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Abstract

This thesis consists of three independent essays in the area of production and inventory manage-
ment.

The first essay is concerned with a competitive equilibrium production-inventory model with
application to the petroleum refining industry. We first examine an individual firm controlling pro-
duction and inventories and facing uncertain raw material price, finished goods price and operating
costs. The firm maximizes the expected discounted profit over an infinite horizon. We show that
the loptimal control is of a threshold type. Next, we consider an economy with many raw material
suppliers, production firms and consumers. Both the supply and the demand are uncertain and
price-sensitive. We establish and characterize the rational expectations equilibrium price process
for this economy, and further derive the equilibrium in an explicit form for a special economy. Fi-
nally, we simulate the equilibrium model to reproduce some stylized facts of the petroleum refining
industry and fit the model with actual data.

The second essay studies an inventory system that supplies price-sensitive demand modeled by
Brownian motion. The optimal pricing and inventory replenishment decisions under both long-run
average and discounted objectives are derived, and related to or contrasted with previously known
results. In addition, we emphasize the interplay between pricing and replenishment decisions, and
the ways in which they reacf to the demand uncertainty. We show that the joint optimization of
both decisions may result in significant profit improvement compared to the traditional method
of making decisions separately or sequentially. We also show that multiple price changes result in
only a limited profit improvement over the optimal single price.

In the third essay, we examine the inventories of publicly traded American manufacturing
companies between 1981 and 2000. The median of inventory holding periods were reduced from

96 days to 81 days. The average rate of inventory reduction is about 2% per year. The greatest

reduction was found for work-in-process inventory, which declined by about 6% per year. Finished-




il

goods inventories did not decline. Inventory holdings significantly affect firms’ long-term stock
returns. Firms with abnormally high inventories have abnormally poor long-term stock returns.

Firms with slightly lower than average inventories have good stock returns, but firms with the

lowest inventories have only ordinary returns.
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Chapter 1

Introduction

1.1 Motivation

Recent decades have seen substantial and growing theoretical research in the area of production
and inventory management. Researchers examine real management problems, construct analytical
models to address issues, and provide salient insights for better operations management. Empirical
research in production and inventory management is significantly different in nature from most
theoretical research. Researchers observe a phenomenon, explore existing theory, develop hypothe-
ses, and collect data or conduct experiments to test the hypotheses. Fisher (2005) reviews a few
pioneering empirical research works in operations management, and calls for an acceleration of
empirical research in the area of production and operatiohs management,.

Through three independent essays, this thesis explores the optimal control theory of production-
inventory systems and conducts empirical analysis that either supports the theory or describes
inventory behavior that is of general interest in the area of production and inventory management.

The first essay (Chapter 2) establishes an equilibrium model for production, inventory and
price behavior based on the firm-level optimal control theory for production-inventory systems.
This essay then tests the theory empirically using data from the petroleum refining industry.

The second essay (Chapter 3) proposes a new demand model and prescribes optimal pricing
and replenishment control strategies for an inventory system.

The third essay (Chapter 4) documents some basic empirical findings related to the inventory

time trend and the relationship between inventory performance and financial performance of U.S.

manufacturing companies over the past two decades.




1.2 Research Framework
The thesis can be summarized using a framework of research subjects, as depicted in Figure 1.1.

Figure 1.1: Research framework

What are the implications of

/ Firm-Level Model \ / Industry-Level Model \

o the firm-level model at the T
(Prescriptive) industry level? (Essay 1) (Descriptive)
What is the optimal control for a How do production, inventory
- . production-inventory systems? < and price evolve over time?
What operational insights can
(Essay 1 and Essay 2) be gained from the industry- (Essay 1)
j level model? (Essay 1) K /
7'} 2
Do data justify the Do data fit the
assumptions? description?
(Not in thesis) (Essay 1)
/ " Firm-Level \ / Industry-Level \
' Empirical Analysis Empirical Analysis
What did firms actually do with : What is the inventory behavior at
their inventory? the industry level?
(Essay 3)

k J k (Essay 1) J

Optimal control of production and inventory at firm level

Theoretical work in the area of production and inventory management generally focuses on questions
such as when and how much a firm should produce, how much inventory should be held, what price
a firm should charge, and so on. These theories are prescriptive in nature.

The first essay begins with a production-inventory control problem under uncertainty. We
* examine how a firm should control its production and inventory under stochastically evolving raw
material and finished goods prices. This is essentially a continuous-time optimal control problem.
Using the classical optimal control theory, we explore the structure of the optimal policy.

The second essay, on inventory control and pricing strategies, also belongs to the prescriptive

model category. We consider how a monopoly firm controls its input by managing inventory

replenishment, and controls its output by charging varying monopoly prices based on its inventory




levels.

Building an industry equilibrium model based on firm-level optimal control theory

It is intriguing to contemplate what industry-level implications can be derived from firm-level
production and inventory theories. In other words, based on the firm-level production-inventory
control models, can we explain industry-level behavior, such as the evolution and dynamics of
production, inventory and price?

In the first essay, based on the firm-level optimal control of production-inventory systems, we
develop a competitive rational expectations equilibrium that describes the dynamics of industry
inventory level, production level and market prices. We provide a general method for finding
equilibrium prices, inventories and production processes. Furthermore, we prove the existence and
uniqueness of the equilibrium under specific settings.

The approach used here also exists in other research areas. In finance and economics, many
competitive (rational expectations) equilibrium models have been developed based on certain indi-

vidual decision problems, such as the portfolio choice problem and the income allocation problem. .

Understanding firm-level operations based on industry equilibrium

It is also an intriguing question whether additional firm-level operational insights can be gained
from the industry equilibrium model. | _

In the first essay, the industry equilibrium model describes how market prices evolve over time.
This helps an individual firm estimate the change of value (appreciation or depreciation) of its
assets (i.e., the inventories held), and estimate the opportunity cost of capitalv tied up in inventory

and production investment, thereby making better operations decisions.

Industry-level empirical analysis

Once we have a theory that describes the industry-level production, inventory and price, we can
verify whether the data fit the description. A natural question arises: if the descriptive theory

is developed under the assumption that all of the individual firms use the optimal control, then

how can the data fit the description if most firms in reality deviate from the optimum? Note that




deviation could be mitigated by aggregation. Too little inventory in one firm might be compensated
by more at another, so that overall inventory levels remain largely unaffected.

In the first essay, we simula‘cé the evolution of the equilibrium based on the descriptive theory,
and generate rich inventory and price patterns. Many of these patterns are actually observed in the
data from the petroleum refining industry. To explain the actual inventory and price fluctuations,
the equilibrium conditions are fitted with the actual data from the petroleum refining industry.
The results demonstrate that the estimation captures insights consistent with other known results.

For example, significant convenience yield is identified by the model.

Firm-level empirical analysis

Firm-level empirical analysis is more difficult to conduct due to challenges in data gathering. How-
ever, the publicly available data can be significantly valuable if exposed to the right empirical
research questions. The third essay analyzes the inventory data and the stock return data of all
publicly traded U.S. manufacturing companies over two decades. The research documents the in-
ventory time trend and the relationship between inventory performance and long-term financial
performance. No theory that currently exists can be perfectly matched to the findings in this essay.

Empirical research at the firm level also provides support and justification for the model as-
sumptions. This thesis does not elaborate on model assumption validation, but we include it in

this framework for completeness.

1.3 Summary of Contributions

The first essay makes two main contributions to the production and inventory management area.
First, it extends the reach of the traditional production and inventory management theory to the
study of industry dynamics and price formation. This approach may be applied to other kinds
of production and inventory management theories, thereby extending the impact of the area to
other research fields. Second, indirect validation (simulation) and direct validation (empirical test
using actual data) of the theory is conducted. The use of empirical analysis to support the theory

significantly improves the viability of the theory.

The contributions of the second essay arise from its innovative approach of using the Brownian




demand model to study the joint pricing and inventory replenishment problem. First, the Brownian
demand model allows us to explicitly and naturally illuminate the impact of demand variability
on the optimal pricing and replenishment decisions, whereas results along this line were previously
limited to only a few numerical studies. To the best of our knowledge, our study is the first
analytical examination of the ifnpact of demand variability. Second, we derive an upper bound for
the profit improvement generated from using the dynamic pricing strategy compared to a static
strategy. We find that dynamic pricing results in only a limited profit improvement over single
price strategy (when both are optimally defermined). The relative profit improvement, however,
becomes more significant when the profit margin is low. This result is consistent with the numerical
results found in the literature.

The third essay establishes two basic empirical points about the inventory holdings of U.S.
manufacturing firms over the 1981-2000 period. First, we show that the broad population of
manufacturing firms in the U.S. did significantly reduce their inventories. This reduction was
particularly marked for work-in-process inventory. Second, we examined the association between
abnormal inventory and stock market performance. In the cross-section, abnormal inventory has
no effect on the market-to-book ratio or Tobin’s q. Over the longer term, inventory does seem
to matter. Firms with abnormally high inventory have poor long-term stock market performance.
Firms with low, but not extremely low, inventory have unusually good long-term stock market
performance; however, firms with the lowest levels of inventory have only ordinary performance.

These stock market returns are not accounted for by the conventional financial risk factors.

References

Marshall L. Fisher. 2005. What can we learn about research style from physics, medicine and

finance? In-Sizteenth Annual Conference of Production and Operations Management Society,
Chicago, IL.




Chapter 2

Optimal Control and Competitive
Equilibrium of Production-Inventory
Systems with Application to the
Petroleum Refining Industry™

2.1 Introduction

According to the Energy Information Administration, in January 2005, 148 operable refineries were
in the U.S. with a total crude distillation capacity of 17.1 million barrels per day. The capacity
utilization was 91.3%. The crude oil and petroleum products inventory totaled 1.65 billion barrels
in Jaﬁuary 2005. In the past a few years, the oil price has become more volatile and extreme
movements are also exhibited. Inventory, among many factors, has long been recognized as an
important contributor to oil price movements. Zyren (1995) and Ye et al. (2002) statistically
identiﬁed inventory as being one of the most important variables in explaining short-term crude oil
and petroleum product price movements.

This chapter studies the petroleum inventory and price dynamics under a competitive rational
expectations equilibrium, and fits the model with actual data. We first consider an individual
firm (refinery) making procurement, production, and sales decisions under uncertain raw material
(crude oil) price, finished goods (petroleum products) price, and operating costs. The costs include

inventory holding cost, production cost, and some other operating costs. The firm maximizes

* An earlier version of this chapter was awarded the First Prize in the 2005 Student Paper Competition of
the Manufacturing and Service Operations Management Society at the Institute for Operations Research and the
Management Sciences (INFORMS).
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the expected long-run discounted profit. Next; we consider an economy with many raw material
suppliers, production firms, and consumers. Both the supply and the demand are uncertain and
price-sensitive. The rational expectations equilibrium is established. We simulate the evolution of
the equilibrium and study its implications for the price and inventory dynamics. We finally fit the
theoretical model using the actual data. |

Our work is related to several areas of research. The first is the optimal control theory with
application to manufacturing systems that range from single machine systems to flexible manufac-
turing systems. The uncertainties in these systems, including machine failures, repairs, and random
demand, are typically modeled as Markov chains or diffusion processes. Various criteria are studied,
including discounted costs, long-run average costs, and risk-sensitive criteria, with the objective to
find optimal or near-optimal control policies. Fleming, Sethi and Soner (1987) consider a class of
discounted optimal control problems with uncertainty governed by a continuous-time Markov chain,
and then apply the framework to a production-inventory control problem with demand uncertainty.
Akella and Kumar (1986), and Bielecki and Kumar (1988) consider the production rate control for
a single failure-prone machine facing constant demand stream. The authors show that the optimal
production control is of a threshold type. Sethi et al. (1992) consider a manufacturing system with
both capacity uncertainty and demand uncertainty. Presman et al. (1997) further study the opti-
mal control of jobshops. It is also possible to model uncertainties as diffusion processes. Pioneer
works include those by Karatzas (1980), Harrison and Taksar (1983), and Harrison et al. (1983).
The reader is referred to Sethi et al. (2002) for an extensive survey.

The second area that is related is invenfory managemenﬁ under price and cost uncertainty.
Scheller-Wolf and Tayur (1998) consider a periodic-review inventory system with capacitated order
quantity. The cost parameters depend on the exchange rate which is modeled as a Markov chain.
For the uncapacitated situation, Gavirneni (2004) shows that the order-up-to policy is optimal
when the unit purchasing cost is fluctuating according to a Markov chain, and provides conditions
under which the optimal order-up-to level decreases in the unit purchasing cost.

- Petroleum inventory and price behavior have been studied extensively in the economics litera-
ture. Pindyck (1994) studies the optimal production and inventory control of a price—taking firm.

The firm is treated as a representative agent of the industry, and the first-order conditions are

estimated using industry-level data for heating oil and other commodities. The results suggest




the existence of significant convenience yield (the flow of benefits to inventory holders). Consi-
dine (1997) extends Pindyck’s model to include a multi-product cost structure and applies it to
the petroleum refining industry. Considine and Larson (2001) formulate a firm’s problem as a
continuous-time production and inventory control problem and further estimate the optimality
equations using crude oil data. All of the above works do not study the evolution of the price.

Rational expectations theory (first proposed by Muth, 1961) has been fruitful in studies of
price evolution of storable commodities. In this approach, firms make decisions based on their
belief about the price process. A rational firm adopts a belief that is consistent with the market
equilibrium price process. The goal of this area of research is to explain the market backwardation
phenomena (futures prices below spot prices) observed in many commodity markets. Williams and
Wright (1991) provide a comprehensive review of the pioneering efforts in this area. In the basic
model, producers sell harvest to the storers in each period and then decide how much to invest
for the next period’s harvest. The storers decide how much to sell and how much to carry over
to the next period. The consumers’ demand is price-dependent. Both producers and storers are
price-taking competitors and hold rational expectations. Williams and Wright (1991) also extend
the basic model to include two commodity markets, where one commodity can be transformed to
the other via transportation or production. Deaton and Laroque (1992, 1996) simulate the basic
model in an attempt to reproduce some of the stylized facts of commodity price behavior, and
to test some of its implications. Routledge et al. (2000) further investigate the implications of
the competitive storage model to the term structure of forward prices. Cafiero and Wright (2003)
provide an excellent review of the gaps between theory and empirical evidence, and call for a
consolidated and reliable theory of production, demand, and storage.

Rational expectations equilibrium models have been recently adopted in the supply chain re-
search. Tayur and Yang (2002) study a natural gas supply chain, in which a competitive market
and an oligopoly market are connected by a pipeline monopolist. They introduce the rational ex-
pectations into an oligopoly game and further study the equilibrium in the supply chain. More
recently, Sapra and Jackson (2005) study an equilibrium model of a supply chain in which the buy-
ers purchase capacity in a competitive capacity market and sell to the end consumers. The forecast

for consumer demand is modeled using a continuous-time martingale model of forecast evolution.

The buyers’ decision regarding the rate of purchase depends on their expectation for the future




prices. This is where the rational expectations theory is used to determine the price evolution.

In this chapter, we first characterize the firm-level optimal controls under price'and cost un-
certainties, and then study the rational expectations equilibrium price and inventory behavior. At
the firm level, we analyze a continuous-time production and inventory control problem in which
raw material price, finished good price, and operating costs are modeled as diffusion processes.
By controlling the rates of inflow, production, and outflow, the firm maximizes the expected dis-
counted profit over an infinite horizon. We prove the optimality of certain threshold type control
policies. At the economy level, the fluctuations in inventory, price, and production originate from
the uncertainties in demand and supply. The dynamics of price, inventory, and production under
the rational expectations equilibrium is characterized by a set of equations that describes certain
operational trade-offs. We provide a general procedure to determine the inventory and price dy-
namics for both raw material and finished goods, and then derive the equilibrium in explicit form
for a special economy.

To assess the empirical usefulness of the equilibrium theory, we next study its implications for
the behavior of the price, inventory and production. We simulate the industry equilibrium of the
special economy under various settings. We find that the simulated equilibrium price and inventory
processes exhibit some patterns that are observed in the actual petroleum industry data. Finally,
we fit the theoretical model using the actual data. The‘ results generally support the theoretical
model.

The rest of this chapter is organized as follows. Section 2.2 analyzes the firm level optimal
control problem. The competitive rational expectations equilibrium model is developed in section
2.3, and explicitly solved for a special economy section 2.4. Section 2.5 discusses simulations of the
equilibrium model, and section 2.6 presents the results from fitting the model with the data. We

conclude the chapter by pointing out several possible extensions in section 2.7.

2.2 Individual Firm’s Problem

2.2.1 Problem Setup and Optimality Conditions

We begin our analysis by considering a competitive firm’s production and inventory control problem.

Let t € [0,00) index time, and let k; = [kiz] € £ C R™ denote the vector of n exogenous factors,




10

such as economy growth rate, interest rate, inflation rate, exchange rate, weather conditions, etc.

The factors are governed by a stochastic differential equation of the form:
dk; = po(kt)dt -+ (Yo(kt)dwt, (21)

where p, = [po;] is an n-dimensional vector function, og = [og5] is an n x m (m > n) matrix
function, and w; is an m-dimensional Wiener process.
Let p; = [pit, pat]T € R2, where py; is the raw material price and py; is the finished gobds price.

The prices follow a diffusion process determined by the following stochastic differential equation:

dps = u(ps, ke )dt + o (pe, ke )dwy, (2.2)

where p = [uy, po]" is a two-dimensional vecfor function and o = [oy;] is a 2 x m (m > 2) matrix
function. We assume that p,, 0¢, 1, o satisfy growth and Lipschitz conditions such that (2.1)-(2.2)
with any given initial data has a pathwise unique solution. (See Fleming and Soner 1993 and the
references therein.)

The firm takes (2.1)-(2.2) as exogenously given. At any time ¢, the firm chooses a control
e = (¢, @, 8;) from a compact set U = [\, ] x l¢,q) x [s,9] C %i, where A; is the rate of
procuring raw material, s; is the rate of selling finished goods, and ¢ is the production rate. Let
Xy = [T1e, wo¢]T € R? be the firm’s inventory level, where z1; is the raw material inventory level
and zo; is the finished goods inventory level. We assume without loss of generality that one unit of

raw material yields one unit of finished goods. Then, the flows must satisfy the following balance

equations:

dz1, = (A — qu)dt, dzor = (gt — st)dt. (2.3)

Figure 2.1 illustrates the production-inventory system under consideration.

Raw material Finished goods
inventory inventory
Procurement Production Sales

A i I i q i 9 i S

Figure 2.1: A production-inventory system

Let h(x, k) denote the physical cost of holding x units of inventory per unit of time under factor
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k. This includes the cost of maintaining the storage facilities, but does not include the opportunity
cost of capital tied up in the inventory. The latter is accounted for by the firm’s discount rate, and
will become explicit in the equilibrium conditions later in this chapter (see equation (2.31)). Let
9{(q,x, k) denote all the other operating costs per unit of time when the production rate is g, the
inventory level is x, and the factor is k. Thus, h + g is the total operating cost rate function. We
assume that the operations adjustment cost is zero.

Inventory levels are often required to be within a certain range. This can be modeled into the
cost structures: (g + h)(x,k) — oo as x approaches to certain boundary. Let O = {(x,k) € R"*2:
g(x, k) < 00, h(x,k) < oo}. Let 7 denote the exit time of (x4, k;) from O, or 7 = 00 if (x4, ki) € O
for all t > 0.

The firm maximizes its discounted profit. Let p(k;) be the firm’s discount rate at time t. For

example, p(k;) can be just the interest rate, a component of k;. The cash flows occurring at time

t should be discounted by the following factor:

th/o p(ky,)du. (2.4)

We further assume that R, satisfies the growth condition: litn_l) glf Ry/t = C4, a.s. for some Cy > 0.
This ensures that the long-run expected discounted profit is finite.

Let us restate the problem in a more systematic way. Let (£, F,P) be a probability space, and
{F: : t € [0,00)} be a collection of g-algebras with F; ¢ F, C F,Vs < t. The m-dimensional
Wiener process w; is Fi-adapted on [0,00). The state (x;, py, ki) evolves according to an R"+4-
valued process given by (2.1)-(2.3). Let @ = {m; : t € [0,00)} denote a contfol_process, and let
A denote the set of admissible controls, i.e., the set of all Fi-progressively measurable, U/-valued
processes 7 on [0,00) with absolutely integrable discounted profit. (The reader is referred to
Fleming and Soner 1993 for theoretic background.)

The firm’s problem is to choose T € A to maximize the expected discounted profit:

V(x,p,k) = sleli)1 Eg/0 e (stpgt — Mep1t — 9(qu, xe, k) — h(xt,kt)>dt (2.5)
1 d

subject to (2.1)-(2.4),

where EJ denotes the expectation with respect to the state process starting at (xo, po, ko) = (x, p, k)

and evolving under the control 7.

Note that the optimal control problem (2.5) has a state-dependent discount rate. Its Hamilton-
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Jacobi-Bellman (HJB) equation, which is derived in the appendix, is given by
p(K)V(x,p, k) = suB {spg —Ap1 — 9(g, x, k) — h(x, k) + (L"V)(x, p, k)}, x €0, (2.6)
mE

where the operator L™ is defined as
2

W P P o I b
L™ = (A—Q)é‘aﬂL(q—s)%‘FZma—iﬁ-Zuma—]ﬁ

+i znj by 4k Z i > b i (2.7)
a iJ n-i,n+3 9 o n+i,5 5 a7..? .

2 it ak Ok; byl Op; 8p] 127521 Op;0k;

where b;; = (ZET7);; and BT = [6],07]. The HIJB equation is considered with the growth

condition:

tli)l{.lo e E, [xe<r V(%7 pis i) = 0.

The maximization problem is partially separable (this is partial because the value function is

unknown): '
M(x,p, k) = arg /\21[11}] { (BV(;( P, k) ))\} (2.8)
¢(x,p,k) = arg htr {(av(;c’cf’ b _ av(gg’ k))q - 9(¢:x, k)}, - (29
s*(x,p, k) = arg 521[1;,)5] {(pg - %?—19—)8} (2.10)

The optimal control for the procurement rate has the following properties. Whenever the input
price pp falls below its marginal profit 0V/dz1, the firm purchases input to fill its inventory at the
maximum rate A. If the input price is higher than its marginal profit, the firm operates under the

minimum input rate A (stops input if A = 0). A similar property holds for the finished goods.

2.2.2 Properties of the Value Function

We state some assumptions on the cost functions, thereby obtaining more properties of the value

function and a more structured optimal control.

Assumption 2.1 Inventory holding cost h(x,k) is strictly convez and increasing in x. The other

operating costs function g(q,x,k) is strictly convez in (q,x), decreasing in x and increasing in q.
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The function g(q,x,k) represents all operating costs except the holding cost. It includes pro-
duction cost, production scheduling cost, product delivery cost, etc. These costs are particularly
high when inventory levels are very low, as raw material inventory that is too low can cause glitches
in production and scheduling, and finished goods inventory that is too low would necessitate over-
time shifts and/or expedited delivery. Brennan (1958) and Pindyck (1994) document the evidence
on the convenience yield iﬁ various commodity markets; the latter explicitly defines the marginal
convenience yield as the reduced cost of a marginal unit of inventory. In our model, similar to

Pindyck (1994), the marginal convenience yield of inventory z; is —dg(q, %, k)/0x;.

Proposition 2.1 Under Assumption 2.1, V(x,p, k) is strictly concave in x for any initial price p

and factor k.

Proof. For initial inventory levels x® # x°, let m® = {7 = (x\?,qf','s?) :t>0} and M = {r} =
(X0, gb,s8) > 0} be the corresponding optimal controls, and let {xff1 it > O} and {x’t’ it > O} be
the corresponding optimal inventory processes. .

Now consider the initial inventory x° = (x®+x%)/2, and apply a policy 7t¢ = {nf = (), ¢f, s§) :
t > 0} with Af = (A\f + A2)/2, ¢f = (¢f + ¢?)/2 and s§ = (s + s2)/2. It is clear that 7° is an
admissible control. From the balance equations in (2.3), the inventory process starting from x°

_controlled by policy 7° is x§ = (x¢ + x2)/2. Thus, we have
V(xca P k) 2 E/ e_Rt [sgth - /\gplt - g(qtc’ xc, kt) - h(Xf, kt)] dt
0

1 T
>3 E/o e [(3? + D)2 — (AF + X)p1 — g(af, x¢ k) — g(gl, %2, ke) -

—h(x%,k,) — h(xf,kt)]dt

= %[V(x“,p,k) +V(, p’k)]’

where the first inequality is due to the fact that 7t¢ is admissible but not necessarily optimal, and
the second inequality is from the definition of m°, x¢ and the strict convexity of g and h. This

proves the strict concavity of V(x,p,k) in x. 1

| Assumption 2.2 ¢(g,x,k) = g1(q,k) + g2(x, k). Both ga(x,k) and h(x,k) are supermodular in

X.




14

Intuitively, the supermodularity implies 3%2(—%%) < 0 (assuming differentiability), which means
that the marginal convenience yield of holding raw material will decrease if more finished goods are
available. The supermodularity of h means that the marginal holding cost of raw material increases

as more finished goods are in storage.

Proposition 2.2 Under Assumption 2.1 and 2.2, V(x,p,k) ts submodular in x for any initial
price p and factor k.

The proof is in the appendix. The submodularity of the value function implies that the marginal
value of one type of inventory decreases when the other type of inventory accumulates.

The last property of the value function is based on a concept defined as follows.

Definition 2.1 A real-valued function f(x1,z2), (x1,22) € R2, is said to have increasing substitu-

tion in x1 if
flaf — 0,22 +6) — f(af,22) < f(a:ll’ — 0,9 +90) — f(:v’{,:cg), Vi < :Ell’,(S > 0.

f is said to have decreasing substitution in x1 if -f has increasing substitution in x;. Let

f(xo,z1) = f(x1,22). f is said to have increasing substitution in xo if jT has increasing sub-

stitution in x.

Assumption 2.3 g(g,x,k) = g1(q, k) + g2(x,k). Both ga(x,k) and h(x,k) have decreasing sub-

stitution in both x1 and xs.

o~

Notice that if we define f(y,z2) := f(y — 22, z2), then the inequality in Definition 1 implies
thatkf(y, x2) is supermodular in (y,z2). Hence, an equivalent definition of increasing éubstitution
in x; is that f(y, x2) is supermodular in (y, z2). But the notion of substitution becomes useful in
the context where production is considered as a transformation process that substitutes one type
of inventory for the other. If § amount of raw material is substituted for (produced into) the same
amount of finished goods, then the operating cost changes by (g2+h)(z1—6, T2 +8)— (g2 +h)(x1, T2).
Assumption 2.3 implies that this change in the operating cost is decreasing in z; and increasing in
Za, which means that production is more desirable when the firm has more raw material and less

finished goods.

The decreasing substitution property of the cost functions leads to increasing substitution of

the value function, as stated. in the following proposition. The proof is in the appendix.
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Proposition 2.3 Under Assumption 2.1 and 2.8, V(x,p, k) has increasing substitution in both z1
and xg for any initial price p and factor k.
2.2.3 Structural Optimal Control Policy -

Concavity of the value function gives rise to an optimal control policy of threshold type. Submod-

ularity and increasing substitution properties further characterize the thresholds.

Theorem 2.1 Under Assumption 2.1, there exist unique thresholds T:1(z2,p,k) and Za(z1, p, k)

such that the optimal procurement rate and sales rate are

A, if ©1 < ZT1(z2, P, k),

N(p. k) = Sxe NN, if o1 =Z1 (22, p, k), : (2.11)
A, otherwise,
5, if z2 > Ta(z1, P, k),

s*(x,p, k) = s € [s,3], if za = Za(z1,p, k), (2.12)
S, otherwise.

If the thresholds are finite, they are uniquely determined by
av(al, z2,P, k)

8331 = P1, ' (213)
8V(a:1a§2apak)

= ps. 2.14

v P2 (2.14)

Furthermore, under Assumption 2.2 and 2.3, and assuming T1(z2, p, k) and Za(z1, p, k) are differ- -
entiable in o and xq, respectively, then

< 851 (iEz, P, k)

1< <0, 1< 9z2(z1, P, k)

0z o1

Proof. From (2.8), A = \is optimal when Vixpld) p1, and A = A is optimal when oveepk) 1.
Ox1 Ox1

<0.

Due to the strict concavity of V, there exists a unique (possibly infinite) threshold Z1 (22, p, k) such
that the optimal procurement control is of threshold type (2.11). Moreover, if it is finite, the
* threshold 71(z2, P, k) is determined by equating marginal profit to price, which is just (2.13).
Similarly, we can show that the optimal sales rate and its threshold are given by (2.12) and (2.14),

respectively.
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To prove the trends of the thresholds, first differentiate (2.13) with respect to za,
aQV(fl, z2,D, k) @ + 82V(§1, z2, P, k)
8:5% 0xy 0r10xy
Under Assumption 2.2 and 2.3, we have

0*V (%1, z2, p, k) < O*V (Z1,z2, P, k) <o,
ox? = 0210z -

=0.

where the first inequality follows from the increasing substitution property of V', and the second
inequality is from the submodularity of V. Hence, 8Z1/8z2 must be within [—1,0]. The proof for

8T /0z1 € [—1,0] is completely analogous.

The strict concavity of the value function (Proposition 2.1) implies that V has different gradient
(with respect to x) at different inventory levels, which in turn implies that there is at most one
intersection of the two thresholds Zj(z2,p, k) and Za(z1,p,k). The last part of Theorem 2.1
further depicts the trend of the thresholds. Figure 2.2 illustrates the thresholds and the optimal

procurement and sales decisions for fixed p, k.

L2

/l'\l (:L'27 b, k)

a/'\2(:Ela b, k)

I

Figure 2.2: Optimal procurement and sales
(Thresholds are not necessarily convex as shown.)
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If the optimal production rate ¢* is in the interior of [g,q], then it follows from (2.9) and the

strict convexity of g that ¢* is uniquely determined by
y ot g

oV(x,p,k) 0V(x,p,k) _9g(¢",x k) (2.15)
Oxo 0z Oq ' '

If ¢* determined above is outside [¢,q], then the nearest boundary point is optimal because the
objective function in (2.9) is concave in q. Note that under Assumption 2.1, there need not exist
an inventory threshold for the optimal production policy.

To conclude this section, we comment that the thresholds are not easy to find because this
requires knowledge of the value function, which is typically difficult to compute. In the next

section, we will show that, under the competitive equilibrium, we can find the threshold without

even knowing the value function.

2.3 Competitive Rational Expectations Equilibrium

In this section, we consider the competitive equilibrium of an economy where the price p (taken to
be exogenously given by each individual firm in the previous section) is endogenously determined.

Equilibrium inventory and price dynamics are derived.

2.3.1 The Economy

We consider an economy with three types of individuals: raw material suppliers, producers (pro-
duction firms), and consumers. Two markets are present: a raw material market and a finished
goods market. The suppliers sell raw materials to the producers, who produce finished goods and
then sell them to the consumers.

A sufficiently large number of suppliers, producers and consumers exist such that they all behave
as price takers. Exactly how many individuals there are in this economy is not crucial. The crucial
assumption is that each individual’s decisions have negligible influence on the market prices and
factors. We also assume that neither suppliers nor consumers keep inventories, nor do they incur
cost of supply adjustment or consumption adjustment.

| We adopt the representative or aggregate individual approach that is commonly used in the

finance and economics literature. The problems of the aggregate individuals are presented below

with discussions about how the aggregate individuals are constructed.
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Let A(pi,k) be the aggregate supply function, which is strictly increasing in p;. The underlying
aggregate supplier’s problem? is
00 Ay
sup Eo/ e i (Atpu - A—l(q,kt)dQ> dt, (2.16)
{A} 0 0
where A~1(-, k) is the inverse function of A(-, k), interpreted as the aggregate marginal cost function.
Similarly, consumers’ utility maximization generates consumers demand. Suppose the aggregate
demand function is D(p3, k), which is strictly decreasing in pa. Then, the aggregate consumer’s
problem can be written as
e ] Dt
sup Eo/ e‘Rt< D™ (g, k;)dq — Dtp2t> dt, (2.17)
{D:} 0 0
where D~1(-, k) is the inverse function of D(-, k), interpreted as the marginal utility function.
Let X; = (Xi¢, Xot) denote the industry aggregate inventory level, and let II; = (A;, Qy, St)
denote the industry aggregate rates of inflow, production, and outflow, respectively. Similar to

(2.3), we have the balance equations at the industry level:
dX]_t = (At - Qt)dt, dXQt = (Qt - St)dt (218)

The aggregate production firm solves the following problem:

V(X,p,k) = sup Egl/o e~ (StPQt — Apry — G(Qr, Xy, ke) — H(XG, kt))dt (2.19)
IlcA

subject to (2.1), (2.2), (2.4), (2.18),
where EOH denotes the expectation with respect to the state prdcess starting at (Xo, po, ko) =
(X,p, k) and evolving under the control II = {II, : t > 0}, G(Q,X,k) and H(X, k) are the
aggregate operating cost functions, and A is the set of admissible controls with control space
U= (4,4 % [QQ] x [S,5].

Similar to (2.6)., the HJB equation for problem (2.19) is

POV (X, k) = sup {Spy — Ap1 — G(Q, X, k) - H(X,K) + (L"V)(X,p,K)},  (220)
eu

! The aggregate raw material supplier can be constructed as follows. Let j index suppliers, and let A4;; denote
supplier j's supply rate at time t. Supplier j controls the supply rate to maximize the expected discounted profit:
SUP(a,} Eofoooe_Ri (Ajtp1e — Cj(Aje, ke))dt, where C;(A,k) is the cost per unit of time of supplying raw material
at rate A under factor k. Assuming C;(A, k) is strictly increasing and convex in A, and assuming interior solution,
the optimal supply rate at time ¢ is determined by A;; = C’;”l(pu, k;), where C’g_l(-, k) is the inverse function of
Cj( k). Then the aggregate supply function is A(p1,k) = 3, C;;'l(pl, k), which is strictly increasing in p1 due to
the strict convexity of C;(-, k).
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where LT is defined as in (2.7) with 7 replaced by IT and x replaced by X.

The above aggregate production firm can be constructed as follows. We assume that N identical
production firms exist in this economy, where N is fixed and sufficiently large. All of the firms have
homogenous beliefs about the price and factor processes, and have the same cost structures and
initial inventory levels. Thus, they essentially solve the same problem (2.5) and choose the same
optimal control. Suppose an individual firm’s optimal control is 7t* and the optimal inventory level is
x*. Then, the aggregate inventory levels and the flows can be written as X* = Nx* and IT* = N7*.
Define the aggregate operating cost functions as G(Q,X,k) := Ng(%, %,k)_ and H(X,k) =
Nh(%,k). The control space is U= A4 x [Q,Q] x [S,8] := [NA,NA] x [Ng, Ng] x [Ns, N3].

It can be shown that IT* is optimal for the problem (2.19). Furthermore, the aggregate value

function and the individual value function are related as follows:
V(X,p,k) = NV(%,p,k). (2.21)

This aggregation result can be proved by scaling the controls and inventory levels in problem (2.5).

To save space, the proof is not shown.

2.3.2 Competitive Rational Expectations Equilibrium

We study the simultaneous equilibria in both raw material market and finished goods market.
Under an equilibrium, the total supply of the raw material equals the total industry demand (or
total procurement A decided by the firms), and simultaneously, the total supply of the finished
goods (or total sales S} decided by the firms) equals the total consumer demand. In general, the
equilibrium price that clears the markets is different from the firms’ belief about the price. To
determine the evolution of the equilibrium price, we invoke the rational expectations hypothesis

and formally define the rational expectations equilibrium as follows:

Definition 2.2 Let IT*(X*, p,k; u, 0) denote the optimal solution to (2.19), where the dependence
on the functional forms of p and & (i.e., firms’ belief about the price) is made explicit. A competitive

rational expectations equilibrium price process p* is a price process that evolves according to:
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and satisfies the following conditions for all t > 0:
Al ke) = AXG i ki w', 07), (2.23)
D(pa, ke) = S{(X{,pi,keu*, o). (2.24)

Equations (2.23)-(2.24) are the market clearing conditions. Note that the right side of (2.23)-(2.24)
is the firms’ collective behavior under their belief about the price in (2.22). This definition means
that the rational firms’ belief about the price is consistent with the market equilibrium price.

The definition of the equilibrium does not allow us to find the equilibrium easily, as the aggregate
controls depend on the value function, which is typically difficult to compute. Next, we investigate
several important equilibrium properties and provide an effective way of finding the equilibrium.

First, we make the following industry capacity assumption, which ensures that the industry is
able to absorb any possible levels of supply and demand (e.g., by building up or drawing down

inventories):
Assumption 2.4 A(-,-) € (4,4) and D(-,-) € (S, 5).

Similar capacity assumptions have been implicitly made by most of the works in the competitive
storage theory (Williams and Wright 1991, Routledge et al. 2000, among others) and in the eco-
nomics literature (Pindyck 1994, among others). In a discrete time situation, their models basically
assume that there is no limit on how much the firms can buy or sell in every period.

Assumption 2.4 implies that the equilibrium must not have extreme procurement rates (A4 or
A) or extreme sales rate (S or S), otherwise (2.23) and (2.24) cannot hold simultaneously. As all
firms are identical, this further implies that no firm will take extreme procuremenﬁ rates (A or \)
or extreme sales rates (s or 5) under the equilibrium. From Theorem 2.1, this can be the firm’s
optimal control only when the inventory levels are on the thresholds given by (2.13)-(2.14). That
is:

IV (x{,pf, ki)
0x; ’

In other words, the firm controls its inventory such that it always stays at the intersection point of

Py = i=1,2, ¥t>0.

the two thresholds depicted in Figure 2.2. An alternative interpretation of the above conditions is
as follows. If the raw material price falls below its marginal profit, then all firms will purchase raw

material at the maximum rate, which immediately drives up the raw material price until it equals
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the marginal profit. On the other hand, if the raw material price rises above its marginal profit,
all firms will purchase raw materials at the minimum rate, driving down the price until it equals
the marginal proﬁt.. This type of interpretation is often seen in the above-mentioned works. (See,
for example, Williams and Wright 1991, page 26).

The relation (2.21) implies that 8V (x}, p}, k¢)/dz; = OV (XF, pf, k;)/8X; for i = 1,2. Thus, in
each market, the eqLuhbrlum price must equal the marginal profit of the goods to the industry:

Pl = ?V—O(a—)l(w, i=1,2, Vt>0. (2.25)
The left side of (2.25) is a diffusion process, and the right side is also a diffusion process since
(X}, p;, ke) is a diffusion process and dV /8X; is continuously differentiable. Matching the drift
coefficients of the diffusion processes on both sides, we have

8‘7(X:‘fa p:’ kt)
0X; ’

On the other hand, differentiating the HIB equation (2.20) with respect to X; and X gives

V(X pik) __0G(Q Xi k) _ OH(X( k) pV(XEpi k)
0X; 0X; 0X; 0X; ’

where we have used the fact that e Gy LI7 for 1=1,2.

pi(pi ke) = LT i=1,2, Vt > 0. (2.26)

p(k:)

=1,2. (2.27)

Combining equations (2.25)-(2.27), we can ehmlnate the unknown value function V and obtain

the following equilibrium price and inventory relations:

0G(Qr, X}, ke) OH (X}, k) ,
pr k) — ——2"_*t"" 7 — 11 7 k)p; =1,2, vVt > 0. 2.28
/'1'1 (pt’ )t) aXZ aXz +p( t)p’bt7 ? 1 — 0 ( )

From (2.15) and (2.25), if the equilibrium production rate Qf is in the interior of [Q, @], then
it is uniquely determined by

* £ G Q*’ X*)k
Pot — P1t = 6@ Xi k) taQ : t)- (2.29)

If Qf solved from the above equation is outside the control space [@, @], then the optimal production

is the nearest boundary point. In any case, we can write
Q; = Qi(pr,XY). (2.30)

Similar conditions to those in (2.28)-(2.30) also holds at the individual firm level, that is,

" Bg(gr, x!, k Oh(x", k . ,
Mg (ptakt) - g(q;taxt—_—i—)_ = ———(_ai_——ﬁ + p(kt)pit’ 1= 1) 2) (231)
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\

o dg(q;, x;, k . _
Ph — Pl = L(ia—q—t——t), if g € (¢,9). (2.32)

~ Equation (2.31) describes the trade-offs in making inventory decisions. Suppose the firm holds xj
units of inventory, and considers purchasing an extra unit of inventory at time ¢, holding it from ¢
to t + dt, and then selling it at ¢ + dt. This extra unit may either appreciate or depreciate in its
market value; its expected price change is u) (p;, k¢)dt. This extra unit of inventory helps to reduce
operating cost by —dg/dz;dt, but incurs extra holding cost —9h/dz;dt. Purchasing this extra unit
and holding it for d¢ incurs opportunity cost p(k:)pfdt. Thus, every firm trades off the costs and
benefits of holding a marginal unit of inventory; in equilibrium, the equality in (2.31) is maintained
all the time.

Equation (2.31) actually characterizes the thresholds for procuring raw materials and selling
finished goods. For any kq, p; and ¢;, equation (2.31) describes two curves on the inventory plane,
which are just the thresholds. In the firm’s problem in Section 2.2, the characterization of the
thresholds involve the unknown value function. Here, in the competitivé equilibrium, the value
function is related to the market price, and the thresholds become more explicit and provide more
insights about firm-level trade-offs. If the benefit of holding an extra unit of inventory is higher
(lower) than the cost, the firm is below (above) the threshold, so the firm would increase (decrease)
inventory until it reaches the threshold.

Equation (2.32) says that the firm trades off the costs and benefits of producing a marginal unit
of product, and maintains the marginal cost of production to be equal to the price spread (i.e.,
gross margin).

If we subtract equation (2.31) with ¢ = 1 from the same equation with 1 = 2, and combine the

resulting equation with that in (2.32), we have

w09 _ (B0 Oh 0y by g
5 <8x2+8x2 521 8x1)+p(kt)6q’

where L™ is defined as in (2.7), and all of the derivatives are evaluated at the equilibrium (optimal)

L (2.33)

point. This equation describes the temporal trade-off of production. Consider producing an extra
unit at time ¢, holding it from ¢ to ¢ + dt, and then producing one unit less at ¢ 4- dt. The term in
the parentheses is the change in the holding cost and other operating cost if producing one more

unit. The last term on the right side is the opportunity cost of producing one more unit. They

must equal to the expected change of marginal production cost on the left side of the equation.
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We now show how the equilibrium processes can be endogenously determined. First note that
the market clearing conditions (2.23)-(2.24) together with the balance equation (2.18) and the

optimal production (2.30) lead to
APl ke) = Q7 (P}, X7) +dX7y/dt,  D(phy, ke) = Qi (pf, X7) — dX3,/dt. (2.34)

Using the four equations in (2.28) and (2.34), we can apply the following procedure to determine
the equilibrium price and inventory processes. We first choose a functional specification of the
price drift u*(-,-), and then write inventory X* as a function of p* using (2.28). Differentiating
this function we can write inventory change dX* in terms of p* and dp*. Replacing X* and dX* in
(2.34) by the functions of p* and dp* obtained previously, we have a differential equation for p*. To
find a rational expectations equilibrium, we equate the drift of p* with the initially chosen pu*(-,-)
and solve for u*(-, -). The diffusion part of the price belief can be assigned to be equal to that of
p*. Thus, an equilibrium price process is determined. To find the equilibrium inventory process,
we can write p* as a function of X* using (2.28). Substituting p* in (2.34) by that function gives
a differential equation that governs the equilibrium evolution of X*.

If the above procedure yields a solution, then it must be a rational expectations equilibrium,
because (2.34) ensures markets clearing and the belief about price matches the equilibrium price.
The existence and the uniqueness of the rational expectations equilibrium can be established for
some special economy described in the following section. It is an open question whether the

equilibrium exists and is unique in general.

2.4 A Special Economy

In this section, we consider a special case of the economy studied in the previous section. We derive
the rational expectations equilibrium explicitly, and investigate the equilibrium inventory and price

dynamics. The special economy is detailed below.
1. Two-economic factors k = [k, k)T are used to model the random fluctuation in the supply and
demand. The factors follow an exogenously given two-dimensional mean-reverting process:
dkt = Kktdt + O'O(kt)dwt, (235)

kll k12
ka1 koo

where K = I:

} and op(k:) is a 2 X m matrix function. The supply and demand rates
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are specified as follows:

A(pu, ke) = Aor + Aipue + ks, D(par, k) = Aga — Agpar + ko, (2.36)

where Agq, Ag2, A1 and Ay are given positive constants. A necessary condition for Assump-
tion 2.4 to be satisfied is that k; must be uniformly bounded for all ¢ > 0, which requires that
the eigenvalues of K have negative real parts, and that oo(k) — 0 as k approaches to the
boundary.

2. Quadratic convex operating cost function (independent of k):

1 1
GQ,X)+ H(X) = ag+a1Q+ §a2Q2 —c"X + -2-XTCX, (2.37)
] 11 G2 . . .
where a1 > 0, as > 0, ¢ = > 0, and C = is symmetric and positive
C2 C21 €22

definite (¢17 > 0,¢29 > 0, c12 = ¢o1 and cjyc92 > 0%2). The value of ag does not affect the
optimal decision. We also assume that the range [Q, Q)] is large enough so that the optimal
production rate is always an interior solution. We will prove that the equilibrium production
rate is uniformly bounded, so this condition can be met indeed.

3. All firms have constant discount rate: p(k) = p, where p > 0 is a given constant.

4. All firms believe that the price follows a stochastic process of the following form:

dp; = (B(p; — m) + Dk, )dt + o(ps, k¢ )dwy, (2.38)
bii b dn d
where B = e ,m= mm ,and D = T are parameters, and o isa2xm
ba1  bao ma do1  dao

matrix function. These are the parameters that will be determined endogenously from the
equilibrium. We are only interested in those equilibrium price processes that have stationary

distributions. This requires all the eigenvalues of B to have negative real parts, or equivalently,
tr[B] < 0, det[B] > 0. (2.39)
In Theorem 2.2, we prove that in equilibrium, the eigenvalues of B are negative real numbers.

Given the economy specified as above, the system (2.28)-(2.29) and (2.34) becomes a linear

system of equations (for notational convenience, we omit superscript “*’ in equilibrium quantities
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hereafter):
B(p; —m) +Dk; —ppy = —c+CX,,
pa —pi = a1+ aslQy, (2.40)
Agy + A1pre + ki = Q¢+ dXy/dt,
{ Aoz — Aopar + ke = Qv — dXp/dt.
From the last three equations of (2.40), we have
dX
—dt—t = Ap; +a+ Ik, (2.41)
where
1 1
A— A1+E % o Am-{-g—; I, — 1 0
—a1—2 A2+% —Aog—% 0 -1

Differentiating the first equation of (2.40), we have
dpt = C;dX;— Didk,
where C; = B1C, D; = B1D, and B; = (B — pI)~!, where I is an identity matrix. Substituting
(2.41) and (2.35) into the above equation yields
dp; = [C1A(p; + A™ta) + (C1I; — D1K)k;]dt — Dy og(ke)dw,. (2.42)

To find the rational expectations equilibrium, we match the coefficients in (2.42) with those in

(2.38), which leads to the following conditions:
B? — pB = CA, m=—A"la, D = C;I; — B;DK, o(p, k) = —Diog(k). (2.43)

We solve the first equation above for B, and then solve the third equation for D. The second
and the fourth equations in (2.43) directly specify the equilibrium value of m and o(p, k). The

following theorem asserts the existence and uniqueness of such solution.

Theorem 2.2 Suppose the firms’ belief of price is in the form of (2.38). Then, there ezists a

unique rational expectations equilibrium with stationary distributions. In particular,

(i) There exists a unique solution to B2 — pB = CA that satisfies (2.39), which is:

B:gI—\/F,

2
where F = CA + %—I and VF := Vdiag[v&,, VE]V ™!, where & > 0 and & > 0 are eigen-
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values of ¥, and V = [vy, va] contains linearly independent eigenvectors corresponding to &1

and &9, respectively. Furthermore, the eigenvalues of B are negative real numbers.

(ii) There exists a unique solution to D = C1I; — B1DK, which ts:
vecD] = (KT ® By + I)_lvec[Clll},

where vec|-| denotes the vector formed by collecting the columns of a matriz in one long
vector: vec[D] = [dn,dgl,dlg,dgg]T, and ® denotes the Kronecker product: K' ® B, =
kuB1 kB |
k12B1  k22By

(iii) With B and D solved above, the unique equilibrium price and inventory are given by:

dpt = +Dkt)dt — Dlo'o(kt)dwt,

dX; = (BT(Xt m, ) + (I — AD1)k;)dt,
where m = —A~la and m, = C~(c — pm). Furthermore, the equilibrium processes have the

following relations:

pt = m+ Cy(X;—m,)— Dk,

Q: = ([-1, 1] pt—a1)/as,
Ay Ap1 Ay 0
= ot P + ke,
St Aoz 0 —A4A

and (p, X, IT) is uniformly bounded for all t > 0.

It is worth noting that the “mean” price m is such that the long run average rate of raw
material flow Ag; + A1mq equals the average production rate mﬂ;"il_—‘“—, and equals the average
rate of finished goods flow Agy — Agmg. The “mean” inventory level my is the minimizer of
%XTCX —c'X 4+ pm'X, which is the operating cost of inventory plus the opportunity cost of
inventory investment. Lemma A.1.3 in the Appendix shows that C; < 0, which implies that at the
same level' of k, higher inventory is associated with lower. price. rI-‘he parameters of the economy
can be chosen such that the equilibrium process is uniformly bounded in a positive compact set.
First, we can choose parameters such that m and m, are positive. Notice that if k; = 0 for all

t > 0, then the equilibrium price and inventory processes monotonically approach to m and m

respectively. We can choose K, the range of k, sufficiently small such that the equilibrium price
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and inventory processes are positive all the time. To save space, we do not discuss these conditions
in detail.

The above theorem asserts the uniqueness of the competitive rational expectations equilibrium
under the class of beliefs in (2.38) and the stability condition (2.39). In fact, other rational expec-
tation equilibria are possible, e.g., B = gl + V/F, which is also a solution to the first equation in
(2.43), though this solution results in unstable equilibrium processes.

We next examine how demand and supply fluctuations affect the equilibrium processes. We
will only consider the case where the demand and supply fluctuations are independent. That is,

K = diag|—k1, —K2| with k1 > 0, kg > 0, and o(k;) = diagloo1(k1t), oo2(k2:)], and thus,
dk; = —Kikydt + O'Oi(kit)dwita 1=1,2. _ (2.44)

We refer to the diffusion terms in (2.44) as supply and demand shocks. These shocks have instan-

oo1(kie)dw

taneous effects on prices, which is —Dqo(ky)dw; = —Dl[ ] seen from Theorem 2.2,

co2(kot)dws
but no instantaneous effects on inventory levels (inventory is a smooth process). The supply and
demand levels affect price drift through the term Dk;, and affect the drift of inventory levels via
the term (I; — ADj)k;. These effects are described in the following theorem with a proof included

in the appendix.

Theorem 2.3 Suppose the factor process follows (2.44). Then, under a rational expectations equi-
librium, |
(i) The elements of Dy have signs [ i - ] That is, a positive supply shock has a negative
instantaneous impact on p1 and pg, and a positive demand shock has a positive instantaneous
impact on p1 and pa;
(1) The composition effect of a positive supply shock and a positive demand shock can be negative
on py, but positive on ps;
(iii) The elements of D have signs [ : i } That is, the price drift is decreasing in the supply
level and wncreasing in the demand level; '
(iv) If by1 < 0 and byy < 0, then the elements of I1 — AD have signs [ * } That is, the

drift of raw material inventory is increasing in the supply level, and the drift of finished goods

mventory is decreasing in the demand level.
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Most results in fhe above theorem are rather intuitive. Part (ii) implies that it is possible to
see negative correlation between the input price and the output price. Part (iv) is conditioned
on the signs 6f the diagonal elements of B. We find that this condition may not hold when & is
much smaller than ks, and ¢11 is much larger than cgy. Intuitively, if there is a raw material supply
disruption that would take long to recover (k1 small), and lower raw material inventory incurs more
operational costs than lower finished goods, then increasing raw material inventory may become

preferable (and thus the up-left element in I; — AD; becomes negative).

2.5 Simulation

An important step in aséessing the empirical usefulness of the theory is to gain a better understand-
ing of its implications for the behavior of prices, inventories, and production. In this section, we
simulate and study the evolution of the equilibrium processes for fhe special economy in Section 2.4.

Different scenarios can be generated by varying the parameters of the market demand and supply
functions in (2.36) and the operating cost function in (2.37). For each scenario, we numerically
determine the equilibrium processes based on Theorem 2.2. We choose parameter values such that
the inventory levels, price, and production rate are positive throughout the simulation.

Two types of simulations are conducted. First, we study the equilibrium responses to a single
supply or demand shock (i.e., impulse response functions). In other words, we simulate the equi-
librium driven by a particular sample path of w; that increases only in é very short period and is
constant everywhere else. In the second simulation, we examine how the equilibrium evolves under

“continuously” fluctuating demand and supply.
Example 2.1 Suppose the demand and supply functions in (2.36) are

A(pi, ke) = 16 4 0.5p1s + kg, D(pat, k) = 30 — 0.5p2¢ + ko,

where k satisfies (2.44): dk;; = —kidt + 25(1 — (%)4)dwit, for i = 1,2. That is, K = diag[—1, —1]
and og(k;) = 25diag[1 — (’;—10‘)4, 1—- (%)4], k1 and kg are independent factors, and bounded within

[—20,20]. Suppose the operating cost function in (2.37) is

G(Q,X) + H(X) = ap + 0.2Q + 0.1Q* — 10X, — 9X, + 0.05(X? + X7 + X1 X2),

where ag is such that the above operating cost is always positive, but the value of ag does not
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affect the equilibrium. Suppose the firm’s discount rate is 0.05 per unit of time. In this case, the

equilibrium is given by Theorem 2.2 with parameters:

B [—0.475 0.225] b [~.0720 0.043} Cme [11.71] = [70.95} |
0.225 —0.475 —0.043 0.072 16.29 46.38

The impulse responses are shown in Figure 2.3(a)-(c), and the responses to “continuously”
fluctuating factors are shown in Figure 2.3(d)-(f). Each simulation lasts for 40 units of time with
time step size of 0.05 (i.e., 800 steps in total). Prices (pi,p2) are measured by the right scale;
inventory levels (X3, Xy), factors (ki1, ko), inflow rate (A4), production rate (@), and outflow rate
(S) are measured by the left scale. The long-run average rates of the three flows should be the
same, but for illustrative purposes, we shift them slightly apart from each other.

A positive demand shock in Figure 2.3(a) translates to instantaneous increases in both finished

goods price and raw material price, as asserted in Theorem 2.3(i). The price spread also increases,
resulting in an instantaneous increase in the production rate. The increase in sales is greater than
in production, which, in turn, is greater than the increase in procurement. Thus, the effect of the
demand shock is dampened by the inventories. The inventories drop to the lowest levels some time
after the demand shock occurs, and slowly revert back to the original levels. Thus, at time 15 or so,
the prices stay above the original level even though the demand shock has already died out. As a
result, the sales rate drops below the original level before reverting back to its original level. Figure
2.3(b) shows that a negative supply shock affects inventories and prices in the same directions as
those in (a), but the rates of flows decrease. Similar to Figure 2.3(a), the effect of the supply shock
is partly absorbed by the inventories.

Figure 2.3(c) combines the effects in (a) and (b). As the effects of k1 and ks are additive
(because k1 and ky are independent, and the drifts of the equilibrium processes are linear in p and
k), Figure 2.3(c) actually shows the responses in (a) minus that in (b). When a supply shock and a
demand shock of the same size occur simultaneously, the raw material price and the finished goods
price are negatively correlated, as are the inventory levels.

In Figure 2.3(d), we simulate the equilibrium driven by a particular sample path of k; where
kot is a typicél mean-reverting path while kq; is constantly zero. In Figure 2.3(e), k1, is chosen to

be another independent mean-reverting path while kg is set to zero. Figure 2.3(f) shows a more

realistic scenario where both demand and supply fluctuations exist. It actually shows the responses
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Figure 2.3: Simulation example 1

(a) Response to a positive demand shock (b) Response to a negative supply shock (c) Response to a positive demand shock
and a positive supply shock
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in (d) plus those in (e), as the effects of k; and k; are additive. The factors are not shown in Figure
2.3(f) to allow for a clear illustration.

Since inventory levels and prices move in opposite directions under a supply shock and/or a
demand shock, we expect to see them in negative correlation under fluctuating supply and demand.
Figure 2.3(d)-(f) generally confirm this for the whole simulation period. Nevertheless, inventory

fluctuations are lagged behind, and consequently, the shorter-term correlation between inventory
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levels and prices is weaker. These facts also are exhibited for the petroleum industry data in the
next section.

In Figure 2.3(f), production is seen to be less variable than procurement and sales, because of
the production smoothing role of the inventories. This fact can also be observed in the actual data

in the next section. 1

Example 2.2 Consider an alternative operating cost function,
G(Q,X) + H(X) = ag + 0.2Q + 0.1Q% — 10X, — 13.2X, +0.04X? + 0.07X7 + 0.1X1 Xo.

Suppose the demand and supply functions and the discount rate are the same as Example 1. Then,

the equilibrium is given by Theorem 2.2 with parameters:

-0.059 0.072 11.71 66.19
, D= , m= , m, = .
—0.072 0.098 16.29 41.19

Figure 2.4(a) and (b) show that the impulse responses of the prices and the raw material

—0.009 -0.246
B=
0.246 —0.550

inventory are similar to Example 1, but the finished goods inventory and production behave rather
differently. In Figure 2.4(a), the finished goods inventory first drops, then picks up even above the
original level, before going back to the original level. The production increases first, but then drops
slightly below its original level (by only 0.9) before going back to the original level (21.86).

‘In Figure 2.4(b), differing from Example 1, the production rate increases slightly even with a
negative supply shock, and then drops below the original level before going back to the original
level. These changes are relatively small compared to Example 1. Thus, the raw material inventory
drops, while the finished goods inventory builds up, and then both revert back to the original levels.

These patterns of responses are due to the fact that the finished goods inveﬁtory and its inter-
action with the raw material inventory contribute to a larger degree to the nonlinear part of the
operating cost (0.07X2 + 0.1X;X3), in contrast to the contribution by the raw material inventory
(0.04X?2). When the demand surges, the optimal response is to produce faster to compensate for the
drop in the finished goods, and even “over” produce to raise the finished goods inventory slightly
above the original level, in contrast to Example 1. When the supply drops, lowering the production
rate is undesirable since maintaining both types of inventories at>low levels is more expensive.

These differences from Example 1 are also shown in Figure 2.4(d) and (e). Over the whole

period, the raw material inventory is generally negatively correlated with prices, while the finished
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Figure 2.4: Simulation example 2

(a) Response to a positive demand shock (b) Response to a negative supply shock (c) Response to a positive demand shock
and a positive supply shock
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goods inventory is negatively correlated with prices in (d) but positively correlated with prices
in (e). Inventory fluctuations are lagged behind to various degrees. Figure 2.4(f) shows that the
composite effects under both demand and supply fluctuations are more mixed and the relationship
between inventory and price (especially for the finished goods) cannot be described as a more

negative or a more positive correlation.

In any case, production is less variable than procurement and sales, a fact that is observed in
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the actual data in the next section. W

We have also produced other examples with different inventory and price behaviors. For in-
stance, demand shocks can be translated to positive correlations between raw material price and
lagged raw material inventory, while supply shocks can be translated to positive correlations be-
tween finished goods price and lagged finished goods inventory. The magnitudes of the responses
and the lag effects vary under different settings.

Since rich inventory and price behavior patterns can be generated from our simple model,
the equilibrium framework in Section 2.3 may be able to explain the real inventory and price
fluctuations.

The results of the simulations have two important implications for the study of commodity

inventory and price behavior:

e The study of raw material markets should be integrated with the study of the finished goods
markets. Looking at only one commodity, as is usually the approach in the literature, is not

sufficient to identify the inventory and price dyhamics.

e The inventory level and the price are not always negatively correlated. The lag effects further
complicate the relationship between the inventory level and the price. To analyze the mixed

effect, a dynamic model should be used.

2.6 Empirical Evidence from the Petroleum Refining Industry

In this section, we use the actual data of U.S. petroleum inventories and prices to fit the equilibrium
model and study its implications. We test the special economy model in Section 2.4. Statistical
estimation suggests that the special economy model explains some of the variations in the actual
data. All the results are meaningful, but should be interpreted with caution, as our model in Section
2.4 is a simple approximation of the real price and inventory behavior. The complete econometric
estimation of the general model in Section 2.3 will be explored in future research.

Let p; be the petroleum refineries’ acquisition cost for crude oil. The refineries maintain crude
oil inventory and petroleum products inventories. We do not break down inventories into many

product categories, since our model considers only one finished product. We define ps as a composite

price of refineries’ wholesale prices of petroleum products. Specifically, ps is the weighted average
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of the wholesale prices of gasoline, distillates, jet fuel, prop.ane, and residual oil. The weights are
determined by the amount of supply. The data for inventories, acquisition cost, petroleum products
wholesale prices and supplies are all from the Monthly Energy Review of the Energy Information
Administration. The refineries’ wholesale price data is available since 1982, while the other data is

available since 1973. As a result, our period of study is from January 1982 to January 2005 (277

months).
Figure 2.5: Petroleum price and inventory
(a) Adjusted crude oil price (refinery acquisition cost) and inventory (without SPR)
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Figure 2.5 shows the seasonally adjusted petroleum price and inventory. (The seasonal adjust-
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Figure 2.6: Crude oil procurement, refinery production, and petroleumn products supply
(seasonally adjusted)
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ment is discussed below.) In terms of the long-term trends, inventories and prices seem negatively
correlated from about 1994 to 2003. The short term variations are more complicated: inventory
levels and prices are often seen to be in negative correlation, but lag effects and positive correlation
also appear occasionally.

Figure 2.6 shows the seasonally adjusted rates of inflow, production, and outflow. The refinery
0u£put rate is higher than the crude oil procurement rate because some other liquids are needed
in the refining process and there also exist processing gains in the refining process. The petroleum- '
products supply includes imports, hence is higher than the refinery output. It can be seen that
refinery production is less variable than crude oil procurement and products supply. This is what
has been observed in the simulations as well.

We assume that firms discount their profit using the risk-free rate r;, which is the 3-month
treasury bill rate. We estimate the special economy as specified in (2.40). The market-clearing

conditions are identities for the data, and are thus dropped from estimation. The system that we

estimate is:

p1e = repre = —c1 + e Xy + c1oXop + €1
Hot — Tepot = —C2 + c12X1t + coXop + €ay, (2.45)

pot — P = a1+ axQs + €3,
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where u, = B(p; — m) + Dk;.

The special economy model assumes that the supply and demand levels revert to constant
means, that the operating cost function is stationary over time, and that the discount rate is
constant. To fit such a model with stationary parameters, we need to identify periods in which all
processes appear to be stationary. But then, we do not have enough data for each period.

Our approach is to make the data series stationary by removing the trends, and then fit the
model with the detrended data. In theory, we will need a non-stationary model to support this
approach, but this approach is intuitively appealing, and is similar to that of Ye et al. (2002), who
used the deviation of actual inventory from its normal level to forecast the oil price.

Two components of the trend are present: a seasonal trend and a long-term trend. We first
remove the seasonal component using the X-12-ARIMA program available from the U.S. Census
Bureau (http://www.census.gov/srd/www/x12a). The seasonally adjusted prices are shown in
Figure 2.5. Then, for every month ¢, we compute the average price from mbnth t—6tot+5,
and adjust it for sharp price changes. The series of these average prices forms the long-term trend,
shown as thin curves in Figure 2.5. The difference between the seasonally adjusted price and the
long-term trend is the detrended price process. The same detrending procedure is applied to the
inventory, production, crude oil supply, and total consumption data.

The discrete version of the price diffusion process in (2.38) is a vector autoregressive of order

one (VAR(1)) process:
P41 = (B +I)p; + Dk; — Bm + ¢, (2.46)

where €; has certain correlation structure. Many statistical software packages provide VAR esti-

mation. Our estimation for the system of equations in (2.46) is provided in Table 2.1.

Table 2.1: Estimation of equations (2.46) using petroleum data

B =

bin biz|  [-0.214 (-2.39)"*  —0.059 (-0.67)
by bas 0.332 (3.44)***  —0.616 (—6.44)***
D - dii diz| _ |—0.315 % 1073 (—1.64) 0.353 x 1073 (1.93)*
doy  dao —0.278 x 1073 (—1.34) 0.411 x 1073 (2.08)**
R? is 0.54 and 0.47 for the two equations in (2.46), respectively.

* *¥* and *** denote statistical significance at 10%, 5% and 1% level, respectively.

t statistics are reported in brackets.
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Note that the estimated B satisfies condition (2.39), and the estimated D have the right signs
as specified in Theorem 2.3. Using these estimates, we compute the price drift in (2.45), and then
estimate the whole system (2.45). We apply the three-stage least squares (3SLS) regression with
the constraint that the coefficient of Xs; in the first equation of (2.45) must equal the coefficient of
X1: in the second equation, as the operating cost coefficient matrix C is symmetric. The results
are shown in Table 2.2. Although R?’s are small, since the model is simple, the data supports the
simple model in the sense that all coefficients have the right signs and most of them are statistically

significantly different from zero, and the estimators satisfy the convex operating cost assumption.

Table 2.2: Estimation of equations (2.45) using petroleum data

Equation (2.45-1)
Operating cost coefficient ¢; 8.61(6.00)***
Operating cost coefficient ¢1; | 10.64(5.38)***
Operating cost coefficient ¢12 | 7.13(4.63)***

R? 0.134

Equation (2.45-2)
Operating cost coefficient ¢co | 8.77(4.85)***
Operating cost coefficient coa | 8.94(4.41)***
Operating cost coefficient ¢12 | 7.13(4.63)***

R? 0.102

Equation (2.45-3)
Production cost coefficient a4 2.19(0.97)
Production cost coefficient as | 356.05(2.17)**

R? 0.031

* ** and *** denote statistical significance at 10, 5 and 1 percent level, respectively.

’ t-statistics are reported in brackets.

An interesting question is whether or not a significant convenience yield is present for holding
inventories, as advocated in the commodity markets literature. To study the convenience yield
implied by our estimation, we plot the estimated industry operating cost in Figure 2.7.

Since the coefficient ag in the operating cost is not estimated, only the relative level of operating
cost is shown. Figure 2.7 suggests that operating cost increases significantly when the inventory
levels drop. This result is consistence with the significant convenience yield identified by Pindyck

(1994) and Considine (1997) among others.

We also tried other specifications of the operating cost, such as linear holding cost and other




38

Figure 2.7: Estimated relative operating cost
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operating costs modeled as an inverse function of inventory levels. The results generally confirm

our findings.

2.7 Conclusion and Extensions

This chapter provides a rational expectations equilibrium model for storable goods. Compared with
other equilibrium models in the literature, our model provides more firm level operational insights
and equilibrium properties that facilitate the analysis of the price and the inventory dynamics in
the economy. We demonstrated the equilibrium inventory and price dynamics through a special
economy and its simulation. The price and inventory behaviors suggest that our model has a
potential to explain the real price and inventory behavior. The data from the petroleum refining
industry provides empirical support for our model.

We have seen that an individual firm’s optimal control policy is of a bang-bang type. This is a
consequence of the firm’s risk-neutrality and zero adjustment cost. An extension to the risk-averse
firm is straightforward. Assuming that the firm’s utility function is an increasing concave function
of its profit rate, then the utility-maximizing firm will control inventories such that the marginal
utility rate equals the marginal long-run expected utility. This is also an important condition
under the rational expectations equilibrium of the economy with risk-averse firms. We are able to

extend the conditions (2.28) to include a new term that adjusts for risk-aversion. However, finding
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a rational expectations equilibrium is likely to be more difficult and the subject for future research.

One could also extend the model to include the operations adjustment cost. In this approach,
both the state space and the control space must be redefined. The. control becomes the speed of
adjustment, and the state space needs to be expanded to include the rates of inflow, production
and outflow. Another extension is to consider a multi-product model, as studied by Considine
(1997). Firms may alter the timing of production relative to sales to take the advantage of cost
complementarities. The appealing empirical question would be to test all of the above extended

models and perhaps their combination, to see which one best fits the data.

References

Akella, R., P. R. Kumar. 1986. Optimal control of production rate in a failure prone manufacturing
system. IEEFE Transactions on Automatic Control, 31(2) 116-126.

Bielecki, T., P. R. Kumar. 1988. Optimality of zero-inventory policies for unreliable manufacturing
systems. Operations Research, 36(4) 532-541.

Brennan, M. J. 1958. The supply of storage. American Economic Review, 47(1) 50-72.

Cafiero, C., B. D. Wright. 2003. Is the storage model a ‘closed’ empirical issue? The empirical
ability of the storage model to explain price dynamics. Symposium on the State of Agricultural
Commodity Market Research, FAO Commodity and Trade Division, Rome, Italy.

Considine, T. J. 1997. Inventories under joint production: an empirical analysis of petroleum
refining. Review of Economics and Statistics, T9(3) 493-502.

Considine, T. J., D. F. Larson. 2001. Uncertainty and the convenience yield in crude oil price
backwardations. Energy Economics, 23 533-548.

Deaton, A., G. Laroque. 1992. On the behavior of commodity prices. Review of Economic Studies,
59(1) 1-23.
Deaton, A., G. Laroque. 1996. Competitive storage and commodity price dynamics. Journal of

Political Economy, 104(5) 896-923.

Fleming, W. H., H. M. Soner. 1993. Controlled Markov Processes and Viscosity Solutions. Springer-
Verlag, New York.

Fleming, W. H., S.P. Sethi, H. M. Soner. 1987. An optimal stochastic production planning problem
with randomly fluctuating demand. SIAM Journal on Control and Optimization, 25(6) 1494-
1502.

Gavirneni, S. 2004. Periodic review inventory control with fluctuating purchasing costs. Operations
Research Letters, 32 374-379. '




40

Harrison J. M., T. L. Sellke and A. J. Taylor. 1983. Impulse control of Brownian motion. Mathe-
matics of Operations Research. 8(3) 454-466.

Harrison J. M., M. 1. Taksar. 1983. Instantaneous control of Brownian motion. Mathematics of
Operations Research, 8(3) 439-453.

Horn, R. A., C. R. Johnson. 1991. Topics in Matriz Analysis. Cambridge University Press,
Cambridge, New York.

Karatzas, I. 1980. Optimal discounted linear control of the Wiener process. Journal of Optimization
Theory and Applications, 31(3) 431-440.

Muth, J. F. 1961. Rational expectations and the theory of price movements. Econometrica, 29(3)
315-335.

Pindyck, R. S. 1994. Inventories and the short-run dynamics of commodity prices. RAND Journal
of Economics, 25(1) 141-159.

Routledge, B. R., D. J. Seppi, C. S. Spatt. 2000. Equilibrium forward curves for commodities.
Journal of Finance, 55(3) 1297-1338. ’

Sethi, S.P., H.M. Soner, Q. Zhang, J. Jiang. 1992. Turnpike sets and their analysis in stochastic
production planning problems. Mathematics of Operations Research, 17(4) 932-950.

Sapra, A., P. L. Jackson. 2005. The martingale evolution of price forecasts in a supply chain market
for capacity. Working paper, Cornell University.

Scheller-Wolf A., S. Tayur. 1998. Reducing international risk through quantity contracts. GSIA
working paper, Carnegie Mellon University.

Sethi, S. P., H. Yan, H. Zhang, Q. Zhang. 2002. Optimal and hierarchical controls in dynamic
stochastic manufacturing systems: a survey. Manufacturing end Service Operations Manage-
ment, 4(2) 133-170.

Tayur, S., W. Yang. 2002. Equilibrium analysis of a natural gas supply chain. Working paper,
Carnegie Mellon University.

Williams, J. C. and B. D. Wright. 1991. Storage and commodity markets. Cambridge University
Press, Cambridge, New York.

Ye, M., J. Zyren, J. Shore. 2002. Forecasting crude oil spot price using OECD petroleum inventory
levels. International Advances in Economic Research, 8(4) 324-334.

Zyren, J. 1995. What drives motor gasoline prices? Petroleum Marketing Monthly, June 1995,
Energy Information Administration.




41

Chapter 3

Optimal Pricing and Replenishment
in a Single-Product Inventory System

with Brownian Demand

3.1 Introduction

In recent years, substantially more research has been done on joint inventory and pricing strategies.
The focus has been on establishing the optimality of structural inventory and pricing policies. One
of the key determinants of the complexity and generality of these models is the assumption about the
demand processes. Various demand models have been proposed for periodic-review settings (e.g.,
additive demand, multiplicative demand, and other general demand models), and for continuous-
review settings (e.g., Poissonl and renewal demand models).

In this chapter, the basic setting is a single-product continuous-review inventory system with a
Brownian demand model. Brownian motion, with its continuous path, is particularly appropriate.
for modeling the demands of fést—moving products, such as sugar and coffee. It is a natural model
when demand forecast involves Gaussian noises. The drift of the Brownian demand (i.e., the
instantaneous average demand rate) depends on the price set by the firm. The diffusion term
represents the demand variability.

We assume that inventory replenishment is instantaneous, which is appropriate when the lead
time is insignificant relative to the length of the replenishment cycle. Thus, inventory is depleted by
the demands in a continuous-time fashion and then replenished immediately when it drops to the

reorder point. We assume, in our base model, that the demands must be satisfied immediately upon

arrival. Consequently, the reorder point is zero, and the replenishment follows a simple order-up-to




42 .

policy, with the order-up-to level denoted by S. We allow the pricing decisions to be dynamically
adjusted within the replenishment cycle, but we do not adjust prices continuously over time, as
most realistic pricing strategies do not involve too many different prices. Instead, we explicitly
consider the number of prices to use. We divide S into N equal segments, IV being a given integer.
We charge one price when the inventory level falls into each segment. All IV prices are optimally
determined, jointly with the replenishment level S, so as to maximize the expected long-run average
or the discounted profit.

The rest of the introductory section of this chapter contains a literature review and a summary

of the features of the Brownian demand model.

3.1.1 Literature Review

There has been substantial literature on joint pricing and inventory control. We refer the reader
to three excellent survey papers: Yano and Gilbert (2003), Elmaghraby and Keskinocak (2003),
and Chan et al. (2004). Our review below focuses on those papers which are closely related to our
study. -

Whitin (1955), Porteus (1985a), Rajan, Rakesh and Steinberg (1992), among others, study
demands that are deterministic functions of price. Whitin (1955) connects pricing and inventory
control in the EOQ framework, and Porteus (1985a) provideé an explicit solution for the linear
demand instance. Rajan, Rakesh and Steinberg (1992) investigate continuous pricing for perishable
products for which demands may diminish as products age.

In periodic-review stochastic inventory and pricing models, several types of demand assumptions
are made. The demand function in each period typically consists of a deterministic demand function
and a random component. These two componénts can be additive (e.g., Chen and Simchi-Levi
2004a, Chen, Ray and Song 2006), or multiplicative (e.g., Song, Ray and Boyaci 2006), or both
(e.g., Chen and Simchi-Levi 2004a,b). Some other models allow the random component to affect
the demand in more general forms (e.g., Federgruen and Heching 1999, Polatoglu and Sahin 2000,
Feng and Chen. 2004, Huh and Janakiraman 2005).

‘Federgruen and Heching (1999) assume that the demand in each period depends on the price

charged in the period and a random term. The dependence can be quite general, but every real-

ization of demand function is assumed to be concave in price. The replenishment cost is linear,




43

without a fixed setup cost. The authors show that a base-stock list-price policy is optimal for
both average and discounted objectives. Earlier related works include those by Zabel (1972) and
Thowsen (1975). '

The above periodic-review models have been extended to include a replenishment setup cost.
In the backordering setting, it was first conjectured by Thomas (1974), and then proved by Chen
and Simchi-Levi (2004a), that an (s, S, p) policy is optimal for additive demand in a finite horizon.
Chen. and Simchi-Levi (2004b) further prove the optimality of the stationary (s,S,p) policy for
both additive and multiplicative demand in an infinite horizon. Feng and Chen (2004) prove the
optimality of (s, .S, p) policy under more general demand fuhctions, but restriéting the prices to a
finite set. Assuming lost sales, Polatoglu and Sahin (2000) obtain rather involved optimal policies
under a general demand model and provide restrictive conditions under which the (s, S, p) policy
is optimal. Chen, Ray and Song (2006) prove that the (s,S,p) policy is optimal under additive
demand and lost sales. Huh and Janakiraman (2005) provide a novel approach for proving and
generalizing many of the early results for both backorder and lost sales settings.

Continuous-review models are studied by Feng and Chen (2003), and Chen and Simchi-Levi
(2006). Feng and Chen (2003) model the demand as a Poisson process with price-sensitive intensity.
Pricing and replenishment decisions are made upon finishing servihg each demand, but the prices
are restricted to a given finite set. An (s, S, p) policy is proven to be optimal. Chen and Simchi-Levi
(2006) generalize this model by considering a compound renewal demand process with both the
inter-arrival times and the size of the demand depending on the priée. It is shown that the (s, S, p)
policy is still optimal.

There are also works that involve production, for insfance, Li (1988) considers a make-to-order
production system with price-sensitive demand. Both production and demand are modeled by
Poisson processes with controllable intensities, and the control of demand intensity is through -
pricing. A barrier policy is shown to be optimal: when the inventory level reaches an upper barrier,

production stops; when the inventory level drops to zero, the demand stops (or the demand is lost).

The optimal price is shown to be a non-increasing function of the inventory level.
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3.1.2 Features of the Brownian Demand Model

First, the Brownian demand model allows us to explicitly and naturally bring out the impact of
demand variability on the optimal pricing and replenishment decisions, whereas results along this
line were previously limited to only a few numerical studies. Federgruen and Heching (1999) exper-
imented with a multiplicative demand case, and found that the optimal base stock and the optimal
prices are increasing in demand variability. Polatoglu and Sahin (2000) numerically examined an
additive demand model with uniform random noise, and foﬁnd that the order-up-to and reorder
levels both tend to be higher when the demand variability increases, while the prices do not ex-
hibit a clear monotone property. To the best of our knowledge, our study is the first analytical
examination of the impact of demand variability.

Second, with the Brownian demand model and the zero lead time dssumption, the order-up-to
replenishment policy is immed‘iately‘ seen as being optimal. This allows us to focus on how, given
the order-up-to policy, the optimal order quantity and the optimal prices vary and interact with
other model parameters, particularly the demand variability. This is very different from most of
the literature, where the focus is on establishing the optimality of the order-up-to policy.

Third, using the Brownian demand model, we can derive an upper bound for the profit improve-
ment generated from the use of the dynamic pricing strategy in comparison to a static strategy. We
find that dynamic pricing results in only a limited profit improvement over the single price étrategy
(when both are optimally determined). The relative profit improvement, however, becomes more
significant when the profit margin is low. This result is consistent with the numerical results in
Feng and Chen (2004), and Chen, Ray and Song (2006).

For most part of this chapter, we focus on the Brownian demand model in (3.1) below,‘which
treats the demand variability as a constant. This is a continuous-time analogy to the additive
demand model in periodic-review setting. The key results in this chapter extend readily to the
case with price-dependent demand variability, which includes a special case that is analogous to
the mult{plicative demand (see Section 3.4.3).

The constant demand variability model serves as an important base case for two reasons. First,
the noise part in the demand model is usually due to factors other than price, such as forecast error

and inventory accounting error; the former mainly depends on the information available, whereas

the latter relies heavily on the prevailing technology. (For instance, the radio frequency identifi-
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cation (RFID) technology has demonstrated great advantages in improving inventory accounting.)
Second, in some empirical studies of demand price relations, the residual of the regression is usually
found to be a sequence of normally distributed random variables independent of the price. Refer
to, for example, Reiss and Wolak (2006), and Genesove and Mullin (1998). The latter studies the
demand functions for the U.S. sugar industry.

The rest of the chapter is organized as follows. In Section 3.2, we present a formal description
of our model. In Section 3.3, we study the optimal pricing and replenishment decisions under the
long-run average objective. We start by making these decisions separately, so as to highlight the
comparisons with prior studies and known results, and then present the joint optimization model
and demonstrate the profit improvement. We conclude this chapter by pointing out several possible

extensions in Section 3.4.

3.2 Model Description and Preliminary Results

We consider a continuous-review inventory model with a price-sensitive demand. The objective is
to determine the inventory replenishment and pricing decisions that strike a balance between the
sales revenue and the cost for holding and replenishing inventory over time, so as to maximize the

expected long-run average or discounted profit.

3.2.1 The Demand Model
The cumulative demand up to time ¢ is denoted as D(t), and modeled by a diffusion process:
¢
D() = / Mpo)du+oB(),  t>0, (3.1)
0

where p; is the price charged at time ¢, A(p;) is the demand rate at time ¢, ‘B(t) denotes the standard
Brownian motion, and o is a positive constant measuring the variability of the demand (or the error
of demand forecast).

Let P and £ denote, respectively, the domain and the range of the demand rate function A(-).

Both are assumed to be intervals of R, (the set of nonnegative real numbers).

Assumption 3.1 (on demand rate) The demand rate A(p) and its inverse p()) are both strictly

decreasing and twice continuously differentiable in the interior of P and L, respectively. The revenue
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rate r(A) = p(A) X is strictly concave in A.

Many commonly-used demand functions satisfy the above assumption, including the following
examples, where the parameters «, § and § are all positive:

e The linear demand function A = a — 8p, p € [0,a/8): r(N) = %)\ - %)\2 is strictly concave;

e The exponential demand function A = ae™%, p > 0: r()\) = ——%/\log(/\/a) is strictly concave;

e The power demand function A = Bpf‘s, p>0:7r(\) = /\_%Hﬁ% is strictly concave if § > 1.

3.2.2 -Cost Parameters

We assume that the holding cost is linear in the quantity held. Let h be the cost for holding
one unit of inventory per unit of time. The replenishment cost is a function of the replenishment

quantity, denoted as ¢(S), which satisfies the following assumption.

Assumption 3.2 (on replenishment cost) The replenishment cost function c(S) is twice con-
tinuously differentiable and increasing in S for S € (0,00). The average cost a(S) = ¢(S)/S is

strictly convex in S, and a(S) — o0, as S — 0.

Consider a special case: ¢(S) = K +c¢S°, S > 0, where K, c,§ > 0. When § = 1, this is the most
commonly used linear function with a setup cost K. The average cost function, a(S) = % + 801
is convex if & € (0, 1)U [2,00]. If § € (1,2), a(S) is convex in the region where a/(S) < 0. (This

region is of particular interest; refer to Section 3.3.1.) To see this, note that

1
d(8) = g (K + (5 15",
and when ¢ € (1,2) and a/(S) < 0, we have
wien . 2=07 2 5 a'(S)(2 - 9)
d'(8) = - ( —2_5K+c(6—1)3>2——5 > 0.

3.2.3 Pricing and Replenishment Policies

Assume replenishment is instantaneous, i.e., zero lead time. We further assume that all demands
will be supplied immediately upon arrival; i.e., no backorder is allowed, or there is an infinite
backorder cost penalty. (Our results extend readily to the backorder case; refer to Section 3.4.2.)

The replenishment follows a continuous-review order-up-to policy. With the Brownian demand .

model and the zero lead time assumption, the order-up-to replenishment policy is immediately seen
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as being optimal. Specifically, whenever the inventory level drops to zero, it is brought up to S
instantaneously via a replenishment, where S is a decision variable. We shall refer to the time
between two consecutive replenishment epochs as a cycle.

We adopt the following dynamic pricing strategy. Let N > 1 be a given integer, and let
S =S5y>951 > >8v_1 > Sy = 0. Immediately after a replenishment at the beginning of a
. cycle, price pp is charged until the inventory drops to Sy; price ps is then charged until the inventory
drops to Sy; ...; and finally when the inventory level dfops to Sy_1, price py is charged until the
inventory drops to Sy = 0, when another cycle begins. The same pricing strategy applies to all
cycles. For simplicity, we set S,, = S(N —n)/N. That is, we divide the full inventory of S units
into NV equal segments, and price each segment with a different price as the inventory is depleted
by demand.

In general, the segments are not necessarily equal, but our experiments show that the optimal
segments (optimized jointly with prices and replenishment level) are quite even and the correspond-
ing profit is almost the same as using equal segments. Furthermore, in practical situations when
the prices are within a discrete set, our algorithm based on equal segments can effectively tell how
many prices to use, when to change prices and what prices to change to. (See Example 3.12 for
elaboration.)

In summary, the decision variables are: (S,p), where S € R, and p = (p1,...,pn) € PV.

Within a cycle, we shall refer to the time when the price p, is applied as period n.

3.2.4 The Inventory Process

Without loss of generality, suppose at time zero the inventory is filled up to S. We focus on the
first cycle which ends at the time when inventory reaches zero. Let Ty = 0, and let T;, be the first

time when inventory drops to Sy,:
T, = inf{t>0: D(t)=nS/N }, n=12,...,N.

The length of period n is therefore 7,, := T,, — T,,—1. Since T,’s are stopping times, by the strong
Markov property of Brownian motion, 7, is just the time during which S/N units of demand has
occurred under the price p,. That is,

dist.
Tn =

inf{t>0 : Apn)t +0B(t) =S/N }. (3.2)
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Let X (t) denote the inventory-level at t. We have,
X(t) = S—-D(@), t€[0,Tn).

Since our replenishment-pricing policy is the same for all cycles, X (t) is a regenerative process with
the replenishment epochs being its regenerative points.
We conclude this section with a lemma, which gives the first two moments and the generating

function of the stopping time 7,,. (The proof is in the appendix.)

Lemma 3.1 For the stopping time T, in (3.2), we have

S
T w
2 2 2
9 O 2 1. 0°S S
E[Tn] - )\_%E[Tn] +E [Tn] - N/\;sz + NQ)\%’

/32 Ty _
Ele™"™] = exp [— A"+237 Anﬁ}

o N

where Ay = A(pr) > 0, and v > 0 is a parameter.

3.3 Long-Run Average Objective

To optimize the long-run average profit, thanks to the regenerative structure of the inventory

process, it suffices to focus on the first cycle. Recall that period n refers to the period in which
_ (N—n+1)

the price p, applies, and the inventory drops from S,_; = —Nﬁ to S, = (-]y%)s Applying
integration by parts, and recognizing
dX(t) = —dD(t), X(Tp-1) = Sp—1, X(Tn) = Sn,

we have

Tn . Tn
/ X()dt = TpSp—Ta1Sn1— / tdX ()

Tn—l Tn—l
Th Tn
= 1.5, —Tn-15n-1— / Tn_ldX(t) + / (t — Tn_l)dD(t) .
Tn..l Tn-——l

Tn
— .8+ L (t = To_1) [Mpn)dt + 0dB(1)].

A simple change of variable yields

Th Tn 1
[ = T0aoi = [T ureadu = 3AGn)E
Thn-1 0
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whereas
E[Ajil(t—Tn_l)dB(t)} — E[/Tj: tdB(t)] — E[T,_1]E[B(T,) — B(T,_1)] = 0,

follows from the martingale property of B(t) and the optional stopping theorem.
Let v, (S, pr) denote the expected profit (sales revenue minus inventory holding cost) during

period n. Then, making use of the above derivation, along with Lemma 3.1, we have

T
Un(S,pn) = Z%S—EUT hX(t)dt}
n—1

= PSS, — & :
= hE[7,]Sn 2h/\(pn)E[Tn]
PaS hSE(N —n+ 1) B ha?8

N N2X(pn) 2N A(pn)?’

(3.3)

Note in the above expression, the first term is the sales revenue from period n, the second term is
the iﬂventory holding cost attributed to the deterministic part of the demand (i.e., the drift part
of the Brownian motion), and the last term is the additional holding cost incurred by demand
uncertainty.

For ease of analysis, below we shall often use {t, = A\(py) ™"

,n=1,..., N} as decision variables
and denote g = (u1, ..., un) € MY and M = {A7': X € £}. Then, the long-run average objective

can be written as follows:

N o2
SN 0n(S,pn) —c(S)  Lom=1 [p(;};) — BN =+ 3)un — "5 pl — a(S)}
V(S p) = S N T = N . (34)
N Zn:1 Hen anl Hn
N,
The additional holding cost rate due to demand uncertainty is represented by %’Hf—%
n=1Hn

For the special case when N = 1, the price and the demand rate are both constants in a cycle
(and hence constant throughout the horizon). The objective function (3.4) takes a simpler form.
For comparison with some classical work, we use A as the decision variable and denote the long-run
average profit under single-price policy as V(S, A). Then,

U — C 710'2
VIS, \) = 1(5"”(5/)1 (5) _ r(A)—ﬁ;—Aa(S)—]Q—/\. (3.5)

The classical EOQ model only consists of the second and third terms in (3.5), which are the

average inventory cost if the demand is deterministic with a constant rate. Whitin (1955) and

Porteus (1985a) considered the price-sensitive EOQ model, which involves the first three terms in

(3.5). Our model gives rise to an additional holding cost due to demand variability.
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3.3.1 Optimal Replenishment with Fixed Prices

In this case, the set of prices p, or equivalently, pu is given, and the firm’s problem is

max V(S ).

Under Assumption 3.1, V(S, ) is strictly concave in S. Note that V(S,pu) — —oo0 as S — oo or
S — 0 (the latter is due to Assumption 3.2 that a(S) — oo as S — 0). Thus, the unique optimal

replenishment level is determined by the first-order condition:

h

N 1
~ 3 2 (N=n+ —)un), (3.6)

5T = “/_1( 2

n=
where @'~ is well-defined since a(-) is strictly convex and a’(-) is strictly incréasing under Assump-
tion 3.2. In practice, the average cost as a function of quantity is usually first decreasing (due to
economy of scale) and then increasing (due to capacity or other technological restrictions). How-
ever, at the optimal replenishment level, we have a'(S*) < 0 for any fixed prices. This observation
helps to reduce the search space when the replenishment level is optimized jointly with pricing
" decisions (see Section 3.3.3).

The way that the demand variability and the holding cost impact the optimal replenishment

level can be readily derived from (3.6).

Proposition 3.1 With prices fized,
(i) the optimal replenishment level S* is independent of o, and decreasing in h and in p, (for any
n);

(i) the opiimal profit is decreasing in o and h.

Proof. Part (i) is obvious from (3.6). Part (ii) is also obvious since the objective in (3.4) is

decreasing in ¢ and h in any case. &

The interpretation of this proposition is quite intuitive, except that the optimal replenishment
level is independent of . The latter results from the fact that the demand variability impacts
‘on the average profit function through the additional holding cost term, ha?/(2)), which does not
affect the replenishment decision. This will not be the case under a discounted objective, as will

be shown in Section 3.4.1.

Example 3.1 Consider ¢(S) = K + ¢S, where K, ¢-> 0. The first order condition in (3.6) leads to
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the familiar EOQ formula:

N
. 2K, - ON —2n+1 -1
S* = P where )\, = ( E —N—z—————~un) . (3.7)

n=1

In the standard EOQ model, the demand rate is taken as the average demand per time unit, which

in our setting becomes

_ 1 & -1

A = (‘1\7 ;un) : (3.8)
Suppose that the fixed prices satisfy p1 < ps < -+ < py {or pug < po < --- < up), i.e., a lower price
is charged when the inventory level is higher (we will see this price pattern in Theorem 3.1). Higher
weights are given to smaller u,’s in (3.7), while p,’s are equally weighted in (3.8). Hence, A < A,.
This implies that the standard EOQ with a time-average demand rate may lead to a replenishment

level lower than the optimally desirable. B

Example 3.2 Let ¢(S) = 100+ 55, A(p) =50 —p, h =1, and N = 1. In Figure 3.1(a), the EOQ
quantity is shown as a function of the single fixed price, S* = 10,/100 — 2p. Figure 3.1(b) illustrates
the optimal profit as a function of the price under various levels of demand variability. The peak of
each V* curve is reached when the price and the replenishment level are jointly optimized. When
the price deviates away from the optimum, the profit falls dramatically. We can also see that the
optimal price decreases slightly as o increases. This will be formally investigated in Section 3.3.3.

Figure 3.1: Optimal replenishment level and profit with a fixed price
(a) (b) ‘

A : y
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3.3.2 Optimal Pricing with a Fixed Replenishment Level
3.3.2.1 The Single-Price Problem

The firm chooses a single price, or equivalently, the demand rate, to maximize the average profit:

hS ha?
Iax V(S,A) =r(A) — 5 Aa(S) — o

Under Assumptions 3.1 and 3.2, V(S, ) is strictly concave in X\. Assuming an interior solution
(which is rather innocuous, since the last two terms in the objective prevent A from being extreme),
the unique optimal X follows from the first-order condition:

ho?
PO+ = als) (39)

We have the following proposition.

Proposition 3.2 Suppose a single price is optimized while the replenishment level is held fized.
(i) The optimal price p* is decreasing in o and h.

(1) The optimal price p* is increasing in a(-); if a(S) is decreasing in S, then p* is decreasing in
S.

(131) The optimal profit is decreasing in o and h.

Proof. For (i) and (ii), note that g;_avg = ’;\" > 0, (—96;\2—6‘% = 2%\27 > 0, and % = —1 < 0. That
is, the objective function V' is supermodular in (), o), supermodular in (A, h) and submodular in

(A, a(S)). Hence, (i) and (ii) follow from standard results for supermodular/submodular functions

(Topkis 1978). Part (iii) is obvious. R

Example 3.3 Let \(p) = Bp~!, ¢(S) = K + ¢S, where 8,K,c > 0. Then 7()) = 3, and the

first-order condition (3.9) becomes

leading to the optimal price

which is clearly decreasing in o, h and S. 1

Example 3.4 Consider the same setting as Example 3.2.. Figure 3.2 plots the optimal price and

the corresponding profit against various levels of replenishment and demand variability. The results
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depict the qualitative trends in Proposition 3.3.2. The peak of each V* curve is reached when the
price and inventory are jointly optimized. In contrast to Figure 3.1(b), the profit here appears less

sensitive to the replenishment level, as long as the pricing decision is optimized. B

Figure 3.2: Optimal price and profit with a fixed replenishment level
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3.3.2.2 The N-Price Problem

In this case, the decision variables are the set of prices p, or equivalently, p. Specifically, the

problem is

VI(S, pu) = — . 3.10
NI?EXN (5.8 Z'Jnvzl Hen ( )

The strict concavity of the revenue function r(A) (Assumption 3.1) implies that the function p(%) is
strictly concave in . This is because r”(X) = 2p'(A)+Ap”(\) and d2p(%)/dp,2 = ﬁ(?p’(%)—k%p"(i—))
have the same sign. Thus, the numerator of the objective is strictly concave in p. The ratio of a
concave function over a positive linear function is known to be pseudo-concave (Mangasarian 1970).

Hence, V' (S, p) is pseudo-concave in p. Furthermore, it is strictly pseudo-concave in the sense that

ViV (S, 1) (pa — p1) <0 = V(S m) <V(S, p1).

Hence, the optimal g must be unique. (This follows from a straightforward extension of Mangasar-

ian (1970) from pseudo-concavity to strict pseudo-concavity.) Suppose the optimality is achieved
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at an interior point. Then the optimal p is uniquely determined by the first-order condition:

T0n(Sypin) St 98 (S, ) — (S)
Opin chvzl Hk

where U, (S, pn) = vn(S, p(i;)) Note that the right side of the above does not depend on n. This

., mn=1,...,N, (3.11)

implies that the optimal pricing must be such that the marginal profit is the same across all periods
(assuming an interior optimum).

The following theorem describes the basic optimal pricing pattern.

Theorem 3.1 For any replenishment quantity S, the optimal prices are increasing over the periods,

le,p1 Spy < S py-

~Proof. Since p, = p(/—}:).is increasing in iy, it suffices to show that the optimal p) is increasing
in n. But this follows immediately from (3.10), since given any (p1,...,pun), rearranging these
variables (but not changing their values) in increasing order will maximize the term 22[:1 Ny, in

the numerator, while all other terms remain unchanged.

In other words, within each cycle, the optimal prices are increasing over the periods. Intuitively,
when the inventory is higher at the beginning of a cycle, we charge a lower price to induce higher
demand so as to reduce the inventory holding cost.

The next proposition is about the impact of the parameters, o, h and S on the optimal prices.

(The proof of this proposition is in the Appendix.)

Proposition 3.3 Assuming interior optimum,
(i) The highest price p}, is decreasing in o.
(i1) The lowest price py is decreasing in h.

(111) If ' (S) < 0, then p} is decreasing in S.

(i) The optimal profit is decreasing in o and h.

Part (i)-(iii) of the above proposition rely on the interior optimum assumption, but we find
through numerical tests that these monotonicity results hold even without the interior optimum
assumption. This proposition shows that the monotonicity properties in Proposition 3.2 only
partially hold here. The next example provides comparison plots for these two propositions and

also provides an illustration for Theorem 3.1.
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Example 3.5 (a) Let p(A) = 50 — 10\, ¢(S) = 500+ 55, S = 100, h = 2, and let o vary from 0 to
20. For N = 4, the optimal prices are plotted in Figure 3.3(a). The highest price is decreasing in ¢
while the others are not. There also exist other instances in which all of the prices are decreasing
in o. The demand variability incurs additional holding cost ’“2’2—2%’:121 When ¢ increases, in order
to balance out the increase of this cost, intuitively we need to decrease g and at the same time
decrease the spread of p (i.e., uny — p1). The composite effect is mixed except for p}.

(b) Let p(A) = 50 — 10, ¢(S) = 500455, S = 100, 0 = 1, and let h vary from 0 to 3. The optimal
prices are shown in Figure 3.3 (b). The lowest price is decreasing in h while the others are not.
The spread of the prices increases significantly with the increase in h.

(c) Let p(A) =50 — X, ¢(S) =100+ S, h = 0.5, 0 = 3, and let S vary from 0 to 400. The optimal
prices are shown in Figure 3.3 (¢). Note that a’(S) < 0 for all S. The lowest price is decreasing in

S while the others are not. The spread of the prices increases in S.

Figure 3.3: Optimal N prices and the optimal single price with a fixed replenishment level

(a) The highest price is decreasing in o (b) The lowest price is decreasing in /
50

40
30

20

(c) The lowest price is decreasing in §

30;
28}
261
24 , . pi’
100 200 300 400 S

All of the above examples show p} < --+ < py- For comparison, the optimal price for the
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single-price problem is also shown as p* in Figure 3.3. 1

Finally we derive an upper bound to quantify the potential benefit of multiple price changes
over a single price. To provide intuition of what enhances and what limits the profit improvement,
we note that the holding cost attributed to the deterministic part of the deménd is the only motive
for varying prices over the periods. In the numerator of (3.10), the additional holding cost term
-y %ha2,u% and the revenue term Zp(ﬁlz) are, on the contrary, suggesting not varying prices,
since they are both concave in p. These two terms limit the extend to which the optimal prices
vary, and thus limit the potential profit improvement. The following lemma and the theorem

formalize this intuition.

Lemma 3.2 For fized S, let u* be the optimal N prices. Then for 1 <m <n < N,

S(n—m)

Py, = b ~ -2, By
ST S N

b

) d?p(1) . %
where B = inf { — —d= ¢ K E (Bl ] }.

This lemma indicates that the optimal dynamic pricing may not involve marked price changes
under some situations. Note that o2 and B measure the concavity of — > 2ho?u2 and Zp(!%n),
respectively. Consistent with our previous intuition, increasing either o2 or B results in a smaller

bound.

Theorem 3.2 For fized S, let pu* be the optimal N prices, and let V3, be the optimal average profit
defined in (3.10). Then,

YT e f)
_ 1 N % . dzp(l) . * %
where i = & 3,1 ph and B = inf { - pe lphpn }

Proof. We consider a feasible single-price policy that charges .a price p(i~!), and compare this
with the optimal N-price policy. We show the latter has a lower average revenue, a higher addi-
tional holding cost due to demand variability, and the same average ordering cost. Hence, for the
optimal N-price policy to yield a higher profit, it must have a lower average holding cost attributed

to the deterministic part of the demand. The difference between these two holding cost terms

corresponding to the two policies constitute an upper bound on the profit improvement from the
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single-price policy to the N-price policy.
Specifically, the average profit of charging a single price p(a~1) is

p(3) - B0 - 2% - a(S)

Vi = -
7}
We have
V-V
< Ww-W
N N * ~ 2 N * —
Sl [P — (3] = B T (N = n+ D - ¥0) - 2 [ 00, 2 - 2
= I
Zn—l Mn
The first term in the numerator, [p ) % ] < 0, since p(l) is concave in pu; and the last
term in the numerator < Zn_l pr2 — 0 which is essentially the Cauchy-Schwartz inequality.
Thus,
N . _
VN - Vl < N
Zn:l u;kl
_ hS Som M _ N+1>
N 27]:;1 o 2
_ hS (2ui+4u§+---+2Nu7v—(N+1)(u’{+-~+u}‘v)>
= = S
RS (Y = 1)y = ) + (V= 3) (g~ )
N 2Nf

where in the last line, the series ends with p}; 241 T By /2 if N is even, and ends with 2<M?N+ 52~
Hin_nya) if NV is odd.
Applying Lemma 3.2 and the identity:

<N—1>2+<N—3>2+.--+<N+1_2gJ)2:<N—1>N.<N+1>,

6

we have

hs? (N=1)2+ (N =32 +---+ (N +1-2|5])
) 2N3

hS?  (N-1N(N+1)

i(o? + 2) 12N3

h
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The bound in the above proposition indicates that the N-price policy cannot improve much over
the sihgle—price policy when the replenishment quantity S and the holding cost rate h are low, and
the demand variability o2 and the concavity of the revenue function B are high. These parémeters
affect the above bound in the same way as they affect the price increment bound in Lemma 3.2.

Also note that this bound does not rely on the interior optimum assumption.

3.3.3 Joint Pricing-Replenishment Optimization
3.3.3.1 Sihgle Price

In this case, the firm’s problem is

0.2
V(S,\) =r(\) — -'325 — Xa(S) — ’;—A (3.12)

SS0€L
The first-order conditions are given by (3.6) and (3.9). The difficulty is, V (S, A) may not be concave
in (S, \), and it may even have multiple local maxima (see Example 3.6 below). However, for some
special case, a solution satisfying the first order conditions and yielding positive profit must be the

global optimum, as demonstrated in the following proposition and example. See appendix for the

proof.

Proposition 3.4 Suppose A(p) = « — Bp, ¢(S) = K + ¢S, where o, 3, K,¢c > 0. If §* > 0 and
X* € (0,a] satisfy the first-order conditions in (3.6) and (3.9), and V(S*,A\*) > 0, then (S*,\*)
solves problem (3.12).

Example 3.6 Consider A\(p) = 50 — p, ¢(S) = 500 + 25, 0 = 0.2, and h = 1. The optimal S for
any fixed X is given by S()\) = 10v/10\. Substituting this EOQ into the first-order condition (3.9)

gives
1 9v10
50-2A\+ —5 = —F7+2.
* 502 \/X +

However, simply solving the above equation yields three stationary points: A; = 0.01619, Ay =

0.1010, and A3 = 22.327. Using the second-order condition, it can be verified that A; and A3 are local
maxima, while )\ is a local minimum. Furthermore, V(S(A1), \1) = —4.482 and V(S(X3), A3) =
423.8. Hence \* = A3 = 22.327 and §* = 149.42. 1
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The monotonicity of the joint optimum is explored in the following proposition (compared with

Proposition 3.1 and 3.2 where a single decision is optimized).

Proposition 3.5 If there is a unique optimal price and replenishment level, then
(i) the optimal price is decreasing in o;
(ii) the optimal replenishment level is increasing in o and decreasing in h;

(111) the optimal profit is decreasing in o and h.

Remark: When the optimal solutions are not unique, the results in the above proposition continue
to hold. In lieu of increasing and decreasing, the relevant properties are ascending and descending,

respectively. Refer to Topkis (1978).

In Figure 3.1(b), we have seen that the optimal price decreases in o, and the optimal profit also
decreases in o, which are consistent with the results in Proposition 3.5.

Intuitively, the higher the unit holding cost &, the less inventory should be held; and the less |
order quantity means the higher average cost and thus the higher price. But this intuition is correct
only when the demand is deterministic-(¢ = 0). When o > 0, a lower price may offset the additional
holding cost due to demand variability. The composite effect is mixéd, as shown in the following

example.

Example 3.7 Let A\(p) = ae™ with o > 0, and ¢(S) = S(K —log§) for 0 < § < ef~1, where
K > 0 is given. Note that 7()\) = Alog(a/)) is strictly concave for A € (0,a], ¢(S) is strictly
increasing for S € [0,eX71] and a(S) = K — log S is strictly convex and approaches to infinity as
S — 0, so Assumptions 3.1 and 3.2?are satisfied.

In this case, the first-order conditions (3.6) and (3.9) become

ho? 1 h
loga-logA—1=K-logS— o5 and  —2=-7,
which determine the optimal solution: .
g 2h INK
Af == * )
2 \/ Kiitioglha =4 =7

The above is indeed a global optimal solution when \* < a, and §* < eX~1; the latter is satisfied
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if we choose K large enough. Now, the partial derivative,

d(\*?) o?(K + log(h/2a))

oh  2(K + 1+ log(h/2a))?

varies from negative to positive, as h increases from zero. Thus, A* first decreases and then increases

in h, or equivalently, p* first increases and then decreases in h. B

Finally, we compare the joint optimization here with the sequential optimization scheme that is
usually followed in practice: the marketing/sales department first makes the priciﬁg decision, énd
then the purchasing department decides the replenishment quantity based on demand projection
as a consequence of the pricing decision. For instance, the marketing/sales department solves the

problem:
A = arg m/\ax{r()\)},
and sets p’ = p(AT). Then, the purchasing department takes M as given and solves the problem:
st = argm‘sin {Na(S) + hS/2}.

Clearly, the sequential decision procedure does not take demand variability into account. The
optimal price and inventory level found by the sequential scheme certainly satisfy the first-order

condition in (3.6). But the first-order condition in (3.9) holds only when the demand variability

happens to be & = ATy/2a(S1)/h.

Proposition 3.6 Comparing to the joint optimization,
(i) if o < T, then the sequential decision underprices and overstocks;

(1) if o > T, then the sequential decision overprices and understocks.

The proof is a straightforward application of the monotonicity result in Proposition 3.5, and will
be omitted. In general, the sequential optimization is sub-optimal. If the demand variability is far
away from o, the sequential decision can lead to significant profit loss, as illustrated in the following

examples.

Example 3.8 Let A\(p) = 20 — p, ¢(S) = 100 + 55 and h = 1. Suppose the marketing/sales

department sets price at p! = 10 in order to maximize the revenue rate. Then, the purchasing

department minimizes the operating cost using the EOQ model: ST = 20v/5 ~ 44.7. The threshold
o = A\/2a(ST)/h ~ 38. In Figure 3.4 we compare the sequential decision with the joint decision.
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Figure 3.4: Sequential vs. joint pricing and replenishment decisions
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The parameter range is chosen such that the best decision will be able to achieve a positive profit. '

Substantial profit loss is observed: when ¢ = 0, the sequential decision both underprices and
overstocks by 28%, resulting in 73% profit loss compared to the joint decision; when ¢ = 10, the

sequential decision underprices by 25% and overstocks by 22%, making almost no profit. R

3.3.3.2 N Prices

The problem is

2

Yoy [P(E) = BN = n+ D)pn — 2542 — a(S)
max V(S p) = L ol 2 2 . ]

N

(3.13)

As in the single price case, the objective function V'(S, 1) may not be jointly concave. Under the
interior optimum assumption, the optimal solution must satisfy the first-order conditions in (3.6)
and (3.11).

The result in Theorem 3.1 (which holds for any replenishment level) continues to hold here, i.e.,
p] < p; < ... < pi. However, the monotonicity in Proposition 3.3 and Proposition 3.5 need not

hold here, as evident from the following example.

Example 3.9 Let p(\) = 10 — 1073A + A7L, ¢(S) = 50 + 52 and h = 0.2. (Note the term A™! in
p(A) only adds a constant to the objective function to ensure that the average profit is positive.)
Consider N = 2. The optimal solutions are plotted in Figure 3.5. Two observations emerge from the

figure. First, there exist jumps in the optimal policy, due to multiple local maxima. For example,

for o = 0.243, there are at least two local maximizers: (S = 4.917, 41 = 0.401, po = 41.51) and
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Figure 3.5: Impact of demand variability on joint optimal solutions
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(S = 4.464, 41 = 5.637, uy = 43.44). The first yields an objective value V' = 0.2639, which is
slightly higher than the second one (V = 0.2638). For o = 0.244, the two local maximizers are
slightly different: (S = 4.918, 1 = 0.448, uz = 41.33) and (S = 4.425, 47 = 6.248, up = 43.41).
However, the objective value corresponds to the second one (V = 0.261908) is slightly better than
the first (V = 0.261903). Hence, the optimal policy exhibits discontinuity when o varies from 0.243
to 0.244. (These numerical results are accurate to the decimal places used. Furthermore, these
phenomena can also be verified analytically.) Our second observation is that when the optimal
solutions are continuous in o, there exists a range in which both u; and ps are increasing in o,

while S is decreasing in o. This is in sharp contrast with the results in the single-price case. B

Next, we develop a bound on the profit improvement as the number of prices (V) increases.

Theorem 3.3 Let (Sy,p*) be the optimal joint pricing-replenishment decision, and Vy be the
corresponding optimal profit in (8.18). Then,
hSy? (1= N72)

V]:;' - Vl* B ’
120 (o2 + )

_ . d?p(+) .
where i = % 22’:1 puf and By = inf { — Tt T mE (13, ] 3

Proof. Let V3 (S) denote the optimal profit when S is given (i.e., pricing decision only). If S
happens to be fixed at S%, then the profit is V¥, i.e.,, V3 = V3 (Sy). Applying Theorem 3.2, we
have the desired bound immediately:

V=V = VR(SK) = V' (ST) < VR(Sy) — W (Sy) < i )

— B ’
127 (o2 + B )
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The shortfall of the above bound is that it involves the solution to the N-price problem. Heuris-
tically, we can use the solution to the joint single-price and replenishment problem, denoted by
(ST, 1), in the upper bound. Specifically, replace Sy by S7, replace i by p*, replace By by
B = —g%%(%), and replace 1 — N=2 by 3/4 to tighten the bound. That is, the bound in Theo-
rem 3.3 can be evaluated heuristically as follows:

hS;y?
16* (02 + %—) .

(3.14)

Example 3.10 Let ¢(S) = K + ¢S and p(A) = a — b\, where a, b, ¢, K are all positive parameters.

The optimization problem in (3.13) becomes

N 2
SN fa- k- B - nt D - 22 - K — ]

. N
5>0, ue(b/a,c0) > n=1Hn

Applying a change of variables, u = b and S = K S , we can rewrite the above problem as follows:

S 2
ZN:1 [a—C—':l‘_M(N—n"‘l)ﬁn—hwa ,EQ_‘L]
max V(5= T 2 2 Mn 7 5] 315

§>0, fs€[1/a,00)V b Y N Fin

Clearly, the above expression indicates that there are four degrees of freedom in terms of indepen-

dent parameters: (N, a — ¢, Khb, hb%0?). Specifically, the four degrees of freedom are determined
by N, either a or ¢, and two from (K, h,b,o). In the numerical studies reported here and below,
we choose to vary (N, ¢, h, o) while fixing (K, a,b).

Figure 3.6 shows the optimal replenishment levels, prices, and profit values correspbnding to
different  values of IV, the number of price changes. We see that as N increases the optimal prices
are inter-leaved (e.g., the optimal éingle price is sandwiched between the two-price solutions, which,
in turn, are each sandwiched between a neighboring pair of the three-price solutions). This inter-
leaving property seems to persist in all examples we have studied. Figure 3.6(c) shows that N has a
decreasing marginal effect on profit. Using two prices already achieves most of the potential proﬁt

improvement, and beyond N = &, the marginal improvement is essentially nil. B

Example 3.11 We continue with the last example, but focus on comparing the optimal profits
under N = 1 and N = 8. We consider the parameter values ¢ € (0, 30}, h € (0,50],0 € (0, 50], while
fixing the others at K = 100, a = 50, b= 1.

The results reported in Figure 3.7 are for ¢ = 1. Similar results are observed for ¢ = 5, 10, 20, 30.

Figure 3.7(a) shows the optimal profit corresponding to a single price. The profit is clearly
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Figure 3.6: Effect of the number of price changes.
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decreasing in h and ¢ (Proposition 3.5). Furthermore, the negative effect of o is larger when h is
larger and vice versa, suggesting that the profit function is submodular in (h, ). Intuitively, since
the effect of o shows up in the profit function through the additional holding cost, the higher the
h (resp. o) value, the more sensitive is the profit to o (resp. h).

Figure 3.7(b) shows the absolute improvement in profit when using 8 prices (Vg* — Vi*). The
improvement is increasing in h and decreasing in o. Intuitively, as the inventory holding cost
increases, the right trade-off among revenue, holding cost and replenishment cost becomes more
important, thus more pricing options over time is more beneficial. However, pricing becomes less
effective as demand variability increases.

Note that when the profit under a single price V}* approaches zero, the absolute improvement
(Vg — Vy¥) does not diminish. In particular, while V{* decreases in h, the improvement increases in

h. Indeed, the relative improvement (= K‘%:ﬂ) is increasing in h, and approaching infinity when

V;* is close to zero, as demonstrated in Figure 3.7(c) and (d).
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Figure 3.7: Profit improvement of multiple price changes over a single price
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To conclude this example, we show in Figure 3.8 the profit improvement in comparison with
the theoretical bound in Theorem 3.3 and heuristic bound in (3.14). The heuristic bound can be

seen in this example as giving a good estimate of the maximum potential improvement. B
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Figure 3.8: Bounds on the profit improvement

Theoretical bound

3.3.3.3 The Algorithm: Fractional Programming

To solve the fractional optimization problem in (3.13), we can instead solve the following:

N . N
1 hS(N —n+3) ho?
ey = e - —a(S)| —n) 1
$>0, ue MN Vo Z [p(un) N Hn = =5~ Hn a(S) 77n=1 Py (3.16)

n=1

where 7 is a parameter. When the optimal objective value of the problem in (3.16) is zero, the
corresponding solution is the optimal solution to the original problem in (3.13), and the corre-
sponding 7 is the optimal value of the original problem. To see the equivalence, write the optimal
value in (3.13) as V* = A*/B*, where A and B denote the numerator and denominator in (3.13)
respectively. When 7 = V*, the optimal value of (3.16) is zero. On the other hand, suppose there
exists an 7 which yields a zero objective value in (3.16), specifically, A* — nB* = 0, then for any
feasible A, B, we have A —nB < 0, which implies A/B < n = A*/B*.

The algorithm described below takes advantage of the separability of the objective function
with respect to u when S and 7 are given. Specifically, the sub-problems are:

1y hS(N-n+1) ha?
(#_n) _ ¥ fn = ==t = a(S) =M, n=1,...,N. (3.17)

Under Assumption 3.1, the objective in (3.17) is concave in p,.

ax =
g Onlptn) =p

Algorithm for solving (3.13)

1. Initialize n=1mny, S=Sy, and p, =pu for n=1,...,N.
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(For instance, 79 =0; Sop= 95" and u, = px* for all n,
with (S*,u*) being the optimal solution to the single-price problem.)
Set ¢ at small positive values (according to the required precision).

2. Solve the N single-dimensional concave function maximization problems in (3.17).

3. Update S following a specified stepsize or use equation (3.6).
If the difference between the new and the old S values is smaller than &,

go to step 4; otherwise, return to step 2.

4. V, = sum of the objective valueé of the N sub-problems.
If |V,] < e, stop. Otherwise,
if V;; > ¢, increase 7;
if V, < —e, decrease 7.
Go to step 2.

In step 2, there are ways to accelerate the search procedure. First, we can take the advantage
of the monotonicity of uy, in n following Theorem 3.1. Second, we have gn(u;) < gny1(un) <
gn+1(ph ), forn=1,..., N —1. Hence, if we find uj such that g;(u]) > /N, then we can be sure
that V,, > ¢, and to bypass the rest of the algorithm to increase 7 directly and proceed to the next
loop. Similarly, if we first solve for u}. and find that gy (u}) < —&/IN, we can decrease 7 directly.
Third, we can make use of the monotonicity of ) in S according to Proposition 3.3 (iii). This is
particularly useful when the stepsize for updating S in step 3 is small.

In step 3, if we are in the eaﬂy stage of thef algorithm, i.e., when V, is still substantially away
from zero, then the updating of S needs to cover a wide range so as not to miss the true optimum.
This can be done by using large stepsize first and then reduce them gradually. When we are at the
late stage of fine-tuning V;,, we can update S to nearby values.

In step 3, we can use (3.6) as an updating scheme. This is in fact the coordinate ascent method:
we alternate between optimizing p for fixed S and optimizing S for fixed p. This procedure is
guaranteed to converge to a local maximum, but not necessary the global maximum (see Luenberger
(1984)). So it is useful once the algorithm enters the region containing the true optimum without
other local maxima.

It can be verified that the optimal objective value in (3.16) is strictly decreasing in 7, so there

is a unique zero-crossing point at which V;, is zero. Thus, in step 4, we can update n following a

standard line search algorithm, such as the bi-section or the golden ratio.
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The above algorithm with a slight modification appears more suitable for applications. In
practice, it is often relevant to ask how many prices to use, when to change prices and what prices
to change to. In addition, the prices and the replenishment level may be 1'est1'jcted to some given
(discrete) sets of values. It is readily verified that the equivalence between (3.13) and (3.16) still
holds under discrete sets. To solve the discrete version of (3.16), we simply modify step 2 of the
algorithm such that N single-dimensional concave maximization problems are solved, and modify
step 3 such that the updating scheme for S is restricted to the discrete set. Using a large N, the

solution can effectively answer the questions posed above, as evident from the following example.

Example 3.12 Let A(p) = 50 — p, ¢(S) = 100+ S, h = 1, ¢ = 10. Suppose the prices have to
be integer valued, and S has to be a multiple of 5. Using the algorithm (adapted as abbve), and
choosing N = 140, we find the optimal policy is to order 70 units for each cycle, charge a price of
$25 until the inventory level drops to 67 units, charge $26 until inventory drops to 19, and charge
$27 until the inventory runs out. The policy uses only three prices (despite the choice of a large N
value) and yields a profit of 528.745.

In other words, the equal partitioning of [0, S] (into 140 seg‘ments) does not prevent the algorithm

to find the optimal partitioning (of three uneven segments). N

3.4 Conclusion and Extensions

We have demonstrated the effectiveness of the Brownian motion model for price-sensitive demand,
in particular in making optimal pricing and replenishment decisions, quantifying the profit im-
provement, and bringing out the impact of demand variability. The Brownian demand model also
facilitates makiﬁg connections to and comparisoné with, wherever applicable, previously known
results in both deterministic and stochastic settings.

In the rest of this chapter, we elaborate on three possible extensions of our model and results

developed above. More details are provided in Appendix B.

3.4.1 Discounted Objective: An Example

Many results in Section 3.3 continue to hold if the long-run average objective is replaced by a

discounted objective. While we relegate the technical details to the appendix, we present below a
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simple example to highlight the contrasts between the two cases.
Let v > 0 be the discount rate. Under a single price policy, the discounted profit starting from
zero inventory takes the form (equality (A.38) in the appendix),

r(A)  S(h/y+a(S)) hX
i) = Y T T l—ebms Tz

where b(\) = 2v/(1/A2 + 202y + A). Unlike the average objective case, the additional cost due to -
demand variability, defined as the difference between V., (S, A) with a positive o and V, (S, \) with

o set to zero, now depends on S.

We first fix the price and only optimize the replenishment level, that is

rnax V4(S, A).
The first-order condition is
[h/y + a(S) + Sa'(8)](e* —1) = bS[h/y + a(S))]. (3.18)

'Recall, under the average objective and ﬁ)‘ced price, the demand variability has no effect on the
optimal replenishment level. In contrast, the demand variability will raise the replenishment level
under the discounted objective. (See the proof in the appendix.) The following example illustrates
this effect.

Suppose ¢(S) = K + ¢S, where K,¢c > 0. When « is small, b is also small and the first order

condition (3.18) can be written as

(h/y + c)(bS + 16252 + o(b?)) = bS(h/y+ K/S + ).

Then,
S* _2Ky
v b(h+cy)
Approximating b by Taylor series: b~ § — 9;/%3, we have
g o [2EOT T
U h+cy

Porteus (1985b) pointed out that the EOQ solution under a discounted objective can be approxi-

2K\
h+cy

mated by . Our result generalizes this result by incorporating the effect of demand variability.
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3.4.2 Full Backordering

Our model can be extended to allow backordering, in which case the replenishment takes the form
of a (—s, S) policy: a replenishment order is issued whenever the number of backorders has reached
s, to bring the inventory level back to S. Hence, the replenishment quantity is S + s. (As before,
zero lead time is assumed.) The pricing policy is modified accordingly: equally divide S and s into

N and M (positive integers) segments, respectively, such that
SZS()>51>--->SN=0>SN+1 >-'->SN+M=——S,

and apply price p, until the net inventory (inventory on hand net the backorders) falls to Sy,
n=1,...,N + M.

Assuming linear backordering cost, most of the results we have derived for the no-backorder
case will continue to hold, with suitable modifications. For instance, the optimal pricing will satisfy
the monotonicity:

PL<p3 < <PN,  DN41ZPNy2 2 ZPNiM-
That is, the optimal prices increase as the on-hand inventory is depleted, and decrease as the
backorders accumulate. The bound on the profit improvement is (assuming M = N):
(1-N-2) [ hs? bs?
2 |m D me D)

Ve - W<

where b is the cost for holding one backorder per unit of time, fi, = % ij:l o [y = 7{,— Ziﬁ Na1 Hno

d?p(
and B denotes, as before, the lower bound for _TP;EQL) over the spread of p*.

3.4.3 Price-Sensitive Demand Variability

Here we extend the Brownian demand model in (3.1) by allowing the diffusion coefficient to depend

on the demand rate, which varies with the price. Specifically,

DO = [ Apdut [ cN@IB@W, =0 (3.19)

where the diffusion coefficient o()) is a function of the demand rate. A special case is o(\) = Ao,
i.e., the demand variability is linear in the demand rate. Under o(\) = Ao, (3.19) can be written

as

dD(t) = Api)(dt +odB(t)), \ (3.20)




71

which is an analogy to the multiplicative demand case in the periodic-review setting.

We summarize the results for the model with price-sensitive demand variability as follows:

1. The properties of the optimal replenishment level in Proposition 3.1 still holds. The conclusion

in Theorem 3.1 that the optimal prices are increasing over the periods within each cycle still

holds.

2. The upper bounds in Theorem 3.2 and 3.3 can be extended to the general case with price-

sensitive demand variability.

3. The monotonicity properties of the optimal decisions with respect to demand variability de-
pend on the functional form of o()). For the special case o(A) = Ao, some of the monotonicity

results in Proposition 3.2, 3.3, 3.5, and 3.6 will be in the opposite direction.

The above findings are elaborated below. The proofs are included in the appendix.
With the general model in (3.19), under the same pricing and replenishment policies, the long-

run average profit functions (3.4) and (3.5) become

S [PGE) = BN = n+ D — Sho(ur )2l — a(5)]

V (S, = , 3.21
o 2
V(S,\) = r()\) - % — Xa(S) — % (3.22)

We assume that C,(\) = o(\)?/) is convex in A. (This assumption holds for both o()) = o
and o(\) = Ao). The convexity of Cy(\) implies that 0(%)2,u2 is convex in p. Then, V(S,\) is
concave in./\, and V(S, p) is pseudo-concave in p. The first-order conditions are thus sufficient to
determine the optimal pricing decisions.

It can be easily verified that Proposition 3.1 and Theorem 3.1 still hold (with the same line of
the original proofs). - |

The results on the upper bounds in Theorem 3.2 and 3.3 require some modification, with ¢? in
the original upper bound replaced by G = inf { (ﬂ(—%&w ©op € [pt, pNl } Hence, the bound
in Theorem 3.3 becomes
hS}? (1— N72)

12 (G+8)

Vi - Vi

Note that if o()\) is a constant, then G = ¢ and we recover the original bound. The derivation of
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this bound relies on the convexity of o(A\)2/) and a modification of Lemma 3.2: for 1 <m <n < N,

pk —pk < S{n=m)_ - All these results are proven the appendix.
N(G+2)

The demand variability affects the profit function through the additional holding cost term:

haéi‘)z in (3.22) and —W in (3.21). Therefore, the monotonicity proberties of the optimal
decisions with respect to c;e_riland variability depend on the specification of o()).

For the special case 0(\) = Ao, some monotonicity results with respect to the demand variability
need to be modified. For fixed S, the optimal prices pj,...,p5 are all increaging in ¢, which is
opposite to Proposition 3.2(i) and Proposition 3.3(i). If a single price is jointly optimized with
the replenishment level, the optimal price is increasing in o, and the optimal replenishment level
is decreasing in o, which is opposite to Proposition 3.5(i) and (ii). Furthermore, from the first-
order condition, the optimal price is such that 7/(\) = a(S) + ho? > 0. The sequential decision
chooses a price satisfying r'()\) = 0, which is always lower than the optimal price from the joint ’
optimization. This is différent from Proposition 3.6. The literature has also seen the differences in

the monotonicity properties between the additive demand model and multiplicative demand model

(refer to Federgruen and Heching 1999, and Polatoglu and Sahin 2000 reviewed in Section 3.1).
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Chapter 4

Inventory Performance of
U.S. Manufacturing Companies

from 1981 to 2000*

4.1 Introduction

In the 1970s and 1980s Japanese manufacturing companies made substantial market share gains in
the U.S. markets in a range of industries, including most notably the car industry. This stimulated
a significant search for the reasons for their success. The “Just-In-Time” (JIT) inventory system
was often identified as a key element. There were many calls for a revolution in inventory policies
of American firms. It was said that American firms needed to reduce their inventories. It was said
that the financial markets would reward firms that cut inventories and punish those that did not
do so.

Twenty years later much less is heard about the need for revolutionary changes to inventory
policies. Is this due to the fact that the revolution took place and inventories were dramatically
reduced? Or did inventory policy remain largely unchanged while other issues became more topical?
The only way to tell is to look at the actual inventory holdings of a large number of firms.

In this chapter we study the changes in inventories on the part of American manufacturing firms
over the 1981-2000 period. We examine whether these firms actually reduced their inventories as
recommended by the gurus in the late 1970s and early 1980s. Of course there is variation in

inventory policy across firms. According to the gurus, firms with lean inventories are more valuable

*A version of this chapter has been published:

Hong Chen, Murray Z. Frank, Owen Q. Wu. 2005. What actually happened to the inventories of American companies
between 1981 and 20007 Management Science 51(7) 1015-1031.
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than firms with bloaﬁed inventories. We examine whether the financial markets value firms in this
manner. For both of these questions we examine the data both unconditionally and conditioning on
conventional factors. In each case we find consistent results conditionally and unconditionally. Thus
the trends that we document are not driven by factors that are already known in the literature.

We find that inventories were significantly reduced over the 1981-2000 period. Inventory days
declined on average by about 2% per year. Inventory days declined most rapidly in computer
equipment, electronic equipment, and printing and publishing industries.

When we look at the components of the overall inventory interesting differences emerge. The
largest decline is found for work-in-process inventory days which declined about 6% per year. Raw
materials declined about 3% per year. Finished goods inventory did not decline. In some industries,
finished goods inventory days actually increased — notably in tobacco, leather goods, and medical
instruments industries.

A firm that deals efficiently with its suppliers will have low raw materials inventories. A firm that
has efficient internal operations will have low work-in-process inventory. Frorn this perspective it
appears that firms’ inventory holdings in raw materials and work-in-process seem to have generally
improved significantly over time. However, there is no strong empirical evidence regarding the
finished goods inventory. Intuitively, a firm that produces based on forecasting may have higher
finished goods inventory in order to have a higher service level (based on the goods availability). But
the firm may have its finished goods inventory reduced with better forecasting through better supply
chain coordination such as vendor managed inventory. Neither of these contradictory predictions
can be shown to have a dominant effect.

When considering stock market valuation, it is important to distinguish valuation differences
at a moment in time (cross-section) from-valuation differences that only emerge as time progresses
(time series). In the cross-section there is no evidence that the market places a higher value on
firms with lower inventories. Over time, however, interesting differences do in fact emerge.

A firm with a high Tobin’s ¢ (or a high market-to-book ratio) is a firm that the market is valuing
particularly highly relative to the accounting measure of value. If lean inventories are highly valued,
then firms with lean inventories will have particularly high Tobin’s ¢. We find no evidence of any

such relationship in the data.

Suppose that valuation differences only emerge gradually. An investor who holds a portfolio
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of lean inventory firms will accumulate more wealth. An investor who ignores inventories or who
holds the shares of firms with bloated inventories will accumulate less wealth.

To test this idea, we form portfolios based on each firm’s abnormal inventory holdings relative
to their industry peers. The portfolios are rebalanced annually to reflect changes in corporate
inventory positions. The long term value of these portfolios is then compared to the values found
in a large number of randomly formed portfolios. If inventory is irrelevant, no statistically significant
differences should be observed.

We do find that significant valuation differences emerge over time. Firms with abnormally
high inventories have abnormally poor stock returns. Firms with abnormally low inventories have
ordinary stock returns. Firms with slightly lower than average inventories perform best over time.
They outperform average firms by about 4.5% per year on average.!

Of course, many things other than inventory affect stock returns. Accordingly it is important
to study whether the portfolio effects that we identify are simply proxying for some factor that
is already known in the empirical literature on asset pricing. To address this concern we use the
Fama and French (1993) three-factor model. This is by far the most popular empirical model of
stock returns in recent years.? We find that the abnormal inventory effect is not accounted for by
the standard model from the empirical finance literature.

There are a few previous studies that are related to our work. Balakrishnan, Linsmeier and
Venkatachalam (1996) studied the accounting performance of 46 firms that adopted JIT over the
1985-1989 period. Compared to a matched sample of non-adopters, on average there is no effect
on the reported return on assets — if anything, it declines slightly. The authors are particularly
cautious about their results due to the small sample size.

Huson and Nanda (1995) reach a different conclusion. They studied a sample of 55 firms that
adopted JIT. They report that the JIT firms do increase the inventory turnover subsequent to
adoption, and that they have an increase in earnings per share. Oddly enough, the JIT firms also _
report a direct increase in unit costs while nonadopters were cutting their unit costs.

Sakakibara, Flynn, Schroeder and Morris (1997) carried out a questionnaire study of 41 plants

!Zipkin (1991) distinguished pragmatic JIT from romantic JIT. Proponents of romantic JIT really support the
idea of firms having zero inventory. Proponents of pragmatic JIT support reduced inventory, but do not take the
idea to an extreme. The valuation evidence is quite suggestive of pragmatic JIT.

2We have also tried adding the effect of stock market momentum to the model. It makes no important difference
to our conclusions, so we do not report those results separately.
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in the transportation components, electronics and machinery industries. In their surveys they
found mixed evidence about how JIT practices and manufacturing performance are related. It
is suggested that the effect of JIT comes from its effect on manufacturing strategy and quality
management. They do not consider how these practices relate to financial performance.

Surveys of managers necessarily produce a relatively limited sample of firms. Caution is needed
because it may be unclear how well the results from fewer than a hundred firms generalize to the
thousands of publicly traded firms. However, surveys also have benefits. Those conducting surveys
are not limited in the kinds of questions that can be asked.

It is also possible to study the problem at the industry level rather than the firm level. Ra-
jagopalan and Malhotra (2001) look at inventory holdings for a number of 2-digit SIC code industries
in the manufacturing sector of the U.S. economy. Overall inventories declined. They suggest a need
for subsequent research of a different character: “A firm-level analysis may yield insights into the
true causes of changes in inventory ratios.” “Further, it would be valuable to explore the linkages
between inventory performance and financial performance using firm level data.” This is very much
in the spirit of this study. .

Hendricks and Singhal (2003) investigated the stock market reaction to the public announcement
by a firm that they are experiencing supply chain glitches that are causing production or shipping
delays. These commonly result from inventory problems. Based on a sample of 861 announcements,
they found that the supply chain glitches significantly decrease the shareholder value. This shows
that when problems in normal inventory control are large enough to be “material” and so require
announcement, the market cares. The paper does not show whether “normal”, but inefficient
inventory control practices are deemed important. Hendricks and Singhal (2003) method also does
not provide information about the trends in inventory holdingé.

The rest of this chapter is organized as follows. Section 4.2 sets out the key questions to be
examined. Section 4.3 describes inventory measures and the data. Section 4.4 examines whether

inventory actually declined. Section 4.5 studies the financial impact of inventories. Section 4.6

provides our conclusions.
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4.2 Key Questions

There are two basic questions that we set out to answer. First, did inventories actually decline?
Second, are the abnormal inventories of some firms related to abnormal financial returns after
controlling for the established factors that are usually used to account for stock returns? In each
case there are a range of related issues that arise as we study alternative control factors, groupings
of the data, and functional form specifications.

Both of our questions were stimulated by the early 1980s literature on Just-In-Time practice.
A particularly striking overview was provided by Zipkin (1991). He suggests that Just-In-Time
can be approached from two perspectives: pragmatic JIT and romantic JIT. Pragmatic JIT pro-
motes inventory reduction, but not zero inventory; it focuses instead on the concrete details of
the production‘ process. Romantic JIT calls for a dramatic action and believes in zero inventory.
According to Zipkin (1991), “Schonberger and others repeatedly describe inventory as wasteful,
excessive, indeed ‘inherently evil.” The aim should be not just to reduce it but to stamp it out.”
For advocacy examples, see Schonberger (1982) and Hall (1983). Zipkin (1991) also argues that
stock market valuations might be affected by inventory reductions.?

A subsidiary question is suggested by Schonberger (1982). He argues that much of the interest
in inventory reductions by American managers focused on their interactions with suppliers. If his
claim provides a good characterization of what was really taking place, then we should observe the
largest declines on raw materials and finished goods inventories.

The second basic issue is whether low inventories are actually desirable. If inventory reductions
are a good thing, then investors should pay more for the firms that reduce inventory. Is this what
we see?

To answer this question we need a measure of stock market valuation. Standard measures of
valuation include the market-to-book ratio and Tobin’s g. They both record the ratio of the amount
that the market is willing to pay to own the firm, relative to its book value. They are measures

of valuation at a point in time. If investors are willing to pay more for low inventory firms, then

3 “The turmoil in the financial markets over the past decade has certainly contributed to the appeal of the more
radical versions of JIT. Obviously, any company concerned about the price of its shares would have a strong incentive
to reduce inventories, and even more to project inventory reductions in the future. Someone planning a takeover or
an LBO would also find such a concept attractive. With working capital freed up, or rather with the promise of lower
working-capital requirements, more debt securities can be issued to finance the transaction. And such reductions
appear even more tempting when they come easily and without new capital investment.” Zipkin (1991).
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inventory will be negatively associated with the market-to-book ratio or Tobin’s g.

It is also possible to consider longer term valuation effects. To do this we create portfolios as
a function of the inventory levels, and then study how these portfolios perform over time relative
to other portfolios. If abnormally low inventories are good, then we would expect to see such firms
having high stock returns. It is, of course, necessary to control for the standard asset pricing factors
(see Fama and French 1993).

Inventories are likely to be influenced by macroeconomic conditions. For this reason we consider
the effect of using a number of standard macroeconomic factors. Specifically, we consider the effects
of: the interest rate (Ry), growth in gross domestic product (GGDP), inflation rate (Infl), and the
optimism expressed by purchasing managers (PMI). For our purposes the macro factors are intended
as controls. Nonetheless it is worth asking what kinds of effects we expect them to have.

When the interest rate rises, inventories are more expensive relative to holding bonds. Inventory
levels should drop. _

The effect of a booming economy depends on whether it was anticipated or not. When the
economy is expanding more rapidly than anticipated (high GDP growth), firms may have trouble
keeping up with demand. Lower inventories should be seen. This should particularly affect finished
goods. Conversely, when the economy is growing less rapidly than anticipated, inventories might
tend to build up. These predictions depend on what the firm had been expecting. A booming
economy might be booming less than had been anticipated. In that case the prediction is reversed.
Accordingly the business cycle predictions are theoretically ambiguous. It is an empifical question
whether there is a systematic relationship.

The expected effect of inflation has both a direct cost effect and an indirect effect that operates
through the effect of inflation on interest rates.* High inflation makes it desirable to buy inputs early
— before their prices inflate still further. Thus raw materials inventories should rise. High inflation
is also associated with high interest rates. This tends to make it.expensive to hold inventories. The
effect on overall inventories is ambiguous for this reason. ,

The purchasing managers index measures optimism about the state of the economy. When

managers are feeling optimistic, presumably they will prepare for extra sales and inventories should

4Since we have included an interest rate measure already, one might have guessed that the indirect effect would
not occur. This is correct if our measure is sufficient to fully control for the full effect of the term structure of interest
rates. We expect our measure to capture part of that effect, but not all of it.




81

increase. The relative impact on raw materials, work-in-process, and finished goods is an empirical
question.

It is worth noting that there are many interesting business level factors that have changed
over the period. For instance, due to trucking deregulation and the rise of FedEx, rapid delivery
of goods became easier and cheaper. Due to computerization, record keeping functions likely
improved. These and a host of other changes are all real. We have been unable to find good
empirical measures for these changes that we could match with our panel for firms over the period.
While our data permits us to ask whether inventories declined, we do not have the data needed to
sort out alternative business level factors that have contributed to the decline we are measuring.

Accordingly we make no claim about the relative importance of these factors.

4.3 Measuring Inventory and Data

There are a number of different inventory ratios that are frequently considered. The appropriate
measure depends on the purpose. White, Sondhi and Fried (1994) provide a helpful treatment of
the standard accounting ratios that we use.

From an operations managemeﬁt point of view we are most interested in how long inventory
is held. It is important to have productive inputs available when needed. But, as stressed by
the advocates of Just-In-Time, holding inventory takes up space and can permit slack attitudes to
become pervasive with damaging effects overall.

Inventory days (ID) measures how many days on average it takes for the inventory to turn over.
In year ¢, let firm 7’s inventory be I;; and let COGS;; denote the cost of goods sold.- Then inventory
days of firm ¢ in year ¢ is

D= = égﬁc?siays

A second popular measure is the inventory-to-sales ratio. If we use sales to replace COGS in the
above ratio, then we have the inventory-to-sales ratio, which we denote as IS. The third measure
that we studied is the inventory-to-assets ratio, which is denoted as IA. Let TA;;: denote total assets

of firm 7 in year ¢. The inventory-to-assets ratio is

L

IA; =

TA;
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This measurement examines the fraction of a firm’s assets that are tied up in inventory. Asset ratios
are particularly useful for making comparisons across years. This ratio automatically nérmalizes
for firm size. We systematically studied IS, IA, and ID. Generally they provide confirmation of the
same results. To save space we focus primarily on ID in the tables.

For eachvof the above inventory measures we can replace overall inventory with raw materials,
work-in-process, or finished goods. The interpretations change in the obvious manner.

Different industries have different inventory needs. There are, of course, many possible ways to
control for industry effects. We have tried a range of alternative methods but found little differences
in the conclusions to be drawn. Accordingly, we settled on a particularly simple method. We take
the normalized deviation from the industry norm as a measure of whether a particular firm has
lean or bloated inventory. To be specific, let Abl;; denote abnormal inventory of firm ¢ in year t,

AbI ID;; — mean inventory days of firm i’s 3-digit SIC industry in year ¢
it =

standard deviation of inventory days of firm i’s 3-digit SIC industry in year ¢

An attractive feature of Abl is that- it is unit_ free. The interpretation of Abl is quite simple. If
AbL;; > 0 then in year ¢ firm 7 is holding inventory longer than do other firms in the same industry.
Firms with AbL; < 0 hold their inventory for a shorter period of time than do their industry peers.’

This study is based on balance sheet data from 7433 U.S. manufacturing firms over a 20-year
period. The data includes all publicly traded manufacturing firms. These are almost all of the
manufacturers in the U.S. economy.

The firm specific data comes from the COMPUSTAT database available through WRDS (Whar-
ton Research Data Sérvices, University of Pennsylvania). The stock returns data is from the De-
cember 2002 edition of the CRSP (Center for Research in Security Prices, University of Chicago)
database, and it is merged with the COMPUSTAT data using the CCM (CRSP/COMPUSTAT
Merged) database also available from WRDS. Data on financial risk factors is from Ken French’s
web pageS.

We use data of U.S. firms whose COMPUSTAT incorporation codes are zero. We only include

firms with SIC codes from 2000 to 3999 inclusive,. i.e., manufacturing firms. Inventories either do

5 Many firms actually span multiple industry segments, but only report firm-level data. We use the firms’ primary
SIC codes to-identify the industries they belong to. So AbI is an approximation of a firm’s deviation from the
industry mean. Based on the COMPUSTAT Business Segment data, we repeated the same portfolio analysis with
all multi-segment firms removed (about half of the data is dropped). The results are consistent with those reported
in Section 4.5. .-

6See http://mba.tuck.dartmouth.edu/pages/faculty /ken.french/.
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not exist, or have rather different interpretations in other sectors of the economy. When available,
we replace SIC codes with historical SIC codes. Both SIC and historical SIC codes are from
COMPUSTAT. When historical data is unavailable we approximate it. For example, if a firm
exists over the 20-year period and its historical SIC is reported only for the period 1987-1995,
then we replace SIC with historical SIC for 1987-1995, make no change for 1996-2000, and replace
SIC with historical SIC in 1987 for the period 1981-1986. For the analysis of financial impact of
inventories, we use CRSP share codes 10 and 11 (i.e., ordinary common shares), provided that they
are listed as exchanges codes 1, 2 and 3 (i.e., NYSE, AMEX and NASDAQ), respectively).

We take the COMPUSTAT identifier GVKEY as our empirical definition of a firm. A handful of
stocks are matched to more than one GVKEY. Removing or keeping such duplications has almost
no effect on the result.”

COMPUSTAT has several missing value codes. We replace the code “insignificant figure” with
zero, while all other codes are replaced by missing values. Since companies may restate data for
accounting changes, we use the restated data when available. Data items that may be restated are:
assets, sales and cost of goods sold.

When applying a log transformation we replace zero values with 0.001 to deal with the fact that
the log of zero is not defined. If we replace zero with too small a number, then the log becomes a
big negative number — an outlier will be created. We found that 0.001 is the smallest positive data
that COMPUSTAT reports for inventory, so we use it to replace the zero values. We experimented
using slightly smaller values, and found that the conclusions are not affected.

Outlier observations can cause problems, particularly when taking ratios. Accordingly, we follow
the common procedure of winsorizing the data. For inventory, costs of goods sold, sales and assets,
we replace the top 1% of the data by the highest value that is not removed. It is important to down-
weight the extreme tails, but exactly where that cut-off is defined does not make much difference.
We experimented with slightly lower and slightly higher cut-offs, and compared the results. The

exact location of the winsorization does not affect the conclusions.

"o be specific there are 37 PERMNO (the CRSP identifier) matched to more than one GVKEY. In the reported
results we resolved the duplications based on the following rules. We remove 26 GVKEY companies who report pre-
FASB data. (FASB is the Financial Accounting Standards Board. For its history see http://www.fasb.org/facts/.)
We remove 9 GVKEY companies whose existence periods overlap with the existence periods of their duplicates.
We remove two GVKEY companies whose data do not agree with their duplicates, and whose existence periods are
shorter than their duplicates.
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Winsorization is a standard method to deal with outliers. But what about observations that
are measured with error but are not necessarily outliers? In a regression, what matters are additive
errors in the explanatory variables. Time itself is not error prone, so it might appear that all is
well. However, if there are systematic patterns in the variable being explained that are not additive,
there can still be a problem.

The potential concern is that accounting rules give the accountants some discretion. What
is worse, sometimes accountants are not honest altogether. Some accountants might be trying
to help their clients ‘look good.” In the early 1980s, looking good generally meant having a low
inventory due to the popularity of JIT. In the late 1990s it was quite different. Consider the famous
accounting scandals associated with Arthur Andersen and its clients. Some firms may have been
concerned about appearing over-levered. Inventory typically serves as collateral for debt. From this
perspective having a higher inventory might help the firm look good to investors who were worried
about being repaid. To the extent that this might have affected the accounting in the late 1990s,
it could cause firms to exaggerate the size of their inventory.

Our best guess is thaf the bias in accounting is not all that large. But there is no easy way to
measure its impact. To the extent that the accounting bias matters, it will cause us to underestimate
the rate at which inventory declines.

For the analysis of inventory decline, over the full period, there are more than 61,000 firm-years
for which we have information on total inventories. More than 3/4 of our sample firms provide a
breakdown into raw materials, work-in-process, and finished goods inventory. For the analysis of
financial impact of inventories, over 41,000 firm-years of information are available over the 20-year
period.

The macroeconomic control factors that we include are conventional.®
e Ry is the going interest rate. It is from H.15 Release — Federal Reserve Board of Governors.

o GGDP (Growth in Gross Domestic Product) is a macroeconomic growth rate. Let GDP
be the real gross domestic product in 1996 dollars as reported by the Bureau of Economic

Analysis at the U.S. Department of Commerce. Then GGDP; = In(GDP;) — In(GDP;_,).

8The original data are all available from the Federal Reserve Economic Data (FRED) at
http://research stlouisfed.org/fred2. The data series identifiers are MDISCRT, GDPCA, PPIACO and NAPM,
respectively.
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o Infl is the inflation rate. Let PPI be the “Producer Price Index: All Commodities” as reported

by the Bureau of Labor Statistics at the U.S. Department of Labor. Then Infl; = In(PPI;) —

In(PPIL,_1).

e PMI (Purchasing Managers Index) is a survey measure of the optimism of corporate purchas-

ing managers. A PMI reading above/below 50 percent indicates that in the opinion of the

purchasing managers who were surveyed, the economy is generally expanding/declining. This

information is from the Institute for Supply Management.

Figure 4.1: Median inventory measures of U.S. manufacturers
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There are 7431 firms providing 62218 observations of inventory to assets ratios, and 7295 firms providing 61038
observations of inventory days. Not all firms report their inventory components. As a result, the numbers of firms and
observations for the inventory components are slightly less.
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4.4 Have Inventories Been Falling?

4.4.1 Basic Inventory Time Trend

Table 4.1 provides basic descriptive statistics. The drop in inventory-to-assets between 1981 and
2000 was dramatic. The declines in inventory days are less dramatic. While the medians of raw
material, finished goods, and total inventory days drop, the means actually rise between 1981 and
2000. We focus on the medians rather than the means due to the familiar concern that the means

may be influenced by outliers. The descriptive statistics show that decomposing inventory into

Table 4.1: Descriptive statistics

a) Inventory to assets ratio (x100%
(@) ry ( )

Year Inventory type Num of obs. Mean 25th percentile Median 75th percentile

1981 Raw material 2068 10.83 5.57 9.16 14.27
Work-in-process 1835 7.45 1.90 5.43 10.43
Finished goods 1980 9.96 2.97 7.95 14.08
Total 2645 26.74 . 17.13 26.06 35.77
2000 Raw material 2669 6.85 1.46 4.54 9.21
Work-in-process 2580 3.25 0.00 1.35 4.06
Finished goods 2644 7.11 1.14 4.34 9.79
Total 3209 16.51 5.90 13.86 23.57
1981~2000 Raw material 51400 8.58 3.09 6.55 11.59
Work-in-process 48175 5.15 0.57 3.09 7.09
Finished goods 50522 8.38 1.97 5.92 11.66
Total 62218 21.24 10.50 19.14 29.63
(b) Inventory days
Year Inventory type Num of obs. Mean 25th percentile Median 75th percentile
1981 Raw material 2054 52.6 20.2 35.1 60.7
Work-in-process 1821 ' 37.8 73 21.7 45.8
Finished goods 1965 448 11.6 30.5 57.5
Total 2624 133.9 59.4 96.1 149.6
2000 Raw material 2590 53.7 11.2 28.2 57.1
Work-in-process 2501 25.0 0.0 9.1 26.9
Finished goods 2566 66.7 9.0 28.8 59.0
Total 3117 154.1 41.2 80.8 137.1
1981~2000 Raw material 50363 61.4 16.4 31.8 579
"~ Work-in-process 47152 54.5 3.4 15.9 373
Finished goods 49499 59.2 1.3 30.7 59.6
Total 61038 165.1 52.1 90.1 144.0

(c) Macroeconomic factors 1980~1999

Macroeconomic factors Mean Stapdgrd Min Max
deviation .

Interest rate (Ry) 6.67 2.83 3.00 13.42

Macroeconomic growth rate (GGDP) 3.21 1.81 -1.95 6.94

Inflation rate (Infl) 2.05 341 -3.37 11.10

Purchasing managers index (PMI) 51.15 5.18 38.48 59.30
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stages may be important.

In 1981 the median inventory days was 96.1. By 2000 it had fallen to 80.8. By far the biggest
drop among the components was observed for the work-in-process inventory, which dropped from
21.7 to 9.1 days. Raw material dropped from 35.1 to 28.2 days, while finished goods only dropped
from 30.5 to 28.8 days.

Figure 4.1 illustrates the same trend. Figure 4.1(a) depicts the inventozry—to—assets ratio. This
drop reflects both changes in inventory policy as well as changes in the holdi;lgs of other types of
assets by firms. Figure 4.1(b) depicts the inventory days, a measure that is immune to changes in
the holdings of other assets. In each case the big picture remains the same — inventories dropped
over the period.

It is worth noting that the decline is not caused by shift of inventories from public firms to private
firms. We compared the inventory and assets positions of the entire U.S. economy as reported in
the U.S. Flow of Funds Accounts® to the positions of the firms in COMPUSTAT. There is no
evidence that such a shift accounts for our results. In fact, a greater fraction of the economy-wide
U.S. inventory holdings was in public firms’ hands by the end of the period than at the start. In
1981, the ratio of publicly traded firms’ inventory to the total Flow of Funds inventory was 78.4%.
By the year 2000, the ratio became 93.2%. The correlation between the public firm numbers and
Flow of Funds numbers are very high. For inventory levels, the correlation is 0.995, and for change
in inventory, the correlation is 0.742. The difference is due to the increasing number of publicly
traded firms over the period.

The magnitudes of the inventory decline differs across the stages in the inventory cycle. Figure
4.1 shows that there was a very large drop for work-in-process inventory, but milder declines for
raw materials and finished goods. The decreases are statistically significant in all cases, except-for
the finished goods inventory days. Much of the decline in inventory days took place during the

period 1987 to about 1995.

4.4.2 Controlling For Other Factors

The descriptive evidence is striking, but it does not control for firm heterogeneity, macroeconomic

conditions, or changes in industry composition. To address these concerns requires a statistical

See http://www.federalreserve.gov/releases/.
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model.

Our data takes the form of a panel with a great many firms and a much smaller number of yeafs.
With panel data, there are many models that permit various types of time trends. The models that
we consider differ in how much similarity is assumed among firms and among industries. We report
results from estimating the following models: 1. a random effects model, II. a mixed effects model,
I1L. a fixed effects model.1 For the reported estimates we are explaining inventory days (ID). These
models have also been estimated for the inventory-to-sales ratio and the inventory-to-assets ratio.
Since the inferences are essentially the same, they are not reported.

Model I is a random effects model given by
log(Ith) =qa -+ ul—i- (b + ’Ui)(t - 1981) + Eits (41)

where u; and v; are random intercept and slope with zero means, and ¢;; has zero mean conditional
on u; and v;. To estimate this model using the maximum likelihood method, we further assume
that u; and v; are jointly normally distributed and e;; is normally distributed.

Let k index the macro factors with the coefficients denoted my and the macro factors Fy, where
Fi € {R¢, GGDP, Infl, PMI}. Model II is a mixed effects model given by

log(IDit) =a+u; + (b -+ 'l)i)(t — 1981) + kaFk,t—l + €5t (4.2)
k

where the same assumptions about the random effects and the errors are made as model I. To ensure
that the macroeconomic factors are predetermined, one year lag is used for the macroeconomic
factors.

Model III is a fixed effects model given by

log(IDy) = a + u; + b(t — 1981) + > myFee—1 + €, (4.3)
k.

where u; is the firm fixed effect contrasting to model I and II, and £;; has zero mean conditional
on u;. We use Huber-White robust standard errors in this model.
Each of these models has advantages and disadvantages. Model I provides a good basic reflection

of the time trends, but it leaves open the issue of the macro factors. A model with full random

1OWe also estimated individual firm regressions, but this results in a vast number of parameters, and given that
many firms have only a few years of data, the parameter estimates are not as reliable. They do not alter the main
conclusions, but they add a lot of noise. Accordingly we prefer to impose more structure — as in the reported models.
We have considered a variety of alternative models which permit heteroscedasticity and autocorrelation in the errors.
Since these alternative specifications do not change our inferences, we do not report the results separately.
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effects and macro factors could in principle be estimated. But when we did this, the maximum
likelihood method failed to converge. Hence, we use the simpler form of mixed effects model as our
model II.

Model III is a conventional fixed effects model with firm-specific intercepts. This type of model
is very frequently used in econometric practice. This model has both advantages and disadvantages
relative to the earlier two models. A Hausman test (see Greene 2003 for a discussion) favors a fixed
effects specification over a random effects specification.’* This argues in favor of model III. The
results from Models I and IT suggest that the variance of intercepts is much larger than the slope,
which argues for a more elaborate model than model III to reflect the differing slopes. In principle
we can allow for both firm-specific intercepts and slopes. But then we are back to the problem of
having far too many parameters to estimate and interpret.

In our judgement, all of these considerations are pertinent. Reasonable people can disagree on
how heavily to weigh each consideration. As a result, we report models [-III and we focus on results
that are consistent across model specifications.

In Table 4.2 we see that all of the models give very similar parameter estimates for the key
parameters of interest (i.e., intercept and time trend). The macro control factors also generally
have similar effects across specifications. This suggests that the effects that interest us are not very
sensitive to the choicé among these three types of models.

In model I, the fitted inventory days can be expressed as ID, = e®+t(t=1981) " Thyg, the fitted
inventory days in 1981 is €%, and the yearly percentage change of the fitted inventory days is
(IDy41 — ID;)/ID; = 100(e? — 1)% = 1005%. The values of the time trends reported in Table 4.2
can be interpreted as the yearly percentage change of inventory days.

Model I estimates that the total inventory days in 1981 was e%?* a 70 days and declined about

3.24

2% per year; raw material was e ~~ 26 days in 1981 and declined about 3% per year; work-in-

process was e>'® ~ 9 days in 1981 and declined about 6% per year; finished goods was €% = 13

days in 1981 and has no significant decline or increase.

1 Baltagi (2001) thoroughly discusses the fact that more than just a Hausman test is needed before one can select
a ‘correct’ model. Rather than make a definitive choice among the specifications, we show that the basic inventory
trends are the same under these alternative frameworks.




Table 4.2: Inventory days of all U.S. manufacturers 1981 — 2000

Raw material Work-in-process Finished goods Total
Model I 1 m 1 I I I 1 )| 1 ) T
I 34%F% 3[R ERE 4Rk | Q]G RRE D AT RER DSk | ) S mEx DAY wex DAY REK | 404 %Rk 404 0kE 400 kkx
ntercept (96.0) (45.4) (42.6) (44.2) (25.7) (25.2) (60.8) (2700 (253) (152) (70.5) (68.2)
Time trend 347 R 365 wEx (] 83 kkE [ g ][ Rex £ 9R ®kE  5)5 *** | 007 -0.17 0.84 *+% | [} 97 #%x D3 wxx ] ( kk¥
(-12.9) -12.7) (-10.5) -172)  (-18.5) (219 (-0.23)  (-0.50) (3.93) (-8.91) (-9.35) (-7.17)
Standard deviation of 220 220 3.19 3.19 272 272 1.95 1.96
random intercept u :
Standard deviation of 0.17 0.17 0.21 0.21 0.18 0.18 0.15 0.15
random time trend v
Correlation of & and v -0.59 -0.59 0.57 -0.57 -0.59 -0.59 -0.58 -0.58
Coef of Ry 0.19 0.38 249 #xr 50wk 0.34 1.23 #** -0.44 -0.02
oet- ot By (-0.58) (1.06) (-5.83)  (-5.09) (0.84) (2.68) (-1.61) (-0.06)
0.65***  0.02 0.46 036 * 0.08 -0.44 ** 0.22 -0.15
Coef. of GGDP @76 (0.12) (-146)  (-1.80) (026)  (-233) (109  (1.27)
Coef. of Infl 0.01 0.84 #xx 030* 047 -0.52 %% 037 0.17 0.38 *
: "(0.08) (3.15) -1.84)  (-1.23) (-3.36) (1.03) (-1.60) (17D
0.12 0.14 -0.08 -0.12 024 %% 028 ** 009 0.10
Coef. of PMI (1.40) (1.42) (-0.68)  (-0.86) (2.12) (2.08) (1.16) (1.18)
R? 0.81 0.86 0.81 0.80
Log likelihood 2709316 -70921.7 -79269.6  -79247.5 -81108:1  -81100.4 826108 -82602.2
Number of firms 6348 6098 6306 7295
Number of obs. 50363 47152 49499 61038

Model 1 is a random intercept and time trend model. Model 11 is a mixed effects model with random intercept, random time trend and fixed macro factors effects. Model 111 has fixed firm-specific
intercepts, fixed time trend and fixed macro factors effects. The models are described in equation (1), (2) and (3), respectively. Intercept and time trend correspond to a and 4 in equation (1), (2) and (3).

Model I and II are cstimated using the maximum likelihood method. and the log likelihood is reported. To cstimate model 111, we create firm dummics and apply OLS with Huber-Whitc robust cstimator

of standard error (statistical packages usually offer commands to handle fixed-effects regression automatically so that creating dummies is unnecessary). -

Time trends and the cocfficicnts of macroeconomic factors arc reported 100 times larger than their original valucs. *, ** and *** denote statistical significancc at 10, 5 and 1 percent level, respectively.

- t-statistics are reported in brackets.

06
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Consider the results for total inventory days, raw material and work-in-process in Table 4.2.
We see that in all models, the coefficient on time is negative and statistically significant. It fs the
most negative for work-in-process. Total inventories declined under all models and work-in-process
declined most significantly. This is a very robust result.

Raw materials, work-in-process, and finished goods inventories play quite different roles in a
firm’s operations. Raw materials relate to the firm’s interactions with suppliers. Work-in-process
reflects the efficiency of the firm’s own operations. Finished goods relate to the firm’s interactions
with customers.

There is very strong evidence that the manufacturing firms we study improved their interactions
with suppliers and their own internal operations. However, there is no corresponding drop in
finished goods inventory. Indeed, if one prefers the firm fixed effects model (model III), there is
even some evidence that finished goods may have increased.

- It is worth noting that there is a strong evidence that product variety has increased dramatically,
see Fisher, Hammond, Obermeyer and Raman (1994). The increased variety leads to increased
demand variability. At the same time, manufacturing firms might have focused more on improving
customer service levels through product évailability. Both changes may have contributed to the need
to increase finished goods inventory, and may have cancelled the JIT efforts in reducing finished
goods inventory.

The macro factors generally perform sensibly. Interest rates have a negative effect on work-in-
process inventory holdings. Macroeconomic growth has a somewhat positive effect on raw materials
and a somewhat negative effect elsewhere. But these effects are not all that robust to alternative
specifications. Inflation seems to be associated with an increase in raw materials inventory and a
drop in finished goods inventory. This makes some sense if firms recognize the inflation and are
adjusting to it. When the purchasing managers expectations are good, there is an increase in the
finished goods inventory. Presumably this reflects the firm’s preparation for the expected strong
_demahd. '

Next, we decompose the effects into 25 individual industries. We use mostly 2-digit SIC indus-
tries. For some industries there are a sufficient number of firms to permit further subdivision into

3-digit SIC industries. There are also seemingly problematic cases that we adjusted.!? Figure 4.2

!2The chemical industry (SIC 28) is divided into non-drug and drug industry. Machinery and computer industry
(SIC 35) is divided into two. Electronic and electrical equipment industry (SIC 36) is divided into two. Transportation
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shows the median inventory days over the years for each industry.

Figure 4.2: Median inventory days of U.S. manufacturing industries

¥ liﬂbbc&& plastics
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Table 4.3 decomposes models I-III into individual industries. To save space we do not report
coefficients on the macro factors. The decline in total inventory days is not limited to just one or
two industries. Rather, it is a pervasive phenomenon observed in many industries. There are 8
out of 25 industries whose decline in total inventory days is significant at conventional significance
levels, under any model specification. No industry exhibits an increasing inventory trend that is

robust across model specifications.

equipment industry (SIC 37) is divided into motor vehicle, aircraft and others. Lab instruments industry (SIC 38)
is divided into medical and non-medical instruments. Apparel and footwear industry includes knitting (SIC 225),
cutting and sewing (SIC 23 except 239), rubber and plastics footwear (SIC 302), leather footwear and gloves (SIC
313-315), costume jewelry, novelties and buttons (SIC 396). Textile industry includes SIC 22 and 239.




Table 4.3: Inventory days of U.S. manufacturing industries 1981-2000

Total inventory days

Finished goods inventory days

Industry Num of firms| 1 11 Num of firms I I
Numofobs. | fniercepi  Time trend | Intercept  Timetrend | Intercept  Time trend Numofobs. | Iniercept  Timetrend | Intercept  Time trend | Intercept  Time trend
Food 418 381 %% 115 395+ 049 390 %% 0.5 303 288 %% 242%%% | 318%* 122 304 %% | 15%*
0o 3149 (53.5) 2.22) 21.6) 0.83) (20.9) (0.40) 2072 (283) (317 (12.8) (1.45) (12.3) (2.36)
Tob 24 527%  _130 419%+ 054 426+ 120 20 23440 g2 1.62%++  936*+ 236%* 320+
obacco 159 (43.6) (-1.01) (7.8) 0.32) (8.4) (0.98) 114 (2.9) (2.09) (1.4) (2.05) (3.0) (1.83)
. 180 437% 035 436% 144 430%+ 001 169 3324 |58% 3554 0,03 352% 045
Textile 1360 (65.6) 037 (16.9) (-1.28) QL (-0.03) 1223 (33.8) (1.86) (10.4) (0.03) (11.9) (0.82)
106 429%*% 265 435%*% 330 429 %% 2.94%* 86 245%% 123 190**  0.54 186%* 037
Lumber and wood 878 (15.5) (-1.15) (11.4) (-1.39) (12.3) (-2.52) 553 (8.9) (-0.46) .2 0.17) 2.0) (-0.13)
Furniture and fixtt 109 4460 25w | 471wk D77 wks | 474%k ) GTREx 96 285%* 086 296%* 073 325% 114
urniture and hixtures 964 (622) (-4.69) (32.5) (-5.12) (30.8) (-7.02) 875 (12.6) (0.67) (1.8) (0.52) (7.9) 1.1
164 405 0.00 4367 081 436%%  .0.82* 130 2724 279 295+ 1388 3.02% 118
Paper 1356 (45.9) (0.00) (16.8) (-0.80) (16.9) (-1.67) 809 ®.7 (1.39) (5.5) (0.88) (6.5) (1.09)
) kK . ¥ ok R *k *kk *Hk ok K ok 2 kE
Print d publishi 288 3.49 4.88 375 5.41 an 432 197 0.68 0.49 240 3.43 255 1.21
rinting and publishing 2182 (14.6) (-2.29) 2.1y (-2.50) (15.3) (-8.24) 1454 (1.8) (-0.18) (3.7) (-1.17) 3.7 {0.88)
Petrol fini 92 351% 108 5.02 %K% 400 % | 454 %% 3 99wxs 29 LI3#ss 524w | 231+ 179 337% 049
etroleum refining 840 (21.3) (-0.68) (1L.1) (-2.73) (14.3) (-5.16) 166 (1.3) (2.64) (2.0) (0.68) (4.6) (-0.29)
Rubber and plasti 267 419%+ 035 460%% 149+ 464 %% -] Q3% 236 3014 097 3524 013 337% 053
ubber and plastics 1906 (49.9) (-0.43) (20.3) (-1.65) (19.9) (-2.03) 1632 (22.3) (0.75) (10.3) (0.09) 92) (0.81)
49 453 100 416 %% 142 442 %% ] 09* 42 388+ 240 %+ 283 %%+ 4agwex | 200wt 3 5gaes
Leather 496 (37.2) (132) (11.4) (1.47) (18.0) (1.80) 390 (20.8) (229 (5.9) (3.36) (7.2) (3.69)
Stone, clay, glass and 142 4274 064 435%%% 043 423 %% 012 i3 3224 207 30T 1120 3034 098
concrete 1048 (47.5) (-0.76) (14.6) (-0.42) 1.7 (-0.25) 788 8.7 157 (6.6) (-0.74 (6.3) (0.84)
Pri netal 232 430%% 093 * 416 045 385% 005 172 270+ 0.09 224 041 205 % 038
rimary meta 1948 (56.1) (-1.70) (18.1) (-0.70) (17.6) (0.10) 1271 (8.6) (-0.04) “.5) (-0.18) (3.9) (0.40)
Fabricated metal 379 438% 013 479 %% 056 467 097 321 262%* 016 217 118 234% 155
products 2705 (16.7) (:0.22) (23.5) -0.77) (22.0) (-193) 2086 (15.2) 0.11) (5.2) 0.71) 5.0 (-1.38)
Chemmicals excent drugs 401 432%% 047 423 %% 057 414 ] 26%e 347 335+ 081 333%% 081 344086 | gowrs
pt crug 3230 (53.5) (-0.87) (0.1) (:0.90) 197y .87 2596 (34.3) (151 (12.0) (1.18) (13.2) (3.26)
D 614 135 %% .1.06 L14% 077 Lg2wer | 75 568 0.69 %% .325% | Q30%  302% 095%+% 149
ugs 4730 (5.7) (-0.68) 2.5) (-0.48) 3.7 (1.74) 4087 (3.0) (-2.05) 0.7 (-1.86) (2.0) (1.51)
Machi 688 460 147 | as7Ee 17 454 %% ] 09¥t 602 2724 28644 .151 257%%* 0.8
achnery 5354 (68.2) (-2.49) (29.4) (-1.81) (29.7) (-3.43) 4370 (20.6) (-1.23) (10.1) (-1.50) (8.9) 0.26)
c . . ; 610 S04 533 kx | Sgpwes  GsARk | S |GREE G0N 553 277 %% 082 315+ 110 307 269
omputer equipmen 4453 (76.6) (-8.33) 4.7 (-8.79) (213) (-10.21) 4000 2.1 (0.80) (9.4) (-0.95) (8.3) (-3.08)
Elecironic equi : 938 g74»% 305 | 473w 34w | 47540 L) glers 861 2234 053 170%+ 119 162 %45 297w
ceironic equipment 7131 (174 (-5.97) (29.4) (-6.12) (29.3) (-4.60) 6239 (18.0) (0.63) (5.9 (1.29) (5.2) (4.36)
. . 322 451 % 009 444+ 063 459 %% 077 203 274% 061 320 % 073 346 .1.01
Electrical equipment 2464 (42.3) (-0.10) (16.8) (-0.66) (16.4) (-1.58) 2139 (16.8) (0.44) (8.5) (-0.48) .1 (-1.19)
. 20 443 % 185 | 406w 05wk | 410%r ]2k 188 283 % 017 285%+ 008 249 %% 132
Motor vehicles 1697 t . ; : 5
(42.0) (-2.38) (16.9) (-2.3%) (16.9) (-333) 1382 (17.0) (0.14) (6.8) (0.06) 5.7) (131
Aircraft 88 4790 21* 507 251% 497+ 2.06%++ 67 L19** 028 061 %%+ 445 0.75%% 2,60
1rera 708 (1.9 (-1.84) (16.8) (-1.89) (17.9) (-3.30) 512 2.4 (-0.08) (-0.5) (1.05) (-0.8) (0.95)
Other transportation 88 410%* 065 446+ 021 4a2 %% LL13% 72 121 %% 410 0.69*** 669 0.07%%* 275
equipment 580 (34.9) (0.52) (13.4) (-0.16) (13.3) (-1.85) 454 (.7 (0.82) (0.6) (1.28) 0.0) (0.89)
Medical instruments 589 4.00%+ 267 399 #4254+ 400 106 545 27200 364w [ 203%x 409 | 2074 35paes
4271 (24.8) (2.52) (12.9) (2.30) (12.8) (1.51) 3800 (15.3) 3.7 (5.6) (3.26) 5.2 (3.91)
Non-medical 561 486%r  2090%% [ 460x g0 wex | 454 %k 1485+ 515 253%* 080 181% 241 % 175%% 053
instruments 4513 (19.8) (-336) (25.9) (-2.70) (25.7) (-3.79) 3890 (16.9) 0.72) (5.8) (1.73) (5.0) (0.64)
A | and foot 253 467%% 037 482%%% 157 er | 478 150%* 236 399%+* 086 396+ 015 391+ 022
pparel and tootwear 1967 81.7) (-0.65) (16.9) (2.12) (18.6) (-2.56) 1756 (42.0) (0.80) (3.0 (0.13) (3.7) (-:0.33)
Total 7295 424%%  L97 %% | 424t 223 %% | 422%%%  102%%* 6306 255 %% 007 242 %% 0.1 242%%%  0.84%%*
© 61038 (151.9) (-8.91) (70.5) (-9.35) (68.2) -7.17) 49499 (60.8) (-0.23) (27.0) (-0.50) (25.3) (3.93)

Intercept and time trend correspond to & and b in equation (1), (2) and (3). respectively. Time trends are reported 100 times larger than their original values. *, ** and *** denote statistical significance
at 10, 5 and 1 percent level, respectively. t-statistics are reported in brackets.

¢6
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Focusing on the coefficients from model I for illustration, we find the most rapid decline was iﬁ
computer equipment (5% per year), printing and publishing (5%), and electronic equipment (3%).
These are significant under all specifications. Five industries have 1%-2% decline per year that
is significant across all estimated models. These industries are furniture and fixtures, machinery,
motor vehicles, aircraft, and non-medical instruments industries.

In Table 4.3, we report the finished goods results separately, but not the raw materials and
work—in—process. We do this because the finished goods pattern differs from the total inventory
results, while raw materials and work-in-process do not differ significantly from the total.

There are 14 out of 25 industries that exhibit no significant finished goods time trend under
any model specification. No industry exhibits a declining finished goods time trend that is robust
across the specifications. Robust increasing trends are found in tobacco (10% per year), medical
instruments (4%), and leather (2%) industries. Six industries have less robust evidence of finished
goods inventory increases, while two industries (drugs and computer equipment) have less robust
evidence of decline.

For work-in-process, there are 15 industries that exhibit a declining trend which is robust across
model specifications. The most rapid declines are found in computer equipment (13% per year),
leather (12%), and apparel and footwear (10%) industries. For raw material, there are 12 industries
that exhibit robust decline. The three fastest are leather (10%), printing and publishing (8%), and
computer equipment (7%). |

As in any estimation, there are occasional anomalies observed. The drug industry is the only
industry that has a serious discrepancy between median measure and the panel data models. The
drug industry shows almost no change in its total inventory days under models I-III, but the median
inventory days declined dramatically. This is because there was a great number of new firms that
entered. There were only 74 firms in 1981, and almost 400 firms in later 90s. There were 540 new
firms entering the industry from 1982-2000, but 304 of them had 2610 inventory in the entering
year. These firms typically entered with low or zero inventory, which brought down the median,
but that had little effect on the time trend in the panel data model. Many of these firms were
essentially publicly traded research projects.

Table 4.3 also serves to reinforce the fact that finished goods inventory performed quite differ-

ently from raw materials and work-in-process. A simple way to describe the evidence is to say that
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the manufacturing firms have reduced the inefliciencies in their interactions with their suppliers
and in their own internal operations. At the same time they have become more customer focused
in that they have more finished goods ready for delivery, or they have to keep more finished goods

due to increased product variety that implies the increased demand variability.13

4.5 Financial Impact of Inventories

4.5.1 Are Low Inventory Firms More Highly Valued in the Cross-Section?

A ‘critical argument on behalf of inventory reduction is the claim that it will improve the financial
position of firms. If this claim is true, then the market should value firms that have already reduced
their inventories more highly than they value firms that have not reduced their inventories. Is this
argument empirically valid? A common way to answer this type of question is to ask whether the
factor of interest is associated with the market-to-book ratio or Tobin’s q, which is defined as: (the
market value of equity + book value of debt) / book value of total assets. Both lead us to the same
inferences about the market valuation of inventory.

This is tested with a simple regression,
Tobin’sq = a + b Abl + e. (4.4)

The result from (4.4) is Tobin’s ¢ = 2.156 — 0.0558 AbI. The t-statistics are 63.73 on the intercept
and —1.61 (i.e., insignificant) on the slope. Adding the macroeconomic factors as regressors has
almost no effect on the slope. Use of more complex functional form specifications and lagged
specifications leads to the same basic conclusion. In this type of test there is no evidence of a
significant inipact of inventories on Tobin’s q. Replacing Tobin’s ¢ by the market-to-book ratio (as

defined in Fama and French 1993) does not change the conclusion.

131deally we would have liked to identify the deeper factors that permitted these trends to occur. Many possible
factors could be at work, such as increased computerization, better delivery systems due to trucking deregulation
and the rise of FedEx, improved scheduling software, an increase in the number of products produced by each firm,
better understanding of potential drawbacks to holding inventory, etc. There are many such plausible factors. We
have been unable to find reasonable empirical measures of these factors. Accordingly we are not in a position to
judge the relative importance of each of these plausible factors.
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4.5.2 Inventories and Longer Term Stock Returns

The cross-sectional analysis raises the possibility that the markets are not concerned about invento-
ries. If that is correct, then firms with abnormally large inventories should have just as strong long
term stock market performance as do other firms. To study this question we follow the popular
methodology developed by Jegadeesh and Titman (1993). The method has become common in
finance since Jegadeesh and Titman (1993) used it to study stock market momentum. A particu-
larly nicely presented example of the method can be found in Gompers, Ishii and Metrick (2003),
in which the same method is used to study'the effects of corporate governance.

We start by sorting the firms into 'deciles according to their AbI in 1980. At the beginning of
1981, we invest $1 in each AbI decile portfolio. The money is invested equally in all stocks in each
decile. At the start of 1982 we sell all the stocks, and re-sort all firms according to their AbI in
1981. Then, all the money that came from decile 1 is reinvested equally in the current decile 1
stocks. The same type of reinvestment is done for each decile. This process is repeated year by
year. In each year t we sell all of the stocks, and then re-sort the firms according to the Abl in year
t — 1. We take the money generated by decile 7 from year ¢t — 1 and reinvest it equally in the new
decile i for year t. We repeat this procedure for each decile over the 20 years. We term the lowest
AbI decile as decile 1, and the highest AblI decile is decile 10.

If low inventory is good, then the lowest AbI decile portfolio will have an abnormally high
return. This is the prediction from romantic JIT. On the other hand, if romantic JIT is false, then
it is also quite possible to find high returns in some other portfolios.

In order to decide if the returns are abnormal we need to determine the normal range. Suppose
that Abl is really just noise that has nothing at all to do with stock returns. Then by chance it
will sometimes happen to look as if it matters. But this will be rare. We mimic this process by
using a random number generator to produce random portfolios. Having created a large number
of such portfolios, we then see whether the observed returns on that AbI portfolios lie in the tails
of the distribution.

To be specific, at the beginning of 1981, we randomly select 10% of the stocks, and invest $1
equally in the selected stocks. In each of the following years, we take the money generated from

previous years and reinvest it equally in a newly randomly selected portfolio in that year. We do

this many times so that in the énd we have created 100,000 of these random portfolios. If AbI is
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really significant then it should generate returns that are in the tails of the distribution created by
the random portfolios. Empirically, each of the AblI decile portfolios and each random portfolios
contains about 210 stocks on average. This changes over time, ranging from about 180 stocks in
the early 1980s to about 250 stocks in the late 1990s.

The median final value for the 100,000 random portfolios over the full 20-year period is 15.29.
We measure the variation using an empirical two-tailed p-values for each decile portfolio i. It is
defined by p; = min(n;, N — n;) x 2/N, where N = 100,000, and n; is the number of random
portfolios that have higher final values than portfolio 7. With this definition, the 95% confidence
interval is [10.63, 22.21].

Figure 4.3: AbI portfolio returns and random portfolios

Value ($)

g |

AblI decile 4|
30
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Each trajectory represents the value of a portfolio over time. All the portfolios start from $1 at the beginning of 1981. The

Abl deciles portfolios are represented by black trajectories. The 100,000 random portfolios are shown in gray. The histogram
on the right is the value distribution of the random portfolios at the end of year 2000. The median of 100,000 portfolio values
is 15.29. The interval where 95% of the values lie is [10.63, 22.21]. The interval where 99% of the values lie is [9.52, 24.91].

The results are shown in Figure 4.3. Time is indicated along the horizontal axis, while portfolio
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values are indicated along the vertical axis. The distribution of portfolio values, year by year, are
shown. On the right hand side of Figure 4.3 we plot the distribution of the final values for the
100,000 random portfolios being tracked.

Table 4.4: Final values of AbI decile portfolios

AbI decile All firms Firm size groups: 1981 — 2000
portfolio 1981 -2000 19811990 1991 ~ 2000 Small Medium Large
. 15.25 2.62 5.83 11.53 18.78 11.65
(0.991) (0.189) (0.352) (0.390) (0.205) (0.535)
) 18.39 2.57 7.15 13.52 26.80 ** 13.28
(0.330) (0.247) (0.695) (0.639) (0.013) (0.993)
3 24.33 *#% 2.60 9.35 ** 29.15 24.8] ** 15.46
(0.014) 0.211) (0.035) (0.166) (0.027) (0.477)
A 33.17 #** 3.16 *** 10.50 *** 46.39 ** 34.45 *xx 19.08 *
(0.000) (0.003) (0.005) (0.013) (0.001) (0.098)
5 22.13 * 2.68 8.25 27.26 11.33 24.26 ***
(0.052) (0.126) (0.193) (0.221) (0.655) (0.007)
P 16.15 2.25 7.17 21.54 8.19 20.15 *
(0.774) (0.941) (0.680) (0.510) (0.115) (0.059)
; 13.88 2.32 5.98 10.43 15.24 14.02
(0.604) (0.832) (0.447) (0.270) (0.572) (0.794)
g 15.23 2.16 7.07 34.74 * 8.55 12.26
(0.985) (0.631) (0.748) (0.073) (0.155) (0.708)
9 7.89 #x 1,72 %o 4.58 ** 8.66 6.26 ** 7.90 **
(0.000) (0.008) (0.012) (0.120) (0.012) (0.011)
0 3.9] **x 1.24 #** 3.15 #xx 3.40 ** 3.5] *xx 5.03 xxx
(0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
Median firm size 67.82 54.53 81.85 11.08 67.72 669.77
(million dollars)
Number of obs. 41658 19494 22164 13878 13875 13905

* k% and *** denote statistical significance at 10, 5 and 1 percent level, respectively.

p- values are reported in brackets. The p-value of portfolio i is given by min{ n;, N —n;) x 2/ N, where N =100,000 and »; is

the number of random portfolios that have higher final values than portfolio i. It is a two-tailed p-value.

The final results are also reported numerically in Table 4.4. In addition to the overall results,

we check for robustness to time period by providing results for the 1980s and the 1990s separately.

Finally, Table 4.4 goes beyond Figure 4.3 by showing the effect conditioning on firm size.

Figure 4.3 and Table 4.4 show that high AbI (decile 9 and 10) is associated with unusually

bad stock returns. This is true for the entire 1980-2000 period, and also for each of the decades




99

considered separately. Deciles 9 and 10 have abnormally poor returns, while deciles 3 and 4 have
abnormally high returns. Using continuously compounded returns, decile 4 has a return of 19.1%
per year, which is 4.5% above the median portfolio. |

Table 4.4 also reports portfolio results that are conditioned on firm size. The dbnormally poor
returns are found in decile 10 across all firm sizes, and in decile 9 for medium and large firms. The
abnormally high returns are observed in deciles 4 across all firm sizes, and in deciles 2, 3 and 5 for
some firm size groups. |

To summarize, the evidence strongly rejects the idea that firms with the lowest levels of inventory
perform best. Instead, consistent with pragmatic JIT, ‘low but not too low’ inventory seems to

have done particularly well. Firms with bloated inventory perform poorly.

4.5.3 Is Abl a Proxy for Risk?

The portfolio analysis shows that high AbI is associated with low stock returns. But, according to
standard financial theory, in a stock market equilibrium, different stocks will have different average
returns depending on how much nondiversifiable risk they expose their shareholders to. Thus, Abl
really could be serving as a proxy for a known risk factor.

To investigate this, we adopt a standard empirical asset pricing framework which is due to Fama

and French (1993). Let i be the portfolio index. We run an expected return regression:
R,~R; = a+ b(Rm—Ry)+ cSMB+ d HML +¢ (4.5)

The financial risk factors are: R,, (common market factor), Ry (risk-free rate), SMB (firm size
factor), and HML (market-to-book ratio factor). In principle, many things could be included as
potential risk factors. Empirically, as shown by Fama and French. (1993), this relatively small set of
factors performs very reliably. We run regression (4.5) for each Abl decile portfolio. The coefficients
(b, ¢, and d) measure how sensitive a given portfolio returns are to the respective risk factors.

If the standard risk factors explain the returns, then the intercept a should equal zero. A value
of a that differs significantly from zero is an indication of a return that is not explained by the
standard factors. For JIT theory it then becomes interesting to see whether the abnormal values

of a are found in the lowest decile as expected under romantic JIT.

Table 4.5(a) shows that abnormally high returns are found from deciles 3 through 7, and ab-
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Table 4.5: Fama-French regressions for AbI decile portfolios

(a) All firms
’;‘Z‘rtdfzfi‘(lf Intercept  R,~R, SMB HML R?
1 0.17 1.08*** 1.05%** Q.19 0.90
0.07) (8.12) (6.64) (1.69) ’
2 0.76 1.16%** 1.09%** 0.26 0.66
0.14) ~ (3.90 (3.08) (1.01) :
3 8.14** 0.86*** 1.45***  .0.16 0.84
(2.31) (4.41) (6.26) (-0.96) g
4 12.76*** 0.83%** 1.68%%* -0.42%* 0.84
(3.15) (3.69) (6.29) (-2.19) :
5 9.86*** 0.77*x* 1.64%** -0.32** 0.90
(3.38) 4.77) (8.55) (-2.30) :
6 9.74%%* (.67 *** 1.72%%% .0.42%* 0.87
(2.94) (3.66) (7.88) (-2.70) :
. L i T
(3.38) (5.45) (9.54) (-4.16) ’
3 3.13 0.92%** 1.28%%* 0.02 0.86
(1.04) (5.53) (6.49) (0.12) ‘
9 -2.98 1.06*** 1.09%** 0.15 0.85
(-0.98) (6.28) (5.40) (1.07) :
10 -8 47%*x 1.04%** 0.85%x* 0.34** 0.84
(-3.10) 6.91) (4.72) (2.59) :
(b) Firm size groups
Abl Smail Medium Large
decile
portfolio|Intercept R,~R, SMB  HML  R® |Intercept R,~R, SMB HML R® |Intercept R,~R, SMB HML R’
| 1.94 LI7*** | 56%** -0.09 071 1.42 1.02%%* (. 98%*** (24* 0.88 -3.63 [.O7*** 0.53** (038** 0.76
032) (353 (3.93) (030 |58 (748 (6.07) 03) U |-L13) (6.06) (249) (252)
2 -0.19 1.44** [ 30* 0.10 0.50 4.76 1.03*** ].44*** (.29 0.67 -1.81 0.92%** () SG*** () 39*** 0.85
-0.02) (2.79) @11) (0229 U |086) (337) (393 (1.09) U J-0.84) (771) (416) (3.77)
3 10.74 1.06**  1.99*** .0.23 0.69 9.74*  0.90*** 1.69%** -0.27 078 234 0.69*** 0.60*** 0.15 0.85
(.54 276) (435 (0.69) 7|03 (340 (335 (1200 ' |(.26) (674 (493) (1.68)
4 21.68**  0.90** 2.68*** -0.9]** 0.77 9.21%*%  (98*** ].49%** (.2 0.81 6.98%*  0.67*** 0.96*** -0.18 0.77
2.89) (218 (543) (257 @2y @39 Gsn 0ed U [@im (379 @5 119
5 16.49%% ], 03%%% 2 50%%% () g *+** 0.85 3.75 Q.71*** ].50%* 0.04 0.82 T 14%*  0.64*** 0.67*** -0.06 0.72
(2.88) (3.27) (6.88) (-2.97) 7 [(1.08) (3.73) (659 (0.22) 7 [50) (404 (355 (045
6 19.41%** 0.62* 2.69%** (0.96%** 0.84 1.88 0.79%** | .36*** -0.12 0.88 7.22*%  0.60*** 0.84*** (.12 0.67
(335 (1.95) (7.06) (35D T ©70) (5.38) (7.76) (094 °° @00) (3.03) (355 (0.72)
7 9.41%% (. 8G*** | 99*r¥ () 72Hx* 0.88 [0.08%*  (.74*** | gf*** _(48** 0.83 4,13** 0. 71*** 0.66*** -0.17** 0.93
(232)  (3.86) (7.47) (:3.76) °°|(231) (3.08) (665 (-2.31) 7 |(2.80) (871) (6.86) (-249)
8 12.01* LI1*** 2. 18*** 0,29 0.76 -2.00 0.93*%* | |0*** (.22 0.84 1.24 0.75%+% 0.77*** 0.11 081
(1.86) (3.12) (5.14) (-094) U |-0.69) (5.88) (5.82) (1.62) O [(050) (549 (a72) (093
9 -1.33 [.23%** 129%** 002 0.67 -2.52 1.06*** 1.63*** (.12 0.88 -3.83 0.88*** (44%* (.25** 0.80
(-022) (.67 (324) (0.08) °Ti076) (5.82) (752) (078) U |-1.63) (681) (282 (224)
10 -8.67**  L.12*** 1.07*** 0.28 0.81 -6.90** 1.01*** [ Q5%** (.13 0.86 -8.37**%  (.89*%** (.37* 0.57*** 0.72
(245)  (5.72) @457y (1.68) U (2.46)  (653) (5.69) (0.95) U [-2.84) (5.46) (1.90) (4.05)

Intercept, R,—R;, SMB and HML refer to the coefficients g, b, ¢ and d in equation (5).

* ** and *** denote statistical significance at 10, 5 and | percent level, respectively. t-statistics are reported in brackets.
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normally low return is found in decile 10. The role of firm size is a potential source of concern.
Accordingly, in Table 4.5(b) we divide the portfolios in thirds according to firm size. We then
carry out the analysis separately for small firms, medium firms and large firms. The statistical
significance of low, but not extremely low, Abl deciles seems to be somewhat stronger for the large
firms. The bad performance of extremely low AbI deciles is found for all firm sizes.

The results in Table 4.5 are consistent with the portfolio findings. The fact that similar results
are found using such different methods and such different conditioning factors is reassuring. The
results appear to be quite robust.

The results show that inventory provides information that is relevant for stock returns. This
information is public, and it is not reflected in the standard model (Fama and French 1993) of stock
returns. Even adding in the popular momentum factor does not account for the results. How can
this happen?

Public information can lead to seemingly excess returns in three well-known ways. First, high
returns are compatible with market efficiency if the returns would lead to very high trading costs
that would remove what appears to be excess returns. Second, high returns are compatible with
market efficiency if the returns are associated with a type of risk that the investors care about,
but that is not otherwise reflected in the model. Third, high returns can be obtained if the stock
market is not efficient.

Whenever a factor is shown to be associated with high returns, each of these points of view can
be proposed. Significant debate has been ongoing in the literature over the relative merits of each
interpretation. Fama (1998) provides a helpful overview from an efficient markets perspective.

Transactions cost declined significantly over the past twenty years. But we find that the excess
return is both in the 1980s and 1990s data. So we are not inclined to favor the first interpretation.
The results in Table 4.5 show that if a risk factor is driving the results, it is not a type of risk that
is reflected in the conventional model. In panel (b) of Table 4.5 we see that the abnormal returns
in decile 4 are found for all firm size categories. This shows that the effect is not simply a firm
size effect. However the effect is numerically largest for the small firm category. Such firms are
often deemed to be relatively risky. Thus, the idea that inventory is reflecting a risk factor that is

otherwise missing seems plausible to us.

There is, of course, no way to prove that inventory itself is the driving force. Another omitted
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factor that is suitably correlated with our inventory measure could be the true driving force. For
example, our inventory measure (Abl) could be serving as a general proxy for “unexpectedly well
run firms.” We are only in a position to argue that the evidence is reflecting something that matters.
We are not in a position to prove causality.

In an effort to ensure that these results were not being driven by some other omitted factor,
we studied other aspects of the corporate balance sheets and income statements. Despite many
tests, we were not able to identify any such factors. To save space, we do not report these negative

results in any detail.

4.6 Conclusion

This chapter establishes two basic empirical points about the inventory holdings of U.S. manufac-
turing firms over the 1981-2000 period. First, we show that the broad population of manufacturing
firms in the U.S. did significantly reduce their inventories. This reduction was particularly marked
for work-in-process inventory. This reduction is not explained by macroeconomic effects, nor by a
shift of inventory from public firms towards private firms.

Second, we examined the association between abnormal inventory and stock market perfor-
mance. In the cross-section, abnormal inventory has no effect on the market-to-book ratio or
Tobin’s g. Over the longer term, inventory does seem to matter. Firms with abnormally high
inventory have poor long term stock market performance. Firms with low, but not extremely low,
inventory have unusually good long term stock market performance. However, firms with the lowest
levels of inventory have only ordinary performance. These stock market returns are not accounted
for by the conventional financial factors of Fama and French (1993).

The skeptical idea that nothing of substance has changed, apart from the macroeconomic con-
ditions, is clearly rejected. However, there is evidence that the macroeconomic conditions affect
inventories. Interest rates are negatively related to work-in-process inventory. Inflation is associ-
ated with an increasé in the holdings of raw materials. Apparently this reflects an effort to buy
goods before the prices rise. When managers expect improving economic performance they increase
their inventory of finished goods. These macroeconomic factors have sensible impacts, but there is

no evidence that they can account for the main long term trend of declining inventory.
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In the early 1980s many argued that American manufacturing firms needed to dramatically
reduce their inventories. Of course, real firms did not achieve the zero inventory that was advocated
by some of the gurus. However, quite respectable reductions did take place. Total inventory
declined by about 2% a year on average over the 20 years. Work-in-process has had a remarkable
performance with an average annual drop of approximately 6%. Notably immune to the drop was
finished goods inventory which was largely unchanged. While this might not have been the kind of
inventory revolution envisioned by some in the early 1980s, fhe improvements that took place are
actually quite respectable.

More recently there have been calls for supply chain management researchers to focus on the
coordination between suppliers and retailers. Anecdotal evidence of best practices suggests that
manufacturing firms can reduce their finished goods inventory through, for example, vendor man-
aged inventory and information sharing. The fact that finished goods inventories did not decline
suggests that there may be room for improvement on that front. However, it is likely to take several
years before it will be possible to study whether such effects on finished goods inventory for a large

number of firms is currently taking place.
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Appendix

A.1 Proofs of Lemmas, Propositions, and Theorems in Chapter 2

Derivation of Equation (2.6). Here we derive the Hamilton-Jacobi-Bellman equation for a
more general optimal control problem with state-dependent discount rate. As in a canonical optimal
control problem, the state variable x is a diffusion in ", with drift and diffusion depending on the '

control m € U:

dXt = [,L(Xt, Wt)dt + O'(Xt, ﬂ't)dwt.
The running profit f : " x U — R is a continuous function of (x, 7). The discount rate p: R* — R
is a continuous function of the state x, and hence the cumulative discount factor is r; = fo X;s)ds.
The problem is

(o ¢]
Vi(x) = sup Eg/ e "t f(x¢, m)dt,
{meUd} 0

where the state process starts at xg = x. Consider an auxiliary problem that includes 7y = r + ¢

as another state variable starting from r:

W(x,r) = sup Eg/ et f (xy, my)dt.
{mieut} 0

With the augmented state space, the above problem is in canonical form. The HJB equation (see,

for example, Fleming and Soner 1993) for W(x,r) is

SLlp{e"Tf(x,ﬂ) +Za pi{x, ) +wax7r 82?; } 0,
j

weld ij=1

where b;; = 1(o0T);;. Obviously, W(x,7) = e "V (x). Substituting this relation into the above

equation, we have

n 2
sup {f(x, ) + Z %,ui(x, ) Z Bi 7z, } = V(x)p(x).
=1 i i

TEU
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The proof of Proposition 2.2 and 2.3 will use the following lemma.

Lemma A.1.1 Let 2° < z' and y° < y'. Let 2% = (1 — )2’ + ax!, y? = (1 — B)y° + By
(i) If f(z,y) is convexr and supermodular on R%, then

FE0 ) + Flahyh) > fF@% ) + fa'7 9 F), Ve, B€[0,1]. |

(i3) If f(z,y) is conver and submodular on N2, then

£y + £, 90) = f(2%9°) + f(@' 7%y F), Ve, Be[0,1).
Proof. (i) First note that 2 < z° if and only if oy < . Thus, min{z®, 292} = gminfen,ez},
Then, the supermodularity property implies that

f(xmin{a,l—a},ymin{,@,l—ﬂ}) + f(xmax{a,‘l—a}’ymax{,ﬁ,l—ﬁ}) > f(xa,yﬁ) + f(l‘l_a,yl_ﬁ).

Hence, to prove that the inequality in the lemma holds for (, 8) € [0,1]2, it suffices to consider
only (o, 8) € [0, 1]2. Without loss of generality, we consider 0 < a < 8 < 1. Under this condition,
we have
Fa®7) = fey®) < f@700) - f(@' 7% y)
< fETyY) - Ty ),
where the first inequality follows from supermodularity and the second inequality is due to the
convexity in y. Rearranging terms,

(% y™) + fa' 7%y %) 2 fa%y?) + @7y ).

By the convexity of f,

£ 90) + F(=h yh) > f(@*y®) + fla' 7%,y 9.

The above two inequalities lead to the desired inequality.
(i) By similar argument as in part (i), it suffices to consider 0 < o < 1 — 8 < 1. Under this

condition, we have

F@ gt ) — fa'7%,0P)

< fa%ytT) = fa%y0),

f(xl_a, yl_'B) - f(xl_a’ ya)

IN
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where the first inequality follows from the concavity in y and the second inequality is due to the

submodularity. Rearranging terms,

Fa®y ™) + FE% %) > fa®,yP) + ety ).

By convexity,

F0 ) + £t y) 2 f2% 0 ™) + £ ),

The above two inequalities lead to the desired inequality in part (ii).

Proof of Proposition 2.2. Consider the initial inventory levels (z{, z3) and (2%, 28) with 2¢ < =8
and 2§ < 2. Let m®® = {nf® = (\2%,¢8%, s8%) : t > 0} and 7 = {72 = (A}, ¢, s%) : ¢ > 0} be
the corresponding optimal controls, and let {x‘t” 1t > 0} and {x :t > 0} be the corresponding
optimal inventory processes. Clearly, x§* = (2, 25) < (x’{,:vg) = xgb

Consider initial inventory (x¢,z%) and (x%,22). We now construct admissible controls under
which the controlled inventory processes can be expressed as convex combination of the optimal
inveﬁtory processes. Then applying Lemma A.1.1 and using the convexity and the supermodularity

of g and h lead to the submodularity of the value function.

Let us define

T:=inf{t>0 : 3 =g o x2t—a:2t}

That is; T is the first time that x¢* < x? does not hold.
For initial inventory (z%,23) and (z%, %), consider applying the following controls, respectively:
nab = {7f® = (A{*, min{g}” ath}asfb) :t€[0,T)},
Ttb“ = {re = (A, max{qf?, ¢?*},s¢%) : t € [0,T)}.

Let {x¢:t€[0,T)} and {xt" :t €{0,T)} be the controlled inventory processes under the above

(A1)

policies. By the balance equations (2.3) and (A.1) we have

dzfh = (A* — min{g{® ,qt”}mt (AF® — g¢)dt = dae, (A.2)
dzt = (min{g®, g} — si)dt < (gf — s)dt = da?y, (A.3)
daly = (N — max{g®, ¢ })dt < (NP — ¢)dt = dat?, (A4)
deby = (max{gl®, gt} — sf)dt > (g8 ~ 589)dt = da | (A5)
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In the rest of the proof, for notational simplicity, we define
2% = (1 — )"+ az®,

where o € R, and z can be x; or m; or any component of them.
Since x%¢ < x% for ¢t € [0,T), we can express x¢ in the following form:

ab __

x¢® = (25,251, - (A.6)

where oy and f; are some real values that can be uniquely determined. From (A.2-A.5) we have

xP 4 xb% = x4+ x%_ Subtracting (A.6)‘ from this identity gives
xi® = (17 7 ). (A7)

Note that inventory processes are continuous processes, so are {a; : t € [0,T)} and {6 : t € [0,T)}.
The raw material inventory process {297} starts from the same point as {z{¢}, but then rises above
" it with increasing difference (due to (A.2)). Similarly, the finished goods inventory {z%°} initially
coincides with {x82}, but then drops below it with increasing difference (due to (A.3)). These facts

imply that ag =0, Gp =1, and o >0, 8 <1lforte [0,T). Define a stopping time:
s = inf{te|0,T): =0} , (A.8)

As a convention, s := oo if oy # B for all t € [0,T). By the continuity of oy and 3;, we must have
o, B¢ € [0,1] for ¢ € [0, s], and consequently (A.6) and (A.7) implies that x#* and x%¢ stay within

the box whose lower-left and upper-right corners are x%¢ and xt, respectively (see Figure A.1).

ab ' bb
Xp Xt

xo i AX

z1
X?a‘ Xl())a

Figure A.1: Illustration of the controlled inventory processes (Proposition 2.2)

Depending on whether s or T is finite, we have three cases. -

Case 1: s < oo.
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In this case, x% and x¥ are convex combinations of x%¢ and x**. That is, x% = x* and

x5 = x1%_ From s onwards (¢ € [s,00)), we apply the following controls:

T oy = {7 it € [s,00)}, = {m "% :te[s,00)}. (A.9)

[soo

The above controls will maintain the inventory processes as convex combinations of the two optimal

inventory processes from s onwards, that is, x* =

= x® and x% = x} 7% Vt € [s, 00).
Therefore, under the controls in (A.1) with the time ranges replaced by [0, s) and the controls

in (A.9) for [s,00), there exist oy and B; in [0,1] such that
xb = (2%, acgt') X0 = (z1; ™ \ Ty ﬁt), vt € [0, 00). (A.10)

In addition, if we define o/, = 0 if ¢#* = ¢¢*, and o, = 1 if ¢®* = ¢, and o} = o5 for t > s, then

'
Qy

@ =g, qt=q % vte[0c0). (A11)
And obviously,
Agb o zba — yaa g \Bb o gab g gba  gae L byt e [0, 00). (A.12)

Case 2: s =00 and T = oo.

In this case, we just implement the policies defined in (A.1). Clearly, (A.10-A.12) still hold.
Case 3: s =00 and T < co.

In this case, the box in Figure A.1 collapses into a line or a dot at time T, while x{* or x2¢
never hits the diagonal line before 7.

Without loss of generality, assume 292 = 2%.. We claim that oy = 0 for ¢ € [0,T) in this case.
To see this, suppose ay, > 0 for some to € [0,T), then a; = (292 — 29¢) /(2% — 29¢) > 0 ast — T,
because the numerator is positive and increasing while the denominator shrinks to zero. Thus there
exists ¢ < T such that ay, = G, which is contradictory to the assumption that s = oo.

Now define fr = (2% — 294)/(z%%. — 232.), and for t € [T,00) apply policies (A.9) with a;

replaced by 81 here. It can be easily verified that (A.10-A.12) still hold.

In all three cases, for t < min{s, T}, we have x?¢ < x. Then it follows from Lemma A.1.1 and

(A.10) that

FOE) + F") = FE) + f(x(%), (A13)

where f(-) can be ga(-, k) or h(-, k) for any k. While for ¢ > min{s, T}, x% and x%® are convex
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combination of x%* and x%°, and hence, (A.13) still holds.

To prove the submodularity, we note that

V(2% 25, p, k) + V(a5, 25, p, k)

o0
> Ep / e [(S?b + 88 pos — (A2 + 20 pry — g1 (g%, ke) — ga(x$°, ke) — g1(at, Ke)
0
—ga (x4, k) — h(x{®, k,) — h(x}", ky) | dt
e ]
> Eo/ el [(Sim + 5P par — (AF + M) p1s — 91(f ke) — go(x3%, ke) — 91(a®, ke)
0

g, ki) = h(x%, ki) — A(XE?, ) | dit
= V(z%,2% p,k)+ V(28,25 p, k),

where the first inequality follows from the fact that the controls constructed above are feasible
but not necessarily optimal, while the second inequality follows directly from (A.11-A.13) and the

convexity of g7 in g. 1

Proof of Proposition 2.3. This proof is similar to the proof of Proposition 2.2, and therefore,
is abridged. We only prove the increasing substitution in z;.

Consider the initial inventory levels (z%,2%) and (28,28) with 28 — 29 > 2% — 28 > 6. Let

= {n% : ¢t > 0} and 7 - {nf® 1t > 0} be the corresponding optimal controls, and let

{xaa it > 0} and {xbb > 0} be the corresponding optimal inventory processes.

Consider initial inventory (z¢ + 6,2%) and (28 — §,z%). We now construct admissible controls
under which the inventory processes stay within the parallelogram, shown in Figure A.2.

Let T :=inf {t > 0 : 2§¢ + 257 = 28 + 28 or 24 = 28} be the first time that the parallelogram
collapses into a line or a point. For initial inventory (2% +6,25) and (24 — §,2%), consider applying

the following controls, respectively:

n‘[z(g”T) = {7 = (¢, max{qf®, ¢gf*}, min{sg®, s2}) : t € {0, T)},
Ttl[)&T) = {nt? = (A min{gf®, ¢/*}, max{s§?, s*}) : t € [0,T)}.

Let {xf:t€[0,T)} and {x{*: ¢t € [0,T)} be the controlled inventory processes under the above

(A.14)

policies. By the balance equations (2.3) and (A.14) we have

dmgt = (max{q}* ,qtb} min{s* ,stb})dt > dxb Zt, ' (A.15)

det = (min{g* ,qtb} max{sf® ,stb})dt < dzs?, (A.16)
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dz$? + dzl = (A% — min{s?%, s2°})dt > dz$f + dxgy, (A.17)
da:lﬁ’ + dxg‘tl = ()\It’b — max{sy?, sfb})dt < da:l{lz + d:cglt’. (A.18)

From (A.15-A.18), the relative positions of x? and x?* with respect to the optimally controlled

processes are shown in Figure A.2.

T2

‘|

Figuré A.2: Tlustration of the controlled inventory processes (Proposition 2.3)

Since 29¢ < % and z¢ > 28 for t € [0,T), we can find unique oy and B such that (A.6)-(A.7)
hold. The relative positions of x?* and x?* with respect to x¢* and x%* imply that oo € (0,1), 5o = 1
and ap > 0,8; < 1fortel0,T).

Define the same stopping time as in (A.8). If s < oo, it is the time when x#* and x* hit the
longer diagonal, as shown in Figure A.2. From s onwards, we apply the same controls as in (A.9).
This keeps the controlled inventory processes staying as convex combination of x%* and x%* for
t € [s,00).

Similar to the proof of Proposition 2.2, we need to consider the other two cases. Since the

technical details are almost the same, they are not presented in any detail here.

In all three cases, there exist oy and §; in [0,1], such that x® = (:c?,f,a:gz) and x2* =
(z17%, 23, ") for all ¢ € [0,00). For t < min{s,T}, these processes stay symmetrically within

o~

the parallelogram. If f(z1,z2) is convex and has decreasing substitution in z1, then f(y,z2) =

f(y — m2,x9) is convex and submodular in (y, z2), and it follows from Lemma A.1.1(ii) that
Flatg + 253, 87) + Flaly + 2l 2) > flaff +a8),28)) + Flalt + 28, 3)),
or equivalently,

FOE) + £ 2 FO) + fx), (A.19)

where f(-) can be ga(-, k) or h(-, k) for any k. While for ¢ > min{s, T}, x% and x%* are convex
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combination of x$* and x®, and hence (A.19) still holds. The rest of the proof is completely

analogous to that of Proposition 2.2. &

The proof of Theorem 2.2 will use the following lemma.

2
Lemma A.1.2 Let F = CA + %I as defined in Theorem 2.2. Then,

(i) tr[F] > 7~

2’
2 4 4
g p pt _p
det[F] > Zw[F] - 2. > 2,
(i1) det[F] > 1 r[F] 16> 16

(ii3) tr[F)2 — 4det[F] > 0, where equality holds if and only if F is a diagonal matriz.

Proof. By definition,

— 2 p—
oAy sz 4 B c1pAp — LA i fi2
— . ] NE
clpAy — a2 CopAg + A2 4 & for  fa

a2
(i) tr[ ] = 611A1+022A2+w+p— > £ 7 where we used c11 41 +ca249 > 0, c12 < /1122
and ¢11 + ¢o0 — 2\/‘ ci1699 > 0.
(ii) det[F] = det[CA + £T] = det[CA] + & (tr[F] - P;) + 85 > Z4[F) — £, where the inequality

follows from det[C] > 0, det[A] > 0 and part (i).
(iii) When F is a diagonal matrix, fio = fo1 = 0, we have A; = 2252 and A; = 94152 which

c12a2 c12a2

imply that fi11 = fa2 = cucm=cly | 3- Then, tr[F]? — 4det[F] = 0.

c12a2

When F is not a diagonal matrix, we show that tr[F]? — 4det[F] > 0, or equivalently,

(fi1 — fa2)® > —4f12fn. (A.20)
(a) fi2f21 > 0. It is clear that (A.20) holds in this case.

(b) fi2f21 = 0. Since F is not diagonal, exactly one of the two equalities Ay = <=2 and

c12a2
Al = %T%‘ holds, implying that c11A; — ce2As + M # 0 or f11 — fo2 # 0. Hence

(A.20) holds.
(C) f21 > 0 and f12 < 0, or

Ay > @2=22 and Ay < Qi (A.21)

ci12a2 c12a2

The second inequality in (A.21) implies ¢11 > c12 because Ay > 0. We first prove an
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inequality
(011 — 612)A1 > (022 - Clg)AQ. (A.22)
If g3 < c19, then (A.22) clearly holds. While if caa > ¢19, (A.21) impiles that (¢11—c12) A1 >

(c11—ca12)(co2—c12)
c12a2 > (622 - le)AQ- ThLIS,

CllAl _ 022A2 + 611;2022 > C12A1 _ cleQ + 011a—2022 > 622—012+C12(1—2611+C11—022 — 0,

where the first inequality follows from (A.22) and the second inequality follows from (A.21).

Hence,

e - ¢
(fr = f2)® = (cnnAr— ey + _H—azi)?

C — C
> (ci241 —c12ds + ‘11712—22)2 = (fa1 — f12)? > —4fi2fa.

(d) fo1 <0 and f12 > 0. The argument is completely analogous to case (c).

Proof of Theorem 2.2. There are six steps.
1. We first show that F has positive real eigenvalues and linearly independent eigenvectors. Let &

and & denote the eigenvalues of F, which are the roots to the equation:
det[F — €1) = €% — tr[F)¢ +det[F] = 0.

When F is a diagonal matrix, the proof of Lemma A.1.2(iii) has shown that &; = & = %—;‘ﬁz +

% > 0, and F has two linearly independent eigenvectors, e.g., [0, 1] and [1,0].
When F is not a diagonal matrix, from Lemma A.1.2(iii), tr[F]? — 4det[F] > 0, meaning that

F has two different real eigenvalues, and therefore, F has two linearly independent eigenvectors.

2
Furthermore, from Lemma A.1.2, the eigenvalues must be greater than %:

min{{l,fg} _ tr[F]—\/tr[§]2—4det[F] N tr[F]— tr[F]Z—.tr[F]pz-’r“’;— _ tr[F]—(t;[F]—J;—z) _ %2_ (A23)

2. Next, we show that there exists a solution B to B2 — pB = CA and (2.39), and the solution

B has negative real eigenvalues. Let E = diag[¢;,&2] and V = [vq, vo], where v; is the eigenvector

corresponding to &;, and v; and vy are linearly independent. Then, we have F = VEV 1. We define

VE = diag[v€;, V&,], and VF := VVEV L. Note that tr[vF| = tr[VE] and det[V'F] = det[VE].
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We show that B = —g—I — VF is a solution to B2 — pB = CA:
B2— B = £1+F-pV/F—Z1+pJF = —£1+F = CA.
Furthermore, B satisfies (2.39) because

t[B] = tr[fI-VF] = p-t[VE] = p— V& +&+2V6E < p—\/”—;+2\/§=0,

where the last inequality follows from Lemma A.1.2, and

det[B] = det[\/}?]—gtr[\/ﬁwé = det[\@]—gtr[\/EH% = (V& -5W&a-4% >0,

where the last inequality follows from (A.23). The above conditions imply that the eigenvalues of

B have negative real parts. The eigenvalues are actually real, because
tr[B)? — 4det[B] = (p— tr[VE])? — 4det[VE] + 2ptr[VE] — p? = tr[VE]? — 4det[VE]
= (Va+V&)>’-4/aé > o

When &, # &9, B has linearly independent eigenvectors; when & = &, from Lemma A.1.2(iii), F
and B are diagonal matrices, and B also has linearly independent eigenvectors.
We show in passing that By = (B — pI)~! also has negative real eigenvalues. This will be used
later. First, by (2.39),
det[B1] = (det[B — pI]) ™ = (p? — tr[B]p + det[B]) "' >0, (A.24)

Secondly,

tr[Ba] = tr|(B — pI)~!] = d:t“%__pﬂ] _ ;;t[][ﬂ = i’;] <0, (A.25)

where the second equality is because the matrices here are all two by two matrices. Thirdly,

5 _ (u[B] - 2p)2 —4(p* —tr[B]p +det[B])  tr[B]? — 4det[B]
triBa]” — ddet[By] = det[B — pIJ2 T TdeB 7 ©

Hence, both B and B1 have negative real eigenvalues.

3. Now, we prove that B? — pB = CA has a unique solution that satisfies (2.39). Suppose B, and

B, are two such solutions. Then,

CA = B} —pBy = By(B} —pB,)B; ' = By(B2—B,)B;' = (B;B,B; ")’ - yB;B,B; ..

o

Thus, B, = BbBaBb_1 is also a solution to B? — pB = CA and it also satisfies (2.39): tr(B,) =
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. 9 _|Cu Ciz]
tr(B,) < 0 and det(B.) = det(B,) > 0. Write B® — pB = CA = in component form:
Co1 Cy
b2, — pb11 + bizbar = Ci, b2, — pbag + brabey = Cag, (A.26)
blg(tl‘[B] — p) = 012, bgl(tr[B] — p) = 021.

The last equation in (A.26) implies that bea1 (tr[Be] — p) = bao1 (tr[Bg] — p). Since tr(B;) = tr(B,) <
0, we must have be.o1 = bgo1. Similarly, we have b.1o = byi9. Next we show that the diagonal
elements of B, and B, are equal as well.

Suppose be1; # bg11 are two different solutions to the first equation in (A.26). As tr(B.) =
tr(Bg), we have beo # bgaa, which are two different sQIutions to the second equation in (A.26).
Thus, beir + ba11 = § and begy + baoz = §. Since tr[B.] = tr[B,], we must have be1 = baez and
ba11 = begz. Consequently, the first two equations in (A.26) have the same set of roots, implying
Cy1 = Cap. This leads to b2;; — pba1r = b2y — pbazz or (tr[Ba] — p)(ba11 — bag2) = 0. Since
tr(B,] < 0, we must have by11 = bgo2. Similarly, we have b.1 = {)pgg, but then b.11 # ba11 implies
tr[B,] # tr{B,], a contradiction.

Hence, we have B, = B, = BbBaBb_l. This implies that B, and B, commute. Therefore,

eBateBet — e(B°+B”)t, vt > 0.

Since both B, and Bb are stable matrices, the above quantity approaches to zero matrix as t — oo,
implying B, + B, is also stable. Consequently, B, + B, — pI is a non-singular matrix.
Now notice that 0 = B2 — pB, — Bg + pBy = (B, — By)(Bs + By — pI). As B, + By, — pl is

non-singular, we must have B, — By = 0. This proves the uniqueness of B.

4. We prove that D = CI; — B;DK uniquely determines D. Horn an_d Johnson (1991) Chapter
4 presents the Kronecker products representation for the matrix equation. Thereby we can rewrite

the above matrix equation in vector form:
vec[D] = vec[C1I;] — (KT ® By)vecD].

Let (1 and (3 < 0 be the eigenvalues of B, and let A\; and Ay be the eigenvalues of K. Then
the eigenvalues of K" ® By are (A1, G A2, (oA and (oAg (see Horn and Johnson 1991). We have
shown at the end of step 2 that (; < 0 and {5 < 0. We assumed in the specification of the economy

that the réal parts of A\; and Ay are negative. Thus, all the eigenvalues of K" ® B, have positive
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real parts, and therefore det[K' ® By + I] # 0. Hence, D is uniquely determined from the above

equation.

5. We now derive the equilibrium processes. The equilibrium price process is already given in

(2.38) with B and D solved above. The first equation of (2.40) implies
pt = Ci(X;+C!(Bm-c)) - Dik,. (A.27)

Substituting (A.27) into (2.41), we have

dX
_d?t = AC;(X; + C}(Bm —c)) +a+ (I; — AD;)k;.

The first equation in (2.43) is equivalent to B = C1A. From Lemma A.1.3(i), C; is symmetric,
and therefore, BT = AC;. Using this relation, we have I = AClcl_lA_1 =BTC B - pI)A~L.
Then, the equilibrium inventory process becomes:

X,
dt

= B'(X;-C}c—-Bm)) -B'C}B - pI)m + (I — ADy)k;.
= BT(X;-m) + (I - ADy)k,
where m, = C~1(c — pm). This, together with (A.27), implies
pt = Ci(X;—C }c—pm)+C(B-pl)m)—Dik
= Cl(Xt - mx) +m — Dik;.
The equilibrium production, input and output rates can be derived directly from (2.23), (2.24) and
the second equation of (2.40).

6. Finally, we show that the equilibrium (py, X¢, IT;) is uniformly bounded for all ¢ > 0. Consider
the process z; = pt + D1k;. From (2.35) and (2.42), z is given by

dZt = [B(Zt — m) + (ClIl — BDl)kt] dt.
The solution for z; is:
t
7, = eBlzg + / eB(t"u)(——Bm + (C1I; — BDq )k, )du,
0

where zg = pg+ D1kg. Since k; is uniformly bounded, if we can show that z; is uniformly bounded,
then p; is uniformly bounded as well.

Let ||v|| denote the super norm of v € Z2, the complex space, and let |Q| = sup {||Qv] :
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vl <1,v € Z2} be the norm of linear transformation Q on on Z2. Then, we have

t
la) < ||eBtzO||+H [ 9B + (01, ~ Bk
0
t
< 1B 2ol + / 1B || = Bm + (CiT; — BD, )k |ldu
0
t
< 11eBzoll + C5 /0 1Bl

where Cj3 is a constant such that | — Bm + (C1I; — BD)k,|| < Cj for all £ > 0.
We show in step 2 that B has two linearly independent eigenvectors V= [V1,Ve], with corre-

sponding eigenvalues 2 = diag[¢y, &2). Then, eBf = VeEV-1, and we have
t t o= o t

Jueean < [ GG e < (GIV [ e+ e < € Ve zo,
0 0 0

There also exists Cs such that ||€Bt|| < Cs for all ¢ > 0. Hence,

lzell < Csllzoll + C3Cs, V2 0.

The proof of Theorem 2.2 used part (i) of the following lemma. The rest of the lemma will be

used in the proof of Theorem 2.3.

Lemma A.1.3 Under a rational expectations equilibrium,
(i) C1 = CJ, det[Cy] >0, C; <0; -
(ii) By —rI)~1Cy > 0 for any r > 0;
(i1i) B1(B; — rI)"1Cy < 0 for any r > 0;
(iv) BCy and BC are symmetric matrices;
(v) If B has negative diagonal elements, then C™1(By — rI)~1Cy has positive diagonal elements

for any r > 0.

Proof.
(i) The first condition in (2.43) is equivalent to B = C;A. By the definitions of B; and Cy, we
have B = CC;1 + pL. 'Thus, we have C1A = CCl_1 + pl. Let C; = [¢;;], then this equation

can be written as

€11 €12 A 1 c C2  —Ci2 L

Co1 C2 det[C1] —C21 11
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Regarding det[C;] as a parameter, we can solve the above linear system for ¢;;:

e = (e + (Ag + 5)det[Cy])pA,
| G2 = (e + (A1 + %)det{Cﬂ)pA,
|

Clg = Co1 = (612 -+ édet[cl])pA,

where A = (det[Cy]det[A] — det[C]det[Cl]"l)_l. Thus, C; is symmetric. Notice that A™1 =
det[B] — det[B~!] = det[B] — det[B — pI] = —p? + tr[B]p < 0, as tr[B] < 0 due to (2.39). We
also have det[C1] = det[B;]det[C] > 0, which follows from (A.24). As all the other parameters

in the above expressions for ¢;; are all positive, we conclude that C; < 0.
By 'det[B] — I
-1 1
= . Th
det[B; — 1] e
‘det[B1]C — rCy
>0,
r2 — tl’{Bl]T + det[Bl]

where the last inequality follows from (A.24), (A.25), C>0and C; <O0.

(ii) For two by two matrix, we have (B; — rI)

(B1 — 7”1)_101 =

(iii) By the definition of B; and using equation B = C1 A, we have
By(B; — rI)7'Cy = (C7' —rCy'ByY) H = (1 +7p)Ct —rA) T

Part (i) implies that the elements of C]! have signs [ ; * } Then the elements of (1 +

-

rp)CT!—rA also have signs [ :L ] . Furthermore, det[(1+7p)C7 —rA] = det[Cl__l]det[(l-i-

rp)I—7rB] > 0 as det[C1] > 0 and det[B —rI] > 0 for any r > 0. Hence, B1(B;—rI)"1C; < 0.
(iv) BC; = (B! 4+ pI)C; = C + pC; = (B]'Cy)T + pC; = C1(BT — pI) + pC; = C1BT.
BC = BB['C, = B;'BC; = B{!C;BT = CB".
(v) Using the definition of C; and (iv), we have C™}(By — rI)"1C; = (C7'(B1 — rI)C)—1 =
(I-rC1B7IC) ! = (1+rp)T—rCBC) ™" = ((14+7rp)I—rBT) ™", Now if B has negative
diagonal elements, then (1 4+ rp)I — BT has positive diagonal elements. Since it has positive

determinant, ((1+7rp)I— TBT)_l has positive diagonal elements.

Proof of Theorem 2.3. Let C; = [¢1,Cg]. Then, the solution for D in Theorem 2.2(ii) becomes:

-1

—x1B1 +1 0 c —(k1B; —I)71¢
vec[D] = 1B; I (k1B1 —I)77¢y

0 —koB1 + 1 —Cs (FLQBl — I)_162
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Using Lemma A.1.3(ii), the elements of D have signs [ N i ] Using Lemma A.1.3(iii) and
D, = B;D, the elements of D; have signs [ i B } Using Lemma A.1.3(v), the elements of

C~!'D have signs [ - ]
. +
(i) Let A; > 0 and Ay > 0 denote positive supply and demand shocks, respectively. Let Dy =
[c?z]] Then, the impact on raw material price is —di1 Ay — CEQAQ and the impact on finished
goods price is —521 Ay — JggAg. Part (i) follow immediately from the signs of (Z]
ii) The sign of det[D1] can be either positive or negative (numerical result). When det[D;] < 0, or
g b e, . )

d d d A d
equivalently 22 . ——,—33, and the demand and supply shock satisfies 2o —ﬁ,

_ du~_ dn N - dn A2 do
we have —d11A1 — d12Qg < 0 and —do1 A1 — doa g > 0.
(iii) The result follows immediately from the signs of D.
(iv) Using the equilibrium condition (2.43), we have I, — AD; = Cl_l/(ClIl -BD,) = CTY((By! -
B)D; +D;K) = C{'Dy (K~ pI) = C"'D(K ~ pI). K~ pI is a diagonal matrix with negative

diagonal elements. Thus, the signs of C~'D implies that the elements of I; — AD; have signs

o -

A.2 Proofs of Lemmas and Propositions in Chapter 3

Proof of Lemma 3.1. (This lemma follows from well-known results regarding optioﬁal stopping
applied to Brownian motion; refer to, e.g., Karlin and Taylor (1975), and Ross (1996). The proof

here is included for completeness.) Omit the subscript n, and write T := 7,  := S/N. We have
AT +0oB(T) = x. (A.28)

This, combined with EB(T) = 0, which follows from applying optional stopping to B(t), leads to
E[T] =z/\.

To derive the second moment of T', we have

o} [BX(T) - T) = (z — X\T)* - o°T.
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Applying optional stopping again, to the martingale B?(t) — t, we have
E[(z — AT)?] = o%E[T),

which can be expressed as
A\Var(T) = ¢%E[T].

This establishes

0'211? Iz

BXRBY

Now consider E[e™77], where v > 0 is a constant (discount rate). Write

E[T? = %;E[T]+E2[T] =

) .
~~T = aB(T) — 5a2T — bz, (A.29)

where a and b are parameters to be determined. Then, applying optional stopping to the exponential

aB(t)— %azt

martingale, e , we have

E[e—'yT] — e—bz . E[eaB(T)—%azT] e-—b:r'

The power b can be derived as follows. Substituting (A.28) into the right hand side of (A.29), we
have

—~T = aB(T) — -;-a2T — boB(T) — bAT.
Equating the coefficients of T' and B(T) on both sides yields:

a = bo, %aQ—}—b)\:'y,

leading to
oa® + 2 a — 2yo = 0.

Hence,

VA2 4202y — X

= = :
and

VA2 + 202y — A
Ele 1] = 7% = exp|— i 20 7 x].
g

| |

Proof of Lemma 3.2. First, assume interior optimum. The first-order conditions in (3.11) hold,
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which imply that

AU (fim) Ay (pn)
i dppm
or equivalently,
L) — P() + B m —n) + ho(uf — ) = 0. (A.30)

By Theorem 3.1, p} > ur, for n > m. Next, applying the mean-value theorem and using the
definition of B, we have

2

L) —RGE) = —BE)wn—un) = Bl — ), (A.31)

s

where ¢ € [u,, pr]. Combining (A.30) and (A.31), we have

hS (m —n) + (ho® + B)(uf — pfy) < 0,

S(n—m)
N+ R

Next, we show the above result holds even when the optimum is on the boundary. If ), = u,

P, =

then the desired inequality obviously holds. If p¥, < ur, consider the following alternative pricing
policy: (uf, ..., + 6, ... 5 —6,...,u}), where 0 < 4 < EL;—EE Since this alternative cannot

be better than the optimum, we have

(i) + Plors) — B [((V = m+ 3) (g, +6) + (N — o+ 3)(u, = 8)]
—he [, + 0)2 + (s, — 6)?]

* * 2 *
< p(E) +p(E) — BN —m+ D+ (N —n+ D] — 2 (w2 + 7]

Taylor’s expansion with straightforward algebra simplifies the inequality to

d * *
P (i) — BlZe)6 + 836(m —n) + ha®6(uy, — py —8) <0,

where (3, (s € [0, 1]. Dividing both sides by §, and then letting § — 0, we have

JTE uk =

P(Ly— PB(L)y+ 8 (m—n)+ho?(uh — ) < O (A.32)

Combining (A.31) and (A.32) yields the desired inequality. N

Proof of Proposition 3.3. We shall write p*(o), p*(h) and pu*(S) to emphasize the dependence
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of the maximizer of (3.10) on these parameters. First we prove the following lemma.

Lemma A.2.1 Assuming interior optimum,

(i) u* (o) is differentiable and d“"( < 0 if and only if
N
S i) —2() S wie) < o (A.33)
k=1 k=1
(zz) p*(h) is differentiable and d—’“%ﬂ < 0 if and only if
g N

N *2
* Iu’ E S *
=3 =R+ oY (B — i) < o (A.34)
k=1 k=1

(15i) pu*(S) is differentiable and % < 0 if and only if

N

D (= R(S) < —a(S) (A35)
k=1

Proof. We only prove part (i); the proof of part (ii) and (iii) is completely analogous. Consider
an equivalent problem to the fractional problem (3.10):

N _ 1 N
max Z[p(i)—hS(N i = 15 ()|~ 0(0)

# n=1 Hn 2

where n(o) is the optimal value of (3.10) when the demand variability is o and all the other
parameters are fixed. (This equivalence is discussed in Section 3.3.3.3.) To solve the above problem,

we can maximize each u, separately:

( ) ( 1 ) hS(N —n—+3) ha? (o)
ma = p|l—)— - .
“nx Gn\Mn, O P i N Hn 5 Nn o) tin
Since p*(o) is in the interior, applying the envelope theorem, we have
N.
dn _  ho D k=1 MZQ
- T
do Zk:l M

To establish the desired monotonicity, it suffices to establish the submodularity of g,{(un, o) (refer
to Topkis 1978):

& gn (i, 0) an
Il _opour — 2L
Opndo Whn T By
J N_ *2
= by + T Lk M
2 k=1 Mk

N
- (Zu —2MZZMZ>,
E:k 1H k=1 k=1
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If S ui? — 2u% S uk < 0, then the objective gn(pn, o) is submodular in (pn, o) in a neighborhood
of (uk,0). Thus, u’ is (locally) decreasing in o. If the converse is true, uy; is (locally) increasing
ino. 1

Proof of Proposition 3.3. (i) By Lemma A.2.1, the inequality in (A.33) always holds for n = IV,

as pjy is the largest component of p following Theorem 3.1. Hence u}; is decreasing in o.

(ii) Denote the left side of (A.34) by L,. We will show that L1 + Ly < 0 and L; < Ly, which then

implies L; < 0.

N
LH¢N:=%§:N+LJkM+HZXW (ﬁ+@wﬂ
k=1 k=1
S
= [N - )i - ) + (N—3>(u;—u7v_1>+---+<u{%J—u’@p]-
N
+ o2 z {,uk M1ﬂk]
k=1
< 0

3

where the last inequality follows from p increasing in n. Next, note that

S(1-N .
Li—Ly = [(N )+ by — N1:|Zﬂk§ )

where the last inequality follows from Lemma 3.2. Hence L; < 0, and pj(h) is decreasing in h.

(iii) By Lemma A.2.1, if a/(S) < 0 and n = 1, the inequality in (A.35) always holds. Hence uj is

decreasing in S.

(iv) This part is obvious. B

Proof of Proposition 3.4. From Example 3.1, the optimal replenishment level for each A is

S*(A\) = +/2K\/h. We replace S in the objective by S*(A), and then find the optimal A. Let
W) = V(S*(A),A) = (a=XA/—cA—V2Kh\ — —

We prove that \* satisfying W/(A*) =0 and W(A*) > 0 is the global maximizer. _

Let f(A) := (a — MM/B8 —eh — V2KhX. It is easy to see that f(0) = 0, f/(0) = —oo and
") = 5 + . Let X be the inflection point, i.e., f”(/):) = 0. Then, f()\) starts decreasing
from zero, is convex in [0, )\] and concave in [/\, 00).

Suppose f/(\) < 0, then by convexity/concavity, f/(A) < f/(X) < 0 for all A > 0. Therefore,
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W(A) < f(A) < f(0) = 0 for all A > 0, so there exists no maximizer with positive profit in this
case. Hence, we must have f'(}) > 0.
Next, let A\; be the local minimizer for f(\) in the convex part of the function. Obviously,
A1 < A. First, A* & [0, \1] because in this region W(A) < f(A) < 0. Second, \* & [/\1,X] because
in this region W/(\) = f/(A) + %j\!; > 0. Hence, A* € [A,a]. (A < a in order for A* to exist.) Since
W(A) = f(A) — —g— is strictly concave in [X, o, A* is the unique maximizer for W(\) in [//\\, of. It
is the global maximizer since all other local maximizers (if any) must be within [0, A;], the region

where W(\) < 0. 1

Proof of Proposition 3.5. (i) The joint optimization problem can be solved sequentially. We
first optimize S for each fixed A > 0 (same as Section 3.3.1). From Proposition 3.1, the optimal S
is invariant to o, and we denote it by S*(\). Then, the optimal A can be found by

~ . hS*(A) . ho?
max V(Ao) = r(A)— Aa(S*(N)) — o
Now, V (X, o) is supermodular in (), ) since
8V  ho
—Z - s
ONdo A% — 0

and therefore \*(o) is increasing in o, or equivalently, the optimal price is decreasing in o.

(i) That S* is increasing in o follows immediately from (i) and Proposition 3.1 (i). To examine
the effect of h on S*, we first optimize A for each fixed S > 0 (same as Section 3.3.2), and denote

the maximizer by A*(S, ). Then, the optimal S is determined by

~ : hS ho?
V(S,h) = r(N*(S,h)) — — = X (S, h)a(S) — ——F=—.
max  V(S.) = r(V(S,h) = 5 = N(S.Wa(S) - g
Let A%, A} and \g,, denote the partial derivatives. We have
2V . ., 1 . o2 ., ho? ho?
858]1 = T//)‘S/\h + T//\Sh - 5 - a)‘Sh a )\h + o\ 2)\5 )\*3 AS)‘h -+ o\ 2)‘Sh
N R o? ho? 1 ha? N
= )\S( " h+2>\2 /\*3/\h) Z—a)\h+<7‘ —a+2>\ >/\Sh
Since A\*(S, h) is uniquely determined by (3.9), the last term in the above is zero, and
* a * —2Ki
AS = ————-—-—T” _ h_o”;’ )\h = —-———r// ha?

2* /\*
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Then, the first term in the above is also zero, and we have

2

A SRR S .
ason ~ Tz T T2 e
)\*3

Now we show that the above is less than zero if evaluated at S*. This is because S* satisfies (3.6),

which implies a'(S*) = — 5, and
-~ 2 2 .
V.1 hos 1 2 .l
9Soh 2 gy K_f;'; 2 ’;_f*f; 4

Hence, V (S, h) is submodular in (S, k) in the neighborhood of the optima, and therefore, $*(h) is

decreasing in h.

(iii). This part is obvious. 1

A.3 Extensions to the Model in Chapter 3

A.3.1 Discounted Objective

In this section, we consider our model under a discounted objective. The demand model, cost
parameters and policy specifications are described in Secfion 3.2 of the chapter. Parallel to the
analysis in Section 3.3, we first derive the profit functions, and then consider optimal replenishment
and pricing decisions, with the other decision variable fixed or optimized jointly.

We will focus on the contrasts rather than the similarities between these two classes of models.
So as to present the results with minimal distraction, all proofs are relegated to Section A.3.3.

Recall that period n refers to the period in which the price p,, applies and the inventory drops
from S,_; = (N—_T]i\,"tl)—s to S, = W Let v > 0 be the discount rate. Let v, (A,) denote fhe

expected profit over pe.riod n discounted to the beginning of the period. We have

vay(An) = E [ /0 et [p()\n)dD(t +Tn1) — X (t+ Tn_l)dt]]

he TS, hSn_l]
Y Y

= E [/OTH et (p()\n) + %)dD(t +Th-1) +

= (PO + 2) 2 (1 Elemy) o BT R

hS(l — @(/\n))
A

Y g




126

where,

B hO(N)S ~ hS(N +1)
(1 @(A)) = N

hy A
fA) = p{A)+ —)—
W ( ) 7)7
o) = E[e—w(A)] — ¢ YVS/IN.
sy — YN EETY A 2

o VR 207y + A

Here Lemma 3.1 is applied to derive the expression for ©()). Assuming that the optimal A, is

finite, then @()\n) < 1. Let A= (\,...,An) € LV, and let V,(S, A) denote the discounted profit

starting from zero inventory under the policy (S, A). Then,

vy (S, A)

Vy(S,A) = —I—T(S)‘—)’

(A.37)

where,

vy (S,A) = viy(A1) + O(A)vzy(A2) + -+ + O(A1) ... O(AN-1)uny(AN) — (S5),
0,(5,A) = O(\)...00) < 1.

Note in the above expressions v, , and © depend on S as well, but we have suppressed S to simplify
notation. For the same reason, we shall omit S in vy(S,A) and ©,(S,A) when S is not a decision
variable.

For a single price, (A.37) becomes

Vy(S,)) = T(AYA)—‘S(lhifba()g)) +':—2. - (A38)

Optimal Replenishment
The problem is
max Vy(S, A).
The first-order condition is
[h/y + a(S) + Sa/(9)](e*® = 1) = bS[h/y + a(S)]. (A.39)
Proposition A.3.1 V,(8,\) is strictly concave in S if a'(S) < 0 and ¢’(S) > 0.

The condition a’(S) < 0 holds if S satisfies (A.39). Hence, the first-order condition in (A.39)

is sufficient for optimality if ¢”(S) > 0. We have also identified examples of multiple stationary
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points when ¢’(S) < 0. (This example is ¢(S) = 2+ 105 — §? for S € [0,5], A\(p) = 10 —p, 0 = 0.5,

h =1 and v = 0.3. Two stationary points can be found.)

Proposition A.3.2 With price fized,
(1) the optimal replenishment level S} is increasing in o, decreasing in h and p;

(ii) the optimal profit is decreasing in o and h.

When there are multiple optima, in lieu of increasing and decreasing in part (i), the relevant
properties are ascending and descending, respectively.

Recall, under the average objective and fixed price, the demand variability has no effect on the
optimal replenishment level. In contrast, the demand variability will raise the replenishment level
under the discounted objective. (See the example provided in Section 3.4.1.) Other monotonicity

properties in Proposition 3.1 continue to hold here.

The Single-Price Problem
The problem is
VL (S, A
ng‘ ¥(S,A)

The first-order condition is

I
e

hS + 'YC(S)Q Se—b()\)sb/(/\) + % (A40)

r/()\) + (—1——6"—5()‘)T)

Proposition A.3.3 V,(S, ) is strictly concave in A.

Hence the optimal single price is uniquely determined by the first-order condition.

Proposition A.3.4 With the replenishment level fixed at S, let the optimal price be p*. Then
(i) p* is decreasing in h;
(11) p* is decreasing in S for S satisfying a'(S) < 0;

(i3i) the optimal profit is decreasing in o and h.

Most results in Proposition 3.2 continue to hold here. The only difference is that the optimal price

is decreasing in demand variability under the average objective, while here the effect of demand

variability is rather unclear. Numerically, we have observed that in most cases the optimal price is
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still decreasing in o under the discounted objective, but exceptions do exist.

The N-Price Problem
The problem is

Vo(S, A ‘ A4l

This problem has an equivalent dynamic programming formulation. Let V, , denote the optimal
discounted pfoﬁt—to—go starting from the beginning of period n. Following the principle of optimal-

ity, we have the following recursions:

Viy = max {—c(S) +v1,(A) + O(X\)Vay,},

rel
Voy = max {vny(A) + ON)Vog14}, n=2,...,N—-1, (A.42)
€
vy = max {uvy(A) +OA) V14

The following result parallels Theorem 3.1 for the average objective in the chapter.

Proposition A.3.5 For any fized replenishment level S, the optimal prices under the discounted

objective are increasing over the periods, i.e., p] < py < ... < py.

Instead of searching in £V for the optimal X, we provide an iterative algorithm with each step

solving a one-dimensional problem in L.
A Fixed-Point Algorithm for the dynamic program (A.42)
1. Set an arbitrary initial value V/°,, and set € >0 small.

2. Use Vf’v in the last equation of (A.42), and solve for Vy .,,Vn_1+,...,V1,4 recursively

following (A.42).
3. If |V1",W,—V1ﬁ| <€, stop. Otherwise, let V{°, < Vi ., and go to Step 2.

To explore the convergence of the algorithm, we substitute the equations for V5 ,,..., VN4 in

(A.42) recursively into the first equation and obtain the following:

Vi = )r\rel%’ﬁ, {vw(/\)+97(/\)‘/1,7} = ;\2%’1@ YA Viy) = U(Vi,). (A.43)

Proposition A.3.6 Let v and ¥ be defined as above, then

(i) the mapping ¥(V) is increasing and Lipschitz continuous with modulus 1;
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(ii) there exists a unique fized point satisfying V* = ¥(V*) = (X, V*). Furthermore, X* solves
(A.41) with the mazimum discounted profit being V*; and '
(1ii) The above algorithm for solving (A.42) converges to the optimal solution from any initial value

0
Ve,

Joint Pricing-Replenishment

In general, the pricing-replenishment joint optimal decisions lack the monotonicity properties with
respect to the parameters ¢ and h even under the single price.
When N prices are optimized jointly with the replenishment level S, we can use the iterative

algorithm developed above for each fixed S, and then do a line search to find the optimal S.

Convergence to the Average Objective

The discounted profit function converges to the average profit function in the following sense.

Proposition A.3.7 Let v, and V, be defined as (A.36) and (A.87), and let v, and V follow
(8.83) and (8.4) under the average objective. -Then,

im v = v and lim~V, = V.
S Unay n 7_)07 ¥

The optimal pricing-replenishment decisions under the discounted objective converge to those -

-under the average objective, notwithstanding the contrasts highlighted above.

Proposition A.3.8 Let (57,p3) and (S*,p*) denote, respectively, the optimal solution under the
discounted and the average objectives. Then, we have

%13%5'1; = S and Alyi_}rrbp,’; = p*.

A.3.2 Price-Sensitive Demand Variability

In Section 3.4.3, the Brownian model (3.1) is extended to a more general model (3.19), which allows
a price-dependent diffusion coefficient. Using the same way as that leading to (3.4) and (3.5), we
can derive the average objective function for the price-sensitive demand model, shown in (3.21) and

(3.22). In this section, we state the results extending Lemma 3.2, Theorem 3.2 and 3.3. Proofs are

relegated to Section A.3.3.
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The relevant maximization problem is

N 1 hS 1 1 -1\2,,2
n=1 |P(s) = ® (N = n+ 5)pn = gho(p, ) us, — a(S)
max  V(S,p) = —F i) % 2 2 ] (A.44)

N N
neM n=1 Hn

Assumption A.1 (on demand variability) C,()\) = o(\)2/) is convez in \.
This assumption implies that o(u~1)2u? is convex in p. We again note that the holding cost
attributed to the deterministic part of the demand is the only motive for varying prices over the
periods. In the numerator of (A.44), the additional holding cost term — Y- $ho(u;t)?u2 and the
revenue term Zp(ﬁlz) are, on the contrary, suggesting not varying prices, since they are both
concave in p. These two terms limit the extend to which the optimal prices vary, and thus limit

the potential profit improvement.

Lemma A.3.1 (extension of Lemma 3.2) For fized S, let p* be the optimal N prices. Then

for1<m<n<N,

* * S(In’ — m)
M = Hm < ’
N(G+ %)
d? p( ) (%U(l)zlﬂ)

where B = inf { — Do ptunl ) andG—lnf{————%— € [l uyl b

Proposition A.3.9 (extension of Theorem 3.2) For fized S, let u* be the optimal N prices,
and let Vi be the optimal average profit defined in (A.44). Then,
' hS? (1- N_Q)

Vi -V < L
Mo T 19 (G + B

3

LN a op p(d) - e 2Bee)
where i = w > _n—q Mn, B —1nf{——r : p,e[ul,,u,N]}andG—mf{——%— VNS

(5, ] }-

Proposition A.3.10 (extension of Theorem 3.3) Let (Sy, u*) be the optimal joint pricing-

replenishment decision, and V3 be the corresponding optimal profit. Then,

hSy? (1—N72)
120 (G + )

where G, B, and G are the same as in Proposition A.3.9.

Vi - Vi

bl

Proof. Same as the proof for Theorem 3.3 with o2 replaced by G. 1
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A.3.3 Proofs

Proof of Proposition A.3.1. We can derive
5%V, (bSe™5 + 2755 +bS —2)e™b(L +a(S))  2Se~5d/(S) . (S)

952 (1 — eb9)3 - (1 — e~b5)2 T ] — ebS”

The first term on the right side is non-positive due to the fact that
h(z) =2e*+2e"+2-22>0 for all z > 0, (A.45)

since h(0) = h'(0) = 0 and h”(x) = ze™® > 0 for all z > 0; the second term is negative since
a’'(S) < 0; the third term is also non-positive if ¢(S) is convex in S. Hence V, (S, ) is strictly

concave in S if a’(S) <0 and ¢’(S) > 0. ®

Proof of Proposition A.3.2.

(i). To show that S3 is decreasing in p, it suffices to verify that V, (S, \) is supermodular in (S, A);
ie., _ac’);_av/\ > 0. Since the optimal replenishment level must satisfy a’(S) < 0, it suffices to verify the
supermodularity in the sub-lattice where a'(S) < 0.

We have

82V,(S, \)
EEER

On the right side of the above, we have ¥'(\) < 0 and % +d(S) < % + a(S). (The latter is implied
by a/(S) < 0).

h

Pe Sy [% +d(9) - (; +a(s)) (b51 te 1)} .

1—e b5

2
Thus, gs_‘(% > 0 can be established if we have

14 ¢S

But this last inequality follows immediately from (A.45).

The proof of S* increasing in ¢ is completely analogous: we can follow the above to establish
g—;‘% > 0 in the sub-lattice where a/(S) < 0; the only change is to replace b'()) by ¥'(c). Note in
particular that /(o) < 0 too.

To show that S* is decreasing in h, note that V,, is submodular in (S, h):

82V7 B _1—e‘bs—bSe'bS <0
oSoh (1 — e~b5)2 -7

since 1 — e=%5 > pSeb5,

(i1). This part is obvious. R
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Proof of Proposition A.3.3. It suffices to show that g(\) := 1_—e_lb(—,\75— is convex in A. To this

end, we derive

g//()\) _ gze—bSS<b/25(2ge—bS +1)— b//)

2_,—bS
g'e s ( 2 b3 2y
= I° 0 (g0 +1) - ———)
A2 + 202 (2g¢ ) /)2 + 202
where the last equality follows from b = —\//\_2%7_0_5 and b’ = W
We have
2 -bS 2y 2 -bS
bS5(2¢e™™ +1) - ——/—/—m/——— > b°S(2ge™™ +1)—-2b

V2§ 2y02

= bg(bSe 5 +bS + 27 — 2)

> 0,

where the last inequality is again due to (A.45). Hence, g()) is convex in A, and V,(S, X) is concave

inA B

Proof of Proposition A.3.4.
(i) To prove the monotonicity in k, we show that V, is supermodular in (X, h):
o’V S2e— b5y N 1
ONOR (1l —eb5)2 T 42
1 e 0582p? v ]

= |- b
by? [ (1—e799)2 /32 + 2027 +

1 Y
> — |+
by? { VA2 4 202y

2 0,

where the first inequality results from the following:

T g2e® z2 z2

(1—e2)2 e 4e®—2 B >oo2 222 /(2n)!

< 1

and in the last inequality we used the fact that

=2

b

T <= 2 < 1
VA2 + 202y T VA2 4202y + X T A

(i) The monotonicity in S relies on the supermodularity of V,, in (S, X), which has been established

in the proof of Proposition A.3.2 (i).
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(iii). This part is obvious. 1

Proof of Proposition A.3.5. Let the optimal profit-to-go be V7.,

satisfy (A42) For the ease of exposition, define Vi, . = V{",. In view of (A.42) and (A.36), we

for n = 1,..., N, which

)\ ,A 3 - ,...,N,

where

L ks - o)

Fin,\) = f(\) n+ O Vi1,

Ny
Thus, A} is decreasing in n if we can show that F'(n, A) is submodular in (n, A). To this end, notice
that
F(n,\)—F(n—-1,1) = — N, O (Vayiy — Vay)
hS . . hS
= N_fy+@()\)( n+1’7—Vn’7—N—7), forn=2,...,N.

Since ©(2) is decreasing in A, the right side of the last equation is decreasing in X if V t1y~ Vay 2

hS

N This is indeed the case. Consider starting from the inventory level ﬂj!—]};ﬁﬂ but following the

optimal policy for the inventory starting at “—gﬂg—\,:"—) This implies that % units of inventory will be

held for ever. Consequently, the profit associated with this strategy is Vitiy — 1’:,—*2, where 1’\1,—‘3 is

the discounted cost of holding the extra % units. Since this strategy is sub-optimal, we have -

hS hS
miy = Voy = Vigiy— ( il m) = Ny

The submodularity of F(n,p) follows, and hence A} is decreasing in n, or equivalently, p;, is in-

creasing in n. W

Proof of Proposition A.3.6.
(i). For V > V, let A and A be the maximizers (not neceééarﬂy in the.interior) of ¥(-,V) and

(A, V), respectively (refer to (A.43)). Then,

> pAV) (A V) = 0,V V) = 0,

TV) - U(V) = p(AV) =X, V)

which implies that ¥(V) is increasing in V. Furthermore,
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Since ©4(A) < 1, the above inequality implies that ¥ is Lipschitz continuous, with modulus no

larger than 1. That is, ¥(V') is non-expansive.

(ii). Let A* be the optimal solution to (A.41) with optimal value V*. We eliminate the uninteresting

case where A* = oo. Thus, ©,(A*) <1 and V* = 1—1’"’6(:‘—(2;—), or equivalently, V* = ¢¥(A*,V*). On

the other hand, V* > 1}39‘*&), or equivalently, V* > (X, V*) for all A € £V, Thus, V* =

S

maxye,n YA, V*) = U(V*); and hence, V* is a fixed point of ¥. This proves the existence.
Conversely, suppose V* is a fixed point of ¥(V) with the corresponding maximizer A*. Note

that A* = oo implies that all inventory -can be sold out instantaneously after the replenishment

(with the revenue covering exactly the replenishment cost). If we eliminate this uninteresting case,

then ©,(A*) < 1, and V* = (A%, V) or V* = 20 At the same time, V* > (X, V*) or

1-0,(X%)
V* > 1—1’2% for all A € £V, Hence, A* solves the problem in (A.41), achieving the optimal value
V.

Now, suppose there exist two fixed points V* > v corresponding to the maximizers A* and

/\*, respectively. Then, both V* and V* are optimal values for the problem in (A.41), an obvious

contradiction (against optimality). This establishes the uniqueness.

(iii). Let V* be the unique fixed point. From (i), we have ¥(V) > V for V. < V* and ¥(V) < V for
V > V*. Hence, if we start froﬁ an initial value Vy < V*, the sequence of values generated by the
iteration V;,, = ¥(V,,_1) is increasing and bounded from above by V*. So the sequence converges to
a fixed point of the mapping ¥, which must be V*. A similar argument holds for an initial value

Vo>V* 1

Proof of Proposition A.3.7. When v — 0, via Taylor expansion, we can derive the following:

2.2
Yoy
2 2 2.2

NX  2N)X3  2N2)2
Applying (A.47) and (A.48), we have
hyyS o028y Sy RS hS? RS(N+1) hS%n
N+ 22 22 =2 _
COR )(N AN 2N2)\> 5 T Na Ny T ey Tl
p(N)S hS*:(N —n+3) 3 ha?S

Uny(A) =

- TN NZX o o)
= vp(A) +o(1), as vy — 0.
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Then,
_ v (N Eaua) —e(8) +o(1)
MEN = ST T - L (- )
Vn(An) — ¢(S) + o(1
_ Zn%(z:n))\glii(';‘) (1) = V(S,p) +0(1), as vy — 0.
[ |

Proof of Proposition A.3.8. The first-order condition for S7 in (A.39) can be written as follows:

0.2 2
(1= ZD)(F = T[S +7e(S)] + o(v?)

A 2X3 2)2 )
Ignoring higher-order terms, we can simplify the above to the equation in (3.6), which is the first-
order optimality condition for S*.

Using (A.47) and (A.48), when v — 0, the first-order condition in (A.40) can be approximated

as

o (h +va(5))S Sy

0 = () siwz(l_%;_%)zs(l_ ) (- )\ )+ +oll
_ o (b o*y  Svy(y_ Sy 30y L h
= <7+“(S)><1+ e )\)(1 A)(l 2)\2)+ +o(1)
_ b ey by Sy Sy 30%yy b

= -2 -als) 7(A2+A : 2/\2>+7+0(1)

ho?

= T'(A)—G(S)JFW"’O(D,

which is exactly the same as the first-order condition in (3.9) for the average objective.
The convergence of the first-order conditions (A.39) and (A.40) to their counterparts in (3.6)
and (3.9), respectively, implies that the decisions under the discounted objective converge to those

under the average objective. B

Proof of Lemma A.3.1. Optimal prices are increasing over the periods: uy > pr for n > m. If
iy, = pr, then the desired inequality obviously holds. If ur, < p, consider the following alternative
pricing policy: (43,...,pp + 6, ... b —6,..., u}y), where 0 < § < 5'52—“;”‘ Since this alternative

cannot be better than the optimum, we have

PiEts) +p(=s) = B2 (N = m+ §) (5, +0) + (N = n+ 5)(u;, — 8)]

—h{f(um +6) + f(ur — 0)]
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< p(E) +p(k) = B[NV = mt D + (N — o+ D] = ALF () + )]

where f(p) := %0(%)2 ©2. Taylor’s expansion with straightforward algebra simplifies the inequality

to

9 (1 tn)d — ()8 + BE6(m — n) + h8 (L (1, — G30) = St + Ca)) < 0,

where (1, (2, (3,4 € [0,1]. Dividing both sides by §, and then letting § — 0, we have

(L) — (L) + B8 —n) + h( L) - Lus) < 0 (A.49)

Applying the mean-value theorem and using the definition of B and G, we have

B(Ly— (L) = —LR(L)(ur — ) > Blui — 1), (A.50)
G(un) - Lwn) = L)t —ui) = Gluh = i3) (A.51)

where (5, (s € [pr,, 1], Combining (A.49)-(A.51) yields the desired inequality.

Proof of Proposition A.3.9. The average profit of charging a single price p(z~1) is

o PR =R e P als)
7

We have

Vv -W
<Vi-W

N N _ N . _

SN [p(E) = p(D)] = B TN —n+ D — 30 - [ F L o) - o(2)%R
= - .
The first term in the numerator, Zg 1 [p(-ul—*) - p(%)] < 0, since p(%) is concave in y; and the last
term in the numerator 5 Zn 1 O‘( )2,u;§2 (%)Qﬂ2 > 0, since 0(21;) ©? is convex in p. Thus,

BN =+ s — En)

oS 27]:[:1,“;1
_ @(ZLW;_N+1>
- N Zivzlu;i 2
_ §(2u1+4u2+ +2Nu}‘v—(N+1)(u1‘+---+u}‘V)>
N QZnNzlﬂfL
_ g((N—l)(urv—u’;>+<zv—3><u;‘v-1—ﬂz>+...>
N 2N
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where in the last line, the series ends with p}; 241 By /2 if N is even, and ends with Q(ME‘N +3)/2
M?N—l)/Q) if N is odd. '
Applying Lemma A.3.1 and the identity:

(N—1)2+(N—3)2+-~+(N+1—2[%J)2= ,

6
we have
* * th (N—1)2+(N—3)2+...+(N+1_2L%J)2
Ve =V < = 5 53
p(G+3%)

___hS* (NN +1)

- a(G+E) 12N°3

_ hSP(1-N7?)

GRS




