LEY»A)
193¢ #9
MS M6

MOTIVATION IN THE TEACHING OF
HIGH SCHOOL MATHEMATICS

by
Selwyn Archibald Miller




MOTIVATION IN THE TEACHING OF
HIGH SCHOOL MATHEMATICS

by

Selwyn Arehibald Miller
00

A Thesis submitted for the Degree of
MASTER OF ARTS

in:-the Department of

PHILOSOPHY

00

-

The University of British Columbia

April, 1936




Chapter
Chapter

Chapter
Chépter
Chepter
_Ch;pter

Chapter

1.

IT11.

Iv.

VI.

VII..

Chapter VITI.

Appendix

Bibliograephy

TABLE OF CONTENTS

Importance of Motivation in the
Teaching of High School
Mathematics

Types of Motlvation Desirable in
the Teaching of High School
Mathematicse

Motivation in the Teaching of

Grade IX Geometry

Motivation in the Teaching of
Grade XII Geometry

Motivation in the Teaching of
Grade IX Algebra

- Motivation in the Teaching of

Grade XII Algebra
Some Experimental Evidence to Show
the Effects of Motivation

General Conclusions

. VV§+.17
Series of Questions> A Answers

Page

10~

22

40

69V

87

101
107

113

139



MOTIVATION IN THE TEAGHING OF

HIGH SCHOOL MATHEMATICS

Table of Contents;with Subheadings

Chapter I + Importance of Motivation in the Teaching of High
School Mathematic SE3

Meaning of motlivation; literal meaning; comparison
of dictionary meanings; m€aning as applied to teaching;
meaning as applied particularly to the teaching of
mathematics.

Mathematics is an essential part of a person's
education; statements by authorities.

Skill in, and a liking for mathematics 1is a great
asset to a student studying any branch of science.

In British Columbia mathematics 1s a compulsory
subject until the second year of the university; an early
dislike for the subject may ruin a student's educational
life.

Where mathematics is an optional subject 1t is very
frequently avoided; evidence.

A great number of students select subjects which
they do not want, solely to avoid mathematics. A dislike
for mathematics keeps students away from such subJects as
physics and chemistry.

Mathematics 1s a comparatively difficult subject,
and when it is not motivated only the better students will
grasp it.

A gregt deal of review work is necessary in
mathematics, and unless some form of motivation is adop-
ted, this review may become very monotonous and
uninteresting - constant practice in mechanical processes
and continual reference to fundamentals are essential -
motivation is necessary for this.

Many pupils, especially girls, get preconcelved
ideas that they can not do mathematics - this could be
avoided to a large extent by proper motivation.

N The large percentage of failures in matriculation
examinations could be reduced considerably by introduc-
tion of motivated forms of teaching in place of the old
mechanical methods. '

Motivation is necessary in ofrder to open a new
field of interest to many students - a new and delightful
experience 1is 1in store for any student who develops a
liking for mathematlics - this liking may be developed by
skilfully motivated teaching.
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Summary - motivation in teaching mathematics will solve

many difficulties and give new life to the
subject. .

Chapter II. Types of Motivation Desirable in the Teaching of

High School Mathematlics@)

1.
2
Se

4.
5.
6.
'7.

8.

9,.
lO.
11.
12.
13.
14.
15.

16.
17.
18.
19.
20.
21.
22.

25
24.

Interest in things new - novelty of beginning a subject
not taken before.

Interest in material studied - situations connected
with pleasurable experiences.

Desire for securing praise and avoiding shame - praise
of teacher, parents, pupils.

Desire to avoid disgrace.

Desire for good marks.

Desire for promotion.

Interest in competitions - against each other and
against time.

Desire for activity - physical.

Interest in games.

Interest in humor.

Desire for variety - change.

Interest in constructing -~ buildlng.

The thrill of discovery.

Effect of special privileges.

Interest in subject for its own sake -.a new and
pleasurable experience.

Desire to answer a challenge.
Desire for efficiency in life's work - importance of

teaching for transfer.

Satisfaction through mastery.

Desire for perfection.

Satisfaction through helping.

Desire to be considered mature - advanced.
Desire to complete course chosen.

Desire to pass matriculation examinations.
Effect of prizes and awards - scholarships.

These forms of motivation vary in their suitability to
the different grades - how graduated - how stressed.

Chapter III. Motivation in the Teaching of Grads IX Geometrys)

Possibllity of dapitélizing,on the novelty of the

subject to arouse interest - a -brlef outline of the place
geometry has held in various civilizations - a subject
full of interest.

Necessity for keeping subject experimental at

first - plenty of actual construction work by pupil =
teaching of sound geometrjeal principles in connection
with this experimental work.

Necessity for allowing puplls of grade IX plenty
iii



of opportunity for physical activity - methods of marking
- comparing results.

In beginning the study of straight lines, practice
in drawing and meaSuring can be made interesting by pupils
guessing the length of a line aslready drawn, or by
drawing a line of specified length without measuring -
competitions in this field - employment of millimetres
and centimetres as well as inches.

Motivating the study of angles - stress spelling -
competitions in naming angles.

"Practice with angles by drawing from guess and
checking by measuring and vice versa. - Teacher draws
angles en board and puplls guess sizes.

Use of mariner's compass - pupils tell number of
degrees between various points on the compass - boy
scouts and girl guides should be encouraged to show What
they know about the compass.

Practice with lines and angles by following com-
plicated directions - ship sailing to desert island -
finding the hidden treasure from directions.

Treatment of parallels may be motivated by keeping
it very largely experimental - strange definitions for
parallel lines - drawing parallels by observation; test-
ing by drawing bransversal and measuring angles =~
introduce optical illusions with regard to parallels.

Utilization of the principle of satisfaction
through discovery in the treatment of triangles - pupils
try to construct triangles with sides 3, 5, 7 <
3,°5, 8 ihe; 4, 6, 11 CeMe ote, Puplls try to construct
/\ABC having AB = 3"; / B = 82°; / A = 98°,

Teaching of. standard constructions can be motivated
by examining numerous methods suggested by the pupils and
selecting the best.  e.g. drawing perpendicular to a
given straight line from a given point outside it.
Interest in geometrical language may be created by having
pupils try to explgin in words what they have done with
the instruments - compare constructing geometrical figures
to bullding.

Construetion of more difficult figures can be
motlvated by getting pupils to consider them equivalent
to performing some very intricate bit of handiwork. e.g.
drawing Inscribed, circumscribed and excribed circles of
a given triangle; constructing a quadrilateral using its
diagonals: Employ praetical problems such as drawing
crests for sweaters, 1inlay work for trays, etc.

Very carefully prepared tests should be welcomed
by the pupil and should make him eager to go on ‘and 1earn
more about the wonders of geometry.

Mathematical recreations suitable for grade IX
geometry.
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Chapter IV. Motivation in the Teaching of Grade XII Geometry

#A;:Development of proper attitudes towards grade XII

-

6.
7.

geometry

Certain pupils should be encouraged to regard them-
selves as budding mathematicians - higher regard of
teacher for pupil encourages more earnest effort.
Deslirability of looking ahead - laying foundation for
higher mathematics - frequent reference to advanced
work. :
Pupils should become more independent - less explana- .
tion by teacher - more time for the pupil for thinking
- develop sense of responsibility.

-Development of sense of satisfaction through mastery -

very essentlal - extreme-satisfaction derived from
obtaining a solution after hours of trying.

Development of habit of visualizing geometrical

figures - seeing solutions to exercises while one is
walking along street, sitting in street car, or

waiting to meet someone.

Satisfaetion derived from working with most complica-
ted looking diagrams - pride in one's ability (example)
Desire for absolute perfection - development of pride
in perfect solutions (reasoning and form)

Motivation in methods of presentation of grade XII

1.

4.

5.

geometry

Less formal treatment of theorems - Teach theorem . .
(often by analysis); - bulld it up together - test
following day - develop idea that once key is given
to a theorem (or exercise) it is solved once and for
all time. ' v ) '
Careful treatment of exeréises - a carefully selected
exercise to be written out and handed in each day =~
marked - returned - "marks recorded - monthly totals
read - excellent review daily.
Keep ideals of good form before puplls always - pass
extra good solutions around class - good effects on
writer and observer. (Example)
Value of mimeographed sheet of exercises done during
year - puplls realize thelr accomplishments.
Use of questions from previous examination papers -
tell pupils year and grade. Special interest in
certain questions. (Example)
Value of short exerecises at end of theorem - taken
indlvidually on board - race for solution - bright
pupils give hints.
Value of occaslonal objective tests - pupils enjoy
them - marks encouraging - examples.

v



11.
Chapter
1.

8.

Use of special exercises for bright puplls, examples;
isosceles / to equivalent equilateral / ; bisect

by line through point outside (in base produced) etc.
After-school discussions - informal - enéouraged.
Development of pupil-teacher idea - grade XII pupils
as tutors to .grade X friends - beneficlal effects on
both pupils - limitations of this system.
Mathematical recreations in geometry.

V. Motivation in the Teaching of Grade IX Algebra

The novelty'of algebra (using letters for quantities

'as well as numbers) gives the pupil an initial interest

in the subject - if properly motivated interest can
be maintained.

In first little problems involving symbols, make the
problems "realt. - 8 problems on baseball swimming,
running, etc.

Some of the early algebra problems seem exceedingly
edvanced to the beginner - plenty of praise for .
solutions of such problems 1s a great motivating force.
The -teaching of substitution - care must be taken not:
to make this topie too compliceated -~ refer to it again
later - pupils get tangled up very easily in this type
of question - make the most of the peculiar results
obtained by substitution of unity and zero.

The teaching. of aeddition in algebra can be motivated
so as to make it an exceptionally interesting section
of the work. - Addition of like terms, not unlike

(apples oranges & ¢ (grapefruit?) ) - real, living

problems can be given 1n addition. e.g. See
Thorndike - Pupils enjoy working big-looking questions
(examples).
Subtraction the source. of many errors in algebra.
Motivate the learning of the rule ‘for changing lower
signs; (e.g. filling in holes, wiping off debts).
Subtraction really addition. What do you add to 5 to
maeke it four? '
Motivating the teaching of rules for multiplication -

%tipli ation is addition (of indlces) - use

x 2a ete. Rule of sig%s (two wrongs make a right).

Explanation ‘of -3&ex-3a = - taking away a debt 3
times - filling 3 holes - 1iving problems involving
multiplication - examples.
Motivating the teaching of rules for division - reverse
of multiplication - use 9a8° -~ 3ad etc. - competition
by rows in long division. Allow pupils to work long

. long division questions to £ill whole page, e.g.

anfb)alg-blz - races with long division.
Removal of brackets - explanation of rule (really
addition or subtraction) - thrill of getting complica=-

- ted expressions down to a or o - competition by rows,-

vi



point ahead to equations.
10. Fundamentals in algebra must be thoroughly understood
- as all future work in algebra involves the use of
these fundamentals - at the beginning of each period
a review of the previous lesson is essential - e.ge.
~ five short questions on the board, - how many right
out of five - puplls stand (relaxation).

11. Ample allowance for pupils going on zhead in algebra -
extra books, speecial questidéns - review sets = old
examinatlon papers.

"12. Mathematical Recreations suitable for grade IX algebrea.

Chapter VI e Motivation in the Teaching of Grade XII Algebra

General methods of motivation outlined in Chapter
IT - speciflc means by which these methods of motivation
may be brought into operation given in present chapter.
Development of interest in the subject for its own
sake - how this may be achieved - Three-unlt eycle; unilt
for teaching, unit for review, unit for coordination.
Effect of matriculation examinations - how matric-
ulation examinations should be regarded - how they may
be made a desirable motivating force.
Minor methods of motivation:
(a) Special treatment of algebrailcal problems =~ introduc—
tion of puzzles.
(b) Use of mathematical recreations - examples.
(¢) Friendly rivalry between classes.
(d) Emulation of past achievements.
(e) Effect of scholarships and prizes.

Chapter VII« Experimental Evidence to Show the Results of

in :
Increasing the Motivation ©f the Teaching of High School
Mathematics

1. Outline of experiment carried out by writer.

2. Table of marks obtained in Junior Matriculation
Examinations. _

3. Table showing the relative amounts of enjoyment .
derived from the study of the various subjects on the
high schocl curriculum.

4. Table showing estimates of efficiency.

Chapter VIII.Conclusions regarding the effects of increasing
motivating in-the teaching of high school mathematicség

Appendix. Question lists., Answers.
Bibliography.
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MOTIVATION IN THE TEACHING OF

HIGH SCHOOL MATHEMATICS

CHAPTER Qﬁ

THE IMPORTANCE OF MOTIVATION -IN THE

TEACHING OF MATHEMATICS@?

What 1s motivation? In its literal sense it is "the
process of inducing movement;" (1) and in 1térbroader sense
it 1s "the process of producing stimulil which initlate,
direct and sustain activity" (2). Motivation in connection
with teaching might be conslidered as the iﬁtroduction of
certain factors 1Into teaching, which initiate, direct, and
sustein the activity of the individual taughﬁ. When con=
sidefing motivétion in relastion to the teaching of high school
mathematlics, we shall consider the numerous wajs by which =a
teacher may induce each pupil in his class to put forth the
meximum amount of effort of which he is capable, and to derive
theigreatest possible beneflt from that effort. It is obvious
that, for various feasons, a great many puplls do not put
forth their best efforts in the study of mathematies, and
that they do not derlve all the benefits which they might

derive from the study of such a wonderful subjecte.

(1) F. Goodenough‘- Developmental Psychology, P. 498,

(2) A. Gates - Psychology for Students of Educatlon, P. 182.

1
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The principal objects of motivation in teaching are two
i; number:

1; The creation of a maximum amount of interest on the part
of the lesarner; Si) 2. The attalnment of maximﬁm effort by
each pupil. =~ In the case of perfect realization of this aim
each pupii‘will have reached an A. Q. of 100. If these two
objectiﬁes could be reached, the study of masthematics 1in our
high schools would take on s new lease of life, and maﬁy of
the criticlsms levelled at the teaching of mathematigs would
be made groundless indeed. In the following pages special
reference will be made.to the fofms of motivatlon sultable
for grades IX and XII, with a comparison.of the types of»
motivation used in these grades.

The study of mathematics, when devoild of:any motivatiﬁg
fofces, becomes a dull and uninteresting tésk, and yet
mathematics 1s an essential part of a2 person's education.
There is no substitute for it, and no c¢omplete education
without 1it. (2) It therefore behoves the teacher of
mathematics to bend every effort towards presenting the
subject to his puplls in such a way that they will have

motivating forces urging them on to their greatest efforts,

(1) The importance df creating interest 1s discussed by M.J.
Stormzand, and he arrives at the conclusion that "the pro-
blem of interest plays such an important part in education
because success in all teaching involves the aroud ng of
suf{%gient interest. Progressive Methods 1in Tesaching,

P. . .

(2) "All scientific education, which does not commence with
mathematics, 1s, of necessity, defective at its founda-
tion." Comte.
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.and producing most beneficial results. (1) That mathematiés
is an essential part of a person's education is almost

" axiomatical. "Our entire present civilization,"

says
Professor Voss, "as far as it depends upon the intellectual
“penetration:and investigation of nature, has its real founda-
tion in the mathematlcal sciences:" (2) e physical laws of
the universe are so linked up with mathematics that our lnnate’
desire to examine the laws of nature in order to find
explanations for éll the varlous natural phenomena, would be
doomed to disappointment without a mathemaﬁical foundation on
which to work. (3) W.A.Millis, when discussing the value of
mathematics as a high school subject, mekes the statement that
"for algebra there is no substitute. The elimination of
élgebra as a pure sclence from the curriculum would cut the
foundation from under all scientific.procedure," (4). If
mathematlics, therefore, 1s really an essential part of a

pefrson's education, should We not bend every effort to so

motivate the teaching of‘the subject, that each pupil would

(1) "Euclid has done more to develop the logical faculty of
the world than any book ever written. It has been the
inspiring influence of sclentific thought for ages, and
is one of the c¢ornerstones of modern civilization." -
Brooks. S.I.Jones - Mathematlical Wrinkles, P. 245-6.

(2) A. Schultze - The Teaching of Mathematics in Secondagy
Schools, P. 17.

(3) "It is when we examine the relation of mathematics to
science, both pure and applied, that we see most forcibly
1ts indispensability as a propaedeutic" - Charles De
Garmo - The Studies of the Secondary School, P. 65,

(4) WeA.M111Ts -~ The Teaching of High School Subjects, P. 240.
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derive the greatest possible value ffom‘its study, and would
apply himself to his work with an eagerness that would bring
him to his highest level of efficiency.

Another reason why it 1$ so important that every teacher
should make the most of every opportuhity to motivate the
teaching of mathematics is fhat in many provinces mathematics
is one of the compulsory subjects of the curriculum‘until the
student has completed'two years of university work."Whether
this regulation is a wlse one or not 1s not for discussion
here, but as long as the réquirements remain as they are, it
is imperative that a student be S0 instructed in mathematics
’ 1h high school that he will develop a liking for the subjéct
and not'find it a millstoné about his nedk year'after yeaf.
Many a student has had the Joy taken out of his educational
life simply bj developing an early hatred for mathematicé, and
had the subject been properly motivated for thosé puplls, that
abhorrence in many cases may have been entirely eliminated.

Motivation in mathematics 1s particulérly 1mportént when
dealing with students who are favorably inclined towards
scientific study. IPf a boy}or a girl develops a liking for
physics, chemistry, geology; astronomy or, Iln:fact, any of the
scilences, it 1is #ery impbrtant that he or she alsé develop a
liking for mathematics. If such a student is given a bad
impression of mathematics by lack of motivation in its
presentation, then he may abandon the study of a sclence in

which he 1s really interested simply because of the
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mathematical calculations involved in it. W.A.Millis in "The
Teaching of High School SubJects,' points out that mathematics
is unpopular with a great many high school students and
enumerates -reasons for its unpopularity. One of his,chief.->
reasons is that the subject is more difflcult than most other
subjects, and if pupils are given the option of another
subject in place of mathematics, many students select another
subject instead of mathematics, (1) . 7

Not only do_pupils;ébanddnnthb;study.bescme‘of the
sciences‘on account of the mathematics involved, but they
select subjects in which-they pave no particular interest, and
for which théy are,nét sultably adapted, for the sole purpose
of avoiding the only other alternative -_mathematics. Un-
doubtedly & number of these students, at some later date,
regret their actions when they suddenly realize to what extent
they are handlcapped by lacking a fﬁndamehtal knowledge of
mathematics. |

E.L.Thorndike made an investigation into the popularity
of the variouslsﬁbjects on the high school curriculum. The
voting_was<d6né by grade'XII pupils in the High Schools of
New York City. 1In the final ranking of subjects, algebra'
ranked 13th. out of 22 with boys and 25th. out of 27 with

girls. Geometry ranked 1l6th. out of 22 with boys, and 26th.

(1) WoA.MilliS, OpCit- Ppo 231-30
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- out of 27 with girls. (1) . The obvious conclusion. to be
drawn from the results of these tests conducted by Dr. Thorn-
dike 1s that in the pastithe “teaching of mathematics has not
been carried out in a wholly satisfactory manner. (2)
Mathematics 1is abparently a subject which can become very
boreséme and distasteful to students if presented in a cold,
pedantic manner; (3) but on the other hand, it may become a
subjeot of reél and living interest if the teacher uses
sgillfully motivated methods of presentation.
A further reason for the necessity of métivating the

teaching of mathematlics in high school.is that mathématIGS'is
really one of the more difficult subjects of thé'éurricuium:
A pupil of iInferior intelligence can very often feach the
required standard in certain subjecté such as French, sécial
studies, grammer, geography and éimilar subjects by meané of
frequent repetition and laborious mémorization; but such a
student has much morevdifficulty in reaching the required
standard in mathematics. The very nature of the subject
démands that 1its teaching be motivated to the fullest possible
extent, in order to encourage those who are not éspeciall§

bright to develop their mathematicel skill to the extreme

(1) E.L.Thorndike, Psychology of Algebra, P. 386.

(2) "One reason for the unsatisfactory status of the subject
(mathematics) is poor teaching." - W.A.Millis, Opcilt.
P. 233. '

(3) "The extension of the elective system has revealed that -
pupils do not like these subjects (Algebra and Geometry)"-
Ibid., P. 232.
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limit of their ability. Without such motivation mathematics
i1s to these puplls an exceedingly difficult subject which they
will drop at the first opportunity. Since the usual regula-
tions for promotion, however, démand ﬁhat every student, dull
or bright, must reach a certain specified standard, it becomes
incumbent upon the teacher of mathematics tb motivate his |
teaching in such a way ﬁhat the duller pupils as well as the
‘vbrighter ones wili aévelop a sufficient interest in the
éubject to encquragé'each'one to reach his highést level of
efficlency. | "

Another reason why 1t 1s so essential for the teacher of
mathematics to motivate his teaching to the fullest extent, is
that in this subject a great deal of review work 13 necessary
and unless some form of motivation 1is sdopted, this refiew
work méy become very monotonous and uninteresting. Constant
practice in the meéhanicgl'processes and continual reference
to fundamentals are essential, and yet constant repetitibn in
‘eut and dried fashionymay take thé life out of the subject for
pupll and teacher allke. Both in slgebra andAih geometry,
every sucééeding topic 1s built up on the results of whaf has
gone before. Theré is no possibility of a student making a
‘new start in mathématics!beginning at a certain chapter unless
he is willing to go back and master all the fundamentals upon
which that chapter 1s based. Tﬁis state of affairs makes it
imperative that even from the very first day when the study

of algebra and geometry 1is begun, the material should be
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presented in such é way as to create an earnest desire on the
part of the pupll to master the subjécf in every detail.

EVery teacher of mathematics finds at some fimé or other
pupils in his class who dislikengéthematics'because théy have_
a preéonceived-idea that they are not mathematicallyrinclined,
When such a pupll is askedehy he diéiikés the subjéct the
usual response is such as, "Oh, I can't do mathematics. I
never was éﬁy good at it." Upon hearing such a‘étatement, oﬁé
cannot help but wgndefvwhat it was that turned that pupil .
againét mathematics; and the logical sequence of thought is to
consider whether or not the reasson for such dislike lay in the
pupil's first.introduction_po the subject, which was very
1likely void of any form of motivation whetsoever.. Cases such
as these are all too numerous, and the ugilization of the

verious forms.of motivation to a fuller extent would undoubted-
-lyfreduce the number of suéh cases considérably.

Probably the most importent reason why the teaching of
mathematics should be motivated to its fullest extent, is that
it 1s the mesns of opening up a new fleld of interest to many
students. A new and delightful experience 1s in store for any
pupll ﬁho develops a liking for mathemetics; an experience
which may become the chief interest in that student's‘educa-
tional career. The opening to that new and delightful
experience ls made by the teacher who so motivates his
teaching as to create a desire in the student to know more

about thls wonderful sclence of mathematics. Even the study
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of very elementary mathematics, when accompan;ed by the proper
moﬁivating forces, becomes the source of abundant pleasure, a
type of pleasure which is different from all other pleasurable
experlences. fhe study of mathematics for its own sake - for
the satisfaction and'enjoyment derived from its pursult - 1is
one of the prime reasons for its inclusion in the high school
curriculum (l), and & student may be led to this new source of
pleasure by skilifully motivated forms of presentation on the
part of the teacher.

For these several reasons enumerated above it is obvious-
1y imperative for the old pedantic methods of instruction to
.be replaced by highly motivated forms of teaching, if the
subject of mathematics is to hold the place 1t should hold
and fulfil the objects it should fulfil in the educational

lives of individuals.

(1) "We study music because it gives us pleasure. ..... So it
is with geometry. We study 1t because we derive pleasure
from contact with a great and ancient body of learning
that has occupled the attention of master minds during the -
thousands of years in which it has been perfected and we

are uplifted by 1t." D.E.Smith - The Teaching of Geometry.
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CHAPTER 1II.

TYPES OF MOTIVATION APPLICABLE TO THE

TEACHING OF HIGH SCHOOL MATHEMATICS

- Having observed the necessity for utilizing motivating
forces to their fullest extent in the teaching of high school
mathematicé, it 1s now necessary to consider what are the
various forms of motivation which are spplicable to the
teaching of high school mathematics. |

It is impossible to compile a 1list and say, "These are
all the forms of motivation whibh may be‘uséd in teaching high
schocl mathematics;" because every pupilris different, and
.that which is = motivating force to one student may have no
effect upon another student whatsoever. Mofeover, the motlves
urging a pupil to do his best are different at the various
stages of that individual's school 1life. A very powerful
motivating force to & pupil when in grade IX may have no
influence whatsoever upon that same pupil when he reaches
grade XII. Howevef; there are cértain forms of motlvation
which may be utilized in the verious grades of high school,
and the utilization of wﬂich may bring néw life and interest
to the study of mathematics. (1) s present chapter

(1) HeB.sWilson and G.M.Wilson, The Motivation of School Work,
P. 47. 1In this book there are enumerated eleven different
types of motivation. All but two of these are applicable
to the teaching of mathematics; - viz, Earning money, and
the acquisltion of a collection. '
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" contains merely the enumeration of the verious types of

motivation which may be used in teaching high school mathema-

tics, and the specific methods by which they may be put into

effect will be given In succeeding chapters.

1.

3.

A natursasl interest in new experiences. - When a pupll enters

grade IX of highQSChool, the novelty.of the new subjects
which he has not studied before has a great appeal to him.
The wise teacher will capitalize on this novelty, and in
his teaching of algebra and geometry will try to glve the
pupil a proper outlook towards these subjects at a time when
the pubil is eager to hear about the wondérs of these new

spheres of knowlédge.

'An interest in the individusal topics studies, - After an

appropriate introduction to the subject, and a proper
attitude towards it has been created in the mind of the
pupil, it is essential that the individual topics studied

be sufficiently vital to the pupil to maintain the interést
Which has been aroused. If the materlal studied is closely
assoclated with the pleasurable aspects of the pupil's exper;

lence, then there is e desirable motivating force acting

upon the pupil ét all times.,

Desire for Praise. - This is a very powerful motivating

force which 1s particularly strong in grade IX and continues
to a large extent throughout a pupil's high school career.
Praétically every pupll 1s encouraged to bétter efforts if

he knows that he will receive the praisé of his teacher, his
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parents or his fellow pupils by making that extra effort.
The skilful use of praise by the teacher cén be made a very
effective motivating force, not only for the brilliant
student but also for the dullard who is'trying'to do his
best. |

4. Desire to avoid disgrace. - This motivating force is allled

very closely to the one immediately preceding, but there
are a great many pupils, especiélly in the group of aversage
intelligence, who are encouraged to better efforts by the
féar of being utterly disgraced by failure to reach a
certain standard or to gain promotion. -It is not so much

a desire for praisé_that'urges these pupils‘on as it 1s the
desire to avoid the shame which would come upon them should
-they fall to measure up to the standard which they éelieve
they should be able té reach.

5. Desire for good marks. - Thls 1s a motiveting force which

is active throughéﬁt the grades of high school, but which
can be made especially useful in securing greater effort
from a pupil in the earlief grades.  Pupils 1n gradeS-IX :
and X prize their marks very highly, and a teacher who
marks Judiciously can make .a great deal of the motlvating
power of marks. Pupils like to receive marks even for the
smallest set of qﬁestions, end 1f these marks afe recorded
and made the basls of careful comparison, the pupils fiﬂd

an added interest even in dally tests.

6. Desire for promotion. - This form of motivation is present
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in all the grédes of high school, but it 1s more active
toward the end of each school year thah at the beginning.
At the commencement of a term promotion time seems somewhat
distant, and desire for promotion is not a very strong

motivating force, but there are ways and means by which the

* teacher may increase its power even from the beginning of

the term.

Interest in competitions. - The use of competitions of

various kinds is a very useful férm of motivation, especlal-
i1y in gradés IX and X. The majority df pupils in thesé
gfadeé.are verj keen on competitlons, -both against each
other and against time. There are numerous ways by which

this form of motivation may be used to good advantage.

Desire for activity. - One of the dangers ln a subject like

mathematics 1s for 1t to become too inactive. Sitting at

one's desk for a considerable time working a long series of

questions does not appeal to the ordinary high school
student. There 1is a tendency to boredom which should be
overcome by the introductibn of more physical activity »
iInto the mathematics lesson. The specifio'methods by which
this activity may be introduced will be discussed in a
1atér cheapter.

Interest in games. -  Puplls in all grades of high school

derive a great deal of pleasure from games. There are a
large number of mathematical recreations which are

admirably sulted to high school students, and if these are



10.

11.

14

‘carefully arranged and properly placed in the mathematics

‘lesson they will have a wonderful motivating effect on the

whole subject of mathematics.

Interest 1in humor. - A mathematics teacher, and especlally

one who has beén teaching the subject for a number of years,
is very often inclined to become mechanical in his methods
of ﬁfesentation, and overlook some of the possibilities
which exist for making a mathematics lesson really -enjoy-
able. Admittédly,'ﬁhé number of\opportunities for
humorous illustrations and analogies is not as gféat in a
mathematics lesson as in lessons in'many of the other sub=
Jects. HNevertheless the teacher keenly interested in
motivating his teaching to the fullest extent should make -
the most of every little opportunity that arises for.
introducing even a siight touch of humor into the

mathematics lesson.

Desire for change, - variety. - Any experienced méthematics
teacher knows that there 1s a decided>tendency on his part
to present iessons of a similar nature in almost identical
manners. In the teaching of geometry this tendency is

particularly noticeable. The treatment of one theorem

"after another, or one exercise after another in the same

manner day after day is certainito become tedious to pupils.
Pupils like variety. An essential form of motivation,
therefore, especially in the teaching of geometry, is a

variety of methods of presentation for lessons of & similar
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Interest in constructing. - In gradelX to a great extent,

and in the other grades to a smaller extent, pupils find a
great deal of pleasure in doing actual constructive work.
They eany building. There is a very close.analogy
between constructive geometry and building, and if this
fact 1s fully appreciated by the teacher, a great deal of
the work in geométry can be motivated very highly by
utilizing the pupil's keen interest in building.

The thrill of discovery. - "To discover thrills them,"

-says R.W.Pringle when referring to the nature of

adolescents. (1) This trait of the adolescent is. active
in all grades of high school. When a pupil in the first
week of his study of geometry discovers for himself some
new (to him) fact about triangles, or when a metriculation
student by hils own efforts dilscovers the fundaméntal
nature éf an ellipse, the thrill of discovery is
sufficiént to give that studént an ardent desire to delve
more deeply into the mysteries of mathematics. The part
played by the teacher is to start the pupil on the road |
to discovery and guide him at difficult crossings. |
Effect of special privileges. - A pupil in any grade of

high school likes to think that he is a speclally

privileged person. By this it is not meant that he likes

(1)

R.W.Pringle, Methods with Adolescents, P. 126,
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to be "teacher's pet," but that as a reward for some
special effort on his part he 1s allowed to emjoy some
special privilege noé enjoyed by the remainder of the
class. There are a great many ways by which good work in
mathematics may be rewarded by speclal privileges, and this
type of motivation is very effectlive with certain types of
students. |

Interest in mathematics for its own sake. - If the

teaching'of mathemaﬁics has been properly notivated by
various means during the early part of a pupil's high
school career; there should come a time, probably at the
end of grade X or the beginning of grade XI, when that
pupil discovers that he really enjoys the stﬁdy of

mathematics just for its own sake. He may leave some

. other things undone, but he will not neglect his

mathematics because of the enjoyment he derives simply by
its pursult. When this stage has been reached, and it is
reached by a great many high school students, there is
added to the motivating forces already at work a new and
extremely powerful one; one which may cause the pupll to
devote his 1life tQ the pursulit of mathematical knowledge.

Effect of a challenge. - Most human beings, and especially

boys and glrls with the red blood of youth in their veins,
respond very readlly to a challenge and do not rest content
until that challenge has been answered. Thls characteris-

tic of human psychology makes it possible for the teacher
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of mathematics to encourage the pupils to put forth thelr
best efforts by making mathematlcal problems appear as
definite challenges to their intelligence and ingenulty.
In the advanced grades of high school the motivating force
of a challénge issued by a certain algebraical or
geometrical problem spurs the students on to efforts far
beyond their customary levels.

Desire for efficiency in life's work. - Some students in

high school are encouraged to better efforts in

mathematical study because of their desire to”go out into

the world better fitted for their life's work by reason of
their study of mathematics.  If the teacher points out to

these students the various possibilities of transfer from

‘their study of mathematics to thelr intended occupations

or professions, then their desire for efficiency may
become a real motivating force in the study of mathematilcs.

Satisfaction through mastery. - This form of motivation

is one of the most Iimportant, if not the most important,
of all the forms which can be applied to the teaching of
mathematics in high school. If, in the Sééiy stages of
his study of mathematics, a pupil has the teaching of
mathematlics motivated for him so as to give him an eariy
liking for the subject, he will in turn put forth his best
effort in that subject, and most likely find that he has
succeeded in mastering thé early part of the work. The

satisfaction which that pupil derives from the mastery of
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his early work 1s a compelling influence to further effort.
A pupil enjoys a subject which he understands well, and if
a teacher can utiliize the various minor methods of
motivation in order to encourage a pupll to master each
section of the work as he goes along, then the very fact
of his mastery over a preceding section 1s suf'ficient
motivation to create in him a deslire to proceed to the
following section. The motivating force ot this satis-
faction gained through mastery 1s indeed a powerful
influence in the teaching or high schodl mathematics.,.

Eagerness for perfection. - The object of a great many

forms of motivation in teathing is to encourage the

ﬁoorer students to put forth greater effoft and attain a
higher standard of efficiency. While trying to accomplish
this aim, the fact must not be overlooked that those
pupils who have already attained a very high degree of
efficiency might be encouraged to do even better work than
they have done. One of the methods of motivation which
appllies particularly to this top-ranking class of'pupiis,
is the creation of an eagerness for perfection. Mathema-
tics is one subject in which perfection can be reached in
a great many cases, and if the teacher can create an
eagerness on the part of the pupil to attain absolute
perfection in his work, then he will be urging that pupil
to extend himseif to the 1limit of his ability and a new

interest will be added to that pupil's work in mathematics.
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-Satisfaction through heiping. - When a student reaches

grade XI or XII he has gained sufficient knowledge of
élementary mathematlics to enable him to offer some
assistance to pupils in grades IX and X. If opportunitiles
are provided by the teacher for the offering of this
assistance, then the senlor grade pupil will strive to
understand his work more thoroughly in order to be abilie

to teach his friends in the lower grades more skilfully.

A student gets a great deal ot satisfaction out of hélping
other students, and at the same time he 1s strengthening
his own grasp or the subject by constant review of

fundamentais.

Desire to be considered mature. - In the upper grades of
high school most pupils like to believe that they are
getting on into advanced mathematiés, and that they will
soonbbe blossoming into mature mathematiclans. A certain
emount of encouragement to the adoption or this attitude
can be given by the teaéher to very good efrfect. If a
teacher treats his matriculation students as mature
persons of whom much more 1s expected than 1s expected of
puplls in the lower grades, then those matriculation:.
students will respond and endeavour to show that they are
indeed advanced mathematiclians capable ot concentrated
effort.

Desire to complete the course selected. - One ot the

motivating forces urging students in the upper grades of
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. school to work diligentiy 1s the desire on the part ot the

pupll to complete the course which he has selected. Most
pupils in these grades iook forward eagerly to the time
when they wlil be graduated from high school, and be able
to go out into thé world with a successfulij completed
high school course pbehind them. The anticipation of this
future pleasure has a valuable motivating effect on the
étudent's present efforts.

Eagerness to pass matriculation examination. - For pupils

who are in the fiﬁal year of high school and who are

taking fhe matriculatibn course, there is one very powerful
motivating force at work; namely, the desire to pass the
matriculation exeminations. The motivating force of
matriculation examinations 1s not aiways the most

desirable form of motivation, but, as wiil be seen in a
later chapter;'a proper attitude toward matriculation
examinations may rid them of most of thelr undesirable
etrfects, and transform them into adnirabie motivating
forées, notv only fdr pupils in the matriculation grade, but
also for pupils working up towards it.

Effect of prizes and scholarships. - The motivating power

of prizes and scholarships 1s obviously very limited in its
scope. It is only those students who are exceptionally
good at theilr work who have any interest in scholarships,
and usually these rewards are offered only to matriculation

students. On account of their narrow scope, and also on
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account of the fact that the working for the reward may
rob a subject ot much or 1its real value, the offering of
prizes and scholarships can not be considered one of the
valuabie forms of motivation fof the high school student.

To this 1ist of the various types of motivation appli-
' cable to the teaching of high school mathematics, there might
be added a great many other forms of motivation which are more
limited in their scope or which are applicable onily to special
types of students. The foregoing list, however, contains most
| ol the more generali forms or motivation which are applicable
to students attending high school. "In the tollowing chapters
the specific means by which these types or motivation may be
applied to the teédhing or algebra and geometry in grades IX

and XITI wiil be discussed.
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CHAPTER III

MOTIVATION IN THE TEACHING OF
GRADE IX GEOMETRY

To the teacher of geometry in grade IX a wonderful
opportunity is presented; an opportunity for.opehing up to his
pupils a new field of knowledge which 1s fuil of interest ana
enjoyment. It becomes incumbent upon the teacher to make the
most of this opportunity by so motivating his teaching that
all the interest and enjoyment latent in the subject of
geometry 1is Qiscovered by the pupils under his care. But
what are the various methods of motivating the teaching of
grade IX geometry in order to achieve this object?

In the first‘place, the teacher can capltalize upon the
novelty or the subject. People are inherentliy interested in
things new, so while the puplls are in the proper frame of
mind the teacher can inform them of some of the wonders of
this science of geometry, and glve the pupils a proper outlook
towards the subject. An introduction might include reference
to some of the interesting features about d«few:of the world's
great mathematicians such as Pythagoras, Euclid and Elnstein,
and also give some indication as to the extent to which modern
civilization 1s built up on a mathematical basis.

After the pupil's interest has been aroused in the
subject, 1t 1s essentisl that this interest be maintained by

skilfully motivated teaching. There 1s a danger in grade IX
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that the novelty of geometry may wear off before the pupil haé
developed a real interest in the subjJect for its own sake.
One of the means by which this lasting interest may be aroused
even at a very early stage 1s by keeping the first part of the
work mostly experimental. A pupil in this grade does not like
to sit still in hils seat and watch constructions being done on
the blackboard by the teacher; but he wants to do the con-
structive work himself. The blackboard explanations by the
teacher should be as short and concise as is conveniently
possible, and then the pupil should bé allowed to experiment
for himself. '

Although the eafly part of the study of geometry should:
be largely experimental and of a constructive‘nature, never-
theless it 1s important that sound geometriqgl principles be
taught 1n conjunction with these constructive exercises. If
this is not done, the pupil will find out in a very short time
that his knowledge of geometry has been built up on a rather
feeble foundatlon; and consequently he will lose that early
interest which he had in the subject. He will miss the real
enjoyment which would have been in store for him had he bullt
his geometrical knowledge on sound mafhematical principles.

In order to lay a good foundation it is not necessary for the
pupil to memorize l1lists of definitions, axioms and postulates;
but rather he should be directed towards gathering accurate

information about fundamental geometrical facts. For example,

it 1s essential that a pupll know exactly what is meant by

/
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"vertically opposite angles" and what relation they bear to
each other; but what profit would there be in demanding that
he should be able to recite the definition for vertically
oppoéite angles?

One very important fact to remember in motivating the
teaching of grade IX gecmetry or algebra is the fact that the
pupils in this grade require a certain amount of physical
activity; - opportunity for actual movement of body and limbs.
They are not capable of sustained effort in concentration over
& very long period of time, but they require opportunity for
periodical physical activity. This need is supplied in part
by the introduction of constructive exerclses in which the
puplls actuaily do the work. It is satisfied to some extent
also by extensive use of the blackboard by the pupils; but
there 1s still another very veluable means of supplying .
physical relasxation for the pupils, and at the same time
satlisfying thelr desire for competitive forms of activity.

A series of short questions (ten for example) is placed
on the blackboard and the puplls are instructed to work the
questions and on completion to turn thelr books face down on
the desk. The first twenty puplls finished write their names
on the blackboard in order as they finish. When all pupils
have finiéhed the questions, books are exchanged and marks are
assigned to the questions. Extra marks are allotted to stu-
dents who answer all questions correctly and also finish in
time to get thelr names on the board. These bonus marks are

graduated according to the order of the names on the board.
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Books are returned and results aré compared in the following
menner: Ali the pupils stand, and as the teacher says, "One
right"; "two right"; "three right", etc., pupils with the
corresponding number of correct solutions take their seats.
When "ten right" is about to be reached, only those with
perfect solutions are left standing, and these can be ranked
in the order in which ﬁheir names appear on the blackboard.

This at first glance appears to be a very ordinary bit
of teaching procedure, but on closer analysis it will be
found to contain several valuable features which are very
effective forms of motivation. |

In the first place, the puplls who succeed 1n getting
most of the questlions correct feel a certain sense of mastery
over the work that has been covered and they will attack new
‘work with confidence. Also, the very best students will be
striving for perfect solutions 1In order to be able to continue
standing until the last. Besldes this, if the questlons are
carefully graded, some of them being comparatively easy, then
even the poorest pupils will find that they have developed
e certain amount of skill, and on the next occasion they will
endeavour to remain standing for & longer time. No pupil wants
to be the first to have to take his seat, so even the very
poorest pupil in the class has a Very strong motlve for trying
to improve his work. |

The very fact that all the pupils in the dlass;have_been
standing for a few minutes, and that twenty of them have made

trips to the blackboard, provides an opportunity for relaxa-
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tion of muscles whnich become tired from maintaining a sitting
posture. This simple method of procedure, therefore, is
extremely useful as a motivating force in the teaching of
grade IX geometry. The foregoing methods for motivating
gréde IX geometry are all of a general nature, but the follow-
ing are a number ot specific methods by which certain topics
may be made much more interesting and valiuable to the pupil.

At the very beginning of the course in geometry, when
commencing the study ot the straight line, practice in drawing
and measuring can be made extremely Interesting by utilization
of the pupil's interest in estimating or guessing. Questions
such as the following prove very interesting to grade IX
students just commencing the study of geometry:

1. By using the back of your ruler, draw a line which you
believe to be 7 in. long. Turn the ruler over and measure.
How many are within 1/16 of an inch? how many within 1/8"%
within 1/4"? within 1/2"? etc.

2. Using the longest side of your set square, draw a llne
which you believe to be 4% in. long. Measure. How many
are within 1/16 of an inch? etc.

3. Draw two columns, one for the estimated length and the
other for the measured length in each of the following.

Use the longest side of your set square for drawlng, and
your ruler for measuring.
(a) Draw a line of any length. Estimate its length in

inches (in proper column). Measure. Record measure-
ment.

(b) Draw a line which you believe to be 5 in. long.
Measure.

(c) Draw a 1line of any length diagonaily on the page.
Estimate 1its length in inches and In millimetres.
Measure.

(d) Estimate the length of your geometry book in centi-
metres and miliimetres. Measure.

(e) Estimate the width of your desk in inches. Measure.

Mark each ahswer correct which is within 4 in. or 5 m.m. of

the measured length. Series of questions similar to the

above may be arranged in competitive form and done from the
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blackboard.

After the study of the straight line the study of angles
ié commenced, and there are numerous ways by which the
teaching of this topic can be very effectivé;y motivated.
bu@ing the introduction to the topic, the teacher may ask the
pupils to write down the following sentence: - "Geometry
teaches us to bisect angles,” and then see how many have the
words "geometry", "bisect™ and "angles" spelled correctly.
Mention might be made of the 1little boy who wrote "Geometry
teaches us to bisex angels." .

After the method for naming angles has been explained,

skill in naming angles correctly can be developed in an

interesting manner by seeing who can R

name all the angles (not reflexi on F

a figure such as the accompanying | B
one. Each angle must be named only ¢
‘once. 2

Préctice in drawing angles of
various sizes, measuring angles P
already drawn, and developing a good idea of angular sizes
can be given in a rather interesting manner by using a method
similar to that for giving practice with straight lines.
After explaining the use of the protractor, a series of
questions such as the following may be given and the pupills

instructed to keep a record of the ones which they get correct:

1. Draw any angle ABC. Estimate its size in degrees. Measure.
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2. Draw an angle which you beiieve to be 65°. Measure.

3. 0f the two angles on the blackboard which is .the larger?
How many degrees larger? (Angles such as the following may
be drawn; - the smaller angle having the longer arms.)

X

B e Y
4. Draw any acute angle on your paper. Draw another angle
which you believe 1s exactly twlce the first. Measure both
angles. Multiply size of first angle by two and compare
with the size of the second.
5. Draw a figure on your paper

similar to the one on the blackboard. A
(Accompanying).

Estimate the size of each of the B
following angies:

/ AOB = BOC

BOD = BOE = f
DOE = - - 7Foa =
AOE = AOC =

eck by measurement.

In marking the above questions, three marks arelallowed
if the answer is correct to within 1°; two marks 1f within 2°;
and one mark if within 3°. Marks are totalled and compared
by the standing method.

In connection with the study of angles, use of fhe
marinert!s compass can be made to good advantage. After a
short discussion of the mariner's compass, its structure and
use, the teacher may enquire if there are any Boy Scouts or
Girl Guides in the class. (Members of these organizations
are supposed to know the thirty-two points of the compass.)
If there are any present they may be allowed to display their

knowledge by drawing a diagram of the mariner's compass on the

blackboard. From one oi these diagrams much practice ctan be
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given in angular sizes by asking questions such as the

following:

1. A boat is sailing due north, and then changes its course to
N N W. Through how many degrees does the keel of the boat
turn? :

2. Two boats are approaching the same port from different
directions. One is coming from a N by N E dlrection and
the other from a N by N W direction. How many angular
degrees are there between the lines indicating their
routes?

Many other & milar questions on angles may be asked using the

mariner?'s compass as a basis, and many interesting facts about

navigation may be brought into the discussion of this topic. -

This 211 adds interest to a lesson on angles, and it is a

typical way of motivating what mignt otherwlse be a rather

abstract and uninteresting lesson.

Another practical method by which interest may be aroused
in the study of lines and angles 1s by making use of the
pupils' sense of satlsfactlion at being able to follow a number
ot rather complicated directions and arrive at the proper
destination. Finding the hidden treasure or catching the
thief are forms of this type of motivation. A question such
as the folliowing is tull o1i interest to a grade IX pupll just
beginning the study of geometry:

A jewel thief stole a dlamond ring and was caught by the
police after pursuing him over the followlng course. Can
you follow them? How far from the scene of the crime was

the thief when caught? (1 mile - 1 in.) From the scene of

the crime he travels 13 miles N.E.; then 1 mile due N.;
from there % mile N,W.; he then turns and goes 1% miles
S.W.; then 3 miles due E. He turns again and goes 7/8 of a
mile S.8.W.; and finally he turns due E. and goes 1 mile

before belng caught.

Questions such as this can easlily be made competitive by
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seeing who can catch the thief first, or who can find the
hidden treasure.

The introduction to the study of parallel lines is very
often a rather difficult lesson in which to arouse the interest
of the puplils to any great extent. The application of care-
fully planned methods of motivation, however, may change this
situation considerably and convert the lesson into one of
exceptional interest to the pupil. After a discussion of the
word "parallel" - its spelling, meaning and application to
straight lines, common examples of parallel lines may be
taken, such as the two edges of the desk; the two edges of the
blackboard, or the two edges of a book. Definitions for
parallel lines may be suggested by the pupils, and in this
connection the teacher may repeat some rather humorous
definitions received on examination papers at some time or
another; The following are examples of such definltions:
"Parailel lines are lines which run along together side by
side like the car tracks, sometimes for mliles, and never

v (1) "Parallel lines never meet unless you bend

n (2)

converse.
one brfboth of them. "A parallel line 1s one that when
produced to meet itseif does not meet." (3)

When the meaning of "parallel lines" is perfectly under-

stood by the pupils, they may be given questions such as the

(1) Received on Grade IX examinatlon paper in 1934, Britanunia
High School.
(2

(3; Alexander Abingdon, The Omnibus Boners. P. 69.
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following:

1. On unruled paper draw two straight lines across the page

about two inches apart, and which you belleve to be parallel.

Test by measuring their distance apart at several places.
2. Draw two lines diagonally across the page which you believe
to be paraliel. Test as before.

3. Draw a line across the page. Draw two other iines which you

believe to be parallel to the first one - one about an inch
ebove and the other about an inch below the given line.
Test the two new lines to see if they are paraliel.

To questions such as these the teacher may add exercises
from the blackboard, such as getting the pupils to say whether
lines drawn on the blackboard are parallel or not, and if not
parallel which way they converge.

Interest may be added to the lesson by the introductlon
'of certain optical iliusions, involving parallel lines. The
foliowing are some examples of the type-of opticai illusions
which are suitable at this stage:(l)

1. Are the two lines in the follow1ng diagram parallel?
\\\\>/J'I/

e f/l‘\\\‘

2. Which ot two lines below is the longer?
/ ) D N NN

3. In the following diagram, which is longest, AB or BC or
Ch? B
| R D

(1) Morgan, Foberg, Breckenridge, Plane Geometry. P. 13.
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After the essentlal facts regarding parallels and
transversals have been studled, the inaccuracy ot the tormer
method ‘ot testing parallels may be pointed out and a more
scienbific method substituted; namely, the measuring of a
pailr of alternate or corresponding angles. The old method
ot measuring the distance between the lines will then be
abandoned and the new method adopted.

As a little recreation at the end of a lesson on
parallels, the following sentence, suggested by the word
"varallel”, may be given to the pupils as a spelling test.
"In a cemetery an embarrassed cobbler and an harassed peddler
were gauging the symmetry of a lady's tomb-stone with
unparalleled ecstasy."

When approaching the study or triangies, the teacher 1s
offered a great opportunity for ailowing the pupils to
experience the "thrill ot discovery", and in this way increase
their interest and satisfaction in the study of geometry.
There are a great many facts about triangies with which the
pupilAin grade IX is not familiar; and if the materlal is
presented in such a way as to allow the pupil to discover
these facts for himself, then he will derive a great deali of
satisfaction from so-:doing. ©Some of these facts which a

pupil may be led to discover for himself in an experimental
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way are as follows:

1. The sum of the angies of a triangie is equai to 180°,

2. Any two sides of a trilangie are together greater than the
third side.

3. If the sides of a triangie are produced in order, the sum
or the exterior angies so formed is 180°.

4., If one side of a triangie 1is produced, the exterlor angie
so formed 1s equael to the sum of the interior opposite
angles.

5. The bisectors of the angles of a triangle meet at a point.

6. The perpendicular bisectors of the sides of a triangle
meet at a point.

7. The three medians of a triangle meet at a point. (The
pupils may experiment with paper triangles to see 1f the
point at which the medians meet is the centre of gravity.)

8. In a right-angied triangie, the mid-point of the hypotenuse
1s equidistant from the three vertices.

9. In a 30°, 6009, 90° triangie the longest side 1s doubie the
shortest.

10. The area of a triangie is less than the area of a square
with the same perimeter. ’

The means of motivating the teaching of the standard
constructions in grade IX geometry are many and varied. The
main types of motivation which are applidable to thls phase
of the work are (1) The pupil!s interest in building and
construction work; (2) The pupil's desire for physical activi-
ty; and (3) The pupil's interest in things new. His interest
in building can be used to advantage here by attacking each
problem experimentally‘-'a certailn figure has to be put
together, can the pupil find = metﬁod for dolng 1t? A straight
line has to be erected perpendicular to asnother straight line
from a given point in that line. How can i1t be done? Can the
pupil discoyer a method? When experimentation is over and
results are compared,' the comparative values of the various
methods adopted by the puplls may be considered, and the best

ones studied more carefully.
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The physical energy expended by the pupil in working
theée constructions is a very important part of the grade IX
pupll!s activity. Without periodie opportunities for physical
activity, the pupll is likely t6 become restless and uneasy.
Most youths find it difficult to keep still for any great
length of time and opportuniﬁies for muscular movement such as
the one just mentioned allow the youth to satisfy his desire
for physical action. .

In the teaching of standard constructions it 1is well for
- the teacher to remember that these are new revelations to the
grade IX student. The very novelty of such work is an
incentive to the pupll to learn. In the manner'of expreséing
in words the vafious methods of construction, there is a
certain amount of novelty algo; and interest»in this phase of
the work may be increésed by seelng which pupils can eXpress
in the.clearest and most coneise form the actual work carried
out in the process of construction. The puplls may be
encouraged in developing an eagerness to be able to express
themselves in correct geometrical language. Théy may be told.
that a certalin professor wired from Vancouver to New York for
the publishers to hold up the publicatlion of his new book until
& certain change was made. He wished one of the questioés
which began "P 1s a point in the line AB" to be changed to
"The point P is in the line AB" because it is bad form to

begin & line with a symbol. (1) This shows the exactness of

(1) Information obtalned from Professor himself.
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the science of mathematical expression, and the development
of skill in this sclence sometimes fascinates the young people
beglnning the study of geometry.

When the essentisl constructions have been mastered,
pupils may be allowed to construct from sbecifications a few
- of the more difficult figures involving combinations of the
" basic constructions. In this part of the work the pupil
should be given the impression that he 1s now tackling an
intricate bit of handiwork, and'if he is successful he has
developed a certain amount of geometrical constructive ability;
Problems sultable for this purpose are ones such as drawing |
the inscribed, circumscribed,and escribed circles to triangles;
constructing quadrilaterals necessitating the use of diagonals;
and the development of geometrical designs sultable for crests,
inlay work, linoleum and tiling patterns.

As mathematical recreations in éonnection with this
phase of the‘work, the following puzzles are very sultable:

l. A farmer had his prize sheep in six pens, constructed of
thirteen sections of fencing, as follows:

Somebody stole one section of the fence, so the farmer
rearranged the remaining 12 sections so as to stlll have
six pens, all the same size and shape. How did he do 1t?

2. Given a pisce of cardboard 15 inches long and 3 inches wide,
how is it possible to cut it so that the pieces when re-
arranged shall form a perfect square?

If tests are given at| various stages of the work in grade
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IX geometry, it is essentlal that the pupils develop a correct
attitude toward them. The pupil should regard them as
opportunities for showing his constructive and reasoning
ability. In each test he has the privilege of performing more
new and interestiﬁg conétructions, as well as the opportﬁnity
for reasoning out certain mathematiecal problems. If the
beaching of the work has been motivated so as to arouse the
pupllts interest in the subject, and 1f the tests are skil-
fully arrasnged so as to follow up that motivated form of
teaching, then the pupil wlll indeed regard these tests in the
proper light and look forward with eagerness toward them.
The following are some exemples of tests designed to

allow the pupil an opportunity of showing his constructive
and reasoning sbility, aﬁd from the working of which a pupil
mey derive a great deal of satlisfaetion and enjoyment.
l. Give definitions of the following terms. If you cannot

give definitions, explain each term clearly.

(a) Acute angle (b) Obtuse angle.

(e) Adjacent angles. (d) Supplementary angles.

(e) Parallel lines. ' . :
2. Name e&s many angles as you can from the following diagram.

Name only angles containing less than 180°. Measure to

the nearest degree the size of each angle.
. C

T
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(a) Draw / AOB w 42°; at O meke / BOC = 53°; at O make
/_COD = 37% at O meke / DOE = 48°, making each angle
adjecent to the one immediately preceding.

(b) Without protractor, how could you test quickly to see
whether the final result is accurate or not?

(a) Draw a streight horizontal line AB 3" in length. Mark
X the mid-point of AB. At X, make Z;ﬁXY e« 50°, drawing
this angle on the upper side of AB. Make XY = 1" in
length. At Y, maeke / XYZ alternate to / YXB: and equal
to 50°., Make YZ = 2" in length. At poinft X, make

- /_BXH = 70°, drawing this angle on the lower side of AB.
Make XH z 1" in length. At H, make / XHK, alternate te
BXH, and equal to 70°. Make HK = 27 in length.

(b) at relation exlists between the straight lines ZY and
AB? Give reason for your answer.

(¢c) What relation exists between st. lines AB and KH? Give
reason for your sanswer.

(d) What relation exists between st. lines ZY and KH? Give
reason for your answer.

(e) By using ruler and protractor only, how could you test
this relationship between ZY and KH?

X .
A : c/L D
c/d

D

{
/h
Y .
In the diagrem above, AB and CD are two parallel lines.
(a) Whaet neme is given to st. llne XY?

(b) Name a palr of alternate angles.

(c) Name a palr of corresponding angles.

(d) Neme a palr of vertically opposite angles.

(e) Name a pair of adjacent angles.

(f) Name a pair of supplementery angles.

(g) If / a - 112, what 1s size of / £f? Do not obtaln your

answer by measuring. - -

L} X

D

S

. ¥ "
In the above diagram CX is parallel to BA.
(a) Name any pairs of angles which you know to be equal,
giving the reascn in each case.
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(b) If / A = 85° and é_ - 48° , without measuring find the
size of / ACB. Show your method of calculation.

In the accompgnying aiagram6 AD is perpendicular to BC.
Ir / DAC - 45 and /B < find without measuring the
size of each of the angles ACE,-BAC, FCE. Show your method

. of calculatlon 1n each case.

8. (a) Representing 1 mile by half an inch, draw a dlagram to
11lustrate the follow1ng journey,
using directions es indicated by the

N asccompanying arrows: :

A man starts from a place A and welks

to a place B which is 3 miles due east

of A. He then walks from B to a place

W< »E€ ¢ which is 4 miles north-west of B.
From C he goes to D which 1s 2 miles
north-east of C. From D he goes 33
4 miles due south to E. From E he walks
S to place F, which is & miles south-west

of E. From F he goes 25 miles due east
to a place G.
(b) Measure the direct dlstance from A to G, and tell how
many miles G 1s distant from A.

'
An 1nherent interest in games 1s one of the motivating
foreces which may be utilized extensively throughout the entire
high school course. The following are a few méthématical
recreations comnected with the work of grade IX geometry in
some way. The judiclous use of these recreationasl problems

may edd much Ilnterest to the study of geometry for many of the

puplls.
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A man who owned a plece of land in the
form of a square, died and left the
property to his wife and four sons in the
House following way: The wife was to recelve
the guarter 1n the corner of the sgquare
where the house stood, and the remaining
three-quarters was to be divided evenly
emong the four sons and all the four parts
recelved by the sons must be the same size
' and shape. How was the property divided?
Why does 1t take no more pickets to build a fence down a
hill and up another than in a straight line from top to top,
no matter how deep the gully?
Given a plank 12 inches square, required to cover a hole in
a floor 9 inches by 16 inches, cutting the plank into only
two pleces. .
A farmer has six pleces of chain, each plece containing
five links. If 1t costs 2¢ for each cut and 3¢ for each
weld, what will it cost him to have them made into an
endless chain? (i.e. chain in the form of a circle.)
Three missionaries travel-
ling in cannibal country,
came to a river and could
— e not get across. There were
. three cannibals on the bank
of the river and a boat tied
at the shore. The mission-
aries were offered the use
of the boat, but the boat
A could carry no more than
— T~ two at a time, and it was
E E E ‘ @ @ unsafe to leave more
cannlbals than missionaries
' in any one place at any one
time, for the cannibals outnumbering the missionaries would
devour them. All the missionaries could row, but only one
cannibal (Marked ) had learned to row. How did all the

f¢misslonarlies and cannibals get across the river, and what

1s the least number of times the boat need cross the river?
A men having a fox, a goose, and a peck of corn is desirous
of crossing a river. He can take but one at a time. The
fox will kill the goose and the goose will eat the corn if
they are left together. How can he get them safely across?
A room 1s 30 ft. long, 12 ft. wide, and 12 ft. high. On
the middle line of one of the smaller side walls and one
foot from: the celling is a spider. On the middle line of
the opposite wall and eleven feet from the ceiling, 6 is a fly.

The fly, beling paralyzed by fear, remains still until the

spilder reaches it by crawling the shortest route. How far
did the spider crawl?
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2fh A girl had a plece of cloth of
LA the shape shown 1n the diagram.
" She wished to cut 1t into three
2 , u pileces, all of the same size
A and shape. How could she do it?
344

A man and his wife, each weighing 150 pounds, with two sons
each welghing 75 pounds, have to cross a river in a bost
which 1s capable of carrying only 150 pounds' weight. How
did they get across?

Take two pennles face upward on a table and edges in
contect. Suppose one is fixed and the other rolls on it
without slipping, msking one complete revolution about it
and returning to 1ts original position. How'many revolu=-
tions about its own centre has the moving coin made?
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CHAPTER IV

MOTIVATION IN THE TEACHING
OF GRADE XII GEOMETRY

Part A. Development of Proper Attltudes

Towards Grade XII Geometry

Whether a student in grade XII 1s influenced by sufflclent
motivating forces to encourage him to reach his highest level
of efficlency in the study of éeometry depends very largely
upon the attitude which he adopts towards the subject. If =&
teacher can lead a pupll to develop a proper attitude goward
the subject of geometry, then that pupll will have made the
first step toward deriviﬂg the numerous beneflts and pleasures
latent in the study of this most fascinafing sub ject. (1)

But what 1s the proper attitude toward geometry 1n grade
XII? In the first place certain students in their fineal year
of high school may be encouraged to regard themselves as
potentisl mathematicians. If the teacher regards a pupll as
an advenced student launchling out into the depths of higher
mathematics, then thet pupil will endeavour to respond to this
attitude, and will pﬁt forth every effort to show'thaf he 1s

worthy of such recognition. A higher regard for the pupil

(1) "What science can there be more noble, more excellent, more
useful to men, more admirably high and demonstratlve, than
this of methematics?" - Benjamin Franklin. S.I.Jones,
Mathematical Wrinkles, P. 257. '
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undoubtedly encourages more earnest effort on his part.

Ano ther means of encouraging a proper attitude towards
geometry in~grade XI1I, 1s the development of the forward-
locking attitude. The teacher may find many opportunities for
msking slight reference to some advanced work in mathematics,
and thereby show the pupils that they are really laying the
foundations for the study of higher mathematics; for example,
in the study of graphs the pupils' interest may be aroused to
a considerable extent in the study of analyticai geometry.
Also, in connection with féctoring, especlally byﬁthe grouping
method, there is an oppoftunity for mentioning permutations
and combinations. This topic could be mentioned also in con-
nection with evolution and involution. When a pupil is asked
to write down the square of an expression such as 3x-r4ya—z-2w,
he has to use the principle of combinations 1n order to be
eble to write the terms in the answer involving twlice the
product of each pair. Longer expressions might be taken, and
the number of groups of two calculated without actually peiring
them off. By this means a student's interest and curlosity 1s
aroused in the topics which lle jJjust ghead of him, and he is
motivatéd te put forth his‘best efforts and continue his
mathematical studles.

Besides developing the forward-looking attitude in grade
XII, it 1s Important that the student become more independent,

and less reliant upon the teacher. If the pupil can be led to

develop the idea that the teacher is there to guide and not
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simply to instruct, then that pupll will develop a sense of
responsibility and will feel that he himself 1s the one to do
the thinking and the reasoning; end he will find much more
satlsfaction In doing his work 1n geometry than 1f this
attitude of indepéndence were not developed.

Probably the most important attitude towards grade XII
geomebtry 1s the development of the sense of satisfaeiion
through méstery. There is no greater enjoyment in any phase
of school work than the thrill derived from obtaining a
éolution to a difficult géometrgcal problem which has required
a great deal of concentration. If the teacher has a select
group of problems at his disposal which are of just the right
difficulty for the puplls at each stage of their development,
he e¢an use these to Wonderful advantage by glving the pupils
an opportunity for expériencing that sense of satisfaction
through mastery which is such a strong motivating force to
further effort. "Success begets success,” and ever§ exper-
lence of this nature acts as a "stepping-stone to higher
things."

In connection with the soclution of geometrieal exercises,
the students in grade XII may be encouraged to develop the
power of visualizing geometrical solutions. If a pupll has
been working at a problem for some time he may develop a
very accurate mental plcture of the diagram with vhich he is
working. Even when he ceases to work at the problem he may
st11ll visualize the diagream very clearly, and i1f a student is

encouraged to continue working at the problem from his mental
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picture of the dlagram he might discover the solution even
while walking along the street, sitting in a street car, or
walting for e friend to keep an appointment. The extreme
enjoyment deriveé from being able to solve exercises in such
a menner is a very strong incentive towards further development
of that skill,

Still another phase of the development of the proper
attitude towards grade XII geometry is the érousal of interest
in complicgted geometrical dlagrams. If the teacher has a
selection of exerclses which are not very difficult in them-
selves but which produce a rather complicated 1ooking dlagram,
the pupills maj be led to develop a keen interest in such
ffgunes and derive much pleasure both from thelr construction
and from their analysis. There is e great fasclnation about
complicated geometrical diagfams, and when a student finds
that he éan not ohly draw the figﬁre from specifiecations but
also anelyse 1t and prove a certain required fact about it,
then his faith in his own ability is greatly'strengthened, and
this 1n turn is an incentive towards continued activity along
these lines,

The following exercises are exampleé of the forégoing
type; they produce rather complicated lpoking diagrams but
their proofs are not particularly difficult:

1. If a triangle 1s inscribed 1In a circle and perpendiculars
are drawn from any point on the ecir cumference of the circle
to the sides of the triangle, the faeet of .the three per-
pendiculars are in one straight line. (Simpson's line.)

2. To construct a triangle having a base equal to a given

_straight line, a vertical angle equal to a given angle, and
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an area equal to the area of a glven parallelogram.

The following exerciseé handed in by gréde XII pupills
indicate that some puplls are indeed interested in drawing
complicated looking figures, and that this 1s one fofm of
motivation in grade XII geometry. (Flgures I and II overleaf.)

Antther attitude towards grade XII geometry is the
development on the part of the puplils of a desire for absolute
perfection. There 1s nothing quite as stimulating to a
student's enthusiasm'as to be told that his solution of a
problem is berfect. In the solution of geometrical exercises
1t 1s aaite possible for a pupll to reach perfection - perfect-
1y logical reasoning expressed 1n accurate geometrical terms.
When a pubil knows that such an attalnment is quite within his
reach, he 1s encouraged to put forth special effort in order
to derive the satisfactlon of producing a perfect solution.

That students are lnterested in Making their solutions.
perfect 1ls evident from the accompahying solutlons to‘exercises
glven to a grade XII class slmply as optional home exercises.

(Figures III and IV overléaf.)
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CHAPTER IV

Part B, Motivatlon In the Methods of

Presentation of Grade XII Geometry

In Part A of this chapter 1t was polnted out that before
a grade XII student can derive the maximum amount of satls~
faction and enjoyment from the study of geometry he must
develop the proper attitude toward the sub ject, and that this
desirable attitude 1is composed of several different factors.
The present section will outline how the material to be
studled in grade XII geometry may be presented so as to
fievelop in the pupils a desirable attitude toward the subject,
and at the same time enable them to reach a very high level
of efficlency.

In grade XII the method of teaching the prescribed
theorems can be done in such a way as to motivate this section
of the work to a conslderable extent. In this grade the
theorems may be treated in a much less formal ménner than in
the previous grades. When a new theorem 1s sbout to be
commenced, the diagram may be. placed on the blatkboard, and
then thoroughly discussed in drder to meke sure what facts are
given about 1t and what new truth is to be derived. The pupils
then analyse the problem.just as 1n the case of an original
exercise, and with a few gulding suggegtions from the tgacher;
if necessary, the desired result is eventually reached. The

class as a whole bullds up a suitable statement for this new
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truth, and then it becomes to them a theorem or established
fact which may be used in the discovery of other geometrical
truths. In the lesson which follows the one in which a
theorem 1is developed, the teacher tests the class on the fact
learned in the previoué 1esson,.and the pupilsvare required to
show, first of all, that they understand the loglieal sequence
of reasoning steps necessarj to prove the fact; and secondly,
that they are able to express this loglc in convenilently
arranged geometrical terms. If this attitude towards theorems
is adépted, it prevents students from regarding them-as 1sol;
ated geometrical facts which have to be remembered, and the
proofs for Which have to be expressed in stereotyped form.
The students should consider each theorem as a newly discovered
truth, which, when established, becomes an important foundation
stone 1n the pyramidal structure of geometry.

In grade XII the study of the required theorems is but
a small fraction of the Wofk. The larger portion of the time
in this grade 1s spent in the solution of orlginal exercises
of various kinds, in order to develop in the'pupil a certain
sklll in geometrical reasoning both of the inductive and
deductive type. It is'in the treatment of these original
exercises that there is the grgaﬁest need for utilizing every
suitable means of.motiVation. All interest in this phase of
the work may quite easily be killed i1f the pupils.are simply
required‘to‘attempt the exércises in order és théy occur.in

the text book, and then see these exercises gone over on the
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blackboard after a certaln number of puplls have obtained
solutions. This mechanical way of treating exerclises robs the
subject of geometry of much of the interesﬁ of which it 1s so
full, and causes pupils to miss a multitude of pleésurable
experiencés which might have been thelrs had a motivated
method of treatment been adopted.

How, then, can the treatment of original exercises in
~geometry be motivated? 1In the first place, at the end of
almo st every theorem there are a number of short and>compara;
tively easy exercises. (1) These can very convenientlj be
made the éubject of rapid solution contests, where each
exercise is taken\séparately and pupils compete to see who
can obtain the solution f;rst. When a pupil sees a solution
he turns his book face downward on the desk and writes his
neme on the blackboard. After a large number of names are on
the board the winnér-is asked to explain his solution. If
his explanation i1s not correct, the pupil néxﬁ in order has
his opportunity. Each pupil keeps track of his corréct
answers, and after several exercises have been given in this
mannér, results are compared to see which puplls obtained the

largest number of correct solutlons.

When dealing with exercises of a little greater

(1) (214, ex. 1119-1126)
See pages (236, ex. 1222-1231) Godfrey and Siddons =-
(325, ex. 1699-1704) Elementmery Geometry.
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difficulty than fhose mentioned above (1), a slightly

different procedure is desirable. In this case, puplls are

allowed a few minutes in which to read the exerclse and make

a mental note as to what facts are given and what is required

to be proved. At the end of the allotted time, all books are

turned face down, and one pupil is required to draw a

suitable diagram on the blackboard without the ald of the

text. If the diagram 1s not correct, another pupil is
selected and so on until é suiteble figure is drawn. Pupils
then exemine the diagram on the board énd face for a solutlon.

Upon seeing a solution, a pupil railses his hand. When a -

number of hands have been rais;d, the teacher asks certain

pupils, who apparently have obtained a solution, to give some
hint which will help those not yet successful. In this way
the brighter puplls feel thét they are helping the slower ones
to some extent, and their interest in the eiercise is

' maintained’even after a solution has been obtained.  The

Vfollowing are some examples of exerclises which are suitable

for this tyve of treatment:

1. AD is ) to the base BC of /\ABC; AE is a dlameter of the
circumscribing circle. Prove that /\'S ABD, AEC are
equiangular. (In this case help might be given by a pupil
who sees the solution naming the theorems upon which the
solution rests.)

2. If two elrcles touch externally at A, and touched at P, Q
by a line PQ, then PQ subtends a right angle at A. (The

(1) (261, ex. 1351-1353)
See pages (277, ex. 1425-1438) Godfrey and Siddons -
(316, ex. 1678-1681) Elemtary Geometry.
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suggestion in this case might be for the teacher to ask a

pupil who sees the solution what is usually the link

between two circles which touch externally.)

When dealing with exercises of greéter-difficulty than
either of the types mentioned above, it is still desirable
to avoid mechanical treatment of one exercise after another
taken consecutively from the text book. The thorough analysis
of one good exercise, from the solution of which the brighter
pupils can derive a great deal of satisfaction, and from the
analysis of which the poorer ﬁupils may gain much assistance
in learning how such exercises are attacked, is much better
than an lncomplete survey of several exercises for none of
which a thorough analysis is given. One means of carrying
out this plan is for the teacher to assign one suitable
exerclise each day for home solution. If a solution 1is obtained,
it 1s written out and handed in at the beginning of the next
geomeliry lesson. The work handed in is examined by the
teacher aﬁd marked (probably out of 10), énd the marks are
read. out when‘the papers ére returned during thé following
lesson, at which time a thorough analysis of the problem is
~carried out. The mérked exercises are retaiﬁed by the pupils,
after the marks have been.recorded by the teachgr. At the end
of each monthlthe marks for each pupll are totalled and read
to the class. |
This method of procedure is full of motivating forces,

and it encourages each pupil to do his utmost to develop his

skill at solving geometrical problems. The teacher should by
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no means make the puplil feel that this 1s éompulsory homweork
which must be done in order to avold some penalty, but each
exerclse should be presented as a new opportﬁnity for the
pupil to try his skill at geometrical reasoning.

That pupils will respond favorably to such a metﬁod is
evidenced bj the results of an experiment along these lines
conducted by the writer with a grade XII class in the school
year 1933-4. The accompanying form indicates that although
absolutely no pressure was exerted upon the pupils in order to
get them to hand in solutions, the matter being entirely
optional. eith each one, they weré eager to obtain solutions
and hand them in to be marked: (Table I.)

Another motivating force can be added to the solution of
exercises according to the plan outlined above by keeping
before the class models of perfection in reasoning and style.
This may be done by picking out examples which‘have been
exceptionally well done ahd passing them around the class so.
that each pupil may have an opportunity of examining a model
solution. A puplil derives immense satisfaction from hafing
'his work passed arouﬁd the class as a model, and it is a great
incentive to him to keep up his good work, and td the others
to try to emulate him. That this is actually the case was
" obvious in thelexperiment referred to lmmediately above, and
the accompanying solutions are examples of work which
undoubtedly is the result of such motivation. Both of the

following examples are home exercises handed in by puplls after
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previous exercises of theirs had been held up to the class as
examples of work well done. (Figures V and VI, overleaf)
In the above méthod of teaching the solution of

geémetrical exercises, the teacher should encourage each

pupil to file his exercises as they are returned to him. At
the end of the yeaf, then, the pupil is really amazed to think
that he has accomplished such an amount of work. If is a

source of great satisfaction to him to think that he was able

to solve such a great number of apparently difficult exercilses,
and it'gives him confidence to go forward and accomplish even
greater things.

The following if,a l1ist of exerclses which are suitable
for treatment by the method indicated above. The order of
the exerclses follows therordser of the topics studied in grade
XII, so that when any particular question is reached suffi-
¢ient material has been covered ﬁo enable the students to

obtain a solution:

l. A and B are two points on opposite sides of a st. line CD;
show how to find a point P in CD such that / APC = / BPC.

2. A and B are two points on the same side of a st. line CD;
show how to find the polnt P in CD for which AP+ PB is
least.

3+ Show how to draw a stralight line equal and parallel to a
given st. line and having its ends on two given st. lines.

4. Transform a given triangle into an equivalent isosceles
triangle with base equal to a given line,

5. Draw a line through a given point in a side of a triangle
to bisectthe triangle.

6. Construct a triangle equel to the sum of two given
triangles.

7. Construct a triangle equal to the difference of two given
trisngles.

8. Construct a square equal to the sum of three given squares.

9. Construct a square equal to the difference of two given
squares.
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Construct a square three times as large as & given square.
0 is a polnt inside & rectangle ABCD. Prove that 0A%,0C% =
OB%, OD%.
BE, CF are altitudes of an acute-angled triangle ABC. Prove
that AE.AC = AF.AB.
The sum of the squares on the sides of a parallelogram is
equal to the sum of the swuares on the diagonals.
In a triangle, three times the sum of the squares on the
sides 1s equal to four times the sum of the squares on the
medians.
The shortest chord that can be drawn through a point inside
a clrcle 1s that which is perpendicular to the diameter
through the point.
Show how to draw a chord of a circle, equal to a given
chord and parallel to a given straight line.
Show how to draw two tangents to a circle making a glven
angle wlth each other.,
The bisectors of the three angles of a triangle meet at a
point.
Show how to draw three equal circles each touching the
other two, and how to circumscribe a fourth circle around
the other three.
Find the distance between the centres of two circles, their
radii being 5 c.m. and 7 c.m. and their common chord 8 c.m.
(Two cases.)
ABCD is a quadrilateral inscribed in a circle. DA and CB
are produced to meet at E; AB, DC to meet at F. Prove that
if a circle can be drawn through the points A, E, F, C,
then EF is the diameter of this circle; and BD is the
diemeter of the circle ABCD.
The straight line bisecting the angles of any convex
quadrilateral form a cyclic quadrllateral.
Through & point 2 in. outside a circle of radius 2 in.
draw a line to pass 1 in. from the centre of the circle.
Calculate the part inside the circle. .
Circumscribe about a circle of radius b c.m. a triangle
having its sides parallel to three given lines.
Show how to construct a triangle on a given base with a
given vertical angle and a given median. When 1s this
impossible?
ABC 1is an equilateral triangle insceibed in a ¢ircle;
prove that PA = PB+ PC.
AOB, COD are two chords of a circle, intersecting at right
angles. Prove thet

arc AC+ arc BD z arc CD + arc DA.
A, B, C are three points on a circle. The bisector of
L_ABC meets the circle again at D. DE is drawn parallel to
AB and meets the circle again at E. Prove that DE = BC.
A, C are two fixed points, one upon each of two circles
which intersect at B, B. Through B is drawn a varlable
chord PBQ, cutting the two circles in P, Q. PA, QC '
(produced if necessary) meet at R. Prove that the locus
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of R 1s a circle.

30. BE, CF are two altitudes of a triangle.ABC, and they inter-
sect at H. BE produced meets the circum01rcle at K. Prove
that E 1s the mid-point of HK.

Ano ther means of motivating the teaching of geometry in
grade XII is by selecting exercises of speclal significance.
One type of exercise which is of special significance to the
pupilé is an‘exercise which has sppeared on a matricuiation
examination paper in a recent year. Matriculation puplils are
usually keen to see 1f they are able to obtain‘a solution to
an exerclse which was worthy of a place on a matriculation
examination paper. . If a teacher complles a list of such
exercises, he can give them to the pupils one at a time during
the year as sufficient work 1s covered to enable the puplls to
obtaln a solution. If the pupils are informed as to the,year
in which the question appeared, and the number of marks
assigned to 1t, then a still greater interest is created in.
the question. The following 1s & list of questions, compiled

from matriculation papers, which would be suitable for use as

indicated herein:

1. In the isosceles triangle ABC, having AB = AC, X 1a any
point in AB, and Y is taken in AC so that XY is parallel to

BC. Prove: BY2-CY? BC.XY. -

2. Two circles touch internally at A. A chord BC of the lar-
ger circle touches the smaller circle at D. Prove that
AB:AC = BD:DC. '

3. The base and vertical angle of a triangle are given. Find
the locus of the intersection of lines drawn from the ends
of the base perpendicular to the opposite sldes of the
triangle.

4, With a circle of radius r, draw two circles of radii ro and

rs which touch each other externally and both of which
"touch the circle of radius r, internaily.
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“"triangles ABE and ACF are similar and that BE.CF = BC”.
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DEF 1s a triangle inscribed in & circle with centre O.
The diameter perpendicular to EF cuts DE at P and FD
produced at Q. Prove that CE is the mean proportional
between OP and 0Q.

"AB and CD are two diameters of the 01rcle ADBC at right

angles to each other. EF 1s a chord such that the streight
lines CE and CF, when produced, cut AB produced in G and H
respectlvely. Prove that the rectangle contained by CE
and GH is equal to the rectangle contained by EF and CH.
ABC 1s an equllateral trilangle and D is any point in the
base, BC. On the base produced (both ways) points E and F
are taken such that the angles EAD and DAF are bisected
internally by AB and AC respectively. Show that the 2

Two circles touch one another externally at A; BA and AC
are dlameters of the circles. BD 1is a chord of the first
¢circle which, when produced, touches the second at X, and
CE is a dhord of the second circie which, when nroduced
touches the first at Y. Prove that BD. CE = 4DX.EY.

If two tangents at the ends of one diagonal of a cyclic
quadrilateral intersect on the other diagonal produced, the
rectangle contained by one pair of opposite sides of the
quadrilateral 1s equal to that contained by the other four.
D, E, F are the mid-points of the sides BC, CA, AB of a
triangle ABC. AL is an altitude. Prove D, E, F, L are
concyclic. ' '

AB is a fixed chord of a circle; CD is.a diameter perpen-
dicular to AB. P 1s a variable point én the circle; AP,

BP cut CD (produced if necessary) in X, Y respectively. If
0 is the centre of the circle, prove OX OY is constant.
ABCD 1is a quadrilateral inscribed in a circle; its diagonals

AC and BD intersect at E. The line joining E to the cir-

cumcentre of the triangle AEB cuts CD in F. If CR is a
ciameter of the circumscribing circle of the quadrilatersl
ABCD, prove that the rectangle:contained by DE and BC is
equal to the rectangle contained by EF and CR.

A and B are fixed points on a circle, and PQ is any chord
of constant length. Find the locus of the point of inter-
section of AP and BQ. Give a proof.

Circles are described on the sides of a right-angled
triangle as diameters. Through the right angle at A,
between the arms AB and AC, & straight line APQR is drawn
cutting the three circles in P, Q, R respectively. Prove
that AP 1s equal to QR. T

Show how to bisect the triangle whose sides are 2, 21 and
3 inches long by a straight line parallel to the longest
gide.

The sides BA, CD of a cyclic quadrilateral ABCD are pro-
duced and intersect at an angle of 30°, and the sides BA,
CB when produced intersect at an angle of 40°. Calculate
all the angles of the queadrilatersl.

Two circles intersect at P and Q. Through P e straight
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" line DPE 13 drawn terminated by the circumferences at D and
E. The bisector of the angle DQE meets DE at F. Prove:
(a) The angle DQE 1is constant. (b) The locus of F is a
circle.
18.Let ABC be a triangle. Draw AD, BE perpendicular to BC,CA
respectively, meeting at P. Joiln CP and produce it to cut
AB at F.  Prove:- '
(a) Angie DPC = angle DEC = angle FBD.
(b) CF is perpendicular to AB.

The motivating poWer of tests 1s another factor which
must be tsken into consideration when discussing motivation
in the teaching of geometry. If the teaching of theorems and
exerciées has been motivated sufficiently to bring each pupil
ué to his maximum level of-efficiency, the pupils will regard
the working of geometry tésts simply as opportunities for
showing thelr Sk111~infgeometrical reasoning. However, 1t 1is
important that the fest be such as to encourage the pupils
in their good work, and in no way give them a feeling of
discouragement. Tests eould be set which would be too
difficult for even the best in the class, aznd such tests as
these would undérmine the confidence.of the pupils and have
a detrimental effect upon their study of geometry. The ideal
test 1s one which is difficult enough to give the best pupil
aﬁ opprortunity to show his mathematical ability, and at the
same time easy enough to allow all puplls in the class to
~expérienoe a certain amount of satisfaction through mastery,
A carefully graded test of a somewhat objective nature appears
to satisfy these conditions most suitably. The following are

examples of tests which might be given towards the end of the
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school year, or parts of which might be given at the conclusion

of certaln sections of the wofk:

Test I - (May be given at the end of the work
in circles.)

Complstion Test (1)

1. The greatest chord in a circle is the .

2. The largest central angle has degrees.

3. The line that touches a circle at oﬁly one point, however

_ far produced, is a .

4., If AB and CD are two chords of & circle each 10" from the
centre, they are

5. A quadrilateral ABCD is‘Inscribed in a circle. The angle
A = 80° and the-angle B z 90°. The angle C = degrees
and the angle D = degrees.

6. If A 1s any point within a circle, the shortest chord
through A 1s to the dlaemeter through A.

7. AB and CD are two diameters of a circle, then ABCD is a

8. If the central sngle AOB is 60°, and the radius OA is 20",
- the chord AB 1s inches.,
9. An inscribed angle and a central angle intercept the same
arc. The central angle 1s the inscribed angle.
10. A chord AB meets a tangent AT at an angle of 50°. The
angle in the minor segment cut off by AB is degrees.

Test II - (At the end of ecircles)
True - False Test (2)

1. An angle 1s inscribed 1n an arc of 60°. The angle contains
- ’

2. If two circles are equal or unequal, angles insoribed in
arcs of the same number of degrees are equal.,

3. An angle inscribed in an arc of 200° is acute.

4. An angle inscribed in an arc of 100° is obtuse.

5. If one of two arcs 1ntercepted by two parallel lines 1is
25%, the other is 25°.

6. A central angle has the same number of angular degrees-
as 1ts arc has of arc degrees.

7. If two circles touch externally, the line of centres is

" equal to the sum of the radili.

8. If twoielrcles are concentric, all tangents to the smaller

circle, cut off by the larger circle are equal chords of

- (1) Morgan, Foberg, Breckenrlidge, Plane Geometrx.
(2) Morgan, Foberg, Breckenridge, Opcit.
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the larger circle. °

If a circle circumscribes a triangle, the triangle Is
equilateral.

A dlameter which bisects a chord is perpendicular to
the chord.

A quadrilatersl insceribed in a circle has its opposite
angles supplementary.

A trepezium inscribed in a cirecle is isosceles.

If two chords of a circle bisect each other they are
perpendicular.

Two chords which intersect in a circle are equal.

An sngle inscribed in a semicircle contains 89°60!.

A parsllelogram inscribed in a cirele 1s a rectangle.
A circle cen be circumscribed about a rectangle.

Two concentric circles have radii 4 in. end 6 in. res-
pectively. A eircle of radius 5 in. may be drawn to touch
both circles.

If two circles touch externally, they have but two
common tangents.

If & circle cen be inscribed in a quadrilateral, the
quadrilateral is s parallelogram.

Through a point within a circle, it 1s always possible
to draw a chord which is bisected by the point.

A circle can always be constructed to touch each of
three given lines.

If the angle between two tangents is 60°, the length
of the chord joining the points of cantact is equal

to the length of each tangent.

If two eireles touch a third circle they also touch

.esch other.

Two circles which touch the same stralght line st

the same point touch each other.

A circle of radius 4" has twice the area of a circle
with radius 2".

If two tangents are drawn to a clircle from an external
point, the angle subtended at the centre by the two
points of contact is supplementary to the angle between
the tangents.

The sum of the squares on two tangents drawn from an
external point 1s equal to the square on the line
jolning the external point to the centre.

If two circles touch 1nternally they have but one
common tangent.

In a circle of radius 3 in., a chord 2 in. long is
twice as far from the centre as a chord 4 in. long.

Test III. (At end of circles.)
Multiple-Cholice Test. (1)

(1) Morgan, Foberg, Breckenridge, Opcit.
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In each of the following, tell which aenswer you belleve
be correct and why.
If an angle is inscribed in an arc of 150°, the angle ©n-
tains 1500, 759, 300°.
If an inscribed angle intercepts an arc less than a seml-
circle, the angle is acute, obtuse, rig;ht6 strelght.
One angle of a cgclic quadrilateral is 70 The opposite
angle is 10, 70°, 20°, 110°, cennot tell.
Two tangents are drawn to & circle from a point p. They
include between their points of contact an arc of 100°.
The angle between the tangents is 100°, 2000, 80°, 70°,
cannot tell.
Two chords are equal if they are parallel, 1f they are the
same distance from the centre, if they bisect each other,
cannot tell.
Two chords which intersect in a circle are equal, if they
make equal angles with the dilameter through their point
of intersection, if the figure formed by jolning their ends,
1s an isosceles trapezium, if they bisect each other.
A perpendiculer to a diameter at its extremity 1s a secant,
a chord, a.sector, a tangent, a segment. :
Two secants drawn from a point P form an angle of 30°. The
larger intercepted arc is 80°. The smaller arc is 40°, 60°
20°, 30°.
An angle formed by a tangent and a chord which passes
through the point of contact has as many degrees as the
intercepted arc, half the sum of the intercepted arcs, half
the intercepted arc, half the difference of the intercepted
arcs, cannot tell.
A pardllelogram inscribed in a circle is a rhombus, a
square, a rectangle, a rhomboid.

MIDDLE SCHOOL GEOMETRY (1)

Time 21 hours

NOTE: Please read carefully the instructions given before

A.

attempting the paper.

(1) Do the questions in order.

(2) Do not spend too long at any one question. Pass on
to the next question and return to the unsolved
questions after completing the paper.

(3) At the close of the examination, hand this paper
to the preslding examiner.

CONSTRUCTIONS REQUIRED TO SOLVE PROBLEMS:

(1) Exemple of good %eometrz test as published in findi%%s of a
n

commnittee appoin ed to vestigate types of examina

ons
.suitable for Hligh Schools in Ontario.
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NOTE: (1) Make the constructions indicated on the diagrams

below each question.

(2) The figures should be neat and approsimately correct;
absolute asccuracy is not required.

(3) Ruler and compasses are the only instruments to be
used.

(4) A1l construction lines should be clearly shown.

(5) No written statement is necessary in this part of the
paper. '

(6) In drawing parallel lines use your eye and the ruler;
in other constructions show all construction lines.

Bisect this angle. 2. Draw the right bisector of
this line.

Construct a rectangle equal 4:Construct & triangle equesl in

in area to this triangle. area to this polygon.

Find the centre of the - - 6. Draw tangents from P to this

circle of which the arc cir cle.

below 1s a part.

O

Cut off 3/7 of this line. 8. Find a line which will be a

mean proportional between
these two lines.

e
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9. Draw a line parallel to 10. Draw a perpendicular to AB

BC so that the part be~ at A without producling AB.
tween AB and AC may equel
BF.
B R
a
B F ¢ ,
'11. From the quadrilateral, 12. Draw a transverse common
cut off a part similar to tangent to these circles.

it and = 4/9 of its area.

13. The radius of tﬁis circle 14. Draw a straight line \/8
is 12 inches. Place in it inches long. -
a ehord 2 inches long and

calculate its distance from
the centre.// —

B. CONSTRUCTIONS REQUIRED TO PROVE THEOREMS:

See the instructlons under section A. Lines or angles
made equal should be so marked on the figure. No proof 1is

required.
1. Make the construction that 2. If BC 138 greater than AC then .
will prove angle ABD the angle A 1s greater than

greater than angle BDC. the angle B«

o
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R
B D ‘
b‘::::::: 5
L\ C

3. ML+ MN is greater than 4, The circles touch at P to

LN. ' prove AD parallel to EC.
L
Q | R
' C
D

C. PROOFS OF THEOREMS:

NOTE: Pupil will make on the figure any construction
' necessary and will write the proof only, 1in as concise
a form as possible.
Exemple: In the figure below BC = DC end BE - DE, prove
CE the right bisector of BD.

Proof
In / 3 BCE and CDE
7 BC = CD
, R B BE = ED
CE = CE
¢ < [__BCE = / ECD.
E
In/ ® BCF and DCF
D . BC = CD
. CF = CF
[/ BCF = DCF . <
BF = FD and / BFC = DFC =

1 Rt. / .

C.l. AE and BE bisect the angles A and B of the parallelogram,
Prove angle AEB = right angle.
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2. Prove that angle AOB is double the angle APB. Given O the
centre and P on the circumference.

N

3. Given DE pearallel to AB. Prove AE = 22.
CE CD
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4. AP 1s a tengent to the circle ABQ and AQ is a tangent to
the circle ABP, Prove angle ABP = angle ABQ.

D. NUMERICAL CALCULATIONS:

1. How many degrees are there in one of the interior angles of
a regular eight sided figure?
2. The exterior angle made by producing one side of a regular
polygon is 20°. How many sides has' 1t?
3. If you were asked to draw triangles (a) 3", 6", O"
(b) 4", 5", 6"
(8 35%,%580° son
. s s
which of these would be ...... - ,
(Place a, b, ¢, or d:in (1) A right angled triangl?
brackets) . ' (
(2) An acute angled triangle
(

)
(3) An obtuse angled triangle

( )
(4) Not a triangle ( )

4. In triangle ABC side CB = CA and AD bisects the angle CAE.
Also AC = 3 and AB = 5. Find CD.

D

5. In triangle ABC, AB = 5, AC = 6, and BC = 7. AD is at
right angles to BC. Find BD and CD.
B '
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6. In these similar triangles the perpendiculars are as 7:5.
What is the ratio of the areas?

7. Two streight lines CEB and OCD cut a circle. Given that CA
= 31/3, 0C =4 1/3, CD = 3 2/3 and BD = 6 2/5, find OB and
AC.

0
N o
L]

One of the motivating forces'mentioned in connection with
grade XII work in geometry is the satisfaction derived through
helping others. By what means can this form of motivation be
brought Into operation? The answer is, by institﬁtihg a pupil-
teacher arrangement between the students in grade XII and those
in the lower grades. This arrangement consists of providing
an opportunity for pupils in the lower grsdes to secure help
from those in the matriculation year. A teacher who teaches
both in grade X and in Grgde XIT has an excellent opportunity
in this regard, because he can refer certain grade X pupils to
certain students in grade XII for assistance. If the pupil-
teacher ides 1is encouraged.it is found that grade X pupils who

have friends in grade XII refer to these friends for assistance.



65
without actually being instructed to do so by the teacher.
This help obtained from pupils in a higher grade is by no
meansg meant to replace the help offered by the teacher but
merely to supplement it. In the case where an exercise is
assigned for home solution, and a pupll is unable to solve it
even after repeated attempts, then instead of simply waiting
unfil the next geometry lesson and seeing the exercise done in
class, he can go to his grade XII friend and receive enough
assistance to enable him to complete the exercise.

The beneficial effects of ﬁha\arrangement are shared by

“
~

both pupils. The senilor student finds thaet he derives a great
deal of satisfaction from beihg able toEbe bf assistance to his
less mature friend, and the junior pupil receives extra
assistance in his work which he would otherwise not receive,
and he is able to‘come to class prepared to give a solution to
tﬁe home exercise instead of simply relying on some other
member of the class to do so. In the experience of the writer,
who has seen such a pupil-teacher plan in operation, it has
béen distinctly noticeable that pupils who take part in such
an arrangement asppear to take an added interest iﬁ the subject
of geometry.

if the teaching of geometry in grade XII is motivated pro-
perly, it will be found that thé students in this grade take a
real interest in discussing geometrical problems. This in it-
self can by made an additional ﬁbtivating force by the

institution of after school discussion groups. This can be
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carried out in a very informal way, and the teacher may.take
a very small part or no part at all in the discussion. The
problem for discussion may be one that has been assigned for
homework; one Which a pupil discovered on an old examination
paper; vone which was given to a bright pupll as a special
privilege; or one from some outside source altogether. The
diagrem is placed on the board and the students cooperate
informally in obtaining a solution. The writer has seen such
discussions as these carried on so long after school that the
caretaker has had to tell the students elther to go home or be
locked in the school all night. The number taking part in
these discussions may be only a small fraction of the class,
but nevertheless the motivating Influence upon that few is
indeed valuable.

The motivating force of games is one which 1is extremely
powerful in all grades of high school. The types of games may
vary considerably in the different grades, but the interest
in games is just as much allve in the grade XII student as in
the pupil of grade IX. The method of utilizing this motiva-
ting force in the teaching of grade XII geometry is chiefly
by the judicious use of sultable mathematical recreafions.

It is, of course, inadvisable to make these recreations a main.
feature of the course, but they are of immense value in
arousing the interest in things of a mathematical nature in
those pupils who are less responsive to the other forms of

motivation. A good selection of these mathematical recreations
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in geometry is a valuable asset to the teacher of mathematics,
and 1f they are presented at suitable times they may produce
most desirable effects upon the ﬁupils.
The following are a number of mathematical recreations
suitable for use in the teaching of grade XII geometry:
Mathematical Recresatlons

1. A house and barn are
: 25 rods apart. The house
Woan is 12 rods and the barn
' S~ . 25 5 rods from a brook running
L) ~. ' in a straight line. What
2, ~ < Do is the shortest distance
one must walk from the
house to get a pall of
Boook water from the brook and
: take it to the barn?

2. To construct the famous Nine-Point Circle. 1.e. If a
circle be described about the pedal triangle of any given
triangle, it will pass through the middle points of the
lines drawn from the orthocentre to the vertices of the
triangle, and through the middle points of the sides of the
triangle, 'in all, through nine points.

3. To prove that it is possible to let fall two perpendiculars
to a line from an external polnt.

Take two interiecting circles
wlth centres 0, 0~. Let one
point of intersection be P, and
draw the diameters PM, PN. Draw
MN, cutting the clrcumferences at
A, B Join PA, PB.

Proof: Since / PBM is inscribed

in a semicircle it 1is a right

angle. Also, since / PAN is in-

scribed in a semicircle, it is a

right angle.

+ « PA and PB are both | to MN.

Where 1is the fallacy?

4. To prove that part of an angle equals the whole angle.

"Take a square ABCD and draw
MM'P, the perpendicular bisector
of CD. Then MM'P 1is also the
perpendicular bisector of AB.

From B draw any line BX equal to
AB.

Draw DX, and bilsect it by the
perpendicular NP. Since DX inter-
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sects CD, the perpendiculars cannot be parallel and must
meet at P. Draw PA, PD, PC, PX, PB.
Proof: Since MP is the , bisector of (D,
PD = PC

Similarly PA - PB and PD = PX

« « PX = PD = PC.

But BX z BC by construction

and PB is common to triangles PBX, PBC

. . PBX = PBC (3 sides = 3 sides)

. . XBP = CBP

r

. "+ The whole / XBP equals its part the / CBP.

Find the fallacy.

Given a plece of cardboard in the form of an equilateral
triangle. Required to cut it into four pieces that may be
put together to form a perfect square.

Given, five squares of cardboard alike in size. Required,
to cut them so that by rearrangement of the pieces you can
form one large square.
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Theory without practice 1s as faith without works =

dead, 1" (1)

says James Strachan when writing about the study

of geometry in Dr. John Adem's book entitled "The HNew

Teaching®, and the statement certainly conteins much truth.

A boy or girl who never seeé any practical application of the

facts learned in his theoretical study of geometry will never

appreclate the full value of his mathematical education.

Moreovér, the very fact of being able to apply the theoretical

knowledge to real situationé adds to the interest of the

subject immensely and becomes a genulne motivating force.

There are three very appropriste ways by which this motivating

force may be applied to the teachling of geometry; namely,

(1) by utilizing the geometry of the manual training shops;

(2) by utilizing the geometry of outdoor measurements; and

(3) by utilizing the geometry of architectural forms. The

following list‘qf examples will indicsete certain specific

methods by which these three forms of motivatlon might be
brought into operation:

1. Bisecting an angle by the
cerpenter'!s square. To
bisect the angle A, take
AC = AD. Place the
square so that BC = BD.

Prove AB is the bisector
of angle A. -

(1) Adams, J., Tne New Teaching. P. 108.




2.

Explain how the
parallel ruler may
be used to draw
lines parallel to
2 given line. The
ruler moves freely
sbout the points
A, B, C, and D.

To find the centre
of a circle the

carpenter!s square
may be used as in
the figure and the

A /\
line AB drawn. love <:::}//
the square and draw //
another diameter ) «ﬁ///

intersecting AB at
the centre.

To find the distance between two
points on opposite sides of a
river. To find AB, lay off any
convenlent distance AC perpen-
dicular to AB, and CD perpendi-
cular to BC to meet BA"produoed
at D. Prove AB =z AC® - .

To find the distance between
two polints when both are
accessible. Take CA = CB, A B

and CD =« CE. Prove AB = ’
DE x CA /
CD D E

(1) Exercises from Morgasn, Foberg, Breckenridge, Opcit. P.413.

For more complete list see Morgan, Foberg, Breckenridge,
Opcit. Appendix.
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6. If A is the centre of the
arc BC, B the centre of
the arc AC and triangle
ABC 1is equilateral, the
figure thus formed by AB,
arc AC and arc BC is an
equilateral Gothic arch.
AB is its span. If a
window has the form of an
equilateral Gothlc arch with
a span of 4 ft., find the
area of the glass in the window.
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CHAPTER V

MOTIVATION IN THE TEACHING OF

GRADE IX ALGEBRA

The various forﬁs of motivation sultable for use in the
early grades of high school have already been discussed in
chapter II. The present chapter will outline speciflc methods
by which the different topics in grasde IX algebra may be pre-
sented so as to utilize certaln motivating forces»to thelir
fullest extent. When we know what motivating forces are at
our disposal, the question is; "By what means can we bring
these motivating forces into full operatién?"

When commencing the study of algebra in grade IX, the
pupil is naturally interested in 1t on account of its novelty.
It is something entirely new to him to find out that in this
peculiar‘subject he is going to use letters as well as numbers
to fepresent quaentities. He is amszed when he is told thet
in a very short time he will be able to add, subtract, multiply
and divide by using letters of the alphabet throughout. The
teacher can caplitalize upon this novelty of the situation, and
arouse an initial interest by allowing the pupils to realize
that they are commencing a really strange and interesting
study.

In the Introduction to the use of symbols,_the motivating
force of the‘novelhy of the subject may gradually be supple-~

mented by the arousal of the puplils! interest in the actual
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situations studied. For the illustration of the use of symbols

it is necessary to use various types of little problems in

which letters. are employed instead of numbers. If these
prbblems ere made "real" and "living" to the pupil, he will
find himself intensely interested in the actual material et
hand because of its association with the more pleasurable
experiences of his life. Problems involving baseball,
swimming, running, skating, building and numerous other
pleasuraeble sctivities, make an appeal to the pupil which more
abstréct problems can never make. The folldwing is a compari-
son between some "living" problems and some of the "lif eless"
or abstract types:

l. (a) Divide 84 into three parts so that two of the parts are
equal and the other Eart five times as great as either
of the equal parts.

(b) Three boys went for a drive in an automobile a distance
of 84 miles. George and Jack each drove the same
distance, but Harold drove five times as far as either
of the other two. How many miles did each boy drive?

2. (a) How many square feet are there in a rectangle which has
adjacent si?es messuring 2p+ ¢, and 3p-4q feet res-
pectively? _

(b) A boy lined out a football field which was 2p+ q feet
long, and 3p-4q feet wide. What is the area of the
field? How many feet of sawdust did he lay making the
outside lines?

It is a great incentive to industry, when a pupil feels
that he 1s mastering something which is really somewhat
difficult to master. The early problems in slgebra are

neturally extremely elementary, but to the beginner some of

them appear to be very intricate indeed. If the teacher &s

(1) H.S.Hall, Elementary Algebra, P. 20.
(2) Ivbiga, P. 43.
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is observant as to which problems seem to the beginner to be

of a rather advanced nature, then he can be liberal with his

praise when solutions to these problems are reached by the
pupil; and the combined effect of the praise of the teacher and
the realization that he has really made a definite accomplish-
ment, 1s an exceedingly strong motivating force inducing
further effort on the part of the pupll. The following are
examples of problems which might appe ar to the beginner to be
rather complicated, and for the solution of which liberal
praise might be given:

1. A man who balances his accounts at the end of every quarter
" finds that he has three gains followed by a loss. The
third gain is 4 times the second, and the second is three
times the first. The loss is twice the first gain. If

cv. on=the whole he gains $1,120, find the amount of the loss.

2. A boy begins to play marbles with x marbles. He wins y
more and then loses x. He takes his marbles home and gives
his little brother one-third of them. How many marbles

, has he now? '

3. A cilrcular racétrack is m yards around. One boy rides
around it on his bicycle n times and another boy rides
around it n more times than the first. How many yards did
both boys together ride?

4. If Jack can run k miles per hour, and George twice as fast,
while Henry can run only half as fast as Jack, how many
miles will the three boys together cover in x hours?

When the study of the topic of substitution is reached,
there 1s a grave tendency for the interest of the pupil to
wane. The novelty of beginning a new subject has worn off to
a large extent, and the topic of substitution does not lend
itself very readily to the use of problems‘which may be made
"real" to the pupil. Moreover, there are certain types of
substitution questions which may quite easily csuse even

advanced pupils to become "tangled up".
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For these reasons it is advisable to give the beginner the
general idea behind the process of substitution, but not cause
him to become confused by confronting him with the more
technlcal points involved in substitution. He can proceed to
work in the fundamental processes of addition, subtraction,
multiplicatlion and division without having wrestled with the
technicalities of substitution, and then when these fundamen-
tals have been mastered, he will be &ble to come back to
substitution andunderstand it much more readily. For example,
on page 12 of Hall's School Algebra, ﬁhere is a whole page of
questions on substitution, thirty-three in all, some of wﬁich
~are as follows:
l1. Ifaz2, bz1l, ¢c =3, x = 4, j = 6, z = 0, find the value
° of 42 p3..4 at

2
=y s5e°Y+ 2.
9 27 <2

2. With same values as above, find the value of

82-b% _ (&+b+_Z)2

a<p? (b+c-z)2

Questions such as these could very conveniently be omiﬁted
until the study of the fundamentals ha%¢ been completed, and
the possibility of a lifeless, uninteresting section of the
work killing the enthusiasm of the pupils will be eliminated.
Even in the development of the general idea of substitution,
specific forms of motivation might be employed in order to
maintaln the interest of the pupil. Races may be held to find

the value of a certain expression, suech as:

82+ 2ab + 4b-2a + b2 when a = 2 and b = 3.

Also the use of unlty and zero may be made rather effective, as
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a pupil 1s somewhat amazed to find that some cémplicated

loocking expression reduces right down to unity or gzero.

In the teaching of addition in algebra, many of the
genefal types of motlvation suitable for grade IX may be used,
such as interest in competitions, desire for good marks,
desire for pralse; and these may be supplemented by other
methods particularly suited to the teaching of thils section of
the subject. 1In the teaching of addition there is an
excellent opportunity for the use of problems which are of
real interest to the pupll. Here it 1s possible to introduce
questions which are connected with the most interesting phases
of the pupll's life. A few examples of guestions in addition
which are admirably suited to pupils'of grade IX are as
follows: )

1. A man on a motor trip covers x miles the first day, three
times as many the second day, y miles the third day and
z more miles the fourth day than on the third. Express the
number of miles covered in the four days. .

2. The hockey team on which Jack plays scored k goals in their
first game, two less in their second game, three more in
their third geme than in their seccnd, and twice as many in
their fourth game as in their first. Express the total
number of goals scored.

3+ A boy, flying his model airplane, found that it flew m feet
on its first flight and 57 feet further on its second
flight. On 1its third flight 1t flew 10 feet less than on
its second, and on its fourth flight three times as far as
on its first. Express the total distance flown.

The working of the more mechanical types of addition
questions can also be motivated somewhat by making use of the
fact that a pupil derives great satisfaction from being able

to work "big-looking" questions correctly. Some questions in

addition occupy a large amount of space, and appear very
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formidable indeed, but their actual working is comparatively
simple. A pupil's confidence in his own ability is greatly
strengthened when he discovers that he has obtained the
' correct answer to such an enormous looking question as the
following: |
Add together the following expressions:

7x6y4z-6x5y322+ 5x4y423; 5x6y4z-8x4y4z5+ 2x5y5z2;

-12x6y4Z1-5x5y322+-3x4y4z5—3x5y3z2.

The topic of subtraction is one of the most difficult
sections of grade IX algebra to handle satisfactorily. The
rule for subtraction is indeed very simple, but the explanation
of the rule is a different matter. The method of working
subtraction questions can be learned véry rapidly by the pupils,
and yet 1t 1is the source of numerous errors even in advanced
classes. For these reasons it is mecessary for the teacher to
use to their fullest extent any means of motivating this
section of the work. The difficulty which pupils experience in
understanding the rule for subtraction may be overccome to some
extent by the use of fititiang 1llustrations such as the follow=-
ing: (1) Teklng away holes in the ground - by adding soil.

(2) Teking away debts - by adding money. (3) Taking away the
chill from water. (4) Taking away the need for food.

As a means of impressing the rule for subtraction more
firmly upon the minds of the puplls, they may be told to go
home and tell their parents that they have discovered that

there is no such thing as subtraction; and when the parents
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question the truth of such a statement,‘it can be explained
that 1t is simply addition with thé sign changed. 1In connec-
tion with this the pupills méy be asked what must be added to
ten to make it nine. After the answer "minus one" has been
obtained the teacher may argue that it should be "one", giving
his reason thus: Add I to X and you obtain IX.

As a means of overcominé the difficﬁlty presented by the
fact that the mechanical method of working subtraction ques-
tions seems so very easy to learn and at the same time very
likely to cause mistakes, it is necessary to motivate the
mechanical process of subtraction so as to induce the pupils
to do sufficient practice in it without that practice becoming
tiresome. One means of accomplishing this 1is for the teacher
to place a certain number of subtractlon questions on the
board and have the pupils compete against one another to see
who can obtalin the largest number of correct answers in a
certain specified time. This procedure may be varied somewhat
by having the pupils place thelr names on the blackboard in
order as they finish, and then it can be ascertained who was
the first one finished with all answers ocorrect. Such methods
as these develop thg necessary mechanical skill.in subtraction
and at the same time prevent the toplec from becoming dull and
lifeless.

In the teaching of multiplication in algebra, the
difficulties are very similar to those encountered in the

teaching of subtraction, and they can be overcome very largely
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by the same methods of motivation as were outlined in the

preceding section. In multiplication, however, there is more

opportuhity for developing the pupil's interest in the material
at hand, because in this phase of the work there is an execellent
opportunity for introducing problems based on interesting life
gexperiences. Problems such as the following glve the necessary
practice in multiplication and at the same time arouse the
interest of the pupil immediately:

l. If an alrplane can fly 3x+ 2y Miles per hour, how far will
it travel in 3x-4y hours?

2. If the distance around a skating rink is 4a-7b feet, how
far will a boy skate in going around 52-8b times?

3. The circumference of an asutomobile tire 1s 7p~-8q feet. How
far will the automobile travel while the wheel is making
6p + 5q revolutions?

4. In one baseball there are 2a-3b +4c yards of thread. How
many yards of thread would there be in 3a + b-2c baseballs?

In the teaching of division the usual forms of motivation -
can be employed, but here there 1is an excellent opportunity to
add interest to the topic by utilizing the motivating effect

of competition. When the principles of long division have

been taught, and a certain amount of practice given in its

application, the teacher may select a certain fairly long

questlon and require the first person in each row to go to the
board, write the question on the board and perform the first
set of operations (i.e. writing the first term in the quotient,
multiplying and subtrgcting.) When the first pupil finishes
his part, the next pupil in the row goes to the board and
performs the second step, providing he thinks the first step

is correct. If he has noticed =n y mistake in the first step,
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he must correct it before proceeding. This procedure is
continued until each of the questions 1s finished correctly.
The row which obtains the correct answer first is declared the
winning row, and the others in order as they finish. ‘This‘form
of competition adds very greatly to the interest which pupils
take in long division, and it encourages esach one to try to
develop his skill in this type of question so as to make a
good showing when his turn comés to go to the board. The
fact that each pupil going to the board has to correct any
mistake in the question, keeps puplls following the working
very carefully right from the beginning. Since long division
involves short division, multiplication and subtraction, this
tyﬁe of contést may be used as a review of these other
operations as well as practice in long division. A suitable
question for such a competition would be one like any of the
following: |
1. Divide 6x°-x%+ 4x5-5x2.x-15 by 2XCuX + 3.
2. Divide a12+_2a6b64 ple by a%s 2024 bl

7 5.4 12 3

3. Divide x -2y14-7x ¥o=Txy "+ 1l4x 2

y8 by xX=2y%.
The motivating effect of special privileges may be
utilized to a certain extent iﬁ the teaching of long division.
The teacher may as a special privilege for work well done,
allow certain pupils to try their skill at working a question
which will occupy practically a whole page. A question such

7 _oyld_n.5

as, Divide x' -2y y4-7xyl€# l4x5y8 by x-zyzmight be used

for this purpose, and the pupils will derive considerable
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enjoyment from securing the answer ﬁb a gquestion of such
length.

When dealing with the removal of brackets, after the
process has been explained as really a form of addition and
subtraction, the rule for removal of brackets may be impressed
upon the minds of the puplls by comparing the removal of
brackets to the removal othhé wrappings from a Christmas
parcel. 1In the case of brackets, the linnermost ones come off
first, but in the case of the parcel the outer wrapplngs are
removed before the innermost.

The removal of brackets lends itself very conveniently
to thé employment of competition by rows such as was carried
out in long division. In this case, however, each person
going to the board removes one set of brackets, and then he
is followed by the next pefson in the row. This is a very
effective method for inereasing interest in the longer types
of questions which’might gasily become very mechanical and
monotonous. A question such as the following would be very
suitable as the subject of a competition by rows:

l-a-(l;gjrg§)- {i-(a-a2+-a3%}~ [ﬁ- (@-(az-as a4)})

There i1s a certain fascination about removing brackets
from allong and apparently complicated expression, and finding
that is all reduces down to a véry simple answer such as a, 1,
or zero. If questlions such as these are selected by the
teacher, the pupils will derive that extra bit of enjoyment

which comes from the working of such questlons. The following
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question 1s an example of the type which might be used for
thils purpose: '

Simplify: 2c2-d(3c+ d)- {oz-d(4c-d)} , { 2d%-c(c + )]
(Answer is 0.)

In the treatment of brackets, the teacher may develop a
forward-looking attitude in the puplls by showing them how
knowledge of this process is a prerequisite to the study of
equations. Puplls may be allowed to glance ahead to grade X
work in equations to see how full of brackets some of those
equétions are. (1)

The various incidental bits of motivation as outlined
immediately above all help to stimulate interest in the study
of algebre, and encourage the pupil to -develop his abillity to
its highesﬁ degree along>these lines. Nevertheless, although
ali these forms of motlivation be applied to the téaching of
grade IX algebra, and although the pupil be encouraged by
these means to develop a keen interest in the subject, this
interest will not endure unless it is coupled with the
satisfaction that the material covered has been thoroughly
mastered. There is no motivating force more conducive to the
development of lasting interest in a subject than the sense of
satisfaction derived from a thorough knowledge of the subject
matter studied. An opportunity for experiencing this sense of
satisfaction can 6& given to the pupils’ﬁy making use of

special review questions at the beginning of each period.

(1) Cf. Pp. 74, 76, Hall's School Algebra.
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A short series of carefully selected questions, bearing on
topics previously studled, is placed on the board. The
questions should be'cérefully graded, the first:oneé being
comparatively‘simplevand the following ones of increasing
difficulty. The last one or two might be really difficult
ones in their class. The following is an example of a set of
questions which would be suitable for this purpose after the
topies of multiplication and division have been studied:
1. Multiply 38°b2-5a°b+ ab® by 4a°pS.
2. Divide 12x6y2—8x4y5d-20x3y8 by 4x5y2.
3. Multiply 2b-3ac+ Tb2ed by -3a°b4e.

4. Divide 15x8y6-25x12y9—35x4y12 by -5x4

YS-

5. Multiply 3a+4b by 5a-2b.

6. Divide 6x°-7x-3 by 2x-3.

7. Multiply —ax24-5axj2-9ay4 by —ax-3ay2.

8. Divide 15 +2m¥-31m +9m°+ 4m°+ m° by 3-2m-m=.

By working a set of questions such as these, each pupil
has the opportunity of determining the degree of mastery which
he has developed up to this stage. If marks are assigned to
these'questions, and the marks are compared by the method
outlined in chapter III, then the pupills become motivated to
greater efforts in their study of algebra at the beginning of
each period; and at the same time they are laying for them-
selves a strong foundation upon which to bulld their mathema-

tical superstructure.

There are usually a few pupils in each grade IX class who
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master the work very quickly and are eager to go shead to new
work. Such pupils derive a great deal of enjoyment from
knowing that they are considerably ahead of the remainder of
the class, and by ailowing these pupils to proceed in this
manner, the teacher is motivating the work for them to a very
considerable degree. In a large class, however, it would
obviously be very difficult to put this principle into opera-
tion to any great extent, because of the impossibility of one
teacher giving individual instruction to a large number of
pupills wbrking at different places in the testj nevertheless;
the same motivating effect can be obtained if the teacher has
at his disposai a large amount of extra materisal to‘supplement
the work of the text. This material may be in the form of a
series of more difficult types of questions on the various
toplcs studied; a number of supplementary texts in which
certaein questions are marked; mimeographed sheets of review
guestions; or a supply of o0ld examination papers. When a
bright pupil finishes a certain assignment satisfactorily, he
may be given the privlilege of selecting one of these supple-
mentary groups of questlions. The following are a few examples
of supplementary questions which are very valusble in bringing

into operation the type of motivation referred to here:

l. Collect terms: ©bSa~6 +9-8a+a +8
2. Collect terms: 2x-5y+ 3y=3X + X~y

3. Collsct terms: 2a2b-5abf-ab2+ alb
4. Add: 2x+3; 4-Xx; «3x+1l; =5+4dx
5. Add: 2c¢=3d; ~2dtc; bd-2c

6. Subtract: 3x-2 from 3-2x

7. From ~2a +3b take 4b=3a

8. Take 3x2-5x +1 from 2x24;éx—3
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five times the other.

If 90 ¢
three t
is A's

If x

If x
If a
If x
Find

-
-

i

Subtract 2a2b-5ab2 from 4ab2+ Sagb'
Find the sum of 3x%+ 2xy-y2; ~6x° + Syg; 5xy-4y2
Multiply (-6x%y) by (4x) |
Multiply (—4cd2) by (3302d3)
Find the product of ~5xy and 1
Give the square of -432
Give the cube of 3x
Give the cube of -2a%
Simplify (-5x9)%
Simplify (-4xy2)5 .
Multiply (-3a+4) by 4a
Multiply (2xy-3) by ~4x
Multiply (38°b=-2) by (=-4ab®)
Simplify:
~3a(-4a + 6b) 23. (6x+3)(6x=3)
(7x-2¥)(5x+ y) 25. (3a~-2b)%
(1-3x7)2 27. (98°b%) - (-9b)
~5x 23O 29.. (=3xy+ 6v) - (3y)
-5y° 30. x2-6x+ 8
~3a + 68° : x=
T =3a 32. 3a°-2a%
30x2~3x-6 ~a®
5x + 2
8a3—27
2a-3
The number 78 is divided into t wo parts so that one is

What 1s the smaller part?

ents be divided among A, B, and C so that A gets
imes as much as C and B twice as much as C, what
share? ,

3 and y = 4, find value of 2y~xy2

-2 and y =« 1, find value of (x-y)2
b =3, ¢ = 0, find value of ~3(b%-ac)

2,
-1 and y = 2, find value of 2x%-4y%

-

-
=3

the sum of (2::-«:5)2 and (5x+l)2
Add (22-3b)(a +Db)

to (2a+Db)°

Take 3x-2y from zero
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Subtract 2a%-3b° from 1

If a boy is 10 years old now, in how many years from now
will he be y yeals o01ld?

If a boy will be x years old 4 years hence, how old was he
Y years ago?.

How many inches altogether in x yards y feet?

At the rate of x miles per hour, how many miles are tra-
velled in b minutes?

At the rate of ¢ miles per minute how many minutes are
taken to go d miles?

What 1s the total cost in dollars of x books at y cents
each., Whet -ls mw¢-total -loas?

I buy k books at b cents each and sell all of them at y
cents each. ‘What is my total loss?

Find the sum of three consecutive numbers, the smallest of
which is x.

Find the sum of two consecutive even numbers if the larger
one is y.

What must be added to 3x-2y to give 2x+ 5y°7

What rmust be subtracted from 4x-3y to leave 5x+ 2y?%

From what must -3a +b be taken to leave 4a + b?

What must be subtracted from zero to leave 3x¢? '

A rectangle 1s x feet long and y inches wide. Give the
number of inches in its perimeter.

The perimeter of a square is y inches. Give its area in
square inches. '

Express the ares in square feet of a rectangle b feet long
and 4 inches wide.

In a school with 212 students, 3x + 5 are boys and 4x-3 are
girls. How many girls are there?

Simplify: .

(£a~3b) + (a-Lb) 63, (x-3y) + (3= 1) + (x-}7)
2

(2e2-%)-(5a2-1) 65. (5-2F¥ 1+32)(-3)

(ga~2b)2 | 67. (%x-Sy)(gx—{y)

(382-2gb) = (%) 69, (2x2+ 2x- —) - (x-l)

%(5a-6)-r%(29-3) 71. 3x( x-l) 4x(-n-—)

9(a+D)* 735. 2xX- {3 (-x +2)+(3-2x)}

3(a + b)

74, 2 {5x-2(-x+ y)}
Add 5(a+b)=2(a=b) to4m+b)+ﬁam)
Subtract 3(x-2)+ 5(y+ 1) from 2(x-2)-4(y+1)
If X = % and ¥ = -% find value of %x2y3
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78. Vhen a = % give value of 1-3a + 38°-8°

3 2

79. When b = -é give value of b°=5b°+ 1 | .

80. Expand (x-2)°
5x~2

81. Simpliry 2X=2 SEX

82. Simplify 2% 4 7x4f3¥

83. F1ll in brackets xa-3ya-a = a( )
84. Fill in brackets ax-2bx-x = =-x( )
85. If A = 3x=-2 'eand B = 2x+3 find value of A2-AB

86. Simplify (a-2b)2-3(2a-b)(a+b) '

87. I bought an article for x dollars and sold it at a gain of
5% of cost. Find the selling price.

88. I sold an article for y dollars which cost me x dollars.
Find the gain % reckoned on cost. _

89. If 1t takes y seconds to travel ¢ feet, express the rate
in yards per minute.

90. If & = -3, b = 1, find value a%-5b°

91. If x = =3, ¥ = 3, f£ind value of © (3x°-2xy +3)

92. Find value of (2a+1)% when a = 2

93%. Find the sum of the numerical coefficients in the expan-
94. A dealer buys x books at ¢ dollars each. He sells all of

them at a uniform price, making a total gain of b dollars.

For what does he sell each book?

pPupils in grade IX are ever ready to attempt the solution
of a puzzle, or to join in some form of mathematical recrea-
tion. The use of such material in grade IX, if carefullj
selected and presented at suitable times, has a very valuable
motivating effect upon the puplls. It gives them an oppor-
tunity of experiencing that "thrill of discovery" which comes
from the solution of mathematical problems, and this leads to
the Qevelopment of that inexplicable feeling of satisfaction

which comes from the working of questions of a mathematical

nature. The following are some of the simpler forms of
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mathematical recreations, which are suitable fof introduction
into grade IX work in algebra:
Mathematical Recreations

1. If you drive from Vancouver to San Francisco at an average

speed of 30 miles per hour, and return at an average speed
. of 20 miles per hour, what is your average speed for the

... whole journey? _

2. Pat and Mike, two painters, were given the contract to
paint the lamp-posts on a certain street. Pat was to paint
the posts on the North side and Mike the posts on the south
side. There were the same number of posts on each side.
Pat arrived early and began to paint. When Mike arrived
he found that Pat was painting and was just completing the
third post on the south side. Mike pointed out the error
to Pat and sent him over to his own side where he again
commenced to palilnt at post number one. Mike completed his
posts first, so in order to help Pat he went over and
painted six posts for Pat. Now, Pat painted three posts
for Mike in the morning, and Mike palnted six for Pat in
the evening; who painted the larger number of posts, and

~whow many more than the other.

3 A farmer died and left his stock to his three sons. The
oldest son was to recelve one-half of the stock, the second
son was to receive one-third of the stock; and the youngest
son one-ninth of the stock. When the stock was counted
there were seventeen head of cattle. How were they divided,
none being killed? '

4. Express all the numbers from one to twenty-one, each time
using four 4!'s and arithmetical signs. e.g. 5 _ 2 X 4 44

‘ 4

5. If a fish weighs 13 1lbs. and half its own weight, what 1is
the . weight of the fish?
6. Write down any four-digit number. Reverse the order of

the digits. Subtract the smaller of these two numbers from

the larger. Stroke out one of the digits in the answer.
Tell me the remaining diglts and I shall tell you which one
you struck out.

7. Which would you prefer: a half ton of sovereigns or a ton
of half-sovereigns?

8. A man went into a shoe store and bought a palr of shoes. He
gave the shoe merchant a ten dollar bill, but the shoes
cost only $5.00. The merchant could not change the bill,
so he went over to the drug store and changed it. He gave

the customer $5.00 change and the shoes. After the customer

had gone, the drug clerk came over and said that the $10.00
bill that the shoe merchant had given him was a counterfeit;
and it was. The shoe merchant then had to gilve the drug
clerk a good ten dollars for the counterfeit bill. How
much money as well as the shoes did the shoe merchant los#?
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If 6 cats eat 6 rats in 6 minutes, how many cats will it
take to eat 100 rats in 100 minutes. ,

The head of a fish is 9 in. long. The tall is as long as
the head and one-half of the body, and the body 1is as long
as the head and tail. What is the length of the fish?

If a log starts from the source of a river on Friday and
floats 80 miles down the stream during the day, but comes
back 40 miles during the night with the return tide. On
what day of the week will it reach the mouth of the river
which is 300 miles long?

A king has a horse shod and agrees to pay 1 cent for the
first nail, 2 cents for the second, 4 cents for the third,
doubling each time. What will the shoeing with 32 naills
cost?

A hare 1s 10 rods in front of a hound, and the hound can.
run 10 rods while the hare runs 1 rod. Prove that the
hound will never catch the hare. '

A and B have an 8-gallon can of milk and wish to divide
the milk into two equal parts. The only measuresthey have
are a 5-gallon can and a 3-gallon can. How can they
divide the milk?

I bought a horse for $90 and sold it for $100, and soon
repurchased it for $80. How much did I gain by trad ng?

. Three books were placed on a shelf
° in proper order as shown in the
diagram. . Each book was three
inches thick includ}ng the covers,

each of which was 1/8 of an inch
vol. vol. |vol. thick. A bookworm bored a hole
1. 1 11. 111 from the first page of volume I,
straight through to the last page
of volume III. How far did he
travel?
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CHAPTER VI

MOTIVATION IN THE TEACHING OF

GRADE XTI ALGEBRA

In.chapter II, the various forms of motivation used in
the higher grades of high school were outlined. In the
present chapter fhoseltypes which are especially app;icable
to the teaéhing of grade XIIT algebré‘will be discussed more
fully, and specific methods will be outlined by which these
forms of motivation may be utilized to their fullest extent.

In the first place, we must realize thaf in this grade
there is ever present that great mbtivating force of matricu;
lation examinations. The very fact that a pupil knows that
at the end of the school year he wlll be required to write
depsrtmental examinations is sometimes sufficient to cause
him to put forth a maximum smount of effort, and reach his
1imit of mastery. But the presence of matriculation
examinations 1s by no means an ideal form of motivation. A
pupil may work at the highest level of his ablility in order to
avoid fallure, but &t the same time he may have very little
interest in the work which he 1s doing. The first sgep towardg
motivation in gradé XII, therefore, should be the creation of
& proper attitude towards matriculation éxaminations., Thé
teacher should instll in the minds of the puplils the idea that
examinations are carried on'not.for the express purpose of

torturing pupils, but rather because they are a desirable means
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- of allowing a pupil the opportunity of satisfying himself that
he has reached a high level of mastery in the work which he
has been doing. Any pupil who has taken a keen interest in
his school work, and has discovered the possibility of
securing a great amount of pleasure from attaining mastery
over successive units of work, will look on the matriculation
examinations as another opportunity for securing that
stimulating sensation of satisfaction through mastery.

From this it must not be imferred that the present system
of examinations for grade XII pﬁpils is a good one, because it
1s obvious that matriculation examinations as at present
constituted have a great many very undesirable features. Theif
psychological effect upon high school students 1is often far
from beneficiel and sometimes decidedly harmful. However, as
long as the presenﬁ system is in vogue, it is imperative that
high school teachers make the best of the situation as it
exists and encourage the pupils to regard examinations in
such a way that they may be affectéd by whatever beneficial
influences are conteined in themn.

Having created a proper attitude towards examinations, it
remelns for the teacher to cause the pupils to develop an
interest in their work, simply for the work's sake. This can
be done very conveniently in algebra by a special adaptation
of the unit system. In grade XII algebra the topics studied
- are of such a nature'that there is very little in common

between them. In any one sectlion there is but slight reference
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to the work of sections immediately preceding; and, consequent-
ly, there is practically no opportunity for reviewlng a previous
unit while studying a new one. Quadratics, indices, surds,
ratio and graphs are almost complete units in themselves, and
for this reason it is convenient to operate three separate
unit systems during the- course of the year. During the first
part of the year, the various toplcs are studied from the text
book. It would require far too much time, and be too labor-
"ious a task for a pupil to work every question in every set;
but carefully selected and well-graded examples are chosen to
comprise each unit of the text. When the tests at the end
of each unit indicate that the majority of the puplls have
attained a sufficlent degree of mastery 1In that toplc, the
following unit is treated in a similar manner. By this means
all the units can be covered in approximately two-thirds of
the school year. | |

Since each unit in grede XII algebra is studied as sa
separate entity, when all have been completed it is necessafyv
to have some form of review and also some means of coordina-
ting the various units. These two objectives‘— review aﬂd
coordination - can be reached by making use of two separate
sets of unit sheets. The first set consists of a series of
- carefully graded questions arranged in the same order as they
were studied. In this way a pupil can check up on his
knowledge of the various units, and thereby ascertain the

exact spot where concentrated review is necessary. In the
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appendix a serles of questlions is given which were drawn up
for thils purpose. (1) The pupils are allowed to work the
questions as quickly as they wish, with a minimum number to
be done each week. If the series 1s begun twelve weeks before
the end 6f the school year, the teacher may divide the list
into gzbout ten equal parts and make one part a minimum for
each week. At the énd of each week the answers are given to
the questions in the section'just completed, and special
attention is pald to those questions with which the pupils
experienced difficulty.

The above-mentioned series of questions, the series for
review, is supplemented by a series for coordination. This
consists of ten separate sheets designed for the purpose of
relating the various topics and providing a general survey of
the whole subject. Each sheet contains ten questions dealing
with different seétions of the work,:and the various types are
arranged in a different order on each sheet. These questions
vary from comparatively easy'ones to those of considerable
difficulty. A good many of these questions sre chosen from
previous examination papers, and 1f the pupils are Iinformed
of this fact they show an added interest in the questions on
that accgunt. When working on one of these sheets, if a pupil
finds that he is ﬁnable to master one of the questions, he

refers to his review sheets and checks up on his knowledge of

(1) see psll3
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that particular type of question.
The serles for coordination is also given In the

appendix, (1)

and these questions may be given during the
last ten weeks of the school year at the rete of ongfber week.
The algebra period on one particular day, Friday fof example,
may be set aside for the discussion of these papers. On the
first Friday, sheet number one is distributed. The pupils
work these questions during the week, and hand in their
solutions on the following Friday. At the end of this period
they receive sheet number two. On Fridajvof the next week
the teacher hands back the solutions to sheet number one,
marked, collects the solutions to sheet number two, and hands
out sheet number three. On each succéeding Fridéy the same
procedure is followed, the teacher collecting onevset of
answers; handing back another set, marked; and distribuﬁing a
new set for the following week. Most of the algebra period
each Friday 1is devoted.to discussing the papers which have
just been returned, and in examining.the questions which gave
the puplls most trouble. |

The adoption of this three-unit method - the unif for
learning, the unit for review, and the unit for coordination -
has a great motivating effect upon the pupils, and coupled
with the development of a proper attitude toward matriculatiocn

‘examinations, it is almost sufficient motivatibn in itself for

(1) See p. 124
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making the grade XII course in algebra extremely interesting
and satisfying. It brings into operation most effectlively the
'motivating forces of satisfaction through mastery, and of the
development of an Interest in algebraical calculations as sa
new and delightful experience.

The three-unit system of teaching algebra in grade XiI
can be made even more successful by overcoming one weakness
which 1s common to most unitary meéhods of instruction; namely,
that when one unit 1s finished and a2 new one commenced, the
knowledge of the earlier unit gradueally fades unless some
means 1s adopted for keeping 1in constant contact with it. This
weakness can be overcome by making use of a set of review
quesfions selected to cover all the salient points in the
.various units without involving very lengthy cslculations. A
few of these questions cen be assigned for homework each day,
handed in by the pupils, marked by the teacher (probably out
of ten) and the marks totalled at the end of each month. The
-first part of each leéson (about ten minutes) may be devoted
to going over the questions which the teacher haé marked énd
is returning to the pupils. Such a system keeps a pupil
constantly in touch with the material contaiﬁed in previous
units; and when the time comes to commence the hundred review
queétions, he finds thém much more familiar than he would
have done had he not had this daily review. The following
list of questions will give an idea of the type of question

suitaeble for this purpose:
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10.

11'

12.
13.
14.
15.

B

X+ 2

5 + 7

1 2~ |
Solve S5X~ { 2x5 1 + l}- SX +
A man bought a number of articles for $200. He kept five
and sold the remainder for $180, geining $2 on each article
sold. How many did he buy?

Solve 5x°=0x-4 = O.

The hypotenuse of a right-angled triangle is 25 in. and the
perimeter is 56 in. Find the remaining sides.

Solve xz-xy 6

ye-3xy

10

Factor (a) 4m4-21m2n2+ n4.

(b) 2%+ b3+ a+D
(c¢) 12x%-27a%%%,
(a) 4(2a-3n)%-(3a-70)%
By use of factors find the product of:
[xg-z(xt-li]augz-f- 2(x-1)] A
If x+3§ = 1; prove xs(y+-1)-y3(x-r1)-xf-y ; 0
Solve x2-3x = O.
Solve 4-9x = 13x“.

Solve 6y-4x S5z -X  y= 22

3x-4y = 2y-3z — By-2z =;i

Solve _4x2 = x=-1.
Solve 42x2—28c2 = 25cx.
Solve x4+ 2X = 3x2.

T a - a-1

2 =2

_ — 4

Simplify 5 a—z_x.'g 3 /a yx

—.T__.. X

x%a "% Y
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u
S

17. Solve:

1
C e
DI SEH

5 %JFJ
' +
QIFJQ%JH

18. Solve: 7y2¢-15xy -68

x2+-2xwa2y2 - 17

-

il

19. Express in its simplest form: 4(/7§+]J _ -2 + /3
73-1 2- /3

20, Rationalize the denominator of:

Jiir;? - J1-x?

2l. Find the square root of: J28 - Va5

22. Solve: 7}x-+a +Yx+b = ——8
: ﬂx + 8

23. The price of photographs is raised $3 per dozen; and cus-
- tomers consequently receive seven less pictures than
before for $21. What was the original price of the
pictures per dozen?

24, Solve: X+l 5 fx+1
yx-1 2

25, Write down the roots of:
(a) (x=2 +Db)(x-8~b) = O
(b) x%+2x = O
26. Simplify: {'5%-5} -2
b-lO

. 10
27. Simplify: 2V 5 +——
v s

28. Solve: 25x°-y° - 84
SX -y = 6

29. Show the meaning of a ™
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—1 4
Simplify: {yf x g= x 12 21}

Find the square of: .2a b-.sab°

Simplify:
P [x2)1 [(x)

Ratlonalize the denominator of __5 end express in
simplest form. 0.

Find the square root of 17-12,/ 2
Find the squzre of ZXJ-e‘X -

Simplify: a3~21~a 3

av-a
Solve: x° = 14 +xy
y2 = Xy = 10
Simplify: = J2(5 /3~ J2)- J3(2 (8- /3)
Simplify by removing negative indices: a-l+ b"l
) -2 -2
a "t b

Find the value of: X°+ X°fx+1 when x = 43 +1

Simplify: m + [1- J1-a°

A man has h hours at his disposal. How many miles can he
ride out at r miles per hour if he must walk back at w
miles per hour? :

Find the mean proportional between 27-30/§-and 727+ 302

1f a+b+c+d_ a-brc-d rove a_c¢
8 +b-c-d a-b-ctd.?’ = d

_Find ﬁhe square root of g +05

Using the scale 1 unit = %-inch, find the point of inter-

section of the graphs of 2x-3y = 24 and %;._ %ﬁ= 12

Find the equation for the stralght line passing bhrough the
points (3,4), (-2,5) .
Solve for a and for n: S = F(a-+f)

Solve for r and for v: ~F'= mv <
gr
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50. Solve for x: x(a-x) = c?. Give the numerical value of
the roots when a = 16 and ¢ = 6.

There are several other minor, but nevertheless important,
means by which the teaching of grade XII algebra may be
motivated to a fuller extent, and one of these is a careful
treatment of algebralcal problems. A number of students seem
to develop somewhat of a dislike for problems, and become
possessed with the 1des that grade XII problems are tricky
bits of mathematicel reasoning almost beyond any ordinary
student's ability. The dévelopment of this erroneous impres-
sion can be prevented by prefacing the work cn problems with
a few carefully selected puzzles which require considerablé
thought for their solution, but which are by no means out of
the range of any average student. If these puzzles are
presented so as to give each pupil the idea that they are a
challenge to his ingenulty and resourcefulness, then he will
respond to the chellenge and do his utmost to obtain solutions.
The following are examples of rather simple puzzles whilch
might very well be used as a preface to a lesson on problems:.
l. A blacksmith had a stone weighing 40 pounds, and a skilled

mason broke it into 4 pieces whereby any number of pounds
from 1 to 40 could be welghed on scales. Find the weight
of each of the four pleces.

2. Two sutomobiles 20 miles apart are approaching each other,
each travelling 10 miles per hour. A bee, which flies at
the rate of 15 miles per hour starts at the radiator of
one automoblle and flies back and forth between their
radiators until the automobiles meet. How far does the bee
fly?

3. When I was born my sister was cne-fourth mother's age, but
she is now one-third father's age. I am now one-fourth

mother's age, but in four years I shall be one-fourth
father's age. How o0ld 1s each of usa?
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4. How shall we buy 12 eggs for eighty cents, if hen eggs sell
at 5¢ each, duck eggs at 7¢ each, =mmd turkey eggs at 8¢ each,
and 1f we buy some of each?

Puzzles like the ones glven above are extremely interest-
ing to the high school student, and he socn begins to realize
that resl enjoyment can be derived from attempting to solve
problems of varlous kinds. Using such puzzles as these as an
introduction, the teacher can lead the class on to the
investigation of problems which involve the use of equations
in their solﬁtion, and once a pupil experlences the “thrill of
discovery" derived from the solution of & mathematical problem,
he 1s eager to teckle more problems which will enagle him to
experience that thrill more often.

There are many cther forms of mathematical recreatlons,
besides the strictly "problem" type, which can be used very
conveniently as a means of motivating the work in grade XIT
algebra. The following are some examples of such:

Mathematical Recrestions

1. A ship is twlce as 0ld as its engine was when the ship was

as 0ld as its engine is now. Thelr combined ages are 42.°
- How o0ld are they?

2. A farmer bought one hundred head of atock consisting of
calves, sheep and lambs. The calves cost $10 each; the
sheep @3 each; and the lambs, 50¢ each. Altogether the
hundred head cost him one hundred dollsrs. How many of

each did he buy?
3. My father was born on .

i - 1
June 16" % 2q(a 1) g8l (32.3.a2°)3(3)%
51 T2 — 31 51 » 1887
(3] |gatl g™ -1 (2.3.3%.6°)5

What was his age on August 10th, 1935%

4. If Dr. Jones loses 3 patients out of 7; Dr. Smith, 4 out of
13; and Dr. Brown, 5 out of 19; what chance has a sick man
for his 1life who 1s dosed by the three doctors for the same
disease?
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o8

Mr. Dough, a business manager, wished to hire one of three
men. In order to decide which was the smartest, he adopted
the following system. He called the three men to hlim and
showed .them five pleces of paper on his desk. Two of the
papers were black and three were white. He then told the
men to turn around, and he pinned a paper on each man's
back, putting the two remaining papers in his pocket. He
told the men to - -look at the papers on each other's backs,
and by so doing decide what color of paper was on their own
backs. The first man tc decide the color of the paper on
his back was to come up to the desk and explain how he made
the decision. If his explanation were sound he would get
the position. One of the applicants was successful in
determining the color of paper on his own back. Which one
could it have been, and how did he decide?
An esgle and a sparrow are in the air, the eagle 100 ft.
above the sparrow. If the sparrow flies straight forward
in a horizontal line and the eagle flies twice es fast
directly towards the sparrow, how far will each fly before
‘the eagle reaches the sparrow?
To prove that 1 = 2
Let x 2 1
Then xg = X
. . x2"l - X"'l

Factoring (x-1)(x+1) = x-1
Dividing  x+1 =1

but x =1
e 1+1 =1
20 2 2l
To prove that -1 = 1
1
-a® a%
—zr ="z
a® -g®
. 2
e (-a3)? 2 (2F)F

« o+ =1 =21
Where is the fallacy?
Find the keyword in the following problem in "Letter Divi~

sion" CPN)AOEIERT(PCAAU

PIUI
PUCN
RRIE
RNAN
REER
RNAN

RIRT
RCUN

“EOT
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A teaéher who teaches more than one class of grade XII
algebra has at his disposal another means of motivating his
teeching to some extent; hamely, the stimulation of friendly

rivalry between classes. If the same test 1s given to both
classes, and the pupils know beforehand that the results
obtained in.the two classes are going to be compared, thén
each pupil will do his utmost to avoid pulling down the aver-
age of the class,

The same type of motivation is employed wheﬁ a teacher
has a record of the results obtained by previous matficulation
classes, and encouréges his present class to strive to surpass
even the best of the previous results. If certsin former
studenté can be named who obrtalined lOO%'in their matriculation
examinétions, the good students in the class will make up
their minds that they, tOb, will obtain a perfect mark. Care
must be taken, of course, to prevent the pupils from developing
more interest in examination marks than in the study of the
subject itself; neverthelesé, the introduction of a élight
element of competlition is a valuable means of motivatihg the
work in grade‘XII algebra.

The motivating force of scholarships and prizes 1s one
which 1s operative to a certalin extent in the matriculation
grade. This form of motivation affects only a very small
percentage of the class, but it isf%alue in encouraging thé
few outStanding.students to do their very best. These pupils

should be informed by the teacher as to what scholarships and
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prizes are offered to matriculation pupils, and it should be
impressed upon them that they are able to obtain one of these
awards Just as well as any other student in the province. As
in the case of rivalry between cleasses, this form of motiva-
tion should not be allowed to become the dominating force
behind a student's efforts, but should ohly supplement the
major forms of motivation discussed in the earlier psrt of

this chapter.
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CHAPTER VII
SOME EXPERIMENTAL EVIDENCE TO SHOW
THE EFFECTS OF MOTIVATION

Every teacher of mathematics has noticed thét certain of
his lessons have seemed very dull and uninteresting both to
himself and to his pupils, while other lessons have been ex-
éeedingly enjoyable. When. the first type of lesson 1s complet-
ed the teacher experiences a sense of relief, and the pupils
lose no time in gétting away thelr mathematlcs books and
preparing for the next lesson; but when the second type of
lesson is finished the teacher experiences a sense of gresat
satisfaction, and the pupils continue working even after the
bell has rung, trylng to complete as many questions as possible
before the next lesson begins. The reason for the difference
is obvious. The first type of lesson was lacking in motiva-
ting valﬁe, whille the second had some features about it which
aroused and held the 1nterest of both pupils and teacher. The
beneficial results derived from this second lesson would uné
doubtedly outnumber those derived from the first; and at the
same tlme, the material studied in the highly motivated lesson
would be better understood and more easiiy remembered than
that studied 1n the dull mechanical lesson.

The writer has recently completed a three-year experiment
‘with methods of motivating the teaching of high school
mathematics. Although the results of this experiment cannot

Liv,
be accepted as conclusive because of the smasllness of the ¢

"
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and because of the fact that a number of variable factors were
not controlled, nevertheless they mey be considered as evidence
to show that efficiency and interest can be developed in the
subjects of algebra and geometry to = merked degree by the
use of a highly motivated form of teaching.

' The writer conducted the experiment between the years
1931 and 1934. He taught the experimental class for three
years in succession in grades Ten, Eleven and Twelve. The
class was an extremely heterogeneous one, being composed of
pupils of many different types and of severel different
nationalities. Some of the pupils had done their grade IX
work in junlor high school and others haé‘come directly to the
senior high school from grade VIII in the elementary school.
There was a wide variation in thelr academic standing, some
advancing to grade X with s very good scholastic record and
bthers being promoted only on trial. The class &s a whole
was not considered a good class, the principal's opinion
being theat it was a very weak one.

On being assigned as teacher to the above-mentioned
class, the writer attempted to develop the pupils! interest
in mathematics and at the seme time to bring them to a high
level of efficiency. 1In attempting to do this he adopted
most of the methods mentioned in this thesis. The results of
the experiment can best be judged from the tables which
follow. ‘In the week previous to the matriculation examina-

tions, the pupils of the class were asked to write down the
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nemes of the three subjects which they had enjoyed the most
during théir high school course - these names to be in order
of merit. The results of this vote, giving Five for first

choiée, Three for second choice and One for third, are as

follows:

Algebra . . . . 54
Chemistry « . « 51
Physics « . « . 31
Geometry . « . 24
FrenCh e ° . . 1’7
Literature . . 19
Soclal Studiles. 16
Composition . . 3
Physiology . . 1
Grammar « o« s« o

. 0.

The above procedure had its limitations in as much as
the writer conducted the votlng and the ballots were signed
by the puplils. However, the pupils were instructed very
emphaticselly to overlook the personel element entirely and
give exact statements of their preferences.

At the sams time the pupils were asked to write down
the names of the three subjects in which they thought they
had obtained ﬁhe highest degree of efficlency, and in which
they were most confident of making good marks in the forth-

coming matriculation examinations. The results were as

follows:
Algebra « « « « 54
Geometry . . . 44
Chemistry . . « 28
Literature . . 22
Grammar « « « « 20
Physics « . . . 19

Social Studies 13
French . . . . 10
Composition . . 4
Physiology . . 1 .
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The marké actually obtained by the pupils of this class in the

Junlor Matriculatlon-examinations are shown in the table gilven

 below.

TABLE IT

Class marks - Junior Matriculation examinations

—t

Pupil : Algebra Geometry
A 92 o2
B 75 71
C 19 17
D 74 . 50
E 95 81
F 83 79
G 84 - 61
H 83 - 70
I- 85 61
J 44 45
K 80 69
L 84 78
M 8% 80
N 63 60
0 83 83
P o4 92
Q 68 : 67
R 58 74
S 94 835
T o2 72
U 81 _ 69
v 55 57
W 100 82
X o4 89
Y 62 67
Z 56 55
a 82 73

Notes: 1. Pupil C, whose marks, brought the class
average down considerably, was only a
condltioned student, not having passed
grade XI; and during the spring term
he was iInjured in a traffic accident
which caused him to be absent from school
for six weeks.

2. There was one "repeater" in the class.

The following table compares _the averages of the other

classes in the same school and with the City (Vancouver) and

~
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Provincilal (B.C.) averages:

TABLE IIT

Comparison of Averages in'Subjects

_ All Other
Algebra Geometry Subjects
Averages of Experimental Class 76.6 69.5 59.5
Averages of other (Classes in Same 57.2 66.8 60.2
School
City averages (Vancouver)  63. 65.8 59.8
Provincial Averages (B.C.) 63.5 63.9 60.7

In the above table certain points shoﬁld be noticed when
considering the results of using é speclally mctivated form
of teaching. In the flrst place,‘the table indicates very
clearly that the class was certainly not a "picked" class.
The average of the class in all subjects other than algebra
and gedmetry is 59.5% which is below the average of the three
other grade XII classes in .the same school; it is below the
city average and below the provinclal average. This compari-
son indicates that the class as a whole was rather 6n the weak
sides In contrast with this comparison, the algebra and
geometry averages for the experimental class are considerably
above the averages for other classes in the same school, e&s
as well as being much higher then both the city and provinecial
averages for these subjects. It shouid be noticed still
further that the average in algebra for the experimental

class is exceptionally high, and when the voting was taken
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before the matriculation examinations were held, the pupils
expressed themselves as feeling better prepared for their
algebra examination than for any other. 'They also indicated
by their ballots that they had redeived more enjoyment from
the study of algebra than from the study of any other subject
in their high school course.

The evidence seems to indicate, therefore, that the
teaching of mathematics can be made much more effective by a
wider application of the principles of motivation. It seems
gsafe to infer that, by a careful study of the various specific
means'of motivating the teaching of mathématics in high
school, average and even weak classes may be brought up to a
high level of efficlency in.both algebré and geometry; and
also that the enjoyment of these subjeqts by the puplls may

be increased very greatly.
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CHAPTER VIII

GENERAL CONCLUSIONS

In closing this treatise on Motivation in the Teaching of
High School Mathemetics, it is apparent that the following
conclusions might be reached; namely, (1) that mathematics is
a very essential part of an individual's education; (2) that
the teaching of mathematics 1n high school is at present not
of e sufficiently high standard to enable students to derive
the maximum amount of benefit from thelr mathematical studies;
and (3) that the situation can be improved tremendously by a
more extensive application of the principles of motivation.

The statement that mathematics is an essential part of an
individdal's education is corroborated by the statements of
numerous authorities on the suﬁject, who commend its study
both from a utilitarian and an gesthetic point of view. The
assertion of Comte that "All scientific education wh&qh does
not commence with mathematics is, of necessity, defective at
its foundation" (1) is emphatic indeed; while W. A. Millis
states that "For algebfa there is no substitute. The elimina=
tion of algebra as a pure science from the curriéulum would
out the foundétion from under all écientific procedure." (2)
David Eugene Smith spesks of geometry in metapﬁorical language

as follows: "Geometry is a mountain. Vigor is needed for 1its

(1) Jones, Mathematical Wrinkles. P.2¢s
(2) Millis, Opcit. P. 240.
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ascent. The views all aslong the road ere magnificent. The
effort of climbing is stimulating. A guide who polnts out the
grandeur and the special places of interest comménds the

n (1) Numerous other

gdmiration of his group of pilgfims.
quotations might be given emphasizing the same fact - that

the study of mathematics is a most essentlal part of a high
school student's education.

‘ In support of the conclusion that the teaching of
mathematics is at present not of a sufficiently high standard
to enable the students to derive the maximum esmount of benefit
from their mathematical studies, we have the statement of

e A ﬁillisiiﬁvthat "The reason for the present unsatisfac-
tory status of mathematics is poor teaching." (2) There 1s
also the statistical evidence given by Professor Judd showilng
that the percentages of failures in mathematics, and with-
drawals dué to lack of interest in mathematics, is very highss)
To these might be added statistical evidence given by Millis
emphasizing the same point and outlined in his "Teaching of

4
(4) E. R. Brislock states that

High School Subjects".
"Algebra is a subject difficult to learn and to teach," (5)
and Professor Judd writes that "Mathematlcs must be recognized

as one of the most difficult subjects in the high school

(1) Jones, Ibid. P.as+

(2) “Millfsye, Opcit. P. 233

(3) Judd, C.H. Psychology of H.S.Subjects. P. 18.

(4) Millis, Opcitsy P. 232

(5) Breslich, Problems in Teaching Secondary School Mathema-
tics. Pl’ 10’7.
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n (1) Both these men follow up thedr statements by

course.
the cdnclusions that the teaching of mathematlics is at present
not up to the standard necessary for producing best results
in the subject.

The thilrd of our general conclusions, that the teaching
of mathematics can be 1mproved tremendously by a more
extensive application of the principles of motivation, is
supported to a large extent by the evidence presented in
preceding chapters of this thesls, but these may be supplemen-
ted by the opinlons of éuthorities on these questions.
Professor Judd says that "We shall certainly need to inquire,
in such negative cases, whatlis the psychological character
of pleasure, and what the possibilit& of so réadjusting the
sltuation as to produce pleasure through the study of
n (2)

geometrj.. F. W Westaway also stresses the importance
of increasing the interest of students in the subject of
mathematics, and he suggests several ways by which this may
be brought sbout. He says that "A young boy's (13-14) natural
fondness for puzzles of all kinds may often usefully be
empioyed for furthering his interest in geometry." (3)
Westaway also states that "No boy can become a successful

mathematician unless he fights hard battles on his own behalf,”

and that "There is no better means of giving a boy a permanent

(1) Judd. Opecit. P. 17.

(2) Judd. Opcit. P. 89.

(3) Westaway, Craftsmanship in the Teaching of Elementary
Mathematics. P. 229 '
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interest in mathematics than to help him to achleve a mastery

§1)

The effects of peylng special attention to motivation in t

of the commoner forms of mathematical puzzles and fallacles.

thé teaching of high school mathematics may be illustrated
graphically as shown on p. 11l.

The graphical illustrations given on p. 111 are not based
upon the statisticel results of experiments, but they give us
a vivid comparison between the amounts of interest created.

It will be noticed that graph II indicates that even though

a teacher of mathematics lgnores the possibilities of
nictivation, some students develop a considereble interest in
the subject. These students, however, do not reach the same
height of interest which they would reach under more favorable
condltions. The majority of students under the conditions of
graph II will undoubtediy develop a dislike for mathematics,
and 1n a few cases this dislike may be exceedingly great. In
graph III indiéating the amount of Interest created.by a
‘teacher using a highly motivated form of teaching, we notlce
that the majority of puplls under such conditions develop s
real interest in the subject, and some of these reach an
exceptlionally high level. Only a small percentage of the
'pupils develop an actual dislike for mathematlcs. Graph IV
shows us the situation which might be reached if an exceptlion-

ally well developed system of motivated teaching were employed.

(1) Westaway, Ibid. P. 1l.
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In an average class it should be possible to have every member
interested to some extent in the subject of mathematics. If
the conditions indlcated in graph IV were reached; then
students would notbonly gain much positive enjoyment from the
study of mathematics, but therlevel of efficiency would follow
to some-extent the level of interest, and the whole status of
methematics in our high séhools would be tremendously improved.

There 1s, therefore, an urgent need for a greater atten-
tion to motivation in the teaching of high schﬁol mathematics,
and it has been pointed out in this thesis that there are
various gpecific means by which the principles of motivation
may be applied to the teéching of algebra and geometry. By
employing certain general methods of motivation throughout all
the'grades, and by supplementing these by more definite methods
~especially Suitable for certaln grades, the subject of
mathematics could be made Intensely interesting, both to the

pupils and to the teacher. (1)

If this procedure were fol-
lowed by more teachers of high school mathematics, then the
increase in interest, followed by a natural increase in
efficiency, would regain for mathematics some of the prestige

it has lost due to the use of mechanical methods of teaching

seriously deficlent in motivating value.

(1) The importence of creating interest is discussed by
Stormzand, and he arrives at the conclusion that "the pro~
blem of interest plays such an important part in educaticn
because success in all teaching involves the arousing of
sufficient interest." Stormzand, Progressive Methods of

Teaching. P. 129.
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APPENDIX I

GRADE XII ALGEBRA QUESTIONS

10.

11.

Solve:

2_3_ _ 41
X 2y — 39
2t 5% _ 73
2x‘4i_y - 70
Solve: 2y - x = 4xy
4 3
FTX°T 9.
Solve: .%X—f %y + %z = 8
1 1.
§x - §y-+ 52 ? S
l l - —
3x } 57 z = 7.
Solve: X+42z-1l = %(x»k4z—8) = %(X-k9Z~27) =y
' s 24+ I zZ _
Solver 3T 5 Te Tz
I+2-.%2_ 8
2 3 6
% b4
3+§ = 10
Solve: x-8 x 4 :x--5_+ x=7
x=-10  x-6 x-7 x-9
Solve: b5x-64 _ 2x-11 _ 4x-55  x-6
%x-13 xX=-6 — x~14 X7
Solve: X QX X1 Bmx
%2 T Tz =X-T T 8%
Solve: X b _
X+ b=-a X+b-c .
Solve: x-bc , x=-ca X-ab
= + 5 tT——% = 2(a+b=+c)
Solve: 5 8 1
X+42a x-a &

SERIES FOR REVIEW




12.

13.

14.

1s.

16.

17.

18.

19.

20.

21.

22.

235.

24.
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b. 4 a 4c.
Fata=oc =

Solve: _x2-6ax4-9a2-b2 = 0

Solve:

2mn
mn

Solve: m(x+y)4 n(x~§)
m(x4 y)-n(X-y)

Solve:  1x gz my

Solve: x+a b
JET 43

y+b a

X = o +3

Sclve: 2X_F 3x=1 _ 5x-11
X=-1 X+2 = x-2

Solve: (a) 4x°-10x s =5

(b) x2+ 6x+3

c

Write the general equation for quadratics and solve it

for x.
2 2
Solve: (&) x4+ ax-&” = o
(b) x(a-x) = o
Find two values for X which will make x(3x-1) equal to

0.362, giving each value to the nearest hundredthe.
2.2
a

Solve: (a) X%y = a®+b?
x -
(b) (x%+2)2 = 29(x®+2)-198
- 4
(¢) x(x=-2x) = 283 +—7a2
X =28X
Solve: (a) x3-3x-2 ='O

(b) x4+-2x = 5x2
(¢) x31?6a5 = 7alx

Solve: 4x3-15x24-1 = 0 having given one root as x = -7



25.
26.

27.

28.

29.

30

31.

32.
33,
34.

35

36.

37.
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Solve: (x-%)% - Fl(x-2)+10 = 0
Solve: (a) 3x+3y = 4 (v) Xy = 35
5. 2 » 1 1 12
2x - Ty=2 e S
By = Ty F+T= I
Solive: (a)__]z_._+_% ~ 178 (b)__]_.'_‘__!._ 3 4:
x°. ¥ 2 <=
= ¥yt .
Solve: (a) x2-2xy. = 24 (b) 4x°+ Xy ; 4'7
_xy-2y2 = 4 SXy+ y2 =18
Solve: (a) x24 pxy+10y2: 145(P) 2x®.zxy+ oy° = 22
xy+y° = 24 x°-dxy+ 'y2+ 220
Solve: (a) x%+ x%y2+ y4. = 21 (b) 4x2-2xy+ yz -_- 31
x°+ xy +y? = 7 8x5+ y3 = 217
Solve: (a) xs';-‘ys = 243 (b) x+3xy = 35
' xy(y=-x) = 162 ¥+ 2xy = 22
Solve: (a) 2V§-l = Véx-11 (b) 2‘?/51:-.5 o= 5\5/_212-'7
Solve: (a) |/x +a-y/zx-a . Va  (b) \Zm+\/x+2' = V6x+13
Solve: (2)\}/X+43 3/x-5 (b)) Vx+atyx+b = a
- = —_— VYVt a
V-2 3/x-13
Solve: oo =
(a) 6 M_x-'? -5 = 7 Mf—%
/x-1 7V x-21
2 -
(b) x+\/a +x? = EE.—-—*-_————___.
Va4 x2
Solve: a —_— =
( )‘ Votex -V/ex & _3
/91 2x
(b) VI+x+Yx-7 . o
I+ x- |/x-7
(a) Prove that ao = 1 {b) Prove that a - -%'l

a




36,
39.
40,

4]1.

42.

.43,

44,

45.

46,

47,

48.
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) -1 A

Multiply: 3m & -3m /34- 2m by 5m + 4
o Yy,

Divide: x4'+ x/’~ v —zy by x “ex &

\ 1 |
Find the sg. root of: (a) 9;:.-.12;:2.*-]_()‘./._‘.1_.-|--;1-.E
x

(b) 128%+ 4-6a5%4 a4X 552X

. - Y 6
Simplify: )o/l‘ . a
(2) "—l ( ) b —VL.}

. Y
(b) (a,'/"’x b o m ST )

oy ()

L -2/ e a.'ze."

Simplify: (
Simplify: - 3
(a) (a”® —bz)éx(a—rb)"zx(a—b)z

(v) \/(asb5-+ a®
&/ (68 -a0%) 1

Simplify: -
(2) 3.20-4,22-2 (b) 223 em*®

2n 2n~1 ls-n-l sh +1
Simplify: gh*4 g gB+1

2V x4
Factor: (a) X2 \/x-—15 (b) x®-49
3 3m
(c) 3a®45a* +2 (&) x + 27

(e) =x -2c, o °-2c
Express in its simplest form free from ‘radical signs;

(a) x-—'lx§ - 14 o =1 () az'\"ab \/a

X=5 \/X=14 Vx ab-b° \/a~b
Find the value of:-

(a) 3yTa7-7 \/z:l; -—% V; (v) \/18p3q5.-:p1/89q5~ 50p°q
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49. Find the value of the following to two decimal places:

(2) 54 23 ‘ (b) 7\/3 - 52
7-4 \/3 Vs + yis

50. Find the value of:
1 \/ 1 chzvc _.,__x__\ x5
3Ccx 4cx 8c~

51l. Find the value aof :

(e Me _z2xye ™) 22 _ (yig+y7)
3-\/2 7 3\/2=\1/7
52. Express with rational denominators:
e) Varx+ |/amx (b) __ 4
Ve +x- Va-x : 2+ |/3/7
(c) 1 |
VE+yE ~ V5
53. Express in its simplest form:
2 2, 2, -2 —~ —
(a) Yx*-3©+ x _ _x*4 1oy (b) 4()/3+1)  2+4/3
RV 3-1 24 \/3
\/éc + 7y me|/xy 4 =V
54. Find the square root Qf: '
(a) 49-20)/6 (b) V175 ~ /147

(¢) 3x-1+2|/2x2-3x-2 (d)ﬁ2ma—2\/ﬁ§:§;§
55. Express in its simplest form:
(a)\/19+4.- V214 /7 - Yiz .\/29 2 /28
(v) /7~ Y&+ /174 12 V2 - V286 V5

56. Show that |/a+ )b cannot be expressed in the form {/x +|y
unless az—b is a perfect squsare.

57. (a) Find the ratio compounded of the duplicate ratio 3:7
and the ratio of 35:27.
(b) Find the ratio of x:y from the equation cax by _ 3by
: 2gx w by ax

58, (a) If m:n is the duplicate ratio of m—+ x:n-+x, prove that

2
X~ = mn.



119

58. (b) If a and b are unequal, and ab(cg1- d2) - b2c?+ ala?
shew that the ratio of a to b is the duplicate ratio

of ¢ to d.
59. If g = § = % prove that ri“Pitg ;'gzz
_ a“~q"u
60. If %' - g : ;—? prove that each ratio is equal to
\t‘/ 6a°c2e~cter +7ac”
/ 6b2d2ffd4f2+ 7ad5
6l. If bzx-)éy = cxfaz = ayfbx . shew that- ap +bg~cr = 0 and

Xp-yq+2zr = O.

62, If 2x=3y _ z~y X +3z
PZ+yi T z=X T 2y~3X

prove that each of these ratios is

equal to %; hence show that either x = y or z = X+7.
. °3 4

i a b a+b c+d
63. (va) Ir £ = g Prove that T =g
(b) If & = £ prove that & = B
b .4 c d

64. '(a) Find the fourth proportional to 12x%, 9ex®, 8aSx.
(b) Find the third proportional to 5\/3; |/15.
(c) Find the mean proportional to 2 \/18; 3|/128.
65. If a, b, ¢ are three proportionals, shew that
(b2+ be +02)(ac-bc 1_—02). - v+ acs+-c4._
| sb°-c2d _ 15

bzcz-csd_ ad2

66. If a:b = cid, prove that +1

67. If a, b, ¢, d are in continued proportion, prove that

31-'031- 0'3 : b3+ 05+d3.

68. If (a+b=3¢c-3d)(2a=2b-c +d) =z (2a+ 2b~c=d)(a-b=3c +34)
prove that a, b, ¢, 4 are proportionals.

89. If b+c 1s the mean proportional between a+b and c+a
show that b+ cic +a = c-ara=b. :

70. 1¢ & = —8_ then X--xy+y° _ x°
J ~a+b 8%+ ab+Db° ;-2 '
71. If 12:x = X!y = §:2 = 2:18, calculate the value of x to
two decimal places, and show that

x4+ g4 424 = (x24 72+ 22)(x2-y2 422)

a:d = a
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72. If a+x:a~x 1s the duplicate ratio of a +b:a-b,

x-bia-x = b(a+b)rala-b).
73. Resolve 1lnto factors:

(a) c%a%e%-1 (b) a%-3a%-2% +3a%0
(¢) xP-yP+ x+y (d) 9(a-2b)2-(4a-7v)2

then

(6) 2cd-oxy+xZry2-cf-a2 (£) ab-6a%-a2-2ab-b2+ 9.

(g) 02-P9(d2—a2)-+6cd (n) x%+25y%-10x2y2

(1) 4m®-21m®n® +nt (j) 30af+ 37ab-84b%
(k) -x8-y% © (1) 3(2p%-1)-m»

(m) (c-i-d)s-a-(c-—d)3 (n) x°-37x~84

(o) 6a%+ a®-19a 46 (p) a-7YVa +12

(q) xB-49 (r) 382 + Bad+ 2

(s) x"ocﬁ-x C.20 (t) =My 27

74. Simplify:
(a) 1-+8x% % 4x-x9 - (1L-2x)%+ 2x
2 2 2
(2-x) 1-4x 2-5x -+ 2x

(b) _x(x-4)% . (xP-ax)% 64-x%

(x+4)%-4x  (x44)°  16-x°
75. Simplify:
(a) __ & 5+ 3a - *_2 1
(a~x). x +ax-~2a a+x
(b) 1 __1 __ex . 4x
=X . a4+x a2+-x2 (xz-az 2

76. Find the value of: _
(a) ~m2nr nzrm + %mn
. (m=n)(m-r) (n-r)(n-m) (r-m)(r-n)

(b) _a+*r , _r+p . p+g
(x-y)(x-2z) (y~z)(y~x) (2-x)(2-y)
77. Find the value of: (a) 1 ; xX+y
x4 L
Xt y-

1~ &
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(b) o_ ""——g—;;""
5
T 1l-x
(a) Divide x*_TGx-ZV 13
- by x-1t
%% -16 v x+4
(b) Multiply a® " 2a®
_ x+28 =~ 3% + 38 by 2X~am~ T+ a
(s) Simplify: 3 1 1-x 3
+ = 5. T T8
8(1l-x) 8(1+x) 4(1+x"7) 4(x~=1)

(b )Simplify: x+2y _ 3x°+63xy +70y%

_1.27x-y 2Xx 2+ 5xy-55y2

Find the value of X +tg& , X-2a 4eb o 2b
2b~x  +‘2b&x'%- xR aqbe when x = T9%

Draw quadrilateral ABCD, ~the coordinates of its angular-
points being A(12,4); B(-2,8); C(-8,-11); D(9,-9). Cal=~
culate its area. If the unit used is 1/10", what is the
area of the quadbilateral in square inches? = -

Draw graphs for the following lines: (a) x47 = O '
(b) y-9 =0 (c) 3x = 4y S (4) 2x-3y = 6 by in-
¥ercept method) (e¢) =~3y~4x-+5 = O.

Draw a graph of thé function Sx+17 and from the greph
read the value of the function =2 when x = 5 and when
X=8-

Draw-a graph to show the variations of the functions-
1.2x-3 and 3.5-3.8x between the values 0, 1, 2, 3, 4 of xX.

- Hence find the value of x which satisfies the equation

1.23(-5 - 305"'5.8X.
Solve graphically and prove algebraically:
(a) 2y-5x w» 20) (b) 2x-5y g 16)
4X+3y = 7) 4x+y = 10)

(a) Draw the triangle whose sldes are given by the
equations 3y-x = 9; Xx+7y = 11; 3x+y = 13, and find
the coordinates of 1ts vertices.

(b) Find the equation for the line joining the points
(4,5), (11,11). Shew that the point (~3,-1) also lies
on this line.

(c) Prove that the points (2,4), (-3,8), (12,-4) lie on a
straight line which cuts the axis of x at a distance
of 7 units from the origin.;

(a) Solve graphically: x24-y ‘= 41
¥ = 2Xm3 -
(b) Plot the graph of the function y a x*+ 2x-4 and give
the coordinates of its turning point.
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(¢c) Find graphically the'roots of the followlng equation
to two decimal places: 4x2-16xrb9 e 0

Draw the graph of':
x? 2
(a) vy = 2x- T (b) x"-y = 4-2x
In each case give the maximum or minimum value for x or Y.
(a) Find graphically the roots of the following equations:

x2-7x +11 = O
(b) What is the minimum value of the expression £ Tx 4112

(a) Show graphically that the expression x2-2x-8 1s
negetive for all values of x between -2 and 4, and
positive for all values for x outside these limits.

(b) Solve graphically and test algebraically: x 21'y
y=x
An income of $160 is derived partly from money invested
at 3%% and partly from money invested at 3%. If the
investments were interchanged the income would be $165.
How much is invested at each rate? -
The profits of a business were $150 in the first year,
and half as much in the second year as in the third. In
the fourth year they were three times as much as in the
first two .years together. The total profit in all four
years was half as much again as in the first and fourth
years together. Find the total profits.
A man has a number of coins which he tries to arrange in
the form of & solid square. On the flrst attempt he has
116 over, and when he increases the side of the square by
3 coins he wants 25 to complete the square. . How many colns
has he? :
An offlicer forms his men into a hollow square four deep.
If he has 1392 men, find how many there will be in front.
Two men, A and B, travel in opposite directions along a
road 180 miles long, starting simultaneously from the ends
of the road. A travels 6 miles a day more than B, and
the number of miles travelled each day by B is equal to
double the number of days before they meet. Find the
number of mliles which each travels in a day.
Find two numbers such that their product multiplied by
thelr sum 1s 330, and their product multiplied by their
difference is 30. ' , o
The interest on a sum of money for 1 Year is £31 17s 64.,
if the rate of interest were lsess by 5 per cent 1t would
be necessary to invest £100 more to produce the same-
amount of interest. Find the sum lnvested at first.
There is a number consisting of two digits such that the
difference of the cubes of the digits 1s 109 times the
difference of the digits. Also the number exceeds twilce
the product of 1ts diglits by the digit in the units place.
Find the number.

nu

53)
5)
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99. (a) A boat goes up~stream 30 miles and then downstream

100.

(b)

(a)

(b)

(c)

44 miles in 10 hours, and it also goes upstream 40
miles and downstream 55 miles in 13 hours. Find the
rate of the stream and of the boat.

How long will 1t take each of two pipes to fill a
cistern i1f one of them alone takes 27 mlnutes longer
to £111 1t than the other and 75 minutes longer than
the two bogether?

A man buys 99 oranges at a certain price; they would
have cost him 1 shilling less if he had obtained for
each shilling spent 4 more oranges than he actually
did. What price did he pay?

A rectangular plot of ground is surrounded by a gravel
walk 4 ft. wide. The area of the plot is 1200 sq.ft.,
and the area of the walk i1s 624 sq. ft. Find the
dimensions of the plot.

A man iInvests some money in 3 per cent stock; if the
price were £10 more, he would receive 1 per cent less
for his money; at what price did he buy the stock?
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SERIES FOR COORDINATION

Grade XII Algebra

I
Simplify: 1 1 .
=T b2 c x| 14 be cf-a®
1_ 1 2bc
a b+c
Solve: x+2 10-x% _ _10
x-2 4112 Xt

Solve: .323:_+ +045x _
.05 L1256 = 13.52

Seven years ago a boy was half as 0ld as he will be one
year hence. How old 1s he now?

A collection of five-cent piéces and quarters contalns 80
coins. Their total value is $16. How meny are there of
each?

'Solve: 5x+4 2y~3z = 160
- 3x +9yt8z = 115
2x=3y=5z a 45
Factor: (a) x%+ y%-7xRyZ,
(b) x° 64
512 ;5

(¢c) x'+ x*-16x5-16.

(a) Write the general equation for a quadratic.
(b) Write the solution of your equation.
(c) By means of this formuls solve: 8x2-dx+3 = O

A lgbourer worked a number of days and received for his
labour $36. Had his wages been 20¢ per day more, he would
have received the same amount for two days'! less labour.
What were his dally wages, and how many days did he work?
Solve: 2 2 i

x“+ y°+ x+y

Xy

18
6

it

: : IT
Divide: 16a~%-6a"%+5a~14+6 by 1+2a~1 "

Factor: (&) 6x2+-9x-81y-12y.
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2. (b) 4at+15a°p7-ap?
(c) oreX_25x5%,

S. Simplify: 2x _ x \ 3x _ _2ex : .
5=z E@I) =% ~ %-5 and check your work

by letting x = 4.

4, Solve: 3x-2y-z - 1
4x-3y +4z = <=3
2x +y~52z =

-2
5. In the formula T 2R ((R"' H),
(a) Solve for H in terms of the other letters.

(b) £ T =3, 1%, R=11,T= 794-¥%rind H.

6. A man starts from a certain plsce and walks at the rate of
a miles an hour. b hours later another man starts from
the same place and rides in the same direction at the rate
of ¢ miles an hour. In how many hours will the second man
overtake the first?

7. Solve: b(a+x)- (aﬁ-x)(b—x) = b;

8. Simplify: [ 8x~° % /2‘
o) (2
X

9. Solve: 2\/x - V/4x-3 -

V4x~3
10. Solve: 4x2+-y2 = 17; 2x+7y =

_ I1T »
. 8,5 . 248,.4 2, 5 3
1. Divide: 558 ET5eX by 78 Ix

7L}

2. A man walks from A to B in h hours. If he had walked'a
miles an hour faster he would have been”b hours less on
the road. Find the dlstance from A to B and the rate of
walking.

3. A grocer spent $120 in buying tea at 60¢ a pound, and 100
lbs. of coffee. He sold the tee at an advance of 25% on
cost and the coffee at an sdvance of 20% on cost. The
totel selling price was $148. Find the number of 1bs. of
tea purchased, and the cost of the coffee per pound.

4. A man spent $90 for wood, and finds when the price 1is in-
creased $1.50 per load he will get 3 loads less for the
same money. What was the price per load?

5. Solve: °x4“&x2y2+-y4 = 21
- x%+ xy+ye = 7
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Solve: 3(z-1) = 2(y-1)
4(y-+x) = 9z-4 ' _
7(5x-3z) = 2y-9 ' ..

(a) Find the square root of 83+ 12\/35.
(b) The area of a rectangle 1is 16\/f5 -~ 25 and the length

of one side 1s 3\/5 - }2. Find the other side in its
simpiest i:it‘orm:1 1
Simplify: B OyiyE 2
{x®-2x %r gz)

%4 B
(x =7 ) 7
If a, b, ¢ are in continued proporticn, prove that
a%t a2c2+ c? = (a®+ b2 +c?)(af-b2+ c?)
In a certein eiaminatibn, the number of those who passed
was three times the number of those who falled. If there
hed been 16 fewer candidetes and 1f six more had falled,

the total number of candidates would have been to the
number who failed as 2 to 1. Iind the number of candidates.

IV | )
. 3L 40 b)-a(o- _2-_9_&}_1{__2_}
Simplify: d{éab)Bﬁ)cﬁ {2 28§ _ 1 Jc-a-Z(a-1)
(a) For what velue of k does (3,2) lie on the line 4x +ky =

22
2
(b) Solve graphically: 7 = % + x-2 and y = 2x-3.
Factor: (a) x°-6x2+ 12x-8. - (b) 24ax-168°-9x°

2

(c) xPy+ 3xy2-3y°~y

Supply the missing term so as to mske a perfect square:
(a) 9menZ-( )+ 4. (b) 25x°+ 30x+ ( ).

Simplifv:
mp J 4a2-4a~kl +_2a2+a _ a2-2a
4a2h1 8a3-1 a2—4

Simplify: - o

2

6
Solve: .05x-1.82-."x = ,008x~.504. .
The pressure of water on a pipe that will not break the
pipe is called the safe working pressure. In cast iron
pilpes, such as carry water 1In a city water-system, the
safe working pressure is given by the formula

7200 © 1-.01
T = ———g—g) - 100

3+

2

[

= (
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the pressure per square inch,

the inside diaemeter of pipe in inches,
. T thickness of iron shell in inches.

Given D = 3 ft; T = 13 in., find P.

A man receives $l4O per year as interest on &2 500. $500
is invested at 5%; part of the remainder at 51%; and the
remainder at 6%. How much has he invested at 52%?

Solve: 2x2 xy - 28

x®+2y? - 18.

D

nnau

v

Bracket the powers of x so that the signe before all the
brackets shall be negative:
3b°x%abx-sxt-cxt-clx-7x%

. A Dboy can row 10 miles down stream in 2 hours and return in

3 1/3 hows., Find the rate which he rows in still water,
and also the rate of the stream. ,

Find two nunbers whose difference is 4 and the sum of whose
reciprocals is 3/8.

Simplify: 4n4;1 8n—fl 4+
A= a - 3
2n(4n )n (4n-+1)n L

If a, b, ¢, d are in continued proportion, prove that (b+c)
is the mean proportional between (atb) and (c+d).

Solve graphically: -
Erep ¥ x2+-y2 = 100
X=y = 2
Factor: (a) 12-15a +16x-20ax (b) 27y3-512
(c¢) 9x”P-x0 (d) xZ-4y°+ 9-6x
Simplify:
2-§
27 3 4
(3) ~(3) -12(%)
Simplify: . g
21—%
(a-2b)2+2
Zab -
Solve: x° 2x 1

2x5-2 3x2+ 3X+ 3 6x +6

. VI
Solve: x-(3 3’1553 1(0x-57)
olve: X OX = = 6- X —3



128

2. Solve: +12(2x+.05) = .15(1l.5x~2) = 0.246.

3. One-sixth of a man's age 8 years ago equals 1/8 of his age
12 yegrs hence. What 1s his age now?

4. If it costs as much to sod a square plece of ground at 20¢

*  per sq. yd. as to fence it at 80¢ a yd., find the side of
the square.

5. Solve: 1 +1 _ 1 _ 1
' m n P~
l’f‘:-l'-"fl:g
m n P 3
A T
m n 1-P =0
6. Solve: .2 _ léx %? =0

7. One side of a right angled triangle 1s 7 feet shorter than
the other, and the area is 30 sq. ft. Find the two sides
and the hypotenuse.

8. Simplify: Vm /1, - \/le.xz
xy xy

9. Find a quantity such that when 1t is added to each of the
numbers 11, 17, 19, 23, the results are in proportion.
10, (a) Is-the point (3,4) on the line whose equation is
3x~4y = 12?2 Give the reason for your answer.
(b) Solve: 2xty =1

y2—+4x = 17
Check your result.
VII

1. Solve: «25(x=3)+ «3(x=4)
L1256 = 5x-19-

xyg2 VN2

X -
-2 -1 =G A
x 'y ?Ys \/xs\é/;6

2. Simplify:

ey ' 1
(8x)%-(8x-15)% - T __
~ Vex-15
4., a. What are the coordlnates of the origin?
b. What 1s the greph of x = 29 ‘
c. Whet 1s the distance of any Boint P(x,y) from the origin?
. Draw the graph of 4y = 8x+x

3. Solve;

5. Simplify: 6x-11~z ‘ Gx
'S SX
11 5 .2
2 ¥ 3 X
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Solve: x-2 _ x=4
«05 0625

The denominator of a fraction exceeds the numerstor by 4;
and if 5 be taken from each, the sum of the reclprocal of
the new fraction and 4 times the original fraction is 5.
Find the original fraction.

Solve: (a) 22x2 —~2ax*—7a2 (b) 5x% = 17x~-10

Solve: Txy -8x° = 10; 8y ‘=9xy = 18

Around a rectangular flower bed which is 3 yds. by 4 yds.,
there extends a border of turf which is everywhere equal
in breadth and whose area 1s 10 times the area of the bed.
How wide 1s 1t?

= 5@

VIIT

2

Factor: (a) Zfax -2bx -Gax—h6bx—8a«r8b.

(b) 24 b%-c2-9-2ab+¥8Be.
(c) ab(x2+ 1) +x(a°+ b?)

o Py \/inu
Simplify: gy M A
(X ' %

Simplify: \y5 +y2 744 VY3
Solve: 6]{£¥7 s 5 7 Yx-26

Vz-1 = w7 Vz-21

(2) What do you know about the graph of the following equa~
tions: ¥y =.5%x; ¥y = 5x-43 Y = 5xﬁ-6.

(v) Solve graphically: ox+y - 0; o 4x+5)
 Simplify: 1 5 + 1I + X
X =~ 2+"' 2x—x+4
x+ 5 x+1
Solve: x + 205)—.0125(1.5x—.5) = 01955

.01(2

Solve: x X
2 2

a b

_5_¥_léé e

3a 6b 3
In a concert hall, 800 people arec seated on benches of
equal length. If there were 20 benches fewer, two persons
more would have to sit on each bench. Find the number of
benches. ‘
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10. Solve: 1 __j;_* 1 -1
=2 xy 32
1 1
x ¥
IX

10.

The surface of a sphere %f radius“r' is given by the formula

S=4TI'

‘Find (a) The surface of a sphere of radius 1l.4".

(b) The radlus of a sphere Whos7 surface is 38% sqg.ft.
Simplify: 7
ip Isr (a/,_ x \/ax /"V).’D/S) 2

Factor: (a) msn5 -1 (b) x5-8y3—27z3418xyz
729 4 1. 2.2, o d |
(c) x"=15x"y*+ 9y~

a. Solve: 22x2 = 5mn-+7m2.

b. The sum of the reciprocals of two consecutive numbers is
5/6. Find the numbers.
Find to three places of decimals the value of :

5—+\/10
s -yas Ve + /18
Solve graphically: x2

2X+ == ; 0
4
Factor: (a) 8%-82-9-2a°0%+ ¥+ 6a
(b) a%+ 3a°b +3abZ+ 2bo.
(c) 24b~a2p9-a502 + ab4.

2 2
Find as simply as possible the value of: 25433 + 4567

¢ 5433 - .4567

. Divide: . Y I | 4 x
x+y  X-y x? -y Xty xz-yz
Reduce: . 2/3 3 -
x4y x

/32 4 4+ 44Xz

\
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would be 1/24 greater.
x="7

2x-2"7

X
- o )
In-the formula F = M~ givenm = 12.075, r = 3, g = 32.2,
F = 200, find v. gr
Show thsat 1 + 1 #'v - 3
V16 +2 16 +21/63 V16-2 \/%
(a) Simplify. \77721"'7\/_ x \sﬁl—-'? V2
(b) Solve: gy\x11 2yx+1
3 /x Vx +6
. Solve: o (b) xz-zy =6
(a) Bx“=15x +11 = O y24=3xy 210
The length of a field exceeds its breadth by 30 yds. ' If
the field were square, but of the same perimeter, its area

Find the sides.

Solve: 4~

x-14
X number has three

1/3 of the hundreds.
the digits are reversed.

X=-8

- x-12 N 2x-17
T x-13 x-9 :
digits, the units belng £ the tens and

Find the number.

Prove that the points (3,2), (8,8), (-2,-4) lie on a

straight line.

Find 1ts equation.

Prove algebraically

and graphically that it cuts the x axis at a distance of
1 1/3 from the origin.

Solve: (a) 9

x
‘10
Z

21, 45

vy 22z

Given /5 - 2.23607
of :

Hio gl

— 2] -

= 4 (b) x -xy1-2y2 = 4
$~8 xz-Sxy w
= 12

find to 4 places of decimals the value

7 Y5 415 y \/5%2
V5-1 3+ |/5

If 396 be subtracted from the number,
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APPENDIX IX

Answers to Review Questions

1o x = 4 2. % = & 3, x =12 = 4. x= 6
2 y - 18 y = 11
Be X =y = Z = 12 6. x = 8 7. x = 10 8. x = 4
9. X = EL%:El 10. x = be+ ca—+ ab 11. x = 13a or ~a
12. x = =-Zc-d 13. x = 3a+b 14, x o 20*D
-oréega-d or 3a-b : . 4
15. X = ap=-om - n-m
s 16. x = Zéét§2 TR
y = al-bm y o 8a+70  17. x = 4 18. x = 1.81
..o 79 or 3/2 (=) or .64
187 X = ~5.449 19. x = =P - [bP-tac 20. x =3(/5-1)
(b) or -+551 _ 2a . (&) 2" a
B 1 ‘ i of -5(/5""1)
20. x = z(a-Va ) ) 2l. x = .55 05 % - - &
- or -022 (a) OI‘ - 'b
20, x = %3 22. x = 4a |
(b) or %4 (¢c) or =2a 23-58) X = 2;=-1
or a . b) x = 0; 1; =2
. (c) x = 28; &a; =3a
24- p. S - 5075; 027 5
1 1 26. (a) x = 5; 7
25. X = 4; .-Z; o ~3 y = -2 %
26. (b) x = 5; 7 . L1011 1
y=7; 5 27-(8) X = 735 3355 - 13
: ' 1 1 1 1
.. 2—_. B e b L, e, e
27.(b) x = 53 ~2 MR I vtk vtk
J = 2; ~g . . .
28.(a) x = 6 28.(b) x = %1; :g 29.(a) x =is5; 119
I = tl Y = =33 1I12 y = £3; +5é
29.(b)x=¢,g; t1 ' "3
v 'z 11, ig 30.(a) x = 21; 12 (b) x = 35 &
. vy = A2; 11 v =1; 6
31.(a) x - ?é-s-s 31. (b) x = 5; -% 352.(8) % = 9
J = ’ Yy = 2; q?%
o - § Sa SSO(b) X =
3:..(b) X = 2% 530( ) X = —Z- (x = _5 ext.)

S



34.(a) x = 49 34.(b) X = - a%EB 35.(a) x = 64
36.(a) x = 8 36.(b) x = 8 55.(b)x:£’53
37.(a) |
39. 15m-sn” -2n~ * &m 59. x+x% 5 Zy%
40.(a) 3xEa2 +x~F 40.(b) a®X.3aX.2
41.(a) b2 41.(b) xA 42. c®  43.(a) (a-b)?
43.(b) e (16 - 6)/3 44.(a) 4. 44.(v) 864. 45. 1
46.(a) (VX +3) (Vx-5) (d) (X0 ¢3)(xM-3x"+ 9)

(b) (x5 7)(x*7) (e) (x~C45)(x=C-4)

(¢) (‘3a4+2)(a4;rl) '
47.(a) 1. (b) gbj 48.(a) 19 Y3  (b) -4pq Y2pq
45.(a) 117.8897 (b) 4524 50. ¢’ |/Ze
51.(a) 1. (b) 2. x? |
Se.(a) a+]£’§:—x_2- (b) 2\/3"153; /21 | (c) 2V3+i>‘|/§f[/5b'
53.(a) ;é (b) 1. - 54.(a) 5-2 V6 (b)\?’?(yg'i vg)

T Ba.(c)\ex +t1tyx-z  54.(d) Vm’+.3n +|/m-3n

55.(a) 1. (b) 4. 57.{a) 5:21  (b) § - g or gg
64.(a) 6a%.  (b)\/3 (c) 12V/2
73.(a) (cd e’ -1)(c d4ee+ cd 95-)- 1)
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(b) az(a-s)(a-b)
(¢) (x+y)(x-y+1)
(a) (b-a)(7a~13b)

o (e) (x=~yrc-d)(x-y-c +4)

(f) (a3~x-a~b)(a3-3+a+b)

(g) (c +3d-3a)(c +3d 4+3a)

(h)  (x®-5y°%-5xy)(x®-57%+ 3xy)
(1) (2m® +n®-5m)(2mf+ n? 4 5mn)
(g) (6&-yb)(5a +12b)

(&) (xe-y)(x+y)(xPry ><x4+y )
(1) 3b+1)(2b-3)

(m) 2c(c? +3a2)

(n) (x+3)(x=-4)(x+7)
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(0) (a+2)(3a=1)(2a-3)
(p) (Va-4)()a-3)

(q) (x%27)(x%47)
(r) (3a%42)(afa1)
(s) (x™C-4)(x"%+5)

(t) (04 3)(27™-5x"19)

74.(a) x(2+4x) (b) X+t4%_ 75.{a) x
x(x=4) ?;:;7§
75.(b) 8a’x%

- , — 76.(a) O.

(az*_xz)(az_xz)z

76.(b) =~(y-z) taq(z-x) +r(x-y)
(y-2)(z-x)(x~y)

7.(a) x®+y%  (b) 6(x§1)
2y2 p

78.(a) x-3 (b) (2x +5a)(x=2)

79.(8) 2+ x +3x2 (b) 16x*

- P 80. 0.
x--256

8l. 2.525 sq.in. 83. 21:28.5 - B84. 1.3.

85.(a) x = =2 (b)) x=z= 3
5 Y = -2
86.(a) (=3,2); (4,1); (3,4) (b) 7y-6x = 11
87-(8.) X &= 4, ~-1.6 (b) (—1,7-5) (C) X = 3.52
= 5, -G o2 ’ i or .68
= 4 (b) min. = -5 ‘

89.(a) x = 2.38 or 4.62 (b) min. = ~1.25

90.(b) x = 2, =7 91. $3,000 @ 33 _  92. $1,800
y -7, =2 ' 2,000 @ 33% '

93. 600 coins. 94. 91 men. 95. A, 18 miles; B, 12 miles

[ IR 1

9. 6, 5 o7. £750 98. "5
99.(a) 3 m.p.-h. gpng g m.Poho (b) 108 min.; 135 min.
100.(a) 58. 6d. (b) 30 ft. x 40 ft. (c) £50.



1.
2.

O

4.
5.

6.
7.

8.

10.

10.
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ANSWERS T0 ALGEBRA QUESTIONS
FOR COORDINATION
Paper 1
g8a~2-7a=1 +6
(a) (2x +3)(3x-4y)
(b) (2a-b)(2a+b)(a+Db>)

(¢) (3r%-5x°%)(3r* 4+ 5x°%)
(d) x(1+ 2ay)(l-2ay +4a%y%)

x~3
x-1 o ;
x :’«2; Y - -3, zZ = -1 )
(2) H e —E— — g (b) H= 3
g 2 1 R
E%g hrs.
X = -—-zbcg
a
x.
X : 1
x = %, 2
y = 4’: 1
. Paper I1 _
(a+b +c) 2. X = =6 36 X = 2
2be- _ '
5. 20 @ 5¢ 6. X = 20
60 @ 25¢ ¥y = 15
: - : Z =-10
(a) (x®+ y®- 3:2cy><x2+ 72 + 3xy)
X 4 x 1 16
(b) (g )(64 5 x2)
(¢) (x=2)(x+2)(x%+4)(x +1)(x%-x +1)
(c) 12\/-5 9. 20 deys @ $1.80.
. 4 o ‘ '
x = 2; 3; \/313; /33

¥ o~ 3; 2; {/3=3; ~ Y33

4., 15 yrs.
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' Paper III
1 éa4+ -asx—f 962x%+ Blax® 2. ah(h-b)
=* 9" B 16 128 Sasd
3. 133% 1bs. @ 40¢. 4. $6.
5. x = 42; 11 6 X = 2; T = 435 2 a 5%
y = 31; 22 .
—. _ i 21
7. (a) 3Y7T+2)/5 | B. X%~y=
(b) 5V2 -5 " 10. 56.
Paper IV
l. 32-13b '\"100 2 (El) k = 5 (b) X = 2; y = 1
= .
3. (a) (x=2)(x-2)(x-2)
3. (b) (3x-4a)(4a-3x) (c) (y-3x)(x-y)(x +y)
4, (a) 12mn. (b) ©. 5. 1085+ a®-2
6. 97 Te x = =2 (a<-2)(2a4-1)(4a2+ 28 *1)
1156 | |
8. D = 157% | 9. $1,000.

10-.X=
7 - t1; ;téé[ﬁ (-1.885)

' Paper?V-'
A, L. 2 . 2
1. =x"(a=3b"+t ¢+ 7)-x(b +c“) 2. 4 m.p.h. and 1 m.p.h.
3. 8, 4. 4. 3k 6. x = 8; -8
8 Yy = 6; -8
7. (a) (3+4éx)(4-5a) |
7. (b) (3y-8)(9y°+ 24y 64) (c) x"P(3xP+1)(5x"-1)
7. (d) (x=3 +2y){x-3-27) 8. 4. 9. 4g
10, x - 222V7 | .215 ateb
o Z -1.548)
Paper VI

L. x =5 2¢ X = =4 3. 68 yrs. 4, 16 yds.
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5.M=2; N =3} p= ~6. 6.x=i§,-1
7. 12'; 5'; 13t | 8. (x+y) Vxy 9. ~35.
lO. (8.) N-OO (b) X = 2, "2
A J = “'33 5
Paper VII
2 %5
v » |
4. (o) I/xB+y? 5. 21x°-9x° . 6. x = 8
7. 18 8. (&) X = .6la; -.52a (b) x = 2.643; .7566.
9; X ; fs;_12 _
v = ¥6; 13 10. 4 yds.
Paper VIII
1. (a) 2(a-b)(x=-4)(x +1) (b)ga—bi-c~5)(a-b—c +3)
1. (¢) (a+bx)b+ax) 2, x0 -nd_xn—l 3. 2= V3
4. x = 64. 5. (b) (-2,4) 6. 1
' x +1
T7e X = @ 8e X = 38; ¥ = =-2b
o 9. 100 benches.
10s X = :"L" ""J:-
=3 2
N P §
I = 25 "3
Paper IX
. . a%_
1. (a) 24 .64 Sq.in. (b) l‘%‘ ft. 2. ————-]-3-
2.2 - x :
< mn 4y ,men mn . TIZ
(b) (x—2y—32)(x2+-4y2-y9z + 2xy +3xz-6yz)
(c) (xP-3y2-3xy)(x?-3y% + 3xy)
4. (a) x = %;. -1_;‘. | (b) 233 5. 2.236.
6. x = -8; O 7. (a) (8°-b%-a+5)(a%~b%+ a-3)
7. (b) (a+2b)(a®+ ab +b?) (c) ab(a-b)(a-b)(a+ b)
8. 1. 9. x. 10, x7°-2
x4 2
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Paper X
l. v = 40 3. (a) 7. (b) =x=9
4. (2) x = 1.7236; 1.2764
(b)) x = 1; %3, 5. 60 yd. x 90 yd.

v - £5; Z1,
6. x = 11 7. 642 8. 6x-5y = 8
9. (a) x = 3 (b) x = 3%; Yo

Yy =-2 z

10. 1.11803.



Adams, John:

Ball, WeW.R.:

Ball, W.W.R.:

Breslich, E.R.:

Cubberley, E.P.:
Deakin, R.:
Douglass, H.R.:

Gates, A.:

139
BIBLIOGRAPHY

The New Teaching.
’ Hodder and Stoughton, Toronto,
(1918)
Mathematical Recreations and Essays.
Macmillan, Toronto, 1928.
A Short Account of the History of
Mathematics
Macmillan, Toronto, 1912.
Problems in Teaching Secondary School
Mathematics.
University of Chicago Press,-
Chicago, 1931.
An Introduction to the Study of Education.
Houghton Mifflin, New York. 1925.
New Geometry Papers.
MacMillan, London, 1915.
Modern Methods in High School Teaching.
Houghton Mifflin, N.Y. :
Psychology for Students of Education.
MacMillan, N.Y. 1932.

Godfrey and Siddons:Elementary Geometry.

Goodenoggh,‘F.:
Hall, H.S.:

Hall and Knight:
Hassler and Smith:
iones, S.I.:
Jones, Se.le:

Judd, C.H.:

Ligda, P.:

Millié, WeA.:

Morgan, Foberg and
Breckenridge

Morrison, H.C.:

Nunn, Te.P.:

Cambridge University Press. 1924.
Developmental Psychology.
Appleton-Century Co., N.Y. 1934,
Elementary Algebra.
MacMillan, Toronto.
Elementary Algebra.
MacMillan, London, 1925.
The Teaching of Secondary Mathematics.,
MacMillan, M.Y. 1930.
Mathematical Nuts.,
S.I.Jones, Nashville.
Mathemeatical Wrinkles.
: S.I.Jones, Nashville. 1929.
Psychology of High School Subjects.
Ginn & Co., Boston, 1915,
The Teaching of Elementary Algebra.
Houghton Mifflin, N.Y,.
The Teaching of High School Subjects.

1929.

1932.

Century Co., N.Y. 1925,
Plane Geometry. |
Houghton Mifflin, N.Y. 1931.

The Practice of Teaching in Secondary
Schools,.
Chicago University Press. 1926.
The Teaching of Algebra.
Longman, Green & Co.,London,1923.



Parker, S.C.:
Pringle, R.W.:
Robbins, E.R.:
Schultze, A.:
Stormzand,M.0.:
Thorndike, E.L.:
Thorndike, E.L.:

Westaway, F.W.:

Wilson, H.B. and G.M.:'

140

Methods of Teaching in High Schools.
" Ginn & Co., Boston, 1920.
Methods With Adolescents.

D.C.Heath & Co., Boston. 1927.
New Plane and Solid Geometry.

American Book Co., N.Y. 1916.
Teaching of Mathematics.

MacMillan, N.Y. 1923.
Progressive Methods of Teaching.

Houghton Mifflin, Boston. 1924.
Junior Mathematics.

Gage & Co., Toronto, 1928.

The Psychology of Algebra.

MacMillen, N.Y. 1924.
Craftsmanship in the Teaching of Elemen-
tary Mathematics.

Blackie & Sons, Toronto. 1931.

Motivetion of School Work.
Houghton Mifflin, Boston. 1916.

Report of An Experiment.in.Educétional Measurements.

Province of Ontario, 1931.

Public Schools Reports - Province of British Columbia.
Reports from Bureau of Measurements

Vancouver, B. C.



