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Abstract

This thesis considers two broad topics in the theory and application of hidden Markov
models (HMMs): modelling multiple time series and model selection. Of particular interest
is the application of these ideas to data collected on multiple sclerosis patients. Our results

are, however, directly applicable to many different contexts in which HMMs are used.

One model selection issue that we address is the problem of estimating the number of
hidden states in a HMM. We exploit the relationship between finite mixture models and
HMMs to develop a method of consistently estimating the number of hidden states in a

stationary HMM. This method involves the minimization of a penalized distance function.

Another such issue that we discuss is that of assessing the goodness-of-fit of a stationary
HMM. We suggest a graphical technique that compares the empirical and estimated distri-
bution functions, and show that, if the model is misspecified, the proposed plots will signal
this lack of fit with high probability when the sample size is large. A unique feature of our"

technique is the plotting of both the univariate and multivariate distribution functions.

HMMs for multiple processes have not been widely studied. In this context, random
effects may be a natural choice for capturing differences among processes. Building on the
framework of generalized linear mixed models, we develop the theory required for implement-
ing and interpreting HMMs with random effects and covariates. We consider the case where
the random effects appear only in the conditional model for the observed data, as well as the
more difficult setting where the random effects appear in the model for the hidden process.
We discuss two methods of parameter estimation: direct maximum likelihood estimation
and the EM algorithm. Finally, to determine whether the additional complexity introduced
by the random effects is warranted, we develop a procedure for testing the significance of

their variance components.

We conclude with a discussion of future work, with special attention to the problem of

the design and analysis of multiple sclerosis clinical trials.
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Chapter 1

Introduction

Hidden Markov models (HMMs) describe the relationship between two stochastic processes:
an observed process and an underlying “hidden” (unobserved) process. These models form
a class of mixture models where, given the hidden state at time ¢, the distribution of the
observation at this time.is fully specified. However, HMMs are more general than classical
mixture models in that the hidden states are not assumed to be independent, but rather to
have a Markovian structure. One consequence of this assumption is that the observed -data
are also correlated, with dependence between observations decreasing to zero as the distance
between them increases to infinity. This correlation is long—rénge, in the sense that HMMs

are not Markov chains.

In general, these models are used for two purposes. The first is to make inferences or.
predictions about an unobserved process based on the observed process. For example, HMMs
have been used successfully for the purposes of prediction in the field of speech recognition
(e.g. Levinson et al. 1983). In this context, the observed data — the acoustic signal — may be
modelled as a function of unobserved articulatory configurations such as vocal tract shape
or tongue movement. For each word from a vocabulary of size V, V < 00, an acoustic signal
is generated, and the parameters.of the associated HMM estimated. Then, given a signal
generated from an unknown word in this vocabulary, these V' models can be used to predict
which word was uttered.. Some advanced systems based on HMMs now perform as accurately
as their human counterparts (Juang & Rabiner 1991). Similarly, HMMs have been used in
molecular biology for gene recognition (see, e.g., Krogh 1998). Here, sequenced strands of
DNA are treated as functions of the underlying signals that comprise the structure of a gene.
The models estimated from sequences with known genetic structure are then used to predict

the location of genes in new sequences.

A second reason for using HMMs is to explain variation in the observed process based on




variation in a postulated hidden process. In this paradigm, a HMM captures over-dispersion
(relative to a standard distribution) in the observed data. In particular, a HMM attributes
this over-dispersion to the key model feature that observations come from one of several
different marginal distributions, each associated with a different latent state. When physical
meaning can be attributed to these states, a HMM provides a natural model for such data.
As an illustration, Leroux & Puterman (1992) use a HMM to model the number of foetal
lamb movements in consecutive 5-second intervals. The distribution of each observation is
assumed to depend on whether the lamb is in a relaxed or excited state. As another example,
Albert (1991) models the distribution of epileptic seizure frequencies according to whether

the patient is in a high or low seizure activity state.

Magnetic resonance imaging (MRI) scans of relapsing-remitting multiple sclerosis (MS)
patients are another source of data that may be appropriately modelled by HMMs. Patients -
afflicted with this type of MS experience lesions on the brain stem, with symptoms worsenirig
and then improving in alternating periods of relapse and remission. Typical data amassed
during clinical trials consist of lesion counts at regular time intervals for a collection of
patients. It is now believed that exacerbations are associated with increased numbers of
lesions on the brain stem. Thus, it may be reasonable to assume that the distribution of the
lesion counts depends on the patient’s (unobserved) disease state, i.e. whether the patient is
in relapse or remission. Additionally, we might expect to see autocorrelation in this sequence
of disease states. Indeed, Albert et al. (1994) use this idea in the development of a HMM

for individual relapsing-remitting MS patients.

The study of HMM theory began in the late 1960’s. One of the key papers, B-aum et
al. (1970), provides a method of obtaining the maximum likelihood estimates (MLEs). The
asymptotic properties of the MLEs have subsequently been established (Leroux 1992a; Bickel
et al. 1998; Douc & Matias 2001). Likelihood ratio tests for HMMs have been studied by
Giudici et al. (2000), and Bickel et al. (2002) have determined bounds on the expectations of
the HMM log-likelihood and its derivatives. However, theoretical gaps remain. This thesis
addresses two such topics that have not been adecquately studied in the literature: modelling
multiple time series, and model selection techniques. We will use the MS/MRI context
described above to illustrate many of our ideas. In particular, we will consider two MS/MRI
data sets: that used by Albert et al. (1994), and another similar data set involving the 13
placebo patients from the Vancouver cohort of the PRISMS study (PRISMS Study Group
1998). '

Most work to date on HMM theory has concentrated on models for a single observed
process. In Chapter 2, we introduce some basic definitions and concepts in this setting. We

then explore the model considered by Albert et al. (1994), as well as some simple extensions.




This exploration, which includes a discussion of the limitations of the theory surrounding
these models, will serve to clarify the fundamental ideas behind HMMs, and will elucidate

our questions of interest.

In Chapters 3 and 4, working in the context of a single, stationary HMM, we address two
questions of critical importance in the application of HMMs: estimation of the number of
hidden states and assessment of goodness-of-fit (GOF). In Chapter 3, we develop a method
of consistently estimating the number of hidden states. Our method extends the work
of Chen & Kalbfleisch (1996), who consider the use of a penalized distance function for
estimating the number of components in a finite mixture model. We apply our procedure
to the MS/MRI data collected by Albert et al. (1994), and carry out a small simulation
study that suggests the method performs reasonably well for finite sainples. This work
was published in The Canadian Journal of Statistics (MacKay 2002). In Chapter 4, we
propose a graphical technique for assessing the GOF of a HMM. Specifically, we show that
plots comparing the empirical and estimated distribution functions - both univariate and
multivariate — allow the detection of lack of fit in the model with high probability as the
sample size grows. We use this technique to study the appropriateness of various HMMs for
the two MS/MRI data sets.

Chapter 2 will also motivate the need for HMMs for multiple processes, which is the focus
of Chapter 5. In that chapter, we propose the incorporation of random effects as a means
of linking the different processes. Random effects provide an efficient way of modelling com-
monalities among patients while allowing for some inter-patient variability. Furthermore,
including random effects permits greater flexibility in the modelling of the correlation struc-
ture of the observed data. Using the generalized linear mixed model (GLMM) framework,
we consider the incorporation of random effects and covariates in both the conditional model
for the observed process and the model for the hidden process. We discuss the estimation
of these models, as well as their interpretation, with special attention to the impact of the

random effects on the marginal moments of the observed data.

In Chapter 6, we address the issue of hypothesis tests for the parameters of the class of
models developed in Chapter 5. We comment on the asymptotic properties of the MLEs,
and suggest settings where standard test procedures may be appropriate. We then present a
method for testing the significance of the variance components, which is a more challenging
problem since the null hypothesis puts at least one parameter on the boundary of the pa-
rameter space. Our method has its inspiration in the score test proposed by Jacqmin-Gadda
& Commenges (1995) in the GLMM context. We provide two illustrations of the theory in
Chapters 5 and 6 to demonstrate the practicality of using our class of models in applications.
The first involves the MS/MRI lesion count data from the Vancouver PRISMS study; the




second considers the analysis of repeated measurements of faecal coliform counts at several
oceanic sites. We end this chapter with a modest simulation study to investigate the power

of this method for finite samples.

We conclude with Chapter 7, where we summarize the work in this thesis and present
ideas for future research in the field of HMMs. Of particular interest is the application of
our theory to the design and analysis of MS/MRI clinical trials. Our discussion focuses on
the issues that we anticipate will arise in this work.




Chapter 2

Hidden Markov Models for‘ a Single
Process

In this chapter, we provide the formal definition of a HMM for a single process, as well as
some theory relevant to parameter estimation and hypothesis testing in this setting. We
then illustrate these ideas with an application to a MS/MRI data set. The primary purposes
of this chapter are to introduce basic concepts and to highlight our research questions of

interest.

Throughout this thesis, we use the generic notation f(z) to denote the density (or prob-
ability mass function) of a random variable (or vector), X. Usually, f will be a member of a
parametric family with parameters 1, in which case we will write f(z;). We will use bold
face to indicate a vector, such as Y and Z to denote the vectors of observed responéés and
hidden states, respectively.

2.1 Definition of a Hidden Markov Model

Let Y; be the observed response at time ¢, and let Z; be the hidden state at time¢,¢ =1,...,n.
The process {Y;} is a discrete-time HMM if

e {Z,} is a Markov chain with transition probabilities {P},} and initial probabilities

{ﬂ'k}.

e Y;|Z, is independent of Y1,...,Y,_1,Yir, ..., Yo and Zy, ..., Zo_1, Zysry - - s Zn.

Typically, the following assumptions are also made:

5




1. The density (or probability mass function) of Y|Z, is h(-;8yz,, ¢), where h is a para-
metric family indexed by the parameters (6, ¢) € O.

2. Z, e {1,...,K}, where K is known and finite.

3. The values of {Hk}v are distinct. |

4. The time points t = 1,...,n are equally spaced.

5. Pf, = Py, k, 0 =1,...,K, ie. the transition probabilities are homovgeneous.

6. {Z;} is stationary.

REMARK. Assumption 1 implies that the distribution of Y;|Z; depends on ¢ only through Z;.
Our notation indicates that some parameters (6z,) may vary with Z,, whereas others (¢) are
common across the hidden states. We relax Assumption 2 in Chapter 3, where we address
the issue of estimating K. Assumption 3 is made in most applications of HMMs, with the
notable exception of ion channel modelling (e.g. Chung et al. 1990). We discuss this issue in
more detail in Section 3.2. Assumption 4 allows us to specify the model in terms of the l-Step
transition probabilities, and hence is a useful simplification, but it is not strictly necessary
(see, e.g., Section 6.4.3). Assumption 5 is also standard, though Hughes & Guttorp (1994)
have considered non-homogeneous HMMs in applications. One advantageous consequence of
Assumption 6 is that the random variables {Y;} are identically distributed — a feature that
sometimes permits the extension of existing theory for iid random variables to the HMM

setting (see, e.g., Chapters 3 and 4).

It is interesting to note that the marginal distribution of Y} is a finite mixture:

K

f(yt):Zf(yt|Zt,:k) Tg-

k=1

However, the sequence of hidden states, {Z;}, is allowed to have a Markovian, rather than in-
dependent, structure. Thus, we see that stationary HMMs are a generalization of traditional

finite mixture models.

2.2 Maximum Likelihood Estimation

The likelihood associated with the model described in Section 2.1 is not a simple product of

marginal distributions. Define ¢ = (8., ...,0x, ¢, P11, Py, ..., Py, m,...,Tk), and denote




the likelihood by £(3). Then, using the assumption that {¥;} are independent given {Z;},

LW) = fy:v)
= Yl ) ()

n

= ST Fwlen ) Flei) TT el

z t=1 =2 :
= ZHh(yt;envgb) U HPZL—I,ZL' , (2'1)
z t=1 ' =2

Thus, we see that the likelihood involves a summation over the K™ possible values of z, and
hence is quite complicated.

We can simplify (2.1) somewhat by recognizing that for each ¢, the variable z, appears

in only a few factors. So

E(w) = Z ﬂ-zlh(yl; 921 ) ¢) Z le,zzh(yQ; 922’ ¢) T Z _Pz,,_l,znh(yn; Ozny ¢)

Zn,

This exﬁression can then be written as a product of matrices (MacDonald & Zucchini 1997,
Chapter 2). In particular, let A' be the vector with elements A} = 7 h(yy; 60k, ¢), and let
A' be the matrix with elements A%, = Py h(y;;6,,¢), t > 1. Let 1 be a the K-dimensional
vector of 1’s. Then

L) = (A { g A"} 1, (2.2)

which is a very simple expression to compute. This form of the likelihood illustrates that the
number of hidden states, K, has a far greater impact on the computational effort associated

with maximum likelihood estimation than the number of observations, n.

Traditionally, the EM algorithm (Dempster et al. 1977) has been used to maximize HMM
likelihoods. There are two likely reasons for the popularity of this algorithm. Firétly, for
homogeneous HMMs (see Assumption 5 in Section 2.1) taking on only a finite number of val-
ues and with unknown initial probabilities, this algorithm reduces to an iterative procedure
with simple, closed-form expressions for the parameter estimates at each iteration. In this
context, the EM algorithm is often called the Forward-Backward algorithm and is credited
to Baum et al. (1970). Details are provided in Appendix A.1. In terms of estimation of the
parameters of a HMM, this case is the simplest possible, and will be a useful reference point
when assessing the difficulty of estirhating the parameters of the more complicated models
we consider in Chapter 5.

A second reason is that derivatives of HMM likelihoods are somewhat difficult to compute,-

requiring iterative methods (e.g. Rynkiewicz 2001). The EM algorithm, unlike methods such

as Newton-Raphson, does not require that derivatives be supplied.




However, in general, the steps of the EM algorithm do not involve closed-form expressiohs.
‘Furthermore, this algorithm is notoriously slow to converge. Thus, we prefer direct numerical
maximization of the likelihood, which is typically much more efficient (MacDonald and
Zucchini 1997, Chapter 2). In particular, we have found that the quasi-Newton routine (Nash
1979) tends to locate maximum likelihood estimates (MLEs) more accurately and with far
less computational effort than the EM algorithm. Even if the EM algorithm performs better
than direct maximization under some circumstances (such as when we have a large number
of parameters or poor starting values), repeating the direct maximization procedure using a

variety of starting values still seems to be the most efficient means of parameter estimation.

Starting values are of critical iinportance since HMM likelihoods tend to have mahy local
maxima. These values may be selected using, for example, the method suggested by Leroux
& Puterman (1992). In addition, we recommend doing a grid search (over a variety of

reasonable starting values) to improve our chances of locating the global maximum.

Another implementation issue concerns the parameters {7}, which are normally consid-
ered to be nuisance parameters. Three options exist for the dealing with these parameters.
Firstly, we may assume values for {m}. In the absence of prior information, this option may
not be reasonable. On the other hand, Leroux (1992a) shows that the consistency of the
MLEs does not depend on the choice of initial distribution. Thus, for processes observed at

a large number of time points, this option may be appealing.

Secondly, we may estimate {7} from the data. This option is also undesirable _fbr
relatively small data sets since it would require the estimation of K —1 additional parameters,

risking an increase in the standard errors of the parameters of interest.

Finally, if the hidden process can be assumed to be stationary, we can treat {7} as
functions of the transition probabilities. In this way, we can reduce the number of parameters
to estimate. This option, while requiring the solution of a system of K linear equations at
each iteration of the maximization procedure, seems to be the most attractive as long as the»l
assumption of stationarity is appropriate. We thus use this approach in the examples we

consider in this thesis.

2.3 Asymptotic Properties of the MLEs

Results on the properties of the MLEs require that the model (2.1) is identifiable, i.e.

Fyi9n) = fyi9) if and only if ; = .




Strictly speaking, a HMM is never identifiable, in the sense that we can always permute the
labels of the hidden states without changing the likelihood. However, it is easy to overcome
this obstacle by imposing appropriate réstrictions on the parameters (sﬁch as an ordering
of {6x} in the case where these values are distinct). Setting this point aside, determining
sufficient conditions for identifiability is still a difficult problem, except when the HMM is
stationary with distinct values of {6;}. See Section 3.2 for details.

In the case of a stationary HMM where the hidden process takes on only a finite number
of values, Leroux (1992a) and Bickel et al. (1998) establish the consistency and asymptotic
normality, respectively, of the MLEs under quite general conditions. In addition to assuming |
model identifiability, these authors impose mild conditions on the transition probabilities and
on the distribution h. These components of the model are usually quite simple (in contrast
with the full likelihood), and hence these conditions are relatively easy to verify (and hold
for most models). Douc & Matias (2001) show that the MLEs are also consistent and
asymptotically normal in the case where {Z,} belongs to a compact set and is possibly non-
stationary. Again, these authors impose conditions only on the Markov transition kernel and
the distribution h. We are not aware of any results in the literature regarding the asymptotic -
properties of non-homogeneous HMMs. |

With respect to inference about the unknown parameters, Bickel et al. (1998) and Douc
& Matias (2001) show that the observed information converges in probability to the Fisher
information matrix. Thus, if the HMM satisfies the conditions imposed by these authors, we
can conduct Wald tests in the standard way, using the observed information to estimate the
variance-covariance matrix of the MLEs. In addition, Giudici et al. (2000) show that, in the
comparison of nested stationary HMMs with a common, known value of K, the likelihood
ratio test statistic has the usual asymptotic x? distribution. Their theory is applicable, for
example, to test whether the hidden states have an independent, rather than Markovian,

structure.

2.4 Application to MS/MRI Data

In this section, we discuss an interesting and unusual HMM developed by Albert et al. (1994)
for MS/MRI data. We fit this model to their data and give the results in Section 2.4.1. We
then develop several extensions, which we present in Sections 2.4.2-2.4.5. One purpose of
this discussion is to solidify the concepts in Sections 2.1-2.3. Furthermore, with an eye
towards future work on the design and analysis of MS/MRI clinical trials (see Chapter 7),
this section will illustrate the type of questions that might be asked in this setting. Most




importantly, some of these questions will reveal gaps in existing theory for HMMs, which
will motivate the research presented in this thesis.

The HMM proposed by Albert et al. (1994), to which we will henceforth refer as Albert’s
model, describes lesion counts on repeated MRI scans for a single relapsing-remitting MS
patient. The authors apply the model individually to three patients, each of whom had
monthly MRI scans for a period of approximately 30 months. The observed lesion counts
range from 0 to 19, with a mean of 4.5 and a median of 4 lesions per scan. The data are
displayed in Figure 2.1. '

Albert’s model is based on the idea that a patient is in an (unknown) state of deterioration
or improvement at any time point. This underlying state will affect the mean number of
lesions observed at that time. Specifically, it is assumed that if the patient’s condition is -
deteriorating at time ¢, the mean lesion count at this time will be greater than the mean
lesion count at time ¢ — 1 by a factor of 8. Similarly, if the patient’s condition is_imprbving
at time ¢, the mean lesion count at this time will be less than the mean lesion count at time
t — 1 by a factor of 6.

Mathematically, the assumptions of the model can be stated as follows:

1. The hidden state, Z,, is —1 if the patient’s condition is improving at time ¢, and +1
if the patient’s condition is deteriorating at time ¢. This process is modelled as a

stationary Markov chain.

2. The transition probabilities are assumed to be homogeneous, with the probability of
moving from deterioration to improvement equal to the probability of moving from

improvement to deterioration. This common probability is denoted by . -

3. Given Z;, the lesion count, Y}, is assumed to be independent of Yy, ..., Y,_1,Yi11,..., Vs,

and distributed as Poisson(y;), where

) Oy, if the patient is deteriorating at time ¢
FE= (1/0)py, if the patient is improving at time £.

This assumption can be rewritten as’
St
e = ppl”t,

where S, = Y-t_, Z; and p is the baseline mean lesion count.

REMARK. Assumptions 1 and 2 imply that the initial probabilities are P(Z; = —1) =
‘P(Zy = + 1) = 0.5. Under Assumption 3, when § = 1, the model reduces to fhat

~
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Figure 2.1: MS/MRI data analyzed in Albert ef al. (1994)
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for independent observations distributed as Poisson(pp). Assumption 3 also leads to an
identifiability problem, since the model with € is equivalent to the model with % if we reverse

the labelling of the hidden states. To remedy this problem, we assume that 6 > 1.

On first glance, this model does not appear to be a HMM (according to the definition
given in Section 2.1), since the distribution of Y; depends on all previous hidden states, not
just Z,. However, by defining the hidden process as (S;_, ;) with state space {(4,7) : i =
-n,...,n,J =—n,...,n}, wesee that Albert’s model does, in fact,vconforrn to the definition
of a non-homogeneous HMM with countable state space. |

Thus, the model can be fit in the manner described in Section 2.2. Albert et al. use the
EM algorithm for this purpose, but we will maximize the likelihood directly. We have two
reasons for this choice. First, as discussed in Section 2.2, direct maximization appears to be
the more efficient of the two methods. Second, in our experience with this model, unlike the
direct maximization method, the EM algorithm tends to converge to values other than the
MLEs. '

To make inferences about Albert’s model and its extensions, we will use the methods
outlined in Section 2.3. Because we lack theoretical results about the properties of ‘these
methods in the case of non-homogeneous HMMs, our conclusions should be considered only
informal. These conclusions are nonetheless useful, as they will help to isolate and illuStra,te
the issues of interest in this thesis. Furthermore, Albert’s model is very similar to a stationary
Poisson HMM. To see this, note that the mean lesion count at time ¢ is restricted to a
discrete number of values (evenly spaced on the log scale). If we assume that the observed
process is stationary, it is reasonable to use a finite approximation to these mean values,
i.e. to assume that the mean at time ¢ is one of K values.  This new model is simply a
stationary Poisson HMM with K hidden states and with some restrictions on the transition
probabilities. Hence, if more formal conclusions were desired, one could fit a stationary
Poisson HMM with an appropriate value of K to the data. Then, the standard inference

results discussed in Section 2.3 would certainly apply.

2.4.1 Albert’s Model

We can facilitate the maximization of the likelihood by transforming the parameters so that

their range is the entire real line.. To this end, we use the following reparameterlzatlons
uh = log o, 0% = log(6 — 1), and v* = log (7/(1 — 7)). |

Table 2.1 gives the parameter estimates and approximate standard errors resulting from:
fitting Albert’s model to the three patients’ data. For Patient 1, 8 is estimated as 1.000, i.e.
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Table 2.1: Parameter estimates and standard errors for Albert’s model

Patient 1 Patient 2 Patient 3
Parameter Transformation | Estimate SE | Estimate SE | Estimate SE
4o log i 1.070 0.091 1.362 0.178 2.223 0.244
o* log(6 — 1) - -11.083 NA —0.282 0.245 -1.128 0.560
o log (%) NA NA| 1241 0575| 1.336 0.847
log £ —66.814 -72.029 —65.363

the model reduces to that for independent Poisson counts. In this case, the estimate for
given by the quasi-Newton routine is, in fact, arbitrary. In addition, since # = 1 is on the
boundary of the parameter space, there is no guarantee that the usual standard error for
the estimate of 6* is even approximately correct. For these reasons, we do not provide an
estimate of ¥*, or a standard error for the estimate of 6*.

One question of interest is whether the complexity of the HMM is warranted, or whether
the simple model with independent Poisson counts is sufficient to describe the variability and
correlation in the data. In principle, we should be cautious about making such inferences,
since the test of # = 1 is a boundary problem. Informally, though, in the case of Patient 1,
there is no evidence to suggest that the simpler model is inadequate. In the case of Patients 2
and 3, if we believe the 95% confidence intervals for 6 ([1.467,2.219] and [1.108,1.970],
respectively), then there is evidence against the null hypothesis that § = 1. Thus, the HMM
structure seems to be more appropriate for these patients than the simpler model. These

conclusions are consistent with those arrived at by Albert et al.

The results in Table 2.1 are essentially the same as those obtained by Albert et al. The,
primary differences are that we have omitted the estimate of 7" in the case of Patient 1, and
have achieved a higher value of the likelihood in the case of Patients 2 and 3. The latter
emphasizes the importance of choosing both good starting values and an estimation method

whose convergence properties are well-behaved in practice as well as in theory.

2.4.2 Generalization of the Transition Probabilities

The first extension we consider (for Patients 2 and 3) is the use of general transition prob-
abilities. We do not apply this new model to the data from Patient 1 since the analysis in
Section 2.4.1 indicates that the transition probabilities for this patient are arbitrary..
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Table 2.2: Parameter estimates and standard errors for the model with general transition
probabilities

Patient 2 Patient 3
Parameter Transformation | Estimate SE | Estimate SE
o log po 1.360 0.173 2.186 0.143
o* log(6 — 1) -0.281 0.244 —1.416 0.273
v* log ﬂ? 1.489 0.801| 0975 0.515
B* log (25 1.039 0.690 | 18.570 NA
‘ log £ ~71.921 —64.222

In particular, we model the transition probabilities as

~1 +1
-1 -y Yo
+1 B 1.—/3

This generalizatioh may be of interest because Albert’s model assumes that patients spend
50% of their time in a state of deterioration, and 50% in a state of improvement. This
assumption seems too strong to make a priori. The parameter estimates for this model are
given in Table 2.2. In the case of Patient' 3, B is estimated as 1.000, which is on the boundary
of the parameter space. 'We do not include a standard error for the estimate of 8* for this

reason.

To test the validity of the assumption that v = 3, we note that Albert’s model is nested
within the more general model. We then use the likelihood ratio test (LRT) to compare
the two models, assuming that the LRT statistic has an asymptotic x? distribution. The
p-values for these tests are

Patient 2 Patient 3
p-value 0.642 0.131

Surprisingly, the more general model does not fit substantially better for either of the two
patients. '

We have two possible explanations for these results. Firstly, the standard errors of the
estimates of v* given in Table 2.1 are quite large relative to the estimates themselves, and
relative to the standard errors of the estimates of 1 and 6*. The same is true of the standard
errors of the estimates of v* and 8* in Table 2.2. These examples show that making inferences

about the hidden process is usually a difficult problem.

A second explanation may lie in the structure of ji,. Note that the proportional increase
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in the mean when the patient is deteriorating, 6, is, by assumption, equal to the proportional
decrease in the mean when the patient is improving. In the case where there is no overall
trend in the data (as is true for these particular patients, as well as for relapsing—rémitfcing
patients in general when obsérved over a short time period), the number of transitions from
decreasing to increasing mean is forced to equal approximately the number of transitions from
increasing to decreasing mean. This statement is equivalent to Albert’s assumption that the
patients spend equal proportions of time in the states of deterioration and improvement.
These proportions can be expressed as

B gl - |
[ﬂ+7’ﬁ.+’yl’ | | - 29

SO ﬂ% = ﬂ_l_v = (.5 implies that 8 = . It is perhaps for this reason that the model with

general transition probabilities does not provide an improved fit to these data. -

Under some circumstances, we would expect to see a trend in the lesion counts, in which
case the more general model might be appropriate. For example, patients with secohdary
progressive MS have lesion counts which may steadily increase over a given time period.
Similarly, in a clinical trial setting where patients may be chosen for their relatively high level
of disease activity, an initial downward trend (“regression to the mean”) may be observed,
even in the placebo patients. The simulated data in Figure 2.2 show a clear upward trénd.
These data were generated from this HMM with pug = 15,0 =1.2, v = 0.8, and 3=10.2. In
this case, the maximum value of the log-likelihood is —73.345 for the restricted model and
—69.446 for the general model. The LRT leads to a p-value of 0.005, indicating that the

general model provides a significantly improved fit to these data.

2.4.3 Generalization of the Conditional Mean Structure

In light of the discussion in Section 2.4.2, we might consider modelling p; more generally
while leaving the transition probabilities as in Segtion 2.4.1. For example, we could fit
Albert’s model with the modification

. { Oos_1, if patient is deteriorating at time ¢
by =

(1/61) -1, if patient is improving at time ¢ (2'4>

The parameter estimates and approximate standard errors associated with fitting this model
are given in Table 2.3. When 6y = 1/6, = 6, the model implies that {Y;} are independent
with Y} distributed as Poisson(ug6"), in which case v is arbitrary. Thus, for Patient 1, we

omit the estimate of v*.

This ‘modification does not. significantly improve the fit for Patient 1, but we observe
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- Figure 2.2: Simulated data with a trend
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Table 2.3: Parameter estimates and standard errors for the model with a general conditional

mean structure

Patient 3

Patient 1 Patient 2
Parameter Transformation | Estimate SE | Estimate SE | Estimate SE
T log 110 1.168 0.200 - 0.987 0.256 2.446 0.247
a5 log 6 0.006 0.089 0.484 0.621 0.466 0.166
07 log 6, —0.006 0.089 0.621 0.120 0.398 0.158
~y* log (1) NA NA 0.974 0.708 2.384 0.813
log £ —66.652 —70.401 —63.904
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some evidence of an improved fit for Patients 2 and 3. The p-values associated with these

tests are

Patient 1 . Patient 2 Patient 3
p-value 0.569 0.071 0.088

2.4.4 Generalization of the Conditional Mean Structure and of
the Transition Probabilities

It was anticipated that, in the case of Patients 2 and 3, the fit of the model might be further
improved by incorporating general transition probabilities (i.e. by combining the models
proposed in Sections 2.4.2 and 2.4.3). In fact, the LRTSs comparing this model to the model
with v = f (i.e. the model in Section 2.4.3) yield the following p-values:

Patient 2 Patient 3
p-value 0.065 1.000

Thus, there is some support for the expanded model in the case of Patient 2.

The estimates of the transformed parameters and approximate standard errors are given
in Table 2.4.

2.4.5 Addition of a Third Hidden State

Our final question of interest regarding Albert’s model involves the choice of the number of
hidden states. Albert’s model is quite restrictive, in the sense that it forces the mean lesion

count to either increase or decrease from time ¢ — 1 to time . One would imagine that,

Table 2.4: Parameter estimates and standard errors for model with general transition prob-
abilities and conditional mean structure

Patient 2 Patient 3
Parameter Transformation | Estimate SE | Estimate SE
1 log 10 1.889 0.235 2.445 0.233
05 log 0o 0.811 0.169 0.466 0.154
67 log 6, 0.383 0.071 0.398 0.149
v log (72 2.022 1.134 2.372 1.045
B log (25 —0.399  0.505 2.396 1.052

log £ —68.695 —63.904

17




especially during periods of remission, the mean lesion count would remain stable. Thus, we
consider the addition of a third hidden state, state 0, where the patient’s condition is neither

deteriorating nor improving. Mathematically, this modification can be expressed as

O, if patient is deteriorating at time ¢
e = i1, if patient is stable at time ¢
(1/0)py—1, if patient is improving at time ¢
= 0

We represent the transition probabilities as follows:
-1 0 +1
-1 P D2 1—p1—p2
0 Ps D4 1-ps—m
+1 Ps Ps 1—ps—pe

One disadvantage of such an extension is the introduction of the problem of computing
the stationary probabilities, which are used as initial probabilities for the hidden Markov
chain. In the two-dimensional case, we have the simple, closed form (2.3) for the stationary
distribution. In order to compute the stationary distribution in the three-dimensional case,
however, a system of three linear equations must be solved at each iteration of the quasi-
Newton algorithm. Another disadvantage of this model is the large number of unknown
parameters. However, we can reduce this number if we are willing to place restrictions
on the transition probabilities (as in Albert’s m;‘)del), for example by assuming that the

transition probability matrix is symmetric.

The parameter estimates and standard errors are given in Table 2.5. In this case, the
likelihood functions are quite flat (likely due to the large number of parameters and relat‘ively
small sample sizes) and hence difficult to maximize. The parameter estimates are not entirely
reliable, and may correspond to a local maximum. Turning our attention to the likelihood,
when we compare the results in Table 2.5 with those in Table 2.1, we see that substantial
decreases occur for Patient 2 in particular. Thus, we might surmise that this 3-state model

is more appropriate than Albert’s model.

It would be a mistake, however, to use the x? distribution to gauge the extremity of the
LRT statistic. The test comparing models with differing numbers of hidden states amounts to
the hypothesis that some of the transition probabilities are zero. Thus, this test is a boundary
problem and hence does not satisfy the conditions required for the usual results on LRTSs.
Moreover, we cannot assume that methods such as the Akaike information criterion (AIC)
or the Bayesian information criterion (BIC) provide consistent estimates of the number of
hidden states. Formal hypothesis testing and estimation of the number of hidden states is

still an open problem.
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Table 2.5: Parameter estimates and standard errors for 3-state model

Patient 1 Patient 2 Patient 3 .
Parameter Transformation | Estimate SE | Estimate SE | Estimate SE
1 log p1p 1.061 0.139 1.372 0.155 2.119 0.110
o* log(6 — 1) 0:003 0.028 0.671 0.130 0.395 0.068
P log 1—_;”1—151;2 0.417 0476 -3.139 0.229|  0.184 0.167
s log T—‘h —0.536 0.816 4.316 0.315 0.126 0.195
f log 1——;%3?71; 0.173 0.537 -0.142 0.643 ~6.825 6.846
Dy log 1—_—731“_1 —0.370 0.250 —0.376  1.247 2.210 0.349
Ps log T:;T—_m 0.547 0.856 —-1.757 1.002 7.741 6.168
e log l—_—}% —1.5625 0.136 7.079 1.051 —1.170 1.401

log C —65.931 —69.448 —63.514

2.5 Summary

The analyses in this chapter illustrate some of the questions that still remain in our under-
standing and application of HMMs.

We have seen the difficulties involved in comparing the fit of models with differing num-
bers of hidden states in Section 2.4.5. Likewise, determining the number of hidden states
requires non-standard results. We address this issue in Chapter 3, where we develop a method

for consist.ently estimating the number of hidden states in a single, stationary HMM. -

The analyses in this chapter also reveal the challenges of selecting an appropriate HMM
for a given data set. Tools for examining the fit of both the conditional model for the
observed data and the model for the hidden process are needed. We discuss the problem of

assessing the goodness-of-fit of stationary HMMs in Chapter 4.

One important common element of our analyses is the relatively large standard errors
associated with the estimates of the parameters of the hidden process. Assuming the same
model for each patient is one means of reducing this uncertainty. However, the behaviour of
lesion counts in MS patients is often highly variable. It thus seems more reasonable to-allow
at least some model parameters to vary across patients. Random effects are a useful means
of capturing between-patient differences while still borrowing strength across patients. Their

incorporation in HMMs is discussed in the Chapters 5 and 6.
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Chapter 3

Estimating the Number of States of a

Consider the case where we have a single, stationary HMM, with observed daﬁca»{Yt}?:1
and hidden states {Z;}7,. We will assume that Z, takes values in the set {1,..., K°}, and
will denote the stationary probabilities by {7’} and the transition probabilities by {PZ},
k,0=1,...,K° We assume that P(Y; < y|Z,) = H(y;6%,,¢"), where (6%,,4°) € ©. - |

As discussed in Section 2.3, estimation of the model parameters in the case where K? is
known has already been studied extensively. However, the problem of consistently estimating
K? has not yet been satisfactofily resolved. Maximum likelihood estimation cannot be used
because the likelihood is noh—decreasing in K° Most authors applying HMMs, including
Leroux & Puterman (1992), Hughes & Guttorp (1994), Albert et al. (1994), and Wang &
Puterman (1999), simply use the AIC or BIC, but thesé methods have not been justified in
the context of HMMs (MacDonald & Zucchini 1997). '

Several authors have attempted to address this problem using penalized likelihood meth—
ods. Included in this group are Baras & Finesso (1992); who develop a consistent estimator
of K° when the observed process takes on only finitely many values. Rydén (1995) relaxes
this assumption, but at the expense of consistency. He shows that a class of penalized like-
lihood estimators provides, in the limit, an upper bound on K°. Dortet-Bernadet (2001)'
proves that Rydén’s method in fact leads to a consistent estimator of K°, but under fairly
restrictive conditions: he assumes the existence of a known, non-zero lower bound on the
transition probabilities. His method of proof appears to require only that this bound ‘ap'ply ’

to the stationary transition probabilities, so perhaps this weaker aSsvumption would Asufﬁ(‘:e.'

Other authors have used an information-theoretic approach to estimate K©. Kieffer

(1993) proposes a method involving maximum likelihood codes to find a consistent estimator
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of K° Liu & Narayan (1994) also give a consistent estimator by describing the observed
data in terms of a uniquely decodable code. However, both of these estimators rely on the

assumption that the observed process takes on only finitely many values.

Poskitt & Chung (1996) assume a specific form for the HMM, namely that Y, = Z, + ¢,,
where {Z,} is a finite-state Markov chain, and {¢} is a white noise process. Under these
conditions, they suggest an algorithm based on least-squares type calculations that provides

an efficient means of consistently estimating K°.

Robert, Rydén & Titterington (2000) use reversible jump Markov chain Monte Carlo
techniques to estimate K° in a Bayesian setting. It appears, however, that no frequentist
method currently exists for consistently estimating K° in the general setting where {Y;} is
a stationary, identifiable HMM. In this paper, we approach this problem by extending the
ideas of Chen & Kalbfleisch (1996), henceforth called CK. These authors develop a penalized
minimum-distance method that gives, under certain conditions, a consistent estimate of the
number of components in a finite mixture model. We will use the fact that the marginal
distribution of Y} is also a finite mixture in order to show that a variation of CK’s method
is applicable to stationary HMMs as well. |

3.1 Notation

Under our assumptions, Y), ..., Y, are identically distributed with common distribution func-
tion '

Fo(y) = F(y, Go) = zw(y;ew):/ H (y;0,6) dGo (6, 9), (3.1)

where the mixing distribution Gy is defined by

. K©

=Y mr (6 <0,¢° < ¢).
k=1

For ease of exposition, we will assume that the {63} and ¢° are scalars so that 6 < 6 and
#° < ¢ have the usual interpretations. However, the theory we present easily extends to the
more general setting where these parameters are multidimensional. In addition, we treatithe
pairs (89, ¢°) as the support points of Gy, even though ¢° is common across states and so
would normally be excluded from the definition of the mixing distribution. The treatment
of ¢° in this manner will facilitate our discussion of both identifiability and the consistency |

of the estimator of this parameter.

Similarly, using the notation y™ = (y,...,ym) and 87 = (0,,...,6,,), we will express
g 1 Y 1




the m—dimensional distributions of (Y;) as

Fn(ym) = Frym Gl = 5 - z{n (v z,,asf’)} PP ()

z1=1 Zm=1
with
KO ' » , o
0 0 0 (] '
Grn(eln’ = Z Z 7rzl 21 zl sz l:ZmI (021 S 01’ Tt ezm S '0m7 QS S ¢)
21=1 zm =1

3.2 Identifiability

Before presénting the proposed method, we address the issue of model identifiability. First,

we need to define K more carefully. We have stated above that K is the number of hidden

states. This value is not, in general, oqual to the number of values of 6, ... OKO, since these

values may not be distinct. Indeed, we can always constmct a HMM w1th K°+1 hldden

states and distribution F§ by choosing an additional smte with %0, € {6,...,6%} and

an appropriate lllinpable underlying Markov chain. (For a discussion of lumpablhty, see
White, Mahony & Brushe 2000.) For this reason, we define K°, the order of the HMM, as

the minimum number of hidden states such that {Y,} is « HMM. We will denote the number

of distinct values of the {0 } by K’, where necessarily K’ < K°.

We now state the mild regularlty conditions that we assume.
Condition 1. The transition probability matrix of {Z,} is irreducible and aperiodic.
Condition 2. The parameter spéce © is compact.
Condition 3. H(y; 0, ¢) is éontinubus in andlgb.
¢

Condition 4. Given € > 0, there exists A > 0 such that for all (0,¢) € ©, H(A;0,¢) —
H(-A:0,4)>1—e

Condition 5. The family of finite mixtures of {H(J, 9 @)} is identifiable, i.e.,

(%Gl) (YJ,Gz) = G =Gy

Condition 6 Either we know that {6} are distinct, or we know an upper bound M on the

number of hidden states.
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REMARK. Conditions 1 and 2 are also assumed by Dortet—-Bernadet (2001). Condition 1
implies that the stationary distribution of {Z;} is unique, and that Wg > 0 for all £. Con-
ditions 3 and 4 are satisfied by commonly used distributions including the normal, Poisson,
exponential, binomial, and gamma distributions. Condition 5 is also assumed by Leroux
(1992a), Rydén (1995), and Dortet-Bernadet (2001), and is satisfied by many common dis-
tributions. Prakasa Rao (1992) provides a good discussion. Condition 6 is weaker than that
assumed by Rydén (1995) and Dortet-Bernadet (2001), who postulate a known upper bound

on the number of hidden states regardless of the distinctness of {62}. -

3.2.1 Parameter Identifiability

'To obtain well-behaved parameter estimates — using either the maximum likelihood or penal-
ized minimum-distance method — model identifiability is required. In the usual case where
the values of {6} } are distinct and Condition 5 is satisfied, the model pardmeters are identifi-
able up to permutations of the labels of the hidden states (Wang & Puterman 1999). Petrie
(1969) discusses identifiability in the case where Y] takes on only a finite set of values.

However, we are unaware of the existence of sufficient conditions for parameter idéntiﬁ-
ability when {Y;} is a general HMM with possibly non-distinct values of {#2}. Determining
such conditions appears to be quite a difficult problem. Following Wang & Puterman (1999),
we may use the series of m—dimensional distributions, m > 1, to obtain a sequence of equa-
tions involving the model parameters. For example, let {H?q)} be the set of K’ distinct
values among {63}, with 00y < -+ < 8. Let S, = {k : 6) = 6{,)}. The one-dimensional
distributions of {Y;} are given by

KO Iy .
F(y,Go) = 3. moH (1,68, 6°) = S H (y:60,,4°) > =3
. k=1 g=1 k€S,

Condition 5 allows us to identify Gy from this equation. By Condition 1, all support

points of Gy have positive mass, and hence {67, }, ¢°, and {¥4cs, 77} may also be identified.

Similarly, the two-dimensional distributions of (¥;) are given by

K9 K©
FA(y},G) = 3. Y miPH (11;6},¢°) H (123 62, 6°)
k=1¢=1
K' K’
= 3 H (41;60,6°) H (v2:60,),6°) > 70 > PY
g=1r=1 keS, €S,

Teicher (1967) shows that mixtures of products of distributions from a given family are

identifiable if this family satisfies Condition 5. Using this result, we may identify G2, and
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hence '
{ Z L 2 P xge} 5

kES, LS,
from this equation. In particular, if {69} are distinct, we see that the two-dimensional
distributions are sufficient to allow the identification of the parameters up to permutations
of the labels of the hidden states. | '

In the case where {69} are not distinct, parameter identifiability can be explored by
applying Teicher’s result in this manner to the higher-dimensional distributions. However,
the equations obtained in this fashion are highly non-linear - in part due to the complicated
relationship between {P} and {7} — and difficult to analyze. Hence, at this time, we lack
a means of assessing, in general, whether the parameters of a given model are identifiable.
In addition, some of these equations are redundant, so it is unclear even how to specify the
minimum number of dimensions that must be considered in order to determine parameter
identifiability.

Fortunately, Rydén (1995) shows that the finite-dimensional distributions of {Y;} are
determined by the 2(K° — K’ + 1)—dimensional distribution when Condition 5 is satisfied.
Thus, under the assumption that K° is minimal, if M is an upper bound on the number of
hidden states, then 2M is an upper bound on the required number of dimensions. Letting
= (01,...,0k,0,Pi1, P2, ..., Pgr,m,...,mk) as before, we will use Rydén’s equivalence
relation: ¢° denotes the equivalence class of ¥°, with ¢ € ° if and only if % induces the
same law for {Y;} as ¢°.

In conclusion, if Condition 5 holds, then '(/~;0 is determined by the 2M —dimensional dis-
tributions, where we take M = 1 if the values of {60} are distinct. We will use this result in

the development of the penalized minimum-distance method for HMMs.

3.2.2 Sufficient Conditions for CK’s Identiﬁability Criterion

When K° is minimal, Condition 5 is the standard notion of identifiability of a mixture model.
CK, however, assume an identifiability criterion of a different form. In particular, let d be
a distance measure on the space of probability distributions, and let G, be a sequence of

one-dimensional mixing distributions. CK assume that
A, d{F(y, Gn), F(y, Go)} =0 = lim d(Gr, Go) = 0.

This criterion should in fact read: for distance functions d, and d,, G, converges to Gy
weakly when dy(G,, Go) = 0 as n — 0o, and

Clim A {F(y,Ga), F(y,Go)} =0 = lim dy(Gp, Gy) =0, (3.3)
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(Chen, personal communication).

It is of interest to develop sufficient conditions for CK’s criterion, both as an extension
to CK’s work, and for use in our procedure to estimate the parameters of a HMM. The
following lemma, which will be proved in Appendix B.1, states that, for specific choices of
dq and dy, this criterion is satisfied when Conditions 2-5 hold. Normally, it will be easier to

verify these conditions than the original CK criterion.

In particular, we assume that d, corresponds to weak convergence, and that d| = dgg is

the Kolmogorov—Smirnov distance, i.e., for distribution functions F; and F,,

dis(Fy, F2) = sup |[Fi(y) — Fa(y)].
Y

Lemma 3.1 Let (G}}) be a sequence of m-dimensional mizing distributions with associated
parameters { (8%, ¢")} € ©. Then, under Conditions 2-5, if ds{F™(y™, GT), F™y™, GM} =
o(1), then GI* converges weakly to Gy'. '

3.3 Parameter Estimation

Let {c,} be a sequence of positive constants with ¢, = o(1), and let F, be the empiri-
cal distribution function of ;. If {};} are independent observations from a finite mixture
model, Fy, then CK estimate the parameters of Fy (including the number of components)

by minimizing the penalized distance function
K
D(F,,F)=d (Fn, F)~c,y logm
k=1

over all F', where F' is a finite mixing distribution with K components and mixing probabili-
ties {7}, and d, is any distance function satisfying (3.3). The authors prove the consistency
of the parameter estimates obtained in this fashion.

The novelty of this approach is that the penalty term is a function-of YK, log m,. Models
with large values of K are penalized since the requirement that m 4+ --- +.7rK = 1 forces
7, to 0 for some values of k as K — oo. In addition, models for which some states have
small values of 7 are penalized. In these two ways, the estimated number of components
is indirectly controlled. In contrast, most other penalized methods, including the AIC and
BIC, attempt to control K directly. ‘ ‘

From the discussion in Section 3.2, it is clear that CK’s estimation procedure, which is

based on one-dimensional distributions, is not sufficient to estimate all the parameters of
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a HMM. However, by modifying the method to incorporate multiple dimensions, we may
obtain a procedure that is appropriate to our problem.

In particular, for n > m, we consider the m—dimensional process {Y;t"1}7- ! where

Yt = (Y, ..., Yiem—1). We then define the penalized distance based on the distribution

of this process as
K
D (F,:”, Fm) =d, (F,Z", F"‘) —cp Y logmy, ' (3.4)
. : k=l .
where F™ is the m—dimensional empirical distribution function,

_ Z;:an I (Y'L < Y1y vy Y'H-m-—l < ym)
n—m-+1 '

FM(yT) (3-5)
The dimension m should be chosen based on identifiability considerations, as discussed
in Section 3.2. In addition, it is desirable to choose m as small as possible to minimize the

computational burden. Thus, we will use m = IM.

CK’s proof of the consistency of the parameter estimates in the bcase of finite mixture mod-
els does not require the independence of the observed data. In fact, this proof depends only on
their identifiability criterion (see Section 3.2.2) and the assumption that d,(F,, Fs) = o(c,)
a.s. We will show that, if d; is chosen such that d;(F™, Fi") = o(c,) a.s. and Conditions 1-6
are satisfied, then the theorems developed by CK also hold when the underlying model is a
HMM and the parameter estimates minimize the penalized distance function (3.4). Hence,

we will obtain consistent estimators of the model parameters, including K°.

Before stating our first theorem we require the definition of the concept of an a-mixing
multidimensional process (see, for instance, Ould-Said 1994).
Definition 3.1 A stationary sequence (V) of m—dimensional vectors is a—mizing or strong

maxing if for any s,

ap= sup |P(AB)-P(A)P(B)| =0 as £ — o0

AEF},BEFS,

where F? = 0(Vi,a <t <b). The «y’s are called the mizing coefficients.

Theorem 3.1 For a stationary HMM,

dis (F,’L”“, an) =0 (n“%\/log lpg n) a.s.
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Proof. Ould-Said (1994) pfoves that for a stationary, m—dimensional, a—mixing process

with mixing coefficients oy = O(¢7") for some v > 2m + 1,

=1 a.s.

1/2
n —_
1‘ - F’ﬂl my F'In m
1m sup {<2loglogn> S;}f‘ n (Y1) o (¥1")

Thus to prove that the empirical distribution of a HMM converges at this rate, it is sufficient
to show that the HMM satisfies the condition ap = O(£7¥) for v > 4M + 1.

First, the mixing coefficients o of the Markov chain {Z,} satisfy the inequality o < ¢pf,
where c is a finite, positive constant, and 0 < p < 1 (see, for instance, Doukhan 1994). .Nov‘v,
without loss of generality, take ¢ > m. Define F2 = (Y, ..., Yssm—1). Following Lindgren
(1978), for stationary HMMs we have that '

o = sup |P(AB) — P(A)P(B)|

AeFy,BEFE,

= o [B{P(aBIz 22} - e {p (a2 ) e e (B125)

AeFT.BEFX,

= ot [B{P(zr )P (Biz5,)} - B{p (4120 B {P (BI23%,) )

Since P(A|Zy*™") and P(B|Z%,) are bounded and measurable with respect to o(Z;+™1)
and 0(Z3,), respectively, we may apply Theorem 17.2.1 of Ibragimov & Linnik (1971) to
obtain ' ' .

ap < Aaf_p, g < deptm L

We have thus proved that ay = o(£7") for v < co. O

COROLLARY. Let E™ be the function that minimizes (3.4), where the minimization is
over all parameters, including K. Under Conditions 1-6, if we choose d; = dgg, then
dis(F™ F") = 0 a.s. and G™ converges weakly to G7' a.s. Furthermore, ¢° — ¢° a.s., and

92 — 0, a.s., where 8, is one of the support points of G

Proof. In light of Theorem 3.1 and Lemma 3.1, the technique of proof used in Theorems 1
and 3 of CK also applies in the HMM case. Although the class of mixture models considered
by CK does not incorporate parameters that are common to all components (i.e., ¢°), their
Theorem 3 is also sufficient to show that ¢ — ¢° a.s. O

We now investigate the asymptotic behaviour of K° using a method inspired by the work

of Leroux (1992b) in the context of penalized maximum likelihood estimation of mixture
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models. In particular, we study properties of the estimated m—dimensional distribution
when we fix the number of hidden states at some known value K, while the other parameters
are estimated by minimizing (3.4). We denote this distribution by F' ', and the associated

parameter estimates by 1/}, so that

/\ ~

FK Y1 Z Z H (Ulagzla ¢) (l/ma z,,,a¢) zl,zz to sz_l,sz

21=1 Zm=1

We will need the following two technical results.

Lemma 3.2 If we know the value of K° and estimate the remaining parameters by mini-

mizing (3.4), then we have that

KO
dks ( | F‘,T) =O0(cy) a.s. and liminf)_log#y > —oco a.s.
R k=1 .

Proof. This lemma is similar to Theorems 1 and 2 of CK, and can be proved in the same
way. O '

Lemma 3.3 If K is chosen such that K < K° and the remaining parameters estimated by
minimizing (3.4), then ‘
liminf dp s(F, F'™) > 0 a.s.

Proof. By the triangle inequality,
ds (FR B > dics (FR, FyY) = dics (F;Lﬁ, Fr.

By Theorem 3.1, dgs(E™, F") = o(1) a.s. For this reason, it is enough ‘to show that
liminf dg g (F5, F) > 0. |

Choose a realization of the sequence {F%}, indexed by n. Towards a contfadiction,
assume that liminf ds(F7, F*) = 0 for this realization. Then there exists a subsequence
such that lim d,(s(F}\”, F§') = 0. For this subsequence, F ' converges pointwise to FJ*, and
there exists a further subsequence such that each parameter estimate converges to some

limiting value, . Since H is continuous in # and ¢, we have that

lim FA Y1 Z Z H ylagzn ¢ (Jma Zm ¢)7T21P21,22 e sz—1,2m~

z1=1 zm=1
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Let S* = {0;}. From our discussion of identifiability in Section 3.2, the set of distinct
elements of S* must be equal to {6}, and we must have that ¢ = ¢° So, defining
Sk—{'ll.el——ek},k—l,...,l,

K’

lim £72(y™) z 2 Hys00,6%) - H (ys; 67, ¢°)

z1=1 Zm=1

x Z T Z 7rql qu a2 T P(hn.—hqm -

Q1€S§1 quS;‘m

This limiting distribution is the m—dimensional distribution of a HMM with J hidden states.
But, now it is clear that lim FI? # F{", since K° was defined as minimal. This contradlcts
our hypothesis that lim dgg(F2, F*) = 0. O

Theorem 3.2 Assume that ¢, = o(1) and Conditions 1-6 are satisfied. Then liminf K° >
K° a.s. If {60} are distinct, then we also have that limsup K° < KO a.s.

Proof. 1f {9} are distinct, then Theorem 4 of CK applies. Hence, K — K° a.s. If {69}
are not distinct, we require a different technique of proof. It is clear that liminf K0 > K’
a.s. However, some work is required to prove that liminf K° > K° a.s. The key idea is
that if the limiting value of infrm D(E™, F™) is less when we fix I = K° than when we fix

K < K° we will know that D(F™, F™) is minimized, in the limit, by a HMM with at least
K?° hidden states. S

By Lemmas 3.2 and 3.3, for K’ < K < K°, we have that

dis(FZo, F™) — dies(F2, F™)
Cn

— —00 a.s.

Also by Lemma 3.2, Z,ﬁ"zol log 7 is bounded away from —oo a.s. Thus, with probability 1,
for all n sufficiently large,

ds(Fifa, F) — dgcs(F, F™)

n

K
< > log#y,

Cn
o KO K
dis(Fy, F™) — dgg(F™ F™) < ¢, Z log 7y — ) log# |,
o - k=1
- D(F Fp) < D(F EFp).

In other words, for n sufficiently large, the estimated distribution function will have at least
K° hidden states with probability 1. O

Our final theorem demonstrates the consistency of {PM} in the quotient topology gen-

erated by our equivalence relation. In particular, if A is an open set containing % then
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° € A for large n a.s. We will use the notation ¢° — ¢ a.s. This notion was also used by
Leroux (1992a) and Rydén (1995).

Theorem 3.3 Assume that ¢, = o(1) and Conditions 1-6 are satisfied. Then ° — ° a.s.
If {69} are distinct, then we also have that lim PY, — P, a.s. (ignoring possible permutations
of the labels of the hidden states).

Proof. 1f {62} are distinct, the model parameters are identifiable up to permutations of
the labels of the hidden states. Thus, by Theorem 3.2 and the corollary to Theorem 3.1,

PY, — PY, a.s. for all k, ¢ (ignoring possible permutations).

Otherwise, from the corollary to Theorem 3.1, we know that F™ converges pointwise to
FJ* a.s. In addition, from the corollary to CK’s Theorem 2; we know that lim sup K° < oo
a.s. The remainder of the proof will be restricted to the event of probability 1 where these
limits hold.

Consider a realization of the sequence {K°} indexed by n. Since K9 takes on only integer
values, we can find neighbourhoods around-each limit point of { K°} such that there is only
one limit point in each neighbourhood, and all points of {IA(O} are in at least one neighbour-
hood. Since limsup K® < oo, there are only a finite number of these neighbourhoods. Let
{n;} be the subsequence defined by the set of points in the ith neighbourhood, and let K*
be the limit point of {/°} associated with this neighbourhood. For this subsequence, and
for all j sufficiently large, K° = K* and hence F7% = F™. We can then interchange the limit
and the summation in the expression for lim F}\" (as in the proof of Lemma 3.3) and use the
fact that F7% = F™ — Fi™ to conclude that, for this subsequence, )% — 4°. However, since
the union of all the subsequences is the original sequence, it is clear that, in fact, 1&0 - 1[)0
a.s. for the original sequence. O '

3.4 Application to MS/MRI Data

In this section, under the assumption that a stationary HMM adequately captures the be-
haviour of the lesion counts observed on relapsing-remitting MS patients, we estimate the
number of underlying disease states using the data of Albert et al. (1994) described in Sec-
tion 2.4. For the purposes of illustrating our technique, we assume the same model for each
patient. Specifically, we assume that Y;|Z; ~ Poisson(/_z,%”). Here Y; is the number of
lesions recorded for patient ¢ at time ¢, and Z;; is the associated disease state.
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Table 3.1: Penalized minimum-distances for different numbers of hidden states -

Number of states Estimated Poisson means Minimum distance

1 4.03 ' 0.1306
2 2.48, 6.25 0.0608 .
3 277,262, 7.10 0.0639
4 2.05, 2.96, 3.53, 7.75 0.0774
5 1.83, 3.21, 3.40, 3.58, 8.35 0.0959

We then use the method of penalized minimum-distance to estimate K°, the number of
states in the hidden process. We are willing to assume that the values of {12} are distinct,
and thus use the bivariate distributions to compute the distance function. As suggested in
CK, we use cy = 0.01N"2log N, where N is the total number of observations across all
patients. Using a variety of starting values, we calculate the penalized ”minimum—disjtance
for K =1,...,5 using a quasi-Newton minimization routine (Nash 1979). These distances
are displayed in Table 3.1. Note that the overall penalized minimum-distance occurs at
K° = 2, which becomes our estimate for the number of hidden states. These two states may
correspond to relapse and remission, which is consistent with qualitative observations of the

behaviour of this disease.

The estimates of the parameters of the hidden process were

Po— { 0.619 0.381 }

m0 = [0.594,0.406) 0.558 0.442

indicating that, on avera.ge,‘ patients spent a higher proportion of their time in remission
(59.4%) than in relapse (40.6%). '

3.5 Performance of the Penalized Minimum-Distance
Method

The appropriateness of the penalized minimum-distance estimator for finite sample sizes is
another topic of interest. To address this issue, we generated 100 individual time series of
two different lengths (30 and 100) from various Poisson HMMs. We then estimated K° using

three different methods: the AIC, BIC, and penalized minimum-distance method.
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Table 3.2: Parameter values used in the simulation study.

K° Poisson Means Transition Probabilities
1 = [4] P =1]
[ 1] To5 05
2 =1 P‘[o.s 0.5]
|1 p_ | 0269 0731 '
=12 ~ [ 0119 0.881
[ 1] [ 0.333 0.333 0.333 ]
3 p=15 P = 0333 0333 0.333
| 9 ] | 0.333 0.333 0.333 | -
1] [ 0.140 0.231 0.629
p=12 P=10212 0.212 0576
3

| 0.030 0.366 0.604 |

The simulation was conducted in the spirit of an experimental design with four factors:
number of components (1, 2, or 3), sample size (30 or 100), separation of components (well- .
separated or close together), and proportion of time in each state (balanced or unbalanced
among states). The sample sizes of 30 and 100 were chosen to reflect the sizes of typical and

large MS/MRI data sets, respectively. The parameters selected for each case are given in
Table 3.2. '

- As in the previous section, the models were fit using a quasi-Newton minimization =
routine (Nash 1979). For the penalized minimum-distance method,. we again vchose Cn =
0.01n 2 logn. To reduce the computational burden, when the true value of K° was 1 or 2,
we fit only models with 1, 2, and 3 components. For K° = 3, we fit models with 1, 2, 3, and 4
components. Histograms of the resulting estimated values of K appear in Figures 3.1-3.5.

The legend is the same for all plots, and is included only in the first. -
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Figure 3.1: Distribution of K° when K = 1
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The histograms show that the penalized minimum-distance method seems to perform
well relative to the AIC and BIC, especially when the problem is “hard,” i.e., K = 2 or
K° = 3, the components are not well-separated or the proportion of time in each state is not

balanced. For K = 1, the method tends to overestimate slightly the number of components.

It is interesting that the performances of the methods do not improve substantially when
the sample size is increased from 30 to 100. This may not be surprising in the cases of
the AIC and BIC (which have not been proved to be consistent methods of estimation).
However, in the case of the penalized minimum-distance method, we might expect to see a
greater improvement. This result may be due to the fact that K° is equal to the number of
non-zero stationary transition probabilities. Since these probabilities are parameters of the
unobserved process, large data sets are required for their precise estimation. Consequently,

estimating K precisely is also a difficult problem.

3.6 Discussion

One of the practical difficulties with the method of penalized minimum-distance is that
the resulting objective function has many local minima at which the algorithm tends to
converge. Using a variety of different starting values can help, but this increases the required

computational effort, and we can never be certain that we have located the global minimum.

Although, in general, locating the global minimum of the penalized distance function
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Figure 3.2: Distribution of K° when K° = 2, n = 30
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Figure 3.3: Distribution of A° when K° =2, n = 100
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Figure 3.4: Distribution of K when K° = 3, n = 30
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is critical for obtaining good parameter estimates, it may not be necessary for determining
the number of hidden states. In the examples we have considered, the local minima found
for each value of K° were typically both close to one another and reasonably well-separated

from the local minima found for other values of K°.

For this reason, a two-stage estimation procedure may be appropriate. First, K % could
be estimated using the method of penalized minimum-distance. Then, assuming this value -
of K°, the remaining parameters could be estimated using maximum likelihood estimation.
The benefit of this approach is that, based on our experience, it seems easier to locate the
maximum value of the likelihood function than the minimum value of the distance function.
In addition, MLEs have appealing properties, and approximate standard errors are readily
available. In contrast, we do not have this information for the estimates obtained using the
penalized minimum-distance method. The disadvantage of the two-stage method is that the
standard errors for our MLEs do not take into account our uncertainty about K°. Further

exploration of the implications of this estimation procedure is in order.

We may be able to improve the performance of the penalized minimum-distance method
through different choices of the distance function, ¢, or the penalty term. For example, our
method might also be valid for other distance functions. The Cramér-von Mises distance or
Kullback-Leibler information are options (CK), as is the Hellinger distance, which has the
advantage of robustness (Hettmansperger & Thomas 2000). These distance functions - and
others — may be valid choices in the HMM setting, and may result in improved performance.
In addition, as discussed in CK, there are maﬂy possibilities for the form of the pehalty term.
Finally, the choice of ¢, is critical. When ¢, = Cn~'/2logn, for some positive constant C, the
penalty term converges to zero at approximately the same rate as the distance function. This
seems reasonable. However, in simulation studies similar to those discussed in Section 3.5,
we found that the resulting estimate of K° was very sensitive to the value of C. Of the
possible values C' = 0.1,0.01,0.001, the optimal value of C, as judged by the frequency with
which the correct value of K° was predicted, tended to decrease with K°. In other words, in
the cases considered, the (subjective) choice of C' appeared to have a considerable influence

on the estimate of K°. Clearly, the form of ¢, is a topic requiring further investigation.
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Chapter 4

Assessment of Goodness-of-Fit

In this chapter, we will again be working in the setting where we have a single, stationary

HMM, and will use the same notation as in Chapter 3.

As with most data analysis problems, it is desirable to find methods for assessing the
goodness-of-fit (GOF) of a given HMM. As discussed in Section 2.3, Giudici et al. (2000)
show that the likelihood ratio test can be used to compare nested stationary HMMs with
a common, known value of K°. However, the comparison of non-nested mbdels, including
both HMMs (with possibly unknown values of K°) and models outside the class of HMMs,

is more challenging, and this is the problem we consider here.

Lystig (2001) provides a comprehensive overview of existing literature on GOF techniques
for HMMs. Turner et al (1998), working with Poisson HMMs, create a diagnostic plot
by overlaying the predicted mean responses at each time point on the observed data. A
limitation of this method is its focus on means rather than on distributions: it is not suitable
for detecting violations of the Poisson assumption. Zucchini & Guttorp (1991) also look at
plots of the predicted mean responses but for binary data. In the case where the observed
data take on only a finite number of values, Albert (1991) suggests qualitatively comparing
the observed zlfnd expected frequencies of each value. However, neither of these methods
allows the investigation of deviations from the assumed model for the hidden process. Hughes
& Guttorp (1994), working with a non-homogenédus HMM with finite state space, consider

the comparison of the observed frequency of each response, y, to

where P is the estimated probability under the fitted HMM. In a similar way, these authors
compare the observed and estimated survival functions (i.e. the probability that the observed

process is in state r for at least k£ days), as well as the observed and estimated correlations.
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However, since P(Y; = y) depends on ¢ in this setting, the advantage of averaging over the
n observations is unclear. Finally, Lystig ’(20()1) develops a formal test based on the score
process for use in the context where there are n responses (from a finite state space) on each
of N independent individuals, and N is large.

In addition to providing guidance about choosing among models, it is desirable that a
GOF technique will, with high probability, detect a lack of fit as n gets large — when either
the marginal distribution or the correlation structure of the observed data is misspecified.

However, none of the methods described above has been shown to have this property.

With these goals in mind, we consider an alternative method of assessing GOF in this.
chapter. Our method is similar to that of Hughes & Guttorp (1994), but we expioit- the
fact that, in the stationary case, we have identically distributed observ:itions_. In particular,
we propose a graphical approach to analyzing the fit of the HMM: we plot the estimated
cumulative distribution function (cdf), F(-, Gy), given by Equation 3.1 against the empirical
cdf, F,(-). Recall that the empirical cdf is based solely on the observed data:

- i IV <y
Foly) = E2LIL2Y

If {Y;} is discrete, we might also consider plotting the estimated probability distribution

function (pdf) against the empirical pdf. However, we will restrict our discussion to the
general case, and henceforth, the word “distribution” will refer to the cdf.

Under regularity conditions, if we have correctly specified the model, the empirical and
estimated distributions will both be consistent estimates of the true distribution, so as n

increases, this plot will converge to a 45° line through the origin.

By plotting the univariate distributions in this way, we will be able to assess the fit of the
assumed marginal distribution for Y;, i.e. the mixture distribution given by Equafion 3.1.
However, this plot provides no information about the fit of the assumed correlation structure.
In light of the comment by Hughes & Guttorp (1994) that, at least in their setting, “it is
generally not difficult to get a good fit to the empirical marginal probabilities”, checking
the correlation structure may be of primary interest. Thus, making use of the ideas in
Section 3.2, we propose the construction of an additional plot: the estimated bivariate
distribution, F2(-, G2) (see Equation 3.2), against the empirical bivariate distribution, F2(-)
(given by Equation 3.5). If the values of {0;-)} are not distinct, we may also wish to make plots
of the higher dimensional distributions. Again, we would expect these plots to converge to
a straight line if the assumed model is correct. In this way, as n increases, we will be able to
make a better assessment of the fit of both the marginal model and the correlation structure
of the observed data. Moreover, we will be able to compare the fit of several proposed models
by overlaying plots constructed by ﬁtt'ing these models to the same data set.
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When Y; is discrete, we plot F™(y,G) versus F™(y) for a finite number of points,
focusing on values of y over which these functions tend to concentrate. When Y is continuous,
we plot F™(y,G) versus E™(y) over the entire range of y. In the case of the plot of
the univariate distributions, the functions are monotonic in y, and hence their values are
necessarily ordered with respect to the values of y. The points of the multidimensional

distributions, however, are not ordered in this way.

The requirements that we impose to ensure that the plot of the m-dimensional distribu-

tions has the above convergence property are as follows:
Requirement 1. {Y,} is strictly stationary.

Requirement 2. F™(-, CA?()”) converges to FJ"(-).

Requirement 3. F,;”(-) converges to F§"(-).

REMARK. Requirement 1 implies that the joint distribution of (Y;,...,Ye) is the same
for all t. Requirement 2 will be satisfied (in the sense of pointwise convergence) if Fi*(-) is
continuous in the parameters and the parameter estimates are consistent. We may obtdin
consistent parameters by using either the method of maximum likelihood (when K° is known)
or the penalized minimum-distance method described in Chapter 3 (when K is known or

unknown).

We discuss Requirement 3 in more detail in Section 4.1, and present two alternative sets of
sufficient conditions for this requirement:. We use these to show that our proposed graphical
method is valid for stationary HMMs. Thus, we will be able to graphically compare difféfent
(including non-nested) HMMs for the observed data by examining how close each estimated

distribution is to the empirical distribution.

More generally, we would like to know that the empirical distribution is converging to the
true distribution regardless of whether the true distribution is a HMM. Since the examples in
this thesis have focused on count data, in Section 4.2 we discuss other models for stationary
series of count data. It turns out that these models meet at least one of our conditions. Thus,
if the true underlying model is a member of the broad class that we consider, our method
will allow us to determine whether the HMM in question is a reasonable model for our
data. As an additional advantage, if consistent estimates of these alternative distributions
are available, we will also be able to use our method to compare the fit of the HMM with
that of the other models by overlaying the appropriate plots. | »

We apply our method to our two MS/MRI data sets in Section 4.3. These examples
illustrate the type of deviations that we might see when a HMM does not represent the data
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well, or when our choice of the conditional model for the observed data is not appropriate.

4.1 Convergence Conditions

The conditions for Requirement 3 that we develop are based on the concept of d—mixing '
sequences of random variables (see Definition 3.1). The idea is that for the empirical distri-
bution to converge to the true distribution, oy must converge to 0 quickly enough. The two
theorems that we present give sufficient rates of convergence. The first is due to Ould-Said
(1994), and is applicable to plots of the multidimensional distributions. We cited this result

in the proof of Theorem 3.1, but we repeat it here in the particular form that we require.

Theorem 4.1 For a stationary, m-dimensional, a-mizing process with mizing coefficients
ap = O(L7") for somev > 2m + 1, ‘

lim sup |F(y) — F"(y)] = 0 | RN RY

n—00 yeim

almost surely.

In the proof of Theorem 3.1, we showed that the mixing coefficients of stationary HMMs
satisfy the condition in Theorem 4.1. Thus, our graphical method (in ahy'dimension) is valid

for these models.

If we consider the ‘-pointWise, rather than :uniform, convergence of the empirical distri-
bution to the true distribution, Requirement 3 amounts to a law of large numbers (LLN)
for dependent variables. Lin & Lu (1996) provide general information in this context for
processes satisfying various mixing conditions (e.g. a~-mixing, p-mixing, ¥-mixing, and oth-
ers). Theorem 4.2 below is an example of one such LLN. We focus on this p’articular result
because of its relative simplicity in our context. In particular, for some models the conditions
of Theorem 4.2 may be easier to verify than those of Lin & Lu (1996) (or of Theorem 4.1)

because the calculation of the mixing coefficients is not required.

Theorem 4.2 Assuming that {Y;} is stationary, let
Be(y) = [P(Y; <y, Vige < y) — P(Y, < y)P(Yere < 9)l-

Then for each y, Fu(y) converges in probability to Fy(y) if

n—1

S (0~ DBily) = ofn?). | )

=1
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Proof. The proof follows from Chebyshev’s inequality. Let N(y) = 37, I(Y;: < y). Then for

a given value of e,

P(|F(y) — Folw)| > €)

< ele lNTy) - Fo(’y)}
- 2oy
_ 215 {;L%E [ﬁjlm Sy +2Y 1Y, <y Y, < ?’/)] —'(FO(y))Q}

1 (1
= 2 1*?—{”'Fo(y)‘*‘QZP(ESZ/;Y;S?J)

s<t

—wwﬂ

s<t

Fy(y) N 2n(n — 1) 9 ! }

(Foy))® + s > (n = 0)Be(y) — (Fo(y))?

Cf=1

{

< L{E 4 Z5uRe) + o) - (2]
{
{

Fy(y) . (Fo(y))2 + 30(,’12)}

Although Theorem 4.2 is stated in terms of the univariate distributions, it can easily be
extended to the multidimensional case. For example, to show the pointwise convergence of

the empirical bivariate distribution, we would define
Bi-s(m,y) = [P(Ys <2,V <9, Y <0, Y Sy) =P <2,V <y)P(Y <2, Y <)

and replace the condition (4.2) by the requirement that

n—2

Y (-t~ 1)Be(x,y) = o(n?)

=1

for all z and y.

4.2 Other Models for Count Data

Work to date on models for stationary time series of count data is nicely summarized in
MacDonald and Zucchini (1997). In addition to HMMs, other possible models are

1. Markov models, including
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e Integer-valued autoregressive (INAR) models (e.g. Alzaid & Al-Osh 1993; McKen-
zie 1988) | -

e “Observation-driven processes” of the forin Y; ~ Poisson(y), where i, is modelled
as log iy = g(Yi—p, ..., Yi—1), and g is some function (e.g. Albert et al. 1994)

2. m-dependent time series, including

e Models of the form Y; = g(y;), where g is some function, {-y;} is a MA(m) prbcess,
and Y, | v, is independent of Y, ..., Y, |, Yi1,..., Y,

e INMA(m) (integer-valued moving average) models (e.g. Alzaid & Al-Osh 1993;
McKenzie 1988) o

3. “Parameter-driven processes” of the form Y} ~ Poisson(u,), where log u; = g(x) + €,

and ¢, is a stationary, autocorrelated error process (e.g. Chen & Ibrahim 2000)

We now show that all of these models, in fact, satisfy the convergence critérion given in
Theorem 4.1, with the exception of that described by Albert et al. (1994), since this model
is not stationary and is thus beyond the scope of this chapter.

4.2.1 Markov Models

In the proof of Theorem 3.1 we cite the result that the mixing coefficients of a Markov chain
satisfy a, < cp®, where ¢ is a positive constant, and 0 < p < 1 (see, e.g., Doukhan 1994).
Thus, it is clear that stationary Markov chains satisfy the condition in Theorem '4.1, and
hence our graphical method is valid for these processes. The INAR(p) process is a (p-order)
example of such a process. Observation-driven processes, such as Poisson regression models
with lagged dependent variables, are also p-order Markov processes, since in this case, the -
distribution of Y;|Yi—,, ..., Y, is independent of Y7,...,Y; , ;. '

4.2.2 m-Dependent. Time. Series

Since, for an m-dependent time series, oy = 0 for [ > m, time series of this type clearly satisfy

the condition of Theorem 4.1. Included in this class are MA(m) and INMA(m) processes.
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4.2.3 Parameter-Driven Processes

The next model we consider assumes that ¥; ~ Poisson(gu,), with

log e = g(x) + ¢

where g is some function of the covariates, x. These covariates are assumed to be constant
over time so as not to violate the requirement that {Y;} be stationary. The error terms,

{e,}, are modelled as an ARMA(p, q) process, and Yi|¢; is assumed to be independent of
Yi, . Y1, Yiet, ..., Yo

Blais et al. (2000) show that if {¢,} is an o-mixing sequence with mixing coefficients ay,
and {Y,} is a process such that Yi|e, is independent of Y7,...,Y;_|, Y, 1,...,Y,, then the
process {Y;} is also a-mixing, with mixing coefficients 4c,. The proof is similar to that of
Theorem 3.1.

From Liebscher (1996) we have that an ARMA(p, q) process is a-mixing with exponential
rate, i.e. the mixing coefficients satisfy o, < cp’ for some p, 0 < p < 1, and some ¢,
0 < ¢ <oo. '

It is now obvious that the condition of Theorem 4.2 holds for models of this type.

4.3 Application to MS/MRI Data

In this section, assuming the same model for each patient, we compare the fit of five differ-
ent stationary HMMs to both Albert’s data and to data on the placebo patients from the
Vancouver cohort of the PRISMS study (PRISMS Study Group 1998). Based on the results
from Section 3.4, we assume that each HMM has two hidden states and use the method of
maximum likelihood to obtain estimates of the other parameters. We model the conditional

distribution of Y; given Z; as one of the following five distributions:

1. Poisson: P(Y; =y | Z, = k) = 2%, A, > 0

2. Negative binomial: P(Y; =y | Z, = k) = (”’”;Jy’l)az"‘(l —op), 0< <1, pp >0

3. Logarithmic: P(Y; =y | Z, = k) = —%_

Jlog(1=0r)" 0< f)k <1

4. Generalized Poisson: P(Y, =y | Z, = k) = ’\“(’\’“Lo"y)y,*l@_kk_eky, A >0,0,>0

y:




5. Zero-extended Poisson:

_)‘k/\y .
C
ko 0<w,<1, >0

PYi=y | 2= k) = wibyo) + (1 = wp)—;

4.3.1 Albert’s Data

Figures 4.1 and 4.2 show the fit of these models to Albert’s data. In Figure 4.1, we plot the
estimated univariate distribution of Y; under each model versus the empirical distributioh of
/, over the range 0, . . ., 20. Figure 4.2 is the corresponding plot of the bivariate distributions

over the range (0,0),(0,1),...,(20,20). '

Note that the HMM involving the zero-extended Poisson distribution was not fit to
Albert’s data. Since there were, in fact, no zeroes in this data set, the parameter w could
not be estimated for any of the components of the HMM.

Figure 4.1 shows that these models seem to capture the univariate behaviour of Albert’s
data quite well, with the exception of the logarithmic model. Since the Poisson model Seéms
to be reasonable, it is not surprising that the negative binomial and generalized Poisson
models also provide good fits, since these are generalizations of the Poisson model. In
contrast, Figure 4.2, shows that none of the models is a good choice for representing: the
bivariate behaviour of the data. In particular, the estimated probabilities tend to be lower
than the empirical prbbabilities throughout almost the entire range. Thus, it would appear
that a 2-state HMM cannot fully capture the correlation structure of the data, and hence is

not an adequate model in this case.

4.3.2 Vancouver PRISMS Data

The Vancouver data have the same format as Albert’s, but consist of 13 rather than 3
patients. Each patient has between 2 and 26 observations. The lesion counts are most

frequently zero, but range up to 15.

Figures 4.3 and 4.4 give the plots of the univariate and bivariate distributions for the Van-
couver data, with the functions plotted over the ranges 0, ..., 15 and (0,0), (0,1),..., (15, 15),
respectively. These figures show that the Poisson model seems to provide quite a good fit to
these data, both for the univariate and bivariate distributions, although it may underesti-
mate somewhat the probability of seeing pairs of small lesion counts. Again, the logarithmic

model seems inappropriate for these data.
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Figure 4.1: Comparison of the Estimated and Empirical Univariate Distributions (Albert’s
Data)
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Figure 4.2: Comparison of the Estimated and Empirical Bivariate Distributions (Albert’s
Data)
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Figure 4.3: Comparison of the Estimated and Empirical Univariate Distributions (Vancouver

Data)
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Figure 4.4: Comparison of the Estimated and Empirical Bivariate Distributions (Vancouver
Data)
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4.4 Formal Assessment of the GOF Plots

The examples in Section 4.3 show that our GOF method is useful both for comparing different
models, and for detecting when a proposed HMM is not appropriate for the data. We have
also proved in Section 4.1 that if we have correctly specified the model, then the plot will
converge to a 45° line through the origin as n — oco. It is also of interest to develop a formal
method of assessing the degree of variability in the observed plot. In other words, it would
be desirable to have a theoretical means of determining whether the observed scatter around

the 45° line is “acceptable” for a given sample size, n.

One way in which other authors have assessed this variability is by cohiputing the cor-
relation coefficient of the two plotted variables, and then deriving the distribution of a test
statistic based on this coefficient under the null hypothesis that the model fits. This deriva-
tion is simplified considerably if one of the variables is fixed rather than random. Lockhart & _
Stephens (1998) provide a good example in this setting. They investigate the use of prbbabil—
ity plots, where the n observations are ordered and plotted against the values F‘l{k /(n+1)},
k =1,...,n. Here F is an arbitrary distribution in the proposed family of distributions.
Under the assumptions that F is in the location-scale family (usually with the values of the
location and scale parameters chosen as 0 and 1, respectively) and that the observations are
iid, the asymptotic distribution of their test statistic has a nice form. However, typically, the
exact distribution of this statistic is not easily derived. Furthermore, in our setting, where we
plot two different estimates of the cdf and our observations are not independent, computing
the distribution of the associated correlation coefficient, even asymptotically, seems like a

very challenging problem.

Alternatively, in the context where the proposed distribution is completely specified under
the null hypothesis, Raubertas (1992) considers envelope plots as a formal GOF test.- He
suggests simulating s independent samples of size n from this distribution, and preparing a
plot of the estimated distribution against the true distribution for each. These plots are then
superimposed and summarized by displaying only their upper and lower envelopes. Points
corresponding to the observed (as opposed to simulated) data that fall outside this envelope
indicate lack of fit in the model. The advantage of this method is that the true distribution
need not be limited in its complexity. For example, we could easily simulate observations
from a HMM. However, Raubertas (1992) points out that the power of this test may be
undesirably low, and does not.recommend it when other options are available. An envelope
plot in our case would have even more inherent variability, since we would need to sample
from the estimated, rather than true, distribution. For the same reason, the computational

burden would also be quite heavy. Given these concerns, we have not attempted to conduct

ol




this test on our data sets.

i

In conclusion, a feasible, theoretical method of assessing the variability in our GOF plots

is not yet available at this time. Further research on this topic is required.
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Chapter 5

Hidden Markov Models for Multiple
Processes |

In Chapters 3 and 4, we discussed the problems of estimating the number of hidden states
and assessing the goodness-of-fit of a single HMM. We now move on to extensions of the

basic model, in particular, the use of the HMM framework for modelling multiple processes.

Few such HMMs currently exist. Most have been developed in the context of specific
applications, and hence have not been posed in their full generality. Not surprisingly, little
is known about the theory surrounding these models. ‘

Hughes & Guttorp (1994) present one example of such a fnodel_: a multivariate HMM
for data consisting of daily binary rainfall observations (rain or no rain) at four different
stations. These time series are assumed to be functions of the same underlying process.
Given the hidden state at time £, the observed measurements at this time are considered to
be independent of all measurements taken at other time points. They may, however, depend

on one another.

Turner et al. (1998) and Wang & Puterman (1999), working in the setting of Poisson
count data, develop models for independent processes, each of which depends on a different
underlying process. To account for between-subject differences, these authors incorporate
covariates into the conditional model for the observed process. MacDonald & Zucchini (1997,
Chapter 3) also provide a brief discussion of this idea. Between-subject differences can also
occur in the transition probabilities, and Hughes & Guttorp (1994) address this issue in
the context of precipitation modelling by including covariates in the model for the hidden

process.

The addition of random effects is a natural extension of these models. In the subject-




area literature, HMMs with random effects have appeared in a limited way. For ’instance,
Humphreys (1997, 1998) suggests such a model for representing labour force transition data.
He works with binary observations on employment status (émployed or unemployed) which
are assumed to contain reporting errors. The misclassification probabilities, as well as the
transition probabilities, depend on a subject-specific random effect. Seltman (2002) proposes
a complex biological model for describing cortisol levels over time in a group of patients. The }

initial concentration of cortisol in each patient is modelled as a random effect.

The goal of this chapter is to develop a new class of models, HMMs with randoin effects,
which will unify existing HMMs for multiple processes and will provide a general framework
for working in this context. We will build on the ideas of generalized linear mixed models
(GLMMs), and will address theoretical questions regarding interpretation, estimation, and
hypothesis testing.. For concreteness, we will present our ideas in the setting where the
observed processes are repeatéd measurements on a group of patients. This choice will not,

however, limit the generality of our models.

The advantages of HMMs with random effects are numerous. Most importantly, mod-
elling multiple processes simultaneously permits the estimation of population-level effects.
For example, to study the impact of a new MS drug, the individual models proposed by
Albert et al. (1994) would not be sufficient. Estimating the treatment effect would requlre
the assumption of some commonahty among the responses of patients in the same treatment
group while allowing for differences in patients in different treatment groups. A second ad-
vantage of these models is that they allow more efficient estimation of patient-level effects
while recognizing inter-patient differences. This feature is particularly important in view
of our examples and discussion in Section 2.4. Finally, HMMs with random effects permit
greater flexibility in modelling the correlation structure of the data. Standard HMMs as-
sume that the serial dependence induced by the hidden process cofnpletely characterizesn the
correlation structure of the observed data. While this may be reasonable for a single process,

in multiple processes, the couelatlon structure could be more complex.

In our presentation of these models, we first consider the case Where the random effects
appear only in the conditional model for the observed data. We then explore the more diffi-
cult case where the random effects also appear in the model for the transition probabilities.
We will show that interpretation and estimation of HMMs with random effects in the con-
ditional model for the observed data is quite straightforward, but is more challenging when
there are random effects in the model for the hidden process. We defer the study of the
properties of these estimators and hypothesis testing to Chapter 6. |
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5.1 Notation and Assumptions

We will denote the observation on patient 7, i = 1,...,N,at time ¢, t = 1,...,n;, by Y},
and the corresponding hidden state by Z;;. As in Section 2.1, we will assume that the time
points are equally spaced. Furthermore, we will assume that Z;, takes on values from a finite
set, {1,2,..., K}, where K is known.

Let Zi]il n; = np. Then, we denote by Y; the n;-dimensional vector of observations on
patient 7, and by Y the nT-dimensional vector of all observations. Similarly, let Z; be the
n;-dimensional vector of hidden states for patient 7, and let Z be the np-dimensional vector
of all hidden states.

n;

We assume that, conditional on the random effects, {Z;;}}., is a Markov chain. These
processes may or may not be stationary. If {Z;} are conditionally stationary with unique
stationary distributions, we will use these distributions for the initial probabilities. In other
words, we will compute the initial distributions based on the transition probabilities, so that
these probabilities may vary among patients. Otherwise, we will assume that the initial
probabilities are fixed parameters and are the same for all patients. We generally have very
little information with which to estimate the initial probabilities, so allowing for further

complexity does not seem necessary.

Finally, we assume that, conditional on the random effects, the ith process, {¥;;}/<,, is a
HMM, and that these HMMs are independent of one another. C

5.2 Model I: HMMs with Random Effects in the Con—
ditional Model for the Observed Process

In this section, we focus on the addition of random effects to the conditional model for
the observed data, and assume that random effects do not appear in the model for the
hidden processes. In particular, we assume that the hidden processes are homogenedus with

transition probabilities, { P}, and initial probabilities, {m;}, common to all subjects.

Borrowing from the theory of GLMMs (see, e.g., McCulloch & Searle 2(.).01) and again
using 4 to represent the vector of all model parameters, we assume that, conditional on the
random effects, u, and the hidden states Z, {Y};} are independent with distribution in the

exponential family, i.e.

fie | Zi = k,u,4) = exp{(yunie — c(Mik))/a(@) + d(yir, ¢)}- (5.1)
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Here

Mk = Tk + Xy B + Wiy, ‘ (52 »
where 7 is the fixed effect when Z;; = k, x}, are the covariates for patient 7 at time ¢, and
Wiy, is the row of the model matrix for the random effects for patient i at time ¢ in state
k. We will denote the distribution of the random effects by f(u;), and will assume that
the random effects are independent of the hidden states. The notation u (as opposed to u;)
indicates that a random effect could be common to more than one patient. The form of the
exponential family (5.1) assumes that the link function is canonical, an assumption that is

not strictly necessary, but one that will facilitate our exposition. We will hehCeforth.réfer to
this model as Model I. | | |

The notation in‘(5.2) was selected for its generality, but in most applications we would
expect significant simplification. For example, consider the MS/MRI setting where we have
two treatment groups, with group membership indicated by the explanatory variable x;. We
might postulate the existence of two hidden states, one associated with relapse (state 1) and
the other associated with remission (state 2). We prefer this interpretation of the hidden
states to that of Albert et al. (1994) since it implies that patients’ mean lesion counts can
remain stable (at either a high or low level of activity) while assuming only two hidden states
(in contrast with the model in Section 2.4.5). If we believe that the mean lesion count in

state k varies randomly arriong patients, we might choose the model .
Nitk = T + Tifik + tPok + wik,

where wu;, is independent of u;x, i # j, and (u;1, u;») has some bivariate distribution. This
model allows the mean lesion count in state k to vary not only with patient, but also with
treatment group and with time. ' ’

The model (5.2) could be made even more general by allowing the parameter ¢ to Vary
among patients. We do not consider this case here, but provide a brief discussion in Chap-

ter 7.

The likelihood for Model T is :

L) = f(y;9)
= /qu(y | z,u,9)f(z | u,¥)f(u;y) du

= [ C 5120,z 0) f(aiv) du

N n; . N n; _
= [T ) w0 T TP i)
Uz Ui=lt=1 i=1 t=2 .

N . n; . -
= / Z {H 7rzi1f(yi1 | <i1, W, ¢) H Pz,“t_l,z,'gf(yit l Zity W, 1/1)} f(u7 /I/)) du (53)
vz (=1 , , t=2 _ o .

56




As in (2.2), we may sifnplify this expression by writing the summation as a product of
matrices. For a given value of u, let A"! be the vector with elements A% = my, f(yi1 | Ziy =
k,u), and let A" be the matrix with elements A%, = Pre fyi | Ziy = £,u), t > 1. Again, let
1 be the K-dimensional vector of 1’s. Then '

- /u I:NII {(A“)’ (g A“') 1} f(u;9) du. | (5.4)

From (5.4) it becomes clear that the only impact of the random effects in (5.2) on the
computation of the likelihood is the introduction of the integration over the distribution of
the random effects. In other words, it is only the complexity of this integral that makes
evaluating (5.4) more difficult than the likelihood for standard HMMs. In most applications,

(5.4) reduces to a very simple form. We consider two special cases.

'ExaMPLE 1 (Single, patient-specific random effect). We assume that w; is a random effect
associated with the ith patient, s = 1,..., N, and that {u;} are iid. Under this model, obser-
vations on different patients are independent. Furthermore, our model specifies that, given
u; and the sequence of hidden states, the observations collected on patient 4 are independent.
In this case, (5.3) and (5.4) simplify to a one-dimensional integral:

n;

N . )
E(d)) = H/ {Zﬂ-z”f yzl | 251, U, ) H Pzg_l,Zitf(yiﬁ | Zity Uiy w)} f(uz: 'Qb) duz
i=1 .

n;

= H/ {A” HA”}lf(ut,(/)) du;. ‘ _(»5-5‘)

EXAMPLE 2 (Patient-specific and centre-specific random effects). We incorporate patient-
specific random effects as in Example 1. However, we also allow multiple treatment Cenfﬁres,
with a random effect associated with each (assumed independent of the patient-specific ran-
dom effects). Consequently, observations on patients from different centres are indepeﬁdenvt,
and, given the centre-specific random effects, observations on different patients at the same
centre are independent. We use the same notation as before, but with an additional index,

c=1,2,...,C, to indicate treatment centre. We assume that treatment centre ¢ has m,

patients. Then (5.3) and (5.4) reduce to a two-dimensional integral:.

Ny . '
/ Z {Wzmlf Yeir l Zcils Ueiy Un H ch it— 1,ch (yCzt l Zeity Ueiy Ve, ¢)}

Uci g,

cw) = 11

c—l ¢ 3=1

’f(uci; 1/)) duci f(vc; ?P) d'Uc

- i

Je j=1

Nei

/ { Arzl H Aczt} lf(ucu 1/}) d“cz ) (’UL,'(/)) dv,. (56)
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In the usual case where the integral in (5.4) is of low dimension, numerical methods of
evaluation seem to work well. For common choices of distribution for u, Gaussian quadra-
ture methods offer both accuracy and efficiency. For example, the Gauss-Laguerre formula
gives good approximations to integrals of the form [ f(x)z®e *dz. The case where there is
one patient-specific random effect, u;, with f(u;) in the gamma family of distributions, fits
into this framework. In the special cases considered by Humphreys (1997, 1998), (5‘.4) can
actually be evaluated analytically. |

The EM algorithm may seem like a natural choice for parameter estimation in this setting
if we think of the random effects as “missing” along with the values of {Z;;}. However, again,
we do not recommend this algorithm because of efficiency considerations (see Section 2.2).
Nonetheless, for completeness, we include the details of the procedure in Appendix A.2 for the
usual case where the random effects-are patient-specific. We show that, when random effects
are included in this way, the increase in difficulty in the implementation of this algorithm
(compared to the simple case described in Appendix A.1) essentially depends only on the
complexity of the integral. ‘ '

Monte Carlo (MC) methods allow the circumvention of the evaluation of the integrai,‘and
hence may also prove useful for either maximizing the likelihood directly or implementing
the EM algorithm. For example, the MC Newton-Raphson and MCEM algorithms presented
by McCulloch (1997) in the GLMM context may be applicable to our models as well.

5.3 Moments Associated with Model 1

It is easy to create complex models by postulating the existence of latent variables. How-
ever, caution must be exercised in order to avoid unwanted implications of our modelling
choices. In particular, it is important to be able to interpret both the fixed and random -
effects. One way of understanding their impact on the model is to examine the resﬁlting
marginal moments of the observed process. We use the property of exponential families that
ElYi | Zi = k,u] = (mi) and Var[Yy | Zy = k,u] = " (miw)a(@) (see, e.g., McCullagh &
Nelder 1989). In addition, we use our assumption that Cov([Yy, Yjs | Zi = k, Zjs =2, u] =0.
Then, under Model I,

EYa] = E[(nu)] (5.7)

VarY;,] = E[c"(nitk)]a(qﬁ)+Va1'[cf(77itk)] ‘ (5.8)
Cov|Yi,Yis] = Cov[d (), ¢ (njse)], s<t. - - (5.9)

Here the expectations are over both Z and u.
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In general, the moments (5.7)-(5.9) do not have closed forms. Even if {Z;}}, is sta-
tionary, we can not always evaluate these expressions analytically. However, the Laplace
method (e.g. Evans & Swartz 1995) can provide good approximations when the variance
components of the random effects are reasonably small. And, for certain common distri-
butions of Yj; | Zi, u (e.g., Poisson, normal) and of the random effects (e.g. multivariate
normal), closed forms do exist.

For instance, consider the case where u = (uy,...,uy) is a vector of iid patient-specific

random effects, as in Example 1. Let Y, | Z;, u; ~ Poisson(u;) with
log iy = 77, + u, ' (5.10)

where u; ~ N(0,0?%), and {Z;};2, is stationary with stationary distribution {m}. Since
a(¢) = 1 for the Poisson distribution, and since Var[¢'(n;x)] > 0, we can see by comparing
(5.7) and (5.8) that this model allows for overdispersion in the Poisson counts. In this case,
we can evaluate (5.7)-(5.9) as

ElY:] = G%GZZET“'W;C
k

0, 1% ]

2
g2’ ZZeT‘“"PM(f — 8)m, — €° (Z e“m) , 1=

where Py,(t — s) denotes the (¢ — s)-step transition probability, P(Z;, = £ | Z;s = k, ).

Cov(Y, Y] =

One feature of the moments (5.7)-(5.9) is that they depend on the covariates, x;, in
a very specific way. These relationships should be carefully considered in terms of their

scientific justifiability before applying the proposed model.

Thinking of s as fixed, it is interesting to look at the covariance (5.9) as t — oo when 4 = J.
Consider the case where {Z;} is stationary and x;; = x; and w;;, = w; are independent of
t and k. We have that '

CovlYy, Y] = E {Z ¢ (7 + %i + W) (7o + XiBs + wiu) Peo(t — S)fk}

k¢

- {E [Z (i + xi Bk + w;u)wk] }2 .

k

Now, for each k and ¢, Py(t — s) — mg as t — 0o. Setting

X =) (4 x:iBe + win)d (1o + x; 8¢ + Win) Peo(t — s)mi
kot

59




and
X =) (e + xiBe + wiu)my,
. .

we have X; — X? as ¢ — oco. Assuming that the dominated convergence theorem (DCT)
holds, we see that ' , -

Cov[Yy, Yi] — E[X?] - {E[X]}’
= Var[X]
> 0,

with equality occurring if and only if the distribution of wju is degenerate. Since.

1 X < ST (7 + x:Bk + Win)d (1 4 x50 + wiu) |, (5.11)
' Kyt ‘

the DCT will hold if () and f(u; %) are chosen such that the right-hand side of (5.11) is

integrable. This is true, for example, in the case where f(yit|2i, u, ) is in the Poisson or

normal family and E[u] < co. Thus, referring again to our example in the Poisson context
(5.10), we have that

‘ 2
} . Covl|Y,, Yy — (62"2 - e”2) (Z e"“m) >0,
, k
with equality occurring if and only if o = 0.

In contrast, when we remove the random effects from this model (i.e. we assume the same
model for each patient), Cov[Y}t, Yi) = 0 as t — oo. Thus, the random effects impact the
correlation structure of the observed data in the expected way. In particular, they allow a
long-range, positive dependence in each patient’s observations, as we observe in the linear
mixed model setting. This is an additional layer of dependence, superimposed on the usual
correlation structure of a HMM. Considering the heterogeneity of MS patients, this model
may be more realistic for that context than models where the same HMM is applied to all
patients.

5.4 Model II: HMMs with Random Effects in the Model
for the Hidden Process

It may also be desirable to allow the hidden Markov chain to vary randomly among patients.
For example, in the MS/MRI context, patients may spend differing proportions of time in

relapse and remission.
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However, allowing random effects in the hidden process of the HMM is a challenging
problem, regardless of whether random effects also appéar in the conditional model for the
observed data. To explore this class of models, we will again specify the conditional model
for the observed data by (5.1) and (5.2), but we will now allow the model for the hidden
process to vary among patients. |

In particular, we will assume that {Z;, | u}iZ, is a Markov chain and that Z;; | u is
independent of Z,, | u for ¢ # j. Naturally, any model for these Markov chains must satisfy
the constraints that the transition probabilities lie between 0 and 1, and that the rows of
the transition probablity matrices sum to 1. Thus, we propose modelling' the transition
probabilities as -

* * nx *
exp {Tke + x5, Bie + witkﬂu}

P(Zzt =/ | Zi,t——l = k,u, 1/)) = - - ; .
Lhey €XP {leh, + X5 B + ankhu}

(5.12)

We use asterisks here to distinguish the model matrices and parameters from those in (5.2).
The vector u now contains the random effects associated with the hidden process as well
as those associated with the conditional model for the observed data. To prevent over-
parameterization, we define 7/, = i, = 0 for all k, and set w}, ;- to be a row of 0’s for all
1, t, k. We will refer to this model as Model II. 4

The likelihood associated with Model II is very similar to (5.4). Again, we may write

cw)= [ INI {(A“)' (H A) l}f(u; p) du, (513

where now we define the quantities A and AY, as A = 78 f(yi | Zi = k,u, 1)) and
A?g =P(Zu=0|Zip-r =k, 0, ¢) flyu| Zu= £,u,9),t> 1. '

At first glance, (5.4) and (5.13) look the same. However, in the case of (5.13), the
integral will typically be quite complicated, even in simple situations such as that presented
in Example 3 below.

ExaMPLE 3 (Patient-specific random effects). We assume that the random effects are
patient-specific, so that observations on different patients are independent. In particular,

for patient i, we model the transition probabilities as

exp {75, + U}

PZz:Elzz,— :kau: 7¢): 3
(G o K iy exp {78, + gy}

where 77, = u}, = 0 for all 4, k. The likelihood associated with this model can be simplified
as in (5.5). However, instead of requiring only one random patient effect, we will need

K(K — 1) (possibly correlated) random effects for each patient. There is no obvious way
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to reduce this number; simplifications such as ule = ul do not have sensible interpretations
in terms of the transition probabilities for patient i. The restriction u}, = uj, for all &
and ¢ may be appropriate in some cases, but still results in quite a large number of random
effects. Moreover, adding a random effect to the conditional model for the observed data
(as in Example 1) would further increase the dimension of the integral; if this random effect
were correlated with those in the model for the hidden process, the resulting integral could

be quite complex.

We see that the estimation of the parameters in this setting is a difficult’ problem, even
in simple cases such as Example 3. The high-dimensional integrals in these models not dnly
create a potentially prohibitive computational burden, but also raise questions about the
accuracy with which we can evaluate (5.13). For similar reasons, computational difficulties
may arise in the implementation of the EM algorithm as well. See Appendix A.3 for details

in the case where the random effects are patient-specific.

As a final note, the number of parameters associated with the distribution of u may be |
undesirably large. For example, consider the model with K = 2 where there are two random
effects associated with the transition probabilities, and one associated with the conditional
model for the observed data, and all are correlated (as in Example 3). If we model the
distribution of these three random effects as multivariate normal with mean 0 and variance-
covariance matrix Q, this distribution will have 6 unknown parameters. We could reduce
this number by assuming that {u;} are independent with distribution N (0,02), i = 1,2,3,
or even that Q = ¢?I (i.e. that the random effects are iid), but these assumption would not
be reasonable in most applications.

5.5 Moments Associated with Model 1T

Another problem with adding random effects to the model for the hidden process is that
it becomes difficult to assess their impact on the model in general, and on the marginal

moments in particular.

The expressions for the moments are the same as in (5.7)-(5.9). However, the integration
is considerably more difficult in this setting. For instance, consider (5.7). Under Model I,
this equation becomes
K

BVel = 3. [ ¢(nuw) f (s 0) du P(Zy = I ).

k=1"%
At least in the case where {Z;} is stationary, this expression can be easily interpreted. In

contrast, under Model II (aSsuming the random effects appear only in the model for the
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hidden process), (5.7) becomes

K
EYal = Y ¢On) [ P(Zi =k | w,9)f(w; ) du.
k=1 u )
Even if {Z; | u} is stationary, it will be difficult to compute (or approximate) this integral
because P(Z;; = k | u,v) is a complex function of the transition probabilities when K > 2.
This is also true of the integral in (5.8).

The expression (5.9) is even harder both to evaluate and interpret when we have random

effects in the model for the hidden process. Specifically, we need to integrate the function

7 = V] P(Zu=1Lu,9) P(Zs =k | u, ), i #j

P(Z’l,f, b g)ZJS - k l uﬂ/}) - { P(ZZ[: g | Zis — k,u’w) P(ZZS — k | u,d)), Z:J
The (t — s)-step transition probabilities, P(Z;, = ¢ | Z;, = k,u, ), are, like the stdtionary
transition probabilities, cdmplicated functions of the transition probabilities. T'hus, evaluat-

ing these integrals — even by approximation methods — does not seem feasible.
In the case where {Z;; | u} is homogeneous with transition probabilities { P}, k, ¢ =1, 2,
and stationary, the stationary distribution has the simple form

B P2i] . - P]iz -
Pf2+P211 Piy + P3

[mi w3l =

Then we may compute approximations to (5.7) and (5.8). However, evaluating (5.9), even
approximately, is still problematic because the (¢ — s)-step transition probabilities do not

have a simple form.

Interestingly, we are nonetheless able to make statements about lim,_, o, Cov[Yy, Yis] when
the hidden Markov chains are homogeneous and stationary. By the same argument given in
Section 5.3, we have that

tllglo Cov]Y;,Yis] > 0

if condition (5.11) holds. Again, this will be true if f(y;; | 2i, u, %) is in the Poisson or normal
family and Efu] < oo. Thus, under these conditions, we see that adding random effects to
the model for the hidden process also affects the correlation structure in the expected way

(see the discussion in Section 5.3).

As a way of circumventing the problems associated with adding random effects to the
transition probabilities, if the underlying Markov chains are homogeneous and statidnary,
we might instead consider incorporating the random effects into the stationary transition
probabilities. We would then be able to compute E[Y;,], Var[Y;,], and Cov[Y, Y], ¢ # 7,

explicitly. A simpler (though not explicit) expression for Cov[Yitl, Y;s] would also result.
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However, it is important to consider the implications of these random effects in terms of the
distribution of the transition probabilities.

For example, in the simple case where K = 2, it is easy to derive the constraint that the -

transition probabilities for this model must satisfy, namely

i i

5 %y
i

St

Pi, — (5.14)
for each . It is reasonable to insist that, in the absence of prior information, all the tran-
sition probabilities have the same distribution. But, it is unclear whether there exists ba'_ .
distribution for u so that this is possible, given the constraint (5.14). Even if an ap'pr(')priate
distribution does exist, extending this method to the case where K > 2 seems unrealistic be-
cause the system of equations relatihg’ the transition probabilities to the stationary transition
probabilities becomes increasingly complex with K.

In conclusion, we may add random effects to the transition probabilities, but are unlikely
to be able to evaluate any moments. Adding random effects to the stationdry transition
probabilities results in tractable expressions in (5.7), (5.8), and (5.9) for i # j, but rnay.n_ot
be sensible in terms of the resulting distributions of the transition probabilities. Of co’urse;
these problems are not unique to HMMs: incorporating random effects in Markov chains is
equally difficult. ' '

5.6 Summary

In summary, the addition of random effects to the conditional model for the observed data
results in a tractable, interpretable model. Marginal moments can be evaluated or ap-
proximated, and parameter estimation is not much more complicated than in the case of a
standard HMM. The primary change resulting from the inclusion of random effects is the
need for integration (in most cases, numerical) of the likelihood. In addition, we will need to
estimate the extra parameters associated with the distributions of the random effects, but

this task should be straightforward as long as we have a suitable number of patients. .

On the other hand, including random effects in the mmodel for the hidden process is hard
from the perspective of both interpretation and estimation. Typically, marginal mvor»ne,nts
cannot even be approximated because of the complex nature of the integrands involved.
Parameter estimation also may be problematic due to the high-dimensional integrals, the

dependence structure of the random effects, and the large number of unknown parameters.

However, the limitations of Model II are perhaps not as serious as one might imag’intf;.
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As discussed in Section 2.5, we have relatively little information about the parameters of the
hidden process. Extending the model to allow patient-to-patient differences on this level may
explain very little additional variation in the observed data, and hence may not be worthwhile
from a statistical standpoint. Moreover, capturing inter-patient heterogeneity in the hidden
processes is still possible by incorporating covariates in this part of the model (though, of

course, the issue of the reasonableness of the resulting marginal moments remains).
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Chapter 6

Hypothesis Testing

In Chapter 5, we presented two models for multiple processes, Models 1 and II, as well as
some theory regarding their interpretation and estimation. We did not, however, discuss
the properties of these estimators. In the present chapter, we address this issue, along with
the problem of hypothesis testing. We begin, in Sections 6.1 and 6.2, by considering model
identifiability and the asymptotic properties of the MLEs, respectively. Although we do
not provide formal results, our discussion will suggest that standard tests are appropriate
for most hypotheses concerning the model parameters. We then move on to the focus of
this chapter: tests of the significance of the variance components of the random effects. In
particular, we wish to develop a test of whether the additional complexity associated with
introducing random effects into HMMs is warranted. Hypotheses of this nature do not lend

themselves to standard testing procedures, and pose quite different challenges.

Specifically, the difficulty surrounding tests of the variance components is that the null
hypothesis puts at least one parameter on the boundary of the parameter space. Without
loss of generality, we can assume that the variance-covariance matrix of the random effécts,
Q, is a function of some d-dimensional parameter D, D > 0, and that Q(D) is a matrix of
zeroes if D = 0. One of the conditions for the validity of the usual Wald or likelihood ratio
test (LRT) is that the true parameter be in the interior of the parameter space. In the test
with null hypothesis D = 0, this condition clearly does not hold. |

There is a substantial literature on the asymptotic distribution of the LRT statistic when
the true parameter is on the boundary of the parameter space and when the observed data
are iid. In this case, this distribution can often be determined analytically. For example,
when the observed data are iid and normally distributed, Self & Liang (1987) show that,
for a variety of boundary problems, the LRT statistic is asymptotically a mixture of x?

distributions. Stram & Lee (1994) apply these results to the LRT of the variance components
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in a linear mixed model. Feng & McCulloch (1992) extend this work to the general iid case,
and show that a variation of the LRT statistic (based on an enlarged parameter space) has
the -usual asymptotic x? distribution. '

However, in other settings, including that where the observed data are not independent,
the distribution of the LRT statistic when some parameters are on the boundary is far more
complicated. For this reason, other tests are used more commonly in the GLMM context.
In particular, Jacqmin-Gadda & Commenges (1995), Lin (1997), and Hall & Prastgaard
(2001) have proposed tests based on the score vector

o
( oD. log £(4)

), k=1,...,d. (6.1)
D=0

This test has also been suggested for detecting overdispersion (as captured by a random
effect) in Poisson and binomial regression models (e.g. Dean 1992). In both cases, conditional
on the random effects, the observations are independent with distributions in the exponential
family. It turns out that this conditional independence leads to a nice form for (6.1), and
hence its asymptotic distribution is easily derived. T his is not true in the HMM setting,
but we can still use thlS framework to conduct tests of the Q1gn1ﬁcance of the variance

components. We prov1de a detailed explanation in Section 6.3.

We apply the theory developed in the previous-and current chapters to two data sets:
lesion count data collected on the Vancouver PRISMS patients (PRISMS Study Group 1998),
and faecal coliform counts in sea water (Turner et al. 1998). These analyses are presented
in Section 6.4. We include the results of a small simulation study that investigates the

performance of our variance component test in Section 6.5.

6.1 Identifiability of Models I and II

In Sections 2.3 and 3.2, we raised the issue of the identifiability of a HMM for a single process,
along with the fact that this topic has not been adequately addressed in the literature. .
Nonetheless, identifiability is a critical concern, since it is a required condition for the usual
asymptotic properties of the parameter estimates to hold (e.g. Leroux 1992a; Bickel et al.
1998; Douc & Matias 2001).

Likewise, the identifiability of Models I and II is also needed in order to study the asyrnp—
totic properties of their MLEs. However, the necessary theory is even less well-developed
in the multiple process setting. In fact, we are aware of only one reference on this subject.
Wang & Puterman (1999) show that Poisson HMMs with (possibly time-varying) covariates
in the conditional model for the observed data are identifiable if for each patient
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1. The model matrix for the covariates is of full rank.

ii. The Poisson means associated with each hidden state at each time point are distinct.

The method of proof used to establish this result follows Leroux (1992a), and relies on the
fact that the marginal distribution of each observation is an identifiable mixture distribution.
This method easily extends to the case where the conditional distribution of the observed
data is in the exponential family, (i) holds, and the support points of the mixing dlstrlbutlons

are distinct (see the discussion in Section 3.1).

In contrast, in the case where the model contains random effects, the approach .of Wang
& Puterman (1999) does not readily apply. Consider Model I. The marginal distribution of
)/;:t 18

K - o =
yzt7 ZP it — k '9/} /f ylf I Zvl k u?z/))f( '¢) dua
k=1

which is a finite mixture. Prakasa Rao (1992) provides a summary of sufficient conditions for
the identifiability of both finite and arbitrary mixture models. However, it may be difficult
to verify these conditions for Model I because the kernel [ f(yi | Zie = k,u,9) f(u; 1/1) du
will typically not be a standard distribution. Similarly, the marginal distribution of Y;;, under
Model 1T is '

(s z/fmzt—ku,w) (Zu =k | w,9) £(5%) dus

This distribution is also technically a mixture (with both discrete and continuous mixing

distributions), but its complicated form makes verifying identifiability even more challenging.

Clearly, further research is required to establish sufficient conditibns for the identifiability
of this new class of models. In the meantime, for the purposes of the discussion in this section,
we will follow Bickel et al. (1998) and Douc & Matias (2001) and simply assume that the
models in question are identifiable.

6.2 Asymptotic Properties of the MLEs of Models I
and II

At this time, we have not formally established the asymptotic properties of the MLEs of
Models I and II. However, Bradley & Gart (1962) develop conditions for the consistency and
asymptotic normality of MLEs in a very general setting. We describe these conditions in this
section, since they illustrate the work that may be involved in showing that these properties
hold in the context of HMMs with random effects. '
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In addition to model identifiability, these authors require that the data be sampled from
independent populations. They consider two broad classes of problems:

i. The number of populations is finite, with the number of observations on each appfozich-

ing infinity.

ii. The number of populations approaches infinity, with a finite number of observations
on each.

In the context of MS/MRI clinical trials, we would expect to follow each patient for a
limited time period, but to collect data on large numbers of patients. Thus, we are primarily

interested in the second scenario.

The conditions that Bradley & Gart (1962) impose are chosen to ensure that for all k, é,

and m, as N — oo,

109 - |
3 g 08 S5 ) = (1), (6:2)

and that there exists a positive definite matrix with (k, £)th entry Jxe(v) and with finite
determinant, as well as a constant C < 0o, such that |
2 G )+ Tue) = o) (63)

: o*
and Iél_r)réoP (' Z B0 log f(yi; ¥)| >

) = 0. ' (6.4)

Unfortunately, the conditions required for (6.2)-(6.4) are hard to verify in the HMM
setting due to the complicated form of the likelihood and its derivatives, especially when
random effects are involved. However, it is very likely that the MLEs have the usual aSymp—
totic properties in the case where we have N independent patients with n; < n < oo for all 4,
and N — oo. For this reason, in this context, we feel comfortable conducting standard Wald
tests, using the observed information to approximate the standard errors of the parameter

estimates.

6.3 Variance Component Testing

In this section, we develop a test, based on the score function, for testing the significance of
the variance components of the random effects in our proposed models for multiple processes.

For our purposes in this section; we specify the values of the variance components under the
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null hypothesis, but the other model parameters remain unknown. Thus, we treat tjhe othér
model parameters as nuisance parameters. Little is known about the behaviour of the score
function in the multiple HMM setting. For single HMMs, asymptotic properties of the score
function have been established (Bickel et al. 1998; Douc & Matias 2001), but not in the case

when the true parameters lie on the boundary, nor when there are nuisance parameters.

Jacqmin-Gadda & Commenges (1995) provide a general result about the asymptotic
distribution of a statistic based on the function Sy (¢) = TN, Si(€), where {S;(£)} are
independent, and £ is a vector of nuisance parameters. In their derivation of this distribution,
the conditions that they impose ensure the validity of the central limit theorem and law of
large numbers that these authors apply to certain key sums. When Sn)(€) has the form (6.1).
and the observed data arise from a GLMM with a single, patient-specific random effect, they
show that these conditions are easily verified. Perhaps not surprisingly given our discussion

in Section 6.2, the same is not true of these conditions in the HMM setting.

Thus, while we follow the approach of Jacqmin-Gadda & Commenges (1995) in the
formulation of our test procedure, we will require different results in order to verify the
necessary regularity conditions. In particular, we will need bounds on the expectation of
the product of derivatives of log f(y; | u;,¥). To this end, we use the methods of Bickel et
al. (2002), henceforth called BRR. These authors consider the case where {Y;} is a single,
stationary HMM, and establish bounds on the expectation of the derivatives of log f(y; )
for a given sample size n. We show that the techniques used in the development of these
bounds are also applicable to our problem. '

The beauty of BRR’s work is that their conditions depend only on the conditional distri-
bution of the observed data and the model for the hidden process, not on the full likelihood. -
For this reason, verifying these conditions is reasonably easy. BRR’s bounds are derived with
an eye towards determining the properties of the likelihood and its derivatives as n —) 60,
and are quite refined. We are working in a much simpler context (i.e. where observations on
different patients are independent, and, for each i, n; remains bounded while N — oo) and
so presumably far cruder results would suffice. However, we are unaware of the existence of

such results at this time.

Our test is valid for a'variety of models, and we discuss these at the end of this section.
For the purposes of developing the relevant theory, we present only the simple example of
Model I with no CO\}ariatqs, but with oné patient-specific random effect, u;, in the conditional
model for the observed data (see, e.g., (5.5)). In other words, we assume that {u;} are iid

with mean zero, and that
F Wi | Zi = k,wi, ) = exp{(yanioe — c(nax))/a(#) + d(yar, 9)},
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with mx = 7% + w;. Recall that, for Model I, the hidden Markov chains are assumed.homo—

geneous and stationary with transition probabilities common to all patients.

Without loss of generality, we model the random effect as u; = v/ Dv;, where the {v;} are
independent and identically distributed with zero mean and unit variance. One advantage

of our test is that we do not need to specify the distribution of u;.

Let & be the p-dimensional vector of all the model parameters except D, the variance
of the random effect. Then, we will form our test statistic based on Sin)(€) = TN, Si(€),

where
82
07 log f(y: | ui, %)

Si(€) = +

(yi | ui’ll)b)

1 2
5 P UFJ , (69

;=0

i = 1,..., N. Other authors have claimed that S;(£¢) is equal to aD 9 log f(yi; (/1)‘ , using
either L’ Hopltal s rule (e.g. Chesher 1984; Jacqmin-Gadda & Commenges 1995) or a Taylor
series expansion of f(y; | u;, ) about u; (e.g. Dean 1992; Lin 1997) as justification. Both
methods depend on (unstated) regularity conditions for their validity. Specifically, these
conditions permit, in the case of the former, two interchanges of derivatives and integrals,
and in the case of the latter, the iﬁtercha,nge of a derivative and an infinite summation. It is
not clear that these conditions hold; as usual, they are particularly difficult to verify in our
setting. For this reason, we will not make this claim, but simply note that it may be true in

some cases.

We now introduce some notation, mostly borrowed from BRR. All expectations and
probabilities are calculated under the null hypothesis that D = 0.

First, we use the operator D,, to indicate a partial derivative of order m, taken with
respect to any combination of u; and the parameters {£;}. The bounds that we develop on
the expectation of these derivatives will not depend on the particular combination of these

variables, hence the generality of our notation.

Second, let Z, be the set of positive integers. We define
T={(J,..., k) : k>0, J;€Z,, j=1,...,k}
and :
TR ={(Ly... L) L €Zy, m<I<n, j=1,... .k}
For J € J, let |J| be the length of J, and let |J|4 = le‘]:'l J;. In addition, let J*(k) = {J €

J |J|+ = k}. Also, we define U(I) as the ordered set of unique elements of the vector I.

Finally, we define quantities C? (yy,%) and B (). These quantities relate to the

m| md

conditional distribution h;(t) = log f(vu, zis | yi ', 2l ,u,,z/)), where y¢ = (yir, .- -, Yit),
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and are critical in determining our bounds of stated interest. They are somewhat difficult to
understand in isolation, but their purpose should become clear in the context of the proof
of Theorem 6.1.

In particular, we define

C;:n(yit; '(/}) r%ax maX {‘Dm log Pyl + }
where max should be interpreted as the maximum over all derivatives D,,. Our model

assumptions imply that h;(¢) = log Py, ,_, ., + log f(yi | zit, wi, %), so CE,(yi, ) is a bound
for the mth order derivatives of h;(t). '

}D log  (al Zu = k. s, )|, _ \ ]Dmlogm

Letting the empty product be 1, we define

) r Ci,(Y;, 3,1/)
B.(y) = max{ IIE II i et P J-'t ) Zig, = 2ig, |+ J € TT(m),
s=1 jé{{l,;.l,ll.ll}: Vi )
Te g(), = U@, (hy....ty) = UQT), 2y, € {1,...',K}}*

The value B?, (1) will be used to bound the expectation of the product of derivatives of h;(t).
We also need the quantities B}, ,. (1), By pmyms (@), - - ., where '

; T Jl ( iyt '(/}) 7‘]]22 ( /;,tsa ‘/1)
Blyim, (%) = max H E H ‘“]1, H — 2 Zig, = Zig,
s=1 J1E{L,...,|I1}: 1 Je€{l,...,132]}: J2° ’
l,s=1}1 7 ts=1.?2

3\ e I (mi), I € JHmy), I' € JH(13), 12 € T (13?),
= UI' U, (t),...,t)=UT UI%), 2, € {1,...,1(}},

and B! (1), d > 2, is defined similarly.

mymg

We require the following conditions for the remainder of this chapter.
Condition 1. The transition probabilities satisfy Py, >0 forall k,¢=1,..., K.

Condition 2. The function log f(yit | 2i1, us, %) has M continuous derivatives, M > 4, with
respect to u; and {£;} at the true value of these parameters.

Condition 3. For all my,...,mg < M, d < o0, and for all 4,
. o0
1

Z '_Q_B’:Tll"ﬂnd (1/}) < 0.

=1 L

Condition 4. There exists a fixed value n < oo such that n; <n foralli=1,2,...
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REMARK. Conditions 1-3 are essentially those assumed by BRR, with a slight change in
Condition 2 to account for the incorporafion of the random effects in our model, and in
Condition 3 to bound terms involving Bm1 .m,(¥) in a specific way. Conditions 1, 2, and 4
are easy to verify. Theorem 6.2 below provides sufficient conditions for Condition 3 when

the conditional distribution for the observed data is one of several common choices.

Before stating our main theorem, we present some preliminary results. Our first, which we
prove in Appendix B.2, extends BRR’s Theorem 2.1 to establish bounds on the expectation
of the product of derivatives of log f(y; | u;, v). We define

D}, = Dy, log f(yi | wi, 1/))'7“:0-

Theorem 6.1 Under Conditions 1 and 2, for all i, and allmy, ..., mqe < M, d < ob,

< Aoy X o x myg! né B (¥),

my my---mgyg

)D xD;nd

where Ap,..m, 15 a finite constant depending only on the transition probabilities.

Given the complicated form of the expression B, ... (1), it is of interest to identify
models where Condition 3 holds. This builds on the work of BRR, who simply assume that
B}, (4) < oo. We also require conditions such that 22, £BZ, . (1) < oo for finite values
of d. Theorem 6.2, which is proved in Appendix B.3, shows that this property holds for four
common distributions for the conditional model for the observed data. The same line of
argument also allows the investigation of the properties of B, . () for other choices of

distribution for the conditional model.

Theorem 6.2 Assume that Conditions 1 and 4 hold. In addition, aséume that & belongs
to a bounded parameter space. Then for all i, and all m,, ..., my < 00, d < 00,

1
‘—2— m1 md <OO

when f(yi|zie, ui, V) is in the Poisson, binomial, normal, or gamma family of distributions.

We now present a series of technical results that will be required in the proof of our
principal theorem, Theorem 6.3. These results will allow us to apply the law of large numbers
and the central limit theorem in the same manner as Jacqgmin-Gadda & Commenges (1995),

and hence to determine the asymptotic distribution of our test statistic.
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Lemma 6.1 Under Conditions 1-4, for all k, 0 =1,...,p,

(agg(f) < oo for i=1,...,N (66)
825i(€) o
E 5, 06, < oo for i=1,...,N (6.7)
® 1 0S;(&)
; 12 { afk } < (68)
a 1 OQSi(f)
Proof. Consider (6.6). We have that
, L,
05; (&) 1|0 0? L 9|0 o ,
El afk; 2E 8—€; { au% Iog f(yz |_u’L> lvb) - + afk; aui o (y’L ! U’L’ w) =0
— BDiv2 =t gl w)| - - log f(yi | ui )
= 9 3 8§ U 08 J\Yi | Ui, ¥ vt dus 08 J\Yi | Uiy vt
1 i iy
= §E D +2D:D}|.

Thus, by Theorem 6.1 and Condition 3, we see that E |d—3’£(f-2| < oo for all i and k.

In the same way, we can show that E |5§%5'(£)’ Var {LS(E)} and Var {ag 35, i (f)}
are expectations of sums of products of {D;,}, m < 4, and hence are finite for all 7, k, and
¢ by Theorem 6.1. Now, let L; and M}, be finite constants such that Var {5551'(5)} < Lt
and Var {52 8,(¢)} < My, i=1,...,N, k,¢=1,..., K. For fixed values of k and ¢, these -
moments vary with ¢ only because n; may be different for each 7. Since n; can take on only
values from the finite set {1,...,n}, we see that Var {%S,(f)} and Var {ag 7 S (f)} can take

on at most n distinct values. Thus, there exist finite constants Ly and My, (independent of

N) such that foralli=1,..., N,
551-(5)}
Var{ ——= ) < L,
{ O&: ¢
325z‘(5)}
— 0 < My,
O&r&s .

Thus, it is clear that (6.8) and (6.9) hold for all ¥ and ¢. O

and Var {

In the proof of the next results, we will require a law of large numbers for non-identically
distributed random variables. We will use the law that if X, Xy, ... are independent with
mean zero, {c;} are non-negative constants with ¢; — oo, and 32, B[X?]/c? < oo, then

Xi+--+ Xy

CN

— 0 a.s.
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(See, e.g., Breiman 1968, Theorem 3.27.) For our purposes, we will take ¢; = 7. We will
henceforth refer to this law as (L1). '

Lemma 6.2 Assume that Conditions 1-4 hold, and let € be a MLE of € under the null
hypothesis that D = 0. Then é converges in probability to £ as N — oo.

Proof. Let fo(yi; §‘)'be the density of patient 7’s observations under the null hypothesis, ie.
folys;6) = {Wzﬂf(yu | Zits s = 0,8) [ Prscovooie f (Wit | 2ty 05 = 0,5)} .
Z; . =1 - .

This is just the distribution of a stationary HMM. Now, using the method of Bradley & Gart

(1962), the following requirements are sufficient to ensure the properties (6.2)-(6.4):

1. For almost all y; and for all &,

2 3

P 0
agj log fO(yza f) agjag log f()(yzv é) d m

exist for all j,k,£=1,...,p,and forall i =1,...,N.°

log fo(ys; €)

2. The following results hold,for all & and all j,k, £ = 1, ...,pas N — 00: -

Z 85] lngO YIaé) =. Op(l) | (610)

‘1“2{ A lo‘}f( "f)—El 82 log fof .~§)]} = o,(1) . (6.11)
N = | 0806 &Il 0&;0&y, & JolYs - F A

| g .

Iél_r’réop ( N zz::I 08;0€,0&,

log fo(ys; €)

> _C) = 0, (6.12)

where C' is some finite constant.

From Conditions 1 and 2, it is clear that the first requlrement is satisfied. For the second
requirement, we use (L1) to show all three results. This law will, in fact, give us convergence

a.s., which is a stronger result than necessary.

- In particular, for (6.10), the fact that E |Di| < oo allows us to interchange the expectatlon
and derivative to compute E [ -log fo(yi; € )] = 0 for all <. Conditions 1-4 and Theorem 6.1
imply that E[(D?)?] has a ﬁmte bound, independent of 7. Denote this bound by C. Then

21
<CZIZ—2‘<OO,
7=

21 ((d 2




so the conditions of (L1) are satisfied, and (6.10) holds. Similarly, (L1) applies in the case
of (6.11), since the expected values of the summands are zero, and E[(D%)?] — (E[D%])? has
a finite bound, independent of 5. For (6.12), we first consider the expression

1 N ° 3; | S
12:1 {W long(yz7£) - E [m log.fO(Yi, 5):’} . (613)

Clearly, the expected values of the summands are zero. Since E[(D%)?] — (E[D%])? has a
finite bound, independent of ¢, (L1) implies that (6.13) converges to zero a.s. Since, for
fixed values of j, k, and ¢, the terms E [(Tg%ka?[ log fo(y,;;g)], 1 = 1,2,... take on only a
finite number of values (as argued in the proof of Lemma 6.1), the second sum in (6.13) is
bounded. Therefore, the first term must also be bounded a.s. These convergence results
guarantee that the arguments of Bradley & Gart (1962) apply, and thus we have verified the
consistency of £. O :

Lemma 6.3 Assume that Conditions 1-4 hold, and let f be a MLE of € under the null
hypothesis that D = 0. Then VN (€ — €) has the form

VN(E - €)= VN Iy, Z U, + 0,(1), (6.14)

where each U; is a random wvector with kth element %logfo(yi;é), k=1,...,p, and

variance-covariance matrix Leg;. We write Ieg(ny = N Lesi.

Proof. Let H(ny(£) be the matrix with entries 3% d£ d& log fg(yz,f) Under Conditions 1
and 2, we can do a first-order Taylor series expansion of 3V, 35 log fo(yi; €) about &, for
k= 1,...,p, yielding '

. N
§—&=[-Hm(EH)™! ZUi;
where |¢7 — £ < |€ — £]. By Lemma 6.2, £ = £ +0,(1), 5o that £ = €+ 0,(1) as well. By the
continuity of 55%5 log fo(y:; &), '
f-e= [ 2Hw© +om] [LTul (619
- N (N) p N 2 :

As shown in the proof of (6.11),

2

d
_Z{a§ 3%, log fo(yi;¢) — E [agka& 10gfo(yi;f)j|} -0 a.s.

By Conditions 3 and 4 and Theorem 6.1, we can interchange the expectation and derivative |

to obtain

E[ il log fo(y:; - _F 31 f, g)‘ii f(»‘f)}
9,96, og folyi; €)| = 7€, og fo(¥ys; 5, og folyi; )1,
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SO
1
5 (Hm (6 +Teew) = 0,(1).

Substituting this result into (6.15), we obtain

VN(E-¢) = \/N[—]lqlsg(N)+5p(1)]_l [

]

.: I_l ZU + 0p(1

(6.16)

ﬁl

We now demonstrate that the second term of (6.16) is 0,(1). It suffices to show that
N . U;/V/'N = 0,(1). Let V;; be the jth element of Uj;, and fix a value of € > 0 and C > 0.
By Chebyshev’s inequality,

_ Var [ 57, V]
Pll—) V| > < N =
(72 ]“C> < c
' _ Var[‘ J]
- NC2

As argued in the proof of (6.10), E[V;;] = 0, and Var[Vj;] has a finite bound independent of

i, say 7. Then,
< Ny
- NC?

Y
Since C' is arbitrary, we can choose a value large enough that

‘ (’WZV”

This statement implies that % ; U;/v/N = O,(1), as required. O

ﬂl

>C’><e

We will need the following quantities for our next theorem. Define S(v)(&) = T, Si(€)

asin (6.5). Let I; = Var[S;(£)], and let J(yy = V| I;. Let J(nvy and K(uy be column vectors
defined by J(v) = £, E [25:(¢)] and K(v) = =, E[Si(€)U]. Finally, define

Luwy = Iy + I Iedimy Iy + 2K I I vy . (6.17)

Theorem 6.3 Using the above definitions, under Conditions 1-4,

S @/ T, (618)

has an asymptotically standard normal distribution as N — oo.
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Proof. Following Jacqmin-Gadda & Commenges (1995), we expand S(y) (é ) in a Taylor series
about £ to obtain

where

and |¢' —g| < |€ - €|
Using (6.7), (6.9), and (L1), we have that
-1 . .
v= 3 (N 2B s +am} €6

By Lemma 6.2, £, and hence &', is consistent. In addition, by (6.7) and the arguments in the

proof of Lemma 6.1, N"* YN B [F‘f{f&(ff)] is bounded away from inﬁnity.‘ So, ey = 0,(1).

Likewise, we can use (6.6), (6.8), and (L1) to show that

Z J( + Op(l).

Using Lemma 6.3, we now have tha.t

n
=
~
I
Mz

Si(€ )+\/_[\/*ZU1TI§(N +o,,(1)] (N"" 3wy + 0p(1))

=1

Il

Si(€ +ZU I d v + 0(1 NZU?I§§ N)+o_,,(1)N-_%J(N)+op(1)\/N

I
.MZ

s
Il
—

[l
Mz

N UT
Si(€ +ZUZI&1N)J(N +o,,(1)\/7v'<—2\/—1_ﬁ—> (Nziw)

1

+ o,,(1)\/N (N~1J(N)) +0,(1)V/N.

-.
Il

By (6.6), (6.7), and Condition 4, we have that N~'Jy) is bounded away from infinity. As
argued in the proof of Lemma 6.3, Y~ , UT//N = 0,(1). Thus, to show that

XN:{ + Ul T I + 0p(DVN] . (6.19)

=1

we need only prove that NIz, = O(1).

Using the idea discussed in the proof of Lemma 6.1, the matrices {Teei}Y | belong to a

set of at most n matrices. Denote this set by {Z;}7

i—1, where 7; is the matrixilggi for n; = 3.
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Let {d;} be the set of minimum eigenvalues of {Z;}, and let {d}} be the set of maximum
eigenvalues of {Z;}. Define d = min{d;} and define d = max{d’ }. Since the matrices {Z; b
are positive definite, d and d’ are strlctly positive. Let c M be the number of times that

ni=4,1=1,...,N. Then

‘ n
_ N)
ey = > VT
=1

The minimum eigenvalue of I¢¢(y) is given by

v'1 v
min §E(N) :
viv

where this minimum is computed over all p-dimensional vectors v. Thus

Vgg(n)V Ty
min MY i 2959
viv ‘ - viv
v I \
> C; HllIl
- Z viv
> Z cgN d
Jj=1

= Nd

By a similar argument, the maximum eigenvalue of Igg( Ny is at most Nd'. Thus, the eigen-
values of N Iggl( vy must lie'in the interval [1 /d',1/d). This is sufficient to guarantee that
NIy = O(1), and hence that (6.19) holds.

Now, let Ri(N) Si (f)—i—UTI&(N J N): As demonstrated in the prodf of (6.10), E[U;] = 0.
Similarly, by Condition 3 and Theorem 6.1, we can show that E[S;(£)] = 0. So, E[R; ;] =0.
Defining 0 = Var [Ri(N)], Jacqmin-Gadda & Commenges (1995) prove that s% = Nl 02 =
I.(ny. We now show that' (Zi’il R,-(N)) /sn is asympotically distributed as N(0, 1), using
Lyapounov’s condition. In particular, we show that ¢? < oo for all 4, and that

N 1 ‘ )
Jim Z SB[ Rim [ = 0 (6.20)

N—)oo -1 SN
for some § > 0. Now

o? = E[Si(€) + UTT; I (m)]?

= E[Si(&)]® + I{n Legm EIUUT 1

f{(N)J(N) + QE[Si(f)UT]I J(N)

Using the same argument as in the proof of Lemma 6.1, 02 can take on at most n possible

2 =

values. So, o mino? > 0. _Similarly,’using Conditions 3 and 4 and Theorem 6.1,

E[|Rin)|*] < v, where 7 is a finite constant. So, letting § = 1 in (6.20),

N
1 246 i =
. < — -3
e Y2l
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o g
= Jim VNob
= 0,

verifying that % Riny/sn is asymptotically distributed as N (0, 1). Since s% = I ), we
see that

S(N)(é) — Zz[il {Rl(N) + OP(I)\/N} _ ili] Rz(N) o (1)
% SN . SN P ’
e(N)

where the last equality follows from the fact that VN/sy < 1/o < oo. Then, by Slutsky’s
~ 1 : .
theorem, S(v)(§)/1yy is also asymptotically distributed as N(0,1). O

We conclude this section with a discussion of other models to which this type of test may
apply. Adding time-independent covariates to the conditional model for the observed data is
the easiest of these; by assuming that the coefficients are bounded, all of the results we have
presented are valid in this case as well. Likewise, incorporating a patient-spéciﬁc random
effect in the model for the hidden processes should be fairly simple, as long the associated
parameters are bounded, and the processes {Z;; | u;}12,, i =1,..., N are homogéneoﬁ_s and

stationary.

It should be reasonably straightforward to extend our theory to the case where there are
multiple, patient-specific random effects, u;, in either the conditional model for the observed
data or the model for the hidden process or both, and we wish to simultaneously test the
significance of all of the variance components. In this case, S;(£) would be a vector obtained
by taking derivatives of log f(y;; w;, ¢) with respect to each variance component, and then
evaluating each variance component at 0. Consequently, we would require a multivariate
central limit theorem in the derivation of the asymptotic distribution of 3%, Sz(f) Similar
theory should apply to the case where we have a large number of independent clusters
of processes, where the number of processes in each cluster is bounded. For instance, in
Example 2 of Section 5.2, we assumed both patient- and centre-specific random effects.
Presumably, a multivariate version of our test could be used to assess the significance of
both variance components, assuming that the number of patients in each ce’ntre is bounded,
and that the number of centres is large.

Some models, however, would present more substantial challenges. For instance, BRR’s
theory applies only to homogeneous, stationary HMMs. It is not immedi'ately apparent how
to extend this theory to a more general setting. Even more difficult is the case where the
random effects are crossed, so that observations on different patients (or clus'ters) are not
necessarily independent. Our approach relies heavily on the assumption of independence
among patients; for example the law of large numbers and central limit theorem that we

use apply only to independent observations. Finally, in the case where there are multiple
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random effects, it is not clear how to use our procedure to test the significance of a subset
of the variance components. In this case, the test statistic (6.5) would involve a (possibly
multidimensional) integral, and the results of BRR would not apply. Further research is

required to address the issue of hypothesis testing in these contexts.

6.4 Applications

In this section we illustrate the use of HMMs with random effects in applied settingé, both
in terms of fitting the model and in conducting the test of the significance of the variance
components. First, we address the issue of estimating the quantity I N) in (6.18). We then
analyze two different data sets: MRI data from a group of MS patients, and faecal coliform

count data originally presented by Turner et al. (1998).

6.4.1 Computing the Test Statistic

The quantity (6.18) contains unknown parameters, and hence is not a test statistic. - In
particular, Ion) (defined by 6.17) is a function of parameter values-which are not known
a priori. However, as long as we have a consistent estimate of Iy, fC(N), Conditions 14
and Slutsky’s theorem guarantee that S(N)(f) / I C%( ) has an asymptotically standard normal
distribution as N — oo.

In the GLMM setting, I,(n) can be expressed analytically in terms of £. In this case, the
usual practice is to estimate I.(ny by replacing £ with (f (e.g. Dean 1992; Jacqmin-Gadda &
Commenges 1995; Lin 1997). ' '

In contrast, in the HMM context, I.(x) does not have a closed form, and it is unclear how
to evaluate this function at é . For this reason, we use a different method to obtain fc( s the
parametric bootstrap (e.g. Efron & Tibshirani 1993). Specifically, under the null hypothesis
that the variance components are 0, by Lemma 6.2 and Conditions 1 and 2, fg(yi;é) is a
consistent estimate of fo(y;;€&). Using this fact, we estimate the unknown expected values
Itny, J(ny, and Ky in Iy by generating V samples from fo(y,;;é) and computing the
mean of appropriate functions of these. For example, to estimate J(y), for eachv =1,...,V
and each 7 = 1,..., N, we generate a sample of n; observations from fo(y;; é) Denote..the
vth sample by y,(v), and the associated value of S;(§) by Si(y,(;v);f). We then approximate
(%Si(ygv);é) by taking differences of S;(y!";£) in thé neighbourhood of £ Repeating this
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procedure V times, we compute our estimate as

. 149 o)
J(N)=f; ?S(N)(yg 3}
v=1

Rather than using the parametric bootstrap to estimate the quantity Iee(nvy in Iyny, we
instead use the matrix of second derivatives of the log-likelihood evaluated at €. This matrix

is a by-product of the quasi-Newton minimization routine, and hence is readily available.

Sometimes this method leads to a negative value for fc( ~y- We discard these caSés, which
presumably results in an estimate of Ioyy that is positively biased. However, the fact that

this bias is positive makes the test more conservative, and hence is not a concern.

It is difficult to assess the accuracy of this estimation procedure in our setting. However,
we have investigated the simpler case where there is only one observed lesion count on each
patient and we wish to test for overdispersion relative to the Poisson distribution (e.g. Dean
1992). We are able to compare the estimates of Iy obtained using the parametric bootstrap
with V' = 100 with those obtained by replacing £ with é in I.(n) (since, in this case, I,(y) can
be computed analytically). The estimates were very similar for the data sets we considered.

Thus, the parametric bootstrap seems to be well-behaved, at least in this simpler context.

If n, = n for all 7 and there are no covariates, the vectors of patients’ observations are
iid. In this case, two other options are available for estimating I.(n): the nonparametric
bootstrap and the jackknife (Efron & Tibshirani 1993). As with the parametric bootstrap,
these methods require the generation of realizations of the random variables Yq,..., Y.
The former involves resampling with replacement from the observed vectors of data; the
latter focuses on the samples that omit the ith patient’s observations, : = 1,..., N, one at a
time. In our simulation study in Section 6.5 we compare the parametric and nonparametric

bootstrap estimates of Iy for some of the cases that we consider.

6.4.2 MS/MRI Data

In Section 2.4, we discussed the model for individual MS patients developed by Albert et al.
(1994). These authors comment that MS is a very heterogeneous disease, in the sense that
the degree and behaviour of the disease is expected to vary considerably among patients.
Although modelling each patient’s data separately certainly allows for between-patiént dif-
ferences, the cost of adding so many parameters to the model is increased uncertainty about

all parameter estimates.

In this section, we propose using random effects as a means of capturing between-patient
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differences while maintaining a parsimonious model. We fit our model to the Vancouver
PRISMS data on 13 placebo patients described-in Section 4.3.2.

Let Y; be the lesion count for patient ¢ at time £, and let Z;; be the associated hidden state.
We fit Model T of Chapter 5 with one, patient-specific random effect, u; in the conditional
model for the observed data, and no covariates. In particular, we assume that given Z;; = k
and u;, Yy is distributed as Poisson (g, ) with

log ttix = Tk + i,
where 75 is the fixed effect of being in state k, and {u;} are iid, each with a N(0,0?)
distribution. Furthermore, we assume that the transition probabilities are homogeneous,
non-zero, and common to all patients, and that {Z;}}”, is stationary for all i. Our results
in Section 3.4 suggested that two hidden states are appropriate for this type of data, and

thus we will use K’ = 2 here.

For the purpose of comparison, we also fit the same model with no random effect. In

other words, we consider the case where Y;; | Z;; = k is distributed as Poisson(p;) with
log ik = 7.

We refer to this model as the fixed model, and to the model with a random effect as the

mixed model.

The advantage of the mixed model is that we allow different mean lesion counts for
different patients with the addition of only one extra unknown parameter (o). Although
we have assumed.a restricted form for the distribution of these means without any prior
information about its appropriateness, we could test this assumption by fitting the fixed
model to each patient individually, and then estimating the distribution of the values of 7;

and 75 that we obtain.

To avoid the need to use constrained optimization methods, we reparameterize the model
so that each parameter has as its range the whole real line. These transformations are
provided in Table 6.1. We then fit both models by directly maximizing the likelihood. In the
case of the mixed model, we use the Gauss-Hermite quadrature formula to approximate the
integral that appears in the likelihood. We would expect this formula to provide a high level
of accuracy in this case, where we are integrating with respect to the normal distribution.
Table 6.1 gives the paranieter estimates and standard errors that result from fitting both

models.

By including the random effect, we observe what appears to be quite a large increase in
the log-likelihood. In addition, we see substantial changes in the estimates of some of the

fixed effects, 7, and P}, in particular.
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Table 6.1: Parameter estima‘pes and standard errors for Vancouver PRISMS data

: Mixed Model Fixed Model
Parameter Transformation | Estimate S.E. | Estimate S.E.
Ti NA —0.807 0.289 —0.907 0.115
To NA 1.344 0.173 1.657 0.107 |
Py log P” 2.876 0.594 3.700 0.456
Py log (122 —~1.097 0.517 | —1.488 0.578
o* loga ' 0.752 © 0.188 NA NA
log £ T249.57 268 41

More forrﬁally, the mixed model satisfies the conditions of Theorem 6.3, so we can use
our variance component test to test the hypothesis that ¢ = 0. This test is equivalent to a
comparison of the fixed and mixed models. For these data, we compute 12, S;(€) = 215.‘1,
and use the parametric bootstrap to obtain jc(lg) = 3396.0. The value of our test statistic
is then 215.1/v/3396.0 = 3.69, which results in a p-value of < 0.001 when compared to the

standard normal distribution. Thus, we have strong evidence in favour of the mixed model.

6.4.3 TFaecal Coliform Data

Another application of HMMs with random effects is to the faecal coliform data first analyzed -
by Turner et al. (1998). In this study, sea water samples were collected at seven sites near
Sydney, Australia, over a four year period. At each site, samples were taken from four depths }

(0, 20, 40, and 60 m) and the associated coliform counts recorded.

Turner et al. (1998) analyze these data using a Poisson HMM with depth and site as
covariates in the conditional model for the observed data. Observations from each depth
and site combination are treated as independent time series. The hidden states (0 or1)
are presumed to correspond to whether the sample was taken from above or below the
thermocline. These authors treat site as a fixed effect, but certainly in some contexts this
effect might be more appropriately treated as random. For example, repeated measurements
at each site (i.e. at the four depths) may be correlated. Moreover, it may be desirable to
think of the sites as a random sample, in which case we would want to generalize our results

to all “sites” in the area.

We thus re—analyze the data by 1nc0rporat1ng a random site effect, u;, using the framework
of Model 1. Let Y;;; be the coliform count at site 4, depth j, and time £. Given the hidden
state Z;;; = k and the site effect, u;, we model the distribution of Yjj as Pv01sson(uvijtk),
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Table 6.2: Parameter estimates and standard errors for faecal coliform data

Mixed Model Fixed Model

Parameter Transformation | Estimate S.E. | Estimate S.E.
To NA -2.182 0.135| —2.209 0.129
T NA 1.515  0.055 1.537 0.034
by NA 0.027 0.065 0.012 0.061
by NA —-0.062 0.063 | —0.054 0.060
by NA 0.018 0.056 0.016 0.055
Py, log (2 . 1.976  0.149 1.993 0.148
Py, log (72 —-0.194 0.227 | -0.218 0.223
o* logo ' ~2.246 0.561 NA NA
log £ —1533.3 ~1534.4 .

where

log Wijtk = T + bj + u;.

Following Turner et al. (1998), we assume that & = 0 or 1, i.e. that K = 2. To prevent
over-parameterization of the model, we impose the constraint, Z?:l b; = 0. We model the
site effects, {u;}, as independent, each with a N(0, 0?) distribution. Finally, we assume that
the transition probabilities are homogeneous, non-zero, and common to all patients, and that

{Ziji}i2, is stationary for all 7, 5.

We also fit a model with no site effect, i.e. we propose that Yi;, | Z;;, = k is distributed
as Poisson (), where

log ttiju = T + b;.
We again refer to these models as the fixed and mixed models, respectively.
The results of these analyses are presented in Table 6.2. In this case, it appears that
the random site effect is not necessary. The log-likelihoods and the parameter estimates for

the fixed and mixed models are both very similar, indicating that there is likely very little

site-to-site variation.

This example differs somewhat from the paradigm presented in Section 6.3 in that there

are four sequences (one for each depth) associated with each site. In particular, letting Y;

:l 2
u; =0

However, assuming that the depth effects are bounded, it is easy to show that the mixed

represent the observations from site 4, depth j, (6.5) becomes

4

Z 88- log f(}’z'j | ui, )

1 4 2

0
9 Z 8112 lOg f(yzj I Uq, ’(/))

J:]_ )

Sz‘(f) =

+
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model satisfies the conditions of Theorem 6.3. Our variance component test is thus statisti-

cally valid for assessing the difference in fit between the mixed and fixed models.

We compute 37_, Si(é) = 390.3, and estimate fc(7) = 79240.5 using the parametric
bootstrap. These estimates give a value of 390.3/1/79240.5 = 1.39 for our test statistic, and
a corresponding p-value of 0.166. Therefore, as expected, we do not reject the null hypothesis
that the fixed model adequately represents these data. Interestingly, in an analysis of a subset
of these data using fixed site effects, Turner et al. (1998) find evidence of site-to-site variation.
This difference in conclusions leads naturally to the question of the sensitivity of our test,

an issue which we address in Section 6.5.

As an aside, this example is also a nice illustration of the ease with which HMMs can
accommodate missing values. In order to satisfy the condition that the observations be
equally spaced in time, Turner et al. (1998) round the observation times to the nearest week,
and use missing values for weeks with no associated observation. For instance, say there
are s missing values between times ty and ¢ at site 2. Then, in the piece of the likelihood
corresponding to the observation at t, AY, = Py f(yi | Zu = €, u;) (see (5.4)), we simply
replace Py, with the (s + 1)-step transition probability, Pye(s + 1).

6.5 Performance of the Variance Component- Test

In Section 6.4, we applied our variance component test to two data sets with unknown
generating mechanisms. It is also of interest to apply the test to data generated from known
models so that we can assess its performance. In particular, we wish to make statements

about the probability of Type I and Type II error for selected cases.

As in Section 3.5, we use the ideas of experimental design to choose the pafametef values
for the cases we consider. For simplicity, we assume that each process has the same number
of observations (n). There are many factors that could potentially impact the performance
of the test, including n, the number of processes (), the number of hidden states (K), the
conditional distribution for the observed data, the size of the variance component (0?), and
the spacing of the components and the proportion of time spent in each hidden state (see
Section 3.5). It is expected that of these factbrs, N, K, and o? are the most influential.
Thus, in our study, we examine only this subset. We look at the levels N = 10,30, 50,
K =1,2,3, and ¢ = 0,1.11,1.22, which reflect “small”, “medium”, and “large” values of
these factors. Since the applications in this thesis have focused on lesion counts observed
during MS/MRI clinical trials, we consider only the model (5.5) with f(ys | Zi = k, us, %)

corresponding to the Poisson(u) distribution, log pyx = 7% + us, and fix n = 30 (a typical
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Table 6.3: Parameter values used in the simulation study

K° State Effects  Transition Probabilities

1 T =1[0] P =1
[ =1 ] 0.69 0.31
2 T= 1 P_[0.31 0.69]
[ —1 ] [0.71 0.19 0.10
3 =10 P=1019 0.10 0.71

1 0.10 0.71 0.19

value in this setting)'. Furthermore, we investigate only the case of well-spaced components
with an equal proportion of observations from each. The values of {7x} and of the transition

probabilities that we use are provided in Table 6.3.

For each model, we generate 400 data sets. Then, for each data set, we compute the test
statistic (using the parametric bootstrap with V' = 100 to estimate I.()) and record whether -
the null hypothesis is rejected at the 5% level. For some models, we also estimate Io(ny using
the nonparametric bootstrap and 100 of the data sets. In these cases, we resample with
replacement 100 times from the simulated data set and compute fc( ~) using these samples.
We then recompute the test statistic using this value of fc( ~), and agaih record whether
the null hypothesis is rejected at the 5% level. The results of our simulations are given in
Table 6.4.

In the case of the parametric bootstrap, Table 6.4 shows that the observed rejection rate
when o = 0 is less than 5% for all values of N and for K = 1,2. When K = 3, this rate
is a little higher, ranging between 6 and 12%. We conclude that, overall, the test seems to
control for Type I error reasonably well, even in finite samples. In terms of the power of the
test, it appears that ¢ and N are quite influential. For the “large” values of these factors,
the test may have at least 88% power. The power seems to be quite low for small sample
sizes, though may be as much as 49% when ¢ = 1.22 and N = 10.. Similarly, the power
appears to be relatively low when ¢ = 1.11, but may be up to 29% when N = 50. With
respect to the value of K, the power seems to decrease somewhat with increasing K, but the

test does not seem as sensitive to K as to o and N.

As expected, since the parametric and nonparametric bootstrap methods both give con-
sistent estimates of I.y) under the null hypothesis, both methods lead to good control of

87




Table 6.4: Results of the simulation study

Percentage ‘Rejected

Parametric | Nonparametric
K N o | Bootstrap Bootstrap
1. 10 0 4.25 18
1 30 0 3.75 NA
1 50 0 - 4.25 6 -
1 10 1.11 10.25 6
1 30 1.11 19.00 NA
1 50 1.1t 29.0 4
1 10 1.22 49.25 5
1 30 1.22 87.50 NA
1 50 1.22 98.25 81
2 10 0 3.25 19
2 30 0 3.50 NA
2 50 0. | 2.75 7
2 10 1.11 10.50 5
2 30 1.11 13.50 NA
2 50 1.11 - 24.50 3
2 10 1.22 30.50 1
2 30 '1.22 75.25 NA
2 50 1.22 90.25 32
3 10 0 6.00 "NA
3 30 0 12.25 NA
3 50 0 9.00 NA
3 10 1.11 9.50 NA
3 30 1.11 22.50 NA
3 50 1.11 - 23.75 NA
3 10 1.22 23.75 NA
3 30 1.22 69.50 NA
3 50 1.22 87.75 NA
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the Type I error when N is large. However, it is not clear that the use of the nonparametric
bootstrap results in a valid test for smaller values of N. In particular, the rejection rates
when ¢ = 0 and N = 10 are up to 19% in this case. The power of the test when we use the
nonparametric bootstrap appears to be very low in general (except perhaps when K = 1,
o = 1.22, and N = 50), especially relative to the power when we use the parametric boot-
strap. Thus, based on these preliminary results, we recommend using the parametric rather
than the nonparametric bootstrap to estimate /.y). Further investigation is, nonetheless,

warranted, especially in the case where the model has been specified incorrectly.




Chapter 7

Future Work

In our final chapter, we review the contents of this thesis, and discuss pOssibl:e extensions
to our work. We present these ideas in the context of the design and analysis of MS/MRI

clinical trials, one of our main areas of interest for future research.

In Chapter 2, through our exploration of some extensions to the model of Albert et al.
(1994), we illustrated some issues surrounding the selection of a HMM. Although we vpre-
sented our discussion in the context of a single time series, these issues are relevant to multiple
time series as well. In particular, the application of a HMM requires decisions concerning the
type of model (homogeneous or non-homogeneous, stationary or non-stationary), the condi-
tional distribution of the observed data, the number of lags in the hidden Markov chain, and
“ the number of hidden states. These features of the model must be carefully considered when
developing a HMM for a given data set. Chapter 2 also reveals that, if fhe model struc-
ture proposed by Albert et al. (1994) is indeed appropriate for relapsing-remitting MS/MRI
data, further research regarding the asymptotic properties of non-homogeneous HMMs will
be necessary. |

In Chapter 3, we presented a method for consistently estimating the number of hidden
states in a single, stationary HMM. As outlined in Section 3.6, there are a number of issues
related to this method that are worthy of further study, such as the proposed two-stage
estimation procedure, the choice of distance function and ¢,, and the form of the penalty
term. In addition, estimating the number of hidden states in a HMM for multiple processes

is still an open question.

In Chapter 4, we developed a graphical method for investigating the GOF of a single,.
stationary HMM. We demonstrated that, in the limit, this method will detect deviations
from the proposed model with probability 1. Our GOF plots will provide a simple, useful
tool for assessing the quality of the fit of models for the relapsing-remitting MS/MRI data.
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Outstanding topics for research include the formal assessment of the variability in the plots,
and GOF techniques for HMMs for multiple processes. '

In Chapter 5, we proposed a general class of HMMs for multiple processes. We showed
how both covariates and random effects can be used to account for inter-patient variability
while maintaining a parsimonious model. Several extensions to these models are possible.
First, we could allow ¢ to vary among patients, or among treatment arms, in (5.2). In most
mixture models and HMMs, the mixing occurs over the means of the components. Nonethe-
less, other possibilities exist, including mixing over the variances of the components. The
cost of this generalization would presumably be loss of efficiency in estimating the other
model parameters. Second, methods of estimation other than maximum likelihood may
be available. For example, in the GLMM setting, penalized and marginal quasi-likelihood
(Breslow & Clayton 1993), maximum hierarchical likelihood (Lee & Nelder 1996), and Monte
Carlo Newton-Raphson (McCulloch 1997) have been used. In the HMM context, these pro-
cedures may also give good asymptotic properties and be easier to implement than maximum
likelihood estimation. '

Finally, in Chapter 6, we discussed the asymptotic properties of the maximum likeli-
hood estimates of the models presented in Chapter 5. Formal proof of the consistency and
asymptotic normality of these estimates (e.g. by verification of the regularity conditions of
Bradley & Gart 1962), and hence justification for using standard hypothesis tests, is still
pending. These results will be required for power calculations in the context of the design
of experiments. Our primary contribution in this chapter, however, was the development of
a test for the variance component in our models. We studied the performance of our test
for finite samples in Section 6.5, and showed that the test seems to control for Type I error
quite well, even in small samples. The power of the test seems reasonable for moderate-sized
samples and variance components, and does-not vary substantially with the number of hid-
den states. Lin (1997) and Hall & Praestgaard (2001) proved optimality properties of this
test in the GLMM setting, and these properties may apply in our context as well. This test
will be important in the design of clinical trials, since if the model without random effects is

adequate, then the computation of the required sample sizes will be substantially simplified.

Our preliminary results suggest that HMMs may be useful models for capturing the
behaviour of relapsing-remitting MS/MRI lesion count data. However, other models may
provide an equally good — or better — representation of these data. For exé\mple, GLMMs
are frequently employed in the analysis of longitudinal data. Some features that are common
to HMMs and GLMMs are immediately apparent: both postulate the existence of a latent
(unobserved) process, both assume the conditional independence of the observed data given

the values of this latent process, and both control the correlation structure of the observed
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data through specification of the latent process. Despite the similarities between the two
models, little is known about the connections between their theoretical properties, or about
the issues involved in choosing between models in applications. Thus, one area of interest
for future research is the establishment of a formal link between HMMs and GLMMs. -

Assuming that we have identified a reasonable class of models for the MS/MRI data,
two natural questions arise: how do we incorporate a treatment effect in a realistic, but
interpretable, way, and which design is best for clinical trials in this setting” With respect
to the first question, a treatment could be beneficial in two ways: either by reducing the
mean lesion count, or by extending the time between relapses. Choosing between - these
perspectives, and deciding on the particular form of the treatment effect, are issues of critical
importance. The second question relates to the selection of a sample size (both number of
patients and number of scans per patient) and frequency of sampling that would yield a

desired level of power. Ideally, we would be able to plan for the following types of studies:

1. Studies of untreated patients where lesion counts can be considered stationary (e.g. in
Phase II trials, which are relatively short-term, and where MRI responses tend to be

used as primary outcomes)

2. Studies of untreated patients where lesion counts may not be stationary (e.g. when -
patients are selected for their high level of disease activity at the commencement of

the study, or in longer-term studies)

3. Studies of treated patients, whose lesion counts, we would hope, would not be station-

ary.

The work in this thesis provides a starting point for addressing these questions.
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Appendix A

The EM Algorithm

This appendix details the implementation of the EM algorithm for three different models.
This algorithm consists of an Expectation (E-) step followed by a Maximization (M-) step.
In the E-step, we form the “complete” log-likelihood, which is the log-likelihood we would
have if we were able to observe the hidden process and random effects as well as realizations
of the process {Y;}. We then take the expectation of the complete log-likelihood conditional
on {Y;}, and evaluate the resulting expression at the initial parameter estimates. In the M-
step, we maximize this expectation over the space of the unknown parameters to get updated
parameter estimates. We then use these new estimates in place of the initial parameter
estimates in the next iteration. This procedure is repeated until convergence of the parameter

estimates is achieved.

A.1 EM Algorithm for HMMs for Single Processes’

In this section, we outline the steps of the EM algorithm for a single, homogeneous HMM
with unknown initial probabilities, and with observations taking on only a finite nur_nber
of values. The parameter estimates given at each iteration of the EM algorithm take on a
special form in this context, and, for this reason, are usually referred to as the Forward-
Backward Algorithm. These estimates will converge to the maximum likelihood estimates

(Baum et al. 1970); in other words, the parameter estimates will, in the limit, maximize
(2.2).

We use the additional notation v, = P(Yy =y | Z, = k) fort =1,...,n, k=1,... K,
and y € , for some finite set Q = {y1,...,5q}.

E-Step
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Thinking of the hidden states as “missing”, we can write the complete likelihood, £.(v)),

as
L(y) = (y | z 1/1) ( ¥)
= nyt|2t,1/} H‘Pztlzf
=1
o
= H fyyt,zt : Trzl H Pzt-l,Zg-
t=1 t=2
So
10g£ Z 108 Yy, + log 7., + Z log P,,_, -,
t=1 t=2 )
Let ¢¥ = (751,1’ e ”de,l(a P1,1, cees P[Pi’,}(, m,..., T ) be the estimates of all unknown param-

eters at iteration p. Then the E-step is

Ellog L.(y) | Y, 9] = > Ellogvy,z | Y,¢”] +E[10g7rzl lY g +ZE log Pz,_,,2, | Y, 9"]
t=
Z

1 t=2
K .
= 22 flaly,y")logy,.., (A1)
t=1 z¢=1 ' .
K ) ‘
o+ Z f(zllYa ’(/Jp) log7r21 ) (A2)
21=1 . o

K ‘ ‘
+Z Z Z f Zt 1’ztly’ )log Zt~1421" . ' (A3)

t=2 z;_1= 1~( 1
M-Step

We now need to maximize this expectation over all of the unknown parameters in the
model. Since {v, s}, {7rk} and { Py} appear in separate terms, we can maximize each' term
individually.

Let Y! = (Yi,..., Y,) Define the forward probabz'lities. at the pth iteration as -
CWPk) =P(Yy =Y\, Zi =k |y
and the backward probabilities as |
XE(K) = P(Y]yy = ¥y | Z0= k,?).

These probabilities can be computed recursively as
WEa) = (S WHORE) e a9y

and

Xf(k) = Z ’th+1,€Xf+l(£)PI§Z : ' . (A5)
. et ,
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with Wl (k) = mpvy . and XE(k) = 1 (by convention). -

First we will consider the maximization of (A.2), and hence the derivation of 7f*',
k = 1,...,K. Since we have the constraint f_ 7, = 1, we will use the method of

Lagrange multipliers and maximize the function

Zlely:'v/) logﬂzl— Z’/Tk—l

z1=1
Then 9 - :
= —P(Zi= k| Y, ) -
87rk Tk )
and

891

—Zﬂk—f-l

Setting these derivatives equal to 0 then gives the equations

p+l P(Zl =k | Yﬂ/)p)
Tk o Ap+1

Zw”“ =,

which we can solve to get , '

pr1 _ WIR)XT(k)
Ty = .
> WHOXT(0)

=1

(A.6)

Next consider the maximization of (A.3) and the derivation of PZ,'. We have the con-

straint that Y0, Pye = 1 for each k. Thus, we see that we need to maximize the function

n K K
=3 S S v ) 108 Pa e — 5" A (zpke_l)
k=1

=2 Zt_l———l Zf,:l

Then 9 '1 " :
g2 :
_ T P Z__ :k Z :B Y Py
9Pes PMZ; (Zi-1 y Lt 1Y, ¢7)
and X«
092
—= =% P 1.
M Z; ket

Setting these derivatives to equal to 0 then gives the equations

S P(Ziy =k Z =] Y, 97

1 t=2
Pt =
ke

p+1
. )\k
K

S pyt o=,
=1
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which we can solve to get

Z I/‘/t ] )’Y'lli’
Pt = . @
> W (k)X (k)

t=2

Finally we will maximize (A.1) and derive 'yy t! We have the constraint that Yy Yyk =1
for each k. Thus the function to be maximized is

K

:izf(zt|Y77v/) log'YyIZ[ ZAIC(Z/YZ//G_I)'
t=1

Then

dg3 = |

= 3 L bz, kY

a’)’y,k t=1 Yy .k ( ‘ | )
s.t. Yy =y

and

993 -
L N
oae - et

Setting these derivatives equal to 0 then gives the equations

M:

Zt =k ! Y)VJP)

p+1 st Y=y
’Yyk - /\P+1

Z,yp+1 - 1 ¢

which we can solve to get ‘
Y. WER)XT(K)
. f=
! = - @y

S WP (k)X?
t=1

A.2 EM Algorithm for HMMs with Random Effects in
the Observed Process

In this section, we give the steps of the EM algorithm required to estimate the parameters
of the model (5.4) in the case where the random effects are patient-specific. We assume that

{7} are unknown parameters to be estimated.

The convergence properties of the sequence of estimators given by the EM algorithm have
not been studied in the context of HMMs for multiple processes, but Wu (1983) provides
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sufficient conditions in the general case. One of these conditions is that the true parameters
be in the interior of the parameter space. In other words, we require that the variance

components be non-zero, and that 0 < Py, < 1 for each k¥ and [ where Py, is unknown.
E-Step

Recall that, for the model (5.4), the hidden states are assumed to be independent of the
random effects. Now, thinking of both the hidden states and the random effects as “missing”,
the complete likelihood for this model is

L) = flylzwy)f(z;v)f(u;y)
N n; n;
=] {H Fi | 2z, 0, %0) - oy 1] Pavayyene - f (035 7,/))}

i=1 \t=1 t=2

So the contribution to the complete log-likelihood from patient 4; log £i(1)), is

n;

log L () = >_log f(yu | zu, i, ) +log sy, + 3 10g Pry i, + log f(i39).

t=1 =2

Using the fact that observations on different patients are independent (so that Z; and w;
are independent of Y for j # i), the E-step is

Ellog Lc(v) | Y, 7]

= S Ellog Li(v) | Yy, 97

i=1
N n K | |
= > /108 i | Ziw = ki, 0) P(Zy = klyi, oF) f(wilys, ¥F) du;  (A.9)
=1 t=1 k=1 -
N K , - '
+)_ ) logmy P(Zyy = klyi, ¢") C (A10)
1=1 k=1
N n K K
+3. log Pee P(Ziy—1 = k, Zyy = Ly, ) (A.11)
i=1t=2 k=1 ¢=1 »
+Z/logf(ui;w)f(u¢ ly:, ¥P) du,. | (A.12)

M-Step

Again, since each unknown parameter appears in exactly one of the terms (A.9)-(A.12),
we can maximize each of these terms individually.

Now define the forward probabilities for patient 7 at the pth iteration as

Wz]Z(kau’L) = .f(yila sy Yit | Zit = kauia'wp)P(Zit =k | wp)
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and the backward probabilities as

X'll;(k., ui) : f(yi,t—{-la rey yi,ni | Zit = kv u;, 'l/)p)'

With a slight change of notation, the recursions (A.4) and (A.5) also apply to these new

- definitions:

I/Vzt-H k uz = ( W; é u; Pa) f(il/i,t,+1 | Zy = k,ui,¢p)

and

X5 (k) Zf Yir+1 l Zigt1 = ¢, uia'l/)p)-’YZH-J(ea u;) Pf, |

with WA (k,w,) = 7} f(yir | Za = k, g, ¥?) and X7,

m

(k,u;) =1 (again, by convention).

Applying the same method used to derive (A.G), we can now show that the maximum

value of (A.10) occurs at

At = 1 X if' WE (k, wi) X7, (k, wi) f(ui; 97) du, ‘
NI X S WG u) X5 (4 wi) f (ug; 9P) dug

(A.13)

Similarly, applying the method used to derive (A.7), it is clear that the maximum value of
(A.11) occurs at

7

N
ZZ/szf 1 (K, uz)/\zt(g W) f (Yau | Zie = £, 03, ¢07) (g5 97) dug
t=2

1 =1
Pt =
ke

N n;

Y [ Whoathw) X2 (b, w) f (w97 du,

i=1 =27

If {Z;} is not stationary, numerical maximization will be required in order to compute
PP, In general, the terms (A.9) and (A.12) must also be maximized numerically, using,
for example, a Gaussian quadrature technique. However, we can simplify the computations

by noting that (A.9) can be written as

n; K
N /bgf(y“ | Zin = k,wi, o) Wk, w;) XE(k,w;) f(ui;9P) du; o
i=1 k=1
Z K (A.14)
= Z/Wﬂ(& u;) X7 (4, w) f(u;4P) du;
=1

and (A.12) as

K
/IOg f(uza w) Z inq(év ul) ‘Yﬁ (E, uz') f(u,-; ’l,/)p) du .
o . (A.15)
= Z/Wﬁ(& w;) X (6 w) fu;¢F) du;
=1
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Since f(yit | 2it, u;,%) is in the exponential family, log f(yi | i, us, 1) will have a nice
form. Likewise, if f(u;;%) is in the exponential family, log f(u;;1) will also have a nice
form. Thus, for certain choices of these functions, we would expect that the estimates of the

parameters associated with these distributions would be quite easy to compute.

Thus, we see that, aside from the question of integration, the EM algorithm for the model
with patient-specific random effects in the conditional model for the observed data is not
much different from the case where the algorithm is applied to a single HMM. If the random
effects are not patient-specific, this algorithm can still be used, but the expressions (A.Q)—
(A.12) will be more complicated since we will need to take the expectations conditional on

the full data set, Y, rather on each patient’s data individually.

A.3 EM Algorithm for HMMs with Random Effects in
the Hidden Process

In this section, we give the steps of the EM algorithm required to estimate.the parameters
of the model (5.13) assuming again that the random effects are patient-specific. We further
assume that 7% = 7, i.e. that the initial probabilities are fixed, unknown parameters common

to all patients.

As mentioned in Section A.2, the convergence properties of the EM algorithm are un-
known in the context of HMMs for multiple processes. Wu (1983), however, provides suffi-
cient conditions for convergence in a very general setting. In particular, the variance com-

ponents must be strictly positive.
E-Step

For this model, thinking of the hidden states and the random effects as “missing” data,
the complete likelihood is

L) = f(y | wzd)f(z|up)fluy)

n;

= H {H fa |z, ug, ¥) -y, H f(zi | zig—r,us, %) - f(uiﬂﬁ)} .
t=1 =2

So »
log ﬁé(lp) = Z log f(yi | 2t wi, %) + logm,,, + Z log f(zit | 2ig—1,us, %) + log f(uy; ).
t=1 (=2

Then, using the assumption that the random effects are patient-specific,

Eflog L.(¥) | Y, 4]
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- ZE[logﬁi(w) ROYN

=1
N n; K '
- ZZZ/Ing y” I Zlf - k uﬂl/)) ( kb’uuu d) ) (uil}’i,’lﬁp) dlli (A16)
i=1 t=1 k=1 :
N K
+ 3> logm P(Zi1 = klyi, yP) (A.17)
i=1 k=1 '
N n; K K
+ZZ Z/lOgP Zt—gizlf 1 Auza‘/))
i=11t=2 k=1 ¢=1
P(Ziio1 =k, Ziy = Llyi, wi, 7) f(u; | ys, 7)) du - (A18)
N } .
3 / log f (us; %) £ (u; | yi, ¥7) du;. C(A19)
i=1

M-Step

Again, we see that each unknown parameter appears in exactly one of the terms (A.16)-

(A.19), so we can maximize each of these terms individually.

For this model, define the forward probabilities for patient 4 as

Wi’z(kaui):f(yila“wylt|Zzt“k uzﬂ/)) ( u—/f|llz,lﬁ)

and the backward probabilities as

Xipt(k, Ui) = f(yz‘,t+1, sy Ying | Zy = k,uy, 1/)77)-

We then have the recursions

W'”H(k uz (Z W'Zf) l, uz)P(Zit =k I Zi,t——l. =Y, Ui,l/)p)) f(il/z',r,+1. | Ziy = k,liiaW))
=

and

L
Xikw) =3 f(igrr | Zigrr = 60, YP)XP (G w)P(Zo = €| Zigoy = Ky uy, 9P)

=1

with WE (k, w;) = 7%, f(yi1 | Ziy = k,wi,9?) and X?P, (k,u;) = 1 (again, by convention).

Since the parameters {m;} are fixed, the maximum value of (A.10) occurs at (A.13),
as for Model I (but using the above definitions of W/(k,u;) and X[L(k,u;)). However,
the evaluation of the integrals will be much more complicated in this case, for the reasons
discussed in Section 5.4. Similarly, the expressions (A.16) and (A.19) are equivalent to (A.14)
and (A.15), respectively, but will be much more difficult to compute.

For this model, we will also need to numerically maximize (A.18). However, by writing

this expression in terms of the forward and backward probabilities we can obtain the simpler
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form c K

D Z/logP( w =L Zigy = k,ug ) ¢k, 6 wy) f(ug;yP) du;

Z 1=2 k=1¢=1 '

i=1 14 7 ,
: Z/I (¢,u;) XE(6,u5) f(ug;¢") du; :

where
ik, 6,0;) = P(Ziy = €| Ziyor = kyug o) WP (k,w) XE(6w) f(yar | Zu = €, u5;97).
Again, evaluating these integrals may prove difficult.

In summary, we see that the EM algorithm may be of only limited use in the estimation
of the parameters of Model II because of the complex nature of the integrals involved.
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Appendixl B

Proofs

B.1 Proof of Lemma 3.1

Here we prove Lemma 3.1. For ease of exposition, we assume m = 1. However, the theory

is valid for all finite values of k.

Since the measures pu, are tight (as a result of Condition 2), there exists a subsequence
{Gh, } such that G,,; converges weakly to G, where G is a distribution function (Billingsley
1995, Theorem 29.3).

We have that
drs{F(y,G), F(y,Go)} < dKS{F(y;G)a F(y, Gn,)} +drs{F(y,Gr;), F(y,Go)}. (B.1)

By our hypothesis, the second term on the right-hand side is 0(1). We claim that the first
term is also o(1). Taking limits in (B.1) will imply that dxs{F(y,G), F(y,Go)} = 0, and
hence, by Condition 5, that G = Gp. Therefore, G,,; converges weakly to Go. Since the
measures i, are tight, and since every subsequence of {G,} that converges weakly at all
converges weakly to GGy, we may conclude that G, converges weakly to Gy (BillingsleyA1995,
Theorem 29.3).

We now show that dxs{F(y,G), F(y,Gyr;)} = o(1). By Condition 4, for all ¢ there exists
A > 0 such that for all (0,¢) € ©, H(A;6,¢) — H(—A;0,¢) > 1 — €. In particular, for
) < —Aa H(ya 07¢) <e SO> for all Y < _Aa

Py, Ga) = [ H(yi0,6)dGu,(6,0) < ¢ [ dGoy(6,0) = . (B.2)

Likewise, for y < —A, F(y,G) <e. Similarly, fory > A4, 1 — F(y,Gy;) and 1 - F(y,G) are
also bounded by e. ‘
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Since G, converges weakly to G and H(y: 8, ¢) is continuous in § and ¢, we have that
P(y,G) = F(y,Gn,) = [ H(y:0,0)d{G(0,8) ~ Gu,(6,8)} - 0 (B.3)
for each y (Billingsley 1995, Theorem 29.1).

We claim that F(y,Gy,) converges not only pointwise but uniformly to F(y,G) on the
interval [ A, A]. It is enough to show that F(y;, G,,,) converges to F'(y, G) for all sequences
y; Ly, with y;,y € [-A, A]. (See Strichartz 1995, Theorem 7.3.5, with a slight modification
to account for the fact that {F(-,Gy,;)} are right-continuous rather than continuous.)

Fix €, y, and a sequence {y;} such that y; | y. Define Fj(y) = F(y,Gn;) and F(y) =
F(y,G). Now
\F;(y;) — F(y)| < |F3(y;) — Es()l + [Fi(y) — F(y)l. (B4)

By the right-continuity of F', there exists § > 0 such that
|F(y+96) - Fy)| < e - (B.5)
By (B.3), there exists N such that for 7 > N,
[Fi(y) = Fy)| < e (B.6)
and there exists Ns such that for 7 > Ng,
|Fi(y+0) = Fly+d)] <e - (B7)
Since y; | y and Fj is non-decreasing, there exists /Ny such that for j > Ny,
B(y) - W) < IFly+6) - Bl (B8)

Combining results (B.4)-(B.8), we have that for j > max(N, Nj, Ny),

1F](y]) F(y)|

< |Fi(y+6) = Fi(y)| + | F(y) — F(y)| |
< |Fiy+0) = F(y+0)| +|F(y+0) = F(y)| + |F(y) — F;(y)| + |Fi(y) — F(y)|
< de.

Thus, F; converges uniformly to F' on the interval [—A, A], implying that for all € there
exists N* such that for all j > N* and for all y € [-A, 4], |F(y,G) ~ F(y,Gr,)| < €. Using
(B.2), we see that this result holds for all y, and hence

d[(s{F(y, G), F(’L‘, an)} = 0(1),
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as desired. O

Although Lemma 3.1 is stated in terms of deterministic mixing distributiohs, we in fact re-
quire that for a sequence {G,,} of estimated mixing distributions, dxs{F(y, G»), F(y, Go)} =
o(1) a.s. implies that G converges weakly to G a.s. However, it is easy to see that this require-
ment is met when Conditions 2-5 are satisfied. Denote by G,(w) the terms of the estimated
sequence of mixing distributions associated with the sample point w. Since (é?, 430) € O for
all j, Lemma 3.1 applies to each sequence {Gn(w)} for which dgs{F(y,Gn(w)), Fy,Go)} =

o(1). v , ,

B.2 Proof of Theoi'em 6.1

To develop the necessary bounds, we begin by examining terms of the form

]D

mz

where my, my < M. The extension to the case where we have a product of more than two
such derivatives is straightforward. Our proof relies on the fact that D! is a derivative
of log f(y; | wi, %), and that we compute the expectation of products of these derivatives
with respect to the null distribution f(y:i | us = 0,¢). For our model, f (yZ | w;, 1) is
the likelihood of a stationary HMM. In this way, our problem effectlvely reduces to that"
considered by BRR.

To avoid having to work with mixed partial derivatives, we will use the claim of BRR
that, without loss of generality, £ can be taken to be unidimensional. (Recall that ¢ = (£, D),
so that ¢ does not include pa,rarrieters associated with the random effect.) Also folloWing
BRR, any operation between two sequences is understood to be performed termwise. "For
example, for sequences I = (Il,i..,fm) and J = (Jy,...,.J,n), and functions {fl}z—h we

would have ‘ ¢ ¢ )
' - . Ji_ (] T\
o=l md 5= (JT'I,T')
Define Yt = (Yis,...,Yir). We let h;(1) = log f( fil,Zﬂlui', ¢), and, for t > 1, we de- -
fine h;(t) = log f(Yas, Zu|Y{1', 251 ui, ). - As a result of these definitions, we have that -

log f(Yi,2Z; | wi) = X9y hi(t). Let .hgm)(t)_ represent the mth derivative of h;(t) with
respect to &, evaluated at u; = 0. By Conditions 1 and 2, these derivatives exist for m < M.

Using the notation of BRR, we denote the cumulant of a random vector X = (Xy,..., Xm)
by _
1 0 0 . .
T(X)=T(Xy,..., Xpm) = — o+ = log (B [e/@1 X1+ 2mXm) :
(X) =T, X = e log (B )/
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where 1 = v/—1. The cumulant of the conditional distribution of X given Y will be de’noted
by I'¥(X). Finally, let x'(X,) = X\, and let x(X,) = E[X;]. We define the centred moment
function (Saulis & Statulevic¢ious 1991), x, recursively by

XI(Xl, e ,Xm) = X1 (XI(XQ, e ,){m) — X(X27 e ,Xm))

X(Xla---,Xm) = E[XI(4Y1,...,‘¥m)],

m = 2,3,.... We denote the centred moment of the conditional distribution of X given Y
by x¥(X). |

In their Proposition 3.1, BRR show how to write the derivatives of the log-likelihood of a
single, stationary HMM as a linear combination of cumulants. It turns out that their result
also holds for derivatives of log f(y; | wi, %) if we replace the distribution of each random

variable in their Equation 4 with its distribution conditional on u;. In particular,

Z "_ﬂFY,-,ui ( e th)(t))‘
JeJ+(m) |J|' J!
i [ 2t (t) |
(———-—j!-—_ . (B-g)

m!
< rY
S 2, T
BRR provide bounds on terms of the form 'FY““l (Z"’ Iz(J ()) ‘ Specifically, from their

JeT+(m)
Lemma 3.3(i),

i

D,

1J1

[Yiui (i}é”(ﬂ)’ < Z Z Z Z M,(K,...,Ky)

= 1167 e v=11Y K =(1,...,|3]} -

H ;x o (DI )| (B.10)

where | K, = {1,...,]J]} denotes the set of all v-block partitions of the set {1,...,3]}, M,

are non-negative combinatorial constants, J(K,) = (Jx,,, Jx,,, ), and I(K,) = (I, , Ik, - - -)-

Then, letting A(I) = max{l;} — min{I;}, Equation 11 of BRR gives the following relation-
ship:

H ‘X iU ( J(Kq (I(I(q)))l < 2|J| u I(Kq)) H CZ Y} ’

where p = 1 — min {rrklien Py, min P,;‘e}, with Py, = m¢Py /7. Under Condition 1, BRR show
that 0 < p < 1. ’ ’ ' ' '

We can now use these results to establish bounds on E IDm 1D§n2 .

of the cumulant function and (B.9), we can write

. 77'[]'
= E{ 2. I

Jleg+(my)

E[D

mg

FY,j S <21: h,EJl)(t)> ‘
\i=1
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t=1

2 FITI%FY (Ehﬁ‘”)(t)m.' (B.11)

J2eT+(my)

Using the bound (B.10), the right-hand side of (B.11) becomes a linear combination of
terms of the form

Pl yow (o (NEL) N RCLIT7 S WU
E{H o (@) |- T e (m <I?<Ix32>))\}.
=1 q2=1

Let the .values t1 < ty < -+ < t, denote the distinct elements of the union of Ill and I,.
Using the technique in Equation 12 of BRR and the definition of B, .. (),

< 2|J1|_1PZ§;=IA(11(K(“) 9l3%|-1 Zqz L A(T2(K2,)

,

r .

-mZaXHE< II Y Yie, ) 1 72 b (Yige, ¥)| Zig, = 2
s=1 J1€{1,... |3} F2€{l,, |32} 2

tszl}l '5—1122

— 2|J1|—1PZZ;=1A(II(K¢;1)) 2]J2| 1 ZQZ IA(IZ(I\” HJ1|HJ2|
(

1 ( it "7/}) _7]]22 (Yti,ts_v l/))
Jir I T2

F1€{1L,3]}: Jo€ll...., |J2|}

=gl te=12
7 =

\
< o i S ot T S T g ] 3% B (#)

T .
-max [] E 4 Zig, = 2
s=1

Then, from (B.10) and Lemma 3.3(ﬁ)‘0f BRR, it is clear that

e (o) e (o) |

g \M'- g I ‘
< oyl (T—_p) n| 2! (i——_> I13% 113* B}, o, ()

p

Substituting into (B.11) and using Lemma 4.1(ii) of BRR, we conclude that

8 my+mg—2
1 - ,r))

E }Dinl

'mQ Bm]mz (1/)) (1 +

and, more generally, that

E|Df, x - x D!

™my

» 8 Z?=1 m; .d
< nfmy! X e X mgl Bl () (1 + m) :

This proves our theorem. O
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B.3 Proof of Theorem 6.2

To prove Theorem 6.2, it suffices to show that B (%) is finite and independent of 1.

mym

To this end, we first study the random variable C? (Y;;, ). As an aside, BRR’s definition
of C?, (i, ¥) also involves a supremum over all values of the parameters in the neighbourhood
of the true values of {£;}. These authors require this generalization since they apply their
results to problems relating to the MLEs, but it is unnecessﬁry for our purposeé.

Under Condition 1, 0 < Py, < 1, ;md hence 0 < 7, < 1, for all k, £. We then have

<o

for all m. Furthermore, this quantity is independent of ¢ and {Y;;}. Thus, for our purposes,

max nllc%x {‘Drn log Py,

D m i

+ IDm IOg Tk

we ignore these terms, and focus our attention on the term

D, log f (yit | Zuw = k, i, )]

max max
D., k

u;=0

for m < M.

When a(¢) is a constant (e.g. when f(yy | zi, us, %) is in the Poisson or binomial family),

we need only be concerned with derivatives with respect to {7} and u,. Since for our model

Mitk = Tk + Ui, We can equivalently consider derivatives with respect to ;. We have that .

9
Yit — 3o _C(Uitk)
log f(yis | Zi =k, us, = Tith (B.12
a'rh'tk gf(JZt | 34 ] 1/)) 0 a(¢) i ( )
3111
m : Tc(nitk)

and log fyi | Zi = k, us, = - Pme VL B.13
am'r]itk gf(yt | t Q/)) - a(¢) . ( )

2 < m < M. When f(yi | 2, u,) is in the Poisson family, ¢() = €, and when
f(ir | zi, wi, ) is in the binomial family, c(n) = log(1 +€"). Since, by assumption, {7} are
bounded, in both of these cases, all derivatives of ¢(n;;) (and hence expectations of products
of derivatives of the form (B.13)) will be bounded and independent of i. When derivatives
of the form (B.12) appear as factors in the product of interest, we note that the absolute
moments of Y, | Zy, u; are finite and independent of ¢ in both the Poisson and binomial
families. Thus, Bfm..,m d(w) is also finite and independent of ¢, which proves The_orem 6.2 for

these cases.

When a(¢) is not constant, we need to consider partial derivatives with re‘spect to ¢ as
well as {74} and u;. When these functions include at least one derivative with respect to
{7} or u;, we have '

o+1
Ok 3%

0

log f(yz‘t l Zy =k, Uiﬂ/J) = (.%‘t - 6_“0(77itk)
u; =0 TNtk

i o
) 5go @, (B1)
u; =0
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£=0,1,...,M -1, and

a€+m - om a(f
————1o w | Zit =k, ug, = - CAMit BT
amnitkag¢ g f(y t | t 4 w) am'nq]f,k; (77 fk) ag¢

u;=0 u; =0

a”(¢), (B.15)

¢+m < M, m 2> 2. Since {;} and ¢ are bounded, as long as derivatives of ;55 and c(7u)
are well-behaved and the absolute moments of Y, | Z;,u; are finite and independent of i,
the expected value of products of such terms are finite and independent of 7. In particular,
when f(vi | zig, ;) is in the normal family with parameterization
NitkYit — %T/zzt,k yzzt 1 |
log f(yit | Zio = k,uy, ) = ———= — =% — ~log(27¢), (B.16)
) 20 2 .

then all absolute moments are finite, and derivatives of ;o5 = & and c(n;u) = 1nZ, are
bounded since {73} and ¢ are bounded. Likewise, when f(y; | 2i,u;) is in the gamma

family with parameterization

¢ .
then again, we see that all absolute moments are finite, and that derivatives of
c(nitx) = — log(—nik) are bounded since {7} and ¢ are bounded.

itk Vit + log(—mi .
log f (it | Ziy = k,ug, ) = Lkt lg( i) | log § + (¢ — 1) log i — log T'(¢), (B.17)

@ = ¢ and

Derivatives with respect to ¢ only have the form

m

ome

7 77

log f(yit | Zie = k, us, ) = [yamk — c(7i)] 5@(1_.1((15) g d(yir, ).

u; =0
Verifying that the expected value of products of such terms are finite and independent of
¢t i1s more complicated since -g%d(yit, ¢) is a function of y;,. However, we can do so for the
special cases we consider. For example, when f(y; | 2i,u;, %) is the normal distribution
parameterized as in (B.16), '

am¢
1 2 1 2 m —m~—1 1 .Am~1 7 -m -
= {Jnw - 57| - S} Commie - S - e (B18).
Since ¢ and {7} are bounded and the absolute moments of the normal distribution are

finite, the expected value of products of terms such as (B.14), (B.15), and (B.18) are finite
and independent of :.

log f(yi | Zie = k,wi, )

u;=0

TrYit —

Similarly, in the case of the gamma distribution parameterized as in (B.17),

lOg f(yzt | Zzt =k U"L)’(/))

) _ u; =0
it + log(—7%) +logd + 1 + logyy, — 2 logl(¢), m=1
_ TkYit g(—Tk) g 8Yit — 54108 (¢) , (B.19)
(~1)™(m — 1lg™™+ — 22 log (@), m>2 I

e
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Since ¢ and {73} are bounded, using the facts that logy; < w; and that the absolute
moments of the gamma distribution are finite, the expected value of products of terms such
as (B.14), (B.15), and (B.19) are also finite and independent of i.

Thus, we have shown that B! (1) is finite and independent of 7 in the case of the

mi--mgy

normal and gamma distributions. This completes our proof of Theorem 6.2. O
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