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ABSTRACT

This study was aimed at discovering the differences in how children responded to word
problems involving an operation in which they had received formal instruction (subtraction) and
word problems involving an operation in which they have not received formal instruction. Nineteen
children were individually interviewed and were asked to attempt to solve 6 subtraction and 6
division word problems. Their solution strategies were recorded, and analysed with respect to
whether or not they were appropriate, as to whether or not they modeled the structure of the problem,

and as to how consistent the stratégies were, within problem types.

It was found that children tended to model division problems more often than subtraction
problems, and also that the same types of errors were made on problems of both opefations. It was
also found that children were more likely to keep the strategies for the different interpretations
separate for the operation in which they had not been instructed (division) than for the operation in
which they had been instructed (subtraction). For division problems, the strategies used to solve
one type of problem were seldom, if ever used to solve the other type of problem. For subtraction
problems, children had more of a tendency to use the strategies for the various interpretations in-

terchangeably.

- In addition, some differences in the way cﬁildren deal with problems involving the solution
of a basic fact, and those involving the subtraction of 2-'digit;:numbers, were found. The 2-digit open
addition problems were solved using modeling strategies about half as often as any other problem
type. The same types of errors were made for both the basic fact and the 2-digit problems, blit there
were more counting errors and more inappropriate strategy errors for the 2-digit problems, and more

incorrect operations for the basic fact problems.

Finally, some differences were noted in the problem-solving behaviour of children who per-
formed well on the basic fact tests and those who did not. The children in the low group made more
counting errors, used more modeling strategies, and used fewer incorrect operations than children

in the high group.

These implications for instruction were stated: de-emphasize drill of the basic facts in the

- primary grades; delay the formal instruction of the operations until children have had a lot of ex-
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posure to word problem situations involving these concepts, use the problem situations to introduce
the operations instead of the other way around, and leave comparison subtraction word problems '

until after the children dre quite familiar with take away and open addition problems.
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CHAPTER ONE
THE PROBLEM

INTRODUCTION TO THE PROBLEM

In recent years there has been much concern regarding the problem-solving performance of
our students. There is agreement among many mathematics educators and researchers that more at-
tention should be given to helping students develop good problem-solving skills.The National Coun-
cil of Teachers of Mathematics,(N.C.T.M., 1980, p.1) has recommended that "1. Problem solving

be the focus of school mathematics in the 1980°s", and that "2. Basic skills in mathematics be defined
to encompass more than computational facility.” The National Council of Supervisors of Mathe-.
matics (N.C.S.M., 1978) has developed a list of ten basic mathematics skills, and problem solving
. is an important one of them: "Learning tb solve problems is the principal reason for studyihg math-

ematics" (N.C.S.M.,1978, p.148).

In spite of all this concern, students’ performance in this area is not encouraging. Results of
mathematics assessments and studies (Bidwell,1983; Carpenter, Kepner, Corbitt, Lindquist, and
Reys,1980; Lindquist, Carpenter, Silver, and Matthews,1983; Robitaille and o’Shea, 1985) indicate
that students do not take the time to think through and analyse problems, but deal with them in a

rote, algorithmic manner.

In contrast, young children seem to possess reasonably good problem-solving skills when they
enter school. Studies involving young children (Bjonerud,1960; Carpenter, Hiebert & Moser,
1981,1983; Gibb, 1956; Good, 1979; Gunderson, 1955; Ibarra & Lindvall, 1982; Suydam & Weaver
(Hughes,1979)) have shown that they are able to deal successfully with word problems involving
operations for which they have received no instruction. As they go about solving such problems,
young children show thé ability to analyse the structure of the problem, and to represent it in é way

that parallels the mathematical structure of the problem.

It would appear that somewhere along the line young children’s thoughtful, analytical ap-
proach to solving problems starts to change. In a study done by Carpenter et al.(1983), it was found
that after formal school instruction in the operations of subtraction and addition, Grade One children

tend to use the same strategy (separating) for all three types of subtraction word problems (take



away, comparison, and open addition). Before they had received formal school instruction on these
operations, however, they tended to solve each problem type in a way that modeled the action in
the problem. No definite conclusions were drawn as to the reason for this shift in strategies, but the
fact that along with this shift children showed an increased tendency to choose an incorrect opera-
tion led the authors to surmise that this was not a beneﬁ_cial change. In view of older children’s ap-
parent lack of ability to analyse the problem structure, and their'failure to solve problems that are
more complex than simple one-step problems, it is tempting to regard this shift of strategies as a
first step toward a rote, algorithmic approach to solving probleins. If instruction is responsible for
this shift in strategies used to solve subtraction problems, it is not clear whether it is instruction in
arithmetic computation .in general, or specifically instruction in subtraction. It is also not clear
whether students who have had some experience with computation would behave differéntly with
problems dealing with a new operation than they would with problems that deal with an operation
in which they have received instruction. If children are already experienced with one operation, will
that influence the way in which they approach problems involving an operation in which they have

not been instructed?

The purpose of this study is to examine children’s problem-solving behaviour when faced
with word problems involving an operation in which they have not been instructed and problems

involving an operation in which they have not been instructed.

STATEMENT OF THE PROBLEM

, This investigatioﬂ is an attempt to examine the problem-solving behaviour of children who
have had some .experience with and instruction in computation. In particular, the study will examine
their behaviour with oné-step word problems involving an operation in which they have been in-
structed and problems involving an operation in which they have not been instructed. Are there dif-
ferences in the ways in which children attempt to solve these two types of word problems, and if
so, what are these differences? In addition, this study will look at what effect the size of numbers

in the subtraction probiemé would have on childrch’s problem-solving behaviour.



RESEARCH QUESTIONS

1. Do children behave differently with word problems involving an operation for which they
have received formal school instruction (subtraction) and an operation in which they have received

no formal school instruction (division) ?

a) What strate gies do children use to solve word problems involving the three different inter-

pretations of subtraction?

b) What strategies do children use to solve word problems involving the two different inter-

pretations of division?

c) Are there any differences in the strategies used between the different interpretations for sub-

traction and division?

d) Does the strategy used model the action in the problem,; are there any differences between

subtraction and division in this regard?

- ) Is there a tendency for children to make different types of errors on division problems than

on subtraction problems?

2. For the subtraction problems, are there differences in the way children approach word
problems involving the solution of a basic fact, and those involving the subtraction of 2-digit num-

bers?

a) Do these children differ in the number of modeling strategies they use for the basic fact
problems and the 2-digit problems, and does the type of subtraction problem (take away, open ad-

dition, comparison) make a difference?

b) Is there a tendency for these children to make different types of errors in the basic fact
problems than in the 2-digit problems and does the type of subtraction problem (take away, open

addition, comparison) make a difference?

3. Do children who do well on the addition and subtraction basic fact tests approach word

problems diffe_rehtly than children who perform poorly on the basic fact tests?

-3-



a) Do children who perform well on basic fact tests differ in the number of modeling strategies

they use for the subtraction word problems , from children who perform poorly on basic fact tests?

b) Do the children who perform well on basic fact tests make different types of errors in the

word problems than the children who perform poorly on basic fact tests?

DISCUSSION OF THE PROBLEM

Children, when they enter school, possess reasonably good problem-solving skills. This is a
common ﬁndihg of studies done with young children who have had no instruction in computation.
This is in contrast to the studies and assessments that indicate that elementary childien are approach-
ing problem-splving in a rote, algorithmic manner. According to the results of these assessments,
students cannot deal with extraneous information (Carpenter et al.,1980), cannot identify missing
information needed to solve a problem (Carpentelj etal.,1980), calculate to find solutions to problems
thét require no calculation (Bidwell,1983), and fail to consider whether or not their-answers are
reasonable (Bidwell,1983). It would appear that students view problem-solving as simply finding
an operation to apply to the numbers in the problem, and thenbrecording the result of the calcula-

tion.

In light of a study done by Carpenter et al.(1983) it would appear that this changé begins to
take place as early as Grade One. In this study, Grade One children were interviewed on addition
and subtraction word problems before and after formal instruction in these two operations. It was
found that, while the success rate on the problems did not change, the strategies used in solving the
subtraction problems did change. Before instruction, the children used different strategies to solve
the different types of subtraction word problems. Furthermore, the strategy chosen for each problem
type modeled the action in the problem. After instruction, the children tended to solve all types of

subtraction problems using a separatmg strategy

There was no change in strategies for the addition problems, but there was a change in the
types of errors made. In the first interview, 66% of the errors in the addition problems were due to
the child giving one of the numbers in the problem as a response, while only 11% were due to the

child using an incorrect operation. In the second interview, 52% of the errors were due to giving



one of the numbers in the problem as a solution, and 43% were due to using the wrong operation.
In the subtraction problems there were no instances of using the wrong operation in the first inter-

view, and three in the second.

The results of Carpenter’s study make it clear that after instruction a shift in strategies did
occur. What is not clear is what was behind it. "It is not clear whether they understand that several
strategies are possible and choose separating because it is the easiest or whether their eclectic ap-
proach has been replaced by a single unified interpretation of subtraction" (Carpenter et al., 1983,
p.70). It was stated, however, that the children had been taught to look for the part-whole relation-
ship in all word problems. If they had one part and the whole, they were to write a subtraction sen-
tence, and if they had two parts they were to write an addition sentence. It was felt that this may
have encouraged the children to view all subtraction problems as similar and to use a smgle strategy

to solve them

The increase in the choice of an 1ncorrect operatlon from the first interview to the second was
taken as ev1dence that the Shlft in strategles may not have been beneﬁcral It was seen as an indica-
tion that "some chlldren may be beginning to view the solution of word problems as simply choos-
ing the correct operation to perform on the numbers in the problem rather then analysing the seman-
tics of the problem as they did for the direct modeling solutions" (Carpenter et al., 1983, p.70). It
was suggested that premature instruction in sentence writing was a possible cause of children making

a superficial analysis of the problem, leading to the use of the wrong operation.

It is very tempting to look at this and to assume that this is where the decline in problem-solv-
ing skills begins. But all that can be concluded from Carpenter s study is that the shift occurred. It
is not known for sure that this shift means students are performing a superf1c1a1 analysis of the
problem, although the increase in the use of the wrong operation seems to point in that direction. It
is also not known which factors influenced this change in behaviour. It may have been instruction
in and emphasis on computation, the part-whole instruction on how to solve word problems, or pos-
sibly a mature concept of subtraction that allows students to understand that one strategy would
cover all subtraction situations. It is not clear whether this is a temporary effect due to the newness
of computation, or a permanent change. It also is not clear whether this change will affect the way

children handle new types of problems.



Gibb’s(1956) study provides some evidence that instruction in computation alone is not
enough to produce this change in behaviour. She interviewed Grade Two children on their thoughts
while solving subtraction problems, and found that they behaved much like Carpenter’s pre-instruc-
tion Grade One children. She stated that "relatively young children with limited number experience
gave different responses to problems involving three of the applications of subtraction" (Gibb, 1956,
p.78). Aside ffom the fact that all of the Grade Two children had been taught the take-away method
of subtraction, there is no information as to what their instructional experience had been. Because

of this, it is difficult to make comparisons between this study and Carpenter’s.

In this study, Grade Two children will be interviewed on subtraction and division problems
with respect to observing how they behave with problems involving known operations and unknown
operations. Learning how they behave in these situations, and relating this to their previous instruc-

tional experiences will hopefully add to the picture of young children learning to do mathematics.

LIMITATIONS OF THE STUDY

This study describes the responses of Grade Two children when presented with word problems
‘involving an operation in which they had been formally instructed (subtraction) and word problems
involving an operation in which they had not been formally instructed (division). Their responses

were obtained in two individual interviews of approximately 20 minutes each.

Only 19 children were interviewed, and they came from two schools in one school district.
No attempt was made to select a random sample. In fact, children were selected on the basis that
their teachers had judged them to be average in mathematics. The results may have been different
if Grade Two children in a more urban district had been chosen, or if all ability levels had been in-
cluded.



SIGNIFICANCE OF THE STUDY

Problem solving has become " the focus of mathematlcs in the 1980°s " (N.C.T.M., 1980, p.1)
and " the principal reason for studying mathematics " (N.C.S.M., 1978, p.148). Concern has been
expressed about students’ lack of problem-solving skills, and workshops and conferences have
produced a great many sessions on how to teach these skills. In recent years, mathematics journals
and publications such as the Arithmetic Teacher, Mathematics Teacher, and Journal For Research
In Mathematics Egucati_on have shown a tremendous incfease in the number of articles dealing with
problem solving. There have also been recent changes in the British Columbia mathematics cur-
riculum which reflect this new emphasis on problem-solving skills. Educatofs are trying very hard
to help our students become better problem-solvers, but in order to do this, we must understand
what skills and resources children bring to the task, and the changes that occur as they receive for-
mal instruction in mathematics. We already have a clear picture of how children solve problems

prlor to any formal 1nstruct10n in anthmetlc and we have some information on how they behave
| after initial instruction in addmon and subtractlon Prov1d1ng 1nformat10n on how children with cal-
culation experience approach problems involving operations with which they have no expenence,

will add to the picture of what problem-solving skills children have, and how they change.



CHAPTER TWO
A REVIEW OF THE LITERATURE

INTRODUCTION

There are some intriguing differences between studies done which describe young children’s
abilities in the area of problem—sblving, and thé studies and assessments done describing older
children’s difficulties dealing with problem solving. This study explores Grade Two children’s
problem solving behaviour when faced with word problems involving the subtraction and division
operations (the former operation is one in which they have received formal school instruction while
the latter is one in which they have not). The literature review will consist of a discussion of problem
solving in general, a desbription of assessments and studies done on older children’s problem solv-
ing behaviour, and a descripfion of studies done on young children’s problem-solving behaviour,

with particular reference to a study done by Carpenter et al. (1983).

PROBLEM SOLVING

Problem solving in mathematics has been described in three ways - as a process, as a basic
skill, and as a goal. We tend to think of problem solving only as a process, but let’s look for a mo-

ment at its other aspects.

As a Goal

In the last decade, mathematics educators and researchers have given an increasing amount
of attention to problem solving as one of the goals of teaching mathematics. "Learning to solve
problems is the principal reason for studying mathematics" (N.C.T.M., 1978, p.147).1t is of little
value to learn mathematis skills in isolation, to not be able to use them on new or unfamiliar situa-
tions. What we should be doing is trying to help children see the relationship between daily ac-

tivities and their mathematical structure. In this sense, problem solving is the goal in studying math-



ematics - it is the end product that we are aiming for. As Lester (1977) pufs it "...problem solving

has been said to be at the heart of all mathematics."

As a Basic Skill

Problem solving has also been referred to as-a basic skill. The N.C.T.M. (1978), in its posi-‘
tion statement on basic skills, listed problem solving as one of those ten basic skills. But what are
basic skills? Ifby basic skills we mean skills that individuals need in order to function in our society,
then problem solving is a basic skill. Children will be faced with a multitude of problems that they
will have to deal with, from the time they are babies, all through life. Granted that many of the
problems they will be called upon to solve in their lives will not be mathematical, the skills that
they learn in solving ‘mathematical problems will be of use to them in tackling other problem situa-

tions as well.

- As a Process

Problem solving is the process an individual goes throﬁgh inreaching the solution to a problem.
It consists of the questions he asks himself, the way he interprets the data, and the strategies he
employs to deal with the problem at hand. It is "...the process of applying previously acquired

knowledge to new and unfamiliar situations” (N.C.T.M,, 1978, p-148).

The problem-sol\l'ing process does not end with a solution. "The learner should understand
what he has done in solving the problem, and why what he did was appropriate for that problem."
(Krulik, 1977, p.51) In other words, the problem-solving process includes understanding what the
problem asks, understanding the information that is given, planning the method for solving it, car-
rying out the plan toreach a soluﬁon, and finally, looking back. In the looking back stage, the learner
should reflect on the reasonableness of the solution'that has been reached ahd also on the appropriate-

ness of the plan that was employed.

In reviewing the literature on problem solving, it was found that authors tend to distinguish
betweeh word problems and non-routine or process problems (Krulik, 1977; Le Blanc, 1977; Burns,
1982). Some authors take the position that the typical word problems found in textbooks are not
really problems for the children for whom they are intended (Krulik, 1977; Le Blanc, 1977; Suydam,



1980). For example, a typical word problem found in a Grade Four textbook would not be a problem
for most Grade Four children, according to these authors. It would be an exercise, designed to rein-
force a particular concept or operation presented in class. It might well be a problem for a ‘G.rade
Two or Grade Three child, however. Other authors hold the view that, while solving word problems
is a subset of problem solving, problem solving actually encompasses far more skills than are con-
tained in just solving word problems. (Bruni, 1982; N.S.C.M., 1978; ) "Developing problem solv- -
ing skills is often equated with training children to solve arithmetic word problems, but problem
solving has a much broader meaning....A real problem involves a question that can not immediate-
ly be answered; it requires some effort in méking appropriaté use of previously learned concepts
and skills for its soluﬁon" (Bruni, 1982, p.10). The following definition by Krulik is a fairly typi-

cal definition of a non-routine problem situation:

1. The individual has a clear goal of
which he is aware; in other words there is

some personal involvement.

2. The individual’s path toward the goal
is blocked. His usual habitual responses do
not remove the block; he experiences a

" sense of frustration.

3. The individual must deliberate éare-
fully; he must think about how to remove
the block. (Krulik, 1977, p.51)

Krulik’s definition suggests‘ that a problem situation exists only when the above conditions are
met. Thus, the same situation may be a problem for one individual but not for another, or may be a
problem for an individual at one time but not at a later time. Whether or not a problem exists depends
on the person perceiving it; much depends on the _skills and abilities an individual brings to the

problem, her prior experience with similar problems, and her attitude toward such problems.
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" Kantowski (1980) separates problems into three types: 1. word problems 2. non-routine
problems and 3. real problems, each at a different cognitive level. She considers word problems to

be at the lowest cognitive level and real problems to be at the highest.

| Word problems, according to Kantowski, fall into the category of "...an exercise stated in ver-
bal form" (Kantowski, 1980, p.112) and "...are easily solved by application of algorithms that are
a standard part of instruction" (Kantowski, 1980, p.112). She states that this type of problem invol-
ves three steps. "The student mustrecognize the structure of the verbal problem, select an appropriate

algorithm, then correctly apply the algorithm." (Kantowski, 1980, p.114)

A non-routine pfoblcm is the type of situation, as defined by Krulik (1977), where the in-
dividual is blocked in his path to a solution, and must think carefully about how to remove the block.
They are "...problems for which a problem solver knows no clear path to the solution and has no

algorithm which can be directly applied to guarantee a solution" (Kantowski, 1980, p.114). -

Real problems aré a type of non-routine problem, but invoive real-life situations, such as plan-
ning a hot-dog sale, effectively utilizing available spacé for a school function, or designing and
building a pen for the class pet. In this type of situatibn, the problem solver must determine what
information is necessary; go about getting it, and then- deal with setting up a plan and carrying it

out.

In considering the process involved in solving problems, it is interesting to note that most
authors and researchers feel that it is important for students to have some framework within which
to work, and almost all of these authors chose some form of Polya’s (1957) four step model. Inter-
estingly, this type of model was recommended for word problems as well as non-routine problems. |
In discussing non-routine problems, the following authors employed Polya’s model as is: Leblanc,
Proudfitt, and Putt (1980), Sowder (1980). Lester (1980) discusses a model very much like Polya’s,
but with six p.hases instead of four. He adds a step called Problem‘Awareness, which comes before
Problem Comprehension. He also adds an additional step called Goal Analysis which comes before
Plan Development. It appears thaf Lester’s Goal Analysis step is similar to the second part of Polya’s
phasé, Understanding the Problem. "In How to Solve It" Polya (1957) subdivides Understanding
the Problem into two stages: Getting Acquainted, and Working for Better Understanding. In the

second stage, Working for Better Understanding, he discusses considering the principal parts of the

-11-



problem. "...consider them one by one, consider them in turn, cbnsider them in various combina-
tions, relating each detail to the other details and each to the whole of the problem. " (Polya, 1957,
p-33) Lester’s Goal Analysis involves "...identification Qf the component parts of a problem", and
also "...an attempt to reformulate thé problem so that familiar strategies and techniques can be used."”

(Lester, 1980, p.33)

In looking at articles dealing with word problems, one finds much the same type of framework
recommended as for non-routine problems. Leblanc (1982) andonrth (1982) both use frameworks
that correspond exactly to Polya’s. Thomton and Bley (1982) give an elongated version of Polya’s
model, where the first four steps 1. Read the problem, underlining the key words if necessary 2.
Picture what is happening 3. Use objects or draw a picture to illustrate the problem, if this helps,v
and 4. Think about what is being asked, are a breakdown of Polya’s phase one, Understanding the
Problem. The other three steps in Thornton and Bley’s framework correspond to Devising a Plan,
Carrying Out the Plan, and Looking Back. Krulik and Rudnick (1980) also _recommend é similar
framework: 1. Read 2. Explore 3. Select a Strategy 4. Solve 5. Réview and Extend. Whether non-
routine or word problems are being discussed the framework seems to be-much the same. For word
problems, Devising a Plan would simply consist of choosing the correct operation or operations and

performing them in the correct order, but other than that the process seems to be much the same.

Since Polya’s model is sov widely accepted, I will use it in order to discuss the stages of suc-
cessful problem solving activity. Polya’s first step, Understanding the Problem, is very important
and too often ignored in instructional settings. In this stage, the problem solver makes an attempt
to understand what the problem s all about, and to restate if in his own terms, terms that have mean-
ing for him. Here also, he makes sure that he knows what is wanted (i.e., what is the unknown?)
and what information has been given. This is also the stage when the problem solver tries to work |
out how the relevantv information interrelates. "Most impbrtantly, this stage results in the formation

of an internal representation of the problem within the individual” (Lester, 1980, p.33).

In the second stége, Devising a Plan, the problem solver reflects on various possible plans of
attack. She asks herself questions such as a) Is there more than one way to do this problem? b) Have
I ever solved a problem like this before? c) Can I solve part of the problem? d) Can I solve the

_problem using smaller mimbers? It is here that she reflects on the strategies she knows and makes

decisions about which ones might be most useful in this situation.
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In the third stcp,'Carrying Out the Plan, the problem solver applies the plan he has selected.
Here, the problem solver should be constantly referring back to his plan, and evaluating whether or
not he is applying it correctly. For example, making a table and looking for a pattern may be a very
good strategy, but it will not work very well if a student misses the pattern due to a computational
error. The other difficulty is that the student may forget the plan or become confused as he goes

along.

At this point (i.e., having carried out the plan), many students consider the problem to be
finished, but there is actually one more step, Looking Back. Here the student reflects on the steps
she went through to solve the problem, evaluates the reasonableness of the solution, and attempts
to relate this problem to some other problem. The student who has more experience solving dif-
ferent problems, using many different strategies will have a greater repertbire from which to draw
than the less experienced student. This process of reflecting on the plan and the strategies used to
arrive at a solution helps a student to see how the strategy works and how it could be used again in

the future.

These four stages reflect the skills necessary to successful problem solving, and they form the

basis for many recommended instructional frameworks.

Elementary School Children’s Performance

Studies and assessments done on elementary school children’s performance in the area of
problem solving are not encouraging. According to thé results of the second mathematics assess-
ment of NAEP (Carpenter et al., 1980) students performed at a generally acceptable level in simple
one-sfep word problems which involved chobsing a single operation, but anything more complex
presented difficulty. 'I"h_is assesment indicated that children were having particular difficulty with
the first and second stages of Polya’s model, Understanding the Problem and Devising a Plan. Stu-
dents failed to appropriately identify the unknown, even though they performed the correct calcula-
tion. For example, on a question where the unknown was the number of buses needed to transport
a given number of people, after performing the calculation only 19% of students rounded the frac-

tional answer up to the next whole number. A full 39% either ignored the remainder or gave a mixed
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number as an answer. In another question where the unknown was the remainder to a division cal-
culation, only 29% of the students recognized the remainder as the correct answer. Most of the stu-
dents recognized division as the correct operation, however. "They simply apply whatever mathe-
matical operation seems most appropriate to the numbers given in the problem” (Carpenter et al.,
1980, p.427). As well as not being able to recognize the unknown, another difficulty was dealing
with problems that had either missing or extraneous information. Many children, presented with
problems containing extraneous information simply used all the numbers in some way. In a problem
given to nine year olds, although 60% could solve the problem correctly, only 23% could identify
the extra information that they did not need to use. When information was missing "...more than
half of the 13-year olds and a third of the 17-year olds could identify what additional information
would be needed to solve the prleem (Carpenter et al., 1980, p.428). The results of this assessment
also suggest thét many students are failing to plan (Polya’s second stage). Many students were able
to use a correct strategy when the problem had one digit numbers but used a totally inapprbpn'ate
strategy when a problem had small two digit numbers. "...the erroneous responses to a number of
ekércises that did‘not involve difficult calculations suggest that many students are not carefully
analysing unfamiliar problems in order to devise a plan. Instead, they are attempting to apply a
single operation to all the numbers in the problem" (Carpenter et al., 1980, p.430). This assessment |
also indicated that sfudents are more successfﬁl at perfofming a calculation to get the answer than
at making a reasonable estimate of the answer. As one way of checking on whether an answer is
reasonable (the Looking Back stage) is to compare it to a reasonable estimate, this is a detriment to
students. Accbrding to this assessment, "In general, respondents demonstrated a lack of even the

most basic problem-solving skills" (Carpenter et al., 1980, p.47).

Results from the third mathematics assessment of NAEP (Montgomery et al., 1983) weré no
“better. Agairi, students ran into difficulty with anything more complex than a routine one-step word
problem. Performance of the thirteen year olds improved about 2% from the second assessment,
but is still below an educationally acceptable level. In some calculator problems students were able
to recognize the correct operation, but were not able to decide how to use the resﬁlt of their calcula-

tions.

Bidwell’s study on problem-solving performance as compared to computational performance

(Bidwell, 1983) lends support to the NAEP findings. In this study, results showed that computa-
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tional skills were better than problem-solving skills, and that students often failed to consider the
reasonableness of their answers. There was also a tendency to ignore certain aspects of the pfoblcm,
and to concentrate on something that appeared familiar. Many students put down calculation
answers to problems that required no calculation at all, or were very easy' to solve without calculat-
ing. According to Bidwell, this points to "...a strong urge to calculate at all costs to obtain a num-

ber to write down in the blank" (Bidwell, 1983, p.692).

The 1985 British Columbia Mathematics Assessment (Robitaille and O’Shea, 1985) is not any
more encouraging than the rest. This assessment indicates that Grade Four students’ overall perfor-
mance was marginal in pmblem—solving skills, and Grade Seven students’ performance was satis-
factory overall. However, even though the performance of the Grade Seven students was satisfac-
tory overall, they performed at only a marginal level on items which dealt with the problem-solv-

ing process rather than the correct answer.

- These results seem to indicate that students are approaching problem solving in a rote,

mechanical manner. They are not really learning to consider the problem at hand.

Young Children’s Performance

In contrast, studies done concerning young children’s problem-solving skills have indicated
that young children are reasonably proficient at dealing with word problems. These studies tested
children in individual interview situations and employed word probiems involving arithmetic opera- |
tions for which the children had réceived no instruction. Generally, it was found that although these
children had received no instruction in the required operation, they solved the problems by using
the knowledge they did have. That is, they made an effort to analyse the structure of the problem
and then made a representation of the problem that paralelled this structure. Counting strategies

were employed to finally solve the problem.

Siegler (1984) invéstigated the strategies used by 4- and 5-year olds while solving addition
problems. Four strategies were identified - three overt and one covert. The overt strategies consisted
of couri_ting with fingers, counting (counting aloud without any obvious external referent), and

fingers (looking at fingers without counting them aloud), while the covert strategy appeared to be
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a retrieval from memory. Counting and counting with fingers were the slowest strategies and
retrieval from memory was the quickést one. It was observed that the children used the overt
strategies only on the hardest problems. This was considered to be both adaptive and efficient. Adap-
tive because the overt strategies helped them to solve the problems successfully, and efficient be-
cause of the extra time involved in using the overt sﬁategies. "By limiting the overt strategies to the -
hardest problems, children only expended large amounts of time on problems where the time was
truly needed" (Siegler, 1984, p.5). These children not only had different strategies from which to

choose, but they were able to use them in an efficient and adaptive way.

Bjonerud (1960), Good (1979), Ibarra & Lindvall (1982), and Suydam & Weaver (Hughes,
1979) have stated that kindergarten children who have had no instruction in addition and subtrac-
tion do well at addition and subtraction word problems. Children who were non—éonservers of num-
ber relied more heavily on countin g and were less likely fo see and use similarities between problems,
but both groups were able to deél successfully with these types of problems. Good (1979), and
Hiebert, Moser, & Carpenter (1982) studied the effects of the cognitive abilities of number conser-
vafion, classinclusion, transitive reasoning, and information processing on children’s ability to solve
addition and subtraction word problems. They found that although "children who had developed a
particular cognitive ability performed better on all problem types and under all problem qondi-
tions....the cognitive abilities do not appear to be prerequisites for solving the arithmetic problems"
(Hiebert et al., 1982, p.94-96). The same appropriate strategies were used by children of high and
low cognitivé abilities, although less frequently by low ability children. Also, within each ability
group, the relative distribution of these strategies is the same. These two studies (Good, 1979;
Hiebert et al., 1982) seem to indi{;ate that even though children who have not yet developed some-
of thése cognitive skills may be less efficient in solving problems, all children have acquired a

variety of strategies with which to work.

Klahr (1981) investigated young children’s strategies in solving non-routine problems such
as the Tower of Hanoi, and he concluded that "by the time children reach kindergarten, they appear
to have acquired, without direct instruction, variations on many of the components of mature

problem solving strategies” (Klahr, 1981).

Gunderson (1955) has found that Grade Two children who had no previous training in mul-

tiplication} or division could solve such problems with the aid of concrete materials. Good (1979)
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also found that Grade Two children were able to handle multiplication and division problems in a.
concrete way, although it is not clear whether or not these children had any prior experience with
the concepts. He also found, that of the Grade One children, 50% could handle the division problems

and 60% could handle the multiplication problems.

Two studies done by Carpenter, Hiebert, & Moser (1981, 1983) show that before instruction
in addition and subtraction, Grade One children use different strategies to solve different types of
probléms. "Prior to instruction most children possess the different strategies required to solve each
problem type directiy" (Carpenter et al., 1981, p.38). In the 1983 study, Carpenter et al. found that
although these children exhibited a rich variety of problem-solving strategies before instruc;tion in
subtraction, after instruction they tended to resort to a separating strategy for all types of subtrac-

tion problems.

Gibb (1956) explored Grade Two children’s approaches to solving different types of subtrac-
tion problems. She concluded that "...relatively young children with limited number experience gave
different responses to problems involving three of the applications of subtraction" (Gibb, 1956,

p.78).

SUMMARY"

Some authors (Ball, 1986; Carpentér & Moser, 1982; Campbell, 1984) have suggested that
we are instructing our students in a back-to-front manﬁer. Instead of assuming that children must
master the operations before they can solve word problems, we may be better off introducing the
operations by means of the appropriate word problems. Because of young children’s ability to suc-
cessfully solve addition and subtraction word problems before they enter school "...verbal problems
may give meaning to addition and subtraction and in this way could represent a viable alternative

for developing addition and subtraction concepts in school" (Carpenter & Moser, 1982, p.9).

The results of these studies and assessments seem to indicate two things : 1. young children
enter school with reasonably good problem-solving skills, and 2. children later exchange these skills
for a rote, algorithmic approach. In particular, the study done by Carpenter et al. (1983) indicates

that instruction in computation may be the cause of some of this shift in approach. The purpose of
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this study was to explore the ways in which children approach word problems involving an opera-
tion in which they had received instruction, and those involving an operation in which they had not

received instruction.
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CHAPTER THREE
DESIGN OF THE STUDY

INTRODUCTION

In this study, individual interviews were used to explore children’s approaches to solving sub-

traction and division word problems. This chapter discusses the design of the study, and includes :
1. Procedures
2. Problems with the Data
3. Problems
4. Subjects

5. Research Design

PROCEDURES

This study used individual interviews to look at the ways in which children approach the solu-
tion of word problems. These interviews were audio-taped and handwritten notes were also kept on
each interview. In paniéular, the study was concerned with primary children’s approaches to word
problems involving an operation in which they have received formal school instruction (subtrac-
tion) and word problems involving an operation in which they have received no formal school in-
struction (division). Twenty children from a rural area of British Columbia were individually inter-
viewed in January of their Grade Two year. For all students, the instruction they received in sub-
traction in their Grade Two year consisted of the meaning of the operation and practice in deter-
mining the solutions to basic fact subtraction exercises. At the time of the study, the children had
not been taught the 2-digit subtraction (or addition) algorithm, nor had they had any experience
solving word problems. In Grade One, the children from both schools had had experience solving
word problems orally, in a whole class situation. They had been encouragesl to use counters to solve

the problems, but had not been required to write down either the solution or the equation. Problem
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solving was done cooperatively as a group, so the children were not asked to tackle word problems
| independently. Up to the time of the study, these children had received no instruction in division,
either in Grade One or Grade Two. The problems for the interview consisted of 6 division (3 par-
titive and 3 Quotitive) and 6 subtraction (2 each of take-away, open addition, and comparison) word

problems.

In each school the interviews were conducted in a supply room where paper and art supplies
were housed. This spot was chosen because in these schools space was extremely limited, and the
supply room was the room with the least likely number of interruptions and distréctions. Each child
was interviewed twice, for about 20 minutes each time. One child was dropped from the study be-.

_cause she was not available for the second interview. The problems were presented to each child in
random order. Each prbblem was read to the child by the interviewer, and the problem, in written
form, was placed so that the child could also read it if she chose; It was explained to the child that
the problem would be re-read by the interviewer as often as the child considered necessary. It was |

- also explained that the child could opt to read the problem on hér own if that seemed easier. Multi-

link cubes and pencil and paper were made available to the children. Many of the children claimed
to have seen these counters before, and all of the children had uséd counters of some kind in their
classroofns. If they did not indicate familiarity with the multi-link cubes, children were shown how
they snapped and unsnapped and given a mjnute or two to play. It was explained to the children that
these were things that they could use to help them solve the problem, and also to help them explain
to the interviewer how they did it. If the children seemed to have trouble getting started on the
problem, they were asked whether or not they thought that the cubes might help. If it was not clear
what the children had done, or if what they had done seemed inappropriaté to the problem, they
were asked to explain what they had just done, and why they had done it. In some cases this led to
the child spotting an error and correcting it, and in other cases it led to the discovcry that a problem
had been either misunderstood or remembered incorrectly. In the latter instance, the interviewer dis-
cussed with the child what the problem was about and what information was given in the problem.
| In many cases, even if it was clear What the child had done, she was asked for an explanation. The

-reason for this was to avoid questioning the child only when she had done something inappropriate.
A child was not asked for an explanation if she had clearly explained what was beiné done as she
went about solving the vproblem.' It was felt that further questioning and explanations would be

redundant.
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PROBLEMS WITH THE DATA

There was some difficulty with some of the audio tapes, and as a result some information for
six children was lost. The children who were affected this way represent a cross-section of the
children involved in the study. Four were boys and two were girls, and even though five df them
were from the same séhool, they were split 3-2 from two different classes. Three of the six scored
less than 8 out of 30 on the basic fact subtraction test, and three scored 11 or above. According to
the Grade One records, four of these children had been considered average at the end of Grade One,
and two had been considered high. This compares to five high, four high-average, nine avefage,
and one low-a{/erage for the 19 children in the study. For five of the children, six problems each
were affected, and for one child two problems were affected. Lost information was distributed fair-

ly evenly over the 12 problems.

Since handwritten notes were also kept, the loss of information was képt to a minimum.
For the first five children, the method of solution was recorded by hand, but 24 out of 30 solutions
were missing. Since the method of solution is what the study is mainly concerned with, this does
not appear to be a serious loss. For the sixth child, two partitive problems were lost entirely. It is
unfortunate that both the missing problems are division, and further, that they are both partitive.
However, when the loss is viewed in terms of two partitive division problems lost out of a total of

57 in the study, again the loss does not appear to be a serious one.

In the discussion of the results, I have mentioned the lost tapes only when it seemed mis-
leading not to do so. In other situations, I have simply made statements such as " Of the recorded
solutions, x % were correct ", leaving the reader to understand that the unrecorded solutions are the

ones lost on the defective tapes.

PROBLEMS
The children were asked to attempt to solve 12 problems, 6 for each operation. They were told

that, while they were being asked to attempt to solve these problems, what was réally wanted was

an explanation of how they went about doing it.
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- Children were asked to attempt to solve two word problems for each of the three interpreta-
tions of subtraction. One of the word problems required the children to determine the solution of
~ abasic fact, and the other problem involved the subtraction of 2-digit numbers. The basic facts used

were : 12-5, 12-9, and 11-8. The 2-digit combinations were : 36-23, 35-12, and 27-12.

For the division problems, an attempt was made to choose combinations that were large enough
so that the answer was not immediately available from a very well-known addition or subtraction
fact, but small enough so that the use of counters or tallies did not become unwieldy. These com-

binations wére 12177, '1_5/3, 12/2, 12/4, 12/3, and 24/4.

The word problems are found in the Appendix.

SUBJECTS

The children used in this study were drawn from three Grade Two classrooms in two elemen-
té.ry schools iﬁ the Fraser Valley. Letters were sent to the parents of fhese children explaining the
purpose of the study and what would be required of the children. Written permission was received.
from the parents of 15 of the 20 children who had been selectéd, and parents of the other 5 children
gave their consent in a telephone conversation with the interviewer. The children were interviewed
twice, for about 20 minutes each time, on how the way they Went about splving subtraction and
division word problems. Of the twenty children who participated in the first interview, one child

was dropped from the study because she was away for the second interview.

Classroom teachers were asked to select children for the study whom they considered to be
in the average ability range in mathematics. They based their judgements on their observation of
the children’s oral and wﬁtten performance in their classrooms. In addition to receiving the Grade
Two teachers’ assessments of the selected children as in the average ability range in mathematics,
the interviewer was permitted look at these children’s Grade One records in order to have access
to the Grade One teacher’s asséss_men_t of their mathematical ability. These records indicate that 14
of the 19 children selected for the study had been considered to be in the average ability range in
mathematics at the end of Grade One. Of the 14, one child was considered to be low-avcr_age_, nine

were considered average, and four were considered high-average. The other five children chosen
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for the study had been considered to be of high ability in mathematics at the end of Grade One. As
well as selecting children who were average in mathematics, there was some effort made to select -

children who were not too shy or reserved to talk to an interviewer.

~ Grade Two classroom teachers administered timed addition and subtraction basic facts tests
to their classes. This was done after the completion of the study, and was used to compare children’s
knowledge of basic facts to their performance on the word problems. The marks ranged from 2 to

18 out of 30 on the subtractibn test, and from 6 to 30 out of 30 on addition.

RESEARCH DESIGN

The investigation was designed to look at the ways in which Grade Two children approach
word problems involving an operation in which they have received formal instruction (subtraction)
and an operation in which they have not received formal instruction (division). Average children
were chosen in an attempt to obtain a group of children who would be as typical as possible. Using
a homogeneous group such as this minimizes the possibility of any differences being attributable
to student ability levels, and increases the possibility that these differences are due to instruction in
and experience with computation in certain operations. Due to the fact that it was the approach to
solving problems, and not the ability to get the right answer that was being examined, an individual
interview format was used. The strategiés children used to bsolve the problems were classified as
being appropriate (if correctly applied, an appropriate strategy will lead to a correct solution) or in-
appropriate (even if correctly applied, an inappropriate strategy will not lead to a correct solution).
The appropriate strategies were then divided into modeling strategies (those strategies which fol-

lowed the action in the problem) and non-modeling strategies. For example, the problem

It was Dad’s turn to set the table for dinner. There were going to be 11 people for dinner but

he only had 8 plates. How many more plates did he need?

is an open addition type of subtraction problem. An inappropriate strategy for this problem
would be to add the given numbers in the problem together. Even if the addition was correctly per-
formed, it would not lead to a correct solution for this problem. An appropriate, but non-modeling

strategy would be to make a set of 11 and take away 8. This would produce a correct solution if
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properly done, but does not model what is happening in the problem. A modeling strategy would
be to represent the set of 8 that exists in the problem, and to then add to it until the goal of 11 is
reached. The extras that had to be added would then be counted, in response to the question " how

many more are needed?".

The modeling and non-modeling Categon’es were chosen in response to to Carpenter’s dis-
covery that, when dealihg with subtraction word problems, the Grade One children he interviewed
changed their approach from a modeling strategy before instruction to a non-modeling strategy after
instruction. This, coupled with older children’s poor problem-solving performance on standardized |
tests, prompts one to wonder whether the change from Iﬁodeling to non-modeling strategies leads
to, or is an indication of a very shallow analysis of the problem, which in turn would lead to poor |
problem-solving performance, especially on problems more complex than simple one-step

problems.

Children were then grouped as to how they responded on certain tasks, with a view to look-

ing‘for pﬁttems in how théy responded on other tasks. -
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CHAPTER FOUR
FINDINGS

INTRODUCTION

The findings of this study constitute an exploration of the way in which children solve_ word
problems, and the possible effect of instruction on their method of solution. Specific strategies used
by the children, both appropriate and inappropriate, and the types of errors made, are discussed in
this chapter. Comparisons are made between children’s behaviour with subtraction word problems
and division word problems. Comparisons are also made between children’s ‘behaviour with sub-

traction problems involving basic facts and those problems involving 2-digit numbers

The chapter is organized'arou.nd the research questions. After each question a discussion of the
children’s behaviour, relative to that question, is presented. Also in this chapter, specific strategies
. (appropriate and inappropriate) that children used to attempt to solve subtraction and division word
problems are discussed. Three types of subtraction problems were identified: take away, open ad-
dition, and comparison. The two types of division problems that were identified were partitive and
quotitive. Strategies used to attempt to solve subtraction problems were categorized as: separat-
ing, counting back, counting up, using a known addition fact, using the wrong operation, guessing,
and éhoosing'one of the numbers given in the problem. Strategies used to attempt to solve the two
types of division problems were categorized as: sharing, separating sets (repeated subtraction), skip
counting, using a known addition fact, using the wrong operation, guessing, and choosing a num-
ber g‘iven in the problem. A brief explanation of thé different types of subtraction and division

problems, and of the strategies used to solve them, follows.
SUBTRACTION PROBLEMS

Take Away

The action in a take away problem is subtraction. There is an initial quantity, from which

some quantity is removed. An example of this type of problem would be:

Miss Jones had 12 stickers on her desk in the morning. By recess she
had handed out 5 of them. How many stickers were on her desk then?
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Open Addi;ion

In an open addition problem the action is additive. There is an initial quantity, and a larger
quantity, which is a goal to be reached. The problem is to increase the smaller quantity in order to

reach the goal. An example of an open addition problem would be:

Tonight it’s Dad’s job to set the table for dinner. He needs 11
plates but can only find 8. How many more plates does he need?

Comparison

Comparison problems look at two quantities and ask for the difference in size. No attempt is

made to increase one to the size of the other. An example of a comparison problem would be:

Mr. Smith’s class was asked to bring buttons to school for an art
project. Jason has collected 23 buttons and Elizabeth has collected
36. How many more buttons has Elizabeth collected?

DIVISION PROBLEMS
Partitive

In a partitive problem, there is a sharing action. The unknown quantity is the size of each group.’

An example of a partitive problem would be:

‘"Tony and David found 12 tickets for video games. The 2 boys
shared the tickets equally. How many tickets did each boy get?

Quotitive

"In a quotitive problem, the action is subtractive. The size of each group is given, and the un-

known quantity is the number of groups. An example of a.quotitivc problem would be: -

A group of 24 people decided to rent toboggans for the day. Each
toboggan could hold 4 people. How many toboggans did they need?

An explanation of the strategies used to solve these types of problems follows.
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APPROPRIATE STRATEGIES

Separating
Given a subtraction problem such as

Itwas Dad’s turn to set the table for dinner. There were going
to be 11 people for dinner but he only had 8 plates. How
" many more plates did he need?

a child who used a separating strategy would count out a set of 11 (the larger set) and then separate
8 from it (the smaller set). This is an appropriate strategy for all types of subtraction problems, and

itis a modeling strategy for the take away and comparison problems.

Counting Back

Given a problem such as

Miss Jones had 12 stickers on her desk. By recess she had handed
out 5 of them. How many stickers were on her desk then?

a c_hild who counted back would start with the larger quantity (12), either in his head or by making
a pile of counters, and then count backwards, the number of steps back being determined by the’

smaller quantity (5).
eg. 12-11,10,9,8,7.
1,2,3,4,5.

This strategy is appropriate for all subtraction types, and is a.modeling strategy for take away

and comparison problems.
Counting Up

“To use a counting up strategy, the child would start with the smaller number in the problem;

and then-count up until she reached the larger number. The child would keep track of how many
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increments she counted up, and that number would be the answer to the problem. For example, in

the problem

It was Dad’s turn to set the table for dinner. There were going to be
11 people for dinner, but he only had 8 plates. How many more plates
did he need?.

a child who used a counting up strategy would count
8-"9, 10, 11".
1,2,3.

Since there were three increments counted up, 3 would be the solution to the problem. This is

considered a modeling strategy for both the open addition and comparison problems.
Using a known addition fact
.Given a probiem such as
It was Dad’s turn to set the table for dinner. There were going to be 11

people for dinner, but he only had 8 plates. How many more plates did he
need? ' .

achild who used a known addition fact to solve this problem would say, " I know that 3 is the answer
because I know that 8+3=11. " This strategy was used only for the open addition problems and one

of the partitive problems, and was considered a modeling strategy for those problems.
Sharing
Given a problem such as

There are 21 children in our class and we want to make 3 teams for a relay
- race. If all the teams must be the same size, how many children will be on
each team?

a child who used a sharing strategy would put the large set of 21 counters into 3 equal groups.
Children sometimes did this one counter at a time (one for you, one for you, and one for you,then

start again) and sometimes they used two or more counters at a time. This is an appropriate strategy
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for both partitive and quotitivé division problems, but it is a modeling strategy only for the parti-

tive problems.

Separating Sets

Given a problem such as
Ann is helping to make toy cars. Her job is to put the wheels on. She has a

box with 12 wheels in it. If each car needs 4 wheels, how many cars can she
. make? " : : '

a cﬁiid who was separating sets would make a set of 12, and then separate from it sets of 4. The
number of sets of 4 that could be separated would be-the solution. This is an appropriate strategy
for both partitive and quotitive division problems, but is a modeling strategy only for the quotitive |
problems. |
Skip Counting

Given a problem such as

A group of 12 friends wanted to go on a ride at the fair. The attendént
said they had to ride 3 in a seat. How many seats did they need?

a child who used skip counting would count by fours up to 12. The number of counts it took to get -
to 12 would be the answer. This is an appropriate stratégy‘fpr both types of division problems, but

is a modeling strategy only for the quotitive problems.

INAPPROPRIATE STRATEGIES

Using the wrong operation

Given a problem such as

Mary planfed some tulips and ‘daffodils in her flower garden. She
wanted to know which flowers would grow faster. So far, 12 daffodils
and 9 tulips have come up. How many more daffodils than tulips are
there?
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children who used the wrong operation simply took the two numbers in the problem and added them
together instead of subtracting. For division problems, some children who used the wrong opera-

tion' either added or subtracted.
Guessing

Occasionally, a child simply did not know what to do to even start working on the problem,
or worked on it a little and then became confused. At that point, some children resorted to random

guessing.
Choosing a numiber given in the problem
Given a problem such as

Mary planted some tulips and daffodils in her flower garden. She wanted to
know which flowers would grow faster. So far, 12 daffodils and 9 tulips
have come up. How many more daffodils than tulips are there?

..\

a child would occasionally choose either the 9 or the 12 given in the problem as a solution.

PRESENTATION OF THE FINDINGS

The research questions and the discussion of children’s responses relative to each question

follows.

Do children behave differently with word problems involving an opéra-
tion in which they have received formal school instruction (subtraction)
and an operation in which they have received no formal school instruc-

tion (division?)

- The first general research question deals with three ways in which children’s responses in

solving word problems can vary. These three areas are : a) the variety of strategies used, b) the fre-
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quency of strategies used which model the action in the problem, and c) the types of errors made.
In order to deal with these three aréas, the first question was broken down into five sub-questions.
Three of these sub-questions deal with the variety of strategiés_ used, one deals with modeling

strategies, and one deals with the types of errors made.

Research Question 1(a)

What strategies do children use to solve word problems involving
the three different interpretations of subtraction (take away, com-

parison, open addition)?

Nineteen children were asked to attempt to solve word problems involving the take away,
open addition, and comparison interpretations of subtraction. These six problems are given in Ap-

pendix A. The results from the two take away problems are given in Table 1.

Thave used tables such as Table 1, in order to display”thelrésults of the various parts of each
question. Since many tables will be used in this chapter, I will use Table 1 as an example and dis-

“cuss brieﬁy how to read them.

The purpose of Table 1 is to show the strategies children used to solve the take away problems.
The heading for the first column is Strategy. Under this heading are the number of children who
useda separating strategy for both take away problems (separate twice), children who used a separat-
ing strategy for one of the probléms (separate once); and children wh@ d1d not use a separating
strategy for either problem (no separating). The second column is headed Number of Children. This
column s.hows how many children fall into each category. As the table shows, 13 children separated
fdr both take away problems, thrée children separated for one of them, and three children did not
sepérate for either problem. The third column is again entitled Strategy. It shows the other strategies
used by children who did not separate for both problems. Of the three children who Separated for
one of the take away problems, two used an inappropriate strategy and one used a counting back
strategy on the ‘othger problem. Following the three children who did not sepérate for either problem,
two of them used a counting back strategy for both problems, and the third child used an inap-
propriate strategy for one problcm and explained the 2-digit subtraction algorithm for the 'othér

problem. An examination of this table shows that, for the take away problems, separating was by
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far the most frequently used strategy. Of the 19 children, 13 used this strategy excluswely Separat-

ing accounted for 29 of the 35 appropriate strategies used.

Table 1
Strategies Used For Take Away Probems

Strategy Number of Strategy Number of
Children Children
Separate twice 13

Separate once 3 Inappropriate 2
Count Back 1
Count Back twice 2
. Explanation of 2- 1

No Separating 3 digit algorithm
Inappropriate 1

The results from the two questions on open addition word problems are given in Table 2.

Table 2 _
Strategies Used for Open Addition Problems

- | Number Number Number
-Strategy of Strategy of Strategy of
Children Children Children
Count up 4.
twice '
_ Separate 7
Count 13 Known 2
up once Addition Fact
Inappropriate 4
Known 1
No Counting 2 Separate once 2 Addition Fact
Up -
Inappropriate 1
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As Table 2 shows, most of the children interviewed used a mixture of strategies for the open
addition problems. Counting up, the modeling strategy for open addition, was used by more children
than any other sin gle strate gy, butwasnot, as con31stently used foropen addition problems as separat—

.ing was used for take away problems. Separating was the second most frequently used strategy for
| open addition problems. Counting up was used at least once by seventeen children, and separating
was used at least once by nine. Counting up accounted for 20 (59%) of the 34 appropnate strategles
" used, wh11e separating accounted for 9 (26%). It appears that while countlng up was used by the

largest number of children, separatlng was also an influential strategy for this type of problem.

 Table3 ‘ -,
Strategies Used for Comparison Problems

Number of o Number of

Strategy Children Strategy | Children

Count up twice 7

Separate twice 1

Inappropriate twice 3 v

' | Separate 4
Count up once ‘5 Inappropriate 1

: , L * |Known Addition Fact] 1
Separate once 3 ' Inappropriate 3

- Table 3 displays the results of the two comparison problems. In looking-at this table, three
patterns emerge. Firstly, counting up was the strategy used the most frequently for coniparison,
problems. Seven children used it exclusively. Counting up. was used by 12 children for at least one
of the problems, and this strategy accounted for 19 (66%) of the 29 appropriate strategies used.
» Secondly, in spite of the fact that counting up was the strategy that children used most often, separat-
ing was also an influential strategy for comparison probiems. Eight of the children used a separat-
1ng strategy. for at least one of the problems, and this strategy accounted for 9 (31%) of the ap-
propriate strategies used. Thirdly, there appeared to be more of a tendency .for' children to use a

single strategy for the comparison problems than for the open addition problems. Eight (61%) of
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the 13 children who used appropriate strategies for both.comparison problems used a single strategy,

compared to 4 out of 14 children for open addition problems.

In summary, for each type of subtraction word problem (take away, comparison, open addi-
tion) there was one strategy that was used more than any other. For take away problems separating
was used almost exclusively. For comparison and open addition problems counting up was the main
strategy, with separating also being used frequently. Most of the children interviewed chose one ap-
propriate strategy and stayed with it for the take away problems, but for the open addition probleins
the reverse was true. Almost half of the children interviewed used a single appropriate strategy for

the comparison problems.

Research Question 1(b)

What strategies do -children use to solve word problems involving

the two different interpretations of division?

Nineteen children were asked to attempt to solve six division word problems, three each
involving the partitive and quotitive interpretations. The results of their responses are given in Tables
4 and 5.

- As Table 4 shoWs, sharing was by far the most ﬁequenﬁy used strategy for the partitive
problems. All of the children used it for at least one of the probl;:ms, and it was a strong preference
for 14 children, who shared for at least two out of three problems. Sharing accounted for 37 (79%)
of the 47 appropriate strategies uSed, while the next most popular strategy, using a known addition

fact, accounted for only 8 (17%).

- Table 5 displays the results of the three quotitive problems.Again it is apparent that one strategy,
separating sets, is by far the most frequently used strategy for these problems.It was a strong
preference for 12 of the children, who used it for two or more of the three quotitive problems. This

strategy accounted for 35 (66%) of the appropriate strategies used. However, skip counting was also
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used more than occasionally, and in fact, was used exclusively by three children. This strategy ac-

counted for 13 (25%) of the appropriate stratégies used.

, Table 4 i
- Strategies Used for Partitive Problems

| Number Number | . ' Number
Strategy of Strategy. of Strategy of
: Children Children Children
[Share 3times| 4 | §
- |Inappropriate | 4
Share twice 10 - Known 6
Addition Fact :
Inappropriate 2
twice
Share onc 5 n
o © v Known 2 Skip count 2
Addition Fact| =~ once
Lost2 1
problems
Table5 -
Strategies Used for Quotitive Problems
Strategy Number of Strategy Number of Strategy Number of
, Children Children ' Children
Separate sets 8 - :
3 times ' .
Skip count t
Separate sets 4 Incorrect 1
twice operation
‘Share 1
_ : Inappropriate 1
Separate sets 3 twice
once Inappropriate 2 Skip count 2
once once
] : Skip count 3 3 '
No Separating 4 times
sets .- ' Share twice 1 Inappropriate I
) I ~ -once '
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In summary, for both the partitive and the quotitive word problems, there was one strategy
that was more frequently used than any other. Futhermore, for both the partitive and quotitive word -
problems, most children (14 and 15 respectively) displayed a strong preference for one strategy

(using it two or more times).

Research Question 1(c)

Are there any differences in the strategies used between the

different interpretations for subtraction and division?

As tables 1,2,3,4 and 5 illustrate, each of the five types of word problems (two subtraction
and three division) has one main strategy that is used more than any other. When looking at the
results of the subtraction problems it becomes clear that separating, the most frequently used strategy
for the take away problems, was also an influential strategy for both the open addition and com-
parison word problems'. Although counting up was the main strategy for both the open addition and
comparison word problerhs, separating accounted for 26% and 31% of the appropriate strategies,
respectively. For the division word problems, however, Tables 4 and 5 show that the main strategy
used for one type of word problem is seldom used for the other type. Sharing, the main strategy
used for the partitive word problems, was used by only two children for the quotitive problems, and
separating sets, the main strategy for the quotitivé word problems was never used for the partitive

problems.

It appears that children have a greater tendency to use different strategies for the different
types of division word problems than they do for subtraction word problems. There was very little
overlap between the main strategies for the partitive and quotitive word problems, but the main
strategy for the take away word problems was a commonly used one for both open addition and

comparison word problems.
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Research Question 1(d)

How often does the strategy used model the action in the problem, and
is there a difference between division and subtraction word problems in

this regard?

Tables 6 and 7 sﬁmmarize the number of children using modeling strategies for the subtrac-
tion and division word problems. Tables 8 and 9 show the number of children using modeling

strategies for the various interpretations of each operation.

Table 6
Modeling Strategies for Subtraction Problems

Un-Modeled Problems
Number of Number of Number Strategy Used On
Children Modeling of Other Problems
Strategies Children -

5 6 _

1 Inappropriate
7 5 A :

6 Appropriate

3 Inappropriate once
3 - 4 ' Appropriate once
2 : 3 2 ' ' Inappropriate

' 3 times

2 2 1 Inappropriate 4 times

1 S Inappropriate 4 times/

Appropriate once

-37-



Modeling Strateg

Table 7

ies for Division Problems
: Un-Modeled Problems
Number of Number of Number Strategy Used On
Children Modeling of Other Problems
Strategies Children ' .
8 6
‘ 2 Appropriate
7 5
5 ‘Inappropriate
‘ 1 Inappropriate twice/
2 3 Appropriate once
1 Lost 2 problems/
Appropriate once
1
Inappropriate 4 times
2 2 PP
Inappropriate twice/
1 Appropriate once

In looking at Tables 6 and 7 it becomes apparent that, while there were more modeling
strategies used for division problems, the difference between the numbers of modeling strategies
used for subtraction and division was slight. Children used modeling strategies for 76% of the sub-
~ traction problems and 81% of the divisioh problems. A look at Tables 8 and 9, hbwever, shows that
‘when the numbers of modeling strategies used is brokén down into problem types for each opera-
tion, there is a difference betweén subtraction and division. As Table 8 shows, the take away
problems were modeled most often (90% of the time), followed by the comparison problems (76%
of the time), while the open addition problems‘ were modeled only 63% of the time. This is a 27%

difference between the number of modeling strategies used for the take away and the open addition

problems. For the division problems however, there was little difference between the two types of
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problems, in terms of modeling strategies. The partitive problems were modeled 79% of the time,

and the quotitive problems 84% of the time, only a 5% difference.

Table 8

Modeling Strategies for Take Away, Comparison and Open Addition Problems

Model Once No Modeling
Strategies Used Strategies Used
Problem | Model | Nymber on Other Number on Other
type IWICE \of children|  Problems  |of children|  Problems
Explain 2-digit
Take 16 2 Inappropriate once 1 algorithm/
Away ’ inappropriate
Com- 13 3 [nappropriate oncej 3 Inappropriate
“parison twice
Open 8 Separate Separate/
Addition 6 4 Tnappropriate 1 Inappropriate
Table 9

Modeling Strategies Used for Partitive and Quotitive Problems

No Modeling

Problem Type| Model 3 Model Twice Model Once
times
Strategy Strate gies Strategies
Number | Usedon | Number | Used on | Number | Used
of children| Other [of children| Other |of children| '
Problem Problems
Inap- 2  Inap-
Partitive 4 propriate propriate 0
10 twice
2 Skip count 1 | Lost2
problems o
Inap- Inap- Share
Quotitive 13 1 propriate 1 propriate 1 twice
twice /Inap-
3 propriate
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When they did not use modeling strategies, children behaved in fnuch the same way for t;oth
operations. For the subtraction problems, 63% of the non-modeling strategies were inappro_priate,
and 37% were appropriate. For the division problems, 68% were inappropriate and 32% were ap-
propriate. Looking at the breakdown of n(A)n-modeli'ng strategies into problem types, again there is
a difference betWeen subtraction and division word problems. For the take away and comparison
subtraction word problems, most of the non-modeling strategies were inappropriate (75% and 100%,
' respectively). But for the open addition problems, the reverse was true. Only 34% of the non-model-
ing strategies used for the open addition problems were inappropriate. For both the partitive and -
quotitive division probléms; the non-modeling strategies were mostly inappropriaie (80% and 64%

respectively).

In summary, children used a sumlar number of modeling strategiesAfor both subtraction and
division word problems. However, for the subtraction problems, the number of inodeli_ng strategies
varied greatly debendin g on the problem type, while for the division prdblems there was little varia- |
~ tion between the two types. Also,‘when they were not using modeling strategies, children be_haved
in much the séme way on the subtraction and division word problems. Here again children’s be- -
haviour on the subtraction problems dcpended on the problem type, whilé their behéviour on the

division problems behaviour was consistent for both types.

Research Question’ l(e')

Is there a tendency for children to make different types of errors

in division word problems than in subtraction word problems?

Errors were labelled as cQ;mting érroré (where a child simply makes a mistake in cQunﬁng), '
‘counting up to fhe' wrong quantity‘(wheré a child is asl%cd, for example, to find how many more to
‘make 12 if: we alrcady.‘.have 8, and cbun;s fr‘oni 8"to 13 ihstead of to i2), using the wrong opération '
‘(the child adds, for exarhple, instead of subtracting), pick a numbef inthe ﬁroblem (the child chooses -

one of the numbers givén in the probleni as a solution), guess (the child guesses randomly), and no
response (the child simply could not start on it at all). All types 6f errors, with the exception of no

response, were made for both operations.
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“Other théri thé no responsé type, every type of error was made for each of the oﬁerations. More
children committed counting, wrong operation, pick a nrlmber given in the problem, and count up
to the wrong ini_tiél quantity errors for subtraction probléms than for division. More children made.

| guessing errors for division than subtraction problems'. The largest difference, however, was in the
number of children who made errors in counting. Fourteen children made subtraction counting er-
rors, for a total of 22 errors, and ﬁve children made counting errrors in division problems, for a total

of 5 errors.

The errors .that have been identified can be put into three categories - 1) countirlg type er-
' rors(counting and counring up to the wrong quantity), 2) wrong operation, and 3) inappropﬁate
_Strategies other than wrong operation (pick a number in the problem, no response, guess). With the .
counting types of errors it is possible for a child to have a very good idea of what thé problem is
about and how to go about solving it, but simply make a computational rmstake If a child is using
a wrong operation or other inappropriate strategy to solve a problem, it is not llkely that he com-
- prehends the probiern‘i ‘A child who uses inappropriate strategiés such as guessing, pick a nomber
in the problerrr, or no response, does not appear ro have chosen a deliberate method of solution and
followed it through, but rather behaved in a ré.ndom way. The child who uses a wrong oporati'on,
however, has definitely selected a method of solutio_n'(although itis inappropriate) and actcd'iipon o

it.

' The types of errors made for the subtraction and division problems are displayed in Tables
10, 11, and 12. Table 10 displays the incorrect operation errors for both operations, Table 11 dis-

plays the counting errors, and Table 12 displays the errors duo,to using an inappropriate strategy.

As Table 10 shows, there were two more children who used af incorrect operation for sub-
traction than for division. All of the children who used an incorreot operation for division performed
successfully on the other five problems, but three out of five chlldren who used an incorrect opera- .
tion on the subtractlon problems used atleasttwo. 1nappropr1ate strate gles forthe other five problems.
It appears that chlldren tend to use an incorrect operation for subtractlon shghtly more than for
‘ drvision problems. Also, children who use an incorrect operation for one subtraction problem are
more likely to use inappropriate strategies for the other problems than childen who use an incorrect

4

operation for one division problem.
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Table 10 |
Behaviour of Children Who Used An Incorrect Operation

Incorrect ‘ Other Problems
Number | Opera- ["Nuymber
Operation|  of tions Per of “Type of Strategy Used
Children Child Children
2 Model 4 times/Appropriate once
Subtrac- Model 3 times/
tion -5 1 2 Inappropriate twice
Model twice/
1 Inappropriate 3 times
1 3. 1 Model twice/Appropriate once
Division 3 1 3 Model 5 times
Model twice/
1 3 1 . Inappropriate once

Table 11 displays -counting errors for both operations, and as indicated, there were many
more children who made counting errors for subtraction problems than for division problems (16

and 6, respectively).

There were 27 counting errors for subtraction problems and 6 for division problems. waever,
half of the subtraction problems dealt with 2-digit calculations, which can be expected to have a
higher number of counting errors than problems dealing with basic facts. Six children made one-
counting error each on basic fact problems, while 14 éhildrcn made a total of 21 errors on 2-digit
problems. The comparison of division problems to basic fact problems is more similar than the com-
parison of division prdblems to all subtraction problems. However, basic fact subtraction problems
still incurred some type of counting error on 12% of the problems, while the same type of error was

made on 6% of the division problems.

Itis also evident from Table 11 that making counting errors is not an indication of serious dif-
ficulty in dealing with that particular problem. All the children who made counting errors used

either a modeling or an appropriate non-modeling strategy for the problem with the error. Overall,
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Table 11
Behaviour of Children Who Made A Counting Error

‘Strategy Other Problems
Number | Counting | Number | Used For [ Nymber
Operation of Errors Per of Problem of Type of Strategy
‘Children | Child | Children | With The | cpildren
Error _
6 model 4 model 5 timest
_ model 4 times/
Subtrac- 8 1 2 inappropriate once
tion

2 ap- model twice/
propriate 1 inappropriate once
but non-
modeling . mode.l once/-

1 inappropriate 4 times
1 model 4 times
model 3 times/
' model 2 appropriate but non-
5 2 5 both modeling once
problems
1 model 3 times/
inappropriate once
1 model once/
inappropriate 3 times
2 model 3 1 .model 3 times
times
3 3 -
model modf:l twice/ap-

1 twice ap- 2 propriate but non-
propriate modeling once
but non-
modeling

once , ,
_ 5 model 5 model 5 times
Division
ap- , model once/
propriate appropriate but non-
6 1 1 but non- 1 modeling
' modeling
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it appears children tend to make more counting errors on subtraction problems than division
problems, but making these errors does not appear to be an indication of misunderstanding the

problem, for either operation.

Table 12 displays the errors due to using an inappropria_te strategy. As indicated, children
made almost the same number of this type of error for subtraction problems as for division
problems (7 and 8, respectively). They also tended to behave in much the same way for the remain-
ing subtraction and division problems, using modeling strategies for 71% and 70% of the remain-
ing problems. The remaining 29% of the subtraction problems without inappropriate strategy er-
rors were attempted ﬁsing the wrong operation. The remaining 30% of the division problems
without inappropriate strategy erTorS Were split between ﬁsin g the wrong operation and using an ap-

propriate but non-mbdeling strategy (18% and 12%, réspectively).

_ Table 12
Behaviour of Children Who Made Inappropriate Strategy Errors

Other Problems

Operation | Number of |Errors per| Nomber of Type of Strategy
Children Child - Children :
2 2 2 model 3 times/
Subtraction | : . iIncorrect operation once
1 3 1 ' model twice/
incorrect operation once
3 1 2 model 5 times
' 1 model twice/incorrect

Division operation 3 times

, model twice/appropriate but
1 2 1 non-modeling twice

1 3 1 model 3 times




Summary of Research Question #1

Do children behave differently with word problems involving an
operation in which they have received formal school instruction
~ (subtraction) and an operation in which they have received no for-

mal school instruction (division)?

" What differences are there in the ways in which primary children approach one-step word
problems involving an operation in which they have received formal -school_instructiony (subtrac-

tion) and an operation in which they have received no formal school instruction (division)?

For both operations (subtraction and division), each of the interpretations had one main
, strategy-used by more children than any other. The tw_o interpretations of division overlapped very
little with respect to these strategies. Sharing, the main strategy for partitive problems, was.used
very little for quotitive problems, and separating sets, the main strategy for ouotitive problems, was
not used at all for partitive problems. There was more overlap in the strategles utilized for the three |
1nterpretat10ns of subtraction, however. The main strategy for both open addition and comparison
problems was counting up. This strategy was not used at all for the take away problems. However '
separatmg, the main strategy for take away problems, was an influential strategy for both the open
addition and companson word problems. This strategy accounted for 26% and 31% of the ap-

propriate strategies used for the open addition and comparison word problems, respectively.

There was little difference in the number of modeling strategies used for the subtraction and
division word problems (76% and 81%, respectively). However, for the subtraction problems, there
was a great variation in the number of modeling strategies, depending on the problem type (take
away - 90%, comparison - 76%, and open addition - 63%). This was not the case for the division
problems. When they were not using modeling strategies, children used inappropriate strategies for
63% of the remaini‘ng subtraction problems (75% of the take away problems, 100% of the com-
parison problems, and 36% of the open addition problems) and 68% of the remaining division

problems.

The children made the same types' of errors orl both division and subtraction problems. They

had a tendency to make more counting errors on the subtraction problems, but this was partly due
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to the use of 2-digit numbers in half of the subtraction problems. There were a few more children
who used an incorrect operation for subtraction problems than for division problems, but the dif-
ference was small. All the children who used an incorrect 'operatiorr for one of the division
problems performed successfully on the other five division problems, but three out of five children
who used an incorrect operatlon for the subtraction problems used an 1nappropnate strategy for at
least two of the other five problems. It appears that using an incorrect operation for one subtractlon
problem is more likely to be an 1nd1cat10n of general difficulty than usmg an incorrect operatlon for

one d1v1s1on problem.

About the same number of children used inappropriate strategies for subtraction and division
problems (3 and 4, respectively). There were a total of seven inappropriate strategies for subtrac-
|  tion and eight for division problems. Children who behav_ed in this way also behaved simiIarIy to

each other on the other problems.

The second general problem area was:

For the subtraction problems, are there differences in the way

children approach word problems involving the solution of a basic

fact, and those involving the subtraction of 2-digit numbers?

This question was broken down into two sub-questions, one dealing with modeling strategies and
the other dealing with errors. Each sub-question will be discussed separately, and then the entire

general problem area will be summarized.

ion 2

- Do these children differ in the number of 'modeling
strategies that they use for the basic fact subtracv'tion

. problems, and the 2-digit subtraction problems?
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The children were presented with six s’ubtraction word problems, two'each of open addition,
take away, and comparison. For each of these three interpretations of subtraction, children were
-asked to solve one problem involving a basic subtraCtion fact, and one inuolving 2-digit nurvnbers.'
They solved or attempted to solve three word problems involving basic facts and three word

problems involving 2-digit numbers.

Table 13 shows how‘many children modeled all three basic fact problems, how many children
modeled two of them, and how many children modeled only one of them. Table 13 _also shows
what types of strategies they used when they did not use modeling strategies. It also. displays the
same information for the 2-digit problems._ Table 14 indicates the number of children rnodeling

each of the six subtraction problems.

“ As Table 13 illustrates, children were more likely to model basic fact subtraction problems
than 2-digit problems (18 children modeled 2 or more basic fact [iroblems and 15 children modeled
2 or more 2-digit problemS) When they did not use modeling strategies more children used inap-
| propriate strategles for basic fact problems than for the 2- d1g1t problems. Seven children used in-
Aappropnate strategles for basic fact problems, w1th these mappropnate strategies comprising 64%
of the non-modeling strategles..Five children used mappropnate strategies for 2-digit problems.

These inappropriate strategies comprised 44% of the non-modeling strategies.

- Table 14 indicates the numher of modeling strategies used was fairly consist_entvlf_or five out
of the six subraction 'problems.»_The exception was the 2-digit open addition problem, which was
solved using a modeling strategy about half as often.as any of the other problems. However, as in-
dicated by Table 13, of the non-modeling strategies used, both types of open addition probleins had

a higher percentage of appropriate strategies than either take away or comparison problems.

It appears, from the information given in Tables 14 and 15 that although the size of the num-
bers seems to have an effect on children’s ability to model 2-digit open addition problems, it does
not have an effect on the number of appropriate strategies used. Approximately the same number

of appropriate strategies were used for 2- d1g1t problems as for ba51c fact problems.
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Table 13
Modeling Strategies for Basic Fact Problems

Number of [Number of Number of
Problem Type| = Modeling Children Strategy Children
~ Strategies
3 11
Basic Fact ,
Inappropriate 6
2 7 _ _
Appropriate but non- 1
modeling
1 0
0 1 Inappropriate 3 times 1
3 7
2-Digit :
Appropriate but
2 8 non-modeling 8
Inappropriate twice | 2
1 3 —
Inappropriate once/
Appropriate but non- 1
modeling once
0 1 Inappropriate 3 times 1
Table 14
Modeling Strategies for Each Subtraction Problem
Problem Type ‘ Take Away Comparison Open Addition
Basic Fact 17 14 16
2-Digit 17 15 8

To summarize, fhe size of the numbers seems to have a slight effect on how consistently
children model subtraction problems. More children modeled all three basic fact problems than all

three 2-digit problems (11 and 7, respectively). The same held true for modeling two or more
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problems (18 and 15, respectively). Number size appeared to have a negative effect on children’s
ability to model 2-digit open addition problems but had no effect on the number of appropriate

strategies used.

Table 15 :
How Children Responded When They Failed to Mode

Take Away Comparison Open Addition
Number| Number Number
Problem| of of of
Type |[Children|Strategy Used (Children|Strategy Used |Children| Strategy Used
who who .| who '
failed to failed to |failed to
model model model
3 Incorrect: 1 Separate
Basic Incorrect operation
Fact 2 Operation o 1 Incorrect Opera-
2 Pick a num- tion
ber in the 1 Pick a number in
problem the problem
1 Explanation 2 Guess 8 Separate
of algorithm 1 Guess
2-Digit 1 |Pick a number in
1 Pick a 2 Pick a the problem
' number in _ number in the 1 Incorrect opera-
the problem problem tion
Research Question 2(b)

Is there a tendency for these children to make different types of er-
rors in the 2-digit subtraction problems than in the basic fact sub-

traction problems?

The five types of errors made on the subtraction problems were counting, counting up to the
.wrong quantity, using the wrong operation, picking a number given in the problem, and guessing.

These errors can be put into three categories - counting type errors (counting and counting up to the
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wrong quantity), wrong operation, and inappropriate strategies other than wrong operation (guess-

ing, picking a number given in the problem). The frequency of these errors is shown in Table 16. .

. Table 16
Errors Made for Basic Fact and 2-digit Subtraction Problems

“Basic Fact T 2Digit -

Error Type ™ Take Com- Open Take Com- | Open
’ Away | parison | Addition | Away | parison | Addition
Incorrect , :
Operation 2 .3 o1 0 -1 I
Counting 3 | o | 3 9 6 6
Inappropriate 0 2 |1 o1 3 2

All three kinds ef errors (counting type errors, wroﬁg operation, and other inappropriate
strategies) were made for both the basic fact and the '2-digit problems. However, there were dif-
ferences in the number of each type of error made. Not surprisingly, for each type of subtraction

‘ problem there were at least twice as many counting type errors committed for the 2-digit as for the |
basicfact problems; There were eix eITorS ef this type made for the basic fact problems and 15 for
the 2'—;1igit problems. Counting type errors accounted. for 65% of the errors made for the Z-digit
problems and 40% of the errors made for the basic fact problems. Itis net unexpected to see alarger
number of countin g errors in problems with larger numbers, since more counting is requlred Longer

counting sequences provide more opportumty to make a counting error.

‘While more children committed counting errors on the 2-digit problems than on the basic fact
problems, the reverse was true for using an incorrect operation. Children made two incorfect opera-
tion errors on the 2-digit problems and six on the basic fact preblems This type of error accounted
for 40% of the errors made on the bas1c fact problems, but only 9% of the errors made on the 2-

: d1g1t problems
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* There were more inappropriate strategies (other than an incorrect operation) used for the 2-
digit problems than for the basic fact problems. In fact, there were twice as many errors for this type
made for the 2-digit problems. These errors accounted for 20% of all the errors made on the 2-digit

problems.

In summary, it appears that an incorrect operation was used by more children on basic fact
problems than on 2-digit problems. This is in contrast to the other types of errors which were com-

mitted more often for the 2-digit problems than for the basic fact problems.

Summ_ary of Research Question #2

There wérc six subtraction problems - two take aWay, two corripéﬁson, And two opch addi-
tion. Each interpretafibn had one problem involving the calculation of 2-'digit numbers and one
problem ihvblving basic ‘subfraction facts. For the take away and combarisbn interpretations, the

‘number of children using ’modelihg strategies for the basic fact and the 2-digit problems is about -
the same. For the open addition problems, however, there were about half as many ‘modeling
strategies used for the 2-digit problems as for the basic fact problems. Eight out of 11 open addi-
tion problems that were not done using a modeling strategy were done using an appropriate strategy,
‘however. Children used the same number of appropriate strategies for basic fact and 2-digit
problems of each interpfetation (take away - 17, 18; comparison - 14, 15; open addition - 16, 16,

respectively).

~ The three types of errors (counting type errors, wrong operation, and other inappropriate
strategies) were committed on both the basic fact and the 2-digit problems. Counting type errors
were committed more than three times as often for 2-digit problems as for basic fact pfoblems,
and inappropriate stfategics were used twice as often for 2-digit problems. Three times as many
children used an incorrect operation for the basic fact problems as for the 2-digit problems. Al-
thdu gh all three error types weré made on both 2-digit and basic fact problems, certain eITOrS Were

more common with one type of problem than the other.
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The third genefal pfoblem area was:

Do children who do well on the addition and subtraction basic fact
_tests approach word problems differently th_an children who do not

perform as well on basic fact tests?

This question was broken down into two sub-questions, one dealing with modeling strategies
and one dealing with errors. Each sub-question will be discussed separately, and then'the entire

general problem area will be summarized.

Research Question 3(a)

Do children who perform well on the basic fact tests differ in the num-
“ber of modeling strétegies' that they use for the subtraction word

pfoblems, from the children who perfofm poorly on the basic fact tests?

The children were divided into two groups on the basis of their score on a subtraction basic ,
fact test. The sé_ores tended to divide themselves natﬁrally, vyith seven representing the top of the
low group, and ten représenting the bottom of the high groﬁp. The scores ranged from 2 td 7, con-
secutively, then a gap, followed by three scores of 10, and one each of 11, 13, 15, and 18. There
were 10 children who scored 7 or less out of 30, and seven children who scored 10 or more. The
low group had an average mark of 4.8 and the high group had an average mark of 10.9 on the sub-
traction test. Of the 10 children who scored 7 or less on the subtraction basic fact test, seven of them
scored less than 19 out of 30 on the addition basic fact test. The avcrage mark for this group on the
addition test was 16.6 6ut of 30. Of the seven children who scored 10 or more on the subtraction
test?only two scored less than 19 out of 30 on the additioh test. The average mark for this group on

the addition test was 22.5 out of 30.
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Tables 17 and 18 show the modeling strategies used by children in the low and high groups
for the subtraction problems. Table 19 shows children’s consistency in the appropriate strategies

they used for the subtraction problems. The tables are discussed in the following section.

_ Table 17
Modeling Strategies for Subtraction Problems (High Group)

Model Model Once No Modeling
Problem Type| twice | Number | Strategy Used | Number Strategies Used on
o of Children| OnOther |of Children Other Problem
| Problem
Inappropriate once/
Take Away 4 .2 Inappropriate 1 appropriate but
: non-modeling
Comparison 4 2 Inappropriate 1 ~ Inappropriate twice
, 2 Appropriate but | Inappropriate once/
Open Addition; 3 non-modeling 1 appropriate but non-
1 Inappropriate modeling once
Table 18

Modeling Strategies for Subtraction Problems (Low Group)

Model Model O_nce : . No Modeling

.|Problem Type| twice [Number of| Strategy Used On |Number of | Strategies Used on
Children | Other Problem Children | Other Problem
Take Away 10 0 10
Comparison 8 0 | 2 Inappropriate twice
' 4 Appropriate but
Open Addition| 3 non-modeling 0
3 Inappropriate

There were ten children in the low group and seven children in the high group. All of the low
group and 57% of the high group were able to model both take away problcrns, 80% of the low -
group and 57% of the high group modeled both comparison problems, and 30% of the low group
and 43% of the high group modeled both open addition probler'ns.. It appears for both take away
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and compaﬁson problems the low group has a greéter tendency to use modeling strategies than the
high group. For the open addition problems, more chil_dren in the high group than the low group
modeled both problems. However, the difference was not as great for this interpretation as it was
for the take away and comparison problems. When one considers appropriate strategies rather than
only modeling strategies, the percentages of the two groups are closer. The percentages of ap-
propriate strategies used by the low and the high groups are as follows: 1) for the take away
problems, 100% and 79%, respectively, 2) for the comparison problems, 80% and 71% , respec-
tively, and 3) for the open addition problems, 85% and 86%, respectively. |

Table 19
Consistency of Strategies for Subtraction Problems (High and Low Groups)

Take Away Comparison | Open Addition
~ Single High | Low | High | Low | High | Low
Appropriate | Group | Group | Group | Group | Group | Group
Strategy '
4 (57%) |9 (90%) |3 (43%) (4 (40%) |1 (14%)|3 (30%)
Two Different 1
Appropriate 0 |1(10%)|1 (14%)|4 (40%) |4 (57%) |4 (40%)
Strategies \
Appropriate/
Inappropriate |3 (43%)| O |1(14%)| 0 |2 (29%)|3 (30%)
Strategy A
Mixture
Two
Inappropriate 0 0 [2(29%)|2(20%) 0 0
. Strategies

It also appears .that the low group has slightly more of a tendency to use a single strategy for
each interpretation than the high group. For the take away problems 90% of the low group used a
single appropriate strategy, while 57% of the high group did so. For combarison problems, it was
40% for the low group and 43% for the high group, and for open addition the percentages were 30%

and 14%, respectively.
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It appears that, as well as using fewer modeling strategies than the low gfoup, the high group
is more likely to use a single appropriate strategy for an interpretation. Except for the open addition

problems, the low group also used more appropriate strategies than the high group.

Table 20 '
Modeling Strategies for Division Problems (High Group)

Model Twice Model Once - No Modeling

Problem |Model| Nym TStrategy Used|Num-| Strategies |Num-| Strategies
Type Three | per of | OnOther |berof| UsedOn |berof Used
Timesehiigren|  Problem  [ChildrenOther ProblemChildren

2 Skip Count

Partitive | 2 : 1 |Inappropriate| O
2 |Inappropriate | twice
Quotitive | = 4 2 |Inappropriate | 2 . |Inappropriate| O
' : : twice
Table 21

Modeling Strategies for Division Problems (Low Group)

Model Twice Model Once No Modeling

Problem |Model 'Nym_TStrategy Used| Num- | Strategies |Num-| Strategies
Type |Three |perof| OnOther |berof| UsedOn |berof| = Used
Times|cpiigren]  Problem  [ChildrenOther Problem(Children

Partitive 6 2 |Inappropriate| 1 |[Inappropriate| O
twice
Quotitive | 7 2 |Inappropriate| O 0
[ 1 Share

As Tables 20 and 21 show, children in the low group were more likely to model the division

problems than children in the high group. The low group modeled 85% of the partitive problems
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and 90% of the quotitive problems, while the high group modeled 71% of the partitive problems
and 81% of the quotitive problems. Six out of nine children in the low group modeled all three of
the partitive problems (one child’s first and second partitive problems were lost on the defective
tape), and seven out of ten modeled all three of the quotitive problems. Two out of seven children
from the high group modeled all the partitive and four out of seven modeled all of the quotitive -

problems.

All three of the partitive problems were modeled by 66% of the low group and 29% of the
high group. 70% of the low group and 57% of the high group modeled all of the quotitive problems.
For both quotitive and partitive types of division problems, more children in the low group modeled

all the problems of a particular type than children in the high group.

As Table 22 shows, children in the low group were also more likely to use a single appropriate

strategy than children ir_l the high group.

Table 22
Consistency of Strategies for Division Problems (High and Low Groups)

Partitive Quotitive
High GroupLow GroupHigh Group|Low Group
One Single :
Appropriate 0 4 (45%) | 3(43%) | 6 (60%)
Strategy ' .
Mixture of Three
Appropriate 4(57%) | 2(22%) | 1(14%) | 2.(20%)
Strategies ‘
Appropriate/
Inappropriate | 3(43%) | 3(33%) | 3(43%) | 2(20%)
Stragtegies

Of the children in the low group, 45% used a single appropn'até strategy for all three partitive
problems, while none of the high group did so. For the quotitive problems, 60% of the low group
and 43% of the high group used a single appropriate strategy. As We_ll as using one single appropriate

strategy more often, children in the low group used a larger percentage of appropriate strategies
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than children in the high group. The low group used appropriate strategies for 86% of the partitive
and 93% of the quotitive problems, while the high group used appropriate strategies for 81% of the
prdblems of each type.

It appears that children who know their subtraction basic facts better, use fewer modeling
strategies, slightly fewer appropriate strategies, and more inappropriate strategies for both opera-

tions and all interpretations except open addition.

Research Question 3(b)

Do the children who perform well on Basic fact tests make different
types of errors on the subtraction word problems than the children who

perform poorly ori basic fact tests?

The five errors that were identified for subtraction problems were countihg , counting up to the
wrong quantity, using the wrong operation, picking a nﬁmber given in the problem as a solution;
and guessing. These errors were grouped into three categories - counting type errors (counting,
counting up to the wrong quantity), using the wrong operation, and other inapprbpriate strategies

(picking a number in the problem, guessing).

o Table 23~ .
Errors on Subtraction Problems for the High and Low Groups

HighGroup - |  Low Group

Type ’
of Number of | Errors per | Number of | Errors per
Error | Children Child Children Child

1 . 3 2 3

Counting 4 o1 5 2

, 3 1

Incorrect 1 3

Operation 2 1 2 1

Inappropriate 1 3 2 2

Strategies 1 1 1 1
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Tables 23 and 24 display infonnadon on the number and type of errors made on the subtrac-

tion problems and how the high and the low groups compare.

As Table 24 shows, for each subtraction interpretation, children in the low group made con-
sistently more counting errors than children in the high group. Counting type errors accounted for-

73% of all the errors made .by the low group and 44% of all the errors made by the high group.

Table24 ~ . = .
Errors for Three Types of Subtraction Problems

Type of. | - Take Away - | - Comparison | Open Addition

Error - | High | Low | High | Low | High | Low
|Counting| 3 | 9 1 | s 3| 5

Incorrect : ‘ ]

Operation 2 0 2 1 1 1
Inap-

propriate 1 0 2 3 -1 2

Strategies ' '

While the low group made more counting errors than the high group, the reverse was true for
errors involving an incorrect opération. This type of error accounted for 8% of all the errors made

by the low group and 31% of all the errors made by the high group.

Of the three types of errors made on the subtraction problems, the performance of the high
and low group was most similar with respect tO EITors involving inappropriate strategies (such as
guessing or chdosing a number in the problem). Errors of this type accounted for 19% of all the er-

rors made by the low grbup and 25% of all the errors made by the high group.

Tables 25 and 26 display information on the numbers and type of errors made on the division

" problems, and how the high and the low groups compare.

For the most part, children made the same types of errors, and the same difference existed

between the high and low group, for the division problems as for the subtraction. One exception
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to this is the amount of counting errors made for the division problems. For the subtraction problems,
children in the low group made twice as many counting errors per child as the high group, but for
‘the division problems this was not the case. For the division problems, two children in the high

group and three children in the low group made one couriting error each.

_ Table 25 . A
‘Errors on Division Problems for High and Low Groups

High Group

Low Group
Type
of Number of | Errors per | Number of | Errors per
Error Children Child Children Child
Counting 2 1 3 1
Incorrect 2 -1
Operation 1 3 1 1
Inappropriate 1 1 2 1
Strategies 1. 2 -1 3
Table 26
Errors for Partitive and Quotitive Division Problems
Partitive Quotitive
Type
- of High Low High Low
Error
Counting 2 1 0 1
Incorrect S _
Operation | 2 0 3 1
Inappropriate
Strategies 2. 4 1 o1
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‘There were only l9 errors made on the division problems as compared to 42 on the subtrac—

 tion problems but of those 19, 12 errors  were made on the partitive problems and only 7 on the

quotmve Although the numbers for each type of error are small, more children cons1stently made
errors on the partmve problems than on the quotmve There ‘was very little difference in the total
number of errors made by children in the low and high groups In fact, the low group made nine
~ errors and the high group made ten. Also, the number of each type of error made was much the same
for both groups The one excepnon to this was errors made usmg an 1ncorrect operation. There was
one such error made by one child in the low group, and f1ve_ such errors made by three children in
the high group. This is similar to: the"_situation .for the subtraction problems, in which two children
in the low group each made one vsuch error, and ‘three"children in the high group made a total of

five such errors.

Summary of Research Question #3

For the subtraction problems, the children in the low group used more modeling strategies,
~slightly more appropriate strategies, and less incorrect operations than children who perforﬁied bet- -
ter on,_the basic fact tests. The only exception to this is the open addition problems. The picture is - .
much the same for the division problems, with children in the low group using more modeling |
strategies, about the same number of appropriate strategies, and less incorrect operations than the

children in the high group.

) All types of »errors (counting type errors, using the wrong operation, and other inappropriate
strategies) were made by both low and high groups, for vboth.operations. For the subtraction
problems, the low group made more counting errors than the high group, and for both operations
the high group used an incorrect operation more often than the low group. Other inappropriate -

strategies were used similarly by both low and high groups.

. -60-



CHAPTER FIVE
SUMMARY OF MAJOR FINDINGS.

INTRODUCTION

This chapter will review the objectives of the study, the findings, the educational implications,
and give some recommendations for further research into children’s approaches to solving word

problems.

CONCLUSIONS AND DISCUSSION

The primary objective of this study has been to explore the ways in which Grade Two children
attempt to solve word problems involving an operation in which they have received formal instruc-
tion (subtraction) and an operation in which they have received no formal instruction (division).
This was done through the use of audio-taped individual interviews. The study was directed towards

answering the following research questions:

1. Do children behave differently with word problems involving an operation in which they
have received formal school instruction (subtraction) and an operation in which they have received

no formal school instruction (division)?

2. For the subtraction problcms, are there differences in the way children approach word
problems involving the solution of a basic fact, and those involving the subtraction of 2-digit num-

bers?

3. Do children who do well on addition and subtraction basic fact tests approach word problems

differently than children who perform poorly on basic fact tests?

A discussion of the findings and conclusions for each major qﬁestion follows.

-61-



Conclusions and- Discussion for Research Question #1

Do children behave differently witﬁ word problems involving opera-
tions for which they have received formal school instruction and opera-

tions for which they have not received formal school instruction?

' " The dafa that has been colléthd suggests that, for the children in this study at least, there are
some differencés in the ways in which they deal with problems involving these two typés of opera-
tions. Fbr both operations, each interpretation of that operation has one main strategy thét'ié used
more than any other. Other strategies were also used, but to a lesser degree. For the division
problems, the sharing strategy used to solve the partitive type of ﬁroblems was seldom used for the
quotitive prdblems and vice versa. In fact, separating sets, the main strategy for qliofitive problems .
was never used for partitive problems. The children tended to use strategies for one type of problem

“that were qﬁité distinct from strategies used for the other type. For the most .pan, the stratcgies that
-were used tended to model the structure of the problem. Children appeared to have analysed the
structure of the problem, and then used a strategy that modeled that structure. For subtraction, on
the other hand, children had more of a tendency to use the strategies for the various interpretations
interchangeably. Separating was uscd almost exclusively for the take away problems, and counting
up was the main strategy used for both open addition and comparison problems. Although count-
ing up was the main s&a_tegy, separating was 1'1vs’ed for a large’ minority of both the open addition
and comparisoh problems (26% and 31% of the appropriate Strate'gieé, fcspcctivcly). Since subtrac-
tion was the operation in wh‘ic.h children have been formally instructed, and with which they have
computational experience, this seems to suggest children are inore likely to keep strategies for the
different interpretations separate for operations in which they have not been instructed. It also sug-
gests that children may pay more attention to the structure of the problem and take more time to
analyse the problem when itinvolves an operation with which they are unfamiliar. Part of the reason
for this tendency to keep the strategies for the two different division interpretations separate, may
lie in the nature of the partitive and quotitive meanings of division. These two interpretations and

the strategies that model the structures of these types of word problems are very distinct. A model-
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ing strategy for one interpretation does not in any way appear to be an appropriate strategy for the

other type of division problem. It does not appear to fit the problem at all.

Atls.o, chiidr_err with some experiexrce in an operation may recognize’the problem, in a general
way, as something.they have dealt With before (or sirnilar to something they have dealt with before)
in a subtraction (or divisie_n) situation. Because they already recognize (or think they recognize)v the
situation in é general way, they then simply choose a strategy that fits the operation‘, rather than
looking at the problem in a more analytical wey. With a problem involilirrg an operatien in which
they have not been instructed, children have only the structure of the problem itself as a guide to
how to proceed. This being the case, they are very likely to use a strategy that models that struc-

ture.

Arlother aspect of children’s behaviour with word problems is the errors they make. Overall,
children made the same types of errors on.the division problems as they did on the subtraction
| problems There were many more countmg errors made on the subtractlon problems than on the
>d1v1sron problems but most of those CITOrS were made on the 2 d1g1t problems. Since it seems
reasonable that children would make more counting errors when dealing with larger numbers, this
is to be expected. There was a sliglrt difference in the number of children who used an incorrect
operati'on (three for division and five for subrraction) but the real difference came in the way these
children behaved on the remaining preblems. All ef the children who used an incorre_ct operation
for a divis.ion problem perforrned suecessfully on the remaining five division problerhs, but three
out of five children who used an incorrect operation for a subtraction problem used an inappropriate
strategy for at least two of the other five subtraction problems. For some reason, using an incorrect
operation for a subtraction problem was far more likely to indicate general difficulty in dealing with
word problems involving that operation than using an incorrect operation for a division problem.
In fact, using an incorrect operation for a division problem was not an indication of general difficul-

‘ty with division problems at all.

There are also some differences in the ways in which children attempt to solve the three types
of subtraction problems. The take away problerrls were almost all solved using a modeling strategy
(89%), while the comparison problems were solved similarly 76% of the time, and open addition
problems 63%. At first glance it may appear that open addition problems posed'the most difficulty

to the students, as they were modeled the least number of times. However, a look at some other
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responses suggests that this is not the case. While comparison problems were modeled more often
than open addition probiems, the total number of appropriate strategies (includes modeling and ap-
propriate but non-modeling strategies) used was greater for the open addition problems (76% and

87%, respectively). Open addition problems also produced more correct solutions than comparison |
problems. All types of errors were made for all three types of subtraction problems, but more er-
rors involving inappropriate strategies were made on comparison problems than on the other two
types combined. An incorrect operation was used twice as often for comparison problems as for
either open addition or take away problems. Also, when children were solving open addition and
take away problems, they tended to choose an approach and act on it fairly promptly, but this was
not the case with the comparison problems. After being read a comparison probicm, children often
asked to have the problem re-read (many times more than once) or questioned some of the infor-
mation given in the problem. Théy also often asked to have the question clarified. This exchange
of information occurred either before a child started on the problem, or in some cases, after a child
was asked to explain what he had done to solve the problem. There were 15 occasions when such a
discussion occurred for comparison problems, two for open addition problems and none for take
away problems. After talking about the problem and clarifying the information that was given and
what was wanted, 10 of the 15 comparison problems were solved using an appropriate strategy, and
seven of those yielded correct answers. The large number of times that children felt it was neces-
sary'to have éomparison problems clarified makes it clear that fhcy are much more difficult for

children to analyse than either take away or open addition problems.

- - In summary, children modéled comparison problems more often, but also attempted them
using a greater number of incorrect operations than they did with open addition problems. There
were more correct solutions and more appropriate strategies used for open additon probiemS than
for comparison. And finally, children felt it necessary to have comparision problems clarified far
more often than open addition problems. This seems to indicate that, even though children do not
use modeling strategies for the open addition problems as often as for comparison problems, open
addition problems are dealt with more easily and more successfully. Perhaps the fact the comparison
problems seemed more difficult to analyse accounted for the larger number. of modeling strategies
used. Following the action in the problem one step at a time may be a way to cope with a problerh

that seems difficult to analyse.



Conclusions and Discussion for Research Question #2

For the subtraction problems, are there differences in the way’
children approach word problems involving the solution of a basic

fact, and those involving the subtraction of 2-digit numbers?

According to the data collected in this study, there are some differences in the way children
| deal with problems involving the solution of a basic fact, and those 1nvolv1ng the subtraction of 2-.
d1g1t numbers. The number of modeling strategies used for the basic fact problems of all types and
the 2-digit take away and comparison problems was similar, but the 2-digit onen'addition problems
were solved using a modeling strategy about half as many times as any other problern type. kEiglit
of the eleven children who did not use'a counting up (modeling) strategy for the 2-digit open addi-
tion problem used an appropriate but non- modelmg strategy for this problem. Children made more
~ counting errors and produced fewer correct answers for the 2- d1g1t problems but their method of
solution was just as appropriate for one type as for the other. It appears, then, that children use ap- -
propriate strategies for the 2-digit open addition problems as often as they do for the basic fact open
h addition problems , but that almost half the time children choose not to model the 2-digit problems.
Perhaps, when the children were working with the basic fact open addition and comparison problems
they found the numbers fairly easy to count up in their head (the smaller addend was always the
one wanted), and so had a tendency to use a counting up strategy or make use of an udditon fact
that they already knew. Then, when they encountered larger"numbers_ which made the countin'g‘ up
strategy no more efficient than separating, children chose to use the more familiar separuting
strategy. This is supported by the fact that, of the appropriate strategies used for the 2-digit open
addition and companson problems, 50% and 40% respectively, were separating strategies. For the
basic fact open addition and comparison problems, only 6% and 21% of the appropriate strategies
used were separating strategies. The counting up strategy would possibly be easier and more effi-
cient than separating, when basic fact problems are involved. Instead of counting three sets (first.
the whole set, then counting & part to be removed, and finally counting what is left) the child real-

ly only needs to count two sets for a counting up strategy. He first counts the known part of the
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whole set, then continues on up to the whole set, keeping track of the remaining counts in some
way. He then counts the amount that was kept track of. This strategy becomes more cumbersome
as the difference between the numbers gets larger. The keeping-track procedure gets more dif_ficnlt,
thus, if a child is to use this method he will probably have to use counters and make two distinct
sets. That is, he will count out the given part of the whole (making a set), and continue counting on
to the total given (making a second set). The child would then have to count the second set to get
the solution. This is no less complicated than separating. It would be reasonable for children who
had a clear understanding of the problem’s structure to use the counting up method for the sfnall
numbers, but to return to the more familiar separating strategy for the 2-digit numbers. Out of 13
children who used a cohnting up strategy for the basic fact open addition problem, six made the
shift to a separating strategy for the 2-digit problem. Of the 10 children who used a counting up
strategy for the basic fact comparison problem, only two made the shift to a sepaiating strategy for
the 2-digit problem. Seven children counted up for both comparison problems, while only four.
children counted up for both open addition problefns. It is not known whether the low number of
.rnodéling stratcgieS .used for‘ the _2—digit 6pen additioh problems is a negative indicator or not.
However, theré were rnany other differences between the open aﬂdition and comparison problems
that would indicate that the open addition problems were more easily analysed and understood.
First, fewer inappropriate strategies were used fnr open addition problems than for comparison
problems. In particular, there was less use of an incorrect operation with the open addition problems.
Secondly, children gave more correct responses to the open addition problems. Thirdly, it was clear
that children needed much clarification of the comparison problems before they could even sfart on
them. This was not the case for open addition problems. In view of these other differences, it is
tempting to regard this shift from a counting up strategy for the basic fact to a separating strategy
for 2-digit open addition problems as an indicator that the children understand the problem well

enough to apply whatever strategy is easiest or more efficient.

In addition to some difference in the number of modeling strategies used for 2-digit and basic
fact problems, there were also some differences in the types of errors made. Although all types of
errors were made for both basic fact and 2-digit problems, there was a difference.in the frequency
of these errors for each type of problem. Not surprisingly there were 3.5 times as many counting
errors for 2-digit problems as for basic fact problems. When they had. larger numbers to deal with,

and more counting to do, there was more opportunity for children to make Cc_)unting errors. The
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surprising difference was in the number of incorrect operations used. Children were much more
likely to use an ihcorrect operation on the basic fact problems than on the 2-digit problems. There
were six occasions when an incorrect operation was used for the basic fact problems and only two
occasions for the 2-digit problems. Other inappropriate strategies, such as guessing, were used twice
as often for 2-digit problems as for basic fact problems. Here, it would appear that the lar'ger' num-
bers influenced some children to feel that the problem was out of their depth, and so they resorted
to strategies such as guessing or choosing one of the numbers given'in the problem. However, the
larger number of incorrect operations used for basic fact problems is puzzling; The six occasions
when incorrect operations were used for basic fact problems represent four children, and the two
occasions when incorrect operations were used for 2-digit problem represént two children. This
means that there are more children using more incorrect operations for basic fact problems than for
2-digit problems. Perhaps, because of the perceived difficulty of the 2-digit problems (on account
of the larger numbers)_, children were less sure of themselves and so were more careful when it came
to analysing the problem. With basic fact problems, the children may have perceived them as easier,
and because of this made a more superﬁcial analysis of the problem. This superficial analysis could

lead a child to carelessly choose the wrong operation.

Conclusions and Discussion for Research Question #3

Do children who do well on the addition and subtraction basic fact
tests approach word problems differently than children who perform

poorly on the basic fact tests?

The data indicates that there are some differences in the problem sblvin g behaviour of children
who perform well on basic fact tests and those who do not. First of all, for both subtraction and
division word problems, more children in the low group (the children who scored poorly on the
basic fact tests) modeled all of the problems than children in the high group. The reason for this is

not clear. It may be that children who have been successful at memorizing the basic facts and have
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been rewarded for it, are now computationally oriented. Perhaps they are primed to look for a pos-
sible computation and perform it, thus reducing the amount of times when they will use a strategy
that models the action in the problem. The other possibility is that children who know their basic
facts better are also quicker to see how the numbers in the problem relate to each other. From there

it is a short step to recognizing which calculation would be applicable, and then apply it.

Secondly, for both types of problems, the children in the low group used fewer incorrect opera-
tions than the children in the high group. Of the ten children in the low group, two used one incor-
rect operation each for the subtraction problems, and one used one incorrect operation for division
problems. Of the seven children in the high group, two used one incorrect operation each and one
used three incorrect operations for the subtraction problems. The same distribution applied for the

division problems.

Another difference regarding errors was the fact that for the subtraction problems, children in
the low group made almost twice as many counting errors per child as children in the high group
" did. For the division proBléms the number of couhtihg errors was similar for both groups. Since the
subtraction problem set was made up of three basic fact and three 2-digit problems, it would seem
likely that the inclusion of problems with larger numbers affected the number of counting errors in
the low group. In fact, in both the high group and the low group there were far more couhting er-
rors for the 2-digit problems than for the basic fact problems. In the low group there were 14 and
five counting errors for the 2-digit and basic fact problems respectively, while in the high group the
numbers were six and one respectively. It seems. that children who know the number facts better
simply make fewer errors in counting. As for the greater number of incorrect operations used by
the high group, it is possible that the children who hdvc been successful at memorizing the basic
facts have a greater tendency to become computationally oriented than the others do. It is possible
that their experience and success with computation has fostered the outlook that finding a calcula-
tion to perform and performing it is the road to success in mathematics. Perhaps there is a greater
tendency on the part of some of these children to simply look for a calculation to perform, without

giving much thought to the structure of the problem.
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IMPLICATIONS FOR INSTRUCTION

This study has been exploratory in nature, and the reasons for the differences in children’s be-
haviour with various types of word problems were not always clear. In spite of this, I think the study

has some suggestions for instruction in the primary grades.

First of all, it seems that we should de-emphasiie drill of the basic facts in the primary grades.
Assessments and studies done with older children have indicated that one weakness they have with
problem solving is their failure to analyse the problem. (Carpenter et al., 1980; Montgomery et al.,
1983; Bidwell, 1983) Also studies done with young (pre-schooi or kindergarten) children indicate
that these children are able to deal successfully with word problems involving operations that they
ha\}e not been taught. (Siegler, 1984; Klahr, 1981; Carpenter et al., 1983) In solving these problems
young children'displayed the ability to analyse the problem, and to use a strategy that paralleled its
mathematical structure. In this study, children displayed the ability to successfully model division
problems before they had received any formal instruction in that operation. In fact, they modeled
the division problems more often than the subtraction problems. Also, children who had not been.
as successful at memorizing basic subtraction and addition facts had more of a tendency to use a
strategy that modeled the structure of the problem than the children who had been more successful -
at learning the basic facts. This could be an indication that an emphasis placed too early on com-
putation, particularly drill activities, encourages children to take an approach to solving problems

that is more rote and algorithmic than analytical.

Along With de-emphasizing computational drill in the primary grades, it may also be wise to
delay the formal instruction of the operations until the children have had much exposure to word
problem situations involving these concepts. Some authors (Bell, 1985; Carpenter & Moser, 1985;
Campbell, 1984) are of the opinion that we are instrucfing our children in a back-to-front manner.
They feel we should be using familiarity with word problems to introduce an operation instead of
the other way around. This study indicates that a) when they are dealing With word problems in-
volving an operation in which they have nofbcen formally instructed, children tend to use more
modeling strategies and be more analytical than when they are dealing with an operation in which
they have been instructed, and b) children who were more successful at learning the addition and
subtraction basic facts used fewer modeling strategies and more incorrect operations than children

who were less successful at learning them. In view of these indications, the suggestion for delay-
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ing the formal introduction of computation and previously spending more time doing oral problem

solving, either as a whole class or in small groups, seems to be a good suggestion.

The last sugge_stion for instruction of word problems involves the three types of subtraction
problems. It may appear, from the number of modeling stréte gies used, that the comparison problems
were handled quite well. In fact, the data in this study indicates that comparison problems were ac-
tually much more difficult for children to analyse than either the take away or the open addition
problems. This was made clear by the large number of times children asked for clarification of the
comparison problems, as opposed to the two occasions when children asked for clarification of the
open addition problems. In most cases the children were persistent in seeking clériﬁcation, and did
not stop until the problem was clear to them. In light of ‘this, the apparent competent handling ofthe
problems, and the number of modeling strategies used is not surprising..Since they are so difficult
to analyse, comparison problems should be formally taught last, and only after a) the children are
comfortable with open addition and take away problems, and b) the children have been exposed to

- these problems in many informal situations. If we want our children to feel comfortable and confi-
dent that they are able to successfully analyse and solve word problems, then we must give them

challenging tasks that are still within their range of capability.

SUGGESTIONS FOR FURTHER RESEARCH

Based upon the findings and conclusions of this study, the following are suggestions for fur-

ther research.

1. Cbnducting further research on children’s responses to word problems involving dperétions
which have been taught to the children and those which have not been taught, using a larger sample

of children from a variety of ability levels, and a variety of environments.

2. Doing a study comparing classes who have had a lengthy period of solving problems before
they were formally introduced to computation, with classes who were formally introduced to com-

putation early and then taught to solve problems using those computations.

3. Looking more closely at the problem solving strategies of children who are good at computa-

tion and those who are not. Do children who are good at computation consistently use fewer model-
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ing strategies than children who are not as good? Is there evidence that children who are good at

computation analysé the problems less thoroughly thdn children who are not as good?
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APPENDIX

INTERVIEW PROBI.EMS

1. Tony and David found 12 tickets for video games. The 2 boys shared the tickets equally.
How many tickets did each boy get?

2. There are 21 children in our class and we want to make 3 teams for a relay race. If all the

teams must be the same size, how many children will be on each team?

3. Mom bought 15 little plastic toys at the store. She gave them to her 3 children to share

equally. How many toys did each child get?

4. Anne is helping to make toy cars. Her job is to put the wheels on. She has a box with 12

wheels in it. If each car needs 4 wheels, how many cars can she make?

5. A group of 12 friends wanted to go on a ride at the fair. The attendant said they had to ride

3 in a seat. How many seats did they need?

6. A group of 24 people decided to rent toboggans for the day. Each toboggan could hold 4

people. How many toboggans did they need?

7. Mr. Smith’s class was asked to bring buttons to school for an art project. Jason has collected

23 buttons and Elizabeth has collected 36 buttons. How many more has Elizabeth collected?

8. Mary planted some tulips and daffodils in her flower garden. She wanted to know which -
flowers would grow faster. So far, 12 daffodils and 9 tulips have come up. How many more daf-

fodils than tulips are there?

9. For his birthday party Sean decorated the room with 35 balloons. At the end of the party
he gave 12 of them to his friends. How many balloons did he keep?

10. Janet wants to buy a game that costs 27 dollars. So far, she has saved 12 dollars. How much

more does she need to save?
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11. Miss Jones had 12 stickers on her desk in the morning. By recess she had handed out 5 of

them. How many stickers were on her desk then?

12. Tonight it’s Dad’s job to set the table for dinner. He needs 11 plates but can only find 8.

How many more plates does he need?
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