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Abstract

The role that matrix models, in (4 — €) dimensions, play in quantum critical phenomena,
is explored. We begin with a traceless Hermitean scalar matrix model and add opera-
tors that couple to fermions, and gauge fields. Through each stage of generalization the
universality class of the resulting theory is explored. We also argue that chiral symme-
try breaking in (2 + 1) dimensional QCD can be identified with Néel ordering in two
dimensional quantum antiferromagents. When operators that drive the phase transition
are added to these theories, we postulate that the resulting quantum critical behavior
lies in the universality class of gauged Yukawa matrix models. As a consequence of the
phase structure of this matrix model, the chiral transition is typically of first order with

computable critical exponents.
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Chapter 0

Introduction

This thesis is organized into five chapters. The first chapter is a review of universality and
spontaneous symmetry breaking. We review how radiaﬁve corrections to the classical
potential can introduce a global minima away from zero field, as first shown by Coleman
and Weinberg [1]. The onset of spontaneous symmetry breaking can also be understood
through the beta functions of the theory alone, this work was carried out by Amit [2] and
Yamagishi [3]. We apply his work to a matrix valued field theory, and derive conditions
necessary for first order behavior. The second chapter introduces the matrix field theories
that are to be studied in chapter five, the beta functions and critical exponents are also
calculated here. Chapters three and four discuss some other models of interest to us.
In chapter three a four fermion theory with gauged color, is introduced, and it’s critical
exponents calculated. Chapter four reviews the connection between two lattice models, a
generalized quantum Heseinberg antiferromagnet and lattice quantum chromodynamics
(QCD). In chapter five the phase structure of the matrix models are discussed, and the
conﬁections between these models and those found in chapter three and four is explored.
A more detailed discussion of the connection between the various chapters is given below.

In the second chapter we introduce a traceless Hermitean matrix scalar theory with in-
ternal SU(Nr) symmetry. This theory contains two relevant couplings, tr¢* and (trg?)2.
A generic feature of field theories with more than one coupling is that the phase transi-

tions are typically of first order. The multidimensionality of the coupling constant space

is responsible for this, simply because there are more directions for the fixed point to
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be unstable in. The classic example of this is the massless scalar electrodynamics stud-
ied by Coleman and Weinberg [1]. There, in the two dimensional plane of the Higgs
self-coupling there are no infrared (IR) stable fixed points, and hence all phase tran-
sitions are of first order. Another example occurs in the complex matrix scalar field
theory with SU(N.) x SU(Ng) symmetry, which represents the universality class of the
finite temperature chiral transition in QCD [4]. There are two coupling constants for the
renormalizable interactions tr(MTM)? and (tr MTM)?2, and when the matrices are larger
than 2 x 2 the phase transition is first order. When the matrices are 2 x 2 the model
is equivalent to a vector theory with one coupling constant and the phase transition is
second order. Similar reasoning has been used to argue that the (4 — ¢) dimensional
traceless Hermitean matrix scalar field theory has a second order phase transition only
when Ny = 2 and has a fluctuation-induced first order phase transition when N; > 2 [5].

Two generalizations of the traceless Herrﬁitean matrix scalar theory are also intro-
duced in chapter two. The first stage is the introduction a Yukawa interaction to fermions.
We calculate the beta functions of the theory, however, the analysis of the phase struc-
ture is left until chapter five, where we show that the existence of a non-trivial Yukawa
fixed point tends to make the fixed points of the theory IR stable. This theory is shown
to have the same symmetries as a four fermi theory with gauged flavor, and hints that
they might lie in the same universality class. This suspicion is confirmed when one com-
pares the critical exponents of the two theories. This work was originally carried out by
[6]. One of the goals of that work was to develop a theory that lies in the universality
class of (2 4 1) dimensional QCD. Unfortunately this matrix model does not have the
same symmetries, and hence can not describe it’s critical behavior. Once a U(N¢) gauge

field is introduced into this generalization of the traceless Hermitean matrix theory, the

symmetries are identical and the resulting theory can lie in the same universality class

as QCD.
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In chapter four we discuss an intriguing feature of quantum. spin systems - their rela-
tionship to gauge theories. This connection was originally used to study chiral symmetry
breaking in QCD, where the strong coupling limit resembles a spin system [7]. More
recently, the analogy has been exploited to prove that certain gauge theories break chiral
symmetry in the strong coupling limit [8, 9, 10]. It has also been used to formulate
mean field theories for magnetic systems {11]. For the most part, these works use the
formal similarity between a gauge theory and a spin system at the lattice distance scale.
Recently it has Been suggested that the analogy is much broader in that it can account
for the quasi-particle spectrum and other infrared features of the two systems [12]. In
this thesis evidence for the latter will be presented by discussing a common feature of
the phase diagrams of 2-dimensional quantum antiferromagnets and 3-dimensional QCD.
The dependence of the chiral symmetry breaking pattern on the number of flavors and
colors of quarks in QCD is similar to that of the antiferromagnet where the rank of the

spin algebra and the size of its representation play the same role as the number of flavors

and colors, respectively. We shall also study the critical behavior associated with a chiral

or Néel phase transition. Such a transition must be driven by operators which are added

to the QCD or antiferromagnet Hamiltonian and which have the appropriate symmetries.

We argue that these transitions fall into a universality class which can be analyzed using
the epsilon expansion. In particular we argue that the universality class is that of the
gauged traceless Hermitean matrix scalar theory with Yukawa coupling to fermions. In
chapter five we show that in many cases the phase transitions are fluctuation induced

first order ones.



Chapter 1

The Renormalization Group and Spontaneous Symmetry Breaking

1.1 Universality

Phase transitions are abundant in physics. One example is the phase transition that
occurs in hot quantum chromodynamics (QCD) with more than two flavors of fermions
[4]. Here chiral symmetry is broken at finite temperature as the fermions pick up a
mass. This type of transition, where the free energy contains a discontinuity is known
as al first order phase transition. If the free energy is continuous but has a singular
derivative ! the theory is said to undergo a second order phase transition at that point.
An example of a second order transition occurs in the 2 dimensional Ising model. The
Onsager([13] solution shows that the phase transition associated with this model is of
second order. The phase transitions in the above two examples occurred as the result
of tunning thermodynamic parameters of the theory, namely the temperature. We are,
however, interested in quantum critical phenomena, where one deals with transitions,
typically at zero temperature, which results from the tunning of mechanical parameters
in the theory, such as coupling constants or particle masses.

An important difference between first and second phase transitions is that the lat-
ter exhibit a property known as universality. This appears in second order transitions
because near the critical point one can approximate the scaling behavior of the relevant

functions as power laws. These powers depend upon the particﬁlar Hamiltonian under

IThis need not be the first derivative, as long as some derivative contains a singularity the phase
transition is known as a second order one.
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study, yet if two systems have identical critical exponents (as these powers are called)
then the theories exhibit the same critical behavior.
To see how universality arises consider a general Hamiltonian with a single field

variable ¢,

’}-[[¢] = i;l'-/dle den ¢($1) X ... X (ﬁ(fcn) X Hn(xlv 7:871) (11)

The n-point functions of this theory are defined as,

W™ (zy, ..., 2,) = / D[] ¢(x1) X ... X P(zn) x &4 (1.2)

The renormalization group method maps #H[@| to a scale dependent Hamiltonian Ha[9]

such that the respective n-point functions are related as follows,
W (21, .oy T0) = Z72(NW™ (Azy, ..., Aan) (1.3)

where Z()) is a renormalization factor.
This mapping is interesting if it has a fixed point H,[¢] — H.[#] as A — co. Assuming

such a map the n-point functions will also have a fixed point,

W™ Az, ..y Azn) = lim ZP2(NW (34, ..., z,) (1.4)

A—00
A curious relation between W, at two different scales can be seen by introducing another
scale parameter,

W™ (\uy, ..., \uz,) = lim Z+"/2(A)W£")(ux1,...,,u:zn)

A—=00

= lim Z""? Q)W (xy, ..., z,) (1.5)

A—=00

which then urges one to write the following equality,

W™ (uzy, ..., py) = ZH2(WWS (24, ..., ) (1.6)
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where the fixed point renormalization constant has been introduced,

Z.(p) = Jim Z(w)/Z(3) (17)

Since the above equations are valid for all scales u the Z,(u) must obey the dilatation
operation, and hence form a representation of the dilatation group. Thus we can imme-
diately infer,

Z,(p) = p~>% (1.8)

for some positive constant dg. The correlation functions then have a very simple scaling

behavior parametrized by dg,
W™ (uz,, ooy UTg) = pT W (g v Zn)  u>>1 (1.9)

This is a remarkable result since the R.H.S. depends only on the fixed point Hamiltonian.
This is what is meant by universality, after renormalization flow to a fixed point the
behavior of the system depends only on the fixed point. So if two different theories flow
to the same fixed point, then they are in the same universality class and hence have the
same critical exponents (in this single variable example that exponent would be dy).

Recall that (1.3) leads to the Callan-Symanzik [14] equation,

where,
d_;iﬁgi = Bilg1(N), -, 9(N)) (1.11)
%d ?n/\ InZ(A) = 7(g1(A); s 9a(N)) (1.12)

These equation actually tells us under what conditions second order phase transitions

can occur. Since the renormalization flow is governed by the beta functions of the theory
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a necessary condition is that the beta functions have an infra red (IR) fixed point. This

can also be seen by integrating (1.11) to obtain,

A ([0

for the case of one coupling constant. This tells us that if the scale parameter , J, is
to diverge (so that a second order phase transition can occur) a necessary condition is
that the beta function has a zero. The zero must be IR stable, otherwise the couplings
would flow away from that point and never cause a divergence in A. This concludes our

discussion of universality.

1.2 Spontaneous Symmetry Breaking and the Coleman Wienberg Phenom-

ena

Spontaneous symmetry breaking is a well known phenomena. In the classical world these
processes are observed daily. For example, holding a pencil vertically with it’s point on
the table and then releasing it causes the pencil to fall. The direction in which the top
ppints to as it falls is arbitrary, since all directions have the same free energy. However,
we observe only one direction in reality. The universe has picked one state from a set of
states that all correspond to the same free energy - this is what is known as spontaneous
symmetry breaking. Even though the theory posses some symmetry, the ground state
does not.

The situation is analogous in the quantum realm. A system of spins on a lattice
with Ising type interactions have a degeneracy in the magnetization direction. But as
the temperature is cooled below some critical temperature T, the spins all align in a
particular direction. Coleman and Weinberg found another mechanism for generating
spontaneous symmetry breaking in field theories. They noticed that loop (or radiative)

corrections to the classical potential can produce a minima away from the origin, and
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hence introduce states that lie below the classical ground state. Even at the level of
one-loop corrections the onset of symmetry breaking can be realized. Phase transitions
that occur in this manner are known as fluctuation induced first order transitions. Such
transitions occur if the effective potential contains a global minima at a non-zero value
of the classical field. If the beta functions of the theory does not vanish then any phase
transition that occﬁrs must be of first order. This is a direct consequence of the argument
in the last section, which showed that a necessary condition for second order behavior is
that the beta functions contain a zero.

One can see this explicitly by following the work of Coleman and Weinberg [1]. In
this section we will review how the ¢ field in the massless scalar ¢* theory picks up a

mass, as shown by [1]. Consider the ¢* Euclidean action,

A
S = /dD { (1+ 24)0,00,¢ + = zm¢2 (1 + z))¢* } (1.14)
where z4, 2, and 2z, are the wave-function, mass and coupling constant renormalization

constants respectively. To obtain the effective potential we will perform a loop-wise

expansion of the functional integral. Classically the ¢* potential is given by,
V= —¢4 (1.15)

This also corresponds to the tree level approximation to the effective potential, as it
should. The next order in the semiclassical or loopwise expansion consists of polygons
with arbitrary number of sides with zero momenta entering the ring, see fig.(1.1). The

renormalization terms also appear here, so that the effective potential becomes,

dk &1 [ I\
4 2 [4
eff QS + zm¢c Z/\¢ +/ 2’/T 4 Z m ( - ) (116)

k2 + e

Performing the formal sum in the integral takes care of the apparently dangerous infrared

divergent terms,

XA a 1,1 1 d% Ag?
Vers = 77 + 52m8e + aade + 2/(%)4 In (1.17)

2k?
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Figufe 1.1: Typical diagrams occurring in the one-loop expansion of the effective poten-
tial. '

A cutoff at the high momentum scale, implemented at k? = A2 is introduced so that the

still ultraviolet divergent integral can be performed. The resulting expression is,

_A a1 s L A, N[ A2 ]
Vers = qp0c + g + ande + o sde + o S {Ings — 5 (1.18)

As usual terms that vanish as A — oo are ignored. It now remains to find the normal-
ization constants. The action (1.14) contains no mass term at the tree level potential,
thus, if the theory is to remain massless at the current level of the loop-wise expansion,
the second derivative of the effective potential must vanish at zero field. This forces the

mass normalization constant to be,

A2
3272

Zm =

(1.19)

exactly what one would calculate using diagrammatic methods. At tree level the coupling

constant is found by taking the fourth derivative of the potential at ¢ = M, where M is
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some arbitrary mass scale. This does not change as the order of the loop-wise expansion

increases, i.e. the coupling normalization constant is found by setting,

a‘v | 32 ( AM? 11)
= = o= In + — (1.20)
do? S=M 3272 2A2 3
The effective potential with all normalization constants inserted becomes,
A, At ¢ 25
_A c _ 2 1.21
Vet = 1%+ 35600 \" 2 ~ 6 (1.21)

At tree level, the minima in the potential occurred at zero field, now there is a global

fninima located at a new non-zero field value < ¢ > given by the expression,
2 32 2
< @ >t= —5 T o) (1.22)

® =< ¢ > is now the ground state of the system, and at this point the second derivative
does not vanish. d*V/d¢?|<4> is proportional to the mass of the ¢ field thus a mass
is spontaneously generated. Coleman and Weinberg argue that this minima is in fact
outside the perturbative regime, hence there is no reason to believe that a first order
phase transition actually occurs. However, this is attributed to the simplicity of the
model. In fact they show, using the renormalization group method, that the phase
transition is of second order. They also show that in a more realistic model - massless
scalar electrodynamics, the new minima developed there is indeed in the perturbative

regime, and a first order phase transition occurs.

1.3 Renormalization Group Flow and First Order Phase Transitions

In the previous section, first order phase transitions were shown to occur as the effective

potential develops a minima away from zero field. It is, however, useful to find conditions

for first order behavior which depends solely on the beta functions of the theory without
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directly obtaining the effective potential. Amit[2] and Yamagishi[3] noticed that a con-
nection between the beta functions and first order behavior existed. This approach will
be applied to a matrix valued field theory so that the results here can be quofed later
on. We have already pointed out that if the beta functions support no IR stable fixed
points, then a second order phase transition cannot take place. The still open question
is then: “Does the existence of IR stable fixed points guarantee second order behavior?”
We will see that there is no guarantee, instead the resulting phase transition depends
upon the initial conditions of the coupling constants and where the fixed points lie in
coupling constant space. |

In later chapters we will be concerned with matrix valued field theories. In particular
we will like the scalar matrix field, ¢, to be traceless and Hermit_ean. Also the theories
under consideration will have the symmetry ¢ — UtgU, with U € SU(N). In addition
the possibility of interactions with other fields is left open. With these considerations
there are only two renormalizable self-interactions of the ¢ field. Here is the part of the

action that contains only ¢ fields,

2,,€
Sy = / Pz [ Tr(8,60,0) + 8”4!“ { 55 (Trg?)? + %Tw“}] (1.23)

where we have normalized the terms so that planar diagrams are suppressed in the large

N limit. In determining whether spontaneous symmetry breaking occurs the symmetry
breaking pattern must first be found. The first question to be answered is what class of
traceless Hermitean matrices minimize the effective potential. To answer this, we must
consider the form of the effective potential at the minimum point. Since flows generated
by the renormalization group cannot alter the form of the self interactions, i.e. ¢; and
g2 can only pick up some dependence on a dimensionless combination of ¢ and the mass

scale y, say t = In(¢/ ;L%), the effective potential at some scale is given by,

U(d, u, gi) = { ]éz) (Trg?)? + %N(t) Tr¢4} (9 (2)) (1.24)



Chapter 1. The Renormalization Group and Spontaneous Symmetry Breaking 12

where 7(t, g;) is some dimensionless function. Let ¢ @ contain the eigenvalues of the ¢
field, where ¢ is some fixed value, and the N-dimensional unit vector @ is variable. The

effective potential can then be written as,

[0  gt) & .
(6,0 = 3 { B 4 B S ] neatr (129
The configuration which minimizes U depends on the sign of g,: i) if g, > 0 then we

must minimize Y)Y, af. ii) if go < 0 then Y%, a must be maximized. Notice that
2

N N N-1 N
Sa = (L) -2% 3 o
i=1 =1

i=1 j=i+1
N-1 N
= 1-2% 3 afa
i=1 j=i+1
= 1-— F(d) (1.26)

Case i) then corresponds to maximizing F (&), the configuration with minimum energy

points in the “diagonal” direction,
{ = (+1,-1,+1,-1,..,0,..,41,-1), N €odd ;

1 (1.27)
ﬁ(—i—l,—1,+1,—1,...,+1,—1), N € even.

When g2 < 0 the symmetry breaking configuration corresponds to minimizing F (&) and

occurs along the “flat” direction,

1
d=—(+1,0,0,0,..,0,—1), VN >1 1.28
\/5( ) (1.28)

When looking for spontaneously broken symmetry the ¢ field is chosen to be in one
of the above configurations even before flowing through the RG equations. The reason
is simple: any other configuration would end up in a higher energy state, even if such a
configuration develops a non-zero minima.

The renormalization group equation for the effective potential of the theory can be

written in terms of the beta functions in the following manner,

( ai * Zﬁz -t 7¢c3¢c) U((w), gi(w)) =0 (1.29)

=1
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A dimensionless form of this equation can be formed from knowing that the mass dimen-

sion of the ¢ field is [¢] = (D — 2)/2, so that the effective potential has form,

U(b(w), 9:(1)) = 6DV (¢, 6:(1)) (1.30)

where the dimensionless function V' (¢, g;(t)) is unknown. Substituting (1.30) into (1.29)

gives the desired result,

2D . XK 0 0
(D_:§7 + ;ﬂiagi - a) Vit g:(t)) =0 (1.31)
where, _
— 2 7 — Bi
=op—arn M AEDa- vy (132

The general solution to (1.31) is well known and is given by,

2D ¢

V(t,9:(t)) = f(gi(t, 9:)) exp {m | W(gé(x,gi))dm} (1.33)

where g;(t, g;) are the solutions to the set of coupled differential equations,

dg; _ 7 I

d_tz = fi(9;)  with ic. ¢i(0,9;) = g (1.34)
The function f(g;(t, g;)) can be fixed with the knowledge of what the symmetry breaking
pattern is. The boundary ¢ = 0 is simply

1, go > 0, N € even;
2

- N
~ 4IN?2 -

f(9i(0, 9:)) (91 +alge, N)g2)  where, a=1{ 3=, 92>0, N €odd; (1.35)
N

o g2 <0, VN > 1.
which is seen by comparing (1.33) with (1.25). The function -f(g}(¢,g1)) is then the
natural extension from the ¢ = 0 case, namely replace g; with g/(¢,¢;) in (1.35). The

effective potential in terms of the renormalized couplings is then,

| 87(2 2D 2D [t
U@, 1 9:(8)) = 3z @ (61 (1) + (g, N)ga(t))e2 Jo 16Dt (1. 36)
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The dependence of gj(t) on g; is to be understood from here on. In order for a first order
phase transition to occur, a global minima must occur at some non-zero ¢. Since we
have tuned the effective potential to be exactly zero at ¢ = 0, as long as there is only

one other minima it will be a global one if U|.4> < 0. This implies that
gi + a(gh, N)gp < 0 | (1.37)

The first derivative vanishes at the minima so another condition is,

oUu

— =0 1.38

aQS ? ( )
and finally the second derivative must be positive,

02U

— > 0. 1.39

557 > (1.39)

so that the resulting extrema is a local minima rather than a maxima. The result is that

if the flow crosses the surface (this surface will be called the stability surface),
P=0  where P =D(q; + (g, N)gs) + 1 + (g}, N)fs (1.40)
in the region,

g +a(gy, N)gy < 0
D(6: +a(g£,N)ﬂz)+Zﬁi5%(ﬂl +a(gh N)B) > 0 (1.41)
1=1 z

the theory will undergo a first order phase transition, as the ¢ field will pick up a mass at
this new non-zero global minima. These results will prove to limit the region of second

order behavior even further than requiring the existence of IR stable fixed points.

1.4 The Stability Wedge and Restrictions on Fixed Points

We have found the criteria under which a matrix model displays first order behavior as

the couplings are flowed from some initial values along their renormalization trajectories.
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Thus far our analysis leave the initial choices of the couplings arbitrary. This is in error -
the effective potential, U given by (1.24), must be bounded from below in the UV limit,
and hence the initial couplings are restrained. Obviously to bound the potential 1.36

from below the couplings must lie within the region,
g1+ a(ge, N)ga > 0 (1.42)

notice that the primes on the g’s are removed since this is an initial restraint. As long
as the couplings start in this regime, called the stability wedge, there will be some flows
that reach a fixed point if one exists. Even more can be said along these lines. If a fixed
point lies outside of the stability wedge then it is possible to show that all flows must
cross the stability surface. To see this notice that the stability curves are all of the form
P = D(g1+ag)+ (i +afs =0 and §; = —cg; for small couplings. Then in the UV limit
P = (D — €)(g1 + ago) > 0 since the couplings must begin within the stability wedge.
However at the fixed point the beta functions vanish so that P = D(g; + ag,) and if this
is negative the flow must have hit the stability surface, but this is negative if and if only
the fixed point lies outside of the stability wedge. This restriction of the fixed points
conspire to reduce the size of the conformal window 2 in the (N, Ng) plane further than

requiring the existence of IR stable fixed points.

2The conformal window refers to that region in which second order behavior is observed, as then the
theory admits a massless and hence conformally invariart limit.




Chapter 2

Matrix Models

2.1 A Traceless Hermitean Scalar Matrix Model

The basic matrix model in D = 4 — ¢ dimensions is a simple generalization of the scalar

¢*— theory,
1
s5= [ {Eamam n %;qu‘*} (2.1)

The standard one-loop calculation of the ¢* beta function gives,

B=—eg+ (47T)292 +0(g%) (2.2)
It is easy to see that the zeros are given by,
o * 47r 2

Obviously g° corresponds to an ultraviolet (UV) fixed point and tells us nothing about
the critical behavior of the theory. However, the slope of the beta function at the second
fixed point, g*, is positive so that g* corresponds to an infra red (IR) stable fixed point.
In the case of a single coupling constant the region of instabilities that lead to first order
behavior is g < 0 (in analogy with (1.37)). However, since g* > 0 and the sign of the
beta function does not change in the interval [0, g*] one can conclude that a second order
transition will occur. A massless ¢? theory is then allowed where the propagators become
scale independent. When this situation is generalized to matrix fields only a very limited

subset of the theories will be seen to have a good conformal limit.

16
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To generalize the action (2.1), first notice that the scalar ¢* theory has the symmetry
¢ — UgU' for U € U(1). An obvious generalization of this symmetry that should
accompany the introduction of a N x N matrix field, ¢, is ¢ — UgU? whére U € U(N).
Such a theory would have the action,

g - / gy [-;-Trauqzsam + —12-au (Tre)d,(Tre) + 84—722{ G Te(62)? +

go(Tre?)? + gg,Tr(ﬁQ(Trqﬁ)2 + ¢4 Trd3Tre + g5(Tr¢)4H (2.4)

where all terms renormalizable in four dimensions that are consistent with the symmetry
are included. Although one can study this action, we do not need to consider such a
complication to obtain interesting results. In addition, later on we will see that if we
restrict the matrix fields to be traceless and introduce couplings to fermions the theory
lies in the universality class of certain four fermi theories. Such a restriction of (2.4) has

Euclidean action,

2
S = / die BTr 0,98,¢ + %{%(Tr (¢1))* + %Tr (¢4)}] (2.5)

Agaih, all terms i‘enormalizable in four dimensions that are in harmony with the pre-
scribed symmetry are included. Notice that in contrast to (2.1) there are now two
coupling constants. The introduction of just one more degree of freedom had a drastic
affect on massless scalar electrodynamics model as shown by Coleman and Weinberg [1].
It was noted in their work, that due to the existence of two coupling constants all fixed
points (within the perturbative regime) were IR unstable. Generically, when the coupling
constant space is multidimensional, fixed points of the flow are not IR stable and the
phase transitions , if any, are first order. This applies to the present situation as well, as
we will see.

As discussed in section 1.3, knowledge of the beta functions tells us about the critical

behavior of the theory through the Yamagashi analysis. As such, we would like to obtain




Chapter 2. Matrix Models 18

them here. However, using diagrammatics for the evaluation of the beta functiohs in this
theory is quite cumbersome, as there are many contributions and it is difficult to know
if all diagrams were included or not. Instead, we will generate the terms that appear in
the effective action which are infinite as € — 0, and read off the normalization constants
from there.

Let ¢ = ¢*T* where the T*’s are generators of SU(N) normalized so that Tr T°T? =
(1/2)6% and the ¢s are scalar fields. By perturbing around the constant classical

solution ¢ — ¢ + @, the action can be written as,
—€ 1 a a a | 87(2 g g
5= /d4 :c[ §¢ (—=6%0,0, + M*)¢"+ T{F;(Tr (82))? + N2Tr (¢§)}
| +O(4") } | (26)

where,

M® = L 2Tt T Tx[T?¢ 5—abT 2
- 9N Ngl Qe ] I‘[ c]+ 2 I'¢0

+95 (Te[p>TTY] + Tep.T°.T") } (2.7)

and the notation T(¢T? = ToT® 4 T°T* is used. Integrating out the scalar ¢-fields from

(2.6) leaves the effective action,

8?2
Sesf = NTRIn [—5abaua# + M| + T{%(Tr (62))% + %Tr (¢§)} (2.8)

where TR means a trace in function space and indices. To one-loop the only contribution

from the expansion of (2.8) is the second order term,

lMab . Mba/
(

4—e
: d D 1 F(6/2) Mabea (29)

1
om)i=c (p?)2 2 (47)(2=</2)

To evaluate the contraction the Fierz identity is of use,

o 1
ToTy = (5,~,5,~k - N&,ja,d) (2.10)
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A simple application of (2.10) produces the identities,
1 1
T[ATT(BTY] = (Tr{AB] — (T4 [TrB])
1
TH[AT*BT"] = % (1T ajrmes) - jv—Tr[AB]) (2.11)

for arbitrary matrices A and B. Applying these identities to the expression M9 Afrbe

immediately produces the normalization constants of the theory,

g = gy [NHT NP3 N’4+3g\1
v 6Nz 1T T3Ne T ToNT 4 [
2 N2-9 1
Zy = 1+{ﬁ91+—3N2 92};
Zy = 1 (2.12)

The beta functions are then obtained by writing the bare couplings in terms of the

coupling at some scale p through the normalization constants,

Z;
9 = ufgzz% (2.13)

Since a change of scale does not alter the bare coupling, applying the operator ud/du
yields the beta functions in terms of the normalization constants:
A 0 Z; 0 Z;

0=pu{egi—s — | 9i— — | gi= 2.14

In calculating f;, B;x; are set to their O(e) term, i.e. 8,4 = —eg;. Then, keeping only

terms up to O(e) in expression (2.14) we obtain the beta functions,

N2+ 7 2N?% -3 N?2+3
b = —eg+ 6N? g9i + 3IN? 9192+W9§
2 N2—-9
By = —€g2+ﬁ9192+W93 (2.15)

The critical behavior of the action (2.5) can now be studied through the fixed points

of these beta functions. A necessary condition for second order behavior is that the fixed
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point must be IR stable, this is achieved if the stability matrix,

aB;
has all positive eigenvalues at the fixed points. Pisarski [15] noted that these matrix
models have IR stable fixed points only if N < /5. 2 x 2 matrices are the only matrices
that satisfies this requirement , but a theory with such fields are known to be equivalent
to a two-dimensional vector theory (since a 2 x 2 traéeless matrix has only two degrees
of freedom.) Thus any “real” traceless matrix theory can have only first order phase
transitions. We will se that by adding a Yukawa coupling to fermions the theory is

stabilized and a window of second order phase transitions is opened.

2.2 Yukawa Coupling to Fermions

We now consider the first non-trivial matrix valued field theory. As was shown above,
the matrix model by itself has only a very narrow range of values in which second order
behavior is observed. In this section and beyond the dimension of the matrix field will
be denoted by N (rather than NV as in the last section) indicating the number of quarks
flavors in the theory. By introducing a Yukawa coupling to an Ng x Ny fermionic field,

&, we will show that due to a non-trivial fixed point in the Yukawé coupling constant, the
range of second order behavior is extended tremendously (here N¢ indicates the number
of colors.) The most genefal renormalizable theory in harmony with the symmetries,

¢ — UoUT, p — Urp and ¢ — YU with U € SU(Nr) has Euclidean action,

€/2
—e ) 7a T a
S = / d x{% <5aﬂ%8u + TN Ncy¢aﬁ> (0F
1 8m2uc [ ¢ 22 , 92 4
+2Trauq58u¢ Ny [—NI% (Tre®)” + NFTr¢ (2.17)

The factors that appear along side the coupling constants are placed there in hind site

so that planar graphs dominate and fermion loops are suppressed in the large Np limit.
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Notice that the color symmetry has been kept intact v — V4 and ¢ — V7.

Determining the beta functions goes much the same as before. In fact there is no
alteration in any of the matrix self couplings, however some new diagrams which alter
the normalization constants do appear. Previously the contribution to the normalization
constants were read off through the effective potential using algebraic methods. Now,
however, it is easier to obtain the new contributions directly from the diagrammatics.
Since we had no need for diagrams previously, the Feynmann rules appear here for the
first time. The vertices are shown in fig.(2.1), and the propagators in fig.(2.2). It is not
difficult to convince oﬁeself that the contribution to the matrix self coupling corrections
alter only the g, vertex, and is given diagrammatically in fig.(2.3). The other contribution
to the old beta functions is introduced from the scalar matrix wavefunction corrections.
The relevant diagram is shown in fig.(2.4). The Yukawa coupling is also corrected by a
one-loop diagram, see fig.(2.5). The fermion propagator, although not important for 5
and [y, is required for the calculation of 8, and also has a one-loop correction. Fig. (2.6)
shows the relevant diagrams.

Relegating the details of the loop integrals to the reader, one finds that the normal-

ization factors for this model are:

o= {]\;2]\;7g1+2]§;;3g2+]\§]\;3z_§_4NjNCZ_:}%

- 2
Zy = 1+{%91+%92}%

2 1

Zy _8Ny;NCZ

2 1
Ze = 1= iR
Zy = 1—%%% (2.18)

As before the matrix self coupling beta functions are found by writing the bare coupling
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Figure 2.1: Typical vertices for the Yukawa coupled model.
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Figure 2.2: Propagators in the theory.
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N\’ \p )

Figure 2.3: Yukawa correction to the g, vertex.

Figure 2.4: Fermion bubble correction to the scalar wavefunction.

Figure 2.5: Corrections to the Yukawa interaction.
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Figure 2.6: Matrix correction to the fermion wave function normalization.

in terms of the coupling at some scale y as in (2.13), and applying the operator ud/du,

ooy o (17,) o () oo (o)} e

B; is then found by setting §;+; = —eg;, we now have a new beta to set as well, By, =
~(€/2)y. Then all goes as before keeping only up to O(e) terms. The bare Yukawa

coupling scales as,

Zy
€/2
Yo = p Pty —y— (2.20)
z*z,
and yields 8, by the above procedure. The results are,
Ni+7, 2NL-3 NZ+3, 1,

B = —eg+ ng + nggri- 2NZ 92 + 2pr g1
s + 2 + NZ -9 3 + 1

= —€ e

2 G2 N%ng 3N2 92 SNoN y 2N yg2
€ N2 +2NpNg — 3 3
- _= 2.21

The second order behavior is again obtained through a study of the fixed points of the
beta functions. As this analysis is much richer than that appearing in the basic matrix
model a discussion will be delayed until chapter 5 where we discuss the renormalization
group flows, and stability in epsilon as well.

Assuming that there is some regime of second order behavior it is possible to calculate

the anomalous dimensions of the fields. Using (1.12) and writing the wave function
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normalization constant as Z = 1 + Y32, (ax/€*) we have,

0 1 2 k
2y = 8ln(,u)an 1+ X (ar/eb) § Z

(1 - %) ,czl{ﬁ +ﬁy8y} *

x

0 8
=3 {ﬂ, + ﬂyay} Z: -y ek+1 {ﬂz ﬁya—y} a (2.22)

k= k=1

Q

However since the anomalous dimension must be finite it is easy to see that,

1 d 0
— G— + S, Y 2.2
7T {nggz 99 syyay} o (2:23)

where 3; = sg,g;¢ + ... and B, = s,ye + .... With this tool in hand the anomalous

dimensions are,

1 *\2
Vo = +§V(y )” and,
1 ]\72 -1
= 2.24
Yy 32 N2NC ( ) ( )

Notice there are no two pairs of (Ng, N¢) values with identical anomalous dimensions,
hence every choice of N¢ and Nr corresponds to a different universality class.

This theory has the possibility of being solved in the 1/N¢ expansion, as can be seen
from the fact the color indices are only contracted over the fermions. In chapter 5 we
will show that there exists a four fermi theory that has 1/N¢ expansion with identical
critical exponents as the one-loop analysis carried out here. In the next section a gauge
field interaction is added to the present model in the name of generalization and in hopes

of stabilizing the theory further.

2.3 The Introduction of a Color Gauge Field

This will be the last stage of generalization of the ¢* action (2.1). The action is once

again the most general renormalizable action consistent with the same symmetries in the
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last section, but now a U(N¢) gauge field interaction to the fermions is included. Here

is the relevant action,

- T
. S = /d4—e${,¢)g <6“b6ag'y#6“ + ﬁy&“bqﬁaﬂ

+ip?e1, A% og + iﬂe/2625aﬂ(5ab’yuTrz‘iu) vy

1 82 e
+5 0,0, + — [%(Tr&)? + ]‘\’,—iTw‘*}
. F
1
+Zter,,} (2:25)

where A, is the traceless part of A, = AT with T%’s the generators of U(N¢). The
beta function for the non-abelian field is the just the standard QCD result, as all relevant
normalization factors can be read off directly from ghost contributions and the gauge field

normalization, neither of which detect the matrix field at the one-loop level. Thus (see

e.g. [16]),
11Ng — 2Np 4
4872 1

To one loop the this gauge field does not affect the matrix self coupling normalization

Pe, = —€e1 — (2.26)

constants. However, the gauge field does have an affect on the Yukawa vertex through
the new interactions shown in fig.(2.7). This introduces the contributions in fig.(2.8)
to the normalization constant. The last beta function needed is the U(1) part of the
gauge field. For this calculation the diagrams shown in figures (2.9), (2.10) and (2.11)

are required.

Leaving the details of the loop calculations to the reader, the set of normalization con-
stants for the theory (excluding that for the non-abelian part of the gauge field, since we
already have it’s beta function) are displayed here:

N24+7  2N?2-3  N?243g2 3 4h) 1
gt ot e
6N 3N 2N 9 4NFNCg2

Zy = 1+{ p



Chapter 2. Matrix Models 27

1
|
|
|
i
1

p— > |
abelian non-abelian

—

Figure 2.7: New diagrams appearing in the model due to the gauge field interactions.

— <

Figure 2.8: Additional corrections to the Yukawa vertex.
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Figure 2.9: New corrections to the Fermion propagator.
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Figure 2.10: Corrections to the U(1) gauge field propagator.

Figure 2.11: Corrections to the abelian gauge field interaction.
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2 N2_—9 1
Zy = 1+ mgrl- IN? 92

2 N2 _1 2 2\ 1
Z, = 1_( y_ Lo 61+e2)_

8NZNg ~ 2Ng 4n? ' 4n2) |
1 1 NZ—1 1 1
Z, = 1- 2 C 2 2\ L
: (167r262+167r2 2Ne AT BNNGY )
y* 1 |
4NF6
NZ—1 , NZ—1e e2\1
7 = 1_(XEF 1 2 c 1 2 {1
v (16N,%Ncy T NG 82 et )

ZAO = 1- 1271'2 62; (227)

Zy = 1-—

The beta functions are calculated by following the procedure in the previous section with

the additional operator,
2
0
B 2.28
2. g, (2.28)
added to (2.19) to accommodate the new degrees of freedom. This yields the beta func-

tions for the gauged Yukawa matrix model,

5 = —e +N,%+72+2N%—3 +N2 +3 N 1,
1 - gl 6N127v gl 3N}2;1 glg2 2N2 92 2NFy g].
B = ~6gz+N291gz+ SN2 95 — SNoN,Y + SN, Y 92
by = =3V~ 1 NC TNe VYT g% 16NZ N
€ 11NC_2NF 3
fo = 01— —gm @
€ NeN
Be, = —§€2+ 1;7;3 (2.29)

The analysis of the phase transitions of this model will also be left until chapter 5 where
a detailed discussion is given.

As a final point, the anomalous dimensions of the theory can be calculated through
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a generalized form of (2.23) namely,

1 0 0 0
= - Qi — - e; C1 3 2
v 2{sg,g Ba; +syyay+s,e _ae,-}“l (2.30)

L

where 3., = s¢;ei€ + ... Assuming that an IR fixed point of the coupled beta functions

exists, the critical exponents are,

NE =1 e NE—1(e1)? | (e3)°
W = {16N,%NC W)+ 2N sz t e and,
(y*)® | |
= YL - 2.31
Ve SN, (2.31)

where the stared couplings are evaluated at the fixed points. Notice that the boson field
exponents dependence on y* has not been altered by the introduction of the gauge field -
this is a direct consequence of the lack of interaction between the matrix and gauge fields.
However, the numerical value of the critical exponents differ from the non-gauged model
for any choice of Nr and N¢ showing that they lie in different universality classes. Also
within the present model alone, each choice of (N, N¢) leads yields different exponents

and hence lie in different universality classes.
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Four Fermi Models

3.1 The Gross-Neveu Model

The Gross-Neveu model consists of N¢ fermions, ¥* ,a = 1, ..., Ng, interacting through

a four-fermion vertex which obeys a U(N¢) symmetry. The action is,
D 7 a A 7,0, /0\2
§= [ @z a0 - 5 @) (3.)

and was first studied by Gross and Neveu [17]. Tt was introduced to study fermion
mass generation, and also exhibits a number of other interesting phenomena such as
dimensional transmutation, however we are only interested in the first.

Notice that the model has C, P, T and discrete chiral symmetry in addition to the
global symmetry v — Uy where U € U(N¢). These symmetries will survive even after
the generalization of the next section, and hints towards the type of matrix model to
study later on.

This model in solvable in the 1/N expansion. To see this firstly introduce an auxiliary

field ¢ to “replace” the four fermi interaction,
— D 7a a NC 2 |
S= [ d7z{Y* (7,04 + &) Y +2—)\—¢ (3.2)

This model is seen to be equivalent to the original one through the equations of motion
of the field ¢, or by carrying out the gaussian integration in the functional integral

representation of the partition function. In this form the fermions are easily integrated

31
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out of the theory, leaving the effective action,
— D NC 2
Sers = —NcTR In(7,8, + ¢) + [ d7z=7¢7 (3.3)

here TR means a trace in function space. In eq.(3.3) 1/N¢ takes over the roll of the Plank
constant. All quantities in the theory are expandable in this parameter. In particular
we are interested in scalar and fermionic propagators, as these objects lead directly to a
computation of the critical exponents of the theory.

To O(1) the scalar field ¢ is corrected by the fermionic bubble diagrams depicted in
fig. 3.1. These diagrams contribute at this order since each bubble is a closed fermi loop
and a factor of N¢ originates there, while each internal ¢ propagator introduces a factor

of 1/Ng, so that the resulting contribution is O(1). Summing up all of these diagrams

S o et (b

Figure 3.1: Bubble corrections to the scalar field propagator

yields the dressed up propagator,

o d®k - k(k—p) "
Ao(p,A) = N(;,;){ /(ZW)DTer(k—P)2}
A dPk . A(A—ﬁ) B
- Ne [1 ’\/ Tkz(k—W]
11 1 D-2
= N l)\ (4n) D/2 (D —2)T'(D/2)

4 T(1-D/29)[r(D/2)P (pz)g_l]‘l

@nP? T(D-1) (3.4)

where in the last line we have introduced a naive UV cutoff at momentum scale p*> = A2
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From the above it is obvious that at the critical point,

(47r)D/2
8

A=A = (D — 2)T(D/2)A*P (3.5)

the dressed propagator becomes scale independent, and takes on the form,

Ao(p)—l — 4 NC F(l _ D/2)[F(D/2)]2 (p2)§—1 = A(D)(pz)%_l (36)

(4m)D72 T(D—1)

The first correction to the fermion propagator occurs at the next order in the 1/N¢ ex-

Figure 3.2: Loop correction to the Fermion self energy

pansion, and is shown diagrammatically in fig.(3.2). The correction consists of a dressed
scalar connecting the external fermion lines. The dressed scalar appears since all subdia-
grams in the dressed propagator are O(1), so all of them must be included in the fermion
self-energy to obtain the exact O(1/N¢) contribution. Computing the loop integral gives

the inverse propagator,

S™'p) = p-

i / dPk k+p
AD) J (2m)P (p2)3-1(k + p)?
2

D ro-1) — nite
’p{l " 3NGDI(Dj2 — 1)T(1 - DJ2)T(D/2P " (p) + finit } (3.1)

Once again the momentum integral was cutoff off at a scale p> = A%, Exponentiating the

R.H.S. of eq.(3.7) immediately yields the scaling dimension of the fermion propagator.

Since both the scalar and fermion propagators are scale independent once the coupling
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is tuned to it’s critical, the theory must undergo a second order phase transition if the

field remains massless. The scaling dimensions' at this conformal point are given by,

1 _
S(p) o —=[p|?AF+i-P

Ao(p) o |p|*AE—P (3.8)
where we have found,

Ap = 1+0(1/Ng)

_ D-1 I'(D-1) 2
Ar = S T NeDT Dz )= D maE T CW/Ne) (39

Notice that the fermionic exponent is N¢ dependent, thus each choice of N corresponds

to a theory in a different universality class.

3.2 A Four Fermi Theory with Gauged Flavor

In this section a flavor index is introduced in the Gross-Neveu model and the simple

fermion coupling is changed to an SU(NF) isovector coupling. The action is,
7 A oA e b

$= [ { B - RTHUBTL,) 3.10)
where v is a N¢ x Np matrix with spinor entries, and 74 are the generators of SU (NF)
with normalization trTAT® = §48 /2. This theory has all of the same symmetries of the
basic one: C, P, T , and discrete chiral symmetry but has a larger internal symmetry:
SU(NFg) x U(N¢). As before one can introduce an auxiliary field ¢, this time a Np x N
matrix field, which decouples the four fermi interaction. The action can then be written

as,

_ N,
S = / d°z {wg(éamﬂaﬂ + ap)Vg + 2—§tr¢2} (3.11)

1The scaling dimension, A, is related to the anomalous dimension, v, via A = D + v where D is the
canonical dimension of the field. The canonical dimensions are Dy =1 —€/2 and Dy = (3 — €)/2.
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Notice that the ¢ field must also be traceless and Hermitean to reproduce the SU(Nr)
flavor interaction. Once again the fermions can be integrated out leaving the effective

action,

S =—NcTR In (7,8, + ¢) + / dPz ];]—;Jtrq&? (3.12)

where this time TR means a trace in matrix indices as well as in function space. Since we

o8,

Figure 3.3: New corrections to the Fermion propagator. The lower graph is suppressed
by a factor of —1/Nr due to the SU(NF) group structure.

are now dealing with matrix valued fields the double line representation of propagators
and vertices will be useful. The diagrams that correct the the scalar propagator are then
exactly as in the Gross-Neveu model. However, the fermion propagator picks up an extra
factor due to the occurrence of the two diagrams in fig.(3.3). This introduces a factor of
Nr ~1/Np into it’s correction (see section 2.1 for details). Thus we immediately obtain

the scaling dimensions of the fields,

Ap = 14+ 0(1/Ng)
D—-1 NZz-1 (D -1)
2 2N¢Np DT(D/2—1)I(1 - D/2)[T(D/2)2

Ap =

+O(1/N2) (3.13)
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If we expand this expression around four dimensions, by setting D = 4 — ¢, Ar becomes,

3—¢ NZ-1 € \2
Ap = F (—) 14
r= = teven T OUNG) ) (3.14)

We will show in-a later chapter that this four fermi theory lies in the universality class

of one of the matrix valued field theories studied in chapter 2.
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Spin Systems and Lattice Gauge Theories

4.1 Spin systems

We will consider a generalization of the quantum Heisenberg antiferromagnet in D di-
mensions on a sciuare lattice. The Hamiltonian is

1

9° <zu>
where J(z) are quantum spin operators operating on a irreducible representation of
SU(NF) at sites z,y, ... on the lattice and with < z,y > the link between nearest neigh-

bors. They have the algebra
[74(2), T2 ()] = 6F 471 (2)6s, (4:2)

The Hamiltonian (4.1) does not have a coupling constant. The constant g2 simply sets
the units in which one measures the energies of the quantum states (or one could consider
it as a unit of time). For SU(Np) spin systems large Ng corresponds to the quantum
limit, as opposed to the limit of large representations which is the classical limit. In the
former limit, the ground state of the antiferromagnet has an SU(Ny) version of Néel
order. To get a handle on this theory we will construct the spin operators explicitly.

It is convenient to construct the spin operators for a given algebra in an irreducible
representation using oscillators. These could be either fermionic or bosonic. Here, we

shall use fermionic oscillators, with destruction and creation operators ¥2t(z) and ¥2(x),

37
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respectively, and the algebra

{62(2), ¥ (1)} = 6u6°%6(z — y) (4.3)

We shall call the indices a,b,...=1,... N¢ “color” indices and o, 3,... =1, ..., Np the
“flavor” indices. The reason for this nomenclature will become clear shortly when we

discuss lattice gauge theory. The spin operators in the Lie algeb;‘a of SU(NF) are
JAx) = 9N (@) Tyl (z) (4.4)

where the fundamental representation Hermitean matrix generators T4 of SU(Ng) obey
the algebra
[74,T7] = if#BeT° (4.5)

and have the normalization condition
1
Tr (TATF) = -2-5AB (4.6)

The spin operators, J#4(z), then obey the commutation relations given in (4.2), and the
space on which these generators operate is the Fock space which is created by operating

creation operators ¥ (x)
a(@)vg (@) .. 10) (4.7)

on the empty vacuum which obeys
Ya(z) 10) = 0 , Vz,0,0 (4.8)

For any Ng, this Fock space carries a reducible representation of the algebra. An irre-
ducible representation is obtained by projecting onto a subspace of the Fock space. This

is accomplished by imposing a constraint. The representation with a rectangular Young

tableau with k rows of N¢ boxes is gotten by imposing the condition of gauge invariance
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under the U(N¢) transformation which is generated by

Np .

Gur(z) |phys.) = (Z wgf(x)¢g(x)) phys.) = 6 k |phys.) (4.9)
a=1

- The “physical states”, |phys.) span the irreducible representation of the spin algebra

given by the Young Tableau with N¢ columns and k rows of boxes. The constraint

operators obey the local algebra of U(N¢),

[Gav(x), Gea(y)] = (Oaebbclar — Gaadcedbs) Ges(2) Oy (4.10)
and commute with the Hamiltonian,
[Gav(z), H] = 0 (4.11)
and the “observables”,
[Gan(z), J4(z)] = 0 (4.12)

They generate the gauge transformation,
Yo (x) = Uw(z)yy(z) (4.13)

and the Heisenberg antiferromagnet in this formalism is gauge invariant.
Antiferromagnets of this type were studied by Read and Sachdev [18] using semiclassi-

cal methods. Their analysis was in two dimensions (D = 2) and the only free parameters

are the integers N¢ and Np. Ng >> Np is the classical limit of large representations,

where the classical Néel ground state is stable with the staggered spin order parameter

o) = (1 < 3 () halz) > (414

On the other hand, the limit Nr >> N is the quantum limit where fluctuations are
important and the system is in a spin disordered state. For both N and Nr large, they

find a line of second order phase transitions in the (N¢, Nr) plane at Np = const. - Ng
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where the constant is a number of order one. These results are somewhat insensitive to

the value of k.!

4.2 Hamiltonian lattice gauge theory

In this Section, .we shall review the Hamiltonian lattice formulation of QCD in D +1
dimensions. We shall see that the relationship between the antiferromagnet and QCD
is a very close one. This is a summary of the work reported in ref. [9] which maps the
strong coupling limit of lattice QCD onto the antiferromagnet with Hamiltonian (4.1)
and in particular irreducible representations of the flavor algebra. The degrees of freedom
of lattice QCD are the gauge fields which are unitary operators Uy, (zy) and color electric
fields which are Hermitean operators E®(zy), both which live on links < zy > of the

lattice and transform under the adjoint action of the gauge group as
Ulzy) = VaU(ey)V,) | E(zy) = Vo E(zy)V] (4.15)
and obey the reflection conditions,
Ulyz) =UNzy) , E(yz) = -U'(2y)E(ey)U(zy) (4.16)

We shall assume that the gauge group is U(Ng). There are also quark fields Y& () which

live on sites, z and transform under the fundamental representation of the gauge group

Ya(@) = V(2)ta(z) (4.17)

and which also transform under the fundamental representation of a global SU(N) flavor
group

¥2(z) = gagi@) , g € SUNy) (4.18)

'In fact, they considered a slightly more general case than we have described here where there are

different representations on even and odd sublattices. Even in that case, their results are insensitive to
the representations on each sublattice.
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The QCD Hamiltonian contains three terms, the quark kinetic energy and the electric
and magnetic energies:

H= Z ( Uab(xy)wba( )+h C. -}—; Z (E'A(xy))z) +

<x,y> A=1
+%ztr (HU+HUT> (4.19)
2e “F a] o

where the first sum over links < zy > is the quark kinetic and total electric energies,
respectively and the second over plaquettes O is the magnetic energy. The lattice reg-
ularization of the quark kinetic energy uses staggered fermions [19]. The electric fields

E(zy) are Lie algebra valued operators and can be expanded in terms of the generators

of U(NC)a
NZ-1

= > E*azy)T* (4.20)
with 7° the (unit matrix) generator of U(1) and T are the generators of SU (N¢). The
electric energy in the Hamiltonian is the sum over gauge group laplacians which act on
the color group degrees of freedom associated with each link. The magnetic term is the
Wilson energy function for a gauge field.

The gauge fields and electric field operators satisfy the algebra
[E* (zy), B (2w)] = if*BCE (2y)8(zy, zw) (4.21)

[EA(:cy),U(wz)] = U(zy)T* §(zy, zw) . (4.22)

The Hamiltonian is supplemented by the Gauss’ law constraint, which we impose as a

physical state condition,

G*(z)lphys) = | ¥ E(xy T£+Zwaa )tbsa(z)| |phys.)
YN (2)

= daNF/2 |phys.) (4.23)
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and Wthh enforces gauge: invariance s of the physwal states. Here the first summation is
over all llnks one of whose endpomts is the s1te 2. This term is a latticization of the
covariant dlvergence of the electric field.

‘Staggered fermions have a relat1v1stlc contmuum limit when their density is 1/2 of the |
maximum that is allowed by Ferml statlstlcs in this case Nc N /2 per site. Furthermore
the quark kinetic energy term in the Hamiltonian must have phases which produce an

effective U(1) magnetic flux 7 per Aplaquette [19, 9]. That the latter fact is necessary
| in order to obtain a relativistic spectrum in the continuum limit is easy to see if one
con51ders the naive latticization of the Dirac Hamiltonian Wthh has the correct lattice

spectrum, but also has fermlon doubllng,
h= Z (izpf(x)ajzb(x + j) ~iW(@)as(a - ) (4.24)
where ¢; are the Dirac matrices This- operator describes a SpanI‘ w1th energy spectrum

Zsmk “ - , (4.25)

This‘dispersion“relatiOn has small energies where k; ~ 0 and where k; ~ 7. There are 2P
such combinations, resulting in a fermion multiplicity of 2P for each component of the
spinor ‘in (4.24)." This multiplicity can be reduced by the spin diagonalization' method.
This method begins iwith the observation that the naively latticized Dirac Hamiltonian
(4. 24) resembles an ordlnary lattice hoppmg problem where the Dlrac matrices can be
thought of as 2 background gauge field. This background gauge field can be diagonalized
by a “gauge’ transformation ThlS gives a number of 1ndependent copies-of the staggered
fermion Hamiltonlans one for each of the orlglnal components of the spinor. Choosmg one
component gives staggered fermions. These §t111 have a multiplicity 20 in the continuum
limit. N | ; R

That diagonalization is possible is a result of the fact that the curvature of the Dirac -
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matrix background gauge field is a constant and is diagonal[10],

oo oy = ~1 . (4.26)

and there is a gauge in which the “gauge field” ¢; is diagonal. In order to obtain the

appropriate phases in the weak coupling continuum limit, we have chosen the sign of the

~.third, magnetic term in the Hamiltonian so that it is minimized by the configuration of

U(Nc) gauge fields with the property <IIaU >= -1. The constramt of half-filling is
enforced by (4.23). If the lattice is 2 dlmens1onal the naive continuum limit yields 2+1-
dimensional QCD with gauge group U (N¢) and Np speeies of massless four component
fermions. In 3 dimensions, thereare 4 species of 4 component fermions. In both cases,

the (chiral) flavor symmetry of the continuum limit is greater than that of the lattice

theory.

On the lattice, for example, staggered fermions do not have any continuous chiral

symmetry. On the other hand; they do have a discrete remnant of chiral symmetry

(translation by one site) which forbids explicit fermion mass terms [9, 10). A fermion

mass term is a staggered density '.ope'rator.
P@)T*() ~- < D&y (@) Tl () z Anep(z)  (4.27)

Thus, the antiferromagnetic order parameter and the order parameter for chiral symmetry

breaking with a flavor-vector condensate are identical.

In fact, in the strong coupling limit, the problem of finding the ground state of lattice

. QCD is identical to that of solving the generalized antiferromagnet with Néel order

playing the role of chiral symmetry breaking. The argument of [9] can be summarized

as follows: The strong coupling limit, > — oo suppresses fermion propagation (since the

j fermion kinetic term in the Hamiltonian isisubdominant).l_In the leading approxirnation, |

the Hamiltonian is minimized by the states which contain as little electric field as possible -
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and which are compatible with the gauge constraint (4.23). When N is even [20], it is

possible to solve Gauss’ law with E4 = 0. The occupation number of each site is No Ng /2

and < (=1)*¥},Yae >= 0 in this state. This is a highly degenerate state ->any'gauge

invariant state with NgpN¢/2 fermions has the same energy. Because they are required to

‘be color singlets, this is the same set of states as occurs in the antiferromagnet when k =

Np/2, i.e. in the representation of SU(Np) whose Yeung tableau has N¢ columns and

Npg/2 rows. Furthermore, to resolve the degeneracy, one must diagonalize the rnatrix of

perturbations. These are non-zero only at second order and the diagonalization problem

is equivalent [9, 10] to solving for the ground state of the antiferromagnet Hamiltonian

(4.1) with 515 = t?/e?. Finally, since the order parameters are identical, the Néel ordered

states of the antiferromagnet correspond to chiral symmetry breaking states of QCD.
Thus, the infinite coupling limit of QCD is identical to the antiferromagnet. A main

difference between QCD with finite coupling arld the antiferromagnet is that QCD con-

tains electric and gauge fields which allow a fermion kinetic energy and still retain gauge

invariance, whereas in the antiferromagnet, the fermions are not allowed to move. One

~could regard the corrections to the strong coupling limit of QCD as the addition of de-

~grees of freedom and gauge invariant perturbations in the antiferromagnet which allow

fermion propagation. In fact, ref. [12] suggests even a stronger correspondence, that the

additional degrees of freedom are generated dynamically.



. Chapter 5

Nature of the Phase Transitions :

5.1 The Yukawa Matrix Model and Four Ferfnion Theories "

In this section we will show that when a Yukawa interaction to fermions is introduced
in- the Hermitean matrix theory of section 2.1, the existence of a non-trivial fixed point
tends to make the phase transitions second order. The Yukawa matrix model action is

gi{/en by (2.17) and is re-displayed here,

d—¢ Ta P = ,/T,ue/Z | a
/d x{wa( aﬁ7-v+'_"/——N N y¢aﬁ>¢ﬂ
2
+%Tﬁ¢.% L [ T (Trg?)? + 2T ¢4]} (5.1)

4! N
The beta functions for the theory were derived in sectlon (2.2) and are given in (2.21).
A study of the sécond order behav1or requires knowledge of the fixed pomts of the beta

functions. The Yukawa coupling ﬁxed pomts are easﬂy found,

8N2Ng
NE +2NpNg — 3

Second order behav1or can be observed if the beta funétions support an IR stable fixed

W=0 ()= e (52)

| point. This is turn requires that the stablllty matrlx wij = 8@/89] (95 = y) has all
positive eigenvalues at the relevant pomt A fixed point of the coupled system (2. 21)'
using y° could be UV stable but never IR stable, since By has negative slope there. The
non-trivial fixed pdint y* must then be used when looking for IR stable fixed points. The

beta functions for the matrix self couplings are then reduced to,

 ((y)? ‘N:+7, 2N2-3 N+ 32

45
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_ (y*)2 ' 2 N?r_g 2 3 *\ 4
B2 = (2Np € gz{rN%gng+ 3NT 9 8NCNF(y) (5.3)

at this point. The existence of a non-trivial Yukawa fixed point has introduced a constant

term in [, (with respect to the Hermitean matrix ﬁlodel, see (2.15) for the beta functions.)
~ This serves to push the gauséian fixed point (g7, g2) = (0,0), of the basic matrix' model,
to some hon-trivial value. 'Thve constant term sfeamed from the introduction of a box
diagram (fig.(2.3)) to the correction of the g, vertex. This diagram is not a planar gfaph
and is therefore suppressed by factors of Np. Consequently iﬁ the limit Nz > 1! the

Yukawa matrix model reduces to the basic model since,

. (y*)2_ . .3 *\4 __ » .
N}mu_x)loo oN, =0  and, NlFlgoo SN (w)* =0 o (5.4)

In the basic model sec‘ond order behavior Was found to occur only if NE < /5, as a
result the large N limit prodﬁces a theory that undergoes >'a first order phase transition.
However, in the oppositeA limit 2, N¢ > 1, the Yukawa interaction .adds new structure.
Under such circumstémces the non-gaﬁssian fixed p(_)i‘nts ‘of the sirﬁple matrix theory are
stabilized .by the Yukawa term. it is trivial to show that in the iarge N¢ limit, an IR
stable fixed point of the éo'up]e.d system, (5.3), occurs at, - '

. _18(NE +3)

g9 = T6+0(1/Ng)-
6.V,
9 = +W€€+O(1/,NC)2)
(y*)> = 4Npe+O(1/N¢) o (5.5)

The matrix self couplings are suppressed by factors of N and are consequently consistent

_with a one-loop calculation. In ‘this limit the scaling dimensions® of ‘the bosonic and

This is known as the quantum limit in the case of the generalized Heisenberg antiferromégnet

2This is the limit of large representations in the antiferromagnet, and corresponds to the classical
limit ' .

3The scaling dimension, A, is related to the anomalous dimension, v, via A = D + v where D is the
canonical dimension of the field. The functions ~ were calculated previously and are given by (2.24).
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fermionic fields are,

Ay = 1+0(1/Ng)

3—e NZ-1
+ €

o2 8N¢eNp

Ay = +O(/NE)  (56)

We now understand the quanﬁum and classical limits of .this.theory, it is possible
to obtaih results for intermediate number of ‘ce'lors end flavors enly t_hrough computer
calculations. In [21] the analysis _w'as carried out,:hox.zvever the byam.agishi recjuirements
for first order behaviorv were neglected, as such the region of second order behavior as
claimed by {21] is slightly larger than the actual i‘egime. As the arguments in section 1.4
show, a theery can show second order behavior only if the coupled system of equations

(2.21) admit a IR stable fixed in the stability wedge giveﬁ by (1.42),

91+9220, g2 > 0, Np € even )

. N :
G H+—"—g>0, g, > 0, Np€odd
Np o o
91+—2—92_ZO, 92 < 0,VNp>1

Once this is kept in mind the numerical results of [21] are modified slightly, but t_he
remaining arguments are yalid. ‘The critical relation between N¢ and Np for second
order behavior is shown in fig.(5.1). . |
In addition we have found that varying epsilon does not alter the character of the
renormalization flow. The flow diagramsx scale with epsilon (as dictated by a one-leop
calculation‘)ﬂ, however the stability surface does not. Figure 5.2 show some flows of all
three couplings from the UV limi-t near the origin- to either the IR stable point shown, |
or off to infinity. Only the projection down te the (g1, g2) coupling space is shown so
that lines that appear to cross in the diagram do not do se in the full spaee. The
~stars, circles dnd crosses show the points where that particular flow crossed the stability |

surface in the region 'that indicates first-order behavior (see (1.41) and related ones) for
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g2

N
L U I R

Figure 5.1: Each line corresponds to a fixed choice of N, as one moves from the lower
region to the top Nr. is decreased from infinity down to it’s lowest allowable value,
Ngrit(Ng) for a second order phase transition to occur.

e=1, 0.5 and: 0 25 respectively Notice that all flows that lead to first order behav1or do
) regardless of the value of epsilon, the poxnts at which the flows h1t the stability surface

simply move in closer to the stability wedge as ¢ — 0, but no curve that leads to second

- order- behaviorrs_uddenly hits the stability surface as epsilon is varied. This suggests that '

the critical behavior is insensitive to the choice of ¢.

From this pomt on choose the pair (N¢, Nr) such. that the correspondmg theory allows

second order phase transmons Wlth this’ 3.51de we will to discuss the umversahty class

of this matrix valued field theory. ThlS model was built as a generallzation of ¢4 theory, |

where the symmetry ¢ — UgUT, w1th U € U (1) was generalized to UeSU (NF) and a -

Yukawa 1nteract1on to fermlons was mtroduced in the present model there are alot more:
symmetries C, P, T discrete chiral symmetry and ‘global SU(Nr) x U(N¢). symmetry.
These symmetrles are shared by another theory, the four fermi theory described by the
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0.1 : _ ‘ ‘ A ’ —

5.0 | . 0.0 o 5.0

g_1/e

Figure 5.2: These are the renormalization trajectories projected down to the coupling

- - constant space (g1, g2). The dotted line represents the boundary of the stability wedge.
' The stars, circles, and crosses indicates where that particular flow hit the stability surface
with € = 1, 0.5, and 0.25 respectively. 7 ' ' '
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action, : ‘

s= [erliom - gRTauBETIE) 67
where a, B = 1,..,Np,a, b=1,...,N¢g, ¥ is a Ne x Nr matrix of four component Dirac
spinors and T4 are the genérators of SU(Nf) with the standard normalization. The fact

that this theory Qbeys the same symmetries as the Yukawa matrix model suggests that

they might lie in the same universality class. As the study in section 3.2 shoWed, the

~ critical exponents coincided exactly with those of the present theory, to this order in N¢

(compare (5.6) with (3.13 and (3.14).) Thus the connection between the matrix model

and the four-fermi theory has been established.

. Numerical calculations have shown that for N large, the critical number of colors

_is given by N¢& ~ 0.27Np. For intermediate values the results are consistent with those

obtained from equivalent, four-fermi theories [22]. One can speculate whether the upper
critical value of Ny &~ 3.7Ng for the existence of chiral $ymmetry breaking in the four-

fermi theory is related to the upper critical Np ~ conts. X Ny, for the existence of

chiral symmetry breaking in (2+1) dimensional QCD [23]. A correspondencé-of this type

was the intention of [24]. However, one cannot naively identify U(N¢) with the color
group, since if QCD is confining U(N¢) symmetry is absent.and if it is not confining then
massless glouns should contribute to the critical behavior. In the next section a theory

in which the identification can be made is diséussed.

5.2 The Chiral Phase Transition and The'Gauged Yukawa Matrix Modél

- It has been observed that, in both 2+1-dimensional QED [25] and QCD .[23], there exists

a critical number of flavors such that if Np < N&* the model breaks chiral symmetry‘

spontaneously and if Np > Nt the theory is in a chirally symmetric, deconfined phase.

For large Nr and for large number of colors N¢ the equation of the critical line is
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approximately
1 28

Ng—3——NC—o PR (58)
A heuristic argument 'for this behav1or is.that when N r >> Ng. 'internal gluon exchanges
and the gluon self-couphng are suppressed by factors of NC /N 7. Resummatlon of leading
order dlagrams which are chalns of bubbles, produces an effectlve interaction which falls
off like 1/r, rather than the tree level In |r|. The weak couphng of order N¢/Nr and mild
infrared behavior of this. resummed theory result in a chlrally symmetric, de conﬁned
phase When Np is small, the effective couphng is large and can generate a condensate,
which is already seen in QED [25]. In fact in QCD when-Np << Ng all planar dlagrams
contribute to processes makmg the effective interaction strrng—llke [26] and the theory
isin a conﬁnlng and chlral symmetry breakmg phase [1]. Numerical s1mulat10ns [27] of
- 3- dlmensmnal QED support this scenario with. Ng o, 4. |

Mass operators for bas1c 2- component fermions in 2—|—1 d1mens1ons are pseudoscalars
and break parlty exp11c1tly [28]. Massless 2+1 dimensional QCD with an- odd number of
flavors of 2- component fermions is afﬂlcted w1th the parity anomaly [29] Wthh generates a
- parity v1olat1ng Chern- Slmons term and also fermlon mass term by radiative correctlons
With an even. number of flavors, there exists a parity and gauge 1nvar1ant regularlzatlon'
" and QCD is the 2+1- d1mens1onal analog of a vector-hke gauge theory in 3—|—1 dlmensrons
In partrcular a kind of ch1ral symmetry can be deﬁned It is known that, in this case
parlty cannot be broken spontaneously - [30] and. therefore to study chlral symmetry
breaking it is necessary to seek parity conserving mass operators. Following [25 23, 5]
we shall use N F species of 4-component fermions. The flavor: symmetry of massless- QCD

in this case is actually SU(2Np). We Wlll add operators to the action which reduce the

) symmetry to SU(NF) for example the gauged Nambu Jona Lasinio (NJL) model with
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four-fermion interaction,

5= [ds (4 o+ UNDu + 5 (z/?T.Aw)Z). - (59)
~ where T 4 is-a generator of SU (Np) in the fundamental representation. Notice this is
just the gauged form of the 'fou'r-fermi theory (5'7) The 4-fermi operator, whlch is
renormalizable in the 1/N¢ expansmn [6] can drive the chlral phase transition w1th
condensate ¢ =< ¥T4) >. The results of [25, 23] indicate that if Np < NgFt the
order persists even when A = 0. Gauged NJL models, when analyzed by solving the
gap equation [31], exhihit,second order behavior at-a surface in the space (Nr, Ne,)).
Ohr analysis will indicate' that for a large range of parameters fluctuations make this
transition first order. Our results do not apply to the hypothetical case where Ny or N¢
are varied to drive the transition [32] |
- In chapter 4 we have reviewed the arghmentsthat show that ’phe strong coupling limit
of (2+1) dimensional QCD is equivalent te the generalized Heisenberg antiferromagnet -
on a 2 dimensional lattice. One common feature of these theorles is that be51des the
' -‘external parameters, Nr and Ng, they have no free parameters. In these theories once
" Np and N are given, either the vacuum is symmetric or the symmetry is spontaneously
. broken. One-'coﬁld imagine adding operators such that if their coupling 'con_stant's are
varied, it can ihduce{the chiral trahsition. We conjecture that these transitions fall into
a universality class which can take into accouht all such modifications, as long as they
respect the symmetries of the theory. We argue that the universality class is described

by the 4 — ¢ dimensional Euclidean field theory'given by 2.25 and redisplayed here,

+ipcl? elfyuAZ bop + ip/ ez5aﬁ5ab’)’uTr1‘_iui> 1/),2.

82
+5 Tr8#¢8u¢+ T “

') | 2v2 |, .92
[ . %(Trqﬁ ) __‘_N_FTMS[I}
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The evidenc-e that (5.10) describes the universality class’_ciomes from fh’e work of the last
section, where the gauge fields are absent. Recall that fhe anomalous dimensions of the -.
fermion and matrix fields were identical to leading order in 1/Ng and € to those of a

2 < D < 4 dimensional fouf-fefmi theor>y. Hoyvever, that model suf?ered from a lack of |
U(N¢) géuge invariance,‘an'd as such coﬁld not represent the universality class of 2 + 1

dimen,sionai QCD. The model (5.10) does however have a_ll' the required isym‘mef;ries, and

we conjecture that it rebpresents the universality class of lower-dimensional four-fermi

theories with U (Nc) gauge invariance. We wili show that, as a consequence, the chiral

phase transitibn is a ﬁuct-uati(')n induced first order transition for a 1arge range of values

of (N¢, Nr). When it is second order, fhe critical exponents are computable and are:
presented here. | ‘ .

In the last section'We showed that the introduction of a Yukawa coupiing to the

Hermitean matrix model opened a window in (N¢, Nr) space for second order phase

‘transitions. When two more couplings, to a gauge field, is introduced we will show that A

the window closes (but not cornpletely). This is to be expected since at each fixed point

- there is now an entire plane of directions in which instabilities can develop. This result

can be shown explicitly by repeating the analysis of the last section.

The fixed points of the beta functions for this model have a similarity to the.Yu‘k'awé"
model. In particular, all but the matrix self couplings can be trivially removed from the
coupled system (2.29). The zeros of 3,, and f,, can be solved independently and allows

the potentially IR stable non-zero solutions,

2472
*\2
.(61) = —2N_F — —11N_c € and,
672 . :
(e2)? = T - (5.11)

N¢Np ¢
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Using these zeroes in . gives the potentially IR stable Yukawa, coupling fixed point,

‘(‘y*)zz 1 g0~ o 8NpNe (5.12)
, | 11N¢ — 2Np | Ni +2NpNg -3~ o

Notice that in the large Np limit the result obtained. without the gauge couplings is
reproduced, however large N¢ introduces an extre numerical factor of %. This difference
is a result of the gauge fields coupling to the color indices of the matrix field and not the
ﬂavor Since the beta functiohs for the matrix self couplings are identical in the gahged
model and non- gauged model the IR ﬁxed points are obtained through the solution of
the coupled equations (5. 3) Where the y* is now the one appearmg in (5. 12)

In 4 dimensional QCD if N; F < 5.5N¢ the theory is asymptotlcally free, however in this
regime e} corresponds to an UV stable ﬁxed point and not an IR one. The entire system
is’ then IR unstable in the asymptotically free reglon To obtain IR stable solutions,
one must move into the non—asymptotlcally free region. Th1s sets a lower bound for our
conformal window. Recall that the arguments in section 1.4 forced the fixed point to
remain in the stability Wedge, | |

o1+ a(NF,g2)g2 >0 o (5.13) -
for second order tran51t10ns to‘occur (where a(NF, g2) is given by (1.35).) Let us consider
| the case a(Np € even, g, > 0) = 1 s0 the,t the symmetry breaking pattern is the one
where half the eigenvalues of the < ¢ > groundstate all have equal magnitude but half
* are positive and the other half negative. With this symmetry breaking pattern in mind
we must 1mpose the condrtron 91 > —go. By settlng g1 = —g; exactly, (5. 3) can be used
to obtaln a crltlcal relatlon between Nr and N which separates those theories that allow

second order transitions from those that do not. The two equations for g7 are,

‘ (y*)2 11 i\ 2 -
0 = _ * . * -

: (v*)? NE-15 ., 3 4
0 = — —¢la* ZF Y o2 * )
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Writing v = NF/N¢ and taking the limit Ng — oo, one obtains the constraint,
v <83 | (5.15)

for a solution to exist. Figure 5.3 shows how the fixed points in the (91, g2) space 'vary

. With N¢ and Np. Notice that even though IR fixed points exists for N;% > 8.3Ng, they

correspond to fixed points that have no flows which miss the Stability-surface and all

lead to first order phase transitions. Also, the flows in this model, like the Yukawa model

are msensmve to € in the domain 0 < € < 1. Near € = 1 the coupling constants are large

and one would not expect the Qne—loop approximation that we have used to be accurate

ﬂthere. ' | | |
' One can also find the critical exponents for large NF and Ng,

292 — 117y — 18 ¢

Ag = 1-—
§ (@2y—11)(y+2)2 |
3 292 '—15’)'—506 N
Ap = - : 5.16) -
P 3T () (516)

where the bound 5.5 < v < 8.3 is imposed by asyrnptotic freedom and the above ar-
guments. An important note can be made here.‘, in th'e asyrnptotic free regime of the
theory, nvhere Np < 11N¢/2, there should be nonperturbative behavior associated with
confinement which Is inaccessible to our computation. So that second ordef behavior in
the region v < 5.5 is not entirely ruled out.

If is possible to obtain some physical results from thisanalysis. In, particular, the
physical quantum spin j antiferromagnet corresponds ‘to N-}v = 2 and N¢ = 2j. With
NC =1 ( j = 1/2) the non-abelian field must be removed, and the resultlng theory has'
no IR fixed pomt mdlcatlng a first order transmon For Np = 2 Ng > 2 (ie. j§ > 1)
the theory is in the asymptotlcally free regime and hence these antlferromagnets cannot
be analyzed by these techmques We speculate that confinement is associated with a

nonpetturbatlve IR fixed point of the gauge coupling. In that case, since we have noticed
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Runnlng Coupllng Constants

_ » (N Cflxed N Fvaned)
- 12.0 — - B : — —

100 F 'N'f\rw ‘ : .

9.0 - - 80 - - 70 -6:0

Figure 5.3: Each line corresponds to a fixed choice of N¢, as one moves from the top left
region to the bottom, N is increased from 11 /2N¢ up to it’s lowest allowable value. The

dotted line indicates. where ¢, + ¢g; = 0, and also specifies the ‘upper critical Ng#(Ng)

for a second order phase trans1t10n to occur. : o
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_ that non-trivial ﬁxed pomts tends to stablhze the ﬁxed pomts it is likely that these

a,ntlferlomagnets Would have a second order transmon
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