearized perturbation 
analysis around the steady state is undertaken. Frequencies for both 
lateral and longitudinal motions of the system are determined by analyz
ing the resulting eigenvalue problem, and the effects of different system 
parameters on the decay of the disturbances evaluated. 
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6.1 Formulation of the Problem 

Consider a buoy-cable-array assembly drifting with a uniform 

velocity V (Figure 6 - 1 ) . Let X Q , yg, Zg be an inertial co-ordinate 

system with its origin B fixed to the centre of the buoy. A parallel 

frame of reference x-|, yy ẑ  has its origin at the centre H of the 

array. Clearly, 

( x ^ . z , ) = (x 0 ,y 0 ,z 0) + ( x l b , y l b . z l b ) , (6.1) 

where x^, y^ and z^ are the co-ordinates of B referred to the co

ordinate axes x-j, y-| and z^, respectively. Consider an element ds at 

a distance s from H, measured along the cable. The unit vectors , 

e „ and e define the orientation of the element such that e. is nc pc tc 
tangential to it and positive in the direction of travel upstream along 

the cable, and e is normal to the element and lies in the plane formed nc 
by e ĉ and Wc> the relative velocity with respect to the fluid. The 

sense of 5 is such as to make i • W < 0. The third unit vector nc nc c — 

ip c completes the right hand orthonormal system. Let 3 be the inclina

tion of the element to the vertical and e the angle made by its 

projection in the horizontal plane with the Xg axis. The above mentioned 

unit vectors can be expressed in terms of 8» e, i» j and k as follows: 

e t = sinBcoscT+sinBsinej+cosBk" , (6.2a) 
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e n c = -cosBcosei-cosBsincj+sinBk , (6.2b) 

e p c = sineT-cosej , (6.2c) 

where T, j and k are unit vectors in xQ, yQ and zQ directions, respectively. 

On the other hand, the angles 3 and e are related to the Cartesian 

components of ds by 

dx, 

sinBcose = , (6.3a) 

d y l 
sinBsine = -jj- , (6.3b) 

and 
dz 

cosB = -jj- . (6.3c) 

The velocity of this element is given by 

V c = ( x r x l b ) i + ( y 1 - y l b ) J + ( z r z l b ) k . (6.4) 

The coordinate system x-j, y-j, z^ is transformed to x, y, z 
axes by rotations 0 of the plane of the array about ŷ  axis and ifi in 

the plane of the array giving its final orientation. As observed in 

Chpater 3, for analysis in the small, two Eulerian rotations describe 

any arbitrary orientation. The flexural displacements, which are now 

superposed on these rotations, can be resolved into two components: v̂  

in the plane Of the array and ŵ  perpendicular to it. Hence the co-

ordinates of a point on the i leg at a distance £L(0<£<1) from the 
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root are given by 

x = ^Lcosl^-v^.sinl^ , (6.5a) 

y = ^Lsinl̂ +v^cosÎ  , (6.5b) 

z = wi , (6.5c) 

where I. is given by (3.3b). 

The kinetic energy T of the system comprises of T g of the array, T̂  

of the central head and T of the cable where 
c 

T a = (m/2)(l + C m )[3(x 2

b + y 2

b + z 2

b ) + i E i 0 1 1 

+v2sin2i|Ji~CLvisin2iJji+w2)-2^ewi(c:Lsinii;i+vicos^i) 

. . . . . 
+20{-CLw-cosi|>1.+v1.w1.sin^ -̂w1.v.siniJ;1.-v1.sini(;. (xlbsin9+z^bcos9) 

• . . . . 
+w. (-x b̂cos8+z-jbsin9)}+2i|;{CLv^+v. (xlbcos9cos^i+ylbsin^i 

• • • • 

-z-|bsin0cos^^ )}-2v̂  (-x-j^cosesi1-+y^cos^^+z b̂sin0sini|K) 

-2wi(xlbsin9+zlbcos0)+(v2+w2)]d?] , (6.6a) 
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Th = ( m h / 2 )^ + C m n ) (x 2

b + y 2

b + z 2

b ) + ( I x x a s i n V l cos^)(62/2) 

m ̂ ^ r ^ i b ^ ^ ^ r ^ i b ) 2 ^ 2 ! - 2 ^ ) 2 ^ 1 ^ ^ ^ / 2 ^ ( 6 - 6 G ) 

c 

and \pj as obtained from (5.1). The above expressions include the kinetic 

energy associated with the apparent inertia. 

To determine x-jb, y^b and z^b appearing in the above expressions, 
43 

the geometry of the cable must be-known. It has been shown by Cannon 

that the two dimensional steady state cable configuration is given by 

+ f(3)(^f)2 = 0 , (6.7a) 
dŝ  a s 

where 

f(3) = [2pcgcos8+(pw/2)CTcdcV2sin23+PwCNcdcV2sin3cos3]/ 

[-Pcg sin3+(pw/2)CNcdcV2cos23] . ( 6 > 7 b ) 

Since the above 

may be obtained 

of the equation 

equation is not tractable exactly, an approximate solution 

by taking an average value for f(3), say f. The solution 

can now be obtained as 
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3 = Bh+0/fHn(l+fGhs) , (6.8a) 

where 

3h = (3) S = Q and = ( § ) 
s=0 

Hence from Equation (6.3c) 

z l 
/•s 

cosB ds 
0 

= [(l+fGhs)(fcosg+sin3)-(fcos3h+sinBh)]/Gh(l+f2) . (6.8b) 

If the curvature of the cable is assumed to be small, which is the case 
dB 

for most practical situations, G, = (-p-) is small, and its second 
n a s s=0 

and higher powers may be neglected. Hence from Equations (6.8a) and 

(6.8b) 

and 

B = Bh + Ghs , (6.9a) 

z ] =scosBh-(l/2)Ghs2sinBh . (6.9b) 

For the oscillating cable, it will be assumed that the functional relation 

between B and s remains approximately the same as that of a nonvibrating 

cable. However, the quantities Bn and Ĝ  now become functions of time. 

The equations .governing the behaviour of a cable in three dimensions 
43 

being of similar form , the expressions for B and e, similar to the 
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two dimensional solution for B, would be logical initial choices in 

the general case. Moreover, the lateral motion being usually small, 

sin e - e 

Accordingly, 

and 

B = Bh(t) + Gh(t)s , 

e = eh(t) + kh(t)s 

(6.10a) 

(6.10b) 

From Equations (6.3) and (6.10), neglecting second and higher powers of 

G h , eh and k h. 

x1 = s sinBh + (l/2)Ghs cosBh (6.11a) 

and 

y ] = (ehs + (l/2)khs^}sinBh 

z1 = s cosBh - (l/2)Ghs sinBh 

(6.11b) 

(6.11c) 

Noting that x ] b = ^ ( l Q ) , y]h = y-\(LQ) and z ] b = z ^ L j 

substitution of (6.11) into (6.6) leads to 

T = (^2/2)[m(l+C )(L2+ Z 
i - l 0 

v2dt:)+Izza]+(e2/2)[m(l+Cni){(L2/2) 

rl 
+ Z (sinty. 

i=l 1 0 
v2d?+ l w - d^-Lsi n2i/j. •> i i e v i d C ) } ^ x a s i n V l y y a * 
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cos»]+(m/2) ( l+C m ) Z 
m i=l 

3 rl . o . o . . 3 r l 
(vf+w^)dC-m(l+C)^G E {Lsimj/. 

0 1 1 m i=l ^0 
Sw.d? 

f l 

+COSIJJ. 
. 3 r l 

v.w.d?}+m(l+C)e E 
0 1 1 m i=l 

(-L^w. cos*. +v. w. s i n*. -w. v. s i n* •) d£ 
\ I 1 1 1 1 1 1 I 

+m(l+Cm)L^_E^ 
f l 

?vid5+m(l+Cni)Lc03h[{sin(3h-6)+(Gh/2) * 

3 r l 

Lccos(Bh-9)},Z sin^.j v.d5-{cos(Bh-e)-(Gh/2)Lcsin(Bh-9)} * 

3 f l 2 . . 3 
Z w,d?]+(m/2)(l+Cm)L;eGh[sin(3h-e) Z sin*, i=l J 0 m c h n . = 1 i 

rl 
v.d£ 

3 rl 
-cos(B h -0)Ej o

w

i

d ^] + m (l+C m )L c *B h E^[cos*i{cos(Bh-6)-(Gh/2)Lc 

f1 

sin(B h-e)}+sini|».cosB h(e h+k hL c/2)] v.d?+(m/2) (l+CjL^Ghcos(Bu-e)' 

3 rl 
Z cos*. 

i=l 1 

3 rl 
o V i d ? + m(l + C m )L c *(e h + k h L c /2)s inB h i Z i Sin* i 

3 rl 
+ m ( 1 + C m ) L c i f 1 J 0

( X i l V i + X i 2 W i ) d ? + ( X 3 / 2 ) L c (6.12) 

where 

= Bn[sin*i{cos(8h-0)-(Gh/2)Lcsin(8h-e)}-cosiJ;i(eh+khLc/2)cosBh] 

+ (GhLc/2)sin*icos(3h-e)-(eh+l<hLc/2)cos*isin3h , 
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X i 2 = 3 h{sin(3 h-e)+(G h/2)L ccos(6 h-6)}+(G hL c/2)sin(B h-e) , 

and 

X 3 = 32[{mT+(mca/3)(l+e2cos23h)}+£hkhLccos23h(mT+5rnca/12) 

+ (G 2H 2)(L 2/4)(m T+8m c a/15)]+e 2[(m T+m c a/3)sin 23 h] 

+ ( G 2 + k 2 s i n 2 3 h ) ( L 2 / 4 ) ( m ^ 

+23 he hsin3 hcos3 h[e h(rn T+m 6 a/3) + (khLc/2)(mT+5mca/12)] 

+BhkhLcsin6hcosBh[eh(mT+5mca/12)+(khLc/2)(mT+8mca/15)] 

" ' 2 +e,k.L sin 3. (mT+5m /12) . h h c h T ca .' 

Here mT and m are the total apparent masses of the array and the cable, i ca 
respectively. 

The potential energy U of the system consists of the gravitational 
energy U and the strain energy U stored in the legs of the array and y 6 
can be obtained to be 
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g e ha lb <z,-z 
3 flr/92v.x0 /32w. 

1„) gp cds +( EI/ ZL 3) fzJ[{- ?l}2 +{ 

-mhgLc{cosBh-(GhLc/2)sinBh}-mcgLc{(l/2)cosBh-(l/3)GhLcsinBh> 

3 f l r , 3^v n o /32w_. • 
(6.13) 

The Lagrangian equations of motion can now be written as 

IL + w= QJ' ( q j - - <v v v v * a n d e> (6-14a> 
K J J 

and 
^ /v 

3t 
3 (31). JDL + <L!L = (qk = v k , wk; k = 1,2,3) , 

3qk 3qk 3qk 

(6.14b) 

where T and U are the kinetic and potential energy of the system given 

by (6.12) and (6.13) respectively, T and U the corresponding densities 

and Qj and Qk the generalized forces arising due to nonconservative 

forces acting on the system. Equations (6.14b) are valid for elastic 

legs, but can easily be modified for the viscoelastic case by replacing 

E with the appropriate modulus. It may be noticed that the motion 

of the system is described by a hybrid set of equations since Equations 

(6.14a) are ordinary differential equations while (6.14b) are partial 

differential equations. 
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The contributions to the generalized forces Qj(Qj = ^h'^h'eh' 

k ,̂ i> and 9) comes from the hydrodynamic forces on the cable and legs 

of the array while Qjjq^ = v^'^) results both from the hydrodynamic 

forces and the axial forces due to the internal pressure. The contri

bution due to the pressure forces is 

k̂ = " ( F a / l - 2 ) 1 ' qk ~ W k = 1>2>3 • ( 6- 1 5) 

As before, the tangential and normal forces acting on an element ds 

of the cable can be written as 

d f Tc = ^ . / ^ T A ^ c ^ c ^ c "etJ"etc ds . (6.16a) 
and 

d FNc = - ( V ^ V c ^ ^ c - ^ c ^ ^ c ^ ^ c - ^ c - ^ c ) ^ ^ 5 ' ( 6 J 6 b ) 

where Wc and e ĉ are the relative velocity with respect to the fluid 

and unit tangential vector of the element, respectively and can be 

shown to be 

Wc = [V+3h(s-Lc)cos3h+(Ghcos3h-Gh6hsin3h)(s2-L2)/2]i 

• • • • 

+[(ehsin3h+eh3hcos3h)(s-Lc)+(khsin3h+kh3hcos3h) * 

(s2-L2)/2]j+[-3h(s-Lc)sin3h-(Ghsin3h+Gh3hcos3h) * 

(s2-L2)/2]R , (6.16c) 
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i t c = (sin3h+Ghs cos3h)T+(eh+khs)sin3hJ+(cos3h-Ghs sin3h)k . 

(6.16d) 

t h 

Similarly, the hydrodynamic forces acting on an element Ld£ of the i 

leg are given by 

dF i T = (pw/2)CTLd(WJli .et.) -i t 11i t ide . (6.17a) 

d F i N ^w/^ C N L d t W Ai" ( W « • 5 t i > 5 t i > I tt£i - ( f l £i ^ t i ^ t i l 

(6.17b) 
where 

W£i = [V-3hLccos3h-(Ghcos3h-Gh3hsin3h)(L2/2)+8{sin0(-acos^i 

' +v.simjK )+wicos0}-̂ cos8(̂ Lsin 1̂.+v1.cosiJ;̂  J-v^cosesin^. 
+w isin0]T+[-(ehsin3h+eh3hcos3h)Lc-(khsin3h+kh3hcos3h)(Lc/2) 

+ip(acos^i-visiniJJi)+vicosi|;i]j+[3hLcsin3h+(Ghsin3h+Gh3hcos3h)1 

(L2/2)+0{cos8(-CLcosiJJi+visiniJJi)-wisin8}+iJjsin8(CLsin î 

+vi.cosipi)+v^sin6sin^+w^cos8]k , (6.17c) 

and 
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i 9 v - 1 3 w -
e.. = (cosGcosip.- r cosOsi ni|j-+ r- ~~ s i n0) T+( si nip. 

Ul 1 L at, 1 L dc , 1 

, 3v. , 9v. , 9w. 

+ j- cos î )j+(-sin9cosi|;i+ j- sin6sim|>i+ j- cos6)k. 

(6.17d) 

The above expressions can be used to determine the generalized forces. 

6.2 Equilibrium Configurations 

To obtain the equilibrium configurations(represented by 

subscript'0'), the time derivative terms must vanish. Hence from 

(6.14) 

Qj 0 = 0 , (qj = 6 , eh, kh) , 

9 L c K { S 1 ' n V ( W 2 ) c O S W + \ { ( 1 / 2 ) s i n 6 h 0 ^ W 3 ) C ° S 3 h 0 } ] = W 

gL2[(mh/2)+(mc/3)]sin3h0 = Q G h Q . 

34q 92q 
(EI/L4) —1° -(F a /L 2 ) — | ° - Q K Q . (qk s V , , W , ) . (6.18) 

dt, dt, 

The above equations yield (Appendix I) the steady state solutions: 

*0(= ^io 'V = 0 or TT/3 , (6.19a) 

6 = 0 or TT/2 , (6.19b) 
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n. 0 = v i Q/d - - ( p y L 4 / 2 E I ) C N | ( l - c o s 2 e 0 c o s ^ i 0 ) 1 / 2 | c o s e 0 s i n i J J i 0 Y 0 ( O , 

(6.19c) 

?iO = W i O / d " ( P w
v 2 L 4 / 2 E I ) C N | d - c o s 2 0 o c o s 2 i j ; . o ) 1 / 2 | s i n e o Y o ( c : ) , 

(6.19d) 
where 

YQ(e) = (l/P)[(l/P){cosh S? -cosh /P (!-€)}-(*•/ »/P)sinh /P +(5*/2)], 

and P is obtained from Equation (2.15). Only the orientation 6g = 0 
is of interest to us. Correspondingly, 

and 
n i Q = -(p wV 2L 4/2EI)C N|sin^ i 0|sin^ i 0Y 0(^), (6.19c') 

C i Q = 0 . (6.19d') 

The cable shape is given by 

eh0 = kh0 = 0 ' ( 6- 1 9 e> 

{mh+(mc/2)}gsinBh0+{(mh/2)+(mc/3)}g(Gh0Lc)cos3h0 = (p w/2)V 2[{C NLd * 

+ C N c ( L c/2)d ccos3 h 0}cosB h 0 - { c ; ( L/2)dsinB h 0 + ( L c/6)d c ( C N csin23 h 0 

+ C T c s i n 2 B h 0 ) } ( G h 0 L c ) ] , (6-190 
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{(mh/2)+(mc/3)}gsin3h0 = (pw/2)V2[(l/2){C*Ld+CNc(Lc/3)dccos3h0} 

cos3 h 0-(L c/8)d c(C N csin23 h 0 +C T csin 23 h 0)(G h 0L c)] , (6.19g) 

where 

'* i=l 

3 r1 1 2 1 8 n iO 
o[-CT(cos^ i 0- -R- sin* i 0) |cos*.0- pr s1ro|>10| 

1 8ri. Q 2 -j g 
+ C N (s in^. 0 + R - ^ - C O S ^ 0 ) |sini|;i0+ ^-^-cosip i 0 | ]d? . 

(6.19h) 

Equations (6.19f) and (6.19g) can be solved simultaneously to determine 

3^Q and G ^ Q for a given set of system parameters. 

6.3 Motion Around the Stable Equilibrium Configuration 

The differential equations governing the motion of the system 

are coupled, highly nonlinear and not amenable to analytical methods 

due to their complexity. The numerical solution to these equations is 

likely to be very expensive in the light of the fact that a great amount 

of computer time was required even for the simplified model considered 

before. Hence the dynamics of the system is investigated by giving 

small disturbances to the steady state solution and studying the 

resulting linearized equations. While considerable amount of information 

can be obtained following this procedure, the analysis is vastly 
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simplified since a set of linear differential equations describing a 

dynamical system can easily be converted to a set of algebraic 

equations. Thus the generalized co-ordinates are represented by 

*i = ^i0+ 6^' 6 = V 6 0 , n i = n i 0 + 6 n i ' c i = c i 0 + 6 V 

3h = 3 hO + 6 B h' Gh = 6 hO + 6 G h' eh = e h0 + 6 e h 

and kh = khQ+6kh . (6.20) 

In the subsequent analysis, the second and higher powers of the variations 

Sty etc. are neglected. Similarly, the terms involving higher powers 

of (1/R), where R is the length to diameter ratio of each arm, are also 

ignored. This is a reasonable assumption considering the fact that R 

is likely to be greater than 20. 

The position vectors r\ and r c with respect to the inertial 

co-ordinate system are now given by 

? i = t-Lc{sinBh 0 +(Gh 0Lc/2)cos6h 0}-Lc{6Bh +(Lc/2)6Gh}{cos3h 0 

' -(Gh0Lc/2)sin3h0}+L{(?cos^ i0-n iosiniJ;10/R)-6ij;(Csin^ i0 

+ni0cosi|;.0/R)-6nisin^i0/R}]T+[-Lcsin6h0{6eh+(Lc/2)5kh} 

+L{(Csin^i0+ni0cos^i0/R)+6iJ;(t:cosi|ji0-ni0sin^i0/R) 
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and 

+6n icos* i 0/R}]j +[-L c{cos6 h 0-(G h 0L c/2)sin6 h 0} +L c{66 h 

+(L c/2)6G h}{sin6 h 0+(G h 0L c/2)cos6 h 0}+L{-(^cos* i 0 

-ni0sini[i.0/R)6e+6ci/R}]ic , (6.21a) 

r c = [{(s-L c)sin6 h 0+(G h 0/2)(s 2-L 2)cos3 h 0}+63 h{(s-L c)cos3 h 0 

(G h 0/2)(s 2-L 2)sin3 h 0}+6G h(l/2)(s 2-L 2)cos3 h r j]T 

+sin3 h 0[<Se h(s-L c)+(6k h/2)(s 2-L 2)]j+[{(s-L c)cos3 h 0 

(G h f J/2)(s 2-L 2)sin3 h 0}-63 h{(s-L c)sin3 h 0+(G h 0/2)(s 2 

-L 2)cos3 h 0}-6G h(l/2)(s 2-L 2)sin3 h f J]R , (6.21b) 

while the relative velocities Ŵ.. and w"c are obtained by differentiating 

the above equations with respect to the time and adding TV to i t . The 
unit vectors i . . and e. can be written as t i tc 

e t i = [{cos*. 0-(l/R) sin* i f J}-{6*+(l/R)-^- }{sin* i f J 

3n i n 3n i n + ( l / R ) - g ^ cos* i 0}]T+[{sin* i r j+(l/R) -^-u- cos^.Q} 
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36n. 3n.n 

+{6*+(l/R) -^-}{cos* i Q - ( l /R) sin* iQ}]j 

3n.n 36?. _ 
+ [-6e{cosiJ; i0-(l/R) sin*i0}+(l/R) ]k , (6.21c) 

and 

He = [ { s i n B h o + G h o s c o s 3 h o ) + ( c o s e h o - G h o s s i n B h o ) 6 V 6 G h s c o s 3 h o ] T 

+ ( « e h + 6 k h s ) 5 + C ( c o s 3 h O - G h O s s i n 3 h 0 ) - ( s i n 3 h 0 + G h 0 S C O s 6 h 0 ) 6 B h 

-5Ghs sin6h()]R . (6.21d) 

The generalized forces can now be determined using the principle of 

virtual work in conjunction with Equation (6.21). 

Retaining upto the quadratic terms in the expressions for 

kinetic and potential energy (Equations 6.12 and 6.13, respectively) 

the Lagrangian equations of motion are 

(1+I 7W+(1/R) l 
z i=l 

3 r l ^d ? + (R £ /R)(6^ + 6k^L c /2)s in3 h 0 I n -
0 

(6.22a) 

[{(l/2) + (-l)N - 1(/37R) ^n0d?}+I*sin2*0+I*cos2*0]60l,-(l/R) 
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i=l 1 U 

1 
?6 ?Vd ? +(R £/R)[ {sinB h 0 +(G h 0L c/2)cos3 h 0}63j 

+ s i n 3 h 0 ( L c / 2 ) 6 G S ] I n - Qe , (6.22b) 

(l/R){sinB h 0+(G h 0L /2)cosS h Q}{I 66"+ S 
i=l 

r l 
6qd?}+(l/R){cosB h 0 

r l 
•(G h 0L c/2)sin3 h 0}Z s i n ^ . 0 

1=1 
6nVd ? +( 3 +r h, +r c £/3)R,6B K 

+ < 3 + r h £ + 5 ^ / 1 2 ) W 2 > 6 S = °3h (6.22c) 

(1/R)sin3. n { I 69"+ E 
rl 
6?"d£}+(l/R)cosBhn Z sir#. n 

0 1 n u i = l 1 U 

3 rl 
6n"de 
0 i 

(6.22d) 

(1/R){I Sty"- Z costK n n i = 1 iu 
rl 
«n ;d5}+(3 +r h A +r a/3) R j ls1nB h 06 ej; 

+t 3 + rh£ + 5 rc£ / 1 2 ) R^ s 1 n BhO ( Lc / 2) 6 kh = °eh ' { 6" 2 2 e> 

(1/R){I 6ijV'- Z cosi|Kn n i = 1 iu fin;d5}+(3+rhA+5rcJl/12)RJlsinBh06eJ 

+ ( 3 + r h £ + 8 W 1 5 ) V i n B h O ( L c / 2 ) 6 k r i = Qkh • ( 6" 2 2 f> 
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{C6r+(l/R)6n'j}+RJlsini[;i0[{cosBh0-(Gh0Lc/2)sin3h0}6B[; 

+cosBH 0 (L c/2)fiG ;]-R lcos*. 0sinB h 0{i E ;+(L c/2)ik|;} = Q * . . 

(6.22g) 

[-{?cos^i0-(l/R)ni0sin^.0}6e,,+(l/R)6c:V]+RJl[{sin3h0 

+ (Gh0Lc/2)cosBh(J}6Bj;+s1nBh0(Lc/2)6GJ] = Q * , 1 = 1,2,3; 

(6.22h) 

where prime denotes differentiation with respect to T defined in 

Equation (5.11), R = L /L and 

N takes the values 1 and 2 for the equilibrium configurations ty^ = 0 

and TT/3, respectively. Here 6n̂  and Sĉ  can be expressed in terms of 

a set of admissible functions ¥ . (£) (mode shapes with equivalent P) 

as follows: 

OO 

6n, = l S a . - U W . U ) 
i j=l 1 J J 

0 0 

6e. = Z 6b. .(xh-U) . 
1 j=l 1 J J 
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* 
For convenience, the dimensionless generalized forces etc., shown 
in Appendix II, also include the potential forces. By assuming solutions 

AT 

of the form 6* = |6*|e etc., Equation (6.22) yields an eigenvalue 

problem of the form 

[A] {q} = A[B] {q} 

which can be studied by matrix iteration method to determine the influ

ence of different parameters on the system behaviour. 

6.4 Results and Discussion 

As seen from Equations (6.19a and b), there are four possible 

steady state orientations. However, the attention is focussed only on 

the stable one corresponding to the array remaining horizontal and the 

leading leg aligned in the direction of drifting (*Q =6^=0). There 

are no out of plane flexural displacements corresponding to this 

equilibrium configuration but the hydrodynamic forces acting on the 

arms produce some inplane deflections as given, approximately, by (6.19c1). 

Clearly, the arm oriented along the drifting velocity remains undeflected 

while the other two have equal bending deformations but in opposite 

directions. It may be pointed out that for large L and V, these 

deflections are likely to be substantial as the elastic modulus of the 

arm material is usually not very high (E for the sandwich material of 

polyethylene and mylar is of the order of 25 x 104 psi). Hence for large 

length to diameter ratio R, an expression slightly more accurate than 



(6.19c1), was used to compute the deformations (Equation I.2e). 

Due to the symmetry of the towed body, the cable lies in a 

plane in its steady state configuration. The corresponding slope and 

curvature at any given point can be characterized by B^Q and G ^ Q . 

Figure 6-2 shows the variation of 0^Q and B^Q (=3no+^h0^c^ w1"*'1 

different system parameters. It may be noticed that the difference 

between B^Q and B^Q is not very large, which substantiates the assum

ption that the second and higher powers of G^g may be neglected. For 

given cable dimensions, central head and R ^ , B n g and B^Q are almost 

equal for small length to diameter ratio ( R ) , i .e., the cable is 

essentially straight (Figure 6-2a). As R is increased, the difference 

between the two angles gradually increases making the cable appear 

convex when viewed from the buoy. The angles themselves are smaller 

for larger R since the drag forces acting on the array decrease with 

reduction in diameter. The cable remains closer to the vertical with 

its curvature reduced as the central head is made heavier. It is 

clear from Figure 6-2b that for a given cable length and leg diameter 

B^Q and B^Q at first increase, subsequently reducing with an increase 

in R ^ . This is because when the legs are shortened, the total drag 
* 

initially increases due to a comparatively larger value of C .̂ How

ever, when the length of the legs are reduced further, the total drag 

drops because of a smaller projection area. The effect of making 

the diameter of the cable larger is to keep it closer to the 

vertical. 

The eigenvalue problem described by (6.22) was analyzed to 

study the perturbations from the steady state configurations. From 
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Figure 6-2 Equilibrium configurations as affected by: (a) length to 
diameter ratio (R) of a leg and the weight of the central 
head; (b) length ratio R0 and the diameter of the cable 
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the eigenvectors obtained, it was observed that the lateral and 

longitudinal motions decouple, at least for the small motions under 

consideration. The former involves only Sty, 6 ^ , 6k̂  and 6n-(i=l .2,3). 

The flexural vibrations are such that either 6 n 2
 = n̂̂  or 6n-| = 6n2

 + 

67-13 = 0. On the other hand, the latter involves only 60, 6g ,̂ 6G ,̂ 65^ 
and some inplane bending displacements under the constraints 6n-| = 0 

and 6n2

 = '^3- With this information Equations (6.22) can be divided 

into two sets which may be analyzed separately to study the lateral 

and longitudinal motions. This results in further saving of computer 

time required for matrix inversions. Furthermore, it was noticed 

that for small motions the sums (63h+6GhLc/2) and (6e h+6k hL c/2) can 

be treated essentially as distinct variables. The order of the 

eigenvalue problem depends on the number of admissible functions (mode 

shapes of a cantilever with equivalent P) taken in the expansions of 

6nn- and 6c.j. In the actual computations only the first two modes were 

considered as they are likely to be the most important ones. 

Three distinct sets of eigenvalues were obtained for both 

lateral and longitudinal motions: 

(a) two pairs of eigenvalues describing the motion in which 

the rotation of the array and angular displacement of 

the cable are prominent; 

(b) a set of frequencies corresponding to the first mode of 

the arms; and 

(c) a set corresponding to the second mode. 

The imaginary part of the eigenvalues in the set (a) may be zero or 

non-zero depending on the values of the parameters. On the other 



hand, the two sets (b) and (c) invar iab ly contain non-zero imaginary 

parts and therefore involve o s c i l l a t o r y motion of the system. The 

e f fec t of the f l e x i b i l i t y becomes apparent i f one r eca l l s that in 

the r i g i d array ana lys i s , the system was always overdamped. However, 

except for very small ( i . e . long legs ) , the real parts of a l l the 

eigenvalues were found to be negative, s i gn i fy ing asymptotic s t a b i l i t y . 

The absolute values of the imaginary parts of the eigen

values for both l a te r a l and longitudinal motions have been plotted 

against R and R̂  in Figure 6-3. In general, the frequencies increase 

with R̂  (Figure 6-3a). For a pa r t i cu l a r mode of l a t e r a l motion in 

which the perturbation of * dominates, the eigenvalue has zero 

imaginary part except for very large values of R .̂ The corresponding 

t r an s i t i on for 66 in longitudinal motion takes place at smaller R .̂ 

The frequencies are comparatively less influenced by the length to 

diameter r a t i o R of the legs (Figure 6-3b) and show a s l i gh t increase 

with R for the longitudinal motion. On the other hand, in the l a t e r a l 

motion they at f i r s t increase, but subsequently reduce. The weight 

of the central head has neg l i g ib le e f fec t on the eigenvalues, but a 

shorter cable increases the p o s s i b i l i t y of o s c i l l a t o r y rotat iona l 

motions (not shown). 

In order to compare the damping rates for d i f f e ren t system 

parameters, a rb i t r a r y perturbations of 0.2 radian were given to each 

rotat ional degree of freedom while the var iables 6a . . and 6b.. were 

assigned the values 0.2 and 0.1 corresponding to the f i r s t and second 

mode, respect ive ly. The time to damp within ±5 percent of the 

o r i g ina l disturbances was noted. The e f fec t of a given parameter on 
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the decay of lateral and longitudinal motion was observed to be 

similar (Figure 6-4). Note that an increase in R£ improves the 

decay of the disturbances, suggesting the use of shorter arm lengths 

for a given cable. This is consistent with the conclusion of the 

rigid array analysis. However, a larger R does not reduce the 

damping times indefinitely as predicted by it . This is because of 

the increase in flexibility with reduction in the leg diameter. Above 

certain R (about 50 for the set of parameters considered), the motion 

appears to build-up instead of decaying. This may be partly due to 

the fact that the steady state bending deformations given by (6.19) 

are not accurate for large R. But the fact remains that the 

stability is reduced if R is increased indefinitely. A change in the 

weight of the central head has very little influence on the damping 

characteristics. On the other hand, a larger L c tends to decay the 

cable oscillations faster. 

6.5 Concluding Remarks 

The above analysis leads to the following conclusions: 

(i) The array lies in a horizontal plane, with its leading 

leg aligned in the direction of drifting, in the stable 

steady state configuration. There are no out of plane 

flexural displacements. The first (leading) leg has 

no inplane bending deformations either, but the other 

two undergo symmetrical flexure. 
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(ii) The cable lies in a plane in its equilibrium configuration. 

A heavier central head or smaller diameter of the arms 

keeps the cable closer to the vertical. The cable is 

essentially straight for larger arm diameters. - As the 

length of the arms is decreased, and 6kQ at first 

increase, reducing subsequently, 

(iii) The system is asymptotically stable unless R̂  is very 

small,i.e. the legs are too long. 

(iv) In accordance with the rigid array analysis, shorter arm 

length improves the decaying characteristics of the 

system. However,as pointed out before, the minimum 

acceptable length is determined from signal processing 

considerations and a compromise has to be made in the 

design. 

(v) The damping time is initially reduced if length to 

diameter ratio R is increased. But above a certain R, 

the stability of the system decreases. Hence,for a given 

cable and arm length,there is an optimum diameter which 

must be used in the design. 
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7. CLOSING COMMENTS 

7.1 Summary of Conclusions 

As indicated at the outset, the main objective of this investi

gation has been to gain some insight to the statics and dynamics of 

submarine detection systems employing neutrally buoyant inflated struc

tural members. The emphasis has been on the determination of trends 

rather than presenting massive data, specially in the cases involving 

considerable expenditure of computer time. Interest throughout has 

been in the development of approximate analytical procedures. The 

important conclusions based on the study can be summarized as follows: 

(i) The inflatable members under consideration are made of 

materials exhibiting time dependent elastic properties 

which can be described with sufficient engineering 

accuracy by a three parameter solid model, 

(ii) The dynamical analysis of each arm accounting for the 

hydrodynamic forces and axial tension due to the internal 

pressure', proves useful in the subsequent study of a 

more complex submarine detection system, 

(iii) Investigation of the coupled motion of an array consisting 

of three legs and a central head yields the influence 

of different system parameters on the natural frequencies 

of its inplane and out of plane motions. For small values 

of inertia parameters, there is a possibility of unstable 

coupled motion above a certain magnitude of the pressure 

parameter. 



(iv) The study of free vertical oscillation of the buoy-

cable-array assembly yields two sets of repeated natural 

frequencies corresponding to the independent motion of 

the legs and a third set describing the coupled motion. 

During the coupled pure vertical motion, all the three 

legs move identically, 

(v) The vertical oscillations of the leg tips can be reduced 

by using an elastic cable with small stiffness, legs 

having a large fundamental frequency or a heavier central 

head. 

(vi) When the buoy-cable-array assembly is drifting with a 

uniform velocity, the stable steady state configuration 

corresponds to the array lying in a horizontal plane 

with its leading leg aligned in the direction of drifting. 

There are no flexural displacements of the leading leg, 

but the other two undergo symmetrical bending deformations 

The equilibrium shape of the cable is confined to a plane 

due to the symmetry of the system. A heavier central 

head, smaller length or diameter of the arms keep the cabl 

closer to the vertical, 

(vii) The rigid array analysis shows that the drifting system is 

asymptotically stable in the range of practical interest. 

The disturbances damp out faster for shorter arms or 

smaller diameter, 

(viii) For long arms or very small diameter, flexibility of the 

legs causes the perturbations from the steady state con-
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figurations to grow. Hence,for a given cable and arm 

length,there is an optimum diameter for the best decaying 

characteristics. Although smaller arms give greater 

stability to the system, they might create problems in 

signal processing due to a reduction in phase difference 

of the detected signals leading to a degree of compromise 

in the final design. 

7.2 Recommendation for Future Work 

There are numerous possibilities for extension of the present 

investigation. Only some of the important ones are mentioned below: 

(i) In the analysis of the drifting system presented here, 

the buoy is assumed to move with a uniform velocity. This 

makes the expressions for kinetic energy comparatively 

less complex as the origin of the inertial co-ordinate 

system can be fixed to the centre of the buoy. However, 

in the actual practice, the drifting buoy is likely to 

undergo wave induced forward, up and down and/or rolling 

motions as well. An investigation taking this aspect of 

the problem into account is likely to be quite complex. 

Hence a first step might be to consider a rigid array, 

subsequently including the effect of flexibility, 

(ii) Two rotations are sufficient to specify any orientation 

of the array only for small amplitude motions. A more 

general analysis of the drifting system should consider 

three Eulerian rotations. 
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(iii) There is a possibility of excessive flexural displacements 

for legs with very large L/d. A more accurate bending 

theory should be used under these circumstances as the 

slope is no longer negligible compared to unity, 

(iv) In the present investigation, the cable was first approxi

mated by two straight lines, a more accurate shape being 

considered subsequently. However, there is a scope of. 

further improvement in the cable configuration by consider

ing the set of partial differential equations governing 

its dynamics al though the work involved may be enormous. 

Furthermore, the internal waves travelling along the cable, 

which are ignored here, may be considered, 

(v) The current study deals with the motion of the system 

after it has attained its final shape. A study of its 

dynamics during inflation should constitute an interesting 

problem. 

(vi) A systematic experimental program to determine the apparent 

mass coefficient, one of the uncertain parameters in the 

analysis, should prove quite useful. Prototype tests in 

the ocean would undoubtedly supplement the analyses. 
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APPENDIX I 

STEADY STATE ORIENTATIONS OF THE ARRAY 

In the steady state, 
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1 8n f iO 
( C T / R ) _z^cos60cos^ i 0|cose0cos^ i 0| j ( £ - n i Q ) d ? 

2 f i r n c 2 i l , . >1 /2 + (yR) ^ l O - c o s ^ c c s ^ ) ' ^ 
0 
C[cose0sin^i0+(l/R) * 

3 r l-iQ 2 2 2 2 
COS0QCOSI|KQ{1+COS 0Qsin ^/ ( l -cos 0Qcos ^ Q ) } 

3? iO (1/R) - j ^ - coseQcosij;i0{sin90cose0siniJ;i0/(l' 

•cos2eocos2^i0)}]d? = 0 (I.la) 

3 rl 3? i Q 

( C T / R ) #z cos6ocosi|;iO|cos0ocosi(>iO| J ( C - g | - -s i Q)cosiJJ i 0 d£ 

3 1 
+ ( C N / R ) ^ | (l-cos 26 0cos 2ij) i o) 1 / 2 | ' 

i=l 0 
[5cosi^ i O { s in0 o + ( l / R ) * 

3nn-Q 2 2 
cos0Qcosijj i. o(sin0QCOse osinij; i. o)/(l-cos 0Qcos IJK Q ) 

-(1/R) - ^ r cos0 o cos^ i o (l+sin 20 o /( l-cos 20 o cos 2i|; i o))} 

( l /R)sin^ i o (n i O sinO o +c ; i O cos0 o sin^ i o )]dc: = 0 , (I.lb) 
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3 4 32 

7T - p r = (Pw

v 2 |- 4/ 2 E I)[CTcose 0cos* i 0 |cosG 0cos* i 0 |(l/R) 
9£ 3C 

3n-n o o i/p 9 r | i f ) 
+CN|(l-cos^eocos> i 0) , / £|{coseosin* i 0+(l/R)-g^- cos60 * 

? ? ? ? 3 i o ^^^(^(cos 'eQSin^.Qj /d-cos'eQeos^.QjJ-d/R) cos8Q * 

2 2 
cos* i 0(sin60cose0sim|> i 0)/(l-cos eQcos *.Q)}] , (I.lc) 

4 2 
3 Ci0 n

 3 ? i0 _ ,_ „2,4 -P Y- = ( p w V V / 2 E I ) [ C T c o s e o c o s * i o | c o s e 0 c o s * i o | ( l / R ) 

3 ̂  3 T"| 
—g|— -C N | ( l-cos 2 e 0 cos 2 *. 0 ) 1 / 2 |{sin8 0 +d/R) cose ocosi|; i o * 

2 2 3**i0 (sin8 0 cose 0 sini j> i 0 ) / ( l -cos 8Qcos *.Q)-(1/R) c o s 8 0 c o s * i f J 

(l+sin280/(l-cos2e0cos2* i 0))}]. (I.Id) 

Examination of the above equations yields 
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* i f J = I. or I. + TT/3 , (1.2a) 

'0 0 or TT/2 . (1.2b) 

Only the orientation 9g = 0 is of interest to us. Correspondingly, 

C i 0 = 0 , (I.2c) 

and n̂ g satisfies the equation 

4 2 
~- -P f = (pwV2L4/2EI)[A.+B i(l/R) , (1.2d) 

3£ 3£ 

where 

A. = C N | s in*. 0 | s in* i 0 , 

and 

B. = {CT|cos* i 0|+2CN|sin* i 0|}cos*.0 , 

with the boundary conditions 

2 3 

n 1 0(0) - - j lS tO) - ~ ^ 0 ) - — f ( ' ) - ° • 

If the slope is not very large, the second term on the right hand 

side of (I.2d) may be neglected compared to the first, as the former 
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is multiplied by (1/R). The solution to (1.2d) can nov; be written -

as 

n i f J = -(pwV 2L 4/2EI)CN| s in^ i 0 | sin^i0(1/P)[(l/P){cosh/P 

-coshv^(l-0}-(t;/v^)sinh/P+(52/2)] . (1.2d') 

If the slope is large, the second term on the right hand 

side cannot be neglected in Equation (I.2d) and the solution is 

obtained in the form 

3n, 0 3 
Z D i rexp(airc;)-RA i/B i , (I.2e) 

where a^r(r=l,2,3) are the roots of the cubic equation 

a 3

r-Pa. r-(pwV 2L 4/2EI)(l/R)B i = 0 . (I.2f) 

The constants D^r are evaluated using the last three boundary conditions. 

n i Q may be obtained by integrating (I.2e) with the help of the condition 

n i 0(0) = 0 . 



APPENDIX II 

GENERALIZED FORCES 

3 * * rl 86n. 3 (1 * 
Rr^C.,. ^ |cos^i0|cos^.0j^{6^+(1/R) - ^ } d £ + C N _ z J J s i m j K g , 

36n. * 3n i n 

[{6^+(l/R) -^ 1}{2?cosiP i 0-(l/R)(5-^ -ni0)sinip.0}-:20C{63^ 

* * + (Lc/2)6Gh}cos6h0sinij;io+20?{6eh+(Lc/2)6kh}sin3hocos^io 

(20/R£)?26^'-(20/RRJi)C6Ti:]d?] 

3 * . * r1 

R^CCy^S ICOŜ .QICOŜ .Q Ccos^i0{6ecos^i0-(l/R) -̂ pMC 

rl 
sirnpi01 {^costy.Q-(1 /R)n.jQsini/;iQ}[costy.gUecosij;.Q 

36C. * 
(1/R) - j ^ ) +10{63h+(Lc/2)6G|;}sinBh0-(10/R;,){5cosiJ;i0 

•(l/R)ni0siniJ;i0}+(10/RRjl)6c:]dc:] 
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V = R r l [ - r h d [ { ( c 0 s B h O - G h O L c s i n 3 h O / 2 ) + r c h ( c O S B h O / 2 

- G h O L c s i n W 3 ) } 5 V C O s B h O ( 1 + 2 r c h / 3 ) ( L c / 2 ) 6 G h ] 

3 
+CTR£_EJcosty.01 [3cosghfJsinty.Qcosty.Q{&ty+ (1 /R) 

-^|-}-sin3 h Ocos^ i o{60cosi |J i O-(l/R)-^|-}+1Ocos3 h OcosiJ; i o 

{(6B,;+6GhLc/2)cos^*0cos3*0+(6eh+6khLc/2)sin^*0si 

o|sin^. 0|[3cosB h 0 

* * 36T"). ^. ^. ^ 
sin^i0cos^i0{6i|j+(1/R) -^}-sinB h Qcosi{j i o{60cosiJJ i O 

(l/R)^}-10{6B h+(L c/2)6G h}(2cos 2B* 0sin 2^ i 0+sin 2B* 0) 

+20sin3 h 0cos3h 0sim |>T 0cos^ 

{ ^ , + (l/R)6n!}+(10/R £)sinB^ 0{6e ,(CcosiiJ i 0-n i 0sirn(; i 0/R) 

-(l/R)6q}]d?-C T cR dR 2|sinB h 0|sinB h 0(l/2)(6B h+6G h/3) 

-C N cR dR 2[{sin3 h 0cosB h 0-G h 0(L c/6)(3sin 2 a h 0-1)}6B n 
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+6G h(L c/3)sin6 h 0cosB h 0-(20/3){(cos3 h 0 - G

n o Lc s i n 3 h O / 4 ) 5 3 h 

+(5cosB H 0/4-7G h 0L csinB h 0/20)6G h(L c/2)}]] 

r l 
Rr 1(L c/2)R £[C T iZ i jcosip i 0j [3cos3 h 0sim|;* 0cos** 0{5i|;+(l/R)^ 1} 

36n, 

* * 3<5c. * " * * 
-sin3 h 0cos* i 0{6ecos* i 0-(l/R)-^|-}+10cos* i 0{cos3 h ( )cos* i 0(6B^cosB h 0 

* 9 r ) i n +6G hcos3 h 0L c/2)+sin3 h 0cos3 h 0sin* i 0(6e h+6k hL c/2)-(l/RR A)(5-^ 

-^iO ) c o s 3hO } ] d ? + CN i f 1 

3 r l |sin*" 0|[3cos8 h 0sin** 0cos** 0{6*+(l/R)-^ 1} 

•sin3 h ocos* i 0{69cos* i 0-(l/R)-^-}-10{(2cos3 h 0cos3 h 0sin tp-Q 

+sin3^ 0si'n8 h 0)63,;+(2cos 23 h 0sin 2** 0+sin 23 h 0)6G h(L^^ 

+20sin3 h 0cos3 h 0sin** 0cos** 0{6e^+(L c/2)6k^}-(20/R £)cos3 h 0 

sin*i0(?6*'+6n]/R) + (10/R J l)sin3 h 0{6e ,(?cosii; i 0-n i 0sin*. 0/R) 



179 

-(l/R)6Cl}]de-C T cR dR £|sinB h 0|sine h 0(263 h/3+6G hL c/4) 

• C N c R d V { ( 4 / 3 ) s i n e h O C O s 3 h O + ( L c / 4 ) G h O ( 5 c O S \ o ~ 2 ) U \ 

-sin3 h 0cos3 h 06G h(L c/2)-(20/3){(5cos3 h f J/4-7G h 0L csinB h 0/20)63 h 

+ (8cosB h 0/5-G h ( JL csinB h 0/2}6G^(L c/2)}]] 

Rr,R [-C, T. I 36 i . = 1 

3 rl * o * 2 * 9 ( ^ n i ^sgn(cos* i Q)[(cos * i 0 - s i n *ifJ){6*+(l/R)-g|-} 

-10sin** 0{cos3 | j 0cos^ 

3n i n 3 
+6k,;L c/2)-(l/RR J l)6* ,(C-^ -n i f J)}]d?-C N >Z^ 

* 2 * sin*. 0|[(3cos * i f J 

3 5n i * * * 
•l){6i|'+(l/R)--gjL}-20cos*i0{cosBh0sin*i0(63n+5G^Lc/2) 

•sin3h0cos*i0(6e|;+6k(^Lc/2) + (l/Ril)(56* ,+6ni7R)}]d? 

-C T cR d R j lsin J3 h 0(l/2)(6 £ h +6k hL c/3)-C N cR dR £cos3 h 0sin3 h 0 



{(V2)sin3 h 0(6e h+6k hL c/3)-(10/3)(6e^+56k^L c/8)}] 

Q * n ( L c/2) +Rr 1 ( L c/2)R dR2[C T c|sin3 h 0|sin 23 h 0 ( l/6)(5 £ h 

•6k h L c/2)+C N csin3 h 0cos3 h 0 {-( l/6)(6e h+6k h L c/2)-(10/12)(6e h 

+76k'l_c/10)}] 

4 2 
o 4 3 fin, 3 fin, 

R r 1 [ - ( 2 E I / p w V V ) ( f- -P pJ+Cjlcos* i ( )|cos* i ( ){6* 
35 3£ 

36n, * 3n,n + (1/R) -~-}+C N|sin*. 0|[{2cos*. 0-(3/R)sin* i 0 - g ^ H f i * 

3fin, * * * 
+ (1/R) ^}-20{sini|;. 0(6B h+6G hL c/2)cosB h 0-cosip. 0(6e h+6k hL c 

sin3 h 0}-(20/R ] l){?fi* , + (l/R)6n!}]] 

4 ? 
3 6 ̂  3 6̂  

Rr 1[-(2EI / p wV 2L 4)( ^ -P ^ - C - J c o s * i Q | cos* i 0{S9 
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36c. , * , * 36^ 
cos* i f J-(l/R) -^ i-}-C N|sin* i o|[cos* i o{60cos* i o-(l/R) -^-} 

+10sin6*0(6Bh+6G^Lc/2)-(10/R£){6e'(Ccos*io-niosirnJ;i0/R) 

-(l/R)6cj}]] , 

where 

* 1 9^'0 *.Q = cos" {cos*.Q-(l/R) sirup.Q} , 

ho = c o s _ 1 { c o s e h O - ( G h O L c / 2 ) s i n W 


