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Abstract

The problem of describing a quantum mechanical system is considered.
For a éystem which is invariant under the Poincaré (inhomogeneous Lorentz)
transformations this description is provided by the generators of those
transformations, which satisfy the usuél commutation relations. General
expressions for the centre of mass position and interhal angular momentum
operators, in terms of these generators, are obtained. The generators of
the Poincaré transformations are written in terms of the fundamental
dynamical variables for several systems. The. systems considered are
those consisting of a single free spinless particle, a single free particle
with spin, a single free Dirac parficle, " noninteracting particles, and n
interacting particles. 1In each case, the centre of mass position and
internal angular momentum are given in terms of the fundamental dynamical
variables of the system. For the first two systems listed above, these
two operators are found to be equal to the Cartesian coordinates and spin
of the particle, respectively. In the case of the Dirac particle, these
operators are seen to be related to the Cartesian coordinates and spin of
the particle via the Pryce-Foldy-Wouthuysen transformation. Following
Bakamjian and Thomas, interaction is introduced to the n particle system
via a single operator which depends only.on internal variables. The
condition of "asymptotic covariance" of the scattering operator is
discussed for two particle scattering. The scattering operator for a two
particle system with no bound states and with Poincaré generators of the

Bakamjian-Thomas form is seen to be asymptotically covariant.
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Chapter 1 Introduction

We are concerned here with the construction of a description of a
physical quantum mechanical system. By requiring that a system be
invariant under certain space-time transformations, we are led to a set of
operators which provide a description of that system. First, however, the
meaning-ofb"invariance under a space-time transformation' must be clarified.

Since any information about a quantum mechanical system is the result
of the measurement of observables, represented by Hermitian operators in
‘the quantum theory, our basic postulate is a condition of the results of
such measurements. Consider a system which has been prepared by some
apparatus in a statellV) and an observable A which is to be measured by
another apparatus.. Now if both the preparatioﬁ and measuring apparatus
undergo the same transformation in space and time, then the state )QVQ is
prepared and the observable A’ is measured. ‘The resplt of the measurement
of the observable A.in the state Yw> must be equal, on the average, to thé
result of the measurement of the observable A  in the state \7Y§.

Symbolically, we write

YIALY) = CYTAVYY

This postulate must hold for all states 'UO and all observables A. The
system is then said to be invariant under the space-time transformation.
The transformations of concern here are, for the most part, the
.Poincaré.(inhomogeneous Lorentz) transformations. These include time
translations,‘space displacements, rotations, and Lorentz boosts. They
are given explicitly in Section 2.1. We require that any realistic system
-Be invariant under the Poincar€ transformations. This requirement implies,

as we show, that to each one-parameter transformation there corresponds a



unitary linear operator 2l“ﬁﬂ which may be expressed as

uu(t) - e_LC“T/‘F\

T is the parameter of the transformation. These unitary operators provide
the relations between the states ]UD and \va and between the observables
A and A'. The Hermitian operators C, are called the generators of the
transformation and provide the characterization of the system which we
seek. (The labels « identify the one-parameter transformation.) There
are ten such operators corresponding to the Poincaré transformations.

A system may alse be invariant under two transformations which are not
Poincaré transformations. These are the operations of space inversion and
time reversal which we introduée in Sections 276 and 2.7, respectively.

As for the Poincaré transformations, there exists-a>unitary linear
operator corresponding to the‘operation of space inversion. An antiunitary
antilinear operator corresponds to the time reversal operation.

The ten generators of the Poincaré transformations obéy a set of
commutation relations, which we derive in Section 2.2. Thus, to construct
a description»of a physical system which is invariant under the Poincaré
transformations, bne must find expressions for the ten generators, in terms
of the fundamental dynamical variables of the system, which satisfy the
proper commutation relations.

Six of the generators may also be expressed, in a general form, in
terms of two operators, K and \S; P which we introduce in Section 2.8. \}_& is
the centre of mass position operator and3$ is the total internal angular
momentum operator. They obey a set of commutation relations which ensures
that the generators satisfy the proper set of commutation relations. We

write the six: generators in terms of these operators and, inversely, give



general expressions'for X and i in terms of all the generators of the
Poincaré tfansformations.

In the third chapter, we consider several quantum mechanical systems.
Their fundamental dynamical variables are introduced and the generators of
the Poincaré transformations are given in terms of these variables. The
first two systems considered are those of a single free spinless particle
and a single free particle wiﬁh'spin, in Sections 3.1 and 3.2, respec-
tively. The operators X,and §‘are expressed particularly simply in terms
of the fundamental dynamical variables for these systems. Also, the
unitary operators corresponding to the Poincaré transformations and to
space inversion as well as_the antiunitary time reversal operator are
expressed in integral form for these systems.

We also give the generators of the Poincaré transformations for a
single Dirac particle in Section 3.3 and obtaiﬁ expressions for E and-i
which are in agreement with several authors.

In Section 3.4, for a system of a fixed number of noninteracting
particles, we givé the generators in terms of the single particle generators.
As a final example, we consider a fixed numBer of interacting particles in
Section 3.5. The interaction is complepely specified by an operatorvPT,
the mass operator,; when the Hamiltonian takes thé Bakamjian~Thomas form.l.
Certain restrictions are imposed on VTand, in order to satisfy these
restrictions, internal variables are defined. We do not consider the
question of the separability of the n particle Hamiltonian.

In Appendix I, we consider a system of N interacting nonrelativistic
particles wherein the interaction is again specified by a single operator.
We find that the generators of the Poincaré transformations for this
system may be obtained by taking the limit c—»~ in the expressions for the

relativistic system.



4

In a coﬁsideration of two particle scattering in Chapter 4, we find that
several conditions are imposed. on the Moller operators (1, and the
scattering operator S as a result of the_réquirement of Poincaré
invariance. The further condition of "asymptotic covariance" of the
scattering operator is introduced and discussed. Equivalent conditions
are written in terms of the generators of the Poincaré transformations and
the Bakamjian-Thomas expressions given in Section 3.5 for the generators
for a system of two interacting particles are seen to satisfy these

conditions.



Chapter 2 Consequences of Space-time Invariances in Quantum Mechanics

This chapter provides a general discussion of the description of a
quantum mechanical Syétem in terms of the generators of the transformations
under which the system is invariant. 1In Section 2.1, the Poincaré
transformations are introduced and the concept of Lorentz invariance of a
physical system is discussed in.some detail. The ten generators of the
Poincaré transformations, H, PY, T4 K% (y=1,2,3), are identified and, in
Section 2.2, their commutation relations are derived. In Section 2.3, the
operators Z@gCQUg are derived, where L& is a unitary operator corresponding
to a one-parameter Poincaré transformation and C& is the generator of a
one-parameter Poincaré transformation. If C, is measured'by some apparatus,
then &%Cglég is the observable measured by that apparatus after it has
undergone the traﬁsformation to which Z@ corresponds, while ZQTC“?XF is
the observable measured when the preparation apparatus has undergone the
transformation.

Two Poincaré invariants M"and W'*are defined in Section 2.4; such
operators are invariant under all the Pqincaré transformations and, thus,
as we show, commute with all the generators of the Poincaré transformations.
Some of the results of the first three sections are put into four-vector
notation in Section 2.5.

The operations of space inversion and time reversal, to which correspond
dperators_@”and’r, are introduced in Sections 2.6 and 2.7, respectively.
Their effect, in the sense of Section 2.3, on the generators of the Poincaré
transformations is investigated. That is, we obtain‘yca@Tand’rcawk.

We introduce the centre of mass‘position l , the total internal angular
momentum $ , and the centre of mass velocity y in Section 2.8 and wrife J9

=

and Kﬁ‘(3=\g,3) in terms of % and § . The commutation relations obeyed by
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X:and i are given and general expressions for these operators, in terms of
the generators of the Poincaré transformations, are obtained. Their prop-
erties under the Poinqaré‘transformationé, in the sense of Section 2.3, are
given in Section 2.9. In that section, we see that?& transforms in a
cémplicated manner under Lorentz boosts. Therefore, we introduce, in

Section 2.10, operators ' and X (T) which transform more simply.



2.1 Lorentz Invariance of a Physical System

An apparatus used to prepare a state'LV> of some physical system is
placed in a fixed space-time reference frame in a laboratory. (We shall
except when noted always use Schrodinger's picture of quantum mechanics.)
The placement of the apparatus in the laboratory is spécified by ten real
numbers which may be chosen to be the time it was switched on (one number),
the position of a fixed point on the apparatus (three numbers), the angles
axes fixed on fhe apparatus make with the fixed laboratory frame (three
numbers),. and the velocity of its centre of mass in the laboratory (three
numbers). The placement of the apparatus in the laboratory is now changed
without changing its intrinsic structure. The changed apparatus prepares
the state’?ﬂ?. The change involves changing one or more of the above ten
numbers and can be characterized by the equations

3 ,
xw_’ X‘/‘)/=§/\./:,Xw‘+ a‘/*’ /“;o‘l)g,‘s (2. 1. 1)
where the X%L(Ctxﬁ) are the.space—time coordinates of a poiﬁt on the
apparatus before the change (t is the time the‘apparatus was switched on),
xyﬂ,are the coordinates of the point on the apparatus after the change, and
Jyk,and aydare quantities independent of x#and xydlwhich characterize the

change in placement. More specifically,
i) if the apparatus is switched on e seconds earlier:

(x,t) — (' ,)=(x,t-¢) | (2.1.2)

it) if it is displaced along the l-axis by a distance a:

w @ (3 t)

(x,t) — (x',t")=(x +a,xx " (2.1.3)

"wil) if it is rotated about the l-axis by an angle 6:



(x,t) — (x',t" )=(x",x%cosd -x"sinb ,x"sine + x*cos6 ,t) (2..49)
iv) if it is boosted along the l-axis by spéed v:

(x,£) —>(x/,t")=( Y "+ vt),x*x% ¥ (£ + v/ x™)) (2.1.50)
or

(xm,g)-—-w(x“iEf)=(xmcoshu+ x“sinhu,x“coshu + x“sinhu,x*,x¥) (%.1.5b)
whereAc is the speed of light,

¥= G- vrler) (L .\8)
and

- tanhu = v/c | (L.L.7

Similar considerations can be given to a second'apparatus which
measures the value of some observable of the system. We denote by A the
observable measured in the.first placement and by A’ the observable
measured in the second placement.

A physical system is said to be Lorentz invariant if for every Poincaré
transformation, i.e., every orthochronous inhomogeneous Lorentz trans-
formation (2.1.1) one obtains the same number on the average when one

transforms both the preparation and the measuring apparatus. That is,

CYIATYY = CYIAIY) (2.1.9)

Moreover, équation (2.1.8) must hold for every preparation and measuring
apparatus; that .is, it must be true for every state\7V> and every
observable A . We show in Appendix A that équétion (2.1.8) implies that

corresponding probabilities are equal. That is,



@ 1y = 1LQIYd\ ™ ¥ gy, 1) (2.9

Wigner has shown that equation (2.1.9) implies that

YD =UIYD | (1.1.10)

where U is either a linear unitary operator or an antilinear antiunitary

operator.2 Equation (2.1.8) then follows for élllqy> and A provided

A= UAUT : - (.11

1. . s
where U is the adjoint of u.
Further, it follows from the group properties of the Poincaré trans-
formations that {{ can be written in terms of products of one or more of ten

one-parameter operators UQ(ZL «=1,2,...,10, which have the properties

Uy ()= ¥ « (2.1.12)

UATIU T = U (T, +T,) ¥ (2.1.13)

Since the square of a unitary linear operator or of an antiunitary
antilinear operator is unitary, it follows from equation (2.1.13) that the
U,.are linear unitary operators.

The unitary operators U (T) can be specified further. It follows from

Stone's Theorem that one can write

Ualr)= T | (2.1.14)

where Cu is a Hermitian operator.3 The operators C. are called the
generators. of the Poincaré group. It is convenient to label the ten
(X}

. . o y1(3)
generators.as follows: . H‘generates .time translatlons; P N P:- P generate

space translations along the 1-,2-,3-axis, respectively;jﬂ:U“?:Smgenerate
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: . )y (3}
rotations about the 1-,2-,3-axes, respectively; K“: K“: K? generate Lorentz
boosts along the 1-,2-,3-axes, respectively. The corresponding unitary

operators will be written as

U (t)= éLHth :time translation or evolution operator (2.1.19)

D= P25

:displacement operator along j-axis (2.1.18)
¢ )
CRJ}dh 6*3 o/h :rotation operator about j-axis (% VD)
H . (3 .
=g %% rorentz boost operator along j-axis (2.11%)

Thus U (%) corresponds to transformation (2.1.2); D“(a) corresponds to
\ (8} ]
transformation (2.1.3); &fka)corresponds to transformation (2.1.4); L (W
corresponds to transformation (2.1.5).
o [§8)] (3)
The operator H is called the Hamiltonian of the system; P, P, are
called the components of the total linear momentum of the system; JMZJWTCTN

are the components of the total angular momentum. of the system.
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2.2 Commutation Relations for .the Generators of the Poincaré Group

The generators of the Poincaré group obey a set of commutation
relations which we now derive. Two infinitesmal transformations generated
by C. and C¢ with parameters. T and o, respectively, are applied to the
preparation apparatus of the system. (d,ﬁ=1,2,-~,10), They are succeeded by
their inverses. The corresponding unitary operators can be expanded in a

power series as follows:

eic’clg el‘tCu e‘LOCp e—ltcu = 1 + To [Cu,c’ﬁ]+ e . (2..2.»\\

where the commutator

LC.,Chl=C,C-CCh (2.2.2)

The result of the same set of four successive infinitesmal transfor-
mations can be exhibited upon application to a space-time point (x,t) on
the preparation apparatus. This result is some net transformation with

the corresponding unitary operator

To \eqp

e =i+ it v, ' (%.2.3)

Comparison of the terms which are first order in Te in equations (2.2.1)
and (2.2.3) yiélds the commutator (2.2.2). However, the unitary operators

(2.2.1) and (2.2;3) may differ by a phase factor. That is, we may write
eirrC,s ei.‘ch e—pr et Ca _ et bugI elt"'eqp

_ ei.-cu-( Bug L + Lag)

where h% is a real number and I is the identity operator. Thus it follows
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that

[C.,Ced= t(€p + b, I (2. 2.4)

The multiples of the identity are included for now because of the
possibility of a phase factor. We will show later how they are eliminated

from the commutation relations of the Poincaré group.
Case 1

The preparation apparatus of the system is displaced along the l-axis

by a, then: along the 2-axis by b. These are followed by the inverse

displacements.
.o .o Lt L oW
en.p b/H eLPa/'F\ e—-up b/H e-\.p o/ % = 1 + ob {-P(\V P(n1+”.
ES ’
N E) —» @™ a,xMx%t)

> (Xu)_l_ a,x(z\+ b,X(m,t)

— &+ a-a,x % b,xt)
— (x,x™F b-b,x%,t)
Thus

(x® "xm"xmf’ t )= (x‘“,xm, xm’ t)

The initial and final placements of the preparation apparatus are the same;

therefore we can take

[Pm\ P(-n] = h a|zI
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Similarly,

[Pw,pmJ=Lﬁ°qKI k=123 (2.2.5)

" Case 2

The preparation apparatus is now displaced along the l-axis by a and
then a time translation by v is performed. The inverse transformations
succeed these.

. . )
e‘..Hv/‘?\ e;p ‘ol e‘bHa’/‘\’\ e—LP a/h. = | + oo [Pn: H] +
. f\-“

XM t) — (X a,x%x%t)

o
— (X a,x"x%t-0)

)

— (X" a-a,x™xMt-o)

]
(X(‘ ,xtz: Xta\’ t-oto )

= x",xxt)

Again, the initial and final placements of the preparation apparatus are

the same, so we can take

[ P(l\) H'] = .L—V\C‘I

Similarly,

[P‘P, Hl= i.‘hcsl j=1,2,3 (.2.6)

Case 3

Consider next the successive transformations consisting of a translation

through a along the l-axis, a rotation through 6 about the 2-axis, and

their inverses.
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IR Py ST NeR P
e & e‘.p alh a ekp AN 2 |+ wB [P(\\‘ jn.\] .

kS
¢ W
( ) ) 3 (&) t) 3 (}{ I a }((‘L) {f3) t)

2)

_ (X(I)
b

—» ((x“+ a)cos 8+ x¥sin 6 ,x + a)sin® + x®cos 8,t)

—» ((x*+ a)cos 8 + x5ind ~a,x*)-(x"+ a)sin® + xcose ,t)

> ( (X(o

+ a)cos'0+xMsin® cos® -acos O+ (x"+a)sin*©
) s : » ., 2 .
-x*c0s0 sind ,x™, (x™ a)cos® sin®+ x sin @-asin®
¢3) 2
—(xm+ a)sin® cos® + x cos 6,t)
)] . .
= (x"+ a-~acos 8 ,x* x%asin® ,t)
’
In the limit of a,® infinitesmal,
ay M )

»
(x ,x ,xm,t) — (x ,x ,X =-a® ,t)

This corresponds to a space translation through -a© along the 3-axis.

Thus,

[_ P(\\) 3"(1\] = .\:‘\ ( p('&)_‘_ e\_‘:l-_\
Similarly,

E :)_(5\‘ p(K\J = Lt\ ( e:“‘l P“m-}- eJKIj . ;)‘K)j_: \’1‘3 (2)2;7)
Case 4

Consider a rotation through 6 about the x"-axis followed by a time

translation of o. Their inverses succeed them.

. LT . . w
e;Hc/‘V\ E,L:Y 8/% e_\_Htr/‘h e—LT o/h _ - [Jcn, H] ...

ey

kS

QM @) @Y () 3 . (SN ¢3} v
", x%x%t) —» xV,x"cos® -x"5in® ,x sin B +x"cosH ,t)
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(LN €A ) . . ), )
—» (x",x c0s® ~x"sin® ,x sinb +x"cos® ,t~v)

— (x,x"c05"0 ~x*51in © cos® +x'sin O+ xéZ:osé sin@ ,
—x(‘)cose sin® + xsin O+ xsin® cosb + x"cos @, t-v)
Taking the infinitesmal limit,
—_ (X(\\,X(I\’X('S)’ te-ost+ o )

= (x(l\’x(l.\’ x(3: t)

The initial and final placements of the preparation apparatus are unchanged

so we can take

LT Hl= eI

Similarly,

f_IYm, Hl= Lhﬂl y=1,2,3 (2.2.%)

Case 5

Under rotations, the space coordinates of a point on the preparation

apparatus transform as

x — x =Mx

x(l\

where x is the column matrix (x““ and M is a three-by~three matrix which
X 3

may be written in terms of products of the unitary matrices:

: m,(e\ = | 0 o
o) cos o -%5ine

0 sin @ co058
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m,_(e).—_ cos O o] s$in o
o) ' o
-5in 8 o cos®
m, (o = cos o -sine o
sin 8 c0s 6 o)
o o} \

me), M,e), and M,(6) describe

rotations about the 1-,2-, and 3-axis,

respectively. Since

mj (9,+9,)= 772‘/'(9,) mJ(Ql) 'Fov-

real 6,86,

and

mJ' {(0) =/
Stone's Theorem. can be used to write
)
mJ(6)= e—LM 6

7]
where the MY are Hermitian operators? Now

Lt d mJ(93 = M(j)
40 0:0

so it follows from equation (2.2.9) that

ay

M = Jo o o
0 o -L

o) " o]

[& A .
M™* = fo 0 i
0 0 (6]
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3)
M7 = o -i o
L .0 (o]
o) o) 0

These matrices satisfy the following commutation relatiom.

Q) (Kyy ) )
TMY M7] = (e, , M joK 2=\, 2,3

SR

Consider a rotation of the preparation apparatus of a system about the
l-axis through ¢, followed by a rotation through & about the 2-axis.

These are followed by the inverse rotations.

M, oM M, (M, (@) =1+ 9o [M" M+ ...

(3)

=I+LCPGM P

This corresponds to a rotation about the 3-axis through an angle of -¢8,.

Therefore, the operator

o a . 1) . 1y . wy,
eueif /% ot o7 /A ced /o -ied Y6 _ L o [ Sm) R
S

must equal

. ) y
Q0T /R e T4
'a

Consequently, we can write
[J"’) J.(n] - 'u.‘h ( 3-(3\+ d.,_I)
and similarly,

(L. 2.0

.

Lo 3= th (e, TP+ 4. 1)

I
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Case 6

A space displacement .through a along the l-axis is followed by a

Lorentz boost through v, also along the l-axis. These transformations are

followed by their inverses.

. L ) . w, _. pw
e"CK wik e,“p o /h e,"CK w/h ot /R 1+ awt LPW, KT+
‘v.\l-

«w [EN] . L
(X ‘,XL,X(”, t) -— (X“ T a,x"",x"”,t)
/ 4 7 V4
= (Xm ,Xu') ,X“‘ ,t )

— (¥ G vt’) x5 x ¥ (U4 v/E x™))

oWy res X4 3) 174 Y73
= (x »X ,t7 )

b4

X4 !’ (33 R A/
- . X ot )

___v(X >

a,x

i Y 77 1% U "
=", x s X 2t

=

4
( ¥ (Xml” —Vé) ,xuwl/ ’an/’ ¥ (tm —V/CI <0 " )

O v RV w
= (X » X » X ’ t )

v _

(x™ a + vt)¥ -a¥ -(vt + v*/c* & a))¥*

v
x@Y = e

NV ¢3)
= X

a3
It

(t + v/ X+ a))%l—v/c‘(x¢+ a)¥ —v*/c+¥ + va/c*

In the infinitesmal 1limit,
", x™Mxt) — (x9,x,xt + va/ce*)

b

This corresponds to a time translation through -va/c*so we write

CP k= b (H/er « KI)
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Similarly,

[K(j)) P(mjz -Lh(sbKH/Cl'\' hJI) (1,,\2,.”)

Case 7

A Lorentz boost of velocity v. along the l-axis is followed by a time

translation of ¢ and then by.their inverses.

eife/h ic K/ o iHer% V7S

ot K w

= | <+ MEK““ H]+...
v‘l-

(xxx ) — (¥ &% ve),x%x% ¥ (e + v/e xY)
= (XY, xP,x )
e & 5D, x P —5)
- (xm" ,X“"”,x‘”” ,t“ )
— (8 (x" —vt” ),x(n'/,x“v’",.ﬁ (" -v/c>x"" ))

— oy [SSYL4 3 sy
= (x7,x™TxPT, )

PR ¢yl <3y 1t
— (x ,X s X ,t o)

= ( BL(X‘“'F vt)-—v(t + V/C" X(l\) ‘61+ v ¥ ’X(:.\’X(a\,
(t +v/c 2D Y - 0¥ —v/c* (x+ v£) ¥+ oY)

In the infinitesmal limit,
(X“\,X“\,X‘“,t)i' » (Xm'l' VO’,’X“\,XG\),t)
This corresponds to a translation through vo along the l-axis. Thus,

[.K“: H} - -'l..*\ ( P(\)_\_ j"‘l—.)

and similarly,
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Y_Km, H} = ik ( p‘j)+ ’(S'JI\ (2.2.12)

Case 8

A rotation through 6 about the l-axis is followed by a Lorentz boost

through v along the 2-axis and then by the inverse transformations.

. N o, [3)) . 2y L, =t
e;cK w/h euj 8/% e-‘:Ku/‘V\ e_t,:)— o/h _. |+ Buwe [':)—m) \<(1.\J ..
‘KL

[§ 3}

. Y . )
M x%cos © -x*sin® ,x"sin® + x®cos8 ,t)

(Xm: X Xn\, t) — (x

U S NS SLA
= (xM,x™",x'P,t")

’ / ) /.
e @Y, &P+ vt ,x T, ¥+ v/t x™))

it (N 3y
= (X » X ’t )

=

b

@y

IZi "o, . " 1
— (x ,x M cosB+ x®5in8 ,x " sin®+ x® cosO ,t")

N st _esynilo il
= (x s X » X >,

(X (I\II/’ 8 (Xu_\/ﬂ_vt III) ,X(B)lll, \6 (t//I —V/Cl Xu_)///))

WV W
’

W
- (X ,X <3 ’t\V)

X
In the limit of v,® infinitesmal,
(Xu\’ X(z\’ th\’ t) (X <|\, X(:.)’ x(&)_evt , t-v e, /Cz. Xﬂ))

This corresponds to an infinitesmal Lorentz boost through -v& along the

3-axis so we write

[Ih\, K(I\]z Lt\ ( Kl3\+ k\_‘_I)

Similarly,

[J—w) K = L’F\(eim K‘9‘+ ijI) (z.2.13)
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Case 9
A Lorentz boost along the l-axis of velocity.v is followed by a second
Lorentz boost, aléo of velocity v (for simplicity), along the 3-axis.

These are succeeded by their inverses.

i ) ok ek e K a
eiekw R e KMl e <« w e K™w/% = ) o4 udE ‘_\< \’ \<ﬂ)l
5

(x,xP,x M t) — (¥ (x™F vt) ,xVx® 8+ 8 v/t x)
= (X.“"_, x“"";x‘”', t’)
(Xm',xu,)"' K (Xm’+ vt ) , 6 (t’ + V/C" Xu\’))
- (Xm " ,X‘“” ,Xnvl ,t” )

— (8 & =t ), xD x| F (e —v/FxMN))

iy i (Y 3V I
XL M)

= (x"",x
———»(x““”,x“fm,ﬁ & vt ), 8 (£ v/ x"))
=(X"‘ 134 ,me ’X(anv ’t\V )
%“”V ; ¥ ve) - BPvt + v/ x™) - ¥ (v /et x™)
W o )

kS 3 3 3
x Y = ¥ %% Tt + v/ - ¥vlt + v/ExY - ¥ /e x™ 8 vt/ (M Hvt)

Xq (t + v/c*x™) + ‘GEV/C" - st/c‘ "+ vt) —?.(‘Lv/c1 Xm—ﬁ:r/c'" (\it'_'+(~v/<$<‘.")'

t
]

In the limit of v infinitesmal,
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3
=, xYx ) — G- /e, x M v/, t)

This corresponds to a rotation through an infinitesmal. angle -v'/c* about

the 2-axis. Therefore, we can write
[Ku: Km] = ith (3;“'\/(.* + 3‘:.\:3
Similarly,

(k9 K*) = ik Ceyy A AN 33\;\ (2.2 14

We now show how the multiples of the identity are eliminated from the
commutation relations. Using the Jacobi identity and equation (2.2.5), we

have

L‘F[P(s‘, Pm] = [[Um) Pu\_") PL\\J

[ [PUL Pm] ) J-m:} > [{_Jm\ Pm]‘ Pn.)]

{.“.1_.[ , —Su\l . [e“I‘ Pu»]

=0

so 6,0 and, similarly,a;=0 ,j k=1,2,3. Using the Jacobi identity

with equation (2.2.1), we find

™ %k

SO

[ Pl = ihs (Hir+hD)

Here, we eliminate the multiple . of the identity by adding a term to the

Hamiltonian H. That is,
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H/cx — H/er & Wl

Then,

[Kt;‘)) P(K\] - —'\.t\ 3_-”,\ H /C."

All the multiples of the identity are eliminated from the commutation
relations either by using the Jacobi identity or by adding real numbers to
the generators. 'In summary, the generators of the Poincaré transformations

satisfy the following commutation relations:
[P Pe]=0  [P¥HI=o0

[(T9 P ihe, P [39HI=0 L3939 they T®

IRA

(3%}

[K‘:‘: P(K)_]=_L‘hisk H Jer [ Kd\) H'J =k p [K(j)’ :S(K\]= 'LJF\GJ\Q Km {K(_)")K(K)Jz Fe. 'S(Q\

JKUR
3K as123  (2.2.15)
o= i
Thus, to describe a system which is Lorentz invariant,; one must con-

struct from the fundamental dynamical variables of the system ten

Hermitian operators satisfying the above commutation relations.
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2.3 Various Transformed Operators

s
Recall that an observable/A measured by a Poincaré transformed
measuring apparatus is related to A measured by the.original apparatus in

this manner.

A= UAU : ' (2.3.1)

where U is the unitary operator which corresponds to the Poincaré trans-
formation. Further, U may be written in terms of products of one or more

of the ten one-parameter operators &;(t).

U (T = e Cot /4 (2.3.2)

We define A(T,j) as

Alt, DNz UADA UI(T) (2.3.3)

The parameter T and axis, j , along or about which the transformation takes
place specify the label «x, That is, they specify the transformation.
Thus, in this section we use the notation AICLQ to identify the observable

measured by the transformed apparatus. Then

+ .
Rd AR = U O [C, AU, ) (2.3.4)
4T
Equation (2.3.4), along with the initial condition
Ao, = A

can be solved for-/\([dﬁ when the commutator [CWHA] is known. Some results

follow.



U HUW @Y= H
P Uty =P
D(a)H D)= H
D(e)PD(e)= P
R HR - H
R PR (o) = P
R PR ()= PPosa s PHsina
R PP R = PPosu- PPsina

ot @

Lm('u\H\_ (w) = Hcos\'\u—cp sinhwn

A

LGP )= Ploshu- T Hsinhu
L PUL ) = P
LG PP ) = P
Wiy Tuh = 3
WYK Uy = K+ Pt

D) T DY a)=J-a xP

DK DYa)= K+ o H/er

25

(2.3.5)

(2.3.6)

(2.3.7)

(2.3.8)

(2.3.9)

(2,3.100)

(2.3.101)

(%.3.10¢)

(».2.11)

(2,.3.1%0)

(2.3.12b)

(2.3.120)

(23.13)

(2.3.1%)

(2.3.15)

(2.3.16)
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RD TRy =T | (2.%17a)
RV TP R = T osx 4 T Vsina ' (2.3.17b)
ROT PR @ = T Pcosa - T Vsina (2.3.17)
RO KR ) = K (2.3.12a)

R“’ WK ROz K coses + Ksina (2318 )

R KPR () = K P cosu ~ K M sina (%.3.1%0)

LT L) = 3 (2.3.19)
L% TP L) T%coshu + ¢ Ksinhu (1.3.191)
L") T VL 60 T ¥eoshu - K P sinhu (23190
LU KoL s K <§V_3__x,oa\

LKL s K eoshus €T “sinhu (2 3.2.01)

LG KL ) = K P coshu + T Psinhu (2.3.200)

where Dila)= D™(a®) D*(a®) D™(a®) = tfe/k (2.3.2.0)
and  R(e)= R¥(x) RV(BIRP(F) = &+ T 8/F (2.3.22)

where 8-9n and n is a unit vector along the axis of rotation.
Before deriving any of the above equations, we introduce the space-time

displacement operator, &%) , where



27

T = D U (1) (2.3.23)

Taking-L&Vul--kf%u) on the displacement operator and using the transfor-

mation properties of P and H from above,

. w i m, Lot Wy
w W . (\EL _/*\ -t HDHLWE /R
R TR TR TR “ w)- 2 etb -

L (P Roghu+ E Hsinh) xs PNy, Py} /4 _L(Hcoshu*cp“;'\nhuwilh

APY/R LLHU/A
= e e

Dx Y UE)

LM FO ) = o

(2,.3.24)

where X' is the point on a Lorentz boosted preparation apparatus given by

equation (2.1.5). Thus'tﬁe measurement of an observable by a measuring
apparatus which has undergone a space~time displacement thfough X' yields
the same result as the measurement of .that observable by an apparatus
which has undérgone a Lorentz boost throughw, a space-time displacement

through X, and, finally, a Lorentz boost through -w. That is,

A &GN = L0 860 L6 AL T L6 (2.3.24)

We now derive some of the equations (2.3.5) through (2.3.20).
Equations (2.3.5) through (2.3.9) and equation (2.3.13) follow immediately
since the corresponding commutators in equation (2.3.4) vanish. Equations
(2.3.10) are‘ﬂow derived.

For a rotation through « about the l-axis, deéfine

P, 02 R P9 R ()

L3
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Then

hd PV = R [T p9] RV
do
and P90,z PV
since. (I P"1=0, we have
R PR = PO
For j=2, and j=3, we obtain the following coupled equations.
4P = RV (0 P RN = th P

hd PP = =RUE (R POYRH) = - ik P )
dx

Differentiating with respect to « ,

& PP 0= - PP ) & PP V= PP (a0
) Ae‘l dd\.
Also,
P(l\(o)l\: P(l\ P(a)(o,‘\:p('&\

These equations have equations (2.3.10b) and (2.3.10c) as their respective

(23]

solutions. Thus (P, Pt‘Pnstransform.under rotations like the components
of a three;vector so we write P-: (P“}P“ﬁP“W.

Equations (2.3.17) and (2.3.18) are derived in exactly the same way.
Thus, we write 3= (3 I JI™) and K- (K K™ K™,

We now derive equations (2.3.11) and (2.3.12). Under a Lorentz boostv

through w along the l-axis, define
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PO N2 L) PO =123

vh 4PV 0 = L0 LeX POYLTY - - L0 s, HA L T
du »

P9 0= PY
Obviously, for y=2 and j=3 we have the results

LG PR ) = P L) PO = P

since the commutators vanish. We also define
Hw 0= LM H LT ()

Then  ihd Hiw,d = L0 Cek ML
au

= LW (r e POOYLY \’(u\

= ~‘,_1;\CP“’(U_’\)

and H(O,\\= H

The coupled equations

4Pk = - W) dHOw, ) = - PG, )

an du

have as their solutions equations (2.3.11) and (2.3.12a), respectively.
We now derive equation (2.3.14) above. For a time translation through t,

define

K= W) KUt
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Then thd K() = UILH K1W (b
dt
= U (h PYUH D
=ih P
and K(o)=K

Therefore, we have equation (2.3.14) as the solutionm.
To derive equation (2.3.15), consider one component ova} qu displaced

by éK)along the K-axis. Define

T 01z D) TV Do)

Then ih Q‘j\(a"‘" W) = D) Lpw , T DT

do®
- - D) (1 ey PO D Haex)
. ()
=-thejy P
Also, IJ¥(0,)= T

Therefore, we have

D“‘\(aw\) A) oy DLK)'\'( a(x)\ = j":)‘_ e P(Ma_(l!)

'S
so, for a general displacement through g=0"e +a'™e,+d%e,, we have
A [\ ) ) .

D(TVD 1= TH- (0@ PR g 0P Ne K, %%

Thus equation (2.3.15) follows.

Equation (2.3.16) is derived simply as (2.3.14) was. Equations (2.3.19)
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and (2.3.20) are derived below. Under Lorentz boosts through w along the

l-axis, define

TP Nz LG TR

Then vhdT Nu ) = LV Lk T9) L™ ()

du
=-1the €9 LU K L“w(u\

. )
z-thee;, KT (w0

and J ‘3\( o= 3 ¥

In the simplest case, 3=\ and
c_;l_q—m(u‘\) =0
du

so that equation (2.3.15a) follows. For ;=2 , we have

dT G = o K“‘(u\\\
du

The corresponding equation for K™(uw)) is

1“?\ d_!_<(3‘(u,\\ - Lu\(u\ [C\(m, K(;\‘) Lm\—(u\

dw .

L) Gk T/ LT

= LZ'_ AR CYIRN
AlSO, K“\(O,\\ - K(&\

‘Now we have a system of two coupled equationms.
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AT, e K ) 4 KPuw )= €I (w0
i au
Ju.\(oy‘\: :YL'L\ K““(O)l): Kts\

This system has as its solution equations (2.3.19b) and (2.3.20c).

Similarly, we have

J—n\(u)‘\= —e Ka\(u‘\\ \<(1\(u“\: _ _lE :}-ts\(u’\)

d 4
du du
TP0,0=T Ko N =K

with equations (2.3.19c) and (2.3.20b) as solutions. Also,

L) K(“\J“k(u\ = K"
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2 PR
2.4 Poincaré Invariants M and W

There are certain combinations of operators which are invariant under
all Poincare transformations. Equivalently, such invariants commute with
all the generators of the Poincaré group.

Let the operator M" be defined by

MLC‘* = H*- o~ P*

SNL N

From the commutation relations of H and P it is clear that this object
commutes with all the generators of the Poincaré group. M*is therefore
an invariant under all Poincaré transformations. The nonnegative quantity
(MH"*=M™ is called the total mass of the system.

We also define the Pauli-Lubanski four=vector (%454) where

H-7J.P (2.4.2)

L
X
*
-0
~

Tt HJ (2.4.3)

is called the total helicity of the system. Also, we note that

zPHH-\W-P =0 (2.4.4)

B and W transform under Poincaré transformations as follows:

W = o (2.4.5) UW U= W (2.4.6)

D) ® D(a)-¥ (L4 D)W DY) = \W (14, %)
o wT W ay ot m

RO R =B (2.4.9) RV W R )=\ (2.%.10a)

(Rm(d\ \/\/“u&“ﬁz y= W& c,oso& +\I~/“s’m“ (L.4.\0b)
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R W IR - W oo - W Tsine (2.4.100)
LD # L0 = B eoshn - W hinhw (2.4.11)
L WL ) = W toshw - Hsinhu (24.12a)
LD WL R W (%.4.120)
L") W L“w('uﬁ = \,\Im : , (24.120)

The above transformation equations are all obtained from equations (2.4.Z)
and (2.4.3) and from.the transformation properties of the generators H,E,

Y, and K of the previous section. For example,
Lm<'u.\ N Lu)‘\'(u\ - (L(n(u) D_- L‘,“-‘-(’lk“ . ( Lu\ (‘Uk\ E \:I\“(u\\
= TP oshu- € Hsinhw) + (T %oshu + ¢ K Sinhu) P

+ (T ®coshw - K Fsinhw) P

i

TP coshu - (c(KxPY "+ THT M sinhu

wcoshu - \/\/msin"\ (S

i\

ks
We now define an operator W in terms of the operators M and\_/;/.

W'z ¢ - \W\W (2.4.13)

e 8
Uis invariant under the Poincaré transformations. That is,

WY W UMy = w* (2.4.14%)
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D) W DT(Q.) = Wt

(2.4.15)
Rlg) 2/ * (Rf(g\ =W (2.%.16)
L9 2/ L9 T = (2.5+.17)

These invariance relations are arrived at easily. For example, under a

S
Lorentz boost along the l-axis, &/ transforms as

L 24 L")

u

I CANG Y LNAWAW) L“w(uﬁ

I

(¥ coshu- W sinh 1) - (W Coshu- Msinhw) ™ (W“')i(w"?l
S TRWAY

:24/"7“



36

2.5 Four-vector Notation

Equations (2.3.6), (2.3.13), and (2.3.14) show that P ,J, and K
' transfofm.like three-vectors under rotations. In this section we show
that combinations of the generators transform under Lorentz boosts like
four-vectors and like a rank two tensor.

Equations (2.3.7) and (2.3.8) may be written as

(0 ] - .
L (u\P/“\_“#(u\z X'u_y p /;77):0“)7_;3 (p.s.1)
where
(iﬂ-y\= coshu -sinhu 0 0
-sinhu coshu 0 0
[o] (o} | 0
0 0 0 \ (2.5.2)

and  PM= (¢H P (2.5.3)

Thus Pf‘transforms under Lorentz boosts like a contravariant vector. We

take the metric tensor {"’to be such that §°=—3”=l;%”’=oa¥/u#v; %szgﬂv.

Thus, EL= ivaﬂg CéH\-EW . One can thus write equation (2.4.1) as

PAP. = M* ' (2.5.4)

Equations (2.4.4), (2.4.,11), (2.4.12), and (2.4.13) may be written as
Ve -
P \A// =0 _ | (2.5.8)
o ot M v
L'GOWA L W= 7, W (2.5.6)

\/x/’“\,\/ﬂ = W (2.5.7)
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where W= (N\ﬁ/)

Furthermore, the equations (2.3.15) and (2.3.16) may be written as

LML = 42 7, M (158)
where (T’\n) ™M M™) = T- (JN, g T (2.5.9)
and (M M M= cK= (e KD oK™ K™ .50

Also, MY - MPe

} .
Thus, the M transform under Lorentz boosts as a rank two contra-
variant tensor. The commutation relations for the generators may be

written more compactly in terms of P”and Tﬂﬁvas follows."
LP” P} =0 (2.5.11)
Lm* P7)- ik (Cévw P g P™) ' (2.5.42)

LM* M) = Sk (3’“" M¥T - g MM 4 ’“vMev'fcme#);/*»”vf%"‘""'l”

2. 5.13)

Equation (2.5.11) corresponds to

[(PYPT=0 and (P Hl=0 |
equation (2.5.12) to
(I3 n¥=0 ,  LKIHI=-wPY |
[T9 P™): ke, PP, and - [P¥ K]z ths, Hie |

and equation (2.5.13) to
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[T9 T= th e, I® | LR KPl-ihe, T

[ 3 _ - (33 .
and Lo k*] = ik e K 3, K, 2= a3

Equations (2.5.11), (2.5.12), and (2.5.13) can be rewritten in terms of

the covariant quantities B“ and M, as

LP.,PT =0 (2.5.14)
[M/u,,‘ Pl=1h (%_W& e P) (2.5.15)

[M,w‘ Mecrl = -ith <C&},? Myc-%wmﬂq *% e {\’\w_%wr’\v} (2.5.16)
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2,6 The Space Inversion Operator ®

We now extend the above considerations to include also. space inversion.

That is, we consider the transformation
x,t) — x',t") = (=x,t) (2.6.1)

This is not a Poincaré transformation (2.1.1) and it is not characterized
by é.continuous'parameter:aS’a;e the Poincaré transformations. The
transformation (2.6.1) corresponds to viewing the preparation or measuring
process in a mirror.

We assume that equations (2.1,8) and (2.1.9) hold for all states and

observables prepared and measured by apparatuses related by equation (2.6.1)

Thus, by Wigner's Theorem? one has

[y = C1Y> (2.6.2)

A= PAPT (1.6.%)

where (P is either a linear unitary operator or an antilinear antiunitary
operator which corresponds to the transformation (2.6.1). Moreover, since

the product of two inversions leaves the apparatus unchanged one can write

P* = ' (2.6.4)

SO

e @ (2.6.5)

We now investigate various combinations of Poincaré transformations and

space inversiomns.
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Obviously, a space inversion followed by a time translation and then by a

second space inversion is equivalent to a time translation alone.

(E’t)"" (—_)_(_, t) - ("_}_(_,t"E) ‘(E,t"e)
Therefore,
P u) @7 = U S | (2.6.6)

A space inversion. followed by a space displacement and then by another

space .inversion yields the transformation
(x,t) — (-x,t) —> (-x + a,t)—> (x-a,t)

which corresponds to the inverse space displacement so that

® D) PT = D-a) . (2. 67

For the case of an inversion followed by a .rotation, then another

inversion, we have
(l(_)t)—-’ ('—_}_{_’t)'—’ (-_}ikst)""’ (_}S.g’t)

where x _ is the point on the rotated apparatus. Therefore,

P Ria)PT= Ree) (1.6, 8)

For an inversion followed by a Lorentz boost through a velocity v along

the l-axis, then another inversion,
(x,t) —» (-x,t) — (¥ (-x"+ vt),-x,-x, (t=v/c*x") ¥ )

— (¥ (x"-vt),x"x%, (t-v/c>xM) ¥ )



41

This corresponds to a Lorentz boost through -v along the l-axis so

® LMW PT = L) (L. 6.9)

In summary, we have

@uu)@+=t1¢\ (2.6.6)
® D(a) ®Y= Di-0) (2.6
PR(HPT= Reg | (L.6.%)
PLY ) PT= LY () | (1.69)

Since U(t)=e‘th”‘,a we have from equation (2.6.6) that

®H Gﬁ= H if ® is linear
or
PH P = - H if (® is antilinear

' t \
However, H and PH® have the same spectrum so, if H and -H have
different spectra (for example, if H is bounded below but not above),

then ® must be linear. It follows that the action of ©® on the generators

of the Poincaré group is

H (L.6.10)

PHEt

(L.6.10)

Ca
0
<
—+
1
1
o

®J (PJT = J (%.6.42)
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Pk PT= -k (1.6.13)

These are consistent with the commutation relations for the generators.

For example,
@[ P‘:“) Km] @-}-: [PP@@'\; ® Km@-'r‘_\ - [—Pts: Kcml__ @(i’f\?;m H/c") 6)"'= th S_-M H/ex

as required.
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2.7 The Time Reversal Operator T

We now extend . the above considerations to include time reversal as

well. That is, we consider the transformation
(x,t) — x',t') = (x,-t) : (L. 7.0

This is not a Poincaré transformation (2.1.1) and it is not characterized
by a continuous parameter as are the Poincaré transformations. The
transformation (2.7.1) corresponds to viewing in reverse a motion picture
of the preparation-measurement process.

We assume that equations (2.1.8) and (2.1.9) hqld for all states and
observables prepared and measured by apparatuses related by equation

(2.7.1). Then, one has
WD = T (1.7.2)

AN=TAT' (2.7.3)

where T is either a linear unitary operator or an antilinear antiunitary
operator  which corresponds to the transformation (2.7.1). Moreover, since

the product of two time reversals leaves the apparatus unchanged one can

“write
T*= | (21.4)
S0
T T T ‘ (2.7.5)

We now investigate various combinations of Poincaré transformations and

time reversals.
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A time reversal followed by a time translation and then by a second

time reversal yields the transformation
(_}Eat)'_". (_)E,*t)""’ (E,—t—é)-——«» (}_,t +e)

This is equivalent to time translation through -€. 1In terms of the

unitary operators,

TUTT= Uet) (1.7.6)

Obviously, if the time translation is replaced by a space displacement
in the sequence of transformations above the .net transformation is just

the space displacement, That is,

T DT = Da) | (217

The same .is true for a time reversal followed by a rotation, then by a
time reversal since the rotation only transforms: the space coordinates

and . the time reversals act on only the time coordinate. Therefore,

’T’(R(QYT’"; R(e) | (2.1.2)

For a time reversal followed by a Lorentz boost through v along the

l-axis, followed by another time reversal,
(5, £) — (x,-6) —= (¥ (x=ve) ,xNx ¥ (-t + v/ x)
—» (¥ (x"-vt) ,x*x%) § (t-v/S x™))

This corresponds to a Lorentz boost through -v along the l-axis so

’T’L‘“(u\’r*: L =) ' (2.7.9)
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In summary, we have

TUWT = U (2.7.6)
TOT = Dia) (2.7.7)
TRT = R(e) (%.7.8)

P WOT - LYW (2.7.9)

The action of T on the generators' of the Poincaré group will be

investigated. From .equation (2.7.6) above, we see that

THT = -H if 7 is linear
.T'H’Y* = H iffr is antilinear

The spectra of THT and H are identical. If H and -H have different
spectra, then 7 must be antilinear. The action of;r on the generators of

the Poincaré group is such that

THY = H (2.7.10)
TPTY= P (2.7.10
T3TT= -3 | | ' (2.742)
TrT = K (2.7.13)

These are consistent with the commutation relations for the generators.

For example,



TP I TP KT = T gy, T(H/TT
so that
[pq)‘ K(K\] = ih SJK H/C"

as required.

—ihsy, H /e
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2.8 The Centre of Mass Position %}, Internal Angular Momentum §,

and Centre of Mass Velocity V Operators

We now introduce new operators X and Sg which we cali the position of
the centre of mass of f:he system and the total internal angular momentum
of the system, respectively. (It is shown, in the next section that X and
§ transform like three-vectors under rotations.) In terms of these

operators, we express the total angular momentum of the system as

J= XxP+ $ (2.8.1)

where P is the total momentum of the system. To retain the commutation
relations (2.2.15) of the generators conditions must be Eimpos';ed on X ands_.>.
In particular, the commutation relations (2.2.15, (2.2.%), and (2.2.5)

follow when
[x® %"= 0 (X9 P*)=thsy,  [X9HI= ik POHT

i i ; AR
(89 8™ ] = they () 8 L[99 P ]=18Y W) = LY X" 1z0 jxar23
(n.R.2)
il
Moreover, as we show in Appendix B, the remaining commutation relations

involving J and K follow without further conditions on X and ﬁ} when

K = 'zj—,c"(Z\SH+H?§) + (H+/$Mc‘)-|(§x\3\ (%.8.3)
wherein Mer= (H* - p")\/z (2.3.%)
and . ,$ = E\--'\“l

where E = +4H*
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Also shown in Appendix B are the inverse relations

AMK = -FMH K+ KHD-PxT & Px(PxK) (%.8.5)
2 H+ BMc> H(H+ﬁmeﬁ
AMY = KxP +H I - (3-PP (2.%.6)
c* (H+48 Mc?)

Equation (2.8.5) is the same as the total position operator given by
Osborn for a system of two noninteracting»relativistic particles and
equation (2.8.6) agrees with Schwinger's expression for the total angular
momentum.®

Thus if one has determined the ten generators H,P ,J, and K 4in terms of
the fundamental dynamical variables of the system then X and 5 are given

by equations (2.8.5) and (2.8.6). Alternatively, if one has determined

ten operators H, P ’ X s § which satisfy

LP9 P =0 LP H)=0 (8.7

in addition to the commutation relations (2.8.2), then J and K are given
by equations (2.8.1) and (2.8.3). That is, equations (2.8.2) and (2.8.7)
are sufficient conditions for a physical system to be Lorentz invariant.
It is clear from equations (2.8.1) and (2.8.3) that the operator $-9%-%
commutes with J and K, as well as with P and H. 1t is therefore a Lorentz

invariant. 1In fact,

WP =-c2M*$? (2.8.8)

This relation is derived as follows. Substituting equations (2.8.1) and

(2.8.3) for I and K into equations (2.4.2) and (2.4.3) for ¥ and W,

H=P % (2.8.9)
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(2.8.10)

H{X%xP) + ¢

ol-

W=

Using the identity
(2.3.11)

Px($xP)= P $-(P-§)P

and the commutator
[X Hl=ike2PH? (2.8.12)

we rewrite Efas

(- 9P

=cﬁﬂ§+c
(H +,37'\c")
(2.8.13)

- cAMb+ ¢ (HagMe) BP

Substituting equations (2.8.9) and (2.8.13) above into equation (2.4.13)

for &ff

W M e M oW
(H+)$P’\c’“\?'

- RCAMY ($-P)
(H+ #Mc2)

_ '(‘,7' ML$1

It is convenient to define a Hermitian operator V by
(2, .8.14)

LX, H]) =V

Then the corresponding Heisenberg operators
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V= U v umw (1.%.15)

and

Key= uhey X Ut (2.%.16)

are related via equation (2.8.15) by

V)= 4% 1) (2.8.\7)
at : ,

Thus V is the velocity of the centre of mass of the system. Identifying

equation (2.8.12) and equation (2.8.14), we ha&e

V=cPH' (2.3.1%)

Finally, in addition to the commutation relations (2.8.2) we can write
[T9 %] = they, X© | (2.8.12)

LK X7 = o fd (KOO VIK) VO gMaT's (M gMe'e, 8] (13.20)

[Jg: $ = €ine $m (2.8.220)
5y T'3) . [¢3]

[J , \ -J-':L‘F\ e’:\KQV (2.8 20

[K? V™D = -tk (s 20 VOV) (23,23

[Vr.p) V(K'\] - [Vgx) P(m} - [‘v(;,)) $(x>] - EV«',)) M-) - [\/‘J: H:\: 0 (2. 8.2%
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2.9 Transformation Properties of the Observables X=,j§ s and\[

An observable Almeasured by a transformed apparatus is related to A

measured by the original apparatus by

A= UAU Can)

where U is the unitary or antiunitary operator which corresponds to the
transformation. The observables X, @ ,y transform as follows under the

Poincaré transformations, space inversion, and time reversal.

WX utis) = X-Vt (23.2)
D)¥ Da) = %-a (2.3.3)
R YR = X | (2.8.0)
R X R = X Peosa + X Tsina (194
RM@DX R = X Teosm - XMsina (x.%c)
XL Ty = X7 4 v & VA X} (1.0.5)
] 2c*¥ VA Ty ke
L") XML‘M(‘,*\ = X v {Xm Ve oy Xm} k=123 (29.5b)
re Y VIR

(?1_(@+: -X (2.8.6)
T1T+= X (9.7

U Wi =$ (2.4.8)



DY D)= &

R $ R T = §°

RO $P R = $¥cosa + $sina
R EPRM ) = $ P cose - D sine

L) $ Lm*(u\= $ cos v + (- c_omz\ (- $) & - sinT (&x@\

0

~
where N-=-

xe,

0

ve,)

el-

and

7= tan (e“( H- cs.-E\ +>$"’\c"> - 'Ea.r\_‘< H- cce_-.-_S;—,dil"\c" >

clPxel

and e, is.a unit vector along the l-axis.

Uy k= v

RV RN =y

ROV R T2 V™ cosa + VPsina
ROV P R () = V& eosn-V Pgina

L(n(u)v“)\:n‘\(“\__ V[“-’V'
‘_ V“‘v-'/f-"'
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(2.4.9)

(2.9.10a)

(~49.10Y)

('L‘LlOc,\

(2.4.11)

(2.2.12)

(2.9.13)

(La.4)

(.4.15)

(LAa.te)

(2.9.17a)

(2.9.170b)

(2.94.47¢)

(1.9.18a)
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L“\(u‘v“ﬂ\__‘,“‘t(u\ - V““ K= 3 (2,.Q.\gb)
Y-V i) ‘

eVEeT= -V (2.9.19)

TVTY- -V | (2.9.20)

Also, since/f; commutes with all the generators,

U B Ut = 4 (2.4.21)
D(a) 8 Dla) = & (24.22)
RV (B RV () = B R (2.9.23)
L 0 8 L= 4 it (24.24)

Thus, / is a Lorentz invariant.
Most of the above equations are derived as in Section 2.3. We derive
6

the exceptions below. Equations (2,9.5) are found as follows. Let us

consider the commutator

u

[Xm, LT PO W)] (\Xsm, PV oshu + & Heinhu )

oy

h (coshu + TV  sinhuw )

I

where we have used equations (2.3.12a) and (2.8.2). Taking L'@)... Lmt(u\ on

both sides of the equation above yields

[L“‘(u\.X“‘\_‘"*(u\ , PY = ik (coshu+ =L T@IVY L"‘Jf(m sinh u\)

= s ¥+ (V“’-v)-—”/"}>

Ve V%l
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or LW XL"TWY, PY =ik (2.9.28)
Y-V O fer)

Similarly,

[\—m(u\ Xm L(.\*r(u\‘ H—.\ - iR V w ) (2.4 08)
¥ = VP fer

. [¥YY 13} (\\'\'
Equations .(2.9.25) and (2.9.26) are satisfied when Lo X U (W is given

by equation (2.9.5a). Similarly,

LX) P] =k V& Ko 3 (24.27)
(VT

and EL("(u\XmL‘M(u\, W= v k=13 (29.18)
V-V N et

(3}

Equations (2.9.27) and (2.9.28) are satisfied when L ) X s given
by equation (2.9.5b).

Equations (2.9.6) and (2.9.7) follow from f
XY P = wrs,,
That is,
PLYY PR - -LOXPPT Pl - @i PMhs,, - ihsy,
so OX®T:= -%

Similarly,
7O POITT - - DX Pl T s, - -iksy

so TXxT'=%



Equations (2.9.14) and (2.9.15) follow similarly from
% )
L$ s\’ $u<s] S Ciea $(n
and equations (2.9.19) and (2.9.20) follow from

[X Hl= Y

We now derive equation (2.9.11).7 For a Lorentz boost of velocity v

along the l-axis, we define

w0 = L0 6 LT

Then,

ik d S_Q (u_)\\ = LWL e Km, @_] Lm+(u\

du

The commutator can be written as

LeK™®&1= the (H+ £M) ((ex®)x®)

where ¢, is a unit vector along the l-axis. Thus,

_d_,\?g(u‘\\: c (H(u,\\i—ﬁﬂc}\—‘ ((E—.,X E(u,\ﬂ x&(u,\\\
du :

where H(w,)) is given by equation (2.3.11). Also,

exPluV=¢e xP

Now, we let

122
u

i
=
O

o
*®
0
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and d7m = cl&.x.?l 7(0\= 0 (2.9.29)
du Hw, )+ BMer

Then,

Li(u‘\\ =dm &x@(u)ﬁ
du du

The solution of the above equation is given by equation (2.9.11).
Equation (2.9.29) integrates to give equation (2.9.13).
We now derive equations (2.9.18). They follow from equation (2.8.18).

That is,

(33 ] [8)] "

L GOV LT = e LT P L) LN HT L™ )

Since

HH = H H=1

it follows that

= L0 H LT ) L W LT 0

(S]]

so LT H LM = (L0600 iUy

Therefore,

£ Vv L(M—(u\ = > L) P Lm*('u\ (Hcoshu —c P ginhw .

Thus,

wt

<

L‘)(‘U.) Vu\L

(W) = er (pmc_os\r\’u." _‘C Hsin‘-\u\
(Heoshar —LP(\;;n\r\u)




= & PUHT - ctanhu
- cePOH danhu

= \/(I\_ v
=N fe

Equation (2.9.18b) follows

similarily.
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2.10 The Operators | and X_(T) ‘

We have seen that the centre pf mass Velocity'y transforms in the
familiar manner under Lorentz béosts. That is, equations (2.9.18)
represent the Einstein addition of velocities. However, as is seen frém
equations (2.9.5), the centre of mass position operator does not transform
in a familiar or even simple way -under Lorentz boosts. We have not yet
given an operator equation analogous tq thebfamiliar space-time transfor-
mation (2.1.6). We now rectify this matter. 1In so doing we construct
‘operators | and 2§(r)whose physical interpretation requifes some comment °

This is taken up at the end of this section.

Let the Hermitian operator_r be defined by

Lm(u\ T L_l.nf(u\ = 1t coshw- JCT Xm(t\ sinl'\ w (r.i0.0

where XC“OG is the component of the Heisenberg position 6perator along the

l-axis. That is,

XU = UM X" U = XLVt (2.10.2)

Further, we define the Hermitian operator j&CT)by

KM =X+ (VT+TV) ' (2.10.3)

Al \+
Upon taking L% L) on .both sides of equation (2.10.3) and using

equations (2.9.5), (2.9.18), and (2.10.1), we find

L X LM = X coshic - et sinhw (2.10.4)

L X = X9 k=13 (2.10.5)
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Along with equation (2.10.1), these equations are the desired operator
analogs to the space-time transformation (2.1.6). One also has the

rearranged equations which follow.

XY= LR Lm‘t(u\ coshu + ¢ L") T L(”(u\ sinhw (2.10.8)
X4 = L) X T L“ﬁ(u\ Ks23 (210.7)
= L0 TU™ M coshw + £ LG X(TIL ) sinh u (2.10.8)

We now derive equation (2.10.4). From equation (2.10.3), we have

)\("’(T)'= X4t (VT TV (1.10.9)

(33} ) -\V
Taking L (... ") on both sides of this equation yields

LX) Lm*(u\ = LWDOXLETWDY + 2 RIVET L“ﬁ(u\ ¢ LTV \_f‘ﬁ’(u\\)

which, on using equations (2.9.5), (2.9.18), and (2.10.1), may be rewritten

as

c(eosha) DYy E (X0 Ve LY X“‘)L—‘f{v“‘_v (£eoshw- T (K VD sinkn)

-V e =V /e - VU

\_ V“\\l /C,"

+({wshu—éf(*m+V“4)anMu)__r;L ]
[ERVARRVY [
After some algebra, this reduces to equation (2.10.4) as reQuired.
Equation (2.10.5) follows similarly.
It must be stressed that equations (2.10.1), (2.10.4), and (2.10.5) are
only analogous to thé transformation (2.1.6). They do incorporate the

correct quantum mechanical asymmetry between position and time; that is,
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on the right hand side of each equation, position appears as a Hermitian
operator while time is a parameter of the theory. The equations look
appropriate in form but coﬁtain.the objects—r and\X(Tﬁ. These operators
do not have an immediate physical interpretation but we will now obtain
from the above results equations which depend only on objects which are
physicaliy meaningful. .Assume'that VW> is practically an eigenvector of
ALY, Uﬁﬂﬂ). (although this operator has no real eigenvectors) Taking

L. .. "% on both sides of equation (2.10.3),

L") X \_m*(u\ = \_m(u\}_/\ \_m*(u\ + T LW ( VT.TV ) L +(u)

Also,

QLY LML TL W V) = QUL T R B IVARRI AT

R

12

ULV LGl OGO T T\

Therefore,

CPIL Y ENDATY 2 (P L6 XU + LV LT 1) o)

where t'= (PILDT \.“ﬁ(u\\-lp>
Since the Heisenberg position operator is
X= Y+ Vt
it follows that
ok

L% % L ) = LG L T o - LV LT et

Substituting the above equation into equation (2.10.11), we find
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CPILCRVR M LYY 2 L LT = L) X )

Thus,. when averaged over the "eigenvectors" \V) of LVY@“[EN& equations

(2.10.1), (2.10.4), (2.10.5), (2.10.6), (2.10.7), and (2.10.8) become,

respectively,
L% b coshu- & KUY sinh o (2.10.12)
LY O 2 X coshu - ctsinhu (2.10.13)
LX) = X0 k=12 (2,.10.44)
T 2 LG RT AL coshw + et sivhu (2.10.18)
XU @ e L XU W) k=23 (.10.16)
£ 2 teoshu + € LGAXTHEY LG sinhu (2.10.47)

The equations above do. not contain the operators'T and ?&(Tﬁ. Rather, they

depend on the parameter t and the average value of the Heisenberg position

operator.
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Chapter 3 Descriptions of Some Lorentz Invariant Systems

In this chapter, a set of ten generators satisfying the commutation
relations (2.2.15) is constructed for each of several systems. First, in
Section 3.1, we consfruct from_the fundamental dynamical variaBles the
generators for a system consisting of a single free spinless particle. We
then cohsider'a system consisting of a single free particle with spin in
Section 3.2. 1In each of these sections we find that the centre of mass
position X\is equal to the Cartesian coordinates of the particle and that
the total internal angular momentumfi is equal to the spin 9 of the
particle. Also, the unitary operators corresponding to the Poincaré
transformations and to space inversion along with the antiunitary operator
corresponding to time reversal are expressed in integral form in these
sections.

The generators of the Poincaré group are construéted in Section 3.3 for
a system consisting of a single free Dirac particle in terms of the
fundamental dynamical variables of the system.  Expressions for‘l and\i
in terms of the fundamental dynamical variables are oBtained. Finally,
the operators,X~and‘§ are seen-to -be related to the fuhdamental dynamical

variables X>and S via the well known Pryce~Foldy~-Wouthuysen transformation?®

In Section 3.4, a system of T noninteracting particles is considered
wherein the generators of the Poincar€ .group are seen to be sums of single
particle generators. Interaction is introduced to the system in Section
3.5. 1In specifying the interaction, it becomes necessary to define
internal operators and expressions are given for some of these along with
va;ious commutation relations which they satisfy. The reéults are

compared with those for a system of M interacting nonrelativistic particles

in Appendix I.
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3.1 Single Spinless Free Particle
Let us consider a single spinless free particle of massm. We take the
fundamental dynamical variables of this system to be the Cartesian
1) Y t A} 3)
coordinates X ,.Xuj Xé and the momentavP(: P“; P of the particle which

satisfy the fundamental quantum conditions.
GY (K
[X )X ]:O
[PCJ\ PLK!]:O

Y.X(D; P(K‘B: L‘\:\ %5K j\K:\"LIE’: (3"'0

o @y /e o (2) (%3 -
We assume that the operators X s X, X and P s P , P each form a compilete

set of compatible observables. We denote their eigenkets by Ix¥=1x") x®x®)

and 1p¥=1p"p® ¢® . The eigenkets may be used as bases for the Hilbert

space.
X9 = gd’.’x 1xy x99 (xd (3.1.2)
P Sdap 1p) p% (el (3.1.3)
b= ja& 1x><%l = Sd3p eyl (3.0.4)
Cx VR = §(x-1%") (3.1.5)
{plpHy=8(p-p) (3.1.6)

Also it follows from the commutation relations (3.1.1) that

W px/h
{xlpd =(—il‘_—(,;\ o2 ' (3.0.7)
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We now seek a construction of the generators of the Poincaré group in

) )
terms of the fundamental dynamical variables X" and FfK(k=1,2,3). All of

the commutation relations (2.2.15) hold when

i
]
1><
x
\O

(3.1.8)

K= "o (XH+RX) (3.1.9)

H= (P + mre)™ = Sdap le) e(p)lpl (3.1.10)
where e(p)=-(pre* + mtc¥) ™ (3.0.41)

Thus the particle is said to be a Lorentz invariant system when Q,kg, and H

are given by the above equations.

Furthermore, it follows from equation (3.1 .10) that the velocity V of

the particle is

V=c* P H' = [X, H]/Ax (3.1.12)

Thus X satisfies the commutation relations (2.8.2) and indeed substitution

of equations (3.1.8), (3.1.9), and (3.1.10) into equations (2.8.4), (2.8.5)

and (2.8.6) shows that

d = (0] (3.1.13)

Finally, the corresponding unitary operators for the Poincaré transfor=:
mations, the space inversion operator, and the antilinear time reversal

operator may be written simply in terms of space and momentum integrals§

We show in Appendix D that



e
Déa)= =2/ = S(Px P+ o) Lxl

R €A L gcﬁ*x Vxy &%l = S:Pp ey <pl

L)

where lxp>= IX™ x®cosa ~xPgina, XD cosa+xPsina)

Yo o 3y .
Fgine  pPeosa rpPsinay

and lpad= 1 p® pPcos=-p

Ly = ek Saap (2)™ 1e0<e!

where = (prct+ ™ ke

e = € coshu+cpUsinhu

lp > = 1 pMeoshu+d esinhu, p™ p
P-= S 4% =%y X\

Ty = (o sy - Jap 10w VRN

Thus
D(a)!xy= Vx+a>
Dia)py= &2/ gy
R 1%y = Ve
Ry = gD
L (o) = ( %"\\h‘ lpd

i) = -
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(3

(3.1.15)
(3.1.16)

(3447

(3.1.18)
(3.1.19)
(319

(3.1.2)

(3.0.22)

(3.1.23)

328

(3.1.2.5)

(a 1L26)

(3027

(3.4

(3.1.29)
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Pled=1-gy (3.1.30)
EREVEREY (3.1.30)
Tlpy= I-p) (3.1.32)

The various integral forms of the space-time operators. have a certain
intuitive appeal in that they make the correspondence with equations
(2.1.3), (2.1.4), (2.1.5), and (2.6.1) more manifest. In addition they
may be used directly to give the various transformation eQuationS derived

in Section 2.3. For example, we derive L (W) HLTW.
L \H\_“*m Sdp (E(Pﬂ \g5(g\§d3’\ 18 e<p)<g\Sa e(“\ \g°><qc\
~ where
ey =lp™, p™ p™
lp= 1pUeoshu + T e(Pisinhu, p™, pe»)
1By =1p, o, B

¢

| 96> = c"‘”‘ <:\j7‘\s C\’“\7
(q;’\: (c\"‘coshu € €@ sinhu, cf“ qu\
E(P\- (p 4+ “\h

E'(pY= €(pleoshu + ¢ pMlsinhu

E’(%\ = e(%\ coshu + c_ct“‘sinhu



Thus,

e(p

/2 '(\ ‘o
\_“‘(uyHL“f*cuu Sa‘pd“s &t(eqﬂ Ve 8(p-B) e(p) 6(p- %\(E(c\'\) <

Integrating over gp ’

ety

o it 2 .3 __,)"‘ ( e® ‘)
U AHU ) = Sépc\ﬁ(e(‘,) \g’) §(p-p) e(?ﬁ e (@ (
Integrating over § s

e'Co\2 <'(p)

Lm(u\H Lm-r('u.\f- Sd P ( T/ VP > elpd ( e(?s (g’\

= S dsp \ 9'> €I(P» { 9'\

Now a change of variables is made. Put

"= pcoshu + € e(p)sinhu
s = p
g = p®

Since ds_: = dzP

L OH L T = S,Pfs 15> e(pd < B
But e(p)= e(Plcoshu-c P sinhu

S0 L GOH L ot (W= Heoshw-c¢ Pmsinku

This is the result obtained in Section 2.3. The other transformation

equations of that section are obtained similarly.
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3.2 Single Free Particle with Spin

For a.single free particle of mass m and spin ¢ the fundamental
dynamical variables include the spin operators Sm Sm S‘” as well as the
R . . ({3} ({3} .
Cartesian coordinates X and the momenta P . (x=112,3) of the particle. 1In

addition to the commutation relations (3.1.1), these variables satisfy

the following relationms.

P(_,) <\<\1 =0

[X(p? SLK\]

o @
[SA: ™) RejanS 3K, 2= 3 (3.2.1)

« (28] ) 1) 2 3 ¢3)
We assume that the operators X', X% X7 5%9-5,57 and P, PP 5,5
each form a complete set of compatible-observables. We denote their
eigenkets by lx,sm and lp s mo . The eigenkets may be used as bases for

the Hilbert space.

X-= i} gd’x Px .5, mo % {x .6, mg) (3.2.2)
P- mi__sgfplg‘s,m&p Cp,s,m,) (3.2.3)
§*= g.:—sgdax lx.s,my ss+N R Ly, s m,) (3.2 44)
-5 % tpismd ster 08 G sl (5.0 48

§¥= :‘s:_sgc\?'x 1%, 5, mg> mhdx s mq) | (3.%1.50)
L?:.—s d% \'P s,m) m.h (19 somgd (3.2.5b)

SZ. xlx s mdlx s md= SZ. Sdap lpsmd{p s ml (3.%.6)

Mgz Mg=-S
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Cxys,mg L/ s mgY = 9(x- %) S

(3.2.7)
<P,S,m$‘$')5)m;8: S(F—Pl) Smsm; (37\,%)
Also,
S\ ipx/h
(x‘s,mslg,s,m,’)= (LTr'Fs» e £ 8 m, m (3.2,.)

The commutation relations (2.2.15) are all satisfied when the generators

are expressed in terms of the fundamental dynamical variables as

J:=XxPs+% (3.2..10)
K=~z (XH+HX) +(Haeme Y (8xP) (3.2.10
H = ( P‘c; 4w (3.2.12.0)
:Jéi a3P|P\anb>e<P)<g‘s)Qg\ (3.2.1%%)
where e(p)= (pret+ mrct)”™ (3.2.13)

Also, it follows from the commutation relations (3.1.1) and equation
(3.2.12) for H that

[X Hl=ikePH” (3.2.14)

so the velocity of the particle,‘! , 1s

(3.15)

Thus X satisfies the commutation relations (2.8.2) and substitution of

equations .(3.2.10), (3.2.11), and (3.2.12) into. equations (2.8.4), (2.8.5),



70
and (2.8.6) yields

A= | ' (3.7,..u.,)
M=m (3.4
%= % (3.2..1%)
$-9 (3.2.19)

The unitary operators corresponding to the space-time transformations

under consideration and the antiunitary operatoqu can be written in

integral form as follows.

D(g)=Sd3x lx+a 5. mY{x s m,l (3.1.20)

Rie)= 2, D, (=, A0 |¢% pg s, mD o ,m,)

1
Ma, ™My

Gy

where (x,8,%) are the Euler angles corresponding to 8. The matrix [f(“>ﬁ,x)

is the (2s + l)-dimensional .irreducible representation of the rotation

group. It ensures the proper transformation of the spin under rotations.

To verify that the above equation is the correct form for &JQ) we separate

the spin and momentum parts of the expreséion.

Re)= gdsp \g,)(g\ D v, B,"\Q D;g_‘m}u‘ﬁ‘“ {5

:\gdaP\'?R)(?‘ ®V§mg \5amsl> (S’W\;k DS(“\/@)\A\\s)ms><5-ms\
From Section 3.1, we have
S (Ax PY-8/%
SASP \’?l><9\ = <

and it is well known that
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D*(«, 8, %)= - 2°8/R

‘ ((XxPe9)-8/k i T0/k
SO &(Q\=6_(x+)e = e

as required.

W= D, - (“Q,/Bu‘xu\gdsf’ (%ﬁ)‘h \_?L‘s,ms'><?)s gl (3.2.22)

’ ™My
Mg, Mg ?

where («,,8,%) are the Euler angles corfesponding to the Wigner rotation
of the spin,§.9 Recall the transformation of'§ under Lorentz boosts given
by equation (2.9.11). Here, the operator & is equal to the spin, Q. The
spin undergoes a.rotation under Lorentz boosts. That .is, takiné matrix
elements of the operator equation (2.9.11) would yield the Wigner rotation.
Thﬁs, the Lorentz boost operator'ﬁn(uJ must take the -form above to ensure

the proper transformation of the spin.

.
Q- 2 % V-x s MmO Ly 5, m,l (3.2.23)
T\W = i gc\?’x V¥ s -my) LY\ x5, myY ' (3.% . M0

:.E-SSABP \'Q,sv—mﬁ (’l.\’\p,s‘m5§ AN (3. 24%)

Thus,

Dla)ix s myy = \5+g,s‘ms>
s s
Rk s, md= ME;-:_S Dmgims(d‘/@,“ \ .‘Sg,s,"f@

\-(‘\(“‘\P.S,MQ: . D;, (du‘ﬁsu“éu\(%yl \'?L‘S,MQ
m/z.% $.Ms

§="



@\9\5)7\'\5) = l-p.5s, M

T\ A5 mg) = VX s -md

T \g’s,mﬁ = \-p,5,-my)

72
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3.3 Single Free Dirac Particle '

For a system consisting of a single free Dirac particle of mass M, we

take the Cartesian coordinates X , the momenta P , and four Dirac operators

«and 8 as the fundamental dynamical variables. These operators satisfy
the following conditionms,

[§9] ¢ [33] LK) (51} (333 .
X X*“)=0 [P P*]= 0 CX9 P™]= ihs,,
(d(m)t:‘ ﬂ":l
oot Mg 2 O 1t JEK -] +/gg =0

[X?<*]=1X" 00 [P%"1=1Pgl0

j K=1,2.3 (3.3.1)

We now seek a construction of the generators of the Poincaré group in

terms of the fundamental dynamical variables.

Following Dirac,lwe write

the Hamiltonian as

H=caP + Bme*

(3.3.2)

The conditions (3.3.1) on 2 and 8 ensure that
H*= P> &+ m*c¥ (3.3.3)

Thus M defined in equation (2.8.4) is equal tom, the mass of the particle.
Finally, it is straightforward to check that the commutation relations

(2.2.15) are satisfied when H is given by equation (3.3.2) above and

(3.3.4)

K=-zc2 (XH+HX (3.3.5)
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J=%xxP+§ (3.3. 6

where S = T h T €3.3.7)
~ -t <

and g= 7 laxs) (3.3.8)

We note that
H=+E
where £ is given by equation (B.16). Therefore,

B#)

This is, of course, expected since the Dirac Hamiltonian (3.3.2) has both
positive and negative spectrum.

Also, since
(X H) =ithex (3.3.9)

and [9 Hl= ihcaxP ) (3.3.10)

the operators‘l and © are not equal to the centre of mass position

operator‘X.and'the internal angular momentum.operator 3.

—

Indeed, as is
shown in Appendix E, substitution of the above expressions for the

generators into the definitions (2.8.5) and (2.8.6) of X and i yields

X=X - 5xP + ch (Lﬁg —Lc"@P(E-g&\)} S (3.3
E (E+wmc®) 2E E(E+ me®)
$=8-ihecl a«xP - Px (5D (3.3.12)

ZE E(E-q-mc“)
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We recognize that these operators are those given by Pryce, Foldy and

Wouthuysen, Jordan and Mukunda, and de Groot and Suttorpl! We show in

Appendix F .that

F:X>F+==‘£ (3.3.13)

Fert=9 (33.14)

F p;:f_ P (3.3.15)

FIFT=J (3.3.16)

FyrFts: BE (3.3.\7)
FaFt= g (3.3.1%)

where
F= E+&8H (33.1)
(ZE(E+meN™

The unitary operator F is the Pryce-Foldy-Wouthuysen transformation

operator. 12
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3.4 n Noninteracting Particles with Spin

Let us consider a system of a fixed number,n, of free particles of

masses.m;,Mm,, ... ,M, and spins s,,5,,..., 3,. The fundamental dynamical
variables of this system are the components of the Cartesian coordinates,

of the momentum, and of the spin of the individual particles,x PS =X RS,

Sy -y FayT

These operators satisfy the following commutation relatiomns.

[X5% =0 [R2R*1-0  IXZIR™I= ke

“r g xa B3«

X2 &°1=0  [R98"T=0 (82 5.7tk e 80 3.1

“g SKE ™
A=, LK A= 3

Here the Greek subscripts are the particle labels while the Roman
superscripts label the component of the variable.

Since the particles are noninteracting each generator must be a sum of

single free particle generators. That is,

n

Ho= 2 H. (3.4.2)
™

P,= L P, (3.4.3)
T

J,= z_“ 3. ' (34w
Y

Ko= P K. (34.5)
o=y

where
Ho= (R exam? ) (34.6)

T.2 % . xP.+5 (341
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K= "3m (X Har Ho X)) + (Hgrm e (S % P) (34.3)

We have appended a subscript zero to these generators to distinguish them
from the.generators for an interaéting system, which we consider in the
next section. These generators satisfy the commutation relations (2.2.15).

It is convenient to henceforth denote the total internal angular

momentum by. the symbol J . That is,

&
"
1eqe

(3.4.9)

The total mass M,, the centre of mass position Xh, and the total
internal angular momentum J, are given by equations (2.8.4), (2.8.5), and

(2.8.6). We write these equations here explicitly for later convenience.

Moc:" - (H:' P:c"\‘h’

(3.4.10)

MoK,z - M S (H' K+ K WY - PxT, 4 P.x(P. x KD (3440
g Hor Myt Ho(\-\o&\”\oc}\

M, 3,2 KPP+ H, T,- (I,-RIP, (342

e (HO«—P’\ocﬂ
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3.5 n Particles in Interaction

Let us consider a system of n interacting particles of masses m,, ... m,

k]

5, . We assume that no particle creation or annihilation

-~

and spins s,,...
takes place. That is, the number of particles,n , is fixed. Therefore,
we may take the fundamental dynamical variables fo be the individual
particle position, momentum, and spin operators X,;..., %X., P Pa S S
These operators satisfy the commutation relations (3.4.1).
We seek a construction of the generators of the Poincaré group for this
1

interacting system. Following Bakamjian and Thomas, we see that the

commutation relations (2.2.15) are satisfied when

H= (P s Mbew) '™ (3.521)

P=-P, ‘ (3.5.2)
If=§° (3.5.3)
K=oaer O R HE D » (He Me)” (3,4 2) (3.5:4)

~

where 2,, J,, %,, and J, are given by equations (3.4.3), (3.4.4), (3.4.10),

and (3.4.11), respectively, and where the mass operator M satisfies

(M, e1=tM,x,1-[M,3.1=0 (35.5)

The interaction in the system is, thus, specified completely by the mass
operator M. IfAP]=P10, given by equation (3.4.l0), the particles are free
whereas, if M=+ M,, the particles interact amongst themselves.

Finally, we may define the potential V of the system by

VzW-H, (3.5.6)
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One should notice that the potential for a Poincaré invariant n particle
system will in general be a function of the total momentum of the system.
To complete the description of the system, we must show how to
construct an operator M satisfying equation (3.5.5). This is a nontrivial
problem. One can easily find many operators which commute with E (eg. Eu‘

é‘—X_ﬂ,X;ZSM S, ) but it is more difficult to find operators which also

. _ y
commute with the complicated operators X, and J

AP o *

Following Osborn, we
" solve this problem using a transformation analogous to that introduced by
13

Gartenhaus .and Schwartz.

We first define a unitary operator &N by
HOY = B/ (3.5.7)

where A is a real number and

P.P-X,) (3.5.%)

B--% (X,

Using equation (3.4.10) for X\o, one can also write B in the form

B=z(x, V,+\V, K. (3.5.9)
where
V,: P H, ' (3.5.10)

Thus, J(N reminds one of a Lorentz boost operator. It follows on using

the methods of Section 2.3 that
HNP ST = et P (3,611

HONK, HUN = 2K, (3.2
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PolEN io MW = 'i,, (3.5.13)

so that for any operator A,

LP, HNAHO] = HLATRP N, A H N = 250 LR ALY (3.5.14)

and

TX,. OO ALY = e HalK, AT H10 (2.5.15)
Thus, if

[P A)=0 (3.5.16)
and if

lim (HONX, A H00  exists | (5.5.17)
then

[P A)=(x, Al=0 3.5.1%)
where

Az lim  (HOVA GO0 (3.5.190)

: YA YT ‘ (3.5.190)

The above gives the conditions for an operator to commute with both P and

}gw As we shall see, some well chosen operators which satisfy these

conditions will allow us to find operators commuting with jo as well.
Osborn states that the condition for the existence of ﬂ\is that A

—~o0

commute»with_E e gives as an example the operator % which does not
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commute with E and which does indeed diverge under )U(A\ in the limit A—w

since

HNX, 4N =X, (3.5.20)

-2
However, consider the operator P which commutes with E>. By the methods

of Section 2.3, it follows that

HOYPE HIN = 2 P (3.5.2)

~ *
Thus P™" diverges. Also, consider the operator ﬂg which does not commute
P

We find that

FOOVXH = A X : (3.5.22)

s
so that X_ exists. Clearly, Osborn's condition does not ensure the

. N )
existence of A . That is,

(1%, A1P) -0

does not guarantee that condition (3.5.17) hold.

It follows from equation (3.5.11) that

P-4Pa -0 (3.5.23)

In view of this equation, we call A for Hermitian.A\"the observable A in
the zero-momentum picture'". If equation (3.5.16) holds, we callAA a
"displacement invariant zero-momentum picture operator". If, in addition,
.condition (3.5.17) holds, we call.Asan "internal operator".

Of particular interest are the following displacement invariant zeio—

momentum picture operators.



82

P.-ye. 4t Hy = HH, ot
Rup = (XX )Y A= fH, 4
S.=H5. 4

Mﬁ

,E)..:!H é)g* where &" 5.,‘ . (3.5.2.4)

®
"

(One might suppose that the operator xﬂ(Xg‘KQﬁf should be included in this

list. However, this operator is not an internal operator.) Thus, for

I~

example, Pd is the momentum of particle « in the zero-momentum picture.

It follows from the commutation relatioms (3.4.1) that the following

commutation relations are satisfied.

(B2 B1= (X, , Xoud =0 LX) thloun 650 55,
AR S 5 =0 18 8,1 = tho, e 0, e (3.5.25)
We show in Appendix G that
A= (HoHo-P P/ Me (3.5.26)
P.- P.- {Hv A 19 (3.5.27)
H o+ Mo
from which
“Z A= Ho= Mo (3.5.28)

and

2. P.=o (35.29)
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as required. Bakamjian and Thomas give operators of this forml®

~ ~ ~

We show in Appendix H that P,, X,ﬁ, and §‘ are indeed internal

~

operators. (This is true providing that Kus and S

. exist. Osborn has

~

given explicit expressions for YNL and'§“ for the two-body problem.)16

Thus,
[p® B [P i;;‘] (P2 3] o

[x(_‘) "‘K\] LXL’, ~ (x\] LX‘:\) a uc)] 0

(35.30)
Moreover we show that
) i M UL)
[-U_q (\()]= Lf\ eJKx P: U. (33} X(K)] ,,A
[J_° \’ ~ (K\] = h e, S(R) (3.5 37
~
Thus, for example, the following internal operators commute with J_.
Py ~ A -~ ~ ~ ~ A~ ~
PP, Rep Rey KBy BLSL X6, (363D
This completes the problem of constructing the mass operator'r1 That is,

M may be a function of the operators (3.5.32) above.

In Appendix I, we consider a system of m interacting particles invariant

under the Galilean transformations.
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Chapter 4 Two Particle Scattering

4.1 Lorentz Invariance for Two Particle Scattering Systems

We now consider a system of two spinless particles of masses M, and m,
scattering off each other. We assume that no particle .creation or
annihilation takes place. The fundamental dynamical variables of this

system can be taken to be the Cartesian coordinates of the particles X X\

3 ey 2y

and the individual particle momenta, Eﬂ, P, which obey the commutation

- 3
relations (3.4.1). Since the fundamental dynamical variables of different
particles commute, the Hilbert space A of the system may be expressed as

the direct product of the individual particle Hilbert spaces, # and $ .17

That is,

M- W oe M | | (4.1.0)

We also define centre of mass position and momentum, X, and P , and

-0
Pl

internal (relative) variables >_<°¢ and P , as in Section 3.5:

X, F

g.ﬁ 2 B - -:‘SL ____’E; (H.1.2)
where

P-p .P. (%13

and Xw and fL are given by equations (3.4.11) and (3.5.27), respectively.
These operators obey the commutation relations (2.8.2), (3.5.25), and

(3.5.20). That is,

[X;i; x:mlz 0 [X:’n)pm] - L‘\"\ %&K [Pm, Puu] =0
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A

[Xx_‘,\) Xm)] =0 [S\C‘D’ '@cm‘l = 5, [ 5(3\‘ "Scml =0

LX;;\\‘ ’i(m‘l - (X’:j\) "Scu)] . [Pq)‘ s‘cn] - [ ngs, acml: o §x=1,23 (H.1.4)

The centre of mass variables commute with the internal (relative)
variables. Thus, the Hilbert space bLmay be expressed as the direct

) . . # N 17
product of the centre of mass and relative Hilbert spaces, H., and rel *

That is,

H-H,_ oM, =MW | (4.1.5)

We now define the important operators of scattering theory. The Moller

operators (1, on the twoe body Hilbert space ¥ are

0= lim WU (%.1.6)
where

Uity et HE/A (#.1.7)

U (1) = e tHeth - (4.1.9)

wherein H is the Hamiltonian for the system and H, is the Hamiltonian for

two free particles. That is,

o

H,=

(Presmy ) (4.1.9)

2
n

[}

The Moller operators are isometric.l® That is,
N,=\ M0

N, N,=1-8 CARD)


http://LH.il
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where ® is the projection operator onto the bound states of H. Of course,
if H has no bound: states, the Moller operators are unitary. Furthermore,

the Moller operators satisfy the "intertwining relation':!®

U= O, U D _ CARYY

In the above, we have, of course, assumed that the Moller operators
exist. This requirement (''the asymptotic condition') places restrictions
on the Hamiltonian H which we do not investigate in detail here20 At the

very least, the potential V given by

H=H,+V (4.1.13)

must vanish sufficiently rapidly as the interpartiéle distance becomes

large. We have also assumed "asymptotic completeness'; that is, the

ranges of ), and £2_ are identical 2!

The scattering operator S is defined as

S=0"0, (%.1.14)

and it follows from equations (4.1.10) and (4.1.11) that S is unitary.

That is,

SS*=S#S=\ (4.1.15)

Moreover, it follows from equations (4.1.12) and (4.1.14) that

W suley=9 (4.1.16)

and thus,

LH, Sl=0 (4117
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As stressed by Taylor, this equation corresponds to the statement that the
scattering process conserves energy.zzThat equation (4.1.17) involves the
free Hamiltonian H, corresponds .to the fact that the scattering operator
is a mapping of the asymptotic free orbits which label the particles'
state only when they are. far apart and do not feel the potential, when
their energy is given by H..

The ‘invariance of the system under the Poincaré transformations, in the
sense of Section 2.1, imposes conditions on.fl;and.s. We also assume the
system to be invariant under space inversion and time reversal. We gi&e

the resulting conditions on N1, and S below.

DY, Diad=0 D@)SD' )= 5

R, R )=, R(SR ()= S

Pa,P'-a, ese'=9

TO,T'-0. Yort=gf | (4.1.19)

The conditions (4.1.18) above follow from equations (2.3.7), (2.3.9),
(2.6.6), and (2.7.6). We note in particuiar that it follows from the
conditions (4.1.18) that the scattering operator is invariant under space

displacements and rotations and, thus, that

tpsi=(g,6l=o0 , (%.1.19)

Therefore, S conserves total momentum and total angular momentum.
It will be noticed that equations (4.1.18) do not involve Lorentz

boosts. Following Fong and Sucher, we now assume that
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L(,S\_Jr =5 » (4.1.20)

o

where L, is the Lorentz boost operator for the free particles.z3 That is,

L= edcggy/h (4.1.2.1)

wherein K, is given by equation (3.4.5). The scattering operator is said
to be "aéymptotically covariant" when equation (4.1.20) holds. In analogy
with equation (4.1.16), equation (4.1.20) involves the free Lorentz boost
operators L, since the scattering operator is a mapping of asymptbtié free
orbité. (We note that it follows from the obvious two free particle
equation which generalizes the single free particle equation (3.1.30) that,

in the momentum representation, equation (4.1.20) is

Cetpd ectpe™Cpu, p, 1910l piY (ectpld) e (pil)™ = (etprecp )™ ., o | S\ pr i) (e prI (PN ™
' (%122

which is the familiar equation specifying 'the Lorentz invariance of the
scattering matrix".?thuation (4.1.20) guarantees that one measures the
same values for observables on the average in a scattering experiment when
one Lorentz boosts both the preparation and measuring apparatuses. As
pointed out by fong and Sucher?sone needs to introduce equation (4.1.20)
as an extra assumption at this stage because a scattering experiment
invélves_a concept not incorporated in the discussion of Chapter 2 which
led to the commutation relations of the Poincaré group; namely, a
scattering experiment involves a comparison between interacting and free
systems.

Condition (4.1.20) can be expressed in another way as follows.

Rearranging equation (4.1.20),

L.S5=5L,
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Loﬂtﬂ+ = —Cﬂ_ﬂ.y\_o

.‘—
Multiplying by {1_ from the left and (L, from the right,

Q. LaG-8): (-0,

But, since

al®-08q.-=0 , (4.1.2.3)
we find

at.af-a,u.al (H.1.24)
whence

Q.k. 0% =-a.K,0 | (4.1.25)

This condition is equivalent to condition (4.1.20).

Fong and Sucher have shown the Lorentz boost operator

: e (H.1.26)

for an interacting system with an asymptotically covariant scattering

operator to be uniquely givenZ®in the absence of bound states (in which

case {1, are unitary), by

Lea L. 0f-a.L.at (4.1.29)

so that

K- a_xk.al-a.k.a\ , (4.1.28)

— - -—0
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Thus, from equations (4.1.16), (4.1.17), and (4.1.19), it follows that the

generators of the Poincaré group for an interacting system with an

asymptotically covariant scattering operator and without bound states are

H=q,H 0\
P.-a.p,qal
T,-0.7.0%
K=y K, ' 12

The set of generétors (4.1.29) obeys the commutation relations (2.2.15).
-We now éonsider a two particle system with the Poincaré group generators
of the Bakamjian-Thomas form and we show that equations (4.1.29) hold when
the system has no bound states. That is, we show that the scattering
operator of the system is asymptotically covariant. It follows from

equationsi(3.5.23) and.(4.l.9).that we can write

|

Ho= (Pra sy HEY™ (#.1.30)
where E
|
| |
-~ 2 ANq \
H,= 2. P, e +'m”;c_“) & (4.1.31)

=\

Moreover, the Bakamjian-Thomas form for the Hamiltonian is given by equation

(3.5.1). Thus,
H= (Prer+ RO (4.1.32)

where
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A= 'l:\°+\7 (4.1.32)
where

V=V P (%.1.34)
and

(v,3.7=0 | | (4.135)

We now define operétorsfit'by
A= lim A il (4.1.36)
R )

~

These operators will exist if V ois suitably restricted. Moreover, they
are unitary if H has no bound states and they satisfy the intertwining

relation:

":\ﬁ.*_ = ﬁ»_ \:\o (‘+.l.3ﬂ

~
Furthermore, since fL. are rotationally invariant functions of internal

variables, it follows that

L. x,1:-[4a, 01 =[§13,i]=o (4.1.3%)
1

Kato has proven the remarkable result ("invariance of the wave operato&s”)
i

that

. (O LR L d(AD /R
‘lm e Q

1—3w t—+30

Ve B Lk ‘
H /ke H (4.1.39)

for a wide class of functions #27 In particular, for H, and H given by

equations (4.1.30) and (4.1.32), respectively, it follows that
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Q=5 C4.1.40)

Thus when'ﬂ has no bound states, it follows from equations (3.4.5), (3.5.4),

(4.1.12), (4.1.30), (4.1.32), (4.1.37), and (4.1.38) that

H=0 ., W, Qb P-n.p 0l
¥ A
T,=0.T,0, K=0. K. Ok CHEY)

where H, X, H,, and X, are given by equations (3.5.1), (3.5.4), (3.4.2),
and (3.4.5), respectively. Thus the scattering operator for a two
particle system with no bound states and with Poincaré group generators of
. the Bakamjian-Thomas form .is asymptotically covariant.

We wish to emphasize the importance of the role of Kato's theorem and
of the result (4.1.40). This result allows one to determine the scattering
operator solely by solving the scattering problem for ﬂ°+90 on'¥he,. This
is exactly analogous to the procedure one follows in the nonrelativistic
case. There, however, the P*/2m term in He and Hoe cancels out in the
expression for the Moller operators and one does not need to appeal to
Kato's theorem.

Finally, we note that Fong and Sucher and also Heller, Bohannon, and
Tabakin assume the result (4.1.40) without discussion or proof.28

Fong and Sucher have generalized the above to include a discussion of

bound states.??
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Appendix A - Proof that Equation (2.1.8) Implies Equation (2.1.9)

Consider a set of apparatuses which prepares a set of orthonormal
basis vectorS'{|a;>} . Let E\a;»} be a set of orthonormal basis vectors
prepared by the apparatuses after they have undergone a change in

placement. Then,

Llad<a, = Z. lary ol =)

and arbitrary states prepared by the apparatuses in their two placements

may be written as
Y= Toeata
lwl>: Zn. ey \m’,\}
From equation (2.1.8) it follovs that

<'lVlAHl/>= “Zm<a,\\ct A c_,“\ahh = <’WI\A'\'U/’> = “Z‘;‘ (a;,\ c:,* A’c,’“ \ o.',,,ﬁ

Rewriting,

Z. \cn\l<m“\A\a“\)+:L—: c: C,M(O«,‘\‘A\a,“\)= z:_,‘ \c,"\"(a’,\\A'la’,)+Z: e ¥ c,’,,(ol,.\Al\u’M» (A1)

,m
ngm nEmM
Now equation (2.1.8) must hold for all observables and states so we may
~J
choose some particular observable, A , say, in order to obtain

. . P ’ -
restrictions on the coefficients ¢.. For instance, let

Then it follows on substituting;A into equation (A.l) that

\cll:: l(‘,l'l
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We obtain a .second condition on the coefficients by choosing a particular

state |0) while the observable A is left arbitrary. For instance, let
QY= ¢, 1oy + colany
1@ = crlad) + cloiy
Since the overall phase of |@) is arbitrary, we choose <'=C. . Then
@IAIPY = \c V" (a VALY He S o VA e Y vt e Ca VA e o cF c‘<a,\\é\\0\>
= (@A@Y - \c.\“<a:\A’\m'.>+\c;\%cx;\ Aol +c¥el (VA Lol + Xe Lald A \ald
Thus

cXe Lot Al e e (o VALY =¥ VA ) + e, (VAL )

Since A represents an observable, it is Hermitian so

¥ *
c¥entane, =Ko + X,

Multiplying by c.,

KleN v e lei\t = cile*en vere) =0

and solving for c,,

X
¢z cn or (c, /c¥) o,

Choosing the phase of | @) so that ¢, is real, we have

Now, let !®) and !®) be two arbitrary states.



10y = Lo, tad 10> =L d\any

so 10Y= L bllaly @=L 4/ \ald

Then

KOOV = T Vb 1M4, 1+ 2 bl do 4% b,

nem

= T e\t Y,oBral & b,

nZEwm

= <o N\
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Appendix B Derivation of Equation (2.8.3) for the Generator K

It is clear that the generator K will satisfy the commutation relations

(2.2.059 and (2.2.59 if it takes the form

K=-ze (XH+HX) + o ($xP) . (8.1)

where a=a(H) is an operator which may depend on H. (as well as upon the

k3
invariants M* and $ .) The operator a{H) is determined by requiring that

the commutation relation (2.2.lsj) holds. That is, by requiring that

KxK=-ihdJ/e (8.2)

where J is given by equation (2.8.1). The quantity ¥x¥ involves three
terms which may be simplified as follows. One can use equations (2.8.2a),

(2.8.2b), and (2.8.2c) to write

(CKkH+HX) x (XH+HX) = -4iher (X «P) (B.3)

Also one can write
(XH+HX) x 0 ($xP) + o ($xPIx (X H+HX) =
=H{a TR x(£xPY + ($xPIxX T + [¥X,adx (§xP) )

o+ QQEXX($XE)+(§JE3%X]+[X‘m]x(;&xiﬂ}H (8.4

the right hand side of which may be simplified using
Xx(ixg)»r(ixg)x‘g:Li)ﬁ& (8.5)

[%,0] = Uk M1 = ik PH (S (8.6)



to

2k { (ZaH + Pld‘-(‘f—&%\\)i - <E§§(%%\\E}

Furthermore, one has

$xPYx($xP) = R (

o
o
-
0

Thus

KxK = ‘% {Xx_‘? y (LaH+ Plc"(c%a))i& - c‘(f’-iﬂ(%%\+a")l_3}

Hence equation (B.2) is satisfied when

P*c 3—%‘ +2alH =\

and

Q. 0~
Tle

That is, if

P*eror*— 2aH +1=0

Solving this quadratic operator equation for a(W) yields
a(W)=(Hx gM)

where A= EH™

and E= +4JH?

101

(s

(B.3)

(8.9)

(B.10)

(BAD

(B.12)

(B.13)

(B.AW
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Choosing the nonsingular solution gives equation (2.8.3).
Finally, it is straightforward to show that the commutation relation
(2.2.5h is satisfied when 3 and K are given by equations (2.8.1) and

(2.8.3), respectively.
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Appendix C Derivation.of Equations .(2.8.5) and (2.8.6) for X and S_

We determine our expression for X_by manipulating equations (2.8.1) and

(2.8.3) for J and K. This latter equation may be rewritten using equation

(2.8.2¢c) as

K= -&HX - P H'P - (Hr MY (Px$)

The quantity ( Py $ ) may be eliminated from ‘this equation using

PxT=Px(%xP)+ Pxd =P X-P(P-%)«Pxb

and the quantity EX may be eliminated from this equation using

'

K=-& HP.% - & H'pPr

[¢]

Thus solving equation (C.1) for X yields

AMX=-K +_&  P(PKY-_t  PxJI-kgMa P
H(Ha M) H+ M 2 W2

This latter equation may be written as equation (2.8.5) using

Finally, 3-_0 may be determined on writing

$ = T-%xP

and using equation (C.4) for X Our expression (2.8.6) follows when

uses

c.n

(c.2)

(C.3)

(c.

(c5)

(C.6)

c™n

one
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(c.8)

(c.a)



105

Appendix.D Integral Forms of .the Space~time Transformation Operators

The unitary operators corresponding to the Poincaré transformations are

determined by the equation

d (ol lp? =-L <pl C o lp?D (D.0
4T ) 7=0 R

and the condition
U (o) =1 (D.2)

(€]

We now show that equations (3.1,14), (3.1.15), and (3.1.18) for {)(QX R (o),
and LﬂYvd, respectively, -satisfy these conditions. In the case of Lorentz

boosts we must show that

d_ (pllMwlpn = e dplIKTpD (D.3)
Aw U= 0 R
and L ()= (O

‘When u=0, we have
€.=¢
lp>=1g7

so that equation (3.1.18) becomes
L‘n(o\=5daplp><g' =\

as required. Thus, the second condition is fulfilled. Also,

(pl\_m(uﬂ ) = (%L)Vl G(P—PQ
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Differentiating,

4 419,‘[_0\(1&\\\9') = cp® 8(p-p) - 8:"(_9-9/3%
€

du u=o 2,
where
(1}

6, Cp-p)= 8(p™- P““) S(P“h—g“"\S(P“ﬂ P“‘W

Using

[X,H]= iherPH

and .the equations (3.1.2) and (3.1.10), we have

<P|XMH' HX“WQ’) = ih S(g-p') < P""

€
and (P\XNH‘P'>= ih S,m(.p-g‘)e

so that

i(glﬁ"hﬂ\gﬁ = 4 (F\XNFLVHXN\F>=—ic(Fle\g>
du u=o he +

Therefore, equation (3.1.18) does indeed satisfy the conditions (D.3) and

(D.4). Similarly, we have, for the cases of space displacements and

rotations,

d (ngw(&\\g'3 = -4 (p_‘ P‘"\g') D“%oY= 4
d‘(‘). a=0 ‘F\

d Lol RN pd = -_‘;‘_ (P\—Jm\g'7 R"(0)= 1
dot ®=0
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for DURB and 944\vgiven by equations (3.1.14) and (3.1.15), respectively

Equation (3.1.14) can be obtained more directly from the exponential

form of the space displacement operator, That is,

-iPa/r

Dlo) = i B2/ L (g 1y 6Fe/ ¢

Sa’p d% 1p) & (o1xy Kl

1 32

T SA‘P ax gy & T

i

Sc\‘x Tx+ay {x)

To obtain the integral form of the space inversion operator, we seek a

linear operatorGD such that

PX PT=-¥

That is,

Sa& VPxy x (Px\= —Sa‘g\pi(ﬁ\

The above equation is satisfied if
Pixd = =%

Multiplying each side by {x! and integrating,

Pl 9 al = P2 Jan 1wt

Similarly, for the time reversal operator, we seek an antilinear

operatorqd such that

XX
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That is,

gd‘x 1Ty x {Tx\ = Sa’x LRY % <x\

This holds if

Tiy) = 1%y (D.Q)

We also require

gdzp |T_p7 P (’T’g\ = -Xc\z'p \P> P (P\
This holds if
Tigy =l (D.AD)

An antilinear formuforrr which satisfies equations (D.9) and (D.10) above

is

Ty - Sa& Hey (UL | 1)

In terms of momentum kets we rewrite equation (D.11) as

TA\YY= gd3p - pY QU g)
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Appendix E Centre of Mass PositionX\ and Internal Angular Momentum $

Operators for a Free Dirac Particle

X is given in terms of the generators by equation (2.8.5). Into this

expression, we substitute

K="z (ZHX + ihcad (EV)

and equation (3.3.6) for J to obtain

ReXowih o - e PPa)-_1___ Px§ - ik P (£.2)
LS pm 248m H(Htfmd) A (K gmc®) 2 W

\

where we have made use of the identity

Px(XxP)=P*X-P(P-X) (E.3)
Now, since ,&: E/n= H/E
and (2. PY(P.a) = P* (E.W

then 7_K can be rewritten

*=X +ihe B2 —ihe®8  P(P.a +_ih (@ P - L x5 -k P (E.5)
2E 2ZE(E+mc) 2Em m(Ermmc) 2Em

We now use equations (3.3.7) and (3.3.8) to write S in terms of x and

use the identities
Px(axa)=z (P ay-(P. g (E.®

P= ‘5((5.3\‘5 + &

f\
1R
0
=

(.7

to write the last three terms in equation (E.5) as
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W (e Pl - 1 Pxs - hP = her (@xa)xP = - 5P (E.R)
2ZEwm ME +mer) 2Em 4 E(E+meY) E(E+me) '

We thus.oebtain equation (3.3.11) for X.
$ is given in terms of the generators by equation (2.8.6). Sub-

stituting.equations (E.1) and (3,3.6) into equation (2.8.6), we obtain

$-H (T ZHXxP +ithcaexP) +E (XxP+8) -

E mer ™ (E+mc‘)

PP (£.9)

lU\

where we have used the definition of #. From equation (3.3.2) for H and

the identity

(8-PYP=P*S - P x(gxP) (E\D)
we have
$--thco(exP) +8 ik (P @xP)+ (Px(8xP)) (E.1N
2E "2Ewm ™ (E+mer)

We now use equations (3.3.7) and (3.3.8) to write S in terms of « and use

equations (E.4), (E.6), and (E.7) to obtain‘

Px(exP)=-% ((P.a)(Pxa)- (Pxa) (P-a)) (E1D)

From equation (E.7), we have

(P& (axP) = - (xxP)(P.a) (E.13)
so that
@:-Ltc,@(gxg) +9 ih (= PY(PxeN-ih (2(x-PY(P x )

2E ZEwm Ym (E+mcr)
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=-the® (2xP)+S + b 2 (E+me) (o - PY(Pxrea)-2E(a PY(Pxa)

7€ 4 Em (B + ™)
= 5-h cB(axP)-c (Px(8xPY 4 (E.14)
E E(E+me)

We thus obtain equation (3.3.12) for \i’, .
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Appendix F Derivation of Equations (3.3.13) through (3.3.18) for a

Free Dirac Particle

The operator % is given by equation (3.3.11). We now show that it can

be written as equation (3.3.13). One has

FIxF=FHFX-TF XD = X -FILF Y] - | (F.0)

where F is given by equation (3.3.19). Using the commutators

LE"™ %1-= -i_’g cPET (F.2)
e x- the P g (F3)
L +'mc.‘)_\/t X1 = E%c,“ PE™ (Esme) > (=.3b)

we obtain

[F, )ﬁ] = -'L’f\{ PE'+cBa - Fc‘-E(E"(Eﬂ-mc‘\-\-\\ (F.4)
2 E(E+me)' RE(E+me)
Since
Fi—: E‘\"TYLCL"C,B?.‘.'E (F5)

(LE(E +maNY=

we can write

F+[F‘X]= -k &(E-Hmc}' cBx.PY(*PE” +C.B°_&,\ -P(E- (E+m€“) +ﬂ}
2E(E+mor)

=-ih [t°’3°‘ S8« PYP 4 ({2 P)a=-P) (F.6)
1E 2 EX(E +meY) ZE(E+mc)



113

Using the identity

(- PYa-P=2i5xP (=1

in equation (F.6) and substituting that equation and equation (3.3.11)
into equation (F.1), we obtain equation (3.3.13) for XK.

We now derive equation (3.3.14) for @'from equation (3.3.12). One has

FtoF= Ft(Fs-LF 8= 5-F'[F 5] (F.2)

and

LFel=_ & (ihe 2xP) (F.q)
(LE (E-\rmc}“‘“’

substitution of which into equation (F.8) yields

FTsF= 5- (Eme-use-f)gs (it c (= xP))
(LE(E+meN"™ J(ZE(E +mer)
= S-ihegaxP & h (x-P)(Pxad (F10)
2E 2E (E + )

On comparison with equation (E.14), we see that equation (3.3.14) follows.

Similarly, since

[FPl1=[F,J1=0 (Fa1

we obtain equationsv(3.3.15) and (3.3.16).

We now derive equation (3.3.17). One has

FUFT= F(FYH-TFY W) = H- FLFT H] (F.12)

and
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CFtHI=__. (emeeP-282PY) = o (mH-FE®) (FA3)
(LE(E+me)™ (LE(ExmeN

substitution of which into equation (F.12) yields

FHF = H- (E+8H (maH-8E?)
E(E +me)

=H + (-mcrEH + BE*(E+me) - HE?)
E (E+wce)

:ﬂE

where we have used

BH=-HAZ + 2L mc (=113}

Finally,

FYgF = H/AFtEFR)= H/E = 8 (F.18)
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”~

Appendix G Derivation of P, H., and S

® =

We use the method of Section 2.3 to determine _Pd . First, we define A(N)

by

A = FONA TN ' (1)

where A is some arbitrary operator. It follows that

Hhd Pov= HWI8 P YO
dan

=-vh PO He
H, (N

Using equation (3.5.11) for P(\), we find

4 2.0 = - HaOP
ax H, 0

Similarly,

th d HaN = B 18T
dh

=-the PON-P N

H, (N
which. we rewrite as
d H (N = -c¥e™ PL(N)-P
dA H, (N

Now, let

f%%‘ & Pe /H, (N N=P/P (&)



Then
d PN =-E H (AON
4%

and
4 Ho (N =-c Po(W-N
dg

These equations are like those for Lorentz boosts.

PN P + (coshB-0(P NYN - £ (smh) HL N

LA = o cosh® ~c (oo N) sinhE,
Since

H, ()= (P et M)
we have

d€ =  _dx

MEcd o) ™™
where x= PceX

and also 8,(0\= Q

Therefore,

E(N = —s-m\;‘( Pct”‘) . s;n\n“< &_3
Mgoe™ Myc?

Thus

£ (w)= Sln“d(Pc/rﬂoc)

116

(.3)

(&)

Thus a solution is

(¢.5)

(& &)

((CR))

(6. %)

(&-3)



117
so  sinh&@= Pc/M, "

and cosh&(e)=H, /M,

Therefore,

Ho= lim Ho(A) = (HoH, - P -PY/M, e (610

AN—bw

=P, 4 { aP.P H.,(} P (et
Heo+ Mo~ M

SO

o

of

=P, - &Hﬁ\?\“}g (61D
H°+M°&

By .the method of Section 2.3, we have

hd S.0=HNLB, 814N
dA

=_\ LV, vk POV x &, (N]
(HaA +mee)

where

V. (A= PO HN = cxe® PHMN



Let ‘S:P/P

and recall that

ci_g = e—)« PC
4 H, ()
Then
d 5. (N =_ ¢ LN % PL OO xS ON)
s (HL ) +m )

From equation (G.5), we see that

122

it
zlz
x [x
i
o0

_d_'q = C‘N)LE“\

48 (Hoem )

Then

A solution of this equation is

SL(AV= (cosp) Sy + (1= cosmXB- 8N - Coiny) (Rx©)

We have

dq= d€ < INxP_|
HocoshE-c P N sinh 8+ m >

—

118

(&.13)

(&%)
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This integrates to

VE to.vx-l<e£( Ho- ¢ (Pa-N)) + muc‘) - ta£‘< H«—c(P,‘-N)+m~c"> (&.15)
2 N Pl IN X P '

We leave the calculation at this point as it becomes more complicated than

useful.
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~

Appendix H Verification that Eu,.XNF, and é« are Internal Operators and

Derivation of the Commutation Relations (3.5.31)

We have shown that if

JZj[X\a)A] SU* existe (H.Y)

then

U_A,,‘i\h 0 _ (R

To check that equation (H.l) is satisfied for A=EQ,X¢-XA,§“ we compute

the commutators of‘&owith these operators.

[.X:h’ F;uo] = h Hy b, - O Cp pw ‘:‘_e_( ik (P.P.- pP P;J')\ -
Moc" P'\,,(\—\,*V\oc.") H, V\o(\—\‘,x\r Mnc"\
—L’G\ ‘ .. P(K) P;j) (H3§
Mo (e tee)
Thus, we have
. G + ) K L
Vi HOo TP RYHon = FIKD RV = inHa sy, (H.9)
-~ oD r"ocl

We have given H, explicitly (i.e. H, exists.) so A=P, satisfies condition

—_—

(H.2). Similarly,

(X7, 8.1 = im (8.0~ SIRDs,, v ih (§,-2-5."P) 55,

r'\g(\’\a.*m,f-"\ e MQ(H.*M‘C«"3
o) Y \
-ih €iva '5: p‘:m r_ih es\d&«) pe (W.5)

Mo (Har mae Mo H o Moer)
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Thus, we have

lim HOVXT 89 00 = X818 {< 8. P-B0R)s, -

-~ )
% SR (e
A—> oo r’\o(ﬂ«+m“€‘-§

g
We have given H_, P,, and S, explicitly ( gmis given in Appendix G.) so
A=S, satisfies condition (H.2).

Finally, we comsider A= X, K,.

ESASER P ERS S TR 9 I RAC S

()
+ terms which contain a factor of P (and hence

vanish under Y )

= HIEKE (X)) e THL (X )T K Y
[$3)

+ terms which contain a factor of P

From equations (2.8.20), (2.8.12), and (3.4.5),
[XY, (X Xg) T e MY {8 (XL VLX) e (T X
e (PR e BRI Y (HXE  H X

. . 133
+ terms which contain factors of P )

Since

) I3 -3
V'XJ = CL Pul.‘ Hu

we find

X2, 0K T = <t [ B O MBS Bhe (e Xe)]
o o [ A
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(4.7)

(1)
+ terms which contain a factor of P

Thus,

Jim BOOLX (KXY “TH =8 T O X)) - F

A =

Mt W,
(H.9)

We assume that X« exists so AF:X;'K satisfies equation (H.2).
4 A :
Therefore,
Y A Ky Gy 2 Gy oy

DX RY= DX, 8.7) = TN X = 0 (49

We now compute the commutators of Qo with the operators fl, §,, and(l;&)

3P ) s ik Haey PP eih Hoey o R®- ik (P, xPY ' pY (H.10)
Mo Moo Mo (H o M)
Therefore,
Lim BN T2 a0 = 1828, = they, 2" .(H.m
Similarly,

Ky

=4 w () &3 o
[:YOJ\\ S, l= ik H e:,uS:U -1k (9. xP) PY . ik (.S_“XE‘ P,

Mo Mo (Hoe Mo | Mo (H ot mac?)
R ejy S«rPa pe (HAD)
M (H s m)
Therefore,
lim. ﬁ(mii‘j‘, SEVH N = [T 8.9 = ihey,, S (H13)

Finally,



123
224Gy T3 Wi H, (K ) i H,
[:YQJ, (Xd’ Xﬁ\ } =37 R o ‘(Y\J Xﬂ\ } * (.:S J, (de X,s\ l M,
+ terms which contain a factor of P
We simplify the first term. From
N - Lrur_pra N ok -
[MOQ‘XG_XA]_ S [HQ—pC)X« Xﬁ]- 'Eﬁ: (V__d \l_/e)\'-\o
we obtain
[V, X hsd = b (VoY H,
M3t
so that
DH.(MeeY', (K- X)) -tk (VeeV)™ e (Ve VYT HY
Mc‘-‘ M:c"
- ;’\Ee- g(vﬁ' Vu\(m + (Va- V,ayK) (Pt’%M:c“)g
° MM
h (KY 2
= ™, (V,-VgY o P
Since this term contains a factor of.Pt; it vanishes under,ﬂ . Therefore,
(30 (X)) = thegey (Xu-Xo)™ Hy (MY
+ terms containing factors of P(“ (H.\4
S0
~ s « POTNIPS ~ ()
i )8(1\\{3;4’, (Xu"X,g\‘ ‘}ﬁT(X\ = [Jo 0\, X.,,;:V_\ = th €5kx X«ﬁ (H.15)
A—>D

The commutation relations (3.5.31) follow at once from equations (H.1ll),

(4.13), and (H.15).
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Appendix I The Galilean Group

The Galilean gfoup consists of the transformations (2.1.2), (2.1.3),

(2.1.4), and the Galilean boosts:

(x,t)—» (x’,t") = (x +vt,t) (T.0

The unitary operator corresponding to a Galilean boost along the j-axis

of speed v will be written as

i . [(¥})
G‘J’(-U.S = e_'- K& ‘b’/h (Iz,)

3
where K; is the generator of the boost. Using the methods of Section 2.2,

one finds that the ten generators of the Galilean group.obey the following

set of commutation relations.
[¥%} (KY G)
(-ps )PG 1=0 Lp@>He]=°

L35 Ptk e, P (39 W )=0 L3 7.9 = they, T

4

Lk PV emthme sy, DK HI=-hR” RS T00) ke K Ik X0

L1138 B
3K,511 3 (1.3)

where m, is a parameter characterizing the system (which cannot be
eliminated using the Jacobi identity as in Section 2.2) and where we have
appendéd a subscript & to the generators of the transformations (2.1.2),
(2.1.3), and (2.1.4) as a reminder that we now consider the Galilean group.
The only Galilean group commutation relations which differ in form from
‘those for the Poincaré group are, not surprisingly, the first and last ones
in the last line of equations (I.3). (In the Poincaré€ case, these
commutators contain factors of ‘Ye*.)

We now introduce the centre of mass position operator X@ and the total
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2

internal angular momentum J, by requiring that

et

J :X"KEG.\. o . (T.@)

Then the commutation relations (I.3) foilow when

Ke=-m. K, _ ‘ (15)
providing that

X2 %51 = 0 XS P ths,, X2 W= th P/m,

(59557 e 10 8.9 AT 132 0 132 K- .0

RIS ST A

Equations (I.4) and (I.5) may be solved immediately for XG and ja to yield
XG= -n!\—(-, \ﬁ-(r (Iﬂ

T =T + s K ox P, (1.9

which equations are the definitions of Xm.and J. in terms of the generators

of the Galilean group. It also.follows that
[T&LD’ Xc,m] = ih €ikg X:,m
AP Sl

o~ l\\
Y.Sc:," uc\’l -\Kn (

35 ':‘__ L3

(K3 =0 (1.9

A system is said to be Galilean invariant if one can construct operators
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satisfying equations (I.3) in terms of the fundamental dynamical variables

of the system. For a system of M particles of masses Mm,,...,Mm, and spins
S,...,5n with fundamental dynamical variables the Cartesian coordinates,
XU...,X“, momenta,fu...,fn, and spins,§.“..,§m satisfying fundamental

commutation relations (3.4.1), the commutation relations (I.3) are satis-

\

fied when

E<,=ia‘ P. (1.10)
3= fz (XoxP .+ 8D | (1A
5G:~§m,)_(_-“ (1.
He= 20 P /am, + Ve (1.

provided the operator V; satisfies

(e Vel LXe v 1=03, Vel=0 | (T

The operator V. is called the potential of the system and specifies the

interactions in the system, Also, from

gy Ky
LR P = —thm, 55,

we have that

m, = i my (115

The centre of mass position jgeand the total internal angular momentum ;L

can be written explicitly in terms of the fundamental dynamical variables

of the system. In particular, it follows from equations (I.7) and (I.15)
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that

L (T.16)
= _

To complete the problem, one must find rotationally invariant "internal

a~r

" for the system, operators commuting with P_, K., and J,. This

variables

can be done at length using the method of Section 3.5. Thus, one defines

the unitary operator

. . /
Yo(ne geBME (117)
where
Bo=-z (X, P+ P X)) (1.19)

(This is precisely the Gartenhaus-Schwartz transformation.P0 It follows

that
NP, ,chf()\\ = e P, | (1.19)
FoNK, HIN=e Mo (1.20
so that if [P, Al=o0 © (T2
and if lim_ Ho N TR AVHL()  exists (1.22)
then (P, Al-0%, Al . (T.23)
where

Az Jim H VA HS - (T.2%)
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Conditions .(I.21) and (I.22) are satisfied by the operators EL,X;EXg-l&,

X%EEQ-Xﬂ, S.. Proceeding as in Section 3.5, one finds that

o «” Mg ~ e (I.29)

A A A (1.2
2
)_Suﬂ: la')ﬁ,e: Aqﬁ (T.27
gu = 9, ‘ (1.2.8)
The above operators do indeed . commute with.EG and XG. Moreover,
[S_sz\, qu] - 'L‘K GJKQ ’Q‘m
=y Oooa A,
\:3’;,.3’ X 1% ejan« ,
2o ooy 3w
YJC—, , Xuﬁ ) - \.t\ G'JK& X-ﬂ
1307 8.7 = ik 5 S (1.2.9)

Rotationally invariant internal variables (operators commuting also withfﬁ)

may thus be found by taking scalar products of E , z,, X,p, and \_S,.

Finally, the internal angular momentum J, may be written as

Ltha « (130

The Galilean case is clearly simpler than the Poincare case. This is
due to the fact that the Galilean boost (I;l) does not involve a change in

the time coordinate whereas the. Lorentz boost (2.1.5) does. This leads to

-less coupling in the commutation relations (I.3) for the generators of the
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Galilean group than in the commutation»relations (2.2.15) for the Poincaré
generators. The Galilean. generators (I.10)-(I.13) for the particle
system are correspondingly less complicated than. the Poincaré generators
(3.5.1)-(3.5.4), as are the centre of mass position, internal angular
momentum, and the internal variables. 1In both cases, the interactions in
the system are specified by a single operator. 1In the Galileanvcase only
the Hamiltonian is changed by the interaction, whereas, in the Poincaré
case, both the Hamiltonian and the generator of Lorentz boosts are altered
by an interaction.

One can also arrive at the above particle results for the Galilean
case by taking the limit ¢—s of the appropriate equations for the

Poincaré case. Thus, one has

LET”F4°= me | (?.30
\c;_"n‘\ﬁoz Ke (1.32)
\;'I'LX = XK. f (1.33)
lim B, - 2. (1.3
\C;_Tm\g = K, (1.35)
if Eﬁ%r4 exists
Moreover, if
lim V= V. ' (T.36)

C —»ao

then
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lim W= H, _ ' (137

C—» 00

where we have omitted the (infinite) term m,& on the right hand side of

the above equation.



