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ABSTRACT

Multivariate statistical methods, including recent computing-intensive
techniques, are explained and applied in a medical sociology context to
study infant death in relation to socioeconomic risk factors of households

in Sri Lankan villages.

The data analyzed were collected by a team of social scientists who
interviewed households in Sri Lanka during 1980-8l1. Researchers would like
to identify characteristicé (risk factors) distinguishing those households
at relatively high or 1low risk of experiencing an infant death.
Furthermore, they would like to model temporal and structural relationships

- among important risk factors.

Similar statistical issues and analyses are relevant to many
sociological and epidemiological studies. Results from such studies may be

useful to health promotion or preventive medicine program planning.

¥ith respect to an outcome such as infant death, risk groups and
discriminating factors or variables can be identified using a variety of
statistical discriminant methods, including Fisher's parametric (normal)
linear discriminant, 1logistic 1linear discrimination, and recursive
partitioning (CART). The usefulness of a particular discriminant
methodology may depend on distributional properties of the data (whether
the variables are dichotomous, ordinal, normal, etc.,) and also on the

context and objectives of the analysis.
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There are at least three conceptual approaches to statistical studies
of risk factors. An epidemiological perspective uses the notion of
relative risk. A second approach, generally referred to as
classification or discriminant analysis, is to predict a dichotomous
outcome, or class membership. A third approach is to estimate the
probability of each outcome, or of belonging to each class. These three
approaches are discussed and cémpared; and appropriate methods are applied

to the Sri Lankan household data.

Path analysis is a standard method used to investigate causal
relationships among variables in the social sciences. However, the normal
multiple regression assumptions under which this method is developed are
very restrictive. In this thesis, limitations of path analysis are

explored, and alternative loglinear techniques are considered.
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1. Introduction

A study of infant mortality in Sri Lanka was conducted by a team of
social scientists during 1980-81 (before the current civil war) to ident_ify
households and socioeconomic conditions in which there was a high risk of
experiencing an infant death. Purther, relationships among risk factors
would also be of interest to future planning of any preventive health
programs in developing countries. Similar applications of multivariate
analyses are widely used to identify risk groups in epidemiology, urban
planning, economics, business, etc.. This thesis explores and applies
various statistical methods for assessing risk groups, and relationships

among risk factors.

Risk groups and discriminating factors can be identified by a variety
of statistical discriminant and modelling methods. The most often used
criterion for determining the goodness of a discriminant rule has been the
rate of misclassification. However, the importance of misclassification
rate varies depending on the purpose of discrimination. In medical
diagnosis, the ‘objective is to pinpoint as accurately as possible the cause
of symptoms. Since it is not desirable to subject a healthy individual to
possibly detrimental treatments, such as chemotherapy, nor to leave an
infection untreated because of misdiagnosis, discriminant rules with low
misclassification rates are preferred. In medical screening, say early
breast cancer detection, examinations are performed on apparently healthy
volunteers from the general population, for the purpose of separating them
into groups with high and low probabilities for breast cancer (Sackett and

Holland 1975). The idea of a screening discriminant is to use a few



inexpensive measurements to capture all those with the disorder in a high
risk group, so that more complicated, and often more expensive examinations
need be performed only on this smaller group of individuals. ‘Thus, facfors
considered to be good screening factors may not be acceptable diagnosis
factors. In epidemiology and medical sociology, the main objective is to
discover the context in which a disorder may occur. For example,
homosexual men were identified as the first hRigh risk group in studies of
AIDS, although homosexuality per se is not the cause of disease; and
clearly, by using sexual orientation as a discriminant ' rule, the
misclassification rate would be high. In our Sri Lankan household study,
the risk of infant death is being examined from the socioeconomic and
"political perspective. Health planning involves not only the understanding
of biomedical causes of infant death, but also the social context in which
infant death may occur. Although discriminant rules constructed using
socioeconomic and political variables may not have low misclassification
rates, the socioeconomic and political conditions under which a family is
most likely to experience an infant death can still be identified.
Thus, the goal is to find discriminating variables and discriminant rules
that partition the households into distinguishable groups with respect to
the risk of infant mortality. 1In this thesis, two other criteria for
determining the goodness of a discriminant rule are investigated, and
discriminant methods that are appropriate for the Sri Lankan household data

set are applied.

A second objective of the Sri Lankan household study is to test a
theoretical model that places infant mortality at the center of an

expanding series of social contexts. Infant deaths may be affected by



proximate factors such as inadequate nutrition or poor sanitation creating
conditions for tetanus or diarrhea. These proximate factors may be.
influenced by the education level of the mother, and the economic status of
the family, which in turn, may be linked to ethnic group membership.
Path analysis is the standard method used ﬁo analyze such models in the
social scignces. However, the assumptions under which this method is
developed are highly restrictive. Thus, the use of path analysis is
limited. 1In this thesis, limitations of the methodology are explored, and

alternative techniques are considered.



2. A Study of Infant Mortality in Sri Lanka

2.1 Infant Mortality in Medical Sociology

In medical sociology, infant mortality is viewed as a consequence of
biosocial interactions. The key idea behind the biomedical model of
disease is. that etiology is biologically specific. Hence, medical research
is primarily focused on disease agents and host-agent interaotions. On the
other hand," social science research on infant morxtality has oeen
traditionally concentrated on the association between socioeconomic status
and the level and pattern of mortality ‘in the population. The specific
medical causes of death are generally not addressed by social scientists.
Medical sociology attempts to bridge these two approaches to the study of
infant mortality. Mosley and Chen (1984) proposed a framework based on the
premise that "all social and economic d_eterminants of child mortality
necessarily operate through a common set of biological mechanisms, orx
proximate determinants, to exert an impact on mortality". This framework

can be summarized by the following illustration.

socioeconomic biomedical infant

factors factors mortality

Figure 1 Conceptual model of medical sociological approach to

research on infant mortality



Primary causes of infant death in developing countries are well
understood from the medical perspective. One of the factors that
contributes to high infant mortality rates 1is risk of infection.
Patel (1980) noted the common use of dung as a healing agent prior to 1940
in Sri Lanka. As documented by the Registrar of Ceylon Medical College in
1906, tetanus, a common cause of infant death, often resulted from
infection to the navel after separation of the umbilical cord in
childbirth. This source of infection can easily be eliminated by
abolishing such practice. Another source of infection is the contaminated
water supply caused by lack of proper sanitation facilitigs. This source
of infection may be eliminated by construction of sanitary 1latrines.
In general, most infant deaths are preventable with current understanding

of disease transmission and existing health technology.

Although most infant deaths are preventable with the available
technology, the social context in which infant death occurs may block the
use of such technology. The Sri Lankan government has created a subsidy
program for the construction of latrines. However, many families are too
poor to take advantage of such subsidies. Another example involves the use
of hospitals for childbirths. Waxler et al. (1985) suggest that childbirth
may not be considered serious enough to require a doctor's care. Thus,
hospitals for maternity care are sometimes not used, even though these
hospitals which are essentially free, are within short distances.
Therefore, in order to design an effective package of health policies to
promote infant survival, the biomedical and the social context of the

problem must be examined concurrently (Mosley 1984).



Two recent developments in soclological research have also altered the

approach to infant mortality studies, as pointed out by Waxler et
al. (1985). McKeown (1976) has argqued that changes in health status across
time are probably better predicted by changes in sanitation and available
food supplies, than by health care or narrovly defined medical variables
that are often considered. Secondly, infant mortality has been used, by
development economists and others, as a central indicator of the state of
development, or quality of 1life, of ©populations in developing
countries (Morris 1979). These developments have called for expanded

models that place infant mortality in a larger social context.

The proximate causes of infant death may be inadequate
nutrition (Puffer and Serrano 1973) or poor sanitation and water
supply that create conditions for tetanus or diarrhea (Patel 1980, and
Smucker et al. 1980). However, these proximate causes may be related to
the maternal education level (Caldwell and McDonald 1982, Simmons and
Bernstein 1982, and Chowdhury 1982), economic status of the family (Grosse
and Perry 1982, and Waxler et al. 1985), and access to health services
(World Bank 1975), which in turn, may be related to ethnic group membership
(Waxler et al. 1985). In the Sri Lankan household _study, relationships
between infant mortality and various biomedical and socioceconomical factors

are examined.



2.2 The Sri Lankan Household Data

As described in Waxler et «l. (1985), the 22 districts of Sri Lanka
were divided into three clusters having différent patterns of quality of
life based on results of a previous study (Morrison and Waxler 1984).
Four villages representative of a typical district f_rom each of the three
clusters were selected. For each village, a rahdom sample of 40 households
was drawn from the population list. A household was substituted only if
the sampled house was empty, or if both male and female head of household
were absent in several calls over a period of weeks. Approximately 30
substitutions were made in the sample of 480 households. The researchers
who devised this sampling scheme regard the sampled households as. being

representative of the Sri Lankan village population.

A long systematic set of open questions was used for interviewing both
the male and the female head of household. The questions elicited
information on health, housing, nutrition, employment, education, etc..
The female head of the household, in addition, reported on the number of
live births in her lifetime, apd the number of her children who died before
reaching age one. Information on the cause of death (or symptoms at death)

was also obtained for each infant that died.

The variable of primary interest in our analysis is a dichotomous
response indicating whether or not the female head of household has
experienced at least one infant death. All explanatory variables used in

the study are listed in Table I.



391 households (82% of the total sample) have complete information on

the variables of interest. Table II shows that 92% of the total sample
satisfied the initial inclusion criterion: a female head of household with
- known child-bearing history, and known number of infant deaths must be
present in the household. Further, the table shows that 12% of these
households had missing information (Qhere 11% have at most one missing
variable and 1% have two missing variables). Most missing values appear in
the variables concerning family income, and among older female head of
households; otherwise, there was no noticable pattern when the distribution

of households with missing information was examined for each variable.

Several populations may require separate analysis in this study.
Women with more childbirths are more likely to have experienced at least
one infant death. Thus, the Sri Lankan village populétion is separéble
with respect to the dichotomous response on infant death by the number of
childbirths. Furthermore, several explanatory variables may have different
relevance to women of different age groups. For example, the use of health
services for childbirth is restricted by availibility which may vary across
time. The impact of ethnicity may also vary for the different generations.
Thus, analysis‘should be performed separately for'the various age groups.
However, the available sample size restricts the number of allowed strata.
Since older women also tend to have more childbirths, the sample is divided
into two groups based on the woman's age (<44 and 44"). Most women in the
latter age group are postmenopausal; thus, women in this age group have
similar numbers of childbirths. In contrast, the number of childbirths
varies for women in the younger age group. Since there is a one-to-one

correspondence between household and female head of the household, the



terms, househeold and woman, will be used interchangably to refer to a unit
of observation throughout this thesis. In our analysis of this Sri Lankan
household survey, the two data sets corresponding to those women of
age <44 (250 cases), and those of age 44" (141 cases) are treated as simple

random samples.



Table 1

. Variables used in the Sri Lankan household study

Name Explanation Codes
Y Infant death indicator 1l at least one
2 none
X1 No. of languages spoken at home 1 one
2 two or more
Xz* Current usage of health services 1 hospital
- where was the last child born? 2 home with midwife
3 home without midwife
xa Nutrition 0 none
- no. of protein foods consumed 1 one type
in the past week, from four .
most common types listed. .
4 four types
x; Sanitation 1 none
2 communal latrine
3 own / open-pit type
4 own / water-sealed
5 toilet
X5 Economic status 0 none
- no. of household items owned, 1 one
from five listed. .
5 five
x6 No. of hrs a day female head of 0 none
household worked outside the home 1 one - three
2 four
7 nine
8 ten or more
x7 No. of household members 0 none
currently employed 1 some
2 all

10



Name Explanation Codes
Xa Primary source of income 1 salary
2 land/business/boat
3 piece rate
4 food stamps etc.
X No. of bustrips taken in the 0 none
o
last week 1l one
7 seven
8 eight or more
X Ethnicity 1 Sinhalese
10
2 others
X:a Years of schooling for female 0 none
head of household 1 one
11 eleven
12 twelve or more
x12 Education level of female head 1l 1lower
relative to that of male head 2 same
3 higher
AGE Age of female head of household as reported

11



Table II Households used in the analysis

Total number of households sampled

no female head of household

no child birth or no information on child birth

no information on infant deaths

number of invalid households

Total number of valid households

- missing information on one variable
nissing information on two variables

number of excluded households

Total number of households included in analysis

number of women with age <44
number of women with age 44"

12

12
25
1

38

48

51

256
141

480

442

391



3. Discriminant Applications to Identify Risk Groups

3.1 Basic Approaches

In the Sri Lankan household study, we are interested in deriving
discriminant rules that partition the households into distinguishable
groups with respect to the risk of experiencing infant death. There are at

least three basic approaches to this problem.

An epidemioclogical perspective uses the notion of relative risk.
If a population ¢ can be divided into two disjoint subpopulations, say ¢1
-and tz , then relative risk of a particular phenomenon is defined to be the
occurrence probability in tz relative to the occurrence piobability in t‘.
For example, we would like observable variables to define some groups ¢1
and ¢, such that the probability of infant death is higher for households
in tz relative to the probability for households in "'1‘ In general,
a variable which can partition the population so that one subset has high

relative risk is considered an important risk factor.

A second approach is to predict a dichotomous outcome based on some
collected information; for example, classify a family as likely or unlikely
to experience an infant death based on the sanitation facility, nutrition,
etc. available to the family. This approach is generally referred to as
discriminant analysis or classification, and as pattern recognition in
engineering. The idea is to select discriminating variables and to derive
discriminant rules that minimize the expected cost of misclassification.

This will be referred to hereafter as the classification approach.

13



A third approach is to estimate the prodbability of each outcome
or of belonging to each «class, given some collected information;
for example, estimate the probability of infant death given the educational
level of the mother. Using the terminology in Classification and
Regression Trees (CART) by Breimanet al. (1984), this approach is called
class probability estimation. The methods used in this approach search
for variables and rules that minimize a squared error loss function to be

defined later (Section 3.2.2).

Obviously, these three approaches are related. For instance, class
probability estimation for an observation (e.g. for a family) suggests a
discriminant that assigns the observation to whichever class has the
maximum probability; and relative risk can be estimated for the resulting
discriminant partition. The similarities and differences between these
perspectives can be described in terms of various conditional
probabilities, and in the more general context of decision theory.
Some statistical techniques and software may be adapted to more than one of
these approaches. We will first consider the roles of these approaches in
characterizing a good discriminant. The underlying principles of
discrimination will be discussed in the context where the various
conditional probabilities ére known. However, in practice these
conditional probabilitles are often unknown, and need to be estimated from
the sample data. The last section describes how these estimates may be

obtained.

14



3.2 Optimality Criteria for Discriminants

3.2.1 Relative Risk

Relative risk is generally considered in a context relating the
presence or absence of a specific disease to exposure levels for some
possible risk factor(s) (Schlesselman 1982). The congept of relative risk
is simplest when exposure level is dichotomous (presence or absence of a
factor). - A high relative risk (of disease) among those exposed suggests
that the factor may be a cause of disease (Breslow and Day 1980,

Schlesselman 1982, Hennekens and Buring 1987).

Let X be a random variable that indicates the level of exposure to a
specific risk factor. Suppose there are only two levels.
Definition 3.1 Relative risk is defined as

2)
1) °

P(disease | X

RR = —platsease X

(3.1)

When RR > f, the probability of disease in the population with X = & is
higher than the probability of disease in the population with X = f. The

reverse relationship is implied when RR < ¢.

Historically, relative risk was used primarily for dichotomous
variables. But suppose the random variable X is continuous on the real
line, or positive half-line, etc.. Then by considering X as a risk factor,
we are interested in partitioning the real 1line into two regions,

distingquishable with respect to the risk of disease.

15



Is it reasonable to use relative risk as a partitioning criterion?
Suppose the disease-present and the disease-absent populations have
densities of X denoted respectively by p(x|disease) and p(x|no disease),
which,' in practice, may be estimated from sample data. If p(x|disease) is
right-shifted with respect to p(x|no disease), then, at least for most
smooth unimodal densities, the ideal partition is in the form of
half-lines, { X < c} and { X > ¢}, for some ¢ on the real line. . Thus, by

Bayes theorem, for any ¢ € R, the corresponding relative risk is

P(disease|X > c¢)

RR(c) = (3.2)
P(disease|X < c)
P(X > cl|disease) | P(X < ¢)
P(X > ¢c) P(X < c|disease)

The two examples illustrated in Flgure 2 show that for densities with
monotone likelihood ratio, RR(c) may increase to infinity as ¢ decreases;
but the discriminants corresponding to such extreme ¢ are of no practical
value. Thus, choosing ¢ to maximize RR(c) is not a useful criterion for
partitioning. PFurthermore, because RR(c) may not be a monotone function,
relative risk values do not prbvide information on how well separated are
the two populations, disease-absent and disease-present. For example, a
relative risk value of about & can arise from different partitions of the
real 1line in either of the two situations 1illustrated in Figure 2.
Since relative risk does not indicate the magnitude of shift between ‘the
disease-present and disease-absent densities, relative risk is not
necessarily informative about the practical discriminating nature of a risk

factor that is continuous rather than dichotomous.

16



Figure 2  Examples of relative risk function for
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Density Plots: N(0,1) vs. N(2,1)
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These properties indicate that relative risk may not be a meaningful
criterion for selecting discriminating variables. Even though relative
risk associated with a particular discriminant may be of intérest, relative
risk per se is not usually an appropriate criterion for construction of a

discriminant.

3.2.2 Decision Theoretic Bayes Rules

Although the formal objective differs for classification and ciass
probability estimation, both approaches use discriminant methods that can
be described in a general framework of decision theory as presented in
Classification and Regression ITrees (CART) byBreimanet al. (1984).
In the following, discussion will be restricted to the two-class problenm,
which is appropriate for the Sri Lankan household study. Generalization to

more than two classes can easily be made.

Let X be the sample space of possible measurement vectors, and let
€ = {1,2} denote the set of possible classes. Further, let X € X be a
random variable whose distribution is denoted by P(dx), and let Y € €

denote the class membership. Suppose # is the set of possible actions.

Definition 3.2 A decision rule d is a #-valued function on X :

d X +» A,

Definition 3.3 A loss function L is a real-valued function on 8 x & :
L :8x% -+ R.

Thus L(y,a) is the loss when ¥ =y and o« € & is the action taken.
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Definition 3.4 The risk R(d) is the expected loss when the decision

rule ¢ is used. That is, R(d) = £ [ L(Y,d(X)) ].

In the classification approach, we are inferested in predicting the
class membership of an object with‘ measurement vector X = x . Thus, we
- want to construct decision rules that assign class membership in € to every
measutément vector x € X, and so, let the action space #c be €.
Furthermore, any decision rule d is equivalent to the partition of sample
space X into two regions, tt and tz , such that an object with measurement
vector x & tj is classified as class j, for s = £,2. These rules wil} be
calledclassification rules. The loss function, L_(y,a), in this situation
is the cost of classifying a class y object as a class « object, denoted by
Claly). Suppose C(a]y) is positive when a # vy and is ©O othervise.

Then the risk or expected cost of using decision rule 4 is given by

R(d) =C(L|2) P(Y=2,Xet) + c@2|t) P(Y = 1,Xe¢t). (3.3)
Let the probability that an observation comes from class Jj be nj
for s = £,2. 1In epidemiological terms, these a priori probabilities are
prevalences of the two classes. Further, let the conditional probability

of X, given an object from class ; be denoted by p(x|Js) for ; =1,2.

Then the risk in (3.3) can be re-expressed as

R (d) =C(1]2) RZ[I¢ pixle) aagg] (3.4)

1

+c(211) ni[f plxI1) ¢>~<] :

¢
2
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In the class probability estimation approach, we are interested in
obtaining an estimate of the probability that an object with measurement

vector X = x belongs to class ;y. That is, we are interested in estimating
elJlx) =p(¥Y =JjIX=x), J=1¢,2.
Thus, we want to construct rules of the type,
d(x) = (d(1|x), d2]x))

vith d(jlx) 20 for j =1,2, and zj d(jlg) =1, for every x e X.
Such rules will be called class probability estimators. Hence, the
action space ﬂp consists of all pairs of nonnegative numbers that sum to f.

Let the loss function Lp(y,g) for a = (a,) & .dp be defined by

Lp(yrg) = z \

z
5 (onj <SJ.(y) ) (3.5)

vhere 6}.(y) is the Kronecker delta (¢ if y =,  and O othervise),

for y = 1,2. Then the risk of a decision rule d is given by

v . 2
R(d) =E[L (¥, dX) ] =L; E[ ( 2U1X) - 6,.¥) )" ]. (3.6)

But given X = x , 6J.(}’) is a Bernoulli random variable with success

probability o(jIx), for j = {,2. Thus, Ef 6}.(1/)15 =x] =p(Jlx) and

E[ (5,0 - p(J1%) ¥l X=x]=var[ 6,0 1% =x] (3.7)

p(F1x) (1 - p(Jlx)].
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Hence, for any a dp,

2|¥=

133
bed

Ef v,y | X =x1] = L, E[ (o, - s,:(¥) )

zlz

x ]

; , 2 _ , _ 2
L E[ (6, -p1xN” | X = x ]+ L, (PUIX) - &)

=L, E[ (6,0 - p(lx) + pULx) -, )

L; pUIX) (1 - pUJIx)] + E (pUIx) - a))?

cplLIx)p(2lx) + B, (PUUIX)- aj)z.

from (3.7). Therefore, for class probability estimation, the risk of a

rule d is given by
R (d) =2 E[ p(11X)p(21X) ] + E; E[ (P(J1X) - aFIxN* ], (3.8)

where the first term does not depend the rule.

Definition 3.5 A Bayes rule is a decision rule ds that minimizes

the risk function R(<&).

In the classification approach, a Bayes rule dn that minimizes the

expected cost as expressed in (3.4), is obtained by choosing

_ . plx|1) cule) n

¢1—{5e3€. P (%12) > c:(az)n: }, and (3.9)
= . plxit) ct|2) n_

tz-{xex. p(x[2) < C(az)nf },

as shown in Anderson (1984), with the Bayes risk as given in (3.4) with the

above regions ¢1 and tz.
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In the class probability estimation approach, the unique Bayes rule is

given by dn(f) = ( plI]|x), p(2lx) ) for x € X, with risk

R (d)) =2 EL p(1]1X)p(21X) ) (3.10)

2 [ pltlx)p(2lx) Plax)

wvhich can be seen easily from (3.8).

Bayes rule and Bayes risk can also be defined for a partition of the

sample space X.

Definition 3.6 The partition function T associated with the partition
J° is defined as 7 : X » J such that v(x) = ¢ if and only if x € ¢, for all

5eXandteJ".

A decision rule d is said to correspond to the partition 7 if it is
constant on each subset of 7. That is, for every ¢ € J°, there exists some
#-valued function w on 7 such that w(¢) = d(x) for every x € ¢. Then a
decision rule dg. corresponding to the partition 7 is explicitly given by

da"(’-f) = w(7r(x)), and the associated risk is given by

Rd,) =f E[L(Y,08)) | X € ¢]P(2), (3.11)
N

vhere P(¢) = P(X & ¢). Thus dn is a Bayes rule corresponding to the
partition 7 if and only if dn(f) = w(7(x)) such that for each ¢ e 7,
a = w(¢) minimizes E[ L(Y,a) | Xe¢ ] For convenience, let w(4) be a

value that minimizes E[L(Y,a) | get] over a € &, for te J7.
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Furthermore, for ¢ € 7, let

r(¢) =.E[L(Y,w(t)) | Xe¢].

Then the Bayes risk corresponding to the partition 7 can be written as

R(F)=¢ r(L)P(¢). (3.12)
FP=Y o ’

In the classification approach to discrimination, a Bayes rule dn
corresponding to the partition 7 is obtained by setting dn(g) = we('r(g))
for x € X, vhere wcu) is a wvalve ¢ € {£,2} that minimizes
E[z_c(y,t) | Xe¢] for ¢e€F. Then for ¢ e 7, w_(¢) is a value

i € {{,2} that minimizes
E[ Lc(}',i) | Xe¢ ] =C(i]|1)p(L|¢) + C(L]|2)p(2]l¢),

vhere p(jl4) = p(Y = jIX e ¢), s =1,2. Thus, the minimum conditional

expected cost of misclassification on subset ¢ € 7 is given by
r_(¢) = min [caipit 1), CciLi2)p(2]e) ]. (3.13)
Then the Bayes risk for partition 7 can be written as

Rc(J") =% rc(t)P(t). ) (3.14)
&7

In the class probability estimation approach, the unique Bayes rule dn

corresponding to partition 7 is obtained by setting dn(g) = “’p("(f”
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for x € X, where wp(t) is the pair of nonnegative values a = (°'1’°‘z) that

minimizes

E[L (Y,2) | Y€+ ] =L E[(a, -6 2 1 X et ]

flxe]

L, E[ € 6,Y) - p(j1e) + p(J1¢) - o)

. 5.(Y) - p(71e))? . ) - a )
L, E[ (6,() ~p(Jle))" | X e ¢ ] + L, (pJ1¢) - a))

=E; pJ1¢) [1 =PI+ E (P14 - a)®

since 6}.()’) given X € ¢ is a Bernoulli random variable with success
probability p(jl¢) = p(¥ = jIX e ¢) for j =t,2. Thus for ¢ e 7T,
wp(t) = ( p(1l¢), p(2l¢) ), and the minimum conditional expected loss is

given by

r_(4) = 2p( 18)p(2]4). | (3.15)
The Bayes risk for partition & can then be written as

R(F) =% r (LP@). (3.16)
P T P

Suppose the sample space X is to be divided into two regions using the
class probability estimation approach. How do these two regions compare
with those selected by the classification approach? For any two-region

partition & = {4:1,&2},

R(T)=Z r ($)P(¢) (3.17)
P P

ter

ep(1 | )p(2|¢)P(L) + Ep(1]¢,)p(2]¢,)P(e)).

25



Suppose oM, p(x|1) and p(x|2) are known as in the classification

approach. Then (3.17) can be re-expressed as

2p(t |t1)P(Z’( € ¢‘|2)1'r2 + 2p(2|¢2)P(2_‘( € ézll)rt‘ (3.18)

R (T)
P

2p(t |¢1)n2[j4g p(x|2) dx ]
S

+ 2p<2|¢2)n1[ jt pix|1) dx ] .
2

But this is same as the expected cost (3.4) of a classification rule if
2p(1]e) =C(1]2) and 2p(2|¢) = C(2]1). Let T = {¢:‘,¢:} be the
partition with minimum risk Rp( - ) among all two-region partitions; that is,
let 7" be the best two-region partition using the class probability

estimation approach. Suppose the cost ratio is given by

*

ciz) L1

Lol
»

Then from (3.9), a Bayes rule that minimizes the expected cost in (3.4) is
*

determined by the partition & . Therefore, by varying the cost ratio, the

best two-region partition determined by the class probability estimation

approach can be obtained from the classification approach.

3.3 Sample Space Partitions Corresponding to Bayes Rules

In the following sections, some of the commonly used methods for
discriminant analysis are presented. The most widely used method assumes

multivariate normality for the observations from both classes. In this
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case, a Bayes rule is obtained by choosing a linear partition that
minimizes the risk function. The logistic discrimination procedure also
provides a linear partition for use with both normal and certain non-normal
populations. Methods based on nonparametric density estimation algorithms,
such as Rernal and nearest neighdbor methods, are also available, but will
not be covered in this thesis. Instead, the method of classification trees
is explored. A recent report produced by a panel on Discriminant Analysis
and Clustering (DAC report), which was created under the Committee on
Applied and Theoretical Statistics, National Research Council (1988),
provides a helpful summary of all these methods. 1In the following, we
present three of these methods from the decision theoretic perspective.
In addition, we examine the classification trees method in much greater

detail.

3.3.1 Linear Discriminants for Normal Distributions

In the classification problem, by assuming the two class-conditional
distributions are known multivariate normal with equal covariance matrices,
namely N(g‘,Z) and N(gz,Z), Wald (1944) showed a Bayes rule is obtained by

choosing the linear partition given by

-~
"

{ﬁexzﬁz‘(gt—gz)Zh},and (3.19)

&~
]

‘l‘ -
> {gex §Z(gtl-ez)<k‘},
where the point h‘ is a function of T T, c(? |A2), ce2\1), Koo B, and = ;
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see Anderson (1984), Hand (1981), Dillon and Goldstein (1984), and others.

The linear projection given by 5"2"(5‘ - H,), is sometimes called the

normal linear discriminant function.

However, in most applications, the mean vectors and the covariance
matrices are unknown. Suppose there is a sample of size N‘ from class ¢
and a sample of size Nz from class 2. Let Hj be estimated by the usual
mean gj of the sample from class j population for ; = 1,2, and let Z be

" estimated by the pooled sample covariance S defined by

(N; - 1)51 + gz - 1)52_
(N +N -2)
LS 2

S =

’

vhere S‘ and Sz are the corresponding sample covariance matrices. Then the

Bayes decision regions are estimated by

(3.20)

&

N
——
X
f
bt
X
7))
X
)

X
v

Nk‘
[

o~
[
~—
X
h
8
X
v,
"
2XI
|
X1
A
r 3
N
(S

where the point k, is a function of n , 7, C(1]2), C(2]1), g‘, gz and S.

zl
The linear projection given by 5"'3"(21 - gz) is the Fisher Llinear

discriminant function suggested by Fisher (1936).
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3.3.2 Logistic Linear Discriminants

In the classification problem, logistic discrimination also provides a
linear partition of the sample space for use with normal and certain
non—normal populations; see Lachenbruch (1975), Hand (1981), Dillon and

Goldstein (1984), DAC report (1988), and others.

Suppose that the two class population densities can be expressed as
px1J) = explo + 5'@1.), for j = 1,2. (3.21)

Then by invoking Bayes theorem,

plllx) _ plxif)m _ T
PEIX) " plxIDms T P + x 0 (3.22)

vhere n, = log( n‘/ "z) + (at— az) and p = Qi- Ez. This is called a

mul tivariate logistic function, which can be re-expressed as

Pt |x) _ T
1°9[1—p(1|>~<)]‘~"o+53' (3.23)
Thus the probability of belonging to a class given a measurement vector
X = x can be estimated by modeling the logit of p(f|x) as a linear function
of x. Furthermore, by substituting (3.22) into (3.9), the best decision
region in the classification setting is given by the partition,

N

¢={§ex:522h8},and (3.24)
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T
¢z={§ex:§n<hs},
where the point ha is a function of a, e, n,n, c(t|2) amnd C(2]|1).

So far the logarithm of each class-conditional probability function is
assumed to be adequately modeled by a linear function. A slightly more
general approach assumes the difference between the logarithms of the
class-conditional probability functions is linear. This is equivalent to
the approach adopted by Anderson (1972) which assumes the logit of p(f]x)
is linear as expressed in (3.23). The equivalence relationship can easily
be seen by examining expression (3.22). Clearly, the model expressed
in (3.22) is exact when the class conditional ptobability density functions

are multivariate normal with identical variance-covariance matrices,

pllix) _ o plx|1)
tog [T 25 Er] = o] O ]+ res[-£5157]

?

Te—1

77°+ xZ (51— Hz) ¢

Thus, for known normal p(x|f> and p(§|2), the 1logistic regression
coefficients are functions of normal parameters, and the Bayes decision
regions given in (3.24) correspond to the Wald's 1linear partition
in (3.19). However, if the underlying class conditional probability
densities are multivariate normal with unknown parameters, then the
logistic discrimination procedure cannot be expected to classify as well as
does the ’linear discriminant function (Efron 1975, and Press and

Wilson 1978).
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3.3.3 Classification Trees: Recursive Partitioning

The technique of classification trees for discriminant analysis Qas
initially developed by Morgan and Sonquist (1963), and Morgan and
Messenger (1973) under the name automatic interaction detection (AID).
This technique has been pursued and refined by several people.
Recent development, under the name classification and regression
trees (CART), is described in détail Ain the book by Breiman et al. (1984).

The primary differences between AID and CART is in the tree construction.

The technique of CART creates a binary tree-structured discriminant by
repeatedly splitting subsets of sample space X into two descendant sets,
starting with X itself. An example is illustrated in Figure 3, where
tt = X, tz and ts are disjoint subsets of t‘ vith LU ¢ = t‘, and ¢, and

¢4 are disjoint subsets of ¢ with ¢ U ¢ = ¢ .
- 2 4 S 2

'S
]

'Fj.gure 3 An example binary tree
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Those subsets with no descendant sets are called terminal subsets.
In the_: above example, ;a, t‘ and ts are the terminal subsets. Thus the
technique of CART constructs discriminant rules that partition the sample
space as specified by the terminal subsets. That is, {ts,t‘,ts} forms a

partition of the sample space that corresponds to some decision rule.

The tree is constructed based on a set of binary questions of the form
{ Is x € 42 } for some subset ¢ of X. Let the measurement vector X be
M dimensional, X = (X‘,...,Xu)'r, vith mixture of ordered and categorical

types.l Then the allowable set of splits is defined as follows:
a. Each split depends on the value of a single variable.

b. For each ordered variable Xm , the questions are of the

form { Is xms c¢? }, for all ¢ in the range of Xm.

c. For each categorical variable Xm, the questions are of
the form { Is x € S? }, for all subsets S of possible

X -values.
m

Let T be a fixed partition and let ¢ € 7 be a fixed subset of X in 7.
N .
Consider a split o of ¢ into two disjoint subsets ‘1.. and 4, - Let & be the

modification of 7 after applying split o to ¢. Then the risk reduction

1As defined in Brieman et al. (1984), a variable is ordered if its measured

values are real numbers; and a variable is categorical if it takes on
values from a finite set with no natural ordering. Thus an ordered
variable can be a continuous or an ordinal variable.

32



*
AR(0,¢) = R(T') - R(T ) due to the split o is given by

AR(0,¢)

R(¢) - [R(e) + R(e) ] (3.25)

P) [r(&)- P r(e ) - Pr(e) ],

whezePL=P[§etL | L(et]ande=P[L(eo:lt | X € ¢]. The relative

risk reduction due to the split is then given by
AR(o|¢) = AR(o0,¢) / P(&) = r(e) - PLr(tb) - Pnr(tn). (3.26)

Thus, the risk reduction partition is achieved by choosing the split ¢

that maximizes the relative risk reduction.

In the class probability estimation approach,
plile) =P p(Jlg ) + P, pJle), J =1,2.

Thus by substituting the above into rp(t) in (3.15), ARP(olt) can be shown

to be

AR (o14) = 2P, P [ p(114) - plt14) 1. (3.27)

Hence the relative risk reduction 1is maximized if the difference between
class probabilities in the two resulting subsets is maximized. Suppose
class { corresponds to the class of households with infant death. Then the
class probability estimation approach segks splits that maximize the
difference in probability of infant death between the two resulting groups.
Furthermore, because of the multiplicative factor Pr..Pn , the criterion also

favors those splits which divide the set ¢ more evenly into two subsets.

33



Note that relative risk in epidemiology, as defined in Definition 3.1,

involves a ratio rather than a difference:

. Plle)
Thus a desirable split should have a very high or very low relative risk
value. In any case, there is no way of ensuring even splits. Therefore,

as discussed in Section 3.2.1, using relative risk as a partitioning

criterion may not be provide splits of practical value.

Risk reduction is not a good criterion for choosing a split in the
classification approach. Breiman et al. (1984: pp. 95-96) showed that for
any split of ¢ into 4‘.'_ and tl, Rc(t) > Rc“':.) + Rc(tn) with equality if
Jh@ = 7M@) = 7M@), vhere ;¥ (w) nininizes € (7 11)p(1 lu) + €(/12)p(21u),
for subset w of X. Thus, it is cbnceivable that every allowable split of ¢
may produce a partition for which ARc(o,t) is zero. In situations where
the population is predominated by a single class, the risk reduction
criterion may result in no splits. The second defect is caused by the fact
that risk reduction partition (in the classification approach) is a
one-step optimization process that does not account for the future splits.
In some situations, the best current choice of split may not provide the
best overall improvement in strategic position. For futher discussion of

these considerations, see Breiman et al. (1984: pp. 94-98).

Two splitting criteria for the classification approach have been
implemented in the CART software: Gini criterion and Twoing criterion.

In the two-class problem, these criteria can be shown to coincide (Breiman
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et al. 1984: pp. 104-108). Thus, in this thesis only the Gini criterion is
considered. Let 7 be any partition of sample space X. For ¢ € 7, instead

of r(¢) consider an impurity function &(¢) defined by
i) = 2p(1 |)p(2]Y), (3.28)

called the Gini diversity index. Then, the partition itmpurity for7

is defined by

I(F)=F P, o (3.29)
teT

Thus the impurity reduction due to the split o is AI(e,¢) = I(F) - I(T ),
x
vhere 77 and & are as defined in AR(o,¢) earlier; and the relative impurity

reduction due to the split + is given by
AI(s14) = AI(o,4) / P(&) = 2P P [ P(zle) - P(£1¢) ]1°. (3.30)

But this is precisely the risk reduction criterion used in the class
probability estimation approach as expressed in (3.27). Thus, the impurity
reduction partition using Gini diversity index in the classification
approach is the same as the risk reduction partition in the class
probability estimation approach. Therefore, the sample space X is

partitioned in the same manner by both approaches when CART is used.

3.4 Construction of Discriminants from Sample Data

Since the measurement variables available in the Sri Lankan household

study are mainly ordinal, not continuous, partitioning of the sample space
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by assuming normal populations may not be appropriate. Thus, only the

latter two - techniques, logistic 1linear discrimination and CART, are

discussed in this section.

In practice, classification or discrimination problems begin with a
sample of correctly classified objects, each with a set of measurements, x.
The classification approach uses the sample to derive rules that partition
the sample space into disjoint regions with each region purely or
predominantly inhabited by members of a éingle class. The partitioning of
a population into classification regions is similar to, but not quite the
same as the partitioning of population into groups distinguishable with
respect to high and 1low risk of belonging to a specific class.
In principle, class is clearly defined while the terms high risk and low
risk are relative. Both the 1logistic discrimination and the CART
technique (for <class probability estimation) estimate the class
probabilities for each possible measurement vector x in the sample space X.
The high and low risk groups are then defined by choosing a probability

threshold.
3.4.1 Logistic Discriminant

Let { Q(n,}’n) tn=12,...,N1} be a random sample of size N from the
joint distribution of (X,Y), where X is a X-valued random variable and Y is

a €-valued random variable that denotes the class membership of the

observation. Logistic discrimination assumes that
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plY =11x) - T
log[l_p(),=“£)]-n°+5n for x € X.

Thus, for x € X,

pY = 1]x) . (3.31)

Therefore, the parameters n, and p can be estimated by maximizing the

likelihood function,

1=z

Ln,/n) =

n

ply Ix ).

41

All logistic discriminant analyses performed for the Sri Lankan household
study are accomplished by using a logistic regression program, PLR, of BMDP

Statistical Software.

3.4.2 CART Discriminant: Growing a Classification Tree

Let { (gh,yn) tn=124,...,N} be a random sample of size N from the
joint distribution of (X,Y), where X is a X-valued random variable and Y is
a B-valued random variable that denotes the class membership of the
observation. In both the classification and the class probability
estimation approach, there are two situations to consider: one when the
prior probabilities n and n, are known, and another when the prior

probabilities are unknown.
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Consider first the situation where the prior probabilities are known.
Let NJ. be the number of observations with y =y, ) =f,2. Suppose 7 is a
partition of the sample space X. Given ¢ € 7, let NJ.(t) be the number of
observations with xe¢ amd v =, for jy=1,2. Then estimate

P(¢) = P(X € ¢) by

- NJ.(t)
P t = .8 L]
(¢) EJ ~ ”_; (3.32)
;
Suppose ;’(t) >0 for all <¢te T, Then for jf =1,2, estimate

p(Jle) = p(¥Y = j|IX € ¢) by

n.N.(t)/Nj

J . (3.33)

5(J'I¢) =

o

(¢)

In practical applications, however, the prior probabilities are
often unknown. Then for any ¢ € 7, let N(¢) be the number of observations
with x € ¢, and estimate P(¢) =P(X e¢) by the proportion of

observations in ¢,

P(¢) = (3.34)

Suppose ;’(t) > O for all ¢ € . Then estimate p(J|¢) by the proportion of

observations belonging to class j in the subset ¢,

R N .(¢)
esle) = —— | (3.35)
N(2)
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For any ¢ € 77, let p(jl¢) be estimated by the appropriate ;(jlt),
J=1,2. In the classification approach, let wc(¢) be the smallest
{ € {1,2} that minimizes C (i |f)p({|4) + C(i|2)p(2|¢), and estimate r_(¢)

in (3.13) by

r (0 =min [ C@@10)p(1 10, CL|2)p2]0 ]. (3.36)

In the class probability estimation approach, let wp(t) denote the vector

(p(£1¢), 2(2|¢)), and estimate r_(¢) in (3.15) by
qu) = 2p(1 18)p(2]4). (3.37)

Using the appropriate 1’5“) and ;(t) , the Bayes risk associated with the

partition 7 is then estimated by

R(F) =§ raP(e) . (3.38)
T

Recall from Section 3.3.3 the desirable splitting criterion for either
the classification or the class probability estimation approach (see (3.27)
or (3.30)). Let 7° be a partition of sample space X with Ple) > 0 for every
¢t € 7. Consider a split o of ¢« 7 into ¢ and ¢, vhere ?ml_) > 0 and

P(¢)>0. Let
R

LTS B S TR
P(¢) P(¢)

Then, the empirical splitting rule for either approach is to choose an

allowable split o of ¢ that maximizes
~ A ~ -~ 2
22 P [ p11e) - pit1e) ]°. (3.39)
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This partitioning procedure will continue to split until each subset
of_ the current partition contains either observations of the same class, or
- observations with identical measurement vector x. Discriminant rules
obtained in this manner are artificial and highly data dependent.
Furthermore, it is conceivable that this splitting procedure may continue
until each terminal set contains only one observation. 1In the following,
the construction of a parsimonious partition suggested by Breiman

et al. (1984) is summarized.

3.4.3 CART Discriminant: Pruning a Classification Tree

The stop—splitting criterion initially consists of setting a threshold
and deciding not to split further if the decrease in the estimated impurity
for the classification approach, or the decrease in the estimated risk for
the class probability estimation approach, is 1less than the threshold.
This may lead to two problems. If the threshold is set too low, then there
are too many subsets in the resulting partition. 1If the threshold is set
too high, good splits may be lost. That is, a subset ¢ may not produce a
split with a large enough decrease, but its descendants ‘1.. and en may be

able to do so.

Breiman et al. (1984) suggest the following alternative. The basic
procedure can be summarized in three steps which are more easily described
by tree terminologies. Recall the construction of binary tree-structured

discriminants. Since each node on a tree corresponds to some set on the
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sample space X, the terms, node and set, will be used interchangeably
henceforth. So far, the terminal nodes of a given tree, which constitute a

partition of the sample space, is the only tree terminology introduced.

Definition 3.7 The root node of a given binary tree is the node with
no ancestor; that is, the set on the tree which is not a subset of any

other sets on the tree.

Let a binary tree be denoted by F. Any node on the tree F is denoted by

¢t € 7, and the set of terminal nodes is denoted by 7.

Definition 3.8 A branch 5‘¢ of 7 with root node ¢ € 7 consists of the

node ¢ and all descendants of ¢ in F.

Definition 3.9 Pruning a branch 7 , £rom a tree F involves cutting off

5‘¢ just below the node ¢. The resulting tree is denoted by F - 5}.

Definition 3.10 7’ is a pruned subtree of F if F' is obtained by

successively pruning off the branches of F.

The alternative to the stop-splitting procedure has three basic steps.‘
The sample space X is first partitioned into an overly large binary tzee}
that is, the sample space is partitioned into fine sets. This tree is then
pruned upward until only the root node is Ileft. By using a more
appropriate estimate of the risk, the right sized tree from among the
pruned subtrees, is selected. The most obvious criterion for selecting a
right stzed tree is to choose the pruned subtree with minimum
estimated risk. This criterion may also be adjusted to compensate for

estimation errors. -However, these criteria may not always select a
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sensidble tree. In most practical applications, the pruned subtrees and
their corresponding risk estimates are inspected; and by using external
information about the variables and by noting the context of the problem,

the right sized tree is selected.

The first 'step is to grow a large tree 3‘0 by continuing the splitting
procedure until all the terminal nodes are either pure, or contain only
identical measurement vectors. Let 3" be the smallest pruned subtree of 5‘0
with é(.?") = 'fE(.To). Note that the pruning criterion may differ for the
classification and the class probability estimation approach.

The estimated risk R(J) = r(¢)P(¢) is defined differently for the two

L ier

cases: ;(t) is the estimated within-node misclassification cost in the
classification approach, while ;(¢) is the estimated within-node Gini

diversity index in the class probability estimation approach.

Now for any branch .7'¢ of 3'“, define R(3‘¢) by

R(J‘t) = z R(t)’

¢

where ‘Tt is the set of terminal nodes of }t' Breiman et al. (1984:

pp. 287-288) showed that for any nonterminal node ¢ of 3‘1, R(¢) > R(J‘t).

Definition 3.11 Let A 2 O be a real number called the complexity

parameter and define the cost-complexity measure 162,\(3") as
R, (F) = R + AT,

where |7°| is the number of terminal nodes in the tree F.
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The complexity parameter A may be thought of as the penalty on each
terminal node of a tree. Thus the cost-complexity measure takes into
account the risk associated with a tree, as well as the complexity of the
tree. Consider any nonterminal node ¢ of 3‘1. As long as ;2)\(5'1') < I%\({t}),
the tree with the branch F A intact is preferred over the pruned subtree
without the branch 5’5 However, at some criti(:aI. value of A, the two
cost-complexities become equal. Then the smaller tree with the branch F A

pruned off is preferred over 3‘1.

Definition 3.12 Consider a nontrivial tree 7. Define a function £(¢)

for ¢ € F by

R(1¢}) - R

- ’ te T,
€yF) = 17,1 -1

+m L e T.

x ~
Then define the weakest link ¢ in I as the node satisfying

2" F) = min &GF).
te7

Let A_= &(¢,;¥ ). Then the node ¢, is the veakest link in the sense that
as the complexity parameter A increases, it is the first node with E)\({t})
equals EA(}t)’ vhere 3“' is a branch of 5’1 with root node ¢. Thus, when the
complexity parameter is 7\2 , the pruned subtree, 3‘2 , obtained by pruning
away the branch F t* from 3“ ; is preferred over -7". Now define recursively

1

for k = 2,3,..., as long as }h is not just a terminal node,

43



Continuing pruning in this manner, a decreasing sequence of subtrees is

-~

obtained: 5", 3‘2,...,' ‘TK , vhere ?K is the root node on all subtrees.
Furthermore, a corresponding increasing sequence of complexity parameters

is also obtained (Breiman et al. 1984: p.286).

The next step is to select one of these pruned subtrees as the right
sized tree. If ﬁ(\?"h) is used to estimate the risk associated with ‘Tk' the
largest tree will always have the minimum estimated risk. Furthermore,
this estimate is biased. Thus a more accurate estimate of R(‘Th) is needed.
Two methods of estimation are discussed by Breiman et al. (1984): use of an

independent test sample and cross-validation.

As noted earlier, the sequence of subtrees, 3“,...,5‘ , may differ for
the classification and the class probability estimation approach.
Since the class probability estimation approach seems more appropriate for
the discrimination obJjectives of the Sri Lankan household study, the
description of the estimation methods will be restricted to the class
probability estimation approach. Extension to the classification approach

can be made similarly.

3.4.3.1 Test Sample Estimates of Risk

The sample is divided rahdomly into two sets, vhere one set is used to
construct the decision rules, and the other is used to estimate the risk
associated with each rule constructed. These two sets are generally called

the training sample, and the test sample respectively.
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Let ¥ denote the random sample { (X ,¥):n=1,...,N}. Asample of
fixed size N® is randomly selected from » to form the test sample F?,
The remainder #* = » - #® constitutes the training sample, which is
used to construct the decreasing sequence of pruned subtrees, 5; yeo .,}K.

For each pruned subtree }k’ let ;h(jlg) estimate the probability §f
belonging to class ; given measurement vector x , j = {,2, by applying }h

to the cases in the test sample. Then for j = f,2, define

ts - 1 ~ . _ 2
Ry VU =—= L L [petilx) -6, 1% (3.40)
] ren . 1
J
vhere n;.z’ ={n: (Lcn',y_n) e ¥? and Y =j}, and 6,(y ) is the Kronecker

delta (1 if v,.= t and O otherwise). Test sample estimate of the Bayes risk

associated with the tree ?f‘h is then given by

ta - ts
If the prior probabilities are unknown, estimate nj by N;.z’/ »N‘z’ , J =1,2.
The standard error estimate for R"“(.Th) denoted by SE(R“(J‘IQ)), may be
obtained by standard statistical methods as described in Breiman

et al. (1984).
A large sample is needed for this method. 1In particular, a large

number of cases is required in the training sample so that the rules

constructed are somewhat reliable.
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3.4.3.2 Cross-Validation Estimates of Risk

When the data set is large, test sample estimation is a reasonable
approach. However, when the number of cases is only a few hundred as in
the Sri Lankan household study, test sample estimation can be inefficient

in its use of available data. Thus, cross-validation is preferred.

In V-fold cross-validation, the original sample J° is randomly divided
into V subsets of similar sizes, .?v, v=1...,V. Then the v-th sample is

defined as FV’ =¥ - ¥ , forv=1,...,V.
v

By using the entire sample J°, the decreasing sequence of pruned

~

subtrees, 7‘1 rece ,5‘)(, with correspording complexity parameters, kt, . N X’

is constructed. Then for each R =1¢1,...,K, let 7\"Q denote the geometric

mean AN of)\handK’u

R ket with J\K = 00.

1

>iwv

Now for each sample »’, v =1,...,V, construct ¥ s the optimally
pruned subtree with respect to the complexity parameter 7\,’(, k=1,...,K.
Then for each tree 3’,‘:’, let ;:’:v’(jm) estimate the probability of
belonging to class ; given measurement vector x , s = f{,2, by applying 37‘;:’

to the cases in J’v. Then for j = £ ,2, define

RV ==—E £ EL[a cix)-6,01% (3.42)
N (v)
, i
J v ren,
vy . (V) = 5 .
where nj ={n: (gn,Yn) € ¥  and Yn J }, and 6i(yn) is the Kronecker

delta (7 if v = i and O otherwise). Cross-validated estimate of the Bayes
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risk associated with the tree }h is then given by

cv _ cv
R (J'h) _§Rj (J'k) ftj . (3.43)

If the prior probabilities are unknown, estimate th by NJ. / N, y=1,2.
Standard error estimate for R°V(J'k) denoted by SE(RCV(.T'h) ), may be obtained

by heuristic arquments as described in Breiman et al. (1984).

The right sized tree may be defined as the pruned subtree with minimum
estimated risk, or as recommended by Breiman et al. (1984), the tree
selected by the { SE rule: instead of 3‘,“, the tree with minimum estimated

risk, the smallest tree :“rh” satisfying

ta

R (T pe) = RP(T,,) + SER®(T,)) o
RYAT uw) S R (T ) + SERT(T L)),

wvhichever is appropriate, is selected. This rule wvas created to take into
account the instability of minimum estimated risk, and to select the
simplest tree whose estimated risk is comparable to the minimum estimated

risk. Note that ‘Th* is a pruned subtree of J‘h*..
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4. Path Analysis

Path analysis investigates causal patterns in a set of variables, in
contrast to the focus of discriminant analysis on patterns among
individuals or cases. This statistical methodology, which was introduced
by a geneticist, Sewall Wright, in the'1920's, has been popularized in the
sociological 1literature (see Duncan 1966, Land 1969, Blalock 1970 and
others). Path analysis u_tilizes a visual representation, called path
diagram, thch consists of arrows leading from one variable to another, to
illustrate the cause-and-effect relationships among the variables.
The statistical part of the method does not specify the direction of»
cause-and-effect relations  between the variables, but does provide
quantitative assessments of the relationships via what are called path
coefficients. Thus, this is not a method for discovering causal
relatioships among the variables, but rather a method for assessing whether
or not a specified set of relationships among the variables 1s compatible
with the observations. Hence, directions of causality between variables
are specified by using non-statistical information or substantive theory.
In practice, the natural temporal ordering of the variables usually

indicates the direction of causality between the variables.

The method of path analysis was initially developed for quantitative
data, where a path dlagram is based on a sequence of linear regression
models. However, most sociological data are qualitative instead of
quantitative. Thus, assumptions under which path analysis was developed
are generally not satisfied. Goodman (1972, 1973a,b) proposed a method for

studying causal relationships among discrete variables, where a path
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diagram is based on one or more loglinear or logit models. However, causal
models thus constructed have 1imitations, and are not directly analogous to
causal models with continuous variables (Fienberg 1980, Rosenthal 1980).
Various problems in causal modelling with quantitative or qualitative data
have been explored recently (Wermuth 1980 and 1987, Wermuth and
Lauritzen 1983, Kiveri, Speed and Carlin 1984, and others). In this
thesis, only the basic approach which lead to the more.recent developments

for qualitative data is examined.

4.1 Structural Modelling with Quantitative Data

4.1.1 Path Models

A path model cah be represented by a path diagram. Suppose we are
interested in the relationship between infant mortality (Xo), a dichotomous
variable, and two explanatory variables, say age (Xt) and education (Xz) of
the mother. We suspect that both age and education influence infant
mortalify directly. Further, we rule out the possiblity that education
affects age, but will postulate that age affects the level of education

attained. Then this model can be represented pictorially as in Fiqure 4.

Level of education
X
/ 2 \
X > X
i [s]

Figure 4 An example of a path diagram

Age Infant death
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The directed arrow, 1eading from one variable to another, indicates that
the first variable has direct influence on the second. A path is formed by
moving along the arrows. In our example, x‘—> X2 ’ Xi-—-> Xo, x2—> Xo, and
Xi—-> xz-—» xo are the possible paths. If a path diagram contains a path
that traces back onto itself, then the diagram is said to have a feedback
loop. Any path model represented by a diagram with no feedback loop is
called a recursive system. All path models considered hereafter are

recursive.

The method of path analysis assumes that all relationships are linear.

Thus for the above example,

= ﬁzzxa ’

X, (4.1)
X, = B X+ BX,

But in pratice this 1is not exact; there are unmeasured sources of
variation. Thus, the above system of equations is more appropriately

expressed as

X, =B, X+6, (4.2)

xo = ﬁmx1+ Boexz-r 60,

vhere the error terms, 60 and 62 , have mean O and are uncorrelated with the
other variables in the corresponding equations. Without 1loss of
generality, assume hereafter tha" all variables are standardized to mean O
and unit varlance. Conventionally, coefficients in the equations with
standardized variables are referred to as path coefficienits, and are

denoted by f"i.j , where the subscripts represent the direct effect of
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standardized variable X}. on standardized variable X ; . Thus, our path

model can be re-expressed as

Xz = 021X;+ £y,6,7 (4.3)
X’ =

(] p’oux1+ p'ozxz"' n’ooso’

where coefficients such as, r,, and Moo’ are generally referred to as the
residual path coefficients. The path diagram is then modified as

follows.

&
2
f"zz J'

Level of education

x »
2
LA o2
Age X ; > X; Infant death
o4 '[
oo
- e

Figure § An example of a path diagram with path coefficients

Since a path model can be represented by a sequence of linear
submodels, the corresponding path diagram can be modified to better reflect
this key concept by the use of colors. For instance, the earlier example
can be represented by a path diagram with colored arcs as in Figure 6. The
modified path diagram is visually more attractive, in the sense that vital
information can be extracted more easily. Suppose we want to know which
variables have direct effect on a specific variable in a more complicated

path model. Instead of staring at a maze of arcs, we can focus on a
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particular color and obtain the desired information. This feature is
especially useful 1in specifying the system of 1linear equations that

represents a path model.

&
lz
Level of education
x,
2

Age X; -+ X; Infant death

Figure 6 An example of colored path diagram
The basic assumptions underlying the application of path analysis for
quantitative data are summarized as follows:

i. Causal (or temporal) ordering of the varlables in the model
is assumed as specified. Validity of the model cannot be
evaluated from the data; external criteria or substantive

theory must provide justification for the model proposed.
ii. Relationships among the variables are linear and additive.

iii. Error terms are not correlated with variables preceeding

them in the submodel, nor with each other.

iv. The variables are measured on an interval scale (at least),

with the exception of dichotomous variables, which can be
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included as interval-scaled by assigning numerical scores to

the two categories.

4.1.2 Estimation and Interpretation of Path Coefficients

Path coefficlents may be estimated in two ways. The first method of
decomposing correlation coefficients was employed by Wright (1934, 1960) in
the development of path analysis. The second method consists of applying

ordinary least squares regression to each submodel in the system.

The latter method of estimation automatically provides estimates of
the precision of the coefficlents, and a framework in which hypotheses
concerning the coefficients may be tested. Although the regression method
is generally preferred, the method of decomposing correlation coefficients
offers a more fundamental understanding of the relationships among the
varliables considered. 1In the following, these two estimation methods are
illustrated in the context of the earlier example u_sing a random sample of

size N.

Since the varlables are standardized, the sample correlation

coefficient between xi and XJ. can be expressed as

=1 ,
r., .= Nzx.x..

1 i

Let the sample correlation coefficient be 2zero, if the two variables are

assumed to be uncorrelated. Then in path model (4.3),
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Let ;"ij denote the estimate of path coefficient ﬂ'ij . Then path
model (4.3) implies that

—-— 1 » » — 1 » ~ » — “~
Tos S W LXy X, =g DX, (ny i+ .80 = oy (4.4).
i ! v x*2 =1, and - ‘e =0 . Similarl
since —— h o . =1 N b x,e, imilarly,
T, = °1+ ozF 247 and (4.5)
r _=p +p.r .
o2 o2 o1 412
In general, Wright (1934) showed that
rij = E oo st (4.6)

where s runs over all variables with direct effect on X;; . Therefore,

estimates of the path coefficients can be obtained by solving for ;"ij's in

the decomposition of correlation coefficients. In our example,

~
= 4.7
n’z1 Tou? ( )
~ Tor ~ Toa'as
N = , and
ot 2
{ -»r
21
r -r r
- _ o2 o 12
oz 2
t -r
12
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Now the residual path coefficients can be obtained by noting

2 b4 2 2

22 1T L x; TN L (;»21x;+ ;"zzezz)2 = ;"21 + ;"zz » and
Too _IN— L X;Z’ = ;"o: + ;”o; * Aoz * ZAonzAza :
Thus,
Azz= ( t - ;"z: )1/2’ | (4.8)
A°°= ( 1= A; B A;'- 2;"01Aoz;"21 )1/2°

For a simple path model as in our example, this method of estimation seems
straight forward. However, for a more complicated model, this method can

be very tedious.

Since a path model is essentially a sequence of linear submodels, path
coefficients can be estimated by applying the method of ordinary least
squares regression to each submodel. Thus for path model (4.3), the
ordinary least squares estimate of r,, is
E X4%2

;3, s —— = pr

21 , 2 21’
L x;

since x; and x; are standardized; and the normal equations for the second
linear relationship are as expressed in (4.5). It can be shown easily that
the residual path coefficients are estimated by v 1 - R* ;, where R? is the
coefficient of multiple determination between the dependent variable in
question and those variables with direct influence on it. Thus for

model (4.3),
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>
N
1
Y
1
%
I
B
™
)
x‘

22 1 N 21 1
— - ~ 2
B =1 oy 7
~2_ o2 Z 4 _ ~ . , 2
(o z Rpu,z 1 N L (ﬂ'mxs + ﬂozxz)
=1 o4 o2 2 010224 7

where R:_ is the coefficient of multiple determination between dependent
variable X; and independent variable X;, and Rz o2 is the coefficient of
multiple determination between dependent variable x; and independent
variables X; and X;. Therefore, estimates of the path coefficients agree
for both methods. Proof of the general result can be found in Land (1973).

By treating the data from the Sri Lankan household study as a simple
random sample, the path coefficlients for our example path model (4;3) are

estimated (see Figure 7).

&
2
0.99 l
Level of education
x’
2
-0.16 \0;15
Age X ; > X; Infant death
0.13
T 0.98
£
o]

Figure 7 A path model with estimated path coefficients
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All path coefficients are significantly nonzero at 5% level. But, as shown
by the residulal path coefficients, or equivalently the coefficients of
multiple determination, linear models do not f£fit the data well. For

further analysis, one may try transforming the variables.

Wright developed the method of path analysis as a means of studying
the direct and indirect effects of variables. Direct effect refers to the
effect of an independent variable on a dependent variable directly without
any mediating variables. Indirect effect pertains to the effect ofi an
independent variable on a dependent variable through a third variable which
affects the dependent variable either directly or indirectly. In our
example, X; has an indirect effect on X(; thru X; vhich has a direct effect
on X;. In another model, X; may not have a direct effect on X;, but has an
indirect effect thru another variable, say X; , that has a direct effect

on X’.
[ ]

The observed correlation between two variables can be expressed as a
sum of three components. The direct and indirect effects of one variable
on the other account for two of the components. The third component of
correlation coefficient is attributable to the antecedent variables common
to the two variables under consideration. This component is referred to as
the spurious component. The decomposition of correlation coefficient as

shown in (4.6) may be re-expressed as follows:

rij = direct effect + indirect effects + spurious component
=qn, . + X VORI T + ¢ n.. .
i , . is " s A A
J s*1,J J =L, ] ?
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vhere both X; and Xc’? have direct influence on X: with s running over all
variables X; wvhich are influenced by X}. , and @ running over all variables
Xc’; wvhich influence X") ; that is, s runs over all variables that have a
direct path/ to X;; and can be reached by following thg arrows from x;. , and
@ runs over all variables that have a direct path to X;: , and can reach x;.
by following the arrows. The sum of direct and indirect effects ié called

the total effect. For our path model (4.3),

direct ef fect indirect ef fect spurious component

H

21 214
~ ~
r = +n r
o1 o4 02" 21
A A
T = a2 P ol

Using data from the Sri Lankan household study, the estimated direct and

indirect effects are shown in the following table.

Effect Direct Iruiirect
Age on education -0.16 —_
Age on infant death 0.13 0.02
Education on infant death -0.15 —_

Table III Estimated direct and indirect effects for path model (4.3)

Thus, the effect of age on Iinfant death is mainly direct. Therefore,
decomposition of a correlation coefficient provides a way of separating the
direct effect on the dependent variable from the indirect effect which

manifests itself through the correlations with other explanatory variables.
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4.2 Structural Modelling with Qualitative Data

4.2.1 Loglinear and Logit Models

- Goodman (1972, 1973a, b) proposed using loglinear and logit models to
study the causal patterns in a set of discrete variables. Commonly used
terminologies and notations for the analysis of categorical variables are
reviewed in the context of three-dimensional contingency tables. A more
complete presentation of this methodology can 'be found in Fienberg (1980),
_Haberman (1978), Bishop, Fienberg and Holland (1975), and others.

Consider three variables, A, B and € , with I, J and K categories
respectively. Suppose a random sample of size N has been collected. Let
mijh denote the expected number of observations with (4,B,C) = (¢,j,R) for
it =1,...,1,5j=24,...,Jand kR =1,...,K. Then the general loglinear
model is given by

log m’ijh Ut f uz(j) * Yk (4.9)

Y2 ihH + Y8 Tl + uzsujh) + uazs(ijh)

where
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Iz J I K
z uaz(z'.j> = L uaz«iﬁ = L Yot z Yyaci ko
i=1 J=1 i=1 k=t
J K
= L Yaac Ik = L Y8 jk =Y
J=1 k=1
I J K
L Yy2act Jk =z Yy2act Jlo = L Y2act Jk =0.
i={ J=t1 k=1

This general loglinear model does not impose any restriction on expected

cell counts {mi }, and is denoted by [4BC]. By setting some of the

IR
u-terms to zero, special cases of the model can be obtained:

Model u-terms set to zero
[AB][AC1(BC] Y, 2901 jks

{4B1(AC] Y2aci gk’ Y2aqk

(4AB1(BC] Y, 29¢ Tk’ st ko

[AC)BC] Y2acishk’ Pz

(AB](C)] Y2aci k)’ Haaakr ! Yzac sk

[AC1(B] Yizacigiy’ Yazcir? Y2ac gk

{BC1(4] Yizacijiy’ Yazc i’ Madiko
(Al1[B](C] Yy2acigk’ Yz g’ Mascik ! Yzagko

Table IV  Various loglinear models for three-dimensional tables
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Model [AB][AC](BC] assumes that each two-variable interaction is unaffected
by the value of the third variable. Models (4B1[AC], [(4B1}i(BC], and
[AC1(BC) are obtained by assuming conditional independence of two variables
given the third. For example, model (A4B][AC]) assumes that variables B and
‘C are independent given variable A. Models (4B][C], [AC])[B], and [BC][A4]
are obtained by assuming one variable is Jjointly independent of the other
tvo. For example, model [A4AB](C] assumes that variable € is Jointly
independent of variables 4 and B. Lastly, model (4]1[(B](C] assumes that the

three variables are mutually independent.

The method proposed by Goodman is restricted to a hierarchical set of
models in which higher-ordered terms may appear only 1f the related
lower-ordered terms are present. An example of a nested hierarchy of

models is given below:
[4A]1[B]IC] <« [AB]IC] <« [AB]IIAC] < [AB][AC])[BC] < [4BC],

where < means “is a special case of™.

Effects of categorical predictors, say 4 and B, on a dichotomous

response, say C, can also be assessed by a logit model:

m
... ClaBp _ 11 _
logltij = log [—mija ] =wtw o+ wz(j) + w;zn‘.j) (4.10)

for t =¢,...,I,and y=1,...,J, where
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1 J I J
z Yty T z Y 5 = L Yiat N = L Yiact n =0
=1 J=1 1=1 J=e

Note that this logit model can be obtained from the general loglinear model

by making the following identifications:

2 u

w U ’ w ,
8¢1) 1<) 193¢t f),

w_ u ., w 2 u . .
2¢J) . 28¢ )1 12¢L H 123¢ L jho,

Special cases of this logit model can again be obtained by setting some of

the w-terms to zero.

Logit models for categorical predictors are special cases of logistic
response models introduced in Section 3.3.2. Let Pijh denote the
probability that (4,B,C) = (¢,j5,R), for ¢ =1¢,...,1, j = 1,...,7, and

kR =f,2. Then, (4.10) can be rewritten as

L. . m. . |
i1J1 _ 11 =
log [p—_] = log [mija ] =wrtuv ot Y205 + Yeact (4.11)

with the same restrictions on the w-terms. Suppose I =J =2. Let XA and

xB be dummy variables defined as

XA - 1 if A
-1 if A

1,
e,

1 if B
1 if B

1,

ard X =
. ;

and let XAB XAXB. Further, let po(k|X) denote the probability of C = k

given xA and xn, i.e. let p(R[X) = p,

... Then (4.11) can be rewritten as
iR ,
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pL1X) | _
log [P(alﬁ) ] =w + w‘.m)(A tw Xt wgz(u)xAn' (4.12)

Thus, logit models are special cases of logistic response models where the
predictors need not necessarily be categbrical. Extension to predictors
with more than two categories can be made similarly by defining the

appropriate dummy variables,

4.2.2 Path Models

As in Section 4.1, suppose we are interested- in the relationship
between infant death (C) and two explanatory variables, say age (4) and
education (B) of the mother. But now assume that each variable has only
two levels. The relationship between variables 4 and B can then be

expressed by the logit model

|A BlAa + B|lA

a —
logiti = w iy’ (4.13)
where §, w:(l‘:) = 0. Now build a logit model with C (infant death) as the

response variable, and 4 and B as the explanatory variables. The three

unsaturated loglinear models corresponding to such a logit model are

1. [AB1{AC)(BC]
2. [AB]lAC]

3. [AB)([BC].

The best model among those providing acceptable £it is chosen using

external information, or substantive theory. The fit of a recursive system
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of logit models can be assessed by two approaches, which are presented in
later section. Suppose model 1 is the best model. Then the path model can
be represented by the following diagram with path coef ficients given by the

w-terms.

Level of education

B
BlA c|an
1¢4) 2¢1)
Age A > C Infant death
c|AB
1¢4)

Figure 8 A path model with dichotomous variables

Several drawbacks of this method proposed by Goodman (1972, 1973a,b)
are illuminated by the above example. Although Goodman does assign
numerical values to arrows in the diagram, these values do not have the
same interpretation as in path analysis for continuous variables. There is
no calculus of path coefficients; so there is no way of evaluating the
indirect effect of a variable. Further, variables with multiple categories
have multiple coefficients associated with a given arrow in the path
diagram. Thus, interpretation of the model may be complicated. Since a
sparse contingency table will pose problems in estimation of the u-terms,
and thus the w-terms, the number of categories for each variable, and the
number of variables considered must be restricted. In view of these
obstacles, we will limit ourselves to variables with two categories, and

consider only a small number of variables.
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4.2.3 Estimation of Path Coefficients

The path coefficients are estimated by maximum likelihood method,
which will be illustrated using a two-dimensional table. The method can
easily be extended to higher dimensional tables. Our Sri Lankan household
data set is assumed to be a fixed sample, in which each member is
cross—classified according to its wvalues for the variables under
'considera_tion. . Since a multinomial sampling model is assumed for the Sri
Lankan household study, the estimation procedure will be developed based on
such models. Estimation procedures are similar for other commonly
encountered sampling models, such as product-multinomlal and Poisson (see

Bishop, Fienberg and Holland 1975, and Fienberg 1980).

Consider a random sample of N subjects, where (Ah,Bh) for subject h is
observed, A = 1,...,N. Let pij denote the probability that (4,B) = (i,J),
and let Zi.]' be the number of subjects withAd =3¢ amd 8 =j, for ¢,y =1,2.
Then, under the multinomial sampling model, the expected number of subjects

with 4 = ¢ and B2 = y is given by

., = E(Z..) =Np_. .. (4.14)

The general loglinear model for a two-dimensiocnal table is

log mi.j =u +u - (4.15)

R A 7 S A 7] ,
T3 ) 2¢J» 12(L O

for ¢,; = 1,2, where

=4 =4 2 2
L Yoty T L wu = L uaz(ij)= L ugz(ij) = 0.

i1=1 J=1 t1=1 J=1
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Alternatively, the matrix representation of this model is

m 1 1 ! 1 u

11

m 1 1 -1 -1 7
log 12 = 1¢1)

m 1 -1 1 - u

21 2¢4)

m 1 -1 -1 1 U

22 12¢41)

or
log m = Wj3.

The likelihood function is given by

2., 2, .
L(Q) x n pij 1) n mij i,
i, i,

wvhere zij are the observed cell counts. Thus the maximum likelihood

equations are given by

o ~
55 tos L(@) = wiz-m=0, (4.16)
vhere 2z = (z“,z‘z,zu,zzz)]‘, and )2} is the maximum 1likelihood estimate

of m. Further, the observed Fisher information matrix is given by

2
$ =- log L(B) =W MW, (4.17)
o 2
a3
wvhere
m 0 0 ©
11
=0 mxz? © .
0 0 m ©
21
O 0 0 nm
22

Hence, the maximum 1likelihood estimates of (3 can be obtained by

Newton-Raphson iterative procedure:
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-1
E(l.+1)= E(l.>+ [WTM(?')W] W'l'(g _ 1’fl))’ L=0,1,...

vhere @(l’ is the estimate of 3 at the l-th stage, rg‘b

M b is the diagonal matrix corresponding to Q.(l’. Since the choice of

exp(W{?(l)), and

initial estimate {3‘0) will affect the rate of convergence, the initial

estimate should be chosen carefully. In general, the weighted least square

estimate of [3 with weights will provide a satisfactory initial

i)
estimate.

The w-terms can also be estimated by using various other methods (see
Bishop, Fienberg and Holland 1975). However, only the Newton-Raphson
iterative procedure provides a readily available estimate of the precision
of é The maximum likelihood estimator é is asymptotically normally
distributed with mean 3 and variance —1ﬁ— &', where $ is the Fisher
information matrix. In practical applications, the observed information
matrix .90, which is available upon convergence in the Newton-Raphson

procedure, is often used in place of #. Therefore, statistical inference

for the u-terms (in vector 3) is possible.

Although the above iterative procedure is described for the saturated
loglinear model in the case of two—dimensional tables, extension to other
loglinear models simply involves modifying the m-vector, the W-matrix, and
others accordingly. Thus, estimates of the w-terms can be obtained
similarly. Since path coefficients (bw-terms) are twice the appropriate

u—-terms, they can be estimated from the estimates of u-terms.
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4.2. 4 Goodness—-of -Fit for Path Models

A path model is specified by a recursive system of models. The fit of
a system of logit models can be assessed by directly checking the fit of
each component model, or by computing a set of estimated expected cell

counts for the combined system.

Once the expected cell counts are estimated, the fit of the model can
be assessed by either the Pearson chi-square statistic x> or the

likelihood-ratio statistic 62:

2 ,
- Cobserved - expectedo
X = > expec ted ' (4.18)
2 _ ' observed

wvhere the summation in both cases is over all cells in the table. If the
fitted model is correct and the total sample size is large enough, both x2

and G° are approximately x? distributed with degrees of freedom given by
d.f. = & of cells - # of parameters. (4.20)
In the context of causal modelling, Goodman uses the likelihood-ratio test

statistic G to evaluate the fit of a model.

Improvement in the £fit of a model by adding or deleting some
iteraction terms can also be assessed by chi-square statistics. Consider
two models, model I and 11, where model II is a special case of model I.

That is, model II is obtained from model I by setting some of the u-terms
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to zero. Then the likelihood-ratio test statistic,

2 2 2 : expec tedI
AG” =G (II) - G (1) = 2 ¥, observed * log - ,  (4.21)

expec ted

11
wvith d.f. =d.f.(I) - d.f.(I1) can be used to test whether the difference
between the expected cell counts for the two models is simply due to random
variatibn given the true expected cell counts satisfy model I.
For instance, in our example, the effect of adding the relationship between
A (age) and C (infant death) to the model [A4B)[BC) can be evaluated by

using the test statistic
2 2 2
AG” =G ( [AB][BC]) ) - G"( [AB]LAC])IBC] )

with { degree of freedom.

Goodness-of-fit of a path model can also be assessed by using the
expected cell counts of the combined system of logit or loglinear models.
The computation of these combined estimates is best illustrated by an
example. ‘Suppose we have three variables with the following causal

ordering:

A precedes B precedes C, (4.22)

as shown in Figure 8. Then the estimated expected cell counts for a
system, consisting of the pair of unrestriced logit models implied

by (4.22), are given by

~ Bla ~ clas ~ B|A ~ c|aB

. My m T m
m. o= L} L} = t) L) , (4.23)
iR ~ clas =
i)+ i1+
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where 2::j+ is the number of observations with (4,B) = ({,)), and {;;ij.“
c|aB

and {mijh } are the estimated expected cell counts for the logit models

}

with variables B and € as the response variables respectively. Since the
latter model involves conditioning on the marginal totals {zij*}, which can
be seen from the maximum 1likelihood equations, the second equality
in (4.23) 1is obtained. Thus, the 1likelihood-ratio test statistic is
giver; by

_tik (4.24)

0}
N
0
n
™
N
*

T e~
0
0

I N

[ S |

ijk

. ~ Bla c|aB
i,7,R m.l m |

=G + G
BlA clabp

where G: lA is the likelihood-ratio test statistic for logit model specified

2

c|an is the

on the 2x2 table obtained by collapsing over variable €, and G
likelihood-ratio test statistic for logit model specified on the complete
2x2x2 table. Thus, the overall likelihood-ratio test statistic has degrees
of freedom given by the sum of degrees of freedom corresponding to the two
component G%'s. A more detailed discussion on this approach can be found

in Goodman (1973b), and Fienberg (1980).
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5. Results of Statistical Analyses on the Sri Lankan
Household Data

The Sri Lankan infant mortality data set was first analyzed by
discriminant methods to identify risk factors and to characterize
households with high risk of infant mortality. Methods for path analysis
vere then applied tb the identified risk factors, in order to assesss the

relationships among them, and their relationship to infant death.

5.1 Identification of Infant Mortality Risk Groups

The main objective of this analysis is to identify risk factors that
discriminate between households with relatively high and 1low infant
mortality. By using the terminologies and notations introduced in
Section 3, the problem can be formalized as follows. For each household
sampled in the Sri Lankan household study, let Y be a dichotomous variable
indicating whether or not an infant death has occurred, and let X be a
vector of explanatory variables. Then, Y specifies the class to which the
household belongs. The explanatory variables are listed as X-variables in
Table I, which includes information on nutrition, sanitation, education of
the mother, economic status, childbirth environment, ethnicity of the
family, etc.. Then, the sample space X consists of all possible
combinations of the x-values. Using decision theoretic criteria, estimates
of infant death probability at each x-value partition the saméle space X
into two regions corresponding to relatively high and 1low risk

groups. Two discriminant methods are advocated in Section 3: logistic
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discrimination and class probability estimation by CART. For each of these
methods, the analysis was performed separately for those women of age less

than 44 (N = 250) and those of age greater than or equal to 44 (N = 141).

5.1.1 Logistic Discrimination

A forvard stepwise procedure implemented in the logistic regression
program PLR of BMDP, was used to select explanatory or predictive variables
that may adequately model the 1logit of infant death probability, as

described in Section 3. The results of this analysis are shown in Table V.

Consider the results for younger women (Table Vb). About 25% of these
wvomen with age less than 44 have experienced at least one infant death.
Maximum likelihood estimates of the regression coefficients in the most
parsimonious model indicate that probability of infant death seems to be
greater for those who gave birth at home, and for those whose families have
lower economic status. By setting some threshold value Py the Sri Lankan
village households can be partitioned into two risk groups with the higher
risk group composed of households with estimated infant death probability
greater than the threshold value. Using the maximum likelihood estimation
results, the sample space can be partitioned as follows: the region of high

risk corresponds to families with

1. last child born in hospital, and
economic status < -4.762 ( logtit P, +1.134 ), or
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2. last child born at home with a midwife, and
economic status < —4.762 ( logit P, + 0.305 ), or

3. last child born at home without a midwife, and
economic status < -4.762 ( logit P, + 0.352 ).

Details on formulation of the above partition are shown in Appendix I.
-Although this partition of the sample space can be interpreted easily, this

may not always be the case where more variables are in the final model.

Next, conside: the results for older women (Table Vb). Maximum
likelihood estimates of the regression coefficients in the most
parsimonious model indicate that probability of infant death for the
non-Sinhalese families may be twice as high as that for the Sinhaiese
families. Thus, for the older women, the relatively high and 1low risk

groups may be defined by ethnic group membership.
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Table V Results of forward stepwise logistic regression

a. Model selection

Study group Model -2 log A d.f. p-value
Women of age <44 constant

constant, x5 8.509 1l 0.004

constant, Xs, )(z 7.003 2 0.030
Women of age 44" constant

constnat, xm 11.665 1 0.001

maximum likelihood under previous model

where A\ =

maximum likelihood under current model

X2 is the environment of child birth,

X is the economic status, and

X is the ethnicity.

10

Note that Xs is treated as continuous variable, while Xz and

xm are treated as categorical variables represented by dummy

variables as defined on the following page.
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b. Maximum likelihood estimates of the coefficients in the final model

Maximum likelihood estimate
- Study group ~ Variable coefficient s.e.
Women of age <44  constant -0.597 0.209
x5 -0.210 0.098
xzm 0.292 0.224
xz(s) 0.245 0.238
Women of age 44" constant -0.683 0.187
xm(z) 0.622 0.187

wvhere X5 is the economic status,

1 if the last child was born at home
with a midwife,
X, , =4 —f if the last child vas born in hospital,
L O othervise,
S if the last child was born at home
wvithout a midwife, v
xz‘a) =4 -1 if the last child was born in hospital,
[ O othervise, and
1 if the household is non-Sinhalese,
Xioczy = { -1  if the household is Sinhalese.
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S.1.2 Discrimination using CART

The probability of infant death at each point in the sample space was
estimated using the CART software described in Section 3, using the 10-fold
cross-validation procedure. As in the previous section, younger and older
women were analyzed separately. For the younger women, the pruned subtree
with the minimum cross-validated estimate of risk is shown in Figure 9.
I1f the same criterion is used for the older women, then a trivial tree with
one terminal node would be selected. Thus, the next larger tree which can
be obtained by growing a tree with an appropriate complexity parameter

using the entire sample, is considered (see Figqure 10).

For younger women, the binary tree (Figure 9) has three terminal
groups corresponding to low risk, and one terminal group corresponding to
high risk. Women who gave birth in the hospitals, or whose families have
high economic status appear to have a relatively low risk of experiencing
at least one infant death. For those women who gave birth at home, and
whose families have low economic status, families whose major source of
income is from piece-rate work or hourly labor seem to be at a much lower
risk than those families whose income is from other sources. For those
households in poverty, piece-rate work or hourly labor may provide a
steadier source of income. Thus, women who give birth at home, live in
poverty, and vhose families have no steady income, are at the highest risk

of experiencing at least one infant death.
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For older women, the binary tree (Fiqure 10) suggests that Sinhalese
families may have been at a lower risk than the non-Sinhalese families.
The estimated probability of infant death indicates the risk of infant

death may be twice as high in non-Sinhalese families as in Sinhalese

families.
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‘Figure 9 CART results for the younger women

63 class 1
187 class 2

a5z

in hospital Where was the at home

last child born?

24 class 1 39 class {
115 class 2 72 class 2
CL17220 C35%20
3+
Economic
status
34 class 1 5 class 1
48 class 2 24 class 2
C4170 C177
piece rate Prlmary source others
income
10 class 1 24 class 1
31 class 2 17 class 2
C2470 5920

class 1: households with infant death experiences,
class 2: households with no infant death experience.

" Proportion of class f households are reported in the brackets.
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Figure 10 CART results for the older women

48 class 1
93 class 2
C3470
Sinhalese | Ethnicity others
X
10
16 class 1 32 class {
59 class 2 © 34 class 2
(2123) (48%)

class !: households with infant death experiences,
class &2: households with no infant death experience.

Proportion of class f households are reported in the brackets.

[0}
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5.1.3 Discussion

Explanatory variables considered 1important by the 1logistic
discrimination method were also considered important by the CART method.
However, the partition of the sample space into regions of relatively high
and lov risk may be different for the two methods. Logistic discrimination

forces a linear partition, whereas CART partition is ptecewise linear.

For younger women, economic status of the family is considered an
important risk factor by both methods. But in the CART result, the
partition uses this variable only for those women giving birth at home.
Suppose the threshold value, Py in Section 5.1.1 equals 0.17 as in the
CART result. Then logistic discrimination method partitions the sample
space into high and low risk regions as follows: the region of high risk

corresponds to families with

1. last child born in hospital, and economic status < 3 , or
2. last child born at home with a midwife, or

3. last child born at home without a midwife.

Thus, women who gave birth at home are in the high risk group, and so are
vomen who gave birth in the hospital but whose family is poor. But this
contradicts the CART result (Figure 9), where all women giving birth in
hospital are in the low risk group. Consider the 3 x 2 contingency table
formed by cross-tabulating the environment of childbirth, and the economic
status dichotomy creéted by grouping the categories 0-2 and 35 , as shown

in Table VI. The table shows that the partition provided by the CART
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method seems more coherent than the partition provided by 1logistic

discrimination.

The 1logistic discrimination method assumes that the relationship
| between the 1logit of infant death probability (logit p) and economic
status (Xs) for environment of childbirth (Xz), can be modelled by parallel
straight lines (Table VII). This criterion seems reasonable for latter two
childbirth conditions, but not for all three conditions. By imposing this
parallelism on the results, the more appropriate partiﬁioning of the sample
space is overlooked. However, if interactions between the two explanatory
variables were allowed, logistic discrimination might have obtain the
appropriate partitioning. In general, logistic discrimination may require
fitting many different models with various iteraction terms before a

partitioning comparable to that found by the CART method, is discovered.

Discrepancies between results for the two age groups may be 'explained
by several factors. Health services may be more readily available at time
of child bearing for the younger women. Younger generation may also be
less inhibited by health technologies; and thus utilizes the services more
frequently. Ethnicity may be more relevant to everything (including infant
mortality) when the older women were child bearing. Ethnicity may still be
pertinent to economic status and usage of health services in the younger
generation, but the effect of ethnicity on infant mortality may have
lessen. Lastly, economic status at time of study may be strongly related
to economic status at time of child bearing for the younger women, but

perhaps not for the older women.
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Table VI Comparison of sample space partitioning by logistic
discrimination and by CART

The following table is constructed based on women of age less than 44.

Economic status - ownership of
household items. (Xs)
Where was the last _
child born ? (Xz) _ 0 -2 3~-5
In hospital 0.20 (=) 0.13 (=) 0.17
* 79 * S0 *
At home with 16 4
midvife 0.41 ( = ) 0.19 ( rv) ) 0.33
At home without 18 1
midvife 0.42 ( - ) 0.13 (—5—) 0.37

The hAigh risk group identified by logistic discrimination is the
group of households in the highlighted region given by the union
of the first column and the last two rows.

The high risk group identified by CART is the group of households

in the highlighted region given by the intersection of the first
column and the last two rows.

82



Table VII Estimated logistic regression equations for younger women

Where was the last : Estimated

child born? (Xz) ‘Logistic Regression Equation
In hospital logit p=-1.134 - 0.210 x5
At home with midwife logit p=-0.305 - 0,210 X5
At home without midwife logit p = -0.352 - 0.210 X5
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5.2 Causal Modelling

Discriminant analysis performed earlier indicates that economic
status, environment of childbirtfx, and ethnic group membership may be
associated with infant mortality. To understand how these variables work
together to affect infant mortality, a path model is constructed based on

the natural temporal ordering of the variables (Figure 11).

Figure 11 A path model specifying temporal relationships among selected

variables
Economic
status
Ethnicity » Infant
\ / death

Enviornment of childbirth
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5.2.1 Structual Modelling with Quantitative Data

The following analysis is performed using the REG procedure in the S4S
statiétical software, by treating all four variables as continuous.
Results of path analysis for the two age groups are shown in Figures 12 and
13 respectively. The estimated direct and indirect effects of explanatory

variables on infant mortality are summarized in Table VIII for the two age

groups.

Comparing path models shown in Figqures 12 and 13 suggests that the
relationships among the variables may differ for the two age groups.
The effect of ethnic group membership> on childbirth environment seems
stronger for' the younger women. Economic status and childbirth environment
appear to affect infant mortality for the younger women, whereas only
ethnicity appears to have a substantial effect on infant mortality for the

older women.

Consider the estimated direct and indirect effects of explanatory
variables on infant mortality for the younger women (Table VIII). Although
ethnicity has virtually no direct effect on infant mortality; it does seem
to influence the other two variables, economic status and environment of
childbirth, to affect infant mortality. Thus minority group status may
adversely affect the economic status, and may obstruct access to better

childbirth environment, which in turn, increases the risk of infant death.
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A

Estimated direct and indirect effects of explanatory variables on
infant mortality for the older women in (Table VIII) indicate that neither
economic status nor childbirth environment have strong direct or indirect
effects on infant mortality. Therefore, minority group status seems to be
the only factor, among the three considered, to increase the risk of infant

death.

For both path models (Figure 12 and 13), the path coefficients
corresponding to the unobserved sources of variations are high. Thus, the
linear models considered by path analysis do not seem to f£it the data well.
Since the occurrence of infant death is a relatively rare event, and the
variables investigated are not immediate biological causes of infant death,
a linear model is not likely to fit the data well. However, this type of
model still provides some useful information on the relationships among the

variables.
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Figure 12 Path analysis results for the younger women

l 0.93
Economic
status
Xs
-0. 36 - 0.13
Ethnicity i 0. 00 Infant death
———————— - R T - — —-’

X0 -0.17 / Y
0. 3&'\‘ - -0.16 To.o7

Environment of childbirth

X
2

T o.00

vhere —— signifies statistically nonzero path coefficient at
the 107 level (excluding residual path coefficients).
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Figure 13 Path analysis results for the older women

l 0.90
Economic
status N
X, N N
-0. 44 L O-10
N
Ethnicity . -0.25 ™\ Infant death

7 4

X0 -0.19 | p
o.zs\' + s -0.02 To.os

Environment of childbirth

Xz

T o.06

where ——— signifies statistically nonzero path coefficient at
the 107 level (excluding residual path coefficients).
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Table VIII Estimated direct and indirect effects on infant death

Effect on Infant Mortality

Study Group Variable (source) Direct Indirect
Age <44 Ethnicity 0.00 -0.12
Economic status 0.13 0.05
Use of health services -0.16 —

for childbirth

Age 44" Ethnicity -0.25 -0.04
Economic status 0.10 -0.61
Use of heaith services 0.02 _—

for childbirth
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5.2.2 Structural Modelling with Qualitative Data

The preceding section applied statistical analysis that was originally
derived for continous variables; but most of the variables in this study
are ordered categérical. In this séction, the relationships between the
variables are analyzed_ using the method for categorical variables proposed
by Goodman, which was described in Section 4.2. Due to limitations of the
method as discussed in Section 4.2.2, the variables considered are recoded
i‘nto' two categories (Table IX). Let 4 - D be the recoded variables for
ethnicity, economic status, environment of childbirth, and infant death
respectively. Then the following causal ordering of the variables is

assumed:

A preceeds B preceeds C preceeds D.

Programs written in a language implemented in the statistical software
package called S were used for the analysis. Path diagrams depicting the
causal connections implied by the best logit or loglinear models for women
of the two age groups are shown in Figqures 14 and 15. Details on the model
selection are given in Appendix II and III respectively for the two groups

of women.

The path dlagram for the younger women (Figure 14) indicates that:
(1) minority group status may adversely affect economic status, and may
obstruct access to better childbirth environment; (2) poverty may have

blocked access to better childbirth environment; (3) lastly, poverty and
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childbirth environment may be 1linked to infant mortality. Although
minority group status does not seem to have direct effect on infant
mortality, it does seem to have an indirect effect through economic status

and environmment of childbirth.

The path diagram for the older women (Figure 15) indicates that:
(1) minority group status may have negative effects on both economic status
and infant mortality; (2) poverty may have blocked access to better
childbirth environment; but (3) neither economic status nor childbirth
environment has any significant effect on infant mortality. Therefore,
for older women, no variables in addition to ethnicity (among those
considered) can significantly improve discrimination between high and low

risk groups.
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Table IX Variables used in modified path analysis

Variable Variable in original data set Codes

A Xm Ethnicity 1 - Sinhalese
2 non-Sinhalese

B X5 Economic status 1 0-1
2 2+

C Xz Use of health services 1 in hospital

for childbirth 2 at home

D Y Infant death 1 at least one

2 none
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Figure 14 Path diagram showing causal links implied by selected logit
models for the younger women

Economic
status
B N
-0.63 0.33
Ethnicity _ _ _ _ _ _ _ _ | ___ _ _ _ _ _)» Infant death
4 ~0. 24 b
0. 82 v -0. 38

Environment of childbirth
C

wvhere ~ — — signifies non-significant relationship.
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Figure 15

models for the older women

Path diagram showing causal links implied by selécted logit

Economic
status \
B N N

-0.73 N

N
Ethnicity -0.50 M Infant death
A N\ - e D

0. 41 L P

N ) 7
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c
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5.2.3 Discussion

Causal interpretations of path diagrams constructed by both
gquantitative and qualitative approaches are similar. For the younger
wvomen, both path diagrams (Figures 12 and 14) show that minority group
status seems to result in poverty, and seems to obstruct access to better
childbirth environment, which in turn, leads to infant deaths. For the
older women, both path diagrams (Figures 13 and 15) indicate that minority
group status per se appears to be the only factor that has any effect on
infant mortality. Discrepancies between results for the twd age groups may

be explained as in Section 5.1.3.

None of the linear regression models in Figures 12 and 13 fit the data
particularly well, as shown by the path coefficients corresponding to the
unobserved sources of variations. On the other hand, the loglinear or
logit models considered in Figures 14 and 15 provide reasonable fit to the
data sets. However, the method for qualitativé data does not provide
quantitative assessments of indirect effects as provided by the method for

quantitative data.
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6. Remarks and Recommendations on Statistical Methods Used to
Identify Risk Groups

An objective of the Sri Lankan household survey was to identify a
| small number of risk factors that distinguish groups of women having
relatively high or low probability of experiencing at least one infant
death. This study examined socioeconomic factors (not medical causes) that
are relevant to resource allocation prioritics, and to cultural obsf:acles
in the planning »of health services and health promotion programs.
Structural or temporal relationships among the risk factors are also of

interest to the researchers.

Statistical discrimination methods were used to select significant
risk factors, and to identify the high risk group (or groups) in the Sri
Lankan households. Aithough both 1logistic discrimination and CART are
computing-intensive, the logistic discrimination method requires less
computing resources, and has more readily available software packages.
Otherwise, the CART technique is preferable, since it provides more
informative and more easily interpretable results. Furthermore, the CART

technique does not require any distributional assumptions.
After a small set of risk factors had been identified by discriminant
analysis, the structural or temporal relationships among selected risk

factors and infant mortality were investigated using path analysis.

The classical method of path analysis using linear regression models

has often been applied to social science data that are ordinal or

96



categorical in nature, where a modified method using logistic quantal
response models would be more appropriate. When the classical method is
applied inappropriately, the resulting path modevl usually does not fit the
data well, as indicated by high residual path coefficients. Although the
modified method does provide a better fit, it 1is highly computing-
intensive, and is restrictive in the number of variables allowed in the

proposed path model.

In practice, soclial scientists would use path models with more
variables ‘than ‘the models considered here. Variables that were not
selected by the dis.crimination methods might still be of interest to the
researchers, when considering infant mortality in a larger socioeconomic

and political context.

The approach used in this thesis, and recommended for similar studies
to identify risk groups, applies discriminant analysis (preferably CART) as
an exploratory tool, and then uses path analysis (preferably logistic
quantal response modelling) to confirm significance of relationships among

var iables.

In our Sri Lankan household study, discriminant analysis identified
economic status and environment of childbirth as significant risk factors
for the younger women. In contrast, ethnic group membership is the only
risk factor identified for the older women. Younger women who gave birth
at home, and whose families have low economic status appear to be at a high

risk of experiencing at least one infant death, whereas, younger women who
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gave birth in the hospital, or whose families have high economic status
seem to be at a substantially 1lower risk. For the older women,
non-Sinhalese families appear to have a higher risk of experiencing at

least one infant death than the Sinhalese families.

Results of path analysis on infant mortality wusing the three
identified risk factors suggest that the changing role of ethnicity may
have partially explained the discrepancies between previous results for the
two age groups. While ethnic group membership may be relevant to many
things, including infant mortality, for the older generation, its influence

on infant mortality seems to have lessened for the younger generation.

The discrepancies between results for the two age groups may also be
explained by other factors. Health services may not have been as readily
available at time of child bearing for the older women as for the younger
wvomen. The use of better childbirth environment by the youngér wvomen may
also be explained by the changing attitude toward the seriousness of
childbirth by the families. Finally, the economic status at the time of
study may be strongly related to the economic status at time of child

bearing for the younger women, but may not be so for the older wvomen.

In order to plan an effective health program to promote infant
survival, oﬁe must understand the socioceconomic conditions in which infant
death is likely to occur, as well as the biomedical causes of infant death.
Our analysis suggests most of the high risk households will be too poor to

take advantage of the government's subsidy program for the construction of
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sanitary latrines. Although Sri Lanka has a well-organized network of
essentially free health servicés that extend into rural areas, access to
and usage of better childbirth environment can still be improved.
Health planning entails more than designing a program that treats or
prevents a health disorder; it must also ensure health care delivery to

those in need.
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Appendix I Partitioning the Sample Space Using Logistic Discrimination
{Younger Women)

Let P, be some threshold value chosen, so that the Atgh risk group is
composed of households with estimated probability of experiencing at least
one infant death greater than Py- Then using maximum likelihood estimates
of the regression coefficients (Table Vb), the Aigh risk househovlds have

explanatory variables satisfying the following inequality:
-0.597 - 0.210 X_+0.292 X__+ 0.245 X > logit p, (A.L)
) 5 2(2) 2(3 [ ]

where Xs denotes the economic status, and Xz(z) and Xz(a) are dummy

variables representing the categorical variable x2 as defined below,

-1 if the last child was born in hospital,

{ if the last child was born at home with a midwife,
X =
2@ o othervise, -

-1 if the last child was born in hospital,

4 if the last child was born at home without a midwife,
2@ O otherwise.

Alternatively, the partition region can be described by examining each
childbirth enviromment in (A.l) : the region of Aigh risk corresponds to
families with

1. last child born in hospital, and
economic status < -4.762 ( logtit P, +1.134 ), or

2. last child born at home with a midwife, and
economic status < —-4.762 ( logit P, t 0.305 ), or

3. last child born at home without a midwife, and
economic status < -4.762 ( logtit P, + 0.352 ).
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Appendix II Modified Path Analysis - Model Selection (Younger Women)

Using the method proposed by Goodman as described in Section 4.2, the

relationship between variables 4 and B is investigated through the logit

model
., Bla _ B|A BlAa
Zog:.ti = w + W oy (A.2)
with estimated effect parameter ;):l? = -0.63 . By examining results of

fitting the three unsaturated loglinear models corresponding to the logit
model with C as the reponse variable, and 4 and B as the explanatory
variables (models M - M3 in Table X), .we see that models

[ABILACI[BC] (M1) and [4Bl[lAC] (M2) provide reasonable fits for the data.
That is, their goodness-of-fit statistics (either X* or Gz) are not
statistically significant. However, Gz(Ha) - Gz()u) = 3.087 with { degree
of freedom is significant at the 102 level, suggesting the relation between
variables B and € may be important. Thus, the 1larger model, M!f, is

preferred. The corresponding logit model is

logit.c.hn =wc|AB +wc|.AB +wc'.An, (A.3)
i) 1¢i) 2¢
with estimated effect parameters: z’;):l')ﬂ = 0.82 and @:l?n = -0.24 .

Now examine the effects of A on D, B on D, and € on D as suggested by the
assumed causal ordering. The results of fitting the seven unsaturated
loglinear models corresponding to the légit .model with D as the reponse
variable, and 4, B and ¢ as the explanatory variables (M4 -M1O in

Table X), show that all except model {4ABC}{4D] (M8) fit the data well.
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Since model M7 is a special case of model M4, and Gz()ﬂ) - GZ(H4) =0.216
with f degree of freedom is not statistically significant at the 5% level,
the smaller model, M7, is preferred. For models MO and M{10, two special

cases of model M7,
2 2 2 2
G'(M9) ~G (M7) =6.729 and G (M1O) - G"(M7) = 4.886,

each with f degree of freedom; both are statistically significant at the 5%
level. Thus, futher reduction from model M7 is not desirable. The logit

model corresponding tb M7 is

n.l.\nc - wnlAac + wnlanc + D |ABC

l°8z't'i_) 2¢J» acky ' (2.4)
with estimated effect parameters: Q;:l?nc = 0.33 and z::s':l‘)“’c = -0.38 .

The results are summarized by the path diagram in Figure 14.
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Table X Goodness-of-fit statistics for loglinear models (younger women)

Model a.f. x? 6*
M1 (AB}LAC)([BC) 1 0.215 0.215
M2 [AB][AC] 2 3.325 3.302
M3 (AB][BC] 2 32.029 32.887
M4 (ABC1(AD])([BD])(CD] 4 2.830 2.896
M5 [ABC1(AD][BD] 5 8.766 8.063
ME [ABCI{AD])ICD] 5 6.629 7.051
M7 {ABC)IBD)([CD] 5 3.012 3.112
M8 {ABC1[AD] 6 13.740 13.252
MO (ABC) (BD]) 6 9.781 9.841
MIO [ABC1(CD] 6 7.716 7.998

where X* is the Pearson chi-square statistic, and

2

G is the likelihood ratio statistic.
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Appendix III Modified Path Analysis - Model Selection (Older Women)

.Using the method proposed by Goodman as described in Section 4.2, the
relationship between variables 4 and B is investigated through the logit

model

., Bla _ _mB|A B|Aa
logv.ti = w iy ? (A.5)

with estimated effect parameter ;o:l': = -0.73 . By examining results of
fitting the three unsaturated loglinear models corresponding to the logit
model with € as the reponse variable, and 4 and B as the explanatory
variables (models Mf - M3 in Table XI), we see that models
[AB)[AC])[BC] (Mf) and (AB]{BC] (M3) provide reasonable fits for the data.
That is, their goodness-of-fit statistics (either X° or Gz) are not
statistically significant. Since M2 is a special case of Mf{, and
Gz(H3) - 63(Mt) = 0.609 with 1 degree of freedom is not statistically
significant at the 5% 1level, the smaller model, M3, is preferred.

The corresponding logit model is

logit SlaB _  clam , clas (A.6)
tJ 2¢ >
with estimated effect parameter, ;);(:l?n = ~0.4¢f ., By examining results of

fitting the seven unsaturated loglinear models corresponding to the logit
model with D as the reponse variable, and 4, B and C as the explanatory
variables (M4 -M10 in Table XI), we see [ABC]{AD]) (M8) is the smallest
model that fits the data well. Since adding more interaction terms into

model M8 does not significantly improve the fit, the most parsimonious
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model is M8. Thus, the corresponding logit is given by

logit _D_IABC = Ly laBe | D!ABC’
1) 1<t
with estimated effect parameter, &:l?ac = -0.59 .

summar ized by the path diagram in Figure 15.
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The results are



Table XI  Goodness-of-fit statistics for loglinear models (older women)

Model a.f. X2 G2
M{  [AB]lAC1(BC] 1 0.106 0.105
M2 [AB][AC] 2 4.023 4.058
M3 [AB](BC] 2 0.724 0.715
M4  [ABC){AD)[BD}(CD) 4 1.776 1.682
M5  [ABC}(AD1(BD)] 5 2.505 2.514
M6  [ABC1(AD1(CD] 5 1.771 1.714
M7  {ABC)(BD1(CD) 5 12.187 12.130
M8 [ABC][AD] 6 2.503 2.515
MO  [ABC][BD] 6 13.335 13.304
M1O [ABC1(CD] 6 12.805 12.917

vhere X  is the Pearson chi-square statistic, and
G® is the likelihood ratio statistic.
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