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Abstract

Kuhn's incommensurability thesis is the élaim that succes-
sive scientific theories often conflict not only loglically but
also normatively: 1.e. they differ both about nature and also
about the use of common apparatus, concepts and experimental re-
sults, and what are proper sclentific goals and methods. Critics
commonly ébject that Kuhn's theslis attacksA such traditional sci-
entific values as objectivity and rationality. But their strong-
est response can be expréssed as a dilemma: either, if taken 1lit-
erally, the incommensurability thesis 1s self-contradictory; or,
if that literal reading is rejected, this thesis has no philoso-
phical import. Kuhn claims his critics have misinterpreted his
thesis and he maintains both its 1intelligibility and relevance.
The problem is whether his position can be sustained.

In support of Kuhn, I argue that his critics' reading of his
thesis 1s based on a mistaken identification of logic with formal
logic and, more generally, of comparability with commensurabil-
ity. 1 argue that logical comparison of theories that 1lack com-
mon concepts 1s possible if one can compare théories directly, as
whole to whole, and that such direct logical comparison is actu-
ally commonplace in natural languages. I also argue more gener-
ally that Kuhn's critics' identificatlon of comparlison with com-
mensuration leads to a vicious regress.

My attempt at resolving the dispute between Kuhn and his
critics is informed by a simple “"hermeneutic" principle: if one

view seems either unintelligible or irrelevant to the other, then
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both sides probably disagree on the interpretation of shared con-
cepts. Once the focus of the dispute is located, arguments can
often be given for preferring one interpretation over another.
Thus if I am right that Kuhn's critics' view wrongly equates
comparability with commensurability and logic with formal logic,
that view clearly must be replaced by one that distinguishes
them. |

I argue that 1if those distinctions are made, incommensur-
ability can be seen to represent no essential threat to sclientif-
ic rationality and objectlQity. In this 1light, I suggest'xuhn's
major analytic concepts be vieved as improvements on more tradi-
tional notions drawn from formal logic. I also use a histqrical
case study of the original discovery of geometrical incommensur-
ability to illustrate further Kuhn's concepts and to develop a
more general notion of a proof of incommensurability fhat is

applicable to sclentific theorlies..
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Chapter 1

Commensurability, Comparability and Logic

1.0 Introduction

In The Structure of Scientific Revolutions, T. S. Kuhn mar-
shals much historical, psychological and philosophical evidence
for his thesis that successive scientific theories are often both
logically incompatible and incommensurable (Kuhn 1970a, 96, 103).
Kuhn contends that the existence of incommensurable theories is
ruled out by traditional epistemology and philosophy of science;
so he concludes that the traditional view must be replaced by a
- "viable alternative" thét can accommodate incommensurablility
(Kuhn 1970a, 121).

Kuhn's critics have raised many, serious objections to the
incommensurability thesis. Most -are methodological and "moral®
(Scheffler 1967, 8) objections, which claim incommensurability
leads to such bogles as relativism and irrationalism. But Kuhn's
opponents' deepest challenge is that hls thesis 1s either self-
contradictory, 1f taken literally, or phllosophically irrelevant,
if not. Thus hls opponents take the standard meaning of "incom-
mensurable" to be Yabsolutely incomparable"™ and arque that, be-
cause logically incompatible theories are comparable, Kuhn's
thesis is "self-refuting" (e.g. Putnam 198la, 114). And they
counter that 1£, in Kuhn's usage, "incommensurable" does not mean

"absolutely incomparable," then the evidence he nusters for his
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thesis can have only psychological or pragmatic significance.
Nevertheless, Kuhn rejects his critics' analysis and continues to
maintain the philosophical importance of his thesis.

In this chabter, I defend Kuhn's rebuttal by showing that
his critics! arguménts depend on a mistaken 1identification of
logic with formal logic and, more-generally, of comparison with
commensuration. I argue that Kuhn's thesis 1s perfectly intelli-
gible if those notions are distinguished. 1In addition, I provide
textual evidence that Kuhn himself distinguishes those concepts
in his work. My argumentS»cannot, by thelr nature, provide posi-
tive evidence for the actual existence of ihcommensurable theo-
ries. Providing such positive evidence is not my aim here since
Kuhn has already satisfied this demand, as shown by the vigorous
critical reaction to his thesis.t

Instead of arquing for actual incommensurabllity, I seek to
remove an important obstacle to a fair evaluation of Kuhn's evi-
dence. But I bellieve my arguments perform more than that nega-
tive function. If I am right that the traditional philosophy of
Kuhn's critics precludes incommensurability because it is founded
on a mistaken lidentification of distinct concepts, my arguments
also provide positive support for Kuhn's claim that we need a new
"epistemologlical paradigm" (Kuhn 1970a, 121): one that embodies
thosevconceptual distinctions, and thus allows for incommensura-
bility. It turns out that, contrary to what some of Kuhn's crit-
ics have claimed, this newv epistemology need not eschew tradi-

tional scientific values such as objectivity and rationality,



1.1 The Incommensurability Thesls

On the traditional view, sclence is seen (ideally) to pro-
gress through theory change by accumulating facts whose charac-
terization i1s theory-neutral and by an Iincreasing verisimilitude
to a theory-independent reality. The rejection of a current sci-
entific theory in favour of a nevw one is deemed rational on this
view if it can be shown neutrally--i.e. on grounds common to both
theories--that the new theory incorporates the positive results
of its predecessor while avoiding its errors and that the new
theory has greater explanatory and predictive scope (Collier
1984, 9).

A premise of such neutral comparison, and therefore, of
traditional philosophy of sclence, is that successive scientific
theories have the same basic 1loglcal structﬁre, at least for
those domains in which they compete. Thus to compare successive
theories neutrally for empirical adequacy in those domains, the
traditional view requires that the meanings of each theory's re-
ferring expressions and other non-logical concepts do not change
(Néwton—Smith 1981, 10). But it is precisely this basic premise
of conceptual stability between successive theorles that Kuhn
claims his historical studies show to be mistaken. in fact,
Kuhn's notorious incommensurablility thesis is the claim that the-
ory change in science 1s often, if not always, so revolutlonary

that successive theories lack the common concepts and referring
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expressions required for neutral logical comparison (Kuhn 1970a,
102).2

Historically, Kuhn argues, the cause of an earlier theory's?
fallure to cope with experience often 1lies not Just with that
theory's empirical content but also with its concepts, which are
its means of expressing that content (Kuhn 1970a, 53). That is,
often the discovery of an “unexpected novelty" (ibid., 35) is not
only empirically, but also conceptually, anomalous because that
novel phenomenon appears to fall within the theory's scope, but
actually conflicts with assumptions implicit 1in the theory's
categories (ibid., 63-4). The new theory, Kuhn claims, has "to
change the meaning of (such problematic) concepts" (ibid., 102)
if it 1is to avold both of its predecessor's difficulties (ibid.,
56, 64).¢ |

Moreover, Kuhn also argues that a scientific theory's con-
cepts form an ”integrated" whole (ibid., 129) or "conceptual web"
(ibid., 149); so the required change of meaning of the particu-
larly problematic concepts also changes the meaning of all the
other concepts the new theory retains from its predecessor. Such
a revolutionary conceptual change between successive theories, he
says, makes them "fundamentally 1incompatible" (Kuhn 1970a, 98):
it slmultaneously results in both "substantive" (i.e. logical)
and "normative" (i.e. conceptual, methodological, 6bservationa1)

incompatibility (ibid., 103, 109).

...paradigms [or, theories; see n3] differ in more than
substance, for they are directed not only to nature but also



back upon the science that produced them. They are the
source of the methods, problem-field, and standards of solu-
tion accepted by any mature scientific community at any
given time. As a result, the reception of a newv paradigm
often necessitates a redefinition of the corresponding sci-
ence (ibid., 103. Italics mine).

That redefinition of science, Kuhn claims, “changes...the
standards governing permissible problems, concepts, and explana-
tions" (Kuhn 1970a, 106. Italics mine). As a result, not only
does the truth of one view imply the other's falsity (ibid., 98)*
but often the "problems, concepts, and explanations" of one view
appear either 1incoherent or scientifically 1irrelevant by the
standards of the other (Kuhn 1970a, 103-110). In brief: "The
normal-scientific tradition that emerges from a scientific revo-
lution is not only [(logicallyl incompatible but often actually
Incommensurable with that which has gone before" (Kuhn 1970a,
103. Italics mine). '

Kuhn draws the following general logical and epistemological
conclusions from the incommensurability thesis: (1) because there
are no theory-neutral grounds for determining which of two incom-
mensurable views |is true (or false), the concept of truth has an
"unproblematic" application only intratheoretically (Kuhn 1970b,
264);° hence, (2) the traditional ideal of sclence progressing
toward an antecedently-understood aim of truth is a chimaera.
still, Kuhn believes that, despite the absence of a neutral
standpoint, it is possible tb compare current theory with previ-
ous ones (Kuhn 1970b, 264). And such backward-looklng comparison

often shows later theory to be an Iimprovement on earlier ones
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{(Kuhn 1970b, 264). That suggests, Kuhn says, that we should
"substitute evolution-from-wvhat-we-do-know for the [traditionall
evolution-tovard-wvhat-we-wish-to-know"™ (Kuhn 1970a, 171) and come
to see progress in science as "a process of evolution from primi-
tive beginnings" (ibid., 170. Itallics in orlginél).

Philosophers have raised various serious objections to the
incommensurability theslis: they have claimed that 1{t is simply
false; that it is based on a vague theory of meaning; that it
makes rational theory cholce impossible; that it elimlinates the
critical impact of experiment on theory; that it leads to ideal-
ism and relativism; and that it 1s otherwvise "methodologically
and epistemologlically undesirable" (Lodynski 1982, 91). But by
far the strongest criticism philosophers have made of Kuhn's
thesis, and the most revealing of thelr basic philosophical com-
mitments, is that it is either "unintelligible" because “self-re-
futing” (e.g., Newton-Smith 1981, 148-9; Putnam 198l1la, 126; Lo~
dynski 1982, 91); or philosophically-irrelevant because describ-
ing purely "humdrum," psychological facts about scientists (Mus-
grave 1980, 51) or entirely "modest" conceptual disparities be-
tween scientific theorlies (Davidson 1984, 184). Nevertheless,
Kuhn completely rejects both alternatives and the interpretations
of his thesis they are based on.’?

Kuhn's critics' portrayal of the incommensurability thesis,
as either self-refuting or philosophically-irrelevant, striklingly
resembles those he says generally "characterlize discourse be-

twveen participants in incommensurable points of view"
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(Kuhn 1970b, 230; c.f. p5 above). Thus the fallure of his crit-
ics to £ind an interpretation of his thesis thaf makes it both
intelligible and philosophically-relevant suggests thelr views
may simply be incommensurable with his (ibid., 230). In other
words, Kuhn's view may not be unintelligible or irrelevant sim-
pliciter, Just so relative to his critics' perspective. And
since, by definition, incommensurable points of view interpret
common concepts differently (see pp3-4 above), we shquld expect
that Kuhn's position, if 1t is intelligible or philosophically-
relevant, must 1n§olve a different and coherent understanding of
those concepts that lead to their argumentative impasse.® Before
defending the intelligibility and relevénce of Kuhn's position,
howvever, I shall first illustrate the historical argument for the
incommensurability theslis with Kuhn's discussion of the
Proust-Berthollet controversy. - This discussion will hopefully
provide both a clearer picture of the notion of logico-normative
incompatibility and an indication of one source of the impasse

between Kuhn and his critics: the nature of logic.
1.1.1 History and the Incommensurabllity Theslis

One historical example Kuhn cites of a pair of "fundamental-
ly 1ncompatib1e" theories are those of the French chemists J. L.
Proust and C. L. Berthollet.® Proust held that all chemical re-
actions take place in fixed, integral ratios but Berthollet in-

sisted that most occur in continuously-varying proportions. On
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the face of it, these propositions are examples of the more fa-
miliar, less global, notion of incompatibility since both seem to
be expressible as formal contradictories using common (logical
and non-logical) cohcepts.“ But Kuhn points out that not only
did Proust dispute Berthollet's view of chemical processes, he
also differed with him about the meaning of the concept, chemical
reaction, used in expressing their apparently incompatible
claims. Hence he also differed with him about the meanings of
the related concepts of chemical compound and-physica1 m1xture.“

Thus though both chemists allowed that, "when mixing {of
chemicals] produced heat, light, effervescence or something else
of the sort," a chemical reaction had occurred, only Berthollet
took the behaviour of "salt in water, alloys, glass, oxygen in
the atmosphere, and so on" as also evidence of a chemical reac-
tion (Kuhn 1970a, 131). Because this latter class of substances
can form combinations of smoothly-varying proportions, 1in ratios
from zero to a fixed limit, Berthollet argued that they provided
clear evidence for his theory. And since such compounds are more
commonly found than those combining in fixed proportions, he con-
cluded that variable compounds were the norm, fixed ones the ex-
ception (Meldrum 1910, S). By contrast, because he rejected the
idea that solutions were chemical compounds, Proust denied that
Berthollet had proved his point. And he insisted that only those
cases of mixing that produced compounds of fixed proportions wvere

chemical reactions.
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Kuhn here arques that we should not construe this difference
of concepts as a trivial definitional equivocation (Kuhn 1970a,
131). For, he claims, Proust's and Berthollet's respective choi-
ces of definition of chemical reaction and compound had substan-
tive, incompatible consequences for the ways 1in which they ex-
plained their common environments. Thus; because he belleved
that compounds of variable composition were the norm, Berthollet
sought to find instances of them produced by chemical reactions
meeting the criteria that Proust also accepted (giving off heat,
light, gas,betc.). And such experimental evidence wvas not hard
to find. Thus Berthollet was able to show that "metals such as
copper, tin and lead, on heating in alr can take up oxygen con-
tinuously in proportions increasing to a fixed limit, giving a
continuous series of oxides, as shown 1in some cases (e.g. lead)
by varying colour changes" (Partington 1957, 156. Italics in
original). |

On the other hand, because of his commitment to his "defini-
tion," Proust repeated Berthollet's experiments and claimed that
the same operations showed Y“that these oxides were mixtures of
two, or a small number, of definite oxides, and he carefully
distinguished between mixtures and solutions...and chemical com-
pounds" (ibid., 156). Nevertheless, the experimental evidence
vas completely equivocal; "the two men necessarily talked through
each other and thelr debate was entlrely lnconclusive" (Kuhn
1970a, 132). Thus it seems that Proust;s and Berthollet's con-

flicting definitions of concepts also made their theoretical con-
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clusions incompatible. and, equally, as we shall see, thelr
choice of incompatible theories also seemed to force those scien-
tists to interpret shared concepts in conflicting wvays.

Berthollet's claim that saline is a chemical compound, and
not a physical mixture, was a natural consequence of his new the-
ory of affinity, which he constructed to overcome the flaws of
the older. version. Affinity theory took chemical compounds to
result from a mutual "elective" affinity between their constitu-
ent elements. Thus lumps of elemental substances like silver
held together because of the affinity of their corpuscles for
each other; mixed compounds formed because the corpuscles of the
different elements had a greater mutual affinity for each other
than for those of thelr own sort; and solutions formed because
the solute's particles had - a greater affinity for those ofvthe
solvent than for each other. - "In the elgbteenth century the
theory of elective affinity was an admirable chemical paradignm,
widely and sometimes fruitfully deployed in the design and analy-
sis of chemical experimentation®" (Kuhn 1970a, 130).

Prior to Berthollet, chemists had combined a belief in af-
finity theory with an acceptance of the generallty of Richter's
law of constant proportions (Meldrum 1910, 2). But the o0ld af-
finity theory was plagued by anomalies: for example, it couldn't
explain the phenomenon of "mass action." The chemist Bergman had
shown that, for reactions of the form: "Ad + ¢ = Ac + d, whexre Ac
is precipitated" (Meldrum 1910, 4),'* depending on the particular

A, d and ¢ involved, from two to six times the mass of c was
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needed to saturate A when combined with d, than when A was uncom-
bined.‘ This phenomenon was clearly incompatible with tﬁe older
affinity theoiy's acceptance of the doctrine of fixed composi-
tion; for under different circumstances forces of affinity seemed
to permit the formation of compounds of widely-varying propor-
tions.

Berthdllet chose to resolve the older  theory's anomaly by
keeping the proven notion of chemical affinity but "obliterat-
[ing] the (traditionall distinction between chemical and physical
forces" (Meldrum 1910, 4). Thus he took “all forces of affinity
(to bel] modified gravitational attraction" (Partington 1957,
157n*). That cholce allowed Berthollet to keep iIntact much of
the theoretical apparatus of the older theory of affinity but
made it impossible to differentiate any longer between chemical
compounds and solutions. | Mere physical mixtures were now just
those combinations of substances that failed to show cohesion:
for example, those whose constituents "could be distinguished by
eye or mechanically separated" (Kuhn 1970a, 131). and Berthollet
claimed the relatively few compounds of fixed proportions oc-
curred because of the ways in which their specific structures
interacted with certaln environments. Fixed compounds, he said,
"were formed as a result of the interference of extraneous phys-
ical forces. For example, certain proportions of the elements
could produce a compound which was least soluble or of greatest

density (influence of cohesion), or the most volatile (influence
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of elasticlity) of all the possible compounds, and hence this
compound was formed in preference" (Partington 1957, 157).

Instead of choosing to keep the time-tested concept of af-
finity from the older theory, however, Proust opted to retain
that theory's 1law of constant proportions and 1ts distinction
betveen solution (qua physical mixture) and chemical compound.
However, that 1left him with no alternative positive account of
vhat forces kept substances like salt and sugar, as mere physical
mixtures, ln solution; he could only- reply that such solutions
clearly differed in nature from standard chemical compounds 1like
'salt and sugar themselves. So the forces that bound solvent and
~solute together were conceivably very different from chemical
forces. Hence, he argued, the behaviour of solutions should not
be used as counterexamples to his theory (Partington 1957, 157).

That rebuttal did not 1initlially prove very convincing to
chemists because Berthollet's new affinity theory was the only
method then available for explaining "mass action" (now under-
stood as ‘'"chemical reaction rates" (Day, General Chemistry,
1974). Proust's side had to wait for Dalton's atomic theory and
the work of Berzelius before they could begin to match Berthol-
let's account in this area (Meldrum 1910, 8, 12). Dalton's new
theory, based on a lawv of multiple (as opposed to either fixed or
continuously-varying) proportions had much greater apparent scope
and implications than either Berthollet's or Proust's theorlies.
It made sense of a clear demarcation of solutions from compounds;

handled the formation of metal oxides and salts in a less equivo-
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cal manner than either Berthollet or Proust; accounted for Gay-
Lussac's law of combining volumes of gases; and was also able
encompass the phenomenon of mass action (Meldrum 1910, 12-14).
Dalton's "new wvay of practicing chemistry...proved so rapidly
fruitful that only a few of the older chemists in France and Bri-
tain vere able to resist it" (Kuhn 1970a, 134). Still, it "re-
solved" (for most chemists, but not Berthollet) the dispute by
introducing a newv theory and set of concepts that were incompat-
ible with both those of Berthollet and Proust. And it also left
unsolved a 'probleﬁ Berthollet's theory could handle: the beha-
viour of solutions (ibid., 131).

In summary, 1t seems, at least 1ntu1tive1y, that Bérthol-
let's and Proust's (and Dalton's) competing theories of chemical
reactions and compounds also 1involved competing concepts for
picking out instances of those reactions and compounds. Kuhn
points out a still further aspect of this putative logico-norma-
tive incompatibility. Based on conclusions he draws from Gestalt
psychology and the‘vork of the philosopher N. R. Hanson, he ar-
ques that the views of Proust and Berthollet were not only logi-
cally and conceptually, but also perceptually or observationally,
incompatible (see Kuhn 1970a, 112-114). Thus he claims that not
only was 1t impossible for elther sclentist to understand or for-
mulate the other's theory using his own concepts; it wvas also im-
possible for elther scientlist to percelve the world 1in the same
way as his opponent. Thus "where Berthollet saw a compound that
- could vary in proportion, Proust saw only a physical mixture"

.
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(1b1d._132; c.f. ibid., 198). In other words, even their "obser-
vation languages" were "theory-laden," and thus incompatible.
Because of this putative total incompatibility of their points of
view,.Kuhn concludes that Proust and Berthollet could not £ind
any common ground to settle thelr dlspute "and thelr debate was

entirely inconclusive" (Kuhn 1970a, 132).
1;2 The Critical Response: Logic and Formal Logics

If Kuhn is right that there are theories, 1like Proust's and
Berthollet's, that are simultaneously logically, conceptually'énd
perceptually incompatible, it seems clear that the logical incom-
patibllity of those theorles could not be formally demonstrated.
vThis is because: (1) to show on the basié of Ylogical form" that
two entitles (e.g. sentences, theorlies) are incompatible, formal
logics require that those entities have common concepts;*'® and
(2) the fact that the concepts of two putativély incommensurable
theories form distinct, “conceptual webs"™ means that one cannot
construct commonly-acceptable concepts from the two theories from
specific, local instances of 1logical conflict or congruence be-
tweeﬁ then. That 1s, because the meanings of the other, incom-
patible theory's concepts are given by their entire role in that
theory, that theory's content cénnot be described except by con-
cepts which presuppose that content's truth.'

It seems clear, therefore, that If there are theories that

are both 1logically and conceptually incompatible, since formal
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logics apparently cannot demonstrate that incompatibility, the
general concept of 1logical incompatibility must have a larger
scope than the specific formal one. On the other hand, hovever,
the fact that Kuhn's critics do not generally recognize this op-
tion, suggests strongly that they bellieve that logical incompati-
bility is a purely formal notion.t'

Thus a standard objection to Kuhn's analyses is that, be-
cause debates like those of Proust and Berthollet seem stalled
largely by their equivocal use of common expressions, Kuhn has
not "justified" the claim that such views are actually incompat-
ible (Newton-Smith 1981, 149). Instead it is claimed that if
they were truly incompatible, 1t should be possible to analyze
further those theories' concepts and express their conflict as a
formal contradiction using common concepts. For example, it
might be the case that Proust and Berthollet shared tacit, common
criterla for distinguishing chemlcal compounds from physical mix-
tures, wvhich might be made explicit through formal analysis; in
wvhich case, thelr views would differ only logically, not concep-
tually. On the other hand, lf Proust's and Berthollet's concepts
vere different, Kuhn's critics infer that, therefore, appearances
and'intuitions to the contrary, their theories were really com-
patible (c.f. Nevwton-Smith 1981, 150).

Kuhn's reply to the first alternative is to note that scieﬁ—
tists seldom recognlze the results of such formal "analyses" as
equivalent with their own usage (Kuhn 1970a, 47; Kuhn 1977, 305).

Moreover, he also notes that when a historian like himself tries
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to analyse the logical bases of older theories, he invariably -
finds that "phrased in just that way, or in any other way he can
imagine, (those 1logical reconstructions] would almost certainly
have been rejected by some members of the grbup he studies" (Kuhn
1970a, 44). 1In other words, Kuhn is saying that, 1in his experi-
ence, formal reconstructions of historical theories always misre-
present their content. And he appeals to Wittgenstein's work on
“family-resemblance“ concepts to argue that there need be no ta-
clt, formal structures underlying sclentists' reasoning (1bid.,
47) .2

Of course, one might object that scientists' denials of the
congruence of their concepts with the results of  analysis are
beside the point since the issues involved in those reconstruc-
tions lie outside thelr expertise (Collier 1984, 96). To see
that this objection fails to address Kuhn's point one must keep
separate the following issues: (1) whether or not scientists are
necessarily qualified to judge, say, the relations betwveen their
own and historical theories or the philosophical implications of
their work; and (2) whether or not scientists are exceptionally
qualified to determine when formal reconstructions change the
meanings of thelr concepts in thelr scientific context. 1It seems
clear that the answer to the £lrst question 1s that sclientists
are not specially qualified by their scientific work in eilither
historical reconstruction or philosophical analysis. But it
seems equally clear that the answer t¢ the second question is

that scientists are surely the most qualified to recognize the
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noncongruence of thelr own wusage with formal reconstructions
{supposing that they understand the formal 1language). And Kuhn
obviously has the second question in mind (along with its suppo-
sition) in the above claim (p15-16; see also Kuhn 1977c¢c, 303nl13).
Thus 1if a "reinterpretation 1in the broader context" (Collier
1984, 96) seems to a scientist to change his concepts, that be-
lief deserves serlous conslideration. More important, since the
point of such reinterpretations is to provide a neutral framework
for sclentific debate, the fact that sclentists from both camps
would likely find those reinterpretations inaccurate would only
defeat the purpose of that supposedly neutral reinterpretation.

Kuhn's counter to the second claim that theories that cannot
be reconstructed as formally inconmpatible are 'simply different
and compatible has been, as we have seen, to try to make the in-
compatibility of such theories seem intuitively obvious. And,
though intuitions notoriously differ, the theories he describes
as inconmpatible are usually also taken as such by his critics
{e.g., Newton-Smith 1981, 158). Thus, again, Kuhn's critics' in-
sistence that theories that seem intultlively lncompatible are el-
ther reconstructible as formally Iincompatible or not really in-
compatible suggests that the real issue between them and Kuhn is
whether or not the canons of formal logics fully capture the no-
tion of logical incompatlibility.

In the followling sections, I use comments and argquments from
Kuhn's critics to show that, to preserve the 1ntelligibility‘and

relevance of his thesis, he must differ with them not only on the
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nature of logic but‘ also on the more general notion of compari-
son. And I give textual evidence to imply that Kuhn would actu-
ally wvant to differ from his critics in the ways I suggest. 1I
then 1ink that dispute about comparison and logic to the ancient
problem of universals and argue that the-position of Kuhn's crit-

ics leads to an infinite regress.
1.3 The Critical Response: Comparablility and Commensurability

As we have just seen, one primary source of Kuhn's opponents
problems with the 1ncommensurability thesis is their identifica-
tion of logic with formal logic. But there is a still more basic
source of his critics' difficulties: thelr equation of "incommen-
surable" with elther ‘“absolutely incomparable" or "not inter-
translatable."”

As noted above (p6), often Kuhn's opponents' strateqy is to
confront him with a dilemma. With respect to the concept of
incommensurability itself, they commonly argue that either (1) if
"incommensurable" is read 'literally'--as meaning "absolutely in-
comparable"--Kuhn's thesis turns out to be the self-contradictory
cléim that certain theories are both (absolutely) incomparable
and comparable;?!” or (2) 1f that prima facie reading is rejected,
his thesis is not self-contradictory, but "incommensurability"
turns out to be only hls misleading expression for what are mere-
ly psychological or pragmatic problems in comprehending, compar-

ing or translating alien views.?®
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It is easy to see why Kuhn's opponents' interpretation of
"incommensurable," as meaning literally either "absolutely incom-
parable" or "not intertranslatable," makes his thesis seem unin-
telligible. For, given their interpretation, since it 1is trivi-
ally obvious that to call two theories incompatible is both to
compare and contrast them,'® it follows that Kuhn could not pos-
sibly find historical examples of_successlv; theories that are
"not only incompatible but often actually incommensurable" (Kuhn
1970a, 103). Further; on this interpretation, since in his writ-
ings Kuhn repeatedly translates, 1in a common (natural) language
(contemporary English), theories he claims are incommensurable
with contemporary ones, it follows that he could not possibly use
this work to prove those theories were truly incommensurable.
Donald' Davidson, who takes "incommensurable" to mean “not
intertranslatable®" (Davidson 1984b, '190), makes exactly this last
point when he remarks ironically: "Kuhn is brilliant at saying
vhat things were like before the revolution using--wvhat else?
--our post-revolutionary idiom"™ (ibid. 184). Even a philosopher
as sympathetic to Kuhn's overall viev of sclence as Hilary Putnam
(c.f. Putnam 1981b, esp. 69-78) finds his thesis to be "self-
refuting" (Putnam 1981la, 114), and for exactly the same reasons
as Davidson (1ibid., 116). Thus Putnam observes that, since "in-
commensurable" means "not intertranslatable" (ibid., 114), for
Kuhn (or Paul Feyerabend) to "tell us that Galileo had 'incommen-
surable' notions and then to go on to describe them at length is

incoherent" (Putnam 198la, 115. 1Italics in original).
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Kuhn's critics' identificatlon of "in-commensurable" with-
"absolufely in-comparable" (and "not-intertranslatable") pro-
vides a clue to the deep source of their dispute with him: it
shows that they take "comparable" (and "intertranslatable") to
mean "commensurable," which itself means literally "measurable
[broadly: comparablel]l by a common standard" (Conclse Oxford En-
glish Dictionary, s.v. %“commensurable"). But "comparable" and
"comparable by a common standard" are not self-evidently synony-
mous expressions. Further, it also seems possible to distinguish
the locutions “comparable in a common natﬁral language" (inter-
translatable) and “comparable in a common system of concepts"
(commensurable) (c.f. n8, nl4); for natural languages may not be
fully uniform conceptual systems. So whether "“commensurable"
shbuld be conflated with, or distinguished from, either “compar-
able" or "intertranslatable" seems- to be a significant philoso-
phical issue. And Kuhn has gone on record as denying that "in-
commensurable" means either . "incomparable" or "not intertrans-
latable" (e.g., Kuhn 1970b, 267; Xuhn 1976, 191; Kuhn 1970a,
201-4).

On the other hand, hovever, if one took comparability to
require commensurablility, because logical incompatibility clearly
involves (loglical) comparabllity, he would naturally also con-
clude that logically incompatible theories cannot be incommensur-
able. Thus we f£ind that one of Kuhn's maln critics, Dudley Sha-
pere, who explicitly equates "incommensurable" with "absolutely

incomparable" (Shapere 1981, 55), also says that "in order for
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(two theories] to be inconsistent with one another, they must be
formulated, or at least formulable, in a common language." (ibid.
44n10. Italics mine). Shapere concludes that "it 1s difficult to
see how one could construct a theory which, while differing in
the meanings of all its terms from another theory {(i.e., 1is in-
commensurable with 1it], can nevertheless be inconsistent with
that other theory" (1bid., 44).

As the following passage reveals, another prominent opponent
of Kuhn's views, Israel Scheffler, also identifies "comparable"
wvith Ycommensurable"; thus he wonders how paradigms that are

...based in differént worlds, and address themselves to dif-
ferent problems with the help of different standards ...[can
be] said to be in competition? To declare them in competi-
tion is, after all, to place them within some common frame-
work, to view them within some shared perspective supplying,
in principle at least, comparative and evaluative considera-
tions applicable to both. It is in fact to consider then as
oriented in different ways toward the same purposes, as
making rival appeals from the standpoint of scientific goals
taken to be overriding and with respect to a common situa-

tion taken as a point of reference. (Scheffler 1967, 82.
Italics mine).

Thus both Shapere and Scheffler imply that Kuhn's assertion
that incommensurable theories can be in competition is self-con-
tradictory for they claim that the very notion of incompatibility
presupposes that of commensurabllity. Importantly, however, nel-
ther Shapere nor Scheffler give an argument for their claim; in-
stead they simply assert it as though its truth were self-evi-

dent.2°
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According to Ian Hacking, the-deepest criticism of incommen-
surablility is that of Davidson (Hacking 1983, 73-4; Davidson
1984b, 183-198). Davidson assoclates the 1dea of incommensur-
ability with the more commonly accepted view that there can be
more than one "conceptual scheme" (ibid., 185, 190) but denles
that this idea makes sense at all: that is, even when applied to
theories or schemes that aren't competing (ibid., 198). Like
Shapere and Scheffler, he understands "incommensurable" to mean
"absolutely incomparable" (ibid., 184)%* and, as we have also
seen, “not intertranslatable“ (ibia. 190). | DPavidson glves a
subtle argument, based on his philosophical studles, to try to
show that we cannot sensibly attribute any theories, beliefs or
qoncepts to others unless we can first (exactly) translate what
they are saying "into a familiar tongue" such as English (ibid.
186).

But Davidson's argument is "deeper" just because it is more
explicitly committed than those of Kuhn's other critics to an
equation of comparability with commensurébility. Thus, while he
acknowvledges that the examples Kuhn (and others) point to of con-
ceptual change and disparity are "loccaslionallyl]l impressive" (Da-
vidson 1984b, 184), he insists that they "are not so extreme but
that the changes and the contrasts can be explained and described
using the equipment of a single 1language" (Davidson 1984b, 184.
Italics mine). And this claim shows that Davidson implicitly
equates intertranslation (successful explanation and description

of alien views in a single, natural language) with commensuration
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(their successful explanation and description in a neutral system
of concepts: "the equipment of a single language.")?? However,
as I have argued above (p20), it is Just this putative identity
of intertranslatability and commensurability that Kuhn denies.

That Kuhn's critics 1implicitly ldentify “comparable" (and
"lntertrans}atable") wlth "commensurable" is also made clear by
the only alternatives they seem willing to consider if their
first construal of "incommensurability" is not what he has in
nind. Thus they commonly counter that if, contrary to first ap-
pearances, his notlion isn't intended to imply absolute incompar-
ability or untranslatability, then the theories he terms “incom-
mensurable" must, in the literal sense, be commensurable. But,
in that case, they say, Kuhn's theslis cannot have any philosophi-
cal import; at most it can have only either psychological or
pragmatic significance.

For example, Alan Musgrave says that if comparison or trans-
lation of 'incommensurable'’ theoriesv is possible, "incommensura-
bility has ceased to be a loglcal affalr and [1ts import]l has be-
come a purely psychological...matter" (Musgrave 1982, 50): it
merely refers to the commonplace empirical fact that old scien-
tists often have considerable difficulty in accepting and even
understanding nev theories.*

Similarly, Davidson argues that examples Kuhn and others ad-
duce to show that, "what comes easily In one language may conme
hard in another," can only reveal "modest," pragmatic difficul-

ties in securing adequate translations; they cannot provide evi-
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dence for conceptual discontinuities (Davidson 1984b, 184). It
follows that Kuhn's term "incommensurable" is either a misleading
expression for a non-logical issue (if it does not mean "not
intertranslatable") or embodies a confusion (if it does): "if
translation (of another's conceptual scheme] succeeds, we have
shown there is no need to speak of two conceptual schemes, while
if translation fails there 1s no ground for speaking of two"
(Davidson 1980b, 243).2¢

As already noted (p20), Kuhn denles his opponents' charge
that by “"incommensurable" he ever meant "absolutely incomparable"
or "not intertranslatable"; moreover, he continues to insist that
his <thesis has 1loglcal and eplstemologlcal repercussioné, not
merely psychological or pragmatic ones (e.g. Kuhn 1970b, 232-3).
But philosopheré are often reluctant to let go of even a straw
man-opponent. Thus Kuhn's critics have taken his denlals to show
simply that he is "but a pale reflection of the old, revolution-
ary Kuhn"; that, in the face of their cogent criticism, he beat a
full-scale retreat from his original, “challenging" ideas towards
the traditional canons of rationality that he originally slurred
(e.g. Musgrave 1981, 51).2 Kuhn's retort 1is that the debate be-
tveen him and his critlcs has the characteristic “talklng-
through-each-other" feature of arquments between practitioners of
incommensurable parédigms like Proust and Berthollet (Kuhn 1970b,
231-2).

Other philosophers are more sympathetic to Kuhn's view than

Davidson and Musgrave but also imply, 1like Davidson, that the
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difficulties he terms "incommensurabilities" are not logical and
epistemological but arise only from temporary pragmatic problems
in precisely formulating the relations between scientific theor-
les. Incommensurability would be solely a pragmatic, and thus
temporary, issue if, for example, the lack of common concepts was
only apparent and removable by analysis; or if "metascience" were
able to find other common elements than concepts or phenomena for
neutral theory comparison.?3¢

As noted above (ppl6-17), John Collier takes the f£first op-
tion: he suggests that we can make articulate the "implicit part
of a theory" through "the creation of a broader, more inclusive
language capable of expressing the content of both theories"
(Collier 1984, 8-9). Dale Moberg takes the second approach: he
aigues that incommensurability because of "radical meaning vari-
ance" may simply point to a need to develop a new ¥theory of the-
ory comparison" (Moberg 1979, 261). Though there are no conclu-
sive a priori reasons why such projects must fail, we have seen
that Kuhn argues 1in effect that there are no a priori reasons wvhy
they must succeed either; and there are plenty of empirical rea-
sons to believe that they will not (c;f. ppl6-17 above).

~8till, it is ﬁisleading to see the dispute between Kuhn and
his opponents as purely empirical. As we have seen (ppl9-20),
his critics' philosophy makes incommensurability a logical impos-
sibility; so that phlilosophy can have no criteria for decliding
wvhether a glven palr of theorles were or were not commensurable,.

Kuhn's opponents' often unspoken, but consistent, identifications
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of comparability with commensurability; and logical incompatibil-
ity with formal logical incompatibility show that those identi-
ficatiohs are not arbitrary, but built into thelr whole philoso-
phical approach. Davidson makes this normally tacit commitment
explicit whehA he says at the beginning of.his critique of Kuhn:
"Different points of viev make sense, buf only if there is a com-
mon co—ofdlnate system on which to plot them; yet the existencé
of a common system [standardl belles the claim of dramatic incom-
parability" (Davidson 1984, 184. 1Italics mine). And Davidson,
like Shapere and Scheffler, never arques for this  assertion; and

he tacitly assumes that philosophers like Kuhn also accept 1t.#

1.4 Interim Summary

We have seen that the incommensurability thesls i1s the clainm
that successive scientific theories are often both logically and
normatively (i.e. conceptually, operationally, observationally)
incompatible. ' We have also seen that Kuhn's critics find his
thesis elther unintelligible or philosophically irrelevant be-
cause they equate logic‘wlth formal logics and comparability and
intertranslatability with commensurability. This leaves us with
two (mutﬁally-excluslve) options: (1) either those notions cannot
be meaningfully distinguished; in which case, Kuhn's thesis is
“impaled on the dilemma"; or (2) it is possible to distinguish

those notions significantly; in which case, Kuhn "escapes between
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the horns" but the traditional "epistemological paradigm" loses
ité philosophical impetus.2®

In the following section, I show how to make a philosophi-
cally-significant distinction between comparison and commensura-
tion; and, as proof my interpretation 1is on the right track, I
give textual evidence to indicate that Kuhn also makes such a
distinction in his philosophy. I then give a more detalled anal-
ysis of the presuppositions of systematic, formal logics, like
the propositional and predicate calculi, to help pinpoint those
presuppositions which specifically embody a commitment to commen-
surability. That analysis will hopefully yield a clearer picture

of what a notlion of logic that is compatible with the incommen-
surablility thesis would be 1like.?**

1.5 How to Distinguish Comparability from Commensurability

As already mentioned (p20), the most obvious potential dif-
ference between "comparable" and "commensurable" is that the lat-
ter expression involves an adverbial qualification of fhe first:
that is, "commensurable" means "“comparable by a common standard."
And 1f the adverbial clause "by a common standard" 1s not redun-
dant, then "incommensurable" means "not comparable by a common
standard," not simply "not comparable at all" (nor: "absolutely
incomparable"). Hence, 1f certaln things were comparable, but
not commensurable, they would be comparable, though hot by a com-

mon standard.
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To get a more specific ldea of what comparlson.without com-
mon standards would be 1like, first consider the notion of a
standard of comparison. Trivially, a standard of comparison is a
norm, paradigm, pattern, or rule for comparing things (The Con-
cise Oxford Dictionary). And two objects are comparable just in
case those obJects are related in a particular way; that is, just
in case they are both instances of a particular binary relation:
e.g. one of similarity, d;fference, incompatibility, relevance,
entallment, length, intensity, volume, etc. Two objects will be
commensurable, therefore, just in case they are instances of a
particular relation that is determinable by a common standard.
And, by contrast, two objects will be comparable and incommen-
surable just 1in case they have such relations, but those rela-
tions are not determinable by a common standard.

There are (at least) two distingulshable cases of commensur-
ability: (1) a single standard is able to compare a given pair of
objects because each object is a simple, hence irreducible or di-
rect, instance of its categories; and '(2) a single standard is
able to compare a given pair of objects because each obiject is a
complex, hence "definitionally-eliminable" or indirect, instance
of more primitive cateqgories embodled in that standard. 1In both
cases, however, the comparison of one object with the other by
the standard is indirect: each object is separately compared with
the standard to determine how they compare with each other. 1In
other words, commensuration is comparison of two things by their

comparison with a third: their common standard. Thus, since in-
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commensurability means that there are no common standards of
comparison, a £urther condition on our notion of comparable and
incommensurable objects is that each such object must be compared
directly vith‘the other to determine éheir interrelations.
However, definition (i) does not, as it stands, give us the
resources for making a useful distinction between commensurabil-
ity and comparability; for, since, by'hypothesis, the obijects
that we are considering are comparable, they could also be made
“"commensurable" by a trivial technique compatible with that def-
inition. Thus even though they shared no common structural ele-
ments, and so were incommensurable by our earlier definition (p4
. above), those objects would be, in a weaker sense, comparable by
a common standard: one constructed from thelr mere union.?
Definition (2) is more helpful. Thus, on the basis of (2)

and our earlier definltion of "incommensurablility," we may say:

Definition 3: Two structurally-complex obJects are compar-
able and incommensurable when they have relations that are

not determinable on the basis of more primitive elements
common to both.?

And since 1incommensurable objects' relations cannot be de-
termined indirectly as a function of common parts, their rela-
tions can only be determined directly. That is, the relatlions
between such objects--whether of part to part; part/wvhole to
part/whole; whole to whole; etc.--can be determined and determin-
able only by the simple juxtaposition of one object or 1its as-

pects with the other. And (1f such dlrect comparlson makes



30
sense) that spatial, temporal, etc., palring will be enough to
show that those objects constitute an irreducible instance of a
particular comparative relation.??

In summary, then, the intelligibility of the notion of com-
parable but incommensurable objects depends on the intelligibil-
ity of the notion of direct comparison. This attempt to bifur-
cate the notion of comparabllity into direct comparability and
commensurability has potential philosophical significance: it
suggests that comparison of structurally complex entitles need
not rely on the presence of elements common to both; it need not
rely on common standards of comparison.

To make thls rather abstract dliscussion more accessible,
consider the application of my formulation to commensurabllity
and 1incommensurability in geometry, where those notions wvere
first introduced. 1In geometry, two. lengths are sald to be con-
mensurable (by 1length) if one can construct a common unit length
that will divide both exactly. Thus a stick that is ten centi-
metres long is commensurable with one seven centimetres long be-
cause, for examble, a one centimetre 1length will divide both
without remainder. And both lengths are, in a sense, 'defini-
tionally-eliminable' since each length can be reduced to multi-
ples of ("loglical constructions on') that common unit (see p28
above). Thus the ratio of the length of the first to the second
stick can be broken down further to the ratio 10 : 7.

On the other hand, as is well known, the hypotenuse and aide

of a right angle isoceles triangle are incommensurable: it is
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impossible to construct a common unit length that will divide

both hypotenuse and side exactly. Nevertheless, those lengths
are directly comparable, since by mere inspection of the triangle
one can see lmmediately that the hypotenuse is 1longer than the
side; and from similar triangles oné can also see directly that
those 1engths form a constant, and irreducible, ratio (c.f. Von
Fritz 19485, 261). The side and hypotenuse are thus both incom-
mensurable and directly comparable as in my definition. More-
over, it ' is also possible to compare directly the parts of those
lengths: e.g., every part of the hypotenuse is (approximately)
14,142/10,000 times the length of a part of the side, if both
those parts are in thelr original ratios.?? vMoreover, in line
with the comments I made on definition (15 (p29 above), there lis
also a simple way in which those lengths can be made "commensur-
able.® That is, there is a "common standard" for comparing the
lengths of the hypotenuse and side: the real number "system"; and
according to that common system, the ratios of those lengths is
v2 : 1, But since that real qumber system 1s simply the union
of two disJoint sets: the rétional (e.g. which contalns 1) and
irrational numbers (e.g. which contains v2), thelr "commensurabil-
ity" In that system does not entall their comparabllity by more
basic elements common to both.*

Before I extend my model to the problem of loglically incom-
patible and incommensurable sclilentific theorles, I shall first

present evidence that Kuhn also makes use of a distinction be-
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twveen (what I have called) direct and indirect comparison in his

philosophy.
1.5.1 Kuhn and Direct Comparison

The most explicit example of a distinction between direct
and indirect comparison, and thus comparability and commensura-
bility, in Kuhn's writings is in his notion of a similarity set
(see Kuhn 1970a, 192, 200; Kuhn 1977c¢c, 305-18). However, that
notion is intimately related to his analytlic concept of a scien-
tific paradigm, which he introduces to replace the traditional,
formal notion of a wuniversal generalization. And since I shall
discuss Kuhn's alternative to the traditional formal schema in
chaptet two, I shall here use more suggestive evidence of the
above distinction.

As the following passage shows, Kuhn apparently believes
that recognition of relations between different points of view
does not require a common, neutral basis of comparison.

What occurs during a sclentific revolution 1is not fully
reducible to a relnterpretation of individual and stable
fi.e., theory-neutrall data. 1In the first place, the data
are not unequivocally stable. [A Bertholletian compound ls
not a Proustian physical mixturel, nor 1is oxygen dephlogis-
ticated alir....[Thusl rather than being an linterpreter lof
*"fixed" datal, the scientist who embraces a new paradignm is
like fal man [who undergoes a gestalt switch]. Confronting
the same constellation of objects as before and knowing that
he does s0, he nevertheless finds them transformed through

and through in many of thelir details (Kuhn 1970a, 121-2).
Italics mine).
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1.6 Commensurability and Formal Logics

Thus far I have claimed, without much elaboration, that for-
mal logics require that the linguistic entities they compare or
analyse be expressible within a common vocabulary (e.g. pl4): in
other words, that those entities be commensurable. I now want to
suggest that formal logics be taken quite strictly as logical
"measures." If I am right, this wmeans entities that can be for-
mally compared are logically commensuréble because they are com-
parable by a common logical measure. By contrast, in my use of -
"formal comparison," those entities that cannot be formally com-
pared are 1loglically incommensurable.® 0Of course, if one is to
take the metrical analogy seriously, formal 1logics have to have
"units" of logical measure: i.e. they have to have specific means
for determining logical relationships. In what follows, I sug-
gest that those unlts are the so-called légical concepts. And I
argue that the viev that language divides into strictly logical
and non-logical concepts, which 1s essential to formal systems,
is incompatible with the truth of the incommensurability thesis.

There are two baslc uses made of formal loglecs like the
predicate calculus in traditional philosophy of science: (1) they
are used to describe the internal logical structure of a theory;
and (2) they are used to formulate the 1loglcal relatlons between
scientific theories (e.g. Popper 1968, 32 et. seqg.). The second

use clearly depends on the first, since individual theories have
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first to be formalized before thelr logical interrelations with
others can be determined.

Now, invariably, formal logics divide thelr object languages
into 1logical and non- or extra-logical concepts (e.g. Suppes
1957, 3, 43, 48, 68; Mates 1972, 16, 45; Boolos and Jeffrey 1980,
97). For example, in the predicate calculus the standard logical
concepts (words, terms, symbols) are: "“not, "and," "or," "if...,
then," "if and only 1f," "all," and “"some," and thelr synonyns.
And phllosophers who apply formal logics to scientific languages
also commonly speak of the logical and non-loglcal vocabularies
of those languages (e.g. Suppes 1957, 68).% The implication of
this division of language is that all (or at least the clearest.
c.£f. nl3) logical work Iin that language is done by Just these
concepts.

Such a dlvision of lanquage seems to be a pre-condition for
~any formal, (non-trivially) systematic logic (c.f. Mates 1972,
plé). Unless logical relations between, for example, proposi-
tions and theories were based only on the meanings of a relative-
ly small number of concepts, it would be generally impossible to
determine those relations formally. For, in that case, the logi-
cal relations between many palirs of entities would given by the
meanings of those entitlies alone; so there would often be no con-
mon feature 1linking various instances of a particular logical
relation like incompatibility. Nevertheless, I shall now argue
that the incommensurability thesis presupposes that logical rela-

tions are in fact largely non-systematic and non-systematizable.
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It must be emphasized, however, that thls presupposition does nbtf-\
imply the ﬁatently absurd‘claim that there are no systematic log--
ical relations nor that such logics are not important and power-
ful tools of science (c.f. Kuhn 1977, 313). Rather, it simply
means that such systematic relations only constitute a small pro-
portion of logical relations proper.

I arque for two claims: (1) that the relation of logical
incompatibility between' incommensurable theories cannot be cap-
tured by formal systems; and (2) that, if there were incommen-
surable theories, it could not generally be true that every indi-
vidual scientific theory could be analysed by formal logics.
Both argumehts work by reductio ad absurdun. I have tried to
make the arquments completely general and not dependent on ﬁhe
features of particular formal systems like the predicate calcu-
lus.

one should keep in mind that, by definition (see pp4, 29),
incommensurable theories, or incommensurable parts of theories,
have no common concepts. - And because we are here considering the
hypothesis that formal loglcs can elther compare or analyse in-
commensurable theories, it is also therefore assumed that incom-
mensurable theories share the same logical concepts but have no

common non-logical concepts.
1.6.1 Argument 1: Loglcal Relatlions Between Theories

Here we consider the hypothesis that formally comparable
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theories can also be incommensurable. By the hypothesis of for-
mal comparability, the logical relations between any pair of ele-
ments, e.g. (tl1j;t2k), of any palr of such theories, e.q.
(T1;T2), must depend only on the meaningsvof the logical con-
cepts. This means that 6ne sucﬁ element is equivalent to a logi-
cal function, f, of the other: e.g. tlj = f(t2k); and that means,
since the theorlies share the logical concepts, the theory (T1)
that contains the first element (tlj) also contains the second
element (t2k). Wwhich contradicts the hypothesis of incommensur- -
ability.

1.6.2 Argument 2: Formal Analysis of Individual Theories

Here we consider the hypothesis that any individual scienti-
fic theory can be formally analysed- even though there are palrs
of theories that cannot be formally compared because of their
incommensurability. Consider a pair of incommensurable theories:
since, by hypothesis, each 1is fully analysable formally, each
will share the same 1loglcal concepts; since those theories are
incommensurable, they will share no non-logical concepts. Now,
by hypothesis, those theories are loglically related. and, clear-
ly, those loglical relations must be due either to the meanings of
the theories' logical or non-logical concepts. By argument 1,
those relations can't be due to the logical concepts, since that
would imply, contrary to the hypothesis of incommensurablility,

that the theories share common non-logical concepts. On the
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other hand, if those logical relations follov from the meanings

of the non-logical concepts, then the non-logical concebts aren't

(at least absolutely) non-logical. Which is a also a contradic-

tion. vHence if there are incommensurable pairs of theories, the

languages of scientific theories do not divide into strictly

loglcal and non—logical concepts. In other words, if there are

incommensurable theories, iogic is not identical with formal

logic. |

For each of the above arguments it is possible to retort

that logic Jjust 1is forma; logic and that, therefore, the incom-

mensurability thesis 1s false. Or instead it might be claimed
that individual theories form different logical systems; and each

such system does divide further into different purely logical and
non-logical concepts (e.q. Goodman 1984, 44-5; but c.f. ibid.,
"94-5); hence, formal 1loglics don't preclude incommensurability.
But, with respect to this second option, I have not here claimed
that Kuhn's thesis implies that there are no relations based on
logical form or even that no theories may be formally analysed. 1

have only sald that the incommensurablility thesis means that for-
mal logics do not exhaust logic proper. In any case, even lf
each of an incommensurable pair of theorles constituted a differ-
ent formal systems would still_leave‘ unexplained--i.e. unformal-

ized--the logical relations between those discrete systems.
With respect to the first retort, it should be noted that
" there are instances of statements 1in ordinary 1lanquage whose

logical relations seem to arise from the meanings of their "non-
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logical"™ concepts. For'example, the claim, "George is a bachelor
and George is a married man," is not contradictory because of its
form but because of the meanings of bachelor and married man.
Moreover, to turn this claim into a formal contradiction by first
defining bachelor as unmarried man, presupposes that one already
knows those concepts to be synonymous,_and so begs the question
of the source of the incompatibility of bachelor and married man.

Examples of such meaning-dependent logical relations are not
mere curiousities. The so-called natural 1logiclian, Steven Thom-
as, claims that "samplings indicate [thatl...more than 90% of
deductively valid inferences in natural language...depend on the‘
semantics, rather than on the 1logical form or syntax, of the
premise(s) and conclusion" (Thomas 1986, 448, 1Italics 1n origi-
nal).¥ Moreover, Davidson himself is also aware of deep prob-
lems formal approaches have with - the most common features of
natural languages (1like that of science), though with the oppo-
site conclusioh to Thomas.

Since I think there 1s no alternative, I have taken an opti-
mistic and programmatic view of the possibilities for a
formal characterization of a truth predicate for a natural
language. But it must be allowed that a staggering list of
difficulties and conundrums remains (Davidson 1984, 35.
Italics mine). ‘

wWhat my arguments, Thomas's statistics and Davidson's "cdn—
undrums" suggest 1s that the logical relations between incommen-
surable theories must likewvise depend on the semantics of their

"nonlogical" concepts. That should not be surprising 1if we re-

call Kuhn's characterization of incommensurable theories as "fun-
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damentally incompatible" (see p4); for that 1logico-normative hy-

brid notion 1is, in retrospect, clearly at odds with any rigorous
division of the logical from the non-logical; And if we also re-
member that Kuhn takes scientific theories to be holistic, "con-
ceptual webs," we should also expect that the 1logical relations
between those "webs" will have to be a consequence of the seman-
tics of those systems as conceptual wholes.

It is true fhat sentences are normally held to be the unit
of logical relations such as incompatibility; so it will undoubt-
edly appear pecullar to speak of wholesale theoretical incompat-
1b111£y. But if we state the notion of logical incompatibility
quite‘broadly as: "if this were true, then that could not also be
true," then the 1dea of direct theoretical incompatibility may
not seem so odd. Thus one could say that two holistic theoreti-
cal systems are (directly) 1loglically incompatible just in case,
1f the whole world were as 1in one theory, it could not also be as
in the other theory.

still, given the obvious 1limits of the human mind, since
theorlies are entities with very complex 1internal structures, it
might seem impossible that their incompatibilities could be de-
termined directly. To help his readers get an intuitive under-
standing of the unfamiliar 1idea of primitive theoretical incom-
patibillty,'Kuhn‘employS the ideé-of a "switch in visual gestalt"

as 1lts "elementary prototype" (Kuhn 1970a, 111).*

1.6.3 A "Gestalt-Switch" Model of Theoretical Incompatibility
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A classic example of a visual gestalt switch is the response
to the so-called duck-rabbit fiqure. Surprisingly, this struc-
turally-complex flgure 1is seen alternately as wholly elther a
duck or a rabbit, though never both at once. Hence, slince it is
clearly 1impossible to see the figure simultaneously as both a
duck and a rabbit--a duck is not a rabbit and vice versa--these
seem to be directly incompatible construals of the same domain.
The duck-rabbit figure thus appears to provide a very good model
for explicating how the direct logical comparison of (putative)
incommensurables can take place without implying their commensur-

ability.
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The Duck-Rabbit

Figure 1.

Thus, ‘having experienced both gestalts, we can directly com-
pare and contrast the duck and rabbit vie@s as follows. The up-
per bill of the duck perspective "is" the left ear of the rabbit
perspective; the left duck eye of the duck perspe;tive "is" the
right rabbit eye of the rabbit perspective; the throat of the
duck perspective "1s" the nape of the rabbit perspective; the
notch on the back of the head of the duck perspective "is" the
mouth on the rabbilt perspective; and so on.®

I have used shudder-quotes around the word "is" in each case
to emphasize that, while the respective parts are in a sense co-
extensive, it 1s nevertheless Ilmpossible that they both obtain
(from elther perspective). For ducks have no floppy ears and

rabbits no rigid beaks, and so on. Notice further that while
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both the duck and rabbit are in a sense composed of their consti-
tuent bills, ears, etc., these parts are what they are because
they are parts of the whole object. Thus it 1s more accurate to
say instead that the duck and rabbit divide into their constitu-
ent parts.+

For Kuhn, then, on analogy vwith this "elementary prototype,"
the comparison or contrast of incommensurable theories must ulti-
mately involve their direct comparison as whole to whole. That
those theories are wholly incompatible, however, does not mean
that their parts cannot be compared or even found to be similar.
It just means that any comparison of those parts will invol?e the
juktaposition, not of theory-independent terms, concepts and sen-
tences, but of those entitles as theory-dependent subdivisions.
Thus each element in the comparison or contrast pairs will be
there as a representative of the whole theory from which they are
abstracted. For example, Jjust as the bill qua bill of the duck
can be seen directly to be co-extensive with the ears gqua ears of
the rabbit, so also a chemical compound qua Bertholletian sub-
stance of greatly variable proportions can be seen directly to be
(often) co-extensive with a physical mixture qua Proustian solu-
tion.

Two objections have been raised against the use of the ges-
talt model for theory change (Collier 1984, 109). The first ob-
jection--that the duck-rabbit example involves representations,
not real objects--is, I think, rather easlily disposed of. For,

mutatis mutandis, that example works just as well if we think of
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the object as either a picture-duck or a picture—rabbit,.which ve
do in any case (c.f. also Feyerabend 1975, 258 & n98).

The second objection is more serious. Thus it is claimedqd,
vwith some (I think mistaken) encouragement from Kuhn (Kuhn 1970a,
114), that in the duck-rabbit case, there is a neutral base of
comparison: "the 1lines which make up the figure" (Collier 1984,
109). 1If so, the duck and rabbit views would be alternative, but
compatible construals of a common domain. But just as it is im-
possible to see the figure simultaneously as both a duck and a
rabbit, it is also impossible to see the figure simultaneously as
both mere lines and as either a duck or a rabbit. Thus, while
the drawing 1is, in a sense, composed of the lines on paper, and
wvhile one may draw the figure oneself, seeing those lines as ei-
ther a duck or a rabbit, or vice versa, must also take place "as
a relatively sudden and unstructured event"™ (Kuhn 1970a, 122).

This second objection i1s a more specific wversion of such
claims as: "what the duck-rabbit shows is that reality can have
alternative or complementary representations, each of which
grasps some aspect, but which are not only not in conflict but
are each needed if one is to get ‘'the whole picture' (so to
speak)" (savitt 1989, 2; see also Hacking 1981, 4). But this
more general claim itself contalns an implicit demand for commen-
surability in making judgements about conflict. Thus it suggests
that unless there are common standards for showing views to be in
conflict, those views are compatible by deféult.

On the other hand, as we have seen, there are two basic ways
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in which one might judge views to be elther conflicting or com-
plementary: by 1indirect or direct comparison. But in cases like
the duck-rabbit figure, and incommensurable theories, I have
argued, there 1s no neutral perspective for making an indirect
judgement. Therefore, in such cases, the Judgement must be made
bby direct comparison; and such comparison shows those perspec-
tives to be clearly 1incompatible. That is, 1t 1is impossible,
from one point of view, to have the other point of view; and
there 13 no third standpoint from which one might have both.
Hence to call incommensurable views compatible by default is to
imply that comparison is commensuration. But as I shall now

argue, such an identification leads to absurdities.
1.7 Direct Comparison: A Thought Experiment

From the fact that commensuration involves the comparison of
two things by their comparison with a third thing (see §1.5, p28-
29), it should be clear that to define "comparison" as "commen-
suration" would yleld a vicious regress.* In what follows, I
arqgue that to demand that to establish simlilarity and difference
of reference; to determine similarity and difference of meaning;
and to recognize loglilcal incompatlibility alwvays requires common
elements leads in each case to a vicious regress. On the other
hand, I arque that if Kuhn's critics were to agree that such con-
parisons will at some point have to be direct, but hold that thls

point 1is ostensive definition, a "“common co-ordinate system"
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(Davidson 1984b, 184), or formal logic they must offer an inde-

pendent argument to prove that this is so. And, therefore, if
the prima facie evidence 1is that no such system does or could
exist, that evidence will have to be taken at face value.

First, if the co-reference of two terms always depended on
each one's being co-referential with some common third term, then
we should also require a still further term to mediate co-refer-
ence between each of the first two terms and the third; and so
on. On the other hand, 1if the co-reference of the first two
terms with the third can be determined directly, we have to be
given a reason why this could not also be the case for the first
two. For example, consider the following co-referential expres-
sions, "Brian Mulroney" and "the prime minister of Canada." 1If
ve hold that to establish their co-reference we first have to
show that each 1is co-referential with a "more primitive" expres-
sion like a demonstrative pronoun (e.g. this), we shall also need
a still "more basic" expression to mediate the co-reference of
both "Brian Mulroney" and "the prime minister of canada" with
that demonstrative pronoun.+*: On the other hand, if these last
relationships can be determined directly,* we need a reason vhy
this could not, in principle, also be done with ”Brian Mulroney"
and "the prime minister of Canada'" alone.

Second, if the similarities or differences. of meanings of
tvo concepts alwvays required a "common cd—ordinate system" (Da-
vidson 1984, 184) to determine those relations, then we should

also require a still further co-ordinate system to show that
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those concepts were instances of that flirst system; and so on.
Again, if it 1s admitted that the relations the two concepts have
with the co-ordinate system must be determined directly, we need
a further reason why this could not also be the case for the
relations between the concepts themselves.

Finally, 1f the incompatibility of two concepts, sentences,
theories, etc. always had to be determined by a standard like
logicél form, then we should also need still further standards to
show that one such entity 1s identical in meaning with the nega-
tion of the other. And, on the other hand, 1if it 1is countered
that the recognition that one such entity is synonymous with the
negation of the other itself needs no standard, we need an inde-
pendent reason why their incompatibility could not be Jjudged
directly.

The foregoing exerclse 1s not -meant to establish that all
uses of terms, concepts, sentences, and theories involve no com-
mon standards. That is clearly false. Appeals to standards, pa-
radigms, rules, tradition, etc. often play an extremely important
role in science, law, literature, art, etc.** My argument only
makes the obvious point that such appeals must end somewhere; and
so even those practices that involve appeals to standards must at
some polnt 1involve direct comparison. Therefore, when hilstori-
cal, anthropological, sociological and conceptual evidence shovs
that certain communities and traditions use abparently quite
different standards of, say, truth, meaning, or Jjustice, and

determined attempts to attribute more basic, common standards to
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those groups are alwvays "rejected by...members of the group"
(Kuhn 1970a, 44), that evidence must be taken at facelvalhe.

The ability to compare things directly, however, should not
be thought of as a "mysterious" (Shapere 1980, 32) capacity to
intuit their relations (see also n28). That would be tantamount
fo introducing intuition as a commensurating faculty; but as we
have just seen, the demand that any such standards are necessary
leads to absurdities. Wittgenstein puts this last point as fol-
lows: "If intuition is an inner voice--how do I know how I am to
obey it? And how do I know that it doesn't mislead me? For if
it can guide me right, it can also guide me wrong. ((Intuition
an unnecesgssary shuffle.))" (wittgensteln 1953, §213). In the
final analysis, then, all that can be sald to explain direct
cohparison is simply to remark that it is a basic fact of human
*natural history" (ibid., §25) that we group certaln things as
similar, identical, dlfferent, incompatible, and so on. No more

can be said without redundancy.
1.8 Summary, Synthesis and Conclusion

In this chapter I have trlied to show that the argqumentative
impasse between Kuhn and his critics on incommensurablility arises
from a fundamental difference about the interpretation of two
concepts: logic and comparison. Thus it turns out that Kuhn's
critics implicitly identify logic with formal logics; but his ho-

listic notion of theoretico—conceptual incompatibility conflicts
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with the ldea, basic to formal logics, that there is a completely
rigorous distinction between the 1logical and non-logical. More
deeply. still, it turns out that Kuhn's critics identify logic
with formal logics because they identify comparison with commen-
suration. But I showed, by pointing out that commensuration is
comparison of two things by their comparison with a third, that
such an identification would make commensuration itself impos-
sible (see pp28-9, 44-6).

‘Oone proof that the distinction between (direct) comparison
and commensuration 1is on the right track is its ability to re-
solve a residual puzzle Kuhn feels about the characteristics of
the new ‘“epistemological paradigm" (see 1;0 above). Kuhn says
that "I am convinced that we must learn to make sense of [seem-
ingly paradoxicall]l statements that at least resemble these...
though the world does not change with a change of paradligm the
sclentist afterward works in a different world" (Kuhn 1970a,
121). These apparently contradictory claims can be made sense of
as follows. On the one hand, just as direct comparison of the
duck and rabbit views shows them to be coextensive (p4l), so too
direct comparison of incommensurable theories shows that their
domains are often largely overlapping; s¢ Iin one sense those
theories describe the same world. On the other hand, just as
direct comparison of the duck and rabbit views does not reveal a
further, common duck-rabbit view, one éan also say that incom-
mensurable theories describe different worlds.

Kuhn's rejection of a primary role for (formal) 1logic in
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analysing science has been construed by many critics to involve
"denying objectivity to the processes by which scientific theor-
ies are critically evaluated" (Scheffler 1967, 88). By contrast,
I suggested early in this chapter that Kuhn should be understood
instead as offering an alternative construal of scientific objec-
tivity and rationality that is not based on formal logic, and
thus commensurability. In this regard, Scheffler also notes,
though with some perplexity, that "Protessor Kuhn himself con-
cludes by reintroducing the very [evaluative] ideas he has been
at pains to deny in the main tendency of his,work;..lﬁor example]l
he opposes recelived notions of falsification, but himself intro-
duces the concepts of anomaly and crisls, which have a parallel
function iIn his account" (ibid., 89. Italics mine).

The main reason Kuhn rejects a primary analytic role for
formal logié in sclentific epistemology 1ls, as we have seen, that
he belleves theories are often Iincommensurable. In the next
chapter, I shall bring out still other reasons Kuhn has for the
demotlon of formal logic. Thus in chapter two I discuss Kuhn's
notions of paradigm, normal sclence, anomaly, crisis, thought ex-
periment and scientific revolution and show how they parallel,
and diverge from, more traditional cateqories drawn from formal
logic. I shall also show there how Kuhn embodles a distinction
between commensuration and what I have called di;ect comparison

in those alternative analytlic notions.
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Notes

1. If Kuhn had not made a persuasive case for incommensurability,
it is doubtful that opposing philosophers would have made such
concerted efforts to respond to his work. 1Israel Scheffler, a
noted critic of Kuhn, admits that, at first glance, Kuhn's re-
sults seem undeniable: "For the claims in question are supported
by detailed considerations to which we ourselves are inclined to
assent, at least initially" (Scheffler 1967, 22).

2. In this paper, I shall include under the descriptions "tradi-
tional 1image," "received view," etc. not only the classic state-
ments of the Logical Empiricists and Karl Popper but also more
recent variations formulated in response to Kuhn's (and other
like-minded philosophers') criticisms. Thus the philosophies of
Lakatos, Laudan and Newton-Smith, for example, may be seen as
"traditional" for wmy. purposes since they also seek what Kuhn
argqgues does not and need not exist: theory-neutral «criteria for
evaluating progress in science. Of course, such a schematic ac-
count of 'the' traditional view is bound to be overly simplistic
and lump together incompatible philosophlies. 8Stlll it is safe to
conclude that, whatever the differences of those philosophies,
they are united 1n being attempts to f£ind theory-neutral compara-
tive criteria, and thus in their rejection of incommensurability.

3. I shall usually use the term "theory" and Kuhn's preferred ex-
pression "paradigm"™ as though they were synonymous. This is in
keeping with Kuhn's usual practice, though, given what he means
by "paradigm," it does not agree with his opponents' understand-
ing of "theory." Thus theories traditionally are thought to be
universal generalizations (c.f. Giere 1983, 271); but Kuhn holds
that his concept of a paradigm, or "concrete scientific achieve-
ment" (Kuhn 1970a, 11) is more basic to science than is that tra-
ditional conception (ibid., 182). I shall discuss paradigms in
chapter two.

4. By contrast, 1i1f the empirical anomaly does not implicate the
theory's categories, theory change need not involve conceptual
change, and so also need not involve incommensurability. For
example, the theory's concepts may allow for the formulation of
different empirical 1laws, so the replacement of the false law
with a more adequate one can 1leave the basic theory unchanged.
On the traditional view, however, since theories are taken to be
generalizations, such a change of laws would also be taken as a
change of theory. But, as I pointed out in note 3, Kuhn takes
paradigms to be the basic unit of science. And he suggests that
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change of that putatively more basic unit almost alvays produces
the conceptual and evaluative change he calls incommensurability
(Kuhn 1970a, 103).

5. It is occasionally claimed that Kuhn cannot really mean that
incommensurable theories are logically incompatible; so -he must
have some other notion of incompatibility in mind. Thus Newton-
Smith says that "Kuhn...inconsistently explicates the notion of
competition [between incommensurable theories] in terms of the
notion of 1logical incompatibility" (Newton-Smith 1981, 159).
Newvton-Smith kindly offers what he believes to be a more suitable
notion of incompatibility to get Kuhn's intentions across: "“prag-
matic tension" (ibid., 159). But, pace Nevwton-Smith, Kuhn expli-
citly states that the theories he deems incommensurable--e.q.
Newtonian and Einsteinian dynamics--are also logically incompati-
ble: "Einstein's theory (Kuhn argues] can be accepted only with
the recognition that Newton's was wrong" (Kuhn 1970a, 98; see
also ibid., 97). 1In any case, in this paper I shall take Kuhn at
his word and try to give an interpretation of the notion of “fun-
damentally incompatible" theories that coheres both  with Kuhn's
explicitly-stated intentions and with good sense.

‘6. That 1s, though Kuhn allows that in comparing two incommen-
surable theories one can see that, from the vantage of one theo-
ry's standards, that theory is true while the other is false, he
claims there is no common, theory-independent perspective for
settling which of them are in fact true or false.

7. Kuhn also denlies most of his critics' other claims: viz., that
his position means that experiment plays no critical role in sci-
ence (e.g. Kuhn 1970a, 132); that it leads to idealism (Kuhn
1970b, 2); (strong) relatlvism (ibid., 264-5); lrrationallsm
(ibid., 263-4); and he also believes that theories of meaning
play no essential role in these issues (ibid., 266n2). In this
paper, however, I shall not discuss these more specific questions
in any detail since I believe that they are a reflection of the
more general differences Kuhn has with his critics over logic and
comparison. That is, I hope it will become clear that Kuhn does
not reject the fundamental concepts of enmpirical sclience, only
partlicular conatruals of themnm.

8. Kuhn suggests that when seeklng the source of incommensurabll-
ity between two views that one "can first attempt to dlscover the
terms and locutions that, used unproblematically within each com-
munity, are nevertheless focl of trouble for inter-group discus-
sions" (Kuhn 1970a, 202). Kuhn is here offering a hermeneutic
principle that 1is similar to that of Quine: "The maxim of trans-
lation underlying all this 1s that assertlons startlingly false
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on the face of them are likely to turn on hidden differences of
langquage" (Quine 1960, 59). ‘Kuhn's principle differs from
Quine's, as we shall see, iIn not requiring that the translated
claims make sense from the standpoint of the home language's cur-
rent concepts (c.f., Feyerabend 1987, 77 and note 14).

9. Kuhn describes thelr views as being "fundamentally at cross-
purposes" (Kuhn 1970a, 132). Recall that "fundamentally incom-
patible" means "both logically incompatible and incommensurable."
Also note that, in this essay, I shall only be concerned with
those putative cases of philosophically-interesting incommensura-
bility: those which also  involve 1logical incompatibility; thus
theories here described as incommensurable will also be assumed
to be logically incompatible.

10. For example, 1f wve let R and € stand for, respectively, the

l-place predicates "is a chemical reactlion" and "takes place 1in

constant (integral) proportions," and 1if we take the predicate

"takes place in continuously-varying proportions" to be logically

equivalent to -°C, then it seems that we can represent Proust's and
Berthollet's positions as (formal) logical contradictories using

the same concepts: ’ :

Proust: (x)(Rx - Cx)

Berthollet: 7(x)(RXx = Cx) = (3x)(Rx & ~Cx)

11. Alternatively--in the "material mode"--Proust disagreed with
Berthollet over which processes were chemical reactions and over
wvhich things were chemical compounds as opposed to physical wmix-
tures. The three concepts, chemical reaction, chemical compound
and physical mixture are 1loglcally-interrelated as follows: a
chemical compound Iis formed when two or more chemical substances
are mixed together if and only if they wundergo a chemical reac-
tion; otherwise they constitute a mere physical mixture.

12, 4, d, and ¢ are chemlical substances; Ad and Ac are compounds
of those substances.

13. This has been noted by most of Kuhn's critics, though their
arguments are usually expressed as the contrapositive of mine.
That is, Kuhn's critics generally infer that, since formal logics
would show no logical incompatibility between putatively-incom-
mensurable theories, those theories could not be logically incom-
patible (e.g. Shapere 1981, 43-4; Newton-Smith 1981, 149, 159;
Scheffler 1967, 82; Davidson 1984, 184). However, granting that
formal logics would not show incommensurable theories to be in-
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compatible, one may argue Iinstead that those loglcs are simply
inadequate to describing logical relations between incommensur-
able theories. I shall provide a more complete analysis of the
source of conflict between Kuhn's thesis and assumptions of for-
mal loglics in sections 1.6 et. seqg., where 1 shall also argue
that the exlistence of Incommensurable theories means that formal
logics could not, as a general rule, glve the loglcal structures
of all individual theorlies.

14. The problem (2) of £inding common concepts for incommensur-
able theories is similar to the problem of translating between
certain natural 1languages. Thus translators often find that for
many words of one language there exists no single word, or well-
defined set of words, that matches the meaning of the other in
all circumstances of 1its application; to translate they must
adjust their choice of wvord from situation to situation. But
since those situation-variant choices often proceed according to
an alien pattern of thought, such translations often result in
claims that seem bizarre to the speakers of the home (translat-
ing) 1language (c.f. Quine 1960, 57-9; Nida 1964, 92; Hacking
1983, 69-71). And if, pace Quine (Qulne 1960, 58), such transla-
tions are correct, but seem blzarre only because they represent
non-standard usage of existing concepts, this last fact suggests
that translation may alter the home language by introducing into
it concepts that are incommensurable with current ones (see also
Feyerabend 1977 and note 8).

15. This is not strictly true. Thus, to borrow a locution of
Kuhn's, those critics occaslionally "dimly recognize" that there
are phenomena that seem 1lncompatible with their views. For ex-
ample, the logicians Patrick Suppes and Benson Mates acknowledge
as a "subtle and complicated matter" the fact that some logical
relations seem not to be purely formal, but to derive from the
meanings of ‘'non-logical!' expressions (Suppes 1957, 68; Mates
1972, 14-5, 80). And Shapere wonders briefly if "Feyerabend [and
Kuhn havel 1in mind some special sense of 'inconsistent' (though
[they] claim not to be abandoning the law of noncontradiction) or
'meaning'" (shapere 1981, 44). But such brief acknowledgements
of problems are invariably taken back; for such philosophers im-
mediately go on to disparage unformalizable logical intultions as
irrelevant to logic (Mates 1972, 9-10); or 1irredeemably vague
(Suppes 1957, 4); or far too "broad" (Shapere 1981, 54).

16. Because it often seems impossible to analyse formally actual
scientific theories, Kuhn offers his own alternative which he
believes 1s more accurate. I shall discuss Kuhn's alternative
analytic schema in chapter two.
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17. Correlatively, Kuhn's critics also belleve that, read at face
value, "incommensurable" means "not intertranslatable," and that
on this construal, therefore, his thesis amounts to the self-con-
tradictory claim that certain theories are both not inter-trans-
latable and intertranslatable.

18. Formally, Kuhn's critics' argument is a "complex constructive
dilemma" (Encyclopedia of Philosophy, s.v. "Traditional Logic,"

and "Glossary of Logical Terms"). Thus, on the following symbol-
ization, _

c:: prima facie construal of the Incommensurability thesis: "in-
conmensurable" means elther "(absolutely) Iincomparable" or "not
intertranslatable." ' ,

c:: alternative construal: theories can be both incommensurable,
comparable and intertranslatable.

I: the incommensurability thesis is intelligible; in particular,
not self-refuting. '

R: the 1incommensurability thesis is philosophically-relevant; in
particular, it requires changes in the recelived, philosophical
viev of science.

the argument of Kuhn's critics 1is:

l, €4 = I
2. C: - -R

3. Ci V Co
C. °I vV "R

As I .argue later (sections 1.4, 1.5 and 1.5.1), Kuhn's re-
sponse to his critics amounts to an attempt to "escape between
the horns of the dilemma": he effectively denies that either
construal captures his intentions.

19. Trivially, two views are 1incompatible if they make opposing
claims about the same situation. Kuhn also accepts this defini-
tion (c.f. Kuhn 1970a, 122).

20. Scheffler acknowledges that Kuhn may be right about incommen-
surability between the standards of sclentlific theorles at a
"first-order" (i.e. intratheoretical) level; but he hypothesizes
that evident conflict between two theories presupposes a "second-
order reflective and critical level of discourse," which “presup-
poses a certain sharing of standards at the second-order [inter-
theoreticall level" (Scheffler 1967, 83}).

21. Davidson's actual expression is "dramatically incomparable."
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22. What Davidson is referring to with the locution "“the equip-
ment of a single language" are a language's putative "referential
apparatus...predicates, quantifiers, variables, and singular
terms," and 1its "equipment" for dealing with the truth of "whole
sentences," as displayed in Tarski's Convention T (ibid., 193-
4). In other words, Davidson believes there is a strong resem-
blance between natural and formal languages (c.f. Davidson 1984a,
29-30). In fact, much of Davidson's philosophy of language is
based on a belief that natural langquages must have an underlying
structure very much like that of formal ones (c.f. ibid., 3, 17,
30, 55). 1t is true that, 1if natural languages had the structure
formal languages are supposed to have, they would form a single
system of concepts, and translation would 1imply commensuration
(See section 1.6 et. seq.). However, the Chomskyan argument Da-
vidson offers for this a priori necessity (ibid., 3)--that lan-
guages would not be learnable without formal recursive rules--is
a version of the demand for commensurablility, and so begs the
question.

23. It is ironic that, though scientists often disparage the con-
cerns of thelr opponents as "mere metaphysical speculation" (Kuhn

1970a, 103), Kuhn's philosophical critics often slander his work
as "mere empirical speculation." ’

24. Recall that Davidson links the ideas of distinct conceptual
schemes with that of lncommensurable sclentific theorles.

25. Musgrave somewhat disappointedly concedes that "Kuhn's 'Il
never saild 1it' ploy often convinces." 1ibid. p51. For similar
views on Kuhn's 'retractions' see, Putnam (1981la) pl26 and W.H.
Newton-Smith (1981) pl03.

26. One should keep in mind here that, though Kuhn bellieves in-
commensurable theories address a common world, he does not hold
that this commonality can be expressed 1in terms acceptable to
both theories. That means, In particular, that even so-called
Yostenslve definition" 1s not neutral between theories. See
section 1.7.

27. This should already be clear from his equation of Kuhn's no-
tion "incommensurable"™ with "dramatically Iincomparable" and "not
intertranslatable." In fact, the strateqgy of Davidson's much
discussed paper, "On the Very Idea of a Conceptual Scheme" (Da-
vidson 1984b, 183-198), is not to show that comparison and trans-
lation entail common standards, and thus meet Kuhn head on; in-
stead, he argques that other standards for individuating concep-
tual schemes, putatively independent of translation, turn out to
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presuppose the ability to Intertranslate those schemes: "Studying
the criteria of translation is...a way of focusing on criteria of
identity for conceptual schemes (ibid., 184)....Can we then say
that two people have different conceptual schemes if they speak
languages that fall of intertranslatability?...My strategy will
be to argque that we cannot make sense of total failure, and then
to examine more brilefly cases of partlal failure" (ibid., 1895).

28. The traditional epistemological paradigm would lose its point
because there would then be no reason to struggle to f£find elu-
sive, common bases for evaluating scientific theories. For if I

am right, rational theory choice would not need those common
bases.

29. I should caution that the following discussion, while inten-
ded to be illuminating and compelling, must nevertheless be con-
sidered as programmatic. It would, in any case, be foolhardy to
expect that proposals for modifying currently-accepted concepts
will not themselves have to be refined continually to facilitate
wvhat Nelson Goodman calls "the transition from static absolutism

to dynamic relativism in epistemology" (Goodman 1984, 19. Italics
mine).

30. Thls relativity of commensurability 1s not, however, a com-
pletely undesirable result. Thus Kuhn notes that "sclentific
revolutions...need seem revolutionary only to those whose para-
digms are affected by them. To outsiders they may, like the Bal-
kan revolutions of the early twentieth century, seem normal parts
of the developmental process" (Kuhn 1970a, 92-3). And Kuhn also
suggests that "we may come to see ['the transition from Newtonian
to Elnstelnian mechanics'] as a prototype for revolutionary re-
orlentations in sclience" (ibid., 102, Italics mine). Thus we may
come to construct prototypes or standards for comparing theories
by using theory pairs like that of Newton and Einstein as irredu-
cible instances of the relation of, for example, fundamental the-
oretical ilncompatibility.

31. The expression "structurally-complex" is included in the def-
inition to exclude from the class of incommensurable objects
things 1like phenomenal colours. Thus, without that qualifica-
tion, it might be argued that, since one cannot determine the
relations between, say, blue and yellow on the basis of their
more primitive parts--they have none--blue and yellow are incom-
mensurable. But, at least in this paper, speaking of colours as
incommensurables would Iintroduce unnecessary complexities. On
the other hand, since incommensurability is c¢learly related to
irreducibility, it nwight be possible to include such irreducible
things as phenomenal colours as limiting cases of incommensurable
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pairs of obJects (c.f. note28).

32. It should be noted that direct comparability does not mean
untutored comparabllity; that is, I am not implying that people
wvho know nothing about, say, particular scientific theories could
Just look at them and judge their relations. In fact, I am im-
plying just the opposite. To be able to compare directly two
theories one clearly must first have an independent, sympathetic,
full understanding (verstehen) of each. (I owe a recognition of
this problem to Rudy Vogt.)

33. This last remark may be more familiar as the claim that the
ratio of the hypotenuse to the side of a right isoceles triangle
- 1s approximately 1.4142 : 1. Incidentally, it should not be
thought that, because there is a rule for approximating v2 with
rational numbers, this rule makes them commensurable. For the
series of approximations always remains different from +2; and
the operation (multiplication) by which the approximation is
compared with v2 is also disjoint 1in its separate applications.
Thus, for example, one compares v2 with its approximation by
squaring both numbers. But while the multiplication(l) of v2 by
itself is simply defined to be 2; the multiplication(2) of any
rational number (ratio of integers) by itself can be broken down
further as the ratio of two numbers, each produced by successive
addition. That 1s, though multiplication of irrational and ra-
tional numbers are formally similar; the first is a primitive
operation, whereas the second is really successive addlition.

34. I am here ignoring the construal of real numbers as elther
"the totality of inflnite decimals," as "(infinitel sequences of
nested intervals" or as "Dedeklnd cuts" (see Courant and Robbins
1958, 68-75) These construals represent attempts to analyse the
notions of rational and irrational number in terms of putatively-
more basic notions; and 1f they were successful, they would show
that rational and irrational numbers (or pairs of 1lengths) are
commensurable (in the sense of "reducible"). However, a discus-
sion of those attempts is both irrelevant to my present concerns
and beyond ny present expertise. Let me Jjust remark that they
involve the (for me and many philosophers) suspect notion of ac-
tual infinity; and it 1is also doubtful that the “analyzed" no-
tions of rational and 1rrational number are the same as the ori-
ginal ones. :

35. In the very general sense of "formal comparison" I use--two
things are formally comparable just in case they are comparable
by some common feature--entities that aren't formally comparable
are incommensurable.
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36. suppes there says: "Fortunately the systematic deductive de-
velopment of mathematics or theoretical science can proceed with-
out explicit recourse to sentences whose truth follows simply
from the meanings of the predicates used" (Italics mine). But
see (Kuhn 1977, 303 & nl3) for an alternative view of the accur-
acy and real significance of such formalizations and a specific
reference to Suppes. :

37. This claim can clearly be extended to cover other logical re-
lations and objects than wvalid arguments, premises and conclu-
sions. It should also be clear here that Thomas does not mean by

"semantics" elther "formal semantics" or "model theory" (ibid.
449-52).

- 38. Inclidentally, the seemingly-irrefutable psychological evi-
dence that people do reason holistically has led some brain the-
orists (e.g. Michael Arbib) and philosophers (e.g. Mary Hesse) to
develop non-computational models of brain function that parallel
such semantic behaviour. Thus Arbib and Hesse try to correlate
vhat they call semantic nets or schemas with what they term neu-
ral nets or columns (Arbib & Hesse 1986, 34-41, 69-72).

39. I take this last parallel from Cralg Dilworth's Sclentiflic
Progress (Dilworth 1986, 73). Dilworth develops what he calls a
"perspectivist" view of 1incommensurability between scientific
theories by extensive use of the duck-rabbit figure, and he shows
how (what I call "direct comparison") can be used to favour one
aspect over another. Thus he notes that one can argue for the
greater accuracy of the rabbit perspective by noting that an "in-
dentation" on the duck's head is somewhat anomalous from the duck
point of view while the rabbit-mouth interpretation is to be ex-
pected on the rabbit view (ibid., 73).

40. The 1idea of defining a part by abstraction from a whole
should not seem strange to those famliliar with Frege's wvork.
Thus Frege derived the constituent predicates (concepts) of a
sentences by abstracting away those sentences' singular terms.
For example, the particular sentence, "John loves Mary," divides
into the one-place predicates, "x loves Mary" and "John loves y,"
and the two-place predicate, "x loves y."

41. I have in mind here the "third-man" argument against Plato's
theory of ideal forms and Wittgensteln's nmore general rule-fol-
loving considerations which attack the idea that universals must
be determined by formal definitions: e.g. by necessary and suffi-
cient conditions. That Wittgenstein's work on rules is relevant
here should not be surprising since Kuhn's basic idea of the par-
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adigm, which presumes direct comparison (see chapter two), 1is a
specific adaptation of Wittgenstein's notion of family resem-
blance. But Wittgenstein's discussion of family resemblance con-
cepts in the Investigations just precedes an extensive discussion
of rule-following which serves as a propaedeutic to his still
more extensive discussion in §8§143-242.

42, Here it may be useful to keep in mind Wittgenstein's critique
of. the primitive nature of ostensive definition (Wittgenstein
1968, 8828-30). There he points out that ostensive definitions
are not essentially clearer 1In meaning than other referential
expressions. For example, 1f someone points to a certaln tall
animal and says: "I'm referring to this," he may be referring to
the animal, its shape, colour, age, etc. The general point about
determining coreference 1is simply that at some point one must
just see, without any further grounds, including ostension, that
tvo terms are coreferentlial.

43. "Determined directly" does not mean here: "determined by 'di-

rect reference' to a common object." That i1s, I am not claiming
there must be some sort of unmediated perception of objects a 1la
Kripke with which coreference can be determined. Rather, I am

simply arguing that the recognition that two different ways of
designating some object are coreferential must, at some point,
not require any further means of determining reference. Thus I
am actually denying that there need be any privileged means, such
as ostension, for determining coreference. See also note 42.

44. For example, Kuhn notes that the systematic, focusing charac-
ter of standards. (paradigms) 1in sclence permits "scientists to
investigate some part of nature in a detail and depth that would
otherwise be unimaginable" (Kuhn 1970a, 24).



Chapter 2

Kuhn's Alternative Analytic Concepts

2.0 Introduction

In this chapter, I show how Kuhn's concepts for analysing
science perform many of the same evaluative functions as tradi-
tional notions drawn from formal loglic, but without precluding
either incommensurability or, as we shall see, the historical
character of scientific theories. 1 shall devote particular at-
tention to Kuhn's analysis of the "dialecticai" role of thought
experiments in sclience becadse that analysis illuminates his log-
ico-normative conception of theories and provides the basis for
developing 1n the next chapter a generallized proof of incqmmen—
surability.

In wvhat follows, I describe Kuhn's alternative to the tradi-
tional plcture of sclentific theories as universal generaliza-
tions. I there show that Kuhn believes his counterpart notion,
the paradigm, 1s the more basic both because paradigms glve sci-
entific generalizations thelr emplrical meaning and because this
last process must be repeated anew for novel situations. It thus
turns out that by making the notlion of a paradigm basic to sci-
ence, Kuhn also makes theories into historically-evolving tradi-

tions, not timeless, formal structures as on the received viewv.

Paradigms also explain theoretical holism and make room for in-

commensurablility.
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2.1 Paradigms and Universal Generalizations

Ronald Gilere notes that "since Aristotle it has been assuﬁed
that the overall goal of sclence 1s the discovery of true univer-
sal generalizations of the form: All A's are B" (Glere 1983, 271.
Italics in original). However, the notion of a unlversal gener-
alization is an elemenfary cateqgory of formal (syllogistic and
predicate) logic. Hence, to make such a notion, and thus the
logical system of which it is a part, the basic analytic unit for
science would also, as we saw in chapter one, make incommensura-
bility impossible (see §1.6).* But historiéél evidence of actual
incommensurablility and conceptual evidence of its possibility,
suggests that universal generalizations cannot play such a funda-
mental part in sciénce. There is more specific evidence for that
fact: the empirical and formal indeterminacy of scientific con-
cepts.

Science commonly contains many generallzations. For ex-
ample, Newton's first law of motion begins with a claim about the
behaviour of "every body" (Enc. of Phil., s.v. "Newtonian Mechan-
ics and Mechanical Explanation." Italics mine). And such claims
are easlily rendered formally as, e.g., (x)(Fx - Gx). But for gen-
eralizations not to be purely formal,? but also to have empirical
implications, thelr constituent concepts (here, F and G) nmust
have determinate emplrical meaning prior to thelr comparison with
nature. For unless it were clear what a generalization said in a

given instance, no conclusions could there be drawn about its
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empirical truth or falsity (see also Kuhn 19774, 284). It fol-
lovs that if empirical indeterminacy in new cases were the rule,
normally the "overall goal of science" would be to remove that
indeterminacy by discovering how to extend the scope of concepts;
1t_cou1d not, in any non-trivial sense, be "the discovery of true
generalizations." For, at any glven time, scientific generaliza-
tions would be true only of those situations to which their con-
cepts have already been extended and indeterminate for those to
which they have not.?

‘A surprising example of empirically indeterminate generali-
zations are Newton's formulations in the Principia of the 1aws of
motion and gravitation. Even though these laws are often cited
as the sclientific model of both preclsion and generality,* they
frequently proved noncommital or vaque in their import for previ-
ously-unexplored situations (Kuhn 1970a, 32). Therefore, since
it was often impossible to predict the implications of Newton's
laws for relevant situations, 1its concepts were not empirically
determinate. Hence, 1its 1later applications were not strictly
contained in Newton's orlginal formulation.® "These limitations
of agreement 1left many fasclnating theoretical problems for New-
ton's successbrs...[For example,] Euler, Lagrange, Laplace and
Gauss all did some of thelr most brilliant work on problems aimed
to improve'the match between Newton's paradigm and observations
of the heavens"™ (Kuhn 1970a, 32).

Kuhn says that he "introduced the term ‘'paradigm' to under-

score the dependence of scientific research on concrete examples
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that bridge what would otherwise be gaps In the specification of

the content and application of scientific theories" (Kuhn 19704,
284). Therefore, slnce paradigms specify "the content and ap-
plication of scientific theories," a paradigm 1is conceptually
“prior to the various concepts, laws, (subltheories, and polints
of viewv that may be abstracted from it" (Kuhn 1970a, 1l1). From
the preceding discussion of empirical indeterminacy, therefore,
one would also . expect that, while use of paradigms might help to
specify the content of theories by setting broad parameters, it
could not rlgordusly determine that content. Kuhn claims that
analogical reasoning based on paradigms, or "concrete sclentific
achlievements" (ibid., 11), helps to speclfy the content of theo-
ries in Just this rough way. Thus if he is right; this analogi-
cal reasoning is more basic to science than the traditionally-
preferred formél deduction from generalizations, auxiliary hypo-

theses and initlal conditlions.
2.1.1 Normal Sclence as a Process of Paradigm Articulation

Since for Kuhn, a scientific theory's generalizations get
thelr content from "“concrete examples," his philosophy inverts
the traditionél view of the relation of universal to particular.
Instead of ‘starting out as completed generalizations containing
all their implications, Kuhn says that theorles begin as "selec-
ted and still 1incomplete examples" (Kuhn 1970a, 23), or para-

digms, which are continually made more general by refinement and
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by developing still further instances of successful applications
(Kuhn 1970a, 30). It is just these given particular applications
that show how the theory's concepts, laws, and generalizatlions
can be applied to "some (newl concrete range of natural phenom-
ena" (ibid., 46). Exploitation of these accepted applications
provides scientists with interpretations for the theory. Where
‘Kuhn's account differs from more traditional model-theoretic
notions of interpretation is that, for him, at no point 1is the
theory's interpretation fixed for all relevant cases. Instead of
being actual generallizatlons, therefore, it is more accurate to
say that, for Kuhn, theories are programmatic generalizations.
For he claims the creative input of sclentists doesn't end with
the initial expression of a theory or at any stage when it is
still considered viable. Rather, sclentists are forced to adapt
contlnually thelr current theoretical resources to handle new
problems. This ongoing, ampliative process of realizing a the-
ory's promise by constant exploration and refinement, Kuhn calls
paradigm articulation or normal science.

Normal science consists in the actualization of that prom-
Ise, an actualization achleved by extending the knowledge of
those facts that the paradigm displays as particularly re-
vealing, by increasing the extent of the match between those

facts and the paradigm's predictions, and by further articu-
lation of the paradigm itself (ibid., 23-4. Italics mine).

Kuhn claims his studles show sclentists usually do not ab-
stract from existing applications explicit rules for determining

further applications (ibid., 46). Instead they use previous
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achlievements as suggestive models of how to approaéh new prob-
lems. In so doing, they intentionally replicate the entire con-
ceptual structure of thelr theory in the new situation (Kuhn
1982, 566). Thus analogical reasoning based on paradigms natur-
ally leads to holism. "Sclentists...never learn concepts, lavs,
and theories 1In the abstract and by themselves. Instead, these
intellectual tools are from the start encountered in a histori-
cally and pedagogically prior unit that displays them with and
through their applications" (ibid., 46).

It 1s in his detalled account of how sclentists *extend,"
"increase" and thus "articulate" their paradigms without explicit
rules for qulidance that Kuhn evinces most clearly a distinction
between the concepts of (direct) comparabllity and commensura-
bility, and thus also comparability and incommensurability. He
gets this account by drawing a close analogy between his idea of
scilentific theories aé paradigms and wittgenstein's notlon of the

family resemblance concept.
2.1.2 Paradigms, Commensurabllity and Direct Comparability

Famously, Wittgensteln has pointed out that it ls often
impossible to f£find a set of common characteristics iqforming many
of our ordinary concepts. For example, when we search for a
determinate set of features common to all and only games, upon
careful scrutiny we find instead "a complicated network of simi-

larities overlapping and criss-crossing: sometimes overall simi-
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larities, sometimes similarities of detail" (wWwittgenstelin 1968,
§66). Thus we discover that some games are merely amusing, while
others are seriously competitive; some involve s8kill, but others
depend only on 1luck; some involve very strict rules, though
others are flexible and spontaneous; and still others contain
various combinations of these features; and so on. Because there
i1s no fixed set of similarities common to all games, but only a
growing (ibid., §68) family of resemblances connecting particular
instances, in learning the concept of game, examples (paradigms)
must play an essential, not simply illustrative role. "Here giv-
ing examples 1is not an indirect means of explaining--in default
of a better [e.g. 1like an explicit definitionl" (ibid., §71.
Italics In original). It follows that the extension of the con-
cept of gamé is, at any given time, "uncircumscribed" (ibid.,
8§70), since 1t 1s determined by nothing more basic than the par-
ticular games themselves.

Kuhn puts Wittgenstein's notion of family resemblance to
work in the following way. He says that scientists obtain new
applications "by the direct 1inspection of paradigms," (Kuhn
1970a, 44. 1Italics mine) and that these nev applications are
linked with each other and the original paradigms "“by (familyl
resemblance and (direct] modeling to one or another part of the
scientific corpus"™ (ibid., 45). Because a scientific paradigm
represents a more complex conceptual structure than the simpler
notion of a game, such paradigms might instead be called: family

resemblance conceptual systems.
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Etymologically, the term "paradigm" naturally lends i{tself
to a discussion‘of incommensurability, since it means "standard
of comparison.¥ Thus one would expect that the concepts and laws
of incommensurable theories would get thelir respective meanings
from incompatible "manipulative procedures and paradigm applica-
tions" (Kuhn 1970a, 142-3). But Kuﬂﬁ's account of paradigms also
has deep parallels with my discussion of comparability and com-
mensurability in chapter one. Thus because each newv application
employs the same basic set of common structural elements (i.e.
concepts) as its paradigms, each is in effect commensurable with
any other such application. Kuhn also recognizes that commensur-
ation itself rests on direct comparison. for each application 1is
‘obtained by a direct comparison with either the paradigms them-
selves or one of their current applications, which 1link them to
those paradigms by a "network of overlapping and crisscross re-
semblances" (ibid., 45). .

Like Wittgenstein, Kuhn argues that the similarities linking
the various applications themselves form no fixed, standard set;
so those similarities cannot provide an Iinterpretive standard
more basic than the paradigms (examples) themselves.

Though a discussion of some of the attributes Shared by a
number of ([exemplary solutions to problems) often helps us
[as a temporary heuristic] learn how to employ [the theoryl,
there is no set of characteristics that is simultaneously

applicable to all members of the class {of solutions] and to
them alone. (ibid., 45)
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In other words, because it cannot be known in advance which |
similarities will prove fruitful in extending a paradigm, no rule
can be abstracted from existing similarities that will determine
later extensions. So such similarities cannot determine scien-
tists in finding new applications; rather, scientists must obtain
new applications by finding fruitful similarities. Because the
network of similarities cannot play the role of an interpretive
standard, thn calls the resemblances between paradigms and ap-
plications “direct." Péradigms and applications, therefore, con-
stitute a primitive similarity set, since they are all similar to
each other, simpliciter. As just noteé, Kuhn clairs that such
unmediated patterning of new problems on 0ld solutions 1s basic
to the sclentific enterprise.

The practice of normal sclence depends on the ablility, ac-
quired from exemplars (paradigmsl, to group objects and
situations into similarity sets which are primitive in the
sense that the grouping 1is done without an answer to the
question, "Similar with respect to what?" (Kuhn 1970a, 200)

Kuhn provides several historical examples of what he means
by "direct modeling" (ibid., 47). For instance, Gallleo learned
to see a (point) pendulum's cycle as Iimportantly similar to the
seemingly very different situation of a ball rolling down one in-
cline and up another (ibid., 190). Galileo showed how, 1in both
cases, the moving objects could ideaily be seen as starting from
a certain height, passing through a 1lowest point, and returning

to their original elevation. Later, Huyghen's found an important
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analogy between Galileo's treatment of (imaginary) point pendula
and the behaviour of (real) extended ones. By construing a real
pendulum as a cluster of point pendula that could each swing in-
dependently upon release, Huyghehs wvas able to solve the problem
of finding a real pendulum's centre of oscillation (ibid., 190).
Daniel Bernoulli later adapted Huyghen's model to treat "the flow
of water from an orifice" (ibid., 196).‘ The only generalization
common to gach of these solutions is the "Principle of vis viva
...Actual descent equals potential descent" (ibid., 191). But
each situation--balls rolling down inclines, point and real pen-
dula, water flowing from an oiifice——does not at first glance
seem relevantly similar to any of-the others. And until Gallileo,
Huyghens and Bernoulli found specific ways to see these new cir-
cumstances as instances of "vis viva"--until they articulated
their concepts——they.could not apply the formal techniques of
their earllier applications to them (c.f. Kuhn 1977, 305).

Perhaps the most striking illustration Kuhn gives of direct
modélling and resemblance is the set of articulations developed
from a formal statement of Newton's second law. These extenslions
make his point in a particularly dramatic way since they show
that even formal generalizations, whose use supposedly involves
merely mechanlical manipulations, often redulre creative articu-
lation before they can be used for physical problems. Moreover,
the purely formal resemblances such articulations have with each
other and the orlginal equatlion is often hard to dliscern. For

example, the standard (since Gauss) expression of the second law
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is £ = nma. But that law can also be applied to such seemingly
distinct situations as: freely-falling bodies, where it takes the
form mg = m d3s/dt3; simple pendula, wvhere it becomes
mgsin @= mld*e/dt?; Iinteracting harmonic osclllators, where it is
expressed with two equations, one of wvhich is md*s./dt? + kis: =

ka(32 — 84 + d); "and for more complex situétions, such as the
gyroscope, 1t takes still other forms, the family‘resemblance of

wvhich to f=ma is still harder to discovei" (ibia., 189).
2.1.3 Direct Comparison of Competing Paradigms

For Kuhn, then, each scientiflc theory consists of a small
set of paradigms and an expanding set of applications derived
from them by %"direct modeling."’ These additional applications
are all indirectly related to each other but are directly related
to the set of paradigms: their common standards. ~ And because
that last relation is direct, there are no further standards more
basic to a scientific theory than its paradigms and articulations
(c.f. Kuhn 1970a, 11) .° It follows, therefore, on this model,
that scientific theories that employ different paradigms won't
share some common standards, and so will be (at least partly)
incommensurable.®

In chaﬁter one, I claimed that Iincompatible, yet incommen-
surable theorles were conceivable if it were possible to recog-
nize those theories' incompatibility by the direct comparison of

one theory with another. Such a direct recognition of incompati-
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bility would depend on being able to see, by directly comparing

how each whole theory used its set of referring terms, concepts
and laws, that those terms were often co-extensive and that their
respective theories said incompatible things about their common
domain. We have just seen how direct comparison works 1in prac-
tice within the scope of a paradigm. Still, though direct compa-
rison between and within paradigms are very much alike, they are
also importantly different.

On Kuhn's "gestalt" model, incommensurable theories can be
directly compared by finding palrs of siwmilar, but dlstinct con-
cepts (terms, laws, etc.) from each theory and displaying their
similarities and dlfferences by simply Juxtaposing them 1in a
"disciplined“.(xuhn 19774, 267) manner; For example, one could
display the similarities and differences between the Newtonian
concept of mass and 1its Einsteinian cbunterpart in the following
wvay.'> Newtonian mass equals the ratio of force to acceleration,
and is constant; (at 1lowv relative velocities) Einsteinian mass
also (roughly) equals the ratio of forée to acceleration, and is
also (roughly) consfant. Newtonian mass is a property of bodies
that is a measure of their inertia; Finsteinian mass is also a
property of bodies that 1is a measure of their inertia. By con-
trast: "Newtonlan mass 1s conserved; Elinstelnlan 1is convertible
with energy. Only at low relative velocities may the two be mea-
sured in the same way, and even then they must not be conceived

“to be the same" (Kuhn 1970a, 102).*
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Clearly, these comparative juxtapositions of the concepts of
incommensurable theories bear a strong ‘'family resemblance* to
Kuhn's 1dea of arranging paradigms and applications in a simila-
rity set. Nevertheless, there is an important difference between
the external and internal sorts of comparlsons. For while scien-
tists obtain solutions to their problems by direct modelling on
thelr paradigms, comparing Iincommensurable theories could not
serve that same function. This |is because. noting the similari-
ties and differences Iin the ways distinct paradigms determine
wvhat 1s true, is not in itself a way of determining wﬁat is true
(see ibid., 122-3); for no paradigms mediate that process. Nev-
ertheless, that external comparative_proceés can aid in determi-
ning which (if any) of two competing theories is more accurate or
promising by displaying each one's relative merits in its own
terms. ‘"That exhibit can be immensely persuaslive, even compel-
lingly so" (Kuhn 1970a, 94).

In summary, Kuhn's notion of a scientific paradigm performs
‘many of the same functions as the more traditional notion of a
universal generalization. Thus, just as on the'fraditional model
wvhere scientists deduce particular empirical consequénces from
their theories (generalizations), so too on Kuhn's approach sci-
entists obtain "concrete» achievements" by "direct modeling" on
their existing theories (paradigms). Where Kuhn's approach d4if-
fers from the more traditional one, however, is by making the
determination of theoretical content an historical process and by

permitting incommensurability. His account also differs in sig-
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nificantly reducing the sensitivity of theory to experiment.

still, as we shall see, because it does not completely eliminate
experimental corriqgibility, in the end Kuhn's view also makes ex-

perience the f£inal court of appeal for theories.

2.2 Felt Anomaly

As noted above, Kuhn's account 6f how a theory's concepts
and generalizations get their content from exemplary achlievements
(paradigms)Aby articulation is based on historical evidence of
the empirical and formal Iindeterminacy of scientific concepts.
Since articulation 1i1s (roughly) Kuhn's counterpart for the tradi-
tional notion of logical derlvation, and since the usual concept.
of theory falsification depends on that of logical derivation,
one may expect that Kuhn will also employ in his approach an
alternative notion to that of falsification. That alternative
notion is anomaly or anomalous experience (Kuhn 1970a, 77, 80,
146).

Anomalous experiences are similar to and different from fal-
sifying experiences in the following ways. First, just as on the
traditional logical model where a (genuinely) falsifying experi-
ence results in the rejection of a theory, anomalous experiences
also (often) result in Vthesry rejection (ibid., 146).!'* More-
over, Just as falslifylng experiences are of situations that are
different from that impllied by a theory, so too anomalous experi-

ences are of circumstances which fail to fit "paradigm-induced
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bexpectations" (ibid., 52-3). By contrast, however, while (genu-
inely) falsifying experlences always demand the rejection of the
theory which entails them, this is seldom the case for anomalous
experiences. An anomaly is, for Kuhn, only a failure of nature
to fit a theory 1In its current state of articulation; in other
wvords, it i1s a fallure pro tem. In support of his own concept,
Kuhn points out that historical and contemporary evidence show
that right from their very inception, all theories fail to fit
nature in many areas, and even in those places where they are
notably successful, the theory-nature match 1is often far from
perfect. Hence, if one accepted the traditional view that "any
and every fallure to £it were ground for theory rejection, ([this
would result 1in the paradoxical view that] all theories ought to
be rejected at all times" (ibid., 146) .

Usually, even the "most stubborn" anomalies a theory is con-
fronted with, prove to be resolvable by paradigm articulation,
the method of normal science (Kuhn 1970a, 81; see also Kuhn
1977b, 262). While such circumstances are recognizably incongru-
ous from the beginning, because their Import for the paradigm
cannot yet be known with any precision, Kuhn sometimes describes
them as "felt anomalies" (Kuhn 1977, 264). And just because of
that current unclarity of import, scientists often shelve such
problems to be readdressed by "a future generation with more
developed tools" (Kuhn 1970a, 84). Some historical examples of
felt anomalies that later proved to be resolvable by normal sci-

ence were the initial fallures of Newtonian mechanics to get a
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good value for the speed of sound in air; to give the actual
orbit of the moon; and to £ind a law'for the forces between elec-
trical charges (Kuhn 1970a, 33, 81; Kuhn 1977, 196-200). The
first problem was 1largely solved by Laplace (about 1815), the

second by Clairault (1750), and the third by Coulomb (1785).

2.3 Critical Anomaly and Crisis

While most (felt) anomalies prove to be resolvable by the
paradigm's (growing) resources, occasionally some prove to resist
the greatest efforts at articulation by that paradigm's best
practitioners (Kuhn 1970a, 5). When that happens, Kuhn says, (in
the area of the stubborn anomaly) the practice of normal sclience
becomes impossible and the "extraordinary science" which takes
its place, indicates a “crisls staté." Because it is the stub-
born anomaly's resistance to being "assimllable by paradigm arti-
culation" (ibid., 35) that provokes the crisis, I shall call such
anomallies ‘"critical." Historically, such "transitionis) from
normal to extraordinary research" share the following character-
istics: "the proliferation of competing articulations, the wil-
lingness to try anything, the expression of explicit discontent,
the recourse to philosophy and the debate over fundamentals..."
(Kuhn 1970a, 91. Italics mine).*

The process of normal science often generates "competing ar-
ticulations"--that is to say, alternative wvays of extending esta-

blished precedent. For example, Kuhn points out that the exten-
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sion of the caloric theory of heat, from situations involving
mixing and changes of state, to those involving chemical reac-
tions, fricfion and gas compression and absorption could have
taken place in different ways. And "many experiments were under-
taken to elaborate these various possibilities and to distinguish
between them" (ibid., 29).'® 1In a state of crisis, however, the
number of competing articulations "prolliferate" because no one of
them proves sufficiently successful to provide the new basis of
research in the problem area. Sclentlists become "willing to try
anything" because thelr previous exemplars no 1longer serve to
qguide research.

That new openness to alternative procedures even turns sci-
entists "to philosophical analysis as a device for unlocking the
riddles of their field"’(ibid., 88). Phiiosophical analysis can
sefve this purpose, Kuhn says, for two reasons: (1) the very pro-
cess of searching for assumptions can weaken the belief that only
those procedures sanctioned by the current paradigm(s) can re-
solve the 1issues; and, more deeply, (2) it can "expose the para-
digm to existing knowledge in ways that isolate the root of cri-
sis with a clarity wunattainable in the laboratory" (ibid., 88).
Since, for Kuhn, "existing knowledge" is embodled in all the ar-
ticulations a paradigm has undergone since 1its inception, what
philosbphicél analysis does on his model is to wuncover which ar-
ticulations ultimately come into conflict with their paradign.
Analysis achieves that result, Kuhn says, "by transforming felt

anomaly into concrete contradiction" (Kuhn 1977, 264). As exam-
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ples of just this notion of crisis-inspired philosophical analy-
sls, he cites the classical scientific "thought experiments" of-
Galileo, Einstein and Bohr, among others. As we shall see, one
intriquing outcome of Kuhn's approach is that thought experiments
are not purely conceptual in import, but also have empirical con-
sequences. But that should not be surprising if one recalls
Kuhn's arguments, discussed in chapter one, that cholice of con-
cepts is not theoretically, and thus also not empirically, neu-

tral.
2.4 Thought Experiment: Isolating the Root of Crisis

Kuhn says that, on the traditional philosophical understand-
ing of the scientific role of thought experiments, that "func—
tion...is to assist in the elimination of prior confusion by for-
cing the sclientist to recognlze contradictions that had been in-
herent in his way of thinking from the start" (Kuhn 1977, 242.
Italics mine).‘ In other words, on that traditional understand-
ing, scientists who originally formulate concepts that are later
shown to be problematic, iﬁitially make conceptual errors that
vere, even at their formulation, emlnently avoidable. The tradi-
tional view 1leads, Kuhn argues, to such implausible suggestions
as that Aristotle, one of the most brilliant 1logicians, made
extremely elementary conceptual errors (ibid., 253).

The discussion 1in section 2.1 of sclentific generallizations

suggests that one reason the traditional philosophical paradigm
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i1s driven to such implausible claims is that it pfesupposes that
concepts have fully determinate meanings at inception. But on
Kuhn's view scientific concepts acquire meaning over time by ar-
ticulation to novel, but relevant circumstances.  Thus depending |
on how the world 1is, that articulation could introduce applica-
tions that later come to conflict with earlier ones. The falsi-
fication of the empirical content embodied in the earllier usage
would then also reveal a conceptual conflict betwéen the earlier
and the later articulations. But 1f the world to which the sci-
entific concepts were articulated had turned out to be different,
then the empirical commitments they came to embody might not have
led to conflict. So for Kuhn the problematic concepts have no
"intrinsic defect"; they Just faill "to fit the full fine struc-
ture of the [actuall world" (Kuhn 1977b, 258).

Another, more subtle source 6£ the traditional viev's con-
strual of thought experiments is its presumption of commensura-
bility: its belief that all possible empirical theories are for-
mulable within a common system of strictly logical and non-logi-
cal concepts. Hence, on that received paradigm, the logical con-
tradictions revealed by thought experiments will be solely attri-
butable to a misapplication of the common logical apparatus at
A the time when the now problematic concepts were first formulated.
Which means, of course, that no empirical conclusions can be
drawn from the resolution of those contradictions.

Nevertheless, in opposition to the traditional view, much

philosophical, historical, and psychological evidence suggests
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both that concepts are seldom, if ever, completely determinate,
and that scientific theories are often incommensurable. Such
indeterminacy and incommensurabilitf imply therefore that the
- contradictions which often surface in periods of crisis need not
also have been present at the paradigm's inception. They also
suggest that those articulation-generated contradictions can
reveal the ways in which the system of concepts is (now) mal-
formed, and thus provide a hint to the resolution of those con-
tradictions (c.f. Kuhn 1977b, 264). That resolution will clearly
involve a reorientation of the previous paradigm's conceptual
relations, and so will create a completely new, hence incommen-
surable, conceptual system whose articulation will embody previ-
ously inaccessible empirical knowledge.

Kuhn's conception of thought experiments has a distinctly
"dialectical" character. Marx Wartofsky defines dlalectic as
"the destruction of an argument [thesis], or better yet, a uni-
versal proposition by an argument--by the discovery of a contra—
diction‘[antithesis] In the views of those who propound it" (War-
tofsky 1977, 13). That destruction however often has a "con-
structive consequence"™ or "synthesis"; it often pinpoints the
problematic commitments of the thesis thus showing how to con-
struct "“alternatives to the falled premises" (ibid., 14). Simi-
larly, Kuhn says that the famous (dlalectical) thought experi-
ments of "Galiléo, Einstein,. Bohr and others" (Kuhn 1970a, 88)
not only "“transformed felt anomaly into concrete contradiction";

they simultaneously "provided the clues to set the situation
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right" (Kuhn 1977b, 264). As we shall see in chapter three,
thought experiments also prove that the new "synthesis"™ must be
incommensurable with the previous "thesis."

In order both to 1llustrate the concept of a thought experi-
ment and to expiicate Kuhn's account of them, I shall now glve a
brief analysis of two typical members of this class: Plaget's vo-

lume conservation and Gallleo's velocity thought experiments.tc
- 2.4.1 A Plagetian Thought Experiment: Volume Conservation

In the Piagetian experiment, typically a young child (four
to five years o0ld)*? will claim that there is more water in a
tall, narrow glass than 1in a short, wide glass--even though the
child knows that both glasses have been filled with water poured
from two, 1dentical receptacles . with equal levels of water in
them, and whose volumes he originally pronounced equal. What is
even more surprising than the child's initial response is that at
this stage it is normally impossible to convince him that he has
made a mistake. Thus, when one pours the water back into the
original vessels, where the water levels are once again apparent-
ly equal, the child then readily agrees that both vessels now
‘have the same volume. Clearly, at this stage, the child's cri-
terion of comparative volume for liquids is something like rela-
tive height.'®

A short time (about a year) later, however, while our typi-

cal child will, when confronted by the same situation, once again
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claim that the tall, narrow glass has more water in it, he now
dimly recognizes that his reply is anomalous. And when he is
still older, he immediately claims that both the tall, narrow and
the short, wide glasses have equal volumes of water in them. Ob-
viously, something has happened to the child in the interim be-
tween the first and later trials to change his perception of the
experimental situation. That 1is, it 1is clear that somewhere
along the way, the child has acquired the concept that liquid
volumes do not change merely through transference from one vessel
to another. Plaget's thought-experimental situation is perfectly
designed to force a conflict between the child's original notion
and that later development. Here 1is one plausible Kuhnlian recon-
struction of the child's progress.

Initially, our typiéal child probably learned the concept of
relative volume in simple situations where the vessels were of
quite similar size and shape. In other words, the child's origi-
nal "paradigms" of. relative volume likely only took into account
circumstances in which vessel shape and size were roughly identi-
cal. It is quite easy to see how those paradigms could then have
been "articulated" to develop the related concept of volume con-
servation through 1liquid fransference. For the child would al-
most certainly also have acquired that extension of his original
paradigm in familiar situatlons where the vessels were of quite
similar size and shape. Notice that, on Kuhn's view, the articu-
lated paradigm will not yet embody a contradictlion; for the arti-

culation has not yet itself been extended to situations where
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volume transference takes place between vessels of different si-
zes and shapes. Moreover, Kuhn wants to argue that Veven after
such a further extension of the originél paradigm, the child's
"conceptual apparatus" still does not yet contain a contradic-
“tion. That is because life néed never present a child with the
more tricky situation contrived by Plaget, and because it also
seems unreasonable to demand that when his concepts were formula-
ted he must have_had such situations in mind (c.f. Kuhn 1977b,
254). In other words, it seems utterly "Plckwickian" (Kuhn
19774, 288) to imagine that, when forming concepts, they be de-
signed to "be applicable to any and every situaéion that might
conceivably arlse in any possible world" (Kuhn 1977b, 254).

Nevertheless, this world apparently does often present chil-
dren with Plaget's sorts of anomalous circumstances, for they
invariably go on to form the more sophlisticated adult notion of
relative volume. In fact, at a certain age the Piagetian experi-
mental situation can itself be used to achieve that end.!'? once
the child recognizes that transferring liquids in such circum-
stances doesn't change their volume, but that hils paradigm of
relative height says that the comparative volumes have changed,
he is forced to re-evaluate the relative importance of his origi-
nal paradigm ‘and its later articulations. Often now the conser-
vation criterion takes pride of place, and that of relative
height becomes subordinate.?* This conceptual reorganization is
therefore a revolution; for even those situations adequately

handled by the previous paradigm are now construed quite differ-
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ently. Thus because the thought experiment transforms the ways
in which ‘Yexisting [empiricall] knowledge"™ about such situations

is seen, it therefore also gives new empirical information.
2.4.2 Galileo's Thought Experiment: Total Motion and Acceleration

In the following thought experimental situation, Galileo
shows that an-articulated form of Aristotle's concept of velocity
leads to contradictions. Aristotle treated the notion of change
of place, to which the term "motion" is now usually restricted,
on analogy with qualitative changes of state 1like healing or
burning (Physics, Bk. V): thus he says that "“every change is from
something to something--as the word 1itself metabole indicates"
(Physics, Bk V, 224b35-225al; Kuhn 1977b, 246). That choice of
definition leads Aristotle to make an emplirical commitment: he
makes essential use of the beginning and terminal points of a
change of place to determine the guantity and speed of that mo-
tioh. For example, he claims that "The quicker of two things
traverses a greater magnitude in an equal time, an equal magni-
tude in 1less time, and a greater magnitude in less time" (ibid.,
232a25-7).

Aristotle's notion of velocity 1is thus very much 1like the
modern concept of average veloclty; however, it is not identical
with the modern concept because it embodies no distinction be-
tween average and instantaneous velocity. The latter concept,

since Galileo, has been seen to be necessary to deal with conti-



84
nuously-varying motions or accelerations. In fact, because he
doesn't recognize the modern distinctions,’Aristotle formulates
physical laws 1like the following: "If, then, A the movent have
moved B [the thing moved] a [totall]l distance C in a [totall time
D, then 1in the same time the same force A will move 1/2 B twice
the distance C, and in 1/2 D it will move 1/2 B the whole dis-
tance C: for thus the rules of proportion will be preserved"
(ibid., 249b30-250a4; Kuhn 1977, 256). Such a law, wvhile it
seems initially peculiar from the standpoint of Newtonlan phy-
sics, is in fact perfectly adequate for those  situations that do
not involve acceleration.?

While Aristotle was largely unawvare of situations involving
accelerations, he occasionally dimly recognized the presence of
changing motions. For example, when he distinguishes "natural"
-or unforced from "violent" or forced motions, Arlstotle mékes no
mention of their endpoints: "But wvhereas the velocity of that
which comes to a standstill seems always to increase, the veloci-
ty of that which 1is carried violently seems always to decrease™
(Physics, 230b23-5; Kuhn 1977, 247). In other words, Aristotle
seems able to compare velocities without his standard criteria.
Nevertheless, as the need for the Galilean thought experiment
later showed, he probably presumed that eventually such motions
could be assimilated by his motion-as-change-of-state paradigm.

Before Galileo could convict the Aristotelian concept of in—
adequacy, however, that -concept first had to be further articula-

ted so that it could begin to formulate more precisely situations
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involving continuously-changing motions. That articulation wvas
achieved by the impetus theorists of the middle ages through
their notion of latitude of forms. That notion allowed a dis-
tinction between the "total" velocity of a motion and the "“inten-
sity" of a velocity at any point during that motion (Kuhn 1977,
247). VWhile this neo-Aristotelian distinction 1s clearly a lot
closer to the post-Galilean one, as Kuhn points out, it still
requires that the distances and times ("extenslons"™) of the com-
pared motions are equal. It 1s Just this articulation of the
original Aristotelian paradigm that Galileo shows 1leads to con-
tradictions in the thought-experimental situation he contrives in
his Dialogue Concerning the Two Chief World Systems.

In that fictitious dialogqe, Galileo asks two Aristotellans
to imagine a situation in which two bodies slide without friction
down two planes (CB and CA) from a -common point (C). (Note that

CA is significantly longexr than CA so that the extensions of the

two motions are not equal.)

Fig. 2
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Gallleo flrst asks his Aristotelian opponents to agree that
wvhen the objects slide down CB and CA and reach their respective
termlni,bthey will have the same impetus or intensity of motion:
in other words, they will have acquired sufficient velocity to
return them to thelr common starting point, C. He then asks then
which of the two bodies is the faster. Their first (natural) re-
sponse is to say that the object sliding down CB 1is faster: it
gets to its terminus in less time and has greater apparent veloc-
ity along the way. Nevertheless, that response seems incompati-
ble with the articulated criterion of the impetus theorists; for
that criterion says that since both bodies started with the same
initial velocity (at rest) and ended with the same final velocl-
ty, their mean speed must be the same.

Gallleo then suggests thaf the problem arises from trying to
compare two motlons with different spatlal extenslons. 8o the
solution to the Aristotelian dilemma wmight be to choose equal
extensions, say, by only requiring the body on the inclined plane
to travel a distance CB, Unfortunately, this only worsens the
problem. Thus, it turns out that, depending on where one lays
out the 1length CB on the plane CA, the Aristotelian criterion
permits the velocity on the incline to be at once slower, faster,
and the same. For example, if the 1length CB 1is measured on CA
from C, the vertically moving body will reach 1its terminus in
less time; if that length 1s measured up from the point A, then
the body on CA will reach its terminus first; and if that length

begins at some well-chosen point along CA between C and A, both
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bodies will reach their termini at the same time. Thus the ap-

plication of the articulatedvAristotelian concept to a comparison .
of the velocity of accelerating bodies results 1nbcontrad1ction.

| Galileo used this thought experiment to bifurcéte the older
Aristotellian notion into the modern kinematic concepts of 1nstén—
taneous and average velocity. In Galileo's reformulation, the
concept of instantaneous velocity is the more basic since it can
compare both constant and changing speeds. Thus after Galileo's
conceptual revolution, the concept of instantaneous velocity
becomes the paradigm, and Arlistotle's "qualitative change" notion

is transformed into the modern concept of average velocity.

2.5 Morals

In this chapter I have tried. to show that Kuhn's account
does no great violence to traditional sclentific values. Thus
his version of how paradigms give meaning to scientific concepts
does not make theories completely immune to emplrical evidence;
nor, therefore, does it make them rationally incomparable. For
vhen an experimental anomaly becomes 'critical, the new theory
vhich "renders the anomaly 1lawvlike" (Kuhn 1970a, 97) by concep-
tual revolution can be seen to be a better theory than the one it
supplants--even though the two theories employ different con-
cepts. For example, even though Dalton's new chemical theory em-
ployed different concepts from Berthollet's affinity theory, no

common concepts were required to show that Dalton's view wvas
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better. Chemists were able to see directly that Dalton's con-
ceéts dealt with chemical phenomena in a better manner than Ber-
thollet's because, among other things, those concepts avoided
Berthollet's anomalous conflation of seemingly-distinct substan-
ces.

It is often difficult to convince those who strongly associ-
ate particular formulations of some subject with that subject it-
self that when one challenges those formulations, he is not
thereby necessarlily challenging fhe basic inteqgrity of that sub-
Ject. For example, because ethics is, for many, lnextricably
assoclated with the idea of God, denials of God's existence often
lead those people to exclaim that "if Godtis dead, everything is
permitted" (Dostoyevsky, The Brothers Karamazov). Sinilarly, in
the philosophy of science, some philosophefs conclude, whether 1in
alarm (e.g. Scheffler) or glee (e.g. Feyerabend), that {f tradi-
tional, formal canons of rationality don't apply to science, then
"anything goes" (Feyerabend 1975, 23-8). But that conclusion
doesn't follow anymore than the previous one. Thus just as So-
crates showed (in the Euthyphro) that the concepts of ethics and
God must be dissociated to avold contradiction, so too, I have
argued in this chapter, must the concepts of emplrical rational-
ity be defeased from formal accounts of them to avoid making out
as irrational our epitome of rationality, science.

Finally, incommensurabllity should not be seen as "methodo-
logically undesirable" but as a fact of life. Anyone who has

taken part in “pointless" political, scientific or religious
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debates knows that incommensurability 1is not a problem to be
wished awvay but one needing serious philosophical attention. But
any methodology that suggests such antagonists really share a
common viewpoint cannot help but make an opponent who dilsagrees
about everything - seem just plain stupid. It follows that tradi-
tional epistemology is lnadequate to the problem of incommensura-
bility; for it naturally conflates (Carnap: "external") questions
about which standards should govern a subject with ("internal")
questions about that subject under a particular standard. This
falling suggests that if Instead "particlpants in incommensurable
points of view" are alert to the "fundamental" nature of their
débate, that both comprehension and rational resolﬁtion of thelr

conflict mnay be possible.
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Notes'

1. This does not mean no palr of theories could be formalized--
i.e. written out in logical notation, but only that such formali-
zation, if achieved, would be misleading because implying that
certaln of the theories' concepts were absolutely nonlogical.

2. A generalization would be (largely) formal in content, for ex-
ample, 1f it functioned (more) as a definition or rule determin-
ing relations among its constituent concepts than as an empiri-
cally-testable law. (I have placed "largely" and "more" in par-
entheses to accommodate Kuhn's belief, discussed 1in chapter one
(see §1.1.1), that even definitions are not fully either logical-
ly or empirically neutral.)

3. As ve shall see In sectlon 2.2, that scientists strive to make
thelir generallzations come out true does not make their theories
empirically incorrigible or tautologically true (see Lodynski

1982, 98). For occasionally "a normal problem...resists the
reiterated onslaught of the ablest members of the group within
wvhose competence it falls"™ (Kuhn 1970a, 5). Such failures of

expectation then "lead the profession at 1last to a new set of
commitments" (ibid., 6).

4. For example, two hundred years after Newton published the
Principia, the physicist Ernst Mach voiced a common (if histo-
rically inaccurate) sentiment when he claimed that Newton "com-
pleted the formal enunciation of the mechanlical princliples now
generally accepted. Since his time no essentially new principle
has been stated" (Encyclopedia of Phil. s.v. "Newtonlan Mechanics
and Mechanical Explanation"). '

5. Kuhn does not belleve, howvever, that because Newton's Prin-
cipla d1d not 1in fact always glve a clear plicture of every slitua-
tion that later seemed relevant, that the Principia was poorly
thought out or that 1its concepts were, iIn any realistic sense,
imprecise. Just the opposite. He says that "no other work known
to the history of science has simultaneously permitted so large
an increase in both the scope and precision of research" (Kuhn
1970a, 30). ‘

6. In another paper, "Second Thoughts on Paradigms" (Kuhn 1977c),
Kuhn describes Bernoulli's achievement in more detalil.
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Determine the descent of the center of gravity of the water
in tank and jet during an Iinfinitesimal interval of time.
Next imagine that each particle of water afterwards moves
separately upward to the maximum height obtalnable with the
velocity it possessed at the end of the interval of descent.
The ascent of the center of gravity of the separate parti-
cles must then equal the descent of the center of gravity of
the water in tank and Jet. From that view of the problen,

the 1long-sought speed of efflux followed at once. (Kuhn
1977a, 306).

While the resemblance of Bernoulll's application to Huy-
ghen's can be Iimmediately recognized--once Bernoulli has drawn
our attention to them as a possible construal--there seem no ob-
vious "more basic" rules he could have used to get his result;
moreover, any of the other attempts he made or could have made
before this one in fact succeeded, could also have been compati-
ble with Huyghen's model and could also have proved successful.

7. This is not Kuhn's complete view. Thus he consliders paradigms
to be only a part of what he calls the total "dlisciplinary ma-
trix" which includes such other elements as: symbollc generallza-
tions, beliefs 1in particular models, and shared values (Kuhn
1970a, 181-7). Nevertheless, Kuhn <claims that the 1idea of
achieving concrete problem solutions by direct resemblance is
"the most novel" and "philosophically...deepest" aspect of his
view (ibid., 175, 187).

8. Kuhn says here that "...the concrete sclientific achievement
[is] a fundamental unit...a unit that cannot be fully reduced to
logically atomic components which might function in its stead."

9. Also, since certain "professional subspecialties"™ make dif-
ferent uses of the same paradigms--like physicists and chemlists
in quantum mechanics--the paradigm "is not the same paradigm for
them all" (Kuhn 1970a, 50). Hence, at the point where their ap-
plications diverge, those subspecialties could also be sald to be
incommensurable, though not usually also incompatible.

10. Recall that Kuhn says: "From the viewpoint of thls essay [(New-
tonian and Eilnsteinian dynamics] are fundamentally incompatible
(L.e. logically incompatible and incommensurable) 1in the sense
illustrated by the relation of [Bertholletlan to Proustian chem-
istryl: Einstein's theory can be accepted only with the recogni-
tion that Newton's was wrong" (Kuhn 1970a, 98).
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11. Kuhn's critics often complain that his examples don't show
that Einstein and Newton had different concepts of mass; instead
those examples show merely that they had different theories of
mass (e.g. Musgrave 1978, p339). As we sav in chapter one, how-
ever, Kuhn believes that for such cases one cannot draw a sharp
distinction between theoretical and conceptual differences.

here would be a purely theoretical difference only 1f both theo-
ries vere: agreed on vwhich things had mass and howv to measure
that mass; but disagreed on properties of that mass that both
recognized as conceptually possible.

12, T include "“genulnely" in parentheses to exclude the idea of
falsification of "auxilliary hypotheses." This 1latter 1idea,
motivated by the work of Pierre Duhem, is similar to Kuhn's no-
tions of anomaly in articulation. It differs from (my recon-
struction of) Kuhn's position in imnplying that a theory's auxil-
liary hypotheses are independent of the theory. But .for Kuhn,
choosing a theory's articulations help to interpret it.

13. It would be mistaken here to conclude that Kuhn's account
confuses the mere fact that sclentific theorles are often very
resistant to falsification with normative, logical criteria that
those theories should attempt to meet (e.g. Lakatos 1970, 177;
c.f. Kuhn, 1970b, 233, 235-7). For example, it would be a misun-
derstanding of Kuhn's position to suggest that scientists who
behave in the way he describes, dishonestly endulge in "conven-

tionalist strategems" (Popper 1968, 37) or "ad hoc rescues"
(Giere 1984, 163-4) to protect their theories from their real
consequences. Those rejolnders to Kuhn would be moot only if

scientific concepts were (or could be) actually determinate prior
to their application to unforseen, but relevant, circumstances.
For only thus could logical criteria be identified with norms of
scientific reasoning. Since, as we have seen, Kuhn argues that
scientific concepts are seldom, if ever, determinate in advance,
he rejects the view that logical criteria can serve that norma-
tive role. Hence, for Kuhn, the response of scientists to anoma-
lous situations often shows that in such cases the application of
their paradigms are not yet determinate; it does not imply that
their application is all too c¢lear, and that, therefore, the
scientists in question are 1lacking in intellectual courage or
honesty.

14. Incidentally, Jjust because, as 1s obvious, the states of cri-
sis Kuhn describes have an irredeemably-psychological aspect to
them, it should not be inferred that the concept of <crisis can
have no epistemological import. Recall that for Kuhn the process
by which paradigms are articulated and, therefore, by which know-
ledge is acquired, is wultimately based on the unmediated judge-
ments of those paradigm's practitioners. Hence, a breakdown in
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that process, 1is a breakdown in the normal epistemological pro-
cess: hence, such crlises are epistemological crises.

15. Another possible example of the need to choose among compet-
ing articulations of the same paradigm 1is Newton's particulate
and Huyghen's wave theories of 1ight. Thus while the light-par-
ticle version of the original Principian-mechanical paradigm to
the behaviour of light was perhaps more natural, the more accu-
rate wave theory was also seen as an articulation of the Princip-
ia. Thomas Young's twin-slit experiments were instrumental in
choosing the wave theory over the particle model (Mason 1962,
468-70). Of course, as Kuhn notes, from the more restricted
point of view of the predecessor particle-optics (sub) paradigm,
wave theory was quite revolutionary (Kuhn 1970a, 86).

16. By "Piaget," I am referring to the famous Swiss child psycho-
logist and "genetic epistemologist," Jean Plaget. 1 came across
this Piagetian thought experiment through my wife and have tried
it out several times with young children, always with Piaget's
results. My discussion of the Galilean thought experiment is
based on that in Kuhn's paper "A Function for Thought Experi-
ments" (Kuhn 1977b, 240-65). There Kuhn cautions that not all
those things termed "thought experiments" in the history of sci-
ence have the same features as the ones to be discussed; still,
they are "typical of an important class" (ibid., 241).

17. pPlaget's stages of conceptual development are most commonly--
though not necessarlly--assoclated with certaln age groupsa.

18. This formulation of the child's criterion is perhaps mislead-
ing because it implies a dilstinction between volume and height
that the child himself apparently cannot yet recognize.

19. When my nlece was about four years old, she did not yet even
dimly recognize an anomaly when my wife confronted her with the
Piagetian situation. My wife then made several Iinteresting per-
mutations on Piaget's original format: she switched the water for
cream soda, put significantly more cream soda in the first of the
two similar vessels, and then poured them into two other vessels
that had greatly different diameters. In that situation, my puz-
zled niece <claimed both that the narrower vessel had more cream
soda In it than the wider one, and that nevertheless she would
rather have the cream soda in the wider vessel.

20. Because now restricted to situatlions where other volumetric
factors like cross-sectlional area are held fixed.
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21. For example, if we restrict our attention to those situations
in which the body B (of mass m) undergoes an impulse (a force
having a limited duration) I = Ft (= mv(t) - mve), and wve assume
that friction plays no essential role, Newtonian mechanics will
yield something llke Aristotle's law. That is, 1in such circum-
stances, the momentum p = mv will be a constant; so, for example,
vhen m = 1/2B, the average velocity will double and B will travel
twice the 1initial distance C in the same time, just as Aristotle
claims. :



Chapter 3

Proving Kuhnian Incommensurability: A Case Study

3.0 Introduction

Ian Hacking claims Kuhn's concept of incommensurable scien-
tific theories isn't nearly so precise as the original mathemati-
cal notion of incommensurable geometrical magnitudes. "[Philoso-
phers like Kuhn)] are thinking of comparing scientific theories,"
he says, "but of course theré could be no exact measure for that
purposé" (Hacking 1983, 67. 1Italics in original). Nevertheless,
in this chapter, I want to use a discussion of the historical

discovery of the incommensurability of the side and diameter (or:

diagonal) of the square, based on Kuhn's account of so-called

"thought experiments," to obtain a more general notion of incom-
mensurabllity that is quite rigorously provable for successive
scientific theories.

While it turns out that proofs of incommensurability between
such theories can themselves be formulated quite rigorously, be-
cause they ultimately depend upon accepting certain plausible.ar-
ticulations as definitive of the old paradigm, conceptual inde-
terminacy means that the exact import of\those proofs for that
paradigm oftén turns out to be partly ambiguous. However, sincg
it also turns out that the precise significance of the proof of
mathematical incommensurability was simlilarly open to lnterpreta-

tion, the version for theories need not suffer by comparison.

75"
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My strategy in this chapter is to use the analytic concepts
diséussed in chapter tvo toﬂéortray the Pythagorean discovery of
incommensurability as a Kuhnlan process of normal and revolution-
ary science. 1In particular, I describe the original proof of in-
commensurability as a thought experiment that directly compares
the Pythagorean notion of arithmos (roughly: natural number) with
an articulated notion of geometrical magnitude. It turns out
that the successor Euclidean mathematical tradition took this
concept of geometrical magnitude to be the more basic notlon and-
treated that of arithmos as its "special case." Hence, because
the Pythagorean and Euclidean traditions in effect employed dif-
ferent concepts as their standards, iIn my articulation of the

Kuhnian notion, those traditlions are incommensurable.
3.2 The Pythagorean Paradigms

The exact origins of the Pythagorean school of mathemati-
cians are hard to determine with any precision. Pythagoras (ca.
580-500 B.C.), himself, is a somewhat legendary figure who likely
learned his first mathematics 1in visits to Egypt and Babylonla
(Boyér 1968, 50). Probably, as 1is recorded by later authors,
wvhen he returned to the Greek dominions, Pythagoras established,
in the southeast of Italy, the school of ’mysticism and mathemat-
ics named after him (ibid., 52). Some central beliefs of his

school, which we no 1longer strongly associate with mathematics,
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were political conservatism; transmigration of souls; vegetaria-
nism; and the shunning of beans or lentils (ibid., 53).

Much later (ca. 384-322 B.C.), Aristotle was to express the
fundamental tenet of the Pythagqorean school with the generaliza-
tion, "aAll things are (or partake of) number" {Metaphysics 1.5,
985b23ff in Knorr 1975, 22). Of course, as I argued in chapter
two, such formulations should often be understood as programmatic
paradigms, rather than as already-completed generalizations (sec.
2.1.1). Thus to understand the content of that Pythagorean law,
it i1s necessary to see in which way it was originally applied,
and how those paradigms came to be further articulated, a process
that eventually culminated in the thought experiment which poin—
ted the way to the new, Euclidean method of doing mathematics.!®

To grasp the full significance of that thought experiment,
however, it 1s important to realize that the Pythagoreans nmeant
~entirely by "number" (Greek: arithmos) whét ve Should now consli-
der to be merely natural numbers or positive integers; in partic-
ular, it is critical to note that the Pythagoreans had no notion
of rational number, only that of ratios or pairs of lntegers. 1In
fact, modern distinctions 1like rational, algebraic, irrational
and real number only arose as a (much later) consequence of the
proof of incommensurablility (Knorr 1975, 9).2 In essence, what
the Pythagorean paradigm expressed was the belief that the true
natures of all things--whether practical, theoretical or geomet—
rical--could be captured entirely 1in terms of the properties of

natural numbers or their ratios (Boyer 1968, 79). It seems that
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the Pythagoreans were origlinally greatly impressed by such facts
as that the apparently qualitive musical harmonies can be con-
pletely expreésed with sequences of palrs of integers; and that
the relative lengths of the sides of many right triangles can be
captured entirely by such ¢triples of integers as 3 : 4 : 5 and
5 : 12 : 13 (Popper 1968, 76; see also von Fritz 1945,2245—6).

One can get a perhaps deeper insight into the Pythagoreans'
vorld view by noting that, for them, an even more fundamental
category than number was the distinction bétween odd and even.
Thus Aristotle says that the Pythagoreans took the "elements of
number to be the elements of all things...and the elements of
nunber to be the o044 and the even" (Knorr 1975, 134; Afistotle,'
Metaphysics 986a 17). 1In fact, one group of Pythagoreans evinced
that basic distinction in the following so-called "Table of Con-

trarlies":

ONE MANY

ODD EVEN

MALE FEMALE

REST (BEING) CHANGE (BECOMING)
SQUARE OBLONG

STRAIGHT CROOKED

RIGHT LEFT

LIGHT DARKNESS

GOOD. BAD

(from Popper 1968, 78)

The Pythagorean belief that number is the ground of all in-

dividuation resulted in their describing numerically even what we
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should novw regard as nonmetrical intangibles: masculinity, femi-

ninity, marriage, harmony, justice, creation, etc. For example,

they

claimed that

...the number one is the generator of numbers and [thus] the
number of reason (Greek: ratiol; the number two is the first
even or female number, the number of opinion; three is the
first true wmale number, the number of harmony, being com-
posed of unity and diversity; four is the number of justice
"or retribution, indicating the squaring of accounts; five is
the number of marriage, the union of the first true male and

female numbers; and six 1s the number of creation (Boyer
1968, 57).

As I noted in chapter two, Kuhn claims that often at the

beginning of a new paradigm programme, its adherents are aware of

certain situations that are apparently anomalous for that para-

digm.

In other words, they dimly feel that such situations do

not have quite the characteristics their paradigm would lead them

to expect. Many times, it 1is true, in the course of normal sci-

ence,

such anomalies prove to be resolvable with expanding re-

sources. But with the benefit of historical hindsight, we can

say that, for the Pythagoreans, the fe€lt anomaly that eventually

proved critical was "the computational anomaly posed by such

guantitles as v2" (Knorr 1875, 4). 1In fact, many previous mathe-

matical traditions had also recognized that such quantities could

seemingly only be represented as a successive series of approxi-

‘mating ratios, and not, for example, by a single palr of integers

(ibia., 4).°
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3.3 Dot-Dilagramme Articulations of the Pythagorean Paradigm

While the Pythagoreans believed that the essence of all
things were numbers and thelir ratios, this did not mean that all
they studied directly was arithmetic. In fact, they did much
geometry as well. But élways, geometrical problemé wvere studied
as "analytic instrument(s]" for thelr more fundamental aim of
extending the application of their numerical paradiqmv(Knorr
1975, 132). The Pythagoreans were able to hodk up their number
theory with geometry using a.pebble (Greek: psephos) or dot-dia-
gramme method of representation (ibid., 135ff; Popper 1968, 76-
9).

For fhe Pythagoreans and other ancients, the notion of the
unit was "polint without position" (Knorr 1975, 136). It follows
on analogy with that picture, therefore, that one might introduce
numbers into figures by giving them a "position." Now the Greeks
had long used pebbles (psephoi, Latin: calculi) for such various
activities as playing board games and counting votes. In fact,
Plato often drew analogies between playing those games and doing
mathematics (ibid., 137; Plato Gorgias 450CD; Laws 819D-820D).
And the best evidence 1s that the Pythagoreans also worked out
thelr arithmetic theorems with the help of pebbles to give thelr
units position. Knorr argues, based on Euclidean definitions,
that the Pythagoreans represented even numbers by a row of peb-
bles separated by a larger space; and odd numbers as even numbers

with a single pebble in that space.
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For example

0--0--0--0--0--0 / 0--0--0--0~=0--0

. Fig. 3

represents twelve (where the "/" marks the larger space between
the pebbles, "o"). The odd number thirteen is therefore repre-

sented in this notation as follows (Knorr 1975, 140).

0--0~-0--0--0--0 / 0 / 0--0--0--0--0--0

Fig. 4

Knorr illustrates how it 1Is posslible with this primitive
notation to prove many arithmetical theorems; for example, that
the sum of any number of even integers is also even; and that the
square of an even integer is even (ibid., 140-2).4 The Pythago-
reané also found that they could represent geometrical shapes and
figures with pebble-numbers. These are the so-called "flgured
numbers," the most basic of which are the triangqular, square, and
oblong or heteromecic numbers. The following figure illustrates
triangular numbers.

0 Fig. 5

,(\ The seventh triangular number, 28,
‘ﬁpo o, as represented by the neo-Pytha-
o] o’o\o‘ gorean, Iamblichus (ibid., 146)

ddooo

0 0-0-0-0
d-0-0-0-0-0-0
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In Iamblichus' way of ordering this figure's constituent
numbers, we begin with a sihéle .stone at the centre,'and then
build up the figure by adding around that stone, first two
stones, then three, then four, and so 6n until we reach the sev-
enth step, and add seven stones. Thus the triangular numbers are
3, 6, 10, 15, 21, 28, and so on. The figuréd number.that one
must add in each case to get the next triangular number is called
its gnomon (Knorr 1975; 143).5 For the triangle, these gnomohs
are therefore 2, 3, 4, 5, 6, 7, ....
The following figure is'a representation of the fifth square

number, twenty-five.

o
3 Fig. 6
o)
0

The series of square numbers are thus (as we might expect):
4, 9, 16, 25, ... and the gnomons are 3, 5, 7, 9, .... The thira
main type of figured number is the oblong or heteromecic number.
whose representation is indicated by the following diagramme of

the fourth such number, thirfy.
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The series of oblong numbers are thus: 6, 12, 20, 30, ...
and the gnomons are 6, 8, 10, ....

By comparing the triangular with the square and oblong num-
bers, one can see (allowing the unit to be a number) that square
numbers are the sum of consecutive triangular numbers, and that
oblong numbers are the -dduble of triangular numbers. One can
also portray these results in pebble notation (Knorr 1975, 150.
Note, this 1is not TIamblichus' pattern, but an alternative one

given by Nichomachus).

Fig. 8

There is a certain symmefry to the representation of geome-
t;ical figures with numbers. Thus, if numbers can be used to
represent geometrical magnitudes, then, symmetrically, those mag-
nitudes may also be used to represent numbers. So, for example,
one can postulate minimal, indivisible line segments, squares, or
cubes to correspond to the integral unit. Now, 1f we look at
figure 6, we notice that the rectangular figure delineated by
those dots also divides into two equal triangles, when a diameter
line i1s drawn. On the other hand, as 1s revealed by flgure 7,
while the ‘pebble—methodology does show that the square is com-
posed of two triangles, because they are successive, their trian-
gular numbers are different. By contrast, the geometric square

divides along the diameter into two equal (isoceles) triangular
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figures. Interestingly, with respect to the discussion lﬁ chap-
ter two of articulatioﬁ and family resemblance, the Pythagoreans
vere aware of this "disparitl(y]), but [soughtl in thelr presenta-
tions to exploit the 11lkenesses, rather than the differences"

(Knorr 1975, 174. Italics mine).
3.4 Rules for Finding Pythagorean Triples

Knorr also shows how 1t i1s possible to capture many other
aspects of geometrical figures in this pebble-methodology, inclu-
ding a fprmula for genérating an infinite number of the so-called
Pythagorean triples. As mentioned above (p4), the fact that tri-
ples of 1ntegers could completely represent the relative lengths
of the pérts of some right triangles had deeply impressed the
early Pythagoreans. Knorr uses their pebble-methodology to char-
acterize the propertiés of such triples in terms of the fundamen-
tal categories odd and even (ibid., 158-60). The following are
the most relevant theorems. Note here that "C" names the largest
number, hence that of the hypotenuse, and "A" and "B" name leg
numbers.

I. Given the Pythagorean triple A, B, C, if two of the
terms are even, the third is also even (Knorr 1975, .158).

I1. If in a given Pythagorean triple...C is even, then all
three terms are even (ibid., 158).

III. Given a Pythagorean triple A, B, C, if one of the terms
is odd, then...C is odd, and of the numbers A and B, one is
odd and the other even (ibid., 159).



105

As mentioned above (p9), the fact that integral numbgrs and
their ratios could represent. geometrical figures, meant that
those represented fiqures could also stand for numbers. of
course; the Pythagoreans believed that this symmetry was Qniy
partial because numbers could also be used to represent other
things thén geometrical figures; Neverthelesé, since these geo-
metrical figures could go proxy for numbers in geometrical prob-
lens, cases in vhich a general geometrical pattern was discovered

could be used to set a problem for the arithmetic paradigm.
3.5 An Arithmetic and Geometric Version of Pythagoras' Theorem

Knorr shows how an articulation of the pebble-methodoloéy to
squaré and oblong figures could lead first to a general arithmet-
ic formula relating Pythagorean triples of integers, and then to
a still more general geometric formula relating the sides of
right triangles to thelr hypotenuses (Knorr 1975, 175—7). These
formulas express, arithmetically and geometrically, the famous
Pythagorean theorem on right triangles.

| Here is the arithmetic form of the theorem Knorr recon-
structs.
Theorem 1. Given a right triangle of which the sides about
the right angle represent the numbers A and B, and the hypo-
tenuse represents the number C, then the square of C equals

the sum of the squares of A and of B. That 1s, the three
numbers, A, B, C form a Pythagorean number triple.
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The following is the geometric form of Theorem 1.

Theorem [2]. Given a right triangle, the square on the hypo-
tenuse equals the sum of the square on the sides about the
right angle.

It is Just a few short steps from these theorems, together
with theorems I, II and III above on the properties of Pythago-
rean triples (), to the reductio proof cum thought experiment
called the proof of the»incommensurability of the side with the
diameter of a square.® |

The purely geometrical statement of Pythagoras' Theorem was
clearly obtained, on Knorr's reconstruction, by extension of the
numerical paradigm--in particular, via the pebble articulations
of that paradigm. Therefore, the symmetry of the situation would
have suggested to a nyhagorean that it shouid be possible to
find triples of integers for any' iight_triangle defined by the
geometrical formula. In other words, a Pythagoreén's Qell—foun—
ded, "paradigm-induced expectatlions" (Kuhn 1970a, 53) would lead
him to search for triples for such ratlos as had previously
proved elusive: for example, the ratlio of the dlameter to the
slde of a square (Knorr 1975, 178). That search would quickly be

thwvarted as the following proof showvs.



107

3.6 Thought Experiment: A Proof of Incommensurability

Let us suppose that numbers characterize both the legs
(sides), A and B, and the hypotenuse (diameter), C, of the
isoceles right triangle (square). Obviously, the two legs
(sides) are equal so A = B; moreover, C 1s clearly greater
than A and B, but less than their double. Is C odd or even?

(1) Suppose that C is even. By 1II above (pl0), so are A
and B. But if we divide each side in half with a perpendi-
cular line, we obtain another isoceles right triangle whose
legs and hypotenuse are in the same (geometrically-apparent)
ratio. Hence, the new hypotenuse, C' and the new legs, A'
and B' will also be even and wve have an infinite regress.
However, since, by hypothesis, C is 1integral, it cannot be
divided ad infinitum. Thus C must be odd.

(1i) Suppose that C 1is odd. By III above (pl0), elther A
is even and B is odd, or vice versa. But by hypothesis, a =
B; so the leg numbers must be both odd and even, which 1s a
contradiction. On the other hand, if we claim that A and B
are the unit, which is sometimes thought to be both odd and
even, because C is clearly greater than either A or B, but
less than thelir double, C is not integral. 1In other words,
C is not a number (adapted from ibid., 179-80).

What conclusions can be drawn from this reductio-thought
experiment? The most obvious result 1s that it 1s impossible to
assign integers simultaneously to the side and diameter of a
square (or to the slde and hypotenuse of a right isoceles trian-
gle). Since, for the Pythagoreans, however, Iintegral numbers
vere supposed to be the measure of all things, what the proof
shows is that it is in fact impossible to measure certaln geome-
trical relatlions by a ratio of integers. But since each Integer
has the unit as a common factor, this also means that the side

and diameter of the square have no common (numerical) measure;

that is, they are (numerically) incommensurable.
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Less obviously, perhaps, what the proof shows 1is that we -

must distinguish between the concepts of integral number (arith-
mos) and geometrical magnitude (c.f. Knorr, 24). 1In fact, in the
proof, it Iis the hypothesis that these concepts are coextensive
that leads to the contradiction. More to the point, the prbéfﬂof
»mathematicalbincommensurability shows that we must bifurcate the
original concept of arithmos into (atomlic) 1integer and (continu-
ous) geometrical magnitude. Later Greek mathematiclans such as
Eudoxus and Euclid took the mathematical proof to show that the
concépt of geometrical magnitude is more fundamental than that of

arithmos (Knorr 1975, 170-1).7
3.7 Conclusion: Kuhnian and Mathematical Incommensurability

I claimed in the introduction that it is possible to drav a
close enough parallel between Kuhn's notion of incommensurability
and the mathematical one to obtain a (more) rigorous method of
applying Kuhns's concept. A rough criterion Kuhn offers for tak-
ing two (Kuhnian) incommensurable paradigms to be incompatible
may help in that task. Kuhn says: "Obviously, then, there must
be a conflict between the paradigm that discloses anomaly and the
one that later renders the anomaly lawllike" (Kuhn 1970a, 97).
Thus, on this proffered criterion, the Pythagorean arithmetical
paradigm which disclosed the anomaly of (numerical) incommensur-
ability is (Kuhnian) incommensurable with the Euclidean geometri-

cal paradigm that "render{ed] the anomaly lawlike." But the Py-
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thagorean paradigm dlsclosed that anomaly iIn the most explicit

way—-—-that ls, transformed its "felt-anomaly into concrete contra-
diction"--with the thought experiment that was the proof of (nu-
merical) 1nCommensurab111fy. Moréover, since that anomaly was
really an anomaly relative to the Pythagorean standard of arith-
mos, but notr for the 1later Euciidean standard of geometrical
magnitudé, that proof showed, more generally, that these two
parédigms vere Kuhnian incommensurable.

In summary, therefore, we may say'thought experiments which
prove that what 1s anomalous in one system of concepts 1is lawvlike
in another, also prove those conceptual systems to be Kuhnian in-
commensurable. Thus my p:oof in chapter one (81.7) that the con-
cept of comparison musf be bifurcated into two concepts,}direct
comparison and commensuration, also Shows that the traditional
view, which identifies those concepts, is lncommensurable with
Kuhn's view, whlich-distinguishes thenmn. |

The concept of a thought‘experiment or proof of incommensur-
ability connects up with the notions of direct comparison and
contrast as follows. The thought experiment shows dlrectly that
the attempt to express within one system of concepts relations
that are expressible (lawlike) in another 1is conceptually anoma-
lous—-results In concrete . contradictlon--in that first system.
For example, the attempt to express as an integer ratio, the rel-
ative magnitudes of the side and dlameter of a square--an obvl-
ously intelligible geometric notion (von Fritz 1945, 261), and

one which seems directly similar to arithmetic ratios, conflicts
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with certain properties of the integers. similarly, the attempt
to express within the traditional view Kuhn's intuitively intel-
ligible cohcept of fundamental Iincompatibility, a notion that
seems directly similar to formal incompatibility, éonflicts with

certain properties of formal logical systems.



Notes

1. The thought experiment/proof of incommensurability that I
shall use in this chapter is W. B. Knorr's historical reconstruc-
tion. Thus Knorr argues that the more familiar proof from Aris-
totle (Prior Analytics I.23, 41a29) and Euclid (X, 117) contains
elements that show it to be a much later development. His recon-
struction is based, in part, on a passage in Plato's Meno (82B-
85B) and on the Pythagorean "theory of figured numbers." (Knorr
1975, 22-7).

2. Another point that will prove relevant to the (reconstructed)
proof of ‘incommensurability is that the Pythagoreans often did
not regard, or were unsure whether to regard, the unit as itself
a number; and they also often considered it to be elther both odd
and even or neither (e.g. Knorr 1975, 146).

3. E.q. 1:1; 3:2;,7:5; and s0 on. This sequence is genera-
ted by assigning, as a first approximation, the number one to
both the slde and diameter (diagonal) of the square. The side
number of the next approximation is obtained from the sum of
previous one's side and diameter numbers; while the next diameter
number is the sum of the previous approximation's diameter number
and twice its side number; and so on (Knorr 1975, 16). While
this (inductive) sequence of ratios seems to approach a limit, it
is also, as it stands, clearly nonterminating.

4. For instance, one can show that the sum of any number of even

integers--any integer times an even integer--13 also even with
the pebble method as follows.

Let 4, B, C, D, be even integers portrayed by the arbitrarily
chosen patterns below:

0--0~--0--0  0--0--0-—0
0--0 0-—0
0==0==0-—0-=0  0==0——0~=0~-0
0-—-0--0  0-~0~-0

oWy

The sum of these integers, E = A + B + C + D, can now clearly be
given by adding the left and right parts of each integer, respec-
tively. Since equals were added to equals on each side, the
resultant, E, will be representable by a single row of pebbles
separated by a space with an equal number of pebbles on each
side; that is, it will be even integer (based on Knorr 1975,
141).
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5. Interestingly, the word "gnomon" derives from the Greek word
for the part of a sundial that casts a shadow showing the time;
thus the pebble-arithmetic gnomon is an "indicator" of the next
number in its sequence (COED s.v. "gnomon").

6. Interestingly, Aristotle illustrates reasoning by reductio ad
absurdum with a version of the proof of incommensurability (Prior
Analytics 1.23, 41a29). As we have seen 1in chapter two, what
Kuhn terms "thought experiments" are also often reductios.

7. Interestingly, despite common perceptions, the Pythagorean
school did not wither away and die immediately after the discov-
‘ery of lncommensurability. Many, such as Eurytus, continued
their work with integer representations, though with certain
qualifications. For example, Eurytus toned down the Pythagorean
belief in number by holding only that points could represent the
shapes of anything, not all continuous wmagnitudes (Knorr 1975,
45). Another less pragmatic Pythagorean, Lysis, claimed instead
that "god is an irrational number" (ibid., 47).
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