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Abstract

We propose using regression splines to estimate the two log marginal hazard func-
tions of bivariate survival times, where each time could be censored. The method is a
modified version of Kooperberg, Stone and Truong’s (JASA, 1995) hazard regression for
estimating a univariate survival time. We derive an approach to find standard errors
for estimates of the difference of the log hazard functions. The approach is inspired by °
Wei, Lin, and Weissfeld (JASA, 1989).

We also propose procedures for testing the four hypotheses that the marginals follow
an exponential or Weibull distribution and that the two failure times have the same
distribution or have proportional hazards.

A simulation study is conducted to assess the performance of our estimates and test
procedures. We study the effects of the censoring rates, correlation levels, and number
of knots. The regression is applied to the data set of the Diabetic Retinopathy Study
(Diabetic Retinopathy Study Research Group, 1981). Our analysis for the data set

matches study results of Huster, Brookmeyer, and Self (1989).

11




Contents

Abstract

Table of Contents
List of Tables
List of Figures
Acknowledgments
1 Introduction

2 Hazard Regression

2.1 Definitions and Notation . . . . . . . ... ..

2.2 Log Hazard Regression . . . . ... ... ...
2.2.1 Model and Estimates . . . . ... ...
2.2.2 Conditionson band 8 . . . . o |

2.3 Consistency and Normality of B........

2.4 Proofs of the Lemmas . . . ... .......

iii

ii_
iii
vi

vii

XV



2.5.1 Model and Notation . . . . ... .. .. ... ... ........ 26

2.5.2 Consistency and Normality of @ ................... 27

3 Regression Space 32

3.1 Cubic Splines . . . . . . .. ... 33
3.2 The Regression Space B . . . . . . .. ... 33 ‘
3.3 Numerical Implementation . . . . . ... .. .. IR 38 |

34 KnotSelection. . . .. ... ... ... A. - 1()

3.5 Hypothesis Testing . . . . . . .. ... ... .. . ... .. ... 42

3.5.1 Univariate Case . . . . . . . . ... . ... ... ... 42

3.5.2 BivariateCase . . . . . . ... ... ... ... ... .......: 43

4 Application to the Diabetic Retinopathy Study 46

4.1 Data Description . . . .. .. ... ... ..... [ 46

42 Data Analysis . . . . . . ... 47

421 Model 1 .. .. ... 50

422 Model 2 . . . . ... 54

4.3 Other Models Used to fit the Eye Data . . . . . ... ... ... ..... 60

4.3.1 Exponential Model . . . . ... .. .. ... ... ... ... 60

432 WeibullModel . . . . . . . ... ... 63

4.3.3 Cox Proportional Hazard Model . . . . . . . . ... ... ..... 64

5 Simulation 68

5.1 Description of the Simulation Study . . . . . . ... ... ... ... ... 69

5.2 The Univariate Case . . . . . . ... ... ... ... ... ... ..... 74

5.2.1 Exponential Model . . . . . ... ... 74

5.2.2 Weibull Model . . . . . . . . ... 77

v




5.2.3 The B-splineModel . . . . ... ... ... ... ... ...... 79
5.3 The Bivariate Case . . . . . . . . . . . . . ... 81
5.3.1 Generation of Paired Dependent Data . . . . .. ... ... ... 81
5.3.2 Proportional Hazards Model . . . . . . .. .. ... ........ 83
5.3.3 Non-proportional Hazards Model . . . . . ... ... ... .... 86
5.3.4 Effect of the Number of Knots . . . . . . e e e e e e e e e 87
5.4 Summary of Simulations . . . . . . ... ... 88

6 Conclusion
Bibliography
Appendix

A Simulation

135
139
142

Results for Bivariate Data with 50% Censoring 142




List of Tables

4.1 'Test statistic and p-value for testing that the failure times of the treated
eyes and the untreated eyes have the same distribution. . . . . . . . . .. 59

4.2 x? test statistics and p-values for testing that. failure times are exponen-
tially distributed. . . . . .. ... o o000 63

4.3 z statistics and p-values for testing that failure times have Weibull dis-
tributions. . . . . . L 63

4.4 Test statistic and p-value for testing that the two hazards of the treated
eyes and the untreated eyes are proportional. . . . . . . . . .. ... ... 64

4.5 Test results from the Cox proportional hazards model for the eye data. . 64

vi




List of Figures

4.1
4.2
4.3
4.4
4.5

4.6

4.7
4.8
4.9
4.10

4.11
4.12
4.13
4.14
4.15

Histograms of observed times of the eye data. . . . . .. ... ... ... 48
Scatter plots of the observations of the eye data. . . . . . . . ... .. .. 49
The estimated density functions of the eye data for Model 1. . . . . . . . 51
The estimated survival functions of the eye data for Model 1.. . . . . . . 52
The estimated hazard functions of the eye data for Model 1 with pointwise

95% confidence intervals. . . . . . . . . . . .. .. 53

The estimated log ratio of the hazard functions of the eye data with

pointwise 95% confidence intervals for Model 1. . . . . . . . .. .. ... 54
The estimated density functions of the eye data for Model 2. . . . . . . . 55
The estimated survival functions of the eye data for Model 2. . . . . . . . 56
The estimated hazard function of the untreated eye for Model 2. . . . . . 56
The estimated log ratio of the hazard functions of the eye data with

pointwise 95% confidence intervals for Model 2. . . . . . . ... ... .. 57
The estimated density functions of the failure times of the untreated eyes. .58
The estimated survival functions of the untreated eyes. . . . . ... ... 58
The estimated hazard functions of the failure times of the untreated eyes. 59
The estimated survival curves of the treated eye. . . . . . . . .. .. ... 61
The estimated survival curves of the untreated eye. . . . . . ... .. .. 62

vii




4.16

4.17

4.18

4.19

5.1

5.2

5.3

9.4

9.5

5.6

The estimated log hazards ratio from Model 1 and the Cox proportional
hazards model with the pointwise 95% confidence intervals from the Cox
proportional hazards model. . . . . . . . ... ... ... ... ... ...

The estimated log hazards ratio from Model 1 and the Cox proportional

hazards model with the pointwise 95% confidence intervals from Model 1.

The estimated log hazards ratio from Model 2 and the Cox proportional
hazards model with the pointwise 95% confidence intervals from the Cox
proportional hazards model. . . . . . . . . . ... ... ... . .....

The estimated log hazards ratio from Model 2 and the Cox proportional

hazards model with the pointwise 95% confidence intervals from Model 2.

The histograms of the simulated failure times, censoring times, non-
censored failure times, and observed censoring times for exponential data
as in model (5.2). . . ... ... e
Log hazard of the exponential distribution (5.2) and the pointwise quar-
tiles and empirical mean of the 500 estimated log hazards. . ... .. ..
The pointwise standard deviations of the estimated log hazard for the
exponential model (5.2) and the pointwise quartiles and empirical mean
of the 500 estimated standard errors. . . . . . ... ... ... ......
The quantiles of the pointwise z values of the estimated log hazards for
the exponential distribution (5.2). . . . . . . ... ... ... ... ...
Histograms and qqg-plots of the normalized estimate of 3 from the Quan-
tile Knots methods with three knots for the exponential model (5.2).
Empirical distribution functions of the p-values for testing that the failure

times are exponentially distributed. . . . . . ... .. ... L.

viii

66

66

67

67

95

96




5.7 The histograms of the simulated failure times, censoring times, non-
censored failure times, and observed censoring times for Weibull data
asinmodel (5.3). . . . . .. 97

5.8 Log hazard of the Weibull distribution (5.3) and the pointwise quartiles
and empirical mean of the estimated log hazards. . . . .. ... .. ... 98

5.9 The pointwise standard deviations of the estimated log hazards for the
Weibull distribution (5.3) and the pointwise quartiles and empirical mean
of the 500 estimated standard errors. . . . . .. .. ... ... ...... 99

5.10 The quantiles of the pointwise z values of the estimated log hazards for
the Weibull model (5.3). . . . .. . ... ... ... ... .. ... 100

5.11 The histograms and the qg-plots of the standardized estimates of the

parameter 3 from‘the method 5.1 with six knots for the Weibull model

5.12 Empirical distribution functions of the p-values for testing the hypothesis
that the failure time distribution is exponential. . . . . .. .. . .. ... 102
5.13 Empirical distribution functions of the p-values for testing that the failure
times have a Weibull distribution. . . . . . . .. .. ... ... ... ... 103
5.14 The histograms of the simulated failure times, censoring times, non-
censored failure times, and observed censoring times for the data as in
the B-spline model (5.4). . . . ... .. ... ... . ..... e 104
5.15 Log hazard of the the B-spline data as in model (5.4) and the pointwise
quartiles and empirical mean of the estimated log hazards. . . . . .. .. 105
5.16 The pointwise standard deviations of the estimated log hazards for the
B-spline model (5.4) and the pointwise quartiles and empirical mean of

the estimated standard errors. . . . . . . . . . ... . ... ... ... 106

ix




5.17

5.18

5.19

5.20

0.21

0.22

0.23

5.24

0.25

9.26

The quantiles of the pointwise z values of the estimated log hazards for

the B-spline model (5.4). . . . . . . ... ... L oo 107
The histograms and the qqg-plots of the standardized estimates of the
parameter 3 from the True Knots method for the B-spline model (5.4). . 108
Empirical distribution functions of the p-values for testing the hypothesis

that the failure times have a Weibull distribution. . . . . . . . .. .. .. 109
The plots of the correlation coefficients versus 6 for the data as in the
proportional hazards and non-proportional hazards models . . . . . . . . 110
The histograms of the marginal failure times, and non-censored marginal
failure times for the data generated according to the proportional hazards
model in Section 5.1. The censoring rate for the “treatment” is 25%. . . 111
The true log hazards ratio of the data from the proportional hazards
model defined in Section 5.1 and the pointwise quartiles and empirical
mean of the 500 estimated log hazards ratios. . . ... ... ... .. .. 112
The standard deviations of the estimated log hazards ratio for data gen-
erated according to the proportional hazards model. The censoring rate

is 25% for the “treatment”. . . . . .. . .. ... ... ... ... ... . 113
The quantiles of the pointwise z values of the estimated log hazards ratio

for the data generated according to the proportional hazards model. The
censoring rate is 25% for the “treatment”. . . . . .. .. ... ... ... 114
Empirical distribution functions of the p-values for testing the hypothesis

that the two failure times of the data generated as in the proportional
hazards model in Section 5.1 have proportional hazards. . . .. ... .. 115
The histograms of the marginal failure times, and the non-censored marginal

failure times for the data from the non-proportional hazards model in Sec-

tion 5.1. The censoring rate for the “treatment” is 25%. . . . . . . .. .. 116




5.27

5.28

5.29

5.30

5.31

5.32

5.33

5.34

The true log hazards ratio of the data from the non-proportional hazards
model defined in Section 5.1 and the pointwise quartiles and empirical
mean of the estimated log hazards ratios. . . . . . ... ... .......
The standard deviations of the estimated log hazards ratio for data gen-
erated according to the non-proportional hazards model. The censoring
rate is 25% for the “treatment”. . . . . . . . .. ... ... L.
The quantiles of the pointwise z values of the estimated log hazards ratio
for the data generated according to the non-proportional hazards model.
The censoring rate is 25% for the “treatment”. . . . . . . .. ... .. ..
Empirical distribution functions of the p-values for testing the hypothesis
that the two failure times of the data generated as in the non-proportional
hazards model in Section 5.1 have proportional hazards. . .. ... ...
The true log hazards ratio of the data from the proportional hazards
model defined in Section 5.1 and the pointwise quartiles and empirical
mean of the estimated log hazards ratios by the Same Knots method.
The true log hazards ratio of the data from the proportional hazards
model defined in Section 5.1 and the pointwise quartiles and empirical
mean of the estimated log hazards ratios by the Different Knots method.
The true log hazards ratio of the data from the non-proportional hazards
model defined in Section 5.1 and the pointwise quartiles and empirical
mean of the estimated log hazards ratios by the Same Knots method.
The true log hazards ratio of the data from the non-proportional hazards
model defined in Section 5.1 and the pointwise quartiles and empirical

mean of the estimated log hazards ratios by the Different Knots method.

xi

. 121

122

. 123

124




5.35

5.36

3.37

9.38

5.39

0.40

5.41

5.42

The standard deviations of the estimated log hazards ratio by the Same
Knots method for data generated according to the proportional hazards
model. The censoring rate is 25% for the “treatment”. . ... ... . .. 125
The standard deviations of the estimated log hazards ratio by the Dif-
ferent Knots method for data generated according to the proportional
hazards model. The censoring rate is 25% for the “treatment”. . . . . . . 126
The standard deviations of the estimated log hazards ratio by the Same
Knots method for data generated according to the non-proportional haz-
ards model. The censoring rate is 25% for the “treatment”. . . . . . . . . 127
The standard deviations of the estimated log hazards ratio by the Differ-
ent Knots method for data generated according to the non-proportional
hazards model. The censoring rate is 256% for the “treatment”. . . . . . . 128
The quantiles of the pointwise z values of the estimated log hazards ra-
tio by the Same Knots method for the data generated according to the
proportional hazards model. The censoring rate is 25% for the “treatment”.129
The quantiles of the pointwise z values of the estimated log hazards ratio
by the Different Knots method for the data generated according to the
proportional hazards model. The censoring rate is 25% for the “treatment”.130
The quantiles of the pointwise z values of the estimated log hazards ratio
by the Same Knots method for the data generated according to the non-
proportional hazards model. The censoring rate is 25% for the “treatment”.131
The quantiles of the pointwise z values of the estimated log hazards ra-
tio by the Different Knots method for the data generated according to
the non-proportional hazards model. The censoring rate is 25% for the

“treatment”. . ... . L 132

xii




5.43 By the Same Knots method empirical distribution functions of the p-
values for testing the hypothesis that the two failure times of the data
generated as in the proportional hazards model in Section 5.1 have pro-
portional hazards. . . . . .. .. .. .. ...

5.44 By the Same Knots method empirical distribution functions of the p-
values for testing the hypothesis that the two failure times of the data
generated as in the non-proportional hazards model in Section 5.1 have

proportional hazards. . . . . . . .. ... ... L.

A.1 The histograms of the marginal failure times, and non-censored marginal
failure times for the data generated according to the proportional hazards
model in Section 5.1. The censoring rate for the “treatment” is 50%.

A.2 The true log hazards ratio of the data as in the proportional hazards
model defined in Section 5.1 and the pointwise quartiles and empirical
mean of the 500 estimated log hazards ratios. . . . ... ... ......

A.3 The standard deviations of the estimated log hazards ratio for data gen-
erated according to the proportional hazards model. The censoring rate
is 50% for the “treatment”. . . . . .. . . ... ... ... ... .. ...

A.4 The quantiles of the pointwise z values of the estimated log hazards ratio

for the data generated according to the proportional hazards model. The

censoring rate is 50% for the “treatment”. . . . . .. ... ... ... ..

A5 Empirical distribution functions of the p-values for testing the hypothesis
that the two failure times of the data generated as in the proportional

hazards model in Section 5.1 have proportional hazards. . . .. .. ...

A.6 The histograms of the marginal failure times, and the non-censored marginal

failure times for the data from the non-proportional hazards model in Sec-

tion 5.1. The censoring rate for the “treatment” is 50%. . . . . L.

xiil

. 143




A.7 The true log hazards ratio of the data as in the non-proportional hazards
model defined in Section 5.1 and the pointwise quartiles and empirical
mean of the 500 estimated log hazards ratios. . . ... ... ....... 149

A.8 The standard deviations of the éstimated log hazards ratio for data gen-
erated according to the non-proportional hazards model. The censoring
rate is 50% for the “treatment”. . . . . . . . . . .. .. ... ... ... 150

A.9 The quantiles of the pointwise z values of the estimated log hazards ratio
for the data generated according to the non-proportional hazards model.

The censoring rate is 50% for the “treatment”. . . . . . .. ... ... .. 151

A.10 Empirical distribution functions of the p-values for testing the hypothesis
that the two failure times of the data generated as in the non-proportional

hazards model in Section 5.1 have proportional hazards. . . .. ... .. 152

xiv




Acknowledgments

Foremost, I would like to express my sincere thanks to my supervisor, Nancy Heck-
man, for her guidance, support, and patience throughout the development of this thésis.
HerA numerous advices will be eternally appreciated.

I would also like to thank James Zidek for his thoughtful comments on this manuscript.
Additionally, I am grateful to all faculty members and office staff for being kind and
helpful throughout my Master’s program.

Finally, I would like to thank all graduate students for letting me share their knowl-

edge and expertise and making my two years at UBC such a pleasant experience.

XV




Chapter 1

Introduction

Bivariate failure time data arise when study subject units are paired. Examples of paired
units include eyes or ears from the same person, twins, and father and son. Since there
exist natural relationships between the two subjects in one pair, the two failure times
within the same pair might be correlated. Moreover, in such studies, either or both
failure times might not be observed because of censoring. A well-know study involving
paired failure times is the Diabetic Retinoparthy Study, Diabetic Retinopathy Study
Research Group (1981). The dependence, along with the censoring, greatly complicates
the analysis of the data. This data set will be discussed in Chapter 4.

In univariate survival analysis, classical methods such as the Kaplan-Meier estimator

and the Cox proportional regression model are based on the hazard function h(t),

. PAST<t+ AT >t) (1)
ht) = fim, At = 5@

where S is the survivor function and f is the density function, see Section 2.1. If T is
a discrete random variable and T can take on values 0 < ¢; < £, < - - -, then the hazard

function is

h(t;) = P(T =T > t;) =




And thus the survival function can be written as
St = I A-ht)),
Jiti<t
see Lawless (1982). An analogous formula relating S and h exists for T' continuous, see
Gill (1992). But in the bivariate case, as Gill discussed, we do not have a nice formula
relating the hazard and survivor functions, since there is no canonical way to define
past, present, and future at “time” .

Traditionally, there are two main approaches to analyze censored paired data. One
approach is to try non-parametric estimation of the bivariate survivor function. The
typical works on this approach are Dabrowska (1988) and Prentice and Cai (1992).
Dabrowska extended the univariate Kaplan-Meier approach by defining a bivariate haz-
ard and using it to estimate the joint survival function. The marginals of Dabrowska’s
estimate are given by the univariate Kaplan-Meier estimates. She proved the consis-
tency of the estimates but did not give estimates for the covariance of the estimates.
Prentice and Cai (1992) did not define a joint hazard. Instead, they gave a representa-
tion of the bivariate survivor function in terms of the marginal survivor functions and

the covariance
T Ts
cov( / ha(t)dt, / ha(2)dt),
0 0

where Ty and T3 are paired failure times and hy is the hazard of Ty, £ = 1,2. They
proposed an estimate of this bivariate survivor function and proved the consistency of
their estimate but they did not give estimates of standard errors. Lin and Ying (1993)
presented a simple estimator of the bivariate survival function and also estimated the
covariance function of their estimates. They assﬁmed univariate censoring, that is, that
there is one censoring time and it affects both failure times.

The other approach to bivariate survival analysis is to extend the Cox proportional

hazards model, Cox (1972), to paired data. Recall the Cox proportional model has




hazard function
h(t|z) = ho(t) exp(Bz)

where hg is the baseline hazard, z is a covariate vector, and B is unknown. The Cox
proportional model assumes that all observations are independent. Holt and Prentice
(1974) assume that within a pair, hazards are proportional according to a covariate, but
the baseline hazard can depend on the pair. The effect of the covariate, that is, the
value of 3, is the same across pairs.

Clayton (1978) and Oakes (1982) presented a fully parametric model for paired sur-
vival data. This model assumes that each marginal follows the Cox proportional model
with respect to some covariates. They used an additional parameter to describe the
association within a pair. Huster, Brookmeyer, and Self (1989) extended the Clayton-
Oakes model to allow censoring. They also discussed another approach for inducing the
correlation within a pair. They obtained the parameter estimates from an independence
working model, that is, univariate estimates are used in the model to get the parameter
estimates, and then they estimated variance robustly.

Wei, Lin, and Weissfeld (1989) proposed a model for multivariate failure times. They
assumed each marginal distribution of the failure times follows a Cox proportional haz-
ards model with respect to some covariates. They showed that the resulting estimators
of the parameters for covariate effects are asymptotically jointly normal and gave a
consistent estimate of the covariance matrix.

Lee, Wei, and Amato (1991) used a different way to extend the Cox proportional
model to paired data. For paired data (7y;, T5;), with treatment indicator z;, they showed
the consistency and asymptotic normality of the estimated regression coefficient in the
Cox proportional model. In this case the z;’s might be dependent. But the corresponding

variance-covariance estimate may no longer be valid due to the dependence between the

members in the pairs. They proposed a correct variance-covariance estimate taking




account of the correlation within a pair.

All of the proposed models do not estimate the baseline hazard functions, treating
it as a nuisance parameter.

With the development of smoothing theory and methods, many peopie have used
splines in survival analysis, that is, to approximate density functions, survival functions,
hazard functions, or baseline hazard functions, in the presence of censored data. For
example, Abrahamowicz, Ciampi, and Ramsay (1992) used B-splines to estimate the
density and O’Sullivan (1988) used smoothing splines to estimate log hazard functions.

Kooperberg, Stone, and Troung (1995) used linear B-splines and their tensor prod-
ucts to estimate the conditional log-hazard function as a function of ¢ and a covariate
vector z. Their model contains the Cox proportional hazards model as a submodel.
Since cubic splines can provide a better approximation than linear splines, Kooperberg
et. al. also proposed a model in which the log hazard function is estimated with cubic
B-splines. Unfortunately, because of the complication in estimation and model selection,
they did not consider covariates in this model. Nor did they provide standard errors for
the estimated log hazard function.

In this thesis, we use cubic B-splines to estimate log hazards in univariate survival
data and log hazard ratios in bivariate data. We use Kooperberg’s approach to get
estimates, but we provide estimates of standard errors.

In Chapter 2, we define the log hazard regression model, the estimates of the log
hazard functions and ratios, and prove the asymptotic properties of the estimates. In
Chapter 3, we discuss the properties of cubic B-splines functions and how to choose
knots which define these functions. In Chapter 4, we use our model to analyze the

data set from the Diabetic Retinoparthy Study. We present our simulation study in

Chapter 5.




Chapter 2

Hazard Regression

In this chapter we define a pardmetric regression model for log hazard functions of
censored failure times. We start with introducing definitions and notation in the first
section. The regression model and the estimates are defined in Section 2.2. We show
the consistency and normality of the estimates in Section 2.3 and leave the proofs of two
required lemmas to Section 2.4. Finally, in Section 2.5, we define the regression model

for bivariate failure times and discuss inference based on the estimates.

2.1 Definitions and Notation

2.1.1 Failure Time Distribution

All functions, unless stated otherwise, are defined over the interval R* = [0,00). Let T

be a nonnegative continuous random variable representing the failure time of individuals

in some population. Let f denote the density function of T and let the distribution




function be
F(t) = P(T <#) = /Ot f(u) du.

The probability of an individual surviving till time ¢ is given by the survivor function
S(t) = P(T > t) = / flu) du=1— F(1).
¢

The hazard function is defined as

. Pl<T<t+ AT >t)  f()
) = fim, - At B0}

which specifies the instantaneous rate of failure at time ¢, given that the individual
survives until at least time ¢.
The functions f, F,S, and h give mathematically equivalent specifications of the

distribution of 7. Since f(t) = —S'(t), by the definition of A,

B(t) = —% log S ().

Thus
log S(t) — log S(0) = — [ * h(w) du

and since S(0) =1,

and

i
F() = h(t) exp (_ /O h(w) du) . (2.2)
For our log hazard regression, we denote the log hazard function by o, that is,

a(t) = logh(t). (2.3)

It is easy to derive expressions for S(t) and f(t) in terms of a(t).




2.1.2 Censored Survival Data

Consider n individuals in some population. Let T; be the failure time of individual ¢,
and C; a censoring time, that is, a time beyond which individual ¢ can not be observed.

The variable T; will be observed whenever T; < C;. Let X; = min(7;, C;) and

1 ifT; <G,

0 if T; > C;.
That is, ¢; indicates whether the failure time T; is censored or not and X is equal to T; if
T; is observed, and to C; if it is not. The data from observations on n individuals consist

of the pairs (X;,d;), ¢ = 1,---,n. For the data we first make the following assumptions.

Assumptions
(1) (X;,6;) are independent random vectors with an identical distribution;

(2) the failure times T; and the censoring times C; are independent.

We denote the survivor functions and the density functions of failure time T; and
the censoring times C; by S, S., f and f,, respectively. By Lawless (1982), under the
Assumptions (1) and (2),

P(X <t,A=§)= /0 S(u) fe(u)du 6 =0,

t
/ F(u)So(u)du 6 =1.
0
The probability is a measure defined on [0,00) x {0,1}. We denote it by v. Then the

density function of (Xj, ;) is defined by
f(t,6) = F&)°S () felt) 0 Se(t)° (2.4)

It is easy to check that f is the Radon-Nikodym derivative of v with respect to the
o-finite cross-product measure p defined on [0, 00) x {0,1} such that the marginal of u

on [0, 00) is the Lebesgue measure and the marginal on {0, 1} is counting measure.

7




2.2 Log Hazard Regression

In this section we fit a parametric model for the log hazard function « of failure time 7T'.
First we define the model in a general form and determine the estimates that we will

use. Then, in Section 2.2.2, we discuss the conditions on the model.

2.2.1 Model and Estimates

Let G be a p-dimensional linear space of real continuous functions defined on [0, c0),
and let {b;,7 =1,---,p} be a basis of G. We call G the regression space. The log hazard

regression is a model for the log hazard function, that is,

a(t|B) = Z B;b;(t) = BTb(t), (2.5)

where 3 = (f31, ...., B)T is unknown and b(t) = (b1 (t), - -,b,(2))7.
Given 3, by Equations (2.3), (2.1), and (2.2), we have the hazard function, survivor

function, and density function

BB = exp (3 A1) 26)

S18) = exp (= [ exn (3 Bt (w)a), @)

B = exp(iﬂjbj(t))exp{— /Otexp(i Bib;(w))du}, (2.8)
respectively.

Note that to ensure that (2.7) defines a non-degenerate survivor function, it is nec-

essary and sufficient that

/0 exp Zﬂj ))du < oo (2.9)

for some ¢t > 0 and

/0 exp (Z Bib;( )du = +00. (2.10)




So we need some conditions on b and 3. For now we assume that (2.9) and (2.10) hold,
and we will postpone discussing the conditions until Section 2.2.2.

For n observations (X;,d;),% = 1,---,n, we make the following assumptions, in
addition to Assumptions (1) and (2).

Assumptions

(3) the log hazard function « of T; satisfies model (2.5);

(4) the distribution of the censoring times C; does not involve @ and the density fc of

C is bounded.
Then by (2.4), the density function of (X, d;) is
f(¢,818) = f(tIB)° S(t1B)' " fo(t)' 7 Se(t)”. (2.11)

We denote the joint distribution function of (X;,d;) by L(X |3), that is,

n

L(X|8) = ]] f(X:,4:l8),

and we choose B to maximize L.
Let
f4lt,018) = F01B)*S(elB)'~ 212
and
LBIX) = [ (X, 616)
Then -

LXIB) = [ /(X 618) £a(X) 55,
i=1

= Lo(B1%) TT £06) 860"

Since S, and f. do not involve 3, we estimate 3 by B-, the maximizer of the function

L,.




We call the partial derivative of log L, with respect to 3 the score function, denoted

by U™ (B|X), which is a vector with p components

U (B X ) = 2 log Ly(B] X) = Zaﬂ log fo(X:,6:/8), (213)

15}
9Bm
m = 1,2,---,p. The observed information matriz, denoted by I™(B|X), is a p x p
matrix with (ml)-th entry

2 n

555 108 La(BIX) =

0
(n)

Xi, 6:|8). (2.14)

We denote the information matriz, in the usual way, by I(3), which is a p x p matrix

with the (ml)-th entry

5?
I(B)m = —E {8,67",8/3 logfq(Xl,(SlI,B)} (2.15)

By definition of fq and Equations (28) and (2.7), we can write f,,log f,, U R (0N

and I(B3) in terms of the basis functions by, -, b,. We have

o(t,618) = [exp(i ®)] exp { - /exp(i () du); (2.16)
and
log ,(t,18) = 5 3" fits(6) — [ exp (3 63 w)) .17

Thus, under regularity conditions,

0
%logfq(Xi,éilﬂ)

= % {(Szjéﬂij(Xz) — /OXi exp (]Z:ﬂ]bj(u))du}
= 6zbm(Xl) — /OXi bm(u) exp (zi: ﬁjb](u))du

and
2

Xi p
35,05, log f,(X;,8:]8) = /0 b (1) by (u) exp (J;l ﬁjbj(u))du

10




Hence

U(n)(ﬁ|X)m:Z{cSibm(Xi)_/OXi b () exp(éﬁj (u))d } (2.18)

=1
and
n X; P
I™(BIX )y =3 /O b (w)by () exp (3 B;b; () ) du (2.19)
i=1 j=1
Since for any vector v = (v, -+, v,)T #0,

n

vT](n)(,@|X)v:Z/X( exp(i )du>0

170

i=

I™(B|X) is positive definite (i.e., the second partial derivative of log L, is negative

definite). Therefore, if B exists, it is the unique solution of the p equations
U™ (p|X) =o0. (2.20)
In the next chapter, we will show how to numerically solve (2.20) for 8.

Note: By the relationship between L, and L,

55~ 0EL(BIX) = 5o log L,(B1X).
Therefore,
081X ) = 3 5o log (X, 6l6)
and _
I%(81X)m Z aﬂ:eam log f(X;, 6:/8)

which are the usual definitions of the score function and the observed information

matrix.
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2.2.2 Conditions on b and 3

As we mentioned in the last section, we need some conditions on the basis b or on 3 such
that (2.9) and (2.10) are true. A sufficient condition that (2.9) and (2.10) hold is that
b is bounded. We say a function w : Rt — RP is bounded if there exists 0 < M < oo

such that

P
lu@* =X lu;(H)* < M,
7=1
for allt € R*.
Proposition 2.2.1 If b is bounded, then

(i) (2.9) and (2.10) hold for all t and B and

(ii) there exists a number M(B,p) such that

J(118) < M(B,p)exp (- M(;,p))' (2.21)

Proof. Since b is bounded, there exists a number 0 < M < oo, dependent on 8 and p,

such that | 320_, B;b;(u)| < M. Hence

1 P
D) < e><p‘(jZ::1 Bibi(w)) < exp(M). | (2.22)

It follows that for any ¢
t p t
/0 exp (; ﬂjbj(u))du < /0 exp(M)du < o0

and

o0 p 00
/o exp (]; ﬂjbj(u))du > /0 mdu = o0.
So we proved that (2.9) and (2.10) are true.
Next, let M (83, p) = exp(M), then, by the definition of f from (2.8) and from (2.22)

f(t|B) = exp (iﬂjbj(t)) exp{ — /Ot exp (i ﬁjbj(u))du}

< M(ﬂ,p)exp(— m)7

i

12




which completes the proof of (ii). O

We would like the regression space G to contain the log hazard for the commonly

used Weibull distribution. Recall that the density function of a Weibull distribution is
fu(t) = yA"" texp ( — ()\t)V), t>0,A>0,7v>1.

The corresponding log hazard function is

uu(t) = log(v\") + (7 = 1) logf(t).

Thus, if b,(t) = log(t) and b,—; = 1, then model (2.5) includes the Weibull distributions.

More generally, we consider the basis b, -,b,_; bounded and b,(t) = log(t + ¢),
where ¢ > 0 is a constant. We call b, log tail and {b;,j = 1,---,p} bounded plus log
tail. This basis doesn’t satisfy the assumption of Proposition 2.2.1. But we have the

following result.

Proposition 2.2.2 If b is bounded plus log tail and 3, > —1, then
(i) (2.9) and (2.10) hold for all t and

(ii) there exists a number M(B,p) such that

M) (2.23)

f(t8) < M(ﬁ,p)(t + c)Pr exp ( - M(B,p)

Proof. Since b is bounded plus log tail, there exists M such that |Z§;% jbj(u)l <
log(M). Then
(u —;/I) < exp (Z,BJ ) < M(u+c)P. (2.24)

Therefore,

P
/Oexp(z du</ M(u+ ¢)Prdu < oo

13




for any ¢ and
u+c%
))du > / =
/0 exp (Z B;b;( exp (M 00

as i, > —1. Then (i) is proved. To prove (ii), using the definition of f from (2.8) and

using (2.24), we have

fEB) = exp(éﬂjbj(t)) exp{—/otexp(z:ﬁjbj(u))du}

cPetl i (t + c)Pet?
(8, + 1)M) exp ( B, + 1)M)
(t -+ C)ﬁ”+1)

< M(t+c)P exp(

= Ci(t+c)rexp ( —

Cs
! (t + c)frt?
< M(B,p)(t+ ) exp ( - W)
where M(3,p) = max{C},Ca}. So (ii) is true. O

From now on, unless stated otherwise, we assume the n observations (X;,4;), ¢ =
1,---,n, satisfy Assumptions (1) - (4) defined in the previous sections and either

Assumption

(5a) b is bounded and 3 € RP

or

(5b) b is bounded plus log tail and 8 € RP~! x (-1, c0).

We call RP the parameter space, if (5a) holds and RP~! x (—1,00) the parameter space
if (5b) holds.

Note 1 Since (2.9) holds for all t > 0, f(¢) > 0 for all t > 0. So the support of f is R,

which will be used for the proof of Theorem 2.3.1 in the next section.

Note 2 It is easy to see that if b is bounded then for any compact set B in the parameter

space, there exists M dependent on B and p such that

f(t18) < Mexp ()

14




for all B € B. If b is bounded plus log tail, then for any compact set B in the

parameter space, there exist M and 8, > —1, dependent on B and p, such that

t+c)frt!
(t+c) )

F(18) < M(t+ )% exp (- 7

for any B € B. That is, on a compact set B in the parameter space, the density

function f(¢|3) of T' can be dominated by a function of ¢.

2.3 Consistency and Normality of ,6

In this section we use Theorem 5.1 in Lehmann and Casella (1998) to show the following

theorem.

Theorem 2.3.1 Let (X;, 61); o+, (Xn, 0n) satisfy Assumptions (1) - (5). Then, for B,

the true parameter,

(i) B — B, in probability;

(i) va(B — By) = N(0, [1(By)]™);

(iii) 21™(B|X) — I(B,) in probability provided B — B, in probability.

We first state the conditions of their theorem.

Conditions
A. For different values of 3, the distributions Py of the observations are distinct.
B. The distributions Pz have common support.

C. The observations (Xi,61), -, (Xn,0,) are i.i.d. with probability density f(¢,5|3)

with respect to a o-finite measure pu.
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D. There exists an open set w of the parameter space {2 containing the true parameter
point B, such that for almost all (X, 4), the density f(X,6|3) admits all third
derivatives (0°/08;00:006,) f (X, 6|B) for all B € w.

E. The first and second logarithmic derivatives of f satisfy the equations

B{ 55108 1(X,518)} = 0

and

2
 86m0B,

I,me {1, --,p}.

log £(X,818)} = B{ =2 log (X, 318) = log f (X, 518) },

() = 24 96 %

F. I(B),x is finite and the matrix I(3), a p x p matrix with the (ml)-th entry I(8).,

is positive definite for all 8 € w.

G. There exist functions M;y; such that

|(6°/08;08:08,) 10g (X, 618)| < Mju(X)
for all B € w, where E,BO(MW(X)) < oo forall j, k1 € {1,---,p}.

Theorem 2.3.2 (Theorem 5.1 in Lehmann, E.L. and Casella, G, 1998). Let (X1,6;),
o, (Xn, 0n) be i.i.d., each with a density f(t,d|8) which satisfies the above conditions.
Then with probability tending to 1 and as n — o0, there exists a solution ,3 of the

likelthood equation
z": dlog f(Xi, &|6)

=0
i=1 a'B

such that
(a) Bj is consistent for estimating f;,

(b) /n(B—PB) is asymptotically normal with mean zero and covariance matriz [1(B)]7L,

and

16




(c) B; is asymptotically efficient in the sense that \/n(B; — ;) converges in distribution

to a random normal variable with mean zero and variance [1(83);;]7".

Proof of Theorem 2.3.1.

Suppose 3 is the solution of the equation

_ = 0log(f,(t,618)) < 0log(f(t,4]8))
0_,-; op -2 B

To show (i) and (ii), we need only check the conditions of Theorem 2.3.2.

First, by Assumptions 1 and 2 and the definition of f(-,-|8) from (2.11), (X1, d,),
-+, (Xn, 6,) and f(-,-|B) satisfy condition C.

Second, since {by,---,b,} is a basis, from (2.16), the definition of f, in terms of the
basis functions, for different value of 3, f, is distinct. From Note 1, after Propositions
2.2.1 and 2.2.2, the support of f, is [0,00). By the relationship between f(-,-|3) and f,
from (2.11) and (2.12), conditions A and B hold.

Then, from (2.11) and (2.12),

0log f(X1,618) _ 9log fo(X1,8,|8)
0B, 9B ’

l=1,---,p, since S; and f. do not involve 3. Hence condition D follows from a direct

(2.25)

calculation of the derivatives of f, from the definition (2.16).

Next for condition F, I(8), is finite follows from Lemma 2.3.4 below. As shown in
the calculations after (2.19), I(/3) is positive definite.

Finally, conditions E and G follow from Lemmas 2.3.4 and 2.3.5 below, respectively.

Therefore, (a) and (b) in Theorem 2.3.2 yield (i) and (ii), respectively.

To prove (iii), we need to use (i) and the bounds in Lemma 2.3.4 below. The proof
is as in Theorem 3.10 of Lehmann and Cassella (1998). Thus, we have finished proving
Theorem 2.3.1.

Using (ii) and (iii) in the above theorem and Slutsky’s theorem, we have the following

Corollary.
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Corollary 2.3.3 Let (X1,61), -, (Xn, 0n) satisfy Assumptions (1) - (5). Then
[nI™(B1X))?(B - B) = N(0, 1),
where I 1s the p X p identity matriz.

The following two lemmas are used in the proof of Theorem 2.3.1.

Lemma 2.3.4 Suppose that b satisfies Assumption (5a) (or Assumption (5b)) and B is
a compact set in RP (or in RP~1x(—1,00)). Then there exists 0 < M < oo, dependent on

B andp (or on B,p, and c), such that forany B € B, sy € {1,---,ph;k=1,--- ,m;m =

0,1,2,3,
0™ log fq(X1,51|,3)
MK(X 2.2
8B, - -0, < (X1), (2.26)
where
1+X, if b is bounded
K(X;) = (2.27)

1+ |log(X; + )| + (X1 + c)Pe™ if b is bounded plus log tail.

Furthermore, E{K(X1)} < 0.

Lemma 2.3.5 Let B be the true values of the parameters in model (2.5). Then
ol X1,0
i) E{ og fq(X1,61|8) 5 } _0;
0

0B
. Olog fo(X1,01|8)) Olog fo(X1,61|8) _ 9% log fo(X1,61|8)
ii) £ { B, o5, 50} =& { q

OPm OBmOpBy

We will give the proofs of the above lemmas in the next section.

)

2.4 Proofs of the Lemmas

Now we prove Lemmas 2.3.4 and 2.3.5.
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For convenience, we first calculate the partial derivatives of log f, with respect to

B in terms of the basis functions. By the definition of log f, from (2.17), for s; €
{17"'ap};k:17"')m7

(512@ / exp(XP:ﬁ]bJ ) m =0;

j=1
0™ log fy(X1,6:118) = 61bs,(X1) _/ bs, () eXp(i,B]b] ) u, m=1; (2.28)

8/881 e aﬁSm

X1
—/ bs, (u) - - u) exp
. [ Jo =
Proof of Lemma 2.3.4

P
If b is bounded, since B is a compact set, Y |B;b;(u)| is bounded on B, and so is
j=1

P

exp (Zﬂjbj(u)). Hence, by (2.28), we can find 0 < M < oo, dependent on B and p,
j=1

such that (2.26) holds.

If b is bounded plus log tail, then b;,--+,b,_; are bounded. Hence there exists

1 < M; < oo such that for 8 € B

max {|I§ﬁjbj(u)y, 2 |bj(u)|} < M, (2.29)
which implies] i "

exp ( i ﬂjbj(u)) < eMi(u+c)Pe. (2.30)

=1

Then for mJ: 0, by (2.28) and (2.30), (2.26) is true. To prove (2.26) for m = 1,2, 3, it
suffices to show that there exists M < oo such that

| g (1) -+ b. ()] (1w + ©)Frdu < M1 + (X + )P+, (2.31)
sp € {1,---,p};k = 1,---,m. This clearly holds for s; € {1,---,p — 1}, since b; is
bounded, j = 1,---,p — 1. But the log tail log(¢ + ¢) is unbounded, which makes the
proof of (2.31) more complicated. So we need to investigate the properties of the integral

X1
/ | log(u + ¢)|™(u + c)ﬁ"du,
0

m = 1,2,3. Noting 3, > —1 and ¢ > 0, we have the following easily proven facts.
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Fact 1 for any ¢ > 0 and any compact set B C (—1,00), there exists M; < oo such

that
? Bp+1
sup |log(u+¢e)|"(u+c) 2 < My;
uE(O,].],ﬂPEB
! Bp1
Fact 2 for any compact set B € (—1,00), sup [ (u+¢) 7 du < oo;

BpeB JO

Fact 3 log(u+c¢) < u+c for u € [1,0),
Fact 4 for any 8’ > 0,6" > —1, and M’ > 0,
oo 1 - 1
/ (u+c)? exp{ —(u+c)? /M'}du < 0.
0
We will use Facts 1 - 3 to prove that
i) there exists My < oo such that for 8 € B,
1' .
/ |log(u + ¢)|™(u + ¢)Prdu < M,,
0
m=1,2,3;
ii) there exists M3 < oo such that for X; > 1 and 8 € B,
b'e
/ 1 |log(u + ¢)|™(u + ¢)Prdu < Ms(X; + c)P+?,
1
m=1,2,3.
If i) and ii) hold, then, when X; <1,
X1
/ | log(u + ¢)|™(u + ¢)Prdu
0
1
< / |log(u + ¢)|™(u + ¢)Prdu < My,
0
and when X; > 1,
. .
/ |log(u + ¢)|™(u + ¢)Prdu
0

1 X;
= /o [log(u + ¢)|™(u + ¢)Pdu + /1 |log(u + ¢)|™(u + ¢)Prdu

< M+ M3(Xy + )Pt < M1+ (Xy + ¢)™)
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for M = max{My, M3}. So (2.31) would hold, which implies that (2.26) would be true.
Proof of i): Since B is compact, using Facts 1 and 2, we can find M}, M} < co such

that for 3 € B,

8
| log(u + ¢)|™(u + c)”%ﬂ < M,,

m=1,2,3, foru € (0,1) and
1 _
/ (u+c)gpz_ldu§M§’.
0 .

Then for 8 € B,

1
/ |log(u + c)|™(u + ¢)Prdu
0

Bp+1

1 -
< / |10g(u+c)|m(u+c)'p2_(u+c)gpz_ldu
0 .

1 Bp—
< Mg/ (u+¢) P du < MLMY = My < oo,
0

m=1,2,3.
Proof of ii): By Fact 3 and (2.29),

X3
/ |log(u + ¢)|™(u + ¢)Prdu
1

VAN

X1
/1 (u+¢)*(u + ¢)Pdu
- 2 (06 + P — (14 o))
D

< Ms(Xy + )t

m = 1,2, 3, for some M3 > 0.
Now that we have proven that (2.26) is true, we show that E{K(X;)} < oc.

First suppose that b is bounded. Then
F{K(X1)} = E{1+ X1} < E{(1+T)},

since, by definition, X; < Tj. By Proposition 2.4.1 below, E{T1} < oo.
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Now consider b bounded plus log tail. Write
K(Xl) = K*(Xl) + K**(Xl),

where

K*(X1) =1+ (X1 + o)™ + |log(X, + ¢)|[I{X; + ¢ > 1}

and

K**(Xl) = IlOg(Xl + C)II{X1 +c < 1}
Since K* is a non-decreasing function,
E{K"(X1)} < B{K"(T1)} < E{K(T1)},

which is finite by Proposition 2.4.2 below. To show E(K**) is bounded, note that, by
Assﬁmption 4, f. is bounded, and by (ii) in Proposition 2.2.2, f(¢|8) is bounded on

[0,1]. Thus, the marginal density of X7,

fxi (@) = f(z]B)Sc(z) + S(z1B) fo(z),

is bounded. Then we have
1
E{K**(Xl)} < /0 |log(z + ¢)|fx, (z)dx < o0
1
since / |log(z + c)|dz < co. Therefore,
0

B{K(X,)} = B{K*(X,)} + E{K"(X,)} < oo

Y

which completes the proof of Lemma 2.3.4.

The following propositions were used in the proof of Lemma 2.3.4.

Proposition 2.4.1 If b is bounded, then for anya >0, E(T*) < co.
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Proof. Since b is bounded, by (ii) in Proposition 2.2.1, there exists 0 < M(8,p) < oo

such that

f(18) < M(8,p)exp (- )

From this and Fact 4 in the proof of Lemma 2.3.4, we have

= 00 —t
E(T*) = /0 17 (¢8)dt < /0 M (B, p)t® exp (m)dt < co.
0
Proposition 2.4.2 If b is bounded plus log tail and B3, > —1, then
(i) for any a > 0, E(T*) < oo, and
(ii) E(]log(T + ¢)|) < oo.
Proof. Since b;,---,b,—1 are bounded, by (ii) in Proposition 2.2.2, there exists 0 <

M(B,p) < oo such that (2.23) hold. Let

o)Botl
9(t,B8) = exp ( — %)—)

Then from (2.23) and Fact 4 in the proof of Lemma 2.3.4,
B = ["f(t18) dt < M(B,p) [ te(t+c)g(t,B) dt < oo,
as B, > —1. Thus (i) is proved.
To prove (ii), using (2.23) and Facts 1 - 4 in the proof of Lemma 2.3.4, we have
E(|log(T +9))) = [ | log(t + ) £(tl)dt
M(B,p) [ log(t+)l(t + ) g(t, B) dt
1 1 -1 [e%)
M(B,0) { [ Nog(t +0)l(t+ 05 (¢ 0" g(6,8) e+ [ (£ + ) g1, 8) )

< M(B,p) {M1 /Ol(t+c)g%:lg(t,ﬂ) e+ [+ (4,8) dt} < 00,

IA

IA

which finishes the proof of (ii). 0
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Remark: The following proposition will be used in the proof of Lemma 2.3.5 and
Section 2.5. The proof is omitted since it uses the same procedures and arguments

as in the proofs of Propositions 2.4.1 and 2.4.2.

Proposition 2.4.3 Suppose that b satisfies the assumptions of Lemma 2.3.4. Then
E{[K(X1)]?} < co.

The proof of Lemma 2.3.5

To prove i), write

0log f,(X1,0:]8)
E{ i

_ | 0log f(X1,81|8)
ﬂo} ‘E{ ﬂo}

op
3f(X1,51|ﬂ) _ i ~ GLM
/T ,Bod“_ <3ﬁ/f(X1,51|ﬁ)d/,L> ’ﬂo =35

To justify the interchange of differentiation and integration, we must prove that there

B,

exists a neighborhood B of B, such that uniformly on B, the partial derivatives of
f(X1,6:1]8) with respect to B can be dominated by an integrable function of (X, d).
Then by the Dominated Convergence Theorem, we can exchange the order of derivative
and integral.

To do this, we choose a > 0 such that B = {8 : ||8 — By|| < a} is compact in the

parameter space. By Lemma 2.3.4, there exists M such that for 8 € B,

‘alngq(Xla‘SlLB)
B

l=1,---,p, and E(K(X,)) < co. Hence, from (2.25) and (2.32), for B € B,

< MK(Xy), - (2.32)

‘M Olog FXnlB)| & prie(x,) (X, 5018).

8@ aﬂl

Thus it suffices to find an integrable function of (X1, ) to dominate K (X;)f(X1,46,|8).

} = f(X1,01|B) ‘

By the definition of f(-,-|3) from (2.11),

K () f(t,118) = K(@)f(218)S.(t) < K(t) f(|B) < K(t)f(2),
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where f* is the bound on f given in Note 2 after Proposition 2.2.2. It is easy to show
that K f* is integrable.

To bound K (X1) f(X3,0|8) = K(X1)S(X1]8) fe(X1), it suffices to bound K (X;)S(X:|8),
since, by assumption 4, f. is bounded. By the definition of S(¢|3) from (2.7) and by

the proofs of Propositions 2.2.1 and 2.2.2, there exists M > 0 such that, for 8 € B,

S(18) < exp (- 1) = 5°(1)

if b is bounded, and

(t + C)ﬁ;’+1)

S(H8) < Mexp (- 2

= S*(t)

if b is bounded plus log tail, where 3, is the lower bound of 3, for 8 € B. One easily
shows that K S* is integrable.
To prove ii), provided integration and differentiation can be interchanged, we can

write

0 — 4 E{@logf(Xl,(Sﬂﬂ)}_ 9 /610gf(X1,61|,3)

9 Bm, o6 0B 96, f(X1,6:8) du

. 810gf X1,51|ﬂ)
310gf(X1,51|ﬂ) dlog f(X1,6:|8) 0 log f(X1,6:|8)
/{ R }f(xl,allﬁ)du
E{alogfq(Xl,dllﬁ) , 310€fq(X1,511ﬂ)} +E{32 logfq(X1»51|ﬁ)}
Bm o 0600 '

Therefore,
E{ 9 logfq(Xl,c?l]ﬁ) logfq(X1,51|,8)} =-F {8—210gfq(X1,51|,3)} :
OBm 0B, 0BmOp,
To exchange integration and differentiation, we need to bound 8% log f(X1, 8:|83)/08m08:.
By i) and Proposition 2.4.3, this can be done with an argument similar to that in the

proof of i). We omit the calculations here.
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2.5 Log Hazard Regression of Paired Failure Times

Now we consider the individuals with paired failure times. We first introduce the nota-
tion and define the log hazard regression model and estimates for paired failure data.
Then, in Section 2.5.2, we show the consistency and normality of our estimates and give

a consistent estimate of the covariance matrix of the estimates.

2.5.1 Model and Notation

Consider n subjects with paired failure times for each. For k = 1,2, andi=1,---,n, let
T; and Cy; be the kth failure time and censoring time of the ith individual, respectively.

Let in = IIliIl(T]m', Ck:z) and

1 if Ty < Ch,
Oks =
0 if Tki > Cki-

Then (Xy;, dx;) is the observation of the kth failure of the ith individual.
Note: the censoring times may be the same, i.e., C; = Cy;.

We refer to fx, Fx, Sk, he, and oy as the corresponding density, distribution, survivor,
hazard, and log hazard functions, respectively. We fit a log hazard regression model for

the two log hazard functions separately. That is, we suppose that

t|:31 Zﬂl]blj

and

t|ﬂ2 Z ﬂ2]b2]

For k = 1,2, we estimate 3, by ,Bk as defined in Section 2.2.1. Referring to the univariate

case, we denote the regression basis by by. As in (2.16), we let

Fra(t:618y) = Fu(t1BL) Sk (t|By) ™
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We also let U™ (8,|Xx), I (B, X&), and I;(B,) be the corresponding score functions,
observed information matrix, and information matrix, respectively, see (2.13), (2.14) and

(2.15). Similarly, we denote by K} the corresponding functions defined in (2.27). Let

B, , B,
8= , 8= . (2.33)

~

B B.

We denote the ith summand in U™ by u(8,), that is,

0
uki(,@k) = a—ﬁk log fkq(in, 5ki|,3k),

k=1,2. Let

u1:(B1)

U(")(,Bl,,B2|X1,X2)= : .
| UM (By1X2) | =1\ uai(By)

and define

i i cov(un (B;), ui(By)) cov(uin(B), ua(B,))
5 _ C(234)

Yo1 Xa cov(ug1(Bs), u11(By)) cov(ua(B,), uai(B,))

2.5.2 Consistency and Normality of @

In this section, we show the consistency and the normality of the estimates ,@ The main
result, given in Theorem 2.5.2, relies on the asymptotic normality of U™ (8,, 3,| X1, X 2)

given in the following.

Proposition 2.5.1 Suppose, marginally, each of the failure times satisfies Assumptions
(1) through (5). Then’
1 n
TUM(81,8|X1, X2) = N(O, D).

v
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Proof. Since uy;(8;),4 =1, --,n, areiid. and, by i) in Lemma 2.3.5, E(u;(3;)) = 0,

using the multivariate central limit theorem, we have

1 1 & i
%U‘"’(ﬂl,mlxl,m == = N(0,%).

Theorem 2.5.2 Suppose, marginally, each of the failure times satisfies Assumptions

(1) through (5). Then
(i) ,[:i — B in probability;
(ii) V(B — B) = N(0,Q), where

Qu Q2 L(8) ' Zuli(By)™h L(By) "E12la(B,) 7!
Q= = . (2.35)
Q2 Q2 L(By) 'S h(By) ™t L(By) 0 h(By) !

Proof. (i) For any € > 0, by Theorem 2.3.1,

P(IB~ Bl > €) < P(IBy = Bull > €) + P82 = Bsl| > €) =

as n — oQ.

(ii) By expanding U™ (ﬁl, ,32|X 1, X2) in a Taylor series about 3, we have

. U™ (8,X,) IM(B11X,) (B, — B))
U™ (B,,B,1X 1, X5) = R ) ,
USY (8, X2) (831 X2) (B, — By)

where 8% = (87, 35)7 is on a line segment between ,(:3 and B. Since

U ™ (ﬂlaﬂZIXl’X2) =0,

urex) | [ 1Peix) o B — By
UL (8,1 X) 0 LVBX2) )\ B.- B
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ie.,

r B - B, 1M (811X 1) 0 UM (8,]X))
n =
B, - B, 0 15V (831 X») LU (B, X)

By (iii) in Theorem 2.3.1,

I BiX0] " = 1B

in probability, since 3; — B, in probability, kK = 1,2. Using this and Proposition 2.5.1,

by Slutsky’s theorem, we have

Vn(B - 8) = N(0,Q).

0
To estimate @), let
Q= [— (:Bkl-Xk] ( Zukz Juy ,31) ) [ n)(,31|Xl)] 1, (2.36)
k,l=1,2, and
. Qu Qu
Q - ~ ~
Qan Q22

In the next theorem we show that Q is a consistent estimate of Q.

Theorem 2.5.3 Suppose, marginally, each of the failure times satisfies Assumptions

(1) - (5) for k =1,2. Then Q is a consistent estimate of Q.

Proof. Let ,[:30 be the true values of the parameter. From Theorem 2.3.1,

1
‘Ik (ﬂk|Xk) = It(Bro)

in probability, kK = 1,2. Therefore, we need only prove that

— Zuk, ’U.l, :Bl) — Ekl (237)
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in probability, £,/ = 1,2. By the law of large numbers,

%En: Uki(ﬂko)uli(ﬁlo)T - E(ukl(ﬂko)ull(ﬂlo)T) = Y,

=1

in probability. Hence, to prove (2.37), it is sufficient to prove that

;Z“kz B)uu(B)T - —ZukZ Bro)wi(Br)” —

in probability.

Let ugis(By) be the sth component of u;(8;), i.e

ukzs(,Bk) 10g fkq(XIcza 6k1|:3k)

8ﬂ s
s=1- ,pe;k=1,2;0=1,---,n. We need to prove
1 & - - 1 &
- D wkis (Br)wi (By) — - > tkis(Bro)wis (Bro) = 0, (2.38)
=1 =1 .

in probability, for s =1, - pg;5=1,--+,p;; k,l = 1,2. Using the mean value theorem
applied t0 37, wkis(By)uiis (B;) and LIy is(Bio)usij(Byo), we have

:ék)’u’lij (:31) - % Z “kis(ﬂko)“lij (Bu)
i=1

n

= on& e aIBkm (tkis ﬁk)ulu(,@z)) Brom!
| ;;1 aﬂzm (uris (Br)wsi () ‘13 ||,31m Biom|
< 133 |2 (B8] g s
= & 2 15B,,, ke i Py kom
IR I w(@wxai ~ Bl
n & 25, " e i \Pi 10m

where 8" is on a line segment between ,B and B . Thus, since @ — @0 in probability, to

prove (2.38), it suffices to show that £ 7 is bounded in

B (ks (B ()

probability around ,[_'30. That means we need to find M < oo and a neighborhood of @0

m 1

such that

{Sup >y

ﬂean 1m=1

o (weaBuus (B)| < 21} 1
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when n — oo, k,[ =1,2.
We choose a number a > 0 such that B = {8 : |8 — B,|| < a} is a compact

set in the parameter space. By Lemma 2.3.4, there exist M} and M; such that for

BeEBklI=12k#lm=1,--- p,

0

0
o w8y (80)] = s (8) 50—
a 2
= ‘(aﬂlj (Xzi,(Slil,@z)mlogfkq(in,5ki|ﬂk))
< MM Ky(Xii) Ky (Xi).
For k =1
(o By (B0)| < 2L KT
a:Bk:m
Thus,
{ﬂeB n i e Bﬂkm (ukis (B (B1))] < M}
> P{kaMle ZKk sz)Kl(Xlz) < M}

which will converge to 1 for M sufficiently large, since

L i K (X)) Ki(Xi) = B(Ke( X)) Ki(X3)) < 00

=1

by Proposition 2.4.3. O

As in the univariate case, we have the following Corollary.

Corollary 2.5.4 If b; and b,y satisfy assumptions 1 through 5, then

VnQ~3 (B - B) = N(0, 1),

where I s (p1 + p2) X (p1 + p2) identity matriz.
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Chapter 3

Regression Space

In the previous chapter we discussed the regression model for log hazard functions for
a general regression space G. Here, we will use a family of extremely flexible functions,
cubic splines, as the regression space. This family was used by Kooperberg, Stone, and
Truong in 1995 for univariate log hazard regression. In this chapter we first give a brief
introduction to cubic splines. Then we give the definition of a restricted cubic spline
regression space B and a method to construct a cubic B-spline basis of B. In Section 3.3
we introduce the numerical computation method that we use to calculate thé estimates
of the log hazard regression model for paired failure data. In Section 3.4 we explain our
methods for choosing knots for the log regression model.

Finally, in Section 3.5, we show that the log hazard regression model with the re-
gression space B can be used for hypothesis testing. In the univariate case, we can test
the hypotheses that the failure times have an exponential or a Weibull distribution. In
the bivariate case, we can test the hypotheses that the two failure times have the same

distribution or that the two failures have proportional hazards.
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3.1 Cubic Splines

Definition 3.1.1 The function ¢ is a cubic spline on [a,b] with knots ¢;,---,tx (a <
th < --- <tg <b)if ¢ isa cubic polynomial on the subintervals [a,t1], [t1,t2], - - -, [tx, D]
and ¢ has 2 continuous derivatives on [a,b]. Denote the collection of these splines by

Sp(te, -, tk)-

By De Boor (1978), Sp(ti, - - -, tk) is a linear space with dimension K +4. The power
basis {px,k = =3, -, K} of Sp(t1,---,tk) is defined as:

po(t) = 1) p—l(t) = t, D—2 = t27 D-3 = ts)

pl(t):(t_tl)ia Tt pK(t):(t—tK)ia
where
(t—t) fort>#
(t— )% =
0 for t < ¢
Therefore, a power basis representation of a cubic spline ¢ € Sp(t1,---,tx) is
K 3 K
o(t) = > Okpr(t) = D 0t + > Ot — t)d. (3.1)
k=-3 k=0 k=1

The power basis is very easy to understand, but isn’t used in computation since it
has bad numerical properties (see De Boor, 1978). A numerically much better basis is
the B-spline basis, which consists of functions that are zero except on some sequential
subintervals. For more details about the B-spline basis, see De Boor (1978) and Shikin

(1995). We will use a restricted B-spline basis, defined in Section 3.2, for our regression.

3.2 The Regression Space B

In this section we will introduce the cubic spline regression spaces defined by Kooperberg
et al. (1995) and we will give an algorithm to construct restricted B-spline bases in those

spaces.
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First, we assume the log hazard function «(¢|3) of a failure time to be a cubic spline

from Sp(ty,---,txk) satisfying
(**) « is linear on [0,¢;] and is constant on [tx, 00).

If we use the power basis representation o = ¥"K__, f,p, then (**) implies 0_3 and 0_,
equal 0, and it places three constraints on _,,6,---,0k. Thisleavesa K +4—-2—-3 =

K — 1 dimensional space. More precisely, define

P = Spa’n{p—lap07pl7 e apK}

and

B={¢€P:¢ is linear on [0,¢] and constant on [tx,c0)}.

Then dim(P) = K + 2 and dim(B) = K — 1.
Next, we give the definition of a restricted B-spline basis of B. We assume that

K > 3, and place restrictions on by, bx_; and, if K > 3, on by,---,bg_o.

Definition 3.2.1 The set of functions {b1,---,bg_1} in B is called a restricted B-spline

basis of B if it has the following properties:
1. by s linear but not constant on [0,t1] and is zero on [t3, 00);

2. if K>3, for1<j <K —2,bj is zero on [0,t;_1) and [t;13,00) but not zero on

(tj-1,t5);

3. if K > 3, bx_2 is zero on [0,tx_3), not zero on (tx_s,tx_2), and a non-zero

constant on [tg, 00);
4. bx_1 1s a non-zero constant on [0, c0).

Clearly, any b,’s satisfying 1 - 4 are bounded, a condition required in Section 2.2.1.

Now we need to show that the restricted B-spline basis is well defined. That means that
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we need to prove that b;’s with the above properties exist and they are a basis of B. We
will give an algorithm for constructing b;’s (this implies the existence), but first we will

show that any b,’s satisfying 1 - 4 are a basis.

Theorem 3.2.2 If by, -+, bg_1, K > 3, in B have properties 1 - 4 of Definition 3.2.1,

then they are a basis of B.

Proof. Since B is a K — 1 dimensional space, to show that {b;,---,bx_1} is a basis of
B, we need only prove that by, ---,bgx_; are linearly independent. Let
K-1
B(t) = 3 b, (t).
Jj=1

Suppose that ¢(t) = 0. We are going to show that this implies that o; = 0,5 =
1,---,K — 1. Consider t € [0,t;). If K > 3, by properties 2 and 3, b;(¢t) = 0, for
j=2,---,K—2. If K =3, then ¢(t) = a1b1(t) + azbs(t). Therefore, for K > 3 and
t€[0,t)

&(t) = ar1b (t) + ax—1bg_1(t) = 0.

By property 4, bx_; is non-zero constant, and by property 1, b, is linear but not a

constant. Hence we have
Q1 = 0g_1 = 0. (32)

Hence, if K = 3, then b; and b, are a basis of B. Now we assume that X > 3. Consider

t € (t1,t2). If K > 4, by properties 2 and 3, b;(t) = 0,7 =3,---, K — 2. If K = 4, then
¢(t) = a1b1 (t) + agbg(t) + Oégbg(t).
Hence, for K > 4 and t € (¢, 1), using (3.2), we have

¢(t) = albl(t) + azbz(t) + aK_le_l(t) = agbz(t) = 0.
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So ay = 0 since by(t) # 0 by property 2. By inductioﬁ on j, using a similar explanation,
for t € (t;_1,1;),

¢(t) = a;b;(t) =0,
which implies that o; = 0 for j = 3,---, K — 2. Hence we have that ; = 0,5 =

1,--+, K — 1, which shows that {b;,---,bg_1} is a basis of B. a

For the convenience of our constructing a restricted B-spline basis, we give the fol-

lowing result as a lemma.

Lemma 3.2.3 Fizx J=2,---,K — 2, and let

J4+2

b(t) = EO: Orpr(t) + Y Okpw(t).

k=-3 k=J—1
Then b = ¢ on [t]+2,00) Zf and only Zf 9_3,0_2, 6_1,00,9J_1, 9], 9J+1, 9]+2 solve the
linear system
03+0;-1+6;+60,00+052 = 0
0_o+3ty_10;-1+3t,0; + 3ty110511 + 3ty420502 = 0
O_1 +3t5 1051+ 3t505 + 32 10,41 + 3t3 0,2 = 0

00 + tgj_l&J_l + tgg‘] + t§+19J+1 + ti+29J+2 = C.
Proof. First regroup terms of b(t) by powers of ¢, so that
b(t) =aqp + ot + a2t2 + Oé3t3,

with a’s depending on indicator functions involving the 6;’s and the ¢;’'s. We see that
b= con [tj42,00) is equivalent to oy = ¢, @y = oy = a3 = 0, which is equivalent to the

above equations. a

Now we start our construction of a restricted B-spline basis of B. Let b; = 215:_1 Ox;pk,
Jj=1,---,K —1. We will find 0;’s so that the b;’s satisfy properties 1 - 4 of Defini-
tion 3.2.1.
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Step 1: Let bx_1 = po, i.e., Opxk—1) = 1 and Ogx—1) =0, for k =-1,1,---, K.
Step 2: To define by = K| 011, let 6, = 0 if k > 3. As in the proof of Lemma,
3.2.3, we regroup terms of b; by powers of ¢. Then b, = 0 on [t3,00) implies that

o1, 0(—1)1, 011, 021, 031 solve the following linear system

011 + 021 + 931 =0
t1911 + t2021 + t3031 = 0
1y + 33011 + 3t3091 + 3303, = 0

o1 + 3011 + 130 + 305, = 0.

Since the #’s are not equal to each other, there is a unique solution for the linear system
once one of the Oy, k = —1,---,3, is fixed. We let #;; = 1 and solve the linear system.
Note that 6(_1); # O otherwise the linear system has only zero solution which would
contradict 6,7 = 1. Thus, b; is linear but not constant on [0,¢;) and b; = 0 on (t3,00).

To construct b;, 1 < j < K — 1, we first construct b7 which is zero on [0,%;-1) and
a non-zero constant on [t;12,00). We will define the b%’s as linear combinations of the
b;’s such that b; is zero on [t;13,00), 1 < j < K — 2.

Step 3For1<j<K—1,let
bj = Oj-1)Pi-1 + 03305 + O30 Pi41 + Oz Psva-

Then for any constant ¢, by Lemma 3.2.3, b = c¢ on [tj42,00) and f;; = 0, s =

—3,—2,—1,0 imply that 6(;_y;,6;;,0(,.1y;, 0(j+2); satisfy the linear system

0i—1y; + 055+ 0i1); +012; = 0
tj—lgzj—l 10]J+t1+19(]+1 +t7+29(1+2)' =0
t5 1015 + 85055 + 1100041y + 8140012, = O
??_19(j—1)j+t?9jj+t?+19(j+1)j +t00G42); = c
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Let 6/ = 1. Then we can solve the first three equations for ¢ OE

(i-1)j 370 )j and

J+1)3? &'+2
then set ¢ to satisfy the fourth equation. We must show that ¢ # 0. It is easy to see
that, if ¢ = 0, then the linear system in Lemma 3.2.3 has only the zero solution. Hence
here 6;_1); = 1 implies that ¢ # 0. Then b} is zero on [0,¢;_1], non-zero on (t;_1,1;),
and a non-zero constant on (t;g,00).

Step 4: Let bg_s = b%_5. Then bx_, satisfies property 3.

Step 5: Recall that b} is a non-zero constant on [t;19,00). For 1 < j < K —1, let

- a; be that constant on [tj42,00). For 1 < j < K — 2, if we let

b = bt — —2 p?
J T Y3 7+l
Gj+1

then b; is zero on [t;43,00) and also on [0,%;_1), since b} and b}, , are zero on [0,%;_1).
Also b; is not zero on (t;-1,1;) since b}, is zero but b} is not zero on (t;_1,1;).

Thus by, - - -, bx_; satisfy properties 1 - 4 and are a B-spline basis of B.

From now on, for given knots, we use B as our regression space with the restricted
B-spline basis by, --,bg_; defined as above. By a bounded basis plus log tail, we
mean the basis is {b1,- -, bx_1, bk} and the regression space is span{b, - -, bx }, where
br(t) = log(t + ¢), ¢ > 0 is a constant.

Since the basis b is bounded or bounded plus log tail, all relevant results discussed
in Chapter 2 can be used. To simplify notation, we will denote both regression spaces

by B.

3.3 Numerical Implementation

In this section we introduce the algorithm used to calculate the estimates @ and Q in
the log hazard regression model of paired failure times.
By the definition of ,C:'I from (2.33), the estimates ,31 and ,32 are calculated sepa-

rately. So we need only discuss the calculation of ,@1. We can use Kooperberg’s heft
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algorithm (see Kooperberg, Stone, Truong, 1995) to find [31. They use the Newton-

Raphson method for computing ,31 since B, is the unique solution of the equations
~ (0

(2.20). Specifically, they start with an initial guess ,85 ), then iteratively determine

,81k+ ) from Bik) according to the formula

(k+1) 2

B = 8" 4 13" x )™ (31 x ),

ngrl)|X ) —log Lq(ﬁgk)|X1) < ¢, where € is a given

and stop the iterations when log L (
positive number chosen so that estimates with the desired accuracy can be obtained.
Thus the main numerical task in calculating @ is the computation of the log likelihood
log Ly(8,| X 1), score function U™ (8,), and observed information matrix I\™(3,|X )
for various values of 8. By the definitions of log L (8| X 1), U™ (B,) and I!™(8,]X1) ,

see (2.17), (2.18), and (2.19), this computation involves the numerical approximation of

n X1s
;/0 b(t)dt, (3.3)
for ¢ of the form
1/)(t) = blm( )bu exp Z,Blgbu

Lme{l,---,pi}.
Kooperberg et. al. do not calculate f;** ¢(t)dt for each i. Rather, they rewrite (3.3)

as

/0 " N () (t)dt, (3.4)

where N(t) is the number of ¢ satisfying Xj; > ¢. The function N(-) is piecewise
constant, has jumps at the observations X, -, Xk,, and equals zero to the right of

the maximum observation. Then they rewrite (3.4) as

> [ Newoa,
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where {a, } is a finite grid of points containing all knots. Then they calculate [ N (¢)y(t)dt
numerically.

Now consider calculation of Q. By the definition of Q from (2.36), the calculation
of @ involves the calculation of Bk,l,gn) (Bk|Xk), and the summands uki(ﬁk), k=12,
t=1,---,n . As we mentioned above, we can get ,Bk from the heft algorithm directly.
By slightly modifying the heft code, we can obtain I ,ﬁ") (Bi|X 1) from heft as well. But
to evaluate ug;(B,), we need to calculate [ ¢(¢)dt separately. We can not get these
integrals from heft without rewriting its entire integration program. Instead, we use

Gaussian Quadrature (see Abramowitz and Stegun 1964, p. 916) for the integration
S p(t)dt to calculate ug(B,), k = 1, 2.

3.4 Knot Selection

In Section 3.2, we give the method to define the regression space B for given knots. In
this section we introduce the methods that we use to choose the knots.

For the univariate case, we use the following two methods to select the knots.
e Choose knots by Kooperberg’ heft algorithm.

For a data set, Kooperberg’s heft algorithm can choose the knots for the model
fitting. The algorithm chooses knots by a stepwise addition and stepwise deletion pro-
cedure. See Kooperberg et. al. 1995 for details. We hoped that heft would selecf knots
well. But from our simulation study we find that there are some numerical calculation
problems with the knots chosen by heft. If the ratio of the maximum of the knots ﬁo
the minimum of the knots is too big, then the resulting log hazard estimate and the
calculation of the estimated standard errors may be impossible, see Section 5.2.2. So we
should not use the knots from heft, if we receive a warning message from the heft code,

or the calculation of the estimated standard error is not possible.
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e Choose the knots by the quantiles.

We choose the quantiles of the non-censored observations as the knots to define the
regression space B. This procedure is based on ideas in Kooperberg et. al’s knot selection
for their stepwise addition method and Abrahamowicz et. al’s knot selection method,
Abrahamowicz, Ciampi, and Ramsay (1992). Choosing knots equal to quantiles may
also result in a large ratio of maximum of the knots to the minimum of the knots. As
noted above, this causes numerical problems. We solve this problem by truncating the
data, that is, if there are any warnings, we use the quantiles of a truncated data set.
We truncate the observations which are greater than 80 in our simulations.

For paired data we use the following methods:
e Use different knots for modeling the two log hazard functions.

Choose knots for each failure time by the above two methods. We then use the
two sets of knots to define the two regression spaces and marginally fit the log hazard

regression models for the paired data.
e Use the the same knots for modeling the two log hazard functions.

In this method we need to choose one set of knots which defines one regression space
for both log hazard functions. If we denote the ranges of non-censored observations
{Xki : 0ki = 1} by Ry, k = 1,2, then our knots must lie in R; N Ry. There are two way

to choose this set of knots.
a) Use the quantiles of the non-censored observations which lie in R; N R,.

b) Use the union of the knots selected for each marginal log hazard estimate. Denote
the sets of knots selected for the two log hazards by K; and K. Use (Ky UK,)N

(R1 N Ry) as the set of knots for the regression space.
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3.5 Hypothesis Testing

In this section we show how to use the restricted B-spline basis and the regression space

B and given data to test hypotheses.

3.5.1 Univariate Case
In the univariate case, we can test:
s Hg: the failure time has an exponential distribution;
e HY: the failure time has a Weibull distribution.

By the definition of the log hazard regression model in (2.5), the log hazard function
"1S
p
a(tlB) = D _ Bibi().
j=1

If the failure time is exponentially distributed, then «(¢|3) = constant. Therefore, for
the restricted B-spline basis defined in Section 3.2, ({b;,7 = 1,---, K—1} if bis bounded
or {b;,7 =1,---, K} if b is bounded plus log tail, where K is the number of knots), we

can rewrite H§ as
Hf: Bj=0for j # K —1.
Then we can write H§ as
He: XIB=0
for an appropriate matrix X,. By Corollary 2.3.3,

[nI™(B|X))?(B — B) = N(0,1).
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Hence, under Hy,

. . . X%_, if bis bounded;
(XS BT (XTI (BIX)] 7' Xe) (XTI B) =

x%_, if b is bounded plus log tail.

Therefore, n(XTB)T(XT[I™ (8| X)]"*X.)" (XT3) can be used as a test statistic.
To test HY’, we need to use the restricted B-spline basis plus log tail b (¢) = log(t).

Thus, if the failure time has a Weibull distribution, then

a(t|B) = Bx-1bk-1(t) + Brbx (t).

Hence, testing Hy’ is equivalent to testing 8; = 0 for j < K — 1. By a similar procedure

as for testing H§, we can find a matrix X, such that
n(XyB) (X5 ™ (BIX)] 7" Xu) " (XGB) = Xk

and we can use n(XT3)T(XT[I™ (B3| X)]"1X,) " (XZB) as our test statistic.

3.5.2 Bivariate Case

In bivariate case, we can test:
e Hj: the two failure times have the same distribution;
e HY: the two failure times have proportional hazards.

For given paired data (X1, 615, Xoi,02:),4 = 1,--+,n, to test Hy and HY, we model
the log hazard functions of the two failure times with the same regression space B. Then

the log hazard regressions are

o (t]B)) = ém(w
0a(tBs) = 3 faghs(t)

[
1l
—
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If the two failure times have the same distribution, then

0.

il

a1 (t]B:) — e2(t|By) = ﬁ: (Brj — Baj)b;(t)

Therefore, testing Hy is equivalent to testing

Hi: B1j— B =0forj=1,---,p.
Then we can rewrite Hj as

H; - XT@ =0
for an appropriate matrix X. For bases described in Section 3.2, by Corollary 2.5.4,

Vi Q3 (B-8) = N(,I).

Then undef H,,

X%_, if b is bounded;

n(XTB)T(XTQX) N (XTB) =
X%  if b is bounded plus log tail.

So, we use n(XT3)T(XTQX)~"(XT) as test statistic.

If the two hazards are proportional, then

P
a1(t]By) — aa2(t|B2) = Z B1; — B2;)b(t) = constant,.

Hence, for the regression spaces and b;’s defined in Section 3.2, the test for H} is

equivalent to the test for B;; — B,; = 0 for j # K — 1. Then we can rewrite H} as
HY:XTp=0
for an appropriate matrix X. By Corollary 2.5.4,

VR Q7EH(B - B) = N(0,1).
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Then under HE,

2 e b )
n(XTB)T(XTQX)‘l(XT,B) N X%_o if bis bounded,;

X%_, if bis bounded plus log tail.

Therefore, n(XTB)T(XTQX) " 1(XTB) can be used as test statistic.

Note: When T3;’s and T;’s are independent, the Cox proportional hazards model

he(t) = hr(t) exp(v) (3.5)

provides an estimate of the relative risk y. Thus under independence assumption,
we can also test Hy by testing H§ : v = 0. To our knowledge, there is no non-
parametric test for proportional hazards for dependent paired data as we defined
in Chapter 2. We might use the usual Cox proportional model, assuming the
two failure times are independent. However, while the usual estimate of v may

be good, the standard errors are probably biased.
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Chapter 4

Application to the Diabetic

Retinopathy Study

In this chapter we 'apply the log hazard regression model to data collected to study
the effect of laser treatment on diabetic retinopathy (see Diabetic Retinopathy Study
Research Group, 1981). We give a description of this study in Section 4.1, and analyze
the data in Section 4.2. Finally, in Section 4.3, we discuss analysis of this data set using

other models.

4.1 Data Description

Diabetic retinopathy is a. complication associated with diabetes mellitus, which consists
of abnormalities in the microvasculature within the retina of the eye. It is the major
cause of visual loss in many industrialized countries (Murphy and Patz, 1978).

The Diabetic Retinopathy Study (DRS) was funded by the National Eye Institute

in 1971 to investigate the effectiveness of laser photocoagulation in delaying the onset

46




of blindness for diabetic retinopathy patients. One eye of each patient was randomly
chosen to receive photocoagulation and the other eye was observed without treatment.

A total of 1,742 patients was followed over several years. The endpoint used to
 assess the treatment effect was the occurrence of visual acuity less than 5/200 at two
consecutively completed 4-month follow-ups. The only data available are from the 197
patients defined as high-risk by DRS criteria.

Of the 197 pairs of observations, approximately one-half (101/197) of the untreated
eyes and one-quarter (54/197) of the treated eyes achieved the outcome after 5 years
of follow-up. The histograms of the censored and uncensored data for treatment and
control (Figure 4.1) show that more untreated eyes than treated eyes failed during the
study and many patients left the study after about 3 years (36 months) or more from
the start time.

The correlation between the uncensored observations of the treatment group and the
control group is 0.28. This indicates possible dependence between the two failure times.
We show the scatter plots in Figure 4.2. For this data set, the two censoring times are
identical, that is, Cr; = Cg;.

The primary goal of the DRS study was to assess the effectiveness of the laser
photocoagulation treatment. A secondary goal was to assess the relative risk of blindness

of the untreated and the treated eyes as a function of time.

4.2 Data Analysis

In this section we will address the following questions:

1. Do the failure times of the treated and the untreated eyes have the same distri-

bution? That is, is there a treatment effect?
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Figure 4.1: Histograms of observed times of the eye data.
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2. What is the log hazards ratio? That is, what is the relative risk of blindness of

the untreated eyes and treated eyes?

We carry out two analyses of the eye data. First, as described in Section 3.4 on
knot selection, we let Kooperberg’s heft algorithm choose the knots for the log hazard
regression model (Model 1). This allows different knots to be used for the log hazards
estimates of the failure times of the treated and the untreated eyes. In our second
analysis (Model 2), we use the same regression space for the log hazards of the two failure
times. The set of knots used is the union of the knots chosen by the heft algorithm for
each failure time. With both models we can get an estimate of the log hazards ratio
with 95% pointwise conference intervals. We then test if there is a treatment effect, and

if the two hazards are proportional with Model 2, as described in Section 3.5.

4.2.1 Model 1

To estimate each failure time’s log hazard, we use Kooperberg’s heft algorithm with log
tail B,(t) = log(t) (¢ = 0), and without specifying knots. The heft algorithm selects
1.5,6.17, and 63.33 as knots for the regression model of the treated eyes and chooses
no knots for the untreated eyes, which means that heft chooses a Weibull model for the

failure time of the untreated eye. Then the log hazard regression model, Model 1, is:

ar(t|Br) = Bribri(t) + Brabro(t) + Brsbrs(t), (4.1)

ac(t|Be) = Boibei(t) + Bo2bea(t). (4.2)

As defined in Section 3.2, by is linear on [0, 1.5), cubic on [1.5,6.17) and [6.17,63.33),
constant on [63.33,00), by and be; are constant functions, and br3(t) = bea(t) = log(t).

The estimates of B, and B, from heft are

Br = (0.00017, —8.13,0.69)7
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Figure 4.3: The estimated density functions of the eye data for Model 1.

and

B = (—3.68,—0.18)7,

respectively. The estimates of the marginal densities, survival functions, hazard func-
tions, and the log hazards ratio are in Figures 4.3 to 4.6.

From the plot in Figure 4.3, we find that both estimated densities have a high value
in the first twenty months. But the density corresponding to the untreated eye is higher
than that of the treated eye during the observed time period. The estimated density
of the failure time of the untreated eyes has its maximum at time zero, while the other
density achieves its maximum at about month six. Since the regression model is for the
log hazard, we calculate the estimated densities based on the estimate of log hazards
as in equation (2.8). A pointwise confidence interval for the estimated densities would
require integration of the upper and lower bounds of confidence intervals for the hazard

function. This is difficult, so these confidence intervals have not been calculated.
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Figure 4.4: The estimated survival functions of the eye data for Model 1.

The estimated survival curves, in Figure 4.4, show that the estimated survival func-
tion of the treated eyes is always greater than that of the untreated eyes. Therefore,
there appears to be a large treatment effect.

From the plots of the estimated hazard functions in Figure 4.5, we see that the risk
of blindness in the untreated eye is much higher than that of the treated eye. The risk
of blindness in the untreated eyes decreases with time while the treated eyes may have
a maximal risk at ¢ = 6. Based on the estimated hazard functions, we can see that the
treatment may have delayed the onset of blindness for the patients for the first couple
of months after the operation.

Figure 4.6 shows the estimated log hazards ratio with pointwise 95% confidence
intervals. Values greater than zero indicate a higher risk of the control group and so
it seems that the treatment has a beneficial effect. The estimate of log relative risk of
blindness of the untreated eye to the treated eye is equal to 1.15 at ¢ = 1, and decreases

to 0.34 at about month six, then increases smoothly. After attaining its maximum value
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Figure 4.6: The estimated log ratio of the hazard functions of the eye data with pointwise

95% confidence intervals for Model 1.

of 1.186 at month 42, it decreases slowly.
Thus, based on Figure 4.6, the estimated log ratio of the two hazards gives an answer

to questions 1 and 2 asked in the beginning of Section 4.2.

4.2.2 Model 2

To test if there is a treatment effect, we assume the log hazard functions of the treated
eye and the untreated eye are from the same regression space B. So we will use the
same restricted B-spline basis plus a log tail for the two regressions. To choose knots
that define B, we refer to the knots used for Model 1. As heft uses 1.5,6.17, and 63.33

for the treatment group and no knots for the controls, we use 1.5,6.17, and 63.33, the
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union of the knots used for the two groups, as the knots to define our regression space

B. Then B is a three dimensional space and the log hazard regression, Model 2, is:

ar(t|Br) = PBribi(t) + Braba(t) + Prsbs(t), (4.3)

ac(t|Be) = Berbi(t) + Beaba(t) + Besbs(t), (4.4)

where b; = bri, by = bpy, and b3 = bz as defined in Section 4.2.1. Using the heft

algorithm with fixed knots, we get the estimates

Br = (0.00017,—8.13,0.69)7,

~

Bc = (0.00007,-5.15,0.16)".

As in Section 4.2.1, we calculate the estimates of the densities, survival, hazard
functions, and the log hazards ratio. We give the plots in Figures 4.7 to 4.10. The

results are similar to those from Model 1.
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Figure 4.7: The estimated density functions of the eye data for Model 2.
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Figure 4.9: The estimated hazard function of the untreated eye for Model 2.
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Figure 4.10: The estimated log ratio of the hazard functions of the eye data with

pointwise 95% confidence intervals for Model 2.

Since Model 1 and Model 2 use the same regression space for the log hazard of
the failure times of the treated eyes, the two models produce the same estimates for the
failure times of the treated eyes. Thus we do not repeat the plots of these estimates. We
compare the estimates from Model 1 and Model 2 for the untreated eyes in Figures 4.11
to 4.13.

From Figures 4.11 to 4.13 we see that Model 1 and Model 2 give almost the same
estimates of the survival function of the untreated eyes. But the estimated densities
and hazards look a little different.

Next we use Model 2 to test the hypothesis that the failure times of the treated eye
and the untreated eye have the same distribution. By the definition of Model 2 from

(4.3) and (4.4), this hypothesis is equivalent to

HO: /BTj_/BCj:O) ]:1a273
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Figure 4.12: The estimated survival functions of the untreated eyes.
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Figure 4.13: The estimated hazard functions of the failure times of the untreated eyes.

Using the test described in Section 3.5, we obtain the test statistics and p-values shown

in Table 4.1.

Table 4.1: Test statistic and p-value for testing that the failure times of the treated eyes

and the untreated eyes have the same distribution.

Test x2  p-value

Bri — Bc; =0,j =1,2,3 48.56 0

Hence we may reject H; and conclude that the two distributions are different. From
our plots of the log hazards ratios in Figures 4.6 and 4.10, we conclude that the laser
photocoagulation treatment had a significant effect in delaying the onset of blindness in

patients with diabetic retinopathy.
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4.3 Other Models Used to fit the Eye Data

Huster et. al. (1989), considered modeling the marginal distributions for the eye data as
exponential and as Weibull or modeling the data via the Cox proportional hazards. We
show the estimated marginal survival curves from fitting different models in Figures 4.14
and 4.15. The Kaplan-Meier estimate is also given. Note that for the treatment Model 1
and Model 2 are the same and for the control Model 1 is the Weibull. We see that all fit
inside the confidence intervals of the Kaplan-Meier estimates except the estimates from
the exponential model. But the estimated survival functions from our log hazard regres-
sion models are closer to the Kaplan-Meier estimates than those from the parametric
models.

In this section we use Model 2, defined in Section 4.2.2, to decide which model(s)
are appropriate to the eye data. Then, based on the test results, if we can choose a
standard parametric model, say exponential, Weibull, or proportional hazards, we will

use the selected model to test if there is a treatment effect.

4.3.1 Exponential Model

Since Model 2 from (4.3) and (4.4) includes the exponential distribution, we can use the
model to test if the marginal distributions are exponential. As we discussed in Section

3.5, we test the two null hypotheses:

Br;=0,7=1,3

and

Table 4.2 presents our test results.
Hence we reject the hypotheses that the failure times of the treated eye and the

untreated eye are exponentially distributed.
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Table 4.2: x? test statistics and p-values for testing that failure times are exponentially

distributed.

Test X2  p-value

Br; =0,7=1,3 11.26 0.004

Bc;=0,7=1,3 814 0.017

4.3.2 Weibull Model

To test the hypotheses that the marginal distributions are Weibull, we test the two -

hypotheses:
Br1 =0

and

fe1 = 0.

We show the test results in Table 4.3.

Table 4.3: z statistics and p-values for testing that failure times have Weibull distribu-

tions.

Test 8 se z  p-value

Bri=0 1.73x107* 6.28 x10~° 2.75 0.006

Bcr =0 6.94x107° 359x107° 193 0.053

Thus we reject the hypothesis that the failure time of the treated eye has a Weibull
distribution and we can not accept the hypothesis that the failure time of the untreated

eye has a Weibull distribution.
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4.3.3 Cox Proportional Hazard Model

Now we use Model 2 to test the hypothesis that the two hazards are proportional. As

mentioned in Section 3.5, we need to test

Hy: Brj—Bc; =0, 7=13,

since b, is constant. The test statistics and p-values are shown in Table 4.4.

Table 4.4: Test statistic and p-value for testing that the two hazards of the treated eyes

and the untreated eyes are proportional.

Test X2 p-value

Bri—Bc; =0,7=1,3 281 025

Thus we may assume that the two groups have proportional hazards, that is, we may
assume that the relative risk of blindness of the untreated eye versus the treated eye is
a constant.

Now we assume that the two failure times are independent and fit the Cox propor-
tional hazards model (3.5) for the eye data. To test the treatment effect, we test v = 0.

The results are given in Table 4.5.

Table 4.5: Test results from the Cox proportional hazards model for the eye data.

Test A se  z-value  p-value

vy=0 0.777 0.169 4.6 4.2 x 107°

The Cox proportional hazards model also indicates that there is a treatment effect.

Figures 4.16 to 4.19 compare the pointwise 95% confidence intervals of the log hazards
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ratio from Models 1 and 2 and the Cox proportional hazards model, which assumes the
two failure times are independent. We can see that the confidence interval from Model
2 is narrower than the confidence interval from the Cox proportional hazards model

during the months 4 through 23, when the most failures in the both groups occurred.
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Figure 4.16: The estimated log hazards ratio from Model 1 and the Cox proportional

hazards model with the pointwise 95% confidence intervals from the Cox proportional

hazards model.
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Figure 4.17: The estimated log hazards ratio from Model 1 and the Cox proportional

hazards model with the pointwise 95% confidence intervals from Model 1.
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Figure 4.18: The estimated log hazards ratio from Model 2 and the Cox proportional

hazards model with the pointwise 95% confidence intervals from the Cox proportional

hazards model.
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Figure 4.19: The estimated log hazards ratio from Model 2 and the Cox proportional

hazards model with the pointwise 95% confidence intervals from Model 2.
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Chapter 5

Simulation

This chapter contains discussion of a simulation study of estimﬁtes in the log hazard
regression model. Our main aim is to check the bias and variability of our estimates for
the log regression model. We consider different censoring rates and different correlation
levels of the paired failure times. We also investigate the three test procedures: for
exponential or Weibull marginal distributions and for proportional hazards, see Section
3.5.

Our study consists of two parts: the univariate case and the bivariate case. In the
univariate case, presented in Section 5.2, we investigate the estimates of the marginal
log hazard functions and the pointwise standard errors. We also test that the marginals
follow exponential or Weibull distributions. In the bivariate case, presented in Section
5.3, we examine the estimated log hazards ratios and their estimated standard errors.
We also test that the paired failure times follow the proportional hazards model.

In Section 5.1 we give a brief description of our data generation and model fitting.
We present the simulation results in Sections 5.2 and 5.3 for the marginal and bivariate

data, respectively.
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In this simulation study we find that, in general, the estimates for the log hazards
perform well except in the tails of the failure time distribution or when the censoring is
high. The estimated standard errors slightly underestimate the true variability, which
is fairly small. The estimated standard errors for the log hazards ratios do not depend
on the correlation level too much. All of the estimates depend on the censoring rate.
The lower the censoring, the better the results. We will give a summary of this study

in Section 5.4.

5.1 Description of the Simulation Study

In this study for each distribution of T' considered, we generate 200 pairs T's and C's in
each simulation, where the T's are failure times, the C's are censoring times, and the T's

and Cs are independent. We choose two censoring rates ¢ = 0.25 or 0.50, i.e.,
P(T >C)=0.25 or P(T > C) = 0.50.
We generate the failure time T from distributions with log hazards of the form
a(t|B) = Bib1(t) + - - + Bpby(t), (5.1)

where {b;,--,b,_1} is a B-spline basis and b,(t) = log(t). We use three distributions

for the marginal failure time 7"

Exponential :
ar(t) = —log(20). (5.2)
In this case, we choose the censoring time C' with

ac(t) = —log(20)
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for a 50% censoring rate or
ac(t) = — log(60)
for 25% censoring.
Weibull :
ar(t) = —3.68 — 0.18 log(t).
The co.rresponding censoring time C' has the log hazard
ac(t) = —3.68 — 0.18 log(¢)

for 50% censoring or

ac(t) = —4.69 — 0.18 log(¢)

for 256% censoring.

B-spline :

ar(t) = 0.00017 by () — 8.13 + 0.69 log(t),

(5.4)

where b is linear on [0,1.5), cubic on [1.5,6.17) and [6.17,63.33), and zero on

[63.33,00). See Sections 3.2 and 4.2 for the exact definition of b;. The censoring

time follows a Weibull with log hazard
ac(t) = —13.39 + 2log(t)

for 50% censoring or

ac(t) = —25.24 + 4log(t)

for a 25% censoring rate.
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In all three cases, we choose the parameters for T’s distribution to fit the eye data
in Chapter 4. We choose the exponential distribution with mean close to the empirical
mean of the non-censored failure times of the treated eyes; the Weibull which is the
distribution of the estimated distribution of the failure time of the untreated eye based
on the given data. The B-spline model (5.4) is the estimated distribution of the failure
times of the treated eye as calculated in Section 4.2. We use S-plus to generate data
from an exponential or Weibull distribution. For the data as in the B-spline model (5.4),
we first generate a random variable u ~ U(0, 1) then solve S(¢t) = u for ¢ numerically.
Since t is the (1 —u)th quantile of 7”s distribution, ¢ can be calculated via heft’s quantile
function.

We use the following three methods to estimate the log hazard function.

True Model : Fit the data assuming it follows the true model. That is, estimate the
parameters in (5.1) using the true b;’s. In this case both the number and the

locations of the knots do not depend on the data set.

Quantile Knots : Use the quantiles of the non-censored observations as the knots that
define the b;’s in (5.1). We consider two cases: three knots and six knots. In the
three knots case, our knots are the quartiles. In the six knots case, our knots are
the 1/6,---,5/6 quantiles. Thus, the locations of the knots depend on the data

set, but the number of the knots does not.

Flexible Knots : Choose the knots that define the b,’s in (5.1) by Kooperberg’s heft
algorithm. In this case both the number and locations of the knots depend on

the data set.

Thus we have six models for (T, C'), from the three distributions for the failure times
and the two censoring times for each distribution. For each of these six models we run

500 simulations and calculate the above four estimates of the log hazard functions.
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In the bivariate case, we will use the Clayton method to generate (73,73) from
marginals for 77 and T and with a parameter 6, (see Section 5.3.1). We consider two

types of paired data:

Proportional Hazards : The failure time 7} and censoring time C, say for the treat-
ment, are as in the univariate B-spline model. Then the censoring rates for T}
are 0.5 and 0.25. The failure time 75, say for the control, is from the distribution

with the log hazard
az(t) = 0.00017 by (t) — 7.13 + 0.69 log(t). (5.5)

Then T} and T, have the proportional hazards. We assume that the treatment

and control have the same censoring time C = C; = C,.

Non-proportional Hazards : The failure time 77 and censoring time C; of the treat-
ment are as in the univariate B-spline model. The failure time T3 of the control
is from the exponential model (5.2). Thus 77 and T, do not have proportional
hazards. Again we also assume that the treatment and the control have the same

censoring time C. So the censoring rates of T; are 0.5 and 0.25.

The correlation level of T; and T is determined by a parameter 6. We will give
more details about 8 in Section 5.3.1. In this study we consider three correlation levels
between 77 and T5: 6 = 1, in which case T; and T, are independent; § = 1.5 and 6 = 2.5.
The bigger 6, the more T} and T, are correlated.

We use the following three methods to estimate the log hazards ratios of the paired

data.

Cox : Assume 7 and T, are independent and have proportional hazards. Use the Cox

proportional hazards model, as implemented in Splus’s coxph.

72




Same Knots : Use the Quantile Knots method with the same six knots for Ty and T5
to estimate each marginal log hazard. The knots are the 1/7,2/7,3/7,4/7,5/7,
6/7 quantiles of the union of the non-censored observations of T} and T which

are less than 80. See our explanation in Section 3.4.

Different Knots : Use the Quantile Knots method with six knots for estimating T7’s
log hazard and six knots for 73’s when T} and 75, have proportional hazards, and
three knots for 75’s when 77 and T, do not have proportional hazard. Then the

knots are different for 77 and T, in each simulation.

Hence in the bivariate case we have 12 models for (17,75, C): two pairs of marginals
for 71,715, two censoring rates, and three correlation levels. For each of the 12 models
we run 500 simulations and use the above three methodslto estimate the log hazards
ratios.

In all of these simulations, we will look at:

e plots of the pointwise averages and quantiles of the estimates to study the bias

and variability of the estimates.

¢ plots of the pointwise standard deviations of the estimates to study the variability

of the estimates.

e plots of the quantiles of the pointwise z values of the estimates to assess the
reliability of the estimates. The pointwise z values are constructed as

p (t) _ estimate - true
"~ estimated SE

e plots of the empirical distribution of the p-values for testing that the failure times
have exponential or Weibull marginal distributions and for testing that the two

failure times have proportional hazards.

Plots appear at the end of this chapter and in the appendix.
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5.2 The Univariate Case

We present our simulation results for the models (5.2), (5.3), and (5.4) below in Sections

5.2.1, 5.2.2, and 5.2.3, respectively.

5.2.1 Exponential Model

In this section we apply the True Model, Quantile Knots, and Flexible Knots estimation
methods to the data generated from the exponential distribution (5.2). Figure 5.1
shows the histograms of the failure times, the censoring times, the non-censored data
and the censored data for those distributions. Since 60 is the 98th percentile of non-
censored observations under 25% censoring and the 99.7th percentile of the non-censored
observations under 50% censoring, we only plot estimétes for values of ¢t between 0 and
60. See Figures 5.2 to 5.4.

Note that in the Flexible Knots estimation method, if no knots are chosen and the
coefficient of the log tail is zero, then an exponential model is fit. This occurs 468 out
of 500 times for 25% censoring and 481 out of 500 times for 50% censoring. Hence the
estimates from the Flexible Knots method are usually the same as from the True Model.
So we do not include the results from the Flexible Knots estimation method in these
figures.

Figure 5.2 shows the quartiles and empirical mean of the estimated log hazards
from the True Model, Quantile Knots, and Flexible Knots methods and the true log
hazard function for the exponential model (5.2). As expected, we find that the estimates
from the True Model method are the closest to the true log hazard. For the Quantile
Knots method, using three knots seems better than using six knots, which is somewhat
surprising. In general, we expect that the more knots are used, the smaller the bias of

the estimates but the larger the variability. The six knots estimates are more variable
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but they are also more biased. This may be since the true distribution is exponential
and so no knots are needed. Using more knots would not reduce the bias but it would
increase the variability of the estimates. It is not surprising that the higher the censoring
rate, the higher the bias of the estimates.

Figure 5.3 shows the pointwise standard deviatiéns of the estimated log hazards and
the quartiles and the empirical mean of the estimated standard errors of the estimated
log hazards. It is normal that the True Model method has the smallest pointwise
standard deviations. The standard deviations using six knots are bigger than when
using three knots. The higher the censoring rate, the bigger the standard deviations.
Comparing the the pointwise standard deviations of the estimated log hazards with
the pointwise quantiles of the estimated standard errors, we find that the bias of the
estimated standard errors is the smallest with True Model method and the largest when
using six knots. The higher censoring rate causes a bigger bias of the estimated standard
errors except with the True Model method.

We give the 97.5 and 2.5 percentiles and the quartiles of the pointwise z-values of
the 500 estimated log hazards in Figure 5.4. We expect that they are between —2 and 2.
We find that they are not out of this range too much for all estimates. Thus, pointwise
confidence intervals based on the estimates would be reliable.

Figure 5.5 presents the histograms and the qq-plots of

~

Bi — B;

N b

S€s;

Z; =

1 =1,2,3, the standardized estimates of 3 with the Quantile method using three knots.
Those ﬁgures show that the estimated Bs are approximately normal. For the method
using six knots, the graphs look the same. We do not show them here.

We also check three test procedures that the failure times follow an exponential
distribution. Each procedure involves fitting the log hazard by same regression model

and then using a x? test that some regression parameters are equal to zero. First we fit
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the data from model 5.2 to a Weibull model, that is,

a(t|B) = B log(t) + Bo.

Then we use (5,/se(f1))? as the test statistic to test 8, = 0. This is the usual para-
metric test of exponential versus Weibull. When using the Quantile Knots method,

equation (5.1) can be written as

a(t|B) = B1bi(t) + Baby(t) + Pabs(t)

when using three knots and

a(t|B) = Bibi(t) + - - - + Bsbs(t) + Bebs(t)

when using six knots. As discussed in Section 3.5.1, the test is equivalent to test that
pr=p03=0

when using three knots and

br=-=P1=P=0

when using six knots. Using the x? statistics discussed in Section 3.5.1, we can calculate
p-values of the test for each simulation.

In Figure 5.6, we give plots of the empirical distributions of the p-value to test the
hypothesis that the failure times have an exponential distribution. The plots in the top
row in Figure 5.6 show the p-values for the test of exponential versus Weibull, and those
in the second and third rows are the p-values for the test of exponential versus B-spline
model as in (5.4) when using three and six knots, respectively. Since the null hypothesis
is true, the p-value should be uniformly distributed. Thus we expect that each plot
would be a straight line. We find that the test works well and it does not depend on
the knot selection or the censoring rates too much. However, the test rejects a little too

often when the censoring rate is high.
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5.2.2 Weibull Model

As in Section 5.2.1, we first present the histograms of the data in Figure 5.7. From the
histograms we can see that, for both censoring rates, most non-censored failure times
were less than 150. In fact 150 is about the 98th percentile for 50% censoring and the
95th percentile for 25% censoring of the observations. So in Figures 5.8 to 5.10, we end
our plots at time 150.

As we mentioned in Section 3.4, the large range of the distribution of non-censored
failure times may cause numerical problems for the Quantiles Knots and the Flexible
Knots methods. This happens in our simulations for model (5.3) when we use the
Flexible Knots method. Using the knots chosen by the heft algorithm we get four
warning messages under 25% censoring and ten warning messages under 50% censoring.
Moreover, we can not carry out the calculation for the estimated standard error for any
simulated data sets due to the big ranges of the knots. Hence with the Flexible Knots
methods we can only get the results of the estimated log hazards for simulated data
sets that did not produce warning messages. We can not get any results related to the
estimated standard errors. However, the Quantile Knots Method works well for the data
as in model (5.3).

Figure 5.8 shows summary plots of the estimated log hazards compared to the true
log hazard of the model (5.3). We find that under 25% censoring the True Model and
Quantile Knots estimation methods perform well. The estimates with the Flexible Knots
method are highly biased when time is large, especially for high censoring.

When we look at the pointwise standard deviations in Figure 5.9, as expected, the
True Model method gives the smallest standard deviations. The Quantile Knots method
using six knots has the largest standard deviations.

When we compare the pointwise quartiles of our estimated standard error with the

pointwise standard deviations of the estimated log hazards, we find that all the estimates
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look fine, except that the estimates are a little bit too small after time 40. The censoring
rate effect is the same as in the exponential model: the higher the censoring rate, the
bigger the bias and variability of the estimates of the standard errors, particularly for
small values of time.

Figure 5.10 shows the poiﬁtwise 2.5 and 97.5 percentiles and quartiles of the empirical
z values of the estimated log hazards. They are as expected for standard normal random
variables.

In Figure 5.11, we give the histograms and qq-plots of the estimates of 3 from the
Quantile Knots method with six knots under 50% censoring. From the plots we can see
that the estimates of 3 are approximately normal. For the True Model and three knots
estimates, the graphs look the same. We do not present them here.

For test procedures, we check not only the tests that data follow an exponential
distribution as in Section 5.2.1, but also test that data follow a Weibull distribution.
For the Weibull test we fit the data using b;’s from the Quantile Knots estimation
method. We use the test statistics discussed in Section 3.5.1 to test the hypothesis that
the data follow a Weibull distribution. The test is equivalent to testing that 5; = 0 when
using three knots and that 8; = --- = 4 = 0 when using six knots. Figures 5.12 and
5.13 show the plots of the empirical distribution functions of the p-values for testing the
null hypotheses that the distribution is exponential and that the distribution is Weibull,
respectively. We expect a high proportion of small p-values in Figure 5.12 and a straight
line in Figure 5.13.

From Figure 5.12, we see that under 25% censoring the True Model method and the
Quantile Knots method with six knots has the lowest power. Increasing censoring to
50% results in lower power for all methods.

From Figure 5.13, we find that the test for Weibull works very well and it depends

on neither the number of the knots nor the censoring rates.
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5.2.3 The B-spline Model

We first look at the histograms of the failure and censoring distributions, the censored
failure times, and the non-censored failure times presented in Figure 5.14. From the
histograms for the non-censored fdilure times, we see a high proportion of times on the
interval [0, 20], with the remaining times almost uniforrhly distributed on [20, 150] for
censoring rate 25% and on [20, 100] for censoring rate 50%.

As in the Weibull model (5.3) case, the large range of the distribution of non-censored
failure times causes some numerical problems for the B-spline model when we use the
Quantiles Knots and the Flexible Knots methods. Using the Flexible Knots method,
that is, using the knots chosen by the heft algorithm, we can calculate only 113 esti-
mated standard errors out of 500 simulations under 25% censoring and 306 under 50%
censoring. The same problem occurs when we use six knots with the Quantile Knots
method. To avoid those problems, when we use six knots we choose the knots which are
the quantiles of the non-censored failure times less than 80. We present the simulation
results in Figures 5.2.15 to 5.2.19. The results for the Flexible Knots method are based
on the estimates that we can get.

By comparing the estimated log hazards with the true hazard function in Figure 5.15,
we fined that the biases of all estimates are fairly small when time is less than 70 under
25% censoring and when time is less than 40 under 50% censoring. We also find that
those two numbers, 70 and 40, are close to the medians, 70.82 and 36.89, of the non-
censored failure times in the two models. The estimates with the Flexible method
perform well until time 100 under 25% censoring. We expect that using larger knots
would get better estimates at tail part if there were not numerical calculation problems.

Figure 5.16 gives the pointwise standard deviations of the estimated log hazardé and
the quantiles and the empirical mean of estimated standard errors. From those plots

we find that the True Model method and using three knots give the similar pointwise
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standard deviations which are smaller than the pointwise standard deviations with using
six knots. But the the difference between using six knots and using three knots is no as
big as with data generated according to the Exponential and Weibull models. All of the
estimates have the biggest variability at time zero. The censoring rate effect is as the
same as for data generated as in models (5.2) and (5.3). The biases of the estimated
standard error are very small except with the Flexibie Knots method.

Next we look at the plot of the 2.5 and 97.5 quantiles and the quartiles of the
pointwise z values of the estimated log hazards from the True Model and Quantile Knots
methods in Figure 5.17. We find that under 25% censoring the estimates look reliable
for time is less than 70. Under 50% censoring the reliability of the estimates is not too
bad as the time is less than 40, which match what we see from Figure 5.2.14. Different
from in the Exponential model and Weibull model cases, for the B-spline model, the
estimates with using six knots look more reliable than those with three knots. It does
not surprise us since we expect using six knots would obtain better estimates than using
three knots. To see if we can rely on the number of knots used by heft algorithm, we
also check the numbers of knots used by heft algorithm. The average of the numbers of
knots used by heft in the 500 simulations is 5.18, which is close to 6.

The histograms and the qq-plots of the estimated parameters 3, By and fs, in Fig-
ure 5.18, show that these estimates look normally distributed but not with mean zero.

We also test the hypothesis that the data follow a Weibull distribution. For the
Quantile Knots estimation method, the test procedures are the same to those we used
for the data from the Weibull distribution (5.3) in Section 5.2.2. For the True Model
method, we test 8; = 0. For the Flexible Knots method we test 8, = --- = Bx_o = 0,
where K is the number of the knots chosen by the heft for each simulation. The test
statistics are the same as we discussed in Section 3.5.1. Figure 5.19 shows that, under

25% censoring, by all the four estimation methods the test procedures for that the failure
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times have a Weibull distribution have a high power except that by using six knots.

5.3 The Bivariate Case

In this section we generate the paired data (T3,C4,Ts,Cs). T and Ty are from (5.2),
(6.3) or (5.4). We assume C; = Cj, and the censoring times are defined according to
the distribution of 7} from (5.2), (5.3) or (5.4). We are interested in investigating our
estimated log hazards ratios and the estimates of their standard érrors. We will also
test for proportional hazards.

In Section 5.3.1 we introduce the method we use to generate dependent data for
given marginal distributions. Then we present the simulation results in Sections 5.3.2

to 5.3.4.

5.3.1 Generation of Paired Dependent Data

Clayton (1978) proposed a family of bivariate distributions for survival times. Let S1
and S, denote the marginal survivor functions for each member of a pair of failure times

(T1,T»). The joint survivor function for the Clayton model with parameter  is

1

[51(t1)1_0 + Sg(tg)l—g — 1]_9——1 , T1,19 > 0, 0>1
S(ti,t2,0) = (5.6)

Sl(tl)Sg(tg), t1,t2 > 0. 6=1

When 6 = 1, the failure times are independent.

The parameter # can be written in terms of two conditional hazard functions. If we
denote the hazard for the conditional distribution of T} given Ty = t, and the hazard
for Ty given Ty > t3 by hpymy=t,(t1) and hqy|z,>¢,(t1), respectively, then in this model
haymy=t, (t1)/ by i1y >1, (t1) = 0. See Clayton (1978).

81




For given Si, S, and A we generate bivariate data (T1,7T5) satisfying the Clayton

model using the following:
(A) Generate T} = t; according to Si;

(B) Generate Ty = t, according to the conditional distribution of T, given T} = t;.

(A) can be carried out as in the univariate case. For (B), when 6§ > 1, the conditional
probability is (abusing notation slightly),

P(T, >t dT) =t 0S(t1,t2,0)/0t
P(Th > t|Th =t1) = (T >trand Ty = 1) _ 95(ti, t2,60)/04

P(Ty =t) S Sin)
— 55 [S1(82) 170 + Sa(t2)1 0 — 1]‘9171‘1 (1 - 0)Si(t)~"S; (t1)
- Si(t1)

= [S1(t1)' + Sa(ta) 0 — 1] Sy (ta) !

= 1— Fpp=, (t2)-
We will generate U = u, a uniform [0, 1], and solve u = Fr,1,~y, (t2) for ts:

u = 1—P(T1>t2|T1:t1)

6
= 1= [Si(t)"+ Sa(t2)' ™" = 1] 77 Sa(ta) ™
Solving for Sa(ts), we have
Sa(ts) = {[(1 =)' — 1]S1(t2)'* + 1}, (5.7)

Now solve Equation 5.7 for ¢5. Let ps denote 1 minus the right part of Equation 5.7
equal ps. Then t; is the poth quantile of the distribution function 1 — S,. If S, has
a standard distribution say mean one exponential, then ¢, =gexp (p,) in Splus. For
nonstandard distributions, solve Sy(t2) = 1 — p, for ¢, numerically.

Thus, for given marginal survivor functions S; and S; and the parameter 8, we can
generate a random bivariate variable (T1,T2) = (¢1,12) satisfying the Clayton model by

the following procedure.
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—

. Generate a random variable T} = t; according to Si;
2. Calculate Sy (t);
3. Generate a random variable U = u ~ U(0,1) ;

4. Calculate
pr=1-{[(1-w)7 =18 (t)"" +1}7;

5. Solve SQ(tQ) =1- Y2 for to.

Our choices of marginal distributions S; and S, follow the proportional hazards and
non-proportional hazards model as defined in Section 5.1. Figure 5.20 presents the
plots of the correlation coefficients of 77 and T3 vs 6, where T} has survivor function Sy,
k = 1,2 In our simulation studies, we consider these models with § = 1,0 = 1.5, and

2.5. When 0 = 1, T} and T, are independent.

5.3.2 Proportional Hazards Model

We present our simulation results for the proportional hazards model in this section.
We address the effect of the correlation level and the comparisons of the Cox, Same
Knots, and Different Knots estimates of the log hazards ratio. Recall that the Cox
estimate assumes that § = 1. Since we had studied the effect of the censoring rate on
the estimates of log hazards in the univariate case, we only present the results for 25%
censoring here and give the results for 50% censoring in the Appendix.

Figure 5.21 shows the histograms of the two marginals and the non-censored failure
times. We can see that there are very few non-censored observations larger than 150.
For the same reason as in the univariate case, we only plot results in the the Proportional

Hazards model up to time 150.
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First we look at the plots of the pointwise quartiles and average of the 500 estimated
log hazards ratios in Figure 5.22. Comparing them with the true log ratio, we find that
the estimates from the Cox method have the smallest bias, as we expected. The plots
show that at time values within the range of knots, the biases of the estimates from the
Same Knots method and the Different Knots method are almost the same except that
the estimates from the Different Knots method have bigger bias at time zero. It looks
like the correlation level does not affect the Same Knots and Different Knots estimates
too much. But it is interesting to see that the estimates from the Cox method have the
smallest bias when 6 = 1.5.

Then we look at the plots of the pointwise standard deviations of the 500 estimated
log hazards ratios in Figure 5.23. We see that the estimates of the log hazards ratio
from the Cox method have the smallest variability. There is no big difference between
the variabilities of the estimated log hazards ratio from the other two methods. We
compare Figure 5.23 with Figure 5.16, which shows the variability of the marginal log
hazards. It seems that near time 0 the variabilities of the estimated log hazards ratio
with the Same Knots and Different Knots methods are similar to the variabilities of the
estimated marginal log hazards.

When we compare the estimated standard errors with the pointwise standard de-
viations in Figure 5.23, we find that the estimates of the standard error from the Cox
methods have the smallest bias when 6 is 1 and 1.5, that is when the paired data are
independent or only slightly correlated. But when 6 is 2.5, the estimated standard errors
from the other two methods have smaller bias than the Cox method. The reason for
the increasing bias of the estimated standard errors from the Cox method might be the
violation of the assumption of independence of the two failure tifnes. Over all three cor-
relation levels, the biases of the estimated standard errors from the Same Knots method

and the Different Knots method are very close to each other.

84




When we look at the plots of the quantiles of the pointwise z values of the estimated
log hazards ratios, Figure 5.24, we note that the estimated log hazards ratios from the
Cox method are more reliable than the estimates from the other two methods, and the
best case for the Cox method is when # = 1.5. For the Same Knots and Different Knots
methods, the reliability of the estimates of the log hazards ratio is fairly good when time
t is between 5 and 70, which is about the range of the knots. Once more the reliability
of the estimates from the Same Knots and Different Knots methods does not depénd on
the correlation levels, which does not surprise us because our estimated standard errors
take the correlation into account.

Finally, we test the hypothesis that the failure times have proportional hazards
by first estimating the two log hazards using the Same Knots method. We then test
Bij — P2 =0, j =1,2,3,4,6, as indicated in Section 3.5.2. Using the x? test statistics
discussed in Section 3.5.2, we can calculate p-values for the test.

We look at Figure 5.25, the plots of the empirical distributions of the p-value for
testing that the failure times have proportional hazards. The null hypothesis is rejected
far more than we expected. We expected each plot would be a straight line since the
null hypothesis is true and the p-value should be uniformly distributed. An interesting
result is that the distribution curve is closest to the line y = z when the data are highly
correlated (A = 2.5).

Through the simulation results, we would like to say that for the data as in the
proportional hazards model, the Cox method works well. The performance of the Same
Knots and Different Knots methods is reasonable. The estimated standard errors from

all three methods are good but those from the Cox model deteriorate as 6 increases.
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5.3.3 Non-proportional Hazards Model

Figure 5.26 shows the histograms of the two marginals and the non-censored failure
times for the data from the non-proportional hazards model. As with the proportional
hazard model, we only plot results in the the non-proportional hazards model up to
time 150.

First we look at Figure 5.27, the plots of the true log ratio and the pointwise quantiles
and average of the 500 estimated log hazards ratios. As we expected, the Cox method
does not work. The estimates from the other two methods are very close. These es-
timates have smallest bias when the data are independent. But it is hard to see any
difference between § = 1.5 and 6 = 2.5.

Next we look at Figure 5.28, the plot of the pointwise standard deviations of the 500
estimated log hazards ratios and the pointwise quartiles and mean of the 500 estimated
standard errors. Since the Cox method does not work for estimating log hazards ratios
for the non-proportional hazards data, we only discuss the results from the other two
methods here. We find that the pointwise standard deviations from the Same Knots
method are a little bit bigger than those from the Different Knots method. But the
standard deviation from the Different Knots method has a bigger jump at ¢ = 0. When
we look at the variability of the estimated standard errors, we find that the bias difference
between the Same Knots method and the Different Knots method is very small within
the range of knots. The standard errors from the Same Knots and Different Knots
methods are too small for £ > 70. The Different Knots method performs slightly better
in this range. The bias and the variability of the estimated standard errors do not
depend on the correlation level of the paired data.

We also check the plots of the quantiles of the pointwise z values of the estimated log
hazards ratios from the three methods, Figure 5.29. Those plots show that the quantile

curves for the Same Knots and Different Knots methods mainly lie in the range (-2, 2)
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with the best performance when the data are independent. It is not surprising that the
Cox method performs poorly since the failure times do not have proportional hazards.

Now we consider testing the hypothesis that the failure times have proportional
hazards. The test procedures are the same as those we used for the data sets from
the proportional model in Section 5.3.2 When we look at the plot of the empirical
distributions of the p-values, Figure 5.30, we find that the test power is not high but

the lowest power is when 6 = 1.

5.3.4 Effect of the Number of Knots

In this section we study how the number of knots used in each simulation affects the
estimates of the log hazards ratios and the standard errors. The data sets are generated
as in the proportional hazards model and the non-propdrtional hazards model. For the
data set from proportional hazards model, we use three, six, and nine knots to estimate
the marginal hazards of 77 and 75. For the data generated from the non-proportional
hazards model, we use three, six, and nine knots for failure time 77 but only three knots
for T5. For the data from proportional hazards model, the true hazard of T5 has three
knots, see (5.5). In contrast, for the data from non-proportional hazards model, T, is
exponentially distributed. As we found in the univariate simulation (Section 5.2), heft
will rarely choose more than three knots to fit this exponential. Therefore, we do not
need to study fits with more than three knots.

The simulation results are as we expected, that is, the more knots, the smaller the
bias of the estimates but the bigger the variability of the estimates. We show the results
in Figures 5.31 to 5.37. From those graphs we find that the estimates of the log hazard
ratio by using three knots have the smallest variability but the biggest bias. There is
no big difference in bias between using six knots and using nine knots but the estimates

using nine knots have the biggest variability.
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When we look at the estimated standard errors, we find that the estimates using six
knots have the smallest bias and variability.

Figures 5.39 to 5.42 show the plots of the quantiles of the pointwise z values of the
estimated log hazards ratios from the three methods. It can be seen that the performance
of the estimétes using six knots is similar to those with nine knots and superior to those
using three knots.

Figures 5.43 and 5.44 present the p-values to test that the two failure times have
proportional hazards for the data as in the proportional model and non-proportional
model, respectively. We find that, for both data sets, the number of knots does not
effect the test too much but the test performs better when 77 and T, are dependent
than when T} and T, are independent.

Overall, for the data generated as in the proportional hazards and non-proportional
hazards models, using six knots seems better than using three knots or using nine
knots. Of course, the value of six may also depend on the sample size and the true data

distribution.

5.4 Summary of Simulations

Through this simulation study, we find the following.

In the univariate case:

1. With all the estimation methods, the estimates of the log hazard perform well
within the range of knots used. However, if the range of knots is large, the Flexi-
ble Knots method might cause some numerical calculation problems in estimating

the log hazards and in calculating standard errors.

2. With the Quantile Knots method, the estimates of standard errors perform well
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except that they slightly underestimate the variability of the estimated log haz-

ards when the censoring rate is high.

3. The censoring rate affects the bias and variability of the estimated log hazards.

The smaller the censoring rate, the better the estimates.

4. For all marginal models, the True Model method gives the best estimates for the

log hazards.

5. The estimates using three knots look a little bit better than those using six knots
for the data generated as in the exponential distribution (5.2) and the Weibull
distribution (5.3). But for the data generated as in the B-spline model (5.4), the

estimates with six knots look more reliable.

6. The Flexible Knots method gives better estimated log hazards than other meth-
ods when the ratio of the largest knot to the smallest knot is not too big. Other-
wise calculation of the estimated standard errors and the estimated log hazards

causes numerical problems.

7. The test procedures for testing that the failure times follow an exponential and

Weibull distribution perform well.
In the bivariate case:

1. With the Same Knots and Different Knots estimation methods, the estimates of
the log hazards ratio perform well within the range of knots used. There is not

a big difference between the estimates from the two estimation methods.

2. For the data with proportional hazards, the Cox method gives the least-biased
estimates of the log hazards ratios when the failure times are independent. For
the data from the non-proportional hazards model, the Cox proportional model

does not work at all.
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3. The test that the failure times have proportional hazards does not perform well.

We expect a bigger sample size might improve the test procedure.

4. The correlation levels do not affect the estimated log hazards ratios too much.
But they affect the test that the failure times have proportional hazards. The
test has the lowest power when the two failure times are independent. Further

simulations are required to better understand the effects of correlation.

In this simulation we also check the test procedures for the hypothesis that the two
failure times have the same distribution. But there are some numerical problems when
we calculate p-values. We do not present the result here.

One more thing we would like to point out is that our estimated formulae for the
standard errors assume for non-random knots. The procedures used in our simulations
have random knots except for the True Model method in the univariate case. So this

might be a reason that the estimated standard errors are a bit small.
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Figure 5.1: The histograms of the simulated failure times, censoring times, non-censored

failure times, and observed censoring times for exponential data as in model (5.2).
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Figure 5.17: The quantiles of the pointwise z values of the estimated log hazards for the

B-spline model (5.4).
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Figure 5.18: The histograms and the qg-plots of the standardized estimates of the

parameter 3 from the True Knots method for the B-spline model (5.4).
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Figure 5.19: Empirical distribution functions of the p-values for testing the hypothesis

that the failure times have a Weibull distribution.
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Figure 5.21: The histograms of the marginal failure times, and non-censored marginal
failure times for the data generated according to the proportional hazards model in

Section 5.1. The censoring rate for the “treatment” is 25%.
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Figure 5.22: The true log hazards ratio of the data from the proportional hazards

model defined in Section 5.1 and the pointwise quartiles and empirical mean of the 500

estimated log hazards ratios.
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Figure 5.23: The standard deviations of the estimated log hazards ratio for data gen-
erated according to the proportional hazards model. The censoring rate is 25% for the

“treatment”.
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Figure 5.24: The quantiles of the pointwise z values of the estimated log hazards ratio
for the data generated according to the proportional hazards model. The censoring rate

is 25% for the “treatment”.
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Figure 5.25: Empirical distribution functions of the p-values for testing the hypothesis
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Figure 5.26: The histograms of the marginal failure times, and the non-censored
marginal failure times for the data from the non-proportional hazards model in Sec-

tion 5.1. The censoring rate for the “treatment” is 25%.
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Figure 5.27: The true log hazards ratio of the data from the non-proportional hazards
model defined in Section 5.1 and the pointwise quartiles and empirical mean of the

estimated log hazards ratios.
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Figure 5.28: The standard deviations of the estimated log hazards ratio for data gen-
erated according to the non-proportional hazards model. The censoring rate is 25% for

the “treatment”.
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Figure 5.29: The quantiles of the pointwise z values of the estimated log hazards ratio
for the data generated according to the non-proportional hazards model. The censoring

rate is 25% for the “treatment”.
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Figure 5.30: Empirical distribution functions of the p-values for testing the hypothesis
that the two failure times of the data generated as in the non-proportional hazards

model in Section 5.1 have proportional hazards.
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Figure 5.31: The true log hazards ratio of the data from the proportional hazards model
defined in Section 5.1 and the pointwise quartiles and empirical mean of the estimated

log hazards ratios by the Same Knots method.
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Figure 5.32: The true log hazards ratio of the data from the proportional hazards model
defined in Section 5.1 and the pointwise quartiles and empirical mean of the estimated

log hazards ratios by the Different Knots method.
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Figure 5.33: The true log hazards ratio of the data from the non-proportional hazards
model defined in Section 5.1 and the pointwise quartiles and empirical mean of the

estimated log hazards ratios by the Same Knots method.
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Figure 5.34: The true log hazards ratio of the data from the non-proportional hazards
model defined in Section 5.1 and the pointwise quartiles and empirical mean of the

estimated log hazards ratios by the Different Knots method.
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Figure 5.35: The standard deviations of the estimated log hazards ratio by the Same

Knots method for data generated according to the proportional hazards model. The

censoring rate is 25% for the “treatment”.
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Figure 5.36: The standard deviations of the estimated log hazards ratio by the Different
Knots method for data generated according to the proportional hazards model. The

censoring rate is 25% for the “treatment”.
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Figure 5.37: The standard deviations of the estimated log hazards ratio by the Same
Knots method for data generated according to the non-proportional hazards model. The

censoring rate is 25% for the “treatment”.
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Figure 5.38: The standard deviations of the estimated log hazards ratio by the Different
Knots method for data generated according to the non-proportional hazards model. The
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by the Same Knots method for the data generated according to the proportional hazards

model. The censoring rate is 25% for the “treatment”.
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by the Different Knots method for the data generated according to the proportional
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Figure 5.41: The quantiles of the pointwise z values of the estimated log hazards ratio
by the Same Knots method for the data generated according to the non-proportional

hazards model. The censoring rate is 25% for the “treatment”.
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Figure 5.42: The quantiles of the pointwise z values of the estimated log hazards ratio

by the Different Knots method for the data generated according to the non-proportional

hazards model. The censoring rate is 25% for the “treatment”.
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Figure 5.43: By the Same Knots method empirical distribution functions of the p-
values for testing the hypothesis that the two failure times of the data generated as in
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Chapter 6

Conclusion

In this thesis a flexible parametric model, log hazard regression model for paired censored
failure times, is proposed. In this model B-splines are used to estimate the log hazards -
of marginal failure times and the log hazards ratio of the two failure times. Consistent
estimates of the standard errors for the estimated marginal log hazards and the log
hazards ratio are presented as well. Based on this model we propose test procedures for
the four hypotheses that the marginals follow an exponential or Weibull distributions
and that the two failure times have the same distribution or have proportional hazards.

A simulation study indicates that when the censoring rate is not too high, the esti-
mates of the log hazards and the log hazards ratio perform well within the range;of the
knots used and the estimates of standard errors for the estimated log hazards ratio are
good, but a little bit small. This underestimation is bigger at time zero.

The simulation study also shows that the tests that the marginal failure times follow
an exponential or Weibull distribution perform very well. But the test for the hypotheses
that the two failure times have proportional hazards or have the same distribution tend

to over-reject the null hypothesis when the null hypothesis is true. Also, the test is not
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powerful.

The model was applied to the Diabetic Retinopathy Study data to assess the ef-
fectiveness of laser photocoagulation in delaying the onset of blindness for diabetic
retinopathy patients. The conclusion of the analysis with the log hazard regression
model agrees with those from the standard parametric models fitted by Huster et. al
(1989), that is, there is a significant laser photocoagulation treatment effect. We use
the log hazard model to test the hypothesis that the failure times of the treated eye
and untreated eye have an exponential or a Weibull distribution. The test results indi-
cate that there is significant evidence to reject the hypotheses that the failure time of
the treated eye follows either exponential or Weibull distribution. The test results also
show that there is significant evidence to reject that the failure time of the untreated eye
follows an exponential distribution. But the test that the failure time of the untreated
eye follows a Weibull yields a marginal result. The p-value is 0.053. The p-value for
testing the hypothesis that the failure times of the treated eye and the untreated are
proportional hazards is very high, 0.25. This, along with the tendency of the test to
over-reject (see Section 5.3), indicates that it is reasonable to assume that the failure
times of the treated eye and the untreated eye have proportional hazards. This result
supports the analysis of Huster et. al. (1989).

We note that knot selection is a basic step to use the log hazard regression model.
The simulation study shows that our Quantile Knots procedure performs well when
the censoring rate is not too high. Even when we restrict the range of the knots, the
estimates are fairly reliable within the range of the knots used.

We can not always choose knots using Kooperberg et. al’s stepwise addition and
stepwise deletion method, since the chosen knots often cause numerical problems (see
Section 5.2). However, the knots they selected will give us some indication of the number

and the location of the knots that should be used. From the experience of our simulation,
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we give the following suggestions for using the log hazard regression models to analyze

paired data:

1. Use the heft algorithm to choose a set of knots for each failure time as we men-
tioned in Section 3.4. If there is no warning message from the heft code and the
calculation of estimated standard errors can be performed, then use the Different
Knots method to estimate the log hazards ratio with the two sets of knots. If
there is any warning message or the calculation of the estimated standard errors
is impossible for one or both failure times, choose the knots for the one or both
failure times by the quantiles method as we discussed in Section 3.4. Use the

number of knots used by heft.

2. Test for exponential or Weibull. Fit the data with the log hazards model decided
by the selected knots above. Then use the methods we mentioned in Section 3.5,
to test if the marginals have exponential or Weibull distributions. If they do have
those standard parametric distributions, use those distributions for modeling the

marginal failure times.

3. To test proportional hazards, choose one set of knots for the th failure times.
Use the quantiles of the non-censored failure times as discussed in Section 3.4.
The number of knots should be between max{K;, K>} and K; + K, where K;
and K, are the numbers of of knots selected by heft for T} and T5, respectively.
Then use the method given in Section 3.5 to test whether the two failure times

have proportional hazards.

From the definition of our log hazard regression model, we can generalize the model to
multivariate censored survival data easily. We also can include covariates in this model.
If we assume that the effects of covariates are independent of time, then the calculation

of the estimates is straightforward based on the heft algorithm. We can model the
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log hazard as a function of time plus a function of the covariate. If the effects of the
covariates are dependent on time, then the log hazard would be modeled as a bivariate
function of time and the covariate. However, the calculations of the estimates would be
more complicated. To simplify calculations somewhat, Kooperberg et. al. modeled this
bivariate function using linear B-spline and their tensor products.

There are some unanswered questions. First, why is the variability of the estimate
of log hazard or log hazards ratio big at time zero? We might reduce the problem if
we restrict the B-spline functions to be constant between zero and the smallest knot.
Second, how do we choose the range of knots? As we see from our simulations, the
estimates perform better within the range of the knots than outside of the range. We
need more simulations to find a better way to determine the range of knots. Third, why
do the test procedures for testing that the failure times have proportional hazard or have
the same distribution work poorly, while the test procedures for testing that marginal
failure times follows an exponential or Weibull distribution work well? We expect that
a big sample size might improve the behavior of the test procedure. Finally, why does a
high correlation level yield a better test for testing that failure times have proportional

hazards? We need more simulations to understand the effect of the correlation level.
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Appendix A

Simulation Results for Bivariate

Data with 50% Censoring

Figures A.1 to A.10 show the simulation results for the proportional and nor-proportional

data generated as in the Section 5.1 with 50% censoring.
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Figure A.1: The histograms of the marginal failure times, and non-censored marginal
failure times for the data generated according to the proportional hazards model in

Section 5.1. The censoring rate for the “treatment” is 50%.

143




Cox Same Knots Different Knots

s} vy g}

[=] (=] o

\n n e,

R SO T1, T

" N |

i T in

e} s vy

9 - @ — 7 T
0 50 100 150 0 50 100 150 0 50 100 150

8=1 6=1 6=1

vy vy g Ual

< (=1 [=1

bt}

T ]

Us] vy f s

| [ | }

1!

vy vy U

T L - T T . . .
0 50 100 150 0 50 100 150 0 50 100 150

8=15 0=1.5 0=1.5

vy vy vy

o [=1 (=)

wy vy

g ?

-15
-15

-25
-25
-25

0 50 100 150 0 50 100 150 0 50 100 150
0=25 0=25 6=25

—— Log hazards ratio
- --- Mean of the estimated log hazards ratios
------- Median of the estimated log hazards

Upper and lower quartiles of the estimated log hazards ratios

Figure A.2: The true log hazards ratio of the data as in the proportional hazards
model defined in Section 5.1 and the pointwise quartiles and empirical mean of the 500

estimated log hazards ratios.
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Figure A.3: The standard deviations of the estimated log hazards ratio for data gener-
ated according to the proportional hazards model. The censoring rate is 50% for the

“treatment”.
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Figure A.4: The quantiles of the pointwise z values of the estimated log hazards ratio
for the data generated according to the proportional hazards model. The censoring rate

is 50% for the “treatment”.
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Figure A.5: Empirical distribution functions of the p-values for testing the hypothesis
that the two failure times of the data generated as in the proportional hazards model

in Section 5.1 have proportional hazards.
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Figure A.6: The histograms of the marginal failure times, and the non-censored marginal
failure times for the data from the non-proportional hazards model in Section 5.1. The

censoring rate for the “treatment” is 50%.
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Figure A.7: The true log hazards ratio of the data as in the non-proportional hazards
model defined in Section 5.1 and the pointwise quartiles and empirical n/lean of the 500

estimated log hazards ratios.
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Figure A.8: The standard deviations of the estimated log hazards ratio for data gener-
ated according to the non-proportional hazards model. The censoring rate is 50% for

the “treatment”.
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Figure A.9: The quantiles of the pointwise z values of the estimated log hazards ratio
for the data generated according to the non-proportional hazards model. The censoring

rate is 50% for the “treatment”.
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Figure A.10: Empirical distribution functions of the p-values for testing the hypothesis
that the two failure times of the data generated as in the non-proportional hazards

model in Section 5.1 have proportional hazards.
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