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Abstract

- In planning clinical trials in many subject areas, researchers ofteu ﬁndA_.it difﬁcult to
designate one single outcome measure as the primary endpoiut to describe ltreatment
efficacy. When a disease affects a patient’s fuuctions in multiple dimensiorls, expecting
one outcome measure to assess treatment efficacy in a comprehensive way may not be
reali‘stic. ‘Multiple sclerosis (MS) is one‘ such complex disease. The topic addressed
in this 'thesis concerns approaches for the design and analysis of cliuical trials where
a multidimensional outcome measure is used to measure treatment eﬂ"rlcacy.v The most
common approach is to select a single primary endpoint for' formal statistical testing with |
all other outcome measures considered as secondary. This thesis is concerned with the
situation where agreement on a single primary endpoint is not possible so that ’methoAds
.based on multiple endpoints are required. | |
Frve methods, Bonferroni adjustment Hotelhng s T'?, O’Brien’ s OLS and GLS statls-
tics and disjunctive outcome measures are exammed and compared through power and
' 'sample size calculations. * Our discussion of these methods_ is -_focused‘ on two—armed
: (-placebo and treatment) randomized clinical trials ba'sed' on. contirluous Outcome mea-
sures. We assume that the data to be analyzed are the changes in the responses from the
baseline to the end of the trial and the underlylng distribution of the multlple outcome
measures can be approximated as multivariate normal. Our 1nvest1gat10n'1s focused
on the features of the configuration of the standardized differences in the uriderlying
population means and the correlation structure among the multiple outcome measures.
Specrﬁcally, several special cases are examined to highlight the main dlfferences among

the statistical properties of these methods. We also apply the methods considéred to two

i




MS clinical trial data sets for a more focused comparison of these methods for actual MS

patient populations.
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Chapter 1

Introduction

In planning clinical trials in many subject areas, researchers often find it difficult to
designate one single dutco_me measure as the primary endpoint to describe treatment
efficacy. When a disease affects a patient’s functions in multiple dimensions, expecting
'onev outcdme measure to assess treatment efficacy in a c’o:rhprehensive Weiy may not be
realistic. Multiple sclerosis (MS) is one such complex disease. The fact that the most
widely used outcome measure for évaluaﬁng MS, Kurtzke’s Expanded Disability Status
- Scale (ED‘SS) V(Kurtzke 1983), is based on a nel.lrologica,l-examination involving nine
functional systems, such a.s’ ambulation, cognitive function, upper extremity function and
so‘on, indicates the multidimensional nature of MS. The question of how to construct a
multidimensional outéome measure is a fundamental and challenging problem but this is
not our focus here. The topic addressed .in this thesis is concerned with approaches for
" the design and analysis of clinical trials where a multidimensional outcome measure is
. used to measure treatment efficacy. A | |

Suppose that the researchers have identified the most relevant dimensions for describ-
ing treatment efficacy. In addition, suppose they have selected what they beiieve to the
most appropriate component measures for the individual dimensions. The focus through-
out this thesis wili be on the issue arising'subsequently: ﬁhat statistical methods can be
- applied to the design and analysis of clinical trials when treatment efficacy is described

by multiple outcome measures?

~The discussion of statistical and design issues for MS clinical trials with multiple
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_ outcome measures in Petkau (1996) motivates our work in this thesis. In that chapter,
three statistical methods for dealing with multiple outcome measures were examined
for the case of equally correlated outcome measures. Our investigation is within the
same general framework but includes .several extension. We investigate two additional
methods and study the case of unequally correlated outcome measures. We also apply
these met}rods to two MS clinical trial data sets for a more focused comparison among
these methods for actual MS patient populations. ‘

In the thesis., our discussion of the statistical methods will be focused on two-armed
(placebo and treatment) and randomized clinical trials with continuous outcome mea-
sures. The data to be analyzed are the'changes'ir_r the tresponses from the baseline to
the end of lthe trial. If p; and py denote the vector of the mean changes of all outcomek' '

" measures on the placebo arm and the treatment arm respectively, then the parameter of
interest is 1 — p2, the difference in the population mean changes. In MS clinical trials,
these changes measure the patients’ functional deterioration in the relevant dimensions;
so a lowering of the mean change will correspond to a beneﬁcial effect of the therapy.

A simple approach to the problem of assessmg treatment efﬁcacy described by multi-
ple outcome measures is to carry out the comparlsons on the 1nd1v1dual outcome measures
separately with adjusted Type I error levels. Slmphc1ty is the main advantage of this -
.approach as the assessment of treatment efficacy is made for the indivtdual outcome mea-
sures. However, this approach may result in & lack of power as the relatlonshlps among
the outcome measures are not taken into account; this is its main hmltatlon An alter-
nate approach is to combine all the information from the individual outcome measures
into a single prespecified composite outcome measure and use this composite outcome
measure as the single primary endpoint to assess the relative efﬁcacy of the two arms.

The EDSS is an example of such a prespecified composite outcome measure. Although

this approach provides an overall summary of treatment efﬁcacy; the interpretation of
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the treatment effect on a composite- oﬁtcome meaéu‘re can be gliﬂicult as the roles of the
i'n.‘div'iduﬂ outcome measures are no longer clear. The main difficulty with this approach
is that it is not obvious how to construct such an éomposite outcome measure. Devel-
oping a reliable, sensitive and widely accepted prespecified compoéite outcome measure
requires a great deal of empirical assessment and validation of the outcome measures in
cﬁrrent use.

. We consider five statistical methods employing one of the above two apprqaches. Two
of thése have loﬁg been available while the remaining three are more recently developed
statistical methodology. The methbds based upon Bonferroni adjustment and Hotelling’s
Tziwhich are commonly used for comparisons of multivariate samples are discussed first
in Chapter 2. In the former method, sepal;ate tests for cofhparing the treatment arms
are carried out on each of the Outcomé measures. For Hotelling;s T?, a single summary
statistic based on the. vector of all outcome measures is used. The method based on the
Hotelling’s T? can be thought of as being based on a combination.of the individual Z-
statistics for comparing fhe two arms. Due to limitations of these two standard methods
(see'Sections 2.1 and 2.2), .several new methods have been 'pi‘oposed. ‘Two composite
outcome measures introduced by O’Brien (1984) consisting of linear combinations of
" the individual Z-statistics which we will refer to as OLS and GLS statistics, are also
~discussed in Chapter 2. In Chapter 3, we consider a different type of composite outcome
measure, called a disjunctive composite outcome measure. With this method, the original
individual outcome measures are first transformed to binary responses indicating changes
of .clinica,l significance on the iﬁdividual outcome measures. The composite outcome
measure employed as the single primary endpoint is then defined as an indication of
treatment failure if a patient has a significant clinical change on any of the individual
outcome measures. Thus, the disjuncti\}e composi;ce outcome measure is simply a binary

response.
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The methods are compared through power and sample size calculations. Specifically,
we evaluate and compare the poizver achieved by each method with a fixed sample size per
arm, at specified alternatives. In addition, we eompare the sample size re(juired for each
method to ac}iieve a specified power at specific alternatives. In our power and sarnple
size calculations, we consider the number of outcome measures ranging from 1 to 20. In
most MS studies the number of clinical dimens1ons range from 3 to 5; therefore, these

will be of most interest to us.

Our investigation is restricted to the case where the underlying distribution of the

multiple outcome measures follows the multivariate normal distribution. We can therefore
focus our investigation on the features of the conﬁguration of the standardized dlfferences
in the underlying population means and the correlation structure among the multlple
outcome measures. A thorough comparison of these methods requires cons1deration of
many possibilities for these aspects of the probabilistic structure. We focus on several
special cases intended to highlight the main differences among the statistical properties of

these methods. In Chapters 2 and 3, three conﬁgurations of the standardized differences

are considered. In the first configuration, only one of the multiple outcome measures

is effective in comparing the two arms (Case A). This case is intended to illustrate
the impact of the inclusion of ineffective outcome measures. The second configuration
involves successive outcome measures of diminishing effectiveness in comparing the two
arms (Case B). This case allows examination of whether it is beneficial to include such
outcome measures. In the third configuration, all of the multiple outcoine measures are
equally effective in comparing the two arms (Case, C).F.These configurations represent
three special cases of multivariate problems: Case A and Case C represent worst and

best case scenarios and Case B is intermediate.

With respect to the pattern of correlations, much of our investigation is focused

on equally correlated outcome measures with- common correlations of 0, 0.3 and 0.5.
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Only moderate values of p are considered, because researchers in MS clinical trials are |
aware of the fact that the inclusion o_f' highly correlated outcome measures adds little
information. In fact, it often adds noise to the assessment of the relative efficacy of
the treatment. Therefore, avoiding the inclusion of highly correlated outcomes is one

criterion for designing MS studies; see Rudick et al. (1996). These configurations of the

_standardized differences and patterns of correlations among the outcome measures are

used throughout our work in Chapters 2 and 3.

In Chapter 2, we show that O’Brien’s OLS and GLS statistics are equivalent for
equally correlated outcome rﬁeasures. Therefore, our subsequent investigation is focused
on other correlation structures which highlight the differences between these two proce-
dures. This work is limited to three and five outcome measures as that covers a reasonable
range of the number of clinical dimensions relevant to MS clinical trials. Throughout our
investigation for unequally correlated outcomes, the correlations between any two out-
comes are classified either low (p = 0.2), mild (p = 0.5) or high (p = 0.7). We also

compare O’Brien’s GLS to the methods based on Bonferroni adjustment and Hotelling’s

"T? for unequally correlated outcomes.

‘Because the disjunctive composite outcome measure involves the use of dichotomized

~outcome measures, before investigating its performance in Chapter 3, we first examine

dichotomized tests on a single continuous outcome variable (see Section 3.1). The issue

of how much information is lost by dichotomized tests compared to the Z-test on the

sample means of the continuous outcome variable is addressed. Percent power loss and
asymptotic relative efficiency are used to compare these two tests.

Several other methods are available for comparing samples with multiple endpoints.
As discussed in Pocock et al. (1987), the most common approach is to sélect' a single
primary endpoint for formé,l statistical testing with all other outcome measures consid-

ered as secondary. The design'of the study and the assessment of the relative efficacy
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of the two arms is based on the primary endpoint while the information provided by
the other outcomes is vi\ewed as exploratory. This thesis is concerned with the situation
where agreement on a single primary endpoint is not possible so that methods based
on multiple endpoints are required. Tang et al. (1993) discussed the dramatic decrease
in power of GLS when the true directions of the treatment effects are not consistent.
They noted that With the‘GLS procedure it is possible for endpoints to receive nega-
tive weights. This féature. can result in that the directions of the compbnents of GLS
statistic are inconsistent and motivated them to consider a modification of the d’Brieﬁ’s
approach. They proposed an approximate likelihood ratio (ALR) statistic to ‘account
for that limitation. The statistic consists only nonnegative kcomponents. Wittes has
provided a maximum score test based on the average of the maximum of the responses
on the individual out.come measures; see Follmann (1995). For the special case of two
outcome measures, Follmann (1995) discussed settings where O’Brien’s GLS test and the
ALR test can be clinically misleading. This motivated him to propose the risk score test
whose rejection boundéry corresponds to contours of constant risk and therefore clini-
cally appealing. This test requires the multiple outcome measures to be surrogates; that
is, some analysis of the eridpointsb on an ancﬂlary data set is requiredA to determine the
risk score Weights of fhese endpoints: This may not be applicable in some settings. In
addition, because the risk score vtest was examined only for the case of two endpoints )
with paired data, its general definition and performance are not clear. Due to difficulties
of computational implementation and practical issues, these methods are not considered
further in this thesis. |

In Chapter 4, we apply the methods discussed in Chapters 2 and 3 to two MS clinical
trial data sets. Power and samplé size calculatipns guided by patient characteristics

" in these data sets provide a more focused comparison among these methods for actual

MS patient populations. The sample correlations among the outcome measures guide




Cha,ptef 1. Introduction _ ' 7

our choices of the pattern of correlations and the configurations of the st@ndardized
‘ ~~.diffe‘rences considered in the underlying population means are suggested by the treatment
effects observed in these data sets.

The thesis concludes with Chapter 5 where we make some concluding remarks based

on the work reported in the earlier chapters.




Chapter 2

Several Approaches to Multiple Outcorrie-Measures

Suppose we are in th‘e“ fdﬂowing two-armed clinical trial setting: A total of 2n patients
participate in the study With an equal number of patients assigned to the placebo arm and
to the treatment arm. The experimenter will take measurements on - outcome measures
for each patient and these m outcome measures are continuous response variables. We
will assume that the variability of the responses and the correlation structure of the
responses are th‘e same on both arms in the population of interésfg. The e.xperimenter’s
objective is to dssess the treatment efficacy. | M

We will use the ‘novtatio'n X:ijk to represent 'the jth outcome variable for the kth
patient in the treat;nent group ¢ where j =1,...,m;k=1,...,n,and 1 =1 (placébo), 2
(treatment). Let X denote the column vectors of length m contai‘ning thq responses of
the kth patient on all the outcome variables. We will assume that X;; are independently
distributed and each follows a multivariate normal distribution with mean vector p; and

known common variance-covariance matrix X:
X,’k ~ N([,l,,', 2)

. We can express X as a product of the matrix containing the information on the variances,

V, and the correlation matrix, M ot

o

Y =ViM,V3,
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where
oi- 0 0 0
0 oo 0 -+ 0
Vi=
0 0 © Om—1 O
0 0 0 Om
and
1 P12 P13 - P1m
. P12 1 P23 T Pom
Mp =
| P1m—-1 P2,m_—1 1 Pmm—-1"
Pim  Pam t Pm-lm 1

To simplify the notation, let
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Marginally, X, = Yﬁj follows a normz;l distribution with mean 6;, and variance %a}.

The _Z—statistic for‘cdmpari_ng the two arms on the jth outcome measure, Y, can be .

obtained by standardizing X;; — X;:

v, X=Xy

3 v

gj

Let Y = (Yl,Yg, oY) and A = (Aq,A,,...,Ay), where A = SJ;, the s‘tandardized

difference between the two arms on jth outcome measure. Then, we have

Y ~ NG 285 1) . (21)

and |
Y~ N(\/gA, Mm). (2.2)
The objective is to make inferences about the difference between the mean vectors,
6 = pu, — p,. The first question of interest might be “Is § = 07”. In this chapter, we will
consider methods to address that question. We will explore the statistical properties of
each method and compare the performance of the methods under.a few specific circum-
stances such as uncorrelated outcome measures and equally correlated outcome rneasurés.
The methods are evaluated and compared through power and sample size calculations.
To be more specific, the power achieved by each method with a fixed sample size per
arm, at a fixed signiﬁcar_lce level, o, and a specific alternative, § = §* will be computed
and compared. Similarly, the sample size required for each method With a significance
level of a to achieve a speciﬁed power at a specific alternative will be compared as well.
A complete and comprehensive comparison of the methods réquires consideration of

many ﬁossibilities which arise from different configurations of the standardized differ-

ences in the underlying means, A, and different correlation structures, M ,- Only a few
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special cases will.be investigated and hopefully the main differences among the statisti-
cal properties of thesevapproaches will be apparent. We will consider the following three

configurations of the st.a_ndardi’zed differences:

Case A : Ay = A", Ay =-:- = A,; = 0. In this éonﬁguration, only the first outcome
~ measure effectively compares the two arms. We are interested in seeing how these
procedures penalize the inclusion of outcome measures which do not effectively

compare the two arms.

Case B : A; = A* Ay = A*/2,---, A, = A*/m. In this configuration, successive
outcome measures are of diminishing effectiveness in comparing the two arms. We

want to examine whether it is beneficial to include such outcome measures.:

Case C : Ay = Ay = -+ = A,; = A*. In this configuration, the individual outcome

measures are all equally effective in comparing the two arms.

The correlation structures to be considered will be specified together with the discussion -

in Sections 2.4 and 2.5.

2.1 Bonferroni Adjustment

The first method fo be discussed in this chapter is perhaps the most common approach
to multiple (;omparisons of two arms on different response VariaBles. The idea of :this
method vis to carry out individual comparisons separately but to adjust the Type I error
level of the individual cOmparisbns so that the overall probability of making any Type I
error is no larger than the desired significance level a. Suppose we carry out each test at

the significance level o*. The statistical test for-the jth outcome measure is-

Reject H,; : 6; = 0 in favour of H,; : 5_7‘ # 0 if | _le - 72J > t;,
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where t; = \/gajzl_c;_- is chosen such that P(| X; —ng |>t; | 6 =0) < o*. If we

*

think of testing the equality of the standardized differences of the population means, the

test can be re-expressed as follows:
Reject H,j : Aj = 0 in favour of H,; : A; £ 0if | Y; |> Z1_ar)2-

Based upon the Boﬁferroni inequality (Miller, 1981'), we have the following result:

Result 2.1 If P(|Y; |> z1_4v/2| 6; =0) < & for j=1,2,...,m, then

P(' Yi '_> z}—a*/?aof:w‘}/? |> Rl—a*f2y+++,OT | Yo |> Z1—a*/2 | 6= O)S G.

In other words, if we carry out each of the individual comparisons at the significance

level o = a/m, the overall probability of 'making_ any Type I error is-ensured to be no

“larger than the desired significance level a. Note that Result 2.1 does not depend on the .

assumed normality.

For the special case of indef)endent outcome measures, there is an exact adjustment
based on the use-of a* = 1 — (1 — a)'/™; that is, if the probability of making a Tyi:)e I
error for the individual comparisons is 1 — (1 — a)'/™, the overall probability of making

any Type I error is a.

2.1.1 Power and Sample Size Calculations

The overall power of this procedure is the probability of making one or more rejections of

" the individual null hypotheses; in other words, it is the probability that the two samples

show a significant difference in one or more outcome variables. It is easier to evaluate

this as the complement of the probability that the two samples show no difference in all

of the outcome variables:

_ PowérA=A- = P(one or more rejection of'Ho; fory=1,...,m| 8 =268

~=1—-P(no rejection of H,; for j=1,...,m | 6 =67).



Chapter 2. .Several' Approaches to Multiple Outcome Measures 4 ' _ i' 13

Letting Z; = Y; — fA"‘ then Z' = (Z,.. - Zm)" is distributed as IN(0, M,,), and we

obtain

PO’LUBT'A=A" = 1—P(|Y1 |S'zl—a‘/2,IY2 |S z>1—a"/-2a----a|Ym IS Zl-—oz'/2 | A—_-A*)

= 1= P(—2z1_ar2 L Y; < 29 o /2 for 3 =1,. ,m|A=A*)'

= 1—P —Z1- —a*j2 — \/7A*<Z <Z1 a*f2 — \/>A* fOT] —1 )

- 1_/ /fz dzl---vm o | _(2.3)

- noA % D A *
where a; = —2zy_q+/2 — \/;Aj and b; = 2y_gvj2 — \/;Aj.
For the special case of uncorrelated outcome measures, this expression can be simpli-

fied to the following:

Power = 1- ]___[P(_aj <Z; <b))

J=

= 1- H/ (z;) dz;
= 1- I_-[l [@(b) — @(e;)], (24)

where ¢(-) and ®(-) are the univariate standard normal density function and cumulative-
distribution function. |

In generat, the expression for po\rver for.the correlated outcome measures would have to
be eveluated by" numerical inteération. The C eodes;, written by Dr. H. Joe, for approx-
imating multivariate normal rectangle 'probabilities based on conditional expectations
(Joe, 1995‘) are used here. | To be more speciﬁo Vsecond order approximation is used. Note
that for the special case of equally correlated outcome measures, this calculation can be -
reduced to one dlmensmnal normal probablhty calculatlon (Johnson and Kotz, 1972)

As there is no closed form expression-for the sample‘31ze required to achieve a spec1ﬁed '

power at an alternative A*, we evaluate it numerically. Writing (2.3) and (2.4) in the
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form of g(n) = 0, we cén express the sample size required as the root of g(n). The
Newton-Raphson method is perhaps the most well-known nurﬁerical method for solving
- such a root-finding problerﬁs but it requi‘res exact evaluation of derivatives of the non-
linear equations. To avoid this inconvenience, the quasi-Newton method is used instead;

a C routine is used to numerically obtain the derivatives at each iteration.

2.2 Hotelling’s T? Statistic

One can imagine the possibility that the evidence of differences between the samples on
each individual outcome measure is not strong, but all the evidence combined results
in a significant overall differencé. Thét is, when we perform statistical tests for each
individual outcome separately, no significant difference betWeen the two arms is showﬁ;
however, when we carry out a single global compa,r’ison of Athe two arms which combines -
the evidence from the individual outcomes, a significant difference is detected. The
Bonferroni adjustmeﬁt approach ddeé not allow one to explore this possibility since it
only carries out separate individual comparisons. Now, we will look at methods which
allow us ‘to‘éompére the two.samples on all m outcome measures simultdheously. v |

One simple énd common approach is baéed on the use of the Hotelling’s T? statistic,
the multivariate version of the Student’s ¢ statistic. For testing Hp : 6§ = O against

H,:6=6" Hotelling’s T? statistic is given by:

7" — (X, -X.)ED) (X, -X,)
= §<71 -~ X,V VM, VYK, - X)

= Y'M,'Y.
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- For the special case of uncorrelated outcome measures,

T2=)/12+Yr22++yn2”

which is simply the sum of the squared Z-statistics for comparing the two arms on the
individual outcomes. |
As the T? statistic sums up the squared Z—statisfiés, it does not take account of the
direction of the differences between the two arms on the individual oﬁtcomes.‘ This is
the main limitation of this précedure. The question of Whether one arm is better than
the other is not being addressed; rather this procedure simply addresses the question of
whether the two arms are 'different. We Will therefore consider approaches which attempt
to overcome this limitation in the next section. . |
~ The T? statistic has a x2, distribution when X, — X, is multivariate normally dis-
tributed. Under the null hypothesis, .Ho ) - 0, T? is distributed as x2, and under
the alternative hypothesis, H, : § = 6", T? is distributed as .an()\"’) where A\? is the

noncentrality parameter given by

)\2 — (6*),(

2.2.1 Power and Sample Size Calculations

The power of this procedure can be easily obtained once the distribution of the T
statistic under H, is specified. The function pchisq in S-Plus calculates the cumulative
probability for the x? distribution and for the non-central y? distribution as well. To
determine the sample size required to achieve a specified power for a level « statistical test,

the magnitude of the nonceﬁtrality parameter required to achieve this power needs to be

calculated first. Once the magnitude of the noncentrality parameter, )\2, is determined,
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. the required sample size, n, can be easily evaluated using (2.5). For the special case of
equally correlated outcome measures, the expression for A2 can be simplified to:

2 _ n *\/ . P *
Y=g @) (1 ) (40

where J is am X m matrix with all elements equal to 1. The derivation of this expression

appears in Appendix A.

2.2.2 The Non-centrality Parameters for Cases A, B, and C

The non-centrality parameter plays an important role in the power achieved and sample
size required for this procedure. Let m* denote (M p_l.),-j. For the three configurations
of the standardized differences between the underlying means, Cases A, B, and C, we
can simplify the expression for A% ) |

For Case A where A™ = (A*,0,0,---,0),
2
For Case B where A™ =.(A*, A*/2,---,A*/m}),

2= 2aeyy

=1 5=1

A2 = Z(A%)2mll, | o | (2.6)

m? (2.7)

i

For Case C where A* = (A* A*,--- A*)

Y

=BT S Smi, (2.8)
T g™

For Case A, (2.6), (2.7), and (2.8) indicate that M,™" affects A% only t.hroug.h m. For
Case C, M, ! affects A? only through the sum of all its elements. Case B is more
complicated as A? is affected through the weighted sum of thé elements of M, "The
impact of the individual elements in M,™ on A2 is different; the fu’rther. from m'!

the element lies, the more its contribution to A? is diluted through the Weights. For

1 : 11 m m  m' Tm m 7 32 Y2 12
later reference, we Wlll_ denote m', 3771, T, % and 3L, T, mY oas MG A%, and A%

respectively.
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2.3 Linear Combinations of Z-Statistics

In this section, two additional Composife outcome measures based Qn‘ linear combinations
of the Z-statistics for comparing the two .arms on individual outcomes will be discussed.
A randomized clinical trial comparing two therapies for the treatment of diabetes with
responses on 34 outcome measures on a total of 11 patients motivated O’Brien (1985) to
examiﬁe procedﬁres for cornpariné' samples with multiplé endpoints. O’Brien indicated
that the approaches based on’ Bonferroni adjus‘p’ménf and Hotelling’s T? statistic were
perhaps most commonly used in the comparison of multivariate_sarriplés;,_Ahowever, there
are some limitations Qf,these two approaches. He éuggested that the Bonferroni procedure
-may lack power when all the outcome measures are effective iﬁ compa;ring the two arms,
particularly when the number of outcome rne\asureAs is large relative to the samplé size. He -
also argued that the Hotelling’s T2 procedure basicaily addresses the wrong qﬁestion as .
we have already indicated. .Therefore, he p‘ropos'ed three a;lternative'éomposite outcome ‘
measures for ;che comparison of multivariate samples which are intended to overcome these.
limitétions. Only two of these will be considered here as the other proposed method is a

rank-based procedure which may be most suitable for use with ordinal outcome measures.

2.3.1 O’Brien’s OLS Statistic

Suppose we consider each of the Z-statistics on the m outcome measures an unbiased
- estimator of the true standardized treatment efﬁcacy, €. O’Brien’s OLS statistic, denoted
By BOLS, is the linear combination of these Z-statistics which minimizes the sum of
squares between the estimate of ¢ and the individual Z-statistics:

' BOLS = 'argg mian(Yj — f)z

7j=1
Yi+Yo+...4Y,

m
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The expeotatiOII end_variance of BO Ls can be easily obtained from (2.1): -

E(BOLS) =

.VaT(EOLs) = —Var (i }/J)

1
= W(ZVM‘ +ZCO’U i ])

= %[1+(m—1)ﬁ]- o (2.10) |

As we assume that the underlying data follows a multivariate normal distribution,

BOLS is normeﬂly distributed with ‘mean \/EZ and variance % 14 (m- 1)7)’] To be .
.spe_ciﬁc, under the null hypothesis: A - 0,801s ~ N (0, L1+ (m— 1)?]), and under

the alternative hypothesis: A = A*, Bors ~ N (\/gf, % [1+ (m - 1)?]).’
~ The general formulae for the power dachieved and the sample size required per arm by

a level o test for comparmg two populatlon means are derlved in Appendix B. Based on

‘the results in Appendlx B, the formulae for the power and the approxunate sample size

requlred per arm for O’ Brlen S OLS procedure are readlly obtained:

. A \/n../2F ' )
Powerp_ A+ = 1 =@ | 21_4/0—
ra-a ( AT 9))

# 1+(m—
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+® (le_a./2 - /28" ) (2.11)
. V(i + (m = 1)) |

and

2 (% (14 (m — l)ﬁ)) (21-2 + 21-p)° | '(2 12)
' NG .

n =

O’Brien’s OLS staﬁstic is simply the equally weighted average of the Z-statistics for
cqmparing the two arms on the individual outcomes.- Unlike the T2 statistic, ,BOLS takes
the direction of the differences between the placebo arm and the treatment arm on each .
outcome measure inté consideration. However, the limitation of this appfoach is that
correlations among the outcome measures are not taken into account. This motivates

the proposal of O’Brien’s GLS statistic discussed next.

2.3.2 O’Brien’s GLS Statistic

O’Brien’s GLS .statistic, denoted as Bgrs, is the linear cbnﬁbination of the Z-statistics
which minimizes the weighted sum of squares between £ and the individual Z-statistics.
The idea is to weight the individual Z-statistics according to the correlation among the
outcome measures. It is sensible to down-wéi:ght any two highly correlated outcomes
since they provide very similar information cbncerning the relative efficacy of the two |
arms. On the other hand, if two outcomes are almost unéorrelated, the weights on these
two outcomes should be relatively larger. We will first define BGLSZ

1'M,”'Y

Bars = m,

where 1 is a m X 1 vector with all elements equal to 1. .

The expectation and variance of ,Z')GLS can be easily obtained from (2.2):

1M, 'E(Y)
(va,71)

E ('BGLS)
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B \/@ 1M, A
= Vam, )

Var(’M,”'Y)
(1'M,71)°

M, "Var(Y)(1'M,~ 'Y

(1'M,1)°

1M, "1

(1M, 71’

1
1'M,~'1°

Var(Bors) =

As we assume that the underlying data follows a multivariate normal distribution, -
BGLS is normally distributed. Based on the results in Appendix B, the formulae for the "
power and sample size required per arm for the O’Brien’s GLS procedure can be easily

obtained as follows:

: o \/n/2(1’Mp_1A*)
PowerA_A* = 1-®{z1q2— _
B V1M, 1

n/2(1' M, A%)
+ (b —Zl_a/2 - - (213)
UM,
and
2(1'M, 1 2i_a 4+ 21_5)?
n o~ ( 14 )( 1 2 1 ﬁ) (2'14)

(I'M,1 A%’
For the special cases of either uncorrelated or equally correlated outcome measures,

BGLS: ,Bo Ls as is shown in Appendix C. We use the S-plus functions qnorm and pnorm

to evaluate the quantiles and the cumulative probabilities for the power and sample size

calculations for both the OLS and GLS tests.
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We have limited our computations to the case of normally distributed data. How-
ever, as long as the joint distribution of Y, the vector of Z-statistics, can be reasonably
approximated by the multivariate normal distribution, the procedures we have discussed

can be applied and the numerical resulfs which follow will be relevant.

2.4 Comparisons for Equally Correlated Outcome Measures

Because GIS and OLS are equivalent for the case of equally correlated outcome measures,
the comparisons in this section are made among Bonferroni adjustment, Hotelling’s T2
and OLS. To ihvestigate these procedures, the correlation structure among tlhe m outcome
measures needs to be specified. First, we will consider the ex_changéable form for the

correlation structure where all outcome measures are equally correlated:

1 p p - p
p 1 p" ceop

M,=|: i . i i = (1-pI+pl.
pp - 1 »p
popoop 1

Amoﬁg all the possible values of p, we spécif.icallyi examine:
1. p = 0 which corresponds to uncorrelated out;:ome measures. .
2. p = 0.3 which corresponds to mildly correlated outéome measures.
3. p = 0.5 which corresponds to modestly correlated outcome measures.

The powers of two-sided tests of 5% significance level in comparing two arms with 100

patients per arm for Cases A, B, and C are pfesented in Table 2.1. Note that for a single -




Chapter 2. Several Approaches to Multiple Outcome Measures 22

-outcome measure, the three methods are equivalent. The value of A* which identified
the specific alternative is chosen so that for a sihgle outcome measure with 100 patients
per arm, a level a = 5% two-sided comparison of the two arms will achieve a power of
0.80;this value is A™ = 0.396232. -

We will first discuss the special case of uncorrelated butcome‘ fheasures. Fof Case
A, the power of all procedﬁres decreases monotonically with t}‘t‘e inclusion of additional
outcomes. All three procedures penalize the inclusion of outcome measures which are
not effective in comparing the two arms although the penalty is subetantially heavier for
O’Brien’s OLS procetiure as the decrease in power is dramatic even with the inclusion of
only one ineffective outcome measure. The performance of ‘B’onferroni adjustment and
:-Tz are roughly comparable although the former has a slight advantage over the latter
and this adva_ntage become noticeable as the number of outcome measures increases.

Ort the coritt"ary,~for- Case C, the p:ostver of all three procedures increases monotoni-
cally with the inctusion ef additional equallyeﬁ"‘ective eutcomes. Moreover, this increase
in power is dramat_ic for all procedures. All procedures perform very well. However,
O’Brien’s OLS has a clear advantage over the other two and Bonferroni adjustment bis
least competitive.

Case B is more cém’plicated. The inclueton of additional outcome measures with di-
tn1n1sh1ng effectiveness has a deleterious effect on all three procedures, except for the
inclusion of the first additional one. OLS has a clear advantage over the other two as this
deleterlous effect is only mild on OLS. The impact on the method based on Bonferroni
adjustment is 'substantlally larger; for.example, the inclusion of a single ineffective out-

_ come measure already has a detrimental effect on Bonferroni' adjustment. The impact

on T? is mild when m is small but becomes modest as m gets larger. Similarly to Case

C, Bonferroni adjustment is not cotnpetitive with OLS and T2..

Table 2.1 indicates that the inclusion of ineffective outcomes can result in drastic
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deterioration in.the performauee of these procedures. Furthermore, the inclusion of too
many Weakly effective outcomes leads to sueh deterioration as well. On the other hand,
the pe_rforrrietnce of these procedures is impressifve f(‘)r_CaJse C.In '-pa;rtieular, OLS and T2’,
which share the characteristic thet the evidence pre\'/ided by the irldividual outcomss is

summarized into a global statistic to give an overall assessment of the treatment efficacy, _

-~ are very powerful.

We now translate this comAp‘arison of jpbwer into comparison of the. required sarnple, ,
sizes..- Table 2.2 provides the sarur)le sizes reqUired to achieve a power of 0.80 when
the common correlation p= 0, 0.3 or 0. 5 The results for p = 0 indicate that the
required sample sizes differ substantlally even When the power differs only slightly. For
_example, in Cases B and C, slight dlfferences in power between _OLS and T2 lead to
moderate differences in the required sample sizes: The results for Case A indicate that
‘the substantial differences 1n power between OLS and the other tWo procedures lead to
huge differences in the required sample sizes. |

We next turn to the examination of the:impact of positive correlation on the perfor—
mance of these procedures The discussion for the case of p= 0 has highlighted the issue
relevant to trials with multiple outcome measures. Our d1scuss1on for p = 0.3 and 0. 5
will focus on the sample sizes required rather than ppWer because the former provides
equivalent comparisons which are of greater relevance f?r designing _clinicel trials.

We first examine the effect‘ of positive .correlation onthe Bonferroni adjustment pro-
cedure. Positir/e correlation among the multiple ,outco'rnes has a negative impact on the
Bonferroni adjustment procedure. In Case A, for a fixed nur_nBer of iueffeetive outcomes,
the magnitude of the common correlation has very small uegative impact on the required
sample size. In additien, regardless of the m‘agrritude of the common correlation, the

impact of the inclusion of additional ineffective outcomes on the performance of this

procedure is roughly the same. In Case C,.any positive correlation dilutes the evidence '.
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Table 2.1: Power of procedures with n =100 for equally correlated outcome measures
m=total number of outcome measures
Case p  Procedure 1 2 3 4 5 10 20
A 0.0 Bonferroni- 0.80 0.72 0.67 063 061 0.52 0.44
- Hotelling’s 7 0.80 0.71 0.64 0.60 0.56 0.43 0.31
‘O’Brien’s OLS  0.80 0.51. 037 029 024 0.14  0.10
0.3 Bonferroni  0.80 0.71 0.66 0.62 059 050 0.42
Hotelling’s 7% 0.80 0.75 0.72 0.69 0.66 0.59 0.43
O’Brien’s OLS 0.80 0.41 0.25 0.17 0.13 0.07- - 0.06
0.5 Bonferroni 0.80 0.71 0.66 0.62 0.59 0.50 0.41
Hotelling’s 72 0.80 0.83 '0.83 0.82 0.81 0.73 0.61
O’Brien’s OLS 0.80 -0.37 0.21 0.14 . 0.11* 0.07 0.05
B 0.0 Bonferroni 0.80 0.77 0.73 0.70 0.68 0.58 0.49
Hotelling’s 72 0.80 0.81 0.79 - 0.77 0.75 0.65 0.51
O’Brien’s OLS 0.80 0.84 084 0.83 0.82 0.74 062"
0.3 Bonferroni 0.80 0.74 0.70  0.66 0.63 0.54 0.45
Hotelling’s 72 0.80 0.73 0.67 0.62 0.59 0.52 0.46
O’Brien’s OLS 0.80 0.74. .0.65 0.56 0.49 0.27  0.14
05 Bonferroni 080 0.73 0.68 064 061 052 043
Hotelling’s 7> 0.80 0.71 0.66 0.65 0.64 0.64 0.63
O’Brien’s OLS 0.80 0.68 0.55 0.45 0.38 0.20 0.11
C 0.0 Bonferroni 0.80 0.92 096 098 0.988 0.999 1.000
Hotelling’s 7% 0.80 0.95 0.990 0.998 1.000 1.000 1.000
O’Brien’s OLS 0.80 0.98 0.998 1.000 1.000 1.000 1.000
0.3 | Bonferroni ~ 0.80 0.88 0.91 0.93 094 0.96 0.98
Hotelling’s 72 0.80 0.89 0.91 0.92 092 091 0.85
O’Brien’s OLS 0.80 0.94 0.97 0.98 0.988 0.996 0.998
0.5 Bonferroni 0.80 0.85 0.87 088 0.89 0.91 0.92
Hotelling’s 7> 0.80 - 0.83 0.83 0.82 0.81 0.73 0.61
O’Brien’s OLS 0.80 0.90 0.93 - 0.94 0.95 0.97

0.97
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provided by the different outcome measures resulting in a larger required sample size.
Moreover, the benefit gained from including more equally effective dutcbmes diminishes
as the common correlation increases. As the total number of outcomes increases, the
negative impact of positive correlation increases. In Case B, the effect of positive corre-
lation for a fixed number of outcome is intermediate. It can be seen that for each fixed
number of outcomes in Table 2.2, an increase of the common correlation results in an
increase in the required sample size.

~ We now turn to the impact of positive correlation on the procedure based on Hotelling’é
77 statiétic. The effects of a common positive corréla,tio_n among the multiple outcomes
on T? are more complicated. In Case A, for a fixed number of outcome measures, the
required sample size decreases as the correlation increases. In Case C, similar dilution éf |
evidence occurs as for the Bonferroni adjustment procedure, but the effect on the required
sample size is greater for Hotelling’s 7. In Case B, it can be shown that for each fixed
number of outcomes, there exists a paffiéular value of p such that smaller positive corre-
lation has a negative impact on T'? and larger positive correlation has a positive impact.
For instance, when the total number of outcomes is equalv to 5, for a common correlation
above about 0.30, the required sample size decreases as the correlation increases. .

Positive correlation among the multiple outcome measures has a deleterious effect on

O’Brien’s OLS. As shown in (2.1?), the sample size for QLS is directly proportional to
14+ (m— 1)? and inversely proportiohal to (Z*)Z. As we can see from Tables 2.1 and
‘2.2, any positive correlation has a negative impact on OLS andt this impact becomes
dramatic as the total number of outcomes gets larger. Since the correlations among the
outcomes affect the properties of OLS dnly fhrough ﬁ‘a,nd the standardized differences in
the underlying means on the two arms affect its properties only through their average,
A", any correlation structures with the same value of p or similarly any configurations

of the standardized differences with the same value of A™ will yield the same properties.
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Table 2.2: Sample size required to achieve power of 0.80 with equally correlated outcome
measures . : ' :

- m=total number of outcome measures

Case p Procedure 1 2 3 4 5 10 20

A 0.0 Bonferroni 100 120 132 140 147 167 187
Hotelling’s 72 100 123 139 152 - 163 207 267
O’Brien’s OLS 100 200 300 400 500 1000 2000

‘0.3 Bonferroni 100 121 133 142 149 169 190
Hotelling’s T2 100 112 120 126 132 158 196
O’Brien’s OLS 100 260 480 760 1100 3700 13400

0.5 Bonferroni 100 121 133 142 149 170 190
Hotelling’s T2 100 92 93 95 98 114 140
O’Brien’s OLS - 100 300 600 1000 1500 5500 21000

B 0.0 Bonferroni 100 108 116 123 129 150 172
Hotelling’s T2 100 95 102 107 112 134 167
O’Brien’s OLS ”100 89 89 ) 92 9% 117 155

0.3 Bonferroni 100 114 125 134 141 162 184
‘Hotelling’s 7 100 118 133 144 152 170 184
O’Brien’s OLS 100 116 143 175 211 431 1035

0.5 Bonferroni 100 118 130 139 146 167 188
Hotelling’s T2 100 123 133 137 137 134 136
O’Brien’s OLS 100 133 179 230 288 641 2900

C 0.0 Bonferroni 100 72 61 55 50 40 33
Hotelling’s 7% 100 61 46 38 33 21 13
O’Brien’s OLS 100 = 50 33 25 20 10 S

0.3 Bonferroni 100 80 73 68 65 58 54
Hotelling’s 7% 100 80 74 72 72 7 89
O’Brien’s OLS 100 65 53 48 4 37 34

0.5 Bonferroni 160 87 82 79 78 472
Hotelling’s T2 100 92 93 95 98 114 140
O’Brien’s OLS 100 75 67 63 60 . 55 53
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Taking the ‘t‘hree procedures together for an overall comparison, in Case A, with the
exception that Hotelling’s 7% beneﬁtsl fro_rnbtlh'e inclusion of a few ineffective outcomes
when the correlatioh a,moﬁg them is large enough, positive correlation has a deleterious
effect on all procédures. ‘This effect is substantially_more dramatic for OLS than the»
other two procedures. Generally s'peéking, when the correlation is very mild, anferro_ni
' adjustmentvhas the advantage especially Whén m is large. On therther hand;. when the

correlation becomes modest, Hot_elling’s’/TZ performs better. In Case C, (j_)LSFhaS a_clea;'
advantage. Hotelling’s T2 has a clear advantage over Bonferroni adjustmen’ﬁ when the
common correlation is émall, but the latter performs vbetter'» when p becomes larg'er‘ and, |
in particular, when m is large as well. In Case B, except for the special case of p =0,
“the inclusion of rather weakly effective outcome measures results in a deterioration of
the performance for all three procedures. For the special case of uncorrelated oﬁtcorﬁe
measures, Bonferroni adjustment is the least powerful procedure and OLS performs best.
However, as the deleterious efféct of the magnitﬁde of p on the p'erformance of Bonferroni
adjustment is slight and that on OLS is substantial, Bonferroni adjustment has a clear
advantage over OLS even when p is modest. When p = 0.3, Bonferroni adjustment has
a slight advantage over T2, ‘On the other hand, When p = 0.5, T? has thé advantage over
“Bonferroni adjustmeht, although Bonferroni adjustment is competifive Wifh'T{ when

only a few wéakly effective outcomes are included.

2.5 Comparisons for Unequally Correlated Outcome Measures

In this section, the main focus will be the comparison between O’Brien’s OLS and GLS
- procedures as we want to explore the potential of GLS to be a more powerful procedure

than OLS. Subsequently, we will bfing the methods based on Bonferroni adjustment and

~ T? into the cofnparison with GLS.
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As O’Brien’s OLS and GLS are equlvalent when the outcomes are equally correlated

. ‘we now want to con31der a few other correlation structures to get a better understanding
of the properties of GLS. In the following, we will classify the correlations between any
two outcomes as either weakly correlated (L), mildly correlated (M) or highly. correlated
(H) and restrict ourselves to cons1derat10n of correspondmg p to be 0.2, 0.5 and 0.7
ire'spectlvely. In addition, our examination will be limited to m = 3 and 5 as in most MS

clinical trials, the number of clinical dimensions ranges from 3 to 5.

2;5,1 Three Outcome Measures o

If the total number. of outcomes is 3, we are limited to a total of 27 possible; patterns

of the correlations among the three outcome variables. (Note that 3 of these correspond
to equally correlated cases for which OLS and GLS are ‘equivalent.) The comparisons
. between OLS and G‘.LS are summarized irr Tables 23 to 2.9, where the results for thev
i Bonferroni adj ustment and Hotelhng s T? are also provided. We will make the comparlson
between OLS and GLS through thelr effect sizes as the procedure with a large effect size
has the larger power. The effect sizes (taken here for cor_rvemence, as mean/ sd, ignoring

the common factor of \/g) of the OLS and GLS statistics, denoted (ors aud (gLs are:
COLS = — = )
\/ =1+ (m = 1)7]

o llMp—l A*- r
CG’LS = ——1
| J1M,™1
Table 2.3 providesthe effect sizes of OLS and GLS statistics, as well as P and the
weights GLS aSsigns to the individual-Z-statistics, denoted as w;. Table 2.4 presents the
- power achieved with 100 patients per arm for the OLS and GLS statistics for each of the

27 pos‘sible patterns of correlations for Case A. Table 2.5 translates the comparison of -
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power for Case A into the comparison of the sample size requirements. Tables 2.6 and

2.7 present the corresponding results for Case B and 'those for Case C appear in Tables

2.8 and 2.9.

‘GLS versus OLS

As indicated by (2.9) and (2.10), the correlations among the outcome measures affect
the prdperties of OLS only through p. Therefore, thé results presented in Tables 2.1 and
2.2 for equally correlated outcomes can Be relevant, depending upon the values of p for
the correlation structures under consideration here. For examplé, 'ﬁ.: 0.30 the pattérh_s
(P12, p23, pas) = (L, L, M), (L, M, L), and (M, L, L). Hence, the performance of OLS will
be identical for these patterns and for three equaliy correlated outcomes with common
correlation of 0.30, Whére the configuration of standardized differences has the same value
of A*. The patterns (L, M, M), (M, L, M), and (M, M, L) have an averagé corfela;cion
of p = 0.40.‘ In this situation, OLS will be less powerful than with the previous three
patterns but more powerful than for the case of three equally correlated outcomes with
p = 0.50 illustrated in Tables 2.1 and 2.2. |

We now turn to the comparison between GLS and OLS. In Casé A where only the

first outcome measure is effective in comparing the two arms, if the weight GLS assigns

to the effective outcome is larger than that assigned by OLS, GLS will have a larger

effect size and therefore an advahtagé.’ The magnitude of this advantage depends upon
how much larger {grs is than (ors . For example, the patterns (L, H, H) and (H, L,
H) represent situations where one of the two ineffective outcomes is highly correlated
and the effective outcome is almost independent of the highly correlated outcome. In
this situation, the advéntage of GLS is most substantial. For GLS, the Weig}lt on the

effective outcome is very large, wy; = 0.75, while the weight OLS assigns is only 0.33. As

a result, the effect size of GLS is substantially larger than that for OLS (0.40 compared
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Table 2.3: For m = 3: weights, effect sizes, and noncentrality parameters
Correlation Weights Case A Case B Case C
pr2 ps p3 Pl w ws  ws | Ay Cors lers | A lors Cars | A Cors lors
L L L 2| 33 .33 .33|107 .19 J9 1110 .35 0 .35 | 214 58 .58
L L M 30| 40 .30 .30(1.06 .18 2201109 33 .36 | 190 .54 .55
L L H 37 4 28 28([1.05 .17 241110 32 36 |L79 52 .53
L M L 30 30 .40 30135 .18 A6 115 33 .33 | L90 .54 . .55
L M M 40| 42 .42 16|13 .17 220124 31 3 (171 Bl .52
L M H 47| 50 .50 .00]|1.42 .16 26143 30 .38 | 1.67 .49 51
L H L 37| 28 44 28(1.98 .17 501139 32 31 | L79 .52 .53
L H M 47| 50 .50 .00(208 .16 26171 30 .38 |1.67 .49 .51
L H H 53| .75 .75 -50]290 .16 401269 29 .51 |1.82 .48 .53
M L L 30| .30 .30 40([135 .18 A6 11.02 33 .32 [1.90 .54 .55
M L M 40| 42 16 42|134 .17 220102 31 33 |171 .51 .52
M- L H 47| 50 .00 50142 .16 261104 30 .34 | 167 .49 .51
M M L 40; .16 42 42171 .17 091104 31 27 | L7151 .52
M M M 50| 33 33 .33(150 .16 16104 30 .30 |1.50 .49 49
M M H 57| 42 29 29(142 .16 A9 11.06 .29 .31 (142 47 47
M H L 47{ .00 .50 .50|267 .16 001128 .30 21 |167 49 .51
M H M .57 29 42 .29(208 .16 J4 1128 .29 .28 | 142 47 AT
M H H 63| 43 43 14|19 .15 201139 .28 .32 [135 46 .46
H L L 37| .28 .28 44(198 .17 51110 320 .30 | L7952 53
H L M 47| 50 .00 50(208 .17 .26{1.19 .30 .34 |167 49 .51
H L H 53 .75 -850 75|29 .16 ~.40|144 29 .40 |1.82 .48 .53
H M L 47| .00 .50 .50(2.67 .16 00115 .30 .21 [1.67 - .49 .51
H M M 57| 29 20 .42]208 .16 J411.09 .29 .27 (142 4T A7
H M H 63 43 .14 43|19 .15 - .20|1.08 .28 .30 |1.35 46 .46
H H L b53{-5 .75 75545 .16 -27|175 29 .07 |1.82 .48 .53
H H M 63} 14 43 43{288 .15 07134 28 .23 | 1.35 46 .46
H H H 70 33 33 3323 .15 . .15|1.27 27 .27 |125 44 44
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to 0.16). The simultaneous down-weighting of one of the ineffective outcomes enables
GLS to make better use of the evidence provided by the effective outcome. On the

contrary, if GLS assigns a smaller weight to the effective outcome than OLS does, OLS

- will have a larger effect size and it will have the advantage. Cons1der the patterns, (M,

H, L) and (H, M, L) as examples. In these two situations, the effective outcome is highly
correlated and therefore considered redundant, and GLS assigns it zero weight which
results in zero-effect size. Consequently, the power achieved is identical to the level o
and the required sample size is co. One tnight wonder about the even more :ejxtreme
pattern, (H, H, L) Whichvrepresents two weakly correlated but ineffective outcomes plus
one highly correlated but effective outcome. With this structure, GLS actually aésigns
negative weight to the effective outéome. As a result, the effect size is negative. If we
perform a one-sided test, GLS will have no power.

- Both OLS and GLS are expected to be powerful in Case C because in this configu-
ration, all outcomes are ‘equally effective in comparing the two arms. The means for the
OLS and GLS statistics ta,re the same';'therefore,- the differences between (grs and (ors
ar'ise only through differences in their standard deviations; whichever has the smaller
standard deviation will have the advantage. For the cases under consideration, this ad-
vantage will only be modest as the differences between the effect sizes of GLS and OLS
are quite small. The greatest difference in effect sizes, 0.53 for GLS versus 0.48 for OLS,
is for the patterns (L, H, H), (H, L, H), and (H, H, L); this results in a modest advantage
for GLS. h

Similar to Case A, in Case B, the weight GLS assigns to the most effective outcome
dominates its effect size and consequently its performance. If this outcome is weighted
more heavily by GLS than OLS, (grs is larger than Cors and vise versa. We first look

at the patterns for which GLS is substantially more powerful than OLS. The pattern (L,

H, H) represents a situation where the two outcomes of more effectiveness are almost
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Table 2.4: Case A with m = 3: Power achieved with n = 100
Correlation Procedures

p12 p13 p23 | Bon. T? OLS GLS
L [0.66 068 0.28 0.28
0.66 0.67 0.25 0.35
0.66 0.67 0.23 0.39
0.66 0.79 0.25 0.21
0.66 0.78 0.23 0.33
0.66 0.81 0.21 0.44
066 093 0.23 0.18
0.66 0.94 0.21 0.44
0.66 0.99 0.20 0.81
0.66 0.79 0.25 0.21
0.66 0.78 0.23 0.33
0.66 0.81 0.21 0.44
0.66 0.88 0.23 0.09
0.66 0.83 0.21 0.21
0.66 0.81 0.20 0.28
0.66 0.98 0.21 0.05
0.66 0.94 0.20 0.17
0.66 0.92 0.19 0.29
0.66 0.93 0.23 0.18
0.66 0.94 0.21 0.44
0.66 0.99 0.20 0.81
0.66 0.98 0.21 0.05
0.66 0.94 0.20 0.17
0.66 0.92 0.19 0.29
0.66 1.00 0.20 0.47
0.66 0.99 0.19 0.08
0.66 0.96 0.18 0.18
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Table 2.5: Case A with m = 3: Sample size required to achieve power of 0.80
Correlation Procedures

p1z P13 p23 | Bon. T? OLS GLS

. L 133 130 420 420
133 131 480 317
133 132 520 278
133 103 480 599
133 104 540 336
133 98 580 240
133 70 520 734
133 67 580 240
133 48 620 98
133 103 480 599
133 104 540 336
133 98 580 = 240
133 81 540 2100
133 93 600 600
133 98 640 416
133 52 580 00
133 67 640 816
133 71 680 404
133 70 520 734
133 67 580 240
133 48 620 - 98

133 52 580 00
133 67 640 816
133 . 71 680 404
133 25 620 220
133 48 680 3640
133 59 720 720

:::mmmmmmmmzzzzzizzzzrr‘wwwwr«t—*
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Table 2.6: Case B with n

n = 3. Power achieved with

Correlation

Procedures

P12 P13 P23

Bon.

T2

OLS

GLS

L

mmmmmmmmmZZZZ_ZZZZZEbbbbrrh
NN Errrdm DR Nl E SR
mzt-*:rJZr*:I:Zt-*er'mZHmmegmemeb

0.71
0.70
0.70
0.70
0.70
0.70
0.70

10.70

0.70
0.69
0.69
0.68
0.68
0.68
0.68
0.67
0.67
0.67
0.68
0.68
0.67
0.67
0.67
0.67
0.66
0.66
0.66

0.69
0.69
0.69
0.71
0.75
0.81
0.80
0.88
0.98
0.65
0.66
0.66
0.66
0.66
0.67
0.76
0.76
0.80
0.69
0.73
0.82
0.71
0.69
0.68
0.89
0.78
0.76

0.71
0.65
0.62
0.65
0.60
0.57
0.62
0.57
0.54
0.65
0.60
0.57
0.60
0.55
0.53
0.57
0.53
0.50
0.62
0.57
0.54
0.57
0.53
0.50
0.54
0.50
0.48

0.71
0.71
0.72
0.64
0.70
0.77
0.60
0.77
0.95
0.61
0.65
0.67
0.47
0.55
0.59
0.33
0.51
0.61
0.56
0.67
0.81
0.33
0.49
0.55
0.08
0.37
0.48

n = 100

34
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Table 2.7: Case B with m = 3: Sample size required to achieve power of 0.80

Correlation Procedures
piz p13 po3 |Bon. T? OLS GLS
L L L 122 126 125 125
L L M 123 127 143 123
L L H 124 126 155 121
L M L 124 121 143 147
L M M 124 112 161 126
L M H 125 97 173 107
L H L 125 100 155 159
L H M 125 81 173 107
L H H 125 52 184 60
M L L 127 136 143 156
M L M 128 136 161 143
M L H 128 134 173 135
M M L 130 134 161 221
M M M 130 133 179 179
M M H 130 131 190 164
M H L 130 109 173 346
M H M 130 109 190 197
M H H 130 100 202 156
H L L 130 126 155 176
H L M 130 117 173 135
H L H 130 98 184 98
H M L 132 121 173 346
H M M 132 127 190 211
H M H 132 129 202 180
H H L 133 79 184 3520
H H M 133 104 202 297
H H H 133 109 214 214

35
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Table 2.8: Case C with m = 3: Power achieved with n = 100
Correlation Procedures

P12 P13 P23 Bon. T2 OLS GLS
L 093 095 0.98 0.98
091 092 097 0.97
0.90 090 0.96 0.96
091 092 097 0.97
0.89 0.88 0.95 0.96
0.88 0.87 0.94 0.95
0.90 0.90 0.96 0.96
0.88 0.87 094 0.95
0.87 090 0.92 0.97
091 092 097 0.97
0.89 0.88 0.95 0.96
0.88 0.87 094 0.95
0.89 0.88 0.95 0.96
0.87 0.83 0.93 0.93
0.86 0.81 091 0.92
0.88 0.87 094 0.95
0.86 0.81 091 0.92
0.84 0.79 0.90 0.90
0.90 090 0.96 0.96
088 0.87 094 0.95
0.87 090 0.92 0.97
0.88 0.87 094 0.95
0.86 0.81 0.91 0.92
0.84 0.79 0.90 0.90
087 090 0.92 0.97
0.84 0.79 0.90 0.90
0.83 0.75 0.88 0.88
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Table 2.9: Case C with m = 3: Sample size required to achieve power of 0.80

correlation procedures

Bon. T? OLS GLS
68 65 47 47
73 73 53 53
6 78 58 56
73 73 53 53
77 81 60 58
81 83 64 60
76 78 58 56
81 83 64 60
85 76 69 55
73 73 53 53
77 81 60 38
81 83 64 60
T 81 60 58
82 93 67 67
8 98 71 71
81 83 64 60
8 98 71 71
90 103 76 74
76 78 58 56
81 83 64 60
8 76 69 59
81 83 64 60
8 98 71 71
90 103 76 74
85 76 69 55
90 103 76 74
94 111 80 80
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independent of each other and the least effective outcome is highly correlated. The
weights on the first two rather effective outcomes are relatively larger (w; = w, = 0.75)
than that on the least effective one (w3 = —0.50) which results in a substantial difference
between the effect sizes of GLS and OLS (0.51 versus 0.29). Similar but less extreme
examples are the patterns (L, M, H) and (L, H, M) which correspond to two relatively
weakly correlated and effective outcomes plus one highly correlated and less effective
outcome. For these patterns, GLS assigns no weight to the least effective outcome and
equal weights to the other two. For the patterns (M, L, H) and (H, L, M), the second
outcome is relatively weakly correlated, as was the third outcome in (L, M, H) or (L,
H, M), and it is assigned zero weight; however, GLS is again more powerful than OLS.
Another similar example is the pattern (H, L, H) which corresponds to the most and
least effective outcome being only weakly correlated with each other and the moderately
effective outcome being highly correlated. In this case, equal weights are assigned to the
first and third outcomes (w; = w3z = 0.75) and a large negative weight to the second
outcome (w,; = —0.50). Even when the moderately effective outcome is so negatively
weighted, as long as the most effective outcome is heavily weighted, GLS still has a clear
advantage over OLS.

Nevertheless, for a few patterns of correlations, GLS is less powerful than OLS. Con-
trary to (L, H, H), the pattern (H, H, L) describes a situation where the most effective
outcome is highly correlated with the other weakly correlated outcomes. A large negative
weight therefore is assigned to the first outcome and GLS performs poorly in this situa-
tion. Less extreme examples are provided by the patterns (M, H, L) and (H, M, L), as
contrasted with (L, M, H) and (L, H, M). With these patterns, the first outcome which

is relatively highly correlated with the other moderately correlated outcome variables is

assigned no weight by GLS. OLS is much more powerful than GLS in these situations.
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Bonferroni Adjustment

The results in Tables 2.4 and 2.5 show that in Case A, the correlation structures seem
to have essentially no impact on the performance of Bonferroni adjustment. This agrees
with the results in Table 2.2 where in Case A, positive correlation has only a small impact.

The results in Tables 2.6 and 2.7 indicate that in Case B, the correlation structure has
only a little more impact on the performance of Bonferroni adjustment than in Case A.
Generally speaking, when the more effective outcomes are less correlated, this procedure
performs slightly better. For example, the pattern (L, M, H) describes a situation where
the most effective outcome is least correlated and the least effective outcome is most
correlated. On the contrary, the pattern (H, M, L) represents a situation where the most
effective outcome is heavily correlated and the least effective is modestly correlated.
Bonferroni adjustment performs better in the former situation. (Compare power of 0.67
to 0.70.)

In Case C, the impact of the correlation structure on the performance of Bonferroni
adjustment is more apparent. The results in Tables 2.8 and 2.9 reveal that a smaller
degree of correlation among the outcome measures results in better performance of this
procedure. Among the 27 patterns of correlation, it performs the best for the pattern (L,
L, L) (power of 0.93) and the worst for the pattern (H, H, H) (power of 0.83). Generally
speaking, in this case, the required sample size is roughly proportional to 7. For example,
the average of the correlation for each of the patterns (L, L, M), (L, M, L) and (M, L, L)
is 0.30 and the performance of Bonferroni adjustment for these patterns is identical to

that for the pattern of three equally correlated outcomes with the common correlation

of 0.30.
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Hotelling’s T2

The effects of correlation structures on the procedure based on Hotelling’s T'? are more
complicated. As indicated by (2.6), (2.7), and (2.8), the magnitude of the non-centrality
parameter, A? is proportional to m'?, the weighted sum of the elements in M, ™" and the
sum of all the elements in M,™! for Cases A, B, and C respectively. We will discuss the
effect of the correlation structure on 7 through these quantities; Table 2.3 provides the
relevant information.

In Case A, among the 27 patterns, T? performs most powerfully for the pattern (H
g p Yy

H, L). The inverse of this correlation matrix is:

545 —3.18 —3.18
M, =] _318 290 1.65
—3.18 1.65 2.90

The relatively large m!' = 5.45 leads a large A% and hence, large power for T2. The
results in Tables 2.4 and 2.5 suggest that this procedure performs better when the degree
of correlation relevant to the effective outcome is higher. For example, for the patterns
(L, M, L), (M, M, L), and (H, M, L), the power achieved with 100 patients per arm by
T? is 0.79, 0.88 and 0.98. This agrees with the results for Case A in Table 2.1 where
the common correlation increases, the power of the procedure based on Hotelling’s T2
increases. Not only py» and p;3 but also po3 impact on the performance of 7%. For
example, when p;, and py3 have the patterns (p12, p13) = (L, L), (M, M), (M, H), (H,
M), and (H, H), the power achieved by T? increases as p,3 decreases. On the other hand,
for (p12, p13) = (L, H) and (H, L), Hotelling’s T performs better when p,3 is larger.

In Case C, the impact of the correlation structures on Hotelling’s T is similar to
that on Bonferroni adjustment: when the degree of correlation among the outcomes is

smaller, T? performs better. This impact could be quite substantial. Taking the two
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most extreme patterns, (L, L, L) and (H, H, H), for comparison, the required sample size
for the former is about 2 that for the latter (65 versus 111).
In Case B, the effect of the correlation structures on T2 is complicated. The largest

power occurs for the pattern (L, H, H). The inverse of this correlation matrix is:

2.90 1.65 —3.18
M, = 165 290 -3.18
~3.18 —3.18 545

As the negative elements are removed from m!!, the resulting weighted sum relevant to
Case B is quite large (2.69). Compare this to the pattern (M, L, L) whose inverse matrix
is:
1.34 —-0.71 0.09
M, =] -071 171 -0.71
0.09 -0.71 1.34

The small positive elements and negative elements lying close to m!! lead to a small

weighted sum (1.02). As a result, T2 is not very powerful in this situation.

Overall Comparison

Bringing all the procedures together for an overall comparison, we first discuss Case A
where only one outcome measure is effective in comparing the two arms. In Case A,
the results in Tables 2.4 and 2.5 reveal the potential of GLS to perform substantially
better than OLS. When the correlation relevant to the effective outcome is weak and the
correlation between the ineffective outcomes is strong, GLS performs more powerfully.
When the correlation pattern is (L, H, H) or (H, L, H), GLS has a clear advantage over

Bonferroni adjustment; otherwise, Bonferroni adjustment is substantially more powerful.

In Case A, T has a clear advantage over GLS in all 27 correlation structures. Bonferroni
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adjustment is competitive with T2 only when the correlations relevant to the effective
outcomes are weak (patterns: (L, L, L), (L, L, M) and (L, L, H)).

In Case C where all outcomes are effective, all procedures perform well, but partic-
ularly GLS. In all 27 correlation structures considered, GLS always performs at least
as well as OLS. However, because OLS also performs well in this case, the advantage
of GLS is quite small. GLS also has a modest advantage over T2 for the structures
considered; the magnitude of this advantage in the required sample size is roughly the
same for all patterns considered. For all the pattérns of correlation considered, GLS also
has a modest advantage over Bonferroni adjustment. In Case C, Bonferroni adjustment
and T? are rather comparable. For patterns (L, H, H), (H, L, H) and (H, H, L), T2 has
a modest advantage over Bonferroni adjustment. On the other hand, when the degree
of correlation among the outcome measures is relatively large, Bonferroni adjustment is
more powerful. The patterns (M, M, H), (M, H, M), (M, H, H), (H, M, M), (H, M, H),
(H, H, M), and (H, H, H) are exarﬁples where Bonferroni adjustment performs better.

In Case B where outcome measures are of dirr;inishing effectiveness, the performance
of GLS, OLS and T? depends strongly on the correlation structure; this is especially
so for GLS. Only when the most effective outcome measure is weakly correlated with
the other two outcome measures (patterns (L, L, L), (L, L, M), and (L, L, H)), does
GLS have a slight advantage over T2. For all other patterns considered, 72 is more
powerful. When the degree of correlation relevant to the first outcome measure is large,
the advantage of T over GLS can be substantial. The pattern (H, H, L) represents such
a situation and T2 is much more powerful (power of 0.89 versus 0.08). In Case B, GLS
has a clear advantage over Bonferroni adjustment when the patterns of correlation are
(L, L, H), (L, M, H), (L, H, M), (L, H, H) and (H, L, H). Generally speaking, when
the correlation between the first and second outcomes is moderate or high, Bonferroni

adjustment performs substantially better; the only exception is the pattern (H, L, H).
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2.5.2 Five Outcome Measures

43

We now turn to the case of m = 5. A few examples where the differences between GLS

and OLS are pronounced will be considered. We first present the patterns of correlations

to be considered among the 5 outcome measures; the resulting weights GLS assigns to

each individual outcome are provided in the last row adjoined to the correlation matrices:

P3

(

1 L L M H
L 1 H H
L M 1 H H
M
M H H 1 H
H H H H 1
1.62 138 1.38 —-1.15 -—-2.23
1 L M H H
L 1 H H H
M H 1 H H
M
H H H 1 H
H H H H 1
1.50 1.50 0.00 —1.00 —1.00

Py —

L2

1 L M H H
L 1 M H H
M M 1 M M
H L M 1 H
H L M H 1
1.87 187 —-0.25 —-1.25 —1.25
1 L M M H

L 1 H H H
M H 1 H H
M H H 1 H
H H H H 1

\ 0.75 0.75 0.00 0.00 —0.50
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—0.69

042 0.42 043 0.43

M,, =

1

M M M M

—0.25

0.31 031

0.31 0.31

M, =

—-1.00 —1.50

1.50 1.50

0.50

M,, =

H M M 1

H

—1.33

0.75 0.75 0.42 0.42

M,, =

—0.16

—0.16

0.55 0.39 0.39

MPIO

0.50 0.97 0.71 0.7 —1.88/

M,, =
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1 L L L M 1 L L L L
L 1 H H H L 1 H H
L H 1 H H L H 1 H H
Mpn = Mp12 =
L H H 1 H L H H 1 H
M H H H 1 L H H H 1
050 0.25 0.25 0.25 —-0.25 042 0.15 0.15 0.15 0.15
1 H L L 1 H L L
H 1 L L H 1 L L L
L L 1 L L H L 1 L L
MP13 = MP14 =
L L L 1 L L L L 1 L
L L L L 1 L L L L 1
0.15 0.15 0.24 0.24 0.24 —0.27 0.40 0.40 0.23 0.23
1 H H H M 1 H H H M
H 1 H M M H 1 H H M
H H 1 M L H H 1 H L
M, = M, =
H M M 1 L H H H 1 L
M M L L 1 M M L L 1
—0.35 —-0.06 0.46 0.43 0.52 / —0.16 —-0.16 0.39 0.39 0.55

GLS versus OLS

To compare GLS with OLS, we first provide their effect sizes and p, the average correla-

tion, in Table 2.10. The results of the power and sample size calculations for GLS and
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OLS for these 16 correlation structures for Cases A, B, and C are presented in Tables
2.11 to 2.13.

The structure M, represents one relatively weakly correlated outcome, the first,
two moderately correlated outcomes, the second and third, plus two highly correlated
outcomes. For this structure, GLS assigns large negative weights to the two highly cor-
related outcomes and large positive weights to the remaining three, especially the least
correlated one. In Case A, since the outcome with the largest weight is the effective
outcome, GLS makes very good use of the information provided by this outcome. OLS
is not competitive with GLS because of the big difference between the effect sizes (3.65
versus 0.10). Similarly in Case B, as the most effective outcome is weighted the most,
as expected, GLS has a clear advantage. In Case C, the much larger effect size for GLS
results in its superiority in power. Taking Cases A, B, and C together, for this particular
correlation structure, GLS is much more powerful than OLS. M, is a similar example.
In this structure, two outcomes are relatively less dependent, one moderately dependent
and the remaining two are highly dependent. GLS considers the two highly dependent
outcomes as redundant outcomes and hence weights them heavily and negatively and
assigns large weights to the relatively weakly correlated outcomes. The moderately de-
pendent outcome is assigned a small weight. With the same reasoning as in the previous
example, GLS performs substantially better than OLS in all of Cases A,B,and C. M,
and M, also describe similar situations.

M, represents é structure where the first four outcomes are weakly correlated and
the remaining outcome is equally and moderately dependent with each of the first four. In
this situation, GLS weights the dependent outcome negatively while assigning equal and
positive weights to the first four outcomes. In Case A, GLS is modestly more powerful

than OLS as the weight GLS assigns to the effective outcome is not large; nevertheless, the

required sample sizes differ substantially. Similar in Case B, GLS has a clear advantage.
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In Case C, because OLS also performs very well, the advantage of GLS is rather limited.
M

pe 15 a similar example to M,,. The main difference between these two structures

is that the fifth outcome in M, is even more dependent than in M,,. As a result,
this highly correlated outcome is more negatively weighted and the first four are more
positively weighted by GLS. In each of Cases A, B, and C, the advantage of GLS becomes
more clear.

M, corresponds to four weakly correlated outcomes plus one very dependent out-
come. This dependent outcome is equally and highly correlated with the first two out-
comes; in addition, it is equally and moderately correlated with the remaining two out-
comes. Not surprisingly, GLS down-weights this dependent outcome. However, it worth
noting that the first two outcomes which seem to be more dependent are actually weighted
more heavily than the remaining two. This result seems to suggest that GLS tends to
transfer the weight from a redundant outcome to the outcomes which are relatively highly
correlated with the redundant outcome. In Cases A and B, both the power and required
sample size clearly demonstrate the superiority of GLS. In Case C, the gain by GLS in
power is modest (the potential gain is limited as the power of OLS is 0.98); however, the
difference in the required sample sizes for GLS and OLS is substantial. M,, and M,
represent similar structures as M,,.,.

The correlation structure M, , describes one less correlated outcome, the first, and
two equally and moderately correlated outcomes, the second and third, plus two equally
and more heavily correlated outcomes. Under this structure, GLS assigns a larger weight
to the first outcome, and least weight to the fourth and fifth outcomes. GLS again
performs substantially better than OLS for Cases A and B and modestly better for Case
C. The improvement of GLS over OLS is smaller in this example than in M, since the

differences in the weights GLS assigns to the outcome measures are less dramatic. M, ,

represents a situation where the first outcome is not strongly correlated with any of the
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remaining outcomes while these four outcomes are highly correlated among themselves.
GLS assigns most weight to the first outcome, least weight to the fifth, and equal weights
to the remaining three outcomes. M, , is a similar example except that the degree of
correlation relevant to the first outcome is smaller. The pattern of improvement of GLS
over OLS for M,,, and M, , is similar to that for the structure M, ,.

We now turn to examples where GLS may perform poorly and therefore OLS could
be more powerful. M, , corresponds to a structure in which two outcomes are highly
correlated, the remaining three are weakly correlated, and these two sets of outcomes are
weakly correlated as well. With this structure, GLS weights the three weakly correlated
outcomes more heavily. In Case A, as the weight GLS assigns to the effective outcome
is small, GLS performs even more poorly than OLS. In Case B, since the weights on
the more effective outcomes are smaller than those on the less effective outcomes, OLS
again is more powerful. In Case C, both procedures perform very well and GLS has
a slight advantage over OLS. M,,, is similar to M, , except that the first outcome is
even more dependent as it is also highly correlated with the third outcome. This time,
GLS assigns negative weight to the first outcome. Consequently, for Case A, the mean
of the GLS statistic is negative. As we have discussed for a similar situation earlier,
this fact is not reflected in our power or sample size calculations as the tests we perform
are two-sided. M, . represents outcomes of diminishing dependence. Roughly speaking,
GLS assigns the weight in an increasing fashion. The first outcome is least and actually
negatively weighted and the fifth outcome is most weighted. For Case A, the mean of
GLS statistic is again negative. Furthermore, for Case B, the mean is not only negative
but also very close to zero. As a consequence, the required sample size is very large.
M, represents a similar situation except that the first and second outcomes have the
same correlations relative to the remaining outcofnes and hence the first outcome is not

so negatively weighted.
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Table 2.10: For m = 5: average correlation, effect sizes, and noncentrality parameters

Case A Case B Case C

Correlation

Structure 7 A Cors  Cois M (ors (oLs M (ors (oLs
M,,1 0.56 | 88.50 0.10 3.65 | 138.68 0.22 4.60 | 32.50 0.49 2.26
M,, 0.57 | 20.63 0.10 1.21 | 23.57 0.22 1.40 | 2.67 0.49 0.65
M,, 0.63 | 11.63 0.09 0.94 | 14.11 0.22 1.13 | 2.50 047 0.63
M,, 0.61 | 3.52 0.10 0.40 4.29 0.22 0.55 | 1.82 0.48 0.53
M, 032 1.35 0.12 0.20 1.64 0.27 039 | 2.67 0.59 0.65
M,,6 039 | 1.57 0.11 0.29 2.36  0.25 0.51 3.07 0.55 0.69
M,, 0.36 | 6.09 0.11 0.81 ] 10.79 0.26 1.20 | 7.50 0.57 1.09
M,,8 048 | 2.67 0.10 0.51 11.00 0.24 1.23 | 6.67 0.52 1.02
M,,9 0.41 8.08 0.11 1.05 | 3044 0.25 2.15 1 28.33 0.55 2.11
M, 0.56 | 1.85 0.10 0.30 2.33 0.22 043 | 1.85 0.49 0.54
M,,11 0.53 1.48 0.10 0.27 1.80 0.23 0.39 1.90 0.50 0.55
M,, 0.50 | 1.05 0.10 0.23 1.19 0.23 0.33 | 1.87 0.51 0.54
M,,13 0251 1.99 0.13 0.09 1.11  0.29 026 | 2.57 0.63 0.64
Mp14 030 | 552 0.12 -0.17 1.81 0.27 0.11 259 0.60 0.64
Mp15 0.52| 4.15 0.10 -0.20 2.13 0.23 —-0.01| 2.03 0.50 0.57
M 0.56 | 3.27 0.10 -0.09 1.93 0.22 0.05| 1.85 0.49 0.54

)
b
=)
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Table 2.11: Case A with m = 5: power achieved with n = 100 and sample size required
to achieve power of 0.80

Correlation Power n
Structure [ Bon. 7% OLS GLS [Bon. T2 OLS GLS
M, 0.59 1.000 0.11 1.000 | 149 2 1620 1
M,, 0.59 1.000 0.11 1.000 | 149 8 1640 11
M,, 0.59 1.000 0.10 1.000 | 149 14 1760 18
M,, 0.59 0.99 0.10 0.81 149 46 1720 98
M, 0.59 0.71 0.13 0.30 148 121 1140 384
M, 0.59 0.78 0.12 0.53 148 104 1280 188
M,, 0.59 1.000 0.13 1.000 | 148 27 1220 24
M, 0.59 096 0.11 0.95 148 61 1460 60
M, 0.59 1.000 0.12 1.000 | 148 20 1320 14
M, , 0.59 085 0.11 0.55 149 89 1620 180
M, 0.59 0.75 0.11 0.49 148 111 1560 210
M,, 0.59 058 0.11 0.36 148 155 1500 306
M, . 0.59 0.88 0.14 0.10 148 82 1000 1840
M, , 0.59 1.000 0.13 0.22 149 30 1100 544
M, . 0.59 0.998 0.11 0.29 149 39 1540 403
M, . 0.59 0.99 0.11 0.09 149 50 1620 2080
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Table 2.12: Case B with m = 5: power achieved with n = 100 and sample size required
to achieve power of 0.80

Correlation Power n
Structure | Bon. T2 OLS GLS [Bon. T* OLS GLS
Mp1 0.63 1.000 0.36 1.000 139 1 311 1
M,, 0.63 1.000 0.35 1.000 | 141 7 315 8
M,, 0.62 1.000 0.33 1.000| 141 12 338 12
M,, 0.62 0.998 0.34 0.97 141 38 330 52
M, 0.64 0.80 0.47 0.79 138 99 219 104
M,,6 0.64 093 0.43 0.95 138 69 245 60
M,, 0.64 1.000 0.45 1.000 138 15 234 11
M 0.64 1.000 0.39 1.000 139 15 280 10

©
v

0.64 1.000 0.42 1.000; 138 5 253 3
063 093 0.36 0.86 140 70 311 85
063 084 037 0.80 140 91 299 101
063 064 038 0.64 140 137 288 146
062 061 053 0.44 144 148 192 239
061 084 049 0.12 146 90 211 1310
060 090 0.37 0.05 148 77 295 22300
0.60 087 0.36 0.06 148 85 311 6200
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Table 2.13: Case C with m = 5: power achieved with n = 100 and sample size required
to achieve power of 0.80

Correlation Power n

Structure | Bon. 77 OLS GLS |Bon. T? OLS GLS
M, 0.88 1.000 0.94 1.000 82 5 65 3
M, 0.87 096 0.93 0.996 84 61 66 37
M,, 0.85 095 0.92 0.993 89 65 70 40
M,, 0.86 0.85 092 0.97 86 90 69 55
M, 0.94 096 0.99 0.996 66 61 46 37
M, 0.93 0.98 097 0.998 70 53 o1 33
M,, 0.94 1.000 0.98 1.000 67 22 49 13
M, 0.90 1.000 0.96 1.000 77 25 58 15
M,, 0.93 1.000 0.97 1.000 0 6 53 4
M, , 0.88 0.85 0.94 0.97 82 89 65 54
M, 0.89 0.87 094 0.97 80 86 62 52
M,, 090 0.86 095 0.97 7T 87 60 53
M, . 0.95 0.95 0.993 0.994 63 64 40 39
M, , 0.94 0.96 0.988 0.995 66 63 44 39
M, . 0.89 0.89 095 0.98 79 80 62 49
M, . 0.88 0.85 0.94 0.97 82 89 65 54 |




Chapter 2. Several Approaches to Multiple Outcome Measures 53

Despite the limited scope of these examples, the results presented in this section have
highlighted some differences between the properties of GLS and OLS. In Cases A and B,
if the weight GLS assigns to the most effective outcome is more than that OLS assigns,
the former has a larger mean and is more likely to have a larger effect size. (Of course, the
effect size also depend on the standard deviation but the examples considered reveal that
the standard deviations of GLS and OLS do not differ much.) This can result either when
the most effective outcome is nearly uncorrelated with the others or when one or more of
the less effective outcomes are nearly redundant as GLS weights less correlated outcomes
relatively more heavily. In Case C, because the means of GLS and OLS are identical, the
procedure having a smaller standard deviation has a larger effect size and hence larger
power. In this case, both GLS and OLS perform well and they are competitive in power
in most situations; however, a mild advantage in power of GLS can result in substantial

differences in the required sample sizes.

Bonferroni Adjustment

The effect of the correlation structures on the performance of Bonferroni adjustment for
five outcome measures is similar to that for three outcome measures. Table 2.11 show
that in Case A, these different correlation structures seem to have essentially no impact
on its performance. This agrees with the results for three outcome measures in Tables
2.4 and 2.5.

Table 2.12 indicates that in Case B, the different structures have a small impact on the
performance of Bonferroni adjustment. When the more effective outcomes are relatively

weakly correlated, this procedure performs slightly better; M, M., M., M,;, M, .,
and M

p14> are examples of this kind.

In Case C, the procedure based on Bonferroni adjustment performs better when the
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outcomes are generally more weakly correlated. For instance, with the correlation struc-
tures M,,, M,,, M,,, M,,, or M, , the outcomes are mostly only mildly correlated,

or M, .. there

P16?

whereas with structures like M,,, M,,, M,,, M,,, M,,,, M,,,, M, ,,
is a greater degree of correlation among the outcomes. Bonferroni adjustment performs
more powerfully in the former situation. The results in Table 2.13 suggests that in Case

C, the required sample size is roughly proportional to p, but this effect is moderate for

the case of m = 5.

Hotelling’s T

The effects of the correlation structures on the procedure based on T for five outcome
measures are complicated. The magnitude of A2 for each case is displayed in Table 2.10.

Taking M, as an example, we first display M, ":

88.5 750 750 —63.5 —122.5
750  66.0 640 —55.0 —105.0
M, = 75.0 640  66.0 —55.0 —105.0
—63.5 —55.0 —55.0 485  87.5
—~122.5 —105.0 —105.0 87.5 1725

With this correlation structure, T? is more powerful in Case A than Case C as 88.5

1

m11) is larger than 32.5 (sum). The elements close to m!! are quite large and all the
g q g

large negative elements are relatively far away from m!! leading to a large weighted sum

(138.68). As a consequence, T'? performs even better in Case B than in Case A.
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As another example,

1.99 -1.3¢ —0.09 —0.09 —0.09
~1.34  1.99 —0.09 —0.09 —0.09
M, ;= —009 —0.09 110 —0.15 —0.15
—-0.09 —0.09 —0.15 1.10 —0.15
\ —0.09 —0.09 —0.15 —0.15 1.10

The matrix has a sum of 2.57 and a weighted sum of 1.11. The element m!!, the weighted
sum and the sum are considerably smaller than those of M,'. For this structure, 72 is
less powerful than it was for M, for each of Cases A, B, and C. The above examples and

Table 2.7 show that the correlation structure can have a great impact on the performance

of T2.

Overall Comparison

Now, we want to bring all the procedures together for an overall comparison. In Case A
where only the first outcome is effective in comparing the two arms, GLS has the potential
to have a very clear advantage over OLS. The structures M,,, M,,, M,,, M,,, M, and
M, are examples of patterns of correlations for which GLS is very powerful. In these
examples, Hotelling’s T2 is comparable to GLS and sometimes Hotelling’s T? performs
slightly better than GLS. On the other hand, Bonferroni adjustment is not comparable to
GLS and T? although it has a clear advantage over OLS. Still in Case A, for structures
like M,, M,,, M,,,, M, , and M, ,, where GLS does not perform well although it
still has a clear advantage over OLS, T? is more powerful. M p13 and M, . are patterns
of correlations where in Case A, OLS performs poorly but better than GLS. In these

situations, T is most powerful and Bonferroni adjustment also performs considerably

better than OLS although it is not comparable to T°2.
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In Case C where all outcomes are effective, GLS has a clear advantage over the other
procedures in all the 16 patterns of correlations considered. The performance of GLS
is substantially better than Bonferroni adjustment. The advantage of GLS over T? in
required sample size is quite clear except for the structures M,, and M, in which the
latter also requires only a small sample.

In Case B where outcomes are of diminishing effectiveness, the results in Tables 2.12
indicate that the correlation structures have a great impact on the performance of both
GLS and T? . Tables 2.11 and 2.12 show that for structures where T is comparable
to GLS in Case A, T? is also comparable to GLS in Case B. Furthermore, under the

situations where T2 is more powerful than GLS in Case A, T? is also more powerful than

GLS in Case B.

2.6 Discussion

Although the comparisons presented in this chapter are limited, we can still draw a
few general conclusions. First, for the special case of equally correlated outcomes, the
inclusion of ineffective outcome measures leads to detrimental effects on all the procedures
(Case A). In this situation, if only one outcome measure is effective, identifying this single
effective outcome becomes essential. However, if it is not clear which outcome measure
is effective, the results suggest the use of the procedure based on Bonferroni adjustment
as the impact of the inclusion of ineffective outcomes on this procedure is smallest.
When several equally correlated outcome variables with roughly equal effectiveness
are included, procedures which combine the evidence provided by individual outcomes
can be quite powerful in assessing the relative efficacy of the two arms. The results in

Case C suggest that O’Brien’s OLS and GLS procedures are the best way to proceed in

this situation.
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For outcome measures with diminishing effectiveness (Case B), the situation is more
complicated. For equally correlated outcomes, O’Brien’s OLS procedure is more powerful
than the other procedures only when the common correlation is very small. With a
modest common correlation, say 0.3, Bonferroni adjustment seems to be the best way
to proceed. When the common correlation is moderate, say 0.5, Bonferroni adjustment
performs better than Hotelling’s 7' only when a small number of outcomes are included.

For unequally correlated outcome measures, O’Brien’s GLS and Hotelling’s T2 statis-
tic demonstrate their potential to overcome the possible detrimental effects resulting from
the inclusion of ineffective outcome measures. When the effective outcome is weakly cor-
related with the ineffective outcomes and the ineffective outcomes are intercorrelated, the
resulting down-weighting of these ineffective outcomes in the GLS statistic (relative to
the OLS statistic) results in enhanced sensitivity of the assessment of the relative efficacy
of the two arms. As the approach based on Hotelling’s T? does not take account of the
direction of the differences between the two arms on the individual outcomes, when T
and O’Brien’s GLS are comparable, the latter should be preferred. Generally speaking,
the examples we have considered suggest that when the outcome measures with greater
effectiveness are not highly correlated and the outcomes with less effectiveness are not
weakly correlated, T'? and O’Brien’s GLS are competitive with each other.

However, the danger of using O’Brien’s GLS procedure is that depending upon the
correlation structure among the outcome measures, it is possible for GLS to perform very
well or very poorly. Throughout our work, we have assumed that the correlation structure
is known. This would typically not be the case when planning clinical trials. The ideal
situation would be that the effectiveness of the individual outcome measures selected for
inclusion is clear and high quality information on the relationship among the outcome

measures to be used is available. In this case, the appropriateness of using the O’Brien’s

GLS or OLS procedure can be assessed. This will not be possible if the information on the
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pattern of the correlation among the outcome measures is of low quality. There might be a
situation when it is not clear which outcome measures are effective and therefore several
outcomes need to be included, and the ihformation about the underlying correlation
structure among the outcomes is very limited. In such a situation, the use of the GLS
procedure could be risky. To avoid that, Bonferroni adjustment is a reasonable way to

proceed as our results indicate that the impact of correlation structures on this procedure

is small.




Chapter 3

Disjunctive Composite Outcome Measures

We now consider another type of composite outcome measure called a “disjunctive”
outcome measure. The low dose oral methotrexate clinical trial in chronic progressive
MS, the results of which are presented in Goodkin et al.(1992), is one example of a
MS clinical trial which used this type of composite outcome measure in its design and
analysis. The idea of this method of combining multiple outcome variables is as follows:
The researcher first dichotomizes each outcome measure; a measurement on the jth
outcome variable exceeding a pre-assigned cutoff value is taken to indicate a significant
clinical change on this particular outcome. -An indication of significant clinical change
on any of the m outcome measures is taken to indicate a treatment failure. In other
words, the responses on the original individual outcome measures are first converted to
binary responses, and the information on the binary responses is then combined into an
overall binary response. To assess the effect of the treatment relative to the placebo, the
proportions of treatment failure on the two arms are compared.

As all the evidence from the individual outcome measures is summarized into a single
response, the simplicity of this method makes it attractive to some researchers. However,
there are some potential difficulties with this method. To construct meaningful pre-
assigned cutoff values for individual outcome measures requires substantial knowledge
on these outcomes. Additionally, the best rule for combining the binary responses from
the individual outcome measures into a composite outcome measure is not obvious. Here

these binary responses are combined disjunctively, but they could be combined in other

59
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ways. For instance, the most strict way would be that an indication of significant clinical
change on all of the m outcome measures is required to indicate a treatment failure.

In this chapter, we first examine the properties of dichotomized tests in the univariate
setting and compare such tests to those based upon a continuous variable. Second,
we investigate the statistical properties of disjunctive outcome measures. Finally, we

compare this method to the procedures discussed in Chapter 2.

3.1 Dichotomized Tests for One Outcome Variable

This section is devoted to the examination of dichotomized tests on a single continuous
outcome variable. For consistency of notation with Chapter 2, let X;;; represent this
particular outcome variable for the kth patient in treatment group ¢, where 1 = 1 for the
placebo arm and ¢ = 2 for the treatment arm. We will assume that X;;; are independently
and identically distributed with the distribution function F; which has mean u;; and
known variance o?; similarly, X3 are i.i.d as F; with mean ug and the same variance
o, Further, we will assume that F} and F; belong to the same location shift family; that
is,
Fi(z) = Fy(z — 61),

where 6; = p11 — p21. In other words, the difference between the two population distri-
butions can be expressed by a shift in location. Let F' denote the standard cdf for this

family which has mean 0 and variance 1. Then Fi(z) and F3(z) can be expressed in

terms of F':
T — HUin
Fi=F
1 ( oy )7
and
x —
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Let 7, represent the pre-assigned cutoff point for this outcome measure; a patient has
a significant clinical change on this outcome if his or her response is greater than ;. We
will express 7; as the sum of the underlying mean of this outcome on the placebo arm,

p11, and the standardized distance between py; and ny; that is,

m = p11 + €101,

where ¢; > 0 which means 7, is greater than the placebo mean.
If 7; denote the probability that a patient has a significant clinical change on the ith

treatment arm, then 7; can be expressed as:

m; = P(a patient on the ith treatment arm has a significant clinical change)
=1—P(Xax <m)
=1~ P(Xax < p11 + c101)
=1—P(XL’glﬂ§c1+/“—1;jﬂ).

In terms of F', we can express 7y and w3 as:
m=1-F(c) (3.1)

and

Ty = 1—F(01+A1), (32)

where A; = ’“1—0_1"2—1 is the standardized difference of the underlying population means of
this continuous outcome variable.

The difference between m; and 7, depends upon the cutoff value, ¢;, and the stan-
dardized difference between the population means of the two arms. If we compare the
two arms by a dichotomized test, we will test Hoq : 71 = 7 against Hyq : 7 # 73. On the

other hand, if we compare the two arms by the Z-test on the sample means of the con-

tinuous outcome variable, we will test Ho : p11 = pi12 against Hy, : 11 # p12. As mp and
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7y are equal if and only if p1; and uyo are equal, the null hypotheses, Hoq : m = 73 and
Hy, : p11 = pa2 are equivalent and a meaningful comparison between the dichotomized
test and the Z-test can be made. Moreover, for every specified ¢;, the difference to be de-
tected between 7; and 75 is determined by A1, the standardized difference to be detected
between the underlying means. Hence, once H,. is specified, the corresponding alterna-
tive hypothesis, H,4, is specified as well. In particular, the alternative corresponding to
Ay =Aism — 7 =0, where § = F(c; + A) — F(eq). Under such situations where the
hypotheses to be tested by the two statistics are equivalent, a meaningful comparison

between the dichotomized test and the Z-test can be made.

3.1.1 How Much Is Lost by Dichotomizing?

It is clear that use of the dichotomized outcome variable involves a certain degree of
loss of information due to the transformation of the continuous variable to the binary
response variable. The issue now becomes how much information is lost. We will try to
address this issue in this section through a comparison between the dichotomized test

and the Z-test using two criteria: percent power loss and asymptotic relative efficiency.

Criterion 1: Percent Power Loss

Percent power loss is defined as the difference between the powers achieved by the
two tests for equivalent alternative hypothesis, expressed as a percentage of the power

achieved by the Z-test; that is,
Percent power loss = PCT?CPHOO%,

where P. and P; denote the power achieved by the Z-test and the dichotomized test

respectively.
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To evaluate the percent power loss, we need formulae for P, and P;. From Appendix
B, the formula for the power of the Z-test on the continuous outcome variable evaluated

at the specified alternative, A; = A, is:

PC(A) ~ 1—@ (zl—a/2 — \/?A) -+ iiJ (_Zl—a/2 — \/gA) .

This approximate formula is derived based upon the Central Limit Theorem. Provided
that n is reasonably large, this approximation should be adequate. From Appendix D
which presents the general formulae for the power and the sample size required per arm

for a level « test for comparing two population proportions, we have:

e 1_als 27(1 —7) _ Vb
Pd) =~ 1-¢ ( 1—a/2\l m1(1 — ) + m2(1 — 73) \/71.1(1_7;1)4.772(1—#2))
)

. (1 -7 _ v/nf
+& ( 1—0‘/2\1 m1(1 — m) + m2(1 — 72) \/7r1(1 —m) + m(1 — WZ))

where 7 = mj-_z?rz and § = m; — m2. As this approximate formula for the power of the
dichotomized test relies on the normal approximation for binomial probabilities, it will
not provide an accurate approximation when 7, and 7, are close to 0 or 1.

As in Chapter 2, we assume X;;; follows the normal distribution and exarhine the
property of percent power loss under this assumption. (Note that under this normality

assumption, the formula for P, is exact.) From (3.1) and (3.2), m; and 7, can then be

calculated as:

T =1-®(c1), (3.3)

and

g = 1-— (I)(Cl + A]) (34)
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Figure 3.1 presents the percent power loss as a function of A;, the standardized
difference between the population means, for a few specified cutoff points for each of
four different sample sizes when F' is taken to be normal distribution. Comparing the
five specified values of the cutoff point, regardless of the sample size, using a cutpoint of
m = p11 or ¢ = 0 (i.e. dichotomizing at the placebo mean) provides the minimal percent
loss of power for every fixed value of A, the standardized difference. Moreover, for every
fixed value of A, as the pre-assigned cutoff point gets larger, the percent power loss
increases. If the continuous variable is dichotomized at the placebo mean (i.e. 1 = p11),
the percent power loss never exceeds 30%, no matter what the value of the standardized
difference.

Figure 3.1 also shows that for each specific cutoff point, the value of the standardized
difference at which the percent power loss achieves its maxima changes with the sample
size. With the sample sizes of 50, 200 and 500, the value ranges from 0.2 to 0.5, increasing
only slightly as the pre-assigned cutoff point gets larger. With n = 20, this value lies
beyond 0.5. The figure illustrates the dramatic impact of sample size on the relationships
among the percent power loss, the cutoff point and the standardized difference. When
we have very large samples, say n = 500, with the cutoff point of 1.5 or smaller, the
percent power loss decreases very quickly from its maxima to 0 as the standardized
difference gets moderately large. In this case, the power for both the dichotomized test
and the Z-test approaches 1 very quickly. However, when the cutoff point is too large,
the power of the dichotomized test can never approach 1 even with a large standardized
difference. For example, with a sample size of 500, when ¢; = 2, the percent power loss
does not approach 0 as A increases. On the contrary, for small samples such as n = 20,
Figure 3.1 shows that a small difference in the cutoff point can result in a substantial
difference in the percent power loss. Also, when the cutoff point is 0.5 or larger and A,

is reasonably large, the percent power loss for small samples is substantially larger than
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Figure 3.1: Percent power loss for different values of ¢; and sample sizes
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for large samples.
From (3.3) and (3.4), it is clear that for any positive values of A;, once ¢; is beyond
about 2, m is close to 0. Similarly, as the cutoff point gets large no matter where the

standardized difference lies, both 7; and 73 approach 0. In either case, the use of normal

approximation is no longer valid; it is used here only for illustration purposes.
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Criterion 2: Asymptotic Relative Efficiency

As Percent Power Loss, for a fixed sample size, depends upon both where the continuous
outcome variable is dichotomized and where the alternative lies, it does not provide a
general comparison between the dichotomized test and the Z-test when the alternative
hypothesis is composite as in our case. One criterion often used for comparing two test
statistics which overcomes this disadvantage is the asymptotic relative efficiency (ARE),
also often called the Pitman efficiency. Suppose we want to compare two tests, A and B,
having the same level. An obvious comparison would be of the sample sizes required to
achieve the same power at a specified alternative. The idea of the ARE of test A ;'elative
to test B is to examine the limiting behaviour of the ratio ns/np of these required sample
sizes, as the specified alternative approaches the null hypothesis.

We first provide the theoretical basis for calculating the ARE. Suppose that we have
two test statistics, T}, and 1%, for samples of size n and the parameter of interest is v. Both
tests are used to test Hy : v € Qg versus H, : v € Q —§y. Further, suppose that a subset
of the space (2 can be indexed in terms of a sequence of parameters {vo,v1,*+,Vn, - }
such that vy specifies a value in )y and the remaining vy, vo, - - - are in @ — Qy and that
lim,, 00 ¥n = v5. Under these conditions, we can give a formal definition of the ARE of

T relative to T* (Gibbons, 1971):

Definition 3.1 Let T, and T be two sequences of test statistics, all with the same
significance level a. Let {n;} and {n}} be two monotonic increasing sequences of positive

integers such that

lim Power(T,,; | v = v;) = lim Power(T,,

1—C0 100

v=uy) =%

where v is not equal to 0 or 1. Then the asymptotic relative efficiency of test T relative
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to test T™ is

provided this limit exists and is constant for all sequences of {n;} and {n}}.

To c'alculate the ARE directly from its definition is complicated. The calculation
of the ARE can be simplified if the following regularity assumptions are satisfied by
the sequences of test statistics T, and analogously for T (E(T,) and o(7,) denote the

expectation and standard deviation of the test statistic T):

1. dE(T,)/dv exists and is nonzero for v = vy, and is continuous at vg.

2. There exists a positive constant ¢ such that

dE(T,)/dv|y=
lim 0 —
n=00 A/ (Tn)|u=ue

3. There exists a sequence of alternatives {v,} such that for some constant d > 0, we

have

lim P Tn = E(Ty) Jo=

n < = =
lim o) Tomo <zlv=v,] = ®(2)

Theorem 3.1 Under these four regularity conditions, the limiting power of the test T, is

nll>r£10 Power(T, | v =v,) =1 — ®(21_, — dc)
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Theorem 3.2 IfT, and T are two tests satisfying these four regularity conditions, the
ARFE of T relative to T™ is

LAY 6(T’ﬂ)
ARE(T,T) = lim o(T7)

where e(T,) is called the efficacy of the test statistic T,, when used to test the hypothesis

v =1y and
_ [dE(T,)/dv)”

e(Tn) 0'2(Tn) |U=l/o .

Theorem 3.3 The statement in Theorem 3.2 remains valid as stated if both tests are

two-sided, with rejection region

Tn € R fOT‘ tn Z tn,l—al or tn S tn,l—az

where the size is still a, and a corresponding rejection region is defined for T with the

same oy and oy. Then the alternative is also two-sided, as H, : v # vp.

We now use the above theorems to calculate the ARE of the dichotomized test for
comparing two population proportions relative to the Z-test for comparing two population

means with known variance. Suppose we have the distribution model
Fi(z) = F(z — v)

and the null hypothesis is Hy : v = 0. With samples of size n, the corresponding Z-

statistic for populations with a common known variance o? is

711 - Y21

0'1\/2/7'1,
_ \/@(711"721—1/4_1)'
2 o1 o1

T: =
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Since
n v
E(TY) = /=——
( n) 20_17
d n 1
—E(T) |,=0= +/=—
dv ( n)l o] 20_1a
and

Var(TY) |,=0= 1,
the efficacy of this Z-test for any population within the location shift family is

e(T2) = —. - (35)

= 5,2
203

For the dichotomized test, the test statistic is
n- o
2p(1 —p)/n
where p = ;%19_2 It can also be written as

_ A | (pr—ps) (1 —7)
ﬂ_¢g[f0—ﬂ]im—m

To evaluate the efficacy of this test statistic, first note that as n — oo,

TO-T) _, 4
p(1-p)

in probability. Therefore, T, is asymptotically equivalent to

v n (p1 — p2)
T"_ﬁl f(l—f)]

and it suffices to calculate the expectation and variance of 7. But

E(T) =212
T) ¢;Jﬂ1—ﬁ
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and the null variance (7 — 7, = 0 under Hp) is

227r2(1 —mg)/n

T g, =
Var( ’I'L) |H0 2 7(2(1—71—2)

=1.

Thus, to evaluate the efficacy of T, it remains to evaluate

\/7d1/ ( - ;_m;))

We will first evaluate (keep in mind that under the null hypothesis, v = 0, and

Hy

T = Mg = T):

d ( S )IH 71 =) (m —m) — (m — m) L [ /71 - 7)
) 0

dv \ Jr(l—7 B 7(1—7) <

(1 — 7r)dd (m1 — m2)
Tl —7)
;_,,(”1 - 7T2)|H0
T1(1 = 7)
L (Fi(m +v) — Fi(m))lg,
m1(1 — )
Silm +v) |
71 (1 — )
fi(m)
71(l — )
Si(m1) '
VE(m)L = Fi(m)]

|Ho

Thus,

1 771
\/7\/F1 (m)[1 = Fi( 771)]

and the efficacy of T therefore is

e(T;L) — E [fl(nl)]Z ) (36)

2 Fi(m)[1 — Fi(m)]
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Result 3.1 From (8.5) and (3.6), the ARE of the dichotomized test relative to the Z-test

for location shift family F1 with known variance o? is

ARE(T,T*) = lim

lim [fi(m)]* 207

n>e0 2m(l —m) n

- (Fl(ﬂla)l[{lfn;%(nl)] ) | '

Applying this result to normal and logistic populations leads to:

Result 3.2

1. If Fy is taken to be normal,

] [e=/7)?
ARE(T,T™) = 27[l — @(c1)]®(cy)’

2. If Fy is taken to be logistic, where

1
1 + e-7(z=u11)/(01V3)’

Fl(l' | N11,01) =

w2 e~ V3

AREQLT) = 3 i

Note that the ARE does not depend upon the standardized difference; it is a function
only of the cutoff point, ¢;. Figure 3.2 plots the ARE of the dichotomized test relative to
the Z-test for normal and logistic populations as a function of the cutoff point ¢;. The
ARE is symmetric about the cutoff point of 0 and decreases as the cutoff point moves

away from 0; in particular, for both the normal and logistic populations, the ARE is

maximized at the cutoff point of 0. As the cutoff point moves away from 0, the ARE
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Figure 3.2: ARE of the dichotomous test relative to the Z-test
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-2 -1 0 1 2

cutoff point

decreases more rapidly for logistic populations than for normal populations. The ARE
has a maximum of 2/7 = 0.64 for normal populations while it has a maximum of 72/12 =
0.82 for logistic populations. For both distributions, the ARE is about 0.5 when the cutoff
point is close to 1 or —1; the ARE is only about 0.3 when ¢; is at 1.5 and the ARE is
very small once ¢; moves above 2 or below —2.

Compared to the percent power loss, the ARE generalizes the comparison of the
dichotomous test and the Z-test in the sense that it does not depend on the significance

level and the standardized difference. However, the disadvantage of the ARE is that
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because it is an asymptotic concept, it may not accurately reflect the relative sample
sizes required to achieve the same power when the samples are finite and/or H, is not
approaching Hy. Nevertheless, the message from both criteria we have examined is clear:
dichotomizing at the placebo mean is the best choice among the various values of ¢; we
have examined for the dichotomous test on one outcome variable. With this choice, if

the underlying distributions are normal, the percent power loss is ensured to be no more

than about 30% and the ARE is about 60%.

3.2 Properties of Disjunctive Composite Outcome Measures

After some basic understanding of the statistical properties of dichotomized tests based
on one outcome variable, we now turn to the examination of the disjunctive composite
outcome measure. In this section, we will work under the assumption, as in the previous
chapter, that the underlying data follows a multivariate normal distribution; that is to
say, X are independently distributed and each follows a multivariate normal distribution
with mean vector g; and known common variance-covariance matrix Y. It is difficult
to provide a thorough investigation of the properties of this composite measure because
there are many possibilities that could be considered. The objective here, as in Chapter

2, is to examine a few cases to highlight the main aspects of its statistical properties.

3.2.1 Power and Sample Size Calculations

We first give a formal definition of this composite measure and provide the formulae for
its power and the required sample size. Let 7; represent the pre-assigned cutoff point for
the jth outcome measure. A patient has a significant clinical change on the jth outcome

if his or her response on the jth outcome is greater than n;. Again, we will express 7;

as the sum of the underlying mean on the jth outcome of the placebo arm, y;;, and the
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standardized distance between y;; and 7;, n; = p1; + ¢jo;. An indication of significant
clinical change in any of these m outcome measures is taken to indicate a treatment
failure. In other words, the information obtained from the individual outcome variables
is summarized by a binary response, treatment failure or treatment success.

If m; denotes the probability that a patient on the ith treatment arm has a treatment

failure, then m; can be expressed as:

7; = P(a patient on the ith treatment arm has a treatment failure)
= P(a patient on the ith treatment arm has a significant change
on any of the m outcomes)
=1— P(Xijr <nj, for 7=1,2,...,m)
=1— P(Xijx < mj +cjoj, for 7=1,2,...,m)

= 1= frptenTn L AT f (X) day - da,

where f X, denotes the pdf of Xk, the pdf of the multivariate normal distribution with
mean vector p; and variance-covariance matrix X.
We can simplify the expression for 7; with the standardization of X, by:

7. Xijk = pij
J o; .
Marginally, Z; follows the standard normal distribution. With Z = (Zy,2,,---, Z,),

the joint distribution of Z is the multivariate normal distribution with 0 mean vector

and correlation matrix M,. Now, 7; can be repressed as:

cm+ﬁ1.ma__“i.m cl+ﬁllo___“il

T o= 1—/ " / ' fz(z)dz ---dzp,

-0 —00

where f7(z) denotes the pdf of Z. Thus,
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=1 —/_C:---/_c;fz(z)dzl o dom, (3.7)

em+Am c1+4y
=1 —/ / fz(z)dz - dzm. (3.8)

For the special case of uncorrelated outcome measures, the expressions for 7; and w5

simplify to:

m=1-J]P(Z <¢)=1-]]2() (3.9)
j=1 j=1
7!'2=1—HP(ZJ'SCj+Aj)=1—H(I>(Cj+Aj) (310)
1=1 j=1

Now with all the information from the individual outcome measures being combined
and summarized by this disjunctive outcome measure, comparison between the two arms
reduces to a comparison of the two population proportions, 7; and m,. From Appendix
D, the approximate formulae for the power and the required sample size for the test

comparing two population proportions are:

Powery, _p,—g ~ 1—® (Zl-—a/z\ 2T(1 —7) \/nb )

w(1-7) =022 or(1—7) - 0°/2

. wl-m) w0
+<I>( 1—a/zJ 2% (1 —7) — 62/2 \/27(1—f)—02/2)

(zl—a/Z\/m — Zﬁ\/2f(]_ — 7) — %02)2

02

n~s

where 7 = Td™2,
In order to connect the power and sample size calculations for the disjunctive outcome

measure to those for the procedures discussed in Chapter 2, the calculations must be made

for equivalent hypotheses. Testing the equivalence of the mean vectors, p; and s, is
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the same as testing the equivalence of the population proportions, m; a,nd m2. As shown
by (3.7) and (3.8), the difference between the population proportions depends upon the
cutoff values, ¢;, and the standardized differences, A;, between the population means
of the two arms. Therefore, for every specified set of ¢;’s, the difference to be detected
between m; and 7 is determined by the standardized differences between the underlying
means. In other words, for every alternative hypothesis considered in Chapter 2, the
corresponding alternative hypothesis for the population proportions, m; and 73, can be
determined. Therefore, we will consider the same configurations of the standardized
differences in the underlying means, namely, Case A where only one outcome measure is
effective, Case B where outcome measureé are of diminishing effectiveness, and Case C
where the individual outcome measures are all equally effective. Due to the complicated
nature of this disjunctive outcome measure, our power and sample size calculations are
mainly for the special case of equal cutoff points for all outcome measures; that is, for

the special case where ¢; = ¢; = --- = ¢,, = ¢* say.

3.2.2 Optimal Common Cutoff Point for Equally Correlated Outcomes

The suggestion from the previous section that for a single outcome measure, di-
chotomizing at the placebo mean, ¢; = 0, is most powerful among the various values of
¢, we have investigated, motivates us to examine the value of the common cutoff point,
¢*, which maximizes the power of the disjunctive outcome measure. An analytic exam-
ination is difficult but using C and S-Plus, it is straightforward to numerically evaluate
the optimal cutoff point under the constraint of equal cutoff points for each of Cases A,
B, and C.

We examine the special case of equally correlated outcomes with common correlation
of p = 0.0, 0.3 and 0.5. For each scenario, the power is evaluated at values of the

common cutoff point lying within a reasonable range and the value at which the power is
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Table 3.14: Optimal common cutoff point (expressed as a multiple of A*) for the disjunc-
tive composite outcome measure with n = 100 for equally correlated outcome measures
m = total number of outcome measures

Case p 1 2 3 4 5 10 20
A 00 0 0669 1316 1.752 2.077 3.016 3.658
03 0 0567 1.193 1.564 1.863 2.721 3.481

0.5 0 0.443 0.968 1.319 1.582 2.326 2.978

B 00 0 0718 1.372 1.812 2.140 3.086 3.936
03 0 0630 1.239 1.648 1.951 2.820 3.588

05 0 0514 1.054 1.414 1.749 2434 3.049

C 0.0 0 0.631 1.238 1.647 1.953 2.844 3.862
0.3 0.540 1.096 1.467 1.743 2.536 3.241
05 0 0422 0907 1.245 1.640 2.139 2.735

o

maximized is identified as the optimal. Table 3.14 presents the results for the case of 100
patients per arm with the same choice of A* as used in Chapter 2. The optimal common

*

cutoff point, ¢, is presented as a multiple of A*, identified to a precision of 0.001. The
optimal common cutoff point increases with a decreasing rate as the number of outcome
measures increases. For example, when m = 2, ¢, lies in the range of 0.4 to about 0.7;
on the other hand, when m = 10, ¢}, is in the range of 2 to 3. This observation can be
explain by the following reasoning: The power of this procedure is maximized when 7,
and 7, are widely separated. When the total number of outcomes is large, 7; and 7, will
be well separated only if the probabilities that a patient has a significant clinical change
on the individual outcome measures are already widely separated across the two arms.
Regardless of the standardized differences of the underlying means, a larger value of the
cutoff point widens the separation on the individual outcome measures.

Table 3.14 shows that for any configuration of the m standardized differences consid-

ered, the optimal common cutoff point decreases as the positive correlation among the
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multiple outcome measures increases. The optimal common cutoff point for Case A lies
between that for Case B (largest) and for Case C (smallest). However, the differences
are small, ranging from 0.1 to 0.3 multiples of A* (i.e. ranging from 0.04 to 0.12). Thus,
the configurations of the standardized differences of the underlying means considered do
not have a great impact on the value of the optimal common cutoff point.

Additional numerical results (not presented) suggest that the common optimal cutoff
point for equally correlated outcomes does not depend on n. However, without analytic
verification, we will consider the results in Table 3.14 to be applicable only to the case

of n = 100.

3.2.3 Properties for Equally Correlated Outcome Measures

The statistical properties of this approach will be explored for equally correlated out-
comes. We will again consider Cases A, B, and C where different configurations of the
standardized differences between the underlying fﬁeans are examined. In addition, there
is one more feature to be specified: the cutoff points, ¢;. Dichotomizing at the placebo
means on all m outcomes (¢; = ¢; = -+- = ¢, = ¢* = 0) seems a natural choice for
several reasons. First, the mean of the responses of the patients on the placebo’arm is
then used as a guideline of a significant clinical change. Moreover, dichotomizing at the
placebo mean helps to ensure a reasonable proportion (away from 0 and 1) of patients
with significant clinical change on the placebo arm; if the histograms of responses on the
placebo arm are roughly symmetric, then about 50% of the placebo patients will exhibit
a significant clinical change on each of the individual outcome measures.

Table 3.15 provides the sample size required to achieve a power of 0.80 as well as
the corresponding m; and 7, when the common correlation p = 0, 0.3, 0.5. Before our
discussion, it is worth emphasizing again that our calculations of the required sample size

use the normal approximation and hence their accuracy relies on the appropriateness of
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Table 3.15: Sample size required to achieve power of 0.80 for the disjunctive composite
outcome with equally correlated outcome variables when all the cutoff points are at the

placebo mean (i.e. ¢; = 0for j = 1,2, ..., m). Second lines contain (m, m3).

m = total number of outcome measures
Case p 1 2 3 4 5 10 20
A 00 160 542 1300 2830 5890 195,000 200,000,000
(.50, .35) (.75, .67) (.88,.84) (.94,.92) (.968, .959) (.9990,.9987) (1.0000, 1.0000)
0.3 160 651 1630 3300 5930 44,400 434,000
(.50, .35) (.70, .63) (.80,.76) (.86,.83)  (.90,.88)  (.964,.960)  (.9893, .9887)
0.5 160 742 1910 3840 6700 40,600 267,000
(50,.35) (67,.60) (75,.71) (80,.77)  (83,.81)  (.909,.903) (9524, .9507)
B 00 160 204 308 495 828 14,900 8,980,000
(50,.35) (.75, .62) (86,.79) (94,.89)  (97,.94) (.9990,.9977) (1.0000, 1.0000)
0.3 160 233 358 534 770 3190 ~ 19,000
(.50, .35) (.70,.58) (.80,.71) {(.86,.80)  (.90,.85)  (.964,.949) {.989, .986)
0.5 160 252 391 571 795 2600 10,300
(50,.35) (.67,.55) (75,.66) (.80,.73)  (83,.78) (.91, .89) (952, .944)
C 00 160 110 105 115 139 668 38800
(.50, .35) (.75,.57) (.86,.72) (.94,.82)  (.97,.88)  (.999,.986) (1.0000, .9998)
0.3 160 125 121 125 133 196 365
(.50, .35) (.70, .53) (.80,.64) (.86,.72)  (.90,.77) (.96, .89) (.99, .95)
0.5 160 134 131 133 137 164 216

(50, .35) (.67,.50) (.75,.59) (.80,.65)  (.83,.69) (.91, .80) (.95, .88)
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the normal approximation in each case. There are a few examples in the table where m;
and 7, approach 1 and the approximation may not be accurate; the inclusion of these
examples is for illustration purposes only.

We first examine the special case of uncorrelated outcome measures. In Case A where
only the first outcome is effective in comparing the two arms, the inclusion of even one
ineffective outcome has a dramatic deleterious effect on this method. The separation
between 7; and 7, decreases very quickly as additional ineffective outcomes are included
because both approach 1 very quickly; for example, with m = 4, the difference between
71 and 7 is only about 0.02. Hence, for large m, the sample size required is huge as
the difference between 7; and 7, is vanishingly small. In Case B where the outcomes
have diminishing effectiveness in comparing the two arms, the effect of including one
additional outcome is detrimental as well but much less dramatic than in Case A. The
required sample size increases rather gradually as the number of outcomes increases. In
Case C where all outcomes are equally effective, Table 3.15 shows that there is a value
of the number of outcome measures below which the inclusion of an additional outcome
is beneficial but above which such inclusion is detrimental. The results in Table 3.15
indicate that when the number of outcomes included is not larger than 3, the inclusion of
an additional outcome is beneficial. On the contrary, such inclusion is detrimental when
the number of outcomes included is larger than 3. Once m is 10 or more, the probability
that a patient has a significant clinical change on any of the outcomes is close to 1 for
both treatment arms. Thus, the difference to be detected between 7 and =, is very
small. The detrimental effect is then substantial but still much less dramatic than in
Cases A and B.

We now turn to the examination of positively correlated outcomes. The effect of
positive correlation among the multiple outcomes on the disjunctive measure is quite

interesting. The results in Table 3.15 show that in Cases B and C, the effect of positive
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correlation on this procedure depends upon the number of outcomes included. For ex-
ample, with m = 5, for both Cases B and C, there is a value of p below which positive
correlation has a positive impact but above which the effect is detrimental. In addi-
tion, in both Cases B and C with less than 5 outcomes, within the range of values of
p considered, the effect of positive correlation is deleterious as the required sample size
increases. On the other hand, with more than 5 outcomes, the required sample size
decreases substantially as p increases. In Case A, there is a value of m below which the
effect of positive correlation is negative but above which the effect is beneficial. For all of
Cases A, B, and C, when the number of outcomes is large, say greater than 10, the effect
of positive correlation is beneficial. For example, with m = 10, when p changes from 0
to 0.3, the impact is substantial: for all three cases, the required sample size decreases
about 70% to 80%. However, as p changes from 0.3 to 0.5, the beneficial impact is only
mild: there is only about 10% to 20% additional decrease in the required sample size.

So far, we have considered two choices for the common cutoff points, ¢* = Copt @and
c* = 0. We now examine the improvement of the performance of this procedure made by
dichotomizing each outcome measure at the optimal common cutoff point instead of at
the placebo means. We will abbreviate the disjunctive outcome rn.ea,sure with ¢; = ¢,
as DCM* and with ¢; = 0 as DCMP°.

Table 3.16 presents the power achieved by DCM* and DCMP° with equally corre-
lated outcomes for n = 100. In Case A where only one outcome measure is effective
in comparing the two arms, the improvement in power made by Copt 18 very limited for
all three values of p. In Case C, the difference in power is only mild for m = 2, but
as the number of outcome measures increases, the difference in power becomes more
and more apparent. In addition, when m is fixed, the improvement in power made by
DC M~ diminishes as the common correlation increases. We also notice that for Case C,

the impact of including an additional outcome measure on DCM* and DCMP° differs.
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Table 3.16: Power achieved by the disjunctive composite outcome measure with n = 100
| for equally correlated outcome measures

m = total number of outcome measures

|

|

\

|

Case p ¢ 1 2 3 4 5 10 20
A 00 0 060 0224 0.121 0.082 0.065 0.051 0.050
c,, 0.60 0.232 0.140 0.104 0.087 0.061 0.053

03 0 0.60 0.194 0.106 0.077 0.065 0.052 0.050
0.60 0.198 0.114 0.085 0.072 0.055 0.051

05 0 0.60 0.176 0.098 0.074 0.063 0.052 0.053
¢, 060 0178 0.102 0.077 0.067 0.054 0.051

B 00 0 0.60 0.498 0.356 0.241 0.163 0.056 0.050
c,, 0.60 0518 0.434 0.370 0.320 0.193 0.116

03 0 0.60 0.448 0.314 0.226 0.172 0.078 0.055
¢y 0.60 0.459 0.353 0.282 0.234 0.130 0.081

05 0 0.60 0.420 0.292 0.215 0.168 0.085 0.059

c,; 0.60 0426 0314 0.245 0.201 0.111 0.073

C 00 0 0.60 0.761 0.782 0.741 0.660 0.191 0.052
Copt  0.60 0.776 0.857 0.902 0.929 0.978 0.995

03 0 0.60 0.706 0.720 0.705 0.678 0.517 0.309
cpe 0.60 0.716 0.767 0.797 0.816 0.863 0.893

05 0 0.60 0.675 0.686 0.679 0.666 0.589 0.477
c,. 060 0.681 0.714 0.73¢ 0.750 0.777 0.798
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For DC M?, there is a value of m below which the inclusion of an additional outcome is
beneficial but above which such inclusion is detrimental. On the contrary, for DC M*,
the power increases as the number of outcome measures included increases. Case B is
more complicated. When m is 5 or less, for a fixed value of the common correlation,
the differences in power increase as m increases. On the other hand, when m increases
from 10 to 20, the difference in power decreases. Also for Case B, for a fixed number
of outcomes, positive correlation has a negative impact on the improvement made by
DCM*. For both Cases B and C, DCM* and DCM?° are comparable only when the
number of outcomes is 2 or less.

The results in Table 3.16 indicate the substantial improvement DC M* can achieve
over DCM? for Cases B and C. Nevertheless, use of DCM* does not seem practical for
at least two reasons. First, the numerically optimal common cutoff points might not
be clinically meaningful. When the cutoff points used are not clinically meaningful, the
interpretation of the results can be difficult. Second, the determination of these optimal
cutoff points depends heavily on knowledge of the configuration of the standardized
differences between the underlying means and the pattern of correlations. As high quality
information on the properties of some of the outcome measures in current use in MS is

scarce, the determination of the optimal cutoff points seems very difficult as well.

3.3 Comparisons to O’Brien’s GLS Statistic

Now we want to bring the methods based on the disjunctive composite measure and
O’Brien’s GLS statistic together for comparison. We select O’Brien’s GLS for comparison
for two reasons. First, it is also a composite measure although the information from the

individual outcome measures is combined in a very different way. Second, among all

the procedures discussed in Chapter 2, it appears generally to be the most sensitive
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Table 3.17: Power of DC' M™* relative to GLS with 100 patients per arm
m = total number of outcome measures
Case p 1 2 3 4 5 10 20
A 0.0 0.75 045 0.38 0.36 0.36 0.43 0.53
03 0.7 048 0.46 050 0.56 0.79 0.85
0.5 0.75 0.48 0.48 0.55 0.61 0.77 1.02

B 00 075 0.62 052 045 0.39 0.26 0.19
03 075 062 0.54 050 048 0.48 0.58
05 0.75 0.63 0.57 0.54 0.53 0.56 0.66

C 00 07 079 0.8 090 093 098 1.00
03 075 0.76 0.79 0.81 0.83 0.87 0.89
05 075 0.76 0.77 0.78 0.79 0.80 0.82

procedure in assessing the relative efficacy of the two arms. The large sample sizes
required by the method based on the disjunctive outcome measure when each outcome
measure is dichotomized at its placebo mean indicate that this method is not competitive
with the methods discussed in Chapter 2. Therefore, the comparison we make here is
between the power achieved with 100 patients per arm by O’Brien’s GLS and DCM™*.
(Note that as we only examine the case of equally correlated outcome measures, GLS
and OLS are equivalent.)

The results in Tables 2.1 and 3.16 yield the ratio of the power of DCM* to that
of GLS presented in Table 3.17. For a single outcome measure, DCM* loses 25% of
the power achieved by GLS. We first consider the special case of uncorrelated outcome
measures. In Case A where only the first outcome is effective in comparing the two arms,
the results in Table 3.17 show that there is a value of m below which the inclusion of

an additional ineffective outcome results in an decreased ratio but above which the ratio

increases with the number of ineffective outcomes included. There is a dramatic decreases
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of the ratio for m = 1 to m = 2, but for other values of m, the change in the ratio is
modest. In Case A, with two or more uncorrelated outcomes, DC M* loses about 50% of
the power achieved by GLS. For Case B with uncorrelated outcome measures, the ratio of
the power of DC M* to that of GLS gradually decreases as m increases. In Case C where
the outcomes are all equally effective, GLS is a very powerful procedure; although DC M*
is also quite powerful, it is not comparable for small numbers of outcomes. However, the
advantage of GLS over DC'M™ decreases as m increases.

For Case A, positive common correlation among the multiple outcomes has a positive
impact on the ratio of the powers: for a fixed value of m, the ratio increases as p
increases. With more than 10 modestly correlated outcomes, DC M* is competitive with
GLS although both perform Veryv poorly. Similarly for Case B, for a fixed value of m, the
larger the common correlation, the more competitive DCM* is with GLS; however, the
advantage of GLS is still substantial. In Case C, while positive correlation has a negative
impact on the procedure based on GLS, this negative impact is even more substantial on
DCM*. Consequently, the ratio of the power of DCM* to that of GLS decreases as p
increases.

No comparison of the disjunctive outcome measure to GLS are made for other patterns
of the correlations among the different outcome measures since the message is already
very clear: The disjunctive composite outcome measure with common cutoff points is

substantially less powerful than GLS.

3.4. Unequal Cutoff Points for Uncorrelated Outcomes

The modest performance of the disjunctive composite outcome measure with common

cutoff points described in the previous sections prompts us to briefly consider the extent

of improvement over DCMP° that is possible with unequal cutoff points. We consider
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Table 3.18: For Case A with three uncorrelated outcomes: Power achieved by DCM
with 100 patients per arm (c; is expressed as a multiple of A*)

c1 ¢y c3 | power (my,m2)
0 0 0] .12 (.88, .84)
0 1 1| .19 (79,.72)
0 1 2| 23 (.74, .66)
0 2 2| .29 (.69, .60)
0 4 4| 49 (.55, .42)
0 6 6| .58 (.51,.36)
1 0 0 .09 (.84 .80)
2 0 0 .07 (.80, .78)

only the case of three uncorrelated outcome measures.

Table 3.18 presents a few choices of cutoff points and the resulting power achieved
with 100 patients per arm for Case A. The values of 7, and 7, are also provided. The
results suggest that dichotomizing the ineffective outcome measures at values larger than
the placebo mean results in more powerful performance. For instance, the power gained
by dichotomizing the three outcome measures at (c1, ¢z, c3) = (0, 4A*, 4A*) instead of
at the placebo means (that is, (c1, ¢z, ¢s) = (0, 0, 0) ) is quite substantial. This can
be explained by the following reasoning: As the cutoff point increases, the contribution
of the ineffective outcomes to the overall composite outcome decreases. This enables
DCM to make better use of the information provided by the first outcome. Consider
the choice of cutoff points (0, 6A*, 6A*) as an example. When the ineffective outcomes
are dichotomized at 6A*, the probability that a patient has a significant clinical change
on either of these outcomes is negligible for both treatment arms. Consequently, the
probability of treatment failure is mainly determined by the first outcome. In this case,

the resulting m; and 73, (.51, .36), are close to the values realized with only the single

effective outcome (.50, .35). On the contrary, the choices (1A*, 0, 0) and (2A*, 0, 0) result
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Table 3.19: For Case B with three uncorrelated outcomes: Power achieved by DC' M with
100 patients per arm (c; is expressed as a multiple of A*)
&1 ¢ cg | power (my,ma)
0.0 00 00| .36 ( )
0.0 05 10| .45 ( )
0.0 20 40| 59 (. )
0.0 3.0 45| .61 (.58, .42)
( )
( )
( )
( )

1.0 0.5 0.0 .35
20 1.0 00| .31
1.0 0.0 0.0| .33
4.0 0.0 0.0] .23

in decreased power relative to DCMP° . For these two choices, the separation between
and 7 is small as the contribution of the first outcome to the overall composite outcome
is modest.

The results in Table 3.19 reveal that for Case B, dichotomizing the less effective
outcomes at larger cutoff points results in increased power. The same reasoning as above
can be applied to Case B. When the less effective outcome is dichotomized at a cutoff
point larger than the placebo mean, its contribution to the overall composite measure is
smaller. The gain in power can be substantial; see the choice of cutoff points (0, 3A*,
4.5A*) for example. On the other hand, dichotomizing the more effective outcomes at
cutoff points larger than the placebo mean and the least effective outcome at the placebo
mean results in a decrease in power; the choice (4A*, 0, 0) is an example with a modest
decrease in power.

The results for Case C are presented in Table 3.20. In this case, with uncorrelated
outcomes, it seems reasonable to consider equal cutoff points as all outcomes are equally

effective in comparing the two arms. The choice (1.25A*, 1.25A*, 1.25A*) is close to

the optimal common cutoff point, ¢, for three uncorrelated outcomes with 100 patients
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Table 3.20: For Case C with three uncorrelated outcomes: Power achieved by DCM
with 100 patients per arm (c; is expressed as a multiple of A*)
¢ Cs c3 | power (mp,m3)
0.00 0.00 0.00|.78 (.88, .72)
1.25 1.25 1.25|.857 (.72, .51)
1.25 1.25 1.50 | .8564 (.66, .44)
)
)

1.00 1.25 1.50 | .8560 (.67, .46
1.25 2.00 4.00 | .79 (.49, .30

per arm. The results in Table 3.20 suggest that dichotomizing the outcome measures at
unequal cutoff points results in decreased power. The degree of loss in power depends
upon the extent of deviation from the optimal common cutoff point. Slight deviation
from ¢}, such as the choices (1.25A%, 1.25A*, 1.5A*) and (1A*, 1.25A*, 1.5A*), result
in very mild decreases in power. The choice (1.25A*, 2A*, 4A*) results in a modest
decrease in power as its deviation from c, is larger.

This brief discussion of the impact of unequal cutoff points for three uncorrelated
outcome measures illustrates the potential improvement of DCM over DC M? for each
of Cases A, B and C. For Cases A and B, this can happen as dichotomizing the ineffective
outcomes (for Case A) or the less effective outcomes (for Case B) at cutoff points larger
than the placebo means enables DCM to make better use of the information provided
by the effective or more effective outcomes. This improvement can be substantial, par-
ticularly for Case A. For Case C, the results suggest that DC' M the use of unequal cutoff
points does not result in improved performance, but the equal cutoff points for DC'M
should not be at the placebo means.

But, most importantly from a practical point of view, the results also indicate that the

choice of good cutoff points requires knowledge of the standardized differences between
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the underlying population means. If the researcher believes that the standardized differ-
ences are similar as in Case C, then DCM with equal cutoff points should be considered.
On the other hand, if the researcher believes that the standardized differences are similar
to Case A or B, use of the best single outcome measure as the primary endpoint is indi-
cated. Of course, it is exactly the inability to identify the best single outcome measure
a priori that leads to the consideration of methods based on multiple outcome measures.
The necessary information on the characteristics of outcome measures for target patient
populations is typically not available. Hence, the information required to allow the best

possible cutoff points for DC M is typically not available either.

3.5 Discussion

In this chapter, a different type of composite outcome measure, the disjunctive composite
outcome measure, has been discussed. The approach based on this composite outcome
measure converts responses on the individual outcome measures into a single overall
binary response indicating treatment failure or success which is employed as the single
primary endpoint. The comparison between the dichotomized test and the Z-test on one
outcome variable indicates that the percent power loss can be dramatic when the cutoff
point is removed from the placebo mean, particularly for small samples. Also, the ARE
of the dichotomized test relative to the Z-test is only about 64% for normal populations.

For the method based on the disjunctive composite outcome, we considered mainly
two possibilities: DCM? corresponding to the choice of cutoff points ¢; = -+ = ¢,, = 0,
and DCM™ corresponding to the choice ¢; = -+ = ¢, = ¢,;. The choice ¢ = -+ =
¢m = 0 seems quite natural as the placebo means are used to identify significant clinical

changes. DCM* was considered mainly for purposes of illustration as it does not seem

to be practical. The results in Table 3.16 indicate the potential improvement associated
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with the latter choice; the improvement in power can be substantial. However, when
DCM* is compared to O’Brien’s GLS statistic, the former is clearly quite inefficient.

We also briefly considered the disjunctive composite outcome with unequal cutoff
points. The tabulated powers for three uncorrelated outcome measures when n = 100
indicate that for Case C, the choice of equal cutoff points suffices. The results for Cases
A and B illustrate that substantial gains in power can be obtained by dichotomizing
ineffective and less effective outcomes at cutoff points larger than the placebo means.
However, if the researcher has knowledge that certain outcomes are ineffective or weakly
effective, excluding these outcome measures would be a better strategy. As a result, the
disjunctive composite outcome with unequal cutoff points does not seem very useful.

This particular composite outcome measure combines the evidence from the individual
binary responses disjunctively. Other ways of converting the binary responses on the
original outcome measures into a single overall binary response could be considered. For
example, a different composite outcome measure of “treatment failure” could be defined
as worsening of a designated amount on all of the m outcome measures. We briefly
examined its statistical properties for the case of uncorrelated outcome measures when
the individual outcomes are dichotomized at the placebo means. For all of Cases A, B,
and C, the impact of the number of outcome measures included on this new composite
outcome measure is similar to that on DCM. The main difference is that whereas for
DCM, m; and =, approach 1 very quickly, with this new outcome measure, 7; and m,
approach 0 very quickly. The resulting small separation between m; and 7, leads to poor
performance of this procedure.

Although the simplicity of this type of composite outcome ﬁeasure is its big attrac-
tion, its simplicity can result in the loss of a substantial amount of information and

therefore poor statistical performance. The main difficulty associated with this type
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of composite outcome is that there seems to be no obvious rules for constructing reli-
able pre-assigned cutoff values for individual outcome measures and for the best way
of combining the individual binary responses. Constructing a clinical meaningful and
statistically powerful disjunctive outcome measure requires a lengthy process of empir-
ical assessment. This can be done only when high quality information on the outcome

measures in current use in MS is available.



Chapter 4

Applications

In this chapter, the five procedures we investigated in Chapters 2 and 3, namely, Bonfer-
roni adjustment, Hotelling’s 72, O’Brien’s OLS and GLS, and the disjunctive composite
outcome measure, will be applied to two MS clinical trial data sets. Our earlier discussion
of these procedures was quite general in the sense that various patterns of correlations
among the outcome measures and three configurations of the standardized differences in
the underlying means were considered. The objective here is to provide a more focused
comparison among these procedures using specific outcome measures observed in MS
patient populations. In particular, the sample correlations among the outcome measures
will guide our choice of the pattern of MS patient population correlations. Further, we
will consider configurations of the standardized differences in the underlying means sug-
gested by the treatment effects observed in these data set. As before, the comparisons

among the procedures are based on power and sample size calculations.

4.1 Task Force Data

The first data set, which we will refer to as the Task Force data, was provided by the
National Multiple Sclerosis Society’s Task Force on Clinical Outcome Assessments in
MS. This international Task Force was created to develop recommendations for optimal
clinical assessment measures for use in future MS clinical trials. Its initial deliberations
are reported in Rudick, Antel, Confavreux et al.(1996) and its recommendations are

reported in Rudick, Antel, Confavreux et al. (1997). Data were provided for a total of

92
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Table 4.20: Baseline information by treatment group
Placebo Treatment
(N = 219) (N = 216)
Dimension || Mean SD | Mean SD
Arm 0.14 1.01 0.18 0.99

Leg 0.12 0.99 0.18 0.96
Cognitive || —0.35 0.76 | —0.32 0.74

429 patients: 216 in a placebo arm and 213 in a treatment arm. For the context of
investigations being carried out by the Task Force, three major clinical dimensions have
been identified for the outcomes which are available in this data set: Arm Function, Leg
Function, and Cognitive Function. Each dimension is measured by a composite outcome
measure. The data provided consist of the z-scores of the composite outcome measures
corresponding to the individual clinical dimensions at Baseline, Year 1, and Year 2 for
each patient. (The standardization employed to create the z-scores provided was based
on all the baseline data in a larger data set available to the Task Force consisting data
from several MS clinical trials.) For all three dimensions, the z-scores were constructed
so that higher scores represent better functional performance. In other words, a negative
difference in the mean change of the z-scores between the placebo arm and the treatment

arm (placebo — treatment) corresponds to a beneficial effect of the treatment.

4.1.1 Data Description

Table 4.20 summarizes the baseline information on the two arms. In addition to the
summary statistics, the boxplots for each dimension (not presented) indicate that the
patients on the two arms are comparable.

As we are interested in the change in the responses from the baseline to the end of

the trial, we now turn to descriptive statistics for the changes from Baseline. As typically
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Table 4.21: Summary of changes from Baseline to Year 2 by treatment group
Placebo Treatment
(N = 179) (N = 152)
Dimension | Mean SD | Mean SD
Arm || —-0.15 0.78 | —0.10 0.63

Leg || —=0.24 0.96 | 0.01 0.89
Cognitive 0.26 0.75]| 0.33 0.62

Figure 4.3: Boxplots for the changes from Baseline to Year 2
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often occurs in clinical trials, some patients did not provide data on one or more of the
three dimensions at Year 2. For our purposes, we will focus on the changes from Baseline
to Year 2 and regard those patients who did not provide complete data on all the three
dimensions as dropouts. With this convention, approximately 24% of the patients are
dropouts at Year 2, with a substantially higher percentage of dropouts occurring on the
treatment arm.

Table 4.21 summarizes the changes from Baseline to Year 2 by treatment group and
Figure 4.3 presents the boxplots of these changes. The summaries in Table 4.21 reveal
that the changes in the responses are rather small on all three clinical dimensions, with
Leg Function being more effective in comparing the two arms than the other clinical
dimensions. The boxplots show that the data on the individual dimensions are roughly
symmetrically distributed for both arms. There are quite a few outliers for the individual
dimensions on both arms. In addition, the variability of the changes from Baseline to
Year 2 on both arms are comparable (although the SD’s on the treatment arm are slightly
smaller on all three dimensions).

The correlation matrices of the changes from Baseline to Year 2 among tiﬂe three

—

dimensions, denoted as M, and M

Ry ATE:

Arm Leg Cog. )
i Arm 1.00 0.34 0.20
PPI T
Leg 0.34 1.00 0.28

Cog. 020 0.28 1.00 |

Arm Leg Cog.

o Arm 1.00 0.33 0.16
MPRI=

Leg 0.33 1.00 0.21

Cog. 0.16 0.21 1.00
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The patterns of correlations for the two arms are similar: the three dimensions are only

modestly correlated.

4.1.2 Results

Our objective is to investigate the appropriateness of the methods discussed in earlier
chapters for a MS clinical trial involving therapies with similar characteristics; that is to
say, a MS clinical trial using responses on these outcomes to assess the treatment efficacy
based on similar patient populations. In addition, we hope to demonstrate the usefulness
of the comparison among the methods in designing a clinical trial.

We will use the information from this Task Force data as the basis of our investigation.
As already illustrated, the relationship of the changes from Baseline to Year 2 among the
three clinical dimensions and the variability of these changes on the individual dimensions
are similar on the two arms, so the assumption of a common variance-covariance matrix
seems to be a reasonable approximation. The sample variance-covariance matrix of the
changes from Baseline to Year 2 for the placebo arm will be taken to be the common
variance-covariance matrix of these changes in the populations. In other words, the
variance-covariance matrices for these changes are assumed to be known and common
for both populations. Thus, the standard deviations are taken to be: o 4rm = 0.78, oL, =
0.96, and 0¢oy. = 0.75. (Note that use of the larger standard deviations provided by the
data on the placebo-treated patients would be expected to lead to conservative result‘s.)
The correlations among the three clinical dimensions are taken to be: 0.34 between Arm
and Leg, 0.20 between Arm and Cognitive, and 0.28 between Leg and Cognitive.

With this pattern of correlations, the average correlation is p = 0.27, and the weights
GLS assigns to Arm, Leg and Cognitive are 0.34, 0.30, and 0.36 respectively. Relating

to our work in Chapters 2 and 3, we make two remarks on this particular pattern of
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correlations. First, this pattern of correlations can be considered similar to the case of
having three equally correlated outcomes with the common correlation of 0.3 (although
the degree of correlation is slightly weaker here). Presumably, provided that the stan-
dardized differences between the underlying means are relevant, the comparisons among
the methods should be similar to our work in the previous chapters. Second, under this
correlation structure, as the correlations among the dimensions are roughly equal, the
performance of O’Brien’s GLS and OLS should be very similar. This is also indicated by
the roughly equal weights GLS assigns to the three dimensions.

In addition, we will use the treatment effects observed to be indicative of the “true”
treatment effects. The data suggest the standardized differences between the underlying
population mean changes of: Agrpm = —0.05, Are, = —0.27, and Ag,y. = —0.10. Note
that for this particular data set, as higher scores correspond to better performance, a
negative standardized difference between the mean changes (placebo — treatment) corre-
sponds to a beneficial treatment effect. Under these presumed population characteristics,
Leg is the most effective outcome measure in comparing the two arms, Cognitive is only
modestly effective, and Arm is quite ineffective. This seems similar to our Case B where
the outcome measures are of diminishing effectiveness although the rate of diminishing
is faster here.

Before proceeding with the comparisons of the procedures, we emphasize that, the
version of the disjunctive outcome measure used here is DCM?, where each dimension
is dichotomized at the placebo mean (i.e. ¢; = 0 for all 7).

Table 4.22 provides the power each of the five procedures achieves with 100 patients
per arm. The sample sizes required to achieve a power of 0.80 are presented in Table 4.23.
We first consider a rounded version (for simplicity) of the observed standardized differ-

ences; namely, Agrpy = —.05, AL, = 9.30, aﬁd Agog. = —.10. Bonferroni adjustment

and Hotelling’s T? are more powerful than the other procedures and are comparable;
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Table 4.22: Power of procedures with 100 patients per arm
Configuration Procedure

Aprm  ALeg Acog. | Bon. T? OLS GLS DCM°

-05 —-30 -—-.10] .42 41 31 .29 .14

.00 —-30 —-.10] .41 45 .26 .24 .12
.00 —-.30 .00 || .40 A7 17 14 .08
—— =30 -—.10| .47 46 42 42 .23
—— =30 —— || .96 S56 .56 .56 .39
-30 —-30 -—-.301 .70 70 .84 .84 48

Table 4.23: Sample size required to achieve power of 0.80
Configuration Procedure

Aprm ALeg Aco. || Bon. T?* OLS GLS DCM®°
—-05 -30 -—-.10| 228 233 360 399 1030

00 —-30 -—.10| 228 212 455 514 1400
.00 -.30 00 232 203 809 1020 2960
-—— =30 =10y 206 213 251 251 526
—— =30 —— || 174 174 174 174 277
-30 —-30 =30 125 125 90 90 213
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with 100 patients per arm, both achieve power of around .40. OLS and GLS have power
of around .30 and OLS has a small advantage. With power of only .14, DC M? is clearly
inferior to the other procedures. Comparing the sample sizes required to achieve power
of .80, Bonferroni adjustment and T? require only about £ as many patients as OLS and
GLS and only about } as many as DCM°. With this particular correlation structure, the
advantage of OLS over GLS is expected because GLS assigns less weight (.30 versus .33)
to the most effective outcome measure Leg. But the difference in these weights is small,
so as long as the effectiveness of Leg in comparing the two arms is not overwhelming, the
advantage of OLS dx}er GLS will be modest.

Now consider planning a clinical trial using these outcome measures to assess the
treatment efficacy. Suppose that the researcher, who is willing to assume a common
variance-covariance matrix for the populations, is convinced that the specified standard-
ized differences between the underlying population means and the specified correlation
structure are the most relevant values. If all three outcome measure are to be employed,
the above power and sample size calculations indicate that the procedure based on the
Bonferroni adjustment will provide the most sensitive evaluation of the results of the
trial. These calculations suggest that about 230 patients per arm are required to detect
the specified standardized differences with a probability of 0.80.

Following these basic calculations, the researcher may want to examine several further
aspects. For example, because the above results are limited to the case of power of 0.80,
the researcher may want to explore how the power relates to the sample size for each
procedure. In addition, the researcher may be interested in how the relationship among
the procedures changes with the sample size. This more detailed investigation helps the
researcher to determine if one procedure is consistently most sensitive in the assessment

of the treatment efficacy and hence truly is the one to be used in the design and analysis

of the study. The power of the procedures based on Bonferroni adjustment, Hotelling’s
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Figure 4.4: Power of Bonferroni adjustment, Hotelling’s T2, OLS, and GLS as a function
of n when (Aprm, ALeg, Agog.) = (—.05, —.30, —.10)
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Figure 4.5: Power of procedures with 100 patients per arm when A = k- Ayq,., Where
Apgse = (—.05, —.30, —.10)
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T2, OLS and GLS as a function of the sample size per arm is presented in Figure 4.4.
(Note that DCM? is not considered because of its clear inferiority.) This plot shows
that Bonferroni adjustment and Hotelling’s T? are competitive; however, the former is
slightly more powerful when there are more than about 50 patients per arm. OLS is
consistently more powerful than GLS for the values of n considered. Figure 4.4 reveals
that the relationship among the procedures is quite similar for different values of power;
therefore, Bonferroni adjustment should be used in this situation.

We next examine the performance of these procedures under a few other configurations
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relevant to the specified one. We will denote the specified standardized differences (A grm,
AlLegy Acog.) a8 Apgse. Suppose the true treatment effects are a multiple of the specified
treatment effects, i.e. A = k- Apyse. (The configuration of Ay, corresponds to the
case k = 1.) With Ay = (—0.05, —0.30 —0.10), Figure 4.5 shows how the power with
100 patients per arm changes as k ranges from 0 to 2. This figure shows that when the
true treatment effects are less than one-half of the specified ones (£ < 0.5), none of the
procedures are sensitive in the assessment of the treatment efficacy. Due to the inclusion
of two almost ineffective outcome measures and only one modestly effective outcome
measure, all five procedures perform poorly. Figure 4.5 shows that for 0.5 < k£ < 2, the
procedures based on Bonferroni adjustment and Hotelling’s T? are competitive and have
a clear advantage over the other procedures. When the treatment effects are 50% larger
than the specified treatment effects, i.e. k = 1.5 and A = (A, ALeg, Acog.) = (—.75,
—.45, —.10), the procedures based on the Bonferroni adjustment and Hotelling’s 7T'? have
reasonable sensitivity with 100 patients per arm.

As the data suggest that Arm is only modestly effective in comparing the two arms,
we next consider the more extreme configuration where Arm is an ineffective outcome
measure: A = (.00, —.30 , —.10). Comparing to the configuration A, the power
achieved by all procedures except Hotelling’s 72 decreases slightly for this configuration.
The inclusion of an ineffective outcome measure instead of a weakly effective outcome
results in a slight improvement in the performance of the procedure based on Hotelling’s
T?. This illustrates the complicated nature of this procedure. For this configuration, with
power of .45, Hotelling’s T? performs slightly better than Bonferroni adjustment (power
of .41), moderately better than OLS and GLS (power around .25) and substantially
better than DCM® (power of .13). Both OLS and GLS require more than twice as many
patients as T2.

We next consider the even more extreme situation where Cognitive is also ineffective



Chapter 4. Applications 103

Figure 4.6: Power of procedures with 100 patients per arm when A = k- Ay, where
Ayyse = (.00, —.30, .00)
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(i.e. A = (.00, —.30, .00)) which is analogous to our Case A. Comparing to the previous
configuration, again, all procedures except Hotelling’s T'? are less powerful for this config-
uration. It is interesting to observe that T actually performs slightly better when both
Arm and Cognitive are ineffective. The performance of Bonferroni adjustment is not
much affected. For both GLS and OLS, the penalty for including an ineffective outcome
measure instead of a mildly effective outcome is quite substantial. Taking A = (.00,
—.30, .00) as Ap,se, Figure 4.6 shows how the power of the procedures with 100 patients
per arm is affected by the magnitude of the effectiveness of the single effective outcome
measure. This figure indicates the advantage of Hotelling’s T?. Bonferroni adjustment
is the only procedure which is competitive with 72

We then examine the impact of excluding less effective outcome measures. Based on
the observed standardized differences, Arm is the least effective outcome. Suppose the
dimension Arm is deleted; the configuration considered is: A = (~—, —.30, —.10). The
results in Tables 4.22 and 4.23 indicate-that all procedures benefit from the exclusion
of the least effective outcome. This exclusion has a great impact on the performance
of DCM?®: it now requires only half as many patients to achieve a power of 0.80. The
impact of excluding the least effective outcome measure on OLS and GLS is moderate;
this impact on Bonferroni adjustment and T2 is only mild.

Suppose now only the most effective outcome is included: A = (——, —.30, ——). For
this configuration, only a single outcome measure is included so Bonferroni adjustment,
T2, OLS, and GLS procedures are identical provided two-sided tests are carried out in
each case. Comparing to the results for the configurations considered earlier, we note
that for this pattern of correlations, the inclusion of the other nearly ineffective or weakly
effective outcome measures has a detrimental effect on all of the procedures. This should

deliver a clear message to the researcher that the choice of outcome measures to be used

is crucial.
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Figure 4.7: Power of procedures with 100 patients per arm when A = k- Ay, Where
Apyse = (—.30, —.30, —.30)

S
~
P
//
—— Bonferroni 4 g
o« | Hotelling's T2 // //
2 ——- OLS/GLS / g
DCMO //
/
/
//
o /
/
g
(=]
(=3
<
(=]
.
o
Q _|
(=]




Chapter 4. Applications 106

Finally, we consider a more optimistic configuration analogous to our Case C, where
Arm and Cognitive are as effective as Leg: A = (—.30, —.30, —.30). GLS and OLS
are expected to perform mdre powerfully as indicated by the results for three equally
correlated outcome measures with common correlation of 0.30 in Chapter 2. Moreover,
GLS should have a small advantage over OLS as it assigns slightly more weight Cognitive.
Again, we consider different magnitudes of effectiveness, taking A = k-Apqse, where Apgse
= (—.30, —.30, —.30). As the difference in power between GLS and OLS is negligible, only
the power of GLS is displayed on Figure 4.7. For this pattern of correlations, when the
three outcomes are equally effective in comparing the two arms, GLS is most powerful.
We also notice the substantial improvement in the performance of DCM®° due to the
increased sensitivity on each dimension. Comparing the configuration A = (—.05, —.30,
—.10) to the configuration A = (—.30, —.30, —.30), the results in Table 4.23 show that

the latter requires only about 20% as many patients to achieve adequate sensitivity.

Summary

Suppose a researcher is planning a MS clinical trial with therapies having similar charac-
teristics as those investigated in the study which led to the Task Force data. Suppose also
that s/he is willing to assume a common variance-covariance matrix for both populations
and is convinced that the observed standardized differences and the sample correlation
structure of the placebo arm are the most relevant values. Our power and sample size
calculations indicate that if the researcher intends to use one of these procedures with all
three outcome measures, the procedure based on Bonferroni adjustment is the best way
to proceed. However, even when the researcher has a reasonably good knowledge of the

correlation structure, s/he is still unlikely to know the configuration of the standardized

differences. Consequently, it is still very difficult to conclude which procedure performs
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better under the specified pattern of correlation structure. However, the results in Ta-
bles 4.22 and 4.23 and Figures 4.5 to 4.7 provide several clear messages for a clinical
trial with three outcome measures and for the specific pattern of correlation structure
considered where all three outcomes are modestly correlated. First, DCM° with each
dimension dichotomized at the placebo mean is not comparable to the other procedures.
Second, when all dimensions are equally effective in comparing the two arms, O’Brien’s
GLS is most powerful no matter the magnitude of effectiveness. Third, when only a
single outcome measure is effective, T2 is most powerful. Finally, when the situation
is intermediate; for example, when all three dimensions are effective but with unequal
effectiveness, Bonferroni adjustment and T? are competitive and perform better than the
other procedures.

The results in Tables 4.22 and 4.23 also demonstrate the detrimental effect of including
less effective outcome measures on the performance of all procedures under the specified
correlation structure. The researcher who is planning such a clinical trial should definitely
consider including only the most effective outcome provided s/he is convinced that the

magnitude of observed standardized differences are most relevant.

4.2 Oral Methotrexate Data

The second MS clinical trial data set, which we will refer to as the Oral Methotrexate
data, originated with the randomized, placebo-controlled, double-blind clinical trial of
oral methotrexate in chronic progressive MS (Goodkin et al. 1989) and was provided by
Dr. D. Goodkin. A total of 60 patients were involved in this study: 29 in the placebo
arm and 31 in the treatment arm. The data consist of six outcome measures: EDSS,

Ambulation Index (AMB), the Box and Block Test on the left arm (LBB), and the Box

and Block Test on the right arm (RBB), the Nine Hole Peg Test on the left arm (L9HP),
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the Nine Hole Peg Test on the right arm (R9HP). For this two-year study, responses were
obtained monthly, but our data set contains these responses at only baseline, Year 1 and
Year 2. The original analysis of the data for this clinical trial was based on the monthly
data and employed a single primary endpoint, the proportion of patients experiencing
treatment failure. This endpoint was a disjunctive composite outcome measure which
will be described in Section 4.2.3.

EDSS, an ordinal scale taking values from 0.0 to 10 in steps of 0.5, measures the degree
of neurologic impairment on nine functions which are believed to be most relevant to MS.
The Ambulation Index, a 10-step ordinal scale, is an assessment of the time required to
walk 25 feet. Although both EDSS and AMB are ordinal variables, for the sake of
simplicity, we will treat them as continuous variables in what follows. The response on
the Box and Block Test, a timed test given separately for the left and right arms, is
the total number of blocks a patient puts into a box within 60 seconds (a higher score
represents better performance). The réspoﬁsé on the Nine Hole Peg Test, another timed
test given separately for the left and right arms, is the time (in seconds) a patient takes to
put nine pegs into pre-specified holes (a lower score corresponds to better performance).
For those patients who failed to complete this test, a score of 777 seconds was assigned
to indicate the failure to complete the task and to differentiate these responses from the
missing values for those who did not take the test. (We do not know exactly why 777
was chosen. The largest score for patients completing the task was 342.8 seconds.) For
the Nine Hole Peg Test and the Box and Block Test, instead of using the left hand and
right hand scores separately, we will use the average scores. We create a new outcome
measure, BB, which represents the average number of blocks a patient puts into a box
within 60 seconds. Similarly, 9HP represents the average time (in minutes) a patient

takes to put nine pegs into the pre-specified holes. Since 9HP is a timed measure, its

reciprocal, [IJHP = 1/9HP, represents the rate at which the task is completed. To be
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Table 4.24: Baseline information by treatment group
Placebo Treatment
(N=129) (N =31)
Response || Mean SD | Mean SD
EDSS 5.27 1.45 548 1.26

AMB 414 1.72 4.03 147
NBB || —46.63 8.12 | —49.77 10.63
NIOHP | —1.67 0.58 | —2.07 0.58

consistent with EDSS and AMB for which lower scores represent better performance, BB
and I9HP need to be transformed so that lower scores also represent better performance.
We will use NBB = —BB, and NI9HP = —I9HP in what follows. Therefore, for the four
outcome measures considered, EDSS, AMB, NBB, and NI9HP, a positive difference of the
mean changes between the placebo arm and the treatment arm (placebo — treatment)

indicates a beneficial treatment effect.

4.2.1 Data Description

Table 4.24 provides the baseline summary statistics for the two treatment groups. The
patients on the two arms are quite comparable at baseline.

We now examine some descriptive statistics for the changes from baseline. As for
the previous application, we focus on the changes from Baseline to Year 2. Table 4.25
provides the summary of the changes from Baseline to Year 2 by treatment group. Figure
4.8 presents the boxplots of these changes for the individual outcome measures. The
summaries in Table 4.25 reveal that the treatment appears to have beneficial effects on
EDSS, AMB and NBB but not on NI9HP. The boxplots indicate some departures from

normality. For example, the collection of changes in EDSS on the placebo arm is heavily
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Table 4.25: Summary of changes from Baseline to Year 2 by treatment group
Placebo Treatment

(N = 22) (N = 23)
Response || Mean SD | Mean SD
EDSS 1.02 1.24 | 0.41 1.09

AMB 1.00 1.66 | 0.78 1.17
NBB 7.18 10.50 | 3.07 6.91
NI9HP 029 045| 033 0.50

Figure 4.8: Boxplots for the changes from Baseline to Year 2

EDSS AMB

2 1.0 1 2 3

Pl Rx Pl Rx

NBB NISHP

1.5

|
|

1

-10 0 10 20 30 40

-05 00 05

Pl Rx Pl Rx




Chapter 4. Applications 111

skewed to the right. Also, there are a few outliers in AMB and NBB on the placebo arm
and in EDSS and NI9HP on the treatment arm. The boxplots indicate the variability
of these changes in the two populations are reasonably comparable although Table 4.25
indicates the standard deviations are somewhat smaller in the treatment arm except for
NI9HP.

The sample correlations of the changes from Baseline to Year 2 among the four out-

COINeE measures are:

( EDSS AMB NBB NIQHP
EDSS 1.00 072 036 034
M,,=| AMB 072 100 080 061 |,

NBB 036 080 100 0.75
NI9HP 034 061 075 100 |

EDSS AMB NBB NI9HP
EDSS  1.00 0.82 0.27 0.48
M, = AMB 0.82 1.00  0.15 0.36
NBB 0.27 0.15 1.00 0.47
NI9HP 0.48 0.36 0.47 1.00

The correlations among EDSS and the other outcome measures show a similar pattern
for both arms. On the other hand, the pattern of correlations among AMB, NBB, and

I9HP differs substantially between the two arms: all three correlations are considerably

stronger on the placebo arm than on the treatment arm.
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4.2.2 Results

The objective of our investigation in this subsection is to illustrate how the comparisons
among the methods can assist the researcher in planning a study. Our focus is on MS
clinical trials' with treatment having characteristics similar to those investigated in the
study which led to the Oral Methotrexate data.

The information from the Oral Methotrexate data will be the basis of our investiga-
tion. Assuming the variabilities of the changes from Baseline to Year 2 are equal in both
populations, we will take the standard deviations of these changes on the placebo arm
as the standard deviations of these changes in the populations, ogpss, camp, onsp and
onrerp. (Because the standard deviations for EDSS, AMB, and NBB are larger on the
placebo arm, our results might be conservative.) The data suggest that the assumption
of equal variability for the populations is reasonable as a rough approximation.

We are sometimes in a situation where the researcher has the knowledge of the cor-
relation structure only for the placebo population (because data for placebo patients are
often available from previous trials but that for treated patients is not). Suppose that
the researcher is willing to assume that the correlation structures are common for the
populations. Under such a situation, the best one can do is to take ]\/J\‘,PI as a guide for
the pattern of the population correlations among the outcome measures. This is how we
will proceed in specifying the pattern of correlations among the four outcome measures
(despite the substantial differences in the observed correlation structures between the
two arms). Guided by ]/\4\,,},,, we notice that the correlations between EDSS and NBB
and EDSS and NI9HP are about the same (average = 0.35) and the remaining correla-
tions, while considerably stronger, are also similar (average = 0.72). For simplicity, we

will take the respective average values to represent the common correlation structure for

both populations and we have:
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EDSS AMB NBB NI9HP
EDSS  1.00 0.72  0.35 0.35
M, = AMB 0.72 1.00  0.72 0.72
NBB 0.35 0.72  1.00 0.72
\ NI9HP 0.35 0.72  0.72 1.00

With this particular structure, we have three highly correlated outcome measures:
AMB, NBB, and NI9HP. EDSS is highly correlated with AMB but only modestly corre-
lated with NBB and NI9HP. The average of the correlations in this structure is p = 0.60.
GLS is expected to assign EDSS the most weight and AMB the least weight, with equal
and moderate weights assigned to NBB and NI9HP. The weights GLS assigns to EDSS,
AMB, NBB, and NI9HP are 0.63, —0.43, 0.40, and 0.40 respectively.

The observed treatment effect suggééts sténdéfdized differences between the under-
lying mean changes of the populations of: Agpss = .49, Asms = .13, Ay = .39 and
Apnropp = —.09. EDSS is the most effective outcome measure in comparing the two arms,
NBB is moderately effective, AMB is modestly effective, and NI9HP is nearly ineffective.
As indicated earlier, NI9PH shows a detrimental treatment effect, so the directions of
the treatment effects on the individual outcome measures are not consistent.

Treating the pattern of the correlations in the populations to be known and common,
we examine a few configurations of the standardized differences. Tables 4.26 and 4.27
present the power achieved with 100 patients per arm and the sample size required to
achieved power of 0.80 for the five procedures, Bonferroni adjustment, Hotelling’s T2,
O’Brien’s OLS and GLS, and DC M°.

We first consider a configuration of standardized differences suggested by the data;

for simplicity, a rounded version A = (Agpss, AamB, AnB, ANIoHP) = (.50, .10,
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Table 4.26: Power of procedures with 100 patients per arm

Configuration Procedure
AEDSS AAMB ANBB ANIQHP BOIl. T2 OLS GLS DCMO
.50 .10 40 —.10 || .93  1.0000 .48 .95 .23
.50 .10 40 0] .93  1.0000 .64 .991 .68
.50 .10 40 —— .93 1.0000 .79 .99 .54
.50 —— .40 —— 1 -95 .95 97 97 .80
.50 —— —— —— || .94 .94 94 94 .79
.50 .50 .50 .50 || .97 97 99  .995 .87

Table 4.27: Sample size required to achieve power of 0.80

Configuration Procedure
AEDSS AAMB ANBB AN[QHP Bon. T2 OLS GLS DCMO
.50 .10 40 —.10 72 23 216 61 530
.50 .10 .40 .10 71 26 145 42 134
.50 .10 40 —— 69 23 103 39 184
.50 - .40 —— 62 63 92 52 99
.50 —— —— —— 63 63 63 63 102
.50 .50 .50 .50 61 57 44 38 82

114
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Figure 4.9: Power of procedures with 100 patients per arm when A = k- Ay, where
Aypase = (.50, .10, .40, —.10)
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40, —.10) is used. Hotelling’s T2 is most powerful and requires substantially fewer
patients to achieve an adequate power than other procedures; DCM? and OLS perform
particularly poorly. GLS has a small advantage over Bonferroni adjustment. GLS is
expected to perform more powerfully than OLS as the most heavily weighted outcome
measure, EDSS, is most effective in comparing the two arms. In fact, the adyantage of
GLS over OLS is substantial as the weight GLS assigns to EDSS is more than twice that
assigned by OLS. GLS requires less than % as many patients as OLS to achieve a power
of 0.80. With a power of .23, DC M?° is not comparable.

We next consider the power of these procedures for A = k- Apsse, Where Ayye =
(.50, .10, .40, —.10). Figure 4.9 shows that the procedure based on Hotelling’s T? is
most powerful although for k greater than about 1.3, GLS and Bonferroni adjustment
are comparable to T2, For k less than about 1.3, T'? has a modest advantage over GLS
and Bonferroni adjustment and a substantial advémtage over OLS and DCM°. While
neither OLS nor DC M? is competitive, the former has substantial advantage.

The directions of the standardized differences on the individual outcome measures in
the configurations considered in Figure 4.9 are not consistent as NI9PH shows a detri-
mental treatment effect while the other outcomes show beneficial treatment effects. In
Chapter 2, we noted the main limitation of Hotelling’s T'? is that it does take the di-
rection of the treatment effects into account. Consequently, the advantage of Hotelling’s
T? shown in Figure 4.9 deserves some further examination. We want to examine if this
advantage is a result of its limitation and therefore consider the outcome measure NI9HP
with a beneficial treatment effect. The configuration to be considered is A = (.50, .10,
.40, .10) and the results are presented in Tables 4.26 and 4.27. Comparing to A = (.50,
.10, .40, —.10), T? is extremely sensitive for both configurations but it requires slightly

fewer patients when A = (.50, .10, .40, —.10). This illustrates our concern with the

limitation of T2. In contrast, OLS, GLS, and DCMP° improve substantially when the
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direction of the treatment effects are consistent: In this case, Bonferroni adjustment is
only very little affected. It is worth pointing out that although Bonferroni adjustment
also addresses the question of whether there is a difference between the two arms as
Hotelling’s T2, the former requires one to assess the difference between the two arms for
the individual outcomes and hence the direction of the difference on each outcome will
be apparent when the analysis is carried out.

We next consider excluding the outcome measure NI9HP: A = (.50, .10, .40, ——).
Comparing to A = (.50, .10, .40, —.10), the results for this configuration show that
dropping the outcome measure with detrimental treatment effects improves OLS and
DC M?° substantially, improves GLS slightly, and has essentially no impact on 72.

Suppose now only the two most effective outcomes are included in the study; the
configuration to be considered is A = (.50, ——, .40, ——). Comparing to the config-
uration A = (.50, .10, .40, —.10), all procedures except T? improve their performance
upon excluding the two least effective outcomes. Note the dramatic improvement of
the performance of DCMP®: it now requires less than 20% as many patients to achieve
an adequate sensitivity (power of 0.80). Consequently, the choice of outcome measures
also has a great impact on DCMP. The improvement of the performance of OLS is
also substantial. Comparing to the configuration of A = (.50, .10, .40, ——), both OLS
and DCM® improve their performance substantially upon the exclusion of the weakly
effective outcome.

We next consider the configuration where only the most effective outcome is included:
A = (.50, ——, ——, ——). Comparing to the case where the two most effective outcomes
are included, the results indicate that dropping a weakly correlated but reasonably effec-
tive outcome measure has a very small negative effect on all procedures. The correlation
between EDSS and NBB is 0.35 and the two outcomes are reasonably effective; this is

similar to Case C with two mildly correlated outcome measures considered in Chapter 2.



Chapter 4. Applications 118

Figure 4.10: Power of procedures with 100 patients per arm when A = k - Ay,,., where
Apyse = (.50, .50, .50, .50)
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As illustrated by the results in Tables 2.1 and 2.2, using two weakly correlated outcome
measures with equal effectiveness, is more effective than using only one of these outcomes.
However, here we see an example where addition of a reasonably effective outcomes leads
to only limited gain in sensitivity.

Finally, we consider a more optimistic configuration, where the four outcome measures
are equally effective. Regarding A = (.50, .50, .50, .50) as Apgse, Figure 4.10 shows that
when the magnitude of the effectiveness is large, say k& > 0.70, all five procedures perform

well but DCM? is still not comparable. When lesser magnitudes are considered, GLS
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and OLS are clearly most powerful with the former having a slight advantage.

Summary

Imagine a clinical investigator planning a MS clinical trial with therapies having similar
characteristics as those investigated in this study. Suppose further that s/he is willing
to assume a common variance-covariance matrix for both populations, and is convinced
that the observed standardized differences and the sample correlation structure of the
placebo arm are the most relevant values. Our calculations show that the procedure
based on T? is most powerful. However, one should be aware of the limitation of the
procedure based on Hotelling’s T2. For the Oral Methotrexate data, the directions of
the standardized differences are not consistent: three of the outcomes show beneficial
treatment effects and the remaining outcome shows a detrimental treatment effect. Our
example illustrates the limitation of Hotelling’s T2

Suppose the researcher intends to use one of the five procedures in the design and
analysis of a MS trial with four outcome measures. For the specified pattern of corre-
lations among the four outcome measures, when all the outcomes are equally effective,
GLS is most sensitive in the assessment of the relative efficacy of the two arms.

In addition, the results in Tables 4.26 and 4.27 illustrate the importance of the se-
lection of outcome measures to be included in designing a study. Not surprisingly, the
inclusion of an outcome measure with a detrimental treatment effect has a negative ef-
fect on the procedures (except T?) although Bonferroni adjustment is not much affected.
The inclusion of a weakly effective outcome measure can also have a negative impact
on the performance of the procedures. Also, the gain in sensitivity from the addition
of reasonably effective outcome measures can sometimes be quite limited. These results
should encourage researchers to attempt to identify the best single outcome measure as

the primary outcome measure for the design and analysis of clinical trials.
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4.2.3 Another Disjunctive Composite Outcome Measure

So far, our discussion on the disjunctive composite outcome measure in this chapter has
focused on DC M°. We found that this approach is not as competitive with the others
considered. In this subsection, we want to examine another definition of treatment failure
which is related to the definition used in the original analysis of this data set. We first

provide this definition of treatment failure; see Goodkin et al. (1992):

Definition 4.1 Patients could meet treatment failure requirements for the disjunctive

composite outcome measure in any of the following ways:

1. Worsening of the entry EDSS score by > 1.0 point for patients with an entry score
of 8.0-5.0 or by >0.5 point for those patients with an entry score of 5.5-6.5;

2. Worsening of the entry AMB score of 2-6 by >1.0 point;

3. Worsening of >20% from the baseline value on the best performance of two succes-

sive Box and Block or Nine Hole Peg test scores obtained with either hand.

Changes on any the four components of this composite outcome measure had to be sus-
tained for >2 months to be designated as treatment failure.

Note that the original definition of treatment failure also contained: the appearance
of new or enlarged lesions on annual serial magnetic resonance imagine (MRI) scans.
However, early in the study, it was decided to remove this dimension form the definition
of treatment failure due to concerns regarding the potential contribution of measurement

and repositioning error to what was assumed to represent disease activity.

As we have only the baseline and annual scores for each of these outcomes, we modify

this definition of treatment failure for our purposes. The requirement that changes had

to be sustained for > 2 months is dropped. Second, the evaluation of successive scores
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Table 4.28: Treatment failure rates based on DC MP

Failure parameter Placebo Treatment
EDSS 57 .39
Ambulation Index (AMB) 35 .52
Box and Block Test (BB) .39 44
Nine Hole Peg Test (9HP) .61 44
(EDSS, AMB, BB, 9HP) .87 74
(EDSS, BB, 9HP) .87 .65
(EDSS, 9HP) .78 .57

on the Box and Block and Nine Hole Peg tests is dropped. In other words, for each of
the Box and Block and Nine Hole Peg tests, the requirement becomes: worsening of >
20% from the baseline value on the scores obtained with either hand. We will refer to
the resulting procedure as DC MP in what follows.

Table 4.28 presents the treatment failure rates for each of the outcome measures.
According to our definition of treatment failure, 87% of the patients on the placebo arm
and 74% on the treatment arm experienced treatment failure. (These compare to 83%
and 52% according to the original definition based on the monthly data.)

We now take the sample treatment failure rates as the population treatment failure
rates and evaluate the power and the required sample size for this disjunctive composite
outcome measure. With m; = .87 and m, = .74, we find that with 100 patients per arm,
the power of the procedure based on this composite outcome measure is 0.64 and the
required sample size to achieve a power of 0.80 is 144 patients per arm.

We wish to compare the performance of DCMP to other procedures. As the results
of DCMP were based directly on the data, it seems most reasonable to compare to

the performance of the other procedures under the configuration most relevant to the
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Table 4.29: Treatment failure rates based on DC M°

Failure parameter Placebo Treatment
EDSS .50 31
AMB .50 46
NBB .50 .34
NI9HP .50 .54
(EDSS, AMB, NBB, NI9HP) .76 .69
(EDSS, AMB, NBB) 12 .58
(EDSS, NBB) .69 .50

observed standardized differences, i.e. A4 = (.50, .10, .40, —.10). First consider DC' M°.
The results in Tables 4.26 and 4.27 show that DCMP provides substantial improvement
in performance over DC M°. The treatment failure rates on the individual outcomes for
DCM? are presented in Table 4.29. The results in Tables 4.28 and 4.29 show that the
differences in the failure rates between the placebo and the treatment arms on Ambulation
Index and Nine Hole Peg Test for DCMP are substantially larger than for DC MP, this
difference on NBB for DC MP is considerably smaller than for DC M?, and the difference
on EDSS is about the same for both procedures. Note that the directions of the differences
in the failure rates are not consistent for either DCMP or DCMP°. For DCMP, the
failure rate on AMB is considerably larger for the patients on the treatment arm and
that on BB is slightly larger on the treatment arm whereas for DCM?, the failure rate
on NI9HP is slightly larger on the treatment arm. The net result is a moderately larger
difference in the failure rates on the composite outcome measure DCMP which leads to
its substantially better performance. Comparing DCMP to the other four procedures

in Tables 4.26 and 4.27, we find that DCMP has a clear advantage over OLS; DC MP

requires about 65% as many patients as OLS to achieve a power of 0.80. However,
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DC MP is still not competitive with Bonferroni adjustment, GLS and T?2.

Suppose we consider dropping less effective outcomes from DC MP and DCM?°. First
consider excluding the least effective outcome; that is, dropping AMB from DCMP
and NI9HP from DCM?®°. Tables 4.28 and 4.29 present the failure rates of these new
composite outcomes. For DCMP, with 7y = .87 and 7, = .65, the power achieved
with 100 patients per arm is substantially improved to 0.96 and it now requires only
59 patients per arm to achieve a power of 0.80. For DCM®°, with the exclusion of
NI9HP, the power and the required sample size are now 0.54 and 184 respectively (with
71 = .72 and 7, = .58). Consequently, both procedures‘ gain substantially from deleting
the least effective outcome. Suppose now (Snly the two most effective outcomes are
included. DCMP is negatively affected as its power decreases to 0.91 and n increases
to 72 whereas DCM?° improves as power = 0.80 and n = 99. This detrimental effect
on DCMP by dropping an outcome with a negative treatment effect is unexpected; an
explanation requires further investigation. These results illustrate the detrimental effect
on disjunctive outcome measures resulting from the inclusion of weakly effective outcomes
and indicate the importance of the choice of outcomes in the design and analysis of a

study. The potential of this type of outcome measure is revealed as well.

4.3 Discussion

In this Chapter, the five procedures discussed in the Chapters 2 and 3 were applied to two
data sets from MS clinical trials. For the Task Force data, the three outcome measures
are modestly and roughly equally correlated on both arms. The results in Tables 4.22 and
4.23 indicate that with this particular pattern of correlation structure, the performance
of the procedures depends heavily on the configuration of the standardized differences.

This confirms the findings based on idealized scenarios in Chapters 2 and 3 that the
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anticipated configuration of standardized differences should play an important role in
the selection of the procedure to be used for the design and analysis of the trial. For
example, when all the outcome measures are equally effective in comparing the two arms,
O’Brien’s GLS is the best way to proceed. OLS has almost identical performance, but
the other procedures are clearly inferior. On the other hand, when only a single outcome
is effective, T is most powerful. Bonferroni adjustment is reasonably competitive but the
other procedures are clearly less sensitive. For intermediate cases, Bonferroni adjustment
performs better. Therefore, it is essential for the clinical investigator to obtain as much
information as possible on the charactéristics of the outcome measures for the patient
population to be studied. Without adequate knowledge, it is impossible to decide which
of these statistical approaches to multiple outcome measures is most appropriate for the
MS clinical trial being planned.

The Oral Methotrexate data provided several interesting features. The directions
of the observed standardized differences on the individual outcome measures are not
consistent as one outcome shows a detrimental treatment effect whereas the rest show
beneficial treatment effects. The least correlated outcome measure is most effective in
comparing the two arms. The results in Tables 4.26 and 4.27 illustrate the limitation of
the procedure based on Hotelling’s T2 resulting from the fact that it does not address
the question of whether one arm is better than the other. Also, the results indicate that
for the specified correlation structure and configuration of the standardized differences,
the procedure based on O’Brien’s GLS is most appropriate.

For both data sets, DC M° is not competitive with the other procedures. However,
to some extent this is due to the definition of treatment failure underlying DC M°. For
example, the alternate disjunctive outcome measure based on a definition of treatment
failure related to that used in the original analysis of this data performs substantially

better than DCMP°. This suggests the potential of the procedure based on this type of
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composite outcome measure. It also indicates a difficulty of using this type of composite
outcome measure: its performance depends heavily on the definition of treatment failure
employed, but in most circumstances the most appropriate definition will not be obvious.

For both applications, we also considered several configurations to illustrate the effect
of the exclusion of weakly effective or ineffective outcomes. The results indicate that
when planning a study, researchers should pay particular attention to the selection of
the outcome measures to be included as the inclusion of outcomes of little effectiveness
or no effectiveness can have considerable negative impact on the sensitivity of these
procedures for the assessment of the relative efficacy of the two arms. Also, addition of
even reasonably effective outcomes sometimes adds little to the sensitivity. These results
demonstrate the importance of effort in identifying the best single outcome measure when
planning a study as the primary outcome measure for the design and analysis of clinical
trials. If several primary endpoints must be included because it is not possible to identify
the single best outcome, then, these results stress the extreme importance of identifying
equally effective outcome measures for the assessment of each clinical dimension judged

to be of importance in the clinical trial under consideration.



Chapter 5

Conclusion

In this thesis, five statistical methods for the design and analysis of clinical trials where
the efficacy of a therapy is assessed by multiple outcome measures were compared. The
results presented allow several general remarks.

First, the inclusion of ineffective or weakly effective outcome measures can result in a
substantial penalty. Consequently, the selection of outcome measures to be used is very
important. The results for equally correlated outcome measures show that the inclusion
of ineffective outcome measures leads to detrimental effects on all the procedures. In this
situation, identifying the best single outcome becomes essential. However, when it is not
clear which outcome is effective, the results suggest that Bonferroni adjustment should
be used as the impact of including ineffective outcomes on this procedure is smallest.

Second, our examples presented in Section 4.2.2 illustrate that results obtained using
the procedure based on Hotelling’s T can be misleading as the inclusion of an outcome
measure with a detrimental treatment effect leads to a smaller required sample size.
Because T? does not take into account the directions of the treatment effects, it is not
an appropriate procedure for the clinical trials context.

Third, procedures which combine the evidence provided by individual outcomes can
be quite sensitive in the assessment of the relative efficacy of the two arms. The procedure
based on O’Brien’s GLS statistic shows its superiority in many of the settings considered.
In particular, when several outcomes with roughly equal effectiveness are included, GLS

is very sensitive.
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On the other hand, there is potential danger in using the GLS procedure: Depending
upon the correlation structure among the outcome measures, it is possible for GLS to
perform very well or very poorly. Therefore, to determine the appropriateness of a
particular procedure relies heavily on the researcher’s knowledge of the outcome measures
to be used. Without high quality information on the outcomes to be used, providing a
specific recommendation on the most appropriate procedure for a particular MS clinical.
trial is impossible.

Although our results suggest that DC M is not comparable to the other procedures,
this may be due to the limited scope of DCM considered. The results in Section 4.2.3
illustrate the potential of this method. The main advantage associated with DCM is
its ease of handling longitudinal data as using the longitudinal data would presumably
add sensitivity in the assessment of treatment efficacy. Its main difficulty is that there
seems to be no obvious rules of constructing reliable pre-assigned cutoff values for the
individual outcome measures. Constructing a clinical meaningful and statistically pow-
erful disjunctive outcome measure requires the researcher to provide detailed and reliable
information on the outcomes to be used. Overall, perhaps the most important message
is that more empirical work on high quality information is essential to provide a better
understanding of the properties of outcome measures in current use and the relationships
among these outcome measures.

The discussion in this thesis has focused on the case of continuous and normal re-
sponses. For the Hotelling’s 7%, OLS and GLS procedures, as long as the joint distribution
of the vector of Z-statistics can be reasonably approximately by the multivariate normal
distribution, these procedures can be applied and our numerical results are relevant.

Another limitation of our investigation is that we have assumed that the data to
be analyzed are the changes in the responses from the baseline to the end of the trial.

However, quite often outcome measures are recorded regularly throughout the period
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of the study. Using the procedures based on Bonferroni adjustment, Hotelling’s T2,
O’Brien’s OLS and GLS to analyze such longitudinal data involve first summarizing the
data by a suitable univariate descriptor. In other words, some of the information collected
in the study is not used. In contrast, longitudinal data can easily be analyzed by DC M.
This appears to be the main reason DC M was proposed and used in the original analysis
of the Oral Methothexate data. Our results have illustrated the potential of O’Brien’s
GLS statistic in providing a sensitive assessment of treatment efficacy, so a procedure

analogous to GLS but for longitudinal data certainly deserves future work.



Appendix A

The non-centrality parameter, denoted by A%, for the Hotelling’s T2 statistic for testing
Hy: A =0 against H,: A = A is:

n * - *
N = 2(ATYM,(A)

For the special case of equally correlated outcome measures, the correlation matrix is of

the form:
L'p p P
p 1 p p
M,=|: : "~ i = 1=pI+pJ,
pp - 1L p
p p - p 1

where p is the common correlation among the outcomes. To simplify the expression for

A% re-express M, as:

M, = (1-p) <I+I—f—;J)

We will need the following lemma before proceeding further:

Lemma A.1 Let the p x p matriz W have the form

W=1+ad.
Then,
wil=1-_"2
14 ap
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Applying this result yields

and we obtain:

No=

S(ay M, (a)

(A% (I - ﬁ-’) (4%)

2(1-p)
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Appendix B

For a simple two-armed clinical trial with n patients on each arm, suppose the parameter
of interest is the difference in the population means, gy — g2 = 6 say, and the common
population variance, o2 say, is known. We would like to test Hy : § = 0 against H, : § # 0.
At the end of the study, we estimate this parameter by the difference in the sample means,

6= X; — X;. The expectation and variance of this estimator is:

E@) =6, Var() = 2o

n

By the Central Limit Theorem, for large n, the distribution of 6 can be approximated as

N(8,20%). Therefore, the distribution of
§—6
\/20%/n

can be approximated as standard normal. To produce an approximate level « test, Hy

is rejected if | 6 |> z1_a/21/20%/n. The power of this test evaluated at H, : § = §* is:

Powers_s: = Ps_g+ (| 6 |> zl_a/2\/202/n)
= 1- P§=5- (—zl_a/2\120'2/n S 5 S Zl_a/2\/20'2/n)

L _p (—zl_a/2\/202n — & 5— 6 Z1—aj2V 20?0 — 5*)
— L6=6*

< <
V202 /n - /202 /n V202 /n
né* 6"
= 1-P (—Zl—a/z - \/g; <Z< Rl-af2 — \/g;)
né* o*
=1-9 (Zl—a/z - \/%*;) + @ ("zl—a/2 - \/%;)

If 6* > 0, then provided n is large,

7 =
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: n é§*
O —2_n/2— \/j— ~ 0.
( R1—a/2 5 0) 0

Therefore, we can approximate Powers—s« by the upper tail probability only; that is,

n 6*
Powers—s« ~1 —& (21—a/2 — \/;;) .

The approximate sample size required to achieve power 1 —f can be obtained by solving

no*
1—(I)<Z]_a/2—\/;;) ﬁl—ﬁ

for n. This is equivalent to solving z;_o/2 — \/-1}; % ~ zg for n. This calculation yields:

~ 202(21_a/2 — Zﬁ)z

T ey

With A = g, the standardized difference of the population means, we can re-express

the approximate power and the required sample size as:

1-o (zl—a/Z - \/?A*) fO'f' 6" > O,

221_as2 — 25)"

X

and

n =

(A%’




Appendix C

Here, we want to show that when the outcome measures are equally correlated, O’Brien’s
OLS and GLS statistics are equivalent. As already shown in Appendix A, for equally

correlated outcome measures, the correlation matrix has the form:

and

M = s (- )

With this expression, we can proceed to show the equivalence of [Aio s and BGLS:

~ Yi+4Ye+...+Y,
Bors = — ,

Bors = (1'M,"'1)7'1'M,'Y.

Let a = m—"_w for simplification. Then,
VM1 = m(l — ma)
’ (1-p)
and
1 —ma) &
1M,y = ( Y.
’ (1-p) E ’
Therefore,
~ 1- 1 —ma) & m Y, o
BcrLs = (1=p) ( ) ZY} === = Bors.




Appendix D

In many clinical trials, the parameter of interest is the difference between two population
proportions, m; — 72 = 6 say. Suppose that one has available independent binomial
samples of size n with probability of success m; for the placebo arm and =, for the
treated arm. We would like to test Hy : 7y = w2 = 7 say, against H, : m; # 7. We

estimate m; and m, by the sample proportions, p; and p;, and

' 1—7T
E(pl) = 71, Var(pl) = ﬂ—a—l))

7!'2(1 — 71’2)
_n .

E(p2) = 72, Var(py) =
By the normal approximation, for large n,
under Ho: my — 72 =0, p1 — pa = N(0, 2—”(-:;—"1)
~under H,: 7y — 7y =0, p1 — p2 = N(6, "1(1_”1):”2(1_”)).

Estimating 7= by p = ’%”—2, the Z-statistic for this test is

P1— P2
2p(1 —p)/n
To produce an approximate level « test, Hy is rejected if | ﬁ |> z1-a/2-

The power of this test can be evaluated as follows:

Powery, _r,—6 = Pr_n,=s (| p—p2 > Z1-—af2y/ 2p(1 — ﬁ)/n)
= 1- P7|'1—7|'2=9 <_Z1—a/2 V 2?(1 - ﬁ)/n S D1 — D2 S zl—a/? V 2?(1 - ﬁ)/n)

_ (Pl—Pz)—0 )
= 1—-Pla< <b
( N \/7r1(1—7r1)—|—7rg(1—7r2)/n N
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—21_a/24/ 2P(1-p)/n—0 db= 21_a/2y/ 2P(1-P)/n—8
an = .
V/m(1=m)+m2(1-m2)/n Vm(=m1)+m2(1-72) /n

where a =

(p1—p2)—0
\/7r1 (1—m)+m2(1—m2)/n

tion. Also for large n, p approaches mj-_;rz = 7 in probability. It follows that Power,, _r,—¢

If n is large, approximately follows the standard normal distribu-

can be approximated by:

2m(l—7 0
Powery, _p,—¢g ~ 1—-® zl_a/2\l (1 —7) - v
Wl(l_ﬂ.l)_i—ﬂ’?(l —7!'2) \/7'('1(1 —7T1)+7Tg(1 —7'('2)

; y mi-m v
| + @ ( 1"“/2\1 (1 —7my) + mo(1 — 72) \/71(1 — )+ ma(l - 7r2)) |

Because 27(1 — 7) = m1(1 — mq1) + m2(1 — 72) + %, this can be re-expressed as:

r(l—-m) \/nb )
(L =m) = 0%/2 | fom(1 —7) — 62/2

. WA-F) o
+ @ ( 1—a/2\] 27(1 _ —f) —02/2 \/2f(1 — f) - 02/2) .

Powery —p,—g =~ 1—® (Zl_a/g\

If 8 > 0, then for large n, ® (—Zl_a/g 27?}%_@2/2 — \/27(1{7_‘%_92/2) ~ 0. We can

therefore approximate Powery, _r,=¢ by the upper tail probability only:

27(1 — 7) \/nb
Powery _r,—g =1 —-® | 21, — — — .
( 1 /2\| WI-m) -2 fr(1—7) 02/2)

Solving the equation

" 2\] 27(1 —7) B \/nb ~
P\ (L -7 — 022 V27(1 - ) — 62/2 ’

for n yields the approximate required sample size:

(zl—a/‘l\/m — zg\/%(l ) %02 )2

n=

92
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