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ABSTRACT 

T h i s d i s s e r t a t i o n a p p l i e s p o l i c y improvement and suc­

c e s s i v e approximation or value i t e r a t i o n to a gen e r a l c l a s s o f 

Markov d e c i s i o n processes with d i s c o u n t e d c o s t s . In p a r t i c u l a r , 

a c l a s s o f Markov d e c i s i o n p r o c e s s e s , c a l l e d p i e c e w i s e - l i n e a r , 

i s s t u d i e d . P i e c e w i s e - l i n e a r processes are c h a r a c t e r i z e d by 

the p r o p e r t y t h a t the value f u n c t i o n o f a process observed f o r 

one p e r i o d and then terminated i s p i e c e w i s e - l i n e a r i f the 

t e r m i n a l reward f u n c t i o n i s p i e c e w i s e - l i n e a r . P a r t i a l l y 

o b servable Markov d e c i s i o n processes have t h i s p r o p e r t y . 

I t i s shown t h a t there are e-optimal p i e c e w i s e - l i n e a r 

value f u n c t i o n s and p i e c e w i s e - c o n s t a n t p o l i c i e s which are 

simple. Simple means t h a t there are o n l y f i n i t e l y many p i e c e s , 

each of which i s d e f i n e d on a convex p o l y h e d r a l s e t . Algorithms 

based on p o l i c y improvement and s u c c e s s i v e approximation are' 

developed to compute simple approximations to an op t i m a l 

p o l i c y and the op t i m a l value f u n c t i o n . 
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Chapter I 

INTRODUCTION 

The combined t h e o r i e s of dynamic programming and Markov 

d e c i s i o n processes have been a p p l i e d to many areas i n c l u d i n g 

i n v e n t o r y , queuing, and machine maintenance problems. 

T h i s t h e s i s develops a theory f o r a ge n e r a l c l a s s of 

dynamic programming models as w e l l as algori t h m s which y i e l d 

p o l i c i e s t h a t are both "simple" and e - o p t i m a l . The approach 

taken i s to c o n s i d e r a dynamic programming problem f o r an a r b i ­

t r a r y s t a t e Markov d e c i s i o n processes over an i n f i n i t e h o r i z o n . 

A t p r e s e n t there are no computational a l g o r i t h m s f o r models i n 

which the s t a t e space i s a continuum. However, al g o r i t h m s f o r 

some p a r t i a l l y observable Markov models and f i n i t e (at most 

countable) s t a t e Markov d e c i s i o n processes have been developed. 

The f o r m u l a t i o n o f our general model i s motivated by c o n s i ­

d e r a t i o n of the s p e c i a l s t r u c t u r e which the p a r t i a l l y o bservable 

models possess. 

The p a r t i a l l y o b s e rvable Markov process, i n t r o d u c e d by 

Dynkin [17], c o n s i s t s of two s t o c h a s t i c processes, the core 

process ( Z n , n = 1,2,...}, which cannot d i r e c t l y be observed, 

and the s i g n a l process {S n, n = 1,2,...} which becomes known a t 

each d e c i s i o n epoch n = 1,2,... . The core process i s a Markov 

c h a i n and the s i g n a l process i s p r o b a b i l i s t i c a l l y r e l a t e d to 

the core process by the c o n d i t i o n a l p r o b a b i l i t y Y- F L °f o b s e r v i n g 
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a s i g n a l 0 given t h a t the core process i s i n s t a t e i . Dynkin 

shows t h a t the s t a t e occupancy p r o b a b i l i t y r e p r e s e n t s a s u f f i ­

c i e n t s t a t i s t i c f o r the complete p a s t h i s t o r y . Astrom [3] a l s o 

c o n s i d e r e d a s i m i l a r model wi t h f i n i t e s t a t e s and f i n i t e a c t i o n s 

over'a f i n i t e h o r i z o n , u s i n g the method of s u c c e s s i v e a p p r o x i ­

mation to f i n d e-optimal c o s t v e c t o r s , however, i t i s onl y 

a p p l i c a b l e to problems i n two dimensions. Smallwood and Sohdik 

[60] have independently obtained s i m i l a r r e s u l t s . L a t e r , Sondik 

[61] extended t h i s model to the i n f i n i t e - h o r i z o n and i n t r o d u c e d 

the c l a s s of f i n i t e l y t r a n s i e n t p o l i c i e s . The c o s t f u n c t i o n s 

of these p o l i c i e s which are used to approximate the c o s t f u n c ­

t i o n s of a r b i t r a r y s t a t i o n a r y , p o l i c i e s are piecewise l i n e a r w i t h 

r e s p e c t to the s u f f i c i e n t s t a t i s t i c . White [67] has c o n s i d e r e d 

a p a r t i a l l y o bservable semi-Markov process with a f i n i t e 

h o r i z o n where the c o n t r o l l e r knows the times o f the core process 

t r a n s i t i o n . A o k i [1] a l s o s t u d i e s the p a r t i a l l y observable 

c o n t r o l problem with f i n i t e s t a t e s , f i n i t e a c t i o n s e t s and 

f i n i t e h o r i z o n , but does not i n c l u d e an o p e r a t i o n a l a l g o r i t h m . 

Since i n p a r t i a l l y o bservable models wi t h f i n i t e s t a t e 

space the s t a t e s o f dynamic programming are p r o b a b i l i t y v e c t o r s 

i n R N (the N-dimensional r e a l space), i t f o l l o w s a f t e r some 

m o d i f i c a t i o n t h a t i f the s t a t e space (complete separable m e t r i c 

space) of our model i s r e p l a c e d by R N, the model then immediately 

i s reduced to a p a r t i a l l y observable Markov d e c i s i o n model. 

The s t a t e space o f the system w i l l l a t e r be assumed to be a 
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non-empty bounded subset of a separable complete m e t r i c space 

X so as to ensure t h a t t h i s t h e s i s i n c l u d e s p a r t i a l l y o b s e rvable 

Markov processes as a s p e c i a l case. 

In t h i s t h e s i s the concepts of simple p a r t i t i o n s , simple 

p o l i c i e s and piecewise l i n e a r f u n c t i o n a l s on the a r b i t r a r y 

s t a t e space are i n t r o d u c e d to e s t a b l i s h an a l g o r i t h m f o r d e t e r ­

mining an "e-optimal simple s t a t i o n a r y p o l i c y " . The i d e a i s 

based on the " l i n e a r i t y " of p a r t i a l l y o bservable Markov processes. 

In a d d i t i o n to these three concepts, assumptions on the immediate 

c o s t s and on the c o n t r a c t i o n o p e r a t o r s U are i n t r o d u c e d . Two 
a 

a l g o r i t h m s are d i s c u s s e d . The f i r s t of these i s the method of 

s u c c e s s i v e approximation which i s used f o r approximating the 

o p t i m a l c o s t V* and f o r f i n d i n g p o l i c i e s whose c o s t f u n c t i o n s 

approximate V*. The second i s based on the method of p o l i c y 

improvement. 

In Chapter II a f o r m u l a t i o n of a dynamic programming 

problem w i t h an a b s t r a c t s t a t e space and f i n i t e a c t i o n space 

w i l l be c o n s i d e r e d . Chapter I I I i s a study of o p e r a t o r s used 

i n the a l g o r i t h m s . In Chapter IV the methods of s u c c e s s i v e 

approximation and o f p o l i c y improvement w i l l be s t u d i e d . 

Chapter V e x p l i c i t l y develops the a l g o r i t h m s f o r the two methods 

i n a more concrete s e t t i n g . 
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C h a p t e r I I 

MODEL FORMULATION AND ASSUMPTIONS 

I n t h i s c h a p t e r we s h a l l f o r m u l a t e an o p t i m a l c o n t r o l 

p r o b l e m w i t h d i s c o u n t e d c o s t s and w i t h c o m p l e t e o b s e r v a t i o n 

o v e r an i n f i n i t e h o r i z o n u n d e r t h e s e t t i n g o f B l a c k w e l l [7]. 

A l s o , we i n t r o d u c e some d e f i n i t i o n s and a s s u m p t i o n s . A Markov  

d e c i s i o n p r o c e s s i s s p e c i f i e d by t h e f o l l o w i n g f o u r o b j e c t s : 

( i ) t h e s t a t e s p a c e i s a non-empty B o r e l s u b s e t o f a 

s e p a r a b l e Banach s p a c e X; 

( i i ) t h e a c t i o n s e t A i s f i n i t e and a i s an e l e m e n t o f A; 

( i i i ) f o r e a c h p a i r (x,a) e fl x A, q ( * | x , a ) i s t h e one s t e p 

t r a n s i t i o n p r o b a b i l i t y o f t h e ^ s y s t e m on t h e B o r e l 

s u b s e t s o f fl; 

( i v ) t h e i m m e d i a t e c o s t c ( x , a ) i s a bounded B o r e l measur­

a b l e f u n c t i o n on fl x A. 

When t h e s y s t e m i s i n s t a t e x and a c t i o n a i s c h o s e n , 

t h e n we i n c u r a c o s t c ( x , a ) . We d e f i n e a p o l i c y t o be a 

s e q u e n c e i& r n = 1,2,...}, where <$n t e l l s us what a c t i o n t o 

c h o o s e a t t h e n - t h p e r i o d as a B o r e l m e a s u r a b l e f u n c t i o n o f t h e 

h i s t o r y H = ( x ^ , , . . . , x n ) o f t h e s y s t e m up t o p e r i o d n. . L e t 

A be a f a m i l y o f p o l i c i e s . A p o l i c y 6 = (6,6,...) w h i c h i s 

i n d e p e n d e n t o f t i m e n i s c a l l e d s t a t i o n a r y . Our e x p e c t e d 

d i s c o u n t e d t o t a l c o s t V (x) a t an i n i t i a l s t a t e x u n d e r a 
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p o l i c y 6 i s w r i t t e n as 

00 
(11.1) V 6 ( x ) = E{ I 6 n _ 1 c ( X 6 (X ))|X = x} 

n=l 

where n = 1,2,...} i s a Markov c h a i n w i t h p r o b a b i l i t y 

t r a n s i t i o n f u n c t i o n q(*|x, 6 (x)) . The d i s c o u n t f a c t o r i s 

denoted by 3 and 0' <_ 6 < 1. The f u n c t i o n V i s c a l l e d the c o s t 

o f p o l i c y 6. 

Define the optimal c o s t f u n c t i o n V* by 

(11.2) V*(x) = i n f V (x) f o r a l l x e SI. 
6eA 

Then, the f o l l o w i n g i s t r u e (see B l a c k w e l l [ 7 ] ) . 

Theorem I I . 1 . There e x i s t s an o p t i m a l s t a t i o n a r y p o l i c y 6* with 
6* 

V = V*. A l s o , V* s a t i s f i e s 

(11.3) V*(x) = min{c(x,a) + 3/ f iV*(x 1)q(dx•|x,a)} f o r a l l x e f t . 
aeA 

An e-optimal' c o s t f u n c t i o n V i s one s a t i s f y i n g 

(11.4) i v * - Vll = sup|V*(x) - V(x) | < e. 
xefi 

A p o l i c y 6 such t h a t V = V . s a t i s f y i n g ( I I . 4) i s an e-optimal p o l i c y . 

L e t B(ft) be the s e t of a l l bounded B o r e l measurable f u n c t i o n s on 

ft with the sup norm II • II as above. Then, B (Q) i s a Banach space 
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(see L u s t e r n i k and Sobolev [38, p. 18]). 

For f i n d i n g an e-optimal p o l i c y and i t s c o s t f u n c t i o n we 

d e f i n e simple p a r t i t i o n s , simple p o l i c i e s and piecewise (abbre­

v i a t e d , h e r e a f t e r , by p.w.) l i n e a r f u n c t i o n s . 

D e f i n i t i o n I I . 1. A p a r t i t i o n ^ ^ ^ = 1 of fl c X i s c a l l e d simple 

i f each i s a convex p o l y h e d r a l s e t , where a convex p o l y h e d r a l 

s e t i s the s o l u t i o n s e t of a f i n i t e system of l i n e a r i n e q u a l i t i e s , 

i . e . , 

E. = (x e fl: l..(x) < (or <)d., j = 1,2,...,n.}, l i j ~ J l 

i = 1,2,...,m, 

where each I. . d e f i n e d on X i s a l i n e a r f u n c t i o n a l and d. i s a iD 3 

r e a l number. Note t h a t we always take l i n e a r f u n c t i o n a l to be 

bounded. 

Examples. 

(1) L e t E^ = fl. Take any l i n e a r f u n c t i o n a l on X and a r e a l 
2 2 2 

number d^. Then E = (E^, E 2} i s a simple p a r t i t i o n where 

E^ ='{x e A: 5,-L(x) < d x> and E^ = (x e fl: I (x) > . 
Furthermore, take another l i n e a r f u n c t i o n a l &2 ^ and a 

3 3 3 3 3 r e a l number ^ d^. Then, E = (E-^, E^, E^, E^} i s a 
simple p a r t i t i o n where E^ = (x e fl: (x) <d^, &2 (x) <d^}, 

E 2 = (x e fl: A 1(x)- < fl^ (x) > d 2}, E^ = {x e fl: 

£ 1(x) > d1, ^ 2(x) < d 2> and E^ = {x e fl: A (x) >_dx, 
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&2 (x) .̂ ^2^' a n <^ s o o n " 
(2) Let ft = R N (the N-dimensional r e a l space). In d e f i n i t i o n 

N 
II.1, l e t I. •(x) = %. -x where I.- e R and I. .x i s the ID iD iD ID 
inn e r product o f SL^ and x. Then { E ^ } i s a simple p a r t i -

t i o n i n R . 

Lemma II.1. L e t ? 1 = (E^} and ? 2 = {F..} be two simple p a r t i t i o n s 

of ft. Then, the product p a r t i t i o n P^ • P^ = { E ^ n Fj} i s again 

simple. 

Proof: Here we omit E . n F . i f E . n F . = <J>. The s e t s E . R F. 
1 D 1 D i D 

are d i s j o i n t and are convex p o l y h e d r a l s e t s . Hence P^ • P^ i s 

simple. 

D e f i n i t i o n II.2. A s t a t i o n a r y p o l i c y 5 i s simple with r e s p e c t 

to a simple p a r t i t i o n ( E ^ ; i •'..= l,2,...,m} i f 6 (x) = a^ f o r a l l 

x e E ^ , i = 1,2,...,m. 

D e f i n i t i o n I I . 3 . A v e c t o r valued f u n c t i o n V on ft c X i s c a l l e d 

p.w. l i n e a r i f there e x i s t s a simple p a r t i t i o n { E ^ } of ft such 

t h a t V(x) = (x) f o r a l l x e E ^ , i = l,2,...,m, and each 

i s the r e s t r i c t i o n to E . of a l i n e a r f u n c t i o n on X. 
l 

'.Given a p o l i c y 6, d e f i n e the operator Ug from B(ft) i n t o 

B(ft) by 

(II.5) (U 6V) (x) = c(x,<5(x)) + 3/ f iV(x' )q(dx' |x,6 (x) ) . 
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I f 5(x) = a f o r each x e fl, then we w r i t e U = U-. 
a o 

Define the operator U A from B(fl) i n t o B(fl) by 

(II.6) (U*V)(x) = min (U V)(x) f o r V e B ( f l ) . a a 

Although V* i s not n e c e s s a r i l y p.w. l i n e a r and 6* i s not 

n e c e s s a r i l y simple, we w i l l show f o r a c l a s s of Markov d e c i s i o n 

processes having the s t r u c t u r e d e s c r i b e d i n the f o l l o w i n g 

assumption t h a t there are e-optimal c o s t f u n c t i o n s and simple 

p o l i c i e s . 

Assumption I ( A . I . ) . (U V)(x) i s p.w. l i n e a r on fl f o r each a, 
a ~ 

p r o v i d e d t h a t V i s p.w. l i n e a r on fl. 

Examples. 
N N Model 1. L e t X = R and fl be a convex p o l y h e d r a l s e t i n R such 

t h a t q(*|x,a) i s a p r o b a b i l i t y measure on fl f o r each (x,a) e f l xA. 
The f o l l o w i n g two assumptions (A,II) and ( A . I l l ) imply ( A . I ) . 

Assumption I I ( A . I I . ) . For each a e A, the immediate c o s t 

f u n c t i o n c(«,a) i s the r e s t r i c t i o n to fl of a l i n e a r f u n c t i o n a l 

on X. Hence f o r each a, t h e r e i s a v e c t o r c such t h a t 

c(x,a) = c a • x f o r x e fl. 

Assumption ITT ( A . I I I . ) . For each convex p o l y h e d r a l s e t B c fl 

and each a c t i o n a s A, 
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q a(B,x) = / Bx'q(dx'|x,a) 

i s p.w. l i n e a r i n x w i t h r e s p e c t to a simple p a r t i t i o n 

PNB) = (E.(a,B), j = l,2,...,nr }. 
j a, a 

We w i l l show i n Model 2 t h a t p a r t i a l l y o b s e rvable Markov 

processes are a s p e c i a l case of Model 1. 

We next check t h a t (A.I.) i s s a t i s f i e d . L e t a e A be 

a r b i t r a r y but f i x e d and suppose t h a t V i s p.w. l i n e a r with 

r e s p e c t to a simple p a r t i t i o n {E., i = l,2,...,m}. Let 
a m a ^a P = II P (E!) = {E.; j = l , 2 , . . . , r } , the product p a r t i t i o n , 

i = l 1 3 

which i s again simple from Lemma I I . 1 . 

(U_V) (x) = c a • x + B/jjVfx' )q(dx' |x,a) 

m 
- c a • x + 8 I L V x'q(dx'|x,a) 

1=1 E i 1 

m 
= c a • x + 3 I V i q a ( E i , x ) 

i = l 

m • 
= [ c a + 3 7 V . X a ] x • f o r x e E a 

i = l 1 1 3 

3. 3. 
where ^ ± ^ ' x = q (E^^jx) f o r x e E^(a,E i) and the index I depends 
on i f o r each a e A. U V i s : l i n e a r on each E.. Hence U V i s 

a j a 

p.w. l i n e a r with r e s p e c t to the simple p a r t i t i o n P a = {E a, 

j = l , 2 , . . . , r } , which s a t i s f i e s ( A . I . ) . T h i s model 1 i s r e a l l y 

the b a s i c model s t u d i e d i n the theory. 
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Model 2. A p a r t i a l l y observable Markov D e c i s i o n Process (Dynkin 

[17], Smallwood and Sondik [60]). 

Consider a Markov d e c i s i o n process ( c a l l e d the core 

process) w i t h s t a t e space {l,2,...,N}, with a c t i o n s e t A, w i t h 

p r o b a b i l i t y t r a n s i t i o n m a t r i c e s ( P a , a e A}, and with immediate 

c o s t v e c t o r s {h , a e A}. L e t Z n be the s t a t e a t the n-th 

t r a n s i t i o n . Assume t h a t the process n = 0,1,2,...} cannot 

be observed, but a t each t r a n s i t i o n a s i g n a l i s t r a n s m i t t e d to 

to the d e c i s i o n maker. The s e t of p o s s i b l e s i g n a l s (5) i s 

assumed to be f i n i t e . For each n, g i v e n t h a t Z = j and t h a t 

a c t i o n a i s to be implemented, the s i g n a l 9 n i s independent of 

the h i s t o r y of the s i g n a l s and a c t i o n s {Q^.a^, -^a^, • • • / 9
n - ] _ ' a

n - l ^ 

p r i o r t o the n-th t r a n s i t i o n and has c o n d i t i o n a l p r o b a b i l i t y 

denoted by y a
Q= P [ 0 = 6IZ = j , a ] . 

3
 N

 n . n N 
L e t X = R and ft = {x = (x n , x„, . . . , x.T) : J x. = 1, x. > 0, 

1 2 N l l — 
V i } . Define the i - t h component of X n to be 

P [ Z n = i | BQ,aQ,Qlt . . . ̂ n - x ^ n - ] / 9 ^ ' 1 = 1,2,...,N. 

I t can be shown (see Dynkin [17]) t h a t 

P[Z ^ j , = j I 9. f a r t f 6 . , . . . , 0 ,a ,0 ,,]=P[Z ,, = j | 0 ^,an,X ]. n+1 J l 0 0 1 n n n+1 n+1 J 1 n+1 n n 

Thus X n r e p r e s e n t s a s u f f i c i e n t s t a t i s t i c f o r the complete pa s t 

h i s t o r y {9_,a A,...,a n , 0 }. I t f o l l o w s t h a t {x : n = 0,1,2,...} 
J 0 0 n-1 n n 

i s a Markov d e c i s i o n process (see Sondik [61]), c a l l e d the 



- 11 -

observed process. I t s immediate c o s t i s c(x,a) = h" • x. I t s 

a c t i o n s e t i s A. I t s p r o b a b i l i t y t r a n s i t i o n f u n c t i o n i s d e t e r ­

mined by the f o l l o w i n g c a l c u l a t i o n . For each measurable subset 

B £ fl, x e fl, and a e A, 

q(B|x,a) = P [ X n + 1 e B | X n = x, a n = a] 

= TP[x E B | e = e , x = x, a = a] • P[9 = e f x 
g n+1 n+1 n n n+1 1 n 

= x, a n = a] 

= IP[X ^ T E B I B , -i = G , X =x, a =a] • £P[6 = 
k n+1 1 n+1 n n k L n+1 
9 3 

0 l Z n + l = ^ X n = X ' a ] , P [ Z n + l = j ' X n = X ' a n = a ] 

= I P t X n + l £ B | 9 n + 1 = 0, X n = x, a n = a] • h ^ P = 

j I Z = i , X = x, a =a]P[Z = il.X = x, a = a] J l n ' n ' n L n 1 n n 

= IP[X n + 1eB|e n + 1 = e , X n = x, a n = a ] l Y a
e [ p a

j x i 

= I P [ X n + 1 B B | 6 n + 1 = e , X n = x, a n = a ] l P a ( 9 ) x 
fc) 

where 1 = (1,1,...,1) and P a(9) 

T(x|9,a) by 

= [ P a . Y ^ n ] . Define the v e c t o r 
1 3 1)9 
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T(x|6,a) = 
i p a ( e ) X 

Note t h a t T(X |6 ra) = X , and t h a t n 1 n+1 

P [ X n + l £ B | 0 n + l = 6 ' X n = X ' a ] = 

1 i f T(x|9,a) e B 

[o i f T(x|6,a) M 

(See Sondik [61]). So, 

q(B|x,a) = I 1 P a ( 6 ) ; 
0 e$ a(B,x) 

where $ a(B,x) ='{0: T ( x J 0 , a ) £ B ) . 

F i n a l l y , we show t h a t the observed process ^X^} i s a 

s p e c i a l case of Model 1; i . e . , q a(B,x) = / x*q(dx'|x,a) i s 

p.w. l i n e a r i n x f o r each convex p o l y h e d r a l s e t B c ft and 

a c t i o n a e A. Using the p r e v i o u s l y computed q(B|x,a) we have 

q a(B,x) = / Bx'q(dx'|x,a) 

= I T[x| 9,a] 1 P a ( 0 ) 
0e<J>a (B,x) 

x 

0e$ a(B,x) l P a ( 9 ) x 
P a (0) x_ ^ p a ( 0 ) x 

= I a P a ( 0 ) x . 
0 e $ a ( B , x ) 
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Thus i t i s s u f f i c i e n t to v e r i f y t h a t the s e t v a l u e d f u n c t i o n 

$ a ( B , « ) : fl -* 2 ̂  i s p.w. constant on fl where 2 ^ i s the power 

s e t of ( H ) . To do t h i s we need the f o l l o w i n g lemma. 

Lemma II.2. For each s i g n a l 6, a c t i o n a, and s e t B £ fl, d e f i n e 

E ? ' a = (x e fl: T(x|e,a) eB>. 

Then f o r any subset of s i g n a l s ty £ (H) , we have 

$ a(B,x) = ty i f and o n l y i f x e n E ^ ' a n n (E®'a)°. 
Qety Qety° B 

Proof. Note t h a t E g ' a = (x: 6 e $ a(B,x)}. Thus i f x e E g ' a 

f o r 6 £ ty, then 8 e <£>a(B,x). Consequently, ty £ $ a ( B , x ) . On the 

other hand, i f x e ( E g ' a ) c f o r 0 e ty°, then 6 $ $ a ( B , x ) . Conse­

que n t l y , ty° £ ( $ a ( B , x ) ) C . I t f o l l o w s t h a t ty = <f>a(B,x). 

Conversely, suppose t h a t $ (B,x) = ty. Then x e Eq' f o r 
B 3. c c 

each 9 e if; and x e (Eg'")^ f o r each 9 £ ty , which completes the 

p r o o f . 
a a 

L e t E D (̂ ) = {x: $ (B, x) = ip}. The above lemma g i v e s an 
a a 

e x p l i c i t r e p r e s e n t a t i o n of E D(ifO and q (B,x) i s p.w. l i n e a r 
a (5) 

w i t h r e s p e c t to the p a r t i t i o n {E_ ( t y ) : ty e 2 ^ } where i t i s 

assumed t h a t q a(B,x) = 0 i f E a(ijj) = ty' (empty) f o r a l l ty. Although 
B 

t h i s p a r t i t i o n i s not simple, i t can e a s i l y be r e f i n e d to a 

simple p a r t i t i o n as i n the next paragraph. 
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Suppose t h a t B £ ft i s a convex p o l y h e d r a l s e t . Since f o r 

x -:e ft = (x: £x^ = 1, x. > 0 ¥i) an i n e q u a l i t y &x <_ b can be 

r e w r i t t e n as &x - b = {I - b l ) x <_ 0, we can without l o s s of 

g e n e r a l i t y assume t h a t B has the r e p r e s e n t a t i o n 

B = (x £ ft : Kx < 0, Lx < 0} 

T 

f o r some mat r i c e s K and L where 0^= (0,0,...,0) . With t h i s 

r e p r e s e n t a t i o n of B, 

E ? ' a = (x e ft: T(x|9,a) eB> 

l P a ( 6 ) x l P d ( 6 ) x 

= {x e ft: KP a(0)x < 0, L P a ( 0 ) x < 0} 

= (x e ft: K a ( 0 ) x < 0, L a ( 0 ) x < 0} 

where K a(0) = KP a(0) and L a ( 0 ) = L P a ( 0 ) . So each E g ' a i s a 
D a p 

convex p o l y h e d r a l s e t . Each ( E Q ' ) can be r e p r e s e n t e d as a 

union of d i s j o i n t convex p o l y h e d r a l s e t s . I t f o l l o w s t h a t 

E a(ijj) i s a union of d i s j o i n t p o l y h e d r a l s e t s , say 
E a ( i H = u {E. (ty) } , Thus q a(B,x) i s p.w. l i n e a r with r e s p e c t 

j = 1 3 - (ii) to the simple p a r t i t i o n {E_. (ty) : j = l , 2 , . . . , n ^ , e 2 ^ } . 
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Model 3. Information a c q u i s i t i o n i n p a r t i a l l y observable models. 

Consider a p a r t i a l l y o bservable Markov c h a i n i n model 2. 

Define an i n f o r m a t i o n s t r u c t u r e as a mapping from the s e t of 

s t a t e s (unobservable) o f the core process to the s e t o f d i s t i n c ­

t i v e s i g n a l s 9. The d e c i s i o n maker chooses an i n f o r m a t i o n 

s t r u c t u r e from the s e t o f a v a i l a b l e s t r u c t u r e s and decides upon 

an a c t i o n f o r the system. 

L e t a = (a^, a^) be the p a i r of a c t i o n s , a^ f o r the 

system c o n t r o l and a 2 f o r i n f o r m a t i o n a c q u i s i t i o n . More p r e c i s e l y , 

we have 

P a . (9) = p a+ P a2 
I D v i j 39 

and 

N N a ® a o 

(II.7) c(x,a) = I x I P ^ I ' y . ^ h ( i , j , 9 , a n , a ) 
i = l x j = l 1^6=1 J 0 1 2 

where h ( i , j , 9 , a ^ , ) i s the immediate c o s t of the core process 

when a s t a t e of the core process moves from i to j and a s i g n a l 9 

observed under a c t i o n s a^ f o r the system and a 2 f o r the i n f o r ­

mation s t r u c t u r e , and x = (x^,...,x N) i s the p r o b a b i l i t y v e c t o r 

w i t h an i n t e r p r e t a t i o n t h a t x^ i s the p r o b a b i l i t y t h a t the 

core process i s i n s t a t e i . Note t h a t c(x,a) i s l i n e a r i n x. 

Consider a machine maintenance and r e p a i r model (e.g., 

Smallwood and Sondik [60]) as an a p p l i c a t i o n of p a r t i a l l y 

o bservable models. But t h i s model i s a m o d i f i c a t i o n of Smallwood 
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S o n d i k 1 s . The machine c o n s i s t s o f two i n t e r n a l components. 

The s t a t e s o f the core process = i , i = 1,2,3, have the 

f o l l o w i n g i n t e r p r e t a t i o n . I f i = 1, then both components are 

broken down, i f i = 2 e i t h e r one i s broken down and i f i = 3 

both o f them are working. Assume t h a t the machine produces 

M f i n i s h e d products a t each p e r i o d and the machine cannot be 

i n s p e c t e d . The a c t i o n s a"*" f o r the machine c o n t r o l are to 
2 

r e p a i r and not to r e p a i r the machine. The a c t i o n s a f o r 

i n f o r m a t i o n a c q u i s i t i o n are the numbers of a sample to choose 

out o f the M f i n i s h e d p r o d u c t s . The s i g n a l s 9 are the number 

of d e f e c t i v e products i n the sample, which forms the s i g n a l 

process ( 9 n , n = 1,2,...}. The core process (Z^, n = 1,2,...} 

i s the unknown s t a t e s o f the components of the machine. L e t 

= P{Z n = i } , i = 1,2,3 and put x = (x^,x^,x^)• Then, the 

process { ( z
n ' 9

n ) ' n = 1,2,...} becomes a p a r t i a l l y observable 
1 2 

machine maintenance and r e p a i r model wi t h a c t i o n s a = (a ,a ) 

and immediate c o s t c(x,a) d e f i n e d by ( I I . 7 ) . 

Model 4. A p a r t i a l l y o bservable semi-Markov model (White [67]). 

L e t {Z^_, t > 0} be a semi-Markov c h a i n w i t h the f i n i t e 

s e t o f s t a t e s and l e t t be the time the t r a n s i t i o n o c c u r r e d . 
n 

L e t x = t .- t , , n = l , 2 , . . . , wi t h tn = 0. Then n n n-1' 0 
{(Z^ ,T ), n = 1,2,...} i s a Markov c h a i n (Ross [54]). L e t t n n 
Y = (Z^ ,T ) denote the p a r t i a l l y observable c o r e - p r o c e s s , n t n £ J 

n 
L e t {0 , n = 1,2,...} be the s i g n a l process where each s i g n a l 

n 
i s observed a t the time o f the core process t r a n s i t i o n . The 
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c o n t r o l l e r knows t h e t i m e s o f t h e c o r e p r o c e s s t r a n s i t i o n w h i c h 

t a k e o n l y f i n i t e l y many i n t e g e r v a l u e s , i . e . , T = 1,2,...,M, 

f o r e a c h n. Then t h e c o r e p r o c e s s {Y , n = 1,2,...} i s a f i n i t e 
n 

s t a t e , d i s c r e t e t i m e Markov c h a i n and t h e p a i r o f two s t o c h a s t i c 

p r o c e s s e s { ( Y
n ' 9

n ) ' n = 1*2,...} becomes t h e same p a r t i a l l y 

o b s e r v a b l e Markov c h a i n as i n model 2, p r o v i d e d t h a t t h e 

i m m e d i a t e c o s t h. r e p r e s e n t s t h e e x p e c t e d c o s t w i t h r e s p e c t t o 

t h e x and t h e s e t o f a c t i o n s , a e A, i s f i n i t e . T h i s model n 
d i f f e r s f r o m W h i t e [67] i n t h a t he a l l o w s T t o be c o u n t a b l e . 

n 

M o d e l 5. A c l a s s i c a l l i n e a r e c o n o m i c model (Wa l r a s [66]) 

L e t x be a p r i c e v e c t o r o f N c o m m o d i t i e s (or N s e c u r i t i e s ) 

i n t h e m a r k e t and assume t h a t a new p r i c e v e c t o r x' c a n be 

w r i t t e n a s 

where Pg i s an N x N m a t r i x d e p e n d i n g on t h e p r e s e n t e c o n o m i c 

s i t u a t i o n 0 and on an e c o n o m i c a l t e r n a t i v e a. L e t P [ 0 | x , a ] be 

t h e c o n d i t i o n a l p r o b a b i l i t y o f 0 f o r e c a s t e d , g i v e n x and a. 

Assume t h a t t h e r e e x i s t s a s i m p l e p a r t i t i o n {E^} o f t h e s e t o f 

p r i c e v e c t o r s x s u c h t h a t 

P [ 9 | x , a ] = P a . f o r x e E., 
' 0 i I 

w h i c h i s p.w. c o n s t a n t w i t h r e s p e c t t o {E.}. T h e r e f o r e , t h e 
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model belongs to the c l a s s o f model 1, p r o v i d e d (A.II.) i s 

s a t i s f i e d . 
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Chapter I I I 

PROPERTIES OF U 6 AND U* 

T h i s chapter i s a study o f the p r o p e r t i e s o f and . 

Most of these p r o p e r t i e s w i l l be used l a t e r i n the development 

of a l g o r i t h m s to f i n d e-optimal approximations to V* and 6*. 

The f o l l o w i n g p r o p e r t i e s are well-known and p r o o f s may 

be found i n B l a c k w e l l [7], Denardo [10], and Ross [54]. 

Lemma I I I . 1 . 

( i ) Ug and are c o n t r a c t i o n mappings on B(ft) w i t h c o n t r a c t i o n 

c o e f f i c i e n t 8 < 1. 

( i i ) Ug, are monotone; i . e . , i f f , g e B (ft) with f <_ g, 

then U g f < U^g and U*f < U*g. 

( i i i ) V = V i s the unique s o l u t i o n of the o p e r a t o r equation 

u6v = V. 

(iv) V* = V i s the unique s o l u t i o n o f the op e r a t o r equation 

U*V = V. 

The f o l l o w i n g theorem shows how the s t r u c t u r e i n Assumption 

I i m p l i e s t h a t U* and p r e s e r v e the p.w. l i n e a r i t y o f value 

f u n c t i o n s and the s i m p l i c i t y of p o l i c i e s . 

Theorem I I I . 1 . Suppose t h a t (A.I.) holds and t h a t V i s p.w. 

l i n e a r . Then 
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(i) UgV i s p.w. l i n e a r whenever 6 i s simple; 

( i i ) U^V i s p.w. l i n e a r ; and 

( i i i ) t h ere e x i s t s a simple p o l i c y 6 such t h a t U^V = U^V. 

Proof. 

(i) Suppose t h a t 6 i s simple with r e s p e c t to a simple p a r t i ­

t i o n {E^}. L e t E^ be an a r b i t r a r y but f i x e d c e l l from 

the p a r t i t i o n and suppose t h a t 6(x) = a f o r x e E^. Then 

(U.V) (x) = (U V) (x) f o r x e E. . 
o a l 

From (A.I.)* U V i s p.w. l i n e a r f o r each a e A. Hence a ~ 

UgV i s p.w. l i n e a r on each c e l l E^, and i s consequently 

p.w. l i n e a r on Q . 

( i i f: The f u n c t i o n s U V. are each p.w. l i n e a r by ( A . I . ) . Suppose 
a 

i i i ) t h a t U V i s p.w. l i n e a r w i t h r e s p e c t i v e to the simple a 
p a r t i t i o n P a. L e t P = IT P a. Then P i s f i n e r than each 

aeA 
P , and so each U V i s p.w. l i n e a r w i t h r e s p e c t to P. 

a 

For each F e P and a e A , there i s some l i n e a r f u n c t i o n a l 

a such t h a t 

(U V)(x) = a a ( x ) f o r x e F. a a 

For each F e P, d e f i n e the s e t s G , b e A F {l,2,...,p}, by 

G^ = {x: ct^x < a ax, a = 1,2,...,b-l and a^x < a ax, a = b+1,...,p}. 
r r r r — r 
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Then {G a: a e A} = P F i s a p a r t i t i o n of F and P = II P F 

FeP 

i s a p a r t i t i o n o f ft wit h the pr o p e r t y t h a t 

(U*V)(x) = a a ( x ) i f x E G a e P. 
a /\ 

The p o l i c y 6 d e f i n e d by 6(x) = a f o r x e G_ e P s a t i s f i e s 
r 

u6v = u*v. 

C o r o l l a r y . Suppose t h a t (A.l.) h o l d s and t h a t V° -e B(ft) i s 

p.w. l i n e a r . 

(i) Define V n ( x ) = ( U g V n - 1 ) ( x ) , n = 1,2,... . 

( i i ) Define V n ( x ) = ( U * V n - 1 ) ( x ) , n = 1,2,... . 

Then V 1 1 i s p.w. l i n e a r and the s t a t i o n a r y p o l i c y , 6 

d e f i n e d by U g V n _ 1 = U ^ V n _ 1 i s simple, 
n 

Remark I I I . l . P a r t (i) of the Theorem can be g e n e r a l i z e d as 

f o l l o w s : i f 5 i s simple w i t h r e s p e c t to a simple p a r t i t i o n 

P and g(*,a) i s p.w. l i n e a r w i t h r e s p e c t to P f o r each a e A, 

then g(•,6(•)) i s p.w. l i n e a r with r e s p e c t to the p a r t i t i o n 

P = P 6 . n P a. 
aeA 

Remark I I I . 2 . Suppose t h a t i n s t e a d o f Assumption I, we assume 

t h a t ft i s convex and t h a t f o r each a e A , U V i s concave 
a 

whenever V i s concave and non-negative. Then U^V and U*V are 

non-negative and concave whenever V i s . Although t h i s s t r u c t u r e 
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w i l l not be developed f u r t h e r i n t h i s t h e s i s , we note t h a t i t 

i s somewhat analogous to the p.w. l i n e a r s t r u c t u r e i n ( A . I . ) . 

We next c o n s i d e r the e f f e c t s o f i t e r a t i n g montone 

c o n t r a c t i o n mappings such as and , c i t i n g some r e s u l t s o f 

Denardo [10]. 

Lemma ITT.2. Suppose t h a t U i s a c o n t r a c t i o n mapping on B(fi) 

w i t h c o n t r a c t i o n c o e f f i c i e n t 3 < 1. L e t V° e B ( Q ) be given and 

d e f i n e the f u n c t i o n s V n, n = 1,2,... by 

V^Cx) = (UV n - 1) (x) . 

Then 

(i) {v n} converges i n norm to the f i x e d p o i n t V of U; 

i . e . , UV = V". 

Now assume t h a t U i s a l s o montone. 
I n ^ 

( i i ) I f V <_ V°, then {Vn} i s m o n o t o n i c a l l y d e c r e a s i n g to V. 
I o n ^ 

( i i i ) I f V 2. V , then {V } i s m o n o t o n i c a l l y i n c r e a s i n g to V. 

Remark I I I . 3 . The f i x e d p o i n t V need not be p.w. l i n e a r s i n c e 

the c e l l s i n the l i m i t i n g p a r t i t i o n are not n e c e s s a r i l y f i n i t e 

i n number nor p o l y h e d r a l . 

In the remainder of t h i s chapter, U w i l l be a c o n t r a c t i o n 

mapping w i t h c o n t r a c t i o n c o e f f i c i e n t 3 < 1 and f i x e d p o i n t V. 

The f u n c t i o n V° e B(Q) i s assumed to have been given and the 

f u n c t i o n s V n f o r n = 1,2,... are d e f i n e d by V n = UV n _ 1. By the 
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pre v i o u s lemma, (V n> converges to V. The f o l l o w i n g r e s u l t s 
n A 

concern the r a t e o f convergence o f {V } to V and e r r o r bounds 

on IIV1 - V" . 

The f o l l o w i n g two lemmas imply t h a t { v
n ) converges to V 

l i n e a r l y (due to Denardo [10]). 

Lemma I I I . 3 . 

II v n - V« < 8 l l v n _ 1 - Vll . 

Proof. 

il v n - vll = ii u v 1 1 - 1 - uvii 

< 3 It v n ~ 1 - vll . 

Lemma III.4, 

IV n - Vll < j i g - IIVn - UV nl 

Proof. 

IV n - Vll < IIVn - UV n« + «uv n - UVll 

< IIvn - uv n» + 6 « v n - Vll 
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The r e s u l t i s obt a i n e d by a r e a r r a n g i n g the l a s t expression, 

Lemma TIT. 5. L e t V e B(fi). I f IIV - UVll < ( l - 3 ) e , then 

Proof, 

IV - Vll < e , 

I v - vii < ll uv - uvii '+ II UV - vii 

•<• 3II v - vll + ll uv - vll 

There f o r e H V - V" < II UV - V»/(l - 3) < e, 

Theorem I I I . 2 . I f 3 n«V° - UV°I < (1 - 3 ) e , then 

IV - VnH < e. 

Proof. IIVn - UVnH = IIUV n - 1 - U 2 V n 1 l 

< g | | V
n _ 1 - u v n - 1 i 

< 3 n«V° - UV°II < (1 - 3)e 

A p p l y i n g Lemma I I I . 5 . immediately g i v e s us the r e s u l t , 
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Chapter IV 

THE ALGORITHMS 

S e c t i o n IV.1. The Method of Succ e s s i v e Approximation 

The method of s u c c e s s i v e approximation i s a w e l l known and 

popula r method f o r s o l v i n g equations. In the cont e x t o f a 

s o l u t i o n technique f o r s o l v i n g s t a t i o n a r y Markov/decision 

processes i t appears i n B l a c k w e l l [ 7 ] . The method i s to s t a r t 

w ith a c o s t f u n c t i o n V ° , and to i t e r a t e U*, c o n s t r u c t i n g a 

sequence of c o s t f u n c t i o n s V n = UJtVn-''", n = 1,2,... . By 

Lemma I I I . l , U A i s a c o n t r a c t i o n mapping wi t h f i x e d p o i n t V* and 

by Lemma I I I . 2 , { v n } converges to V*. By Theorem I I I . 2 , n can 

be chosen s u f f i c i e n t l y l a r g e , so t h a t V n i s an e-optimal c o s t 

f u n c t i o n . In f a c t by t a k i n g logarithms o f the e x p r e s s i o n i n 

Theorem I I I . 2 , 

n > l o g [ ( 1 " B )
1

£ ] / l o g S 
IIV -V II 

i s adequate. 

The next theorem p r o v i d e s a means of c o n s t r u c t i n g an 

e-optimal p o l i c y from an e'-optimal c o s t f u n c t i o n and s p e c i f i e s 

the r e l a t i o n s h i p between e and e'. The a l g o r i t h m , w i l l f i r s t 

c o n s t r u c t an e'-optimal c o s t f u n c t i o n . From t h i s c o s t f u n c t i o n , 

an e-optimal p o l i c y i s c o n s t r u c t e d . 
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Theorem IV. 1. L e t V° e B (SI) be p.w. l i n e a r , d e f i n e V = U*V , 

n = 1,2,..., and l e t 6 be a p o l i c y s a t i s f y i n g U V n 1 = U*V n 1 . 
n §n 

I f II v* - V 1 1" 1" < {1~2l)S . then 

Proof. By Lemma I I I . l U g f o r any s t a t i o n a r y p o l i c y 6 i s a 

c o n t r a c t i o n mapping and the f i x e d p o i n t i s V , i . e . , V = U^V . 

Consider 

|| v * - v 6 n n =• il u 6 v 6 n - u*v*n 
n 

< llu, V 6 n - U- V* II + II IK V* - IK V n 1 l 
— 0 0 0 0 n n n n 

+ H u ^ v n _ 1 - U*V*" 

< g || v
6 n _ v*|| + 31| v * - V n _ 1 l l + g l l v n - 1 - V * l l 

where we used the e q u a l i t y U * V n _ i = U g V . Ar r a n g i n g the 
n 

above i n e q u a l i t y , we o b t a i n 

(1 - 3 ) H v S n - V*H < 23'IV* - V n 1II < (1 - 8)e f 

which completes the proof . 
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I f the s t a t e space X i s uncountable, or even countably 

i n f i n i t e , then t h i s procedure i s d i f f i c u l t to implement on a 

computer. However, i f the Markov d e c i s i o n process has the 

s t r u c t u r e o f (A. I-.) and V° i s p.w. l i n e a r , then each V n i s p.w. 

l i n e a r and each 6 n c o n s t r u c t e d as i n the p r e v i o u s theorem i s 

simple (by Theorem I I I . l . ) . In t h i s case, the c o s t f u n c t i o n s 

and p o l i c i e s can be s p e c i f i e d by a f i n i t e number of items - the 

i n e q u a l i t i e s d e s c r i b i n g each c e l l o f a simple p a r t i t i o n and the 

c o r r e s p o n d i n g a c t i o n or l i n e a r f u n c t i o n . 

A l g o r i t h m to f i n d an e-optimal simple p o l i c y . 

(i) S t a r t with any p.w. l i n e a r f u n c t i o n V ° . 

( i i ) Compute V 1 = U*V°. 

( i i i ) Choose an i n t e g e r n such t h a t 

BnHv° - V1!! < (1 - 3 ) e ' , 

where e ' = (1 - 3)e/2 3- I.e., choose n l a r g e r than 

2 
l o g [ d - g ) e ] / l o g g. 

23II V -V ll 

(iv) Compute V 1 1 = U*V n 1 s u c c e s s i v e l y u n t i l n = n. 

(v) Consequently, we o b t a i n V n such t h a t 

||v* - vnll < el . 
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(vi) C o n s t r u c t a p o l i c y 6 s a t i s f y i n g 

u 6 v n = u*v n.. 

Then 6 i s e-optimal. 

Remark IV.1. The a l g o r i t h m can be s t a r t e d with V° = 0. 

Remark IV.2. The t e r m i n a t i o n c r i t e r i o n , n = n, i n the a l g o r i t h m 

has the advantage t h a t Hv° - V̂ "" i s computed on l y once. However, 

i t has the disadvantage t h a t n w i l l probably be l a r g e r than 

necessary, c a u s i n g unnecessary i t e r a t i o n s . 

An a l t e r n a t i v e would be to compute II V n - V n "*"H a t each 

i t e r a t i o n and stop whenever Hv11 - V n "'"U <_ (1 - $)e'/3. Theorem 

III.2 guarantees t h a t V n i s an e 1 - o p t i m a l c o s t f u n c t i o n . 

However, the computations of IIVn - V n "*"U w i l l , i n g e n e r a l , be 

expensive. 

The b e s t procedure i s undoubtedly to check II V n - V n "*"U 

at some, but not a l l , i t e r a t i o n s . For example, n might be 

computed based on II V° - V II . Then a t some i t e r a t i o n n near ^ , 

recompute n based on IIV11 - V n "*"H . T h i s i s the procedure 

suggested i n the next chapter. 
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S e c t i o n IV.2. The Method of P o l i c y Improvement 

Another commonly proposed method f o r s o l v i n g Markov 

d e c i s i o n problems i s p o l i c y improvement (Howard [26]). P o l i c y 

improvement i s a c t u a l l y Newton's method a p p l i e d to the convex 

op e r a t o r equation (I - U^)V = 0 to f i n d the s o l u t i o n V*. Newton's 

method converges s u p e r - l i n e a r l y i n many s i t u a t i o n s , and t h i s 

p r o p e r t y i s , m a i n t a i n e d when a p p l i e d to some Markov d e c i s i o n 

problems (Brumelle & Puterman [8], Puterman & Brumelle [49]). 

Since the s u c c e s s i v e approximation method converges o n l y l i n e a r l y 

(Lemma I I I . 3.)., i t i s d e s i r a b l e to adapt the p o l i c y improvement 

method to our model. Our v e r s i o n of p o l i c y improvement i n c l u d e s 

the s u c c e s s i v e approximation method as a s p e c i a l case. 

Given a p o l i c y 6 w i t h c o s t V , an i t e r a t i o n o f p o l i c y 
6 6 

improvement c o n s i s t s of f i n d i n g a p o l i c y 6' such t h a t U^,V =U*V , 
6 ' 

and then s o l v i n g the l i n e a r equation V = ,V f o r V 

One method of s o l v i n g the operator equation V = U^V f o r 

V i s the method of s u c c e s s i v e approximation, i . e . , by i t e r a t i n g 

. More e x p l i c i t l y , s t a r t w i t h a c o s t f u n c t i o n V° and i t e r a t e 

Ug, c o n s t r u c t i n g a sequence of c o s t f u n c t i o n s V n = U^V n L , 

n = 1,2,... . By Lemma I I I . l , U^ i s a c o n t r a c t i o n mapping wi t h 
(5 6 a f i x e d p o i n t V , and by Lemma I I I . 2 , {V } converges t o V . By 

Theorem I I I . 2 , f o r any given e > 0, n can be chosen s u f f i c i e n t l y 
n 6 

l a r g e so t h a t IIV - V II £ e. However, we w i l l show t h a t i t i s 
6 

not necessary to approximate V a t a l l c l o s e l y i n the p o l i c y 

improvement a l g o r i t h m . In the remainder o f t h i s s e c t i o n , we d i s c u s s the a l g o r i t h m 
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i n g e n e r a l terms and then d i s c u s s the s p e c i f i c p o i n t s of s t a r t i n g 

the a l g o r i t h m , choosing the parameters (k^} which s p e c i f y the 

degree of approximation of V i n the n-th i t e r a t i o n , t e r m i n a t i n g 

the a l g o r i t h m , and a proof t h a t the a l g o r i t h m converges. Since 

c(x,a) i s bounded, t h e r e e x i s t s a constant M such t h a t c(x,a) £ M 

Vx,a. . L e t c(x,a) = c(x,a) - M < 0 and d e f i n e 

V 6 ( x ) = E 6 [ 1c(X n,6(.X n)) |X1 = x] . 

Then V g ( x ) = V g ( x ) - M / ( l - 8 ) . Hence a m i n i m i z a t i o n of V g i s 

e q u i v a l e n t to a m i n i m i z a t i o n of over 6 e A . I t i s , t h e r e f o r e , 

easy to f i n d a p.w. l i n e a r f u n c t i o n V such t h a t U~v' < V. For 
o — 

i n s t a n t , put V = 0 which i s p.w. l i n e a r and s a t i s f i e s U gV <_ V. 

A l g o r i t h m f o r f i n d i n g an e-optimal p o l i c y under ( A . I . ) . 

S t a r t w i t h a simple p o l i c y <5° and a p.w. l i n e a r f u n c t i o n 

y° e B(ft) s a t i s f y i n g y° > U y ° . 
~ 6° 

An i t e r a t i o n of the a l g o r i t h m i s d e s c r i b e d as f o l l o w s : 

n-- 0,1,2,... . At the s t a r t of the n-th i t e r a t i o n , we have 

a simple p o l i c y 5 n and a p.w. l i n e a r f u n c t i o n y 1 1 e B(^) s a t i s -

f y i n g y . >-U y . 
" 6 k 

n n 
(l) Compute U y where the i n t e g e r k i s the number of i t e r a -

6 n 

t i o n s of U which are to be performed. 
+1 k + 

( i i ) Set y = U n y n and:, f i n d a p o l i c y 6 n such t h a t 
6 n 

TT 1 1 + 1 TT n + l 
U

6 n + 1 Y = u * y • 

( i i i ) I f \\yn - y n + 1 l l <_ (1 - 8) e, then stop with y n e-optimal and 

6 n g-optimal. Moreover, V* <_ V ^ n _< y n + 1 . 
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(iv) I f II y 1 1 - y n + 1 l l <_ (1 - 3 )e, then increment n by 1 and 

perform another i t e r a t i o n . 

To s t a r t , the a l g o r i t h m needs a simple p o l i c y 6 and a p.w. 

l i n e a r f u n c t i o n y s a t i s f y i n g y >_ U^y. There i s no d i f f i c u l t y i n 

f i n d i n g a simple p o l i c y ; f o r example, 6(x) = a f o r a l l x e fl i s 

s a t i s f a c t o r y . F i n d i n g a s a t i s f a c t o r y y i s more d i f f i c u l t u nless 

the model i s s p e c i f i e d f u r t h e r . For example, on page 12 i n 
3. a. T 

Model 2, q (r,x) = (p ) x. So i f 6(x) = a f o r a l l x c fl, then 
6 a a T —1 6 V (x) = c [I - 3(p ) ] x f o r a l l x e fl. S e t t i n g y = V p r o v i d e s 

a s t a r t i n g v e c t o r . 

I f yn i s a p.w. l i n e a r f u n c t i o n and 6 n i s simple, i t 

f o l l o w s from Theorem I I I . l . and (A.I.) t h a t y i s p.w. l i n e a r 
n~r" 1 

and t h a t 6 i s simple. Theorem I I I . l a l s o i m p l i e s t h a t each 

of the i n t e r m e d i a t e i t e r a t e s U-Ly n, j = 1 , 2 , . . . ,k are p.w. 

l i n e a r . Consequently, the a l g o r i t h m can s t a r t and the i t e r a t i o n s 

are w e l l d e f i n e d . 

The q u e s t i o n of how b e s t to e s t a b l i s h the a p p r o p r i a t e 

v a l u e s of the parameters -{k ) i n the a l g o r i t h m has not been 
r e s o l v e d . I f each k = 0 , then the a l g o r i t h m reduces to t h a t o f 

n ^ 

s u c c e s s i v e approximation d e s c r i b e d i n the l a s t s e c t i o n and which 

i s known to converge l i n e a r l y . However, the e f f o r t per i t e r a t i o n 

i s s m a l l . I f each k = °°, then the method i s known to converge 
n ^ 

s u p e r - l i n e a r l y i n many s i t u a t i o n s ( [ 8 ] , [ 4 9 ] ) . However, i n t h i s 

case the e f f o r t per i t e r a t i o n i s l a r g e . In g e n e r a l , i t seems 

a p p r o p r i a t e to take k n s m a l l , perhaps even 0 , i n the e a r l y 

i t e r a t i o n s . However, once the-.ned;ghborhood of V* i s reached, 
k n 6 n k should be l a r g e enough so t h a t U ^y approximates V i n n g n 

order to take advantage of the s u p e r - l i n e a r convergence. 
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Theorem IV.1. For each i t e r a t i o n , n = 0,1,2,..., i n the p o l i c y 

improvement a l g o r i t h m , 

n . „ n . IT2 n ^ ^ T T n n n+1 y > U y > U y > .. . > U y = y 
- 6 n 6 n _ _ 6 n 

Proof. F i r s t , i t i s t r u e f o r n = 0. Since U y® and s i n c e 
- 6 U 

by Theorem I I I . l U . i s monotone, i t f o l l o w s t h a t 
o k 

y° > U n y ° > U 2
n y ° > ... > U ®y° = y 1 > U . y 1 . By d e f i n i t i o n 

~ 6° " <5° " ~ 6° ~ 6° 
6, s a t i s f i e s y = U*y . However, U*y <_ U n y < y , and so 
not o n l y i s the Theorem e s t a b l i s h e d f o r n = 0, but we have a l s o 

shown t h a t U , y 1 < y^. 
S1 

Now suppose U y < y . The same argument as i n the f i r s t 
6 n 

paragraph e s t a b l i s h e s the Theorem f o r n and a l s o t h a t 

U n + i y n + ^ yn+"*"- Hence the proof i s completed by i n d u c t i o n . 

C o r o l l a r y . yn >_ V* f o r n = 1, 2 , . . . . 

Proof. For an a r b i t r a r y n, y 1 1 _> u Y*1 j i u * y n - Since i s 

monotone (Lemma I I I . l ) , y _> U^y f o r each j . By 

Lemma I I I . 2, U*y n decreases m o n o t o n i c a l l y and converges 

to V* as j -*• <=°. Consequently, y n _> V* and the proof 

i s complete. 

We next show t h a t i f the a l g o r i t h m terminates then i t w i l l 

p r o v i d e an e-optimal c o s t f u n c t i o n and an e-optimal p o l i c y . 
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Theorem IV 2. I f Hy n - y n + l 1 1 1 (1 - S ) e , then « y n - V*« < e, 

i . e . , y n i s e-optimal. Moreover, $ n i s a l s o e-optimal and 
6, n n 

v* < v < y 

Proof. Note t h a t U y n = U*y n and t h a t by the pr e v i o u s c o r o l l a r y 
5 N 

y n > V*. 

, n _ v*« < »y n - U*ynU + »U^y 1 1 - U*V*I 

< II y
n - u y nll + Blly11 - V*l 

6 n 

< || y
n _ u m

 y
n l l + 6 l l y

n - V*II f o r m= 1,2, . . . , 

because yn > U y > U y f o r m = 1,2,... . (Theorem IV.1) 
6 n - 6 n 

Thus ( 1 _ g ) l l y
n _ v * l l < H y n - U m v n l = l l y n - y n + 1 H < ( l - & ) e , 

- § n 

and so "y 1 1 - V*» < e . 

The l a s t statement i n the Theorem f o l l o w s by Theorem IV.1. 

The f o l l o w i n g theorem has been shown by Doshi [16] f o r 

continuous time Markov processes. But our proof i s d i f f e r e n t 

from and si m p l e r than h i s . 

Theorem IV.3. L e t V be the c o s t o f any s t a t i o n a r y p o l i c y 5. 

L e t 8' be a p o l i c y d e f i n e d by U^,V = U*V . 
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6 6 6 ' 6 
(i) I f Ug,V = V , then V = V , and 6' and 6 are optimal. 

6 ' 6 6 
( i i ) V < V . Furthermore, i f f o r some x Q £ ft (U g ,V ).(xQ) < 

6 
V ( X g ) , then 

V 6' (x Q) < V 6 ( x 0 ) . 

Proof. 

(i) From the d e f i n i t i o n o f 6 ' we have 

u * v = u*- v = v . 

Since the op t i m a l c o s t V* i s the unique s o l u t i o n o f , 
6 . . . n 6 6 6 5 V = V*. By i n d u c t i o n on n, Ug,V = V s i n c e Ug,V = V 

But 

6 6 1 

U n,V •> V as n -* °°by Lemma I I I . 2. 

6 ' 6 6 1 

Hence V = V because V i s the unique f i x e d p o i n t o f 

Ug,. (Lemma I I I . l . ) 
6 6 

( i i ) By d e f i n i t i o n o f 6' and V = U,V (Lemma I I I . l . ) 

6 „ 6 6 Ug,V £ U gV = V 

By i n d u c t i o n on n 
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u n,v 6 < v 6 

n <5 6 1 

UT,V -> V as n -»• °°. 

6 • 6 V < V . 

6 6 
Suppose ^ u 6 ' v ^ x o ^ < V ^ x 0 ) f o r S O m e X0 e 

V 6 ' ( x 0 ) = (Ug,V 6')(x ) (From Lemma I I I . l . ) 

< (Ug.V 6) (x Q) (V 6' < V S) 

g 
< V (x Q) (the assumption) 

Lemma IV.1. L e t {y n} be a sequence generated by the p o l i c y 

improvement a l g o r i t h m . I f y 1 1 converges p o i n t w i s e to y, then 

U^y 1 1 converges tQ U*y. 

Proof. In t h i s proof a l l l i m i t s are wit h r e s p e c t to the p o i n t -

wise topology. 

L e t z n = U y n and z = U y f o r each a, n = 1,2,... . 
a aJ a a 

By the monotone convergence theorem, 



£im(z n) (x) = £im(U y 1 1) (x) a 3. n n 

= Um{c(x,a) + g/^y n (x') q (dx' | x,a)}' 
n 

= c(x,a) + 3/^&im y n (x" ) q (dx'| x,a) 
n 

= c(x,a) + B/ ny(x')q(dx'|x,a) 

= (U y) (x) a 

= (z ) (x) f o r each a £ A, x e Q. a 

To show U^y 1 1 ^ U^y i s e q u i v a l e n t t o showing t h a t 

m i n ( z n ) ( x ) \ (min z )(x) f o r a l l x e fl. 
a a 

Since A i s f i n i t e , 

(min- z n) (x) = m i n ( z n (x)l and (min.z )'(x) = minfz (x)) . a — a a a a a a / a 

Le t x e ft be a r b i t r a r y but f i x e d , and d e f i n e 

a n = z n ( x ) and a = z (x) a a a a 

which are j u s t numbers. S i n c e (z^)(x) \ (z )(x) p o i n t w i s e , then 
a a 
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a n ^ a f o r each a e A . a a 

I t remains to show t h a t min a n ^ min a . I t i s c l e a r t h a t 
n aeA a a a

n 

min a i s monotone d e c r e a s i n g . Since a ^ a i t f o l l o w s t h a t a ^ a a a 

min a < min a n f o r n = 1,2,... . a — a a a 

Hence 

mm a < £im mm a . a — a aeA n a 

To show the other way suppose t h a t a i s the a c t i o n such t h a t 

Then 

Th e r e f o r e 

mm a = a-
aeA a 

mm a = a- = £im a- > £im mm a a a a — a aeA n n a 

£im mm a = mm a a a n a a 

which completes the proof. 

Theorem IV.4. Suppose t h a t {y n} i s a sequence o f c o s t s generated 
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by the p o l i c y improvement a l g o r i t h m . 

(i) yn converges po i n t w i s e to y e B(fl). 

( i i ) y = U*y, i . e . , y i s o p t i m a l . 

In other words, the p o l i c y improvement a l g o r i t h m converges. 

Proof. 

(i) F i r s t o f a l l we s h a l l show t h a t {yn} i s bounded below. 

By Theorem IV. 1 we have yn>^. U m yn f o r each m = 1,2,... . 
n 8 N 

By Theorem I I I . 2 U y -> V a s m - * 0 0 . Th e r e f o r e 

y _> V . Since the c o s t c(x,a) i s bounded below, i . e . , 

|c(x,a) | <_ M f o r a l l x, a, |v̂  | _< j r ^ - Hence y n ( x ) >_ ~ ~ 

f o r a l l x. From Theorem IV. 1 y n i s a d e c r e a s i n g sequence. 

Hence y 1 1 converges p o i n t w i s e . 

( i i ) By a c h o i c e of y^ and Theorem IV.1 we know t h a t 

(IV.1) yn > U y n > U*y n. 

To show the other way we have 

(IV.2) y" = U m
n _ 1 y n ~ 1 (By d e f i n i t i o n o f y n ) 
6 

1 U^n-lY 1 1" 1 (Ujy 1 Uy, Vy.e B(fi)) 

= U*y (By d e f i n i t i o n o f 6 ) 

Then, from (IV.1.), and (IV.2), we o b t a i n 



- 39 -

From the statement (i) y 1 1 \ y and then, from Lemma IV. 1, 

U*y n -> U.y. , T h e r e f o r e , we must have 

u*y = y 

which completes the pro o f . 



- 40 -

Chapter V 

IMPLEMENTATION OF THE ALGORITHMS FOR MODEL 1 

S e c t i o n 1. I n t r o d u c t i o n 

In t h i s chapter we s h a l l c o n s i d e r i n a more concre t e 

s e t t i n g the methods of s u c c e s s i v e approximation and of p o l i c y 

improvement. 

To show how each method i s a c t u a l l y handled, we assume 

i n t h i s chapter t h a t X i s the N-dimensional r e a l space ( i . e . , 

X = R N) and t h a t ft i s a bounded convex p o l y h e d r a l s e t o f R N. 

L e t c(x,a) = c • x, which i s the i n n e r product of two v e c t o r s 
a N 

c , x e R , so t h a t (A.II.) h o l d s . Let A = {1,2,...,p}. We 

r e p e a t (A.III.) a b i t more e x p l i c i t l y than i n Chapter 2. 

Assumption I I I (A.III.) For each convex p o l y h e d r a l s e t B £ R1 

and each a c t i o n a e A , the f u n c t i o n q (B,x) d e f i n e d by 

q a(B,x) = /x'qtdx' |x,a) 
B 

is,p.w. l i n e a r i n x w i t h r e s p e c t to a simple p a r t i t i o n 

P a(B) ='{Ej(a,B): j = 1,2,..., ma ^ } . 

c l a. 

We w r i t e q (B,x) = q.(B) • x when x e E. (a,B). 
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Remarks V . l . Note t h a t (A.III.) p l a c e s us i n the context of 

model 1 i n Chapter I I . R e c a l l from the d i s c u s s i o n there and i n 

model 2 t h a t under ( A . I I I . ) , U V i s p.w. l i n e a r whenever V i s , 
a 

and t h a t p a r t i a l l y observable models s a t i s f y ( A . I I I . ) . 

Suppose t h a t f i s a p.w. l i n e a r f u n c t i o n , l i n e a r on the 

c e l l s o f the p a r t i t i o n {E^, i = l,2,...,n}, t h a t f(x) = f ^ • x 

on E^, and t h a t E^ = {x: K 1x < b 1 ; L 1 x <_ d 1}, i = l , 2 , . . . , n . 

Each b 1 arid d 1 i s an N-dimensional v e c t o r and each K 1 and L 1 i s 

a matrix with N-dimensional rows. T h i s s i t u a t i o n w i l l be denoted 

by 

f ^ { ( f ^ K 1, b 1 ; L 1 , d 1) : i = l,2,...,n} 

and 

E ± ^ ( K 1 , b 1 ; L 1 , d 1 ) 

I f 6 i s a simple p o l i c y with r e s p e c t to the p a r t i t i o n 

{E^, i = 1,2,...,n}, say 6 (x) = a^ f o r x e E^, then we w i l l , 

r e p r e s e n t 5 by 

6 ^ {(a^; K 1,b 1; L ^ d 1 ) : i = l,2,...,n}. 

Define a operator o by 

(K,b; L,d) o (K',b'; L',d') = ( K ) ( b )• K 1 b ( L ) ( d ) 
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I f A and B are m a t r i c e s each having the same number of columns 

then (_.) i s the matrix whose f i r s t rows are those of A and whose a 

l a t t e r rows are those of B. T h i s operator forms the i n t e r s e c t i o n 

o f the convex p o l y h e d r a l s e t s c h a r a c t e r i z e d by (K,b; L,d) and 

(K',b'; L',d'). T h i s r e p r e s e n t a t i o n of p.w. l i n e a r f u n c t i o n s 

simple p o l i c i e s , and convex p o l y h e d r a l s e t s i s convenient f o r 

machine storage. 

We w i l l normally use the same symbol f o r the p.w. l i n e a r 

f u n c t i o n (convex p o l y h e d r a l s e t , simple p o l i c y , r e s p e c t i v e l y ) 

and the a r r a y which r e p r e s e n t s i t . The only aspect of t h i s 

abuse of n o t a t i o n which i s l i k e l y to cause any c o n f u s i o n 

concerns convex p o l y h e d r a l s e t s . L e t E ^ (K,b; L,d) be a convex 

p o l y h e d r a l s e t . The s e t E i s empty i f {x: Kx < b; Lx _< d} = (J). 

The a r r a y E i s empty i f there are no e n t r i e s i n the a r r a y , as 

when the a r r a y i s i n i t i a l i z e d . 

The user of e i t h e r of these methods must s p e c i f y the 

va l u e s q a(B,x) f o r each convex p o l y h e d r a l s e t B and each x e ft. 

We assume t h a t t h i s s p e c i f i c a t i o n i s pr o v i d e d by a subroutine, 

c a l l e d Q, which has as i t s arguments an a c t i o n a, matrices K 

and L, and v e c t o r s b and d. The a r r a y s K, L, b and d s p e c i f y 

the convex p o l y h e d r a l s e t B = {x: Kx < b, Lx <̂  d}. The sub­

r o u t i n e Q has as i t s output an a r r a y 

{(\y K j,b j; L j , d j ) : j = 1,2,...,m} 

which c h a r a c t e r i z e s the p.w. l i n e a r f u n c t i o n q (B,*). The sub-
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r o u t i n e Q a p p r o p r i a t e f o r model 2 i s d e s c r i b e d i n d e t a i l i n 

s e c t i o n 6. 

S e c t i o n s 2 and 3 d e s c r i b e s u b r o u t i n e s UDELTA and USTAR 

which r e s p e c t i v e l y compute U^V f o r a given 8 and V, and compute 

U*V f o r a given V. 

S e c t i o n s 4 and 5 d e s c r i b e implementations of the methods 

of s u c c e s s i v e approximation and of p o l i c y improvement. 
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S e c t i o n 2. Subroutine UDELTA (6,V,U gV) 

The i n p u t s to t h i s s ubroutine are a simple p o l i c y 6 which 

takes the value 6(x) = a^ f o r x e E^, i = l , 2 , . . . , n , and a p.w. 

l i n e a r f u n c t i o n V which takes the values V(x) = • x f o r 

x e F j , j = 1,2,...,m. L e t P = {E^: i = 1,2,...,n} and 

PTT = {F . : j = 1,2,...,m}. We l e t 
V j 

E i ^ { ( K 1 3 , b 1 3 ; L 1 D , a3-3) , j = 1,2, . . . fn±} 

and 

F_. ^ { ( K j k , b j k ; L j k , d j k ) , k = l,2,...,m.}, 

We a l s o assume t h a t the v e c t o r s c , a = 1,2,...,p, and 

the d i s c o u n t f a c t o r 3 are a v a i l a b l e i n common. 

The subroutine outputs the p.w. l i n e a r f u n c t i o n U^V and 

i s based on the f o l l o w i n g computation. 

(U 6V) (x) = c(x,6(x)) + 3/ f iV(x')q(dx' |x,5 (x) ) 

= c ° l X ) -x + 3 I V./ x'q(dx'|x,6(x)) 
j = l 3 F. 

m a, 
f o r -x e E , = C 6 ( X ) • x + 3 I V.q- r ( F ,x) 

j =1 3 

Then, u s i n g the n o t a t i o n o f ( A . I I I . ) , 
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(U 5V) (x) = [c r + 3 I V L j ] • x 
j = l 3 3*. 

f o r x e E r n where G ^ i s the £-th c e l l o f the p a r t i t i o n 
a 

P r ( F _ . ) . Note t h a t the index I depends on j . 

Set 1 = 0 . I w i l l count the number of c e l l s i n the 

p a r t i t i o n f o r U^V. For j = l , 2 , . . . , n c a l l Q(F^,a^), which 
w i l l r e t u r n w i t h an a r r a y c h a r a c t e r i z i n g the p.w. l i n e a r 

a r 

f u n c t i o n q ( F ^ , • ) , say 

q 3 r ( F •) ^ {{\\; K J S b j \- L j \ d j £ ) , 

Then f o r j = l,2,...,m and I = 1,2,...,t do the f o l l o w i n g . For 

r = 1,2, ... ,n form E r n G where G ^ ( K j £ , h 1 % ; iP^d )̂ . I f 
E r n G i s empty, then do the next r . I f E ^ G ^ cj) then 

r m 
increment I by 1 and s t o r e E n c as E' Compute c (a ) + 8 I v-^o 

J=l J 

and s t o r e as a . 

The subroutine i s now completed and (U^V) (x) = • x f o r 

x e E ^ , i = l , 2 , . . . , I . I t r e t u r n s with the a r r a y 

U gV ^ ( i , (ou; E|) , i = 1,2,...,!} as output. 
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S e c t i o n 3. Subroutine USTAR (V,U VV,6) 

Suppose t h a t V i s p.w. l i n e a r with r e s p e c t to a simple 

p a r t i t i o n ' { E ^ , i = 1,2,...,n}. The subroutine USTAR computes 

U*V and f i n d s a simple p o l i c y 6 such t h a t U„V = U.V. 
o 

The argument of USTAR i s a p.w. l i n e a r f u n c t i o n 

V % {(V i, E ± ) : i = 1,2,...,n}. 

An a r r a y d e s c r i b i n g the convex p o l y h e d r a l s e t fl, the 

d i s c o u n t f a c t o r g and the v e c t o r s c , a = 1,2,...,p should be 

a v a i l a b l e i n common. 

The subroutine outputs I and the a r r a y (U*V,6) ^ 

{(a., E!, a . ) : i = 1,2,...,I}. The f u n c t i o n U +V i s obtained by 

(U AV) (x) = • x f o r x e E^. The p o l i c y 6 d e f i n e d by 6 (x) = a.̂  
f o r x e E!, i = 1 , 2 I , s a t i s f i e s U.V = U^V. 1 o 

The paragraph summarizes the procedure i n USTAR. The 

subro u t i n e f i r s t computes U^V f o r a £ A u s i n g UDELTA. L e t P a 

be the simple p a r t i t i o n f o r U V. USTAR next forms the product 
a 

p a r t i t i o n P = II P a. Then P i s f i n e r than each P a, and so 
aeA 

each U V i s p.w. l i n e a r with r e s p e c t to P. For each F £ P and a 
a e A , there i s some v e c t o r a a such t h a t 

F 

(U V) (x) = a— • x f o r x £ F. a F 

For each F E P, d e f i n e the s e t s G p, b e A, by 

Gp = {x: oipX < a a x , a = 1, 2 , . . . , b-1 and a ^ x £ a a x , a = b+1, . . . ,p.} . 

Then ^G3,: a e A} = P F i s a p a r t i t i o n of F and P = II i s a 
* Fe.P 



p a r t i t i o n o f ft with the p r o p e r t y t h a t 

(U*V) (x) = a a • x i f x e G a e P. 

The p o l i c y 6 d e f i n e d by <5 (x) = a f o r x e G_ f( e P) s a t i s f i e s 

u gv = U^V. 

We now c o n s i d e r the subroutine i n more d e t a i l . For each 

a e A , c a l l UDELTA with the arguments V >̂ {(V^E.^): i = l , 2 , . . . , n 
Si c l 

and 6 ^ {(a,ft)}. T h i s generates the a r r a y s {(a.., D ( j ) ) , 
j = 1,2., ...,m }. R e c a l l t h a t each of the convex p o l y h e d r a l s e t s 

Si 

E^, D a ( j ) , and ft are themselves a r r a y s of the form 

{(K 1, b 1 ; L 1 , d 1 ) : i = l,2,...,m}. The index I w i l l count the 

c e l l s i n the p a r t i t i o n f o r Ua.V. Set 1 = 0. 

Le t R be the s e t of a l l p-dimension v e c t o r s w i t h the 

i - t h component, r ^ , between 1 and m^ f o r i = 1 , 2 , . . . > p. 

S y s t e m a t i c a l l y c o n s t r u c t each r e R i n t u r n . Compute the s e t 

F ^ o D a ( r a ) . The s e t F i s a c e l l o f the product p a r t i t i o n 
c l = l / 2 f « « * f ] p 

p a 
P = H P . I f F i s empty, then c o n s t r u c t the next r e R. 

a=l 

Otherwise, f o r each b e A c o n s t r u c t the s e t 

Gp = F o (K, 0; L, 0 ) 

b a 
where K i s a (b-l) x N matrix with rows a - a , a = 1 , 2 , . . . , b -

b
 r b a a 

and L i s a (p-b) x N matrix w i t h rows a - a , a = b+l,...,p. 
b a 

I f G F i s empty, then c o n s t r u c t the s e t G f o r the next b e A. 
b fob I f G_ 7̂  cj), then increment I by 1 and s t o r e a T = a , E l = G , F I r b I F 
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and a. = b. When each r e R has been c o n s i d e r e d , the subroutine 

r e t u r n s . 
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( S T A R T 

a * 1 

CALL UDBLTA (a,Q.rl,V0, *, I, (*k,Ek, k*M,~,l) 

I = 0 
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S e c t i o n 4. Suc c e s s i v e Approximation 

The user o f the r o u t i n e must supply a d i s c o u n t f a c t o r 8, 

an o p t i m a l i t y t o l e r a n c e e > 0, a s p e c i f i c a t i o n of the bounded 

convex p o l y h e d r a l s e t Q, the c o s t v e c t o r s c , and the subroutine 

Q. I f the user does not supply an i n i t i a l p.w. l i n e a r value 

f u n c t i o n V , then the r o u t i n e s t a r t s wi th V V { (0,J2) }. 

As d e s c r i b e d i n Remark IV.2, i f the method of s u c c e s s i v e 

approximation i t e r a t e s U* u n t i l II u j v ° - u J _ 1 V 0 l l <_ (1 - 8)e'/3 

where e' = (1 - 8)e/(26) then the p o l i c y 5 such t h a t U gV n = U*V n 

i s e-optimal. L e t V n = U*V°. To determine II U*V n - V nU r e q u i r e s 

a f a i r amount of computation. However, t h i s norm o n l y needs to 

be computed once by Theorem I I I . 2 . , s i n c e e 1 - o p t i m a l i t y o f the 

c o s t f u n c t i o n must be achieved w i t h no more than 1 + INT(£) 
(1-8)e' 

i t e r a t i o n s , where £ = l o g ( - — ^ — — t r — ) / l o g Q. However, i t i s l i k e l y 
V -V 

t h a t e u o p t i m a l i t y w i l l be achieved i n fewer than 1 + INT ( 5 ) 

i t e r a t i o n s . So we compromi .e with the f o l l o w i n g procedure which 

checks f o r e ' - o p t i m a l i t y a t about h a l f of the maximum number of 

i t e r a t i o n s . Compute HV1 - V°H. L e t J = 1 + INT(£/2). Then 

check f o r e ' - o p t i m a l i t y a t i t e r a t i o n J + 1. I f , a t t h a t p o i n t , 

e 1 - o p t i m a l i t y has not been achieved, recompute J u s i n g llv^+^" - V^U 

i n p l a c e o f IIV"*" - V^H. Check e ' - o p t i m a l i t y next a f t e r J i t e r a t i o n s 

and continue w i t h t h i s procedure. 
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START^) 

Re<xd e, (3, l/°=fCl//, BO, 1-1,1,--' n } (if supph'ed) 
and Q. 

1 
If \f° is not supplied, then set (/°*j(0, SI)}. 

Set J*1,K*0 

1 
cm USTAF(V°,]/,S) 

v ° = v ' 

5Wi/e V-te linear programmes 
u)+^ n,ax(o(x-rj)* s.t- zec&(E;{) Pj) 
and u)~**n*x(rj-<Ai)Xs.t.X£cl(Sif] fj) 
ulhere c£ means closure 
Let mc** (cj, lu+l, \uJ'\ ) 
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Remarks V.2. To c h e c k t h a t a c o n v e x p o l y h e d r a l s e t B i s non­

empty, m i n i m i z e a Phase I c o s t f u n c t i o n on ct B. Range t h e 

r i g h t - h a n d s i d e o f t h o s e i n e q u a l i t i e s d e f i n i n g B w h i c h a r e 

s t r i c t . 

T h i s c h e c k p r o v i d e s a f e a s i b l e s o l u t i o n t o e a c h o f t h e 

two l i n e a r programmes w h i c h f o l l o w . 

A l s o n o t e t h a t a s we i n c r e m e n t I f o r f i x e d J , t h e p r e v i o u s 

s o l u t i o n t o t h e l i n e a r programmes ( i n c l u d i n g t h e Phase I 

programme) r e m a i n s f e a s i b l e f o r t h e s e i n e q u a l i t i e s c o r r e s p o n d i n g 

t o F . U s u a l l y , F w i l l have more i n e q u a l i t i e s t h a n E . 
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S e c t i o n 5. P o l i c y Improvement 

The u s e r o f t h i s r o u t i n e must s p e c i f y a d i s c o u n t f a c t o r 

8, an o p t i m a l i t y t o l e r a n c e e , a s p e c i f i c a t i o n o f t h e bounded 

conve x p o l y h e d r a l s e t ft, t h e c o s t v e c t o r s c , t h e s u b r o u t i n e Q, 

a s i m p l e p o l i c y 6 , and a p.w. l i n e a r f u n c t i o n V s u c h t h a t 

V < U^V. 

The n - t h i t e r a t i o n o f t h i s r o u t i n e s t a r t s w i t h a s i m p l e 

p o l i c y 6^ and a p.w. l i n e a r f u n c t i o n yn, where 6Q = 6 and y ^ = V. 

The o p e r a t o r U g i s i t e r a t e d some number o f t i m e s , s a y k t i m e s , 
n k n

n 

u s i n g t h e s u b r o u t i n e UDELTA. T h i s p r o v i d e s y n = U ^ n y . The 

p o l i c y <$ n +^ i s o b t a i n e d f r o m y n + 1 = UJ.yn+"'" u s i n g t h e 
n+1 

s u b r o u t i n e USTAR. 

The method o f c h o o s i n g k has n o t been s a t i s f a c t o r i l y 
3 n J 

r e s o l v e d . R e c a l l t h a t t h e l a r g e r k i s , t h e l a r g e r i s t h e s t e p 
n + 1 n n ° ° n n 6 

s i z e y - yn . The maximum s t e p s i z e i s y - y n = yn - V n . 
n 

Thus one t r a d e s o f f l a r g e r s t e p s i z e v s . f e w e r c a l l s o f UDELTA. 

I n g e n e r a l , i t seems d e s i r a b l e t o have k n s m a l l i n i t i a l l y and 

l a r g e r as y 1 1 c o n v e r g e s . The f o l l o w i n g p r o c e d u r e has t h i s 
p r o p e r t y . S e t k n = Max INT " ^ - y ° 1 1 , 1 

II n + l n n 
lly -y II 

We compute ||yn+"'' - yn II e a c h i t e r a t i o n and use Theorem IV. 2, 

t o c h e c k e - o p t i m a l i t y ; i . e . , i s an e - o p t i m a l p o l i c y whenever 

| | y
n + 1 _ y

n || < ( i _ g ) e a n d 

t t * ^ t t n ^ n+1 V* < V < v . 
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5T/JRT 

i 
m o 

i 

m o • •, m J 

CALL UDBL TA (S, n,)/,*,!-), ffa , Bk 

i 

CALL USTAR 

WRITE U*-V> S 
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CALL USJAR ({(**,En), k*\.z.--l),l, 

14 - Ak 

£ Z. UDELTA (6, n,\,Erf, k-U 
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S e c t i o n 6. Subroutine Q(B, a, V) f o r Model 2. 

The i n p u t s to t h i s subroutine are an a c t i o n a e A and a 

convex p o l y h e d r a l s e t B £ ft repr e s e n t e d by the a r r a y . 

B = (K, b; L, d}, where (K,b) has m rows and (L,d) has r rows. 

The s u b r o u t i n e has a v a i l a b l e as i t s data, the a r r a y s 

{Ŷ " Q : j = 1,2,...,N; 0 = 1,2,...,q; a = 1,2,. . . , p} and 

( P ^ j ; i = 1,2,...,N; j = 1,2,...,N, and a = 1,2,...,p}. The 

a r r a y V = ( i , (X3 ; L3,b3 ; K ^ d 3 ) , j = l , 2 , . . . , l } i s the sub­

r o u t i n e output. The a r r a y V c h a r a c t e r i z e s the p.w. l i n e a r 
a. a. ~i 

v e c t o r - v a l u e d f u n c t i o n q (B,*) by q (B,x) = A J • x f o r x s a t i s ­
f y i n g L-'x < b3 and K-'x <_ d3. Note t h a t X3 i s a matrix. 

The subroutine i s based on Lemma II . 2 . , and the compu­

t a t i o n p r e c e d i n g the Lemma showing t h a t 

q a(B,x) = I P a(0) • x . 
0e$ a(B,x) 

In t h i s s u b routine, the equation convention f o r d e s c r i b i n g convex 

p o l y h e d r a l s e t s w i l l be m o d i f i e d s l i g h t l y . Each convex p o l y h e d r a l 

s e t E c o n s i d e r e d w i l l always be a subset of ft, and hence x e E 
N 

w i l l always s a t i s f y £x^ = 1. T h i s e q u a l i t y w i l l always be 

i m p l i c i t i n any d e s c r i p t i o n o f a convex p o l y h e d r a l s e t , even i f 

i t i s not e x p l i c i t l y i n c l u d e d i n the l i s t o f i n e q u a l i t i e s . With 

t h i s convention the s e t B i s re p r e s e n t e d by the a r r a y (K,0_; L;0) 

where = _. - b^ and L^_. = L^.. - d^ f o r each i and j . 

The f i r s t time the subroutine i s c a l l e d the mat r i c e s 

P (0)/ a = 1,2,...,p, 0 = 1,2,...,q, must be computed. R e c a l l 

from S e c t i o n 3 t h a t p ^ j ( 0 ) = P j i Y j 0 • Although the mat r i c e s P a(0) 
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c o u l d be i n p u t d i r e c t l y , the q u a n t i t i e s P A ^ and Yjg are more 

n a t u r a l from the user's p o i n t o f view. 

Next compute K(6)= K P a ( 9 ) and L ( 9 ) = L P a ( 0 ) f o r each 

0 e (H) and s e t E Q = ' { K ( 6 ) , 0 ; L ( 0 ) , 0 } . The a r r a y E charac-
Ba 

t e r i z e s the s e t E„ i n Lemma II.2. The index I w i l l count the 

c e l l s i n the p a r t i t i o n o f V. Set 1 = 0 . 

L e t J step from 1 through 2^. L e t be the i - t h d i g i t 

of J i n i t s b i n a r y r e p r e s e n t a t i o n , i . e . , J = f J.2*~, J . e {0,1}. 
i = l 1 1 

Each J r e p r e s e n t s a subset ty of (5) by 9 e ty i f and o n l y i f 
J f l = 1. Form the a r r a y F = o E.. I f F i s empty, then look 

0 {i:J.=l} 1 

1 q a a t the next J . Otherwise c a l c u l a t e the matrix R= £,P ( i ) • J . . 
i = i 1 

B a. 
The a r r a y F corresponds to the s e t n E f l' i n Lemma II.2. The ' Ba c " 9 e ^ se t n (Eg ) i s a union o f convex p o l y h e d r a l s e t s , which we 

9 e ^ C
 e 0 

now f i n d . L e t the v e c t o r s k̂ _, t = l,2,...,m and l^, t = l , 2 , . . . , r 
/ \ ^ 

be the rows of K ( 9 ) and L ( 9 ) , r e s p e c t i v e l y . Define 

pB,a_ 
E 9 , t " 

{x: JTx>0, £:x<0, j = l , 2 , . . . , t-1} l£t£r t D 

[{x: L(9)x<_0, k x>0, and k.x<0, j = l , 2 , . . . , t-r-1} r<t£r+n. 

Then ( E g a ) c = u E g a and {EgJ: t = l,2,...,r+n} = Pg i s a p a r t i t i o n 

o f - E^a.:. L e t P = H P. . 
9 U:J.=0} 1 

l 

For each G e P such t h a t F n G ^ ty, increment I by 1. L e t 

E j = { L ^ O , ! ^ 1 ^ } be the a r r a y r e p r e s e n t i n g F o G. The matrix 

(K^d) should a l s o e x p l i c i t l y i n c l u d e the rows (1,1) and (-1,-1), 
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u n l e s s the e q u a l i t y l x = 1 i s redundant. Set X - R. Continue 

u n t i l each G e P has been c o n s i d e r e d and then proceed to the 

next J . 

Calculate the matrices 

F*(6), 2,--,jp and d*l,2,-,f 
Set PT* I 

e = 
7 = 

6+1 
6 

t 

1 = 0 

I' It I 
U&h,j - f=i(L(e)^'di)?A(B)t>7 
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I - 0 
7 - 0 

r 
Ir • 

x = 0 
uj * 0 

f~ 0 (Here p ;S cn arr*J/) 

t = 0 

t ~ t + 1 

Comment 
Whether or not the s e t F = ty i s determined by s o l v i n g a Phase I 
l i n e a r programme. Since when i i s incremented the onlychange i n 
the l i n e a r programmes i s to add c o n s t r a i n t s , the L.P. should be 
s t a r t e d from the pre v i o u s o p t i m a l t a b l e a u and the dual simplex 
a l g o r i t h m used. S i m i l a r arguments apply t o the f o l l o w i n g loop 
where G = ty i s t e s t e d . 
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A ' - K 

t = o 
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