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Abstract

A broad class of error distributions for generalized linear models is provided by
the class of dispersion models which was introduced by Jgrgensen (1987a, 1997a)
and a detailed study on dispersion models was made by Jgrgensen (1997b). In this
thesis we study multivariate proper dispersion models. Our aim is to do multivariate
analysis for non-normal data, particularly data from the multivariate gamma distri-
‘bution which is an example of a multivariate proper dispersion model, introduced by
Jorgensen and Lauritzen (1998). This class provides a multivariate extension of the
dispersion model density, following the spirit of the multivariate nofmal density.

We consider the saddlepoint approximation for small dispersion matrices, which, in
turn, implies that the multivariate proper dispersion model is approximately multi-
variate normal for small dispersion matrices.

We want to mimic the basic technique of testing in multivariate normal, Hotelling’s
T?. Our version of the T? test applies asymptotically, for either small dispersion or
large samples.‘

We also consider estimating the normalizing constant of the bivariate gamma by
Monte Carlo simulation and we investigate the marginal déns_ity by using numerical
integration. We also investigate the distribution of the T2-statistic by Monte Carlo

simulation.
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Chapter 1
Introduction

The multivariate normal distribution has been studied for more extensively than any
other multivariate distribution. Indeed, its position of preeminence among multi-
variate continuous distribution is more marked than that of the normal univariate
continuous distribution. However, in'recent years there have been signs that the
need for more usable alternatives to thé multivariate normal distribution is becoming
recognized.

Although the bivariate normal distribution had been studied at the beginning of
the 19th century, interest in multivariate distributions remained at a low level until
it was stimulated by the work of Galton in the last quarter of the century. He did
not, himself, introduce any new form of distribution, but he developed the idea of
correlation and regression and focussed attention on the need for greater knowledge
of possible forms of multivariate distribution. Much multivariate theory has become
practically useful only with the advent of the electronic computer. This stimulus has
resulted in a rapid development of multivariate theory over the past two decades.

Investigation of non-normal distributions, or “skew frequency surfaces” (as non-

symmetrical forms have been denoted) hés generally followed lines suggested by previ-



ous work on univariate distributions. Early work in this fields followed rather different
lines, but was not very successful. It is noteworthy that, among non-normal distri-
butions, methods of estimation appear to have been developed less fully than one
might expect. Karl Pearson (1923), whose first investigations appear to have been
prompﬁed by noting distinctly non-normal prop,ertlles of some observed joint distri-
butions, initially tried to proceed by an anélogy with the bivariate normal surface.
Later, Neyman (1926) also considered methods of construction of joint distributions,
starting from certain requirements on the regression and scedastic functions. This
was an extension of the work initiated by Jule (1897), who showed that assuming
multiple linear regression, the multiple regression function obtained by the method
of least squares is identical with that of a multinormal distribution.

The multivariate distributions were derived from other distributions through trans-
formations, projections, convolutions, extreme values, mixing, compounding, truncat-
ing, and censoring. Then the marginal distributions of various statistics were derived
from them. The study of multivariate distributions is concerned mainly with distri-
butions of the continuous and discrete types. Some distributions arise from multidi-

‘mensional central limit theorems, many serve as models for random experiments, and
others are of interest primarily as derived distributions. Prominent among limit dis-
tributions and those from which others derive is the multinormal distribution. Some
distributions derived from it are known to be the same for all parent distributions in a
class containing symmetric multivariate stable distributions. These facts bear on ro-
bustness and the validity of normal-theory procedures for use with non-normal data,
including multivariate analysis, multivariate analysis of variance and the multivariate
Bartlett test.

Often multivariate data are scattered more heavily away from the center of location

than are multinormal data. The introduction of a class of generalized linear models by



Nelder and Wedderburn (1972) paved the way to analyze a large variety of non-normal
data by a simple general technique. Since there was no suitable class of multivariate
non-normal distributions, this analysis is restricted to univariate data. Analysis of
univariate non-normal datd became simpler and accommodate more non-normal data
types after the introduction of dispersion models, a broad class of error distributions
for generalized linear models by Jgrgensen (1987b,1997a).

Having in mind to find a class of multivariate_distributions suitable to analyze the
multivariate non-normal responses in a generalized linear model setup and to extend
the existing multivariate techniques to multivariate non-normal data, Jgrgensen and
Lauritzen (1998) proposed a multivariate extension to the dispersion models, the so
called multivariate dispersion models. Since the form of the distribution is similar
the multivariate normal distribution this distribution can handle a regression setup.
It would be noteworthy that, unlike the other non-normal multivariate distributions
proposed earlier, the definition of multivariate dispersion models is geared towards
good statistical properties rather than requiring specific moments or marginals.

As a first step towards these goals, we, in this thesis, consider a sub-class of
multivariate dispersion models, the multivariate proper dispersion models and inves-
tigate some properties of the sub-class and propose a generalization of Hotelling’s
T?-statistic. |

In Chapter 2, we give a brief introduction to the univariate dispersion models of
Jgrgensen (1997b). In Chapter 3, we introduce the multivariate dispersion models
and multivariate proper dispersion models. Specifically, we consider a multivariate
gamma distribution which is an example of the multivariate proper dispersion models.
Then we investigate the asymptotic behaviour of the multivariate proper dispersion

models. In fact, we will show that multivariate proper dispersion models can be

approximated by a multivariate normal distribution.




In chapter 4, we investigate the behaviour of the bivariate gamma distribution by
observing the shape of the density plots and estimating the moments and marginal

densities. In chapter 5, we generalize the Hotelling’s T*-statistic so that it can ac-

commodate non-normal data.




Chapter 2
Univariate dispersion models

In this chapter, we give an introduction to the theory of the univariate dispersion
models of Jgrgensen (1997b), which is the basis of the entire theory that we develop
in this thesis. First we give the definition of dispersion models, then we look at the
two types of dispersion models: exponential dispersion models and proper disper-
sion models, and finally we discuss the saddlepoint approximations for the dispersion

models.

2.1 Definition

Nelder and Wedderburn (1972) were the first to show, by introducing the class of
generalized linear models, that a large variety of non-normal data may be analyzed
by a simple general technique. Generalized linear models were originally developed
for exponential families of distributions, but the main ideas were extended to a wider
class of models called dispersion models. Dispersion models were originally introduced
by Jorgensen (1987b) and the models were studied in detail by Jargensen (1997b).

The class of dispersion models covers a comprehensive range of non-normal dis-

tributions, including distributions for the following seven basic data types, where S




denotes the support of the distribution:

e Data on the real line, S = R.

Positive data, S = R4 = (0,1).

Positive data with zeros, S = [0, 00).

Proportions, S = (0, 1).

Directions, S = [0, 27).

Count data, S = {0,1,2,...}.
e Count data with finite support, S = {0,...,m}.

The main idea behind the dispersion model is that the notions of location and
scale may be generalized to position and dispersion, respectively, for all the above

seven data types.

Definition 2.1 Let Q C C C R be intervals with Q open. A functiond: CxQ - R

is called a unit deviance if it satisfies

d(y;y) =d(up) =0 Yy, peQ (2.1)
and
d(y;p) >0 Vy # p. (2.2)

A unit deviance d is called regular if d (y; u) is twice continuously differentiable with

respect to (y, u) on  x Q and satisfies

o
op?

(u; ) >0 Yy € Q. (2.3)




The unit variance function V : Q2 — R, of a regular unit deviance is defined by

2
Vi) = 50— (2.4)
a7 (15 1)
A univariate (reqular) dispersion model DM(u, 0?) with position parameter p €
and dispersion parameter 0% > 0 is defined by a probability density function of the

form

f (v 1.0%) = a(y; 0*) exp {—%ﬂd (93 u)} yel (2.9)

where a > 0 s a suitable function and d is a reqular unit deviance.
The important characteristics of the density are:

1. The factor a in (2.5) is independent of the position parameter p.

2. The densities are often unimodal; in general, the deviance d tends to make the
density peak near y, and the peak will become higher and sharper the smaller

the value of o2.

As an example, consider the gamma distribution with shape parameter A and scale

parameter 6. The corresponding distribution is given by
Pryr—le=0y
I'(A)
The mean and the vériance of Y are given by E(Y) = A/6, and Var(Y) = A/6?

fly; A, 0) = ;y>0, A>0,6>0. (2.6)

respectively. Now we write the above density function (2.6) as a dispersion model.
Let E(Y) = pand A = 1/0% Then we have, Var(Y) = u%0? and 8 = 1/(uo?), where

p and o? are position and dispersion parameters, respectively. Then the density is

given by
| A 1
. 2 _ -1_-=A _ .
f(ymo®) = ToyY exp{ —202d(y,u)}
= a(y;0%) exxi{—id(y'u)} (2.7)
3 20_2 3 ? N



a2 =10.5

Figure 2.1: Some gamma densities.

where the regular unit deviance d (y; p1) is given by
Y Y '
d(y;u)=2{——log (—) —1}, (23)
[ 7
and the corresponding unit variance function is given by V(1) = p?. Note that in the
following we denote the a function as c(y; A) when we use ) instead of o2

For any regular unit deviance d (y; u)

8d d 8%d
o (v;9) = o2 (y;9) = ~Byon (¥;9) (2.9)

for details see Jgrgensen (1997b, p. 24).

2.2 Exponential dispersion models

Exponential dispersion models were originally proposed by Tweedie (1947), and later

reintroduced by Nelder and Wedderburn (1972) as a class of error distribution for

generalized linear models.




A reproductive exponential dispersion model is defined by the following density for

a random variable Y, with respect to a suitable measure,

fy;0,X) = c(y; A) exp[MOy — (0)}],y € R. (2.10)

An additive exponential dispersion model for a random variable Z is defined by the

probability density function of the following form, with respect to a suitable measure,
[*(2;0,)) = c*(z; \) exp{fz — \s(0)},z € R. (2.11)

The two types are connected by the duality transformation Z = AY', so in principle,
any exponential dispersion model has both an additive and a reproductive forms. The
parameter 8 is called the canonical parameter and X is called the index parameter. The
maximum possible domain for 6, dendted © C R is called the canonical parameter
domain. The domain for A, called th'g ‘indea:' set, dendted by A, is a subset of R,.
The function k is called the cumulant function. | |

The reproductive form (2.10) is denoted by Y ~ ED(u,0?), where y = 7(6) =
k'(6) is the mean and o2 = A\~! is the dispersion parameter. The variance of Y is
o2V (p) = o?7'{r7}(n)}, where V is the variance function.

The additive form (2.11) is denoted by Z ~ ED*(, A), and the mean and the

variance of Z are
E(Z)=(=A7r(8) and Var(Z) = AV({/A) = AV (). (2.12)

We define the unit deviance for the above exponential dispersion models (see Jorgensen

(1997b) for details) as follows,

i) =2 sup(s0 - (O} v+ {0} 2

Then the density (2.10) can be rewritten in the form (2.5) in terms of d of (2.13), and

10




the a function is given by
a(y; ) = c(y;0 ) exp |02 Eug{yH —k(6)}] .
€

This proves that the reproductive model (2.10) is indeed a dispersion model (2.5).
However, the additive model (2.11) is not, in general, of the form (2.5).

Both types of exponential dispersion models satisfy a convolution property ( see
Jorgensen (1997b) for details) given as follows. Let Y;,...,Y; be independent and
Y; ~ ED(,u, 0?/w;) with weights w;. Then

wiJr ;ini ~ ED (u, :—j) (2.14)
where w; = 37 w;.

If Zy,...,Zy, are independent and Z; ~ ED*(6, A;), then
Zy =3 Z;i~ED*(0, M + -+ \n). (2.15)
1

Furthermore, we have A = R if and only if (2.11) is infinitely divisible (Jgrgensen,

1997b). Note that the gamma distribution (2.6) can be written as

A, a—1

F(45,0) = “ explA{(~0)y — (= og(=0)) . (2.16)

which is of the form (2.10). Hence the gamma distribution is a reproductive expo-
nentiél dispersion model.

One of the shortcomings of the exponential dispersion models is that there are
no adequate exponential dispersion models available for data with bounded support,

such as angles or proportions.

2.3 Proper dispersion models

In this section, we discuss another class of dispersion models, proper dispersion models,

introduced by Jgrgensen (1997a). The introduction of proper dispersion models pave

11




the way to accommodate distributions suitable for angles and proportions, namely

the von Mises and simplex distributions, respectively.

Definition 2.2 If d is a regular unit deviance with unit variance function V, a reg-

ular proper dispersion model, denoted by PD(u,c?), is defined by

A A
F 0 = eV ) exp { - Jatas ) | v € 0 @17
where X = 1/02. That is, the term a in (2.5) is factorized as c(\)V "2 (y).

A crucial property of this model is that the integral

ﬁ = /QV”%_(y) exp {—%d(y;u)} dy - (2.18)
does not depend on .

Since the term @ in the gamma density (2.7) factorizes as c(\)V~2(y) it is a
proper dispersion model. Exactly three exponential dispersion models are also proper
dispersion models, namely the nbrmal, gamma and inverse Gaussian families. Other
examples of proper dispersion models afe the von Mises distribution and the simplex
distribution of Barndorff-Nielsen and Jgrgensen (1991). The von Mises distribution,

for example, is given by

e’

1
. 2y _ — - —
f(ysp,0%) = 27 To(?) exp[ 552211 —cos(y — m}, (2.19)
for 0 < y < 27, where position parameter p € [0,27), dispersion parameter o2 =

1/A > 0 and I denotes the modified Bessel function given by

2w
Iy()) :/0 exp (A cosy)dy.

2.4 Saddlepoint approximation

In this section, we briefly discuss three methods of approximations that give an ap-

proximation to a(y; o?).

12




2.4.1 Barndorff-Nielsen’s p*-formula

Barndorff-Nielsen’s p*-formula provides an approximation to the conditional distri-
bution of the maximum likelihood estimator for a given statistical model, given an
ancillary statistic. Here we apply the ermula in the case of a single observation from
a proper dispersion model (2.17) with A known, in which case an ancillary statistic is
degenerate, and the form.ula provides an approximation to the marginal distribution
of the maximum likelihood estimator.

Since the maximum likelihood estimate of u for A fixed is y, Barndorff-Nielsen’s
formula hence provides an approximation to the marginal distribution of Y. The

approximation is defined by

F(ys 1, A) ~ foly; i, A), (2.20)

where f; is the renormalized saddlepoint approximation corresponding to unit de-
viance d , which we will discuss in the next section.
Now let us define the multivariate version (Barndorff-Nielsen and Cox, 1994,

p.172) of the p*-formula.

Definition 2.3 For a given ancillary statistic a, the log-likelihood can be considered
as a function of u and data. Let there be a one-to-one correspondence between the
data'y and (fi,a). Then we can write the log-likelihood £ as £ (w; fi, a) and the normed

form € as

£(p;b,a) = €(p; B,0) — £(; 3, a). (2.21)
The p*-formula (or saddlepoint approzimation) is defined by

p* (B pla) = (2m) 72 |2 - (2.22)

where, |5| is the determinant of the observed information matriz for 1 evaluated at

p=p.




This formula (renormalized) determines a probability density, with respect to Lebesgue
measure, if the range space of [& is an open subset of R?. Note that we deal with con-
tinuous distribution. The question of Lebesgue measure will not arise in our problem.
In fact, formula (2.22) is called the p'-formula by Barndorff-Nielsen and Cox (1994).
As compared to pf, the p*-formula which is originally defined as c|j’|1/ 2¢t, gives at
least one degree higher accuracy but at the cost of having to calculate the normalizing
constant c¢. So it is feasible to use p'-formula and we still call this formula the p*-
formula. We use the formula (2.22)I in the Section 3.3.1 to develop an asymptotic

distribution for multivariate proper dispersion models..

2.4.2 Saddlepoint and Laplace approximations

In this section, we briefly discuss three methods of approximations that give an ap-
proximation to a(y;c?). We now briefly discuss the saddlepoint approximation for
dispersion models; a detailed discussion can be found in Jgrgensen (1997b) . The sad-
dlepoint approximation is important for the asymptotic theory of generalized linear
models.

The saddlepoint approrimation for a dispersion model with regular unit de\}iance

d is defined for y € €2 by

£ (o) ~ etV @)y e - d@w) aso? 5o, (223)

meaning that the ratio of the two sides goes to 1 as 0° — 0. The saddlepoint
approximation is exact in a few very special cases, such as the normal and simplex
distributions.

The saddlepoint approximation may be interpreted as being half way to a normal
approximation for the density. Thus, if we replace V (y) by V(u) in (2.23) and intro-

duce a quadratic approximation to the unit deviance in the exponent of the density,

14



we get the normal approximation.

Note that the saddlepoint approximation on the right hand side of (2.23), while
positive, is not in general a density function on €). However, it may be rescaled to
become a density function.

The corresponding renormalized saddlepoint approximation is the density function

defined for y € 2 by

fo (v 1, 0%) = a0 (,0%) V- 2(y) exp {—2}761(2/; u)} : (2:24)

where ag (11, 0%) is a normalizing constant defined by

m =/QV—1/2(?/) eXp{—%gd(y;,u)}dy. | (2.25)

Note that, in the case of proper dispersion models, a¢ in (2.25) does not depend on

L
We now present the important Laplace approximation, as described in, for exam-

ple, Barndorff-Nielsen and Cox (1989, p.59).
Proposition 2.1 (Laplace approximation) Define

10 = [ b()e* Wy,

where Q is an open interval. Suppbse that b is positive, and continuous at y = u, that

t is twice differentiable, has global mazimum for y = p € Q and that

K(p) = —t"(u) > 0.

Then

)b(u)e’\t(“) as A — 00. (2.26)

15




The ordinary and renormalized saddlepoint approximations agree asymptotically
for o2 small; this can be shown by using the Laplace approximation. We now present
this important saddlepoint approximation result, for a proof see Jgrgensen (1997b, p.

28).

Proposition 2.2 Let d be a give.n reqular unit deviance defined on C x Q and define-

ag (1, 0?) by (2.25). Then, as 0* — 0,
~1/2
Qg (u, 02) ~ (27r02) .

The essence of the saddlepoint approximation is the approximation of the function

a(y; 0?). Specifically, the saddlepoint approximation is equivalent to
ca(y; 0%) = {20V (y)}? as 0? = 0. (2.27)

Definition 2.4 The saddlepoint approxzimation is said to be uniform on compacts

if the convergence in (2.27) is uniform in y on compact subsets of €.

Proposition 2.3 In the case of a proper dispersion model, the saddlepoint approz-
imation is uniform on compacts, and the renormalized saddlepoint approximation is

ezact.

The proof of this proposition contains the following arguments: For proper dispersion
model we have ag (4, 02) = a(0?) making the renormalized saddlepoint approximation
exact. The continuity of the unit variance function V implies that the saddlepoint

approximation is uniform on compacts. For details, see Jgrgensen (1997b).

3
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Chapter 3
Multivariate dispersion models

In this chapter, we discuss multivariate dispersion models. In the first section, we
discuss the definition of multivariate dispersion models. Basically, in the first section,
we discuss the multivariate dispersion models defined by Jérgensen and Lauritzen
(1998) which opened a new field in statistics that has a lot of problems to investigate.
It is the basis for this whole thesis. In subsequent sections we develop and discuss some
statistical properties of the multivariate proper dispersion models and in particular
the multivariate gamma distribution. Note that the order in which we discuss the
multivariate dispersion models is related to its univariate countérpaft in the preceding

section.

3.1 Definition

A class of multivariate dispersion models suitable as error distributions for generalized
linear models wifh multivariate non-normal responses was 'introduced by Jgrgensen
and Lauritzen (1998). The main concern, in their paper, is with suitable distributions
for generalized linear models With_avmultivariate response vector. The definition of

multivariate dispersion models is geared towards good statistical properties similar to

17




that are possessed by multivariate normal distribution, rather than requiring specific
moments or marginals.
Let the sample space be an open subset of R?. A multivariate dispersion model

is defined by the following probability density function on RP:

fyim, ) = a(y; 2) exp{—%tT (v; ) =7 (y; u)} (3.1)

= a(y; X) exp [—%tr {2"1t (y;m)t" (v;m) }]

where g € Q (an open region in R?), X is a symmetric positive-definite p X p matrix
and ¢ (y; ) is suitably defined vector of deviance residuals satisfying ¢ (u; u) = 0 for
p € Q. The parameter u, called the position vector, and X, called the dispersion
matriz, may be interpreted as analogies of respectively the mean vector and variance-
covariance matrix of the multivariate normal distribution.

As an example, Jgrgensen and Lauritzen (1998) defined the multivariate Laplace

distribution by the following density with respect to Lebesgue measure on R?:

foim®) = a(Dep {37 v - W =y - w)},

where a(X) is a normalizing constant, ¢ is defined by

y—w) = (&l 2 l) (32)

and 4+ = sgn(y; — ;) denotes the sign of y; — p; for each j. Note that when the
dispersion matrix ¥ is diagonal, the components of Y follow independent univariate
Laplace distributions.

For a detailed discussion on generalization of the definition (3.1) and geomet-

ric construction of multivariate dispersion models refer to Jgrgensen and Lauritzen

(1998).

18




3.2 Multivariate proper dispersion models

Following the spirit of the univariate proper dispersion models Jgrgensen and Lau-
ritzen (1998) called (3.1) a multivariate proper dispersion models if a(y; X) in (3.1)
factorizes as a(X)b(y) for suitable functions a and b. That is, we define the multi-

variate proper dispersion models as follows

fEsmE) = @ VE e {-STmHS w39

where V() = diag{V (11), ...,V (up)}. The distribution (3.3) is denoted by PD, (s, X).
In the following we often use A = 37! instead of X7!.
As an example, consider the von Mises distribution given by (2.19). Define the

deviance residual by

r(y; 1) = £4/2{1 — cos(y — p)},

where the sign &+ denotes the sign of sin(y — u). Since r(y; i) is a pivot, a function of
Y and p whose distribution under p does not depend on the value of i, the standard
construction proposed by Jgrgensen and Lauritzen (1998) leads to a multivariate von

Mises distribution of the form

FlyimE) = a(S) e [~ {17 s = e )}
on [0, 27)?, where t(y; p) is the vector of deviance residuals. This is clearly a multi-
variate proper dispersion model.

Jorgensen and Lauritzen (1998) discussed a standard construction that takes al-
most any univariate proper dispersion model and gives a multivariate proper disper-
sion model as a result. They noted, however, that this standard construction does

not work for the Inverse Gaussian distribution which is a univariate proper dispersion

model.

19




3.2.1 Multivariate gamma'distribution

In this section, we construct the multivariate gamma distribution which was described

by Jgrgensen and Lauritzen (1998). Consider the univariate gamma density (2.7)

_ A
i) = s~ exp {3t} v > 0 (3.0
where the regular unit deviance d is given by (2.8), the unit variance function V() =
p? and
e
A) = ——.
=T

Note that the geometric measure is v(dy) = V~V/2(y)dy = y~'dy, where the geometric .
measure is defined as follows, see J(zjrgenseﬁ and Lauritzen (1998) for more details.
Suppose Ga(y) = {g4 (y)} is a matrix with entries

; 1 &
Jk - =

tr{AT (y; u) }

u=y

then the geometric measure is defined by

vA(dy) = |GA(}’)|1/2dy-

The deviance residual is

r(y; u) = 2y/d(y; ) = i\/Z{% - log% -1},

where + denotes the sign of (y — p). Clearly r(Y;u) is a pivot. For more details

about pivot refer to Jgrgensen (1997b). Let

t(y; ) = {r(ys; ), > (yps p)}
denote the vector of residuals for a p-vector of data. Then the yoke

= . r(Y1; 1)
T(Y;p) = t(Y; )t (Yip) = : {r(Vi ), r(Yos )} (35)
7 (Yp; tp) |
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is also a pivot with respect to the product measure

V(dyl,\. codyy) = v(dy) Q- ® v(dy,)

= (V"))
-1 {v;dy;} - (3.6)

s,
—

A multivariate version of the univariate gamma therefore appears as

Fyim D) = a( D)o 1) exp [—Lr{ZT(y: )] (3.7)

We denote this model Ga,(u, X).

The new model (3.7) is c‘learly a multivariate proper diépersion model and in the
case of A being diagonal, it has gamma marginals distributed independently. So
we call this model a multivariate gamma distribution. The main problem in this
multivariate model is determining the normalizing constant a,(A). This normalizer
can be estimated by numerical integration or by Monte Carlo simulation. We defer
the discussion of this problem until Chapter 4.

This multivariate gamma distribution seems to be néW and different from other
multivariate gamma distributions proposed in the literature cf. Krishnaiah (1985).
In particular, its marginals are not gamma except,when A is diagonal. Several
procedures exist for constructing a multivariate gamma distribution given that the
marginal distributions are gamma. For example Johnson and Kotz (1972, p.. 216)
proceedé as follows: Suppose that Xy, Xi,...,X,, are independent random vari-
ables and that X; has a standard gamma distribution. The joint distribution of
Y;=Xo+X; (j =1,2,...,m) is called a multivariate gamma distribution and the

marginal of Y} is a standard gamma distribution.
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Krishnamoorthy and Parthasarathy (1951) defined a multivariate gamma as fol-
lows: Let X;-r = (X1j,...,Xpj), (j = 1,2,...,n) be distributed independently and
identically as a multivariate normal with mean vector 0 and covariance matrix X.
Also, let Z; = § Y3, X7 fori =1,2,...,p. Then the joint distribution of (Z1, ..., Z,)
is a central multivariate gamma distribution with n/2 as shape parameter and X as
the covariance parameter.

The main application of the proposed multivariate gamma distributions has so
far been in the study of reliability. Since the forms of the densities are quite com-
plicated, it is difficult to accom.modate a multivariate regreésion set up. The form
of multivariate gamma model, in genergl multivariate proper dispersion model, pro-
posed by Jgrgensen and Lauritzen (1998) is very similar to that of a multivariate
normal model. This will enable us to accommodate a multivariate regression setup.
The problems related to the inference on the position vector is very much similar to
that of a multivariate normal model.

We now introduce some properties of the multivariate gamma distribution.

Theorem 3.1 The Multivariate gamma model is closed with respect to scale trans-

formations.

Proof: Let Y ~ Ga,(p,X) and C be a diagonal matrix with elements cy,...,¢p,

¢; # 0 Vi. Consider the transformation X = CY. The Jacobian matrix is given by

0X
J=o==C.
Hence the density is given by
91 E) = [JTH(CTlxp,X) |

-1

1

= |C|a,(X) (ﬁ . ﬁ) exp {——tT(c—lx; p) = (C x; p,)}
c1 Cp 2
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= a,(Z)(z1...3p) " exp {—%tT(C‘lx; p)EHC x; p,)} : (3.8)

Now let us consider the deviance

() =2

Hence, it follows from (3.9) that ¢(C'x; pu) = t(x;Cu). Hence we may write (3.8)
as » | |
1
g% 1, E) = ay(T) (21 ... 7,) " exp {—itT(x; Cp)E(x; C/J,)} :

Therefore; we have X ~ Ga,(Cpu, 3). Hence the theorem. O

3.2.2 Maximum likelihood estimate of the position vector u

One of the main advantages of the multivariate dispersion model defined by Jgrgensen
and Lauritzen (1998), as in the univariate dispersion models defined by Jgrgensen
(1997b), is that the normalizer a,(X) does not involve the position vector p and
therefore it allows us to make inferences about g without knowing the exact formula
for a,(X).

From now on, in this chapter, we use quite a number of techniques for matrix

derivatives. We give an overview of these formulas in Appendiz A.4. For more details

cf. Dwyer (1962).

Theorem 3.2 Let Y,,...,Y, be n random vectors, in RP, from a multivariate

proper dispersion model PD,(u,X). Then, for arbitrary X, the score function for
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; based on the full sample 18

0L (1)
O,

] POEYD oL AR SRS

Yij; 1

~where )\jk; = (A)jx and d'(y; 1) denotes the derivative of d with respect to p.

Proof. The log-likelihood function of p is given by

n

() = nlogay(A) + [[logbly) — 5 387 (v ) At (i) . (311

i=1

Differentiating (3.11) with respect to u gives

ol (p)

op

OtT (Y pu) At (Y )

1 On

L atT Yu [.L) At (Yl, lJ:) a{t (Yu I*l’)}m
2{ f.

M=

.
I

1
2
1
2

™=

ot (Y ) op
3{t (Y; ) }m
o

(At (Yi; 1)}, D' (Yi; pem, (3.12)

1 m=1

p
> {At (Y p)}

m

i

Il
M:

.
Il
—

I
ol
O

-

1 m=1

-
Il

|l

where e,, is a p x 1 vector with 1 at-the m*® position and zero elsewhere and we define

o [dVym) A (Y )} |
D'(Y; u) = dia { LItV e L 1 3.13
(R) = 48 i) W Ty 19
Therefore, from (3.12) it follows that
o0 ,
%’j’ = 2> D(Ya At (Yap). (3.14)
: i=1

Matrix multiplication of diagonal matrix D’ with A gives

d'(Yig; 15)

Aik
" r(Yigs 1)
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as the (7, k)™ element. Now the multiplication of the resulting matrix from the above
with the vector t(Y;; p) gives a vector with

d'( zJ:ﬂJ)
Yie; e
S (Yigs 115) T )

as 7 element. Now (3.10) follows immediately from (3.14). O

-

Lemma 3.1 For a multivariate gamma model, for arbitrary X, the score function

for p; based on a full sample given by

p n ’
ik Yiks e 3.15
8:”] 192; ! 12—:1 wir (Y;J’/'LJ) i ) (3.15)
Proof. For a multivariate gamma model the D'(y;; i) in (3.12) can be written as

DY) = 24 (Vi w) V()

where

. Yi—m Y, —pn
AY.p) = d R -
(Y m) e {T(l’l;ul)’ ’T(Y});up)}’

and
V(p) = diag{4},...,u}
Now by using the fact that d(y; u) = 2(% - log% - 1) and by using Theorem 3.2,
it is easy to show that (3.15) holds. O

Note that, if we make a small-dispersion approximation to d’ at Y = u, we have

(Jorgensen, 1997 p. 25), -
d(Ysp) m2r(Ys )V (). (3.16)

Thus,
D' (Y;p) =~ 2V~ (). (3.17)

We will use the approximations (3.16) and (3.17) frequently in the next section.
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There is no closed form solution to 8—‘(;;,(1%) = 0 except for the case where we have a single
observation vector. But this can be solved by numerical techniques; for example, we

may use optimization technique such as quasi-Newton to find numerical values.

Lemma 3.2 Let Y be a random vector, in RP, from a multivariate proper dispersion

model PD,(p,X). Then, for arbitrary X, the mazimum likelihood estimator of p is

Y.

Proof. We prove this by the following argﬁmen’cs. The log-likelihood function of
is given by

£ () = logay(A) +logb(y) — 57 (; ) At (y; ). (3.18)
Let t = t(y; ). Since ¥ is positive-definite so is £~! = A. Hence ¢t" At > 0 and
clearly we have t(y;y) = 0. Now if y # p we have t(y; ) # 0 and hence t"At > 0
again by A being positive-definitive. Hence, ¢T At is minimum for n=y. Thereforeb
it follows from (3.18) that the maximum likelihood estimator of p isy. O
We now give the second derivative of the log likelihood (3.18) with respect to pu,

which will be used in the next section

_ _1[D'(y; ) fua . 03"t (y; 1)
opopT 2 [ ot {2 t(y; 1) ® Ip}_+ {D'(y;p)®1;} o
_ 1[0D'(v;p) fen 1 i

(3.19)

3.3 Saddlepoint approximations

We now introduce the saddlepoint approximations for the multivariate proper disper-

sion model. The term ‘saddlepoint approximation’ was used by Jgrgensen (1997b) in
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univariate dispersion models and we keep this term for the multivariate cases also.
The saddlepoint approximation in multivariate dispersion models,v as in the univariate
case, fortuitously avoids approximation of the term in the exponent. This is useful
because the position vector p enters the density only via the exponent, so that the
saddlepoint approximations preserves the statistical properties regarding the inference
on pt. |

In the following sections we investigate the limiting behaviour of the multivari-
ate proper dispersion model when ||2|| — 0, that is, ||A|| = oo where || - || is the

Euclidean norm of the matrix.

3.3.1 Barndorff-Nielsen’s p*-formula

In this section, we develop a saddlepoint approximation for. multivariate proper dis-

persion model by using the p*-formula (2.22):

Theorem 3.3 Let the multivariate proper dispersion model be given by

fy;mX) = a(E)IV(y)!‘ll/2 exp {—%tT (v; 1) =7 (y; u)} : (3.20)

Then the saddlepoint approximation for the multivariate proper dispersion model is

gien by

foimE) ~ e RV ) Hen {3 (i) B im)

y € QF ‘ ‘ (3.21)

- Proof. Let Y ~ PD,(p,X). For one observation, we have by Lemma 3.2 that the
maximum likelihood estimator of p is i = y. Note that for a single observation the

ancillary statistic is degenerate. Using (3.17) and (3.19), the observation matrix of p
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at y is given by

0%4(p)

- =V 2 (y) 2TV (y). (3.22)
Ouop’ p=y

7=
Therefore, by using the p*-formula (2.22) the saddlepoint approximation for the mul-

tivariate proper dispersion model is given by

FEmE) ~ @0 HVEE)EVE) oo -3 Giw = i)}

= 0 FEPV ) Fen {5 G S vw) . (3.29)

Hence the result. O
We show below, by a Laplace approximation that the above approximation holds

for ||3|| — 0. That is, the saddlepoint approximation is equivalent to

212, (y; £) = (2m) "3 [V (y) |72 as ||Z][ = 0
or, equivalently, in multivariate proper dispersion models
12[26,() — (27)7% as ||Z|| = 0

and this approximation is clearly uniform on compacts. .

3.3.2 The Laplace method

The Laplace method provides a proof of the saddlepoint approximation. The Laplace
method for multidimensional case is direct generalization of the corresponding uni-
variate discussion in (2.1). The key argﬁment in the univariate case was to prodﬁce
in the integrand a factor close to a normal density of small variance. Essentially the

same argument applies in p dimensions.
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We now present the important Laplace approximation, as described in, e.g.,
Barndorff-Nielsen and Cox (1989, p.169). Before we give the Laplace approxima-
tion, note that for any matrix A, we can write A = AAy where Ay is a fixed constant

matrix and A is a constant.

Proposition 3.1 (Laplace approximation) Define

I0) = [ a(y)e™®dy

where the functions r(y) and q(y) are defined over the region Q2 of integration, 2 C

RP. Suppose that r(y) has a unique minimum in the interior of D aty = u, then

e g (y)(2m)

T~ e

, a8 A = 00, (3.24)
where " is the second derivative of r(y) evaluated at y = p and |r"(p)| > 0.

Theorem 3.4 Let the multivariate proper dispersion model be given by

Fvimn®) = (D) V) exp {54 (5 m) T (i)} y € O
where
a(®)7 = [ Vo) Few {5t (vim) 2 (i)} dy.
Then as ||X}| — 0,

a (%) ~ (2r) P2 x|V (3.25)

Proof. Define
1 _ _
r(y) =5t" (i) T (v ).

and

T o
A'(y; p) = diag { d (yl.» p) (yp., p) }
(Y1 ) T (Yp; ip)
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where d' is the differentiation of d with respect to y. Differentiating r(y) twice with

respect to y gives,

or 1., _
_a(yy) = SA(imE Tt (yim)
Or(y) _ 10A'(yim) fg1, .. 1. O (y; 1)
ayoyT 5—‘8};—{2 t(y,ﬂ)®1p}+§A(y,ﬂ)——ay“T—
_ 10A’(y;[1,) -1 . 1. . —1 Ay,
= 2 oy {= t(y,u)®1p}+ZA (y; )= A (y; ). (3.26)

Note that by using (3.16), we have A’(u; u) = 2V~2(u). We have shown in Lemma,
3.2 that r(y) has unique minimum at y = p. At y = p the first term on the right-

hand side of (3.26) vanishes and we have

d’r(y)
ayayT Y=

= V2 () STV ().

Now by applying this to (3.24), with the fact that 7(u) = 0, we obtain

PR 1L

0 12 = (2m) 5|22,
(V2 (1) Z-1VE () | erE

Now by taking the inverse of the above, we get (3.25). Hence the theorem. O
Suppose we think of the approximation obtained by using the p*-formula as a sad-
dlepoint approximation, then the approximation obtained by Laplace’s method can
be regarded as renormalized saddlepoint approximation. Therefore the ordinary and
renormalized saddlepoint approximation agree asymptotically in the case of multivari-
ate proper dispersion model. That is, in the case of a multivariate proper dispersion
model the renormalized saddlepoint approximation is exact. In fact, this is one of the

main results for the univariate proper dispersion models.
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3.4 Multivariate normal approximation

We now consider a multivariate normal approximation to the multivariate proper
dispersion model. This will pave the way to mimic some basic multivariate techniques

in the multivariate proper dispersion model with small dispersion matrix.

Theorem 3.5 Let the multivariate proper dispersion model be given by

_1 1 _
FymE) =DV Fep {3 muE Hym ). (327)
Then
Z %5 N(0,1) as||Z| — o0, (3.28)
where Z s a linear transformation given by

Z=X"12V12(u) (Y — ). (3.29)

Proof. For small dispersion y gets closer to p. So we prove this by introducing a
second-order Taylor series approximation to the term in the exponent of (3.27) at y =
p and saddlepoint approximation (uniformly convergent.saddlepoint approximation)

to the normalizing constant. Let

ds (y; 1) =t (y; ) 7 (y; 1)

ddx (y; u) 0
ay y=u
asz (Y’N) 1
gas\y, H) = V12 (S tv-2 (). 3.30
oyoy™ |, (1) (1) (3.30)

Therefore the second-order Taylor series approximation to ds (y; ) at y = p is given
by

ds (y;p) = (y — ) V2 () Z7V2 () (v — ). (3.31)
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The Jacobian matrix is given by

_ 92 o _ijpx-12
J(b) =57 =27V ().
Hence the density of Z is
fEwE) = [T f (V2 (e) 2% + p;p, 3)

Q

275V 73 () |7 a(E) V {VE () Sz + p} |7 exp {272} (3.32)
= [ZTVAVTY () |7 2m) P2V ()T P exp {22} (3.33)

~ (27r)_”/.2 exp {sz} . | (3.34)

where the term in the exponent of (3.32) was obtained by using the second-order
Taylor approximation and the normalizing constant in (3.34) was obtained by the
saddlepoint approximation for small-dispersion. Hence the results follows. O

Note that we may write (3.28) as follows
YN, {p, V2 () SVI2 ()}

for small dispersion matrix.

We note that

O%ds (y;pu) _ 0{2A'(y; W)= 7't (y; 1)}

dyou’ B o’
0%ds (y; _ e
—6_%%“_) ~ 2V 2 (y)ElV2(y), (3.35)
w=y

Hence we have, generalizing (2.13),

We now consider a normal approximation to another transformation of Y which is

approximately equal to (3.29).
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Theorem 3.6 The normal approzimation to the multivariate proper dispersion model

(8.27) with the transformation
Z =XV (Y; ) | (3.36)
18 given by
Z5N(O1L,) as|Z|| -0 (3.37)

Proof. For the transformation (3.36), the Jacobian matrix is given by

0Z 1 y/94,
J(Y,p) = T = 7 VZA'(Y; ).

Now by using a second-order Taylor series approximation for small dispersion at

p=y, weget A'(Y;u) =~ 2V-Y2(Y) and thus
J(Y) =~ 7 V2v12(Y),
Hence, the density of Z is given by

fmD) ~ [T a@) V) exp{z2}
1212 () () V() V2 exp {27 2)

‘—1/2

~ VI () BV () @m) RISV () [ exp {27

~ (2m) " exp{zTz}. (3.38)

The normalizing constant in Equation (3.38) is obtained by the saddlepoint approxi-
mation. Therefore (3.37) follows immediately. O

Note that we may write (3.37) as follows
£(Y; ) <, (0, ).

It is noted that since ¢ (Y; p) ~ V-2 () (Y — p) we have the normal approxima-

tions (3.28), and (3.37) are approximately equal, as we expected.
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Chapter 4
Bivariate gamma distribution

In this chapter, we discuss the bivariate‘ gamma distribution. In Section 1, we discuss
the normalizing constant in the case of the multivariate gamma model and study the
nor.malizer numerically. In fact, we employ two methods to estimate the normalizer.
Although in their construction of mﬁltivariate dispersion models, Jgrgensen and Lau-
ritzen (1998) did not require the definition of multivariate dispersion models to have
specific moments or marginals, we, in Section 3, investigate the moments up to order
two in a bivariate situation. And finally, in Section 4, we investigate the marginals

numerically.

4.1 Numerical study of normalizing constant

Let the multivariate proper dispersion model be given by

F@s ) = MV o [ (T mAty )] (@)

Jgrgensen and Lauritzen (1998) have shown the following derivations to calculate the

normalizing constant.

') = [..f {v-%(yn~--v-%<yp>}exp{—§ﬂ(y; 1) AL(y; u)}dy (4.2)
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14

= /.../{V_%(yl)...V"%(yp)}exp{%;Aiid(yi;ﬂi)}

exp {—— > it (yi; pa) 7 (55 ,Uj)} dy

i#]

= ] =1€ 1 ]J / /exp{——Z)\Ur yzuuz (y]’ﬂ’])}

i#j

I, {C(An)‘_/ (y])dyg} exp {—1 > Aud ( ynm)}

=1

= T_ic'(A;)E

eXp. {—-;— > X (s pa) 7 (55 1) }]

]
= ML OB (e [-57(s m)Aotys )] ) (4.3)

where Ay has zeroes on the diagonal, and off-diagonal elements equal to A, ¢ is the
normalizer of the marginal univariate proper dispersion model, and the expectation
is with respect to the distribution with independent marginals corresponding to the
diagonal of A.

In fact, Song (1996) used a derivation same as the above to estimate the normal-
izing constant for the multivariate gamma model. By using (4.3), the normalizing
constant for multivariate gamma model is given by

1 (Hp X\”) exp {— X% i} -

exp {-— > (X ) (XG5 1)}] :
i>j
(4.4)
The expectation is taken under the probability measure generated by p-independent
univariate gamma random variables X; ~ Ga (1, A ) , t=1,...,p. This expectation
in (4.4) can be calculated by using Monte Carlo simulation. Note that we may
estimate the normalizer by using numerical integration directly applied to (4.2). Note

that this approach may not be a good one to estimate the normalizer in the case of

higher dimensions.
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In the case of Monte Carlo simulation, we have to estimate the following for the

bivariate gamma:

() exp {5t} | ™ (X
{ H%F(/\“) | E[exp{—)\lgr(Xl,l)r(XQ,l)}] 5

where the expectation is taken over two independent gamma random variables with

mean 1 and dispersion parameter A\};'. Before estimating the normalizer, let us define
the following as a measure of association between two variables

012
b
V011022

where (X);; = 0;;. We consider the following dispersion matrices (X) and the measure

p:

of association (p) to study the normalizing constants .

Table 4.1: Dispersion Matrix.

p pX
0.04 0.03
0.7 | X =
0.03 0.04
0.2 0.12
0.3 |3, =
0.12 0.8
0.5 0.112
0.1 |3X3=
0.112 2.5
0.5 —0.112
01 | Xy =
—0.112 2.5
0.2 -0.12
03 | X5 =
—-0.12 0.8
0.04 -0.03
-0.03 0.04

An S-Plus program interfaced with C was written to estimate the normalizing

constant by using Monte Carlo (MC) simulation. In fact, S-Plus was used to generate
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Table 4.2: Estimation of normalizing constant by using MC method.

p | = . n
1000 10000 50000 100000
075 | =, | 6.25 6.02 6.13 5.99
| (0.21) (0.14) (0.05) (0.01)
03 | =, | 0.3814 0.37869 0.37874 0.37905
(1.3x1073) | (5.3x107%) | (2.3 x107%) | (1.3 x 107
01 |=;| 011263 | 0112513 | 0.112507 | 0.112498
(1.2 x 107 | (4.4 x 1075 | (1.9 x 1075) | (1.09 x 10~5)

Table 4.3: A comparison of estimations of normalizing constant.

P 3 MC method Saddlepoint approximation
0.75 | 34 5.99 (0.01) | 6.02

0.3 | Zp | 0.37905 (1.3 x 10~4) | 0.41709

0.1 | T3 | 0.112498 (1.09 x 10~5) 0.14307 -

the gamma random variables and C was used to do the calculation. Since C was used
to do the calculation, the time taken to complete a simulation was very small. For
example, for a simulation study on 100000 random numbers, the average time was
8 sec. using an HP C200. machine.‘ In Tables 4.2 and 4.3, the estimates are given
with their corresponding standard errors (given in brackets). Each simulation was
repeated 10 times to get the standard errors.

It is obsefved from Table 4.2 that as we increase the number of simulations (n)
from 1000 to 100000, we obtain almost the same values of the estimate but with
higher precision.

In Table 4.3, we compared the estimate obtained by using MC methods with ns

100000 and the estimate obtained by using saddlepoint approximation. For small
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dispersion (||X|| small) both estimates are very close to each other. Then as ||X||

increases saddlepoint estimates tends to over estimate the normalizing constant.
Another interesting and potentially important empirical observation was that
when a similaréimulation study was done to estimate the normalizing constant in the
cases of ¥,, ¥ and X4 the values obtained were almost equal to that of 3;, 35 and
323, respectively. This situation is similar to a bivariate normal where the values of
normalizing constant in the cases of ¥4, ¥5 and ¥¢ are equal to that of X, X, ‘and

323, respectively.

4.2 Density plots

In this section, we give some density plots of the bivariate gamma. First we shall
investigate the behaviour of contour plots and perspective plots when we have two
independent gamma margins. That is, the dispersion matrix is diagonal. In this case,

we consider the position vectors and dispersion matrices given in Tables 4.4 and 4.5.

Table 4.4: Position vectors.

1 1 3
M = Mo = H3 =
1 2 5

Table 4.5: Dispersion matrices.
004 O 02 0 20
g = g=
0 0.04 0 0.3 0 2

\,
I

Figure 4.1 shows some contour plots of independent bivariate gamma densities and
Figure 4.2 shows the corresponding perspective plots. The main reason for plotting

the contour plots of independent bivariate gamma densities is to investigate the role
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Figure 4.1: Contour plots of independent bivariate gamma densities.
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Figure 4.2: Perspective plots of independent bivariate gamma densities
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of the position vector g on the shape of the densities. In the first row of Figure
4.1 the dispersion matrix is small and thus we can observe clearly that as position
varies the peak of the density varies accordingly. When we have large dispersion
matrix (in row 3) the peak becomes blurred, essentially because the large value of
the dispersion squeezes a lot of probability mass down towards the origin. Large
values of the dispersion, as explained by Jgrgensen (1997b), corresponds to a value
of the Euclidean-norm of the dispersion matrix for which the non-normality of the
distribution becomes evident. |

Contour plots and perspective plots for bivariate gamma densities when the two
variables have some dependence structure were discussed in three cases: 1) dispersion
matrix with small dispersion; 2) dispersion matrix with moderately large dispersion;
3) dispersion matrix with large dispersion.
Small dispersion: The dispersion matrices used in this case are given in Table 4.6.

And the contour plots and perspective plots corresponds to this case are given in

Figures 4.3 and 4.4.

Table 4.6: Small dispersion matrices.

0.04
0.03

zn=<

0.03
0.04

)

zm=(

0.04
-0.03

-0.03
0.04

)

zmz(

0.03
0.015

0.015
0.09

)

B (

0.03
—.015

-0.015
0.09

Moderately large dispersion: The dispersion matrices used in this case are given
in Table 4.7. And the contour plots and perspective plots corresponds to this case

are given in Figures 4.5 and 4.6.

Table 4.7: Moderately large dispersion matrices.

) o o) [ oo o) [ (e o)

Large dispersion: The dispersion matrices used in this case are given in Table 4.8.

0.1
0.138

0.138
0.3

0.1
—0.138

—-0.138
0.3

0.2
0.085

0.085
0.4

0.2
—.085

—0.085
0.4
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Figure 4.4: Perspective plots of bivariate gamma densities with small dispersion.
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Figure 4.7: Contour plots of bivariate gamma densities with large dispersion.

And the contour plots and perspective plots corresponds to this case are given in

Figures 4.7 and 4.8.

Table 4.8: Large Dispersion matrices.

24 3.33 24 -3.33
Y = Y9 =
3.33 7.2 =333 7.2

In the independence case, (Figure 4.1) the contour plots are almost ellipsoid like

Discussion:

bivariate normal distribution where the axes (major and minor) of the contours are
~ parallel to the xy-axes.

When the two variables have some dependence structure, for small dispersion ( Figure
4.3), we considered two cases of dispersion matrices: one with diagonal elements equal:

and the other with diagonal elements of ratio 3 and with large and small measure of
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Figure 4.8: Perspective plots of bivariate gamma densities with large dispersion.

association. In the first case of dispersion matrix, for positive measure of association,
the major axis of the contour plot ( almost ellipsoid) is almost along the 45° line
through p. When the measure is negative the major axis of the contour plot lievalong
a line at right angle to the 45° line through p. That is, for small dispersion, the
bivariate gammd behaves like bivariate normal. We may also note how the larger
measure of association causes the probability to concentrate along a line.

When we dealt with moderately large dispersion matrices (Figure 4.5), this large
dispersion causes some deviation from normality but still preserve the fact that ac-
cording to the sign of the dependency measure the major axis is either along the 45°
line or perpendicular to it.

Since a large dispersion in gamma density squeezes lot of probability mass down to-

wards the origin the corresponding plots (Figures 4.7 and 4.8) are no longer ellipsoids.
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4.3 Estimation of moments

In this section, we estimate the moments up to order two. The estimation, for dimen-
sion p , can be done by using Monte Carlo simulation. The formula for this simulation
can be obtained by employing the same kind of derivation that was used to obtain a

formula for the normalizer (4.4). We give the equation in the case of two variables Y

and Y,.

(T2 23) exp { = 52 A}

E(Y;) = a, (%) { } E[Y;exp{—Aior (Y1; 1) 7 (Ya; p2) }] -

5T (M)
(4.5)
[T M) exp{— L3 A -
E(Y?) = a, () {( %;Pp(/{\ii)z }} E[y; e?cp{—/\ur (Y5 1) 7 (Yo ) }] -
(4.6)

The expectation is taken under the probability measure generated by two independent
univariate gamma random variables Y; ~ Ga (,ui, AL 1) , © =1, 2. This expectation can
be calculated by using Monte Carlo simulation. In the case of small dimensions we
may also use numerical integration to estimate the moments. In Tables 4.9 and
4.10, we give estimates of moments, using Monte Carlo simulation, for two dispersion
matrices. The first one with p = 0.75 and the second with p = 0.3. We compare the
estimated values with reference values (Ref. Val.) obtained by using the marginals
Y; ~ Ga(pi,0) i=1,2.

A C program interfaced with S-Plus was used to estimate the moments. A set
of 100000 random numbers was generated from corresponding gamma distributions
to estimate the moments and this was repeated ten times to estimate the standard
error. It was noticed from Tables 4.9 and 4.10, that although the estimates are almost
equal for large and small measures of association, the corresponding standard errors

are small for small measures of association. This implies that the off-diagonal term
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in estimating the moments.

Table 4.9: Estimation of moments.

in the dispersion matrix plays an important role, along with the diagonal elements,

2:(0.04 0.03) . 1) “:(3)
0.03 0.04 1 4
Ref. Val. | Estimated | Ref. Val. | Estimated
E(YY) 1 0.9893 | 3 2.9879
(0.0019) (0.0044)
E(Y?) 1 0.9894 | 4 4.0083
(0.0017) (0.0426)
Var(Y;) 0.04 0.0404 | 0.36 0.3122
(0.0019) (0.0578)
Var(Ys) 0.04 0.0341 | 0.64 10.62
(0.0115) (0.26)

4.4 Numerical study of marginal density

In this section, we investigate marginals from the bi-variate gamma. For this study,
we considered the position vector and dispersion matrices given in Table 4.4.

A numerical integration routine in C was used to integrate out the second variablé
at some specified points of the first variable. The reference density and the estimated
density are given in Figure 4.9. The first plot is for small dispersion, the second and
third are for moderately large dispersions and the last is for large dispersion. It is
noted, from the first plot, that the estimated and the reference marginal densities
are almost exactly the same. In the second and third plots the estimated and the

reference marginal densities are very similar. But for the large dispersion, in the last
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Table 4.10: Estimation of moments.

0.03 0.015 1 3
:(0.015 0.09) ”:(1) ”:(4)

Ref. Val. | Estimated | Ref. Val. | Estimated

E(Y) 1 10.9949 | 3 2.9841
(0.0003) (0.0006)

E(Y3) 1 0.9953 | 4 3.9784
(0.0003) (0.0001)

Var(Y:) 0.03 0.0298 | 0.27 0.2717
(0.00001) | (0.00001)

Var(Yy) 0.09 0.0951 | 1.44 1.4326
(0.0008) (0.0093)

Table 4.11: Dispersion matrices.

22_(

0.04 0.03
0.03 0.04

)

0.2
0.12

En:(

0.12
0.8

E23=(

0.112
2.5

0.5
0.112

1
g4 =
0.735

0.735
1.5

plot, there is a marked difference between the estimated and the reference marginal

densities.
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Chapter 5

A generalization of Hotelling’s

T2-statistic

5.1 Introduction

One of the most important test problems in univariate statistics is the test of the mean
of a given distribution when the variance of the distribution is unknown. The statistic
usually used in univariate statistics is the difference between the sample mean, Z, and
the hypothetical population mean, divided by the sample standard deviation, s. If

the population sampled is N(p, 0?), then

t= \/ET; a (5.1)

has the well-known t-distribution with n—1 degrees of freedom, where n is the sample
size. On the basis of this fact, one can test the hypothesis Hy : u = pg, where pq is
specified.

The statistic (5.1) was generalized for non-normal distributions in the framework
of generalized linear mbldels, cf. Jgrgensen (1997a). Jorgensen used the corresponding

estimated dispersion parameter in the denominator of (5.1). He, in fact, showed
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that the statistic follows asymptotically a t-distribution for large samples and small
dispersions.

The multivariate analogue of the square of ¢ given in (5.1) is
- T — ’
T? = n(X — No) S-! (X - No) (5.2)

where X is the mean vector of a sample of size n and S is the sample covariance
matrix. (5.2) is referred to as the Hotelling T?-statistic in the multivariate normal
model.

In the following sections, first we discuss the general likelihood ratio method in
the multivariate normal model which will be used to derive (5.2). Then we generalize

the T2-statistic to the multivariate proper dispersion model.

5.2 General likelihood ratio method in multivari-

ate normal model

Let 6 be a vector consisting of all the unknown population parameters, and let L (6) be
the likelihood function function obtained by evaluating the joint density of X, ..., X,
at their observed values x;,...,%,. The pérameter 0 takes its values in the parameter
set ©.

Let us consider the p-dimensional multivariate case, where the X;s are independent
and identically distributed as A, (i, X). Then © consists of the product of the
p-dimensional space for means and the p(p + 1)/2-dimensional space of variahces
and covariances such that ¥ positive-definite. "Therefore, ® has dimension v =

p+p(p+1)/2. Under the null hypothesis Hy : p = pg, p, is restricted to lie in a

subset ®¢ of ®. So @, has dimension vy = p(p + 1)/2 (mean vector is known).




The likelihood ratio test of Hy : p = p rejects Hy in favour of Hy : p # pg if

Ao maxp-p, L (1, X)
maxpyzu L (@, X)

<c

where c is a suitably chosen constant.
When the sample size is large and under certain regularity conditions, the sampling
distribution of —2log A is well approximated by the chi-squared distribution with

degrees freedom v — vy. That is, —2log A ~ X%_UO.

5.2.1 TZ?-statistic in multivariate normal

Before we make a connection between likelihood ratio test for the hypothesis Hj :
u = p, and Hotelling’s T2-statistic, we first give the general definition of the Hotelling’s

T2-statistic and its distribution.

Definition 5.1 Let Z ~ N (0,L,), W ~ W (I,,n — 1) (Wishart distribution), and
let the two random variables be mutually independently distributed. Then the random
variable

T? = (n—1)Z WZ (5.3)

is called Hotelling’s T?-statistic. The distribution of T 2 is called Hotelling’s T?-

~ distribution with n d.f.

The T?2-statistic and its distribution were originally developed by Hotelling (1931).
Now let us consider the likelihood ratio test for the hypothesis Hy : u - o VS.
H, : p # p on the basis of the random sample (xi,...,x,) drawn from N, (i, X) , X

positive-definite , where n > p , p, is a given vector, and (u, X) is unknown. Let

O = {(p,X):—0o < p; <00,5=1,...,p, T positive-definite} ,

0y = {(1,X): p = py, X positive-definite} .
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The likelihood ratio criterion A is given by

A maxee@()L (6)

maxoegL (0)

T2 -n/2
= {1
(i)

where T? = n(_X - uO)T S-! (K — p,o). Note that this T2 can be written in the form

of (5.3) by letting Z = /nX~1/2 (X ~ p1) and V = nS, and W = -12VE-1/2,
Since A is a monotonically decreasing function of T2, the likelihood ratio test

based on A is equivalent to the following:

Accept Hy if T? <T?(a),

RejectHy if T%>T?%(a),

where T2 () is the upper a-point of the distribution of T2 for a specified significance

level . Note that when p = 1, T? reduces to the square of Student’s t-statistic.

Derivation of distribution of 7T2-statistic

Consider the statistic T2 = (n — 1)Z' W-'Z. Since T? is invariant under any non-

singular transformation, we make use of a random orthogonal transformation
Z.=HZ, W, =HWH',

=T
where Hp ., is an orthogonal matrix such that its first row is “:Z_Tg Noting that "
Z'Z

(=7)

— —T—\1/2 T
HZ = {(Z Z) ,0,..., 0} , T? reduces to the following simple form:

7'Z

)
Wy11

T’ = (n—1) (HZ) (HWH") (HZ) = (n—1)
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where w7} is the (1,1)* element of WL,
Now we have (ZTZ) ~ xZ. By the property of the Wishart distribution, we have
the distribution of W, condition on H is W (I,,n — 1). Suppose we partition the W,

as follows:
wy;;  Wig

Wio Wy
then we can write w,1; = wy; — W12W2"21W21 and this has a chi-squared distribution
of n — p degrees of freedom independent of H and hence of Z. Hence the distribution

of T? is given by

T? N Xf, D
(n-1) xip, ((—p

)Fp,n_p.
The above method of derivation of the T?-distribution by making use of a random

orthogonal transformation is due to Wijsman (1957).

5.3 Maximum likelihood estimators of pand ¥

In this section, we discuss the small-dispersion asymptotic maximum likelihood esti-

mators of p and X.

Theorem 5.1 Let Yy,...,Y,, be a random sample from PD,(p,X) (multivariate
proper dispersion model with p-dimension) where p and X are the position vector
and dispersion matriz, respectively. Then asymptotically, the mazimum likelihood

estimators of p and X are given by

g~ Y as||Z|]| =0, (5.4)
IR %g{t(Yi;?)tT(Yi;?)} as ||| = 0. © (55)
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Proof. We have, from (3.14) in Theorem 3.2, that

)

1 - ! . .

For small-dispersion, we have
D'(Yi; ) ~ 2V-"2(p),

and
t(Yi; ) = V23 (p) (Y — ).

Hence, we have

PB) & SOV () AV2 ) (X, - ). 6.7
op i=1
Hence (5.4) follows immediately from (5.7) by taking a_g(”&) = 0.

For small-dispersion, by the saddlepoint approximation, we obtain

(e E) & (21)7F [B[7FV (v) |77 exp {~%tT (y; ) T (y; u)} : (5.8)

Hence the log-likelihood function is given by

| U, X) ~ log{ H |V (y:) _1/2} - —logIEI - = X;tT Yis 4 )Eult(Yz‘;H)-
- (5.9)

We now differentiate (59) with respect to X.

ag(ﬂaz) _ N 1 - -1 - T (<. -1
= oY R {teaw T uwlET (510)

Now taking a_e(L) = 0 and inserting the estimator i = ¥ gives a maximization

problem similar to that for the multivariate normal and we obtain (5.5). O
5.4 T? in multivariate proper dispersion model

In the general setup of the T2-statistic, we consider the likelihood ratio test for the hy-

pothesis Hy : p = pg vs. Hy : p # pg, where p is known and the dispersion matrix
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3 is unknown. For the discussion of T2-statistic, we consider two types of asymptotic
theory, hamely standard large-sample theory (n — oo0) and small-dispersion asymp-
totics. But since we use the estimator of ¥ in the likelihood ratio test,‘ we cannot
make ||X]| — 0. So we introduce a known weight matrix A for each observation vector

such that A is symmetric and regular and consider ||A;|| = oo for each ¢ =1,... n.

The limit |]A;|| = oo is the theoretically simplest way of expressing small-dispersion
asymptotics; in practice the results may be applied for ||X|| — 0 or more genérally
IIATY2SATY?|| = 0 for all i.

Consider the likelihOdd ratio test for the hypothesis Hy : o = py vs. Hy : pu # py on

the basis of the random sample Y, ..., Y, with distribution Y; ~ PD, (u, A, Y 22A; Y 2),

i=1,...,n, where X is positive-definite,n > p and (g, ) is unknown. Let

0 = {(u,X):p; €Qi=1,...,p, X positive-definite} ,

©, = {(p,X): p= py X positive-definite} .

We know from Theorem 3.6 that
AP (Ysp) & N, (0,T) as ||Ad| - oo
that is, A)°t (Yi; ) <~ N, (0,%) as ||Ay]| = oo.
Lemma 5.1 LetY,..., Yy, be arandom sample from PD, ([_l.,v A;1/2ZA;1/2). Then,

for ||A;]| = oo the mazimum likelihood estimate of ¥ is approzimated by

1 n
~ LA Aty 3t (v y) A (5.11)

3

Suppose p is known and equals to fry. Then, for ||A;|| — oo the mazimum likelihood

estimate of X is given by

At (yis o) £ (335 1) AL, (5.12)

3|*—‘
||M:
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Proof. The results (5.11) and (5.12) follow immediately from Theorem 5.1. O

Lemma 5.2 Let Z; = A}*t(Yi;po) and S = ¥ At (y; 7)1t (vi;7) AV
Then S and Z are asymptotically independent for ||A;|| — oo for all i, where Z =
1/n>Z;, and furthermore ‘
7N, (0, E) (5.13)
. n
and

(n—1S~W,_1(%). (5.14)
where W,,_1(X) is the Wishart distribution with n — 1 degrees of freedom.

Proof. Since Y,,...,Y, are independent, so are Z,...,Z,. We have by
Theorem 3.6
Z; ~ N, (0,%) as ||A;]] = o0 (5.15)

and hence

_ » .
Z~AN,10,—] as ||A;|]]| & oo forall i. | (5.16)
n
Now by applying a second-order Taylor series approximation to Z; we obtain
AP (Ysme) & APV (1) (Y — o)

= APV (o) (Y = T) + V72 (o) (¥ = o) }

A (YY) + %ZAE/"‘t (Y o) -
i=1

Q

Hence

A (YY)~ 2, - Z. (5.17)

Let Zyxn = (Z4,...,Z,), and X = ZH, where H,,»,, is an orthogonal matrix ahd nth

column is n'/?1,,,; so that X,, = n'/2Z. Now

X AN, (0,211, | (5.18)
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so, the columns of X are independently normally distributed with the same C(;vari-
ance matrix ¥. Now let X = (X1,...,X,-1), then we have that X' andl X, are
asymptotically independent. Nov& consider
(n—18 = iziziT —nZZ’
= z=%T - X, X!
= XX -X,. X/

n—1 .
= Y XX/. - (5.19)

=1

Hence we have that S and Z are asymptotically independent for ||A;|| — oo for all 4.
The result (5.15) now follows immediately from (5.18) and (5.19). O

Note that S is an asymptotically unbiased estimator of ¥ for ||A;|| — oo for all s.
We define the T2-statistic for testing Hy : - o vs. Hy 1 p # py with ¥ unknown

by the following monotone transformation of the likelihood ratio test A,
TP=(n-1) (A" -1). (5.20)

Hy is rejected for small values of A or, equivalently, for large values of T2?. Note
that in the case of multivariate normal the Equation (5.20) is exactly the Hotelling’s

T?-statistic.

Theorem 5.2 Consider the test of the hypothesis Hy : p=py vs. Hy : p 76 [T
on the basis of the random sample Y1,...,Y, drawn from PD, (u,Ai_l/QEAi_lﬂ).
The T? in (5.20) then follows approzimately the Hotelling T?-distribution. Hence,

furthermbre, we can show that

-1 '
T2 & ZMF n—p @S ||A;|| = oo for all i. 5.21
n—p PP
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Proof. It can easily be shown that the likelihood criterion for the above hypothesis,

under multivariate normal approximation, is given by

AV E
5|
B 5
B f}+(§0—2)|
=
B $+7Z |
Now by taking
L[ 2
| \zT )
we have
(-)|£+2Z| = |8]]-1-2"872]
b e
E“lr?ﬂ = (1+Z'57'2) '
: . .
= <1—|—n7T Z)
n—
Hence

2 -1
A <1+ To )

n—1
Ty ~ (n—1) (A" ~1)

and we have

T2 ~nZ' S™'Z (5.22)

Since

VAL % N,(0,5),
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S <~ W, (%)
and Z and S are asymptotically independent, by Definition 5.1, T? is approximately
the Hotelling T2-distribution. Hence

T2 N p(n_ 1)Fp

n—p s ||A;|| = oo for all 1.
n—p

Hence the theorem. O

Theorem 5.3 For large sample, Fquation (5.21) still holds. That is,

p(n—1)
n—p

T? & Fynp asn — oo for alli.
Proof. By large sample theory, we have
v=—2logA — X?, as n — 00.

Using (5.20), we have

T? =.(n—1)(e%——1)

— 1) x?
LAYl
n n o p
-1
= p(n )Fpooasn—>oo
n—p-

Hence T2 ~ %Fp,n_p asn — oo, O
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Figure 5.1: Histograms of diameter and height of the trees.

5.4.1 Numerical study on the T2-statistic

In this section, we investigate the density of the generalized T2 statistic via two ways;

1. by using data, 2. by simulating random numbers from the bivariate gamma model.

By using data: The data set used in this analysis was obtained from Ryan, Jointer
and Ryan (1985). The Trees data contains three variables. The variables are diameter
(d), height (h) and volume (v) for 31 black cherry trees in Allegheny National Forest,
Pennsylvdnia. The variables are clearly strong candidates for a multivariate gamma,
model. We consider the first two variables in our density estimation problem. The
histograms of these two variables are given in Figure 5.1.

Asymptotic estimates for the position vector and dispersion matrix is given as

follows
13.25 - 0.05 0.01
d X

76.00 0.01 0.007

=)
Il
®
=
Il

and ||Z|] = 0.05.
To estimate the density of T2, we bootstrap 1000 samples from the data and the

values were calculated for both the classical T?-statistic (5.2) and the generalized T2-
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statistic (5.22). A non—paral‘netr'icv density estimation was obtained by using kernel
smoother (with Silverman’s band width). The estimated density is compared with
the true density, Fy,,—p, = Fy99. The plots are given ih Figure 5.2.

From the Figure 5..2, we observe that our generalized T2-statistic behave almost
exactly the same as the classical T2-statistic for this data set. The main reason may
.I be that the dispersion matrix is small. Even there is some discrepancy at the upper
part of the distvribution, the approximation is very accurate around the critical region.
Note that Fpa95% = 3.33 and Fha91% = 5.02 Although our generalized T2-statistic
obtained from asymptotic .theory, we may use this when we have a non-normal data,

data from multivariate gamma, in this case.

By Simulation study: One of the hardest part in this thesis was to find a suit-
able method or procedure to generate random numbers from the multivariate gamma
distribution, bivariate gamma distribution in this case. The main problem in em-
ploying the Well known Markov chain Monte Carlo methods such as Gibbs sampling
and Metropolis algorithm, is that it is hard to find the conditional distributions in
the multivariate gamma. Neal (1997) proposed a Markov chain Monte Carlo method
based on ‘Slicing’ the density function. The method does not require the whole den-
sity function, only requires a function that is proportional to the density. Therefore,
it is feasible‘to use this method in the multivariate gamma where the normalizing
constant is unknown. |

The idea is that suppose we need to sample from a distribution over some subset of |
R", with density function proportional to some function f(x). One simple idea is to
sample uniformly from n + 1 dimensional region that lies under the plot of f(z). This
idea can be formalized by introducing an auxiliary real variable, y, and defining a joint

distribution over z and y that is uniform over region U = {(z,y) : 0 < y < f(z)}
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Figure 5.2: Comparisons of estimated and true density of T2 .
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below the curve defined by f(z).
The algorithm for a single variable (z) is briefly as follows:
We sample alternately from the conditional distribution for y given the current -
which is uniform over the interval (0, f(z)) — and from the conditional distribution for
x given y — which is uniform over the region S = {z : y < f(z)}, which is called the
‘slice’ defined by y. For multivariables: each real-valued variable, z;, can be updated
by a single-variable slice sampling procedure.
A S-plus program interfaced with C routine was used to generate the random numbers
from Gay(p, X),where

2 0.04 0.015

un= and X =.

3 0.015 0.09
and ||X]|| = 0.1.
Five hundred samples each with 50 random numbers were generated and the classi-
cal T?%-statistic (5.2) and the generalized T?-statistic (5.22) were calculated and the
corresponding estimated densities were compared with true density, F2,48 (see Figure
5.3).

From the Figure 5.3, we observe that the generalized T2-statistic behave a little
bit better than classical one. The discrepancy between the estimated and the true
densities is more in the classical case than in generalized case. Although there is a
discrepé,ncy between the estimated aﬁd the true densities in the upper part of the
plot, there ié pretty close agreement between the estimated and the true densities in
the tail area in both cases. That is, the approximation is very close around the critical
regioﬁ. This is a very important observation because we are interested in hypothesis

testing. Note that F5 45 5% = 3.19 and F} 45 19 = 5.08.
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Discussion: Both in the simulation study and in the data analysis, we obsérved that
the generalized T?-statistic behave almost as the same as the classical T?-statistic.
Then the following question arises here: what is the usefulness of the generalized
T?-statistic? The one answer for this question is that in most situations gamma data
behave almost like normal data. That is why we could not observe a marked differ-
ence between the generalized T?-statistic (gamma case) and the classical T?-statistic
(normal case, of course). Another answer may be that we simulated data from gamma,
with small dispersion matrix, in the case of small dispersion, the multivariate proper
dispersion model is very similar to the multivariate normal model.

Most of the results in non-normal data analysis have developed by using asymptotic
theory. But this does not mean that we have to apply the results only when we have
small-dispersion or large sample. As we do in generalized linear model, we can apply
in any situation. The main point here is that we feel quite comfortable and satisfied
when we do the data analysis of non-normal data with the relevant non-normal dis-

tribution rather than with the normal distribution.

As a final note to the non-normal data analysis, we quote the following from Jgrgensen
(1997b): “While normal distribution is useful for many types of data the normal dis-
~ tribution is the ezception, rather than the rule, except for data with small dispersion.
There is an importance of describing data in their natural habitat. Analysis of non-
normal data should hence take into account the actual form of the sample space for

each type of data”.
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Appendix A
Some results on matrices

Here we give basic results on matrices. For more details, see for eg. Dwyer (1962),

Johnson and Wichern (1992) and Rao (1985).

A.l Determinant

1. Let A:pxp,B:pxq,C:qxp,D:qxgq. Then

A B

|A| |D - CA-!'B| if A is nonsingular,
CD

- ID| |A -BD™!C| if D is nonsingular.

2. Let A:pxq,B:gxp. Then |

I, + AB| = |I+ BA|.

A.2 Inverse

1. Let A be an n X n nonsingular matrix that is partitioned as
A A Ap
Axn Ay
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where A;; : n; X nj,1,j = 1,2 and n; +nz = n. Then
—1 -1
(A1 — AAZ An)

is the upper left-hand block of A~!.

A.3 Kronecker product (Direct product)

Definition A.1 Let A = (a;;) be an m x n matriz and B = (b;;) be a p x ¢ matriz.

Then the (mp) x (nq) matriz

allB algB . CL1nB
CL21B a22B v (1,2nB
emB aneB ... a,..B

is called the Kronecker product or the direct product of A and B and is denoted by
A®B.

Some elementary properties

1. (tA)®@B = A ® (cB),

[N}

. (A®B)®C=A®(B®C),

3. AB)'=AT®BT,

4. (A®B)™' = A~! ® B~! for nonsingular A and B,

5. (A® B)(C® D) = (AC) ® (BD),

6.  A®B|=|B®A|=|A]P/B|™ for A:m xm and B: p x p.

Definition A.2 For a given A : p X q, we denote by VecA the vector obtained by

“writing the columns of A one below the other starting with the first.
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A.4 Matrix derivatives and Jacobians

Definition A.3 For a scalar function f of a matriz variable X = (@ij) - m X n we

define its matriz derivative by

of _(9of .
5)—{—«<8xij).(mxn).

When n = 1, X is a column vector x and the corresponding vector 0f/0x is called

the vector derivative.

Table A.1: Vector Derivatives (x : p x 1)
f of [0z

a'x (a is constant) a

x'x : 9x
xTAX,A:pxp (A+AT)x
x"Ax,(A=AT) 2Ax

Matrix Derivatives

e Let w = w(Y) be a scalar valued function of a matrix Y which is a function of

matrix X then

oy (Z) %0
0X 3 Y » 0X
e The derivative of an element with respect to the matrix

o (CXTD)
X

4 =DK'C,

where CX "D is a p x ¢ matrix and K is p x ¢ matrix with zero in every position

except for k;; = 1.
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file:///dxij

e Let U(X) : p x g and V(X) : ¢ X r be matrix functions of a matrix X. Then
the Vec derivative of U(X)V(X) respect to X is given by

+ 0Vec(U)
dVec' (X)

OVec(V)

VelL) dVec' (X)

+ (I, ® U)
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