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Abstract
This thesis presents models that predict the effects of genetic factors contributing to an
adaptation when mutations act pleiotropically and when populations are spatially substructured.
When mutations act pleiotropically, it is possible for a mutation to have both beneficial and
deleterious effects on different phenotypic characters. In chapter two, I quantify the fraction of
mutations that are fixed by selection that have deleterious pleiotropic effects on a given
character. Results show that as the degree of pleiotropy increases the frequency of deleterious
fixed effects on a character increases. In chapter three, I present the expected relationship
between the effects of a fixed mutation on phenotypic characters. Results show that the expected
correlation among the effects of a fixed mutation is usually less, sometimes much less, than the
mutational correlation. Furthermore, I show that as the beneficial effect of a fixed mutation on
one character becomes large, the expected size of a pleiotropic effect on another character
approaches the expected size of a random mutation given the effect on the first character.
Chapter four addresses a model in which characters that are affected by mutations that have
limited or no pleiotropic effects are postulated to evolve more quickly than ones that are affected
by mutations that have pleiotropic effects. I present new results showing conditions under which
an increase in pleiotropy has no effect on the rate of adaptation or actually increases the rate of
adaptation. In chapter five, I give the expected distribution of effects of mutations that
contribute to local adaptations in a species that is substructured, experiencing heterogeneous
selection, and when there is migration between local populations. I show that when two
populations exchange migrants, mutations with larger phenotypic effects tend to cause more of
the overall phenotypic difference than when populations are isolated. In a QTL study this means
that the average percent variance explained by a QTL allele will be greater, on average, when
there is migration than when there is not.
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Preface
A version o f chapter 2 of this thesis was published in the journal Genetics and coauthored by
1

myself (Cortland K . Griswold) and Michael C. Whitlock. Michael Whitlock pointed out that a
paper by Orr (1998) did not analyze the bidirectional effects o f fixed mutations. I developed the
2

model that is presented in the chapter, performed all o f the analyses, and wrote the paper (under
the supervision o f Michael Whitlock).

I verify that this statement is true

Griswold, C . K . and M . C . Whitlock. 2003. The genetics o f adaptation: The roles o f pleiotropy,
stabilizing selection and drift i n shaping the distribution o f bidirectional fixed mutational effects.
Genetics 165: 2181-2192.
Orr, H . A . 1998. The population genetics o f adaptation: The distribution of factors fixed during
adaptive evolution. Evolution 52: 935-949.
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Chapter 1: Introduction

Since the presentation of the theory of natural selection as an explanation for phenotypic
adaptations (Darwin 1859; Wallace 1958), the rediscovery of Mendel's (1866) experiments
displaying the particulate nature of inheritance, and the formal presentation of the "chromosome
theory of heredity" (Sutton 1903), a central goal of biology has been to understand the genetic
bases of adaptations. Under the models of natural selection and the genetic theory of inheritance;
a definition of an adaptation has emerged, namely a feature of a population that becomes
prevalent because it is selectively favored and heritable (Futuyma 1998).
Historically, pleiotropy has been invoked as a universal feature of the genetic architecture
of adaptation (Fisher 1930; reviewed by Orr 1998a), although recent empirical work in
developmental biology challenges this claim (e.g., Gerhart and Kirshner 1997 and Stern 2000).
Mutations that act pleiotropically affect several phenotypic characters simultaneously. Three
chapters of this thesis seek to clarify the consequences of pleiotropy on the genetic basis of an
adaptation for a given character or set of characters. The hope is that these expectations will help
in the interpretation of empirical data and in designing experiments to study the genetics of
adaptation.
The remaining chapter seeks to determine how population substructure affects the genetic
basis of an adaptation in a local population. Many species are substructured into local
populations. A substructured species is characterized by unequal probabilities of mating
between individuals due to spatial separation. Often local populations of a species are
differentially adapted to different habitats that occur in the species' range; under these
conditions, the species experiences heterogeneous selection. Migration and the subsequent
mating of individuals from different local populations connect local populations to each other.
Previous theoretical work has shown that mutations with selective effects that are less than the
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magnitude of the migration rate are not likely to be segregating in local subpopulations, such
mutations are most likely to go globally extinct, but they may on occasion globally fix (Wright
1940; Levene 1953; Bulmer 1972). If they are segregating in local populations, it is expected
that mutations with such small selective coefficients will be at equalfrequencybetween
populations and not cause phenotypic differences between them (Wright 1940; Levene 1953;
Bulmer 1972). In contrast, when populations are isolated, mutations with small selective
magnitudes are expected to be either segregating or fixed in a local population and absent in
other local populations, thus causing phenotypic differences between populations.
Consequently, the contribution of small mutations to adaptive differences between populations is
expected to differ according to the rate of migration.
Each of the four chapters addresses aspects of the genetics of adaptation that appear to
need theoretical clarification. The work presented in chapter two seeks to give the distribution of
the effects of mutations on phenotypic characters when mutations act pleiotropically and to
quantify the fraction of fixed mutations with deleterious pleiotropic effects per character. A
major motivation for this work is patterns revealed in quantitative trait loci (QTL) studies. For
example, some studies find alleles with deleterious effects on a character, even though this
character is thought to have been under directional selection at some point in the recent past
(e.g., Bradshaw et al. 1998; MacDonald and Goldstein 1999; reviewed in Rieseberg et al. 2002,
2003). These alleles might have fixed by random genetic drift. Alternatively, with pleiotropy it
is possible to have a mutation fix with deleterious effects on a character because of
compensatory beneficial effects on other characters. The open question is to what extent do we
expect fixed mutations to have a deleterious pleiotropic effect on a character? Orr (1998b)
presented a statistical test of whether a character is under directional selection given information
on the effects of Q T L alleles. Proper application of his "sign-test" depends on being able to
assume that under directional selection, the only mutations that fix are those with effects in the
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direction of selection for a given character. By quantifying the fraction of fixed mutations with
deleterious pleiotropic effects on a character, I am able to evaluate the power of Orr's sign-test
under circumstances in which mutations act pleiotropically.
Another source of motivation for this thesis is work in evolutionary developmental
biology. For example, cw-regulatory mutations with large phenotypic effects that cause
differences between species and families appear to have no, or very limited, pleiotropic effects
(Stern 2000). Based on these results, it was suggested by Stern (2000) that c/'s-regulatory
mutations generally do not act pleiotropically. A concern I had with this conclusion was that it is
based, in part, on fixed mutations, not a random sample of new mutations at cw-regulatory sites.
The joint effects of fixed mutations may be different than the underlying joint effects of new
mutations that arise at cw-regulatory sites. These concerns raise a question that had not been
addressed in previous theoretical studies of the genetics of adaptation. The question is, what is
the expected relationship between the effects of a mutation on different characters given that the
mutation has been fixed by selection? I address this question in two ways, first by giving the
expected correlation in the effects of a fixed mutation, and second by giving the expected size of
the effect of a fixed mutation on a character given an observed effect on another character. In
the course of this work, I developed a new mutational model that allows for correlated
pleiotropic effects of mutations and positive levels of kurtosis, both of which have been observed
empirically to be properties of mutations (Mackay et al. 1992; Lyman et al. 1996).
Chapter four is motivated by a model that has emerged from evolutionary developmental
biology, namely that characters that are affected by a genetic architecture that is more modular
are expected to evolve more quickly (have a higher degree of evolvability) than characters that
have a less modular genetic architecture (Gerhart and Kirshner 1997; Kirshner and Gerhart 1998;
von Dassow and Munro 1999). Recently, Yang (2001) presented several predictions based on
this hypothesis that could be tested phylogenetically; one such prediction was that lineages with
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more modular genetic architectures should be able to undergo adaptive radiation more easily .
than one that is less modular. Although no standardized definition of modularity has been
presented, it often refers to the extent to which mutations act pleiotropically, with mutations in
more modular genetic architectures pleiotropically affecting fewer characters.
There have been several theoretical studies that have addressed the relationship between
modularity and evolvability either directly or indirectly, with the general conclusion being that
characters with more modular genetic architectures have the potential to evolve more quickly
than characters with less modular genetic architectures. Studies by Wagner (1984), Hill and
Keightley (1988), and Baatz and Wagner (1997) studied the rate of adaptation of a trait that is
pleiotropically associated with another character that is under stabilizing or purifying selection.
Orr (2000) and Welch and Waxman (2003) studied the consequences of pleiotropy on the rate of
increase in fitness of a population. In chapter four I address several of the assumptions and
analysis methods that were used in theoretical studies that has supported the
modularity/evolvability hypothesis. For instance, Welch and Waxman (2003) measured the rate
of adaptation on a per event time scale where an event is either a fixation or loss of a mutation,
as opposed to per generation time scale. Under some conditions more events (fixations and
losses) may occur in a given amount of time and although under these conditions the average
effect of a mutation per event may be smaller, because there are more events per unit time the
rate of adaptation per unit time stays the same. In chapter four, I measure the rate of adaptation
on a per generation time scale. The study by Baatz and Wagner (1997) focused on the rate of
evolution of a single trait that is pleiotropially associated with another trait under stabilizing
selection. With respect to Yang's (2001) predictions in regard to adaptive radiations, it is often
the case that more than one character is the basis of a radiation and experiencing directional
selection. Accordingly, I study how pleiotropy affects the rate of adaptation when several
characters are under directional selection. Additionally, I had concerns about using additive

genetic variance as a measure of evolvability (Houle 1992; Barton and Partridge 2000) because it
does not account for the pleiotropic effects of a mutation on other characters. I present computer
simulations that address these concerns and provide a more refined understanding of the
conditions under which characters affected by a more modular genetic architecture will evolve
more quickly than characters under a less modular architecture.
Chapter five explores how population substructure affects the genetic basis of an
adaptation in a local population. The motivation for this chapter is Q T L studies that seek to find
the alleles that cause phenotypic differences between local populations and young species. In
some cases, these local populations or species exchange migrants at low to moderate rates and
have different phenotypic optima in their local habitat or niche (e.g., in aphids studied by
Hawthorne and Via (2001), and in sticklebacks studied by Peichel et al. (2001)). The prior
theoretical work of Wright (1940), Levene (1953) and Bulmer (1972) was deterministic and
looked at mutations individually. Under conditions of heterogeneous selection and migration,
there is a need for a theoretical study to present the expected frequencies that mutations of
different sizes segregate in a local population and the relative numbers of mutations of different
sizes in the genome, when population processes are stochastic. This information will clarify
which types of mutations cause most of the difference between local populations, overall.
Secondly, this information will help in the understanding of how well Q T L studies of different
designs (i.e., outbred F 2 , outbred backcross, and inbred line designs) detect the alleles that cause
differences between populations. My work also allows us to determine if there are biases in the
average sizes of alleles that are detected in a QTL study relative to all of the alleles (detected or
not) that cause phenotypic differences between populations.
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Chapter 2: The genetics of adaptation: The roles of pleiotropy, stabilizing
selection and drift in shaping the distribution of bidirectional fixed mutational
effects

1

A major goal of modern biology is to identify the individual mutations that are the genetic basis
of phenotypic differences between individuals, populations and species. A n important class of
mutations that cause phenotypic differences between populations and species are fixed
mutational differences, i.e., mutations that are fixed in one population and absent in the other.
Often quantitative trait locus (QTL) studies seek the fixed mutational differences that are
the genetic basis of phenotypic differences between two interfertile species. Many of these
studies observe bidirectional Q T L effects; i.e., some QTLs for a trait in a species have an effect
in the direction of the difference between it and the other species and some QTLs have effects in
the opposite direction. For instance, consider the study by Bradshaw et al. (1998) that
determined the QTLs that distinguish floral characters between the sibling species Mimulus
lewisii and M. cardinalis (Figure 2.1a). The effects are for those QTLs present in M. cardinalis
and are standardized such that negative effects are more M. lewisii-like

and positive effects are

more M. cardinalis-Wke. Overall, out of the eleven characters studied, eight had all of the QTLs
with positive effects and three had some positive and some negative effects. Likewise,
bidirectional effects were found in the QTLs that cause species differences in male sexual
characters between Drosophila

simulans and D. sechellia, Figure 2.1b, (MacDonald and

Goldstein 1999). Overall, out of six characters studied, two had only positive effects, three had
bidirectional effects, and one had all negative effects.

A version of this chapter has been published and given here in the published form: Griswold,
C.K. and M.C. Whitlock. 2003. The genetics of adaptation: The roles of pleiotropy, stabilizing
selection and drift in shaping the distribution of bidirectional fixed mutational effects. Genetics
165: 2181-2192.
1
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The presence of bidirectional Q T L effects extend from domesticated organisms
undergoing artificial selection to phenotypically divergent populations or species (Doebley and
Stec 1993; Tanksley 1993; Orr 1998b; Rieseberg et al. 2003). For instance, in a review of 96
Q T L studies, 22.1% of the 3252 QTLs had negative effects (Rieseberg et al. 2003). The
interpretation of the origin and maintenance of bidirectional effects has not been clearly
presented. The pleiotropic nature of mutation and evolutionary forces such as stabilizing
selection, hitchhiking, and random genetic drift have been invoked to explain QTLs with
bidirectional effects. Stabilizing selection may yield bidirectional effects because an average
individual in a population may sometimes be above and sometimes be below an optimum for a
character. Hitchhiking may lead to bidirectional effects because a mutation with a negative
effect for a character may be linked to a mutation with a larger beneficial effect for the same or
another character. With random genetic drift, a mutation fixes independent of the magnitude of
its effect and its direction. Yet no study has quantified how these processes and forces
individually or collectively shape the expected distribution of fixed mutational effects on
phenotypic characters. In this paper, we quantify analytically the contribution pleiotropy and
directional selection make in generating a bidirectional distribution of fixed mutational effects.
Through simulation, we quantify contributions made during stabilizing selection and random
genetic drift.
Kimura (1983) derived the distribution of the magnitude of the overall effect of the next
fixed mutation on a phenotype employing Fisher's (1930) geometrical model and found
mutations of intermediate effect fix most frequently. Recently, Orr (1998a) who also used
Fisher's model derived the distribution of fixed mutational magnitudes during a bout of
adaptation in which more than one mutation fixes and found the overall distribution to be
approximated exponentially distributed. Later Orr (1999) showed that the distribution of the
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magnitude of fixed effects on specific dimensions is also approximately exponentially
distributed.
With the exception of Orr (1999), none of the results are directly relevant to empirical
studies that seek to understand the evolution of single characters because the effect of a mutation
is the length of the vector it makes in an ^-dimensional hypersphere - not its effect on a single
character. Orr's (1999) result is useful in that it predicts that the magnitude of fixed effects on
single characters.
Furthermore, all of the previous results have focused on the magnitude of fixed effects,
that is, their unsigned absolute value. Biologically, of course, whether a fixed effect increases or
decreases the value of a trait is a crucial bit of information. In this paper we will distinguish
between the size and magnitude of mutational effects. With "size" we refer to the signed value of
the effects, while with "magnitude" we will refer to its absolute value. To understand the
evolution of bidirectional effects, we of course will focus on size rather than magnitude.
Here we employ a model that is conceptually simpler than Fisher's, yet in doing so
allows for the retention of information about the direction fixed mutations have on characters.
The comparable results to Fisher (1930), Kimura (1983) and Orr (1998a,1999) are duplicated
despite the simpler approach. In our model, mutations are assumed to independently affect some
number of characters. The results from this analysis are more relevant to empirical studies that
measure characters. Analysis will show that information about both the direction and the
magnitude of fixed mutations can potentially be used to estimate how characters are associated
pleiotropically through mutation and to infer the role selection has taken in shaping the evolution
of a character. At the end of the analysis we scale up from individual mutations to quantitative
trait loci (QTLs).
In this study, three factors affecting the distribution of fixed mutational effects are
evaluated: pleiotropy, drift and stabilizing selection. By varying these factors separately and

together we evaluate how they contribute to the existence of fixed bidirectional mutational
effects and change the shape of the distribution of fixed mutational effects.

General aspects of our model
We assume that mutation acts independently on characters, and that a mutation has an effect on a
character that is a random draw from a bilaterally symmetric gamma distribution (in the
Appendix we allow for the possibility of asymmetric mutation). There is empirical evidence to
support that the effects of mutation may be bilaterally symmetric; MacKay et al. (1992) and
Lyman et al. (1996) found random P-element inserts in Drosophila

affected bristle number in a

bilaterally symmetric manner with the frequency of effects with larger magnitude decreasing in
an exponential-like way, or possibly with even higher kurtosis. Fitness is modeled as a linearly
decreasing function of the phenotype's distance from the optimum in simulations and as a linear
function of a mutation's individual effects on characters in the analytical analyses. Following
previous work, we assume that beneficial mutations are rare, so that there is no selective
interference among mutations (Hill and Robertson 1966).
Figure 2.2 illustrates how the processes of random genetic drift, stabilizing selection and
directional selection with pleiotropy by themselves or collectively lead to the fixation of
bidirectional mutations. In the figures the axes are characters, the optimum character state is at
the origin for both characters and the current phenotype, i.e., the combination of two character
states, is represented by a point. Mutations that bring the phenotype to be within the circle are
beneficial overall because the new phenotype would be closer to the optimum. Random genetic
drift leads to the fixation of bidirectional effects because chance plays a role in which mutations
fix, allowing for the fixation of mutations in all directions (Figure 2.2a). Stabilizing selection
becomes important when the probability that a mutation overshoots the optimum becomes nonnegligible, and then the sequential overshooting of the optimum leads to bidirectional fixed
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effects (Figure 2.2b). Pleiotropy allows for the fixation of bidirectional effects, in the absence of
drift and stabilizing selection, because even though one or a few characters may have effects in
the opposite direction to their optima, other characters may have stronger effects in the direction
of their optima (Figure 2.2c). Unidirectional effects are expected under pure directional
selection, and when mutations that fix have effects only in the direction of the optima for both
characters (Figure 2.2d).
Analytical expressions are derived for varying levels of pleiotropy in the absence of drift
and stabilizing selection for exponentially distributed mutations. Some useful approximations
cannot be made when mutation is gamma distributed with shape parameters less than 1.0, and
expressions giving the distribution of fixed mutational effects are presented in the Appendix
under these conditions that require numerical integration. Simulations are used to determine
distributions under drift and stabilizing selection and mixtures of varying levels of drift,
stabilizing selection and pleiotropy. We characterize the effects of drift, stabilizing selection and
pleiotropy on fixed mutational effects with three measures: (1) the expected size of a fixed
mutational effect on a character, (2) the distribution of fixed mutational effects and (3) the
relative frequencies of bidirectional fixed mutational effects, i.e., the frequency of positive versus
negative fixed effects.

MODEL
We assume that organisms are haploid. The current state of n characters pleiotropically affected
by mutation is represented by a vector z={zi,Z2,... ,z ).
n

The effect of a random mutation on a

character (3,) is a random draw from a bilaterally symmetric gamma distribution, f(8;a,B), with
shape parameter a and scale parameter B. The result is a mutation vector 6 that adds to the
vector z. The selection coefficient of a new mutant phenotype is determined by the relationship
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WWILDTYPE(1+S) W
=

MUTANT,

where

WWILDTYPE

is the fitness of the phenotype without the mutation

and wMUTANT is the fitness with the mutation.

Simulations
WWILDTYPE

is scaled to equal one and wMUTANT is equal to l+(]z\-\z+S\)a,

where cr is the

magnitude of the slope of the fitness function and |JC| denotes the length of a vector x. The
selection coefficient of a mutation is then s=(]z\-\z+S\)a

A mutation that causes the phenotype

to be greater than |z|+i/cris assumed to have zero fitness. A mutation with selection coefficient
-2N s
e

s fixes with probability,

r-— (Kimura 1957), where N and N are the effective and census
'
e

1- e

s

population sizes. When a mutation fixes, the phenotype of all individuals in the population take
on the value z+8.
Each character begins adaptation the same distance from its optimum. The beginning
distances and stopping points vary among simulations in order to model the effects of the role of
stabilizing selection in shaping the distribution of fixed mutational effects. Effective and census
population sizes are varied to model the effects of random genetic drift.

Mathematical analysis
Here we assume that there is no random genetic drift or stabilizing selection and investigate how
pleiotropy alone causes the fixation of bidirectional effects. Because each character experiences
directional selection only, we employ the convention that mutations with positive effects are in
the direction of the optimum and mutations with negative effects are in the opposite direction of
the optimum. For both the one-character case and the multicharacter cases WWILDTYPE is scaled to
n

equal one and wMUTANT is equal to 1 + cr^cv. Thus, unlike the simulations, the fitness of a
i-l

mutant is a linear function of the effect of a mutation on each character. It is possible to measure
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fitness this way because, for the mathematical analyses, we assume there is no stabilizing
selection, i.e., there is no overshooting of the optimum and the average magnitude of an effect of
a random mutation on a character is small such that terms involving 8f or higher order are
n

negligibly small. Accordingly, the selection coefficient of a mutation is s = o \ 8 .
i

In the no

pleiotropy case, we analyze the probability of initiating stabilizing selection. To do this we make
adjustments in the integral functions. Furthermore, in all cases we assume infinite population
size. Therefore, it is possible to approximate the probability of fixation of a mutant with
selection coefficient, s, to be 2s (Crow and Kimura 1970). This approximation assumes that no
mutations that fix have selection coefficients less than 1/N and selection is weak, i.e.
e

s«l/2.

No pleiotropy
Prior work, under the assumption of directional selection and that the fitness effects of random
mutation is gamma distributed with shape parameter a and scale parameter (3, showed that the
distribution of fixed mutational effects is gamma distributed with shape parameter ci+1 and scale
parameter (3 (Otto and Jones 2000). It can be shown that under our assumptions, the same
distribution is obtained. No bidirectional fixed mutations are expected.

Effects of stabilizing selection
The previous analysis (Otto and Jones 2000) assumes only directional selection is happening.
Another way of viewing this is that the population is sufficiently far from the optimum that
overshooting of the optimum and therefore, stabilizing selection is not happening. It is of
interest to determine how far a population needs to be to safely assume stabilizing selection is
unimportant. The probability that stabilizing selection is initiated, i.e., the probability of
overshooting the optimum with the next fixed mutation is
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f I2zl
f.2(2\z\-8)of(d;a,P)d8

Izl

a(z) =

for

k_

z<0

-z

J2(2z + d)of(d;a,B)dd
for

z>0

evaluating to

a(z) =

exp[|z|/ySj(jz|-/3) + /3
—
^
(exp[|z|//S]-l) j8

when a=l, i.e. mutation is exponentially distributed, for both positive and negative z, where z is
the current character state, k. is a normalization constant when z<0 equal to

Izl

I2zl

/26qf(6;a,B)dd

0

and

+ J*2(2 I z I -5)of(8;a,B)dd

Izl

is a normalization constant for z>0 equal to

0
f-28crf(d;a,6)dd+

-z
J2(2z +

6)of(&,a,P)dS.

-2z

As the population approaches the optimum, for exponentially distributed mutation, the
probability of initializing stabilizing selection grows from being vanishingly small to being 0.5
(Figure 2.3, solid curve). When mutation is gamma distributed and the shape parameter is such
that the distribution is more leptokurtic than an exponential distribution, there is a higher
probability of initiating stabilizing selection further from the optimum despite the same average
magnitude of a random mutation (Figure 2.3, dashed curve). As the population approaches the
optimum, the potential effects of stabilizing selection grow, and the size of the next fixed
mutation becomes increasingly dependent on z, such that the expected size of the next fixed
mutation is

M

2

H

+J

/ 6(28o)f(d;a,B)d8

0

|zj
2(z

=

S(2(2\z\-8)a)f(d;a,B)dd

+

/?-exp[|z|//3]l)

-i—;

, , '

for z<0 and a = 1

— -

(l-exp[|z|/j8])
Kz) =

0

-z

/ dX-2So)f(S;a,B)d8+

j 5(2(2z +

8)a)f(8;a,B)d8

-2z
2(z + j6-exp[|z|/y3]/g)
(l-exp[|z|//S])

/or z > 0 and a = 1

The average size of the next fixed mutation is asymptotically constant when the population is
sufficiently far from the optimum and only directional selection is occurring, as inferred by Otto
and Jones (2000). But as the population approaches the optimum, the average size of the next
fixed mutation decreases to zero (Figure 2.3). Note that the average fixed effect is larger when
the random mutational distribution is more leptokurtic, as expected from Otto and Jones's (2000)
work.

With pleiotropy
Two-character case
In the absence of random genetic drift, mutations with nonzero probabilities of fixation satisfy
the condition <5;+<5J2>0. Thus, if a mutation fixes and its fitness effect on one character is
negative, then its effect on the other character must be positive with a greater magnitude.
Given a mutation arises and is bilateral and exponentially distributed, the probability that
it has an effect of x on a character and fixes is g(x;\,B) - f(x;l,B)J

2(x + y)qf(y;l,8)dy, where

y is its effect on the other character. The overall distribution of fixed effects for mutations
affecting two characters is c (6\;l,j3) = — ^ ( . ^ X B ) —
f g(xXP)dx
2

rjp

0 n

simplification, this distribution is
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exp

P.
36

c (8 ;l,P) =
2

123,

i

exp

1-23,

far
2(5. exp

P

A

-oo < 5; < 0

+P
for

0 < <5 < oo
(

3/S

5

Also, for exponentially distributed mutations, the expected size of a fixed mutation's effect on a
character averaged over both negative and positive effects is 46/3. Given that an effect is
negative its expected size is -6/2, and given that it is positive it is 17(3/10. The proportion of
negative effects is 1/6 and the proportion positive is 5/6. See the Appendix for equations when
random mutation is more leptokurtically distributed.

More than two characters
n

For n characters, the selection coefficient of a new mutation is s = c r ^ <5,, which provides a

convenient approach for deriving the distribution of fixed effects for a single character. Given a
mutation with an effect of x for a particular character, then the selection coefficient is

/
s = o\

nn-1
-1 \
x

n-1

+ ^7<5, , where

is the sum of the effects over the other characters.
i-i

When each effect, d of the other n-1 characters is a bilaterally symmetric exponentially
it

distributed random variable, then by the central limit theorem, the sum of their effects is
approximately normally distributed with mean zero and variance 0=2/3'(n-1). Using this
distribution of effects for the other component characters, analysis proceeds in a similar manner
as in the two-character case. For gamma distributed mutation with shape parameters less than
one the normal approximation is poor, and the distribution of fixed effects is given in the
Appendix. Let h(y;6) be the probability that the sum of the effects on the n-1 other characters is
y. h(y;6) will be approximately normally distributed with mean zero and variance 6. Given a
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mutation, the probability that it has effect x on a component character and fixes is
pec

l(x;6,0) = f(x;\,B) J

2(x + y)ah(y;6)dy,

J l(x;B,d)dx
exp[-|<5,|//3](<5,.
+ 26zxp[-df
J

-x

and the overall distribution of fixed mutational effects

l(29)U(n-\)l

JZ + <5,er/[<5,. /(V20)])

2B Q
2

for - oo < f5. < oo
where erffjis the error function and Q = exp[n-l](l-erf\^jn-\\) + 2^(n-l)/jt.

The expected
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size of a fixed effect on a character is — . The probability that a mutation has a negative effect

on a character is — - — , and the probability a mutation has a positive effect is — + —F
2 2Q
2 2Q

RESULTS
No pleiotropy
During directional selection and in the absence of drift and pleiotropy, no bidirectional effects fix
(Figure 2.4a). For exponentially distributed mutation, the analytical expectation of Otto and
Jones (2000) closely follows the simulated distribution, and the theoretical expectation of the
scaled mean fixed effect (2.0) is close to the simulated average (1.98). When adaptation begins
closer to the optimum (Figure 2.4b-2.4c) and proceeds until the population travels 90% of its
original distance to the optimum, bidirectional mutations fix because of stabilizing selection:
lowering the scaled average fixed effect size to 1.43 for Figure 2.4b and 0.78 for Figure 2.4c.
The distribution of the magnitudes of fixed mutations becomes approximately exponentially
distributed when adaptation begins the average magnitude of two or less random mutations from
the optimum. When mutation is more leptokurtic, such that the shape parameter of gamma
distributed random mutation is 0.5, the scaled average fixed mutation in simulations (2.98)
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agrees closely with the prediction of 3.0 by Otto and Jones (2000). Note that Otto and Jones
(2000) predict that the average fixed effect is (l+q)6, and when this is scaled by the average
magnitude of a random mutation (ccB), the expected scaled effect is ^

+

a

^

=

_L + \ where a is
}

the shape parameter and yS is the scale parameter of random mutation that is bilaterally
symmetric and gamma distributed.
Under conditions allowing random genetic drift, but in the absence of stabilizing
selection, bidirectional effects also can fix (Figure 2.5a; Table 2.1). When N =200, 7.0% of the
e

mutations have negative effects and the average effect size is 1.74, or 13%> less than in the
absence of drift (Table 2.1). Note that the average magnitude of a fixed effect decreases with a
decrease in N (Table 2.1). Under conditions of genetic drift and stabilizing selection in Figure
e

2.5b, the frequency of negative effects increased to 13.7% and the average effect size decreased
to 1.15.

Mutations pleiotropically affecting two characters
When mutation is bilateral and exponentially distributed, bidirectional mutational effects fix in
the presence of pleiotropy and in the absence of drift and stabilizing selection (Figure 2.6a). The
average scaled fixed effect in the simulations (1.32) agrees with our prediction (1.34). The
frequency of negative effects in the simulations (16.1%) is accurately predicted by the theory
presented here (16.67%). The average scaled fixed effect given that it is positive in the
simulations (1.69) agrees with our prediction (1.70). When mutation is more leptokurtic, the
average scaled fixed mutational effect increases. For instance when the shape parameter of the
mutational distribution is 0.5, the average scaled fixed mutational effect is 1.80 in simulations
which is in agreement with the value (1.83) predicted by the equation presented in the Appendix.
Although the average fixed effect increases, the frequency of negative effects also increases
about three percent to 19.2% in simulations (19.4% by the equation presented in the Appendix).
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The increase in average fixed effect, despite an increase in the frequency of negative effects, is
due to the fact that larger mutations arise at higher probabilities when mutation is more
leptokurtically distributed, conditioned on the same average random effect, and these larger
mutations, if beneficial, have a high probability of fixation.
When N is small, but there is no stabilizing selection, an increasing fraction of negative
e

effects occur, the average size of a fixed effect decreases and the average magnitude of a fixed
effect decreases (Table 2.1). When stabilizing selection occurs because adaptation begins closer
to the optimum, the average fixed effect size decreases 62% for the conditions presented in Table
2.2. Correspondingly, the distribution becomes more balanced because of the sequential
overshooting of the optimum such that about 26% of the mutations are in one direction and 74%
in the other. The magnitude of fixed effects also decreased by 53%.

Mutations pleiotropically affecting multiple characters
The relative frequency of negative effects increases as the degree of pleiotropy increases (Figure
2.6b-2.6c). Both simulation and mathematical analyses show that, for exponentially distributed
mutation, the average scaled fixed mutational effect decreases as pleiotropy increases: from 2.0
with no pleiotropy, to 0.8 in when mutations affect five characters to 0.35 when mutations affect
25 characters. When mutations affect five characters, simulations show that 30.1%) of fixed
mutations have negative effects agreeing with the analytical expectation of 30.0%>. For 25
characters, 40.0%> were negative, in agreement with the analytical expectation of 40.1%). When
random mutation is more leptokurtic such that the shape parameter is 0.5, the average scaled
fixed effect is 1.0 in simulations (1.0 by the equations in the Appendix) when mutations affect
five characters and 0.44 (0.44 by the equations in the Appendix) when mutations affect 25
characters. Again, despite the increase in the average fixed effect, the frequency of negative
effects also increases such that when mutations affect five characters its 32.2%> (32.5% by the
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equations in the Appendix) and when they affect

25

characters its

42.6% (42.6%>

by the

equations in the Appendix).
When random genetic drift occurs in the absence of stabilizing selection, the average
fixed effect size decreases, the average magnitude of a fixed effect decreases and the frequency
of negative effects increases (Table 2.1). Stabilizing selection drops the average size of a fixed
effect 64%o under the conditions presented in Table 2.2 for mutations affecting five characters,
and the distribution of fixed effects becomes more balanced with 37% of the effects being
negative. The overall magnitude of fixed effects also drops, this time by 50%>.

CONSEQUENCES FOR INFERENCE
The following analyses are applicable to QTL studies that cross individuals from isolated
populations or species that differ phenotypically. Under these circumstances, fixed mutational
differences will be one source of the phenotypic difference between populations or species.

QTL effects
Provided that a Q T L consists of one mutational effect, then our results would predict the
distribution of Q T L effects as well as mutational effects. QTLs may consist of more than one
mutation in which the overall effect of a QTL is a function of the total mutational effects within
that region of D N A (Noor et al.

2001).

If there is more than one effect in a Q T L region, the QTL

will have a total effect which could mask some of the individual effects. For example, a negative
effect on a character could be hidden by a larger positive effect in the same region. The
probability that the overall effect of a Q T L is negative decreases as the number of mutations per
QTL increases (Figure 2.7). Although the overall effect of the Q T L may be positive, by
summing over the effects of two or more mutations, negative effects would be masked. Because
mutations with negative effects are on average smaller than positive effects, they have less of a
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masking effect than positive effects. When the mutational distribution is more leptokurtic, there
is a higher probability that a QTL will have a negative effect because as was shown earlier, there
is a higher frequency of fixed mutations with negative effects on a character.
Of the detected QTLs that affect a character, there is a bias for them to contain
proportionally fewer mutations with negative pleiotropic effects than the true proportion if all of
the regions of D N A that contain mutations that affect the character were detected (Figure 2.8).
As the detection threshold of a Q T L study becomes worse, i.e. the average magnitude of an
effect that can be detected increases, the bias against detecting mutations with negative
pleiotropic effects is magnified. The bias is magnified because positive fixed effects are on
average larger than negative effects (on an absolute scale) and given that only mutations of larger
absolute effect are detected, they are more likely to be positive.

Inferring directional selection on QTL loci
Orr (1998b) proposed that a sufficient number of unidirectional Q T L effects would be evidence
of directional selection acting on a character, while bidirectional effects would neither refute nor
provide evidence for directional selection. When this method is tested against our results, in
which only directional selection occurred and it is assumed that one fixed mutation is present per
Q T L , the ability to infer directional selection is weak (Table 2.3). The power of the sign test is
less than 50% except when the random mutational distribution is more leptokurtic, mutations
affect very few characters and detection thresholds are poor. Power increases, despite poorer
detection thresholds, because as the magnitude of an effect that is able to be detected increases,
the probability the effect will be positive as opposed to negative increases. Unfortunately, it is
not possible to correctly evaluate Orr's method when several mutations are fixed per QTL
because the sign test assumes the distribution of random Q T L effects is gamma distributed.
When random mutational effects are gamma distributed and more then one mutation is present
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per QTL, the expected random Q T L effect cannot be closely approximated by a gamma
distribution. Qualitatively, though, power improves as the number of mutations fixed per QTL
increases because as the number of fixed mutations increase per Q T L , the probability the overall
effect of the QTL is positive increases.

DISCUSSION
This study quantified the degree to which pleiotropy contributes to the fixation of mutational
effects opposite to the direction of selection for a character and compared it to the contributions
of stabilizing selection and random genetic drift. As may be expected, the results have shown
that pleiotropy can be a major cause of the fixation of effects opposite to the direction of
selection even when the degree of pleiotropy is minimal, i.e., a random mutation affects merely
two phenotypic characters. The results also show that despite an increase in the frequency of
negative effects when the random mutational distribution is more leptokurtic, there is not a
decrease in the average scaled size of a fixed effect - it actually increases.
That the fraction of negative effects increases with the degree of pleiotropy is perhaps
unsurprising given that pleiotropy clearly allows mutations with weakly deleterious effects to fix
because there is the possibility they also have stronger beneficial effects. Given a set of
mutations that have a certain probability of having a positive effect on a character, as the degree
of pleiotropy increases, the fraction of negative fixed effects will increase because there is a
better chance that a negative effect will be counterbalanced by a positive effect. What is perhaps
surprising is that mutations with deleterious effects, that are fixed my pleiotropic selection, can
be so frequent.
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Implications of model assumptions
Our model implies that the distribution of fixed effects is independent of the strength of selection
(cr). This will not be strictly true if we relaxed the assumption that the mutation rate to beneficial
mutations is slow relative to the rate at which they fix. When mutations cosegregate, there is the
potential for selective interference (Hill and Robertson 1966). A consequence may be that
beneficial mutations of larger effect may outcompete beneficial mutations of smaller effect.
The model assumes that random mutation is equally likely to be in one direction as
another for a character. Results from Mackay et al.(1992) and Lyman et al. (1996) suggests this
assumption may be reasonable, but more empirical study is necessary. Note that modeling
mutation this way does not assume, that it is equally likely to have a mutation arise that is
beneficial overall versus one that is deleterious. Deleterious mutations still occur at higher
probability. Furthermore, in the Appendix an alternate approach is presented that allows for the
possibility that negative effects occur at a high frequency.
The distributions of fixed effects derived here are for a set of mutations that
pleiotropically affect the same number of characters. Some characters may be affected by
mutations that pleiotropically affect different numbers of characters. The resulting effects for
such characters would be a mixed distribution over different degrees of pleiotropy.
The model assumes characters are independently affected by new mutations. Clearly this
is not the case, in general. To overcome this problem, empirical studies need to employ
statistical methods that orthogonalize their data if they wish to use the results presented here.
Incorporating the effects of mutational covariance on the distribution of fixed effects represents a
significant challenge for future work.
We have assumed organisms are haploid. This assumption will likely not affect our
overall conclusions under directional selection with no drift. In a diploid model, under
directional selection with drift and recessivity, deleterious mutations have a higher probability of
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fixation, which may alter the distribution of fixed mutational effects. Likewise, in a diploid
model under stabilizing selection and codominance, if mutations cosegregate and one mutation
of large effect is paired with a mutation of small effect, they may have a combined effect that is
beneficial, i.e., together they bring a phenotype to be closer to the optimum. But when the
mutation with a large effect becomes homozygous, it may then overshoot the optimum to such an
extreme that it is deleterious because the homozygous effect brings the phenotype to be further
from the optimum. This overdominance and its importance is left for future study.

Evolutionary consequences
Similar to the finding of Orr (2000), our results show that the average scaled size of a fixed
effect per character decreases. The scale is relative to the average magnitude of a random
mutational effect per character, so the inference is not an artifact of the possibility that as
pleiotropy increases the average magnitude of a random mutation may decrease.
The decrease in the average scaled fixed effect per character and the increase in
frequency of negative effects presents potential measures that can be used in comparative studies
to determine whether characters are pleiotropically associated with more or less characters in one
taxa versus another, or whether, within a taxa, one character is pleiotropically associated with
more characters than another. The implementation of such measures would assume that the
characters of interest are experiencing the same evolutionary forces, that is, the same amount of
drift, stabilizing selection and directional selection.

Implications for inferences
Some studies rely on Q T L analyses to narrow down regions of a genome that have mutations that
affect a character and then perform positional cloning techniques to ultimately determine the
effects of individual mutations on a character. Our results quantify a systematic bias for these
studies to miss mutations with negative effects. Of the detected Q T L , there is a bias for these to
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contain fewer negative effects than actually occur in the genome because the QTL that contain
negative effects are less likely to be detected. Additionally, in missing regions with negative
effects, the studies will also miss some positive effects because of masking by the negative ones.
The ability to tell whether directional selection is shaping the evolution of a character is
made more complicated by pleiotropy. The frequency of negative pleiotropic effects is sufficient
to cause high Type II error rates with Orr's (1998b) method.
This study quantified how pleiotropy leads to the fixation of bidirectional mutational
effects even in the absence of random genetic drift and stabilizing selection. Mutations
pleiotropically affecting more characters fix more negative effects. The potential prevalence of
bidirectional effects caused by pleiotropy leads to biases in Q T L studies that seek to determine
the genetic basis of phenotypic characters.
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APPENDIX
Here we describe the distribution of fixed effects for mutations pleiotropically affecting two or
more characters when the random mutational distribution is leptokurtic such that the shape
parameter of the gamma distribution is less than one.

Mutations pleiotropically affecting two characters
The derivation of the distribution of fixed effects proceeds as in the exponentially distributed
mutational case. The probability that a mutation has an effect of size x on a character and fixes is

g(x;a,8) = f(x;a,B)J

2((x + y)o)f(y;ct,B)dy,

distribution of fixed effects is ^ (6;a,)S) =
2

^'

wherey is its effect on the other character. The

, , a

'^—.

The fraction of fixed effects that are

negative and the average fixed effect size can be determined by numerically integrating
e (o>,jB).
2

Mutations pleiotropically affecting multiple characters
Here the normal approximation to the sum of the effects on the n-1 other characters is poor. But
we can make use of the property of gamma distributed random variables that given r effects are
of the same sign and are drawn from a distribution with the same shape (a) and scale parameter
(B), then the distribution of the absolute value of their sum is gamma distributed with shape
parameter ra and scale parameter B. In our model up to now, the probability that a random
mutational effect on a character is positive is 1/2 and correspondingly the probability that it is
negative is also 1/2. We can further generalize and have the probability a random mutation is
positive be p and the probability it is negative be q. Then given a mutation that pleiotropically
affects n characters, we focus on the effect of that mutation on one character and ask what is the
probability that of the remaining n-1 characters t are positive. This probability is binomially
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n-\\

f

distributed, or v (t;p,q) =
n

p'q" ' \ Given that t effects are positive, the probability that the

t

sum of those effects is equal to y is J[y ;Xa,B) using the same notation as in the body of the main
paper. Likewise, given n-t-1 effects are negative, the probability that the sum of those effects is
equal to w \sj[w\(n-t-l)a,j3).

The probability a mutation arises and fixes with effect x on a

component character needs to be broken into two parts: when x is negative versus when it is
positive. When x is negative, the probability it arises and fixes is
m' (x;a,B) =
n

f(x;a,B) j°

f

y" [2v (i;p,q)((x

+ w + y)a)f(w;(n

n

- i

-\)a,B)f(y;ia,B)dydw

and when x is positive the probability is
m* {x;a,B) =
n

N

J ,

,Z

n0";/>>?)((*

2v
n

+

w +

y)o)f(w\(n

-i-l)a,B)f(y;ia,B)dwdy.

The overall distribution of fixed mutational effects for mutations affecting n characters is

cwwi)- .—•>"•'*-••>::
qj

m (x;a,B)dx
n

+ pJ

m (x;a,B)dx

+ p\

m (x;a,B)dx

+

Q

n

for negative dj and

GM—x
q\

m(x;a,B)dx

+

for positive <5,-. As was shown in the results when mutation is bilateral and exponentially
distributed and pleiotropically affects two characters, 16.67% of fixed mutations have negative
effects and the average scaled fixed effect is 1.34. In comparison, when 90% of mutations have
positive effects, i.e., are beneficial and 10%> have negative effects, the fraction of fixed mutations
with negative effects is 2.6% and the averaged scaled fixed effect is 1.47. When 10%> of
mutations have positive effects and 90% negative effects, 40.9% of fixed mutations are negative
and the average scaled fixed effect is 1.10.

34

Table 2.1: The effects o f lowering the effective size o f a population on the distribution o f the
fixed mutational effects.

3

Number o f characters
N

1

2

5

25

Sc. Effect

0.878

0.34

0.09

0.01

Sc. Magn.

1.23

1.04

1.01

1.00

% Neg.

28

42

48

51

Sc. Effect

1.36

0.60

0.17

0.01

Sc. Magn.

1.55

1.11

1.01

1.00

% Neg.

16

35

46

49

Sc. Effect

1.74

0.96

0.33

0.15

Sc. Magn.

1.78

1.28

1.04

1.01

% Neg.

7

26

42

46

Sc. Effect

1.96

1.33

0.79

0.34

Sc. Magn.

1.96

1.48

1.18

1.04

% Neg.

0.09

17

30

41

Sc. Effect

2.0

1.34

0.80

0.35

Sc. Magn.

2.0

1.50

1.19

1.03

% Neg.

0

17

30

40

e

50

100

200

2000

oo

Sc. Effect: the scaled average effect of a fixed mutation; Sc. Magn.: the scaled average
magnitude o f a mutation; % Neg.: percent o f fixed effects that were negative.
a - A l l values are based on simulations in which at least 10,000 fixed mutations occurred and
mutation was bilaterally symmetric and exponentially distributed.
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Table 2.2: The effects of stabilizing selection on the distribution of fixed mutational effects.

3

Number of
characters

Average scaled fixed
effect

Average scaled fixed
effect magnitude

Percent negative
effects'
3

~2

5~50

O70

26A

5

0.29

0.60

37.0

a-Under stabilizing selection, adaptation began the magnitude of two random mutations away
from the optimum for each character and stopped once the phenotype traveled 90% of the
distance to the optimum. The effective and census population sizes were both2xl0 . One
5

thousand replicates of the adaptive process occurred for each value. Random mutation was
bilaterally symmetric and exponentially distributed.
b-A character began adaptation to one side of the optimum, and the direction of effects are
standardized relative to this initial positioning. Negative effects correspond to mutations that
fixed in the opposite direction of the optimum relative to the initial positioning of a character.
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Table 2.3: The power o f O R R ' S (1998b) method to detect directional selection."
Number o f characters
2

5

25

Detection Threshold
0%

50%

0%

Exponential

17.2%

41.4%

13.8%

Leptokurtic (a=0.5)

39.2%

79.9%

11.1%

b

50%

0%

50%

33.1%

3.9%

6.8%

33.1%

2.8%

7.5%

a-In the analysis it was assumed that 10 Q T L loci were detected and one fixed mutation occurred
per Q T L . Power is based on 1000 replicate samples at the a=0.05 significance level - except for
note b, here the p value associated with 9 positive effects was 0.0526.
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Figure 2.1: QTL effects from two recent studies: (a) Bradshaw et al. (1998) on floral differences
distinguishing two species of Mimulus and (b) MacDonald and Goldstein (1999) on male sexual
characteristics distinguishing two Drosophila

species. In the Mimulus study, the effect was

standardized such that it is the difference between the homozygous effects of a QTL of M.
cardinalis and M. lewsii divided by the homozygous effect of M. lewsii. A negative effect makes
a M. cardinalis plant more like M. lewsii and a positive effect is in the direction of M.

cardinalis.

Corolla projected area is a measure of the surface area of the corolla that would be visible to a
pollinator. AdjPCl is a principal components measure of the shape of the posterior lobe. The
magnitude of effects for the Drosophila

study is the percent of the difference between the two

species explained by substituting an introgressed D. simulans allele for a D. sechellia allele. .

(a) Mimulus

(b) Drosophila
Testis length

Corolla projected area
3

2.5
2

1.5
1

0.5

AdgPCI

Corolla width

Posterior lobe area

Pistil length

-0.3

-0.2

-0.1

0.

0.1

0.2

0.3

0.4

-0.6

-0.4

Standardized effect

-0.2

0.

0.2

0.4

0.6
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Figure 2.2: Shows how (a) random genetic drift, (b) stabilizing selection and (c) directional
selection with pleiotropy may lead to the fixation of bidirectional mutational effects, for
mutations that pleiotropically affect two characters. The optimum state for each character is at
the origin. The point on the circle gives the current state of both characters. A mutation,
represented by a vector, may cause a character to take on a new state. Mutations bringing the
phenotype to be within the circle are beneficial overall because the new phenotype is closer to
the optimum, (a) Under drift, mutations fix in all directions leading to bidirectional fixed effects,
(b) A character experiencing stabilizing selection undergoes sequential overshooting of the
optimum leading to the fixation of bidirectional mutations, (c) Pleiotropy and directional
selection lead to the fixation of bidirectional effects because although a particular character may
have an effect opposite in direction to its optimum, another character may compensate by having
a larger effect in the direction of its optimum. The mutation is beneficial overall because it is
within the circle, i.e., it brings the phenotype to be closer to the optimum, but is outside the
rectangle because it has a deleterious effect on one of the characters, (d) When both characters
have effects in the direction of the optimum, for mutations pleiotropically affecting two
characters, the mutation is always beneficial overall.

Character 2
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0.5

4.0

8.0

12.0

Scaled distance from optimum
Figure 2.3: The probability that the next fixed mutation initializes stabilizing selection (left axis)
and the average scaled size o f the next fixed mutation (right axis) as a function of the distance
that the population is from the optimum. Solid lines are for random mutations that are
exponentially distributed and dashed lines are for mutations that are gamma distributed with a
shape parameter equal to 0.5. The average magnitude o f a random mutation is the same for both
mutational distributions. The fixed mutation size and distance from the optimum is scaled
relative to the average magnitude that a random mutation has.
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Figure 2.4: The simulated (histograms) and analytical distributions (solid lines) of fixed
mutational effects for mutations affecting a single character. Random mutations are bilaterally
symmetric and exponentially distributed with scale parameter equal to 0.01. The magnitude of
the slope of the fitness function is 1.0. The effective and census population sizes are both
200,000. Adaptation began the average magnitude of (a) 100, (b) five and (c) two random
mutations below the optimum. Each replicate was stopped when the population traveled 90% of
the distance to the optimum. The solid curves are the distribution of fixed effects predicted by
the work of Otto and Jones (2000). The dashed curve is an exponential distribution with a mean
equal to the average effect of a fixed mutation in the simulation. The scale for the x-axis is the
average magnitude of a random mutational effect on the character.
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Figure 2.5: The distribution of fixed effects for mutations affecting single characters under
random genetic drift. Here, the effective size of the population is 200, and the census size is
2000. Mutations with effects opposite to the direction of the optimum are represented with dark
bars and mutations in the direction of the optimum have light bars. Dark and light bars appear
on both sides of the origin because stabilizing selection about the optimum was sometimes
initiated in (b). Together the light and dark bars add to the overall distribution of fixed
mutational effect sizes, (a) This is the simulated distribution of fixed mutational effect sizes
when the population began adaptation the average magnitude of 100 random mutational steps
below the optimum. The stopping point for adaptation was when the population traveled 90% of
the distance to the optimum, (b) The same as in (a) except that the population began adaptation a
distance equivalent to the average magnitude of five mutational steps below the optimum. Onethousand replicates of the adaptive process were performed to generate the histograms. The
scale for the x-axis is the average magnitude of a random mutational effect on a particular
character.

Probability density
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Figure 2.6: The distribution of fixed effects after adaptation for mutations affecting two, five and
25 characters. The lines are based on the analytical results and the histograms are based on
simulations. Light bars correspond to cases in which the mutation has a positive pleiotropic
effect and dark bars indicate when it has a negative pleiotropic effect. The scale for the x-axis is
the average magnitude of a random mutational effect on a particular character. In the
simulations, each character begins adaptation at a scaled value of 100 units below their optimum.
The effective and census population sizes are both 2xl0 . The magnitude of the slope of the
5

fitness function is 1.0. Simulations stopped when the overall phenotype evolved to 90% to the
optimum. The graphs show the results for mutations pleiotropically affecting (a) two, (b) five
and (c) 25 characters. In each case, a=l and 6=0.01. There were 1000 replicates for (a) and
100 each for (b) and (c).
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1
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5

6

7

8

9

10

Number of mutations per QTL

Figure 2.7: The probability that a QTL has an effect on a character that is opposite to the
direction of selection versus the number of mutations harbored per Q T L . From bottom to top,
results are plotted for mutations pleiotropically affecting two, five and 25 characters,
respectively. Solid lines are when random mutations are exponentially distributed and dashed
lines when the mutational distribution is more leptokurtic (gamma distributed with an a=0.5).
The fractions are based on 1000 replicate samples from the distribution of fixed mutational
effects for each case.
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1

1

2

Detection threshold
3

4

5

6

7

8

9

10

Number of mutations per QTL

Figure 2.8: The bias in detected Q T L to contain fewer negative pleiotropic effects than expected.
A bias of zero represents the case when the observed number of negative pleiotropic effects is
equal to the true number when the detection threshold is zero. A bias of -0.2 represents the case
when the number of negative pleiotropic effects is reduced by 20% of the true value. A detection
threshold of zero corresponds to the case when a Q T L study can potentially detect all mutations
affecting a character. A detection threshold of 2.0 corresponds to a Q T L study that can detect
mutations as small as twice the average magnitude of a random mutation affecting a character.
Solid lines are for exponentially distributed mutations and dashed for more leptokurtically
mutation drawn from a gamma distribution (a=0.5). The plots are based on 1000 replicate
samples from the distribution of fixed mutational effects.
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Chapter 3: The expected relationship between the pleiotropic phenotypic effects
of a fixed adaptive mutation

A model in evolutionary developmental biology that has emerged is that the phenotypic effects
of mutations at cw-regulatory sites are modular, i.e., they have no or very limited pleiotropic
effects. For instance, Stern (2000) reviewed several empirical studies that found cw-regulatory
sites with a large phenotypic effect, that cause differences between species, yet no pleiotropic
effects. He noted that for a species to have a fixed mutation with a large phenotypic effect (that
is assumed to have been beneficial), yet no or limited pleiotropic effects goes against the
prediction made by Fisher's (1930) geometrical model that most beneficial mutations should be
very small with some pleiotropic effects. Although it is true that examples in Stern's (2000)
review contradict the prediction of Fisher (1930), it also the case that Fisher (1930) and Stern
(2000) presented expectations or results for two very different types of mutation. Fisher (1930)
gave predictions for the distribution of effects of new beneficial mutations, and Stern (2000)
reviewed the effects of a mixture of mutations, in which most were old mutations that are the
major cause of phenotypic differences between species, while some were new mutations.
Theoretically, it has. been shown that older mutations that have been fixed in a population
by selection have different properties than new mutations. For instance, Orr (1998,1999), using
Fisher's (1930) geometrical model, has shown that the distribution of fitness effects of fixed
mutation is approximately exponentially distributed - even when the distribution of effects of
new mutations is not exponentially distributed. Furthermore, Griswold and Whitlock (2003)
quantified how selection acts on new mutations to give rise to the distribution of effects of fixed
mutations on phenotypic characters. It was shown that when the distribution of effects of new
mutations per character is symmetric about zero, the distribution of fixed mutational effects is
asymmetric about zero, such that fixed mutations are expected to have a beneficial effect on a
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character with a higher probability than a deleterious effect, but even with a small amount of
pleiotropy it is expected that a large fraction of fixed mutations will have a deleterious effect on
a given character.
The theoretical question that Stern's (2000) review raises is, given that a study finds an
older m-regulatory mutation that is presumably fixed in a population, and that causes a large
phenotypic difference with other populations, is it expected to have pleiotropic effects, assuming
that newly arisen ds-regulatory mutations, on average, have pleiotropic effects? More generally,
Stern's (2000) review raises another unanswered question, namely what is the expected
relationship among the pleiotropic effects of a fixed mutation on different characters?
This paper presents two different types of expectations that give relationships among the
effects of a fixed mutation. The first section of the results gives the expected correlation
between the effects of a fixed mutation on two characters. A correlation corresponds to the
expected joint effects of mutations on two characters, without assuming one of the effects is of a
certain size. The second section gives the expected size of the effect of a fixed mutation, given
an observed effect on another character. This second expectation is closest to the context of the
results that Stern (2000) reviewed, in that the studies first observe a mutation with a large
phenotypic effect and then see if it has pleiotropic effects.

MATHEMATICAL MODELS
Two types of mutational models will be explored. The first model is the familiar multivariatenormal model and the second is a new model that allows for correlated effects on different
characters as well as positive levels of kurtosis on each character. The property of positive
kurtosis has been observed in experiments (Mackay et al. 1992; Lyman et al. 1996) and has been
predicted theoretically (Welch and Waxman 2002).
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The two selective models include one in which all characters are undergoing directional
selection and the second in which some characters are undergoing purifying selection. This last
approach is similar to that taken by Keightley and Hill (1990), Kondrashov and Turelli (1992)
and Otto (2004) in that the pleiotropic effects of mutations are assumed to be unconditionally
deleterious.
Next, the mutation models will be presented for both the pure directional and purifying
selection models. Following this, equations describing the univariate and the bivariate
distribution of fixed mutational effects are presented. Then, the F matrix, defined as the
variance-covariance matrix of fixed mutational effects, and the expected correlation in fixed
effects are presented. Lastly, analyses will be performed to determine how the different mutation
models give rise to different F matrices and different expected correlations of fixed mutational
effects.

Multivariate normal mutation
For a mutation that affects n characters, its vector of phenotypic effects, 8 = (5 6 ,...,5 ),
v

2

n

is

drawn from a multivariate normal distribution with probability density function,

(1)

(Kalbfleisch 1985). In equation (1), ]X = (u^,^ ,...,n )
1

n

is a vector of average effects of mutations,

T symbolizes the transpose of a vector and |M| is the determinant of the variance-covariance
matrix of mutational effects (M).
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Leptokurtic mutation
The vector of mutational effects on phenotypic characters is 6 = jl+ tz, where ^ is a gamma
distributed random deviate with an average effect of aB and coefficient of variation l / V a ,
p, = (/ip^,...,(i ) is a vector of average effects, and z is a vector of normally distributed deviates
n

in which the average effect of each element is zero such that they come from the multivariate
distribution with probability density function,

(2)

In equation (2), Q represents the variance-covariance matrix of effects of the z deviates.
Because each element in the vector z has a mean effect of zero, multiplying each by a common t
does not change the correlations that are generated by the Q-matrix (see Appendix A). Let the
function /Q(d\ be the distribution of leptokurtically distributed mutational effects.
In the leptokurtic mutation model, when a = 5.0, such that the coefficient of variation of
the distribution of gamma deviates is 0.447, the distribution of mutational effects is nearly
symmetric with exponentially distributed magnitudes (Figure 3.1a). As the coefficient of
variation of t grows larger, the distribution of mutational effects becomes more leptokurtic
(Figure 3.1b), and as the coefficient of variation approaches zero, the distribution becomes
normally distributed.

Unconditionally deleterious mutations
In the purifying selection model, the effects of mutations on some characters are unconditionally
deleterious. In this paper, I subsume all of the unconditionally deleterious pleiotropic effects into
one character and use the convention that this character be the last one out of n characters.
Accordingly, the vector of mutational effects under the multivariate normal model of mutation is
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<5 = (<5,,f5 ,...,-|(5 |). In the multivariate normal case, the effects, 6 are drawn from equation (1).
2

fl

n

In the leptokurtic case, d = pt + tz for z-{ 1,2,.. .n}, and as in the pure directional selection case,
i

t

t

/ is a gamma distributed deviate, and z, is a normally distributed deviate with a mean effect of
zero coming from equation (2).

Let f (d}
M

represent the distribution of mutational effects based

on the multivariate normal mutation model and unconditionally deleterious mutations, and let
/ ,(<5J be the distribution of mutational effects based on the leptokurtic mutation model and
Q

unconditionally deleterious mutations.

Selection coefficients
From an evolutionary point-of-view, we assume that a population is experiencing directional
selection on one or more phenotypic characters. Like the work of Orr (1998, 1999), Griswold
and Whitlock (2003) and Welch and Waxman (2003), we assume the rate of mutation is slow
relative to the rate of fixation, such that mutations sequentially arise and fix. As such, there is no
selective interference among mutations (Hill and Robertson 1966). After each fixation, the
fitness of a population is scaled to equal one and the heterozygous selection coefficient (s) of a
new mutation is

where a, is a number that relates the phenotypic effect of a mutation on character / to fitness.

Probability of fixation
The probability that a mutation with a selection coefficient of s fixes is 2s (Haldane 1927; Crow
and Kimura 1970). This approximation assumes that only mutations that are beneficial overall
fix and that selection is weak, such that

s«l/2.
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Distributions of fixed effects
Given that a mutation has occurred, the probability that it has an effect ci. on character i and
eventually fixes is
**(*/)-//"•/

22la s f (8)dd dd ---d8^d8 ---dd ,
e

e k

l

2

i+i

n

(4)

where k G {M,Q,M',Q'}, such that equation (4) is general for the four combinations of mutation
and selection models. The integral in equation (4) is evaluated over all values of 8 such that the
condition

I>A>o

(5)

is satisfied, which ensures that the overall fitness effect of a mutation is beneficial. The
distribution of fixed mutational effects on character i is

^(<5,) = ^(5,)//_>(<5,.>/<5,..
t

(6)

Similarly, the joint probability that a new mutation fixes that has an effect (5, on character / and
an effect 6j on character j is

^( <A) = /
5

/-/2Y __aAM^)d8 dd -.-d8 _ d6 --^
(

i

2

l

]

M

(7)

where again the integral is evaluated such that condition (5) is met The joint distribution of
fixed mutational effects on characters / and j is

Variance-covariance matrix of fixed mutational effects (F-matrix)
The expected variance-covariance matrix of the effects of a fixed mutation (Fk) based on the kth
model is
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t

V/fo)

Cov{(c\A)

-

C ^ ' M )

V/(<5 )

^ ( ( c ^ )

Covf(«5„,<5 )

2

2

Cov{{5 5 )\
v

n

...

C v{(<5 ,<5„)

...

V/(«5„)

0

(9)

2

where V/(6,) is the variance in the sizes of fixed effects on the rth character, and Cov{(<5 .,<5 .) is
(

y

the covariance between the sizes of fixed effects on characters / and j. The superscript /
designates that the statistic is for the effects of a fixed mutation.

Relationship between the correlations from the multivariate normal and
leptokurtic mutation models
In this section I seek to derive equations that relate the expected correlation in the effects a fixed
mutation from the multivariate normal model to the expected correlation from the leptokurtic
mutation model under pure directional and purifying selection. To accomplish this goal, two
expectations are used, namely the expected products of fixed effects (ii/'(<5.<5.)j, and the products
1

/

equation (8), it can be shown that, for the

of expected fixed effects [^{(p^ElidFrom

leptokurtic models K G {Q,Q'}, the correlation between mutational effects on characters i and j
can be written in terms of expectations from the multivariate normal models e G {M,M'} as

pi(5,<5.)-

^
^/(2 + a)E{ (6, ) - (1 + a)E (6)
J

2

J l

f

2

e

,
p

^
+ a)E{(d*) - (1 +
e

V

J

(10)

J l

a)E (dj)
f

As argued in Appendix B and as numerical analyses shows, for a wide range of parameters
values, p^d^dj}

s p^j^,^.) and p^(5,,<3 ) s Pjd(<5,,^). That is, the correlation between the
y

effects of fixed mutations when mutation is more leptokurtic is greater than or equal to the
correlation between the effects of fixed mutations when mutation is normally distributed,
assuming that the mutational correlations are the same. (Appendix B gives the mathematical
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conditions for which this claim is true.) Furthermore, it can be shown that

limp^c5 .,6 .) =
(

7

PM(^I-'^J)

a n Q l

'i PQ'(^,->^y) = PM'(A'^)>
M

a

s

i expected since the leptokurtic
s

mutational distributions become approximately normally distributed as a-*<*>.

Positive kurtosis and the frequency of fixed mutations with deleterious
pleiotropic effects on a character
In this section, I wish to determine whether positive kurtosis increases or decreases the frequency
of fixed mutations with deleterious pleiotropic effects on a character when there are no
mutational biases, such that \x = 0 for £ = {l,2,.. .,n}. To accomplish this, equation (4) is
(

rewritten as

where K = {Q,Q'},e = {M,M'}, and the average effects of mutations from the multivariate
normal distribution, f (z),
e

are all equal to zero. The function y{t) is the gamma probability

density function with mean effect a/3 and coefficient of variation 1/VcT. The distribution of
fixed mutational effects when mutation is leptokurtically distributed is then equal to

where E(t) is the expected value of t. Thus, when there are no biases in the effects of mutations
(H = 0 for £ = {1,2,...,«}), the probability density function of a fixed mutational effect on a
t

character in the leptokurtic mutation model can be written as the product of terms involving t
with the expected distribution of fixed mutational effects when mutation is normally distributed.
Accordingly, the frequency of fixed mutations with deleterious pleiotropic effects on a character
in the leptokurtic model is expected to be the same as in the multivariate normal model, provided
that the mutational covariances are the same and \x = 0 for £ = { l , 2 , . . . , « } .
t
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ANALYSIS
In the following analysis positive effects of mutations are beneficial and negative effects are
deleterious.

Numerical analysis
For n=2, equations were evaluated numerically in Mathematica v.4.1, in which the default
numerical integration function was used. For n>2, Monte Carlo integration was used and the
program was written in C following the approach of Press et al. (1992), p. 305.

Correlations in the effects of new adaptive mutations
In Figure 3.2a I plot a random sample of mutations that pleiotropically affect two characters that
may arise over the history of a population according to the multivariate normal model. In this
example, there are no mutational covariances and mutational variances are equal. In the pure
directional selection model, for a mutation to be beneficial and fix, the condition given by
equation (5) must be met. For n=2, this condition is represented by a line in which mutations
above and to the right of the line are beneficial with respect to fitness (the gray line in Figure
3.2a). If mutations that are deleterious overall are separated from mutations that are beneficial
overall, and the axis of the principle components of the mutations that are beneficial overall are
drawn, the major axis of variation of beneficial mutations is parallel to the line satisfying the
condition ^7

= 0 (solid-dark line in Figure 3.2a). Accordingly, the correlation in the

effects of beneficial mutations is negative, even though the mutational correlation is zero.
When mutational variances are unequal and there are no covariances, the major axis of
variation of beneficial mutations is rotated away from the line satisfying the condition
a,<5,. = 0 toward the axis with the larger mutational variance (Figure 3.2b). Accordingly, the

'

59

magnitude of the correlation in the effects of beneficial mutations is less than when mutational
variances are equal, but it is still negative. When mutations pleiotropically affect four characters,
mutations that are beneficial overall satisfy the condition, ^

a,.(5. > 0. When looking at the
(

effects of beneficial mutations on two of the four characters, the correlation is still negative
(Figure 3.2c), but weaker because there is less dependence of fitness on these two characters.

The expected correlation among the effects of a fixed mutation: Pure directional
selection
For characters that are undergoing directional selection, numerical results indicate that the
expected correlation between the effects of a fixed mutation is less than or equal to the
mutational correlation (Figures 3.3-3.5). Consequently, even when there is no mutational
correlation between characters, the expected correlation between the effects of a fixed mutation
can be substantially negative. For the case of n=2, when the mutational correlation is zero,
p

f
M

= -0.40, and when the mutational distribution is leptokurtic, p £ = -0.21, when a = 5.0 and

6 = 1/5 (Figure 3.3). When the mutational distribution is extremely leptokurtic, the fixed
mutational correlation is nearly equal to the mutational correlation. The fixed mutational
correlation does not become positive until the mutational correlation is about 0.25 in the
leptokurtic case with parameters a = 5.0 and 6 = 1/5 and about 0.45 in the multivariate normal
case.
Next, I evaluate the consequences of having two characters pleiotropically associated
with an additional character. When two characters are pleiotropically associated with a third
character (which may be considered to be a combined effect of several other characters), but the
two characters are not mutationally correlated with the third, the expected correlation between
the effects of a fixed mutation on the first two characters is closer to, but still less than, the

60

mutational correlation (Figure 3.4). Furthermore, if two characters are pleiotropically associated
with a third, and the first two characters have correlated mutational effects with the third,
numerical results suggest that the expected correlation between the effects of a fixed mutation on
the characters under directional selection will be less than the mutational correlation (Figure 3.5).
In Figure 3.5a, the two characters have equal and positively correlated effects with the third
character, and numerical results suggest that any increase in these correlations with the third
character causes the fixed mutational correlation to be lowered, i.e. still less than the mutational
correlation. In Figure 3.5b, the two characters are both negatively correlated to the third
character with the same magnitude, and numerical results suggests that any increase in the
negative correlation causes a further decrease in the fixed mutational correlation. The last two
parts of Figure 3.5 (c and d), give correlations when the one of the first two characters is
positively correlated with the third and the other character is negatively correlated. Numerical
results suggest that whether magnitude of the negative correlation is greater or less than the
positive correlation, the fixed mutational correlation is always less than the mutational
correlation. Only small to moderate mutational correlations between the first two characters
were numerically analyzed because of the restriction on the variance-covariance matrix to have a
positive determinant. Individual cases were numerically analyzed when the magnitude of
mutational correlations between the first two characters were greater than 0.50 and these two
characters also had correlated mutational effects with the third. A l l of these results suggest that
the expected correlation between the effects of a fixed mutation was less than the mutational
correlation.
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The expected correlation among the effects of a fixed mutation: With purifying
selection
In the presence of purifying selection and unless the mutational distribution is extremely
leptokurtic, numerical results suggest that the correlation between the effects of fixed mutations
is less than the mutational correlation (Figure 3.6). This appears to be true even if the strength of
selection on the deleterious pleiotropic effects is stronger than the characters under directional
selection. For instance, when a = 10.0 for the character under purifying selection, the
3

correlation between the effects of fixed mutations in the multivariate normal model increases
slightly to -0.39 from -0.43 in the absence of purifying selection. When the mutational
distribution is leptokurtic such that a = 5.0 and B = 1/5, the increase is to -0.10 from -0.16.
When the distribution is extremely leptokurtic such that a = 1.0 and 6 = 1.0, the increase is to
0.13 from 0.06; here the fixed mutational correlation is greater that the mutational correlation of
zero.

Conditional expectations of joint mutational effects
When the mutational correlation between characters is less than or equal to zero, numerical
analysis suggests that selection induces a negative relationship between the expected size of the
effect of a fixed mutation on one character given an observed effect on another character (Figure
3.7a-b, solid, dashed and dash-dotted curves). If the mutational correlation between all
characters is positive, numerical analysis suggests that the relationship between the sizes of the
effects of a fixed mutation can still be negative, although it becomes positive for large and
positive mutational effects on the observed character (Figure 3.7a-b, dotted curves). When there
is a mixture of positive and negative mutational correlations, for characters that are positively
correlated, numerical results suggests that the expected relationship between the size of a fixed
effect on one of the characters given an effect on the other is at first negative and then becomes
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positive (Figure 3.7c, solid line). When there is a mixture of positive and negative mutational
correlations, characters that are negatively correlated are expected to have a negative relationship
between the effects of fixed mutations (Figure 3.7c, dashed line).
Numerical results also suggest that as the magnitude of a fixed mutational effect on a
particular character becomes increasing large and beneficial, the expected size of an effect on a
second character approaches the expected size of a random mutation. Thus, the results suggest
that for a mutation with a large beneficial effect, the expected effects on other characters are
mostly random relative to the mutational distribution.

DISCUSSION
This paper has shown that selection causes the expected correlation in the effects of a fixed
mutation to be less than the correlation in the effects of a new mutation. The consequence of this
is that even when there is no mutational correlation between two characters, the correlation in the
effects of a fixed mutation is expected to be negative, unless the mutational distribution is
extremely leptokurtic. Furthermore, the correlation between fixed mutational effects often
remains negative even when the mutational correlation is strongly positive.
Recently Stern (2000) introduced the concept of "evolutionary relevant" mutations which
are "mutations found at reasonable frequency in natural populations and those that differentiate
species." He noted in the paper that many of the mutational sites that have been identified as
causing major differences between species and families are cz's-regulatory sites, and that these
regulatory cites are part of core developmental processes that bring about the structure of an
organism's secondary body plan. He noted that these mutations of large effect seem to have no
or very limited pleiotropic effects. Care should be taken to not over interpret the mutations that
were reviewed by Stern (2000), however, because many of the-mutations are possibly millions of
years old, and there has been time for compensatory mutations to arise and fix that may nullify
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initial deleterious pleiotropic effects. Despite this cautionary note, the null expectations
presented in this paper may be helpful in evaluating Stern's (2000) conclusion that cw-regulatory
mutations, on average, do not act pleiotropically.
Stern's (2000) conclusion that cw-regulatory sites, on average, do not act pleiotropically
may be justified for fixed mutations with large phenotypic effects on a character, but it is not
justified to infer that new mutations at cw-regulatory sites do not act pleiotropically because
older fixed mutations do not act pleiotropically. The null expectation from which to compare the
results that were reviewed by Stern (2000) is to assume that new mutations, on average, act
pleiotropically, the average mutational correlation is zero, and the average effect of a new
mutation per character is zero. Under these conditions, a mutation that is fixed by selection with
a large phenotypic effect on a character is expected to have no or very limited pleiotropic effects
on other characters.

Conclusions
This paper has shown how selection transforms the underlying genetic architecture of new
mutations into the genetic architecture of an adaptation. Different underlying mutational genetic
architectures give rise to different genetic architectures of adaptations. Generally, results suggest
that the expected correlation among the effects of a fixed mutation is less than the expected
correlation among the effects of a new mutation. Additionally, the results indicate that the null
expectation for studies that first find a mutation with a large phenotypic effect is to find no or
limited corresponding pleiotropic effects. Consideration of this'outcome is necessary when
inferring the underlying architecture of new mutations from observed effects of fixed mutations.
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Appendix A: Proof that mutational correlations in the leptokurtic model are equal
to the correlations in the Q-matrix
The expected covariance between mutational effects 6, = pi, + tz, and 8j = /dj + tZj from the
leptokurtic model is given by the equation,
+ tz, -

+ tz,))((Mj + tZj - Efaj + tz,.))],

(Al)

where E[t] denotes an expectation. Expanding (Al) and taking expectations yields the equation,
(A2)

4r ]E[z,z,]-£[r] £[z,]£[z,].
2

2

Noting that £ [ z , ] = 0 and £ [ z ] = 0 simplifies (A2) into the equation,
2

E[t ]E[ztj].

(A3)

2

The expected correlation between effects 5, = \x, + tz, and <5. = fij + tz from the leptokurtic
Y

i

model is then
(A4)

which is the same as the expected correlation between deviates z, and Zj.
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Appendix B: Derivation of conditions when p ^ d ^ j a PM(<5,-,<5)
;

As was noted in the main section, limp (6.,<5.) = p_(6.,6.). Thus, if — ^ " ' < 0 for all
Q

j

0

a > 0, then p^S,.,^.) a p_(5,.,<5.), provided that PQ(<5,,<5,) is smooth over the interval 0 < a < oo.
;

That is, if PQ(<5.,(5) is a decreasing function of a as a -> oo and limp^d,,^.) = p4(<5.,(5 ), then
(

;

(

y

it follows that p{ (d ,d ')] a p4(<5,><5j) for a >0. The derivative of p£(<5,,<5 ) with respect to a is
i

i

J

;

-2((l

+

a)E4(6,,3 )-a£i (6,.)£4(6.))
y

**

1

3/2

""""

2((2 + a ) E „ ( t f ) - (1 +

a)E£(6,f)

3/2 "

((2 + a)E_(« ) - (1 + a)E„(fi,
2

y

The denominator is always positive, so the numerator defines when

it is clear that when CovUd^d,)
v

EL(Wj)-

EU i) L(Sj)
S

f)

V'^^ y

<?P£(S,,6\)
— < 0. Right away
da

dp^ (d 8 )
a 0, — ^ ''
< 0 for a > 0 because when CovUd^d.)
da
Q

1 1

-

a 0,

- 0 and it follows that (1 + a)E„(^ )-aE_(a,)E_(a,) > 0.

E

;

When Covh(8 ,6j) < 0, the condition (1 + a)E{ (8 8 )
t

/l

i

j

- oE^S^E^Sj)

> 0 still must be

satisfied for the correlation in the leptokurtic model to be greater than in the multivariate normal
model. Rewriting the condition as E^d^E^d^
a

< ^ °^ Ej^fyS,.) and taking the limit as
+

0, the condition is easily met. When a - » o o , the condition becomes more restrictive

because E^S^E^Sj)

> Efgfdfij) if Cov4(<5,,d\) < 0. But it is also true that as a - » • » , the

leptokurtic model of mutation approaches the multivariate normal case, and it is therefore
expected that the correlation from the leptokurtic model converge on the multivariate normal
correlation. For the range of parameter values that were studied in the main text, the fixed
mutational correlation from the leptokurtic model was always greater than or equal to the fixed
mutational correlation from the multivariate normal model.
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Figure 3.1: Mutational distributions of the effects of a mutation on a character based on the
leptokurtic model: in (a) o = 0.0001, a = 5.0, and 6 = 1/5 and in (b) a = 0.0001, a = 1.0, and
2

2

6 = 1.0. In both cases, Jl = 0. The solid line corresponds to one-half of a bilaterally symmetric
exponential distribution. In both cases, the average magnitude of effects is 0.0079.
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Figure 3.2: (a) The effects of mutations on two characters under the multivariate normal
mutation model in which a = 0.0001 for both characters and there are no mutational
2

covariances (gray and black dots). The gray line separates mutations that are beneficial overall
(black dots) from deleterious mutations (gray dots) when a = (1,1). The axis along which the
major principle component of variation of beneficial mutations lies is parallel to the line d = -d
2

{

(solid line). The second major principle component lies along an axis that is perpendicular to the
first principle component (dashed line). The correlation in the effects of beneficial mutations is
about -0.46. (b) The effects of mutations on two characters under the multivariate normal
mutation model in which of = 0.0004 and of = 0.0001 and there are no mutational covariances
(gray and black dots). As in (a), the gray line separates beneficial mutations (black dots) from
deleterious mutations (gray dots) when a = (1,1). The solid line gives the axis of the major
principle component of variation of beneficial mutations and the dashed line gives the axis of the
second major principle component. The correlation in the effects of beneficial mutations is about
-0.38. (c) The effect of mutations on two characters when mutation pleiotropically affects four
characters. Mutational effects are multivariate-normal, are uncorrelated and all mutational
variances are 0.0001. Effects from mutations that are beneficial overall are given by black dots,
and effects from mutations that are deleterious overall are given by gray dots. The solid line
gives the axis of the major principle component of variation of beneficial mutations and the
dashed line gives the axis of the second major principle component. The correlation between the
effects of these two characters for mutations that are beneficial overall is about -0.19.
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Figure 3.3: The expected correlation in the effects on characters of a fixed mutation versus the
underlying mutational correlation when n=2, and both characters are experiencing directional
selection. If the correlation of fixed mutational effects equaled the mutational correlation all of
the curves would lie on the y=x line. The solid curve is when the mutational distribution is
multivariate normal, the dashed-dotted curve is when it is leptokurtic and a = 5.0, and 6 = 1/5,
and the dotted curve is when it is extremely leptokurtic and a = 1.0, and 6 = 1.0. All variances
in the M and Q matrices were equal to 0.0001, and all selection strength parameters were equal
to 1.0.
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Figure 3.4: Fixed mutational correlations versus the underlying mutational correlation between
two characters that are experiencing directional selection, which are also pleiotropically
associated with a third character that is experiencing directional selection. The two characters,
for which correlations are plotted, do not have correlated mutational effects with the third
character. The solid curve is when the mutational distribution is multivariate normal, the dasheddotted curve is when it is leptokurtic and a = 5.0, and 6 = 1/5, and the dotted curve is when it is
extremely leptokurtic and a = 1.0, and B = 1.0. A l l variances in the M and Q matrices were
equal to 0.0001, and all selection strength parameters were equal to 1.0.
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Figure 3.5: Fixed mutational correlations versus the underlying mutational correlation between
two characters that are experiencing directional selection, which are also pleiotropically
associated with a third character that is experiencing directional selection. Unlike Figure 3.4, the
two characters, for which correlations are plotted, have correlated mutational effects with the
third character: (a) p
p

13

= 0.4, p

23

13

= p_ = 0.2, (b) p

13

= p_ = -0.4, (c) p

13

= 0.2, p

B

= -0.4, and (d)

= -0.2. The solid curve is when the mutational distribution is multivariate normal,

the dashed-dotted curve is when it is leptokurtic and a = 5.0, and B = l/5, and the dotted curve
is when it is extremely leptokurtic and a = 1.0, and B = 1.0. All variances in the M and Q
matrices were equal to 0.0001, and all selection strength parameters were equal to 1.0.
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Figure 3.6: The average correlation in the effects on characters of a fixed mutation versus the
underlying mutational correlation when two characters are experiencing directional selection,
and a third character is experiencing purifying selection such that all mutations have
unconditionally deleterious effects. The correlations that are plotted are between the characters
that are experiencing directional selection. There were no mutational correlations between the
characters experiencing directional selection versus the character experiencing purifying
selection. The solid curve is when the mutational distribution is multivariate normal, the dasheddotted curve is when it is leptokurtic and a = 5.0, and 6 = 1/5, and the dotted curve is when it is
extremely leptokurtic and a = 1.0, and 6 = 1.0. All variances in the M and Q matrices were
equal to 0.0001, and all selection strength parameters were equal to 1.0.

Figure 3.7: (a) For mutations that pleiotropically affect two characters, the expected size of a
fixed mutational effect on a character is plotted on the y-axis given an effect on the other
character (x-axis). (b) The expected size of a fixed mutational effect on one of the other
characters (y-axis), given that a fixed mutation has a particular effect (x-axis) on a character
when mutations affect four characters. Solid lines correspond to the case when the average
effect of a mutation on a character was zero and mutational effects were uncorrelated, the dashed
lines correspond to the case when the average effect on a character was deleterious, such that
<5. = -0.01 and mutational effects were uncorrelated, the dotted-line corresponds to the case when
all of the characters have positive mutational correlations equal to 0.25 and the average effect of
a mutation was zero for all characters, and dashed-dotted lines correspond to the case when all
characters have a negative mutational correlation of -0.25 and the average effect of a mutation
was zero for all characters, (c) As in part (b), mutations pleiotropically affect four characters, but
now there is a mixture of positive and negative mutational correlations, such that the correlation
matrix is
{{1.0,-0.25,-0.25,-0.25},{-0.25,1.0,0.25,0.25},{-0.25,0.25,1.0,0.25},{-0.25,0.25,0.25,1.0}}.
The solid line corresponds to the expected effect of a mutation on character three given an effect
on character two, such that they are both positively correlated and positively correlated with
another character, but these three characters are negatively correlated to the first. The dashed
curve corresponds to the case of the expected effect of a mutation on character two, three or four,
given an effect on character one, such that in this case the conditional expectation is between
characters that are negatively correlated. In all cases, numerical analysis suggests that as the
effect of a mutation on one character becomes increasingly large and beneficial, the expected
size of an effect on another character approaches the expected size of a random mutation given
the effect on the first character. For instance, in parts (a) and (b), the solid lines asymptotically
approach zero and the dashed lines asymptotically approach -0.01. In all figures, mutations were
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drawn from the multivariate-normal mutation model and the mutational variances per character
were each 0.0001.
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Chapter 4: Pleiotropic mutation, modularity and rates of adaptation (evolvability)

A conceptual framework in evolutionary developmental biology that is currently being
formulated and tested is that a modular genetic architecture confers greater evolvability (Gerhart
and Kirschner 1997; Kirschner and Gerhart 1998; von Dassow and Munro 1999). Yang (2001)
presented two predictions based on this framework in relation to adaptive radiations that may be
tested phylogenetically. The first prediction is that traits in clades with more modular genetic
architectures should exhibit higher rates of diversification. The second prediction is that traits in
clades whose genetic architecture is more modular should be more variable within the clade
relative to clades in which the traits have a less modular genetic architecture. A particularly nice
aspect of Yang's (2001) predictions is that they do not focus on whether there is selection for
greater modularity to enhance evolvability, but instead the consequences of having a genetic
architecture that is more modular. Whether there is adaptation for modularity and/or evolvability
is contentious (Wagner and Altenberg 1996; Kirshner and Gerhart 1998). With Yang's (2001)
predictions, the consequences of different degrees of modular genetic architectures can be
evaluated.
Yang (2001) notes that the identification of modules and measures of the degree of
modularity is not straightforward and needs to be clarified before comparative phylogenetic
methods are applied. Moreover, since the degree of modularity is not dichotomous, but instead
is quantitative, it is necessary to consider how different is the degree of modularity among
clades. Likewise, the measure of modularity may have more than one axis, such that evolvability
may vary along one axis but not another.
Somewhat coincidentally, population and quantitative genetics have developed concepts
that may be used as measures of the degree of modularity of the underlying genetic architecture.
The central concept is pleiotropy, which is a property of a mutation that describes the number of
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characters it affects (e.g., Wagner and Altenberg 1996; Hansen 2003). A corollary to the concept
of pleiotropy is that mutations will have correlated effects on different characters. The second
central concept is genetic variance and genetic covariance. In population and quantitative
genetics, a tradition has emerged to measure evolvability based on a dimensionless measure of a
character's genetic variance (Houle 1992; Barton and Partridge 2000).
Although it has not been formally presented, a measure of the degree of modularity of the
genetic architecture of a character or characters could involve three different aspects, namely, the
number of characters that are pleiotropically associated by mutation, the correlations in the
effects of these mutations on characters, and the contribution of segregating mutations to genetic
variances and covariances. Whether these three aspects are exhaustive measures of the degree of
modularity is an open question both experimentally and theoretically, and although this issue will
not be addressed in this paper, it is likely that each of these provides a measurement of a feature
of modularity. For instance, mutations affecting fewer phenotypic characters would be more
modular in their effects than a mutation affecting more characters. Given two mutations that
affect the same number of characters, the one with correlated effects that are of lowest
magnitude, on average, would be more modular. Lastly, a character in which the magnitude of
its genetic covariances with other characters is lower, on average would be more modular than a
character in which the magnitudes of its covariances are larger. In this paper, I address whether
variation in the number of characters that mutation affects, the correlations in the effects of
mutations, and in genetic variances and covariances influences the evolvability of a phenotypic
character.
Beginning with the work of Fisher (1930), there has been a substantial amount of work
on how pleiotropy and genetic variances affect the rate of adaptation, i.e., evolvability. This
work can be classified into three broad categories. In one category is the work of Fisher (1930),
Orr (2000), Welch and Waxman (2003) and Otto (2004). Fisher (1930) looked at how the degree
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of pleiotropy affects the probability that a beneficial mutation arises. Orr (2000) and Welch and
Waxman (2003) focused on how different degrees of pleiotropy affect the rate of increase in
overall fitness. Otto (2004) showed how pleiotropy decreases the average fitness effect of a
beneficial mutation as well as the average fitness effect of a fixed mutation. Work by Wagner
(1984, 1988, 1989), Burger (1986), Hill and Keightley (1988), and Hansen (2003) looked at how
genetic variances and covariances as well as the fitness landscape, in some cases, affect the rate
of adaptation on a character under directional selection. Lastly, work by Baatz and Wagner
(1997) considered explicit two-locus and four-locus models to see how pleiotropic effects on a
character under stabilizing selection affect the rate of adaptation of a character under directional
selection.
The general consensus from studies looking at how the degree of pleiotropy affects the .
rate of beneficial mutation or rate of adaptation is that an increase in pleiotropy decreases
evolvability. Orr (2000) concluded that the rate is reduced because there is a lower probability
that a mutation will have beneficial effects on all characters. Welch and Waxman (2003) came
to a similar conclusion as Orr (2000) and generalized the conclusion relative to some of his
assumptions. For instance, Welch and Waxman (2003) allowed for the overall effect of a
mutation to vary. Interestingly though, Welch and Waxman (2003) provide conditions under
which it is expected that an increase in pleiotropy will not decrease the rate of increase in overall
fitness. But it is important to note that they still find the rate of increase in fitness per character
decreases with an increase in pleiotropy. This is because, although the overall rate of increase in
fitness stays the same with an increase in pleiotropy, this rate is divided over more characters,
thus decreasing the rate of fitness increase per character. They also present a model of
modularity in which an increase in modularity marginally compensates for reductions in the rate
of evolution via pleiotropy, provided that all characters are equally distant from their respective
optimums, but close relative to the average magnitude of a random mutation. If the characters
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are all very far from the optimum, then modularity under their model actually reduces the rate of
increase in overall fitness.
The studies focusing on genetic variances and fitness landscapes found that the rate of
adaptation of a character under directional selection is lowered when it is pleiotropically
associated by mutation to another character that is under strong purifying selection, such that if
purifying selection becomes too extreme, individuals have zero fitness (e.g., Wagner 1984,
1988). This finding is true even if the pleiotropic effects of mutation are uncorrected and when
there are no genetic covariances among characters. But Wagner (1988) presented conditions in
which there was no decrease in the rate of adaptation on a character that is under directional
selection and pleiotropically associated to a character under stabilizing selection when it is
assumed that the genetic variance-covariance matrix is constant throughout the course of
evolution. Work by Hill and Keightley (1988) modeled a character undergoing directional
selection that is pleiotropically connected to other characters in which the effects of mutations on
these other characters are unconditionally deleterious. The characters upon which mutational
effects are unconditionally deleterious can be thought of as undergoing strong purifying
selection. They found that the rate of evolution of a character is slowed when it is pleiotropically
connected to other characters in which the effects of mutation are unconditionally deleterious.
Baatz and Wagner (1997) found using an explicit two-locus model that the rate of evolution for a
character under directional selection is lowered when it is pleiotropically associated with another
character under stabilizing selection. In the four-locus model, there are conditions under which a
mutation may invade that has pleiotropic effects on a character under stabilizing selection and on
a character that is under directional selection.
In summary, these studies provide compelling support for the hypothesis that increased
modularity increases the rate of adaptation and therefore, the evolvability of a character. But
there are important assumptions or factors not considered in each of these studies that may
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strengthen or weaken theoretical support of the hypothesis that modularity confers evolvability.
There are two issues that have been overlooked with respect to pleiotropy and evolvability.
First, the probability that a mutation has a beneficial effect on at least one character is higher
when mutations act pleiotropically versus when they do not, provided that mutations, in part,
affect characters that are under directional selection. Secondly, a mutation that acts
pleiotropically may potentially have beneficial effects on two or more characters, resulting in a
larger average fitness effect of beneficial mutations compared to mutations that do not act
pleiotropically (even if the pleiotropically acting mutation has some deleterious effects on other
characters). Although mutations that are beneficial overall may be more rare when they act
pleiotropically versus when they do not act pleiotropically, the magnitude of the fitness effect of
a beneficial mutation may be greater when mutations act pleiotropically versus when they do not,
allowing them to fix with a higher probability and faster.
In this study I use computer simulations to address five key assumptions or analysis
methods from previous studies: (1) In the work Welch and Waxman (2003), the time scale of the
rate of adaptation was per event, where an event may be a fixation or extinction. Furthermore, it
is assumed that only a single mutation may arise and fix at a time. Welch and Waxman (2003)
point out that the time scaling and assumption of a single-mutant adaptive walk may have
consequences for the measures of the rate of adaptation. In this paper, I measure the rate on a
generational time scale and allow for the possibility of more than one mutation to potentially
arise and fix at the same time. To measure the rate of adaptation on a generational time scale as
opposed to a fixed mutation time scale and to allow for the potential for more than one mutation
to fix at a time is important because it may be the case that the rate of change in a character per
event (either fixation or loss) may be smaller with an increase in pleiotropy, but there may be
more fixations and losses of mutations in a given period of time. (2) Both Orr (2000) and Welch
and Waxman (2003) looked at the rate of increase in fitness, not on phenotypic characters, per
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se. In comparative phylogenetic studies of phenotypic diversification rates, measurements are on
characters, and it would be useful to know if their conclusions hold for character evolution as
well as fitness evolution. (3) Quantitative genetic studies by Wagner (1988) and Hill and
Keigthtley (1988) assumed that the genetic variance and covariance do not change through time,
i.e., they are unaffected by selection. In this paper, I allow genetic variances and covariances to
evolve. Allowing genetic variances and covariance to evolve is important for determining
whether they accurately predict the evolvability of a character. (4) Baatz and Wagner (1997)
showed that the rate of evolution is lower for a single character under directional selection that is
pleiotropically associated with another under stabilizing selection. Here I increase the degree of
pleiotropy further by having these two characters be pleiotropically associated with other
characters that are under either directional selection, stabilizing selection, or both, and test
whether this affects the rate of evolution of the initial character that was under directional
selection. With respect to Yang's (2001) predictions, he is particularly interested in the
consequences of modularity on characters that form the basis of an adaptive radiation. During
adaptive radiations it is often the case that more than one character is the basis of the radiation,
and that each of these characters experiences directional selection. Accordingly, it is of interest
to understand the consequences of having mutations pleiotropically affect more than one
character that is under directional selection. (5) No study has looked at how mutational
correlations affect the rate of adaptation, although quantitative genetic studies have looked at
how genetic covariances affect the rate of evolution. Often in developmental biology the
information is at the level of covariances in the effects of a new mutation, as opposed to genetic
covariances. A key verbal component of the modular framework is that it reduces
interdependencies (Kirschner and Gerhart 1998). One way interdependencies are brought about
is through correlated mutational effects.
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SIMULATION METHODS
Overview
The simulations extend the program that will be outlined in Chapter 5 by including a pleiotropic
model of mutation that was presented in Chapter 3. The simulations are individual-based in
which each diploid individual has a genome consisting of five pairs of chromosomes in which
two million sites per chromosome affect the various characters. There is fecundity selection, but
no subsequent selection on survivorship. Individuals randomly mate and can potentially form a
zygote through self-fertilization with probability 1/N, where TV is the size of the population.
In most simulations, the population initially starts out genetically homogeneous. For
some other simulations, the population began in mutation-selection balance to test whether
differences in the rate of evolution may be a consequence of differences in the initial conditions
brought about by mutation-selection balance. Preliminary simulations showed that with
pleiotropy, characters were more genetically variable at mutation-selection balance, which may
have given them a head-start, with respect to the rate of adaptation, over non-pleiotropically
affected characters, once directional selection was initiated.

Mutation and Recombination
The recombination rate per adjacent site was 10' , corresponding to about two recombination
6

events per chromosome per meiosis (on average). The probability that a site mutates was 10~'°
per meiosis. When there are n characters that are pleiotropically affected by mutation, the vector
of effects of a mutation is 6 = J1+ t z, where t is a gamma distributed random deviate with
average effect aB and coefficient of variation l/-\[a , JX is a vector of average effects of
mutations, and z is a vector of deviates from the multivariate normal probability density
function

(Kalbfleisch 1985) where M is the variance-covariance matrix of mutational effects, T represents
the transpose of the vector z, and | M | is the determinant of the M-matrix, see chapter 3. There
are two properties that this model of mutation possesses that empirical results often find. First, it
allows for mutational covariances among characters through M . Second, the distribution of
effects can have positive kurtosis (through t), which has been observed experimentally (Mackay
et al. 1992; Lyman et al. 1996) and predicted theoretically (Welch and Waxman 2002).
Additionally, mutational correlations are unaffected by multiplying the normally distributed
deviates by a common gamma deviate. Therefore, it is straightforward to implement correlations
into the model. In this paper all mutational effects are additive both within and across sites. In
all of the simulations the parameters for the gamma-distributed deviate, t, were a = 5.0 and
B = 0.0025, such that the distribution of mutational effects per character was approximately
bilaterally symmetric, and the magnitudes of the effects were exponentially distributed (see
chapter 3). The variances and covariances in the M matrix were scaled such that the average
magnitude of a mutational effect on a character was 0.01 in all of the simulations. Although
there is no back mutation in the simulations, for the time scale of evolution that is presented in
this paper, mutational variances stay approximately constant throughout the history of a
population.

Fitness
The fitness contribution of a character is a symmetric linearly decreasing function about the
character's optimum. Initial character values are all set to zero, and the relative fitness
contribution of each character equals one. The fitness of individual / (/J) is equal to
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STATISTICAL METHODS
Except for estimates of binomial proportions, ninety-five percent confidence intervals of all
estimates were based on 1000 bootstrap replicates of the set of corresponding values from
simulation replicates.
Tests for differences in average phenotypes were performed using randomization, in
which the null hypothesis was that each sample came from the same population. For each test,
1000 randomizations were performed from which a null distribution of between sample
variances in average phenotype was determined. The observed between sample variance was
then compared to the null distribution to estimate a p-value.
To estimate the probability that the rate of adaptation for a character in one population is
greater than another population, I performed 1000 replicates of randomly drawing 100 pairs of
average character values from two different parameter sets after 10,000 generations of evolution.
For each replicate, I calculated the fraction of the draws in which one particular parameter set's

89
average was greater than the other. If there is no difference in the rate of evolution between
populations, then it is expected that approximately one-half of the time a parameter set's average
will be greater that the other. I calculated the 95% confidence interval of the binomial
proportion based on the method recommended by Agresti and Coull (1998). If the 95%
confidence interval did not exclude one-half, then there was not sufficient support to say that the
rate of adaptation in the population is greater or less than the other (on average).

RESULTS
Rates of adaptation: Pure directional selection, no mutational correlations
Table 4.1 suggests that there is no significant difference in the rate of evolution per character
when the number of characters pleiotropically affected by mutation increases and the average
effect of a mutation on a character is neutral (randomization test: p=0.52). Table 4.2 reinforces
this point, showing that the rate of adaptation when mutations do not act pleiotropically is
expected to be faster than cases with pleiotropy a little over 50% of the time, but the 95%
confidence limits cannot rule out that there is no difference in the expected frequency at which
the rate of evolution will be higher in cases with pleiotropy versus cases without. These results
suggest that comparisons between two lineages, one where mutations do not act pleiotropically
and the other where mutations act pleiotropically should not expect to find statistically
distinguishable differences in the rates of adaptation of characters assuming that all characters
are under directional selection, mutational effects are uncorrelated, and the average effect of a
mutation is zero.
When the average effect of a mutation is unconditionally deleterious, then an increase in
the number of characters that are pleiotropically affected by mutation decreases the rate of
adaptation per character (Table 4.1, randomization test: /K0.001). Phylogenetic comparisons
between lineages differing in the number of characters that are pleiotropically affected by
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mutation are expected to find differences in the rates of evolution between lineages a majority of
the time (Table 4.2).

Rates of adaptation: Directional and stabilizing selection
A comparison between Tables 4.3 and 4.1 suggests that the rate of adaptation is lower for a
character under directional selection when it is pleiotropically associated with a character or
characters that are under stabilizing selection than if it is not pleiotropically associated with other
characters. In a phylogenetic analysis, Table 4.4 suggests that the majority of the time it is
expected that a lineage consisting of a character under directional selection and affected by
mutations that do not act pleiotropically will evolve more quickly than a lineage in which the
character is pleiotropically associated with another character under stabilizing selection.
Interestingly though, when mutations pleiotropically affect a mixture of characters under
directional and stabilizing selection, and the number of characters under directional selection
increases relative to the number under stabilizing selection, the rate of adaptation per character
increases for characters under directional selection (Table 4.3, columns 2-6; Table 4.4, rows 2-6).
Thus, the rate of adaptation of a character may increase when pleiotropy increases, provided that
the new characters mutations affect are under directional selection. The reason for the increase
in the rate of evolution is that the strength of selection on characters under directional selection
increases relative to those under stabilizing selection. If the increase in pleiotropy is a result of
mutations affecting new characters that are under stabilizing selection, then the rate of adaptation
of characters under directional selection is expected to decrease. Furthermore, if the genetic
architecture changes such that mutations no longer affect characters under stabilizing selection,
then the rate of adaptation of characters under directional selection is expected to increase.
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Rates of adaptation: Correlated mutational effects
The previous two sections suggested that the number of characters that are pleiotropically
affected by mutation, by itself, does not reliably summarize the rate of adaptation and, perhaps,
diversification. Consideration of how many characters are under directional versus stabilizing
selection and whether mutations are, on average, unconditionally deleterious is needed. In this
section I address how correlations affect the rate of adaptation and diversification in a lineage.
Tables 4.5 and 4.6 display how mutational correlations affect the rate of adaptation when
three characters are under directional selection and pleiotropically affected by mutations. Three
different scenarios are presented that cover cases in which the magnitudes of the correlations are
low, moderate and high. The signs of the correlations are such that a negative correlation
indicates that mutational effects are negatively correlated with respect to the direction of
selection. A single correlational magnitude is chosen for each set of matrices. Since there are
three characters, when positive and negative signs are added, there are eight possible matrices in
each set depending on whether the magnitude of the correlation is low, medium or high.
Tables 4.5 and 4.6 suggests that when the magnitudes of mutational correlations are low,
medium, and high (0.10, 0.20 and 0.40, respectively), the overall rate of adaptation is lowered in
four out of the eight possible matrices relative to the case when mutations do not act
pleiotropically. For these matrices, at least one of the characters evolves more slowly than the
case when mutations do not act pleiotropically, while the other characters evolve at the same rate
as if mutations did not act pleiotropically. In the remaining four matrices, either the characters
evolve at the same rate relative to the case where mutations do not act pleiotropically, or faster.
Closer inspection of the correlation matrices and tables suggests that when the
magnitudes of mutational correlations are low to moderate and the average mutational
correlation of a character is negative, its rate of adaptation is reduced relative to the case when
mutations do not act pleiotropically. When the average mutational correlation of a character
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with the other characters is zero, the rate of adaptation is the same as the case when mutations do
not act pleiotropically. Lastly, when the average mutational correlation of a character is positive,
the rate of adaptation increases relative to the case when mutations do not act pleiotropically.
.When the magnitude of mutational correlations are high, having a character in which its
average mutational correlation with other characters is negative, appears to lower the rate of
adaptation for other characters below the level when mutations do not act pleiotropically, even
though the mutational correlation for these characters 'is, on average, zero. This is probably
because a mutation that has a beneficial effect on the character in which mutational correlations
with other characters are negative, on average, has large deleterious effects on the other
characters, thus slowing the rate of adaptation for these characters.

Additive genetic variance and evolvability
The additive genetic variance of a character is brought about by any mutation affecting the
character that is segregating in a population. When some of these mutations act pleiotropically,
there will be cases in which the overall fitness of a mutation may be beneficial, but the effect of
the mutation on a character may be deleterious. If this mutation were to fix, it would bring the
average phenotype of a population further away from the optimal value for that character, and if
it were to go extinct, it would bring the population closer to the optimum for that character.
Table 4.7 quantifies the additive genetic variance of a character and the fraction of additive
genetic variance that is available for the adaptation of the character toward its optimum via the
fixation of beneficial mutations. The table shows that when there is pure directional selection,
the additive genetic variance of a character increases from n=\ to n=4, which may be suggestive
that the evolvability of a character when n=4 is greater than when n=2 or n=\, but results from
Table 4.1 on the rate of adaptation suggest that this is not the case. Thus, additive genetic
variance does not predict the rate of adaptation accurately when mutations act pleiotropically.

The reason for this is that there is a decoupling between fitness and phenotypic effects of
mutations when mutations act pleiotropically. A mutation may have a fitness effect that is
beneficial, but a deleterious effect on a character. If this mutation were to fix, it would actually
bring the character with the deleterious effect further away from its optimum.
Table 4.7 also suggests that increasing the number of characters that are pleiotropically
affected by mutation does not always lead to increases in the genetic variance of a character.
The average genetic variance in the n=7 (6d:ls) case is not statistically different from the n=5
(4d:ls) case. Furthermore, although the additive genetic variance was not statistically different,
Table 4.3 suggests characters evolve faster in the n=7 (6d:ls) case. The reason is that beneficial
mutations in the n=7 (6d: Is) case have, on average, stronger effects and have a higher probability
of fixing.

DISCUSSION
The results suggest that when the rate of adaptation of a phenotypic character is measured on a
generational time scale and more than one mutation is potentially allowed to fix at a time, the
rate stays the same when the number of characters pleiotropically affected by mutation increases,
provided that the characters are under directional selection and the average effects of mutations
on characters is zero. This result is different from that of Welch and Waxman (2003) who found
the rate of increase of overall fitness (on a per event time scale) stays the same with an increase
in the number of characters pleiotropically affected by mutation, but the rate of fitness increase
per character, correspondingly, declines, provided that the average magnitude of a mutational
effect per character is constant with an increase in pleiotropy. The difference in results supports
the cautionary notes by Welch and Waxman (2003) in which they said that their conclusions
might not hold because the rate of adaptation is measured on a per event basis (fixation or
extinction) and a single mutant-walk it assumed. The main reason for the discrepancy between
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this paper and Welch and Waxman's (2003) results is that although the average size of a fixed
mutational effect on a character is smaller when the number of characters pleiotropically affected
by mutation increases, more mutations fix in a given period of time, thus the rate of adaptation is
maintained despite each mutation having smaller average effects per character. The reason that
more mutations fix within a given period of time with an increase in pleiotropy is that the
average overall fitness effect of a beneficial mutation is larger because sometimes a mutation has
a beneficial effect on several characters, and these mutations fix with a higher probability and
rapidly. If fitness scales such that the average fitness of a beneficial mutation does not increase
with pleiotropy (i.e. when the average effect of a mutation is unconditionally deleterious per
character), then the rate of adaptation for a phenotypic character will be slowed by pleiotropy.
Orr (2000) found that an increase in pleiotropy decreases the rate of increase of overall
fitness. The results in this paper when characters are under pure directional selection differs
from Orr's (2000) because he assumed that the overall magnitude of a mutational effect is
constant and does not change as the number of characters increases, accordingly the average
magnitude of a mutational effect per character decreases with an increase in pleiotropy. Because
he assumed that the magnitude of the overall effect of a new mutation stays the same with an
increase in the number of characters pleiotropically affected by mutation, the average magnitude
of a beneficial mutation decreases per character with an increase in pleiotropy in his model.
Additionally, under his model the probability that a mutation is beneficial declines with an
increase in pleiotropy.
The results support Baatz and Wagner's (1997) finding that having a character under
stabilizing selection tends to reduce the rate of evolution of pleiotropically associated characters
under direction selection. The results also point to something new, namely that the rate of
evolution increases when a character, pleiotropically affected by mutation, is added to a set of
characters in which some are also under directional selection, while others are under stabilizing
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selection, provided that the new character is under directional selection and the average effect of
a mutation is zero. Comparative phylogenetic studies using Yang's (2001) predictions need to
account for this property by carefully determining the number of characters under directional
versus stabilizing selection in a lineage.
Correlations in the effects of fixed mutations appear to reduce the potential rate of
phenotypic diversification within a lineage because under some ecological conditions, some
characters will have negative mutational covariances, on average, with other characters relative
the direction of selection. If phenotypic characters in a lineage were not pleiotropically
associated, then that lineage would be freer to evolve in any direction, and potentially diversify.
The results also suggest that additive genetic variance may not be a reliable measure of
evolvablility when mutations act pleiotropically. Additive genetic variance increases as the
number of characters pleiotropically affected by mutation increases (in the absence of stabilizing
selection) from n=\ to n=4, but there is not an increase in the rate of adaptation. The reason that
the rate of adaptation does not increase is that the fraction of additive genetic variance that will
lead to the evolution of a character toward its optimum via the fixation of mutations is reduced.
Accordingly, there is a decoupling between the fitness effect of a mutation and its phenotypic
effects when mutations act pleiotropically. Additionally, the stabilizing selection results suggest
that the additive genetic variance may initially increase, but then level off or decrease as the
number of characters under directional selection increases, meanwhile the rate of evolution
increases.
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Table 4.1: The average phenotype of individuals following a given amount of evolution:
uncorrelated mutational effects and pure directional selection.
Average effect of a new mutation is zero
t

n=l
a = 1.0

= o.o

i

e {1,2,

n=2

n=4

n=6

a; =1.0

a, =1.0

CT; =1.0

0.12
{0.10,0.13}
0.64
{0.61,0.67}
1.13
{1.09,1.17}

0.12
{0.11,0.13}
0.64
{0.61,0.67}
1.13
{1.09,1.17}

0.13
{0.11,0.15}
0.66
{0.63,0.69}
1.15
{1.11,1.19}

x

1000
5000
10,000

0.11
{0.09,0.12}**
0.66
{0.63,0.69}
1.14
{1.11,1.17}

Average effect of a new mutation is deleterious
t

1000
5000
10,000

n=l
aj =1.0

0.04
{0.028,0.043}**
0.25
{0.23,0.27}
0.50
{0.47,0.52}

= -0.01

{1,2,...,«})

n=2

n=4

n=6

a, =1.0

cr j = 1.0

P</=°<W
a,- =1.0

0.02
{0.017,0.032}
0.17
{0.15,0.18}
0.32
{0.30,0.35}

0.01
{0.006,0.018}
0.08
{0.07,0.10}
0.18
{0.16,0.20}

0.01
{0.001,0.014}
0.06
{0.04,0.07}
0.12
{0.10,0.14}

* - Results are based on 100 simulated replicates of evolution.
** - Values in brackets are 95% confidence intervals based on 1000 bootstrap replicates of
averages from the simulations.
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Table 4.2: The expected fraction of the time that a character affected by mutations that do not act
pleiotropically evolves more quickly than a character affected by mutations that act
pleiotropically after 10 generations of evolution.
4

Average effect of a new mutation is zero (pi, = 0.0

n=l

(n = 0)

/ G {l,2,...,«})

n=2

n=4

n=6

cr,. = 1.0

cr, =1.0

a , =1.0

0.53
{0.43,0.62}

0.52
{0.42,0.62}

0.47
{0.38,0.58}

Average effect of a new mutation is deleterious (pi, = -0.01
n=2

n=4

n=6

Pij \i*j
a, =1.0

Pii-^i'J
a, =1.0

Py=°|/^a , =1.0

0.90
{0.83,0.95}

0.99
{0.95,1.0}

=0

n = l ( ^ = -0.0l)

i G {l,2,...,«})

-

1.0
{0.96,1.0}

* - Values in brackets are 95% confidence intervals based on the method recommended by
.Agresti and Coull (1998).
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Table 4.3: The average phenotypes of individuals following a given amount of evolution:
directional and stabilizing selection.
t

1000
5000
10,000

n=4 (2d:2s)

n=5 (3d:2s)

n=5 (4d:ls)

n=7 (6d:ls)

n=2(ld:ls)**

n=3 (2d:Is)

P.7=°'W
a, = 1.0

P<7=°<W

P«-°|w

P,y = °|<w

a, = 1.0

a, = 1.0

CT, =1.0

CT, =1.0

CT, =1.0

0.08
{0.06,0.09}*"
0.51
{0.48,0.54}
0.89
{0.86,0.92}

0.10
{0.09,0.11}
0.54
{0.52,0.58}
0.97
{0.94,1.00}

0.05
{0.04,0.06}
0.45
{0.42,0.48}
0.80
{0.77,0.83}

0.09
{0.08,0.11}
0.50
{0.48,0.53}
0.86
{0.83,0.89}

0.10
{0.09,0.12}
0.57
{0.54,0.60}
1.01
{0.97,1.01}

0.11
{0.10,0.13}
0.62
{0.58,0.65}
1.07
{1.03,1.11}

P</=°<w

P.v=°<W

* - Results are based on 100 simulated replicates of evolution.
** - The symbolism (xd:.ys) means that x character(s) are under directional selection andy
character(s) are under stabilizing selection.
*** . Values in brackets are 95% confidence intervals based on 1000 bootstrap replicates of
averages from the simulations.
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Table 4.4: The expected fraction of the time that a character affected by mutations with a genetic
architecture outlined in a row has a higher rate of evolution than a character affected by
mutations with a genetic architecture outlined in columns. Rates were measured after 10,000
generations of evolution.

n=l (Id)
CTj =1.0
n=2(ld:ls)
Pij =o|,--j
a, =1.0
n=3 (2d:Is)

n=2(ld:ls)*

n=3 (2d:Is)

n=4 (2d:2s)

n=5 (3d:2s)

n=5 (4d:ls)

n=7 (6d:ls)

Pn = ii*j
a, =1.0

Pu \i*j
CT,=1.0

Pu-^j
a, =1.0

Pu-^i-j
a , =1.0

PU-^J
a,= 1.0

Pu=°\i*j
a , =1.0

0.93
{0.86,0.97}'

0.83

0.97

0.94

0.77

0.63

{0.75,0.89}

{0.92,0.99}

{0.88,97}

{0.68,0.84}

{0.53,0.72}

0.33
{0.25,0.43}

0.72
{0.63,0.80}

0.57
{0.47,0.66}

0.25
{0.18,0.34}

0.18
{0.12,0.27}

0.83
{0.75,0.89}

0.72
{0.63,0.80}

0.42
{0.33,0.52}

0.31
{0.23,0.41}

0.36
{0.27,0.46}

0.12
{0.07,0.20}

0.08
{0.04,0.15}

0.22
{0.15,0.31}

0.16
{0.10,0.24}

m(

a, =1.0
n=4 (2d:2s)
a, = 1.0
n=5 (3d:2s)
Pa = o|,w
a, =1.0
n=5 (4d:ls)

Py =°|<w

0.39
{0.30,0.49}

cr, = 1.0

* - The symbolism (xd:ys) means that x character(s) are under directional selection andy
character(s) are under stabilizing selection.
** - Values in brackets are 95% confidence intervals based on the method recommended by
Agresti and Coull (1998).
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Table 4.5: The average phenotypes o f individuals following 10 generations o f evolution when
mutation has correlated pleiotropic affects on three characters that are under directional
selection.
4

Correlation matrix

Char.

A.o o.i

o.i

0.1
\o.i

o.i
1.0/

1.0
0.1

-o.i
\0.1

1.28
1.28
1.28

-0.1
1.0
0.1

0.1
0.1
1.0/

1.0
0.1
-0.1

0.1
1.0
0.1

-0.1
0.1
1.0 /

1.0
O.I

V0.1

/l.O

0.1
-0.1
1.0

v

-0.1
-o.i

-0.1
1.0
0.1

-0.1
0.1
1.0

0.1 \
-0.1
1.0 )

/l.O

-0.1
\o.i

j

-o.,\

1.0
0.1
-0.1

-0.1
1.0 )

/l.O

-0.1

-0.1

-0.1

1.0

-0.1

-0.1

1.0

V-

01

j

0.96
0.96
0.96

1.14
1.14
0.97

1,14
0.97
1.14

0.97
1.14
1.14

1.29
1.13
1.13

1.13
1.29
1.13

1.13
1.13
1.29

0.1
1.0
-0.1

Correlation matrix
'l.O

Char.

1
2
3

0.2
^0.2

0.2 0.2* ' 1.0
-0.2
1.0 0.2
0.2
0.2 1.0,

-0.2
1.0
0.2

v

1.50
1.50
1.50

/ 1.0
0.2

0.2
0.2
1.0

1.14
1.14
1.45

0.2
1.0

1.14
1.45
1.14

-0.2
0.2

1.0 0.2
0.2 1.0
\0.2 -0.2

0.2 ^
-0.2
1.0
1

' 1.0
-0.2
^-0.2

-0.2
1.0
0.2

-0.2
0.2
1.0

0.80
1.14
1.14

1.45
1.14
1.14

1.0
-0.2
0.2

-0.2
1.0
-0.2

0.2 ^
-0.2
1.0,

1.14
0.80
1.14

1.0
0.2
-0.2

0.2
1.0
-0.2

-0.2^
-0.2
1.0 j

1.14
1.14
0.80

' 1.0
-0.2

-0.2
1.0
K-Q.2 -0.2

-0^
-0.2
1.0 /

0.81
0.81
0.81

Correlation matrix

Char.

1
2
3

'1.0
0.4
\0.4

1.71
1.71
1.71

0.4

0.41
0.4
1.0/

1.0
-0.4
V

0

4

-0.4
1.0
0.4

1.13
1.13
1.56

0.4
0.4
i.o/

1

1.0
0.4
-0.4

0.4
1.0
0.4

1.13
1.56
1.13

1.0
0.4
0.4

0.4
1.0
-0.4

1.56
1.13
1.13

0.4
-0.4
1.0

1.0
-0.4
-0.4

0.50
1.06
1.06

-0.4 -0.4\
1.0 0.4
1.0/
0.4

1.0
-0.4
0.4

1.06
0.50
1.06

-0.4
1.0
-0.4

-0.4
1.0/

1.0
0.4
-0.4

0.4
1.0
-0.4

1.06
1.06
0.50

-0.4
-0.4
1.0

1.0
-0.4
-0.4

-0.4
1.0
-0.4

-0.4
-0.4
1.0 j

0.48
0.48
0.48

* - Results are based on 100 simulated replicates of evolution. 9 5 % Confidence intervals are not
given in the table to aid clarity when reading the table, but were similar in extent about the mean
as in previous simulations.
- fi.= 0.0 for i £ {1,2,...,n),a =1.0 for i E {1,2,...,n}.
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Table 4.6: The expected fraction of the time a character that is not pleiotropically associated with
other characters will evolve more quickly than a character that is pleiotropically associated with
other characters following a particular correlation matrix.

Correlation matrix
'l.O

Char.

k

0.1

1.0

-o.i

-o.i
o.i

1.0

O.P

0.1

1.0 0.1

0.1

0.1 1.0,

-o.A

/l.O

1.0

0.1

0.1

-0.1

-0.1

0.1

1.0

\0.1

1.0

^-0.1

1.0

o.i

V-o.i

o.i

o.i\

-0.1

j

1.0

-0.1

-0.1

1.0

0.1

-0.1

-0.1
1.0/

-0.1 -0.1

1.0

0.1

-0.1

1.0

0.1

1.0

-0.1

-0.1

1.0 -0.1

-0.1

-0.1

1.0/

-0.1

-0.1 1.0,

1

0.25

0.53

0.53

0.21

0.81

0.51

0.51

0.84

2

0.25

0.53

0.21

0.53

0.51

0.81

0.51

0.84

3

0.25

0.21

0.53

0.21

0.51

0.51

0.81

0.84

Correlation matrix
Char.

0.2

1.0

0.2

0.2

1.0 0.2

0.2

0.2 1.0,

N

I

1.0

-0.2
\0.2

1.0

0.2

0.2

/ 1.0

1.0 • 0.2

0.2

1.0 -0.2

-0.2

1.0

0.2

0.2 1.0

\0.2

-0.2

0.2

1.0

1.0

0.2

1.0 0.2

0.2

0.2 1.0

\-0.2

-0.2

0.2

-0.2

-0.2 1.0

-0.2

-0.2

-0.2 0.2 \

1.0

0.2 -0.2\

-0.2

1.0 -0.2

0.2

1.0 -0.2

0.2

-0.2 1.0,

-0.2

' 1.0

v

-0.2

/ l . O -0.2

1.0 /

1.0 -0.2

^-0.2

-0.2 1.0,

0.03

0.50

0.50

0.06

0.97

0.50

0.50

0.98

2

0.03

0.50

0.06

0.50

0.50

0.97

0.50

0.98

3

0.03

0.06

0.50

0.50

0.50

0.50

0.97

0.98

1

-0.2^

-0.2

Correlation matrix
Char.

1.0

0.4 0.4

1.0

0.4

1.0 0.4

-0.4

\0.4

0.4 1.0

0.4

-0.4

O.A

-0.4

1.0

0.4

1.0 0.4

0.4

1.0 0.4

0.4 1.0/

-0.4

0.4

1.0 /

'l.O
0.4
v

0.4

0.4

1.0

-0.4

1.0

-0.4 0.4

1.0 -0.4

-0.4

1.0

0.4

-0.4

1.0 -0.4

0.4

0.4

1.0

0.4

0.4

-0.4

1.0 /

-0.4

-0.4

N

1.0 ,

1.0

0.4 -0.4

' 1.0

0.4

1.0 -0.4

-0.4

1.0 -0.4

^-0.4

-0.4 1.0,

\-0.4

-0.4

1.0 /

1

0.001

0.53

0.53

0.03

1.0

0.68

0.68

1.0

2

0.001

0.53

0.03

0.53

0.68

1.0

0.68

1.0

3

0.001

0.03

0.53

0.53

0.68

0.68

1.0

1.0

-0.4

N

for i e {1,2,...,«}. 95% confidence intervals are not given
for the probabilities to aid clarity when reading the table, but can be directly determined from the
estimate based on the method recommended by Agresti and Coull (1998).
*-

= 0.0 for i e {l,2,...,n},

-0.4

o=l.O
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Table 4.7: Average additive genetic variances after 10,000 generations of evolution for a
character, and the fraction of the genetic variance for that character that may lead to adaptive
change in the direction of the optimum via the fixation of mutations. The average additive
genetic variance when n=\ was 8.45e-5, 95%CI={6.913e-5,1.02e-4}.
n=7 (6d:ls)

a , =1.0

a , =1.0

7.93e-5
{6.83e-5,9.08e-5}

1.54e-4
{1.36e-4,1.74e-4}

1.41e-4
{1.24e-4,1.61e-4}

0.91
{0.88,0.93}

0.84
{0.82,0.87}

0.75
{0.70,0.79}

n=3 ( 2 d : I s ) "

a , =1.0

P(/=°|<W
a , =1.0

o- = 1.0

1.12e-4
{8.64e-5,1.45e-4}***

1.93e-4
{1.74e-4,2.14e-4}

0.91
{0.88,0.94}

0.80
{0.77,0.82}

Pij

Genetic
variance
Fraction
adaptive
via
fixation

n=5 ( 4 d : l s )

n=4

n=2
=

°\i*j

P,7

= 0|<W

Pij

=°\i*j

* - Results are based on 100 simulated replicates of evolution.
** - The symbolism (xd:.ys) means that x character(s) are under directional selection and>>
character(s) are under stabilizing selection.
*** - Values in brackets are 95% confidence intervals based on 1000 bootstrap replicates of
averages from the simulations.
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Chapter 5: Properties of fixed and segregating mutational effects in sub-divided
populations and their consequences for different QTL experimental designs

Recent studies have used quantitative trait locus (QTL) mapping techniques to find regions of the
genome that cause phenotypic differences, on average, between naturally occurring populations.
For instance, Bradshaw et al. (1998) mapped regions that cause phenotypic differences in flower
morphology between two species of monkeyflowers (Mimulus). Hawthorne and Via (2001)
mapped regions that cause two subspecies of pea aphids (Acyrtgosiphon pisum pisuni) to vary in
fecundity on and preference for different host plants. Likewise, Peichel et al. (2001) mapped
regions that cause phenotypic differences between individuals of sympatric species of
stickleback (Gastrosteus). This present paper uses computer simulation to predict the properties
of the mutations that may cause phenotypic differences under the basic ecological conditions in
which these populations find themselves and uses these properties to evaluate, under ideal
conditions, how well a QTL study will detect the mutations that cause a difference between
populations. In particular, this study is interested in determining the fraction of the difference
that is caused by mutations that are locally fixed in one population and absent in the other versus
those that are segregating in at least one of the populations. We also look at the properties of
mutations that cause differences between populations and our ability to detect these mutations in
a QTL experiment using a line-cross design.

Properties of fixed versus segregating mutations causing phenotypic differences
Prior studies in the case of the pea aphid (Via 1999) and the stickleback (Taylor and McPhail
2000) have estimated that the populations in each case exchange migrants at low levels.
Furthermore, there is evidence that individuals in each of the populations are differentially
adapted to different types of habitat (Via 1999; Schluter and McPhail 1992). Under conditions
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of heterogeneous selection with migration, it is expected that the mutations that cause differences
between populations will be segregating in both populations (Bulmer 1972). More generally,
when stochastic effects such as mating, variable migration and the discrete nature of mutations
are accounted for, the derived mutations that cause differences between populations under
conditions of heterogeneous selection and migration will belong to one of four mutationally
exclusive sets: a derived mutation will be locally fixed in one population and absent in the other,
a derived mutation will be locally fixed in one population and segregating in the other, a derived
mutation will be segregating at different frequencies in both populations or a derived mutation
will be segregating in one population and be absent in the other. A fifth and sixth set of
possibilities are derived mutations that are locally fixed in both populations or that are
segregating at the same frequency in the two populations, but these do not cause phenotypic
differences between populations. A segregating mutation is a mutation that is at a relative
frequency of less than one and greater than zero in a population.
In the case of monkeyflowers, there is good evidence that the two species M. lewsii and
M. cardinalis that were studied by Bradshawet al. (1998) are nearly reproductively isolated
(Ramsey et al. 2003). Whether mutations that are locally fixed in one population and absent in
the other or that are segregating in at least one of the populations account for the difference
between these species is not known, but given the time frame of divergence locally fixed
mutations might account for a large fraction of the difference.
Prior work has presented properties of locally fixed adaptive mutations in isolated
populations. Work by Orr (1998, 1999) gave the distribution of fitness effects of fixed
mutations, showing that when it is assumed that mutations have a high degree of pleiotropic
effects, the distribution of the selective effects of fixed mutations is approximately exponentially
distributed. Otto and Jones (2000) showed that for mutations that do not act pleiotropically, the
distribution of fixed fitness effects is gamma distributed with shape parameters greater than one
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such that the distribution has a nonzero mode. Griswold and Whitlock (2003) gave the
distribution of phenotypic effects of fixed mutations under a basic model that accounted for
varying degrees of uncorrelated pleiotropic effects of mutation. They showed that even low
degrees of pleiotropy cause a large fraction of fixed mutations to have phenotypic effects
opposite to the direction of selection.
No theoretical study has predicted the fraction of a phenotypic difference that is caused
by locally fixed versus segregating mutations. When there is heterogeneous selection and
migration or the divergence time between populations is short relative to the strength of
selection, then the mutations that cause the difference between populations may be
predominantly segregating. Furthermore, deterministic work (Wright 1940; Levene 1953;
Bulmer 1972) has shown that, depending on the selective effect of a mutation relative to the
migration rate, a mutation is more or less likely to be segregating in both populations and
contributing to a phenotypic difference.
In this paper, I present properties of locally fixed and segregating mutations that cause
phenotypic differences between two populations when the populations either exchange migrants
or are isolated. I do this analysis when there is heterogeneous selection between populations
such that a phenotypic character is experiencing purely divergent natural selection and also when
a character first undergoes directional selection to an optima and subsequent stabilizing selection
about the optima. Besides determining the fraction of the difference that is caused by locally
fixed versus segregating mutations, I present summary statistics of locally fixed and segregating
effects, the distribution of effects of mutations that cause differences, their average frequency,
and the proportion of the phenotypic difference caused by mutations of a given size.
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Consequences for QTL experiments based on line-cross designs
The empirical studies presented above used Q T L designs based on line-crosses. In the Bradshaw
et al. (1998) study, two F i offspring were produced from two sets of unique parents by twice
repeating the process of mating an individual from M. lewsii with an individual from M.
cardinalis. The two F i offspring were then crossed to create the F 2 mapping population. The
Hawthorne and Via (2001) study used the same crossing design as Bradshaw et al., but one of the
populations was a clonal line of pea aphid specializing on alfalfa and the other was a clonal line
specializing on red clover. The study by Peichel et al. (2001) used a backcross design in which a
limnetic stickleback was mated to a benthic and the F i offspring was then backcrossed to either
the limnetic or benthic parent. In each of these studies the original parents did not come from
inbred lines, but instead from an outbreeding population; in the case of the pea aphid, they are
cyclically parthenogenetic. As such I call the crossing design used by Bradshaw et al. and
Hawthorne and Via an outbred F 2 design and the Peichel et al. design an outbred backcross
design. Together I call these designs outbred line crosses.
In each of these Q T L studies, the goal is similar to Q T L studies using inbred line crosses,
namely to identify genomic regions that cause differences between lines. In the outbred line
cross design, the lines are outbreeding populations and in the inbred line design the lines are
nearly genetically homogenous inbred lines. Typically more than 95% of the mutations that
cause the differences between lines in the inbred design are fixed in one line and absent in the
other. In the outbred line cross design, the differences between populations include mutations
that are locally fixed in one population and absent in the other (like the inbred line case), but
mutations segregating in one or both of the populations might also contribute.
In reality, the only mutations that will be potentially identified as causing differences
between populations in an outbred line cross design are the mutations that are still segregating in
either the F 2 or backcross mapping population. Whether a mutation segregates in the F 2 or
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backcross mapping population depends on its frequencies in the original populations. The
frequency of a mutation in a population depends in part, on its age, its selective effect, the effects
of mutations physically linked to it, the size of the population and whether there is emigration
and immigration. As a consequence, the mutations that segregate in the F 2 or backcross
population is dependent on properties intrinsic to it, such as its absolute fitness effect and age, as
well as extrinsic processes, such as mating system and migration. If it is assumed that mutations
are potentially subject to the same extrinsic processes, then whether a mutation will be
potentially detected in a Q T L experiment based on an outbred line cross design will depend on
how its intrinsic properties interact with extrinsic processes.
Lastly, this paper determines whether mutations of given effects are likely to be
segregating in the F or backcross mapping population when the Q T L design is based on outbred
2

line crosses. From this information, I determine the fraction of the overall phenotypic difference
between populations that is explained by the mutations that are segregating in the mapping
population. I do this for the simple ecological conditions outlined earlier.

COMPUTER SIMULATION METHODS
Overview
The simulations are individual-based. Each individual is diploid and consists of a genome of
five paired chromosomes in which each chromosome consists of two million sites. There is
initially a genetically homogeneous ancestral population that splits into two populations. A
single character is modeled and undergoes selection in opposite directions relative to the ancestor
in the two populations. Selection on individuals acts through fecundity. In some simulations
individuals may migrate to the area occupied by the other population and potentially mate.
Mutations affecting the character(s) arise stochastically throughout the history of divergence.

Ill

Migration
Migration is modeled using forward migration rates such that an individual in population one
migrates to population two with probability m\2 per generation and an individual in population
two migrates to population one with probability

tf?2i.

Mutation and recombination
Mutations enter the populations at a rate of 10" per meiosis per site. The distribution of effects
10

of a mutation on the character is bidirectional (i.e., it can potentially both increase and decrease
the character's value) and is symmetric about zero. The magnitude, of a mutation is
exponentially distributed. For this study all mutations have additive effects. Although there are
no back mutations, the number of sites is so large relative to the number of changes over the
course of the simulations that the mutational heritability remains nearly constant (at a phenotypic
level). Recombination occurs at each meiosis at a rate of 10" per meiosis per pair of adjacent
6

sites.

Mating
For each offspring, two parents are randomly chosen via fecundity selection in direct proportion
to their fitness relative to all of the individuals in the population. Offspring are formed until a set
population size is reached. Population size in simulations is 1000 individuals after reproduction
(exceptions will be noted). There is no survivorship selection.

Fitness
Fecundity is a symmetric linearly decreasing function about the optimum for the character. The
initial phenotype of all individuals at the beginning of evolution is zero, and their fitnesses are
set equal to one. The absolute fitness of individual i in population j, fy, is equal to
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l + y j - cr^Xjj -

when \x - o | < (l + y
tj

"

ana

;

fy = 0 otherwise, where xy is the phenotype

of individual i in population j, Oj is the optimum phenotype in population j, o. is the strength of
selection in population j, and the term yj scales fy such that an individual with a phenotypic value
of zero for the character has a fitness of one in population j. Thus, the term^- equals cr^o^.
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chromosomes, bk is the number of sites on the kth chromosome, n indexes over the pair of
homologous chromosomes and 8

ijk(n

is the homozygous effect of a mutation at a particular site.

The probability that individual /' in population j is chosen to form an offspring is

f l' £ fy •
tj

{

(See Table 5.1 for a summary of variable definitions.)

ANALYTIC METHODS
Proportion of the difference
The average phenotypic difference that a mutation at site £ on chromosome k with effect 5

ke

causes between populations is D

k(

in population one and p

u

2

= S (p
ke

kei

- p ),
ke2

where p

kn

is the frequency of the mutation

is its frequency in population two. The average difference between

two individuals from the two populations is the sum of the average differences caused by each
mutation individually, 2

Jk

2J

The proportion of the difference attributable to a mutation

Properties of QTL effects
At the end of each replicate of the evolutionary divergence between the two populations, a
mapping population was created according to either an outbred F 2 (assuming two Fi individuals
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are crossed), outbred backcross (assuming a single Fi individual is used in the backcross), or
inbred design. If a mutation was segregating in the mapping population, then it was assumed
that the QTL experiment had enough power to detect that mutation, and it was included in the
distribution of QTL effects. Accordingly, this analysis looks only at how the segregating
frequencies of mutations in the two populations affect what is potentially detected in a QTL
experiment.

Percent variance explained (PVE)
Individual mutations as well as linked groups of mutations contribute to the genetic variance in
the mapping population. In this analysis, I calculate the percent of the variance explained by
individual mutations. A mutation of size <5 contributes V(8) = p(l- p)8 12 to the genetic
2

variance in the mapping population, where p is its frequency in the mapping population. The
percent variance explained by a mutation is PVE = V(8)/V(total),
genetic variance, ^V(8),

where V(total) is the total

such that A is the set of all mutations in the mapping population.

A

Note that the percent variance explained by a mutation is relative to the overall genetic variance,
not the phenotypic variance.

Performance of QTL experiments when mutations segregate
The measure of the performance of a QTL design is the fraction of the difference between
populations that is explained by the mutations segregating in a mapping population. Note that if
a mutation is not segregating in the mapping population, then it will not be detected. Depending
on the frequencies of a mutation in the two populations, it is more or less likely to be segregating
in the mapping population of a QTL experiment. Table 5.2 gives the probability that a mutation
will be segregating in the mapping population and, as a consequence, potentially detected.
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Confidence intervals
95% confidence intervals of the mean of a parameter estimate from simulations were based on
1000 bootstrap replicates.

RESULTS
Fraction of the difference explained by locally fixed versus segregating mutations
When populations are isolated, undergoing heterogeneous selection in opposite directions and
the average selective magnitude of a mutation is 0.1%, simulations show that all of the
phenotypic differences between populations are caused by segregating mutations after 10
generations of divergence. After 10 generations of divergence, and the same average magnitude
4

of selective effects, simulations suggest that 18%> (95%CI={ 16,20}) of the phenotypic difference
is caused by segregating mutations. When the average fitness effect of a mutation is stronger,
such that the average magnitude is 1%, about 52% of the phenotypic difference is caused by
segregating mutations after about 1000 generations of divergence, and about 5% of the
phenotypic difference is caused by segregating mutations after 10 generations (Table 5.3).
4

When isolated populations initially diverged but have been under stabilizing selection for
an extended period of time, the average difference between individuals in the two populations is
caused almost entirely by locally fixed mutations, provided that the initial period of divergence
relative to the average magnitude of the fitness effect of a mutation is long enough. For instance,
when the average selective magnitude of a mutation is 1%>, populations diverged phenotypically
for about 10 generations, and have subsequently undergone stabilizing selection for 9000
generations, nearly all of the difference is caused by fixed mutations (Table 5.3).
When populations exchange migrants at a rate of (Nm=\0) and are undergoing
heterogeneous selection in opposite directions, most of the difference is explained by segregating
mutations provided that reproductive isolation has not evolved (Table 5.3). When the migration
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rate is lower (Nm=0.1) segregating mutations still cause most of the difference after 10

3

generations, but after 10 generations the build up of phenotypic differences between population
4

is so extensive that migrant individuals have greatly reduced fitness relative to residents,
accordingly, only about 5% of the difference is caused by segregating mutation at this point
(Table 5.3). With stabilizing selection, about 85% (when Nm=0. J) and 100% (when Nm=10) of
the difference between populations is explained by segregating mutations provided that the
populations are not reproductively isolated and the average selective magnitude of mutations is
1%, i.e. Ns=\0.
In the previous results populations were initially genetically homogeneous. Simulations
were run for the case when populations diverged for 10 generations, but the ancestral
3

population, prior to splitting into two populations, was at approximately mutation-selection
balance. In these simulations the ancestral population initially began genetically homogeneous,
but subsequently experienced 10 generations of stabilizing selection about an optimum of zero.
4

After 10 generations the ancestral population of 2000 individuals was randomly split into two
4

populations consisting of 1000 individuals each. These two descendant populations then
diverged phenotypically because of having optimums in opposite directions relative to the
ancestor. When there was no migration between the descendant populations and the average
selective magnitude of a mutation was 1%>, after 10 of divergence, 48%) (95%>CI={45,52}) of the
3

phenotypic difference was caused by segregating mutations. With migration at a rate of Nm=10,
segregating mutations caused all of the phenotypic difference. These results are very similar to
the simulation results in which individuals in the two populations were genetically homogeneous
at the beginning of divergence, suggesting that results based on a genetically homogeneous
ancestor at the time of split are reasonably robust.
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Statistical properties of fixed and segregating mutations
When both locally fixed and segregating mutations are present, the average magnitude of fixed
mutations is about 90-300% larger than segregating mutations (Table 5.3). The greatest
difference between fixed and segregating mutations (-300%) is seen when the divergence is
relatively short (1000 generations) because for a mutation to fix within that time it needs to have
a large effect and be strongly selected. A moderate level of migration (/Vm=10) raises the
average magnitude of locally fixed mutations about 22% and segregating mutations from 15%>43%o, whereas low levels of migration (Nm=0A) raise the average magnitude of fixed effects
about 12%o and segregating effects about 15%> provided that the divergence time is short (1000
generations), or about 50%> for fixed mutational effects and 10%> for segregating effects when
populations phenotypically diverge and then undergo stabilizing selection (Table 5.3). When the
period of divergence is longer and migration is weak (Nm=0A), migrants essentially have no
fitness and the average sizes of fixed and segregating mutations do not change or only slightly
(Table 5.3).

Distribution of the effects of mutations causing phenotypic differences between
populations
The distributions in Figure 5.1 consist of both segregating and locally fixed mutations. The main
point to be gathered is that when there is stabilizing selection or the divergence time is relatively
short, mutations of small magnitude are present at the highest density. Recall that new mutations
that are of small magnitude arise at a higher rate relative to mutations of moderate and larger
magnitude.
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Average frequency of mutations causing phenotypic differences between
populations
The averages in Figure 5.2 consist of both segregating and locally fixed mutations. The main
point here is that, in the pure divergent selection case, migration causes the average frequency of
locally beneficial mutations to be less than if populations were isolated and causes the average
frequency of locally deleterious mutations to be higher (Figure 5.2a). When there is stabilizing
selection, there is less of an effect of migration on the average frequency of mutations that were
beneficial during the initial divergence (Figure 5.2b). Overall, mutations of smaller magnitude
are at lower frequencies, on average, than mutations of larger magnitude. The reason mutations
of smaller magnitude are at lower frequencies, on average, is because they are typically young
mutations and are weakly selected such that they do not increase in frequency quickly.
Furthermore, with migration, any benefits of mutations with small effects are swamped by
migration.

Proportion of the difference between populations caused by mutations of a given
size
Despite mutations of smaller magnitude being present at higher densities, mutations of moderate
magnitude, generally, cause most of the difference between populations (Figure 5.3). Mutations
of small magnitude do not contribute much to the phenotypic difference between populations
because they have small effects and their average frequencies are low in both populations further eroding any difference they would cause.
With directional selection, mutations of larger magnitude account for more of the
difference when there is migration compared to when populations are isolated. When
populations have previously diverged and are under stabilizing selection, there is little to no
effect of migration.
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Under pure divergent selection, it is quite common to have at least one mutation account
for more than 20% of the difference between populations when the time of divergence is
relatively short. After 1000 generations of divergence and when there is moderate migration
between populations (jVm=10) and the average selective magnitude of a mutation is moderate
(iv5=10), about 96% of the time (95% CI={0.94,0.97}) at least one of the mutations will account
for at least 20% of the difference. When there is no migration, about 56% of the time (95%>
CI={0.51,0.61}) at least one mutation will account for at least 20% of the difference. When the
time of divergence is longer (e.g. >10 generations), it is vanishingly rare to get a single mutation
4

that accounts for >20% of the difference whether or not there is migration. As more and more
mutations arise and are retained, the phenotypic difference between populations grows larger, so
the proportional effect of any mutations gets smaller.
With stabilizing selection and provided that the distance between the optimums of the
populations is not too large relative to the average magnitude of a mutation, more often than not,
at least one mutation will account for at least 20%> of the difference between populations even
when the divergence time is relatively long (10 generations). With moderate migration
4

(Nm=\0), about 67% of the time (95% CI={0.60,0.73}), there will be a mutation that accounts
for at least 20% of the difference if the optima are reached within 10 generations and the
average selective magnitude of a mutation is 1%. Unlike the directional selection model, the
fraction of the time that there will be at least one mutation accounting for >20%> of the difference
goes up marginally to 70%> (95% CI={0.60,0.78}), in absence of migration.

Statistical properties of QTL effects
When the difference between populations is composed of locally fixed and segregating
mutations, the average magnitude of the effect of a Q T L allele in the mapping population is
between the average magnitude of a locally fixed and a segregating mutation (compare Table 5.4
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with Table 5.3). The statistical properties of mapping populations from outbred F2 and outbred
backcross designs are nearly equivalent.
When the difference between populations is entirely or mostly explained by segregating
mutations, the average magnitude of a mutation in the mapping population is biased upward
relative to the average magnitude of a segregating mutation contributing to the difference
between populations. For instance, when there is moderate migration (/Vm=10) and the
populations have diverged for 1000 generations under pure divergent selection, the average
magnitude of a Q T L allele from an outbred F2 design is about 70% greater than the average
magnitude of a mutation causing a difference between populations. For the stabilizing selection
case with moderate migration and an outbred F2 design, the average magnitude of a QTL allele is
about 32%o greater than a randomly chosen mutation that causes a difference between
populations. Overall, the inbred line design has the greatest bias, and outbred F and backcross
2

designs have the same bias. The bias arises because mutations with effects of small magnitude
are segregating, on average, at low frequencies and are not likely to be sampled in a Q T L
experiment.

Percent variance explained (PVE)
For modest divergence times and/or when the optima of the stabilizing selection functions are
not too divergent relative to the average magnitude of a mutation, there is better than an 87%
chance that a mapping population in a QTL experiment will contain a Q T L allele with an effect
that explains >20% of the variance (Table 5.5).
Migration tends to increase the average P V E of a mutation in the mapping population, all
else being equal. The increase is greatest when the divergence time between populations is
relatively short (1000 generations) and the populations have not reached their respective optima.
For instance, in an outbred F2 design the increase in the average P V E is about 54% and for an
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inbred line design the increase is about 113% (Table 5.5). For the stabilizing selection case, the
increase is marginal for outbred designs and about 49% for an inbred line design.

Fraction of the difference explained by sampled QTL alleles
Modest levels of migration cause fairly substantial decreases in the difference explained by
sampled QTLs (Figure 5.4). Inbred line designs have the greatest decrease in the difference
explained.

DISCUSSION
Context of segregating mutations
Prior to this study the extent to which differences between populations were expected to be due
to segregating versus locally fixed mutations was not clear. As such, the relevance of studies
giving properties of locally fixed mutations (e.g., Orr 1998, 1999; Otto and Jones 2000; Griswold
and Whitlock 2003) to differences between populations was unclear. This study shows that fixed
mutations contribute substantially to the difference between populations when they are isolated
even when the divergence time is relatively short (10 generations). In contrast, segregating
3

mutations contribute substantially to the average difference between populations when there is
moderate (Nm=\0) and weak (Nm=0A) migration, provided the divergence time is around 10

3

generations; after 10 generations the fitness of migrants is becoming so low relative to residents
4

that migration cannot overcome this barrier and most of the difference is caused by locally fixed
mutations.

Relevance to QTL studies
It is common for QTL studies to find alleles with large effects. For instance, Bradshaw et al.
(1998) found twenty-six alleles that explained more than 20% of the variance for various floral
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characters in Mimulus. In fact, they found effects that explained as much as 50% and 90%> of the
variation for different characters. Peichel et al. (2001) found several Q T L alleles that explain
about 15% of the variation in sticklebacks. Are these effects unusually large?
These results are unusual if it is assumed that two species have been diverging under pure
divergent selection for tens of thousands of years and if the genomic rate of mutation affecting
the character(s) is on the order the inverse of the divergence time or greater. They are not
unusual if they began to diverge tens of thousands of years ago but are undergoing stabilizing
selection in which the optima for the characters are not too divergent relative to the average
magnitude of a mutation. In the simulations with stabilizing selection, the magnitude of a
mutation was such that the difference between populations was about twenty average mutational
steps. In terms of fitness, there was about a 20%> difference in the fitness of an individual at the
optimum of one population relative to the optimum of the other population.
It is important to note that the large variances are not artifacts of the Beavis (1994) effect,
which is a statistical bias in QTL studies with small mapping populations leading the percentage
of the variance that is explained by a particular QTL allele to be overestimated. This bias arises
because of the difficulties of statistically detecting alleles of small effect. It was assumed in this
study, however, that the mapping populations were of arbitrarily large size such that all QTL
alleles could be detected.
When segregating mutations form the basis of differences between populations there is a
chance that they will not be sampled when making the mapping population in a line-cross-based
design. This paper quantifies how the fraction of the difference that is explained by detected
Q T L alleles goes down with increasing rates of migration and that different QTL designs have
different abilities to detect mutations causing differences between populations. Even with
relatively low levels of migration (<0.05), there is a fairly substantial decrease in the fraction of
the difference that is explained. Whether it is acceptable that a certain fraction of the difference
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will not be explained is a matter of choice. If the goal is a complete determination of the genetic
basis of the difference between populations that exchange migrants, then outbreeding QTL
designs should be used. Outbreeding QTL designs use more individuals to make up the mapping
population, and there is consequently a better chance that a mutation will be included in the
mapping population. It should be highlighted that migration was modeled as a forward
migration rate. The realized migration rate - the probability that an individual migrates to the
other population and has offspring that survive and reproduce - is even lower because migrants
tend not to be locally adapted.

Implications of model assumptions
The mutational model assumed no epistasis. It is possible that with epistasis a mutation may
have a small phenotypic effect in some backgrounds and a large phenotypic effect in others or a
positive effect on a character in one background and a negative effect in another. If the effects of
mutations have a large epistatic component (which may be deduced in a Q T L analysis), then this
paper's results may not apply.
All mutations were codominant. Empirical work shows that deleterious mutations are on
average recessive (Peters et al. 2003). The recessivity may allow deleterious mutations to persist
in populations longer (at low frequency) than if they were codominant. If these recessive
deleterious mutations have effects that are small in magnitude, then they will not contribute
much to the overall phenotypic difference between populations.
The fitness function is linear unlike the tradition of having the fitness function be
Gaussian. With a linear fitness function epistatic effects for fitness only arise near optima. As
such, a mutation of a given size always has the same absolute fitness effect, except if its
background is near the optimum and the addition of the mutation causes the phenotype of an
individual to overshoot the optimum. In contrast when the fitness function is nonlinear, the
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absolute fitness effect of a mutation of a given size is always changing, such that in the Gaussian
case the absolute fitness effect of a mutation decreases near the optimum; I chose a linear fitness
function with respect to the absolute fitness of a mutation so that there is a constant relationship
between the absolute fitness effect of a mutation relative to the strength of migration.
Mutations did not act pleiotropically. With pleiotropy, some characters may be under
divergent selection between populations while others may share optimums. Furthermore, with
pleiotropy, the fate of a mutation becomes less tied to the effect it has on a particular character.
The consequences of pleiotropy is left for further study.

Conclusions
The effects of locally fixed mutations may make up a substantial fraction of the phenotypic
differences between isolated populations, even when the divergence time is relatively short (10

3

generations). The effects of segregating mutations make up most of the phenotypic difference
when populations exchange migrants at a moderate rate (A'm=10) and the divergence time is
short or long. Mutations of larger effect contribute more to the phenotypic difference between
populations when there is migration versus when there is no migration. It is expected that some
mutations will explain over 20% of the difference between populations, provided that the period
of phenotypic divergence is not too long. Migration tends to increase the average of the percent
of the variance explained by Q T L alleles in a mapping population relative to when there is no
migration. A n increase in migration tends to decrease the fraction of the phenotypic difference
that is explained by detected Q T L alleles.
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Table 5.1: Definition of mathematical terms
a
bk
D
kt

fy
Nj
oj
Pj
xy
yj
6

ijUn

Oj
m

yz

number of chromosomes
number of base pairs on chromosome k
average phenotypic difference that a mutation at site £ on chromosome k causes
between populations
fitness of individual / in population j
size of population j
optimum phenotype in population j
frequency of a mutation in population j
phenotype of individual /' in population j
a parameter that standardizes the fitness of an individual in population j with a
phenotype of zero to have a fitness of 1.0
homozygous effect of the mutation on homologous chromosome n of the kth
paired set of chromosomes at site l for individual / in population j
magnitude of the slope of the fitness function about the optimum in population j
probability an individual migrates from population y to population z each
generation
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Table 5.2: Probability that a mutation is segregating in a mapping population
Inbred F design:
2

Outbred F design:
2

I-(AP

2

I-(A P

2

2

+ ( I - P , ) d - Pi))
2

+ (I-- A ) ( l - A ) )
2

2

Inbred backcross design:

I - ( A P + ( I - A ) d - Pi))

Outbred backcross design:

I - ( A P + (I-- A ) ( l

2

3

3

2

-PI)Y

a - Assuming the F i individual is backcrossed to an individual from population one.
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Table 5.3: Statistical properties of the distribution of locally fixed and segregating mutations in
population one that cause adaptive differences between it and population two. The results are
based on simulations in which the average magnitude of a mutational effect was 0.01.
Type of
mutation

Fraction of
difference

U1
' '

3

6 >0

8 <0

Fraction
positive

No gene flow
Directional selection (7=10 , °i = 0.5 ,
3

Fixed
Segregating

0.478
(0.460,0.495)
0.522

b

0.0316
(0.0307,0.0326)
0.0108
(0.0102,0.0115)

Directional selection (/=10 ,
4

Fixed
Segregating

0.949
(0.945,0.953)
0.051
•

Fixed
Segregating

4

1.0
(0.99,1.0)
0.0

2

2

1

0.0317
(0.0308,0.0327)
0.0122
(0.0115,0.0128)
0\

= 5.0 ,

0.0206
(0.0197,0.0215)
0.0100
(0.0094,0.0106)

Stabilizing selection (/=10 ,

o = -0.5 , a = 1.0, o =1.0)
-0.0016
(-0.0017,-0.0015)
-0.0085
(-0.0091,-0.0079)

1.0
(0.99,1.0)
0.63
(0.60,0.66)

o = -5.0 , CTj= 1.0, o =1.0)
2

2

0.0208
(0.0199,0.0218)
0.0110
(0.0104,0.0117)

-0.0012
(-0.0013,-0.0012)
-0.0084
(-0.0089,-0.0078)

0.99
(0.99,1.0)
0.62
(0.59,0.65)

°\ = 0.1, 0 =-0.1, <7j = 1.0, o =1.0)
2

2

0.0156
(0.0146,0.0166)
0.0082
(0.0076,0.0087)

0.0185
(0.0176,0.0195)
0.0080
(0.0075,0.0086)

-0.0051
(-0.0055,-0.0048)
-0.0083
(-0.0088,-0.0078)

0.78
(0.75,0.80)
0.51
(0.48,0.55)

Gene flow (w =0.001, m ,=0.001)
/2

2

°\ = 0.5 , o2 = -0.5 ,
0.0354
0.0354
(0.0345,0.0365)
(0.0345,0.0365)
0.0124
0.0130
(0.0117,0.0132)
(0.0122,0.0137)

Directional selection (/=10 ,
3

Fixed
Segregating

0.110
(0.096,0.124)
0.89

Directional selection (/=10 , °\ = 5.0 ,
4

Fixed
Segregating

0.949
(0.945,0.953)
0.051

0.0206
(0.0197,0.0215)
0.0097
(0.0091,0.0103)

a = 1.0, o =1.0)
2

l

-

-0.0115
(-0.0124,-0.0109)

o = -5.0 , a, = 1.0 , o =1.0)
2

2

0.0208
(0.0198,0.216)
0.0107
(0.0101,0.0114)

-0.0012
(-0.0013,-0.0011)
-0.0081
(-0.0086,-0.0076)

Stabilizing selection (/=10 , °\ = 0.1, o =-0.1, CJj = 1.0,
4

2

Fixed
Segregating

0.151
(0.109,0.192)
0.849

0.0231
(0.0220,0.0242)
0.0096
(0.0090,0.0103)

1.0
(1.0,1.0)
0.59
(0.55,0.62)

0.0254
(0.0244,0.0266)
0.0097
(0.0090,0.0103)

0.99
(0.99,1.0)
0.63
(0.60,0.66)

o =1.0)
2

-0.0032
(-0.0034,-0.0031)
-0.0096
(-0.0103,-0.0089)

0.89
(0.87,0.91)
0.50
(0.47,0.53)

Gene flow (w =0.01, w ,=0.01)
/2

2

Directional selection (/=10 , °\ = 0.5 ,
3

Segregating

1.0
(1.0,1.0)

0.0124
(0.0116,0.0132)

o = -0.5 ,
2

0.0124
(0.0117,0.0132)

= 1.0, CT =1.0)
2

-0.0123
(-0.0131,-0.0115)

Directional selection (/=10 , °\ = 5.0 , o = -5.0 , (7j= 1.0,
4

2

Fixed
Segregating

0.198
(0.128,0.274)
0.802

0.0252
(0.0241,0.0262)
0.0166
(0.0158,0.0175)

0.0252
(0.0241,0.0263)
0.0168
(0.0160,0.0177)

0.50
(0.48,0.54)

o =1.0)
2

-0.0004
(-0.0004,-0.0004)
-0.0162
(-0.0171,-0.0154)

1.0
(0.99,1.0)
0.53
(0.49,0.56)

130
Stabilizing selection (/=10 , o = 0.1, o =-0.1, (7| = 1.0
4

{

Segregating

1.0
(1.0,1.0)

0.0117
(0.0110,0.0124)

2

0.0118
(0.0110,0.0126)

, CT

2

=1.0)

-0.0116
(-0.0123,-0.0109)

0.50
(0.47,0.53)

a - The fraction of the difference caused by either locally fixed or segregating mutations is over all sites that
contribute to the difference between the populations.
b - Values in parenthesis below the mean are 95% confidence intervals of the mean.
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Table 5.4: Properties of Q T L mapping populations: Means and percent positive effects. The
results are based on simulations in which the average magnitude of a mutational effect was 0.01.
Directional selection (10 generations)
3

Migration

Design

No

Outbred F

2

m,2=0.0001
m i=0.0001
m, 2=0.01

Outbred F

2

Outbred F

2

2

m i=0.01
2

No

Outbred Bx

m =0.0001
m i=0.0001
m =0.01
m =0.01
No

Outbred Bx

Inbred F

2

nii =0.0001
m i=0.0001
m =0.01

Inbred F

2

Inbred F

2

12

2

12

Outbred Bx

2]

2

2

12

m i=0.01
2

H

6 >0

6 <0

%6 > 0

0.0202
(0.0193,0.0212)"
0.0207
(0.0198,0.0216)
0.0210
(0.0200,0.0220)
0.0204
(0.0195,0.0212)
0.0209
(0.0200,0.0218)
0.0211
(0.0200,0.0222)
0.0220
(0.0211,0.0230)
0.0225
(0.0215,0.0235)
0.0233
(0.0222,0.0245)

0.0202
(0.0193,0.0211)
0.0208
(0.0198,0.0217)
0.0211
(0.0200,0.0220)
0.0199
(0.0190,0.0208)
0.0204
(0.0194,0.0214)
0.0215
(0.0204,0.0226)
0.0219
(0.0210,0.0229)
0.0226
(0.0216,0.0236)
0.0231
(0.0220,0.0242)

-0.0202
(-0.0212,-0.0193)
-0.0206
(-0.0216,-0.0197)
-0.0210
(-0.0220,-0.0198)
-0.0210
(-0.0220,-0.0200)
-0.0216
(-0.0226,-0.0206)
-0.0207
(-0.0218,-0.0196)
-0.0221
(-0.0230,-0.0212)
-0.0224
(-0.0234,-0.0215)
-0.0235
(-0.0247,-0.0223)

0.50
(0.47,0.53)
0.50
(0.46,0.53)
0.49
(0.46,0.52)
0.55
(0.52,0.58)
0.56
(0.53,0.59)
0.53
(0.50,0.56)
0.50
(0.46,0.53)
0.50
(0.47,0.53)
0.50
(0.46,0.53)

Stabilizing selection (10 generations)
4

Migration

Design

No

Outbred F

2

m =0.0001
m i=0.0001
m =0.01

Outbred F

2

Outbred F

2

12

2

12

m i=0.01
2

No

Outbred Bx

m =0.0001
m =0.0001
m =0.01

Outbred Bx

12

21

12

Outbred Bx

m i=0.01
2

No

Inbred F

2

m, =0.0001
m i=0.0001
m =0.01
m =0.01

Inbred F

2

Inbred F

2

2

2

12

2]

'

|<5J

6 >0

6 <0

%<5 > 0

0.0122
(0.0114,0.0130)
0.0130
(0.0122,0.0139)
0.0155
(0.0146,0.0164)
0.0123
(0.0115,0.0132)
0.0130
(0.0122,0.0139)
0.0156
(0.0147,0.0166)
0.0131
(0.0122,0.0140)
0.0140
(0.0132,0.0148)
0.0164
(0.0155,0.0173)

0.0124
(0.0115,0.0134)
0.0128
(0.0120,0.0136)
0.0157
(0.0147,0.0167)
0.0124
(0.0115,0.0133)
0.0128
(0.0120,0.0137)
0.0153
(0.0148,0.0.167)
0.0133
(0.0124,0.0142)
0.0136
(0.0128,0.0145)
0.0165
(0.0156,0.0175)

-0.0120
(-0.0127,-0.0112)
-0.0132
(-0.0141,-0.0124)
-0.0153
(-0.0162,-0.0144)
-0.0123
(-0.0130,-0.0115)
-0.0132
(-0.0142,-0.0124)
-0.0154
(-0.0164,-0.0146)
-0.0129
(-0.0138,-0.0120)
-0.0143
(-0.0152,-0.0134)
-0.0164
(-0.0173,-0.0155)

0.49
(0.45,0.51)
0.50
(0.48,0.53)
0.50
(0.46,0.52)
0.50
(0.47,0.53)
0.52
(0.48,0.54)
0.52
(0.50,0.56)
0.49
(0.46,0.52)
0.51
(0.48,0.54)
0.51
(0.48,0.54)

a - Values in parenthesis below the mean are 95% confidence intervals of the mean.
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Table 5.5: Statistical properties of Q T L mapping populations: Percent variance explained (PVE).
The results are based on simulations in which the average magnitude of a mutational effect was
0.01.
Directional selection (10 g enerations)
3

Migration

Design

No

Outbred F

2

mi =0.0001
m i=0.0001
m =0.01

Outbred F

2

Outbred F

2

2

2

12

m i=0.01
2

No

Outbred Bx

m =0.0001
m i=0.0001
m =0.01
m i=0.01
No

Outbred Bx

12

2

12

Outbred Bx

2

m =0.0001
m i=0.0001
m =0.01
m i=0.01
12

Inbred F

2

Inbred F

2

Inbred F

2

2

12

2

Avg(PVE)

>20% P V E

0.0766
(0.0711,0.0832)"
0.0781
(0.0718,0.0844)
0.1180
(0.1081,0.1279)
0.0789
(0.0728,0.0855)
0.0817
(0.0752,0.0882)
0.1251
(0.1150,0.1356)
0.0953
(0.0883,0.1023)
0.0974
(0.0900,0.0105)
0.2030
(0.1884,0.2188)

0.93
(0.91,0.95)
0.94
(0.92,0.96)
0.98
(0.98,1.0)
0.93
(0.91,0.95)
0.92
(0.90,0.95)
1.0
(0.99,1.0)
0.95
(0.92,0.96)
0.96
(0.94,0.97)
0.98
(0.96,0.99)

Stabilizing selection (10 generations)
4

Migration

Design

No

Outbred F

2

m =0.0001
m =0.0001
mi2=0.01

Outbred F

2

Outbred F

2

12

21

m i=0.01
2

No

Outbred B x

m =0.0001
m i=0.0001
m =0.01

Outbred B x

12

2

12

Outbred Bx

m i=0.01
2

No

Inbred F

2

m =0.0001
m i=0.0001
m =0.01

Inbred F

2

Inbred F

2

12

2

12

m i=0.01
2

Avg(PVE)

>20% P V E

0.0478
(0.0421,0.0537)
0.0523
(0.0463,0.0586)
0.0492
(0.0439,0.0545)
0.0488
(0.0433,0.0542)
0.0533
(0.0474,0.0595)
0.0512
(0.0453,0.0574)
0.0534
(0.0478,0.0602)
0.0618
(0.0559,0.0684)
0.0794
(0.0717,0.0878)

0.93
(0.88,0.98)
0.93
(0.88,0.97)
0.87
(0.82,0.91)
0.94
(0.89,0.98)
0.94
(0.89,0.98)
0.87
(0.83,0.92)
0.94
(0.89,0.98)
0.95
(0.90,0.99)
0.95
(0.92,0.98)

a - Values in parenthesis below the mean are 95% confidence intervals of the mean.
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Figure 5.1: The distribution of the phenotypic effects of mutations present in population one that
cause adaptive differences between it and population two. The solid line corresponds to the
directional selection case where divergence occurred for 10 generations and the fitness
3

parameters were o = 0.5, o = -0.5, o = 1.0 and cr = 1.0. The dotted line corresponds to the
x

2

x

2

directional selection case where divergence occurred for 10 generations and the fitness
4

parameters were o, = 5.0, o = -5.0, a, = 1.0 and a = 1.0. The dashed line corresponds to the
2

2

case when the divergence time was 10 generations and stabilizing selection occurred. The
4

fitness parameters in this case were o =0.l,
L

o = -0.1, o = 1.0 and a = 1.0.
2

l

2
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Figure 5.2: The average frequency of mutations that cause differences between populations. The
values represent a moving average in which each average was taken in increments of 0.004
mutational units and consist of mutations within a bin range of +/- 0.008 units about the central
value. In the directional selection simulations: o, = 0.5, o = -0.5, a, =1.0 and cr = 1.0. In the
2

2

stabilizing selection simulations: o = 0.1, o = -0.1, a, =1.0 and a = 1.0.
x

2

2
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(a) Directional selection (10 generations)
J

(b) Stabilizing selection (10 generations)
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Figure 5.3: The proportion of the overall difference between populations caused by mutations of
a given size. Dashed lines correspond to when the two populations are isolated and solid lines to
when the populations exchange migrants (m/2=0.01 and m2/=0.01). The values represent the
average proportion of the difference caused by mutations in increments of 0.005 mutational units
and consist of mutations within a bin range of +/- 0.005 units about the central value. In the
directional selection simulations: o, = 0.5, o = -0.5, a, = 1.0 and a = 1.0. In the stabilizing
2

2

selection simulations: o, = 0.1, o = -0.1, a, = 1.0 and cr = 1.0.
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(a) Directional selection (10 generations)
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(b) Stabilizing selection (10 generations)
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Figure 5.4: The average fraction of the difference between two individuals randomly chosen
from two populations explained by QTLs segregating in the mapping population as a function of
migration rate. Solid lines correspond to an inbred line design and dashed lines to an outbred F

2

design. In the directional selection simulations: o = 0.5, o = -0.5, o = 1.0 and a = 1.0. In the
x

2

x

2

stabilizing selection simulations: o = 0.1, o = -0.1, o = 1.0 and o = 1.0. The populations
x

2

x

2

evolved for 1000 generations in the directional selection simulations and for 10,000 generations
in the stabilizing selection simulations.

138

Chapter 6: Conclusions
In this thesis I sought to make predictions about the effects of adaptive mutations on phenotypic
characters. Most empirical studies of the genetics of adaptation seek to find the mutations that
affect the phenotypic characters that make up the adaptation. My phenotypic models of mutation
are simplified abstractions of real biological processes that give rise to phenotypic variation.
Nonetheless, these models have provided insights into the proper interpretation of empirical data
on the effects of mutations on phenotypic characters.
Although my mutation models have been helpful for certain types of data and levels of
interpretation, they are inadequate for others. For instance, they do not make discriminating
predictions, at the level of transcription factors, binding sites and proteins, about expected
differences in the genetics of adaptation between phenotypic characters that are determined by
different developmental or physiological processes. Furthermore, my mutation models did not
consider other general properties of mutations such as dominance or epistasis. In the future, I
plan to develop mathematical and computational models of specific developmental and
physiological networks. From these models, it should be possible to predict the effects of
mutations within the network, including dominance and epistatic effects. I would then like to
predict the effects of mutations that contribute to adaptation in these networks.
In addition, I would like to develop likelihood ratio tests, or maximum-likelihood and
Bayesian estimators of parameters to properly test whether one model versus the other, or one
parameter set best explains the data. In this thesis I developed theoretical models that made
predictions about the genetics of adaptation and then compared these predictions to empirical
data and/or evaluated the prior interpretation of the results of data in light of these predictions. A
problem with this approach is that other models or parameter sets may also be consistent with the
data or interpretation, and it is of interest to determine which is most likely.

