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Abstract

Analysis of familial data with quantitative traits based on the multivariate normal distribution
has been well studied. However, little attention has been devoted to traits which do not have a
multivariate normal distribution, such as traits with discrete or censored values. In this thesis, we
devote our effort to (1) construct models for familial data when the trait value is discrete and/or
censored, and (2) study alternative estimation methods when maximum likelihood estimation is
infeasible. We discuss two existing classes of models: models with random effects which are multi-
variate normally distributed, and models constructed from the multivariate normal copula. These
two classes include a variety of models which can be applied to familial data. We also propose
another class of models which we call conditional independénce models. This type of model is
based on a conditional independence assumption: for a trait variable, we assume independence of a
pair of non-sibling relatives conditional on their parents, so that the dependence structure is built
on the Markov property. |

Maximum likelihood estimates are generally difficult to obtain for random effect models and
copula models when there are large families involved. We propose two estimation procedures based
on composite likelihoods: the first is a two-stage method in which univariate marginal parameters
are estimated based on univariate marginal distributions and the dependence parameters are esti-
mated separately Based on bivariate marginal distributions with the marginal parameters treated
as known; whereas in the second, all the parameters are estimated using the likelihoods of bivari-
ate marginal distributions. The composite likelihood methods can greatly reduce computation in
parameter estimation, but with a price of efficiency loss. In this thesis, extensive investigations
based on asymptotic covariance matrices and simulations were carried out to compare the asymp-

totic efficiency of these two procedures with the maximum likelihood method. In our efficiency
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comparisons, we investigate the multivariate normal model for a continuous trait, the multivariate
probit model for a binary trait, the multivariate Poisson-lognormal mixture model for a count trait
and multivariate lognormal model for a censored variable. We found that when the dependence is
strong, the first approach is inefficient for the regression parameters; whereas when the dependence
is weak, the second approach is inefficient for the dependence parameters.

In many familial analyses, quantifying familial association is of great interest. For a binary
tfait, the odds ratio may be used as a measure of association between a parent-offspring pair or a
sibling pair. We develop theories so that the asymptotic variance of an odds ratio can be computed

from a -2 x 2 contingency table formed by dependent pairs.
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Chapter 1

Introductiori

This thesis is concerned with models and estimation methods for familial data that may be discrete
or censored. The major contributions of this thesis are: (1) a new class of models called conditional
independence models, (2) estimating approaches for models which are limited in practice due to
computational difficulties, and the asymptotic properties of these approaches, and (3) a nonpara-
metric method to estimate familial odds ratios for binary traits. In this chapter, we first introduce
the structure of familial data being considered, followed by a brief overview of some genetic back-
- ground and two genetic disorders which are used as examples in this thesis. Then, we address the
challenges in analyses of discrete or censored familial data. An outline of this thesis is given at the

end of this chapter.

1.1 Familial Data and Notation

Many genetic studies seek to understand how different genetic and environmental factors affect
a trait or condition. These studies examine a sample of a large number of families. The data
obtained from such a study come from measuring trait variables and other variables of interest,
such as age and treatments, from one or more members of each family, and therefore the data are
called familial data. This thesis presents only models for a single response measurement on each
individual. This measurement can be any one of several different types: (1) quantitative, such as

body size or blood pressure; (2) survival, i.e. a realization of nonnegative random variable, with

possible censoring, such as life time or onset age of a diséase, normally subject to right censoring;




(3) count (non-negative integer), such as number of tumors; (4) binary, such as absence/presence
of certain feature; (5) ordinal, such as level of severity of a disease.

We denote the number of families in the sample by n and the number of members in the
ith family by k;. Then Y; = (Yi1,...,Yi,) is the vector of measured values of a single trait on
the members of the ith family and X; = (X;1,...,X;) is a k; X m covariate matrix containing
variables which may influence the trait. When we refer to a family in general, the family index i
will be omitted. _

For familial data, trait values for individuals in different families are considered independent.
Members in the same family are expected to resemble each other more than members in different
families. Sometimes, the familial resemblance is the primary interest of a study. Other times, the
primary interest rests on other factors. However, in order to obtain correct statistical inferences,
the familial dependence has to be taken into account. From the statistical point of view, analyses of
these data involve two tasks: first, constructing a statistical model which (1) describes the relation
between the trait and the covariates; (2) quantifies the degree of association between different types
of relatives, and making statistical inferences based on the model. In this thesis, we focus on non-
normal responses, more particularly, survival, binary and count responses. In the rest of this thesis,
the term “non-normal responses” refers to these three types of data.

Before we procéed, we define the family types considered in this thesis. In familial analysis,
the sample unit is a family. In the literature, “familial data” sometimes only refers to data with
nuclear families as the sample units, i.e., to data obtained by sampling independent families con-
taining two parents and their offspring. The familial data considered in this thesis are not limited
to nuclear families. The data structure under consideration varies according to the sample unit.
Here we define the types of families which may be considered as sample units. The first four types

are small families with one or two generations:
Type-1 a pair of relatives: typically twins, parent-offspring pair or sibling pair.
Type-2 a group of full siblings: the size of each group could vary from family to family.

Type-3 one parent and his/her offspring.

Type-4 a nuclear family: two parents and their common offspring.




The remaining two types of sample units are pedigrees with multiple generations. In general, we
only consider pedigrees without twins or half siblings. Discussion will be given later on how to
generalize our models to include those individuals.

Type-1I pedigree: a pedigree formed by family members who share a common ancestor. The
spouse of a family member is not included. Thus, only one parent of each individual is included in
the pedigree. Such a pedigree can be illustrated by a tree as shown in Figure 1.1. The root of the
tree is called the founder of the pedigree who is the ancestor of all the other members. We define
the following notation to describe this type of pedigree. For individual i, let A; = (41,2, ...) be the
set of i’s direct ancestors with its elements indexed so that i; is i’s parent, is is 4;’s parent, and so
on. For the founder, A; = @. For two individuals ¢ and j, we define A;; = A;\A;, namely, A, ;
is the collection of all the individuals who are the ancestors of 4, but not j. If 7 and j are siblings,
A;\; is empty. Otherwise A; ; = (i1,...,4g,;), where 4y, . is the most distant ancestor among all
the ancestors of ¢ who aré not shared by j. Also we define A;\ ;a8 the same collection but in reverse
order. Let D; be i’s descendants set. Clearly, (i, D;) is also a tree with 7 being the root. Let S;
be a sibling group whose parent is ¢ and T = {i : S; # @}, i.e. the set of indices corresponding to
parents. The parent ¢ combined with his/her offspring (S;) is called a family unit, the basic unit of
a pedigree. Each family unit is a Type-3 family. We index a family unit by the index of the parent
and denote it by U; = (4, S;). Two units overlap, if and only if an individual is an offspring in one
- of the units and the parent in another unit. In Figure 1, there are three family units and unit 1

overlaps with both units 2 and 3. -

Unit 1
Unit 3
4)

Figure 1.1: Diagram of a Type-I pedigree




Type-II pedigree: a pedigree formed by family members of a common ancestor, plus possibly
their spouses. The spouses are called marry-in’s and do not have their ancestors in the pedigree.
To describe such a pedigree, we need to modify the previous notation. Let m; be the index of the
spouse of individual ¢. The family unit is (i,m;, S;), a Type-4 family. Such a pedigree is illustrated

in Figure 1.2. Suppose individual 1 is the founder. Individual 2, 3 and 6 are marry-ins.

Figure 1.2: Diagram of a Type-II pedigree

The type of sample unit involved in a study depends on the purpose of the study. For
example, data with Type-I pedigrees are often collected from a population affected by an autosomal
dominant disorder, caused by alteration or mutation of an autosome (i.e. chromosome 1 - 22,
non-sex chromosome). Within a family, affected individuals normally share the same mutation.
However, commonly even within the same family there is marked variation in the expression of the
disorder. The focus of the study would be the reason for the variable expression. On the other hand,
data with Type-II pedigrees are collected from a general population. Therefore, Type-I pedigree
and Type-II pedigree data require different model assumptions. A model for Type-I pedigrees is
not necessarily a special case of a model for Type-II pedigrees.

In data with Type-I pedigrees as sample units, information is sometimes available only on

a few individuals, for example a sibling group. In this case, even though the family only contains

siblings, it should be considered as a pedigree.




1.2 Genetics Background

To comprehend the genetic basis of familial resemblance, it is crucial to understand the transmission
of genetic information from generation to generation both at the individual and population level.
Mendelian laws of transmission tell us how a gene is passed from the parents to their offspring:

During gamete formation, the two alleles of a gene separate from each other and go into
different gametes. The segregation of one gene pair is independent of other gene pairs.

(The second part is not true if two genes are closely located on the same chromosome.)

According to Mendel’s laws, an offspring receives half of its genetic materials from the father
and the other half from the mother. In genetics, the specific allelic composition is called a genotype.
Given the parents’ genotype, the offspring’s genotype is not dependent on other ancestors. The
more closely related are two individuals, the more likely they share a gene by descent.

On the population level, we consider a population which is infinite in size and randomly
mating with no inbreeding. We will further assume that the effects of migration, selection and
mutation on the population are insignificant. Although such an idealized situation is never realized
perfectly, it is close enough to the truth for practical purposes. With these assumptions, the gene
frequencies and the genotype frequencies remain constant from generation to generation. This
characteristic is described by the Hardy-Weinberg equilibrium (Lange, 1997).

Genotypes often cannot be easily observed, but their effects are reflected on an observable
character or characters (i.e., trait), such as eye-color, or fingerprints. The form of the observable
character (or the value of the trait) is called a phenotype. It is important to understand how
genotypic difference affects phenotypic difference. There are different mechanisms. The sifnplest
case is that a trait is completely determined by a single gene. Then the phenotypic difference can
be explained solely by the genotypic difference. More often, the trait is not just affected by genetic
factors, but also affected by random environmental factors. Then there are two sources of variation:
genetic and environmental. Normally these two sources are treated independently in a statistical
model. In reality, there are few traits determined by a single gene. More generally, a trait can be
affected by several genes jointly, or by a large number of genes, each of them with a small effect
and assumed to be acting independently. It also can be a combination of the two cases: the trait

is affected by one or more genes with major effects and a large number of genes with small effects

which are assumed to be additive. Each of these mechanisms leads to different resemblance patterns




among relatives. The basic idea is that if a trait is determined by genes and random environmental
factors, the resemblance between relatives is determined by (1) the possibility of their sharing of
the responsible genes and (2) the proportion of variation due to genetic factors against that due to

environmental factors.

1.3 Neurofibromatosis Type 1 and 2

This thesis is motivated by problems that arise from several studies on two genetic disorders,
neurofibromatosis type 1 (NF1) and type 2 (NF2). The methodologies developed in this thesis are
illustrated in analyses of different features in NF1 and NF2 patients. Therefore we give a brief
introduction of these two disorders. Both NF1 and NF2 are autosomal dominant genetic disorders.
Common features of both are nerve tumors. Although both are called neurofibromatosis, their
clinical manifestations and genetic origins are distinct. The gene for NF1 is located on chromosome
17. Features, such as intertriginous freckling, neurofibromas of different types, Lisch nodules and
learning disabilities are common in NF1 patients. The gene for NF2 is located on chromosome 22.
The hallmark of NF2 is a nerve tumor called bilateral vestibular schwannoma, but other tumors
such as meningiomas and nonvestibular schwannomas are also common.

Both disorders have highly variable expressivity manifested in many different ways, including
variation in age at onset, types and numbers of clinical features, overall disease severity, and
rate of progression. Clinical studies indicate that the expression tends to be similar within a
family. But substantial phenotypic differences are also observed within families despite the fact
that family members share an identical mutant allele. The reason for the variability in the disease
expression is unknown. Clearly, variation in the mutant allele itself does not account for all of the
variability. Many different genetic and nongenetic causes may exist and act alone or in combination.
Comparison of the strength of association between different types of relatives will help us to identify

the sources of the variation.

1.4 Motivation and Background for Statistical Models

The statistical analysis of familial association started early in the 20th century. In 1918, Fisher

published his first and also one of his most important papers in genetics, The Correlation Between




Relatives on the Supposition of Mendelian Inheritance. In this paper, he showed how the pheno-
typic variation could be partitioned into heritable and non-heritable components, and therefore
established the link between the association observed between relatives and the underlying genetic
mechanism. This paper along with the work of Haldane (1932) and Wright (1921) laid the founda-
tion of quantitative genetics. Since then, sophisticated models for quantitative traits (continuous
variables) have been developed, mainly based on the normal distribution. (A detailed discussion
is given in Appendix A.) In addition, there are papers on estimation procedures for interclass and
intraclass correlations for familial data, for example, Donner and Koval (1980), Kleffe (1993) and
Donner et al. (1998). These estimation procedures are based on the MVN distribution assump-
tion without adjustment for covariates and mainly apply to data with Type-2, Type-3 or Type-4
families. Cases with covariates are also considered by Srivastava and Ng (1990).

As for traits of other kinds, some work is scattered in the literature, but in terms of both
quantity and maturity of this work there is no comparison with the well established normal models
for quantitative traits. Many open questions remain. Difficulties in analysis of non-normal familial
data mostly lie in two aspects. The first aspect is the lack of models which can provide a flexible
dependence structure able to reflect the nature of familial resemblance, i.e., the degree to which the
dependence of two relatives depends on their biological relationship. Generally, that dependence
is stronger for two closely related individuals and weaker for two distantly related individuals.
When the families under consideration are arbitrary, the dependence structure varies from family to
family. Many models existing in the literature can only be applied to certain types of families. Other
models may provide a flexible dependence structure, but give results with no natural interpretation.
The second aspect concerns the computational problems in parameter estimation. Many of those
multivariate models do not have a simple closed-form likelihood. Therefore, the maximum likelihood
estimators (MLEs) are generally difficult to obtain. Even though there are numerical techniques and
approximation methods available, those methods may not be stable when the family size becomes
large. Below are some examples for binary, count and survival familial data.

The latent threshold method was introduced to analyze a binary trait (Falconer, 1965, 1967).
Normality is assumed for the latent variables, leading to a multivariate probit model. A pleasing

aspect of this model is that it is well connected to quantitative genetics and therefore provides a

meaningful interpretation of the parameters. It also admits a wide range of dependence structures.




Moreover, it can be extended to analyze an ordinal response (Manatunga and Williamson, 2001).
However, its drawback is clear as well. When family size is large, likelihood evaluation involves high
dimensional numerical integrations. Other approaches such as regressive logistic models (Bonney,
1986) and conditional logistic regression models (Connolly and Liang, 1988; Tosteson et al., 1991;
Abel et al., 1993) have been developed. However, as Trégouiét et al. (1999) pointed out, the results
from these models may depend on the size of the family or the ordering of the family members.
They propose a model using a parametric copula which overcomes this problem, but their model
only applies to nuclear families.

A general approach to modeling correlated count data is the Poisson mixture model, in which
the Poisson parameters are modelled by fixed and random effects (Cameron and Trivedi, 1998). If
the random effects are assumed to have a gamma distribution, the joint distribution has a closed
form, but with only one level of dependence. To achieve a more flexible dependence structure,
multivariate log normally distributed random effects have been considered in modelling animal
breeding (Tempelman, 1996; Tempelman and Gianola, 1999). Again, computational difficulties
arise in parameter estimation for such a model. The multivariate Poisson model is also used to
model bivariate count data (Xu, 1996; Joe, 1997). In su_ch a model, each count variable is the sum
of two independent Poisson random variables, one of which is shared within the sample unit. The
dependence comes from the shared component. Similar models can be formed with the multivariate
negative binomial or the generalized Poisson distributions. However, this type of model is difficult
to extend to accommodate the dependence structure of a complex pedigree.

In recent years substantial research has been devoted to developing methodologies for clus-
tered survival data. An example is the univariate frailty model (Vaupel et al., 1979) where the
frailties induce an exchangeable dependence structure. Clearly, it is limited by its unduly simple
dependence structure. It is possible to allow more than one frailty in the sample unit, so that a
nested or hierarchical dependence structure can be obtained (Bandeen-Roche and Liang, 1996; Joe,
- 1993). However, this can only be applied to certain types of familial data, such as Type-3 families.
Pickles et al. (1994) as well as Yashin and Iachine (1995) propose a correlated frailty model. In this
model, instead of sharing a common frailty, each individual has his own frailty correlated with frail-

ties in the same family. As in the multivariate probit model and log-normal Poisson mixture model,

the likelihood function is difficult to evaluate. Later, Korsgaard and Andersen (1998) proposed an




additive genetic gamma frailty model. The frailties are constructed as a summation of independent
gamma variables. This model provides a dependence structure similar to the polygenic model (see
Appendix A.2). But there is no natural explanation of the decomposition.

In this thesis, we devote our efforts to overcoming these challenges. We consider different
modelling approaches which ¢an lead to models that are both practical and interpretable, including
random effects models, multivariate normal copula models and a family of new models called
conditional independence models. Conditional independence models are constructed based on the
assumption that the trait values of two non-sibling relatives are independent conditional on their
parents. This approach reduces the task of modelling a complex pedigree to modelling a family
unit containing only the parents and their offspring and simplifies the computation in estimation.
For models where the MLE method is difficult to apply, we propose two alternative estimating
procedures based on composite likelihoods and investigate the asymptotic relative efficiency of the
estimates. We also propose a nonparametric method to estimate the interclass and intraclass odds

ratios for a binary trait. The next section is an overview of the work included in this thesis.

1.5 Outline of the Thesis

The rest of this thesis is organized as follows.

In Chapter 2, we discuss three different modelling approaches for familial data. The first
approach uses random effects to construct the dependence structure, and the second uses the
multivariate normal copula. These two existing approaches have been applied to familial data
or other multivariate data. In this thesis we provide a comprehensive summary of these models'
in the context of familial data analysis. Chapter 2 also serves as background for Chapter 3, in
which estimation procedures are addressed. We then present the conditional independence models
and study the properties of this model family. After the general introduction of the modelling
approaches, we study some specific models for binary, count and survival responses.

In Chapter 3, we propose two likelihood-based estimation methods. The first approach is a
two-stage method in which univariate marginal parameters are estimated in the first stage based
on the likelihoods of the univariate marginal distributions, whereas the dependence parameters

are estimated in the second stage based on the bivariate marginal distributions with the marginal



parameters fixed at their estimated values from the first stage. In the second approach, all the .
parameters are estimated simultaneously based on the likelihoods of the bivariate marginal dis-
tributions. Both methods yield asymptotically consistent parameter estimates. In Chapter 4, we
investigate the performance of the two methods. The asymptotic efficiencies of the estimates are
compared with that of the MLEs when the MLEs can be obtained. Our results show that both
methods behave well except that the two-stage method can be inefficient for the estimation of the
regression coefficients when the dependence is strong.

Chapter 5 deals with estimation of intraclass and interclass odds ratios for a binary trait.
The problem arises from a study in NF1 patients. We propose a nonparametric method to esti-
mate intraclass and interclass odds ratios using relative pairs and derive the asymptotic va;.riances.
Asymptotic efficiency is compared with that of the MLE based on a parametric model.

In Chapter 6, the models and inferential approaches studied in the previous chapters are

applied to datasets of NF1 and NF2 patients. In Chapter 7, the final chapter, we discuss some

future research topics related to this thesis.




Chapter 2

)

Models for Non-normal Familial Data

In this chapter, we introduce models for non-normal familial data. We will focus on three different
types of traits: binary, count and survival. A general assumption underlying the models is the
“common univariate margin” assumption: the univariate marginal distribution of each individual
belongs to the same family of distributions, say, Y;; ~ Fi( - ;6;;). In familial data analyses,
it is common, but not necessary, to assume that the dependence structure between siblings is
exchangeable and the order of the siblings is irrelevant to the distribution.

The models introduced in this chapter can be classified ihto three categories: models with
random effects which are multivariate normally distributed, multinormal copula models and condi-
tional independence models. The first two classes of models were originally developed for multivari-
ate data under different circumstances. They are feasible for familial data analysis because they
provide a wide range of choices of distributions and a flexible dependence structure. One can find
a considerable amount of research on the properties of these models in the literature. Therefore,
we provide only a brief summary of those properties which are important to familial data analysis.
Models of the first two classes are limited in practice due to computational difficulties. So we
develop a third class of models based-on a conditional independence assumption. The dependence
structure generated by this approach is an approximation to the dependence structure under poly-
genic effects. The conditional independence assumption enables one to easily carry out the task
of model fitting. Models from this class have not been studied in the literature. Therefore, the
properties of this class will be discussed in detail.

The first part of this chapter is an overview of the three classes of models. General prop-
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erties such as dependence structure and likelihood are discussed for each class. Then we study
some specific models for each type of trait we consider, including: multivariate probit (MVP)
and two-component models for binary traits; Poisson-lognormal mixture, multinormal copula and
conditional independence models for count traits; multivariate lognormal, multivariate lognormal

frailty and multivariate copula models for survival data. '

2.1 General Introduction of Model Classes

2.1.1 Models with Multinormal Random Effects (Mixture Models)

Definition

A random effects model has a hiérarchical structure. The first level specifies the dis-
tribution of the observed response vector, Y, conditional on an unobservable random vector
A=(Ay, ..., Ay). Given A = X = (A, ..., M), we assume that Y;, ...,Y; are condition-
ally independent with pdf (if ¥; is continuous) or pmf (if Y; is discrete) g(y;; Ai, ;). Note that the
«; represents other parameters, if they exist, which are not random. The second level specifies the

distribution of A. We assume that h(A) = Z ~ N(u, X), for some elementwise function h.

Applications and Examples

Such models include the models Tempelman (1996) proposed for animal breeding, in which
multivariate normal random effects were incorporated into a negative binomial distribution, and
the multivariate lognormal frailty model applied to animal data by Korsgaard, Madsen and Jensen
(1998). We describe two examples in the later sections: the multivariate Poisson-lognormal (MPLN)
(Section 2.3.1), and the multivariate lognormal frailty models (Section 2.4.2). In both cases, h(A) =
(log Ay, ...,log Ax)’. The parameter J; is linked to the conditional mean in the MPLN models and
to the hazard in the frailty models. v

Dependence Structure

The dependence among the Y;s comes entirely from the dependence among the Z;s. Let

vi(Z;) = E(Y;|Z) = E(Y|Z;). Then

Cov(¥;,Y;) = Cov(E(¥:|Z), E(Y;|2)) + E(Cov(¥;, ¥;|Z)) = Cov(vi(Z:), %(Z5)),
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since E(Cov(Y;,Y;|Z)) = 0 from the conditional independence assumption. Intuitively, the corre-
lation between Y; and Y; increases with the correlation between Z; and Z;. However, the range of

the correlation between Y; and Yj is generally smaller than [—1,1].

Likelihood
The unconditional joint pdf/pmf of Y =y is then given by

k
1) = £ ®) = [ {TLowi Mz, 2} ulai o, D) 2.1)
i=1

Unfortunately, there is no closed form for the above integration, except for a few special cases.
With an arbitrary X, use of multi-dimensional numerical integration is inevitable in evaluating the

likelihood.

Advantages and Disadvantages

The advantage of normal distributions for the random effects is clear — its great flexibility in
dependence structure. It also establishes a link to traditional quantitative genetics. This provides a
meaningful interpretation of the models. We might consider Z; as a latent quantitative trait under
the influence of polygenic and multiple environmental factors. The mean vector of Z, u, can be
specified as a linear function of the covariates, i.e. p = X3. The covariance matrix of Z, X, can
be partitioned into different correlation components according to the assumptions on genetic and
environmental influences, as described in (A.3).

The major disadvantage is the computational difficulty in parameter estimation. Even with
today’s powerful computers énd numerical methods, multi-dimensional integration is formidable
when the dimension is higher than four. To overcome this obstacle, we need to consider estimating
methods which are less computationally demanding than ML. Some likelihood-type approaches
and their performance are investigated in Chapters 3 and 4, and the use of those approaches is
illustrated in Chapter 6.

Another disadvantage of using normal random effects is the limitation in the type of the
distributions. When we assume a parameter of the conditional distribution is random, the shape of
the resulting marginal distribution differs from that of the conditional distribution. For example,
the Poisson lognormal mixture has a marginal distribution which is much more skewed than the

Poisson distribution. In the next section, we introduce the multinormal copula model which is more

o
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flexible in modelling the marginal distributions.

2.1.2 Multinormal Copula Models

Definition

The theory of copulas provides a means of constructing various multivariate distributions.
The joint distribution is formed by combining the marginal distributions through a copula, a
multivariate distribution function with U(0,1) univariate margins. (Properties and parametric
families of copulas can be found in Joe (1997) or Nelsen (1999).) Among the extensive parametric
families of copulas, the multinormal (or Gaussian) copula provides a wide range of dependence and
therefore is suitable for familial data analysis.

Suppose Y; has univariate marginal cdf G;. The joint distribution of Y constructed using a

multinormal copula is

G(y) = ®c(27'[G1(w)],- ., 7 [Gk(yw) R(a)), (2.2)

where R = (p;;) is a k-dimensional correlation matrix. The cdf G; can be chosen as any family
of univariate distributions. For example, for count data, we can choose the Poisson or negative

binomial as the marginal distribution; for survival data, we can choose the Weibull distribution.

Applications and Examples
Applications of multinormal copulas can be found in longitudinal data analysis (Xu, 1996;

Song, 2000), but not in familial data. Examples of multinormal copulas are given in Sections 2.2.1,

2.3.2 and 2.4.3.

Dependence Structure

Since p;; = Corr(@7[G;(Y;)], 271{[G;(Y;)]) for fixed G; and Gj, Corr(Y;,Y;) is a monotone
transformation of p;;. In fact, that Corr(Y;,Y;) and p;; are very close to each other (Song, 2000).
When p;; = 0, we have independence between Y; and Y;. For the bivariate case, when p;; = 1
or —1, the most extreme positive (or negative) dependence between Y; and Y; is achieved (see
discussion of the upper and lower Fréchet bounds in Joe, 1997, Chapter 3). For continuous Gj,

when p;; = 1, Y; and Y are perfectly dependent. Moreover, if G; = G; or G; and G; are related
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by a location/scale shift, then the dependence is linear and Corr(Y;,Y;) = 1 as well. For discrete

G;, assuming that Y; and Y; have same support, Corr(Y;,Y;) =1 only if p;; =1 and G; = G;.

Likelihood

The response Y; can be treated as a transformed standard normal random variable. Let
Z =(Z,...,Zx) ~ N(O,R). When G; is continuous with corresponding density function g;,
Y; = G71(®(Z;)). Let z = ®1(Gy(y;)) and 2 = (21, ..., 2)'. The joint density function of Y

can be expressed as

9i(yi)
f(y) = ¢x(z: R .
When G; is discrete, the transformation from Z to Y is discrete. The joint pmf of Y involves an
integral of the multinormal density over a k-dimensional rectangle. Multidimensional integration is

also required to evaluate the likelihood function when censoring is present in survival data. Thus,

the application of multinormal copula models is limited in practice.

Advantages and Disadvantages

One advantage of the multinormal copula model is that the marginal distributions and the
joint distribution can be modelled separately. Combining the copula and a variety of univariate
marginal models, a large number of multivariate distributions can be constructed, including both
continuous and discrete distributions. Moreover, in models formed by a copula, the parameters
which describe the association between the variables can be easily separated from those of the
univariate marginals. This allows us to partition parameters into two groups: one group only
related to the univariate marginals and the other only related to the copula.

Another advantage of this class of model is its flexible dependence structure. The correlation
matrix R = (p;;) can adopt the structures described for quantitative traits in Chapter A. Since
the correlations between the responses are close to those between the Zs, the dependence structure
generated from such a model is similar to the dependence structure of a quantitative trait.

As mentioned before, the major disadvantage of the multinormal copula model is its com-

putational infeasibility.

15




2.1.3 Conditional Independence (CI) Model

In this section, we present a new method to construct models for traits influenced by many genes
and other factors. We consider this class of models when the primary interest is to determine if there
is a familial correlation and how strong it is, but not to identify all the variance components. The
motivation of this model is to simplify the task of modelling and computing the likelihood. There
is a practical reason to consider this class of models as well. In data analysis, the information
provided by the data might not be enough to identify every variance component. For example,
suppose most families in a dataset are small containing no more than two generations, while only
a few families are large with multiple generations. Under this scenario, it is impossible to obtain
satisfactory estimation of the associations between distant relatives. So we focus on modelling the
two most important dependencies, parent-offspring and sib-sib dependence, while apprc;ximating
the association between other relatives. '

The main idea of the conditional independence models is that the dependence between two
relatives of second degree or higher comes through their parents. Conditionally on the status of their
parents, the two individuals are assumed to be independent. However full siblings and monozygotic
twins need to be treated differently. Because of the polygenic and environmental effects, they tend
to resemble each other more than other types of relatives because (1) they share more genetic
material and (2) they are more likely to share a common environment. For these reasons, we allow
stronger dependence among them.

We begin with data formed by Type-I pedigrees without monozygotic twins or half siblings.
We first state the conditional independence assumption. We then derive the dependence structure
and the likelihood of a model under the CI assumption. Finally we extend the model to include
monozygotic twins and half siblings and Type-II pedigrees. Examples for binary and count trai\ts
are given in Sections 2.2.2 and 2.3.3, respectively.

The notation used in the following sections was introduced in Section 1.1.

Conditional Independence Assumption for Type-I Pedigree

The conditional independence assumption is stated as follows:

If a sibling group S; is not empty, then conditionally on the value of the parent, Y;, (1)
(Yj : j € 5;) are non-negatively dependent; (2) (Y;: j € S;) and (Yy : j' ¢ D;) are mutually
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independent.

Under this assumption, the Y's corresponding to a group of siblings are allowed to be pos-
itively dependent on each other conditional on the value of their parent. Normally we assume an
exchangeable dependence structure among siblings.

From this assumption, two important properties follow and the likelihood and dependence

structure of a CI model can be derived from these two properties.

Properties of the CI Model for Type-1I Pedigree

Property 1 The joint pdf/pmf of Y can be written as the product of the marginal pdf of the founder
and the conditional probabilities of all the sibling groups given the value of their parent. Let 1 be
the index of the founder. The joint pdf/pmf of Y is
F(y;X,0) = fi(y1;X1,0) [ [ fsv:(vsi3 96 X5, 0), (2.3)
ie€T
where f1 is the univariate marginal pdf/pmf of Y1 and fs,)y, is the conditional pdf/pmf of the sibling
group S;, X1 is a vector of covariate values of the founder and Xg, is a matriz of covariate values

of the sibling group S;.

As a result, once we specify the joint distribution of the family units, we can derive the
likelihood of the whole pedigree. Assuming exchangeable dependence among siblings, a family
unit has two levels of dependence, parent-offspring dependence and sib-sib dependence, and can be
modelled with a nested dependence structure — the sibling group is nested within a family unit,

.

since generally the sib-sib dependence is stronger than the parent-offspring dependence.

Property 2 For two individuals j and j', if j is individual i’s descendant, i.e., j € D;, while ' is

not i’s descendant, i.e., j' ¢ D;, then Y; L Yy|Y;.

Proof: For discrete Y;, we need to show that Pr(Y; = y;|Y; = y;, Yy = yy) = Pr(Y; = y;|Y; = vs).
This is true when j is i’s child. Now suppose j is not i’s child. Then let (j1,...,j) = A; N D;,

i.e., the collection of j’s ancestors who were descended from i. From the way js are indexed, j; is
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J’s parent, jo is j1's parent and so on. So the last element jj, is-i’s child.

Pr(Y; = y;|Y; = v, Yy = y;r)

= ...ZPI‘ _.y], ]1_yJ]) )GL:y]LIY;'zyz’yglzy]I)

Yi1 Yip

= o Z Pr(Y; = yJ|Y11 = y;) Pr(Yy = y; |Y12 = Yjz) - Pr(Yy, = ;. [Yi = vi)
Yi1 Yir

= . Z Pr(Y; = yjlygg = y]z) Pr(YjL = ijln = yi)

Yia Yir
= Pr(Y; = y;|Y; = y;) by induction.

An analogous derivation holds for continuous Y if we replace summations by integrations and
probabilities by densities in the proof.

The second property enables us to determine the dependence between any two family mem-
bers once the model for family units is specified. If we take two individuals, i and j, from the
family tree then there are two possibilities: (1) both are on the same branch, i.e., one is the other’s
ancestor; (2) they are on two different branches, i.e., they are not ancestor-descendant.

Case 1: Consider the first case. Suppose individual i is individual j’s descendant. We define
the path from 7 to j as (4, 4;\;) (note that 45, ; = 7). It follows directly from Property 2 that the
path satisfies the Markov property. We can, therefore, view ¥; and Y; as two points on a Markov
process separated by g; ; steps.

Case 2: Now consider the second case when individual 7 and j are on two branches. Suppose
the two branches meet at k. Then £ is the first common ancestor shared by ¢ and j. To go from
¢ to j, we can follow the path described below: start from i and follow #’s ancestors up to the
one who is k’s child, then go to another k’s children who is j’s ancestor, from there descend to
J. Expressed in our notation, this path is (i, Ay, A;.\i, 7). Next we show that it satisfies the
Markov property. .There are three possibilities: (1) Both are k’s children. Then 4;; and A;.\z. are
both empty and ¢ is directly connected to j. (2) Only one is k’s child. Suppose it is i. Then A;;
is empty. The path is (g, A’\z,j) = (Y, ng_ ..., Y5, Y;). From Property 2, the stretch from
Y, . o to j satisfies the Markov property and Y; L YJg i |ngj,i (since 1 is not j,; ; descendant, while
Jg;i—1 i8). Therefore the whole path satlsﬁes the Markov property. (3) Neither is k’s child. Then
the path is (Y;, Vi, ..., Y}

%9y, " J95,40

, Y}y, Y;), where iy, . and jg, ; are k’s children. The two
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stretches from Y; to Y}gij and from ngji to Y; satisfy the Markov property. If we write iq = i, we

have Y; g1 L Y;,;.:|Ys,; ;- Therefore the Markov property is satisfied everywhere.
The dependence between any two individuals in a pedigree can be derived based on the

Markov property. The correlation structure will depend on the distribution under consideration.

Example 2.1 Sﬁppose that the Y's are normally distributed. Suppose that the parent-offspring and
sib-sib correlations are specified as py, and p,,, respectively. For case 1, variables on the same branch
~can be thought of an autocorrelated process with lag one correlation pp,. The correlation between

individuals ¢ and j is p,’;ﬁ,'j . For case 2, the variables on the path from ¢ to j are also autocorrelated

but with correlation pss; between Y., and Yj,, ;» while ppo elsewhere. The correlation is Ors’ F95 s
when 7 and j are on two branches. Thus, the correlation between grandparent and grandchild is
pf,(;, the correlation between uncle and nephew is p,opss, and the correlation between first cousins
IS PpoPss- |

From the above example, we see that if p; and p, are positive, the dependence between two

family members is always positive, but declines by generation. The same pattern will be shown in

our other examples later.

Extension to Include Monozygotic Twins and Half Siblings

To extend the ideas to families with monozygotic twins, we can consider three levels of
dependence within a family unit. In this case, each family unit can still be considered as a nested
cluster, but with three levels—the twins are nested in the full siblings group. Again, let us use
the normal distribution as an example. Suppose j; and j, are twins and the correlation between
them is p3. Individual 7 is the g;th descendant of j; and j is the g;th descendant of j. Then the

91 ps. The correlation between other individuals remain the same.

correlation between ¢ and j is p]

It is also straightforward to extend the model to include half siblings. We assume that the
half siblings are independent conditionally on their common parent. Under this assumption, half
siblings are treated as second degree relatives. Suppose j; and js are half siblings with common
parent jo, ¢ is the g;th descendant of j; and j is the g;th descendant of jo. Unlike the full siblings,
the path between ¢ and j will go through j; as shown in Figure 2.1. So Corr(Y;,Y;) = plitoi +2

under the normal distribution.
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Full siblings Half siblings

Figure 2.1: Path from i to j. If j; and js are full siblings, the path is (7, ..., j1,J2,...,); whereas
if j1 and jo are half siblings, the path is (4,...,51,70,J2,---,7)- -

Extension to Type-II Pedigree
In a Type-II pedigree, marry-in’s are included. To extend the CI model to Type-II pe(iigree,
we assume Independence between spouses:
Y; and the spouse Yp,, are independeht. In the extension, Yn,, and Y; are independent if j
is not one of m;’s descendants, i.e. j ¢ Dp,,.
We also modify the conditional independence assumption as follows:
The parent-offspring dependence is the same for both parents. Conditional on the value of
Y; and/or Yy, Y; and Y} are non-negatively dependent if j, j' € S;; conditional on the value of
Y;, Y; and Yy are independent if j in S; and j' not in D;.
Based on the new assumptions, (2.3) can be modified as
Fo) =1 FwisXi,0) T] fs:v: ¥ (¥'505 Yir Ums» X5, 6), (2.4)
i€B iERT

where B is the set of the founder and all the marry-in’s.

Discussion _
The issue is the appropriateness of the conditional independence assumption. It is similar
to the Mendelian genetics assumption that the genotype is only determined by the genotypes of

‘the parents. Here we assume that the values of the phenotype have the same property. It seems an
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oversimplification of the reality. But we should regard it as an approximation of reality. The biggest
challenge of models for familial data is to accommodate the dependence structure of a complex
pedigree. The two properties of the dependence structure generated from this assumption suggest
it is reasonable for familial data. First, the dependence between two relatives is weaker as they are
more distantly related, which agrees with the structures discussed in Appendix A. Second, there
are no strong assumptions made on the two most important dependencies — the parent-offspring
and sib-sib dependence — therefore they can be modelled with reasonable flexibility.

There are two major advantages of the CI models. First, the task of modelling a com-
plex pedigree reduces to the much easier task of-modelling family units. The choices of marginal
distributions are much broader as only two levels of dependence need to be considered. Second,
CI models can be handled computationally. The conditional independence assumption allows us
to write the likelihood as a product of univariate marginal likelihoods and conditional likelihoods
which are computable. Even though a CI model may look like a choice ‘of convenience, the sim-
plicity of this model does make it appealing when identifying the variance components is not of

interest.

2.2 Binary Traits

A binary trait is chéracterized by two states, the presence and absence of a certain feature. For
each individual there is an indicator random variable Y such that Y = 0 if the trait is absent and
Y =1 if the trait is present. The feature may have both genetic and environmental determinants.
In this section, we introduce two models to describe their effects: the multivariate probit model
and two-component model. In the latter, the trait is assumed to be affected by two independent
components, a heritable component and a non-heritable component. The probit model is a well
accepted method to analyze multivariate binary responses. Therefore our discussion of this model is
brief. On the other hand, the two-component model is new. Therefore we give a detailed discussion

of the properties of this model.
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2.2.1 Multivariate Probit (MVP) Model

The multivariate probit model was introduced to familial data analysis in the 1960’s (Falconer,
1965). The idea is that Y; is determined by an unobserved continuous variable Z;. When the value
- of Z; exceeds the fixed threshold 0, ¥; = 1; otherwise, ¥; = 0. It is assumed that Z = (Z3, ..., Zx)’
has distribution N(u,R), where p is usually specified as a linear function of the covariates, i.e.,
p = XB. Unit variance is assumed for each Z; since variance is not identifiable when only binary
data are observed.

It is easy to see that Pr(Y; = 1) = Pr(Z; > 0) = ®(;) and Pr(Y; = 1,Y; = 1) =
Do (s, pj; piz). It follows that Corr(Y;,Y;) = Po(pi, uy; pi;) — ®(us)®(1;), which is an increasing
function of p;;.

The pmf of Y is given by

Pr(Y =y) = /m é(z: p, R)dz, (2.5)

where A = A; X -+ X Ag with A; = (—00,0 ] when y; = 0 and 4; = (0,00) when y; = 1.
The MVP model also belongs to the multinormal copula family. It carries the advantages

and disadvantages of this class of models.

2.2.2 Two-Component Model

The idea of a two-component model is to assume that the presence of a binary trait is caused by two
independent components: a heritable component and a non-heritable component. The heritable
component includes more than genetic factors. It includes non-genetic aspects which one might
also inherit from the family, such as life style or personality. The non-heritable component could
be any non-familial factors, like age, gender, treatment. Observed genetic information, such as
mutation type, can be treated as a non-heritable factor.

We propose two different two-component models: paraliel and series. In a parallel two-
component model, we assume that either of the components alone can cause the presence of the
trait. If the presence of the trait is due to heritable factors, we say that event Ay has occurred, on
the other hand, if it is due to non-heritable factors, we say the event Ay has occurred. Let A be the
event that the trait is present, that is A = Ay UAN. Let Y, Yy and Yy be the indicators for A, Ay

and Ay, respectively. Then Y = Yy V Yn. In a series two-component model, we assume that the
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trait is only present when both components are present. In this case, mathematically, A = AgNAy
and Y = Yy AYy. In this model, the event Ag means a person is genetically prone to develop the
trait, but will not become affected unless he/she is exposed to unhealthy environmental factors, or
grows old. The parallel and series models stand for different mechanisms, but one can be obtained
from the other by a change of notation. Specifically, suppose Y = Yy VYy. Let Y = 1 -7,
Yo=1-Ygand ¥y =1— Yy, then Y = Yy A Yn.

In the following, we first discuss how to model the two components, then explore the de-
pendence pattern generated by a two-component model and, finally, show how to evaluate the

likelihood of an extended pedigree.

Models for Yy and Yy

Let Y, Yy and Yn be the indicator vectors of a family. We assume that Yy and Yy
are independent and model them separately. Yy; is determiﬁed by the characteristics of individual
¢ which are not shared by others. Therefore the Yy;s are independent both within and between
families. Yx; may depend on a set of covariates X;, which characterize the individual exposure,

and can be modelled by a parametric model such as

logit[Pr(Yy; = 1|X)] = X8
or ‘I)—l[PI‘(YNi = 1|Xz)] = Xzﬁ

Yy is determined by the heritable factors. Therefore, Y g;s are dependent within families,
but independent across families. We will construct a Y that follows a conditional independence

model. In addition to the CI assumption, we also make the following two assumptions on Y g:

A-1 Identical univariate margins: the probability of Yg; = 1, denoted by py, does not vary

among individuals.

A-2 Exchangeability among full siblings: let Y g be the vector of indicators for k full siblings,
then Pr(Ypg, =y) =Pr(Ygs =y'), where y' is an arbitrary permutation of y.

First consider models for Y i for a sample containing only Type-2 families. Exchangeability

is assumed within each family. Since we also assume that siblings are positively dependent, one




way to model Y is to use an exchangeable mixture model. In such a model,

Yai,.... Y|P == d Bernoulli(r)

where G is a distribution function with support [0,1]. The unconditional probability of Yy is given
by | .
1
Pr(Yisi = yii=1,... k) = / (1 — 1)V dG(m; 9), (2.6)
0

where y; = >, y;. A simple example of a choice of G is the Beta(a, 3) distribution which yields

the multivariate binary Beta-binomial(e, §) distribution of Y. In this example, (2.6) becomes

Bla+yy, B+k—yy)
B(a, B) ’

where B(a, () is the beta function. Another example for a choice of G is the probit model:

P =®(Z) and Z ~ N(ug,02). Then

Pr(YHini,iI].,...,k) =

G(; pg,02) = Pr (Z<@m) =2 (—q)—__l—(?—:——lﬂ) .

An alternative to the mixture model is a copula which provides an exchangeable dependence.
An example is the multivariate extension of the Frank copula (Joe, 1997, Section 7.1). The cdf of
Y 5 is given by

where F} is the univariate marginal pdf of Y;. For example, one joint probability from this is

-1 ‘ 1 — e~o(1-px) k
Pr(Yy;=0,i=1,...,k) = —&—log 1-(1-e®) | ——————

l—e2

We need to mention that Yy and Yy may sometimes not be identifiable. For example, if
Y follows a beta-binomial distribution with parameters o and 8 and Pr(Yy; = 1) = py does
not vary from person to person, then the three parameters o, 8 and py can not be identified in
the joint distribution of Y if we only have data cont;aining Type-1 families. When data contain

families of different sizes and structures or there are covariates present, the parameters are normally

identifiable.
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Next consider models for Yy for Type-3 families. Let 1 be the index of the parent and

Y i,—1 be the indicator vector for the siblings. Then
Yo 1Yo =y ~ Fg( - ;0(31)),

where k is the number of siblings. To keep py constant for both parent and siblings, 8(y;) needs

to satisfy the following constraint:
Pr(Ygi=1) = Pr(Yg =1)Pr(Ygi = 1|Ym = 1,6(1)) + Pr(Yg1 = 0) Pr(Yy; = 1|Ya1 = 0;60(0)) .
= pyPr(Yy; = 1|YH1 = 1;0(1)) + (1 —py) Pr(Yy; = IIYHl = 0;9(0))
= PH, 1 75 1.
For example_, if Yy 1 follows a multivariate binary beta-binomial distribution with parameters

(a1, B1) or (o, Bo), given Yg1 =1 or 0, respectively, then this constraint is

(03]
a1 + B

PH + (1 - pg)

(8 )] D
— = py.
ag + Bo
The above models for Type-3 families are applicable to family units in a Type-I pedigree,

in which each family unit is a Type-3 family.

Dependence Structure
The strength of dependence between two binary variables can be indexed by the so called
risk ratio (R), defined by the conditional probability

Pr(Y; =1,Y; =1
Ry = e = 1y = ) = AT
=

It measures the increased risk of having the trait for an individual when the trait is observed on a
relative. When Y; and Y; are positively dependent, R;; > Pr(Y; = 1) and the closer R;; is to 1, the
stronger is the dependence.

First, let us assume that the non-heritable component does not exist. In this case Y =Yg
and R;; = Rj; since Pr(Y; = 1) = Pr(Y; = 1) = py. To determine the dependence between any two
family members, we need to know the univariate marginal probabilities, the dependence between
parent and offspring, and the dependence between siblings. Let p = Pr(Y; = 1), ¢ =1—p. For a
parent-offspring pair (3, j), let

Py = Pr(Y; =m|Y; =1) and py = Pr(Y; =m,Y; =1),
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with [,m = 0 or 1. Then we specify the parent-offspring conditional probability matrix (CPM):

P, = P1,(00) P1,(1/0) _
Poiny Pr(1n)
Similarly, let P2 = (py (myy) be the CPM for a sibling pair and p, () be the joint probabilities.

The role of P; and P» is similar to a Markov chain transition matrix. With assumption A-1, we

can write P; = A + A;B for [ =1, 2, where
O B
q P
and A; =1 — py o)1) — Pu,(1j0) = Pr,(1)1) — P1,(1j0) = Pu,(0/0) — Pr,(0j1)- Lhis can be shown as follows:
plpio0) — Propy]  —plpy — Prjo)]
—qlpi,00) — Pron) Py — P
q — Ppi(o1) T PPLoj0) P — Pu,11) + PPi(1)0)
g — Pi,(00) +qPu0)1) P — Pu(10) T 4P1)1)

Il
|
Q"G
2
~——

A+AB

_ [P0 + PPi(ojo) Pi,(10) T PPi(1]0)
Pu01) T @Puo)1) Pi,11) T 4PL(11)

[ 4Py (0j0) T PPu(0jo) 9Pu(1}0) T PPL(1)0)
PP(0]1) + aPi(oj1)  PPu(1j1) T GPu,(1]1)

_ [ Pul0) Pz,(1_|0) —-P,
Puioj1) Pi1)
Once p, P; and Py are specified, for any two individuals 7 and j in the family, we can
derive their CPM, denoted by P(»7), and this will immediately give us their risk ratio (Rij;). First,

consider individuals ¢ and j on the same branch. Then the following result holds.

Lemma 2.1 When i and j are on the same branch, the conditional probability matriz of Y; given

Y, is the g; j-step transition matriz

Pis) = P9 = A + ATYB (2.7)
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Proof: Since each branch of the family tree is a Markov chain with stationary transition probability
matrix Py, we have P(W) = Py, To verify the second equality we use an induction proof. We -

have shown that this is true when g; ; = 1. Now assume that it is true for g; ;. Then

PGP, = (A + AYB)(A + A;B)
= A2+ AYBA + A AB + AJYIB?
= A +AFTB,

The last step follows because A2 = A, AB = BA = 0 and B2 = B. We just verified that the
formula holds for g; ; + 1. It thereby is established for all g. g

(This proof is provided in “An Introduction to Stochastic Modeling”, Taylor (1994), page
127-128.)

The conditional probability matrix gives us R;; = p+ A’i”’j qg. When the dependence between
parent and offspring is positive, the case we consider in a family setting, then 0 < A; < 1.
Consequently, the dependence between two individuals on the same branch is positive but declines
by generation.

From Lemma 2.1 we also can derive the CPM for two individuals on different branches.
When ¢ and j are on different branches, the path between them is a Markov chain with transition
matrix Py between Yigi,j and ngj’i, and P; elsewhere. The conditional probability matrix for ¢ and

j is given by
plid) — pliss: ), plis; i)
= (A + ATB)(A + AyB)(A + ATB) (2.8)
= A + DA, |
(2.8) holds when A;; or Aj; is empty, since

0
01

A+A'B=A+B=

The expression for PG:9) yields R;; = p+A,A% %4 Provided Ay, A; > 0, the dependence
j 1

is positive and decreases when individuals ¢ and j are more distantly related.
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Actually, A; is equal to the parent-offspring correlation:

qp1,(11) — PP1,(10)

A1 = prap) — Pragp) =

rq
_ P11y — P(p1,a11) + P1,(10))
h pq
_ D1 — p2
- pq

Similarly, As is equal to the sib-sib correlation. Therefore,

o AT when 7 and j are on the same branch,
Corr(Y;, Y;) = (pRij — p°)/(pg) = diitgis ' _ .
ApAT¥ 7" when i and j are on different branches.
This is the same correlation structure for the CI model as in Example 2.1.
Now, consider that the non-heritable component exists. To make two individuals compara-

ble, let Pr(Yy; = 1) = PI‘(YN]' =1)=pn. Y, =Yy; VYn;, then
Pr(Y; = 1) = pg + pN — PPN = PH + qQHDN
~and
Pr(Yi — 1,Y3 — 1) — (7".7) + 2p(7"J)p +ngd.7)p2
= p{i + 20w - i )pw + (1 = 201 + 25\
= p{7(1 - pn)? + 20PN + (1 — 20m)PYs

where the p(»/)s are the joint probabilities of Yy; and Yy;. With py and py fixed, Pr(Y; = 1,Y; = 1)
(4,4)

reaches its upper limits py + qu % when p;7”/ = pg, i.e., Yg; and Yy, are perfectly dependent. So
the upper bound of R;; is

) PH + QHPN

;< PH +qHPN

When Y; = Yig; A Yys, Pr(Y; = 1) = pgpy and Pr(Y; = 1,Y; = 1) = pgl”)pN In this case,
the expression for the risk ratio is simpler: R;; = p(lﬁ’lj)pN, where p(ll’J ) = p%’] /pa. Obviously, R;;

achieves its upper bound py when p(lil’lj) =1.

Remarks:

1. With the involvement of the independent Yx; and Yy, the dependence between Y; and Y is
weaker than that between Yy; and Yy, provided that Yp; and Yg; are positively associated

with each other.

28




2. The dependence between Y; and Y; decreases with the dependence between Yg; and Yg;.

Likelihood

In this section we derive the likelihood. Since the parallel and series models can be obtained
by changing notation, we only consider the case of Y =Yg V Yy. _

For Yg =yg and Yy =ynN, Y = yu Vyn (the element wise maximum). The likelihood
of Y =yg is L(y) = Pr(Yr = yu) [[; Pr(Y~i = yni). However, Yy and Yy are not directly
observable. Given the value of Y;, there are different possible values of Yy; and Yu;. For Y; = 0, we
must have Yg; = Yy; = 0. But, for Y; = 1, there are two possibilities: (1) Yy; = 1, in which case
the value of Yy; does not matter; (2) Yg; = 0, in which case Yy; has to be 1. For a family with
k. members having the feature, there are 2¥+ different combinations to consider. The likelihood is
the summation of the probability over all of the combinations. Let D = {i : ¥; = 1} be the set of
affected individuals and D = {i : ¥; = 0} be the set of unaffected individuals; Y% = {Yg; : i € D},
Y4 = {Yui:i€ D}, Y4 = {Ynvi:i € D}, Y& = {Yu; : i € D}. Then Y4 = Y4 = 0. Given a
possible value of Y% =y, the likelihood is

i 1-y; -
Pr(Y§ =y, Y4 =0) [ [Prviy =1)] 7 T[] Pr(vdi = 0).
jeb ieD

Let C be the collection of all possible values of Y. Then the likelihood is

L=]]rvd=0)3 | Pr(YE =y, YE=0)]] [Pr(Yﬁf = 1)] o
ieb yec jep

The calculation of the probabilities involving the Yy;s is straightforward based on the model
specified for this variable. Here we discuss how to calculate the joint probabilities of Y z. For Type-
2 families, the probability is directly given by the specified joint distribution of Yg. For example,
if a mixture model is specified, then the probability is given by (2.6) and it only depends on y..
For an Type-I pedigree (including a Type-3 family as a special case), the probability is given by
(2.3) and can be written as |

Pr(Yy =y) =Pr(Ya =1) [[ Pr(Yrs, = yus:|Va: = v)-
: €RT

Here we use the family shown in Figure 1.1 as an example to demonstrate the algorithm. With
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Y1 =Yue2 = Yga = Yge = 1 and Yg3 = Ygs = 0, the joint probability of Yy can be written as
PI‘(YHl = 1) Pr(YH2 = l,YH3 = OIYHI = 1) PI‘(YH4 = 1,YH5 = 0|YH2 = 1) PI‘(YHG = 1|YH3 = 0)

A family tree may not be complete. Values of some parents might be missing. For example,
if the value of individual 3 in Figure 1.1 is not observed, the joint probability of the remaining
individuals has to be calculated by summing the full joint probability over Ygs.

Even though for a big family with many affected members, 2%+ can be quite large, it is

manageable since the individual conditional and marginal probabilities are very easy to evaluate.

Two-Component Models for Type-4 Families and Type-II Pedigrees
For a Type-4 family, let Y7 and Y5 be the indicators of the parents and Y be those of their

offspring. We assume that Yz, and Yo are independent. Consider the following model for Y g ,:
YH,3|Y31 +YH2=l~Fk( . ;Ol), l=0,1,2

where Fj is an exchangeable mixture model with parameters ;. To keep py constant for all 7, 6,

needs to satisfy the following constraint:

Pr(Yp, = 1) =Pr(Yy1 + Y2 = 0) Pr(Yy; = 1|Yyy + Yo = 0;0¢)+
+2Pr(Yg1 + Yo = 1) Pr(Yy; = 1|Yy1 + Yo = 1;60,)
+ Pr(Yy1 + Yo = 2) Pr(Yy; = 1|Yy1 + Yo = 2;62) 29)
=(1 — py)? Pr(Ye: = 1|Yi1 + Yoz = 0;8y)
+2(1 - pr)pr Pr(Ye: = 1Y + Yz = 1;61)
+p% Pr(Ys = 1|Yiy + Yoo = 2,09) =p, fori>2
For a special case, in which the indicators for two siblings are independent given the values

of those for their two parents, the model is specified by four probabilities: pg and
PHI= PI‘(YHi = 1|YH1 + Yo = l), fori>2and!=0,1,2,

where pg satisfies the constraint in (2.9).
These models can be applied to family units in a Type-II pedigree, since each family unit

in such a pedigree is a Type-4 family.
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Discussion

Here we would like to discuss the two component assumption. It is plausible to consider
the heritable and non-heritable factors as two components of the binary trait. However, are they
separable and independent like two components in an electrical system? It is a rather doubtful
assumption. Does this not oversimplify reality? This is not an unusual question in statistical
practice. The idea of the two-component model is similar to that of the well accepted random
. effects model. We can not always verify the assumption that the mean structure can be separated
into random effects and fixed éffects either. Models are an approximate reflection of the reality. It

might work well with certain binary traits and might not with others.

2.3 Count Traits

In this section we consider non-negative integer random variables representing the results of counts,
such as the number of meningiomas in a patient with NF2. Often analysis of univariate count
data is based on the Poisson distribution, or a Poisson mixture distribution when the data are
overdispersed relative to the Poisson. In this section we study parametric models for multivariate
cbunts, including the Poisson-lognormal mixture, the multinormal copula model and a new model
developed based on the cqnditional independence assumption. The first twob models have been
studied in the literature and their strengths and weaknesses have been discussed in Section 2.1.

Therefore, our effort here is mainly focused on the development of the CI model and its properties.

2.3.1 Poisson-Lognormal Mixture

This is an example of a random effects model discussed in Section 2.1. Given A; = A;, it is assumed
that Y;|A; = A; ~ Poisson(};). The random vector log A itself follows a MVN distribution with
mean g = X3 and covariance matrix £ = 0?R(ca). Here R is the correlation matrix which depends
on dependence parameters o.

The moments of Y can be easily obtained through conditional expectation and properties
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of the Poisson and lognormal distributions. Let p;; = (R(a));; = Corr(log A;,log A;).

1
= exp(u+30%) = v,

(Y ;

Var(Y;) = u;+v2(exp(c?) — 1), /

)

)

Cov(Y;,Y;) = wvwjlexp(o?py) — 1), i#j,
exp(o?pi;) — 1

Corz(Y;, ¥;) [(exp(0?) — 1+ v; ) (exp(0?) — 1 + uj‘l)]l/z.

Since E(Y;) < Var(Y;), the marginal distribution of Y; is overdispersed relative to the Poisson.
The correlation between Y; and Y; depends directly on p;; and |Corr(Y;,Y;)| < |pi;|- The range
of the correlation between Y; and Y; is not as wide as for the lognormal distribution. When
v; = vj = v, the correlation is bounded by

viexp(=0?) — 1]
1+ v[exp(o?) — 1]

vlexp(o?) — 1]
~ 1+ v[exp(o?) — 1]

< Corr(Y;,Y;) <

(Joe, 1997, Section 7.2). The upper bound goes to 1 as either v or 62 goes to infinity.
The joint probability function of Y is given by
PI‘(Y; =y,i=1...,k ”aa2a R) = / HPI‘(K = yz'A’L)f(Aa “702R)dA (210)

- /90t TIPe(¥s = il = ) (2 1, 0°R)da

i

where 2* is the positive orthant of the k-dimensional Euclidean space and f is the density function
of the multivariate lognormal distribution.

The distribution of the counts based on a Poisson-lognormal mixture model] is highly skewed.
Data generated from such a model normally have a few extremely large counts whereas the majority
are around the median. For data with a high frequency of zero counts, we can consider the zero-
inflated Poisson-lognormal mixture distribution (see Yau and Lee (2001) for an example). Another
way to model multivariate counts is to incorporate the random effects with the negative binomial

distribution (see Tempelman (1996) as an example).

2.3.2 Multinormal Copula Model for Count Traits

To construct a multinormal copula model for a count trait, the marginal distribution in (2.2), Gj,

can be any univariate distribution for count data, such as Poisson, negative binomial, or generalized
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Poisson. The parameters of the marginal distribution can be related to a linear function of the
covariate X through a link function as in a univariate regression model. For example; if G; is the
Poisson();) cdf, we can specify that log(};) = X;3.

Let Z = (Z1,...,2Z;) ~ N(0O,R), then Pr(Y; = y;) = Pr(2i(y; — 1) < Z; < z(y;)), where

z(1) = @~ YG;(1)) for I = 0,1,..., and 2(—1) = —oo. The joint pmf of Y is given by

Pr(Y =y) =Pr(z(y) < Zi <z(yi +1), i=1,...,k).

2.3.3 Conditional Independence Models for Count Traits

In this section, we construct conditional independence models for count data and study the model
properties, such as dependence structure and likelihood. The models we considered are based on a
univariate distribution belonging to the convolution-closed infinitely divisible class and a random

operator A, which are introduced in the following section.

Convolution-Closed Infinitely Divisible Distributions and Random Operator A

Consider a class of distributions {Fy, 8 > 0}, which is convolution-closed infinitely divisible
(CCID), i.e., Fp, x Fyp, = Fy, 14,, where * is the convolution operator. Such distributions for count
data include the Poisson, negative binomial (8, p) with fixed p, and generalized Poisson (0, 7n) with
fixed 1. The negative binomial distribution, denoted by NB(#, p), has pmf

f(y) = DO+ )’

O 0O<p<landg=1-p, 6>0.

Thg mean and variance are given by 8g/p and 0q/p?, respectively. The generalized Poisson distri-
bution, denoted by GP(6,7), has pmf

0(0 +ny)v~!
60+77yy! ’

fly) = 6>0,0<n<1

The mean and variance are /(1 — 1) and /(1 — n)3.

For two independent random variables Z; and Z; with CCID distributions Fy, and Fp,,
respectively, Zy + Z ~ Fp, 1¢,. Let Gy be the conditional distribution of Z; given Z; + Z, = y.
A(Y,0), 0 < o <1, is a random operator such that given Y =y, A(y, @) ~ Goy and A(Y,a) ~ Fug
ifY ~ Fy.

Examplés of the A(Y, o) are:
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1. Poisson: A(y, ) ~ Binomial(y, a);
2. negative binomial (NB): A(y, @) ~ Beta-binomial(y, af, (1 — a)8);

3. generalized Poisson (GP): A(y, ) ~ quasi-binomial(y, e, ), which has the following pmf

o= () e [

where ¢ = 7/6.

In all the three examples, EA(y, &) = ay (see Joe (1997) Section 8.4 for details).

Models for .Type-3 Families
Let Y be the vector of count variables of a Type-3 family where Y; is the variable corre-
sponding to the parent. Define ‘
Yi =21+ Z12 + Zs3,

and for 7 > 1,

Y = Z1 + Zo2 + Z;3,

where Z1, Z19, Z22 and Z;3 are independent variables with distribution Z; ~ Fgl, Z12,' Zgg ~ Féz
and Z;3 ~ Fy,,.

The interpretation of the model is that Y; is formed by latent components Z1, Z15 or Zao
and Z;3; among the latent components, Z; is shared by all the family members while Zy is only
shared by siblings. Z;, Z12 and Zsy together are the heritable (or familial) components. Z;3 is
the non-heritable component determined by individual characteristics and could be modelled as
depending on a set of covariates X; through a link function A, i.e., h(0;3) = X;0. | |

If Fy is the Poisson, NB or GP distribution, for Y’ ~ Fy, Var(Y') = 6, where

1 for Poisson,
Y='4 (1-p)/p?* for NB,

1/(1—n)® for GP.

Therefore, for these three distributions, it is straightforward to derive the parent-offspring and




sib-sib correlations. Let 8; = 61 + 05 + 6;3. Then

’

VarZ1 91
v (VarY;)(VarY;)  1/6:6;
Corr(Y;, Y;) = < ' (2.11)

if ¢ and j are parent and offspring

(VarZ1 + Va.I'ZQQ) (01 + 92)
= if ¢ and j are siblings

L \/(VarYi) (VarYj) V4 9,'9]'

Model for Type-I Pedigrees

Now we apply this type of model to family units in a Type-I pedigree. For the family unit
U;, i € RT, we specify

Y =29+ 2%+ 2,

: : (2.12)
Y; =20 + 20 + 75, for j € 8,
where 2\ ~ Fy,, 2%, 2{) ~ Fy, and Zj5 ~ Fy,, 1 =i or j.
To link the family units together, we need the stochastic representation:
Y; = A(Y, ;) + 2 + Zjs, for j € S;, (2.13)

where o; = 01/(61+02+0;3). By definition, A(Y;, ;) ~ Fp, and A{y;, ;) has the same distribution
as Zy) |Y; = y;. Also, since Y; is independent of Zé? and Z;3, A(Y;, ;) is independent of them as
well.

Example: The stochastic representation for the pedigree in Figure 1.1:
i = 2N +28) + 24,
Y = A(Yl,al) + Z%) + Zo3,
Y = A(Yi,o)+ 25 + Zas,

(

Ya = A(Ya,a0) + 2D + Zus,

s = A(Ya,on)+ 282 + Zss,
(

Ys = A(Y:as)+ 28 + Zes.

4

Based on such a model, the path between individuals ¢ and j is a discrete Markov series

(Joe, 1997, section 8.4) with varying lag one correlation. Suppose (Y,,...,Y;,. ) is the path between
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i and 7, with [ = ¢ and l,, = j. Thus, for ¢/ =1,...,m — 1, the path has the following stochastic
representation: _

Yiy., = A(¥iy,00) + 24, .
where oy and Zl’i,+1 depend on the relationship between l;; 1 and ;. If [y, and l; are parent and
offspring, ay = 61/(61 +02+6,,3) and Zl’i’+1 is the summation of the second and third components
n (2.13), hence Zl’il+1 ~ Fg2+9li,+13; if ly 41 and Iy are siblings, ay = (61 + 62)/(01 + 62 + 6;,3) and
Zl’i,+1 is the third component in 2.13, hence Zl’,.,  ~ Fy,

3 +1
For the Poisson, NB or GP distribution, the correlation between any two family members

is given in the result below.

Result 2.1 For a model specified in (2.12), when F is the Poisson, NB or GP distribution, we

have

Corr(Y;,Y;) H it 141, (2.14)
where Pjj'+1 = COI‘I‘(YI].,,Yij,+1)-

Proof: When Y has a Poisson, NB or GP distribution, given Y =y, E[A(y, @)] = ay. Therefore
(Y'l/_HlY'l/) —aZ’}fll +EZlI a‘nd

I+1

Cov(Y,, Yy,

1+1)

= EYli/ Yli’-}-l - E}/li/ EYli/_H
= E{lfli,E(}/'li4+1|}/'li/)} - EY[I,E{E },lll_{_llYli/)}
= Eai,yl;ﬁ + EYli,EZl'i,H - EY, (Eay Yy, + EZ,’I,,H)
= ayVaryy,.
Let afi, = VarYj,, then py 41 = Corr(Yy,, Y, ) = cway, fou, - Moreoyer,
(Yll |Yll 1) = vE{E(Yii/HlYli’)lYli’—l}
= E(ailyvl,‘l |}/lil__1) + EZlIil+1

/ /
= ai/ai:_lYli,_l + ai’Ele-, + EZli/+1

By induction,

1 1
E(nil+1]Y21) =Yy, H ajr + EZlIl_ H Qjt e EZl’i'+1'
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It follows for the preceding covariance calculation that

2 ?
Cov(Yy,Y,,,) = Varyy, H oy = o} H ajr
i — 7 —

il

oy

_ 2 5/ +1

= U E— TN 1
L I I - Pj' 3+

§'=1 3’

= 0nOlyy, H Pj’ 3" +1-
=1

Therefore Corr(Y,,,Ys,, ) = H§,’=1 pj'j'+1- The equation (2.14) is obtained by taking ' + 1 =m
g

When 6;3 is a constant, say 03, let 8 = 6, + 6, + 5. Then the parent-offspring and sib-sib
correlations are p; = 61/6 and ps = (61 + 62)/6, respectively. In this case, for the Poisson, NB or
GP distribution,

p"{” i and j on the same branch,
Core(¥;, ;) =
- | %794 py i and j on different branches.

Likelihood
As shown in (2.3), the likelihood involves the conditional likelihoods of the sibling groups.
Here we show how to ‘compute those conditional likelihoods for the model proposed in the preceding

section. Let Z; (1)« = A(y;, ;). The conditional likelihood of Yg, given Y; = y; is:

Y
SN P2 = 1) Pr(Z) =1 - 1) ] Pr(Zjs = ;- 1),

=0 lp=0 ‘ JES;

where y = min(y;,j € S;). We know that Z(l)* ~ Ga; ;-

Extension to Type-4 Families

To extend the model to a Type-4 family, we consider four independent latent components
for an individual: Y; = Z; 4+ Z> + Z3 + Z4. Among these components, Z; is related to parent 1
while Zs is related to parent 2 and these two components have the same distribution. Z3 is shared

by siblings. The last component is the non-heritable component.
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If we let the siblings share the first two components, this forces the parent-offspring corre-
lation to be less than half of the sib-sib correlation which is unusual under a polygenic effect. For

this reason, we construct the model as follows:

Yi = Zjg+Zip+ Zis+ Ziy, 1= 1,2 (parents), (2.15)
Y, = Au(Y1,00)+ Ap(Ye,az) + Zsz + Zig, 1> 2 (offspring). (2.16)

where Z;1,Ziy ~ Fy,, Zj3 ~ Fo,, j = 1,2,3 and Zjy ~ Fy,,; oy = 61/(2601 + 03 + 0y4), I = 1,2.
A;1 and Ay are two independent realizations of A, as are A;» and Ayo. Z33 is shared by siblings
representing additional dependence from other sources. All the Z-components are independent. So,
the sib-sib correlation is partly from the A operators and partly from Zs;. »

Both the parents and offspring have a marginal distribution Fop, g9,+4,,, for all . For the
parents, this is directly from (2.16). By the definition of A, we have A;;, A;1, Ase and Ao have the
same distribution Fy,. A;; and A;2 are independent since Y; and Y, are independent. Therefore,
for i > 2, Y; ~ Fop, 105+0,, as well.

Next, we use the Poisson distribution as an example to illustrate the parent-offspring and
sib-sib correlations for such a model. In this case, Y; has mean \; = 26, + 63 + 8;4. The correlation
between parent ¢ and offspring 7 is
Var(A;i(Y,04)) 6

Corr(Y;,Y;) = /(VarY;) (VarY;) - \/)\Mj.

Since 6; < );/2, for all 4, the parent-offspring correlation is always less than or equal to 0.5 in
this model. This agrees with a polygenic model for quantitative traits when there is no household
effect.

To obtain the correlation between offspring j and j', we first derive the covariance:
COV(Y]‘,YJ'I) = COV(.Ajl(Yl,al),.Ajll(Yl,al)) + COV(.A]'Q(YQ,CKQ),.A]‘IQ(YQ,ag)) + VarZss.
Based on the fact that A; (Y}, y) ~ Poisson(ayA;) and Aji(yi, oy) ~ Binomial(y;, o), we have

Cov(Aju(Yi o), Aji(Yisen)) = ElAj(Yi, en) Az (Y, o)) — ElA;(Y:, a)[E[A (Y, )]
= E{E[A(, ) Ay, )|V = u} — o222

= EalY? -2\ =adl\.
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Hence,
Cov(Y;,Yy) = @i + a3 + 63,

and 1t follows that
_ Ot%)\l + a%)\g + 63

If A; = A for all 4, then the parent-offspring and sib-sib correlations do not vary from relative

Corr(Y;,Y;)

pair to pair. The parent-offspring correlation becomes p; = 6;/A. Recall that oy = 6;/);, therefore
a; = ay = p1. Consequently, the sib-sib correlation becomes ps = 2p? + 83/\ = (A6 + 63)/,
where A = 26, /).

2.4 Survival Data

This section is concerned with data representing times to the occurrence of some specified event,
such as death, onset of a disease or a clinical feature. The time to an event, denoted by T}, is
a positive continuous random variable. The special feature of survival data is the presence of
censoring. There are three types of censoring: left, right and interval. In general, if the survival
time of family member ¢ is censored, we observe a time interval A; = (0, R;), (L;, 00) or (L;, Ry,
corresponding to left, right and interval censored, respectively. We make the following assumptions
‘about the mechanisms behind the censoring, regardless of its type: the censoring times of a family
are independent of the survival times.

Suppose a full parametric model is specified for the distribution of T = (T7,...,Tk)". Let S;
and f; denote the [-dimensional marginal survival and density function of T. When the censoring
times are independent of the survival times, the model can be estimated based on the partial
likelihood of the survival times. Without loss of generality, assume that the first k; individuals in
the family are not censored and have observed failure time t;,...,%,, and the rest are censored

with censoring intervals Ag,11,..., Ag. Then the partial likelihood of this family is:

L=fk1(ti,i=1,...,k‘1)/fk2|kl(tj,j=k‘1+1,...,k|Ti=ti,i=1,...,k1)dtk1+1...dtk,
A

where k2 = k — k1, fr,k, is the conditional density function of Tk, 41,..., Tk given T1,..., Tk, and

A=Ag, 41 X ... X Ag.
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In particular, if only right censoring is present, Let C; be the censoring time and Y; = T;VC;,
either the time of event or the time of censoring, whichever is observed first. Then the partial

likelihood becomes:

szk1(yi’i= 17"',k1)‘5’k2|k1(yjaj=k1+1,>"'ak|T:L'=tiai= la'-'akl)a

where Sy, |, is the conditional survival function.

2.4.1 Multivariate Lognormal Models

Here we assume that log T = (log T3, ...,logT;)' ~ N(XB,X). We model log T as a usual quanti-
tative trait. The only difference in the analysis is that censoring may be present.

Suppose right censoring is present. Let Z = log’Y and z; be the vector of the observed
times of event with length k; and z; the vector of censored times with length k3 = k — k;. The

partial likelihood is given by

L= ¢k1 (zl; 1y, 21)@]@(—22; _“;a 25),
where p; and X, are the mean and covariance matrix of Z;; u3 and X3 are the conditional mean
and covariance matrix of Zs given Z; = z;.
2.4.2 Multivariate Lognormal Frailty

In a frailty model, the hazard of T; conditionally on A; = A; has the from |
hi(t|Ai = X)) = Ak (1)

for some h}(t). If hf(t) = 1, then the conditional distribution of T; is exponential(};), while if
hi(t) = yt771, it is Weibull();, 7). A; is called the frailty representing the underlying risk. The
observed survival function (also called the marginal survival function) of T; can be obtained by

integrating out A;:

Si(t) = / exp(=MHZ (8)) fi(A)dN; = E {exp(—A:HI (1)}

where H(t) = fot h}(t)dt and f; is the density function of A;. We see that S;(¢) is the Laplace

transform of A;, evaluated at H(t).

40




Under the familial setting, it is natural to assume that each family member has a separate
frailty and these are correlated with each other. Again we choose the multivariate lognormal as the
distribution of A, i.e.,

logA =Z ~ N(p, U2R(a)).

The distribution of T is difficult to obtain as there is no simple expression for the Laplace transform
of lognormal random variables.
Let S;(t|A;) and fi(t|A;) be the conditional survival and density function of T;. Then with

right censoring, the contribution to the partial likelihood of this family is
L= /{;{k H[fl(tzlezt)]dt [Sz(tz[ezl)]l—dz(bk(z; o, 0_2R')dz,
i

where d; = 1 if the time of the event is observed, O if it is censored.

2.4.3 Multinormal Copula Model

Suppose that T; has univariate marginal survival function S;. In this section we construct the joint
survival function of T using a multinormal copula. Since it is more convenient to use the survival
functions in survival analysis, we replace the cdf G; in (2.2) with the survival function S;. The two

definitions are equivalent. Then we have
S(t) = & (<I>_1(Sl(t1), cees Q_l(Sk(tk));R(a)). (2.17)

Suppose S; is fully specified with a density function f;. Consider only right censoring. Let
z = ®71(S;(y;)), z1 be the vector of uncensored times and z, the vector of censored ones. The

partial likelihood is given by

’ kl . .
L = @1, (;0,R0) [] 28 0, o 3, R,
=1 t '

where p3, R are the conditional mean and covariance matrix of Zs given Z; = z;.
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Chapter 3

Estimating Procedures Generated

from Composite Likelihood Functions

As mentioned in Chapter 2, the major difficulty in implementing models with multinormal random
effects and multivariate normal copula is parameter estimation when data sets involve large fam-
‘ilies. The MLE is generally computationally difficult to obtain since it involves high dimensional
integration. We will view the MVN model as a special case, which is used for quantitative traits or
survival data (if on the log scale). Computational difficulty also occurs with the MVN model when
censoring is present. Therefore, developing estimation procedures that are less computationally
demanding is important.

The models we mentioned share a common property: the parameters which specify the
- models can be classified as univariate marginal parameters and dependence parameters. The former
characterizes the univariate margins, sugh as the means and variances in the MVN model, while
the latter, joint with the univariate marginal parameters, fully specify the multivariate law, such as
the correlations in the MVN model. This property allows us to develop estimation methods based
on composite likelihood from the univariate and bivariate margins. A composite likelihood (CL), as
named by Lindsay (1988), is formed by adding together individual component log likelihoods, each
of which is a log likelihood or conditional log likelihood of a marginal distribution of a multivariate
. model. We consider two CL approaches for familial data: the first is based on both CL of the

univariate margins and bivariate margins and estimates the marginal parameters and the dependent

42




parameters in two steps while the second only uses the bivariate CL and estimates the parameters
simultaneously. Weighting schemes are also considered to improve the efficiency of these approaches.

To illustrate the main ideas, we use a simple MVP model as an 'e_xample. Suppose
Yy =1(Zi; > 0),

where the latent variables Z;; have a normal distribution with common mean g and variance 1.
Moreover, suppose Cov(Z;j, Z;j») = p for all i and j # 5. In this model, there is one marginal
parameter, p, and one dependence parameter, p. In the first approach, we estimate u using the

univariate marginal log likelihood of Y;; = y;;:

L (yigs B) = yijlog @1(u) + (1 — yi5) log(1 — @1(p)).

We form a CL function by summing l1(y;;; ) over all ¢ and j: 1(p) = 32, 37, l1(yij; 1), then
maximize Wycr () with respect to . This leads to 4 = ®](g), where 7 is the grand average of
Yi;. We then estimate p using the bivariate marginal log likelihood. For a pair (Y3, Yij) = (yij, vijr )
the bivariate log likelihood is:

b (yigs iz oy 1) = 10g{ @2, 35 p) 17V () — @1, i )5 Vi~
[1 = 2@y (k) + Do (p, p; P y“'}
= (1 —yij)(1 — yijr) log 2, 13 p) + (Wis + Yijr — 2445%i57) log[P1() — P2(p, 45 p)]

+YijYij log[l — 2@1 (k) + D2 (u, 15 p)]-

We form the second CL function by summing lo(y;;, yij1; 4, p) over all possible pairs:

Upor(t,p) =Y Y (Wi Yiy's s p)-

i g>j
~ The estimate of p is obtained by replacing p by 4 and then maximizing ¥pcr (i, p) with respect
to p.
In the second approach, we form a CL function
Uhor(,p) =Y wi D ba(yij, vigrs 14 P),
? 3>y
where w; is a weight depending on the family size. We maximize \If};CL (i, p) and thus estimate p

and p in one step. The motivation and choice of the weights will be given later.
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The same ideas work for models with covariates although the notation is more complicated.
In Section 3.1, we introduce notation to reflect the structure of the parameters. In Section 3.2, we
first give a general introduction to estimating procedures based on composite likelihood. We then
present the two approaches described above and consider their performance under independence.
Section 3.3 deals with methods to estimate the covariance matrix of the estimates and Section
3.4 contains some remarks. In the next chapter, we examine the efficiency of these procedures by
comparing them with the ML method based on some special cases for which the comparison is

actually possible.

3.1 Notation

Let F( - ;71,---Yin) be the joint cdf of Y;, a vector of dimension k;, where the vector 4, consists
of all the parameters appearing in the univariate margins of Y;; «;, consists of those not in the
univariate margins, but in the bivariate margins, and so on. We assume that margins of order higher
than M, including the full joint distribution, are fully determined by «,;,...,7v;a»- The following
discussion deals with models having M = 2, but the arguments can be extended to models having
M > 2.

Let '7(~j ) be the elements of ~;, pertaining to Y;;’s marginal distribution. That is, suppose
tl il 7

(

the marginal distribution of Y;; is Fi( - ;71.{)). Suppose that '71(-{) is of length d;:

3 =, A

1 ki D e e
Let v, = ('71'(1,)1""’%(1,2),’ I =1,...,d1, and v;1 = (Vj1,1,---»¥i1,4,)- Similarly, suppose the

bivariate marginal distribution of Y;; and Yy is Fp( -, - ;'yg),'yg’),'yg’jl)), where

(jajl) p— ( (.7’.7,) (j,j,))l.

Yizo T =\ Vg1 Yingd,
2,1 3,1 3,2 ki1 ki ki—1 :
Let Yiol = (’Yz'(z,l)a’yg&l)a’ygg’l),“'7’71(2’[ )a""’Yi(Q,l ))’ = 1,"'ad2 and ’7;2 = (7;:2,1""77;2,d2)'

Furthermore, suppose 7;,,, m = 1,2, can be modelled as a function of a set of parameters
Om, 1.6. YVim = hm(Xgm) ;0m, k;) for a parametric family hy,( - ;0.,,k), m = 1,2. One particular
case is Vi, = Xgm)Om. Here Xgm) is a matrix of covariates, not necessarily linked to the mean of

the distribution. The values in Xgm) are treated as known constants. Suppose that the vectors 8;
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and 6 are two distinct sets of parameters. Let v} = (v1,7k), 8' = (87,85), h' = (h!, h}), and

- xP o
" lo x®

Then ~; = h(X;; 8, k). In the linear case v; = X;0.
To illustrate the notation, we list a few examples.

Example 3.1 MVN model. For k; = 3, Y; = (Y31, Yio, Yi3) with E(Y;) = p; = X,8; Var(Y;;) =

2
tj

Then, v;; = ( “;
o

1

o2 = o2 for all j. For an exchangeable dependence model, Corr(Y;;,Yiy) = pijjr = o for j > 5'.

v . B ‘
) with 0'12 = (0'1,21,01.22,01.23)', We can write v;; = X§1)91 with 6, = and

’ 0 1

where 0/1 is a vector or matrix of 0s/1s with dimensions matching those of X;, 4v;; and 6;. Also,
~Yio = (pi21, pis1, piz2)’ with 82 = a. Since 4,5 can be written as 1, Xz(-2) =1.
As an example of a non-exchangeable dependence model, suppose p;31 = pis1 = a3 and

pisa = ag. Then

10
a

0, = ! and XEZ) =] 1 0
a2

01

Example 3.2 MVP model. For k; = 3, Y; = (Yj1,Y52,Yis), Yi; = I(Z;; > 0) where Z;; is the
latent variable and Z = (Z;1, Z;2, Z;3)' has a multivariate normal distribution with mean p;, = X;8
- and a common variance 1. For an exchangeable dependence model, Corr(Z;;, Z;j7) = p;;j» = « for

j>j'. Then, v; = p;, 61 =B and XM = Xi; vip = (pioa, pinn, pisz)'s 02 = @ and X\ = 1.

Example 3.3 PLNM model with exchangeable dependence and k; = 3. 'Y; = (Y;1, Y:2, Yis) and
Ai = (N1, Ai2, Ai3)’ has mean y; = X;8, Var();) = 02 = 02 and Corr(Aij, Aijr) = pijjr = o for

j > j'. Then, the parameterization is same as Example 1.

Example 3.4 Gaussian copula with Weibull margins. The marginal density function of the failure

by [t \%! ¢\
Ft X)) == <—> exp [— (-) ] :
az] a'z] al]
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where log a;; = X;;8 and b;; = b. The joint survival function of T} is specified as in (2.17). Suppose
each of the off-diagonal entries of R;, p;;;1, is a linear combination of a. Let p; be the collection
of all the p;;;1s. Let a; = (aj;) and b; = (b;;). Then the marginal parameters are specified as

~i, = (al,bl), 8] = (B',b); the dependence parameters are specified as v;, = p; and 65 = a.

3.2 Estimation Procedures based on Composite Likelihood

3.2.1 General Properties

Composite likelihood methods are estimation pfocedures that involve maximizing a function based
on the summation of individual component log likelihoods from the marginal distributions. The
CL method is appealing for the following reasons: firstly, it inherits some properties of the ordinary
likelihood. In particular, under regularity conditions, the estimates based on CL are consistent and
asymptotically unbiased. Secondly, under many circumstances the estimates are much easier to ‘
compute than the ML estimates.

With the growth of research in areas involving multivariate data, there is an increasing use of
CL. The following are some recent examples: Xu (1996) proposed using inference functions formed
by univariate marginal likelihood for multivariate discrete data; Heé,gerty and Lele (1998) and Cur-
riero and Lele (1999) considered pairwise composite likelihood estimation for binary spatial data;
Parner (2001) used pairwise likelihood contributions to analyze familial survival data; Joreskog and
Moustaki (2001) compared a CL approach with two other approaches in factor analysis of ordinal
variables; Lele and Taper (2002) considered a CL approach to estimate the variance components
of a MVN random effects model.

Let W,y = Y i, ¥;(0) be a CL function, where W;(8) is the contribution of the ith family.
As with the ML method, the problem of maximizing ¥, usually becomes the problem of solving

the equations:
0¥ ) (6)
80 ezén

Let 4;(8) = 0¥;(0)/06. Then v ,)(6) = .7 1,;(8), called the composite score function, is the

=0.

inference function generated from ¥(,. This can be directly applied to the one-step procedure based
on the bivariate CL function. The two-stage procedure involve two CL functions: the univariate

CL function, ¥yor(n), and the bivariate CL function, ¥pcrm). The procedure becomes to solve
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two sets of equations:

0%ycrn)(01) —o
06 0-6, o

¥ por(n)(01,02) —o
08, 0-0, '

Next, we state the asymptotic properties of the estimators from CL methods. Under similar
regularity conditions applied to the MLE (Serfling, 1980), Eg1),(8) = 0 (Lindsay, 1988), therefore
% (n) is unbiased. Assume that M, the size of the largest family, is bounded. The standard theory
for inference functions (Godambe, 1991) can be applied to derive the asymptotic properties of 6.,

the estimate of 8 obtained from solving 1 ,)(8) = Ohp.

Theorem 3.1 Assume that the size of the largest family is bounded and the families are from
a finite mizture of family structures. Under the usual regularity conditions for log-likelihood of

univariate and bivariate margins, as n — 0o,
d —
V(8. — 6) 5 N(0,G;(9)),

where Gy (0) is the Godambe information matriz defined as:

o (oo [ aeso] [pmp]. -
with D 1 O () (9)
o(6) = —Ea { o=}
and

My (6) = ~Bo{8(n) (61t} (6)).

A proof of the above theorem can be found in Godambe (1991).

An approximation of the covariance matrix of 8, is taken as
V =n""D, My (Dy), (3.2)

provided the inverse of D, exists.
‘In the next two sections, we introduce two estimating procedures based on CL. In short, we

call the two methods CL1 and CL2. -
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3.2.2 A Two-stage Estimating Procedure (CL1)

Inference Functions
In this approach, 8; and 8; are estimated in two separate steps. The idea is: for each set
of parameters, consider the CL from the marginal distribution with the lowest order in which the
parameters are identifiable.
More specifically, 8; is identifiable from the univariate marginal distributions of Y, and
therefore we consider estimating it by maximizing the CL function of the univariate margins (UCL):
n ok
Tyor(81) = 3 S b (Vi (61)) (3.3)
i=1 j=1
where /1 is the log likelihood based on the univariate marginal density of Y;;. Note that ¥ycy is
a log likelihood if Y1, -+ , Y}, are independent random variables for each ¢. Differentiating \IIUCLV

with respect to 8, leads to the composite score function:

ov 0
Yoen(0r) = 22O - S0 ) g0 (Yiyva), (3.4

where HY (X)) = ghy (X(1; 04, k) /aa1 and

ol (
gucr(Yi,vi1) = Z i

6'7@1
I/
_ o 200(Yy) X 00(Ye) X;00(Ya) 3 00(Yik)
7 S % O v S 7 A

1

!
_ [ 9u(Ya) ol (Yi,) 0L(Ya) Ol (Yix;)
37() 37('°’) 37(11)2 oy 31

In the second step, the first element 3, 911 (Y;;)/ 871(11 )1 =0h(Ya)/ 6711 | since 71(11,)1 is only related

to Y;1. It is the same for other elements. When '753 ) = Xz(-l) 64, Hgl)(Xz(-l)) = Xgl).

05 can be identified by the bivariate marginal distribution of Y, so we consider estimating it
by maximizing the composite likelihood function of the bivariate margins (BCL). The contribution
of Y; is the summation of the log likelihoods of all the possible pairs (Y;j, Yijr), j > j'. Let I

denote the bivariate log likelihood. The BCL function is

UpcL(81,82) = Zle (%), Yigs 72 (01),74(61), 37 (62)). (3.5)
=1 >3’
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The estimating function for 8 is

ov 6,6
$a501(01,02) = B—‘;;,il—i) =" \EP (X)) gapor(Yi,7), (36)

i

where

« Olo(Yi:, Yin ola(Y;, Yiir) . .
g2ncL(Yi, 7)) = 3 2(3”. 2~ ( 2 G . >J’)
3>5 Viz M2
and H?(X®) = ohy(X{?; 05, k;) /56,
Let ¥cr1 = (Yyer, ¥2pcr)’ and gor1 = (8ycr:8hper)- Then
Vo= (F:(X))) 'gor1 (Yo, va)- (3.7
;
Implementation

Computationally, the estimating procedure can be carried out in two steps:

Step 1: estimate 81 by 91,0131, a solution of Yy (01) = 0 (usually equivalent to maximizing

Yyer(61)).

Step 2: estimate 65 by 92,CL1, a solution of ¢QBCL(91,CL1,82) = 0 (usually equivalent to maxi-

mizing ¥pcr(01,001,02)).

Asymptotic Variance under Linearity

We first derive the Godambe information matrix of ¥cr1 assuming a linear relationship
between X; and v;, that is, v, = X;0. Then H; can be replaced by X;. Firstly, Dy = Dcry =
n1Y. XLA;X; with | |

1a1 0 (Yi, i )
Az( ) 0 _E_SU_CaLTY_gl_J;L 0
_ 0gen(Yi,v) _
A; = —ET = =
‘ ABD A2 _Eag2BCé'LSYiy7i2 _Eag2BCa'L$Yi"‘/;‘2
t t Vi1 Yi2
So
X, AMYX, 0
1 _
Dy =Dcp = Z v . (3.8)

H

XA X XA K
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Also, M¢ =Mc¢p1 = n~! Zz X;Q,Xz with

ol af? Var(guor(Yi))  Cov(gucr(Ys),g2(Yi)
Q; = Var(ger1(Ys)) = =
a®) o Cov(gepor(Yi),g1(Y:))  Var(gasor(Y:)
Then
1 Xglnz('l’l)xil Xglngl’”xm
M,=M = — . .
¥ on = 212 (3.9)
ROV X X0l X
The approximation of the covariance matrix of éCLl is Ve = n‘lDalLlMCLl(DE}Jl)' . Write
X Diin O . My M2
DCLl = — - and MCLl = — (3.10)
n n
D121 Do Mo My

where Dy = 3, X, AN X and My = 3, X4,00)X . We have

-1

Dy O D}, 0
D121 Dy —Df,%leﬂlDf,h Di%z
It follows that
Var(f1,0r1) ~ Di};Miu(Di},) (3.11)

-1

-1
- (Zx;IA?’”Xn) (zxglngwxﬂ) (zxglAw)xﬂ)

, -D;j5,D1 21D71
Varoor) ~ (-DihDisDih, Dik)Mop | 2 WM (3.12)
D1,22
. —-D73D121D7
COV(él,CLlaéZCLl) ~ (Dl_,%l O)MCLI . (3.13)
D73,

Performance of CL1 Estimates in Independent Case

50



In this two-stage approach, in the first step, Y;1, ... ,Y;, are treated as if they are in-
dependent and in the second step, the pairs (Yj;,Y;;) are treated as if they are independent. If
Yi1, ... , Y, are actually independent, is this approach equivalent to the MLE method in terms
of asymptotic variance? To answer this question, we compare the Godambe information matrix of

Y1 and Fisher’s information matrix of the full likelihood score function. The Fisher information

matrix is defined by

F(0) = lim % ZE [alk,.(;;i,o)] [alk,.gi,a)]” (3.14)

where [, is the log likelihood function of Y;. F(@) represents the average Fisher information per

family.

Theorem 3.2 Assume the same conditions in Theorem 3.1. Let G¢ri(0) be the Godambe infor-
mation matriz defined in (3.1) with Dy and My as in (5.8) and (3.9) and F(6) be the Fisher
information matriz as defined in (3.14). Suppose 0} = ( 0,1,00,2) is the true value of 8. When

Yi1, ... Yi, are independent, i.e. fi(yi;00,1,002) = Hj f1(Yi5560,1), we have (a)
Ger1(60) = F(6o)
when @9 is in the interior of the parameter space; and (b)

lim Ge¢ri(8) = lim F(9)

02——)00,2 02—)00,2

when B¢ 2 is on the boundary of the parameter space and F(0) and G¢ry1(0) are continuous at 002.

Before we prove Theorem 3.2, we first introduce some notation used in this proof. Here Y
is the response vector of a family in general, so the family index ¢ is suppressed. Suppose A is a

function of Y and @' = (0, 85). We use a dot on top of h to denote the first partial derivative, i.e.,

: _ OnY;0) vy OM(Y;01,07)
h(Y) = =55 and HO(Y) = LR
So,
: R (Y)
YY) =|.
A (Y)
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We use h(Y; 0o) to represent the derivative evaluated at 8y, i.e.,

h(Y:0y) =

0=8,
We use double dots to denote the second partial derivative, i.e.,

9?h(Y;61,0,)
56,00,

9%h(Y;01,8,)

"(l,ll) Y -
) 06,00},

and A1 (Y;00) =

)

8=6¢

where [,I' =1, 2.
Let fi and I; be the pdf/pmf and log likelihood function of Y, respectively, and v be a
Lebesgue measure when Y is continuous or a counting measure when Y is discrete. The regularity

conditions (Serfling, 1980) ensure that

8 [ fily;0)dv(y) [ 8fr(y;8)
80 = 28 W)

and

8flk y, /Blk

Thus, we have the following three results which are needed in the proof of Theorem 3.2. Results

3.1 and 3.2 are standard results of likelihood theory.
Result 3.1

/3fk()’;01,92)dy(y

d
00, ) = a—ol/fk(}’; 01,0:)dv(y) =0.

This leads to Eg,l\" (8o) = 0.

Result 3.2 Eg,l"")(Y;80) = —Eg,i" (Y;00)[i") (Y; 60)]'.
Result 3.3 Eg, /(" (Y;;60,1)i? (Y;60) = 0.

Proof: By definition,

11(v55000) = £7(¥;500,0)/£1(Y5300:)
iD(Y;00) = fP(Y;60)/x(Y:80).
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Since fr(Y;800) = f1(Y};00,1) f5_1(Y_;]Y;;80), where Y_; is Y without Y; and f}_; is the condi-
tional pdf/pmf of Y_j;, '

@y 0. = J185:00.1) 4x2)
l];; (Yaoo)_ fk(Yyao) -( “JlYT,oO)

Therefore,
F(Y;:001) R (Y_;1Y}:60)

i1 (Y;; 80,1)I (Y 00) = £e(Y;60)

Thus,

‘D (v500,0) £ (Y_;1Y;; 80)
F1(Y;60)

- / FD (5,00 £22) (vl 80)du ()
= [ #0500 [ [ 5 80-slus o)ty vt

Eo,i{" (V)5 001)iP (Y; 6,) =

Similar to Result 3.1, [ 1@ (y_;|y;; 8)dv(y_;) = 0. Therefore, Eg, it (¥};680.1)i% (Y;60) = 0.

Proof of Theorem 3.2:
The asymptotic properties of the CL estimate and the MLE estimate are both derived under

the condition that the parameters are in the interior of the parameter space. In (a), 8y 2 satisfies

this condition. We first prove that M¢r1(6¢) = Dcr1(00), so that
Geri(0o) = lim Mcr1(6o) = lim Depr1(6o).
n—00 n—00

As defined in (3.10), Dcr1 and Mgy are partitioned into submatrices Dy and My jr, where [,
I'=1or 2.
(1) Claim Dy 11(00) = My,11(60).

By Result 3.2,

D1,11(00 =-E {"pgéL }
=-YYE i) (Y5 00,1)
i

=3 S E i (¥ 80.1)i (Y5 80,1




By definition,

M1,11(60) = E {¥yc1(00)%ycr(00)}

=E (Z Z igl)(nﬁ 90,1)) (Z Z igl)(YEj; 00,1))
J

i tog
“ZE (Zl Yij5600,1) ) (Zigl)(}’iﬁeo,l)) :
7

The last equality holds since El'gl) (Yis; 00,1')”-&1) (Yitj1;80,1)] = 0 for i # ' under the assumption
that individuals from different families are independent. Under independence of Y;; and Yy,

E l.gl)(Yij;Oo,l)[l.g )(Y,] ;00,1)]' =0 for j # j'. Therefore
M,11(60) EZE IV (g3 80,)18 (%355 601)' = D1,11(80)-

(2) Cla,lm D1,21 (00) =

D;2:1(60) = ~E {¢23(;L )}

= — z Z E 1(22’1) (Yi,Yij1560,1,00,2)

o>y
=)D E (léz) (Yij, Yij5 00,14 90,2)) (igl) (Y, Yig; 60,1, 00,2)),,
i j>j

by Result 3.2. Under independence,
igl)(yij, Y;j1;00,1,602) = igl)(nj; 0o,1) + l'§1) (Yi;1; 60,1).
By Result 3.3 (with k = 2),
E (l?)(Ym i3 00,1, 00 2)) (l'ﬁ”(Y;J;; 0o,1) + l( )(ng ;0o 1)), = 0;

therefore D 2,(60) = 0.
(3) Claim M1’21(00) =0.
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M 21(00) = E ¥2p01,(00)%ycr(60)

! .
=E (Zzi§2)(njanj';00,1,902 ) (ZZZ( (Yij;600.1) )

i §>]

!
_ZE(Zl2 Yu,Ym,Ool,aog) (Zl Yzja001>

¢ >3
=3 5 S E (%5, Yig 00,1, 802)) (i (¥igoi 00,0))
i ]>Jl jll

. . /
Let (A) =E (l?)(Ym, 353 00,1,00 2)) (l( )(Y”u, 00,1)) , an arbitrary term in the above sum-
mation. If j # 57” and 7' # 5" , under independence,
. . !
(A) = (E léz)(nj,nj';ao,heo,z)) (E lgl)(Yij";oo,l)) =0,

‘since by Result 3.1, E {{")(Viju;80,) = 0. If j = " or ' = j", (A) = 0 by Result 3.3 with k = 2.
Therefore M 21(6y) = 0. By symmetry, M; 12(6¢) = 0 as well.
(4) Claim Dj 92(0p) = My 22(6o).

D 22(89) = ~E {d’ggu )}

= - Z Z E l£2,2) (YL]a Y;,J’, 00,1, 00,2)

i g>g .
=> > E( D (Y, Yigr; 00,1, 002)) (i (Yig, Yigr; 00,1, 002))
i J>7

by Result 3.2. Meanwhile,

‘M ,22(80) = E {2501 (00)¥2p01(60) }

)
=E (Z > i (Y, Yigr 00,1,30,2)) (Z > i (Y3, Yijr; 00,1, 00,2))

i j>g i j>7
!
=Y E 21(2) (Yis, Yijr; 00,1, 00,2) (Zl( Yi, Yar; 901,002)) :
i i>j >l

. . !
Let (B) =E (lg)(Yij, Yij1; 00,1, 00,2)) (lgz) (Yir, Yir; 601, 00’2)) , an arbitrary term in the above sum-

mation. If (4, j') and (I, I') are two pairs with no common individual, (B)= 0. On the other hand,
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if (4, 4') and (I, I') share one common individual, say j = [, but j' # I’, then

. !
/// yz]vyz]'a 09,1,60,2) f2(2) (ij, yir; 00,1, 00,2)
f1 yzg,eo 1Y, 600,1) | \ f1{¥i5,00,1) f1(War, 60,1)

J1(wi5,00,1) f1 (Y, 00,1) f1(yarr, 60,1)dv (ys5)dv(ysj ) dv (v ).

Since f2(2) (Yij> Yii; 00,1, 002) = f1(vij»00,1)f; H@ )(y” 1|Y3; = 955 00,1, 00,2), where f* is the conditional
pdf/pmf,

/// (3@ (¥, Yigr; 80,1, 002)] [f3P (Yij, Yir; 00,1, 80,2)] F1.(9is, 80,1) A (i) dv (i o (g
)
=/[/f2* (Yij,Yz’j';00,1,00,2)d1/(yij')] [/f;(z)(Yij,Yw;00,1,00,2)611/(%1')] F1(ys5, 00,1)dv(yss)
=0,

since by Result 3.1 the integrals inside the square brackets are zero. It follows that

M 52(00) = Z Z E(I ng, 53 00,1,00,2)) (i§2) (Yij, Y3 00,1,00.2)) = D1.22(80).
i j>7

Based on (1) - (4), Mc11(60) = Dcr1(6o), therefore
Gor1(0o) = lim Mcr(6o) = lim D (6o).
n [0 o] n—co

Next we prove that F(8y) = Mcr1(0g). We write
1 (F11(60) Fra(6
F(60) = lim 1 11(60) F12(6o) ,
"N \Fa1(60) Fa(6o)
with
Fu (8) = ZE 0(Yi,00i(Y;,00), 1, I' =1, 2
(5) Claim F11(00) = M1,11(00).

alki (Yla 017 02)
06,

_ Ol (Yi;01,80,2)
91=06¢,1 06, 0:=00,1

82=060,2

l';(ct) (Yi;00) =

(3.15)

Under independence, Ik, (Y;;01,8002) = Zj 11(Y3;00,1). Therefore,

l(l) (Y;;00) = Zl (Yij; 60,1)-




It follows that

/!
F11(60) = ZE (Zl(l (Yij560,1) ) (Z i§1)(1€j;00,1)) = Miy,11(00)-

J
(6) Claim F12(00) =0

Fi2(60) = Y E (Y3, 00)[i7 (Y:,60))
:

= ZE (Zl Y;]aoﬂl ) (ll(sf)(Yi’GO)),

=Y >E i (Y53 80.) [ll(gi)(Yi, 6o)]".
i g
By Result 3.3, F15(8y) = 0.
(7) Claim F22(80) = M 22(80).
Fa3(60) = Y, E i (Y4, 00)[i (Y3, 00)]'-
As defined before, li; is a function of 7, which in turn is a function of 8. So for a vector

Y of length &, we can write

16(Y;01,02) = Uk (Y;7,(01),72(82)).

To prove (7), it suffices to show that

i (Y341(801),72(802) = Y- B (5, Yi v (00,0), 77 (80,0, 7§ (802)),
3>y’
since

!
Mi,25(0 ZE(ZI(” (%, Y3757 (802) ) (Zl” Y,Y',’ng’”(oo,z))) :

J>j' i>j'

(For a simpler notation, we omit -y, in the likelihood.) We can write

(4:3")

(2 v.g.) Ol (Y;72(02)) 8757 (6)
llc (Ya 00) - Z G 90
> 07 2

8=60,

Let v, (:7) be the vector of parameters in v, without 7gj 7). We have

Ol (Y375(62)) _ (Y5987, 7597 (80,2))
a'ygj’j') 92=80 5 oy (j’j') —ygf»f')=—ygf'f')(eo,2)’
_ 312(Y3',Yw§“))
- a~y§” ) 6260,
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Under independence,

(Y5997, 7397(002)) = (Y, Yisrd ) + 3 h(w).
I#3, 7'

Therefore,

. Ao (Y, Yir; x99 (0 (4:3")
l§c2)(Y300)=Z 2(Y5, Y5957 (82)) 05" (82)

(7:3")
>y 072] ’ 062 02=0¢ 2
=3 157 (%, Yirsv§" (602))
>3

Based on (3) and (5) - (7), we have F(8y) = Mcyr1(89) The earlier results (1) - (4) then
yield Geri(6) = F(6p).

In (b), 892 is on the boundary of the parameter space. As long as F(8) and G¢yr1(0) are
continuous at 6y,

oy, GO0 = o 15, F 00 D

Weights for the Linear Case

Theorem 3.2 tells us that the CL1 estimates are 5symptotically as efficient as the ML
estimates when the data, are independent within each faxﬁily. The next question is how well this
method performs when the data are correlated. Later investigations show that it can be inefficient
compared with the MLE when the data are highly correlated. To improve the efficiency of 8¢r1,

we consider adding weights in the estimating function. For the linear case, consider
Ywor = Y XiWigeni (Yi, ;).
i

The idea can be generalized to nonlinear cases. For any fixed W;, E(¥y,cr;) = 0. Therefore,
Ywcr1 are unbiased estimating functions which would provide a consistent estimate of 8. With

W, in the estimating equations, we have
Dy = Dweri=n"") XiWiAWX;
i

My = Mwon =n"1) X{WiQ;W;X;.
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From Chaganty (1997), it follows that the optimal choice of W; is Wy, = Q7 A;. The corre-

sponding covariance matrix is

-1
VWopt = (Z X:IQ:IX:) ’
1

where Xf = A X;.
Since the optimal choice of weights, W, ;, depends on the unknown parameters 8, we have
to replace them with estimates. For this reason, the weighted estimates need to be implemented

by an iterated method such as the one described below.

1. Estimate @ without weights, and set 8 = 6.

. Calculate the weights Wy :(6).

[\

w

. Update @ using the weights Wopt,'i(é).

4. Set 8 equal to the new & and update Wopt,i(é).

S}

. Repeat 3-4 until convergence or for a few times.

Let 9W0pt be the estimate from the above iteration and 9Wopt be the estimate when the
W opt,; are known. We conjecture that ||éwopt - 9wopt|| £ 0 and the asymptotic variance of éoptw
converges to Vo in probability. However, we do not pursue a rigorous proof of the asymptotic
propérties of éWopt in this thesis for the reason given below. Theoretically, the weighted method
is more efficient. However, the improvement is achieved at the price of increasing computation.
Often, the evaluation of W is too difficult or time consuming to carry out.

To reduce computation, we could consider weighting only gycr. Let

Wpar,i 0
0 I

W, =

where W,}ar,i = Agl’l) (le’l))‘l, which is the optimal choice for g; when 85 is known. Comparing
with the optimal weights € 1A, Wer,i is much easier to compute since it only involves the
bivariate marginal distributions. The partial weights will mainly improve the efficiency of the

estimate of 8; which, according to our investigation, suffers more efficiency loss (see details in the
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next chapter). Under the partial weights Woar,i,

-1
Var(81,w,.,) ~ (ZX (@) ) ,

where X}, = Agl’l)Xil. Since no weights modify gopcr, Var(;) remains the same as in (3.12).

Estimation with the partial weights can be implemented as follows:
1. Estimate 8 without weights, and set 6 = .
2. Calculate the weights Wpam(é).

3. Update 6, using the weights Wpa,,i(é).

3.2.3 Estimating Equations Based on BCL (CL2)

Inference Functions

Since both ; and 82 can be identified by the bivariate marginal distributions, an alternative
to the two-stage method is to estimate the two sets of pa,raméters simultaneously by maximizing
the BCL function ¥ gy, defined in (3.5). However, this method could overemphasize large families
since they contribute a quadratically increasing number of pairs to the BCL. It may be sensible to
weight the contribution of each family according to its size. An individual from a family of size
k appears in k — 1 pairs. Therefore we weight the contribution of the family by 1/(k — 1). With
w; = 1/(ki — 1) (k; > 1), the weighted BCL function is:

BoL(0 sz Z 12(Y35,Yi5;0). (3.16)

=1 >

When Yj1,..., Y, (ki > 1) are independent,

szZQ YL]aYLJ IZ[ll ij +l1 i3’ ]—le z]

i>3 3>3
We can see that under independence ¥%; is indeed the log likelihood function of Y;. Instead
of using a family size-based weight, in theory we can derive the optimal weights. However, as
mentioned before, such weights depend on the unknown @ and are difficult to evaluate, so we do

not pursue this.
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The estimating function based on ¥4, is

ov%
Yora() = BCL Z wiH(X;))'gcr2(Yi, v:)s (3.17)

where H(X;) = oh(X;;0,k;)/00 and

812 (}fz]a Y;]’)

gora(Yi,v) = ) B,

>y
The function geroe can be written as (g15cL,828cL)’, in terms of the partial derivatives with

respect to 7;; and «;, respectively. For .,
Dy =Dcrz =n""! Z wiH(X,) ATH(X;)
i
with A} = ~E{9gcr2(Y4,7,)/07i} and

My = Mcrz =71 ) wf[H(X,)) QFH(X;)
i

with Qf = Var(gcr2(Yi,7;))-
Note that the weight w; = 1/(k; — 1) can only be applied when k; > 1. When k; = 1, we

set w; = 1 and use the univariate log-likelihood, i.e.,

’ n

Bor(0) = wil(;(6), (3.18)
where {(;)(0) = 1(Y:1;0) when k; = 1, and l(;)9) = 3_ 5 s l2(Vij, Yijr; 0) otherwise.
Performance of CL2 Estimates in Independence Case

Theorem 3.3 Assume the same conditions in Theorem 3.1. Under independence, i.e., fr(Y;00,1,6002) =
L f1(Y3; 00,1), we have

AVar(él,CLz) = Avar(él,MLE)

AVar(éz’CLz) tpd AV&I‘(@ZMLE),

where AVar denotes asymptotic covariance matriz. The relations hold for the limits of the covari-

ance matrices if Og 2 is on the boundary of the parameter space.
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In our proof, we will need the following matrix version of the Cauchy-Schwarz inequality given by

Chaganty (1997).

Lemma 3.1 Let B;, D;, 1 <i < m bet xp matrices. Let ;, 1 <i < k; be t x t positive definite

matrices. Then, assuming that the inverses exist,

(o0) (some) (gom)

The equality holds if D; = X;B;.

1

-1
= pd (Z D;2;1Di> :
)

Proof of Theorem 3.3: To avoid extra notation, we assume k; > 1 for all 4.

Based on the results in the proof of Theorem 3.2, F12(6;) = 0, so we have

~ 1.
AVar(0; pre) = HFul(ﬁvo), (3.19)

- 1.

1 {D211 D22
Dcia = - )
D221 Do

1 - l,ll
Doy = —Z p— ZE lE )(K'j,nj';ao,hoo,z), LI=1,2
4 >’

We write

where

Similarly, we write

1 ({Ma11 Moo
Mcr2 = — : )
Mjsao1 Mosoo

where

!

1 . (! .
Moy = mE > i) (Y, Yi: 00,1, 802) > i (Y3, Yig'; 801,802) |
i i>q" >3

L I'=1, 2
(1) Claim D2,11 (00) = ~F11(00).



http://D2.11

Since under independence, igl’l)(Yij, Yij;60,1,002) = l(ll’l)(Yij; 0o,1) + l'&l’l)(y;-,-/;,oo,l),

D2,11(60) = Zk —1 > {lﬂ (Y55 801) + 11 )(Yij';oo,l)}

3>3’
==>> i (Y3 60,1)
i

=D1,11(60) = F11(60).
The last step is from step (5) in the proof of Theorem 3.2. |
(2) Claim D321(69) = 0. The proof is similar to step (2) in the proof of Theorem 2. Then
D3 12(09) = 0 as well.
(3) Claim M3,11(60) = F11(60).

Under independence,
1 ) )
mpzjllg (Yij, Yij; 00,1, 00,2) =le (Yij360,1)-

Therefore,

!
M,,11(0o) = ZE(Z Yu,001) (Zz‘ 1’2],001) = F11(60)-

(4) Moo (éo_) =

Under independence,

!
M2 .21(60) = - _1 (Zl Yzj’Yij’;00,1,002> (Z l(l (Yij;00,1) )
]

3>3’
Then M3 2,(60) = 0, by a similar proof as we gave for M; 21(6¢) = 0 in Step (3) of Theorem 3.2.
Then M3 12(80) = 0 also.
By (2) and (4), we have

_ 1 D2_%1 0
Dg;2(60) - ( ’ ;) .
0 D,3
and
1 {Maon 0
Mcr2(60) = =
n 0 My



Hence

1

AV&I'(@LC[Q) = EDE,hMleDQ_jl’
: R 1__ _
AVar(@; cr2) = ED252M2,22D232'

By (1) and (3),
D2 11M2 11D2 1 =~ F (00)

Therefore, under independence, AVar(@l,CLz) = AVa,r(él, MLE)-

By a similar proof as in Step (4) of Theorem 3.2, we can show that

Dy2(00) = Zk _1ZE1‘2’ (Yij, Yir; 80,1, 802)) (157 (Yis, Yigr; 00,1, 00,2))
Jj>3
M;22(80) = Z(k—_ﬁZE (B2 (Y5, Yigr3 00,1, 802)) (I57 (Yig, Yigrs 80,1, 80,2)) -
>y’
Let

: 1 1
W,-—dlag(ki_l, cees ki"1>

and
B; = E(I{” (Y, Yi; 80,1, 00,2)) (I8 (Y, Yigr; 00,1, 00,2)) .

Then D2 22 00 Z W B and M2 22(00) W,~B,~W,~; hence

AVar(62,8c1) (ZW B; ) ) (2} WiBiWi) (Z WiB,-)

By the matrix Cauchy-Schwarz inequality (Lemma 3.1,

(XZ: WiBi> B (2; W,-Biwi> (; Biwi> - . (2 B?) _1 | ,

Meanwhile, we have shown in step (7) of Theorem 3.2 that Fy3 = ), B;. Therefore

-1

AVa,r(ég,BCL) tpd Ava‘r(ézMLE) .

Equality holds when k; is a constant. a
The performance of the CL2 estimate in the dependent case is investigated in the next

chapter.
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3.3 Estimating the Asymptotic Covariance Matrix of

Different methods can be considered to estimate the asymptotic covariance matrix of §. One
approach is to evaluate the Godambe information matrix at @ analytically. This can be time-
consuming or even sometimes impossible. For example, with survival data, the matrix cannot
be evaluated without specifying the censoring distribution. An alternative approach is to use
resampling methods such as jackknife or bootstrapping. Naturally, the sampling units are the
families. A third approach is to evaluate the Godambe information matrix empirically or using
parametric resampling techniques based on the asymptotic distribution of the CL estimate.

We use the jackknife method in our examples in Chapter 6. Let 6_; be the estimator of 8

with Y; deleted, i = 1,...,n. The jackknife estimator of V, as defined in (3.2), is

n

V=) (6-i-6)(6_; b)Y, (3.21)

i
where 0 is the estimate based on all families. A proof of consistency of this estimator for the i.i.d.
case and the case with covariates is given by Joe (1997) (Chapter 10). The theorem can be directly
applied to familial data with fixed family structure. In general, family structures in the data are
not identical, but we assume that the population under consideration is a finite mixture of types
of family structures. Since the result holds for each type of family and the estimating function is a
summation over all types of families, the consistency can be ‘inferred from Joe’s proof.

For large samples, the jackknife estimator can be obtained by deleting more than one family

at a time in order to reduce the computation time.

3.4 Remarks

In this section, we provide some general remarks on the CL and related estimating equation meth-

ods. -

Remark 1: For the multivariate probit model for binary data, a related estimating equation
approach was proposed by Reboussin and Liang (1998). In their approach, a set of weighted
estimating equations is constructed from the first and second moments. The estimating equations

for 6, are the same as the weighted CL1 estimating equations, but the estimating equations for 8-
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are different. For multivariate probit models, under independence, the method of moments leads to
the same estimating equations as the ML method for the regression parameters. However, when the
estimating equations based on moments differ from the score equations, the method of moments is
known to be less efficient than the ML method. We have shown that under independence, the CL1
method is equivalent to the ML method. So under independence, the CL1 method is better than
the method of moments in general. Hence, Reboussin and Liang’s method of moments idea cannot
be expected to have high efficiency if it is extended to some other models. Also, this method cannot
be directly applied to the Poisson-log normal mixture model, in which the regression parameters

can not be estimated with only the first moment as the moment depends on o2.

Remark 2: The CL1 and CL2 methods are not restricted to the models discussed in this thesis.
In particular, the CL2 method works for multivariate models, whether or not. the parameters are
common to the different margins. It works even when the univariate margins do not belong to
the same distribution family. The parameters can be estimated as long as the bivariate marginal
likelihoods can be evaluated. Therefore, we can consider a more general form of the BCL function:

n

Bor(8) =) w1 (Yij,Yij1; 0),

=1 j>j

where I; j;» is the log likelihood of the bivariate margin of Y;; and Yj;. This estimation approach

can be considered if the high-dimensional likelihood is too difficult or impossible to compute.

Remark 3: The idea can be extended to trivariate CL. However, as the dimension becomes higher,
the computational demands increase, so the implementation of such an approach is more difficult.
When all the parameters are either univariate or bivariate parameters, it is not clear that the

efficiency will be improved by using the likelihoods of marginal distribution of higher order.

Remark 4: Typically, the CL methods can be implemented by numerically maximizing the CL
functions. For example, the quasi-Newton method can be used to avoid solving the system derivative
equations. Numerical optimalization becomes more difficult as the total number of parameters
increases since the search for the optimal point has to be carried out in a higher dimensional space.
So the CL2 method is numerically more difficult to implement than the CL1 method. To improve

the numerical optimization, we can use the CL1 estimate as the starting value for the CL2 method.

Remark 5: If the sample size is not large, the numerical optimalization has to be done subject to
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a constraint that the estimated. dependence parameters must lie inside the parameter space of the
multivariate joint distribution. Without this constraint, the solution of the estimating equations
may be outside of the parameter space. For models based on the MVN distribution, the constraint

on the dependence parameters is that the correlation matrix of each family is positive definite.

Remark 6: In the CL2 method, we weight the BCLs by the family size. Naturally, one would
consider the same weights in the second stage of the CL1 method. However, those weights are
inappropriate when the dependence is weak. As shown in Theorem 3.2, the unweighted CL1
method is equivalent to the ML method under independence. Hence, the weights will only worsen
the efficiency when the dependence is weak. When the dependence is strong, the weights can be
helpful. But as shown in the next chapter, the CL1 estimates of the dependence parameters perform
well even under strong dependence. So weights are not essential. For these reasons, this weighting

scheme is not used in the CL1 method.
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Chapter 4

Efficiency Comparisons

The CL methods are not fully efficient. However, it is not known at what parameter values the
CL estimates tend to lose more efficiency and how much efficiency is lost for familial data. In
this chapter, we intend to partially answer these questions in the context of familial data analysis.
We define the asymptotic relative efficiency (ARE) of the CL estimate of the parameter 6 as
ARE(f¢cr) = AVar(Gyre)/AVar(6cr), where AVar(fyrz) and AVar(6cr) are derived from the
inverted Fisher and Godambe information matrices respectively.

We plan to make comparisons for four types of data: continuous, binary, count and survival
subject to right censoring. For each type of data we select one distribution as a representative: the
MVN for continuous, the MVP for binary, the PLNM for count and the MVN with random right
censbring for survival. For each model, we select some cases in which comparisons are possible.

For the MVN model, we are able to make theoretical comparisons of the ML method and
the CL methods. For the MVP model, we randdmly generate covariates and family size and
compute the information matrices based on the generated families. For the other two models, the
comparisons are done by simulations in which the likelihood is evaluated by numerical integration
or approximation.

By these comparisons, we will gain some insight into how the performance is affected by

different factors, such as degree of dependence, family size and data type.
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4.1 Continuous Response: MVN model

First, we consider the multivariate normal model: Y; ~ N(X;3,0%R;(a)), where 3 is an m-
dimensional vector of unknown regression parameters; and R;(a) = [pi;5(a)] is a correlation
matrix, with a = (a1, ..., a4)’, a vector of dependence parameters.

The likelihood of a MVN distribution has a closed form and therefore we are able to derive
the theoretical asymptotic variances of both the ML estimates and the CL estimates, so that the
efficiency can be compared analytically. For this reason, we conduct comparisons in various settings.
The results from the MVN distribution can provide insight into the general behavior of the CL
estimates, not limited to just the continuous response.

We first derive Fisher’s information matrix and the asymptotic variances of the ML estimates
and then investigate the AREs of the CL1 and CL2 estimates with conclusions of the comparisons

at the end of each subsection.

4.1.1 MLE

Assuming R; ! exists, the log-likelihood is:
= bi ogam — Hilogo? — Liog |Ri| — = (Vi — X; ’R-iY- X;
—Zi:——z‘ og2m — = logo® - 5 Og|R4|_F( i — XiB) R (Y — Xi),
The score functions are given by:

a_
B

ol K 1 - |
== S Y - X R (Vi - Xi)

1 _
= Y XR7HY: - XiB)
i

ol 1 _ 1 _ _ .
5. = 3T BIT) + 55> (Vi - XiB)RTyR (Y~ Xif), j=1,0
J i
where I';; = E)—&—Ri. These functions are derived based on the general results in Appendix B.1.
J
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For @' = (B',02,a’), Fisher’s information matrix is:

(F110 0 \

1
F=-— '
~| 0o Fxn Fy |,

\ 0 F3 Fy |
where F1; =072%, X'~R._1Xi; Fa = (20%)7! Y-; ki; Faz is a ¢ x 1 vector with the jth entry equal
to —(202) Z tr I‘UR and F33 is a ¢ X ¢ matrix with the entry in the jth row and 7'th column
equal to (20%)71 3, tr TRy 'T R

As AVar(Oprp) = n~'F~L, we obtain

AVar(By1p) = LFiL = 02 (5, XTR;'X,) 7, (4.1)
—1
‘ Fa2 Fiy
SLE
AVar = ’ . (4.2)
&MLE
F3; Fa3

(With the MVN distribution, the variance of ,3 is the exact variance. But to keep our notation

simple, we do not distinguish Var and AVar in this section. Instead, we use AVar everywhere.)

4.1.2 Efficiency of the Two-Stage Estimating Approach (CL1)

In this section, we first derive the estimating equations and then compare the efficiency for different

cases. Finally, we provide a summary of the comparison results.

Estimating Equations:

In Step 1, B and o2 are estimated by maximizing the sum of the univariate log likelihood

of Y;'j:
. — (yz] zgﬂ)
YyorL(Y;B,0° ———ZZ log 2w + logo? + -2 Y77
The estimates of 3 and o? are obtained by solvmg
Z X7 (Y;-X:8) = 0 (4.3)
a’ Z ki — Z Y - X:B)(Yi-XiB) = 0, (4.4)
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leading to the ordinary least squares estimators of 8 and 2. If the weighted CL1 method is used,
the estimating equations for @ with the optimal weights are the same as in the full likelihood

method:
S OXIRTNY - XiB) =0
i
In Step 2, « is estimated by maximizing the sum of the log-likelihoods of the bivariate

margins with 8, o2 replaced by B¢, and 62, obtained from Step 1. The BCL function is

Uper(Y;B,0%, a) ZZ{log27r+loga +210g( — Pii )+
NS

(Yij — X458)% — 2pi550 (Vi; — X458) (Vi — Xy B) + (Yijr — X0 8)?
2071 = pjyy) (4.5)

—c-—10g022k ki—1) ———ZZlog pm

i j#j

ﬁ Z(YZ - XiB) Ai(Y; — X;8)

where c is a constant and A; = (a;;;7) with

El;&j(l - P?jz)_l for j =7/,
Gijj' =
—pijjr(L = pZi) ™" for j # 5.
This leads to the following estimating equation for ¢;:
szj 6pijj’ ) 2 m. , 7 — _
26811 Z - E(Yz —XiBew)Bu(Yi —XiBer1) =0, 1=1,..,4q, (4.6)
INF 4 - p’]] Ooy i ‘

where Bil = aAi/aal.

Efficiency
The investigation is divided into two parts: (1) efficiency of Boz; and (2) efficiency of all

estimates under different dependence structures.

1. Efficiency of ,@CM
From (4.3) we have B¢y = (3, XTX;) ™' 32, XT'Y;. Therefore,

AVar(Bcr,) = o2 (Z X;r’"xi) _ (Z X?Rixi) (Z x;v"xi) : - (4.7)

) %
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The variance of 8,75 is given in (4.1).

We consider the case of only one covariate, denoted by x;. Then, m = 2, X; = (1,x;) and
B = (Bo,1).- The results can be extended to more than one covariate. In the previous chapter,
we treated the covariates as known constants. To simplify our analysis of the efficiency, we make
the following assumptions about x;: The values of z;1,...,z,, are independent realizations of a
random variable with mean 0 and variance 1. The assumptions about the rﬁean and the variance
can easily be satisfied by centering and standardization. Here we assume that the value of z;; is not
correlated within families. Cases where the z’s are related within family will be considered later.
We will derive the asymptotic efficiency of ,BC 11 based on the following results: when the number

of families n — o0,

Result 4.1 >, wzJ/K Lo

Result 4.2 3. 2% /K 51

Result 4.3 K13, xR7'1 5 0;

Result 4.4 K1Y, xRijx; — K1Y . trR; LS 0, and K1Y, xéRi_lxi -K1'y, trRi_1 Eo.

where K = 3.7 k;, the total number of observations. These results are derived based on the
assumption that M, the size of the largest family, is bounded. See Appendix B.2 for a proof of
results 4.3 and 4.4.

It follows that when n is large

1 10
=Y XiX; ~ ,
K i 01
—I-Zx'mx-fv K1y, 1R 0 [ KX 1R1 0
R,X; ~ _ ,
Ko 0 K'Y, trR; 0 1
since tr R; = k;. Also,
-1 -1
! ~
Ko 7 0 K1Y, trR;!
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follows from Result 4.4. Based on the above results, (4.7) and (4.1) become

[ K2Y,1Ri1 0

AVar(Bop,) =~ o (4.8)
\ 0 K1
( (iR 0
AV&I(BMLE) ~ o’ . (4.9)
\ 0 (e Ry
The relative efficiency of BO,C L1 1S approximately
ARE; = ivar(BP,MLE) _ / K? ___ (@10
’ Var(fo,cr1) (2, VRi1)(3;1'R;1)
whereas R
AR, = MVearumip) K (4.11)

Prioms = AVar(Bicr) i trRyY
So with this MVN model, the ARE of ,@C 11 only depends on the correlation matrix R; and family
sizes.

When m > 2, X; = (1,Xi1,"** yXj(m—1)). If the covariates are realizations of m — 1
mutually independent random variables with mean 0 and variance 1, then K ! Y Xuxy and
K13 xi,Rix;y converge to 0 as [ # I’ (see Appendix B.2 for a proof). Therefore, AREBI,CL;’
l=1,...,m—1, is also given by (4.11).

Returning to the case of one covariate, we next investigate some cases in which the z values
are correlated within families. The results 1 — 3 still hold when the z values are correlated within
families. Therefore the asymptotic relative efficiency of ,Bo,c r1 will not be affected. We only need
to consider the asymptotic relative efficiency of ,31,0 L1

The extreme case is that all family members share the same z value z;. Suppose z; is a

realization of a random variable X; with mean 0 and variance o2. It can be shown that

. 0?2y 1'R;1
Ava.r(ﬂ]_’CLl) ~ ;g——?T—
and
o? 1

AV&I(IBI,MLE) o U—%m
(] 1
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As a result, ARE o is the same as (4.10). For this case, since the information on 8 is only from
the difference between families, Bl,c 11 is not affected much by the dependence between Y.
More generally, suppose the components of x; are correlated with covariance matrix o2Ry,.

Then we have

1 X R,
7 Z X R;x; = aﬁ——z’ tr (Il{lsz’) 5o

-1
%ZxéR{lxi - ag 2t (iz Rx) Bo.
i

This leads to

A 02 2 tr (R'sz)
AVar(ficr1) =~ 5 =—7——
o2 K?
o? 1

AVar(61,MLE) ~ 23w (RIRL)
[3 (] i

so that the ratio AREﬁx,ou is given by
K2
>oitr (RiRy,) 3o tr (Ri—lei) .

For the very special case that Ry, = R;, we have

K 1
ARE; = = ’
Bi,cL1 Z trR? 14+, 2t p?jj'/K

and this efficiency decreases when pfjj, increases.

2. Efficiency of All Estimates under Different Dependence Structures

We consider the following dependence structures of Y;: exchangeable dependence structure,
dependence structure of a Type-3 family; dependence structure of a Type-4 family. For each case,
correlations are the same across families. We also consider families with either fixed or varying
family size. These results can give us some idea of efficiency for data with more complicated family

structure.

a. Exchangeable R;
If the largest family is of size M, then —1/(M — 1) < p < 1. Since M can be much larger
than 1, the lower limit of p is close to 0. For this reason, we consider 0 < p < 1. The asymptotic

relative efficiencies are:
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—t

ARE, =

focus = [T+ ap)(1—tp)
1
MPhon = Tro2/0=p)
MREg, = A=
AREpo;, = ((11;1" dp;)-)j—e’

where

1
a = EZk-k
(ks — 1)
K 1+k—1)p
_ ki(ki — D(1 + (ki — 1)p%)
¢ = KZ 1+ (k; — 1)p)?

d = b/

A kilki=2)(ki=1) S f
Zk(k—l) (zk(k—l))
fi = kilks —1)((1 = (ki — 3)p*) (1 + (ks — 1)p)® + ki(ks — 2)%p%).

e = pP(1+p)(1+ap?) + 2

AREg, ,, and AREgLG;1 are obtained directly from (4.10) and (4.11). Var(6%,,) and Var(pcr1)
are derived using Maple (see Appendix B.3 for the Maple code).
Some remarks concerning the dependence of these AREs on family size and the dependence

parameter p are given below:

1. Family size:

(a) When k; = k for all i, ARE; = ARE;; = ARE;,, =1, while

_ (k=1)p°
AREﬂl,cm =1 1+(k-1)p
(b) The term _R(k—1) is a strictly convex function of k since
1+ (k—1)p y
d_2[ k(k—1) ] . 2(1-p) >0
dk? [1+(k-1p] [1+k-1pp3 ="
By Jensen’s Inequality, ~
k—1
b > — =,
T 14+ (k—-1)p
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where k = K/n. This implies that

) _ (k=1)p?

BrcL1 = 14 (E — 1)p'

Equality holds if and only if k; = k for all i. This implies that: for given K and n,

ARE

the efficiency is always lower when family sizes vary, and further that, roughly speaking,

AREg, o1, decreases when k increases.

(c) Roughly speaking, ARE,2 and AREg, ,, increase with k and decrease with the vari-

ation in k;.
2. Dependence parameter p:

(a) Bl,CLl loses efficiency when |p| increases. As p approaches 1, ARE; _ = goes to 0. This
is because when p = 1, ,31, MmLE has no estimation error, whereas Bl,cm has estimation
error.

(b) When p=1, AREfﬁ,om =0 and

K2

AREBO,CM - ARE‘%M - ny., k2’

Clearly ARE; and ARE,: are less than one unless k; is constant.
Bo,cL1 9oL '

(c) ARE&% ., 1s a function of p®. Comparing to AREﬁo,om’ it decreases slower when p

increases.

Figure 4.1 shows the four ratios with the maximum family size M varying from 2 to 10 and
mNp, /K fixed at 1/M, where Ny, is the number of families with m members, m = 1,..., M. (i.e.

there are the same total number of individuals from each size of family.)

b. Type-3 family with varying number of offspring
Let p; be the parent-offspring correlation and ps be the sib-sib correlation. Assuming that

the index of the parent is 1, then

(1 pr p1 - 91\
pr 1 p2 - p2
Ri=|p p2 1 - po
\Pl p2 p2 - 1)
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Figure 4.1: Efficiency of CL1 for exchangeable dependence structure. (MVN model)

The correlations p; and p; need to satisfy the following condition: Mp? — (M — 1)ps < 1, where
M is the maximum number of offspring in a family (Srivastava and Katapa, 1986).

For a fixed number of offspring k* in all families, the relative efficiency was calculated
analytically using Maple. The Maple code is attached in Appendix B.3. Since there is no simple
expression of the efficiency, we show the results graphically. Figure 4.2 shows the case when k* = 3.

When k* increases, the efficiency generally decreases.
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Figure 4.2: Efficiency of CL1 for Type-3 families with k* = 3 offspring (MVN model);
P2 = (p2 — p?)/(1 — p?) is the sib-sib correlation conditional on their parent.
In Figure 4.2, the efficiency is plot at different levels of p; (0, 0.3, 0.5 and 0.8). To make

the curves more comparable, the efficiency was plotted against the conditional sib-sib correlation,
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po = (p2 — p?)/(1 — p?). Some remarks follow:

1. The efficiency of ,@1,0 11 approaches zero when pe approaches to its lower and upper bounds.

Given p1, Bl,c 11 is most efficient when the conditional sib-sib correlation is close to 0.

2. The estimates of the other parameters perform well when the conditional dependence between
siblings is non-negative. Except for &% 11, the efficiency decreases rapidly as the conditional
dependence approaches its lower bound. However, in analysis of familial data, we expect the

conditional sib-sib correlation to be non-negative.

3. When the parent-offspring correlation p; is 0, the CL1 estimate of p; is as efficient as the

MLE regardless of the strength of the dependence among the siblings.

When there is a varying number of offspring in each family, the efficiency is affected by both
the mean and relative dispersion of family size. We randomly generated families with numbers of
offspring varying from 1 to 7. We generated 500 sets of families. Each set has a different combination
of family sizes. We calculated the efficiency of the parameter estimates for each combination at
p1 = 0.4 and ps = 0.8, then plotted the efficiency against the mean of k], denoted by k*, and the
relative dispersion, measured by the variance-mean ratio of k}’s, V/M. We deliberately chose po
far away from p; since the effect of the relative dispersion of family sizes is more obvious under

strong conditional sib-sib dependence. The following patterns were observed:

1. Since trR;* is almost linear with k¥, ARE; _  mainly depends on k*. Figure 4.3 shows

that the efficiency is monotonely decreasing in k*.

2. In Figure 4.4, we plot the efficiency of the other four parameters. The x-axis is k* and the
y-axis is the variance-mean ratio of the k}s. For ;30,0141, 6%“ and pacr1, the efficiency is
almost linearly decreasing with both k* and V/M On the other hand, ARE;, ., is mainly
affected by V/M.

For different values of p; and ps, similar patterns were observed.

c. Type-4 family
In a Type-4 family, there are two parents with their common offspring. Assume that the

correlation between father and child is the same as that between mother and child. Let p; and ps
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Figure 4.3: ARE of (1 cr1 against average number of offspring, &* (MVN model).

be the parent-offspring and sib-sib correlations, respectively, and p3 be the correlation between the

parents. The three dependence parameters must satisfy the following conditions:

(b3 + DI(M —1)pp+1]

where M is the maximum number of offspring in a family. This can be proved with the same
techniques used by Srivastava and Katapa (1986).
Case c is actually an extension of case b. The effect of p3 is symmetric to that of ps. We

first examine the boundary cases:

1. When the dependence parameters approach the boundary:

(s + DM =1)pa+1] _ 4
M = P1s

AREﬁo,cm and AREﬁLCm approach 0.
2. When either p, or p3 approaches 1, AREﬁ1 o approaches 0.

Table 4.1 presents some results for constant family sizes. Except for 51, the efficiency of the

estimates of other parameters is generally high.

Discussion
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Figure 4.4: Efficiency of BO,CM, &%Ll, p1,cr1 and po cr1 (MVN model).

The performance of the CL1 estimators is affected by the degree of dependence among
the family members. When the correlation parameters approach the boundaries, R; is close to
singular and the efficiency of Bl,CLl goes to 0. The CL1 estimators of the other parameters are less
affected by fhe correlation parameters and perform fairly well. Their efficiency can reach 0 at some
particular parameter values, such as in case b, when the conditional sib-sib correlation approaches
its lower boundary.

The efficiency is also affected by family size. In general, the efficiency tends to decrease
as the average family size increases and the relative dispersion of family size increases. When the
relative dispersion of family sizes is large, the data are mainly formed by either small or large
families. Individuals or pairs contributed by different families are equally weighted in the CL1
method. That is why large relative dispersion of family size combined with high dependence has a

strong effect on their efficiency.
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P11 = 0.2 p1 = 0.2 pP1 = 0.5
p2=04 py=0.7 py=0.7| number of
p3 =03 p3=05 p3=0.5] offspring
Bo 987 921 .982
51 17 A75 475
o2 | .993 936 974
o1 .989 .904 972 k*=3
02 .999 .985 .995
03 .991 914 .987
Bo 978 .893 .961
51 727 412 412
o? | .987 .898 942
01 .987 .888 .960 k*=5
P2 997 .947 .969
03 .980 .865 .966

Table 4.1: AREs of CL1 for Type-3 families with equal number of offspring (MVN model)

4.1.3 Estimates Based on Bivariate Composite Likelihood (CL2)

Estimating Equations

In the CL2 estimating approach, 3, 02 and « are estimated simultaneously by maximizing
the product of the likelihoods of the bivariate margins. First, we will show why it is appropriate
to adjust the BCL by family size. Suppose k; > 1 for each i. We estimate all the parameters
by maximizing the BCL function defined in (4.5). Differentiating and setting to zero lead to the

following set of equations:

¥, = al2 ZX’ (Yi—X;8) =0 (4.12)
812
_ ok 2 Pijj' a/’m _ 1OA;
Y3 = -2 ,.;j,l—p%jj, o ;(Y Xif) 5 (Yi-Xif)=0  (414)

Let 3 oL be the estimator based on the above estimating equations. From (4.12), we have

1
b2 = F5« 22’9 (ki —1) Z(Y XiB3)'Ai(Y;: — X;8) =0 (4.13)

Brer = (X; XIAX;) ™' Y, XLA;Y;. Therefore,
-1

-1
AVar(Bgcr) =0 (Z XA X, ) (Z XQAiRiAiXi> (Z XgAin) (4.15)
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We consider the case of one covariate and make the same assumptions for the covariate as on page

72: the values of Z;1,..., Ty, are independent realizations of a random variable with mean 0 and
variance 1. Asymptotically,
- >, 1'B;1
AV = L v
ar(Bo,BcL) 5 TA1)?
" Z trB;
AV =S =
a,r(,Bl,BCL) a%(tr Ai)z,
where Bi = O‘2AiRiAi.
The efficiency relative to the MLE is:

ARE

bunor ~ (T, 1B;1) (T, IR; 1)

) _ (tr Ai)2
Pror (32 trBi) (3, tr Ri_l)
Using the exchangeable case as an example, in Figure 4.5, we plot the efficiency of both the

ARE

CL1 and BCL estimators relative to the MLE for the special case of a mixture of two family sizes:
size two and six with proportion 3:1. For (3, the efficiency of the BCL estimator is much lower
than the CL1 estimator when the association is high. For 3, the BCL estimator is better when

the correlation is strong, whereas the CL1 estimator is better when the correlation is weak. It is
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Figure 4.5: Efficiency of CL1 and BCL for the exchangeable case. Families are of size two and six
with proportion 3:1 (MVN model).

not surprising that the estimates based on BCL are inefficient when the correlation p is close to

83



http://3i.bc*

zero, since (4.12) can be seen as the CL1 estimating equation (4.3) weighted by A;. When p = 0,
A; = (k; — 1)I. By Theorem 3.2, the CL1 is as efficient as the MLE when p = 0. Hence it is more
efficient than a method with unequal weights. This justifies the previous consideration in Section
3.2.3 of weighting the BCL function by family size. In the CL2 method, the weight of family ¢ is
given by w; = 1 for k; = 1 and w; = 1/(k; — 1) if k; > 1. Let [y (83,02, a) be the contribution to
the CL from the ith familylbefore weighting. After weighting by wjy, the BCL function becomes:

=.IQBCL(Y; IBa U2a a) = szl(z) (:3)0'2a a)

= c*—%loga2zki— Zw,Zlog — Plj)
T

@ J#3'

20?

D (Vi - XiB) AL (Y — Xi),
i
where ¢* is a constant and

1 when k; =1
Al = .
Az/(kz - ].) when k; > 1

After taking partial derivatives of I3 and rescaling, we obtain estimating equations of the CL2

method:
Y = Zx’.A* (Y;—X;8) =0 (4.16)
¥ = 2Zk —ZY — XiB) AX(Y; - X;8) =0 (4.17)
. _ o2 piji Oy _x.gy9
Y5 = 2 Zk —12 ~ 2, da ;(YZ XiB)5

The estimate of 3 generated from the CL2 method is

-1
B = (Z X;A;‘X,-) Z X;ATY
; 5

o (Y;-X;8)=0 (4.18)

The variance of B¢y, is

-1
Var(Bepro) = (Z XiAXX ) (Z x;A;mA;xi) (Z x;A;‘xi)

For the example illustrated in Figure 4.5, B(],CLQ is as efficient as Bo,cm and Bl,CLg is

~1

generally more efficient than BI,C 1. This will be shown in the next section.
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Efficiency
First, we show that the CL2 method provides a better estimate of 8, than the CL1 method.

Theorem 4.1 Consider the case of one covariate. Under the assumption that the values of Ti1,. .., T,

are independent realizations of a random variable with mean 0 and variance 1, we have

AVar(Bi,c12) < AVar(Bicr1)-

Proof: From (4.8), we have AVar(8; cr1) ~ 1/K. By a similar deduction, we also have

5 . 2 trBf
AVar(6 cr2) ~ 5 A
where B = ATR;A;.
(1) We first show that > tr A¥ > K. It is trivial for k; = 1. For k; > 1,

k;

trA;Zkil—lz_:Z1 12. Zkil_lz(k,._n:ki.

(2) Next we claim that tr B} < tr A}. It is true when k; = 1. For k; > 1, we have

ki

1
* _
trA; = " _l;ﬂam.

and

* 1 !
trB; = T 1e zj:az’jR'iaija

where a;; is the jth column of A;. To prove the claim, it suffices to show
aj;Riay; < ayj;(ki — 1).

By symmetry, we only need to show that this is true when j = 1.

ki k;
' 2 2
i Riag = afy, + 2011 ) aijpiaj + Y ah;+ Y, @i1jGig iy
i=2 =2 i#i'>2
Since . . .
(3 1 1 7 p?lj )
ai11+zai1jpi1jzzl_ 3 _Zl— 7 =ki—1,
= = TPy 4t T Py
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ki ki
! 2
ajhiRiain = (ki —Dais + a1 Y aipa; + Y ah;+ Y, @iy pijy

i=2 i=2 %522
k; k; k;
1 1 1 p 1 1 p 1
= (k; ~ a1 — Z 1= Z _ng + Z a _ng
=2 117 §=2 117 j= 2 ll]

PiljPi1j Pijj’
F 2 T )=y
]¢J,>2 Pi1j Pitjr

2

_ Pi1j PiljPilj Pijy!

= (k;—1am — Z =21 =72 + Z 2 (1= o2
>0 i1j Piiz) #J,>2 ~ Py Pivjr

> iy + Pl — 2pijpag pijs

= (ki —1ain -
’ ’ ]2‘7’22 (1 - p’%lj)(l - pz21]’)

Since p; + Py = 2loageagl = 2oaipngpipl, PRy + Pl — 2eaipigpijy > 0. Therefore,
a;, R;a; < (k — Daa.

From (1) and (2) we easily obtain that AVar(ﬁl,CLg) < AVa,r(ﬁl,CLl). The equality holds
when R; = I for all 4. O

Next we give some results for the exchangeable case and for Type-3 families.

a. Exchangeable (k; > 2)

1. ARE; = ARE and ARE;; = ARE,;
0,CL2 CL2 CL1

ﬁO,CLl
1
Broa ™ [T+ p— p2(1 - @)L - bp)’

2. ARE;

where a = K15 k;/(k; — 1) and b= K=Y k;/[1 + (k; — 1)p)].

When p =0, ARE, =1.

Br,oL2

When p > 0, since 0 < a <1 and b > 1/k,

ARE, 1 > Y Sos

hrow 2 T p = A —p/B) = L 4p—p) =

3. In Figure 4.6 we plot the efficiency of pcr1, pore and pper for the case of family sizes two
and six mixed with proportion 3:1. When p is close to 0, the CL2 estimator is worse than
both the CL1 and BCL estimators. However, as p increases, the CL2 estimator surpasses

them at around p = 0.2.
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Figure 4.6: Efficiency of pcr1, pecr and por2 (MVN model); family sizes are 2 or 6 with proportion
3:1. The CL2 estimate is weighted by family size; whereas the BCL estimate is not.

b. Type-3 family

In Figure 4.7 we plot the efficiency of the CL2 estimators for all the parameters for the
case of number of offspring varying from 1 to 5 with equal proportion. Similar to Figure 4.2, the
efficiency was calculated at four different levels of p; = (0,0.3,0.5,0.8), and plotted against the
conditional correlation py. For the purpose of comparison, we also plotted the efficiency of the CL1

estimators. The plots show that

1. Bo: when ps is small, the two estimators are similar. For positive gy, the CL2 estimator loses

less efficiency when either p; or g9 increases.
2. i unlike the CL1 estimator, the CL2 estimator performs very well when p; or ps is large.
3. 02: the efficiency pattern is similar to Gy.

4. p1 and py: The CL2 estimator loses efficiency when the dependence is small or negative. It

performs better than the CL1 estimator when the dependence increases.
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Discussion

In summary, compared with the CL1 approach, the advantages of the CL2 approach are:

1. the efficiency of the estimate of 8; is much improved, while the efficiency of the estimates of

Bo and o? is similar to the former approach; and

2. the efficiencies of the estimates of the dependence parameters are improved when the corre-

lations are high.

The drawback of this approach is that when the dependency is weak, the estimates of a are less

efficient compared with the CL1 approach.

4.2 Binary Response: MVP Model

The multivariate probit model for binary data is specified in Section 2.2.1 with the probability
that Y; = y; given in (2.5). Let p; = (pijy,5 > j'), then v} = (l, pl). Suppose p; = X\ and
p; = Xl(.z)a. Then ¢ = (@', a’'). We have

and v, = X;6.

4.2.1 Likelihood and Composite Likelihood Estimating Functions

MLE
Suppose there are M; different possible outcomes of Y; with non-zero probabilities. Let y;

denote the Ith outcome and 7;; denote the associated probability. For the MVP model,
T = /Q[k ¢k, (za“zaR’t(a))dz,
i,

where Qlf‘l is the rectangular region in %% in which Z; falls when Y; = yiy. Foreachd, Y, my =1.

The likelihood of Y; is

M;
I(Y;=y;
L(Y;;0) = H'/rz.l( y ”),
=1
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where I is the indicator function. The estimating functions are

Z Z I(Y; = y”))t;&r_“/_?ji =0.
i

T4l

The Fisher Information matrix is

1 - (Oma/0v;) (BT /0v:)' | % .
Fo L Z;Xi zl: . X;. (4.19)

i

Let A; = (X;j;7) denote the term inside the square brackets in (4.19). Then

1 - -
F=-— Z XiA X, (4.20)
1 .

The Two-stage Estimating Approach (CL1)
Let vjj = EY5 = 1 — ®(i5), vi = (Vi1 - Vir;)', 03 = Var(Y;) = ®(us5)[1 — ®(ug)], and
bij = P(ps5)-

The univariate log likelihood of Y;; is

L(Yi5;8) = (1 = Yi;) log ®(u45) + Yijlog[l — @(u5))-

In the first step, B is estimated by the solution of the following equations

S XM gueL(Yi,m) =0, (4.21)
‘where
1(Ya) ll(Yik~)>
Y, )= U ik T
Buor (Y, i) (3Mi1 U7 O,
Here

oh(Yy) _ (A=Y  Yydiy _ ¢(Yig —[1— B(wiy)l) _ 6i(%ij — vij)

Opig @(uij)  1-0(niy)  @(uig)L — (i) P
Let A; = diag(¢,~j/ai2j). Then we have gyern(Yi, 1;) = Ai(Y; — vy).

In the second step, the bivariate marginal log likelihood is given by:

lo(Yij, Yijrs ag, pig, pigs) = (1 =Yy )(1 = Yiyr) log[®2(pss, pijr; pijsr)]
+(1 = Y35) Yij log[®1(piz) — Paluijs ijrs pijyr)]
+Yi5(1 — Yigr) log[ @ (pijr) — @alhigs pigi; pijsr)]

+Y3;Yi5 log[l — @1 (pis) — r(piyr) + Palpijs tijr; pijjr)]
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The estimating equations for a are:

Z(X§2)),gQBCL(Yi;Mi, p;) =0

)

where

Olo(Yi, Yiirs tiiy thidt s Piist _ .
gQBCL(Yi§Ni,Pi) _ ( ( i z]a ijs Hij's Pijs )’ j >Jl)
Pijj'

(—1)Y954 o (i, pijr; pigir) i
Ly (Y, Yigrs thag, pijes pigy)

The Godambe information matrix for B is given by (3.12) where

_gd8uct(Ys, 1) 0A; Wi _ oo [P0
Al = 2 = —E——(Yi ~v;) + Aj7— = diag | —
i ou; op; " Y o o}

and Q"' = Cov(gucr(Ys, 1)) = AiCov(Y,)A,.

3. CL2 method

To estimate both 3 and a based on the weighted BCL, the estimating functions are:

ol (Y; 1 Oy (Y, Y
Yicr2 = Z —1;(6 1)+ Z k-——lz 2(676 )

{iski=1} {iki>1} " §>j
1-Y; 1-Y,.
{ik;=1} 8ﬂ q)“ 1 — % ) i€{iki>1} ki—1 6’6 #J Lz(Y”’Yij')

1 812(}/;']',Yij’)
Yoor2 = Z k-—lz 7

(izk;=1} >3

_ Z 1 Opijy (=1) ity i o (Mij» Bij'; Pigs)

- ; — Y
{i:kizl} kz 1 j>j’ aa L (Y';]7},’L] )

where ®;; = ®(u;1) and &;); = @ Hig! — Pij' Hig

4.2.2 Efficiency Comparison

In the first part of the comparison, we focus on the efficiency of Bcr1, since in the previous section,

we observed that the efficiency is strongly affected by the within-family dependence. In the second




part we focus on comparing the efficiencies of all parameter estimators from the CL1, CL1 with
optimal weights (WCL1) and CL2 methods.

The AREs need to be evaluated from the information matrices which depend on the values of
the covariates and their coefficients. In our comparison, we considered one covariate and simulated
the values of the covariate from a uniform distribution on (—1,1). These values are independent
both within a family and among families. The efficiency is compared at different levels of Gy and
B1 which are listed in Table 4.2 along with the corresponding range of Pr(Y = 1). Only positive

values of B8 were investigated; by symmetry, the results can be extended to negative values.

| Bo [B] Pr(Y=1) ]
0 0 0.50
0 1 | 0.159 ~ 0.841
0 2 10.023 ~0.977
0671 0 0.749
0.67 | 1 |0.371 ~0.953

0.67 | 2 | 0.092 ~ 0.996

165 | 0 0.951
1.65 0.742 ~ 0.996
1.65 | 2 | 0.363 ~ 1.000

[y

Table 4.2: Range of Pr(Y = 1) for each combination of Gy and £, (MVP model).

Efficiency of BCLI
To gain some understanding of how the performance of the estimators is affected by the
degree of dependence, we consider the bivariate case; that is, the family size k; = 2 for all families.
We generated z values for 1000 families. The efficiency of ,Bo,cm and ,Bl,CLg was evaluated
at the nine combinations of §y and ; when p varied in the range (-1, 1].' The results are plotted
in Figure 4.8. As expected, the efficiency of ,Bo,cm is only slightly affected by p. For positive p,
ARE

bo.crn is generally above 0.9. The efficiency of Bl,cm is affected more by p. In all the cases,

the stronger the dependence among Z;, the less efficient is BI,CLl- When 8; = 0 and p; is close 1,

AREB is close to 0.
1,CL1
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Next we will have a closer look at the worst scenario: Z’s are perfectly dependent within
family and 1 = 0. The family size is not restricted.
When 81 = 0, then p;; = §p for all j. Perfect dependence then implies Z;; = Z;p = --- =
Zik;- As aresult, ;1 = Yjp = --- = Yj;,. By the ML method, (; can be estimated without error.
The MLE of Sy is fo,mre = 2 1Y), where ¥ = 3. ¥i1 /n. Let 02 = Var(Y;1) = ®(80)(1 — ®(5o))
and § = 0%/¢*(Bo). Then Var(fo,mLE) = 8/n. For Bey,,
1p,,, =28 (1) _ 6 b 2yt
~Diu = nZ(Xi )X =
| l Zij Tij Zij x%j

) ik 235 ki

~My1 = %gxgvmxgv =4
b Y kim0 i)?
Suppose z is centred, ie., > ,;%;; = 0. Then Var(Bo,cr1) = 63 ;k2/(3; ki)2. When
k; is constant across all families, Var(Bo,CLl) = §/n — the same as Var(Bo,MLE). Meanwhile,
Var(By,cr1) = 6 34(X; 7i5)2/ (X 2%)?. Since there is no estimation error in the MLE, the efficiency
of B, is zero.

As shown in Figure 4.8, when ) # 0, the efficiency is no longer zero since the MLE is also

subject to estimating error.

Comparison of CL1, WCL1 and CL2 Estimates
a. Exchangeable

In the following comparisons, efficiency was computed under the first four combinations of
Bo and B; in Table 4.2. For each combination, p varies from 0 to 0.90. The other combinations
of By and (; are not included since in those cases the numerical results are not reliable when p
exceeds a certain level. .

The z values of 500 families were generated for each simulation with family size being
randomly generated from 1 to 4 (the number of families of each size is 141, 139, 105 and 115,

respectively).
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The results are plotted in Figure 4.9 and Figure 4.10. The following patterns are observed:

1. The efficiency of the weighted CL1 estimator is always close to 1 under all the conditions and

for all three parameters.

2. The CL2 estimators of By and (; are better than the CL1 estimators. The improvement of

BLC’LQ is substantial when p is close to 1 and 3; is close to 0.
3. pcr2 loses efficiency when p is close to 0 and 3 is close to 1.

Recall that in the MVN model, ARE(BO,CM) = ARE(BO,CM) for the exchangeable case. However,
in the MVP model, ARE(BO’CLQ) is larger than ARE(BO,CM). If we compare the efficiency loss of
BO,CLl in the MVP model to that in the MVN model, we find that there is more efficiency loss in
the MVN model.
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b. Type-3 family

Again, 500 families were generated. In each family,’ the number of offspring was randomly
generated from 1 to 3; there were 165 families with one offspring, 163 with two and 172 with three.
The same four combinations for fy and 8; were considered. In the first case, the parent-offspring
correlation p; was fixed at 0.3 and the sib-sib correlation ps varied from 0 to 0.9. The efficiency of
the four parameters was plotted in Figure 4.11 and Figure 4.12. In the second case, p; was set at
0.6 and p2 was varied from 0.3 to 0.9. The results are in Figure 4.13 and Figure 4.14.

The patterns for the efficiency of estimation of Gy and 3, are the same as in the exchangeable
case. BI,CLI lost more efficiency when p; = 0.6 than when p; = 0.3. All three estimators of p; are

highly efficient. The efficiency of p2 ¢z is relatively low when the dependence is weak.

4.2.3 Conclusion

For the MVP model, we observe patterns similar to those seen in the case of the MVN model. As
familial dependence increases, Bl,CLl loses efficiency, while BLCLQ is generally more efficient. The
CL2 estimator of the dependence parameters loses efficiency when the dependence is weak.

Unlike the MVN, for the MVP model the efficiency is affected by the magnitude of 3. The
effect on the CL2 and weighted CL1 methods is rather small, but is greater for the CL1 estimators.
In general, at a fixed dependence level, the efficiencies of the CL1 estimators are relatively higher
when (3 is far enough from 0 so that a change in z causes a notable change in the marginal

probability.

4.3 Count Response: Multivariate Poisson-Lognormal Mixture

Model

The model is defined in Section 2.3.1 with pmf given in (2.11). In this model, 8; = (8,0?), 82 =

i = (pf,02) and v, = (pijr,d > §).

4.3.1 ML and CL estimating functions

ML
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The score functions are

)=2_ Z Z PY =) /HPr = yilAi =€ )(%’Z) O(27i) ;.

0
it yi;=0 Yik, = i

Z(a%) Z Z Pr /HPr = y;|A; = €% )—ngk(z 7‘)d Z.

0v;

Let m(yi;v;(0)) = Pr(Y; = y).

CL1 and CL2

The univariate marginal likelihood function of Yj; is
L(Ys5) = log/Pr(Yij = yijlAij = €%9) 1 (2555 pij» 07 )dzs
and the bivariate marginal likelihood function of Y;; and Y;; is
l2(Yij, Yijr) =
log // Pr(Y;; = yi|Aij = €9) Pr(Yijy = yijr|Aijr = €59' )olzijy 2igrs tigs igy 02, Pijyr)-d2iid2igr

The CL1 and CL2 estimating functions are formed as described in Section 3.2.2 and Section 3.2.3.

4.3.2 Efficiency Comparison

Since the calculation of the information matrices is difficult to carry out, the efficiency comparison
is conducted by simulations. We considered the exchangeable dependence structure.

In each simulation we generated 2,000 samples each containing 3,000 families. The family
sizes were randomly generated from 1 to 4. To reduce the computing time, we use a discrete
covariate which was randomly generated with value —1, 0 or 1.

We first fixed B; = 0.5, 02 = 0.25. We chose three different levels of Sy = —1,0 and 1. For
Bo = —1, the count variable is close to a binary variable — around 90% of the counts are 0 or 1. As
By increases, the count variable becomes closer to a continuous random variable. At each level of
Bo, we conducted three simulations with the correlation between the latent variables, p, set at 0.2,
0.5 and 0.8, respectively. The AREs are reported in Table 4.3. The mean and variance reported

in the table are calculated at x;; = 0; p* is Corr(Y;;, Y;;/) with z;; = ;7 = 0. In some cases, the
J YEREY] J J

ARE is slightly over 1 due to simulation noise.




CL1 CL2

p | p* Bo B o p Bo B o’ p
Bo — — 0.2]0.019 | 1.002 1.002 1.002 0.997 || 1.001 1.002 1.001 0.876
mean: 0.417 | 0.5 | 0.050 | 0.997 0.990 0.999 0.997 || 0.997 0.996 1.001 0.938
variance: 0.466 | 0.8 | 0.083 | 0.952 0.986 0.907 0.989 || 0.984 0.995 0.976 0.954
Bo=0 0.2]0.044 | 0.998 0.992 1.006 1.003 || 0.998 0.997 1.002 0.875
mean: 1.133 | 0.5 | 0.114 | 0.982 0.966 0.985 0.982 || 0.988 0.989 0.994 0.912
variance: 1.498 | 0.8 | 0.190 | 0.982 0.927 0.973 0.968 || 0.994 0.981 0.995 0.959
Go = 1 0.2]0.084 | 1.000 0.987 0.999 0.992 || 0.998 0.996 1.001 0.908
mean: 3.080 | 0.5 | 0.219 | 0.984 0.924 0.966 0.972 || 0.989 0.984 0.985 0.933
variance: 5.775 | 0.8 | 0.364 | 0.956 0.830 0.927 0.936 || 0.980 0.971 0.977 0.943

Table 4.3: ARE of the CL1 and CL2 estimators for the exchangeable case at different levels of §;
and p (MPLN model).

At all levels of (g, the efficiency of Bl,CLl decreases as p increases and the efficiency loss
increases with (Gy. The efficiency of c”% 11 is relatively low when p = 0.8. BI,CLQ' is more efficient
than BI,C 11 and less affected by p and G;. The eﬁiciéncy of po Lg is lower than pcr except for the
last case, §p = 1 and p = 0.8 and that could be due to simulation noise. Also we see that p* is
small for all the other cases. This is consistent with the MVN and the MVP models, in which pcr2
also tends to be less efficient when the familial dependence is weak. '

When o2 increases, the counts become more and more overdispersed relative to the Poisson
distribution. We aiso did simulations to investigate how this affects the estimates. In these simu-
lations, we fixed By = 0, B = 0.5, p = 0.5, and three different level of o were chosen: 0.1, 0.25
and 1. The AREs are reported in Table 4.4. Even though p is fixed, as o2 increases, p* increases

2 increases. As the

and Bl,cm becomes less efficient. The estimator &% 1, also loses efficiency as o
CL1 method tends to lose efficiency as dependence is high, we also did a simulation with ¢ = 1
and p = 0.8 to get an idea of how much worse the estimate can be. The results are also reported in
Table 4.4. In this case, the efficiencies of [3’1,0 1 and &% 1, are much lower than the corresponding
estimates from CL2. Moreover, the CL2 method provides a better estimate of p as well.

We also conducted simulations with By = 0, 02 = 0.25, p = 0.5, and different levels of f;.

There is very little change in the efficiencies of all the parameters, and therefore the results are not

tabulated here.
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CL1 CL2
02 | Mean | Variance | p* Bo o o? 0 Bo b1 o? p
p=0.5
0.10 | 1.051 1.167 [ 0.049 | 1.0021 0.992 1.001 0.998 || 1.009 0.996 1.001 0.913
0.25 | 1.133 1.498 0.114 | 0.997 0.990 0.999 0.997 || 0.997 0.996 1.001 0.938
1.00 | 1.649 6.319 0.279 | 0.955 0.852 0.896 0.940 || 0.977 0.972 0.989 0.949
p=0.8
1.00 | 0.527 l 1.649 | .632 | 0.895 0.673 0.809 0.932 || 0.955 0.954 0.953 0.963

Table 4.4: ARE of the CL1 and CL2 estimators for the exchangeable case at different levels of o2
and p (MVPL model).

In conclusion, both By and o2 affect the efficiency of the CL1 estimates, especially ,5’1,CL1.

Once again, we observed (1) efficiency loss of 3 ¢r1 when the dependence is strong; (2) the CL2

method is less efficient than the CL1 method for the dependence parameters when the dependence

is weak.

4.4 Survival Data Subject to Right Censoring: Multivariate Log-

normal Model

The goal of this section is to gain some knowledge on how the CL1 or CL2 estimates are affected by
the presence of censoring. Let us consider failure times with a multivariate lognormal distribution
subject to right censoring. The model is described in Section 2.4.1. The weighted CL1 method is
not considered in this section since the optimal weights are difficult to compute in the presence of
censoring.

When censoring is present, the asymptotic variances of the estimates generally depend on
the censoring mechanism. For the case of random censoring, these depend on the distribution of the
censoring time C. Moreover, the information matrices are difficult to derive even when a censoring
distribution is specified. For this reason, a simulation study was conducted to assess the efficiency.

In the simulation study, we consider an exchangeable dependence structure among failure
times within a family. The marginal distribution of log(T};) is normal with mean p;; = By + frizij

2

and variance 0. The value of z;; was generated from uniform (—1,1). For convenience, the

distribution of the log censoring time, log(Cj;), is also chosen as normal with parameters u. and
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plr

CL1

CL2

Bo

b

)

P

Bo

S

o2

p

01| 0

0.2
0.5
0.8

0.996
0.995
0.994
0.998

0.985
0.984
0.988
0.994

1.000
0.999
0.996
0.999

0.991
0.997
0.992
0.996

0.998
0.996
0.995
1.000

0.997
0.995
0.996
0.999

1.000
1.000
0.999
1.000

0.913
0.889
0.876
0.884

04] 0
0.2
0.5
0.8

0.937
0.945
0.945
0.962

0.788
0.807
0.842
0.906

0.979
0.980
0.973
0.976

0.957
0.946
0.936
0.943

0.960
0.974
0.978
0.986

0.968
0.970
0.969
0.977

0.987
0.993
0.992
0.993

0.967
0.964
0.928
0.903

071 0
0.2
0.5
0.8

0.885
0.882
0.874
0.894

0.447
0.480
0.547
0.677

0.924
0.909
0.902
0.905

0.916
0.908
0.891
0.887

0.942
0.944
0.949
0.964

0.958
0.949
0.945
0.939

0.961
0.961
0.966
0.966

0.957
0.952
0.922
0.898

091 0
0.2
0.5
0.8

0.846
0.841
0.840
0.871

0.160
0.183
0.239
0.353

0.863
0.845
0.839
0.867

0.885
0.876
0.869
0.889

0.924
0.926
0.943
0.982

0.966
0.947
0.932
0.913

0.934
0.937
0.949
0.976

0.943
0.940
0.925
0.919

Table 4.5: ARE of the CL1 and CL2 estimators for the exchangeable case with family size varying
from 1 to 4 (MVN model with right censoring).

o2 C;; is independent from T;; and independent both within and between families. By varying p.,
we can achieve the desired censoring rate. Suppose r is the target censoring rate. We choose .
such that Pr(C;; < Ty) = r, where log(Tp) ~ N (o, 0.2). In each generated sample, the censoring
rate fluctuates around r, but the average is close enough to r.

In each simulation we generated 5,000 samples each containing 2,000 families. The family
size was randomly generated from 1 to 4. We fixed By = 1, §; = 1 and 02 = 4 since they have 1ittl§3
impact on the efficiency. The censoring rate r was chosen at four different levels: 0, 0.2, 0.4 and
0.8. The case of r = 0 was also considered for the purpose of comparison. Four levels of dependence
were considered: p = 0.1, 0.4, 0.7 and 0.9. The AREs are shown in Table 4.5.

The following is a summary of the simulation results:
1. The CL1 method:

(a) Regardless of the degree of censoring, Bl,CLl loses efficiency as p increases. However, the

loss of efficiency becomes less when r increases.
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(b) The efficiency of other parameters is generally high and not much affected by the cen-

soring rate, especially when p is small. When p is relatively large, there is a decreasing

trend in ARE&zC ., and ARE;

pcLL®

2. The CL2 method:

(a) The estimator pcre loses efficiency when p is close to 0 and, among the four parameters,
it is also the most affected by the censoring rate. Its efficiency decreases with r, especially

when p = 0.4 or 0.7.

(b) The other parameters are not much affected by the censoring rate. The performance of
B1cr2 is satisfactory. We observed an increasing trend in ARE Bo.cra and ARE&% L0 and

a decreasing trend in AREB when p = 0.7 or 0.9.
1,CL2 .

4.5 Conclusion

From the different models and dependence structures investigated in this chapter, we obtained

similar results. The following is a summary of the main patterns for relative efficiency.

1. Regression parameters: the CL1 method is easily affected by the following factors. (1) de-
pendence: it tends to lose more efficiency when dependence becomes stronger. The efficiency
can be 0 in certain extreme cases. (2) data type: there is mbre efficiency loss for continuous
responses than discrete responses. (3) censoring rate: when right censoring occurs, there is
less efficiency loss when the censoring rate increases. (4) family size: the efficiency decreases
with the average family size. The CL2 method is less affected by these factors. The efficiency
of the CL2 estimate is close to 1 most of the time and generally better than that of the CL1

estimate.
2. Other univariate parameters: both methods are reasonable.

3. Dependence parameters: the CL2 method is generally better for stronger dependence, even

though exceptions can occur; the CL1 method is better for weaker dependence.

4. Effect of family size: the efficiency of all the parameters is negatively associated with the

mean and relative dispersion of family size (measured by the variance-mean ratio).
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We make a few final remarks about these two approaches. They are not limited to familial
data. We can apply them to other correlated data. We recommend the CL2 method when the
initial data analysis suggests a strong dependence. It generally provides better estimation for all
the parameters, especially the regression parameters. However, it is numerically more difficult to
implement since computation increases when the total number of parameters increases. Therefore

we recommend the CL1 method when the initial data analysis suggests a weak dependence.
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Chapter 5

Inferences for Log Odds Ratio with
Dependent Pairs

This chapter is motivated by an association study of clinical features on NF1 patients (see Szudek
et al. (2000)). The objective of the study is to quantify the association between the occurrence of
the same clinical feature in relatives affected with NF1. Two associations are of special interest
in the study: interclass association, i.e., association between parent and offspring. (2) intraclass
association, i.e., association between siblings. As mentioned in an earlier chapter, comparing the
strength of these two types of associations may help to reveal characteristics that separate familial
and non-familial factors.

For continuous variables with a multivariate normal distribution, the intraclass and interclass
correlations are used to measure the sib-sib and parent-offspring associations. For a binary response,
we study the intraclass and interclass (log) odds ratios as analogies of the intraclass and interclass
correlations.

Let X and Y be the indicators of the occurrence of a feature for a parent and an offspring,
respectively. If the feature is present, i.e., the individual is affected, the indicator equals 1. Then
there are four possible outcomes: (1, 1), (1, 0), (0, 1), and (0, 0). Suppose the probabilities

associated with the four outcomes are P = (Py, P», P3, P4)’. The interclass odds ratio is

= PPy
P PPy

The intraclass odds ratio, rs, is defined in a similar way.
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If we have a random sample of n independent parent and offspring pairs, (X;,Y;), ¢ =
1,...,n, and these pairs are identically distributed Bernoulli random variables. We can form a
2 x 2 table with counts, O1, Oz, O3 and Oy, of the four outcomes (1, 1), (1, 0), (0, 1), and (0, 0)
(Table 5.1). The odds ratio can be estimated by |

7

0104
0205’

7=

(5.1)

and the log odds ratio, v = log[(PyPy)/(P2Ps)], can be estimated by 4 = log(#). Based on the
i.i.d. assumption, the counts in the 2 x 2 table can be considered as a random sample from the

multinomial (n; P) distribution. As a result, the asymptotic variance of ¥ is =1}, 1/P,.

Offspring
1 0
Parent 1 01 O
0 O3 Oy

Table 5.1: Contingency table formed by independent parent-offspring pairs

In NF1 association study, the sample units are not independent relative p;%irs. For the
interclass odds ratio, the data contain families with one NF1 parent and at least one NF1 offspring.
The odds ratio was estimated based on a contiﬁgency table formed by all possible parent-offspring
pairs. For the intraclass odds ratio, the data contain families with at least two NF1 siblings. The
odds ratio was estimated based on a contingency table formed by all possible sibling pairs.

In this case, pairs in the contingency table are not independent. Firstly, family members
are dependent if there exists a familial association; secondly, the same individual appears in more
than one pair when the family size is larger than two. Assuming exchangeability within a family
and closure of multivariate binary distribution under margins, O;/N, where N is the total number
of pairs, is an unbiased estimate of P;, [ = 1 to 4. Therefore, the cross-product ratio of the table is
still a valid point estimate of the odds ratio. However, the dependence among pairs will affect the
variance of the estimators and this has to be taken into consideration.

The idea of forming a 2 x 2 contingency table by all possible relative pairs has been used by
Hunt et al. (1988) to test familial aggregation for families of a fixed size. (Familial aggregation is a
terminology commonly used in the literature referring to the resemblance among family members.)

The test is based on the standard x? statistic generated from the contingency table. He showed that
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the standard x? statistic is appropriate for intraclass aggregation despite the dependence among
the pairs. For interclass aggregation, an adjustment based on the affected rate and the intraclass
aggregation is needed. However, Hunt did not consider to estimate of the intraclass/interclass odds
ratio and provide an appropriate standard error for the estimate.

In this chapter, we derive the asymptotic variance of the estimators based on such a con-
tingency table and then compare their efficiency with the MLE from a parametric model. The rest
of .this chapter is organized as follows. In Section 5.1, we first derive the asymptotic variance of
the estimator of the interclass log odds ratio and write it in a form that allows an interpretation
of its magnitude as a function of the degree of association among siblings conditional on their
parents. The method is derived for both Type-4 families, i.e., families containing two parents and
multiple offspring, and Type-3 families, i.e., families containing one parent and multiple offspring.
The latter is discussed as a special case. Then we propose estimation of the asymptotic variance
of the estimator followed by an efficiency comparison of the proposed estimator with the MLE
generated from a parametric model. We find that except for very strong dependence, the efficiency
of our estimator is generally above 0.85. In Section 5.2, we consider estimating the intraclass log
odds ratio based on all sibling pairs. Since the simple estimator tends to emphasize large families
disproportionately, weights are considered to improve the efficiency. We then propose a method
to evaluate the asymptotic variance and compare the efficiencies of the unweighted and weighted
estimators with the MLE based on a parametric model. Two applications of these methods will be

given later in Section 6.1.

5.1 Interclass Odds Ratio

Assume a random sample of n families. Let k;; (= 1 or 2) be the number of parents and k;s be the
number of offspring in the ith family. Let X; = (X;;,,71 = 1,...,k;1) be the vector of indicators for
the parents in family ¢ and Y; = (Y¥j;,,752 = 1,..., ki2) be the vector corresponding to the offspring.

Within a family, the parents and the offspring are considered as two classes. We assume
that the individuals belonging to the same class are exchangeable. We also assume closure under

margins. That is, there is a probability distribution, p(x,y; k1, k2) closed under margins, such that

Pr(xz =X, Y; = y) = PI‘(X, = X*aY’i = y*) = p(x7 Y; kil’ k12)
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where x* and y* are arbitrary permutations of x and y, respectively. This guarantees a common
intraclass odds ratio for different families:

P1P4 (1,1,1’1)p(0a0a1a1)
P2P3 (laOalal)p(Oalal,l)

Ypo =

5.1.1 Estimator of v,

We pair each parent with each of his/her offspring and then form a contingency table based on all
the pairs as in Table 5.1. We estimate the interclass odds ratio using the cross-product ratio of the
counts O1, 0o, O3 and O4. The .estimator is denoted by 7,,. The log odds ratio is estimated by
Ypo = 108 Tpo.

Since the probability that a pair falls in cell [, [ =1...,4is P for all the pairs, the expected
value of O, is E(O,) = NP, where NN is the total number of parent-offspring pairs. Therefore O;/N

is an unbiased estimate of P;. As a result, 7, is asymptotically unbiased.

5.1.2 Asymptotic Variance of 4,

General

Since 4y, is a function of O = (01, 02,03,04)", we first obtain Var(O), then use the
Delta method to obtain the asymptotic variance of 4y,. Clearly the distribution of O is no longer
multinomial since the pairs contributed by the same family are not independent due to the intraclass
dependence and repeated use of the same individual in multiple pairs.

Let O; = (Oy,1 = 1,...,4), be the counts in the confingency table contributed by the :th
family. The number of parent-offspring pairs formed by the ith family is N; = k;1ki2. Let I, -(l-) be
the indicator that the jth pair contributed by the ith family falls in cell I. Then O; = ZN i 19,

J=1745 °
The variance of €2; is

N;
Var(0;) = ZVar(I(l) )+ ZCOV ZJZ),IZ(J[)
' e
= NiR(1-R)+b(P - PP,

where b; = N;(N; — 1) and P” is the probability that pairs j and j' both fall in cell . The
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covariance between Oy and Oy, [ # m, is

N;

Cov(Oil,Oim) = Cov(zfi(;)’ivil_i(?))
; =

1

= —N:PPn+b(PY - PP,),

- where Pl(;z) is the probability that pairs j and j’ fall in cells [ and m respectively. Since the two

pairs are symmetric, PY = P(zl).

im m
Next we derive Pl(:n), I,m=1,...,4. If we randomly choose two distinct pairs from all the

possible pairs within a family, there are three types of combinations:

type I: two pairs containing the same parent and different offspring. This occurs with probability

o, _ Fakio(kio —1) _ ki — 1
N1 N-1

type II: two pairs containing the same offspring and different parents. This occurs with probability

HONS kioka(ka—1) ka—1 ) 0 ki =1,
= = =
N@N=1) - M=l | ke -1 ka=%

type III: two pairs containing no common individuals. This occurs with probability

@

aprp =1~ agi) o

- O,II.

For families with one parent, agi) =1, agil) = a?}, = (; for families with two parents, ay) = a(;}j =
(kig — 1)/ (2kiz — 1), o) = 1/(2ks — 1).
Let Pyp|q be the probability that two distinct pairs fall in cells ! and m given that the pair

set is of type d, d = I, 1I or III. Then

P =30 Punja
d
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The variance and covariance of O can be easily obtained based on the above results for O;.

Since O; = Y, Oy and families are independent, we have

Var(O) = NR(1-B)+ Y b(P{ - BY) | (5.2)
=1 ’
Cov(0;,0n) = —NPP,+ Z b(PY — PPy), forl#m. (5.3)
=1
As o
Ypo = log %, (5.4)

where P, = Oy /N, by the Delta method, the asymptotic variance of 4 is given by:

0 5\ 0Ypo 1 Apo po
2 _ 9po po 1 Op p
o = 5P Cov(P) 3P~ N2 oGP Cov(0) 5P

since Cov(P) = Cov(0Q)/N2. As

Opo (L 1 1 1Y
BP’_ Pl, P2’ P3,P4 ’

algebraic simplification leads to the following result:

Result 5.1 The asymptotic variance of the interclass log odds ratio estimator given in (5.4) is
4 (?)
1 P,
2 ll
ot = — N2 E b; ( E

= —-0(2) + = Z Baug, ’ (5'5)

P(’) N opy) 2Pl 2Pf) 2pP() 2P}
" BE " BP PR PP BE  BP

where o3 = Z?:l P Bi=Y, b,-a((ii)/N and

4
Pyjq

2

2Pyq + 2Py3jq  2P1gjg  2P13la 2Ppa 2P
PPy PPy PP PP PP, PP’

Vd =

d=1,1I and III.

In the above result, the term 02 /N is the asymptotic variance given by N independent pairs.
Next, we show that there is an easy interpretation of vy and vy;. When d = I, the same
parent is in both pairs. Therefore, Py, ; = 0 when ! = 1,2 and m = 3,4 or when | = 3,4 and

m = 1,2. Hence
vr = Z Pu|1 P1'2|I B 2P34|I
P1P2 PP

(5.7)
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Let

(
1 ifl=2,
o = fur _ Fur po{? =1 (5.8)
B R 3 ifl=4 '
4 ifl=3
\

Then vy can be written as Z?zl c/P,.
Let X be the indicator of a parent, and Y1, Y2 be those of two offspring. We write py,|, =
Pr(Y; = y;|X = z) and py, .1z = Pr(Y1 = 41,Y2 = 42| X = z), for 2,5, = 0 or 1. Then

Poy  PrX=1LY1=1LY,=1) puj
P Pr(X =1,Y, =1) py
Puojr _ Pf(X =1, Y =1Y,=0) pop _ P1yp—Pup
By Pr(X Y, =0) Pop 1—pip
It follows that "
Pu1 _p1|1
€ = —————
pin(l —py1)

which is the conditional correlation coefficient of Y7 and Y given X = 1. It can be shown that
¢1 = c2. By symmetry, c3 = ¢4 is the conditional correlation coefficient of Y; and Y; given X = 0. -
This indicates that the magnitude of v; depends on the degree of conditional association

between the siblings given the status of one of the parents. In general

< 0 if the siblings are conditionally negatively dependent,
Ur 4 =0 if the siblings are conditionally independent,

>0 if the sibfings are conditionally positively dependent.
Since |¢| < 1, |ur| < 0(2,. Moreover, vy can be simplified as

1, 1), (1,1
v=alptE ‘AR TER)

Likewise, vrr depends on the degree of conditional correlation between the two parents given

the value of one of their offspring and can be rewritten as

’UII—_—CI. = 1 +c i+L
1 P1 P3 4 P2 P4
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where Cll = Pll]II/Pl - P13]II/P3 and Ca = P44|[[/P4 - P24|II/P2'

Unfortunately, there is no such intuitive interpretation for vyy;.

For a special case of no interclass or intraclass dependence, vy = 0 and vy; = 0 since the
conditional correlations, ¢i, ¢4, ¢] and ¢}, are equal to 0. Under independence, Pinja = PiPp, and

therefore vrrr = 0 as well. This leads to 02 = 0(2, /N.

Type-3 Family
If the sample contains only Type-3 families, that is k;; = 1 for all ¢, agil) = agiI)I = (. Then

we have the following result:

Result 5.2 When k;; =1 for all 1, the asymptotic variance of o is
o? = (6% + Brvy)/N,

with N =3 1 kio and By = Y 1 kia(kip — 1)/N.

Particularly, when the family size is constant, i.e., ko = k, 0% = (08 + (k — 1)vr)/N. When family
size varies, By can be written in terms of the sample mean (M) and variance (V = Y (kio — M)?/n)
of kjo: By =V/M + (M —1).

In general, the variance of 4,, increases when either c¢; or cs becomes larger. Now we
consider two cases: (1) the offspring are independent conditional on the status of the parent, and
(2) the offspring are perfectly dependent conditional on the status of the parent. In the first case,

2 = ¢g3/N. Therefore, when conditional independence occurs,

c1 =c4 =0, and vy = 0. Hence ¢
the resulting asymptotic variance is the same as having N independent pairs. In the second case,
c1 = c4 =1 and 62 = (By+1)03 /N since v; = 02 in this case. So when perfect dependence occurs,
if the family size is constant, ‘ |

0% = kol /N = ol /n.

As would be expected in this case, it is the variance achieved considering only one offspring from

each family. If the family size is not a constant,

BI+1>1
N n’

The estimate is less efficient than considering only one offspring in each family.

115




5.1.3 Methods to Estimate the Asymptotic Variance of ¥,, in (5.5)

First consider data with Type-4 families. To calculate the asymptotic variances of 4,,, we need
to know Py, 4, which can be derived from the joint probabilities of two parents and two offspring.
A natural way to estimate these joint probabilities is to use all the possible parent-offspring sets
containing two parents and two offsprings. The sample proportion of counts corresponding to one
outcome can be used as the estimate of the probability of that outcome.

If the dataset is formed by Type-3 families, instead of estimating the P, 4, we estimate the
conditional correlations ¢; and c4 in (5.8). In this case, the ANOVA estimator for unbalanced data
can be borrowed for our use. To estimate c1, we construct an ANOVA table by all siblings whose
parent is affected. Suppose there are n; families with affected parent and a total number of N;
siblings from these families. Let ¥; = Zj Y;i;/k; for i € I} and }=’1 = Nl"1 zieh Zj Yi;, where I is
the set of indices of families with affected parent. The sum of squares within and between families

are:

SSE =YY (¥; - ¥))?

il j

SSB =Y ki(¥; - 1).
i€l
The corresponding mean squares are MSE = SSE/(N; —n;) and MSB = SSB/(n; — 1). From

the expected sum of squares (Searle et al., 1992),

(ﬁl —1)(MSB — MSE)
Zieh ki?(l - ki2/N1)

is an unbiased estimate of Cov(Y;;,Y;;), for ¢ € Iy, and &% + MSFE is an unbiased estimate of

6% =

Var(Y;;) for i € I,. The above results only depend on the moments of the distribution. Then an

estimate of c; is given by
~2
9B

é = m.
In a similar way, ¢4 can be estimated based the ANOVA table formed by all siblings whose parent is
unaffected. The ANOVA approach can be inefficient when ¢; and ¢4 is close to 1. The combination
estimator proposed by Srivastava (1993) may be considered.

An alternative approach to estimate the variance of 4y, is to use the jackknife method with

one family or one block of families removed at a time.
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5.1.4 Asymptotic Relative Efficiency of 4,,

Asymptotic Variance of the MLE

To compare the efficiency based on a parametric model, we need the asymptotic variance of
the ML estimate of yp,. Let p(x,y; k1, k2; 8) be a multivariate binary distribution with k1, ks being
the dimension of the two classes. We assume that it is exchangeable in x and in y, and is closed

under margins. Then

7})0(0) = logp(]-’ 17 17 17 0) + logp(07 O; ]-a 1; 0) - logp(lyoa 17 1; 0) - 1ng(0, 1) la 1; 0)

~

Let 8 be-the MLE and V, be the asymptotic covariance matrix of n'/2(@ — ), i.e., the inverse of

Fisher’s information F. Then the asymptotic variance of n!/2[y(8) — v(0)] is

97y, 9

08' 906’

If the proportion of families with sizes k1, ko is (asymptotically) gg, x, for k1 = 1,2, ko =1,..., M,

then Fisher’s information matrix is given by

2 M
Op(x,y; k1, ko; 0) Op(x,y; k1, ka2; 0)
F= Z Z Gk k2 Z Z 20 60} 2 /p(x,y; ki, ko;8).
k1=1ky=1 x€{0,1}*1 ye{0,1}*2

Results

We compare the efficiency with specific computations from the multivariate binary beta-
binomial and multivariate probit models for Type-3 families. In our comparisons, we set the
number of siblings in a family varying from 1 to 4 with the same frequency for each size. This is
reasonable because most families contains no more than 4 offspring. If we change the maximum

family size, it will not change the general patterns addressed below.

(a) The relative efficiency is typically above 0.85.
{b) The relative efficiency decreases as the dependence becomes strong.

(c) The relative efficiency tends to decrease as the variance-mean ratio of family size increases.

We first show the comparison based on the multivariate binary beta-binomial distribution.

Suppose the probability of the presence of the binary trait among parents is 7, and that given the
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086 09 094 0881

- Figure 5.1: ARE of 4, based on a multivariate binary beta-binomial model when a3 = Gy =

o,09 =1 = '

parent’s state, X; = I, I = 0 or 1, (the subscript j; is omitted since there is only one parent per
family), the joint conditional distribution of Y; is a multivariate binary beta-binomial distribution

with parameters (o, ,81).’ The conditional pmf of Y is

Blay + vy; , +k—v
Pr(Y =y|X;=1) = (er ?;-E_Oqﬁlﬁl) yz+),

where B( -, - ) is the Beta function and y; = 3" y;. The interclass odds ratio is (@150)/(0/81)

In general, the efficiency depends on 7, and the conditional correlation between offspring,
which is given by 1/(ar + Br +1). As a simple case, we set a; =8y = o and oy = 1 = 3 so that
the conditional correlation among siblings given X; = 1 is the same as that given X; = 0, and is‘
equal to 1/(a+ B -+1). In this case, the efficiency is not affected by the value of 7 by the symmetry
of the conditional distribution. For this reason we set m = 0.5 for the calculation.

The efficiency of 4y, is plotted in Figure 5.1. When both a and 3 are small, i.e. the siblings

.are strongly correlated, the efficiency is relatively low. But even when the correlation is almost 1,

it is still above 0.85.

We next show the comparison based on the multivariate Probit model. Let Z;,; be the
latent variable of the parent and Z;;, j = 1,...,k;, be those of the offspring. Let y3 = EZ;y and
ue = EZ;;, 5 > 0, and py, p2 be the parent-offspring and sib-sib correlations between the latent

variables.
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Figure 5.2: ARE of 4,, based on the multivariate Probit model.

We calculate the efficiency at different combinations of the means and different levels of
p1 and ps. The results are displayed in Figure 5.2. In order to make the results comparable at
different levels of p;, the efficiency is plotted against the conditional sib-sib correlation ps. The
efficiencies based on this multivariate Probit model are similar to those based on the multivariate
binary beta-binomial model.

If we change the distribution of family sizes, the efficiency of the estimator exhibits the same .
general patterns but with different magnitudes. We find that the efficiency tends to be lower when
the variation of the family size is large compared with the mean family size. We illustrate this
pattern by a comparison based on the multivariate binary beta-binomial model. The results are
shown in Figure 5.3, in which each point corresponds to the efficiency associated with a particular
distribution of family size. In all cases, the number of offspring in a family is set to be 1, 2, 3 or 4
but with a randomly generated frequency. The efficiencies are calculated based on a multivariate

binary beta-binomial model with oy =2, 81 =1, =1, g =2, 7 =0.5.
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Figure 5.3: Efficiency of 4,, versus the variance-mean ratio (V/M) of family size

5.2 Intraclass Odds Ratio

Consider a random sample of n families, each containing a varying number of siblings. Let k; be
the number of siblings in the ithbfamily and Y; = (V35,5 = 1,..., k;) be the indicator vector for the
siblings.

We assume exchangeability and closure under margins, that is, there is a distribution p(y; k)

closed under margins, such that for y of dimension k;,
Pr(Y; =y) = Pr(Y; = y*) = p(y; ki)

for y* being any arbitrary permutation of y. From the closure under margins, the odds ratio is

ro. = P1P4 _ p(17 1,2)])(0,0, 2)
* 7 PP p(1,0;2)p(0,1;2)

Due to the exchangeability, P, = P; = (1 — P, — P4)/2. Therefore, the intraclass odds ratio is

corhpletely determined by P; and Pj:

_ 4pPy
Tss = 1— P - P2

5.2.1 The Estimator of ~,,

For family ¢, there are (kg) possible sib-sib pairs. The indicators of a pair fall into three categories:

both equal to 1, one equal to 1 and the other equal to 0, and both equal to 0. To form the 2 x 2
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contingency table of pairs from all the families, let O; be the count of pairs both equal to 1 and
O4 be the count of those both equal to 0. As Oz and O3 are not distinguished, we set each of them
equal to half of the counts for heterogeneous pairs; that is, Oy = O3 = (N — O; — O4)/2, given the
total number of pairs, N. |

The estimate of the intraclass odds ratio from such a contingency table is .

A 0104 _ 40104 (5.9)
7 0005 (N—01—04)% '
The corresponding log odds ratio estimate is
Ass = log O1 — 2log(N — O; — O4) + log O4 + log 4. (5.10)

5.2.2 Asymptotic Variance of ¥,

With similar derivations as in the preceding section, the variance and covariance of (O, 04) is

given by
Var(0)) = NPR(1—-P)+ Y b(P{) - P?), forl=1,4, (5.11)
=1
_ )
Cov(01,04) = —NPPi+» bi(Py — PiPy), (5.12)
i=1

with N = S0, (5), b = (5)((§) — 1) and
P = (1 - a;)Pynja + @i Pimja, Lm = 1,4,

where a; is the probability that two random pairs from the (’“2’) possible pairs contain only three
distinct individuals and Pjj3 is the probability that two such pairs fall in the cell I and m respec-
tively, while P4 is the same probability for two random pairs containing four individuals. It can

be shown that
k(bR —2)/2 _ 4

“TTE(E -2 RmU

(Hunt et al., 1988). As P43 = 0, we obtain Pl(i) = (1 — a;) Pyyys-

k; > 2
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With substitution for P(i)

lm>»

(5.11) and (5.12) become

n .
Var(O)) = NPB(1—-P)+ ) (biaiPys +bi(1 — a;)Pyy — biP?), forl=1,4, (5.13)

i=1
n
COV(Ol, 04) = —NPP+ Z (bz(]. - ai)P14|4 — biP1P4). (5.14)
i=1
Let :
By =Y bai/N, By= bl —a;)/N and By = ¥ b;/N; (5.15)
P 0 P? PP : P 0
ve= [T B i )y o [P ,
0 P PPy P42 0 P44|3
P, Py P2 PP
v, = |Fus Pa) vi=_| It 1Py
Prgjs Payjs PP, P}

The covariance matrix of (O, 04), denoted by V, can be written as:

3
vV = NV0+NZBdVd.
d=1

Let
_ 1 Ovss OYssys
¢ = N(6P1’ 8P4)’
where
a'Yss _ 1 1 6’733 _ 1 1
AR i A R

The asymptotic variance of 4,5 given by the Delta method is:

3
0> =N¢'Vop + N> Bap'Vad.
d=1



file:///P1P4

If we write

1 1 2
= N%¢'V, ¢_F+E+P
1 1)\? 1 1)?
=N?¢'Vi¢p = Py (P +F) + Pyyj3 (E+E) )
=N?¢'Vap= > Py ( ) (— + —> ,
1,me{1,4} B P2 L
1
vy =N’¢'Vsp = — 75,
2

then we have the following result.

Result 5.3 The asymptotic variance of the intraclass log odds ratio estimator given in (5.10) is

3
1 1
o’ = Nag + % ; Bgvg, (5.17)

with By defined in (5.15) and va defined in (5.16).

If each family contains the same number of siblings, say k, then N = n(’zc) and

(k=2k-3) 5 _(E+1(k-2)

Bl = 2(k - 2), B2 = 2 ) 2 ’

(5.18)

from which it follows that

2 k-2
2 = -
o k(= 1) [00 + — 5 (4u1 + (k — 3)vg + (k + L)vs)| .

For the special case where the siblings are mutually independent, let p = Pr(Y;; = 1) and
q=1-p. For this case, P, = p?, Py = ¢%, Py = pq, piyjs = p°¢* and Pyy;, = p*, Pyyp, = ¢*, for
L =3 or 4. Consequently,

PP = (1-a)p*+ap?
PY = (1-a)p’
PY = (1-a)g*+aid®

Substituting these probabilities into (5.17), we find 33_, Byvg = 0. Hence 02 = 02/N, which is
the same variance when. the sample contains N independent pairs. Surprisingly, although the pairs
are not independent due to the inclusion of the same individuals in multiple pairs, the asymptotic
variance of 4., is not inflated.

Generally speaking, when siblings are positively dependent, o2 > 0(2). When there are large

families in the sample, 0? may be substantially larger than o3.
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5.2.3 Weighted Estimator of -,

In the contingency table, a large family contributes many more pairs than a small fa,mily.‘ For
example, the contribution from a family of six is equivalent to that from 5 families of three or 15
families of two. Since the number of pairs is disproportional to the family size, the large families
might be over-emphasized. With this concern, we consider assigning weights to each family based
on the size of the family.

Let n; be the number of families of size k and O%) = (ng), ng)) be the counts from these
families. Consider a weight wy, for O®). Then the weighted total counts are O, = >, w0k, Lét
4w ss be the weighted estimate of the log odds ratio calculated from O,,, that is

~ -1 4Ow10w4
’YUI,SS - Og (N, _ Owl _ Pw4)2,

(5.19)

where N' = 3", wyng (’2“) Next we derive its asymptotic variance.

Let V() = Var(O®) /n, (’2“) Then the covariance matrix of O, is

k
Vi =3 ulng ( 2) V),
k

Let
1,1 1 1 1

¢w=ﬁ(ﬁ+};a}3’;+?z)'

If we write 7, = (N')?¢!;, V¥)¢,,, then the asymptotic variance of 4y s is
1 k
02 = G Vb, = e > wing (2> Tk
k

It can be shown that 7, = o2 + 23:1 Bc(lk)vd, where the Bt(ik) are given by (5.18). In particular,

2 )

Ty = g§ since B — 0 for all d. Without loss of generality, let we = 1, then
0 d

1 k
0'121) = —(N’)2 NoTy + Zw%nk <2) Tk

k>3

with N/ = ng + Zkzs Wi Nk (g)

To find the optimal weights, we solve the following equations:
wgTy — N'o2, =0, for k> 3,

obtained by differentiating o2 with respect to the wys and then setting the derivatives equal to 0.
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Result 5.4 The optimal weights which minimize the asymptotic variance of 4y s (5.19) are

wk='r2/7'k, fOTkZ?.

The corresponding asymptotic variance is a?uopt =o3/N'.
The 02 is derived as the following:
opt

1 2 [k
a12l)opt = W [’I’l27'2 + Z %nk (2)]

k>3
To [N2 1 k
= F[F“Lﬁzw’“""(z)]
k>3
_ T2 _ 08
=N

by the definition of N'. Since the weight wy is a function of 7 and 73, it depends on P;, Py and
Py, for I, m =1, 4 and L = 3, 4. In practice, these probabilities are unknown and need to be
estimated. Therefore 4,, has to be obtained iteratively. |

Instead of using the optimal weights, a simple approach to down-weight the large families
is to set the weights such that wg N, where Nk is the number of pairs contributed by a family of

_size k, is proportional to k, that is, wy = 2/(k — 1).

Result 5.5 When set wi = 2/(k — 1), the asymptotic variance of 4y, s

Wsimple k-1

o 1 ]V}/)z § gk [205 + (k — 2) (4v1 + (k — 3)vs + (k + 1)v3)] . (5.20)
k
with N' = E knkk-

5.2.4 Methods to Estimate the Asymptotic Variance of 7,

To estimate the asymptotic variance of 455, we need to estimate Fj;3 and Fj;j4. A simple way to
obtain the estimates is to use the sample proportions based on all possible sets of four siblings to
estimate the F;;, and use all the possible sets of three siblings to estimate the F;;3. However, if
the dataset has limited number of families containing three or more siblings, this method will not
be able to provide reliable estimates of the probabilities. In this case, the jackknife method can be

used to estimate the variance of 4.
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5.2.5 Efficiency Comparison

In this subsection, we investigate the efficiency of the weighted and unweighted estimators by

comparing them with the MLE based on a parametric model.

Asymptotic Variance of the MLE
Consider a parametric exchangeable model p(y; k&, @) which is closed under margins and
defined for all £ > 2. This means that the bivariate margin of Y;,Y; is p(ys, y;; 2, 0) for all ¢ # j.

The log odds ratio based on the parametric model is
7(6) = logp(1,1;2,0) + log p(0,0;2,6) — 2log p(1,0;2,6).

Let 8 be the MLE and Vj, be the asymptotic covariance matrix of n!/2(@ —6). Then the asymptotic |

variance of n'/2[y(8) — y(0)] is
9y ., Oy
FACETY
The matrix Vj is the inverse of Fisher’s information F. If the proportion of families with size & is

(asymptotically) g for k = 2,..., M, then

M
0 i k,0) 0 ik, 0 '
P=Yq Y ZRSROBOERY [hyik0).
k=2 yr€{0,1}F

Results
We compare the efficiency with specific computations from the multivariate binary beta-
binomial and multivariate probit models. In our comparisons, we set the number of siblings in a

family varying from 2 to 5 with the same frequency for each size. The conclusions are the following.

(a) The relative efficiency with the optimal weights is close to 1 (> 0.95).

(b) The relative efficiency of the unweighted estimator decreases when the odds ratio increases

and is not much affected by p; the relative efficiency can get below 0.6.

(c) The relative efficiency for the estimator with simple weights is lower when the odds ratio is

low, but it is typically above 0.8.

For a multivariate binary beta-binomial model with parameters (c, ). In this model the

affected rate, p, is a/(a + B) and the intraclass odds ratio is (a + 1)(8 + 1)/(af).
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For a multivariate Probit model, let Z;; be the latent variable corresponding to Y;;. Let u
be the mean of Z;;, and p = Corr(Zij, Zijr) for j # j'. Then, the affected rate is p = ®(u).

In our comparisons, we vary the degree of the intraclass dependence at four different affected
rates (p): 0.05, 0.20, 0.35 and 0.50. When p is above 0.5, the results are same as that for 1 — p.
For each case, we calculate the efficiency under three situations: unweighted, weighted by optimal
weights and weighted according to family size (referred to as simple weights).

In Figures 5.4 and 5.5, we plot the results for the multivariate binary beta-binomial model
and the multivariate Probit model, respectively. The plots show that the unweighted estimator
(solid line) loses efficiency when the dependence increases, whereas its efficiency does not seem
much affected by p. The optimal weights (dotted line) greatly enhance the efficiency, particularly
when the dependence is strong. When p = 0.05, the efficiency of the optimally weighted estimator
is relatively low. In other cases, it is always above 0.95. Using the simple weights is worse than
no weights when the odds ratio is low, however, the performance of this estimator improves when
the dependence increases and is almost as good as the optimally weighted estimator for strong

dependence. The plots also show that its efficiency climbs faster when p is closer to 0.5.

Ted el
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Figure 5.4: Efficiencies of 75 estimators (multivariate binary beta-binomial model). Solid line: no
weights, dotted line: optimal weights, dashed line: simple weights. :
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Figure 5.5: Efficiencies of 7,5 estimators (multivariate Probit model). Solid line: no weights, dotted
line: optimal weights, dashed line: simple weights.

Next, we investigate how the distribution of family sizes affects the éfﬁciency of the three
estimators based on the multivariate binary beta-binomial model. In this case, we fix p at 0.5 and
the intraclass odds ratio at a low level (1.44) and a high level (9). We only consider two different
family sizes: 2 and 6. In Figure 5.6 the efficiencies are plotfed against ng/n, the proportion of
families of size 2. At both odds ratio levels, the unweighted estimator is least efficient when ny/n =
15/16, that is, when each type of family contributes equal number of pairs to the contingency table.
The efficiency of the estimator with optimal weights increases monotonically with the proportion
ng/n. When the odds ratio is small, the estimator with simple weights is least efficient when
ng/n = 6/7, that is, each type of family contributes an equal number of individuals to the sample,
whereas the efficiency of this estimator is almost coincident with that of the optimal weights when
the odds ratio is high. Moreover, analogous to the interclass odds ratio, the efficiency of both the
estimators, unweighted or weighted by family size, decreases almost linearly with the variance-mean
ratio of the number of pairs contributed by each family.

Lastly we give some considerations on using weights. When the dependence among siblings
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Figure 5.6: Efficiency comparison of 7, estimators with varied proportion of families with size 2
and 6. Solid line: no weights, dotted line with ”+”: optimal weights, dashed line: simple weights.
In the figure on the right hand side, the dotted line with “+” and the dashed line are coincident.

is weak, the loss of efficiency is modest if the unweighted estimator is used and, therefore, there
is no compelling reason to use any weights. On the contrary, when the dependence is very strong
(odds ratio > 5 when the affected rate p is not too small) and there is a great deal of variation
in family size, the simple weights are recommended since they work almost as well as the optimal

weights and are straightforward to use.

5.3 Discussion

In this chapter, we proposed a simple method to estimate common odds ratios across families with
mixed sizes. The method is directly extended from the odds ratio estimator based on a standard
contingency table and is easy to carry out. The method can also be used in many other studies.
For example, the interclass odds ratio estimator is useful for a family based case-control study. The

methods are not limited to family studies either. They can be applied to clustered binary data.
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Chapter 6

Applications to NF1 and NF2 Data

In this chapter, we apply the models and estimation methods studied in the previous chapters
to some measurements on NF1 and NF2 patients. On the one hand, these measurements have a
remarkable variation among patients. On the other hand, they exhibit a certain degree of similarity
among relatives. In this chapter, we analyze the strength of association between different types
of relatives. The measurements are treated as response variables in our analyses. These variables
belong to different data types, and therefore require different models and methods of analysis. For
some variables, adjustment for covariates, such as age and mutation type, is required.

Among the four response variables analyzed in this chapter, the first two are from NF1
patients and the data are from two large NF1 databases: the National Neurofibromatosis Foun-
dation International Database and the Neurofibromatosis Institute Database; the second two are

| from NF2 patients and the data are from various sources. The data from these sources can not
be considered as random samples from certain population. Our inferences are valid based on the
assumption that these data are representative of the NF1/2 population.

The first variable is studied using Type-2 and Type-3 families. The other three variables
are studied using Type-I pedigrees. The first variable is the presence of intertriginous freckling
(freckling in intertriginous area, such as armpits, where skin comes into contact with itself) in
NF1 patients. We estimated the interclass and intraclass odds ratio using the method presented in
Chapter 5. The second variable is the presence of subcutaneous neurofibromas (tumors or growths
located along a nerve or nervous tissue under the skin) in NF1 patients. A multivariate probit

model and a two-component series model are compared in this example. The third variable is
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age at first symptom of NF2, where right censoring is present. We consider a MVN model for
this variable. The CL1, CL2 methods are compared with the MLE method in this example. The
last variable is number of intracranial meningiomas (a type of brain tumor) in NF2 patients. A
multinormal copula model with negative-binomial margin and a Poisson log-normal mixture model

are compared in this example.

6.1 Intertriginous Freckling in NF1 Patients

In this section we use the method presented in Chapter 5 to evaluate the parent-offspring (interclass)

‘and sib-sib (intraclass) odds ratios in intertriginous freckling.

6.1.1 Interclass Odds Ratio

There are 261 families containing one affected parent and his/her affected offspring. Among these |
families there are 187 with one child, 52 with two children, 22 with three to five. In total there are
364 parent-offspring pairs. The prevalence of intertriginous freckling among the parents is 0.88 and

0.80 among the offspring. The estimates of P; to Py:from these pairs are

P, =0.714 (both affected),
Py =0.165 (parent affected, offspring unaffected),
P3 =0.091 (parent unaffected, offspring affected),

(

Py =0.030 (both unaffected).

To estimate the standard error of the log odds ratio (5.17), we need to estimate the condi-
tional correlations among siblings given the state of their parent, ¢; and ¢4 defined in (5.8). The
estimation method is presented in Section 5.1.3. é = 0.004, obtained from an ANOVA table of all
sibling groups with affected parent and ¢4 = 0.200, obtained from all sibling groups with unaffected
parent. '

The jackknife method, in which one family was removed at a time, is also used to estimate
the standard error of the log odds ratio. The estimates are given in Table 6.1. The naive standard
error in the table is calculated ignoring the dependence among the pairs. The other two standard
errors are not very different from the naive standard error, since the conditional associations among

siblings are mild. The estimate of the standard error based on (5.5) is slightly larger than the
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odds ratio | log odds ratio | s.e.* | naive s.e.* | Jackknife s.e.*
1.51 0.368 0.402 0.377 0.387
* standard error '

Table 6.1: Interclass odds ratio in intertriginous freckling

jackknife estimate.

6.1.2 Intraclass Odds Ratio

There are 193 families with at least two siblings. Among them there are 151 families with two
siblings, 30 with three and 11 with four. There is one large family with eight siblings, all affected.
In total, there are 335 sibling pairs.

To obtain good estimates of P;;j3 and P;j4, the probabilities of two pairs falling in respective
categories, usually a large number of families with size over two is needed. In this data set, there are
not enough families to produce the estimates. However, the exchangeability assumption can help
narrow down the region of these values. For k exchangeable binary variables, the joint probabilities

are fully determined by Pr(Y; = 1,i =1,...j), j = 1,...k. (George and Bowman, 1995). In fact,

Py = 1-3P+ Py 3
P44|4 = 1- 4P2 + 2P1 e 4P11|3 + P1114

Py = P —2P;y3+ Py

Therefore, we only need to know Piyj3 and Py 4. Given P; to Py, Pjyj3 and Pyy)4 are restricted to a
relatively small region (Figure 6.1). Since an estimate is not available, we choose the point at the
center of the region as the values of Py;j3 and Pjy)4 and carry out the standard error calculation
at these values. We calculated both the unweighted and optimal weighted estimates and the
corresponding standard errors based on (5.17) and (5.20). The results are reported in Table 6.2.
For the optimal weighted estimates, the estimated weights are 0.684, 0.526, 0.292 for families of
sizes 3, 4 and 8, respectively. After weighting, there is a slight decrease in the estimate of P; and
an increase in the log odds ratio estimate. We also calculate the naive standard error (0.314) and
the jackknife standard error (0.357) for the unweighted estimate. The standard error reported in

Table 6.2 is larger than the jackknife estimate. This could be due to the choice of P33 and Pyy)4.
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Figure 6.1: Region of Py;j3 and Py;)4 (intraclass odds ratio).

equal weights optimal weights
P1 (both affected) 0.704 0.680
P2 (one affected, one unaffected) 0.110 0.116
P4 (both unaffected) 0.075 0.088
log odds ratio 1.461 1.490
standard error *0.385 *0.359

* The standard errors are calculated at Pjj3 = 0.631, and P;;j4 = 0.577.

Table 6.2: Intraclass odds ratio of intertriginous freckling

The naive standard error is about 10% smaller than the jackknife standard error.

6.2 Presence of Subcutaneous Neurofibromas in NF1 Patients

Subcutaneous neurofibromas are a common manifestation among NF1 patients. Significant parent-
offspring and sib-sib associations have been observed in a previous study (Szudek et al., 2002).

In this section we first apply a multivariate probit model on the dataset used by Szudek.
As an alternative, we then fit a two-component series model. The purposes of this section are to
(1) demonstrate the CL1 and CL2 methods in multivariate probit regression, and (2) compare the
two-component model with the probit model as a standard method in binary data analysis. In
addition, in the probit analysis, we also compare a model of conditional independence structure
with that of a more general dependence structure. The model comparison is based on the Akaike
information criterion (AIC) which is defined as —2log(L) + 2m, where L is the likelihood and m is

the number of parameters in the model.
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6.2.1 Summary of Patients

There are 867 NF1 patients included in our analysis. These patients are from 371 independent
families. Among all the families there are 12 of size one, 264 of size two, 68 with three, 18 with

four, 5 with five, 2 with six and 2 with seven. The numbers of affected pairs included are summarized

in Table 6.3.

Type of relative pair | Number of Pairs
siblings 353

* parent-offspring 264
second degree LY§
third degree 23
fourth degree 1

Table 6.3: Number of affected pairs included in the analysis of presence of subcutaneous neurofi-
bromas in NF1 patients

Subcutaneous neurofibromas are known to be increasing in frequency with age, therefore
age is included as a covariate in both models. The average age of the patients is 20.5 (range: 0.2 -

78.3) at the time of examination. Around 95% of the patients are under 50 years old.

6.2.2 Probit Model

We first consider a dependence structure with three parameters: p;, (sib-sib correlation), pp,
(parent-offspring correlation) and po, (correlation between any relative pair higher than second
degree). The correlation between a third or fourth degree relative pair is set to be equal to the
correlation between a second degree relative pair because there are only 24 pairs of third or fourth
degree. The parameters are estimated using the CL1, CL2 and MLE methods. The maximum
family size is seven in this dataset, so we are able to compute the MLEs using the second order
approximation (Joe 1995) for MVN rectangle probabilities. The results are reported in Table 6.4.
The covariate age is incorporated on its natural scale, log scale and log-log scale. The log-log
transformation provides the best fit of these three and is used in the final model.

The point estimates from all the three methods basically agree , especially the regression
parameter estimates. The standard errors of the CL1 and CL2 estimates are close to each other,

but around 20% larger than those of the MLEs.
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CL1 CL2 MLE
estimate s.e. | estimate s.e. | estimate s.e.

Covariate coefficients:

Bo -3.109  0.291 | -3.121 0.288 | -3.199  0.240
age* 2.517 0.254 2.536 0.250 2.606 0.207
Correlations:

Pss 0.660 0.099 0.594 0.121 0.652 0.093
Ppo 0.493 0.116 0.443 0.109 0.463 0.096
o+ 0.710 0.311 0.698 0.322 0.670 0.275

age*=log(log(age+2))

Table 6.4: Parameter estimates of the Probit model for the presence of subcutaneous neurofibromas
in NF1 patients. The three dependence parameters are: pss (sib-sib correlation), pp, (parent-
offspring correlation) and pa4 (correlation between any relative pair higher than 2nd degree).

Incidentally, the unconstrained estimates from the CL2 method lead to an inappropriate cor-
relation matrix (not non-negative definite) for a multi-generation family. This shows the drawback
of the CL methods if the positive definiteness constraint is not used in the estimating procedure.

It is no surprise that the estimates of po; have large standard errors because there are only a
small number of 2+ relative pairs and half of them are from four families. Since there is not enough
information on the dependence between those relatives, we then consider a dependence structure
based on the conditional independence (CI) assumption. In this case, the correlation between any
relative pair higher than first degree is a function of p,, and p,s as shown in Example 2.1. Again

the results from the three methods agree. -

CL1 CL2 MLE
estimate s.e. | estimate s.e. | estimate s.e.

Covariate coeflicients:

Bo -3.109  0.291 | -3.130 0.284 | -3.224  0.288
age* 2.517 0.254 2.544 0.247 2.626 0.250
Correlations:

Pss 0.676 0.096 0.604 0.118 0.658 0.085
Ppo : 0.536 0.111 0.470 0.107 0.489 0.092

age*=log(log(age+2))

Table 6.5: Parameter estimates of the Probit model with CI structure for the presence of subcuta-
neous neurofibromas in NF1 patients.

The negative log-likelihoods of the two models are 425.0 and 426.0, respectively (based on
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the MLEs). It indicates that the model with the CI structure provides almost as good a fit as the
first model. The AICs of the two models are 860.7 and 860.0, respectively.

Based on the estimates of pss and pp, and their standard errors, we find that the sib-sib
dependence is slightly stronger than the parent-offspring dependence. The estimate of po, is high .
but has a large standard error. Therefore, we do not have sufficient information to draw any

conclusion on the dependence between more distant relatives.

6.2.3 Two-Component Series Model

Now we consider a two-component series model for the presence of subcutaneous neurofibromas. In
this model, the occurrence of subcutaneous neurofibromas is assumed to be caused by the heritable
and non-heritable components jointly. The non-heritable component Yy is modelled by a logistic
regression. Age is included as a covariate on its natural scale. The multivariate binary beta-
binomial model is used to specify distribution of the heritable components of a family unit. Let
Y74 be the heritable component. of the parent | and Y, _; the corresponding components of {’s

offspring. Let k;; be the length of Y; _;;. Then,

Pr(Yr;;) = pr,for all i.and j
YI,—ilIYI,il = 0 ~ beta-binomial(ayg, By, ki;)
YI,—-il|Yl,il = 1 ~ beta-binomial(a1, 81, ki)
Meanwhile,
a (o))

=Ppr.
a1+ By ap + o

Therefore, there are actually four independent parameters for the heritable component. The pa-

Pr + (1 -p1)

rameterization used in the ML estimation procedure is 8 = (logit pr, log cg, log(Bo/0), log a1).
The transformations improve numerical stability. The ML estimates of the model are reported in
Table 6.6.

The estimates are tranformed into probabilities and correlations and reported in Table 6.7.
To avoid the tedious calculation of the Delta method, the 95% confidence intervals are obtained by
resampling 6 from its estimated asymptotic MVN distribution.

The estimates of ap and a; have relatively large standard errors and are sensitive to the

starting point. These two parameters are difficult to estimate because they involve the joint dis-
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estimate SE

Non-heritable:

intercept -3.399  0.353

age 0.232  0.027
Heritable:

logit(pr) 0.409 0.128

log(ey) -3.504  4.475

log(Bo/ ) 0.922 0.291

log(an) 0.186  1.459

Table 6.6: The ML estimates of the two-component series model for presence of subcutaneous
neurofibromas in NF1 patients

estimate | 95% confidence interval
Univariate probability:
DI 0.601 (0.539, 0.658)
Conditional probabilities: .
Pr(Yri; = 1Yr4 = 0) 0.285 (0.183, 0.414)
Pr(Yri; = 1|Yr5 = 1) 0.811 (0.708, 0.884)
Parent-offspring correlation:
COI‘I‘(Y],,;I, YI,ij) 0.526 (0309, 0695)
Sib-sib correlation:
COI‘I‘(YI,H,Y[,Z']'I) 0.677 (0.340, 0.750)

Table 6.7: Probabilities and correlations of the heritable component in the two-component series
model for the presence of subcutaneous neurofibromas in NF1 patients. Index [ is the index of a
parent and j, j' are the indices of I’s two children.

tribution of three variables: indicators of the parent and his/her two offspring. To obtain a more

informative inference, we need more families with at least two offspring.

6.2.4 Comparison of the Probit Model and the Two-Component Series Model

We first compare the AICs of the two models. Recall that the AIC of the probit model is 860.0.
The AIC of the two-component model is 849.4. This indicates that the two-component series model
provides a better overall ﬁf than the probit model.

Next, we use the two models to predict the prevalence of subcutaneous nuerofibromas in
NF1 patients at different ages and compare the results with that observed in the data. The results

are plotted in Figure 6.2. The dashed line is the probit model prediction and the solid line is the
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two-component model prediction. The circles on the broken line are the proportions of affected

patients in different age groups. Patients under 50 years old are grouped in 5-year intervals. There

are only 40 patients over 50 years old, so those patients are grouped in 10-year intervals. From the
plot we observe a decrease in the estimated prevalence after age 50. This decrease is very likely due
to the death of patients with more serious forms of the disease. Subcutaneous neurofibroma. itself
is a benign complication of NF1, but it has been reported to have an association with other more
severe tumors, such as plexiform nuerofabroma (Szudek, 2000). Therefore there could be a bias in
older patients. For this reason, we limit our comparison to before age 50. The estimate from the
probit model has a major departure from the data around age 20; whereas the estimate based on
the two-component model follows the data well. This indicates that the two-component is better

in modelling the age covariate while adequately approximating the dependence.

1.0

-o- empirical
- « probit
— two-component

Prevalence

age

Figure 6.2: Predictions of the prevalence of subcutaneous nuerofabromatosis in NF1 patients by
the probit model and the two-component model.

The above comparison is based on the fit of the models. In terms of implementation, the
two-component model is easier to implement than the probit model as it takes much less computing

time.
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Type of relative pair | Number of Pairs
siblings 206
parent-offspring 152
second degree 196
third degree 96
other 280

Table 6.8: Number of affected pairs included in the analysis of age at first symptom of NF2

6.3 Age at First Symptom of NF2

In this section ‘we apply the CL1 and CL2 methods to a MVN model for survival data. The
response is the age at first symptom of NF2. Censoring can occur because some patients were
diagnosed by gene testing before any manifestation was present. We assume that the censoring

time is independent of the age at first symptom.

6.3.1 Summary of Patients

There are 721 individuals from 526 unrelated families. The family sizes ranged from 1 to 23 affected
members. There are 378 with one member, 35 with two, 18 with three, 16 with four, 13 with 5-8 and
6 with at least ten. Among the 721 individuals included, 70 were right censored, i.e., asymptomatic.
There are 30 families with one censored case, 9 with two, 3 with three, and 2 families, each of size
ten, with five and eight censored cases, respectively. The number of affected pairs included in.the

analysis is summarized in Table 6.8.

6.3.2 Model

In previous work (Zhao et al., 2002), we used a simple random effects model to assess the intrafa-
milial correlation without distinguishing the correlations between different types of relatives. In
the study, we only considered inherited cases. An intrafamilial correlation of 0.51 was observed
with a 95% confidence interval (0.35, 0.64). In this section, we further examine the correlations
between various types of relative pairs, such as parent-offspring, siblings and more distant relatives.
Individuals with both new and inherited mutation are included. The previous analysis indicated
that the univariate marginal distribution of the data is close to a normal distribution. Therefore,

we use a MVN model in our analysis.
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Mutations have been found throughout the NF2 gene, and different mutations tend to
occur in different families (Friedman, 1999). These mutations are of various types, but most can be
classified as nonsense, frameshift, splice-site, missense, or large deletions. In general, patients with
a truncating mutation (i.e. nonsense or frameshift) are associated with an earlier onset. Therefore
we include the indicator of truncating mutation as a covariate. Another covariate, the indicator of
new mutation ( 1 = new mutation and 0 = inherited mutation), is included as well.

We consider four dependence parameters: the sib-sib correlation (pss), the parent-offspring
correlation (ppo), the correlation between second degree relatives (p2),' the correlation between

relatives more distant than second degree relatives (p34).

6.3.3 Results

We implement the CL1 and the CL2 methods by minimizing the negative CL functions using
the quasi-Newton algorithm (Nash, 1990). The standard errors are estimated by the jackknife
method with one family removed each time. We also compute the ML estimates. The likelihood
for censored family members is computed using the second order approximation proposed by Joe

(1995) for MVN rectangle probabilities. The results are reported in Table 6.9.

CL1 CL2 MLE
estimate s.e. | estimate s.e. | estimate s.e.

Marginal:

Bo 27.776  1.353 | 27.228 1.395 | 22.814 1.031
New mutation | —3.496 1.415 | —2.966 1.494 1.028 1.149
Truncating —7.295 1.159 | —7.377 1.165 | —5.997 1.245
a2 12.823 0.575 | 12.751 0.556 | 12.253 0.368
Correlations:

Pss 0.425 0.093 0.454 0.079 0.616 0.051
Ppo 0.192 0.060 0.138 0.086 0.303 0.068
P2 0.170 0.093 0.100 0.085 0.220 0.069
O3+ 0.105 0.115 0.081 0.109 0.115 0.067

Table 6.9: Parameter estimates of the MVN model for age at first symptom of NF2

The point estimates and the standard errors from the CL1 and CL2 methods are similar.
The ML estimates of the regression coefficients and the two correlations, pss and pp, are quite

different from those CL estimates. This could be due to the normality assumption being violated.
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We observed a certain degree of right skewness in the sample distribution. The ML method could
be more sensitive to the departure from the model assumptions than the CL methods. Another
possibility is that there are a few large families which are highly influential. Further investigation
is needed to explain the differences.

The results indicate that the sib-sib correlation is considerably higher than the correlation
 between other type of relatives. It also suggests a decreasing pattern when two relatives become
more distantly related.

In terms of computation, the computing times are 20, 42 and 342 seconds for the CL1, CL2
and ML methods, respectively. Moreover, the ML method is relatively sensitive to the starting

point.

6.4 Number of Intracranial Meningiomas in NF2 Patients

The variable considered in this section is a count trait: number of intracranial meningiomas in
NF2 patients. This variable was analyzed in the previous study (Zhao et al., 2002). Since the
information on relative types was not available, we assumed an exchangeable dependence structure
within a family and modelled the counts using a gamma mixture of negative binomial distributioﬁ.
An significant familial correlation was observed. In the current study, the information on relatives
has become available and we would like to assess the dependence between different types of relatives.
The gamma mixture of negative binomial model is not suitable for this analysis since it can only
provide one level of dependence. Therefore, in this section, we consider a multinormal copula model
(Section 2.3.2) with negative binomial margin and a Poisson-lognormal mixture model (Section

2.3.1) to analyze the data.

6.4.1 Summary of Patients

In the dataset, there are 628 individuals from 431 families with information on meningiomas.

Among the families there are 35 of size two, 16 with three, 15 with four, 11 with 5-7, 2 with nine

and 2 with ten. The number of affected pairs included is summarized in Table 6.10. |
Among the 628 patients, there are 350 new mutation cases and 278 inherited cases. The

counts of meningiomas are summarized in Table 6.11 by new mutation cases and inherited cases.
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Type of relative pair | Number of Pairs
siblings 104
parent-offspring 157
second degree 109
third degree 44
other 67

Table 6.10: Number of affected pairs included in the analysis of number of meningiomas in NF2
patients.

There are some patients recorded with meningiomas, where the count is unknown. These individuals
are summarized in the last column. The sample mean and variance calculated based on the known
counts are 1.75 and 6.12 for new mutation cases and 0.87 and 3.79 for the inherited cases. This

indicates overdispersion with respect to the Poisson distribution.

Type of Number of Meningioma _
mutation | 0 1 2 3 4 5 6 7 8 9 10 19 20| >0, but no count
New 130 71 48 19 17 12 10 1 5 3 0 6 1 27
Inherited | 160 48 19 7 5 5 2 0 1 2 1 1 O 27

Table 6.11: Summary of meningioma counts in NF2 patients

6.4.2 Multinormal Copula Model with Negative Binomial Margin for Number

of Meningiomas

We first considered a multinormal copula model. Since overdispersion relative to the Poisson
distribution is observed, we chose the negative-binomial distribution to model the univariate margin
of the count variable Y;;. The univariate pmf of Y;; is

Yij n0ij
D(0s +yij)  #if 05
L (63! (mis + 8i5)% ¥

Pr(Yi; = yi5) =

The parameter p;; is the mean of Y;; and we specify logpu;; = By + Bixij, where z;; = 1 for a
new mutation case and 0 for an inherited case. We also assume different 6;; values for the new and
inherited mutation cases: 6;; = 6, if it is a new mutation, otherwise, 6;; = 6.

We consider 3 dependence parameters: the sib-sib correlation (pss), the parent-offspring

correlation (ppo), and the correlation between relatives of second or higher degree (pa+).

142




We use the CL1 and CL2 methods to estimate the parameters. The jackknife method is
used to estimate the standard errors. Individuals with positive but unknown count are included
in the analysis by calculating the probability of Y;; > 0. The results are reported in Table 6.12.
The CL1 estimates of the marginal parameters are very close to the CL2 estimates. As for the
dependence parameters, the standard error of the CL2 estimate for pss is considerably larger than
that of the CL1 estimate. This is due to two special influential cases. The first case is a family
containing two siblings with counts 5 and 9. The removal of this family results a decrease of 0.102
in the CL2 estimate of pss. The second case is‘ a family containing two siblings with counts 1 and
10. The removal of this family results an increase of 0.156 in the CL2 estimate of pss. Similar
changes occur in the CL1 estimate, but with smaller magnitudes (a decrease of 0.04 in the first case
and an increase of 0.05 in the second case). The CL2 estimate is more sensitive to unusual pairs
from small families since pairs from a small family are weighted more in the CL2 method than in
the CL1 method. When there are influential observations in the data, the jackknife standard error
can be inflated. To show the effect, we calculate the jackknife standard errors without using the
two sets of estimates obtained with the two influential families deleted. The results are reported

as s.e.* in Table 6.12.

CL1 CL2

estimate s.e. s.e.* | estimate s.e.  s.e*
Marginal:
Bo 0.024  0.158 0.144 | 0.030 0.155 0.143
51 0.590 0.175 0.162 0.587  0.171 0.160
6o 0.454  0.110 0.105 0.442 0.104 0.099
01 0.829 0.115 0.115 0.827 0.114 0.114
Correlations:
Pss 0.481 0.119 0.100 | 0.408 0.202 0.080
Ppo 0.436  0.081 0.080 | 0.400 0.092 0.097
Do+ 0.454  0.229 0.228 0.382 0.218 0.217
—log likelihood | 911.4 910.7

s.e.*: jackknife standard error with two outliers removed.

Table 6.12: Parameter estimates of the multinormal copula model with negative binomial margin
for number of meningiomas in NF2 patients
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6.4.3 Multivariate Poisson-Lognormal Mixture Model for Number of Menin-

giomas

We also use a multivariate Poisson-lognormal mixture model to analyze the same data. In this
model, Yj;|A;; = Aij ~ Poisson();;) and log A;; ~ Normal(uij,afj), where p;; = Bo + Bizi; with
z;; = 1 for a new mutation case and 0 for an inherited case, and a?j = o2 if it is a new mutation,
otherwise, afj = 02. We consider the same dependence parameters for (log A;1,...,log Aix,) as in
the multinormal copula model. The CL2 and CL2 estimates and jackknife standard errors are
reported in Table 6.13. The results show that the two influential families have a even stronger

effect on the estimates of p,; in this model.

CL1 CL2

estimate s.e. s.e.* | estimate s.e.  s.e*
Marginal:
Bo -0.823  0.207 0.207 | -0.867  0.205 0.203
ol 0.914  0.219 0.218 0.955 0.215 0.214
o2 1.718  0.329 0.307 1.838 0.356 0.335
o? 1.083  0.146 0.146 | 1.085  0.147 0.147
Correlations:
Pss 0.677  0.167 0.137 | 0.584  0.288 0.102
Ppo 0.599 0.123 0.123 0.578 0.137 0.137
P2+ 0.652 0.285 0.285 | 0.574  0.297 0.296
—log likelihood | 911.8 910.9

s.e.*: jackknife standard error with two outliers removed.

Table 6.13: Parameter estimates of the multivariate Poisson-lognormal mixture model for number
of meningiomas in NF2 patients

6.4.4 Comparison of the Two Models

Since both models contain the same number of parameters, we use the negative log likelihood
evaluated at the CL estimates as a measure of the overall fit. The negative log likelihood of the
copula model is computed using Joe’s second order approximation for MVN rectangle probabilities.
As for the Poisson-lognormal mixture model, the likelihood of a family is computed using numerical

integration if the family size is less than 3; otherwise, the likelihood is computed using the Monte

Carlo method. The results are reported at the bottom of Tables 6.12 and 6.13. Since the negative




new mutation: 0 1 2 3 4 5 6 7-9 >=10 | Pearson x?
observed 130 71 48 19 17 12 10 9 7

expected (MCNB) 132 66 42 27 18 12 8 12 ) 5.4
expected (MPLN) 126 77 45 26 10 7 8 10 8 5.2
inherited mutation: | 0 1 2 34 56 >=7

observed 160 48 19 12 7 5

expected (MCNB) 163 39 19 18 7 5 4.2
expected (MPLN) 162 45 19 14 5 6 14

Table 6.14: Expected number of meningiomas based on the multinormal copula model with negative
binomial margin (NBMC) and the multivariate Poisson-lognormal mixture (MPLN) model

log likelihoods of the two models are very close to each other (910.7 and 910.9 based on the CL2
estimates), there is no indication that one model fits better than the other.

To check the marginal fit, we calculate the expected counts based on the CL2 estimates and
compare them with the observed counts (Table 6.14). The expected counts for those individuals
with positive but unknown counts are calculated conditional on Y;; > 0 then subtracted from the
total expected counts for all the individuals. The Pearson x? statistic is also reported in the table.
Since the data are correlated, the statistic is not chi-square distributed. However, a small value of
the statistic still indicates a reasonable fit. In all the cases, the Pearson x? statistics are less than
the number of the categories. For the new mutation case, the fits of the two models are similar.
For the inherited case, the Poisson-lognormal mixture model fits the data better.

The estimated means based on the two models are almost the same. For the first model, the
estimated mean is 1.85 for the new mutation cases and 1.03 for the inherited mutation cases. For the
second model, the estimated means are 1.89 and 1.05, respectively. However, there is a difference
in the standard deviations. For the first model, the estimated standard deviation is 2.45 for the
new mutation cases and 1.85 for the inherited mutation cases. For the second model, the estimated
standard deviations are 2.99 and 2.63, respectively. With the estimated parameters, the Poisson-
lognormal mixture distribution has a longer right tail than the negative binomial distribution. For
example, in the new mutation case, the fitted negative binomial distribution has a probability of
0.0003 to produce a count over 20 (the largest count in our data set), whereas the fitted Poisson-
lognormal mixture distribution has a probability 10 times higher to produce such a count.

The estimates of the dependence parameters from both models suggest an exchangeable
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dependence structure within a family. However, the estimate of ps+ has a large standard error.

6.5 Discussion

The examples demonstrate that the CL1 and CL2 methods work well in practice. They also revealed
some aspects that need to be investigated in future research. For example, it will be useful to gain
some understanding of the consequences of departures from model assumptions, the influence of
outliers or influential observations on the parameter estimates and the influence of lé,rge families on
the estimates of the dependence barameters. In Chapter 4, we studied the asymptotic properties
of the CL methods. The properties of the CL estimates may not be the same when the sample size
is close to the data size in our examples. It would be interesting to further investigate the behavior
of the CL estimators when the sample size is not very large. We will discuss these issues further in

Chapter 7.

146




Chapter 7

Conclusion and Future Work

7.1 Conclusion

The major contributions of our work to familial data analysis are in modelling and estimation
approaches for non-normal traits. The CI model proposed in Chapter 2 provides a new approach
to construct models for familial data. We gave two examples: the two-component model for binary
trait and the CI model for count tfait using a distribution of convolution-closed infinitely divisible
class. Potentially, many other models can be constructed based on the CI assumption. The ex-
ample in Section 6.2 demonstrated that the CI model works well with real data and can be easily
implemented. We also considered two existing classes of models: random effects models and multi-
normal copula models, which are suitable for modelling familial data, but hindered in practice by
their computational difficulties. Equipped with the Cl estimation approaches discussed in Chap-
ter 3, these models become feasible. Our investigations in the asymptotic efficiency comparisons
showed that the relative asymptotic efficiencies of these two methods are satisfactory except for
some extreme cases. Those investigations help us better understand under what situations these

methods work well and provide hints on how to improve them.

7.2 Future Work

Due to the complexity in the nature of familial data, there are still many variations and extensions

that remain to be explored. Listed below are several research problems that look interesting for
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future exploration.

1. Extend the multinormal copula models to semiparametric margins. There is of special
interest in survival models. A Cox-type regression model has been considered to analyze clustered
failure time data (Wei et al., 1989; Lee et al., 1992; Spiekerman and Lin, 1998). The dependence of
the failure times within a cluster is assumed to be exchangeable, but not specified by a parametric

model. The marginal hazard function for the failure time Tj; is
Xij(t; Xij) = Ao(t)eXiih,

where )¢ is the common baseline hazard function. 3 is estimated from “quasi-partial likelihodd”,
which takes the form of the partial likelihood of independent observations. The cumulative baseline
hazard function is estimated by an Aalen-Breslow type estimator. Spiekerman and Lin (1998)
established the asymptotic results for the estimators and developed procedures to approximate the
covariance matrix. To combine the Cox-type of regression with the multinormal copula, we allow
different dependence structure among the variables. It is natural to use the two-stage method to
estimate the marginal and dependence parameters. We can adapt Spiekerman and Lin’s procedure
to estimate the regression parameters and the cumulative base-line hazard, then estimate the
dependence parameters based on BCLs. King et al. (1996) and Bandeen-Roche and Liang (1996)
used a similar procedure for a gamma frailty model with unspecified common base-line hazard, but
they only provided asymptotic results for their first stage.

The remaining work is to establish the asymptotic results for the estimating procedure and
develop a method to estimate the standard errors of the dependence pa,rametefs. Even though
we use the existing procedure in the first step, the asymptotic results need to be modified, since
they are based on an exchangeable dependence structure. The major challenge is to develop the
asymptotic properties for the dependence parameter estimators. To estimate those parameters, we
need to plug-in the estimated marginal cdf in the bivariate marginal likelihood function. Unlike a
full parametric model, the estimated marginal cdf is a step function.

2. Develop models for multiplev responses and longitudinal familial data. In this thesis,
we only consider one measurement on each individual. Often, values of more than one trait are
recorded on each individual. It is of interest to see how the traits are related to each other.
Sometimes patients are followed over time and the value of a trait is recorded longitudinally. There

is a need to model the change of the trait over time. In both cases, there are more associations
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that need to be taken into account: the association of the two measurements on the same family
member, the association of two measurements across family members. Moreover, for the first case,
the data types of two traits might differ. 7

3. Investigate other properties of the CL methods. As mentioned in the data examples,
in practice we might encounter problems such as departures from model assumptions or outliers.
It would be useful to investigate the robustness of these methods compared to the ML method.
Intuitively, the CL methods might be more robust to violations of the distribution assumptions.
The estimates of the marginal parameters might be closer to the true marginal characteristics since
only marginal information is used. On the other hand, the influence of outliers on the CL methods
could be stronger. It also important to see how these methods are affected by large families.
Another direction is to examine their small sample properties. For many studies, the sample size is
around a few hundred families. For the dependence parameters, the convergence is relatively slower
than for the marginal parameters. The investigations can be done by conducting simulations with
different sample sizes. »

4. Further develop the weighted CL1 method. In Chapter 3, we derived the theoretical
optimal weights for the CL1 estimating functions. Since the optimal weights depend on unknown
parameters, the method needs to be implemented iteratively. In thé future, we will develop the

asymptotic theory and consider implementation of the method.
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Appendix A

Dependence Structure of Quantitative

Traits

In this appendix, we introduce the dependence structure of quantitative traits. Analysis of quan-
titative traits is fundamental to familial data analysis. It will help us to understand the patterns
of association in non-normal traits. Moreover, the dependence structure of quantitative traits can
be reasonably linked to non-quantitative traits. A good example is the multivariate probit model
for binary traits. In such a model, the presence or absence of a binary trait is assumed to be
determined by an unobservable quantitative trait which is under the influence of multiple factors.
This idea can be used to generate other types of non-normal traits, such as the lbg-normal Poisson
model for count data, or the log-normal frailty model for survival data. These models are discussed
in detail in Chapter 2.

As mentioned in Section 1.2, the value of a quantitative trait can be affected by a single
gene, several genes, a large number of genes with comparable effects, or a gene with a major
effect plus a large number of genes with small effects. The trait is normally also affected by
environmental factors. How and how much the genetic and environmental factors affect a trait
is often reflected in the association pattern within family members. The idea of modelling the
dependence structure of quantitative traits is to decompose the total phenotypic variance into
different components attributable to various factors. Some variance can be attributed to known

and measurable factors — these factors are treated as fixed effects. Genetic factors are normally
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modelled as random effects since modelling is at the phenotypic level without genotype information
at loci and therefore genetic effects are unobservable. The major gene model is an exception,
in which information on the major gene is available, but genetic effects additional to the major
gene are still unobservable. Environment effects due to factors such as a shared household are
unobservable as well. These factors are modelled as random effects. Environmental factors and
genetic factors are usually considered additive.

Ih this appendix, different models for quantitative traits will be introduced. Behind each
model there is a different mechanism and therefore each model has a different dependence structure.
But they share a common feature: the degree of association due to genetic factors decreases when
two relatives are more distantly related. This is because of the fact that the more distantly related
two individuals are, the less likely they are to share a gene by descent.

Section A.1 discusses the simplest case of Mendelian models. Section A.2 discusses polygenic
models. The major gene models and models for autosomal-dominant diseases are discussed in

Sections A.3 and A.4. The appendix ends with some general comments.

A.1 Mendelian Models

Mendelian models involve only one locus or, in a more general case, a finite number of loci. In order
to proceed from the simple to the complex, we first consider a trait controlled by a single locus with
two alleles A and A'. If the frequencies of A and A’ are p and g, then according to the Hardy-
Weinberg equilibrium there are three possible genotypes, A4, AA’ and A’'A’ with frequencies p?,
2pq and ¢?. Suppose the value of the phenotype (Y) is completely determined by the genotype (G)
the variance of Y is purely phenotypic. Furthermore, suppose Y (4A) = p+a, Y(AA') = p+d and
Y(A'A") = p — a, where —a < d < a. When d # 0, we say one allele is dominant over the other.
The variance of Y can be expressed as ag = 2pq(a + (g — p)d)? + (pgad)?. The first term is called
the additive genetic variance 02, and the second term is called the dominance genetic variance ‘7121-
If we do a regression of Y on the number of A alleles, o2 is the variation explained by the regression
and 0121 is the unexplained variation (Li, 1976).

The additive genetic variance is closely related to the concept of heritability (h?), which is

defined as the ratio of additive genetic variance to the total variance. It represents the degree of
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influence of the phenotype value on the next generatioh. The dominance genetic variance arises
from the phenomenon of dominance among alleles. When there is no dominant allele, 02 = 0. To

compare these two components, let us look at the ratio of 03 to o2

pq

pq [ ra r
2 [1+68(g-p)r}’

where r = |d/a| is the degree of dominance and ¢ is the sign of d. This ratio is mainly affected by
a. When a is small and p is not too close to 1 or 0, the contribution of 02 is negligible comparing
to 02. (For example, when p = ¢ = 0.5 and a = 1, the ratio is less than 0.125.) Based on random
mating and Mendel’s laws, the phenotypic covariance between any pair of relatives can be derived
after some calculations. In Table A.1 we list the covariance for several common types of relative

pairs.

Relationship Covariance
Offspring and one parent a2 /2
Offspring and midparent* 02/2
Identical twins o+o2

Full siblings 02/2 + 0%/4
Half siblings o2 /4
Nephew and uncle o2 /4
Grandparent and grandchild | 02/4

First cousins 02/8

*midparent is thé average of the two parents

Table A.1: Covariances between relatives in a simple Mendelian model

A full explanation about how to derive the above covariances can be found in standard
references, such as Falconer (1989). In general, the covariance between the trait values of two

relatives, Y; and Yj, can be written as
Cov(Y;,Y;) = 2802 + Ac2,

where ® and A are known as the kinship coefficient and the identity coefficient in genetics literature
(Falconer, 1989).

Remarks:

1. The table shows that closer biological relationship generally leads to greater phenotypic sim-

ilarity.
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2. Parent-offspring correlation is always less 0.5. This makes sense, since an offspring and parent

only share 50% of their genetic materials. |

3. The sib-sib correlation is generally higher than the parent-offspring correlation due to the
dominance effect. When the locus has a strong effect on the trait (i.e., a is large) and one
allele is obviously dominant over the other, the sib-sib correlation could be much stronger than
the parent-offspring correlation. Otherwise, the difference between the sib-sib correlation and

parent-offspring correlation is rather small.

More often the value of Y is not completely determined by the genotype. Instead, it may
be subject to some random variation. In this case, we assume that given the genotype G, Y has
mean u + g and variance o2, where g is the loci effect with value a, d and —a when G = AA, AA’
and A’A’ respectively; o2 is also called environmental variance, representing the influence of non-
genetic circumstances. Then the total phenotypic variation in the population is o2 + o2. If the
environmental contribution is uncorrelated within families, it will not affect the covariance between
relatives, but will weaken the correlation since it increases the total variance. |

When more than one locus is involved, if there is no interaction between the loci, the variance
components can be derived by summing over each individual locus. When interactions among the

loci are included, the genetic variance will be partitioned into three components:

2

agzag—i—aﬁ—i—a%,

where the new term a% is associated with the interactions, and thus called the interaction ge-

netic variance. The covariances between different types of relatives can be found in Kempthorne

(1955a,b).

A.2 Polygenic Models

A polygenic (PG) model involves many loci. It is assumed that these loci act independently and
additively, each with relatively small effects. Under this assumption, the vector of trait values
Y for a family is multivariate normally distributed by the central limit theorem (Lange, 1978).

Moreover, the total genetic contribution to the phenotypic variation is the sum of the contribution
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of the individual loci. Therefore the genotypic variability still can be partitioned into the additive
and dominance components; each is summed over all participating loci.

The variation of Y comes from different types of factors: measurable environmental factors
which are typically modelled as fixed effects, unobservable factors such as a shared household effect
which are modelled as random effects, and the polygenic factors which are modelled as random

effects. The model is specified as

Y=X3+G+E (A1)

where G denotes the polygenic factor and is multivariate normal with mean 0 and covariance
matrix

202® + g2A (A.2)

where 02, 03 are defined as before, and ® and A are matrices of the kinship and identity coefficients.
= is the environmental factor which can be further decomposed into components. For instance, if
there is a shared household effect that needs to be considered, then E can be specified as normal
with mean 0 and covariance matrix o2H + ¢2I, where o2 is the common household variance, H
is a matrix of household indicators, o2 is the random variance, and I is the identity matrix. As a

result, the covariance matrix of Y is given by
202® + 03A + 02H + 021 (A.3)

In many polygenic models, the dominance variance is omitted. As we have mentioned before,
when the effect of a locus is small, the additive component outweights the dominance component.
This was also justified by Morton (1974) and Amos (1988). On the contrary, when a notable
dominance variance component is detected in a polygenic model, it could indicate the existence of
gene or genes which have a large effect on the trait compared with the other genes. Such a gene is

called a major gene.

A.3 Major Gene Models

In a major gene model, a quantitative trait is determined by the contribution of a major locus plus a
polygenic contribution (Elston and Stewart, 1971; Morton and Maclean, 1974). In a linkage study

(a study to identify the major gene using markers), a marker locus is linked with this major gene,
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and the distribution is a mixture of normals. It is not surprising that computational problems arise
when a large number of alleles are observed at the locus (Ott, 1979). Thus a random effects model

may be a good approximation for such cases (Andrade et al., 1999). The model is represented as
Y=XB3+G+M+E, (A.4)

where G is the polygenic effect with only the additive component, M is the major gene effect whose
covariance matrix depends on the recombination fraction and the IBD (identical by descent) value
(Amos, 1994), and E is the environmental effect. We will not discuss this model in detail as linkage

study is not the focus of this thesis.

A.4 Models for Autosomal-Dominant Diseases

A genetic disorder is autosomal-dominant if it is caused by a single, abnormal gene on one of the
autosomal chromosomes (one of the first 22 non-sex chromosomes) and a mutation at one copy of
the allele is sufficient for expression of such a disease. One of the parents will usually have the
disease in this mode of inheritance and only one parent must have an abnormal gene in order for
the child to inherit the disease. Examples are NF1 and NF2. Since a new mutation is rare, we can
assume that in é, family the mutant alleles are inherited from a common ancestor and therefore
identical. However, wide expressive variability can occur among the affected relatives. Differences
-in the other genes may be important reason for the variation. When we study a population of
autosomal-dominant disease, the trait of interest is normally a clinical feature of the disease, such
as the onset time. If the variation in the trait is due to a polygenic effect, then the polygenic models
can be used to model those effects. If the variation is due to a polygenic effect plus a modifying gene
effect, then the major gene models can be used. Differences in the normal allele at the responsible
locus could be another reason for the phenotypic differences. For siblings, the mutant allele is from
their affected parent, whereas the normal allele is from the unaffected parent. With no inbreeding,
affected siblings have 50% chance to inherit the same normal allele from their unaffected parent.
Two affected family members, except for siblings, do not share an identical normal allele by descent,
since their unaffected parents are not related, i.e., they do not share any gene by descent.
Suppose we model the normal allele effect as a random effect A with distribution N(0,0%).

Let A; and A; denote the normal allele effects of two individuals ¢ and j. If ¢ and j are monozygotic
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twins, they share an identical normal allele by descent, then A; = A;. If i and j are full siblings,
there is a 50% chance that A; = A; and 50% chance that A; and A; are independent. For any other
types of relatives, A; and A; are independent. Now let p be the chance of two individuals to share

an identical normal allele by descent. The covariance due to the normal allele effects is then

COV(Ai,Aj) = E(AiAj)
= pE(A,;Aj|Ai = Aj) +(1 —p)E(AiAlei 1 Aj)

2
= DPOj-

The covariance Cov(A;,A;) is 0% between monozygotic twins, o3 /2 between full siblings and 0
between any other relative pairs.
If we also consider a polygenic effect and environmental effect, the model can be expressed

as

Y=XB+G+A+E (A.5)

where A is the vector of the normal allele effects of a family with covariance matrix 0'12\:[‘, where
I' is a matrix with 7;; equal to the probability of individuals ¢ and j sharing an identical normal

allele by descent.

A.5 Comments

Up to now, we have discussed how to specify the dependence structure based on how genetic and
environmental factors are involved. In practice, often it is the other way around — the correlation
structure of a trait is estimable and the question to be answered is what are the genetic and
environmental influences on the trait. This can be assessed by comparing the correlation between
different type of relatives. For example, if the parent-offspring correlation is comparable with the
sib-sib correlation and the correlation declines by half when the two individuals are one degree
less related, this suggests a polygenic effect. To identify a modifying gene effect or a normal allele
effect, it is important to compare the correlation among monozygotic twins, parent-offspring, full

siblings and half siblings.
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Appendix B

Appendix for Chapter 4

B.1 General Results

The first part are some general results on matrices from algebra and calculus. The second part are
some results on expectations and covariances of quadratic forms of normal random-variables. These
results were used to derive the information matrices and the proof of Theorem B.1 in Appendix
B.2.

Let A = (ai;) be a symmetric and positive definite matrix and A;; be the cofactor corre-
sponding to a;;. Then (Lang, 1997)

|A| = Zaiinj, for any )
J

1
-1 _ = (A
AT )
9t oD pant
gt A (gMA
9 Y

Let Z and Y be n dimensional random vectors, Z ~ N(0,I) and Y ~ N(0,X). A and B

are n X n symmetric matrices.

1. B(Z:2;2Z;) =0

E(Y;Y}Yk) =0,4,5k=1.,n
More generally, E(C1Y,Y'CsY) = 0, where C; and Cs are arbitrary matrices.
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2. E(Z'AZ) = tr (A)
E(Y'AY) = tr (AX)
Var(Z'AZ) = 2tr (A2)
Var(Y'AY) = 2tr ((AX)?)
Cov(Z'AZ,Z'BZ,) = 2tr (AB)
Cov(Y'AY,Y'BY) = 2tr (AEBX)

(Seber, 1977).

B.2 Asymptotic Properties of the Covariates

We prove the asymptotic properties of matrices in the information matrices under the assumptions
in Section 4.1.2. Results (1) and (2) in Theorem B.1 are Results 4.3 and 4.4 in the case of one

covariate; result (3) is used for the case of more than one covariate.

Lemma B.1 Let S,,, n = 1,2,..., be a sequenc‘e of random wvariables with finite variance. A

sufficient condition for S, — ES, £, 0 is that

Var(S,) — 0.

The proof follows from Chebyshev’s inequality.

Theorem B.1 Let X; = (Xi1,..., Xix;)' be a k;-dimensional random vector, ¢ = 1,2,...,n. Sup-
pose 1 < k; < M and M is bounded. Assume {X;} has the following properties: (a) EX; = 0,
(b) Cov(X;) = Ig;xk; and (c) Xy, , X, are mutually independent. Suppose D; = (d;j;1) is a
symmetric k; X k; matriz with |d;;;| bounded by T, a finite real number. As n — oo,

(1) K~13,X/D;1 55 0, where K = ¥, k;.

(2) K13, X!IDiX; — K13, trD; =5 0.

(3) If Y; = (Ya,...,Yig,)' is another sequence of random vectors with properties (a) — (c)
and X; and Yy are independent for all i and i, then as n — 0o, K71}, X!D;Y; .
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Proof: The proofs of (1)-(3) all follow from Lemma B.1.
(1) Let a; = D;1. Firstly,

1 1
E (E Z xgai) =% > (EX;)'a; =0.

i
Secondly, we need to show that
Var(K™') " X[D;1) - 0.
i

as n — oo. This holds because
Var(K™1Y Xia;) = K2 ajVar(Xy)a;
i i
= K?) d
1,J :
< T?Y KK

i

The inequality holds because, for the jth element of a;, la;j| = Izj, dijjr| < kiM. Moreover,
S k3 <nM?3 and K? = (3, k;)? > n? since 1 < k; < M. This implies that
SR M
< —
K2 — n

Asn — 00, K — o0 and T?M3/K — 0 since T and M are finite.

(2) We have E(K~1Y,XID;X;) = K~!3,trD; (see Appendix B.1). Next we will show that
Var(K~1Y", X!D;X;) = 0 as n — oco. Since Var(X!D,X;) = 2tr D? (general results of expecta-
tions) and trD? = 3" d? i S k?>T?, we have

Var ‘1ZX’DX 2ZtrD2<2T2Z’ L,

Similarly as in (1), we have
ikl M
L= IR A il
K2 — n
Therefore, as n — oo, Var(K 1 ¥, X!D;X;) - 0.
(3) Firstly, E(K 1 3", X{D;Y;) = K~ 3, 3, o dij o E(Xi3Yijr) = 0. Also,
Var(X;D;Y;) = ) Y Cov(dijy Xi; Yijr, diww XiaYar)
nat LY

= Z Z dijgr dit B(X5Yig Xa Yy )-

VN
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Due to independence, E(X;;Y; X;Yjy) =0asj # j orl #1' and EijYg, = EX%EY;?, Therefore,

Var(XiD;Y;) =2 d,EXZEY2,
§d’
=2 d}VarX;;VarY;
5d’
=2) dj;
5’
= Var(X;Dlxl)

Since we have shown that K~! Y, Var(X!D;X;) — 0 as n — oo in (2), it follows that
K1y Var(X;D;Y;) = 0.
B

The cases (1) and (2) can be extended to the case that X; has non-identity correlation
. matrix R;. Then (1) still holds and (2) becomes: (2') K~!3, X!D;X; — K1}, tr D;R; 0

Proof: Let Z; = R, Y X, then X; = R}/ ®Z;. The left hand side of (1) and (2) can be written
as K'Y, Z/R;] /2D;1 and K~ YL ZIR, / 2D,-R} /2., respectively. Since Z; has correlation matrix
Ik, <k, we can apply (1) and (2) and use the identity tr R: / 2DiR: 2 = tr R;D; (see Appendix B.1).

B.3 Maple Code

1. Var(6Z,,) and Var(pcr1) under exchangeable dependence and with family size fixed at k.

readlib(linalg):

with(linalg):
###MLE

ss:=2*%s 4% (1+(k-1)*a"2) /k:
rr:=2%(1-a) " 2% (1+(k-1)*a) “2/k/(k-1):
###CL1
#M: covariance matrix of the estimating functions

a2:=rh”4* (1~kk+kk"2)+rh~ 3% (4*kk-2xkk~2) +rh” 2+ (kk~2-kk+2) +2*kk*rh+1:
m:=matrix(2,2):

m[1,1] :=2xss*ss* (kk+1)*(1+kk*rh*rh) :

m[1,2] :=-(kk+1) *kk+* (kk-1) *ss*ss*rh~2*(1-rh) ~2:

mf{2,1] :=m[1,2]:

mf2,2] :=(kk+1) *kk* (1-rh) “2*a2*ss*ss/2:
#D: expectations of derivatives of the estimating functions
# with respect to theta

d:=matrix(2,2):

dl1,1] :=kk+1:
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df1,2]:=0:
d[2,1] :=(kk+1)*kk*rh*(1-rh~2)/2:
df2,2] :=~(kk+1) *kk* (1+rh*rh) *ss/2:
#Godambe information matrix
di:=inverse(d):
dl:=map(simplify,d1);
tem:=multiply(dl,m):

tem:=map (simplify,tem):
gm:=multiply(tem,transpose(dl)):
gm:=map (simplify,gm) ; :
gm:=map (factor,gm) ;

#var(ss)

gm[1,1];

#var (rr)

gm[2,2];

quit;

2. ARE;2 , ARE;, ., and ARE, ., for Type-3 family with fixed number of offspring .

#efficiency: 1 parent k offspring
readlib(linalg):

with(linalg):

with(codegen,C):

###constants
e:=a/(k*xa~2-1-(k-1)*b):
c:=1-k*a*e:
f:=(ax(1-axe)+e)/(ax(k-1)*(b-1)):
f:=simplify(£f):
d:=1-a*e-(k-1) *bx*f:
d:=simplify(d):
bb:=d+(k-1)*f:
bb:=simplify(bb):

###Fisher’s information matrix (mle)
mle:=matrix(3,3):
mle[1,1]:=(k+1)/(2%5"4):

mle[1,2] :=k*e/s"2:
mle[2,1]:=mle[1,2]:

mle[1,3] :=k*(k-1)*f/(2%s"2):
mle[3,1] :=mle[1,3]:

trl:=k"2*%e”"2+k*c*bb:
tr2:=k* (c*bb+e”2x%k) :
mle[2,2] :=(tr1+tr2)/2:

mle[2,3] :=e*(k-1)*k*bb:
mle[3,2] :=mle[2,3]:




cl:=(k-1)*f:
c2:=d+(k-2)*f:
mle[3,3] :=k*(c1"2+(k-1)*c2°2)/2:

#asy covariance matrix of the MLE
map(simplify, mle);
mv:=inverse(mle):
mv:=map{(simplify,mv):

###asy covariance matrix of the CLi estimate
##4D~ {- 1} *M/*YD"{-1}
##matrix D and D~ {-1}
teml:=1/(1-a"2):
tem2:=-a/(1-a"2):
dal:=diff (teml, a):
da2:=diff(tem2, a):
teml:=1/(1-b"2):
tem2:=-b/(1-b"2):
dbl:=diff(teml, b):
db2:=diff (tem2, b):

D1:=matrix(3,3):
D1[1,1] :=k+1:

D1[1,2] :=s8"2%k*e*2:
D1[1,3] :=s"2*k*(k-1)*f:

D1[2,1] :=2xk*a/(1-a"2):
ddal:=diff(dal,a):
dda2:=diff (da2,a):
tem:=ddal+dda2*a:

D1[2,2] :=2*s"2xk*(~da2-tem) :
D1[2,3]:=0:

D1[3,1] :=k*(k-1)*b/(1-b"2):
D1[3,2]:=0:

ddbi:=diff(dbi,b):

ddb2:=diff (db2,b):
tem:=ddbil+ddb2#*b:

D1[3,3] :=5"2xk*(k-1)*(~-db2-tem) :

map(simplify, D1);
DV:=inverse(D1):
DV:=map(simplify, DV);

##matrix M
M:=matrix(3,3):
M[1,1] :=k+1:
teml:=k* (dal+a*da2):
tem2:=k*(dal+a*da2):
M[1,2] :=teml+tem2:
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cl:=1:

c2:=b:

¢3:=dbl*(k-1):

c4:=db2: ‘

M[1,3] :=k*(c1*c3+(k-1)*c2#%c4):

M[2,1]:=M[1,2]:

teml :=k*(dal+da2*a):
tem2:=da2+ax*dal:
tem3:=k*dal*a+da2* (1+(k-1)*Db):
temd :=a*da2:
trl:=teml"2+k*tem2*tem3:
cl:=temé4+dal:

c2:=tem4+dal*b:
tr2:=k*tem2*tem3+k*(c1-2+(k-1)*c2°2):
M[2,2] :=tri+tr2:
trl:=k#*(k-1)*tem3*a*(dbl+db2):
¢3:=(k-1) *(dbl+b*db2) :

¢4 :=db2+b* (k-1) *db1+(k-2) *db2#*b:
tr2:=k*(cl*c3+(k-1)*c2*c4):
M[2,3] :=tri+tr2:

M[3,1]:=M[1,3]:
M[3,2]:=M[2,3]:

M[3,3] :=k*(c3"2+(k-1)*c4"2):
MV:=map(simplify, M);

##D "~ {-1}%* M) *YD~{-1}
tem:=multiply(DV, MV):
tem:=map (simplify, tem):
dvt:=transpose(DV):
gm:=multiply(tem, dvt):

###AREs
sigma:=simplify(mv[1,1]/(gm[1,1]*2*s"4)):
b:=(k*a"2-1)/(k-1):
rhil:=simplify(mv[2,2]/(gm[2,2]*2%s"4));
rh2:=simplify(mv[3,3]1/(gm[3,3]*2*s"4));
quit;

163




Bibliography

Abel, L., Golmard, J., and Mallet, A. (1993). An autologistic model for the genetic analysis of

familial binary data. American Journal of Human Genetics, 53: 894-907.

Amos, C.I. (1988). Robust Methods for Detection of Genetic Linkage for Data from Eztended

Families and Pedigree. PhD thesis, Louisiana State University, New Orleans.

Amos, C.I. (1994). Robust variance-components approach for assessing genetic linkage in pedigrees.

American Journal of Human Genetics, 54: 535-543.

Andrade, M‘., Amos, C., and Thiel, T. (1999). Methods to estimate genetic components of variance
for quantitative traits in family studies. Genetic Epidemiology, 17: 64-T6.

Bandeen-Roche, K. and Liang, K.-Y. (1996). Modelling failure-time associations in data with
multiple levels of clustering. Biometrika, 83: 29-39.

Bonney, G.E. (1986). Regressive logistic models for familial disease and other binary traits. Bio-

metrics, 42: 611-625.

Cameron, A. and Trivedi, P. (1998). Regression Analysis of Count Data. Cambridge University
Press, Cambridge.

Chaganty, N.R. (1997). Loss in efﬁcieﬁcy due to misspecification of the correlation structure in gee.
In Proceedings of the 51st session of the International Statistical Institute, Istanbul, Turkey, 2:
127-128.

Connolly, M. and Liang, K.-Y. (1988). Conditional logistic regression models for correlated binary
data. Biometrika, 75: 501-506.

164




Curriero, F. and Lele, S. (1999). A composite likelihood approach to semivariogram estimation.

Journal of Agricultural, Biological and Environmental Statistics, 4: 9-28.

Donner, A. and Koval, J.J. (1980). The estimation of intraclass correlation in the analysis of family

data. Biometrics, 36: 19-25.

Donner, A., Eliasziw, M. and Shoukri, M. (1998). Review of inference procedures for the interclass
correlation coefficient with emphasis on applications to family studies. Genetic Epidemiology,

15: 627-646.

Elston, R.C. and Stewart, J. (1971). A general model for the genetic analysis of pedigree data.
Human Heredity, 21: 523-542.

Falconer, D. (1965). The inheritance of liability to certain diseases, estimated from the incidences

among relatives. Annals of Human Genetics, 29: 51-79.

Falconer, D. (1967). The inheritance of liability to diseases with variable age of onset, with particular

reference of diabetes mellitus. Annal of Human Genetics, 31: 1-20.

Falconer, D. (1989). Introduction to Quantitative Genetics. Longman Scientific and Technical,

Essex.

Fisher, R.A. (1918). The correlation between relatives on the supposition of Mendelian Inheritance.

Transactions of the Royal Society of Edinburgh. 52: 399-433.

Friedman, J., editor (1999). Neurofibromatosis, Phenotype, Natural History, and Pathogenesis.

Johns Hopkins University Press, Baltimore, 3rd edition.

George, E.O. and Bowman, D. (1995). Full likelihood procedure for analyzing exchangeable binary
data. Biometrics, 51: 512-523.

Godambe, V.P. (1991). Estimating Functions. Oxford University Press, New York.
Haldane, J. (1932). The Causes of Evolution. Longmans, Green, London.

Heagerty, P. and Lele, S. (1998). A composite likelihood approach to binary data in space. Journal
of the American Statistical Association, 93: 1099-1111.

165




Hunt, S., Hasstedt, S., and Williams, R. (1988). Testing for familial aggregation of a dichotomous
trait. Genetic Epidemiology, 3: 299-312.

Joe, H. (1993). Parametric families of multivariate distributions with given margins. Journal of

Multivariate Analysis, 46: 262-282.

Joe, H. (1995). Approximation to multivariate normal rectangle probabilities based on conditional

expectations. Journal of the American Statistical Association, 90: 957-964.
Joe, H. (1997). Multivariate Models and Dependence Concepts. Chapman & Hall, London.

Joreskog, K.G. and Moustaki, I. (2001). Factor analysis of ordinal variables: a comparison of three

approaches. Multivariate Behavioral Research, 36: 347-387.

Kempthorne, O. (1955a). The correlations between relatives in random mating populations. Cold

Spring Harbor Symposia Quantitative Biology, 20: 60-75.

Kempthorne, O. (1955b). The theoretical values of correlations between relatives in random mating

populations. Genetics, 40: 153-167.

King, T.M., Beaty, T.H., and Liang, K.-Y. (1996). Comparison of methods for survival analysis of
dependent data. Genetic Epidemiology, 13: 139-158.

Kleffe, J. (1993). Parent-offspring and sibling correlation estimation based on MINQUE theory.
Biometrika, 80: 393-404. '

Korsgaard, I. and Andersen, A. (1998). The additive genetic gamma, frailty model. Scandinavian
Journal of Statistics Theory and Applications, 25: 255-269.

Lange, K. (1978). Central limit theorems for pedigrees. Journal of Mathematical Biology, 6: 59-66.
Lange, K. (1997). Mathematical and Statistical Methods for Genetic Analysis. Springer, New York.

Lee, E., Wei, L.J., and Amato, D.A. (1992). Cox-type regression analysis for large numbers of small
groups of correlated failure time observations. In Survival Analysis: State of the Art, Klein, J.P.,

Liang, K.-Y., and Goel, P.K., editors, Kluwer Academic Dordrecht, 237-247.

166




Lele, S. and Taper, M.L. (2002). A composite likelihood approach to (co)variance components
estimation. Journal of Statistical Planning and Inference, 103: 117-135.

Li, C.-C. (1976). First Course in Population Genetics. The Boxwood Press.
Lindsay, B.G. (1988). Composite likelihood methods. Contemporary Mathematicé, 80: 221-239.

Manatunga, A.K. and Williamson, J.M. (2001). Assessing familial aggregation with an ordinal
response. Communications in Statistics: Theory and Methods, 30: 627-641.

Morton, N. (1974). ‘Analysis of family resemblance. I. introduction. American Journal of Human

Genetics, 26: 318-330.

Morton, N. and Maclean, C. (1974). Analysis of family resemblance. III. complex segregation

analysis of quantitative traits. American Journal of Human Genetics, 26: 489-503.

Nash, J. (1990). Compact Numerical Methods for Computers: Linear Algebra and Function Min-

imisation. Hilger, New York.

Ott, J. (1979). Maximum likelihood estimation by counting methods under polygenic and mixed

models in human pedigrees. American Journal of Human Genetics, 31: 161-175.

Parner, E.T. (2001). A composite likelihood approach to multivariate survival data. Scandinavian

Journal of Statistics, 28: 295-302.

Pickles, A., Crouchley, R., Simonoff, E., Eaves, L., Meyer, J., Rutter, M., Hewitt, J., and Silberg,
J. (1994). Survival models for developmental genetic data: age of onset of puberty and antisocial

behavior in twins. Genetic Epidemiology, 11: 155-170.

Reboussin, B.A. and Liang, K.-Y. (1998). An estimating equations approach for the LISCOMP
model. Psychometrika, 63(1): 165-182.

Searle, S.R., Casella, G., and McCulloch, C.E. (1992). Variance Components. John Wiley & Sons,
Inc., New York.

Seber, G.A.F. (1977). Linear Regression Analysis. Griffin, London.

167



Serfling, R.J. (1980). Approzimation Theorems of Mathematical Statistics. John Wiley & Sons,
New York.

Song, P. (2000). Multivariate dispersion models generated from Gaussian copula Scandinavian

Journal of Statistics, 27: 305-320.

Spiekerman, C.F. and Lin, D.Y. (1998). Marginal regression models for multivariate failure time

data. Journal of the American Statistical Association, 93: 1164-1175.

Srivastava, M.S. and Ng, F. (1990). Estimation of intraclass correlation in regression models.

Gujarat Statistics Review, Professor Khatri Memorial Volume, 229-236.

Srivastava, M.S. and Katapa, R. (1986). Comparison of estimators of interclass and intraclass

correlations from familial data. The Canadian Journal of Statistics, 14: 29-46.

Srivastava, M.S. (1993). Estimation of the intraclass correlation coefficient. Annals of Human

Genetics, 57: 159-65.

Szudek, J., Birch, P., Riccardi, V.M., Evans, D., and Friedman, J. (2000). Association of clinical
features in neurofibromatosis 1 (nfl). Genetic Epidemiology, 19: 429-439.

Szudek, J., Joe, H. and Friedman, J. (2002). Analysis of intrafamilial phenotypic variation in
neurofibromatosis 1 (nfl). Genetic Epidemiology, 23: 150-164.

Taylor, HM. (1994). An Introduction to Stochastic Modeling. Academic Press, In, San Diego.

Tempelman, R.J. (1996). A mixed effects model for overdispersed count data in animal breeding.

Biometrics, 52: 265-279.

Tempelman, R.J. and Gianola, D. (1999). Genetic analysis of fertility in dairy cattle using negative

binomial mixed models. Journal of Dairy Science, 82: 1834-1847.

Tosteson, T., Rosner, B., and Redline, S. (1991). Logistic regression for clustered binary data

in proband studies with application to familial aggregation of sleep disorders. Biometrics, 47:

1257-1265.




Trégouiét, D.-A., Ducimetiére, P., Bocquet, V., Visvikis, S., Soubrier, F., and Tiret, L. (1999).
A parametric 'copula model for analysis of familial binary data. American Journal of Human

Genetics, 64: 886-893.

Vaupel, J., Manton, K., and Stallard, E. (1979). The impact of heterogeneity in individual frailty
on the dynamics of mortality. Demography, 16: 439-454.

Wei, L.J., Lin, D.Y., and Weissfeld, L. (1989). Regression analysis of multivariate incomplete failure
time data by modelling marginal distributions. Journal of the American Statistical Association,

84: 1065-1073.
Wright, S. (1921). Correlation and causation. Journal of Agﬁcultuml Research, 20: 557-585.

Xu, J.J. (1996). Statistical Modelling and Inference for Multivariate and Longitudinal Discrete
Response Data. PhD thesis, Department of Statistics, University of British Columbia.

Yashin, A. and Iachine, I. (1995). Survival of related individuals: an extension of some fundamental

results of heterogeneity analysis. Mathematical Population Studies, 5: 321-340.

Yau, K.K.W. and Lee, A.H. (2001). Zero-inflated Poisson regression with random effects to evaluate

an occupational injury prevention programme. Statistics in Medicine, 20: 2907-2920.

Zhao, Y., Kumar, R., Baser, M., Evans, D., Wallace, A., Kluwe, L., Mautner, V., Parry, D.,
Rouleau, G., Joe, H., and Friedman, J. (2002). Intrafamilial correlation of clinical manifestations

in neurofibromatosis. Genetic Epidemiology, 23: 245-259.

169



