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Abstract

In this thesis, we study differential space-time modulation with multiple transmit and
receive antennas over a frequency non—selective block fading chanriel in the absence of
chaﬁnel state information (CSI) at both the transmitter and the receiver. We focus
on the analysis of the randor'n coding exponent proposed by Gallage}“ for such space-
time channels employing differential modulation with finite signal sets, and consider
multiple symbol differential detection (MSDD) with an observation window size N. The
underlying principle of MSDD is to utilize an increased observation window of N > 2
consecutively received space-time samples to yield decision variables on N — 1 space-
time data symbols. We thus take into account the channel memory, and can'improve

power efficiency over conventional differential detection, which employs N = 2.

We extend previous work for a similar setup, in that we consider channels where the
fading coherence interval is different from the MSDD observation window N, and can
be arbitrary with L independent fading realizations per coding frame. We analyze
the effect of arbitrary fading coherence intervals on the random coding exponent, and
therefore analyze the achievable performance of coded transmission over block fading
channels with low to moderate code lengths, i.e. with decoding delay constraints. In
this context we also analyze space-time transmission systems with spatial correlation
between antennas. Such an analysis allows for a fair comparison of DSTM with MSDD

where the window size may vary but the coded diversity remains fixed.
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Abstract iii

We also devise upper and lower bounds and approximations for the random coding
exponent, which allows us to not only bound the achievable performance of such space-
time systems but also allows for efficient numerical evaluation of the random coding
exponent by limiting the search space for the metric calculation. To this end, we
make use of tree-search based sphere decoding algorithms for efficient decoding, and
along with novel stopping criteria to control the accuracy of the approximation and
correspondingly the computational complexity, we apply these sphere decoders for a

reduction in complexity cost upto many orders of magnitude.

The presented numerical results provide useful information on the performance of coded

differential space-time transmission for short to moderate code lengths.
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Chapter 1

Introduction

The field of digital transmission systems has been long driven by the need for higher
data rates, lower probabilities of error and reduced power consumption. Especially in
the case of modern wireless communication systems, the -quest for low power, band-
width efficient digital communication systéms has been the major area of research and
development over the past years. The goal of this thesis is to contribute to the design
and analysis df noncoherent wireless comfnunication systems, and present a detailed
analysis of the random coding exponent proposed by Gallager (see {10]) and its prop-

erties.

In digital communication systems, the overall system model of the transmitter, the

channel under consideration and the receiver is given by the equation
rlk] = ™ h[k]s[k] + n[k] (1.1)

relating the discrete time, complex valued data or transmit symbol s[k] to the received
symbol r[k]. A time variant phase shift is taken into account by the term e/’ which is
introduced generally by oscillator instabilities or by Doppler effects. The additive noise
component nfk] is generally modeled as additive white Gaussian noise (AWGN). The

techniques for detecting r[k] from s[k] can be broadly classified into two categories,
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based on the knowledge about the phase shift f[k]. In coherent detection, f[k] is
assumed to be perfectly known, implying the existence of a phase-synchronization
mechanism, often involving the transmission of pilot tones or symbols (cf. e.g. [31, 30,
33, 3]). On t_he' other hand, noncoherent detection assumes 10 knowledge about the
phase, but treats the estimation of the transmitted data as well as the channel phase
as one operation. The signal fading, which is one of the major disturbances in mobile
communications is represented by h[k], and this enables us to distinguish between
coherent detection with perfect channel state estimation (CSI) at the receiver, i.e.,
/%%l p]k] is presumed to be perfectly known by means of explicit channel estimation, and
noncoherent detection without CSI where neither 8{k] nor h[k] are explicitly estimated
for the purpose of data selection. One of the common ways to implement a noncoherent
receiver is to base the estimation of the data vector on blocks of N > 2 received
symbols (see [43]), also known as multiple-symbol differential detection (MSDD). This
form of noncoherent reception assumes that the receiver is aware of the statistical

characterization of the channel.

The concept of noncoherent reception where explicit channel estimation is not required
becomes even more attractive for the case of transmission systems employing multi-
ple antennas at the transmit and receive points, where transmit diversity is achieved
through the use of Ny > 1 antennas at the transmitter. Such space-time (ST) com-
munication systems employing Np receive antennas require extensive training intervals
to estimate the Ny - Np fading coefficients, and due to this restriction, space-time
modulation formats which do not require the receiver to know or estimate the channel
coefficients have been proposed (see [28, 14]). We use an approach known as diﬁerentz’al
space-time modulation [16, 15], which generalizes the notion of differential phase-shift
keying (DPSK) to multiple antenna transmission, and is a low complexity scheme pro-

viding full-antenna diversity.

In this thesis, we study the application of bandwidth efficient noncoherent coded mod-




ulation to differential space-timé coding for multiple transmit and receive antenna
systems. We focus our research on the error exponent analysis of such systems, and
consider a block fading channel of arbitrary fading coherence interval, i.e. where the
channel remains constant over an arbitrary interval. This is an extension to previous
work [24] on single antenna DPSK where the channel coherence interval was assumed
to be equal to the MSDD observation interval N. Error exponent analysis is a powerful
tool to study the achievable performance of coded transmission over fading channels
with short to moderate code lengths due to e.g. delay constraints. In particular,
random coding exponents have been used to bound error and/or outage probability
for certain types of channels and different degrees of channel state information be-
ing available. In this context the block-fading channel model is often employed to
(approximately) represent realistic fading channel scenarios with possibly non-ideal in-
terleaving. More recently, random coding exponents for space-time (ST) modulation
over block fading channels have been evaluated in [4, 18]. We consider Gallager’s ran-
dom coding exponent [10, Ch. 5] for ST transmission over block fading channels with
no CSI at both the transmitter and the receiver. We consider bandwidth-efficient dif-
ferential space-time modulation with practical signal constellations at the transmitter

and power-efficient MSDD at the receiver.

Chapter 2 introduces the discrete time, frequency non-selective block fading channel
model under consideration, and also introduces the differential encoding technique used
to resolve the ambiguities in the data detection. The concept of MSDD is described
in detail, where blocks of N consecutively received symbols are processed for joint
detection of the corresponding data symbols. In particular, we consider spectrally
efficient DPSK based encoding strategies for single antenna transmission and multiple
antenna DSTM based on unitary signal elements. We also introduce the different signal

constellations for DSTM that will be used throughout the thesis for analysis purposes.

Chapter 3 is dedicated to the random coding exponent and its properties as a tool for




error exponent analysis. We focus on absolute performance limits of coded transmis-
sion over block fading channels, and to this end we consider Gallager’s random coding
exponent and, to a lesser degree, channel capacity as appropriate information theoret-
ical parameters. We derive expressions for the random coding exponent for DSTM,
and widen the range of block fading channels that can be analyzed by extending the
definition of the random coding exponent to channels with arbitrary fading coherence
intervals. For the sake of completeness, we present results corresponding to the case of
single antenna transmission as well as DSTM, and show the effect of arbitrary fading

coherence intervals on the random coding exponent.

In Chapter 4, we present efficient decoding algorithms for DSTM with orthogonal and
diagonal constellations. We describe in detail the need for such algorithms based on
the analysis in Chapter 3, and describe how efficient tree-search based sphere decoding
algorithms considerably reduce the computational complexity of the derived metrics,
where the search space for the decoding algorithm increases exponentially with the
length of the fading interval. In order to reduce this exponential dependency on the
fading coherence interval, we devise modified sphere decoding algorithms (cf. e.g. [22])
to limit the complexity cost for ST transmission systems with arbitrarily large fading
intervals. We also attempt to use a combination of the sphere decoding algorithms
and a metric to upper and lower bound the random coding exponent and hence the
probability of error. We devise a novel performance metric using the best maximum
likelihood (ML) metrics obtained for the sphere decoding algorithms along with a
stopping criteria, which not only allows us to bound the random coding exponent to
a user-defined accuracy, but correspondingly also reduces the complexity cost for the
decoder by several orders of magnitude, depending on the required accuracy. Finally in
Appendix A, we derive in detail the expression for Gallager’s random coding exponent

used in this thesis, where the effect of transmit diversity is taken into account.

We present results and analysis separately for multiple transmit and receive antenna
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systems and single antenna systems, and present our findings at the end of each chapter.
We make a note of the fact that the focus of this thesis is on block fading frequency non-
selective channels with arbitrary fading coherence intervals, so the class of broadband
communication systems entailing a frequency-selective or time-dispersive channel are
nor directly addressed by this thesis, neither are channels with continuous fading.
Nevertheless, by means of widely accepted multicarrier transmission technologies [2],
which decompose a frequency-selective channel into a number of parallel frequency

non-selective channels, the concepts proposed throughout the thesis can be applied to

such broadband systems.

N




Chapter 2

Channel Models and Differential
Encoding

This chapter briefly introduces the discrete time channel models and signal constella-
tions used throughout the thesis for the single antenna systems considered as well as
space-time transmission. In accordance with the proposed work, we distinguish be-
tween the single antenna channel with one transmit and one receive antenna and the
multiple antenna channel with more than one transmit and/or receive antennas. The
corresponding channels are thus referred to as single-input-single-output (SISO) and
multiple-input-multiple-output (MIMO) channels respectively [23]. In section 2.1, we
introduce the multiple transmit and receive antenna channel model that we will use
throughout this thesis. We introduce the vector channel model of the system, and
explain in detail the process of differential space-time modulation (DSTM) and mul-
tiple symbol differential decoding (MSDD) for noncoherent reception without channel
state information (CSI). The block fading channel model for our MIMO channel is also

described, along with the transmit diversity effect of the channel. We also describe,

for reference, the single antenna channel model used in literature in section 2.1.3, and
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introduce the basic channel model and differential encoding for such a SISO channel
model. Finally in section 2.2, we introduce the space-time signal constellations that
we use throughout the thesis for analysis purposes, and mention in brief the design of

orthogonal and diagonal space-time block codes for DSTM. .

2.1 Multiple Transmit and Receive Antenna Sys-
tems with MSDD

Multiple symbol differential decoding works on blocks of N consecutively received
matrix symbols (in the case of DSTM, these symbols are Ny x Nr matrices) such
that decision variables on data symbols are based on independent evaluations of these
blocks cf. e.g. [42, 8, 25, 9]. Since, in general, computational complexity grows
exponentially with N, a judicious choice of N is required to balance performance
and complexity. Since in MSDD, a constant phase offset does not reflect in decision
metrics, differential encoding techniques are required to resolve phase ambiguities.
This process of differential encoding can be achieved by multiplying the data carrying
differential symbol by the previously transmitted symbol. Let S[k] be the reference
\symbol, and V'[k] be the data carrying differential symbol drawn from a signal set V.

The transmitted symbol at the current instant is then given by
S[k] = V(K] - S[k — 1] (2.1)

This process of differential encoding is applied to blocks of N symbols for MSDD,

and at the receiver, N consecutively received symbols are grouped together to yield a

decision on N — 1 differential data symbols.
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2.1.1 Discrete Time Channel Model for Multiple Transmit

and Receive Antenna Transmission

In the previous section we introduced the concept of MSDD, and we use this concept to
formulate our system model with multiple transmit and receive antennas. We consider
space-time transmission with Np transmit antennas and Npg receive antennas over
a frequency non-selective block fading channel. We consider transmitting blocks of
N space-time symbols over a particular fading subchannel, and D such blocks are
transmitted over one fading realization. Since the total number of fading realizations
is L, one codeword spans

n, = LD(N — 1) (2.2)

differential symbols, i.e. the code length is n. = n,log,(M). This is an extension
to work done in literature thus far, where the channel coherence interval and the
MSDD observation window N were equal. Here, the channel remains constant for
DN consecutive matrix symbols, and L such independent fading realizations are seen
in one coding frame, thereby introducing a transmit diversity which is then used to
parameterize our channel model. The transmitted symbols are Ny x Nr matrices
denoted by S¢4,[k], where subscripts ¢, d,and n, 1 <¢< L, 1<d<D,1<n< N,.
specify the fading subchannel, the block transmitted over this subchannel, and the
symbol position within this block, respectively, and k¥ € Z is the time-index with
respect to frames of

ns2LDN (2.3)

symbols. The ¢th subchannel is represented by the Nrx Ng channel matrix H,[k]. For

a compact notation, it is convenient to introduce the matrix notations

Sealkl £ [Seanlk] ... Spanlkl",

Selk] £ [Spalk] ... Splkl”,




2.1 Multiple Transmit and Receive Antenna Systems with MSDD 9

to represent the transmitted symbols,

Re,d[k] = [RZd,l[k] RZd,N[k]]T )
Ryk] & [R[k]... Ryplk]l",

to represent the received symbols, and

Nf,d[k] 2 [Nz:dg[k] NZd,N[k”T )

Nk} & [Ng[k] ... Ngpk]”,
to represent the noise samples, corresponding to blocks of N and DN matrix-symbol

transmissions respectively.

2.1.2 Differential Space Time Modulation: Vector Channel
Model

We consider the channel model from section 2.1.1, and apply differential space-time
modulation at the transmitter to achieve the necessary transmit diversity. DSTM can
be described by considering transmission of B x Nr matrices ([28],[14]), if channel state
information is not available at the receiver. Hence during each modulation interval
T, one row vector is transmitted, corresponding to using all Ny antennas, assuming
the channel remains constant for all B intervals. This approach is known as unitary
space-time (ST) modulation. It is possible to show ([28]) that right multiplication of
these B x Nr matrices by arbitrary Nr x Nr matrices does not affect the pairwise
error probability, hence consecutive B x Ny matrices can overlap by such submatrices,
thereby increasing power and bandwidth efficiency. In the considered case, B = 2Ny,
the N7 x Nt unitary submatrices are chosen, without loss of generality to be the identity

matrix Iy,. Hence the overlapping is achieved by successively right multiplying the

current matrix symbol with the corresponding Ny x Nr unitary submatrices of all




2.1 Multiple Transmit and Receive Antenna Systems with MSDD 10

B[k —1) @[k — 1) ek —1]
Ing Ing [ Ing ]
VIk - 1) Vit —1] Vik-1]

\ S[k —2]
S[k —3] ' Sik - 1]
Sik — 2]
L Sik - 2] j Sk
e

\—V.—’

Slk—1] |-
N ik
Sik + 1)
[
Figure 2.1: Overlapping of consecutive 2Ny X Nr matriz symbols ®[k]. After right
maultiplication with the Ny x Nr submatriz S[k — 1] = [[2, V[k — (] of the previous
matriz symbol ®[k — 1], only the bracketed regions i.e. Np x Np matrices S[k] are

transmitted.

previous matrix symbols. As an illustration, let V[k] be the chosen matrix for the
current transmission. Hence the 2N x Nr transmit matrix ®[k] = [In, V[k]T)7. At

a given time instant k, ®[k] is right multiplied by the unitary matrix
Sk-1=[]VIk- (2.4)
¢=1

This is illustrated in fig. 2.1.

The block diagram of the equivalent system is shown in fig. 2.2. We map binary coded

symbols to a D(N — 1)Nr x Nr dimensional matrix
Volk] 2 [Viear kT Vieaolk]” ... Vean-1[k]T)]F,1<d < D (2.5)

of D(N — 1) space-time Ny X Nr data matrix symbols Vgn(k],1 <n <N -1,1<
d < D. The matrix symbols are taken from a signal set V as described in section 2.2.
This signal set forms a space-time code with M = 2¥TEm glements, where R,, is the

modulation rate in bits/(channel use), and one channel use corresponds to the use of

all Nr transmit antennas simultaneously. In our case of DSTM with unconstrained
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Vi alk] Ve,alk] Ve[k] Se[k]
Mapper

T —e Channel Encoder ——— n
v

Parallel/Serial Differential
Encoder

3 Modified Block
Binary data
Fading Channel
Ry alk
alk] Ry alK] Rl
- -1 Grouping and
Channel Decoder II R Rezr diring
(a) Discrete-time channel model for DSTM with MSDD
Ve (k] AL
—_— Differential Encoder Reference Symbol
Extension
Se,p,n-1[K]
ifi
Random Generator Modified
Block Fading
Vector Channel
R, [k]

(b) Equivalent vector channel model for DSTM with MSDD

Figure 2.2: Block diagrams for Differential Space-Time Modulation: Discrete Time
Model and Vector Channel Model
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block fading, DSTM can best be described by generating a block transmit matriz
Solk] 2 [Sea1[k]TSeaslk]” ... Sean[k)T)T,1<d< D (2.6)
from the data block matrix V[k] via
Se,d,@—j[k]_ = Ve,d,n—j.[k]se,d,n—j—l[k]a 1<j<N-1 (2.7)

where the reference symbol Sy p n-1[k], which is an independent u.i.i.d random vari-
able is taken arbitrz;,ril;' from the signal set 8. Since we are primarily interested in
performance analysis using the random coding exponent, we can conveniently assume
interleaving to be limited to blocks of LD N space-time symbols without imposing any

more restrictions.

Taking the expressions above and defining block matrix symbols

Se,d,l[k] ONT v ONT
0 S,0lkl ... 0
S[k] & N t.a2lk] . Nr (2.8)
i Ony Ony Seapn-1lk] |
H k) £ [Hpg,[k]"Hpgolk]" ... Hogn[k]']F,1<d <D (2.9)

Nk] & [Ngg1[k]"Nopgolk — 17 .. . Negnlk— (DN - 1)"|7,1<d <D (2.10)
we obtain the DN Np x Ng matrix Ry[k] of DN received samples as
Rylk] = Se[k|Ho[k] + Nolk], 1<¢<L, (2.11)

where N[k] denotes additive spatially and temporally white circularly-symmetric

Gaussian noise (AWGN) with variance o2 per complex scalar component. We also
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assume that the elements of H k] are circularly-symmetric Gaussian distributed, i.e.,

block Rayleigh fading, with common variance o2 and possible spatial correlation,

’l)bH['u‘la M2, V1, V2]] = 5{[H£[k]]u1,1/1 ([Hi[k]]ltzyllz)*} ) (2'12)

which is assumed identical for all subchannels £.

At the receiver, MSDD with an observation window size N is applied. This means that
the decoder input is based on independent processing of blocks of N received samples

collected in Ry g4[k] corresponding to N — 1 differential symbols
VE,d[k] £ [V%:d,l[k] VZ:d,N-—l[k]]T :

We use the notations
R £ [R{[k]... R[K]" (2.13)
V & VI VIR 2 VK VK. VI kT
to represent the collection of all received samples and differential symbols corresponding
to the transmission of one codeword. Throughout this thesis, for the sake of simplic-

ity, we omit the frame index k, and use the representations X ,4[k] = X4, X,[k] =
X, X € {S,R,N}.

2.1.3 Single Antenna Transmission: A Special Case

For the special case of Ny = Ng = 1, we revert back to the traditional single antenna
transmission scenario with multiple symbol differential detection at the receiver. For

a compact notation, it is convenient to introduce the vector notation
A
zoalk] £ [2g1lk] ... 2 N[E]T
a
zolk] = [2g[K] ... = plK])T,
corresponding to blocks of N and DN vector-symbol transmissions, respectively, and

x € {s,r,n} corresponding to the transmitted, received and noise vector block symbols

respectively.
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Here, instead of transmitting DN Ny x Ng matrix symbols as in the ST case, we trans-
mit differentially encoded vectors of length DN corresponding to the fading coherence

interval, and we can represent the received vector as
rolk] = selk|helk] + melk], 1<¢<L, (2.14)
where
T 4,qlK] £ [mZd,l[k] de,N[k”T’

zolk] 2 [&fi[k] ... e plk]]T,

corresponding to blocks of N and DN vector symbols transmissions respectively.

Vector Channel Model for Single Antenna DPSK

Similar to the DSTM case, we consider transmission of blocks of DN symbols over a
frequency non-selective block fading channel, with L independent fading realizations
per coding frame (see [19, 20, 27]). A sequence of information bits is encoded at the

encoder, and mapped to data carrying differential symbols

’Ue[k] = [’l)g’d’l[k]’l)g,d’z[k - 1] e ’Ug,d’N_l[k]]T (215)

consisting of D(N — 1) scalar differential symbols vy 4 (k] € V,1 < j < N,1<d < D.
Here, since we consider interleaving and deinterleaving as an integral part of the chan-
nel, a vector channel is considered between the transmitter and the receiver. Assuming
interleaving to be restricted to frames of LDN symbols, as in the DSTM case, at the
transmitter, the process of differential encoding can be described by generating the

transmit vector of dimension DN

Sg[k] = [Se,d)l[k]Se’dyg[k - 1] e Sg,d,N[k]]T, 1 S d S D (2.16)

from the D(N — 1) dimensional data vector v,q (k] via

Sedn—jlk] = Vean—jlk] - Sean-j—1lk], 1<j<N,1<d<D (2.17)
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where the reference symbol is chosen arbitrarily from the signal set S due to noncoher-
ent detection at the receiver. Here, the first (reference) symbol sy p n[k] of the block
8¢[k] is the last symbol of the previously transmitted block s,_1[k]. As [21] and [35]
note, this overlapping is advantageous with respect to spectral and power efficiency.
Deﬁning the D N-dimensional vectors of channel gains and noise>samples corresponding
to 8[k] by

holk] = [heai[klheaslk = 1].. heanlk])]T,1<d < D (2.18)

respectively, the input-output relation of the vector channel is represented as
r4[k] = 8¢[k)holk] + 10e[k] (2.20)

where the fading gains hy[k] and the noise n,[k] are complex valued Gaussian random
vriables with variances 1/v/2 and o2 respectively per complex component. For the
single antenna case t00, throughout this thesis we omit the frame index k for the sake

of simplicity.

2.2 Signal Constellations for Differential Space Time

Modulation

The signal constellations for DSTM that are supported in this thesis have been widely
studied in literature ([16, 15, 36, 12, 17]). Signal Constellation design for DSTM
basically involves design of constellations ¥V = {V,V,..., Vi 1} of M = 2N7Em
unitary matrices V,,, where R,, is the maximum supported bit rate in bits per channel

use, and one channel use corresponds to all Nr antennas being used simultaneously.

This ensures that throughout the course of this thesis, the rate R,, is independent of




2.2 Signal Constellations for Differential Space Time Modulation 16

the number of transmit antennas. We consider two basic kinds of signal constellations,

namely constellations from Group Codes and Non-Group Codes ([36],Table 4).

2.2.1 Constellations from Group Codes: Cyclic Codes or Di-

agonal Signals

To simplify design, group codes have been developed [16, 15, 36, 17|, which form a
group under matrix multiplication. A set of group codes implies V = 8§, i.e. the
differential symbols are the same set as that of the transmitted symbols. Cyclic group

codes or diagonal signals are defined as

(ro. aqm \
eitm/M g 0
0 emmam g
CCy(Maula"',uNT):< . . . . ’mG{O,l,,M—l}}
0 0 ... ei?mung/M
\ L m /

where u; € {0,...,M — 1}, 1 <1 < Nr are coefficients optimized with respect to
minimum distance. Some particular diagonal signal constellations that we use later for

analysis purposes are

£927/16 0 "
Ce,(16,1,3) = m e {0,1...15) (2.21)
0 6j21r.3/16

for Nr = 2 transmit antennas and modulation rate R,, = 2 bits per channel use and

/% 0 o |7
Ccy(9,1,2,5) = 0 229 Im € {0,1...8} (2.22)
0 0 ej27r.5/9

for Ny = 3 transmit antennas and R,, = 1 bits/(ch. use).
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2.2.2 Constellations from Non-Group Codes

Based on group structures, in the case of group codes considered by [36], we consider

another set of space-time constellations where V # 8.

Orthogonal Codes

-

Codes from orthogonal designs ([39]) can be applied with good performance results for
DSTM. For the special and widely considered case in literature of Ny = 2 transmit
antennas, DSTM based on Alamouti’s space-time block code is considered and applied.

These codes can be represented by

1 z -y 2w j2r(vVM—1)
Cop(M) = 7 Zi |z, y € {l,e%‘,...,e v}, M =2% (2.23)
Yy z

where the two symbols z and y are taken from +/ MPSK constellations. Such codes
yield good results and are used for analysis purposes, and also allow particularly simple

detection [1, 40].

Cayley Codes

Another class of non-group unitary constellations Cc, (N7, M) has been proposed by
Hassibi and Hochwald [12]. The differential matrix symbols are obtained via the Cayley
Transform of j A, where A = Z.?=1 Aga,, and Ay, ..., Ag are preselected Nr x Np
complex Hermitian matrices and ay, ..., a, are chosen from a set A with P real values.
Similar to previous work [23], we focus on the advantageous effect of transmit diversity

considering low and moderate modulation rates of R,, = 1,2,3 bits/(channel use).

One such Cayley constellation giving good performance and complexity results is the
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Cayley Code C¢,(2,4) given by

4 3\

A = Aal + Aag

A —~0.1853 0.8218 + 0.2694;
1 =
o _ 0.8218 — 0.2694; 0.1359
§ T2 +jA) (I~ jA) - >
4 —0.2935 —0.5885 — 0.5704;
2 =
—0.5885 + 0.5704; 0.3452

a1, Qo € {—'1,1} ).
(2.24)

for a modulation rate of R,, = 1 bit/(ch. use). We will use this particular diagonal

code for the random coding analysis in later chapters.




Chapter 3

Gallager Random Coding Exponent
for Differential Transmission and

Noncoherent Reception

3.1 Introduction

In this chapter, performance limits of coded transmission from an information theoretic
perspective are discussed. We discuss the performance of differential space-time mod-
ulation with MSDD using Gallager’s random coding exponent [10] as a performance
metric for the general block fading channel already described, and also use channel
capacity to characterize the transmission system. The first part of the chapter focuses
on multiple transmit and receive antenna systems, where we first introduce the re-
quired noncoherent channel probability density functions (PDFs) to characterize the
block fading channel in section 3.2.1 and then analyze the random coding exponent for
space-time modulation in section 3.2.2, and also introduce the channel capacity for our

transmission scheme. We provide detailed derivations of the random coding exponent,

19
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and explain in detail the effect of transmit diversity introduced due to our general block
fading model on the random coding exponent. In section 3.2.3 we introduce a reduced
complexity metric to calculate the error exponent, which eliminates the complexity
drawback where the calculation of the channel metrics involved a high dimensional
search space corresponding to the length DN of the channel coherence interval. We
present results illustrating our analysis for DSTM in section 3.2.4,.and to complete our
analysis of the random coding exponent, we present the corresponding single antenna

performance metrics and results in section 3.3.

3.2 Multiple Antenna Systems

In this section, we introduce the noncoherent PDF's required to characterize the space-
time channel and introduce Gallager’s random coding exponent for DSTM, along with
a detailed derivation of the exponent for the block fading channel model under consid-

eration.

3.2.1 Noncoherent Probability Density Functions

For noncoherent transmission, the channel described in section 2.1.1 is completely
characterized by the DN dimensional probability density function p(R,|V) for a given
differential vector V;,. Under our block fading assumption, in order to characterize our
vector channel model, we express the conditional noncoherent pdf (see [37]) as

exp (—tr {Rf\I’;leg})

p(R|Vy) = (mNNT det{ ¥ g})Nr

(3.1)

where

\I’R=5R[{RgR£[‘Ve} = NR(CT,ZLSgSgI + U,QLINNT) (3.2)
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is the conditional autocorrelation matrix of the received vector R, given the transmitted
vector V', with some arbitrarily chosen S;;. We note that det{¥ g} is independent of
V. Equation 3.1 is the expression for the conditional noncoherent pdf of the output
vector given the input vector each of length DN, and we differentiate from previous
work where the channel coherence interval was equal to N. We represent the overall

maximum-likelihood (ML) decoding metric as

= ZZ)\(RMIVM (3.3)

=1 d=1
where the metric increments A(Rgq4|Vq4) are log-likelihood expressions derived from
the probability density function (pdf) p(R¢4|Veq). The rationale for (3.3) is that since
the size of the effective signal constellation and hence the complexity of soft-output
MSDD increases exponentially with the window size N, the value for NV has often to be

chosen (much) smaller than the channel coherence interval of length DN, ie., D > 1

(cf. e.g. [8)]).

The pdf for the received sequence R given the sequence of differential symbols. V
assuming coherent detection with CSI can be decomposed into the product (H £
[HT...HL]")

L D
p(RIV,H) = [[[[p(RealVea He) (3.4)
¢=1 d=1

with the N NrNg-dimensional pdf
exp (_||Rt,d-Sz,de||2)
(o2 "V

P(Reg|Veg, Hy) =Es,,, (3.5)

We will use the pdf in (3.5) to derive certain metrics to bound the random coding

exponent in section 3.2.3.
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3.2.2 Random Coding Exponent and Channel Capacity

We consider the random coding exponent to be the definitive information theoretic
parameter to analyze the maximum data rate supported by the channel. Since channel
capacity assumes infinite code length and zero error probability, for most practical ap-
plications- we require an information theoretic performance measure that incorporates
code length and/or decoding delay and error probability to give an accurate perfor-
mance analysis. The random coding exponent pfoposed by Gallager relafes code length
or decoding delay to the reliability of the decoded data, namely the word error rate

(WER) P,. The random coding exponent is given by [10}
E(Ry, N, D) = max {Ey(p, N, D) — pRy} (3.6)
0<p<1

where Ry is the rate in bits per vector symbol, and Ey(p, N, D) is Gallager’s function,
derived in the next section. From the random coding exponent, given the number n,

of vector symbols v, per code word, the word error rate P, is bounded by

P, < 2~wERv.N) (3.7)

Derivation of Gallager’s Random Coding Exponent:

We refer to Gallager’s original derivation for the random coding exponent in [10], and
modify it to reflect the block fading channel under consideration. Since we consider
noncoherent transmission with L vector symbols V4, each consisting of N — 1 com-

ponents drawn from a signal set V, we denote the codeword of length L as V; i.e.

Vo=V Via---Vip) (3.8)

and the corresponding received vector R consists of L overlapping received blocks Ry 4,

ie. Ry= [R21R22 - RZD]T. We assume the transmission rate is Ry bits per vector

symbol.
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At the receiver, we assume decoding metrics of the form

D L . :
Ay (RelV2) =D " Xea(RealVed]) (3.9)

d=1 ¢=1
corresponding to (3.3), whefe nw = DNL denotes the dimension of R i.e. we assume
a memoryless channel. Let us aésurﬁe that a particular codeword V' is transmitted,
and if A, (R|V;) < An, (R|V ) for some d # t the receiver decides in favor of another
codeword. Then, given V; and a set of 2%" codewords, the word error rate (WER)

reads as

Pyy= / P (RIV)r(R)AR (3.10)
ReCc™
where p, (R|V;) is the n,, dimensional complex pdf of R given V, and the indicator

function 7;(R) is given as

_ 1, ifdn, (RIVy) < A\ (R|V ) £ d#t
T(R) 2 0o BV L) < dno(RIV o) for some 47 (3.11)
0, otherwise
Upper bounding 7;(R) by
T Pul®T]F|
n(R) < | ) [’“”T] ,  p>0 (3.12)
d=1,d#t nw(Rlvi)
(3.10) can be upper bounded by
[ @y
P,: < / Dn, (R|V7) Z {W] dR, (3.13)
Rec™ d=1,d#t L' Tw ¢

Now, additionally imposing p < 1, the random coding upper bound on the average

WER P, follows from averaging the right hand side of 3.12 with respect to V4 and
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V. Assuming the codeword symbols V¢q are chosen independently and identically

distributed with a fixed distribution Pr{V,4} not subject to optimization, we have

D L
pogotme [0S [T PrVeacn(BedVed %on (RIV)

Vey(rw-L) d=1£=1

(HH > PT{Ve,d}/\N(RZ,leZ,d)ﬁ) dR (3.14)

d=1{=1vy, ,eyN-!

ReCmw

Hence we have

w

P = 2—L(E0(p,N,D)—PRv), 0<p<i1 (3.15)

where Gallager’s function E,(p, N, D) is defined as

D L
\ 1 } _
Ey(p,N,D) £ Tlog2 ( / ( E HHPT{VZ,d}/\N(RE,d|V£,d)ﬁ%pnw(Riv)) :
ReC™

Veymw-L) d=1£=1
D L . d
H H Z PT{Ve,d})\N(Rg’dIVg,d) +e dR) (3.16)
d=1¢=1 Vl,dEVN_l

Here, we reiterate the fact that the considered channel has L independent fading real-

izations per coding frame, and we can rewrite the expression for Gallager’s function as

{=1d=1

E,y(p,N,D) = ———1og2 / / Z Z( HPT{VM} (/\N(Rg,d|Vz,d))T_ﬁ>.

P
)ﬂl—';> ) dR1 . dRL

(3.17)

Ry Vi
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We expand the above products to read

Eo(p, N, D) = ——logZ/ /Z Z(HHPT{VM} (Aw Rulved»w) -

Vi =1d=1
P(Re| V)
L D . b
TIIT | DC Prived On(RedlVea) ™ dR;...dR;.
£=1d=1 \Vygq ' }

(3.18)

Combining the product terms and interchanging the order of integration and summa-

tion, we have -

Ey(p, N, D) = ——Iogz/ /H
[(ZHPT{Ve,d}/\N(Re,AVe,d)Ti‘P) :| dR; ...dRy.

Ve d=1

PT{Ve,d} (A (Red| V) ™ - p(RelVe))} .

(3.19)

Since each block of DN samples experiences independent fading and is independently

processed at the receiver, we represent R; ... RL as R;,;1 <1< L to give

Ey(p,N,D) = —-—1og2H / (ZHPT{VM})\N(RMIVM)W p(Re|Ve))

e“lR V¢ d=1

D P
(Z 11 P"'{Ve,d})\N(RZ,dIVZ,d)IIT”) dR,

Ve d=1
(3.20)

Finally, we obtain

L = -
Eo(p,N,D) = - logQ/ (Z HPT{Ve,d}AN(Re,lee,d)‘_*% ‘p(Relve)> :

R, V, d=1

D p
(Z [T Pri{VeadAn(Red Vea) ﬁ) dR,

V; d=1

(3.21)
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Here, the product over all transmitted vectors L is equivalent to multiplying the results
of each vector by L, since each vector represents an independent fading coherence
interval. This expression 3.21 represents Gallager’s function for any arbitrary channel
with a fading coherence interval independent from the MSDD observation interval,
and simulation results shown in section 3.2.4 demonstrate the effect of various fading
coherence intervals on the random coding exponent. This is an invaluable tool to
accurately demonstrate the effect of varying MSDD observation intervals with the
" coding diversity kept constant, and allows for analysis of a far wider range of channels
that until now were restricted to having fading coherence intervals tied to N. Because
of the varying fading coherence interval, for the noncoherent case we need to take a
product over all possible N-dimensional (or N — 1-dimensional differential symbols)
transmitted vectors V4 within a transmitted vector of dimension DN and sum over
all possible transmitted vectors V', to obtain the DN-dimensional pdf

P, (T|V) = H P(Re,

i=1

Vi) (3.22)

where n,, = n,.N is the codeword length for the block fading channel under consider-

ation having DN consecutive transmit vectors seeing the same fading coefficients.

For the special case of D = 1, we refer to 3.14, and can express it compactly by
optimizing with respect to p. Hence the random coding exponent E(R,, N, D) is given

by

E(Ry, N, D) £ max {Eq(p, N, D) — pRy} (3.23)
and the expresion for Gallager’s function
1N 14p
Eo(p,N,1) = —log, | € { & { (%) 1+,,} (3.24)
with tﬁe WER bounded by
1+p L
P, < 2RLe 3" Pr{Vepn(ReiVe)™ | dRy (3.25)

R[ECN V[GVN_I
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This is exactly the expression seen in [10] to calculate the random coding exponent for
various channels and constellations. From information theory, we know that Gallager’s
function Ey(p, N, D) is upper bounded by the coherent channel with perfect channel
state information (CSI) as Eo csi(p, N, D). The performance of noncoherent transmis-
sion without CSI is clearly expec’ted to improve as the MSDD observation length N
increases, as the dependencies amongst received symbols are compromised by the in-
creasing N, and the channel memory is more completely taken into account. However,
when we look at the performance taking decoding delay constraints into account, we
observe an interesting effect. We see that for noncoherent transn:lission over a block
fading chanﬁél, where the channel coherence interval is equal to the MSDD observa-
tion window, the error exponent and the cutoff rate are decreasing functions of N,
and decreases substantially as the fading memory becomes large {29, 41]. This behav-
ior illustrates the reduced diversity achievable by coding when the MSDD interval N
increases and the delay (VN — 1)n, is fixed, resulting in a higher WER as shown byv 3.7.

Channel Capacity

From information theory [10], the average mutual information I(;) in bits per vector

symbol is given by

Ry |V
I(Rea; Via) = Ery v {1og2 (p( 4 "d)>} (3.26)

p(Rya)

where
P(Red) = Ev, o (P(Red|Ved) (3.27)

is the average pdf of the channel output.

Another information theoretic parameter to analyze the performance of block fading

channels is the channel capacity C(N) where we will consider the input distribution

to be uniformly distributed, and hence refer to ”capacity” meaning constellation con-
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strained capacity [23]. For the conventional case of channel coherence interval equal

the the MSDD observation window N, the average mutual information

R4V
I(Re’d; Ve,d) — gRl,d’Vl,d {10g2 (pNNTNR( e)dl E,d))} (328)
pNNTNR(RZ,d)

measured in bits per matrix symbol V' is considered, where

pnene(Red) = Evy (Pnnenn (RealViea)} (3-29)

is the average pdf of the channel output. We normalize the channel capacity with

respect to DN — 1 components per data vector symbol V4, giving

1 1 Ry 4|V
C(N) & g  T(Reai Ved) = Hr—g  EreaVea {log2 (Me—d))} (3.30)

3.2.3 Reduced Complexity Metric to Calculate the Random

Coding Exponent

In order to efficiently compute the random coding exponent for higher dimensions
(i.e D, N >> 1), we introduce a reduced complexity derivation of the random coding
exponent in this section. We begin with the expression for the WER bound, obtained
from Gallager’s function given by 3.21. The average probability of decoding error P,
is bounded by

P, < 27#NrBny / (Z H P?‘{Ve,d}A(Re,dVe,d)%P(Relve)>l

R, Ve d=1

(ZHPT{Vl,d})\(Re,dIVad)ﬁ?) dR, (3.31)

Ve d=1
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We note the simplification
PRIV 2 [ p(HIp(RIV e HOIH,
H,

D
/ H P(Rea|Viea, He)dH,

H, d=1

(3.32)

>

where p(Ry|V ¢, H;) is the pdf for the received sequence R, given the sequence of
differential symbols V', assuming coherent detection with CSI. Using the pdf’s from
section 3.2.1, 3.31 and 3.32, we can rewrite the expression for the probability of decoding

as
P< oot [ ST p(RIV, H)[exp(A(RIV))]

HletLNTXNRV‘ean
RleCn“’NTXNR (333)

( > [exp(A(RlV))ﬁ) d(He, Ry)

Veynry
for 0 < p < 1, where the PDFs p(R|V, H) and A(R|V') have been described in section

3.2.1. Optimizing the parameter p such that the upper bound (3.33) becomes tightest,
we can write

P, < 2~™E-(RN.D) (3.34)

where E,(R, N, D) is the random coding exponent given by
Er(Ra N’ D) = Orgag(l{EO(pa Na D) - pNTR} . (335)
<p<

After manipulations using (3.3), (3.4), and (3.33), the Gallager function Ey(p, N, D) is

obtained as
D

1
Eo(p, N, D) = ~ 57—y o8 [‘fﬂum{ II

d=1

Evig {eXP(A(Re,d|Ve,d))_ri7p(Re,d|Ve,d, H,) }

i (3.36)
(gvl»d {exp ()‘ (Re,d I Vg,d) ) T+p

(Evee (P(RealVea H)Y) ™
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Here, using the Monte-Carlo technique we rewrite the integrations as expected values
£(.) and again make use of 3.3 and 3.4 to rewrite R,4 and V4 in terms of R, and
V. In Appendix A, we look into this derivation of Gallager’s function with reduced

complexity in greater detail, and present only the result here for coherence.

3.2.4 Results and Discussion

In this section, we discuss the performance of differential space time modulation based
on channel capacity and the random coding exponent. The random coding exponent
analysis from section 3.2.3 is an invaluable tool to calculate the random coding exponent
for channels not restricted by previous analysis, where the channel fading coherence
interval was tied to N. Here we first analyze the performance of DSTM, and the
advantage over single antenna systems for the purpose of random coding exponent
analysis, and show that orthogonal constellations perform better than any other kind

of space-time code such as diagonal constellations.

A) Random Coding Exponent Results

In this section, we demonstrate the random coding exponent for differential space-time
modulation for the channel under considerations with fading coherence interval varying
and not constrained to N. We use the results from section 3.2.3 to obtain the simplified
expression for Gallager’s function and correspondingly the random coding exponent.
In order to compare and analyze the random coding exponent for DSTM, we plot
Gallager’s exponent against the rate R as in the single antenna case to justify our claim
that the above analysis enables us to analyze channels where the coding diversity is
kept constant though the MSDD observation interval N may change. We also perform

SNR-delay analysis for the exponent and compare it with the single antenna case, to

fairly compare the potential advantages of DSTM with multiple transmit antennas over
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Figure 3.1: Gallager Ezponent vs Rate for DSTM, Orthogonal codes with CDD (N =
2) target rate R, = 1 bit/(channel use): Effect of coding diversity

single antenna traditional DPSK. The decoding delay t, is measured as the number of

scalar transmitted symbols required for decoding, i.e in this case

td = (DN - ].)Tld = (DN - l)L (337)

where ng = L is the number of vector symbols per code word.

1) E(R, N, D) analysis for DSTM: In fig. 3.1, we illustrate the advantage of the deriva-

tion in section 3.2.3. When we compare schemes with different values for N and/or

Nr, we use the normalized coherence length n./L = (N — 1)Dlog,(M) as parameter
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Figure 3.2: Required SNR (10log,;(Es/No)) vs ta in PSK samples, D4PSK and
Cop(16). Dashed lines: DSTM, Solid lines: D4PSK

to specify the amount of coded diversity (either temporally or spectrally) available.
As a counterpart to the advantage of being able to compare different MSDD observa-
tion intervals N for the same coding diversity, we show the effect of different coding
diversities n./L = 20, 40,100 i.e coding diversities 10,5 and 2 respectively for DSTM
with orthogonal designs and target rate R, = 2 bits/(channel use). We observe that
keeping the observation window N constant while increasing the diversity allows the
transmitter to see more independent fading realizations, thereby increasing the coding

diversity and correspondingly a better random coding exponent performance.

2) SNR-delay analysis for DSTM: Advantage over Single Antenna Systems: Here, we
demonstrate the advantage, taking decoding delay constraints into account, of DSTM
with multiple transmit antennas over single antenna modulation. Fig. 3.2 shows the

required E;/Ny/Ng per received antenna to achieve a WER P,, < 0.001 as a function of

the decoding delay. We plot the random coding exponent for single antenna DPSK with
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(b) MSDD (N =3): DSTM with Cop(16)

Figure 3.3: Required 10log,,(Es/Ny) vs Decoding delay ty in PSK samples. Target rate
R;=1 bit/(channel use), CDD (N =2) and MSDD with N = 3
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CDD and MSDD, and compare it with the corresponding DSTM results. Interestingly,
we note that not only do we get an added SNR boost by switching for Nr =1 to Ny = 2,
but for smaller delays t; < 102...10% DSTM performs significantly better than DPSK.
For the single antenna case we noted that for smaller delays, the gain obtained from
MSDD is countered by the reduced diversity of not seeing .enough independent fading
realizations, hence the curves for different N’s intersected. However, for DSTM we
see that the potential advantage of DSTM remains even for small delays, effectively
providing enough diversity via space-time coding to retain the advantage of MSDD. In
fig. 3.3 we look more closely into the advantage of DSTM over single antenna systems.
For this purpose, we compare CDD (N = 2) and MSDD with N = 3 for both schemes.
We note of interest that while the advantage of DSTM over single antenna DPSK is
apparent at high decoding delays where the situation closely resembles the capacity
case with potentially infinite delay, the advantage of DSTM is more apparent for low
delays. This shows that with reduced diversity available for low delays and a specific
window size N, the DSTM advantage far exceeds the single antenna case due to the
space-time coding and overlapping process. This result shows the beneficial advantages

of transmit diversity with N > 1 over standard single antenna differential modulation.

3) Effect of D: In order to characterize and analyze our proposed modified channel, we
observe the effect increasing the fading coherence interval has on the random coding
exponent. In fig 3.4, we show the effect increasing D has on the coding exponent. The
curve for standard DSTM as in section 2.1.2 with D = 1 is shown as a reference. We
observe that increasing D reduces the diversity observed on the channel by reducing
the number of independent fading observations seen by the channel, hence requiring
a higher SNR to achieve the same WER. This results in a degraded random coding
exponent performance as seen by the increasing curves in the figure. Here we consider
transmission of orthogonal codes with MSDD observation window N = 3, and change

D to reflect the increased fading coherence interval.
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Finally, in order to complete our introduction to the random coding exponent for
DSTM, we compare F(R, N, D) for single antenna systems and DSTM from a coding
diversity point of view. Fig. 3.5(a) compares the random coding exponent E(R, N, D)
for single and multiple antenna systems where the coding diversity is the same in
both cases. For a fair comparison, the normalized fading coherence length n./L is
taken in PSK samples, hence an accurate comparison between single and multiple
antenna systems can be made. In each case, for diversities 10, 5,2 i.e n./L = 20,40, 100
respectively, the random coding exponent obtained from DSTM offers a significant
advantage over the single antenna case. We keep in mind the fact that since the WER

bound is inversely proportional to the random coding exponent

P, < 2~wE(RN.D) (3.38)
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a higher random coding exponent implies better performance since less E;/N; is re-
quired to achieve the same WER. In fig. 3.5(b), the random coding exponent is shown
as a function of the total decoding delay ¢, for the case when the transmitted vec-
tor length DN is maintained constant. We plot the SNR, 10log,,(E/No) required
to achieve P, < 1072 according to (3.33) as function of code length n, for transmis-
sion with rate R = 1 bit per scalar channel use. The normalized coherence length is
ne/L = 100, i.e. L degrees of freedom, and thus coded diversity increases linearly with
code length n.. Two things are interesting to note. First, increasing N consistently
improves power efficiency regardless of n.. This is decidedly different from [24], where
coded diversity was decreasing with N. Second, the gain due to transmit diversity
increases with decreasing n.. This result reiterates the benefits of spatial transmit

diversity if coded diversity is lirﬁited, e.g.,' due to delay constraints.

B) Capacity Results

In fig. 3.6 we compare the channel capacity obtained with DSTM with that from
single antenna DPSK, and see the potential advantages of coding bver multiple an-
tennas i.e Nr > 1. In 3.6(a), we plot the normalized capacity C(N) over the SNR
i.e 10log,o(Es/No/Ng) for CDD (N = 2). We can see that increasing the number
of transmit antennas Np from 1 to 2 consistently increases the gain by about 2 dB
in power efficiency for Ng = 1. We take constellations with the best performance
[[16, 15, 36, 17]], and refer to section 2.2 to obtain the best constellations. As a sum-

mary, the rates and the corresponding DSTM constellations are given as follows

Modulation Rate R,, in bits/(channel use) Nr=2

1.0 Cca(2,4)
2.0 Cop(16)
3.0 Cop(64)
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The advantage of MSDD with DSTM is shown in fig. 3.6(b), where we show the ef-
fect of increasing N on the channel capacity. As expected, while operating under
unconstrained decoding delay scenarios for channel capacity, the increasing MSDD ob-
servation window N provides an increase in channel capacity for any given SNR of
interest. Noting from [23] that in a perfectly interleaved fading channel, time diver-
sity is utilized through channel coding, and additional transmit diversity is limited,
we take into consideration Ny = 2 DSTM analysis. As mentioned, the best DSTM
constellations are taken according to table 3.2.4, and this can be seen from fig. 3.7(a).
A comparison is shown between orthogonal constellations and diagonal constellations
for N = 2,3,4, and we can see than orthogonal constellations perform best for mod-
ulation rate R,, = 2 bits/(channel use). We also show in fig. 3.7(b) the capacities for
2 different modulations rates i.e R, = 1,2 bits/(channel use), and N = 2,3,4. The

constellations are taken from table 3 2.4.

3.3 Single Antenna Systems

For the case of Nr = Np = 1, traditional single antenna differential modulation with
MSDD results. The analysis of the random coding exponent exactly follows along the
lines of 3.2.3, and we forego the analysis and present only the results, which we apply

in section 3.3.3 for performance analysis using the random coding exponent.

3.3.1 Noncoherent SISO Channel PDF

For noncoherent transmission over a single transmit and receive antenna system, the
channel described in 2.1.3 is completely characterized by the N dimensional pdf p(rg4[k]|veq[k])

of the received vector r,4[k] given the transmitted vector ve4(k]. Since 7¢4(k] condi-

tioned on 8,4(k| is the sum of zero-mean complex Gaussian random variables, the
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conditional pdf according to [32] reads as

: _exp(=ri[klsealklnnsealk]” + oA In) " realk])
p(realk]|seqlk) = Vet {8 k1K) + 02T (3.39)

where 1, is the autocorrelation matrix. From this equation, the conditional proba-
bility p(reqk]|veq[k]) is obtained by averaging the above probability p(req(k]|seq[k])
with respect to the reference symbol 8 4(k]. For the:special case of M-ary DPSK, the
averaging mentioned above can be omitted, and we can further simplify the pdf 3.39
as

exp(—r 4KV o,alk)(Wpy + 02) 7 (r (K] V 0ak])7)
mNdet{vy, +o2In}

p(realk]|veq(k]) = (3.40)

analogous to the multiple transmit and receive antenna metric.

3.3.2 Random Coding Exponent and Capacity Analysis

As previously mentioned, we disassociate the channel coherence interval from the
MSDD observation window, making the channel fé,ding remain constant for DN sym-
bols, where DN — 1 transmitted differential symbols are differentially encoded to pro-
duce transmission vectors of length DN. The analysis for the random coding exponent
closely follows from the analysis done in section 3.2.3, so only the result will be repro-
duced here. Following the theoretical analysis, the random coding exponent for single

antenna differential modulation can be written compactly as

with Gallager’s function Ey(p, N, D) given by

-1 D -
Eo(p, N, D) = _n—logz/ (ZHPT{ve,d})\(Te,dlve,d)‘_*% ‘p(T‘elv)e) :

v d=1

e

D ’ e
(Z [ PriveaddMredvea) m) dr,

(3.42)

v d=1
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Once again, we apply the metric simplification from section 3.2.3 to reduce the number
of candidate vectors for maximum likelihood decoding, by rewriting the expression for

Gallager’s function as
D

1
Eo(p,N, D) = “IN-1D log, lgwhz{ II

d=1
Evpa {exp(/\(re,d|Ue,d))_ﬁ—"p(7‘e,dive,d, he)}

(8”t,d {eXP()\(Tz,dlve,d)) = }) ’
(g'vt,d {p("'E,dl've,d, he)})-l }] .

(3.43)

Channel Capacity

As discussed in section 3.2.2, channel capacity is another essential information theoretic
tool to classify the memoryless blockvma‘tr:ix channel between the transmitted symbols
vgq and the received symbols ;4. Similar to the single antenna case, ”capacity” in
this case refers to the associated mutual information normalized with the respect to

each channel use i.e N —1 as

1 1 Ted|V
C(N) & N_o1 I(req;ve4) = mé}t’d’vl,d {log2 (QLI)?:—e—ﬁ‘ﬂ)} (3.44)

Fig. 3.8(a) demonstrates the channel capacity for single antenna DPSK for different
rates R = 1,2,3 bits/(channel use), and fig. 3.8(b) illustrates the random coding
exponent for different MSDD observation intervals N for single antenna DPSK. Both
channel capacity and the random coding exponent are demonstrated and explained in

section 3.3.3.

3.3.3 Performance Analysis: Results and Discussion

In this section, the presented analysis for the random coding exponent for single an-

tenna DPSK as well as channel capacity are discussed. Correspondingly, channel ca-




3.3 Single Antenna Systems 43

—_—
w
&

T

~
T

o

@,

o
T

(X3

Gatager Function E(RLN)

Capacity (bits/ch. use)
)
s

L J L L 1 : ! I
30 35 X X 08 1.2

o 5 0 18 x
SNR (10log;o(E./No)dB) 5

(a) Channel capacities C(N) for sin- (b) Random coding exponent E(R,N,1) for
gle antenna DPSK, Rates R, = 1,2,3 single antenna D{PSK
bits/(channel use)

Figure 3.8: Capacity and Gallager functions for Single Antenna D4PSK

pacity and the word error rate obtained from the random coding exponent are analyzed
as a function of the required signal to noise ratio 10log;o(E;/Ny), and decoding delay
in PSK samples t; respectively. As general and interesting cases, for single antenna
modulation we consider 4-ary and 8-ary modulation supporting 2 and 3 bits/(channel
use) respectively. Specifically, we consider D4PSK and D8PSK as suitable signal con-
stellations for transmission. Throughout the thesis we consider block fading channels

as already discussed in section 2.1.3.

Random Coding Exponent Results

In this analysis, unlike channel capacity which has been discussed at length in literature,
we put our transmission system under decoding delay constraints. As mentioned, we

consider the random coding exponent to be a necessary and adequate information

theoretic tool to analyze the transmission system, and to this end we discuss the average
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signal to noise ratio (SNR) yielding a random coding exponent, which in turn leads to a
word error rate (WER) not greater than a given threshold P,. Also, in order to clearly
emphasize the effect of various block fading scenarios on the random coding exponent,
we show the Gallager exponent E(R, N, D) as a function of rate R in addition to the
Gallager exponent-delay-SNR, examples, to clearly illustrate the effect of the channel
coherence interval on the random coding exponent. In all cases, we consider either
D8PSK or D4PSK with supported rate 3 and 2 bits/(channel use) respectively and
a block fading channel with channel coherence interval DN — 1 differential symbols.
The target rate considered is R = R, /(D.(N — 1)) where R, is the rate in bits/(vector
symbol).

In figure 3.9, we show the random coding exponent E(R, N, D) as a function of rate
R for D4PSK, where the decoding delay ¢, is kept fixed at 100 PSK samples, and the
transmission diversity obtained by the varying fading coherence interval is changed.
From figure 3.9(a) we note that as the fading diversity L is increased from 2 to 5 to 10,
the random coding exponent increases, agreeing with our discussing wherein for the
same decoding delay, the channel sees more independent fading realizations, thereby
increasing the diversity and correspondingly the random coding exponent. The same
argument, is employed for figure 3.9(b), where instead of CDD as in the previous figure,

MSDD with N = 6 is employed.

In figure 3.10, the effect of MSDD is shown. For a fair comparison, the normalized
coherence length DN is kept constant at 12, and the MSDD observation window N
is varied. From this, we can clearly see the beneficial effect of increasing N while
keeping the overall diversity constant, as the differential encoding effect becomes more
apparent. Fig. 3.10(b) shows the required 10log,,(Fs/Ny) required to obtain a WER
not greater than 0.001 i.e P, < 0.001. For long delays, the situation resembles the

capacity case, where the decoding delay does not affect the performance significantly,

and the effect of MSDD is apparent in the reduced SNR required to achieve a particular
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WER. However for shorter delays, the effect of shorter component codes or the reduced
diversity seen from the fewer independent fading realizations outweighs the effect of
MSDD, and the curves intersect where increasing the observation window results in a

deterioration in performance for t; < 10%...10°.

In order to demonstrate the effect of the channel with fading coherence interval not
equal to N, we observe from figure 3.11 the effect of increasing D while keeping N the
same. Increasing D effectively reduces the number of independent fading realizations
seen for a given decoding delay ¢4, hence reducing the effective coding diversity. The
effect of this reduction can be seen in the increased SNR required to achieve a particular
WER as D increases. Finally, fig. 3.12 shows F(R, N, D) as function of R for D4PSK
transmission, SNR 10log,,(Es/Ny) = 10 dB, and fixed normalized coherence length
ne./L = 40. As can be seen from fig. 3.12, and as expected from MSDD performance

results in e.g. [8], the random coding exponent for MSDD approaches that of coherent

detection with CSI, which is included as reference curve, with increasing N.
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Chapter 4

Modified Tree-Search and Sphere
Decoding MSDD Algorithms

In the previous chapter, we derived expressions for the random coding exponent for
both single antenna systems and DSTM where the channel coherence interval was
independent from the MSDD observation window. This helped us analyze a wide range
of channels without any restrictions on the channel coherence interval, for example if
the coding diversity was kept fixed but the MSDD observation window N was allowed
to vary for analysis of different MSDD strategies. However, one drawback of this

derivation was that the expression for Gallager’s function Ey(p, D, N) given by

D

1
Ey(p,N, D) = "N -1)D log, [Em,m{ I1
: d=1

Evig {CXP(/\(Re,dIVe,d))_#"p(Re,dVe,d, He)}
(gvt,d {exp()\(Re,d\Ve,d)) 5

(Evos {p(Rea|Vea, H)Y) ™'

p
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involved summing over all possible vectors V4 of length N, where the value for NV
could involve an extremely high complexity cost as the complexity for MSDD increases
exponentially with not only N but also with the number N7 of transmit antennas and
the modulation rate R,,. In order to reduce the complexity cost for analysis of such
block fading channels, we make use of efficient tree-search algorithms to overcome the
complexity limitations of MSDD for differential space-time modulation([34]), and with
novel modifications to this tree-search approach we obtain an efficient implementation
of Gallager’s random coding exponent for our block fading channel under considera-
tion. Furthermore, we propose a novel "modified metric” using this stack algorithm
to provide accurate bounds for the random coding exponent and time delay analysis,
which reduces the computational cost for analysis of our modified block fading channel

by many orders of magnitude.

In section 4.1 we consider the tree-search algorithm for single antenna systems, and
explain the working of the tree-search stack algorithm. This algorithm will later be
extended to the DSTM case in‘section 4.2 for Alamouti’s Ny x Ny for Ny = 2 code
as well as diagonal DSTM constellations, where we use a modified sphere decoding
algorithm to‘ obtain computational efficiency during our search. We then achieve ac-
curate bounds for the random coding exponent as well as the time-delay analysis of
the random coding exponent in section 4.3 by using a combination of efficient mod-
ified tree-search algorithms, the modified performance metric for calculation of the
random coding exponent and a novel sorting approach that enables us to formulate
an efficient ”stopping criteria” to terminate our MSDD tree-search for an increase in
computational efficiency. We also analyze the effect of this modified metric on the
random coding exponent and formulate a tradeoff between the efficiency or complex-
ity of the tree-search algorithm and the tightness of the corresponding bound on the

random coding exponent. Since our work is focused primarily on space-time coding,

the analysis done for single-antenna systems serves as a reference for the DSTM case,
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where we include some more detail to the analysis. We present results for the various
approximations and bounds in section 4.4 for multiple antenna transmission as well as

single antenna DPSK for reference.

4.1 Single Antenna Systems: Multiple Symbol Dif-
ferential Sphere Decoding (MSDSD)

In this section, we review some efficient algorithms for reducing the complexity cost
of MSDD, where the complexity for decoding increases exponentially with the MSDD
observation window N. We mainly focus on tree-search algorithms for MSDD for
single antenna systems, and apply sphere decoding to Maximum Likelihood-MSDD
(ML-MSDD) also known as multiple symbol differential sphere decoding (MSDSD)
(see [22]).

In this section, we devise efficient sphere decodin.g algorithms for MSDD corresponding
to [22], where we reproduce the results here to make the analysis in further sections
clearer. For maximum likelihood MSDD (ML-MSDD), we obtain the estimate 84
based on the observation of the N-dimensional received MSDD vector . For the case

of Rayleigh fading, the maximum likelihood decision rule is [13]

8¢ = argmin{r, R 'rs4} (4.2)
81,
with the correlation matrix
R, £ E{reariy|sea} (4.3)

Applying the Cholesky factorization of the inverse matrix C~' = LL¥, and further

defining U £ (L¥diag{r,q})*, where L,U are upper and lower triangular matrices
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respectively, we obtain the ML decision metric
814 = argmin{U s, 4||*} (4.4)
8¢,d
This is generally regarded as a shortest vector problem that can be solved using sphere
deéoding. The sphere decoder examines only those candidate vectors s, 4 that lie within
a sphere of radius (distance) R

|Useal* < R (4.5)

As has been discussed, due to the upper triangular form of U, the metric for ML
detection (see 4.4) can be checked component-wise i.e. having found initial candidates
§; for the N — ¢ previous components 8;,2+ 1 <! < N, where we eliminate the indices
¢, d for simplicity, we can obtain a condition for the ¢th component, as follows. If the

squared length,

N 2

dz?+1 = H

I=i+1

N
[T v

i=l

(4.6)

where u;; is the U entry in row ¢ and column j, 1 <4, < N, then the candidates s;
have to Satisfy the criteria -

2
+d}, < R? (4.7)

N

U84 + H 'U,iij
J=i+1

&2 =

Once a valid vector 8 is found (¢ = 1), then the radius is dynamically updated by
R = ||U8|| and the sphere decoding is repeated with s = 2 and the updated radius. If
no candidate vector 8 is found within the updated radius R, MSDSD stops.

The stack algorithm used in this thesis basically eliminates one drawback of the sphere
decoding algorithm, where searching needs to start from the beginning each time the
decoded is called to provide the next best candidate. In the stack algorithm, we
calculate an initial metric (or sphere decoding distance) from the upper triangular

matrix U, and each time replace the path at the top of the stack with all its extensions.

This process is repeated, and the first path of MSDD length N at the top of the stack
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is the optimal path corresponding to the best transmitted vector V4. We then store
the stack and continue with this stack when the next best candidate is required (see

section 4.4.1).

4.2 Multiple Antenna Systems: Tree Search based

Sphere Decoding Algorithms

As mentioned previously, similar to the single antenna case, the complexity of MSDD
for differential space time modulation too increases exponentially with the MSDD ob-
servation interval N. A number of sub-optimum decoders have been proposed for
DSTM specific to certain Space-Time constellations and/or MSDD observation in-
tervals ([11],[38],(6]). Lattice reduction based techniques ([5]) and sphere decoding
techniques ([7]) amongst others have been proposed in literature, and to this end we
apply tree-search based sphere decoding algorithms for efficient decoding for our pur-
pose. From [34]the maximum likelihood (ML) metric can be rewritten as a sum of N

non-negative scalar terms

82 £ ||V 4a R t0) + X eall® (4.8)
where N
X4 £ Snt1,ed Z Sfe,an,j,(e,d) (4‘9)
j=n+1
P
and R, ;4 = a];f" R, 1<n<N-1n<j<N. pg-n) and (oé"’)2 denote the

€
jth coefficient of the nth order linear backward minimum mean squared error (MMSE)

predictor for the discrete time random process Hyq + N,4 and the corresponding

variance respectively, and pg") = —1. Defining
N-1
GEY IIViRi+ XillP=d, +6), 1<n<N-1, (4.10)

i=n
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where d%, = 0 and d? is the ML metric in 4.9, we simplify the notation by eliminating
¢,d. We begin the sphere decoding algorithm at n = N — 1, and select the candidate
transmitted vector V', based on tentative decisions V= Vj, n+1<j7<N-1and
we decrement n until the current metric d,, does not exceed a certain maximum metric
pied, < p. Once we reach the top of the "stack” i.e. have traversed through until
n = 1, we use the metric of the cﬁrrently examined best candidate Vn to reduce the
search space by updating p = d;. If, for any n, d, exceeds p, n is incremented and a
new candidate transmitted vector Vg,d is examined. Once the sphere decoder reaches
n = N meaning that there are no candidate vectors inside the current search sphere,

the algorithm stops.

4.2.1 Algorithms for Orthogonal Space-Time Codes

For orthogonal designs, given by

_b*
v, 2 % ¢ a,b € VMPSK (4.11)
b a*

it is relatively easy to show that
62 = v, + Re{anon} + Re{b,3,},1<n <N -1 | (4.12)

with ayp, B, being functions of the elements in R, ,, X, , respectively. It turns out
that the parameters a,, b, minimizing the distance §2 are independent of each other,
hence the sphere decoding algorithm can be regarded as an extension of single antenna

MSDSD as in section 4.1 to differential space-time modulation.

4.2.2 Algorithms for Diagonal Constellations

For diagonal constellations, given by the set

Vp & {diag{ere, ..., oE MY € {0,..., L~ 1)) (4.13)
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using the cosine approximation, the problem for minimizing 62 can be turned into a

Nr-dimensional lattice decoding [5, 26] of the form

Cr 1T . - SEIR
bl,l 0 I tl
b b T t
& = argmin 4 o e 2l - 2 > (4.14)
zcZNT . . . .
L[| bvesr O bnpve | | TN | | tNe ||

To obtain &, we apply the sphere decoding algorithm and take advantage of the lower
triangular structure of 4.14. We find possible candidates for X; € Z and increase

1,2 <1i < Nr, as long as

i
/,Lz2 = |b1,1.'131 — t1|2 + Z ij,lxl + bj,j.’f?j - tjl2 < 7‘2 (415)
i=2
with £; = [(¢; — b;,121)/b;;]- If pn, <7, 71 is considered to be the temporary decoder
result, and the search continues with the updated radius r = uNy. The sphere decoder
terminates when |b;1z; — t1] > 7. Hence the overall search is limited to a single

dimension rafher than the Nr dimensional search space of ML-MSDD.

4.3 Bounds Using Tree-Search Algorithms

In this section, we aim to present accurate bounds to the random coding exponent us-
ing the results from section 3.3.2 and the above mentioned tree-search or Stack based
decoding algorithms. Here, we reintroduce the notations for the modified channel of
coherence interval DN, and differentiate between the corresponding metrics for the
block fading channel where the fading coherence interval is equal to the MSDD obser-
vation window N. We begin by revisiting the ML noncoherent metric py(Req|V ¢,4)

given by
exp (——tr {Rfd\Il,}l Rg,d})

P(RealViea) = (4.16)

(7NNt det{ T g})Nr
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where

Ur=ERr, {ReaR|Vea} = Nr(07504Ssy + 02 Inng) (4.17)

with some arbitrarily chosen S;4;. We note that det{¥g} is independent of V4.
Inserting (4.17) into (4.16) the decoding metric follows as

AN(RealViea) = log(p(RealViea))

_||Real? | opl|Red” Seal?
NRO'% NRO'%(U% + NO’,%)

(4.18)
—Nglog(n"NT det{¥R}) .

Since we would like to provide accurate bounds on the random coding exponent
E(p, N, D), we begin with the already derived expression for Gallager’s function for
differential space-time modulation for the modified channel, with channel coherence

interval DN given by

D
n .
Eolp,N, D) = ~"2log, [ (ZHPr{Vd}AMRe,drve,d)ﬁ% -pmv(ReIVe)) -
- v R, \Ved=l

D P
(Z I1 Pr{Vg,k})\N(Rg,k|Vg,k)ﬂL7> dR,

Vy k=1

(4.19)
Different from the case of coherent detection with CSI, the MSDD metric Ax (R 4|V ¢,4)
cannot be split into individual terms depending only on V45, 1 <n < N — 1. Thus,
averaging over the set V"' instead of V is necessary in (4.19), which becomes com-
putationally expensive for large values of N. We therefore consider an approximation
of Ey(p, N, D) using only a subset ¥V, C V¥ ! of differential symbols to reduce compu-
tational complexity when numerically evaluating Ey(p, V, D). We begin our analysis
with the special case of D = 1 and spatially uncorrelated fading, and based on the

results obtained we look at the block fading channel under consideration, where the

fading coherence interval is not fixed.
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4.3.1 D =1 and Spatially Uncorrelated Fading

For the interesting special case of D = 1 and spatially uncorrelated channels, i.e., each
block of N transmitted space-time symbols experiences independent fading and 4.16 is

the correct ML decoding metric, the Gallager function can be simplified to

1
Eo(p,N,D=1) = NEEE
14p

Evis {P(Bet[Ve1) ™7 | (4:20)
(v, {p(Ren Vo) }) ™ '

log, (R,

Considering (4.20) it is reasonable to choose the subset V; of the ML search space such
that the ratio

r(Cy) £ 0,/0 <1 (4.21)
with
o 2 &y, {p(RealVer) 7 ] (4.22)
o & Y (R (4.23)
V1€V

is maximized for a given cardinality
Cs 2|V < M1, (4.24)

This means we only consider the dominating terms when averaging over V,; and to do

so, we need to sort matrices V', € V"V~ according to decreasing values of p(Ry1|V 1)

A) Sorting:

An efficient way to accomplish sorting without actually calculating p(Rg1|V,) for

all Vi, € VY1 is to run a detection algorithm which returns the best (ML) and

successively the next best estimates for V,; according to p(R¢:1|V 1) and given Ry ;.
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As this detection requires a tree search and the search metric is additive, we use a
modified version of the stack algorithm as described in section 4.2, which continuously
finds the next best signal point. We calculate the maximum likelihood metric using
the tree-search based stack aigorithm as described in the previous section, each time
saving the stack and corresponding the path through the tree as we proceed. We then
rerun the algorithm starting from the previously saved locations, thereby giving us the
next best metric to the ML metric. We continue this process until sufficient accuracy

and/or complexity has been reached according to 4.21.

B) ‘Choice of C,:

For a given C the ratio r(Cs) in (4.21) significantly varies depending on the realization
R,,. It is therefore advisable not to fix Cs but to choose it adaptively when Monte-
Carlo integrating (4.20). To this end, let V,(Zi’) be the C,th best term found by the
stack algorithm. The upper bound

1

002 g, + (1= C/M" ) (p(Res V) ™ > 0 (4.25)

for o allows to lower bound r(C;) by
r(Cy) > 22 (4.26)

Gu

We then can choose C; such that the lower bound exceeds a certain threshold value of,
e.g., 0.9 for 90% accuracy of the Stack Algorithm. We can then control the accuracy of
our approximation, by modifying the parameter 7(C;). A higher value of r(Cj) closer
to 1 indicates a higher accuracy, however it would also involve a higher complexity.
In this case, rather than computing the additions or complex multiplications to gauge

complexity, we define complexity as the number of candidate vectors in the signal space

of dimension MP¥ that the stack algorithm tests in order to achieve a certain accuracy

for the random coding exponent (RCE) bound.
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C) Bounds for Ey(p, N, D):

Let us define

1
n £ (Evy, {p(Ren|Ven)}) ™ (4.27)
1 ¥ ‘
ns = ( Z WP(RE,llvf,l)) (4.28)
Vl,levs
A 1
T = Z WP(RZ,livl,l)‘f'
Vl,lEVs
e
(1—Cs/MN‘l)p(Re,llVﬁis))> . (4.29)

We note that (o/n)'** is used in (4.20). Since the function f(z) = z*/(*+#) is concave
for 0 < p <1, the inequalities

TscT¢2 (4.30)
Ns T

hold. Hence, Ey(p, N,D = 1) in (4.20) is, respectively, upper and lower bounded

<

| Q

when using the subset V; and replacing the exact ratio o/n with o,/n, and o, /7.,

respectively.

4.3.2 D > 1 and Spatially Uncorrelated Fading

In the previous section, we dealt with the special case of D = 1, where we reverted
to the traditional block fading channel with the fading coherence interval equal to the
MSDD observation interval. We outline a procedure to obtain lower bounds on the
random coding exponent and Gallager’s function Fy(p, N, D) for any general block
. fading channel, i.e. D > 1 as well as spatially correlated fading. Although in this case
the pdf p(Rea|Vea, H¢) is used for Monte-Carlo integrating (3.36), and thus r(Cs)

does not appear in the expression for Gallager’s function, we extend the application of

the bound (4.26) to determine the set V, to these cases. The reasons for this are that
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(a) 7(Cs) (or its bound (4.26)) is still a good indicator whether the terms dominating
the argument in (3.36) for given R, and H, are taken into account and (b) sorting
V4a according to a mixed criterion of exp(A(Rya|Vea)) /) and p(Re4|Vea) or
P(Ry4|V 44, Hy) would depend on p.

We note that in this case, using only the set V, does not result in bounds for the

Gallager function, but rather approximates Eq(p, N, D).

4.3.3 Upper Bound to the Random Coding Exponent

We further explore the possibility of upper bounding the random coding exponent,
thereby lower bounding the word error rate, by modifying the metric in 4.30. In
order to achieve this, we assume that the tree-search based sphere decoder iterates
through the ML probabilities in order, and assuming the C;th iteration is in progress,
we approximate all the remaining M 7E= — (|, probabilities with the most recent

output of the sphere decoder, i.e. py(R¢q

Va)(©). We therefore approximate the
contributions of the remaining candidate vectors to the most pessimistic vélue, since
our sphere decoder outputs the channel probabilities in ML order. We see that this
approximation is actually a very accurate upper bound to the random coding exponent,
and using the lower and upper bounds previously derived, the word error rate for any
particular block fading channel can be accurately bounded through our analysis and

with a computational efficiency many orders of magnitude better than the ML solution.

4.4 Performance Analysis and Results

We illustrate the various sphere decoding decoding algorithms explained in this chapter
through various illustrative examples. We use these decoding algorithms to upper

and lower bound the random coding exponent and correspondingly the probability of
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error, and show how our approach results in a significant reduction in computational

complexity for the random coding exponent.

4.4.1 Single Antenna Systems

We illustrate the tree search algorithms for single antenna systems namely the stack
algorithm, and show how we can obtain accurate bounds for the random coding expo-
nent using a combination of the tree-search algorithms and a stopping criteria ratio.
We illustrate how modifying the ratio 7(C;), which acts as an accuracy parameter for
our approximation, affects the lower bound to the random coding exponent, and we
also show the complexity advantage that we gain from using the modified tree-search
decoding algorithm to obtain recursively the best noncoherent metrics. In fig. 4.1(a),
we show the Gallager random coding exponent as a function of the decoding delay ¢,
and plot it against the SNR (10log,;,(Es/Ny)) required to achieve a WER < 10e73.
We show the results for CDD (N = 2) as well as MSDD (N = 3,4,5,6) for single
antenna D4PSK as before. In order to provide a good approximation for the exponent
we bound it using the stack algorithm (see section 4.1), and fix the accuracy parameter

to 90%.

We can then fix the accuracy for the stack approximations by controlling the parameter
C;. In fig. 4.1 we fix this parameter so that the ratio in 4.26 does not exceed 0.9, thus
giving us an accuracy of 90%. We can see that using this criteria to approximate the
random coding exponent does not involve a great deal of loss in the approximation,
the maximum loss never exceeds 0.1 dB. However, the complexity advantage gained by
using eflicient stack algorithms is significant, and justifies the negligible loss in accuracy.
For example, in fig. 4.1(b) we compute the complexity for the random coding exponent

bound in fig. 4.1(a). We can clearly see that for the scenario in fig. 4.1(a), the ML

solution would involve MP(N-1) = 45 = 1024 test vectors and their corresponding
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Figure 4.1: Stack algorithm bounds for D4PSK: MSDD with 99% accuracy
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Figure 4.2: Random Coding Exponent for D4PSK: Lower bounds using Stack Algorithm
with different accuracies. CDD (N = 2) and MSDD (N = 6) with 90% and 99%

accuracy

metrics to be calculated. However, for SNR's of interest to us such as an overall
E, /Nb of 10 dB, the number of test vector needed to provide a 99% approximation
to the true random coding exponent is almost 10 orders of magnitude less (approx.
10%). Similar results are obtained for smaller values of N, however the cases of interest
where the overall signal space would be too large begin from about N > 4. As a
comparison, we also show the reduction in complexity that could be achieved if the

accuracy constraint was further reduced to 90%, however the savings in complexity do

not justify the negligible improvement to the random coding approximation. This can
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D8PSK with 99,90 and 85% accuracy
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be seen if fig. 4.2, where we compare the lower bound achieved with different accuracies
of the stack algorithm. We see that reducing the complexity from 99% to 90% shows
a marked difference in accuracy to the true RCE, however the reduction in complexity
is not significant, as we see from fig. 4.1(b). In fig. 4.3, we show the effectiveness of
the stack algorithm for D8PSK, and compare the complexity advantage gained with
the corresponding D4PSK signal space. In each case, the ML estimate would have to
take into account the same number of signal points, however the stack algorithm for
each accuracy performs significantly better for D4PSK than D8PSK. The advantage
gained is again in orders of magnitude, and is thus an invaluable tool too accurately
approximate the random coding exponent for higher dimensions where a ML decoder
would be prohibitive. In fig.4.3(a), we demonstrate the accuracy for smaller values of
N i.e CDD with N = 2 and MSDD with N = 3 and can see that even with extremely
limited vector search spaces, the Stack algorithm does an excellent jc;b of approximating

the exponent, as the accuracy of the decoder increases with the size of the search space.

4.4.2 Multiple Antenna Systems
Bounds using Sphere Decoding for Spatially Correlated Antennas

Similar to the case of D > 1 and spa,tizilly uncorrelated fading, we analyze the transmis-
sion scheme where spatial correlation results in a loss of diversity. In previous sections,
we look at the case of a general block fading channel considering spatially uncorrelated
fading, i.e the channel between each transmitter and each receiver is modeled as an
independent fading channel, with the fading coherence interval equal to DN. Here
we also present and analyze some results for the case of spatially correlated channels,
which also provides us with interesting insights into the behavior of such channels. We

begin with the case of spatial correlation, where the channel between each transmitter

and receiver does not experience independent fading, but is correlated with a param-
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R, =1 (bit/ch. use), spatially correlated antennas

eter we denote as p. We model this spatial correlation, for example with Nr = 2 and

Npgr =1 by generating Gaussian random variables g;, g» such that

92 =p.g1+V1-p’q (4.31)
where the greater the value of p, greater is the correlation. For p = 0, we revert to
the uncorrelated cliannel scenario. In fig. 4.4(a), we plot the random coding exponent
E(R, N, D) against the rate R for orthogonal constellations, with a target rate Ry = 1
bit/(channel use). We plot this exponent for different values of the parameter p indi-
cating different levels of correlation between antennas. We find that the performance of
the system w.r.t the random coding exponent deteriorated significantly as p approaches
the fully correlated case i.e p = 1, and at that value of p = 1, the performance of the
overall space-time model approaches that of an equivalent single antenna system. This

is because as the antennas become more correlated, the channel between the Ny = 2

transmit antennas and the Ng = 1 receive antennas becomes the same, and the overall
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effect is the same as if there was a single channel between the transmitter and the re-
ceiver. (p =1 implies that the channels are the sarhe). Fig. 4.4(b) illustrates the same
effect for the case of diagonal constellations with the normalized coherence interval

n./L = 40 implying a coded diversity of 5.

In order to clearly visualize the effect of spatial diversity on the random coding expo-
nent, we plot the required E,;/Ny vs the decoding delay ¢4 in PSK samples in fig. 4.5.
We can see that corresponding to fig. 4.4, as the spatial correlation between antennas
increases, a significant drop in the RCE performance results, and this bears out our
E(R, N, D) analysis showing that the performance of DSTM with spatially correlated
antennas approaches that of the single antenna transmission system as the correlation

factor p increases towards 1.

Diagonal vs Orthogonal Constellations

We present some simulation results to justify our claims from the previous section,
where we devised tree-search based sphere decoders for orthogonal and diagonal con-
stellations, in order to accurately represent the random coding exponent for differential
space time modulation with high dimensions and correspondingly large matrix search
spaces. We also look into different space-time constellations as in the capacity analysis
in chapter 3 from a random coding exponent point of view. We present simulation
results related to the bounds for Ey(p, N, D), and to this end, we analyze the sphere
decoding algorithms for orthogonal and diagonal constellations first, and demonstrate
the effectiveness of these algorithms be comparing the bounds obtained using such ef-
ficient decoding algorithms with the true calculation of the random coding exponent.
In fig. 4.6(a), we compare the random coding exponent E(R, N, D) for two commonly
used space-time constellations namely orthogonal constellations and diagonal constel-

lations. We see that for a modulation rate R,, = 2 bits/(channel use), the orthogonal

constellations consistently outperforms the diagonal constellation. This is also demon-
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strated by the capacity results from chapter 3. Combining this with the modified block
fading channel, we demonstrate also the effect of coding diversity on the random coding
exponent, where the normalized channel coherence length n./L is changed to reflect
different coding diversities. We see that for both diagonal as well as orthogonal constel-
lations, an ihcrease in diversity results in an increase in the random coding exponent
performance, reflecting the effect of seeing more independent fading realizations per
codeword for the same delay. We also present in fig. 4.6(b) the lower bounds to the
exponents in fig. 4.6(a) obtained using the sphere decoding algorithms from section
4.3. We fix the accuracy of the sphere decoding algorithms to 90%, and observe that

we can very closely approximate the random coding exponent to within 4 0.1 dB.

Lower Bounds to the Random Coding Exponent using Sphere Decoding

As mentioned, we have described the method to use efficient tree-search based algo-
rithms to bound the random coding exponent for single as well as multiple transmit
antenna transmission systems. We have shown illustrative examples in 4.4.2 to show
the effect of the modified block fading channel on the random coding exponent with
D > 1. Here we present some examples analyzing the E,/N, performance of our ap-
proximations and boﬁnds to the random coding exponent, and observe the effectiveness
of our proposed scheme to accurately lower bound the exponent for different cases of
single antenna transmission and DSTM, with the fading coherence interval indepen-
dent of N. In fig. 4.7(a), we plot the required E;/N, in dB against the decoding delay
tq for single antenna D8PSK, where the MSDD observation interval N = 2, and D
varies to reflect different fading coherence intervals. We also lower bound the random
coding exponent using the stack algorithm with 99% accuracy. We observe that though
the overall performance of the system deteriorates with increasing D, because of the

reduced diversity observed due to fewer independent fading realizations seen by each

codeword, the stack approximation nevertheless gives us an accurate bound to the ran-
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dom coding exponent even for higher values of D >> N. This proves our claim that
by a novel combination of sphere decoding/stack algorithms and a performance metric
designed to optimize the search space for the random coding exponent calculation, we
obtain very accurate bounds to the exponent- and at the same time incréiase the effi-
ciency of the analysis by many orders of magnitude over current analysis techniques.
Fig. 4.7(b) shows the application of the sphere decoding algorithm from section 4.2 to
lower bound the random coding exponent for DSTM, where the constellation chosen is
the orthogonal constellation Cop(16), and we can compare the performance of single
antenna DPSK with DSTM. We see that for the same transmitted vector length DN
for both single and multiple antenna systems, the performénce of MSDD consistently
improves with NV for both DPSK and DSTM. This is different from our earlier analysis
when we kept the overall coding diversity constant, and hence as D increased, the
performance degraded due to reduced independent fading intervals seen by the system.
We also note that the stack algorithm for DPSK and the sphere decoding algorithms for
DSTM provide an excellent bound to the random coding exponents. Qur proposal has
the added advantage of being computationally effective as compared to current tech-
niques to analyze the random coding exponent. As an excellent example, we provide
the approximation (bound) for the random coding exponent for N = 6 with DSTM in
fig. 4.7(b), where the computation of the exponent would involve a best metric search
through 1,048,576 or 1 million candidate vectors, and would limit the channels which

could be analyzed purely due to computational complexity.

Upper Bounds using Sphere Decoding

In this section, we complete our analysis of the random coding exponent for single
antenna and multiple antenna systems by attempting to upper bound the exponent

with an innovative approximation to the metric in section 4.3. In this case, in fig. 4.8(a)

we begin with the single antenna case for the Gallager exponent F(R, N, D) for D4PSK
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and Ny = 1. We plot the random coding exponent as a function of rate R in fig. 4.8(a)
to serve as a reference, and can see that the exponent approaches the performance of
coherent detection with CSI as the MSDD observation window NV increases. Since the
complexity associated with N > 10 becomes prohibitive to simulate, we present the
upper and lower bound approximations using 4.30 to bound the true random coding
exponent, and hence the overall WER. Fig. 4.8(b) gives us a much clearer insight into
this approximation where we plot the bounds on a logarithmic scale along with the true

RCE for N = 6. Extending this approximation the the multiple antenna case, in fig. 4.9,
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we refer back to fig. 4.7(b) to compare the performance of single antenna DPSK and
DSTM, but we upper bound the random coding exponent along with the true RCE. We
can see that our analysis does indeed give us an excellent upper bound to the random
coding exponent To this end, we show the SNR 10log,,(E,/Ny) required to achieve
P. <1072 according to (3.33) as function of code length n. for transmission with rate
R =1 bit per scalar channel use. The normalized coherence length is n./L = 100, i.e.,
degrees of freedom L and thus coded diversity increase linearly with code length n..
Two things are interesting to note. First, increasing IV consistently improves power
efficiency regardless of n.. This is decidedly different from [24], where coded diversity
was decreasing with N. Second, the gain due to transmit diversity increases with

decreasing n.. This result reiterates the benefits of spatial transmit diversity if coded

diversity is limited, e.g. due to delay constraints.
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Chapter 5

Conclusions and Future Work

In this thesis, we consider coded space-time transmission with multiple antennas over
a block fading channel with an arbitrary fading coherence interval and a finite code
length, with differential encoding applied at the transmitter. We focus our attention on
error exponent analysis of such channels, namely the calculation of the random coding
exponent proposed by Gallager. Our work differed from previous work in this field,
which limited error exponent analysis to block fading channels with the fading interval

equal to the MSDD observation window N.

e To this end, we derived an expression for the random coding exponent for differ-
ential space-time modulation and MSDD over a block fading space-time channel
where the fading coherence interval is arbitrary. This extension to previous work
is particularly important as it allows for a fair comparison of MSDD with different

window sizes but fixed coded diversity.

e Furthermore, we devised upper and lower bounds and approximations for the
random coding exponent using tree-search based sphere decoding algorithms for

orthogonal and diagonal space-time codes. These sphere decoding algorithms en-
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able efficient Monte-Carlo integration, and reduce the complexity cost by several

orders of magnitude at SNR’s of interest.

e To achieve this, we proposed a novel performancé metric to control the accuracy
of the approximation, and corréspondingly the computational complexity. We
illustrated the potential advantage of our analysis with several numerical results
to demonstrate the usefulness of our approximations, the improvements with
increasing observation interval N and the benefits of spatial transmit diversity
even in highly correlated channels for coded DSTM transmission with short or

moderate code lengths.

Through our investigations, we believe that we have formulated a novel and innovative
approach to calculate the random coding exponent for a wide range of channels, and
have provided researchers with an invaluable technique to calculate such exponents
with a performance efficiency increase of several orders. Through our analysis and

subsequent simulations, we can summarize our findings as follows:

e The performance of the random coding exponent for DSTM with MSDD ap-

proaches that of coherent detection with perfect channel state information.

e The analysis allows for accurate comparisons of systems with fixed coded diversity
but different MSDD observation windows. The random coding exponent perfor-
mance degrades with an increase in the fading coherence interval for the same
code length, effectively reducing the overall diversity due to a reduced number of

independent fading realizations.

o If the transmit diversity increases, the random coding exponent performance im-
proves correspondingly, reiterating the benefit of our analysis where we enable

accurate analysis of block fading channels with arbitrary fading intervals. Pre-

vious work limited the analysis of the random coding exponent to block fading
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channels without the advantage of analyzing the effect of coding diversity, as the

channel coherence interval was equal to V.

We also devised bounds and approximations for the random coding exponent
using efficient decoding techniques such as tree-search based sphere decoding
algorithms. We found that the novel performance metric we devised to control the
accuracy of the approximation enabled an excellent approximation to the random
coding exponent, at the same time reducing the computational complexity of the
analysis by several orders of magnitude. Another advantage to our approach
was the flexibility to balance the degree of accuracy of the approximation with
the complexity cost. We concluded that reducing the accuracy from 99% of the
full-search approach (taking all possible candidate vectors into account) to 90%
gave us only a marginal improvement in computational complexity, as opposed
to the improvement of several orders of magnitude in computational complexity

when reducing the accuracy from the full-search to 99%.

Different from previous work, we also took into consideration the effect of spatial
correlation between antennas, and through suitable examples demonstrated the
random coding exponent for such systems with varying degrees of correlation.
We concluded that as the spatial correlation approached full correlation (the
parameter p in our analysis approached 1), the performance of DSTM degraded
and became equivalent to a single antenna link between the transmitter and the

receiver.

We also successfully outlined a procedure to provide an accurate upper bound
to the random coding exponent, and along with the lower bound obtained from
the sphere decoding algorithms coupled with a suitable performance metric, we

. demonstrated a technique to bound the error exponent performance of coded

transmission over a multiple antenna link with MSDD.
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In our opinion, there are a number of interesting and advantageous research topics for
future work in this field. The work done in this thesis can further be used to analyze
channels with frequency selective fading or time-varying channels. We can also combine
the analysis from this thesis with different coding strategies such as bit-interleaved
coded modulation (BICM) or hybrid coded modulation (HCM). We could also consider
the application of the analysis from this thesis to the design of noncoherent coded

modulation schemes for multiuser communications and for extremely high bandwidth-

efficient MIMO systems.




Appendix A

Derivation of Gallager’s Function

with Coherent .metric

In this appendix, we present the derivation of Gallager’s function with reduced com-
plexity metric given by 3.36 in detail. The channel is the block fading channel consid-
ered throughout this thesis channel, seeing L independent fading realizations, where
the channel remains constant for DN symbols (PSK Symbols or matrix symbols cor-
responding to single antenna or DSTM respecfively). For simplicity, we denote the N
dimensional vectors Ry 4[k], Vo 4[k] as R;, V; respectively, we begin with the expression

for Gallager’s function Ey(p, N, D)

LD
-1
Eo(p, N, D) = 7 log S I PrVINR|V) 0+ p, (RIV)
: RcC™w VEvL.D(N—l) =1 R

(ﬁ > Pr{Vi}A(&Vi)l/(””)) dR}

=1 y,;cpN-1

(A.1)

where R is the vector of overlapping symbols of length L.D.N = n,, ny, = LDN, ny =

L.D. In our analysis, without any loss of generality we can consider non-overlapping
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blocks, as such a system would have the same performance as a system with overlapping

when MSDD is applied and noncoherent transmission is considered. Thus

1 L.D
Bap,N,D) = T 5loe | [ ( > HPr{Vi}A(Rﬁvi)*f’/“ﬂ*-p(RV))
) RECL'D'N VEVL-D(N‘l) i=1
L.D e
(H > PT{Vi}/\(RiIVi)l/(1+p)) dR]
i=1 y;epN-1
(A.2)
Since 5
p(RIV) =[] p(Re Vo) (A.3)
=1
and
PRIV = [ p(HOp(RAV, HOdH,
He (A.4)
= Z'M/P(He)P(Relse,He)dHe
S0 H,

where s is the reference symbol, we get

-1
Eo(Pa N, D) = Elogg [
R[ECL'D'N

15> [ ptHop(RS: He)dHe>

=1 30 H,

L.D p
H' Z PT{Vi})\N(RilVi)l/(1+p)) ng}

i=1 y;epN-1

< > TIPr{vi@®v) /0

VlevL.D(N—l) i=1

B~

(A.5)

Since each block of L samples experiences independent fading, we separate the product
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over L.D and obtain

Eo(p,N,D)=i%log2[H / ( > I Privaa®|vy)ete

=1p,coDN NV EVPW-D i=l

%Z / p(HE)P(Rng,HZ)dHe)

S0 Hl

(H > Pr{vi}A(Rilvi)l/““)) ng}

=1 ViEVN‘l

(A.6)

=%log2 I%Z / /p(HE)< > HPT{V%'})‘(RL'1Vi)_p/(1+p)p(Re’5e,He))

% RyeCPN Hy veyp-b i=l

(H Z PT{Vi})\(Ri|Vi)1/(1+p)> dHedRe}

i=1 y,eyN-1

(A7)

D
Since p(Re|Se, Hy) = [ [ p(R:|S:, Hy),

=1

Ey(p,N,D) = :D—llog2 [%Z / /p(He).H

*® ReCcP-N h =1

{( > Pr{Vi}A(Rq-Vi)—p/“”)-p(Rdsi,Hi)) (A.8)

V[EVD(N_I)

> PT{Vi}/\(RilVi)I/(1+p)) }dHedRe}

v;epN-1t

Rewriting the above equation using the relation

: 1
p(Re, Hy, 50) = p(Re, Hylso) - p(s0) = 77p(Re, Helso) (A.9)
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we get

Eo(p,N,D) = %logz {Z / /p(Re, He,so)'H

%0 R,cCPN H,

. (v \—p/p)  PUR|S: H)
{(Vi€§N1)PT{Vz}A(EV1) ' p(Rin-,sO)) (A.10)

> PT{Vi})\(Rilvi)l/(Hp)) }dHedRe

VieyN-1

Finally, in order to efficiently use Monte Carlo techniques we write Gallager’s function

in terms of expected values as

D

1
Eo(P, N, D) = _b—log2 [gRl,Hl{ H

Ev. {exp(\(Rul V) Top( |vz,He)}
(5V,~{€XP (R:|V3)) %}

(Ev {p(R|V;, Hy)} }

(A.11)
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Appendix B

List of Symbols and Acronyms

In this appendix, we summarize the important symbols and list the acronyms used

throughout this thesis.

Operators

argmax{.} argument maximizing the expression in brackets

diag{.} diagonal matrix with diagonal entries of vector argument
Ex{.} expectation with respect to X

Pr{.} probability

Re{.},Im{.} real and imaginary parts of a complex number

()H Hermitian transposition

()T transposition

() complex conjugation
l

i magnitude of a complex number

84




85

Constants

J imaginary unit: j2 = —1

T the number pi: 7 = 3.14159265358979...

e Euler number: e = 2.718281828...

Ox X x X all-zero matrix

Ix X x X identity matrix

Sets

C signal constellation

C matrix (space-time) signal constellation

N natural numbers

R real numbers

S alphabet of scalar transmit symbols

S alphabet of matrix (space-time) transmit symbols
V alphabet of scalar data symbols

y alphabet of matrix (space-time) data symbols
Z integer numbers

Sequences
Cli], C[n] binary code symbol
Hlk] Ricean fading process

Nk discrete time zero-mean white Gaussian noise process
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R[k] received (matrix) signal sample
S|k transmit (matrix) symbol
V(K] data (matrix) symbol

Miscellaneous Functions

cos(.) cosine function

det{.} determinant of matrix argument

ds 5 Kronecker delta function

exp(.) exponential function

log(.) logarithm to base e

log,(.) logarithm to base 2

logyo(.) logarithm to base 10

p(.) probability density function

p(-|.) conditional probability density function
sin(.) sine function

tr{.} trace of a matrix

Variables

Scalars

C(.) constellation constrained channel capacity

Cesr capacity of coherent transmission with perfect CSI
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D number of blocks of length N transmitted over one fading interval
E(-,9) random coding exponent

Eo(+,+) Gallager’s function

Ey average received energy per information bit

E, average received energy per symbol

I(:;+) average mutual information

k scalar and matrix (space—time) symbol discrete-time index, respectively
AQ) log-likelihood metrics based on conditional PDFs

L number of independent fading realizations per codeword

14 index of block within one fading realization

M size of PSK symbol alphabet

ny number of vector symbols per code word

np number of vector symbols per code word for arbitrary block fading channel
N observation window size for noncoherent detection

Ny single sided power spectral density- of passband noise process

Nt number of transmit antennas

Ng number of receive antennas

Py word error rate

P parameter of random coding exponent

R data rate in bits per channel use

R, modulation rate in bits per channel use

Ry data rate in bits per vector symbol

o? variance

o2 noise variance

tq decoding delay

T modulation interval
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Matrices

H|k] matrix of fading samples

Nk matrix of noise samples

RIk] matrix of received signal samples

S[k] matrix of space-time transmitted signal samples
Splk] diagonal matrix of transmit symbols

V (k] matrix of space-time data symbois

Vplk] diagonal matrix of space-time data symbols
P autocorrelation matrix

Acronyms

AWGN additive white Gaussian noise

BER bit error rate

CDD conventional differential detection

CSI channel state information

DPSK differential phase shift keying

dB decibel

DSTM differential space-time modulation
MIMO multiple input multiple dutput

ML maximum likelihood

MLD maximum likelihood decoding

MMSE minimum mean squared error

MSDD multiple symbol differential decoding
MSD-SD multiple symbol differential sphere decoding

pdf probability density function
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PEP
PSK
RCE
SA
SD
SISO
SNR
ST

u.i.i.d.

WER

pairwise error probability
phase shift keying
random coding exponent
stack algorithm

sphere decoding

single input single output
signal-to-noise ratio
space-time

uniformly, independently and identically distributed

word error rate
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