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Abstract 

This thesis, which consists of four separate essays, employs decentralized newsvendor models to 

address some critical problems in the context of decentralized retail supply chains. 

Essay 1 examines the effectiveness of returns policies in a decentralized newsvendor model, 

in which a manufacturer sells a product to an independent retailer facing uncertain demand and 

the retail price is endogenously determined by the retailer. This model will be referred to as the 

PD-hewsvendor model. 

Essay 2 investigates the effect of sequential commitment in the decentralized PD-newsvendor 

model with buybacks. Sequential commitment allows the self-profit maximizing parties to commit 

to the contract parameters (e.g., wholesale price, retail price, buyback price and order quantity) 

sequentially and alternately, and we investigate its effect on the equilibrium profits of the channel 

and its members. 

Essay 3 analyzes the effect of price and order postponement in the PD-newsvendor model, 

possibly with a buyback option. Such postponement strategies can be used by a retailer by delaying 

his operational decisions (order quantity and retail price) until after demand uncertainty is observed. 

Essay 4 considers a supply .chain wherein an assembler buys complementary components (or 

products) from n suppliers, assembles the n components into a final product, and sells it at a fixed 

retail price over a single selling season. We analyze two contracting systems between the assembler 

and the suppliers: push and pull. In the push system, the suppliers initiate the process by offering 

their wholesale prices to the assembler, and the assembler then orders from the suppliers well in 

advance of the selling season. In the pull system, the assembler first sets the wholesale prices for the 

different suppliers, and then the suppliers decide how much to produce and bear all of the inventory 

risk. In both systems, suppliers can form alliances among themselves or act independently. 
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Chapter 1 

Introduction 

1.1 Motivation 

A supply chain consists of all entities which combine together to produce and deliver goods to 

its customers. Thus, it may consist of the raw material suppliers, through factories, warehouses, 

distribution centres, retail stores to the end customers. Supply chain management is concerned 

with the flow of material, information and money among members in the channel. Since very 

few firms can manage the entire channel, most supply chains have a decentralized organizational 

structure. They consist of independently managed entities who pursue and implement strategies 

which maximize their own welfare. Thus, the decentralized structure of the channel may cause a ' 

misalignment among its members' objectives, which may reduce the effectiveness and performance 

of the channel. 

In this thesis, we address various critical issues related to coordination, competition and cooper

ation in the context of a single-period decentralized retail supply chain (i.e., newsvendor problem), 

in which channel members make their own inventory and pricing decisions. For example, returns 

policies are commonly applied in many industries, such as the publishing industry and fashion wear, 

and they are known to coordinate the newsvendor problem when the retail price is exogenously 

given. In this thesis we analyze the effect and role of returns policies when the retail price is 

endogenously determined. We demonstrate that these policies result with a minimal improvement 

in channel efficiency, but, generally, shift expected profits from the retailer to the supplier. Addi

tionally, for example, we introduce a sequential commitment approach, which allows members to 

commit to contract parameters sequentially and alternately, and our results can provide insight to 

channel members who engage in a negotiation process to decide upon the values of contract pa

rameters. We also investigate the effect of price or order postponement in the newsvendor model. 

Postponement was extensively studied in the context of a centralized system, and we demonstrate 

1 



Chapter 1: Introduction 2 

that, in a decentralized system, though, in general, postponement increases the expected profits of 

the channel members, it could also decrease, for a low manufacturing cost, the expected profits of 

both members. Finally, we study issues of alliance formation among suppliers, and the effect of two 

models of contracting between them and a single assembler on the expected profits of the channel 

members and their incentives to increase their efficiency. 

1.2 Basic Model Formulation and Some Notation 

In this section we introduce the decentralized single-period newsvendor model, which is the basic 

model setup considered in this thesis. In this model, a manufacturer (M) sells a single product, 

possibly together with a buyback option, .to an independent retailer (R) who sets an order quantity 

and a retail price that affects uncertain demand. Both M and R maximize their own profits. The 

decision sequence is as follows: M, who has unlimited production capacity and can produce the 

items at a fixed marginal cost c, is a Stackelberg leader. M initiates the process by offering a per 

unit constant (or linear) wholesale price w, at which items will be sold to R prior to the selling 

season, and a per unit constant (or linear) buyback rate b, at which she will buy back unsold items 

at the end of the selling season. In response to the proposed w and b, R commits to an order 

quantity Q prior to the selling season, and a per unit selling price p, at which to sell the items 

during the season. Thereafter, stochastic demand is realized. At the end of the season, R returns 

all unsold inventory to M, receiving a refund of b for each unit returned. 1 1 

Demand, X, that R faces is stochastic, and randomness in demand is price-independent and can 

be modeled either in an additive or multiplicative manner. More specifically, demand is modeled 

as X = D(p) + £ in the additive case (Mills (1959)), and as X = D(p) • £ in the multiplicative 

case (Karlin and Carr (1962)), where D(p) is the deterministic part of X which decreases in the 

retail price p, and £ captures the random factor of the demand model, which could have either a 

continuous or discrete distribution and is defined on the interval [L, U] with mean p,^. To assure 

that positive demand is possible for some range of p, we require in this thesis that D(p) + L > 0, 

for some p, in the additive demand model, and L > 0 for the multiplicative demand model. If £ 

follows a continuous distribution, let F(e) and /(e) be the distribution and density functions of 

£, respectively, where e is a possible realization of £. F(e) = 0 for e G [0, L] and F(e) = 1 for 

1 1 The constant (or linear) buyback contracts are prevalent in many industries, e.g., books, newspapers, recordings, 
dairy products, etc., and indeed, they are considered to be one of the most popular contracts after wholesale price-
only contracts, and typify manufacturer-distributor relations in many markets, see, e.g., Marvel and Peck (1995). In 
Chapters 2, 3 and 4 in this thesis, we investigate various issues in supply chain management based on the newsvendor 
problems under linear buyback contracts, and in Chapter 5, we study an assembly system under a wholesale price-only 
contract. 
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e G [U, oo). See Petruzzi and Dada (1999) for a review of these two demand models. 

We make the following assumptions in this thesis. 

(I) Information on the demand distribution and production cost function is symmetric among 

all players1 2, and all players are risk-neutral. 

(II) Unmet demand is lost and there is no penalty cost for unsatisfied demand, and there is no 

salvage value of the unsold inventory, except for Chapter 2, wherein a discussion of the effect of 

a positive salvage value of the unsold inventory on the implementation of the returns policies 

is provided. 

(III) For feasibility, the following relationships hold: (i) c < w < p and (ii) 0 < b < w. The order 

quantity will never be higher than the largest possible demand, i.e., Q < UD(p), for the 

multiplicative demand model, and Q < D(p) + U, for the additive demand model. 

(IV) For tractability, the lower bound L of the support of £ is assumed to be zero, i.e., L = 0, in 

all chapters except in Chapter 4, wherein L > 0. 

In this thesis, we will refer to the model described above, wherein the retail price p is determined 

endogenously by R, as the price-dependent (PD) newsvendor model. By contrast, when the retail 

price is exogenously fixed, the corresponding newsvendor model is called the price-independent (PI) 

newsvendor model. If M offers only a per unit constant wholesale price, then we refer to the contract 

between M and R as a wholesale price-only contract, and when a per unit constant buyback option 

is offered together with a wholesale price, we refer to the contract as a buyback contract (or returns 

policy). We will refer to the PD-newsvendor model with a multiplicative (respectively, additive) 

demand function as the multiplicative (respectively, additive) PD-newsvendor model. 

In the multiplicative PD-newsvendor model with buybacks, in which all contract parameters 

(or decision variables) are chosen before demand uncertainty is resolved, we can express M's and 

R's expected profit functions as follows: 

EUM = {w- c)Q - bE[Q - £>(p)£] + and EUR = (p - w)Q - (p - b)E[Q - D(p)Z]+, (1.1) 
1,2Note that in the price-dependent newsvendor model, analyzed in Chapters 2, 3 and 4, the retailer can affect the 

value of expected demand by setting different values of the retail price, and in the price-independent assembly system 
covered in Chapter 5, the assembler assembles all complementary components and sells the finished product to the 
end customers. Thus, the assumption that the demand distribution and cost functions are known information to all 
players does not necessarily imply that the manufacturer can control the entire channel, or that s/he does not need 
the services of the retailer. 
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where E[Q - D(p)£}+ = QFi^) - D(p)ef{e\p)de is the expected unsold inventory. The 

most commonly used types of the deterministic demand function in the Economics and Operations 

Management literature are: linear, D(p) = l—p, exponential, D(p) = e~p, and negative polynomial, 

D(p) = p~q, where q > 1. The restriction q > 1 is used to ensure that R's optimal retail price will 

be upper bounded. For D(p) = 1 — p, we assume in this thesis that c < 1, since for c = 1, both M 

and R get a zero profit due to. the fact that demand is zero. Note that the analysis in this thesis 

can be easily extended to more general deterministic demand functions: linear D(p) = a(k — p), 

exponential D(p) = ae~sp and negative polynomial D(p) = ap~q, where q > 1, for any positive 

values of a, k and s. For instance, if D(p) = a(k — p), let p = k • p', w = k • w', b = k • b', 

Q = ak • Q' and c = k • c'. Then, it is not difficult to verify that the expected profit functions of 

M and R, given by (1.1), can be transformed to: EHM(W, b,p, Q, c) = ak2 • EU'M(w',b',p',Q',c') 

and EH.R(w,b,p,Q,c) = ak2 • EU'R(w',b'\p',Q', c'), where EIi'M and EU!R are the expected profit 

functions of M and R, respectively, with respect to the expected demand function D(p') = 1 - p' 

and the marginal manufacturing cost c'. Thus, the analysis in a model with decisions (w,b,p,Q), 

cost c and D(p) = a(k —p) coincides with that in a model with decisions (w1,b',p',Q'), cost c' and 

D(p') = 1 — p'. Note that due to this normalization, the performance of the multiplicative models 

with and without buybacks (Chapter 2), with and without sequential commitment (Chapter 3), 

with and without decision postponement with respect to demand (Chapter 4), and the integrated 

system is independent of individual values of c and k, but is dependent on | , which can be referred 

to as the normalized marginal manufacturing cost. Similarly, for D(p) = ae~sp, the performance of 

this model is independent of individual values of c and s, and depends only on s • c. Note further 

that due to this normalization, the mean of £ can be normalized to p^ = 1 in the multiplicative 

model, which will be assumed to be the case in the multiplicative models in this thesis. For p^ = 1, 

the expected demand function coincides with the deterministic part in demand, i.e., E(X) = D(p). 

In the additive PD-newsvendor model, the corresponding M's and i?'s expected profit functions 

can be expressed as follows: 

ETlM = (w-c)Q-bE[Q-D{p)-(,]+ and EUR = (p - w)Q - (p - b)E[Q - D{p) - £] + . (1.2) 

In this thesis, we are almost exclusively concerned with the multiplicative model. The additive 

model is only studied in Chapter 4, wherein the objective is to analyze the effect of various post

ponement strategies in the PD-newsvendor model. In general, the analysis of the additive model is 

much more complex than that of the multiplicative model, and, therefore we only analyze in Chap

ter 4 the additive model without buybacks and with X = £ — p where D(p) = —p is linear in p. 
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Similar to the multiplicative demand case, the analysis can be extended to a general deterministic 

linear demand function D(p) = a(k —p) for any positive values of a and k. Note that the expected 

demand function in the additive model.is equal to the sum of the deterministic demand and the 

mean of £, i.e., E(X) = D(p) + 

The following notation will be used in this thesis. 

Notation 1.2.1 We will denote by (•) , (•)* and (•) , respectively, the equilibrium values in the 

integrated system, the system under a buyback contract and the system under a wholesale price-only 

contract. 

Finally, let us clarify the difference between the notions of "optimal" and "equilibrium" used 

in this thesis. Note that we consider in the four essays various multi-stage Stackelberg games and 

backward induction is used to solve these problems. We will use the term "optimal" to represent, 

e.g., a member's best response functions in the intermediate stages, and use the term "equilibrium" 

to stand for the final solutions after solving, completely, the Stackelberg game. For example, 

when we solve a four-stage Stackelberg game by using backward induction, the solutions in the 

intermediate stages, i.e., Stages 4, 3 and 2, are referred to as a member's "optimal" or "best" 

response functions, and the solution derived in Stage 1 is the "equilibrium" value of the game. 

In general, the solution derived, e.g., in Stage 1, is termed "equilibrium" since it is a product of 

vertical competition between the upstream manufacturer (or suppliers) and the downstream retailer 

(or assembler). 

1.3 Summary of Major Findings and Contributions 

This thesis consists of four separate essays which are concerned with various issues in a decentralized 

supply chain. The first essay, in Chapter 2, is concerned with linear returns policies between channel 

members. The second one, in Chapter 3, introduces a new decision-making approach, i.e., sequential 

commitment, which allows channel members to commit to their decision variables sequentially and 

alternately. The third essay, in Chapter 4, investigates the effect of postponing the downstream 

retailer's pricing and ordering decisions with respect to demand uncertainty, i.e., price and order 

postponement strategies, in a decentralized channel. The last essay, in Chapter 5, considers a 

decentralized assembly system wherein component suppliers can form alliances before they interact 

with the assembler. 

The first essay studies the desirability of introducing buybacks and their effectiveness in the mul

tiplicative price-dependent newsvendor model for three commonly used expected demand functions: 
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linear, negative polynomial and exponential, wherein the retail price is determined endogenously by 

the retailer. It provides a new insight as to why, returns policies are not more prevalent in practice. 

For a zero salvage value of unsold inventory, we demonstrate that in equilibrium, buybacks will be 

introduced for linear and exponential expected demand functions, but they are not introduced for 

a negative polynomial expected demand function. In those cases where buybacks are introduced, 

we show that their introduction has an insignificant effect on channel efficiency improvement. By 

contrast, their introduction may significantly increase the manufacturer's expected profit, and sig

nificantly decrease the retailer's expected profit. Thus, we suggest that in the absence of a positive 

salvage value, the introduction of buybacks to the price-dependent newsvendor model is probably 

not motivated by a desire to increase channel efficiency. Rather, it is more likely motivated by the 

significantly favorable, for the manufacturer, effect it has on the distribution of the channel profit. 

It is found that with a zero salvage value, whenever buybacks are implemented in equilibrium, 

the wholesale price, channel profit allocation between the manufacturer and the retailer and channel 

efficiency coincide with those values in the corresponding deterministic model, wherein the deter

ministic demand function coincides with the expected demand function in the price-dependent 

newsvendor model. This finding implies that the introduction of buybacks improves the chan

nel efficiency in the price-dependent newsvendor model up to the efficiency of the corresponding 

deterministic model. 

The second essay introduces a sequential commitment approach for determining the values of 

contract parameters, and analyzes its effect on the PD-newsvendor model with buybacks. Our 

analysis reveals that the sequential commitment approach endogenizes the first mover decision. 

Indeed, while in the traditional approach (i.e., take-it-or-leave-it paradigm) it is arbitrarily assumed 

that one of the parties, usually, M , is the leader, in the sequential commitment approach, under 

certain conditions (e.g., uniform random component of demand and linear, exponential and negative 

polynomial expected demand functions), both M and R prefer that M will move first. Additionally, 

we show that the sequence M:b; R:p; M:w; R:Q (which is referred to as Sequence 2 in Chapter 3), 

according to which M first offers a buyback rate b, R then commits to a retail price p, M then 

sets the value of w and R then orders Q, is the unique equilibrium sequence in the sense that both 

parties prefer that M will move first, and neither party can benefit by resequencing the order at 

which it commits to the contract parameters under its control. 

We show that the introduction of sequential commitment to the PD-newsvendor model with 

buybacks can significantly improve M's and the channel expected profits, but it can also decrease 
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R's expected profit. For example, Sequence 2 under a uniform distribution of the random com

ponent of demand and a linear expected demand function always increases M's and the channel's 

expected profits, e.g., for c = 0.9, M's and the channel's expected profits are improved by 79.25% 

and 21.25%, respectively, and it always decreases R's expected profit, e.g., for c = 0.9, R's expected 

profit is deteriorated by 73.51%. 

The third essay analyzes the impact of postponing the retailer's price and order decisions in the 

multiplicative and additive price-dependent newsvendor model until after demand uncertainty is 

resolved. We show that, in general, despite vertical competition and aside for some cases, the effect 

of either price or order postponement are quite beneficial for the channel and its members. As such, 

postponement could be viewed as a viable strategy to increase channel efficiency. Notwithstanding 

the usual benefits of postponement, it is clearly demonstrated in this essay that for some parameter 

values, e.g., when the manufacturing cost is relatively low in the multiplicative model, the effects of 

postponement in a decentralized system are qualitatively different than their effect in a centralized 

system. Indeed, both in the multiplicative and additive models under a wholesale price-only con

tract, price and order postponement can make the channel worse off, and in some instances, they 

could even make both the manufacturer and the retailer strictly worse off. In this regard, as far as 

we know, we are the first to provide examples wherein the expected value of perfect information in 

a competitive environment, modeled as a Stackelberg game, is negative. 

We also'demonstrate that in a decentralized setting, the party, i.e., the retailer, who initiates 

postponement, does not necessarily end up gaining the lion share of the increase in the expected 

profit. Finally, the results in the multiplicative model also quite clearly demonstrate that the effect 

of postponement depends on the type of contract. Specifically, with buyback options, neither price 

postponement nor order postponement affects the equilibrium wholesale price, profit allocation ratio 

and channel efficiency. However, without buybacks, such postponement strategies can significantly 

change the equilibrium values. In particular, as explained above, such strategies can make both the 

manufacturer and the retailer strictly worse off, which does not happen when a buyback option is 

offered. 

The last essay studies a price-independent newsvendor model consisting of a single assembler 

who buys complementary components or products from n suppliers under two contracting systems: 

push and pull. In both systems, we investigate the stability of coalition structures in the suppliers' 

coalition formation game, and analyze the Stackelberg game between the assembler and the suppli

ers. We demonstrate that push and pull contracts, which allocate differently inventory risk among 
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players, induce, in equilibrium, qualitatively different outcomes. 

We show that in the push model, the expected profit of the assembler and the total expected 

profit of all suppliers are maximized when all suppliers join to form a single alliance in their 

negotiation with the assembler. Nevertheless, an equilibrium analysis which employs the Nash 

equilibrium concept reveals that, in equilibrium, all suppliers will deal independently with the 

assembler. However, when farsighted concepts are used to analyze alliance formation, it is shown 

that, under certain conditions, the alliance consisting of all suppliers will be formed. As mentioned 

earlier, such an alliance will maximize the assembler's expected profit and the total expected profit 

of all suppliers. It will also maximize consumer surplus. 

Finally, we show that the assembler always prefers the pull system to the push system; However, 

the suppliers' preferences between these two systems depend on their own manufacturing costs. 

More specifically, suppliers with relatively lower manufacturing costs prefer push to pull since 

under pull, they are apparently not compensated enough for the risk they bear due to uncertain 

demand. On the other hand, suppliers with relatively higher manufacturing costs prefer pull to 

push since they are compensated proportionally to their cost. It is interesting to note that if all 

suppliers have the same manufacturing, cost, then all suppliers prefer push to pull. 

To summarize, the remainder of the thesis is as follows. Chapters 2, 3 and 4 study various 

issues in the PD-newsvendor model (with an endogenous retail price) with a single manufacturer 

and a single retailer. More specifically, in Chapter 2 we consider the effect of linear returns policies 

between M and R on the expected profits of the channel and its members, and their effect on the 

equilibrium values of decision variables. Chapter 3 introduces a sequential commitment approach, 

which allows channel members to commit to the decision variables under their control sequen

tially and alternately, investigates its effect on the equilibrium expected profits, and provides some 

insight to channel members who follow a bargaining process to determine the values of contract 

parameters. In Chapter 4 we examine various decision postponement strategies (i.e., price and or

der postponement) and investigate the benefits of managing information flow regarding stochastic 

demand. Chapter 5 studies two supply chain systems (push and pull) in the Pl-newsvendor model 

(i.e., exogenous retail price) under a wholesale-price only contract, wherein there are n suppliers 

selling complementary components to an independent assembler. In this chapter, we investigate 

and compare the push and pull systems and examine the issue of alliance formation among suppliers 

in both systems. 



Chapter 2 

On the Effectiveness of Returns 
Policies in the Price-Dependent 
Newsvendor Model 

2.1 Introduction 

Manufacturers, whose products are subject to random demand, often accept returns of unsold goods 

for full or partial credit. For example, books, newspapers, recordings, CDs, dairy products, costume 

jewelry, fashion wear, computer products and peripherals, and perishable services, such as airline 

tickets and hotel rooms, are usually allowed to return to their source in North America for full or 

partial credit. In general, a supply chain composed of independent agents trying to maximize their 

own profits does not achieve channel coordination, see, e.g., Spengler (1950). Pasternack (1985) 

was the first to show that buybacks can coordinate the basic price-independent newsvendor model, 

wherein a manufacturer (M) offers a good to a retailer (R) for a constant wholesale price and a 

constant buyback rate (linear pricing), and R, who faces a fixed retail price and stochastic de

mand, needs to decide upon the optimal order quantity. Subsequently, other contracts, such as, 

e.g., quantity-flexibility (Tsay (1999)), sales-rebate (Taylor (2002a)), and revenue-sharing (Paster

nack (2002), Cachon and Lariviere (2005)) have also been shown to be able to coordinate the basic 

newsvendor model. See also Lariviere (1999), Tsay et al. (1999) and Cachon (2004b) for some 

excellent reviews of coordination mechanisms for the basic newsvendor model and related models. 

As noted by Kandel (1996), the price-dependent (PD) newsvendor model, wherein the retail 

price is determined endogenously by R, is considerably more complicated. However, Emmons and 

Gilbert (E&G) (1998) have shown that if the wholesale price is large enough, both M and R 

would benefit from the introduction of buybacks when the expected demand function is linear. It 

has been conjectured by Lariviere (1999), and it has been proved by Bernstein and Federgruen 

9 
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(2005), that constant wholesale and buyback prices (i.e., independent of other decision variables) 

cannot, in general, lead to coordination in the PD-newsvendor model. By contrast, contracts 

which do not employ constant wholesale and buyback prices can induce coordination. Indeed, 

e.g., revenue-sharing contracts and the "linear price discount sharing" scheme, have been shown 

by Cachon and Lariviere (C&L) (2005) and by Bernstein and Federgruen (2005), respectively, 

that they could induce coordination in the PD-newsvendor model. We note, however, that as 

discussed by C & L , revenue-sharing contracts require the ability for M to verify ex post R's revenue, 

which may be costly, and as noted by Bernstein and Federgruen (2005), the "linear price discount 

sharing" scheme bears close resemblance to the traditional "bill back" or "count-recount" schemes, 

which, unfortunately, are reported to be disliked by retailers (see, e.g., Blattberg and Neslin (1990), 

Chapter 11). 

Marvel and Peck's (M&P) (1995) model, which assumes constant wholesale and buyback prices 

and is somewhat different than the traditional' supply chain model in the Operations Manage

ment (OM) literature, incorporates two types of uncertainty: One with respect to product valu

ation and the other concerning the number of customers arriving to the retail store. They show 

that uncertainty only about product valuation leads to manufacturers' preference for a wholesale 

price-only contract, whereas uncertainty only about the number of arrivals induces manufacturers 

to offer buybacks in their contracts. Thus, valuation uncertainty leads to theoretically opposite re

sults than those derived for arrival uncertainty, which, as M & P suggest, explains why return good 

systems are not more wide spread than observed. Note that if there is only arrival uncertainty, 

then M&P's model essentially reduces to the basic price-independent newsvendor model wherein 

the selling price coincides with a representative customer's product valuation. If there is only prod

uct valuation uncertainty, then the equilibrium order quantity is either zero or equal to the known 

and fixed number of arriving customers. 

In this chapter we study the PD-newsvendor model with constant wholesale and buyback prices, 

described in §1.2, which, as stated by M & P , typifies manufacturer-distributor relations in many 

markets. Our objective is not to investigate channel coordination. Rather, our aim is to investigate 

possible factors that affect the introduction of returns. Thus, we address queries, such as that by 

Lariviere (1999, Section 8.6, second paragraph), as to why constant wholesale price and buyback 

rate contracts are not more prevalent: "Given the apparent power of returns policies, it is not 

surprising that they are common in industries such as publishing. Indeed, one may wonder why 

they are not even more common. Relatively little work has examined this issue...". 
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We investigate the effect of buybacks for three different expected demand functions: linear, 

negative polynomial and exponential. For a linear expected demand function and a uniformly 

distributed random component of the demand model, our PD-newsvendor model coincides with 

E&G's model. Our main results, for a zero salvage value, are: 

(i) The manufacturer may elect not to offer buybacks. Indeed, buybacks are not introduced 

in equilibrium when the expected demand function is a negative polynomial function of the 

retail price. 

(ii) If buybacks are introduced in equilibrium, they have a relatively insignificant effect on channel 

efficiency improvement. 

(iii) By contrast, if buybacks are introduced in equilibrium, they could have a rather dramatic 

effect on profit distribution. They could significantly increase M's expected profit and signif

icantly decrease R's expected profit. For example, for a linear expected demand function and 

a uniformly distributed random component of demand, the introduction of buybacks is shown 

to increase M's expected profit by 12.5% to 23.94% and to decrease R's expected profit by 

15.62% to 20.63%. 

(iv) Our analysis demonstrates that the introduction of buybacks in equilibrium induces higher 

wholesale price, retail price and retail inventories than those obtained under wholesale price-

only contracts. 

(v) In the PD-newsvendor model with buyback options, for a uniformly distributed random 

component of demand, the wholesale price, channel efficiency and profit distribution between 

M and R coincide with those in the corresponding model with deterministic demand. 

It can also be shown that the introduction of a positive salvage value in .the PD-newsvendor 

model may have a significant effect on the possible implementation of a returns policy. For example, 

for a positive and equal salvage value at M's and R's locations, buybacks are introduced for all 

three expected demand functions.. 

Our findings provide several answers to Lariviere's query as to why return good systems are not 

more common. Indeed, as it is the case for a negative polynomial expected demand function and 

a zero salvage value, a manufacturer may prefer not to offer buybacks in equilibrium. Further, if 

buybacks are introduced, their insignificant effect on channel efficiency would be further diminished 

by the additional costs that would arise in a return system, which are not accounted for by the 
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model and which will not be incurred by a wholesale price-only contract (see related discussions 

in, e.g., Lariviere (1999) and Lariviere and Porteus (2001)). Thus, the introduction of buybacks 

by manufacturers in the PD-newsvendor model could be viewed by retailers, perhaps correctly, as 

an attempt to grab additional channel profit at their expense. To the extent possible, therefore, 

retailers would object to the introduction of return good systems. 

The remainder of this chapter is organized as follows: §2.2 recalls the price-dependent (PD) 

newsvendor model, as introduced in §1.2 in Chapter 1. In §2.3 we analyze the PD-newsvendor 

model, as studied by E & G , wherein the expected demand function is linear in the retail price and 

the random component of demand is uniformly distributed. §2.4 extends the analysis to negative 

polynomial and exponential expected demand functions. In §2.5 we discuss an extension to more 

general demand distributions and the effect of a positive salvage value on the implementation of the 

returns policies, and we reveal a surprising relationship between the PD-newsvendor model with 

buybacks and the corresponding deterministic model. Conclusions and future research are provided 

in §2.6. Al l proofs in this chapter are presented in the appendix in §2.7. 

2.2 Model Formulation 

Consider the single-period PD-newsvendor model with buyback policies described in §1.2. It is 

assumed in this chapter that unsatisfied demand is lost, there is no penalty cost for lost sales 2 1 , 

and that the salvage value of unsold inventory is zero f o r 2 2 both.M and R. Recall that for feasibility, 

we assume: (i) c < w < p and (ii) 0 < b < w. 

The stochastic demand, X, that R faces is assumed to be of a multiplicative form X = D ( p ) £ , 

which is a commonly used model in the Economics and O M literature. D(p) is the deterministic 

part of X, which decreases in the retail price p, and £ (£ > 0) is the random part of X . Recall 

from §1.2 that F(-) and /(•) are the distribution and density functions of £, respectively. The 

multiplicative demand model was initially proposed by Karlin and Carr (1962). 

It would be interesting and challenging to extend our analysis to the additive demand model 

2 1 T h e zero penalty cost assumption is made mainly for tractability reasons. A positive penalty cost (or goodwill 
cost) of unmet demand (or lost sales) accounts for consumers' dissatisfaction and for potential business losses, espe
cially in a multi-period setting. Generally speaking, incorporating a penalty cost for unsold inventory complicates 
the analysis significantly. When a goodwill cost is present in the PD-newsvendor model, closed-form expressions for 
equilibrium decisions and profits are not available for any of the expected demand functions considered in this chap
ter. Nevertheless, we have conducted a numerical investigation of the PD-newsvendor model for linear and negative 
polynomial expected demand functions. According to our findings, for a low goodwill cost, the results hold. That is, 
buybacks are introduced for the linear case but not for the negative polynomial expected demand case. However, for 
a high enough goodwill cost, buybacks are introduced in both cases. 

2 2 T h e implications of relaxing this assumption are considered in §2.5.2. 
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wherein X = D(p) + £. The additive model, which is also commonly used in the literature, would 

be an appropriate model wherein the.variance of demand is unaffected by the expected demand 

level. By contrast, the multiplicative model is appropriate where the variance of demand increases 

with expected demand in a manner which leaves the coefficient of variation unaffected. 

We note, however, that the additive model may lead to qualitatively different results than the 

multiplicative model (see, e.g., Mills (1959), Emmons and Gilbert (1998), Song et al. (2004), and, 

in particular, the excellent survey by Petruzzi and Dada (1999)). Moreover, it appears that it is less 

tractable than the multiplicative model (see, e.g., Padmanabhan and Png (1997), Wang et al. (2004) 

and §4.7 in Chapter 4 in this thesis). Indeed, even when £ has a binary distribution and D(p) is 

linear in p, it is difficult to derive a closed-form expression for, e.g., the equilibrium value of w, in 

the PD-newsvendor problem with an additive demand model. 

Finally, let us note the main differences between the multiplicative and additive demand models 

and M&P's demand model. In the multiplicative and additive models, the stochastic demand is 

precisely the number of arrivals, which is a function of the retail price p. It can be assumed that 

all arriving customers in these models are familiar with the product, well informed about the retail 

price, and are interesting in buying it. If n customers were to arrive, then it would be optimal to 

order n items. However, in M&P's model, the number of arrivals is independent of the retail price. 

That is, the number of arriving customers is stochastically the same regardless whether the retail 

price is very high or very low. This could be interpreted as if the arriving customers are uninformed 

about the retail price. Once in the store, either all or none will buy the product, depending on 

whether a representative customer's product valuation exceeds the retail price. Thus, in M&P's 

model, if ri customers were to arrive, by contrast with the multiplicative and additive demand 

models, it may be optimal to stock nothing. 

In this chapter, we adopt E & G ' s assumption that the random part of demand, £, follows a 

uniform distribution 2 3 on the interval [0,2], i.e., /(e) = 0.5 on [0, 2]. Thus, E(£) = 1, and we can 

simplify M's and R's expected profit functions, given by (1.1), to: 

EIlM(w, b) = (w- c)Q - b^-j and EUR(p, Q) = (p - w)Q - (p - b)-^^. (2.1) 

We analyze in the next section the effect of buybacks in the PD-newsvendor model with a 

linear expected demand function. In §2.4, we extend our study to two other expected demand 

2'3The analysis can be easily extended to a uniform distribution of £ on [0, U] for any U > 0. Due to the normalization 
of the deterministic demand function of X described in §1.2, it is known that the upper bound U will have no impact 
on the equilibrium values of w, b and p, and for the equilibrium values of Q, EHM and EUR, we have the following 
relationship: Q*(JJ) = %Q'{U = 2), £IT^( r7) = ^EU*M(U = 2) and EUR(U) = %EIIR(U = 2). See §2.5 where we 
briefly report on computational results with power and triangle distributions of £. 
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functions. Recall that, unless otherwise noted, we denote by , (•)* and (•) the equilibrium 

values in the integrated system, the system under a buyback contract and the system under a 

wholesale price-only contract, respectively. 

2.3 Effect of Buybacks with Linear Expected Demand 

We analyze in this section the effect of buybacks in the PD-newsvendor model wherein the expected 

demand function, D(p), is linear of the form D(p) = 1 — p. Note that when p = 1, market demand 

is zero and both M and R gain zero expected profits. Thus, we assume that p < 1 in the sequel, 

except as otherwise noted, and c < w < p < 1. We further note that, for any retail price p, the 

highest demand from the end-customer market is 2D(p) since £ < 2. 

From (2.1) and for D(p) = 1 — p, M's and R's expected profit functions can be simplified to: 

' Elif = (w- c)Q - b^—j and M l £ = (p - w)Q - (p - V^T^y . (2-2) 

where the subscript "L" stands for "linear expected demand". The total expected channel profit, 

Eli^otal, is the sum of the expected profits of M and R. 

According to R's expected profit function, given by (2.2), and for any given pair (w, b), E&G 

have shown that R's optimal retail price and order quantity are: 

pL ^ and V i - p*L-b ' ^ ' 

Taking R's reaction functions into account, M's expected profit function becomes: 

EU^ = (w-c)Ql-b^)2

piy (2.4) 

Substituting w = c and b = 0 into (2.3), we obtain the unique equilibrium values of p and Q in 

the corresponding integrated system 2 4: 

t l + yT+8^ j (3 - yT+Se') 2 

PL = 4 a n d QL = 1 • (2-5) 

Substituting pL and Q£ into the expected integrated channel profit function: EHL = (p — c)Q — 

PlTT^y, a n d simplifying gives: 

EUi = (3 - v /r+8c")3(l + Vr+8~c) 
* = 64 • ( 2 ' 6 ) 

E&G have shown that for all wholesale prices w G (WT,1), where WT is a threshold value 

less than 1, both M and R are better off when M offers a positive buyback rate (i.e., b > 0). 

Note that 3 — y/1 + 8c > 0 since c < 1. Similarly for other expressions containing 3 — \/l + 8c in the sequel. 
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However, by contrast with E & G , we are able to find closed-form expressions for WT, the equilibrium 

wholesale price, w*L, and equilibrium buyback rate, b*L. We further show that when the expected 

demand function is linear, as assumed by E & G , the efficiency2 5 of the PD-newsvendor model with 

buybacks is precisely 75%, and that the increased efficiency due to the introduction of buybacks 

is insignificant, and bounded by 3.16%. By contrast, we demonstrate that the introduction of 

buybacks has a significant effect on the distribution of the channel profit between M and R. 

Explicitly, we prove that the introduction of buybacks increases M's expected profit by 12.5% to 

23.94%, whereas, R's expected profit decreases by 15.62% to 20.63%. 

We start by providing a closed-form expression for U>T-

Propos i t ion 2.3.1 For any wholesale price in the interval (WT = 2 + 3 0 c + 3 ^ / 6 ( 1 + 5 c ) ; \^ there exists 

a buyback rate b > 0, at which both M and R earn higher expected profits than when 6 = 0. 

Observe that neither Proposition 2.3.1 nor Proposition 2 in E & G implies that buybacks are 

used in equilibrium. Rather, they merely assert that when the wholesale price is large enough, 

both M and R benefit from the introduction of buybacks. To prove that buybacks are used in 

equilibrium, we need Proposition 2.3.2 and Lemma 2.3.3 below. In Proposition 2.3.2, we derive an 

explicit expression for the equilibrium wholesale price, wL, in the PD-newsvendor model under a 

wholesale price-only contract, wherein M first commits to a wholesale price w, and then R commits 

to a retail price p and an order quantity Q. 

Now, substituting 6 = 0 into the expected profit functions of M and R under a contract 

with buybacks, given by (2.2), we obtain M's and R's expected profit functions, EW^ and EY1R, 

respectively, in a wholesale price-only contract: 

EYl™ = (w- c)Q and EUR = (p - w)Q - P^f_py ( (2-7) 

Propos i t ion 2.3.2 In the PD-newsvendor model under a wholesale price-only contract, M's equi

librium wholesale price is: w*L = 5+32c+3Vi7+64c 

The following relationship holds between U>T and w*L. 

L e m m a 2.3.3 U>T < w*L. 

In view of Proposition 2.3.1 and Lemma 2.3.3, we have: 

2' 5The efficiency of a supply chain is defined as the ratio of the equilibrium channel profit to the corresponding 
integrated channel profit. 
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Corollary 2.3.4 Buybacks are introduced in equilibrium in the PD-newsvendor model with a linear 

expected demand function. 

For 6 = 0 and knowing w*L, we are able to calculate p*L and Q*L in a wholesale price-only contract 

by substituting 6 = 0 and w*L into p*L and Q*L, given in (2.3): 

7 + V17 + 64c - , (9 - V17 + 64c)2 

PL = 7g a n d QL = ^ • (2-8) 

Substituting the resulting^ and Q*L further into Ell1}* and ETl^, given by (2.7), and simplifying 

provides us with M's and R's equilibrium expected profits in the PD-newsvendor model under a 

wholesale price-only contract: 

Eft?* = T(3 + y/17 + 64c) and EYlf = T'1- + ^ 1 7 +64c), (2.9) 

and the equilibrium total expected channel profit under a wholesale price-only contract is: 

Ef(rotai* = T ( y + |>/17 + 64c), (2.10) 

where2 6 T = ( 9 -v^+^) 3 
wneie x — g l 9 2 

Lemma 2.3.5 In the PD-newsvendor model under a wholesale price-only contract, in equilibrium, 

the ratio of M's and'R's expected profits is bounded between 1.28 and 1.5. 

We are now able to calculate the channel efficiency with wholesale price-only contracts. 

Proposition 2.3.6 The channel efficiency with a wholesale price-only contract is strictly increas

ing in c and is bounded between 71.84% and 74-07%. 

A possible explanation for the increased efficiency as a function of c is that as c increases, the 

range for w decreases since c < w < p < 1. Thus, an increase in c decreases the possibility for 

double marginalization. See also Chapter 4 in this thesis for a similar behavior of channel efficiency 

in decentralized systems under decision postponement. 

In the PD-newsvendor model with buybacks, E&G had to resort to a numerical and graphical 

investigation to. analyze the equilibrium expected profits of M , R and the overall channel as a 

function of w, for parameter values 2 7 (c,a,k) = (1,-3,5). Fortunately, we are able to derive 

closed-form expressions for the equilibrium values of w*L and b*L, and therefrom to derive explicit 

expressions for M's and R's equilibrium expected profits. 
2 CNote that 9 — y/17 + 64c > 0 since c < 1. Similarly for other expressions which contain 9 — y/17 + 64c in the 

sequel. 
2 , 7 E & G have considered a "general" linear expected demand function of the form D(p) = a(k — p), see also §1.2. 
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Proposition 2.3.7 In the PD-newsvendor model with buybacks, the equilibrium values of M's 

decision variables are: (w*L = ̂ -^,bL = \), and in equilibrium, 

Eur=Mai? = ( 3 - v ^ ) ; ( i + v / i + M , ( 2 . n ) 

128 x J 

Having the equilibrium wholesale and buyback prices, we are able to calculate R's equilibrium 

retail price and order quantity: 
, 5 + VT+8c (3 - y/T+~8c)2 . . 

PL = g a n d QL = g • ( 2- 1 2) 

Further, having the equilibrium expected profits of M and R in contracts with buybacks, given 

by (2.11), and the integrated channel profit, given by (2.6), we derive the following conclusion. 

Proposition 2.3.8 The channel efficiency of the PD-newsvendor model with buybacks is 75%. 

Propositions 2.3.6 and 2.3.8 imply 2 8 that as compared to the wholesale price-only contract, the 

improvement in channel efficiency due to the introduction of buybacks is decreasing in c, and it is 

quite insignificant, at most 3.16% for c = 0. This result should be contrasted with the significant 

effect of buybacks on channel efficiency improvement in the basic newsvendor model, wherein the 

retail price is exogenously determined. Indeed, Lariviere and Porteus (2001) have studied the 

basic newsvendor model under a wholesale price-only contract, and they have shown, e.g., that the 

channel efficiency under such a contract is only 75% when demand follows a uniform distribution. 

But, as shown by Pasternack (1985), the channel can be perfectly coordinated when buybacks 

are introduced in the basic newsvendor model, which implies that buybacks can increase channel 

efficiency by 25% for uniformly distributed demand. 

From the above discussion we conclude that channel efficiency improvement is unlikely to be 

the motivation behind the introduction of buybacks to the PD-newsvendor model. The following 

two propositions suggest another motivation for their introduction in this model. 

Proposition 2.3.9 In the PD-newsvendor model, the percentage improvement in M's equilibrium 

expected profit due to the introduction of buybacks is strictly decreasing in c and is bounded between 

23.94%, for c = 0, and 12.5%, for c -» 1. 

Proposition 2.3.10 In the PD-newsvendor model, the percentage deterioration of R's equilibrium 

expected profit due to the introduction of buybacks is strictly decreasing in c and is bounded between 

20.63%, for c = 0, and 15.62%, fore-* I. 
2'8Recall that the channel efficiency in the wholesale price-only contract is increasing in c. 
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A possible explanation for the decreased improvement in M's equilibrium expected profit 

(Proposition 2.3.9) and the decreased deterioration in R's equilibrium expected profit (Proposi

tion 2.3.10), as a function of c, is similar to that given for Proposition 2.3.6. That is, as c increases, 

there is less room for M to manipulate w to improve her welfare. 

In view of Propositions 2.3.9 and 2.3.10, we may conclude that a possible motivation for the in

troduction (by M ) of buyback policies to the PD-newsvendor model is the significant and favorable, 

for M , effect it has on the distribution of the channel profit. 

Propositions 2.3.9 and 2.3.10 are consistent with E & G ' s findings for the specific instance of the 

PD-newsvendor -model they have studied, wherein (c, a, k) = (1,-3,5). Indeed, in their specific 

example, c' = c/k = 1/5 = 0.2, and there is an 18.92% increase in M ' s expected profit and a 

19.26% decrease in R's expected profit, due to the introduction of buybacks. 

Proposition 2.3.11 below reveals the relationships among the equilibrium wholesale and retail 

prices and the order (or production) quantities in supply contracts with and without buybacks and 

in the vertically integrated channel. 

Proposition 2.3.11 In the PD-newsvendor model: 

(i) w*L < w*L, 

(ii) pL<p*L< p*L and 

(iii) Q*L<Ql<Q{. 

It follows from Proposition 2.3.11 that, as expected, the integrated channel would be preferred 

by the end customers to a decentralized supply channel with or without buybacks, in the sense that 

it offers a lower retail price and makes a larger amount of the product available to customers. But, 

while the retail price with buybacks is strictly higher than that without buybacks, the quantity 

available for the end customers in a supply chain with buybacks is strictly larger than that without 

buybacks. We note that the results derived in Proposition 2.3.11 are consistent with those derived 

by M & P for their demand model. 

2.4 Effect of Buybacks with Other Expected Demand Functions 

In this section, we maintain the assumption that £ follows a uniform distribution, and we investigate 

the robustness of our results, presented in §2.3, for other expected demand functions. Specifically, 

in §2.4.1 the expected demand function is a negative polynomial function of the retail price, and 

in §2.4.2, the expected demand function is exponential. 
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2.4.1 Negative polynomial expected demand 

In this subsection, we study the PD-newsvendor model with a negative polynomial expected demand 

function of the retail price p, D(p) = p~q, where q > 1 and w < p < oo. The restriction q > 1 is 

used to ensure that R's optimal retail price will be finite. The analysis can be easily extended to a 

general D(p) = ap~q, where a > 0. 

According to (2.1), M's and R's expected profit functions, denoted as EIl^J and EU^, in the 

PD-newsvendor model with D(p) = p~q and buyback options are: 

EI1% = (w- c)Q - and EIL% = (p - w)Q - (p - 6 ) ^ , (2.13) 

where the subscript "TV" stands for "negative polynomial demand". Let 

• ^ = qW + qb + W-2b + J ^ ^ = 2(p*N)-q(p*-W)^ ( 2 1 4 ) 

Z(q — IJ pN 0 

where J = y/(q + l)2w2 - 2(q2 -q + 2)wb + (q - 2)2b2. 

Proposition 2.4.1 In the PD-newsvendor model with buybacks and D(p) = p~q, for any given 

(w,b), R's optimal reaction functions are given by (2.14). 

Substituting w = c and b = 0 into p*N and Q*N, we obtain the unique equilibrium pT

N and Qjy 

in the corresponding integrated system: 

pj, = i ± l c and Q'N = ^ ' ^ ^ 
9 - 1 * N (q + l)^1 ' 

Substituting p!

N and QJ

N into the integrated channel profit function: EUj^ = (p — c)Q — p-^q, and 

simplifying gives: -

( 9 + i ) 9 + i C • (2-15) 

Having iJ's reaction functions, p*N and Q^, given by (2.14), M's expected profit function be

comes: 

EU^ = (w-c)Q*N-b^^. (2.16) 

Similar to the case when the expected demand function is linear (Proposition 2.3.1), we find a 

range of wholesale prices in which exercising buybacks can benefit both M and R. 

Proposition 2.4.2 In the PD-newsvendor model with D(p) = p~q, for any wholesale price w, 

where w > = - ^ j , exercising a buyback option benefits both M and R. 
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M's equilibrium values of decision variables, (w*N,b*N), and the equilibrium expected profits of 

M and R are as follows: 

Proposition 2.4.3 In the PD-newsvendor model with buybacks and D(p) = p~q, the equilibrium 

values of M's decision variables are: (w^ = -£z\,b*N = 0), and, in equilibrium, 

TM* _ 4 ( g - l ) 2 ^ ^ _ 4 ( g - l ) 2 3 - 2 EY^_ q - l 
N c*-1qi(q +1)9+!' c 9 - i g 9 - i ( g + l)«+ 1 £17** <? ' 

Proposition 2.4.3 implies that when the expected demand function is a negative polynomial of 

the retail price, M elects not to offer a buyback option in equilibrium. Thus, as suggested earlier, 

Proposition 2.4.2, which proves the existence of a range of wholesale prices at which both M and 

R would benefit from the implementation of buybacks, is not sufficient for the introduction of 

buybacks in equilibrium. Rather, a sufficient condition for the introduction of buybacks is that the 

equilibrium wholesale price, for a wholesale price-only contract, falls in the interval of wholesale 

prices at which both M and R would benefit from buybacks. Indeed, in the linear case, this 

wholesale price falls in that interval (Lemma 2.3.3), and thus, in equilibrium, buybacks are used. 

However, for the negative polynomial demand case, this wholesale price is not in that interval 

(Propositions 2.4.2 and 2.4.3), and, indeed, in equilibrium, buybacks are not used. 

Proposition 2.4.3 should be compared with the result derived by M&P, according to which M 

would always prefer to offer buybacks in equilibrium in the presence of uncertainty only with re

spect to the number of arrivals. However, this specific result appears to be implied by their model. 

Indeed, when the uncertainty is only with respect to the number of arrivals, M and R know with 

certainty the customers' valuation of the product. By requesting a wholesale price equal to the cus

tomers' valuation, M , in M&P's model, is able to secure the entire channel profit by implementing 

a complete consignment contract (full return for full credit). In fact, as noted in §1.2, M&P's model 

with only arrival uncertainty essentially coincides with the price-independent newsvendor model 

wherein the retail price is exogenously fixed. Thus, M&P's result that full-credit buybacks are of

fered when there is only arrival uncertainty is consistent with the literature on channel coordination 

through buybacks in the price-independent newsvendor model (Pasternack (1985), Kandel (1996)), 

wherein M is able to secure the entire channel profit by setting w = b = p. Observe that in the 

presence of uncertainty both with respect to valuation and arrivals, but when there is not very 

much arrival uncertainty, M may not offer buybacks in M&P's model (M&P (1995)). 

Having the equilibrium expected profits of M and R, given by (2.17), and the integrated channel 

profit, given by (2.15), we can derive the channel efficiency with (or without) buybacks. 
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Propos i t ion 2.4.4 The channel efficiency of the PD-newsvendor model with (or without) buybacks 

and with D(p) = p~q, is qq^2q~1^, where q > 1, and it is strictly decreasing in q. 

Note that price elasticity of a negative polynomial expected demand D(p) = p~q is — d^^ypP = <7 

(> 1). Thus, the larger q is, the more sensitive customers are to changes in the retail price, and 

the more severe are the effects of double marginalization. This may explain the decrease of channel 

efficiency as a function of q. 

Similar to the linear expected demand case, one can show that the following relationships hold 

among the equilibrium values of decision variables for an integrated firm and a decentralized channel 

with a negative polynomial expected demand function: (i) pT

N < p*N, and (ii) Q*N < Q!

N'. That is, 

the integrated firm charges a lower retail price and produces a larger quantity than the decentralized 

system. 

2.4.2 E x p o n e n t i a l e x p e c t e d d e m a n d 

We consider in this subsection the PD-newsvendor model with an exponential expected demand 

function, i.e., D(p) = e~p, where w < p < oo. 

For D(p) = e~p, M's and R's expected profit functions with buybacks, given by (2.1), reduce 

to: 

EI1% = (w- c)Q - b^-v and EU§ = (p - w)Q - (p - b ) £ - , (2.18) 

where the subscript "E" stands for "exponential expected demand". Similar to the negative poly

nomial expected demand case (Proposition 2.4.1), according to R's expected profit function, given 

in (2.18), it can be shown that R's reaction functions for any given w and b are: 

p i = W + b + l + V(W-by + 6(W-b) + l ^ Q % = 2e-pHp*E-W)_ ( 2 1 Q ) 

2 pE b 

Substituting w = c and 6 = 0 into p*E and Q*E, we obtain the unique equilibrium pE and 

QE in the corresponding integrated system: pE = c + 1

2

+ g and QE = ——^;Pfi c^, where H = 

V c 2 + 6c + 1. Substituting pE and QE into the corresponding integrated channel profit function: 

EIiE = (p-c)Q- p-^p, and simplifying gives: 

^ J c + S - H K - c + l + E ) ^ ^ ( 2 2 0 ) 

Let us first consider the model under a wholesale price-only contract. Substituting 6 = 0 into 

R's reaction functions p*B and Q*E for contracts with buybacks, given by (2.19), and simplifying 
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provides us with R's reaction functions in the wholesale price-only contract: 

-fE=

 W + 1 + Z and Q*E = e-^{w + 3 -Z), (2.21) 

where Z = \/w2 + 6w + 1. By substituting the resulting. Q*E further into M's expected profit 

function under a wholesale price-only contract, EIiE = (w.— c)Q, we obtain: 

ETL% = {w-c){w + 3-Z)e-S!±Tit*.. . (2.22) 

Proposition 2.4.5 i n PD-newsvendor model under a wholesale price-only contract with D(p) = 

e~p, the equilibrium wholesale price, wE(> c), is the unique solution to the nonlinear equation: 

(w + 5)(w - c) + (w - c - 2) y/w2 + 6w + 1 = 0. (2.23) 

Using Proposition 2.4.5, we are able to show: 

Lemma 2.4.6 In the PD-newsvendor model under a wholesale price-only contract with D(p) = 

e~~p, in equilibrium, M's expected profit is strictly smaller than R's. expected profit. 

We are also able to obtain explicit expressions for the equilibrium wholesale price, w*E, and 

buyback rate, bE, in the PD-newsvendor model with buybacks and exponential expected demand. 

Proposition 2.4.7 In the PD-newsvendor model with buybacks and D(p) 

profit is globally maximized at (w*E = 1 + c, b*E = 1), and in equilibrium, 

EH-* = EUf = ( C + 3 "
 H){~C

 + 1 +

 H ) e~j 

where H = \/c2 + 6c + 1. 

Having derived the equilibrium expected profits of M and R, given by (2.24), and the integrated 

channel profit, given by (2.20), we are able to calculate the channel efficiency of the PD-newsvendor 

model with buybacks. 

Proposition 2.4.8 The channel efficiency of the PD-newsvendor model with buybacks andD(p) = 

e'P is \ » 73.58%. 

By Proposition 2.4.5, the equilibrium wholesale price under a price-only contract, w*E, is im

plicitly given by (2.23), and it seems unlikely that a closed-form expression for w*E, as a function 

of c, can be found. Fortunately though using Maple 6 we are able to solve for w*E for any given 

e p , M's expected 

(2.24) 
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c 

Percentage (%) 
improvement 

Equilibrium decision variables 

c 
M ' s 

profit 
R's 

profit 
Channel 
efficiency 

Integrated Buybacks No buybacks 
c 

M ' s 
profit 

R's 
profit 

Channel 
efficiency A Q'E wE bE 

P'E Q'E W'E P'E Q'E 
0.0 11.14 -4.33 2.02 1.00 0.7358 1.00 1.00 2.00 0.2707 0.56 1.86 0.2175 
0.1 9.22 -4.16 1.51 1.18 0.5602 1.10 1.00 2.18 0.2061 0.69 2.03 0.1741 
0.5 5.54 -3.23 0.70 1.78 0.2424 1.50 1.00 2.78 0.0892 1.16 2.61 0.0816 
1.0 3.65 -2.43 0.38 2.41 0.1048 2.00 1.00 3.41 0.0385 1.72 3.25 0.0365 
2.0 2.06 -1.54 0.17 3.56 0.0249 3.00 1.00 4.56 0.0092 2.79 4.42 0.0089 
5.0 0.74 -0.63 0.04 6.74 0.0006 6.00 1.00 7.74 0.0002 5.87 7.64 0.0002 

Table 2.1: Supply chain performance due to buybacks with D{p) = e 

value of c. Indeed, in Table 2.1 above we present the equilibrium values of the decision variables 

for the integrated channel, and of the channel with and without buybacks, as well as the effect of 

buybacks on the equilibrium expected profits of M and R and the channel efficiency. Recall that 

by Proposition 2.4.8, the channel efficiency under a buyback contract is | « 73.58%. 

Based on Table 2.1, we can make the following observations. 

Observation 2.4.9 The percentage increase in channel efficiency due to buybacks is decreasing 

in c, and is maximized at c = 0 for which it is 2.02%. 

Observation 2.4.10 In equilibrium, due to the introduction of buybacks, M's expected profit in-

creases at a decreasing rate in c. and R's expected profit decreases at a decreasing rate in c. 

Table 2.1 and Observations 2.4.9 and 2.4.10 imply that for an exponential expected demand 

function,.the introduction of buybacks in equilibrium has an insignificant effect on channel efficiency. 

However, by contrast, it may have a relatively large and favorable, for M , effect on the distribution 

of the channel profit. For example, when c = 0, M's expected profit increases by 11.14%, while R's 

expected profit decreases by 4.33%. These results are consistent with those obtained in the linear 

expected demand case. 

Further based on Table 2.1 we can make the following observation. 

Observation 2.4.11 From Table 2.1: 

(i) w*E < w*E, 

(ii) pE < p*E < p*E and 

(iii) Q*E < Q*E < QE. 
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Observation 2.4.11 is consistent with the corresponding results derived in §2.3 and §2.4.1 for 

the linear and negative polynomial expected demand functions. 

2.5 Discussion and Extensions 

In this section we reveal a close relationship between the PD-newsvendor model with buybacks and 

the corresponding deterministic model, discuss extensions for other distributions of £ and examine 

the effect of introducing a positive salvage value for unsold inventory. 

2.5.1 The PD-newsvendor model and the corresponding deterministic model 

In the deterministic model, M , in Stage 1, offers a wholesale price w to R, who then determines 

the selling price p in Stage 2, which induces demand D(p) that coincides with the expected demand 

function in the newsvendor model. Obviously in the deterministic case, R would order a quantity 

that is exactly equal to the deterministic demand. Thus, no buybacks are necessary in the deter

ministic model. Let us take the linear demand as an example and analyze the deterministic model 

with D(p) = 1 — p. 

Example 2.5.1 Deterministic model with D(p) = 1 — p. 

In Stage 2, for any given w, R determines p to maximize T1R(D) = (p-w)D(p), where D(p) = 1 —p. 

Clearly, flu is concave in p, which gives p*(D) = M p . Taking R's reaction function p*(D) into 

consideration, M's profit in Stage 1 becomes: TLM = (w — c)D(p) = ^(w — c)(l— w), which is, again, 

concave in w. Thus, w*(D) = and accordingly, p*{D) = 2±£ and U*M(D) = 2TLR(D) = 

For the integrated channel in the deterministic model, we substitute w = c into IIR = (p — w)(l—p). 

Then, pJ(D) — and the corresponding integrated channel profit is II1 (D) = • 

A similar analysis can be carried out for the other two expected demand functions. The results 

are summarized 2 9 in Table 2.2 in the following page. These results will be further recalled in 

Table 4.1 in Chapter 4 and we will further refer to them in §4.5 and §4.6 in that chapter. 

' 9Recall that c in Table 2.2 is the normalized marginal manufacturing cost due to the normalization of the deter
ministic part in the demand function described in §1.2. More specially, for the.linear D(p) = a(k — p), c represents 
J F , and for the exponential D(p) = ae~3p, c represents s • c. 



D[p) TT* Profit 
distribution 

w* <5* n / Q 7 Channel 
efficiency 

1-p ( l - c ) 2 

8 
( l - c ) 2 

16 
2 : 1 1+c 

2 
3 + c 

4 
l - c 

4 
( l - c ) 2 

4 
1+c 

2 
l - c 

2 75% 

e ~ P 1:1 1 + C 2 + C e - 2 - c 1 + C e- 1 - c \ « 73.58% 

(g-i)2""1 

q-l:q 
9 - T 

c q 2 

( ^ T ) - 2 9 c - ' 
_2c_ 

9 - 1 
/ 9 - \ - a (2 9 - l)(q-l)"- 1 

q 2 q c q - l 
9 2 9 - l c q - l q-l:q 

9 - T ( ^ T ) - 2 9 c - ' 
_2c_ 

9 - 1 9" 

Table 2.2: Equilibrium values in the deterministic model 

r 
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The results derived for the PD-newsvendor model with a uniform £, presented in §2.3 and 

§2.4, and those given in Table 2.2 reveal a remarkable connection between the multiplicative PD-

newsvendor model with buybacks and the corresponding deterministic model, which are summa

rized in Theorem 2.5.2 below. 

Theorem 2.5.2 In the PD-newsvendor model with a uniform £ and buyback options, when the 

expected demand function is either linear, negative polynomial or exponential, the wholesale price, 

the channel efficiency and the profit distribution between M and R coincide with those in the cor

responding deterministic model. 

In fact, to ascertain the robustness of the results derived for a uniform £, we have carried out 

a numerical investigation for two families of demand distributions of £: power distributions with a 

non-negative exponent (/(e) = 7(e)*, t G [0, 00)) and triangle distributions on the interval [r, 2 — r] 

for any r G [0,1). The numerical results are presented in Tables 2A.2, 2A.3, 2A.4 and 2A.5 in the 

appendix in §2.7. Moreover, for a power demand distribution, for any t G [0,00), Chapter 4 in this 

thesis further derives implicit solutions for the equilibrium values of the contract parameters and 

expected profits in the PD-newsvendor model with linear expected demand. The numerical study, 

whose results are presented in Tables 2A.2, 2A.3, 2A.4 and 2A.5 in the appendix, reveals that the 

results derived analytically for a uniform £ are quite robust. More explicitly, for the power and 

triangle families of distributions of £: 

(i) In equilibrium, buybacks are introduced for linear and exponential expected demand func

tions, while they are not used for a negative polynomial expected demand function. 

(ii) The increase in channel efficiency due to buybacks is relatively insignificant, if at all. 

(iii) Buybacks essentially shift the channel profit from R to M. 

(iv) Buybacks increase the equilibrium retail price and inventory level. 

..Thus, based on the results obtained for the PD-newsvendor model for power and triangle dis

tributions of £, we can make the following observation: 

Observation 2.5.3 In the PD-newsvendor model with buyback options, for power and triangle 

distributions oft; and linear, negative polynomial and exponential expected demand functions: 

(i) The equilibrium wholesale and buyback prices are independent of the distribution of £. 
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(ii) The channel profit distribution between M and R and the channel efficiency are independent of 

the distribution o / £ . Further, for linear and exponential expected demand functions, the profit 

distribution and channel efficiency are independent of the model parameters, (i.e., (c,a,k) for 

the model with D.(p) = a(k — p) and (c, a, s) for D(p) = ae~s'p. 

Observation 2.5.3 suggests that for an arbitrary distribution of £ (> 0) and D(p) = a(k-p), w*L 

and b*L can be derived from Proposition 2.3.7, EU.^* = 2ETlL

l* and the channel efficiency is 75% for 

any (c, a, k); for D(p) = p~q, w*N and b*N can be derived from Proposition 2.4.3, EH^* = q^EU1$* 

and the channel efficiency is v ? - 1 ) " " ^ - 1 ) ^ and for D{p) = ae~sp, w*B and b*E can be derived from 

Proposition 2.4.7, M l | f * = EHE* and the channel efficiency is \ « 73.68% for any (c,a,s). 

Thus, in view of the above results we make the following conjecture: 

Conjecture 2.5.4 In the PD-newsvendor model with buyback options: 

(i) For a general distribution of £ ( > 0), the wholesale price, the channel efficiency and the profit 

distribution between M and R coincide with those in the corresponding deterministic model. 

(ii) The buyback rate is independent of the distribution of £. 

Conjecture 2.5.4 impl ies 2 1 0 that the addition of buybacks to a wholesale price-only contract 

model increases the channel efficiency up to the efficiency of the corresponding deterministic model. 

This explains why buybacks are not implemented in the negative polynomial expected demand case, 

wherein the channel efficiency under a wholesale price-only contract coincides with the efficiency 

of the corresponding deterministic model. 

Naturally, Conjecture 2.5.4, which was verified by Song et al. (2004) for our three expected 

demand functions, implies a significant reduction in the computational burden associated with 

solving the PD-newsvendor model with a buyback option. Indeed, the equilibrium wholesale price, 

efficiency and profit allocation are derived from the corresponding deterministic model. The increase 

in efficiency due to buybacks is available once the efficiency of the wholesale price-only contract is 

found, and the equilibrium buyback rate for an arbitrary £ can be found by solving the model for 

a simple form of £, such as, e.g., a uniform £. 

2 1 0After the completion of essentially the current version of this chapter, and motivated by essentially the current 
and previous versions of this chapter, Song, Ray and Li (2004) have managed to verify Conjecture 2.5.4 for a £ which 
has the IFR (increasing failure rate) property and for linear, negative polynomial and exponential expected demand 
functions. 
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2.5.2 Positive salvage value of unsold inventory 

A zero salvage value for both M and R was assumed for unsold inventory. There are cases, 

however, where some salvage value can be generated from unsold inventory. In this subsection, we 

will briefly consider the effect of a positive salvage value on the possible implementation of buybacks 

in equilibrium for a uniformly distributed £. 

We denote by SM. (respectively, SR) the salvage value at M's (respectively, R's) location, and 

we will consider the following cases: (1) SM = SR = 5, (2) SM > SR and (3) SM < SR. It is 

reasonable to assume that max(5M> SR) < c to avoid a situation of producing for salvaging. We 

briefly discuss the three cases below. 2 1 1 

(1) SM = SR = S. In this case, without loss of generality, we can assume 2 1 2 that b > S. Then, 

M's and R's expected profit functions can be written as: 

M I M = („, - c)Q - b + S and EUR = (p - W)Q - (p - b ) ^ y (2.25) 

where R's expected profit function coincides with his expected profit function in the case of no 

salvage value. 

Following the same steps as in the model with a zero salvage value, one can show that M's 

equilibrium values of decision variables are: 

• (w*L = i j 2 , b*L = ^ ! p ) for a linear expected demand function D(p) = 1 — p; 

• (urj^ = ^ j c , b*N = ^r[S) for a negative polynomial expected demand function D(p) = p~q, 

and 

• (wE = 1 + c, bE = 1 + S) for an exponential expected demand function D(p) = e~p. 

Thus, the introduction of a positive salvage value at M's and R's locations in the PD-newsvendor . 

model with buybacks does not affect the equilibrium wholesale price, and it can be further shown 

that it has no impact on channel efficiency and the profit distribution between M and R. Thus, 

Theorem 2.5.2 holds for a positive salvage value, where SM = SR. However, by contrast with the 

case of a zero salvage value, buybacks are implemented for a negative polynomial expected demand 

function when 5 M = SR> 0. Apparently, the introduction of a positive salvage value is enough to 

make a buyback option attractive for M . 
2 1 1 T h e detailed analysis is available upon request. 
2 1 2 F o r b < S, there are clearly no returns. For b = S, there is no difference between returns and no returns, and 

considering the extra costs that are possibly associated wi th returns, we can assume no returns. For b > S, actual 
returns may take place. 
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(2) SM > SR. AS compared to Case (1), a higher salvage value for M would provide her with 

an additional incentive to buy back unsold inventory. Indeed, returns are introduced in all three 

expected demand cases. 

(3) SM < SR. If R has an advantage salvaging unsold inventory, no returns may occur for 

all three expected demand functions. Indeed, if SR — SM is large enough, M will prefer b = 0 to 

b > SR. 

The results above imply that the existence of a positive salvage value (and perhaps other costs 

associated with a returns policy) may have a significant effect on the possible implementation 

of a returns policy. We note, however, that our results are consistent with those presented in 

Kandel (1996) for the basic price-independent newsvendor model. Specifically, as noted in Kan-

del (1996), milk and flowers seem to have different returns policies. Unsold milk is usually returned 

to the milk processing plants, while unsold flowers are often disposed at the retail store by price 

discounting. The allowance for returns of unsold milk is due to the fact that milk processing plants 
i 

(i.e., M) can use it to produce other dairy items, while a grocery store (i.e., R) does not have such 

a capability. On the other hand, it is more economic for a flower retailer to sell unsold flowers at 

a discount price than to return them to the flower suppliers. See further Kandel (1996) for other 

industrial examples, e.g., apparels and produce, where different returns policies are implemented 

for unsold items due to differences in salvage values. 

Finally, in addition to the form of expected demand function and the salvage value of unsold 

inventory, factors, such as transportation cost or new product introduction consideration could also 

affect returns policies. For example, in the textbook publishing industry, publishers are willing, 

sometime even trying hard, to buy back used or unsold textbooks in order to promote and increase 

revenues from a new edition of the textbook. 

2.6 Conclusions and Further Research 

We have studied in this chapter the PD-newsvendor problem with a multiplicative probabilistic 

demand model. We have investigated the desirability of introducing buybacks and their effect 

on the equilibrium values of decision variables, channel efficiency and profit distribution for three 

commonly used expected demand functions: linear, negative polynomial and exponential. Initially, 

we have assumed a zero salvage value. For this case, we have demonstrated that in equilibrium, 

buybacks will be introduced for linear and exponential expected demand functions, but they are not 

introduced for a negative polynomial expected demand function. In those cases where buybacks are 
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introduced, we have shown that their introduction has an insignificant effect on channel efficiency 

improvement. By contrast, their introduction in those cases may significantly increase M's expected 

profit, and significantly decrease R's expected profit. Thus, we suggest that in the absence of the 

salvage value, the introduction of buybacks to the PD-newsvendor model is probably not motivated 

by a desire to increase channel efficiency. Rather, it is more likely motivated by the significantly 

favorable, for M , effect it has on the distribution of the channel profit. These results partially 

explain why returns policies are not more common. 

It is interesting to note that whenever buybacks are implemented, in equilibrium, in the PD-

newsvendor model, the wholesale price, profit distribution between M and R and channel efficiency 

coincide with those values in the corresponding deterministic model. Since a return system involves 

costs not incorporated in this model (see, e.g., Lariviere (1999) and Lariviere and Porteus (2001)), 

buybacks will not be introduced when a wholesale price-only contract is relatively efficient. Indeed, 

as we have shown, buybacks are not introduced in the negative polynomial expected demand 

function case with a zero salvage value, wherein the channel efficiency under a wholesale price-only 

contract coincides with that in the deterministic model. 

However, we have also shown that the existence of a positive salvage value may have a significant 

effect on the introduction of buybacks. For example, for a positive and equal salvage value at M's 

and R's locations, buybacks will be .introduced for all three expected demand functions. Thus, if 

the salvage value at M is positive and larger than that at R, M has an additional incentive to 

introduce buybacks. These results may explain why some industries implement a return system, 

and are consistent with the related discussion in Kandel (1996). 

Several natural extensions of our results could be pursued. For example, it would be useful 

to study other expected demand functions, and it would be interesting to extend the analysis to 

the PD-newsvendor model with an additive demand model. As suggested earlier, however, (see 

also Emmons and Gilbert (1998), Mills (1959), and Petruzzi and Dada (1999)), the additive model 

could produce results which are different from those derived in the multiplicative demand model. 

Indeed, as the following example demonstrates, Conjecture 2.5.4 is not valid for the additive model. 

Example 2.6.1 The PD-newsvendor model with buybacks and X = £ 4-1 — p, where £ 

follows a uniform distribution with /(e) = 0.5 on [0,2]. 

In this additive model, M's and R's expected profit functions, given by (1.2) can be simplified to: 

EUM = (w - c)(z + 1 -p) - i&z 2 and EUR = (p - w)(z + 1 - p) - i ( p - b)z2 (2.26) 
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where z = Q — D(p), which is the "stocking factor", which was introduced in Petruzzi and 

Dada (1999). 

Propos i t ion 2.6.2 In the additive model with buybacks, for a uniformly distributed £ £ [0,2] and 

for D{p) = 1 — p, the equilibrium value of z* £ [0,2] is the unique solution to: 

5z + 6 - 9z2 - 6c - 4cz + 2z3 = 0. 

Accordingly, the values of the other equilibrium values of the decision variables are: 

(z*)2 5z* 3 c , o , , 1 {z*)2 , ,„ -Az* - 4 + 4p* + 2z*p* + (z*)2 

Substituting the equilibrium values of decision variables, given in Proposition 2.6.2, into M's 

and R's expected profit functions, given by (2.26), we can calculate the equilibrium expected profits 

of M and R. These values, as well as the equilibrium values of the decision variables in this model 

as a function of c, are presented in Table 2A.6 in the appendix in §2.7. 

In order to calculate channel efficiency in the additive model with buybacks, we need to consider 

the integrated channel. Proposition 2.6.3 below presents the equilibrium values of decision variables 

and expected profit in the integrated channel. 

Propos i t ion 2.6.3 In the integrated channel with an additive demand model, X = £ + 1— p, where 

£ £ [0, 2] follows a uniform distribution, the equilibrium value of z1 £ [0, 2] is the unique solution 

to: 

z 3 - 6z2 + 4(1 - c)z + 8(1 - c) = 0, 

and, accordingly, p1 = and En1 = {p1 - c)(z 7•+ 1 - p 7 ) - ^(z1)2. 

The right most column in Table 2A.6 in the appendix displays the channel efficiency of the 

additive model under buybacks as a function of c. 

Proposition 2.6.2 and Table 2A.6 immediately imply that Conjecture 2.5.4 in the multiplicative 

model is not valid for the additive model. Indeed, it is not difficult to show that the equilibrium 

wholesale price in the additive model, given by Proposition 2.6.2, is not equal to the equilibrium 

wholesale price, w* = 2j^£, in the deterministic model with demand E{X) = 1 + D{p) = 2 — p, 

which can be easily derived from Table 2.2 by using, reversely, the normalization of the expected 

demand function described in §1.2, i.e., from D(p) = 1 — p to D(p) = a(k —p). Secondly, from 

Table 2A.6, it is clear that channel efficiency and profit distribution between M and R depend on 

the value of c. Thus, they do not coincide with those values in the deterministic model, wherein 
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channel efficiency is 75% and profit distribution between M and R is 2 : 1, irrespective of the value 

of c. 

2.7 Appendix 

Proof of Proposition 2.3.1. As pointed out by E&G, for a given w, EUR is non-decreasing in 

6. Thus, the proof will follow if we are able to show that QB

L (b = 0) > 0 for any w S (WT, 1)-

For convenience, we present derivatives of p*L and Q*L with respect to w and b in Table 2A.1 below. 

Recall that p*L and Q*L are given by (2.3). The derivation of the partial derivative expressions is 

straightforward. 

Expressions corresponding to p*L Expressions corresponding to Q*L 

p*L = i ( l + 36 + x / ( l + 8 ™ - 9 6 ) ( l - 6 ) ) 

1-6 

Q*i 2w 

dpi = 

dw 
x / ( l + 8 u i - 9 6 ) ( l - 6 ) .dw 2 -

6PL 

v

/ ( l + 8 u ; - 9 6 ) ( l - 6 ) 

dp* _ 5+4tu-96-3 A /(l+8-w-9fa)(l-6) 

™ ~ 4 1 / ( l + 8 ™ - 9 6 ) ( l - 6 ) 

dQ* _ _ g ^ P l _ 3(5+4^-96-3T/ (1+8-UJ-96) (1-6) ) 

~~ ~Sb ~ 2 - v / ( l + 8 ™ - 9 6 ) ( l - 6 ) 

Table 2A.1: Summary of some partial derivatives 

It follows from (2.4) that 

dEIi 
db 

M 
L = (t" - ~ 7 Q K I - Pl)" 2 [(l - PDCQI + 2 6 ^ ) + 6Q L 96 db 

M i 
96 J 

(2A.1) 

, By evaluating p^, a n d ~Bjf' g i v e n in Table 2A.1, at 6 = 0, substituting them and 6 = 0 

into (2A.1) and simplifying, we obtain that: ^ ^ ( 6 = 0) = ( " ^ J ^ f ) 2 (20^+1-120-3^1 + 8w). 

Let Ai(iw) = 20w; + 1 - 12c - 3^1 + 8w. ^ ^ ( 6 = 0) > 0 if and only if Ax(w) > 0. Note that 

Ai(w) is convex in w and it has two stationary points, w\ and w2, where w\ = 2 + 3 0 c 3^/6(i+5c) ^ 

c < 2 + 3 0 c + 3 \ / 6 ( 1 + 5 c ) — W 2 < 1 The lag^ two strict inequalities follow since c < 1. Let UJ7; = u>2-

Since Ai(u;) > 0 when w > U>T, we have verified that for any w G [WT, 1), —ab^^ = 0) > 0. • 

Proof of Proposition 2.3.2. By substituting 6 = 0 into (2.3), we derive R's reaction functions in 

a wholesale price-only contract: p*L = 1 + v / i + 8 t » a n c [ Q* = (3-\A+8-w)_^ T j p 0 n their substitution in 

M's expected profit function, given by (2.7), and simplifying, we obtain: ETi1^ = (w~c)(3-v/1+8"') _ 

The first derivative of EIL^ with respect to w is: = ^ ^ ! 2 p ( - 1 6 w + 3^1 + Sw - 1 + 8c). 
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Let A2(w) = -16w + 3V1 + 8w - 1 + 8c. Then, since c < w < 1, .= -16 + < 0. 

Thus, A2(w) is strictly decreasing in w. Let ?D = 5 + 3 2 c + g / 1 T + — • It follows from the definition 

of A2(w) that A2{w) > 0 for c < w < w, A2(w) < 0 for w < w < 1 and A 2 (w) = 0 for w = w. 

^ = A s H and > 0, we conclude that > 0 for c < «, < 

d l u

L < 0 for < io < 1 and d w

L = 0 for tu = w. Therefore, F I l ^ is pseduo-concave i n w £ [ c , l ) 

and is uniquely maximized at w*L = w = 5 + 3 2 c + V 1 7 + g l £ _ • 

Proof of Lemma 2.3.3. Simply compare wT =
 2 + 3 0 c + V 6 ( 1 + 5 c )

 and w*L = 5+32c+3f7+6^. • 
Proof of Lemma 2.3.5. From (2.9) the ratio, F, of M's and R's equilibrium expected profits can 

be simplified to F = = 7̂ 1̂7̂ 6if, which is strictly increasing in c. Thus, the ratio of M's 

and R's equilibrium expected profits, F, is bounded between F(c = 0) « 1.28 and .F(c —> 1) = 1.5. • 

Proof of Proposition 2.3.6. By (2.6) and (2.10), the efficiency of a wholesale price-only contract 

3 EfJjoM* ^ = (9 - y/17 + 64c) 3 (13 + 3VrT+Wc) = 2(13 + 3v /17+~64c')(3 + VT+te) ^ 
En'L * ° 2 5 6 ( 3 - v

/TT8c")3(l + VTTSc') (1 + v /TT8c :)(9 + V l 7 + 64c) 3 

which increases in c, and thus it is bounded between 71.84% for c = 0 and 74.07% for c —> 1. • 

Proof of Proposition 2.3.7. It follows from (2.4) that 

^ - < a + ( - « ) ^ - i « K ( i - r t ) - P ( i - r t ) ^ + <K^|. (2A.2) 

Substi tut ing^, ^ and given in Table 2A. 1, into (2A.2), and simplifying gives us: 

= iA4AB) KA - 3B)(AB + 3b) + 8(u> - c)B\, where A = V l + 8w - 9b and B = V

/ T : r b - Since 

6 < iy < 1, >1 — 3 B < 0 . Thus, the first-order condition of ETljf with respect to w implies: 

: (A-W)(AB + 3b) + 8B{w-c) = 0. (2A.3) 

Similarly, by substituting p*L, Q*L, and given in Table 2A.1, into (2A.1), and simplify

ing, the first-order condition of ETL^ with respect to b yields: 

(A-3B)[2B(AB + 6b) + b(A-3B)} + 24B2(w-c) = 0. (2A.4) 

Solving (2A.3) and (2A.4) reveals that [w*L = ^^,b*L = )̂ is the unique stationary point of M's 

expected profit function, and the Hessian matrix at this stationary point is: 

a2EnM d2EHM 

„dw2 dwdb 
d2EUM_ d2EXlM 

dbdw db2 

Mww Mwb 
Mbw Mbb. z(-3 + z) 3 

where z = y/1 + 8c, Mww = 8c 3 z - 72c3 + 648c2 - 24zc2 - 462zc + 1350c + 261 - 251z, Mbb = 

8(8c2 + 56c - 12zc + 17 - 15z) and Mwb = Mbw = 6(-60c 2 + 4zc 2 - 150c + 46zc - 33 + 31z). 
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Since c £ [0,1), it is not difficult to verify that z < 3, Mww > 0, Mbb > 0 and Mwb = Mbw < 0. 

Furthermore, we have Mww • Mbb — Mwb • Mbw > 0, which implies that the Hessian matrix at 

(w* = ^,b* = ^) is negative definite. Thus, this point is the global maximizer of Ms problem. 

Accordingly, we have: EH"* = 2ET1R* = ^ Q 

Proof of Proposition 2.3.9. From (2.9) and (2.11), after some simplifications, the percentage 

improvement of M's equilibrium expected profit due to the introduction of buybacks reduces to: 

^'- f f ty , 1 0 0 % = ( ( l + v ^ ) ( 9 + v ^ ^ j _ 1 } , 1 0 0 % ; ( 2 A . 5 ) 

M T f * 8(3 + y/17 + 64c)(3 + y/T+te)3 

which decreases in c, and thus it is bounded'between 12.5% for c —> 1 and 23.94% for c = 0. • 

Proof of Proposition 2.3.10. From (2.9) and (2.11), after some simplifications, the percentage 

deterioration of R's equilibrium expected profit due to the introduction of buybacks reduces to: 

. ™ ? -ELL? ^ (1 + VTT8CX9 + V ^ ) L _ 1 } , 1 0 0 % , ( 2 A . 6 ) 

EUR* V8(7 + v / T7T^)(3 + v

/rT8r5) 3 ; 

which increases in c, and thus it is bounded between -20.63% for c = 0 and -15.62% for c —> 1. • 

Proof of Proposition 2.3.11. (i) w*L < w*L. By Propositions 2.3.2 and 2.3.7, we know that 
^ * = 5+32c+3 v ' i7+64c a n d w * = i±c_ T h u S ] w e h a v e w * = X ( 9 _ ^17 + 64c) > 0 since c < 1. 

(ii) pL<p*L< p*L. By (2.5) and (2.8), we have p*L - pi = 7 + v l ^ + 6 4 c - We simplify it 

to ^j(3 + \A7 + 64c - 4\/l + 8c), which can be shown to be positive for any c .< 1. Thus, pL < p*L. 

Similarly, by (2.8) and (2.12), we have p*L-p*L = 5 +Vp^ - 7+vi7+64e = i ( 3 + 2 y r + 8 c - ^ 1 7 + 64c). 

It can be shown that p*L < p*L for any c < 1. Thus, pL < p*L < p*L. Similarly for the proof of (iii). • 

Proof of Proposition 2.4.1. For any given w, b and p, EU^, given in (2.13), is concave in Q. 

Thus, at optimality, Q*N = 2 P " > - ^ ) , By substituting Q*N into £TC$, we obtain EIl^ = P " ' ^ ) 2 , 

By employing the same proof method as that used in Proposition 2.3.2 to prove that EYl1^ is 

pseudo-concave in w, we can prove that EY1R is pseudo-concave in p. Thus, EYL^ is uniquely 

maximized at p*N = q^+qb+w-2b+j ^ w h e r e j _ ^ g + ^ 2 _ 2(g2 _q + 2)wu + (q - 2)262. • 

Proof of Proposition 2.4.2. As in the proof of Proposition 2.3.1, for any w, R's expected 

db profit is non-decreasing in b. Thus, the proof will follow if we can show that WT = ^^(b = 

0) ••> 0 for any w > w^, where EU^ is given by (2.16). By using Maple 6, we get that WT = 

-wJ§q+l)<i+2(~W('l + 9C)> w h e r e ~WQ+§q+l)-l+* < 0 S l n C e ^ > 1 - T l l U S ' W T > 0 for ^ 

Proof of Proposition 2.4.3. Using Maple 6 to solve, simultaneously, the first-order conditions 

of Ell™ with respect to w and b, i.e., $ W

N = 0 and $ b

N = 0, gives a unique solution (w^ = 
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•^,b*N = 0). (For brevity, we don't present the intermediate results here.) The Hessian matrix at 

this stationary point is: 

d2EUM 3 2 £n M 

dw'2 dwdb 
d2EHM d2ETlM 

dbdw db2 

M w w = - 4 ! c ? i + r ) ] 9 + 1 M w b 

Mbw Mbb=- ,,fir1)2g+2 
' cl'+1(J<'(<j+l)9+4 

where Mwb = Mbw_ = (cg^+i^+^+s • Since q > 1, we have Mww • Mbb - Mwb • Mbw > 0, 

which implies that the Hessian matrix at the unique stationary point is negative definite. Thus, 

the unique stationary point (w* = b* = 0) is the global maximizer of M's problem in Stage 1. 

Upon substitution of this point, and the corresponding p*N and Q*N, given by (2.14), into M's and 

R's expected profit functions, given by (2.13), we obtain that in the PD-newsvendor model with a 

negative polynomial expected demand function, EU™* = cq5q7(q+i)q+i' = ci-^i-Hq+i)^' 

" M w+l + Z 

Proof of Proposition 2.4.5. By (2.22), we have - = e

 2 ^ + 3 ^ £ ( w ) , where B(w) = 

—wZ + cZ + 2Z — w2 + wc — 5w + 5c and Z = \Jw2 + 6w + 1. Note that B(w) can be transformed 

to: B(w) = (—w + c + 2)\/w2 + 6w + 1 — (w + 5)(w — c), which is concave in w since 9Jp-™^ < 0. 

Since B(w = c) > 0 and B{w) < 0 for w large enough, there exists a unique w such that B(w) > 0 

for c < w < w, B(w) < 0 for w < w and B{w) = 0 for w = w. Since dE^J1

E = 2!^+3~Z^ B(w) 
_w+l + Z flpflM flpftM 

and 2Z > °> w e conclude that ^£±£- > 0 for c < w < w, < 0 for w < w and 

—ĝ p- = 0 for w = w. Therefore, EIJE is pseduo-concave in w S [c, oo) and uniquely maximized 

at w*E, where w*E is the unique solution to B(w) = 0 such that w*E > c. • 

Proof of Lemma 2.4.6. Substituting 6 = 0 into M's and R's expected profit functions under a 

wholesale price-only contract, given by (2.18), gives ET1E = (w — c)Q and EIlE = (p — w)Q— J ^ r . 

To prove EIlE* < EUE*, we need to show that in equilibrium, (w — c)Q < (p — w)Q — f^p, i.e., 

0 < Q < 4e-"(P+c-2t,)_ B y s u b s t i t u t i n g p*E> g i v e n b y ( 2. 21), into Q = 4 e " P ( p + c ~ 2 l " } , and simplifying, 

we obtain: Q = — J+i+z1+Z+ ' w n e r e ^ = V w 2 + 6w + 1. Thus, we need to compare, at 

w = w*E, the equilibrium order quantity in the wholesale price-only contract, Q*E, given by (2.21), 

and Q, where wE is the equilibrium wholesale price, which satisfies (2.23) in Proposition 2.4.5. Now, 

at w = w*E, Q*E < Q if (w + 3 - Z)(w + 1 + Z) < 4(-3w + 1 + Z + 2c), which holds if and only.if 

5w — 4c— 1 < Z. By Proposition 2.4.5, in equilibrium, c = 1 + 3 t " t (6+w)^ + 5 ^ ' a n d u P o n substituting 

c into 5w—4c— 1 < Z and simplifying, we obtain that Q*E < Q if (4-t-w)v/w2 + 6u> + 1 < w2+7w;+8, 

which holds for any w(> c). Thus, we conclude that in equilibrium, Q*E < Q, which completes the 

proof of Lemma 2.4.6. • 
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Proof of Proposition 2.4.7. Having derived R's reaction functions, p*E and Q*E, given by (2.19), 

M's expected profit function becomes: EUE = (w — c)Q*E - • 

Using Maple 6 to solve, simultaneously, the first-order conditions of EUE with respect to w 

and b, i.e., ^W

E = 0 and — = 0, gives a unique stationary point (wE = 1 + c, b*E = 1). The 

Hessian matrix (for brevity, again, we don't present the intermediate results) at this point is: 

d2EYlM d2EnM 

dw'2 dwdb 
d2EUM d ETIM 

dbdw dK2 

Mww Mwb 
Mbw Mbb 

w h e r e , , 16/3(2c4 + 18c3 + 2c 3tf + 12c2 i f + 42c2 + UcH + 23c + 3 + 3H) 
Mww = — -

Mbb : 

Mwb = Mbw = 

where 8 = e~ 3 + c

2

+ H

 ; a n d , as we recall, H = \/c2 + 6c + 1. One can verify that since 8 > 0 

and Mww < 0, Mbb < 0 and Mww • Mbb — Mwb • Mbw > 0, which implies that the Hessian 

matrix at the unique stationary point is negative definite, and M's expected function is globally 

maximized at (w* = 1 + c, b* = 1). Thus, the equilibrium expected profits of M and R are: 

M l f * = EUf = ( c + 3 - g ) ( - c + i + H ) e - a ± ^ ) w h e r e H = V c 2 + 6c + l . • 

Proof of Proposition 2.6.2. Recall that backward induction is used to solve the two stage 

Stackelberg game. 

Stage 2: Given (w,b), R chooses (p,z) to maximize EHR = (p — w)(z + 1 — p) — (p~^z , as 

displayed in (2.26), which is concave in z for any given p. Thus, ETLR is maximized at z* = 2^Z^ i 

and accordingly, EHR(P) = (p — w)(l — p) + ^p~^ , which is unimodal in p. Therefore, we 

can conclude that there exists a unique interior solution (p*,z*), which satisfies the first-order 

conditions: = 0 and ̂ fjp- = 0, which gives: 

, z2 , . - 4 2 - 4 + Ap + 2zp + z2

 / n . n . 
w = 2 p - z - l + — and b= ^ . (2A.7) 

4 2z 

H{l + c + HY 
8c 3 + 11c2 - c2H + 8cff + 17c + 3 + 3 if)/? 

Tf(l + c + i f ) 4 

16(2c3 + 2c2H + 15c2 + 7cH + 13c + 2 + 2H)B 

H(l+c + H)A 

Stage 1: In Stage 1, we work with (p,z) for M's problem instead of with (w,b). Substituting 

4 (w,b), given by (2A.7), into M's expected profit function, EHM = (w — c)(z + 1 — p) — ^j-, and 

simplifying gives EHM = — 2 p 2 + £ > ( § £ +3 — 4^+c) — ^ — y — 1 + ^ — cz — c, which is clearly concave 

in p and uniquely maximized at p*(z) = — ^ + ^ + | + f for any given z. Thus, M's expected 

profit function reduces to E11M{Z) = ^{zi - 6z 3 + 5z 2 - 4 C J 2 + I2z - \2cz + 4 — 8c + 4c 2), which 
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can be easily shown to be unimodal in z. Thus, the first-order condition gives us the equilibrium 

value of z*., which satisfies: 5z + 6 - 9z2 - 6c — 4cz + 2z3 = 0. • 

P r o o f of Propos i t ion 2.6.3. Similar to the analysis in Stage 1 in the proof of Proposition 2.6.2, 

the expected profit in the integrated channel, E H r = (p — c)(z + 1 — p) — \pz2, is unimodal 

in (p, z). Thus, Substituting w = c and 6 = 0 into the first-order conditions, given by (2A.7), 

we can derive the equilibrium value of the stocking factor, z1 g [0,2], is the unique solution to 

G(z) = z3 — 6z2 + 4(1 — c)z + 8(1 — c) = 0 , and the equilibrium value of the retail price is 
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c 

Percentage (%) improvement in equilibrium values due to buybacks 

c 

t = 0 t = l t = 2 t = 4 

c 
Channel 
efficiency 

Channel 
efficiency 

Channel 
efficiency EU'R 

Channel 
efficiency 

0.00 23.94 -20.78 3.10 15.49 -14.51 2.46 11.42 -10.84 2.09 7.48 -7.45 1.47 
0.10 20.91 -19.90 2.44 13.76 -13.82 2.04 10.20 -10.71 1.63 6.71 -7.25 1.19 
0.20 18.93 -19.27 1.99 12.46 -13.30 1.71 9.25 -10.32 1.36 6.10 -7.03 0.98 
0.40 16.34 -18.11 1.49 10.63 -12.71 1.16 7.84 -9.63 0.97 5.15 -6.35 0.75 
0.80 13.47 -16.74 0.91 8.35 -11.03 0.75 6.06 -8.23 0.61 3.91 -5.46 0.44 
0.90 12.83 -15.91 0.95 7.96 -10.72 0.69 5.74 -8.12 0.50 3.69 -5.33 0.37 

Table 2A.2: Improvement in the equilibrium values of M's and R's expected profits and channel efficiency for /(e) = 7 • (e)' and 

00 



c 

Percentage (%) improvement in equilibrium values due to buybacks 

c 

t = 0 t= 1 t = 2 t = 4 

c 
Channel 
efficiency EllR 

Channel 
efficiency EWR 

Channel 
efficiency m , EU*R 

Channel 
efficiency 

0.00 11.14 -4.32 2.03 7.08 -2.58 1.46 5.19 -1.83 1.13 3.38 -1.10 0.79 
0.10 9.22 -4.10 1.53 6.05 -2.46 1.17 4.48 -1.78 0.91 2.94 -1.11 0.64 
0.50 5.54 -3.33 0.66 3.76 -2.04 0.57 2.82 -1.42 0.48 1.87 -0.91 0.34 
1.00 3.65 -2.40 0.39 2.46 -1.57 0.30 1.84 -1.13 0.25 1.22 -0.66 0.20 
2.00 2.06 -1.50 0.18 1.35 -0.92 0.15 0.99 -0.70 0.10 0.65 -0.44 0.08 
5.00 0.74 -0.66 0.03 0.45 -0.32 0.05 0.32 -0.30 0.01 0.20 -0.18 0.01 

Table 2A.3: Improvement in the equilibrium values of M's and R's expected profits and channel efficiency for /(e) = 7 • (e)* and 
D{p) = e-P 



c 

Percentage (%) improvement in equilibrium values due to buybacks 

c 

r = 0 r = 0.25 . r = 0.5 r = 0.75 r = 0.9 

c 
Channel 
efficiency EWR 

Channel 
efficiency EHM 

EKR 

Channel 
efficiency EWM EWR 

Channel 
efficiency EK*M EU% 

Channel 
efficiency 

0.00 22.49 -9.40 6.59 18.21 -8.00 5.53 12.92 -5.66 4.22 6.73 -2.69 2.46 2.73 -0.97 1.08 
.0.10 15.77 -12.42 3.26 12.97 -10.31 2.87 9.26 -7.12 2.32 4.82 -3.42 1.41 1.95 -1.29 0.63 
0.20 12.90 -13.05 1.96 10.62 -10.64 1.83 7.51 -7.14 1.57 3.85 -3.43 0.97 1.54 -1.29 0:43 
0.40 10.61 -12.35 1.28 8.44 -9.90 1.16 . 5.67 -6.12 1.05 2.75 -2.73 0.64 1.07 -1.18 0.23 
0.80 8.35 -11.03 0.75 5.36 -6.82 0.72 2.29 -3.70 0.46 1.18 -1.60 0.17 0.38 -0.54 0.05 
0.90 7.93 -10.72 0.69 4.29 -5.59 0.58 2.13 -2.88 0.30 0.84 -1.18 0.12 0.30 -0.49 0.03 

Table 2A.4: Improvement in the equilibrium values of M's and R's expected profits and channel efficiency for a triangle distribution of 
$, and D{p) = 1 — p 



c 

Percentage (%) improvement in equilibrium values due to buybacks 

c 

r = 0 r = 0.25 r = 0.5 r = 0.75 r = 0.9 

c EWR 

Channel 
efficiency EHM 

Channel 
efficiency EH*M 

EUR 

Channel 
efficiency EU*R 

Channel 
efficiency m M 

Channel 
efficiency 

0.00 12.55 -0.58 3.89 10.39 -0.41 3.31 7.52 0.06 2.59 4.00 0.67 1.66 1.64 0.37 0.73 
0.10 9.14 -1.47 2.53 7.60 -0.79 2.31 5.52 -0.12 1.88 2.94 0.15 1.10 1.21 0.08 0.47 
0.50 4.26 -1.46 0.96 3.54 -1.33 0.76 2.56 -0.90 0.58 1.36 -0.40 0.35 0.56 -0.13 0.16 
1.00 2.47 -1.31 0.40 2.08 -0.98 0.39 1.50 -0.82 0.24 0.78 -0.35 0.16 0.32 -0.18 0.05 
2.00 1.35 -0.95 0.14 1.09 -0.75 0.12 0.74 -0.62 0.04 0.37 -0.21 0.05 0.14 -0.08 0.02 
5.00 0.45 -0.23 0.08 0.33 -0.25 0.03 0.20 -0.15 0.02 0.09 -0.04 0.02 0.03 -0.08 0.00 

Table 2A.5: Improvement in the equilibrium values of M's and R's expected profits and channel efficiency for a triangle distribution of 
£ and D(p) = e~p 



c w* b* P* z* Q* EKR Ratio P1 z1 Q1 Ell1 Efficiency 

0.00 0.88 0.70 1.41 1.50 1.09 0.56 0.18 3.09 1.00 2.00 2.00 1.00 74.71% 
0.10 0.89 0.66 1.40 1.36 0.97 0.46. 0.14 3.19 1.05 1.81 1.76 0.81 74.64% 
0.20 0.91 0.62 1.38 1.24 0.86 0.37 0.11 3.31 1.08 1.63 1.55 0.65 74.56% 
0.30 0.93 0.58 1.37 .1.12 0.75 0.29 0.08 3.46 1.11 1.46 1.35 0.50 74.46% 
0.40 0.95 0.55 1.35 1.00 0.65 0.22 0.06 3.67 1.14 1.30 1.16 0.38 74.32% 
0.50 0.97 0.52 1.33 0.88 0.55 0.16 0.04 3.97 1.16 1.14 0.98 0.27 74.12% 
0.60 0.99 0.49 1.31 0.77 0.46 0.11 0.02 4.47 1.17 0.97 0.80 0.18 73.82% 
0.70 1.01 0.46 1.28 0.65 0.37 0.07 0.01 5.48 1.17 0.80 0.63 0.11 73.30% 
0.80 1.03 0.43 1.24 0.52 0.28 0.04 0.004 8.88 1.16 0.63 0.46 0.05 72.21% 

Table 2A.6: Equilibrium values in the additive model with buybacks and D(p) = 1 — p 



Chapter 3 

On Sequential Commitment in the 
Price-Dependent Newsvendor Model 

3.1 Introduction 

It is essentially exclusively assumed in the vast literature on the decentralized newsvendor model 

that the decision makers commit to the values of the decision variables under their control si

multaneously. For example, in the price-dependent (PD) newsvendor model with buybacks (e.g., 

Kandel (1996), Emmons and Gilbert (1998)), the manufacturer (M), assumed to be the Stackel

berg leader, initiates the process by offering a take-it-or-leave-it contract, in which M decides (after 

taking the retailer's reaction into account), simultaneously, upon the values of a per unit wholesale 

price w and a per unit buyback rate b, at which she will buy excess items back at the end of the 

selling season. The retailer (R) then decides upon a per unit retail price p and an order quantity 

Q. Similarly, when one uses a sales-rebate scheme (Taylor (2002a)) to coordinate the channel in a 

PD-newsvendor model, M simultaneously decides upon w, a per unit rebate r (r > 0), which will 

be given above a fixed threshold T, and then R decides upon p and Q. 

Our objective in this chapter is to introduce a sequential commitment approach for determining 

the contract parameters and to analyze its effect on the efficiency of the supply chain and the 

fortunes of its members. By sequential commitment approach we mean that the parties can decide 

upon the values of the decision variables sequentially and alternately, and they can also decide 

upon the order at which they commit to the values of the decision variables under their control. 

For example, consider the PD-newsvendor model with buybacks, in which M controls w and b and 

R controls p and Q. Then, we would like to study the effect of an approach wherein, for example, 

M, after setting up the value of w, expects R to either commit to a retail price p, or to an order 

quantity Q, or both, before she commits to a buyback rate b. After R sets the value of either p or 

43 
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Q, or both, M commits to a buyback rate b, and then, R sets the value of the remaining decision 

variable under his control. We assume that all commitments by M and R to values of contract 

parameters under their control are credible and verifiable. 

As compared to the traditional approach, in which contracting follows the take-it-or-leave-it 

paradigm, the sequential commitment approach introduces more flexibility to contracting. Indeed, 

while the traditional approach does not incorporate any element of bargaining or negotiation be

tween M and R, the sequential approach captures some aspects of a bargaining process by which 

the values of contract parameters (e.g., wholesale price, buyback rate or order quantity) are de

termined. As such, our sequential commitment approach is in the spirit of contributions by, e.g., 

Nagarajan and Bassok (2002); and Iyer and Vilas-Boas (2003),.wherein the interaction between M 

and R, for the purpose of determining the .values of contract parameters, is modeled as the Nash 

bargaining problem (1950). Such an approach to model contracting between the parties should 

be viewed more realistic than the traditional approach. Indeed, to quote from Nagarajan and 

'Bassok (2002): "Anecdotal evidence and articles in the academic literature have overwhelmingly 

indicated that relationships between agents in a supply chain are characterized by bargaining over 

terms of the trade. Sellers and buyers often negotiate price, quantity, delivery schedules, etc." 

To gain an insight into the effect of such a sequential commitment approach, we study in this 

chapter its effect on the PD-newsvendor model under linear buyback contracts when M controls 

w and b and R controls' p and Q. Linear buyback contracts, wherein the wholesale and buyback 

prices are constant and independent of the values of other decision variables,- e.g., retail price, are 

very popular. Indeed, they are prevalent in several industries, and are considered to be one of the 

most popular contracts after wholesale price-only contracts, see, e.g., Marvel and Peck (1995). 

We investigate two different power structures regarding the first mover in the channel. More 

specifically, we study not only the case where M is the Stackelberg leader but also the case in which 

R plays the Stackelberg leader role. We note, however, that being the Stackelberg leader does not 

necessarily imply being more powerful. Indeed, a more powerful firm could, in principle, force the 

other firm to move first if it is advantageous for it to do so. 

The literature on supply chains with buybacks and coordination is quite extensive. In general, a 

supply chain composed of independent agents trying to maximize their own profits does not achieve 

channel coordination, see, e.g., Spengler (1950). Pasternack (1985) was the first to show that 

buybacks can coordinate the basic price-independent newsvendor model, wherein the retail price p 

is fixed exogenously, and Padmanabhan and Png (1995) have discussed and analyzed the benefits 



Chapter 3: Sequential Commitment 45 

and costs of accepting returns from retailers. Subsequently, other contracts, such as, e.g., quantity-

flexibility (Tsay (1999)), sales-rebate (Taylor (2002)), and revenue-sharing (Pasternack (1999), 

Cachon and Lariviere (2005)), have also been shown to be able to coordinate the basic newsvendor 

model. See also Lariviere (1999), Tsay et al. (1999) and Cachon (2004b) for some excellent reviews 

of coordination mechanisms for the basic newsvendor model and related models. 

As noted by Kandel (1996), the price-dependent (PD) newsvendor model, wherein the re

tail price is determined endogenously by R, is considerably more complicated. Emmons and 

Gilbert (1998) have studied the PD-newsvendor model in which the expected demand function is 

linear and the random component of demand follows a uniform distribution, and they have shown 

that if the wholesale price is large enough,^both M and R would benefit from the introduction of 

buybacks. Chapter 2 in this thesis have shown that in the PD-newsvendor model studied by Em

mons and Gilbert (1998), wherein, e.g., expected demand is a linear function of the retail price, the 

efficiency of the supply chain with buybacks is precisely 75%, and channel efficiency improvement 

due to the introduction of buybacks is quite insignificant and is upper bounded by 3.16%. It has 

been conjectured by Kandel (1996) and Lariviere (1999), and it has been proven by Bernstein and 

Federgruen (2005) that constant wholesale and buyback prices (i.e., independent of other decision 

variables) alone cannot, in general, lead to coordination in the PD-newsvendor model. By contrast, 

contracts which do not employ constant wholesale and buyback prices can induce coordination. 

For example, revenue-sharing contracts and the "linear price discount sharing" scheme, have been 

shown by Cachon and Lariviere (2005) and by Bernstein and Federgruen (2005), respectively, that 

they could induce coordination in the PD-newsvendor model. 

Our objective in this chapter is not to investigate channel coordination. Rather, our aim is to 

investigate the effect of sequential commitment in the PD-newsvendor model, bearing in mind that 

such an approach introduces more flexibility to the possible interaction between M and R, and 

that it can provide useful information to the parties who use bargaining to determine the values of 

contract parameters. 

Our main results are: 

(I) For a uniformly distributed random component of demand, and linear, exponential and neg

ative polynomial expected demand functions: 

(i) The decision as to who will be the first mover has been endogenized. That is, R would 

rather have M move first, and M would be pleased to do so. 

(ii) Sequence 2: M:b; R:p; M:w\ R:Q, wherein M first offers a buyback rate b, R then 
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determines the retail price p, M subsequently decides upon the wholesale price w, and 

finally, R sets Q, is the unique equilibrium sequence. That is, R does not want to be 

the first mover, and neither party would like to resequence the order at which it has 

committed to the contract parameters under its control. 

(II) Sequential commitment in the PD-newsvendor model can significantly increase (respectively, 

decrease) M's (respectively, R's) expected profit. For example, when the random compo

nent of demand follows a uniform distribution and for a linear expected demand function, 

Sequence 2 can increase (respectively, decrease) M's (respectively, R's) equilibrium expected 

profit by 79.25% (respectively, 73.51%) when the marginal manufacturing cost is 0.9. 

(Ill) By contrast with the negligible effect of buybacks in the traditional PD-newsvendor model, 

buybacks, coupled with sequential commitment, can have a significant impact on channel 

efficiency. For example, for a uniformly distributed random part in the demand model and 

for a linear expected demand function, Sequence 2 can increase channel efficiency from 10.90%, 

for a zero manufacturing cost, to 21.25% when the manufacturing cost is 0.9. 

Finally, we note that our sequential commitment approach can be viewed as decision postpone

ment. That is, M and R delay their decisions about the values of decision variables under their con

trol until the counterpart commits to a decision variable under their control. However, in the various 

postponement strategies, which were extensively studied in the Operations Research/Operations 

Management literature (e.g., Lee and Tang (1997), Aviv and Federgruen (2001), van Mieghem and 

Dada (1999), and Chapter 4 in this thesis),.the decision makers delay some operational decisions 

(e.g., production or pricing) until additional information, usually about demand, is obtained. In 

our sequential commitment approach, all decisions are made before demand uncertainty is resolved. 

The remainder of the chapter is organized as follows. In §3.2 we recall the traditional P D -

newsvendor model with buybacks, as introduced in §1.2 in Chapter 1. In §3.3 we study theeffect 

of sequential commitment in this model, assuming that the expected demand function is linear 

in the retail price. For some of the results derived in §3.3, the random portibn of demand can 

have a general distribution, while for other results, as will be noted, we have to assume that the 

random part of demand is uniformly distributed. We extend the analysis to other expected demand 

functions, namely, exponential and negative polynomial, and to a power distribution of the random 

component of demand in §3.4. Conclusions and further research are discussed in §3.5. Al l proofs 

in this chapter are presented in the appendix in §3.6. V 
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3.2 The PD-newsvendor Model with Buybacks 

Consider the single-period price-dependent (PD) newsvendor model with buyback options described 

in Section 1.2, wherein a manufacturer (M) sells a single product to an independent retailer (R) 

facing stochastic demand from the end-customer market. R must commit to a per unit retail price 

for the entire selling season and an order quantity in advance of the selling season. The decision 

sequence is as follows. M , who has unlimited production capacity and can produce the items at 

a fixed marginal cost c, is a Stackelberg leader. M initiates the process by offering a per unit 

constant (or linear) wholesale price .to, at which items will be sold to R prior to the selling season, 

and a per unit constant (or linear) buyback rate b, at which she will buy back the unsold items 

at the end of the selling season. In response to the proposed w and b, R commits to an order 

quantity Q prior to the selling season, and a per unit selling price p, at which to sell the items 

during the season. Thereafter, demand uncertainty is resolved. At the end of the season, R returns 

all unsold inventory to M , receiving a refund of b for each unit returned. It is assumed in this 

chapter that unsatisfied demand is lost, there is no penalty cost for lost sales, and that the salvage 

value of unsold inventory is zero for both M and R. Recall that, for feasibility, we always assume: 

(i) c < w < p and (ii) 0 < b < w. 

In this chapter, we consider a multiplicative demand model, X = D(p)t;, where D(p) is the 

deterministic part of X, which decreases in the retail price p, and £ G [0, U] captures the random 

factor of the demand model, and is retail price independent. Let F(-) and /(•) be the distribution 

and density functions of £, respectively. 3 1 For the multiplicative demand model, recall from (1.1) 

that M's and R's expected profit functions can be expressed as follows: 

EnM{w, b) = (w- c)Q - bE[Q - X}+ and EUR(p, Q) = (p - w)Q - (p - b)E[Q - X} + , (3.1) 

where X = £>(p)f and E[Q-X]+ = QF{^)-Jc^ D(p)ef(e)de is the expected unsold inventory. 

Since £ < U, we always assume that Q < UD{p). 

If the random component, £, follows a power distribution on the interval 3 , 2 [0,2], then the 

density function of £ is /(e) = 7(e)* for t € [0,oo). To ensure F ( £ = 2) = 1, 7 = (t + l)2-(* + 1). 

Under a power distribution of £, we can simplify M's and R's expected profit functions, given 

by (3.1), to: 

M I M K b) = (w- c)Q - n,_,J, , n , and EUR = (p-w)Q- 7 ' { p " 
7J(p)*+1(t + l)(t + 2) n * £>(p)*+i(t + l)(t + 2)" 

(3.2) 

3 1 Please refer to Section 2.2 in Chapter 2 for a discussion related to the additive demand model. 
3'2Recall from Footnote 2.3 in Chapter 2 that the analysis can be easily extended to an interval [0, U] for any U > 0. 
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In the next section we study the effect of sequential commitment in the PD-newsvendor model 

with buybacks, assuming that the expected demand function is linear in the retail price3'3, i.e., 

D(p) = 1 — p. For D(p) = 1 — p, we recall from §1.2 in Chapter 1 that c < 1, since for c = 1, both 

M and R get a zero profit due to the fact that demand is zero in this case. 

3.3 Sequential C o m m i t m e n t in the PD -newsvendor M o d e l 

In this section, we introduce the sequential commitment approach and study its effect in the PD-

newsvendor model with buybacks, wherein M controls (w, b) and R controls (p, Q). By contrast with 

the traditional approach, wherein M simultaneously offers w and b, and R, subsequently, commits 

to p and Q, in our sequential commitment approach, M and R can "sequence" their decision 

variables. Thus, M and R can commit to the decision variables under their control sequentially 

and alternately, as specified in the sequel. 

First, we introduce some new definitions. We will refer to the PD-newsvendor model with buy

backs, wherein M controls (w,b) and R controls (p,Q), as the traditional PD-newsvendor model, 

and to the usual ordering of decisions in the traditional PD-newsvendor model, wherein M first 

determines w and b, and R, subsequently, decides upon p and Q, as the traditional sequence, 

to be denoted as M:w, b; R:p, Q. We will refer further to each possible ordering of decisions in 

the traditional PD-newsvendor model, resulting from sequential commitment, as a sequence, or, 

a sequencing instance. In general, the notation of a sequence corresponds to the order at which 

decisions are being made. Thus, for example, the sequence denoted as M:b; R:p; M:w; R:Q cor

responds to a sequential commitment where M, in Stage 1, offers b, then R, in Stage 2, decides 

on p, M then, in Stage 3, requests w, and finally, in Stage 4, R determines the order quantity Q. 

Similarly, the sequence M:w; R.p,Q\ M:b corresponds to the case where M, in Stage 1, decides on 

w, R then, in Stage 2, decides simultaneously on p and Q, and finally, in Stage 3, M determines b. 

Backward induction is used to solve these multi-stage Stackelberg games. In §3.3.1 we consider 

the case when M is the Stackelberg leader, and the effect of sequential commitment when M is the 

leader is discussed in §3.3.2. The case when R is the leader is analyzed in §3.3.3, and in §3.3.4 we 

investigate the equilibrium sequence(s). 
3'3Recall from §1.2 in Chapter 1 that the analysis can be easily extended to a general linear expected demand 

function D(p) = a(k — p) for any a > 0 and k > 0. 
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3.3.1 The manufacturer is the leader 

Recall that in the PD-newsvendor model, M controls the wholesale price w and the buyback rate b. 

There are, in total, 7 sequencing instances resulting from the sequential commitment approach 

when M is the leader. We next consider each one of them separately. 

The traditional sequence: M:w, b; R:p, Q. Emmons and Gilbert (1998) have studied the 

traditional sequence with a linear expected demand function and a uniform distribution of £. For a 

uniform £, Chapter 2 in this thesis have derived closed-form expressions for the equilibrium values of 

the decision variables and expected profits, for linear, exponential and negative polynomial expected 

demand functions. Song et al. (2004) have extended these results to a £ whose distribution has the 

increasing failure rate (IFR) property (i.e., jz^pj^ is non-decreasing in e). Let us recall their results 

for D(p) = 1 — p: 

w* = 1(1 + 0), b* = \, p ' = | [ l + . * ' . M . l . <?* = ( 1 - P * K , and (3.3) 
2 1 1 Z* - A(z*) + J 0 ef(e)de 

EU*M = 2EIlR = ^Y~{Z* ~ Hz*) - cz*}, (3.4) 

where z* is the unique solution to (1 - F(z)) - c(l + ^l^fjf) = 0, and, A(z) = zF(z) - ef(e)de. 

For example, when £ has a uniform distribution on [0, 2] (i.e., t = 0 in the power distribution), 

which has been analyzed in Chapter 2 in this thesis, the equilibrium values of decision variables 

and expected profits of M and R can be simplified to: 

W i , „• = »±4±1. Q- - fcvTHl!, and (3.5) 

where, as we recall, c < 1. The equilibrium values of decision variables and expected profits, as a 

function of c, under a uniformly distributed £ are presented in the top block in Table 3A.1 in the 

appendix in §3.6. Note that in all tables in the appendix, including Tables 3A.2, 3A.3 and 3A.4, 

numbers are presented in scientific format. 

Sequence 1: M:w\ Rip; M:b; R:Q. According to the notation previously introduced, in Se

quence 1, M initiates the process by proposing a wholesale price w in Stage 1. R then commits to 

a retail price p in Stage 2, M offers a buyback rate 6 in Stage 3, and, finally, R commits to ordering 

Q from M in Stage 4. Figure 3.1 in the following page represents the timeline in this sequence. 
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R determines p R chooses Q 
(Stage 2) (Stage 4) 

Timeline 

M offers w M determines b Demand uncertainty 
(Stage 1) (Stage 3) £ is realized 

Figure 3.1: The timeline in Sequence 1: M:w; R:p; M:b; R:Q 

Assumption 3.3.1 Agents in the supply chain are willing to select an action which improves the 

performance of the supply chain (i.e., benefit their partners) as long as they are not adversely 

affected by such an action. 

Note that in Sequence 1, the decision on Q is made after the retail price p is set. Thus, choosing 

Q is equivalent to choosing z, where z = is the "stocking factor" introduced by Petruzzi and 

Dada (1999). See their.paper for more details about the advantages of this transformation. For 

a uniformly distributed £, we are able to derive implicit expressions of the equilibrium values in 

Sequence 1. 

Proposition 3.3.2 In Sequence 1: M:w; R:p; M:b; R:Q, with a uniformly distributed £ G [0,2] 

and D{p) = 1—p, the equilibrium value of the retail price p* G [ 1 + v /

4

1 + 8 c , 1) is the unique solution to: 

(l-p)(p-c)^^ + (l+c-2p)H1(p)=0, (3.7) 

where H\{p) = ^Y/2P P ^+VP c ) _ Accordingly, the equilibrium values of the other decision variables 

are: 

h n . „ T7 r L„ p*(3w* -p* -2c) . , _ (w*+p* -2c ) ( l -p*) 
w* =c+ \/(2(p*)2 -p* - c)(p* - c , b* = i - i '-, and Q* = ± ^-L, 

v v \y ) y j\y w* + p* _ 2c p* 
and the equilibrium expected profits are: 

EU*M = ~ W + P* - ^ and EUR = ( 1 " ̂  ~ W ^ + P* ~ 2 c ) . 
• ' 4p* 2p* 

The equilibrium values of the decision variables and expected profits in Sequence 1 for a uni

formly distributedas a function of c, are presented in the top block in Table 3A.2 in the appendix. 

Sequence 2: M:b; R:p; M:w; R:Q. For a uniformly distributed £, we have derived implicit 

expressions of the equilibrium values of decision variables and expected profits in this sequence. 
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Proposition 3.3.3 In Sequenced: M:b; R:p; M:w; R:Q, with a uniformly distributed £ € [0,2] 

and D(p) = 1— p, the equilibrium value of the retail price p* £ [ 1 + % /

4

1 + 8 c , 1) is the unique solution to: 

(p-c)d-^ + H2(p)=0, (3.8) 

where H2(p) = -6P2+5P+4PC-3C+B2(P) a n d B ^ = % / ( 2 p 2 _ p _ c) (_ 6 p 2 + 7 p + 8 p c _ 9 c ) . yiccorrf. 

ingly, the equilibrium values of the other decision variables are: 

h* -mP*)2-P*-c) + B2(P*) n* 2 ( p » - c ) ( l - p * ) _ (p*-fe*)(p*-c) 
6 = 2(2 + c-3p*) ' Q = (2p*-b*) ' a n d ^ 2 ^ 6 ' 

and the equilibrium values of the expected profits are: 

p T T * (P* ~ c)g2(p*) n , F n * ( l -p*) (p- -b*) (p*-c ) 2 

£ n M = and EIlR = — { 2 p t _ b ¥ ) 2 • 

The equilibrium values of the decision variables and expected profits in Sequence 2 for a uni

formly distributed £, as a function of c, are displayed in the top block in Table 3A.3 in the appendix. 

Note that contracting which follows the sequence M:w; R:p,Q would result with the traditional 

wholesale price-only contract. Thus, we will refer to this sequence as the wholesale price-only con

tract sequence. Further, we will say that two sequences coincide if their corresponding equilibrium 

values of decision variables and expected profits are equal. 

Next, we consider the following two sequences: Sequence 3: M:w; R:p,Q; M:b and Sequence 4: 

M:w; R:Q; M:b; R:p. 

Sequence 3: M:w; R:p,Q; M:b. This sequence is a three-stage problem. In Stage 3, given 

(w,p,Q), M chooses b to maximize her expected profit in (3.1). Clearly, for any distribution of £ 

and any form of D(p), M would offer a zero buyback rate, i.e., b* = 0. Thus, Sequence 3 reduces 

to the wholesale price-only contract sequence: M:w; R:p,Q. We immediately have: 

Proposition 3.3.4 For an arbitrary distribution of £ and for an arbitrary expected demand func

tion D(p), Sequence 3: M:w; R:p, Q; M:b coincides with the wholesale price-only contract sequence. 

Sequence 4: M:w; R:Q; M:b; R:p. As shown by Proposition 3.3.5 below, Sequences 4 coin

cides, under some conditions, with Sequence 3 and the wholesale price-only contract sequence. 

Proposition 3.3.5 For a power distribution of £ S [0,2] with /(e) = 7(e)4 (where t > 0 and 

7 = (t + l)2~( t + 1)) and when D(p) is a decreasing function of p and satisfies D(p)d — (t + 

2)(dD^)2 < 0, Sequence 4: M:w; R:Q; M:b; R:p coincides both with Sequence 3 and with the 

wholesale price-only contract sequence. 
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Note that the condition D{p)^j^- - (t + 2 ) ( ^ ^ ) 2 < 0 in Proposition 3.3.5 is satisfied by 

three commonly used expected demand functions in the Operations Management and Economics 

literature: linear, D(p) = 1 — p, exponential, D{p) = e~p, and negative polynomial, D(p) = p~q. 

Let us next study the remaining two sequences when M is the leader, which are shown in 

Propositions 3.3.6 and 3.3.7 below to result with R getting a zero profit. 

Sequence 5: M:b; R:p, Q; M:w. In this three-stage sequence, in Stage 3, for any given (b,p, Q), 

M would choose w as large as possible, since her expected profit function, given by (3.1), is strictly 

increasing in w as long as Q > 0. Thus, w* = p, which implies that R's expected profit function, 

given by (3.1), is not positive. R, therefore, should select p* = b if b > c or Q* = 0, as in both cases 

his expected profit is zero. By Assumption 3.3.1, R would select p* = b if b > c, which results with 

a consignment contract, in which M attains the total expected profit of the integrated channel and 

R gets a zero profit. M , in Stage 1, will definitely set b > c to realize the expected profit of the 

integrated channel since, otherwise, she will get a zero profit. Thus, we have the following result. 

Proposition 3.3.6 For an arbitrary distribution of £ and for an arbitrary expected demand func

tion D(p), in Sequence 5: M:b; R:p,Q; M:w, M gets the expected profit of the integrated channel 

and R gets a zero profit. 

A similar result is derived for Sequence 6 in the following proposition. 

Proposition 3.3.7 For an arbitrary distribution of £ and for an arbitrary expected demand func

tion D{p), in Sequence 6: M:b; R:Q; M:w; R:p, M gets the entire expected channel profit, which 

is strictly less than the expected profit of the integrated channel, and R gets a zero profit. 

3.3.2 The effect of sequential commitment when M is the leader 

Having analyzed all possible sequencing instances when M is the Stackelberg leader, we are able to 

compare the equilibrium profits of M , R and the channel for the different sequencing instances re

sulting from the sequential commitment approach, and to investigate the effect of such an approach 

on the equilibrium values of the decision variables and expected profits. 

Proposition 3.3.8 For a uniformly distributed £ and D(p) = 1 — p, 

EU*M(S2) > EITM(S1) > EIlM(TS), 

where "Si", "S2" and "TS" stand for "Sequence 1", "Sequence 2" and "the traditional sequence", 

respectively. 
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Tables 3A.1, 3A.2 and 3A.3 in the appendix, respectively, present the equilibrium values of 

the decision variables and expected profits of M, R and the channel in the traditional sequence: 

M:w,b; R:p,Q, Sequence 1: M:w; R:p; M:b; R:Q and Sequence 2: M:b; R:p; M:w; R:Q under a 

uniform distribution of £ and D(p) = 1 — p. By comparing these values, we can immediately make 

the following observations: 

Observation 3.3.9 For a uniformly distributed £ and for D{p) = 1 — p: 

(i) EIYM{S2) > EIIM(S1) > EITM{TS). 

(ii) EWM+R(S2) > EU*M+R(S1) > EWM+R(TS). 

(iii) EJi*R{TS) > EU*R(S1) > EU*R(S2). 

(iv) p*{TS) > p*(Sl) > p*(S2). 

(v) w*(S2) > w*(Sl). 

(vi) b*(S2) > b*(Sl) and 

(vii) Q*(S2) > Q*(Sl), 

where EH*M+R stands for the equilibrium value of the expected channel profit. 

Note that Observation 3.3.9 (i) is consistent with Proposition 3.3.8, and implies that in these 

three sequences, in equilibrium, M will attain the highest expected profit in Sequence 2 and the 

lowest expected profit in the traditional sequence. Observation 3.3.9 (ii) suggests that both Se

quence 1 and Sequence 2 increase channel efficiency, which, as we recall from Chapter 2 in this 

thesis, is 75% for the traditional sequence. However, it appears that they also adversely affect 

R's expected profit, as is evident from R's equilibrium expected profits in these three sequences 

presented in Tables 3A.1, 3A.2 and 3A.3 in the appendix. Indeed, from Tables 3A.1 and 3A.2, 

under a uniform £ and for c = 0.9, as compared to the traditional sequence, Sequence 2 improves 

M's equilibrium expected profit and channel efficiency by 79.25% and 21.25%, respectively, and 

decreases R's equilibrium expected profit by 73.51%. 

In general, in Sequences 1 and 2, M is delaying one of her two decisions in order to affect 

R's choice of retail price and order quantity in a manner beneficial to her. Apparently, it is more 

effective for M to delay her decision on the wholesale price w and offer a more generous buyback 

rate b, rather than delay her decision on b and offer a relatively low w. 

By Propositions 3.3.4 and 3.3.5, Sequence 3: M:w; R:p,Q, M:b (for any distribution of £ and 

for any form of D{p)) and Sequence 4: M:w; R:Q; M:b; R:p (for a power distribution of £ and for 

either a linear, exponential or negative polynomial D(p)) lead to a wholesale price-only contract. 
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By Propositions 2.3.6, 2.3.8, 2.3.9 and 2.3.10 in Chapter 2 in this thesis, we immediately have the 

following conclusion: 

Corollary 3.3.10 For a uniformly distributed £ and for D(p) = 1—p, as compared to the traditional 

sequence, Sequence 3: M:w; R:p,Q, M:b and Sequence 4: M:w; R:Q; M:b; R:p lead to a lower 

expected profit for M, a lower expected channel profit and a higher expected profit for R. 

Recall that in Sequence 5: M:b; R:p,Q; M:w, M attains the expected profit of the integrated 

channel while R gets nothing. Thus, from M's point of view, Sequence 5 dominates all other 

sequences when she is the leader. However, we note that this sequence may not be reasonable 

because it forces R to commit, e.g., to an order quantity before the wholesale price is set. Similarly, 

in Sequence 6: M:b; R:Q; M:w; R:p, M gets the entire expected channel profit and R gets nothing. 

But, again, it may be difficult for M to enforce Sequence 6 for the same reason that Sequence 5 

may not be enforceable. 

3.3.3 The retailer is the leader 

The findings in the previous subsections raise a natural question: what can R achieve using the 

sequential commitment approach if he is the Stackelberg leader? Thus, we consider in this sub

section a "power structure" in which R is the leader (see, e.g., Choi (1991), Trivedi. (1998), Wang 

and Gerchak (2003), Gerchak and Wang (2004), Chapter 5 in this thesis, and Cachon (2004a) for 

other models in which R can act as the Stackelberg leader). Now, similar to the case when M is 

the leader, when R moves first, sequential commitment induces a total of seven sequences in the 

PD-newsvendor model wherein R controls p and Q and M controls w and b. 

Let us first consider the sequence R:p; M:w; R:Q\ M:b, which will be referred to as Sequence 7. 

Following our general notation, in this four-stage sequence, R initiates the process by committing 

to a retail price p in Stage 1. In Stage 2, M sets her wholesale price w, R then commits to a 

quantity Q in Stage 3, and finally, M offers a buyback rate b. For a uniformly distributed £ and 

for D(p) = 1 — p, we have the following result. 

Proposition 3.3.11 In Sequence 7: R:p; M:w; R:Q; M:b, for a uniformly distributed £ and for 

D(p) = 1 — p, the equilibrium values of the decision variables are: 

P = ~A , w = - j ^ - , b* = 0, and Q* = i ^ '-, (3.9) 

and the equilibrium expected profits of M and R are: 
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By comparing the equilibrium values in Sequence 7: R:p; M:w; R:Q; M:b with those displayed 

in (3.5) and (3.6) for the traditional sequence: M:w,b; R:p,Q, we immediately have the following 

conclusion. 

Corollary 3.3.12 For a uniformly distributed £ and for D(p) = 1 — p: 

(i) EU*M(S7) = 2EU*R(S7) = EUM(TS) = 2EUR(TS). 

(ii) Q*(S7) = Q*(TS). 

(iii) P*{S7) <P*(TS). 

(iv) w*(S7) < w*(TS) and 

(v) 6*(S7)(=0) < b*(TS), 

where "TS" and "S7" stand for "the traditional sequence" and "Sequence 7", respectively. 

Thus, as compared to the traditional sequence, wherein M is the leader and buybacks are 

implemented, Sequence 7, wherein R moves first, achieves the same equilibrium expected profits 

for channel members with the same equilibrium quantity, but lower wholesale and retail prices and 

without an implementation of a buyback policy. 

The equilibrium values in the sequence R:Q; M:w, b; R:p, which will be referred to as Se

quence 8, are presented in Proposition 3.3.13 below. 

Proposition 3.3.13 For a power distribution of £ S [0,2] with /(e) = 7(e)* (where t > 0 and 

7 = it + l )2 - ( t + 1 )) and when D{p) is a decreasing function of p and satisfies D(p)d — (t + 
2 ) ( ^ r ) 2 ^ 0» Sequence 8: R:Q; M:w,b; R :p, in equilibrium, results with both M and R realizing 

a zero profit. 

Similar to Proposition 3.3.5, the condition on D(p) in Proposition 3.3.13: D(p)d — (t + 

2)(dDJ^)2 < 0, is satisfied by linear, exponential and negative polynomial expected demand func

tions. 

Let us consider another sequence: R:p\ M:w,b\ R:Q. In this sequence, in Stage 3, for any 

distribution of £ G [0,(7] and any form of D(p), R's expected profit function, given by (3.1), 

is concave in Q and the optimal order quantity Q* satisfies dE^R = 0, which leads to p — w = 

(p — b)F(Q). In Stage 2, we work with (b, Q) instead of (w, b) for M's problem. Thus, M's expected 

profit function in Stage 2 becomes: EHM = (p—c — (p—b)F(Q))Q — bE[Q—X] + , which can be easily 

shown to be increasing in b for any given (p,Q). Thus, 6* = p, which results with w* = p = 6*, 

EHR = 0 for any p, and EHM = (p — c)Q — pE\Q — X] + , which coincides with the expected profit 

function in the integrated channel. Since R's profit is always zero in Stage 1 regardless of the value 
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of p, by Assumption 3.3.1, (p, Q) is set to maximize M's expected profit function, and we conclude 

that in equilibrium, M realizes the expected profit of the integrated channel and R gets a zero 

profit. 

Consider another sequence: R:Q; M:w; R:p; M:b under general £ £ [0, U] and D(p). In this 

sequence, M's choice of b is always zero, and thus, M's expected profit function becomes EHM = 

(w — c)Q. Whatever R's decision on p in Stage 3, M prefers a wholesale price w as large as possible 

in Stage 2, which, in turn, results with w* = £> _ 1 ( ^ ) , due to the assumption that Q < UD(p) < 

UD(w). Such a choice for w* will lead to p* = D~l(^), and R has to choose Q* = 0 in Stage 1, 

since otherwise, his expected profit is strictly negative. Therefore, in this sequence, both M and R 

get a zero profit. 

In general, except for Sequence 7: R:p; M:w; R:Q; M:b, when R initiates the process by offering 

either a retail price p, or an order quantity Q, or both, his equilibrium expected profit is always 

zero. Proposition 3.3.14 below summarizes this result. 

Proposition 3.3.14 With exception of Sequence 7 and for a general distribution of £ and a general 

form of D(p), except for Sequence 8, wherein £ is restricted to a power distribution and D(p) is 

linear, exponential and negative polynomial, when R initiates the process by offering either a retail 

price p, or an order quantity Q, or both, his equilibrium expected profit is always zero. Among these 

six sequences, three induce a complete consignment contract in which M attains the total expected 

profit of the integrated channel, and in the other three sequences, M gets a zero profit. 

Corollary 3.3.12, Propositions 3.3.13 and 3.3.14 imply that for a uniform £ and for D(p) = 1 —p, 

R can never do strictly better than in the traditional sequence when he moves first. 

3.3.4 The equilibrium sequence 

Having considered all possible sequences, resulting from sequential commitment in the PD-newsvendor 

model, it is natural to investigate which, if any, of these sequences will emerge in equilibrium. For 

that purpose, let us assume that the first mover (either M or R) has been determined and M and 

R are free to decide, sequentially, upon the order in which they specify the values of the decision 

variables under their control. We consider the following two-stage Stackelberg game in order to 

find an equilibrium sequence. 

Set of players: { M , R}. 

Action: Each player chooses which decision variable(s) to decide upon in their first step. 

Set of strategies available for M : {(w), (b), (w,b)}. 
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Set of strategies available for R: {(p), (Q), {p,Q)}-

Outcome: A sequencing instance. 

Payoff: Equilibrium expected profits for M and R. 

For example, if M is the leader, who initiates the process, then M could choose either w only, 

b only or both w and b in her first step (Stage 1), and then, R follows by deciding upon either p 

only, Q only or both p and Q in his first step (Stage 2). After the first two steps, the decision 

sequence is determined. We would then say that a sequential ordering of decision variables is an 

equilibrium sequence if neither M nor R can improve their expected profits by resequencing their 

decision variables. Naturally, if any party elects not to conclude a deal, both parties would realize 

a zero profit. 

In the discussion below, it is assumed that if one of the two parties decides to specify, in any 

stage, only one of the two decision variables under his/her control, the other party is expected to 

commit to one or both of the decision variables under its control. Thus, e.g., R cannot insist that 

M should determine, simultaneously, the values of w and b before R determines the values of p 

and Q, and M cannot insist that R should specify both decision variables under his control after 

M has specified the value of one of the two decision variables under her control. Recall that being 

the Stackelberg leader does not necessarily imply being more powerful. 

Now, assume that M is the first mover who offers R, initially, only a wholesale price w. Then, 

R can either choose a retail price p, or an order quantity Q, or both. To find what is best for 

R, we need to compare R's expected profit (i.e., payoff) in the following sequences: Sequence 1: 

M:w; R:p; M:b; R:Q, Sequence 3: M:w; R:p, Q; M:b and Sequence 4: M:w\ R:Q; M:b; R:p. Ac

cording to Propositions 3.3.4 and 3.3.5, when £ has a power distribution and D{p) is either a linear, 

or exponential or negative polynomial function of p, Sequences 3 and 4 result with a wholesale 

price-only contract, and it follows from Proposition 3.3.15 below that R prefers Sequence 1 to 

Sequences 3 and 4. 

Proposition 3.3.15 For a power distribution of £ and for any form of D(p), for any given w, R's 

equilibrium expected profit derived from Sequence 1: M:w; R:p; M:b; R:Q is strictly larger than his 

equilibrium expected profit in a wholesale price-only contract. 

By Propositions 3.3.4, 3.3.5 and 3.3.15, we can conclude that for a power distribution of £ and 

when D(p) is either a linear, exponential or negative polynomial function of p, when M offers, at 

the outset, a wholesale price w, R would then specify only the retail price p. 



Chapter 3: Sequential Commitment 58 

On the other hand, suppose M offers, initially, a buyback rate b, and consider Sequence 2: 

M:b; R:p; M:w; R:Q, Sequence 5: M:b; R:p,Q; M:w and Sequence 6: M:b; R:Q; M:w; R:p. By 

Propositions 3.3.6 and 3.3.7, R's expected profit is always zero in Sequences 5 and 6, and according 

to the proof of Proposition 3.3.3, R realizes a strictly positive expected profit in Sequence 2 under 

a power distribution of £ and D(p) = 1 — p. Thus, one can conclude that for a power distribution 

of £ and for D(p) = 1 — p, the best response for R is, again, to commit in this stage only to a retail 

price p. 

Thus, whatever M offers first, the best response for R is only to set his selling price p. Knowing 

this, M would only have to compare her performance in the traditional sequence: M:w,b; R:p,Q, 

Sequence 1: M:w; R:p; M:b\ R:Q and Sequence 2: M:b; R:p; M:w; R:Q, to conclude that her 

preference, in case she moves first, is to set, in Stage 1, only the buyback rate, and we have: 

Proposition 3.3.16 When M is the Stackelberg leader in the PD-newsvendor model with buybacks, 

wherein £ follows a uniform distribution and D(p) = 1 — p, Sequence 2: M:b; R:p; M:w; R:Q is 

the unique equilibrium sequence. 

Let us next consider the sequencing instances wherein R is the first mover. If R initiates the 

process by offering only a retail price p, then M would get the expected profit of the integrated 

channel by following, e.g., the sequence R:p\ M:w,b; R:Q. If R initiates the process by offering 

only Q, then, again, M would get the expected profit of the integrated channel by following the 

sequence R:Q\ M:b; R:p; M:w. When R initiates the process by offering both p and Q, M and 

R will both get a zero profit. Therefore, whatever R offers first when he is the first mover, his 

expected profit is always zero, and thus, he is indifferent between being the Stackelberg leader and 

not having any deal whatsoever with M. According to the proof of Proposition 3.3.3, R realizes a 

strictly positive expected profit in Sequence 2 under a power distribution of £ and D(p) = 1 — p. 

Thus, our conclusion is therefore: 

Proposition 3.3.17 In the PD-newsvendor model under a power distribution of £ and D(p) = 

1 — p, R prefers not to be the leader and would rather have M move first. 

It follows from Propositions 3.3.16 and 3.3.17 that Sequence 2: M:b; R:p; M:w; R:Q is the 

only equilibrium sequential commitment instance in the PD-newsvendor model, and thus, in this 

case, the first mover is determined endogenously. We observe that this equilibrium sequence is 

neither the traditional sequence studied, e.g., by Emmons and Gilbert, nor a sequence in which w 

is proposed before b. In this sequence, M fares better and R fares worse than in the traditional 
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sequence. However, in equilibrium, R is able to prevent M from grabbing the entire expected 

channel profit, which M would have achieved if she had the power to force R to adopt, e.g., 

Sequence 5: M:b; R:p,Q; M:w. 

Finally, it follows from Propositions 3.3.4, 3.3.5, and Corollary 3.3.10, that, for a uniform £ and 

for D(p) = 1 — p, there are two sequences, i.e., Sequence 3: M:w; R.p, Q; M:b and Sequence 4: 

M:w; R:Q; M:b; R:p, which coincide with the wholesale price-only contract, wherein R would be 

strictly better off than in the traditional sequence. However, in both sequences, M is the leader 

and she and the channel are strictly worse off. Thus, unless R can force M to move first, it may 

be impossible for him to implement these two sequences. Finally, it follows from Propositions 3.3.6 

and 3.3.7, Observation 3.3.9 (iii), and Propositions 3.3.13 and 3.3.14, that in all other sequences, 

for a uniformly distributed £, R cannot improve his performance beyond that he can achieve in the 

traditional sequence, and he can even end up being worse off than in the traditional sequence. 

3.4 Extensions and Discussions 

We have studied in the previous section the effect of sequential commitment in the PD-newsvendor 

model with buybacks, in which, in some cases, it is assumed that the random component of demand, 

£, follows a uniform distribution and D(p) = 1 — p. In this section, we extend our analysis to 

more general demand distributions and other expected demand functions. More specifically, in 

§3.4.1 we extend the results to two other expected demand functions: exponential and negative 

polynomial, and in §3.4.2 we extend the results which have been obtained under the assumption 

that £ is uniformly distributed to a power distribution. By Propositions 3.3.4, 3.3.6 and 3.3.7, 

Sequences 3, 5 and 6, respectively, were analyzed for a general £ and a general D{p), and by 

Proposition 3.3.5, Sequence 4 was studied for a power distribution of £ and linear, exponential and 

negative polynomial expected demand functions. Similarly, by Proposition 3.3.14, all sequences in 

which R is the leader, except for Sequence 7 and Sequence 8, were analyzed for a general £ and 

a general D(p), and by Proposition 3.3.13, Sequence 8 was analyzed for a power distribution of £ 

and linear, exponential and negative polynomial expected demand functions. Thus, to complete the 

analysis in this section, we only need to consider three sequences: Sequence 1: M:w; R:p; M:b; R:Q, 

Sequence 2: M:b; R:p; M:w; R:Q and Sequence 7: R:p; M:w; R:Q; M:b. 
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3.4.1 Ex tens ion to other expected demand functions 

In this subsection, we extend the results derived in Section 3.3 for D(p) = 1 — p to exponential, 

D(p) = e~p, and negative polynomial, D(p) = p~g, expected demand functions, where q > 1. 

Similar to the linear expected demand function case, the analysis can be easily extended to more 

general exponential, D(p) = ae~sp, and negative polynomial, D(p) = ap~q, functions, where a > 0, 

s > 0 and q > 1. The restriction that q > 1 is used to ensure that R's optimal retail price will be 

bounded. In this section, we focus on two major issues in this subsection: (i) M's (respectively, 

R's) equilibrium expected profit when M (respectively, R) moves first, and (ii) equilibrium sequence 

analysis. Note that in the traditional sequence, the equilibrium values of the decision variables and 

expected profits under a uniform £ and an exponential or negative polynomial demand function are 

available in Chapter 2 in this thesis and Song et al. (2004). 

Exponential expected demand function 

We assume in this subsection that D(p) = e~p, and £ is uniformly distributed on [0, 2]. Let us first 

consider the case when M is the leader. Recall from Chapter 2 in this thesis and Song et al. (2004) 

that in the traditional sequence with an exponential expected demand function, the equilibrium 

values of the decision variables are: 

w* = l+c, b* = l, p* = 3 + ° 2

+ H , and Q* = (3 + c - f f ) e - 2 ± ^ , (3.11) 

where H = \/c2 + 6c + 1, and the equilibrium values of the expected profits are: 

EU*M=EUR=^ + C-Hf-C + H h - ^ . (3.12) 

Similar to Proposition 3.3.8 in the linear expected demand function case, we have the following 

result for M's equilibrium expected profit with D(p) = e~p: 

Proposition 3.4.1 For a uniformly distributed £ and for D(p) = e~p, 

EIlM(S2) > EH*M(S1) > EIlM(TS), 

where "SI", "S2" and "TS" stand for "Sequence 1", "Sequence 2" and "the traditional sequence", 

respectively. 

Let us next compare Sequence 3: M:w; R:p,Q; M:b, Sequence 4: M:w; R:Q; M:b; R:p and the 

traditional sequence: M:w,b; R:p,Q, for a power distribution of £ and D(p) = e~p. Recallfrom 
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Propositions 3.3.4 and 3.3.5 that Sequences 3 and 4 coincide with the wholesale price-only contract 

sequence, and that it follows from Song et al. (2004) that the equilibrium buyback rate in the 

traditional sequence satisfies b* = 1 > 0, which implies that M is strictly better off by offering 

a positive buyback price and her expected profit under buybacks is strictly larger than under a 

wholesale price-only contract. Thus, we have: 

Corollary 3.4.2 When £ has a power distribution and D(p) = e"p, in equilibrium, Sequence 3: 

M:w; R:p, Q; M:b and Sequence 4- M:w; R:Q; M:b; R:p yield a lower expected profit for M than 

the traditional sequence. 

We are ready to discuss the equilibrium sequence when M moves first for a uniform distribution 

of £ and D(p) = e~p. Recall from the analysis in §3.3.4 that when M is the leader and initially 

offers a wholesale price w, R would specify only the retail price p. If M offers, initially, only a 

buyback rate b, then R can either choose a retail price p, or an order quantity Q, or both. Thus, 

we compare: Sequence 2: M:b; R:p; M:w; R:Q, Sequence 5: M:b; R:p, Q; M:w and Sequence 6: 

M:b; R:Q; M:w; R:p. Recall from Propositions 3.3.6 and 3.3.7 that R's expected profit is always 

zero in Sequences 5 and 6, and according to the proof of Proposition 3.4.1, R realizes a strictly 

positive expected profit in Sequence 2. Thus, the best response for R is, again, to set his retail 

price p. Thus, by Proposition 3.4.1: 

Corollary 3.4.3 When M is the Stackelberg leader in the PD-newsvendor model with buybacks, 

wherein £ follows a uniform distribution and D{p) = e~p, Sequence 2: M:b; R:p; M:w; R:Q is the 

unique equilibrium sequence. 

Next, we consider, the case when R is the leader. Since the analysis for all sequences when R 

is the leader, except for Sequence 7: R:p; M:w; R:Q; M:b, has been done for a general £ and 3 , 4 a 

general D(p), we only need to study Sequence 7 under a uniform £ and D(p) = e~p. 

Proposition 3.4.4 For a uniformly distributed £ and for D(p) = e~p, 

(i) EIYM{S7) = 2EHR(S7) = e

2EWM{TS) = %ETTR{TS). 

(ii) Q*{S7) = f Q*(TS) > Q*(TS). 

(iii) p*(S7) = p*(TS) - 1 < p*(TS). 
(iv) w*(S7) = w*(TS) - 3+c-Vc 2 +6c+i < W * ( T S . ) a n d 

3'4Except for Sequence 8, for which, though, the result is valid for both exponential and negative polynomial 
expected demand functions. 
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(v) b*(S7)(= 0) < b*(TS), 

where "TS" and "S7" stand for "the traditional sequence" and "Sequence 7", respectively. 

Proposition 3.4.4 implies that the preference of M and R between the traditional sequence and 

Sequence 7 is not expected demand function invariant. Indeed, for example, by Proposition 3.4.4 (i), 

for a uniform £ and D(p) = e"p, M (respectively, R) realizes a strictly higher (respectively, lower) 

expected profit in Sequence 7 than in the traditional sequence. By contrast, for a uniform £ and 

for D(p) = 1 — p, M's and R's expected profits in Sequence 7 coincide with their profits .in the 

traditional sequence. Note, however, that in Sequence 7, for a uniform £, the ratio of M's and R's 

equilibrium expected profits coincides for both linear and exponential expected demand functions, 

and is equal to 2 : 1. 

Finally, we note that for both linear and exponential expected demand functions, whatever R 

offers initially when he is the leader, his expected profit is always zero. Thus, he is indifferent be

tween being the Stackelberg leader or not having any deal whatsoever with M . However, according 

to the proof of Proposition 3.4.1, R realizes a strictly positive expected profit in Sequence 2. Thus, 

R prefers not to be the leader and would rather have M move first, and the unique equilibrium 

outcome is Sequence 2: M:b; R:p; M:w; R.Q. 

Negative polynomial expected demand function 

We assume in this subsection that D(p) = p~q with q > 1, and £ follows a uniform distribution on 

[0, 2]. Recall from Chapter 2 in this thesis and Song et al. (2004) that in the traditional sequence 

with D(p) = p~q, the equilibrium values of the decision variables are: 

w = b =0, p =- - j - , and Q = , (3.13) 
q-1 (<7-l) 2 (qc)q(q+l)q+1 

and the equilibrium values of the expected profits are: 

4 ( g - I ) 2 * " 1 4(q-l)2q-2 .. 
E U m ~ e*-V(9 + l ) « + 1

 R ~ (cq)q-^q + l)q^ ( 3 - 1 4 ) 

As revealed by Proposition 3.4.5 below, M's preference among the traditional sequence and 

Sequences 1 and 2 is invariant to the type of expected demand function considered in this chapter. 

Proposition 3 .4 .5 For a uniformly distributed £ and for D(p) = p~q, 

EIL*M(S2) > EU*M(S1) > EUM(TS), 

where "SI", "S2" and "TS" stand for "Sequence 1", "Sequence 2" and "the traditional sequence", 

respectively. 
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Recall from Propositions 3.3.4 and 3.3.5 that for a power distribution of £ and D(p) = p~q, 

Sequence 3: M:w; R:p, Q; M:b and Sequence 4: M:w; R:Q; M:b; R:p coincide with the wholesale 

price-only contract sequence, and that it follows from Song et al. (2004) that the traditional se

quence: M:w,b; R:p,Q also coincides with the wholesale price-only contract sequence. Thus, M's 

expected profit in Sequences 3 and 4 and the traditional sequence is identical. 

Let us next seek the equilibrium sequence, assuming a uniform distribution of £ and D(p) = p~q. 

Consider the case when M is the leader. If M offers, initially, only a wholesale price w, then, recall 

from the analysis in §3.3.4 that R would specify only the retail price p. On the other hand, if M 

offers, initially, only a buyback rate b, then we need to compare: Sequence 2: M:b; R:p; M:w; R:Q, 

Sequence 5: M:b; R:p,Q\ M:w, and Sequence 6: M:b; R:Q; M:w; R:p. Recall from Proposi

tions 3.3.6 and 3.3.7 that R's expected profit is always zero in Sequences 5 and 6, and according 

to the proof of Proposition 3.4.5, R realizes a strictly positive expected profit in Sequence 2. Thus, 

R, again, would set only his retail price p when M initially offers b. Thus, by Proposition 3.4.5: 

Corollary 3.4.6 When M is the Stackelberg leader in the PD-newsvendor model with buybacks, 

wherein £ follows a uniform distribution and D{p) = p~q, Sequence 2: M:b; R:p; M:w; R:Q is the 

unique equilibrium sequence. 

Let us next compare Sequence 7 and the traditional sequence under a uniform £ and D(p) = p~q. 

Proposition 3.4.7 For a uniformly distributed £ and for D{p) = p~q, 

(i) ERa{S7) < EWR{TS). 

(ii) EWM(S7) < EY\*M(TS) for q G (1,2), EU*M(S7) = ETTM{TS) for q = 2 and EIYM{S7) > 

EUM(TS) /org e (2,co). 

(iii) En*M(S7) = 2ETlR(S7). 

(iv) Q*(S7) = \{^)qQ*{TS)> Q*(TS). 

(v) p*(S7) = *fp*(TS)<p*(TS). 

(vi) w*(S7) =w*(TS) and 

(vii) b*{S7) = b*(TS) = 0. 

Proposition 3.4.7 (ii) confirms that the preference of M and R between the traditional sequence 

and Sequence 7 depends on the form of the expected demand function. Indeed, for a uniform £ 

and D(p) — p~q, M would be strictly worse off in Sequence 7 ( l < g < 2 ) , a s compared to the 

traditional sequence. However, we note again that for D{p) = p~q, as was the case for linear and 

exponential expected demand functions, when M is the Stackelberg leader, Sequence 2 is the unique 
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equilibrium sequence, and R is indifferent between being the Stackelberg leader and not having any 

deal whatsoever with M . According to the proof of Proposition 3.4.5, R realizes a strictly positive 

expected profit in Sequence 2. Thus, R prefers not to be the leader and would rather have M move 

first, and the unique equilibrium sequence is Sequence 2: M:b; R:p; M:w; R.Q. 

3.4.2 Extension to a power demand distribution 

In this subsection we maintain the assumption that D(p) = 1 — p, whenever necessary, and extend 

the results derived for a uniformly distributed £ to a more general power distribution. Note that 

by Song et al. (2004), the equilibrium values of the decision variables and expected profits are 

available for the traditional sequence with a power distribution of £. For comparison purposes, 

these values, as a function of c, are presented in Table 3A.1 in the appendix when the exponent 

t in the power distribution is equal to 1, 2 and 4. Let us next consider the following three se

quences: Sequence 1: M:w; R:p; M:b; R:Q, Sequence 2: M:b; R:p; M:w; R:Q and Sequence 7: 

R:p; M:w; R:Q; M:b. For the proofs of Propositions 3.4.8, 3.4.9 and 3.4.10 below, please refer to 

the proofs of Propositions 3.3.2, 3.3.3 and 3.3.11, respectively, in the appendix. 

Proposition 3.4.8 In Sequence 1: M:w; R:p; M:b; R.Q, for a power distribution o/£ € [0, 2] with 

/(e) = 7(e)' (where t > 0 andj= (t + l)2~(t+1^), and for D(p) = 1—p, the equilibrium value of the 

retail price p* satisfies = 0 , where ETlM(p) = l i t ^ ^ l , z = [ ( « + i ? [ f t + i ) ( ^ ? > - c ) + P - c ] ] t + T > 

W(P) = 2{t+\)(pt+\)' A = -Pt2 + 2P2t2 + Pt2° + t c + 2Ptc + 2c~Pt + 2p2t> and B = 
^{t + 2)(-ptc -c-p-pt + 2p2 + 2p2t)(-pt2c - 2ptc - tc - 2c + 2p + pt - pt2 + 2pH + 2p2t2). 

It appears unlikely that closed-form expressions for the equilibrium values in Sequence 1 can 

be derived for any value of t. Thus, let us first consider the case of t = 1. 

For t = 1, w(p) = — - — - — 4 ( I+P)— — ( a s m c e w ic>P)> w e 

must have p > 2 + c + ^ C s + 2 0 c + 4 - ) , z = \ [ i j \ f ^ ^ and M's expected profit function becomes: 

^ 2 / T , . ,2w(p) +p - 3cN3 

^ = 9 V ^ ( 1 - P ) P ( P ]~2-

We use Matlab to search over p S [2+c+v/g2+2°c+4) -y ̂  t o £ n c j u n i q U e equilibrium retail price p* 

which maximizes M's expected profit function, and accordingly, we can compute the equilibrium 

values of the other decision variables and expected profits of M and R. We have conducted a 

similar analysis for t = 2 and t = 4, but do not report the detailed analysis here. The equilibrium 

values in Sequence 1, as a function of c, for t = 0, 1, 2 and 4, are presented in Table 3A.2 in the 

appendix. 
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Let us next consider Sequence 2 under a power distribution of £. 

Proposition 3.4.9 In Sequence 2: M:b; R:p; M:w; R:Q, for a power distribution of'£ £ [0,2] with 

/ ( e ) = •y(g)4 (where t > 0 andj = (t+l)2~(-t+1'!), and for D(p) = 1—p, the equilibrium value of the 

retail price p* satisfies * ^ P ) = Q> w h e r e EUM(p) = f ± i ( l - p ) ( p - c ) z , z = ( ^ g g l ^ ^ J i T i , 

b(p) = -v+V^^ u=_{t + l ) { p t _ t c ^ c _ 2 + 3p),v = -pt2 + t2c •+ 9p2t + 3p2t2 - 3pt2c -

bptc + 6p2 - 3p - 3c - Apt, and g = -p(t + 2)(-2ptc + tc-pt + 2p2t - p + 2p2 - c). 

Similar to Sequence 1, it is difficult to derive closed-form expressions for the equilibrium values 

in Sequence 2 for any value of t. Thus, we consider below some specific values of t. 
For t = 1, b(p) = 4 P + C - 9 P 2 + 4 P C + V ^ W V • - M ^ c + ^ e + S p e ' - ^ + ^ + c ' - W ( a n d g i n c e ft(p) £ 

-c) [0,p),wemust havep> ^ ( ( 6 - >/6)(l + e) + ^3(7 - 2V6){2c2 + c + 276c + 2))), z = \]l{l^2b{v)) 

and M's expected profit function becomes: 

ETlM = lJ-(l-p)(p-c) I*' 
3 V 7 V M / V3p-26(p ) 

Again, we use Matlab to search over p £ [^((6-V /6)(1+C) + A/3(7 - 2 v

/6)(2c 2 + c + 2>/6c + 2)), 1), 

to find the equilibrium retail price p* which maximizes M's expected profit function, and accord

ingly, we can calculate the equilibrium values of the other decision variables and expected profits of 

M and R. Similarly, we have analyzed the cases for t = 2 and t = 4, but do not report the detailed 

analysis here. The equilibrium values in Sequence 2, as a function of c, for t = 0, 1, 2 and 4, are 

presented in Table 3A.3 in the appendix. 

Finally, we examine Sequence 7 under a power distribution of £. 

Proposition 3.4.10 In Sequence 7: R:p; M:w; R:Q; M:b, for a power distribution of £ £ [0,2] 

with /(e) = 7(e)* (where t > 0 and 7 = (t + l)2-( t + 1)), and for D{p) = 1 - p: for c = 0, the 

equilibrium values of the decision variables are: z* — ( 7(i+2))^> P* — \> w* = 2(t+2) a n d b* = ®> 

and for c > 0, p*{z) = 7(t+2) t + 1

 and the equilibrium value of the stocking factor z* satisfies 

d z - u, wnere ULIR — (t+2)[(t+i)-7(t+2)z'+ 1] 2 

Similar to Sequences 1 and 2, it is difficult to derive closed-form expressions for the equilibrium 

values in Sequence 7 for any value of t. So let c > 0, and consider the case where t = 1. 

For t = 1, p(z) = 1 _ | I ^ 2 (and since p £ [c, 1), we must have z < \J2^f>), and R's expected 

profit function reduces to: EIIR = ^^^(2-3^2)2^ > which is unimodal in z £ [0, ^ / 2 ^ ~ c ^ ] . We 

have used Matlab to search over z £ [0, \J2^f*\, to find the equilibrium stocking factor z* which 
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maximizes R's expected profit function in Stage 1, and accordingly, we can calculate the equilibrium 

values of the other decision variables and expected profits of M and R. Similarly, we have analyzed 

the cases for t = 2 and t = 4, but do not report the detailed analysis in these two cases. The 

equilibrium values in Sequence 7, as a function of c, for t = 0, 1, 2 and 4, are presented in 

Table 3A.4 in the appendix. 

Based on the numerical results derived for the traditional sequence and Sequences 1 and 2, 

which are displayed in Tables 3A.1, 3A.2 and 3A.3, respectively, in the appendix, we observe that: 

Observation 3.4.11 For a power distribution of £ with /(e) = 7(e)* and t = 1, 2 and 4, and for 

D(p) = l-p: 

(i) ElYM{S2)>ElYM{Sl)>EUM{TS). . 

(ii) EIlM+R(S2) > EUM+R(S1) > EirM+R(TS). 

(iii) EU*R(TS) > EU*R(S2) and EU*R{S1) > ETL*R(S2). 

(iv) p*(TS) > p*{Sl) > p*(S2). 

(v) w*(S2) > w*(Sl), and 

(vi) Q*(S2) > Q*(51) and Q*(S2) > Q*(TS), 

where, as we recall, EU*M+R stands for the equilibrium expected channel profit. 

Note that Observation 3.4.11 (i) is consistent with Proposition 3.3.8 and Observation 3.3.9 (i), 

according to which, in equilibrium, M attains the highest expected profit in Sequence 2 and the low

est expected profit in the traditional sequence. Note further that Observation 3.4.11 (ii) implies that 

both Sequences 1 and 2 improve channel efficiency, which is consistent with Observation 3.3.9 (ii). 

Observation 3.4.11 (iii) implies that R attains the lowest expected profit in Sequence 2, which is 

consistent with Observation 3.3.9 (iii). Based on R's equilibrium expected profit in the traditional 

sequence and Sequence 1, as displayed in Tables 3A.1 and 3A.2, respectively, for t = 1, 2 and 4, we 

observe that R's expected profit in Sequence 1 is larger (respectively, smaller) than in the traditional 

sequence when the manufacturing cost c is small (respectively, large). For example, when t = 2, 

as compared to the traditional sequence, there is an increase (respectively, decrease) of 1.65% (re

spectively, 14.15%) in R's expected profit for c — 0 (respectively, c = 0.9). This observation implies 

that R's preference between the traditional sequence and Sequence 1 is not demand distribution 

invariant. Indeed, for example, by Observation 3.3.9 (iii), for a uniform £ and for D(p) = 1 — p, R 

always realizes a lower equilibrium expected profit in Sequence 1 than in the traditional sequence. 

Let us now seek the equilibrium sequences when M moves first, assuming a power distribution 

and D(p) = 1 — p. If M is the leader who initially offers a wholesale price w in the first step, then, 
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as we recall from the analysis in §3.3.4, R's best response is to commit only to a retail price p in his 

first step. On the other hand, if M initially offers a buyback rate 6, then, we recall from the analysis 

in §3.3.4 that R, again, would prefer to set only his retail price p. Therefore, Observation 3.4.11 (i) 

immediately implies that for a power distribution with t — 1, 2 and 4 and for D(p) = 1 — p, 

Sequence 2: M:b; R:p; M:w; R:Q is the unique equilibrium sequence. 

By examining the equilibrium values in the traditional sequence and Sequence 7 in Tables 3A:1 

and 3A.4, respectively, in the appendix, we can make the following observations: 

Observation 3.4il2 For a power distribution of £ with /(e) = 7(e)4 and t = 1, 2 and 4, and for 

D{p) = l-p: 

(i) EUM(S7)>EUM(TS). 

(ii) EUM+R(S7) > EUM+R(TS). 

(iii) EU*R(TS) > EU*R(S7). 

(iv) w*(TS) > to* (57). 

(v) p*(TS) > p*(S7), and 

(vi) Q*(S7) >.Q*(TS). 

Observation 3.4.12 (i), (ii) and (iii) imply that for a power distribution and t = 1, 2 and 4, 

in equilibrium, M and the channel (respectively, R) realize a higher (respectively, lower) expected 

profit in Sequence 7, with a larger order quantity, than in the traditional sequence. This result 

is different from that derived for the uniform distribution case, wherein M's and R's equilibrium 

expected profits and order quantity in the traditional sequence and Sequence 7 coincide. Observa

tion 3.4.12 (iv) and (v) are consistent with Corollary 3.3.12 (iii) and (iv), respectively, according 

to which, Sequence 7 results with lower wholesale and retail prices than in the traditional sequence. 

Finally, recall from §3.3.4 that when R is the first mover, he gets a zero profit, and that he 

realizes a strictly positive expected profit in Sequence 2. Thus, R would rather not be the first 

mover, and, as was the case for a uniform £, Sequence 2: M:b; R:p; M:w; R:Q is the unique 

equilibrium sequence for a power distributed £ with t = 1, 2 and 4, and the first mover in these 

cases is determined endogenously. 

3 .5 Conclusions and Further Research 

We have introduced in this chapter the sequential commitment approach for determining the values 

of contract parameters, and have analyzed its effect on the PD-newsvendor model with buybacks. 
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As argued earlier; compared to the traditional approach, the sequential commitment approach 

Introduces additional flexibility to contracting between members in the supply chain. Indeed, 

while contracting according to the traditional approach follows the take-it-or-leave-it paradigm, the 

sequential commitment approach allows members, if they so desire, not to commit simultaneously 

to values of all contract parameters under their control. It also allows them to strategically sequence 

the order by which they commit to these values. As such, the sequential commitment approach is 

more in line with other approaches to model contracting in the supply chain (see, e.g., Nagarajan 

and Bassok (2002), and Iyer and Valis-Boas (2003)), and it can provide some insight, such as 

who should move first, or which contract parameter should be discussed first, or which pair of 

parameters should be discussed as a package (e.g., b and p), or which orders of the issues to be 

negotiated should be avoided since they may lead to an impasse, when the supply chain members 

engage in a negotiation process for determining the values of contract parameters. 

Our analysis has revealed that the sequential commitment approach endogenizes the first mover 

decision. Indeed, while in the traditional approach it is arbitrarily assumed that one of the parties, 

usually M , is the leader, in the sequential commitment approach, under certain conditions (e.g., uni

form £ and linear, exponential and negative polynomial expected demand functions), both parties 

prefer that M will move first. Additionally, it was revealed that Sequence 2: M:b; R:p; M:w; R:Q 

is the unique equilibrium sequence in the sense that both parties prefer that M will move first, and 

neither party can benefit by resequencing the order at which it commits to contract parameters 

under its control. 

We have further demonstrated that sequential commitment can have a significant effect on 

the supply chain performance and on the fortunes of its members. Indeed, sequential commit

ment can significantly increase M's expected profit, as compared to the traditional sequence. For 

example, based on Tables 3A.1, 3A.2 and 3A.3, for a uniform £, D(p) = 1—p and c = 0.9, Se

quence 1: M:w; R:p; M:b; R:Q and Sequence 2: M:b; R:p; M:w; R:Q improve M's equilibrium 

expected profit by 25.19% and 79.25%, respectively, as compared to the traditional sequence. In 

that respect we note that for an arbitrary distribution of £ and an arbitrary form of D{p), Se

quence 5: M:b; R:p,Q; M:w and Sequence 6: M:b; R:Q; M:w; R:p result with M attaining the 

entire expected channel profit and R getting nothing. However, Sequences 5 and 6 require, e.g., 

that R commits to an order quantity before the wholesale price is set, and thus are not very realistic. 

By contrast, sequential commitment could adversely affect significantly R's performance. For 

example, for a power distribution of £ with t = 0 (uniform), and £ = 1,2 and 4, and for D(p) = 1—p, 
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R can never do better than in the traditional sequence when he moves first, and when M is the 

first mover, sequential commitment can significantly decrease R's equilibrium expected profit. For 

example, based on Tables 3A.1 and 3A.3, for a uniform £ and for D(p) = 1 — p, R is always worse 

off in Sequence 2 than in the traditional sequence, and, e.g., Sequence 2 decreases R's equilibrium 

expected profit by 73.51% for c = 0.9. 

We can further conclude from Tables 3A.1, 3A.2 and 3A.3 in the appendix that buybacks, 

coupled with sequential commitment, can increase significantly channel efficiency. For example, 

Sequence 2, for a uniform £ and for D{p) = 1 — p, increases channel efficiency from 10.90%, for 

c = 0, to 21.25%, for c = 0.9. This result should be compared to the relatively insignificant effect 

of introducing buybacks in the PD-newsvendor model. Indeed, as it was shown in Chapter 2 in 

this thesis, for a uniform £ and for D(p) = 1 — p, buybacks increase channel efficiency by at most 

3.16%. 

Finally, our results demonstrate that the sequential commitment approach could have a signif

icant effect in the PD-newsvendor model, and it would be interesting to investigate the robustness 

of our results for different distributions of £, other than the power distribution, as well as for other 

expected demand functions. It would also be interesting to extend the sequential commitment 

approach to other Operations Management models as well as to the additive demand model (i.e., 

X = D(p) + £) of the PD-newsvendor problem. However, as suggested in §2.2 in Chapter 2, (see 

also Emmons and Gilbert (1998), Mills (1959), and Petruzzi and Dada (1999)), the additive model 

could produce results which are qualitatively different from those derived for the multiplicative 

demand model. 

3 . 6 Appendix 

Proof of Proposition 3.3.2. We use backward induction to solve Sequence 1: M:w; R.p; M:b; R:Q, 

which is a four-stage Stackelberg game, assuming, initially, that £ G [0,2] follows a general power 

distribution /(e) — 7(e)*, where 7 — (t + l)2~( t + 1), and D(p) — 1—p. Recall that the expected 

profit functions of M and R are given in (3-2). 

Stage 4: Given (w,p,b), R chooses an order quantity Q to maximize his expected profit, given 

by (3.2). Note that choosing Q is equivalent to choosing z, where z = jj^y- One can easily verify 

that EHR(Z) is concave in z. Thus, D E I J £ ^ = 0 gives us the unique optimal z*, which satisfies 

bzt+1 = pzt+1 — ^~(p — w), and R's expected profit function reduces to: ETUR = ^ ( p — w)D(p)z*. 

Stage 3: Given (w,p), M chooses her optimal b to maximize her expected profit, given by (3.2). 
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We work with z instead of b for M's problem (see Lariviere (1999)). Taking into account z* from 

Stage 4, M's expected profit function becomes: EHM = D(p)[(w — c)z+ — (t+i)(t+

+2)]! which 

is concave in z. Thus, d E n ^ = 0 gives us the unique optimal z* = [ ^ ^ y ] 7 ^ • [( t + 1 K™~ c ) + p - c ] i+T i 

and M's expected profit function reduces to: EHM = i+2~D(p)p • (z*)t+2. 
Stage 2: Given w and knowing z*, R chooses p to maximize his expected profit function, which 

reduces to EUR = j£^D(p)(p — w)z*, where D(p) = 1—p. The first-order condition (F.O.C.) yields 
d E n ^ p ) = A • l(t+2]tlHz.)t, where A = (t + 1)(1 - 2p + w)P[(t + l)(w -c)+p-c} + (1 - p ) ( p -

iu)[c - (t + l)(w - c)]. Since A(p = w) > 0 and A(p = 1) < 0, we have d E U £ W (p = w) > 0 and 
d E dp (P = 1) < 0i and the optimal retail price is an inner solution (i.e., w < p*(w) < 1) which 

satisfies
 dEU

dfv)
 = 0, i.e., A{p) = 0. 

Stage 1: We work with p instead of w for M's problem in Stage 1. Note that A can be written 

as a function of w as follows: A(w) = (t + 1)(1 - 2p + w)p[(£ + l)(w — c) + p — c] + (1 — p)(p -

w)[c — (t + l)(w — c)], which is quadratic in w, and there is a unique w*(p) G [c,p), w*(p) = 
-pt2+2p2t2+pt2c+tc+2ptc+2c-pt+2p2t+^{t+2)(-ptc-c-p-pt+2p^ 

2(t+l)(pt+l) : ' 

which satisfies A(w*(p)) = 0. M's problem in Stage 1 is to choose p to maximize EHM = 

-P)pz«\ where z = [^J A • [ ( ^ D ^ W - ^ A . 
To complete the proof of Proposition 3.3.2, we need to consider the case where £ is uniformly 

distributed, i.e., t = 0. For £ = 0, w*(p) = c+ y/(p — c)(2p2 — p — c) (and since u; G [c,p), we must 

have p > 1 + n /

4

1 + 8 c ) , z*(w,p) = *""^~2 c and M's expected profit function in Stage 1 becomes: 

EUM = % * ( P ) - c +p - c) 2 = -1(1 - p)(p - C )Jf l t (3A.1) 
07 p 07 

w h e r e = (VV-r-c+v^)2, One can verify that for p G [ ± ± 4 ± ^ , 1 ) , ^^g^ ' < 0, 
d2[(1~g,(p~c)) < 0, ^ > 0 and ^ < 0. Thus, EUM in (3A.1) is concave in p, and the 

F.O.C. yields the unique equilibrium retail price p* in Sequence 1. Accordingly, it is easy to 

derive the equilibrium values of the other decision variables: w* = c + ^/(2(p*)2 — p* — c)(p* — c), 
h* = P * ( ^ + p . - 2 c 2 C ) > z* = {w'+£~2c) and Q* = (1 -p*)z*, and the expected profits: EIL*M = 
( i - P ' ) ( y - 2 c ) » a n d E W r = ( i - P ' ) ( p « - ^ ) ( i f l ' + y - 2 e ) ) w h e r e w e r e c a U t h a t 7 = 1 for t = 0 D 

Proof of Proposition 3.3.3. We analyze Sequence 2: M:b; R:p; M:w; R:Q, assuming, initially, 

that £ G [0,2] has a power distribution /(e) = 7(e)4, where 7 = (t + 1)2~(*+1), and D(p) = 1 - p. 

Stage 4: R's problems in Stage 4 in Sequences 2 and 1 coincide. Thus, the unique z* satisfies 

w = p — 7 ^7+1* + ' a n c " e x P e c t e d profit function becomes: £TI^ = j^2~D(p)(p — b)(z*)t+2. 

Stage 3: Knowing (b,p) and z*(b,p,w), we solve M's problem in Stage 3 by working with 



Chapter 3: Sequential Commitment 71 

z instead of w. M's expected profit function as a function of w becomes: ETIM = D(p)[(p — 

c)z - (t2t)lt+2) [(*'+ 2)P - ( f + w h i c h i s c o n c a v e i n z - T h u s > d E n £ { z ) = 0 yields z*(b,p) = 

(T[(t+2)p-(f+i)b])^' a n d - ^ ' s expected profit function becomes: -ETIM = £ij^-D(p)(p - c)z*. 

Stage 2: Given b and taking into account z*(b,p) in Stage 3, i? chooses p to maximize £Tift(p) = 

^D(p)(p - 6)(z*(6,p))2, where D(p) = 1 - p. The F.O.C. yields: = 7 [ ( t + 2 ) p _ ( f + 1 ) 6 ] ! t g t . i , 

where A = (t + l)(p - c)(l + 6 - 2p)[(t + 2)p - (t + 1)6] + 2(1 - p)(p - 6)[(t + 2)c -(t + 1)6]. Since 

A(p = max(6,c)) > 0 and A{p = 1) < 0, d E n ^ > 0 and d E U ^ < 0, we conclude that the 

optimal retail price is an inner solution (i.e., max(6,c) < p*(6) < 1) satisfying dEI^p^ = 0, i.e., 

A(p) = 0. Note that EUR = f±±(l -p)(p*(6) - 6)(z*(6,p*(6)))*+2, which is strictly positive since 

p*(6) > max(6,c) and z*(6,p*(6)) > 0. 

Stage 1: Again, we work with p instead of 6 for M's problem in Stage 1. Note that A can be 

written as a function of 6 as follows: .4(6) = (t + l)(p - c)(l + 6 - 2p)[{t + 2)p - {t + 1)6] + 2(1 -

p)(p - b)[(t + 2)c - (t + 1)6] = u-b2+v-b + g = 0, where u = -(t + l)(pt - tc - c - 2 + 3p), 

v = -pt 2+i 2c+9p 2t+3p 2i 2-3pt 2c-5ptc-(-6p 2-3p-3c-4piando = -p(r.+2)(-2p£c-Kc-p£+2p 2 £-

p + 2p2 — c), which is quadratic in 6, and there is a unique 6*(p) = V+^u ~ e satisfying 

A(6*(p)) = 0. M's problem in Stage 1 is to choose p to maximize £ 1 1 ^ = f^(l-p){p-c)z , where 

- _ I (<+1)(P-C) 'ITJTT 

To complete the proof of Proposition 3.3.3, we need to consider the case where £ is uniformly 

distributed, i.e., t = 0. For t = 0, 6*(p) = - 3 ( V - P - c ) + V ( 2 g - ^ ) ( - 6 P 2 + 7 ^ ^ - ^ e [ 0 > p ) (thus, 

p > 1 + y /

4

1 + 8 c ) , z*(b,p) = 1(2p-b*(p)) a n c ^ - ^ ' S e x P e c t e d profit function in Stage 1 becomes: 

p n _ P - c 8(1 -p ) (p -e ) _ p - c • 
M ~ TeT' 2p-6*(p) - W 2 ' , ( } 

u r_r 8 ( l - p ) ( p - c ) -6p 2 +5p+4pc-3c+-v / (2p 2 -p-c ) ( -6p 2 +7p+8pc-9c) T T . . , 

where i i 2 = 2P-b'(p) = — — — p — — — — • U s m g s o m e algebra, one can 

show that for p G [ 1 + v

4

r F 5 5 , 1 ) , M I M in (3A.2) is concave in p. Thus, the F.O.C. results with a 

unique equilibrium retail price p* in Sequence 2. Accordingly, we can easily derive the equilibrium 

values of the other decision variables: b* = - 3 ( 2 ( P ' ) 2 - P ' - c ) + V ( 2 ( g ) ^ - c ) ( - 6 ( p » ) 2

+ 7 p - + 8 P - c - 9 c ) ; ^ = 

y{2p*'-b')' Q* = _ P*)2* a n d w* = p* — ^P 2p*-b*~^' a n c ^ t n e equilibrium values of the expected 

profits are: EU*M = fr'-yfr') a n d EU*R = {1~p^p\~_b'b.\f ~c)\ w h ere we recall that 7 = \ for 

t = 0. • 

Proof of Proposition 3.3.5. We study the four-stage problem in Sequence 4: M:u;; i?:Q; M:6; i?:p, 

assuming a power distribution of £ G [0,2] with /(e) = 7(e)* and that D(p) is decreasing in p and 

satisfying £>(p )£g£l - (t + 2 ) ( ^ ) 2 < 0. 
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Stage 4: Given (w, Q, b), R chooses p to maximize his expected profit, given by (3 .1) , ET1R(P) = 

(p-w)Q-(p-b)E[Q-X} + , where E[Q-X]+ = QF^-jfi D{p)tf{e)de = J ^ ^ D ( p ) - ^ , 

which is the expected unsold inventory. Since D{p) is decreasing in p and satisfying D{p)d

d^ — 

(t + 2 ) ( ^ ) 2 < 0 , it is not difficult to show that dE[Q

d~X]* > 0 and d2j?g~*'+ > 0 (i.e., 

the expected lost sales increase in the retail price p at an increasing rate), and that d E ^ R = 

Q-E[Q-X}+-(p- b ) d E ^ and = - 2 ^ 1 i _ { p _ h ) * ^ $ L < 0, which implies 

that ETIR is concave in p. Thus, the F.O.C. results with a unique stationary point, p°(Q,b), which 

satisfies: bdE^Q

d~x^+ = p d E l Q

d ~ X ] + +E[Q-X]+ -Q. Note that p°(Q,b) is independent of w. Taking 

derivative of the F.O.C. equation under p = p°(Q, b)(> b) with respect to b and simplifying yields: 

= ( 2 ^ ^ + (AQM - 6 ) ^ ^ ) ^ . Since E[Q - X}+ is increasing and 

convex in p and p°(Q, b) > b, we conclude that 9p°]$^ > 0, and p°(Q, b) increases in b. Therefore, 

the optimal p* for R in Stage 4 is either p° or it is attained at one of the extreme points 3 A 1 , w or 

,D _ 1 (^ ) , which are independent of b. 

Stage 3: Given (w,Q) and knowing p* from Stage 4, which is either increasing or independent 

of b, we conclude that M's expected profit function, given by (3 .1) , is decreasing in b. Thus, b* = 0, 

which implies that Sequence 4 coincides with the wholesale price-only contract sequence. • 

Proof of Proposition 3 . 3 . 7 . Consider Sequence 6: M:b; R:Q; M:w; R:p, assuming a general 

distribution of £ G [0, U] and a general form of D{p). 

Stage 4: Given (b, Q, w), R sets p to maximize ETIR = (p — w)Q — (p — b)E[Q — X}+', given 

by (3 .1) . Assume that p°(b,Q) satisfies the F .O.C: Q - E[Q - X}+ - (p - 6 ) D G ^ ~ * 1 + = 0, which 

is independent of w. Since EUR is continuous in p, the optimal retail price p* is either equal to 

P°{b,Q) or it is one of the two extreme points 3 A ' 2, w and D~1(j^), i.e., 

f max(w,p°(b,Q)) if p°(b,Q) < D'1^), 
P \D-l(%) ifp°(6,Q) > £ - ! ( £ ) . 

Stage 3: Given (6, Q) and knowing p*, M chooses w to maximize - E T I M = (w — c)Q — bE[Q — 

D(P*)€} + , given by (3 .1 ) . Consider two scenarios: (A) When p\b,Q)>D-l{%), p* is independent 

of w, and thus, ETIM is increasing in w. Therefore, w* = p* = D~\%). ( B ) When p°(b,Q) < 

D~l{Q), M has two options regarding w: ( B I ) If w > p°(b,Q), then M sets w{> p°(b,Q))) 

to maximize EUM = {w - c)Q - bE[Q - D(w)£}+ and w* = p*. ( B 2 ) If w < p°{b,Q), then 

w* = p* = p°(b,Q). Since the optimal w* in Option ( B 2 ) is on the edge of the feasible region, 

we conclude that M would choose option ( B I ) , i.e., w G \p°{b,Q),D-l{%)\ is chosen to maximize 
3 A 1 Note that Q < 2D(p) since | < 2. Thus, p < £ > _ 1 ( f ) . 
3 A 2 Note that Q < UD(p) since £<U. Thus, p < D'1^). 
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EHM = (w — c)Q — bE[Q — D(w)£,} + , and at optimality, w* > max (6,c). Thus, for any (b,Q), 

p* = w*. 

Stage 2: Given b, R determines Q to maximize EHR = — (w* — b)E[Q — D(w*)£\ + . Let us 

consider two scenarios: (A) When b < c, we immediately have w* = p* > b and EHR < 0 except 

for Q = 0. Thus, R would choose Q* = 0 to avoid a negative expected profit. (B) When b > c, 

R has three choices: (Bl) If Q = UD(b) and p°(b,Q) > 7J-1(g)(= b), then w* = p* = b and 

EHR = 0. (B2) If Q ^ [/£>(&) and p°(6,Q) < £>-!(§)(> 6), then MI/ j < 0 except for Q = 0. 

Thus, Q* = 0. (B3) If p°(b,Q) < D~l{%), then w* > b and £1XR < 0 except for Q = 0. Thus, 

Q* = 0. i? gets a zero profit in all three options in Scenario (B). Thus, for Scenario (B), the choice 

of either Q* = UD(b) or Q* = 0 depends, by Assumption 3.3.1, on M's expected profit, which is 

. E I I M = D{b){2(b — c) — E[2 — £] + } (strictly less than the expected profit of the integrated channel 

for any value of b since Q* — 2D(b) / Q1) and EHM — 0, respectively. 

Stage 1: M's decision on b in Stage 1 has two options: (A) If 6 < c, then Q* = 0 and EHM = 0. 

(B) If b > c, then b is determined to maximize EHM = m a x (D(P){U(b — c) — E[U — + 0) and 

EHR = 0. • 

Proof of Proposition 3.3.8. Assume a uniformly distributed £ and D(p) = 1 — p. 

EH*M{S2) > 7511* (̂51). From the analysis in the proof of Proposition 3.3.3, in Stage 4, in 

Sequence 2: M:b; R:p; M:w; R:Q, M decides upon p £ [ 1 + v . 1 + 8 c , 1) to maximize: EHM{S2) = 

fg^|(—6p2 + 5p + 4pc — 3c + -\/(2p2 — p — c)(—6p2 + 7p + 8pc — 9c)). Similarly, from the analysis 

in the proof of Proposition 3.3.2, in Stage 4, in Sequence 1: M:w; R:p; M:b; R:Q, M chooses 

p £ [ 1 + ^+ 8 7 ,1) to maximize: EHM(S1) = ( 1 ~^p~ c ) (V 2 P 2 ~P~ c+^/p^c)2. Next, we show that 

£ ; n M ( 5 2 ) > EHM(Sl) for any p £. [ 1 + V

4

I T 8^, 1), which is a sufficient condition for EH*M(S2) > 

EH*M(Sl). Note that EHM(S2) > EHM(Sl) is equivalent to 521 = -6p2 + 5p + Ape - 3c + 

y

/(2p2 - p - c)(-6p2 + 7p + 8pc - 9c) -2(1 -p)(^2p2 - p - c+^/p^c)2 > 0, and it is not difficult 

to show that, indeed, for any p £ [ 1 + v

4

1 + 8 c , 1) and any c £ [0,1), 521 > 0. 

£11*^(51) > EH*M(TS). Recall that the equilibrium value of the retail price and M's ex

pected profit in the traditional sequence: M:w,b; R:p,Q are: p* = 5 + ^ 8

1 + 8 c and EH*M(TS) = 

(3-vT+87g(i+yT+8^); w h e r e 7 = i_ E v a l u a t i n g EHM(SI), given by (3A.1), at p* = 5 + v J + ^ and sim-
i - r • • u n r f / O T \ / *\ (-3+v / l+8c)(-5-v / l+8c+8c)(v /3+3 vT+8c-12c-l-Vl0+2vT+8c-16c) 2 

phfying yields: EHM{Sl)(p*) = i * ^ * io%(5+Vi+8e) • N o w ' 

one can easily verify that J5nM(51)(p*) > EH*M(TS) for any c £ [0,1), implying that EH*M(S1) > 

EH*M(TS). • 

Proof of Proposition 3.3.11. We analyze Sequence 7: R:p; M:w; R:Q; M:b, assuming that £ 
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has a power distribution and D(p) = 1 — p. 

Stage 4: M's problem in this stage is pretty straightforward, i.e., M would always choose b* = 0. 

Stage 3: Given (p, w) and b* = 0, R determines z = (since Q is chosen after p) to maximize 

his expected profit function, given by (3.2), which can be rewritten as: EHR = £>(p)[(p — w)z — 

(t+i)(t+2) ]' a n a - 1 S c o n c a v e m z- Thus, z* satisfies the F.O.C. p — w — lpz

+^ = 0, and R's expected 

profit function becomes: EHR = j^-D(p)pzt+2. 

Stage 2: Given p and knowing z* and b* = 0, M determines w to maximize EHM = (w — 

c)D(p)z*. Again, we work with z instead of w for M's problem to maximize EHM = D(p)[(P — 

c)z-j^pzt+2)j which is, again, concave in z. Thus, the F.O.C. p — c— 7 ^ p p z t + 1 = 0 yields z*(p). 

Stage 1: We work with z instead of p for R's problem in Stage 1. Consider two cases as follows. 

(A) For c = 0, from Stage 2, we have z* = ( 7 ( i + 2 ) ) ^ i which is independent of p. Thus, R's 

expected profit function becomes: EHR = ^ ( 7 ( t + 2 ) ) D(p)P> where D(p) = It is clear that 

p* = 5, and the equilibrium values of w* and the expected profits can be computed accordingly. 

(B) For c> 0, R chooses z to maximize EHR = ^ ' ^ j ^ ^ ^ 1 ̂ • Similar to the 

analysis of Sequences 1 and 2, it is difficult to solve R's problem in Stage 1 for any value of t. Thus, 

to complete the proof of Proposition 3.3.11, we next consider a uniformly distributed £, i.e., t = 0. 

When t = 0, p(z) = 1_'2lz ( a n a - s m c e P 6 (C>1)' w e must have z < ^ r ) , and R's expected 

profit function reduces to: EHR = 7 C

2

1 ~ ^ ~ 2 ^ 2 , which can be easily shown to be unimodal in z. 

Thus, the F.O.C. gives us the unique equilibrium z* = (3~^+8c\_ (Recall that £ is distributed 

on [0,2] and 7 = |.) Accordingly, we can compute the equilibrium values of the other decision 

variables and expected profits: p* = i ± ^ ± l , Q* = (3-vT+s^) 2

; w * = ^ fc* = ^ a n d 

En* - 2EH* - ( 3 - v / i + ^ ) 3 ( i + v / i + 8 H ) n 

Proof of Proposition 3.3.13. R's problem of determining p* in Stage 3 coincides with R's 

problem in Stage 4 in Sequence 4: M:w; R:Q; M:b; R:p, which has been analyzed in the proof of 

Proposition 3.3.5. Therefrom, we conclude that p* is either increasing in b or independent of 6 

and E[Q — £>(p*)£]+ increases in p, which implies that M's expected profit function in Stage 2, 

EHM = (w — c)Q — bE[Q — D(p*)£]+ is decreasing in 6. Thus, b* = 0, and M's expected profit is 

increasing in w. Thus, in Stage 2, w* = D~L(Q) and 6* = 0, which leads to p* = w* and EHR < 0 

except when Q = 0. To avoid a strictly negative expected profit, R would choose Q* = 0 and, in 

equilibrium, EH*M = EH*R = 0. • 

Proof of Proposition 3.3.14. Recall that the sequences R:p; M:w\ R:Q; M:b, R:Q; M:w, b; R:p, 

R:p; M:w, 6; R:Q and R:Q; M:u>; R:p; M:b have been previously analyzed. Thus, below we cover 
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the other three sequencing instances when R is the Stackelberg leader. 

Sequence: R:p; M:6; R:Q; M:w. The analysis in this four-stage sequence under a general 

distribution of £ and a general form of D(p) is pretty straightforward. In Stage 4, after p, b and Q 

have been determined, M would set her wholesale price as high as possible. Thus, w* = p. Knowing 

w* = p, R's expected profit would be strictly negative if he chooses a strictly positive order quantity 

and b ̂  p. When b = p, Ris actually indifferent regarding the value of Q, since his expected profit 

will always be zero. Thus, when b ^= p, R would choose Q = 0, and otherwise, consistent with 

Assumption 3.3.1, Q will be chosen to maximize M's expected profit, i.e., F(j^j) = Now, 

it leaves the choice on whether 6 = p to M in Stage 2. If b ^ p, then Q* = 0 and both M and R 

earn a zero profit. If b = p, then M would realize a positive profit. Since R gets a zero expected 

profit for any p, p is chosen to maximize M's expected profit function, which coincides with the 

integrated channel problem. Therefore, in this sequence, M would secure the entire expected profit 

of the integrated channel, while R gets nothing. 

Sequence: R:p, Q; M:w, b. The analysis in this sequence under a general £ and a general D(p) 

is, again, quite simple. After R's decisions on p and Q have been set, M will definitely set a high 

enough w and a low enough b. Thus, w* = p and 6 = 0. Taking M's response in Stage 2 into 

account, R would not order anything in order to avoid a negative profit. Therefore, there will be 

no contract between M and R and both of them will realize a zero profit. 

Sequence: R:Q; M:6: R:p; M:w, and a general £ and a general D(p). In Stage 4, knowing 

(Q,b,p), M will set w as high as possible. Thus, w* = p. Given (Q,b) and knowing w* = p, 

R's expected profit function in Stage 3 becomes: EHR = —(p — b)E[Q — X] + , where X is the 

random demand and E[Q — X)+ is the lost sales. Clearly, the lost sales increase in the retail 

price p. Thus, EHR decreases in p. Therefore, in Stage 3, R will choose a retail price as small 

as possible, i.e., p* = max (6, c). In Stage 2, given Q and knowing w* = p* = max(6,c), M has 

two options: (A) 6 < c or (B) 6 > c. (A) If 6 < c, then w* = p* = c and £ T I M = -bE[Q - X] + , 

which decreases in 6. Thus, 6* = 0, and accordingly, EHM = 0, and EHR = —cE[Q — D(c)£] + < 0 

except for Q = 0. (B) If 6 > c, then w* = p* = 6, which is a complete consignment contract, and 

accordingly, EHM = (6 — c)Q — bE[Q — D(6)£] + and EHR = 0. M chooses 6(> c) to maximize 

EHM = (b- c)Q - bE[Q - D(b)$] + . Thus, R in Stage 1 is indifferent between Q = 0 in Option (A) 

and a complete consignment contract in Option (B). Therefore, by Assumption 3.3.1, Q, together 

with 6, is used to maximize M's expected profit function EHM = (b — c)Q — bE\Q — D(6)£] + , which 
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coincides with the expected profit of the integrated channel. Thus, in equilibrium, M attains the 

entire expected profit of the integrated channel and R gets a zero profit. • 

Proof of Proposition 3.3.15. Let us first consider Sequence 1: M:w; R:p; M:b; R:Q, with a 

power distribution of £ and a general form of D{p). By the proof of Proposition 3.3.2 in the 

appendix, for any given w, in Stage 2, R's problem is to choose p(> w) to maximize EUR = 

^D{p){p - w)z\ where z* = . (*+I)(™-C)+P-c] A, Note that p(z*)t+l - *±I(p _ w ) = 

7^2)[(t + l)(w -c)+p-c-(t + 2)(p-w)] = b(z*)t+1 > 0. The last inequality is due to the fact 

that b > 0, which can be verified from the analysis in Stage 2 in the proof of Proposition 3.3.2, and 

z* > 0. 

In the wholesale price-only sequence: M:w; R:p,Q with a power distribution of £ and any 

D(p), for any given w, in Stage 2, R chooses p and Q to maximize R's expected profit function, 

EUR = (p-w)Q-D{pyl\%+l){t+2), which is concave in Q for any p. Thus, Q* = D(p)(G±Ii4pi)iTi 

and R's expected profit function reduces to ETIR = j^D(p)(p - w)z^, where zw = [^+1

7^~^]?+I. 

R is to choose p(> w) to maximize his expected profit function in Stage 2. 

For a given tu, it is easy to show that z* > z*j for any value of p. Thus, for any values of w 

and p, R's expected profit in Sequence 1 is strictly larger than his expected profit in the wholesale 

price-only contract sequence. • 

Proof of Proposition 3.4.1. Let us first consider Sequence 1: M:w; R:p; M:b; R.Q. Since the 

analysis of Stages 4 and 3 in Sequence 1, as carried out in the proof of Proposition 3.3.2, is valid for 

any form of D(p), we continue with the analysis in Stage 2, assuming D(p) = e~v and a uniform £ 

on [0,2] (i.e., t = 0). 

Stage 2: From the analysis in Stages 4 and 3, we have: b*(w,p) = P^+pP-2c^ a n c ^ Z*(W>P) = 

(w+p-ic) ^ a n ( ] a n ( j ^,, g e x p e c t e d profit functions can be simplified to: ETLM = | e 1{w+p-2c) 

and ETIR = ^ e ~ " ( p ~ " ' ^ + f ' ~ 2 c ) , respectively. In Stage 2, R chooses p to maximize ETIR for any given 

w. The F.O.C. yields = = 0, where A = {-p3 + 2p2c + pw2 - 2pwc + p2 + w2 - 2wc), 

which is a cubic function of p. Since A(p = w)>0iiw^c and A(p —> co) < 0, the optimal retail 

price p*(w) > w is an inner solution and satisfies ^ ^ ( P ) = i.e., A{p) = 0. 

Stage 1: We work with p instead of w for M's problem in this stage. Note that A can be 

written as a quadratic function of w as follows: A{w) = (l+p)w2 — 2c(l +p)w+ p2(l + 2c — p), and 

there is a unique w*(p) = c + p c + ^ ( 1 + p ) ( ^ p c + p 2 ~ p ) ( p ~ c ) , satisfying A(w*{p)) = 0. Since w* e \c,p), 

we must have p > 1+c+v /c2+6c+i _ Substituting w*(p) into M's expected profit function we have: 

err ( p - c) (p 2 -pc+J (1 +p)(-c-pc+p2 -p)(p-c)-c)e-p 

ETLM = 2 p 7 I ^ : • 
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Next, we consider Sequence 2: M:b; R:p; M:w; R:Q. Similar to Sequence 1, the analysis of 

Stages 4 and 3 in Sequence 2 in the proof of Proposition 3.3.3 is valid for any form of D(p), and we 

can continue our analysis in Stage 2, assuming D(p) = e~p and a uniform £ on [0, 2] (i.e., t = 0) . 

Stage 2: From the analysis in Stages 4 and 3, we have: w*(b,p) = p ^ ^ b c and z*(b,p) = > 

and M's and R's expected profit functions can be simplified to: EHM = e ^-b^ a n a - EHR = 
e " ^ p - f c ) ^ - ^ 2 - -ft's problem in Stage 2 is to choose p to maximize EHR for any given b. The F.O.C. 

yields
 dEU

dfp)
 = Ae~2

P

p

{p~f, where A = -2p3+3p2b+2p2c-3pcb-b2p+b2c+2p2-3bp+2pc-3bc+2b2. 

Since A(p = max (6, c)) > 0 and A(p —» oo) < 0, the optimal retail price p*(o) is an inner solution, 

p*(b) > max (ft, c), satisfying dEU

d«(v) = 0, i.e., A{p) = 0. Note that EHR = E ~ P ^ * $ ~ C ) 2 > 0 since 

p*(b) > max (b, c). 

Stage 1: We work with p instead of b for M's problem in this stage. Note that A can be written 

as a quadratic function of b as follows: A(b) = (2 + c-p)b 2 +3{p2 -pc-p-c)b-2p(p2 -pc-p-c), 

and there is a unique ft*(p) = - 3 ( P

2 - P c - p - c ) + V ( ^ - p c - P - c ) ( ^ - p c + 7 P ^ ; s a t i s f y i n g A(b*(p)) = 0. 

Since b* € [0,p), we must have p > 1 + c +v / | 2 +6c±i ) a n d M's expected profit function becomes: 
n n e~>'(p-c)(-p2+pc+5p-3c+s/(p2-pc-p-c)(p2-pc+7p-9c)) 
EHM = \ • 

For any value of p{> 1 + c + V ' c 2 + 6 c + i ^ i e t u s COmpare M's expected profit in Sequences 1 and 2. 

Let 521(p) = EHM(S2) - EHM(S1), where EHM{S1) and EHM(Sl) are M's expected profits in 

Sequences 1 and 2, respectively, for any value of p. Thus, S21(p) = ^^^{s/p2 —pc — p — c[(l + 

P) v V - pc + 7p - 9c - 4-̂ /(1 +p)(p - c)] - p 3 + 2pc + p 2c + 5p + c}. One can verify that for any 

p > l+c+v-c^+ecti. a n d a n y c > o, 521(p) > 0, implying that EHM(S2)(p) > EHM(Sl)(p) and 

EHM{S2) > EHM(Sl). 

Now, by (3.11) and (3.12), for D{p) = e~p, p* = *±f£- and EH*M{TS) = ( 3 + c - g ) ( i - c + g ) e - g ± s ± g 

in the traditional sequence. Evaluating M's expected profit function in Stage 1 in Sequence 1 at 

the equilibrium retail price p* of the traditional sequence, and simplifying yields: EHR(S1)(P*) = 

( 3 - e + g ) ( 5 + < H - 3 g + ^ w h e r e H = V c 2 + 6 c + 1 . By using some simple algebra, 

it is not difficult to verify that EHM{S1)(P*) > EH*M(TS) for any value of c, which implies that 

EHM(S1) > EHM(TS)n 

Proof of Proposition 3.4.4. Consider Sequence 7: R:p; M:w; R:Q; M:b, assuming that £ has 

a uniform distribution (i.e., t = 0 in the power distribution) and D(p) = e~p. Since the analysis 

of Stages 4, 3 and 2 in Sequence 7 in the proof of Proposition 3.3.11 was done for an arbitrary 

D(p), we only need to analyze R's problem in Stage 1 for D{p) = e~p. Note that w* = p — jpz 

and M I M = (to — c)e~pz. In Stage 1, R sets p to maximize -ELI^ = ^e~ppz2,^where z satisfies: 
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p — c — 2jpz = 0. R's expected profit function can be simplified to: EHR = E P^P

 C^ , which 

can be easily verified to be unimodal in p, and the unique equilibrium retail price is p* = 1+C

2

+H, 

where H = \/c2 + 6c + 1. Accordingly, we can compute the equilibrium values of the other decision 

variables: z* = @+c~H); w* = i+3c+ff a n d b* _ a n c j j . n e equilibrium values of the expected 

profits are: EH*M = 2EHR — i3+c~HW-c+H) e - 1 + c

2

+ w _ gy c o m par ing these equilibrium values in 

Sequence 7 and those in the traditional sequence, as displayed by (3.11) and (3.12), we can derive: 

EUM(S7) = 2EH*R(S7) = ^EH*M{TS) = %EHR(TS), Q*(S7) = § Q*(TS), p*(TS) = p*(S7) + 1, 

w*{TS) = w*(S7) + 2 ± ^ S a n d b*(TS) > b* (57) = 0. • 

Proof of Proposition 3.4.5. Consider Sequence 1: M:w\ R:p; M:b; R:Q. The analysis of Stages 4 

and 3 in Sequence 1 was carried out in the proof of Proposition 3.3.2 for a power distribution of £ 

and an arbitrary D(p). We continue the analysis in Stage 2, assuming D(p) = p~q and a uniform 

^ 6 [0,2]. 

Stage 2: From the analysis in Stages 4 and 3, we have: b*{w,p) = ^ ^ . " ^ ^ and z*(w,p) = 

iw+f~2c); a n d M's and R's expected profit functions can be simplified to: EHM = P " ^ ^ J 2<^ 

and EHR = P g (p~" ) ) f r ) + P~ 2 C . _ T n stage 2, sets p to maximize EHR, which is clearly unimodal in 

p and has a unique optimal p* satisfying the F .O.C. ^ " " ( P ) — Q, which is equivalent to requiring 

that A = —qp2 + 2qpc + qw2 — 2qwc + p2 + w2 — 2wc = 0. 

Stage 1: We work with p instead of w for M's problem in Stage 1. Note that A can be written 

as a quadratic function of w as follows: A(w) = (q + l)w2 — 2(q + l)cw — qp2 + 2qpc + p2, and there 

is a unique w*(p) = c+ yj^p~c^(gP~p~9C~c); satisfying A(w*(p)) = 0. Since w* £ \c,p), we must have 

P > q-i • M's expected profit function becomes: -ET1M = ' 4 " + 1 . 

Next, consider Sequence 2: M:b; R:p; M:w; R:Q. The analysis of Stages 4 and 3 in Sequence 2 

was carried out in the proof of Proposition 3.3.3 for a power distribution of £ and an arbitrary 

D{p). We continue the analysis in Stage 2, assuming D(p) = p~q and a uniform £ € [0,2]. 

Stage 2: From the analysis in Stages 4 and 3, we have: w*(b,p) = p " ^ p ^ b c and z*(b,p) = 
2 2 P _ ^ , and M's and R's expected profit functions can be simplified tq: EHM = P {2p-b) an(^ 

2 

EHR =  p  Q^2p-b) 2 ^ • ^ n Stage 2, R determines p to maximize EHR for any given 6. The F.O.C. 

i g dEO^ = A

p~^(pfC\ where A = -2p3q + 3p2qb + 2p2qc - Zpqcb - pqb2 + qb2c + 2p3 - 3p2b + 

2p2c — 3pcb + 2pb2. Since A(p = max (6, c)) > 0 and A(p —> oo) < 0, the optimal retail price 

p*{b) is an inner solution, p*(b) > max(6,c), satisfying dEn

dp^ = 0, i.e., A = 0. Note that 

EHR =  p ~ Q % Z b ] b
{ f c ) 2 > 0 since p*{b) > max (b,c). 

Stage 1: We work with p instead of 6 for M's problem in this stage. Note that A can be written 
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as a quadratic function of b as follows: A(b) = (2p — qp + qc)b2 + 3p(qp — qc — p — c)b — 2p2(qp — qc — 

p - c) = 0, and there is a unique V(p) = ^ - » ( ^ ^ ) Y a g ^ - ' ) C w + ^ ^ ) > satisfying 

A(b*(p)) = 0. Since b* G [0,p), we must have p > ^ p p - M's expected profit function becomes: 
j—,-i-T p _ ( ' ' + 1 ' (p -c) (A/(gp-p-qc-c) (pg+7p-qc-9c) -p<j+<?c+5p-3c) 
£/11M = 51 § • 

Similar to the linear and exponential expected demand function cases, one can show, using sim

ple algebra, that for any p > EUM{S2) > EUM(S1), implying that EU*M{S2) > EUM(Sl). 

Finally, by (3.13) and (3.14), in the traditional sequence under D{p) = p~q, p* = g ^ l ^ c and 

EU*M(TS) = cq-ig7(g+i)g+i • Evaluating M's expected profit function in Stage 1 in Sequence 1 at 

the equilibrium retail price p* in the traditional sequence, and simplifying yields: ETIR(S1)(P*) = 
{ 9 ~ 1 ) Q ^- lfafa^t-^ 5 ^^ • LT i s n o t difficult to show that EUR(Sl)(p*) > ETL*R{TS) for any value 

of q and c, implying that ET1R(S1) > EU*R(TS). • 

Proof of Proposition 3.4.7. Assume that £ has a uniform distribution and D(p) = p~q. The 

analysis of Stages 4, 3 and 2 in Sequence 7 in the proof of Proposition 3.3.11 is valid for an arbitrary 

D(p), and we only need to analyze R's problem in Stage 1 for D(p) = p~q. Note that w* = p — jpz 

and EUM = (w* —c)D(p)z. In Stage 1, R sets p to maximize ETIR = ̂ p^q+1z2, where z = It 

is easy to verify that ETIR is unimodal in p and uniquely maximized at p* = ^ r j ^ - Accordingly, we 

can compute the equilibrium values of the other decision variables: z* = w* = and b* = 0, 
(a—\)Q—* 

and the equilibrium values of the expected profits are: ETl*M = 2ETlR = eg-i(g+i)g+i • By comparing 

these equilibrium values in Sequence 7 and those in the traditional sequence, as displayed by (3.13) 

and (3.14), we can easily derive: ETL*M(S7) > ETTM{TS) for q > 2, ETlM(S7) = ETTM(TS) for q = 

2, EU*M(S7) < En*M(TS) for q < 2, EUR(TS) > EUR(S7), Q*(S7) = l^iQ^TS) > Q*{TS), 

p*(S7) = 2 | l p *(T5) < P*(TS), w*(S7) = w*(TS) and b* (57) = b*{TS) = 0. • . 



Power distribution /(e) = 7(e)' with t = 0 (uniform) 
c 0.000E+00 1.000E-01 2.000E-01 3.000E-01 4.000E-01 5.000E-01 6.000E-01 7.000E-01 8.000E-01 9.000E-01 

w* 5.000E-01 5.500E-01 6.000E-01 6.500E-01 7.000E-01 7.500E-01 8.000E-01 8.500E-01 9.000E-01 9.500E-01 
b* 5.000E-01 5.000E-01 5.000E-01 5.000E-01 5.000E-01 5.000E-01 5.000E-01 5.000E-01 5.000E-01 5.000E-01 
p* 7.500E-01 7.927E-01 8.266E-01 8.555E-01 8.812E-01 9.045E-01 9.260E-01 9.461E-01 9.650E-01 9.829E-01 
Q* 2.500E-01 1.719E-01 1.203E-01 8.353E-02 5.648E-02 3.647E-02 2.188E-02 1.161E-02 4.890E-03 1.163E-03 

6.250E-02 4.172E-02 2.726E-02 1.717E-02 1.023E-02 5.636E-03 2.758E-03 1.116E-03 3.180E-04 3.833E-05 
3.125E-02 2.086E-02 1.363E-02 8.583E-03 5.116E-03 2.818E-03 1.379E-03 5.579E-04 1.590E-04 1.916E-05 

Channel 9.375E-02 6.258E-02 4.089E-02 2.575E-02 1.535E-02 8.453E-03 4.137E-03 1.674E-03 4.770E-04 5.749E-05 
Power distribution /(e) = 7 ( e ) ' with t • = 1 

c O.OOOE+00 1.000E-01 2.000E-01 3.000E-01 4.000E-01 5.000E-01 6.000E-01 7.000E-01 8.000E-01 9.000E-01 
w* 5.000E-01 5.500E-01 6.000E-01 6.500E-01 7.000E-01 7.500E-01 8.000E-01 8.500E-01 9 :000E-01 9.500E-01 
b* 5.000E-01 5.000E-01 5.000E-01 5.000E-01 5.000E-01 5.000E-01 5.000E-01 5.000E-01 5.000E-01 5.000E-01 
P* 7.500E-01 7.845E-01 8.147E-01 8.423E-01 8.679E-01 8.922E-01 9.153E-01 9.375E-01 9.589E-01 9.797E-01 
Q* 2.500E-01 1.957E-01 1.530E-01 1.182E-01 8.922E-02 6.492E-02 4.463E-02 2.795E-02 1.471E-02 5.043E-03 

8.333E-02 6.117E-02 4.381E-02 3.031E-02 1.998E-02 1.231E-02 6.861E-03 3.261E-03 1.156E-03 2.000E-04. 
4.167E-02 3.059E-02 2.191E-02 1.515E-02 9.989E-03 6.154E-03 3.430E-03 1.630E-03 5.782E-04 1.000E-04 

Channel 1.250E-01 9.176E-02 6.572E-02 4.546E-02 2.997E-02 1.846E-02 1.029E-02 4.891E-03 1.735E-03 3.000E-04 
Power distribution /(e) = 7(e)' with t = 2 

c 0.000E+00 1.000E-01 2.000E-01 3.000E-01 4.000E-01 5.000E-01 6.000E-01 7.000E-01 8.000E-01 9.000E-01 
w* - 5.000E-01 5.500E-01 6.000E-01 6.500E-01 7.000E-01 7.500E-01 8.000E-01 8.500E-01 9.000E-01 9.500E-01 
6* 5.000E-01 5.000E-01 5.000E-01 5.000E-01 5.000E-01 5.000E-01 5.000E-01 5.000E-01 5.000E-01 5.000E-01 
P* 7.500E-01 7.815E-01 8.102E-01 8.371E-01 8.626E-01 8.871E-01 9.108E-01 9.339E-01 9.564E-01 9.784E-01 
Q* 2.500E-01 2.047E-01 1.667E-01 1.339E-01 1.052E-01 7.985E-02 5.761E-02 3.823E-02 2.173E-02 8.430E-03 

EirM 9.375E-02 7.109E-02 5.256E-02 3.757E-02 2.565E-02 1.643E-02 9.579E-03 4.810E-03 1.837E-03 3.590E-04 
ETiR 4.688E-02 3.554E-02 2.628E-02 1.879E-02 1.283E-02 8.214E-03 4.789E-03 2.405E-03 9.186E-04 1.795E-04 

Channel 1.406E-01 1.066E-01 7.885E-02 5.636E-02 3.848E-02 2.464E-02 1.437E-02 7.216E-03 2.756E-03 5.384E-04 
Power distribution /(e) = 7 ( e ) ' with t = 4 

c 0.000E+00 1.000E-01 2.000E-01 3.000E-01 4.000E-01 5.000E-01 6.000E-01 7.000E-01 8.000E-01 9.000E-01 
w* 5.000E-01 5.500E-01 6.000E-01 6.500E-01 7.000E-01 7.500E-01 8.000E-01 8.500E-01 9.000E-01 9.500E-01 
b* 5.000E-01 5.000E-01 5.000E-01 5.000E-01 5.000E-01 5.000E-01 5.000E-01 5.000E-01 5.000E-01 5.000E-01 
P* 7.500E-01 7.790E-01 8.063E-01 8.326E-01 8.579E-01 8.827E-01 9.069E-01 9.306E-01 9.540E-01 9.772E-01 
Q* 2.500E-01 2.125E-01 1.790E-01 1.485E-01 1.206E-01 9.493E-02 7.128E-02 4.961E-02 3.002E-02 1.288E-02 

EIYM 1.042E-01 8.108E-02 6.154E-02 4.519E-02 3.175E-02 2.099E-02 1.270E-02 6.668E-03 2.704E-03 5.828E-04 
En*R 5.208E-02 4.054E-02 3.077E-02 2.259E-02 1.588E-02 1.050E-02 6.348E-03 3.334E-03 1.352E-03 2.914E-04 

Channel 1.563E-01 1.216E-01 9.231E-02 6.778E-02 4.763E-02 3.149E-02 1.904E-02 1.000E-02 4.057E-03 8.742E-04 

Table 3A.1: Equilibrium values in the traditional sequence: M:w,b; R:p,Q for D(p) = 1 — p 



Power distribution /(e) = 7(e)' with t = 0 (uniform) 
c 0.000E+00 1.000E-01 2.000E-01 3.000E-01 4.000E-01 5.000E-01 6.000E-01 7.000E-01 8.000E-01 9.000E-01 

w* 4.456E-01 5.230E-01 5.911E-01 6.531E-01 7.105E-01 7.644E-01 8.156E-01 8.644E-01 9.112E-01 9.564E-01 
b* 3.884E-01 4.326E-01 4.694E-01 5.016E-01 5.302E-01 5.563E-01 5.804E-01 6.028E-01 6.239E-01 6.438E-01 
p* 7.016E-01 7.501E-01 7.904E-01 8.255E-01 8.567E-01 8.851E-01 9.112E-01 9.355E-01 9.582E-01 9.797E-01 
Q* 2.439E-01 1.787E-01 1.301E-01 9.289E-02 6.418E-02 4.217E-02 2.567E-02 1.379E-02 5.873E-03 1.411E-03 

EnM 6.996E-02 4.795E-02 3.193E-02 2.040E-02 1.231E-02 6.848E-03 3.381E-03 1.379E-03 3.956E-04 4.798E-05 
ETlR 

3.123E-02 2.030E-02 1.297E-02 8.004E-03 4.691E-03 2.544E-03 1.227E-03 4.902E-04 1.380E-04 1.645E-05 
Channel 1.012E-01 6.825E-02 4.490E-02 2.841E-02 1.700E-02 9.392E-03 4.608E-03 1.869E-03 5.336E-04 6.444E-05 

Power distribution /(e) = 7 ( e ) ' with t - = 1 
c 0.000E+00 1.000E-01 2.000E-01 3.000E-01 4.000E-01 5.000E-01 6.000E-01 7.000E-01 8.000E-01 9.000E-01 

w* 4.604E-01 5.251E-01 5.858E-01 6.435E-01 6.989E-01 7.524E-01 8.043E-01 8.548E-01 9.042E-01 9.526E-01 
b* 3.806E-01 4.103E-01 4.372E-01 4.619E-01 4.851E-01 5.069E-01 5.276E-01 5.474E-01 5.663E-01 5.852E-01 
P* 7.159E-01 7.532E-01 7.872E-01 8.186E-01 8.482E-01 8.762E-01 9.029E-01 9.284E-01 9.531E-01 9.769E-01 
Q* 2.480E-01 2.013E-01 1.614E-01 1.271E-01 9.733E-02 7.168E-02 4.978E-02 3.145E-02 1.668E-02 5.753E-03 

EU*M 9.019E-02 6.725E-02 4.875E-02 3.405E-02 2.262E-02 1.403E-02 7.871E-03 3.761E-03 1.340E-03 2.328E-04 
EWR 4.224E-02 3.062E-02 2.167E-02 1.484E-02 9.686E-03 5.915E-03 3.271E-03 1.544E-03 5.438E-04 9.334E-05 

Channel 1.324E-01 9.787E-02 7.042E-02 4.888E-02 3.231E-02 1.995E-02 1.114E-02 5.304E-03 1.884E-03 3.261E-04 

Power distribution /(e) = 7(e)' with t = 2 
c 0.000E+00 1.000E-01 2.000E-01 3.000E-01 4.000E-01 5.000E-01 6.000E-01 7.000E-01 8.000E-01 9.000E-01 

w* 4.690E-01 5.290E-01 5.866E-01 6.424E-01 6.965E-01 7.494E-01 8.012E-01 8.520E-01 9.021E-01 9.514E-01 
b* 3.777E-01 4.019E-01 4.245E-01 4.459E-01 4.663E-01 4.858E-01 5.046E-01 5.228E-01 5.404E-01 5.577E-01 
P* 7.238E-01 7.571E-01 7.884E-01 8.181E-01 8.466E-01 8.740E-01 9.006E-01 9.264E-01 9.515E-01 9.760E-01 
Q* 2.494E-01 2.096E-01 1.739E-01 1.416E-01 1.125E-01 8.624E-02 6.271E-02 4.189E-02 2.395E-02 9.338E-03 

EITM 9.963E-02 7.639E-02 5.699E-02 4.103E-02 2.819E-02 1.815E-02 1.063E-02 5.361E-03 2.055E-03 4.028E-04 
EIVR 4.765E-02 3.584E-02 2.630E-02 1.867E-02 1.266E-02 8.062E-03 4.675E-03 2.335E-03 8.877E-04 1.726E-04 

Channel 1.473E-01 1.122E-01 8.329E-02 5.970E-02 4.085E-02 2.621E-02 1.531E-02 7.696E-03 2.943E-03 5.754E-04 
Power distribution /(e) = 7 ( e ) ' with t = 4 

c 0.000E+00 1.000E-01 2.000E-01 3.000E-01 4.000E-01 5.000E-01 6.000E-01 7.000E-01 8.000E-01 9.000E-01 
w* 4.785E-01 5.346E-01 5.894E-01 6.432E-01 6.960E-01 7.481E-01 7.995E-01 8.503E-01 9.007E-01 9.505E-01 
b* 3.756E-01 3.952E-01 4.140E-01 4.322E-01 4.499E-01 4.670E-01 4.837E-01 5.001E-01 5.162E-01 5.320E-01 
P* 7.322E-01 7.621E-01 7.911E-01 8.191E-01 8.465E-01 8.732E-01 8.994E-01 9.251E-01 9.504E-01 9.754E-01 
Q* 2.502E-01 2.162E-01 1.844E-01 1.545E-01 1.265E-01 1.002E-01 7.563E-02 5.289E-02 3.213E-02 1.383E-02 

EUM 1.086E-01 8.513E-02 6.499E-02 4.796E-02 3.384E-02 2.245E-02 1.362E-02 7.175E-03 2.917E-03 6.302E-04 
En*R 5.289E-02 4.099E-02 3.098E-02 2.265E-02 1.586E-02 1.044E-02 6.296E-03 3.296E-03 1.333E-03 2.865E-04 

Channel 1.615E-01 1.261E-01 9.597E-02 7.061E-02 4.970E-02 3.290E-02 1.992E-02 1.047E-02 4.250E-03 9.166E-04 

Table 3A.2: Equilibrium values in Sequence 1: M:w; R:p; M:b; R:Q for D(p) = l—p 



Power distribution /(e) = 7(e)' with t = 0 (uniform) 
c 0.000E+00 1.000E-01 2.000E-01 3.000E-01 4.000E-01 5.000E-01 6.000E-01 7.000E-01 8.000E-01 9.000E-01 

w* 4.566E-01 5.419E-01 6.151E-01 6.803E-01 7.394E-01 7.935E-01 8.431E-01 8.886E-01 9.301E-01 9.673E-01 
b* 3.894E-01 4.552E-01 5.131E-01 5.668E-01 6.183E-01 6.690E-01 7.202E-01 7.731E-01 8.300E-01 8.951E-01 
p* 6.318E-01 6.940E-01 7.439E-01 7.866E-01 8.242E-01 8.582E-01 8.894E-01 9.185E-01 9.461E-01 9.727E-01 
Q* 2.661E-01 1.949E-01 1.429E-01 1.032E-01 7.239E-02 4.850E-02 3.024E-02 1.674E-02 7.417E-03 1.891E-03 

8.407E-02 5.788E-02 3.886E-02 2.510E-02 1.535E-02 8.686E-03 4.375E-03 1.829E-03 5.417E-04 6.871E-05 
2.331E-02 1.481E-02 9.202E-03 5.483E-03 3.069E-03 1.569E-03 6.994E-04 2.499E-04 5.921E-05 5.077E-06 

Channel 1.074E-01 7.269E-02 4.806E-02 3.059E-02 1.842E-02 1.025E-02 5.074E-03 2.079E-03 6.009E-04 7.378E-05 
Power distribution /(e) = 7(e)* with t -= 1 

c 0.000E+00 1.000E-01 2.000E-01 3.000E-01 4.000E-01 5.000E-01 6.000E-01 7.000E-01 8.000E-01 9.000E-01 
w* 4.813E-01 5.457E-01 6.066E-01 6.645E-01 7.197E-01 7.724E-01 8.229E-01 8.710E-01 9.167E-01 9.597E-01 
b* 3.532E-01 4.079E-01 4.621E-01 5.165E-01 5.718E-01 6.285E-01 6.876E-01 7.500E-01 8.177E-01 8.948E-01 
P* 6.277E-01 6.714E-01 7.123E-01 7.512E-01 7.886E-01 8.248E-01 8.601E-01 8.948E-01 9.291E-01 9.637E-01 
Q* 2.719E-01 2.269E-01 1.870E-01 1.513E-01 1.192E-01 9.048E-02 6.498E-02 4.266E-02 2.372E-02 8.737E-03 

1.138E-01 8.644E-02 6.387E-02 4.550E-02 3.088E-02 1.959E-02 1.127E-02 5.541E-03 2.043E-03 3.708E-04 
2.654E-02 1.900E-02 1.318E-02 8.749E-03 5.478E-03 3.159E-03 1.613E-03 6.773E-04 1.975E-04 2.317E-05 

Channel 1.403E-01 1.054E-01 7.704E-02 5.425E-02 3.636E-02 2.275E-02 1.288E-02 6.218E-03 2.240E-03 3.940E-04 
Power distribution /(e) = 7(e)' with t -= 2 

c 0.000E+00 1.000E-01 2.000E-01 3.000E-01 4.000E-01 5.000E-01 6.000E-01 7.000E-01 8.000E-01 9.000E-01 
w* 4.938E-01 5.506E-01 6.060E-01 6.600E-01 7.129E-01 7.645E-01 8.147E-01 8.636E-01 9.109E-01 9.565E-01 
b* 3.107E-01 3.670E-01 4.245E-01 4.833E-01 5.438E-01 6.064E-01 6.717E-01 7.406E-01 8.147E-01 8.972E-01 
P* 6.169E-01 6.561E-01 6.948E-01 7.330E-01 7.709E-01 8.085E-01 8.461E-01 8.836E-01 9.214E-01 9.597E-01 
Q* 2.827E-01 2.458E-01 2.106E-01 1.772E-01 1.454E-01 1.152E-01 8.687E-02 6.042E-02 3.622E-02 1.504E-02 

1.308E-01 1.025E-01 7.816E-02 5.754E-02 4.044E-02 2.667E-02 1.603E-02 8.320E-03 3.297E-03 6.736E-04 
2.608E-02 1.945E-02 1.403E-02 9.693E-03 6.323E-03 3.810E-03 2.042E-03 9.064E-04 2.834E-04 3.672E-05 

Channel 1.569E-01 1.220E-01 9.219E-02 6.723E-02 4.676E-02 3.048E-02 1.807E-02 9.226E-03 3.581E-03 7.103E-04 
Power distribution /(e) = 7(e)' with t • = 4 

c O.OOOE+00 1.000E-01 2.000E-01 3.000E-01 4.000E-01 5.000E-01 6.000E-01 7.000E-01 8.000E-01 9.000E-01 
w* 5.023E-01 5.540E-01 6.054E-01 6.566E-01 7.074E-01 7.579E-01 8.079E-01 8.573E-01 9.060E-01 9.537E-01 
b* 2.306E-01 2.978E-01 3.661E-01 4.356E-01 5.065E-01 5.791E-01 6.538E-01 7.312E-01 8.125E-01 8.998E-01 
P* 5.913E-01 6.310E-01 6.708E-01 7.108E-01 7.509E-01 7.912E-01 8.318E-01 8.728E-01 9.142E-01 9.563E-01 
Q* 3.090E-01 2.753E-01 2.420E-01 2.090E-01 1.764E-01 1.442E-01 1.126E-01 8.171E-02 5.182E-02 2.356E-02 

1.522E-01 1.218E-01 9.493E-02 7.153E-02 5.157E-02 3.500E-02 2.175E-02 1.177E-02 4.931E-03 1.105E-03 
2.293E-02 1.767E-02 1.318E-02 9.433E-03 6.389E-03 4.009E-03 2.249E-03 1.054E-03 3.524E-04 5.038E-05 

Channel 1.752E-01 1.395E-01 1.081E-01 8.096E-02 5.796E-02 3.901E-02 2.400E-02 1.282E-02 5.283E-03 1.155E-03 

Table 3A.3: Equilibrium values in Sequence 2: M:b; R:p; M:w; R:Q for D(p) = l-p 



Power distribution /(e) = 7(e)' with t = 0 (uniform) 
c 0.000E+00 1.000E-01 2.000E-01 3.000E-01 4.000E-01 5.000E-01 6.000E-01 7.000E-01 8.000E-01 9.000E-01 

w* 2.500E-01 3.427E-01 4.265E-01 5.055E-01 5.812E-01 6.545E-01 7.260E-01 7.961E-01 8.651E-01 9.329E-01 
b* 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 O.OOOE+OO 0.000E+00 0.000E+00 0.000E+00 
p* ' 5.000E-01 5.854E-01 6.531E-01 7.110E-01 7.624E-01 8.090E-01 8.521E-01 8.922E-01 9.301E-01 9.659E-01 
Q* 2.500E-01 1.719E-01 1.203E-01 8.353E-02 5.647E-02 3.647E-02 2.188E-02 1.161E-02 4.888E-03 1.164E-03 

6.250E-02 4.172E-02 2.726E-02 1.717E-02 1.023E-02 5.636E-03 2.758E-03 1.116E-03 3.180E-04 3.833E-05 
3.125E-02 2.086E-02 1.363E-02 8.583E-03 5.116E-03 2.818E-03 1.379E-03 5.579E-04 1.590E-04 1.916E-05 

Channel 9.375E-02 6.258E-02 4.089E-02 2.575E-02 1.535E-02 8.453E-03 4.137E-03 1.674E-03 4.770E-04 5.749E-05 
Power distribution /(e) = 7(e)' with t = = 1 

c 0.000E+00 1.000E-01 2.000E-01 . 3.000E-01 4.000E-01 5.000E-01 6.000E-01 7.000E-01 8.000E-01 9.000E-01 
w* 3.333E-01 4.126E-01 4.863E-01 5.564E-01 6.239E-01 6.896E-01 7.537E-01 8.166E-01 8.786E-01 9.397E-01 
b* 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 O.OOOE+00 O.OOOE+00 0.000E+00 
P* 5.000E-01 5:690E-01 6.295E-01 6.846E-01 7.359E-01 7.844E-01 8.306E-01 8.750E-01 9.179E-01 9.595E-01 
Q* 2.887E-01 2.259E-01 1.767E-01 1.365E-01 1.030E-01 7.496E-02 5.153E-02 3.228E-02 1.699E-02 5.824E-03 

EKM 
9.623E-02 7.064E-02 5.059E-02 3.499E-02 2.307E-02 1.421E-02 7.922E-03 3.765E-03 1.335E-03 2.310E-04 

EITR 
3.208E-02 2.355E-02 1.686E-02 1.166E-02 7.690E-03 4.737E-03 2.641E-03 1.255E-03 4.451E-04 7.699E-05 

Channel 1.283E-01 9.418E-02 6.746E-02 4.666E-02 3.076E-02 1.895E-02 1.056E-02 5.021E-03 1.780E-03 3.080E-04 
Power distribution /(e) = 7(e)' with t = = 2-

c 0.000E+00 1.000E-01 2.000E-01 3.000E-01 4.000E-01 5.000E-01 6.000E-01 7.000E-01 8.000E-01 9.000E-01 
w* 3.750E-01 4.473E-01 5.154E-01 5.807E-01 6.440E-01 7.057E-01 7.663E-01 8.258E-01 8.846E-01 9.426E-01 
b* 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 O.OOOE+00 0.000E+00 0.000E+00 
P* 5.000E-01 5.630E-01 6.205E-01 6.742E-01 7.253E-01 7.743E-01 8.217E-01 8.677E-01 9.127E-01 9.568E-01 
Q* 3.150E-01 2.579E-01 2.100E-01 1.687E-01 1.325E-01 1.006E-01 7.257E-02 4.817E-02 2.738E-02 1.062E-02 

EirM 1.181E-01 8.956E-02 6.623E-02 4.734E-02 3.232E-02 2.070E-02 1.207E-02 6.061E-03 2.315E-03 4.523E-04 

mt 2.953E-02 2.239E-02 1.656E-02 1.183E-02 8.079E-03 5.174E-03 3.017E-03 1.515E-03 5.787E-04 1.131E-04 
Channel 1.476E-01 1.120E-01 8.278E-02 5.917E-02 4.040E-02 2.587E-02 1.509E-02 7.576E-03 2.893E-03 5.653E-04 

Power distribution /(e) = 7 ( e ) ' with t = = 4 
c O.OOOE+00 1.000E-01 2.000E-01 3.000E-01 4.000E-01 5.000E-01 6.000E-01 7.000E-01 8.000E-01 9.000E-01 

w* 4.167E-01 4.817E-01 5.440E-01 6.043E-01 6.632E-01 7.211E-01 7.781E-01 8.344E-01 8.901E-01 9.453E-01 
b* 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 O.OOOE+OO O.OOOE+00 O.OOOE+00 O.OOOE+00 
P* 5.000E-01 5.581E-01 6.127E-01 6.652E-01 7.158E-01 7.653E-01 8.138E-01 8.613E-01 9.081E-01 9.543E-01 
Q* 3.494E-01 2.969E-01 2.501E-01 2.075E-01 1.686E-01 1.327E-01 9.962E-02 6.934E-02 4.195E-02 1.800E-02 

En*M 1.456E-01 1.133E-01 8.601E-02 6.316E-02 4.438E-02 2.934E-02 1.774E-02 9.320E-03 3.780E-03 8.146E-04 
EIIR 2.426E-02 1.889E-02 1.433E-02 1.053E-02 7.396E-03 4.890E-03 2.957E-03 1.553E-03 6.300E-04 1.358E-04 

Channel 1.699E-01 1.322E-01 1.003E-01 7.368E-02 •5.177E-02 3.423E-02 2.070E-02 1.087E-02 4.410E-03 9.503E-04 

Table 3A.4: Equilibrium values in Sequence 7: R:p; M:w; R:Q; M:b for D(p) = l-p 



Chapter 4 

Price and Order Postponement in a 
Decentralized Newsvendor Model 
with Price-Dependent Demand 

4.1 Introduction 

Over the past two decades, with global competition, faster product development, and increasingly 

flexible manufacturing systems, an unprecedented number and variety of products are competing 

in markets ranging from apparel and toys to power tools and computers. Despite the benefits to 

consumers, this phenomenon is making it more difficult for manufacturers and retailers to predict 

which of their goods will sell and to plan production, ordering and pricing decisions accordingly. To 

be able to make supply meet demand in an uncertain world, supply chain members have invested 

considerable resources to control demand variability and reduce risk due to its uncertainty. Post

poning operational decisions has emerged as a strategic mechanism to manage some of the risks 

associated with uncertain demand. 

Basically, postponement entails the delay of activities, such as pricing, production and order

ing, until after some or all of the uncertain attributes of demand have been observed. Production 

postponement was inspired by its successful implementation in Benetton (e.g., Signorelli and Hes-

kett (1984), Lee and Tang (1998)) and in Hewlett-Packard (HP) (e.g., Lee et al. (1993), Lee and 

Billington (1994), and Feitzinger and Lee (1997)). Indeed, postponement of one form or another 

has become a marketing, manufacturing and logistics business concept which is applied throughout 

the entire supply chain. Companies such as HP, Dell, and Honda are often cited in the operations 

literature as leading practitioners of postponement. 

In this chapter, we study two kinds of postponement in a decentralized supply chain: order 

postponement and price postponement. In what follows, we motivate the postponement problem 

84 
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we are interested in by using instances from the Operations Management literature and practices. 

Rapid advances in information technology allow supply chain members in many industries to 

routinely use effective postponement strategies in their decision process. For example, Amazon.com, 

which is the largest Internet retail company in the world, allows customers to place advance purchase 

orders for "future release" items. These pre-orders, in turn, help Amazon decide upon appropriate 

order quantities from its suppliers. Many other online stores, e.g., Cdnow.com, Chapters.indigo.ca, 

follow Amazon's practice regarding their future release items, which can be viewed as examples of 

order postponement. Indeed, Moe and Fader (2002). have provided the practices of Cdnow as an 

example wherein advance purchase orders are used to estimate demand for future release items. 

Order postponement is apparently also used in the large appliances industries. Indeed, market 

research conducted by the washing machine company Whirlpool has revealed that in many cases 

customers do not expect, or need, immediate delivery of their orders. Rather, such orders are 

often required by customers only upon their occupancy of a new residence (Waller (2000)). This 

observation allows washing machine retailers to advantageously postpone their ordering decisions. 

Finally, we note that order postponement can also be employed by conference organizers (Xie and 

Shugan (2001)) by using information about abstract submissions, done online, to better estimate 

demand for conference space. 

Van Miegham and Dada (1999) have suggested that the bargaining practices in a car dealership 

can be viewed as an example for price postponement. Specifically, price postponement is imple

mented if a car dealership allows for some bargaining and haggling about the final price, whereas 

price postponement is not implemented whenever the dealership does not allow bargaining and 

follow the "no negotiation pricing policy" (e.g., Saturn). In that respect, price postponement is 

implemented by any retailer, who does not insist that the posted price is the final price, and allows 

for some bargaining to determine the selling price. 

Price postponement is used by GreatModels.com, which is an online retail store which pro

vides buyers with scale models (e.g., scale helicopter models, scale car models, and scale ar

tillery/cannons/missiles/guns), accessories, and decals, etc. Indeed, it is clearly stated on their 

website that "the price might not show if the item is a future release", which suggests that the 

price of such products would be determined after demand information from the pre-launch orders 

has been assessed. 

The effect of various postponement strategies in a centralized setting was extensively ana

lyzed in the operations literature, see, e.g., Lee (1996), and Lee and Tang (1997). Aviv and 

http://Cdnow.com
http://GreatModels.com
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Federgruen (2001) have investigated the benefits of postponement in more general settings, where 

parameters of the demand distributions are unknown or where demand in consecutive periods is 

correlated. Recently, Iyer et al. (2003) have analyzed the benefits of demand postponement as 

a strategy to handle potential demand surges. Anand and Mendelson (1998) have studied the 

relationship between a firm's information system and the value of delayed production, and have 

analyzed the benefits of production postponement, i.e., delayed product differentiation, in a multi-

product supply chain setting. Yang and Burns (2001) have provided a conceptual framework of 

postponed manufacturing and its implementation as part of a global strategy. Van Mieghem and 

Dada (1999) have conducted a thorough, analysis of postponement strategies in a two-stage de

cision model where a centralized firm makes the following three decisions: capacity investment, 

production (inventory) quantity, and retail pricing. They have shown, among other results, that 

postponement of either retail price or production would always (weakly) benefit the centralized 

firm. Or, equivalently, the expected value of perfect information (EVPI) of demand, either for 

pricing decision or ordering decision, is non-negative. 

Now, while benefits of postponement for a single decision maker have been demonstrated, de

centralized supply chains are comprised of individually rational players who may behave in a selfish 

way. Thus, a natural question that may arise is whether, for example, Amazon's postponement 

strategies as reflected via their practice regarding future release products, could hurt the supply 

chain? In general, we are interested in analyzing the following issues related to postponement in a 

decentralized system. 

(I) Is the EVPI of demand information, either for pricing or ordering decision, non-negative, as 

is the case in a centralized system? 

(II) What are the effects of price or order postponement on the equilibrium profits of the channel 

players? Would the party introducing these postponement strategies be able to keep most of 

the benefits, if any, of postponement? 

(III) What would be the effect of these postponement strategies on the equilibrium values of the 

contract parameters? 

(IV) Which postponement strategies are preferred by different players? 

In order to answer the above questions, we consider the PD-newsvendor model described in 

the introduction chapter in §1.2, wherein a manufacturer (M) sells a product, possibly with a 
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buyback rate, to an independent retailer (R) who sets an order quantity and a retail price that 

affects uncertain demand. Both M and R maximize their own profits. In the PD-newsvendor 

model without any postponement, all contract parameters (e.g., M's wholesale price and R's retail 

price and order quantity) are determined before the random component in demand is realized. In 

general, in this, chapter, we attempt to investigate the effect of postponing R's decisions of order 

quantity and retail price on the equilibrium values of the contract parameters and expected profits. 

We show that the PD-newsvendor model with either an additive or multiplicative demand func

tion under order postponement coincides with the corresponding deterministic model wherein the 

demand function coincides with the expected demand function in the PD-newsvendor model. We 

further show a remarkable relationship between the multiplicative PD-newsvendor model with buy

backs, with and without price postponement, and the corresponding deterministic model. Specif

ically, under some conditions, in the multiplicative PD-newsvendor model with buyback options, 

under price postponement, in equilibrium, the wholesale and buyback prices, profit allocation 

ratio between M and R and channel efficiency coincide with those values in the corresponding 

PD-newsvendor model with buyback options and no postponement. These equilibrium values, ex

cluding the buyback rate but including the expected retail price, in turn, further coincide with their 

counterparts in the corresponding deterministic model.' 

We also show that in most cases, despite vertical competition, the effect of postponement in 

the multiplicative model is quite beneficial for M and R. In particular, when the channel profit is 

relatively small, the percentage improvement in the profits of M and R could be very substantial. 

However, we also demonstrate in this chapter that in some cases, e.g., when the manufacturing 

cost is relatively low, the effect of postponement in a decentralized system is qualitatively different 

from its effect in a centralized firm. Specifically, in the multiplicative PD-newsvendor model, 

postponement could make R, who presumably initiates such a postponement strategy, worse off. 

Moreover, it could make the channel worse off, and in fact, it could even make both M and R 

strictly worse off. Similar to the multiplicative model, in general, price or order postponement in 

the additive PD-newsvendor model is beneficial for both players, but there are cases when both of 

them can be worse off. These results are in stark contrast with those in a centralized firm. Our 

results also demonstrate that, in many cases, R is unable to retain the lion share of the benefits 

stemming from postponement, and that in the multiplicative model, the effect of postponement 

depends very significantly on the type of contract (wholesale price-only or buyback contract). 

To our knowledge, Taylor (2002b) is the only paper that has analyzed the effect of postponement 
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in a decentralized setting. Specifically, he has considered a decentralized model wherein M decides 

when to sell to R. It is assumed in his paper that the retail price is always set after demand 

uncertainty is resolved, and the objective is to investigate the effect of postponing the upstream 

pricing decision, i.e., M's wholesale price, on the channel and its members. The case wherein M sells 

early coincides with the PD-newsvendor model without buybacks and retail price postponement. 

There are other papers in the supply chain literature that also consider the issue of M's sales 

timing (e.g., Erhun et al. (2001), Anand et al. (2002), and Cachon (2004a)). Padmanabhan and 

Png (1997) have studied a PD-newsvendor problem with an additive demand model. The retail 

price is always assumed to be determined after observing demand, and the objective is to evaluate 

the implications of using wholesale price-only contracts versus full-credit returns contracts. This 

chapter, as explained above, focuses on the effect of postponing the downstream decisions. Namely, 

whether R should sell early or late to the end-customers, and whether he should order early or late 

from M . 

The remainder of this chapter is organized as follows. Section 4.2 recalls the basic price-

dependent newsvendor model and related notation, as introduced in §1.2 in Chapter 1. Sec

tions 4.3, 4.4, 4.5 and 4.6 consider various postponement strategies in the PD-newsvendor model 

with a multiplicative demand function (i.e., the multiplicative PD-newsvendor model). More specif

ically, Section 4.3 introduces and analyzes order postponement. In Section 4.4 we study price 

postponement. The no postponement model is considered in Section 4.5, and the effects of price 

postponement and order postponement are discussed in Section 4.6. We extend the analysis to the 

PD-newsvendor model with an additive demand function (i.e., the additive PD-newsvendor model) 

in Section 4.7. Managerial insights and conclusions are presented in Section 4.8, and all proofs in 

this chapter are given in the appendix in Section 4.9. 

4.2 Preliminaries and Notation 

Consider the decentralized price-dependent newsvendor model described in Section 1.2, wherein 

a manufacturer sells a single product to an independent retailer who is facing stochastic demand 

from the end-customer market. Randomness in demand is price independent. Specifically, recall 

that demand is defined as X = D(p) + £ in the additive case and X = D(p) • £ in the multiplicative 

case, where D{p) is the deterministic part of X which decreases in the retail price p, and £ captures 

the random factor of the demand function, which could have either a continuous or discrete dis

tribution. For continuous £, F(-) and /(•) are the distribution and density functions, respectively. 
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See Section 1.2 for more detailed description of the demand models. In this chapter, in §4.3, §4.4, 

§4.5 and §4.6, we focus our attention on a multiplicative demand model, and in §4.7 we extend our 

analysis to an additive demand model. 

Recall that the decision sequence in the PD-newsvendor model without postponement is as 

follows. M, who has unlimited production capacity and can produce the items at a fixed marginal 

cost c, is a Stackelberg leader. M initiates the process by offering a wholesale price w, possibly 

together with a buyback rate b. R then commits to an order quantity Q and a selling price p, and the 

retail price affects the expected demand function. Demand is realized thereafter. For simplicity, it 

is assumed that the salvage value of unsold inventory is zero for both M and R, unsatisfied demand 

is lost and there is no penalty cost for unmet demand. For feasibility, we assume: (i) c < w < p 

and (ii) 0 < b < w. 

The objective of this chapter is to study the effects of various postponement strategies in the 

PD-newsvendor model. We will refer to the multiplicative (respectively, additive) PD-newsvendor 

model, wherein all decisions are made before demand uncertainty is resolved, as the multiplica

tive (respectively, additive) PD-newsvendor model under no postponement, or the multiplicative 

(respectively, additive) ./V-postponement model. The postponement strategies we study differ in 

the timing of the retailer's operational decisions (e.g., order quantity and retail price) relative to 

the realization of demand uncertainty. We will refer to the multiplicative (respectively, additive) 

PD-newsvendor model, wherein R only postpones his decision on the order quantity Q (respec

tively, retail price p) until after demand uncertainty is observed, as the multiplicative (respectively, 

additive) PD-newsvendor model under order postponement (respectively, price postponement), or 

the multiplicative (respectively, additive) Q-postponement (respectively, p-postponement) model. 

Recall that, unless otherwise noted, we denote by (-)1, (•)* and (•) the equilibrium values in 

the integrated system, the system under a buyback contract and the system under a wholesale 

price-only contract, respectively, and e the observed value of demand uncertainty £. 

4.3 Order Postponement in the Mu l t ip l i ca t i ve M o d e l 

Under a multiplicative Q-postponement model, R postpones his ordering decision until after ob

serving demand uncertainty. The decision sequence is as follows. M initiates the process by setting 

a wholesale price w (Stage 1). R then commits to a retail price p (Stage 2). Demand uncertainty, 

£, is resolved afterwards. Finally, after observing demand uncertainty, R sets his order quantity 

Q (Stage 3), and M then fulfills the order without delay. Since R, in Stage 3, places his order after 
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observing demand uncertainty, he will order only as much as he can sell, i.e., the realized demand, 

if his marginal profit is nonnegative, i.e., p > w. Thus, Q = X, and the expected profit functions 

for M and R in Stage 2 are: 

EILM = Ex[(w-c)Q] = (w-c)E{X) and ETIR = Ex\pmm(Q,X)-wQ] = (p-w)E(X). (4.1) 

Note that under Q-postponement, it is unnecessary to introduce buybacks since there is no unsold 

inventory. 

Recall that X = D{p)£, D{p) decreases in p, £ e [L,U], and L > 0. Thus, E(X) = ^ • D(p), 

where fi^ = E(£). M's and R's expected profit functions, given by (4.1), become ETIM = ^(w — 

c)D(p) and ETIR = p^(p — w)D(p), which are independent of the distribution of £, and only 

dependent on /x .̂ Recall that p,^ is normalized to be one (see §1.2 for details). However, for 

explanation purposes, we keep p^ in all expressions in this section. 

In Stage 2, before observing demand uncertainty, R must commit to a retail price p to maximize 

ETIR = p^(p — w)D(p), which is equivalent to choosing p to maximize (p — w)D(p). Assume R's 

best p in Stage 2, denoted by p(w), is unique, and observe that p{w) is independent of £. 

The manufacturer's expected profit function in Stage 1 becomes: . E T I M = Pz(w — c)D(p(w)). 

It is evident that M's best w in Stage 1, which is assumed to be unique, is independent of £ since 

p(w) is independent of £. Thus, we can conclude that in the Q-postponement model, in equilibrium 

(assuming uniqueness, which will be discussed later), 

(1) w* and p* are both independent of f, 

(2) Q* = D(p*)e, and 

(3) EflM = K(W* - c)D(p*) and ETLR = ^(p* - w*)D(p*), 

where e is the observed value of £. Based on the above analysis, we conclude that postponing 

R's ordering decision allows the retailer to match his order to realized demand, which reduces the 

model to a price setting problem with deterministic demand. 

Observation 4.3.1 The equilibrium values of the wholesale price, retail price, expected order quan

tity and the equilibrium values of the expected profits of the manufacturer and the retailer in the 

multiplicative Q-postponement model coincide with those values in the corresponding deterministic 

model, wherein the demand function coincides with the expected demand function in the multiplica

tive Q-postponement model. 

Note that Observation 4.3.1 holds as well for the corresponding centralized firm. That is, in 

a centralized firm under Q-postponement, demand uncertainty has no effect on the optimal retail 
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price. This is in contrast to the effect of demand uncertainty in a centralized model without Q-

postponement, wherein, e.g., the equilibrium value of the retail price in a model with multiplicative 

uncertain demand is higher than that in the corresponding model with deterministic demand, see 

also Petruzzi and Dada (1999). 

Since the equilibrium values of decision variables and expected profits of channel members in the 

multiplicative PD-newsvendor model coincide with those in the deterministic model, for comparison 

purpose, we recall these equilibrium values in the deterministic model in Table 4.1 below, which 

are originally presented in Table 2.2 in Chapter 2. We will further refer to them in §4.5 and §4.6 

in this Chapter. 

D{p) ft* Profit 
dist. 

P* Q* n 7 
p' Q' Channel 

efficiency 

1 - P 
( l - c ) 2 ( l - c ) 2 

2 : 1 l ± c 
2 

3 + c 
• 4 

l - c 
4 

( l - c ) 2 1 + c 
2 

l - c 
2 75% 1 - P 8 • 16 2 : 1 l ± c 

2 
3 + c 

• 4 
l - c 

4 4 
1 + c 

2 
l - c 

2 75% 

e~p e - c - 2 
e " C - 2 1 : 1 1 + C 2 + c e - 2 - c 1 + c f ss 73.58% 

p-o ( Q - i ) 2 " - 1 ( Q - I ) 2 " " 2 q-l:q J 2 £ _ 
q - 1 

J L 
9 - 1 

1 q \ - Q ( 2 , - l ) ( 9 - l ) » - 1 

p-o 
Q 2 q c q - 1 q 2 g - l c g - l q-l:q J 2 £ _ 

q - 1 ( < / - l ) 4 qqcQ—l 
J L 
9 - 1 qi 

Table 4.1: Equilibrium values in the deterministic model 

By comparing the above results we immediately conclude: 

Corollary 4.3.2 In the multiplicative Q-postponement model with D(p) = 1 — p, in equilibrium, 

(i) P1 = P* ~ where c < 1, 

(ii) EQ1 = 2EQ*, and 

(iii) channel efficiency of the decentralized system is 75%. 

Corollary 4.3.3 In fhe multiplicative Q-postponement model with D(p) = e~v, in equilibrium, 

(i) p1' = p* - 1, 

(ii) EQ1 = e • EQ*, and 

(iii) channel efficiency of the decentralized system is | « 73.58%. 

Corollary 4.3.4 In the multiplicative Q-postponement model with D(p) = p~q, in equilibrium, 
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(i)pI = a=L-p*, 

(ii) EQ1 = (q^i)q • EQ*, and 

(iii) channel efficiency of the decentralized system is ( 2 q - l ) ( g - l ) " - 1 

9' 1 

The double marginalization in the Q-postponement model for the three expected demand func

tions we have considered is reflected by the fact that the integrated channel offers the lowest retail 

price and highest production quantity. 

4.4 Price Postponement in the Multiplicative Model 

We analyze in this section the multiplicative p-postponement model. Under price postponement, 

the retailer postpones his pricing decision until after demand uncertainty is resolved. The sequence 

of events is as follows. The manufacturer initiates the process by offering a wholesale price w with 

or without a buyback rate b (Stage 1). The retailer then commits to buying an order quantity 

Q (Stage 2). Demand uncertainty, £, is realized afterwards, and finally, after observing demand 

uncertainty, the retailer sets the retail price p (Stage 3). If b = 0 in Stage 1, the model coincides with 

a wholesale price-only contract. We use backward induction to solve this three-stage Stackelberg 

game. 

In Stage 3, given (w, b, Q) and observing demand uncertainty, e, the retailer chooses p to max

imize: 

T1R = (P- b) mm(Q; D(p) • e) - (w - b)Q = (p - b)D(p) min(z, e) - (w - b)Q, (4.2) 

where z = is the stocking factor defined in Petruzzi and Dada (1999), and e is the realized 

random component of demand. 

In the next three subsections, we analyze the multiplicative p-postponement model for linear 

(.D(p) = 1 — p), exponential (D(p) = e~v) and negative polynomial (D(p) = p~q) expected demand 

functions. As explained in §1.2 in Chapter 1, the analysis can be easily extended to general linear, 

exponential or negative polynomial expected demand functions. Recall, again, that fi^ = 1. 

4.4.1 Multiplicative p-postponement model with linear expected demand 

Assume that D(p) = 1 — p. The retailer's optimal retail price is given by in the following lemma. 

Lemma 4.4.1 Given (w,b,Q) and observing demand uncertainty, e, the retailer will never set a 

retail price which will induce excess demand. Thus, e < z(= Tj^y), and the optimal retail price for 
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the retailer is: 

Accordingly, we are able to compute the expected value of the retail price: 

. Ep- = 1 - ^ F ^ ) - Q £ \ m d e . (4.4) 
1—b 

In Stage 2, given (to, 6) and knowing p*, given by (4.3), the retailer determines his best order 

quantity, Q, before demand uncertainty is observed. By Lemma 4.4.1, e < z. Thus, the retailer 

chooses Q to maximize: 

EUR = Ez[(p*-b){l-p*)Z]-(w-b)Q 

= e / ( # + Q ( l - t ) ( i - F ( ^ ) ) 

-Q2 / -f(e)de -{w- b)Q. (4.5) 

Lemma 4.4.2 The retailer's expected profit function, given by (4-5), is strictly concave in Q. Thus, 

there exists a unique Q* which is strictly decreasing in to and satisfies: 

w = l-(l-b)F{^-h)-2Q -ef(e)de. (4.6) 
1 - 6 

Next, let us direct our attention to the manufacturer's problem in Stage 1. We consider, 

separately, the manufacturer's problem when she offers a wholesale price-only contract wherein 

6 = 0, and a buyback contract wherein 0 < 6 < w. Let us first examine the integrated system 

under price postponement, wherein w = c and 6 = 0. 

The integrated system. Substituting w = c and 6 = 0 into (4.6) and simplifying, implies 

that the optimal production quantity, Q1, in the integrated channel satisfies: 

c = 1 - F(2Q) - 2Q / -f(e)de. (4.7) 
J2Q e 

Thus, substituting 6 = 0 and the implicit expression for Q1 into the expected retail price Ep*, 

given by (4.4), and simplifying gives us: Ep1 = ^4^, and substituting w = c, b = 0 and the implicit 

expression for Q1 into (4.5) results with the equilibrium profit of the integrated channel: 

i f2Q' ni 
ETlI = LJL tf{t)dt+^-[l-c-F{2Q1)}. (4.8) 

The system under buyback contracts. In Stage 1, the manufacturer determines w and 

6 simultaneously to maximize her expected profit function. To simplify the analysis, we use an 
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alternative expression for the manufacturer's problem in Stage 1. That is, instead of working with 

Q*(w,b), we work with w*(b,Q). According to Lemma 4.4.2, there is a one-to-one relationship 

between the equilibrium values of Q*(w,b) and w*(b,Q), which guarantees that the alternative 

approach is valid. Thus, the alternative approach for the manufacturer's problem is to choose b 

and Q that maximize: 

EIlM = (w*(b, Q) - c)Q - b(Q - E^l - p*)fl), (4.9) 

where w*(b,Q) is given by (4.6), and the second term in EUM represents the expected value of 

payment from the manufacturer to the retailer due to the unsold inventory. 

Proposition 4.4.3 In the multiplicative p-postponement model with a linear expected demand func

tion and buybacks, the manufacturer's expected profit is globally maximized at (w* = ^(1 + c),b* = 

^), and in equilibrium, Q* € (0, j ) and satisfies 

1-F(4Q)-4Q -f(e)de = c, (4.10) 
JiQ e 

Ep* = 2±£, and 

EirM=2ElTR = -J ef(e)de+^-[l-c-F(4Q*)]. (4.11) 

The system under wholesale price-only contracts. In this subsection, we analyze the 

wholesale price-only contract under price postponement, i.e., 6 = 0. Substituting 6 = 0 into (4.6), 

we conclude that the retailer's optimal order quantity Q* under a wholesale price-only contract 

satisfies: 
FU 1 

w = l-F{2Q)-2Q -f(e)de. (4.12) 
J2Q E 

It is not difficult to verify that the retailer's profit function in Stage 1 and his expected profit 

function in Stage 2 under a wholesale price-only contract are well behaved. Thus, it is sufficient 

to substitute 6 = 0 into the optimal order quantity under buybacks, given by (4.6), to derive the 

optimal order quantity under no buybacks. 

Again, we work with w*(Q) instead of Q*(w) to solve the manufacturer's problem in Stage 1, 

which is now reduced to: 

ru i 
EUM = (w*(Q) - c)Q = [1 - F(2Q) - 2Q / -f(e)de - c]Q. (4.13) 

J2Q e 

The equilibrium values of the decision variables and profits of channel members in the p-postponement 

model under wholesale price-only contracts are presented below. 
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Proposition 4.4.4 In the multiplicative p-postponement model with a linear expected demand 

function and under a wholesale price-only contract, if the density function of £, /(e), is contin

uous and differentiable, and e/(e) is increasing in e, the equilibrium order quantity Q* £ (0, ^) 

is the unique solution which satisfies: .1 — c — F(2Q) — AQ J2

UQ \f{e)de = 0, and in equilib

rium, w* = i ( l + c - F{2Q*)), Ep* = i(3 + c - F{2Q*)), EU*M = %{l - c - F(2Q*)) and 

The requirement that e/(e) is increasing in e is satisfied by the Beta distribution /(e) = 

r{a)r(p) (1 _ e )^ - 1 e a - 1 , where T(a) = ya~1e~ydy, for values of the shape parameters (ct,/3) 

satisfying /3 < 1 and a > 1 — p. When (/3 = l , a > 1), the Beta distribution is reduced to the 

power distribution with a positive exponent. The requirement that e/(e) is increasing in e is also 

satisfied by many other common distributions, such as, Gamma and Weibull families, on a domain 

for which e is relatively small. Note that this requirement is more restrictive than the increasing 

generalized failure rate (IGFR) property. 

By comparing the integrated model and the decentralized p-postponement models with and 

without buybacks, we have: 

Proposition 4.4.5 In the multiplicative p-postponement model with D(p) = 1 — p, in equilibrium: 

(i)Q' = 2Q*. 

(ii) Channel efficiency under buybacks is always 75%. 

(iii) Ep1 = Ep* - i f £ < Ep*. 

(iv) The wholesale price, expected retail price, profit allocation ratio between M and R and chan

nel efficiency coincide with those values in the corresponding deterministic model, wherein 

the demand function coincides with the expected demand function in the multiplicative p-

postponement model. 

If e/(e) is increasing in e, then we have: 

(v) Q1 = 2Q* >Q*. 

(vi) Ep1 < Ep* <Ep*. 

Example 4.4.6 Power demand distribution with linear expected demand. 
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From the analysis above, it follows that in the multiplicative p-postponement model with buy

backs, in equilibrium, the wholesale and buyback prices, expected retail price, profit allocation 

ratio between M and R and channel efficiency are independent of the distribution of £, while the 

equilibrium values of the expected profits of M and R and the order quantity depend on the dis

tribution of £. In the multiplicative p-postponement model under a wholesale price-only contract, 

all equilibrium values depend on the distribution of £. Thus, in order to evaluate the effect of 

price postponement in the multiplicative model, we will consider in this example a specific family 

of distribution functions of £. Specifically, we will consider the power distribution with a density 

function /(e) = 7(e)4 for any t £ [0,00). For simplicity, we assume L = 0, i.e., £ £ [0, U\. To satisfy 

P(_ = l and F(U) = 1, we let 7 = ( ^ j t + i
 a n d U = f̂ 2-. Note that the power distribution satisfies 

the condition that e/(e) is increasing in e, and for t = 0, /(e) reduces to a uniform distribution. 

Under the power distribution, the equilibrium retail price, order quantity and profits of M and R 

are implicit functions of the exponent of the power distribution t (except for t = 0, where there 

are explicit expressions for the equilibrium values under a uniform distribution). For any given t, 

the computation of the equilibrium values in the integrated and decentralized channels are pretty 

straightforward. The corresponding results for t = 0, 1 and 4 are presented in Table 4A.1 in the 

appendix in §4.9. These results will be further discussed in §4.6. 

4.4.2 Multiplicative p-postponement model with exponential expected demand 

Assume that D(p) = e~v. Again, we use backward induction to solve the three-stage Stackelberg 

game. In Stage 3, given (w,b,Q) and observing demand uncertainty, e, the retailer chooses p to 

maximize his profit function given by (4.2). The retailer's optimal retail price is given by in the 

following lemma. 

Lemma 4.4.7 Given (w,b,Q) and observing demand uncertainty, e, the retailer will never set a 

retail price which will induce excess demand. Thus, e < z, and the optimal retail price for the 

retailer is: 

(4.14) 

Accordingly, we are able to derive the expected value of the retail price: 

Ep* = {ln(Q) + l)F(e1+bQ) + bF(e1+bQ) - ln{Q) + I ln{e)f(e)de. (4.15) 
Je^Q 
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In Stage 2, given (w,b) and knowing p*, given by (4.14), the retailer determines his best order 

quantity Q, before demand uncertainty is observed, to maximize his expected profit: 

EUR = Esl(p* -b)e-p*}-(w-b)Q 

' = e- 1 - 6 J ef{e)de-wQ + bQF(e1+bQ) 

+Q fU ln(e)f(e)de-Qln(Q){l-F(e1+bQ)). (4.16) 

Je^Q 

Lemma 4.4.8 The retailer's expected profit function, given by (4-16), is strictly concave in Q. 

Thus, there exists a unique Q* which is strictly decreasing in w and satisfies: 

ru 
w = bF(el+bQ)+ ln{e)f(e)de-(ln(Q) + l) + (ln(Q) + l)F{e1+bQ). (4.17) 

Jel+bQ 

Again, let us consider the manufacturer's problem in Stage 1. We consider, separately, the 

integrated system and the systems under buyback and wholesale price-only contracts. 

The integrated system. Substituting w = c and b = 0 into (4.17) and simplifying implies 

that the optimal production quantity, Q1, in the integrated channel, satisfies: 

rU = f ln(e)f(e)de-(ln(Q) + l)(l-F(eQ)). 
JeQ 

C 
leQ 

Thus, substituting 6 = 0 and the implicit expression for Q1 into the expected retail price Ep*, given 

by (4.15), and simplifying gives us: Ep1 = 1 + c, and substituting w = c, 6 = 0 and the implicit 

expression for Q1 into (4.16) results with the equilibrium profit of the integrated channel: 

reQ' 

EU^e^J ef(e)de + QI{l-F(eQ1)). 

The system under buyback contracts. In Stage 1, the manufacturer determines w and 6 

simultaneously to maximize her expected profit function. Similar to the linear case, we work with 

w*(b, Q)' instead of Q*(w, b). According to Lemma 4.4.8, there is a one-to-one relationship between 

the equilibrium values of Q*(w,b) and w*(b,Q), which guarantees that the alternative approach is 

valid. Thus, the alternative approach for the manufacturer's problem is to choose 6 and Q that 

maximize: 

EIlM = (w*(b, Q) - c)Q - b(Q - £ c ( e - " * 0 ) , (4-18) 

where w*(b,Q) is given by (4.17). The manufacturer's optimal decisions are given in the following 

proposition. 
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Proposition 4.4.9 In the multiplicative p-postponement model with D{p) = e~p and buybacks, the 

manufacturer's expected profit is globally maximized at (w* = 1 + c, b* = 1), and in equilibrium, 

Q* £ (0, which satisfies 

c= [" ln(e)f(e)de-(ln(Q)+2)(l-F(e2Q)), 

Je2Q 

Ep* = 2 + c, and 

r<?Q* 
EU*M = EIL*R = Q*(l - F(e2Q*)) + e~2 ef(e)de. 

The system under wholesale price-only contracts. Let us consider the multiplicative 

p-postponement model under a wholesale price-only contract. Substituting 6 = 0 into (4.17), we 

obtain that the retailer's optimal order quantity Q* under a wholesale price-only contract satisfies: 

fu 
w = ln(e)f(e)de-{ln(Q) + l)(l-F(eQ)). (4.19) 

JeQ 

As in the linear case under no buybacks, we are able to verify that the retailer's profit function in 

Stage 1 and his expected profit function under a wholesale price-only contract in Stage 2 are well 

behaved. Thus, it is sufficient to substitute 6 = 0 into the optimal order quantity under buybacks, 

given by (4.17), to derive the optimal order quantity in the model without buybacks. 

Again, we work with w*(Q) instead of Q*(w) to solve the manufacturer's problem in Stage 1, 

which now becomes: 

EUM = (w*(Q)-c)Q = -Q(ln(Q) + l)(l-F(eQ))-cQ+ / ln(e)f(e)de. (4.20) 

JeQ 

The equilibrium values of the decision variables and the profits of channel members in the p-

postponement model under a wholesale price-only contract are presented below. 

Proposition 4.4.10 In the multiplicative p-postponement model with D(p) = e~p and under whole

sale price-only contracts, if the density function of £, /(e), is continuous and differentiable, and 

e/(e) is increasing in e, the equilibrium order quantity Q* £ (0, y) is the unique solution satisfying 

— (ln(eQ) + 1)(1 — F{eQ)) — c + J^qln(e)f(e)de = 0, and in equilibrium, w* = 1 + c — F(eQ*), 

Ep*=2 + c- F(eQ*), EU*M = (1 - F{eQ*))Q* and EIYR = e"1 jf' e/(e)de + (1 - F{eQ*))Q*. 

From the analysis in the integrated channel and Propositions 4.4.9 and 4.4.10, we have: 

Proposition 4.4.11 In the multiplicative p-postponement model with D(p) = e~p, in equilibrium: 
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(i) Q1 = eQ*. 

(ii) Channel efficiency is always | = 73.58%. 

(iii) Ep1 = Ep* - 1 < Ep*. 

(iv) The wholesale price, expected retail price, profit allocation ratio between M and R and the 

channel efficiency coincide with those in the corresponding deterministic model, wherein 

the demand function coincides with the expected demand function. in the multiplicative p-

postponement model. 

Ifef(e) is increasing in e, then we have: 

(v) Q1 =eQ* > Q*. 

(vi) Ep1 <Ep* <Ep*. 

Example 4.4.12 Power demand distribution with exponential expected demand. 

Similar to Example 4.4.6, we have derived the equilibrium values in the decentralized multiplicative 

models with and without buybacks for a power distribution of £ with t = 0, t = 1 and t = 4 and an 

exponential expected demand function. These results are presented in Table 4A.2 in the appendix 

and will be further discussed in §4.6. 

4.4.3 Multiplicative p-postponement model with negative polynomial expected 

In this subsection, we let D(p) = p~q, where q > 1. Again, we use backward induction to solve the 

three-stage Stackelberg game. 

In Stage 3, given (w, b, Q) and observing demand uncertainty, e, the retailer chooses p to max

imize his profit function given by (4.2). The retailer's optimal selling price can be described as 

follows. 

Lemma 4.4.13 Given (w,b,Q) and observing demand uncertainty, e, the retailer will never set 

a retail price which will induce excess demand. Thus, e < z, and the optimal retail price for the 

retailer is: 

demand 

(4.21) 

where 6 = Qi^)". 
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Accordingly, we are able to calculate the expected value of the retail price: 

Ep* = -^rrF(S) + Q - i Ae)5/(e)_!e, (4.22) 
Q ~ 1 Js 

where, as we recall, 6 = Q(q

3ri)q. 

In Stage 2, given (w,b) and knowing p*, given by (4.21), the retailer determines his best order 

quantity Q, before demand uncertainty is observed, to maximize his expected profit: 

ETVR = Ee[{p* - b)(p*)-"] - (w - b)Q 

= - ^ 1 ( ^ j ) - q f ef{e)de + Q l - \ f\^f{e)de 
9 - 1 9 - 1 JL JS 
-bQ{l - F(S)) -{w- b)Q. (4.23) 

Lemma 4.4.14 The retailer's expected profit junction, given by (4-23), is strictly concave in Q. 

Thus, there exists a unique Q* which is strictly decreasing in w and satisfies: 

1 i fu i 

w = (l--)Q" (e)*f(e)de + bF(5). (4.24) 
Q Js 

To analyze the manufacturer's problem we consider again the integrated system and the systems 

under a buyback contract and under a wholesale price-only contract. 

The integrated system. Substituting w = c and 6 = 0 into (4.24) and simplifying results 

with the optimal production quantity in the integrated channel: 

Q l = f-Vfi^Mde^ 

Thus, substituting 6 = 0 and the implicit expression for Q1 into the expected retail price Ep*, 

given by (4.22), and simplifying results with Ep1 = •q

3^, and substituting w = c, 6 = 0 and Q1 

into (4.23) and simplifying results with the equilibrium profit of the integrated channel: 

EU1 = -^—Q1. 
q - l 

The system under buyback contracts. In Stage 1, the manufacturer determines w and 

6 simultaneously to maximize her expected profit function. Similar to the linear case, we work 

with w*(b,Q) instead of working with Q*(w,b). According to Lemma 4.4.14, there is a one-to-one 

relationship between the equilibrium values of Q*(w,b) and w*(b,Q), which guarantees that the 

alternative approach is valid. Thus, the alternative approach for the manufacturer's problem is to 

choose 6 "and Q that maximize: 

EHM = (w*(b,Q)-c)Q-b(Q-EiHp*)-"-0), (4-25) 
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where w*(b,Q) is given by (4.24). The manufacturer's optimal decisions are given in the following 

proposition. 

Proposition 4.4.15 In the multiplicative p-postponement model with a negative polynomial ex

pected demand function and buybacks, the manufacturer's expected profit is globally maximized at 

(w* = £=i,b*= 0), and in equilibrium, Q* = [ i l z l l L & l Z ^ ! ] ^ Ep* = ^§yr, and . 

EITM = q-^EU*R = 

Proposition 4.4.15 implies that under a negative polynomial expected demand function, buy

backs are not implemented in equilibrium. Thus, the system under a buyback contract coincides 

with the system under a wholesale price-only contract. 

From the analysis of the integrated channel and Proposition 4.4.15, we immediately have: 

Proposition 4.4.16 In the multiplicative p-postponement model with D(p) = p~q, in equilibrium, 

(i) Q1 = TJ^Q*-

(ii) Channel efficiency is ^2q —• 

(iii) Ep1 = q^-1Ep*. 

(iv) The wholesale price, expected retail price, profit allocation ratio between M and R and chan

nel efficiency coincide with those values in the corresponding deterministic model, wherein 

the demand function coincides with the expected demand function in the multiplicative p-

postponement model. 

Example 4.4.17 Power demand distribution with negative polynomial expected de

mand. 

Similar to Examples 4.4.6 and 4.4.12, we have derived the equilibrium values in the decentralized 

multiplicative models for a power distribution of £ with t = 0, t = 1 and t = 4 and a negative 

polynomial expected demand function with q = 2, i.e., D{p) = p - 2 . The results are presented in 

Table 4A.3 in the appendix and will be further discussed in §4.6. 

4.4.4 Summary on the multiplicative p-postponement model 

Having derived the equilibrium values of the decision variables and profits in the multiplicative 

p-postponement model for three different expected demand functions, we are able to summarize 

the results in the multiplicative p-postponement model with and without buybacks. 
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By comparing the results in the multiplicative p-postponement model with buybacks and the 

results in the corresponding deterministic model for three different expected demand functions, 

which are displayed in Table 4.1, we have: 

Theorem 4.4.18 In the multiplicative PD-newsvendor model with buyback options, for a gen

eral distribution of £ and linear, exponential or negative polynomial expected demand, under p-

postponement, in equilibrium: 

(i) The wholesale price, expected retail price, profit allocation ratio between M and R and channel 

efficiency coincide with those values in the corresponding deterministic model. 

(ii) The buyback rate is independent of the distribution o/£. 

In general, the results in the multiplicative p-postponement model under a wholesale price-only 

contract depend on the distribution of £. Based on the numerical results in the multiplicative 

PD-newsvendor model with linear and exponential expected demand functions and a power dis

tribution of £, presented in Tables 4A.1 and 4A.2 in the appendix, we observe that under price 

postponement, in equilibrium, buyback contracts induce a higher order quantity than wholesale 

price-only contracts, i.e., Q* > Q . 

As was the case in the multiplicative Q-postponement model, the double marginalization in 

the multiplicative p-postponement model for the expected demand functions we have considered is 

reflected by the fact that the integrated channel offers the lowest retail price and highest production 

quantity. 

4.5 N o Postponement in the Mu l t ip l i ca t i ve M o d e l 

To be able to evaluate the effect of the various postponement strategies, we need to analyze the 

multiplicative PD-newsvendor model without any postponement, i.e., all decisions are made before 

demand is realized. Thus, in this case, the manufacturer initiates the process by offering a wholesale 

price w possibly with a buyback rate b (Stage 1), and then the retailer chooses a retail price p and 

an order quantity Q (Stage 2). Thereafter, demand is realized. Again, backward induction is used 

to solve this two-stage Stackelberg game. To make the manufacturer's expected profit function in 

Stage 1 well behaved,1 we assume that the distribution of £ has the increasing failure rate (IFR) 

property, i.e., ilp^ is increasing in e. The expected profit functions of the manufacturer and the 

retailer are: 

EUM = D(p)[(w - c)z - bk{z)} and EUR = D(p){(p -b)[z- A(z)] - (w - b)z), (4.26) 
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where A(z) = JL(z — e)f(e)de, which represents the unsold inventory due to demand uncertainty. 

Recall that z = Following Petruzzi and Dada (1999) and Wang et al. (2004), z is called the 

"stocking factor", and further, when Q is chosen after p is set, the problem of choosing a retail 

price p and an order quantity Q is equivalent to choosing a retail price p and a stocking factor z. 

Again, the deterministic demand function, D(p), is assumed to take three different forms: linear, 

exponential and negative polynomial. Note that the multiplicative iV-postponement model with 

and without buybacks under a uniform £ has been analyzed in Chapter 2 in this thesis to study 

the effect of buybacks in the PD-newsvendor model. 

4.5.1 Multiplicative iV-postponement model with linear expected demand 

In this subsection, we consider the multiplicative PD-newsvendor model under no postponement 

with a linear expected demand function, i.e., D{p) = 1—p. We discuss the models with and without 

buybacks separately. 

The system under buyback contracts. In Chapter 2 we have derived explicit expressions 

for the equilibrium decisions and profits assuming the random component of demand, £, follows a 

uniform distribution, and Song et al. (2004) have extended our results to a distribution of £ with 

the increasing failure rate (IFR) property. Let us recall their results: 

W - 1 ( 1 + « ) , « • - i . ^\\^z,_^-"(gimd\. 0 - - ( ! - • » • . (4-27) 

EICU = 2EirK = ^f-\? - A(z*) - « • ] , (4.28) 

where z* is the unique solution to (1 - F{z)) — c(l + ̂ -1(1^ = ^ a n c ^ ' a s w e r e c a u ' A(z) = 

zF(z)-ftef(e)de. 

To evaluate the effect of order postponement and price postponement, based on (4.27) and (4.28), 

we need to assume a specific distribution for £. Accordingly, we assume that £ has a power distri

bution, /(e) = 7(e)4, and we present in Table 4A.1 in the appendix the effect of p-postponement on 

equilibrium values in the multiplicative model under buybacks, for t = 0, t = 1 and t = 4. These 

values will be further discussed in the next section. 

The system under wholesale price-only contracts. In the model without buybacks, we 

use backward induction to solve the two-stage Stackelberg game. In Stage 2, substituting 6 = 0 

into the retailer's expected profit function, given by (4.26), and simplifying results with: 

EUR = {l-p){p[z-K{z)}-wz). 
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Following the analysis in Song et al. (2004), for any given w, the retailer's "expected profit function 

is well-behaved in (p,z), and the first order conditions result with a unique solution, (p*,z*), to 

the retailer's problem of maximizing his expected profit for any distribution of £, which satisfies: 

z — Mz) 
w = p(l — Flz)) • and p= — =5—„. . , . 

\ K " z-A(z)+Jlef(e)de 

However, in general, the manufacturer's expected profit function in Stage 1, taking into account 

the retailer's reaction function of (p*,z*), may not be well behaved, see Song et al. (2004). 

Chapter 2 has derived implicit expressions for the equilibrium values of the wholesale price, 

buyback rate, expected retail price, order quantity and the expected profits of M and R in the 

multiplicative ^-postponement model under a wholesale price-only contract for a uniformly dis

tributed £ (i.e., t = 0). Fortunately, under a power distribution of £, for any given value of the 

exponent t, by using Maple, we can show that the manufacturer's expected profit function in Stage 1 

is unimodal in z £ [0,U] if we work with w*(z) instead of z*(w), i.e., the manufacturer chooses 

the stocking level to maximize her expected profit. Thus, implicit expressions for the equilibrium 

values as a function of t are available. In Table 4A.1 in the appendix, we present the percentage 

changes in the equilibrium values in the model under a wholesale price-only contract for a power 

distribution of £ and for t = 0, t = 1 and t = 4. 

4.5.2 M u l t i p l i c a t i v e AT-postponement model w i t h exponential expected demand 

In this subsection, we study the multiplicative ./V-postponement model for D(p) = e~p. 

The system under buyback contracts. In Chapter 2 we have derived explicit expressions for 

the equilibrium decisions and profits under buybacks assuming that £ follows a uniform distribution, 

and we have numerically extended the study to two families of distributions: power and triangular. 

We next extend the analysis to a more general distribution of £ G [L, U}. 

Proposition 4.5.1 In the multiplicative N-postponement model with buybacks and D(p) = e~p, if 

the density function o/£, /(e), is continuous and differentiable, and e/(e) is increasing in e, then 

the manufacturer's expected profit function is globally maximized at (w* = 1 + c, b* = 1), and in 

equilibrium, EU*M = ETl*R. 

Song et1 al. (2004) have independently proven Proposition 4.5.1 for a distribution of £ with the 

IFR property for an exponential expected demand function. 

As explained in the paragraph following Proposition 4.4.4 in §4.4.1, the requirement that e/(e) 

is increasing in e is satisfied by the Beta distribution for values of the shape parameters (a,/?) 



Chapter 4: Price and Order Postponement 105 

satisfying /? < 1 and a> 1 — 0, and when (/? = l , a > 1), the beta distribution is reduced to the 

power distribution with a positive exponent. 

Finally, in Table 4A.2 in the appendix, we present the percentage changes in equilibrium values, 

due to price postponement, in the multiplicative PD-newsvendor model with buybacks for a power 

distribution of £ and t = 0, t = 1 and t = 4. 

The system under wholesale price-only contracts. As it was in the linear expected 

demand function case, the manufacturer's profit function in Stage 1, taking the retailer's reaction 

into account, is not generally well-behaved. Thus, we need to assume some specific distributions of 

£. Implicit expressions for the equilibrium values for a uniformly distributed £ have been derived 

in Chapter 2. Again, under a power distribution, for any given value of the exponent t, we are 

able to show that the manufacturer's expected profit function is indeed concave in z € [0, U], and 

implicit expressions of the equilibrium values in the model are available. In Table 4A.2 in the 

appendix, we present the percentage changes in equilibrium values, due to price postponement, 

in the multiplicative PD-newsvendor model under a wholesale price-only contract for a power 

distribution of £ and t = 0, t = 1 and t = 4. 

4.5.3 Multiplicative AT-postponement model with negative polynomial expected 
demand 

Similar to the linear case, for the negative polynomial expected demand function, D(p) = p~q, we 

have derived in Chapter 2 explicit expressions for the equilibrium decisions and profits assuming 

that the random component of demand, £, follows a uniform distribution, and Song et al. (2004) 

have extended the results to a £ which has the IFR (increasing failure rate) property. We, again, 

recall their results: 

q — I q — 1 1 — I (z*) 

E^*M = E^*R = 

where z* is the unique positive solution to z\l — F(z)] = (q — 1) f£ ef(e)de. 

Note that b* = 0 for the negative polynomial expected demand function. Thus, a buyback 

contract reduces to a wholesale price-only contract. Similar to the linear and exponential expected 

demand cases, we present in Table 4A.3 in the appendix the percentage changes in equilibrium val

ues, due to price postponement, in the multiplicative PD-newsvendor model for a power distribution 

of £ with t = 0, t = 1 and t = 4 and D{p) = p~2.. 



Chapter 4: Price and Order Postponement 106 

4.6 Effect of Postponement in the M u l t i p l i c a t i v e M o d e l 

Having derived the equilibrium values in the models with and without price and order postponement 

in the multiplicative PD-newsvendor model, we are now ready to evaluate the effects of these 

postponement strategies in the multiplicative model with and without buybacks. 

Evidently, in view of the results derived, the effect of postponement in the multiplicative PD-

newsvendor model depends crucially on whether a buyback option is offered. Specifically, our 

results reveal a remarkable relationship between the multiplicative Q-, p- and TV-postponement 

PD-newsvendor models with buybacks and the corresponding deterministic model. Indeed, it was 

shown that for linear, exponential and negative polynomial expected demand functions: (1) for 

any distribution of £, in equilibrium, the wholesale price, expected retail price, profit allocation 

ratio between M and R, and channel efficiency coincide in the multiplicative p-postponement, Q-

postponement and deterministic models, (2) under some conditions on the distribution of £, and 

with exception of the expected retail price, these equilibrium values coincide with their counterparts 

in the multiplicative TV-postponement model, and (3) under some conditions on the distribution of 

£, the buyback rates in the multiplicative p-postponement and TV-postponement models coincide. 

We suggest that it is quite remarkable that the multiplicative Q-, p- and TV-postponement 

models, as well as the corresponding deterministic model, have the same profit allocation ratio 

between M and R. By contrast, neither this invariant result, nor any of the others which hold 

for the multiplicative PD-newsvendor model with buybacks prevails under a wholesale price-only 

contract. In fact, as it is observed below, under a wholesale price-only contract, for example, M 

could strictly benefit from the introduction of p-postponement while R could be strictly worse off 

from such a postponement strategy. 

Note that with the exception of the buyback rate, the effect of order postponement is qualita- < 

tively similar to the effect of price postponement in the multiplicative PD-hewsvendor model with 

or without buybacks. Thus, in this section, we only present the effects of price postponement. In 

the following three subsections, based on the analysis in §4.4 and §4.5 and computational results 

presented in the three tables in the appendix, we discuss the effect of price postponement in the 

multiplicative PD-newsvendor model with a power distribution of £ and linear, exponential and -

negative polynomial expected demand functions. 
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4.6.1 Linear expected demand 

Table 4A.1 in the appendix presents the comparison between the multiplicative models with and 

without price postponement for a linear expected demand function. From Table 4A.1 we conclude 

that if c (or | for a general expected demand function D(p) = a(k — p)) is not too small, price 

postponement is quite beneficial. Indeed, when the channel profit is relatively small, due to, 

e.g., a high manufacturing cost, price postponement can increase the manufacturer's (respectively, 

retailer's) expected profit by as much as 270% (respectively, 210%), as is the case for c = 0.8 under 

a wholesale price-only contract. 

The results displayed in Table 4A.1 confirm that the effect of p-postponement in the multi

plicative model depends strongly on the contract. Indeed, when returns are permitted, as ex

pected, the equilibrium wholesale price, buyback rate and profit allocation ratio are unaffected by 

p-postponement. By contrast, when returns are not permitted, the equilibrium wholesale price can 

change quite significantly due to p-postponement, and for example, for c = 0, it increases by 32%. 

Moreover, while the retailer is always better off with p-postponement, if returns are permitted, for 

a very low manufacturing cost, R could end up being worse off due to p-postponement if returns 

are not permitted. For example, for c = 0, his profit would decrease by about 10%. In fact, for 

very low values of c, the entire channel could be worse off due to p-postponement, and for c = 0, 

it would decrease by about 4%. Thus, the expected value of perfect information about demand 

for the retail pricing decision could be negative in a decentralized firm. This is in stark contrast 

to p-postponement in a centralized firm, wherein the firm is always (weakly) better off due to 

p-postponement (Van Mieghem and Dada (1999)). 

For c = 0, the multiplicative model with buybacks turns out to be a full-price buyback contract, 

i.e., b = w, and the introduction of p-postponement in this case has no effect on the equilibrium 

values. For c > 0, in both models with and without buybacks, due to p-postponement, production 

(i.e., Q*) is decreasing when c is small and increasing when c is large, and in the model with 

buybacks, the expected retail price under p-postponement is somewhat smaller than the retail 

price without postponement. 

Finally, we observe that R, who presumably initiates p-postponement, gains relatively less than 

M from such a strategy. Indeed, when returns are possible, for every dollar increase in R's expected 

profit, M's expected profit increases by two dollars, and from Table 4A.1 we conclude that when 

returns are not possible, the percentage increase in M's expected profit is always larger than that 

of R. This suggests that M may have an incentive to financially support a possible desire by R to 
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implement p-postponement in the multiplicative model. 

4.6.2 Exponential expected demand 

Table 4A.2 in the appendix displays the comparison between the multiplicative models with and 

without price postponement under an exponential expected demand function. 

Perhaps the most striking observation which follows from Table 4A.2 is that the introduction of 

p-postponement in the multiplicative PD-newsvendor model with a wholesale price-only contract 

and exponential expected demand will make both the manufacturer and the retailer worse off when 

the marginal manufacturing cost c is small. We also can conclude from Table 4A.2 that both 

for buyback contracts and wholesale price-only contracts, the effect of price postponement on the 

equilibrium values of the wholesale and retail prices, order quantity and expected profits is similar 

to that in the linear expected demand case, with the exception that the profit allocation ratio in 

the exponential case is one to one. 

4.6.3 Negative polynomial expected demand 

Note that with a negative polynomial expected demand function, buybacks are not implemented in 

both the multiplicative p- and A^-postponement models, i.e., b* = 0. Following Proposition 4.4.15 

and the analysis of the multiplicative A^-postponement model with a negative polynomial expected 

demand function in §4.5, we conclude that the percentage changes, due to price postponement, in 

the equilibrium values of the order quantity, expected retail, price, and profits of M and R are inde

pendent of the manufacturing cost c. Additionally, from the analysis in §4.5 and Proposition 4.4.15, 

it follows that the equilibrium wholesale price is invariant to the introduction of p-postponement. 

All these results are confirmed in Table 4A.3. 

Finally, based on the numerical results for a power distribution of £, we conclude from Table 4A.3 

in the appendix that due to price postponement, both M and R are better off, and the retail price 

(respectively, order quantity) decreases (respectively, increases) in the multiplicative model. 

4.7 Postponement in the A d d i t i v e M o d e l 

In this section, we extend our analysis of postponement strategies to the PD-newsvendor model 

with an additive demand function, i.e., X = D(p) + £, where, as noted in Chapter 1, £ S [L, U] and 

D(p) + L > 0 for some p. As it becomes apparent in this section, the analysis of the additive PD-

newsvendor model could turn out to be significantly more difficult than that of the multiplicative 

model. For instance, the analysis of the additive model with a linear expected demand function 
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without postponement is quite complex (see, e.g., Wang et al. (2004) and Song et al. (2004)), as 

is the analysis of this model with p-postponement. In fact, even for the case when £ is uniformly 

distributed on [0,2], it is difficult to derive a closed-form expression for, e.g., the equilibrium value 

of the wholesale price in the additive p-postponement model. Thus, for tractability reasons, we 

only consider in this section postponement under wholesale price-only contracts. For convenience, 

we will denote by ()* instead of () the equilibrium values of decisions and profits in this section. 

4.7.1 A d d i t i v e Q-postponement model 

In- an additive demand model, X = D(p) + e. Thus, E{X) = D{p) + E(£) = D(p) + p^, and 

M's and R's expected profit functions, given by (1.2), become EUM — {w — c)(D(p) + p^) and 

ETIR = (p — w)(D(p) + p^), which are independent of the distribution of £, and only depend on p$. 

In Stage 2, before observing demand uncertainty, R commits to a retail price p to maximize 

ETIR = (p — w)(D(p) + p{). Assume that the optimal p, p(w,p^), for R in Stage 2 is unique and 

D(p(w, p$)) + L > 0. Then, M's expected profit function becomes: 

EUM = (w-c)(D(p(w,pi))+pi). (4.29) 

Let w*,p*,Q* denote the equilibrium values of w,p,Q, respectively. Then, we can conclude that 

in equilibrium, 

(1) w* and p* are only functions of c and p^, 

(2) Q* = D(p*) + e, and 

(3) ETT*M = (w* - c)(D(p*) + p{) and -ETT^ = (p* - w*)(D(p*) + p^), 

where e is the observed value of £. As was the case in §4.3 for the multiplicative model, we can 

immediately make the following observation. 

Observation 4.7.1 The equilibrium values in the additive Q-postponement model coincide with 

those corresponding to the model with deterministic demand, wherein the demand function coincides 

with the expected demand function in the additive Q-postponement model. 

The effect of Q-postponement in the additive model is consistent with that in the multiplicative 

model described in Observation 4.3.1. The following example will be used subsequently. 

Example 4.7.2 Addit ive PD-newsvendor model under Q-postponemeht. 

Consider the additive PD-newsvendor model where X = D(p) + £, D(p) = —p, £ € [L, U], and 

D(p) + L > 0 for some p(> w). R's expected profit in Stage 2 of the additive Q-postponement 
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model becomes EHR = (p — w)(—p + p>.), which is concave in p. Thus, p(w, p^) = w

 2^ (> w), and 

M's expected profit in Stage 1 becomes EHM = (w — c)(—p(w, pe) + p$) — (w — c)(—^-^-), which, 

again, is concave in w. Thus, w* = ^j^- Accordingly, for the additive Q-postponement model, in 

equilibrium, p* = C-±^L, EQ* = E(=2=*p±£] = z£+EL a n d EU*M = 2EIi*R = 

4.7.2 Additive p-postponement model 

As previously mentioned, the analysis of the additive model is more complex. As a result we 

only analyze in this subsection the additive price postponement PD-newsvendor model under price 

postponement assuming that £ is binary. More specifically, we adopt the demand model in Pad-

manabhan and Png (1997), wherein 4 1 X = £ — p, and the random intercept, £, follows a binary 

distribution with two market states: Low (pu) with a probability A and High (ah) with a probability 

(1 — A). To avoid trivialities, 0 < A < 1. Let p^ = Xai + (1 — A)a^ denote the expected value of £. 

As mentioned in Padmanabhan and Png (1997), demand uncertainty is captured by two aspects 

of the demand model. Namely, the range of possible demand outcomes, denoted as 0 = and 

the probabilities, A and (1 — A), of the two events. In the former case, uncertainty is increasing 

in ah or 6, holding a; constant. In the latter case, uncertainty is maximized when A = 0.5. Note 

that 0 > 1. For further simplification and for tractability reasons, we assume that M's marginal 

manufacturing cost c = 0. 

Backward induction is used to analyze the problem. In Stage 3, given (w, Q) and observing the 

random part of demand, e, R chooses his best retail price p to maximize: 

nR=p mm(Q,[e-p]+)-wQ. (4.30) 

Clearly, either e = ai or e = ah- The best retail price for R is characterized as follows. 

Proposition 4.7.3 Given (w,Q) and the resolved demand uncertainty, as, R's optimal retail price 

is' 

P ° \ f if Q> f, 1 j 

where s G {l,h}. 

Proposition 4.7.3 implies that a market clearing price is not always optimal for R. Indeed, when 

the quantity, ordered in Stage 2, is found to be relatively larger than the realized market state, i.e., 

Q > if> it is optimal for R to charge a higher retail price than the market clearing price, which 

will induce some leftover inventories at the end of the selling period. 
4 1 T h e same demand model is used elsewhere in the literature, see, e.g., Anand and Mendelson (1997). 
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In Stage 2, before demand uncertainty is realized, for any given w and knowing p* and p*h, given 

by (4.31), R chooses Q to maximize his expected profit: 

Note that the expected sales are A ( a ; —p*) + (l — A)(a/j—p*l. R's best order quantity is characterized 

in the following proposition. 

Proposition 4.7.4 Given w and knowing p* and p*h, given by (4-31), R's optimal order quantity 

and his corresponding optimal retail prices are: 

where p^ = Act/ + (1 — \)a>\-

It follows from Proposition 4.7.4 that if the wholesale price is too high, i.e., w > p^, then R 

would not accept the contract, i.e., Q* = 0. On the other hand, whenever R accepts the contract, 

he would order, in Stage 2, a stock, Q, for which the market clearing price in Stage 3 is optimal 

for him when the market state is high. The market clearing price is still optimal for R when the 

market state is low if the wholesale price is high enough, i.e., w > (1 — A)(a/i — a;). However, if the 

wholesale price is relatively low, i.e., w < (1 — A)(a/j — a;), then the market clearing price is not 

optimal for him. Rather, in this case, his best price would induce some leftover inventories at the 

end of the period. 

We are now ready to solve M's problem in Stage 1. In Stage 1, taking into account of R's reaction 

functions p* and Q*, given by (4.33), M chooses w to maximize her own expected profit function: 

EHM = wQ*. (Recall that c = 0.) M's best choice of w and the corresponding equilibrium values 

of the other decision variables and the profits of the channel and its members are presented in the 

following proposition. 

EUR = Xp* {ai - p]) + (1 - \)p*h K - p*h) - wQ. (4-32) 

(Q*,PIPD = (4.33) 

Proposition 4.7.5 In the additive p-postponement model under a wholesale price-only contract, 

for c = 0, the equilibrium values are presented in Table 4-2 in the following page: 
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Table 4.2: Equilibrium values in the additive p-postponement model 

Note that the model analyzed in this subsection has been explicitly studied by Padmanabhan 

and Png (1997). However, their analysis is somewhat incomplete. Specifically, they have only 

considered the case where 6 > 1 + and they did not evaluate EmR (and EmM+R). 

4.7.3 Additive ^-postponement model 

In this subsection, we study the additive PD-newsvendor model under a wholesale price-only con

tract without any postponement. Again, for simplicity, we assume c = 0 and X = £ — p, where, as 

we recall, £ follows a binary distribution with two market states: ai with a probability A and ah 

with a probability (1 — A), and ai < ah- The timeline is as follows. M, as the Stackelberg leader, 

initiates the process by offering a wholesale price w (Stage 1), and then, R commits to both a retail 

price p and an order quantity Q (Stage 2). Demand is realized thereafter. 

We first consider R's problem. Given w, R chooses p and Q to: 

Maximize EUR{P, Q) = p Sale — wQ 

= p(X min(Q, [at - p}+) + (1 - A) min(Q, [ah - p}+)) - wQ, (4.34) 

s.t. 0 < Q < ah — p and w < p < ah-

Note that the highest market state is ah- Thus, the highest demand for any given p is ah — p-

Therefore, we assume that Q < ah —p- We divide the feasible region, {(p, Q)\0 < Q < ah — p}, into 

three subregions in the (p, Q) plane (Figure 4.1 in the following page), and analyze R's problem in 

each subregion in order to find the optimal point (p*, Q*) for R. 
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Figure 4.1: Three feasible subregions for R in Stage 2 

Proposition 4.7.6 For any given w, R's optimal p* and Q* lie either on Segment AB or on 

Segment CD. Thus, either Q* = ah — p* or Q* = ai — p*. 

Following Proposition 4.7.6 and its proof in the appendix, R's optimal profit, obtained from 

(4.34), is equivalent to: 

EUR = max^n^im^imf^) , 

where the superscripts AB, CE, and ED stand for the corresponding segments in Figure 4.1, and 

EIl£B = max{EUR{p) = (p - w)(ai -p), s.t. w<p< a,}, (4.35) 

EIiR

E = max{£nfi(p) = p(p^ - p) - w(dh - p), s.t. w<p< a,}, (4.36) 

EU^D = m&x{EUR(p) = {p(l-X)-w)(ah-p), s.t. a, < p < ah). (4.37) 

Since in all three problems, (4.35), (4.36) and (4.37), R's expected profit function is strictly concave 

in p, one can easily verify that R's optimal decisions in these problems are as displayed below. 

For (4.35), p* = si±ss, Q* = si^s, and EU^B = 

For (4.36), p* = min(a ;, ^ ± ^ ) , or 

n * = / ^ i f u . < ( 2 - A ) a , - ( l - A ) a h ) m ) 

P \ ai if w > (2 - A)aj - (1 - X)ah, V ' ; 

and Q* = ah— p*. EUR

B can be calculated accordingly. (Recall that p^ = Aa; + (1 — X)ah-) 
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For (4.37), 
ai if w < (1 - A)(2a/ - ah), 

if ( l - A ) ( 2 a , - a f c ) <w< (1 - X)ah, 
if to > (1 - X)ah, 

(4.39) 

and Q* = a/i — p*. Similarly, EUfP can be calculated accordingly. 

Note that when w > ai, p > on. Thus, (p*,Q*) must lie on Segment ED, and JETT^ = 

EUfP. When to < a,, we need to compare ETljf, EU%E and M I j P in order to find (p*,Q*). 

Unfortunately, it is quite tedious to derive closed form expressions for p* and Q* for any given w € 

[0, ai] and any relationship between the parameters 9 and A (see also Footnote 9 in Padmanabhan 

and Png (1997)). Thus, for simplicity, we next consider just two special scenarios regarding the 

relationships between 8 and A: Scenario I : 9 > 1 + and Scenario II: J^J < 9 < 2. 

Scenario I: 9 > 1 + jh\- Under Scenario I, R's optimal reaction function (p*,Q*) can be 

characterized as follows: 

Proposition 4.7.7 When 9 > 1 + j ^ , i.e., (2 —A)a; — (1 — \)cth < 0, for any given w, the optimal 

solution (p*,Q*) for R is on Segment ED (i.e., Q* = ah —p*) and 

p* = l i k ^ W E i f O < ™ < ( l - A K , 
\ ah if (1 - X)ah <w <ah-

Knowing p* and Q*, M's problem in Stage 1 is to choose w to maximize EUM = wQ*. We 

next consider two choices for w. (1) w < (1 — \)ah- Then p* = ^̂ (I-A)*"*"' = ^ 2*I-AP"' a n d 
_ ( i - A ) Q h n n H R T T * = ( i - A ) ° f l 75nM = ^li-x)^' w h i c h i s s t r i c t l y concave in w. Thus, = V-*>a» and £1TM = 

(2) w>{\- \)ah. Then p* = ah, Q* = 0, and EU*M = 0. Evidently, M prefers (1), and Table 4.3 

below provides the equilibrium solution and profits under Scenario I. 

w* P* <2* ETL*M+R 

( 1 - A ) a h 

2 
24. 
4 8 16 

3 ( 1 - A ) a 2 

16 

Table 4.3: Equilibrium values in the additive TV-postponement model for c = 0 under Scenario I 

Scenario II: < 0 5; 2. Under Scenario I I , i?'s optimal (p*,Q*) can be characterized as 

follows: 



Chapter 4: Price and Order Postponement 115 

Proposition 4.7.8 When ^zj < 9 < 2, i.e., (1 - A)(2a; - a/j) > 0 and (1 - X)ah > on, for any 

given w, the optimal solution (p*,Q*) for R satisfies Q* = — p*, where 

^ if 0 < w < (1 - X)l'2at _ (i _ A)K - a<). 
{1~2(1%W if (1 - A)V2Q« - (1 - A)(a fc - a,) < «; < (1 - X)ah, 
ah if (1 - X)ah < w; < ah. 

Observe that according to Proposition 4.7.8 and its proof in the appendix, in Scenario I I , the 

optimal (p*,Q*) is attained either on Segment CE (when w < (1 — X)l/2ai — (1 — A)(a^ — a;)), 

or on Segment ED (when w > (1 — A ) 1 / 2 ^ — (1 - \){cth — a;)). Now, knowing p* and Q*, 

given by Proposition 4.7.8, M chooses w in Stage 1 to maximize EHM = wQ*. According to 

Proposition 4.7.8, it is easy to verify that 

EUM{w £ [(1 - \)1/2at - (1 - A)K - a,), (1 - X)ah}) > 0 = EUM(w £ [(1 - X)ah, ah}). 

Thus, a choice of w for which (1 - A ) Q J / J < w < ah is never optimal for M . Therefore, we only need 

to compare M's profit in Subproblem (1): w < (1 — X)l/2ai — (1 — A)(a^ — af), wherein Segment CE 

is optimal for R, and Subproblem (2): w > (1 — X)x/2ai — (1 — X)(ah — a/), wherein Segment ED 

is optimal for R. Unfortunately, it is still too tedious to derive a closed-form expression for w* due 

to the many possible relationships between the parameters A and 9. Therefore, for simplicity, we 

need to further restrict the values of A and 9. Now, note that in Scenario I I , A < 0.5. Then, we set 

A = 1/8, and we scale demand by normalizing the low demand state value, a;, to 1, and thus, since 

9 = we have that ah = 9. Under these simplifications, the equilibrium values of the contract 

parameters and profits for M and R are characterized in Proposition 4.7.9 below. 

Proposition 4.7.9 In the additive N-postponement model under a wholesale price-only contract 

with c = 0, A = | and < 8 < 2, the equilibrium wholesale price and the corresponding expected 

profit for M are: 

{ (96^1 (9fl-l)2x . if 5 < d < 1 5 + 4 ^ 

V 16 ' 512 > 1 1 7 — ° — 23 ' 

( 2^/14-70+7 ; ( 2^-7^+7X80-4 -yT4) ) . f 15+4yT4 < g < £ 

C4,74) H9<8<2, 
and the corresponding equilibrium retail price, order quantity and expected profit for R are: 

(236+1 96-1 -47e 2 + 110e+l\ ; f 8 < a < 15+4VT4 
V 32 ' 32 ' 1024 / 1 1 7 — u — 23 ' 

{p*,Q*,EWR)={ ( i ± V l i ^ - 4 - ^ ^ 1 4 8 - 2 ^ 4 - 7 ) ^ i f l S + M i ^ ^ -

(f.f.S) i f 0 < 0 < 2 , 

Where 8= 2 3 ^ 8 4 + 6 ^ + 7 ^ 
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4.7.4 Effect of postponement in the additive model 

Table 4.4 below summarizes the effects of p-postponement and Q-postponement in the additive 

model, i.e., X = D(p) + £, under a wholesale price-only contract with a linear expected demand, 

where £ has two market states: high (a^) and low (on). Recall that 8 = and that for simplicity, 

it is assumed that c = 0. 

Scenario I: 0(= fj-) > 1 + r i * Scenario II: A = g and ^ <6<2 

Column 1 Column 2 Column 3 

Effect of 
p-postponement 

Effect of 
Q-postponement 

Effect of p-postponement 

w* Unaffected Increases Decreases for a small 8, and then increases 
when 9 becomes larger 

Decreases Increases Decreases for a small 6, and then increases for an intermediate 
6, and again decreases when 6 is large enough 

Q'(EQ') Unaffected Decreases Decreases 

Profit dist. Affected Unaffected (2 : 1) Affected 

1.14 < 6 < 1.39 1.39 < 6 < 1.52 1.52 < 0 < 1.55 1.55 < 6 < 2 

EWM Unaffected Decreases Decreases Decreases Increases Increases 

EYI'R Increases Decreases Increases Decreases Decreases Increases 

E^M+R Increases Decreases 
Increases for 

9 < 1.33, and 
then decreases 

Decreases Decreases Increases 

Table 4.4: Summary of the effect of postponement in the additive model with a binary distribution 

Columns 1 &: 3: p-postponement. Under Scenario I, since (1-A) < ( l -A) 1 / 2 ,wehave6»> 

1 + jzr\ > 1 + (1 — X)~1/2. Thus, following Tables 4.2 (p-postponement) and 4.3 (TV-postponement) 

we derive Column 1 in Table 4.4. Accordingly, when the high market state is at least twice as large 

as the low market state (i.e., 8 > 1 + JZJ), R is able to extract the entire increase in channel profit,1 
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due to p-postponement, which solely stems from a reduction in the expected retail price. That is, 

the equilibrium order quantity and wholesale price, and thus, M's expected profit, are not affected 

by p-postponement. 

Under Scenario II, we have 9 < 2 < 1 + ^zj- Thus, from Table 4.2 (p-postponement) and the 

analysis of Scenario II in §4.7.3 under TV-postponement, we can derive the following proposition, 

which is summarized in Column 3 in Table 4.4. 

Proposition 4.7.10 In the additive PD-newsvendor model under a wholesale price-only contract 

with c = 0, A = | , and j^r\ < # < 2, in equilibrium, 

(i) EUp

M<EUM andEUR>En^,ifl<9<^ + ^ , 

(ii) EUP

M < Ell" and EILR < Ell", if $ + <9<9, 

(iii) EUP

M > EUM and EUP

R < Ell", if 9 < 9 < 2 3 ^ 8 4 + 6 / 7 + 7 ^ 

(iv) EUP

M > EIiM and EUP

R > Ell", if 2 3 ^ + 8 4 + 6 ^ + 7 ^ 5 < 9 < 2, 

(v) wp is smaller (respectively, larger) than wN when 9 is small (respectively, becomes larger), 

(vi) EpP is smaller than pN when 9 is small, it is larger for intermediate values of 9, and when 9 

is large enough, EpP is again smaller than pN, and 

(vii) QP < Q N , • 

where 8 = 9 2 v T i + 3 2 9 + 8 / 5 6 + 1 4 v / I i « 1.52, and the supscripts "p" and "TV" stand for p-postponement 

and N-postponement, respectively. 

Columns 1 and 3 in Table 4.4 and Proposition 4.7.10 clearly reveal that the effect of p-

postponement depends strongly on the demand distribution. Indeed, when the value of the high 

market state is sufficiently larger than the value of the low market state, as is the case in Column 1 

in Table 4.4, the channel's profit strictly .increases, neither party is worse off, R is strictly better 

off, and among the equilibrium values of the decision.variables, only the expected retail price is 

affected. However, when the value of the high market state is not sufficiently larger than the value 

of the low market state, p-postponement affects the equilibrium values of all decision variables. 

Moreover, under Scenario II (Column 3 in Table 4.4), p-postponement can decrease the channel 

profit. In fact, when 9 G ( ^ + 9 2 ^+ 3 2 9 + g

8 V^+uVE ) ~ (1.39,1.52), both M and R are 

strictly worse off due to p-postponement. These results, again, are in stark contrast to the effect 

of p-postponement in a monopolistic setting. 
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Column 2: Q-postponement. The equilibrium values under Q-postponement can be easily 

derived from Example 4.7.2 after substituting therein c = 0, and are as follows: 

w * = ( £ t f = M EQ* = tl a n d EUM = 2EIYR = M (4.40) 

where = Xai + (1 — X)oth- The effect of Q-postponement under Scenario I can be easily de

rived by comparing Table 4.3 for TV-postponement with display (4.40) for Q-postponement, and is 

summarized in Column 2 in Table 4.4. 

It follows from Column 2 in Table 4.4 that both M and R could be strictly worse off due to 

Q-postponement. This is, again, in stark contrast to Q-postponement in a monopolistic setting, 

wherein the centralized system is always (weakly) better off due to Q-postponement (Van Mieghem 

and Dada (1999)). 

4.8 Managerial Insights and Conclusions 

In general, in the multiplicative PD-newsvendor model, despite vertical competition and aside for 

some cases that are further discussed below, the effect of either p-postponement or Q-postponement 

are quite beneficial for the channel and its members. As such, postponement could be viewed as 

a viable strategy to increase channel efficiency. In particular, we note that the effect of either 

p-postponement or Q-postponement is quite substantial, percentage-wise, when the total channel 

profit of the supply chain is relatively small. For example, when this profit is relatively small, due, 

e.g., to a high manufacturing cost, p-postponement in the multiplicative model with a uniform £ 

(i.e., t = 0 for a power distribution) can increase M's and R's expected profits by as much as 270% 

for M and 210% for R, as is the case for c = 0.8 and linear expected demand in the wholesale 

price-only contract in Table 4A.1. This suggests that when the total channel profit is relatively 

small, there is a significant advantage in obtaining more reliable information about market demand. 

Similarly, in general, postponement is beneficial for both players in the additive model. 

Notwithstanding the benefits of postponement, it is clearly demonstrated in this chapter that 

for some parameter values, e.g., when the manufacturing cost is relatively low in the multiplica

tive model, the effects of postponement in a decentralized system are qualitatively different than 

their effect in a centralized system. Indeed, both in the multiplicative and additive models, p-

postponement and Q-postponement can make the channel worse off, and in some instances, they 

could even make both M and R strictly worse off. In that regard, as far as we know, we are 

the first to provide examples wherein the expected value of perfect information in a competitive 

environment, modeled as a Stackelberg game, is negative. 
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Our results also demonstrate that in a decentralized setting, the party, i.e., R, who initiates 

postponement, does not necessarily end up gaining the lion share of the increase in the expected 

profit. For example, in the multiplicative case, when returns are possible and the expected demand 

function is linear, for every dollar increase in R's expected profit, M's expected profit increases 

by two dollars. Moreover, R's expected profit due to postponement could decrease, even though 

M's expected profit in this case increases. Thus, a strategic retailer should not implement p- or 

Q-postponement before, e.g., reaching a favorable agreement with M as to how any additional 

benefit due to postponement should be shared between them. 

Our results in the multiplicative model also quite clearly demonstrate that the effect of post

ponement depends on the type of contract. Specifically, with buyback options, either p or Q-

postponement does not affect the equilibrium wholesale price, profit allocation ratio and channel 

efficiency. However, without buybacks, such postponement strategies can significantly change the 

equilibrium values. In particular, as explained above, such strategies can make both M and R 

strictly worse off, which does not happen when a buyback option is offered. 

4.9 Appendix 

Proof of Lemma 4.4.1. Substituting D(p) = 1 — p into the retailer's profit function, given 

by (4.2), results with UR = (p- b){l-p) min(z, e) - (w - b)Q. Consider two options for p: (Option 

I) If z < i, i.e., p < 1 — then the retailer's profit function reduces to ILR = (p — w)Q, which 

is increasing in p. Thus, p = 1 — (Option II). If z > e, i.e., p > 1 - § , then the retailer's 

profit function becomes YIR = (p — 6)(1 - p)t — (w — b)Q, which is strictly concave in p. Thus, 

p* •= max(iip, 1 — ^2). By comparing these two options we conclude that Option II gives us the 

optimal retail price. • 

Proof of Lemma 4.4.2. Taking derivatives of ETIR, given by (4.5), with respect to Q gives us 

2§ga = 1 - (1 - b)F(^) - 2Q J^g_ i/(e)de - w and = -2 ±/(e)de < 0, which implies 

that the retailer's expected profit function in Stage 2 is strictly concave. Thus, the first order 

condition (F.O.C.) gives us the unique maximizer of the retailer's expected profit function, i.e., the 

optimal order quantity, Q*, satisfies 1 — (1 — b)F(-^t-) — 2Q f 2 0 \f(e)de — w = 0. • 

l — b 

Proof of Proposition 4.4.3. Substituting w*(b,Q), given by (4.6), into the manufacturer's 

expected profit function, given by (4.9), and simplifying gives us: 

EUM = (1 - c)Q - QF(^) - 2Q2 f -f(e)de + h(l - 6) f1'" ef(e)de. (4A.1) 
l — o J i i e l JL 

1—0 
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Taking the first order derivative of EUM with respect to 6 results with DE^)

M = |(1—26) fl~b ef(e)de. 

Thus, there is a unique value of 6 for stationary point(s) of EUM, if there are any, which is 6* = \ . 

Taking first order derivative of EUM with respect to Q and evaluating it at 6* = \ results with 

MJTM.(5* = i) = G(Q), where G(Q) = 1 - F(4Q) - 4Q J^Q\f{e)de - c. It is not difficult to show 

that = - 4 / ^ ^/(e)de < 0, G(Q = 0) = 1 - c > 0 and G(Q = ^) = - c < 0. Thus, there is 

a unique Q* € (0, ^) such that 9"gQM (6* = \) = 0. Therefore, we conclude that,there is a unique 

stationary point (6* = \,Q*). Taking second order derivatives of -ETIM with respect to 6 and Q 

and evaluating them at the unique stationary point gives us the Hessian matrix: 

d2EYUL d2ERM I \ _ A fV 1 
dQ2 dbdQ 

d2 EUM d2EYlM 

dQdb . db2 

4 / 4 Q . 0 

-J^'ef(e)de 

which is negative definite. Thus, the unique stationary point (6* = \,Q*) is the global maximizer 

of the manufacturer's problem. 

Substituting (b*,Q*) into w*(b,Q), given by (4.6), and simplifying'results with w* = 

Similarly, substituting (b*,Q*) into the expected retail price Ep*, given by (4.4), and simplifying 

gives us: Ep* = 3-j£, and substituting (b*,Q*) into the expected profit functions of the retailer 

and the manufacturer, given by (4.5) and (4A.1), respectively, and simplifying results with EU*M = 

2EU*R = | J4

L

Q' ef(e)de + £ [ 1 - c - F{4Q*)). • 

Proof of Proposition 4.4.4. By (4.13), = 1 - c - F{2Q) - 4Q j2Q \f{t)de, ^jp* = 

2/(2Q) - 4f2Q \f{e)d€ and ^jjjjjp- = 4[/'(2Q) + ^-}. Since e/(e) is increasing in e, we have 

e/'(e) + /(e) > 0. Therefore, f'(2Q) + ^ > f'(2Q) + Xgf- > 0, which implies that 

strictly increases in Q. Since = 0) = 1 - c> 0, g^L(Q = ^) = - c < 0 and ^|j5*(Q = 

f) = 2/(1/")' > 0, we have (Q = 0) < 0. Thus, we conclude that first decreases in Q 

and then increases, and crosses the horizontal line only once at the unique solution Q* £ (0, ^) 

satisfying: 
,£/ x 

1 - c - F(2Q) -4Q -f(e)de = 0. (4A.2) 
J2Q e 

Substituting the implicit expression for Q* into (4.12) and simplifying results with w* — \{\ + c -

F(2Q*)). Substituting the resulting w*, 6 = 0 and Q* into (4.4), the equilibrium expected value 

of the retail price is Ep* = |(3 + c - F(2Q*)). Similarly, substituting (w*,b = 0,Q*) into the 

retailer's expected profit function, given by (4.5), and (w*,Q*) into the manufacturer's expected 

profit function, given by (4.13), and simplifying results with: EU*M = ^ ( 1 - c - F(2Q*)) and 

EU*R = \ Jl®' ef{e)de + ^ ( 1 - c - F(2Q*)), which completes the proof. • 
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Proof of Proposition 4 .4 .5 . (i) is implied by (4.7) and (4.10), and (ii) is implied by (i), (4.8) 

and (4.11). 

For (iii), following the analysis of the integrated channel, p1 = By Proposition 4.4.3, 

Ep* = Thus, (iii) follows. By comparing the results in Proposition 4.4.3 and those in Table 4.1, 

(iv) follows. 

For (v), following (4.7) and (4A.2), 1 - F{2QI) - 2Q1 J2

U

Qt \f{e)dt = c = 1 - F{2Q*) -

2Q* J2

U

Q, \f{e)de - 2Q* jJ, \f{e)de. It is easy to verify that 1 - F{2Q) - 2Q J2Q \f{e)dt is strictly 

decreasing in Q(> 0). Thus, (v) follows. Finally, (vi) is implied by the analysis of the integrated 

channel and Propositions 4.4.3 and 4.4.4. • 

Proof of Lemma 4.4.7. Substituting D(p) = e~v into the retailer's profit function, given by (4.2), 

results with HR = [p — b)e~p min(z, e) — (w — b)Q. Following the same analysis process as in the 

linear case, we need to consider two options for p, and it is not difficult to verify that the optimal 

retail price, p*, is given by (4.14). We do not repeat the analysis, here. • 

Proof of Lemma 4 .4 .8 . Taking derivatives of EHR, given by (4.5), with respect to Q and 

simplifying gives us ̂  = bF(e1+bQ) + %+bQ ln(e)f(e)de- (ln(Q) +1) + (ln(Q) + l)F(e1+bQ) -w 

and = —^(1 — F(e1+bQ)) < 0, which implies that the retailer's expected profit function 

in Stage 2 is strictly concave. Thus, the F . O . C . gives us the unique maximizer of the retailer's 

problem, and the optimal order quantity, Q*, satisfies bF(e1+bQ) + f^+bq ln(e)f(e)de — (ln(Q) + 

1) + (ln(Q) + l)F(e1+bQ) -w = 0.O 

Proof of Proposition 4 .4 .9 . Substituting w*(b,Q), given by (4.17), into the manufacturer's 

expected profit function, given by (4.18), and simplifying gives us: 

rU re1+bQ 

EHM = -Q(ln(Q) + l)+Q(ln(Q) + l)F(e1+bQ)-cQ+Q ln(e)f(e)de+be-1~b c/(e)dc. 

(4A.3) 

Using the same approach we have used in the linear case, we are able to verify that there is a 

unique stationary point (b* = 1,(5*), where Q* satisfies —(ln(Q) + 2) + (ln(Q) + 2)F(e2Q) + 

fe?Q l>n(e)f(t)de — c = 0, and the Hessian matrix at this stationary point is: 

- ^ ( l - F ( e 2 Q * ) ) 0 

0 . -e-2jfQ\f(e)fe ' 
dQ2 dbdQ 

d2EnM d2ETlM 

dQdb db2 

which is negative definite. Thus, the unique stationary point (b* = 1,Q*) is the global maximizer 

of the manufacturer's problem in Stage 1. 
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Substituting (b*,Q*) into w*(b,Q), given by (4.17), and simplifying results with w* = 1 + c. 

Similarly, substituting (b*,Q*) into (4.15) and simplifying gives us the equilibrium expected retail 

price: Ep* = 2 + c, and substituting (b*,Q*) into the expected profit functions of the retailer and 

the manufacturer, given by (4.16) and (4A.3), respectively, and simplifying results with EIY*M = 

EU*R = Q*(1- F(e2Q*)) + e~2 jfQ' ef(e)de. • 

Proof of Proposition 4.4.10. By (4.20), the derivatives of EIJM with respect to Q are: d E

d ^ M — 

-(ln(Q)+2)(l-F(eQ))-c+f"Qln(e)f(e)de, ^ f ± > = e ( / ( e Q)- iz|g21) and = e2(f(eQ)+ 

tt^p- + 1 ^ e Q ( ^ Q ) ) . Since e/(e) is increasing in e, we have e/'(e) + /(e) > 0. Therefore, f'{eQ) + 

^Zp- > 0, >,0, which implies that d - ^ L increases in Q. Since ^0u-(Q = 0) < 0 

and rf2^lM [Q = 7 ) > 0, evidently, first decreases and then increases in Q. Note that 

= | § M ( Q = 0) > 0 and ^ ^ ( Q = 7 ) < 0. Thus, there is a unique solution Q* € (0, f ) , which 

satisfies: 

c = / /n(e)/(e)de-(Zn(g) + 2) ( l -F(eQ)) . 

Substituting Q* into (4.19) and simplifying results with w* = 1 + c — F(eQ*)- Substituting the 

resulting i i * , 6 = 0 and Q* into (4.15), reveals that Ep* = 2 + c — F(eQ*). Similarly, substituting 

(w*,b = 0, Q*) into the retailer's expected profit function, given by (4.16), and (w*,Q*) into the 

manufacturer's expected profit function, given by (4.20), and simplifying results with: EITM = 

(1 - F{eQ*))Q* and EU*R = e~l f^' ef(e)de + (1 - F(eQ*))Q*, which completes the proof. • 

Proof of Proposition 4.4.11. The proof is analog to the proof of Proposition 4.4.5 in the linear 

expected demand function case. We do not repeat it here. • 

Proof of Lemma 4.4.13. Substituting D(p) = p~q into the retailer's profit function, given 

by (4.2), results with 11^ = (p - b)p~q min(z, e) — (w — b)Q. Following the same analysis approach 

as in the linear case, we need to consider two options for p. Again, it is easy to verify that the 

optimal retail price is given by (4.21). We db not repeat the analysis here. • . 

Proof of Lemma 4.4.14. Taking derivatives of .ETIR, given by (4.23), with respect to Q: dE,QR = 

(1 - J ) Q " i r(5

t/(e)5/(e)de + bF(5) - u,,.and ^ § r * = - i ( l - ±) f?(e)<f(e)de < 0, which implies 

that the retailer's expected profit function in Stage 2 is strictly concave. Thus, F.O.C. gives 

us the unique maximizer of the retailer's problem, and the optimal order quantity, Q*, satisfies 

(1 - f(e)de + bF(6) -w = 0.n 

Proof of Proposition 4.4.15. Substituting w*(b,Q), given by (4.24), into the manufacturer's 
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expected profit function, given by (4.25), and simplifying gives us: 

EHM = (1 - -)Ql~« [U(e)«f(e)de - cQ + b(^\)-" f ef(e)de. (AAA) 

q Js 9 - 1 JL 

Taking first order derivative of EHM with respect to b and simplifying results with d E ^ M = 

(1 - q)(q

3~\)~q / i e / ( e ) ^ e < 0- Thus, for any Q, the manufacturer's expected profit is strictly 

decreasing in b. Thus, b* = 0 and ^ § ^ ( 6 * = 0) = (1 - \)2Q~~« J^(e)^f{e)de - c and ^^(b* = 

0) = -1(1 - i ) 2 Q _ 1 " « J^(e)^f(e)de < 0. We conclude that EHM(b* = 0) is strictly concave in Q 

and the F.O.C. gives us the unique maximizer Q* = [ i l Z i l l ^ i f l L ^ ! ] ? . Therefore, (b* = 1,Q*) 

is the global maximizer of the manufacturer's problem in Stage 1. 

Substituting (b*,Q*) into w*(b,Q), given by (4.24), and simplifying results with w* = 

Similarly, substituting (b*,Q*) into (4.22) and simplifying gives us the equilibrium expected retail 
2 

price: Ep* = ^q

9_^t, and substituting (b*,Q*) into the expected profit functions of the retailer and 

the manufacturer, given by (4.23) and (4A.4), respectively, and simplifying, results with EH*M = 

^EH*R = ^Q*.n 

Proof of Proposition 4.4.16. The proof is similar to the proof of Proposition 4.4.5 in the linear 

expected demand function case, and will not be repeated here. • 

Proof of Proposition 4.5.1. Backward induction is used.to solve the two-stage Stackelberg game. 

In Stage 2, taking the partial derivative of EHR, given by (4.26), with respect to p and simplifying 

results with: = e~p[(z - A(z))(l + b- p) + (w - b)z]. Evidently, since z > A(z) and w > b, 

there exists a unique p*(z) such that > 0 for p < p*(z), = 0 for p '= p*(z) and < 0 

for p > p*(z), which implies that EHR is unimodal in p for any given z, and the unique optimal p 

for the retailer is: 
*/ N w — b 

P ^ = 1 + b+z^W)Z-

We can now express the retailer's expected profit function as a function of z only: 

EHR(p*(z), z) = e-P'^{(p*(z) - b)[z - A{z)\ - (w - b)z}. 

.By using the chain rule, - " W W . * ) = ^ n y ) , , ) . + ^ i W ( z ) . z ) = T h g 

last equality is due to the fact that ^ " A g ( * ) • ' ) = 0 . Thus, ^"W*(»)•'? = E-P*W{(p*(z) - b)[l -

F(z)} -(w- b)} = ej^G(z), where 

G(z) = [z- A(z) + (w- b)z][l - F{z)\ - (w - b)[z - A{z)}. 
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Taking the .derivative of G(z) with respect to z and simplifying gives us: 

z ^ l = [i _ F { z ) f _ [ z _ A (z) + (W- b)zf(z)} = [1 - F(z)]{l - F(z) - - (™ - b)zh(z)}, 

where h(z) = ilp^ is the failure rate. Note that F(z) and ' Z ^ j increase in z, and so does 

zh(z), since zf(z) increases in z. Thus, d G } ^ is decreasing in z, and G(z) is concave in z. Since 

we have that G(z = L) = L > 0 and G(z = U) = — (w — b)p^ < 0, there is a unique z* € (L, U) 

such that G{z*) = 0 and < 0. Therefore, z* is the unique solution to dBU:*(P*(*)•*) = 0 and 

one can easily verify that d 2 E I l R

d % < 0. Thus, z* is the unique maximizer of the retailer's 

expected profit function, which is now proved to be well-behaved in (p,z). Therefore, the first 

order conditions of EHR, given by (4.26), give us the expressions of the unique maximizer of the 

retailer's problem in Stage 2: 

(1 + b - p)[z - A(z)] + (to - b)z = 0 and (p - 6)[1 - F(z)] - (w - b) = 0. (4A.5) 

Note that z = L does not satisfy the above two equations. Thus, in equilibrium, z > L. 

Now, let us look at the manufacturer's problem in Stage 1: Choose (w,b) to maximize her 

expected profit. Following Song et al. (2004), we work with (p,Q) instead of (tu, 6) to solve for the 

equilibrium values in the model. From the two equations in (4A.5), we are able to derive: 

, N A (z ) [ l -F (z ) l , ', z\\-F(z)\ 

where, we recall A(z) = f[(z — e)f{e)de and zF(z) — A(z) = JL ef(e)de. Thus, the manufacturer's 

expected profit function in Stage 1 becomes: 

EIlM(p,z) = e-p{[w{p, z) - c]z - b(p, z)A(z)}. 

Taking the partial derivatives of EHM with respect to p and z, we obtain: 

^ = - e - ^ - c - ^ ^ ) z + ( ^ - 0 ) A ( z ) ] , and 
op dp dp 

= e - > - c + ^ z - 0 F ( z ) - A ( z ) ^ ] . 

Now, using (4A.6), we can derive that ^ = 1 , ^ = 1 , * ^ = -F-f^+^^ 
and = -j^~f$de + \fil%$e)2 • T h u s > substituting these partial derivatives into and 
dEfaM , given above, and simplifying results with: 

f ^ E M = -e-p{[w - (1 + c) + (1 - b)F(z)]z + (1 - b) J* ef(e)de} and (4A.7) 

= e-p[w-(l + c) + (l-b)F(z)\. (4A.8) 
dz 
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Evidently, there exists a unique solution, i.e., (w* — 1 + c, b* = 1), to the first order conditions, 

given by (4A.7) and (4A.8), since z > L > 0. Further, substituting this stationary point into (4A.6) 

reveals that the value of (p, z) at this stationary point satisfies: 

J" ef(e)de = [l-F{z)][z-A{z)] and p = 2 + 
z - A(z) 

Next, we show that under a certain sufficient condition on the distribution of £, i.e., e/(e) increases 

in e, the unique stationary point is indeed the global maximizer of the manufacturer's problem in 

Stage 1, by proving that the Hessian matrix of £ I1M at this unique stationary point is negative 

definite. Following (4A.7) and (4A.8), we can derive the second order partial derivatives of EUM 

with respect to p and z at the unique stationary point: a = —e~p[z — A(z)](< 0), 9 E ^ M = 

_ e - p / ^ k ^ M ( < o) and = ^ | j j f = e-P[l - F(z)]. Thus, the determinant of the Hessian 

matrix equals: - (^fgf )2 = jgj^K'z), where K(z) = f(z)[z - A(z)}2 - [1 -

F{z)}2 /LV(e)de = [ l - F ( z ) ] V / ( * ) " / ^ 
Denote R(z) = z2f(z) — ef(e)de. Since e/(e) is increasing in e, evidently, K(z) is increasing in 

z. Note that at the unique stationary point, z > L. Therefore, K(z) > K(L) = L2f(L) > 0, which 

implies that at the unique stationary point, K(z) > 0 and the Hessian matrix is negative definite. 

Thus, (w* = 1 +c, b* = 1) is indeed the global maximizer of the manufacturer's problem in Stage 1. 

Accordingly, the equilibrium values of z and p are given by (4A.9), and the equilibrium values of 

the expected profits of the manufacturer and the retailer are: ETL*M = EUR = e~v \z* — A(z*)]. • 

Proof of Proposition 4.7.3. Given (w,Q) and knowing as, R chooses p to maximize his profit 

function, given by (4.30). When as = ai, TIR = pi min(Q, [a/ — pi]+) — wQ, where pi represents 

the retail price if as = OL\. It is obvious that R will never choose a retail price which is too high so 

as to induce negative demand or too low so as to generate excess demand. Thus, 0 < a; — pi < Q, 

and R's profit function reduces to: = pi(ai — pi) — wQ, which is strictly concave in p\. Thus, 

p* = max(a; — Q,^), which is evidently less than 0 7 . Similarly, when as = oth, we have p*h = 

max(afc — Q,5^). This completes the proof of Proposition 4.7.3. • 

Proof of Proposition 4.7.4. Given tu and knowing p* and p*h, R chooses Q to maximize his 

expected profit function, given by (4.32). Let us consider three possible choices of Q for R. 

(1) 0 < Q < ^ . Then p* = on — Q and p*h = — Q, which implies that R chooses a quantity 

Q for which the market clearing retail price is optimal regardless whether the actual market 

state is high or low. Thus, EUR = (fx^ — Q)Q — wQ, which is strictly concave in Q, and 

. QI = [mhi(f, (Recall that p^ = \at + (1 - X)ah.) 
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(2) %L < Q < Then p\ = ^ and p*h = ah - Q- In this case, R chooses a Q for which he 

will stock out when the actual market state is high and he will hold some inventories when 
Aa 2 

the actual market state is low. Thus, EHR = (1 - A)(a/ l - Q)Q — wQ + which is, again, 

concave in Q, and Q\ = max(^, ^ 2(I-AP") — if'- ^he ^ a s* inequality follows since a; < ah 

and w > 0. 

(3) Q > Then p* = ^ and p*j = 9

2

L. In this case, i? chooses a very high Q which would 

result with some leftover inventories regardless of the actual market state. Thus, EHR = 
_f_ C1-*)0^ _ W Q ) which decreases in Q, and Q\ = g

2

h-. 

Compare R's optimal expected profit in the three cases. Since EHR is continuous in Q and Q\ 

is on the edge of the feasible interval for (2), (2) dominates (3), and we only need to consider (1) 

and (2). We need to consider three different ranges for w. 

(a) w > p,£. Then, Q\ = 0 and since w > (1 - A)(a/j - a{), Q\ = 9

2

1 . Accordingly, one can easily 

verify that EHR = 0 and EHR = " i + 2 " ' ^ W^ < 0, where the last inequality follows since 

w > and EHR designates R's expected profit function in Choice (1). Thus, Choice (1) is 

optimal for R, Q* = 0 p* = ai and p*h = ah-

(b) (1 — A)(a/i — ai) < w < p^. Then, QI = and Q*, = Note that EHR is continuous in 

Q and Q\ is on the edge of the feasible interval for Choice (1). Thus, Choice (1) is optimal 

for R, and Q* = > Pi = al ~ Q* an(^ Ph. ~ ah ~ Q*-

(c) w < (1 - A ) ( a h - at). Then, Q\ = f and Q*, = {1~2^"h

x~w. Now, Q* is on the edge of 

the feasible interval for Choice (2). Thus, Choice (2) is optimal for R, and Q* = ^ 2(I-AP" ' 

p\ = f and p*h = a h - Q*. 

Combining the results in the three cases yields the display of Q* in Proposition 4.7.4.Q 

Proof of Proposition 4.7.5. Taking Q* and p* into account, we next consider three possible 

choices for M to find her optimal wholesale price. 

(1) w > p,£. Then, according to Proposition 4.7.4, Q* = 0. Therefore, EHM = 0. 

(2) p£ - ai < w < Then, according to Proposition 4.7.4, Q* = ^p^-, and EHM = wQ* = 

\w(p£ — w), which is strictly concave in w. Thus, = max(^ — a;, ) < p^. 

(3) w < p(. - at. Then, Q* = ( 1 A)"™ ' A N D E U m = w®* = 2(T^A)U;((1 ~ A) A / L ~ W ) ' W H I C H I S 

strictly concave in w. Thus, w* = min(^ — a;, (1~^)a'*). 
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Next, we evaluate M's expected profit in the above three choices. Note that EUM > 0 in both (2) 

and (3). Thus, (1) is dominated by the other two choices, and we only need to compare M's 

expected profit in (2) and (3). We consider three different cases as follows. 

(a) (1 - \)ah - 2(1 - X)ai < 0, i.e., 9 < 2. Then, /x? - 2a/ < 0. Thus, w* = ^ and w^ = p^- at. 

Since EUM is continuous on w e [0,ah] and w* is on the edge of the feasible interval for 

Choice (2), Choice (2) dominates Choice (3). Thus, w* = and £TI^ M 

(b) / ^ - 2 a / < 0 < ( l - \ ) a h - 2 { l - \ ) a l , i.e., 2 < 9 < 1 + jhx- Thus, w\ = ^ and w*3 = ( 1 ^ . 

Accordingly, EUM = & and EUM = and EU2

M - EU%, = ( ^ - ^ ^ ^ 

Thus, EU2

M > EU3

M when /x? > y/1 - Xah, i.e., 8 < 1 + ^ i = , EU2

M = EU3

M when 6> = 

1 + and EU2

M < EU3

M when 0 > 1 + rjfzrj-

(c) /z€ - 2a/ > 0, i.e., 0 > 1 + j ^ . Then, (1 - \)ah - 2(1 - A)aj > 0. Thus, w2 = M£ - ai a n d 

•w* = (1~^°'h • Since E T I M is continuous ontoS [0, a/i] and is on the edge of the feasible 

interval for Choice (3), Choice (3) dominates Choice (2) and is optimal for M . Therefore, 
P T T * _ ( l -A)a 2 

RJL1M — 8 

Combining the results in the above three Cases (a), (b) and (c), we conclude as follows. 

[1] When 6 < 1 + Choice (2) is optimal for M . Thus, w* = EU*M = Substituting 

w* into Q* and p*, given by (4.33), and simplifying results with Q* = p* = 4ai~fli and 

p* = iOLh~H _ Substituting in .R's profit function, given by (4.32), and simplifying results with 

ET1*R = g. 

[2] When 9 > 1 + ^j=p Choice (3) is optimal for M . Then, it can be easily verified that 
* _ (1-A)q, t E W _ ( l - A K q * . _ (1-X)ah * _ oj . * _ 3 ( 1 - A W , „ n * Ao2 ( l -A)q 2 

W — 2 , - C / 1 1 M — g , V — 4 ( i _ A ) i Pi — 2 ' Ph ~ 4(1-A) ' d I 1 U ' C ' - l i f l 4 ^ 16 ' 

Proof of Proposition 4.7.6. We analyze R's problem in Regions 1 -3 . 

Region 1: {(p,Q)\w < p < a/,0 < Q < ai —p}. EUR, given by (4.34), reduces to: EUR = 

(p — w)Q, which increases in both p and Q. Thus, Q* = ai—p*. Therefore, R attains the optimal 

profit on Segment AB in Region 1. 

Region 2: {(p, Q)\w <p< a/, a/ — p < Q < a/j — p). EUR, given by (4.34), can be simplified to: 

EUR — p\(ai —p) + (p(l — A) — w)Q, which is linear in Q and concave in p. Evidently, Q* = ai—p* 

or Q* = aft — p, depending on the sign of (p(l — A) — w). Therefore, R attains his optimal profit 

on either Segment AB or Segment CE. 

Region 3: {(p, Q)|a; < p < ah, 0 < Q < ah — p}- EUR reduces to UR = (p(l — A) — w)Q, which 
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is linearly increasing in p and linear in Q. Thus, p* = - Q*, i.e., Q* = cth — p*. Therefore, R's 

optimal (p*,Q*) lies on Segment ED. 

Note that R's profit function is well behaved in all three subregions. • 

(2 - X)at - (1 - X)ah < 0 < a ; < (1 - X)ah. Consider to G [0, a/]. According to (4.38), p* = a; and 

ETic

R

E = (ah-ai)({\-X)ai -w). According to (4.39), p* = t ^ g y and = >'• 

We have £ n £ B
 = ( a ' ~ ™ ) 2 . Thus, £ T l g D > EU^3 since (1 - X)ah > a, > to, and £TCfD - ETl%B = 

( ( i -A ) a h +^-2 ( i -A )a , ) 2 > 0 T h u S ; S e g m e n t E D i s o p t i m a i for R when to G [0,at\. It is further 

known from Proposition 4.7.6 that Segment ED is optimal when to G [aj,a/,]. Therefore, from 

(4.39) and since (1 - X)(2at - ah) < 0 when 9 > 1 + j ^ , 

which completes the proof of Proposition 4.7.7. • 

Proof of Proposition 4 .7 .8. Since J^J < 9 < 2, it can be easily verified that 0 < (1 — A)(2aj -

ah) < (2 - X)ai - (1 - X)ah < a, < (1 - X)ah. Recall that £ T l £ s = ( a ' ~ " ' ) 2 and that Segment ££> 

is optimal for i? when a; < to < a^. For 0 < to < a/, we need to consider the following three cases. 

(1) w G [0,(1 - X)(2ai - ah)}. According to (4.38), p* = ^ and EUC

R

E = ^02~w2 _ 

w(ah - ^ p ) . According to (4.39), p* = at and ElifP = (ah - at)((l - X)at - to). Thus, 

EHR

E - EUED = (^+72Q')2 > 0. Therefore, EU%E > EUED. Similarly, EU%E - EU^B = 

^ f ^ [ ( l - X2)at + (1 - X)2ah - 2(1 + A)to] > 0, where the last inequality follows since 

. ,[(l-A 2 )a,+(l-A) 2 a>i-2(l+A)to] >0foranyto€ [0, ( l -A)(2aj-a h ) ] . Thus, ET\C

R

E > Elij8 . 

for any to < (1 — A)(2ai| — a^). Therefore, Segment CE is optimal for R. 

(2) w G [(1 - A)(2a; - (2 - X)at - (1 - A)afc]. According to (4.38), p* = ^ a n d £ n / P = 

4̂=̂  - w(ah - According to (4.39), p* = and EUED = {{l~^_\)W? • 

Thus, £Tlf D > EU^B since (1 - A ) ^ > at > to. Now, we need to compare £ T I ^ £ and 

£ITg D . Equating EU^ and M l g ° and solving it, one can verify that EU%E > En^D when 

tu < ( l - A ) 1 / 2 a ( - ( l - A ) ( a / l - a / ) , a n d J E ; n g E < MlJP whenw > (l-X)1/2ai-{l-X)(ah-at). 

(3) to G [ (2 -A)a J - ( l -A)a / l , a i ] . According to (4.38), p* = at and EIl%E = (ah-ai){(l-X)ai-

w). According to (4.39), p* = {1~2^"h

X)W and EIiED = ^ " j f a p 0 ' • Following the same argu

ment as in Case (2), EIiED > EU^B. Similarly, EUED - EIic

R

E = ^ g ; } 1 4 ' 8 1 ' ' > 0. 

Thus, Segment ED is optimal for R. 

Proof of Proposition 4.7.7. Since 9 > 1 + j^, it can be easily shown that (1 — A)(2aj — a^j < 
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Combining the analysis in Cases (1), (2), (3), and the case when on < w < ah, for which Seg

ment ED is optimal, we have verified the display for p* in Proposition 4.7.8. Note that since Seg

ment AB was found never to be optimal, we have also shown that Q* = ah — p* for 0 < w < ah- • 

Proof of Proposition 4.7.9. Since A = 1/8, a\ = 1 and ah = 9, the feasible regions in M's two 

Subproblems (1): w < (1 - \)ll2at - (1 - X)(ah - on) and (2): (1 - \)l'2ai - (1 - \){ah - aL) < 

w < (1 - \)ah can be simplified to: (1): 0 < w < 2 v5iz^±Z ) a n d ( 2) : 2 V

/ i 4 - 7 e + 7 < w <™. We 

analyze separately these two subproblems. Note that in Subproblem (1), Segment CE is optimal 

for R, and in Subproblem (2), Segment ED is optimal for R. 

Subproblem (1): 0 < w < 2 V ^ - i e + 7 . Then since Segment CE is optimal for R, p* = 

Q* = 9- '» a n d EUM = w(6 — \p^ — \w), which is concave in w. Thus, since p$ = -^p-, we 

have 

( {90-1 (99-l) 2 >, [t 6 <- 0 <r 15+4yT4 
(in* F U C E \ — ) ^ 16 ' 512 / 1 1 7 - ° — 23 ' f / A 1 n \ 
[W ,&11M ) - \ / 9 , / T T _ 7 f l 4 - 7 ^ / T 4 - 7 0 + 7 V 8 0 - 4 - x / l 4 K . , 1 f i 4 - 4 , / U . „ ^ A . l U j ^2vTJ-7i+7 (2Vl4-7e+7)(89-4-vT4) ^ -f 15+4yT4 a ^ 9 

^ • 8 ' 64 / 1 1 23 — 1 7 — 

Subproblem (2): 2 ^ n ~ 7 e + 7 < w < f . Then, since Segment E D is optimal for R, p* = ^ ± ^ L ) 

Q* = 1 6 ^ w , and JETIM = (7e~^w, which is, again, concave in w. Thus, we obtain: 

{ (2VU-78+7 (2y /14-76l+7)(149-2v/T4-7) : f 8 ^ /) / 4 y T 4 / 1 , y/l4-| 
V 8 ' 112 / 1 1 7 - P - 21 \ L + 4 h (A\ i i \ 

(fg.g) i f i v T i ( l + ^ ) < . < 2 . ( 4 A - 1 1 } 

Now, let us evaluate M's equilibrium profit as a function of 9. 

(1) Consider § < 9 < - Comparing EUC

M

E = given in (4A.10), and EUff = 
( 2 V n - 7 0 + 7 ) ( 1 4 0 - 2 v T 4 - 7 ) [ ^ i n ^ U ) > W & ^ ^ C B > JJED ^ = 90-1 ^ 

ETlM = & ^ L - Correspondingly, p* = ^f±±, Q* = ^ and EU*R = - ' 7 e \ +

0 T + 1 • 
r 

(2) Consider < g < ! y T 4 ( 1 + .fa). Comparing EU^ = ( 2 ^ - 7 0 + 7 ^ - 4 - ^ g i y e n i n 

(4A.10), and £ n M

c = ( ^ - ^ X ^ - 2 ^ - ? ) , g i y e n j n f 4 A A 1 \ r e s u l t s w i t h £ n M

£ > UED. 

Thus, «;* = I v S ^ + I a n d ^ = ( 2 v T 4 - 7 g + 7 K 8 g - 4 - v T 4 ) ^ C o r r e s p o n d i n g l V ) p* = 4+yJi ] 

Q* = zJb^M and Mlfc = ( 1 4 e ~ 2

2 ^ i - 7 ) 2 . 

(3) Consider ^ ( 1 + ^ ) < 0 < 2. Since M's profit function on Segments CE and ED is 

quadratic in the parameter 9, one can easily verify that EU^f > EUff if 6 < 8, EU^ = 

EUfP if 9 = 9 and EUC

M

E < EUM

D ii 9 > 9, where 9 = 23v^4+84+6v^+7v^ . I n o r d e r t o 

compute the optimal values of p, Q and EUR, let us consider separately these three cases. 

When 9 < 9, Subproblem (1) is optimal for M , and thus, Segment CE is optimal for R. 
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Therefore, w* = ^ - 7 6 + 7 a n d ^ = ( 2 ^ - 7 0 + 7 X 8 9 - 4 - ^ A c c o r d i n g l V ) p * = 4+^H 

Q* =
 8 e - 4 - v T i a n d E N * R = (UB-2SU-7)2

 W h e n g < e < 2 j S u b p r o b l e m (2) i s optimal 

for M, and thus, Segment ED is optimal for R. Therefore, w* = | | and £11*^ = 7g^. 

Accordingly, p* = ^ , <2* = | and EII^ = When 0 = 0, M is indifferent between 

Subproblem (1) and Subproblem (2), while R strictly prefers Segment CE. Thus, for the 

benefit of R, M would choose Subproblem (1) when 6 = 6. 

By summarizing Cases (1), (2) and (3), we have verified the displays of w*, EU*M, p*, Q* and .ETl^ 

in Proposition 4.7.9. • 

Proof of Proposition 4.7.10. Note that A = 1/8, JZJ < 9 < 2, and the low demand state, 

cei, is set to 1 and the high demand state becomes = 9. According to Table 4.2, under a 

wholesale price-only contract with p-postponement, wp = -^ jp , pf = 3 1 ^ 7 9 , p\ = ^ff^, QP = ^f^' 

EUM = (-^u - a n d
 E U R = (1m4--

 T h u s > EP* = XP* + (! - A K = ^f^- T h e optimal values 

of the decision variables and profits under a wholesale price-only contract without postponement 

is given by Proposition 4.7.9. Next, let us evaluate the effect of p-postponement on optimal profits 

and equilibrium values of decision variables. We consider the following three cases with respect to 

the value of 9. 

(1) s < 0 < IsMyXI. 

EUM-EUp

M = ^ - ^ = ^>0since6>l. 

fTjiN P T T P _ -479 2 +1100+l (70+1)2 _ 30(9-1) n 

&Li.R - miR - J024 1024 3 2 ~ < U ' 

Therefore, in this case, EUM > EIiv

M and £IT£ < EUP

R. 

wN - WP = 2=1 > 0, pN - EpP = ^ > 0, and Q N - QP = ^ > 0. 

Thus, in this case, wN > wp, pN > EpP and QN > Q P . 

(2) 15+4/14 < g < 23y /14+84+6v /7+7v /2 
V / 23 — — 126 

EUM — EUP

M = ^ 2 v ^ 79+7) (89 -4 -v / i4 ) _ (79+i) ^ w n j c h j s a strictly concave function of 9. 

Thus, one can easily show that EIlM > EUP

M for 9 < 90, ET1M = EUP

M for 9 = 90, and 

EILM < EHp

M for 9 > 00, where 60 = ^+^+Ws6+iWE_ 

EUR — EUR = 2 2 4 ^ ~ 7 ^ ^i02A ' w hich is a strictly convex function of 9. Thus, it can 

be easily shown that Ellg < EUP

R when 9 < 9, £Tl£ = EUP

R when 6 = 6, and EU.% > EUP

R 

when 9 > 9, where 6 = ^ + i ^ j i . 
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wN - wp = 2 1 6

; which is first positive when 9 is small, and then becomes negative 

when 8 becomes large, similarly for pN - EpP = ^ + u - 2 i e _ QN _ Q P = 2 5 0 - i 7 - 4 y l 4 > Q 

Thus, QN > QP. 

(3) 23yTt+84+6/7+7V2 < Q < 2 

EUM - EUP

M = 2(EI1R' - EUP

R) = - = 7 9 2 s i 4 0 " 1 , which is strictly convex in 9. 

Thus, it is easy to verify that EUM < EIip

M and ETlg < EUP

R. 

W N - WP = _ ^ < o, pN — EpP = 2f|z!l > o and QN - QP = ^ > 0. Thus, wN < WP, 

pN > EpP and QN > QP. 

Combining the results in the above three cases completes the proof of Proposition 4.7.10. • 



t = 0 t = 1 t = = 4 
c 0.00 0.05 0.10 0.20 0.50 0.80 0.00 0.05 0.10 0.20 0.50 0.80 0.00 0.05 0.10 0.20 0.50 0.80 

w* 0.50 0.53 0.55 0.60 0.75 0.90 0.50 0.53 0.55 0.60 0.75 0.90 0.50 0.53 0.55 0.60 0.75 0.90 
b' 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 

Buybacks Ep' 0.75 0.76 0.78 0.80' 0.88 0.95 0.75 0.76 0.78 0.80 0.88 0.95 0.75 0.76 0.78 0.80 0.88 0.95 
Q* 0.50 0.35 0.29 0.22 0.09 0.03 0.38 0.29 0.26 0.21 0.11 0.04 0.30 0.25 0.23 0.20 0.12 0.05 

En'M 0.13 0.11 0.09 0.06 0.02 2E-03 0.13 0.11 0.10 0.07 0.03 4E-03 0.13 0.11 0.10 0.08 0.03 5E-03 
EU'R 0.06 0.05 0.04 0.03 9E-03 1E-03 0.06 0.05 0.05 0.04 0.01 2E-03 0.06 0.06 0.05 0.04 0.02 2E-03 

Percentage w" 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 
improvement b* 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

relative to Ep' 0.00 -1.35 -2.23 -3.21 -3.26 -1.56 0.00 -0.71 -1.21 -1.81 -1.93 -0.93 0.00 -0.29 -0.51 -0.78 -0.87 -0.42 
TV-postponement Q" 0.00 -15.06 -14.54 -8.90 27.95 156.00 0.00 -12.17 -12.64 -9.70 12.79 79.38 0.00 -8.16 -8.64 -6.93 5.89 33.25 

EWM 0.00 2.71 6.73 16.77 68.38 244.35 0.00 1.57 3.97 10.10 40.24 124.00 0.00 0.82 2.10 5.31 19.31 47.91 
EWR 0.00 2.71 6.73 16.77 68.38 244.35 0.00 1.57 3.97 10.10 40.24 124.00 0.00 0.82 2.10 5.31 19.31 47.91 
w* 0.36 0.40 0.44 0.51 0.71 0.89 0.44 0.48 0.51 0.57 0.74 0.90 0.49 0.52 0.55 0.60 0.75 0.90 
Ep' 0.68 0.70 0.72 0.75 0.85 0.94 0.72 0.74 0.75 0.78 0.87 0.95 0.75 0.76 0.77 0.80 0.87 0.95 

Wholesale Q* 0.28 0.25 0.23 0.18 0.08 0.02 0.25 0.23 0.21 0.18 0.10 0.04 0.24 0.23 0.22 0.19 0.12 0.05 
Efl'M 0.10 0.09 0.08 0.06 0.02 2E-03 0.11 0.10 0.09 0.07 0.03 4E-03 0.12 0.11 0.10 0.08 0.03 5E-03 
Eh'R 0.07 0.06 0.05 0.04 0.01 1E-03 0.06 0.06 0.05 0.04 0.01 2E-03 0.06 0.06 0.05 0.04 0.02 2E-03 

Percentage w* 31.79 26.85 23.01 17.38 7.89 2.66 25.41 22.21 19.51 15.19 7.02 2.25 14.71 12.90 11.33 8.73 3.75 1.09. 
improvement Ep* -2.35 -2.70 -2.91 -3.08 -2.40 -1.00 1.31 1.02 0.77 0.39 -0.14 ,0.15 2.17 1.89 1.63 1.19 0.34 0.02 

relative to Q* -23.40 -19.95 -16.19 -7.56 34.35 173.80 -18.14 -15.76 -13.17 -7.29 19.52 92.18 -9.56 -8.00 -6.35 -2.76 11.29 38.74 
TV-postponement Etl*M 0.95 5.61 10.66 22.23 78.86 270.33 2.66 5.70 8.97 16.35 49.80 140.46 3.74 5.32 6.98 10.58 24.83 53.70 

Etl'R -9.63 -6.02 -2.03 7.27 53.54 209.69 -11.20 -8.95 -6.46 -0.70 26.34 101.22 -8.99 -7.47 -5.85 -2.29 11.91 39.75 

Table 4A.1: Multiplicative p-postponement with power demand distributions and linear expected demand 
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t = = 0 t = = 1 t = 4 
c 0.01 0.10 0.50 1.00 2.00 5.00 0.01 0.10 0.50 1.00 2.00 5.00 0.01 0.10 0.50 1.00 2.00 5.00 

w* 0.02 0.20 1.00 2.00 4.00 10.00 0.02 0.20 1.00 2.00 4.00 10.00 0.02 0.20 1.00 2.00 4.00 10.00 
b* 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

Buybacks Ep' 0.04 0.40 2.00 4.00 8.00 20.00 0.04 0.40 2.00 4.00 8̂ 00 20.00 0.04 0.40 2.00 4.00 8.00 20.00 
(Wholesale) Q' 555.56 5.56 0.22 0.06 0.01 2E-03 600.00 6.00 0.24 0.06 0.02 2E-03 619.83 6.20 0.25 0.06 0.02 2E-03 

EXl*M 5.5.6 0.56 0.11 0.06 0.03 0.01 6.00 0.60 0.12 0.06 0.03 0.01 6.20 0.62 0.12 0.06 0.03 0.01 
EWR 11.11 1.11 0.22 0.11 0.06 0.02 12.00 1.20 0.24 0.12 0.06 0.02 12.40 1.24 0.25 0.12 0.06 0.02 

Percentage w* 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 
improvement 6* 

relative to Ep* -33.33 -33.33 -33.33 -33.33 -33.33 -33.33 -20.00 -20:00 -20.00 -20.00 -20.00 -20.00 -9.09 -9.09 -9.09 -9.09 -9.09 -9.09 
iV-postponement Q* 50.00 50.00 50.00 50.00 50.00 50.00 29.10 29.10 29.10 29.10 29.10 29.10 12.89 12.89 12.89 12.89 12.89 12.89 

50.00 50.00 50.00 50.00 50.00 50.00 29.10 29.10 29.10 29.10 29.10 29.10 12.89 12.89 12.89 12.89 12.89 12.89 
EU*R 50.00 50.00 50.00 50.00 50.00 50.00 29.10 29.10 29.10 29.10 29.10 29.10 12.89 12.89 12.89 12.89 12.89 12.89 

Table 4 A . 3 : Multiplicative p-postponement with power demand distributions and negative polynomial expected demand 



Chapter 5 

Competition and Cooperation in a 
Multi-Supplier and Single-Assembler 
Supply Chain 

5.1 Introduction 

We consider a supply chain wherein a assembler' buys n completely complementary components (or 

products) from n suppliers. The assembler assembles the n components into a final product, and 

sells it over a single selling season to consumers at a given (fixed exogenously) retail price. In this 

chapter, we consider two contracting systems between the assembler and the suppliers: push and 

pull. In the push system, the suppliers initiate the process by offering their wholesale prices to the 

assembler, and the assembler then orders from the suppliers well in advance of the selling season. 

Stochastic demand is realized thereafter. In this case, the assembler bears all of the supply chain's 

inventory risk due to demand uncertainty. In contrast to push, in the pull system, the assembler 

first sets the wholesale prices for the different suppliers, and then the suppliers decide how much 

to produce. Their products are shipped to the assembler on consignment, i.e., the assembler only 

pays for the quantity sold. Thus, the suppliers bear all of the supply chain inventory risk. 5 1 In 

both systems, suppliers can form coalitions among themselves or act independently. 

Examples which are similar to our push and pull systems are numerous. Indeed, in the last 

fifty years, many industries have been moving from producing internally all of their final products' 

components and services to buying (outsourcing) them from external suppliers. Such businesses 
5 1 T h e pul l system studied in this chapter was first introduced by Cachon (2004a), and it is different from the pul l 

promotion strategy in the Marke t ing literature. In the pul l system described above, a l l decisions, e.g., pricing and 
production, are made before observing customer orders. It is called a "pul l system" because it is the downstream 
assembler who initiates the process by offering a wholesale price to the upstream suppliers and pulls inventory from 
suppliers when real orders occur. B y contrast, in the pul l promotion strategy analyzed in the Marke t ing literature, 
customers' orders trigger the production process. 

135 
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include the personal computer industry, e.g., Hewlett-Packard (HP) subcontracts their personal 

computer components to suppliers in Taiwan, the automobile industry (e.g., Toyota and Ford), the 

software industry (e.g., the rise of contract software designers in the "three l's" - India, Ireland 

and Israel), the shoe industry (e.g., Nike), and even the management consulting industry, wherein 

a consulting company may divide a large project into small parts and subcontract some parts to 

other smaller consulting companies. See Wang (2004) for other examples. 

In both the push and pull systems, we consider two levels of problems: The first level is 

concerned with the interaction among the suppliers who are considering whether to form alliances 

or act independently when they deal with the assembler. The second level is concerned with the 

interaction between the assembler and the suppliers, which is modeled as a two-stage Stackelberg 

game. The objective of this chapter is to understand how the players in our decentralized supply 

chain would behave competitively and cooperatively in equilibrium, and how the channel profit 

would be allocated among players. More specifically, we are interested in the following research 

questions. 

(1) Which coalitions of suppliers would be formed in the process of their interaction with the 

assembler? 

(2) What would be the equilibrium outcomes in the Stackelberg game between the suppliers and 

the assembler? 

(3) What are the preferences of the suppliers and the assembler between the push and pull 

systems? 

We use two different approaches to analyze the first level problem, i.e., alliance formation 

among the suppliers. The first approach is based on Nash equilibrium, wherein a player can 

defect from its current coalition, in a given coalition structure, either to be independent or to 

join another coalition if such a coalition becomes strictly better off. Clearly, in such an approach 

players are myopic in the sense that they fail to anticipate future deviations by other players 

brought about by their own deviations. The second approach that we use to identify stable coalition 

structures is based on farsighted stability concepts, introduced by Chwe (1994) and Mauleon and 

Vannetelbosch (2004), and embodied by their notions of the largest consistent set (LCS) and the 

largest cautious consistent set (LCCS), respectively. The LCS concept has been previously applied 

in the supply chain literature, e.g., Granot and Sosic (2005), Nagarajan and Bassok (2002), and 

Nagarajan and Sosic (2004). 



Chapter 5: Competition and Cooperation 137 

Our main results are described as follows. 

(I) For a given coalition structure among the suppliers, in equilibrium: 

(i) In the push system, coalitions share the total profit of all suppliers equally. 

(ii) In the pull system, each coalition's share of the total profit of all suppliers is proportional 

to its manufacturing cost. 

(II) In the push system with two suppliers, the grand coalition is the unique element in the 

Nash-stable set, the LCS and the LCCS. 

(III) In the push system with n > 3 and a general power distribution of demand: 

(i) The independent structure is the unique element in the Nash-stable set. 

(ii) The grand coalition is the unique element in the LCCS. 

(iii) The grand coalition is the unique element in the LCS for n < 4, and it is also the unique 

element in the LCS for n > 5 when the coefficient of variation of demand is small enough. ' 

(IV) The assembler always prefers the pull system, and suppliers with relatively lower (respectively, 

higher) manufacturing cost prefer push (respectively, pull) to pull (respectively, push). 

There are relatively few papers that are closely related to this chapter. In the context of a single-

supplier single-retailer newsvendor model, Cachon (2004a) has investigated three different types of 

wholesale price contracts: push, pull and advanced-purchase discounts. He has provided motivating 

examples for the pull system, and has studied the impact of inventory risk allocation on supply chain 

efficiency and its members' performance. Nagarajan and Bassok (2002) have considered a supply 

chain with a single assembler who buys complementary products from n suppliers. They have 

designed a bargaining framework, based on the Nash bargaining problem (Nash, 1950), through 

which prices that the suppliers charge the assembler and the quantity of components that the 

assembler purchases from each supplier are determined. Wang (2004) has independently analyzed a 

model which is related to our push model. In his model, suppliers producing a set of complementary 

products need to choose, independently, a selling price together with a production quantity for their 

individual products before the selling season, wherein stochastic demand depends on the sum of all n 

selling prices. He has assumed that all suppliers act independently, and has explored and compared 

two settings with respect to the sequence of decisions taken by the independent suppliers. When 

suppliers act simultaneously in his model, Wang (2004) has independently obtained a result which is 
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similar to Result I(i) described above. A similar result to Result I(ii) has been independently derived 

in Wang and Gerchak (2003) and Gerchak and Wang (2004). Wang and Gerchak (2003) have 

considered capacity games in assembly systems wherein firms need to construct their production 

capacity before demand uncertainty is resolved. They have examined two game settings with 

respect to how contract terms are determined, and they have shown that when the assembler 

sets a unit price to each supplier and orders after demand uncertainty is resolved, in equilibrium, 

each supplier share of the total expected profit of all suppliers is proportional to its capacity cost. 

Gerchak and Wang (2004) have analyzed and compared revenue-sharing contracts and wholesale 

price-only contracts in assembly systems. In their revenue-sharing contracts, the assembler pays 

each supplier a share of the retail price for each unit sold. They have shown that if the share to each 

supplier is set so as to maximize the assembler's expected profit, then the share of each supplier of 

the total suppliers' share of the profit is proportional to its manufacturing cost. 

The second level problem in our model, when there is only a single supplier, i.e., n = 1, has 

been studied extensively in the operations literature. See, e.g., Lariviere and Porteus (2001), who 

have examined the channel performance and profit allocation between channel members under a 

wholesale price contract, and Larviere (1999) and Cachon (2004b) for excellent reviews. 

The remainder of this chapter is organized as follows. §5.2 introduces the model setup and 

some notation, and in §5.3 we analyze the integrated channel. §5.4 examines the push system and 

§5.5 investigates the pull system. A comparison between the push and pull systems is presented in 

§5.6, and conclusions are discussed in §5.7. Again, all proofs in this chapter are presented in the 

appendix in §5.8. 

5.2 Model Setup and Notation 

Consider a system in which a risk-neutral assembler buys n different products (components) from 

n risk-neutral suppliers. The assembler assembles the n components into a final product and sells 

it over a single selling season to end consumers at a given retail price, i.e., the price-independent 

newsvendor model. The suppliers can act independently or form coalitions among themselves. 

Demand, X, for the final product during the selling season is stochastic. Let F{x) and f{x) be the 

distribution and density functions of demand, and let F(x) = 1 — F(x). Assume that F is strictly 

increasing, differentiable and F(0) = 0. 

We investigate two types of contracts between the suppliers and the assembler: push and pull. 

Figure 5.1 in the following page presents the two systems corresponding to the two contracts. 
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Figure 5.1: Push and pull systems 

With a push contract each coalition of suppliers chooses its wholesale price, and then the 

assembler orders from each coalition well in advance of the selling season, and all suppliers produce 

what the assembler orders. The assembler bears all of the supply chain's inventory risk and the 

suppliers bear none. In contrast to push, with a pull contract the assembler sets the wholesale price 

for each coalition of suppliers, and then all coalitions choose how much to produce and their products 

are shipped to the assembler on consignment (i.e., the assembler only pays for the quantity sold), or 

the suppliers hold the inventory and replenish the assembler frequently and in small batches during 

the season. In a pull contract the suppliers bear all of the supply chain's risk. See Cachon (2004a). 

In both cases, it is assumed that there is no salvage value for unsold inventory, unmet demand is. 

lost without any penalty cost and the assembly cost for the assembler is negligible. Note that all 

qualitative results in this chapter hold if the assembler incurs an assembly cost. Finally, we assume 

that the information is symmetric among players. 

Under both push and pull contracts, we consider two levels of problems: The first level is 

concerned with the interaction among the suppliers who are considering whether to form alliances 

or act independently when they deal with the assembler. The second level is concerned with the 

interaction between the assembler and the suppliers, which is modeled as a two-stage Stackelberg 

game. 

For convenience, we summarize some of the notation used in the sequel as follows. 

N = { 1 , n } : Set of suppliers. 

Supplier i e N. 

WMi- Wholesale price of Mj. 

CMi- Marginal manufacturing cost of Mj. 
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p: Fixed retail price for the final product. 

B = {Bi,..., Bm}: Coalition structure. Thus, UJLi Bj = N, and BhC\Bk = 0, h ̂  k. 

m(< n): Number of coalitions in a specific coalition structure B. 

Bj-. Any coalition in a coalition structure B, j £ {1, ...,m}. 

\Bj\: The cardinality of Coalition Bj. 

B = {Bi,Bm} is symmetric if and only if \Bh\ = \Bk\ for h,k £ {1, ...,m}. 

=< \ B \ \ , \ B m \ > is the profile of coalition structure B = { B i , B m } . 

WBJ- Total wholesale price of Coalition Bj £ B. Thus, WBJ = Z{wMi : £ Bj). 

W = £ ™ = 1 ( W M J = ^jLii^Bj)'- Total wholesale price of all suppliers or all coalitions. 

CBJ- Total manufacturing cost of Coalition Bj. Thus CBJ = S(CMJ : Mi £ Bj). 

C = E J L ^ C M J = E ^ = 1 ( C j 3 ^ ) : Total manufacturing cost of all suppliers or all coalitions, 

c = ^ : Average manufacturing cost. 

QBJ- Production quantity of Coalition Bj. 

Q = ( Q B U •••:QBm): Vector of production quantities. 

, Q-By Vector of production quantities of all coalitions but Bj. 

EHBj'- Expected profit of Coalition Bj. 

EliM
7tal: Expected profit of all suppliers. 

.EII#: Expected profit of the assembler. 

EHchannei'- Expected profit of the channel. 

Note that m = n implies the independent coalition structure, and m = 1 implies the grand 

coalition structure. 

5 .3 Integrated Channel 

As a benchmark, we first consider the integrated supply chain which maximizes the sum of the 

where the expected sales S(Q) = J 0 xf(x)dx + Qf(x)dx. The channel has to determine a 

production level Q to maximize its expected profit. This problem is the traditional newsvendor 

model with a fixed retail price, which has been studied extensively in the literature. For ease of 

future comparison, we recall the results in the integrated system as follows. The optimal production 

assembler and suppliers profits. The expected channel profit is: 
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quantity, Q1, satisfies the critical fractile: 

F(Qr) = (5 .1) 
p 

where, as we recall, the superscript "J" stands for "integrated". Denote the optimal expected value 

of the integrated channel profit as Ell1. The efficiency of the channel is defined to be: ,̂ 

where EU(Q) is the channel profit in any decentralized supply chain with production quantity Q. 

5.4 P u s h S y s t e m 

In a push system, under a coalition structure B = { B \ , B m } , each coalition Bj, in Stage 1, sets 

its wholesale price, WBj , j S { 1 , m ) . Then, being provided with {WBl , WBm}, the assembler 

orders inventory from each coalition in Stage 2, resulting with a vector of order quantities that is 

denoted as Q = { Q B X , •••> QBM}- Thereafter, each member in the coalition produces exactly what 

the assembler orders. In this system, the suppliers sell to a newsvendor who bears all of the supply 

chain's inventory risk. 

In §5 .4 .1 , we analyze the push model under a given coalition structure of the suppliers, and in 

§5.4.2 we evaluate the cost efficiency of the suppliers. In §5 .4 .3 , we analyze the stability of coalition 

structures by using cooperative and non-cooperative game theory methodologies. 

5.4.1 The push model under a given coalition structure 

For a given coalition structure, B = { B i , B m } , backward induction is used to solve the two-stage 

Stackelberg game between the suppliers and the assembler. For any given vector of the wholesale 

prices, {Wg1, WBjn}, the assembler's problem in Stage 2 is to choose Q = { Q B J , Qs m } to 

maximize his expected profit function: 

ETLR = PS(Q) - ^ = 1 ( W B j Q B j ) = pEx(mm(mm(Q), X)) - Z™=1(WBjQBj), (5 .2) 

where QBj is the order quantity for Coalition Bj, and min(Q) = minlQr^. : j = l,...,m}. The 

assembler's optimal inventory vector is characterized by the following lemma. 

Lemma 5.4.1 For a coalition structure B = { B \ , B m } and a corresponding wholesale price 

vector { W B l , W B m } , the assembler's optimal inventory vector with a push contract satisfies: 

(i) QBI = ••• = QBM = Q> A N D : 

(ii) F(Q) = where W = \Zf=l{WBj). 
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The conclusion that the assembler always orders the same inventory from each coalition is quite 

intuitive. Indeed, if he orders unequal quantities from different coalitions, then by reducing a bit the 

higher orders the assembler would achieve the same sales level of the final product while reducing 

his cost, which strictly benefits him. Thus, the assembler will never order unequal inventories of 

different components. See also Wang (2004). Knowing that the assembler's order quantities are 

equal, his problem to choose the optimal Q does not depend on the individual wholesale price 

set by each coalition. Rather, it depends on the total wholesale price for all components. Thus, 

the assembler's problem is similar to the case when all suppliers form the grand coalition, which 

coincides with the single-supplier single-assembler newsvendor model, that is well studied in the 

literature. Note that substituting W = p(l - F(Q)), given in Lemma 5.4.1, into EIIR, given 

by (5.2), and simplifying results with 

rQ 
EI1R = p / xf(x)dx, (5.3) 

Jo 

which is strictly increasing in Q for Q > 0. See also Cachon (2004a). 

Under a coalition structure B = {Bi, ...,Bm}, knowing the assembler's reaction function of Q, 

the suppliers choose their corresponding optimal wholesale prices. The following theorem charac

terizes the equilibrium values of the wholesale prices and the corresponding production quantity in 

a push contract. We assume that the demand distribution function has an increasing general failure 

rate (IGFR), i.e., g(Q) = QH(Q) = ®J^Q) is weakly increasing in Q, where H(Q) = ^(Q) i s t h e 

failure rate function. See Lariviere and Porteus (2001) for a detailed discussion of this property in 

the context of the classical newsvendor model. 

Theorem 5.4.2 In the push contract, under a coalition structure B, the equilibrium values of the 

wholesale price for each coalition and production quantity satisfy: 

(i) WBi - CBl = WB2 - CB2 = ... = W*Bm - CBm = ^ = pQ'fm, 

(ii) p(F(Q*) - mQ*f{Q*)) = C. 

Theorem 5.4.2 (i) implies that given any coalition structure, in equilibrium, each coalition will 

have the same marginal profit, and thus the same profit. Upon reflection, this result is quite 

intuitive. Indeed, any possible fixed cost invested by any coalition to produce its items is not 

incorporated in the model. Additionally, the products of all coalitions are needed in order to 

assemble the final product. Thus, in a sense, all products are equally important. Finally, none 

of the coalitions bears any inventory risk due to demand uncertainty. So differences in the values 
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of coalitions' manufacturing costs are irrelevant. Therefore, it is intuitive that in equilibrium, all 

coalitions should have the same profit margin. 

Wang (2004) has independently obtained a similar result in a related push model, wherein n 

suppliers producing a set of complementary products need to choose, independently, a selling price 

together with a production quantity for their individual products. He has shown that if all suppliers 

simultaneously make their pricing and production decisions, then suppliers have the same profit. 

When m = 1, all suppliers form the grand coalition, and our problem coincides with the 

single-supplier single-assembler push system studied, e.g., by Lariviere and Porteus (2001) and 

Cachon (2004a). Indeed, Theorem 5.4.2 is consistent with the corresponding results derived in their 

papers. Theorem 5.4.2 also implies that the equilibrium values of the total wholesale price and the 

production quantity depend on m, the number of coalitions, but are independent of how these 

coalitions are formed. Note further that Theorem 5.4.2 (ii) implies that the equilibrium production 

quantity Q* in the push system depends on the ratio ^ only, instead of on an individual supplier's 

marginal cost and the selling price p. 

Using Theorem 5.4.2, we are able to compute the equilibrium profits for each coalition, the 

assembler and the channel: EU*Bj = (W*. - CBj)Q* = (pF(Q*rra~C')Q' = p(Q*)2f(Q*) for any j, 

EU*R=p- S(Q*) - W*Q* = p(S(Q*) - F(Q*)Q") = p /«* xf(x)dx and ElYChannel = mEUB. + 

ETLR = pS(Q*) - CQ*, where Q* satisfies p(F(Q*) - mQ*f(Q*)) = C. Thus, we can conclude 

that the equilibrium profits of each coalition in the coalition structure, and the assembler and the 

channel equilibrium expected profits depend only on m, rather than the actual composition of the 

coalition structure. For example, the equilibrium profits of each coalition, the assembler and the 

channel in the two structures Bx = {Bi = (1,2),B2 = (3,4)} and B2 = {Bx = (1),B2 = (2,3,4)} 

coincide. 

Corollary 5.4.3 In a push contract, in equilibrium: 

dEU'g. 

(i) Qm
 1 < 0 for any j £ {1, ...,m} and equality holds iff m = 1. 

(ii) — ^ — < 0 and equality holds iff m = 1. 

(&) « g k < o. 

(iv) ^ < °> a n d 
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Corollary 5.4.3 implies that the equilibrium quantity and the equilibrium profits of each supplier, 

and of the assembler and thus, of the entire channel, decrease in the number of coalitions, m. Thus, 

consumers surplus and all these equilibrium profits are maximized when the suppliers form the grand 

coalition. 

5.4.2 Cost efficiency of the suppliers 

According to Theorem 5.4.2 (i), under a push contract, all coalitions have the same profit margin in 

equilibrium. Thus, more cost efficient coalitions have no profit advantage in equilibrium. However, 

we wonder whether coalitions have an incentive to improve their cost efficiency. We next investigate 

the effect of changes in the marginal manufacturing cost on the channel profit and its members' 

profits, and on the equilibrium values of decision variables. 

Proposition 5.4.4 In the push contract, under a coalition structure B, in equilibrium, for any 

j G { l , . . . , m } : 

W W£f) > 0 a n d S c v T > 0. . 

d(EWB.) d(ETlB) 
(m) dic^] < 0 a n d d(cBj] < 0 i ° r % T j, and 

We conclude from Proposition 5.4.4 that each supplier has an incentive to improve her cost 

efficiency, i.e., reducing her marginal manufacturing cost, and that such a reduction in cost has a 

beneficial effect for the other suppliers, for the assembler, and for the end-consumers. We note, 

though, that the effect of changes in one coalition's marginal manufacturing cost on other coalitions' 

optimal wholesale prices depends on the demand distribution function. Specifically, the sign of 
d(W ) 
a(gg') depends on whether Qf(Q) decreases or increases in Q. If Qf(Q) decreases (or increases) in 

Q, then g^^') > 0 (respectively, g^^') < 0), and IGFR does not guarantee that Qf(Q) increases 

in Q. 

5.4.3 Stability of coalition structures 

The equilibrium analysis of the Stackelberg game between the suppliers and the assembler in §5.4.1 

is conducted for a given coalition structure. In this subsection, we investigate the stability of 

coalition structures. 
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We use two different approaches to investigate stability. The first approach is based on Nash 

equilibrium, wherein a player can defect from its current coalition in a given coalition structure if 

s/he is strictly better off from such a deviation. Clearly, in such an approach players are myopic 

in the sense that they fail to anticipate future deviations by other players brought about by their 

own deviations. The second approach to identify stable coalition structures is based on farsighted 

stability concepts introduced by Chwe (1994) and Mauleon and Vannetelbosch (M&V) (2004). 

We will assume in this subsection that members of a coalition in any coalition structure share 

the coalition's profit equally. This is a reasonable assumption, since, by Theorem 5.4.2 (i), in 

equilibrium, all coalitions in any coalition structure gain equal profits. 

Nash-stable coalition structures 

We assume that a feasible deviation by a supplier, M , , in any given coalition structure is either 

from her coalition to become independent, or to join another coalition, provided that the receiving 

coalition becomes strictly more profitable from having M , joining it. 

Definition 5.4.5 The Nash-stable set of coalition structures consists of all coalition structures in 

which no supplier has a strictly profitable feasible deviation. 

Recall that \Bj\ is the cardinality of coalition Bj. 

Proposition 5.4.6 Let B = { B \ , B m } be a given coalition structure, and assume, without loss • 

of generality, that \Bi\ < ... < \Bm\. B is Nash-stable if and only if the following conditions hold: 

(i) If I < m < n and \ B l \ = 1, then: > m ^ ^ ^ - ™ ' ^ , ^ ^ ^ ^ 

(ii) IfKm <n and {B^ > 2, then: W ^ - Q Q m > \ B ^ F ^ ) - C ) Q * m + , _ 

(iii) Ifm = n, then: TO>-^ > W ^ - . , 

where Q*, the equilibrium production quantity under a coalition structure with s coalitions, satisfies 

p(F(Q)-sQf(Q)) = C. 

To illustrate the conditions identified in Proposition 5.4.6 on stability, let us consider the fol

lowing two examples. 

Example 5.4.7 2-supplier system. 

In this example, n = 2, and there are only two possible scenarios. Either m = 1 (grand coalition 

structure) or m = 2 (independent structure). When m = 1, = 2, and according to Corol

lary 5.4.3, the total equilibrium profit of all suppliers decreases in m. Thus, (pF(Ql) — C)Q\ > 
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(pF(Q*) — C)Q2, which satisfies Condition (ii) in Proposition 5.4.6. Therefore, the grand coalition 

structure is Nash-stable. When rri = 2(= n), since (pF(Q\) - C)Q\ > (pF(Qj) _ C)Q\, we have 

(pF(Q*)-C)Ql > (PF(Q*)-C)Q* ^ w h i c h d o e s n o t s a t i g f y C o n d i t i o n (iii) i n Proposition 5.4.6. Thus, the 

independent structure is not Nash-stable. 

We immediately have the following conclusion. 

Corollary 5.4.8 In a supply chain with two suppliers, i.e., n — 2, in equilibrium, the grand 

coalition is the unique Nash-stable coalition structure. 

Example 5.4.9 Power distribution function of demand. 

In this example we assume that demand X follows a power function distribution on [0, U]. There

fore, f(x) = xq and F(x) = ^py, where q > 0, and U = (q + 1)*+* to guarantee F(U) = 1. 

(Note that for q = 0, f(x) is uniformly distributed.) For a given coalition structure, B = 

{ B i , B m } , assume, without loss of generality, that \B\\ < ... < \Bm\. By Theorem 5.4.2 (ii), 

p(F(Q*n) — mQmfiQm)) = C- Substituting F(x) and f(x) into this equation and simplifying, 

results with — ( 

If m < n and \B\\ = 1, then m > 2 and n > 3. By Condition (i) in Proposition 5.4.6, the 

necessary and sufficient conditions for B to be Nash-stable are: 

\Bm\<(l+ , \ and |B 2 | > (1 + ^ ^ r ) 1 + ^ - (5.4) 
i + T + m +̂T + m - 1 

Note that \Bm\ > 2, since m < n, and IB2I > 1- Thus, to satisfy (5.4), m < ,4.1 -^-r . The 
29+2 -1 

right hand side of the last inequality is strictly decreasing in q(> 0), and is bounded between \/2 

(when q = 0) and 1 (when q —> 00). Therefore, m = 1 is the unique value which satisfies (5.4). We 

conclude that a coalition structure with m <n and \B\\ = 1 is never Nash-stable. 

If m < n and > 2, then by Condition (ii) in Proposition 5.4.6, the necessary and sufficient 
1 11 1 

condition for Nash-stability is \Bm\ < (1 + - j - f — ) « + 1 , which is identical to the first inequality 
g + l + m 

in (5.4). Thus, by following the same analysis as in the case with m < n and = 1, we have that 
11 1+2 

m = 1 is the unique value which satisfies the first part in (5.4). When m = 1, \Bm\ < (1 4- j ^ ) ' " 1 " 1 • 

The right hand side of the last inequality is strictly decreasing in q, and is bounded between 2.25 

(when q = 0) and 2 (when q —* 00). Thus, | i ? m | = 2. Therefore, if m < n and > 2, then the 

unique Nash-stable coalition structure is the grand coalition consisting of the two suppliers, i.e., 

m = 1 and n = 2. 
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If m = n, then by Condition (iii) in Proposition 5.4.6, the necessary and sufficient condition for 

the independent structure to be Nash-stable is: 

( i + - T ^ r : — r - ) 1 " ^ 2 ' 

which can be simplified to n > h The right hand side of the last inequality is strictly 

decreasing in q(> 0), and is bounded between \/2 + 1 (when q = 0) and 2 (when q —> co). Thus, if 

m = n > 3, the independent structure is always Nash-stable. 

We note that the analysis in Example 5.4.9 can be easily extended to a more general power 

distribution function f(x) = 7a;9 for any 7 > 0. We immediately have the following result. 

Theorem 5.4.10 In equilibrium: 

(i) If n = 2, then the grand coalition is the unique Nash-stable coalition structure. 

(ii) If n > 3, and the demand distribution is a power function, i.e., f(x) = 7a;9 for q > 0, then 

the independent structure is the unique Nash-stable coalition structure. 

The result above that for n > 3, the independent structure is the unique Nash-stable coalition 

structure for a power demand distribution is somewhat disappointing. Indeed, by Corollary 5.4.3, 

the assembler, the suppliers and the end-consumers would all be better off if the grand coalition of all 

suppliers is formed, which suggests that a legal objection to a possible collusion among the suppliers 

for the purpose of alliance formation is unlikely. Moreover, in reality, we often observe alliances of 

suppliers rather than the independent structure, see, e.g., alliances among the outsourcing vendors 

in the IT industry (Gallivan and Oh 1999). This result, of the unique stability of the independent 

structure, is likely due to the fact that stability based on Nash equilibrium is "myopic" and does not 

incorporate farsightedness, i.e., only one-step deviations are considered. In the next subsection we 

attribute "farsightedness" to coalitions of suppliers, as modeled by Chwe (1994) and M & V (2004) 

and embodied by their notions of the largest consistent set (LCS) and the largest cautious consistent 

set (LCCS), respectively, to overcome the shortcoming of the Nash equilibrium approach to identify 

stable coalition structures. 

Finally, note that if a feasible deviation, by a supplier, in Definition 5.4.5 of the Nash-stable 

concept, is restricted to be only to become independent, then feasible deviations can only be 

made by the Type I suppliers, i.e., suppliers in a non-singleton coalition. Thus, the indepen

dent structure (i.e., m = n) is always Nash-stable, since there are no feasible deviations from 

it, and by Proposition 5.4.6, any coalition structure B = { B \ , B m } is Nash-stable if and only 
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if (pF(Q'm)-C)Qm > \Bm\(PF(Qm+1)~C)Q;n+1 T w e c o n d u d e t h a t i n E x l e 5 4 7 

m — m+1 ' c 

with two suppliers, both the grand coalition and the independent structure are Nash-stable, and 

in Example 5.4.9 with a power distribution of demand, the independent structure is the unique 

Nash-stable coalition structure for n > 3. 

Farsighted stable coalition structures 

Farsightedness, according to Chwe, allows a coalition to consider the possibility that, once it acts, 

another coalition might react, a third coalition might in turn react, and so on without limit. 

Before presenting the LCS concept, we need to introduce some more definitions and notation. 

Let P be the finite set of coalition structures. Denote by {— ŝ}s<ZN,Sjt0 the effectiveness relation 

on P, where B\ B2 if coalition structure B2 is derived when S deviates from the coalition 

structure B\. A coalition formation game in effectiveness form G is (N,P,ETL, {—*S}SCN,S^0)-

Definition 5.4.11 A coalition structure B\ is indirectly strictly dominated by B m r or B\ -C Bm, if 

there exist sequences {B\, B2, ...,Bm} and {S\, S 2 , S m - i } , suchthatBj — ^ Bj+i and ETlMi(Bm) > 

EUMi(Bj) for all Mi £ Sj, for all j = 1 , m - 1. 

Direct strict dominance is obtained by setting m = 2 in Definition 5.4.11. A coalition structure 

B\ is directly strictly dominated by B2, or B\ < B2, if these exists a coalition S such that B\ —*s B2 

and ETlMi(B2) > EILMt(Bi) for all Mi £ S. Clearly, if Bi < B2, then Bi «C B2. 

Definition 5.4.12 A coalition structure B\ is indirectly weakly dominated by Bm, or B\^3m, if 

there exist sequences \B\, B 2 , B m } and {Si, S 2 , S m - i } , suchthat Bj -^Sj Bj+i a n d EliMi{Bm) > 

EUMi{Bj) for all Mi £ Sj and EUMi(Bm) > EUMi{Bj) for some Mi £ Sj, for j = 1, ...,m - 1. 

Direct weak dominance is obtained by setting m = 2 in Definition 5.4.12. A coalition structure 

Bi is directly weakly dominated by B2, or B\ < B2, if these exists a coalition S such that B\ —^s 

B2 and EUMi(B2) > ETLMi{Bi) for all Mi £ S and EUMi{B2) > ETLMi(Bi) for some Mt £ S. 

Obviously, if Bi < B2, then B^B2. 

Definition 5.4.13 (The largest consistent set based on indirect strict dominance: LCS(G, <C), 

Chwe (1994).) A set Y is called consistent ifB£Yif and only if for all V and S, such that B V, 

there is an B' £ Y, where V = B' or V B', such that we do not have EU.Mi{B) < ETlMiiB') for 

all Mi £ S. The largest consistent set is the union of all consistent sets. 
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Definition 5.4.14 (The largest consistent set based on indirect weak dominance: LCS(G,<3£ ), 

M & V (2004).) A set Y is called consistent ifB G F if and only if for all V and S, such that B -^s V, 

there is an B' G Y, where V = B' or V<i3', such that we do not have EHMi(B) < EUMi(Bf) for 

all Mi G S and M I ^ C S ) < EUMi(B') for some Mi G S. The largest consistent set is the union of 

all consistent sets. 

Since every coalition considers the possibility that, once it acts, another coalition might react, 

a third coalition might in turn react, and so on, a consistent set incorporates farsighted coalitional 

stability. If Y is consistent and B G Y, it does not imply that B is necessary stable, but that it 

is possible for B to be stable. However, if B £ Y, B cannot be stable. The largest consistent set 

(LCS) is unique, and has the merit of "ruling out with confidence". For a more detailed discussion 

and analysis of farsighted coalitional stability, see Chwe (1994). 

To illustrate the notion of the largest consistent set, let us consider the following example, pre-' 

sented in Figure 5.2, which is a modification of an example in Chwe (1994). Figure 5.2 presents a 

three-player coalition formation game where the feasible coalition structures are: {1,2,3}, {12, 3}, {1, 23} 

and {13,2}. The payoff vectors associated with these partitions and the possible moves from each 

partition are given in Figure 5.2. The effectiveness relations are represented by labeled directed 

arcs. Here Players {1,3} will surely move from {1,2,3} to {13,2} because they are both better 

off in the coalition structure {13,2}. Similarly, none of the other coalition structure is Nash-

stable, and it follows that the Nash-stable set is empty. The largest consistent set, however, is 

LC5(G,<) = L C 5 ( G , < ) = {{1,23}, {12,3}, {13,2}}. Thus, both sets exclude the independent 

structure. 

(7,8,9) 

{1,2} 

.(8,9,7) * 

Figure 5.2: The Nash-stable set cannot make a "clear" prediction 

The largest consistent set does not tell what will happen but what can possibly happen. In the 

example above, any coalition structure in {{1,23}, {12,3}, {13, 2}} can possibly be stable, but the 

structure {1,2,3} cannot possibly be stable. The concept of the largest consistent set has been 

previously applied in the supply chain literature, e.g., Granot and Sosic (2005), Nagarajan and 
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Bassok (2002), and Nagarajan and Sosic (2004). 

The largest cautious consistent set (LCCS), introduced by M & V (2004), is a refinement of the 

LCS. As pointed out by M&V, the largest consistent set may include coalition structures wherein 

coalitions could deviate without ending up being worse off in subsequent deviation, and possibly 

ending up being better off. Namely, a coalition structure may be in the LCS because a deviation 

from it is deterred by a likely sequence of subsequent deviations leading to an outcome where the 

initial deviators are equal off, in spite of the fact that any other likely subsequent deviations would 

not make the initial deviators worse off, and at least one of them would make the initial deviators 

better off. Then, according to M&V's LCCS concept, a coalition of cautious players, who assigns a 

positive weight to all likeiy subsequent deviations, will deviate for sure from the original coalition 

structure. 

Similar to Chwe's LCS, M&V's LCCS is a farsighted concept. Once a coalition S deviates from 

a coalition structure B to another B', this coalition S should consider the possibility to end up 

with a positive probability at any coalition structure B" not ruled out and such that B' = B" or 

Ef < B". 

Formally, we have: 

Definition 5.4.15 (The largest cautious consistent set based on indirect strict domi

nance: LCCS(G,<£), M&fV (2004).) A set Z is called cautious consistent if B G Z if and 

only for all V and S, such that B —i5 V, there is a vector a = (a(Bl),a(Bm)) satisfying 

Y7jLxa(Bi) = 1, a(&) G (0,1), that gives only positive weight to each B^ G Z, where V = & or 

V -C S J , such that we do not have 

EUMi(B)< YI a(Bi)-EnMi(Bj) for all Mi G S. 
BieZ, V=& or V « B 3 

The largest cautious consistent set is the union of all cautious consistent sets. 

Intuitively, a coalition structure B is not a member of the LCCS if a coalition S can make a 

deviation from B to V and by doing so there is no risk that some coalition members will end up 

being worse off. 

Definition 5.4.16 (The largest cautious consistent set based on indirect weak domi

nance: LCCSjG, <̂ C), M & V (2004).) A set Z is called cautious consistent if B G Z if and 

only for all V and S, such that B -±s V, there is a vector a = (a(Bl),a(Bm)) satisfying' 
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E^! = 1a(B J) = 1, a(&) G (0,1), that gives only positive weight to each B3 G Z, where V = B^ or 

V-Cffl, such that we do not have 

EnMi{B)< a{BjyEUMi(Bj) for all G S and 
BieZ,V=Bi or 

ETlMi(B)< a(Bj)-EIiMi(Bj) for some Mi G 5. 
B3€Z,V=BJ or V<£BJ 

The largest cautious consistent set is the union of all cautious consistent sets. 

The following example, depicted in Figure 5.3 below and taken from M & V (2004), illustrates the 

difference between the LCS and the LCCS. Figure 5.3 presents a three-player coalition formation 

game where the feasible coalition structures are: {123}, {1,23}, {13,2} and {1,2,3}. The payoff 

vectors associated with those partitions and the possible moves from each partition are given in 

Figure 5.3. The effectiveness relations are represented by labeled directed arcs. We have {123} < 

{1,23}, {1,23}-< {1,2,3}, {1,23} < {13,2} and {123} <C {13,2}. It follows that LCS(G,<£ 

) = LC5(G,<) = {{123}, {1,2,3}, {13,2}}. The independent structure belongs to both the 

LCS and the LCCS since no deviation from it is possible. The coalition structure {123} belongs 

to LCS(G,<^.) and LCS(G,<£) because the deviation to {1,23} is deterred by the subsequent 

deviation by player 2 to .{1,2,3}, wherein the original deviator, player 1, is equal off. But player 1 

cannot end up being worse off by deviating from {123}, compared to what he gets in {123}. So, if 

player 1 thinks that he could end up with certain positive probability in any of the two coalition 

structures, {1,2,3} or {13,2}, that indirectly dominate {123}, then he will for sure deviate from 

{123} to {1,23}. Thus, by contrast with the LCS, {123} is not contained in the LCCS. 

{123} {1,23} {1,2,3} 
• «- • • • 

(1,0,0) {1} (2,0,0). {2} (1,2,1) 

{1,3} 

(3,0,1) • {13,2} 

Figure 5.3: The largest consistent set is too conservative 
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We next characterize the LCS and the LCCS in the suppliers coalition formation game when 

demand has a power distribution. By suppliers coalition formation game we mean the game wherein 

the suppliers have the option of freely forming coalitions among themselves in advance of deter

mining their decision variables. 

Theorem 5.4.17 In the suppliers coalition formation game, under a power demand distribution 

with f(x) = x", where x G \0,{q + l)^}, LCCS(G,<) = LCCS{G,^) = {V*}. 

Theorem 5.4.18 In the suppliers coalition formation game, under a power demand distribution, 

f(x) = xq, where x G [0, (q + 

(i) V* G LCS(G,<£) and V* G LCS(G,<). 

(ii) For n < 4, LCS(G, <) = LCS(G, «) = {V*}. 

(iii) For n>5, there exists some threshold value qn such that LCS(G, <§C) = LCS(G,^) = {V*} 

for any q G (qn,oo). 

From Theorems 5.4.17 and 5.4.18 we conclude that, by contrast with Nash-stability, which 

is based on myopic considerations, when coalitions are farsighted and able to account for future 

deviations, the grand coalition of all suppliers emerges as the most likely outcome in the suppliers 

game. Indeed, it is the unique element in the LCCS, and the unique element in the LCS for n < 4 

and for n > 5 when the coefficient of variation is small enough, or, equivalently, when the exponent 

is large enough, for a general power demand distribution. This result is somewhat pleasing since, in 

view of Corollary 5.4.3, the channel, the assembler, all suppliers and the end-consumers are better 

off when the grand coalition is formed. 

5.5 Pull System 

In a pull system, R initiates the process by offering WBJ to Coalition Bj (Stage 1), and then the 

coalitions choose the production quantities simultaneously, and bear the inventory risk (Stage 2). 

Cachon (2004a) has provided some examples for the pull system, which include the cases when 

suppliers' products are shipped to the assembler on consignment, or suppliers hold the inventory 

and replenish the assembler frequently and in small batches during the selling season (e.g., Vendor 

Managed Inventory with consignment). Saturn is a good example of the pull model. Indeed, the 

different metal sheet suppliers supply Saturn with complementary metal sheets and manage the 
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inventories of their own products.' Saturn pays, upon withdrawal, only for the quantities taken to 

their production line. 

In §5.5.1 and §5.5.2, we analyze the pull model for a given coalition structure, and in §5.5.3, we 

evaluate the stability of coalition structures. 

5.5.1 The pull model under a given coalition structure 

Backward induction is again used to solve the two-stage Stackelberg game in the pull system 

between the suppliers and the assembler. We first consider the coalitions' production quantity 

problems in Stage 2 for any given set of wholesale prices {WBl, ...,WBm}. We assume that every 

coalition has a positive marginal manufacturing cost, i.e., CBj > 0 for all j € {l,... ,m}. 

Let us consider Coalition Bj's problem. Given WBj and vector Q-Bj, Bj chooses QBj to 

maximize: 

EUBj = WBjEx(mm(mm(Q),X)) - CBjQBj, (5.5) 

where demand X is random. Consider the following two choices for QBj: 

Choice I: QBj > min(Q_s:).). Thus, Bj's profit function, given by (5.5), becomes: EHBj = 

WBjEx(mm(mm(Q_Bj), X))-CBjQBj, which is strictly decreasing in QBj. Thus, Q*B =.min(Q_Bj.) 

Choice II: QB. < m'm(Q-Bj). Thus, Bj's profit function, given by (5.5), reduces to: EHBj = 

WBjEx(mm(QBj,X)) — CBjQBj, which coincides with the supplier's problem in a single-supplier 

single-assembler system. The unconstrained optimal production quantity in this case satisfies 
CB 

F{QBJ) = 1 — wt~' Therefore, the constrained optimal production quantity is: 

QB.=mm{mm{Q„Bj),F-\l-(^)). (5.6) 

By comparing these two choices, we conclude that Choice II is optimal for Bj since the optimal 

Q for Choice I is on edge of the feasible region of Choice II. Thus, Bj's optimal production quantity 

is given by (5.6). 

Define = max^gj^...,m}(j^L). The equilibrium production quantities in the pull system 

are presented in the following lemma. 

Lemma 5.5.1 In the pull system, for any given coalition structure B = { B i , B m ] , the equilib

rium production quantities are: 

(i) Q = F~l(l -%)ifm = \, and 

(ii) Q*Bi = ... = Q B m < F - l ( l - ifm > 2. 
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Lemma 5.5.1 implies that for any given wholesale price set, {WBI, WBTN},
 e a c n coalition will 

produce the same amount of each component. However, note also that the suppliers' production 

quantities have multiple Nash equilibria. We next use a refinement of Nash equilibrium, the strong 

Nash equilibrium, to reduce the number of the equilibrium production quantities. 

Definition 5.5.2 (The Strong Nash Equil ibrium, Aumann (1959).) A strategy profile is a 

strong Nash equilibrium if there is no coalition of players (including the grand coalition) that can 

profitably deviate from the prescribed profile. 

By definition, a strong Nash equilibrium is Pareto efficient, but in many cases, the strong Nash 

equilibrium set is empty. Fortunately, in our game for the suppliers' production quantities, there 

is a unique strong Nash equilibrium. 

Lemma 5.5.3 In the pull system, under coalition structure B = {B\,Bm}, for any given whole

sale price set, { W ^ , W . e m } , 0 < Q*Bi = ... = Q*Bm = F _ 1 ( l - is the unique strong Nash 

equilibrium. 

In view of Lemma 5.5.3, we assume in the sequel that the coalitions in B provide the assembler 

with the strong Nash equilibrium production quantities, i.e., Q*Bl = ... = Q*Bm = F~l(\ — ̂ s-)-

Knowing the equilibrium production quantities, the assembler chooses the wholesale price set 

to maximize his expected profit. His problem is the following constrained optimization problem: 

Maximize EUR = (p - W)Ex(mm(Q, X)) (5.7) 

s.t. Q = F - \ l - § ^ ) . (5.8) 

= max & ) , (5.9) 
WBe je{i,2,...,myWBj 

where Q is the production quantity of every coalition. 

The equilibrium wholesale price for each coalition is presented in the following result. 

Theorem 5.5.4 In the pull system, for a given coalition structure B = {B\,B2, ...,Bm}, the equi

librium values of the wholesale prices and production quantities satisfy: 

^ ^ = SfL='- = Sft = 1 -w). a n d 

(ii) Q*Bl= ... - Q*Bm = Q\ where 1+)^,fP{Qt) = g , J(Q) = and H(Q) = j^-y 
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Theorem 5.5.4 (ii) implies that the equilibrium production quantity, Q*, in the pull system 

depends on the ratio j only, instead of on the individual suppliers' marginal costs and the selling 

price p. 

By Lemma 1 in Cachon (2004a), J(Q)H(Q) is increasing in Q for Q > 0. Accordingly, we have: 

Corollary 5 . 5 . 5 In equilibrium, 

where EI^tal*(m = 1) is the total equilibrium expected profit of all suppliers when the grand 

coalition was formed. 

Theorem 5.5.4 and Corollary 5.5.5 imply that in the pull system with multiple suppliers, if 

all suppliers provide the assembler with the strong Nash equilibrium production quantity, Q* = 

F - 1 ( l — then in equilibrium, the total wholesale price and the production quantity coincide 

with those in the case when all suppliers form the grand coalition. Thus, the total profit for 

all suppliers, EH™0-1, and the assembler's profit are independent of the coalition structure. A 

coalition's expected profit depends on the total manufacturing cost, which is also independent of 

the coalition structure. Therefore, the equilibrium values of the contract parameters and expected 

profits of each supplier and the assembler are all independent of the coalition structure under a pull 

system. By contrast, recall that in the push model, the total profit for all suppliers, the assembler's 

profit and any coalition's profit depend on the number of coalitions in the coalition structure. 

Corollary 5.5.5 (ii) reveals that the share of each coalition of suppliers in the total suppliers 

profit is proportional to their coalitional cost, and thus, by contrast with the push model, coalitions 

do not realize equal profits in equilibrium. The intuition for this qualitative difference is as follows. 

Under pull, coalition Bj's expected profit is EUBI = [WBJ - CBJ)S(Q) - CB^Q - S(Q)), and 

accordingly, Bj bears a demand uncertainty risk which is proportional to its manufacturing cost 

CBJ- Since the production quantities are identical for all coalitions, coalitions share the total 

expected profit proportionally to their manufacturing costs. 

As previously mentioned in Section 5.5.1, Corollary 5.5.5 has been independently derived in 

Wang and Gerchak (2003) and Gerchak and Wang (2004). 

(ii) EliB. = ^-EUT

M^l*{m=l), 

c and 
1-F(Q*)> 

By Corollary 5.5.5, WB. Substituting WB into Bj's profit function, given by (5.5), 

and simplifying results with 

EW 
S{Q*) 

-Q*)- (5.10) 
l-F{Q*) 
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5.5.2 Cost efficiency of the suppliers 

We consider in this subsection the effect of the suppliers' marginal costs on the equilibrium profits 

of channel members and the equilibrium values of the decision variables. 

Proposition 5.5.6 In the pull system, for any coalition structure B = { B \ , B m } , in equilibrium, 

coalitions with higher manufacturing costs earn higher profits. 

Proposition 5.5.7 In the pull system, for any coalition structure B = { B \ , B m } , in equilibrium, 

for any j € {l, . . . ,m}: 

a . „ . dW* . dwt. 

W dc^>0'dcBf>0andac^<°foranyi^ 3-

(iii) *n ' < 0 for any i ^ j, and 
,. , 8EW„ „ n 

While some of the results in Proposition 5.5.7 and Proposition 5.4.4 in the push model are 

similar, the main difference between them, however, is that it is not clear how Elif^tal or E\T*B 

would change with respect to CBj. Thus, it is difficult to predict whether any supplier has an 

incentive to reduce its manufacturing cost. 

Let us next consider an extreme case about cost efficiency. Suppose there is some coalition, B^, 

which is extremely cost efficient, i.e., CBk = 0. What would happen to the channel? Evidently, 

for any given partition, the suppliers' (i.e., the coalitions') problems are not affected. Thus, the 

results in Lemma 5.5.1 are still valid, similarly for Lemma 5.5.3. However, the analysis in the 

assembler's problem has to be modified. Indeed, the equilibrium condition that all coalitions have 

the same ratio of cost to wholesale price cannot be satisfied since Csk = 0. However, according 

to Constraints (5.8) and (5.9) in the assembler's problem, it is.evident that since CBk = 0, Q in 

the objective function, given by (5.7), is independent of WBk- Thus, the assembler would definitely 

choose Wg = 0 to maximize his profit. For those coalitions which have a positive manufacturing 

cost, the assembler will follow the same analysis process as in Subsection §5.5.1. We conclude that 

for coalitions with positive manufacturing cost the results presented in Theorem 5.5.4 hold, and 

that zero-manufacturing cost coalitions would attain a zero profit. 
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5.5.3 Stability of coalition structures 

Note that by Corollary 5.5.5, under any coalition structure, in equilibrium, coalitions share the total 

expected profit of all suppliers proportionally to their coalition manufacturing cost. We suggest in 

this subsection that members in the same coalition should split the coalition profit proportionally 

to their own individual manufacturing costs. For example, the profit of Mi in Coalition Bj should 

be EU*Mi = ^-EU*B,, given that CBj > 0, which is equivalent to having members in the same 

coalition sharing the total wholesale price of their coalition proportionally to their manufacturing 

cost, i.e., w*M. = ^^WB.. This suggestion is consistent with the fact that coalitions share the total 

profit proportionally to their manufacturing cost, and zero-manufacturing cost coalitions realize 

zero profit in equilibrium. In fact, we have the following result. 

Proposition 5.5.8 In the pull system under the coalitional proportional splitting rule for all coali

tions, if the same proportional allocation rule is used to allocate the profit among members of the 

same coalition, i.e., ETl*M. = ^^EH*B., or equivalently, wM. = ^ W g . , for any Mi G Bj and any 

Bj, then any coalition structure is stable. 

Finally, observe that for any coalition structure B, if the coalitional proportional splitting rule 

is not used for members in the same coalition, then B is never .Nash-stable, neither is it contained 

in the LCS or the LCCS. 

5.6 P u s h a n d P u l l Systems 

Having analyzed the push and pull systems, we would like to find the preferences of the assembler 

and the suppliers between the two systems. Now, we recall that the results in the pull system 

are independent of the coalition structure. Further, in the push system and a power distribution 

of demand, xq, the grand coalition is the unique structure in the LCCS, and for q large enough, 

it is also the unique structure in the LCS. Thus, for simplicity, we will compare the two systems 

under the assumption that the grand coalition was formed. We note that under this assumption, 

and when all suppliers are viewed as a single supplier, our model coincides with that studied in 

Cachon (2004a), and the reader is referred to his paper for an excellent analysis and comparison of 

the two models in this case. 

Denote the equilibrium values in the push system with a subscript "push" and those in the pull 

system with "pull". Recall that in the push system, under the grand coalition assumption, the 

expected profit of the assembler, in terms of Q, given by (5.3), is: EHR:PUSh = p xf(x)dx, which 



Chapter 5: Competition and Cooperation 158 

is strictly increasing in Q for Q > 0, and the total expected profit of all suppliers, in terms of Q, is: 

ERj/push = — E(Q)) — C)Q, which is unimodal in Q and has a unique maximizer. Similarly, in 

the pull system, the expected profit of the assembler, in terms of Q, is: EIJRtPUu = (P—JZFJQ))^(Q)^ 

which is strictly concave in Q, and the expected profit of all suppliers, in terms of Q, given by (5.10), 

is: = C ( i 5 f ( Q ) - Q), which is strictly increasing in Q. 

Let us first recall two important results from Cachon (2004a). 

Theorem 5.6.1 (Cachon (2004a), Theorem 3) In equilibrium, 

. (i) EURtpull(Q;ull) > En™^SH(Q;USH), and 

(™) Qpull > Qpush-

Lemma 5.6.2 (Cachon (2004a), Lemma 4) The following hold: 

(i) There exists a unique Q' such that ETlRtPUSh(Q') = EUR)PUn(Q'). 

(ii) There exists a unique Q" such that EIiT^lSH(Q") = EIJT^U{Q"). 

(iii) Qp is the unique maximizer of EUR<PUII(Q) — Eli^^sh{Q). 

(iv) QP = Q' = Q", and 

(v) Qp>Q*pull-

Theorem 5.6.1 and Lemma 5.6.2 (v) imply that Qpush < QPUu < QP• Based on these results, 

we are able to derive the following Proposition, which is used for subsequent results. 

Proposition 5.6.3 In equilibrium, 

(i) EILRTPULL(Q*ULL) > ETlR,PUSH(QPUSH), and 

(U) EUI^Q^J > Eiq^tQ^y. 

It follows from Proposition 5.6.3 that the assembler prefers the pull system to the push system 

and that the total profit of all suppliers with push is greater than their total profit with pull. The 

preference of any individual supplier between the two systems is revealed in the next proposition.. 

Proposition 5.6.4 An individual supplier Mi with marginal cost CMT, for i S {1, •••,n}, 

(i) prefers push to pull if CM* < a - C, 
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(ii) is indifferent between push and pull if CM, = a - C, and 

(iii) prefers pull to push if > a. • C, 

where a = ̂ Sggr'^ (> 1) and c = g. 
Basically, Proposition 5.6.4 asserts that suppliers with low manufacturing cost prefer push to 

pull since under pull, they are apparently not compensated enough for the risk they need to cover, 

which stems from the uncertain demand. On the other hand, suppliers with high manufacturing 

cost prefer pull to push since they are compensated proportionally to their cost. 

Let us consider an extreme case when all suppliers have the same marginal cost, i.e., CM{ = c 

for all i G N. Thus, c = c, and by Proposition 5.6.4, since a > 1, CM4 = C < a • C. Therefore, in 

this case all suppliers prefer push to pull. 

Let us next consider an example wherein demand, again, follows a power distribution. 

Example 5 .6 .5 Power demand distribution. 

Recall that under a power demand distribution, f(x) = xq and F(x) = for q > 0. By 
c , 

Theorem 5.4.2 (ii), we have that Q* h = (4rfr)' I + 1. a n d 

. E^M*£Lsh(Qpush) = p{Q*push)2f {Qpush) =P{Q*push^q+2 

From Theorem 5.5.4, satisfies 1+J\Q^VH(Q\U11) = §> w h ere J{Q) = and H(Q) 

f(Q) Furthermore, 
i - ^ ( Q ) 

rrrrTotal (n* \ _ ni ^^pull) n * \ 
J:!ji-i-M,pullWpuU) — TP?™ V _ ^pull)-

L ~ r Wpull) 

Note that the value of Q*uU depends on the ratio of C to p, instead of the individual suppliers' 

marginal costs and the selling price. Since it is difficult to derive an explicit expression of Q*uu as 

a function of ̂  and a general q, we present in Table 5.1 in the following page the values of 

and a as a function of ^ for q = 0,1,2,4. 
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c 
p 

q = 0 q = l q = 2 <7 = 4 
c 
p o* Q*puii a Qpush Qpuii a Qpush Qpuii a o* 

^6 push 
Q*puii a 

0.01 0.4950 0.8273 12.36 0.8124 1.2419 19.22 0.9055 1.3013 24.89 0.9623 1.2791 34.29 
0.05 0.4750 0.6690 5.56 0.7958 1.1105 8.46 0.8932 1.1924 10.95 0.9544 1.2000 15.25 
0.10 0.4500 0.6142 4.14 0.7746 1.0219 6.24 0.8772 1.1184 8.08 0.9441 1.1460 11.34 
0.20 0.4000 0.5000 3.20 0.7303 0.8997 4.78 0.8434 1.0154 6.20 0.9221 1.0705 8.81 
0.50 0.2500 0.2747 2.40 0.5774 0.6367 3.57 0.7211 0.7888 4.67 0.8394 0.9030 6.81 
0.90 0.0500 0.0507 2.05 0.2582 0.2622 3.07 0.4217 0.4279 4.08 0.6084 0.6157 6.09 
0.99 0.0050 0.0050 2.01 0.0816 0.0818 3.01 0.1957 0.1960 4.01 0.3839 0.3843 6.01 

Table 5.1: Q*h, QZua and the preference factor, a, under a power demand distribution 

Based on Table 5.1, we conclude with the following observation. 

Observation 5.6.6 .(i) The equilibrium values of the production quantity under push and pull are 

decreasing in C, which is consistent with Propositions 5-4-4 a n d 5.5.7, and they are increasing in 

the exponent q of the distribution function. 

(ii) Qpush < Qp^u, which is consistent with Theorem 5.6.1 (i.e., Theorem 3 in Cachon (2004a)). 

(iii) The value of a is decreasing in ~ and increasing in q. 

Recall that some suppliers prefer the pull system, since they are well compensated for the risk 

they bear in this system due to demand uncertainty. Now, an increase in q can be easily shown to 

result with a decrease in the coefficient of variation in a power distribution. Apparently, as reflected 

by Observation 5.6.6 (iii), a decrease in the coefficient of variation results with a decrease in the 

level of compensation to suppliers in the pull system to an extent that more of them prefer the 

push to the pull system. 

Similarly, recall that the share of the profit of suppliers in the pull system is larger if their 

manufacturing cost is higher. As suggested by Observation 5.6.6 (iii), it appears that a decrease 

in the total manufacturing cost decreases the profit of suppliers in the pull system so that more of 

them prefer the push system wherein their profit is independent of the manufacturing costs. 

5 . 7 Conclusions and Further Research 

We have studied in this chapter a supply chain model consisting of a single assembler who buys 

complementary components or products from n suppliers under two contracting systems: push and 

pull. In both systems, we have investigated the stability of coalition structures in the suppliers 

coalition formation game, and the Stackelberg game between the assembler and the suppliers. We 
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have demonstrated that push and pull contracts, which allocate differently inventory risk among 

players, induce, in equilibrium, qualitatively different outcomes. 

For example, for a given coalition structure, push and pull induce different profit allocation 

among coalitions. In a push system, coalitions realize equal profits in equilibrium. By contrast, in 

a pull system, coalitions share the total suppliers profit proportionally to their own manufacturing 

costs. In a push system, the assembler, the suppliers and the end-consumers would all be better 

off if the grand coalition of all suppliers is formed, while in a pull system, the coalition structure 

has no impact on the equilibrium profits of players. Finally, in a push contract, each supplier has 

an incentive to improve her cost efficiency, while in a pull contract, suppliers may not benefit from 

a reduction in their cost. 

We have also derived in this chapter some sharp predictions about alliance formation among 

suppliers in a push system. For example, it is shown that in a system with two suppliers, the 

grand coalition is the unique element in the Nash-stable set, the largest consistent set (LCS) and 

the largest cautious consistent set (LCCS). Further, in a system with more than two suppliers, 

wherein demand follows a power distribution, the grand coalition is the unique element in the 

LCCS. It is also the unique element in the LCS for n < 4, and for n > 5 when the exponent is 

large enough, i.e., the coefficient of variation of demand is small enough. By contrast, for a power 

demand distribution, the Nash-stable set, in which, of course, players are known to be myopic, is 

shown to consist of the independent structure. In reality, we often observe alliances of suppliers, 

e.g., alliances among the outsourcing vendors in the IT industry (Gallivan and Oh 1999), and it is 

pleasing that farsighted concepts, such as the LCS and LCCS, predict alliance formation. 

We have found out that the assembler always prefers the pull system to the push system. 

However, the suppliers' preferences between these two systems depend on their own manufacturing 

costs. More specifically, suppliers with relatively lower manufacturing costs prefer push to pull since 

under pull, they are apparently not compensated enough for the risk they bear due to uncertain 

demand. On the other hand, suppliers with relatively higher manufacturing costs prefer pull to 

push since they are compensated proportionally to their cost. It is interesting to note that if all 

suppliers have the same manufacturing cost, then all suppliers prefer push to pull. 

Finally, regarding possible extensions, we recall that it was assumed in this chapter that all 

products are completely complementary. However, as pointed out by Wang (2004), the degree of 

complementarity in some business models may not be 100%. Additionally, components may have 

their own individual demand, in addition to demand for the final product. Thus, it would be 
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important to extend our analysis to these more general situations. 

5.8 Appendix 

Proof of Lemma 5.4.1. Suppose the assembler chooses an inventory .vector Q. Let QBk = 

mm(Q). Then, the assembler's profit function becomes: EUR = pEx(mm(QBk, X)) —YTJL^WRJQBJ] 

which is strictly decreasing in each element of Q-BK , which is the vector whose components are the 

production quantities of all coalitions in B but B^. Thus, at optimality, the assembler will order 

the same inventory from all coalitions. Therefore, QBl = ••• = Q,BM — Qi a n d the assembler's profit 

function reduces to: EUR = PEx(mm(Q,X)) - QZ?=1(WBj) = p(QF(Q) + $xf{x)dx) - QW, 

which has derivatives = pF(Q) - W and = -pf(Q)(< 0). Thus, EUR is strictly 

concave in Q and the global maximizer satisfies: dEQR = 0, i.e., pF(Q) = W. • 

Proof of Theorem 5.4.2. (i) Let us consider the problem facing coalition Bj. The profit function 

for Bj is: EUBj = (WBj - CBj)Q*, where by Lemma 5.4.1 (ii), pF(Q*) = W, and Q* is the 

assembler's optimal reaction function of Q. Accordingly, dw^' = Q* + (WBj — CBJ) . Taking 

derivative with respect to WBj on both sides of pF(Q*) = W results with Q$b. ~ ~pf(Q*)' ^nus' 

^WB1 = Q* ~ Wpj(QC')1 • First order condition for optimality results with: WB. — CBJ = pQ*f(Q*) 

for any j S {1,2, ...,m}. Now, similar to Lariviere and Porteus (2001) analysis in the context 

of the single-supplier single-assembler newsvendor model, in our model, the profit function for 

Coalition Bj, 

EUBj = (PF(Q) - (CBi + W.Bj))Q, (5A.1) 

is unimodal in Q and has a unique maximizer, and, in view of the one-to-one relationship between Q 

and WBj, it is also unimodal in WBj. Thus, in the maximization problem of -En^. = (WBj —CB,)Q*, 

where p(l — F(Q*)) = W = WBj + £>k^jWBk, with respect to WBj, the first order condition, 
DQWBJ = 0> ' s both necessary and sufficient to find the unique maximizer WB.. Therefore, we 

have WB - CBj =ipQ*f(Q*),j & {l,...,m} and (i) follows. Thus, at optimality, pF(Q*) = W* = 

mpQ*.f(Q*) + C, and (ii) follows. • 

Proof of Corollary 5.4.3. Let us first prove (iv). By Theorem 5.4.2, p(F(Q*)-mQ* f(Q*)) = C. 

Thus, 1 - TO^J^QV) = j(F(Q*))~l, and the equilibrium value of Q*, where Q* > 0 (since p > C), 

is an implicit function of the number of coalitions m. Taking the derivative of Q* with respect 

to m on both sides of 1 — rn®_PfgJ^ = g(-FXQ*)) _ 1 , and simplifying results with - ®_p[q.^ = 

[TO—1~dQ?*) +^(F(Q*))~2f(Q*)]l5rn- Since the demand function is assumed to have an increasing 
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general failure rate, 1

 a^?') > 0. Thus, since Q* > 0, it follows that < 0. 

(v) Since W* = pF(Q*), and Q* strictly decreases in m, it is easy to verify that W* strictly 

increases in m. 

(ii) By Theorem 5.4.2, ETlJj'tal = (pF(Q*)-C)Q*. Taking derivatives on both sides with respect 

torn and simplifying results with = (pF(Q*)-C-pf(Q')Q*)%£ = {m-l)pQ*f{Q*)%£; 

where the last equality holds since pF(Q*) - C = mpQ*f(Q*). Since m > 1 and < 0, 

—g-^— < 0, and equality holds iff m = 1. 

(i) Since EIlM

otal decreases in m, we immediately have that, for any j € {l,... ,m}, EIi*B. = 
E U T o t a l 

— M — decreases in m. 
m 
(iii) Note that EU*R = ptf'xf(x)dx. Then, = Q * / ( Q * ) ^ . Since Q*f(Q*) > 0 and 

Fid* dETL* 
< 0, we have that d m

R < 0, which completes the proof of Corollary 5.4.3. • 

Proof of Proposition 5.4.4. (i) By Theorem 5.4.2 (ii), p(F(Q*) - mQ*f(Q*)) = C. Thus, 

F(Q*)(1 — m • g(Q*))'= where, as we recall g(Q) = ®Jp(Q) • Due to the IGFR assumption, and 

since F(x) is increasing in x, F(Q*)(1 — mg(Q*)) decreases in Q*. Thus, since C increases in CBV 

9{Q1 < 0 

d{cB)j) < u- . 
(ii) From Lemma 5.4.1 (ii), W* = pF(Q*). Thus, since Q* decreases in CBJ and F(Q*) is a 

decreasing function of Q*, W* increases in CBJ- By Theorem 5.4.2 (i), WB. = CBJ + PF(C^)~C. 
d{W*B) a n . 

Thus, d(cB) = m — mPf(Q*}d(CB ) > ^' w n e r e t n e last inequality follows since m > 1 and 
dQ* 3' 3 

< 0. 

(iii) ETTB. = (WB. - CBj)Q* = PF(QJ~CQ*. Taking derivatives with respect to C B . on both 

sides of ETLB results with Q ( c ^ = i °gLL[pi?(Q*) - C -pQ*f(Q*)\ < 0, where the last 

inequality follows since | g ^ y < 0 and pF(Q*) - C-pQ*f(Q*) > pF{Q*) -C- mpQ*f(Q*) = 0. 

Since EIi*B. = (WB. - CB])Q* = pP^~CQ\j £ { V - , ™ } , = < 0 for any i ± j. 

(iv) EU*R = p(S(Q*) - F(Q*)Q*). Since S(Q) - F(Q)Q increases in Q and Q* decreases in 

CBJ, EIi*R decreases in CBV which proves (iv) and completes the proof of Proposition 5.4.4. • 

Proof of Proposition 5.4.6. (i) When m < n and | £ ? i | = 1, we consider two types of suppli

ers: suppliers in a coalition which has more than one member (Type I) and independent suppli

ers (Type II). 

Now, recall our assumption that members of a coalition share the coalition's profit equally. 

Then, by Theorem 5.4.2 (i), a deviation by a Type I supplier to join another coalition, B^, is 

not feasible, since members of Bk will be strictly worse off from such a deviation. Thus, the only 
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feasible deviation for a Type I supplier is to be independent. Consider any member, Mi, in Bm, 

which, by Theorem 5.4.2 (i) and the above assumption of equal profits for coalition members, 

earns the least profit. Before a deviation by Mj to be independent, Mi's equilibrium profit is: 

ET¥M.(before) =
 (pF(fJ^ff)Q". w h e r e Qm. b y Theorem 5.4.2 (ii), satisfies: p(F{Q) - mQf(Q)) = 

C. After Mj deviates to be independent, there are m+1 coalitions instead of m. The equilibrium 

profit for Mi now becomes: EU*Mi(after) = ^ Q ' ^ - ^ Q ' ^ ; w n e r e Q*m+1 satisfies: p(F(Q) -

(m + l)Qf{Q)) = C. Thus, Mi cannot be strictly better off by deviating to be independent if and 

only if EliMi{before) > EIiMi(after), which results with ^ j , " ^ ^ ^(PHQ^-^Q^ _ 

For Type II suppliers, since = 1, it is sufficient to find conditions such that either the 

only member in Bi, Mi, has no incentive to join B2, or Bi will not accept Mi. Before de

viation, EIi*M.{before) = EU*B2(before) = ( p F ( Q ^ ~ C ) Q " . After deviation, EIi*M,{after) = 

^(^i+i^m-^i)1'1' a n c * t n e equilibrium profit of Coalition B2 in the new coalition structure is: 

EU*B2(after) = ^ ^ B ^ ^ I ) " 1 ' 1 • Accordingly, Mj(e B{) has no incentive to deviate or B2 

will not accept Mi if and only if ^ W - ^ ^ m > ̂ g -̂̂ ^p1. Combining the conditions for 

the Type I and Type II suppliers yields (i). 

(ii) When m < n and > 2, there are only Type I suppliers, and the same proof approach 

as that used in (i) can be employed to verify (ii). 

(iii) When m = n, i.e., the independent coalition structure was formed, we only have Type II 

suppliers and \B\\ = ... = \Bm\ = 1. Using the same analysis as in (i) would verify (iii). • 

Proof of Theorem 5.4.17. For n = 2, by Theorem 5.4.10 (i), neither of the two suppliers has 

an incentive to deviate from the grand coalition. Thus, LCCS(G,<g.) = LCCS(G,^i) = {P*}-

For n > 3, Proposition 5 in M & V (2004) asserts that under four conditions, the largest cautious 

consistent set, based on both indirect strict and weak dominance, singles out the grand coalition. 

We next demonstrate that these conditions hold in our case. 

(P.l) Positive spillovers. Positive spillovers require that the formation of a coalition by other 

players increases the payoff (i.e., the expected profit) of a player. Now, from Corollary 5.4.3 (i), 
9 E ™ B l < 0 for all j G {l,...,m} for rn > 2. Thus, clearly, the suppliers coalition formation game 

has positive spillovers. 

(P.2) Negative association. Negative association requires that small coalitions have higher per-

member expected profit than big coalitions. Theorem 5.4.2 (i) reveals that each coalition would 

have the same profit margin, thus the same expected profit. Since we assume that members in the 

same coalition share their profit equally, it is obvious that smaller coalitions have higher per-member 
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payoff than larger coalitions. Therefore, Condition (P.2) is satisfied. 

(P.3) Individual free-riding. Individual free-riding requires that if a player leaves any coalition 

to be alone, then s/he is better off. Theorem 5.4.10 (ii) implies Condition (P.3). 

(P.4) Efficiency. Efficiency implies that the grand coalition is the only efficient coalition struc

ture with respect to the expected profit. Corollary 5.4.3 implies Condition (P.4). 

Thus, we have verified that all four required conditions of M & V are satisfied, and5 the proof of 

Theorem 5.4.17 follows. • 

Proof of Theorem 5.4.18. Recall that a coalition structure B is symmetric if and only if IB Î = 

\Bk\ for all Bh,Bk G B. We denote by V* = {N} the grand coalition and by V the stand-alone 

(i.e., independent) coalition structure: V = {B\,...,Bn} with |B j | = 1 for all Bj G V (V* and V 

are symmetric coalition structures). 

(i) By Lemma 3 in M & V (2004), under Conditions (P.l) - (P.4), V* G LC5(G ,< ) and V* G 

LCS(G,4Z). Since (P.l) - (P.4) were shown to be satisfied in the proof of Theorem 5.4.17 under a 

power demand distribution, (i) follows. 

(ii) By Proposition 4 in M & V (2004), a sufficient condition for the LCS to consist only of the 

grand coalition is that Conditions (P.1)-(P.4), as well as Condition (A) hold, where Condition (A) 

requires: Each non-symmetric coalition structure contains at least one coalition whose members 

receive less than in the stand-alone coalition structure. Since Conditions (P.1)-(P.4) are satisfied 

for a power demand distribution, we only need to verify that Condition (A) is valid. 

Let us first consider the suppliers' expected profits in the stand-alone structure where m = n. 

By Theorem 5.4.2 (ii), Q* = ( )^+T, and each supplier's expected profit is: EILM(V) = 

P(Q*n)2f(Q*n)=P(Q*n)q+2=P(^)^-

For n = 2, Theorem 5.4.10 (i) implies that neither of the two suppliers would have an incentive 

to deviate from the grand coalition. Thus, in this case, LCS(G,<) = LCS(G,<c) = {V*}. 

For n = 3, there is a unique coalition profile, < 2,1 >, corresponding to non-symmetric coalition 

structures. Such a profile represents coalition structures consisting of one coalition of two members 

and another coalition of a single member. Consider any supplier, Mi, in the coalition of two players. 

Then, by Theorem 5.4.2, EU* = Thus, FN.{ = 2(4±±-)*+i, which is strictly 

increasing in q, and is bounded between | , for q = 0, and | , for q —* oo. Therefore, such Mj receives 

in the coalition profile < 2,1 > less than in the stand-alone coalition structure, and Condition (A) 

is satisfied. 

For n = 4, wer use the same approach as above to verify Condition (A). There are two coalition 
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profiles, Ai =< 3,1 > and A2 =< 2,1,1 >, corresponding to non-symmetric coalition structures. 

Let us first analyze A\. Consider any supplier, Mj, which is in the coalition of three players. Then, 
2^SL q+2 p r r t fr>\ —5— +2 9 + 2 

by Theorem 5.4.2, M I * = E ( _ ^ ) , + i . Therefore, JJf} ' = 3 ( ^ — which is strictly 
6 J + T + 2 5+T+ 4 

increasing in q, and is bounded between | | , for (7 = 0, and | , for ej —> oo. Let us now study 

A2. Consider any supplier Mj which is in the coalition of two players. Then, by Theorem 5.4.2, 
P ~ C q + 2 prr* _ i _ + 3 q + 2 

EU*M, = U-jfh^)q+1- Therefore, E$. ' = ^(sjrh)q+1, which is strictly increasing in q, and 
j 9 + 1 +  Mj 9 + 1 + 

is bounded between | | , for q = 0, and | , for gr —> oo. Thus, we conclude that for n = 4, each 

non-symmetric coalition structure contains at least one coalition whose members receive less than 

in the stand-alone coalition structure. 

(iii) For n > 5, denote by Xm the distinct collection of coalition structure profiles corresponding 

to non-symmetric coalition structures having m coalitions. For r m =< 7i,-..,7m >S Xm, let 

7(r m ) = max{7i : i ='l , . . . ,m}, and let j(Xm) = min{7(rm) : rm e A"™}. The following two 

observations can be easily verified: 

Observation A . l : For any values of n and m, in order to verify whether each non-symmetric 

coalition structure with m coalitions contains at least one coalition whose members receive less 

than in the stand-alone coalition structure, it is sufficient to consider an arbitrary coalition B such 

that \B\=1{Xm). 

Observation A .2:' Given any values of n and m e.[2,n — 1], ^{Xm) = |_mJ + ^ where lx\ 1S the 

integer component of x. 

Based on Observations A . l and A.2, we merely need to consider a coalition whose cardinality 

is [—J + 1. By Theorem 5.4.2, each member in this coalition earns an expected profit EH*M = 
V — C q + 2 J T T T * (T>\ ~ hT7l 9 + 2 

Tirnrri-T?—)^1- Thus, E $ = ( L ^ J + l ) ( - ^ r - ) ' + l , which is strictly increasing in q e [0,oo) 

for any given n and m, and is bounded from above by ([^J +1)(^), which is strictly greater than 1. 

Thus, there exists a qm € [0, oo) such that g r | , (q > qm) > 1 for any 2 < m < n — 1 and n > 5. 

Let qn = max(i72, q 3 , q m ) . Therefore, for q > qn, each non-symmetric coalition structure contains 

at least one coalition whose members receive less than in the stand-alone coalition structure, which 

completes the proof of Theorem 5.4.18. • 

Proof of Lemma 5.5.1. When m = 1, the grand coalition was formed. Thus, according to 

(5.6), Q* = - F _ 1 ( l — ^ ) . When the grand coalition is formed, our model is equivalent to the 

single-supplier single-assembler system, which has been studied by Cachon (2004a). Our result is 

consistent with that derived in Cachon's paper. 

When m > 2, since ^ = m a x j 6 { 1 ] . . . ) m } ( ^ - ) and F(x) is increasing, F _ 1 ( l - = 
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mir i j (F _ 1 ( l - ^ g

L ) ) - By (5.6), in equilibrium, min(Q*) < F - 1 ( l - p^f-)- Assume thatsthere exists 

an equilibrium such that QBK ^ Q>BH and mm(QBK,QBH) < i ? _ 1 ( l - ^ f - ) , where k,h G {l,...,m}, 

and k y£ h. Without loss of generality, assume <5sfc > Q.BH- Thus, according to (5.6), Bk has an in

centive to reduce its quantity from Q B K to Q B H - Contradiction. Thus, Q*BL = ... = Q*BM- By (5.6), 

it is easy to verify that none of the suppliers has an incentive to deviate when (ii) holds. • 

Proof of Lemma 5.5.3. According to Lemma 5.5.1, 0 < Q*BL = ... = Q*BM = Q* < F~l(l -

is a Nash equilibrium. No proper collection of coalitions B' in B, B' C B, taking the actions of 

all other coalitions in B as given, can profitably deviate from Q*BI = ... = Q*BM = Q*. Indeed, 

the expected profit of any coalition in B' is increasing in Q, for Q G [0,Q*], and it is decreasing 

in Q, for Q > Q*. However, a profitable deviation from QBI = ... = QBM < F - 1 ( l — ^ f - ) 

exists, if the entire collection of coalitions in B deviates to Q*BI = ... = Q*BM = i J 1 - 1 ( l — vv^f-)-

From Q*BI = ... = Q*BM

 = ^ - 1 ( 1 — w£-)i there is no profitable deviation by any collection, B', of 

coalitions, including the case when B' = B. • 

Proof of Theorem 5.5.4. We first show that the assembler chooses a wholesale price set which 

induces an identical ratio of manufacturing cost to wholesale price for each coalition, i.e., = 

- ~ wBm-

Suppose there exist at least two coalitions, Bk and B^, such that ^ WiT' w n e r e k h 

and k,h G {1,2, ...,m}. Recall that = max j e { l i 2 , . . . , T O }(^ 1 ) , and observe that Ex(min(Q, X)) 
E 3 

in the assembler's profit function, given by (5.7), and the constraint, given by (5.8), depend on 

only. Thus, the assembler's profit function, given by (5.7), is strictly decreasing in W^. for 

any j e, as long as < Therefore, by Constraint (5.9), at optimality, we have that 
wi~  = Wt„ f o r a n y J ^ e ' T h u s ' WB\ = WB% = - = = a ' a n d t h e a 8 8 6 ™ 1 3 1 6 1 ' 8 P r o f i t 

function, given by (5.7), results with: EHR = (p- ^C)Ex{mm(Q, X)), which is strictly decreasing 
in i and strictly increasing in Q. Constraint (5.8) becomes: ^ = i_p(Q) • Thus, the assembler's 

problem coincides with his problem when all suppliers form the grand coalition, i.e., m = 1. By 

Lemma 5.5.1, when m = 1, Q* = F _ 1 ( l — ^ ) , i.e., W = ±_p(qy and the assembler's profit function 

becomes: 

EUr = (p- w)s(Q) = (p - YZYIQ) (5A-2) 

It is shown by Cachon (2004a) that EHR is strictly concave in Q, and that the unique optimal 

production quantity satisfies: 

- ° (5A.3) 1 + J{Q*)H{Q*) p ' 
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where J(Q) = and H(Q) = y ^ y . Thus, a* = ^ J - = 1 - F(Q*) for any j. • 

CB-

Proof of Corollary 5.5.5. (i) follows from Theorem 5.5.4 (i). Further, by (i), WB = ISf(Q*)• 

Substituting WB. into Bj's profit function, given by (5.5), and simplifying results with EU*B. = 

- CQ*"> = ^(W*S(Q*) - CQ*) = % ^ E n ™ ( m = 1). • 

Proof of Proposition 5.5.6. Suppose coalitions Bj and Bk are in B. Without loss of generality, 

assume that CB, > CBK- In equilibrium, = Thus, WB. = jjgLWBk. Coalition Bj's 
Bj B k 3 K 

equilibrium profit is: EU*B. = W*B.S{Q*) - CBjQ* = ^W%kS{Q*)-- CBjQ* = -

CBkQ*) > (WBkS{Q*) - CBkQ*) = EU*Bk, where the last inequality follows since CBj > CBk- • 

Proof of Proposition 5.5.7. (i) According to (5A.3), in equilibrium, C • G{Q*) = p(l - F(Q*)), 

where G(Q) = 1 + J(Q)H(Q). Recall that J{Q)H{Q) increases in Q. Thus, G(Q) increases in Q. 

Taking derivatives with respect to CB, on both sides of the equation C-G(Q*) = p(l—F(Q*)) results 

with G(Q*) + C • G ' (Q*) |g^y = - P / ( Q * ) | g ^ . Thus, | g ^ ( C • G>(Q*) + pf(Q*)) = -G(Q*). 

Therefore, ^ g - ^ < 0 since C • G'(Q*) + pf{Q*) > 0 and G(Q*) > 0. 

(ii) W* = I+J(Q*)H(Q') decreases in Q* since J(Q)H(Q) increases in Q. Since Q* decreases 

in CBJ, W* increases in CBV i.e., gj^g ^ > 0. Similarly, WB. = increases in Q*, which 

decreases in CB, for i ^ j. Thus, WB, decreases in CBJ, i.e., a(Cj) < 0. Therefore, g C a

3 > 0 

since W* = E£ i (W^ 4 ) . 

(iii) For any i ^ j, EU*Bi = WB.S{Q*)-CBiQ*, and taking derivatives, = ^^JS(Q*)~ 

{W*B.{\ - F(Q*)) - CBi)-§^) = d-S^)SiQ*) < °> w h e r e t h e l a s t equality follows since WB.(1 -

F(Q*)) — CBi — 0 and the last inequality follows since d(Ca') < ^' 

(iv) EIi*R = (p — W*)S(Q*). Since W* increases in CBj and Q* decreases in CB,, EirR decreases 

i n C B . . D 

Proof of Proposition 5.5.8. Under the proportional splitting rule, both for coalitions and 

individual suppliers of the same coalition, the equilibrium profit of each supplier is independent 

of the coalition structure, and is proportional to its own marginal cost. Thus, all suppliers are 

indifferent among all coalition structures. • 

Proof of Proposition 5.6.3. (i) Since ETlRtPUu{Q) is unimodal in Q and uniquely maximized at 

Q*pull, andQ; u i ( < Qp, EUR:Pull(Q*pull) > EURtPull(Qp). Further, EJlR,push(Q;ush) < EUR:PUsh(Qp) 

since ETlRiPUSh(Q) is strictly increasing in Q for Q > 0 and < Qp• By Lemma 5.6.2, 

EILRtPuii{Qp) = ETlR}Push{Qp). Thus, EHRtPUu(Q*ull) > EIlR,push(Q*ush) and (i) is proved. 
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(ii) Similar to the proof of (i), M I & ^ Q ^ J > ETlT^sh{Qp), since EUT

M^sh(Q) is uni

modal in Q and uniquely maximized at Q*ush, and Q*^ < Qp. Further, Eri%°^u(Q*ull) < 
£;nM,pu(((<3P) s i n c e E^piuiQ) i s strictly increasing in Q and Q*puU < Qp. By Lemma 5.6.2, 

E^LhiQp) = EHT^UQP)- Thus, Enl°%sh(Q;ush) > EJF^Q*^). • 

Proof of Proposition 5.6.4. Given any supplier Mi with marginal cost CM^ under push, her 

equilibrium expected profit is EWM s h = —M-P™£—EH£i_ ; a n c j her corresponding equilibrium 

expected profit under pull is EWMipull = ^EIiT^u{Q*pull). Thus, EUMupush > M I ^ is 

equivalent to C M < aJftSffi' , which completes the proof of (i). Accordingly, (ii) and (iii) 
1 1 , 1 1 M,pullW pull) n 

follow immediately. • 
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