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Abstract

Generalized linear mixed effects models (GLMMs) are popular in many longitudinal
studies. In these studies, however, missing data problems arise frequently, which makes
statistical analyses more complicated. In this thesis, we propos'e an exact method and an
approximate method for GLMMs with informative dropouts and missing covariates, and
provide a unified approach for simultaneous inference. Both methods are implemented
by Monte Carlo EM algorithms. The approximate method is based on Taylor series ex-
pansion, and it avoids sampling the random effects in the E-step. Thus, the approximate
method may be computationally more efficient when the dimension of random effects is
not small. We also briefly discuss other methods for accelerating the EM algorithms.
To illustrate the proposed methods, we analyze two real datasets, a AIDS 315 dataset
and a dataset from a parent bereavement project, using these methods. A simulation
study is conducted to evaluate the performance of the proposed methods under various

situations.
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Chapter 1

Introduction

1.1 Generalized Linear Mixed Effect Models

Longitudinal data or repeated measurement data occur frequently in many applications
where repeated measurements are obtained for each {ndividual. Statistical analysis of |
longitudinal data are reviewed in Diggle, Liang and Zeger (1994). One of the key ad-
vantages of a longitudinal study over a cross-sectional study is to separate variation
over time within an individual from difference among individuals, while a cross-sectional
study can not do this because it simply records one measurement for each individual. So
the analysis of cross-sectional data may confound time effect and may give misleading
results. For longitudinal data, it is important to recognize two sources of variations:
intra-individual variation produced by different measurements within a given individual,
and inter-individual variation among different individuals.

GeneralizedA linear models (GLMs) such as logistic regression models, extend nor-
mal linear models to allow non-normal error distributions in the natural exponential

family such as Poisson and binomial distributions. GLMSs can handle not only continu-

ous variables but also discrete variables, as long as the distribution of the variable belongs




to the natural exponential family. Therefore, GLMs provide a unified different approach
for continuous and discrete responses and have wide applicability in practice. For ex-
ample, in Agresti (1990), a sample of male residents of Framingham, Massachusetts,
was collected according to their blood pressures. During a follow-up period, whether or
not these male residents developed coronary heart diseases, was recorded and viewed as
response. So the response variable is binary. To investigate the relationship between
the blood pressure and the coronary heart disease, we can build a logistic regression
model and then make statistical inferences based on this GLM. Generalized linear mixed
models (GLMMs) are useful for longitudinal studies which extend GLMs by introducing
random effects to account for correlation within the repeated measurements for a given
individual. Such models can separate two kinds of variations, borrow information cross
individuals and allow discrete and continuous responses. Therefore, GLMMs are very
popular in the analysis of longitudinal data. A GLMM may be written as a hierarchical
two-stage model. At the first stage, intra-individual variation is charactered by a GLM.
In the second stage, inter-individual variation is represented through individual-specific
regression parameters. Covariates are often inﬁroduced in the second stage to partially
explain systematic variation.

There are two main approaches to estimate parameters in GLMMs: (i) an exact
likelihood inference based on numerical integration (Booth and Hobert (1999)), and (ii)
an approximate inference based on linearization procedures via Taylor series expansion
(Breslow and Clayton (1993); Vonesh et al. (2002)). In the exact inference, marginal
likelihood is obtained by integrating out random effects from the joint distribution of re-
sponse and random effects. By maximizing the marginal likelihood, we obtain estimates

of parameters of interest. However, the integration is usually intractable, one may use

Monte Carlo approximations to evaluate it (Wei and Tanner (1990)). The exact likelihood




inference works well with a small dimension of random effects. However, computation
may become quite demanding or unstable as the dimension of random effects increases.
In such cases, we may consider the approximate inference which avoids this computation
difficulty by integrating out the random effects. The strategy for the approximate infer-
ence is to iteratively solve LME models based on second-order Taylér series expansion
around current estimates. If the number of measurements for each individual is large
enough, approximate methods may give reasonable estimates for parameters. Otherwise,

approximate maximum likelihood estimates may be inconsistent.

1.2 Missing Data Problems

Missing data are a serious problem in many applications and arise frequently in lon-
gitudinal studies. Two kinds of missing data often occur in a longitudinal study: (i)
missing covariates due to different measurement schedules for covariates and response or
other problems; and (ii) missing responées due to dropout or missing visits. For example,
individuals may withdraw or die before the end of study or do not come to the study
center for measurements at scheduled times for various reasons. Missing data problems
make statistical analysis in longitudinal studies much more complicated, since standard
complete-data methods are not directly applicable.

Commonly-used naive methods for missing data include the complete-case method,
which deletes all incomplete observations, the mean imputation method, which substi-
tutes missing values with the mean values of observed data, and the last-value-carried-
forward method, which imputes a missing value by the immediate previous observed data.

At the presence of missing data, the missing data mechanism must be taken into account

in order to obtain valid statistical inference. Little and Rubin (1987) define three types




of missing data mechanisms. Missing data are missing completely at random (MCAR) if
the probability of missingness is independent of both observed and unobserved data. For
example, patients do not come to the study center becauée of reasons irrelevant to the
treatment such as simply forgetting the appointment. Missing data are missing at ran-
dom (MAR) if the probability of missingness depends only on observed data, but not on
unobserved data. For example, a patient may occasionally fail to visit the clinic because
he/she is too old. Missing data are nonignorable or informative missing data (NIM) if the
probability of missingness depends on unobserved data. For example, a patient fails to
visit the clinic because he/she is too sick. If missing values are MCAR, the complete-case
method will give unbiased, but inefficient estimates. If the missing data are not MCAR,
the naive methods may give biased, even misleading results due to not taking missing
data information into consideration. MCAR and MAR are called ignorably missing. We |
can ignore the missing data mechanism in likelihood inference when missing values are
ignorably missing (Little and Rubin (1987)).

Little (1992, 1995) gave a review on missing covariates in regression and drop-out
in repeated-measures studies. Ibrahim, Lipsitz, and Chen (1999) proposed a Monte-Carlo
EM method for estimating parameters in GLMs with nonignorable missing covariates.
Wu and Wu (2001) estimated parameters in nonlinear mixed effects models with missing
covariates (MAR) by a three-step multiple imputation method. Wu and Carroll (1988)
considered linear mixed effect models with informative dropout and assumed missingness
depending on random effects. Ibrahim, Chen and Lipsitz (2001) developed a Monte Carlo
EM algorithm for estimating parameters in GLMMs with informative dropout. However,

little literature considers parameter estimation in GLMMs with informative dropout and

missing covariates simultaneously.




1.3 Mdtivating Examples

1.3.1 Example 1

Our research is motivated by a longitudinai study from the AIDS Clinical Trial Group
(ACTG) Protocol 315 (Wu and Ding (1999)). In this study, 46 HIV infected patients were
treated with a potent antiviral drug. Plasma HIV-1 RNA (viral loads) were repeatedly
quantified on days 2, 7, 10, 14, 21, 28, and weeks 8, 12, and 24 after initiation of treatment.
After the antiviral treatment, the patients’ viral loads will decay, and the decay rate may
reflect the efficacy of the treatment. Thev Nucleic Acid Sequence-Based Amplification
assay that is used to measure the viral load has a detection limit. If the viral load drops
below the detection limit after the treatment, the viral load can not be measured, which
may indicate that the treatment may be successful. To investigate the treatment effect,
one approach is to define the responsé as whether the viral load is below the detection
limit or not, which is thus a binary variable. In this study, patients drop out before the
end of the study, and the dropout may be informative. Thus, the respons'e contains non-
ignorable missing values. Preliminary studies show that some baseline covariates such as
CD4 cell counts, tumor ﬁecros_is factor (measured by TNF levels) and total complement
levels (measured by CH50), may partially explain variation in the viral load trajectory.
However, éome of these covariates are also missing. Our objectives are to model the
viral load;traject(‘)ry and to identify covariates that may part'iallvy predict changes of viral

loads, in the presence of informative dropouts and missing covariates.

1.3.2 Example 2

Our second example involves a longitudinal study from a parent bereavement project,

which investigates the long-term mental outcomes of parents whose children died by



accident, suicide, or homicide. After their children’s death, the parents usually experience
a high level of mental distress. In this study, the mental distress of 239 parents were
measured at baseline (i.e. 4 to 6 weeks after ‘pheir children’s death), and then at 4,
12, 24 and 60 months post-death. The Global Severity Index (GSI), which is the most
sensitive indicator of mental distress, is used to measure the parents’ distress levels. A
high GSI score indicates a high level of mental distress. If the parents’ adjustment to their
children’s death goes well, their GSI scores will decrease over time, at least lower than
their baseline GSI scores. To examine how the parents’ mental distress changes over time
after their children’s death, we treat whether or not a parent’s GSI score after baseline
is lower than his/her baseline value as response. Several other relevant factors were also
obtained at baseline, including parents’ gender, marital status, age, education, annual
income, the cause of death, age and gender of the deceased child. These baseline factors
may be important predictors of parénts’ distress and thus are viewed as covariates. Note
that some baseline covariates such as income contain missing values, and some responses
are also missing. Our objectives are to investigate the change of parent’s distress levels

over time and to determine which covariates affect the parent’s mental distress.

1.4 Objectives and Outline

In this thesis, we develop an exact inference method, implemented by a Monte-Carlo EM
algorithm, to make simultaneous inferences for GLMMs with informative dropout and
missing covariates. To avoid computational difficulties when the dimension of random
effects is not small, we propose an approximate inference method, which integrates out

the random effects for more efficient computation.

The remainder of this thesis is organized as follows. Chapter 2 introduces GLMs




and GLMMs aﬁd reviews the literature about informative dropout and missing covari-
ates. Chapter 3 discusses the exact inference method for estimation of GLMMs with
informative dropout and missing covariates. The approximate inference method based
~on linearization is preéented in Chapter 4. We discuss dropout models and covariate |
models in Chapter 5. In Chapter 6, we apply our methods to two real data examples.

Chapter 7 presents our simulation study. We conclude the thesis with a discussion in

Chapter 8.
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Chapter 2

Generalized Linear Mixed Models

and Missing Data

2.1 Introduction

Before we present our methods for estimating parameters in GLMMs with informative
dropout and missing covariates, we give a brief introduction to GLMs, GLMMs, and
methods for the missing data problems in this chapter. In Section 2.2, we introduce
GLMs and the methods of estimation for parameters in GLMs. Section 2.3 describes
GLMMs, briefly discusses two main methods for estimating parameters in GLMMs and
reviews the literature for GLMMs. In Section 2.4, we give a literature review about

methods of handling informative dropout and missing covariates respectively.

2.2 Generalized Linear Models

A classical linear model is useful to model a continuous response under the assumption

that the response follows a normal distribution and a linear relationship exists between




the mean of the responsei and covariates. However, in practise, some non-normal dis-
tributions such as binomial, Poisson, etc, may be better assumptions for some response
variables such as discrete variables. For example, we may want to study whether devel-
oping a heart disease relates to the blood pressure level. Here, we treat the health status
of patients’ heart as our response. The response is thus a binary variable which takes
values of 0 or 1, where 0 means that a patient has a heart disease and 1 means that a
patient has no heart disease. Obviously, here the assumption of normality is completely
unrealistic. Moreover, frequently the mean of the response can not be expressed as a
linear form of the covariates. In those situations, we can not use standard linear models.

Generalized linear models (GLMs), which are a extension of classical lineaf models,
can not only deal with variables whose distributions come from the exponential family but
also allow nonlinear forms between the mean of responses and the covariates. Variables
in the exponential family include continuous variables such as normal and'exponential,
and discrete variables such as binomial and Poisson. Due to the capability to handle
continuous data as well as discrete data, GLMs unify different methodologies and thus

have wide applicability in practice.

2.2.1 Model Specification

GLMs are specified by three components including a random comi)onent, a systematic
component, and a link function.

Let y = (1,92, -+ ,yn)T be a vector of independent and identically distributed
(i.1.d) observations whose distribution belongs to the natural exponential family. Then

the density function of each observation y; can be expressed in the form

£ ) = exp{{6: — 0(6)]/a(9) + clys, )}, (2.1)




where a(.), ¢(.) and ¢(.) are épeciﬁc functions, @ = (0,6, -+ ,0y)T is called the natural
parameters, and ¢ is called the dispersion parameter. The random cofnponent of GLMs -
is specified by the above density function of the response variablé.

The systematic component specifies the relation between covariates x; to the linear

predictor n; by a linear form
m=a{B i=12--- N, | | (2.2)
where 3 is a vector of regression parameters. -

The mean p; = E(y;) is related to the linear predictor through the link component
of GLMs

m=a;B=g(m) i=12--,N, ~ (2:3)

or
pi=g'(n)=g7'(x{B) i=1,2,--- N, (24)
where g(.) which is a monotone aﬁd differentiable function called the link function. In
‘the exponential family, if a link function g(.) satisfies g(u;) = 6;(;), then the link is
called the canonical link or natural link. Binomial, Poisson and pormal variables all have
canonical link functions. A function g(y;) = u; gives the identity link. For example,
normal variables have the identity link function. In summary, GLMs allow for linear as
well as non-linear modeis under a single framework. Moreover, GLMs make it possiblé

to fit models where the underlying data are normal, Poisson, binomial, etc, by a suitable

choice of the link functions.

2.2.2 Maximum Likelihood Estimation in GLMs

The principal method of estimation used in GLMs is the maximum likelihood method.

In this section, we will briefly describe how to obtain the maximum likelihood esti-

10




mates of parameters in GLMs. We assume ¢ is known, then ¢(y;, ¢) is a constant in the
log-likelihood function about @ and thus is not ignored in the following log-likelihood

function. For N independent observations, the log-likelihood function is

0|y Zl )

= Z log f(yi|60:; ¢) v' (2:5)
B N ;0 (15) —(P(ei(:u'i))»
B0 v m—

Some useful Equations

Now we will derive some useful identities used in maximizing the likelihood function.

The derivation of (2.5) with respect to 6; gives

ol -1 0p(6;)
- = — |- 2.
96, ~ a(¢) (yl 00, ) ’ | (26)
0?1 1 9%p(6;)
o " Tate) o 0
The following is two well-known likelihood results that we use here:
ol
E ( % ) 0, (2.8)
ol 021
( " ) E (%) . (2.9
Substituting (2.6) and (2.7) to (2.8) and (2.9) respectively gives
9p(6;)
E(y:) = mi(6;) = 0, | (2.10)
and
1 0%p(8; 1 Ou;(6; 1
o) _Loml) _ Loy, (211)

Var(yi):a»(qs) 007 a(¢) 9 a(9)

11




where V (u;) = Ou;(6;)/00; is often called the variance function. Equation (2.11) indicates

that the variance of the response depends on its mean. We differentiate two sides of

equation (2.3) with respect to 8 and obtain

= ) aﬂi%
' Op; 06; 08

Upon rearrangement, the above equation can be written as

o 1
o8 B V (14)09 () / Opts b

Maximum Likelihood Estimation

(2.12)

To obtain the maximum likelihood estimates (MLEs) of 3, we differentiate (2.5) with

respect to 3, and then apply (2.10), (2.11) and (2.12) to get the following score function

a1(8)|
S(B) = —(8 ly)

i=1

. 1 al Yi — My )
= ) & V(m)g () 0w
Let

W = diag™" {V (11)(0g(p1) /0 )2, - - ,szv)(ég(w)/aw)?} :

X= (mlam27'“ amN)y

A = diag {0g(p1)/0p1, 0g(ua) [Opsa, - - - ,09(1un)/Oun}

©= (/‘Lb,u’% T ).U'N)T-
Then (2.13) can be rewritten as

ol 1
55 = S(B) = MXWA(Y — ().

12

(2.13)

(2.14)




MLEs can be obtained by solving the following score equation

S(8) = 25 XWALY = (@) = (2.15)

The solution to the‘above equation (2.15) can be performed by Fisher scoring algorithm
or Gauss-Newton algorithm. In the case of canonical links, both Fishér scoring and
Newton-Raphson reduce to the iteratively re-weighted least squares algorithm.

Under the regularity condition, MLEs of parameters in GLMs have the asymptotic
normality property '

‘B—>N(ﬁ,a(¢)(XWXT)_1)-

As we see, the asymptotic covariance matrix of B is equal to the inverse of the expected

Fisher information matrix, which is

821 (
%(g[';;{r)): L xwxT. (2.16)

With a large sample size, we can apply this property to make inference about 3.

2.2.3 Quasi-Likelihood Approach

Based on the fact that the just first two moments of variables are mainly involved in the
score function, Wedderburn (1974) proposed the quasi-likelihood method for estimating
parameters in GLMs. The advantages of this method are that we do not need to make

specific distribution assumptions, and that its estimators own the similar asymptotic ‘

properties as MLEs.




2.3 (Generalized Linear Mixed Models

2.3.1 Generalized Linear Mixed Models

A GLMM is a extension of a GLM to longitudinal data by introducing random reffects to
account for correlation within repeated measurements for a given individual. It can sepa-
rate the inter-individual variation and the intra-individual variation and borrow strength
across individuals. Thus, a GLMM is very popular in the analysis of longitudinal data.
A GLMM may be written as a hierarchical two-stage model. In the first stage, the intra-
individual variation is specified by a generalized linear regression model. In the second
stage, the inter-individual variation is represented through individual-specific regression
parameters.

Let y;; denote the jth observation on individual 4,4 =1,2,--- ,N; j =1,2,--- | n,.

Then there are a total of 31" | n; observations.

e stage 1 (intra-individual variation)

Let b; be the random effects associated with individual 7. We assume that con-
ditioning on b;, observations yii,¥i2, ** ,¥in, are independent and each has the

density function from the natural exponential family.

f (Y518, b:) = exp{[ys;0i5 — 0(035)]/a(@) + c(ys5, )}, (2.17)
E(ys|B,b) = s = o258 + 25b), (2.18)

where ¢ is a dispersion parameter, Here we assume that ¢ is known. The function
g(.) is the link function, 7;; = €78 + 27 b; is the linear predictor, and x;; and z;;

are two vectors of covariates such as time, baseline value, etc.

14




¢ stage 2 (inter-individual variation)

n; =x; B+ 2/ b, | (2.19)
b, ~ N(O,D), (2.20)
where n, = (Uil,"' ;nin,»)Ta Iy = (fBz‘1,"",-’Bini), and z; = (Zil,‘" ,Zini), and B

is a vector of fixed parameters. We assume that the random effects, b;’s, are 4.i.d.

The covariance matrix D in (2.20) quantifies the random inter-individual variation.

2.3.2 Maximum Likelihood Estimation

Let y; = (Yi1, ** , Yin,;)? . From the preceding section, the joint density of y = (g, -+ ,yy)

and b = (by,--- ,by) can be written as
N n;
f(y,818, D) = [T ] [ £ (vs18. b:) f (B3] D). (2.21)
i=1 j=1

Since random effects b are unobservable variables, we integrate out random effects and

obtain the marginal distribution for y

f(l8, D) = H / H{f 518, (bi|D)} b (2.22)

Thus, the corresponding log-likelihood is

(8, Dly) = Zlog (/ T] (518,501 |D)db> (2.23)

If the above log-likelihood has a closed form, we can obtain the MLEs of' param;
eters in GLMMs by solving the score equation as usual. However, usually integration
with respect to random effects is intractable such that we can not get the closed form
for the log-likelihood. This problem results in two main approaches of estimation for pa-

rameters in GLMMs including an exact likelihood inference method based on numerical

15




integration and an approximate inference method based on linearization procedures via
Taylor series expansion. In the exact inference, when integration becomes intractable
due to moderate to large random effects, one may solve this problem by implementing
the Monte Carlo EM algorithm. The exact inference method works very well with a
small dimension of random effects. However, the computation may become quite de-
manding or unstable as the dimension of random effects increases, while the approximate
inference method avoids the computation problem by integrating out the random effects.
rThe strategy for the approximate inference method is to iteratively solve LME models
based on first-order or second-order Taylor series expansion around current estimates.
If the number of the intra-individual measurements (measurements for each individual)
is large enough, the approximate method may give reasonable estimates for parameters.

Otherwise, approximate MLEs may be inconsistent.

2.3.3 Literature for Generalized Linear Mixed Models

McCulloch (1997) derived a Monte Carlo Newton-Raphson algorithm and combined it
with a simulated maximum likelihood method to come up with a hybrid method for
GLMMs. His simulation study showed that the Monte Carlo EM algorithm, the Monte
Carlo Newton-Raphson algorithm and the hybrid method worked well in calculating
MLEs for GLMMs, and the hybrid method gave more precise estimators. Booth and
Hobert (1999) proposed two new implementations for the maximum likelihood fitting in
GLMMs. Both methods are carried out by the Monte Carlo EM algorithm. The main
difference is that the first method uses a rejection sampling to generate samples from the
exact conditional distribution of the random effects, while the second one uses a mul-
tivariate ¢ importance sampling. Breslow (1993) proposed a penalized quasi-likelihood

(PQL) method and a marginal quasi-likelihood (MQL) method, and demonstrated their
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suitability for inference in GLMMs by simulation and application »in several examples. In
the simulatioﬂ study, PQL and MQL made correct inferences on regression coefficients,
but underestimated parameters a bit (in absolute value). Vonesh (2002) proposed a
conditional second-order generalized estimation equation (CGEE2) to estimate the pa-
rameters in GLMMs and also showed that the efficiency of estimators was improved due

to the involvement of the second-order moment.

2.4 Literature for Missing Data

We frequently encounter the missing data (response or/and covariate) problem in prac-
tise. However, ignoring missing data or using overly simple methods to handle missing
data often leads to invalid inference. THus, it is very important to find appropriate ap-
proaches to deal with missing data in our hand. Various strategies for considering the

missing data mechanism have been proposed in the recent literature.

2.4.1 Literature of Informative Dropout

Wu and Carroll (1988) considered linear mixed effect models with informative dropout
under the assumption that the informative dropout could be modeled by a probit model
which inclpded the random effects as its covariates. Diggle and Kenward (1994) de-
rived a likelihood method to get MLEs in a multivariate linear model with informative
dropout modeled by a logistic regression model which included the response as covariate.
Computation of the likelihood was speeded up by using the probit approximation to the
logit transformation. Their simulation work has shown that considering the informative
dropout mechanism in the statistical inference reduces the bias caused by the ordinary

least square (OLS) estimator or by.only considering the informative dropout as MAR.
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Little (1995) gave a review on modeling the dropout mechanism in repeated-measures
studies. Regarding how to factor the dropout mechanism, models haﬁdling dropout were
classified into selection models and pattern-mixture models. The main difference between
two types of models is that we need to specify the form of missing data mechanism in the
selection models while pattern-mixture models do not require that. He classified NIM
into nonignorable Outcome-Based missing data where the dropout depénds on missing
values, and Random-effect-Based missing data where the dropout depends on future val-
ues. He also suggested to examine the sensitivity of results to the choice of missing data
mechanism when we almost know nothing about the missing data mechanism. Ibrahim,
Chen and Lipsitz (2001) developed a Monte Carlo EM algorithm to obtain MLEs in
GLMMs with informative dropout and nonmontone missing data patterns. Moreover,
they proposed that the missing data mechanism may be modeled by a logistic regression
or a sequence of one-dimensional conditional distributions which may reduce the number

of nuisance parameters.

2.4.2 Literature of Missing Covariates |

Little (1992) defined three special types of patterns of missing covariates: (i) univariate
missing data where only one covariate values are missing, (ii) monotone or nested missing
data where the (j + 1)th covariate z;1, is observed for every case in which the jth (j =
1,2,---,p) covariafe z; is observed and (iii) a special pattern where two covariates can not
be observed at the same time. He reviewed the methods of estimation in the regression
models with missing covariates. The six reviewed statistical methods dealing with missing
covariates are compared in this paper, including complete-case methods, available-case
methods, least squares on imputed data, maximum likelihood, Bayesian methods and

multiple imputation. He suggested that the maximum likelihood, Bayesian methods and
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multiple imputation would be a better choice for dealing with missing covariate problems.
Moreover, he preferred the maximum likelihood in a large sample and Bayesian methods
or multiple imputation in a small sample. Ibrahim (1990) analyzed the problem of missing
covariates (MAR) in GLMs with discfete covariates and applied the EM algorithm to
obtain MLEs under the assumption that the missing covariates came from a discrete
distribution. The asymptotic variance of MLEs was estimated by computing the observed
information matrix via Louis’s method. Ibrahim, Lipsitz, and Chen (1999) proposed
a Monte-Carlo EM algorithm for estimating parameters in GLMs with nonignorable
missing eovariafes. In this paper, they assumed a mul‘einomial model for the missing data
mechanism and a sequence of one-dimensional conditional distribution for unobserved
covariates. Wu and Wu (2001) estimated parameters in nonlinear mixed effect models
with missing covariates (MAR) by a three-step multiple imputation method. In first
step, they fitted a hierarchical model without covariates. Then they imputed the missing
covariates based on a multivariate linear model implemented by Gibbs sampler, and
created B independent complete datasets in the second step. In the last step, they used
the standard complete-data method to analyze each dataset and thus obtained the overall

inference based on B analysis results.
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’ Chapter 3

Exact Inference for GLMMs with
Informative Dropout and Missing

Covariates

3.1 Introduction

In this chapter, we develop an exact inference method based on numerical integration to
obtain MLEs for parameters in GLMMs with informative dropout and missing covariates.
The proposed exact method is implemented by a Monte Carlo EM algorithm, which
need to generate samples for missing values and random effects by Gibbs sampler in each
EM step. In Section 3.2, we give a description of GLMMs with informative dropout
and missing covariates, considered in this thesis. Section 3.3 describes a Monte Carlo
EM algorithm for impleinenting the exact inference method. A detailed description of
our sampling methods is provided in Section 3.4. In Section 3.5, we present a PX-
EM algorithm, which may boost the convergence rate of the standard EM algorithm.

Computation issues regarding our algorithm are discussed in Section 3.6.
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3.2 Models and Likelihood

We assume that data are collected from N individuals. Let y, = (41, , ¥in;)?, Where.
v;; is the outcome for individual ¢ at time t;;, j = 1,2,--- ,hi, it =1,2,--- ,N. The
response y; may contain missing values due to dropouts. So we write ¥; = (Yopsi» Ymis,i)»

where Y, ; corresponds to the observed components of y,, and ¥, ; contains the missing

components of y,. Let r; = (ry, - ,rmi)T be a vector of missing response indicators
such that r;; = 1 if y;; is missing for individual 4 at time ¢;;, and r;; = 0 if y;; is
observed for individual i at time t;;. Let @; = (z;, -+ ,7i)T be a (f x 1) vector of

time-independent covariates for individual i. Since the time-independent covariates may
also contain missing values, we write &; = (Tobs,i» Tmis i), Where Tops; = the observed part
of x; and x5, = the missing part of x;. Let 8; = (81, , 8 f)T be a vector of missing
covariate indicators such that s; = 1 if x;, is missing and s;, = 0 if z;; is observed,
k=1,---,f.

Let f(.) denote a generic density functién. If the response and all covariates are
completely observed for each individual, the corresponding GLMM can be written as a

hierarchical two-stage model as follows.

(518, b;) = exp ({93504 (1135) — 0035 (1125)) }/a(@) + (5, )] (3.1)

Mij = 9(pj) = A?}-B + z?jbi’

bzlrz\'dN(O)D)v jzla"')nia 7:=1,"',N,

(3.2)

where E(y;;|b;) = pi; and ¢ is the dispersion parameter (here we assume that ¢ is
known). The function ¢(.) is a link function, 7;; is the linear predictor, 8 = (61, ,8p)"

is a vector of fixed effects, and b; = (b;y, - ,bz-q)T is a vector of random effects. The

: T _ (T 4T
covariate Aj; = (z; 1

Lot is a (1 x p) vector, where t;; is a vector of time-dependent

covariates. Usually, the covariate vector z;; is a subset of A;;. The ¢ x ¢ matrix D
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- quantifies the random inter-individual covariance. By integrating out the unobservable

random effects b;, we obtain the following complete-data marginal distribution

g

N
Fys e ynlms- - on,B.D) = H/ [F(y|B, by, @) f(0D) Ydbs.  (3.3)
=1V j=1

In the presence of missing valueé in the response and covariates, the complete-
data marginal distribution becomes more complicated. When the missing responses
are informative, we have to take into account the missing data mechanism, i.e., the
distribution of the missing data indicators r;. Otherwise, the estimates of parameters may
be biased. In this thesis, we make the following assumptions: (i) The miésing covariates
are MAR, i.e, the missing covariate mechanism does not depend on any unobserved
values, but may depend on observed values. In other words, the density function for the
missing covariate indicator s; satisties f(si|y;, i, 8) = f(8i|Yps s> Tobs,i, §), Where 4 is a
vector of parameters. (ii) The missing responses are informative, i.e, the missing response
mechanism may depend on the unobserved values. We denote f(7;|y,,x;,®) as the
density function of the missing response indicator, where 1/) is a vector of parameters. (iii)
Let f(@;|cx) to be the density function for covariates x;, where a is a vector of parameters.
Modeling strategies for specifying the missing data mechanism f(r;|y;, z;,¥) and the
covariate model f(z;|a) are explored in Chapter 5. By integrating out ¥,,;,; and Tmis,
we obtain the marginal distribution for the observed data (y,s, Tobs, 7's 8)-

i

. N .
f(yo g3 Lobs, T 3],3,D,'¢’,5>04) - f(yZJIIB7bhml)f(bl|D)f(m1|a)
o 1/ / /1 f

(3.4)

f(rily;, i) f(silxi, 5, 6) }dbidmmis,idymism
where Yops = (yobs,la U )yobs,N)a Lobs = (mobs,la o amobs,N)a r = (Tla T aTN) and s =
(s1, -+, 8n). Rubin (1976) showed that the missing data mechanism can be ignored from

likelihood inference if the data are MAR. Since we assume that the missing covariates
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are MAR, ignoring the missing covariates mechanism leads to the the following observed

data log-likelihood:

. N i |
l(ﬂ’D7,¢J’ | obs» Lobs, I ): 1 (f( ij|/31bi, z)f( z| )
QY sy Tobs, T, 8 ; og{///]l;[l Y ;) f(x;|

f(&i| D) f(rily;, xi, ¢)dbid$mis,z‘dymis,i}-

(3.5)

Maximizing the above log-likelihood gives us the MLEs for parameters in the GLMM.
However, the intractable integration in (3.5) makes the observed data log-likelihood diffi-
cult to maximize.. In this thesis, we propose an exact inference via Markov Chain Monte
Carlo techniques and an approximate inference method via Taylor series expansion. In
next section, we describe the Monte Carlo EM algorithm in details, which implements
the exact inference method. The approximate inference method will be illustrated in

Chapter 4.

3.3 Monte Carlo EM Algorithm

The EM algorithm (Dempster, Laid, and Rubin, 1977) is a very useful and powerful algo-
rithm to compute MLEs in a wide variety of situations such as missing data and random
effect models. Each iteration of a EM algorithm consists of an E-step that evaluates
the expectation of “complete data” log-likelihood conditional on the observed data and
previous parameter estimates, and a M—steb that updates the parameter estimates by
maximizing the expectation of the conditional log-likelihood. This iterative computation
between the E-step and M-step till convergence leads to the MLEs.

If we treat (Yops i» Ymis i» Tobs,i» Tmis,i> Dis Ti) = (Y, T, bi, 7i) as the “complete data”,
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the complete data density for individual ¢ is given by

f(yz7 Ty, bi; riIIBa Dall»ba a)

= f(yilB, by, i) f (@il o) f(bs| D) f (rily;, i, ).

This leads to the complete data log-likelihood

I

169) Zli(7;yiawi>7'i)

i=1

-

[log{f(yilﬁ, bi, :Bz)} -+ ]Og{f‘(wi'a)} (3.6)

i=1

+10g{f (| D)} + log{ f(ilys, =1, $)}].

Il

where v = (8, o, ¢, D) and ;(; y;, Ti, 7;) is the contribution to the complete data log-
likelihood from the ¢th individual. Note that we are mainly interested in estimating the
parameters (3, D), and treat (o, ) as nuisance parameters.

Ibrahim et al. (2001) proposéd a Monte Carlo EM algorithm for estimating param-
eters in GLMMs with informative dropout without missing covariates. Here we extend
their method to GLMMs with informative dropout and missing 'covariates for simultane-

ous inference.

3.3.1 E-step

Let v} be the current parameter estimates. Then the conditional expectation of the

complete-data log-likelihood given the observed data for individual 4 at the (¢t +1)st EM
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iteration is given by

Qi(vh“))
7 Y, Lo, Tz)'Yobs is Lobs,ir Ti, 7(t))

/ / [ Logtr w6, bi2} + o (@i}

+log{f(bi|D)} + log{ f(rily,, z:, )}

X f (Ymis s Emisis il Yops 1> Tobsyis Tir ¥ ) db; dymmdccmm,
=h+ L+ 13+ 1,

In general, the above integration is intractable and does not have a closed form expres-
sion. However, this integral can be evaluated by using Monte Carlo approximations

€1 an anner . pecincally, a sample oOr size m; g
Wei and T 1990)). Specificall le of s W ) M

ymzs Z ? mzs 1 r )

(y%;)z, ccg;‘;)l, EmZ) )} can be drawn from f(ymm, Tmis i, Ds |yobsz, Lobs,is T ~(t )) via Gibbs

sampler along with the adaptive rejection algorithm (Gilks and Wild, 1992). Then we

may approximate @; (ny|7(t)) by

(717(t) Z log{f Yobs,i ymzs 1B, b(j), Lobs,i chzs,z)}

+— Z log{f Lobs,i, T mzs zla)}
(3.8)
+EZMWW@} |

+— Z log{f rl|yobs 79 yglzs 19 )}

For simplicity, we may take m,; constant in each iteration. However, increasing m; with

each iteration may speed up the EM convergence (Booth and Hobert, 1999). The E-step
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for all individuals at the (¢ + 1)st iteration can be written as

N

Q(v|v"Y) Z Qi(v]v™)

Nmz

1 .
= Z Z . IOg{f yobs i) y'gLZs z'ﬁﬁ bz])7 Lobs,is "Bgzsﬂ)}
Ty
=1 j=1
N my

+Zz_log{f Xobs,i) mzsz| )}
== (3.9)

N my;

+3°% —log{f (6| D)}

=1 j=1
N my

+ Z Z _ log{f Irllyobs i) y'gzs,i’ )}

i=1 j=1 m;

=QW(BYY) + QP (aly®) + Q®(DIy?) + QU (x|y?).
- 3.3.2 M-step

We can obtain the updated estimates v(*+1) at the (¢ 4 1)st iteration by maximizing
Q(y|7¥®). Assuming that the parameters 8, a, D and 1) are all distinct, we can update
B, a, D and % by maximizing Q®), Q@ Q® and Q® separately at the M-step. The

(t+1)

maximizer 3 for @) may be computed via iteratively re-weighted least squares where

6)  po,

the missing values are replaced by their simulated values {ymw i» Lmis s D

B =arg mgX{Q(”(ﬂ, v )}

N m | | (3.10)
=arg max Z Z _{f Yobs,i» ygzZs 11137 bz(])’ Lobs,i mggs,i)}-
i=1 j=1

The maximizer D®+Y for Q® can be written as follows:

D —argmax(Q(D, 1))

N m; (311)
—argmaxzz-—log{f b D)}

i=1 j=1
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To update a and %), one can use standard methods for commonly used models such as

multivariate normal models and logistic regression models.

o) =argmax{Q®(a, |v¥)}

N m (3.12)
—argmaxzz—log{f Tobsir Ty 5l0)},

i=1 j=1

P =arg mgX{Q(“’ (¥, ¥}

N m ' (3.13)
=arg max Z Z — log{f Ti|Yops,ir Y, »®)}
i=1 j=1 '

To obtain the MLEs 4, we may start with any reasonable values for -, which
can be obtained by the complete-case method or other naive methods , and then iterate

between E-step and M-step until convergence is reached.

-3.3.3 Variance Estimation

The asymptotic covariance matrix of 4 can be obtained by the method of Louis (1982).
Specifically, note that the observed information matrix equals the conditional expected

complete information minus the missing information, that is,

[obs(ﬁ’) = Icom('?) - Imislobs(ﬁ)- (3'14)




Since 3, &, ¥ and D are distinct, matrices Q(7|%), Q(v|%) and Si;(%) are block diagonal.
Then, based on (3.14), the asymptotic observed information matrix gives
N my N B .
Lns(Y) = QA1) ~ {Z Z = Si(NSEE) =3 Qﬁl‘r)@?(‘rl‘r)} . (319)
i=1 j=1 i=1

Thus, the asymptotic covariance matrix of 4 can be approximated by

cov(d) = I;(4). (3.16)

3.4 Sampling Methods

3.4.1 Gibbs Sampler

As we can see from the preceding section, generating samples from the conditional dis-
tribution f(Ymisi, Tmisyi BilYops s Tobs,i Ti, ¥P) is crucial for implementing the E-step of
the Monte-Carlo EM algorithm. Gibbs sampler is a popular method to generate samples
from a complicated multidimensional distribution by sampling from each of the full con-

ditional distributions in turn. Here we use the Gibbs sampler to simulate the “missing

values” as follows. Set initial values ygggsﬂ, mzsl and b . Supposed that the current
generated values are ymm, :cfsgs’i and bz(-k).

Step 1. draw a sample for the missing responses {yf:;:lz)} from

k k
f(ymis,i K] Lobs,i w'fm)s,i’ bg )’ LD v(t))?
Step 2. draw a sample for the missing covariates {wmw ; } from

f(mmis,iiyobs,i: ’yg:;?, Lobs Jis bz(k)a T 7( ) a'nd '

k k
Step 3. draw a sample {bg +1)} from f(_bilyobs,ia yfn:; 1), Tobs i) wgm”;ll), ry, D).




After a sufficiently large burn-in of d iterations, the sampled values will achieve a steady
state, that is, {(y,,]f:;ll ,mif:;lz), b k=d+1,---, B} can be treated as samples from

the multidimensional density function f(¥,,s, Tmis,i, Bi|Y obs i Tobs,is T 'y(t)).

3.4.2 Adaptive Rejection Algorithm

Gilk and Wilks (1992) proposed an adaptive rejection algorithm for effectively sampling

any univariate log-concave density function. In the current situation, we can write
f(ymis,iiyobs,i’ T3, bi7"'ia7(t)) o f(y;|bi, Sﬂi,ﬁ(t))f(”'ilyi, z;, lb(t)),

f(mmis,i|yia Tobs,is bi; 'ri;'.y(t)) (8 f(yz|bz7 wia;B(t))f(mila(t))f(riiyi’ T, w(t))v
f(biiyiawiari)’y(t)) 18 f(yzlbhml:ﬁ(t))f(bllD(t))

Density functions f(y;|bs, z:, 3) and f(b;| D®) often come from the exponential .fam-
ily, and thus are log-concave in each component of y,,;s ;, Tmis;i, and b; respectively. If
f(riy;, x:,9v™) is log-concave in each component of Yumiss @0d f(x;| D®)) is log-concave in
each component of ;5 ;, then the products of log-concave functions, f(Y,,:s | Yobs.s» i, bi,
i, YD), f(@misil¥s, Tovsis bi, 7o, YD), and f(bsly;, Ti, 75,7 ?), are log-concave. So we can
use the adaptive rejection algorithm to generate samples from f(ymis’i|yobs’i, x;, by, 7y, v D),
F(Tomis il Yss Tobs i iy 73, YD) and £(b;|y,, i, 7, 7®) respectively. Note that the adaptive
rejection sampling can only be applied to the univariate case, but ¥, ;, Tmis: and b
aré often multidimensional. Thus, to implemént the Gibbs sampler described earlier,
we need to modify the sampling scheme to incorporate multidimensional variables, as
described below. |

For example, suppose that y,,,; is a multivariate of dimension /, that is

s ymis,i

(Ymis, i > Ymisti) T - Since the function f(Yymis s|Yops i i bi, 7i,¥Y) is log-concave with




respect to each component of ¥y, ;, and

f(ymis,].g’i|yobs,ia {ymis,h,ia h 7é iﬁ}, Ly, bi) T4, 7(t)) X f(ymis,ilyobs,ia T, bia T, 7(t))a

where k = 1,--- 1, the function S Wnis ki Yobs,i> {Ymishir b # l~c}, x;, b, 7, vY) is log-
concave with respect t0 y,,;; i ;- Thus, another Gibbs sampler, together with the adaptive
rejection sampling, can be used for generating a sample from f(Y,,;s :|Yops i» T4, bi, T4, ~®).

Specifically, we can proceed as follows.

Step 1. use the adaptive rejection sampling method to generate y(k+1) from

mis, 1,3

k
f(ymi-f"’l’ilyobs,‘i’ {y'fni)s,h,i’ h 2 2}’ xq, by, 7y, 7(t));

Step 2. use the adaptive rejection sampling method to generate y(kH) from

mis,2,i

k+1) (K
F (Yrmis 23 Yobs,i» {yr(n:s-,l),i’ yr(ni)s,h,i’ h > 3}, @, by, mi, M),

Step [. use the adaptive rejection sampling method to generate y(k+1) from

mis,l,i
k1 _
f(ymis:U'yobs,ia {yﬁn;—’}z’i, h 7é lz}, x;, bi, T, 7(@)

After a burn-in period, the vector {y,,(,’f;’ll)i, e ,yf:i’;ll)} may be treated as a sample from

f(ymis,i1yobs,i7 I, bia Ti, 7(t)) Sa’mples fI‘OITl f(mmis,i|yi) wobs,i; bi7 Ti, W(t))) a‘nd f(b’tlyza T,

7;,7®) can be obtained in a similar way.

3.4.3 Rejection Sampling

When the density functions do not satisfy the log-concave property, the usual rejection
sampling method can be used for generating the desired samples. For example, suppose
that we want to sample from f(b;|y;, z:,7:,¥*), which can be written as f(b;|y,, x;, 7,
~®) = cf(b;|DD) f(y,|b;, 2, BY), where ¢ is a constant, then the usual rejection sam-

pling method can be described as follows.
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Step 1. generate a random value b* from f(b;/D®), and draw a sample U from the Uni-

form(0,1),

Step 2. accept b* as a sample from f(b;|y;, x;, 7, ¥®) if U < f(y;|bs, x5, 8Y)/7 where

7 = sup{ f(y;u, z;, BY)}. Otherwise, reject b* and go to step 1.
u _

Samples from f(Ymisi|Yobsi> Tir i, 73, YD) and f(@umisi|Yi> Tobs,i, bs, T3, ¥P) can be ob-

tained in a similar way.

3.4.4 Sampling Method for Binary Variables

If the missing variables are binary variables, then we may use an easier way to generate the
desired sample. Here, we take the missing response ¥, ; as an example. Suppose that
the response is binary and we want to draw samples from f(y, ;s ;|Yops Zis bi ri, ¥).
For simplicity, here we assume that y,,,; is univariate. The corresponding sampling

procedure is described as follows.
Step 1. draw a sample U from the Uniform(0,1),

Step 2. take 0 as a sample from f(Y,n:5:|Yopsir Ts, b, ri,Y") if U < f(0|yobs’i,:vi,ri,7(t)).

Otherwise, take 1 as a sample.

3.5 PX-EM Algorithm

Although the EM algorithm is a very popular tool for estimation due to its easy imple-
mentation and stable convergence, it may converge quite slowly in some applications such
as ours. To speed up the convergence, many acceleration methods have been proposed

(e.g. Liu and Rubin, 1994a, Meng and Van Dyk, 1997), A particularly useful method is
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the PX-EM algorithm (Liu et al, 1998) , which speeds up the EM algorithm by introduc-
ing additional working parameters to the model. For the PX-EM, the E-step is usually
the same as the standard EM, while the M-step needs to maximize the expected log-
likelihood over the original parameters and the working parameters. Thus, the PX-EM
algorithm can be obtained by simple modification of the standard EM. Liu et al (1998)
showed that the PX-EM algorithm may dramatically accelerate the rate of convergence
without ldss of the simplicity and stability of the standard EM. Next, we show how to ap-
ply the PX-EM algorithm to GLMMs with informative dropouts and missing covariates.
We may expand the GLMM (3.1)-(3.2) by introducing additional working parameters as
follows.

F(i5187,bi) = exp [{4358:5(1i5) — 0055 (1i)) Y /al) + (5, 8)], (3.17)

Mg = 9(pz) = ALB" + z[;Ab;,

b "' N@©O,D*), j=1,--,m, i=1,--,N,

(3.18)

where A is a g x g matrix, called working parameters. The PX-EM algorithm is the stan-
dard EM applied to the expanded models (3.17)-(3.18) rather than the original models
(3.1)-(3.2). Specifically, the E-step and the M-step are described as follows.

E-step: Let ol — (3*(t),a*(t),¢*(t),D*(t),A(t)) = (,B(t),a(t),’l,b(t),D(t),quq) be the
current estimates of the expanded paramevters. The E-step of PX-EM is obtained by
simply adding the working parameters A to @(.), i.e, the E-step of the standard EM in
Section 3.2.1. Then the conditional expectation of the complete-data log-likelihood given

the observed data for the model (3.17)-(3.18) can be written as
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N

Q*(e|8") =>"Q:el|e")
i=1
N my

- Z Z . lOg{f yobs i) ygrjzzs 1113*) Abz(j)’ Lobs,is mgzsﬂ')}
i=1 j=1
N my

+Zz_log{f Xobs,is mzsz'a )}

i=1 j=1
N my

+ Z — log{f(b{""|D")}

i=1 j=1 m;
N my

+ Z Z — log{f Tzlyobs i y'E;JzZs,i’ *)}

=1 =1 "
=QW(6", Al0Y) + Q" (a'|0Y) + Q"O(D"|01) + Q"W (y7|0").

(3.19)

Obviously, everything in this E-step is the same as the E-step of the standard EM in

Section 3.2.1, except the extra Working parameters A in (3.18).

M-step: By the same standard maximization procedures as the M-step in Section

3.2.2, we maximize Q*V, @*®, Q*®) and Q*® separately to update the estimates of the

expanded pafameters to @Y @) D pr(t+1) and A The only difference

in this step between the PX-EM and the EM is that the PX-EM maximizes Q*() over

B3 and A, while the EM does this only over 3. The reduction to the original parameters

in the models (3.1) — (3.2) gives

I@(H—l) _ ﬁ*(t+1), altt) = o), 1p(m) — w*(m), D) — A+ prlt+1) A )T

This iterative calculation between the E-step and M-step until convergence leads to the

MLEs of parameters in the original models (3.1) — (3.2).
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3.6 Convergence

When carrying out the Monte Carlo EM algorithm, Monte Carlo samples for the “missing
data” are drawn at each iteration to approximate true values. Consequently, Monte Carlo
errors are introduced. One way to reduce the Monte Carlo errors is to increase the Monte
Carlo sample size m;. However, the computation is intensive for a large m;. Because the
estimate v in the initial EM steps is oftén far from the true values of the parameters,
Monte Carlo samples of a large size m; may be wasted. Thus, we usually use a small m;
at initial iterations, and then increase m; with the iteration, as suggested by Booth and
Hobert (1999).

After an initial burn-in period, the Gibbs sampler converges to a stationary state
and thus producés draws from the conditional density function f(Y,u:s;, Tmis,i> BilYops i,
Tops.i, Ti, 7). Obviously, the determination of the burn-in period is very important. We
way use common diagnostic methods to determine the burn-in period, such as time series
plots.

The proposed Monte Carlo EM algorithm often works well for the models with
a small dimension of random effects. When the dimension of the random effects is not
small, however, the proposed EM algorithm and Gibbs sampler may converge very slowly
or even not convefge. Therefore, in next chapter, we propose an approximate inference

method which may avoid these convergence difficulties and may be much more efficient.
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Chapter 4

Approximate Inference for GLMMs
with Informative Dropout and

Missing Covariates

4.1 Introduction

In Chapter 3, we have described th'e exact inference method implemented by the Monte
Carlo EM algorithm. However, the exact method may be computationally intensive and
may even offer potentially computational difficulties such as slow or non-convergence.
Moreover, when the dimension of random effects is not small, sampling random effects
may result in inefficient and computationally unstable Gibbs samplers, which may lead
to a high degree of autocorrelation and a lack of convergence. In the presence of missing
response and missing covariates, these problems become more serious. In this chapter,
we propose an approximate inference method which is not only much more efficient, but
also avoids potential computational difficulties. This approximate method is obtained

by Taylor series expansion and it avoids sampling the random effects in the E-step by
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integrating them out. Pinheiro et al. (2001), in a different context, have showed that the
convergence rate of the EM algorithm can be greatly improved by integrating out the
random effects in the E-step.

The outline of this chapter is as follows. In Section 4.2, we present the approximate
inference method for GLMMs without missing values, and then extend this method to
GLMMs with informative dropout and missing covariates implemented by the Monte
Carlo EM algorithm in Section 4.3. In Section 4.4, we briefly describe the sampling
methods used in Section 4.3. We conclude this chapter with a discussion about the

PX-EM algorithm, an extension of the standard EM algorithm.

4.2 Approximate Inference without Missing Values

As described in Chapter 3, a GLMM is written as

f (w518, b)) = exp [{i055(is) — 0(0i5(1i5)) }/a(®) + c(yij, )], (4.1)
My = 9(s) = ALB + 2by,
5 (4.2)
bililde(OaD)a ':1a"'7nia izl)"'7N7

where the notation is the same as (3.1)-(3.2) in Chapter 3. Denoting the observation

vector as ¥; = (Yi1 -+ ,Vin;)", and design matrices as A; = (A1, -, Ax)T and z; =

(i1, , 2ig)", then the conditional mean and covariance of y, satisfy E(y,|b;) = p; =
g AT B + 2T'h;) and cov(y;|b;) = C* = diag {V (1;;)/a(#),5 = 1,--- ,n;} respectively.

The above GLMM yields a marginal log-likelihood function by integfating out the
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random effects

B, Dy, ,yn)

_log{/Hﬂf Y1518, b:) f (b:| D) db } | | | (4.3)

i=1 j=1

=log {/eXP{ZZ{log f(y:518, b:)) + log(f(b ID))}}db1~~-de].

i=1 j=1

To estimate the parameters in the GLMM, vx;e need to maximize the log-likelihood func-
tion (4.3). However, in most cases, the integral in (4.3) is intractable. Evaluating the
integral in (4.3) by Monte Carlo methods for the exact inference method may offer po-
tential computational problems, as noted earlier. Here, we consider a much more efficient
épproximate inference method based on Taylor series expansion. The following approxi.-
mation is based on a second-order Taylor series expansion about the current pafameter

estimates @, which is equivalent to the Laplace’s approximation (see [20] [26]),

/ek(e)dO ~ (2m)% |-

where 0 is a g x 1 vector, k(8) is a function of 6, and 6 is a maximizer to k(6). Applying

1
2

Gk(6) eh®) (4.4)

00067 | _;

the Laplace’s approximation to the log-likelihood (4.3) yields

+) k(B),  (45)

i=1

9%k, (b
ab; abT

(B, Dy, ,yy) = —log (27) ——Zl

b;=b?
where k;(b;) = 37", {log(f(yij|6, b)) + log(f(bi|D))}, and bY maximizes the function
Fi(by). | |
Maximizing the approximate log-likelihood function (4.5) with respect to 8 and
D, and maximizing k;(b;) with respect to b; are equivalent to jointly solving the following

score equations (see [20] [26])

Zz lATW lB( I"/z) 0;

(4.6)
a(¢)ziTw/i_lBi(yi - IJ’l) = D—lbi’ ’I, = 1, . ,N’
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where B; is a n; X n; diagonal matrix with diagonal terms 0g(u,;)/0u;; and W; = B;C¥B,.
It can be shown that the solution to (4.6) via Fisher scoring is equivalent to iteratively

solving the following linear equations (see [20] [26]),

ATW-1A4 ATW-1Z 8 _ ATW-1g | 0,
ZTW-TA ZTW—Z + Dyt b ZTW1y
where 9, = ATB + 2Tb; + Bi(y, — g Y (ATB + 2Th,)), B and b; are the current es-
timates. Row vectors are 7 = (§7,---,%%) and b = (b,-.. ,b%), and matrices
are AT = (AT .-, A), Z7 = diag(2],- - ,2%), Dy = diag{D,--- ,D} and W =
diag{W1,--- ,Wx}. Solving the linear equations (4.7) is equivalent to solving the follow-
ing linear mixed effect (LME) model (see [3][26]),

= ATB+2bi+e, i=1, N, (4.8)

where €;’s are independent with a normal distribution N (0, W,), by’s are independent
and have an identical normal distribution N(0, D}, and €; and b; are independent. From
(4.8) we can derive

bilg; ~ N (ZizW (g, — AiB), %) , (4.9)
where ¥; = (2;W;"'27 + D=")!, and
Ui ~ N (ATB, 2] Dz, + W;). (4.10)

In summary, approximate estimates for GLMMs can be obtained by iteratively
solving the liner mixed effect model (4.8), which can be easily handled by standard

software packages such as Splus and SAS.
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4.3 Approximate Inference with Missing Values

In the previous section, we discuss an approximate inference method for the GLMM
without missing values. However, in our GLMM (4.1) — (4.2), the response vy, is non-
ignorably missing and the covariate x; is ignorably missing. In this section we consider
a similar method for GLMMs with missing values. Note that missing values in GLMM
(4.1) — (4.2) correspond to missing responses in y; and missing covariates in x; in the
LME model (4.8) respectively. Here we write g, = (éobs,i:flmis,i): where ¥, ; contains
the observed components of ¥; and ¥,,;;; contains the missing components of §;. Note
that @, ; and ¥,,,,; are appropriate functions of the missing and observed components
of y, respectively. So the missing response indicator for ¥, is the same as the missing
response indicator for y,. For LME models with non-ignorable missing respohses, Ibrahim
et al. (2001) derived a much more efficient Monte Carlo EM algorithm by integrating out
the random effects in the E-step. Here we extend their approaches to the GLMM with
informative dropout and missing covariates by iteratively solving the LME model (4.8)
with non-ignorable missing responses and ignorable missing covariates. Since sampling
random effects is avoided in the E-step, the rate of convergence of the EM algorithm may
be greatly improved. The E-step and M-step are described in details as follows.

E-step: Let v = (89, a®,4® D®) be the current parameter estimates. The
response in the LME model (4.8) can be written as g, = A7B" + zinEt) + Bi(t)(yi -
g (ATBO+2T6)) where b® = £ 2, w7 (4,— ATBY), BY = B|

i nig=g~ (AT AO +2Tb{")

® — g Rl
andVVi = Bi Ci Bi. uij=g—1(Az;ﬁ(t)+zz;b§t)).

" As in the previous section, the contribution of individual ¢ in the (¢ +1)st iteration
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is given by

Q:(v1v®)
] [ {15 (¢@16.b29) +10g (7(61D)
+log (f(wila)) +log (£ (rilg,, i, %)) }
X f (Urmis i Tmis i Bil Uobs,i> Tobs i Tir ¥ ) b3 i ;AT rmis i
= [ [/ toets@18.b.2) + og(r(51D)
+log(f(a:|)) + log(f (7|, @i, ) }

£ (bl @i, 7 b

Q

~ ~ t ~
f(ymis,ia wmis,ilyobs,ia wobs,i) T, 7( ))dymis,idmmis,i

= L+L+1+]1, (4.11)

where f(%,;3, bs, z;) is the normal density with mean A7 3 + 27'b; and covariance Wi(t).
-1 _

Equation (4.9) implies b; |4, «;, v (b(t) th)), where 21@ = (ziWi(t) 2I+D® 1)—1

After some algebra, we can integrate out the random effects b; from (4.11) and

obtain the following results

1 1 -
I = =5 log|W"| - 5 / / { / (5~ ATB — bW (3, - AT — 2Tb)

j(bllgm wia 7(t))dbl}f(ymzs i :L'mzs Zlyobs 7,7 ZDObs Z) "'“ 7 )dym’ts zdmmzs )

——110g|W<“| St1(z WO T )
/] (@i—A?B BT WO (g, - AT - 2Tb)

~ ~ t ~
f(ymis,ia wmis,i|yobs,i, Lobs,is T'i ’Y( ))dymis,idl'mz‘s,i-
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- 3loeiDl =5 [ [{ [T Db)s b, v )ab}
f(@mis,i’ Lmis,i Igobs,i’ Lobs,i> T, 7(t))dymis,idwmis,i

K3

1 1
= — —1 —_— -1 (t)
5 og|D| 2tr(D %)

1 T
- 5//(b£t) Dbgt)) ymzszawmzsziyobswwobsu"'z>7 )dymzszdwmzsz-

Since f(x;|a) and f(7r;|¥;, x;, %) do not depend on b;, we have

I3 = //f(mi|a)f(gmis,i’ wmis,ilgobs,i: Lobs,is ri”y(t))dymis,idwmis,i,

and
Iy = / / f('rll’gw Ly, ¢)(Qmis,i: wmis,i'@obs,ia Lobs,i) Ti» 7(t))dymis,idwmis,i'

As we can see, integrals I, I, I3 and I; do not involve-the random effects b;. Thus
we only need to generate random samples from f(Uys.i> Tmas,ilUos i» Tobs,i» s, Y *)). This

leads to a much more efficient EM than that for the exact method.

Suppose that {( ymls 0 a:ﬁ,llzsz), . (yigf;)z, ) ')} is a sample of size m; generated

~ ~ ~ ~(k
from f(ymisi’wmis,ilyobs,iamobS,i>ria7(t))~ Let mf ) = (mObS,i’wv(vliz?s z) yEk) (yobs 1’y£m)3 1,)

-1
Then b7 = £@2, WO (5,0 — ATEO), k = 1,2,--- ,m;. Thus Q;(v|7®) can be

approximated as

1 1 -1
Q(v") ~ [—§1og|vv§”|—§tr(ziwi“) %)
1 & (tk) -1 (tk)
~5 2@ — ATB TR WO T @ — ATB - 278"
k=1

1 : 1 & .
+[ = 5log|D| = 5t(D75f) - — 3 (6" D b(tk))]




Therefore, the E-step for all individuals at the (t + 1)st iteration can be written as

N

QY™ = Y Qi(vIv)

i=1

Q

1
[ 5 log W] - Sux(zaw @™ 275
1
1
2mi

k3

mi
( (k) AT,B (tk)

-1 k
WO @ - AT - 2TH")
k=

N
1 1 B 1 = (k)T 17 (tk)
+Z {— ilongl - §tr(D 125”) e Z(bz D7'p, )]
P k=1

+: [%§f<m5k)'a>]+§[ S s, o0 )

l k=1
= QUBHWY) + QP (DY) + Q¥ (alv?) + QW ([v®). (4.13)
M-step: Since the parameters in - are all distinct, we can maximize Q(~|y®) by max-
imizing Q, Q®, Q® and Q) separately, leading to the updated estimate y{*1). These
maximizations can be accomplished by standard complete data optimization methods.
The covariance matrix for the parameter estimates, 4, can again be obtained using

Louis’s method (1982), as in Chapter 3.

4.4 Strategies for Sampling the Missing Values

To implement the E-step of the EM algorithm, we need to generate random samples for
the missing response ¥,,;;; and missing covariates Ts; from the joint density function
S (Urmis i Trmis,il Uobs i» Tovs,is Ti, YY), As in Chapter 3, we can use Gibber sampler to draw
the desired samples. The procedure is described as follows. Suppose that the current

® and 2

samples for missing values are g,,; ; mis.i-

Step 1. Draw a sample for the missing responses {ymzs )} from

~ ~ k
f(ymis,i‘yobs,iv Lobs,i m£m?s,i’ Ti, 7(t));
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(k+1)

Step 2. Draw a sample fror missing covarites {x,,;,; } from

(k+1)
18,1

d X ~ ~ t
F(®mis il Uobs i> Yrmis,i » Tobs,ir Tis V).

(k+1)

(k+1
mis,i T

After a burn-in period, the sampled vaules {g mis’i)} can. be treated as the true

sample from the density function f(¥,mis s Tmis,ilYobs s Lobsi> Ti, ¥). Note that
bf(@mis,i|gobs,i’ T, T, V(t)) X f(gzlmh ’Y(t))f(ri|@ia Li, 7(t))’

where f(#,|x:,v®) is a normal density function with mean AT3® and covariance m(t)+.
2T D®z;. If the density function f(r;|9,, z:,¥®) is log-concave, we can use the adaptive
rejection algorithm to draw sample in Step 1; otherwise, we'rnay consider the general

rejection sampling method. Similarly, since

f(mmis,ilgi; Lobs,is 7(t)) (8 f(gz|mh 7(t))j(m1|’7(t))j(’rz|gw Z;, 7(t)):

as in Chapter 3, samples from f(@mis ¥, Tovss, ¥) in Step 2, can be obtained using
the adaptive rejection algorithm or the rejection sampling méthod, depending on whether

both f(x;|v®) and f(r|@;, i, ¥?) are log-concave.

4.5 PX-EM

The EM algorithm described in Section 4.3 may still be quite slow. To improve the speed
of the EM algorithm, in this section we again consider the PX-EM for the épproximate
method, which is obtained by applying the standard EM algorithm to an expanded model.
Specifically, we introduce a g x ¢ working parameter matrix V' to the LME model (4.8)

and obtained the following expanded LME model

g, =ATB +27Vb,+¢, i=1,---,N, (4.14)



http://can.be

where the €;’s are independent'error terms with an identical distribution N (0, W;), b; vid
N(0,D*), and €; and b; are independent. Let © = (8%, a*,¢*, D*, V), where ¥* is a
vector of parameters for the dropout model and a* is a vector of parameters for the
covariate model. Note that model (4.14) is reduced to model (4.8) when V = I,.

E-step: Let 00 = (819, a®,4® DY [ ) be the current parameter estimates.
Then in the E-step the conditional expectation of the complete-data log-likelihood given

the observed data for the expanded model (4.14) can be written as

R (eleY) =) Qi(eleY)

)=

i=1

Il

N
~3 [_ 5 log W) - (VT ZW O Ty )
i=1
" (tk) -1, . (tk)
- o ;( (k) AT,B TVb )TVVi(t) (ygk) _Az"IB TVb )]
=1

1 v L iey L S RT3 (R)
[—21og|D|—2tr(D 2 - 5> 6 Db, )]

+
IVE

i=1 mi
N m; N
1 O ) () )
+;[T—n~i;ﬂmi )] + Z[ Fridu, 2, )

=Q (B, VIeW) + @@ (a’|6V) + Q*@)(D*i@“)) +QO(pr10"),

(4.15)

where I/Vi(t) = diag { V(uij)(8g(uij)/6uij)2/a(¢)|uij=ATﬁ(t)+ Tb(t)} E(t) — (ziWi(t)—lz? +
DO, & = (@1 @)y B = @l Pons), B = ZO2W O (5,9 - ATO),
The sample of size m; {(ygzs o a;,(jg“), . (y,(:::;)l, a:f,'z;‘;)z)} is drawn from f(@,nss i, Trmis;i]
Yobs.i» Lobs,i» T'i» ©®) by Gibbs sampler along with the adaptive rejection algorithm. Again,
everything in this E-step is the same as the E-step of the standard EM in Section 4.3,
" except the extra working parameters A in (4.15).

M-step: In the M-step, we maximize @Q*V, @*® Q*®, and Q*® separately to

44




update the parameter estimates to B*t+D, @+ *t+) P+t and VD Then the

estimates of original parameters are given by

,3(t+1) — ﬁ*(t+1) a(t+1) — a*(t+1) ¢(t+1) — ¢*(t+1) D(t+1) — V(tH)D*(tH)V(tH)T.
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Chapter 5

Covariate Models and Dropout
Models

5.1 Introduction

In the previous chapters, we have discussed how to estimate the parameters in GLMMs
with informative dropout and missing covariates. As we note earlier, to provide a valid
inference, we need to specify a dropout model for the missing response, and a covariate
model for the time-independent covariates, and then incorporate them into our analyses.
In this chapter, we describe how to specify these modeis. Sections 5.2 and 5.3 introduce
dropout models and covariate models respectively. In Section 5.4, We discuss sensitivity

analyses for the dropout model and covariate model.

5.2 Dropout Models

A dropout model is the distribution for the missing response indicators r;;. The param-

eters in the dropout model are treated as nuisance parameters and are usually not of
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inference interest. Thus, we should try to reduce the number of nuisance parameters
to make the estimation of B more efficient. Moreover, too many nuisance parameters
may even make the GLMM unidentifiable. Therefore, one should be very cautious about
adding extra nuisance parameters.

Since the missing response indicators r;;, are binary, a natural model for the r;;’s

is a logistic regression model as follows. We may assume
f(rilys, i, ) = HWT” Wz] )T, , (5.1)

i.e. an independent assumption for the r;’s, and

i Y]

log( ) =~ Y, T, L), (5.2)

1 —my
where m;; = Pr(r;; = 1) and h(.) is an often linear function of y;, =; and t;;. To
determine a suitable function A(.), one can consider standard model selection techniques,
such as the likelihood ratio teét, AIC/BIC, or consider simple and reasonable linear
functions. For example, if we believe that the current missing response indicator only
depends on the current or previous response values, then it may be reasonable to assume

h(;y;, i, ti;) = o +Yryi; +12yi ;1. Note that the lndependence model (5.1) is simple
and may not contain too many nuisance parameters, but it fails to incorporate possible
correlation among the r;;’s |

To incorporate possible correlation among the r;;’s, we may adapt the model

considered in Ibrahim et al. (2001),
f(ri,¥) Zf(rz'llyi,wi,tz’,1/)1)f(7"i2|.7"11,yiaﬂ?z’,ti,'l%)
- X f(rij’/rila e 7Ti,(j—l)7 Y, Ti, ti’ d’]) (53)

- X f("”z‘n,-‘ril, e ,Ti,(ni—l),yi,iBi,ti,’l/’ni),

where the 1,’s are the parameters for the jth one-dimensional conditional distribution,

W = (Y, %y, ,Py) and M = m?x{n,-}. We assume that the 1;’s are distinct.
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The one-dimensional conditional distributions in the product of (5.3) may be chosen
to be logistic regression models. Again, one can choose parsimonious one-dimensional
distributions in (5.3) by standard model selection techniques. Lipsitz and Ibrahim (1996)
noted that model (5.3) approximates a joint log-linear model, a natural model for binary

variables.

5.3 Covariate Models

When some covariates are missing, we need a distributional assumption for the covariates.
The parameters in the covariate model are also viewed as nuisance parameters. Ibrahim
(1990) proposed a saturated multinomial model for categorical cova}riates with missing
values. A drawback of his method is that the saturated model greatly increases the
number of nuisance parameters, which increases computation burden and may make the
model unidentifiable. When the missing covariates are all continuous, we may assume a
multivariate normal distribution for the covariates (see [15]). To allow both continuous
and categorical covariates, we may write the covariate distribution as a product of one-

dimensional conditional distributions, as in Ibrahim, et al. (1999),

f(_mi, a) =f($ic|$n> Ly Te—1, Olc)
X f(@ie—t|2an, s Ti e, Q1) (5.4)
o X flzn, o),
where o = (a1, g, -+ , ) and ay, - -+ , o, are distinct. The index ¢ is the number of

covariates that include missing values. Note that we do not need to make distributional
assumptions for the completely observed covariates, which are conditioned on and are
suppressed in the expressions. Note also that this modeling scheme allows the missing

covariates to be continuous, categorical and mixed. For example, suppose that x; is
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continuous and z, is binary. By the above modeling strategy, we may specify a normal

distribution for x; and a logistic regression model for x5 conditional on z;.

5.4 Sensitivity Analyses

Since both the dropout model and the covariate model are not verifiable based on the
observed data, it is important to conduct sensitivity analyses. That is, we should try
other plausible dropout models and covariate models, and then assess the sensitivity of
results to those different models. If there is not much difference between the results based
on different models, we draw a relatively reliable conclusion. Otherwise, the results may

depend on the assumed models and the conclusions may not be reliable,
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Chapter 6

Real Data Examples |

6.1 Introduction

In previous chapters, we have described an exact method and an approximate method
for GLMMs with informative dropouts and missing covariates. In this chapter, we will
discuss application of these methods to two real datasets. In Section 6.2, we consider a
dataset from the AIDS Clinical Trial Group (ACTG) Protocol 315 and investigate the
viral load trajectory after an antiviral treatment. In Section 6.3, we consider a dataset
from a parent bereavement project to study the pattern of change of parents’ mental
distress over time after their children’s death. In Section 6.4, we discuss computation

issues in the analyses of our examples.
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6.2 Example 1

6.2.1 Data Description

Our research is motivated by a longitudinal study from the AIDS Clinical Trial Group
(ACTG) Protocol 315 (Wu and Ding, 1999). In this study, 46 HIV infected patients
were treated with a potent Hantiviral drug, a combination of ritonavir, 3TC, and AZT.
Plasma HIV-1 RNA (viral load) was repeatedly quantiﬁed on days 2, 7, 10, 14, 21, 28,
and weeks 8, 12, and 24 after initiation of treatment. After the antiviral treatment,
the patients’ viral loads will decay, and the decay rate may. reflect the efficacy of the
treatment. Throughout the time course, due to individual characteristics, the viral load
may continue to decay, ﬂuctuate, or start to rebound (rise). The Nucleic Acid Sequence-
Based Amplification assay that is use(i to measure the viral load has a detection limit of
100 RNA copies per ml plasma. If the viral load drops below the detection limit after the
treatment, the viral load can not be measured, which may indicate that the treatment is
successful. Note that patients with a viral load below the detection limit at early stage
may have viral rebound and may have a viral load dropping again after rebound. Figure
6.1 shows the viral load trajectories for six randomly selected patients. To investigate the
treatment effect, one approach is to define the response as whether the viral load is below
the detection limit or not, which is thus a binary variable. In this study, some patients
drop out before the end of the study, and the dropout may be informative. Thus, the
response contains non-ignorable missing values. We summarize our data in Table 6.1.
As we see from Table 6.1, 8.9% of our responses are missing due to patients’ dropout.
Preliminary studies show that some baseline covariates such as CD4 cell counts,
tumor necrosis factor (measured by TNF levels) and total complement levels (measured

by CH50), may partially explain variation in the viral load trajectory. Howevér, some of
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Table 6.1: Summary statistics

Variable Sample Sample Percentage of
mean standard deviation missing values
Response 0.1 0.3 - 8.9%
CD4 175.4 87.5 0%
CH50 242.3 49.6 15.2%
TNF 60.0 29.0 : 8.7%

# of patients: N = 46.
# of observations per patient: n; = 7 or 8.

these covariates are also missing, since in the multi-center study some baseline covariates
_may not be measured at some centers. As indicated in Table 6.1, the baseline CH50 con-
tains approximately 15.2% missing values, the TNF level contains roughly 8.7% missing
values and the CD4 cell count is completely observed.

Our objectives are to model the viral load trajectory and to identify covariates
that may partially predict changes of viral loads, in the presence of informative dropouts

and missing covariates.

6.2.2 Models

Let y;; be the viral load status for patient ¢ at the jth visit, ¢ = 1,2,.-- N, j =
1,2,---,n;, where N = 46 and n; = 7 or 8. If the viral load for patient 7 at the jth
visit is below the detection limit, y;; = 1; otherwise, y;; = 0. Naturally, we consider a
logistic regression model for the binary response. To take into account the inter-patient
variation and the intra-patient correlation, we add a random effect term b; to the logistic

regression model and obtain the following GLMM.

Pr(y:; = 1|8, b;) }
1—Pr(y; = 1|8,b:)

= Bo + b1z + Bazig + Ba%iz + Pati; + b,

logit {Pr(y;; = 1|18,b;)} = log{
(6.1)
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where B = (Bo, B1, B2, B3, B1), xi1 is the baseline CD4 cell count for patient i, z; is the
vbaseline CH50 for patient 4, z;3 is the baseline TNF for patient 4, and t;; is the jth
measurement time for patient 7. The regression coeflicients, 3y, B2, 03, and (4, represent
the fixed effects associated with the baseline CD4, CH50, TNF, and time respectively, and
b; represents the random effect associated with each patient. We assume that by, -+ ,bn
are independent and follow an identical normal distribution N (0, 0?) with ¢ unknown.

- In this study, the baseline CH50 and TNF contain missing values and the CD4
cell count is completely observed. For this example, it appears reasonable to assume
that the missingness of baseline covariates is MAR, i.e., the missingness may depend on
the observed values but not on the missing values. To make a valid likelihoqd inference,
“we need to specify a model for the covariates which contain missing values. Since CH50
and TNF are continuous and each approximately has a normal marginal distribution, the
joint distribution of CH50 and TNF (i.e., ;2 and x;3) may be written as a product of

two one-dimensional normal distributions.
f(Ti2, 23|z, @) = f(Taa|win, Tio) f(Ti2] 1), (6.2)
where a = (ay, - ,a7)T, f(zia]za) is the density function of N(a; + aozs, ), and
f(zis|zi, i2) is the density function of N(ay + aszi) + apZio, 7).
As noted earlier, 8.9% of the responses y;; are missing due to patients’ dropout.
The dropout may be due to drug intolerance or drug resistance, so we assume that the
response is non-ignorably missing or the dropout is infofmative, i.e., the missingness of
responses may depend on the missing values. When the missing data (response) are non-
ignorable, we must model the missing data mechanism in order to obtain valid statistical
results. To inéorporate the missing data mechanism, we need to specify a distribution
for the missing response indicator. The missing response indicator is defined as r;; = 1

if y;; is missing; ri; = 0 if y;; is observed. Here, we use a logistic regression model for the
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missing data indicator, which includes the current response y;;, CD4 cell count ;; and

time ¢;; as covariates and is chosen based on the likelihood ratio test.

Pr(ry; = 1|¢)
1 — Pr(ry; =1|¢

logit {Pr(r;; = 1|@)} = log{ )} = ¢o + h1Yi; + G2 + P3ti;,  (6.3)

where ¢ = (¢o, ¢1, $2, ¢3)T. Thus, in model (6.3), we link the missingness of the response
to the values being missing and therefore allow the response to be non-ignorably missing.

For simplicity, we focus on the following independent model

N ng
f(rld)) = HHPr(rij = 1]¢)m{1 — PI‘(Tij — 1|¢)}1—r,-]-_
i=1 j=1

More complicated models without assuming r;;’s being independent are possible as well,

which contain more nuisance parameters and may be unidentifiable.

6.2.3 Analysis and Results

In this section, we analyze the ACTG protocol 315 dataset using our proposed methods.
Note that before our analysis, covariates CD4, CH50 and TNF were standardized to
avoid extremely small estimates. We consider the following methods to estimate the

parameters in model (6.1) — (6.3) with informative dropouts and missing covariates:
(i) the exact method using the Monte Carlo EM algorithm,
(ii) the approximate method using the Monte Carlo EM algorithm.

Table 6.2 shows maximum likelihood estimates of 8 = (0o, b1, B2, 53, 01), along
with their standard errors and p-values, based on the above two methods. Compared with
the approximate method, the exact method sometimes gave somewhat larger estimates
and smaller standard errors. For example, CD4 cell count is marginally significant (p-

value 0.107) based on the approximate method, but highly significant (p-value 0.025)
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Table 6.2: Estimates for the AIDS data

Methods Parameters
Bo 5 Bo B3 By
Exact Estimate -4.811 0.898 0.634 -0.745 5.869
method SE 0.998 . 0.400 -0.456 0.538 1.361

p-value < 0.001 0.025 0.164 0.166 < 0.001
Approximate Estimate -3.879 0.861 0.395  -0.291 6.240
method SE 0.789 0.534.  0.598 0.600 0.880

' p-value < 0.001 0.107 0.508 0.627 < 0.001

* SE refers to the standard error.

based on the exact method. Since the approximate method integrates out the random
effects instead of sampling the random effects, it should be faster than the exact méthod.
However, in this example, the EM convergence for the exact methdd ‘is obtained in
21 iterations, while the EM convergence for the approximate method is reached in 55
iterations. This is probably because only one random effect is included in model (6.1).
From Table 6.2, both methods indicate that the time covariate is highly signifi-
cant, suggesting a strong relationship between the viral load trajectory and time. The
estimated cdefﬁcient for the time covariate, 34, is 5.869 based on the exact method. This
means that the estimated odds of patients’ viral loads dropping below the detection limit
is exp(5.869) = 354 times higher when time increases by one unit (6 months). The exact
method suggests that CD4 cell count may be associated with patients’ viral loads. The
estimated coefficient for CD4, Bl, is 0.898. This means that the estimated odds of pa-
tients’ viral loads dropping below the detection limit, is exp(0.898) = 2.45 times higher
when CD4 increases by one unit (262 cell counts). Based on the p-values, the baseline

CH50 and TNF do not appear to have significant effects on patients’ viral loads, using

either of the two methods of estimation.




As discussed in previous chapters, the PX-EM algorithm should have a higher
convergence rate than EM. This is confirmed in this example. The number of iterations
to convergence for the exact method is 21 by the EM algorithm, while the number of

iterations to convergence for the exact method is 10 by the PX-EM algorithm.

6.2.4 Sensitivity Analysis

To check the sensitivity of our results to the choice of the covariate model, we re-analyze
the dataset using the following alternative covariate models, which are obtained based

on a standard model selection method — the likelihood ratio test.

(i) Alternative Covariate Model 1 (CM1): Model (6.2) with aps = as = 0. The two
conditional distribution in the covariate model become z;|z;; ~ N(ay,a3) and

Ti3|Ti1, Tio ~ N(oy + qeio, 0q), i.€., T2 and x;3 are independent of z;;.

(ii) Alternative Covariate Model 2 (CM2): Model (6.2) with ay = as'= ag = 0. The
two conditional distributions in the covariate model become z;o|zi1 ~ N(a1,a3)

and 23|21, Tie ~ N(ag,ar), i.e., 251, T and z;3 are independent.

The estimates based on the original covariate model (6.2), and the alternative covariate
models CM1 and CM2 are shown in Table 6.3. As we can see from Table 6.3, the three
covariate models gave similar results. This suggests that parameter estimates and their
standard errors may not depend on the covariate models.

\Similarly, we need to assess sensitivity of our results to the dropout models. We

performed sensitivity analyses based on the following choices of the dropout models.

(i) Alternative Dropout Model 1 (DM1):

logit {PT(sz = 1|¢)} = ¢o + A1Yij—1 + PoYij + G3Ti1 + Patij;
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Table 6.3: Sensitivity analysis for covariate models

Covariate Parameters
Models Bo B 5> B3 B4
Original Estimate -4.811 0.898 0.634 -0.745 5.869
Model SE 0.998 0.400 0.456 0.538 1.361
(6.2) p-value < 0.001 0.025 0.164 0.166 < 0.001
Estimate -4.731 0.906 0.594 -0.767 5.754
CM1 SE 1.007 0.387 0.433 0.520 1.375
p-value < 0.001 0.019 0.170 0.140 < 0.001
Estimate -4.893 0.921 0.676 -0.763 5.920
CM2 SE | 0.999 0.424 0.455 0.543 1.356

p-value < 0.001 0.030 0.137 0.160 < 0.001
* QE refers to the standard error.

(ii) Alternative Dropout Model 2 (DM2):
logit {Pr(ri; = 1|@)} = ¢o + ¢1yij-1 + doyi;
(iii) Alternative Dropout Model 3 (DM3):

logit {Pr(rs; = 1|@)} = do + 221 + P3ti;.

Note that DM3 corresponds to an ignorable missing data mechanism (i.e., MAR). Table
6.4 gives the estiniates, standafd errors, and p-values4based on the original dropout
model and the alternative dropout models DM1, DM2 and DM3 respectively. As we canr
see from Table 6.4, all these dropout models, except dropout model DM2, gave similar
results. Dropout model DM2, which excludes CD4 and time, produced slightly smaller
absolute values of estimates and standard errors. But this does not affect our conclusion.

Thus, our results are not very sensitive to the choice of the dropout models.
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Table 6.4: Sensitivity analysis for dropout models

Dropout Parameters
Models Bo B Bo 3 B4
Original Estimate -4.811 0.898 0.634 -0.745 5.869
Model SE 0.998 0.400 0.456 0.538 1.361
(6.3) p-value < 0.001 0.025 0.164 0.166 < 0.001
: Estimate -4.911 1.047 0.611 -0.735 6.656
DM1 SE 1.027 0.417 0.500 0.613 1.341
p-value < 0.001 0.012 0.221 0.230 < 0.001
Estimate -3.761 0.772 0.428 -0.323 6.011
DM2 SE 0.571 0.299 0.311 0.324 0.898
p-value < 0.001 0.010 0.168 0.318 < 0.001
. Estimate -4.867 0.949 0.630 -0.753 6.153
DM3 SE 1.001 0.410 0.466 0.549 1.345

p-value < 0.0001 0.021 0.177 0.171 < 0.001
* SE refers to the standard error.

6.2.5 Conclusion

Based on our analyses, we conclude that a patient’s viral load tends to more likely drop
below the detection limit if he/she stays longer in the study, and a patient with a higher
baseline CD4 cell count is more likely to have his/her viral load below the detection limit
over the time course. In this example, the exact method converged much faster than the
approximate method, and gave smaller standard errors. Also, different covariate models
and different dropout models lead to essentially the same results, so our conclusions may

be robust.
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6.3 Example 2

6.3.1 Data Description

Our second example involves a longitudinal study from a parent bereavement project,
which investigates long-term mental outcomes of parents whose children died by accident,
suicide, or homicide. After their children’s death, the parents usually expérience a high
level of mental distress. In this study, the mental distress of 239 parents were calculated
based on their answers in the questionnaire, at baseline (i.e. 4 to 6 weeks after their
children’s death), and then at 4, 12, 24 and 60 months post-death. The Global Severity
Index (GSI), which is the most sensitive indicator of mental distress, is used to measure
the parents’ distress levels. A high GSI score indicates a high level of mental distress. If
the parents’ adjustment to their children’s death goes well, their GSI scofes will decrease
over time, at least lower than their baseline GSI scores. Figure 6.2 shows the profiles of
GSI scores for six randomly selected parents from 239 parents enrolled in this study. To
investigate how the parents’ mental distress changes over time after their children’s death,
we treat whether or not a parent’s GSI score after baseline is lower than his/her baseline
value as response. Several other relevant factors were also obtained at baseline, including
parents’ gender, marital status, age, education, annual income, cause of death, age, and
gender of the deceased child. These baseline factors may be important predictors of
parents’ distress and thus are viewed as covariates. Summary statistics for the response,
education and income are given in Table 6.5.

Since the response is binary, we consider a GLMM model for analysis. Note that
some baseline covariates such as income contain missing values, and some responses are
also missing since some par'entsv may be not in a good mood at the scheduled time. .As

indicated in Table 6.5, 4.2% of incomes are missing and 19.7% of responses are missing.
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Table 6.5: Summary statistics

Variable Sample Sample Percentage of
mean standard deviation missing values
Response 0.7 0.5 19.7%
Education 13.7 -2.3 0%
Income 4.67 1.9 4.2%

# of parents: N = 239.
# of observations per parent: n; = 4.

Our objectives are to investigate the change of parent’s distress levels over time and to
determine which covariates affect the parent’s mental distress. We will use the methods

developed here for GLMM models with informative dropouts and missing covariates.

6.3.2 Models

To get a parsimonious model, we used standard model selection techniques such as the
likelihood ratio test to determine which covariates should be included in our model.
Since some covariates And responses contain missing values, model selection were carried
out based on the complete-case mefhod. Based on these analyses, we include income,
education, and time as covariates in the model. Note that education does not have
missing values, while income contains 4.2% missing values.

We denote y;; as the response for parent ¢ at the jth time after baseline, i =
1,2,--- N, j=1,2,.--- ,n;. Here N = 239 and n; = 4. If GSI for parent ¢ at the jth
time is lower than his/her baseline GSI, y;; = 1; otherwise, y;; = 0. We consider the

following GLMM to investigate the effects of covariates on the mental distress.

Pr(y; = 1|8, b) }
1 - Pr(y; = 1|8,b;)

= fo + b1z + Bazio + Pati; + by,

logit {Pr(y:; = 18,b:)} = log{
(6.4)
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where 8 = (8o, b1, P2, 03), i1 is the education level for parent i, x;5 is the annual family
income for parent 7, and 'ti]- is the jth scheduled time for parent 7.  The regression coeffi-
cients, 31, B2, and B33, represent the fixed effects associated with the parents’ education
level, income, and time respectively, and b; represent‘s the random effect éssociated with
each parent. Here, we assume that b;,--- ,by are independent and have an identical
normal distribution N(0,0?) with 02 unknown.

. Note that income z;5 contains approximately 4.2% missing values. Here, we assume
that the missing income is MAR. To incorporate missing covariates, we need to specify

a model for income. We assume the following covariate distribution
Tig|Tir ~ N(on + i, a3). (6.5)

Note also that 19.7% of responses y;; are missing. The response (i.e., GSI status) is
" missing probably due to parents’ high stress, so we assume that our response is non-
ignorably missing, i.e., the missingness of responses rhay depend on the missing values.
To incorporate the missing data mechanism in our analysis, we specify a distribution
for the missing response indicator. Recall that the missing response indicator is defined
as ry; = 1 if y;; is missing; r;; = 0 if y;; is observed. Here, we use a logistic model"
for the missing response mechanism, which includes the current response value y;;, the

immediate previous response value Yij—1, education z;; , and time t;; as covariates.

PI'(T'ij = lld))
1-— PI‘(’I"Z']' = 1|¢)

} = ¢o + P1Yij—1 + P2Ysj + $3Ti1 + Patsj,
(6.6)

logit (Pr(ry = 116)) = oz {

where ¢ = (¢o, $1, b2, ¢3)7. We assume that the r;;’s are independent for all i and j.

Note that the covariates in model (6.6) are selected based on the likelihood ratio test.




Table 6.6: Estimates for the Parent Bereavement data

Methods Parameters
: Bo B Bo B3

Exact Estimate -1.882 0.182 0.083 0.345
method SE 0.966 0.070 0.165 - 0.258

p-value 0.051" 0.010 0.612 0.181

Approximate Estimate -1.579 0.139 0.058 -0.239

method SE 0.898 0.065 0.152 0.193

p-value 0.079 0.033 0.704 0.216

* SE refers to the standard error.

6:3.3 Analysis and Results

We consider the following methods to estimate the parameters in models (6.4)-(6.6).
(i) the exact method using the Monte Carlo EM algorithm,
(ii) the approximate method using the Monte Carlo EM algorithm.

Estimates of 3, along with their standard errbrs and p-values, are shown in Table 6.6.
Compared with the exact method, the approximate method resulted in smaller absolute
values of estimates and smaller standard errors. Especially for the estimate of B3, the
exact and approximate methods gave opposite results. As discussed in previous chapters,
the approximate method should have a faster convergence rate, since it avoids sampling
the random effect in each EM iteration. However, for this example, the number of
iterations to convergence for the approxirhate method is 24, larger than the number of
iterations to convergence for the exact method, which is 13. The PX-EM algorithm
improved the convergence speed a bit in this example. The number of iterations to
convergence for the exact method based on PX-EM is 9, smaller than 13.

Table 6.6 shows that education is significant based on the exact methoa and the

approximate method. The estimate for education Bl based on the exact method ié 0.182,
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Table 6.7: Sensitivity analysis for covariate models

Covariate _ Parameters

Models Bo B B2 B3
Original Estimate -1.882 0.182 0.083 0.345
model SE 0.966 0.070 0.165 . 0.258
(6.5) p-value 0.051 ~  0.010 0.612 0.181
Estimate -1.969 0.189 0.107 0.312
CM1 SE 1.043 0.076 0.175 0.255
p-value 0.059 0.013 0.542 0.222

*QE refers to the standard error.

- which suggests that the estimated odds of having a lower distress than the baseline value
is exp(0.182) = 1.2 times higher, when parents increase their education level by one unit.
Based on both the exact method and the approximate method, income and time do not

have significant effects on change of parents’ mental distress.

6.3.4 Sensitivity Analysis

To check the sensitivity of the above results to the covariate models, we consider the

following alternative covariate model

(i) Alternative Covariate Model 1 (CM1): Model (6.5) with ap = 0. That is, xia|zi ~

N(ai, a3), i.e., T is independent of x;;.

Table 6.7 shows that results based on the original covariate model and the alternative
covariate model are quite similar. This suggests that the results may be robust to the
covariate models.

We also check the sensitivity of our results to the dropout models. We consider

the following alternative dropout models.
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Table 6.8: Sensitivity analysis for dropout models

Dropout ‘ Parameters
Model : Bo B Ba Bs
Original Estimate -1.882 0.182 0.083 0.345
model SE . 0.966 0.070 0.165 0.258
(6.6) p-value 0.051 0.010 0.612 0.181
Estimate -1.592 0.161 0.063 0.545
DM1 : SE 0.808 0.059 0.136 0.273
p-value 0.049 0.006 0.644 0.046
Estimate -1.958 0.193 0.087 0.239
DM2 SE 1.019 0.074 0.169 0.254
p-value 0.055 0.010 0.604 0.347
Estimate -1.460 0.167 0.094 0.939
DM3 SE 1.006 0.073 0.172 0.282
p-value 0.146 0.022 0.585 < 0.001

* SE refers to the standard error.

(i) Alternative Dropout Model 1 (DM1):

logit {Pr(ry; = 1|¢)} = do + d1yi; + Pozi1 + ¢styy;
(ii) Alternative Dropout Modei 2 (DM2):
‘logit {Pr(ry; = 1d)} = do + drti g1 + datiss
(iii) Alternative Dropout Model 3 (DM3):
logit {Pr(ri; = 1|9)} = ¢o + d12i1 + datij.

Note that DM3 suggests that the missing responses may be MAR. The comparison of
estimates based on the original dropout model and the above alternative dropout models
is given in Table 6.8. As we can see from Table 6.8, whether y;; and y; ;_; are included
in the dropout model affects our inference on the coefficient of the time covariate (i.e.,

f33). For the dropout model DM3, which excludes y;; and y; ;1 as covariates, we obtain a
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highly significant p-value (< 0.001) for fs. For the dropout model DM1, which excludes
Vij—1, we get a marginally significant (3. Other dropout models lead to insignificant
Bs. That is, the conclusion about 5 is sensitive to the choices of the dropout models.
However, estimates of other parameters and their standafd errors are quite robust to the

different dropout models.

6.3.5 Conclusion

Our analyses suggest that parents with a higher education level are more likely to have a
lower level of mental distress, i.e., they may have a good adjustment to their children’s
death. Possibly due to the low dimension of random effects and the small number of
intra-parent measurements, the approximate method in this example did not improve the
convergence rate. Unlike in Example 1, the approximate method in this example gave
smaller standard errors than the exact method. For this example, sensitivity analyses
suggest that our conclusions about the time covariate may not be reliable, i.e., they may
- depend on the choices of dropout models, but our conclusions about other covariates are

reliable.

6.4 Computation Issues

Starting values. For the EM algorithms in our examples, the starting values for 3
were obtained based on the logistic regressions using the completely observed cases, the
" starting values for « were obtained based on linear regression models using the completely
observed cases, and the starting values for ¢ were obtained based on logistic regressions

using the last-value-carried-forward method.

Convergence of the Gibbs sampler. We checked the convergence of the Gibbs
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sampler used in each Monte-Carlo EM by examining the time series and autocorrelation
function plots. For example, Figure 6.3 shows the time series and autocorrelation function
plots for generating missing CH50 in the first example. From Figure 6.3, we notice
that the Gibbs sampler converged quickly and the autocorrelations between successive
generated sampleé are negligible. We also drew the time series plot and autocorrelation
function for the random effect by associated with patient 46 in the first example, shown
in Figure 6.4. It shows that the Markov chain converged quickly, but the autocorrelations
are negligible after lag 6. Time series and autocorrelation function plots for other random
effects and other missing covariates show similar behaviors. Therefore, for each EM
iteration, we discarded the first 200 samples as the burn-in, and then we took one éample

from every 10 simulated samples until 500 samples were obtained.

Stopping rule. The stopping rule for the EM and PX-EM algorithms in our examples
is that the relative change in the parameter values from successive iterations is smaller
than a given tolerance level (e.g. 0.01). However, due to Monte Carlo errors induced
by the Gibbs sampler, it is difficult to converge for a extremely small tolerance level,

otherwise it may converge very slowly.
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Figure 6.1: Viral loads (log;, scale) for six randomly selected patients. The open dots
are the observed values and the dashed line indicates the detection limit of viral loads.
The viral loads below the detection limit are substituted with log,, (50).
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Figure 6.2: GSI scores for six randomly selected parents. The open dots are the observed
values and the GSI scores at time 0 are the baseline values.
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Figure 6.3: (a) Time series and (b) autocorrelation function plots for CH50.
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Figure 6.4: (a) Time series and (b) autocorrelation function plots for byg associated with
patient 46.
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Chapter 7
“Simulation Study

7.1 Introduction

To evaluate the performance of the two proposed methods: the exact method (EX) and
the approximate method (AP), we conduct a simulation study in this chapter. In our
simulations, we compare EX and AP in terms of biases and mean-squared errors of their
estimates. Séction 7.2 gives a description of data generation models in our simulations.
In Section 7.3, we compare two methods of estimation in four different situations, and
examine the effects of missing rates, variance of random effects, sample size, and number

of intra-individual measurements. We conclude this chapter in Section 7.4.
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7.2 Description of the Simulation Study

7.2.1 Models
We generate the response variable y;; from the following GLMM

logit {Pr(y;; = 1|8,b:)} =ﬁ0 + Bz + Boxie + Bsti; + by, (71)
i=1,--- N, j=1,---,n;

where B = (B, b1, B2, B3), the random effects bi;s are assumed to be 4.7.d with a normal

distribution N (0, 0?). The true values of 3 and o2 are 8 = (—3,0.5,—0.3,4) and 0> = 0.3.

The number of individuals (sample size) is N = 50, and the number of intra-individual

measurements is n; = 10. The n; time points for each individual are 2, 7, 9, 14, 20, 28,

40, 56, 70, and 84.

The covariates z;,; and z;; are continuous variables. Covariate variable z;; is

generated from N(1,0.1) and covariate z;; is generated from the following model
Tig|Tix ~ N0 + oz, 03), (7.2)

where a = (@1, a9, a3) and the true value of @ is @ = (—1.5,1,0.2). In our simulation
study, the missing covariate mechanism is assumed to be MAR. For each generated data
set, we keep z;; completely observed and delete those values of z;; with probability 0.8
which correspond to the largest values of z;;.

To evaluate the proposed methods, we also generate some missing values of re-

sponses y;;’s as follows. The model for the missingness of the response is
logit {Pr(ri; = 1|@)} = do + d1ys5, (7.3)

where ¢ = (¢, $1) and the missing response indicator r;; is a binary variable. The above

model suggests that the missingness of the response depends on the missing values, and
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thus the response is non-ignorably missing (NIM). We generate missing responses based
on the model (7.3). That is, if r;; = 1, then y;; is deleted; if r;; = 0, y;; is retained. Note
that different values of ¢ will lead to different missing rates of responses. We will discuss

EX and AP in two different values of ¢ in Section 7.3.1.

7.2.2 ‘Bias and Mean-Squared Error

We examine the convergence of Monte Carlo Markov Chains by their time series plots
and autocorrelations function plots. Time series plots and autocorrelation function plots
have shown that Markov Chains converged very fast, usually in 100 or 200 iterations, and
autocorrelations are negligible after lag 2. Figure 7.1 and Figure 7.2 show typical time
series plots and typical autocorrelation plots for the missing covariates and random effects
ffom our simulated data sets. Thus, to ensure the convergence, we conservatively discard
the first 500 samples, and then take one sample every 10 samples until we obtainéd the
desired number of samples. We run B =100 replicates in each simulation, and compare
EX and AP in terms of biases and mean square errors (MSEs). Here, bias and MSE are
reported in terms of percent relative bias and percent relative root mean-squared error.
The bias for 3;, the jth component of 3, is defined as

biasj = Bj — ﬁj, :

where Bj is the estimate of 8;. The mean-squared error for f§; is defined as
 hiae? o o2
MSE; = bias; + s7,

where s; is the simulated standard error of Bj. Then, the percent relative bias of f3;
(%bias) is
bias;/5; x 100%,
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and the percent relative vMSE (%vMSE) is

\/ MSEJ/I/BJ| X 100%

In our simulations, we consider (i) two missing rates: 20% and 40%, (ii) two
different variances of b;: ¢? = 0.3 and ¢? = 1, (iii) two different sample sizes: N = 50
and N = 100, (iv) three different numbers of intra-individual measurements: n; = 5,
n; = 10 and n; = 20. In the above situations, we compare estimates based on EX and
AP, and investigate how the missing rate, the variance of b;, the sample size, and the

number of intra-individual measurements affect estimation of the parameters.

7.3 Simulation Results

7.3.1 Comparison of Methods with Varying Missing Rates

To see the impact of the missing rates on estimation by EX and AP, we estimate the
parameters based on two missing rates respectively. A 20% missing rate and a 40%
missing rate are considered. In our case, if the true values of ¢ are ¢ = (—1.8,1),
the missing response mechanism (7.3) leads to an average of 20% missing rate for the
response; if ¢ = (—0.8,1), the missing response mechanism (7.3) leads to an average
of 40% missing rate. Regarding the covariate zo with missing values, we take the same
missing rate as the response.

Table 7.1 shows average simulation results from 100 simulated data sets based on
methods EX and AP. EX and AP yield comparable results for the two missing rates.
In the 20% missing rate case, compared with AP, EX gives smaller biases, but slightly
large:r mean-squared errors. In the 40% missing rate case, EX produces slightly larger

biases and mean-squared errors than AP. As we can see from Table 7.1, the missing rate
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Table 7.1: Simulation results with varying missing rates

Missingness Parameter Yobias %+vMSE
‘rate (%) (true values)
EX AP EX AP
20 By = —3 6 1 29 28
B =05 6 8 115 112
By = —0.3 -3 -5 144 141
Bs =4 2 -2 12 11
40 Go = —3 22 14 46 40
By =05 44 . 39 164 148
By = —0.3 50 48 153 148
By = 4 3 4 17 15

greatly affects biases and mean-squared errors of estimates from two methods, especially
estimates from EX, that is, the absolute values of biases and the mean-squared errors

increase with the missing rate.

7.3.2 . Comparison of Methods with Different Variances

To investigate how the variability of b; affects the estimates from two methods, we con-
sider two sets of values of o%: a small variance 6% = 0.3 and a moderate variance o2 = 1
at the same missing rate 20%.

We summarize the simulation results of estimation from EX and AP in Table
7.2. EX produces slightly lager mean-squared errors of estimates than AP in both cases.
However, the performance of EX is still quite close to AP. We also note that the mean-
squared errors of estimates based on EX and AP increase as o? increases. That is, the

variability of random effects affects estimation of EX and AP.
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Table 7.2: Simulation results with varying variances

Variance Parameter %% bias %vMSE
(true values) '

EX AP EX AP

Small By = -3 6 1 29 28
Variance 61 =0.5 -6 -8 115 112
02 =03 By = —0.3 3 5 144 141
By =4 2 2 .12 11

Moderate Bo = —3 4 -5 36 36
Variance B =0.5 -3 -7 156 150
ot=1 By = —0.3 9 7 176 169
B3 =4 2 -6 12 12

7.3.3 Comparison of Methods with Different Sample sizes

To examine the effect of the sample size on estimation, we estimate the parameters based
on EX and AP with two different sample sizes: N = 50 and N = 100, with a 20% missing
rate.

The average simulation results from EX and AP are shown in Table 7.3. We
note that, as the sample size increases from 50 to 100, AP becomes more reliable in
the sense that AP provides somewhat smaller biases and mean-squared errors than EX.
However, AP does not outperform EX much. Moreover, both AP and EX yield smaller

mean-squared errors for larger sample sizes.

7.3.4 Comparison of Methods with Varying Intra-individual Mea-

surements

To see how the number of intra-individual measurements affects our estimates, we con-
sider the two methods of estimation under three different numbers of intra-individual

measurements : n; = 5, n; = 10 and n; = 20. If n; = 5, the time points for each individ-
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Table 7.3: Simulation results with varying sample sizes

Number of Parameter Yobias %vMSE
individuals (true values)
EX AP EX AP
N=50 Bo=—3 6 1 29 28
- Bi=05 -6 -8 115 112
B2 =—0.3 -3 -5 144 141
O3 =4 2 -2 12 11
N=100 B = —3 9 2 21 20
B =0.5 8 4 82 79
By = —0.3 11 9 101 98
By = 4 2 ) 9 8

ual are 2, 9, 20, 40, 70; if n; = 10, the time points for each individual are 2, 7, 9, 14, 20,
28, 40, 56, 70 and 84; if n; = 20, the time points for each individual are 2, 4, 7, 9, 12, 14,
17, 20, 24, 28, 33, 40, 46, 53, 56, 60, 66, 70, 76 and 84. |

The simulation results are indicated in Table 7.4. Both EX and AP produce
smaller mean-squared errors as the number of intra-individual measurements increases
(i.e., és n; increases). Compared with EX, AP provides slightly smaller mean-squared
errors in the three cases. But, the results from EX and AP are still quite close and

become closer as n; gets larger.

7.3.5 Conclusion

Based on the simulation results in the preceding sections, we may draw conclusions as

follows.

e Estimates based on EX and AP get worse in terms of biases and mean square errors

as the missing rate gets larger.

e The mean-squared errors of estimates from both EX and AP increase as the vari-
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Table 7.4: Simulation results with varying intra-individual measurements

Number of intra-individual Parameter %bias %vVMSE

measurements (true values)

EX AP EX AP

;=5 Bo=—3 11 4 40 37
B1=0.5 9 1 150 148
Bo = —0.3 -0.1 -7 200 193

B3 =4 7 2 19 16

n; = 10 Bo=—3 6 1 29 28
B =05 -6 -8 115 112
B =—0.3 -3 -5 144 141

Bs =4 2 -2 12 11

n; = 20 Bo=—3 5 1 22 21

' B =0.5 -4 -4 91 - 90
B2 =—0.3 2 4 117 118

B3 =4 1 -3 8 8

ability of random effects o2 increases.

e Increasing the sample size reduces the mean-squared errors of estimates for both

EX and AP.

o Increasing the number of intra-individual measurements reduces biases and mean-

squared errors of estimates for both EX and AP.

e AP yields somewhat smaller mean-squared errors than EX and thus provides more
stable results. This is probably because sampling the random effect in the EX, may

lead to unstable Gibbs samplers and thus induce more Monte Carlo errors.

Note that the convergence rate of EX is approximately as fast as that of AP in our

simulations probably due to the fact that only one random effect is included in our

GLMMs.
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Chapter 8

Conclusion and Discussion

In this thesis, we have proposed two methods to estimate the parameters for GLMMs
with informative dropouts and missing covariates. These include an exact method and
an approximate method, which are implemented by the Monte Carlo EM algorithm. For
the exact method, the conditional expectation in the E-step of the Monte-Carlo EM
is evaluated by Monte Carlo approximations (Wei and Tanner, 1990), which generate
random samples for the unobservable random effects, missing covariates, and missing
responses. However, sampling the random effects may offer potential computational
difficulties such as very slow or non-convergence, especially when the dimension of the
random effects is not small. To overcome this difficulty, in the more efficient approximaté
method, we integrate out the random effect in the E-step and thus avoid sampling the
random effects in the Mbnte Carlo EM. Pinheiro and Wu (2001) have shown that the
convergence rate of ‘phe EM algorithm can be greatly improved by integrating out the
random effects.

To further speed up the Monte Carlo EM, we also applied a PX-EM algorithm,
which accelerates the EM algorithm by introducing additional working parameters to

the model. Based on our two examples, the PX-EM algorithm is much faster than the
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standard EM algorithm.

We conducted a simulation study to compare the performance of the exact method
and the approximate method. In our simulations, in general, the approximate method
gives somewhat more stable results than the exact method in the sense that it provides
smaller mean-squared errors. As the number of intra-individual measurements or the
sample size increases, the performance of the approximate method and the exact method
becomes similar. Our simulations also suggest that the proportion of missing values, the
variance of random effects, the sample size, the number of intra-individual measurements,
may affect the performance of the exact method and the approximate method.

The proposed methods were applied to an AIDS dataset to evaluate an antiviral
treatment. The results of our analyses based on the exact and approximate methods
suggest that the viral loads of HIV patiénts tend to decrease with time, and that patients
with higher CD4 cell counts are more likely to have their viral loads suppressed below the
detection limit. We also applied our methods to a data set from a parent bereavement
project to ihvestigate the change of parents’ mental distress after their children’s death
and to determine which factors influence parents’ mental distress. We conclude that
parents with a higher education level are more likely to have a better adjustment to their
children’s death.

Note that we have assuméd parametric models for the missing covariates and
missing response indicators. So it is important to conduct sensitivity analyses of our
results to these parametric models. Based on our sensitivity analyses, except for 33 in
the second example, the results of the two examples are quite robust to the choices of the
covariate model and the dropout model. Thus these results except for G5 in the second
example may be reliable.

Finally, we give an outline for possible future work.
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(1)

(i)

(iii)

For simplicity, in our examples and simulations, we include only one random ef-
fect in the GLMMs to demonstrate our methods. In the future, we will study
models with more random effects and further investigate the computational advan-

tages/disadvantages of the proposed methods, via.simulations.

In our examples and simulations, we only consider mixed effect logistic regression
models with informative dropouts and missing covariates. Generally, our proposed
methods can be applied to other GLMMs, such as mixed-effect Poisson models, and

nonlinear mixed effect models with informative dropouts and missing covariates.

In the thesis, we assume that covariates with missing values are time-independent.
When some covariates with missing values are time-dependent, similar methods

can be proposed.

We have assumed that the missing responses depend on the values being miss-

ing. We could also apply our methods to shared-parameter models, in which the

missingness of responses'is assumed to depend on the unobservable random effects.
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