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ABSTRACT

Empirical evidence shows that the Capital Asset Pricing Model (CAPM)
is misspecified. Securities of low systematic risk consistently earn more
than predicted by the model, the reverse being true for securities of high
systemapic risk, Whilst the relationship between ex-post returns and syste-
matic risk appears to be linear, the estimated regression coefficients are
significantly different from their theoretic values. Various attempts to
explain theoretically the causes pf the misspecification have been explored,
but fail to provide an adequate explanation of all the observed deficiencies.

The dissertation examines how the mechanism of bankruptcy affects
the structure_of returns for corporate financial assets. The hypothesis of
the thesis is that the probkability of bankruptcy across securities and across
time is reflected in the residual return after abstracting from the market.

Using stochastic control theory, a two variable extended form of
the continuous time analogue.of the CAPM is derived. The second variable
is.associated with the probability of bankruptcy. The model provides a
nétural explanation of the deficiencies of the CAPM. A discrete time ex-
post formulation of the model is used to test empirically the hypothesis.

This necessitates being able to measure the probability of bankruptcy.
A model formulated in terms of a firm's ability to raise funds, either inter-~
nally or externally, to cover fixed charges is developed, and the probability
of bankruptcy estimated using the maximﬁm likelihood methodologies of logit

analysis and probit analysis. The ability of the model to predict bankruptcy

iii
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15 tested on a secondary sample of bankrupt fimms. Excellent resulis arc
obtained with the model predicting bankruptcy, for some firms, four or
five years before the actual occurrence.

Using a pooling of time series and cross section data to esti-
mate the coefficients of the regression egquation representing the hypothe-
sis, evidence is found indicating that bankruptcy is an explanatory factor

of common stock returns.
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But even at the very grave
I trust the time shall come to be
When over malice, over wrong,

The good will win its vietory.

(Boris Pasternak, January, 1959)
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CHAPTER I

INTRODUCTION

One of the central issues in the theory of finance is the relation-
ship between risk and return demanded by investors in securities. The
Capital Asset Pricing Model (CAPM) provides such a theoretical relationship
between the expected rate of return and the expected risk of an asset under
conditions of market equilibrium.l Explicitly, the model states that the
expected one period return for a security is a linear function of its syste-
matic risk, which is a measure of the responsiveness of the security's return
to changes in the return on_the market as a whole,

In addition to providing insights into the functioning of capital
markets, the CAPM holds considerable promise as an operational tool. Proposed
- applications have ranged from strategies for security selection, estimation of
the cost.of capital, measurement of investmént performance, and establishing a
structure of managerial fees. Before the model can be implemented with any de-
gree of confidence, it is necessary to investigate the theoretical and empiri-
cal validity of the model.

One important assumption underlying the model is that of perfect capi-

tal markets,2 in particular, the absence of costs associated with financial

distress. The situation in which the firm's income before interest and taxes

1Theoretically the model applies only to all equity financed firms.

2 . . . . .

A perfect capital market is one where all participants are price
takers, have equal and costless access to all information, and there are no
transaction costs or taxes.



is less than its fixed commitments, for example interest payments on debt,
is termed a condition of "financial distress." In such a case the fimm
must curtail dividends, or investment, or obtain a capital inflow (for
example by selling stock) to meet its fixed commitments. The extreme sit-~
uation of financial distress is when the firm is forced to declare bankruptcy
because it is unable to meef the claims of its creditors.

In the theory of corporate finance the concepts of bankruptcy and
financial distress are important factors in desermining the optimal value
of the firm. 1In the absence of corporate taxes and default, Modigliani and
Miller3 have shown that the value of the firm is independent of the mix of debt
and equity, given the assumptions of perfect capital markets, homogeneity of
expectations and the ability of the investor to replicate across all states
of natgre the income obtained by inverting in an unlevered firm, In a sub-
sequent paper Modigliani and Miller4 relax the assumption of no corporate
tax, introducing a market imperfection. The fi;m receives a tax subsidy from
the government for using debt and, as debt is riskless, it is advantageous for
the firm to use as much debt.as possible; capital structure is relevant to the
value of the firm.,

Such a conclusion has little practical appeal for corporate debt is
not, in general, riskless. . Increasing the level of debt increases the fixed

charges and the probability that the firm will not be able to meet its financial

3 e e s . ; .

Modigliani, F. and Miller, M. "The Cost of Capital, Corporate Finance,
and the Theory of Investment," American Economic Review, Vol. XLVIII, No. 3,
(June, 1958), pp. 261-297,

4 s oaa . .

Modigliani, F. and Miller, M. "Corporate Income Taxes and the Cost
of Capital: A Correction," American Economic Review, Vol. LIII (June, 1963),
pp. 433-443,



cbligations. Therefore, a second market imperfection, bankruptcy, must also
be incorporated. By assuming there are no associated penalties or resource
costé to bankruptcy and that investors have limited liability, Stiglitz5 has
shown that bankruptcy has no effect upon the value of the firm. In the case
of no corporate tax, capital structure is irrelevant, and if there are cor-
porate taxes, it is still advantageous for the firm to use as much as possible.6
Bankruptcy is a "technicality;" the bankrupt firm can be replaced by a new
firm and since no resources have been expended there are no economic losses.
The assets of the bankrupt firm are still intact; the only difference is
that the management (control) and ownership are in the hands of a different
group of people (namely, the debt holders instead of the original equity

holders).7

Within the same framework Stilglitz8 has attempted to relax the
assumption of homogeneity of expectations and has shown, given the addition-
al assumptioh that short selling is not allowed, that bankruptcy does affect
the value of the firm, even though there are no resource costs to bankruptcey.
However, if the assumption of no short selling is relaxed, it can be shown

that Stiglitz's conclusion is, in general, invalid. Short selling allows the

SStiglitz, J. E. "A Re-Examination of the Modigliani Miller Theorem, "
tmerican Economic Review, Vol. LIX, No. 5 (December, 1969), pp. 784-793,

6For a further discussion see Modigliani, F. and Miller, M., "Reply
to Heins and Sprenkle," American Economic Review, Vol. LIX, No. 4 (September,
1969), pp. 592-595.

7Debt has a fixed set of claims on the firm plus the right to "take
over" the firm in the event the firm does not meet its obligations.

8Stiglitz, J. E. "Some Aspects of the Pure Theory of Corporate Finance:
Bankruptcy and Take-Over," Bell Journal of Economics and Management Science,
vol. 3, No. 2 (Autumn, 1972), pp. 4158-482,



investor the ability to replicate across all states of nature the income ob-
tained by investing in an unlevered firm, given the assumptions of limited
liability.

In reality, there are costs associated with financial distress. 1In
the event of bankruptcy real resources are consumed. That is, bankruptcy
proceedings involve costs -- legal fees, trustee fees, administration fees,
turnover of employees due to uncertainty,and loss of customers due to uncer-
tainty as to whether the fixm will be able to fulfill contracts. Kraus and
Litzenburger9 have formally introduced the tax advantage of debt and bank-
ruptcy penalties into a state preference framework. They have shown th;t
the market value of a levered firm is equal to the unlevered market value,
plus the corporate tax rate times the market value of.the firm's debt, less
the complement of the corporate tax rate times the present value of bankruptcy
costs. Thus there is a trade-off between the effects of the two market imper-
fections: corporate tax and costs to bankruptcy, implying an optimal cépital
structure.

Under the more general concept of financial distress, it has been
argued that there are additional costs associated with changes in financing
and investment strategies.10 If there is a real distinct possibility qf bank-
ruptcy, potential investors will demand a premium to compensate for the risks
associated with bankruptcy. The levered firm might be in a poor bargaining

position and have to offer higher returns to suppliers of additional capital.

9Kraus, A. and Litzenberg, R. "M State~Preference Model of Optimal

Financial Leverage," Journal of Finance, Vol. XXVIII, No. 3 (September, 1973),
pp. 911-922,

loRobichek, A. and Myers, S. "Problems in the Theory of Optimal Capi-
tal Structure," Journal of Financial and Quantitative Analysis, Vol., 1 (June,
1966), pp. 1-35.



The underwriting costs of a common stock issue in such a situation might be
very large, if not prohibitive. The existence of credit rationing or con-
straints on the investment policies of many institutions might further
weaken the bargaining position of the firm by reducing competition among
potential suppliers of funds. Loan contracts undertaken by the firm might
impose constraints on the firm's financial and investment strategies thus
limiting its freedom of action. This implies the existence of additicnal
market imperfections besides that of bankruptcy. In a perfect market a firm
should, at a price, be able to satisfy its capital requirements. If there
are non-price restrictions ihhibiting the firm's ability to raise capital,

then these are market imperfections.

Hypothesis

In summary, tﬁe potential costs associated with financial distress
are thought to be an important factor in determining the value of a firm,
Assuming that investors are risk averse, they will demand a risk premium to
bear the risks associated witﬁ financial distress. Unfortunately, an index
of financial distress is not available. What is available, however, is the
classification of firms as féiled or non-failed. The difficulty of mathemati-
lally modelling a concept likg financial distress, which should be treatéd as
a continuum, precludes its usé in this thesis. Consequently, the extreme
situation, bankruptcy, is the operational concept used. It is the sharp dis-
tinction between failure and non-failure that avails ifself readily to mathe-

matical analysis,



The hypothesis of the thesis iz that differences in the probability
of bankruptcy across secuiities and across time are reflected in the resid-
ual return after abstracting from the markat.

The 2xplizit objectives of the thesis are:

1. To analyze theorstizally how the machanism

of bankruptcy affects the styructure of returns for corporate

financial assets.

2, To guantify the Jdetemimants of bankrupitcys;
to arrive at a figure which can be identified as the probabil-
ity of bankruptey.

3. To test empirically the hyrothesis of the

thesis.

From the theoretical analysis a twoe variable medel iz derived, the
second varizble being aszociated with the probability of hankruptey. The
ability to measure the probability of bankruptecy implies that the hypothesis
of the thesis, as represanted by the two variable medel, can be enpirically

w

testad.

Importance
11 o 12
The enmpirical work of Beaver  and Westerfield — has offered some

evidence which suggests that impending bankruptcy does appear o affect the
structure of returns on common Stecks. The behaviour of ax-post returns,
after abstracting from the market, for common stocks of firms that even—

tually went bankrupt, are significantly different from thosz of healthy

11Beaver, W. B., ™arket Prices, Financial Ratios, and the Predic-
tion of Failure," Journal of Accounting Research, Vol. 4 (Autumn, 1968),
pp. 179-1%2.

lecsterficld, R., "The Assessment of Market Risk_and Corpozrate
Failure,” University of Pennsylvania, Wharton School of Finance and
Commerce, August 1970 (unpublished).



firms for the same time period. These findings, if correct, have important
implications as to the siénificance of the effects of bankruptcy upon the
structure of common stock returns, Fisher,13 in an empirical study, ad-
vanced the hypothesis that the risk of default and marketability affect

the risk premium on corporate bonds. All of these empirical studies suffer
from the lack of any theoretic framework within which to investigate how
the mechanism of bankruptcy affects the structure of returns on corporate
financial assets,

A number of recent studies have concluded that the Capital Asset
Pricing Model (CAPM) is misspecified.14 It is found that the intercept
term is non-stationary, consistently negative for securities with high
systematic risk and poéitive for securities with low systematic risk. The
lack of empirical fit can be attributed to the fact that either the model is
correct and the difficulty is one of measurement, or that the model is in-
correct and must be extended to include additional variables.

In the first case, measurement errors may result either in making
the transition from an ex-ante to an ex—éost formulation or because of
errors in variables. The transformation of the ex—~ante model to an ex-post
formulation is based upon the assumption that the returns on any securfty
can be represented by a market model; that is, the return on a security is

a linear function of a market factor. Thus any test of the ex-post formu-

3Fisher, L. "Determinants of Risk Premiums on Corporate Bonds,"
Jourmal of Political Economy, Vol. LXVII, No. 3 (June, 1959), pp. 217-237.

Some recent studies are Black, F., Jensen, M, C. and Scholes, M.,
"The Capital Asset Pricing Model: Some Empirical Tests," published in Studies
in the Theory of Capital Markets, edited by Jensen, M. (New York: Praeger,
1972); and Blume, M. and Friend, I., "A New Look at the Capital Asset Pricing
Model," Journal of Finance, Vol. XXVII, No. 1 (March, 1973), pp. 19-34.



lation is a joint test of the CAPM and market model. Errors in variables

might arise through measurement errors in the estimation of the individual
beta factors or if the market factor is incorrectly specified; the market

factor is supposed to measure the return on all assets and not simply the

return on the New York Stock Exchange. Another problem which might vilify
the results of any investigation is that of the skewness of the distribu=-

tions of ex-post returns.

In the second case, a number of studies have attempted to relax the
various assumptions underlying the model. Two variable models have been
developed by.Black15 and Merton.16 The second variable in the Black version,
which has been termed the zero beta factor, arises from relaxing the assumption
of investors being able to borrow and lend at the risk free rate of interest.
The second variable in Merton's model is the result of relaxing the assump-
tion of a constant investment opportunity set and reflects investors' attempts
to hedge against such changes. Neither model provides an adequate explanation
of all the observed deficiencies of the CAPM. There is nothing in the Black
formulation to suggest that the second factor is non-stationary, and the
Merton model does not explain why impending bankruptcy affects the residual

return of common stocks after abstracting from the market.

15Black, F. "Capital Market Equilibrium With Restricted Borrowing,"

Journal of Business, Vol. 45, No. 3 (July, 1972), pp. 444-455.

16Merton, R. C. "A Dynamic General Equilibrium Model of the Asset
Market and its Application to the Pricing of the Capital Structure of the
Firm," Massachusetts Institute of Technology, Sloan School of Management,
December, 1970.



The primary fo;us of the thesis is to extend the formulations of
the CAPM not from the viewpoint of restrictions upon the investor, but by
considering the impact of bankruptcy upon the structure of returns., A two
variable model is derived, the second variable being associated with the
probability of bankruptcy. An essential step to empirically testing such
a model is the development éf an operational measure of the probability
of bankruptcy for a firm,

Many of the studies dealing with the prediction of bankruptcy
have concentrated upon the informational content of accounting numbers.17
The hypothesis being that there is a difference in profile, as measured by
accounting data, between failed and non-failed firms and that given these
differences exist, models can be constructed, usually employing multiple
discriminant analysis, to determine if a firm shouid belong to a group of
firms having the characteristics of a failed firm or to a group of firms
having the characteristics of a non-failed firm. The main consideration
has been to classify a firm into one of these two groups. No attempt has
been made to construct a theory of the determinants of bankruptcy or to mea-
sure the probability of a firm going bankrupt.

The approach proposed.in the thesis is an extension of the previous.

studies in at least two ways. It identifies a set of variables that can be

17See, for example, Beaver, W. H. "Financial Ratios as Predictors of

Failure," Bmpirical Research in Accounting: Selected Studies, supplement to
Journal of Accounting Research (1966), pp. 77-111; Altman, E. I. "Financial
Ratios, Discriminant Analysis and the Prediction of Corporate Bankruptcy,"”
Journal of Finance, Vol. XXIII, No. 4 (September, 1968), pp. 589-609; and
Edmister, R. O. "An Empirical Test of Financial Ratio Analysis for Small
Business Failure Prediction," Journal of Financtal and Quantitative Analy-
sts, Vol. 7 (March, 1972), pp. 1477-1493,



10

used in predicting bankruptcy and it introduces a new methodology to this
field with which to measure the probability of bankruptcy, that of logit
analysis and probit aralysis.

To empirically test the hypothesis of the thesis, as represented by
the derived two variable model, necessitates consideration of the method-
ology to be employed. The two variable model describes a relationship for
a security at a specific time between its conditional expected return, the
security's systematic risk, and the,probability of bankruptcy. The tradi-
tional approach to the testing of the CAPM is to construct portfolios of
securities so as to reduce measurement errors and to test the model using a
small number of portfolios. For empirical testing of models which are exten-
sions of the CAPM, elaborate forms of the same type of aggregation procedure
have been utilized. However, these procedures make extensive use of esti-
mated parameters and it is not clear how the aggregated effect of measure-
ment errors in these parameters affects the final estimated coefficients.
The thesis introduces a new methodology to the testing of two variable

models, that of pooling time series and cross section data.

Organization of Thesis

A critical survey of the relevant financial literature and its impor-
tance to the thesis is given in Chapter II. The survey, which covers the
topics of empirical studies in bankruptcy and the Capital Asset Pricing Model,
stresses the underlying assumptions of the reviewed literature, the areas
of deficiency and the contributions of the thesis.

Cﬁapter III describes a model for the probability of bankruptcy in
terms of ex-ante variables. To use the model for empirical estimation

requires that the ex-ante variables be replaced by ex-post surrogates. A
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general formulation in terms of explanatory variables is developed. As the
primary focus is upon prediction of bankruptcy, a second formulation using
market values of appropriate corporate variables is constrgcted. The statis-
tical methodology to estimate the coefficients of the proxy variables is
described. The details of three different methods by which the model can

be tested are given in the last part of the chapter.

In Chapter IV the theoretic analysis extending the Capital Asset
Pricing Model to incorporate bankruptcy is given. The general framework
detailing the financial assets available, their price dynamics, the nature
of changes in the investment opportunity set, and the behaviorial assump- '
tions for the individual are described. The general form of the equation
of optimality is then derived. Due to the complexity of the general analysis,
two models are presented. The first model assumes that the investment
opportunity set is altered only by the event of bankruptcy. From this
analysis a two variable model, which will be empirically tested, is derived.
The second model assumes £hat the probability of bankruptcy changes stochas-
tically over time.

Chaptér \' describes.the empirical work of the thesis. The first
part of the chapter describes the data, the results, and the testing of the
model to estimate the probability of bankruptcy. The results of this work
are usea in the second part.of the chapter, which describes the testing of
the hypothesis of the thesis. The data, statistical methodology, and the
results are presented.

Chapter VI summarizes the main findings of the thesis. A list of

topics for further research that arise from the thesis is given.



CHAPTER II

A CRITICAL SURVEY OF THE RELEVANT FINANCIAL LITERATURE

In this chapter a review of the financial literature that is rele-
vant to the thesis is given. The relationship of the reviewed literature
to the thesis, its importance, the gnderlying assumptions and their impli-
cations are described. It is demonstrated fhat there are areas of deficiency
"in the literature and the contributions of the thesis in eradicating these
deficiencies stated. Two topics are discussed, those of empirical studies
on bankruptcy and the Capital Asset Pricing Model (CAPM).

The empirical studies on bankruptcy that are reviewed address three
questions: are there costs to bankruptcy; does impending bankruptcy affect
the price behaviour of corporate financial assets; and can bankruptcy be
predicted. The questions of the existence of costs to bankruptcy and the
effects of bankruptcy upon the structure of retufns for corporate financial
assets are of prime importance to the formulation of the hypothesis of the
thesis. The last question, that of prediction of bankruptcy, is relevant
to the testing of the hypothesis of the thesis, where it is necessary to
measure the probability of a firm going bankrupt.

The second topic reviewed is the CAPM. The basic model and the
empirical evidence indicating that it is misspecified is described. The
implications of the misspecification and some of the theoretical attempts to
explain its causes are reported. Incorporating some of the findings of the
empirical studies on bankruptcy and the nature of the misspecification of

the CAPM, the hypothesis of the thesis is presented. To test empirically

12
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the hypothesis a two variable model is used, the second variable being the
probability of a firm going bankrupt. Before the hypothesis can be tested,
it is necessary to determine the statistical methodology to use. Existing
methods and their deficiencies are described and an alternative methodology

advanced, that of pooling time series and cross section data.

Empirical Studies on Bankruptcy

The empirical studies on bankruptcy.which are reviewed pertain to
three areas: the existence of costs to bankruptcy, the effects of impending
bankruptcy upon the price behaviour of corporate financial assets, and the
prediction of bankruptcy. The first two topics combined with some of the
findings from the empirical evidence on the misspecification of the CAPM
contribute to the formulation of the hypothesis of the thesis. The last
topic, that of prediction of bankruptcy, is relevant to the empirical testing
of the hypothesis.of the thesis, where it is necessary to measure the proba-

bility of a firm going bankrupt.

Costs to Bankruptcy

If there were no costs to bankruptcy then it would be a "technicality";
the bankrupt firm could be replaced by a new firm and since no resources have
been expended there are no economic losses. However, if there are costs to
bankruptcy fhen this is no lﬁnger true and it implies that capital structure
will be relevant to the valuation of the firm.

Baxterl has considered the existence of costs to corporate bankruptcy

1Baxter, N. D., "Leverage, Risk of Ruin, and the Cost of Capital,"
Journal of Finance, Vol. XXII, No. 3 (September, 1967), pp. 395-403.
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and their effects upon capital costs. lis thesis is that increased leverage
enhances the probability of a firm going bankrupt and that the added adminis-
tration and legal costs incurred during reorganization, as well as operating
inefficiencies which are manifest due to the bankruptcy condition, reduces
the value of the firm. Baxter analyzed the immediate effects of bankruptcy
on the earnings and sales of a small sample of firms and found that they
were adversely affected after the declaration of bankruptcy. This was
interpreted that there are costs to bankruptcy and that excessive leverage
would reduce the value of the firm. Consideration of only the immediate
effects of bankruptcy can be potentially misleading for it is possible for

a firm's operations either during or after reorganization to improve and

for the original common stockholders to do exceedingly well, inclusive of
discounting for their opportunity costs.

Altman,2 in a more general analysis, considered not only the imme-
diate but also the long term effects of bankruptcy. The findings of Baxter
were confirmed, though some evidence was found that prohibited the general
statement that investors always suffer because of bankruptcy. The empirical
data showed that bankrupt firms' equity on average can be expected to fall
in bankruptcy, though a number of bankruptcy reorganizations resulted in
favorable overall performance.

The evidence of the existence of the costs to bankruptcy implies
that capital structure will affect the valuation of the firm. Closely re-
‘lated to this is the question of how bankruptcy affects the mechanism of

the structure of returns on corporate financial assets.

2I-\ltman, E. I., "Corporate Bankruptcy Potential, Stockholder Returns
and Share Valuation," Journal of Finance, Vol. XX1V, No. 5 (December, 1969),
pp. 887-900.
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Bankruptcy and Stock Market Prices

The greater the probability of a firm going bankrupt the greater
will be the ex-ante expected rate of return that risk-averse investors re-
quire. Each period investors will reassess the condition of the firm and
adjust the market price of the common stock such that the ex-ante rate of
return would continue to bé commensurate with the higher risk. If at any
time the probability of the firm going bankrupt is greater than expected,
there will be a downwérd adjustment of the market price and the ex-post
return will be less than the ex-ante expected rate of return. It is not
possible.to make any stateﬁent about the difference in ex-post returns for
healthy firms and for those.firms that fail. The direction and magnitude of
any difference will depend upon the size and direction of change in the
probability of the firm going bankrupt.

Beaver3 considered what effects impending failure had upon the price
behaviour of common stock prices. A crude market model was used. The
residual between the ex-post return and the comparable Fisher Link Relative,
which is an average rate of return on all firms listed on the New York Stock
Exchange, was calculated on an annual basis for a group of failed firms up
to five years prior to failure and for a group of non-failed firms. The re-
sults were that the median rates of return for failed firms were poorer
than those of non-failed firms for five years prior to actual failure and
the difference between the median values increased as failure approached.
Beaver also derived tests to assess the failure predictive power of rates of

return measures and several financial ratios that had been in a previous

Beaver, W. H., "Market Prices, Financial Ratios, and the Prediction
of Failure," Journal of Accounting Research, Vol. 4 (Autumn, 1968), pp.
179-192.
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study. Univariate tests showed that investors forecast failure sooner than
any of the ratios used, with the average length of time from the year of
the failure prediction to the date of failure being 2.45 years for the rate
of return measure. This was interpreted by Beaver as recognition of the
fact that the infofmational content of accounting numbers is not the only
source investors use to de£ect the possibility of failure.

Westerfield,4 using monthly data and the market model developéd by
Sharpe5 examined the behaviour of residual returns, after abstracting from
the market, for failed firms up to six years prior to failure. The market
model parameters for the iﬁdividual securities were estimated using data
for the months 120 to 72 pfior to failure. For the months 71 to 0 the
residual of the realized return minus the ex-ante expeéted return were cal-
culated. Using two performance measures, it was found that the market began
to bid down the market price/five years prior to failure, with a rapid
deterioration occurring in the yéar subsequent to failure. This is in con-
trast to the findings of Beaver and suggests that forecasts of failure more
than one year prior to when.failure occurs, based upon indices of market
performance, will be error prone. Westerfield also examined the relation-
ship between the systematic.risk measure and the rate of failure, the -
hypothesis being that firms whose common equity exhibit high systematic
risk with market movements (high betas) experience a higher rate of failure

than those assessed as low risk (low betas). Given the limitations of the

4 . .

Westerfield, R., "The Assessment of Market Risk and Corporate
Failure," University of Pennsylvania, Wharton School of Finance, August,
1970 (unpublished).

SSharpe, W., "A Simplified Model for Portfolio Analysis," Manage-
ment Science, No. 9 (January, 1963), pp. 277-293.
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estimation technique and the small sample size, the results showed that on
average high risk firms experience failure at a greater rate than low risk
firms.

A deficiency of this study is its reliance upon the Sharpe6 market
model. The work of Black, Jensen, and Scholes7 has shown that the :ealized
return for high beta securities is consistently lower than that predicted by
the market model used by Westerfield. This implies that the residual between
the realized return and the estimated return will be biased downwards. The
problem assumes greater importance when account is taken of Westerfield's
findings that suggests that it is high beta securities that tend to fail
more often than low beta securities. Thus the two performance measures used
are biased towards indicating a deterioration earlier than when it actually
occurs.

A common finding of these studies is that the market constantly
underestimated the probability of a firm going bankrupt. From an ex-ante
viewpoint the expected rate of returh, conditional upon no bankruptcy,
should increase if the probability of bankruptcy increases so to compensate
risk averse investors for the increased risk, but this does not imply that
the ex-post return should increase. If during a particular period the proba-
bility of a firm going bankrupt unexpected increases, then this will be re-
flected in a lower price at the end of the period than had been expected at

the beginning of the period and the realized return will decrease. The

6rbid.

7Black, F., Jensen, M. C., and Scholes, M., "The Capital Asset Pric-
ing Model:.Some Empirical Tests," published in Studies in the Theory of
Capital Markets, edited by Jensen, M. (New York: Praeger, 1972).
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longer the time period the greater the potential seriousness this problem
becomes for empirical studies. It does, however, stress the need to consider
the ramifications of stochastic changes in the probability of bankruptcy in
any theoretic investigations of the effeqts of bankruptcy upon the structure
of returns for corporate financial assets.

Both studies offer empirical evidence which suggests thaﬁ thé price
behaviour of common stocks is affected by impending bankruptcy. If this is
correct, then it is pertinent to enquire what is the nexus between the
market pricing process and corporate failure. The pursuit of this question

is the primary focus of the thesis.

Prediction of Bankruptcy

To test empirically the hypothesis of the thesis a two variable model,
which is an extended form‘of the CAPM, is used. The second variable is the
probability of a firm going bankrupt and thus it is necessary to be able to
estimate this quantity.

The primary focus of previous studies on the prediction of bankruptcy
has been on the informational content of accounting statements and financial
ratios. These studies have advanced the hypothesis that there is a dif-
ference in profile, as measured by accounting data, between failed and non-
failed firms and this difference can be utilized as an aid to prediction;
that is, it is possible using accounting data to allocate firms to one of
two groups: failed and non-failed. This hypothesis was first used in a
univariate form. Single financial ratios were tested for their predictive
ability. However, univariate analysis can be potentially misleading for

failure depends upon many different factors. Consequently, a multivariate
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approach to the prediction of bankruptcy has been developed.

Beaver8 used a univariate approach to select from a sample of thirty
financial ratios the one most able to correctly predict the.failure status
of a firm. Failure was defined to occur when a fixm was unable to pay its
financial obligation when they matured. Operationally, a firm was identified
as failed when one of the following events occurred: bankruptcy, bond
default, an overdrawn bank accéunt, or non-payment of a preferred stock
dividend.9 Such a definition is very broad and is more in keeping with the
concept of financial distress. To ¢lassify all those categories under one
group, that of failure, wiil result in_inéfficient estimation, as not all
the information is being utilized. Presumably, for a firm to default on its
bond payments is a more serious event than for a firm to omit payment on a
preferred dividend. By claésiffing these two events under the one group does
not take this fact into account. Another problem is that many firms omit
dividends for reasons othef than that caused by impending failure and thus
to classify these firms as failed results in a misclassification.

Beaver found that the ratio of cash flow to total debt was best at
being able to correctly prediét the failure status of firms and that this
ability existed for at least five years before failure. Thus on the basis
of a single financial ratio firms were allocated to one of two groups:
failed and non-failed.

Univariate analysis is susceptible to faulty interpretation and is

potentially misleading. For instance, a firm whose capital structure

8Beaver, W. H., "Financial Ratios as Predictors of Failure,”
Empirical Research in Accounting: Selected Studies, supplement to Journal
of Accounting Research (1966), pp. 77-111.

%1bid., p. 71.
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contains a large proportion of debt may be regarded as a potential bankrupt.
However, because of very low variability in its cash flow, the situation may
not be considered serious. In an attempt to avoid this type of problem a
multivariate approach considering several financial ratios has been devel-
oped. This involves being able to determine which financial ratios are
important in detecting future bankruptcy, what weights should be attached

to the selected ratios and how should the weights be objectively established.
The methodology that is usually used is that of multiple discriminant
analysis.

Multiple discriminant analysis kMDA) is a statistical technique
used to classify an observation to one 6f two mutually exclusive groups.lo
The basis of the technique is to construct a discriminant function from a
linear combination of explanatory variables, the weights being determined by
minimizing the expected cost of misclassification.

To use MDA it is necessary to define the two mutually exclusive
groups. .For prediction of bankruptcy the two groups are defined to be bank-
rupt and non-bankrupt. Data are collected for the firms in the two groups;
MDA then attempts to derive a linear combination of the characteristics
(financial ratios) which discriminates between the two groups so as to
minimize the cost of misclassifying a firm.

One of the advantages of MDA is that it is capable of considering an
entire profile of characteristics common to the relevant firms, as well as

the interaction of these properties, and to combine them in a single

10 ' .
MDA can be extended to the general case of many mutually exclusive

groups. A good introduction to MDA is given in Anderson, T. W., An Introduc-
tion to Multivariate Statistical Analystis (New York: John Wiley & Sons, 1957).
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discriminant function. There are, however, a number of potential drawbacks
to MDA. It is necessary to make some specification about the conditional
expected costs of misclassification and the parameters and form of the
probability distributions that describe the properties of the different
groups. In general, neither the costs of misclassification nor the prior
probabilities are known. Without knowledge of the prior distributions it
is not possible to calculate the probability of an obserxvation belonging to
a particular group. The primary focus of MDA is to allocate an observation
to a particular group without measuring the probability of the observation
belonging to that group.

Altmanll developed a multivariate approach to the prediction of bank-
ruptcy using MDA. A firm was classified as bankrupt if it filed a bank-
ruptcy petition under Chapter X of the National Bankruptcy Act (U.S.A.).
This definition avoids the problem of misclassification that was encountered
in the Beaver study.12 From an initial set of twenty-five financial ratios
a discriminant function composed of five financial ratios characterizing
liquidity, profitability, productivity, financial risk, and sales generating
ability was determined. The discriminant function was able to correctly
classify 94 per cént of the initial data sample and to achieve a high stan-
dard of success on two secondary samples. Thus on the basis of a linear
combination of five financial ratios firms were allotted as either bankrupt

or non-bankrupt.

11 . , 3 . .- .
Altman, E. I., "Financial Ratios, Discriminant Analysis and the

Prediction' of Corporate Bankruptcy," Journal of Finance, Vol. XXIII, No.
4 (September, 1968), pp. 589-609.

2 . . . .
Beaver, “"Financial Ratios," loe. ctit.
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Using a different data sample, Deakin13 replicated the Beaverl4 and
the AltmanlS studies obtaining similar conclusions, but then proceeded to
claim that the probability of group membership could be derived using a
statistic having a chi-square distribution, the number of degrees of freedom
equaling the number of variables used in the MDA.16 This is wrong.. The
probability of assigning an observation to a particular group can only be
calculated in this context with the knowledge of the prior distributions,
but these are unknown. The statistic used by Deakin is probably17 a test
for the null hypothesis that the two group means are identical.18

Accounting data variables have been used by Fisher19 in an empirical
study of the determinants of the risk premiums on corporate bonds. It was
hypothesized that the risk premium depended upon the marketability and the
risk of default of the bond. The marketability of the bond was estimated by
a single variable, the market value of all the firm's publicly traded bonds,

and the risk of default was assumed to depend upon three variables: the coef-

ficient of variation of the firm's net income, the period of solvency, and

3Deakin, E. B., "A Discriminant Analysis of Predictors of Business
Failure," Journal of Accounting Research, Vol. 10, No. 1 (Spring, 1972), pp.
167-179. :

4 . . . . .
Beaver, "Financial Ratios," loe. ctit.

15 . . . .
Altman, "Financial Ratios," loec. ctit.

16Deakin, op. cit., p. 175.

17As Deakin fails to give clear definitions of the terms used in the

statistic, it is difficult to make any positive statement.

18 c s : C s . . .
A description of this statistic is given in Anderson, op. cit.,
p. 56. |

9 ., . . .
Fisher, L., "Determinants of Risk Premiums on Corporate Bonds,"
Journal of Political Economy, Vol. LXVII, No. 3 (June, 1959), pp. 217-237.
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the ratio of the market value of equity to the par value of the firm's debt.
From this formulation approximately 70 per cent of the variance of the de-
pendent variable could be explained. There are, however, a number of defi-
ciencies in the study. It is not clear that the marketability of a bond
can be estimated by a single variable, or that the risk of default can be
determined by a function of three variables. Without further igvestiéation
of the validity of these measures, the interpretation of the findings of
the study are jeopardized.

Whilst this study breaks away from the strict use of financial
ratios, it still relies upon the informational content of accounting
numbers, a criticism that can be applied to all the studies pertaining to
the prediction of failure. Accounting data reflects the consequences of
past actions, whilst for prediction it is not the past but the future that
is relevant. The focus of previous studies has been to allocate firms, on
the basis of financial ratios, to one of two groups: failed or non-failed.
No attempt has been made to offer either a theory of the determinants of
failure or to measure the probability of a firm failing.

A contribution of the thesis is the development of a model to deter-
mine the probability of a firm going bankrupt. At any point in time this
aepends upon the firm's ability to raise funds, either internally or exter-
nally, to cover fixed charges. To use the model to empirically estimate
the probability of bankruptcy requires that the ex-ante variables be re-
placed by ex-post surrogates. This necessitates consideration of the
statistical methodology to utilize in estimating the coefficients of the

ex-post surrogates. Multiple discriminant analysis can not be used, for it
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is primarily designed to allocate an observation to a particular group with-
out measuring the probability of the observation belonging to that group.
The thesis introduces a new methodology to estimate the coefficients and the
probability of a firm going bankrupt, that of logit analysis and probit
analysis.

To test empirically the hypothesis of the thesis, it is only neces-
sary to be able to measure the probability of bankruptcy and not to explain
its determinants; that is, the primary focus is upon predicting the proba-
biliﬁy of bankruptcy and not to advance a complete theory of its determi-
nants. Consequently, two formulations of the model are derived. The first
concentrates on being able to explain the determinants of bankruptcy,
whilst the second is developed solely for its predictive ability using
market values for appropriate corporate variables. Both formulations of

the model will be used in the testing of the hypothesis.

Capital Asset Pricing Model

The second topic reviewed is the Capital Asset Pricing Model (CAPM).
The theoretic foundations of the Model and the empiricgl evidence which indi-
cates that it is misspecified are described. Some of ﬁhe various attempts
to explain the cause(s) of the misspecification are discussed and an alter-

native explanation, which forms the hypothesis of the thesis, is advanced.

To test empirically the hypothesis a two variable model is used, the second
variable being the probability of a firm going bankrupt. Before the
hypothesis can be tested, it is necessary to determine the methodology to
utilize. 'Existing techniques and their deficiencies are described and an

alternative methodology presented.
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Foundations of the CAPM

The CAPM describes a linear relationship between the equilibrium
expected return on an asset and its systematic risk, which is a measure of
the asset's covariance with the market portfolio. The market portfolio is
composed of an investment in every risky asset outstanding in proportion to
its total value. The CAPM was originally formulated in a mean-variance con-
text by Tréynor,20 Sharpe21 and later clarified by Lintner22 and Mossin.23
In the development of thé model it is assumed that: (a) all investors are
single period expected utility of terminal wealth maximizers who choose
among alternative portfolios on the basis of mean and variance; (b) all
investors can borrow or lend an unlimited amount at aﬁ exogenously given
risk free rate of interest and there are no restrictions on short sales of
any assets; (c) all investors have identical subjective estimates of the
means, variances, and covariances of return among all assets; (d) all assets
are perfectly divisible and there are no transaction costs; (e) there are no
taxes; (f) all investors are price takers; and (g) the quantities of assets
are given.

The model may be stated in the mathematical form

n n
E (Rj) = Bj [E (RM)], [2.1]

0Treynor, J., "Towards a Theory of Market Value of Risky Assets"
(unpublished memorandum, 1961).

21Sharpe, W. F., "Capital Asset Prices: A Theory of Market Equilib-
rium Under Conditions of Risk," Journal of Finance, Vol. XIX, No. 3 (Sep-
tember, 1964), pp. 425-442,

22_, . . .

2Llntner, J., "The Valuation of Risk Assets and the Selection of
Risky Investments in Stock Portfolios and Capital Budgets,” Review of
Economics and Statisties, Vol. XLVII (February, 1965), pp. 13-37.

3 . . :
Mossin, J., “"Equilibrium in a Capital Asset Market, Econometrica,
Vol. 34, No. 4 (October, 1966), pp. 768-783.
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. .th .
where, if Pj(t) denotes the price of the j asset at the end of the period,

n
E [P.(t)] - P.(t-1)
J J

n,
E (R.) = -r
( ]) P, (t-1) F
J
.th
= expected excess return on the j asset;
r_ = the riskless rate of interest;

F
E (R,]

consisting of an investment in every asset outstanding in proportion to its

expected excess return on a 'market portfolio'’

value;
and ' B, = (k ¥ ) / (E )
. = Ccov 5° RM var M
. C v s .th
= the 'systematic' risk of the j asset.
The above relation states that the expected excess return on any asset is

directly proportional to its systematic risk. If-aj is defined as

E(&R) BE(“") (2.2}
a. = D Bl . .
3 3 3 Ry’ ¢

then equation [2.1] implies that o for every asset is zero.

Empirical tests of the CAPM have been based upon ex-post data. The
transformation of the ex-ante model to an ex-post formulation is based upon
the assumption that the return on any security can be represented by a
market model; that is, the return on a security is a linear function of a
market factor. Thus any test of the ex-post formulation is a joint test:of

the CAPM and the market model. Using the market model originally proposed

by Markowitz24 and extended by Sharpe25 and Fama26 the ex-post formulation

2 . . . . . . ps .

4Markow1tz, H., Portfolio Selection: Efficient Diversification of
Investments, Cowles Foundation Monograph No. 16 (New York: John Wiley and
Sons, 1959).

25Sharpe, "A Simplified Model,” loec. cit.

26 . e o '
Fama, E., "Risk, Return and Equilibrium: Some Clarifying Comments, "
Journal of Finance, Vol. XXIII, No. 4 (March, 1968), pp. 29-40.
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of the CAPM, as represented by Equation [2.1] can be written

n N

Rj = Sj RM + ej [2.3]
where gj is a normally distributed zero mean random variable. If assets
are pricéd acéording to the CAPM then a joint test of the CAPM and the

market model can be obtained by adding an intercept aj to [2.3] and sub-

scripting each of the variables by t, representing time, to obtain

R, = +s';‘ + [2.4]
57 % T Py Rue T eyer :

which is a regression equation, the null hypothesis being that the intercept

term'{aj}, is zero for all assets.

Cross Sectional Tests of the Model

For cross sectional tests the procedure used is to estimate the
cross sectional regression

R, =ve + v; B, + e, 2.5
5 o 1 3 J’_ [ ]

-~

where Bj is obtained from the regression of a time series of individua}
security returns on an index used as a proxy for the market portfolio. The
null hypothesis is that v, = 0, and v; = (§M - ;F)’ where ﬁM is the average
return on the market index éver the time period, and ;F is usually taken to
be the yield to maturity of a government bond with the same maturity as the
length of the time period unaer examination.,

Evidence presented by Douglas,27who regressed the returns on a large
cross sectional sample of common stocks on their own variance and on their

covariance with an index constructed from the sample, found that the model

27Douglas, G., "Risk in the Equity Markets: An Empirical Appraisal of
Market Efficiency," Yale Economic Essays, Vol. 9 (Spring, 1969), pp. 3-45.
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did not provide a complete description of security returns. For seven
separate five year periods from 1926 to 1960, the average realized return
was significantly positiyely related to the variance of the security's
returns over time, but not to their covariance with the index of returns.
These results appear to be in conflict with tﬁe relation given by [2.1] for
the variance term should have a coefficient of zero.

Douglas also summarizes some unpublished results of Lintner's that
also appear to be inconsistent with Equation [2.1]. Lintner estimates
Equation [2.5], for a cross section of securities, adding an extra variable:
the variance of the residuals from the time series regressions given by
Equation [2.4]; This extra variance should have no explanatory power and
thus its coefficient should be zero. In Lintner's tests it did not, the co-
efficient on the residual variance being positive and significant. Also,

30 was greater than zero and ;1 much less than (§M - ;F).

Miller and Scholes28 replicated the Lintner study on a different
body of data obtaining the same general results. The source of the misspeci-
fication may arise not because the model is wrong, but due to the difficulty
of measuring the different variables. For example, the biases introduced by
(a) failure to account adequately for the riskless rate of interest, (b)
possible non-linearity in the risk-return relation, or (c) distortions due
to heteroscedasticity, may be the cause of the Douglas-Lintner finding.
However, it was shown that these errors could not produce such results. It

was also demonstrated that whilst measurement errors in the risk variable

28Miller, M. and Scholes, M., "Rates of Return in Relation to Risk:
A Re-examination of Some Recent Findings," printed in Studies in the Theory
of Capital Markets, edited by Jensen, M. (New York: Pracger, 1972).
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{8.}, and the correlation between the variance of the residuals from the
time series regressions and the estimates of the risk value {éj},-could con-
tribute substantially to the Douglas-Lintner results, they were not suf-
ficient to account for all the observed deviations from the model. A
problem which could account for such results is the presence of skewness in
the probability distributions of ex-post returns. Miller and Scholes-were
able to show that skewness effects could cause serious difficulties and
that combined with the measurement errors in the risk variable could in
principle cause the Douglas-Lintner results. whiist their analysis does
not imply the complete rejection of the Douglas-Lintner results, it does
show that they must be treated with caution in view of the econometric dif-

ficulties in testing the model.

Time Series Tests of the Model

29 .
Black, Jensen, and Scholes (B-J-S) have tested the CAPM by using
a time series procedure. The model can be. tested by running a time series

regression using the equation [2.4]; that is,

R, =a. + B. kM +e.. [2.4]
it J ] Mt it _

the null hypothesis being that the intercept term, aj,is zero for all assets.

Thus a direct test can be obtained by estimating [2.4] for a security over

some time periocd and testingito see if aj is significantly different from

zero. Whilst this test is simple, it is inefficient in that it utilizes

information on only a single security. To overcome this problem B-J-S

29Black, F., Jensen, M., and Scholes, M., "The Capital Asset Pricing
Model: Some Empirical Tests," printed in Studies in the Theory of Capital
Markets, edited by Jensen, M. (New York: Praeger, 1972).
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perform their tests on portfolio returns over the period 1931 to 1965, where
the portfolios are constructed so as to maximize the dispersion of their
systematic risk. They applied their tests to ten portfolios, which con-
tained all securities on the New York Stock Exchange. The results indicated
that the intercept term was directly related to the systematic risk level.
For low risk securities the intercept term was positive, and for high risk
securities it was negative. There was Substantial indication that the
intercept terms for the different portfolios were non-stationary, especially
for securities whose level of systematic risk was different from unity.
Similarly findings have also been obtained in a recent sﬁudy by Blume and -
Friend.30

B-~J-S go on to demonstrate that the process generating the return on
individual securities can be described by a two variable model of the firm
~

~n
= (1 - Bj) r + B + e

~
b of . .
Zt j "Mt jt !’

jt

Ko

{2.6]

where ¥Zt fepresents the return on what they call the 'beta factor' and the
other lower case r's indicate total returns. Using a grouping procedure
which eliminates most of the difficulties associated with the biases intro-
duced by measurement errors in the {Bj} in cross sectional tests, an exami-
nation of the cross sectional relationships between risk and return fo;
seventeen subperiods of lengths twenty-four months and four subperiods of
length one hundred and five months was conducted. It appears that the rela-

tionship is highly linear, but both the intercepts and slopes fluctuate

randomly from period to period and are often negative. B-J-S argue these

30Blume, M. and Friend, I., "A New Look at the Capital Asset Pricing
Model," Journal of Finance, Vol. XXVIII, No. 1 (March, 1973), pp. 19-34.
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non-stationarities are consistent with the return generating mechanism
described 5y [2.6], which.implies that the intercept and slope in the cross
sectional regressions will be ;Z and (;M - ;Z) respectively, where the bars
denote sample means over the time period covered by the cross sections.
Since ;Z will also be a random variable, equation [2.6] is consistent with
the observed empirical results.

The evidence seems to indicate that the CAPM does n&t provide an
adequate description of the process .generating common stock returns. The
documentation of non-stationarity and the existence of at least another
factor imply that the model must be extended to include additional

variables.31

Theoretical Extensions of the CAPM

The majority of the assumptions underlying the model violate to
some degree the conditions observed in practice. A number of recent studies
have attempted to relax various assumptions so as to incorporate some of
the complexities of capital markets into the model. The results have indi-
cated that the basic structure of the model is remarkably robust to viola-
tions of these assumptions.

The assumption that investors are single period expected utility of
terminal wealth maximizers is very restrictive and may not be an accurate

S . - 32 . . .
description of investors' behaviour. Fama™  has investigated the conditions

31An excellent survey article describing even more evidence about

the misspecification of the CAPM is given in Jensen, M., "Capital Markets:
Theory and Evidence," Bell Journal of Economics and Management Setence, Vol.
3, No. 2 (Autumn, 1972), pp. 357-398.

32Fama, E., "Multiperiod Consumption--Investment Decisions," Ameri-
can Economic Review, Vol. LX, No. 1 (March, 1970), pp. 163-174.
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for the validity of such.an assumption. Arguing that investor's problem

is more accurately stated as the maximization of the expected lifetime
utility of consumption and terminal wealth, it is demonstrated/that the
single period CAPM can be justified in the context of a multiperiod problem
if the investor behaves as if future consumption and investment opportunities
are given and that tastes are not state dependent. Thus even though ﬁhe in-
vestor must solve a multiperiod problem to arrive at the optimal current
decisions, these decisions are indistinguishable from those of a risk averse
single period expected utility of terminal wealth maximizer.

These findings have important implications for the conditions which
must be satisfied if the CAPM is to be empirically tested. Previous
empirical studies have utilized ex-post data extending over many time
periods and have tacitly assumed the validity of the model in a multiperiod
context. But tastes do change err time and thus one of the assumptions
neceésary to use the model over extended time periods is violated and hence
the conclusions of such studies are jeopardized.

It is assumed in the CAPM that all assets are perfectly liquid;
that is, all assets are marketable and there are no transaction costs.

There are many assets for which this assumption is not applicable. For
example, claims on labour income or social security payments are claims
that can not be sold in capital markets. Thus it is pertinent to enquire
what effect non-marketability of assets has upon the CAPM. For the special
case of only two types of assets, perfectly liquid and perfectly non-liquid,

"33 . . .
Mayers3 derives a simple expression between the expected rate of return on

33Mayers, D., "Non-Marketable Assets and Capital Market Equilibrium
Under Uncertainty," printed in Studies in the Theory of Capital Markets,
edited by Jensen, M. (New York: Praeger, 1972).
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any asset and its covariance risk in terms of market parameters and demon-
strates that the basic implications of the model are not weakened in any
major respect by the existence of non-marketable assets.

There are, however, many assets that can not be described as being
either perfectly liquid or perfectly non-liquid, real estate, second hand
automobiles, being possiblé examples. Marketability is not a dichotomous
concept but is a continuum. To investigate_the full effects of marketability
upon the CAPM requires that its determinants be known and that the "degree"
of marketability of an asset can be measured. Whilst the results of the
Mayers' study are important, the study does not address itself to the more
general and difficult problem of treating marketability as a continuum.

One of the assumptions of the CAPM is the existence of a riskless
asset. In the presence of uncertainty about the level of future prices and
as contracts are not denominated in real terms, the assumption of the exis-
tence of such an asset is tenuous. Black34 has ;hown, under assumptions
identical to those of the CAPM, that if a riskless asset, or borrowing or
lending opportunities do not exist, then in equilibrium the portfolios of
all investors consist of a linear combination of two basic portfolios, one
being the market portfolio.and the other a portfolio whose returns havg
zero covariance with the market portfolio and has minimum variance. This
portfolio has been termed thé "zero beta" portfolio. Black demonstrates

that in equilibrium the expected return on any asset will be given by

v e
E (rj) = (1 - Bj) F (rZ) 3 E (rM),

34Black, F., "Capital Market Equilibrium With Restricted Borrowing,'
Journal of Business, Vol. 45, No. 3 (July, 1972), pp. 445-455,
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where E (;Z) is the expected return on the zero beta portfolio and the
other variables are as previously defined. Whilst this is a two factor
model and bears a close relationship to the model suggested by B—J—S,35
there is nothing in the formulation to suggest that the second factor
is not constant, and thus it can not adequately explain all the obse;ved
empirical deficiencies of the CAPM.

The CAPM, which is formulated in a discrete time framework, rests
upon the assumption that there are no transaction costs. Whilst the formula-
tion of a discrete time model is convenient for empirical work, its theo-
retic justification is questionable. The ra£iona1 investor would always
prefer to have the option to trade any instant of time~-at no cost--then to
"be restricted to trading at discrete time intervals.

The usual reason given for the discrete time formulation is that
transaction costs do exist. However, the approach is to take equal time
spacings of non-specified length. If transaction costs are to be iﬁcluded,
the intexrval between trading periods will become a variable depending upon
the size of transaction costs, changes in the prices of securities, initial
wealth distribution, and expectations. The inclusion of transaction costs
also raises the question of the existence of an equilibrium.

Merton36 has derived a continuous time version of the CAPM, although
the symbols, which appear the same, have a different interpretation, being

expressed in terms of instantaneous rates of return. Four extra assumptions

35Black, Jensen, and Scholes, loc. ctt.

36Merton, R. C., “A Dynamic General Equilibrium Model of the Asset
Market and Its Application to the Pricing of the Capital Structure of the
Firm," Massachusetts Institute of Technology, Sloan School of Management,
December, 1970.
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are required: trading takes place continuously, which follows directly from
the assumption of no transaction costs; a constant investment opportunity
set, that is, the means, variances and covariances that describe the charac-
teristics of the different assets are constant; only local changes in the
state variables of the process are allowed, which rules out Pareto—Levy or
Poisson type processes; and investors act so as to maximize the expected
utility of lifetime consumption and terminal wealth. Representing the price
dynamics of securities by Weiner processes the continuous time analogue to

CAPM is derived:

aj—r=8j (aM—r).

where aj is the instantaneous rate of return on the jth asset; r is the
instantaneous risk free rate of interest;_aM is the instantaneous rate of
return on the market portfolio; and Bj = ojM/Gﬁ; and ojM is the instan-
taneous covariance of the return on the jth asset with the return on the
market portfolio.

If any of the three conditions outlined by Fama37 to justify the
single pericd maximization of expected utility of terminal wealth assump-
tion of the CAPM are violated, then the simple structure of the model will
probably be destroyed. For example, if the investment opportunity set:
changes, then this will, in general, affect the consumption-investment
decision of the investor. Merton,38 in the context of a continuous time

framework, demonstrates that changes in the investment opportunity set do

37Fama, "Multiperiod Consumption,"” loc. ctt.

8Merton, R. C., "An Intertemporal Capital Asset Pricing Model,"
Working Paper 588-72, Massachusetts Institute of Technology, Sloan School
of Management, February, 1972,
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affect the structure of the model. Under the assumption that these changes
can be characte;ized by changes in a single instrumental variable--the risk-
less interest rate--a three variable model is derived. The third variable
can be interpreted as the result of investors hedging against the effects

of future unforeseen changes in the riskless interest rate. In equilibrium,
the investor's portfolio will be a linear conbination of three portfolios:
the riskless asset, the market portfolio, and a portfolio (or asset) which
is perfectly negatively correlated with changes in the riskless interest

rate. The model can be stated in the form:

uj =r, + A1 (aM -r) + As (aN -r),
-Al_BjM"BjNBNM.
‘ - a2
1l pNM
\y = BJN BjM BNM ,
~ 02
1 pNM
ojK
B. =
JK UkK

. . . . t
Ojk is the instantaneous covariance between the jth and k h assets; and pKM

is the instantaneous correlation between the returns on the market portfolio
and the asset N, which is negatively correlated with changes in the riskless
interest rate. Merton argues that the sign of A, will be positive for low
beta assets and negative for high beta assets. The sign for (aN - r) is
identical to that of -357 where C is the aggregate consumption function.

Macro-economic theory usually assumes that aggregate saving is an increasing

function of yields and therefore g%-< 0, which implies that (aN - r) will be
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positive. Thus, Merton concludes that the model is at least consistent with

empirical evidence.

Summary

Accumulating empirical evidence indicates that the CAPM does not
provide an adequate description of the mechanism generating common stock re-
turns. The time series work of Black, Jensen, and Scholes,39 has shown that-
assets with high levels of systematic risk consistently earn less than that
predicted by the model, whilst assets with low levels of systematic risk earn
more than that predicted. Even though there appears to be a linear relation-
ship between a security's ex-post return and its systematic risk, the
relationship is non-stationary; over various time periods ex-post return and
systematic risk have been inversely related. Black, Jensen and Scholes argue
that the data indicate that the expected return on a security can be repre-
sented by a linear two ﬁactor model. The second factor, which they call the
beta factor, is not expiicitly identified.

The works of Westerfield40 and Beaver41 have shown that price be-
haviour of common stocks is affected by impending bankruptcy. From an ex-
ante viewpoint, the expected rate of return, cohditional upon no bankruptcy,
should increase if there is an increase in the probability of bankrupﬁcy to

compensate risk averse investors for the extra risk. Within the framework

39 .
Black, Jensen, and Scholes, loe. cit.
0Westerfield, R., "The Assessment of Market Risk and Corporate
Failure,"” University of Pennsylvania, Wharton School of Finance, August

1970 (unpublished).

1 . . .
“Beaver, "Market Prices," loec. cit.
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of the CAPM this implies that the single explanatory variable, that of
systematic risk, which is a measure of the covariance of the firm's return
with the returns of all other securities, should increase. But this contra-
dicts the assumption of a constant.investment opportunity set. Thus the
CAPM can not explain why price behaviour is affected by impending bankruptcy.

Various attempts have been made to explain these deficiencies. The
effects of non-marketability of assets, the non-existence of a riskless
asset, and restrictions upon the investor's ability to borrow or lend have
been explored, though these fail to provide an adéquate explanation of all
the observed deficiencies. The effects of changes in the investment oppor-
tunity set have been shown to imply the existence of a three variable model
which is at least theoretically consistent with the empirical findings of
Black, Jensen, and Scholes,42 though it does not provide an explanation of
why impending bankruptcy affects the residual return behaviour, after

abstracting from the market, of common stqcks.

Hypothesis of the Thesis

If the probability of bankruptcy for a firm increases, then the
expected return, conditional upon no bankruptcy, which risk averse investors
require will increase to compensate for the extra risk. At any point in
time the probability of bankruptcy for a firm is a function of its ability
to raise funds, either internally or externally, to cover fixed charges. As
conditions within the firm and the economy change over time, so will the
firm's ability to raise funds, which implies that the probability of the

firm going bankrupt will also vary across time. This will directly affect

42Black, Jensen, and Scholes, loc. cit.
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the expected rate of return which investors require on the firm's financial
assets.

The thesis gives a theoretic explanation of the effects of bank-
ruptcy upon the structure of corporate financial assets. The hypothesis of
the thesis is that differences in the probability of bankruptcy across
securities and across time are reflected in the residual return after

abstracting from the market.

Empirical Testing of the Hypothesis

From the theoretical analysis a two variable model describing the
structure of common stock returns is derived. The model is an extension of

the CAPM and is of the form

aj = I, + Aj + Bj (aM - rp - X)

where aj is the instantaneous conditional expected rate of return én the jth
asset; Oy is the instantaneous conditional expected rate of return on the
market portfolio; rF is the instantaneous risk free rate of interest; Aj is
the rate of probability of bankruptcy for the jth asset; i is a weighted
average of the'{kj}; and leE GjM/OMM’ OjM being the instantaneous condi-
tional covariance of the jth asset with the market portfolio. To test em-
pirically the hypothesis a discrete time, ex-post formulation of the model
is used. However, before testing the hypothesis two preliminary steps are
necessary. First, the probability of a firm going bankrupt over a given
period needs to be estimated; and second, a choice of methodology to employ

when testing the hypothesis must be made.

The probability of bankruptcy for a firm depends upon its ability
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to raise funds, either internally or externally, to cover fixed charges. A~
model describing the determinants of the firm's ability to raise funds is
constructed. The primary focus is the prediction and estimation of the
probability of bankruptcy, as opposed to constructing a full explanatory
theory. The coefficients of the model are determined using logit analysis
and probit analysis. |

A methodology to test a two variable model has been developed by
Black and Scholes.43 In an attempt to examine the effects of dividends on
common stock prices an ad hpc two variable extension of the CAPM has been

advanced. The model is of the form

5, - 8
B (r) =ve + V1 (-5 + B, [E (ry) - Vel ,

M
. .th .
where E (rj) is the expected return for the j asset; E (rM) is the expected
return on the market portfolio; Gj is the expected dividend yield for the

jth asset; GM is the expected dividend yield on the market portfolio;

B.
3

of a beta factor; and v; is a constant. The hypothesis is that the residual

cov (rj, rM) / var (rM) ;: Vo is a constant to account for the existence

return on a security, after abstracting from the market factor, can be
explained by the dividend yield. If the hypothesis is true, then the coef-
ficient v; should be non-zero and statistically significant.

A cross secfional anélysis, which would utilize the ‘information on
all securities, is ruled out because of the econometric difficulties caused
by errors in variables. Thus, a time series approach is used. The method-

ology is to construct a portfolio such that its expected return is v) and

4 . .
3Black, F. and Scholes, M., "Divided Yields and Common Stock Returns:
A New Methodology,” Financial Note No. 19B, Massachusetts Institute of
Technology, Sloan School of Management, August, 1971.
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the portfolio to have minimum variance. To solve the equations representing
the first order conditions requires knowledge of the beta coefficients, the
expected dividend yields, and the variance-covariance matrix, all of which
are unknown and must be estimated. To reduce measurement errors a method of
aggregation is used to form a small number of portfolios. Securities are
assigned to portfolios on the basis of their estimated beta coefficieht and
dividend yield. These portfolios are then treated as securities and their
beta coefficients, expected dividend yield, and variance-covariance matrix
estimated. The beta coefficient for a portfolio is determined by regressing
its return on the market return, after subtracting the interest rate from
both returns. Given these estimates, the final portfolio is conétructed for
different time periods.

There are a number of major deficiencies with this methodology. The
estimation of the beta coefficients neglecting the dividend yield, implies
that there is a missing variables problem, which will cause bias in the
estimated coefficients. This will affect fhe estimation of the variance-
covariance matrix, which uses the estimated beta coefficients. Without de-
tailed knowledge of how the measurement errors of the different variables
affect the final estimated coefficients, the applicability of the method-
ology is questionable.

The thesis introduces a new methodology to the testing of two
variable models, that of pooling time series and cross section data. 1In the
ex-post formulation of the model used to test the hypothesis of the thesis,
the constant term and the coefficient multiplying the probability of bank-

ruptcy are not firm specific. The time series data for all individual
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securities are combined to estimate these two coefficients, whilst simul-

taneously estimating theffirm specific beta coefficients.



CHAPTER III

PROBABILITY OF BANKRUPTCY

Bankruptcy. in a single period context occurs if, at the terminal
point, the income of the firm is less than its fixed obligations. In a
multi-period setting such a definition is not appropriate, for in an on-
going firm income can be less than the obligations of the firm and yet
the firm is not bankrupt; it can simply borrow more. At any point in time,
the probability of a firm gding bankrupt depends upon its ability to raise
funds, either internally or externally, to cover fixed charges. A firm
that fails to cover these fixed charges is said to be bankrupt. This
definition of bankruptcy is the basic construct in formulating a model

of the probability of bankruptcy.

The probability of a firm going bankrupt depends not only upon its
current level of earnings but also its.ability to raise funds, which is
subsumed in its future earning power. However, such variables are ex-ante
in nature and can not be directly observed. To use a model to empirically
estimate the probability of bankruptcy requires that the ex-ante variables
be replaced by ex-post surrogates. The construction of a model to estimate
the probability of bankruptdy in terms of ex-post variables is described in
the first part of the chapter. As the primary focus is upon the prediction
of bankruptcy and not to advance a compiete theory of its determinants, a
second formulation utilizing market values for appropriate corporate vari-
ables is developed.

When the ex-ante determinants are replaced by ex-post surrogates, it

43
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is necessary to estimate the relative contribution of the different vari-
ables. The statistical methodology to estimate the coefficients of the
proxy variables is described in the second part of the chapter.

As the probability of bankruptcy can not be observed, direct tests
on the models are not possible. Thus, the main check on how well the models
are specified must be on tﬁeir predictive ability. The details of three
different methods by which the models can be tested are given in the last

part of the chapter.

Theory .

In a single period model a definition of bankruptcy presents no
problem; at the terminal point if the income of the firm is less than its
fixed obligations, then a state of bankruptcy is declared. At the beginning
of the period to estimate the probability of the firm dgoing bankrupt at the
terminal point is equivalent to estimating the probability of the-firm's
future income being less than the fixed obligationé at the end of the

period. In mathematical notation this may be expressed in the form

Pr (B) = Pr (Fi - FC < 0), [3.1]
where Pr (B) is the probabiiity of bankruptcy at the terminal point; FI is
the firm's future income; and FC is the fixed charges at the terminal point.
The term on the right hand side of the above expression is the probability
of the firm's income net of all fixed charges being less than zero.

In a-multi-period context a firm's income can be less than its
fixed obligations without bankruptcy occurring; for the firm can simply bor-

row more. Apart from borrowing there are many other means by which a firm
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may be able to obtain ektra sources of funds: issuance of equity, utiliza-
tion of trade credit, selling of assets, or reduction of investment programs
being possible examples. The ability of a firm to utilize these different
sources depends extensively upon its size, the nature of its technology,
future prospects, managerial ability, and the prevailing and expectgd eco-
nomic conditions.

Donaldson1 proposed three broad categories of funds a firm may uti-
lize: uncommitted reserves, reduction of planned outflows, and liquidation
of assets. Uncommitted reserves entails such factors as instant reserves
(cash, very liquid assets), trade credit, negotiable reserves, addition of
long term debt, and issuance of equity. Reduction of planned outflows in-
volves the revising of existing commitments on outflows of funds; that is,
the poséible reduction of investment programs and general austerity measures.
Liquidation of assets is either the selling of some of the firm's assets, or
in the extreme case, the shutdown of the firm.

For the small firm the number of alternatives may not be as great.
Its ability to obtain a commercial credit loan during a period of tight
credit conditions may be very restricted. Due to the high issue costs, it
may not have access to the equity markets.2 Its capacity to conduct é'gen-
eral reduction of planned ocutflows may be very small, as might be its

ability to engage in the liquidation of assets.

lDonaldson, G., "Strategy for Financial Emergencies," Harvard Busi-
ness Review, Vol. 47 (November-December, 1969), pp. 67-79.

2For an introductory discussion of some of the limiting factors see
Duesenberry, J. S., “"Criteria for Judging the Performance of Capital Markets,"
reprinted in Elements of Investment, edited by Wu, H. K. and Zakon, A. J.
(New York: Holt, Rinehart and Winston, Inc., 1965).
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An important source of funds for firms derives from the ability to
borrow. But this ability_depends upon the willingness of financial institu-
tions to lend. Among the major financial institutions banks have been
actively engaged in extending credit to businesses. Jaffee and Modigliani3
have developed a simple model to determine the rationality and extent of
credit rationing in a commercial loan market. The basis of the model is the
derivation of the bank's supply curve for loans based upon the assumption
that banks act to maximize expected profits and from considering the firm's
demand function for a loan. It is shown that if a bank is a discriminating
monopolist free to charge each customer a different rate, then credit
rationing will not occur. However, if banks divide firms into a small
number of risk classes and charge each class a different rate, then in
general it will be optimal for the bank to ration credit. The exception to
this being if the firm is classified as risk free, for then it is unprofit-
able for the bank to limit credit. The existence of credit rationing implies
that for a firm not classified as risk freé, there is a limit to the amount
that it can borrow, which is dependent upon the banking structure and the
state of the economy. Whilst the assumption is made that a firm borrows
from a bank, the model is readily applicable to other types of financial in-
stitutions. |

In a multi-period context the probability of a firm going bankrupt
is determined by its ability to cover fixed charges either with itslcash
flow or by raising funds. Thus the probability of bankruptcy can be repre-

sented in the form

3Jaffee, D. M. and Modigliani, F., "A Theory and Test of Credit
_Rationing," American Economic Review, Vol. LIX, No. 5 (December, 1969), pp.
850-872.
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= - + + < .
Pr (Bt) PR (FIt Fct MBt ASt 0) [3.2]

where Pr (Bt) is the probability of the event of bankruptcy occurring at the

end of period t; FI,_ is the firm's future income; FCt is the fixed charges;

t

MBt is the maximum amount the firm could borrow; ASt is all other alternative
sources of funds; and the time suffix, t, is used to denote that the vari-
ables are valued at the end of the period t.

The first two terms on the right haﬁd side of the above expression
represent the firm's future income net of all fixed charges. The magnitude
and characteristic of this_term will depend upon the firm's financial struc-
ture and the type and state of the product and resource markets in which it
deals; that is, the competitiveness of the markets, their cyclical behaviour,
and egternal factors. For example, if there is economic recession the firm's
product and resource markets may be affected, thus causing changes in its
net cash flow. The firm's product diversification, and its technology will
also influence its abiiity to sﬁabilize its cash flows against cyclical
behaviour and external factors.

The third term represents the maximum amount that the firm could
borrow. This depends upon the banking structure of the economy, and the
risk characteristics of the firm, as perceived by a bank. Over time, és
economic conditions in the egénomy and the risk characteristics of the firm
change, so will the amount of credit rationing and thus the borrowing power
of the firm.

The last term represents the total of all other alternative sources

' . g . 4
of funds a firm may utilize. The nature of such sources, which Donaldson

4 .
Donaldson, loc. ctt.
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describes in detail, consists of three broad categories: uncommitted re-
serves, reduction of planned outflows, and liquidation of assets. The
availability of these sources depends upon the type of firm, its éize, tech-
nology, and future prospects. |

The firm's ability to raise funds is described by the maximum amount
it could borrow and all other alternative sources. These quantities are
not independent. A firm may be able to borrow using an asset as collateral,
or it may issue a debenture with a negative pledge clause prohibiting it
from pledging the asset to other creditors. It will not be able to do both.
The different means by which a firm may be able to utilize alternative
sources 6f funds are also not independent. If a firm issues debt, then this
represents a claim against future earnings, which may inhibit its ability
to issue eéuity;

The availability of the different éources by which a firm may be
able to raise funds are dependent upon certain common factors: the existing
financial structure of the firm, its operating characteristics, and the
future prospects of the firm and the economy. If the future prospects for
the firm are poor, then this may have a decremental effect upon its ability
to borrow, to issue debt, or equity. This interdependence between the.
various sources prohibits unique empirical identification of the relative
contribution of the underlying factors which determine a firm's ability to

raise funds via particular sources.

Ex-Post Formulation

To use the model to empirically estimate the probability of bank-

ruptcy requires the ex-ante variables be replaced by ex-post surrogates.
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However, realized values of the maximum amount the firm could borrow or the
total of all alternative{sources are not readily observable and so proxy
variables must be constructed. This requires that the underlying factors
which contribute to the firm's ability to raise funds be identified and
measured.

The variables determining the probability of bankruptcy, as stated
in expression [3.2], are in terﬁs of dollar amounts. As cross sectional
data will be used, the variables are not adjusted for differences in size of
firms and so will be dominated by scale effects. Very large scale effects
among firms would be expected to lead to inefficient estimation of coef-
ficients. To avoid this, the probability of bankruptcy can be written in
the form

FI - FC MB + AS
Pr (B) = Pr ( tA t, tA t<o, [3.3]
t-1 t-1

where A_ . is the book value of the firm's assets at the start of period t.

t-1
Thus the probability of a firm going bankrﬁpt at the end of time period t
depends upon its future cash flow net of all fixed charges per unif of
assets and the total amount of funds that it could raise per unit of assets.
Whilst the ex-ante values are not observable, realized values of
the firm's cash flow net of all fixed charges are readily available and can
be used fo form an ex-post surrogate. The ex-post data are regressed against
time and then the estimated regression equation used to predict the future
value of the firm's cash fléw net of all fixed charges. This value is then

divided by the book value of the firm's total assets and the resultant used

as the ex-post surrogate.
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Neither ex-ante nor realized values of the maximum amount that a
firm could borrow are observable. In any particular period only th;t quan-
tity of debt the firm actually borrowed from a bank can be readily deter-
mined, but such an amount need not necessarily be the maximum that the firm
could have borrowed. Jaffée and Modigliani5 héve shown under simplistic

assumptions that the maximum amount a firm can borrow to finance an invest-

ment project is given by

r., - p

)
1 +r. '’
1

L=4———TF (
where L is the maximum amount which the bank will lend the firm; r, is the
rate of interest the bank charges to firms assigned to the ith risk class;

F () is the bank's subjective evaluation of the cumulative probability dis-
tribution of the outcome.of the project; and p is the bank's opportunity
rate. From an operational viewpoint the above equation can not be directly.
applied, as many of the terms can not be observed. However, it is still of
value for it shows how the bank's opportunity rate and thus credit rationing
affects the maximum amount a firm can borréw. Also, if credit rationing
increases, then there will be a proportionally greater decrease in the maxi-
mum amount the firm can borrow, implying a non-linear relationship.

The ability of the firm to borrow will depend upon the amount of
credit rationing in the economy, its current level of debt, and the optimal
quantity of debt which it can utilize. The greater the amount of credit
rationing, the less the risky firm will be able to borrow. The ability of

the firm to borrow will be enhanced the larger the difference between the

Jaffee and Modigliani, loe. ctt.
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optimal level and the current level of debt. An approximate measure of
this difference is the b¢ok value of net worth, which can be intuited as
describing that part of the firm's assets not financed by debt. The proxy
variable used for the ex-ante maximum amount the firm could borrow per unit

asset for period t is

book -
( ook value oi net worth at t 1) exp (-CR
t-1

e-1)?

where A _

-1 is the book value of the firm's assets at time t-1; and CR is

£-1
the amount of credit rationing at time t-1. The smaller the book value of
net worth relative to the firm's total assets, the less the firm will be
able to borrow. The functional form of dependence on credit rationing is
used to account for the non-linear relationship between credit rationing
and the amount a firm can borrow.

The final determinant of the probébility of bankruptcy is the total
of all other-alternative sources of funds a firm may utilize. As Donaldson6
outlined, this is dependent upon three broad categories: uncommitted re-
serves, reduction of planned outflows, and liquidation of assets. There
are many factors which affect the aggregafe total of funds that can be
obtained from these different sources: operational efficiency, future pros-
pects, business risk, financial risk being of prime importance. The depen-
dence of the firm's ability to raise funds, either internally or externally,
upon operational efficiency arises for fwo reasons. The greater the effi-

ciency of the firm the more able it is to cope with reductions in planned

outflows, or to undertake the liquidation of assets. For the potential

6Donaldson, loe. ctit.
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investor the more efficient the firm then the more attractive it is as an
investment proposition. The future prospects of the firm directly affect
its ability to rgise external sources of funds. If the firm is in an in-
dustry which is declining because of technological obsolescence, it will be
very difficult to attract capital, as its future prospects will be bleak if
it remains within the indugtryf Business risk measures the overall risk to
the firm arising from the variability of its operating income, and pertains
Ito its debt capacity. The more variable the cash flow, the greater the risk
and thus restricts its ability to use debt financing. Financial risk arises
from the firm's ability to.cover fixed charges. The lower the financial
risk, either because of IQQ utilization of debt or stable cash flows, the
more able it is to att:act external financing. To measure the aggregate
total of alternative sources, a linear function of these four attributes is
used as a proxy variable.

. Operational efficiency should be a measure of the productivity of
the firm's assets, abstracting from tax or leverage factors. Various finan-
cial ratios have been used és proxy variables. Pinches and Mi_ngo7 use net
income divided by total assets, whilst Beaver8 suggests three other alterna-
tive ratios: net income to sales, net income to net worth, and net income to

total debt. However, all of these measures are deficient, as they do not

abstract from the effects of.the firm's financial structure and thus are not

7Pinches, G. E. and Mingo, K. A., "A Multivariate Analysis of Indus-
trial Bond Ratings," Journal of Finance, Vol. XXVIII, No. 1 (March, 1973),
pp. 1-18.

8Beaver, W. H., "Financial Ratios as Predictors of Failure," Empiri-
cal Research in Accounting: Selected Studies, supplement to Journal of
Accounting Research (1966), pp. 77-111.
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accurate measures of the utilization of the firm's assets. An alternation
formulation by Altman9 using earnings before interest and taxes divided by
total assets avoids this deficiency. It abstracts from tax or leverage
factors, and is a measure of the firm's earning power. This formulation is
uéed in the thesis.

To attain the future prospects of the firm and thus its ability to
attract capital requires measuring the profitability of the firm's future
investment opportunities, their size and duration. All of these quantities
are not directly obsefvable. Miller and Modigliani10 addressing themselves
to the same problem, focused upon the most tractable component, the level of
investment opportunities, as an overall measure of growth and future pros-
pects. for an empirical estimator of the level of investment opportunities
per unit asset, a linear five year growth rate of total assets is used.
This measure is used in the thesis.

Business risk describes the risk to the firm that arises from the
variability of its operating income, abstracting from tax or leverage fac-
tors. The débt capacity of the firm depends upon the variability of its
cash flow and thus business risk: the more responsive the firm's cash flow
to changes in the economy, the lower the optimal amount of debt which the

. 11 - C s .
firm can use. Van Horne uses the coefficient of variation of operating

9Altman, E. I., "Financial Ratios, Discriminant Analysis and the
Prediction of Corporate Bankruptcy," Journal of Finance, Vol. XXIII, No. 4
(September, 1968), pp. 589-609.

lOMiller, M. and Modigliani, F., "Some Estimates of the Cost of
Capital to the Electric Utility Industry, 1954-1957," American Economic
Review, Vol. LVI, No. 3 (June, 1966), pp. 333-391.

Myan Horne, J., Financtal Management and Policy (New Jersey:

Prentice Hall Inc., 1972).
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income to measure busineés risk. However, this does not directly measure
the responsiveness of the  firm's cash flow to changes in the economy. An
alternative formulation, and one that is used in the thesis, is to measure
busingss risk by the absolute value of the proportional change in sales to
the proportional change in gross national product; the more responsive sales
to changes in the economy the greater the business risk.

Financial risk is a measure of the firm's ability to cover its fiscal
charges. The greater its ability, the lower the financial risk and the more
able it should be to attract external financing. To measure financial risk

_Altman12 suggests two possible financial ratios: market of equity divided by
the book value of total debt, and the book value of net worth divided by the
book value of total debt. Both ratios are deficient, for they do not neces-
sarily take account of all fixed charges which the firm must meet. The use
of the book value of net worth does not measure the firm's ability to cover
fixed charges. The ability of a firm to cover its fixed charges primarily
depends upon its future cash flow, its variability, and the total of fixed
charges which it covers. Norton13 uses the coefficient of variation of the
firm's past income over and above the amount of fixed charges. This measure -
is deficient for the firm's ability to meet fixed charges depends upon its
future income as opposed to past income. The proxy variable used in the
thesis is the difference betﬁeen the firm's fixed charges and its future

cash flow, the difference being divided by the standard deviation of the

12Altman , loe. cit.

3 . . . .

Norton, J., "The Theory of Loan Credit in Relation to Corporation
Economics," Publications of the American Economic Assoctiation, 3rd ser.,
Vol. V (1904), pp. 278-300.
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its fixed charges and the lower the financial risk.

The smaller the variable,
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the more able the firm to cover

The firm's future cash

flow is estimated by regressing realized values of its operating income

against time and then the estimated regression equation used to predict the

future value. The square root of the
estimate of the standard deviation of
Combining the proxy variables

of all fixed charges per unit assets,

per unit assets, and the total of all

residual sum of squares is used as an
the firm's future cash flow.

for the firm's future cash flow net
the maximum amount it could borrow

other alternative sources per unit

assets, gives

-FC t MB

FI .
; + < t + < t estimated
t-1 t-1

future cash flow net of all fixed charges,
7

= Bo+81 (
A

book value of net worth at t-1

Ay

+82 ( ) exp (-CR__;)

i
earning before interest and tax at t-1

+B83( a
t-1

)

+B8y (five year linear growth rate in total assets)

proportional change in sales
proportional change in GNP

B

+Bsq

fixed charges at t-1 - estimated future cash flow

+

86(estimated standard deviation of future cash flow )
P

+€, [3.4]

n

where Bo,B1,...,Bg are unknown coefficients; and ¢ is a zero mean random var-
iable error term, which is assumed to be of unit variance and uncorrelated
between firms.

The coefficients in the above equation represent the relative contri-

butions of the different underlying factors to the aggregate total of net
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funds available to the firm. The coefficients can not be estimated by re-
gression, as the dependent variable is an ex-ante quantitf)which can not be
measured or observed. Substituting Equation [3.4] into the expression [3.3]
for the probability of bankruptcy gives

estimated future cash flow net of ‘all fixed charges)

Pr(B ) =P [2 < BotB1(
Y = r o 1
t At—l

book value of net worth at t-1
+85 ( A ) exp (-CRt_
’ t-1

1)

earnings before interest and taxes at t—l)

A

+83(

+By (five year linear growth rate for total assets)

proportional change in sales
proportional change in GNP

+Bs(l l)

fixed charges at t-1 - estimated future cash flow)]

estimated standard deviation of future cash flow + [3.5]

+B¢g (

where the coefficients have been redefined to include the minus sign. The
probaﬁility of the event of the firm going bankrupt at the end of period t
is the probability of the random variable error term minus the summation of
the underlying factors which contribute to the net total of funds available
to the firm being less than zero. Apart from the random error term, all the
variables on the right hand side of the equation are ex-post and can be
measured. The signs of the coefficients can be determined from theoretic
considerations. Using a ceteris paribus argument, the greater the firm's
future cash flow net of all fixed charges, and the amount which it could
borrow, the lower the probability of bankruptcy. Thus the coefficients 8)
and B; should be negative. Similarly for the coefficients B3 and By, as the

greater the efficiency of the firm, the better its future prospects, the
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more able it is to raise extra sources of funds. The coefficients Bg5 and Bg
should be positive; the greater the business risk, as measured by the vari—.
ability of the firm's cash flows, and the larger the financial risk, the

less able the firm to attract extra capital and the greater the probability

of bankruptcy.

Predictive Model

A complete model for the probability of bankruptcy should describe
al; the interactions between the different factors. The firm's ability to
borrow or to issue debt is dependent upon its debt capacity. But debt
capacity is dependent upon the probability of bankruptcy and thus there is
a circuiarity. The ability to use a particular source of funds is dependent
upon the utilization of other sources. If a firm issues debt, this may have
a decremental effect upon its ability to borrow from a bank or to issue
equity. Due to the complex interaction of the underlying factors and the
difficulty of measuring their magnitude and availability, a second formula-
tion using market values for the appropriate variables is developed. The
use of market values circumvents many of the difficulties of constructing
proxy variables to measure such quantities as the maximum amount the fkrm
can borrow and the total of all other alternative sources.

The probability of a firm going bankrupt depends upon its future in-
come net of all fixed charges, the maximum amount it can borrow and all
other alternative sources of funds. To use the model to empirically estimate
the probability of bankruptcy requires that the ex-ante variables be replaced

by ex-post surrogates.
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For the firm's future cash flow net of all fixed charges the same
proxy variable, as previously defined is used; that is, realized values of
the firm's cash flow net of all fixed charges are regressed against time
and then the estimated regression equation used to predict the future value
of the firm's cash flow net of all fixed charges. This value is then_
divided by the book value 6f the firm's total assets and the resultant used
as the ex-post surrogate.

The ability of the firm to borrow depends upon the amount of credit
rationing in the economy, its current level of debt and the optimal level
of debt which it can utiliée. The'firm's ability to borrow is enhanced the
larger the difference betwéen the optimal and current level of debt. To
measure this difference requires-that the debt capacity of the firm be known.
However, debt capacity depends upon the probability of bankruptcy, implying
that the explanatory variable is a function of the dependent variable. The
market value of eéuity for.a firm, which reflects the probability of
bankruptcy, is a measure of its borrowing ability. For a given level of
assets, the greater the market value of equity, the more able the firm to
borrow. The proxy variable used to measure the ex~-ante maximum amount the

firm could borrow per unit of assets for period t is

(market value of equity at t-1

By

) exp (-CR ).

t-1

where At—l is the book value of the firm's assets at time t-1; and CRt-l is
the amount of credit rationing at time t-1.

The total of all other alternative sources of funds for the firm

depends upon three broad categories: uncommitted reserves, reduction of
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planned outflows, and the liquidation of assets. The ability of the firm to
utilize these different Sources primarily depends upon its operational
efficiency, future prospects, business risk and financial risk. A variable
which synthesizes these diverse quantities is the market value of equity.
Using a ceteris paribus argument, the more efficiently the firm utilizes its
assets, or the brighter its future prospects, the greater is the markét
value of its equity. Similarly, the lower the business and financial risk
of the firm, the greater it's market value of equity. For a given level of
assets, the greater the market value of equity the more.able is the firm to
generate and attract extra sources of funds.

Thus, the ex-post surrogates for the ex-ante net aggregate total of
funds available to the firm, can be written:

FIt—FC MB AS

t t t estimated future cash flow net of all fixed charges,
A ot a = Yetrnil A !
t-1 t-1 t-1 t-1
market value of equity at t-1
2 ( quity ) exp (-CR__.)
A, t~-1
t-1
market value of equit t t-1
+y3( 2 A T2 )
t-1
n
+n, [3.6]

")
where Yo,Y1,Y2, and y3 are unknown coefficients; and n is a zero mean random
variable error term, which is assumed to be of unit variance and uncor-
related between firms. Substituting Equation [3.6] into the expression [3.3]

for the probability of bankruptcy gives
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estimated future cash flow net of all fixed charges

)

n,
Pr(B.) = Prln < yotv1( =
t-1

market value of 'equity at t-1

At—l

market value of equity at t-1
+Y3( quity )]l

B

[3.7]

where the coefficients Yo,Y1,Y2, and y3 have been redefined to absorb the
minus sign. Apart from the random variable, all the terms on the right hand
side of the above equation are ex-post and can be measured. The signs of
the coefficients can be determined from theoretic considerations. Using a
ceteris paribus argument, the greater the estimated future cash flow net of
all fixed charges, the smallgr is the probability of bankruptcy, and thus
the coefficient Yi should be negative. The smaller the amount of credit
rationing, or the greater the market value of equity, the more able the firm
is to raise funds, either internally or externally, to cover fixed charges
and the lower the probability of bankruptcy. Hence, the coefficients'yz and

Y3 should be negative.

Statistical Methodology

The probability of a firm going bankrupt has been formulated in
terms of two models, as represented by Equations [3.5] and [3.7]. The

general structure of these formulations is of the form

A
= P <a' X . 3.8
Pr(Btj | Et-l,j) r(e o —t—l,]) [3.8]
where X . is a vector of the jth firm's attributes measured at time t-1;

—+t-1,3

a is a vector of unknown coefficients; Pr(Btj l Zt—l j) is the probability

of the event that the jth firm goes bankrupt during period t, given the
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’\I .
vector of attributes Et 1 j; and Ej is a zero mean random variable error
=L,

term which is assumed to have unit variance and to be independent among
firms; that is, E(gj) = 0, var (gj) = 02, and cov (gj,gk) =0, j #k, for
all j and k. There are a number of special characteristics about Equation
[3.8] which have important implications for statistical estimation. The
dependent variable, the prébability of a firm going bankrupt, can not be
directly measured; that is, the ex-ante value or the realized values can
not be observed. As the dependent variable is a prbbability, it is con-
strained to the interval zero-one. The prime. focus is to derive some form
of technique to estimate tHe probability of bankruptcy, constraining the
estimate to a zero-one intefval. The coefficients, a, which measure the
relative contribution of the diffgrent attributes, are unknown. Thus, on
both sides of the equation there are unknown quantities which, in general,
are related in a non-linear manner.

Whilst the ex-ante probabilities of a firm going bankrupt can not be
observed, at any point in time a firm is either bankrupt or not bankrupt.
This suggests that collecting data for a random sample of bankrupt and non-

bankrupt firms the coefficients, a, can be estimated by positing the model

= ' + 3.
g I 2,50 = & By ,5 %0 [3.9]

where [ is a random disturbance; and th is an indicator function defined by

Jl; if jth firm bankrupt at time t;
Z ., =
] lO, otherwise.

Though the coefficients can be estimated by regression, they will not be

efficient estimators. The systematic part of the right hand side, a' Kt—l 3
’ ’

may be larger than one or smaller than zero, whereas Z takes only two

t]
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values (0 and 1) which means that the disturbance term, 7, given Et—l i can
’

: -0 . -a' X L. I i
take only two values o Et-l,] and 1 0 Xe-1,5 f £ is to have an expected

value of zero for all values of X 57 it must take the former value with

—-t-1,

and the latter with probability a' X .. But

s o
probability 1-a' X 21,5

_t_llj

a’ Et-l,j can be negative or larger than one. There is nothing in the esti-
mation procedure to ensure that the estimated values of the dependent variable
are constrained.

The dependent variable of Eguation [3.8] is an ex-ante probability
which can not be observed, whilst the ex-post variables on the right hand
side of the equation can readily be measured. Using this property, the coef-
ficients, a, can be estimatéd using maximum likelihood. Consider a random
sample of firms at time t and suppose that the first n' firms ére bankrupt
and the remainder n-n' non—bankrupt.‘ The logarithmic likelihood function
can then be written

n' n

Z 1log Pr(B X log [l—Pr(B
j=1 j=n'+1

[3.10]

l—t 1,3 |-—t 1,3

whére Pr(Btjlzt—l,j) is defined by Equation [3.8] and is thus a function of
the parameters a. By diffe;gntiating [3.10] with respect to these parameters
and equating the first derivation to zero, a set of non-linear equations are
obtained and can be solved iteratively. For practical application the use of
maximum likelihood requires that a particular form for the probability distri-
bution be assumed; that is, the probability distribution of the random vari-

n
able, €, in Equation [3.8] must be specified.

14For a more extensive discussion of the econometric problems, see
Goldberger, A. S., Economic Theory (New York: John Wiley & Sons, 1964),
pp. 248-255,
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Two estimation procedures are used in the thesis: probit analysis and
logit analysis.15 The essential difference between the two procedures is
the explicit form of the probability distributions. For probit analysis a
normal probability distribution is assumed, whilst for logit analysis the
distribution is logistic. The logistic distribution is very similar to the
normal distribution, being slightly fatter in the tails and more centralized
about the mean.16

Probit analysisl7 can be defined as follows: if the probability of a
zero mean, unit variance normally distributed random variable being less
than or eqﬁal to the scalar produce a'X is p, then the probit of a'X is

F_l(p), where

t 2
F(t) = —l—-f exp (- %—u ) Qdu,
Vam -
and p= pr(¥ < a'X) [3.11]

F(a'X),

N .

given that ¥ ~ N(0,1). The unknowns in the formulation are the set of para-
meters, &, and the probability p. Equation [3.11] can be substituted into

expression [3.10], the logarithmic likelihood function, giving

15 . . . . . . . T
An introductory discussion is given in Theil, H., Prlnciples of

Econometrics (New York: John Wiley & Sons, 1971), pp. 628-635.

16For a more detailed discussion see Winsor, C. P., "A Comparison of
Certain Symmetrical Growth Curves," Journal of the Washington Academy of
Science, Vol. 22, No. 4 (February, 1932), pp. 73-84.
17For a general discussion and applications of probit analysis see
Finney, D. J., Probit Analysis (Cambridge: Cambridge University Press, 1971),
3rd edition; and Cragg, J. G., "Some Statistical Models for Limited Dependent
Variables With Application to the Demand for Durable Goods," Econometrica,
Vol. 39, No. 5 (September, 1971), pp- 829-844.
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n' n

L log F{a'X D)+ I log [1-F(a'X D], {3.12]
5=1 —+-1,] j=n'+1 —--1,3

where
. a'X . 2
_.—t_
F (a'X ) = L 1.3 exp (-L-u ) du,
= ~t-1.3 Yar - 2

and the parameters can be estimated by solving the set of first order condi-
tions obtained by differentiating the likelihood function.

Logit analysis18 can be defined in a similar manner. If the p;oba—
bility of a firm going bank;upt is equal to the probability, p, of a random
variable, which has a logistic distribution, being less than or equal to the

scalar product a'X, that is,

n
P Pr (2 < gjg)

1 [3.13]

= 1 ¥ exp (_2"?_(_)’ )

n .
where Z is a random variable having a logistic distribution, then the logit
of gjg_is
Py -
log (;55) = a'X.
Again the unknowns in the formulation are the set of parameters, @, and the
probability p. By substituting Equation [3.13] into expression [3.10], the

parameters ¢ can be estimated by maximum likelihood.

To empirically estimate the parameters, &, the likelihood function

18For an introductory discussion to logit analysis and for applica-

tions see Berkson, J., "Applications of Logistic Functions to Bio-Assay,"

Journal of the American Statistieal Assoctation, Vol. 39 (1944), pp. 357-

365; and Baxter, N. D. and Cragg, J. G., "Corporate Choice Among Long-Term
Financial Instruments," The Review of Economics and Statistiecs, Vol. LII,

No. 3 (August, 1970), pp. 225-235.
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must be constructed by taking a random sample of firms and then classifying
the firms as bankrupt or not bankrupt. The procedure of using a random
sample avoids selection bias. As the average probability of a firm going
bankrupt is small, a very large random sample must be taken so as to obtain
a representative collection of bankrupt firms. In practice, a common pro-
cedure is to collect data for all bankrupt firms over a specified time period
and then to collect a random sample of non-bankrupt firms. It is necessary
to determine how many firms should be included in the sample. Ideally, the
number chosen should be the same as that obtained by taking a random sample
of all firms and then classifying them as bankrupt or not bankrupt. Thus,
to determine the required sample size entails estimating the average value

of the probability of a firm going bankrupt.

Testing of the Model

As the probability of bankruptcy can not be observed, direct tests
on the models are not possible. This implies that the magnitude of any
bias or measurement error in the estimates can not be determined. Thus,
the main check on how well the models are specified must be on their pre-
dictive ability. There are three methods by which the models can be tested.

From theoretic considerations the sign of the parameters can be
determined and compared to those obtained from the empirical estimation.

The number of estimated.parameters with the correct sign provides insight
into the specification of the model and the accuracy of the proxy variables
at measuring the ex-ante quantities.

If the model is completely specified so as to measure all the
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different attributes of the firms in the data sample used to estimate the
parameters, then it should be able to correctly identify the bankrupt and
non-bankrupt firms in the sample. The classification ability provides
information about the model's specification and the number of common deter-
minants of bankruptcy;

The generality of the model and its overall independence of the
peculiarities of the data sample used té estimate the parameters, can be
tested by examining its predictive ability on a set of bankrupt firms not
used in the original sémple. By estimating the probability of bankruptcy
over several time periods for firms in the new sample provides a demon-
stration of the model's predictive ability to discern a firm's path to

bankruptcy.

Summasz

In a multiperiéd coﬂtext a firm's income can be less than its
obligations and yet it is not bankrupt; it.can simply borrow more. The
probability of a firm going bankrupt depends upon its ability to raise
funds, either internally or externally, to cover fixed charges. A firm
that fails to cover these charges is said to be bankrupt. From this defi-
nition, a model for the probability of bankruptcy is constructed in terms
of ex-ante variables. To use the model to empirically estimate the
probability of bankruptcy an ex-post forﬁulation using proxy variables is
developed. As the primary focus is upon the prediction of bankruptcy, as
opposed to advancing a complete theory of the determinants of bankruptcy, a

second formulation using market values of appropriate corporate variables
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is constructed. To empirically estimate the coefficients of the models, a
statistical methodology employing probit analysis and logit analysis is
used. Three different methods to check the predictive ability of the models

are described.



CHAPTER IV

AN EXTENSION OF THE CAPITAL ASSET PRICING MODEL: BANKRUPTCY

The price behaviour of common stocks is affected by impending bank-
ruptcy. As a firm progresses towards bankruptcy its ex-post returns, when
compared to those of firms that did not go bankrupt during the same period
appear to be significantly different in behaviouyr. Empirical evidence in-
dicates that the CAPM does not provide an adequate description of the mech-
anism generating common stock returns. It is found that assets with high
levels of systematic risk consistently earn less than that predicted by
the model, the reverse being true for assets with low levels of systematic
risk. Whilst there appears to be a linear relationship between ex-post re-
turns and systematic risk, it is not constanrt with bhoth the intercept and
slope fluctuating randomly from period to period and are often negative,
The data indicate that the expected return on a security can be represented
by.a linear two factor model, the second factor not being explicitly de-
fined. Various attempts have been made to provide a theoretical explanation
for the existence of a second factor. The effects of non-marketability of
assets, changes in the investment opportunity set, the non-existence of a
riskless asset, and restrictions upon the investor's ability to borrow or
lend have been explored, though fail to provide an adequate explanation of
all the observed deficiencies of the CAPM and why impending bankruptcy affects
the residual return, after abstracting from the market, of common stocks.

A primary focus of the thesis is to extend the formulation of the

CAPM not from the viewpoint of restrictions upon the investor, but by con-

68
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sidering the impact of bankruptcy upon the structure of returns for cor-
porate financial assets.

A model, formulated in continuous time, considers the investment-
consumption decision of an individual acting to maximize the expected life-
time utility of consumption aﬁd'terminal wealth, At each instant in time
the individual must decide the portions of wealth to consume and té in-
vest in financial assets. It is assumed that corporations issue both debt
and equity as financigl assets and that at each point in time there is a
probability that the firm will go bankrupt the next instaﬁt. If bankruptcy
occurs it is assumed that equity holders suffer a 100 per cent loss, whilst bond-
holders receive a non-negative liquidating premium.

When the investment opportunity set is altered only by the event
of bankruptcy, a two variable model is derived which describes the expected
return, conditional upon no bankruptcy, for a firm's common stock in terms
of its systematic risk and a variable associated with the probability of the
firm going bankrupt. For the general case when there are stochastic chaﬁgé;
in the probability of a firm going bankrupt, additional terms arise reflect-
ing investors' attempts to hedge against unexpected changes.

The foundations of the model are set out in the first part of the
chapter. The major assumptions of the model, the nature of the financial
assets aQailable and their pfice dynamiqs are described. The general form
of the equation of optimality and the system of equations describing the
first order maximization conditions are derived. Due to the complexity of the
general analysis, additional structure is injected into the analysis. 1In

the second part of the chapter the equilibrium instantaneous expected rates
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of return, conditiénal upon no bankruptcy, for bonds and equity are derived
given the assumption that the investment opportunity set is only change by
bankruptcy. The.final part of the chapter considers the effect of stochas-
tic changes in the probability of bankruptcy upon the structure of returns.
As much of the analysis is of a highly mathematical nature, an attempt has
been made to relegate as mﬁch of the mathematics to Appendix A, whilst still

maintaining continuity in the chapter.

Foundations of Model

For an investor to buy the bonds of a firm the expécted rate of re-
turn1 must compensate the investor for the risk that the firm will go_bank—
rupt and for the risk of a capital loss which might result if there is an
unexpected change in the general level of interest rates, or in the probabil-
ity of bankruptcy. If bankruptcy‘occurs, it is assumed the firm is liquidated,
the value of the firm's assets, net of tax minus the direct costs associated
with bankruptcy, is distributed on a pro-rata basis to bondholders. Thus,
the bondholder is subject to the risk of a direct loss if bankruptcy occurs.
Intuitively, the expected rate of return on a firm's bonds that a potehtial
investor requires will be a function of the risk free interest rate, the prob-
ability of bankruptcy, the expected loss if bankruptcy occurs, and the.éxpected

change in the general level of interest rates?

1Stiglitz uses the term 'nominal rate of interest.' Stiglitz, J., "A
Re-Examination of the Modigliani-Miller Theorem," American Econcomic Review,
vol. 59, No. 2 (1969), pp. 786-793,

2 .

For an introductory discussion see Fisher, L., "Determinants of Risk
Premiums on Corporate Bonds," Journal of Political Economy, Vol. LXXVII, No. 3,
(June, 1959), pp. 217-237,
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To buy the shares of a firm, an investor buys a claim to a variable
cash flow., From the traditionai formulation of the capital asset pricing
model, as given by Sharpe, Treynor, and Mossin,3 the expected rate of return
for a firm's equity depends upon the risk free interest rate, and its level
of systematic risk, which is a measure of the covariance of the return on the
firm's stock wih the return on the market portfolio. Such a formulation does
not explicitly consider bankruptcy or changes in the investment opportunity
set. If these factors are considered, then they will in general affect the
expected rate of return which potential investors require.

In order to derive the equilibrium expected returns for a firm's
bonds and equity, fhe demand functions for the different financial assets
for an individual are obtained. It is assumed that at time t, there are n
firms, each firm haviﬁg a simple capital structure of one type of debt and
one type of common stock. It is also assumed that there is a riskless asset,
so that there are 2ﬁ+1 financial assets, which are assumed to be traded in a
perfect capital market (with bankruptcy). It is important to note that the
bonds of different firms are treated as different financial assets. If capi-
tal structgre was irrelevant, then this would not be necessary. But, as capi-
tal is relevant then, as Stiglitz4 correctly bbserves, the presence of bankrupt-

cy creates a new security.

3Sharpe, W., "Capital Asset Prices: A Theory of Market Equilibrium
Undexr Conditions of Risk,"Journal of Finance, Vol. XI1X, No. 3 (September,
1964), pp. 425-442; Treynor, J., "Towards A Theory of Market Value of Risky
Assets," unpublished memorandum (1961); Mossin, J., "Ecuilibrium In A Capital
Asset Market," Econometrica, Vol. 34, No. 4 (October, 1966), pp. 468-783,

4_ .. . .
Stiglitz, J., "Some Aspects of the Pure Theory of Corporate Finance:
Bankruptcy and Take Overs," Bell Journal of Economics and Management Science,
Vol. 3, No. 2 (Autumn, 1972), pp. 458-482,
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It is assumed that the capital market is structured such that5

Al, all assets have limited liability;

A2, there are no transaction costs (excluding bankruptcy),
personal taxes, or problems with indivisibilities of
assets;

A3, there are sufficient number of investors with compar-

able wealth levels so that each investor can buy or sell
as much of an asset without affecting the market price;

Ad. the capital market is always in equilibrium; that is,
there is no trading at non-equilibrium prices;

AS, there exists an exchange market for borrowing and lending
at the same rate of interest;

A6, short sales of all assets, with full use of the proceeds,
is allowed;

A7, there are homogeneous expectations among investors about
the future prospects of each financial asset;

A8, bonds are, in general, risky. If a firm goes bankrupt,
then it is liquidated; that is, it is assumed that the

firm ceases to exist;

A9, trading in assets takes place continuously in time.

Assumptions Al to A7 .are the standard perfect market (ex-
cluding bankruptcy) assumptions, which have been extensively discussed in
the financial literature.6 Assumption A8 is a departure from the standard
asset pricing model assumptions. It arises due to the conditions of the

presence.of bankruptcy. If a firm cannot meet its obligations and is unable

5For an alternative discussion of these assumptions, see Merton;, R.C.,
"An Intertemporal Capital Asset Pricing Model," Working Paper 588-72, Sloan
School of Management, Massachusetts Institute of Technology (February, 1972).

6A good reference is Jensen, M., "Capital Markets: Theory and Evi-
dence," Bell Journal of Economics and Management Science, Vol. 3, No. 2,
(Autumn, 1972), pp. 458-482,



73

to secure extra finance, then it will be assumed that a state of bankruptcy
is declared. It will also be assumed that the firm ceases to exist; that
is, the firm is liquidated, the possiblity of the firm undergoing reorgani-
zation being neglected.

Assumption A9 follows directly from Assumption A2, If there are no
costs, no indivisibilities, then investors should prefer to be able to re-
vise their portfolios at any time. In reality there are transaction costs,
indivisibilities, and it is for these reason that a discrete time formulation
is advanced. Usually, the approach is to take equally spaced intervals of
time which, though convenient from an empirical viewpoint, is theoretically
unsatisfactory. The trading intervals will, in general, be stochastic and
of a non-constant length, depending upon the types of securities available,
the size and nature of price changes, transaction costs, and future expec-
tations.

It will be assumed that the individual acts in a manner to maximize
the expected lifetime utility of consumption and terminal wealth; that is,
the kth individual acts so that

T
Max Eo{fo U (C, (s),slds + BFk[W(Tk),Tk]} _. (4.1)
subject to an initial wealth constraint, where Et represents the conditional
expected value operator, conditional on the fact that all state variables at

time t are known; Ck(s) is the individual's instantaneous consumption at time

s; Uk[C(s),s] is the individual's utility function, which is assumed to be a

7For a further discussion of this point, see pp. 46 of Merton, R. C.,
"A Dynamic General Egquilibrium Model of the Asset Market and its Application
to the Pricing of the Capital Structure of the Firm," Massachusetts Institute
of Technology, Sloan School of Management, October, 1970,
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strictly concave von Neumann- Morgenstern utility function; BFk[w(Tk), Tk] is
a steady concave 'bequest' or utility of terminal wealth function; and 'I‘k is
the date of death of the kth individual. It should be noted that implicit in
the above formulation is the assumption of an additive utility function.8

If certain assumptions are made about the price dynamics of tﬁe stock
and bond prices, then by the technique of stochastic control theory,9 the
optimal consumption and investment rules for the individual can be derived and
thus the individual's demand functions for the different financial assets.
Hence, by aggregating across individuals and using the equilibrium condition
of zero excess demand, theﬁ the equilibrium instantaneocus expected rates of
return can be determined,

Such a problem has been considered by both Samuelson10 and Merton,11
the former treating the discrete time case and the latter the continuous time
case. Both, however, treated capital structure as irrelevant and thus con-

[=g}

sidered all equity firms,

8For the case of multiplicative utility functions, see Pye, G.,
"Lifetime Portfolio Selection in Continuous Time for A Multiplicative Class
of Utility Functions," American Economic Review, Vol. LXIII, No. 5 (December,
1973), pp. 1013-1016.

a description of this technique is given in Bellman, F., Dynamic
Programming (Princeton, N.J.: Princeton University Press, 1957).

10Samuelson, P. A., "Lifetime Portfolio Selection by Dynamic Stochas-
tic Programming," Review of Economics and Statisties, Vol., LI, No. 3 (August,
1969), pp. 239-246.

11Merton, R, C., "Lifetime Portfolio Selection Uncertainty: The Con-
tinuous Case," Review of Economics and Statistics, Vol. LI, No. 3 (August,
1969), pp. 247-257.
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Price Dynamics

It is proposed to represent the price movements of a firm's equity and
bonds by stochastic differential equations., As it is not intended to present

a rigorous derivation of the equations, the interested reader should refer to
the paper by It;fz in which the theory of stochastic differential equations
was first advanced in 1951.13 The application of stochastic differenﬁial
equations to describe the price dynamics.of bonds and common stocks has been

extensively utilized by Merton}4'for the derivation of optimal consumption and

investment rules.

The assumptions made about the price dynamics of the stock and bona
prices are very important for they have direct bearing upon the derived form
of the expressions for the equilibrium instantaneous expected rates of return.
A complete description.of the dynamics would require a specification of the
supply side of the firm; that is, to relate the real assets and the produc-
tion.function of the firm to the price dynamics of the firm's stocks and bonds
traded in the capital markets. For example, to specify the price dynamics for -
the firm's stocks requires some assumption about the dividend policy of the
firm. If in the equity price equation dividends are treated as a random

variable, then in order to have a closed system of equations it is necessary

121t6, K., "On Stochastic Differential Equations," Memoirs of the

American Mathematical Society, No. 4 (1951), pp. 1-51.

13 ' . .
Other references are Itd, K., and McKean, H. P., Diffusion Processes

and Their Sample Paths (New York: Academic Press, 1964); and Kushner, H. J.,

Introduction to Stochastic Control (New York: Holt, Rinehart & Winston, Inc.,
1971).

Merton, R. C., "Optimal Consumption and Portfolio Rules In A Con-
tinuous Time Model," Journal of Economic Theory, Vol. 3 (1971), pp. 373-413,



76

to specify an equation describing the dividend payments over time. However,
unless same assumption is made about the form of the equation at the outset,
such a description would imply a specification of the firm's behaviour in
determining its investment and financial policies over some future time
horizon.15

Tt will be assumed that the supply side of the firm is fixed and
taken as given. Dividends can either be treated by assuming that the firm
does not make actual dividend payments, but issues or repurchases its own
shares in the market, or by assuming.at the outset a form of an equation
that describes dividend behgviour over time.

| From assumption A9 trading takes place continuously in time and thus

any representation of the price dynamics of a firm's stocks or bonds should
also be in a continuous time framework. In practice coupons or dividends
are paid on a discreée time basis. Discrete payments of either coupons or
dividends represents a majof theoretical problem in continuous time models,
for it destroys the symmetry of the representation and it is no longer
possible to have compact distributions.16

Symmetry is important for it offers a tremendous simplification
for both the specification of the price equations and for the derivation of
optimality conditions. If symmetry is not preserved then it would be neces-

sary to identify the timing of the asymmetric events and to keep track of

15 .. . . . . .
This issue is discussed in Merton, R. C., "An Intertemporal Capital

Asset Pricing Model," Working Paper No. 588-72, Massachusetts Institute of
Technology, Sloan School of Management, February, 1972,

6 . . . . . . . .
1 A simple explanation of compact distributions is given in Samuelson,

P. A., "The Fundamental Approximation Theorem of Portfolio Analysis in Terms of
Means, Variance, and Higher Moments," Review of Economic Studies, Vol. 37 (Octo-
ber, 1970), pp. 537-542,
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how far ahead in time these events will occur. Thus the whole specifica-
tion process becomes far more complicated.

Compact distributions are important because for small time inter-
vals the uncertainty neither "works out” (that is, zero variance) nor domi-
nates the analysis (that is, infinite variance). Some properties of compact
distributions and their usefulness are given in Samuelson.

Given the assumption A2 of zero transaction costs, there is no rea-
son why a firm should not pay a coupon or a dividend oh a continuous time
basis. One could always imagine the firm paying a continuous coupon or divi-
dend to a trustee who would distribute the coupon or dividend on a discrete
time basis in the name of the company, as in practice both coupon and divi-
dends are paid on a discrete time basis.

If a firm goes bankrupt, then it is assumed that it is liquidated,
the possibility of reorganization geing neglected. The bondholder will re-
ceive, on a pro rata‘'basis, the value of the firm, net of taxes, minus the
direct costs associated with bankruptcy. it is assumed that the shareholder
will receive nothing.

The assumption that the firm undergoes liquidation, and not reorgani-
zation avoids two difficult problems: the valuation of a firm's securities
both whilst it is being reorganized and after reorganization; and a represen-
tation in continuous time of.the price dynamics that is symmetric and of a

compact distributional form during these periods. This is just one facet of

the much broader problem that there are no theories of the firm that pertain

17 . e .
Samuelson, P. A, "General Proof That Diversification Pays," Jour-

nal of Financial and Quantitative Analyeis, Vol. 2 (March, 1967), pp. 1-13,
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to the state of bankruptcy and liquidation.

It is assumed that when an investor buys the.bonds of a firm a -sub-
jective evaluation is made of not only the return to be expected if the firm
does not go bankrupt, but also the return to be expected if the firm does go
bankrupt; that is, the investor form a subjective probability distribution
of the liquidation value of the firm (on a pro-rata basis) if bankruptcy

occurred.

If bankruptcy does not occur it is assumed that the price of the

bond at the end of the period can be represented by the equation

b. (t . - Y
3‘ +h) bJ (t) (l+rjh) gjh + bj (t)Yj/h Yy (t), (4.2)

: j=1’ 2...,“,
.th _. ' -
where, for the j fim,
bj(t+h) represents the price of a bond at time t+h;
r. represents the instantaneous conditional expected rate of re-
J turn for the firm's bonds, conditional on the fact that the
firm does not go bankrupt;

g. represents the instantaneous conditional coupon rate on the
firm's bonds;

Y. represents the instantaneous conditional variance;
and
y.(t) represents a zero mean, unit variance, purely random process;
that is, y(t) and y(t+s), s > 0 are independent and identi-
cally distributed gaussian random variables.
Implicit in the above formulations are a number of very important
‘assumptions., First, the maturity of the bond has been neglected. It has
been assumed that the bonds are perpetuities. An alternative approach

would be to assume that all bonds had a long, but finite maturity such that’

all bonds matured after the individnai's death.

.
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There are two major reasons for making such an assumption about the
bonds being perpetuities. If it is assumed that the bonds had finite matur-
ity and matured within the lifetime of the individual, it would then be
necessary to specify the new financing the firm undertakes. This will de-
pend upon the investment opportunities which face the firm at that time and
upon the general economic conditions. The basic problem is to constrﬁct
a representation in continuous time to describe the price movements of the
firm's bonds taking into account the point of discontinuity which might occur
at the point in time when- the bonds mature and the firm makes a new debt
issue. Closely related to this is the question of symmetry. If a firm's
bonds mature and the firm makes a new bond issue with different terms to’
those that have just matured, then it is necessary to keep track of this
event in determining the investor's optimal contingent strategies. Hence,
the whole specification process becomes far more complicated when symmetry
is broken.

The second assumption about the formulation is the inclusion of
a random element term. If it is not present then, given a general equili-
brium state, the individual would know with certainty what the price of the
bond would be at the end of the period. Unexpected changes, whether they

be in the general level of interest rates, the probability of bankruptcy,

or general economic conditions, affect the future price of the bond and thus
the random element is added in an attempt to catch these effects. It should
be noted that if the bond had a finite maturity, then it would be necessary

for the variance term of the random element to be a function of the time to
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maturity. This is because at maturity the value of the bond, given that
the firm has not defaulted, will be the principal value of the bond and will
thus be independent of the influence of future expéctations.

If bankruptcy occurs, it is assumed that the price of the bond at

the end of the period can be represented by the expression

b, (t+h) = A, (t+h) - 6, (t+h), (4.3)
J J J

=1, 2,..44n,
where Aj(t+h) represents the anticipated liquidation value per number of

h

bonds outstanding for the jt firm if bankruptcy occurred at time t+h; and

Bj(t+h) represents the direct costs associated with bankruptcy at time t+h,

per number of bonds outstanding, for the jth

firm,

It is assumed that the investor forms a subjective evaluation of the
liquidation value of the firm given that bankruptcy has occurred. The liqui-
dation value of the firm wiil depend upon the expected general economic con-
ditions prevalent at the end of the period, as well as upon the state, the
type and marketability of the firm's assets. It is assumed that Aj(t+h)

represents the mean value of the investor's subjective evaluation of the

firm given that bankruptcy has occurred. Before a liquidation premium can

be paid to the bondholders, the direct costs associated with bankrupty ---
legal fees, trustee fees, referee fees, administrative costs -- must be
paid. These are represented by the term ej(t+h). Thus, the amount which

the bondholder expects to receive, on a pro-rata basis, is thus

bj(t+h) = Max[Aj(t+h) - Gj(t+h), 0] (4.4)
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i

For expositional simplicity, in the formulation of the general equations describ-
ing the price dynamics, Equation (4.3) is used, whilst it is formally recognized
that Equation (4.4) is strictly correct.

Hence, the price dynamics of the jth firm's bonds can be represented

by

b. (t) (14r.h) - g.h + b, (t) y.’h y,(t); if no default,
J ] J J ] J

b.(t+h) =
J .
A, (t+h) - ej(t+h) ; if default,

J
3j=1, 2,...,n. : (4.5)
It is assumed that the event of bankruptcy can be described by the

following type of stochastic process:

Pf{jth firm not foing gankrupt in (t,t+h]} = l-Aj(t)h
and . (4.6)

Pf{jth firm going bankrupt in (t,t+h]} = Aj(t)h,

j =1, 2,...{n,
where Aj(t)h can be interpreted as the probability of bankruptcy for firm j
during the period (t,t+h]. Its determinants are extensively discussed in
Chapter III,

It is assumed that the event of bankruptcy for one firm does not

affect other firms. Conceptually, it is very simple to relax this assumption,
but only at the cost of greatly increasing the complexity of the notation.,

The very small gain in generality of derived results does not warrant this cost,

8 . s . . A . . .
A more rigorous deviation using Poisson probability distributions
is given in Appendix A.
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Define a random variable indicator function, Ij(t,t+m which

can take only two values, zero and one, such that

0l

prlI, (t,t+h) 1 -XA_(t)h,
J ] (4.7)

and

Pr{Ij(t,t+h) 1] Aj(t)h,

j=1, 2,...,n.
The indicator function describes the status of the firm at .the end of the
period; that is, it indicates whether the firm has gone bankrupt or not.

Equation (4.5) can be written in the form
b. (t+h) = [b. (t) (1+r.h) — g.h + b, (t) y./h y . (£)1[1 - I, (t,t+h)
J( ) [ J( ) ¢ 5 ) gj J( ) YJ yj( 1 5t ]
+ [Aj(t+h) - ej(t+h)]Ij(t,t+h)

If the event of bankruptcy does not occur to firm j in the (t,t+h], then

Ij(t,t+h) is zero. If bankruptcy does occur then Ij(t,t+h) equal one, In

.. . 1
the limit, as h tends to zero, it can be shown that: 9

db. (t b.(t)r.- b.(t)y.dz. - {b.(t) - [A,(t+dt) - 6, (t+dt)]}dq,.
J( ) [ J( )rJ gj]dt + J( )YJ 3 { J( ) { 3( ) J( )] qJ

j=1,2,..44n, (4.8)

where dqj is a Poisson process characterizing the event of bankruptcy for the

jth firm; and dZj is a standard Gaussian-Wiener process.

The price dynamics of the jth firm's equity will be affected by what

happens to the firm's bonds, that is, if default occurs the value of equity,

19Appendix A, Equation (A.2).
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by assumption, will be zero. It is assumed that the price dynamics can be

expressed in the form

( L(t) (1+a.h) - £.h + _(t)o,/hY .(t); if no default
pJ( 3 3 Py 3 " ntHj !
py(t+h) = (4.9)

[5) ; if default,

j=1[ 2,. e o

where
. .th _.
pj(t) represents the market price of a share for the j firm
at time t;
o, represents the igﬁtantaneous conditional expected rate of
J return for the j firm's equity, conditional on the fact
that the firm does not go bankrupt;
£, represents the instantaneous conditional dividend rate
) for the jth firm;
0§ represgnts the instantaneocus conditional variance for
the jt firm;
and

Yn+j(t) represents a zero mean, unit variance, purely random pro-
cess, that is, Y +.(t)_.,and Yn+.(t+s), s>0, are independent
and identically é&ékributed gau;sian random variables,

If it is assumed that there is no possibility of bankruptcy, then

the equation becomes

Ap. (t)
— .

= -6 )h /hy (),
pj(t) (aj J) ¥ °J n+J( )

where Gj is the instantaneous dividend yield. Taking the limit as h  tends

to zero, then
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dp. (t)
. (t
.pJ( )

(4.10)

r

= -§ )dt 4+ 0.4Z2 .
(aj j) J ntj

where dZ_ ., represents a standard Gaussian-Wiener process. If it is assumed
n+j
that a,, 8§, and ¢, are constant, then prices will be stationarily and log-

20
normally distributed.

In general, Equation (4.9) can be written in the form
= - o./h v . (t)1[1 - I,(t,t+th)].
pj(t+h) = [pj(t)(l+ajh) fjh + pj(t) j n+j 5 (€

i i 111
If the firm does not go bankrupt in the interval (t,t+h] then Ij(t,t+h) wi
equal zero. If it does go bankrupt, then Ij(t,t+h) will equal one and the

value of equity will be zero. In the limit as h tends to zero, it can be

shown that:21

dp. (t) = L(t)o.-f . ]dt .{t)o.d2 . - p.(t)dq.. 4,11
pJ( ) [pj( )aJ J] + pJ( )UJ Nt pJ( ) qJ ( )

It is instructive to consider what'are the differences between the
common stock and perpetuities of a firm and to enquire how these differences
are reflected in the set of Equations (4.8) and (4.11) that are used in the
model to describe the price behaviour of bonds and common stock. A bond-
holder purchases a claim to a fixed series of payments, whilst the common
stockholder purchases a claim to a variable cash flow. There is mutual
interaction between the price of the two.financial-assets. For example,

an unexpected change in the probability of bankruptcy will affect the price

20For a more general derivation,. see Merton, R. C. "Optimum Cogsump—
tion and Portfolio Rules in a Continuous Time Model," Journal of Economic

Theory, Vol. 3 (1971), pp. 373-413.

21Appendix A, Equation (A.3).
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of beth financial assets. 1In the event of bankruptcy, the bondholder has
prior claim to the assets of the firm,

In the model the priority of claim of the bondholder in the event
of bankruptcy is reflected in the difference between the nature of the co-
efficients of the dqj term. The bondholder might receive a liquidation prem-
ium, whilst the common stoékholder suffers a hundred per cent loss. The in-
teraction between the two sets of aésets, is represented by the correlation
between the two Gaussian-Wiener processes de and dzn+j' What is not repre-
sented is the difference between the claims to a series of fixed and variable
payments. An attempt can be made to rectify this'byreinterpreting the instan-

taneous conditional expected dividend rate, and then to specify some type of

process describing how the instantaneous conditional dividend rate might
chanée over time.22

Over time changes in expectations occur as the information set avail-
able to the investor changes. That is, new information may cause a revision
in the expectations about the behaviour of different financial assets. If
the opportunity set is constantly changing, then this will probably affect
the structure of returns. In an attempt to analyze the éffects of changes

in expectations, it is assumed that changes in the opportunity set can be

described by the following set of stochastic differential equations:

221t is assumed at the outset that it is possible to specify such an
equation. It is recognized that this brushes over the major problem that .
to justify the specification of the equation would require a complete descrip-

tion of the supply side of the firm.
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daj = Fj(aj,t)dt + Gj(aj,t)de,

doj = Fn+j(cj,t)dt_+ Gn+j(cj't)dQn+j'

drj = F2n+j(rj,t)dt + G2n+j(rj’t)dQ2n+j' (4.12)
and

de = F3n+j (Yj,t)dt + G3n+j (Yj,t)dQ3n+j,

i=1, 2,. . ./n,
where F( ), and G( ) are specified functions, and dQ represents a standard
Gaussian-Wiener précess. The first two equations describe the changes to the
price dynamics of equity. The first equation shows how the instantaneous con-
ditional expected return is affected and the second equation how the instantan-
eous conditénal standard deviation is affected. The last two equations describe

the changes to the price dynamics of the bonds,

In a similar fashion, it is assumed the probability of bankruptcy

is also stochastic over time, and the investor attempts to take into con-

sideration the effects of such changes; that is

ax =

j F4n+j(kj,t)dt + G

Snts (xj,t)dQ4n+j, (4.13)

j =1’ 2,- L) o,n !

This implies that Aj(t)h, as defined in Equation (4.6), should be reinter-

preted as the mean value of the probability of bankruptcy for the jth firm

in the interval (t, t+At].
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Analogous to the above reasoning, the equation describing the
changes in the instantaneous conditional expected dividend rate is assumed

to be

af, = F5n+j(fj,t)dt + G (4.14)

(£, ,t)d
3 nJ(J)Q

5n+ 5n+3j’

i=1, 2,. . .,n.

An instantaneous riskless asset means that at eacb instance of time,
each investor knows with certainty the rate of return, r, over the next in-
stant by holding the asset. However, the future values of r are not known
with certainty. By convention the (2n+1)th financial asset is ﬁaken to be
the instantaneous riskless asset. Hence, the price dyﬁamics can be described
by

9Py (B

T = Tt (4.15)

p2n+1

and it is assumed that changes in the rate of return can be described by

dr = F_(r,t)at + G (r,t)dg , (4.16)

where m = 6n+1.,

State Space Description and the Budget Constraint:

Before proceeding to derive the budget constraint and the optimality
equations, a brief digression on the implications of the fact that both the
price behaviour of equity and bonds are influenced by whether or not a

firm has defaulted will help to clarify the derivation of the equations.
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If there are n firms in existence at time t, then at time t+h there
are 20 possible states, where a state is defined as a description of the n
firms, listing those firms which have defaulted and those which are in exist-
ence at time t+h. Given the assumption that the event of bankruptcy by one
firm has no affect upon the remaining firms, then it is only necessary to
consider (n+l)of the possible states, for the other states have a probabil-
ity of order h and make no contribution when a limiting process is used.

Consider three firms, A, B, and C. The eight states of the system
are shown in Table 4.1. The probability that no firms default in the inter-

val (t,t+h] equals

(l—klh)(l-kzh)(l-k3h)

3
=1=-= IAX.h+ 0(h),
3=1

where Alh equals the probability of bankruptcy for firm A in the interval
(t,t+h]. The probability that one firm, say firm A, going bankrupt and

the others do not, equals

Alh(l - Azh)(l - A3h)

= Alh + O(h)f

From Table 4.1, it is clear that only states 1, 2, 3 and 4 are important.
Thus only those states where one or less bankruptcies occurred need to be

considered. This greatly simplifies the analysis.



TABLE 4.1

THE PROBABILITY OF OCCURRENCE OF DIFFERENT STATES

STATES FIRMS PROBABILITY OF OCCURRENCE.
A B C
3
1 NB NB NB 1- Z A.h + 0(h)
j=1 7
2 B NB NB klh + 0(h)
3 "NB B NB Azh + 0(h)
4 NB NB B A3h + 0(h)
5 B B NB 0(h)
6 B NB B 0 (h)
7 NB B B 0(h)
8 B B B 0(h)
B = bankruptcy occurred in (t,t+h}
NB = bankruptcy did not occur in (t,t+h]

0(h)

of order h

89
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To derive the budget equation it is necessary to examine the dis-
crete time formulation of themodel and then to take limits (that is, let h
tend to zero) to obtain the continuocus time formulation. Let
W(t) represent the investor's tangible wealth at
time t-;

C(t) represent the investor's consumption rate at
time t;

y(t) represent the investor's wage income (may
be stochastic) at time t;

and

I(t) represent the investor's investment at time t+

where superscripts denoting the investor's identification have been dropped,
except when required for clarity. The amount that an individual can invest
at time t+ depends upon current tangible wealth, wage income, and planned

consumption; that is,

I(t) = W(t) - [C(t) - y(t)]h, . (4.17)
Let

N. {(t) represent the number of bonds of firm j purchased

during period (t,t+h];

N +.(t) represent the number of shares of firm j pur-

n+J chased during (t,t+h];

N2n+l(t) represent the number of shares of the instant-

aneous riskless asset purchased during (t,t+h};

and

wk(t) represent the fraction of the investment invested
in the k asset during (t,t+h], '
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and

w .
]

ll 2,. . .,2n+l.

Hence, the individual's investment can be represented by

- n
N, (t)b, (£) + I
13 j=1

2n+192n+1(t)'

n
I(t) = &
i=

Nn+j(t)pj(t) + N

The individual's wealth at the end of the period, t+h, will depend upon the
price of the bonds and shares, the coupons and dividends received, and the
state of the system; that is, upon which firms that went bankrupt in the
interval (t,t+h].

Suppose that no firms went bankrupt in the interval (t,t+h], then

the wealth at the end of the interval can be represented by

n n
W(t+h) = 'Ele(t) [bj(t+h) + gjh] + .E Nn+j(t) [pj(t+h) + fjh]
J= j=1
+ N2n+1(t)p2n+1(t)
n b, (t+h)+g_.h n pj(t+h)+f,h
= I(t) L w,(t) [ ] o+ I(E) D ow L (t) [-—-——-7;-4L-1
p (t+h)
- 2n+l
IV, ) T
2n+l

It will be assumed that all income is derived from investment in the financial

assets; that is, y(t) = 0, which implies that

I(t) = W(t) — C(t)h,
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Thus the change in wealth can be expressed in the form

n b, (t+h) + qjh.f.b (t)

W(t+h)- W(t) = {W(t) - C(t)hH T w, (t) [~ ] - rh]
4 b, (t)
J=1 J
n ~p,(t+h) + £.h - p (t)
FoTw () J - rh] + rh} - C(t)h,
._, n+j p. (t)
j=1 3
2n+l
where Equation (4.15) and the relation I w,(t) = 1 have been used. Substituting
j=1
Equations (4.8) and (4.11) into the above expressions gives
W(t+h) - w(t) = {wW(t) - c(t)h}{ £ w_ (t)[(r,-r)h + v.dZ.]
j=1 J J J 3]
n . _
+ jilwn+j(t)[(aj—r)h:+ Ojdzn+j] + rh} - C(t)h + O(h). (4.18)

AW(t) = wW(t+h) = W(t),

then the expected value of AW(t) conditional on the fact that no bankruptcies

occurred in the interval (t,t+h] is

n n
Et[AW(t)] = [w(t) - C(t)h][jile(b)(rj—r) + jilwmj(aj-r) + rlh
- C(t)h + O(h), (4.19)
and
5 5 n n n n
E_[AW(t)"] = w(t) [ L L w,(t)y.,.w,(t) + 2L T w,(t)y.p..0.w_ . (t)
t j=1 j=1 J Ji 1 j=1 j=1 J Ji i nti
n n
+ I Iw +.(t)c,_w +i(t)] h + o(), . (4.20)
j=1 =1 n+j ji n .

when pji is the instantaneous conditional correlation between dzj and dZn+i'

Suppose that the jth firm goes bankrupt in the interval (t,t+h]. This
will affect the investors holding the jth firm's bonds and equity, the bond-

holder might receive a liquidation premium, whilst the equity holder will
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suffer a hundred-per cent loss. Hence, the wealth at the end of the inter-

val, conditional on the fact that the jth firm has gone bankrupt, is

_ n _bi(t+h) + gih _.A.(t+h).f_6j(t+h)

= - 1 1
W(t+h) {w(t) c(t)h}{iilwi(t)[ bi(t) ] + wj(t)[ bj(t) ]
i#j
n . p,{(t+h) + £.h P (t+h)
2n+1l

+ T w o, (t)[— ) o+ w (t) ——————}

i=1 n+i pi(t) 2n+l p2n+1(t)

i#3

Substituting Equations (4.8), (4.11) and (4.15) into the above equations

2n+l
and using the relation I wj(t) = 1, gives
j=1
. n A.(t+h) - 0. (t+h)
W(t+h) - W(t) = {W(t) - c(e)hH T w,(t)[(r.~r)h + v.dZ.] + w, (t) [ J -1
j=1 1 i i i 3 bj(t)
i3
n . .
+ iilwn+i(t)[(ai-r)h + Gidzn+i] - wn+j(t) + rh} + Cc(t)h + O(h).
i#j

A, (t+h) =~ ej(t+h)

= W(t){wj(t)[ -1] - wn+j(t)}

b, (t)
3
) n
+ {Wt) - c(t)yh} £ w,(t)[(r.-r)h + y,dz,]
. 1 X 1 1l
i=1l
i#j
n
+ iElwn+i(t)[(ai—r)h + 6idzn+i] + rh}
i#j

_A_(t+h)_—_8j(t+h)
b, (t)
J

- C(t)h{1 + Wy (E) g -1 - wn+j(t)} + O(h)

(4.21)

The first term in the above expression, that is,
A, (t+h) -.Oj(t+h)

- - -
W(t){wj(t)[ bj(t) 1] wn+j(t)}
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can be interpreted as the loss to the individual who invested in the jth firm's
securities, given that the firm goes bankrupt in the interval (t,t+h]. If the
individual paid bj(t) for the bond at the beginnihg of the period, then at the
end of the period the individual will receive a liquidating premium of Aj(t+h) -
ej(t+h), which is less than the initial amount paid for the bond, given that
ej(t+h) is greater than zero. Similarly, for equity, if the individuél paid
pj(t) at the beginning of the period, then the individual will suffer a hundred
per cent loss at the end of the period. Note, however, that as short selling
is allowed, the argument can be reversed to give the gains that occur when the

firm goes bankrupt.

The Equation of Optimality: The Demand Functions for Assets

The individual is assumed to act in such a manner so as to maximize
the expected lifetime utility of consumption and terminal wealth; that is,
rewriting Equation (4.1)

T
Max Eo{fou[c (s),slds + BFIW(T),T1}, (4.1)
subject to an initial wealth constraint, the budget constraint, and C(s) >0,
and where the superscripts denoting the investor's identity have been dropped,

except when required for clarity.

.Define.
T
J(W(t) I&Ig_lElllf_’A_lrFltls(t)] = Max Et{ft U[C(s),s)cs + BF[W(T),T]} (4.22)
{CIV_V}

where s(t) is a state vector which describes what firms are still in existence

at time t; /9,x,Y, £, and l_are vectors which describe the values at time t of
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{qj},{cj},{rj},{Yj},{fj}_and {Aj} respectively; and r, is the value of the
rate of return at time t.on the instantanéous riskless asset. The function,
J, is called the derived utility of wealth. Its arguments are the state
variable which, at time ﬁ, an individual knows. The problem facing the
individual is to choose values for'{c,ﬁﬂ which maximizes the expression on
the right hand side of (4.22); that is, the decision vériables are the rate
of consumption C, and the proportion of wealth to invest in the different
financial assets {wj}. This may be achieved using the Bellman principle of
optimality.23
It can be shown24 that the optimality conditions for an individual

who acts according to Equation (4.1) in determining the consumption-investment

contingent strategy at each point in time, are

nm
0O = Max (U[C(t),t] + Jt + L F.J,
{c,w} j=1 7 J
n n
+ I W)L Zw, (B)(r,-x) + T w  .(t)(a.-r) + r] - C(t)}
W sq J 3 s n+j J
=1 j=1
1 n n n n
+=J [ I w. (t)y..w.(t) +2 I T w,(t)y.p..06.w +.(t)
2 WW j=1 i=1 3 jii j=1"i=1 373i7i n+i
. <) n 2
+ I I wn+.(t)o.iwn+i(t)lw(t)
j=1 i=1 "3
1 mom m n
+ = I LG, v..GJ,, + L I W(t)w,(t)y.n,.G.J,
. » . » w
2 i=1 j=1 11] j i3 i=1 j=1 J J 11
m n
+ I L Wt)w .(t)o.n, .G, J,
i=1 j=1 (®) n+3( ) Jnl,n+] ; iwW
n N .
+ I Aj(t){J[wj, v(t), t, sj] - JW(t), v(t), t, S(t)}, (4.23)
i=1

23
For a formal statement of this principle, see pp. 15 of Bellman,

R. E. and Dreyfus, S. E., Applied Dynamic Programming (Princeton, N.J.:
Princeton University Press, 1962).

24 .
See Appendix A, Equation (A.17).
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subject to the boundary condition J{w(T),v(T),T,S(T)] = BF[W(T),T], and
where subscripts on the function J[W(t),V{(t),t,S(t)] denoté partial deriva-
tions; Sj is a state vector denoting that the jth firm no longer exists; cij
is the instantaneous conditional covariance between dZi and de; pji is the
instantaneous conditional correlation coefficient between azl and dzn+j; vij
is the instantaneous conditional correlation coefficient between in and de;
nij is the instantaneouslconditional correlation coefficient between in and

de; and Wj is defined25 by

wj (£) = we){1 + wj (t)Y[ -1] - Y (£)}, (4.24)

which can be interpreted as the new wealth position after the jth firm has gone
bankrupt.

Equation (4.23) is a partial differential equation which describes the
behaviour of the derived utility function. As such, there are no stochastic
elements in the equation; it is completely deterministic. The value of the
aerived utility function depends upon the consumption rate and the amount of
investment in the different financial assets that are available. The optimal
values of these decision variables that maximize the derived utility function
at each point in time, can be determined by solving the set of equations which
describe the first order conditions for a maximum. The assumptions about the
éorm of the utility function and the bequest function ensure that a maximum,

.. . . 26
and not a minimum, is obtained.

25See Appendix A, Equations (A.1l5) to (A.20), where a detailed discussion
is given for the reasons motivating this definition.

26A‘proof is given in Kushner, H. J., Stochastic Stability and Control,
(New York: Academic Press, 1967).
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The (2n+l) first order conditions are obtained by first differentiating

27
Equation (4.23) with respect to the rate of consumption

0= UC[C(t),t] - Jw; (4.25)

then by differentiating (4.23) with respect to the amount of investment in

8 .
equities;2 that is, {wn }:

+3j
n n
0= (aj-r)Jw + W(t)[.z ojiwn+i(t) + .Z yjpijoiwi(t)]JWW (4.26)
i=1 270 T i=1
m
+ iEIGj“i,n+jGiJiw - Aij[wj,V(t),t,Sj],

j=1i, 2,. « «yn;

and finally, differentiating (4.23) with respect to the amount of investment

in bonds;29 that is,'{wj}:

n n
0= (rj-r)Jw + W(t)['f vjiwi(t) + .E wjpijoi n+i(t)]wa
i=1 i=1
m T K, -0,
+ iEinnijGiJiw —-Ale - —%;73714 Jwtwj,V(t),t,Sj], (4.27)

j = ll 2’. . .,n.

Equation (4.25) is the intertemporal envelope condition: the marginal
utility of current consumption equals the marginal derived utility of wealth.

Equation (4.26) describes a system of equations for the investment in the

commonstocks availableand Equation (4.27) describes a similar system for bonds,

27See Appendix A, Equation (A.18)

28See Appendix A, Equation (A.19),.

29See Appendix A, Equation (A.20).
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The two systems are not independent. If a firm goes bankrupt, the event of
bankruptcy will affect both the value of its bonds and equity. Events that
affect the value of the firm, for example unexpected changes in the probabil-
ity of bankruptcy, will be reflected in changes in both the value of the
firm's bonds and equity. The lack of independence between the two systems
implies that the two sets éf equations must be solved simultaneously. A
solution will not, however, be easy to obtain because the equations are non-
linear. The non-linearity results from the presence of the terms'{J[W.,V(t),t,sj]}
which is a consequence of the fact that bankruptcy causes a discontinuity in
the wealth of the individuai.

At this level of geherality, little insight into the implications of
the set of equations can be gained. It is proposed to add some further, and
simplifying, assumptions to restrict the structure of the opportunity set.

Two models will be considered. The first is a simple model in which
the investment opportunity éet is assumed only to be altered by the event of
bankruptcy; the probability of bankruptcy is assumed not to change stochasti-
cally over time. The equatibns that describe the bond price dynamics are also
simplified. Whilst such a level of simplicity is unrealistic, it does afford
penetrating insight into how the mechanism of bankruptcy affects the structure
of returns. The second model relaxes the assumption that the probability of
bankruptcy for a firm does not change stochastically over time. The framework
is more realistic than that of the first model, but does not offer the same

level of insight.
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Bankruptcy and Structure of Returns

By reducing the level of generality of the formulation enables greater
insight into the impact of bankruptcy upon the mechanism describing the struc-
ture of returns. It is assumed that the opportunity set characterized by
{a,c,r;Y,f;A,r?} is deterministic; that is, there are no stochastic changes
in these parameters so that the individual knows with certainty their
future values. It is_further assumed that there is no stochastic.element
to the conditional equation describing the price dynamics of bonds, that is,

Equation (4.5) becomes
f
bj(t)(l+rjh) - gjh; if no default

(4.28)

.

b.
J(t+h)

Aj(t+h) - Oj(t+h);; if default,
\

j=.l, 2’. o oIl

whilst the absence of a stochastic element term is an oversimplification,
it does imply that there will be no mutually interaction between bonds and
common stocks apart from the direct effect of bankruptcy. Thus, there will
be no interaction terms in the expressionsfor the equilibrium rates of re~
turn for bonds and common stock.

From Equation (4.23) the equation of optimality becomes

n n
= Max (U[C(t),t] +J + Jw{w(t)[ z wj(t)(rj-r) + I wn+j(t)(ar-r)+ r] - c(t)}
{CIV_V_} j=1 3=1
Lo g g 2, 7 '
t3 w o o (B)o.. w (B)IW(E)T + £ AL {J[W.,t,S5.] - . -
2 W j=1 i=1 n+j J1 n+21 j=l)\J{ [WJ__t qJ] T[wltl-(t)]})

(4.29)
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and the first order conditions are, after simplification30

0= UC[C(t),t] - JW’ (4.30)
rj -
0= (aj_- r - ——ET——)JW + W(t)[.Z cjiwn+i(t)]JWW' (4.31)
3 i=1
and
0= (rj-r)Jw -AijJW(Wj,t), (4.32)
=1, 2, + «n,

where for expositional simplicity 13 is defined by

A, -0

Ly=1- b, ()

which can be given an intuitive meaning. Suppose an individual purchased a
bond for bj(t) and the firm went bankrupt. The individual would receive
(Aj - ej) and thus suffer a loss of [bj - (Aj - ej)]. Lj is a percentage
measure of that loss. If Lj equals ohe, the individual suffers a hundred
per cent loss,

Equation (4.30) is - the intertemporal envelope condition: marginal
utility of consumption equals the marginal derived utility of wealth. Equa-
tion (4.31) describes a linear system of equations from which the demand func-
tions for equity can be determined independently from the direct influence of
the demand functions for bond. This independence is a consequence of the
assumption of having no randém element term in the bond equation. The system
of Equations (4.32), that describe the demand functions for bonds are non-
linear and thus, in general, it will be difficult to obtain an exact solution,
The non-linearity results from the discontinuities in wealth that are caused by

the event of bankruptcy.

30See Appendix A, Equations (A.26), (A.27) and (A.28).
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Consider first the demand functions for bonds, described by Equation
(4.32). As the equations are non-linear, it is difficult to obtain an expli-
cit solution. There are at least two alternatives. The first is to put more
structure into the formulation by assuming a particular form for the indivi-
dual's utility function and then attempt to solve the system of equations by
a numeriéal iterative procedure. Whilst this methodd might produce a solution,
it will be at a cost. It will be difficult to derive explicit forms for the
general equilibrium rates of return, and even if they could be obtained, they
will depend upon the specific assumed form for the utility functions for the
individuais. The lack of generality and intractability of this method is a
serious distraction to its utilization.

The second alternative is to make an approximaﬁion so as to obtain a
linear system., The approximation evolves around the assumption that it is
possible to expand the derivations of the derived utility function in a Tay-

lor's series and to neglect quadrative and higher order terms;31 that is,

g lweri - Wy (t)Lj = Vs (t)1, tl

Jw[W(t),t] - wW(t) [wj (t)Lj + wn+j (t)]JWW[W(t),t],

j=1, 2,. « «n.

For a quadratic utility function this approximation is exact, whilst for other:
cases of utility functions, for example the constant relative risk aversion
class, the approximation can be very good, depending upon the numerical values

of the parameters of the utility function.32

31See Appendix A, Equation (A.24).

32For a full discussion, see Appendix A, Equations (A.52) to (A.62).
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Using this approximation, Equation (4.32) can be expressed in the

form

0 r.-r-2.L.)J.. + A.L.[w.(t)L. + (B)Iw(t)J 4.33
( 5 3 J) W j J[ J( ) 5 wn+3( Ylw(t) Wi’ ( )

3 1, 2,. . .,n.

From this equation it can be shown33 the :equilibrium instantaneous conditional

expected rates of return are

_ CALIND (£)D, + N__.p. ()]
r + Aij + {mr-yH{22-33 _J ntj_J

a
n

n
izlxi(t)AiLi[Nibi(t)Lj + Nn+ipi(t)]
i=11l 2,¢ ¢« oyn, (4.34)

where ﬁj is the total number of bonds outstanding for the jth firm; ﬁn+j is

the total number of shares ocutstanding for the jth firm; Xi(t) is the propor-

h firm's bonds to the total market

tion of the total market value of the jt
value of all bonds; 7 is the instantaneous conditional expected return on the
bond market, defined by
n
mT = .Z xi(t)ri; (4.35)
i=1 _
and Y can be interpreted as a weighted sum of the expected loss in the event

of bankruptcy defined by

n
Yy = Z X, (B)L.A,. (4.36)
. i ii
i=l
Equation (4.34) can be interpreted as the instantaneous conditional ex-
pected rate of return for a firm's bonds equals the sum of the risk free rate of

return, the expected loss in the event of bkankruptcy, and a market term. The

second term, Aij, can be intuited as the expected loss if bankruptcy occurs.

3 i .
3 See Appendix A, Equation (A.45).
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It is composed of two terms: the rate of the probability of bankruptcy and
the conditional expected loss, conditional upon the event of bankruptcy. The
magnitude of this term will be dependent upon the expected net value of the
firm's assets after the event of bankruptcy. It is possible for a trade-off
to occur between these two terms: for example, the rate of probability of
bankruptéy might be large whilst the expected loss in the event of bankruptcy
might be:small.

" The second term, Aij, can be compared to thq formulation of Fisher,34
who hypothesized th;t the risk premium on a bond is a function of two terms:
the probability of default and the marketability of a bond. This latter con-
sideration is not relevant in the present context given the assumptions about
the structure of the capital markets. Fisher did not, however, directly con-
sider the impact upon the risk premium of the expected loss that might occur
in the event of bankruptcy.

The third term can be interpreted as a market factor. It is composed,
of two elements: the first, (7-r-y), can be intuited as the instantaneous
conditional expected risk premium on thé bond market, and the second is a posi-
tive weighting factor.

It is instructive to examine the instantaneous conditional expected
rate of return for a bond for the two cases of when an individual does not
suffer a loss in the event of bankruptcy, Lj=0’ and when the probability of
‘bankruptcy is zero. 1In both cases, the reauired rate of return is the risk

free rate, as would be expected.

4
Fisher, L., "Determinants of Risk Premiums on Corporate Bonds,"
Journal of Political Economy, Vol. LXVII, No. 3 (June, 1959); pp. 217-237.
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The demand functions for equity are described by Equation (4.31).
This system of equations is linear and independent of the direct influence
of the demand functions for bonds; that is, it does not contain terms like
{wj(t)}. This is a consequence of the assumption about the price dynamics
of bonds described by Equation (4.28) which does not contain a random element
term that would have precipitated interaction between the two sets of demand
functions for bonds and equity.

From Equation (4.31) it can be shown35 that the equilibrium instan-

taneous conditional expected rates of return can be expressed in the form

r.,=-xX
a; - x - —I%- = B, (u-x=X), (4.37)

j=1, 2,. « o,
where p is the instantaneous conditional expected return on the market,

defined by
. n
p= I Y. (t)a., (4.38)
j=1 J J

h fim's equity to the

Yj(t) being the proportion of the market value of the jt

total market value of all equity; X is defined by

- n X . =-x
X= LY. (t) (—JL——); (4.39)
3=1 3

and Bj is the instantaneous conditional covariance of the return of the jth

firm's equity with the equity market, divided by the instantaneous conditional

variance of the return on the market, defined by36

35See Appendix A, Equation (A.39).
36_ o
From Equation (4.37) it can be shown that I Yj(t)Bj = 1.
j=1
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n
IRRTALLETE
8. = i=1
- "m n (4.40)
I I Y.(t)o..Y,(t) '
j=1 i=1 It

B. is called the beta factor for the jth firm., Greater insight into the sig-
3 i . -r
nificance of Equation (4.37) can be gained by eliminating the term (—%——0.

J
This can be achieved by using the expressions for the instantaneous conditional

expected rate of return for the_jth firm's bonds. This gives3

_ _ N.b.(t)L. + N_..p. (t)
{u-r-x}{B8 +A [~ J nty J
J 3 n n

M(t)j£1

a.~r=A. 1}, (4.41)
3 j

LY. (B)o, . Y. (t)
j = 1' 2,- . o’n' l—l J Jl 1

where M(t) is the total market value of all equity. Using the definition of

Bj given by Equation(4.40), Equation (4.41l) can be written

- n N.b.(t)L. + N__.p.(t)
o mr-n, = ~ETETX) {zo..y, (£)+r, (14 J Lo e I
J j n n =1 11 j n _
I DY (to. Y. (&) £ N_ P, (t)
j=1 i=1 j ji'i j=3 DL

If there are a large number of firms, the last term on the right hand side of
the above expression can be neglected, as it is of order 2/n, where n is the
number of firms. Hence, the expression for the instantaneous conditional ex-

pected rate of return for the jth firm's equity can be written

aj-r-x. ej' (u-r-x) _ (4.42)

3 1, 2,. . .,n,

37It is not obvious from Equatibn (4.34) how Equation (4.41) is derived.

As shown in Appendix A, Equation (A.46), an alternative form of Equation (4.34)
can be developed. This alternative form has been used to eliminate[rj—r]from

Equation (4.37). T
j
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The expression oﬁ the left hand side of the above equation can be
interpreted as the instantaneous expected risk premium, as opposed to the
instantaneous condition expected risk premium for the jth firm, The term i
can be identified as a weighted average of the rate of the probability of bank-
ruptcy for all firms.38 Hence, the expression (u—r—i) can be interpreted as
the instantaneocus expected market risk premium, and thus Equation (4.42) may

be written in the form

E.g' = B E’;:l 4.43)
(j)-r—j[(RM)-r], (4.

where E(ﬁj) is the instantaneous expected rate of return on the equity of the
jth firm} and E(Qg) is the instantaneous expected rate of return on the equity
market. This result is analogous to that derived by Merton,39 and if the
probability of bankruptcy for all firms is zero, the results are identical.
Both from a theoretical and empirical point of view the above results,
whether they be expressed in the instantaneous conditional expected form of
Equation (4.42) or the instantaneous expected form of Equation (4.43), are
important. Theoretically, the results show that the continuous time analogy
to the capital asset primary model is still valid for the case when bankruptcy

is explicitly considered, provided the instantaneous expected rates of return

are used and not the instantaneous expected rates of return conditional upon

38 s e .
From the definition of the instantaneous conditional expected return

on the market, see (4.38),nEquation (4.42) implies that
X = I Y,.(t)A..
. j=1 3 )
This is not, however, a definitional identity. It is the result of the approxi-

mation made in deriving Equation (4.42) and, as such, is itself an approximation.
See Appendix A, Equation (A.50) for a fuller discussion.

39Merton, R. C., "“An Intertemporal Capital Asset Pricing Model," Work-
ing Paper 588-72, Massachusetts Institute of Technology, Sloan School of Manage-

ment, February, 1972,
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no bankruptcy. In the traditional capital asset pricing model, where capital
structure is assumed to be irrelevant and bankruptcy is totally ignored,
such a distinction is not necessary. But it is this distinction that makes
the result important from an empirical viewpoint. In testing the capital
asset pricing model, the aésumption is made that it is possible to go from
an ex-ante to an ex-post formulation and to use realized returns. Howéver,
from the way empirical tests are conducted, the realized returns are proxies
for the expected return, conditional upon no bankruptcy; that is, they are
proxies for the terms'{aj} and not'{E(aj)}. Thus, there is a basic misspeci-
fication error.

The effect of this error can be demonstrated, as shown in Figure 4.,1.
Merton40 has shown that the traditional capital asset pricing model for con-

tinuous time is of the form

@, =xr + B, (u-r) (4.44)
3 JU ’
which is denoted in the figure by CAPM. If Aj was constant and independent of

the particular firm, that is, Xj = A, for all j, then Equation (4.42) becomes

a, =r + A2 + B ,(p-r=A), (4.45)
J ] '
This is represented in Figure 4.1 by the line denoted by CAPM'. The line is
linear and flatter than the line CAPM due to the presence of the term A, How-
ever, the rate of probability of bankruptcy does vary across firms and thus, in
general, there will be a non-linear relationship between a and B. If it is

assumed that as B increases, A increases,41 then a line of the form denoted by

4OMerton, Ibid.

1 . . . s L .

Westerfield has presented some evidence justifying this assumption.
Westerfield, R., "The Assessment of Market Risk and Corporate Failure," Uni-
versity of Pennsylvania, Wharton School of Finance, August, 1970 (unpublished).
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FIGURE 4.1

THE EFFECT OF BANKRUPTCY UPON THE CAPITAL MARKET LINE
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CAPM" will be obtained.

Such a conclusion is very important when viewed in the light of
recent empirical findings. The curve CAPM" is derived from the equation

(4.42) which can be rewritten in the form

R
f
L
]

, - 8. . (u-x), ' 4,46
(BJ Bjx) + Bj(u r) ( )

j=1, 2,. « «/n.

If i is of the same order as A, thep for small values of B(B<1l) the first term
on the right hand side of the above equation will be positive, whilst for large
values of B(B>1) it will be negative. Equation (4.46) describes a relation at
a particular instant in time. There is no a priori reason to suppose that the
various factors in this relation will remain constant over time. For example,
the rate of the probability of bankruptcy may change because of a severe credit
rationing. If this is so, then there is no reason for the curve CAPM" to be
constan?,-. Both conclusions are consistent with the time series results of
Black, Jensen and Scholes42 who found that the intercept term of the capital
asset pricing model is non—stationarftsand for a time series regressed over a
30 year periocd, the intercept was consistently negative for high risk port-
foiios (B>1) and positive for low risk portfolios (B<l). The misspecification

of the model in light of the above discussion might also explain the negative

42
Black, F., Jensen, M.C., and Scholes, M., "The Capital Asset Pricing
Model: Some Empirical Tests," printed in Studies in The Theory of Capital Mar-
kets (Ed.) Jensen, M.C.. (New York: Praeger, 1972).

43 . . . n,
The time series regression was of the form R, = a, + %\ + e ¢

n
where R,  1is the ex-post excess return on the market portfolgo over the sgme

period,Jand ejt a random error term,
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relationship found over certain periods between average monthly returns and
systematic risk.44

The model, as represented by Equation (4.42), forms the basis for
the empirical testing of the hypothesis of the thesis. A discrete time formu-
lation of the equation is used. The probability of bankruptcy is estimated

utilizing the work developed in Chapter III.

Stochastic Changes in the Probability of Bankruptcy

In the model just considered knowledge of how the mechanism of bank-
ruptcy affected the structure of returns was gained using a simple model in
which the investment opportunity set did not change stochastically. Such an
assumption is restrictive: the random arrival of new information and the re-
assessment of existing invesfment opportunities may cause the investment oppor-
tunity set to be altered with the implication that the expected rate of return

required by potential investors will also change.

If the investment opportunity set is not constant, then this invalidates
one of the conditions for the capital.asset pricing model to be applicable for
use in a multi-period context, Such a conclusion is hardly surprising, for the
portfolio behavior of a rational investor would not be expected to be the same
when there is a changing invéstment opportunity set instead of a constant one.

Merton45

~

has demonstrated that changes in the investment opportunity set do
affect the structure of common stock returns. Under the assumption that all

changes can be characterized by changes in a single instrumental variable --

4 .
4 See Black, Jensen,and Scholes, loe. ctt.

5 .
Merton, "An Intertemporal Capital Asset Pricing Model," op. ctit.,
p. 38.
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the riskless interest rate -- a two factor model is derived. The second
factor can be interpreted as the result of investors hedging against the
effects of future unforeseen changes in the riskless interest rate.

Changes in the investment opportunity set can be caused by stochastic
changes in the probability of a firm going bankrupt. As the firm's future in-
come and its ability to borrow change over time, so will the probability of it
going bankrupt. Some of these changes will be expected, and their signifi-
cance will already be discounted in the price of the firm's financial assets.
However, other changes will be unexéected and will affect the price of the
firm's financial assets and the realized return.of investors. The pertinent
question to ask is how the Stochastic nature of the changes in the rate of
the probability of bankruptcy affect the structure of returns for financial
assets? One method to analyze this problem is to represent the mechanism
generating these stochastic changes by a specified process. It will be

assumed that the mechanism can be represented in the form

A () =F.(,,t)dt + G, (A,,t)dQ, 4.47
d J( ) J(_J )at + J( 5 ) Q0 ( )

3 l, 2,. « o1,
where dQ represents a standard Gaussian-Wiener process. The above equation
should be compared to Equation (4.13).

The equationtiescribiﬂg the price dynamics of a firm's bonds will be
assumed to-contain a random element term, which reflects the uncertainty

of price given that default has not occurred. This can be represented in

the form, rewriting Equation (4.8)

db, (t b.(t)r.~qg. b. .dz.-{b. - . -6, .
J( ) { J( )rJ gJ]dt + J(t)dezJ {b](t) [Aj(t+dt) J(t+dt)]}dqJ

. (4.8)
j=1, 2,. ¢« «,n,
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The inclusion of the random element term, de, describing the price dynamics
of bonds will determine the degree of response upon the structure of expected
rates of return caused by the stochastic nature of the changes in the rate of
* the probability of bankruptcy. It will also result in the demand functions
for bonds and equity being directly correlated, as events will affect both

types of assets.

The equation of optimality can be simply derived from the general

case considered in Equation (4.23) and can be written in the form46
n
0 = Max (U[C(t),t] + Jt + I F.J,
Ae,w} j=1 33
_ _ n n
+ (W[ Z w.(t)(r.-x) + T w . (t .-r) + -
Y ) 5 ) = n+3( )(OtJ r) r] C(t)}Jw
J Jj=1
-1 o b n n n
+ Ew(t) {Z Zw, (t)y w (t) + 2 & Lw,.(t)y.p. + (t)
j=1 i=1 j=1 i=1 b 1 ntl
n n
z Tw .(t)o,.w .(t)]J
j=1 i=1 n+j ji n+i WW
1 n N n n
+= .. .% + I I W(t)w, (t)Y n, .G,
2 = = 1 i l
j=1 i=1 J jij i=1 j=1 3j ij i 1W
n n "
+ z z w(t)w (t)c L P G.J, W
=1 i=1 ji,n+y i i
n
+ I Aj{J[Wj,L(t),t,Sj] - J[W(t),A (8),t,S(E)1]) (4.48)
3=1 -

subject to the boundary condition Jw(T),A(T),T,S(T)] = BF({W(T),T], and the

set of first order maximization -conditions are, after some manipulation,

| o = U [C(e),t] - I, © (4.49)

46 . . : '
See Appendix A, Equations (A.64), (A.65), (A.66) and (A.67).
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Y.p..0.
0= (a-r - —J—)J + W) z (0., - L Dy ()
ji L n+i

J_ i=1 3j
n 'Y'i n Y'nij
+ - —1—- - —1———'1 .
L o, pjlYl L. )wi(t)]JWW * 1 j 1,n+j L, )Tiw’ (4.50)
i=1 j i=1 j
and
n n
0= (r, -r)J +W(t)[ZYp (t) + ZY .(t)]J
] gy 304371 e i=1 i
n .
+ ZlYJnlJGlle - Aj(t)LjJW[wj,é_(t),t,sj], (4.51)

j = 1' 2,. . n,n.

Equation (4.49) is the intertemporal envelope condition: marginal
utility of consumption equals the marginal derived utility of wealth, Equa-
tion (4.50) describes a system of n linear equations.in terms of the demand
functions for bonds and equity. The direct dépendence between  the two sets
of demand functions arises from the correlation of the price dynamics for
the financial assets. This equation should be compared to Equation (4,31).
Apart from the correlation terms, Equation (4.50) contains an extra setlof
terms,.fJiw}, that are a direct result of the stochastic nature of changes in
the rate of the probability of bankruptcy. The significance of these terms
will become very apparent when the individual demand functions are determined.
Equation (4.51) describes a non-linear system of n equations in terms of the
demand functions for bonds and equity, the non-linearity arising from the dis-
continuities in wealth that are caused by the event of bankruptcy. It also
contains ﬁhe extra set of terﬁs {Jiw}' and should be compared to Equation

(4.32). As in the last section,47 it will be assumed that Equation (4.51)

47See Equations (4.32) and (4.33).
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can be approximated to give a linear system{

n n
0= (r -r—k (t)L )J + Wt)[ & lewl(t) + .Z yjp i3 p i(t)]Jww
i=1 i=1
+ AL (L)L, [w. ()L, + ()W) d
5 VLI, ()T, o+ v ()W (E) T,
n
+ ZlyjnlJGlle (4.52)
j=l, 2,..-,“.

Hence, Equations (4.50) and (4.52) describe a system of 2n linear equations
and thus it is possible to determine an explicit solution for the demand
functions for bonds and equity. From the structure of these equations, it
is clear that.the form of such a solution will be involved, containing a
large number of terms. The.complexity of the solution arises because of
the covériance terms and the terms that reflect the effects of the stochas-
tic nature of the changes in the rate of the probability of bankruptcy.

th

It can be shown49 that the demand functions for bonds for the k

individual can be expressed in the following form, using matrix notation,

X .k -1 1k
¥ = HjE (€ - DD o3) + Ey (Ry-DyD 5050 H,, (4.53)

and the demand functions for equities,

k k
w, = H,E,(a - D,D. 21c) + E, (D, 02104)11 (4.54)
where Jk
i S
1 Jk !
WW
*,
(1} = - I,
=273 Jk
ww
48

See Appendix A, Equation (A.68).

49
See the whole of the last section of Appendix A,
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X K X
{wl}. = W(t) w.(t) ;
Wil ), (£)
Ky, _ X k.
{V_Vz}j = W(t) wn+j (t) H
r. = Y
{a).= aJ -r - -JI:——r-
j
{c}. =r, - xr - A.L.;
j j S
| Yo
{gl}j].L = Y4P5495 T —2—-Lj.
‘{D.}.. = A.L, + Y.p..0.;
22791 T M55 T Y5Pi5%
- _ 4N, .G
D3ty = 93Ny, neyCi AL 2
J
Dydy; = 4m346;0
Y.P..0,
{p. .} =&, - ezl l,
Dy2M51 T 94 L.
j
grtys = Y51 + A50y
-1 -1
By = (By - DDy
and
-1 -1
= - D
E, = @5, = yDyB)

i'j = 1, 2’. ¢ oD

As the basic structure of the two demand functions represented by
Equations (4.53) and (4.54) is identical, it will suffice to discuss just
one. Consider the demand functions for equity; represented by Equation (4.54).
The function is essentially composed of two parts: the demand that arises
given a constant investment opportunity set, and the demand that arises from

consideration of the effects of stochastic changes in the rate of probability

of bankrupfcy.
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The first part, H?Ez(a - Qig;ig) can, perhaps, be more easily interpre-

ted if written in a scalar form:

n
H{E (aDlD c)} =H[>:23

D,.(r.,-r-A.L.)],
Jji 1 i1

j =l' 2'. - ..’n

where
= E
Bplys = 2%yur
and
(£,0,051}5; = 2°540

i,j=1, 2,. . ..
The first term in the above expression represents the demand for the jth firm's
equity based upon the instantaneous expectéd rate of return for the ith firm's
equity, and the second term represents a substitution term arising from the

th

demand for the i~ firm's bond. The presence of such a term is to be expected,

 for bonds are substitutes for equity.so The factor Ht is strictly positive
and is the usual preference factor reflecting the individual's desire between

current and future consumption.

~1 . .
The second part, Ez(D3 D1021_4)H can also be written in a scalar

form:
n k
( - = .o " 4. 5
(EpB3 - D2 21—4)52} L 3% oy (4.53)
j = 1, 2’. « e,
where
{E.(D, - D p-ip )}
Z2'3 T a4’ = E.,
ji 3 3ji

50They could also be complements.
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and

k
{g_?z‘}j =y,

i’j = 1' 2’5 . o'n.
The term can be directly attributed to the effects of the stochastic nature
of the changes in the rate of the probability of bankruptcy, and can be inter-

' 5
preted as an attempt to hedge against such changes. It can be shown 1 that

ack
% A, >
Hye = - —2& =0
J 3c <

3

j = l' 2, . . .'n.

k

Thus if %%— < 0 and 3Ejj < 0, then the investor will demand less of the j

J
firm's equity. The form of expression (4.55) is important for it contains

th

n preference terms of the individual,'{ng}. This implies that if the equili-
brium instantaneous conditional expected rates of return for bonds and equity
are to be determined free of any preference terms, then the terms'{ng} and

Ht must be eliminated.

Given the form of the demand function, it is clear that any attempt
to derive the expressions for the equilibrium instantaneous condit?onal ex-
pected rates of return will bg difficult due to the fact that nctonly are there
correlation temms resulting ffom the presence of the bonds and common stock, but
also because of the (n+l) preference terms.52 Whilst it is possible to elimi~

nate these preference terms, the resulting complexity and general lack of in-

sight that results, does not justify the effort.

51See Appendix A, Equation (A.22).

52See Appendix A, Equations (A.79) and (A.81),.
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Some insight can be gained by assuming that the stochastic changes in
the rate of probability of bankruptcy for one firm acts as an instrumental var-
iable, characterizing all the changes in the inveéstment opportunity set.

. . . th _. 53
For convenience, call this firm the n firm, It can be shown that the

instantaneous conditional expected rate of return for the jth firm's equity

is of the form

r.,-r .8, -6_.0
nM j) niA jH -
o, = r - J . .= -r - - €
3 Lj eJ ( 5 ) (0 X M)
§ § 2
o -46..0 r -r
M “mA “jAM v - _
+ ( 5 )(an r eM), (4.56)
n
ij=1, 2,. . «yn-1,
where
n
M(t) = I N_ .p.(t);
=1 n+j j
ﬁn+.p.(t)
Y. (t) = ———2-2——-;
j M(t)
H LY (E) .
5=1 3 j
_ n r.,-xr
X =LY (t)(-%r—ﬁ;
j=1 J
£.. = {D - p.p ip.}..;
ji =12 —1=21—2"ji’
_ -1
€ {9-1D21}j1’
n
o.. = L E..Y.(t);
M i=1 11
5 n
o = L Y.(t)o. . ;
| M 5=1 3 jM

53See Appendix A, Equation (A.86).
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n
Ej = I e.i(r -r - AL,);
j=1 o
_ Y.nn i n €.y
%A = cjnn,n+jGn - T + .Z ji'i n,i n
] i=1
n
8 = T Y.(t)S. ;
MY ] N’
j=1 3 JA
- n .
€n 5 Yj(t)ej,
i=1
and
= _ 2
Q chGmA GnAOM ’
j = l’ 2'. - .,n.
54

A similar expression can be obtained for bonds.

The complex nature of Egquation (4.56) makes interpretation difficult.

The left hand side of the equation can be intuited as the instantaneous ex-
pected rate of return. The first term on the right hand side can be interpreted
as the instantaneous expected excess return on the market multiplied by a fac-

h

tor specific to the jt firm. The second term arises from the stochastic nature

of the changes in the investment opportunity set. Suppose ch = 0, which can

be interpreted as meaning that the nth firm is uncorrelated with the market,

the Bquation (4.56) then simplifies to the form

_ r.~r _ 5') 8y r -r
Q.-Y—de— =g, = B.(0-r=x-€,) + [(-1—0 - B.(=—)] (ax_-r- - ),
3 _Lj 3 3 M § X 3 an o n Ln n
j = 1' 2,- . .’n' (4'57)
where o
g, = —om
3 OMZ

4 . .
> See Appendix A, Equation (A.91).
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The above equation is in a form that can be more easily compared to
the traditional capital asset pricing model given by Equation (4.44) and to
the more general form which considers bankruptcy'given a constant investment
opportunity set, expressed by Equation (4.42). It is clear that the same
general remarks that applied to Equation (4.42) apply to Equation (4.57),
though perhaps with even greater emphasis: there is a non-linear, non-
stationary relationship between o and R.. There is, however, one major
difference: Equation (4.57) contains an extra variable that arises from the

stochastic nature of the changes in the investment opportunity set. The mag-

nitude and sign of this variable will depend upon the particular security.

r_-r 81y S
If (a0, - ¢ - - € ) is positive and —l—-approximately equal to — ,
n Ln n 6nk 6nA

then for high beta securities the term will be negative, whilst positive

for low beta securities. This offers an explanation of the empirical find-
ings of Black, Jensen and Sc_:holes,55 who found that high beta stocks consist-
ently éarned less than that predicted by the CAPM, whilst the reverse

being true for low beta stocks.

Summarz

The primary focus of the chapter is to extend the formulation of the
CAPM not from the viewpoint of restrictions upon the investor, but by con-
sidering the impact of bankruptcy upon the structure of returns for corporate

financial assets.

SSBlack, et al., op. ctit.



121

Two models are developed. In the first model it is assumed that the
investment opportunity set is only altered by the event of bankruptcy. A
simplified form of stochastic differential equations describing the price
dynamics of bonds is used so as to abstract from interaction between bonds
and common stock. For common stock the instantaneous conditional expected
rate of return is a linear function of its systematic risk and a secoﬁd var-
iable which is associated with the probability of bankruptcy. The proper-
ties of the derived expression provide an explanation for recent empirical
findings of the deficiency of the CAPM, The model is used as a basis for
empirically testing the hypothesis of the thesis. The risk premium for
bonds depends upon two variables: the first term is the product of the
probability of bankruptcy and the liquidating dividend, and second term is
a type of market factor.

The second.modei examines the effects of stocha;tic changes in the
probability of bankruptcy upon the structure of returns. A'generél form
of stochastic differential equation is used to describe the price dynamics
of bonds, so that there is interaction between the two sets of financial
assets: common stock and bonds. It is found that the demand functions for
common stock contain an extra set of terms, reflecting investor's attempts
to hedge against unexpected changes in the probabilifies of bankruptcy for
the different firms. Due to:the complex nature of the demand functions, a
simplifying assumption is made by using a single instrumental variable to
characterize all the changes. It is found that the instantaneous conditional
expected rate of return for common stock contains an extra term reflecting

investors' attempts to hedge against unexpected changes.



CHAPTER V

EMPIRICAL RESULTS

In this chapter the empirical results of the thesis are presented.
It describes the estimation'of a model to determine.the probability of a
firm going bankrupt and the empirical testing of the hypothesis of the
thesis using annual data.

If the.probability of bankruptcy for a firm increases, then the ex-
pected return, conditional ubon no bankruptcy, which risk averse investors
require, will increase to coﬁpensate for the extra risk. At any point in
time the probability of bankruptc§ for a.firm is a function of its ability
to raise-funds; either internally or externally, to cover fixed charges.

As conditidns within the fir@ and the econémy change over time, so will the
firm's ability to raise funds, and thus the probability éf bankruptcy, which

may affect the expected return which investors require on the firm's finan=

cial assets. The hypothesis of the thesis is that differences in the probabil-

ity of bankruptcy across securities and across time are reflected in the resid-

ual return after abstracting from the market.

From the theoretical analysis given in Chapter IV, a two variable
model describing the expected rate of return on a firm's common stock is

derived, The model is of the form

[*]
|
2]
]

A, +B. (o -r -¥x ’
3 J(M X)

1’ 2,-..'N,

.
]

where aj is the instantaneous conditional expected rate of return on the j
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asset; aM is the instantaneocus conditional expected rate of return on the

market portfolio; r is the instantaneous risk free rate of interest; Aj is

the rate of probability of bankruptcy for the jth asset; i is a weighted

average of the {A.} and B. = 0. /o g,  being the instantaneous condition-
d j 5 = %5 i’ Yim d

al covariance of the jth asset with the market portfolio. A discrete time

formulation of the model is approximately given by

E(rj) -

p = Ayt ByIE(Ry) ~rp = ],

where E(rj) is the conditional expected rate of return on the jth asset; E(rM)
is the conditional expected rate of return on the market portfolio; Aj is the
probability of bankruptcy for the jth asset for the period; x is a weighted

average of the {lj}; r

F is the risk free rate of interest; and Bj = cov(r.,rM)/

J
var(rM), cov(rj,rM) being the conditional covariance of the jth asset with the
market portfolio. To test empirically the hypothesis an ex-post form of the
model is used. This implies a transition from an ex-ante to an ex-post formu-
lation using a market model. Thus any empirical test is a joint examination of

the ex-ante formulation and the market model, The ex-post form of the model

is

e T ., T B, ~ .
R]t vy * lejt BJ(RMt X))+ LT
where Rjt is the realized excess return for the jth asset during period t;

RMt is the realized excess market return for period t; ujt is a random dis-

turbance term; and vo and vl are constants. The hypothesis of the thesis is

represented by testing if the coefficient, v is positive,

ll
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To test empirically the model, ex-post excess returns for the firm
and market portfolio are required. It is also necessary to know how the
probability of the firm going bankrupt over different periods. Once these
data requirements are satisfied, the hypothesis can be tested. Evidence
is found which supports the hypothesis of the thesis; that is, differences
in the probability of bankrﬁptcy across securities and across time are re-
flected in the residual return after abstracting from the market.

In the first part of tﬁe chapter the estimation of the probability of
bankruptcy is presented. The data and statistical methodology used in the
determination of the coefficients are described, as well as the means used
to test the model;s predicti?e ability. Finally, the empirical results are
given. In the remaining part of the chapter the hypothesis of the thesis is
empirically tested. The form of the regression equation representing the
hypothesis and the statistical methodology used to estimate the regression
coefficients are described. The results using aggregated portfolio data are

given first and then results using individual security data presented.

Estimation of the Probability of Bankruptcy

The probability of bankruptcy for a firm is a function of its ability
to raise funds, either internally or externally, to cover fixed charges. A
firm that fails to cover these fixed charges is said to be bankfupt. From
Chapter III, it is shown that the probability of bankruptcy can be represented

by

= + <
At Pr(FNFt + MBt ASt 0),
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where At is the probability of the firm going bankrupt in year t, given the
state of the firm at year t-1; FNFt is the firm's future cash flow net of
all fixed charges at year t; MBt is the maximum amount the firm can borrow
for the year t; and Ast represents all other sources of funds available to
the firm at year t.1 If the’future cash flow net of all fixed charges plus
the maximum amount the firm can borrow and all other alternative sources
of funds is negative, then the firm is said to be bankrupt.

The variables determining the probability of bankruptcy, as stated
in the above expression, are in terms of dollar amounts. As cross sectional
data will be used, the variables are not adjusted for differences in the size
of firms and so may be dominated by scale effects. Very large scale effects

among firms would be expected to lead to inefficient estimation of coeffi-

cients. To avoid this, the probability of bankruptcy can be written in the

form
FNF, MB AS
N = PT L4 h < 0),
' t-1 t-1 t-1
where A is the book value of the firm's assets in the year t-1. Thus

t-1
the probability at year t-1 of a firm going bankrupt in the year t depends

upon its future cash flow net of all fixed charges per unit of assets and
the total amount of funds that it could raise per unit of assets.

To estimate empirically the probability of bankruptcy requires that
the ex-ante variables be replaced.by ex-post surrogates. An estimate of the

firm's future cash flow net of all fixed charges is obtained by regressing

lIn Chapter III a full discussion of the model for the probability of
bankruptcy . and statistical methodology is given.
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net income against time over a five year period and then using the esti-
mated regression equation'fo predict the next year's value. The estimate
is then divided by the current book value of the firm's total assets. The
operational definition of net income used is income after deducting all oper-
ating and non-operating income and expenses and minority interest but before
preferred and common dividends,

The maximum amount a firm could borrow is estimated by a multipli-
cative function of the amount of credit rationing and that part of the firm
not financed by debt, as measured by the book value of net worth. The func-

tion is divided by the asset size of the firm. The final form of the function

being
(book valuerf net worth'at't-l) exp (_CRt_l)'
t-1
where At-l is the book value of the firm's total assets at time t-1; and
CRt—l is the amount of credit rationing at time t-1, Credit rationing is

measured using a proxy variable developed by Jaffee.2 In its simplest form
it is the ratio of the amount of loans granted at the prime rate to the
total amount of loans granted. Due to several data problems the data are
smoothed and seasonally adjusted to have a mean of zero and a standard
deviation of unity. To obtain a possibly more complete measure of credit

rationing a principal component technique is used to combine four different

series, the results being given in Jaffe_e.3 The variable CRt 1 is measured

2Jaffee, D. Credit Rationing and the Commercial Loan Market (New York:
John Wiley & Sons, Inc., 1971).

3Jaffee, Ibid., pp. 101-103.
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using a linear average of the past four quarters of the first principal
component.

It is assumed that all other alternative sources of funds can be
measured by a linear function of efficiency, growth, business risk and
financial risk. Efficiency;is estimated by using earnings before inter-
est and taxes divided by the book value of total assets; growth by a five
year linear average growth rate in assets; business risk by the absolute
value of the proportional change in sales to the proportional change in
GNP; and financial risk by the difference between fixed charges and the
firm's future cash flow, the difference being divided by the standard
deviation of the firm's future cash flow. An estimate of the firm's future
cash flow is obtained by regressing operating income against time over a
five year period and then using the estimated regression equation to pre-
dict the next year's value. The standard deviation is estimated by using
the residual sum of squares from the regression. The operational definition
of operating income is net sales less cost of sales and operating expenses
before deducting depreciation, amortization, interest, taxes, and dividends.
For fixed charges it is all interest expense, the amortization of debt dis-
count or premium and the amortization of expenses(that is, underwriting,
brokerage fees, advertising césts, etc.).

The ex-post formulation of the model can be written

i : : : ‘fixed char for time t
A = Pr[g < Bo + B (estlmated future cash flow net of all fixed charges fo )

t 1 Ay

+ B (book value of net worth at t_l)exp(—CRt_

)
2 Ay

1
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+ B8

earnings before interest and taxes at't—l)

(
At—l

3

+ 84(five yvear linear growth rate for total assets)

proportional change in sales
proportional change in GNP

+

es(l B

fixed charges at t-1 - estimated future cash flow for time t

+
BeL( estimated standard deviation of future cash flow

6

)]

where At is the probability of Fhe firm going bankrupt in year t, given the
state of the firm at year t—i; g is a zero mean random variable error term,
which is assumed to be of unit variance and uncorrelated between firms; Bo,
Bl,...,B6 are coefficients which are to be estimated; and At—l is the béok
value of the firm's total assets at time t-1,

The prime focus is to be able to predict the probability of a firm
going bankrupt and not to construct a complete general theory. Consequently,
due to the complex interaction of the underlying factors and the difficulty
of developing an accurate empirical representation of the determinants of
bankruptcy, a second formulation using market values for the appropriate
corporate variables is developed. The use of market values circumvents many
of the difficulties of constructing proxy variables to measure such quanti-
ties as the maximum amount the firm could borrow and the total of all other
alternative sources.

For thefim's future cash flow net of all fixed charges, the same

proxy variable, as previously defined, is used; that is, realized values of

the firm's cash flow net of all fixed charges are regressed against time over

(5.1)
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a five year period and then the estimated regression eguation used to predict
the next year's value of the firm's cash flow net of all fixed charges. This
value is then divided by the book value of the firm's total assets and the
resultant used as the ex-post surrogate,

The proxy variable used to measure the ex-ante maximum amount the
firm could borrow per unit of assets for year t is

market value of ‘equity  ‘at t-1

(
At-l

Yexp(-CR. .),

t-1

where A is the book value of the firm's assets at time t-1; and CRt-

t-1 1

is the amount of credit rationing at time t-1.

The total of all other alternative sources of funds which the firm
may utilize depends upon three broad categories: uncommitted reserves, re-
duction of planned outflows, and the liquidation of assets. A variable
which synthesizes these diverse quantities is the market value of equity.

Thus, the second formulation of the model is of the form

estimated future cash flow net of all fixed charges for time t,

4
Aol

N
At = Prle < Yo + yl(

‘v, (ma.rket value :f equity at time t"1)exp(—CRt_l)
t-1

+ Y3(market value of equity at time t-1

)1, (5,2)
Ay

N,
where At—l is the book value of the firm's total assets; € is a zero mean

random variable error term, which is assumed to be of unit variance and

, Y., are coefficients which are to

uncorrelated between firms; and Yo Yl' Y 3

2
be estimated.
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Statistical Methodology

The coefficients in Equations (5.1) and (5.2) cannot be estimated
by regression as the dependent variable is unobservable. However, the co-
efficients can be estimated by using maximum likelihood. Consider a ran-
dom sample of fi;ms at time t and suppose the first n' £irms are bankrupt
and the remainder n-n' non-bankrupt. The logarithmic likelihood function
can then be written

n' n

I log Pr(B ) o+ Z log(l - Pr(B_ |x

. |X . )1
j=1 tjl t—lIJ j=n'+l J t-llj !

(5.3)

where Pr(Bt.lx

51 %1 j) is the probability of the jth firm going bankrupt in
=L

year t, given a set of attributes measured at year t-1l. By substituting
either (5.1) or (5.2) into (5.3) and differentiating with respect to the
coefficients, a set of non-linear equations representing the first order
maximization conditions are obtained and can be solved iteratively.

Two estimation procedures are used in the thesié: probit analysis
and logit analysis. The essential difference between the two procedures is
the explicit form of the probability distributions, For probit analysis a
normal probability distribution is assumed, whilst for logit analysis the
distribution is logistic, A computer programme developed by Cragg4 is used

to determine the estimates of the coefficients for the two procedures,

4Cragg, J. G. "Programs for Multiple Probit and Logit Analysis
and Extensions to Them," mimeographed, University of British Columbia,
1968,
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Data

To estimate the parameters of the model, the likelihood function
rust be constructed by taking a random sample of firms and then.classifying
the firms as bankrupt or not bankrupt. The procedure of using a random
sample and then classifying the firms avoids selection bias. Aé the aver-
age probability of a firm géing_bankrupt is small,a very large random sample
must be taken so as to obtain a representative collection of bankrupt firms.
Due to the problem of collecting data for such a large sample an alternative

|
procedure is used. Instead_of taking a random sample of firms and then classi-
fying the firms as bankrupt-or non-bankrupt, data are collected for a universe
of bankrupt firms and then for a universe of non-bankrupt firms.

For the 10 year period 1960-1969 a list of firms that declared
bankruptcy under the Bankruptcy Act of 1938 in the U.S.A.'is compiled. The
four main data sources used in the compilation are: the Security and Ex-
change Commission Annual Reports, Moody's Industrial Manual, Wall Street
Journal Index, and Dunn and Bradstreet. The criteria used to select the
sample of bankrupt firms are: (a) at least three years of data be available;
(b) the bankruptcy is not caused by fraud; and (c) the firm must have been
actually offering a product 6r service for sale. No corporate shells entered
the sample. A list of 34 firms used is given in Appendix B. The corporate
data for these firms are obtainable in Moody's Industrial Manual. The aver-
age asset size of these firms is $11 million which is quite small, a reflec-
tion of the fact that large firms, like those that are traded on the New York
Stock Exchange rarely go bankrupt, the obvious exception being Penn Central.

If a large firm is in difficulties it is either acquired by another firm or
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a merger occurs,

To obtain a representative random sample of non-bankrupt firms,
requires determining the number of firms to be selected. Ideally, the
number chosen should be the same as that obtained by taking a random sample
of all firms and then classifying them as bankrupt or not bankrupt. .As the
size of the sample of bankrupt firms is already known, then the size of the
sample of non-bankrupt firms should be such that the number  of non-~bankrupt
to bankrupt firms approximately equals the average probability of not going
bankrupt to the average probability of bankruptcy. For the 10 year period
the whole universe of bankrupt firms satisfying the selection criteria is
used. Thus, to obtain a representative sample of non-bankrupt firms requires
taking the whole universe, for the 10 year period, of non-bankrupt firms that
satisfy the selection criteria from the same population which the bankrupt
firms are selected. |

As the average probability of bankruptcy is quite small, this im-
plies that the size of the sample of non-bankrupt firms will be large. The
data for.the bankrupt firms is manually collected from Moody's Industrial
Manual; thus to obtain data for a large sample of non-bankrupt firms using
the same source would be prohibitively time consuming. To avoid this severe
problem the non-barkrupt firms are sampled from the universe of firms con-
tained on the Compustat File,

A characteristic that describes the population of bankrupt firms is
that of asset size: all firms are less than $200 million in size. This
property is used to define a population of firms from which the non-bankrupt

firms are selected. The sample of non-bankrupt is obtained by selecting, on
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a year by year basis for the 10 year pefiod, all firms with asset size less
than $200 million. The nﬁmber of firms selected each year for both samples
is shown in Table 5.1. For the year 1960 there is a null set of bankruét
firms, whilst there are 237 firms in the non-bankrupt set. This simply re-
flects the fact that, given the selection criteria, bankruptcy for the type
of firms considered is a rare event. By taking a random sample of fifms

from the defined population over a 10 year period, there is no guarantee

that for a particular year the set of bankrupt firms is not empty.

Predictive Ability

As the probability of bankruptcy cannot be.observed, direct tests
on the models are not possible, This implies that the magnitude of any
bias or measurement error in the estimates cannot be determined, Thus,
the main check on how well the models are specified must be their predictive
ability. Three methods are used to test the models,

From theoretic considerations the signs of the parameters can be
determined and compared to those obtained from empirical estimation. The
number of estiﬁated parameters with the correct sign provides insight into
the specification of the model and the accuracy of thévproxy variables at
measuring the ex-ante quantities.

If the model is compietely specified so as to measure all the differ-
ent attributes of the firms in the sample used to estimate the parameters,
then it should be able to correctly identify the bankrupt and non-bankrupt
firms in the sample. The classification ability provides information about

the model's specification and the number of common determinants of bankruptcy,



TABLE 5.1

NUMBER OF BANKRUPT AND NON-BANKRUPT FIRMS IN DATA SAMPLE

- —— — ——
YEAR 1960 1961 1962 1963 1964 1965 1966 1967 1968 1969 TOTAL
BANKRUPT ) 5 8 3 2 3 4 3 3 3 34
NON-BANKRUPT : 150 2303

237 253 254 265 262 248 224 208 168

AN
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The generality of the model and its overall independence of the
peculiarities of the data sample used to estimate the parameters, can be
tested by examining the predictve ability on a set of bankrupt firms not
used in the original sample. A list of firms that went bankrupt in 1970,
one year after the end of the period used for estimating the coefficients
is compilea using the Security and Exchange Commission Annual Reports énd
a list of bankrupt firms given in an article by Altman.5 By estimating the
probability of bankruptcy over several time periods for firms in the new
sample provides a demonstration of the model's predictive ability to dis-

cern a firm's path to bankruptcy.

Results

The probability of bankruptcy is estimated using the ex-post formu-
lation given by Equation (5.1). The estimated coefficients are shown in
. Table 5.2. With tb exception of growth and business risk, all the parameters
have the correct sign. The variables repreéenting the maximum amount the
firm could borrow and efficiency, are the only two that are not statistically

6 .
significant. The R-squared values for logit analysis and probit analysis are

high and, as expected, almost identical,

5Altman, E. "Reply,“.JournaZ of Finance, Vol. XXVII, No. 3 (June,
1972), pp. 718-=721, '

6For the maximum likelihood analysis, R-squared is defined by

R-squared = {l-exp[Z(Lw-LQ)/T]}/{1—exp[2(Lw—Lmax)/T}

where I, is the maximum of the logarithmic likelihood function using only a
constang, L. is the maximum using all variables and Lmax is the maximum
possible. % is the total number of observations.



TABLE 5,2

ESTIMATION OF COEFFICIENTS FOR A GENERAL MODEL

DESCRIPTION OF VARIABLES

FUTURE MAX IMUM LOGARITHM
CASH FLOW AMOUNT OF
NET ALL THAT MAX IMUM
FIXED CAN BE BUSINESS FINANCIAL ) R- LIKELIHOOD
CHARGES BORROWED EFFICIENCY . GROWTH RISK RISK CONSTANT SQUARED FUNCTION
B

Notation Bl 82 3 84 Bg 86 80

Expected

Sign - - - - + +

Logit -10.313 -0.824 -6.901 2.502 -0.152 0.275 ,, -3.219 oo -76.092

Analysis (- 2.651) (-1.405) (-1.885) (4.126) (-2.326) (2.435) (-6.836)

Probit. -5.455 -0.438 -3.069 1.2307, -0.0772,,, 0.1le _ ..  =-1.683 , 0.59 -75.286

Analysis (-2.734) (-1.617) (-1.599) (3.921) (-2.308) (2,014) (-7.809)

(Figures in brackets are t-statistics

* statistically significant at 0.1%
** statistically significant at 2.0%
*** statistically significant at 5.0%

9¢T
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The ability of the model to classify correctly the bankrupt and
non-bankrupt firms in theforiginal data sample is shown in Table 5.3. A
bankrupt firm is classified as non-bankrupt if its estimated probability
of bankruptcy is less than the average value of the estimated probability
of bankruptcy for the whole data sample. A non-bankrupt firm is classified
as bankrupt if its estimated probability of bankruptcy is greater thanlthe
average value of the estimate probability of bankruptcy for the whoie data
sample. This criterion is used throughout. For the coefficients estimated
using logit analysis, £he model correctly identifies over 91 per cent of the
non-bankrupt firms and over 94 per cent of the bankrupt firms, For probit
analysis, the model correctly identifies over 90 per cent of the non-bankrupt
firms and over 94 per cent of the bankrupt firms. The small discrepancies in
the two sets of results arise from the differences between the logistic and
normal proBability distributions. The hypothesis that the model's classifi~
cation ability is due to a purely réndom process can be rejected with a prob-
ability of over 99 per cent.

The model's ability to predict bankruptcy is shown in Table 5.4.

The probability of bankruptcy is estimated over as many periods as available
data permit, for a group of eight firms that declared bankruptcy in 1970. For
Uniservices Incorporated the model predicts failure four years before the

date of bankruptcy and for Bishop Industries three years. Bankruptcy is
predicted two years in advance for G. F. Industries, and Roberts Company,

and one year for Visual Elecﬁronics and.Dolly Madison Incorporated. The

model totally fails for Century Geophysical Incorporated, giving a probability

of zero one year before bankruptcy. The failure of the model can be attri-



TABLE 5.3

138

CLASSIFICATION OF ORIGINAL DATA SAMPLE BY GENERAL MODEL

LOGIT ANALYSIS ACTUAL OUTCOME
PREDICTED OUTCOME BANKRUPT NON-BANKRUPT TOTALS
BANKRUPT 32 191 223
NON-BANKRUPT 2 . 2078 2080
TOTALS 34 2269 2303

AVERAGE VALUE
OF PROBABILITY

0.434

0.009

Type one error = probability [of a firm bankruptfnon—bankrupt]

191/2269
= ,084

Type two error = probability [of a firm non—bankruptlbankrupt]

= 2/34
= 0,059
PROBIT ANALYSIS B ACTUAL OUTCOME
PREDICTED OUTCOME BANKRUPT NON-BANKRUPT TOTALS

BANKRUPT 32 203 235
NON=-BANKRUPT 2 2066 2068
TOTALS 34 2269 2303

Type one error = 0,098

Type two error = 0.059

AVERAGE VALUE
OF PROBABILITY

0.413

0.009



PREDICTIVE ABILITY OF GENERAL MODEL

TABLE 5.4

1 LAST
DATE DATE OF
OF BAXK-
NAME OF FIRM 1961 1962 1963 1964 1965 1966 1967 1968 1969 1970  DATA  RUPTCY
* u *
UNISERVICES INC. .0.0005 0.151, 0.737, 0.468, Sept., 1970
0.0001 0.169 0.707 0.492 1968
L]
ROBERTS COMPANY 0.046 0.0007 0.108 0.0009 0.0014 0.0014 0.004 0.052, Nov.,  Feb.,
0.063 0.0002 0.135 0.0002 0.0006 0.0007 0.003 0,067 1968 1970
CENTURY GEOPHYSICAL  0.1164 ' 0,010 0,106 0.147 0.045 0,0128 0.004 0,002 0.04 0.0 June, 1970
INCORPORATED 0.1133 0.008 0.108 0.191 0,058 0.015 0,002 0,001 0.057 0.0 1969
0.002 0.044" 0.998"
. ) March June
. * . w ¢ .
VISUAL ELECTRONICS 0.0 0.063 0.999 1970 1970
* *
G.F. INDUSTRIES 0.021 0.008 0.366, 0.832, June, 1970
0.025 0,009 0.343 0.740 1969
*
DOLLY MADISON INC. 0.004 0.012 0.003 0.03, Sept., June,
0.0034 0.015 0,001 0,036 1969 1970
*
FARRINGTON 0.373 0.991 0.994 0,235 0.056 0,012 0.005 0,001 0,004 0,343, Dec., 1970
MANUFACTURING 0.337 0.986 0.994 0.258 0.06% 0.012 0,004 0.001 0.005 0.330 1969
COMPANY
]
BISHOP INDUSTRIES 0.0 0.015 0.003 0.017, 0.982, 0.968, Oct.,  Oct.,
0.0 0.016 0.002 0,020 0.967 0,951 1969 1970

Average value of probability of bankruptcy = 0.014

. .
indicates probability above average value,

6ET
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buted to the incorrect signs of the growth and husiness risk coefficients,

and the large variability of the firm's cash flow nét of all fixed charges.

Alternative Model

The incorrect sign of two statistically significant coefficients,
poor predictive ability, and high correlation among the variables, distracts
from the appeal of the model. This precipitated development of a model of

the form

’\J » , . . . . . 2
X = Pr[€<Bo+81(est1.mated future cash flow net of all fixed charges for time t

)
Bea

book value of net worth at t-1

At-;-l

+ B, (

5 Yexp (-CR

t-l)

(fixed charges ‘at t=1 = estimated future cash flow for time t
3 estimated standard deviation of future cash flows

11,

(5.3)
where the coefficient 63 measures the significance of financial risk. The

estimated values of the coefficients are shown in Table 5.5. B2l1l the coeffi-
cients estimated over the 10 year period have the correct sign and are statis-
tically significant. The R-squared values for both logit analysis and probit
analysis are high. |

The ability of the model to classify the original data is given in
Table 5.6. For the coefficiénts calculated using logit analysis, the model
correctly classifies over 89 per cent of the non-bankrupt and 91 per cent of
the bankrupt firms. For probit analysis similar results are obtained. The
hypothesis that the model's claésification ability is due to a purely random

process can be rejected with a probability of over 99 per cent.



ESTIMATION OF COEFFICIENTS AND TEST FOR STATIONARITY

TABLE 5.5

ALTERNATIVE MODEL

————
FUTURE MAX IMUM LOGARITHM
CASH FLOW AMOUNT OF MAXIMUM
NET OF ALL THAT LIKELIHOOD
FIXED CAN BE FINANCIAL R- FUNCTION  STATIONARITY
METHODOLOGY TIME CHARGES BORROWED RISK CONSTANT SQUARED  (log, L) TEST
NOTATION Bl 82 83 ﬁo -2{flog ex.1 +
log L) =
EXPECTED e2 2
SIGN - - + log Lil v x,
-13,091 -1,084 0.330 -2.769
1960~-1969 " . N " 0.54 -84.490
(- 4.182) (-1.973) (3.155) (~6.767)
LOGIT
5.68
ANALYSIS - 7.697 -3.372 0.389 ~1,.365
1960-1964 0.63 =37.227 Not
(- 1.562) (-2.183) (2.654) (-1.517)
: significant
-15,059 -0.026 0.268 ~3.239 at 10% level
1965-1969 0.46 -46,422
(- 3.399) (-0.038) (1.827) (-6.285)
- 6,639 -0.549 0.1388 -1.470 .
1960-1969 N N N . 0.53 -86.072 6.84
PROBIT (- 4.153) (-2,219) (2,702) (-8.031)
Not
- 3.684 -1.716 0.180 -0.774
ANALYSIS 0.64 -36.236 significant
1960~-1964 (-1.543) (-2.483) (2.3952) (~1.908)
at 10% level
-8,087 -0.017 0.101 -1.729
1965-1969 0.46 -46.305
(=3.513) (~0.05) (1.486) (=7.12)

{figures in brackets are t-statistics)

- .
statistically significant at 5% or less.

1841



TABLE 5.6

CLASSIFICATION OF ORIGINAL DATA SAMPLE:

LOGIT ANALYSIS

PREDICTED OUTCOME

BANKRUPT

NON-BANKRUPT

TOTALS

Type one error

Type two error

PROBIT ANALYSIS

ACTUAL OUTCOME

BANKRUPT NON-BANKRUPT TOTALS
31 249 280
3 2020 2023
34 2269 2303

142

ALTERNATIVE MODEL

AVERAGE VALUE
OF PROBABILITY

0.396

0.009

probability [of a firm bankruptlnon-bankrupt]

249/2269
0.11

probability [of a firm non-bankrupt |bankrupt]

3/34
0.089

ACTUAL OUTCOME

PREDICTED OUTCOME BANKRUPT  NON-BANKRUPT  TOTALS
BANKRUPT 31 261 292
NON-BANKRUPT 3 2008 2011
TOTALS 34 2269 2303
Type one error = 0,115
Type two error = 0.089

AVERAGE VALUE
OF PROBABILITY

0.372

0.009
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The predictive ability of the model is demonstrated in Table 5.7.
Failure is predicted_fivefyears in advance for Bishop Industries and four
years for Uniservices Incorporated. For Roberts Company and G. F. Indus-
tries bankruptcy is predicted two years in advance and for the remaining
firms, except Visual Electronics, a one year prediction is given. This in-
cludes Century Geophysical Incorporated for which the general model,;a§
represented by Equation (5.1), failed by giving a probability of zero one
year before bankruptcy, For Visual Electronics the model predicts a prob-
ability of approximately 90 per cent of it going bankrupt threg months be-
fore it actually failed. ‘

Due to the model's good classification and predictive ability,
and the estimated coefficients having the correct sign, it is used in the
second part of the empirical work to estimate the probability of bankruptcy

in the testing of the hypothesis of the thesis.

Stationarity

The coefficients of the model are estimated over a 10 year period.
As the model is to be used for estimation purposes, it is necessary to ex-
amine its stationarity; that is, over different sub-periods is.the model
still an accurate estimator of the probability of bankruptcy. To test for
non-stationarity the data sample is split into two time periods (1960-1964)
and (1965-1969). The coefficients of the model are estimated over the sub-
periods and the logarithm of the maximum likelihood function determined. 2An

asymptotic test for stationarity is given by7

7For proof, see Chapter X of Mood, A. and Grayhill, F. Introduction
to the Theory of Statistics (New York: McGraw-Hill, 1963).



TABLE 5.7

PREDICTIVE ABILITY OF ALTERNATIVE MODEL

LAST DATE
DATE OF
[ or BANK=~
NAME OF FIRM 1960 1961 1962 1963 1964 1965 1966 1967 1968 1969 1970  DATA RUPTCY
* L ] tl
UNISERVICES INC. 0.0007 0.116 0.816, 0,637, Sept.,
0.0003 0,134 0.753 0.549 1968 1970
, .
* . .
ROBERTS COMPANY 0.031 0.002 0.049 0.013 0,005  0,0027 0.0025 0.019, Nov., - Feb.,
0.043 ©0.001 0,062 0.013 0,003 0.0019 0.0016 0.022 1968 1970
gggggﬁ:ICAL e 0.576 0.168 0.018 0.463 0,052 0,065  0.008 0.004 0.005 0.0201 June,
. 0.463 0.169 0.019 0,436 0.066 0,083  0.008 0.003 0.004 o_035* 1969 1970
VISUAL 0.0001 0.01 0.929, March, June,
ELECTRONICS 0.0 0.01 0.882 1970 1970
* .
G. F. INDUSTRIES ' 0.015  0.005 o.ogs: 0.468, June,
0.018 0.005 0.109 0.416 1969 1970
DOLLY MADISON . 0.004 0.012 0.008  0.05, Sept.,  June,
INC. 0.004 0.013 0.008 0.06 1969 1970
*
FARRINGTON 0.774 0.987 0.99 0.464 0.069 0,012 0.012 0,008 0.002 0.244, Dec.,
MANUFACTURING 0.672 0.975 0.99 0.432 0,082 0,013 0.013 0,009 0,001 0.250 1969 1970
MPANY
* * * * *
BISHOP 0.0003 0,019,  0.012} 0,028, 0.911, 0.956 oct., oct.,
INDUSTRIES 0.0 0,020 0.012 0,034 0.855 0,925 1969 1970

Average value of probability of bankruptcy -'0.014

R .
“Indicates probability above average value.

1248
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-2 {{log (L) + log_ (L)1 = log_ (L)}~ X,

where L is the maximum likelihood function for the whole period; L1 and L2
are the maximum likelihood functions for the two sub-periods; and xi is a
chi-square distributed random variable on k degrees of function, k being the
number of coefficients to be estimated in the model.

The results for the stationarity test are shown in Table 5.5 While
there is some variability in the coefficients, they all have the correct sign
and are, in general, statistically significant. For logit analysis and pro-

bit analysis, there is no evidence of non-stationarity at the 10 per cent

level,

Predictive Model

As the primary focus is the prediction and estimation of the probabil-
ityof bankruptcy, a second formulation of the model using market values of
the appropriate corporate variables is developed. This is represented by
Equation (5.2).

The estimation of the coefficients and a test for stationarity are
given in Table 5.8. For logit analysis all the coefficients have the correct
sign, future cash flow net of all fixed charges and the constant being statis-
tically significant. In probit analysis, the sign of the variable representing
alternative sources oé funds is incorrect, though the coefficient is statisti-
cally insignificant, as is the coefficient for the maxirum amount that the firm

could borrow. The R-squared is high for both logit analysis and probit analysis,

In the testlfor stationarity there is fluctuation in the signs of the coeffi-

cients representing the maximum amount that the firm could borrow and alter-



TABLE 5.8

ESTIMATION OF COEFFICIENTS AND TEST FOR STATIONARITY:

PREDICTIVE MODEL

MAXIMUM
FUTURE AMOUNT LOGARITIM
CASH FLOW THAT OF MAXIMUM
NET OF ALL CAN BE ALTERNATIVE R~ LIXELIKOOD STATICNARITY
FIXED BORROWED SOURCES CONSTANT SQUARED FUNCTION TEST
METHODOLOGY TIME CHARGES
KOTATION
Y1 Y2 Y3 Yo
EXPECTID - - -
SIGN
-23.006 -0.270 -0.163 -3.848 o5.31
1960-1969 . , 0.48 .
LOGTT (- 9.411) (=0.638) (-0.293) (=9.942)
3.28
-23,425 -1.169 1.286 -4,120
ANALYSIS  1960-1064 0.54 -45.727 Not significant
(- 6.156) . {-1.068) (1.139) (-7.108)
at 10% level
-23.099 0.176 -0.979 -3.403
1965-1969 0.44 -47.95
(- 6.912) (0.326) (-1.219) (-6.591)
-11.025 -0.121 +0.060 -2.044
1960-1969 . 0.49 -94.223
PROBIT {- 9.871) (~0.656) { 0.271) (-12.599)* 3.27
ANALYSIS -11,033 -0.481 0.589 - 2,133 Not significant
1960-1964 0.54 -44.,94 at 108 level
(- 6.856) (-1.042) { 1.282) (- 9.39) €
-11.295 0.079 -0.299 -1.845
1965-1969 0.44 -47.65
(- 6.864) (0.313) (-0.897) (-8.16)

(figures in brackets are t-statistics)

'statisticaily significant at the 0.1% level.

9%l
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native sources of funds, though these coefficients are not statistically sig-
nificant. There is no evidence of non-stationarity at the 10 per cent
level.

The ability of the model to correctly classify'the original data
is shown in Table 5.9. For the coefficients estimated by logit analysis,
the model correctly classifies over 91 per cent of the non-bankrupt and 85
per cent of the bankrupt firms. For probit analysis, over 90 per cent of
the non-bankrupt and 88 per cent df:the bankrupt firms are correctly identi-
fied, The hypothesis that the model's classification ability is due to a
purely random process can be rejected with a .probability of over 99 per
cent.

The prediction ability of the model is demonstrated in Table 5.10.
For Uniservices Incoproated bankruptcy is predicted four years in advance
and for G. F. Industries and Bishop Industries a two year prediction is
given, Bankruptcy is predicted one year in advance for Century Geophysi-
cal Incorporated, Dolly Madison Incorporated, and Farrington Manufacturing
Company. For Visual Electronics the model predicts a 98 per cent chance
of it failing three months before it went bankrupt. The probability of bank-
ruptcy for Roberts Company doeé not exceed the average value, though for the
last year for which data are available the probability of bankruptcy does
increase. Comparing Table 5,10 to Table 5.7, it is seen that the predictive
ability of the model does not exceed that of the alternative formulation
using book values for the appropriate corporate variables. This is a reflec-

tion of thelpoor quality of the available market data.



TABLE 5.9

CLASSIFICATION OF ORIGINAL DATA SAMPLE:

LOGIT ANALYSIS

PREDICTED OUTCOME

BANKRUPT

NON~BANKRUPT

TOTALS

Type one error

Type two error

PROBIT ANALYSIS

PREDICTED OUTCOME

BANKRUPT

NON-BANKRUPT

TOTALS

Type one error

Type two error

5/34
= :147
ACTUAL OUTCOME
BANKRUPT NON-BANKRUPT TOTALS-
30 225 255
4 2044 2267
34 2269 2303
0.099
0.117

ACTUAL OUTCOME

BANKRUPT NON-BANKRUPT TOTALS
29 201 230
5 2068 2073
34 2269 2303

201/2269
0.089
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PREDICTIVE MODEL

AVERAGE VALUE
OF PROBABILITY

0.391

0.009

probability {[of a firm bankrupt|non-bankrupt]

probability [of a fiym non-bankrupt|bankrupt]

AVERAGE VALUE
OF PROBABILITY

0.372

0.009



PREDICTIVE ABILITY OF MCDEL

TABLE 5.10

LAST
DATE DATE CF
. OF BANK=
NAME OF FIRM 1960 1961 1962 1963 1964 1965 1966 1967 1968 1969 1970 DATA . RUPTCY
* * *
UNISERVIES INC. '0.001 0.067, 0°973* 0.906 Sept.,
) 0,001 0.080 0.942 0.847 1968 1970
.
ROBERTS COMPANY 0.056 0.010  0.078  0.009  0.003 0,002 0.001 0.008 ov., Feb.,
0,065 0,008 0.087 0.008 0,001 0.001 0.001 0.008 19¢8 1970
CEITURY
GECPHYSICAL 0.152 0.041 0.008 0.927 0.112 0,071 0.001 0.0007 0,003 0.012, June,
:CORPORATED 0.179 0.077 0.013 0.867 0.1]9 0.089 0.001 0.0004 0.003 0,014 1969 1970
-
VISCAL 0.001 0.006 0.987, March, June,
ELECTRCNICS 0.001 0.007 0.974 1970 1270
*
G. F. INDUSTRIES 0.011 0.002 0.033, 0.263" June,
] 0.012 0.002 0.072 0.33 19569 1570
*
DOLLY MADISCN 0.004 0,009 0.005 0.028, Sept., June,
INTORFORATED 0,003 0,009 0.005 0.033 1969 1970
FARRINGTON N
MATTUTACTURING 0.398 0.982 0.993 0.44 0.012 0.004 0,006 0.004 0.004 0.09 Dec.,
coupaNY 0.591 0.983 0.992  0.484 0,024  0.004  0.009 0.010 0.013 0.189 1969 1970
w
BISHOP 0.0004 0.006 0.005 0.012 0.974: 0.994 Oct., Cct.,
INDUSTRIES 0.0 0.006 0.004 0,014 0.963 0.993 1969 1570
'—l
'
Average value of probability of bankruptcy = 0,014 0

* indicates that tha probability is above the average value
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summary

To estimate the p;obability of a firm going bankrupt over a given
period two models, one using book values and the other market values of
the appropriate corporate variables, have been constructed. The models
have been.tested for non-stationarity and predictive ability. It is found
that there is no evidence of non-stationarity. Both models have demonstrated
gecod classification and predictive ability, being able to forecast bankruptcy,

for some firms, four or five years before the actual occurrence.

Testing of Hypothesis

In Chapter IV it is shown that when the investment opportunity set
is changed only by the event of bankruptcy, then in equilibrium the instan-
taneous conditional expected rate of return, conditional upon no bankruptcy,

on common stock is represented by the expression

aj-r=§j+3j(am-r-i), (5.4)

where aj is the instantaneous conditional expected rate of return on the

jth asset; @y is the instantaneous conditional expected rate of return on

the market portfolio; r is the instantaneous risk free rate of interest; Aj
is the rate of probability of bankruptcy for the jth asset; i is a weighted

a

0. ' being the instantaneous conditional

/v’ M

average of the {A.} and B. = o,
J ] M

covariance of the jth asset with the market portfolio, As data are only avail-

able for discrete time intervals, a model formulated in continuous time can-

not be tested directly. To formulate a discrete time analogy of the model

involves integrating the conditional price distributions and using the
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equilibrium expression (5.4). A discrete time form of the model is approxi-

mately given by

E(rj) - rF‘= Aj + Bj[E(rM) - ro - X1, (5.5)

X cr s .th
where E(rj) is the conditional expected rate of return on the jt asset; E(rM)
is the conditional expected rate of return on the market portfolio; XA, is
the probability of the j h firm going bankrupt during the period; x is a

is the risk free rate of interest; and

Bj = cov(rj,rM), cov(rj,rM) being the conditional covariance of the jth asset

with the market portfolio,

weighted average of the'{ki}; ro

To test empirically.the hypothesis an ex~post form of the model is
used. This implies a transition from an ex-ante to an ex=-post formulation
using a market model. Thus any empirical test is a joint examination of
the ex-ante formulation and.the market model. The ex-post form of the

model is

= +4 - .
Rjt vo lejt + Bj(RMt xt) + ujt' (5.6)

where Rjt is the realized excess return for the jth asset during period t;
RMt is the realized excess market return for period t; vo and v, are con-

1

stants; and ujt is a zero mean random disturbance term. It is assumed that
RM and u.j are normally distributed random variables and uncorrelated.

The hypothesis of the thesis is that differences in the probability of
bankrupty across securities and across time are reflected in the residual re-

turn after abstracting from the market. Thus an empirical test of the hypo-

thesis is represented by estimating the coefficients of Equation (5.6). If
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the coefficient, vl, of the probability of bankruptcy is positive, then this

offers confirmation of the validity of the hypothesis.

Methodology

The constant term, v and the coefficient, Vir of the probability
of bankruptcy are not firm dependent, in contrast to the beta coefficient,
Bj, which is firm specific. This structural property of Equation (5.6) is

utilized by the methodology employed to test the hypothesis.,

Pooling of Time Series and Cross Sectional Data

The methodology used is that of pooling the time series and cross

sectional data.8

Time series data for individual securities are pooled to-
gether to estimate the two:common coefficients, whilst simultaneously esti-

mating the firm specific beta coefficients. Thus, for two securities the

regression equation is df the form

-~ 1 T 1r 7 ;
R 123 R ™ X 0 v o
. o 11
] ) L} [] [}
[} [ ] ] 1 ] \)l ]
[ L ] [ ] [}
- B +
Rie = |2 2o Rur ™ X 0 1 Uip .
R 8 U
“21 1y, 0 Ryy = Xy | L 2] 21
[ ] [} ] ] ]
| I ] 1] [ ]
Ror 1 A 0 Rur = Xqp Uosr

8A'discussion of this methodology is given in Kuh, E. "The Validity
of Cross-Sectionally Estimated Behaviour Equations in Time Series Applications,"
Econometrica, Vol. 27 (April, 1959), pp. 197-214; and Balestra, P. and Nerlove,
M., "Pooling Cross Section and Time Series Data in the Estimation of a Dynamic
Model: The Demand for Natural Gas," Econometrica, Vol. 34 (July, 1966), pp.
585-612,
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where the suffix T denotes the number of time periods. The general N security

case can be written in the matrix form
Y=%X0 +uy (5.7)

where z.is a (NxT) vector;'§_a [(NxT) x (N+2)] matrix; Q_a (N+2) wvector of co-
efficients; and u a (NxT) vector of random disturbance terms, N being the

number of securities. It is assumed that

n
E(ujt) = 0, (5.8)
and
.., v ) =fo; 5=x%, t= (5.9)
cov ujt’ uks) =log; 3 =k, t = s, .

0; otherwise,

jr k=1, 2,...,N,

t,’s

ll 2,.0-’T.

The validity of the last assumption is tenuous. It implies zero correlation
across time and between securities, If it is not satisfied, then it implies
that the estimated coefficients whilst being unbiased and consistent, will not
be minimum variance or, in general, asymptotically efficient. Tpe coefficients,
0, are estimated by ordinary.least squares. For large data samples, the special

structure of the X matrix can be utilized to reduce computational difficulties.

Aggregation
In order to be able to estimate the coefficients of Equation (5.6), it
is necessary to know the probability of bankruptcy for every security over all

time periods. As the probability of bankruptcy cannot be directly observed,
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it is estimated using the models developed in the first part of this chapter.
This implies that there will be errors in the measurement of the variable,
which will cause the estimations of the coefficients of Equation (5.6) to be
biased. The effects of these measurement errors can be reduced by aggrega-
tion; that is, the relation;hip (5.6) can be aggregated over certain subsets
of the data and the mean values of tﬁe variables used. As the coefficients
Vo and vl are not firm specific, the same coefficients will still be appropri-
ate for the aggregated relationship,

To increase the magnitude in the changes in the probability of bank-
ruptcy over time, securities_are assigned into portfolios on the basis of
the value of bankruptcy for the previous year. This minimizes the within
variance, whilst maximizihg the between portfolio variance for the probability
of b&nkruptcy. The number of portfolios is varied, enabling examination of
possible aggregation effects. The first portfolio contains the securities
which had the lowest probabilities, whilst the last portfolio contains the
securities which had the larggst probabilities. This assignment process is
repeated on a year bj year basis, so that, in general, the composition of
each portfolio changes annually. The use of the previous year's probability
value as a criterion for assignment avoids.selection bias in the construction
of the portfolios.

The average value of ﬁhe probability of bankruptcy, and the average
rate of return for securities in each portfolio are calculated on a yearly

basis over the whole time period; that is, the average rate of return for the

portfolio is defined to be

1
=5 I R,., (5.10)

. jt
€S
P J p

R
pt
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where Sp is the set of securities contained in the portfolio, and Np the
number of securities. The average probability of bankruptcy is defined to

be

I ... (5.11)

1
‘ot T W jes it
b

Pt
p

Substituting Equation (5.6) into (5.10) gives

1 1 1
=V 4+ == I VA, + =— E B, (R =X ) +=— L u, . (5.12)
t o N . 13t N €S Mt Tt N_ . t
d pjes, 7 p %’ p jes

As the coefficient vl is not firm specific, then using Equation (5.11), Equa-

tion (5.12) becomes

Rpt = Vg + lept + Bp(RMt—xt) + upt' {(5.13)
where
B ( ) =i T B.( )
p Fur X! T R 5 PueXe) 7
o] €S
o
and
1
u 2= — zu'-
pt Np jes it

that is, the coefficients v, and v, are still appropriate for the aggregate

1
relation, and are not weighted averages. The coefficients of (5.13) are esti-

mated by pooling the time series and cross section aggregated data and then

using ordinary least squares regression.,
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Data

To test empiricaliy the mecdel corporate data are required to esti-
mate the probability of bankruptcy and price data for the rates of return.

Thé data set consists of all firmé common to the Compustat File and the Univer-
sity of Chicago Center for Research in Security Prices Monthly Price Relative
File (CRSP), which contains monthly price, dividend and adjﬁsted price and
dividend infoxrmation for all securities listed on the New York Stock Exchange
(NYSE) in the period January, 1926 - June, 1970. A firm is included in the
data set if it has continuous price data for the years 1959 to 1969, and con-
tinuous corporate data for the years 1955 to 1969. Using this criterion a
total of 360 firms with 10 years of annual data are contained in the data
set. The monthly returns on the market portfolio are defined as the returns
which would have been earnea on a portfolio consisting of an equal investment
in every security listed on the NYSE at the beginning of each month. The
risk free interest rate is defined as the 30 day rate on United States
Treasury Bills.,

For each security the annual excess rate of return and the annual
excess market rate of return are calculated from the start of the firm's fis-
cal year for the 10 year period 1960-1969. The probability of bankruptcy is esti-
mated using the two formulations represented by the expressions (5.2) and (5.3).
The first expression utilizes market values of corporate variables, whilst the
second uses book value. The values of the estimated coefficients are shown in
Table 5.11. The coefficients estimated using probit analysis for the first
model utilizing market values of corporate variables, are not used, as one of

the coefficients had the wrong sign.



TABLE 5.11

VALUES OF COEFFICIENTS USED TO ESTIMATE THE PROBABILITY OF BANKRUPTCY

METHODOLOGY

VARIABILES

MARKET VALUES OF CORPORATE VARIABLES

Yo Y1 Y2 Y3
Logit -3.848 -23,006 -0,270 -0.163

- Book‘VALUEs OF CORPORATE VARIABLES Bo Bl 82 83
Logit -2.769 -13,091 -1.084 0.330
Probit -1.470 - 6.639 -0.549 0.139

LST
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The use of the two formulations results in a noticeable difference
in the estimated ivalues of the probability of bankruptcy, on average the
estimates from the model using market values of corporate variables [expression
(5.2)] are greater and have more variability than those obtained from the
alternative formulation using book values of corporate variables (expression
(5.3)]1. This difference in variability is reflected in the estimation of
the regression coefficients in Equation (5.65 when testing the hypothesis.
The average yearly values of the probability of bankruptcy are given in
Table 5.12, which clearly demonstrates the difference in magnitude and

variability.

Empirical Results

The validity of the hypothesis is tested by examining the estimated

coefficients of Equation (5.6); if the coefficient, v is positive then

ll
this offers confirmation., The results are set out in two parts. The hypo-

thesis is tested using aggregated security data, and then individual security

data.

Use of Portfolios

The individual security data is aggregated into portfolios on the
basis of the probability of bankruptcy for the past year, as previously ex-
plained. Using 360 securities, portfolios containing 12, 36 and 72 securi-
ties over a nine year period are constructed. For the probability of bank-
ruptcy estimated by the market value formation of Equation (5.2), the results

are shown in Table 5.13. The coefficient, Vl' for the probability of bank-



TABLE 5.12

AVERAGE YEARLY VALUES OF THE PROBABILITY OF BANKRUPTICY
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YEAR MARKET VALUE FORMULATION BOOK VALUE FORMULATION
LOGIT LOGIT PROBIT
1960 0.00589 0.00279 . 00260
196l 0.00909 0.00384 .00374
1962 0.01034 0.00337 .00316
1963 0.00563 0.00293 .00273
1964 0.00276 0.00036 . 00026
1965 0.00330 0.00039 . 00033
1966 . 0.00443 0,00048 .00041
1967 0.00430 0.00071 .00064
1968 0.00673 0.00304 .00295
1969 0.00781 0.00276 .00274
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TABLE 5,13

PORTFOLIO DATA: POOLING OF TIME SERIES AND CROSS SECTION

PROBABILITY OF BANKRUPTCY ESTIMATED
USING MARKET VALUES OF CORPORATE VARIABLES

NUMBER OF
NUMBER SECURITIES NUMBER
OF IN EACH OF COEFFICIENT COEFFICIENT
PORTFOLIOS PORTFOLIO OBSERVATIONS vo vl R-SQUARED

5 72 45 0.059 , 4.601 0.755

(44.141) (39.082)
10 36 90 0.093 2.593 , 0.678

(16.393) (6.297)
30 12 270 0.115 1.175 ,, 0.575

- (17.695) (3.162)

(Figures in brackets are t-statistics)

* gtatistically significant at the 0.1 per cent level

** gtatistically significant at the 0.2 per cent level
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ruptcy is positive, statistically significant and increases in magnitude as
the level of aggregation increases. The constant term, vo, is positive

and statistically significant. As expected, it decreases in magnitude

when the level of aggregation increases. The value of R-squared increases
as aggregation reduces the cross sectioﬁal nature of the data.

° The probability of bankruptcy can be estimated by Equation (5.3)
using book values for corporate variables. As the results are very similar
for the logitand probit estimates, only the former are reported (see Table

5.14). The coefficient, v for the probability of bankruptcy is positive

1’
for two of the portfolios., In all cases it is not statistically significant.
The constant term, vo, is positive, statistically significant, and decreases
in magnitude as the level of aggregation increases. It is consistently larger
ﬁhan the constant term in Table 5.13. The value of R-squared increases as
the level of aégregation increases, though it is uniformly lower than the
values.of R-squared given in Table 5.13. |

The differences in Tables 5.13 and 5.14 ‘result directly from the
method of estimating the probability of bankruptcy. As shown in Table 5.12,
the values-obtained from the formulation given by Equation (5.2), which utilizes
market values of corporate variables, are larger and have greater variability
than those given by Equation (5.3) using book values. For many firms the
book value formulation gives é zero value for the probability of bankrﬁptcy,
which causes severe econometric problems because of ill-conditioned matrices.
Whilst aggregation mitigates this problem it does, however, reduce the over-

all variance. This will imply that to obhtain reliable estimates of the co~

efficient, Vye will require large data samples,



PORTFOLIO DATA:

TABLE 5.14

PROBABILITY OF BANKRUPTCY ESTIMATED

POOLING OF TIME SERIES AND CROSS SECTION

USING BOOK VALUES OF CORPORATE VARIABLES

162

NUMBER OF
NUMBER SECURITIES NUMBER
OF IN EACH OF ~ COEFFICIENT COEFFICIENT
PORTFOLIOS PORTFOLIO  OBSERVATIONS v, v, R-SQUARED
5 72 45 0.089 0.924 0.732
(13.039) (1.65)
10 36 90 0.114, ~0.266 0.651
(16.20) (0.587)
30 12 270 0.121, 0.419 0.558
(18.59) (1.342)

(figures in brackets are t-statistics)

*

statistically significant at the 0.1 per cent

level



163

The coefficient, er

positive and statistically significant. This provides some evidence of the

for the probability of kankruptcy is, in general

validity of the hypothesis; that is, bankruptcy is a contributory factor to
the structure of common stock returns.

If there is a missing variable which is not explained by either the
probability of bankruptcy or the covariance with the market, then this will
bias the estimates of the coefficients. If the data are aggregated, the pool-
ing of time series and cross sectional data becomes more like an aggregated
time series, and thus. the variance of the missing variable will increase the
t-statistics of the coefficients as well as causing bias. The situation will
be exacerbated if the missing variable is non-stationary.

The constant term in a regression équation picks up individual effects
not accounted for by the exogenous variables. The pooling of time series and
cross-section data constrains the constant term to be the same for all securi-
ties (portfolios), and thus if there are individual security effects present,
this will cauée the estimated coefficients to be biased.

To examine these possibilities durmmy variables could be introduced to
represent security (portfolio) specific effects not explicitly accounted for
by the exogenous variables. However, dummy variables will be highly corre-
lated with the probability of bankruptcy. This arises because the within
portfolio variance across time for the probability of bankruptcy will be mini-
mized and thus the dummy variable will act as a pfoxy for it. The resulting
rmulticollinearity will cause a loss of precision of estimation, as specific
estimatés may have very large sampling errors. Exploratory empirical work

confirmed this and consequently this line of investigation was not pursued.



le4

The limited size of the data set -- 360 securities with 10 years of
annual data -- restricts the scope of methods to test the hypothesis using
aggregated data. By forming portfolios on the basis of the past value of
the probability of bankruptcy reduces the time span of data available by
one year, and aggregation across securities decreases the size of the data
set even further. Due to_these limitations, further tests on the hypothesis

are conducted using individual security data.

Individual Security Data

The use of individuél security data facilitates the advantage of
a large number of observations. Off-setting this is the disadvantage of
the low discriminatory power of the exogenous variables due to errors in
measurement, This is especially important when consideration is taken of
the large errors in measurement when estimating the grobability of bankruptcy.
This implies that all the esfimated regression coefficients will be biased.
Thus the results using unaggregated data will not be expected to offer the
same reliability as those obtained using aggregated portfolio data.

Five tests are conducted using unaggregated data. The first test is
to draw a random sample of firms and to perform a regression pooling time
series and cross sectional data. Three of the remaining tests examine var-
ious problems which may cause bias in the estimation of the regression co-
éfficients. The final test considers the effect of changes in the probability

of pankruptcy upon the structure of ex-post returns.

Random Sample

From the universe of 360 securities, a random sample of 100 is chosen,
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TABLE 5.15

RANDOM SAMPLE: POOLING OF TIME SERIES AND CROSS SECTION DATA

DATA SET METHODOLOGY NUMBER
FOR FOR COEFFICTENT  COEFFICIENT OF
PROBABILITY  PROBABILITY v, v, R-SQUARED  OBSERVATIONS
LOGIT 0.115,  -0.820 0.303 1,000
500K (10.541) (~1.366)
| VALUES PROBIT 0.114 , -0.661 0.303 1,000
(10.504) (-1.147)
MARKET
VALUES LOGIT 0.116 ,  -0.911 0.304 1,000
| (10.142) (-1.151)

(Figures in brackets are t-statistics)

*
statistically significant at the 0.1 per cent level
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giving a total of 1,000 observations. The probability of bankruptcy is esti-
mated using the market vaiue formulation of Ecuation (5.2) and the book value
formulation of Equation (5.3). The results of pooling time series and cross
sectional data are shown in Table 5.15., The results are similar for the dif-
ferent methods of estimating the probability of bankruptcy. The coefficient,

\Y for the probability of bankruptcy is negative, though statistically in-

1’
significant. The constant term, vo, is positive and statistically signifi-
cant. The value of R-squared is quite large considering the strong cross
sectional nature of the regression data.

The negativity of the coefficient, vl, and the lack of difference
in -the results when the probability of bankruptcy is estimated using market
values of corporate variables or book values, reflects the effects of errors
in the measurement of the variable and stands in contrast to the results ob-
served in Tables (5.13) and (5.14). Aggregation of the data set into port-

folios reduces the variance of the estimate of the probability of bankruptcy

and results in more reliable estimation of the regression coefficients.

Effect of Asset Size-

The coefficients used to estimate the probability of bankruptcy are
determined using a data set of firms characterized by having an asset size
of less than $200 million. To test the hypothesis the asset size of the
firms in the data set is not restricted. If there are scale effects in the
coefficients used to estimate the probability of bankruptcy, then errors in
its measurement will increase when applied to large firms. To examine this
possibility, the universe of 360 firms is sorted by asset size into three

groups and a pooling of time series and cross section data for the firms



TABLE 5.16

POOLING OF TIME SERIES AND CROSS DATA
ON GROUPS OF FIRMS SORTED BY ASSET SIZE
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' DATA SET

NUMBER
FOR ASSET COEFFICIENT COEFFICIENT OF
PROBABILITY SIZE vo vl R-SQUARED OBSERVATIONS
$(0 - 200)m. 0.117 -0.998 ,, 0.358 1,270
(11.841) (~2.712)
BOOK :
VALUES $ (200-500)m. 0.119 ~0.216 0.287 1,010
{ 9.654) (-1.116)
$500m. 0.084 , ~0.300 0.281 1,320
and over (10.691) (-0.302)
$(0 - 200)m, 0.118 -1.124 _, 0.359 1,270
(11.645) (~-2.425)
MARKET $(200-500)m, 0.119 -0.147 0,287 1,010
VALUES { 9.531) (-0.621)
$500m. 0.076 1.936 0,285 1,320
and over ( 8.676) ( 1.767)

(Figures in brackets are t-statistics)

*

statistically significant at the 0.1 per cent level,

k&

statistically significant at the 2.0 per cent level.
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within each group conducted. As the resultslfor the estimates of the
probability of bankruptcy using the book value formulation of Equation
{(5.3) when its coefficients are estimated by either logit analysis or pro-
bit analysis are very similar, only the former are reported (see Table
5.16).

There does appear to be some evidence that the regression estimates
are affected by asset size. The constant ternm, Vo' for large firms is re-
duced in magnitude when compared to the value for small and intermediate
size firms. The coefficient, Vys for the probability of bankruptcy, is nega-
tive and statistically significant for firms of asset size of less than $200

million.

Adjustment of Time Period

The probability of bankruptcy is estimated using corporate data
that reflects the state of the firm at the beginning of its fiscal year.
The annual rates of return data for a firm are calculated over the 12
month period starting at the beginning of the firxm's fiscal year, and then
the two data sets combined and used to estimate the regression coefficients,
However, a firm's annual repor; is usually announced two or three months
after the end of the fiscal year, and thus as the probability of bankruptcy
is estimated using corporate data which, to the average investor, will only
be available from a fimm's annuél report, it may not be used to refer to
the 12 month period beginning at the start of the firm's fiscal year.

Hence, the calculated annual rate of return and the estimate of the probabil-

ity of bankruptcy, which are used as proxies for the values an investor ex-



ADJUSTMENT OF TIME PERIOD

TABLE 5.17
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NUMBER
OF MONTHS
AFTER NUMBER
BEGINNING COEFFICIENT COEFFICIENT R-SQUARED OF
OF FISCAL YEAR vo vl OBSERVATIONS
0 0.117 -0.998 0.358 1,270
(11.841) (-2.712)
t
2 0.104 -0.800 0.271 1,260
(10.541) (-1.504)
3 0.105 , -0.873 0.273 1,260
(10.559) (-1.631)
4 0.089 -0.520 0.302 1,260
( 9.401) (-0.990)

(Figures in brackets are t-statistics)

. _
statistically significant at the 0.1 per cent level,

* %

statistically significant at the 2.0 per cent level.
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pects, may not be synchronized. This possibility is examined by calculating
the annual rate of return from a pointltwo, three, and four ronths after
the beginning of a firm's fiscal year. |

‘The regression coefficients are estimated using a data set of firms
with asset size less than $200 million. This choice of data set is moti-
vated in view of the finding given in Table 5.16, which indicated some.de—
pendence of regression coefficients upon asset size. The size of the data
set is reduced by one firm because of the extra price data reéuirements.
As the findings are very similar for different methods of estimating the
probability of bankruptcy, only those obtained from the formulation utili-
zing market values of corporate variables are reported. The results are
shown in Table 5,17.

In Table 5.17 there does appear to be some difference between the
results, The coefficient, vl, for the probability of bankruptcy, whilst
" negative, increases in value and becomes statistically insignificant when
the rate of return data are shifted forward two months. The constant term,
vV is reduced in magnitude though remains statistically significant. The

value of R squared is reduced. Further shifts in the rate of return data

set produce only minor differences.

Cross Section Studies

In a regression with two independent variables if one is measured
with error, then its estimated coefficient will be biased downwards, whilst
the constant term will be biased upwards. If both variables are measured
with error no comment can be made about the direction of the resulting biases,

However, if an instrumental variable is substituted for one of the variables
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and the measurement errors in the instrumental variable are independent of
the measurement errors in the remaining variable, then the coefficient of
the remaining variable will be biased downwards. It is not possible to
make any camment about the direction of bias in the constant term.

To explore the possible consequences of measurement errors in the
variables, a series of croés seqtion studies are conducted. The fimm's

beta coefficient is replaced by an instrumental variable. For individual

securities an instrumental beta coefficient is estimated by regressing

the ex-post, excess return against the realized return on the market using

the past five years of monthly price data prior to the period of the cross
sectional study. These estimates are substituted into the regression equa-

tions

~

R, = v + v_lxj + vZBj + uj : (5.14)

J
j=1, 2,...,N,

where Rj is the annual excess return for the jth asset; A, is the probability
of the jth asset going bankrupt over a period of one year; éj is the instru-
mental beta coefficient; uj is a random disturbance term; and vo, vl and v2
are regression coefficients. If the measurement errors in the beta coeffi-
cients are independent of the measurement errors in the probability of bank-

ruptcy then the estimate of coefficient v, will only be subject to a bias

1
which underestimates the true value. The extra price data requirements re-
duce the data set to 318 firms. The probability of bankruptcy is estimated
using Equation (5.2), which utilizes market values of corporate variables.

Using annual data five cross section regressions for different periods of

time are conducted. The results are given in Table 5.18.
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CROSS SECTION STUDY
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. ANNUAL
COEFFICIENT COEFFICIENT COEFFICIENTa EXCESS RETURN
TIME Vo vl V2 ON THE MARKET R=SQUARED

1959-60 0.179 , -3.579 -0.210 , -0.061 0.111
(4.417) (-1.630) (~4.081)

1961-62 -0.016  50.139 -0.110 -0.156 0.031
(-0.419) (-0.555) ( '1.302)

1963-64 0.155 , -0.750 0.001 ,, £ 0.125 0.002
( 3.422) (-0.851) (-2.481)

1965-66 -0.186 ,  -0.930 0.128 , -0.069 0.019
(-3.466) (-1.182) ( 5.843)

1967-68 0.245  ~0.386 -0.083 , 0.237 0.015
(-7.438)

(5.655) (-0.887)

(Figures in brackets are t-statistics)

*

statistically significant at the 0.1 per cent level,

* %

statistically significant at the 2.0 per cent level,

at—statistics are taken about the annual excess return on the market,
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The coefficient, Ql, for the probability of bankruptcy is consistently
negative, though statistiéally insignificant from zero. The constant term, Vor
is generally statistically significant and flucﬁuates in sign. The theoretic
value of the coefficient v2 is the annual excess return on the market port-
folio. When the estimated value is compared to its theoretic value it is
found that, in general, they are different, the différence being statistically
significant. Two of the estimates have the wrong sign.

@

Changes in the Probability of Bankruptcy

'The method of portfolio construction used to increase the between
portfolio variance of changes in éhe probability of bankruptcy and the pdsi—
tive results derived, suggests that similar results using individual security
data should be obtained by considering the effects of changes in the probabil-
ity of bankruptcy; that is, by considering a relationship of the form

Rjt = v, + lejt + vz(kjt—kjt_l) +'Bj(RMt_xt).+ ujt’ (5.15)
=1, 2,.0a.N,

t = 2, 3,--.,T,

where Rjt is the annual excess rate of return for year t for the jth asset; th

is the probability of the jth asset going bankrupt during year t; RMt is the
market excess return; X¢ is a weighted average of the probabilities; ujt is a

random disturbance term; and v_, vl, v

1 2!

and {Bj} are regression coefficients.
The relationship is examined by first taking a random sample of 100
firms from a universe of 360 firms and then by sorting the universe of firms

by asset size into three groups. A regression pooling time series and cross

section data is performed on each group. The probability of bankruptcy is
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DIFFERENCES IN THE PROBABILITY OF BANKRUPTCY
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NUMBER OF .
DATA SET OBSERVATIONS COEFFICIENT COEFFICIENT COEFFICIENT R~-SQUARED
Yo V1 Va
RANDOM 900 0.132 0.433 -3.073 .. 0.291
(10.497) (0.471) (-3.206)
$(0~200)m. 1,143 0.138 -0.548 -1.649 ., 0.350
' : (12.287) (-0.838) (-2.306)
$ (200-500)m. _ 909 0.142 0.300 -0.841 0.271
: (10.39) (1.1375) (-3.111)
$500m. and over 1,188 0.078 6.887 -10.520 0.282
( 7.310) (4.932) ( 5.637)

(Figures in brackets are t-statistics)

*

statistically significant at the 0.1 pef cent level.

*%

statistically significant at the 2.0 per cent level.
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estimated using Equation (5.2), which utilizes market values of corporate
variables. The results are shown in Table 5.19.

The coéfficient, v for the probability of bankruptcy is now posi-

1’
tive, with the exception for the group of firms of asset size less than

$200 million. For firms of asset size $500 million and over, the coefficient
is statistically significant. The constant term, Vor is uniformly positive
and statistically significant. The coefficient, v2, is consistently negative
and statistically significant. The results should be compared to those given
in Table 5.16. It is seen that the sign of the coefficient, vl, with one
exception, is now reversed. For firms of asset size less than $200 million,

though the coefficient, v is still negative, it is no longer statistically

ll

significant.

Summarz

The hypotheses of the thesis is that differences in the probability

of bankruptcy across securities and across time are reflected in the residual

return of common stocks after abstracting from the market. The hypothesis

is tested using individual and aggregated security data. The use of indivi-

dual security data provide a large data set with which to test the hypothesis.
{

However, the biases that result from the errors in the measurement of the

probability of bankruptcy present serious econometric problems. These prob-

lems canbemitigated by aggregating the data to reduce the variance of tﬁe

estimates of the probability of bankruptcy. Securities are assigned into

portfolios on the basis of past values of their probability of bankruptcy,

and the aggregated portfolio data treated as representative securities. The
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use of aggregation does, however, reduce the 'size of the data set and pro-
hibits extensive testing.{

Evidence is found verifying the hypothesis of the thesis. Using
aggregated portfolio data and estimating the probability of bankruptcy with
market values of corporate variables, confirmation of the hypothesis is ob-
tained. When the probability of bankruptcy is estimated using book vaiues
of corporate variables, the evidence is inconclusive. Use of individual
security data does not give any clear indication of the validity of the
hypotheses. The major difficulty appears to be due to the errors in_the

measurement of the probability of bankruptcy.



CHAPTER VI

SUMMARY

The purpose of this chapter is to summarize the main conclusions of

the thesis and to describe the areas of further research that arise from it.

Conclusions

The impact of bankruptcy upon the structure of returns for corporate
financial assets is investigated from a thecoretical and empirical viewpoint.
A model, formulated in continuous time, considers the investment-consumption
decision of an individual acting to maximize the expected lifetime utility
of consumption and terminal wealth. At each iﬁstant in time the individual
must d€cide the portions of wealth to consume and to invest in financial
assets. It is assumed that a firm issues both bonds and common®stock as
financial assets and that at each point in time there is a probability that
the firm will go bankrupt the next instant. If bankruptcy occurs it is
assumed that equity holders suffer a hundred per cent loss, and bondholders
receive a non-negative liquidating dividend. From this formulation the
equilibrium expected rates of return on the different financial assets--
bonds and common stocks--are determined using stochastic control theory.

For bonds of infinite maturity, the equilibrium expected excess
rate of return, conditional upon no bankruptcy, is a linear function of two
variables: a market variable and a variable which is the product of the
probability of bankruptcy aﬁd the expected loss if bankruptcy occurs. This

result demonstrates, on a theoretical basis, some of the determinants of the

177
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risk premium on a bond aﬁd is directly amiable to empirical testing.

For common stocks a two variable expression for the equilibrium
expected rate of return, conditional upon no bankruptcy, is derived. The
- expression is an extended form of the continuous time analogy to the Capital
Asset Pricing Model (CAPM), the second variable Seing associated with the
probability of bankruptcy. This result is important. It demonsﬁrateé that
bankruptcy is a contributory factor in describing the structure of common
stock returns. It provides a theoretic explanation of the recent empirical
findings indicating that the CAPM is misspecified, and offers a natural
interpretation of the "beta factor." This result is empifically tested. A
discrete time formulation of the model is used. The hypothesis is that the
probability of bankruptcy across securities and across time is reflected in
the residual return after abstracting from the market.

To test the hypothesis it is necessary to be able to measure the
probability of bankruptcy. Existing empirical work on bankruptcy has not
addressed this problem, but has concentrated on constructing models to
ciassify firms into one of two groups: bankrupt or not bankrupt. A model
for the probability of bank?uptcy in terms of a firm's ability to raise
funds, either internally or externally, to cover fixed charges is con-
structed, and an ex-post formulation in terms of measurable quantities
developed. The probability éf bankruptcy is estimated using probit analysis
and logit analysis. The ability of the model to predict bankruptcf is
tested on a secondary sample of bankrupt firms. The results are very good
with the model predicting bankruptcy, for some firms, four or five years

before the actual occurrence.
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The hypothesis is tested using individual and aggregated U.S.A.
annual security data for' the 10 year period 1960 to 1969. A new method-
ology to the testing of two variable extended forms of the CAPM, that of
pooling time series and cross sectional data, is introduced. The time
series data for all individual secu?ities (portfolios) are cqmbined to
estimate the coefficients that are common to all securities (portfolibs),
whilst simultaneously estimating the firm (hypothesis) specific beta co-
efficients. Evidence is found verifying the hypothesis of the thesis;
that is, bankruptcy is an explanatory factor of the structure of corpor-

. ate financial assets.

Hence, the explicit objectives of the thesis: (a) to analyze
theoretically how the mechanism of bankfuptcy affects the structure of re-
turns for corporate financial assets; (b) to quantify the determinants of
bankruptcy, and to arrive at a figure which can be identified as the prob-
ability of bankrdptcy; and (c) to test empirically the hypothesis of the

thesis, are successfully achieved.

Future Research

The thesis demonstrates the need to develop a complete explanatory
theory of the probability of bankruptcy. Such a theory needs to consider.
the factors that determine a firm's ability to raise funds and the inter-
dependence between sources; that is, the effect of using one source on the
ability to utilize other sources of funds., Development of such a theory
entails consideration of the broader question of valuation. For example,

a firm's ability to issue debt depends upon its debt capacity, but the con-

cept of debt capacity is intrinsically related to the value of the firm and
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to the probability of baﬁkruptcy. Thus there is circularity. Any analy-
sis requires a descriptibn of the different attributes which determine

the probability of bankruptcy and then a specification of the determinants
of the attributes. This leads to.a system of simultaneous equations which,
in general, will be non-linear.

The development of a complete explanatory theory of the probability
of bankruptcy is important not only from a theoretical viewpoint, but also
because of the many practical applications to which it can be applied.

For example, it can be utilized in buéiness lban ;valuation, and for in-
ternal management. ?or business loan evaluation -- consumer loans or
commercial loans -- the same form of methodology can be utilized to deter-
mine the probability of an individual or firm defaulting on a loan. Simi-
larly, it can be used for accounts receivable management to estimate the
probability of a customer defaulting on payment. Other internal management
uses.involve determining the effects of different investment and financial
mixes upon the probability of tﬁe firm going bankrupt.

A second area of research is to consider the effects of introducing
the market imperfection of financial distress upon the Capital Asset Pricing
Model. This necessitates defining an operational definition of financial
distress and describing the consequences of finanéial distress upon the
market value of the firm. From this basis the equilibrium rate of return
can be determined.

A third area of research is the determination of the risk premdom
on a bond. The thesis provides a theoretic framework within which to

analyze this problem and results which are directly amiable to empirical
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verification. Further development of this work needs to consider the
effects of such factors as callability, maturity, marketability and

term structure.



APPENDIX A

MATHEMATICAL DERIVATION OF THE RESULTS IN CHAPTER IV

The purpose of this appendix is to explain in greater detail the
mathematical derivation of.the results presented in Chapter IV. The appen-
dix should be read in conjunction with Chapter IV, as in some cases results
.which have been given satisfactory explanation in the chapter are used in
the appendix without further explanation.

The first part of the appendix describes the derivation of the
stochastic differential equétions, the equation of optimality, and the
first order maximization conditions. A discussion of the difficulties in
obtaining a solution to these equations and the approximations that are
used to obtain a linear syétem is given,

In the second part ﬁhe equilibrium instantaneous conditional expected
rates of return, given the assumption of a constant investment opportunity
set, are derived., The approkimation used to derive a linear system of equa-
tions is examined in greater detail.

In the third and final part of the appendix, the general case of
stochastic changes in the rate of the probability of bankruptcy is considered.
The demand functions for the financial assets are derived. A special case is
considered in which the stochastic changes in the rate of the probkability
of bankruptcy for one firm acts as an instrumental variable for all other
changes. For this case, the instantaneous conditional expected rates of

return are derived,
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General Formulation

A derivation of the stochastic differential equations describing
the price dynamics of the financial assets, the equation of optimality,
and the first order maximization conditions is given. A discussion of
the difficulties in obtaining a solution to these eguations and the approxi-

mations that are used to obtain a linear system is presented.

Price Dynamics

An information derivation of these equations is presented in
Chapter IV, It is proposed'to give, on a slightly more rigorous basis, a
derivation of the equations. The two approaches are, however, equivalent
as the time interval tends to zero.

It will be assumed that the event of bankrupﬁcy follows a Poisson
process. A Poisson process is a continuous time process with a discrete
state space; that is, one where there are discrete or discontinuous changes
in the variables.1 Let N(t,t+h) denote the number of events in the time

interval (t,t+h].2 Then the Poisson process is defined as follows:

Pr[N(t,t+h).= 0] =1 -2Xx(t)h + 0(h),

Pr[N(t,t+h) = 11 = A(t)h + 0(h),
and

PriN(t,t+h) > 1] = O(h),

For a good introduction to Poisson processes, see Cox, D. R. and
Miller, H. D., Theory of Stochastic Processes (London: Methuen & Co. Ltd., 1968),

2

The bracket notation is defined as: if an element x belongs to the
interval (t,t+h], then t < x < t+h; that is, the point t is excluded from
consideration.



184

where Pr( ) means the probability of; and 0(h) is the asymptotic order sym-
bol defined by
f(h) is O0(h) if lim [£(h)/h] = O,
h»o

To a first order approximation, A (t)h, can beinterpreted as the
probability of bankruptcy occurring in the interval (t,t+h].3 It is
assumed that Poisson processes for different firms are independent; the
event of bankruptcy for one firm does not affect other firms. Conceptually,
it is very simple to relax this assumption, but at the cost of greatly in-
creasing the complexity of notations., The very small gain in generality
of results.does not warrant the burden of using an even more complex form
of notation.

It is perhaps not intuitively clear that the event of bankruptcy
can be represented by such a process, as it is possible for N(t,t+h) to
equal, . five, whilst the event of bankruptcy for a firm can only occur
once in this model. However, the probability of N(t,t+h) equalling five
is of order h or less and thus in the limit as h tends to zero, is zero.
As the whole formulation is in continuous time, and a limiting process is
utilized, then the representation of the event of bankruptcy by a Poisson
process is perfectly valid. The advantage of using a Poisson distribution
lies in its continuity over the time domain.

From Equation (4.5) the price dynamics of the jth firm's bonds

can be described by

3It is important to realize that A (t) is not a probability, but a
probability rate; it is the probability per unit interval of time. The
length of the interval is arbitrary; for example, it may be a day, a
month, or a year,
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b. (t) (L+r.h) - g.h + b, (t)y.7/hY. (t); no default
J( ) ( 5 ) gJ 3 )YJ ]( ) ’

I
PN

b, (t+h)
J

Aj(£+h) = 6 (t+h) ; default,

.

j=1, 2,. . .n.

The above equation can be written in the form

= [b. (t) (1+r.h) - g,  (£)y.Y/hy. (£)] [1-N. (t,t+h
bj(t+h) [ J( ) ( +rJ ) gjh + bJ( )Y] J( Y11 J( yt+h) ]

+ [Aj(t+h) - Gj(t+h)Nj(t,t+h). (A.1)

If the event of bankruptcy does not occur to firm j in the interval (t,t+h],
then Nj(t,t+h) is zero. If bankruptcy does occur then Nj(t,t+h) equals one,

Define a stochastic process, Z(t), by

Z(t+h) = Z(t) + Y(t)/h,
where Z(t) is a stochastic process with independent increments. The limit
as h tends to zero of Z(t+h)-Z(t) describes a Wiener process, or Brownian

motion.4 In the terminology of stochastic differential equations

dz(t) = Y(t)7/at,
In the limit as h tends to zero, Equation (A.l) can be written in

the form:

db ., (t ) .~g. ) Az, - {b.(t)-[A.(£)-0.(t)]}dq. (A.2
j( ) [bJ(t)rJ gJ]dt + bj(t)YJ 3 { J(t) { J(t) J( )1} q:l ( )

j 1, 2,. . .,n,
where dqj is a Poisson process characterizing the event of bankruptcy for.the

jth firm.

For a general discussion, see Cox and Miller, op. cit., pp. 205-208.
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In a similar manner the price dynamics for ecuity can be derived.

From Equation (4.9), it can be written in the form

p;(t+h) = [py(t) (1+a h)=£ ht P (t)cj/hYm_

. (t -N, (t,t+h
J( )11 Nj(t t+h)]

In the limit as h tends to zero, the above equation becomes

il

dp. (t () .-f.1dt {t) .4z . - p.(t)dq., .3
pj( ) [pj( )aJ J] + pJ( ) 532 145 p]( ) qJ (A.3)

j = l' 2,. . -’no

The Equation of Optimality: The Demand Functions for Assets

From Equation (4.22), the derived utility function is defined as
: T
J[W(t) f-a_rg_rE_rll_f_rA_lrFrtls(t)] E_ Max Et {ftU[c(s),S]ds + BF[W(T)’T]}' (p.4)
{c,w}
subject to a wealth constraint, budget constraint, and C(s) > 0. The derived
utility function, J, can be written in a more compact and convenient form.

Consider the set of equations describing how the opportunity set changes:5

daj = Fj(aj!t)dt + Gj(dj,t)de,

doj = Fn+j(°j't)dt + Gn+j(0j’t)dQn+j’

drj = ?2n+j(rj,t)dt + G2n+j(rj’t)dQ2n+j’

dyj = F3n+j(yj,t)dt + G3n+j(yj,t)dQ3n+j, (A.5)
dAj = F4n+j(xj,t)dt + G4n+j(xj,t)dQ4n+j,

dfj = F5n+j(fj,t)dt + G5n+j(fj,t)dQ5n+j,

5 . .
See Equations (4.12), (4.13), (4.14) and (4.16).
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and
drp = Fplrp,t)dt + G (rp,t)do ,
j=1, 2,. . .,n, and m = 6n+l.
Define a (mxl) vector 4V by
dav' = (dal,..., dan,dol,...,dcn,drl,...,drn,dyl,...,dYn,dAl,..;,
d)\n,dfl’o-n[df Idrm)
(r.6)
Hence,
av = Fdt + GdQ, (A.7)
where F is a (mxl) vector such that F' = (Fl""'?m)f do is a (mgl) vector
such that 4Q' = (dQl,...,dQ 5 and G is a {(mxm) matrix with elements along the
i m

diagohal.and zeros elsewhere. .Given the definition (A.6), then by comparing
(A.7) with (A.5) the elements of F and G can be identified.
Therefore, Equation (A.4) can be written in the form
X : T
Jglw(t),v(t),t,s(t)] = Max Et{ftU[C(x),x]dx + BF(W(T),T1}, (a.8)
{c,w}

subject to a wealth constraint, a budget constraint, and C(x) > 0. Thus,
W),V (£),£,5(6)] > E (S T0IC (), xTdx + T(W(t+h) ,V(E+h), t+h, s (E+n) 1],

where S(t+h) is a state descfiption vector describing the system at time t+h.
By using the mean value theorem for integrals, the first term on the right

hand side of the above equation can be approximated to6

ufc(t),tlh + 0(h).

®see Chapter 7 of Dreyfus, S. E., Dynamic Programming and the Calcu-
lus of Variation (New York: Academic Press, 1965).
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Hence,
J[W(t),V(t),t,S(;)] = Ulc(t),tlh + O(h) + Et{J[w(t+h),V(t+h),t+h,s(t+h)]}
(a.9)
In order to evaluate the second term on the right hand side of
Equation (A.9), a conditional expectation argument is used. At time (t+h)
it is only necessary to consider (n+l) of the 2" possible states of the sys-
tem, the probability of occurrence of these states being known. Given a
particular state, the expected valug of the random variable, conditional upon
the state is calculated and then the unconditional expected value determined.
Mathematically,7 the argument can be represented as: if (X,Y) is a two dimen-
sional random variable, the conditional expectation of X for a given Y=yj is

defined by
o

E(XIY=Y-) = b x.P (X=x.{’Y=y.)l
J i=1 1rx 1 J

and the expected value of X is

E(X) = EY[E(XIY = yj)].

' n
With probability (1 - I Aih + 0(h)] no defaults occur in the inter-
i=]1 .
val (t,t+h}. Thus, conditional upon the event, the budget constraint8 is

n
W(t+h) - W(t) = {w(t) - c(t)h} I w. (t)[(r.-r)h + y.dZ.]
_ | j=1 3 3 33
n o
+ jilwn+j (t)[(aj-r)h + ojdzm_j] + rh} - c(t)h + O(h)

(A.10)

7 .
For an introductory discussion, see Meyer, P. L., Introductory Probabil-
ity and Statistical Application (Massachusetts: Addison-Wesley, 1965).

8See Equation (4.18).
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The expected value of the change in wealth, conditional upon no defaults, i59

n n .
E [w(t+h)—w(t)lno defaults] = [W(t)-C(t)hI[ L w,(t)(r.-r) + T w ) (a,~r)+r]lh
t j=1 J ] j=1 n+) 3
- C(t)h+ O(h), (A.11)
and .
EJ[W(t+h)-W(t)]2|no defaults}
5 ﬁ n n n
= [W{E)' [ ‘Iw, (t t) +2 I Iw. (t (t
W [] =1 i=1 J( )Y w (e) j=1 i= le )Yjpjl i n+i )
n n ’
+ z Tw_.(t)o,,w  .(t)]h + o(h). (A.12)
j=1 i=1 n+j ji n+i

Expanding the derived utility function J[W(t+h),V (t+h),t+h,S (t+h)]
aboutthe point (W(t),v(t),t,s(t)], and taking expected values, conditional upon

the event of no defaults, gives

_ n n :
Jw(t),vit),t,s(t)] + Jth + Jw{w(t) [j:le (t) (rj-r) + jilwn+j (t) (aj-r)+r] -C(t) }n

n n n n

1
+=J [ I Ew(t)y w(t)+2>: T w,.(t)y.p. (t)
2 “ww
j=1 i=1J j=1 i=1 3734%

. n
2 :
+ I I
. wn+j(t)ojiwn+i(t)]w(t) h + jEleth

L7 T oI
+ = G.v,.G,J.. h + ¢ L Wit)w, (t)y n..G.J. h
2 . .

j=1 i=1 3317451 i=1 j=1 j 1j7i7iw

m n
+ X z W(t)w (t)O n b+ O(h) A.13
i=1 §=1 j ,n+3 i9iw ! ( )

9See Equations (4.19) and - (4.20).
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where S{t+h) = S(t), as no firms have defaulted; vij is the instantaneous
conditicnal correlation coefficient between in and de, corditional upon
th

the fact that default has not occurred to either the ith or j firm; niJ

is the instantaneous conditional correlation coefficient between in and dzj;

9
Jt = a—t'J[w(t)lv(t)'tls(t)]f
-
I = SI[H(E),V(E),t,S(t)];
5 =22, JIHO),ViE),t,8(8)];
WwW oy
I, =3 JMWB) V() ,t,8(8)];
J 3V,

9
= A .
Jlj avm;l][w(t) Iv(t)ltls(t)]l

and
3

2
JjW = svfgﬁqJ[W(t),V(t)yt,S(t)].
J
With probability Aj(t)h + O0(h) the event that the jth firm goes bank-
rupt and no other firms go bankrupt in the interval (¥,t+h] occurs. The
event of bankruptcy not only affects the jth firm's bond price behaviour, but

also its equity price behaviour. Conditional upon this event, the change in

wealth is now of the formlo

_ A, (t+h) - 0, (t+h)
W(t+h) - W(t) = w(t){wj(t)[ J J

-1] - wn+j(t)}

b,

J(t)
n n

+ {wit)-c(t)h}{ ¢ wi(t)[(ri-r)h + yidzi] + z wn+i(t)[(ai-r)h + cidzn+i]
i=1 i=1
i#j i#j + rh}

10 .
See Equation (4.21).
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A, (t+h) -~ ej(t+h)
. (t
bJ( )

- C(t)h{1l + wj(t)[ -1] - wn+j(t)} + 0(h). (A.14)

The derived utility function, conditional on the event that the jth

firm went bankrupt, it will be of the form J[W(t+h), V(t+h), t+h, Sj] where
Sj is a state vector at time (t+h) denoting that the jth firm no longer
exists. As before, the derived utility function is expanded and the condi-
tional expected values taken. However, unlike Equation (A.13) wealth W{t+h)
is not expanded about the point W(t), but about the point

A. (t+h) - 0, (t+h)
b. (t)
j

wt){1 + wj(t)[ - 11 =~ wn+j (t)}

= W, (e), (a.15)

which defines Wj(t). The reason for this is to presérve the compactness of

the change in wealth. The evént of bankruptcy causes a discontinuity in the
wealth function and thus it no longer becomes possible to represent the

changes in wealth by a summation of compact distributions. The property

of compactness is very important for it enables many of the terms in the
Taflor expansion of the derived utility function to be neglected when a
limiting process is used. It is possible to preserve such a property. The
derived utility function is expanded in a Taylor's series and then its expected
value is taken conditional upon the event that the jth firm went bankrupt.
Utilizing this conditional argument, the change in wealth that results solely
from the bankruptcy of the jth firm is khown for a given investment in ité
bonds and equity. Thus any other changes in wealth resulting from the invest-~
ment in éhe other financial assets.can still be represented by the summation

of compact distributions, but now centred around the wealth position Wj(t), in-

stead of W(t). There are, however, a number of other important ramifications
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that result from the discontinuities that occur due to the event of bank-
ruptcy, as will become quickly apparent.
The conditional expected value of the derived utility function

J[{W(t+h), V(t+h), t+h, Sjl is thus
J[Wj(t),v(t),t,sj] + terms of order at most h, (A.16)

Substituting Equations (A.13) and (A.16) into Equation (A.9) and taking the

unconditional expected value, gives .
Jglw(t),v(t),t,s(t)]

= Max (U[C(t),tlh + O(h)

{c,w}
n
+ I {A (t)h + 0(h)}{J[w (t),v(t),t,s. ] + terms of order at
j=1 most h}
. n | , m
+ {1-.Z A, (t)h + o(h) H{JW(t),v(t),t,S] + T h + L J.F.h
j=1 1 t j=1 33
' n
+J {w(t)[ Ew (t)(rJ—r) -f wn+j(t)(aj-r) +r] -c(t)in
=1 j=1
1 n n - n n
+=J_[L Iw,(t)y. Wy () + 2L Lw,(t)y.p. (t)
2 WW j=1 i=1 3 ji J -1 i=1 3 31 i n+1
n n 2
+ I ‘Iw .(Blo.,.w .(t)] wW(t)'h
j=1 i=1 n+j Ji n+i
o »om m n
3 ) G.v.iG.J.,h + I L wW(t)w, (t)Y n..G. 37 wh
j=1 i=1 7 I P IT 5o 5. ] 13714
m n
+ r I w(t)wn (t)cjnl n+jG1J wh + 0(h)}).

i=1 j=1
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Simplifying, and taking the limit as h tends to zero, gives the fundamental

partial differential equation for the derived utility function:

m
0 = Max (U[C(t),t] + Jt + I F.J,
{c,w} j=1 1
n n
+ J {WE®)[ L w, () (x.-x) + I () (a,-r) + r] - C(t)}
W ( )['—1 J( ) ( 3 ) z wn+3( )(aJ ) ] )
j= _ J=1
1 n n n n
+=3_ [ Z I w. (t)y. w(t)+22 L w, (t)y.p. (t)
2" WW j=1 i=1 J ji j=1 i=1 3 3 31 i"n+i
I
n n 5
+ I ZIw_  .(t)o,.w . (E)IW(t)
j=1 i=1 n+j ji n+i
1 o m n
+5> I I Gv,.G.J.. + I I W(t)w,(t)y.n..G.J,
2 i=1 j=1 i'ij 3713 i=1 jél 3 Jij i iw
m n
+ X Z W(t)w (t)G n, G.J,
i=1 §=1 n+ 3 i,n+j i iw
n .
+ z Aj(t){J[wj,v(t),t,sj] - JMW(t),v(t),t,s(t)1}), (A.17)
i=1

subject to the boundary conditions J[W(t),V(T),T,S(T)] = BF[W(T),T].

The 2n+l first order maximization conditions are derived from Equa-

tion (A.l17) by first differentiating with respect to the rate of consumption:

0 = UC[C(t),t] - Jw | (A.18)

where

]
UC[C(t) 't] = E[C(t) rtls

then by differentiating with respect to the proportion of wealth to invest

in common stock, {wn+j(t)}'
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n n
= -r) + W
0] Jw(aj r) waliilojiwn”i(t) + Zlyjpjl i n+i(t)J (t)
'n
. on GJ - A.J_[W.,v(t),t,s.],
* 151 jin+j idw 3 W3 ]
j =1, 2,. « .,n; (2.19)

and finally, differentiating with respect to the proportion of wealth to invest

in bonds?{wj(t)}:

n n
0= (r —r)J + W[ Zy..,w, (t) + I y.p. (t )]J
1_131 i i=1 3 ij 1 n+1
m A (t) - Ej(t)
. ~ X _

+.2 anijGiJi [1 50 ]Jw[Wj,V(t),t,Sj],

i=1 j

j= 11-21- e oo, . (A, 20)

For expositional simplicity define
A (t) - 6.(t)
j J
b, (t) !
J

]
=

Lj(t)

= 1' 2,. o o

.
[

Substituting Equation (A.20) into (A.19) so as to eliminate Jw[wj,V(t),t,S.]

gives:
rj-r n Z Y:plj i
= o~ - (o} -
0 [(aj ) L (t)]J + W(t)[ len+i(t) . L (t) (t)
i=1 i=1
n n
+ z 0.0 YW (£) = T Y'iwi(t)]J
-1 373 i=1 T L. (t)
J
m wm
_ 5 Y:Nn..G.J,
+ iilcjni,n+jGiJiW L jijiiw . (A.21)

i=1 L, (t)
J
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At this point it is perhaps worth making a small digression to
derive two inequalities that will be useful later. From Equation (A.18)

the following relationships hold.

_ < _
0 = UCC[C(t)'tlaw JWW[W(t);V(t),t,S(t)],
0=U_[c(t), el - - wt),v(t),t,s(t)]
CC 4 av. jw r ’ ! ’
j = l’ 2,...,1’1.

Hence, using Equation (A.18), we have the inequalities:

J §)
w - C
-3 = -5 5a >0 (A.22)
WW CCmma.
W
and
'BC
J. v,
b3
_E.Lw=--a-EJ :O,
WW W <

j=1,2,...,n.

The demand functions for bonds can be derived from the set of Equations
(A.19). In their stated form the equations are non-linear and thus in general
it will be difficult to obtain an explicit solution. There are at least two
alternatives. The first is to put more structure into the formulation by
assuming a particular form for the individual's utility function and then
attempt to solve the system.of equations by a numerical iterative procedure.
Whilst this method might produce a solution, it will be at a cost. It will be
difficult to derive explicit forms for the general equilibrium rates of return,
and even if these could be obtained, they will depend upon the specific assumed
form for the utility functions for individuals. The lack of generality, and
the complex;ty of this method is a serious distraction to its utilization.

The‘second alternative is to obtain an approximate solution by making

two assumptions. First, the individual is indifferent as if there are n or
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(n-1) firms in existence at time t such that

Jw(t),v(t),t,s(t)] = J[w(t),v(t),t,sj], (A.23)
j=121,2,...,n,
and all derivations are equal. If the number of firms in existence, n, is
‘large', then such an assumption seems intuitively quite reasonable. The
second assumption involves the ability to expand the derivations of the derived

utility function and to neglect the quadratic and higher power expansion terms,

that is -
A.-0,
Jw[W(t){l + wj(t)[5§72%-- 11 - wn+j(t)}, V(t), t, S(t)]
A0y (£)}3__ (W(t),V(t),t,S(t)]
= TR,V (E),t,S(0)] - Wt) lw, () (1 - Sj’&')l] Vs W

A.24
j=l’ 2,...,“. ( 2)

The error introduced by making this assumption will be examined in the
next section.
" Given that these assumption hold, then substituting Equations (A.23)

and (A.24) into (A.20) gives

n n n
= - J pX w, (t L vy.p,.0, L(B)]w(t) + L y.n,.GC.J.
0 Jw(rj r) + ww[i=1Yj1w1( ) + i=173°13°1wn+1( Y1W(t) i=lYJnlj iTiw
- A (V)L (B)T_. + .(t)L,(t ()L, (t) + L(E)YIW(e) T (A.25)
J( ) J( ) W 3( ) J( )[wJ( ) J( ) wn+3( YIwW(t) W

j = l' 2,.-.,!1. .

Hence, Equations (A.21) and (A.25) give a set of simultaneous equa-

tions, linear in the demand functions for the financial assets {wj}.
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Constant Investment Opportunity Set

Suppose that the investment opportunity set characterized by {a,o,r,vy,},

g,rF} is constant and that Yj = 0 for all j. The first order conditions, using

Equations (A.18), (A.19), (A.20), (A.21) and (A.23) become

0= UC[C(t),t] - JW’ (A.26)
r.,~r n
0= (aj -r - -%f-QJW + W(t)[_Z Ojiwn+i(t)]JWW’ (A.27)
J i=1
and
0= (rj-r)JW - AijJw(wj,t), (A,28)
j =

1, 2,...n.
Using the approximation described by expression (A.24), then Equation (A.28)
becomes

0

Y, - r =X . L)J_ + AL .[w,(£)L. +w . (t)]W(t)J (a.29)
@y iTiw 3733 3 n+j ) wW’
3 =1, 2,...,n.

From Equation (A.27), the demand function for equify can be derived:

JW n r,-r
w L (E)W(t) = (= =) T A..(0, -~ T =~ —J-—o, (A.30)
n+i JWW j=1 1) 3 Lj

i= 1, 2,...;1’1,
where'{Aij} are the elements of the inverse of the instantaneous conditional
variance-covariance matrix. ~From Equation (A.29) the demand function for bonds

can be written in the form

i J Y, -r
) W .
we (B)L, + w_ . (£)IW(E) = (= =) (zdm = 1) (A.31)
+ J AL,
] J n¥J WW 33

j =l’ 2,...,n.

To derive the expressions for the equilibrium instantaneous condition-

h

al expected rates of return, consider the demand functions for the xt individual.
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Equation (A.30) can be written in the form

rj—r wk(t)J];w n X

- -— = = 1

aj r T [ | .Z Ojiwn+i(t), (r.32)
J Jw i=1

i=1, 2,...n,
where the superscript k is used to identify the particular individual. There-

fore, substituting for {w:+i(t)} and surming across all individuals, gives

r.-r I _J; n I Kk
(uj -r - —%—-0 r (- SE—O = I X Ujipi(t,Nn+i(t),

j k=l UL i=l k=l

where I is the total number of investors; Nﬁ+i(t) is the optimal number of

th

shares of the i firm that the kth iddividual invests in. If the general

equilibrium conditions are used, that is, all markets clear, then
I
z =
ko1 Nnes (€ = Noi’

i=1, 2,...yn,

where ﬁn+ifis”the total number of shares outstanding for the ith firm. Hence,
r, -xr I J, n -
@, ~r - ——) I (- = 1 95iPi BNy (2.33)
J 3 k=1 “ww  i=1

The above equation can be expressed in a form comparablé to the
traditional capital asset pricing model. Define M(t) to be the total market

equilibrium value of all equities: .

N .p.(t); (A.34)

M(t) = .
1n+1 1

R

1

and Yi(t) to be the percentage of the equilibrium value of the ith firm's equity

to the total market value:



199

n+1p1 (t)

BRI (A.35)

Y (t) =
i
i = 1, 2,..-,“-
Define the equilibrium instantaneous conditional expected rate of return on the
equity market to be
n
p= I a.Y,6 (t) (A.36)
j=1 33
Multiplying Equation (A.33) by Yj(t), summing over all j and substituting Equa-

tions (A.34), (A.35) and (A.36) gives

r, -r I J; n n
w-r - I Y, (t)(-l——ol D= ) =M(E) T T Y (6)0 v (6) (A.37)
j=1 3 Ly k=1 I i=1 j=1 % i3 :
For expositional simplicity, define
_ n L xr.,-r
X(£) = E Y. () (~4=). (A.38)
j=1 7 3

Substituting Equation (A.37) into Equation (A.33) and using (A.38) gives

r. -r -

@, - r - —— =8.(-r-x), (A.39)-
J L J
3
where
n
z oJlYl(t)
8. = i=1
3j n n
z Ly, (t)c Y. (t)
i=l j=1 i 1373
j = l, 2’ooo'nc
To derive the equilibrium instantaneous expected rates of returns
for bonds, Equation (A.31) for the kth individual can be written in the form
: X
. J: Xr.-r
k W
- - -—L—_
N} ()b, ()L, + N°__(£)p, (£)] = ( ke 1,

WW
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th £ivm that the kD indi-

where N:(t) is the optimal number of bonds of the i
vidual invests in. Summing over all individuals and using the general equili-

brium condition that all markets clears; that is,

I
T NS(t) = N, ,
k=1 1.

i= 1, 2,...,!‘,

th

‘where ﬁi is the total number of bonds outstanding for the i firm, gives

the equation

k
_ r -r I Jw
= A N - ——
Nibi(t)Li +_Nn+ipi(t) (A;L, 1) I ( ” ) (2.40)
S R § k=1 JWV

Define MB(t) to be the total market equilibrium value of all bonds:

n .
MB(t) = 'Z Nibi(t); (A741)
1;1

and Xi(t) to be the percentage of the equilibrium value of the ith firm's
bonds to the total market value of all bonds, that is,
_Nibi(t)
~~ &y ¢
Mo (t)
j- = l’ 2,..._.!1.

Xi(t) = :
(AN42)

Define the equilibrium instantaneous conditional expected rate of return on

the bond market to be

o

L X (t)e, (A.43)
=2+

m(t)

Multiplying Equation (A.40) by Xi(t) and summing over all i gives

I J; n -
(mer-y) £ (- == = © _ ()AL, [N.b (t)L, + N .p.(t)], (A.44)
_ k . i 171 ii i n+i~i
k=1 J i=1

WW
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n
where vy = [ X (t)L l Substituting Equation (A.44) into Equation (A.40)
i=1

gives

T - r -y

=T = AL, = {A L [Nb. (£)L.#N .».(t)]}
£y =% = ALy = DL IND (LN o ()] H

N ~s

; lxi(t)AiLi[Nibi(t)Li+Nn+ipi(t)]

j = 1’ 2,...,1’1.- (A.4E

Equation (A.45) describesthe equilibrium instantaneous expected rate of re-

turn for the bonds of the jth firm,

An alternative and useful derivation of Equation (A.45) is possible.

Consider Equations (A.38), (A.39) and (A.40), thus by using these equations it
I .J
is possible to eliminate the term § (- —%}0 from Equation (A.40); that is

k=1 JWW

N.b (t)L + N (t)

- - - - _J_J +J J 1
r:.l r -2 LJ A L (4~ r x)[ M (OT Z YlolJYJ ] (A.46

j = l’ 2]..-’nc

The usefulness of this alternative derivation is demonstrated when it is used
r.-r.

to eliminate (—%7—0 from Equation (A.39), which describes the equilibrium in-

stantaneous conditional expected rates of return for equity. Substituting
Equation (A.46) into Equation (A.39) gives

_ N.b, (t)L + N .p.(t)
- - = - - g3
aj r Aj W ~rx x){B + A [ —

M(t) L LY. o,.Y,
i=1 j=1 * )

Substituting the expression for Bj’ gives

Sy (6D, + t
Oyr-Ag = W ZEX) L i RAERY qabks, nt3P5 ¢ )}
' m ji 3 = ]
L Y.o..Y
i3 LN t
i=1 §=1 + 1373 (o MneiPs (8
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If there are a large number of firms, the last term on the right hand side of
the above expression can be neglected, as it is of order 2/n, where n is the
number of firms., Hence, the expression for the instantaneous conditional

expected rate of return can be written
a, ~r =i, =B, (n -~ xr - ¥) (A.47
3 i JIJ X2, )

j =1, 2,.e.,n,.

Before proceeding to investigate the validity of the approximation of
being able to expand the first derivatives of the derived utility function and
neglect quadratic and highe¥ order terms, it is worth reconsidering Equations
(A.39), (A.36) and (A.47) in order to derive two identities, From Equation
(A.36), the equilibrium instantaneous conditional expected rate of return on
the equit& market is defined to be

n
U= Ia.Y,(t)

g1 33

Substituting Equation (A.39), gives

n n r.-r . n
W=Tr LY )+ IV (6) () ¢ (& -r-X) LY (D8,
j=1 7 j=1 j =17
which implies
n .
LY. (t) =1,
=1
and
n
L Y.(t)B. =1 (A.48)
j=1 J J

as one would expect, given the definitional forms of the various quantities.

If Equation (A.47) is substituted into (A.36), then
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n n .
uo= riile(t) + jilyj(t>xj + (0 -r-x)Z LR
which implies, using Equation (A.48), that
_ n
X = I Y.(t)A, (A.49)
j=1 3 .
Note, however, that Equation (A.49) is not, unlike expression. (A.48), a defi-
nitional identity. It is the result of the approximation made in deriving
(A.47), a result which depends upon the ability to negleét terms of order
(1/n) . Equation (A.49) is obtained from a weighted summation of terms des-
cribed by Equation (A.47) and thus neglects the summation of the terms that
are considered to be of negligible significance. It.is not, however, clear
that the sum of these terms can be neglected.
Consider the left hand side of Equation (A.49). From Equations (A;38)

and (A.36)

- n r.=r
T Y.(t)(-%—q

X=
j=1 7 J n
n ___ile(t)Aj[ijj(t)Lj + Nn+jpj(t)]
= I Y. (&), + (u-r-x)2 (A.50)
j=1 J J n n
M(E) T I Y. (E)o. Y. (t)
j=1 i=1 ]

Hence, Equation (A.49) neglects the last term of Equation (A.50), that is

_'n Y ey ﬁjkj(t)Lj + ﬁn+jpj(t)
(u-x-x) _il{[ — ] [ o) ]} | (A.51)
] £ LY. (t)o. Y, (E)
j=1 i=1 J

It is not clear that this term can be neglected, which is simply a reflection
of the fact that the summation of terms, which are individually negligible,

need not itself be negligible. This does not imply that Equation (A.47) is
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wrong, 6nly that it is derived by neglecting a term of orxrder (1l/n).

Equations (A.39) .and (A.45) were derived under the assumption that
it was possible to expand in a Taylor's series the first derivative of the
derived utility function and to neglect quadratic and>higher order terms,
Whilst this assumption is very convenient because of the resulting linear-
ity, it would be of some comfort to determine the magnitude of the approxi—
mation. ~One approach to this equation is to put more structure into the
formulation by assuming a particula; form for the individual's utility func-
tion and to attempt to obtain an exact solution and then compare it to the
solution obtained by assuming the validity of the approximation.

Assume a constant relative risk aversion utility function defined

by
¢¥ _-pt
UlC(t),t] = = &%, (A.52)

where p and v are positive constants and v £ 1. The system of first order
conditions can be written

0 = Cv—le-pt - Jur (r.53)

r.-r n
0= (aj-r:— —%—eon + W(t)QZ cjiwn+i(t)]wa' (A.54)
3j i=1

0= (rj-r)Jw - ijij(wj,t), : (A.55)

j = 1, 2,-..,",
and the equation of optimality

cV -pt - n 2
0 = Max {=—¢ + I+ I3 {wit)[ Z w.(t)(xr.-x) + L V¥ . (a.,-r) + r]
- +
{crﬁ} v t W j=1 J J =1 n+j J
1 o N n n
-Cl+=3 W) L I w ,.(t)o,.w ..{(t) I XA, [J(W.,t) - J(W,t]}
+ +
2 Ww i=1 j=1 n+i ij n+j 5=1 J J

(A.56)



subject to the boundary condition J[W(T),T) = BF{W(T),T].

system of equations take as a trial solution11

AY)
JiW(e),t] = B(t)e-pt_'-'\v:—

Substituting (A.57) into (A.54) and (A.55) gives

r -xr n

SO -
(aj r i ) + (9 1)-2 ojiwn+i(t),
J i=1

o
n

and

o
I

(r.-x) - AL (1 - w,L, - w .
J ) J3J J ] )
j = 1’ 2’-.‘0’n0

Equation (A.59) can be written in the form

that facilitates direct comparison wifh Ecuation (A.31), which was derived

assuming the validity of the approximation.
in the form

w.L, +w__ .
33 n+)

._.Jw _X.,-r
G (- x
WW JJ

and substituting (A.54) giveé

w, L. +w .
33 n+j

x ,-r
- -
(;:30(1 X§E§4
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To solve this

(2.57)

(2.58)

(A.59)

" (A.60)

Equation (A.31) can be written

(A.61)

(A.31")

The pertinent question is how good an approximation is (A.31') to

Equation (A.60)? The right hand side of (A.60) can be written as

r, -r -2A,L 1
1-(1+ 1y 57

A5ty
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X, —-x r.-r

" YL )2 + higher order terms. (A.62)

J J ]

Hence, the degree of approximation depends upon the ability to neglect the

terms
r.-r

AJL )2 + higher order terms,
33

but this will depend upon the value of v. For small v the approximation
will be véry goodl_but will drop off as v increases in magnitude.

For one class of utility functions, the quadratic, the approx=
mations will be exact, as can be shown by substituting in Equations (A.52),
(A.53), (A.54) and (A.55).

This work offers some encouragement to use the approximation.
It has been shown that for one type of utility function the approximation is
exact, whilst for the class of constant relative risk aversion utilities func-
tions the approximation can be very good, depending upon the value of the para-

meter of the function.

Stochastic Changes in the Rate of the Probability of Bankruptcy

Previously, it had been assumed that there were no stochastic
changes in the investment opportunity set. The equation describing the bond
price dynamics had been simplified so that there was no direct interaction be-
tween bonds and common stock apart from that of bankruptcy. Both assumptions
are now relaxed so that effects of stochastic changes in the rate of the prob-
ability of bankruptcy upon the structure of returns can be analyzed.

The derived utility function will depend upon the individual's

current wealth, W(t), a vector describing the current values of the rates of
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the probability of bankruptcy for the different firms, A(t), a state vector
describing which firms are currently in existence, S(t), and time t. Thus

the derived utility function may be written in the form Jw(t), A(t), t, s(t)l.
To analyze the effects of stochastic changes in the rate of probability of bank-
ruptcy it is necessary to assume a form that describes the stochastic nature of

the mechanism generating the changes; for the jth firm it is assumed that

Il

A (t) = F.(A.,t)dt + G, (A.,t)dQ., A.63
d J( ) J( 3 ) + J( 3 ) QJ ( )

i=1, 2,...,n,
which should be compared to the general system of equations described by
Equation (A.S).
The equation of optimality can be derived from the general case
described by Equation (A.17); that is
. _ n
0 = Max (U[C(t),t] + Jo + L F.J,
'{Cr!’_} - j=lJ ]
S n n
+ I W)L Z w (E)(r.-x) + Z w . (t)(a.-r) + r] - C(t)}
WO E wi() (rmn) + W (6) (g ]
=1 - j=1
1 n n n n

+350 [ Lw (t)y,w (t) +2 I I w (thy.p, o.w . (t)
2 j=1'i=1 J ji i j=1 i=1 J ji i nti

n 2
+ z Iw . (tyo, . w _(t)IWw(t)
- ji n+i

n '.n l n n
IIGVGI L+ I LW ()Y

i i i .G;J
i=1 j=1 e e A | 1

i"15°1%iw

n
+ I I W(t)w .(t)o.n,
PRI n+j

J
3j 1,n+jGi iw

.Aj(t){J[wjr_A_(t)l tl S]] - J[W(t), A(t)l tr S(t)]}) (A-64)
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subject to the boundary condition J[W(T),A(T),T,S(T)] = BF[W(T),T]. The

set of first order maximization conditions are, after some manipulation,

0= Uc[C (t),t] - JW' (A.65)
r.-r n n Y'pijoi
0= (aj -r - E%——ﬁJw + W(t)[.Z o..wn+i(t) - .Z —l—z———-wn+i(t)
3 i=1 i=l j
n n <
Y..w, (t)
L o.p..v.w,(t) - I ji i
*gep JL -1 T
J
n n y.,n..G.J.
+ L om G - I J—ll-&—ﬂ | " (A.66)
j=1) J /03 i=1 Ly '
and
n n
0= (r -r)J + W(t)[ T Yjplj i n+1(t) + .E inwi(t)]wa
i=1 i=1
n . =
+ zlyJ 13C1%5w - Aj(t)Lij[wj-,g\_(t),t,sj}, (A.67)

j = 1' -:.'n-

Equation (A.65) is the intertemporal envelope condition. Equation
(A.66) is derived by differentiating the equation of optimality by the propor-
tion of wealth to invest in equity and Equation (A.67) is the equivalent equa-
tion for bonds. As in the previous section, this System of equations is non-
linear. It is assumed that it is possibie to replace the system of non-linear

equations by an approximate linear system; that is, Equation (A.67) can be

12See Equations (A.18), (A.20) and (A.21).
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approximated by

n n
o= (rj--- r - Aj(t)Lj)JW + w(t)[.z yjiwi(t) +_>_3 onijoiwmi'(t)]wa
i=1 i=1
+ AL (B)L.lw, (B)L. + w_ . (£)1W(t)J
3()3[3()3 thJ()]()WW
n
+ I (a.68)

1=1"3"15% 1w
j = l, 2,...,1’1.

Therefore, Equatiors (A66) and (A.68) describe two correlated linear systems of
equations fromwhich it is possibl)e to determine the demand functions for

bonds and equity and then'derive the equilibrium instantaneous conditional
expected rates of return. Whilst such a derivation is conceptually simple,

it is, unfortunately, mathematically very tedious. The complexity of the
solution arises from all the covariance terms., It is, however, these terms
which reflect the eff..ects of bankruptcy upon the structure of returns.

Define the following (nxl) vectors

@y = o 'r"f%;; ‘
-{E}j{: -r-x- Aij : (n.69)
| {y_vl}j = W(t)w, (t);
'{v_vQ}j = Wit ()

and
{g}j =I5

i=1, 2, n,

and the following (nxn) matrices

-{Ez}ij = 0440
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{_):_3}ij = YiP34947
(T35 = viny5857
{z - a.n, G.3
{—S}ij = ojnl,n+jGi
{r}.. = L.5..;:
=1) J 1]
and
A}, =28, .
{__}lJ 1833 (A.70)
i,j =1, 2,..4,n,
where
Gij = 1l; i=j,
0; i#j.

There, in matrix notation the set of equation described by (A.66)

can be written in the form

= -1..
0= Jw a + (Z L 54)2 ‘
i (Zo¥, - Lfli w + T w, - L_lZ w.), (a.71)
=222 = 23— S3-1 = =-l
and Equation(A.68) in the form
0= JWE-+ qu
-I-J (Zwl+£3v_._r_2 +'l££y_l +.)_\_£w_2). (A.72)
This set of equations may be written in a more compact form:
=. A.73
Hya + D H, D,w, +D; oY) ( )
and
Hie + DyH, = Dpy¥y + Dp¥,e (A.74)



where
D, =1~ Eflzl;
é—lé =L - _1;123;
.D_21"§.1+l.1.‘.._7
D, =AL+ L3
D, =.§.3 _E'-l_z_:47
D, =Ly
Hl = -;fq; > 0;
and
) =-%w o,
3 T -

j=1, 2,...,n.

Thus the demand functions for equity are

¥y = HyE,(@a - Db, E,
and for bonds
| -1
w = HE e - DpDyya) + E) By -
where
~ -1 .21
Ey = @y = D000 T
and

= (D D.D 1D y~L

Ey = By, = DyDyDy)

-1
p,0le) + E,(, - DD

D,D; 0308,
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To derive the expression for the equilibrium instantaneous expected

rate of return for equities, consider Equation (A.75) which can be written in

the form



k k ) -1
!2 = HlEz(a - —1 21c) + E (D - Dl_Ql_q)Hz
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(A.77)

: th . . s
where the superscript k denotes the k individual. Summing over all indivi-

duals, the aggregate demand functions for equity can bederived and the in-

stantaneous market equilibrium condition used. Let ASE be a (nxl) vector

describing the aggregate supply for equity; that is, {ASE}j

j = 1’ 2,...,1‘!. Henée,

. S | -1
ASE =B, (@ = DyDyye ) + B0y = 3Dy D)3,

1 -1 -1 _. _ -1 1
2T AT BEF DBy 70y 7 DyDoyDy) BT R
where
k
I I J
A=t HJ; =k - ;kv!" ’
k=1 k=1 W
and

"
I I g,

{1\2}j = H’;j T ;ﬁﬂ .
k=1 k=l I

n+3

iP5 (t),

(A.78)

For bonds a similar relation can be determined. From Equation (A.77)

h

the demand functions for the kt individual can be written in the form

k k -l _1:
4 = ME (e - DY) +E (@, - DDDO,
and thus '
1 -1 -1 . ol 1
c= A E,” AsB + D,D,,a = (D, = D;D,y5D,) Ay A,
where
g .
{ASB}J ij (t),

= l’ 2,...,“-

¢
J.
!

(A.79)

(A.80)
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Equations (A.78) and (A.80) describe the equilibrium instantaneous
conditional expected rates of return for equity and bonds, respectively.
The equations are not, however, independent of the preference structure of

individuals due to the presence of the terms A and'{ég}j, i=1, 2,...,n.

1

Whilst it is possible to eliminate ‘these terms, the resulting complexity and
general lack of insight that results does not warrant the effect. Soﬁe in-
sigﬁt can be gained by assuming that, except for one firm, there are no
stochastic changes.in the rate of the probability of bankruptcy; this is
equivalent to assuming that the stochastic changes in the rate of the prob-

ability of bankruptcy for this one firm act as an instrumental variable. For

convenience, call this firm the nth firm. For this case, A2 is now a scalar

quantity and 24 and ES will be (nxl) vectors, which implies that 23 and 24

will be (nxl) vectors,
Let M(t) represent the total market value of all equity
. : n -

M(t) = I N .p.(t);
(t) R n+JPJ()

and Yj(t) represent the proportion of the total value of the jth firm's equity
to the total market value of all equity; that is Yj(t) = Nn+jpj(t)/M(t)°
Define a (nxl) vector Y such that-{z}j = Yj(t),j =1, 2,...,n. Thus, substi-

tuting into Equation (A:78) gives

A A
_M -1 2 -1 2
252 l3—2 ¥ 23 + 21221 (c + 9.4) ' (r.81)
1 1 . 1
which may be written in the scalar fomm
...j_ - M 2 A ]
a, - r - = = L E. Y. (t) - —o., - LY + I e..y
. A = .
3 LJ p F173id Ay JA LJ o 3 i
n

+ L e. . (r, - r -\,L,),
gop I i i“i
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where
. -1
851 =15 = ByDyD by
S |
©51 = (24Rytyy0

n

ojA ojnn,_n+jGn'

0 = .n oG L ]
Y4a YJ n,j n
j = l, 2,...,!1.

Multiplying the above equation by Yj(t) and summing over j gives

- M n n A2 ’ n n
H-r-x= =— [k I Y. (t)E., .Y (t) - =—=(6., - + I T Y.(B)e..v..)
Al j=1 i=1 J jiti Al MA MA j=1 i=1 j ji ix
n n .
+ I L Y.(t)e, . (r, - r - ).L.), (A.82)
j=1 i=1 ji'ti i7i
where
n
o, = L Y,{t)o..,
mooyoy 3T
and
h Y.
y = I Yo 22
MA  j=1 J 3

The preference structure can be removed from Equation (A.82). The

equity of the nth firm must satisfy Equation (A.81), that is

r -r Y 2
. *n M n 2 - .n z )
QA - - [ T £ .Y, (t) - "_'-(o'nx L + enlYiA
n Ln Al i=1 ni’i Al n i=1 :
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which can be written in the form

r.-r, M .A2
a - r - - € = m—g -==46 ., (A.83)
n Ln n Al nM Al nA
where
' n
€y = .Z eni(rl -r - AiLi)
i=1
and .
Y n
n\
S %t L eV
: n i=1 :
From Equation (A.83) we have the relationship
A, .
" - M 2.2
U =-r-x M = 2 % " % SMA' (A.84)
1 1
where
n n
€y = z z Y.(t)G_i(r. -r - A.Li);
j=1 i=1 J . .
n n
§ . =0 =y + I I Y, (t)e,.v..;:
MA MA TMA =1 i=1 j ji'ix
and
5 n n
g, = I LY. (£)8..Y.(t).
SR i
' M A
From Equations (A.83) and (A.84) it is possible to solve for (X—O and (X—O and the
1 1

results substituted into Equation (A.81) to determine the instantaneous condi-

tional expected rate of return

r -r g, 8§ -8 02 -r -
kT L em Tl T )
k Ly k o) n L €n

n

K Y- =X =€), (a.85)
k=l, 2,...,!1-1- Q "
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where

A similar result holds for the bond equation (A.80) which may be

written in the scalar form, using Equation (A.41),

M n A2 n Yik
r.-r - A.L, = I JE..X (t) - =—=~[y., - I (0, = =—)]
j 33 51 =1 ; jivi Al A i=1 173i'7ix L
(A.86)
n r,-r
+ I .e,.(a, -~ r - ),
1=ll ji Ll
ji=1, 2,...,n.
Let .
n ..ri“r_
e, = I .._( - )r
173 i=1 173311 Li
and
n Y,
il
€.y = Yy - I je..(o0n, - =),
173A A i=11 ji da Li
i=1, 2,...4n,
and thus Equation (A.86) may be written
M_ n A2 3
r =T - AL - e =2 3 1551%; () - a1 3 (.87)
J 3 J 1 i=1

j = 1, 2,...,n.

Multiplying Equation(A.87) by Xj(t) and summing over j gives, using Equations

(A.42) and (A.44)

M A
S B2 2
w r Y 15M = 1 YM Al GMA' (A.88)
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where

2 n n

Y, = L LX, (t) £, X (t),

B gmpam ) 13
and

n
) = I X.(t)S.,.
MA j=1 j A

. sos th _.
The instantaneous conditional expected rate of return for the n firm's

bonds must also satisfy Equation (A.87); that is,

. 'MB A2
n r- knLn - 1€n = Z—'YnM TR, lanl' (A.89)
X 1
where
n
Yo = .Z lEnixi(t).
i=1
_.MB A,
Equations (A.88) and (A.89) can be used to eliminate (X—J and (K—O in Equation
1 1
(A.87) to give
2
§ y.. = 8. v>
_ 4l n M 1752 'M, - _ -
:r:j r Aij lej = ( Ql ,(rn r AnLn len)
1% M T B nYim
( Y{(m - -y - _€), (A.90)

0, 1°M
j = l, 2’.-u'n-1'

where

2

Sur = 15T

Q= Y



APPENDIX B

NAMES OF BANKRUPT FIRMS

NAME
Atlas Sewing Center
Avien Incorporated
Barcalo Manufacturing Company
Barchris Construction Corporation
Betteringer Corporation
Bishop 0il Company
Bowl-Mor Cbmpany
Buckner Industries Incorporated
Davega Stores Corporation
Dejay Stores Incorporated
Dilbert's Quality Supermarkets Incorporated
Erie Forge and Steel Corporation
Fashion Tree
Gilbert (A.C.) Company
Goebel Brewing
Grayson-Robinson Stores Incorporated
Great Western Producers Incorporated
Guidance Technology Incorporated
International 0Oil and Gas Corporation
Keystone Alloys Company

Marrud Incorporated

218

DATE OF BANKRUPTCY

1962

1964

1965

1962

1961

1961

1966

1967

1962

1962

1962

1969

1968

1967

1964

1962

1965

1962

1965

1966

1966



NAME
McCandless Corporation
Muskegon Motor Specialties Company
National Vvideo Corporation
Okalta Oils
Polycast Corporation
Precision Radiation Instruments Incorporated
Premier Albums Incorporated
Puerto Rico Brewing Company Incorporated
Trans-United Industries Incorporated
United States Chemical Milling Corporation
Vinco Corporation
Webcor Incorporated

Yuba Cohsolidated Industries

219

DATE OF BANKRUPTCY
1968
1961
1969
1961
1966
1963
1968
1969
1963
1962
1963
1967

1961
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