Responses
by.
Abu Hena M. Mahbub-ul Latif

M.Sc., Dhaka University, 1991

A THESIS SUBMITTED IN PARTIAL FULFILLMENT OF
THE REQUIREMENTS FOR THE DEGREE OF

Master of Science

A Comparison of Methods for Multivariate Familial Binary

in
THE FACULTY OF GRADUATE STUDIES

(Department of Statistics)

we accept this thesis as conforming
to the required standard

The University of British Columbia

September 2001

(© Abu Hena M. Mahbub-ul Latif, 2001




In presenting this thesis in partial fulfilment of the requirements for an advanced
degree at the University of British Columbia, | agree that the Library shall make it
freely available for reference and study. | further agree that permission for extensive -
copying of this thesis for scholarly purposes may be granted by the head of my

department or by his or her representatives. It is understood that copying or

publication of this thesis for financial gain shall not be allowed without my written

" permission.

STATIST(CS

Department of

The University of British Columbia
Vancouver, Canada

Date 5—&9‘\‘4&%5&% 25, ug(v

DE-6 (2/88)



Abstract

Among the existing methods for analysing the multivariate familial binary response, we discuss
latent variable models and the estimating equations based methods. A brief description of the
multivariate Plackett distribution is given and the role of this distribution in developing the esti-
mating equations based methods is pointed out. The maximum likelihood and estimating equations
based methods for estimating the parameters of the multivariate logistic model are compared. For
this comparison, a simulation study examines the effects of the sample sizes, dependence struc-
tures, the within—family dependence, etc. in estimating the parameters. The data are génerated
from the multivariate probit mbdels. The multivariate logistic and probit models are compared for
estimating conditional probabilities of interest in a genetics context and the respective standard
errors. Numerical methods are used to estimate the parameters of the models considered. Because
the original GEE2 code cannot handle mﬁltivariate binary data for arbitrary family structures, we
have a new implementation of the GEE2 method for familial data; this routine used automatic

differentiation for computing the Hessian matrix.
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Chapter 1

Introduction

In quantitative genetics, researchers are often interested in identifying important variables related
to the occurrence of a genetic disease of interest. Since relatives are genetically more alike, the
association between the members of a family (familial aggregation) for the occurrence of the diseése
is also of interest. Accurate quantification of the familial aggregation leads to more sophisticated
genetic studies. Depending on the type of the disease and the objective of the study, the response
corresponding to the disease status can be continuous or discrete. For continuous responses (e.g.
blood pressure, cholesterol level, etc.), statistical models are well developed (see [1]) to meet the
objective of this type of genetic study. But for discrete responses (e.g. presence/absence of disease,
levels of disease status, etc.), there is still active research in development of statistical methods. In
this thesis, we focus on methods available for binary response.

The same data structure also arises in the analysis of repeated measurements, where each
individual is examined over time to record the presence/absence of a specific event. Covariates are
also recorded for all the individuals over time. Since the measurements are made from the members

of a family or from the same individual over time, the responses are usually positively correlated.

Responses of this type are known as multivariate or correlated binary responses. The methods




available for analyzing multivariate binary response can be classified into two broad classes of
methods: likelihood based and estimating equation based methods. The likelihood based methods
require complete specification of the joint distribution of the multivariate responses. On the other
hand, the estimating equation based methods can be employed when the joint distribution is not
fully specified. The likelihood based models can further be divided into several categories: (i) latent
variable models, (ii) random effect models, (iii) transition or Markov models, and (iv) conditional
logistic regression models. In this thesis, we are mainly interested in latent variable models because
of the attractive interpretation of the parameters of this models.

The latent variable approach assumes that there is an underlying continuous variable which
is categorized to give fhe observed discrete response. Here the regression models express the param-
eters of the distribution of the latent variable as functions of the explanatory variables. Equivalently,
this is a model of the marginal distribution of the observed response directly as a function of the
explanatory variables. For estimating equation based methods, only the univariate marginal prob-
abilities and some form of the associations are specified. Figure 1.1 shows the classification of the

methods for analyzing multivariate binary responses that are considered in this thesis.

Figure 1.1: Classifications of the methods for multivariate binary responses.
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A common latent variable model is the probit model (Finney [8]), which is widely used in
the dose-response studies. In such studies, different dosages of a stimulus are applied to randomly
selected subjects and binary responses such as the presence/absence of a specific event of interest
(e.g. death) are observed on the subjects. It is assumed that the binary responses depend upon the
tolerance of the stimulus and for each s.ub ject there is a certain level of tolerance below (above) which
the response occurs and above (below) which the response does not occur. In probit analysis, it is
assumed that the unobsefved tolerance variable follows normal distribution; hence the probability of
the occurrence of the observed response can be.expressed'as a function of the cumulative distribution
function of the standard normal distribution (see §2.1). In case of multivariate binary responses,
by assuming the tolerance distribution is multivariate normal, Ashford and Sowden [2] used a
multivariate probit model (Mprobit) to analyze the data from a dose-response study.

In quantitative genetics, when the character or trait is measured on an individual, the
observed value is knov;r_n as the phenotypic value; this depends on the genotypic value and the
environmental deviation. The genotypic value is the aggregation of one or 'severa,l genes poséessed _
by the individual and all other sources of variation in the phenotypic value are assumed to arise
from environmental deviation. The phenotypic value can be continuous or discrete. In this thesis,
we consider only binary phenotypic values such as presence/absence of a specific trait. Falconer (7]
proposed that there is an underlying variable liability and the observed phenotypic value depends
on some threshold values of the distribution of the liability. The liability variable related to the
phenotypic value is known as the phenotypic liability which is the sum of two independent random
variables: the genetic liability and the environmental liability. Each of these two liability variables
may be considered as the sum of many small effects so that a normal distribution is reasonable
for liability variables, based on the central limit theorerﬁ (CLT). The liability variable is analogous

to the tolerance in dose-response studies. If the distribution of the liability variable is assumed to

be normal, the probit model can be used to analyze the binary response regarding the qualitative




trait (e.g. presence/absence of the disease) of interest. In genetic study, the individual who is
the first member of the family diagnosed with the disease is known as the proband and usually
subjects are selected from the family members of the probands. Since the family members are
genetically alike, responses of this type of study are usually correlated. Mendell and Elston [30]
considered multivariate probit models for studying multifactorial qualitative trai;ns. Lesaffre and
Molenberghs [22] used multivariate probit model to study the relationship between drinking and
smoking behavior among Belgians.

Another important latent variable model for univariate binary responses is the linear logistic
model. This model assumes the underlying distribution is logistic and can be also used for identify-
ing important covariates for occurrence of a specific event of interest. The standard logistic density
is bell-shaped like the normal density and has a variance of 72 /3 (SD=1.81). Logistic regression for
a binary response is common in biostatistics and epidemiology. This is mainly due to the convenient
closed form of the logistic density and the ready interpretation of resulting regression coefficients
as .log odds-ratios; however it has not been derived from physical princif)les. '

The multivariate version of the logistic model is not as advanced as the multivariate probit
model because there is no natural multivariate logistic distribution. Bivariate Plackett distributions
- (see Plackett [34], Mardia [28]), can provide a legitimate joint bivariate distribution function corre-
sponding to a given pa,irA of the univariate mérgins with the cross—product ratio or odds—ratio as the
dependence parameter. The bivariate logistic distribution with cross-product ratio as the depen-
dence parameter can be constructed by using univariate logistic margins in the bivariate Plackett
distribution. Molenberghs and Lesaffre [31] proposed a procedure for constructing multivariate
Plackett distributions for the given univariate margins and two— and higher—order cross—product
ratios as the dependence parameters. Joe [17] also discussed different properties and applications

of bivariate and multivariate Plackett distributioné, as well as a more general view of the construc-

tion. The joint distribution function of the multivariate Plackett construction satisfies the Fréchet




bounds (see Jbe [17]), which is one of the necessary conditions for a multivariate joint distribution
function. To be a proper distribution function the joint distribution function of the three- and
higher—order Plackett distribution must satisfy some necessary conditions; the analytic proof of
these conditions are still opeh problems. Joe [17] has numerically shown for many combinations of
parameters that the multivariate Plackett construction is a proper distribution if the third— and
higher—order parameters are not too large or too small.

Dale [5] used bivariate Plackett distribution for analyzing bivariate categorical responses.
She considered regression models corresponding to the univariate margins as well as the dependence
pérameter the global cross—product ratio. Molenberghs and Lesaffre [31] extended Dale’s model for
multivariate ordinal categorical responses. Dale’s models ‘are defined for any continuous univariate
margins and different link functions can be considered for modeling the univariate margins and the
cross—product ratios (so that there is not always a latent variable interpretation). A multivariate
logistic model (Mlogit) can be obtained by using the logit link for the univariate margins and the
log link for the cross—product ratios. Glonek and McCullagh [11] considered a different approach to
define a multivariate logistic model. In their approach, the regression models are defined for both
the univariate margins and the dependence parameters (cross-product ratios). No distributional
assumption corresponding to the univariate margins are required to estimate the parameters of the |
model. |

Beside these .likelihood based methods for analyziﬁg the multivariate binary responses, a
common approach is generalized estimating equations (GEE). Liang and Zeger [23] proposed a
estimating equation based method (known as GEE1) which can be used for analyzing both con-
tinuous and discrete correlated responses within the generalized linear model framework. This
method provides inferences only for the regression coefficients and considers the dependence among
the observations as a nuisance. This method can provide consistent estimators of the regression

parameters if the specification of the marginal means is correct. They introduce the “working”



correlation matrix in‘ which a larger value of the working correlation parameter is used if there is
more dependence in the data.

In 1990, Zhao and Prentice [38] proposed a method for corfelated binary regression by using
a quadratic exponential model. The quadratic exponential family is a special case of Cox’s [3] log-
linear representation of the joint distribution of multivariate binary responses. Zhao and Prentice
called this method a “pseudo-likelihood” apprbach which can estimate the regression parameters
corresponding to the marginal means and the dependence parameters of the model. The difference
of the “pseudo—likelihood” approach to the classical likelihood approach is that the former does not -
require to estimate all the parameters which are necessary to fully define the likelihood function of
interest. Zhao and Prentice [38] consider one-to—one transformations of the canonical parameters
of the quadrgtic exponential family to the first two moments of the marginal responses. If the
regression models corresponding to the marginal means and the pairwise marginal correlations are
correctly specified then this pseudo-likelihood approach can consistently estimate the regression
parameters of the model. By using the Fréchet bounds it can be shown that the range of the pairwise
correlation coefficient depends on the univariate margins (see Joe [17], Chapter 7). Lipsitz, Laird
and Harrington [27] considered a simulation study to show the advantages of odds;ratio over the
correlation coeflicient as a dependence parameter for analyzing multivariate binary responses.

Fitzmaurice and Laird [9] considered conditional log odds-ratios (canonical parameters of
the Cox’s log-linear representation) as the dependence parameters to model multivariate binary
responses by using the quadratic exponential family. This model is explained more clearly in Joe
and Liu [16]. This model is not appropriate to use for familial data of various sizes, because it
is not closed under margins (not reproducible). In 1992, Liang, Zeger and Qagish [25] proposed
a method (known as GEE2) for analyzing multivariate binary responses which is Based on esti-

mating equations for regression and dependence parameters. They considered odds-ratios as the

dependence parameters. Given the correct model specification of the mean function and the de-




pendence structure, the GEE2 can provide consistent estimators for the parameters defined for the
mean function and the dependence structure simultaneously. Liang and Beaty [24] used the GEE2
method for examining the degree of familial aggregation for binary responses. Because the GEE2
method considers odds-ratio as the dependence parameter, it turns out that it implicitly uses the
multivariate“ logistic model of Molenberghs and Lesaffre, but are using estimating equations that
are easier to compute compared with the maximum likelihood equations.

The objective of this thesis is to compare the likelihood based and estimating equation based
procedures for the multivariate logistic model based on cross—product ratios. For this comparison,
we first review the theorgtical development of these models and then consider a simulation study to
examine their performance in analyzing data. In comparing these models, the effect of the family
sizes and the strength of the within—family dependence are also examined. In the subsequent
three chapters the multivariate probit model, the multivariate logistic model, and the estimation
equation based methods are described. In Chapter 5, the results of the simulation study is given.

A brief description of the numerical optimization methods used for fitting these models is given in

Chapter 5.




Chapter 2

The Multivariate Probit Model

Probit analysis (Finney [8]) is a technique which is commonly used to study the dose-response
relationship in a population of biological organisms. In dose-response study, different levels of a
stimulus (e.g. a vitamin, a drug, etc.) are applied to a randomly selected group of subjects and the
action of a particular level of stimulus is assessed in terms of a quantal responses which depend on
the intensity of the stimulus. For any subject, there will be a certain level of intensity below which
the response does not occur and above which the response occurs. This level of intensity is known
as tolerance or threshold which will vary from subject to subject in the population.

The main objective of the dose-response study is to assess the relationship between the levels
of stimulus and the probability of occurrence of the response. If the distribution of the tolerance is
assumed to be normal normal, a regression technique of probit analysis can assess this relationship
after controlling for important covariates.

In a dose-response study the response can also be multivariate. In some studies for a specific
level of the stimulus, in addition to the responses regarding the main effect responses about some

side effects might also be of interest in some studies. In this situation to assess the efficacy of the

stimulus, analyzing the responses simultaneously would be the most efficient procedure. Ashford




and Sowden [2] used the multivariate probit model in the dose-response context.

The multivariate probit model is also considered in quantitative genetics. Mendell and
Elston [30] used the multivariate probit model to analyze multi-factorial qualitative traits. In
genetics, the term liability is used analogously to tqlerance in the dose-response study. For any
subject the trait will show up if the liability is smaller (or greater depending on the relationship
between the trait and the liébility) than a specific threshold value. It is aésumed thét there
i.s an underlying normal distribution of the liability and different thresholds of this distribution
' provideé the response in terms of qualitative traits. The normal distribution is reasonable because
the liability variable may be considered as the sum of many small effects in a polygenic r;lodel
(response is influenced by many genes).

Ochi and Prentice [33] considered multivariate probit models with exchangeable correlation
structure. Lesaffre and Molenberghs [22] used multivariate probit models to analyze multivariate
ordinal categorical response. A detailed discussion of the general class of multivariate probit models
can be found in Joe [17]. In the following sections, probit models are described for univariate,

bivariate, and multivariate binary responses respectively.

2.1 TUnivariate Probit Model

Let us consider a study where K subjects are randomly selected from a population and each
subject is examined to collect information about the presence of a specific qualitative trait of
_interest. The focus of the study is to identify important covariates for the occurrence of the trait
(we are assuming the selected subjects are independent for the time being). The response y;
(1=1,2,.. ..,K ) cor'résponding to the i*! subject is a binary variable, where y; = 1 if the trait is
present and otherwise y; = 0. Let X be the design matrix of order K X (p + 1), with the first
column of X being 1 to accommodate an intercept term.

Suppose the random variable Z;, which denotes the latent variable for the i*! subject, follows



a normal distribution with mean 0 and variance 1. Let the response y; be the realization of the

random variable Y;, such that

Y; = I(Z: < XiB), (2.1)

where 8 = (B, 5. .- - ,ﬂp)T is the vector of regression parameters corresponding to the design

matrix X, X; is the i row of X, and I(-) is an indicator function such that

1, if A is true,
I(A) = (2.2)

0, otherwise.

The probability that the ! subject has the trait is
m(B) = Pr(Y;=1)=Pr(Z < X;B) = (X p), (2.3)

where @() is the cumulative distribution function of the standard normal distribution. For the

given sample y1,y2,..., Yk, the log-likelihood function is !
K
1B) = Y {yilogms(B) + (1 — ) log(1 — mi(B))}- (2.4)
=1

The maximum likelihood estimator 3 is a solution of the score equations U(8) = 0, where

the j*® (j = 1,2,...,p) element of the score vector U(B) is

Ui(B) = 8,;(3?)
,-221 {(I)(Xi,B) T 1-8(X;B8) } (X B) Xij, (2.5)

and ¢(-) is the probability density function of the standard normal distribution. The covariance
matrix of B can be obtained from the Fisher information matrix. The ( J, k) element of the observed

Fisher Information matrix I(3) is

—0%(B)
9B; 0Pk

Lir(B) =




- vi 1-y 2 X B) X0 X
- Yot aama ) SO

i=1
_;{Q(XLB) T 11— @(Xiﬂ)}¢(xzﬁ)XzJsz- | (2.6)

The estimated covariance matrix of 3 can be obtained as I (B)‘l. In the univariate probit model
the score function and the elements of the Fisher information matrix can be written in simple
convenient form, so an iterative procedure such as the Newton-Raphson procedure can be used to

estimate the parameters of the model.

2.2 Bivariate Probit Model

In the previous section to describe univariate probit model, we considered a hypothetical study
where each of the K independent units provide binary responses about a specific qualitative trait |
of interest. But there might be a situation where binary responses are available for the members of a
family; for example, we could consider a situation where the responses are available for each father—
son pair of K randomly selected families from a population. Besides identifying the important
covariates for the occurrence of the trait, the objective of this study is to estimate the association
'of the occurrence of the trait between the father and the son in the father-son pairs. In this case,
the responses between families are independent but within-family responses are correlated. So the
univariate probit model is not appropriate for this problem.

Let y;, = (yi1,952)T and X; be the response vector and and covariate matrix of order

2 x (p+ 1) corresponding to the it (i = 1, 2‘, ..., K) family. As the binary responses are bivariate,-
the corresponding distribution of the latent variable is also bivariate. Suppose the latent vector
Z; = (Zi, Z)T follows a bivariate standard norma.l. distribution with correlation coefficient p.
That means the marginal distribution of Z;; (j = 1,2) correspondigg to the i family follows

standard normal distribution and corr(Z;;, Z;2) = p.

11




The observed responses are realizations of the random variables Y;;, where
Yij = I(Zij < XB), j=1,2.
The marginal probabilities corresponding to the occurrence of the trait are

mi1.(B) =Pr(ya =1) = Pr(Zu < Xup) = 2(Xu B),

2.7)
m1(B) =Pr(yp =1) = Pr(Zp < XpB) =2(X2B), :

where ®(-) is the standard normal cumulative distribution function. The other marginal probabil-
ities are m;9. = 1 — m;1. and 7.9 = 1 — m;.1. The bivariate probability of both the members of the

family has the trait is

m(B,p) = Pr(Yi=1Ys=1)
= Pr(Ziu < XaB,Zi2 < Xi2B8)

= 09(Xi1 8, X:i28;p), . (28)

where ®4(-, -; ) is the cumulative distribution function of the bivariate standard normal distribution.

Similarly, we can write the other bivariate probabilities as

mi10(B,p) = Pr(Yi =1,Yp=0)
= Pr(Zi < XuB,Zi2 > Xi28)
= Pr(Zy < X B) - Pr(Za < X1 B, Zi2 < Xi28).
= mn.(B) - min(B,p),

mio1(B,0) = m1(B) — mn(B, p),

mioo(B,p) = 1—mi(B,p) — m10(B,p) — mior (B, p)-

To construct the likelihood function, let us consider a 2 x 2 contingency table M; for the *F

response vector y;, with m;;x (j, k = 0,1) be the number of observations in the (4, k) cell. If there

12




is only one observation per subject within any family then only one cell of M; will take the value
1 and the remaining cells take the value 0. Throughout this thesis we assume that there is only
one observation per member of any family. The likelihood function for the sample of size K can be
written as

1
> mij,j, log mijy 5, (6)
J2=0

=

[
M =
MH

s
Il
=
.
=
Il
o

mj log m;5(8), (2.9)

.
1
A

I
M=
-

where j indicates a multi-index j = {(j1,J2) : j1,J2 = 0,1} and 8 = (8T, p)T. The vector of score

function for the parameters can be written as

9l(0) E — my 0m;(0)
= = AR Wil M 2.10
ve) 90 =220 06 (2.10)
=1 j
The maximum likelihood estimator 6 can be obtained from the solution of the equation U(8) = 0.
The elements of the score vector and Fisher information matrix can be expressed in terms of

probability density function (pdf) and cumulative distribution function (cdf) of the standardized

univariate and bivariate normal distributions.

2.3 Multivariate Probit Model

The multivariate probit model is an extension of the bivariate probit model, considering the under-
lying distribution of the latent vector as multivariate normal. When binary responses are available
for more than two members of a family, multivariate probit models can be used. In practice the fam-
ily sizes can be unequal but for notational simplicity throughout this thesis, we will consider equal
family sizes for deriving multivariate methods. Let y; = (y;1, ¥s2, - - - ,4ia)T be the binary response
vector corresponding to the i*" (i = 1,2,..., K) family and X;; be the 1 x (p+ 1) covariate vector

corresponding to the 5% (j = 1,2,...,d) member of the i*" family. Let Z; = (Z;1, Zia, ..., Zig) be

13



the latent vector corresponding to the i*" family which is assumed to follow a multivariate standard
normal distribution with correlation matrix R.

Let us assume the observed responses are the realizations of the random variables
Yij = I(Zi; < X4 B).

Assume that there are ¢ different types of relative pairs (e.g. father-offspring, sibling-sibling, etc.)
within a family, ¢ < d(d — 1)/2. Then we can express the correlation matrix as R(a), where
o = (a1,0z,...,04)7 is the vector of correlation parameters corresponding to the different types
of relative pairs within families.

For a response vector of dimension d, 2! univariate, 22 bivariate, 2% 3-variate, ..., 2% d-
variate probabilities can be obtained. These probabilities can be expressed in terms of the cumu-
lative distribution function of the multivariate normal distribution. We can express the marginal

probabilities
T (8) = Pr(¥y, =1)
= ®(Xi; B), (2.11)
the bivariate probabilities
T [(B,a) = Pr(Yi, =1,Y,=1), j1#7j2
= 03(Xy5 B, Xij, B Rjyjp (@), (2.12)
the 3-variate probabilities
w1 (Bya) = Pr(Yy, =1Y, =LYy, =1), j1#Jj2#73
= ®3(Xyj, B, Xij; B, Xijs B Rjyjpjs (@), (2.13)
and in general the d-variate probabilities
min-1(B,a) = Pr(Yy, =1Y,=1,... )Y, =1), i1 #ja# - # Jjd
= 04Xy, B8, X5, B8, .., X5, B Rjy..j, (), (2.14)
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where @;(+; ) is the cumulative distribution function corresponding to the j-variate (j = 1,2,...,d)
standard normal distribution with correlation matrix ¥. Once we have these probabilities, we can

compute the remaining orthant probabilities.

As in the bivariate case, let M; be a 2 x 2 x -+ x 2 (= 2¢) contingency table corresponding
to the d—dimensional response vector y;. Let m;;, ., be the number of observations corresponding

to the (j1,72,.-.,74) cell of M;. The log-likelihood function can be written as

1 1

K
10) = D> > mij.j,logmij . ,(6)

=1 j1=0 7a=0 _
« _
= > mylogm;(6), (2.15)
i=1 j
where j. indicates a multi-index §j = {(ji;72,---,54) : 4 € {0,1}, » = 1,2,...,d} and 8 =

(BT,a™)T. The maximum likelihood estimator 0 is the solution of the equations U(8) = 0,

where

m;(0) 06

Al0)  E~ my om0
Uu@e = %0) = ;; y i 9m5(6) (2.16)
is the vector of the score functions. The equations (2.15) and (2.16) are the general form of the
corresponding equations (2.10) and (2.9) of the bivariate case.

As the score function U(@) contains multi-dimensional integrals, the second derivative of
the score function (i.e. elements of Fisher information matrix) is very difficult to write down. -
Numerical integration can be used to approximate these high—dimensional integrals; we used the
approximations proposed in Joe [15].

Since for the multivariate probit model, it is very difficult to evaluate the Hessian matrix
analytically; the classical Newton-Raphson method is no longer useful as an optimization method

for estimating the parameters of the model. Numerical methods, which can apply without having

the Hessian matrix analytically, are required for this case. A brief description of these methods will

be given in Chapter 5.




2.4 Conditional Probabilities

In the preceding sections, we discussed the multivariate probit model which can be used for iden-
tifying important covariates for the occurrence of a disease of interest. This model can be used
to estimate the association of the occurrence of the disease between the relatives. The multivari-
ate probit model can also be used to predict the disease status of an individual given the disease
status and the covariate values of that individual’s relatives. Predicting future disease status has
significant importance in genetics. |

In this section, we discuss a procedure to predict an individual’s future disease status given

the information about his relatives. Let us define

p(dl 1,2’,d_1) = Pr(Yd= 1 ‘ Yi=u,Ys =y2,'”7Yd——1»=yd—1aX)

— Pr(leylaYé:y2a'~'aYd=17X) (217)
Pr(Yi =y1,Y2=y2,..., Y41 = yg-1, X)’

where p(d. 1 1,2,...,d — 1) is the cénditional probability that the d'" member of the family will
have the disease given the current disease status of the other members of the family and the
covariate values. ‘This conditional probability is the ratio of orthant probabilities of order d and
d — 1 respectively. The equation (2.14) shows that these orthant probabilities are functions of
6 = (BT,aT)T, where 8 and a are the regression and association parameters defined for the
multivariate probit model. So for the multivariate probit model, the conditional probability can be

written as

q)d(Xl ﬂ, R ,Xdﬁ; Rld(a))
®y1(X18,...,X4-18; Ri..q-1(a))
- (2.18)

p(d]|1,2,...,d—1) =

Given the maximum likelihood estimator § and the covariate values, the maximum likelihood
estimate of the conditional probability p(d | 1,2,...,d — 1) can be obtained from (2.18) as ¢().

The conditional probability is a function of the parameters 8, we can approximate the
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variance of the maximum likelihood estimate of the conditional probability by using delta method.

The approximate expression for the variance of the estimate of p(d | 1,2,...,d — 1) can be written
as
5 99(6) ., (o 92(6)

where V() is the covariance matrix of . The estimate of the variance can be obtained by replacing
0 by 0 in (2.19). Because of the complex form of q(8@), the partial derivatives of the equation (2.19)
is very difficult to be obtained analytically. We have used numerical methods to compute the

conditional probabilities and the respective standard errors, which are shown in Chapter 5.

2.5 Summary

In this chapter different types of probit models are described which can be uéed to analyze binary
responses. The multivariate probit models are very useful in analyzing correlated binary responses.
Maximum likelihood estimates for the regression parameters of the model can be obtained. The
estimates of the associatidn between the members of the family in terms of the latent correlation
coefficient, also known as the tetrachloric correlation, can also be obtained. The multivariate
prpbit model can estimate the conditional probabilities that a particular member of a family has
the disease given the current status of the other members of the family and the covariate values,

which has importance in genetics.
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Chapter 3

The Multivariate Logistic Model

In the previous chapter, the multivariate probit model was described. This chapter contains the
description of an analogous multivariate logistic model. This model is also a latent variable model
and has univariate mé,rgins that regress each response on the covariate vector. The multivariate
logistic model models the dependence parameter in terms of the cross—product ratio which has an
attractive. interpretation. However there is no physical or stochastic model that leads naturally
to the cross—product ratio as the natural dependence parameter. For the multivariate logistic and
probit models the underlying univariate margins are assumed to be logistic and normal respectively.

This approach of modeling multivariate binary data is based on a class of bivariate dis-
tributions proposed by Plackett [34]. For given univariate margins and cross-product ratios as
dependence parameter, the Plackett distribution cah completely specify the joint latent distribu-
tion of bivariate binary responses. Mardia [28] studied the properties of the bivariate Plackett
distribution.

Dale (5] first considered the bivariate Plackett distribution to model bivariate categorical re-
sponses; this model is known as bivariate Dale model in the literature. Molenberghs and Lesaffre [31]I

introduced the multivariate Plackett distribution and extended the Dale model to multivariate or-
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dinal categorical responses. In the Dale model, the global cross—product ratio is considered as the
dependence parameter which is equivalent to the local cross—product ratio for the binary case. The
multivariate version of the Dale model is defined for any underlying univariate continuous distribu-
tion. For this model, different link functions can be considered for modeling the univariate margins
and the cross—product ratios. For the multivariate logistic distribution, the underlying univariate
margins are logistic and the multivariate Plackett distribution is used to construct higher order
margins with the univariate logistic margins. Joe [17] studied the multivariate Plackett construc-
tion within a more general theoretical framework and considered different data sets to show the
applications of the multivariate logistic model. Besides the Plackett distribution based approach to
muitivariate logistic models, McCullagh and Nelder [29] described this model differently based on
the logistic transformation of linear combinations of joint probabilities. Their approach does not
consider any latent variables. Glonek and McCullagh [11] also studied this approach of modelling
the multivariate logistic model.

The main focus of this chapter is to describe the multivariate logistic models for analyzing
multivariate binary response. The Plackett distribution plays a vital role in defining the multi-
variate logistic models that we consider, so we first discuss the bivariate and multivariate Plackett
distribution in Section 3.1. The subsequent two sections contain the ﬁodel description and methods
of estimating parameters of this multivariate logistic model. In Section 3.3, a brief description of

the McCullagh—Nelder-Glonek approach is given.

3.1 Plackett Distributions

In this section, a brief introduction of bivariate and multivariate Plackett distribution is given.
Throughout this chapter we will consider the binary responses as taking either 1 (diseased) or
2 (non—diseased) instead of 1/0 which we considered in the previous chapters. This will help

us to derive general expression of cumulative distribution function of the multivariate Plackett
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construction.

3.1.1 The Bivariate Plackett Distribution

In 1965, Plackett proposed a procedure for constructing a class of bivariate distributions. Suppose
Z1 and Z5 are two continuous random variables and F (21) = Pr(Z) < z;1) and Fy(22) = Pr(Z; < 22)
are the univariate margins of Z; and Z, respectively. Plackett [34] considered Fi2(21,22) = Pr(Z; <
21, Zo < z9), the possible joint bivariate distribution function of Z; and Zs, as the solution of the

equation

Fio(Fig - - F,+1)

| T T (R - Fo)(F - ) (3.1)

where Fio = Fio(21,22), F1 = Fi(21), F» = Fy(z2) and the cross—product ratio or odds-ratio vy
is a positive constant for all (21, 22) for which neither F; nor Fy assumes the value 0 or 1. The
equation (3.1) is known as defining équation. Mardia {28] showed that only the following solution

of the defining equation (3.1)
(1/2)(y = )71 = (B + B)(1 =) - S(Fy, B, )}, if 7 #1
F]. F27 lf Y= 1,
where

]1/ 2 (3.3)

S(Fu, Foyy) = [{1 - (Fi + F)(1 - M} + 4y(1 = )ALy

is the only root leading to a proper bivariate distribution. The corresponding joint density function

of Z; and Zy can be written as

o2 F12(21,22) _ ’)’flfg{("y — 1)(F1 + Fy — 2F1F2) + 1}

821 82:2 33 LRe 0, (3.4)

fia(z1,22) =

where fi; and fy are the univariate marginal density functions of Z; and Z3 respectively and S is

given in (3.3).
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For given univariate margins F; and F5, the dependence parameter of the bivariate Plackett
distribution (the cross-product ratio 7) is a monotonic increasing function in Fis, i.e. v = 0 when

Fi9 = F;, and v = oo when Fys = Fyy, where
Fy(z1,22) = min{Fy(z1), Fa(z2)}, and FpL(z1,22) = max{Fi(z1) + Fa(23) — 1,0},

are known as upper and lower Fréchet bounds (see [17]) respectively. From equation (3.2) the

" following can also be seen

(i) If Fy (F») tend to 1 then Fy, tends to F5 (Fy).

(ii) If F1 and F5 tend to 1 then Fis also tends to 1 which indicates that F; and F, are marginal

distribution functions.

(iii) For fixed Fy (Fy) and v, F2 increases with Fy (F}).

Bivariate Plackett—normal vs Bivariate Normal

The bivariate Plackett distribution is defined for continuous random variables with arbitrary uni-
variate margins. The most widely used bivariate distributioﬁ is the bivariate normal, so it is of
interest to examine how the bivariate Plackett distribution with univariate standard normal margins
(which is known as bivariate Plackett-normal distribution) resembles the usual bivariate standard
normal distribution.

To compare the bivariate standard normal and the bivariate Plackett—normal distributions,
the relationship between the éross—product ratio (7y) and the correlation coefﬁcient (p‘), the depen-
dence parameters of these two distributions respectively, is required. For a specific cut—off point

(21, z2) the cross—product ratio can be written from equation (3.1) as

Oo(z1, 22; p) P2 (—21, —22; p)

T S ) R, 20} (9(e2) — Balen, 2 )] .




The quantity on the right hand side of equation (3.5) depends on the bivariate normal orthant
probabilities corresponding to the cut-off point (z1,22). Kepner et al. [21] derived the following

expression for the orthant pfobability for the cut—off point (0,0)
®9(0,0;p) = 1/4+ (27m) Lsin~!p.

Using this result in equation (3.5), we get the following relationship between the cross—product

ratio and the correlation coefficient for the cut-off point (0,0):

{1 + (2/7) a,rcsinp}2
1-(2/m)arcsinpf

(0, 0; ) (3.6)

We use this relationship to obtain the cross—product ratio at the cut—off point (0,0) from a given
value of the correlation coefficient.
For a given correlation coefficient p, different cross—product ratios can be obtained from the

equation (3.5) for different cut-off points (z1, 22). Numerically it can be shown that

7(0,0;p) = min (21,225 p), (3.7)

21,22
i.e. the lower bound of the cross-product ratios is attained at the cut-off ‘point (0,0). The theofetical
proof of this result is still an open problem.

Figure 3.1 shows contour plots of the bivariate standard normal density for selected values
of correlation coefficient p. The corresponding plot for the Plackett—normal distribution is shown
in Figure 3.2, where the identical cross—product ratios are obtained from the coxlrelation coefficient
values (used to generate plots for bivariate normal) by using the equation (3.6). These sets of plots
are almost similar which indicates th.at the bivariate Plackett distribution with univariate standard

normal margins is similar to the bivariate normal distribution.

3.1.2 The 3-variate Plackett Construction

Let Zy, Z3, and Z3 be three continuous random variables with univariate margins Fy, F, and Fj re-

spectively. Let us consider Fj ;, (1 < j1 < j2 < 3) as the bivariate Plackett margin corresponding to
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(Z;,,Zj,). Given the univariate and bivariate margins, the 3-variate margin Fio3 = Fo3(21, 22, 23)

is a solution of the defining equation

Fi23(Fh93 — a1)(Fi23 — a2)(Fl23 — a3)
(by — F123)(bo — F123)(b3 — Fi23)(bg — Fi123)’

Y123 (3.8)

where a; = Fip + Fi3 — F1, ay = Fig + Fi3 — F3, a3 = Fi3 + Fo3 — F3, by = Fig, by = Fi3, bs = Fas,

by=1-5,F+ Zi<j F;;. The function Fig3 satisfies the Fréchet bounds (Joe, 1997),
FU = min{bl, b2,b3, b4}, and ‘ FL = max{al,az,ag,O}.

Because Fia3(21, 22, 23) is defined implicitly for each (21, 22, 23), it is difficult to check if F13 satisfies

the rectangle condition necessary for a proper cumulative distribution function.

Interpretation of the parameters

‘Let Y1, Y5, and Y3 are three independent Bernoulli variables. The third—order dependence param-

eter of the 3-variate Plackett distribution can be expressed as’

Y123 = CR3(Y1) }6;}%)

CRy(Y1,Y2 | Y3 =1)
CRy;(Y1,Y | Y3 =2)
111 221 T122 212
112 T222 T121 T211

Now by comparing this with the equation (3.8), the orthant probabilities can be expressed in terms

of the 3-variate joint distribution function as

T = Fho3, M2 = Fia3 — a1, mo12 = F1a3 — a2, m21 = F1o3 — a3,

w112 = b1 — Fi23, m121 = bo — Fi23, mo11 = b3 — Fla3, mo22 = by — F1o3.

Given the dependence parameters 12, y123 and the univariate and bivariate margins, these orthant

probabilities can be computed from the 3-variate Plackett distribution function.
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3.1.3 The d—variate Plackett Construction

In this secfion, we describe the multivariate Plackett distribution for arbitrary dimension d (d > 1).
To express the general form of the joint distribution and the cross—product ratios, we use the
notation of Molenberghs and Lesaffre [31]. Let Z = (Zy, Zs,...,Z4)T be the d-dimensional random
vector and Fj, (1 <1 <2), Fj5, (1 <51 <532<2), ..., Fijoju, 1 <51 <+ <jg1 <L2) be
the univariate, bivariate,. .., (d — 1)-variate Plackett distribution functions of Z respectively. Let
Tjijaja = Pr(Y1 = j1, Y2 = j2,...,Yq = ja) be the d-dimensional orthant probabilities.

The general expression for the d-dimensional cross—product ratio can be written as

Y2d = H(jl"“’jd)EA; "1 -da (3.9)
aun — b .
. H(jlrn,jd)GA; Tj1.03d

where

: d
A;— = {(jlaj?a""jd)e{l’2}d : Zjl_d is even}’
=1 i

A = {1,2}‘1\Aj.
For example,

when d=2, AF ={(1,1),(2,2)},
when d=3, A ={(1,1,1),(1,2,2),(21,2),(2,2,1)},
when " d=4, Af=1{(1,1,1,1),(1,1,2,2),(1,2,1,2),(1,2,2,1),

(2,1,2,1),(2,2,1,1),(2,1,1,2),(2,2,2,2)},

Now by using these elements of the sets A7 and AJ in equation (3.9), we can get the cross-product

i

ratios

T11722 _ M111712272127221

Y12 = s Y123 = ’
M12721 112712170211 70222
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To get the general expression of the defining equation corresponding to the d-variate Plackett
distribution, the orthant probabilities in equation (3.9) need to be expressed in terms of the marginal
distributions of different dimensions. Suppose the multi-index 7 represents a d—dimensional vector
of 1’s and 2’s, i.e. j € {1,2}%. Let x(5) = k(j1,72,--.,Ja) be the set of dimensions for which j; = 1

(1<1<d),ie.

k(F) {l:1<1<d, 5, =1}.

For example, x(1,2) = {1}, «(1,2,1) = {1,3}, x(2,1,2,1) = {2,4}, etc. Let us introduce another
notation 8(j): the set s(j) contains all possible subsets of {1,2,...,d} which contain x(j), with

the elements of 8(j) are arranged in lexicographical order. For example,

d=2, s(1,2) ={1} = s(1,2) = {1}, {1,2},
d=3, K,(2, 2, 1) = {3} = 3(292a 1) = {3}a {1a3}’ {2a3}? {1a 273}a

d =4, k(2,1,1,2) = {2,3} = 8(2,1,1,2) = {2,3},{1,2,3},{2,3,4},{1,2, 3,4},

Let N be the difference between the number of elements of the sets 8(j) and x(j). Using the
inclusion and exclusion probability law, we can define the general form of the orthant probabilities
as

Tjije-ja = ngn(s(j))Fs(j), : (3.10)
8(3)

where

) 1 if N is even,
sgn(s(j)) =
—1 otherwise.

For instance, we can write down the expressions for the orthant probabilities as

mg = F;— Fio,
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w91 = F3 — Fi3 — Faz + Fio3,

moni2 = Fhs — Fia3 — Fazq + Fiozg,

Using equation (3.10), we can rewrite the equation (3.9) as

iear ™ iear Zsi) sgn(s(j))Fs()
e 75 - Miea; Xsi) s8n(s(5)) Fsg)
Mieat (F — b)

HjeA; (F - aj) ’

Y12--d =

(3.11)

where F' = Fia..4, aj and bj are the functions of the margins of order d' (< d) which can be
obtained from equation (3.10). The d-dimensional Plackett distribution function is the solution of

equation (3.11) which satisfies the Fréchet bounds
(max{ay, 0}, min{ty} )
j j

For third- and higher-order Plackett distributions, an open problem is whether the function F is

a proper distribution function, i.e. whether the mixed derivatives are non-negative.

3.2 The Regression Model

The main objective of this study is to compare the existing estimation methods for analyzing
multivariate binary responses. We wish to examine the performance of the multivariate logistic
model in the field of genetics. As already discussed in the previous chapter, in genetics studies
the response is sometimes binary (e.g. presence/absence of a qualitative trait of interest) and the
responses are not independent within families. It is assumed that for any individual, the occurrence
of the qualitative trait depends on the underlying distribution of a latent variable. Let us assume
that the trait occurs if the liability is less than a predefined threshold value; otherwise it does not

occur.
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Let y; = (vi1, Yi2, - - - ,yid)T be the response vector corresponding to the it! (i = 1,2,..., K)
family, where the y;;’s are binary variables representing the presence (y;; = 1) or absence (y;; = 2)
of the qualitative trait of interest in the j*" member of the family. Suppose the random vector
Z; = (Z,Zsay- - -, Zid)T denotes the latent vector corresponding to the z'th. family. Let us assume

Z;; follows standard logistic distribution, i.e. location parameter is 0 and scale parameter is 1. Let

X; be the covariate matrix of order d x (p + 1) corresponding to the *! family with a first column

of 1, to accommodate an intercept term. Suppose the observed response y;; is the realization of

the random variable Y;;, where
Yij = I(Zi; < XyB),
where X ;; is the j™ row of X; and I(-) is the indicator function such that

1, if A is true,
I(A) =
2, otherwise.
Let us assume only the univariate margins depend on the covariates. The univariate margin

corresponding to the j* member of the i*! family m;; = Pr(Y;; = 1) can be written as a function

of the unknown regression parameters 3 as

mii(B) = Pr(Y;=1)=Pr(Z; < Xi;8) = Fo(X;8), 1<j5<d, (3.12)

where Fy(z) = 1/{1 + e~*} is the distribution function of the standard logistic distribution. From

equation (3.12) the linear predictor can be written as
_ 5
7;(8) = XijB=Fy " (mi;(8)) = log 1—_]—“—

In GLM terminology the function Fj 1(-)' is known as the link function; beside this logit link,
depending on the distribution of the latent variable other link functions can also be considered.
These univariate margins do not fully determine the joint distribution of y,; because the

elements of y,; are not independent. This mean dependence parameters are needed to describe the
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association between the elements of y,. Let us assume the third— and higher—order cross-product
ratios, the dependeﬁce parameteljs of the Plackett distribution, are constant at a fixed value yo = 1.
The choice of g = 1 leads to a multivariate logistic distribution that is analogous to the muitivariate
normal distribution (see Joe [17] for an entropy interpretation). Suppose ¢ different types of pairs
(e.g. parent—offspring, sib-sib, grandfather-grandchild, etc.) “are possible in the selected fa.milies;
Suppose the (4, k) pair of the i} family is of the I'" (1 <1 < q) type of the pair. We can define the

bivariate cross—product ratios corresponding to (4, k) pair of the i*h family as
vjr(a) = g '), 1<1<g, (3.13)

where a = (a7, a9, ... ,aq)T is the vector of the parameters corresponding to the ¢ different types
of the association and g(-) is the link function for the cross—product ’ratios.

Having values of the parameters 8 = (87, aT)T, the univariate margins and the cross—
product ratios can be computed from equations (3.12) and (3.13) respectively. Given the univariate
margins and cfoss—product ratios corresponding to‘ a pair of members within a family, thé bivariate
margins 7;;,5,(0) = Pr(Y;, = 1,Y;, = 1) (1 < j1 < jo < d) can be computed from the equa-
tion (3.2). As we already assumed the third- and higher—order cross-product ratios are fixed at
v = 1 (which is known), the 3-variate margins are the solution of equation (3.8) provided the
univariate and bivariate margins are known. Similarly, higher-order margins can also be obtained
by using the equation (3.9). Once all the margins are known, the orthant probabilities can be

obtained from the equation (3.10).

3.2.1 The Likelihood Function

Let M; (i =1,2,...,K) denote a 2 x 2 x - -- x 2 (= 2%) contingency table which can be constructed
from the observed response vector y;. Let m;; be the number of observations in the jth cell of

the table M;, where j indicates a multi-index j7 = (41, J2,...,J4)- Let m;(0) = Pr(Y1 = j1,Y2,=
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j2s---» Ya = Ja) (i € {1,2},1 <1 < d) be the orthant probabilities corresponding to the jth cell of

M;.
Let 8 = (BT, aT)T be the vector of parameters of the model. As for the multivariate probit
model, for the given sample y; (i = 1,2,..., K), the log likelihood function can be written as
K 2 2 .
0O) = > D Mijijniy 108 Tijijo...ia(6)
i=151=1  jg=1
K 2 _
= sz” log ’Kij(a). . . (3.14)

s
i
—
Cse
Il
—

The maximum likelihood estimator @ is the solution of the score equation U (@) = 0, where the

score function

_0U0) L& my 9my(0)
UB)=—5" = Ezm.(g) T (3.15)
i=1j=1"4
Using the chain rule we can write
om;; _ Om; On; _ d Q_@%
B on; 0B = O OB
Omiy  _ %@zi L, Omy Ok
oo 0v; Oa eyt Ovijx Oa

For the general dimension d, it is impossible to obtain the algebraic expression of the terms
(Omi5/0nik) and (Om;5/07vs5k) because m;; contains higher dimension cumulative distribution func-
tions of the multivariate Plackett construction which haé no closed form. So the expressions for
the elements of the Fisher information matrix cannot be shown. Numerical methods are needed
to get the maximum likelihood estimates of the regression parameters 8. In Chapter 5, two such
numerical methods will be described. |

The conditional probabilities which we discussed for the multivariate probit model (see
§2.4) can also be defined for the multivariate logistic model. The conditional probability p(d |

1,2,...,d — 1), which is the ratio of two orthant probabilities, is a function of the parameters of
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the model. So, given the maximum likelihood estimator @ of the multivariate logistic model, the

estimate of p(d ] 1,2,...,d — 1) and corresponding standard error can be obtained for this model.

v

3.3 McCullagh-Nelder—Glonek Approach

McCullagh and Nelder {29] introduced a multivariate logistic transformation and used this to define
a class of regression models which can be applied for analyzing multivariate categorical responses.
These models are also known as multivariate logistic models and are systematically studied by
Glonek and McCullagh [11]. This approach of defining multivariate logistic models does not as-
sume any underlying distribution of the univariate margins. The likelihood construction is similar
for both the logistic models, but the estimating procedure of the orthant probabilities is differ--
ent. In the previous sections, we developed how the multivariate Plackett distribution can be
used .to estimate the orthant probabilities; McCullagh and Nelder used the multivariate logistic
transformation to estimate these probabilities. We have numerically checked that these two ap-
proaches give identical orthant probabilities. .In the following section, inference procedure of the

McCullagh—Nelder—Glonek approach is briefly described.

3.3.1 The Model and Parameter Estimation

Let y; = (i1, %2, - - -, %id)! be the response vector corresponding to the i (i =1,2,..., K) family,
where the response corresponding to the 5 (j = 1,2,...,d) member of the 't family, y;; is binary
indicates the presence (y;; = 1) or absence (y;; = 2) of a qualitative trait of interest. As before,
the objective is to estimate the effect of the covariate for the occurrence of the trait. The estimate
of the dependence parameter of the occurrence of the trait between the members within a family is
also of interest. Let X; be the covariate matrix of order d x (p+ 1) corresponding to the members

of the *" family.
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Let us define
sz(Xz) = PI(Y;I :yilayvﬂ:yiQa"'and:y’idiX‘i)a yil:1a2’ l:1a2""d7

as the probability of observing the response vector y; given the covariate matrix X; and j indicates
a multi-index. Let 7 be the vector of all possible 2¢ probabilities. For example, for bivariate case
7w = (m1, T2, M1, T22) L. If 7 is the vector of (‘11) x 2! univariate, (g) x 22 bivariate, ..., (g) x 2@

d—-variate margins, let us make a linear transformation @ — ~ by
~ = L« (3.16)

where L is a matrix of zeros and ones. For example, when d = 3, 4 would be the vector of 6
univariate, 12 bivariate and 8 trivariate margins.

T

Let us define n = (00,71, Md, M2+ -+ Nd=1,d>- - -, M2--.d)" as the vector of the logistic

factorial contrasts which can be obtained from -« by
n = Clog(Lw), (3.17)

where C is an appropriately chosen contrast matrix. The transformation w — n defined in equa-
tion (3.17) is called a multivariate logistic transformation by McCullagh and Nelder [29]. A latent
multivériate logistic distribution obtains only for a suitable choice of L. The first element 79 of the
vecfor n is for ensuring the requirement 3; 7; = 1; ng also ensures the transformation = to « is of

full rank. For the bivariate case the elements of the vector n would be
no = log(mi1 + Mo + o1 + Wa2),
m = logm. — logms, = logit(m.),

ne = logmy — logms = logit(m.1),

I

Te log w11 + log mae — log w12 — log o1 = log OR;2,

where O Ry, is the ratio of the odds of having the trait corresponding to the first and second member

of the family, i.e. ORy2 = {Pr(Y1 = 1)/ Pr(Y) = 2)}/{Pr(Y2 = 1)/ Pr(Ys = 2)}.
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In GLM terminology these n’s are known as linear predictors. The dependence of the 7’s on
the covariates can be described through these n’s. Let us assume that only the univariate margins

depend on the covariates, so we can define the following regression models for the univariate margins
Ny = Xjﬁ’ j=1’2>"'ad)

where 3 is the vector of regression parameters. To define the joint distribution of y; fully, we need
to define regression models corresponding to the two— and higher—order margins. Let us assume
there are at most ¢ different types of pairs (e.g. father-son, sib-sib, etc.) are in a family; the

bivariate margins can be expressed as

Nj1jz = &, 1<5n1<j2<4d,

T

where the vector a = (a,...,a4)" represents the dependence parameter. Let us assume third—

and higher-order margins are constant at oy, i.e.

1123 = 1124 = - - =1M1234 = *** = MN2...d = 0.

The likelihood construction is similar to the model described in previous sections. The score

function (3.15) can be written as
K .. . n
ve = 2% m—?%a—”. (3.18)

From equation (3.17), we can write

where D = diag(Lm). The matrix D can be written in terms of the elements of +, as an example
which is shown in Appendix (A.2) for 3-variate model. McCullagh and Nelder [29] provide the .

detailed expressions for the elements of the score function and the Fisher information matrix.
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3.4 Summary

In this chapter, we have described multivariate logistic models for analyzing multivariate binary
responses. The multivariate Plackett distribution, which is described in Section 3.1.3, has been
used to construct a multivariate logistic distribution. The bivariate Plackett distribution (see
Section 3.1.1) is flexible to consider any continuous univariate margin to construct corresponding
bivariate margin. Using two univariate logistic margins, we have constructed bivariate logistic
margins from the Plackett distribution with a constant bivariate cross—product ratio. A comparison
between the bivariate Plackett-normal distribution énd the bivariate normal distribution with a
set of comparable dependence parameters is shown in Section 3.1.1. This comparison reveals that
the bivariate Plackett distribution with standard normal margin is similar to the bivariate normal

distribution. In Section 3.3, McCﬁllagh~Nelder approach of multivariate logistic model is briefly

described.




Figure 3.1: Contour plots for the bivariate normal distribution.
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Figure 3.2: Contour plots for the bivariate Plackett—normal distribution.
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Chapter 4

Generalized Estimating Equations

The objective of this thesis is to compare the available regression models and methods for multi-
variate binary responses. Generalized linear models (GLM) [29] are a general class of regression
methods for univariate discrete and continuous responses, in which the density has a certain expo-
nential form. Logistic regression models for binary responses, linear regréssion models for continu-
ous responses, and log-linear models for count data are special cases of generalized linear models.
In this chapter, we start our discussion from generalized linear models because the construction of
a class of multivariate regression methods (estimating equation based) are closely related to that
of GLM.

The main focus of this chapter is to describe generalized estimating equations (GEE) meth-
ods for analyzing multivariate binary responses. In 1986, Liang and Zeger [23] and Zeger and
Liang [37] proposed the first version of the GEE method (GEEL) which can be used for analyzing
both multivariate continuous and discrete responses in which the univariate margins are GLM. By
considering the dependence parameters as a nuisance, the GEE1 method focus on estimation of
the regression parameters defined for the mean function of the model. Later Liang, Zeger, and

Qaqish [25] proposed a second version of the GEE method (GEE2) which can estimate both the
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regression and dependence parameters (in the form of the log odds-ratios) simultaneously. GEE
methods are not likelihood based other than in the case of the normal distribution; estimating
equations are defined for estimating the parameters. These estimating equations are similar to the
score equations of a multivariate normal model. For analyzing multivariate binary data, models
based on the quadratic exponential family, which can provide pseudo-likelihood estimators, are
also available in the literature, e.g. Zhao and Prentice [38], Fitzmaurice and Laird [9]. A detailed
discussion of these models can be found in Fitzmaurice et al. [10].

In this chapter, first we describe generalized linear models for analyzing univariate and
multivariate binary responses. The GEE1 method and quadratic exponential family based methods

are described in §4.2 and §4.3 respectively. Section 4.4 contains a description of the GEE2 method.

4.1 Generalized Linear Models

The GLM is the unified class of regression models for univariate continuous and discrete responses.
Though our main focus is binary responses, in this section, we describe the GLM for general
responses. The GLM has two important components: systematic and random component. The
random component specifies the distribution of the response. The systematic component specifies
the linear predictor which is a linear function of the known explanatory variables. The systematic
component can be expressed as a known function of the mean parameter of the distribution of
the response. This function is known as the link function which is a monotonic and differentiable

function, with an appropriate domain.

4.1.1 The Model

Let yi,y2,...,ykx be a random sample fl_rom a distribution in the exponential family (see Lindsey

(26], p- 11) having mean parameter y; (i = 1,2,..., K) and constant dispersion parameter ¢. The
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density function of y; is of the form

fy(yi;0i,¢) = exp{(yib; — b(6:))/a(®) +c(yi, d)}, (4.1)

where a(-), b(-), and ¢(-) are specified functions and 6; is a function of y;, known as canonical

parameter of the exponential family. It can be shown that
pi = E(Y;) =b'(6;) and var(Y;) =b"(6;) a(9).

The variance of y; is product of two terms: one, V{u;) def (8;), a function of y;, is known as
variance function and the other, a(¢), is a function of only the dispersion parameter ¢. Thus, the
-second moment of y; is a function of its first moment.

To define the systematic component of the model, let us consider the matrix X of order
K x (p+ 1) as the design matrix and to accommodate an intercept term, the first column of X is

1. The linear predictor corresponding to the i*® (i = 1,2,..., K) observation can be written as

ni(B) = Bo+biXa+ BeXio+ -+ BpXip,

where £y is the intercept term and 3; (j = 1,2,...,p) is the regression coefficient corresponding to
the j*" explanatory variable.

Let h(-) be any monotonic differentiable function such that
h(-) is known as the link function in generalized linear model terminology. The link function relates
the systematic component to the random component of the model.
4.1.2 Parameter Estimation

Given the sample y1,¥s,..., Yk, the log-likelihood function can be written as

K
o) = Zlog fy(yi; 0:, 8)

=1
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A : ’ K

. K
= Y {6 — b(6:))/alg) + clui, )} 3" 1:(6).

i=1 ‘ =1
To estimate the parameters B of the model, we must solve the score equations

a1(6)

UB) =55

=0. (4.2)

By using chain rule, we can write

ol; 06; Ju; oni
9 O a"h 0,3

L o
V(u;) 0B
K

= Z 3;11 — i)

B (g_g)_ 1 (y;#j, (4.3)

vup) =

where V = diag{V1,V5,...,Vk} and V; = V(,u%-)a(ng) = var(y;). From the expression of the score.
equation (4.3), it is evident that the dispersion parameter ¢ can be ignored for estimating the'
regression parameters 8. But tﬁe estimate of the dispersion parameter is required to compute the
standard error of the estimate of regression parameter.

The equation (4.2) can be solved by iteratively reweighted least squares (McCullagh and
Nelder [29], p.41) to estimate the parameters of interest 3. Replacing 3 by the maximum likelihood
estimator B, equation (4.3) becomes a function of the dispersion parameter only which can be
solved to obtain the maximum likelihood estimator q’3 Thé maximum likelihood estimator B has

an asymptotic multivariate normal distribution with mean vector 8 and covariance matrix
-1

M OOR

The variance can be estimated by Vi which is obtained by replacing 8 and ¢ by the corresponding

maximum likelihood estimates B and ¢ respectively in expression (4.4).
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4.1.3 Multivariate Binary Response

In this section, the GLM procedure is described for multivariate binary responses. Let y, =
(i1, Yi2, - - -, Yia) L be the binary responée vector corresponding to the it (i = 1,2,..., K) family.
Let X;; be the p—dirﬁeﬂsional covariate vector corresponding to the j** (j =1,2,...,d) member of
the i*P family.

"To apply the GLM procedure to multivariate binary responses, let us naively assume the
responses are “independent” within each family. That means there are d x K .independent obser-
vations in the sample. Assuming the marginal distribution of y;; (1 =1,2,... K;j=1,2,...,d) is
a member of the exponential family, the log-likelihood contribution of the j** member of the ith

family is
Lij(0i5) = exp{(yi;0i; — b(6;))/a(d) + c(yij, )}, (4.5)

where 6;; is the canonical parameter which is a function of the corresponding mean function p;; =
E(Y;j). Let h(:) be the link function which relates the mean parameter y;; to the linear predictor
mi5(B) = X358 as pij = b~ (X;B), where 8 = (8o, B1, B2, ..,Bp)" is the vector of parameters of

interest. The score function for the 5*® family (similar to equation (4.3)) can be written as

AT A
vie) = (%) V- m, (4.)

. ’

where V; = diag{var(y;1), var(yiz), ..., var(yiq)}. The maximum likelihood estimator B; is the -

solution of the équation U(B) = 0, where

us ou, T -1
U = |2 P
(B) ;:1:( 8ﬂ) (Y — 1)

K
= Z Ci Vit (ys — my)- (4.7)

If the binary responses within each family were independent, the maximum likelihood estimator

B ; is consistent and has an asymptotic multivariate normal distribution with mean vector 8 and
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covariance matrix
-1

Vip = (f: Ci‘/}"lcf)
: i=1 '

Replacing 3 by 3 1, equation (4.5) becomes a function of the dispersion parameter ¢ only. The

corresponding likelihood function can be maximized to obtain the estimate (q&) of the dispersion
parameter. |

In spite of the fact that the responses within a family are correlated, the pseudo r_naiimum

likelihood estimator B; (obtained by assuming within family responses as independent) is consistent

but VIO can be inconsistent. To obtain the qonsistent estimator of the covariance matrix of B Is

Liang and Zeger [23] used the inverse Godambe information matrix (see Godambe [12]) as
Vi = Vi, Ha(B1)Viy, (4.8)

where
K
Hy(B) = CiVi My — ) (s — )TV CT.
i=1 ’ .

The estimated covariance matrix Vi of B ; can be obtained by using the estimator ,[:J ; and qAS in the
equation (4.8). The main disadvantage of this approach is that it sometimes provides less efficient

estimates of the regression parameters in some cases when the intra—familial association is high.

4.2 Generalized Estimating Equations I

In the previous sect>ion, we have seen that the GLM procedure can be used for analyzing multivariate
binary responses. Although this approach does not consider the within-family dependence in
the analyéis, with the correct specification of the univariate margins this approach can provide
consistent estimators for both the regression parameters and the respective variances. However,

ignoring the within—family dependence in the analysis costs in the efficiency of the estimators

corresponding to the regression parameters.




To incorporate within-family dependence in the analysis, Liang and Zeger [23] proposed
the generalized estimating equé,tioné procedure (GEE1). The main focus of the GEE1 method
is to examine the dependence of the response on the covariate set which are measured for each
observation. In the GEE1 method, regression models are defined for the mean function of each ob-
servation. Instead of specifying the joint distribution of the responses, Liang and Zeger [23] defined
estimating equations for the regression‘parameters ‘only, which they called generalized estimating
equations. They introduce a “working” correlation or weight matrix to avoid the specification of
a joint distribution of the responses. When there is stronger dependence in the data, then one
should use larger correlations in the weight matrix. Crowder [4] showed some examples where the
» estimators corresponding to the parameters of the “working” correlation matrix do not converge in

probability to a value in [-1,1] or [0,1].

4.2.1 The Method and Parameter Estimation

Let y, = (4i1,%:2,---,%id) be the response vector corresponding to the i*f (i = 1,2,..., K) family,
where y;;, the binary response corresponding to the 5" (j = 1,2,...,d) member of the i*! family,
representing the presence/absence of a specific trait of interest. Let X;; be the p-dimensional
vector of covariate values for the 5'" member of the i*® family. As in Section (4.1.3), let us assume
that y;; follows a distribution from exponential family and the dependence of the mean function
pi; = Pr(Y;; = 1) on the covariate set can be expressed by the link function k(-) as pi; = A~ (X458),
where 8 = (6o, 81,82, - - -, ﬂp)T is the parameter of interest.

Liang and Zeger [23] used a “working” correlation matrix R;(a) (i = 1,2,..., K) of order
d x d for specifying the within—family dependence. In the case of unequal family sizes, the dimgnsion
of the “working” correlation matrix is different for different families. The form of the “working” cor-

relation matrix is assumed to be fully specified by the parameters a = (a1, 02, ...,,)T. Common

correlation structures such as “independence” and “exchangeable” correlation structures can be ob-




tained by considering R;(a) = I and R;(a) = (1—p)Iq+pJ 4 respectively, where p = corr(Y;;, Yig),
g,k =1,2,...,d(j # k), where I; is an unit matrix of order d x d and J4 is a d X d matrix with
all elements are one. The estimation equations corresponding to the “independence” correlation
structure is known as independence estimating equations (IEE) which is similar to the procedure
described in 4.1.3.

For estimating the regression parameters, Liang and Zeger [23] proposed the following set

of estimating equations

B

where V; is the “working” covariance matrix considered for i*! family, which can be expressed as a

K \T
ve) = Y (%) vitwi-m, «9)
i=1

function of “working” correlation matrix as
Vi = A”Ri(a)4””, (4.10)

where A; = diag{var(y;1), var(ys2), ..., var(yq)} and var(y;;) = ps; a(4), is a function of the known
mean function and the dispersion parameter. So the “working” covariance matrix V; is a function
of B, a, and ¢.

Thus the estimating equations defined in equation (4.9) are a function of 8, a and ¢. Since
we are only interested in estimating the regression parameters, the score equation (4.9) can be
reduced as a function of 3 only by replacing a and ¢ by &(Y, 8, ¢) and ¢(Y, B) respectively. So

equation (4.9) can be written as

UB, &8, = Z(Wﬁ v @w@m*wrw»

.
—

K
= ) GB (4.11)

o,
—

Let ,[-AIG1 be the solution of the equation U[B, &{8, $(8)}] = 0. According to Liang and Zeger [23]
given the estimators of a and ¢ that converge in probability, the estimator of the regression param-

eter BGI is consistent and asymptotically multivariate normal with mean vector 8 and covariance
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matrix
K -1 K K -1
Ve, = (2 CiBiC{ ) {Z CiBi (yi — ) (yi — )" BiC{f } (Z CiBiC; ) - (412)
i=1 i=1 i=1
The variance estimate VGI of BGI can be obtained by replacing 8, ¢, and a in the expression
for Vi, by their estimates. Liang and Zeger [23] showed that the consistency of the regression
parameters and their variances does not depend on the choice of the “working” correlation matrix
as long as the estimates of the parameters of this matrix converge in probability. This is an error
of Liang and Zeger pointed out by Crowder [4] and Sutradhar and Das [35]; one cannot talk about
the consistency of the parameter that does not have real interpretation.

There are also some other drawbacks of the maximum quasi-likelihood estimator 8 G, Crow-
der [4] also indicated that there may not exist any solution for &; in that situation GEE1 cannot
estimate the regression parameters. Even if & exist and it converges to a specific value, its limiting
value depend on the form chosen for “working” correlation matrix. Sutradhar and Das [35] showed
some results for multivariate binary data where the estimators corresponding to IEE are found as

efficient as the estimators ‘from GEEL.

4.3 Quadratic Exponential Family

As we have seen in the Section (4.2), GEE1 focus on estimation of the regression parameters
corresponding to the marginal mean functions. The GEE1 procedure is not sufficient when the
objective of the study is to estimate the parameters corresponding to both the mean function and
within—family dependence structure. Regression methods based on a quadratic exponential family
can estimate both kind of parameters simultapeously. In this section, we first describe the quadratic
exponential family and then review a regression method based on this family of distribution.

Let y; = (¥i1,%i2,..-,¥id)" be the binary‘ response vector corresponding to the ! (i =

1,2,..., K) family. According to Cox [3], the joint distribution of y, can be written in the following
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saturated log-linear form:

F(9i; 04, %) = exp{O] y; + OF z; — A(T;, %)}, (4.13)

where z; = (Yi1¥i2,- - -, Yid—1Yid, - - - , Yi1¥i2 - - - Yid)| contains the second- and higher-order cross-
products of y;, ©; = (6;1,02,...,0;4)T and Q; = (wﬂg,...,wid_l,d,...,wilgmd)T are vectors of
canonical parameters, aﬁd A(©;,;) is a hormalizing‘ constant such that ) exp{A(©;, )} =
S exp{O©Fy, + QT z;} where sum is bver all 2¢ possible values of y;.

The parameters of ©; have interpretations in terms of conditional probabilities as
05 = logit{Pr(Y;; =1|Yy =0,5#k)}

and the parameters of 2; can be interpreted in terms of log conditional odds-ratios and contrasts

of log conditional odds-ratios as

wijijy = log OR(Yijy> Yija | Yizs = 0y j3 # J1,J2);
L = 1 OR(yijlay’ijz I Yijs = 1,%‘]‘4 = 07 j4 :79.7.17.7.2’.7.3)
Wijijaga = ogOR L — T ——,
(Yis1» Yigo | Yijs = 0,35, = 0, Ja # J1, 52, J3)

where

N Pr(Y1=1,Y,=1) Pr(Y1 =0,Y5 =0
OR(yl,yz)’—‘ (1 2 ) uts 2 )

is the odds-ratio between between two binary variables Y; and Y.

A special case of Cox’s loé—linear representation is the quadratic éxponential family (Zhao
and Prentice [38]) obtained by setting three- and higher—order dependence parameters in §2; at
some fixed values in (4.13). This special case of the Cox’s log-linear representation is _eciuivalent
to that obtained from conditionally logistic regressions (Joe and Liu [16]). Gourieroux et al. [13]
consider an exponential quadratic model, parameterized by the mean vector aﬁd covariance matrix,

for a general response vector.
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However, one drawback of this representation is that it is not reproducible or closed under
margins, i.e. if y? is a subset of y; of order d* x 1 (d* < d), then

W) = D fys©i,%), yr=v\y;
s

# exp{O]Tyl + Q2] - A(6],0))},

%

where ©F is the corresponding subset of ©; of order d* x 1, and Q} and z} are the corresponding
subsets of £2; and z; respectively.

The canonical parameters in 2; are defined in terms of conditional odds-ratios which have
limited use for the‘studies with unequal family sizes because conditional odds-ratios are specific to
the number of subjects in a family. For example, since O'R(yil, Yia2 | vis = 0) # OR(yi1, yi2 | iz =
yi4 = 0), the same parameters cannot be used to ‘measure the association between y;1 and yzg if

some families have three subjects and others have four subjects.

4.3.1 Zhao-Prentice Method

Zhao and Prentice [38] used the quadratic exponential family for analyzing multivariate binary data
by making a one-to—one transformation from the canonical parameters (0;,€2;) to the marginal
parameters (u;,0;), where p; = 8; and o; is the vector of the marginal covariances for the ith

family. Let us define the regression model for marginal parameters p; and o; as

”‘1(:3) = h—l(Xiﬂ)v ai(aaIB) = g_l(a’Xi ﬂ)v

respectively, where X; be the matrix of covariates for the i (i = 1,2,..., K) family, 8 and « are
the vectors of parameters to be estimated, and h(-) and g(-) are the link functions. Let &, = E(z;)

and for (j, k) pair of the i** family we can write &), = 04k + pijpik. That is, &; is the function of

both the parameters 8 and a.




The score function for the Zhao-Prentice model is

T -1
L.
UB.a) — i 6—‘;.]" 0 cov(y;)  cov(y;, 2i) Yi— K
: a¢, ok,
i=1 % 6_31 cov(zi,y;)  cov(z;) \ %~ &
. K '
= Y C;BiA;. B (4.14)
i=1

The solution of U(B, a) = 0 provides pseudo-maximum likelihood estimators (BT,' ah)T,
Pseudo-maximum likelihood estimation of {8, ) requires direct calculation of third and
fourth order moments of y; which involves summation over 2¢ possible values of y;. This computa-
tion is tedious when the family size is large. In this context, Zhao and Prentice [38] suggested the
use of any convenient “working” covariance matrices in equation (4.14). In this case, the estimator
(B', &) is no longer a pseudo-maximum likelihood estimator but the estimator is consistent and is
asymptotically normally distribution provided the model specification of p; and o; is correct.
Both the GEE1 and Zhao-Prentice approaches considered the correlation coefficient for
specifying the dependence among the observations within a family. But as a dependence parameter,
the correlation coefficient is not the best choice because its range depends on the univariate margins.
Fitzmaurice and Laird [9] used quadratic exponential family with conditional log odds-ratio as the
dependence parameter. The main drawback of this approach is that the joint distribution of the
observations are not reproducible. Thus this approach has limited application for studies with
unequal family sizes. The interpretation of the conditiohal'log odds-ratio is not as attractive as
the unconditional association parameters. In the following section we will describe a GEE2 method
which overcomes some of thel drawbacks of the GEE1, the Zhao—Prenﬁice, and the Fitzmaurice-

Laird methods.
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4.4 Generalized Estimating Equations II

The focus of the GEE1 method is to deséribe the dependence of the mean function of the response
on the explaﬁatory variables. By considering the dependence as a nuisance, the GEE1 prbcedure
provides consistent estimators of the regression parameters given the correct specification of the
mean function. If the objective of the study is to describe both the dependence of the mean response
on the explanatory variables and the dependence structures among the responses, the GEE1 method
is not sufficient. The quadratic exponential model is one way to deal with such problems but has
several drawbacks. Liang, Zeger, and Qaqish [25] extended the GEE1 procedure for estimating the
parameters defined in the mean function and the dependence structure simultaneously. They call
this procedure GEE2 and considered the bivariate log-odds ratio as the dependence parameter to

illustrate this procedure.

4.4.1 The Method

Let y; = (i1, %2, - .-, %d)" be the binary response vector corresponding to the i'" (i = 1,2,..., K)

)T, a vector of order m, where m = (d).

family. Let us also define z; = (yi1yi2, ¥i1¥iss - - - » Yid—1Yid 9

Let X;; be the covariate vector of order 1 x (p+1) corresponding to the 5% (j = 1,2,...,d) member

of the i family. Let h(-) be the link function such that
wij(B) = E(Yij) = b~ (XB).

The pairwise dependence is expressed in terms of the odds-ratios, for the (4, k) pair of the i*® family

the odds—ratio‘is defined as

Pr(y; = Ly = 1) Pr(y;; = 0, y = 0)
Pr(y; =1, yix = 0) Pr(y;; =0, yi = 1)

Yijk

Let us assume the vector 4 of order m x 1, where m is the number of the pairs in the i*P family, can

T

be expressed as a function of the ¢ x 1 (g < m) vector & = (e, ..., )7, ie. v = g7} (ax), where
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g() is any suitable link function. From the bivariate Plackett distribution (see §3.1), for any pair

of responses we can write

(1/2)(vijk — 1) 7Y {S (wijs ik Vi) — [{S (g ik Yijie) }
&ijk(B, ) = B(Yi; Yie) = — 4wk — 1) Yig pig pe] }, if vk #1, (415)

Hij Biks if vk = 1,

where S(u1, t2,7) B 1 — (11 + pa) (1 — ).

4.4.2 Estimating Equations

Let 8 = (ﬁT, aT)T be the parameters of the model which we wish to estimate. Since the joint
distribution of the response vector y; is not fully specified, Liang et al. [25] consider the following

estimating equations for 6:

K .
oM &) 1| Yi Yi— M
U = 2_: 50 il cov
=1 z; zi —§;
op T
- i B 0 cov-1 [ ¥ Yi— W
oE, of,
i=1 —% a—gal z; zi— &
K
= Z C,BiAi =0. (4.16)

=1

For the " family the inverse of the covariance matrix is

cov(y;)  cov(y;, z)
B, =
cov(z;,y;)  cov(z;)
The components of this matrix can be expressed in terms of the first four moments of y;, which are
shown in Appendix A.1. The estimating equations (4.16) are similar to the pseudo-score functions

of the Zhao-Prentice method with the odds-ratio as the marginal dependence parameter and a

specific choice of “working” covariance matrix.

49




. AT T . . . . L.
The solution §° = (8" ,&T) of U(@) = 0 follows an asymptotic multivariate normal distri-

bution with mean vector 8 and covariance matrix
Vo, = H{'(0)Hz(0)H'(6), (4.17)
where

K
Hi(6) = > CiBiCT,
=1

T
K
Yi — K Yi — M
H,(0) = > CiB;| Ha i H B;CF.
=1 zi—§; zi — §;

The estimator 6 is consistent if the model for both the mean parameters h(w) and the association
parameters g(v) are correctly specified.

The main advantage of the GEE2 method over the regression methods based on the quadratic
exponential family lies in the interpretation of the dependence parameters. The GEE2 models the
bivariate odds—ratios for the within—-family dependence which has a straightforward interpretation
regarding the magnitude of the association between any pair of members within a family. The
quadratic exponential family methods consider conditional models for association parameters which

are of limited use in the case of unequal family sizes.

4.5 Summary

In this chapter chronological developments of some estimating equation approaches which are ap-
plicable to multivariate binary responses have been shown. Starting from the GLM, which is used
for analyzing univariate binary responses, we have covered regression methods based on generalized
estimating equations as well as quadratic exponential family based methods.

By naively assuming the correlated binary responses as “independent”, one can apply GLM

to estimate the regression parameters defined for the mean function. These estimators are con-
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sistent but less efficient if the within—family association is high.v The GEE1 approach considers
within family dependence in the analysis as a nuisance and can estimate regression parameters
corresponding to the marginal mean function. Provided the model specification of the marginal
means is correct, the GEE1 approach provides consistent estimators of the regression parameters.

The GEE1 approach does not estimate the parameters corresponding to the Within'family.
correlation structure which might be of interest of some studies. Some models based on quadratic
ekpopential family (e.g Zhao—Prentice, Fitzmaurice-Laird) and the GEE2 can estimate regression
parameters and parameters corresponding to dependence structure simultaneously. These three
models considered three different types of association parameters in the respective models. Pair-
wise correlations, conditional odds-ratios and bivariate odds-ratios are considered as dependence
parameters in the Zhao-Prentice, the Fitzmaurice-Laird and the GEE2 methods respectively. Liang
et al. [25] proposed the GEE2 method without mentioning that the probabilistic assumptions are

consistent with the multivariate logistic model of Molenberghs and Lesaffre [31] (which came later).
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Chapter 5

Simulation Study

The main objective of this thesis is to compare maximum likelihood and estimation equation based
estimators of the multivariate logistic model for analyzing multivariate binary responses. For this
comparison, a simulation study is considered with different family structures. The multivariate
probit and logistic models are also compared for estimating the conditional probabilities. Numerical
methods have been used for estimating the parameters of the methods that are considered in this
thesis.

This chapter contains results of the simulation study and the description of the numerical
methods that are used in this thesis for estimating the parameters of the models. In the following

section, a brief description of these numerical methods is given.

5.1 Numerical Optimization Methods

Generally numerical optimization methods are used to optimize a function of the independent
variables which can also consider restrictions on the independent variables; the function to be
optimized is known as the objective function. In statistical applications, the negative of the log—

likelihood function (@) is the objective function to be minimized to estimate the unknown pa-
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rameters 8 = (64,... ,Gp)T. A common method for estimating the unknown parameters is the
Newton-Raphson method which requires analytic evaluation of the gradient and the Hessian ma-
trix. If the objective function has a complex form, often the Hessian matrix cannot be evaluated
analytically; in such situations quasi-Newton methods which only require analytic evaluation of the
objective function, can be used for minimizing the negative of the log likelihood function. Numer-
- ical differentiation techniques are also useful for estimating the Hessian and possibly the gradient
at fixed values of the parameters.

For fitting the multivariate logistic and probit models we have used the C routines of
Joe ([18], [19]) respectively. bThe quasi-Newton method with nﬁmerically approximated gradient
has been used in these routines. For solving the estimating equations, we have used the C++ code of
Joe [20]. This routine is based on quasi-Newton method with the gradient and the Hessian matrix
computed by a differentiation package FADBAD (http://www.imm.dtu.dk/~os/fadbad.html)
which uses automatic differentiation techniques to compute the derivatives of a function written in
a high level language such as FORTRAN, C, or .C++.

The public domain version of the GEE2 code; originally written in Pascal' and converted
to C with p2c, cannot handle general familial data. It can handle familial data with a simple
interclass/intraclass structure. It is also restrictive in computer memory requirements. It would
have taken more time to modify the original GEE2 code to suit our purposes than to start from
scratch. ' The advantage of the automatic differeﬁtiation approach is that we need to code only
the likelihood function. For simulated familial data with a structure such that the original GEE2
program can be used, we checked that our program and the original program gave the same (or
nearly the same) estimates. The main difference between the public domain version of GEE2 and
our implementation is the computational procedure for the second- and higher;order moments.

We used the multivariate Plackett construction for computing these moments, whereas the pub-

'nttp://statlab.uni-heidelberg.de/statlib/GEE/GEE2/
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lic domain version uses the McCullagh—Nelder-Glonek appréach. Fbr estimating the parameters,
the public domain version uses the classical Newton-Raphson method and we have used a FAD-
BAD based Newton-Raphson method. Because of the operator overloading, the FADBADAbased
Newton-Raphson method is bit slower than the classical Newton-Raphson method.

In the subsequent two sections, we first describe the classical Newton-Raphson method and

then the quasi-Newton methods are also briefly described.

5.1.1 The Newton-Raphson Method

The Newton-Raphson method is based on approximating the objective function {(8) locally by a
" quadratic model and then minimizing that function. For the value of the parameters 6y at the kth

iteration, the objective function can be approximated as

' 1
10k +d) ~ 1(6k)+UT(8r)d+ SdTH(0x)d, (5.1)
where
al(0) %10
UOk) = 57 ’ 0 — and H(Og) = aeaaT 6=0,

are the gradient and the Hessian matrix of the objective function (@) respectively. The Hessian
matrix is the Jacobian of the gradient which is symmetric and assumed to be positive definite.
The minimum of the right-hand side of (5.1) is achieved when dj, is the minimum of the quadratic

function
1
Q) = UT(0r)d+ idTH(Ok)d.
The expression for dj can be obtained by solving the equation {0 Q(d)/8d} = 0, which leads to

dp = —H‘l(ek)U(Ok).
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The quantity dg is known as the Newton direction and is used to update the current parameter

value @y by

0k+1 = Op+dy, k=0,1,2...
= Ok — H™'(6x)U(6k)

= O — H]c_l gk, (52)

where Hy, = H(0y) and gr = U(6k) are introduced to simplify the notation. Starting with a
suitable initial value 8¢, the equation (5.2) is successively evaluated until the parameter vector 6
has converged.

This method requires the computation of the gradient and inverse of the Hessian matrix at
each iteration. To evaluate the Hessian matrix, p(p + 1)/2 partial derivatives must be calculated
analytically and for inverting the Hessian matrix a system of linear equations must be solved. But
in many cases the second derivative of the objective function is not available analytically, so the
Hessian matrix cannot be computed. The Newton method also breaks down if the Hessian matrix
is singular at some iteration. Otherwise Newton’s method works very well if the initial value is
sufficiently close to the true value. These difficulties of the Newton’s method lead researchers
to search for other optimization methods, such as quasi-Newton methods which do not require

computing the Hessian matrix or the gradient analytically.

5.1.2 The Quasi-Newton Method

The quasi-Newton method, also known as a variable metric method (see Nash [32]), approximates
the inverse of the Hessian matrix by some modification of the previously constructed matrix. This
method does not require computation or inversion of the Hessian matrix for minimizing the objective
function /(). For implementing the quasi-Newton method, assume that either the gradient is

available analytically or a computer routine is available for numerically computing the gradient.
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For example, at the k*! iteration, from the currently available quantities such as 0%, gk, Ox—1, and
~ gk—1 the quasi-Newton method provide an approximation By to H !, This approximation can be

used to update the current value of the parameter by

Ok+1 = O — Bygx. (5.3)
By using Taylor’s theorem, the gradient at k%" iteration can approximately be written as

gk—1 =~ gk + Hg(Ok—1 — Ok)

= Yr =~ Hgsg (5.4)

where 8, = @ — 01 and yr = gr — gr—1- If the objective function is quadratic, the Hessian
matrix is constant, i.e. Hy = H, Vk > 0 and the relationship of (5.4) is exact. If the objective
function is not quadratic but is strictly convex and has continuous second partial derivatives in a
neighborhood of 8* then the objective function is well approximated by a quadratic function with
Hessian matrix H(8*) in a sufficiently small neighborhood of 8* (Wolfe [36]). For such objective
functions the relation (5.4) becomes exact as 6y approaches 8*. So, it seems desirable that the

approximation By to H ! should satisfy the relation
Bkyk = 8. (5.5)

This equation is known as the quasi-Newton equation. It is desirable that By can be computed

from By_i, 8k, and yg. Consider
By, = Bi_1+ Ci(8k,yr, Br-1), (5.6)

where the correction matrix Cj has the same properties as the matrix Bx. This construction of
the sequence {By} is not unique; a number of methods are available for computing By from the

current values of the parameters. One such method is described in the following subsection.




Davidson-Fletcher-Powell Method

The Davidson-Fletcher-Powell method (see Wolfe [36]) is one of the popular methods for construct-

~ing the sequence {By}. For this method the correction matrix is written as
Ci(8k Yk, Bk—1) = Skul — Br_1Yk va,
where v and v are nonzero vectors such that -
ulye =1, vfyp=1 | _ (5.7)
By using the this form of correction matrix Cy in equation (5.6) we get
Bryk = Bi-iYk + Skui yr — Br_1YkVE Yk

= Bp-1Yr + 8k — Br-1Yx

= 8.
This shows that the Davidson-Fletcher-Powell method satisfies the quasi-Newton equation (5.5).
. The choice

Sk _ Briyk
T » V=7, -
8 Yk © Y Be-1yk

U =

satisfies the equation (5.7). Therefore, we can write the expression of the matrix By, as

T B B T
By = B+ £k _ (Be-1Yr)(Br-1Yk)

8% Yk yT By 1y

After getting the value of By, we can update the parameter by using the equation (5.2).

5.1.3 Newton method with Automatic Differentiation

As we already mentioned that the Newton—Raphson/quasi-Newton method can be used with the
gradient and the Hessian matrix obtained from differentiation packages. A differentiation package

FADBAD, which is based on automatic differentiation, is used for coding the routine of Joe [20].
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Automatic differentiation has become a very popular tool for numerical differentiation in
the last twenty years. The advantages of this method over other existing procedures (e.g. divided
difference, symbolic differentiation) have been discussed by Griewank [14]. There are two versions of
automatic differentiation, known as forward and backward modes. A number of software packages
for automatic differentiation written in high-level languages such as FORTRAN or C++ are avail-
. able. The user only needs to provide the subroutine to evaluate the underlying objective function

provided an interface routine has been written for Newton-Raphson. We have used the forward
“mode of the automatic differentiation method to evaluate the Hessian matrix. This Hessian matrix
used in Newton-Raphson routine for estimating the parameters of the GEE2 method.

Automatic diﬂ'efentiation introduced a data type doublet (see Dixon [6]). A doublet
variable U, consists of p + 1 values (u,u;), where yu; = 8u/8xi, 1=1,2,...,p. For doublet
variable the usual operators (e.g. -, —, #,...) are overloaded; operator overloading is a nice‘
feature of the computer languages such as C++/Fortran which helps to redefine the meaning of
the elementary Voperators. For an assignment W = U % V where U and V are doublets, the
multiplication operator * is _deﬁned_in such a way that it not only computes the product of U
and V but also update the associated gradient object by yw; = uyv; +vvu; (i =1,2,...,p).

Similarly all other elementary operations can also be defined; for example

W=U+V = (u+v,9ui+vv, 1=12,...,p),
1 -1 .
W=1U — (;,—&é—vui,z=1,2,...,p),
W =logu — (logu,%vuiz'=1,2,...,p).

Automatic differentiation packages convert any given functions to these elementary functions and

then use the chain rule to compute the derivatives of the given function.
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5.2 Comparison of the Methods

In this section, a comparison of maximum likelihood (ML) and GEE2 approaches for estimating
the parameters of the multivariate logistic model is shown by considering a simulation study. Four
different types of the family structures namely Pedigree A, B, C, and D are considered, the descrip-
tion and the graphical representation of these families are given in the following sections. Because
the multivariate logistic distribu;sion is defined based on implicit equations for dimensions d > 3,
simulation from it would be very difficult. To simulate from the multivariate logit binary model
requires the computation of 2¢ (d is the family size) multivariate probabilities and then the 2¢ pos-
sible binary d-dimensional vectors can be considered as outcomes of a multivariate discrete random |
variable With these probabilities. This is much more difficult than simulation from the multivariate -
probit model. Therefore, the comparison is based on multivariate binary data simulated from the
multivariate probit model. |
A sample of 200 families (family size depends on the pedigree types) is generated for each
pedigree. For simplicity of the comparison, all 200 families have the same family structure. A
mixture of pedigrees A, B, and C is also considered for the sirﬂulation study because for real data
- pedigrees for different farﬁilies will typically be different. To exémine the effect of the sample size for
the comparisbn of ML and GEE2 approaches, we also analyzed a data set from Pedfgree A with 600
families. The only covariate Age is assumed uniform on (I, u), where | and u depend on the member
of the family. The response vector is generated by using the multivariate probit model; i.e., given
the specified correla’tion structure and the values of the intercept (By) and regression coefficient
(B1) for the covariate Age the response vector is obtained by using the equation (2.1). To simulate
binary response vectors by the multivariate probit models, two types of correlation structures
(exchangeable and familial) are considered for each pedigree. For an exchangeable correlation
structure, the correlation is the same for all pairs of members of a family; on the other hand, for a

familial correlation structure, the correlations differ for different types of pairs. Three values (0.9,
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0.5, 0.1) of the correlation coefficients and two sets of the correlation coefficients -are considered for
the exchangeable and familial correlafion .structures respectively. We also used different values of
the regression constant and coefficient in different analyses.

For this analysis, we assume that only the univariate margins depend on the covariate Age.

The multivariate logistic model has equations

logit @ = fo + f1 * Age,

logy = a,

for the univariate margins and the dependence structure respectively. Here, 7 and 4 are the vector
of univariate margins and cross—product ratios respectively. For the multivariate logistic model the
third— and higher-order dependence parameters are assumed fixed at one.

For each pedigree, the results of the simulation analysis for the exchangeable and famil-
ial correlation structures are shown in two separate tables. The maximum likelihood and GEE2
methods are compared with respect to the mean estimates of the regression parameters and log
OR for dependence parameters, and their corresponding standard errors. The average /of the ab-
solute difference of the parameter estimates and their standard errors corresponding to these two
methods are also shown in these tables. Empirical standard deviations of the parameter estimates
corresponding to these two approaches are also shown in these tables. For each of the analysis 500
repetitions were considered to obtain the results of these tebles. The true parameter values which

are used to generate the data for different pedigree are also listed in these tables.

5.2.1 Pedigree A

Pedigree A is the simplest family structure considered for the simulation study. This pedigree
consists of four members who are from two different relative classes and the graphical diagram of

this pedigree is shown in Figure 5.1. The first member is one of the parents and the others are
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offspring, so only two types of dependence namely, sib-sib (SS) (2:3, 2:4, 3:4) and parent—offspring
(PO) (1:2, 1:3, 1:4) are considered for this pedigree.

Figure 5.1: Graphical diagram of Pedigree A.

Table 5.2 shows the simulation results for the Pedigree A, where the responses are generated
by a multivariate probit model with an exchangeable correlation structure, i.e. ppo = pss. The
average absolute difference of the estimates show that the maximum likelihood and GEE2 parameter
estimates are equal up to two decimal places for the correlation coefficient p = 0.1 and p = 0.5.
For p = 0.9, the parameter estimates corresponding to the covariate Age (,31) and corresponding
to parent—offspring pair (log @po) are equal up to one decimal place and others are equal up to
two decimal places. The differences among the parameter estimates tend to increase as the within—
family dependence increases. The averages of the maximum likelihood and the GEE2 estimates of
the standard errors are equal up to one decimal place for all the values of p. For the extreme values
of correlation coefficients (i.e. p = 0.1,0.9) the absolute differences between thel corresponding
standard errors are larger than at p = 0.5. The average standard errors of the estimates of the
dependence parameters (log 5.\RPO and log 67%55) increase as p increases. The average of the
intercept (ﬁo) and the estimates corresponding to the covariate Age tend to decrease as p increases.
For Pedigree A, on average the GEE2 estimates are marginally more efficient than maximum
likelihood estimates with exchangeable correlation structure.

Table 5.3 shows the simulation results for Pedigree A, where the responses are generated by

a multivariate probit model with a familial correlation structure with sib—sib and parent—offspring
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correlations. Two sets of correlation coefficients {pss = 0.8, ppo = 0.6} and {pss = 0.9, ppo =
0.4} are considered for this case. The ML estimates are found marginally less efficient than the
éorresponding estimates from the GEE2.

Table 5.4 shows the simulation results for Pedigree A with a sample of size 600. This results
show that the average of the difference of the ML and GEE2 estimates tend to decrease as sample
sizé increases and standard errors behave as expected.

For the Pedigree A, the empirical standard deviations (SDs) of the parameter estimates are
also shown in the Tables 5.2-5.4. The SDs are quite similar for the estimates corresponding to the
ML and GEE2 approaches. As expected these empirical standard deviations are approximately
equal to the average of the corresponding standard errors.

Note that as expected, most of the regreséion estimates are approximately 1.6-1.8 times
the probit regression coefficients. Also the odds-ratio parameter estimates are roughly satisfied
the equations (3.6) and (3.7). For example, for Pedigree A with exchangeable correlation structure
(p = 0.5), the regression parameter estimates from the logistic model of ,30 =1.318 and B; = 0.362
correspond to the regression parameters of the probit model of 8y = 0.8 and $; = 0.2. That
is, the logistic estimates are 1.65 (=1.318/0.8) and 1.81 (=0.362/0.2) times the respective probit

parameters.

5.2.2 Pedigree B

Figure 5.2 shows the graphical diagram of Pedigree B, which has four members from three different
relative classes. The members are one grandparent, one parent and two offspring; three types of
dependence namely sib-sib (3:4), parent-offspring (1:2, 2:3, 2:4), and second-degree relationship
(D2) (1:3, 1:4) can be considered for this family structure.

Table 5.5 shows the simulation results of Pedigree B, where the responses are generated

by a multivariate probit model with an exchangeable correlation structure. The averages of the
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Figure 5.2: Graphical diagram of Pedigree B.

parameter estimateé and the corresponding standard errors for the maximum likélihood and the
GEE2 methods are very close. For p = 0.1, the average absolute differences show that the maximum
likelihood and GEE2 estimates of the regression parameters are similar up to two decimal places.
For p = 0.5, Bl and log 51\%1)0 are similar up to two decimal places and other estimators are similar
up to one decimal place. For p = 0.9, all the estimators are similaf up to one decimal place. The
average of the difference between the parameter estimates increases as the within—family dependence
increases. The difference between the standard errors of the parameter estimates corresponding to
the maximum likelihood and the GEE2 are equal up to one decimal points for all the values of the

correlation coefficients. The average standard errors agree more closely for p = 0.5 than for the

other values of p. For Pedigree B with exchangeable correlation structure, the estimates of p1 and

log OR are found to be marginally less efficient for the Iﬁaxiinum likelihood in most cases.

Table 5.6 shows the simulation result for Pedigree B, where the responses are geﬁerated by a
multivariate probit model with a familial correlation structure. Two sets of correlation coefficients
{bss = 0.8, ppo = 0.6, and ppy = 0.5} and {pss = 0.9, ppo = 0.5, and pps = 0.1} are considered
for this case. The average of the absolute differences show that except for log @Dz, all other
-estimators from the maximum likelihood and the GEE2 are similar up to two decimal places. For

this case the parameter estimates corresponding to the GEE2 are found to be marginally more
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Figure 5.3: Graphical diagram of Pedigree C.

efficient than maximum likelihood estimator.
The empirical SDs of the corresponding parameter estimates of the ML and GEE2 ap-

proaches are very close and are consistent with the average of the corresponding standard errors.

5.2.3 Pedigree C

Pedigree C has five members: one grandparent, one pareﬁt, one uncle, and two offspring; the
graphical diagram of this pedigree is in Figure 5.3. Similar to Pedigree B, for this pedigree three
. types of dependence can be considered: sib-sib (2:3, 4:5), parent-offspring (1:2, 1:3, 2:4, 2:5), and
second-degree relationship (1:4, 1:5, 3:4, 3:5). |

| Table 5.7 shows the results for Pédigree C, where the responses are generated by a multivari-
ate probit model with an exchangeable correlation structure. For correlation coefficient p = 0.1, |
the average of the absolute differences show that. the parameter estimates corresponding to the
maximum likelihood and GEE2 are similar up to two decimal places. For p = 0.5 and p = 0.9
all the estimates corrésponding to the dependence parameters are similar up to one‘ decimal place.
The absolute difference between.the respective parameter estimates increases as the within—family
dependence increases. The average of the absolute differences also show that the standard errors

are similar up to one decimal place for all values of the correlation coefficients. For p = 0.5 these
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standard errors are more similar than for the other values of the correlation coefficient. For Pedigree
C, the maximum likelihood method provides marginally more efficient estimators than the GEE2
only for the casé in which within—family dependence is high. ‘

Table 5.8 shows the simulation results for Pedigree C, where the résponses are generated by
a multivariate probit model with a familial correlation structure. As before two sets of correlation
coefficients are considered for this case. The averages of the absolute differences show that both
the parameter estimates and the corresponding standard errors for the maximum likelihood and
the GEE2 are similé,r up to one decimal place. The estimates corresponding to the GEE2 are found
to be marginally efficient than the estimates corresponding to maximum likelihood.

The empirical SDs of the corresponding parameter estimates of the ML and GEE2 ap-
proaches are very close and are consistent with the average of the corresponding standard errors.

Though the family sizes are different, the same dependence structures were used for Pedigree
B and C in the simulation study. The comparison of the results of these two pedigrees would provide
the effect of family size for comparing the parameter estimates of the maximum likelihood and the
GEE2. This comparison reveals that the standard errors of all the parameter estimates decreases
as the pedigree size increases and the absolute differences between the parameters and the standard

errors also decreases as pedigree size increases.

5.2.4 Pedigree D

Figure 5.4 shows the graphical diagram of the Pedigree D which has six membevrs: one grandparent,
one parent, one uncle, two offsprings, and a cousin. Tﬁis pedigree can consider four types of
dependences: sib—sib (2:3, 4:5), parent-offsprings (1:2, 1:3, 2:4, 2:5, 3:6), second-degree relationship
(1:4, 1:5, 1:6, 2:6, 3:4, 3:5) and third-degree relationship (D3) (4:6, 5:6). |

Table 5.9 shows the simulation results for Pedigree D, where the resp'onses are generated by a

multivariate probit model with exchangeable correlation structure. The average absolute difference
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Figure 5.4: Graphical diagram of Pedigree D.

show that the parameter estimates corresponding to the dependence structure (i.e. log OR) are
similar up to one decimal place for all correlation coeflicients we have considered. The parameter
estimate corresponding to the covariate Age is.similar up to two decimal place except for p = 0.9.
The average of the absolute difference also show that the standard errors corresponding to log ORs
~are similar up to one decimal place for p = 0.1 and 0.5. For correlation coefficient p = 0.9 the
average differences between these standard errors are greater than 0.1. The maximum likelihood
estimates corresponding to the log ORs are found marginally efficient than the corresponding GEE2
estimates for p = 0.9. For p=10.5 both the parameter estimates and the standard errors are found
to be closer than the extreme cases.

Table 5.10 shows the simulation results for Pedigree D, where the responses are generated
by a multivariate probit model with a familial correlation structure. The averages of the absolute
differences show that the maximum likelihood and GEE2 parameter estimates and standard errors
are similar up to one decimal place. The maximum likelihood estimates are found marginally more
efficient than the GEE2 only for log ORpo and log ORps.

The empirical SDs of the corresponding parameter estimates of the ML and GEE2 ap-

proaches are very close and are consistent with the average of the corresponding standard errors.




5.2.5 Mixture of pedigrees A, B, and C

For the mixture of the pedigrees A, B, and C, a sample of 100 families from each of these pedigrees
are considered. The comparison of ML, and GEE2 for this mixture pedigree is very important
because in practice, the families are of different sizes. For this case, we can consider three types of
dependences: sib-sib, parent—offspring, second-degree relationship.

Table 5.11 shows the simulation results for the mixture of pedigrees with exchangeable
correlation structure. The averages of the absolute differences show that the maximum likelihood
and GEE2 parameter estimates are similar up to two decimal places for p = 0.1,0.5; for p = 0.9
these estimates are similar up to one decimal place. The absolute differences also show that the
standard errors corresponding to maximum likelihood and GEE2 are similar up to one decimal place
for all values of the correlation coefficients. The estimators corresponding to maximum likelihood
are found to be marginally more efficient than the corresponding estimators of the GEE2 method
only when the within—family dependence is high.

Table 5.12 shows the results for mixture pedigrees with a familial correlation structure. The
absolute differences show that the maximum likelihood and GEE2 estimators are similar up to one
decimal place. The estimators corresponding to the GEE2 are found to be marginally more efficient

than the corresponding parameters of the maximum likelihood.

5.2.6 Estimating Conditional Probabilities

In Chapter 2, we have discussed the procedure of estimating conditional probabilities and their
standard errors for the multivariate probit model (see §2.4). A similér procedure can also be
derived for the multivariate logistic model, but not for the GEE2 method. The GEE2 method does
not specify the joint distribution, so expressions for the orthant probabilities which enter into the
conditional probabilities are not available. Given estimates of the parameters of the multivariate

probit and logistic models, these orthant probabilities can be computed from equations (2.14) and
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(3.10) respectively. We have used C routines of Joe ([18] and [19]) for computing these orthant
probabilities; the conditional probabilities and corresponding standard errors are obtained by using
numerical differentiation methods. |

To compare the multivariate probit and logistic models for the estimation Qf these conditional
probabilities, we have considered samples of size 200 from the pedigrees A, B, and C. As before
these samples are also generated from the multivariate probit models. Tables 5.13-5.15 show the
estimates of the conditional probabilities and their standard errors for these pedigrees. As an
example, five different conditional probabilities are arbitrarily chosen for each of these cases. Given
the parameter estimates and the covariate values similar estimates of other probabilities can also
be obtained. For example, given a diseased individual of age 67 from Pedigfee B the estimate of
the probability that his younger offspring of age 14 has the disease is about 0.85, with a standard
error 0.02. These tables show that most of these estimates are. similar for the multivariate probit
and logistic models.

The empirical SDs of the corresponding parameter estimates of the ML and GEE2 ap-

proaches are very close and are consistent with the average of the corresponding standard errors.

5.2.7 Comments on Computing Time

This research was motivated by the observation that maximum likelihood estimation for the mul-
tivariate logistic model became very time consuming when there were pedigrees in the data set of
sizes 7 or more. The computing time for the multivariate Plackett distribution is exponentially in-
creasing in the dimension, because of the equations that must be solved for dimension 3 and higher.
Table 5.1 shows the average computing time needed .for the maximum likelihood and the GEE2
methods. The GEE2 equations are computationally more efficient in dimensions > 6 because they
require only computation of the multivariate Plackett distribution up to dimension 4. In practice,

if the familial data has many pedigrees of dimension 6 or more, we recommend the GEE2 approach
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over maximum likelihood.

5.3 Summary

In this chapter, a simulation study for comparing the maximum likelihood and GEE2 method for
the multivariate logistic model is discussed. In Section 5.1, a brief description of the numerical
optimization methods which are used to fit these models is given. Because of the complex form of
the gradient and Hessian matrix, the classical Newton-Raphson method is not be used for these
models. The quasi-Newton method is used to estimate the parameters of the models considered in
this chapter. The results of the simulation study indicate that the maximum likelihood and GEE2 |
estimates of the regression parameters and their respective standard errors are usually equal at
least up to one decimal place. Thig result is consistent for all the pedigrees we have considered
" for this study. The empirical SDs of the parameter estimates corresponding to the ML and GEE2
approaches are found quite close and are consistent with the corresponding average of the standard
€rrors. vThe estimates of the conditional probabilities corresponding to the multivariate probit and

logistic models are also found to be similar.
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Table 5.1: Average computing time (in mins.) by pedigrees and methods.

Correlation coefficient -
0.1 : 0.5 0.9
ML GEE2| ML GEE2| ML GEE2
0.216 0.465 | 0.215 0.460 | 0.217 0.507
0.294 0.460 | 0.283 0.466 | 0.277 0.542
3.755 2.037 | 3.628 1.911 | 3.653  2.190
36.852 4.204 | 31.120 3.681 | 40.951 4.914
Mixed | 2.288 1.479 | 2.324 - 1.494 | 2.266 1.704

DaQws

Table 5.2: Simulation results for Pedigree A with exchangeable correlation structure.

True Parameter Estimates Standard Errors
values ML GEE2 Diff. | ML GEE2 Diff.
Const. 0.8 1.307 (0.155) 1.308 (0.155) 0.001 | 0.155 0.152 0.004
Age 0.2 0.383 (0.532) 0.381 (0.532) 0.002 | 0.517 0.504 0.017
SS 0.1 0.282 (0.249) 0.283 (0.249) 0.001 | 0.253 0.250 0.019
PO 0.1 0.291 (0.273) 0.292 (0.272) 0.002 | 0.265 0.263 0.015
Const. 0.8 1.318 (0.149) 1.318 (0.149) 0.002 | 0.158 0.159 0.004
Age 0.2 0.362 (0.442) 0.360 (0.442) 0.008 | 0.444 0.442 0.014
SS 0.5 1.547 (0.266) 1.545 (0.266) 0.005 | 0.274 0.272 0.010
PO 0.5 1.578 (0.287) 1.575 (0.287) 0.008 | 0.284 0.281 0.009
Const. 0.8 1.316 (0.175) 1.312 (0.175) 0.009 | 0.170 0.169 0.003
Age 0.2 0.376 (0.311) 0.378 (0.305) 0.032 | 0.305 0.307 0.014
SS 0.9 3.827 (0.379) 3.824 (0.374) 0.008 | 0.390 0.376 0.016
PO 0.9 3.849 (0.393) 3.839 (0.378) 0.032 | 0.409 0.388 0.023

tempirical SDs are in the parenthesis
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Table 5.3: Simulation results for Pedigree A with familial correlation structure.

‘True Parameter Estimates Standard Errors
values ML GEE2 Diff. | ML GEE2 Diff.
Const. 0.8 1.314 (0.181) 1.312 (0.181) 0.005 | 0.183 0.180 0.004
Age 0.2 0.369 (0.442) 0.371 (0.443) 0.012 | 0.450 0.440 0.015
SS 0.8 2:960 (0.346) 2.959 (0.347) 0.003 | 0.339 0.327 0.012
PO 0.6 1.927 (0.325) 1.921 (0.325) 0.009 | 0.341 0.330 0.012
Const. 0.5 0.810 (0.185) 0.810 (0.185) 0.003 | 0.184 0.179 0.006
Age 1.0 1.731 (0.532) 1.731 (0.533) 0.010 | 0.505 0.483 0.025
SS . 0.9 3.717 (0.364) 3.718 (0.364) 0.006 | 0.368 0.357 0.017
PO 0.4 1.221 (0.359) 1.219 (0.359) 0.010 | 0.376 0.364 0.015

tempirical SDs are in the parenthesis

sample of

Table 5.4: Simulation results for Pedigree A with exchangeable correlation structure and
size 600. -

True Parameter Estimates Standard Errors

values ML GEE2 Diff. | ML GEE2 Diff.

Const. | 0.8 | 1.311 (0.084) 1.312 (0.084) 0.001 { 0.090 0.090 0.001

Age 0.2 |.0.361 (0.292) 0.359 (0.291) 0.002 | 0.300 0.299 0.006

SS 0.1 | 0.298 (0.146) 0.298 (0.146) 0.001 | 0.146 0.146 0.007

PO 0.1 | 0.306 (0.154) 0.306 (0.154) 0.001 | 0.152 0.151 0.005

Const. | 0.8 | 1.316 (0.090) 1.316 (0.089) 0.001 | 0.093 0.093 0.001

Age 0.2 | 0.352 (0.252) 0.352 (0.252) 0.004 | 0.260 0.260 0.005

SS 0.5 | 1.548 (0.164) 1.546 (0.164) 0.003 | 0.160 0.158 0.004

PO 0.5 | 1.558 (0.165) 1.556 (0.165) 0.005 | 0.165 0.162 0.004

Const. | 0.8 | 1.324 (0.099) 1.320 (0.098) 0.006 | 0.098 0.097 = 0.002

Age 0.2 | 0.344 (0.168) 0.346 (0.167) 0.018 | 0.173 0.176 0.006

SS 0.9 | 3.812(0.221) 3.809 (0.222) 0.004 | 0.223 0.220 0.005

PO 0.9 | 3.840 (0.229) 3.834 (0.227) 0.016 | 0.231 0.226  0.007

tempirical SDs are in the parenthesis
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Table 5.5: Simulation results for Pedigree B with exchangeable correlation structure.

Parameter Estimates

True Standard Errors
values ML GEE2 Dif. | ML GEE2 Diff.
. Const. 0.8 1.309 (0.154) 1.310 (0.154) 0.001 | 0.158 0.156 0.003
Age 0.2 0.372 (0.395) 0.370 (0.395) 0.001 | 0.400 0.393 0.011
SS 0.1 0.261 (0.432) 0.261 (0.432) 0.002 | 0.422 0.417 0.015
PO 0.1 0.287 (0.265) 0.287 (0.265) 0.002 | 0.258 0.262 0.019
D2 0.1 0.288 (0.340) 0.288 (0.340) 0.002 | 0.321 0.317 0.024
Const. 0.8 1.316 (0.148) 1.317 (0.149) 0.003 | 0.159 0.162 0.004
Age 0.2 | 0.357 (0.321) 0.354 (0.326) 0.008 | 0.346 0.343 0.010
SS 0.5 1.527 (0.397) 1.563 (0.920) 0.047 | 0.385 0.388 0.015
PO 0.5 1.574 (0.273) 1.572 (0.274) 0.008 | 0.282 0.281 0.012
D2 0.5 1.580 (0.324) 1.581 (0.328) 0.011 | 0.317 0.316 0.018
Const. 0.8 1.323 (0.177) 1.314 (0.172) 0.020 | 0.171 0.171  0.006
Age 0.2 | 0.356 (0.246) 0.367 (0.236) 0.067 | 0.229 0.243 0.019
SS 0.9 |3.822(0.493) 3.857 (0.478) 0.035 | 0.482 0.475 0.030
PO 0.9 | 3.862(0.386) 3.838 (0.373) 0.052 | 0.397 0.392 0.035
D2 0.9 | 3.897 (0.414) 3.878 (0.409) 0.086 | 0.432 0.432 0.041

tempirical SDs are in the parenthesis

Table 5.6: Simulation results for Pedigree B with familial correlation structure.

tempirical SDs are in the parenthesis
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True Parameter Estimates Standard Errors
values ML GEE2 Diff. | ML GEE2 Diff.
Const. 0.5 0.797 (0.163) 0.797 (0.163) 0.002 | 0.171 0.167 0.005
Age 1.0 1.768 (0.391) 1.767 (0.392) 0.005 | 0.412 0.397 0.018
SS 0.8 2.861 (0.411) 2.861 (0.412) 0.003 | 0.399 0.393 0.017
PO 0.6 1.971 (0.280) 1.972 (0.278) 0.009 { 0.294 0.288 0.013
D2 0.4 1.249 (0.409) 1.245 (0.406) 0.013 | 0.393 0.381 0.027
Const. 0.5 0.796 (0.183) 0.797 (0.183) 0.001 | 0.180 0.175 0.005
Age 1.0 1.765 (0.445) 1.764 (0.446) 0.003 | 0.430 0.415 0.016
SS 0.9 3.764 (0.478) 3.765 (0.477) 0.003 | 0.469 0.452 0.023
PO 0.5 1.581 (0.272) 1.581 (0.270) 0.006 | 0.295 0.289 0.013
D2 0.3 0.905 (0.443) 0.904 '(0.442) 0.010 | 0.419 0.400 0.031




Table 5.7: Simulation results for Pedigree C with exchangeable correlation structure.

True Parameter Estimates Standard Errors
values ML GEE2 Diff. | ML GEE2 Diff.
Const. 0.8 1.313 (0.157) 1.314 (0.158) 0.001 | 0.156 0.153 0.006
Age 0.2 0.361 (0.405) 0.359 (0.405) 0.002 | 0.400 0.391 0.015
SS 0.1 0.281 (0.324) 0.281 (0.325) 0.003 | 0.306 0.303 0.013
PO 0.1 0.264 (0.231) 0.264 (0.232) 0.003 | 0.231 0.229 0.016
D2 0.1 0.283 (0.222) 0.284 (0.222) 0.002 | 0.227 0.224 0.021
Const. 0.8 1.313 (0.159) 1.311 (0.160) 0.004 | 0.161 0.159 0.006
Age 0.2 0.370 (0.339) 0.370 (0.339) 0.008 | 0.343 0.341 0.014
SS 0.5 1.563 (0.289) 1.557 (0.292) 0.012 | 0.290 0.287 0.014
PO 0.5 1.553 (0.246) 1.546 (0.248) 0.012 | 0.253 0.247 0.014
D2 0.5 1.579 (0.240) 1.573 (0.239) 0.010 | 0.249 0.244 0.017
Const. 0.8 1.317 (0.174) 1.309 (0.175) 0.015 | 0.171 0.168 0.007
Age 0.2 0.364 (0.235) 0.369 (0.230) 0.032 | 0.229 0.234 0.020
SS 0.9 3.835 (0.393) 3.817 (0.407) 0.024 | 0.364 0.370 0.034
PO 0.9 3.811 (0.375) 3.793 (0.374) 0.027 | 0.342 0.342 0.030
D2 0.9 3.835 (0.364) 3.818 (0.348) 0.035 | 0.341 0.342 0.032

tempirical SDs are in the parenthesis

Table 5.8: Simulation results for Pedigree C with familial correlation structure.

True Parameter Estimates Standard Errors
values ML GEE2 Diff. | ML GEE2 Diff.
Const. 0.5 0.787 (0.157) 0.787 (0.157) 0.003 | 0.165 0.160 0.007
Age 1.0 1.796 (0.395) 1.798 (0.394) 0.011 | 0.406 0.394 0.021
SS 0.8 2.885 (0.295) 2.888 (0.293) 0.011 | 0.294 0.294 0.014
PO 0.6 1.944 (0.272) 1.947 (0.271) 0.021 | 0.273 0.271 0.018
D2 04 1.223 (0.272) 1.212 (0.273) 0.019 | 0.281 0.279 0.022
Const. 0.8 1.310 (0.178) 1.310 (0.178) 0.004 | 0.181 0.178 0.008
Age 0.2 0.374 (0.394) 0.375 (0.393) 0.011 | 0.399 0.393 0.021
SS 0.9 3.815 (0.353) 3.821 (0.351) 0.015 | 0.343 0.342 0.020
PO 0.5 1.527 (0.272) 1.534 (0.275) 0.018 | 0.267 0.263 0.020
D2 0.3 0.914 (0.293) 0.909 (0.293) 0.020 | 0.287 0.279 0.025

tempirical SDs are in the parenthesis
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Table 5.9: Simulation results for Pedigree D with exchangeable correlation structure.

True Parameter Estimates Standard Errors

values ML GEE2 Diff. | ML GEE2 Difl.

Const. 0.8 1.303 (0.131) 1.306 (0.139) 0.003 | 0.137 0.131 0.009
Age | 0.2 |0.385(0.317) 0.388 (0.325) 0.004 | 0.321 0.315 0.020
SS 0.1 0.317 (0.301) 0.294 (0.590) 0.026 | 0.309 0.307 0.030
PO 0.1 0.320 (0.197) 0.306 (0.363) 0.017 | 0.216 0.212 0.032
D2 0.1 0.309 (0.190) 0.286 (0.542) 0.026 | 0.200 0.196 0.036
D3 0.1 0.272 (0.315) 0.249 (0.584) 0.026 | 0.311 0.306 0.035
Const. 0.8 1.326 (0.147) 1.323 (0.146) 0.005 | 0.146 0.144 0.007
Age 0.2 | 0.354 (0.264) 0.355 (0.264) 0.008 | 0.275 0.271 0.017
SS 0.5 1.558 (0.285) 1.544 (0.289) 0.019 | 0.287 0.286 0.023
PO 0.5 1.577 (0.233) 1.564 (0.234) 0.017 | 0.231 0.226 0.021
D2 0.5 1.572 (0.221) 1.559 (0.223) 0.017 | 0.220 0.215 0.020
D3 0.5 1.548 (0.290) 1.538 (0.294) 0.016 | 0.298 0.294 0.025
Const. 0.8 1.342 (0.181) 1.325 (0.174) 0.019 | 0.190 0.162 0.040
Age 0.2 | 0.327 (0.181) 0.342 (0.175) 0.030 | 0.193 0.187 0.048
SS 0.9 3.855 (0.364) 3.817 (0.379) 0.046 | 0.326 0.366 0.115
PO 0.9 3.825 (0.317) 3.787 (0.322) 0.046 | 0.285 0.319 0.106
D2 0.9 | 3.840 (0.314) 3.802 (0.316) 0.052 | 0.274 0.311 0.107
D3 0.9 | 3.813 (0.389) 3.779 (0.407) 0.046 | 0.346 0.378 0.108

tempirical SDs are in the parenthesis

Table 5.10: Simulation results for Pedigree D with familial correlation structure.

True Parameter Estimates Standard Errors
values ML GEE2 Diff. | ML GEE2 Diff.
Const. 0.8 1.321 (0.145) 1.318 (0.140) 0.008 { 0.156 0.142 0.022
Age 0.2 0.354 (0.303) 0.353 (0.310) 0.017 | 0.318 0.303 0.041
SS 0.9 3.802 (0.347) 3.812 (0.336) 0.025 | 0.333 0.333 0.059
PO 0.5 1.529 (0.228) 1.546 (0.232) 0.024 | 0.212 0.222 0.053
D2 0.3 0.911 (0.232) 0.907 (0.232) 0.022 | 0.212 0.221 0.048
D3 0.1 0.264 (0.409) 0.258 (0.406) 0.027 | 0.388 0.378 0.063

tempirical SDs are in the parenthesis
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Table 5.11: Simulation results for mixed Pedigree with exchangeable correlation structures.

True Parameter Estimates Standard Errors
values ML GEE2 Diff. | ML GEE2 Diff.
Const. 0.8 1.318 (0.125) 1.319 (0.125) 0.001 | 0.127 0.125 0.003
Age 0.2 0.352 (0.338) 0.351 (0.338) 0.002 | 0.346 0.341 0.010
SS 0.1 0.286 (0.263) 0.287 (0.263) 0.002 | 0.253 0.247 0.018
PO 0.1 0.304 (0.201) 0.304 (0.201) 0.002 | 0.205 0.203 0.012
D2 0.1 0.321 (0.263) 0.321 (0.263) 0.002 | 0.261 0.257 0.031
Const. 0.8 1.316 (0.129) 1.315 (0.128) 0.002 | 0.131 0.130 0.003
Age 0.2 0.358 (0.302) '0.359 (0.301) 0.006 | 0.300 0.300 0.009
SS 0.5 1.547 (0.256) 1.544 (0.258) 0.007 | 0.250 0.247 0.011
PO 0.5 1.561 (0.206) 1.557 (0.206) 0.008 | 0.221 0.218 0.010
D2 0.5 1.580 (0.267) 1.576 (0.268) 0.009 | 0.259 0.258 0.024
Const. 0.8 1.318 (0.136) 1.313 (0.136) 0.010 | 0.138 0.137 0.004
Age 0.2 0.360 (0.206) 0.363 (0.204) 0.024 | 0.199 0.206 0.013
SS 0.9 3.822 (0.330) 3.813 (0.335) 0.016 | 0.324 0.324 0.024
PO 0.9 3.830 (0.295) 3.821 (0.308) 0.022 | 0.303 0.302 0.021
D2 0.9 3.850 (0.323) 3.843 (0.331) 0.035 | 0.331 0.340 0.038

tempirical SDs are in the parenthesis

Table 5.12: Simulation results for mixed Pedigree with familial correlation structures.

True Parameter Estimates Standard Errors
values ML GEE2 Diff. | ML GEE2 Diff.
Const. 0.8 1.322 (0.136) 1.323 (0.137) 0.004 | 0.156 0.153  0.007
Age 0.2 0.342 (0.358) 0.343 (0.355) 0.009 | 0.350 0.344 0.016
SS 0.9 3.781 (0.251) 3.783 (0.245) 0.012 | 0.322 0.316 0.017
PO 0.5 1.539 (0.212) 1.541 (0.215) 0.012 | 0.243 0.238 0.015
D2 0.3 0.917 (0.279) 0.908 (0.282) 0.025 | 0.306 0.294 0.033
Const. 0.5 0.809 (0.149) 0.807 (0.150) 0.006 | 0.138 0.135 0.005
Age 1.0 1.734 (0.347) 1.737 (0.348) 0.017 | 0.359 0.351 0.016
SS 0.8 2.809 (0.341) 2.816 (0.337) 0.018 | 0.254 ~0.253 0.017
PO 0.6 1.931 (0.221) 1.942 (0.223) 0.023 | 0.230 0.226 0.016
D2 0.3 0.611 (0.291) 0.602 (0.294) 0.035 | 0.298 0.290 0.033

tempirical SDs are in the parenthesis




Table 5.13: Conditional probabilities ‘for a family of Pedigree A with pgs = 0.9, ppo = 0.4, X; = 53,
X2 = 20, X3 = 16, and X4 = 14. :

Conditional Mlogit Mprobit

Probabilities Est. SE Est. . SE
Pr(Va=1lY1=1Y2=1,Y3=1,X) | 0.952 0.009 | 0.959 0.008
Pr(Ya=1|Y1=1,Y,=1,Y3=0,X) | 0.638 0.028 | 0.551 0.022
Pr(Y;=1|Y1=1Y,=0,Y35=0,X) | 0.140 0.033 | 0.160 0.033
Pr(Ya=1]Y1=0,Y,=1,Y5=1,X) | 0.932 0.016 | 0.931 0.018
PriY4=1|Y1=1,Y%=1X) 0.930 0.013 | 0.932 0.012

Table 5.14: Conditional probabilities for a family of Pedigree B Wlth pss = 0 9, ppo = 0.5,
pp2 = 0.3, X7 = 68, Xy =46, X3 = 14 and X4 = 10.

Conditional Mlogit Mprobit

Probabilities Est. SE Est. SE
PriVa=1|"h=1Y,=1Y3=1,X) | 0.950 0.012 | 0.953 0.011
PriY;=1|Y1=1Y,=0,Y3=0,X) | 0.156 0.046 | 0.178 0.041
Pr(Y4=1|Y1=0,Y2=1,Y;=0,X) | 0.321 0.093 | 0.259 0.060
Pr(Y4=1|Y1=0,Y2=0,Y; =1,X) | 0.912 0.029 | 0.895 0.032
PrYy=1|Y2=1,X) 0.825 0.021 | 0.826 0.021

Table 5.15: .Conditional probabilities for a family of Pedigree C with pss = 0.9, ppo = 0.5,
PD2 — 0.3, X1 = 68, X2 = 46, X3 = 14, and X4 = 10.

Conditional Mlogit Mprobit

Probabilities Est. SE Est. SE
Pr(Ys=1|Y1=1,Y.=1,Y;=1Y,=1,X) | 0957 0.009 | 0.962 0.008
PrYs=1|Y1=0,Y2=1,Y3=0,Y4 =0,X) | 0.277 0.094 | 0.227 0.053
Pr(Y5=1|Y1=1,Y2=0,Y3=0,Y4=0,X) | 0171 0.035 | 0.186 0.034
Pr(Ys=1|Y1=0,Y2=0,Y3=1,Y, =0,X) | 0.094 0.035 | 0.139 0.033
Pr(Ys=1|Y1=1Y=1Y; =1,X) 0.870 0.022 | 0.875 0.023
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Chapter 6
Discussion

The objective of this thesis was to compare existing methods for analyzing multivariate binary
responses. We are mainly interested to study the performance of these methods for analyzing
the binary response (e.g. pfesence/absence of a genetic disease) in the context of data structures
typically arising in genetics. In genetics, it is assumed that thesé binary responses are the quantal
values of an underlying continﬁous distribﬁtion. This assumption leads us to consider latent variable
models for analyzing binary data in genetics. These latent variable models are'likelihood based and
have been widely used since the early 1930’s. Recent;ly, estimating equationb based methods were
introduced which can also be used to analyze multivariate binary responses. Among the existing
ﬁethods, we have compared latent variable and estimating equation ‘based methods for multivariate
binéry responses.

We have reviewed the latent variable models (multivariate probit and logistic) in Chapters 2
and 3 respectively. The multivariate probit model is based on the assumption that the underlying
latent variable follows multivariate normal distribution. In genetics, this assumption has physical

meaning because the observed phenotypic value is assumed to be the sum of many small genetic

effects and the environmental deviations. By the central limit theorem, the normality assumption




for this phenotypic value is reasonable. ' The multivariate probit model is useful to obtain maxi-
mum likelihood estimator of the parameters corresponding to the regression model defined for the
univariate margins. The maximum likelihood estimator of the association between the members
of the family can also be obtained in terms of the latent correlation coefficient, which is known
as tetrachloric correlation. In biostatistics and epidemiology, the odds-ratio has a more attractive’
interpretation thaﬁ the correlation coefficient as a dependence pe.rameter. Beeause of that linear
logistic model is widely used though there is no physical reasoning of considering this model.

In Chapter 3, we discussed the multivariate logistic model-which is based on the assumption
that the underlying univariate margins are logistic. Given the univariate logistic margins and
the two— and higher—order cross—product ratios as the dependence parameters, we have used the
multivariate Plackett construction to obtain the higher-order margins. Besides estimating the
regression parameters corresponding to the univariate margins, the multivariate logistic model
parameterizes the dependence amohg the members of the family in terms of the log odds-ratio. We
also described the McCullagh-Nelder—Glonek approach to the multivariate logistic model. Instead
of using the multivariate Plackett construction, to obtain the orthant probabilities, they defined
univariate margins and the two— and higher-order dependence parameters in terms of the lihear
combinations of the joint probabilities. Using the logit and logarithmic links corresponding to the
univariate margins and the dependence parameters respectively, the McCullagh—Nelder—Glonek :
approach provide similar results as the multivariate Plackett construction based mode\l.

In Chapter 4, estimating equation based methods are reviewed. These methode de not re-
quire full specification of the joint distribution of the responses. Among the estimating equation
based methods, the GEE2 me_thod can estimate ‘the regression parameters and the dependence
parameters (in terms of logORs) simultaneously. Instead of using likelihood based score functions,

for the GEE2 method, a set of estimating equations are considered to estimate the parameters cor-

responding to the univariate margins and to the dependence structure. These estimating equations
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are similar to the score function of a multivariate normal model. In GEE2, the bivariate dependence
parameters are defined according to the Plackett distribution. These estimating equations require
the computation of third- and fourth-order moments, for which McCullagh-Nelder—Glonek’s ap-
proach of Iﬁultivariate logistic model has been used. Besides using estimating equations in place
of likelihood score functions for estimating the parameters of the model, the GEE2 method is sim-
ilar to the multivariate logistic model. That means, the GEE2 method is an estimating equation
approach for estiméting the parameters of the multivariate logistic model.

For analyzing binary responses, besides identifying important covariates and estimating
the association between the family members for the occurrence of the disease, the estimate of
the probability that ah individual has the disease given the disease status of the other family
members is also of interest in genetics. This conditional probability is the ratio of the two orthant
probabilities. The GEE2 method cannot estimate the orthant probabilities. In this thesis we have
compared the multivariate logistic and probit models for estimating these conditional probabilities
and the respective standard errors.

Since the form of the likelihood function of the multivariate logistic model is very corﬁplex,
the elements of the gradient and the Hessian matrix cannot be computed analytically. We have
used quasi—-Newton method to solve the system of equations for estimating the parameters and the
corresponding standard errors of the multivariate logistic model. For estimating the parameters
of the GEE2 method, we have used a Newton—-Raphson routine with the gradient and Hessian
matrix which are computed by FADBAD, a differentiation package. FADBAD is relatively a new
differentiation package which uses automatic differentiation to compute the derivatives of a given
function. Automatic differentiation could be useful elsewhere in statistical applications for solving
system of non-linear equations or optimizing a function where analytic derivatives are too difficult
to obtain with symbolic manipulation software.

To compare the maximum likelihood and estimating equation based approaches, we have
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carried out a simulation study with different pedigrees. The multivariate Plackett construction
does not have a closed form expression of the joint cumulative distribution function, so generating
multivariate binary data from the multivariate Plackett construction is difficult. For our simulation
study, we used the multivariate probit model to generate multivariate binary data. The effects of
the pedigree sizes, the types of pedigree, the dependence structure, and the sample sizes have been
studied for the comparison of these two approaches. To define the regression model corresponding
to the univariate margins, only the covariate Age is uged. No covariates have been used for the
model corresponding to the dependence structure.

Chapter 5 contains the simulation results and the description of the estimation procedures
that are used for the methods considered in this thesis. The maximum likelihood and estimating
equation based estimates of the parameters defined for the univariate margins and dependence
structures are found to be quite similar for all the pedigrees we have considered. For samples of
size 200, the estimatin_g equation based estimates are marginally more efficient than the maximum
likelihood based estimates. But for samples of size 600, there is no difference between the efficiency
of the corresponding estimates of these two approaches. The estimates of the conditional probabil-
ities and the respective standard errors are similar for the multivariate logistic and probit models.
The estimating equation based method GEE2 requires the computation only to the fourth—order
moments, whereas the maximum likelihood method based on the multivariate Plackett construc-
tion requires the computation of all the moments up to the dth—order (d is the family size). As a
consequence, this of this maximum likelihood based method requires more computation time for

estimating the parameters than the estimating equation based approach if the family size > 6.
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Appendix A

cov(yij, Yix) =

cov(ysj, Yik Yit) =

cov(Yij Yik» Yil Yis) =

E(yi){1 — E(yij)}

E(yij yir) — E(yi;)E(yix) if j # k.

if =k,

E(yij yinya) — EQi)E(yinya) if j #k #1
E(yijyic) — B(yij)E(yikya) i j=1+#k
E(yijyi) — E(yij) E(yinya)  if j=k#1

E

Yij Yik Vit Vis) — E(Wij vie) E(yavis) f j#k#1#s

(
(Y35 ik Yar) — E(Yij Yir) E(Yar Yis)
(
(

=

if j=sork=s

&

Yij Yik Yis) — E(Yij vie) E(ya yis) if j=lork=1

E(yi; yir){1 — E(yi; yir)} if (j=1&k=235) or

(G=s&k=1)
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