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Abstract

This research explores students’ mathematical thinking when introduced to formal
combinatorics theory. It identifies how students understand formal theory and modify
their mathematical thinking and resolution strategies after having been introduced to-
combinatorics. This research is situated in the study of a Mathematics 12 class for the
* duration of a teaching unit on combinatorics, and of two groups of two students that

solved specific combinatorial problems outside of class hours. Data includes videotapes
of the classes and group sessions, copies of students’ work and tests, students’ answers to
meta-cognitive questions and field notes. »

I describe how students solved a specific combinatorial problem — the pathway
problem — arguing that this description exemplifies-how students shifted from resolution
strategies based on counting and the use of different techniques such as drawings, graphs,
lists, trees, amongst others, to the sole use of the taught algorithm. I argue that this shift

followed both the emphasis given to the use of formulae during instruction and the
students’ lack of proficiency in the use of counting techniques. The latter is described in
detail and points to the fact that students lacked practice and were not systematic.

Results from this study suggest that the shift from using counting techniques to
using formulae was common throughout the unit. In particular, it was the case with the
permutation and combination formulae. Nevertheless, in the case of permutations, some
students still used repeated multiplication instead of the formulae. Students were
confused as to which formula to choose between the permutation and combination
formula. I illustrate how students saw combinations only as permutations without order
and did not understand the impact of the division in the combination formulae. Students’
understanding was limited and they had n(; other way to solve the problem than to apply a
formula they did not understood.

Following these findings, I suggest teachers should not overlook the instruction of
counting techniques and should make connections between these and the formulae, for
instance in showing various methods for resolviné problems using both methods. I also
recommend teaching combinations by emphasizing the role of division in the formula and

in computations when solving problems without using the formula.
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“And so Xanthippe, Socrates and Pythagoras play happily in the sunshine with the three
little pigs, and not a further thought is given to the complicated calculations
that have kept them awake all night.”

Anno & Mori (1986, p. 41)
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Chapter 1: Introduction & Argument

1.1. Introduction

Combinatorics is a branch of discrete mathematics that studies enumerations of objects
- contained in sets. Counting how many objects are in a set is an important type of problem in
combinatorics. Important concepts of combinatorics include permutation and combination.
Despite often being perceived as a difficult subject, combinatorics — in itself or as a pre-
requisite for probability and statistics — has increasing societal importance in today’s scientific
and democratic world, making the presence of this topic of mathematics in the curriculum
particqlarly pertinent.

In Canada, the expectation for grades 9-12, as determined by the guidelines from the
National Council of Teachers of Mathematics is for students to “develop an understanding of
permutations and combinations as counting techniques” (NCTM Standards, 2003, p. 290) and
to “understand meanings of operations and how they relate to one another”(NCTM Standards,
2003, p. 290). Actually the kind of combinatorics seen in Grade 12 is limited to counting
problems. This explains why sometimes the subject is referred to as counting instead of
combinatorics. From now I will use the term combinatorics in its restrictive sense of the kind
seen in high school. Combinatorics is related to and is, to some extent, a prerequisite for
learning statistics and probability. However, simple problems — such as finding the number of
combinations of a three-number lock or predicting how mahy two-le&ers words can be written
— are seen as early as in primary school. Nevertheless the formal study of combinatorics as a
theory is left for the last year of high-school and usually precedes the study of probability. Its
focus is on the permutation and combination formulae. At this stage combinatorics is complex

and subtle. It is then considered a difficult subject, particularly because it demands more than



rote application of formulae, making understanding crucial. Fulrthermore.numbers can be
large, adding to the difficulty for students.

In the combinatorics studied in .high school, much can be deduced from the counting
principle, a principle that most students grasp intuitively. This means that, at least initially,
students can achieve much without knowing the formulae by using their problem-solving
skills and varioﬁs counting techniques. However, some scaffolding is needed when
complexity arises. At this level students are introduced to formulae. With the instruction of a
formal theory of combinatorics, stl;ldents are presented with a vast field that has been
systematized into categories of problems that can each be solved by the application of a
specific formula. Their use, with the help of calculators, facilitates computation but also
seems to make students forget about the rich énd varied array of methods that can be used for-
solving combinatorial problems. These incfude counting, logical reasoning, lists, diagrams,
trees, tables, and so on. It is this particularly crucial transition from a problem-solving
methodology to a more formalised application of combinatorics theory that this research seeks
to probe, by focussing on students’ mathematical thinking and undérstanding within a case
study in a Mathematics 12 class in a Canadian school. The purpose of this research is
therefore to explore students’ mathematical thinking when théy are introduced to formal
combinatorics theory; and to identify how students understand it and modify their

mathematical thinking and resolution strategies after having been introduced to it.

1.2. Argument

The problematic of this research project is rooted in my teaching experience. I have
taught combinatorics in state schools in Switzgrland for five years. It is a subject that I like.
The subject is rich and challenging, and it has many connections with other topics in
mathematics and with real life. Moreover its less algorithmic nature makes it somewhat

different from the other mathematics done in‘high school: it is more open and requires critical




thinking. However this also means that it is not easy to teach. Students solving combinatorial
problems really need to reason, to understand and to grasp the meaning of what they are
doing, proceeding logical]y at each step to reach a solution. This puts some balance into the
curriculum that, in my opinion, often over-emphasizes the procedural side of mathematics. As
a teacher, I noticed every year when teaching combinatorics in high si;hool that many students
are able to solve basic problems on their own, using not formulae but different strategies such
as lists, diagrams, counting or logical reasoning. When presented with formulae and formal
theory, the students also managed to grasp the effectiveness of the formulae and use them in
closely related problems. Yet st‘udents often got confused about which formula to apply or
appeared to get stuck when a pfoblem demanded more than just applying one formula on a
specific situation. Part of the problem rests with the complex nature of thé subject itself.
Moreover, there are many interconnections between different parts of combinatorics, as
somehow the structure of the subject is corﬁbinatorial in nature. It is a subject that not all math
teachers feel confident with, as it is not as straightforward as other mathematical theories, and
rapidly becomes rather tricky as complexity increases and numbers become very largé.

From the perspective of the teacher, conveying the need to be precise, to apply logic
and theory has to be balanced with the necessity of explaining that different paths are possible
when solving particular problems, and that problems cannot be solved mechanically. Yet
combinatorics is often presented and taught as a clean and closed mathematical theory
composed of a small number of formulae — of which the pg:rmutation and combination
formulae are the backbone — and linked to a series of related exercises. It is often taught in a
straightforward, procedural way, making categories of exercises to be solved in a specific
way, generally limited to the applicatidn of the formulae. This means that the capabilities and

previous knowledge of the students are not taken into account.



Real difficulties seemed to arise for many of my students in Switzerland when they
had to choose which formula to use. For most of them, it seemed that knowledge of the
mathematical theory was disconnected from their problem-solving abilities. One year, |
designed a decision-tree to help them choose which formula to use in which context. They
were grateful for being given a trick to succeed in solving a range of problems but I was not
convinced that doing so greatly improved the comprehension of many of my students. It was
only an algorithm, one more rule that allowed students to circumvent the lack of
understanding. Somehow, over-reliance on formulae and overlooking the understanding of the
computation being done resulted in loss of meaning and, to some ektent, to poor achievement.

Clear thinking is crucial to success in combinatorics. This means that when answers
are incorrect, the teacher cannot always understand how the student wrestled with the
problem. As a teacher, it is often difficult to probe the students’ thinking when the way they
are taught requires them to giye answers to a problem, and not explain or justify how they
proceeded and thought about it. I therefore often found it difficult to help the students because
I was unable to identify how théy were thinking, making their decisions and understanding.

In retrospect, it seemed to me that the difficulties that the students were encountering
could broadly be divided into two types. Firstly, they sometimes used a formula that
corresponded to a different type of combinatorial operations. This is one of the types of error
identified by Batanero, Navarro-Pelayo and Godino (Batanero, Navarro-Pelayo & Godino,
1997). In their study, following a test given to 700 students exposed to different types of
instruction, they concluded that to follow an algorithm often elicits meaning instead of
strengthening the reasons for the mathematical steps taken. Secondly, I also noticed that
another type of difficulty arose when the problem was slightly more complicated and was not

a simple appllication of a formula. Then the students seemed unable to use and connect the

two skills of problem-solving and theoretical knowledge that they apparently had mastered




separately beforehand. Was it only a matter of cognitive overload or was it that the students
expected to solve the problem very quickly — having in this case only to use one formula? The
latter behaviour is what Schoenfeld described as students believing that “assigned
mathematics problems [can be solved] in five minutes or less” (Schoenfeld, 1988, p. 151).

-Carrying out this piece of research was for me a way to address these problems and
probe how accurate my impressions as a teacher were on students’ thinking and understanding
of combinatorics. In this research, I therefore started from the idea that students’ approach to
the subject of combinatorics was fundamentally fragmented, due to the way formal theory is
usually presented and taught to thém. The teaching of combinatorics focuses on a number of
formulae — usually comprising the one for simple permutations, permutations with similar
object, permutations of k out of n objects, combinations of k out of n objects; but sometimes
completed with the ones for permutations with repetition of k out of n objects, combinations
with repetition of k out of n 6bjects~ without taking time to make multiple meaningful
connections between them. The combinatorial theory taught categorizes types of problems
and specifies which formula solves each category, as in the decision-tree I designed for my
students. Yet this has the serious drawback of leaving students with a fragmented view of
combinatorics, whereas the subject is in fact combinatorial in nature. It would be much more
representative to think of the subject as a web with many ramifications and interconnections. |
therefore focussed on the following research question:

Research question

How do students integrate combinatorics theory with their previous knowledge of

counting strategies?




Hypothesis

In order to answer my research question, I have focussed on students as they integrate
the new subject matter with their previous knowledge and know-how. I assume that bec.:ause
the students’ approach is fragmented and over-relies on formula they are unable, when faced
with more complex combinatorial problems, to continue to elicit meaningful connections and
draw from the problem-solving strategies they used previously. In particular, I argue that
their thinking shifts from meaning-related problem-solving to algorithmic approaches in
which the focus is on choosing the right formula. In probing students’ thinking and
understanding, I am particularly interested in grasping what prevents assigning meaning to the
decision of choosing a formula and how this influences students’ ability to think through
combinatorics.

In the next chapter I review the literature on the teaching and learning of

combinatorics. Then I describe the methods I used and the context in which this study took

place. Results will follow in three chapters and be discussed in the concluding chapter.



Chapter 2: Literature review

In this chapter, I further define the field of combinatorics, giving first some brief
historical background to the subject itself. I then focus on the position of combinatorics in the
school curriculum, and follow with a review of the literature on teaching, learning and
understanding of combinatorics — a rather small and fragmented field. After looking at

Skemp’s concepts of understanding, [ situate my research within the field.

2.1. The emergence of combinatorics

Combinatorics is part of the larger field of discrete mathematics. Discrete mathematics

is the study of discrete — in opposition to continuous — mathematical structures that also

includes elementary probability theory, logic, information theory, and so on. This is not a new
field of mathematics since “[c]oﬁbinatorics goes back to the 16th century when games of
chance played an important role in the life of members of privileged classes” (Vilenkin, 1971,
p. xi). Yet, as with the Pascal Triangle that was attributed not to its inventor but to its most
famous proponent, the ‘birth’ of combinatorics is often attributed to Pascal and Fermat in the
17th century for their effort “in the pursuit of theoretical studies of combinatorial problems
[that] provided approaches to the development of enumerative combinatorics as the study of
methods of counting various combinations of elements of a finite set” (Abramovich & Pieper,
1996). One should also note that probability, the twin sister of combinatorics, was probably
born at the same time as “problems arising from games of chance were the moving force .
behind the development of combinatorics and probability” (Vilenkin, 1971, p. xi). Thus it is
not surprising to find combinatorics and probability side by side in élmost every mathematics
curriculum,

Jacob Bernoulli, Leibniz, Euler and Newton also developed combinatorics further, but

the advent of computers brought back an interest in discrete mathematics in general and




combinatorics in particular, making them popular fields of mathematics in the last decades.
Computers are discrete machines which means that combinatorics, as well as other discrete
mathematics tolpics, are part of many computer science degree curricula. This means that
éounting the number of operations is fundamental, and is done in part through combinatorics.
Combinatorial problems very often result in manipulating large numbers, so computer and

calculators made these computations possible.

2.2. Place, importance and relevance of combinatorics in the curriculum

Combinatorics has a peculiar place in mathematics curricula. The study of
combinatorics as a theory — which consists of the permutation and combination formulae and
is often complemented with other formulae — is done in high school, often in the last year.
Nevertheless many problems that are combinatorial in nature are seen in earlier grades.
Moreover, in British Columbia, it only en.tered the curriculum as a topic less than a dozen
years ago. It was put in it with probability and statistics. This is revealing of one of the main
reasons why combinatorics is taught: it is a fundamental — it is needed for the computation of
sample sbace and the number of favourable events — pre-requisite for the teaching of
probability. As a matter of fact many curricula follow the sequence combinatorics-
probability-statistics. It is reflected in textbooks like Addison-Wesley’s Mathematics 12
(Alexander & Kelly, 1999) and Mathpower 12 (Thompson, 2000) that typically follow the
same sequence.

There are other reasons to study combinatorics. Kapur discussed combinatorics in
relation to curriculum modernization with an objective of finding “a proper balance between
abstraction and applications” (Kapur, 1970, p. 111). He menvtioned eleven reasons why.
combinatorics is important and should be taught in school, in particular:

e it “does not depends on calculus” and so it can be done early in the curriculum (Kapur,

1970);




¢ “it can be used to train students in concepts of enumeration, [...] making conjecture,
generalisation, [...] existence, systematic thinking” (Kapur, 1970, p. 114);
¢ it has many applications in other fields of study (physical sciences and engineering,
biological sciences, social sciences, management sciences) as well as programming and
recreational mathematics (Kapur, 1970);
e “students can appreciate the powers and limitations of mathematics as well as the powers
and limitations of computers through combinatorial mathematics™ (Kapur, 1970, p. 114).
Moreover, combinatorics plays an important role in computing science and is part of its
curriculum. For ir{stance combinatorics is used to compute the number of operations required
by a program and hence its speed.
Considering the vaster field of discrete mathematics, Kenney and Bezuszka point out
that this kind of mathematics “can be used to illustrate and emphasize effectively NCTM’s
four overall curriculum standards for all students. That is, discrete mathematics problems [:]

requiré that many problem-solving strategies be applied to interesting real-world problem

application;

e lend themselves well to situations in which students collabc;rate and develop verbal and
written skills in the process of solving the problem;

e demand the sustained use of critical thinking and reasoning procedures in working
towards a solution;

e promote mathematical connections within and across disciplines through a wide range of
problem types”

(Kenney & Bezuszka, 1993, p.676). All of the above is also appropriate for combinatorics.

Finally, other important mathematical concepts or ideas are widely encountered
throughout combinatorics, which makes it study rich and interesting from a mathematical

perspective. There is, for instance, recursion. There is also the fact that numbers can rapidly



become enormous: it is a way to challenge the concept of linearity which is so prevalent in
people’s way of thinking. Moreover, conceming mathematical procedures, combinatorics is a
field that is ideally suited to mathematization and exercise representation, particularly lists,
trees and graphs. Classification, decomposition into two sub-problems, as well as logical and
numerical procedures are also seen in a meaningful context.

Finally, it is important to point out that many authors deplore the little place that
combinatorics has in the curriculum despite its importance and relevance. Kapur wrote in
1970 that “combinatorial mathématics is an essential component of the mathematics of the
discrete and as such it has an important rolé to play in school mathematics. This role has been
little exploited so far” (Kapur, 1970, p. 114). In 2005 Englis_h complained that “despite its
importance in the mathematics curriculum, combinatorics continues to remain neglected”

(English, 2005, p. 121).

2.3. The teaching, learning and understanding of combinatorics

In a similar fashion, many authors deplore that there is also not much literature on the
teaching and learning of combinatorics. For instance English-asserts that “[r]esearch on
children’s combinatorial reasoning has not been prolific, despite its role in the development of
early probability ideas” (English, 2005, p. 126), an assertion that is al‘so valid for high school
students. Yet all the authors I encountered in the literature until now were enthusiastic about
cdmbinatorics, mainly because it is as a rich and interesting field that has ma{ny implications
and that can be made meaningful by making connections to real life contexts. Moreover it fits
snugly with many of the NCTM Standards & Principles: objectives. One should, alas,
recognize that there is no such thing as a free lunch and “the majority [of people] are
absolutely perplexed before a pléin combinatorial problem” (Dumont in Fischbein et al.,
1970, p. 269). Combinatorics is difficult, particularly for students (Hadar & Hadass, 1981;

Batanero et al., 1997) but also for their teachers (Burghes & Galbraith, 2000).
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2.3.1. The teaching and learning of combinatorics

At the middle and high school level, the focus of the literature is generally on the
content (Kapur, 1970), its inherent difficulties (Hadar & Hadass, 1981) and the presentation
of a particular way of introducing combinatorial concepts (Abramovich & Pieper, 1996;
Burghes & Galbraith, 2000; Sherell, Robertson and Sellers, 2005). [ briefly develop each of
these references below.

Kapur proposed a variety of combinatorial problems that could be done at the school
level. Many do not require the use of combinatorial formulae but many are also very complex
(Kapur, 1970). Hadar and Hadass described the difficulties faced by students when they try to
solve a combinatorial problem. They used the misaddressed letters prbblem and its resolution
as an example. They pointed to seven pitfalls, in particular: the understanding of what needs
to be countéd, the construction of a systematic method, the realisation of the céunting plan
(Hadar & Hadass, 1981). Abramovich and Pieper described how they used manipulatives and
computers to visually explore peﬁnutations and combinations. Their focus was on “recursive
reasonings as a means for approaching these ideas” (Abramovich & Pieper, 1996). Burghes
and Galbraith proposed to use the British National Lottery to put combinatorics in context by
giving real life examples and so motivate students. They gave several examples of how to
compute the odds of winning (Burghes & Galbraith, 2000). Sherell, Robertsoﬁ and Sellers
simply used a computer to generate different permutations to help students study pattern and
discover the formulae. “This allow[ed] the student to better visualize patterns and [could] help

them derive the formulas that represent these patterns” (Sherell et al., 2005, p. 114).

2.3.2. The understanding of combinatorics
Dubois (1984) proposed a classification for combinatorial configurations. In doing so
he showed how trying to systematise combinatorics is complex. He reckoned that his work

does not suit pre-university students. Moreover he acknowledged that the pedagogical use of
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his work necessitated finding an “efficient systematic approach that would allow the student
to easily find the appropriate method to solve a combinatorial problem” (Dubois, 1984, p 54,
‘personal translation). This approach is exemplary of the very mathematical approach that is
common when teaching mathematics and combinatorics in particular: the theory is
systematized and polished before being presented to the students.

Nevertheless the theoretical work of Dubois was significant in making exﬁlicit that the
different combinatorial operations — permutations and combinations — can be modelled in
three different manners: selection, distribution and partition. This modelling influences the
understanding of combinatorial situations and hence resolution strategies. Building on this,
Batanero, Navarro-Pelayo and Godino (1997) analyzed Spanish textbooks and “found that
combinatorial operations are usually defined using the idea of sampling [selection]”, and that
“exercises in these textbooks [...] refer either to sampling or to distribution problems” and
that “situations of partition of a set into subsets are hardly employed in these exercises at all”
(Batanero et al., 1997, p. 185). P‘robir‘lg further by testing more than 700 pupils doing a battery
of combinatorial problems, they showed that modelling is an important but non-trivial process
and that these three models are not equal in difficulty. Moreover, mastering one model does
not transfer into another model. Then they concluded that “understanding a concept (e.g.
combinations) cannot be reduced to simply being able to reproduce its definition. Coﬁcepts
emerge from the system of practices carried out to solve problem-situations” (Batanero et al.,
1997, p. 196). They recommenvded considering the “‘combinatorial model [..] as a didactic
variable in organising elementary combinatorics teaching.” (Batanero et al., 1997, p. 18.1).

Duckworth (1996) shared the idea that practice is as a path that leads to understanding.
She described how a Grade 9 student knew that the solution to a permutation problem was 24
but was not able to make a full list. She explained that the formula his/her student used

“represents his understanding instead of substituting for it” (Duckworth, 1996, p. 135). She
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further advocated that “looking for relationship among systems enhances our understanding”
(Duckworth, 1996, p. 134) and described different ways to list permutations. This dichotomy
between applying the formulae and understanding is also deplored by Abramovich and Pieper
who stated that “student learning of combinatorics has often been limited to plugging ﬁumbers
into formulas for permutations and combinations without developing any conceptual
understanding of combinatorial ideas” (Abramovich & Pieper, 1996, p. 4).

English (20055 looked at some elementary ideas of combinatorics — mainly the use of
the fundamental counting principle and graphic representation when solving basic
combinatorial problems — and children’s related reasoning. She looked at children younger
than 10 year olds. “The majority of the children could solve the problems in a variety of ways
and could represent the problems synﬁbolically” but they also “lacked a complete
understanding of the problem structure” (English 2005, p. 129). Drawing from her study and
after a review of the field — where Batanero et al. have a prominent place — she advocated for
the importance of combinatorics in the elementary curriculum, and she recommended to
increase “children's access to powerful combinatorial ideas [by:] foster[ing] independent
thinking, [...] encourag[ing] flexibility in approaches and representations, [...] focus[sing] on
problem structures, [...] encourag[ing] sharing of solutions, and [...] provid[ing] problem-
posing opportunities” (English, 2005, pp. 121-122). She added that problems that lead
students to explore combinatorial ideas and processes without direct teacher instruction
should be included in tﬁe curriculum.

At this point it is worth mentioning two books from renowned children’s literature
author Mitsumasa Anno: Anno’s Mysterious Multiplying Jar (Anno & Annd, 1983) and
Anno’s Three Little Pigs (Anno & Mori, 1986). They are both written for a young audience —
only counting and simple multiplications are used — but they are in line with English’s stance

by presenting complex combinatorial concepts. The Multiplying Jar describes the concept of
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factorial and the fact that with such an operation numbers can become very large. Anno’s
Three Little Pigs uses the ubiquitous story of the wolf and the three little pigs to show the
concepts of permutation and combination, using a lot of beautiful drawings that include trees
and lists. Yet the story is entertaining and allows many levels of readings by skipping the
mathematics or taking time to explore it. This approach is refreshing because it is very visual,
and dares to present complex ideas to a young audience. This contrasts with the approach of
doing much of the combinatorics late in the curriculum and mostly through the use of

formulae.

2.4. Instrumental and relational understanding

inth the introduction of formulae, techniques for solving mathematical problems
change. Sometimes understanding is not necessary and the rote application of a formula or
algorithm is sufficient. Since I am interested in students’ understanding of combinatorics
related to its formulae, such a phenomenon has to be taken into account. Skemp’s concepts of
understénding are ideally suited for that and I used them as an analytical framewbrk. I define
them in the next paragraphs.

In his seminal paper Relational Understanding and Instrumental Understanding
(Skemp, 1976), Skemp defined two different types of understanding: relational understanding
was “knowing both what to do and why”, whereas instrumental understanding was described
as “rules without reasons” specifying that -“possessionof such a rule, and ability to use it, was
what [many pupils and teachers] meant by understanding” (Skemp, 1976, p. 80). Skemp
added that the\re were consequently two “effectively different subjects being taught under the

»»

same name, ‘mathematics’ ” (Skemp, 1976, p.85): one reaching for students’ relational
understanding and the other reaching for students’ instrumental understanding. Moreover, the

use of rules as a way to understand and do mathematics is also problematic as Erlwanger

showed with the example of Benny, a pupil v,vho created his set of rules to do maths and
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managed to be quite successful in worksheets and tests despite many of his ideas and rules
being wrong (Erlwangér, 1973).

Skemp advocated for relational understanding and listed some of its advantages;
including particularly that “it is mofe adaptable to new tasks [...], easier to remember [and] it
can be an effective goal in itself” (Skemp, 1976, pp 87-88). In contrast he pointed out that
instrumental understanding “involves a multiplicity of rules rather than fewer principles of
more general application” (Skemp, 1976, p. 83) but that it was also attractive because “within
its own context, [it] is usually easier to understand” and the “rewards are more immediate and
more apparent” (Skemp, 1976, pp. 8§6-87).
| The concept of instrumeﬁtal understanding rings a bell with many teachers who
experienced students successfully knowing how to do mbathematical procedures without
understanding them. Moreover duality brings simplicity in the use of this concept.
Nevertheless [ would argue that it is too simple, particularly because it does not take into
account that mathematical thinking is, as Mason (1985) wrote, a “dynamic process which [...]
expands our understanding” (Mason, 1985, p. 158). From my perspective, students rely on
both instrumental and relational of understanding, sometimes .altematively, sometimes in

conjunction, and sometimes exclusively on one.

2.5. Responding to the literature

There are few studies that look at students understanding when they are taught
combinatorics and its set of formulae. Only Batanero et al. (1997) looked specifically at
students’ understanding in a case where some students had been specifically taught the
combinatorial formulae, but it was focussed.on the effect of which combinatorial model the
students used. Yet she pointed out that many students who were taught the formulae achieved
better but also made new mistakes involving the wrong use of a formula. The reasons fof

these new mistakes were not explained. These are very common mistakes, in particular the
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confusion between permutations and combinations. It is this gap, in particular, that this piece
of research aims to fill. How students integrate these formulae with their previous knowledge
is a fundamental aspect of students’ understanding. So a piece of research aimed at probing
students’ thinking when they are taught these formulae could bring new and welcome
understanding on students learning of combinatorics. In order to do this, I draw additionally
from Biryukov’s notion of meta-cognition. Biryukov defines meta-cognition as “the notion of
thinking about one's own thoughts. It includes the awareness about what one knows -
‘metacognitive knowledge’, what one can do — ‘metacognitive skills’ and what one knows
about one’s own cognitive abilities — ‘metacognitive experience’” (Biryukov, 2004, p. 1). It is
interesting to note that when studying meta-cognition in mathematics, Biryukov chose
combinatorics “because of its non-algorithmic character”, and because “[s]olving problems
from this domain develops students’ critical thinking abilities and thus it leads to activating
their meta-cognitive skills” (Bifyukov, 2004, p. 3).

In the next chapter, I lay out the methodology of this research project, describing tﬁe ‘
practical context and approaches used. This lays out the steps taken to respond to the need for

further research by drawing on the example of combinatorics as taught and learned in Grade

12 in British Columbia.




Chapter 3: Method

This chapter is divided into four parts. In the first I explain my choice of a qualitative
exploratory approach. I then describe the context in which this study took place. In the third

part I lay out in detail the method I used. The final part deals with how I analysed the data.

3.1. A qualitative exploratory approach

The purpose of this research Was to explore students’ mathematical thinking when
they were introduced to formal combinatorics and how they integrated it with their previous
knowledge. This was done trying to answer the research question: How do students integrate
combinatorics theory with their previous knowledge of counting strategies? Mathematical
thinking is not superficial: it is complex, and since it is difficult to make it explicit, it is also
elusive. This dictated the choice of depth over breadth. This, with the exploratory tone of this
research, favoured the use of a qualitative method. As a matter of fact, mathematical thinking
‘ is a construct that is not easy to operationalize or quantify. Moreover I have already used

‘quantitative methods for a research project in Switzerland (Perrin & Mendés, 2002) and |
~ found that the quantitative methods used were limiting, pérticularly in their openness to let the
unexpected emerge.

I was interested in students’ thinking, something that is vefy personal and internal. |
tracked students’ thinking by collecting its external manifestations: corhments, written
computations and drawings. I also took into account interactions between students and with
the teacher, class atmosphere, and body language. This was done in part through class
observation. But this was not enough: thinking is elusive — many thoughts are not expressed —
so I had to be more pro-active in having students externalise and express their thinking. This

was done through the use of written meta-cognitive questions done in class and during
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problem-solving sessions done outside of class hours with two groups of two students. The

following paragraphs map out more in detail how this was carried out.

3.2. Context of the research

Being interested in students learning combinatorial formulae implied working with
Grade 12 students. The reas‘on is simply that combinatorics is only found, as a topic per se, in
the Grade 12 curriculum. It is interesting to note that combinatorics is taught only in the last
year of high school, in British Columbia as well as in Geneva, Switzerland. Actually students
encounter combinatorics several times.much earlier on — during primary school — but not in a
systematic manner. It is not labelled combinatorics and no theory or formulae are proposed.
Doing research in a Grade 12 mathematics class also meant that the students were in their last
year of high school and faced a mathematics provincial examination. So the additional work
that I asked students to do was limited, and, as far as possible, I made sure it had a learning
purpose and that it was beneficial to the students. In keeping with the rules governing research
at the University of British Columbia, I submitted to the requirement of the Behavioural
Research Ethics Board (see appendicés [ and J).

The choice of limiting this research to a single class followed the exploratory nature of
the research and the determination to look for depth rather than breadth. As a matter of fact,
probing students’ thinking is no simple task if some depth of understanding is looked for.
Keeping the focus on a single class for the duration of the teaching unit on combinatorics was
not exhaustive but allowed a reasonable sample of different students’ understanding and ways
of thinking. Observing the whole unit made sense for tracking changes in how students think.

Mathematics 12 is a course where much is at stake. It is, for example, a prerequisite
for some university programs in Canada. Moreover, a provincial exam sanctions and
evaluates completion of the course. So finding a teacher who would not only accept the added

work and stress of a research project going on in his/her class but also agree to change his/her
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schedule by teaching combinatorics earlier in the year than usual, could have been somewhat
tricky. Having a fellow Masters student invite me in a very welcoming manner to conduct my
research in the Mathematics 12 course he was teaching was a relief, as was the prospect of a |
smooth collaboration. So I did not hesitate and accepted the offer of working with Mr Cho
(pseudonym) in his Mathematics 12 class. Using convenience sampling limits
generalizability, but since this research was primarily exploratory, this was not a prime
concern.

The research took place in a Pre-Kindergarten to Grade 12 independent, co-
educational day school in Vancouver. The school was started in 1996 with about 300 students
offering pre-school to Grade 8 programmes. Ten years later, the school has more than 850
students, 90 faculty members and offers programmes up to Grade 12. It is in an affluent
neighbourhood of Vancouver and fees of more than twelve thousands dollars per annum
restrict its access to students of high socio-economic status. All students wear uniforms.

Mr Cho is 40 and comes from Taiwan. He did his schooling there, completin‘g an
engineering degree. He worked as a sales and general managér in a computer company for
seven years and then moved to Canada where he did a mathematics and physics degree
followed by a B.Ed. He has been teaching maths and science for seven years. He is the Head
of the mathematics department in his school and is now doing a Master in Education.

There were two Mathematics A12 course offered in the gchool. Mr Cho’s class w‘as
composed of 25 students, in majority male and Asian [see table 3.1]. Of these 25 students,

Table 3.1: Race and gender composition of Mr Cho’s Mathematics 12 class

Students Caucasian Asian Total
M 4 12 16
F 1 8 9
Total 5 20 25

seven had already taken a Mathematics 12 class the year before and five attended a summer

school preparatory class for Mathematics 12 [see table 3.2]. Mathematics 12 is a full year

course, and the weekly load alternates between two and three blocks of 70 minutes each.




Table 3.2: Students’ previous experience of combinatorics

No previous experience Summer school , Mathematics 12
13 5 7

In the weeks preceding the unit on combinatorics, the teaéher had taught exponentials and
logarithms. A typical lesson consisted of Mr Cho progressing through the handout (see
appendix B) he gave the students, presenting the concepts and formulae and then going
through the exercises. Students followed what he was doing,lasking questions from.time to
time. Sometimes Mr Cho gave the stﬁdents an exercise or two to solve on their own and
walked around the room checking students’ work and answering individual students’

questions. Students where quiet and focused most of the time.

3.3. Research design

The research was divided into two stages. Both lasted for the whole duration of the
teaching unit on combinatorics. The first stage looked at the whole class: the macro level;
whereas the second stage, the micro level, reached for more depth by focussing on two groups
of two students who solved specific combinatorial problems.

Since the purpose of this research was to explore students’ thinking and probe how it
changés when they are introduced to formal combinatorics, the context in which students ‘
were introduced to formal combinatorics was very important. Thié context was the
mathematics class. The dynamic of the whole class had to be taken into account, including
teaching material, teacher’s style, interaction between the students, and with the teacher, etc.
Thinking might be an internal process, yet it is prompted and modified by interaction with
other events, ideas and people.

Keeping track of the whole class for the duration of the teaching unit on combinatorics
aimed at noticing an evolution or a change in students’ thinking. Moreover the dépth acquired
through the problem-solving sessions in small groups was put into perspective by comparing

it with information gathered from the whole class. The whole class observation revealed what
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was most common when students reasoned on combinatorics. Generalization was limited but
comparing the macro and micro level at least enriched the findings by strengthening and

contrasting the analysis.

3.3.1. Whole class observation

On the practical side, the data collected on the whole class was divided following four
aspects of the research: class observations, a pre-test, meta-cognitive questions and
discussions with the teacher, Mr Cho.

Classroom observations

The first aspect of the data collection on the whole class was to make regular visits to
observe how the class was going. Instruction influences students’ ways of thinking, so it is
necessary to observe it in situ. A class is a complex system, and as such it “is not just the sum
of its parts, but the product of the parts and their interactions” (Davis & Simmt, 2003, p. 1385.
This means that special attention has to be given to the interactions, and not only by looking
at the parts separately. It is a way, following Davis and Simmt to “observe the ‘thinking’ of
[the collective]” (Davis & Simmt, 2003, p. 144). 1 came to all the classes during the teaching
unit on combinatorics [10 visits], collecting data through video-taping and field notes. This
gave me an image of the whole class as well as a sense of the dynamics and interactions
within it.

In class, Mr Cho used a tablet-PC and a data-projector instead of a traditional overhead
projector or chalkboard. This allowed me to have access to what had been written on the
board in the form of computer-files, so I didn’t have to use the video to record what he was
writing. This was really useful as it allowed me to focus my observation on the students,

without losing track of what was being done by Mr Cho.
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Design of the pre-test

The second aspect of the data collection on the whole class was to probe what the

students already knew and what they could do prior to combinatorics instruction. For this
purpose I designed a pre-test (see appendix A) that was done in class by the studehts before
Mr Cho started teaching the unit on combinatorics. The pre-test contained three problems: the
menu problem [fig. 3.1], the pathway problem [fig. 3.2] and the partition problem [fig. 3.3].

The reasons for choosing them are presented below.

Fig. 3.1: The first problem in the pre-test: the menu problem

A restaurant proposes a menu composed of four appetizers and five main dishes as

well as two desserts.

a) How many different menus can be composed of one appetizer, one main dish and
one dessert?

b) Now consider that the Chef is quite particular and does not allow guests to mix
fish and meat. How many different menus can be composed if there are two
appetizers that contain meat and two that contain fish; and the main dishes are:
beef, chicken, lamb, salmon or halibut?

Fig. 3.2: The second problem in the pre-test: the pathway problem ‘

How many different paths lead from A to B when the only possible moves are the ones
going down or to the right? A

B

Fig. 3.3: The third problem in the pre-test: the partition problem
(from Batanero et al., 1997, p. 197) ‘

A boy has four different coloured toy cars (black, orange, red and grey) and he
decides to give away the cars to his friends Peggy, John and Linda. In how many
different ways can he distribute the toy cars? For example he could give all the cars to
Linda.

The first problem, the menu problem, was chosen because it is about the fundamental

counting principle, which, as it name implies, forms the basis of counting. As such it is the
starting point of most combinatorics courses. Technically it is just a multiplication. It is so
simple that most people use it without really thinking about it. So I wanted to know how

many students were familiar with the concept and how many could explain it. When
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combinatorial problems start to be a bit more complex, choosing between the additive and
multiplicative operations causes trouble to many students, so I also put a variation on the
exercise, part b, that asks for the decomposition of the problem into two sub-problems and the
addition of the two solutions. Solutions to both parts of the menu problem are given in figures
3.4 and 3.5.

Fig. 3.4: Solution to part a of the menu problem
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Fig. 3.5: Solution to part b of the menu problem
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The second problem was pathway problem. IF is a classic problem in high school
corﬁbinatorics, it and often some of its variations appear in many textbooks — such as
Addison-Wesley’s Mathematics 12 (Aléxander & Kelly, 1999) and Mathpower 12
(Thompson, 2000) — and exams. It is an example of the app]icatibn of a combinatorial formula
to a geometrical counting problem. As such it has somehow become part of some curricula.
From a mathematical point of view it can be qualified as rich and beautiful. Its richness comes
from all its.possible variations as well as its relationship with counting, Pascal’s triangle and
the formulae for permutation with similar objects or the one for combinations. All thesé

connections are already beautiful to a mathematical mind but it is also a very visual problem
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that is different from the more traditional combinatorial problems that revolve around
permutation or selection of physical objects. I chose to ask this problem because I was
expecting that students who had not beeﬁ introduced to any of the two-common methods that
are taught to solve it (using Pascal’s triangle or the formula for permutation with similar
objects) would revert to counting. This would give an insight into which methods would be
used and how proficient students would be. Different resolution strategies will be seen in
chapter 4.

Finally I wanted to see how students would tackle a more difficult problem that can
still be tackled without using a formula. I selected the partition problem (from Batanero et al.,
1997). Using a list or a tree could be long and cumbersome — since there are §1 possibilities -
but their use allows interesting combinatorial aspects of the problem to be seen. Moreover if
one assigns people to the toy cars instead of distributing the toy cars to the people, this makes
the problem much easier to solve: then it is a relatively straightforward application of the
fundamental counting principle. Two résolutions of the partition problem are given in ﬁgures
3.6a and 3.6b.

Fig. 3.6a: Resolution of the partition problem if distributing cars to people.

There are four different partitions.: 4-0-0, 3-1-0, 2-2-0 and 2-1-1. For each partition,
one must compute the number of ways to select the toy cars but also select the people
receiving some toy cars. This is complicated but counting techniques can be used at
each step instead of the formulae.

Partition | Toy car selection | People selection | Product (use FCP) total
4-0-0 1 3 1x3 3
3-1-0 4 3P, | 4x6 24
2-2-0 4Cs 3 6x3 18
2-1-1 4C2 X 2P2 3 (6X2)X3 36
TOTAL 81




Fig. 3.6b: Resolution of the partition problem if assigning people to the toy cars.
Each toy car can be given to one of the three people:

Meta-cognitive questions

I added a few meta-cognitive questions [fig. 3.7] to the three problems. The objective
was to not only look at whether or not students managed to solve some combinatorial
problems but also focus on the approaches the students tobk when solving these problems. 1
added the same meta-cognitive questions to each of the abovementioned problems in the pre-
test.

Fig. 3.7: Meta-cognitive questions posed alongside each problem in the pre-test

State your thinking when solving the problem.

Try to explain how you approached the problem and what you thought about whzle
you worked on it:

1. Describe how you approached the problem and worked at solving it.

2. Which ways did you consider but did not use in the end?

3. How confident are you that you have found a correct answer?

This exercise was:

easy ok difficult

1 2 3 4 5

Design of meta-cognitive prompts

The third aspect of the data collection relative to the whole class was to have the
students regularly answer meta-cognitive prompts. Journals were first considered but the -

focus on combinatorics, with its short teaching unit, was too restrictive for full-size journals

that require a rather larger time span to be efficient. The idea was to benefit from some of the
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advantages of journals, while keeping time constraints in perspective. By scaling it down to a
- few questions, only a bit more than five minutes of class time was needed to answer them.

I asked the students to write down what they had learned three times during the unit on
combinatorics. I planned to do it at the end of each class every week to look for changes and
to see what kind of progression there was.

An important aspect of these questions is that they provided data from all the students.
As such it put all students on an equal footing and it counterbalanced the possible distortion in
the whole-class observation resulting from the particular position students had or played
- relatively in the class dynamics. It was also a tool that could be used by a teacher in his/her
regular class to have some feedback on his/her students in a format different from the
ubiquitous quizzes.

Moreover, involving the students “to write what they have learﬁed that day and what
they still have questions about” aiso has the benefit of “[... putting] them in charge of
clarifying their own thinking and diagn.osing their own misunderstanding” (Silver, Kilpatrick
& Schlesinger, 1990, p. 21). Actually, Mr Cho took the opportunity to tell his students that to
think back about what they had learned was a good review technique and that they should do
it by themselves regularly.

So at the end of the second class I asked them to write down what they had learned.
When looking at their answers I thought that it would be better not to ask them this question
at the end of a class because I had the impression that students were mostl..y recalling what had
been done in the previous héur. So I chose, for the next time, to pose the question at the
beginning of the following class. That allowed the students’ minds to settle down a bit and
organise the new knowledge learned. I slightly reworded the question into ‘What are the
important ideas or concepts that you learned this week?’ and I posed it at the beginning of the

fifth class, the last class of the year before the Christmas break and at the beginning of the
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sixth class, the first after the Christmas break. This allowed me to see the effect of a two week
break in students’ recall of the subject. There were not many differences. This, added to the
fact that the rest of the unit was on the binomial theorem which is not combinatorics per se
but a theorem in which the nCr formula appears, made me decide to stop asking.

Moreover, the second time I used meta-cognitive prompts, I added another question:
‘What is difficult when solving a combinatorial exercise?” which gave interesting insights.
The third time 1 also asked them to ‘Explain the most important [concept]’ but students did
not really answer it. Expléining concepts is hard and time consumi}lg. It also seemed that it
was out of their mind frame. They stuck to listing concepts and formulae that summarized
what was important in the unit. It was disappointing but retrospectively the question was not
clear enough. I should have asked them' to define a specific concept and explain it with an
example.

Teacher’s point of view

The fourth aspect of the data collection was to have regular discussions with the
teacher, Mr Cho. I collected data through field notes, except for one of our meetings whe}l I
audio-taped a discussion where I probed his opinions on the actual mathematical thinking of
his students. |

There were multiple reasons for these discussions. Firstly, as the teacher, Mr Cho
played a central role in the classroom. His ideas about combinatorics, and about how students
learn it, had an influence on his teaching. In a similar fashion, the way he taught and
presented the subject had an influence on students’ thinking.‘lt wés also intgresting to share
our observations and interpretations. These at times differed, as did our diagnostics, but in any
case it allowed both of us to develop our understanding of students’ thinking. This resulfed in
enriching and refining the data in a consistent manner. Moreover this process of triangulation

also served in validating my interpretations. This was also a way for me to give back
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something to Mr. Cho for welcoming me into his class for this research project and give him
access into how I conducted the research.

[ expected that this component would be much stronger' but lack of time and other
constraints meant that many of our meetings were connected to organisational matters. | had
expected that we would be able to talk informally brieﬂy after each visit [ made but this was

not always possible because there was little time between Mr Cho’s teaching blocks.

3.3.2. Group session_s

The purpose of the problem-solving group sessions was to gain more depth into
students’ thinking and understanding. Traéking the thoughts of the 25 students at the same
time was not a realistic option. The choice of having students work in small groups was bgsed
on the necessity of looking at individuals for depth and providing means to have students
externalise their thinking in an environment similar to doing maths in a class. Maintaining the
group small allowed for increased focus on individuals. The choice of having the students do
the maths in a group instead of being interviewed was twofold: firstly to limit my external
interference, as the researcher or as the teacher, and secondly to ‘accelerate’ students’
thinking by putting them in a relatively challenging problem-solving situation where they had
to share and externalise their thinking.

I planned to have a session with each group once per week from the start of the
teaching unit, but as [ relied on volunteer students to participate it happened in a different
manner. It took me more time than expected to find volunteers, and I could not organise a
session during the first week. Moreover Mr Cho helped me in asking two more students to
participate. So | had two groups of two students. The reason for having more than one group
was to limit the risk of too much particularity.

On the practical side, I held the group sessions at the school outside of class hours,

either at lunchtime, or in the morning when students had a free block of time. Each group did
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three sessions lasting around 30 minutes. These took place every 'week, except for group 2
that started one week later and did two sessions in the last week of the teaching unit. Group 1
was composed of Victoria and Xinlei (pseudonyms) who usually sat together in class. Group
2 was composed of Nick and Patrick (pseudonyms), who did not. Moreover Victoria and
Xinlei were of similar abilities. On the other hand, Nick had difficulties but Yvan did not.
Dynamics were different within the two groups. Finally, even if the goal was to have the
students think and solve the problems on their own without the interference from a researcher

or a teacher, the need arose to ask some questions in order to unblock the group when they

“were stuck or to probe further for the sake of clarity. I gave the problems on a sheet of papér

(appendix D) and let the students work on their own for a few minutes before having them go
to the board to solve it together.

A smartboard was used during five of the six group sessions. A traditional whiteboard
was used in the other case. A smartboard is a white board linked to a computer and a data
projector. Writing on the board is done with special magnetic pens: thgre is no ink but the
computer ‘reads’ what has been written magnetically and projects it on the board. This
technology allowed me to save what had been written or drawn on the board in an eiectronic
document easily and conveniently. Using different colours for each student gave a relatively
precise account of what had been written by which student; the video then helped me to
consider when it had been written. This allowed me to focus the video recording on the
students’ interactions and comments. The data collected through the video and the smartboard
thus complement each other, giving a rich and detailed account of what happened during each
group session. Thus the data contain not only the end product but also the whole developing |
process, with the verbal and written compoﬁents connected together. This was important

because some computation made sense only when the student explained his or her rationale,
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and conversely the act of writing encouraged a student to reconsider comments previously
made.
Criteria for choosing the problems for the group sessions
Probing how students integrate the new mathematical theory and concepts they are
presented with is not an easy task. To achieve this I chose to investigate students trying to
solve mathematical problems. The reason was for the students’ activity to be the closest
possible to the real situation of studying mathematics in a school environment, where
problems and exercises are preponderant. Direct quesvtioning and interviewing were not ruled
out but given the role of complementary tool, in the form of spéciﬁc question asked during the
group séssions. |
Challenging problems were preferred over routine exercises because students would
therefore not be able to just plug nufnbérs into a formula, use a wording cue, remember a
similar exercise, and solve the problem rapidly. Moreover the classic and routine exercises
were going to be seen in class, so [ would have the opportunity to observe students solving
them there. | was expecting that challenging students would obligé them to.use the formulae
more cautiously, to use them only after having carefully thought about their suitability.
Choosing good problems was not easy. First they had to:
¢ contain important and related mathematical concepts, specifically the ones that I was
interested in (permutation, combination and some solving techniques);
o be interesting for the students to engage with;

e Dbe challenging to have students use and display rich thinking;

be open in order not to force students to use a particular method.
Secondly, I had to find problems that were at exactly the level where they would reveal how

students integrated new knowledge. That was very difficult because the problems had to be at

the frontier of their knowledge. It had to be close to what they had already done so they could




use their new knowledge in a relatively familiar context. And, at the same time, it had to be

new and challenging so as not to be a simple routine exercise they could solve algorithmically

without much thinking.

There was an additional constraint. The problems had to be selected to fit in the

- curriculum followed by Mr Cho. Timing was of the essence. If Mr Cho taught or showed a

concept in class, a good problem could quickly become a routine exercise. So even if, prior to
the fieldwork, I had selected some possible problems for the group sessions, I did not choose
all the problems nor did I initially plan when to pose them. There were two main reasons for
this flexibility. They are developed below and followed by a vignette that illustrates the
process as it took place.

Firstly, I was interested in how students integrate ‘new’ mathematical concepts they
are presented with and, as such, a mathematical concept might be unheard of at some point
and be known a short while after a presentation by a teacher or fellow student. The student
might know the concept but not understand it, or only in an instrumental fashion. Similarly, a-
range of problems could easily become rote exercises when a solution had been presented.

Secondly, organisational constraints were such that [ was going to have to select the
problem according to when I could org‘anis.e a group session rather than the other way around.
[ was not teaching the class, so even if | ‘had an idea of what was goiﬁg to be taught and in
what sequence, thanks to Mr Cho giving me the handout he gave to all his students, [ was in
tﬁe dark concerning the exact dates and times. [ had no control over it. Moreover a teaching
sequence is rarely a rigid frame, changes are often made. Some changes were made and that
influenced the choices I had to make. Furthermore, I was dependant on the availability and
willingness of the volunteers to come to the group sessions.

Vignette: I was looking for a problem to pose for the first session of group 1. I would
have liked to give the group a problem that was similar to the one seen in class but with a

twist, to challenge them a bit. Since the students had already seen simple permutations and
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worked a bit on them, I thought that a problem involving a permutation with similar objects
was a good choice, right on the edge. The students had done some exercises counting the
number of anagrams of a word with all the letters being different. So asking a similar
question with a word with some letters being identical would challenge them but in a situation
that was both familiar and in close relation to what they had previously done. Unfortunately
the group session was scheduled for afier the next class, and at that point Mr Cho would have
covered the question on permutation with similar objects. The problem would have become an
exercise. What would likely have happened is that the students would have recognized the
kind of problem and so applied the ad hoc formula without any reference to why and how it
works, rapidly computed the answer with their calculator and that would have been it. This
would have not been very different from the kind of data that I was going to get from the quiz
and test that My Cho had planned. I had found a problem that seemed to be very appropriate
and yet I was not going to be able to use it properly, at the right moment. So I had to discard

it and look for another problem.

Problems done during the group sessions

In the end I used five problems: the golf balls problem [ﬁg. 3.8], the weather forecast
problem [fig. 3.9], the seating problem [figs. 3.10 and 3.11], the squares prbblem [fig. 3.12]
and the misaddressed letter problem [fig. 3.13]. The reasons for choosing them are presented
below.

Fi ig. 3.8: The golf balls problem

A company sells bags containing three coloured golf balls for Christmas.
How many different bags can be made if there are ten colours to be chosen from?

Fig. 3.9: The weather forecast problem (adapted from Paulos, 2000, p. ix)

The weather forecast for the weekend is a 50% chance of rain for Saturday and a 50%
chance of rain for Sunday. Mr X said that it means that therve is a 100% chance that it
will rain this week-end.

Do you think Mr X is right? Justify your answer and try to explain Mr X’s reasoning.

Fig. 3.10: The seating problem with three professors (Andreescu & Feng, 2003, p. 3)

- Nine chairs in a row are to be occupied by six students and Professors Alpha, Beta,
and Gamma. These three professors arrive before the six students and decide to
choose their chairs so that each professor will be between two students.

In how many ways can Professors Alpha, Beta, and Gamma choose their chairs?




Fig. 3.11:Tthe seating problem with four professors

Ten chairs in a row are to be occupied by six students and Professors Alpha, Beta,
Gamma and Delta. These four professors arrive before the six students and decide to
choose their chairs so that each professor will be between two students.

In how many ways can Professors Alpha, Beta, Gamma and Delta choose their
chairs?

Fig. 3.12: The squares problem

In how many ways can you fill in three of the squares below so that no coloured
square touches another one?

Fig. 3.13: The misaddressed letters problem

Someone writes n letters.and writes the corresponding addresses on n envelopes. How
many different ways are there of placing all the letters in the wrong envelopes?

The golf balls problem was chosen because it looked like a problem that could be
solved by just using a formula. Yet it was not the case because students had not been
introduced — and never were — to the formula for combinations with repetition. So students
had to revert to mixing a combinatorial formula with problem solving skills or else use a
counting technique. Below are some possible strategies to solve it [fig. 3.14].

Fig. 3.14: Some possible resolutions to the golf balls problem
Using the combinatorial formulae

three different ones = 19Cs = 120
two same and another one = )P, = 90 =220
three same = 10

Or with lists, 2 versions, using only four colours to keep it shorter

A4A4 BBB CCC DDD or AAA BBB cce DDD
AAB BBC cchD
AAB  BBA CCA DDA AAC BBD CDD
AAC BBC CCB DDB AAD BCC
AAD BBD CCD DDC ABB BCD
ABC BDD
ABC ABD ACD BCD ABD
ACC
ACD
ADD

The weather forecast problem was chosen because the catch resides in the application
of the fundamental counting principle. A simple concept, but here it is hidden by putting the

emphasis on probability. Many people forget there are actually four possible outcomes for the
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weekend weather and the probability of rain for the weekend is 75%. (Thefe are four
equiprobable possible situations: RR, RN, NR and NN, where R means rain and N no rain;
with the first letter describing the weather on Saturday and the second the one on Sunday.)

The seating problem was chosen because it needs to be decomposed into two sub-
problems. The first sub-problem consists of selecting the seats for the professors and the
second is to seat the professors on the assigned seats. The solution is obtained by multiplying
— according to the fundamental counting principle — the results to both sub-problems. I was
interested in seeing if the students would be able to use the permgtation formula and if so
how, as it can be used to solve the second sub-problem. The first sub-problem is the same
problem as the squares problem. I first gave the seating problem with three professors to
group 1. In it the second sub-problem is permutation of only three objeéts and | found that too
basic so I gave the version with four professors to group 2.

The squares problem was chosen because it is mathematically similar to the first sub-
problem of the seating problem — it is actually exactly the same as the version with three
professors — but within a different context. [ wanted to probe if the students would recognise it
or if they would transfer some of their experience from one session to the next. Moreover
there are many ways to solve it, using various counting techniques or the combinatorial
formulae they had learned. Below are some possible strategies for solving it [fig. 3.15].

Fig. 3.15: Some possible resolutions to the squares problem
With a list, using numbers referring to the place of the coloured squares

135 146 157 246 257 357
136 147 247
137

Or using the combinatorial fbrmulae (rather tricky)
3 adjacent squares =7—-(3-1) =5

2 adjacent squares & another =6x5 =30
— 3 adjacent squares (because counted twice) =5
= 3 squares with at least two adjacent =25
3 squares chosen randomly =,C; =35
— 3 squares with at least two adjacent =25
= 3 non adjacent squares =]0
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The misaddressed letter problem was chosen because it is a very complex and
challenging problem. Hadar and Hadass (1981) used this problem to give an example of the
difficulties féced by students when trying to' solve a combinatorial problem. But they did not
include examples of students’ work. I therefore wanted to see what students would do and
how far they could go, and if they would face the difficulties described by Hadar and Hadass.
I was positively surprised that with a bit of help at some crucial moments, they managed to

solve it.

3.4. Analysis of the data

At the end of the fieldwork I had amassed a lot of data from different sources: video
from the whole class (10 one-hour tapes), and from the group sessions (6 tapes of
approximately 30 minutes each); computer files of the notes written on the board by the
teacher during class and by the students during the group session (tablet-PC and smartboard);
students’ answers to the pre-test, to the end—of-unit test (see appendix C), and to the meta-
cognitive prompts ask{ng what they had learnt (see appendix H); audio‘ recording of a
discussion with Mr Cho (30 minutes); and field notes (see appendix E for two excérpts).

I did not transcribe the video and audiotapes in full but for all of them I did make a
precise log (see appendix F for an excerpt) describing what took place. This was rich in
selected quotes and indicated the mathematics done by the students. This allowed me to have
a good idea of what took place in class and what the students did during the group sessions. [
did go back several times to the video, watching it for confirmations or contradictions when
the log was not clear enough. I read the logs several times, first to familiarise myself with
them, and then to compare and put into perspective the different streams of data. I read parts
of the logs from the group sessions and the whole class in conjunction, looking for similarities
or differences in the way a subject was approached by the students or taught by Mr Cho. I did

“the same with the two groups to see if both groups did something similar or not. The field
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notes added a few pieces of information to the picture. Finally I transcribed iﬁ detail the
excerpts that | decidéd to include in the written thesis.

For the pre-test I looked at the students’ answers and classified them according to the
resolution method adopted (see appendix G). This was put in parallel with students’ success
and with their previous experience of combinatorics. In the case of the end-of-unit test, I did
not analyse all the questions. I did look at all the students’ answers, but I did not analyse the.
ones that were too technical or that dealt with the binomial theorem. I analysed the questions
using dounting, looking at success rates, the methods and formulae used; and I selected
examples that were typical or representative of peculiar ways of understanding.

For the meta-cognitive questions, I also reverted to counting and to selecting typical'
and particular answers. I then put the three sets of énswers into perspective looking for
changes or an evolution.

Finally, data from the logs, the tests and the meta-cognitive questions were put into
perspective. It resulted in the emergence of trends that became the focus of each of the three
following results chapters.

The last point I need to mention is that I ensured the anonymity of the participants by
giving them pseudonyms. The pseudonyms were names for the teacher and the four students
that participated in the group sessions but only consisted of a letter for the other students. The
reason was to differentiate between the people I got to know relatively well and other students
about which data is more limited and less detailed.

The results will be presented and discussed in the next three chapters. Chapter 4
describes how, following instruction about a particular combinatorial problem, students
shifted their resolution strategi.es from counting techniques to an algorithmic method. Chapter
5 deals with étudents’ lack of proficiency with counting techniques, which leads students to

abandon their use. Chapter 6 expands on the shift towards students solely using formulae,
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focussing further on what happens when students learned formal combinatorics. The results
and main ideas emerging in these three chapters are then discussed and put into perspective in

the seventh and concluding chapter.
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Chapter 4: ©  The pathway problems: a shift from counting
techniques to an algorithmic method of resolution

In this chapter I look longitudinally at one specific problem — the pathway problem
[fig. 4.1] and some of its variations — and give an account on how students’ approaches to this
specific problem changed after having encountered the problem and been showﬁ methods of
resolution.

Fig. 4.1: The pathway problem (on a 3 by 4 regular grid)

How many different paths lead from A to B when the only possible moves are the ones

going down or to the right?
A

7 B .
This chapter is divided into three parts. The first looks at students’ ways of solving the

pathway problem before having received any instruction. The second gives an account of the
teaching related to this problem as well as some students’ encounters and progress when
trying to solve it. Finally, the third part focuses on the effect of instruction, through results in

the end-of-unit test and through what students remember after.time took its toll.

4.1. Before instruction

The second problem of the pre-test — done before the unit on combinatorics started —
was the basic pathway problem [fig. 4.1 above]. Students who had not already seen it used
counting techniques or unusual (sometimé even outlandish) strategies. At that point, it was a
real mathematical problem for them, hot a practice exercise. It demanded a strategy to keep
track of the counted paths. As such it was challenging and student’s ability to resolve the

problem was limited.
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Table 4.1: Results to the pre-test pathway problem from students with no previous

experience
Students whose answers were correct Students whose answers were wrong
3 8
Student Method used Student Method used
Iand O drew and counted Q counting with list
Yvan ‘add at crossing’ Wand T counting
' B, C and Nick counted squares
J bizarre tree
P probability function

From the 11 students who did the pre-test and who had not experienced combinatorics

in summer school or in a previous Mathematics 12 class, three solved the problem correctly.

[See table 4.1 for results to the pre-test pathway problem from students with no previous

experience.] Of these three, two counted all possible ways. They “drew it out” as student I

explained [see fig. 4.2 and 4.3]. The third, Yvan (pseudonym), used Pascal’s triangle but

explained that he had “seen similar problems solved like this”, but did not tell where or when.

Fig. 4.2: Student O’s answer
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Fig. 4.3: Student I's answer
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Of the eight students who did not solve the problem, counting was also used by three

students, but in all cases unsuccessfully. Student Q’s work was the more elaborate as he

numbered all edges and wrote down systemically some paths as a succession of these

numbers [fig. 4.4]. Moreover student P who said he used a ‘probability function’ [but he did
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Fig. 4.4: Student Q’s answer |
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not indicate which and how] wrote that he could héve counted “eVery path by hand but it
would [have] take[n] too long.” Another student had a similar opinion. Counting was the most
used technique, but students were not proficient and it resulted in low achievement. The
methods used by the other unsuccessful students were rather perplexing. Student J’s work is
below [fig. 4.5] and the three others used computation involving either the number of squares

in the grid or the sides of these squares.

Fig. 4.5: Student J’s answers
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Finally, the eight students for whom the problem was new and who ranked its

difficulty considered this pathway problem relatively difficult, with an average of 3.9 ona

scale from 1 to 5 with 1 being easy, 3 ok and 5 difficult.




Students who had no previous experience of the subject mainly used counting
techniques and achievement was low. As a matter of fact, most students had difficulties being
systematic in keeping track of which paths had already been counted; only one student used a

A

list. This can explain the poor success rate.

4.2. During instruction

The following section is an overview of what Mr Cho taught on the pathway problem.
This is put in parallel with what some students did and how they integrated the subject matter.
The observed students acted differently from one another and demonstrated a variety of
behaviours and ways'of integrating new material in response to actual teaching.

The teaching related to the pathway problem happened in three stages. The first was
the class after the pre-test, the first of the unit on combinatorics. There were two other classes
in which timé was devoted to the pathway problem: after one week and after two weeks of

teaching. Sections are organised following this chronological line.

4.2.1. First overview of the pathway problem

The first teaching related to the pathway problem happened in the class after the pre-
test. Mr Cho made some comments about the pre-test. He then asked the students how they
solved the problem and some answered that they used Pascal’s triangle. These were the
students who had already done some combinatorics beforehénd. So Mr Cho drew a grid on
the board [fig. 4.6] and showed one resolution method by adding the numbers at the crossings.
It did it talking:

Mr Cho: 1-2-1... 1-3-...3-1... then you have what? 4-6-4 and then you have | here and you
have 10-10-5, and you have 20-15, and you come over with what? 35. That’s by Pascal’s

triangle.




Fig. 4.6: Mr Cho ’s note on the board (excerpt)
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Having put the pathway problem in the pre-test had made students encounter it earlier on and
Mr Cho presented a resolution method for it earlier than it was usually the case when Mr Cho
taught the course following his handout.

Mr Cho then reassured Nick (pseudonym) who did not know this method, telling him
that they were going to learn it later. After that he asked student J if there was a different way
to solve the problem. During the next five minutes student J, and after him Nick explained
their methods. Nick wanted to present his method and since it required some drawings, Mr
Cho invited him to do it on the board. Both methods wére wrong. Student J used a tree-like
diagram [see fig. 4.5 above] and Nick counted squares and sides of squares [fig. 4.7]. Mr Cho
told them their mgthods were wrong but did not explicitly explain why and both students
accepted Mr Cho’s conclusion.

Fig. 4.7: Nick’s notes on the board
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This first teaching encounter with the pathway problem was limited, in time and in
content. Only one way to solve the problem was presented, rapidly and without much

explanation. Yet it was enough for some students to integrate it and be able to use it as [ am
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going to show in a following section. Moreover alternative ways of solving similar problems

were somehow cast aside.

4.2.2. First teaching on the pathway problem

The second time students saw the pathway problem in class was one week later. This
time Mr Cho spent more time explaining how to solve it, showing two methods and giving
students supplementary exercises to do. Mr Cho was previously focussed on permutations
with similar objects and, after having presented the formulae, he was doing the related
exercises from the handout one after the other. Two exercises in the handout were pathway
problems: the fifth was a 3 by 3 grid [fig. 4.8] and the eighth cénsisted of two variations of the
problem [fig. 4.9]. |

Fig. 4.8: Exercise 5 from the handout

.Student A wants to visit student B. Roads are shown as lines on a grid. Only south and

east travel directions can be used. The trip shown is described by the direction of each
part of the trip: ESSESE -How many different paths can A take to get to B? (20)

f\

- Fig. 4.9: Exercise 8 from the handout
On each grid, how many different paths are there from A to B?

@ A () A

Teaching
Below are excerpts from the transcription of Mr Cho’s lecture when he reached
exercise 5.

Mr Cho: And you see this question before. Next page, page 9, did you see this question
before? ... Remember [inaudible] and we see lots of people do it this way: Thisone isa 3

by 3 which means you have 9... On your paper [pre-test] I do see what you do. And lots
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of people just do like the paths. They colour with the pens. You just do like that. You do
the green. [He draw the green path.] Like that. If you are lucky like me with a computer
then you can do different colours... Choose [a colour on the computer] and draw a line.

But most people not that lucky and...

Fig. 4.10: Mr Cho’s note on the board (excerpt)

T2

[Mr Cho doek;v a digressiozn forZ minﬁtes, about cllgoloitrs. ndmbers. ] |

Mr Cho: Ok guys! This one, you do last time... actually if I write... don’t forget, they force
you either going right or going? Down. So you see if I am going right, I can consider
right, right, right, ... down, down, down [He write R R R D D D on the edges of the grid
making one path from A to B, see fig. 4.10.] So you see you have right right right down
down down. [He writes RRRDDD beside the grid.] One choice. Or I can do what? Down
down down right right right. [he writes DDDRRR beside the grid.]. Or I can do what?
[Some students laugh gently and mimic Mr Cho saying down down down but Mr Cho
continues unperturbed.] Right down... right down... right down [He writes RDRDRD
beside the grid.]. And you are going to write forever. [Some students say down down

down again, still laughing.] Did you see any characteristic for this one?
A student: [ inaudible] 6 factorial.
Mr Cho: Totally... each time [i inau&ible ] which group you got? How many choices?
Students in chorus: 6.
Mr Cho: 6. You always have 6 different... So t;zat means total number of choice is what?
Students in chorus: 6.
Mr Cho: 6. ... And then, even at this here, you can see how many right steps you always...

A student: 3.
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Mr Cho: Three. How many down steps do you have? 3 as well. This one is like... totally
like ... spelling a word as well. And you just [inaudible] divide by what? 3 factorial, 3
factorial. That’s why you come out with... the answer is what? 20 steps [sic]. And you
remember the question you do before [The question from the pre-test]? You have... This

one is 3 and 4.
[Mr Cho draws a 3 by 4 grid, see fig. 4.11, and solves the related pathway problem in the
same manner.J.

Fig. 4.11: Mr Cho’s note on the board: a 3 by 4 grid and the solution to the related

pathway problem
; TR
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[A student asks a question unrelated to the course.]

Mr Cho: Anyone has some kind of question? ... Ok. However something will be a bit
different. We look at the last example. Ok I am gonna jump to the last example [exercise
8b]. What about the last example b? I am going to do the last example b. ... We do this
one first... because this one is much easier than you think. [He draws the grid on the
board.] Ok, for this one, all these parts... it’s totally the same as what? The example we
got. Just 20 [He circles the top grid and writes 20 beside it, see fig. 4.12.]. How about

here [for the lone square in the middle]? How many ways you can choose?

Fig. 4.12: Mr Cho’s resolution on the board of exercise 8b from the handout

e

A few students: 2!
Mr Cho: 2. How many here [for the bottom grid]?

One student: 4.
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A few other students: [Inaudible]

Mr Cho: So you have what? 4 factorial divided by 2 factorial divided by what? 2 factorial so
. you have 24 divided by ... 2 [equal] 12 divided by 2 [equal]... You ve got what? 6! So
what total choices do you have? 20 times 2 times what? 6. So you've got what? Mmm...

12... [He is calculating the answer.] Two hundred and forty.

[Mr Cho takes a break for a few seconds and then starts again.] '

Mr Cho: But, part a [exercise 8a] ... is this question. So that’s why I am going to teach you a
different way. Even if you are going to learn later, I'll still teach you here first. For this
one is [inaudible] complicated than you think. Because we have some overlapping in-
between. So that creates some problem. Because you come here you have right down
right down... vight... down... here it is already on the other one. And you can choose...
Up to here you either can choose down or choose what? Right. So you have more choice
happen(ing] here. So you 're not able f0... Once they are overlapping, you [will] still be -
able to do that but you need to do huge calculations. So [the]only way to do this one... |
am going to teach you a much easier way. It’s by counting with the numbers. How many
go through? Ok. You need to watch this one closely. Because any time you see this kind of
question, you are going to do this way. ... When you walk here you can consider you start

with one. When ybu walk here, how many choices? 1.

[He starts to write the numbers at each crossing, talking as he proceeds through the grid he

has drawn on the board, see fig. 4.13.]

Fig. 4.13: Mr Cho’s resolution on the board of exercise 8a from the handout

e

A few students: 1. ‘
Mr Cho: 1. Walk here, you still have how many choices?

Students in chorus: 1.
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Mr Cho: One. One. Same thing... you go here, one one... one [He completes the top sub-grid
except for the 20 and then ask:] Ok most of people have problem [with] how to continue

with this one. Just think about how many ways from here to here?
A student: 1.
Mr Cho: 1. That means [if the] solution is 10, you still consider is what?
Some students: 10.

Mr Cho: 10, you still have 10 ways to come here. Then you still have 10 to come this way.
[He writes the 10s on the top and left of the bottom sub-grid.] And then 10 plus 10 you

got what?
Some students: 10.

Mpr Cho: 20. This one you got what? 30 and ... [He finishes the exercise]. So I give you one
more example. Try to do... Guys, you try to do this one. [He draws an irregular grid on
the board, see fig. board 4.14.]

[All the students copy the grid in silence.]

Fig. 4.14: First supplementary exercise Fig. 4.15: Mr Cho’s resolution

1
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Mr Cho: You need to try [i inaudible] this one. ... This one is really fun to...
[All the students work in silence during 2 minutés]

Mr Cho: Every one got 12? I will go this one very slowly. [He draws the same grid again.]
[Where] most of people got wrong is this one. Don't forget... you are only able to
choose ... going down or... right. So for going down, one step going down they still have
what? One come[s] here. [He writes the 1 and circles it, see fig. 4.15.] Most of people got
wrong is this one. So be careful for that one! [He continues and finishes the problem.]

Before you go write down one more question [fig. 4.16] and see if you are able to do it.
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Fig. 4.16: Second supplementary exercise, with Mr Cho’s resolution

—

[The studénts copied the grid and solve the exercise.]

The previous excerpts provide an example of Mr Cho’s style and how the subject
matter was taught. Mr Cho covered the pathway problem, giving two methods to solve it and
two sorts of variations. Nevertheless, what was taught by Mr Cho is different from what
students learned. Students are not empty vessels that absorb new knowledge that is simply
presented to them. So it is of the utmost importance to look beyond what is taught and what
comes out in tests; and look at students when they try to integrate the new material —
concepts, algorithms, etc.

Four examples of student learning

During this class, rather than just filming the whole class, I also filmed individual
students and what they were doing while Mr Cho was progressing along the handout. For
practical reasons I only filmed seven students. To film indiv‘idual students and what they are
writing implies being close to them and can disturb students. So I only filmed students that
were either segted in the front or rear row, always asking for their permission first. Focussing
on what they were doing was revealing of some learning processés and of the way the
students actually followed the course. Some were watching what Mr Cho was doing, some
were not. Some had already learned one resolution method only having seen it once. One was
able to use the same method in a variation of the problem despite the particular hurdle that
this variation containe;d, whereas another student was blocked. Before reaching the hurdle and

having to think about it to resolve it, students used the algorithmic methods automatically.
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Below are descriptic;ns of the way four students were following the course. In all the four
following examples, students’ learning was not linearly following Mr Cho’s teaching.

Yvan |

First there was Yvan who was doing other exercises well ahead in the handout. While
Mr Cho wa‘s doing permutation with‘ similar objects on page 8, Yvan was already at page 12,
using the combination formula that had not yet been taught in class. Only from time to time
did he stop his work to look at what was being done in class.

Student A

Stﬁdent A was also ahead, but just by a few exercises. He did exercise 5 on his own
and then went directly to the next pathway problem: exercise 8 [fig. 4.8 and 4.9 above]. He
did both variations, part a and b, very rapidly, using Pascal’s triangle. He wrote down each
row of the Pascal’s triangle diagonally on the grids in the same way that Mr Cho had shown
one week earlier. The result was the same as what Mr Cho was going to do [fig. 4.13 above]
about twenty minutes later, except for a mistake in the final answer: student A wrote 100
instead of the correct 200.

When doing exercise 8b [fig. 4.9 abové], student A only took a break of less than a
second when he finished the upper grid and had to continue with the lone square. Not only
had student A learnt how to do it but he had also been able to transfer the method to a more
complex casé without difficulty. This contrasted with the answer he gave to the pre-test that,
despite his previous experience in summer school, was wrong and used some sort of counting
and multiples of 2 resulting in 2° [fig. 4.17]. It is difficult to know

Fig. 4.17: Student A’s answer in the pre-test
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* how much student A learnt during summer school about this particular problem. I also .can’t
tell for sure if Mr Cho’s short explanation after the pre-test was enough to make that change
happen or if student A had a discussion with other students who knew how to solve the pre-
test problem. Nevertheless, something clearly happened between the pre-test and this class:
student A had learnt an algorithm — the use of Pascal’s triangle — to solve simple pathway
probl;ms and managed to adapt it to more complex variations of the problem.

Victoria

The two other students that I filmed in detail, Victoria and Xinlei, sat together. They
also took part later in the group sessions in the first group. Victoria had done summer school
and had learnt there how to solve that kind of pfoblem, as she told me during the first group
session, the day after this class. She had had no trouble solving the pathway problem as it
appeared in the pre-test.

During the lecture she seemed inactive. In her handout, all the exercises — on
permutations with similar objects - up to exercise 4 had already been done, and presumably
the next ones were also done but [ cannot tell for sure. She only appeared to be passive. But
she was not: she was following what Mr Cho was doing. After Mr Cho had shown how to use
the formula for permutation with similar objects to solve exercise 5 in the handout, she
completed her notes by doiné exercise 5 using Pascal’s triangle. Thus she had, written on her
notes, two methods for solving this problem. Later she woﬁld help Xinlei and do the
supplementary exercises given by the teacher [fig 4.14 and 4.16] as well.

Xinlei

Xinlei was following Mr Cho’s lecture, working out and taking notes alongside what
Mr Cho was doing. But when Mr Cho arrived at exercise 5, Xinlei did it on his own; for a

while not paying much attention to the comments and digressions Mr Cho was doing around
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this exercise. Later in the lecture, he followed more closely and did the supplementary
exercises given by Mr Cho on the board [fig. 4.14 and 4.16 above] like every other student.

Xinlei looked at exercise 5 briefly and started to write numbers at the crossings on the
picture from exercise 5. He started with all 1s one the top and the left hand side of the grid
and put the 2 at the first crossing. Then he took two seconds to figure out and wrote the 3 on
the right of the 2. Then he wrote the seCQnd 3 and the 4 beneath. His right hand, holding his
pen, moved over the two numbers that had to be added, showing that he actually added the 1
and the 3 together to get the 4. Then he wrote the second.4 — presumably using symmetry —
and completed the rest rapidly [see Fig. 4.18].

Fig. 4.18: Xinlei’s steps when solving exercise 5

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1|4 1|3 1|4 1|3

1 1 1 3 1 1

1 1 1 4 1 4 10 20
‘Then he drew a 3 by 3 grid besides the picture and wrote Pascal’s triangle on the new

grid. He once again started with writing all 1s, but this time he wrote each diagonal
successively — 2, then 3-3, then 4-6-4, etc. All in all, it took him approximately 50 seconds to

do exercise 5.

After doing exercise 5, while Mr Cho was still digressing about colours, Xinlei did
exercise 6 and 7 [fig. 4.19 and 4.20], plugging the numbers from the exercises into the
formula for permutation with similar objects and then using the calculator to find the answer.
He was right both times and it took him approximately two minutes.

Fig. 4.19: Exercise 6 from the handout with answer

There are 3 blue flags, 3 white flags, and 2 flags. How many different signals can be
constructed by making a vertical display of 8 flags? (560)

8! '
313121
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- Fig. 4.20: Exercise 7 from the handout with answer

| On a 5-question true-false test, two answers are T and three answers are F. How many
| different answer keys are possible? (10)
| S :

2!3!

Then Xinlei started exercise 8, part a [see fig 4.9 above]. He wrote the numbers at
each crossing of the top 3 by 3 grid, without much hand movement. But then he stopped. He
had trouble finding what * [see fig. 4.21] should be. He thought for a few seconds and then
his hand moved: he was trying to add, but there was nothing on the left of the *. So he asked
Victoria: “Can you help me with this?” Victoria’s answer was inaudible because Mr Cho’s
voice covered any answer she may have given. Nevertheless, after that, Xinlei completed the
top and the left of the bottom grid with 10s and then computed the others. He was done and
immediately started exercise 8b. He again used the same method. It took him 20 seconds of
work with a three second pause when he had to find what to write at ** [fig. 4.22]. This

exercise had been done automatically, except for finding **.

| Fig. 4.21; Xinlei’s partial resolution of Fig. 4.22; Xinlei’s partial
| exercise 8a resolution of exercise 8b

1 1 1 1 1 1 1 1

1 4 1 Y, 4

1 3 1 3 10

' Kk
1 4 10 20 1 4 10 20
*

At that point Xinlei sat back and looked at what Mr Cho was doing. Since Mr Cho was
showing how to solve exercise 5 with the formula for permutation with similar objects, Xinlei
wrote down the formula, as it gave him a second method to solve exercise 5. Then he
followed Mr Cho going through both parts of exercise 8, sometirﬁes anéwering the prompts of

Mr Cho.
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Then Mr Cho drew an irregular grid [fig. 4.14 above] on the board, and asked the
students to do “one more example” which turned out to be a real problem for Xinlei. He
copied the grid and wrote the 1s, a 2 and the two 3s [fig. 4.23a], but not the circled 1 [fig.
4.23d]. The last 3, the one below the circled 1, was not written automatically: he had to think
before [fig. 4.23b]. The miséing 1 gave him even more trouble when trying to compute the 2
on its right. He spent some time thinking about it, moving his pencil above the top right
squaré, trying to figure out how and what to compute. He did a number of larger pencil
moves, two of which representing the two different possible paths to go to the crossing on the
right of the circled one. He then said something [inaudible] to Victoria beside him. She |
laughed and answered something [inaudible] back. Then he had a quick glance at her handout
page, where the exercise was certainly already done, and immediately wrote on his gfid the 1
and 2 that caused him trouble [fig. 4.23¢c]. After that, finding the 5 took him a few seconds.
Presumably, after having been challenged? Xinlei had to fold back to his previous knowledge
about this kind of problem before resuming solving it. At that moment Victoria helped him,
showing him with her pencil that going on top and tﬁen going over the circle 1 was “one way”
and then showed the leftmost 2 and the 3 and the 5 on its right and said “this is 3 and 5.” Then .
she computed and wrote 4 on the bottom and continued saying: “7 ... 12.” Xinlei wrote 7 and
12 and the exercise was over. At that point Mr Cho asked if everyone had got 12 and started
correcting the problem [fig. 4.23d]. Xinlei again followed it ansvyering to the prompts of Mr
Cho. Xinlei solved the next supplementary exercise [fig. 4.24] without any difficulty.

Fig. 4.23: Xinlei’s steps when solving the ﬁrs? supplementary exercise and Mr

Cho’s solution (d)
a b c d

1 1 1 1 1 1 1 1 1 1 )| 1
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Fig. 4.24: Second supplementary exercise with Mr Cho’s solution
A

= =

These four students displayed a variety of ways of following the course and
integrating the mathematics related to the pathway problem and its variation. Rhythm of work
and learning were very different between Yvaﬁ and Xinlei. Student A was a good example of
how something can be quickly learned — having seen the method once was enough — and how
such knowledge can be adapted in a similar but more difficult case — a variation of the
pathway problem. VBut Xinlei showed that sométimes a variation is a real hurdle and asking
for the solution Was a simple shortcut to alleviate that hurdle and go back to a straightforward
and algorithmic method of solving the problem. Knowing how to solve one problem does not

necessarily gives the tools to solve a similar problem.

- 4.2.3. Second teaching on the pathWay problem

The third time students saw the pathway problem in class was the ﬁrst class after the
Christmas holidays, which correspondcd to one week of teaching after seeing it for the second
time, and two weeks after seeing the problem and a resolution method when discussing tﬁe
pre-test. At that point, students had already seen the peﬁnutation and combination formulae
and were to be taught the binomial theorem, a theorem that is closely related to Pascal’s
triangle and the combination formula.

Mr Cho presented Pascal’s triangle and showed that its coefficients can be computed

with the combination formula and that they also correspond to the coefficients in the

dcvelopment of (a+b)" for n equal 2 and 3. Then he commented about the.two pathway




problems [fig. 4.25] that follow Pascal’s triangle and preceded the binomial theorem in the
handout. With the basic 3 by 2 grid, he méde comments and drew lines to make the link with

Fig. 4.25: Mr Cho’s notes on the board when teaching about the pathway problem

i

Ak

Pascal’s triangle visible [top of fig. 4.25]. Then he had the students do the second problem
[bottom of fig. 4.25], telling them: “This is review, you should be able to get the answer.’;
After a while he corrected it and made some comments about the down-or-right only
restriction: linking it to a tree and etymologically to the binomial since there were rwo
choices. Then he started teaching the B_inomial theorem.

At this point Mr Cho did not come back to the pathway problem or any of its
variations. The teaching on the pathway problem was over. It had covered the regular problem
and two kinds of variations: irregular grids and composition of grids. Mr Cho showed two
methods and told the students which method to use with which type of grid. I have mentioned
thét these variations of the pathway problems are well-known variations and appear in
textbooks and in exams. This latter fact explains why such a problem has somehow become
part of the curriculum and relatively substantial time is devoted to its instruction when it is

still only a particular application problem; even if it is an interesting and beautiful one.
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4.3. After instruction
The effect of instruction on students on the pathway problem can be looked at from

three perspectives. The first one is to look at the students’ answers to a similar question in the
end-of-unit test. The second is to probe students’ understanding of the problem. Finally I look

at how much was remembered after some time. This is done in the next three sections.

4.3.1. High achievement on the test
All 25 students did the-end-of-unit test. The 14" of the 20 multiple-choice questions
was a pathway problem with an irregular grid [fig. 4.26]. All but three students got the correct

Fig. 4.26: Multiple-choice question 14 from the end-of-unit test, with key

How many different paths are there from A to B on the grid shown below if only maves to the

right and down are allowed? Agl L !
A 16 , S 1
< :B. 19 > y 5
C. 35
D. 70 ' —4
(7.

answer. They all used the ‘add at crossings’ method (which is appropriate since the grid is
small and irregular) writing all the numbers af each crossing and nothing else. All the answers
looked like figure 4.26 which is Mr Cho’s answer in the test key. Only student H additionally
wrote ‘r—” and ‘d |’.

The two students who were wrong and who gave a justification also used the same
technique but were troubled by the non regularity of the grid; they answered 35 which is the
result for the regular grid. Actually student Q added edges to the grid to make it regular [fig.
4.27], whereas student L added the numbers as if there were edges and crossing [fig. 4.28]. He

did this even though he first tried something else, but it is difficult to knbw what exactly.
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Fig. 4.27: Student Q’s answer to Fig. 4.28: Student L’s answer to
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It is possible that he gnt it right in the first place. The data provides no evidence of why the
third student was wrong.

Achievement in this exercise is noticeable. A large majority of the students managed
to solve this exercise, thus displaying their instrumental understanding. But not much can
actually be said about their relational understanding. Somehow students Q and L illustrate that
both types of understanding are not always achieved simultaneously. Their answers show that
they knew the principle of the algorithm (add at cronsing) but also that they had difficulties
deciding where and how to use this principle. Moreover student L’s answer seems to
contradict him having understood relationally the principle of the val gorithm as the sequence 4-

10-20 on the bottom of fig. 4.28 makes no sense mathematically.

4.3.2. YVictoria’s understanding of the pathway problem

Students’ written answers to problems can be deceptive. They are also very often short
and limited, in part due to the mathematical notations. As a matter of fgct answers to
combinatorial problems are often limited to a formula and the numerical solution. They are
not reliable enough to assess what students understpod and gained from instruction — as
teachers we cannot decipher how and for what reasons students choose that specific formula.
More depth is needed. Here follows an investigation of Victoria’s understanding of the
pathway problem. It gives some insight into now understanding can be less straightforward

than written answers would suggest.
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Victoria had already seen the pathway problem, during summer school. She had no
trouble solving the pathway problem as it appeared in the pre-test. At that time, she also
managed to explain how she solved it, although on an instrumental level [see fig. 4.29].

Fig. 4.29: Victoria’s answer to the first meta-cognitive question from the pre-test
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However, when I had time to ask her why the algorithm worked, she could not give an
answer directly. I had to probe deeper. Admittedly, answering that kind of question — why and
not just how — is much more challenging. It is also something that students are, unfortunately,
not often asked to do. I somehow had the impression that Victoria had not really understood
my question, or maybe she could not understand my question as it was not framed as what is
usually done in the context of school mathematics. I also have to point out that, in this case,
there is also the difficulty that what needed to be shown might seem obvious.

Below follow some excerpts of the dialogue I had with Victoria.

Thomas Perrin: My question is... why did you do that?
Victoria: Because ... this summer with Mr [Cho] ... I remember

Thomas: [ ...] you explained what you did [fig. 4.29]. It was really clear. [...] You explained
you added up the two numbers. [ ...] But my question is why do you think this strategy

works?

Victoria: Mm... it’s just an easy way because if you think about it, there is only one way to go
[showing the top line with her pen]. If you can only go... right or down. And if you look at
here, it’s two [pointing at the first crossing]. You can only come from two ways [she

shows with her pencil the 2 ways]. And so from here [top left corner of the grid], if you




were actually 1o draw it out [showing the three possible paths] there would be three

ways. So... that’s why 1 did it.
[She then made a comment that this strategy was the one to use when the grid was irregular]

Thomas: Ok... [...] But if we go a bit further down, then we can have ... 3 and 3 [pointing at

the grid]. How do you make sure the answer is 6?

Victoria: Well... just relying on the pattern that is at the beginning, we just have fo... assume

it will happen for the rest of it.

[..]

Thomas: But here [pointing at the square were the two 3s add up to 6] why do you think we
add instead of multiplying?

Victoria: If you got 3 ways from here and 3 ways from here [pointing at the specific edges on
the grid] then you would add. Because... in order to get here you can only comes from
this side or this side. So then you wouldn’t multiply because ... you're adding from this
side and this side [pointing again].

It is difficult to interpret how deep Victoria’s understanding was. She certainly had a
good command of the algorithm and it seemed justified to her as it followed a pattern that
made sense for the first squares in the grid [when there are only 1, 2 or 3 paths]. Yet the
reason — the mathematical proof — why the algorithm worked was not present. Nevertheless it
was within reach and some probing allowed Victoria to express it. [ am not suggesting that
my questions made her realise the reason why the algorithm wo)rks, but I really had the
impression that my questioning forced her to clarify her knowledge about this problem.

Her understanding was mostly instrumental, but some aspects were also relational.
However, focussing so much on algorithms and procedure had the effect of putting the

relational understanding ‘somewhere afar’, somewhere where it was not immediately

accessible. One can suppose this to have some influence on students’ further learning and

capacities to adapt.




4.3.3. What is remembered from the pathway problem

Finally it is alsd worth having an idea of what and how much students remember from
their instruction. In the case of the pathway problem I can extrapolate from the answers given
to the pre-test by the 9 students who had already done some combinatorics, either in grade 12
or in summer school.

The success rate was indeed better for those with some experience of combinatorics (5
out of 9, 56%) than for those without (3 out of 10, 30%) but it was much lower than the one
obtained at the end-of-unit test (22 out of 25, §8%). Time had taken its toll. More
significantly, the methods used by the two groups were dramatically different.

The students who had not encountered such kinds of problem used different strategies
involving counting — either appropriately or not — whereas the students who had had some
instruction mostly used the ‘add at crossing’ method (5 out of 9), Pascal’s triangle or a
formula related to combinatorics (2 out of 9) [see table 4.2]. But the two students who used a
formula were wrong. They did.not use the permutation with similar objects formula that
would have been correct but student E used the one for simple permutation (4P3 actually) and
student A answered 2°, which could be derived from the FCP or the formula for permutation
with repetition. Only one of the nine students still used a — wrong — counting strategy.

Table 4.2: Results to the pre-test pathway problem from students with previous

experience
Students whose answers were correct Students whose answers were wrong
5 4
Student Method used Student Method used
D, G,K,R and U ‘add at crossing’ M Pascal’s triangle
E used 4P
A used 2°
H counting (squares)

Finally and not surprisingly, students who had already seen the problem rated its
difficulty very differently if they managed to solve it or not: it was either easy (1 or 2 on the

scale ranging from 1 to 5) or difficult (4 or 5). Somehow the change was more qualitative than
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quantitative: either one knew how to do it and it was easy or one did not know and the

problem seemed out of reach.

4.4. Conclusion

It is interesting to put into perspective that the pathway problem and some of its
variations were well covered in class, taking a fair amount of instructional time, and that it is

only a specific case — albeit an interesting and beautiful case — of where combinatorial

- phenomenon are present. One can, and should, question if all this time was used to work on

the mathematically interesting aspects and features of the problem and its link with the subject
taught or if it was mere preparation for a possible and popular question in a test.

It is also interesting to note that for some students, seeing the ‘add at crossing” method
once seemed enough to make them relatively proficient in its use. Nonetheless, for some
students, this use was limited to a specific case of the problem and adaptability to a novel
situation was limited. Knowing how to solve one problem does not necessarily give the tools
to solve a similar problem. One reason is that students’ understanding was mostly
iﬁstrumental, often limited to knowiﬁg how to use the algérithm. Relational understanding
was present but not preponderant. Showing students how to solve the pathway problem or one
of its variations with the ‘add at crossing’ méthod or using the formula for permutation with
similar objects made the students shift from using counting techniques to the algorithmic ‘add
at crossing’ method. It also transformed a challenging.mathematical pfoblem into a routine
exercise. As such it was not surprising that the success' rate at the end-of-unit test was so high.
Yet one has again to ask what has really been achieved, and how has this topic been
integrated by the students. This could be done by asking the students to gi.ve more
Justifications — the why questions — when they are solving problems. Having the students

answer the meta-cognitive questions in the pre-test was of great help in assessing their

- understanding. It was certainly more reliable than a multiple choice question and was not as
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time consuming as it may seem. Moreover students might also gain from the practice by -
improving their justifications — a fundamental aspect of mathematics — and explanations skill
as well as their meta-cognitive skills.

On a more technical side, the second method — the one using the formula for
permutation with similar objects — was really not popular with students. One can see two
reasons for that. Firstly, the ‘add at crossing’ algorithm is easier to remember than the formula
for permutation with similar objects as it is a counting strategy that relies on addition instead
of being a formula which uses notations that obscure meaning and refer to more complex
mathematical concepts. Secondly, since all the problems that students were presented with
could be solved using the ‘add at crossing” method, there was no incentive to use the other
method. That could have been avoided by giving an exercise with a 20 by 10 grid and by
showing an alternate way to solve some of the problems using this second method.

| To sum up, the effect of Mr Cho’s instruction on students’ achievement and ways of
solving the problem was noticeable: students shifted from counting techniques to algorithmic
methods and achievement went up significantly. A challenging problem became a routine
exercise. Students seemed to have integrated the new mater.iaVl well, but a closer look at some
students painted a picture where understanding was more instrumental than relational.

Similar shiﬁs happened when students were introduced to the combinatorial formulae.
But before describing them in detail in chapter 6, I will describe students’ lack of proﬁciency :
with counting techniques in the next chapter because these further explain these shifts. This
serves to add nuance to my argument by partly contradicting my hypothesis by indicating how

students accurately made use of counting in certain circumstances.
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Chapter 5:  Students’ understanding and use of the
fundamental counting principle and their use of
counting techniques

In this chapter I look at students’ understanding and use of the fundamental counting
principle (FCP) and their use of counting techniques. The reasons are multiple. The‘FCP isa
fundamental aspect of combinatorics because it is embedded in most counting techniques and
from it stem all the combinatorial formulae. The counting techniques are an alternate way of
solving many combinatorial problems, and can still be.used in conjunction with the formulae
to solve other problems. Moreover, students used such techniques before being taught the
formulae. As such they' are an integral part of combinatorics.

This chapter is therefore divided into four parts. The first deals with students’
understanding of the FCP and examines how they solved the menu problem which required its
use. The second part then looks more in detail at students’ lack of proficiency with trees and
lists. This partly contradicts my hypothesis which supposed that students were proficient with
counting techniques. The third part is a discussion on some possible reasons for this lack of

proficiency. The last part is the conclusion.

5.1. The fundamental counting principle

In Grade 12 students learn what English (2005) calls combinatorial 6perations: the
permutation and combination formulae. These formulae stem from of the fundamental
counting principle (FCP):

If one item can be selected in m ways, and for each way a second item can be selected

in n ways, then the two items can be selected in m'n way&.

Another counting principle that is often neglected but is also important in combinatorics is the

addition principle for counting:

N
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If there are m ways of selecting one item from one group, and there are n ways of
selecting one item from a second group, then there are m+n ways of selecting one item

Jfrom the two groups.
In the next sections I focus on how students solved the menu problem [fig. 5.1] that was the
first problem of the pre-test. The reason is that the solution to that problem requires the
application of the fundamental counting principle, and provides evidence about students’
knowled'ge and use of it.

Fig. 5.1: The menu problem

A restaurant proposes a menu composed of four appetizers and five main dishes as

well as two desserts.

a) How many different menus can be composed of one appetizer, one main dish and
one dessert?

b) Now consider that the Chef is quite particular and does not allow guests to mix
fish and meat. How many different menus can be composed if there are two
appetizers that contain meat and two that contain fish; and the main dishes are:
beef, chicken, lamb, salmon or halibut?

In the next two sections, the students’ answers are analyzed with two directions in

mind: firstly the students’ understanding of the FCP and their ability to solve the menu

problem; and secondly an overview of the strategies used by the students to solve the

problem. Finally a third section puts these different aspects in perspective.

5.1.1. Students’ understanding of the FCP and ability to solve the problem

The first thing of note is that the meta-cognitive questions really helped to understand
better what the students did, par_ticularly the first: “Describe how you approached the problem
and worked at solving it.” Too often the only answer given to such a problem is 4x5x2 = 40.
This is right, but it also lets teachers only suppose and assume that the student knows why,
but with no certainty. In this case the student can simply remember that in a combinatorial
problem of this kind, one has to multiply (instrumental understanding) to get the right answer,
without understanding why (relational understanding).

As a result of the meta-cognitive questions, the students’ answers were mﬁch more

developed than they usually are in a straightforward test, and hence allowed a better insight
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into how studenfs solved the problem. Yet some uncertainties remained: the student who just
explained that he multiplied the numbers did not show that his uﬁderstanding was relational.
This. might show that multiplying was obvious for the students, or that they knew from
previous experience that such types of problems called for multiplication.

The majority of the students were successful with both parts of the problem. Out of 21
students, only three students were not successful with part a of the problem. One of them
seemed to have an understanding of the fundamental counting principle but made a
computational error, whereas the two other students clearly did not use the fundamental
counting principle: the first simply counted all possibilities one after the other [fig. 5.2] and
the second even had difficulties in representing the situation. For part b, only 14 students

Fig. 5.2: Counting one by one

solved it, but I must note that three students knew how to do l—t but forgot the dessert and so
did not get the right answer. Actually the wording of part b was somewhat misleading and
such forgetting could have been prevented by adding the sentence “There are still two
desserts to choose from” at the end. Moreover another made a computational error but his
explanations clearly showed that he had understood how to solve such a kind of problem. So
most students understood the fundamental counting principle or knew how to use it [see table
5.1].

Table 5.1: Student’s success to and understanding of the menu problem
Part of the

Number of students who’s answer were:

menu problem | Correct and showed wrong but showed that | wrong without showing
some relational the FCP was understanding of the
understanding understood FCP
a 18 1 2
b 14 5 2

They also found the problems relatively easy as they ranked them, on average, at 2.25

on a five point scale with 1 being easy, 3 ok and 5 difficult. Finally, I need to mention that the
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two students who did not grasp the fundamental counting principle had no previous

experience in combinatorics.

5.1.2. .Overview of the strategies used by the students

The most interesting feature that etnetged was not whether the students managed to
solve the problem or not, but how they solved it and how they represented the problem. Some
students simply found the answer using multiplication and used a diagram only to check if
they were right. Some students had to count all the possibilities and sometimes even to write
them all down on a list or a tree. Lastly, some started a list or a diagram.and found that the
answer could be found using a multiplication. Figures 5.3 and 5.4 show two students’ answers
and thejustiﬁcation they gave when answerirtg the meta-cognitive questions.

Fig. 5.3: A student started a list and then multiplied
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Fig. 5.4: A student used a visual representatton and then multiplied.
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The mos't common method consisted of drawing a graph — or something approaching a graph
— by listing the possibilities for the appetizers, the main dishes and the desserts and then
connecting them to compose menus. Mr Cho told me this was the methz)d that they were
taught in elementary school. 11 students used it and figures 5.2 and 5.5 shows such graphs,
and only two did not find the correct answer. Such a representation is fine for a basic problem
such as this one; but the graphs do not show the fundamental counting principle explicitly and.
tend to be messy, as one can see from figure 5.5, so such a method would be of limited use if

the problem were more complex.

Fig. 5.5: Different versions of the most common method used: drawing some kind of

I was expecting that trees and lists would be used more often, or at least partially, as

drawing the full tree or writing the full list is time consuming. So I was Surprised by the fact
that only five students used either a tree (two students) or a list (three students). Of these five
students only two had a previous experience in combinatorics before, during summer school
or a previous mathematics 12 class.

Finally the impact of instruction was tangible in the ways students solved the problem.
. For the students having already done a Mathematics 12 course or been prepared for it during
sumrﬁer school, the most common method was simply to multiply. Seveﬁ students did it that
way, but only three students had to use a diagram first before computing the solution. In
contrast the numbers were reversed for the students without previous experience of Grade 12
combinatorics: three simply multiplied whereas eight used a diagram [see table 5.2]. So

experience results in the fundamental counting principle being more straightforwardly put to
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use, without having to revert to relational understanding to find it. It becomes somewhat

obvious and-doesn’t need justification.

Table 5.2: Strategies used by students to solve the menu problem in relation to
previous experience in combinatorics (Mathematics 12 or summer school)

strategy used

Students who solved the menu problem

without previous experience

with previous experience

11 10
multiplication (no diagram) 3 7
diagram 8 3

Moreover previous experience seems to have increased the occurrence of a formula
syndrome: four students mentioned the existence of a formula to solve the problem but only in
stating that they had forgotten it or how to use it. Despite that all managed to solve the
problems, reverting to different strategies.lOf these four students, three had already done
some combinatorics. From a teaching perspective, this certainly encourages taking into
account different resolution strategies when teaching combinatorics and not only focussing on

the formulae.

5.1.3. Discussion

All students §vith previous experience in combinatofics managed to solve the problem
or show they had understood it. The two students who displayed no understanding of the
fundamental counting principle had no previous experience. So instruction seems to have had
a positive effect on the success rate — if only by often displaying the use of the FCP — in terms
of using the FCP and knowing when to use it. As a matter of fact, previous experience in
combinatorics seems to have made the problem obvious to the extent that justification was not
considered necessary. Nevertheless, students’ answers to the meta-cognitive questions and
answers to part b of the menu-problem show that all students that answered correctly had
some relational understanding of the FCP. For instance, many students rediscovered it again

using multiples strategies: counting, trees, lists, but mostly graphs.
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As seen in the section above, the students had a good command of the FCP. Yet their
'most common representation, graphs, does not use a tree structure, making it difficult to read,
éspecially when there are more than two stages. In that case trees would be a better option;
Lists are also a good option but the trees have the advantage of explicitly showing structure,
whereas lists are only the end product.

Finally, I have to mention that these conclusions are conditional because the small
sample size limits the validity of the findings, but it certainly gives insight into how students

represent the fundamental counting principle.

5.2. Student’s use of trees and lists

The next section will look at students’ answers to the pre-test and end-of—unif test and
deal with students’ lack of proficiency when using trees or lists and the resulting poor
achievement. Then the following section will look at the group sessions in search of some
possible reasons for this lack of proficiency, and finally the last section takes on a more

positive tone by looking at students’ improvement in the use of lists done.

5.2.1. Lack of proficiency and poor achievement

During the pre-test, many students used some counting techniques. This brought about
success when the question was simple, as in the menu problem, but when the problem started)
to be more complicated, like the pathway 'problem, most students displayed their limitations
by not being able to keep count.

In the next paragraphs I look at three problems. In the two problems from the pre-test I

focus on the different counting techniques used by the students and the trouble they had using

them. In the problem from the end-of-unit test | focus on achievement and the use of trees.




Pre-test sgcond problem: the pathway problem

When trying to solve the pathway problem [see chapter 4] by counting all the paths,
the difficulty is to keep track of the paths counted. Student B’s work shows how challenging it
is [fig. 5.6]. It is no surprise that only two students managed to find the correct solution this
way. Student Q used labelling and was systematic in making his list, yet this strategy was

time consuming and he could not finish in time [fig. 5.7].

Fig. 5.6: Student B’s work . Fig. 5.7: Student Q’s work
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Pre-test third problem: the partition problem
Looking at students’ answers to the third problem of the pre-test [fig. 5.8] it is
interesting to note that more students used a counting strategy than with the pathway problem.

Fig. 5.8: Third pre-test problem: partition
A boy has four different coloured toy cars (black, orange, red and grey) and he

decides to give away the cars to his friends Peggy, John and Linda. In how many
different ways can he distribute the toy cars? For example he could give all cars to
Linda.

One reason is that students did not have an algorithm to straightforwardly apply as this

problem was not typical; they had to use something else. Some students tried graphs [fig. 5.9]

or had partial lists [fig. 5.10] but only four — students A, I, O and Y — out of the 17 students
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who tried solving this problem had lists that were more developed. No student used a tree,

even partially.

Fig. 5.9: Student P’s work

- Fig. 5.10: Victoria’s work
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Student I and O tried to write the list in full, using grouping of letters to represént the
toy cars to be given. Since the list was long they tried to use multiplication to shortcut the
cumbersome process of listing: Whereas student O showed that she had a good command of
listing — being systematic and finding all combinations with 3or2 leﬁers [ﬁg. 5.11]1- étudent
I’s skills were put to the test by such a challenging problem: she only listed three out of six

combinations of 2 letters [fig. 5.12]. She was also not systematic enough, thus forgetting the
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Fig. 5.12: Student I’s work
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possibility of giving two toy-cars to two people. Less important but also revealing is the fact
she first gave 4 then 2 then 3 toy cars. Ordering was not used as a tool to prevent misses.

Student A and Y used another strategy, listing the possible numerical partitions: the
number of toy-cars to be given to each person. Despite not being fully systematic, student A
chose the first number in a decreasing manner but not the second, and he was successfu} in

writing the list [fig. 5.13], but did not realize there was generally more than one possibility of

Fig. 5.13: Student A’s answer
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giving the toy cars for each numerical partition of the list. This is however something that

Yvan did [fig. 5.14]. Correctly at first and then wrongly (the two first 8 should
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Fig. 5.14: Yvan’s work
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be 6 and the three last should be 12). Moreover multiplying everythilng by 3 ended up in

counting some items more than once (the 2-2-0 and 1-2-1 possibilities). Checking that no item
has been counted twice is not as obvious and as easy a task as it may seem and Yvan might
have overlooked it. I also need to recognize that using this strategy made the resolution of the
problem complex and difficult.

Finally only student M [fig. 5.15] who gave the correct answer to this problem used a
graph and double-entry table. He seemed not to be sure of his answer though. So, lists and

trees are not the only way to represent the problem in a way that leads to success.

Fig. 5.15: Student M’s work
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End-of-unit test problem

The multiple-choice question 20 [fig. 5.16] from the end-of-unit test gives an idea of
students’ achievement when some marks were at stake in a queétion from the test that
required using a tree or a list. Looking at it also points to a new hurdle: the use of an
inappropriate formula in lieu of a counting technique.

Fig. 5.16: Multiple-choice question 20 from the end-of-unit test and its solution '

Sam and Bruce play a golf match. The first person to win 2 holes in a row or a total of 3 holes wins
the match. How many different ways caj w:nne@edetermme .

E
R

All 25 students did the 20™ multiple-choice question. As with many counting

problems, no formula can be used in a simple and straightforward manner, and since the
number of possibilities is limited it makes sense to use a counting .technique like a tree or a
list. It is not a very difficult problem yet onfy 14 (56%) students managed to get the correct
answer. Moreover, seeing many correct answers with wrong justifications, I am convinced
that the percentage would have been even lower if it would have been a written instead of a
multiple-choice question. As a matter of fact seven students who answered correctly had a
justification that clearly was wrong (5) or incomplete (2). Incorrect justifications included the
use of various inappropriate combinatorial formulae [fig. 5.17 and 5.18], whereas the two
incomplete ones were trees [fig. 5.19 and fig. 5.20].

Fig. 5.17: Student C’s answer Fig. 5.18: Student I’s answer
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Fig. 5.19: Student E’s tree
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Fig. 5.20: Student S’s tree
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In a similar fashion, despite being the moét commonly used technique to solve the
problem, drawing a tree was not particularly successful as a strategy: only 6 out of the 11
students who used a tree got the correct answer [see table 5.3]. Moreover two of the
successful students were presumably lucky: the trees they both drew show either mistakes
[fig. 5.21] or limitations [fig. 5.20]. The situation is similar, if on a smaller scale, for students
using a list: only two (8%) students used a list and only one got it right.

Table 5.3: Table of strategies students used when solving multiple-choice question
20 from the end-of-unit test :
Method Students that were

| Right Wrong Total

Tree 6 5 11
List 1 1 2
nCr 1 3 4
51/312! 2 - 2
Other 1 - 1
no justification - 3 2 5

Total ' 14 11 25

Fig. 5.21: Student N’s tree
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5.3. Discussion on the reasons for students’ lack of proficiency with lists

Students’ lack of proficiency with lists was also apparent during the group sessions.
During these group sessions the students used lists many times. In their case two reasons
explaining their lack of proficiency came to light. Firstly, they were not systematic, or at least,
not systematic enough. Secondly they seemed to lack practice. These two reasons are

developed in the following two sections.

5.3.1. Students shortcomings in using lists systematically

The lack of proficiency when writing a list comes in great part from the students not
being systematic enough. Beipg systematic is of the utmost importance when counting
because one must neither forget to count an item nor count it twice. Students managed to do
basic and small lists with relative ease but slightly longer or more complicated lists
challenged them.

Below are several examples of students’ un-systematic listing when they solved
combinatorial problems. In the first sub-section I focus on a list that was long. In the second
and third section I focus on two particular types of lists that caused much tr01\1ble to these four
students: lists where the ordér is not important, and lists where there is a specific constraint —
in this case colouring squares that are not adjacent.

Long lists |

The first example is Xinlei’s work done at the beginning of a session when he was
familiarising himself with the golf balls problem [fig. 5.22]. He wrote

Fig. 5.22: The golf balls problem

A company sells bags containing three coloured golf balls for Christmas.
How many different bags can be made if there are ten colours to be chosen from?

the list of all triples and crossed out all those that were repeated [fig. 5.23], because since the

order did not matter they need not be counted twice. The troubling thing in this case is that the




Fig. 5.23: Xinlei’s work

1o ('H[vnuls,

g

o

s

Mack  beywe  whife "blwe ved _‘_qrujn“""'?'lc; e fe 3(&% visted
ey oo SRR
S T I I A L D A T
/;t/ 2 L"ﬂ &{ CY‘ 14 3 G e »
{07 ':{w v §3r ¢ 9¢¢ TV o//{' 53 !
//’-2 B arad o 4ff 29 4t

YA e S oarl
Pzt g
R T N e
(v 0 b I 3T
A
, 1y Sa—Fu o A
(*‘»01,@ o 6. 0o &9 4 §y % 7%
! 18 Comemnv ﬁr 3 3 — N
‘]’;’*m -y v 7 e e e
Py ROV
j i 7
+ ' NN S
e (aal
|21
k3
1
Vool
\ kS

0
numerical order of the triples is not respected. That is a serious flaw. As a matter of fact he .
had trouble finding similar triples and crossed them oqt. In comparison, Yvan, doing the same
exercise in group 2, was systematic and actually managed to solve the problem [fig. 5.24].

Fig. 5.24: Yvan’s work
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Lists where the order is not important

The second example is a transcript of both Xinlei and Victoria when they tried to solve
the simplified variation of the problem with four colours ipstead of'ten. Xinlei and Victoria
had tried to solve the original golf balls problem [fig. 5.22 above] with formulae and then

shifted to the list done by Xinlei [fig. 5.23 above]. Both methods were inconclusive, so [

77



proposed to simplify the problem by having fewer colours. Xinlei chose to use four colours.
Victoria wrote A, B, C and D to represent the four colours. She computed 4x3x2x1 and said:
“24 is when you can ﬁse them only once.” As she was hesitant, I asked them to make a list
and she wrote the one in fig. 5.25b tﬁg. 5.25b is an excerpt of fig. 5.25a which was the end

state of the smartboard page] She wrote the first four items in the list (AAA, ABA, ABC and

ABB) then
Fig. 5.25a: Group 1 work Fig. 5.25b: Victoria’s first list
qd ol fntotal G ol fntotal
O DD< ¢ O
DPB <A ( \

(_CK_DQA“D%D:«BQ OO g\
ga&gﬁg . B@DC C Gx2rxi=Y4 ) € Lxdrdri=Y
NAs ADD B(DP aa P A
A BB S( ¢ /? & /: <
A BC ">“’TG§ — A . A
) P‘BD ERYE BB 8D
"BRR MW g B

paused, wrote BBD then, after a comment from Xinlei, transformed it into ABD and paused
again. She started to write BA then overwrote the A with B to make BBB and went to the next
line and wrote B and started to write another letter but stopped. Xinlei proposed one more
item but Victoria said they “did it wrong” pointing to the middle letters in all the items in the
list. In other words, she first changed the middle letter but only one (from A to B but not to C
and D) then went on to shift the third letter but not in alphabetical order and then wanted to
play with the first letter. That is really unsystematic.

Xinlei crossed the list out and started anew and wrote the list on fig. 5.25¢. He only
took a short break before writing ABB, and when it was done he said: “so in total you have 1,

2,3, [...] ten!” After a short while Victoria pointed out that BBB was missing, so he added
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Fig. 5.25¢: Xinlei’s

Fig. 5.25d: The missing item Fig. 5.25e: Third

list attempt
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BBB, CCC, and DDD and said “So 13!” [fig. 5.25d] Victoria again pointed to a missing one:
DDC. Xinlei complet¢d the list by adding DDB and DDC. That made him realise CCD was
also missing and so they looked for sorhe more and completed the list, ending up with 19
(BCD was still missing) [fig. 5.25d]. They spent some more time checking if they had got
them all. At that point I asked them “how confident are you?” Victoria answered: “not great!"’
and laughed. It took Xinlei a while to find that they were missing one: BCD. He then said he
was “pretty sure that [was] it.” So this time they were more systematic generating possibilities
but they had no reliable way to check if the list was complete or not. The third attempt [fig.
5.25¢] was better but they still had some difficulties.

Lists where there is a specific constraint

Likewise, listing caused trouble to the students when there was a constfaint. The way
group 1 solved the seating problem [ﬁg. 5.26] is interesting because the students decomposed
the problem into two sub-problems that were both solved using lists. The first sub-problem

Fig. 5.26: The seating problem _

Nine chairs in a row are to be occupied by six students and Professors Alpha, Beta,

and Gamma. These three professors arrive before the six students and decide to

choose their chairs so that each professor will be between two students.

In how many ways can Professors Alpha, Beta, and Gamma choose their chairs?
consisted of selecting the seats for the professors and the second was to seat the professors on

the assigned seats. The list for the second sub-problem was a basic list resulting from a

permutation, but the list for the first sub-problem was not so ordinary because there was the
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constraint of not having two adjacent seats occupied by professors. Students’ achievement
was very different for the two sub-problems.

Group 1 started by drawing strokes representing the seats and wrote down three
possibilities [top of fig. 5.27], and the need to decompose the problem came rapidly. (Actually
two possibilities were wrong because they had not yet realiséd they had misunderstood the
problem, looking for two students between the professors instead of professors between two
students.) Xinlei wrote a list of five “combinations of ABG” of the three seated professors
Alpha, Beta and Gamma [fig. 5.27]. He did not write the five permutations in an assured

Fig. 5.27: Xinlei’s list ' Fig. 5.28: Seat selections
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manner; he paused between each or between two items in the list, generating each item from
the ones above by permuting some letters. He was not following a systematic procedure, yet
he knew there should be six possibilities in total. That was a fact he knew and could use at
will '(like 2+2 is known to be 4 and there is no need to compute); something that was
remembered as a whole because seen previously — it was an example given in ciass when
permutation had been introduced — and because the numbers were small enough to b¢
remembered as is. Victoria helped him find the sixth and missing one [AGB in the bottom of
the list in fig. 5.27].

Solving the first sub-problem, the one consisting of selecting the seats for the
professors, was the difficult part of the problem. The difficulty comes from the constraint. At

first Xinlei and Victoria from group 1 did only find 3 possibilities for selecting the seats for
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the professors [top of fig. 5.27, and fig. 5.28]. They had moved all the professors together
keeping the same space between them. I had to intervene twice to tell them some were
missing. Xinlei first notéd that they could move B independently. He found two more to a
total of five possibilities but wrote nothing. They both discussed it for a while and then started
a new list [fig. 5.29]. This time systematically; but they stopped after the first 6. After my
second comment, they both realised that they could also move A and completed the list to
find the correct answer of 10 possibilities.

Fig. 5.29: Group 1 final list
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Group 2 also had difficulties wifh this sub-problem - I recall that group 2 had the same
problem but with one more professor. They first tried to make groups of one professor and
one or two students [fig. 5.30]. Then they went back to listing a few possibilities. But this
time, instead of moving all professors [top of fig. 5.30], they changed the relativé positions of
the professors [grey area in fig. 5.31]. Aﬁer some more trial-and-error, they were able to grasp
the problem and rewrite a list more systematically and find the correct answer. So, both
groups had had difficulties with the particular constraint imposed on this list, and they also
struggled to find a systematic way to generate possibilities by moving only one professor at a

time in an orderly fashion.
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Fig. 5.30: Group 2 first attempts

The problems that the students did in the pre-test — the menu problem excluded — and
during the group sessions were not straightforward exercises. The sets of objects that had to
be counted were sometimes large and not always obvious. When students tried to solve them,

they were not systematic enough, which lead to numerous mistakes.

5.3.2. Students’ use of lists improving with practice

In the two previous examples, both groups adopted more systematic procedures which
led them to successfully solve the seating problem. They started with some trial and errors
- and I had to make some helping comments but, in the end, they managed to list all
possibilities correctly. This suggests that practice helped students improve their listing skills.
This was even more visible with the group sessions that took place on week later. It is
interesting to compare what students in both groups did when they tried to solve the squares
problem [fig. 5.32]. The squares problem is mathematically identical tc; the first of the sub-

problems of

Fig. 5.32: The squares problem

In how many ways can you fill in three of the squares below so that no coloured
square touches another one?

the seating problem. The students from the first group came rapidly to the conclusion that the

square problem was similar to the seating problem and they solved the problem by listing all
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poésibilities very systemically in approximately two minutes. There were no hesitations. -
Actually Xinlei said “It’s the same problem as last time” when reading the problem, while
Victoria admitted later she had to “think about how to solve it” before arriving at the same
copclusion.

It took much longer for the second group to realise that the two problems were similar.
Nick first tried to solve it using the combination formula [fig. 5.33] “from what we learned
this morning”. In the previous class, a few hours before, they had learned how to

Fig. 5.33: Nick’s first answer
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compute the different hands in poker, using the prdduct of two to five combination formulae.
It is imppnant to note how the effect of the course influenced Nick’s way of reasoning. The
- new material was still fresh in his memory, maybe still being processed and integrated, and as
such available for use. ‘Choosing’ .card‘s in a deck to compose a hand or ‘choosing’ where to
sit a bunch of professors looks somewhat similar. Moreover the word ‘choose’ was used by
Mr Cho when referring to the combination formulae — ;C, is often pronounced ‘7 choose 1°.
Probably this word trick acted like an automatism and directed Nick in using the combination
formula. This could have had no consequence in a simple exercise for practicing the use of
formulae, but in the face of a challenging problem, eluding reflection on the appropriateness
of the formula is not a strategy that might lead to success.

Yvan realised that Nick’s answer had alﬂaw, but he did not realise the problem was
similar to the seating problem. Moreover he was ﬁrst reluptant to “try ’them all out” as
suggested by Nick because of the suppoéedly 115 possibilities that would have taken “way

too much time”. Nick insisted that “that’s what we did last time I think” and added “I don’t
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think there are 115.” Yvan asked if it was less or more and Nick answered “less. .. there is
only like 7 spaces.” At that point Yvan started to look for some possible solutions writing on
the smartboard dots for the coloured squares [see fig. 5.33, abov¢]. |

After starting anew with a better notation he worked it out very systemically froﬁ1 left
to right, and despite some moments of hesitation, he found all possibilitiés one after the other
[fig. 5.34]. So, regardless of the fact that they had done a similar problem before, Yvan

Fig. 5.34: Yvan’s list
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and Nick were not in an automatic mode that could have somewhat defined the other group’s
behaviour at the same stage. They were still thinking about the problem and wondering if
their strategy was a good one. This active situation led them to notice a pattern emerging from
the list: there were three possibilities with ticks on the first and third stroke, then two with
ticks and on the first and fourth stroke, then one with ticks on the first and fifth st_rvo~ke. Yvan
completed the list, thinking about the pattern and when he wrote the last possibility, he said:
“So there is only one”. Nick confirmed “I think we got it all.”

Both groups showed that they had dramatically improved their listing skills with a
little practice. They were much more systematic solving the squares problem. This also gave
them the confidence that their list was complete. Nevertheless integration of this new skill
was very different in thé two groups. One group managed to link the new problem with the
previous one and rapidly remembered the counting technique to solve it. And so they did, in
an instrumental way. On the other hand, the other group had to struggle. Having had a class

on combinatorics and been taught new material a few hours before being posed the problem




put them into another frame of mind that led them astray and slowed their progression but
also put them in a more active state of mind allowing them to notice new mathematical

elements in their work.

5.4. Conclusion

In this chapter I focused on students’ command of the fundamental counting principle
and other counting techniques. The reason was that these are related to combinatorics and can
bé viewed as pre-requisites for it. The combinatorial formulae are based on the FCP and
counting techniques like trees and lists can be representations of these combinatorial
formulae. As such they are — to some extent — used by teachers to explain and justify the
combinatorial formulae. Moreover counting is an important skill that has multiple uses, not
only in mathematics, but in other academic subjects — computing for instance.

The majority of the students knew the FCP and solved a relatively simple problem
requiring its application. When solving the problem, some students simply applied the FCP
and used a multiplication, whereas others had to draw diagrams or graphs to get the correct
answer. The former and more straightforward use of the FCP was predominantly chosen by
students who had already had some instruction on combinatorics. This suggests some possible
effect of instructioﬁ and consequence on how students integrate a mathematical concept such
as the FCP: the FCP seemed to become obvious and readily usable but this also had the effect
of being presented and used without justification.

In contrast, students were not proficient with counting techniqués when the set of
objects to count was larger or more complex. Students showed shortcomings when it came to
trees and lists. It was particularly truev with lists that were not basic enumerations But that had.
~ some constraint or when the order did not matter. The most striking students’ weakness was
the fact that they were not systematic. Students w?:re looking for items to complete the list

without having a vision of the whole list and its structure. It resulted in many mistakes.
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The situation looked grim at first, but students in both groups significantly improved
their ]isting- skills with a little practice. So a simple lack of practice might be an important
factor in their lack of proficiency. This is encouraging and should persuade teachers not to
skip teaching or reviewing trees and lists. This can be done by proposing a variety of
problems that can — and sometimes need to — be solved by use of counting techniques, and
also by showing alternate solutions using various methods. This would give students more
flexibility when approaching other combinatorial problems as well as probability — by using a

probability tree for instance.
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Chapter 6: Students’ understanding of the combinatorial
: formulae ‘

In this chapter I look at how students integrate the formulae they learned during the
unit on combinatorics. More specifically the first part of the chapter deals with the
preponderance given to these formulae, as it is the context of instruction in which students’
learning take place. The second part is dedicated to the ways students integrated the
combinatorial formulae they were taught and particularly at how they used, misused and
understood the fundamental counting principle, the factorial, and the permutation and

combination formulae. Conclusions are drawn in the third and last part.

6.1. Preponderance of the formulae and students shifting to use them

Before looking at how students integrate the combinatorial formulae, it must be
acknowledged that this teaching unit is based on them. But giving so much weight to
formulae makes students abandon and disregard counting techniques when they learn the

formulae. This is not without consequences. This shift is also influenced by the teaching style.

6.1.1. Students shift to using formulae

As seen in chapter 4 with the pathway problems, instruction can have a dramatic effect
on relations to a particular fange of problems. There was a shift in the strategiesr used by the
students to solve this kind of problem: they mostly used counting strategies prior to
instruction, but then they all adoptéd the algorithmic method of resolution taught. As a result,
a range of problems became routine exercises. This happened with one kinci of problem but

the same shift to using mathematical formulae instead of counting techniques was prevalent in

- the whole unit.

Three reasons that could explain this shift emerged during this piece of research.

Firstly, many students judged these counting techniques to be long and cumbersome, as some

87




of them wrote in the pre-test when commenting on other strategies that they had conéidered
employing [fig. 6.1]. Secohdly, this perception was reinforced by the teaching style and the
fomﬁat of the test, as I will elaborate in the next section. Thirdly, since most students were not
proficient in the use of counting techniques, as was seen in chapter 5, they had no reason to

continue to use them.

Fig. 6.1: Student K’s answer when asked if he considered another strategy to solve
the partition problem in the pre-test.

2. CO(/\/I"{' o t? Tle /7055/;[;' 0\/&175 f’/{/f‘?"

Joten  Pwo /0/\06,

6.1.2. Preponderance of the formulae in the taught material

Somehow Mr Cho’s point of view and teaching style — and for that, I reckon he is
certainly representative of many teachers — influenced students’ tendency to use a formula
instead of a counting technique. As he told me during an interview, he did not consider that
trees and lists had to be integrated in the teaching alongside the new material taught becausé
they had been previously seen and consequently should be mastered. This has an inﬁpact:
students do not see counting techniques as part of the subject but as something unrelated.
Students cannot be expected to make and think alone about the connections between subjects
that have been taught separately. Integration of these two aspects of combinatorics cannot be
grasped.

Counting techniques’ advantages and usefulness were not shown. Mr Cho compared
some counting techniques to something basic and done in elementary school — failing to
_recognize that they also enéompass more sophisticated strategies. This made it clear that what
was to be learnt and used were the formulae. This, combined with the fact that they might be
cumbersome and time consuming, suggested to students not to use counting strategies. This

causes students no trouble as long as the problems they are going toencounter can be solved
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with the use of a formula — which was the case of all problems but one in the end-of-unit test
— but that brings limitations to the use of what has been learnt, particularly when one thinks

about students’ difficulty to recall formulae over time.

6.1.3. Some consequences of the shift away from counting techniques

After a little instruction, the shift away from counting techniques had occurred and it
resulted in students mostly using the combinatorial formulae. The only other method that was
used was the repeated multiplication [fig. 6.2]. This brought limitations in stu‘dents’ abilities
to solve problems and an inappropriate overuse of the formulae. In the next paragraph I will
look at some inappropriate answers that appeared in the multiple choice question 20 from the

end-of-unit test.

Fig. 6.2: Student U’s correct answer to written question 4b using a repeated
multiplication

4, A class has 30 students.

How many ways can an executive commiftee consisting of 3 people (president, vice-president,
secretary} be selected from the class? (1 mark)

30 - 29 - 28 ‘
7 e S 24360 ) _-

Looking at answers to the multiple-choice question 20 [fig. 6.3] from the end-of-unit

test is revealing of an inappropriate use of the formulae. While this question is a typical

Fig. 6.3: Multiple-choice question 20 from the end-of-unit test, with answer

20. Sam and Bruce play a golf match. The first person to win 2 holes in a row or a total of 3 holes wins
the match. How many different ways ca winx1er(§ietern1in_c 2.

89



one to be solved using a tree and not a formula because there are too many conditions, six
(24%) students used a combinatorial formula when solving or trying to sqlve the problem.
Even if three managed to answer correctly, all justifications were wrong and one can assume
they were lucky. Four used the nCr formula in one manner or the other [fig. 6.4 a,b and ¢] and
two used a formula that can either be a combination or a permutation with similar objects [fig.
6.4 c]. The formulae they used were highly inappropriate and in some respect show that their
understanding was very limited. It is instrumental understanding: students know how to apply

them in a set of clearly defined situations, but that is about it. One can argue that some

Fig. 6.4: Students’ computations used when answering question 20 from the end-of-

unit test
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students were lost and using a formula was only a way to get out of a somewhat desperate
situation. I certainly agree with that but that does not really explain why most used the

combination — nCr — formula in this exercise where order clearly matters.

6.1.4. Discussion

When students faced the teaching of this unit, within which combinatorial formulae
were given a preponderant place, they abandoned and disregarded other counting techniques.
This was not without consequence, and had an influence on how they learned the subject, for
instance over-relying on formulae or using them inappropriately. This context led to a more
instrumental understanding of the combinatorial formulae, and hence some confusion. The
following part of this chapter is dedicated tobexploring sfudents’ understanding of the

combinatorial formulae.
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6.2. Students’ use and understanding of the combinatorial formulae

In this part of the chapter 1 look at how students integrated the three combiﬁatorial
operations that are the factorials and the permutation and combination formulae. More
specifically I look at how students used, misused and understood them. Each of these three
combinatorial operations will be treated in a separate section because students’ understanding
varies from one to the other.

The backbone of the teaching unit on combinatorics is a sequence that starts with the
fundamental counting principle (FCP) which is then followed by the three combinatorial
~ operations that are the factorial (n!), the permutation fomula (nPr) and the combination
formula (nCr). This sequence follows the fnathematical deductions that link these
combinatorial operations, as each is developed from the previous one. The formulae for group
permutation and permutation with similar objects complete this sequence.

Each step in this sequence is more complex and more difficult to understand. As seen
in chapter 5, the FCP is already known by most of the students. Factorials are nothing more
than a notation for a kind of repeated multiplication and are not difficult if the notation is
acknowledged. The difficulties arise with tﬁe formulae: first with the permutation formulae
and then with the combination formula which is the most complex. Students’ understanding
and command of the combinatorial operation followed the same pattern, decreasing as the
subject becomes more complex. The FCP gave no trouble, and they passed the hurdle caused
by the notation. Factorials became part of students’ mathematical repertoire and did not give
them trouble anymore. The permutatioﬁ formula was r¢latively well understood: students
displayed that they had both instrumental and relational understanding. The fact of also seeing
variations like the formulae for group permutation and permutation with similar objects
certainly helped them to have a thorough experience with the concept of permutation, which

deepened students’ grasp of it. On the other hand, their understanding of the combination
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formula was more instrumental than relational and limited to simple application of it in a
series of specific cases. The students’ difﬁculty in comprehending the concept of combination
was apparent in the .fact that many were conqued and hesitant whereas to use the permutation
or the combinaﬁon formulae to solve a problem. Moreover some examples of the use of the
combination formulae seemed to indicate that an import_ant hurdle resided in not
acknowledging the importance of the division that result from the fact that order does not

matter. I illustrate this in the next sections.

6.2.1. The fundamental counting principle and factorials

The fundamental counting principle and factorials belong to what students had well
understood and had good command O,f' This section is divided into two, starting with the FCP
— which was already known by most students — and then looking at factorials — which were
new but became part of the students’ mathematical repertoire as the novelty passed. -

Fundamental counting principle

As seen in chapter 5, most of the students knew the FCP already. Yet, as seen in the
menu problem from the pre-test, some students héd to revert to drawing diagrams and graphs
to find the solution. Instruction, which is described below, seemed to have made this less
necessary, as students shifted to use only the multiplication.

As I have mentioned before, after having commented on the pre-test problems, Mr
Cho started the unit on combinatorics. He stated the FCP and moved to the exercises in the
handout, doing thém one after the other. The FCP was not explicitly explained; most of the
explanations were context related as they came alohg within the exercises. Below in figures
6.5 and 6.6 are two exercises from the handout. Their resolution was done on the board by Mr
Cho. The method of drawing strokes to represent each successive choice [fig. 6.6] is common
and the students seemed to have integrated it and its use well. As a matter of fact, they used it

many times later in the unit.
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Fig. 6.5: Two exercises from the handout that are related to the FCP

¢.g.John is planning to drive from Vancouver to Winnipeg via Calgary. There are three
roads from Vancouver to Calgary and two roads from Calgary to Winnipeg. How many
different “round-trip” routs are there from Vancouver to Winnipeg, passing through
Calgary, if no road is used more than once? ( 12) '

e.g. How many different license plates can be made that consist of three digits followed by
three letters? (17576000)

Fig. 6.6: Mr Cho’s resolution of the two exercises from fig. 6.5

Factorials

In the éase of factorials, integration was less straightforward. They actually éaused
trouble to some students. The fnain reason was that students had to get accustomed to the new
notation, and realise that the factorial formulae was not much more than a notation — it is
actually only a particular repeated multiplication. The algebraic exercises [some of which are
in fig. 6.7] that Mr Cho did after giving the definition of factorials gave the students some
practical examples and some practice. In the following paragraphs, [ lay out one example of
the particular struggle of one of the student to make sense of factorials, and the specific

notation used.
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Fig. 6.7: Four exercises on factorials Jfrom the handout

7! (n+2) (n+2)!
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Nick was struggling; it was going too fast for him — at one point he asked Mr Cho to
slow down. The concept of factorial was not clear, so he asked to Mr Cho several questions.

Below follows a transcript of some excerpts from two such occurrences.

[Mr Cho is doing exercise c in fig. 6.7.]

Mr Cho: We have 8 times 7 times what? 6 times 5 times 4 Jactorial, divided by 4 factorial, 3

Sfactorial.
Nick: Mr [Cho] what does the factorial sign really means? What is its significance?
Mr Cho: It means continuous times: 1 times 2 times 3... that’s the definition.
Nick: But then if you... like... cancel it éut, does it like... diminish the original...
Mr Cho: No, no, no, factorial is just one way of notation.
[Nick continues to follow the course, but he looks as if he is struggling.]
[...]
[Later on Mr Cho is doing the exercise fin fig. 6.7.]
Mr Cho: [...] So you have what? n plus two times n plus one times what? n.
Nick: Just in case we cancel out in the first step?

Mr Cho: You cannot cancel out in the first steps, you must develop. You must what? Factor

out.
Nick: Sorry, does the factorial represent an infinite number? '
Mr Cho: factorial means only a notation, remember ... only notation.
Nick: So it means the numbers go on until infinity
Mr Cho: No, up to one. Did you see the definition?
Nick: Isaw it, Isawit! [...]
Mr Cho: Factorial is just a notation, just a way to write a math notation.

Nick: I know, but like... When n is a positive integer and n is larger than one, then...when

does it end?
Mr Cho: It ends afier 1. ... Always ends after 1. What is integer? And always positive integer.

Nick: [after a few seconds and not sounding convinced] Ok.
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Mr Cho: So, what does nine factorial means?

Nick: Nine minus... Nine times nine minus... Nine plus one... Oh no... O God! ...Nine times

eight times... seven
Mr Cho: Yeah, time until what?
Nick: Until one.
Mr Cho: Yeah! That means factorial. ... Just mathematical notation.
Nick: Ok.

These excerpts show that integration of a mathematical concept, even a relatively
simple such as factorials, is not always a smooth and straightforward process. Later on, at the
end of the course, when I asked the students to write down what they had learned during the

first week of the unit on combinatorics, Nick wrote the following [fig. 6.8]:

Fig. 6.8: Nick’s answer when asked about the difficulty of combinatorics
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But the original difficulty faded, and four weeks later, after the Christmas Holidays break,
when he was asked what they had learned so far in this unit, the factorial appeared too, but
this time it was only an item in a list, along with other combinatorial concepts and formulae.
Moreover, in his answers to the end-of-unit test Nick showed that he had no difficulty
with basic questions such the one in figure 6.7b but still had some trouble with the algebraic
manipulation of the factorial. The concept of factorial was understood as well as its link to
other concepts of combinatorics seen in class [fig. 6.9]. His shortcomings with algebraic
manipulation of factorials certainly had some consequences on his computational ékills but
this relates to a rather technical matter and the use of the calculator makes the resolution of
\many problems possible without the use of these manipulations. The other students seemed to

fare the same or better than Nick.
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Fig. 6.9: Nick’s answer when first asked about what he learned
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Actually the factorial is a tool and a building block for the subsequent permutation and
combination formulae. Its subsequent use reinforced it as being only “a symbol representing a

series of calculation” as Nick put it and it somehow became part of the students’ mathematical

repertoire.

6.2.2. Permutationsr

Students’ understanding of permutation was a mix of instrumental and relational
understanding. The concept of permutation in itself — what a permutation is - was well
understéod, and it was translated by most students into a proficient and appropriate use of the
formpla, at least when the problems were simpie. It was seen in a number of characteristic
‘real life’ situations like anagrams, putting objects in a line, and orderings books on a shelf
[fig. 6.10] that allowed them to make sense of the concept but also to associate it with specific

problems in which the permutation formula had to be used. A common representation was a

Fig. 6.10: Excerpt from student R’s answer when asked what he learned

Crecs foot exst o Yruatodiors

L>  gteeed
oot
o TLES
\/7 d.qa/le,v 0(&79{4%

4
Ly (etfew m,W‘FWA’WW{

list requiring the permutation of a number of letters. Students in both groups, for example,
wrote down or started such a list when solving the seating problem [fig. 6.11, done by group
1. Group 2 had the same problem but with one more professor called Delta] and realised that

the second sub-problem was only a permutation [grey area in fig. 6.12 and 6.13].
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Fig. 6.11: Ti he'seating problem (Andreescu & Feng, 2003, p. 3)

Nine chairs in a row are to be occupied by six students and Professors Alpha, Beta,
and Gamma. These three professors arrive before the six students and decide to
choose their chairs so that each professor will be between two students.

In how many ways can Professors Alpha, Beta, and Gamma choose their chairs?

Fig. 6.12: Group I’s list when trying Fig. 6.13: Group 2’s list when trying to
to solve the seating problem solve the seating problem
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Another common representation of permutation is an ordered selection of objects. This
representation, with the use of the FCP,-allows the number of permutations to be counted by
using repeated multiplications, a method which seemed to make sense to many students, as

can be seen from Victoria’s justification on figure 6.14. These two representations were often

Fig. 6.14: Victoria’s justification for using a repeated multiplication
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connected together and sometimes also with the permutation formula. As a matter of fact,
when group 2 was trying to solve the seating problem and Yvan explained that the four
professors could be permuted and wrote two such permutations [1234 and 1324 in fig. 6.15],
Nick said “We could go like... 4 times 3 times 2 times 1” just before Yvan could say that it

was “just the same thing as” and wrote down nPr [fig. 6.15]. Some students, like Yvan, had
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integrated that this method of counting was similar to using the permutation formula, but for
some it was not always the case, which led to confusion as I will show in the subsequent

section on combinations.

Fig. 6.15: Group 2 trying to solve the seating problem
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Most students had this knowledge and know-how. This allowed most of them to solve
basic problems that needed the sole applicatvion of the permutation formula, like the multiple-
choice question 5 and 7 from the end-of-unit test [fig. 6.16 and 6.17]. Actually 72% of the-
students managed to find the correct answer to question 7 and 68% to question 5 [see table
6.1]. One can explain that the achievement rate was a bit lower in question 5 because the
answers to choose from were not simplified [fig. 6.16].

Fig. 6.16: Multiple-choice question 5 from the end-of-unit test, with answer

-A soccer coach must choose 3 out of 10 players to kick tie-breaking penalty shots. Assuming the

coach must designate the order of the 3 players, determine the number of different arrangements she
has available. ~
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Fig. 6.17: Multiple-choice question 7 from the end-of-unit test, with answer

A man has 7 different pets and wishes to photograph them 3 at a time arrangcd in a line.
How many different arrangements are p0951b1c7
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Table 6.1: Students’ answers to multiple-choice questions 5 and 7 from the end-of-

unit test
Students’ answers Question 5§ Question 7
Correct 16 64% 18 72%
Wrong 9 36% 7 28%
Use of C instead of P 3 - 12% 4 16%

Most students gave no justification or used the permutation formula, but a few
students used the FCP and the repeated multiplication, like student E [fig. 6.18], or both, like
student G [fig. 6.19]. Finally, I have to add that some students were confused where to use the
permutation or the combination formula. Three students used the combination formula and
‘were wrong in question 5 and 7 and another student made the same mistake in question 7.
Some like Xinlei managed to spot their mistake in time and correct it [fig. 6.20]. Xinlei used
the word line in the question to help him decide that order did matter and that the permutation
formula was requi;ed instead of the one for combinétion.

Fig. 6.18: Student E’s jusiiﬁcation fo question 7
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Fig. 6.19: Student G’s justification to question 7
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. Fig. 6.20: Xinlei’s Justification to question 7

A man has 7 different pets and wishes to photograph them 3 at a time arranged in a line.
How many different arrangeients are possible?
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This confusion between permutation and combination is an important feature of
students learning combinatorics and 1 will develop it in the following section that deals with

how students integrated the combination formula into their mathematical knowledge.

6.2.3. Combinations

The case of students learning about and integrating the formula for combination was
more complex than for the permutation. Not only had the students to leam a new concept and
aﬁother formula, they also had to make sense of them in relation to permutations seen earlier.
At this point, most students got confused. The two main reasons of fhis confusion were that,
firstly, com_bination; were seen as a permutation without ordef; and secondly, the concept and
the formula were complex by themselves and not fully understood. These two reasons are
developed successively in the following paragraphs, but before I just want to add that the
confusion between permutation and combination is already present in the ’language. Asa
matter of fact, what is commonly referred as a combination in everyday language — as in a
combination lock for instance — is actually a permutation in the mathematical terminology.
This was perceptible several times in the group sessions when Xinlei used the word
combination but was actually speaking of permutations.

Combinations as selections |

Combinations were seen in class after permutations and were presented as a selection

for which the order of selection of the objects was not important. Many students took the habit
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of saying ‘choose’” when reasoning about a problem and selecting objects. To choose is to
sélect and the formula for comEination — nCr — contains the letter C, the first letter of the word
choose. Combinations were seen as selections. But so were permutations! So they had to be
differentiated. Consequently, when students learned combinations, they simultaneously
learned that it was order that made the distinction between the two. Despite that being known,
students found it difficult to choc-)se between the two when trying to solve a problem.

In effect, when students were asked after two weeks of class what were “the important
ideas or concepts that [they had] learned this week”, most students listed permutation and
combination, and to a lesser extent some also mentioned the FCP, factorials, grouped
‘permutation and permutation with similar objects, but also order [see table in fig. 6.2]. Below
is the answer from student Q [fig. 6.21], which is typical, even if many students’ answer were

a bit sketchy and did not go straight to the pointi as he did.

Table 6.2: Students’ answers when asked what they learned during the week

Students’ answers Students

Permutation 18 75%
Combination 17 71%
Group permutation 7 29%
Order / no order 6 25%
Factorials 6 25%
FCP 4 17%
Permutation with similar objects 4 17%

Fig. 6.21: What student Q wrote he had learnt A
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Moreover to the question: ‘What is difficult when solving a combinatorial exercise?’
the most common answer, given by seven students (29%) referred to the choice to be made
between the permutation and the combination formulae. Five more students (21%) were not
so restrictive, and found that choosing the method or formula to use in generél was difficult

[see table 6.3]. The answers from students C, D and O below give a sense of the difficulties
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that students faced [fig. 6.22, 6.23 and 6.24]. Student O’s answer is particularly interesting
because he revealed that despite knowing the difference between the two formulae it was not
of much use when he had to solve an exercise. I also have to mention that this difficulty is
crucial since the use of calculators transforms some combinatorial exercises into simply

choosing the right formula and plugging the numbers.

Table 6.3: Students’ answer when asked what is difficult when solving a
combinatorial exercise

Difficulty when solving a combinatorial exercise Students
Choosing between permutation (nPr) and combination (nCr) 7 29%
Choosing which method or formula to use 5 21%

Fig. 6.22: What student C found difficult when solving a combinatorial exercise
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Fig. 6.23: What student D found difficult when solving a combinatorial exercise
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Fig. 6.24: What student O found difficult when solving a combinatorial exercise
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This apprehension about choosing the right formula was justified as can be seen from
the results to the written question 6a from the end-of-unit test [fig. 6.25]. 15 (60%) of the 25
students were right but of the ten who were wrong seven (28%) used the permutation instead

of the combination formula [see table 6.4]. |
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Fig. 6.25: Written question 6a from the end-of-unit test, with answer

How many groups of 3 chairs can be chosen from 7 chairs if the chairs are all different colours?
(2 marks)
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Table 6.4: Students’ answers to written question 6a

Students’ answers Students

Correct (used the combination formula, nCr) 15 60%
Wrong and used the permutation formula (nPr) 7 28%
Wrong and used another method 3 12%

The combination formula and the role of the division in it

Another difficulty that was not apparent to the students was why the fact of not taking
the order into account implies a division in the combination formula, and its influence on the
use of the combination formula. This mathematical fact is actually not understood nor
acknowledged by most students and so they relied on the instrumental application of the
formula to compute combination. Intriguingly, this came to light when Mr Cho made a
mistake in compﬁting the number of poker hands that have two pairs [fig. 6.26, top half. Mr
Cho forgot to divide by 2 or use 13C; instead of13C1x12C1].‘No student realised that when
multiplying combination formulae successively the'laék of order might not necessarily have
been taken into account. They did not react either when for the number of hands with only
one pair he gave two different solutions that would have led to two different answers [fig.
6.26, bottom half; the first solution is right but the second is wrong and should have been

divided by 3 factorial].
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Fig. 6.26: Mr Cho notes on the board

These problems are undeniably complex and the difficulty is technical. Not
understanding that the difference between the formulae is a division does not help
differentiate the combination from the permutation formula. It results in a general confusion

that was apparent when group 1 tried to solve the golf balls problem [fig. 6.27].

~ Fig. 6.27: The golf balls problem

A company sells bags containing three coloured golf balls for Christmas.
How many different bags can be made if there are ten colours to be chosen from?

Xinlei started and wrote on the board [left hand side of fig. 6.28] what he did on his
own at the beginning of the session [fig. 6.29], despite having already crossed it out once and
tried to list all possible bags. When he stopped after having written 720, Victoria asked him if

it should be ,C; instead. Below follows the transcript of the ensuing discussion.

Fig. 6.28: Group 1 notes on the board Fig. 6.29: Xinlei’s work done
' at the beginning of the session
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Xinlei: No. Then we have to find out...

Victoria: But order doesn’t count. Is permutation ordered? Like ...

Xinlei: [a bit puzzled] yeah... but...

Vict&ria: Order doesn’t count because... I just think it’s a C but I am not sure

[Xinlei gives the pen to Victoria]

Victoria: [She writes ;oC; on the right hand side of the board, see fig. 6.28] ... choose 3.

Xinlei: Why is it C?

Victoria: ‘cause order wouldn’t... count. ... Would it matter?

Xinlei: What the C stand for?

Victoria: Combination.

Xinlei: Oh, is it? What'’s the [ ihaudible] ?

Victoria: It’s wrong but I got this answer the second time [referring to her own work done
alone at the beginning of the session, see fig. 6.30].

Xinlei: How did you know it’s wrbng? What did you get for ten-C-three?

Victoria: It’s equal to one-twenty [she writes it].

Xinlei: Are you sure? I got [inaudible]

Victoria: What?

Xinlei: [inaudible]

Victoria: How do you calculate it?

Xinlei: Yeah.

Victoria: I do it again... possibilities... times... equal seven-twenty [she draw three strokes

and then writes 10, a multiplication sign and so on].
Xinlei: That’s ordered, that’s just the same as ordered
Victoria: what?

Xinlei: That theory is the same as this one [pointing successively at 10x9x8 and the 720 he
wrote previously on the lefi hand side of the board].

Victoria: Yeah... I don’t know the difference between P and C, I got confused.b

[There is a short pause and then Xinlei starts making a list [fig. 6.28 bottom left] like he did
alone beforehand]
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Fig. 6.30: Victoria’s work done alone at the beginning of the session
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Such confusion is certainly not the sole result of the la_ck of understanding of this
concept of division. Victoria’s confusion apparently also comes from the decision to be taken
whether order matters or not. Nevertheless, one can reasonably think. that this lack of
understanding adds more to this confusion than alleviates it.

Another lack of understanding that needs to be pointed out is the fact that no students
seemed aware that when making two (or more) selections without order, there is still the order
in which the two selections have been done that needs to be considered - actually when
looking at the formulae, this phenomenon translates into the fact that ,C,x,.;C, is not equal to
2C> but equal to ,P,. As a result, some students used a product of combination formulae
thinking that the result will still take into account that order does not matter [fig. 6.31]. It is
effectively the case in some situations —‘ like counting possible poker hands or written
question 3 from the end-of-unit test [Fig. 6.33 below], which explain why students used it —
when the combination formulae are each used to compute sub-problems that are independent
[in a somewhat similar sense that is used in probability]; but otherwise it is not the case and a

division still needs to be applied.

Fig. 6.31: Nick’s use of a product of combination formulae intended to compute the
number of possible non-ordered bags of three coloured golf balls.
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The fact that not taking the order into account implies a division in the combination
formula is a rather technical aspect. Nevertheless it is at the core of what order means and
implies mathematically. Since it is actually not understood nor acknowledged by most
students, some instructional time should be spent dealing specifically with it. The next -
paragraph indicates some ways to emphasize the role played by the division in the
combination formula.

Actually, when the combinatorial formula is defined, it is often relative to the
permutation formula [fig. 6.32a]. As such, the division is apparent. Yet while this notation is
- generally not used in the reso]utiop of problems, some students may know the definition but
either use the one in figure 6.32c¢ for their calculations or just use the pre-defined nCr function

on their calculator. Giving more emphasis to this aspect of the combination formula

Fig. 6.32: The definition of the combination formula from Mr Chos’ han'dbook
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might be a teaching strategy to alleviate this hurdle. I suspect showing some resolution of

' A
problems that use this concept would be a means to have students encounter this concept
practically. This would also give students another strategy to solve some problems involving

combinations such as written question 3 from the end-of-unit test [fig. 6.33]. Students H and

Fig. 6.33: Written question 3a from the end-of-unit test, with answer
A toy box contains 4 different cars and 6 different trucks.

a) Inhow many ways can a collection of 5 toys be chosen if the collection must consist of 2 cars
and 3 trucks? (2 marks)
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L’s answers [fig. 6.34 and 6.35] show that they had acknowledged the fact that order did not
matter but were not able to translate that into their calculations. Yet they were actually not far
from a correct answer; only a division by 2 (factorial) and by 3 factorial is missing. One could

even consider having students solve a few basic combination problems before the formula

Fig 6.34: Student H’s answer
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Fig. 6.35: Student L’s answer
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would even be introduced. This would require solving them with a list, and also approaching
the problem algebraically with repeated multiplications in order to notice the effect of the
division. A problem like the handshake problem [fig. 6.36] would be suitable. The idea is to
have a problem that, should it be solved using the combination formula nCr, the r in it would

be 2 or 3 in order to make it possible for the students to solve it without the formula.

Fig. 6.36: A variant of the handshake problem

A group of 5 friends meet. Each person shook the hand of all his or her friends. How
many handshakes have taken place?

Finally one should also take some instructional time discussing that ,CX,.;C; is not
equal to ,C, buf equal to ,P, and that when making two (or more). selections without order,
there is still the order in which the two selections have been done that needs to be considered.
Showing this inequality in class and its corresponding equality might be a way to he.lp

students prevent this particular misuse of the combination formula.
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6.3. Conclusion

In this chapter I looked at how students integrated the formulae they learned during
the unit on combinatorics. The first part of the chépter was devoted to the context of
instruction with the emphasis put on these formulae. It was apparent in Mr Cho’s teaching
style and in the end-of-unit test, as well as in students’ work. The latter stemmed from
students’ consideration that counting techniqués are too long and too cumbersome and from
their iack of proficiency in these counting techniques. It resulted in students abandoning and -
disregarding their ﬁse, and over-using formulae. This brought limitations in students’ abilities
1o solve pro.blems, particularly since there was a lot of confusion about which formula to
apply in which situation.

The second part of this chapter looked at how students integrated the combinatorial
formulae they were taught during the course. The focus was put successively on the factorials
and the permufation and the combination formulae. Once the novelty and the difficulty in
recognizing that factorials are nothiﬁg more than a notation for a kind of repeated
multiplication were passed, factorials became part of students’ mathematical language and
repertoire. They were well understood.

In the case of permutations, students’ understanding was a mix of instrumental and
relational understanding. The concept of permutation in itself — what a permutation is — was

| well undérstood. They also a saw a number of characteristic pf;)blems — including some ‘rea-l
life’ situations — that allowed them to make sense of the concept but also to associate it with
specific problems in which the permutation formula had fo be used. Moét students used the
formula but some also used repeated multiplications that were equivalent to the formula.

Nevertheless, despite seemingly diép]aying a gobd understanding of perrhutations,

- confusion arose with the introduction of combinations. rStudents’ understanding of

combinations was more instrumental than relational, and even if they knew that the difference
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between a permutation and a combination was that order does matter or not, choosing the
right formula — something that many pfoblems turned out to be reduced to — caused much
trc;uble to many of them. The two main sources of confusion were, firstly, that the
combination was only seen as a permutation without order; and secondly, that the
consequence that order does not matter has on the mathematical computations of
combinations — technically a division by a factorial — was neither understood nor
acknowledged by the students. Students had no relational understanding of the combination
formula and so its use was of no help in showing its relation with, and lessening the confusion
with, permutations.

I propose to give more empbhasis to the importance of the division and its role in
relation to the concept of order when teaching on combinations. This could be a means to
have students encounter this concept practically and could also give students another strategy
to solve problems involving combinations. In order to reduce some misuses of the
combination formula, time should also be taken in making clear to students that, when making
two or more selections without order, there is still the order in which these selections have

been done that needs to be considered.
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Chapter 7: Discussion and Conclusion

In this final éhapter I discuss the research question and the hypothesis in the light of
the results laid out in the past three chapte;s, making further connections with the literature
discussed at the outset. | also make some explicit recommendations for the teaching of
combinatoriés in Grade 12. I end by discussing the strengths and limitations of this piece of

research, indicating possible fruitful avenues for further scholarship.

7.1. Reflecting back on the hypothesis

GuAided by the research question that focussed on how students integrate combinatorics
theory with their previous knowledge of counting strategies, the purpose of this research was
to explore students’ mathematical thinking when they were introduced to formal
combinatorics theory. Furthermore, its aim was to identify how students understand formal
theory and modify their mathematical thinking and resolution strategies after having been
introduced to it..

The hypothesis was that because the students’ approach is fragmented and over-relies
on formula they are unable, when faced with more complex combinatorial problems, to
continue to elicit meaningful connections and draw from the problem-solving strategies they |
used previously. In particular, fesults indicated that their thinking shifts from meaning-related
problem-solving to algorithmic approaches in which the focus is on choosing the right
formula. In probing students’ thinking and understanaing, [ was particularly interested in
grasping what prevents assigning meaning to the decision of choosing a formula and how this
influences students’ ability to think through combinaforics.

This research offers a significant contribution to describing students’ thinking and
approaches in combinatorics, an important but neglected mathematical topic in the curriculum

on which education research is scarce. In particular I pointed out students’ lack of proficiency
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with counting techniques such as trees and lists. I also described how students integrated a
ubiquitous combinatorial problem — the pathway problem — and how it shifted from a
challenging problem into a routine exercise with students’ understanding becoming
instrumental and relational understanding being cast aside. Finally a key ﬁnding was to put in
evidence reasons why most students have difﬁculty understanding combinations and are

confused whether to use the permutation or the combination formula.

7.1.1. Lack of proficiency with counting techniques

The first thing to mention is that contrary to what [ was expecting, students lacked
proficiency with counting techniques such as trees and lists. This made the hypothesis appear
in a different light. Lack of proficiency with counting techniques limited students in their
choice of strategies and made fhe shift to using formulae more like:ly but also limited the
possible connections made between these two different aspects of combinatorics. As a matter
of fact, trees and lists were seldom used and the only counting strategy to which students
reverted was the use of the fundamé_ntnl counting principle and repeated multiplication — but
not division, so students had no other way of solving problems than to use the formulae when
computing combinations.

More particularly, students knew how to use counting techniques when problems were
simple and basic, but they already found the procedures ‘too long’. When the set of objects to
count was larger on more complex, students were not proficient and showed worrying
shortcomings, particularly in the use of lists. The most striking student wéakness was the fact
that they were not systematic. Students were looking for items to complete the list without
having a vision of the whole list and its structure. It resulted in many m»istakes. Moreover lists
that were not basic enumerations but that had some kind of constraint — like when the order

does not matter — gave students trouble. This lack of proficiency is of some concern because

these counting techniques like trees and lists can.be used as representations of these
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combinatorial formulae. As such they are — to some extent — used by teachers to explain and
justify the combinatorial formulae. Moreover counting is an important skil! that has multiple
uses, not only in mathematics, but in other academic subjects as well as in everyday life.

This lack of proficiency with the basic techniques that are trees or lists is surprising
and also worrying. It is surprising because they have — or should have — been done in prev'ious
grades, and are considered by many teachers to be known. It is worrying because they are a
useful and fundamental part of combinatorics; they are relatively simple and visual strategies
that have more chance of being remembered than arcane formulae. One has also to consider
that counting techniques are often remembered — if partially — whereas formulae are not. Their
applications are also broader than formulae that are context sensitive. Students can modify
and complete what they have remembered about counting techniques: they can use it as a
starting point. In stark opposition, the use of formulae is more of a black and white issue:
either students remember a formula well and are proficient with it and that leads to the correct
answer, or — in the majority of cases — the formula is incorrect, completely forgotten or
applied in a case it should not be, leading to a wrong answer. The longer term goal of teaching

combinatorics is also an issue — and that can only mean past the exam.

7.1.2. Shifts

There was effectively some shift following instruction in formal theory but it was not
as marked and clearly delineated as originally expected. Actually it makes more sense to
speak of shifts in the sense that there were more limited shifts, specific to a mathematical
concept or formula and varied in their extent.

Clear shifts

Some shifts were rapid and clear-cut. The best example appeared in the pathway
problem. It is a sort of ideal type. Before having been presented with a resolution algorithm,

students usually used counting — technically using different techniques — when trying to solve
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the problem, but as soon as they had been presented with an algorithmic method they shifted
to its sole use. Instrumental uﬁderstanding was present but relational understanding was not,
or at least wés relegated to the background in students’ minds. For students, the algorithm
worked and the nice pattern seemed to be a good enough justification. It transformed a
challenging mathematical problem into a routine exercise and consequently the success rate at
the pathway problem in the end-of-unit test was very high. The rewards were immediate and
apparent, as pointed out by Skemp (Skemp, 1976, p. 87). Nevertheless, the dichotomy
between relational and instrumental understanding appeared to be not always defined by
exclusion. One key finding in this research was to illustrate that the two can, in certain
circumstances, also complement each other in a dynamic process. Specifically, when
presented with some variations of the pathway problem, instrumental understanding was not
enough to solve the new problems. It resulted in students either being blocked and in need of
being provided with another algorithm — one more rule — or having to revert to relational
understanding. Somehow one can wonder if the raison d’étre of all these variations is to
engage — and test — students’ relational understanding becéuse having been seen once the
original problem does not have this effect anymore. |

The shift was also clear in the use of the fundamental counting principle (FCP). Before
instruction, most students used diagrams to help their counting, but after instruction they all
used the multiplication — the FCP actually — without diagrams or justification. The FCP had
been integréted into their mathematical repertoire and had become obvious and readily usable.

Partial shifts

The shiﬁ'to the sole use of formula was less dramatic with the factorials and the
permutation and combination formulae. Actually many students reverted to repeated
multipiicatioﬁs (based on the FCP) to compute some permutation problems, but they also did

it for some combination problems. This, however, was problematic, and was never a
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successful resolution strategy because they had no understanding that they had to use a
division, an essential feature when computing combinations, since order does not matter.

Factorials, for instance, became a new tool in the students’ repertoire after some
troubles with mastering the notation had been overcome. Factor}als are not much more than a
notation and a tool in computing permutation and combination so, following instruction, their
use was inevitably embedded in students’ work when solving all combinatorial problems.
Nonetheless, some students sometimes reverted to repeated multiplications. Somehow to
write 10x9x8 made more sense to students than 10!/7! It was more comprehensible and
limitations with algebraic manipulations of the factorials had no effect on computation.

The shift was also apparent with both the permutation and combination formulae,
particularly in simple and typical problems. In these cases, many problems were reduced to
routine exercises and most students relied on instrumental understanding to solve them. In
contrast, some students reverted to the FCP and repeated multiplication. This generally
happened when the problem was more challenging or could not be solved by the direct and
single use of one of the known formu]at_:. It élso happened when students were confused about
whether to use the permutation or the combination formula. So in some cases the shift was not
complete or, more precisely, there was a shift away from using the formulae and a return to
problem-solving strategies. Nevertheless, students who used problem-solving strategies were
relatively successful when dealing with a permutation problem, but not at all when solving a
combination problem. The latter resulted from students’ limited and mostly instrumental
uﬁderstanding of combinations which in turn resulted from the way combinations were taught

and presented. The particular case of students’ understanding of the combination formula is

developed in the next section.
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7.1.3. The special case of the combination: the use of division was not integrated

In their study Batanero et al. (Batanero et al., 1997) identified that a common miétake
studénts made was using one formula instead of another. In this case, many teachers would
add that the major confusion is between permutation and combination formulae.

This research has proposed an explanation for this specific confusion. I have argued
that when the role of the division is not made explicit and combinations are only seen as
permutations without order. As such, they are only seen in opposition to permutation but not
in themselves and consequently resolution of probléms is only done using the ad-hoc formula,
making students’ understanding purely instrumental and limited to choosing the formula. This
led to confusion with regard to when to use which formula when the situations were complex
or not typical. Moreover, studénts who attempted to solve the problem using a problem-
solving strétegy using repeated multiplications — a method that was moré meaningful — were
doomed to failure since they did not know they had to use a division, and even less how. By
not understanding the role of the division in the combinatorial formula, the only meaning
students could assign to a combination was that of a permutation without order. It was correct

but the constant reference to permutation might bring add more, rather than less, confusion.

7.2. Strengths & Limitations

This research was limited to one class and only four students took part in the group
sessions. So the sample is small. Moreover convenience was used for its selection. This
results in the main limitation of this research: limited generalizability. Nevertheless that was
acknowledged from the start as this research was mainly exploratory in nature. The findings
need to be corroborated — and in some case also developed and refined — by more research.
For instance, in the case of the pathway problem I am pretty confident that much would have
been the same if I had observed another class. But in the case of students’ lack of proficiency

with counting techniques, the picture might be more complex as there are many different
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counting techniques. Moreover, as Duckworth (Duckworth, 1996) showed, there are also
many ways of being systematic. Finally, in the case of students’ understanding and use of
combination. I pointed at a possible cause for students’ limited understanding. From this
future research could aim at probing if emphasising the role of division in the combination
formula and showing ways to use the division alongside problem-solving strategies would

effectively enhance students understanding and know-how.

7.3. Recommendations for teaching practice

An expected outcome from this research was to be able to provide some
recommendations concerning the teaching of combinatorics. Some findings point to vways of
reconsidering teaching with a concern for the students and their understanding of the subject.
Moreover insight into how instruction affects students’ thinking should make teachers aware
of the implications of some aspects of their teaching. Following this study I would
recommend:

e teaching counting techniques in parallel to formulae;

e emphasizing the role of the division when teaching combinations;

¢ using meta-cognitive questions;

e using challenging problems.

The first two are specific to the teaching of combinatorics. The other two are more general
and could also be applied to other topics within mathematics. All four recommendaﬁons are

developed below.

7.3.1. Teachihg counting techniques in parallel to formulae
Teachers should not take for granted that students master counting techniques such as
trees and lists. Counting techniques should be seen in themselves before introducing the

formulae. Instruction should not be limited to presenting simple permutations of three or four
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objects, but more complex cases should also be seen, in particular cases where there are
constraints and in which order does not‘ matter — such as 'in, respectively, the squares problem
and the golf balls problem. Moreover students should practice ‘u'sing lists, trees or another
counting techniques in solving problems. Teachers should be aware that the emphasis put on
formulae in the unit on combinatorics induces a shift in which students abandon other
strategieé that they would have used before learning the formulae. This limits their capacities
to solve problems that need more than the sole application of a formula in a routine exercise.
It is the teacher’s responsibility to help students make the connections between the new
subject matter learned and counting techniques. As such teachers should first have students
solve some basic proPlems only using counting techniques and later, after having introduced
the combinatorial formulae, still show some alternative ways to solve problems using
counting techniques or cdmbining counting fechni’ques and formulae. This would let students
see that there are multiple ways of solving a combinatorial problem and that counting

techniques are useful and are as much part of combinatorics as the formulae.

7.3.2. Emphasizing the role of the division when teaching combinations

As I showed in the previous chapter, combinations are only seen in opposition to
permutations. This leads to confusion and limited understanding. Moreover combination
problems are always solved using the .for'mula and students have no alternate strategies. To
remediate these shortcomings, | proposé giving more emphasis on the teaching of
combinations and in particulaf on the importance of the division in the combination formula
and its role in relation to the concept of order. Practically, students should encounter
combination probléms before being shown the formula. This would be the chance to look at
the role of division — so the problem should be limited to the selection of two and three
obje\cts —and to consider different strategies such as various counting techniqués and repeated

multiplications. Only then should the formula be introduced. Other resolutions strategies
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should however not be abandoned but should still be shown alongside those using the
formula. Thereafter one shoﬁld also point to the following fact in order to reduce some
mis_uses of the combination formula: when making two or more selections without order,
there is still the order in which these selections have been made that needs to be considered
[for instance ,C; X 4.1C; = ,P2 and not ,C,]. These recommendations imply that more time
should be spent on the teaching of combinatorics with the objective of focusing on students’
understanding. This might contrast.with the actual place of combinatorics in many curricula,

often reduced to being only necessary formulae used in probability.

7.3.3. Using meta-cognitive questions

Finally I want to mention that during this piece of research, I used meta-cognitive
questions as well as challenging problems. I think that using both would enrich the teaching
of mathematics; and not only in combinatorics but in other topics of mathematics too.
Personally I plan to use them in the future when I resume teaching mathematics.

The meta-cognitive questions allowed probing into how students solved some
problems in more depth. One goal of education is students’ understanding and meta-cognitive
questions are tools that allow teachers to probe it. These questions put some vémphasis on the
methods and strategies used and made students’ answers richer, as they explained what they
did in more detail. It expanded students’ answers that too often are limited to a solu‘tion'
without much justification. The meta-cognitive questions should be separate quéstions
directly following the original question. This makes explicit that they are important — one
could also consider giving points for their completion in a test. One should allow and
encourage students to use their own words. Asa result, students are not restricted to
mathematics notations that often restrain them. Moreover teachers should not be too picky;
the goal is not to achieve mathematical excellence but to help students’ understanding —

because they “develop more sophisticated mathematical understandings as they attempt to
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communicate their reasoning” (Simon & Blume, 1996, in Kilpatrick, Martin & Shifter, 2003,
p. 237) — and to make this understanding visible to teachers and other students. Another use of
meta-cognitive questions could be to ask for mathematical justification of why their method
works. Asking students to give justifications to their reasoning and resolution methods is
similar to a proof. It is a fundamental aspect of mathematics that is too often put aside because

it i.s deemed too difficult.

7.3.4. Using challenging problems

In respect to students’ understanding and know-how, challenging problems were more
revealing than basic and routine problems. Rapidly, many problems become exercises as
students learnt how to solve them. Rules, algorithms and mimetism can and sometimes do
replace understanding. Challenging problems are a way of engaging students in their new
kno»\{ledge and putting it to the test. As such they should complement more traditional and
routine problems. Obviously, when presenting students with challenging problems,
expectations are not the same as with routine problems. One should not expect students to
solve the problem in one go, particularly as it is relatively time consuming. Moreover students
often need to be and should be helped: these moments are ideally suited for discussion
because they deal with students’ difficulties and relate to their understanding and use of the
mathematics they learned. Moreover I was actually surprised that in the groups students
managed — under my supervision and with a bit of help — to solve complicated problems like
the misaddr¢ssed letters problem. This recommendation is in line with suggestions from
Stigler and Hiebert (Stigler & Hiebert, 1999) to teach mathematics more like the Japanese do

- problem-solving has a much larger place in the Japanese style of teaching.
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7.4. Ideas for further research

The main limitation of this research is that results cannot be generalised because the
sample used was too small. Nevertheless its findings bring a significant contribution to the
field of mathematics education by pointing to shortcomings .in stude;qts’ understanding. It
would be interesting and of practical use to carry out research that would look to confirm or

negate the findings of this study. I propose below two areas worth further research.

7.4.1. Is students’ lack of proficiency with counting techniques widespread?

Students’ lack of proficiency with counting techniques surprised and worried me. It
would be interesting to do further research, in particular in probing how deep and widespread
students’ lack of proficiency is. This would require a relatively large sample of students. It
would also be interesting to investigate if practice and instfuction specifically aimed at the use

of different counting techniques could alleviate this lack of proficiency.

7.4.2. Would emphasising the role of the division when teaching combinations improve
students’ understanding?

Another aspect where research would be fruitful relates to the teaching and learning of
‘combinations. In effect, following this study, I suggest emphasising the teaching on
combinations — so they are more than just permutations without order — and focus on the
division when sqlving combination problems and in particular on its role in the combination
formula. It would be very interesting to carry out research 4Iooking at the effects of such
instruction and investigate if students’ understanding‘ and achievement improves, and in

particular if the confusion between permutation and combination fades.
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Counting Puzzles 1: Menu du Jour

3 [

Student’s code number: Date:

State your thinking when solving the problem.

Try 10 explain how you approached the problem and what you thought about while you
worked on it:

A restaurant proposes a menu composed of four appetizers and five main dishes as well as two
desserts.

a) How many different menus can be composed of one appetizer, one main dish and one dessert?

b) Now consider that the Chef is quite particular and does not allow guests to mix fish and meat. How
many different menus can be composed if there are two appetizers that contain meat and two that
contain fish; and the main dishes are: beef, chicken,lamb, salmon or halibut?
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1. Describe how you approached the problem and worked at solving it?
2. Which ways did you consider but did not use in the end
3. How confident are you that you have found a correct answer?
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State your thinking when solving the problem.

Try to explain how you approached the problem and what you thought about while you
worked on it: i

1. Describe how you approached the problem and worked at solving it?

2. Which ways did you consider but did not use in the end

3. How confident are you that you have found a correct answer?

[ owssbiw
AN TS iy grih o i
. H
> %f Ceh pry Aot 2re T Luzys
o cao <ivler QM 24 /mg
fun 35 (2ol 1Y

Lot o4 Al

This exercise was:
easy ok difficult
1 2 3 4 5




Counting Puzzles 3: Partition » State your thinking when solving the probiem.
Try to explain how you approached the problem and what you thought about while you
Student’s code number: K Date: worked on it: .
tidents 1. Describe how you approached the problem and worked at solving it?

9Cl1

A boy has four different coloured toy cars (black, orange, red and grey) and he decide to give away the { 2. Which ways did you consider but did not use in the end
cars to his friends Peggy, John and Linda. In how many different ways can he distribute the toy cars? 3. How confident are you that you have found a correct answer?

For example he could give all cars to Linda. )
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Appendix B
Excerpts from Mr Cho’s handout

Poge § of 15 (Edit by Y.M. LIU)

Unit 7 — Permutations and Combinations (Counting Techniques)

Fundamcental Counting Principle

In a sequence of # events in which the first one has ki possibilities and the second event has

k: and the third has #s, and so on, until nth has ky, the total number of possibilities of the
sequence will be ' ' ‘

e.g. A paint manufacturer wishes to manufacture several different paints. The categories

include

Colour: Red, Blue, White, Black, Green, Yellow
Type: Latex, Oil .

Texture; Flat, Semigloss, High Gloss

Use: Qutdoor, Indoor

How many different kinds of paint can be made if a person can select on colour, one type,
one texture, and one use? (7¢2)

e.g There are four blood types, A, B, AB, and O. Blood can also be Rh+ and Rh-, Finally, a
blood donor can be classified as either male or female. How many different ways can a
donor have his or her blood labeled? (16)

# e.g.John is planning to drive from Vancouver to Winnipeg via Calgary. There are three
roads from Vancouver to Calgary and two roads from Calgary to Winnipeg. How many
different “round-trip” routs are there from Vancouver to Winnipeg, passing through
Calgary, if no road is used more than once? (12) '
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Pzge 5 of 15 (Bdit by Y.M. LIU)

Permutation

The arrangement of 7 objects in a specific order using r objects at a time is called a
permutation of z objects taking 7 objects at a time. The is written as ,F,, and the formula
is '

n
p=_"_
T (n=r)!

(5 e
8 oh =G~z 3%°

o
e¢.g.In how many ways can 8 desks be filled from amongst 10 students? (750)

e.g. How many different ways can a chairperson and an assistant chairperson be selected for
a research project if there are seven scientists available? (42)

e.g. There are 10 different books. How many ways can 4 of these books be arranged on a
shelf? (5040) :

e.g.John and Tom invited four other people to sit on their bench. In how many ways can
these six people be seated on this bench if:
(a) there are no restrictions. (720)

(b) John is seated at the left and Tom is seated at the right end. (24)

e.g. How many 8-letter permutations can be formed from the letters of the word
CLARINET? (336)
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Page 10 of ¢35 {Editby Y. M. LIU)

Combination:

A selection of distinct objects without regard to order is called a combination, which
means order is not important in the selecting process.

e.g.Given the letters A, B, C, and D, list the permutations and combinations for selecting
two letters,

Combinations of r Objects Taken From n Distinct Objects:
The notation  C, is used for the number of combinations of robjects taken from »
distinct objects.
F
=nr
ncr s I'!
n )
_(n-n!
r
' n
T (-t
16!
P, -3 !
erg.mcS:xf) 3 o @6 3) - 16 560

3 3  @6-38

e.g.Determine the number of possible lottery tickets that can be created in 6/49 lottery
where each ticket has six different numbers, in no particular order, chosen from the
numbers 1 through 49 inclusive. (13983816)
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Appendix C
Excerpts from Mr Cho’s end-of unit test, with key

Math 12 — Test on Combinatorics '
Date: Class: Name: @
\—\—//

PART A: Multiple Choice (1.5 marks for each question)

Page 1 0f 9

1. When you play lotto 5-30, you must choose S differen! integers from | to 30. How many-
combinations are possible?

301 - :
A Siast oo &y - !

301 204 )
S
c. 2%

30!

51

2. Determine the 4 term in the expansion of (x— 2)»')5.
-80x°%y* A T AR

B. -40x°y . ?
C.  40x'yt r C;? X (‘.Z 7)
D.  &ox'y

3. Determine the number of diffetent arrangements of all the letters in ADP LEPIE.

A 33a0 > &

B. 6720 : g1 2y
C. 40312 : -
D. 40320

4. How many different pasta meals cani be made from 4 choices of pasta and 2 choices of sauccs, 1f
only one pasta and one sauce is selected for each meal?

A 4 |
B. .~ 6 ' ﬁti- G o>

D. 1o
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Page 7 of 9

3. Atoy box contains 4 different cars and 6 different trucks.

a) In how many ways can a collection of § toys be chosen if the collection must consist of 2 cars
and 3 trucks? (2 marks)

¢, .C = |20

4 > » ;

b) In how many ways can a collection of 3 toys be chosen if the collection must consist of at least
3.cars? : - T T (ZTarks)

< - C_ Fv——
> 5 T ° '
; C « C C
\i(‘}t"% G vy ":L\"
4. A class has 30 students.
a) How many ways can a committee of 3 people be selected from the class? (2 marks)

})a C; = 4060

h) How many ways can an executive committee consisting of 3 people (president, vice-president,
secretary) be selected from the class? {1 mark)

R, 2qi6e

¢} If there are 10 bays and 20 gitls in the class. how many ways can o commiitee of 3 people be
seected from the class it the commitice must contain | boy and 2 girls? (1 mark)

. ~ o
C,. G =g

o

-,

131




Appendix D

The misaddressed letter problem as posed during a group session, with Nick’s work

Please write your name on the back:

g...5... - B
. o
Someone writeg 7 letters afid writes the corrgsponding CSSE s/How many
different ways a € of placing all the léttery in the wromg: 2
‘———“—-——"_"’ d
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Appendix E
Excerpts from the field notes

MA 3 Field notes
Thu 8 Dec 05

[Nick] seems to have trouble when the factorlal stops... p

When I started focusing on [student E], [Nick] had a question to [Mr Cho] in the
whole class session - problem of focus on one thing: lose something else.
[student E] work on her own (exercise in the brochure) still (time to time) keep in
touch where [Mr Cho] is in the course '

[Mr Cho] does the exercise on the board, and asks some questions to the students

- The students barely have time to do the exercise by themselves.

- [Mr Cho] ask a Q but give the answer directly afterwards (1sec at most, and he
already started to write the answer) > the teaching goes fast but what about the
students

MA 10 Field notes
Tue 10 Jan 06

Change of plan: [Mr Cho] whispers in my ear at the beginning of the course that he is
not doing the quiz
[Mr Cho]: ‘did you work during the holldays‘7’

e meta Q: what learned before the holidays (10 min)

a girl: ‘Oh, I do not like that’,

then later: ‘I think I passed this test’ (front row near the wall)

some students ask: ‘what do you mean by most important’ (= Q is badly worded)
some others say: ‘they’re all important’

[Mr Cho] does some housekeeping: (test on the 19th)

mid year exam is soon and is worth 30% of this tern (10% of the year)

10am YM starts with Pascal’s triangle

e 2 ways of drawing: 1. same as usually dohe

2. the one I showed the day before [Ma 9]
most students are focused on [Mr Cho] & board
10.15am students have to do an exercise on their own
note: it’s a good exercise (good to see how Pascal’s triangle works)

10.30am, All students turn the page at the same time: they are (closely) following -

e N-1 = n: I have the impression that [Mr Cho] spent much time with (-1), which is a

technicality ( and instrumental) I have to admit that it is confusing and a source of -

mistake)
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Appendix F ,

Excerpts from the video logs

Log+analysis of MA 12: group 2 session 1 o ‘Page 30f 9

Yvan | circle each poss (it contains Sat and Sun outcome)
and tick(3) or cross(1) 1f it does ram

thinks for a little while

073 [ am confident the answer 18 50% and not 75 - Econflicl=y, .

Nick | No, here you are assuming that (stops speaking)

bk so either ths happen or that

Yvan | I know it should be 5026 € conflict 1s quite deeply inbedded
Nick | By common sense
... both are thunking silently
T So what kind of weather can happen during this
weekend?
08.1 .| Yvan | Nanana, there1s a 75%
7
Nick | <7>
Yvan | veah
Nick |why ) € Nick play his role of making Yvan
speak
Yvan | because... I was looking at the wrong way
I was looking at raining both day instead of just
this weekend. In order to satisfy just weekend 1t
can rain for one day and not the other
the only way to have no rain, , 1f this comes true
and this comes true {pointing at Sat’50% and then | concept of True—? good command of
at Sun/'50%), no rain on either day, there 1s a 50% | prob '
chance and another 50% chance and the odds
consecutively
Nick | Ok
08.5 | Yvan |- 25% chance... 1 over 2 times 1 over._.
5 write 1/2x1/2=1/4 (1/2 prob on 1% day)

So 1 over 4 of netther bemg true

in the end 3 remaining so 75% chance it will rain.
- Twas wrong because I looked at the whole
weekend not just one day

So half .. (explain one more hme) 2 ¥ 23/4

T ... combmatornics... Ix2=4 poss

Yvan | yeah... Yvan seems fo be slightly
embarrassed that he was confused by
such a simple problem

T let’s go fo the next problem

Nick | sure

T interest 1 prob?

Yvan | play poker and blackjack try to figure out the
actual probabilities.. getting one hand or then other
hand. .. and I leamed from that.

T I was impressed

next problem the same: read, try alone and..
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Appendix G
Excerpts of the breakdown of the data: the pathway problem in the pre-test

§= grudent with previcus experience of combi

mtersection m the probability
function of the calculator’

answer (method trv-outs/graph method considered |diffic
but not used ulty
A [32 375 counting them 4
B |24 12square, 2 paths around each |draw several paths on gnids |- -
square (L or R)=212x2
C |48 12squares x 4sides (doubt draw a few paths on the figure |- 4
about answer)
E 35 Pascal’s triangle very good justification (seems |counting 2
to have 1t worked back
_@ 24 4P3 (formula despite forgot counting 3
1
T jabsent
G |35 Pascal’s triangle 41x31 Permutations, -
(taught by YM) Combmatxous. ‘but I
forgot'i
_ﬁ 144 12 blocks, mirror effect of some counting on the - 4
each option=>1242 figure 777
I |35 'T just counted’ seems to have done some ‘none’ 3
: Pascal’s tangle (row1 ok,
row?2 & 3 27} 7?
draw some paths (i the air)
J (16128 |2x4x6x7x6x4x2 (each number [tree 777 " |counting 3
15 the sum of paths/side of
squares when figure redrawn
n pyranudal fashio : ,
_@ 35 Pascal’s triangle justification: ol@ counting 2
L |absent
[ M |- Pascal’s triangle done OUT of [do each possibility |3
the figure by hand
N (14 strange counting of sides of  [Right+Down & D+R paths - 5
square composed of 7 ‘moves’ each,
7x7=49
O |35 only wrote down 4,10,2035  |draw some paths on the figure |no 3
beside the grid, & draw path
P |24 plugged number of ticks on the edge of the gnd coum‘in& 3

P—

G . s
Remactiction | (o mbiation, b ( borgor?

135

L POt n B it { i Yeish Aedng gt fagor N s )




Appendix H

Meta-cognitive prompts asking what students had learnt, with student K’s answer

K

Please write your name on the back.
January 10"

1. Whatare the important ideas or concepts that you learned during the two last weeks of
class (before the Holiday break)?

Explain the most important one? A

Is there something else that you find important to mention?

wn

‘ \.) YVoscel T w\/\cj(.e
?@fﬂ’\wfa"m oON - Alie S fferent

Comb i Aoy

7’) %mu’\-(ﬁ"ﬁkﬁ(\ - S 'tr\‘ che(‘ n Pr‘

Poasco (= ocloh v St b fRrd TXC

”») NO
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PLEASE KEEP FOR YOUR FILES

Please check the box indicating your decision:

I CONSENT to participating in the Probing students’ thinking wihen introduced to
[j combinatorics theory project as described m the above form. -

g T acknowledge that I have recerved a copy of this consent form for my own files.

Name (prinf) | Date: ]

Phone: e-mail:

DETACH CONSENT SLIP AND RETURN TO Thomas PERRIN-——F——

Please check the box indicating your decision:

I CONSENT to participating 1n the Probing students’ thinking when introduced to
{j combinatorics theory project as described in the above form.

[j Tacknowledge that I have recerved a copy of this consent form for my own files.

Name (print) Dae

Phone: e-mail:

Teacher Consent Formy, v2.0 - 1¥ November 2005 : Page 3 of 3
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PLEASE KEEP FOR YOUR FILES

Consent: By signing this consent form I understand that my child’s participation in this study 1s
entirely voluntary and that she/he may refuse to participate or withdraw from the study at any
time without jeopardy to her/his class standing, grades, or relationship with the school.

Please check the box indicating yvour decision:

I CONSENT to my child’s participation in the study activities described above in
Qj the form that will take place during class time, and if chosen,  CONSENT to my

child’s veluntary participation in the study the problem-solving sessions described
above in the form that will take place outside class time.

n I DO NOT CONSENT to my child’s participation in the study as described m the

form.

[j I acknowledge that I have received a copy of this consent form for my own files.

I ::othematics class

Name of student (please print) Date:

Signatire of parent/guardian

Caonsent: By signing this consent form [ understand that my child’s participation in this study 1s
entirely voluntary and that she/he may refuse to participate or withdraw from the study at any
time without jeopardy to her/his class standing, grades, or relationship with the school.

Please check the box indicating your decision:

I CONSENT to my child’s participation in the study activities described above 1n

[3 the form that will take place during class time, and if chosen, I CONSENT to my
child’s veluntary participation m the study the problem-solving sessions described

above m the form that will take place outside class time.

[j 1 DO NOT CONSENT to my child’s participation 1n the study as described in the

form.

['J I acknowledge that I have recerved a copy of this consent form for my own files.

I ::2thematics class

Name of student (please print) Date:

Signature of parent/gnardian

Parent Consent Form, v2.0 - 1% November 2005 Page 3 of 3
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PLEASE KEEP FOR YOUR FILES

Assent: By signing this assent form [ understand that my participation in this study is entirely
voluntary and that I may refuse to participate or withdraw from the study at any time without
jeopardy to my class standing, grades, or relationship with the school.

Please check the box indicating your decision:

m

I assent (I say “ves”)} to my participation i the study activities described above in
the form. Tunderstand that my participation in the problem-solving sessions that
will take place outside class time 15 veluntary. I understand the nature of my
participation in this project. With my assent I acknowledge receiving a copy of the
study information. '

m.

IDONOT assent (I say “no”) to my participation in the study as described m the
form.

I :vthematics class

Name of student (please print) Date:

Signature

—;——————DETACH CONSENT SLIP AND RETURN TO Thomas PERRIN-—————

Assent: By signing this assent form I understand that my participation 1n this study is entirely
voluntary and that I may refuse to participate or withdraw from the study at any time without
jeopardy to my class standing, grades, or relationship with the school.

Please check the box indicating your decision:

m,

Tassent (I say “yes”) to my participation in the study activities described above in
the form. I understand that my participation in the problem-solving sessions that
will take place outside class time is voluntary. I understand the nature of my
participation in this project. With miy assent I acknowledge receiving a copy of the
study information,

.

IDO NOT assent {I say “no”) to my participation in the study as described in the
form.

I :::othematics class

Name of student (please print) ' Date:

Signature.

Student Assent Form, v2.0 - 1" November 2003 ‘ Page 3 of 3
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