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ABSTRACT

The dynamics of a submarine detection system using neutrally
buoyant inflated structural members is investigated with mathematie61
models representing increasing order of complexity. An appreciation of
the flexural deflections of a single inflated viscoelastic cylindrical
cantilever is first gained using the three parameter solid model.

This is followed by its free vibration analysis in the presence of
hydrodynamic forces and axial tension arising due to the internal
pressure. The approximate solutions of the governfng nonlinear,
partial differential equation are substantiated through numerical and
experimental data. An analysis of dynamical response to the surface
wave excitations provides useful design information.

Next, the coupled motion of an array consisting of three |
legs and A central head is studied. The inplane and out of plane
motions, which essentially decouple for sma]] oscillations, are consider-
ed separately. Effects of the inflation pressure and inertia parameters
on the natural frequencies of the system are examined and the possibility
of dynamic instability for certain parametric values established.

The vertical motion of a buoy-cable-array assembly is con-
sidered subsequently. The cable is replaced by a spring of equivalent
stiffness and the flexural disp]acements of the legs are superposed on
‘the motion of the central head. The free vibration of the system is
studied first and the influence of the important system parameters on

the natural frequencies evaluated. The motion excited by a sinusoidal



surface wave is also studied to explore the possibility of reducing
the tip displacements.

The dynamics of a buoy-cable-array assembly drifting with a
uniform velocity is then investigated. As the motion is rather complex
because of the large number of degrees of freedom involved, a relatively
simple model is considered to obtain some appreciation of the problem.
The oscillations of the buoy and flexibility of the legs are ignored
and the cable is represented by two straight lines. The steady state
configurations of this system and their dependence on various
parameters are examined.  The double pendulum type mbtidn of the
cable along with the rotational oscillations of the array around the
equilibrium positions are studied to obtain preliminary information
regarding the stability of the métion. Réduction in the length or '
diameter ofvthe arms appears to improve the damping rates of the system.

Finally, some of the restrictions inherent in the simplified
model are removed. The flexibility of the legs and the tangential
drag which were neglected earlier, are taken into account. A more
accurate cable configuration is considered to make the model closer
to the reality. However, the oscillations of the buoy are agaih
ignored. With this, the steady state configurations of the system
are determined around which a linearized perturbation analysis is
carried out. Longitudinal and lateral motions essentially decouple
for small amplitude motions. Natural frequencies of the system are
found by analyzing the resulting eigenvalue problem and the influence
of various parameters on the damping of the disturbances examined.

As noticed in the rigid array analysis, shorter arm lengths improve
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the decaying characteristics of the system. But the minimum acceptable
length being governed by the signal processing considerations, a
compromise is indicated in the design. For given cable and arm lengths,

there appears to be an optimum diameter from the stability considerations.
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1. INTRODUCTION

1.1 Preliminary Remarks

In recent years foldable or inflatable structures have
gained much prominence because of their compactness and light weight.
They find a variety of applications primarily requiring transportation
of deployable systems, in a concise form, to their destinations.
Inflated cylindrical structures have been suggested for fuselage and
satellite appendages while inflated plates may form the wings of re-
entry gliders and control surfaces of satellites. An interesting
discussion on applications of inflatable structures for space explor-
ations is given by Brauefﬁ As regards the underwater applications,
neutrally buoyant inflated structures have been proposed for several
missions like submarine detection, 6ceanographic survey, lifting
surfaces of hydrofoil type vehicles, etc. Consider, for example,
the problem of patrolling of submarines. It is currently undertaken

in various ways, such as:

(i) long range patrol aircraft equipped with radar which
can detect the surfaced or snorkeling subs;
(ii) turnstiles placed across the_various gateways to the
major ocean basins;
(iii) fixed site or towed sonar systems;
(iv) sonobuoys providing platforms for hydrophones and

telemetering systems; etc.
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Of particular interest is the last option. Sonobuoys are

passive listening devices housed usually in a cylindrical container
about 3 ft.long and 5 to 6 in. in diameter. The containers are
dropped from an aircraft in the area of interest. On hitting the
water surface, a hydrophone attached by a cable to the floating
container 1is released. The system transmits all the signals received
by the hydrophone back to the aircraft. Theoretically, at least three
or four hydrophones are needed to locate an object in two or three
dimensions, respectively.

The sonobuoy has a certain lifetime after which it ceases
to function and is allowed to sink. It has been established that the
efficiency of this operation can be improved considerably by using
an array of inflatable tubes, each carrying a hydrophone at one end
and joined to a central head, equipped with a pump, at the other
(Figure 1-1). The pump pressurizes the tubes with water making them
neutrally buoyant. An object can then be located through processing
of signals received by the array, provided the position and 6rientation
of the array are known.

As the system under normal operating conditions will be
subjected to the ocean currents, waves and other local disturbances,
the knowledge of its dynamics is of fundamental importance for
evolving suitable design procedures. The analysis of statics and
dynamics of such systems employing neutrally buoyant inflated

structural members forms the main objective of this thesis.
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viscoelastic cantilevers

Figure 1-1  Schematic diagram of a submarine detection system using an array of inflated structural
members



1.2 Literature Review

The possibility of numerous applications have led to investi-
gations aimed at better understanding the structural behaviour of an
inflatable member. A review of the available literature suggests
that the interest in the field is of relatively recent origin. There
are several studies dealing with inflated membranes having different
geometries: plate-like structures, bodies of revolution having
cylindrical, spherical or toroidal shapes, etc. The works concerning
inflated cylindrical structures are of interest in the present investi-
gation. The buckling and collapse loads for inflated cylindrical
cantilever beams were calculated by Leonard, Brooks and McComb2 using
a simple analysis. It was obsefved that the local buckling starts
at the extreme fiber when the compressivé stress due to a bending moment
just cancé]s the tensile stress due to the internal pressure. As the
load is iﬁcreased, the wrinkle progresses around the cross-section and
the'c011apse'occurs when the wrinkle has progressed all the way to
the other extreme. At this point, the resisting "plastic hinge
moment" is just exceeded by the moment due to the load. Stein and
Hedgepeth3 considered an inflated ciréu]ar cylindrical tube carrying
a constant moment and obtained a relation between the beam curvature
and the moment. Comer and Levy4 studied the def]éction of an inflated
elastic cylindrical cantilever beam when the load exceeded the buckling
value and obtained the tip deflection and maximum stress. The
relation between the shearing stiffness and inflation pressure,

accounting for the beam edge effect, has been determined by Topping,



who concluded that the inflation pressure can be treated as an
effective.shear modulus. All these investigators observed that the
flexural stiffness is essentially independent of the internal pressure.
This is true only if the deformations are reasonably small.

Corneliussen and Shield®

formulated a theory for the finite
~inflation of a thin membrane composed of homogeneous elastic material
and extended it to the case of a small bending deformation superposed
on the known finite deformation. Small flexural deformations of a
circular cylindrical tube which has been subjected to a finite homo-
geneous extenéion and inflation were considered as an example. Later
Doug]as7 using a similar theory of incremental deformations, showed
how the structural stiffness of an inflated cylindrical cantilever is
influenced by large deformations which occur during inflation. The
analysis covers a rather wide range of inflation pressures leading

to a change in diameter as high as 400%. It was observed that the
inflation pressure has a linear relationship with the stretch in
diameter only in the early stages of inflation (up to about 40%
stretch in diameter or pdo/Zuh0 = 0.6). The pure bending deformation
of an inflated circular cylindrical membrane of initially isotropic
rubbery materials was analyzed by Koga8. It was assumed that the
cylindrical membrane is inflated into another circular cylinder

which is then subjected to small pure bending. The wrinkling of the
membrane was also taken into account. Al1 these investigations

are limited to the materials which do not exhibit time dependent

properties.



The knowledge of the hydrodynamic forces acting on a
vibrating cylinder is essential to the study of its dynamics. The
forces on cylinders in an oscillating fluid have been measured by

Morison et a1? and Keulegan and Carpenter‘]O while that on a

11

cylinder vibrating in a fluid have been obtained by Laird et al.

13 and Protos et a1.14

Bishop and Hassan]Z, Toebes -and Ramamurthy
A11 the above investigators measured the total force on the cylinder
but followed different procedures for the analysis of the data. For
example, Keulegan and Carpenter separated the total resistance into
a drag force which is due to the velocity effects and an inertia force
caused by the acceleration of the surrounding watef and the cylinder,
and studied the variation of both inertia coefficient Cm and drag
coefficient Cd with period parameter Vm?/d. On the other hand, Laird
et al. assumed Cm to remain constant and included its deviation from
the theoretical value in the variation of Cd with Reynold's number.
Toebes, P?otos and their associates also considered a fixed apparent
mass but studied the distribution of the remaining force with the
frequency ratio (ratio of the natural frequéncy of the cylinder to
the Strouhal frequency).

Although there is a vast amount of literature on the
flexural vibration of a rigid circular cylinder in a fluid,
corresponding studies for a flexible cylinder are relatively scarce.

15,16 and Warnock]7

Landweber investigated the dynamics of an elastic
cylinder in an incompressible, inviscid fluid to determine the
apparent mass effects. But the hydrodynamic damping forces were

absent as the flow was considered potential. The flexural vibration



of an inflated cylindrical cantilever has been studied by Doug]as]
and Corneliussen and Shie1d6 taking into account the change in the
flexural rigidity due to inflation. But both the components of the
resultant fluid dynamic force, i.e., added inertia and drag were
neglected probably because the structure was oscillating in air.

The general case of a dissipative system with axial tension arising

due to the inflation pressure is yet to be studied.

Under the normal operating conditions the system may
drift because of the presence of a current. The equilibrium con-
figurations and dynamip#] behaviour will be similar to those of a
towed vehicle system although the drifting velocity is usually much
lTower. The towed vehicle brob]em has been a subject of considerable
interest over the last half century. Applications of this system
range over a broad spectrum, from the mooring of buoys to the toWing
of glider aircrafts. Similarly, there is a variety of techniques
employed to study these Systems -- method of characteristics, linear-
ization procedures, equivalent lumped mass approach, finite element
method, etc. A survey of these.éna]ytica] methods for dynamic
simulation of cable-body systems is given by Choo and Casare]]alg.

In many-applications it is important not only to assess the
dynamical 5tabi1ity but also the precise location of the towed body
with respect to the towing vehicle and hence the steady state solution.
For this, an accurate description of the fluid dynamic loading on a
cable inclined to the flow direction is necessary. The forces on a
cable element can be resolved into two components FN and FT’ normal

and tangential to the elements, respectively. These were first



20. It was observed that the function

measured by Relf and Powé]]
FN exhibited a ‘sine square dependence on the angle of attack of the
cable. On the other hand,no functional form was suggested by the
data for FT' It was apparent, however, that the magnitude of Ff

is generally much smaller than the magnitude of FN' Subsequent
investigators have generally agreed upon the sine square variation
for FN; but have used widely varying forms to describe FT. HoernerZ]
and Whicker22 derived theoretical expreésions for FT’ the_former

obtaining a cosine form while the latter, a combination of cosine

23 24

and cosine square functions. Mustert™ and Schneider and Nickels
have fitted experimental data to a cosine square term. Apparently,
no single form for FT has been universally accepted by researchers
working in the area of towed vehicle systems.

Among fhe early studies of the towing problem, the contri-

25,26

bution of Glauert is the most significant one. The first of

Glauert's papers dealt with the equilibrium configurations and the
stability of a towed vehicle system in a uniform flow field. For
simplicity, it was assumed that the tangential drag and the mass of
the cable can be neglected. Three different problems were considered.
The towed body in the first problem was a sphere.' The cable was
assumed to be in a plane but the entire system underwent a rigid

body rotatiﬁn about the longitudinal axis of the toQing vehié]e.

By considering small oscillations about the equilibrium configﬁration,
it was shown that both 1ongitudina1 (in pléne) and lateral (side
to side) motions were always asymptotically stable. The second

problem focused attention on the aerodynamics of the towed body.
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Only longitudinal moEﬁon in the plane of the cable was considered
but the towed body was allowed translational motion as well as
rotation about its pitch axis. It was observed that a short towed
body and a short towing cable tended to be unstable. The third
problem dealt with the lateral stability of the towed body.
Glauert's second paper on the subject provided tables and graphs

for the computation of two dimensional equilibrium configurations of
a heavy flexible cable for specified towed body forces.

During and after the World War II, attention was focused

on ways of stabilizing gliders being towed by military aircrafts.

27 28 29 30 31

Bryant et al.”", Mitchell and Beach™, 0'Hara™", SChne™ and Shanks
represent a few of the numerous investigators who explored the
natural frequencies, damping rates and stability criteria for
various glider models. The lateral instability observed in the-
motion of a towed bucket used in the transportation of construction
materials by helicopters, was explained by Etkin and Mackworth32.
While these investigators were interested mainly in the dynamics
of towed systems, some others were concerned with obtaining a more
accurate description of the steady state configuration. Landweber
and Protter33, including the tangential drag for the first time,
gave a series of equations and curves for equilibrium shapes and
tensions. However, they neglected the mass of the cable, which was
subsequently taken into account by Pode34.

Recently, attempts have been made to incorporate cable
inertia into the dynamical studies of the system. Some of the

analyses use the finite element method. In one case, all the forces
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and masses along the cable were assumed to be concentrated at the
nodes, sections between the nodes being considered either inextensible

straight lines (Dominguez35) or extensible straight springs (Hicks

36).

and Clark In another approach, the segments were taken to be

straight, rigid cylinders with universal joints at the junctions

(Strandhagen and Thomas37, Morgan38, Paul and So]er39).

40, Whickerzz, Schram4] and Huffman and Gem’n42 have incqr—

Studies by
Phillips
porated a continuously distributed cable mass into the dynamical
analysis of the towed Vehic]e system. Phillips analyzed the propagation
of disturbances along_anjinextensible, infinitely long, originally

- straight cable, and noticed that waves propagating upward from the

point of disturbance were é]ways damped while those propagating down-
ward could either be amplified or damped'depending on the relative
magnitudes of wave velocity and towing speed. As the equations Were
hyperbolic in nature, Whicker used the method of characteristics to
study the two dimensional cable dynamfcs. Schram extended it to

three dimensions. Huffménn and Genin included elasticity into the

model to obtain the frequencies of oscillation and damping rates

of a heavy elastic cable as functions of towing speeds and cable
lengths. The cab1e was assumed to Tie in a plane. While the above
investigations, accounting for cable inertia, resorted to numerical
techniques, Cannon43 developed several approximate analytical

solutions for three dimensional towing vehicle systems, which gave

a better insight into the problem. The vibrational frequencies and
damping rates for both lateral and longitudinal motions were determined

by using the principle of angular momentum and later by an averaging
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technique applied to the differential equations.

The emphasis in the above investigations was more on the
cable dynamics and not so much on the dynamics of the towed body
which was most of the times a rigid body and sometimes even a sphere.
The configuration of the towed body, in the submarine detection
system under consideration, is not only more complicated than earlier
studies but also flexible in character. Thus flexibility of the
leg forms an important parameter in the analysis and can affect the

stability of the system to a great extent.

1.3 Purpose and Scope of the Investigation

The precise knowledge.of stiffness and dynamical character-
istics of the inflatable members is a prerequisite to any attempt.
at a structural design using them. The iﬁf]atab]e members in the
present case are generally made of plastic films like polyethylene,
mylar, etc., or sandwich materials formed out of them, which exhibit
time dependent deformations. This fact has received 1ittle attention
in the past while studying the f]exura] deflection of inflated
structures. Hencg, at first, the static solutions for cy]indriéa]
cantilevers are‘extended to the viscoelastic case for moderately
large inflation. This is followed by a free vibration analysis of
the canti]évered member in the presence of hydrodynamic drag and a
tensile follower force arising due to the internal pressure. The
effect of added inertia is also accounted for. The governing

equation is studied using two approximate analytical procedures:
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mode approximation method and perturbation technique. .Subsequent]y,
the dynamical response of a viscoelastic, inflated cantilever to
surface wave excitation is investigated.
Next, the coupled motion of the array consisting of
three legs and a central head is considered. The effect of the
various system parameters on the natural frequencies of the system
is studied and the possibility of any dynamic instability examined.
This is followed by the dynamicé] analysis of the cable-

buoy-array assembly. Two situations are considered:

(a) the system at one station undergoing vertical motion;

(b) dynamics of drifting assembly.
For the first case the natural frequencies of free vibration and
their dependence on the different system parameters are determined.
The steady state response to the surface wave excitation is also
investigated. The drifting motion of the system adds to the
complexity of the problem because of the 1afge number of'degrees
of freedom: the spatial motion of the buoy, three dimensional
oscillations of the cable, the motion of the array in its own p]ané
and the motion of the plane of the array itself, etc. So to start
with, a simp]ified model is considered where the cable is approximated
by two-straight lines and the flexural displacements of the legs are
ignored. The buoy is assumed to move with a constant velocity and
the double pendulum type motion of the system along with the
rotational motion of the array investigated. Later, the above
assumptions are removed to make the analysis more general. The

equilibrium configurations are determined and small oscillations
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around these equilibrium positions studied. Furthermore,the effects
of system parameters on the natural frequencies and damping rates
are evaluated.

Figure 1-2 schematically illustrates the plan of study.



DYNAMICS OF NEUTRALLY BUOYANT INFLATABLE
STRUCTURES USED IN SUBMARINE DETECTION

| — |
StUd% ?fngei1ng]e ' Vertical Motion of Buoy- General Dynamics of
Y Cable-Array Drifting Assembly
Assembly
Statics Dynamics Free Forced
Dynamics of Array Dynamics of Drifting Assembly,

Double Pendulum Approximation

Figure 1-2 Schematic diagram of the proposed plan of study

Al



15

2. STATICS AND DYNAMICS OF A NEUTRALLY BUOYANT INFLATED VISCOELASTIC
CIRCULAR CYLINDRICAL CANTILEVER

This chapter investigates the flexural deformations and
vibrations of a neutrally buoyant inflated circular cylindrical
cantilever made of materials exhibiting time dependent properties.
First, the flexural deflection of the structure is studied using the
three parameter solid model in conjunction with the correspondence
prihcip1e44. The analytical procedure ‘is substantiated through an
experimental program employing several polyethylene models.

fhe fiekura] free vibration of the cylindrical cantilever
in the présence of hydrodynamic forces and a tensile follower force
due to the inflation pressure is considered next. fhe governing
nonlinear, partial differential equation is_studied using two-

approximate analytical procedures:

(a) mode approximation in conjunction with the Krylov and
Bogoliubov method45, which yields essentially the
same results as the first order perturbation;

\
(b) more precise second order perturbation technique46.

The validity of the approximate methods is examined by comparing the
results with numerical and experimental data.

This is followed by the steady state response analysis of
the beam to the surface wave excitation, with the motion of a water

particle due to the waves approximated to a sinusoidal function. The
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information concerning the statics and dynamics of a single cylinder
so generated should prove useful during the dynamical study of a more

complex submarine detection system.

2.1 Statics

Consider a neutrally buoyant inflated cylindrical cantilever
(Figure 2-1a) of initial length LO’ diameter dO’ wall thickness h0
and internal pressure p. Let the initial dimensions of the cylinder
and those at any instant during inflation be related by the principal

stretches as follows,
*
d = x,d, and h = A.h . (2.1)

The bulk modulus of most of the materials under consideration is
relatively large. The material, therefore, can be assumed to be more
or less incompressible. Hence,

A

A A

- %
NS %
IREE

It can be shown that the principal stresses are given by

2 -2 :
07 = 9ty *o_qAy = pd/4h, | (2.3a)
*2 *'2
Oy = gtdihy +6_A, = pd/2h (2.3b)
- *2 *'2
033 = ¢gtdiAs +o_123 = 0(p) , ' (2.3c)
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where ¢1 are scalar functions of the diagonal stretch matrix. Since
33 is small compared to 011 OF Oy (the ratio being of the order of
h/d), it may be neglected. With this approximation, one obtains from
Equations(2.2) and (2.3),

*2 %[ *9 . _ ' *4 %9 _ *2 i
For a material obeying the Mooney-Rivlin constitutive equations, .

¢] and ¢_] are constants:

61 u(%+se) , (2.5a)

0_q = ~u(z-8,) (2.5b)
where p is fhe shear modulus of the underformed material andB.e is
the Mooney-Rivlin elastic coefficient.

It has been found that inflation is independenf of’Be for
moderate stretches (upto about 40% increase in diameter)7. Since
in the present case inflation lies within this range, an arbitrary
Benmy be assumed to obtain a relation between p and A: . Choosing

Bo= 0, Equation (2.4) yields
e o= 1, | (2.6a)
and (2.2) reduces to

= 1 . - (2.6b)
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Above re]ations-together with Equation (2.3) lead to

* -1/4

=
i

1

'I+pd0/8uh0 R

since pd0/2uh0 is small compared to unity in the present case.

Thus ,
d = d0(1+pd0/8uh0) . (2.7)

In the actual practice, a change in length is small compared to the
changes in the diameter and thickness. Hence A; =1, i.e.Be = 0,
represents a good approximation in evaluating changes in the dimensions
due to inflation.

Equation (2.7) suggests that the variation in diameter is
proportional to the internal pressure. To account for the time
dependent properties of the material, the equation can be modified,

approximately, using a concept similar to the correspondence principle

to :
d(t) = doli+pdya (t)/8hy]

where Js(t) is the creep compliance in shear and p the step pressure

applied at t = 0. The diameter after a long time is thus given by

df = d0[1+pd0JS(W)/8h0] s (2.8a)

with the final thickness as
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he = ho[l—deJS(M)/8hO] . ~(2.8b)

The cantilever beam is now allowed to undergo bending
deformations. It is assumed that there are no wrinkles in thé struc-
ture. Wrinkles appear as soon as the stress at any point becomes
compressive. This implies that the internal pressure is sufficiently
large to make the resultant stress tensile everywhere. The e]éstic
solution must be obtained before the viscoelastic one, which is then
realized by the correspondence principle. The resultant stréss on
an element with coordinates (x,y,z) is given by suﬁerposing the |

stresses due to bending and inflation pressure, i.e.,
oy = pdf/4hf+F(L-*)z/I R (2.9)

~where F is the load and I the moment of inertia of the.cross—section

about a transverse axis,
_ 3
I = wdfhf/B .

The curvature is approximately givén by

iz-"i = -F(L-x)/EI | (2.10)
dx2 .

Integrating and using the boundary conditions at x = 0, lead to
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w(x) = -(FL36ED)[(x/L)2(3-x/L)] = W(X)/E . (2.11)

If the stress level is not too high, the materials used for
inflatable structures behave like a linear viscoelastic solid. In
that case a three parameter solid (Figure 2-1b) can represent the
material behaviour fairly well since the long time creep is very small.
But this is not true if the stress level is high. However,even in
that case the creep in the initial stages can be represented fairly
well by the above mentioned model.

Applying the correspondence principle,
Wv o (x,s) = w(x,s)E/SE(s) s (2.12)

where Qv o (x,s), w(x,s) and E(s) are the Laplace transforms of the
viscoelastic solution, elastic solution and the relaxation modulus

of the material, respectively. For a three parameter solid,

sE(s) = E](E2+vzs)/(E]+E2+v25) ,

where E], E2 and v, are the three parameters defining the material

behaviour. Noting that

w(x,s) = W(x)/sE ,

from (2;12).one obtains



X58) = W(X)(Eq+Etuys) /B (Eptu,s)s ,

and on inverting,

W
v.e.

(

X,t)

= W(x)J(t) ,

where W(x) is given by Equation (2.11) and

J(t)

= (178 )+(1/E ) {1-exp(-Ext/v,)}

2.2 Dynamics

WOx)L(1/E)+(1/E,) {1-exp (-E,t/v,)}]

22

(2.13)

2.2.1 Free vibration of an inflated elastic cylindrical cantilever

under water
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Figure 2-2

L

Geometry of motion of a single cylinder
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Equilibrium of the forces acting on an element of an inflated

elastic cylinder (Figure 2-2) oscillating in water leads to

' 84w 32w azw )
EI + Sp -F.—+F, = 0 , (2.14a
- ;;I W g;? a 8x2 H

where FH is the total hydrodynamic force on the element and Fa the axial
force due to the inflation pressure. Note that existence of the

pressure term is not quite apparent from the elementary beam theory, hbw-
ever, its presence can be explained by the membrane shell theory. It may
be noted that the second term representing the inertia force of the element
is primarily due to the water inside the structure since the mass of the
wall material is very small. The resistance FH is often separated into a
drag force proportional to the square of the velocity and an added inertia
force caused by the acceleration of the surrounding water, i.e.,

dv

_ rel '
FH = (]/z)cddpwvrellvre1|+CmSpw —gc | (2.14b)

where Cd and Cm are the drag and'added inertia coefficients, respectively,
and Vre] the vé]ocity of the element relative to the fluid. This assumes
that the drag and the inertia effects are free of appreciable mutual
interference. Thus any dynamical study requires the knowledge of the
variation of Cd and Cm with flow conditions. The value of Cm as
predicted by simple hydrodynamic theory is 1.0 while Cd in the sub-
critical region is approximately 1.18: More precisely, Keulegan

et a1.1o

have correlated the variation of Cd and Cm with the period
parameter VmT/d where Vm and T are the maximum velocity and period of
the motion, respectively. (The coefficient Cm in their investigation

corresponds to the total inertia force, not the added inertia force,
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i.e. it exceeds the present coefficient by unity). It was observed
that as the period parameter is increased the total inertia coefficient
first falls from the theoretical value to a minimum around me/d = 15
and then gradually increases to a value of 2.5 at VmT/d = 120. On the
other hand, Cd shows exactly the opposite behaviour. Hence, in general
‘the_sum of the two forces deviatesrelatively less from the theoretical
value.

11

Laird et al. 13

and Toebes et al.™ assumed a constant Cm.
thereby including all its deviations from unity in the variation of Cd.
The forces on cylinders having constant acceleration or deceleration
have been measured by Laird et al. Although Cd was found to change,
the variations were not substantial. On the other hand, Toebeslet al.
determined the hydrodynamic forces on an oscillating cylinder with
its axis perpendicular to the mean flow direction. Cd was observed to
deviate substantially from the theoretical value if the frequency of
vibration was close to the Strouhal frequency. However, the deviations
were small for frequencies far from the Strouhal frequency.

In the present analysis, these coefficients Cd and Cm are

assumed to be constant and equal to 1.18 and 1.0, respectively.

From Equations (2.14a) and (2.14b),

2 2

4
d'w 9w W 1 W oW

El —F + Sp (14C ) —5 - F. —5 + = C dp ~—4——4 = 0 - (2.14c)
ax4 w m at2 a 8x2 2 d7w ot'd

Defining

n = w/d, £€=x/L ,
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T = [E1/5pw(1+cm)L4]”2t, p = FaLZ/EI , (2.15)

Equation (2.14c) can be nondimensionalized as

4 2 2
A_n_pé_.rzl+ 9_7”?11 an 0, (2.16a) °
& 9 oT T 3T
where
o = 2Cd/-rr(Cm +1) . (2.16b)

It may be noticed that the damping parameter o is independent of the
geometrical dimensions of the cylinder. The boundary conditions are

given by

an(0,T) . 3%n(1,7)

n(0,t) =
13 ag2
_ (2.16c)

- 83n§1,T) - 0
8&3
Let the initial conditions be

n(£,0) = A(£) and 208800 . o (2.16d)

0 T

This is a nonlinear partial differential equation with no
known exact solution. Hence one is forced to resort to approximate
or numerical analysis. Two distinct approaches.have been attempted.
Since the equation is moderately nonlinear and the displacement-time

relation is usually more important than the displacement variation
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along the length, it may be assumed that the mode éhape does not deviate
substantially from the linear case. This approximation yields a non-
lTinear ordinary differential equation which can be solved by the Krylov-
Bogoliubov method. An alternate approach would be the perturbation
technique which yields relatively more accurate results but leads to

complicated expressions.

(a) Mode approximation method

The nondimensionalized equation of motion in the absence of

hydrodynamic drag is given by

4 2 2
) - p_a_rz].pi_% = 0 . (2-]7)
3E ES ot

ho]

=3

The above equation can easily be solved by the separation of variab]es47

and the solution can be shown to be

n(g,t) = Z] v.(e)f (1) (2.18a)
r‘:

where

v.(g) = K.[{coshuig-cosu £)-o {sinhu’g

(2.18b)
-(up/up)sinu g1 ,
and
- 2 . 2
f(t) = A cosu T+B sinu.T . (2.18c)
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Here
wé = (uheZa) e (2.19)
w? o= uheZVep (2.19b)
r
o. = [coshu! +(u'2/u"2)cosu']/[sinhu"f
r r r e r r
(2.19c)
+up/ug)sinuc ],
and M, are the roots of the frequency equation
2 4 i .| 2 > 1] s 1 -—
P +2u (1+coshu"cosu' )-u“Psinhy"sinu' = 0 . (2.20)

The coefficients Kr are so chosen as to normalize Wr(g), i.e.,
1
2. 2
fowr(a)da - (1/4)[W§(1)+(P/uﬁ){dwgé])} 1= 1. (2.21a)

From Equation (2.18b), with the help of (2.20) one obtains

2 202, w2 2, .3 "3 3 ’
Y1) = KL(u ™H™)"/u J0(uy"sinhuy

(2.21b)

"3S1an/(u"s1nhu" toupsinug )1,

and

dy _(1)42
{—;—g——} = Kf.[(u'i ) /4, 4 "4] *
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I2 “2 ] n ~ t ~ [] n - 11 t : ] 2
[O-u M uisinhutsiny 3/ (wsinhup+u sinu )17 (2.21c)

Substitution of the above relations in (2.21a) yields Kr' Then Ar and
Br may be evaluated from the initial conditions. The objective here
is to employ these modes in the analysis of the nonlinear Equation (2.16).
If the modes of oscillation are close to the ones given by-
Equation (2.18b) , |
84n _p an

iy,
9§ 3&2 '

Equation (2.16a) now yields a nonlinear differential equation

(2.22)

X
+
=
3
o
Q
—
2
ik
]
o

R

As the nonlinearity is not too strong (o = 0.35), Krylov-Bogoliubov

method45

may be used to yield the solution of the form,’

n = A(E,1)cos[u’t+o(1)] , (2.23)

where A(£,t) and 6(t) are slowly varying functions of t and can be

obtained from the following averaging relations:
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2m :
A = -(a/uh) (/2m) f whsinz|Asing|sinzdz = -4ailA%/3n
0
(2.24a)
and
2m
- 4y, 2 4, . . i
6 = -(o/u ) (n"/2mA)| wAsing|Asing|coszdg = 0 (2.24b)
0 -

Evaluation of A and 6 from the above equations and substitution in (2.23)

lead to
n = [A(E,O)/{1+4au2/\(£,O)T/Bﬂ}]cosfuzﬁe(o)] . (2.25)

Equation (2.25) shows a decay in the amplitude of the motion with time

in the presence of hydrodynamic drag. On the other hand, the frequency
of oscillation remains unaffected, at least up to the first order approxi-
mation. This approximate method.can be applied only if the initial

conditions correspond to one of the natural modes.

(b) Perturbation method

The governing Equation (2.16a) may be rewritten as

4
+ 5 + a(a_n) = 0 , (2.]6&‘)
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where the appropriate sign is chosen so as to oppose the motion. It is
sufficient to solve (2.16a') either for positive or negative sign for
half a cycle as the solution for the other half may be obtained simply by
reversing the sign of a with the new initial conditions.

The solution for the negative sign is sought in the form
n(€,1) = ngl&,1) + any(g,7) + aznZ(E,T) teeee (2.26)

A new time variable t is defined by

t = t[1 + ab; + a2b2 teeee] (2.27)
Since the period of oscillation méy vary slowly across the length, b]

and b, are slowly varying functions of £. With (2.26) and (2.27),

Equation (2.16a') becomes

4 2
3 2 ) 2 2 2
ag4 (no+an]+a n2+....) - P ggz.(n0+om]+a n2+.. )+[1+ab]+a b2+ R i

2 .
3 2 3 2 2 _
L@ ot )ral o (ngremyreingee s ) 2 0

Equating the coefficients of the different powers of o to zero separately,

one obtains
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o g %y afng
o TPt = = 0, - (2.28a)
13 .13 ot
o ¥ty APRLY:
@ 7 Pt = = -2y(E) =+ (=), (2.28b)
9% 9" ot ot ot
o 4 P 5t =5 = '[sz(ﬁ) + b](E)] 7
13 ‘ og ot 5t
an am onn 9N
+ 2b, (£)[( 0% ~21] r2 21 (2.28c)
ot ot ot ot

etc.

The objective is to solve this system of equations such that
all ni's confirm to the boundary conditions (2.16¢c) with initial
conditions (2.16d) satisfied by g alone, while zero initial conditions
are met by other ni's.

Equation (2.28a) is identical to (2.17) and its solution for

the given initial conditions can be written as

o

e = T A t(Ecosit (2.29)
r:

where Wr(g) and M, are defined by (2.18b) and (2.20), respectively and

]
Ao = jo AglE)Y.(E)dE . (2.29b)
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With this, Equation (2.28b) becomes

4 2 2

9 any A 1[°° ® (£)%

et =1l sy

3" 362 ate 2 ey em1 T
WS(E) 2 EAOr OS{cos(u2 -ug )t COS(u2+u )t}]

= q(g,t) . (2.30)

The solution to (2.30) can be taken in the form

~

m(E,t) = jgle(a)fj(i) : (2.31)

Substitution of (2.31) in (2.30), multiplication by wi(g),
integration with respect to £ over the length and the use of orthogonal-

ity condition lead to

(t) = Qi(E), i=1,2,0000 (2.32)
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where

- 1 N 1 5
u® = [ (6D @)/ [ P .
1

Since Wi(g)are in the normalized form, the denominator is equal to unity

(Equation 2.21a); hence

o1 o 2 2 2_ 2%
Qi(t) = rE] SE]Birsur“sAOrAOS{cos(“r'”s)t}

rof

N '
-cos(u§+u§)t +2 Z] JO by (E)w;(&)y,(8) *
r:

27 _
AOrcosurtdg . (2.33a)

where

(2.33b)

As the last term in Equation (2.33a) gives rise to secular

quantities, it must vanish for all i, hence

b () = 0 , | (2.34)

i.e. the frequencies do not deviate from the linear case upto the first

order. It may be noted that the mode approximation also led to the

same conclusion.
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The solution to (2.32) can now be written as

IR 2 2 2 2.~
—-ri] SE]Birs“r“sAOrAOSECOS(“r'“s)t/

{u?—(uﬁ-ug)z}-cos(UE+U§)E/{U?-(U§+U§)2}]

2~ . 2
+C]rcosuit + D]rs1nuit

Evaluating C]r and D]r from zero initial conditions and substituting in

(2.31) yield

[eo] [o2]

. 2.2
151 rEI sE] Birs“r“sAOrAOs\yi(E)*

N

n](gaz) = -
[{cosu§z-c05(u§-u§)E}/{u?-(ui-ug)z}
-{cosu§£-cos(ui+u§)z}/{u§-(u§+u§)2}] . (2.35)

Now the second order Equation (2.28c) becomes

o?n,  a%n, b, 2
g Pt = s 2y(E) 2 = =
3¢ 3e2 ot
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= 2b,(£) £ A .W.(g)ugcosu§5+(1/2) *

o] [s0)] 0] (oo

2 22
'iEj jE] r§1 SZ] 81r‘sAOJAOr‘AOs Jj'r sw1(£)wj(£)

[[-u§(1-c052u§E)+( 212 ){cos(ui g ?)E
,-COS(UE 5 )t}]/{u (ug ui)z} [-u; (1 coS2y 2%)

+(u§+u2){cos(ug §~u )t- COS(u +u2+u2)t}]/ |

'{u?-(uz

w2) (2.36)

To avoid secular quantities, sum of all the terms having fre-

quency equal to one of the natural frequencies must vanish,

4 2~ e 0] co [e0]
2b, (E)JZ] AOJ J(g)u.cosujt+(1/2) I I I B,

J i=1 j=1 p=1 P

W ihop (€)% (enhl L)/ 002422

| 2, 2 4 , 2, 2.2 27
-(uS+ N T =
(uJ up)/{u1 (uJ+up) }]cosupt 0
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As the expression should be valid for all E,

o «©

2b(EMgpry(e) = -(1/2) T T L8y (Ev(e)

4 4 2 2 2 2, 2 2 2
A + +
AOJ opH J +uy up)]/[u M u )(u ps-us) (u My*u

2 *
37Hy ”i)

2, 2 2)]

(u . p:]’z,ooom.

Expressing b2(£) as a series in &,

0 -]
by(8) = = b,&" ,
2 p=1 2r

multiplying by WP(E) and integrating

oo oo

- 2 4 4 4
2 Z]berOpgrp (]/Z)iil & ]BTJPAOJ op J(u +HigHy )/[(u J

2,,2.2 2.9 2 9
+ . .- U -,
Up)(u1+uJ up)(uJ uo-us ) (u

2, 2 2
E_) & = 1,2,000 o, 2.37
p M p+u1 UJ)]: p=1,2 ( )

where

This set of equations may be solved for b2r' Hence from Equation (2.27),
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t = [14( T b

: 2rg”'])az] . (2.38a)
r=1

Avoiding secular terms, Equation (2.36) can now be solved for Ny using
zero initial conditions. Hence, the solution can be written as

n(E.T) = £5(E,E)+an (£,F)+0

n,(E:t) (2.38b)
where T is as obtained from(2.38a).

For the positive sign in Equation (2.16a') the solution is
similar except that the sign of n is different. The complete solution
1s obtained by using the two solutions alternately and determining the
amplitude at the start of each half cycle. |

Now certain particular initial conditions may be considered.

Case 1: Let the initial conditions be

n(e,0) = Ay , AED g

Here AO] = A and AOi =0 (i =2, 3, +o0 »)
It is apparent that the velocity is negative for the first
half cycle. From Equations (2.29) and (2.35),

T 2

AW](E)cosu]E .

i
o
——
Yy
-
-+
~—
1]

=
—
—
AL
-
-+
~—
1}
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-(cosu] t-cos2uit)/ (u]-au]) 148 1, (E){ (cosuBE-1)/

ug-(c05u§E-c052u$E)/(ug-4u?)}+B1]3W3(€){(cosu§5

-1)/ug-(COSug%-c052u2€)/(ug—4u1)}]

Noting that (u]/u2)4, (u]/u3)? etc. are small compared to 1,

m(E,8) = -(1/2)A%[8; ¥, () {(4/3)cosudE-(1/3)cos2ud-11].  (2.39)

From Equation (2.37), all the b2r's can be evaluated. However, for
simplicity, neglecting the dependence of b2 on £ (i.e. neglecting the

variation of the frequency along the array arm),

2

_ 2 .
b, = -ByA/6

hence, t = T[l-azsf]]Az/s] . (2.40)

Using zero initial conditions and avoiding secular terms from Equation

(2.36),

np(£,8)=(2/3)82, A((4/3)cosuE-1-(1/3)cos2ilTry, (£)+eee

Hence
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n(&,£)=Ar, (£)[cosus Tag, 1 AL(1/2)-(2/3)cosd E+(1/6) cos2u?t)

-azsf]]Az{(2/3)+(8/9)cosu$€+(2/9)cos2uf5}] : (2.41)

where t is as given by (2.40) .

The cylinder comes to rest again when

_ _ 2 2.2 .2
TS T = ﬂ/u](1—oc]B]”A /6)

Correspondingly, n(E,Th) = A(say). The solution cah now be obtained

for the next half cycle by replacing -a by +a and A by A.
Case 2: Let the initial displacement correspond to the second mode,

e, n(g,0) = Avy(g), ED -

Following a procedure similar to that in Case 1, the first

order perturbation solution is obtained as
n(£,7)=Y, (£) [Acosugt-(a/2)8,,,A { (4/3)cosudE-1-(1/3) *
cos2ugt)]-(a/2)A%Y, (€)8) 1, (n/ 1y ) (cosiE-1)
Note that the.coefficient of WZ(E) as represented by the squarg bracket

diminishes with time, hence the motion tends to reduce to that given

by the first case.
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As any set of initial conditions may be written as a linear
combination of various mode shapes and since the first few modes are
likely to be dominating, the analysis may be confined to the first two

modes only.

2.2.2 Forced vibration of an inflated cy11ndr1ca1 cantilever with
velocity square damping

Consider an inflated cylindrical cantilever oscillating under
the influence of ocean waves. It is assumed that the motion of a
water particle due to the waves can be approximated to a sinusoidal
function. The steady state response of a viscoelastic system eén be
studied either using the correspondence principle in conjunction with
an elastic solution if it is linear or by including in the equation
equivalent dissipative terms representing energy loss due to visco-
elasticity. For a three parameter solid the complex modulus can be

represented as
E (w) = E](E2+1v )/[E +(E +1v2w)] = E][l—E]/(E]+E2+iv2w)] .

In the present case (E +E )/v was found to be of the 0(1/100) and

hence can be neglected, thus reducing the expression to -

£ (0) = Ey[1+i0(E /vu)] = E;[1+i0y(w)] . (2.42a)

Adopting this latter procedure, the nondimensionalized equation

can be written as



a1

4 2 2
3y a N 3 n ] 3
(1+ vy =) - P + (n+n)to—(n+n,)*
3T 364 8&2 aT2 W 9T W
0 -
lzn + )] =0, (2.42b)

where n is the nondimensionalized displacement of any point on the
cantilever with respect to its root and y represents the energy loss
in the viscoelastic structure dependent on frequency. The nondimen-

sionalized wave displacement Ny is given by

n, = nNooswt . (2.43)

Here 1 is defined by Equation (2.15) with E replaced by the instantaneous
modulus of elasticity E].

In general the so]utibn will contain all the harmonics of w.
However, for simplicity, only the fundamental term will be considered,

i.e., the solution is assumed to be of the form

n = nc(g)qoswr + ns(g)sian . (2.44)

Substitution of (2.43) and (2.44) in (2.42b) leads to

] d4nc d4ns dznc dzn
(1+ Yﬁ?)[__ﬁ_ coswT+ — sinwt]- P[ > COSWT +

dg dg dg dg

S .
5 sinwt]

2 + +n_si ouZ[-(not inwt+ *
- [(n0 nc)COSwT nSs1an] o[ (no nc)s1nwr nSCOSwT]
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|-(n.+n_)sinwt+n_coswt] = 0
0 ''c S

Multiplication by coswt and sinwt separately and integration over one

period gives

2
4 d™n
dig (n tyung)- P ggz—c- -wz(nc+n0)+8aw2ns[(nc+n0)2+n§]]/2/3ﬂ =0 ,
| (2.45a)
and
2
4 d™n
d—4(-YwnC+ns)- P —25 -w2n5-80¢w2[nc+n0][(nc+n0) +n2]]/2 0
d& d&
(2.45b)
The quantities Ne and ng can be represented as
ng(€) = kZ] B 2 () s (2.46b)

where ¢k(£)'s are the eigenfunctions of a cantilever (without axial

tension) and are given by (2.18b) after putting Kn = 1, P = 0. Since

d2¢
——?5-can be represented as an infinite sum of ¢, (&),

dg



where C

Ki is given by48

1d @k.
C,. = I —5 0.dg
ki 0 dg2
and o, is obtained from (2

1

43

(2.47a)

RIS Vi (8 DLW L P

ukck(Z—ukok), i=k, (2.47b)

.19¢c) after putting P = 0.

Substituting (2.46) and (2.47a) in (2.45), multiplying with @m(g) and

integrating with respect to £ over the length, one obtains

(oo

1
4 2 2
um(Am+wam)—Pk§]Akam-w (Am+6mn0)+(8aw /37) fo gs(g)*
2. 2.1/2 .
[9g*+9.1 " "o, (8)dE = 0 , (2.48a)
and
Hoywh 4B )P s B.C. -u?B -(Bowd/3m) ] g (£)*
m mm® oy kTkm m 0 ¢
2 2 ]/2 = — ® e eQ0
[gS+gC] Qm(g)dg = 0 ] m 192, ’ (2.48b)
where
J
9(E) = mg+ = Ases(g) . 8y = 20, uy o
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and W, are the roots of the equation
1 + coshy cosuy = O

The set of Equations (2.48) can be solved to yield Am and Bm. In the

actual computation the series were truncated to the first four modes.

2.3 Experimental Set-up

To assess validity of the analytical approaéh and to generate
relevant design information, an experimental programme was undertaken.
The tests were performed in a 6' x 3' x 4' rectangular water tank
(Figure 2-3) constructed from waterproof plywood with front plexiglas
panel to he]p photographing of the deflected model. The tank was equipped
with a moveable head to support the tube centrally. A compressed air
bottle pressurized an intermediate water tank which was then used to
inflate the tube after the test tank had been filled with water. A
pressure gauge in the interconnecting piping indicated the inflation
préssure. A system of trolley enabled loading of the tube at any
desired station.

For dynamic testing,.the.mounting block supporting the model
was made a péft of the scotch yoke mechanism driven by a 3/16 horsepower
d.c. motor equipped with a variable speed control unit.

A set.of 10 models made from thin films of polyethylene was
tested to cover a wide range of L/df ratio, an important system
parameter. One end of each tube was sealed by inserting a thin

plexiglas plug of the same diameter as the tube and bonding it with



Figure 2-3. Experimental set-up: A. water bottle; B. compressed air bottle;
C. water tank; D. test model; E. shaking mechanism.
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epoxy. Each tube was divided into 4 in. sections at which the deflec-
tions were measured.

Since the static deflections are time varying and the measure-
ments at different stations have to be taken at the same instant, photo-
graphic technique was applied to record time history of a beam undefgoing
creeping deformation. 35 mm pictures were taken, initially 30 sec apart
with the interval gradually increasing to 5 minutes as the Ccreep rate
diminished. A thin wire strung above the tube served as a reference
during these measurements. 16 mm movies were taken for the dynamic
tests.  The deflection data were analyzed by projecting the pictures

on a screen.

2.4 Results and Discussion

Although tHe amount of experimental information generated is
rather extensive,only a few of the typical results helpful in establish-
ing trends and derjving conclusions are presented here. Figure 2-4
shows a typical deflection history during a loading/unloading cycle. It
corresponds to a cantilever of 28" length, 2.93" diameter, 0.010" wall
thickness and loaded at station 6. The internal pressure is 3 psi.

An instantaneous deflection followed by creep is apparent. The creep
rate gradually decreases and becomes almost negligible after about 40
minutes. With removal of the load, there is an instantaneous drop in
the def]ection; of the magnitude equal to the instantaneous initial
deflection. The model asymptotically returns to the original position
following ésséntia]]y the same behaviour as that observed during the

loading cycle.



OO | 1 ' 1 .
0 20 _ 40 60 80
t, min. :

Figure 2-4 A typical deflection history for a point on the beam during a 1oad1'ng-un10ad1'ng
.cycle

Ly
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To evaluate instantaneous stiffness or the influence coefficient
matrix, it 55 essential to obtain instantaneous deflection configuration
of the beam. A typical set of such plots is shown in Figure 2-5 which
corresponds to a model 40" long, 4.76" in diameter and having a wall
thickness of 0.010". Each plot is related to a Toad station designated
as 10, 9, 8,etc. These can be used to construct the flexibility matrix
which in conjunction with the matrix iteration method can yield the
natural frequencies and the associated mode shapes.

Figure 2-6 compares some of the test results with analytical
predictions. In Figure 2-6a both the models are made of po1yethy1ene
film of 0.010" thickness and have a diameter of 4.76". The models
are 40" and 28" long, respectively. It is interesting to note that the
behaviour is more or less that of a three parameter solid. Average
values of E], EZ’ v, have been obtained to give the analytical curves.
In the tests v, was found to vary but the instantaneous modulus of
elasticity E, was fairly constant (~4.5 x 104 psi).

In Figure 2-6b, which corresponds to a model 32" long,

4.90" in diameter and having a wall thfckness of 0.005", one notices the
continuing creep. This is because of the higher stress level due to
the reduced thiékness of the wall. The three parameter solid does

not predict the longtime deformation character'very well but a creep
compliance of the form

4

0.27y w1074 (2.49)

J(t) = (0.22 + 0.14t

t in minutes, obtained by fitting a curve to the J(t) given by Lifshitz

49

and Kolsky "~ improves the correlation considerably.
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0.6 L= 40 in.
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Figure 2-5 - Representative instantaneous beam configurations for
different lToading conditions
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Figure 2-6 Compar1son of analytical and experimental results for the stat1c def]ect1on 3

using: (a) three parameter solid model
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The tip deflections at t = 0 and t = 35 minutes are plotted
as functions of L/df in Figure 2-7 for the structural models having a
wall thickness of 0.010" and tip load of 1/2 1b. The lines represent
the analytical results as given by Equation (2.13) while the isolated
points indicate the test data. Potential of the analytical approacﬁ
becomes apparent as it is able to predict with accuracy even large
deflections. Physically this would suggest that the curvature can be

represented by dzw/dx2

without much error even though the deflections
are large.

It should be emphasized that long time strain (say after a
few hours) for high stress level has a nonlinear re]étionship with fhe
stress.  Findley and Khos]a50 have found the creep of polyethylene

to follow the equation

- ] 3 P n
?c = ec051nh(c/oe)+ m s1nh(0/om)t . (2.50)
where €'c0’ m, n, g and o, are material constants. On the other hand,
Ka]innikovS] observed the creep relation for polyethyleneterephthalate
(mylar) to be of the form

_ m.n

€ = €0 +act ,

where a, m, n are constants. A similar equation can also be used for
polyethylene.  But in the study of dynamics of these structures only

the short time creep is of significance, since the period of most of

the neutrally buoyant structures is very small (a few seconds).
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Figure 2-7 Tip deflection as a function of L/df
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Figure 2-8 shows the variation of the eigenvalues M. and the
associated ﬁuantities u;, u; and Kr as obtained from Equations (2-18)
to (2-21) with the axial force paraﬁeter P. As observed by Anderson
and Kinglt7 the lowest eigenvalue decreases with an increase in P while
the higher eigenvalues increase. Kr decreases with increase in P, but
its variation is small for higher modes. It may be noticed that K]
is very small for large P. Figure 2-9 compares the decay in amplitude
due to the hydrodynamic drag as given‘by the mode approximation, per-
turbation and numerical solutions. The initial conditions correspond
to the first mode shape, i.e. A(£,0) = 0.5?1(5). The close agreement
between the approximate solution and the numerical method is encouraging.

Figure 2-10 is a typical plot showing the variation of the
amplitude at four different points along the length with the forcing
frequency and pressure parameter. The peaks correspond to the reson-
ance. As expected, with increase in P, the 1st peak occurs for smaller
w, while the 2nd peak moves to a larger value.

The forcing frequencies at which resonance occurs have been
measured for a set of test cy]inders.Tab]e 2.1 compares these with the
theoretical predictions. Considering a degree of uncertainty introduced
by the added inertia coefficient and elastic properties, the agreement

may be considered satisfactory.
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Figure 2-8 Variation of eigenvalues and associated functions with
" the pressure parameter
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T
Figure 2~9 Free vibratjon of an elastic cylindrical cantilever as

given by approximate and numerical methods
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Figure 2-10 Response of an inflated viscoelastic cylindrical cantilever
" to the surface wave excitation
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TABLE 2.1

Comparison Between Analytically and Experimentally
Obtained Frequencies

dO’ in. LO’ in. hO’ in. wexpt.’ Hz. Winal.’ Hz.
1.0 12 0.005 16.8 17.8
2.37 19 0.01 15.9 15.5
2.93 44 0.01 4.12 3.20
3.80 40 0.01 4.7 4.44
4.76 40 0.01 5.5 5.20

2.5 Concluding Remarks

The important conclusions based on the analysis can be summarized

as follows:

(i) The etatic analysis suggests that a three parameter solid
model can yield results of sufficient accuracy to be
useful in any engineerfng desjgn of a neutrally buoyant
1nf1atéb1e structure. For the long time creep, a modified
creep cempliance may be used to improve correlation.

(ii) During the free vibration of an inflated elastic cantilever
with hydrodynamic drag and a follower force, the governing
equation can be suitably nondimensionalized to render the
damping parameter independent of geometrical dimensions of
the beam, The results of mode approximation and second
order perturbation analysis compare well with the numerical

and the experimehta] data. -



(iii)
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Dynamical response of the viscoelastic beam to surface
Qave excitation accounting for the hydrodynamic drag and
internal pressure induced follower force, should prove
useful in the design of an underwater submarine detection

system.
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3. DYNAMICS OF AN ARRAY FORMED BY THREE NEUTRALLY BUOYANT
INFLATED CYLINDRICAL CANTILEVERS

The last chapter investigated the flexural behaviour of a
single cylinder, in the presence of hydrodynamic forces and a tensile
force due to inf]ation pressure. It was noted that with increasing
~ pressure, the second and subsequent frequencies increase while the
fundamental decreases asymptotically to zero. The steady state
response of the beam to the surface wave excitation was also studied.
The object of this chapter is to extend the previous analysis to the
coupled motion of three similar flexible cylihdrical cantilevers placed
symmetrically around a central head to form an array.

The rigid body rotations of the array and flexural displace-
ments of the legs are superposed on a vertical motion of the central
head. Small oscillations are considered and the resulting eigenvalue -
problem for the coupled motion is investigated. Effects of the
inflation pressure and inertia parameters on the natural frequencies

of the system and any possibility of dynamic instability are studied.

3.1 Formulation of the Problem

Consider an array of three cylindrical cantilevers connected
to a central body symmetrically (Figure 3-1 a). Let L and d be the
Tength and diameter of each 1eg. The principal body co-ordinate system

X, ¥, Z with its origin at the centre 0 of the array is so located that
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cylindrical
cantilever

Figure 3-1  Geometry of motion of an array formed by'three neutrally
buoyant inflated cylindrical cantilevers and a central
head



62
the x-y plane contafns the array, while the x-axis coincides with the
central line of one of the legs. The orientation of the array can be
specified with respect to the inertial co-ordinate system Xg? Yo» 2

0
by a vertical displacement z, of the centre of the head along the z

0
axis and a set of Eulerian rotations: ¢ about the zO-axis giving

X1 ¥ Zy3 © about the Xp-axis yielding X0 Yos 253 and ¥ about the
zz-axis resulting in the final body axes X, ¥, z.  Subsequently, the °
flexural deflections v and W, (i =1,2,3), in and out of the plane of
the array, respectively, are imposed.

The co-ordinates of a point in the systems Xg? Yo Z, and

X, ¥, z are related by

(rgd = [RI(r) + (r) (3.7a)
where XO X 0
(rg) = Yol (r) = {vy], (e = 0 ], (3.1b)
zg z z,
and
cos¢ -sing O 1 0 0 cosy -siny O
[R] = sing cos¢p 0 0 cos® -singf [siny - cosy O
i 0 1
0 0 ] __9_ sing  cose 0 0 1

(3.1¢)

The kinetic energy (accounting for added inertia) associated with an
element of mass dm located at r referred to the body co-ordinate

system is given by



dT
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(i/2)(1+cm) dm ?O-%O

(1/2)(1+C_) dn [éﬁ+2éh{k Sindsing+y sindcosy+z coso

+ x(BcosOsiny+psinocosy)+y(Bcosbcosy-Psindsiny)+z(-6sind)}

where Cm

£L(0<<1) from the root can be resolved into two components v. and w,

as shown

+ 3247842242 (beoserh) (xy-yx ) +2(dsinds inp+dcosy) (yz-2y)

+2($sinecosw-ésinw)(zi-xi)+x2{é2(1-sinzesinzw)+ézsin2w+¢2

—2$ésinesinwcosw+2é¢cose}+yz{¢2(1—sinzecoszw)+é2coszw+¢2

+2$ésinesinwcosw+2¢¢cose}+zz(¢zsin26+é2)+2xy{-$251nzesinwcosw

+ézsinwcosw+¢ésine(sinzwecoszw)}+2y2{-é25inecosecosw+éécosesinw
+é¢sinw—é¢sinecosw}+22x{-ézsihecosesinw-éécosecosw—é&coszecosw
-dPsindsinyl] (3.2)

is the added mass coefficient for a circular cylinder.

The flexural displacements of a point on ith leg at a distance

i
in Figure 3-1b. Hence, the co-ordinates of the above point

in the xyz-system are
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(choin - vis1nIi), (ELsinIi + vicoin) > Wi o (3.3a)

where Ii = 2n(i-1)/3 , i =1,2,3 . (3.3b)

The displacements Vs and W, may be expanded in series forms,

Vi = _§ Qj(E)Aij(t) R (3.4a)
Jj=1
and _
W= 0B () (3.4)
j=1
where Qj(g), j=1,2,+++», are a set of orthonormal functions. If the

two infinite series are truncated to finite number of terms during
numerical computations, there will result a residual error which can be
minimized by selecting the above functions such that they satisfy the

boundary conditions for a cantilever with a follower force, i.e.,

3

_ 8<I>j(0) _ 3 <1>J.(1) i ) @J.(l) i

3.(0) 5 3 0
J 3L 13 12

It may be noted that if the axial force is not of the follower type
but has a fixed direction, the third derivative at the free end is not
zer052. One may choose ¢j to be the eigenvalues of a cantilever with

no axial force as they satisfy the same boundary conditions, i.e.,
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®j(£) = (coshujg - cosujg)- oj(s1nhuj£ - s1nuj£), (3.5a)

where “j are the roots of the equation

1 + coshu cosp = 0 , (3.5b)

and

. = .+ . inhu, + sinp.) . .
o (coshuJ ;oqu)/(smhuJ s1nuJ) (3.5¢)

Note that Equation (3.5c) represents a particular case of (2.19c)

corresponding to zero pressure parameter. Integration of dTa from

Equation (3.2) with the help of Equations (3.3) to (3.5) and summation

over the three legs yield

T, - (1/2)m(’1+cm)[3z'f]+(1/2)Lz{ézsin29+62+2(&>cose+xb)2}

3 3 . . .
2 22 S e pes A '
+i§1 jE1 [Aij +Bij+ ZZhdj{s1necoswiAij+coseBij+(ecosecoswi

-@sinesinwidAij—ésineBij}+(4L/u§){($c056+¢)A1j-(ésin6coswi

'eSinwi)Bij}+2(¢Si"951nwi+ecoswi)Gj(AijBij'AijBij)

—(2L/u§){(ézsin26—é2)sinZwi-2$ésinec052wi}A1j+(2L/u§)*

{¢251nzesinwi+2¢écosecoswi+2é¢(coszecoswcosli—sinwsinli)}Bij
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+{(é2+¢2+2é¢éose)-(ézsinze—éz)coszwi+éésihesinZwi}A§j

+(¢251n26+é2)8§j+{-é251n26coswi+2$écosesinwi+2é¢(coszecoswsinli

+s1nwcosI )-2¢0sinbcosy. }A1JB1J]] , (3.6a)
where by = P, and 6j = 20j/uj . | (3!6b)

The kinetic energy associated with the central head is

_ 2 . . . 2 .
Ty, = (1/2)[(1+th)mhzh+lxxa(¢s1nes1nw+ecosw) +I ya(¢s1necosw
“dsing) 241 (bcosph) ] (3.7)
_ zza : :
where th is the added inertia coefficient, m the mass and Ixxa’ Iyya

and IZZa the apparent moments of inertia of the head about x, y and z
axes, respectively. The total kinetfc energy T is the sum of Ta and
T, as given by (3.6a) and (3.7), respectively.

The potential energy U due to the flexural displacements can

be expressed as

3 L~9%v. A w. 2
U= (1/2) T EI P12 f° i d(LE)
i=1 JO[{a(La)Z} {B(LE)Z}]
3,3 @ 2
- (/2% 3 3 uiad et (3.8)

i=1 j=1 9 1
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The axial tensions arising due to the internal pressure give
rise to nonconservative follower forces which do not contribute to the
potential energy. However, the resulting generalized forces QAij
and Qéij must be evaluated. Consider an element of length d{L&) on

the ith leg at a distance L§ from the root (Figure 3-1c). The forcés

- - aF
acting at the two ends of the element are ﬁa and k. + 55— dg , where
ﬁa is given by
- ' V. av. )
F., = F [{cos Ii'(ag sinli)/Lbu, + {sin I +(ag cos I;)/L} i,
Bwi _ ' : : .
Higg)/Lhu,l, (3.9)

and Fa is the axial tension related to the internal pressure by

F,o= prd®/a . (3.10)

The contribution dQAi' to the generalized force QA from this element
is given by

ar, 3F, or,
! = F . ———1 = _1a . ._1_
Qi = (dRy ( BAU) (ag dg) (a ij)

Hence, on integration

(o]

QAij = (F /L)SZ]CSJA1S , (3.11a)

where C_; is defined by (2.47b). Similarly Qg;; can be written as
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= (F_/L) £ C_.B, . (3.11b)
a' "l ly7si s

Qg3 ;
It is clear that the contributions of the axial force to Q¢, Qe and
are zero.
%
The equation of motion corresponding to the generalized co-

ordinate 9 is

d aT 9T . dU
ey ( . ) e + = Q s
dt aqk aqk .aqk k

where Qk is the nonconservative generalized force consisting of Q& due
to the follower force and Q” arising because of the hydrodynamic
damping. For example, the equation of motion in the A degree of

freedom is given by,
. . 2y . e s 2, 1,02 2, 22\ .
Aij+6jzhs1n6coswi+(2L/uj){¢cose-2¢651nes1n wi+w+§(¢ sin“6-6 )s1n2wi}

.2)

_Zajéij(ésinesinwi+écoswi)—Aij{($2+¢2+2é¢cose)-(ezsinze-e coszwi

o

+¢ésinesin2wi}-8ij[aj{(esin6+$écose-é®)sinwi+(é¢sine+é)coswi}
Y ) .2 . s 2. e 4 3
¢ecoses1nwi—(¢ sinbcos6-0ycos e+¢ws1n8)coswi]+[EIuj/m(1+Cm)L ]Aij

= [Fy/m(1+C_)L] z C..A. /m(+c ) . (3.12)

s=1 sj is QA1J

Similarly, the equations for Bij’ Z ¢, 6 and Y degrees of
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freedom may be obtained. This leads to a set of coupled nonlinear
ordinary d{fferential equations, which is not easily tractable. Hence,
some simplifications must be made. If the disp]aéements are assumed to be

small, the second and third order terms may be ignored. The linearized

equations thus obtained are

. 2 e L, 3 4 R _
A 2L/ (orp) HET/m(14C )L }uinj-{Fa/m(.1+Cm)L}s§]CsjA1.S = 0,
(3.13a)
; L (28R, HILBHL /m(1+¢ )} 1(64) = o (3.13b)
i=1 j=1 Jiid zza m ?
. . 3 © .
[3+{mh(1+th)/m(1+Cm )}]zh+ 151 JE] ajBij = 0, (3.13c)

- 20 3, 4
5j2h+Bij+(2L/“j)951n11+{EI/m(]+Cm)L }“jBij

_{Fa/m(]+cm)L}S§]CSjBis = 0, (3.13d)
g ; (2r/ z)é sinl +[L2/2+{I /m(1+C )}]5 = 0 (3.13e)
i=1 j=1 Hi7%4; i xxa m ’ :

Defining

a.. = Aij/L’ b

i = Bij/L > Ny T Zh/L and

i
3,172
T = t[EI/m(]+Cm)L ] ?
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Equations (3.13) can be nondimensionalized to yield

2 4 :
“.+ - " LAY ! - = .
a5 (2/uJ)(w +o") M35 5 PSF]CSJ is o , (3.14a)
3 o - .
DX (2/u )a! (1+I Y(p"+o") = 0 , (3.14b)
. . 1J
i=1 j=1
3 o :
(3+r ) "t T T &.bY, = 0 ' (3.14¢)
hsTh i=1 j=1 3 W .
"+b" (2/u2)e;s1n1 +u4b —P Z C.b. =0 (3.14d)
ih J =1 sjis ’ ’
3 o 5 . x
X z (2/u)bY.sinl.+(1+21_)8"/2 = 0 , (3.14e)
i=1 j=1 3/ i X ) _

where P is given by (2.15) and

Prg = mh(]+th)/m(1+Cm) . | _ (3.15a)
- 1+ )2, 1D =1 _/m(1+C )L
IX = IXX / ( +C ) ’ y - yy
* 2
=1 _
IZ Za/m(1+Cm)L s (3.15b)
and prime denotes differentiation with respect to r. It may be noted

that for small amplitude motions, the rotations Yy and ¢ always appear
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as a sum and hence can be replaced by one variable. Elimination of

(y+6),n_and & from the above equations gives

3 ©

4 ,
al.- % z {4a" /u M (1+I )}+u.a —P Z C = 0, (3.16a)
1 =1 s=1 J s=1 SJ is
1] 3 . . 2 2 * 1
bij' T Z [{GJG /( 3+r )}+{851n11S1n1r/”j”s(]+21x)}]brs
r=1 s=1
sl Pz C b, = 0 (3.16b)
Jij =1 59 is ? : :

These two sets of equations can be analyzed separately. Assuming the

solution to be of the form a4 = |a].j|eWT , Equations (3.16)
reduce to |
(1] 4 Y, o+ 5 [4x4/u2p2(1+1*)]a PrC.a. = 0 (3.17a)
13 ey o1 27TSgay SIS
and
(u3-2H)p, o+ s 3 [46,84/ (3+r, )} +(BsinI sinT / 220142111 1b
ij r=1 s=1 Nty r ujus X'77rs
'Psflcsjbis = 0, i=1,2,3; J=1,2, ¢+, (3.17b)
2

il
>

where w
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This represents two sets each containing an infinite number
of frequency equations. In the actual computation for the eigenvalues,
however, they were truncated to the first six modes so that each contained

3 x 6 equations.

3.2 Results and Discussion

3.2.1 Inplane motion

The three sets of eigenvalues obtained from Equation (3.17a3)
correspond to the inplane motion of the array. Two of these are
identical while the third set is different. With the help of (3.14b),

it can be noticed that there are two types of inplane motion:

(i) oscillation of the cantilevers without any rotation of the
central body;

(ii) coupled inplane motion of the array.

The former corresponds to the repeated eigenvalues which are identical
to those of a single cantilever having the same axial tension parameter
P. Fora given P, the eigenvalues for the coupled motion are higher
than those in the uncoupled motion, when the lower two modes are
considered. But for the higher modes there is little difference
between the two sets of frequencies.

When there is no inplane rotation of the array, the correspond-
ing pofnts on two legs move in one direction while that on the third
moves in the opposite direction.  But in the coupled motion, the

corresponding points on all the three legs move in one direction so as
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Figure 3-2 Typical inplane and out of plane motion of the array
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to balance the moment caused by an opposite rigid body rotation of the
array (Figure 3-2).

Since the repeated eigenvalues correspond to a single cylinder
with axial tension, their dependence on P is as observed befére (Figure
2-8b). Clearly, they are independent of I:. But the coupled
eigenva]ués are higher for lower I:, gradually approaching the uncoupled
values as I: increases (Figure 3-3a). If the inertia parameter is not.
too small, the variation of the coupled eigenvalues with increasing P is
similar to the previous case. But for small I: and above certain P,
there is a possibility fof_the eigenvalues to appear as complex conjugates
thus suggesting instability. However, the hydrodynamic damping, which
has been neglected because of its second order effect, will oppose
this instability to some extent. ~ Since the complex eigenvalues for a
real system appear as conjugate pairs, the variation with P before
instability is such as to make the real parts of consecutive eigenvalues
identical. For example, in Figure 3-3a, the second eigenvalue increases
while the third decreases with P, before the instability region shown

by the dotted lines is reached.

3.2.2 Qut of plane motion

The three sets of eigenvalues obtained from Equation (3.17b)
correspond to the out of plane motion of the array. In conjunction
with Equations (3.14c) and (3.14e), it is observed that the three sets

correspond to the following types of motion:
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Figure 3-3 Variation of eigenvalues of the coupled motion of the array: (a) inplane motion
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(i) The central head remains stationary and there is no
rolling motion of the array. Here the eigenvalues are
independent of L and I: and coincide with those of a
single cantilever having the same P.

(ii) There is a vertical motion of the central body, but no
rolling motion of the array. These eigenvalues are
greater than those in the previous set, but the differ-
ence becomes smaller for higher modes. The variation
of the eigenvalues with P is also similar to that of
the first set, but now they depend on rhland I:
as well. As L and I: increase, the eigehva]ues
decrease, gradually approaching the first set (Figure
3-3b).

(iii) There is no vertical motion of the central head, but the
array goes through a rigid body rolling motion. These
éigenva]ues are greater than those in the second set
for the lower modes, but slightly smaller for the higher
modes.  Their dependence on P is similar to that of the
coupled inplane motion. As a matter of fact, for a given

I:, there exists an I: such that the eigenvalues for these

two types of motion are identical.

3.3 Concluding Remarks

Based on the analysis of inplane and out of plane motions of
an array of three cantilevers, joined to a central body, with follower

. forces, the following remarks can be made:
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Figure 3-3 Variation of eigenvalues of the coupled motion of the array:' (b) out of plane motion
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(i) The inplane motion of the array exhibits two different
éharacters -- one involves uncoupled oscillations of the
Tegs at their own natural frequency with the central
head remaining stationary, while the other represents the
coupled flexural-rotational motion of the whole array.
The former corresponds to two sets of repeated eigen-
values.
(ii) The out of plane motion consists of three different forms
-~ flexural vibrations of the éanti]evers at their natural
frequency with the central body at rest; bending displace-
ments of the legs superposed on the vertical motion of
the array, in the absence of its rolling motion; and
flexural-rotational out of plane motion without the vertical
motion of the head.

(iii) For pure out of plane motion (without roiling), the eigen-
values approach those of a single cylinder as the inertia
parameters are increased. If these parameters are not too
small, the eigenvalues of cohp]ed flexural-rotational motion
also exhibit a similar behaviour.

(iv) For sﬁa1] values of inertia parameters, there is a possibility

of unstable coupled motion above a certain magnitude of P.
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4. VERTICAL MOTIONS OF A BUOY-CABLE-ARRAY SYSTEM

The-coupled motion of an array having been investigated,
the next logical step would be to consider the submarine détection
system itself which consists of a similar array joined to a buoy by an
elastic cable. It is a rather complex problem due to the large number
of degrees of freedom involved. Hence, to start with, only the vertical
motion of the assembly is considered.

In this analysis, the cable is replaced by a spring of
equivalent stiffness such that the system reduces to.a buoy and an
array connected by a spring. The central head of the array is allowed
to move vertically and the flexural displacements of the legs are
superposed on this motion. To start with, a general formulation of
the problem is presented using the classical Lagrangian procedure.

The free Qibration of the system is considered first by equating the
forcing terms in the equations of motion to zero. The influence of
the important system parameters on the natural frequencies of vertical
motion is evaluated. Subsequently,the motion excited by a sinusoidal
surface wave is investigated. Attempts are made to determine the
effects of various parameters on the tip displacements where the

hydrophones are located.

4.1 Formulation of the Problem

Consider a system comprising of a cylindrical surface float

connected by an elastic cable to a central head, supporting three
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Figure 4-1  Geometry of vertical motion of the buoy-cable-array
assembly



81

neutrally buoyant inflated cylindrical cantilevers (Figure 4-1). Let

my and m be the masses of the buoy and central head, respectively,

while L and d the length and diameter of each leg. The cable is replaced
by an equivalent spring of stiffness k. An inertial co-ordinate

system X0® Yo© Zg is located at the free surface as shown in Figure 4-1
such that (0, O, ZbO) and (0, 0, -H) are the co-ordinates of the
equilibrium positions of'the centres of mass of the buoy and central
head, respectively. At any instant t, the locations of the centres

of mass of the buoy and the head and a point on the jth leg at a distance
EL(0<&<1) from the root, are given by (0,0,2b0+zb), (0,0,—H+zh) and
(choin, iLsinIi, _H+Zh+wi)’ respectively, where W, is the f]exuraf

displacement and Ii were defined in Equation (3.3b).

As before, W, can be expanded in a series form,
. (t) (4.7)

where ®j(£) is given by Equation (3.5).

The kinetic energy T of the system is given by

3

—
i

) (mb/2)£§+(mh/2)éﬁ+(1/2) Im (7,4 2 éijQJ}de

i=] J=1

3 o
.2 .2 .2 ) . .
(mb/2)zb+(mh/2)zh+(m/2)[3zh+i§] jE]Bij+22h6jBiJ] , (4.2)

where m is the mass of each cylinder inc]dding the water inside it

and Gj as defined in (3.6b). This does not include the kinetic energy
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associated with the-apparent inertia of the assembly as the effect could
be accounted in the generalized forces.

The potential energy U of the system consists of three parts:
the energy associated with the buoyancy of the buoy, the elastic
energy stored in the cable, and that due to the flexural displacements
of the Tegs. The nonconservative follower forces arising because of
the internal pressure do not contribute to the potential energy.
Hence,
3 o

r I
i=1 j=1

2 3) 482

Mg

[emg
[{}

2
(c/2)(zy-2,)"+(k/2) (2 -2, ) “+(ET/2L , (4.3)
where ¢ is the equivalent stiffness due to buoyancy and can be written

as

(@]
I

(pwg) (Area of the cross section of the buoy),

and Z, the displacement of a water particle due to the wave at the free
surface. Using Equations (4.2) and (4.3), the classical Lagrangian

formulation yields,

myzptelz, -z Jk(z-z,) = Qpp (4.4a)
) 3 e .
(mh+3m)zh+k(zh-zb)+mi§] jE]SJBiJ = Q, » (4.4b)
m(B. .+6.2 )+(EI/LuM.. = Q... (4.4¢)
ij Jjh J i B}J ? ’

~i = ]’2’3; j = ]’2,---00;
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where sz,(éhand QBij are the generalized forces corresponding to Zy»
z, and Bij degrees of freedom, respectively, arising due to the hydro-
dynamic forces and internal pressure. |

The hydrodynamic forces Fb and Fh acting on the buoy and central

head, respectively, are given by

Fp = -ab(ib-iw) (p /2)C db> b )IZ wl , (4.5a)

and

n = "G Z0)-(0,/2)Cy S, (zp-2 M zp-z 0 | (4.5b)

where s Aps Cdb’ th, Sb and Sh are the corresponding added masses,
drag coefficients and areas of cross—se;tion, respectively, and Zuih
the wave displacement at the head.

The hydrodynamic forces acting on an element Ldg located on the

ith leg at a distance LE(0<E<]) from the root can be written as

= -[a( +w -z i)+(pw/2)cdd(zh+wi'zwi) larwi-zwilL]dg , (4.6a)
where Z,i is the wave displacement at the element anq
a = prmSL . (4.6b)
Realizing that the generalized force Qj arising due to a

set of forces Ek(k = 1,2,+++n) acting at the points r (k = 1,2,*+n)

is given by53
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'S
8 ’

one obtains from Equations (4.5) and (4.6)

Q= -2y (2p-2,)-(0,/2)Cyp Sy (2 -2 ) 2 -2, | (4.72)

Gh= -ap(zp-z,0)-(p,/2)C S, (2,-2 V2 -2, | s

. 3. 3 o 31
-a[3zh-_§]f zwidg+ Iz 658151'(pw/2)Cde.§]f {zh

i=1/0 i=1 s=1 i=1/0
'Zwi+s§]®5(g)815}lzh_zwi+sz]®s(g)8isld£ R (4.7b)
and
ool 1. e
1] = . - _ - *
a5 = -alsgi b, fozwi®j(£)d£] (pw/z)cdpdfolzh byt I 0 (6)
Bisl[zp-2,4+ T o (€)B Jo,(g)dE E (4.7¢)

s=]

where b &pand Qéij are the generalized forces due to the hydrodynamic
forces only.

The_contribution of the follower forces to the total general-

ized force QBij is obtained from (3.11b), i.e.,
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Qéij = (Fa/L)SE] CsjBis . (4.8a)
Clearly,

Qp = Q0 = 0 . (4.8b)

Defining

n, = Zb/d, Ny, = Zh/d’ bij = Bij/d’ n, = Zw/d’

- . _ 1/2
Nwh = ZWh/d’ P Zwi/d and T = t[c/(mb+ab)] ,

the equations of motion as given'by (4.4) in conjunction with (4.7)

and (4.8), can be nondimensionalized to yié]d.

=2 -2 i 1 ' 1 ' = n
np* (142 -0 nptap (np-ni) Ing-ne | = (n, #fnt), (4.9a)

3 o

Jnl'+ £ % §.bY +Q
he""h .4 s=1 S 18

2

(3+r )+o.

e (M h(”ﬁ‘”wh””h‘”wh]

3 1 - o )
+ai§][0{nﬁ'nwi+si]°s(g)bis}Inh-nwi+szl®s(€)bisldg

3 .1
fon" +f Z [ n" dg

and

n " 2 = . ' ' < / '
b3 5+ 3Mh* %505 5 PSE]Csjbis+af;{nh'nwi+sz]®s(g)bis} *
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where

2 - o
Q = k/c, Pog = (mb+ab)/(m+a), P = (Fa/cL)(mb+ab)/(m+a)

05 = WilEL/ (ma) ol ray /el ay = (0,/2)C 4,50/ (ng¥ay )

o = (pw/2)thShd/(m+a), fb = ab/(mb+ab), fh = ah/(m+a),
£ =1/(14C ), (4.10)

with he and o obtained from Equations (3.15a) and (2.16b),respectively.

To incorporate viscoelastic effects of the legs, E in the expression for
*

Q? in Equation (4.10), should be replaced by the complex modulus E (w)

as given by (2.42a).

4.2 Vertical Free Vibrations of the System

For the free vibrations of the system, the forcing terms in

the equations of motion are eduated to zero, i.e.,

W

Since the effect of the damping terms on the natural frequencies and the



87

modes of the system is of the second order, they may be ignored. If
the motion is assumed to be sinusoidal with w as its dimensionless

frequency, Equations (4.9) transform to

(1+S—22-w2)nb -anh =0 , (4.11a)
5%r, n 0%, —(3+r, Julln, -w? ; s sb. = 0 (4.11b)
LV VA R A e ’ &
and
2 2 2 - % _ '
-w éjnh+(ﬂj-w )bij_P X Csjbis = 0 , (4.11c)

s=]

The above set contains infinite number of equations. In the numerical
computations, however, only the first six modes were retained so that

Equation (4.11) reduced to an eigenvalue problem of the type

[Al(x) = «’[BI(x) , - (4.12a)

of order 20. Premultiplying (4.12a) with [B]"] one obtains

(81 [AI) = WE(0)
or

[ctx) = o’(x) , | (4.12b)
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where [c] = [B]_][A]

The system of Equations (4.12b)can now be solved by an iteration procedure

(for example UBC DREIGN) to obtain the frequencies and mode shapes.

4.3 Response of the System to Surface Wave Excitations

The system under normal operating condition will be subjected
to the ocean waves which,in general, would lead to both horizontal
and vertical motions of the buoy. Obviéus]y; the resulting dynamical
analysis of the sysfem will indeed be quité complicated. Fortunately,
considerable simplification in the analysis can be achieved without
substantially affecting the physics of the problem by examining the
system response with the buoy at the crest of a standing wave. Moreover,
a complex wave can é]ways be expanded in a Fourier series and the
general forced motion can be obtained by following a similar prdcedure.

It can be shown that for a standing wave54

= n0c052ﬂ(t/f) »

=
|

b = noe'ZHH/LACOSZﬂ(t/T) ,

_ -2mH/L =
Nyi = Nl ACOSZN(X/LA)COSZN(t/T) ,

provided the crest lies along the vertical axis of the system. Here
Ny» T and LA are the amplitude, period and length of the wave,

respectively. It may be noticed that the particle motion decreases
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rapidly with depth. For H = LA/Z-, the amplitude of particle motion

is n0/23.1, while at a depth equal to the wavelength, the motion reduces
to n0/535. With the average wavelength of around 100 ft (sea state 3)
and cable length of 100-400 ft, it may be assumed that

nwh = n.= 0 , (4.]33)
and

nocosz—n(t/f) = ngcoswt (4.13b)

3
n

where w is the dimensionless frequency.

The forced motion, in general, will invo]vé all the harmonfcs
of w; but for simplicity only the fundamental term, which is usually
the most important one, is considered. To account for the system
damping, both sine and cosine terms should be included in the solution.

Hence

Ny = NpCOSwT + nbssinwr . (4.14a)
Nh = NpcCoswT + nhssian R (4.14b)
bij = bijccosz + bij551an . (4.14c)

Substitution of (4.14) in (4.9) will not, in general, satisfy the
equations for all t. But one can use Ritz's averaging technique which
involves multiplying both the sides of each equation by coswt énd sinwt
in turn and integrating over a period. The resulting algebraic equations

are
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2 2 - 2 1/2. 2
(1+92—w2)nbc—€22nhc+ab(8w /3m)n, [ bc"”o) an] /2. (1-fLw™)ngs  (4.15a)
-2 =2 ' 2 41/2 -
(140" -0y o (862/37) (my -n) L (ny -n )22 12 = 0, (a.15p)
_2 2 2 23 = 2
gl pe rp = (3+r )0 Iny - 12] kz16kb ke T8/ 3m)n, o *
2 172 3 (1 2)1/24,
(n 42 ) 2sa(8ul/3m) zf 0, (07+02) 0. (4.15¢)
¢ 'hs _
i=1/0
-r 92 +[r ﬁz-(3+r )wz] wz g ; ) (8w2/3n) *
b2 Tbs L'by he’!® 4Mps i27 Koy K iks” %h
( 2 \V/2_ 82 /3m) ) ] D, (0 +D2)”2 0 (4.15d)
"he nhc "hs w i=1lo- ? :
(sz )b, . +yu02b. . -wls.m P % C..b. ra(8wl/3m) *
1JC Jijs j 'hc k=1 kJ 1k
1
f@j(a) (%) 2g = o, | (4.15¢)
0
2 2_ 2 2 A 2
—YwQJb1JC (Q )bijs_w Sjnhs—PkE1ijbiks-a(8w /3m) *
1 2' 2.1/2, '
fcp.(g)u 02402)2qr = o | (4.15f)
0 J C' ' c s
i21,2,35 k=1,2,0000;
where
Dc N nhc+ § ¢k(g)bikc ?
k=1
Dy = npgt Z 9 (E)byy o s
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and y the equivalent viscoelastic damping.
The solution of these simultaneous equations gives the sine
and cosine components of each generalized co-ordinate. Since the
first few modes are likely to be the most important ones, only the first

two are considered in the numerical computations.

4.4 Results and Discussion

4.4.1 Free vibration

By truncating the infinite order system to the first m modes,
(3m+2) eigenvalues are obtained from (4.11). Two identical sets of m
eigenvalues result along with a third set_containing (m+2) frequencies.
The repéated eigenvalues correspond to the independent motion of the
canti]everé at their natural frequencies while the buoy and the central
body are at rest. On the other hand, the nonrepeated eigenvalues describe
the coupled motion in which all the legs move identically and hence
only (m+2) eigenvalues can correspond to this type of motion. In the
present casem is taken to be 6.

The typical amplitudes of motion of the buoy, central head
and the cy]indrica] legs during coupled motion at fundamental and
higher natural frequencies are shown in Figure 4-2. It may be pointed
out that to eﬁphasize the relative motion, only the displacements are
presented to the scale (unit central head displacement), geometrﬁca]
dimensions being left arbitrary for clarity. One may notice that for
the lowest three frequencies, the shape of the cylinder resembles its

fundamental mode since it is the most dominating one. However, the
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subsequent frequencies correspond to the second and higher modes of
the leg. Since the third natural frequency of the coupled motion is
quite close to the natural frequency of the buoy due to its buoyancy,
the buoy has a large displacement.

The variation of the coupled natural frequencies with P and
Q] for given Q, " and L is shown in Figure 4-3. Here P character-
izes the effect of internal pressure while Q] the fundamental frequency
of each leg. The first three of these frequencies, for a given P,
first decrease and then increase with increasing 2 (Figure 4-3a). For
large values of 91, these frequencies decrease with inc?easing P, while
for small values of the fundamental frequency, the behaviour is exactly
the opposite. This is so, because for large Q] the structure behaves
like a cantilever while for small Q] it acts as a string. As is well
known, increasing the axial tension has opposite effects on these two
structures. The behaviour of the fourth (Figure 4-3a) and higher
frequencfes (Figure 4-3b) is the same as that of the second and higher
frequencies of a single cylinder, i.e., they increase with Q] and P.

If Q] is not too small, they vary 1inéar1y.

The variation of the coupled frequencies with ﬁz and LN for
given P, 91 and'rhz/rbk is plotted in Figure 4-4. The first three
increase with Q, i.e. the stiffness of the spring, while the subsequent
ones are almost independent of it. The parameter oy representing
the ratio of the apparent masses of the buoy and the leg, has opposite

effects on the lower and higher frequencies. The higher frequencies

(Figure 4.4b), which are characterized by the stiffness of the legs,
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decrease slightly with "he, while the lowest one which involves large
coupling between the buoy and the array increases with the same
parameter.

Given the operating sea conditions, the parameters must
be so chosen as to yield the natural frequencies of the system (at least

the Tower ones) far removed from the forcing frequencies.

4.4.2 Forced vibration

The frequency response of the buoy, central head and the tip
of a leg, for different QZ(=k/c), are plotted in Figure 4-5a. One may
notice that the buoy displacement peaks at smaller frequencies with
reduction in k/c. For k/c = 1, there is a less conspicuous peak since
around this value of k/c the array acts somewhat like a dynamic absorber.
For the motions of the central head and leg tips, resonance is observed
first at a very small frequency (fundamental) and subsequently at
higher frequencies. It may be observed that these resonant displace-
ments diminish with k/c, i.e., if the elastic cable is a soft spring,
the motion at the water surface is not transmitted to the array.

Figure 4-5b shows the frequency response when Q] is varied.

It is evident that the displacements of the tips of the legs could be
reduced by increasing Q], i.e., by making the legs more stiff. This
implies reduction in length of the legs and increase in their diameter,
thickness and elastic modulus. Moreover, it may be noted from Figure
4-5¢ (in logarithmic scales) that for a given Q], 5 and ﬁ, the tip dis-
placement for higher forcing frequencies diminishes with increasing e’

while that at lower frequencies remains unaffected.
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Figure 4-5 .Frequency response of the buoy, central head and the tip
of a leg as affected by: (a) equivalent spring stiffness
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The effect of taking the wave displacements "h and Ny into

account 1is indicated in Figure 4-5d. Here N and n,; are assumed

1
to be equal and have a constant phase difference eph with respect to
the surface wave displacement - Clearly, consideration of Nh and
i increases the-displacements of the central head and tip of each leg
for moderate forcing frequencies. eph = m represents a more adverse
situation than eph = 0.

4.5 Concluding Remarks

The important conclusions based on the analysis can be summar-

ized as follows:

(i) The solution of the eidenva]ue problem for free vertical
oscillation of the buoy-cable-array systém yields two
sets of repeated natural frequencies corresponding to the
independent motion of the legs and a third set describing
the coupled motion.  All the three legs move identically
during the coupled pure vertical oscillations.

(i1) The variation of the natural frequencies with different
system parameters as obtained in this study, Shou]d prove
useful in a design procedure aimed at avoiding resonance.

(iii) Analysis of the response of the system to surface wave
excitations suggests that the displacements of the leg
tips can be réduced by using an elastic cable with small
stiffness and legs having a large fundamental frequency.
The typical value of.this freduency as observed in the

prototype structures is below 2 cycles/sec. The analysis
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suggests that any increase in this value is likely to
have beneficial influence on the structural response.
On the other hand, as emphasized by Figure 4-5b, very
small values of leg frequency may lead the buoy to
leave the water surface and hence must be avoided.
(iv) Although an increase in the inertia of the central
head is likely to reduce tip deflections, it would be

difficult to realize this from design considerations.
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5.  DYNAMICS OF A DRIFTING BUQY-CABLE-ARRAY ASSEMBLY
USING DOUBLE PENDULUM APPROXIMATION

The previous chapter considered the vertical motions of the
submarine detection system when it was stationed at one location.
Although the response of the system to surface waves was considered, it
was assumed that the waves are not associéted with any drifting
velocity. The objective of this chapter is to investigate its behaviour
when drifting in an ocean current.

The drifting motion of the system is rathef comp}ex becauée
of the large number of degrees of freedom involved: the spatial
oscillations of the buoy superimposed on its drifting, three dimensional
motion of the flexible cable, the motion of the array in its own plane
and that of the plane of the Frray itself. Hence it was thought
appropriaté to study, at least in the beginning, a relatively simple
model to obtain some appreciation regarding the physical character of .
the problem. |

It is assumed thét the system is drifting with a constant
velocity and oscillations take place around the corresponding steady
state configuration. Furthermore, the effect of these vibrations of
the cable and array on the drifting velocity is neglected. In actual
practice, occassionally a small velocity gradient across the current
is observed; however, for simplicity it is ignored. Of course, this
does not affect the mathematical proceduré and if required, its
influence can be included quite readily. The up and down and rocking

motion of the buoy are assumed to be absent. Thus the buoy is
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considered to have é uniform drifting velocity and hence the origin of
the inertial co-ordinate system can be located at the centre of the
buoy. The mass of the cable is considered to be continuously and
uniformly distributed along its length, but its shape is approximated
by two straight lines, i.e., the system behaves 1like a double pendulum.’
For the time being, the flexibility effects of the legs are ignored.
With these assumptions, the steady state configurations are -
determined and their dependence on the system parameters examined.
The double pendulum type motion of the system along with the rotational
oscillations of the array, around these equj]ibrium positions, are
studied. The analysis provjdes useful information concerning the
stabi]fty of the motion and influence of various system parameters:on

damping rates.

5.1 Formulation of the Problem

5.1.1 Equations of motion

Consider a buoy-cable-array assembly drifting with a uniform
velocity V (Figure 5-1). Let xo,'yo, 20 be an inertial coordinate
system fixed to the centre of the buoy. The cable of iength Lc’ connect-
ing the centres of mass of the array and buoy, is approximated by two
straight ]ines_inc]ined at angles B](t) and Bz(t) to the vertical,
respectively. Let 6(t) be the inclination of the plane of the array
to the flow and let angles wi(i=1,2,3) measured from the projected
direction of the flow in the plane of the array, define the orientation

of the legs. Clearly
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vy = vy *em(i-1)/3 . (5.1)

The position vector Fh of the centre of mass of the head is

given by

r, = -(L]sin8]+L25in82)i—(L]cosB]+L2cosBZ)k , (5.2a)

where L] and L2 are lengths of the two Tinear parts of the cable and %,
3 and k the unit vectors in Xg» ¥ and z4 directions, respectively. The
Tocation of a point P on the jth leg, at a distance£L(0<g<1) from the

centre of the head, can be written as

A + gLeti R (5.2b)

th

where éti is the unit vector along the i~ leg and can be expressed

in terms of the array rotations as follows:
éti = cosecoswiT+sinwi3-sinecoswiﬁ . (5.2c)

The expressions for the kinetic and potential energy must
be obtained for the Lagrangian formulation. The kinetic energy of the
system consists of three parts: Ta of the legs, Th of the central head
and Tc of.the.cab]e. Considering the kinetic energy of an element

Ld¢ and summing over the three legs, one obtains
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1. . ,
J EEp s e, e

Substituting from (5.2), the above expression yields

3 /1
_ 2 2 . .
Ta = (1+Cm)(pw/2)(ﬂd L/4)1E][O[Vh+2€Lw(—%Dbsnnwicose+wwbcoswi.

. . . . 2,2,:2
+v.h_zos1nwisjnq)—ZgLe(thocoswis1ne+Vh20cosw1.cose)+£ L=(y
+62
cosy.)]1dg -
= (m/2) (14, ) (V2L %24 2%0%2] (5.3a)
where Vh is the velocity of the head given by
vh = -(L]B]cosB]+L282cosBZ)i+(L]B]sinB]+L2625in82)k
= th1+VhyJ+\41Zk (say), Vp = |V | . (5.3b)
0 0 0
and .
‘b = ll) (1 =1 2) 3) . (5.3C)

i

The kinetic energy of the central head is given by
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~ 2.:2 . 2 2 2
Th = (1/2)[(1+th)mhvh+0 (Ixxas1n w+Iyyacos w)+Izzaw ], (5.4)
while that of the cable can be obtained from
T = (+C 0| 1T (o) %am o+ |V (s,)%dm 172 (5.54)
c mc cl*1 cl c2'2 ce ’ AT

mc] mc2

where mC], mC2 and CmC are the masses of the two sections of the cable
and its added inertia céefficient, respectively and VC1(S]) and ch(sz)
the velocities of elements on the two portions of the cable. It can

be shown that

VC](S]) = -(s]B]cosB]+L282cosBZ)i+(s]B]sinB]+L2825in82)k, (5.5b)

and

ch(sé) = -szézc0582?+szé251n32k , (5.5¢)

where 51 and S, are distances of the elements from the hinges of the

first and second pendulum, respectively. Hence

- 2312241 252 o
Te = (+C I m 1 72) {(L7/3) 8] +L58,+L LB, Bycos (B, -8,) }

+(mc2/2)L§é§/3] . (5.5d)
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The potential energy of the system can be obtained as
U= -mhg(L]c0581+L2cosBZ)-(mc]/2)g(L]cosB]+2L2cosBZ)
_-(mc2/2)L2cosB2 . : (5.6)
Using Equations (5.3)-(5.6), Lagrange's equations of motion are

(e ml%y = q . (5.7a)
(1+Cm)(m/2)L26 = Q > (5.7b)
[(1+Cm)m(3+rh£)+(1+CmC)(mc]/3)]L$§]+[(1+Cm)m(3+rh2)+(1+cmc)(mé]/z)] *

L1L2[§2c05(81-82)+égsin(61—82)]+[mh+(mC]/2)]gL]sinB] = Qg¢> (5.7¢)

LG Im(34r, )+, ) (1431, /L) (m_p/3) IW5E,+T (14, Im(3+r, )

+(1+Cmc)(mc1/2)]L]L2[é]c05(B]-82)-é§sin(s]—82)]+[mh+mc]+(mcz/2)] *

19Lysing, = Qg | (5.7d)
where Qw, Qe, QBI and QBZ are the generalized forces corresponding to

co-ordinates vy, 6, B] and 82, respectively, arising due to the hydro-

dynamic forces.
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5.1.2 Evaluation of the generalized forces

In order to determine Qi(i = e,w,sl,sz), an accurate knowledge
of the hydrodynamic loading on an inclined circular cylinder is required.
The drag forces on an element, proportional to the square of the velocity,
can be resolved into two components FN and FT’ normal and tangential
to the element, respectively. As discussed earlier, FN exhibits a sine
square dependence on the angle of attack of the cylindrical element.
However, no single form for FT has been agreed upon. In this analysis,

the functions used to describe FN and FT’ are the ones proposed by
24

Schneider and Nickels™ . From the experimental data, they observed
that FN and FT for unit length are given by
- 2, .2

Fy = (p /2)C,V°d sin“(angle of attack)

N W N
and

Fr = (o, /2)C v2d cosz(ang1e of attack)

T w T '

where V is the relative velocity of the element with respect to the
fluid.

The coefficient CN is obtained by nofing that the normal

drag is primarily a pressure drag. A detailed plot of C, versus the

N
Reynolds number Re(based on diameter) is given by Hoerner21. It is

seen that CN is approximately constant (=1.18) over the range

3 5

Re = 10"- 5 x 10° which covers the regioh of interest in the present

situation.
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The tangential drag is mainly the contribution of skin

friction and the corresponding coefficient CTis inversely proportional

to the square root of the Reynolds numberZ],

CT = (constant) Re']/2

43

Cannon™™ obtained a value of 7.69 for the proportionality constant by

20 for a 0.388 inch diameter cable.

th

fitting the data of Relf and Powell
The hydrodynamic forces acting on an element Ld& of the i

Teg can now be written as -

i1 = (9, /2)CiLd(Wy e e ) Wy e &y ile de (5.8a)

(o8
-n
|

and

o
==
!

in. = (R /2)CLATH ) - (Wy oo e i)y W - (-8 L )e, | de,

(5.8b)

where Wzi is the relative velocity of the element with respect to the
fluid and can be obtained by differentiating (5.2b) with the help of
(5.2c) and (5.3b) and adding V to it. (The signs of the above
expressions are exactly opposite to those in Reference 43, because of
the difference.in the definition of the relative velocity used).
Similarly, the hydrodynamic forces acting on an element dsj

on the jth portion of the cable are given by
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dFTCj = (pw/Z)CTCdC(WCj' etcj)]wcj' etcjletcjdsj » - (5.8¢c)
and
dFch N -(pw/Z)Cchc{wcj-(wcj°'etcj)etcj}lwcj
(e 8 j)8pcldsy j=1,2, (5.8d)

where dc’ CTC and CNc are the diameter, téngentia] and normal drag
coefficients of the cable, respectively. The unit tangential vectors

e are given by

tcj

€tcj -(s1n8j1 + cosBjk) , o (5.9a)

and ﬁcj can be obtained from

wcj = Vi + ch(sj) . | (5.9b)

where ch(sj)-are as defined in Equation (5.5).

Consider a typical case of an array made of 6 inch diameter
cylinders drifting with a velocity of 1 ft/sec. The corresponding
Re is approximately 5 x 104. Hence

1/2

C."= 7.69Re” =~ 0.034.,

T
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which is substantially smaller than CN. Although the value of CTC is
slightly higher due to the smaller diameter of the cable, it is still

small compared to C Hence, in this simplified analysis, the

Nc*
tangential drag components will be ignored.

The generalized forces Q, corresponding to the co-ordinates
K

q, are given by

T
Q = S OF .
k s S aqk

where Fs is the position vector, with respect to the inertial co-ordinate

system, of the point of appﬁ'cation of FS. Hence

L
I

3 /]
2 = . . -
L = (o208 dikzlJOEIAi|[{(V+tho)cose—\lnzos1ne}smwi-gw]dg :

(5.10a)
: 2 3 /1 - . ]
Q = (pw/Z)CNL diEJOEIAi][(Y+tho)s1ne+\€_|.zocose-£Lecosw1.]coswidg ,
(5.10b)

3 /] '
- i ; 2
081 = (pw/Z)CNL_L]d[_E][OIAi|{(V+\€]X0)cosB]-VhZOsmB]-cos(B]—e)cos by *

1

( (V+th0)cose—\j,)zos1'ne)-ngbsinwicos(B] -e)+£Lécos¢i si n(B] -9)1}dg]

1 o .
+(pw/2)CNCdC[J0| VcosB, -s¢8, —LZBZCOS(B] -82) | {VcosBy-s18y

-Lzézcos(B]-Bz)}s]ds]] - (5.10c)
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and

3 .1
- x . ' 2
QBZ = (OW/Z)CNLLZd[iE]JOIAi|{W+thgcosefvh251nBz-cos(BZ—e)cos v

((V+VhX8cose—thgine)—gL&sinwicos(82—6)+gLécoswisin(sz—e)}dg]

1 . . i
+(pw/2)Cchc[L2f0|VCOSB]-S]B]-LZBZCOS(B]-BZ)I{VCOSB]-S]B]

Ly

_Lzézcos(B]-Bz)}cos(B]—Bz)ds]+f0 chossz—szszl(VcosB2

-5282)52d52 . (5.10d)

where
ti8t

Defining a dimensionless time t by
T = ]OVt/(L]+L2) = 10Vt/Lc s (5.11)

the equations of motion (5.7) in conjunction with (5.10) may now be

written as

3 /1
P = aR{jR]+R2)/]O}ZiE][0|51|[{(Lﬂmxgcoseﬂ%z§ine}sinwi—10£¢'
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/(Ry+R,)]ede (5.12a)

8" = 20R{(R;+R,)/10}

™MW
—

i

1
la, | {(1+u_ )sin6+u cos6-10£6'cosy.

/(Ry*R,) }cosp.edE (5.12b)

{(3+r )+R re /3(R +R )}B"+{(3+rh )+R]rcz/2(R]+R2)}(R2/R]) *

h%

{BECOS(B]-82)+Bé251'n(8]-62)}+{1+(R]rch/2)/(R R, ) ry (R/Ry)*

rhdsinB] = Q61 , (5.12;)
and

(34 H(1/3) (3Ry 4Ry Ir (R R, I (v J+ Ry /2)/ (Ry#Rp)

(R /R ){B¥cos(81 82 %1n&% 82)}+{]+(1/2)(2R]+R )rch/(R]+R2)}*

r](R/RZ)rhdsinB2 = QBZ’ ' (5.12d)
where reg = mc(]+CmC)/m(1+Cm), Peh = mc/mh, (mC = mc]+mc2),
o 2{(R +R )/10} /ﬂ(]+C ), R =1/d, R] = L]/L, R2 = L2/L s
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Ry

Uh
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_ _ 2
= dc/d’ Rp F)C/pw, rhd = thg/pwV Ld,

57 Vhg/Va U= xgeygezg)

341 , _
= (Rr])[(CN/R]).E]folai|{(1+%X0)cosB]-uhZ§1nB]

1

-cos(B]—e)coszwi((Hu )cose-%zgine)-maw'simp].cos(B]

™

1
_e)/(R]+R2)+10£e-coSwisin(B]-9)/(R]+R2)}dE+CNCRdIOICOSB]

—1ORZBécos(B]-82)/(R]+R2)-10R]Bi(s]/L])/(R]+R2)|{cosB]

-10RZBéCOS(B]-82)/(R]+R2)-10R]8i(s]/L])/(R]+R2)}(s]/L])d(s]/L])],

3
- . 2
(er)[(CN/'RZ)EJO]ail{(]+uhx0)C0582-uh2051nBZ_COS(BZ—e)COS (pl.*

1
((1+qnb)cose—wmosine)-10£w'sinwicos(BZ—e)/(R]+R2)+1oge'coswi *

a
sin(Bz—e)/(R]+R2)}d£+CNCRd(R]/R2)JO|cosB]-1OR28écos(B]-82)/(R]+R2)
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-10R]B]'(s]/L])/(R]+R2)|{cosB]—10R28écos(B]—62)/(R]+R2)
]
-T0R,85(s,/L,)/ (Ry+R, )| {cosB,-10R, 2B (5,/L,) (R R ) 3(s,/L,) *

d(s,/L,)]

and

- 12 _ 2 2 2 2 2 . 2
lail = (141h&} (T-cos ¥, cos efﬂﬁzél—cos P;sin 6)+2(]+uh&}uhzo

coszlpisineco?e'—{zog/(R1+R2)}[¢'{(1+uhx0)cose—uhz(;5,1'ne}s1’nwi

+6"' {(1+u )sine+uhzcose}coswi]+{]0/(R]+R2)}252(w'2+6'2c052w.).
0 _ !

hxg

(5.12e)

Here prime denotes differentiation with respect to the d1mens1on]ess
time. The obJectlve is to analyze this set of highly non11near and
coupled equations of motion to assess the influence of system parameters

on its equilibrium configurations and free vibration.
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5.2 Steady State Configurations and System Response

For equilibrium configurations, time derivatives in the

equations of motion must vanish. Hence

n
(@)
-

. |a1.olcoseos1mp1.0 (5.14a)

1

n™Mw

1

n~Mw
1l
o
-

(5.14b)

1 lai0]s1neoco§wio

1

3 _
[1+(rChR]/2)/(R]+R2)](rhd/R])sinB]O-RCN/R]EE]léiol{cose]o

-cos(B]0-60)coszwiOcoseo}+(CNCRd/2)c05281O] = 0 , (5.14c¢)

and
. _ 3
[1+(rch/2)(2R]+R2)/(R]+R2)](rhd/R2)51nBzo-[(CN/RZ)iE]IaiOI{cosB20
-cos(Bzo—eo)coszwiOcoseo}+CNcRd{(R]/R2)c052810cos(810-820)
+(1/2)c052820}] = 0 , _ (5.14d)
where
|510]2 - ]_C052¢%0COSZGO and subscript '0' refers to equilibrium
configurations. Examination of (5.14a) and (5.14b) yields the following

combinations of 0y and w0(= wio'li) :



122

—
-t —~~
- -
~— ~—
D D

o o

H n
o o
- -
< <

o o

1] 1]
= o
~ -
w

(5.15)

Camm
-
<

A
D

o
=
~
N
<=
(]
1]
=
~
w

Equations (5.]4c).and (5.14d) 1in conjunction with (5.15) can now be solved
to determine_B]O and 820 for a given set of system parameters. |
Efforts were made to isolate the effects of different pakametérs
on the dynamical behaviour around the steady state configuration of the
system. Since the length of the cable is decided by considerations other
than just the stabi]ity'oflthe system, it was used to define a dimension-
less time T in Equation (5.11). The real damping time can now easily
be determined from t once the drifting velocity and the cable length are
given. As the equations of motion were highly nonlinear, the response of
the system was studied by numerical method. An Adams-Bashforth predictor-
corrector quadrature with a Runge-Kutta starter was used. Initial
disturbances of 20° from the eq&i]ibrium configurations were given to
all the degrees of freedom. As the displacements were rather large, a
small step size of-0.002 was reduired to give sufficient accuracy. (For
a system drifting with a velocity of 1 ft/sec and having a cable 100 ft
long, this amount$ to 0.02 set). For larger cable lengths, the step

size had to be reduced further.

5.3 Results and Discussion

0f the four possible steady state configurations cited in
Equation (5.15), only the first one was found to be stable. This

corresponds to the array remaining horizontal and the leading leg
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aligned in the direction of drifting. It may be pointed out that the
equilibrium orientation corresponds to 60 = 0, because the cable was
assumed to be connected to the centre of mass of the array. In practice,
this may not be strictly true and 60 may acquire a small non-zero

value.

The variation of angles B]O and 820 which characterize the
steady state shape of a given cable is shown in Figure 5-2. The
effects of a given parameter on 810 and 820 are essentially similar.
The shape of a given cable when viewed from the buoy changes from con-
vex to concave as the diameter or length of each leg is-reduced. It
may be observed from Figure 5-2a that both B]O and Béo decrease with an
increase in R as well as - Hence a smaller diameter of the legs or
a heavier central head keeps the system closer to the vertical. The
effect of increasing the length ratios R1 and R2 or the diameter of the
cable is to make B0 and Bog smaller (Figure 5-2b).

#1gure 5-3 shows some typical plots of the system response.
It may bé noticed that when a disturbance is_given to the wo = 60°
equilibrium configuration (ii, in Equation 5.15) ¢ increases, finally
reaching a value of 120° (Figure 5-3a). This corresponds to the other
steady state orientation in which the leading leg is aligned with the
direction of drifting. But if an initial displacement is given to
wo = 0 configuration, the system returns to the starting equilibrium
position (Figure 5-3b). Hence the former is an unstable equilibrium
while the latter a stable one. Of course, for the second case, a dis-
turbance exceeding 60° would result.in the system attaining an-alternate

stable orientation.
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It was noticed that initial disturbances given to the steady
state configuration characterized by wo = 0, damp out asymptotically in
the range of parameter values considered. No oscillatory motion was
encountered.  However, decaying rates are dependent on the system
parameters. In order to compare the damping ratio, arbitrary displace-
ments of 20° were given to each degree of freedom and the time taken
to come within 1° of the equilibrium angles was noted. It was observed
that the decay of the yawing motion of the array is the fastest followed
by that of its pitching motion and the pendulum type oscillations of
the cable. .

Figufe 5-4 shows the variation of damping rates with R] and
R2 (i.e. ratios qf the lengths of two linear portions of the cable to
that of the leg) and R (length to.diameter'ratio of the leg). It is
of interest to recognize that increase in R] and R2 improves the decaying
characteristics (Figure 5-4a). Hence for a given cable length, shorter
arm lengths aré desirable. But this would create an apparent problem
in signa] processing due to a reduction in phase difference of the
detected signals. Thus, as is often the case in a practical design,
one is faced with a situation demanding a compromise between conflict-
ing requirements.  ~ For specified LC, R] and R2, a 1argér R reduces
the damping times for 0, B] and 82 increasing that for ¢ slightly
(Figure 5-4b). This indicates that a smaller diameter of the legs is
preferrable. Table 5-1 indicates the influence of the central head,
cable and drifting velocity associated parameters on the damping rate.

Changing the weight of the central head does not have significant effect
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TABLE 5.1

Influence of the Central Head, Cable Dimensions and Drifting Velocity on Damping Time

Damping Time t, sec

t = LCT/1O )
Parameters Varied P 8 'B] B, Comment
mg =5 1b 55.5 292 316 306 = 5,
mg = 7.5 1b 58 270 301 293 = 100 ft, d. = (1/4)in, V = 1 ft/sec
de = (1/4)in 55. 292 316 306 R =20, R = 5,
d. = (1/2)in 58 263 294 269 . 100 ft, V = 1 ft/sec, mg = 51b
L. = 100 ft 38.5 169 198 195 R = 10, _
LC = 200 ft 58 large! 520 520 d = 1-ft/sec, mg = 5 1b
=1 ft/sec 55. 292 316 306 20, Ry = R, =5,
= 0.5 ft/sec 145 273 340 327 = 100 ft, dC = (1/4)in, mg = 51b

6¢lt
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on the decay of the-disturbances. It affects only the steady state
shape of the cable (Figure 5-2). For a given array, an increase in
the diameter of the cable with its length fixed improves the stability
slightly while an increase in the Tength with its diameter fixed slows
down the decay. Finally, for a higher drifting velocity, the decay of
the disturbances (except 6) is faster, because the drag forces involved

are larger.

5.4 Concluding Remarks

The significaht conclusions based on the'above analysis of

~drifting assembly can be summarized as follows:

(i) Of the four possible steédy state orientations, only the
one in which the array lies in a horizontal plane with
its leading leg aligned in the direction of drifting,
is stdble. Other orientations, when disturbed, tend to
reach this stable cohfigqration.

(i) Smaller length and diameter of the legs or a heavier
central head keeps the cable closer to the vertical.
(ii1) The system is asymptotically stable in the ranée of para-

meters of practical interest.

(iv) Reduction in the length or diameter of the arms generally
improves the decaying characteristics of the system. How-
ever, as the minimum acceptable length is governed by the
signal processing considerations, the final design will

reflect a degree of compromise.



131 .

(v) Although a smaller diameter has favourable influence on
the stability according to this rigid array analysis,
consideration of flexibility (accentuated by smaller

diameter) may alter this conclusion.
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6. GENERAL DYNAMICS OF THE DRIFTING ASSEMBLY .

Having gained a preliminary understanding of the system
dynamics, the next Togical step would be to remove some of the restrictions
inherent in the simplified model analyzed. The f]exibf]ity of the legs,
which was ignored before, must be taken into account since it may affect
the stability of the system to é great extent. The bilinear approxi-
mation of the cable should be removed to brihg the hode] closer to the
reality. Moreover, the effect of the tangential drag,-which was neglec-
ted before, must be considered. The purpose of this chapter is to
bring over these improvements in the analysis of a drifting buoy-cable-
array. system.

At first, a general Lagkangian formulation of the problem is
presented. The steady state configurations of the flexible legs
subjected to hydrodynamic loading are determined, and an approximate
equilibrium shape of the three dimensional cable developed in terms of
the slope and curvature at the centra1'head. As the system with all
its nonlinearities is not easily tractable, a 1ihearized perturbation
analysis around the steady state is undertaken. Frequencies for both
lateral and longitudinal motions of the system are determined by analyz-
ing the resulting eigenvalue problem, and the effects of different system

parameters on the decay of the disturbances evaluated.
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6.1 Formulation of the Problem

Consider a buoy-cable-array assembly drifting with a uniform
velocity V (Figure 6-1). Let Xg> Yg° 2 be an inertial co-ordinate
system with its origin B fixed to the centre of the buoy. A parallel
frame of reference X715 Y1 23 has its origin at the centre H of the

array. Clearly,
(x],y],z]) = (xgs¥pozg) * (Xqps¥7p027,) . (6.1)

where x]b, y]b and 2y are the co-ordinates of B referred to the co-
ordinate axes ST and Zys respectively. Consider an element ds at

a distance s from H, measured along the cable. The unit vectors étc’

tc 18
tangential-to it and positive in the direction of travel upstream along

énc and épc define the orientation of the element such that e

the cable, and énc is normal to the element and lies in the plane formed
by étc and ﬁc’ the relative velocity with respect to the fluid. The

sense of e . s such as to make e .- ﬁc < 0. The third unit vector

épc completes the right hand orthonormal system. Let 8 be the inclina-

tion of the element to the vertical and e the ahg]e made by its
projection in the horizontal plane with the X0 axis. The above mentioned
unit vectors can be expressed in terms of 8, €, 1, j and k as follows:

€ = sinBcosei+sinBsinej+cospk (6.2a)
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= -cosBcosei-cosBsinej+singk _ (6.2b)

o1
f

nc

sinei-cose] (6.2¢)

pcC

where 1, j and k are unit vectors in Xg» Yo and zg directions, respectively.
On the other hand, the angles B and e are related to the Cartesian

components of ds by

dx

sinfBcose = 75}- , | (6.3a)
o dyy |
sinBsine = e , (6.3b)
and
dz]
cosB e . (6.3c)

The velocity of this element is given by

Vo = (xymxqp )4y -yqp 13+ (229 DK (6.4)

The coordinate system X1s Yy 2 is transformed to x, y, z
axes by rotations 6 of the plane of the array about 2 axis and ¢ in
the plane of the array giving its final orientation. As observed in
Chpater 3, for analysis in the small, two Eulerian rotations describe
any arbitrary orientation. The f]exufa] displacements, which are now
superposed on these rotations, can be resolved into two components: Vs
in the plane of the array and W perpendicular to it. Hence the co-

th

ordinates of a point on the i~ leg at a distance £L(0<£<1) from the



root are given by

X = ELcoin—vis1nIi R
y = ELs1nIi+vicosli s
Z =W, ,

1

where Ii is given by (3.3b).
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(6.5a)
(6.5b)
(6.5¢)

The kinetic energy T of the system comprises of Ta of the array, Th

of the central head and TC of the cable where

2

o .o . 3 .1 . } _
T, (m/2>(‘+Cm>[3<X1b+¥?b+2?b)+].§] | ri? e ndenf(sh 2eosty,

0

2 .2 . 2 . .
tvysin ¢i"ELViS1"2¢1+W1)-2¢6W1(5L51n¢1+V1C05¢1)

+29f'ELW1COSWi+V1WiSTNWi-WiViS1n¢i-V151n¢i(X]b51ne+21bC059)

+wi(-x]bcose+z]bsine)}+2w{£Lvi+vi(x]bcosecoswi+y]bsinwi
—z]bsinecoswi)}—Zvi(-x]bcosesinwi+y]bcosw1+z]bsinesinwi)

. ) . YRy,
—2w1.(x]bs1n6+z]bc056)+(v1?+wi)]dE] ,

(6.6a)
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_ 2 2 .2 . 2 2 - 2
T, = (mh/2)(1+th)(x]b+y]b+z]b)+(lxxas1n w+1yyacos p)(67/2)
.2 s (6.6b)
1,z /2
T o= [ (k% )24 (yemye )24 (2e-22 V23(14C_ ) (dm /2) (6.6¢)
c m. 1 71b 171b 1 “1b mc C ? A
and wi as obtained from (5.1). The above expressions include the kinetic

energy associated with fhe apparent inertia.

To determine i]b’ &1b and é]b appearing in the above expressions,

the geometfy of the cable must be: known. It has been shown by Cannon43
that the two dimensional steady state cable configuration is given by
dZB ' dg,2 _
L = 0, (6.7a)
ds
where
£(8) = [20_gcoss+(p. /2)Cr d Vising+o C. d V2sinscoss]/
e W Tcc w'Ncc ~
. 2 2 (6.7b)
[-p.g sing+(p,/2)Cy d V cos™g]

Since the above equation is not tractable exactly, an approximate solution
may be obtained by taking an average value for f(B), say f. The solution

of the equation can now be obtained as
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B = 5h+(1/f)2n(1+ths) . _ (6.8a)
where
- - _ (dB
B, = (B)__ and G, = (5%)
h s=0 h ds s=0

Hence from Equation (6.3c)

N
—
1]

S
f cosB ds
0

[(1+ths)(fcosB+’sinB)—(fcoth+sith)]/Gh(1+f2). (6.8b)

If the curvature of the cable is assumed to be small, which is the case

e

for most practical situations, Gh = (ds is small, and its second

s=0 _
and higher powers may be neglected. Hence from Equations (6.8a) and
(6.8b)
8 = Bh + Ghs s (6.9a)
and
- 2.
zy =5 coth-(1/2)Ghs s1n6h . ) - (6.9Db)

For the oscillating cable, it will be assumed that the functional relation
between B and s remains approximately the same as that of a nonvibrating
cable. However, the quantities Bh and Gh now become functions of time.
The equations _governing the behaviour of a - cable in three dimensions

43

being of similar form =, the expressions for B and e, similar to the
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two dimensional solution for B, would be logical initial choices in

the general case. Moreover, the lateral motion being usually small,

sine =~ ¢
Accordingly,
B = Byt + G (t)s (5.10a)
and
e = en(t) + k (t)s . (6.10b)

From Equations (6.3) and (6.10), neglecting second and higher powers of

Gh’ €, and kh’
%] =3 sith + (1/2)Gh52cosBh R (6.11a)
¥y = {eps + (172)k s%bsing, (6.11b)
and
- 2 .
zy = s cosB, - (1/2)Ghs sing, . (6.11c)

Noting that x,, = x](Lc), Yip = y](L ) and Z1p = Zl(Lc)’

c
substitution of (6.11) into (6.6) leads to

. 3 (1 .
T= (w2/2)[m(1+cm)(L2+i§]Jovfd£)+lzza]+(ez/2)[m(1+cm){(L2/2)

1 1 1

2 . .2 .
widg—Ls1n2wif0£vidg)}+(&xas1n w+1yya

+

3
1=

v?dg+f
i

1 0

(sinzwi[
‘ 0



where

X4
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1 5 3 1
[ (v1+w Ydg- m(1+C )8 & {Lsiny. f gwidg
1

3
coszw)]+(m/2)(]+cm) z
=170 i=1 0

1 .3 . . .
+coswifoviwid£}+m(1+cm)ei§]JO(-ngicoswi+viwis1n¢i—wivis1nwi)dE

.3 1. .
+m(1+Cm)L1p1_E][Ogvidam(]+Cm)LCGBh[{sin(Bh-e)+(Gh/2) *

3 !
Lccos(sh-e)}ii]sinwjfovidg;{cos(sh-e)-(eh/z)Lcsin(eh-e)} *

1 ' 3 ]
205 o . .
]Iowid£]+(m(2)(1+Cm)LceGh[s1n(Bh-§)i§]s1nw1[0vid£

3 /1 .. 3 .
—cos(Bh-e) E]f widg]+m(1+cm)Lchh1§][coswi{cos(Bh-e)-(Gh/Z)Lc *

1

sin(sh-e)}+sinwicossh(eh+kth/2)]fovidg+(m/2)(1+cm)L§¢éhcos(sh-e)*
3 1 e 3 1
.§ COSWiI yid£+m(1+Cm)LCw(eh+kth/2)sith.§ sinwif vidg
i=1 0 i=1 0
3 1 - 2 .
(1L 3 [ (kiR i (k22 (6.12)
i=1/0

= éh[51n¢§{COS(Bh-e)-(Gh/Z)LCSin(Bh'e)}'COS¢1(8 +k L /2) oth]

+(éth/2)sinwicos(Bh-e)-(éh+Rth/2)coswisith R
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i2 = Bylsin(B,-0)+(6,/2)L cos(B, -0)}+(G, L /2)sin(8 -0)

and

>
|

2 2 2 2
3 = Bh[{mT+(mca/3)(1+ehcos Bh)}+ehkthcos Bh(mT+5mca/12)

2

+(62+k2) (L2/4) (m +8m_,/15) T+e2[ (m_+m_,/3)sin% ]

2,02 .2 2 - '
+(Gh+khs1n Bh)(LC/4)(mT+8mca/15)+BhGth(mT+5mca/12)

+28hehsithcoth[sh(mT+méa/3)+(kth/Z)(mT+5mca/12)]
+BhkhLCsithcoth[eh(mT+5mca/12)+(kth/2)(mT+8mca/15)]

- . . 2
+shkths1n Bh(mT+5mca/12)
Here mr and M.a are the total apparent masses of the array and the cable,
respectively.
The potential energy U of the system consists of the gravitational

energy Ug and the strain energy Ue stored in the legs of the array and

can be obtained to be



142

L 2 2
c( ) ( ) 3 ;] Viy2 3 Wiy o
U=U+0_ = -mgz +J z.-2,, )go_ds+(E1/2L° z[[{ }+{ }]dg
g e h”“1b 0 1“7 21 ag ag2
=—mth¢{coth—(Gth/Z)sith}-mchc{(1/2)coth—(1/3)GhLCsith}
303 %, 20y, .
+(E1/20°) 3 f [{ }+{ 2} ]dg . (6.13)
i=1 ag o0& :
The Lagrangian equations of motion can now be written as
d, T, oT . au _ ; . |
- a_('é‘q;)- 'a‘q + gq—\]— = QJ, (qJ = Bh’ Gh, Elh, kh, Y and 6)_ (6]46)
and
2 ?-T—)- a1, 20 g Qs (92 Vs w3 k= 1,2,3) (6.14b)
aqk 3qk- qu

where T and U are the kinetic and potential energy of the system given
by (6.12) and (6.13) respectively, ? and G the corresponding densities
and Qj and ak the genera{ized'forces arising due to nonconservative
forces acting on the system. Equations (6.14b) are valid for elastic
Tegs, but can easily be modified for the viscoelastic case by replacing
E with the appropriate modulus. It may be noticed that the motion

of the system is described by a hybrid set of equations since Equations
(6.14a) are ordinary differential equations while (6.14b) are partial

differential equations.
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The contributions to the generalized forces QJ( i Bh h’Eh’
kh’ Y and 9) comes from the hydrodynamic forces on the cable and legs
of the array while 6k(qk = Vk’wk) results both from the hydrodynamic

forces and the axial forces due to the internal pressure. The contri-

bution due to the pressure forces is

A 2 82qk _ ' )
Q = -(F/L7) Ak A = VpsWs o k=1,2,3 . (6.15)

As before, the tangential and normal forces écting on an element ds

of the cable can be written as

[« 8
-n
i
Zl
!
(D
[« 8
wn
-

Tc = (p /2)C Tc c(-c tc)I " Cte (6.162)
and
dFNc = _(pw/g)chdc{w (' }]w w t )étclds, (6.16b)

where WC and étc are the relative velocity with respect to the fluid

and unit tangential vector of the element, respectively and can be

shown to be
W =‘[V+é (s-L_)cosp, +(G, cosg, -G, g, sinB )(SZ-LZ)/Z]T
c h'>7he ! COSBR T aRCOSER ™, By 3 TNE, c
+[(éhsin8h+shéhcoth)(s—LC5+(éhsin8h+khéhcossh) *
(s2-L%)

/213+[- Bh(s -L )s1n8h (G s1th+Ghthoth)

(s*-L2)/21k | (6.16¢)
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€. = (sith+q§ coth)1+(eh+khs)sin8h3+(coseh-6hs sith)k .
(6.16d)

Similarly, the hydrodynamic forces acting on an element Ldf of the 1th

leg are given by

dF;p = (p,/2)CLd(Wy e ;) Wy e, ey dE (6.17a)

dFyy = (o, /2)C\Ld{H, () re . )e MWy (o eey e

(6.17b)

where

Wo; = [Vﬁéthcoth-(éhcossh—Ghéh;ith)(L§/2)+é{sine(-£Lcoswi
' +visinwi)+wicose}—¢cose(£Lsinwi+vicosw1)-Qicosesinwi
+Qisine]7+[-(éhsin8h+eh.hcoth)LCF(&hsin8h+khéhcoseh)(L§/2)
+¢(£Lcoswi—visinwi)+Qicoswi]3+[éthsith+(éhsith+Ghéhcoth)*
(L§/2)+é{c056(-€Lcoswi+visinwi)—wisine}+¢sin6(€Lsinwi

+yicoswi)+Qisinesinwi+ﬁicose]i , (6.17¢)

and
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8v. oW,

- 1 l.ﬂ_ﬁ :
ey = (cochoswi ag coses1n¢ L 5% s1ne)1+(s1nwi
1 av . 8vi 1 aw.
+ —-5Ef-cosw1)3+(-s1necoswi L5 s1nes1nw + —-55—-cose)k
(6.17d)

The above expressions can be used to determine the generalized forces.

6.2 Equilibrium Configurations

To obtain the equilibrium configurations (represented by
subscript '0'), the time derivative terms must vanish. Hence from

(6.14)
QJ'O = 0 9 (q\]‘ = w’ e’ Eh’ kh) 9

gL [m {s1thO(G L /2)coth0}+mc{(1/2)sithdKGhOLC/B)cosshO}] = QBhO’

gL2L(m /2)+(m /3)Isingy = Qgry -

4 2 -

3°q 3°q ~
4 kO 2 kO _ =

The above equations yield (Appendix I) the steady state solutions:
V(= ¥ig-I3) = 0 or /3, (6.19a)

6 =0 or w2 , (6.19b)
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i} L2 2, 2. \1/2 .
Nig = Vio/d = (pwV L /2EI)CN|(1—cos SR wio) ICOSGOS1n¢10YO(€)’
(6.19¢)
28 2 2 /2,
Zig = wio/d ~ (pwV L /2EI)CN|(1 cos eocos in) |s1neoYO(g),
(6.19d)
where B

Yo(€) = (1/P)[(1/P){cosh vP -cosh /P (1-£)}-(&/ /P)sinh /P +(€2/2)],

and P is obtained from Equation (2.15). Only the orientation 60 =0

is of interest to us. Correspondingly,

2,4 . . .
nip = -(p, VL /2EI)CN|s1nwi0ls1ninY0(g), (6.19¢")
and

Lig © 0o . (6.19d")

The cable shape is given by

eo = ko = 0 | (6.19)

*
{m, +(m./2)}gsing, +{(m /2)+(m /3)}g(G L )cosB, - = (pw/Z)Vz[{CNLd
’ *
+CNC(LC/2)dccotho}cotho—{CN(L/Z)ds1‘n8h0+(Lc/6)dc(CNcsin28hO

+CTCsin28h0)}(GhOLC)] , (6.19f)
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{(mh/2)+(mc/3)}gsin8 = (p /2)V [(1/2){c Ld+C,, (L /3)d cosB, ol ¥

hQ
. . 2
cothO—(LC/S)dC(CNCs1n26hO+CTCs1n Sho)(GhOL )] s (6.19g)
where
3 /1 an. an.
* 1950 . 2 1 %Mo
Cy 1§1I0[ “Crleosvyg- g5 sTnbyg) leosvyg- g ¢ sindygl
on. i
. 1 °M4o 2y s 1°
+CN(s1n¢10+-§ 5€ coswio) ls1nwi0+ R ag coswlol]di

(6.19h)

Equations (6.19f) and (6.19g) can be solved simultaneously to determine

BhO and GhO for a given set of system parameters.

6.3 Motion Around the Stable Equilibrium Configuration

The differential equations governing the motion of the system
are coupled, highly nonlinear and not amenable to analytical methods
due to their complexity. The numerical solution to these equations is
likely to be very expensive in the light of the fact that a great amount
of computer time was required even forlthe simplified model considered
before. Hence the dynamics of fhe system is investfgated by giving
small disturbances to the steady state solution and studying the
resulting linearized equations. While cdnsiderab]e amount of ‘information

can be obtained following this procedure, the analysis is vastly
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simplified since a set of linear differential equations describing a
dynamical system can easily be converted to a set of algebraic

equations.  Thus the generalized co-ordinates are represented by

w'l = U)] 0"'511), 0 = 60+663 Tl]- = T11-0+5n1- s C'l = C1O+6C1 )
By = BpotoBps G = GpotSGps €y = g qtdey
and kh = kh0+6kh . _ (6.20)

In the subsequent analysis, the second and higher powers of the variations
S etc. are neglected. Similarly, the terms 1nvo]vihg higher powers
of (1/R), where R is the length to diameter ratio of each arm, are also
ignored. This is a reasonable assumption considering the fact that R
is likely to be greater than 20.

The position vectors.Fi and Fc with respect to the inertial

co-ordinate system are now given.by
Fi = [—Lc{sjn3h0+(GhOLc/2)cothO};LC{66h+(LC/2)cSGh.}{coth0
—(GhOLC/Z)sinShO}+L{(Ecoswio—niosinin/R)-Gw(Esinin
+ni0coswio/R)-6nisinin/R}]T+[-Lcsithb{Geh+(Lc/2)6kh}

+L{(&si Ny, g*+n;oCosy, 0/R)+6w(£coswm—nmsi nin/R)
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+8n;cosy, o/RII+[-L {cosB, 4-(6, 4L /2)sinB, (}+L {68,
+(L/2)86, Hsing, 4+(G (L /2)cosB, (}+L{-(Ecosy,

—nios1nin/R)66+6;i/R}]k , (6.21a)
and

F = [{(S-LC)SithO ( ho/z) L )COSBh0}+68 {(S L )COSBhO

-(Gho/z)(sz-Lg)sinsh0}+sah(1/2)(sZ-Lg)coseho]f

+s1'thO[Geh(s—LC)+(6kh/2)(sZ—LE)]3+[{(s-LC)coth0

2 2

—(Gh0/2)(s -Lg)sinsho}-ésh{(s-Lc)sithO+(Gh0/2)(s

-Lﬁ)cossho}-aeh(1/2)(sz-L§)§1nsh0]E , (6.21b)

while the relative velocities ng and Wc are obtained by differentiating
the above equations with respect to the time and adding iV to it. The

unit vectors'éti and étc can be written as

i an 3én,
€y = [{COSWiO-(1/R) ag s1nw } {6w+(]/R) i }{51nw]0
My Mip
+(1/R) 5 cosy, }]1+[{s1nw i0 +(1/R) 3E cosw]o}



150

86n1. | an. )
+{Sy+(1/R) —52—}{cosw -(1/R) 3E siny. 313

an 998z.

i
ag s1nw }+(1/R) 3% ]k, (6.21c)

+[-66{cosw10-(1/R)

and
e © [(51thO+GhoscothO)+(cothO-Ghos s1n8h0)68h+6Ghscoth0]1
+(6€h+6khs)3+[(cothO—Ghos sithO)-(sithO+GHOscoth0)63h

-86, s sineho]E . (6.21d)

The generalized forces can now be determined using the principle of
virtual work in conjunction with Equation (6.21).

.Retaining upto the quadratic terms in the expressions for
kinetic and potential energy (Equations 6.12 and 6.13, respectively)

the Lagrangian equations of motion are

N 3 1 o .
(]+IZ)61p +(1/R)i§][056nid£+(R£/R)(6€h+6kth/2)s1thOIn = Qw s

(6.22a)

N1 e [ er derar*sinfo 41 cos2s. Tee"-(1/R) *
L0720 A engeisinygrt jeosTylen-(1/8)
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] .
CosinJ0£6C¥dg+(R£/R)[{Sith0+(GhOLC/2)COSBhO}GB;

0™

i=1

+sing, (L /2)6G"]1 = Q. , (6.22b)
_ h0*~c h”'""n §]

3 /1
| scided+(1/R) (cosyg
=1°0

(1/R){sin8h0+(GhOLC/2)coth0}{In66"+1

3 1
'(GhOLc/Z)S1thO}i§]51nw10[06n¥dg+(3+rh2+rcz/3)RQGBH
*
+(3+rh2+5rc2/]2)R£(LC/2)GGh QBh (6.22c)
. 3 .1 ) 3 . 1
(1/R)s1n8h0{1n69 +.§ I Gcid£}+(1/R)coth0.§ s1nw10[ 5n.dg
i=1/0 i=] 0 1
C %
+(3+rh£+5rc2/]2)R268h+(3+rh£+8rc2/]S)RQ(LC/Z)GGh = QGh’
(6.22d)
3 ] .
(1/R){In6¢ —iE]Cosw10[06n1d€}+(3+rh2+rC2/3)R251n6h068h
+5¢_ /12)R, 5] 2)8k" = Q°, - ©(6.22
+(34ry +5r  /12)R sing (L /2)6ky = Qs (6.22e)
3 1
(1/R){In6w —iflCOSinJ06n1d£}+(3+rh2+5rc2/]2)R251n8h06€h
3 It —_ *
+(3+rh£+8rcz/]5)R251thO(Lc/?)6kh = Qkh , (6.22f)
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{Eéw"+(]/R)Gng}+Rgsinwio[{cossho—(GhOLC/Z)sithO}SB;

: n 1 -— *
+cothO(Lc/2)6Gh]—R2coswiOs1n8ho{6eh+(LC/2)6kh} = Q. ,

ni
(6.229)
[—{Ecoswio-(1/R)niosinwi0}66"+(1/R)6c$]+R£[{sith0
+(6y gL/ 2)costy }sBy ¥singy (L /2)860] = Q;. o= 1,2,3
(6.22h)

where prime denotes differentiation with respect to t defined in
Equation (5.11), Rg = LC/L'and

I = /?[ ngde

0

N takes the values 1 and 2 for the equilibrium configurations wo =0
and m/3, respectively. Here 5”1 and Gti can be expressed in terms of

a set of admissible functions Wj(g) (mode shapes with equivalent P)

as follows:

sn. = 1, (c)v,(E)

8¢,

aad
1]
et 8

O

o
—

-3
S
=

.
—
e
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*
For convenience, the dimensionless generalized forces Qw etc., shown
in Appendix II, also include the potential forces. By assuming solutions
of the form &y = IGwIeAT etc., Equation (6.22) yields an eigenvalue

problem of the form
[A] {q} = A[B] {q}

which can be studied by matrix iteration method to determine the influ-

ence of different parameters on the system behaviour.

6.4 Results and Discussion

As seen from Equation§ (6.19a and b), there are four possible
steady state orientations. However, the attention is focussed only on
the stable one corresponding to the array remaining horizontal and the
leading leg aligned in the direction of drifting (wo = 60 . 0). There
are no out of plane flexural displacements correspondihg to this
equilibrium configuration but the hydrodynamic forces acting on the
arms produce some inplane deflections as given, approximately, by (6.19¢c').
Clearly, the arm oriented along the drifting velocity remains undeflected
while the other two haVe equal bending deformations but in oppdsite
directions. It may be pointed out that for large L and V, these
deflections are likely to be substantial as.the elastic modulus of the
arm material is usually not very high (E for the sandwich material of
polyethylene and mylar is of the order of 25 x ]04 psi). Hence for large '

length to diameter ratio R, an expression slightly more accurate than
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(6.19c'), was used to compute the deformations (Equation I.2e).

Due to the symmetry of the towed body, the cable lies in a
plane in its steady state configuration. The corresponding slope and
curvature at any given point can be characterized by BhO and GhO'
Figure 6-2 shows the variation of BhO and BbO (=8h0+Gh0LC) with
different system parameters. It may be noticed that the difference
between BhO and BbO is not very large, which substantiates the assum-

ption that the second and higher powers of G, , may be neglected. For

h0
given cable dimensions, central head and RR’ BhO and BbO are almost
equal for small length to diameter ratio (R), i.e., thé cable is
essentially straight (Figure 6-2a). As R is increaéed, the differeﬁce
between the two angles gradually increases making the cable appear
convex when viewed from the buoy. The angles themselves are smaller
for larger R since the drag forces acting on the array decrease with
reduction in diameter. The cable remains closer to the vertical with
its curvafure reduced as the central head is made heavier. It is
clear from Figure 6-2b that for a given cable length and leg diameter
BhO and Bbo'at first increase, subsequently reducing'with an increase
in Rz. This is because when the legs are shortened, the total drag
initially increases due to a comparatively larger value of C;. How-
ever, when the length of the legs are reduced further, the total drag
drops because of a smaller projection area. The effect of making

the diameter of the cable larger is to keep it closer to the
vertical.

The eigenvalue problem described by (6.22) was analyzed to

study the perturbations from the steady state configurations. From
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Equilibrium configurations as affected by: (a) length to
diameter ratio (R) of a leg and the weight of the central
head; (b) length ratio RQ and the diameter of the cable
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the eigenvectors obtained, it was observed that the lateral and
longitudinal motions decouple, at least for the small motions under
consideration. The former involves only &y, Seh, ékh and 6n1(1=1,2,3).
The flexural vibrations are such that either 6n2 = 6n3 or dn] = 6n2 +
§ny = 0. On the other hand, the latter involves only &6, 88> 86> oL,
and some inplane bending displacements under the constraints Gn] =0
and 6n2 = -dn,. With this information Equations (6.22) can be divided
into two sets which may be analyzed separately to study the lateral

and longitudinal motions. This results in further saving of computer
time required for matrix inversions. Furthermore, it Qas noticed

that for small motions the sums (68h+GGhLC/2) and (Geh+6kth/2) can

be treated essentially as distinct variables. The order of the
eigenvalue problem depends on the number of admissible functions (mode
shapes of a cantilever with equivalent P) taken in the expansions of
Sni and Ggi. In the actual computations only the first two modes were
considered as they are likely to be the most important ones.

Three distinct sets of eigenvalues were obtained for both

lateral and longitudinal motions:

(a) two pairs of eigenvalues describing the motion in which
the rotation of the array and angular displacement of
the cable are prominent;
(b) a set of frequencies corresponding to the first mode.of
the arms; and
(c) a set corresponding to the second mode.
The imaginary part of the eigenvalues in the set (a) may be zero or

non-zero depending on the values of the parameters. On the other
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hand, the two sets (b) and (c) invariably contain non-zero imaginary
parts and therefore involve oscillatory motion of the system. The
effect of the flexibility becomes apparent if one recalls that in

the rigid arfay analysis, the system was always overdamped. However,
except for very small RZ (i.e. Tong legs), the real parts of all the
eigenvalues were found to be negative, signifying asymptotic stability.

The absolute values of the imaginary parts of the eigen-
values for both lateral and longitudinal motions have been plotted
against R and Rzlin Figure 6-3. In general, the frequencies increase
with R, (Figdre 6-3a). For a particular mode of 1ater$1 motion in
which the perturbation of ¢ dominates, the eigenvalue has zero
imaginary part except for very large values of Rg. The corresponding
transition for 60 in Tongitudinal motion takes place at smaller Rz'
The ffequencies are comparatively less influenced by the 1éngth to
diameter ratio R of the legs (Figure 6-3b) and show a slight increase
with R foF the longitudinal motion. On the other hand, in the lateral
motion they at first increase, but subsequently reduce. The weight
of the central head has negligible effect on the eigenvalues, but a
shorter cable increases the possibility of oscillatory rotational
motions (not shown).

In order to compare the damping rates for different system
parameters, arbitrary perturbations of 0.2 radian were given to each
rotational degree of freedom while the variables 6aij and Gbij were
assigned the values 0.2 and 0.1 corresponding to the first and second
mode, respectively. The time to damp within +5 percent of the

original disturbances was noted. The effect of a given parameter on
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(b) length to diameter ratio (R) of a leg
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the decay of lateral and longitudinal motion was observed fo be
‘similar (Figure 6-4). Note that an increase in RQ improves the

decay of the disturbances, suggesting the use of shorter arm lengths
for a given cable. This is consistent with the conclusion of the
rigid array analysis. However, a larger R does not reduce the
damping times indefinitely as predicted by it. This ié because of
the increase in flexibility with reduction in the leg diameter. Above
certain R (about 50 for the set of parameters considered), the motion
appears to build-up instead of decaying. This may be partly due to
the fact that the steady state bending deformations giQen by (6.19)
are not accurate for large R. ~But the fact remainé that the |
stability is reduced if R is increased indefinitely. A change in the
weight of the central head has very little influence on the damping

characteristics. On the other hand, a larger LC tends to decay the

cable oscillations faster.

6.5 Concluding Remarks
The above analysis leads to the following conclusions:

(i) The array lies in a horizontal plane, with its leading
leg aligned in the direction of drifting, in the stable
steady state configuration. There are no out of plane
flexural displacements. The first (leading) leg has
no inplane bending deformations either, but the other

~ two undergo symmetrical flexure.
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The cable Ties in a plane in its equilibrium configuration.

A heavier central head or smaller diameter of the arms
keeps the cable closer to the vertical. The cable is
essentially straight for larger arm diameters. - As the
length of the arms is decreased, BhO and BbO at first
increase, reducing subsequently.

The system is asymptotically stable uniess RQ is very
small,i.e. the legs are too long.

In accordance with the rigid array analysis, shorter arm
length improves the decaying characteristics-of the |
system. However,as pointed out before, the minimum
acceptable length is determined from signal processing
considerations and a compromise has to be made in the
design.

The damping time is initially reduced if length to

diameter ratio R is increased. But above a certain R,

the stability of the system decreases. Hence,for a given

cable and arm length,there is an optimum diameter which

must be used in the design.
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7. CLOSING COMMENTS

7.1 Summary of Conclusions

As indifated at the outset, the main objective of this investi-
gation has been to gain some insight to the statics and dynamics of
submarine detection systems employing neutrally buoyant inflated struc-.
tural members. ‘The emphasis has been on the determination of trends
rather than presenting massive data, specially in the cases involving
considerable expenditufe of computer time. Interest throughout has
been in the development of approximate analytical procedures. The

important conclusions based on the study can be summarized as follows:

(i) The inflatable members under consideration are made of
materials exhibiting time dependent elastic properties
which can be described with sufficient engineering
accuracy by a three parameter solid model.

(ii) The dynamical analysis of each arm accounting for the
hydrodynamic forces and axial tension due to the internal
pressure, proves useful in the subsequent stddy of a
more complex submarine detection system.

(iii) Investigation of the coupled motion of an array consisting
of three legs and a central head yields the influence
of different system parameters on the natural frequencies
of its inplane and out of plane motions. For small values
of inertia parameteré, there is a possibility of unstable
coupled motion above a certain magnitude of the pressure

parameter.
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(vi)

(vii)

(viii)
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The study of free vertical oscillation of the buoy-
éab]e—array assembly yields two sets of repeated natural
frequencies corresponding to the indepehdent motion of

the legs and a third set describing the coupled motion.
During the coupled pure vertical motion, all the three
legs move identically.

The vertical oscillations of the leg tips can be reduced
by using an elastic cable with small stiffness, legs
having a large fundamental frequency or a heavier central
head.

When the buoy-cable-array assembly is drifting with a
uniform velocity, the stable steady state configuration
corresponds to the array lying in a horizontal plane
with.its leading leg aligned in the direction of drifting.
There are no flexural displacements of the leading leg,
but the other two undergo symmetrical bending deformations.
The equilibrium shape of the cable is confined to a plane
due to the symmetry of the éystem. A heayier central
head, éma]]er length or diameter of the arms keep the cable
closer to the vertical.

The rigid array analysis shows that the drifting system is
asymptotica11y stable in the range of practical interest.
The disturbances damp out faster for shorter arms or
smaller diameter.

For Tong arms or very small diameter, flexibility of the

legs causes the perturbations from the steady state con-
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figurations to grow. Hence,for a given cable and arm
length,there is an optimum diameter for the best decaying
characteristics. Although smaller arms give greater
stability to the system, they might create problems in
signal processing due to a reduction in phase difference
of the detected signals leading to a degree of compromise

in the final design.

7.2 Recommendation for Future Work

There are numerous possibilities for extension of the present

investigation. Only some of the important ones are mentioned below:

(1)

(i)

In the analysis of the drifting system presented here,
the buoy is assumed to move with a uniform velocity. This

makes the expressions for kinetic energy comparatively_

less complex as the origin of the inertial co-ordinate

system can be fixed to the centre of the buoy. However,
in the actual practice, the driftiﬁg buoy is likely to
undergo wave induced forward, up and down and/or rolling
motions as well. An investigation taking this aspect of
the problem into account is likely to be quite complex.
Hence a first step might be to consider a rigid array,
subsequently including the effect of flexibility.

Two rotations are sufficient to specify any orientation

of the array only for small amplitude motions. A more

general analysis of the drifting system should consider

three Eulerian rotations.
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There isla possibility of excessive flexural displacements
for legs with very large L/d. A more accurate bending
theory should be used under these circumstances as the
slope is no longer negligible compared to unity.

Ih the present investigation, the cable was first approxi-
mated by two straight lines, a more accurate shape being
considered subsequently. However, there is a scope of .
further improvement in the cable configuration by consider-
ing the set of partial differential equationg governing

its dynamics .although the work involved may be enormous.
Furthermore, the jnterna] waves travelling along the cable,
which are ignored here, may be cohsidered.

The current study dea]é with the motion of the system |
after it has attained its final shape. A study of its
dynamics during inflation should constitute an interesting
problem.

A systematic experimental program to determine the apparent
mass coefficient, one of the uncertain parameters in the
analysis, should prove quite useful. Prototype tests in

the ocean would undoubtedly supplement the analyses.
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APPENDIX I
STEADY STATE ORIENTATIONS OF THE ARRAY

In the steady state,

1 an.
i0
coseocoswiolcoseocoswiolIO( —527——ni0)d£

nmM™Mmw

Qo = (C/R)

i=1

+(Cy/R)

]
2 2, \1/2 —
1 | (1-cos eocos ¢1O) [fog[c056051n¢10+(1/R) *

no™Mw

1

an.
10 cos@ocoswio{1+coszeosinzwio/(1—cOszeocoszin)}

3C.
i0 s .
-(1/R) —EET_Coseocosw10{51neOCOSGOS1n¢iO/(]'

2 2 _ |
-c0576,cos wio)}]dg =0 |, | (I.1a)

: 1 9z,
i0
coseocoswiolcoseocoswiol[ (E—sg— —cio)coswiodg

Qun = -(C</R)
60 T 0

™MW

i=1

1
2 2 1/2
[ (1-cos 8,C0s wio) |[

no~Mmw

+(Cy/R)

1 [gcosin{sineo+(1/R)*-

1 0
i

ag

. . 2 2,
C0590C05¢10(S1ne0C059051nw10)/(1-COS 8,c0s wio)

9C. 2

-(1/R) 3%0 coseocosw10(1+sin260/(1—cos eocoszwio))}

—(]/R)sinwio(niosin60+c10cogeosinwio)]ds = 0 , (I.1b)
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_ 2,4 _
-P = (pwV L /2EI)[CTcoseocoswiolcoseocoswiol(1/R) *

2 2
+CN|(15cos 8,C08 V¢

on.
1/2 . iQ -
) l{coseos1nwio+(1/R)—3Q?— coseO *

9%, .
2 2 i0 oy
8,c0s wio))—(l/R) 5% cosgy *

cosw10(1+(cosze sinzwio)/(]-cos

0

. . 2 2 .
COS¢10(51n90C059051nw10)/(1-COS 8,c0s wio)}] 5 (1.1¢)

- 2,4 )
-p - = (pwV L /2EI)[CTcoseocoswiolcoseocoswiol(1/R) *

Mg
5%

2 1/2

2 1o
—————--CN](I—cos 6,cos wio) I{s1n80+(1/R) cos6,cosy, ) *

9.
10 cos®

. . 2 2
(s1n60coseos1nwio)/(1-cos 8,c08 wio)'(]/R) 5% _Ocosq)i0 *

(1+sin260/(1—coszeocoszwio))}]. _ (I.1d)

Examination of the above equations yields
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in = Ii or Ii +7/3 ,

(I.2a)
6, = 0 or mw/2 . (1.2b)
Only the orientation 80 = 0 is of interest to us. Correspondingly,

Zig = 0o , (1.2¢)

and Nig satisfies the equation

84n. an. on-
10 p 10 - () v2 4 2E1) [A 4B, (1/R) —197 (1.2d)
5 4 2 w i i 3&
g 13
where
Ai = Cleinin|sinwi0 .
and
B -

{CT|C05W101+2CN|51n¢10l}Coswio ,

with the boundary conditions

n10(0) = 52 (0) = =2 (1) = —32 (1) = 0

If the slope'is not very large, the second term on the right hand

side of (I.2d) may be neglected compared to the first, as the former
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is multiplied by (1/R). The solution to (I.2d) can now be written -

as
nio = ~(o WL /2ET)Cy [ sinp, ol siny. o (1/P)[(1/P){cosh/P

_coshyP(1-£)}-(£//F)sinh/P+(e2/2)] . (1.2d")

If the slope is large, the second term on the right hand
side cannot be neglected in Equation (I.2d) and the solution is

obtained in the form

Mg
B

0w

DireXp(airE)'RAi/Bi y (I.2e)

r=1

where air(r=1,2,3) are the roots of the cubic equation
3 2,4 . -
air-Pair_(pwv L /2EI)(]/R)Bi = 0 . (I.2f)

The constants Dir are evaluated using the last three boundary conditions.

nig may be obtained by integrating (I.2e) with the help of the condition
Tl.io(o) =0 .
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APPENDIX II

GENERALIZED FORCES

3 . o ] 260, 31
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