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Abstract

The dissipative effect of (what could be modeléd as) a pinning center on the low-
amplitude motion of a quasi-one-dimensional ferromagnetic soliton (domain wall) at tem-
perature T = 0 is investigated. The method of collective coordinates is used to eliminate
the problem of the zero-frequency eigenmode and the question is, subsequently, cast into
a Caldeira-Leggett form to calculate the parametrized spectral density fpnction. It is
shown that this function equals zero below a specific frequency with thé consequence

that magnons, in the presence of a domain wall, have no dissipative effect at T = 0 on

a slow moving wall trapped by a soft pinning center.
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Chapter 1

Introduction

Ever since Descartes hinted at a world view based on a materialistic and mechanical
reductionistic rvnodel,1 natural philosophers‘ of the modern era have attempted to explain
complex phenomena as being nothing more than the sum of more fundamental self-
existent ones occurring at a microscopic level regulated by some laws, inferred or simply
given axiomatically. In contrast with most Scholastics of the Middle-Ages, for whom,
Aristotelian as they were, four general kinds of causes were recognized — namely: 1) the
material cause (the scholastic causa materialis), which provided the passive receptacle on
which the causes act; 2) the formal cause (causa formalis), which contributed the essence,

idea, or quality of the thing concerned; 3) the motive force of efficient cause (causa

efficiens) which was the external compulsion that bodies had to obey; and 4) the final

cause (causa finalis) as the goal to which everything strove and which everything served
— modern science would be concerned only with the efficient causes.as the ontological
pattern of being and becoming. Although the sciences in the nineteenth and twentieth
centuries came to recognize this restriction as inappropriate for the faithful description

and explanation of natural phenomena — by introducing, for instance, the notions of

1 As is well known, Descartes’s secret philosophy, expounded in Le Monde (1633), which he did not
dare publish, was almost entirely materialistic; it was only his public philosophy that was rationalistic to
the extent to which reason did not conflict with religious dogma [1, 2]. Descartes considered the living
as machines which could entirely be described by matter and motions [2, 3]. Motion, as confirmed by
Newton’s laws, was for him - as for Spinoza, Bruno, and Leibniz - self-caused and self-moving. Indeed,
Spinoza went even further by asserting categorically that substance was not only self-subsistent but also
self-existent, self-moving, and self-caused.
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reciprocal interaction, fields, and statistical determined events — very few scientists did,
and still to this day, do support the existence of organizational levels whose behaviors
are different from and inherently irreducible to the superposition of their constitutive

elements and their accompanying laws.

Materialistic reductionism is appealing to reason owing to its simplicity and its exclu-
sion of supernumerary transcendental principles. Physicists were among the first to
wholeheartedly sell their souls over to this model permitting them to have control over
phenomena which, until then, were clouded in an awe-inspiring mist of mystery. Poets
would therefore be relegated to singing the odes of love and leaving Nature to those new

mechanists.

'At the end of the nineteenth century, various results, such as the blackbody ultraviolet
catastrophe, based on the established mathematical models of classical physics of the
time, were in outright conflict with the experiments which they proposed to explain.
These eventually paved the way for a new theory, essentially microscopic: quantum me-
chanics. As this latter model dealt with more fundamental units of matter, many physi-
cists, imbued as they were with reductionistic ideas, suggested that the classical world
should entirely be explained within its framework. However, that was without reckoning
with the powerful personality of Niels Bohr and his idealistic Copenhagen interpretation

of quantum mechanics which quickly quelled the ambition of these reductionists.

2 Although Newton did introduce those last two notions in Principia with his third law of motion and
theory of gravitation, they were hardly ever recognized or understood by the scientific community until
much later. (However, one must note that his notion of a “field” was different from that in which it will
be understood in the nineteenth century.) The fact that the agent can be influenced by the so-called
passive object on which it acts, which then acts on the latter in a new way so that the cycle repeats
itself, was hardly present in the scientific thought of the seventeenth century.[1]
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1.1 The quantum measurement paradox

This interpretation, maintained by Bohr throughout his life, can be subsumed in four
major points: [4]

1. Microscopic entities (such as electrons and atoms) are not even to be thought of as
possessing properties in the absence of specification of the macroscopic experimental
arrangement. |

2. Macroscopic experimental arrangements, and the results of experiments, are to be
expressed in classical, realistic terms.

3. There exists what Bohr repeatedly refers to as an “unanalyzable link” between the
microsystem and the macroscopic measuring apparatus. |

4. The principle of complementarity: different experimental arrangements exclude one
another, and the measurement of one property may therefore be “complementary”

to the measurement of another.

It can be inferred from his numerous papers [5, 6] that Bohr himself did not rule
out the possibility of obtaining macroscopic quantum phenomena in which the principle
of complementarity is retained and merely extended to a new level, the macroscopic
one.® Still, very few physicists hoped to see quantum phenoména at the macroscopic
level owing to an argument developed by Bohr. First, he stressed the fact that quantum
effects are important only when the action S is on the order of the quantum of action
Fi. Second, if E is the energy of the macroscopic system in question and 74 = wc“ll the
order of magnitude of its classical period of motion, then in a typical experiment we have
S R ETy so that the condition S <7 implies E S Awy. Third, since for a macroscopic

system the relevant classical frequencies are certainly not greater than 10'®s-1, this in

3Namely, that macrophysical objects have objective existence and intrinsic properties in one set of
circumstances such as when used as a measuring apparatus, and have properties relative to the observer
in another set of circumstances.
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turn implies that the characteristic energy scale for the macroscopic motion can be no
greater than a few eV (the order of ionization energy of a single atom). Bohr concluded
that it was simply unlikely that any macroscopic variable should be associated with so
tiny an energy. |

Since the time of Bohr, however, physics with the help of technology has brought to
our attention cases where the motion of a macroscopic variable can be controlled by a
microscopic energy on the order of the thermal energy of an atom at room temperature
or even lower (e.g., a macroscopic variable such as the current or trapped flux in a bulk
superconducting ring).

Meanwhile, the reductionistic compulsion resurfaced with the publication of von Neu-
mann’s book [7] on the axiomatization of quantum mechanics and his interpretation of
measurements, and its popularized adaptation by London and Bauer [8] of the problem
of the quantum measurement as exemplified by the Schrodinger’s Cat Paradox. Let us
briefly expose this paradox. For simplicity, consider an ensemble of microscopic systems
which have only two available microscopically different states ¢, and 1,. In order to mea-
sure which of these states is realized for a particular system of the ensemble, we couple
it to a macroscopic measuring apparatus assumed to be entirely described by quantum
mechanics. This measuring device is such that, upon coupling, the state 1, of the sys-
tem will induce final state ¥, of the apparatus, while 1, will induce the macroscopically

distinguishable final state of the apparatus ¥,. Schematically, we have
¥, — ¥, and VoW, — ¥,

where W, corresponds to the initial state of the apparatus.
Now, suppose we prepare an ensemble for the microsystems which is described by the

linear superposition state a1 + b, a,b # 0. When coupled to a measuring apparatus,

what is its description after the interaction? In order to find this out, we consider the
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uantum evolution of the “universe” consisting of the apparatus plus the microsystem
q g

which, by making good use of the linearity of quantum mechanics, is given by
(a'@[h-f-b’lpz) \I’o — a@bl \I/l -+ b’QZJQ ‘I/Q. (11)

We come to the astounding conclusion that we obtain a linear superposition of states
of the “universe” corresponding to macroscopically distinct behavior of the measurir{g-
apparatus.

Various solutions have been proposed in the past to account for the lack of such
macroscopic linear superpositions. Among the staunch supporters of the universality of
quantum mechanics in the physical world (who seem to form a majority in the physics
community), it is argued that it will be impossible in real life to discriminate between the
experimental predictions made by equation (1.1) and those made by a classical “mixture”
description, in which the universe is simply assigned a probability p; =| ¢; |? of being in
the macroscopic state 1; ¥;, 7 = 1,2 (¢; = aandcy = b). In the technical language of
the quantum mechanical density matrix p, it is claimed that its off-diagonal elements
in a representation corresponding to the macroscopically distinguishable states i are

unobservable in any realistic experiment so that the correct p, which has elements
pij = € ¢,
may be safely replaced by the one corresponding to the classical mixture, namely
i =lel? 8y

This reduction is claimed to be effected by the dissipative interaction that the so-called

universe (which is never totally isolated) has with- its environment, so that possible quan-

tum macroscopic phenomena are washed out; using their jargon, the environment would

decohere the wavefunction (1.1) with macroscopic distinct states. However, as was so
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well pointed out by Leggett [9], the conceptual problem is not whether at the macroscopic
level the object behaves as if it were in a definite macroscopic state, But whether it s in
such a state. In other words, can we simply assume that the liﬁear superposition (1.1)
ever exist at the classical level? '

It seems evident from the foregoing discussion that a crucial test for the pretension of
quantum mechanics as the all-encompassing physical law, extending its dominion right
up to the classical world, is the observation of a macroscopié quantum coherence (MQC)
which presupposes the existence of such macroscopié states (1.1). Until now, no such
conclusive test has been shown. On the other hand, quantum tunnelling of a macroscopic
variable has been observed! [10, 31, 33, 34]

Before discussing at length this promising vindicatioh of quantum mechanics in the
classical regime, we return to the decoherence effect of the environment discussed above.
It was thought (on the implicit assumption of the universality of quantum mechanics)
that this decoherence effect could be more or less severe so as to permit us to expect
that, under some specific circumstances, a remnant of quantum macroscopic behavior
could be made manifest. To that end, it seemed imperative to construct a quantum
theoretical model which would take into account the dissipative effect of the environment;
the Caldeira-Leggett formalism [12], to be introduced below, is a response to such a need.
By a greater understanding of the environment’s effect on a system, one could certainly
devise ways in which the disastrous decoherence would be brought low enough to salvage
a possible quantum character to a macroscopic object.

This study will bear on one macroscopic quantum effect: the macroscopic quantum
tunnelling, abbreviated as MQT, in the presence of dissipation. As Leggett [11] rightly
observed, in most discussions of macroscopic quantum phenomena, the “system” in ques-
tion is microscopic, and it is the the interaction with a macroscopic system, the measuring

apparatus, which destroys the coherence of its wave function. By contrast, below, we
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consider a “system” which is itself macroscopic, the coherence of whose wavefunction may
be destroyed by its dissipative interaction with a host of microscopic degrees of freedom
representing the “environment.”

Let us briefly review the elementary features of microscopic quantum tunnelling in the

following section.
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1.2 The microscopic quantum tunnelling

In figure (1.1(a)), we show the first energy levels of a particle in a finite square potential
well of width a and arbitrary depth U, along with their respective probability curves given

by the modulus squared of the wavefunctions.

Figure 1.1: Probability densities of low-lying quantum energy levels for a finite square
(a) and harmonic (b) potential well. In (a), the probability densities for the lowest three energy
levels of a square well of height U and width a are shown with a non-zero probability of finding a
particle with energy less than U outside the well. The same is shown in (b) for a harmonic potential
well; the vertical bars indicate the classical turning points and the dashed curves represent the classical
probability densities [14]. Only the lowest three probability densities are explicitly shown.

Classically, as long as the energy E of the particle is less than U, it is impossible for
the particle to be present outside the potential well, the barriers on both sides preventing
it from crossing beyond the classical turning points z = 0 and z = a. However, quantum
mechanics allows the wavefunctions to leak through by a small amount into the classically
forbidden zone within which they adopt an exponentially decaying form. Therefore, by
the orthodox interpretation of quantum mechanics, there should be a non-zero probability
of finding the particle in that region. Figure (1.1(b)) shows the same for a quadratic

potential well.
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This is the origin of the a-decay in nuclei; although nucleons are totally confined classi-
cally, some nucleons will make it through the potential barrier thanks to their wavefunc-
tions extending beyond it. It is important to note that what distinguishes MQT from the
a-particle decay and other microscopic tunnelling effects is that the classically accessible
regions which are separated by the barrier are effectively macroscopically distinct.

Now, consider a metastable potential well V(Q) as shown in figure (1.2). The stability

v(Q)

Figure 1.2: A metastable potential. This metastable potential has a barrier of height U, and
width B.

frequency at the bottom of this well located at Q = 0 is given by

1 ev)
wo - M TQQ QZO . (1.2)

for a particle of mass M. The low-lying quantum levels associated with this well with

energy less than U, will, also, see their wavefunctions leaking through beyond the point
@ = B. By construction of V(Q), we see that, once the particle has tunnelled through
the barrier to the right, it will simply roll off and move away from point B with a very
small likelihood of tunnelling right back in.

Let the Lagrangian of this system be given by

L@Q) = 3MQ* - V() (1.3
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By the method of Wentzel-Kramers-Brillouin (WKB), one can calculate the probability

per unit time that the particle escape from the well. The result is*
P = Ae B/t with A & Cuw,(B/2rh)? (1.4)

where

B = 2/03,/2MV(Q) dQ (1.5)

and C is a dimensionless constant of order unity depending on the shape of the potential
V(Q) [12).

This is the standard result for a particle, be it microscopic or macroscopic, subjected
to a conservative potential V(Q). However, we noted above that the difficulty to observe
quantum tunnelling at the macroscopic level had to do with the dissipative effect of
the environment on the macroscopic object. Therefore, one should modify the simple

Lagrangian (1.3) in order to take this into account. This is discussed in the next section.

1.3 The Caldeira-Leggett formalism }

This treatment will be rather brief; we suggest the reader consult the proper references
for more details [12, 13]. In the Caldeira-Leggett paper [12], the authors sought to answer
the questions of how and to what degree dissipation can affect the tunnelling probability

of a particle whose quasi-classical equation of motion is given by

MO + 7Q + % = Fail), - (16)

with 7 being the phenomenological friction coefficient which may be frequency- and

amplitude-dependent [13], as compared with

MQ + % = Feazt(t)a (17)

1The symbol £ stands for “by definition.”
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the quasi-classical equation of motion derived from the dissipation-free Lagrangian (1.3)
(complemented with the required term @ Fi.(t) which accounts for the forced motion).
We stress the fact that both potentials V(Q) in equations (1.6) and (1.7) are exactly the
same regardless of possible potential-renormalization effects [13].5 By the term quasi-
classical, we mean that the above equations of motion apply for the expectation value

Q = (Q) where we assume that it is legitimate to replace

v (Q) @
dQ 9@ o

Such a substitution is valid whenever the potential V(@) varies appreciably only over

{

) by

macroscopic scales and the wavefunction associated with the system has negligible un-
certainties or fluctuations about its expectation values of the coordinate @, (Q), and its
conjugate momentum P, (P).

Caldeira and Leggett showed that the most general Lagrangian we need ever be
concerned with in modeling the interaction between a system and its environment is

L = -;-Mc'f ~ V(Q) + QFuult) + %Z m; (&5 — wj z3) (1.8)
2

C; |?
QTG - @Y 5
under the express assumption of three provisos, namely, 1) any one degree of freedom of
the environment, z;, is sufficiently weakly perturbed so as to neglect nonlinear effects [15],
2) the interaction Lagrangian coupling the system to its environment contains terms ei-
ther (i) linear in the system coordinate @ and its conjugate momentum P or (ii) quadratic

in  and P, but not containing the environment’s coordinates x] or their conjugate mo-

menta, and 3) condition of time-reversal invariance. We note that M, V(Q), mj, wj, and

5The dissipative interaction with the environment may cause the potential V(Q) appearing in (1.3)
to be different from the one in (1.6). For purposes of comparison, we suppose, then, that the potential
V(Q) in (1.3) already includes this possible interaction and enquire about the sheer effect of the term
7Q on the tunnelling rate.
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the environment coordinates z; in (1.8) may carry renormalization factors arising from
the interaction itself. The stability frequencies w; are those associated with the small
oscillations of the environment coordinates z; consequent to their small perturbation as
required under proviso 1 above. In other words, we can represent a system’s environment,
insofar as its effect on the system is concerned, by a bath of harmonic oscillators. This
idea is not new, already Feynman and Vernon in 1963 [15] came to the same conclusion.

In reference (12|, only pro{/iso 1 is explicitly retained plus some other restrictions so

that the general Lagrangian takes the form

Z my ( a: — wizd) (1.9)

N =

L = SMQ - V(@) + QFult
|2

- Y K@ Eﬂ

2m] 5

Here, we note that the interaction is more general than that in (1.8) with a coupling
linear in the environment coordinates z; only. Two cases are to distinguished: the quasi-
linear and the the strictly linear dissipation mechanisms. The former applies when, for
every fixed typical amplitude @Q, it is possible to find a frequency w(Q) small enough
such that equation (1.6) holds, and the latter when, for any typical amplitude Q, it is
possible to find such a frequency w independent of Q. It is then shown in reference [12]
that, in order that the Lagrangian (1.9) be consistent with the quasi-classical damped
equation of motion for the system’s coordinate Q in the quasi-linear case, we should have
the condition |
p= Ty OF;(@Q) [

25 0Q

For the more specific case of strict linearity, we should have F;(Q) = C; Q so that

1
2
m; wj

(w — wj). (1.10)

condition (1.10) reduces to

=—Z QICI2 0(w =~ wj),

5 My W
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or, cast in a different form, to

Jw) = nw (1.11)
with
Tw) & 5F 16 o - w) (1.12)

denoted as the spectral density function. The condition of strict linearity, therefore,
requires that the coupling be linear in both the system’s and environment coordinates,
Qand {z,}.

Equipped with these theoretical tools and making good use of the instanton technique,

Caldeira and Leggett can calculate the quantum tunnelling rate at temperature 7' = 0 of
a system coupled to a bath of harmonic oscillators and deduce an expression of the form
(1.4) with the various parameters carrying an integraﬁon of the environment’s effect.
However, in this study, we are not directly concerned with the calculation of the
quantum tunnelling rate. Instead, we seek to calculate a piece of information which gives
an idea of the dissipation involved in a ferromagnetic system at T' = 0 and is used for
the evaluation of the MQT rate itself: the spectral density function J (w). Tt is time,
now, to introduce our macroscopic object that will'Be associated with the Amacroscopic

coordinate @; to this, the next section is devoted.
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1.4 The domain wall and its dynamics

In this study, our macroscopic objects will be of a magnetic nature: domain walls in
magnetic wires [16, 17]. A domain wall is the transition region of finite length separating
magnetic domains with different orientations of the magnetization. Here, we will focus
on a wall separating domains with a 180° reversal of magnetization called a Bloch wall;

a sketch of which is shown in figure (1.3) [18].

Figure 1.3: A 180° domain wall, also called Bloch wall.

Consider the coordinate system for a 180° domain wall shown in figure (1.4) with
the magnetization vector pointing in the z-direction for 2 — —oco and in the negative
z-direction for z — +o00. We suppose that in any z-y plane, all magnetization vectors
have the same relative orientation so that the magnetization varies only along the z-axis.

The isotropic exchange energy for nearest-neighbour interaction is given by
Ep = -J Y S;-S; (1.13)
1,J

where S; is the total magnetization vector, or spin, of the i** ion and J > 0 for ferromag-
netic substances. By construction of our domain wall, it is more useful to consider the

energy per unit area ¢.,. If we assume for simplicity that we deal with a simple hexagonal
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Figure 1.4: The coordinate system. The angles 8 and ¢ are, respectively, the polar and azimuthal
coordinates of the magnetization vector M. For a Bloch wall, the polar angle has value 7/2 for each
magnetization vector along the z-axis and the azimuthal angle takes the value of zero at z - —co and
of m at z — +o0.

lattice whose primitive vectors are of equal length a, then

J
T > Sn-Spt (1.14)

n

with the index n running in one dimension only, the z-axis. Expression (1.14) can be

rewritten as

€ex = — cos o | 1.15
ez \/§a2 Z’n: n - ( )
where S is the magnitude of the magnetization, i.e., the total spin quantum number of
each ion, and o, the angle subtending the magnetization vectors S,, and S,;. For small

oy, we can expand cos i, to quadratic order to obtain

Js? -
€z = + > a2 + constant. (1.16)
V3a2 T |

In the continuum limit, the angle between neighbouring magnetization vectors is given

by
39
@ 0z
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with ¢ being the azimuthal angle because the spins are totally confined to z-y planes.

Then, equation (1.16) transforms as

JS% teo  (0\?
w = /_Oo dz (%) o (1.17)

where we have discarded the arbitrary co.nsté'nt and scale z in units of a. In chapter 2,

we will consider a model for ferromagnetic wires: with an anisotropy energy term
S
K, > (S%)
n Lt
which makes the z-axis the easy axis. Again, in the continuum limit, this anisotropy

term per unit area for our previous simple hexagonal lattice becomes

€ = \I/{_T‘S;- /+Oodz. sm2¢(z) . (1.18)

—o0
for spin vectors confined to z-y planes so that § = /2 for each of them. The total energy

per unit area is thus . , IR - :
52 +oo. 0 2 K .,
€ = Jia /_oo dz {J<5;) + - sin #(z) ¢ - (1.19)

In order to determine the stable wall configuration, we must minimize the energy

expression € by the usual variational procedure which yields the following Euler equation

o%n K .
2 = Ja sinn(z) (1.20)

where 7 2 2 ¢.
Expression (1.20) is the static Sine-Gordon equation. We will have more to say about
the Sine-Gordon (SG) equation in the next section; for the time being, suffice it to say

that the non-trivial solutions to (1.20) are

n(z) = 4tan! (eim(z)) with (1.21)

K
Ja?

m2

e
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The + signs in (1.21) correspond to the two possible helicities of the rotation of the
magnetization vector S within the wall (cf. sec. 4). Also, it is supposed in (1.21) that
the spin vector S point‘s exactly in the positive y-direction at z = 0.° For simplicity,
we shall choose the helicity correspbnding to the positive sign. In terms of the original

azimuthal angle ¢, we have from (1.21) that
sing(z) = sech (mz). (1.22)

The energy of the wall per unit area, equation (1.19), can also be rewritten in terms of

JS?% oo 1 (0n 2 9
— - { 1-— 2
€ Wl /_ dz {2 (8 ) + m”( cosn) ¢, (1.23)

so that upon using (1.21) we find

the angle n as

4J8%*m
V3a

_ 4JS2°VEKJ (1.24)
- R \/ga? . .

Déring [19] in 1948 was the first to discover that a domain wall exhibits an inertia,
despite the lack of any mass displacement. The mass of a domain wall has its origin in
the angular momenta of the spins forming the wall. We recall that a spin will adopt a
precession motion about the direction of the applied magnetic field in the same fashion
that a spinning top would when placed in a gravitational field. Hence, when we apply
a magnetic field in the z-direction, each spiﬁ of the wall wﬂl start precessing about the
z-axis resulting in a rotation out of’the z-y plane. This rotation will simply induce the
appearance of magnetic free poles giving rise tb a small demagnetization field in the
z-direction, .‘

M,

H, = =% 1.25
2 " : (1.25)

6Should the spin vector point in the positive y—direction at z = z,, the exponential in (1.21) would
have as its argument +m(z — z,) instead.
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where M, is the z-component of the induced magnetization and p, the permeability of
the vacuum. This demagnetization field then, in turn, acts on each spin so as to induce
a precession motion in the z-y plane which results in the displacement of the wall in the
z-direction.

The rotational velocity of this precession motion about the z-axis is given by
¢ = gH, (1.26)

where § is the gyromagnetic constant such that § = gy with u, being the Bohr magneton

and g the gyromagnetic ratio. But,

ds _ 0pdz _ 09

dt. 0z dt ~— Y 9z (1.27)

where v is the translational velocity of the wall as it moves along the z-axis. Using

equations (1.26) and (1.27), we find

oV O
M, = —22 =% 1.2
7 0z (1.28)
Thus, the moving wall will have the additional surface energy
1 ftoo
& =—5 | -dz M, H,
2 J-x - . . .
1+ Lo v? [+oo 8¢\’
- Cdz M? :—/ dz (22} . 1.2
2/,Lo /—oo ‘ z 2_@2 —00 ? (82:) ( 9)
From (1.22), we find that
0\’
s — 2 h 2
(6z> m* sec (mz),
so that substituting the latter into (1.29), €, becomes
o™
€ = %2— v? (1.30)

M,
2

vy
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K
Ma L= 1.31
2§%2a ¥V J (131)

can be interpreted as a virtual mass per unit area for the wall.

where

What is the energy supplied by the applied magnetic field H, which makes the wall
move? For low fields and velocities, assume that the wall has moved by a distance Q,
in units of the lattice constant a, from its original center’s position at z = 0. The work

done per unit area by the field H, is given symbolically by

W = AEnergy

= —-H,- /dz { Wall configuration at z = Q — Wall configuration at 2 = 0 }.

On each spin vector, we have the following change in direction

The wall moves
Hy

by
a distance Q

6,-(2)

From (1.22), we deduce for a wall that
cos ¢(z) = —tgh(mz). (1.32)
Thus, when the wall’s center has moved to position z = @, we have

cospp(z) = —tgh(m(z—Q))

~ cos¢i(z) + mQ sech?(mz), (1.33)

where ¢¢(z) and ¢;(z) are, respectively, the azimuthal angle for the initial and final

configurations, and the last approximation is valid for small displacements. Since, for
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each spin, the work done by the field is given by

—H; Sz 5(2) + HgSpi(2) = —HyS(cosgs(z) — cosdy(2))

~ —H,SmQ sech?(mz),
we obtain by integration

—+00
AEnergy = —H, SmQ/ dz sech *(mz)

= —2H,S5Q (1.34)

as the energy per unit area supplied by the magnetic field H, in order to push the wall
by a small distance Q.

Therefore,

AEnergy 5. S
S .

1>

P

can be thought of as the pressure P exerted on the wall by the applied field. In general,
this pressure will cause the wall to swell and a radius of curvature is therefore established.
In quasi-one-dimensional ferromagnetic systems, we assume that the area is small enough
to neglect this curvature effect.

As mentioned previously, Déring showed that the domain wall has dynamic properties
analogous to a particle of mass M. Indeed, one can write down a phenomenological

equation of motion for a wall as

MW + 0@ +

where Q(t) is the domain wall’s center coordinate, M the virtual mass of the wall given in

= Peut, (135)

(1.31), n the friction coefficient, V(Q) a conservative surface potential, and, finally, P..;

an external forcing pressure term. Note that equation (1.35) is given in terms of quantities
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per unit area. In general, the magnetic material will contain impurities, defects, or voids;
all of which contribute to a non-uniform background for the domain wall in addition to
the magnetic anisotropy. This means that the wall will see its surface energy vary as
it moves from one position to the other. In this study, we will show in chapter 4 that

pinning centers can be thought of, qualitatively, as giving rise to a potential of the form
V(Q) = 2asech (mQ) + ¢ (1.36)

where € is the surface energy of the wall (1.24) and « a negative small coupling constant.
Adding the potential energy arising from the application of the external magnetic field

H,, equation (1.34), we obtain, by discarding the constant term e,
V(Q) = 2asech (mQ) — 2H, SQ. (1.37)

Both potentials are shown in figure (1.5).

A Vv A‘ v

Y

(a) (b)

Figure 1.5: The physical pinning potential in the absence (a) and presence (b) of a
magnetic force H;. A pinning impurity in a quasi-one-dimensional ferromagnet generates the above
potentials for a Bloch domain wall whose center is parametrized by coordinate Q. In (a), the potential
is of a hyperbolic secant form. The application of a magnetic field H, in (b) effectively tips potential
(a) asymmetrically and gives rise to a metastable potential with a barrier of height U, and width B.
Compare with fig.(1.2).
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In this case of an applied magnetic field H,, equation (1.35) reads

av(Q)
dQ

One can immediately notice the parallel between the equation of motion for the wall’s

MQ() + nQ(t) +

= 2SH,. (1.38)

coordinate Q(¢) (1.35) and figure (1.5(b)) and the quasi-classical equation of motion
(1.6) and figure (1.2) in section 2. In other words, Q(¢) becomes the coordinate for the
macroscopic object we are interested in: the domain wall. The phenomenological friction
coeflicient 7 carries the dissipative effect of the environment on the motion of a domain
wall . One would then be curious to know how this dissipative interaction affects, at
temperature 7' = 0, the tunnelling of a domain wall under a barrier éf height U, as
shown in figure (1.5(b)). This is exactly the question the Caldeira-Leggett formalism in
section 3 was tailored to answer. This study will be mainly concerned with one source of
dissipation, namely, the magnons. We will discuss in the last section the other sources
of dissipation likely to be present at T' = 0 a_nd T # 0. But first, we will turn to the

Sine-Gordon equation and some of its properties.

1.5 The Sine-Gordon equation

The Sine-Gordon equation [20, 21] a non-linear wave-equation of the form

2 2 :
) zgg,t) _ Cgag_g@ + w2 sing(z,8) = 0 (1.39)

where ¢, is a characteristic velocity and w, a characteristic frequency. This is the equation

of motion obtained from the Lagrangian density
1., ’ |
L = 3 {* — ¥} — wf (1 —cos ). (1.40)

We note that in the case of very small amplitude | ¥ |« 1, one can’replace siny by v

so that the Sine-Gordon equation reduces to :the ordinary Klein-Gordon equation

Py, 0%
E " G T Y
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It has been shown by Faddeev and Takhtadzhian [22] that the classical Sine-Gordon
system represents a completely integrable Hamiltonian system whose spectrum is totally
exhausted by free oscillation modes (or magnons), solitons, and breathers. The last two
represent bounded large-amplitude solutions of the SG equation (1.39) for which the

soliton has the form

vie,t) = 4 tgh ™ {explE=2y (o — v1)] (1.41)
where
2
5 A <1 -~ %) v |< ¢, (1.42)

and the =+ signs refer respectively to a soliton and anti-soliton of opposite helicities. In
the literature, one also calls a soliton a kink. A soliton and an anti-soliton in their rest

frames are shown in figure (1.6).

2pir

b5 ()
pi

-10 0 10

Figure 1.6: A soliton and anti-soliton at rest.

These are bounded since 17 — 0 (mod 27) as | £ |— co. Furthermore, these solutions
are Lorentz invariant, as are the Lagrangian density and its resulting equation of motion
((1.39), (1.40)) where ¢, plays the role of a limiting speed.”

Moving in the rest frame of a soliton with speed v, one obtains

be(x,1) = 4 tgh™! {e(wo/co)‘”} . (1.43)

“In magnetic systems, this limiting value is simply the Walker velocity.
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Before finding the excitations of the field 9(z,t) in the presence of a soliton ,(z,t),
it might be useful to digress for a brief moment and offer a mechanical analogy whose
equation of motion is of the Sine-Gordon form. A mechanical model is shown below in.
figure (1.7).

e
LT TIA LA

L oy
z}lt.i“ ]/Bin
1o

Fig. 3. — Mechanical model of the S8GE: a) spring 0.2 diameter, b) soldcr, ¢) brass,
d) tap and thread, e) piano wire, f) nail, g) and &) ball bearings, ¢) wooden base.

Figure 1.7: A mechanical model for a soliton obeying a Sine-Gordon equation [21].

Its motion is governed by the difference differential equation

d*; .
Ma(z—z = K[¢i+1 — 2¢, + ¢i_1] — TSlIl ¢ia (144)
where ¢; is the angle between the direction of the gravitational field and the i** pendulum,
M the moment of inertia of a single pendulum, K the constant torque of a section of

spring between two pendula, and T'sin ¢; the gravitational restoring torque of the 4t

pendulum. For waves which vary slightly over the distance Az separating two pendula,

one can turn the difference eéquation (1.44) into a scaled continuum partial differential
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equation

02 ¢ (92¢ .
e " o tomé =0, (1.45)

where distance is measured in units of 4, = /K /T Az and time in units of ¢, = \/M/T.
Expression (1.45) is simply the normalized SG equation (1.39). A strobe photograph of

a soliton travelling from right to left is shown in figure (1.8).

Figure 1.8: The propagation of a kink. A single kink is moving from right to left for the
mechanical model shown in figure (1.7). The strobe photographé are taken at time intervals of 0.6
second. The kink slows down because of friction effects which are not accounted for in the equation
of motion (1.45). "Notice that the kink becomes wider as its velocity decreases, which demonstrates
the “Lorentz” contraction effect we expect from the “Lorentz” invariant continuum equation of motion
(1.46). The limiting velocity is 50 crn/s for this mechanical system as the length and time scales, Yo and
To, are 5 cm and 0.1 s respectively [21]. (cf. text)

Now, back to our Sine-Gordon Lagrangian. It is well known that, in condensed-matter
physics, many properties of materials are explained simply by the notion that small-
amplitude waves (phonons, magnons, etc ...) are the fundamental entities that enter

the description of their thermodynamics and response to external probes. One, therefore,
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would like to find the excitations of the field ¢ about a stationary soliton solution 1), in
the form of small amplitudes ¢.

Thus, consider
(z,t) = Ps(z) + é(z,1) (1.46)
with | p(z,t) | < 1. (1.47)

We seek to find a solution for ¢(zx,t) such that v(z,t) obeys the Sine-Gordon equa-
tion (1.39). Substituting (1.46) in (1.39) and making use of the expansion

sin(y(z,t)) = sin(ys(x)) + cos(ys(x)) Pz, 1), (1.48)

which is sufficient on account of (1.47), we obtain

¢ — 29" + W2 (1 — 2sech2<&x>) ¢ = 0. (1.49)

Co

In deriving (1.49), we used the identity

cos(¢s(2)) = 1 — 2sech2<&)ﬁx)

Co
and equation (1.39) for the static solution Ys(z).
In order to diagonalize equation (1.49), we seek its eigenfunctions by assuming a solution

#(z,t) with harmonic time-dependence
$(x,t) = f(z) ™, | (1.50)

and substitute in (1.49) to obtain the following equation for f(z):

—C

3d2f(:1:) + w? (1 — 2 sech? (&x>) flz) = &® f(x). (1.51)

dz 2 Co

The above equation has the form of a Schrédinger’s equation with potential

V(z) = w, (1 — 2 sech? (&x>) .

Co
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The solutions f(x) are combinations of hypergeometric functions [23] which generate

exactly one bound state with

wi =0
-and eigenfunction
fr(z) = 222 sech (&m> , (1.52)

and oscillatory states with a continuum of eigenvalues
wi = 21 + Ww? (1.53)

and corresponding eigenfunctions

o el {2 (%2) - i1)
= — — — tgh { — — tly. 1.54
fiz) V27 wp € Co R cox ¢ (1.54)

The zero-frequency eigenmode f,(z) corresponds roughly, as we will see in more details in
chapter 3, to the translational excitation of the soliton in the limit of small displacements;
whereas fi(x) are the small-amplitude oscillatory excitation waves for a magnetic system
(the magnons) but in the PRESENCE of the stationary soliton and NOT built around
the ground-state of a ferromagnetic material, in which all spins are aligned pointing in
the direction of the applied field. For this latter case, we recover the usual magnons with
Which we are all familiar. The different magnons, represented by f(x), correspond to
precessional modes in the domain wall, or magnetic soliton, configuration.

Because the functions { f,(z), fi(x)} are eigenmodes of the self-adjoint operator

d? o
D= —-c— + ? (1 - 25ech2(w—x)> ,
X Co

they form a complete basis-set of orthogdnal functions with

(fos o) = 8%, (1.55)
(Jofm) = 6(l—-m), (1.56)

(fufo) = 0, (1.57)
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where

’

o) 2 [dr o) ola).

-0
As a final note on the Sine-Gordon equation, we mention that there exist solutions Y(z,t)
which, under some circumstances, can be thought of as the linear superposition of various

solitons and anti-solitons, and are classified by a topological index NV defined as
1
N = o= {$loo,t) — $l(-00,0)}. (1.58)

For instance, two N, = 1 solitons are shown in figure (1.9) so that the total index Nr is

given by 2N, = 2.

4 pit

2pif ) // ——————————
pit 4)% 1 ' ¢2(X -q) / / N=1

Figure 1.9: Two kinks of same helicity. Solitons ¢; and ¢, have the same topological index N = 1
so that the total function ¢¢(z) = ¢1(x) + @2(x — ¢) has a total index of Ny = 2N, = 2.

In the mechanical analogy of the pendula, this corresponds to two successive revolutions of

the pendula separated by a distance @ = Q1 + Q2 so that the total angular displacement

adds up to 4.
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1.6 Sources of dissipation

In addition to the dissipative effect of magnons on the quantum motion of a domain wall,
this latter can also interact with phonons via magnetoelastic coupling, photoné, other
impurities and defects from a distance, nuclear spins via the hyperfine coupling, and free
electrons. For magnetic insulators, we may disregard this last dissipative interaction. At
temperature 7' = 0, only the nuclear spin interaction should survive with an appreciable
effect in the absence of impurities. As pointed out by Stamp [24], magnons and phonons
should have no dissipative effect on the wall motion at 7' = 0 in the absence of such
defects. Besides, several workers, such as Chudnosky and Stamp [24, 26], have shown
that the coupling to photons and other impurities gives negligible dissipation on the
motion of the domain wall. One is thus left with the interactions of phonons, magnons,
and nuclear spins as the major sources of dissipation in the presence of impurities. The
case of phonons was first addressed by Garg and Kim [27, 28] who showed that the
dissipation might be weak for some single-domain ferromagnetic materials on account of
a superohmic spectral density J(w) ~ w?®.

At this point, we may digress slightly to acquaint the reader with the various types

of spectral density functions. For w — 0, the behavior of J(w) can be classified as

sub-Ohmic, Ohmic, or super-Ohmic according as the exponent s in
J(w) ~ w’ (1.59)

is s <1,s =1, ors > 1. This classification is coarse and needs refinement, but does
serve our purpose for the time being. The reader may consult Leggett et al. [29] for more
details. As a rule of thumb, the dissipation can be considered small for the super-Ohmic
case and large for the sub-Ohmic case.® The normal Ohmic case, s = 1, strikes a middle

position between these two extremes and corresponds to the usual decomposition of the

8 Actually, the sub-Ohmic case is pathological and leads to serious problems of divergence.
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spectral density as J(w) = nw, where 7 is the phenomenological friction coefficient in
expression (1.6).

Now, the application of phonon-relat.ed dissipation in the presence of impurities on
a domain wall motion may require more care and, according to the few studies which
have been made so far [24, 26|, may give rise to an Ohmic dissipation. The dissipation
caused by a spin bath, such as nuclear spins and magnetic impurities, was studied by
Stamp and Prokof’ev [30] where a model different from the Caldeira-Leggett type must
be considered with the consequence that such a bath can have disastrous dissipative
effects on macroscopic quantum phenomena.

The interaction with magnons in the presence of pinning centers is the object of this
study. To be specific, our goal is to resolve the dissipative effect of magnons at T = 0
on the quantum motion of a domain wall bound to a pinning center in the limit of a
one-dimensional ferromagnetic system such as a magnetic wire. We will have the domain
wall oscillate back and forth at the bottom of the potential well V(@) in (1.36), generated
by the pinning defect, and extract the spectral density J(w) which gives a qualitative
measure of the dissipation to be expected from magnons.

This whole calculation is motivated by the fact that some experiments might provide
the evidence for domain wall tunnelling; the reader is urged to consult the works of
Uehara and Barbara ez al. {31, 32, 33, 34] ‘

This thesis will be divided as follows: in chapter 2, we justify the use of solitons and their
attendant Sine-Gordon equation for thé study of domain walls in a 1-D ferromagnet; in
chapter 3, we review in detail the effect of a soliton colliding with some form of potential
barrier and ,thus, prepare the stage for} the manner with which we will deal with a soliton
bound to a pinning center in chapter 4; finally, in chapter 5, a discussion of the results

found in the previous chapter is given and possible refinements are proposed.
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A theoretical model for ferromagnetic wires with pinning centers

In the first and third sections of this chapter, we give a general theoretical model for
ferromagnetic wires with impurities which display a soliton-like structure, the Bloch wall.
In the second section, we introduce the scheme of quantization about classical solutions

which will be further developed in the next chapter.

2.1 A model for some types of easy-axis ferromagnetic quasi-one-dimensional

magnets

We use a one dimensional spin-chain having the following Hamiltonian
H=-JY 88 + K (5?2 + K, ¥ (89 (2.1)
n n n

where K, < K,. This Hamiltonian corresponds to a ferromagnet with isotropic exchange
supplemented by a form of uniaxial anisotropy in which the symmetry in the z-y plane is
broken by the weak anisotropy éonstant K, in the y-direction. We will show below that
such a Hamiltonian in the continuum and classical limit admits soliton solutions for which
our spins are virtually conﬁﬁed to the w-y"plane, this confinement being the result of the
relatively high K,. The soliton solution for the time-independent case is the classical
Bloch Wall configuration separating domains with a 180° reversal of magnetization. (cf.
ﬁguré (1.3))

We note that equation (2.1) is one-dimensional whereas magnetic wires are obviously

3-dimensional objects. However, for domain walls, we can always assume the behavior

31
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within the two-dimensional cross-section of the wire as uniform for the following reason.
In (1.21), for a planar domain wall with the same anisotropy K, S? sin®¢ in the y-
direction as above, m~! gives a measure of the width of the wall in units of the lattice

constant a:

We assume, then, that the cross-section of a magnetic wire is much less than a?K,/J so

that we can, with confidence, consider the magnetization as uniform across any cross-
sectional plane of the wire. Indeed, ignoring the demagnetization field, this rules out any
wall configuration in directions other than the z-axis and any curvature of the domain
wall.

In order to derive the equations of motion from the Hamiltonian (2.1) in the continuum
and classical limit (i.e., loosely speaking, treating the magnetization S as a field and
letting % go to zero), two methods are at our disposal : either we apply the continuum
approximation to the equations of motion on the discrete lattice, or we work with the
continuum limit of the Hamiltonian (2.1) using the Poisson brackets derived from the
quantum commutation relations. We shall choose the first method [35].

In the Heisenberg picture of quantum mechanics, the operators carry the full bur-
den of the dynamical evolution of the system’s observables. We define the following

decomposition of the magnetization vector S :
Su = /S(S +1) (sin 8 (t) cos ¢n(t), sin b,(¢) sin G, (2), cosba(t)) = (32, v, &%) (2.2)

where {9,“ (f&n} are the polar and azimuthal angles of the magnetization vector for the nt"
atom in the spin chain. We obviously have the usual operations on an eigenvector |S, M)
such as S7|S, M,,) = h M, |S, M,)) = 1\/S(S + 1) cosb, |S, My,) (the angles {6,, #,} are

quantized by virtue of the respective quantization of the magnetization components) as
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well as the general commutation relationships for angular momentum observables such
as [5';“ SA',]n] =1h €ijk S'TI: 5n,m~
The Hamiltonian (2.1) can be rewritten as

A A o 1 A . N
H= =73 {858t + 55t 57 + 8 80} + K (80 + K, D87 (29)

the time evolution of the S%(t) being given by

ds? i A on
m  _ _ z H
dit h-T™ ]
1J

- (S Sy + Smit) = S (S + 5.0)) +inK, 87 — 2K, 8% SV .

Writing the above using our decomposition of the magnetization vector, we obtain:

\/S(S+ 1)%cos O =

%94_—1) {sm@ sin 6m e (¢ ¢m— ) (2.4)

— sifi 6,41 sin b, et (Bmi1 — dm) _ gip b, sin, e~ HIm— bm1)
+ sin ém+1 sin éme_i(¢m+l - ¢m)}
+ iR/ S(S + 1) K, cosé - 2S8(S+ 1)K, sm9 cos0 sm0 sm¢m

By the Ehrenfest theorem, we know that the time evolution of the expectation value

of an observable is given by

d{Q(t)
“dt

- 7<[ 20, 1)), (25)

Since we are interested by the classical limit, we may always consider a quantum state |¥)
which has the characteristics we would ascribe to a classical one, chiefly, that of being able
to specify conjugate dynamical coordinates within the experimental uncertainty. Such

a state can always be constructed in principle by the use of gaussian-like wavefunctions
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which saturate the Heisenberg uncertainty inequality. For instance, for a free particle,

the wavefunction

1 /4 ipox —(z—1,)>
1/1c(x)=(7rA2> At (2.6)

will give uncertainties AX = A and AP = /i/A, both of which can be made small in
the classical regime by choosing A appropriately and consonant with the experimentally
detectable range. For instance, by choosing A = 10713 em,which is the size of a proton,
we obtain AP = 107! g ¢m/sec which translates for a particle of mass 1 ¢ to a mere
uncertainty in speed Av of about 107! c¢m/sec! Hence, in the classical scale, such a
state can always be said to have well defined values of X and P, namely, z, and pg, since
the fluctuations around these values are truly negligible. In the same manner, we assume
that we have a state |¥). such that we can ascribe to it angular momentum with precise
components in each directions in the sense understood above. Then, the angles {6, ¢}
will have definite values with small fluctuations which, in any case, will be negligible as
we let i — 0 to mimic the classical behavior. Therefore, with impunity, we will consider
such a state and sandwich (2.5) with it leading to our particular form of the Ehrenfest

theorem!:

h S(S+1)%cos0m =

p2 i S(S +1)

5 {sin 0,, sin Hm_lei((bm — $m-1) (2.7)

— 8in @,,,1 sin Gmei(¢m+1 — bm) _ sin @, sin em_le—i(fﬁm — Om-1)
+ sin 6,41 5in6,, e~ UPmi1 — ¢m)}

+ ih*/S(S + 1) K, cosb,, — 2h*S(S +1) K, sin 6y, cos ¢,, sin8,, sin ¢,,, .

We want a solution where the magnetization vector is nearly confined to the z-y plane;

This state is [],, ® | ¥s)e,m Where | 1s)cm is the nearly classical state constructed above for the
lattice point m. Also, note that we rule out possible linear combinations of such general state vectors
since we know, by experience, that such combinations for the classical realm have never been observed.
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so we expand the functions of 6,, around the value 6,, = /2 and consider, instead of

0., the deviations 85, = 6, — 6,,,. Hence, we obtain?
cos b, ~ 0 (2.8)

and

sinf, ~ 1 — (6°)> (2.9)

Taking the discrete result over to the continuum case involves the use of expansions
about the “field points” 6(z,t) and ¢(z,¢) and the assumption that those fields are
weakly varying over z and ¢. The details are left in appendix A and we merely state the
result reminding the reader that we disregard any small variations of order 2 or higher.

s 2
h S(_S+1)'——80 1) BZS(S+1)a2J————a (g(;’t)

> | (2.10)
+ih?\/S(S+ 1)K, 60 — 2h2S(S+1) K, cos ¢sin .

The classical limit is obtained by having A — 0 and S — oo such that the product AS
remains finite and gives the classical magnetization s in the limiting process. Thus, by
taking the limit on both sides of equation (2.10), we obtain

00°(5t) _ o, 88(x1)

3 57 2K, cos¢ sing, (2.11)

the second term disappearing since

lim #%/S(S+1) = lim kS = s lim h=0.
h—0 h—0 R—0
S—o0 S—o00 . S—00

The value a is the lattice spacing of our near-dense spin chain.

Let n 29 #. Then, the above equation reduces to

86°(z,8) a2 s Bz, 1)
ot 2 072

— K, s sinn(z,t). (2.12)

ZWe could also have made this expansion for the operators cosG and sin Om resulting, respectively,
in 45, and 1 — (62.)% where cos,, is the operator measuring the deviation from the z-y plane.
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pp In like manner, we can proceed with the time evolution of operator S;'(¢) and obtain
the following equation in the continuum and classical limit:

0 ¢(z,1) ~ Jats 02 6(z,1)

> o+ 2.5, (2.13)

In this derivation, which is left in appendix A, it is important to note that we explicitly

made use of the fact that K, < K, .

Differentiating equation (2.13) with respect to time, discarding the resulting term g;%
as being negligible, and using equation (2.12), we get
%P(z, 1) ~ 4K, s (ast 3 n(z,1) — K, s sin ,7) (2.14)
Ot2 2 022 .
Rearranging the terms and dividing through by a?s? K, J leads to
n(z,t) _ 18%n(zt) = m? sinn(z,t) (2.15)

0z ¢z ot

where ¢ = a s (2K,J)'/?, a characteristic velocity, and m = (2K,/a®J)"/? playing the role

of a mass. The above equation is none other than the Sine-Gordon equation we met in
chapter 1!

Hence, from the requirement that the magnetization vector be confined to the z-y

plane, we have shown that the field-like classical limit of our ferromagnetic Heisenberg

spin chain admits a soliton solution. Incidentally, the Poisson bracket derived from the

quantum commutator relation /S(S + 1) [cos 0, (t), ¢ ()] = —ih 6pm S, oF using the

small fluctuations approximation about the z-y plane
S(S+1)[05(t), bm(t')] = —ih S Ou, (2.16)

is 5 {05 (1), dm(t')} = —6pm O which transforms in the continuum case to

{8 Gs(z,t), ¢(Zl,t/)} = _5nm 5tt’ .
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Therefore, s6(z,t) becomes the coﬁj‘liéate momentum to the angular position ¢(z,t) so

20s
that, upon using equation (2.13) and discarding again the small term Js £ we have?
8 .
—qg—’g = 2K, 56z, 1). (2.17)

We note that the Sine-Gordon equation is Lorentz invariant with respect to the char-
acteristic velocity c. As shown above, this characteristic velocity is proportional to the
lattice constant a, which ‘is consistent with a reduction of intermediate lattice sites be-
tween any two points thereby increasing the response time of the spin chain.

For the time-independent case, equation (2.15) reduces to the fixed Bloch Wall solution

9 n 2 : |
52 m sinn, : (2.18)
and 6, equals zero by virtue of
0 t
—% = 4K,s0°(z,t); (2.19)

confirming that the magnetization is truly confined to the z-y plane. With the soliton
moving, 6,(z,t) no longer equals zero and thus provides a magnetization in the z-direction
to sustain this motion (as explained in chapter 1).

One might wonder why we bothered deriving the classical limit of the Heisenberg spin
chain (2.5). The reason for doing so is to provide us with the platform for the quanti-
zation of the magnetization field by a method which treats quantum fluctuations about
a classical solution. One may seriously objects to our starting wjth a perfectly quantum
Hamiltonian (equation (2.5)), deriving the classical limit, and then trying to quantize
the systefn all over again! “Should you not have stuck with the quantum mechanical
Hamiltonian that you had and worked with it directly taking good care with the tran-

sition towards a quantum field?,” such an astute reader may retort. Very well, but the

Recall that the transformation from the Poisson brackets of dynamical quantities A(t), B(t) to the
quantum commutators is given by the prescription {4, B} pp — —(i/h)[A, B.
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Heisenberg equations of motion derived from this Hamiltonian are intractable and so
must be supplemented by some classical intuition where we suppose that the quantum
phenomenon we are interested in manifests itself in the form of small quantum fluctu-
ations (which may have nonetheless important observable effects such as the a-decay)
about a stable configuration in’classical phase space (such as a classical particle to sit
quietly at the bottom of a harmonic potential well).

After, we hope, dispelling some misgivings, it seems appropriate to introduce this
quantization scheme about a classical solution. The exposition of the subject follows
closely that given in a book by Rajamaran [36], and we refer the reader to this book for

more details.

2.2 Quantization about classical solutions

In order to give a qualitative flavor of the method and help to build up our intuition,
we consider a non-relativistic unit-mass particle under the influence of a potential V (x)

in one dimension as shown in figure (2.1).

T T B T L

a ’ b c X

Figure 2.1: A general potential V(). The point a can be thought as the absolute minimum of
the potential whereas point b constitutes a relative minimum. The point b, although an extremum of
the potential function, is obviously an unstable one.
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. . d? dav
In the classical regime, the particle obeys Newton’s law of motion given by d_tf =

Quantum mechanically, the particle is assigned a state vector |¢) in a one-particle Hilbert
space whose projection in the z-basis is the familiar wavefunction (z). The energy

eigenstates are given by solving the time-independent Schréodinger equation:

~ 1.
Hyn = 5 (0" + V(@) ¥ = Bntpn (2:20)
. A L d . . .
represented in the z-basis with p = —zh%. We will now draw some relationships between

the classical and quantum cases.

Classically, the stable time-independent solutions for the particle with th‘e potential
V(z) shown are £ = a and z = ¢, the first case being an absolute minimum while
the second a relative one (the point z = b is obviously an unstable” point). The abso-
lute minimum corresponds to the the classical ground-state of the particle with energy
E;l = V(a). In quantum mechanics, such a tranquil state is forbidden by the Heisenberg.
uncertainty principle; small fluctuations exist about this classical ground state. For en-
ergy states close enough to Egl, the potential V(z) may not differ much from V(a) so
that a truncated Taylor expansion about z = a is legitimate

Vi) & Vo) + 50 @—a) + %/\3 (€= + 5 h(z—a)", (2.21)

where w? corresponds to the curvature of V(x) at £ = a and the linear term is absent as

V(a) is an extremum. Now, for those state vectors [¢) that satisfy the condition

A (¥l (X =) [9) < (%] (X - a)’|9) (2.22)

for r = 3,4, and higher, the anharmonic terms in (2.15) will be negligible so as to leave
us with a quadratic potential for all intents and purposes. Furthermore, we exactly know

how to treat a harmonic oscillator quantum mechanically; hence, for those energy levels




Chapter 2. A theoretical model for ferromagnetic wires with pinning centers 40

close to E;‘ and states obeying inequality (2.22), we have the approximate energies
1
E, = V(@) + (n+ —2-) hw + O(X). (2.23)

Note that the first term corresponds to the classical energy, the second, the first order
quantum correction with w being the classical stability frequency, and the last, higher
order corrections which may be treated by standard perturbation techniques. Already, in
this simple equation, the right- hand side of which contains classically obtainable values,
we can appreciate the many connections between the quantum and classical regimes
(recall that even A are classical values, they represent successive derivatives of the
potential V(z) at the classical position z = a). Equation (2.23) is valid only up to some
quantum number n at which point it is unwise any longer to consider E,, as a low-lying
state. Note that inequality (2.22) implies state vectors whose wavefunctions are localized
around z = a, once again the classical solution.

Now, if we return to our classical particle, we can easily determine by inspection of
V(x) another static solution: the particle sits at the bottom of the well located at z = ¢,
the local minimum. The energy of the particle is then EZ. = V(c) which is higher than
that at the absolute minimum. The energy ngv corresponds to an excited state above the
classical ground state energy Egc’ about which one can also construct a set of quantum
energy levels using an expansion of V(z) around z = ¢ instead. Those energy levels will
be higher than any of those built around Egl in (2.23). Running quickly through the
previous procedure, we obtain :

1

Viz) =~ V(c) + 3

FE@PE-0? + ghE- o+ gt (224)

for the state vectors |1) such that

MK = ) < W) (X -c)? ) (2.25)
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holds for all r > 3. Here, ' is the classical stability frequency at z = ¢ and ). the
corresponding derivatives of V(x) at the same point. Once again, those state vectors
have wavefunctions strongly localized about the local minimum z = ¢. The energy levels

built around this excited classical solution is then
1
Eepp = V(c) + (n+ 5) hu' + O(X). (2.26)

The same limitations apply for this expression as for the previous one.

Now, here lies the full force of our analogy: for a classical field ¢(z,¢) there also
exist static solutions, say ¢:(z,t) and ¢s(z,t), for which the energy of ¢y(x,t) may, for
instance, be higher than that of ¢, (z,t). This latter solution may therefore be thought of
as the classical ground state of the system in the same way as x = a was for the discrete
case. Thus, one can also build approximate quantum energy levels about those respective
classical field solutions by following the same method outlined above but generalized to
fields; namely, by ” Taylor expanding” the potential functional V[¢] and keeping only the
quadratic part. The important feature to bear in mind is that the energetically higher
classical field solution ¢»(z,t) may very well be a non-perturbative solution in the sense
that as A — 0 (A being a parameter of the Hamiltonian which is present in ¢y(x,1))
this solution fails to make sense ...it simply blows up! In other words, the solution
¢2(z,t) cannot be continuously deformed to the classical ground state solution ¢ (z,t)
and corresponds, in & more sophisticated jargon, to a completely different topological
sector of the Hamiltonian spectrum. Before giving the details concerning the transition
to fields, the perspicacious reader may wonder what happens if w equals zero as inequality
(2.22) can never be fulfilled. In this case, the curvature is zero, so that the wavefunction
is less localized that it would be in the presence of a harmonic-like potential well, and our
procedure completely breaks down insofar as a series of harmonic-like low-lying energy

states cannot be found (for those vanishing curvatures cases only). One might want to
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construct states keeping only the more significant stable anharmonic term (for instance,
5\4 154); however, we assume that_‘most minima we are interested in will be of a harmonic
type. |

A more interesting case arises when V(z) is independent of z in some region; classically,
the particle can be at rest at any of those points within this region for which all derivatives
w, {Ar} of the potential equal zero. In other words, there is absolutely no constraint to
localize the wavefunction, and consequently, it will tend to spread within this region and
adopt some form of wavefunction resembling etk (the momentum eigenfunction). The
extreme limit would be a potential independent of the coordinate z; over its entire range
even though it may be constrained along the other coordinates z; (we consider a multi-
dimensional potential V(x)). This independence of V(x) for one dimension corresponds -
to a translational symmetry of the system along this direction. Therefore, our procedure
needs be modified for those coordinates absent in the potential V(x); we will deal with
this particular problem as the case arises later in our treatment of soliton dynamics.
[Indeed, even for ﬁelds, there exist symmetries for which the corresponding frequencies
w vanish (these are called zero-frequency or translational modes).] In the meantime,
in order to give a brief idea of how we will accomplish this, note that for a quantum
particle in a constant potential V(z), its energy levels are given by E, = V + % (pn)?
where p, are the conserved momenta; the conservation of which arises precisely from
the translational symmetry of the problem. Hence, for zero-frequency modes, one might
expect to deal with conserved momenta conjugate to those coordinates displaying the
various symmetries (in the Lagrangian formalism, it is useful to think about these as the
cyclic coordinates).

We are now ready to move on to the case of fields. Consider for simplicity a scalar field

¢(x,t), vector fields being easy to generalize to. The dynamics of the field is governed
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by a Lagrangian functional

Le) = [ax {%(a¢é’:’t)) ~ 5 (Ve - U(¢>} (2.27)

= Tl¢] - V4], (2.28)

with kinetic energy

4] = 2/d <8¢xt)>

and potential energy

Vil = [ax {5(vey - U@} (229)

The classical solutions for this Lagrangian is obviously given by the Euler-Lagrange

equations of motion
’o(x,t) V4]

o2 T p(x,t)’ (2.30)

where is understood as a functional derivative. If we enquire about the static

g
Ip(x,1)

solutions, these are simply given by the generalization of the extremum condition for the

functional potential V[¢]:
Vig)
Sp(x,t)

From equation (2.31) (and the second order version), one may find the field minima ¢;(x)

(2.31)

which can be arranged in ascending order of energy so that ¢o(x) is considered as the
absolute minimum or ground;state of the system (also referred to as the virtual vacuum).
Consider one such minimum ¢,(x). One may then expand the functional V[¢] about
such a minimum in a functional Tayior expansion

Vigl = Vi + [dx {n(x) [—W S
¢=¢

:| n(x)} + ... (2.32)

where n(x) 2 ¢(x) — #u(x), the dot representing higher terms in 5(x). The second term

is the second order or harmonic variation in 7(x) in which the term between brackets




Chapter 2. A theoretical model for ferromagnetic wires with pinning centers 44

corresponds to

2 Vigl
2
0% lat0=¢nt0
: : - v . : I d* V()
(note that integration by parts has been used) in an obvious generalization of 12

for the one-dimensional case discussed above. The linear term is absent by the very fact

that we expand about a minimum so that
S Vgl

) 0¢ $=do

- What we want to do next is to diagonalize the operator

d*U
— 2 —
Ve o+ e

= 0.

) ¢(x)=¢n (x)
so as to express the harmonic term in equation (2.32) in terms of normal modes fz(x),

these being found by solving the eigenvalue equations
d*U
[—VQ + -

B(x)=¢n(x)

These modes constitute an orthonormal basis in terms of which one may write the vari-

} fi(x) = w? fi(x). (2.33)

ation n(x) about the minimum ¢, (x) as

7’](X) = Z C; fi(X), (234)

i
so that the harmonic term in (2.32) becomes simply a sum over the amplitudes of the

modes times their corresponding energies : (1/2) > (&) w?.
i

Setting
n(x,t) = é(x,1) — ¢u(x)
= > all) fix)

and assuming that the fluctuation n(x, ) remains small enough over time to neglect the

higher order terms in (2.32) represented by the dots, one may write the Lagrangian L as

D= 3D ROF - (Ve + 50 e) + 0@ a),  (39)
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where the correction O(n?(x,t)) can always be treated by the usual perturbation tech-
niques. The most significant terms in (2.35) correspond then to harmonic oscillations
which (as the one-dimensional case discussed above) we perfectly know how to quantize.

Therefore, one constructs a set of low-lying energy states around the classical static

field solutions ¢,(x) in the same manner as before,

(]

E,, = V[¢a) + BD_ (n;+1/2)w; + higher order terms, (2.36)

owing to the quantization of the normal modes coefficients ¢;. Once again, we remind
the reader that the higher order terms can be treated perturbatively and that ¢,(x)
may turn out to be a non-perturbative result in the sense outlined above. The classical
expression (2.35) is valid as long as the fluctuation n(x,t) around a given minimum P (x)
is negligible. But, it may happen, as before, that a symmetry exists for the Lagrangian
L so that V[¢] has a minimum ¢,(x) which is translational invariant, i.e. one for which
$n(x+a), for any vector a, are also minima with the same energy V|[¢, (x)]. In such a case,
we will obtain eigenfunctions f; (x) with eigenvalues w; = 0 for which the procedure given
above also breaks down. These translational modes* are the exact equivalent of those
symmetries encountered before, for which V' (x) was independent of some coordinates z;,
if one is willing to view ¢,(x) as a point in the field space ¢(x) and consider ¢,(x + a)

as a ray or line in this space. As promised, these anomalies will be treated in due course.

‘Note from equation (2.36) that the energy levels are built around a classical static solu-

tion ¢,(x) with the leading quantum correction given by the harmonic oscillators. For
the absolute minimum of V[@], ¢,(x) which is space-independent on account of the
term (V2¢)? in V[¢] and which may, incideritally, be degenerate, this corresponds to the

vacuum state and its familiar associated quanta of the field.

4The word translational may convey the wrong impreésjon that symmetries may exist only for “recti-
linear dimensions”, which is not true. One may also have angular-like symmetries. Perhaps, one should
adopt the more appropriate term zero-frequency mode.
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In our case, however, we will build quantum energy levels around a classical static solution
of the Euler-Lagrange equations of motion which corresponds to a soliton with higher
energy than the ground-state solution ¢,(x) = 0.

After this introduction to-the quantization procedure about classical solutions, we

discuss in the next section the toy-model we will be considering in this thesis.

2.3 Toy-model for pinning centers in magnetic wires

The mathematical model we will consider is the one-dimensional Sine-Gordon Hamilto-

a
nian density plus a perturbation term of the form o % V(z) where « is a small coupling

ox
constant:
H = H, + H, with (2.37)
1, Cg 2
H, = 3™+ 5t w (1 — cosp), (2.38)
0
Hp = Oé% V(fl)), (2.39)

¢, and w, being the characteristic velocity and frequency of the system. The coupling
with the gradient of the field itself has been chosen so as to eliminate possible ambiguity
with regards to the different values of the SG soliton ¥,(z) at 2 = oo (1h,(—cc) =
0 and 1;(+00) = 27 for N = 1). The field (z, ) is dimensionless since it corresponds to

angular values and the above Hamiltonian density can be made totally so by introducing

the following scaling

«

1>

Wot, x* 2 (ﬂo—)x, and o* &

t*
Co CoWo

The reason why we choose this Hamiltonian density is clear from the discussion at the

beginning of this chapter: we found that, the spin chain modeling a ferromagnetic wire

admits in the continuum limit a Sine-Gordon soliton solution as exemplified by equation
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(2.15). The correspondence with equation (2.38) is achieved by setting m in equation
(2.15) t0 w,/co. From now on, we will deal exclusively with the dimensionless Hamiltonian
density and drop the asterisks on the space-time coordinates and the coupling constant
for convenience.

As mentioned in the introduction, we want to investigate the effect of pinni.ng cen-
ters on the motion of solitons. ' Thus, how db we model those pinning potentials? We
know by experience that those pinning potentials are very strong within a very narrow
range. Qualitatively, such potentials can be approximated by a Dirac-delta functions
d(z). In any case, the real pinning potential V(z) can always be decomposed as a linear

superposition of such delta functions,
V(e) = [ do, Vizo) 8a -~ o),

so that, since we will consider a linear approximation about the soliton solution, the
response of the system to such a potential can be inferred from that of a single delta
function. One may have some difficulties to make sense of the coupling of §(z) to the
gradient g—:ﬁ which results in a a force-like term of the form ¢’(z) in the Euler-Lagrange
equations of motion. After some reasoning, the reader may convince himself that such
an idealized force ¢'(z) (which carries only the qualitative aspect of what the real force
might be) will indeed constrain a moving soliton between two points once we recall our
mechanical analogy with weights and springs discussed in the introduction for which the
wave propagating is of an angular sort and not of the usual linear one, which we have
come to think about whenever the term wave is evoked. Indeed, such a reasoning will be
confirmed later by the derivation of a hyperbolic secant potential given in terms of the

soliton’s center coordinate.
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As a preliminary to the study of solitons bound to impurities, we will examine in the
next chapter the response of a soliton to a potential V' (z) = ©(z —z,) in equation (2.39).
This will introduce us to the notion of emission of radiation consequent to a soliton
hitting such a step potential and acquaint'us to the way with which we will similarly

( .
tackle the pinning potential case. This emission of radiation is an example of excitation

&

of the quantum field built around the soliton solution.




Chapter 3

Soliton bremsstrahlung and the method of collective coordinates

The treatment in the first section of this chapter is largely based on a paper by
Eilenberger published in 1977 [37]. This will be divided in two sections; the first one
treats the subject at a classical level where we seek small-amplitude solutions about the
soliton solution, the second and third go beyond Eilenberger and attempts the jump to

the quantized version.

3.1 Classical treatment of the soliton bremsstrahlung

The Hamiltonian density is given by equation (2.43) and (2.44) with V(z) = —©(z—z,).
An integration by parts for _
H, = a/d:z: H,y(z,t)
allows us to rewrite it as

H, = a/da: P(z,t) 6(x —z,) — K

with K = limz_, 100 ¥(x,t) which we consider as being equal to 27, the limiting angu-
lar value for a soliton with topological index N equal to one (cf. introduction). As a
constant appearing in a Hamiltonian is benign insofar as the dynamics of the system is
concerned, we may disregard it totally. Hence, the perturbation Hamiltonian density can
be considered as being equal to + o ¥(x,t) 6(x — z,) where —a d(z — z,) = F(x) plays
the role of a Dirac-delta force acting on the system. Since the Euler-Lagrange equations
of motion for H, are linearized about the soliton solution (cf. introduction), the linear

response to a general force F'(x) can be determined by superposition.

49
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We consider a fast soliton moving with speed v to the right with the step potential
positioned at z,, the location of the impurity or defect. Intuitively, the soliton begins to
feel the step potential only when its center moves in its vicinity. At this point, a force acts
on the soliton which has it slow down until it has gone beyond the potential’s immediate
range. Thus, we expect the soliton to emerge from its interaction with the potential with
a speed v’ which is less than the initial speed v. However, since we suppose a very fast
soliton, v’ should not be so different from v in the presence of a soft potential owing
to the smallness of the coupling constant o.. By conservation of energy, the impurity
should in principle also gain a small speed; however, we assume that the restoring forces
in the material are strong enough to counter this motion so as to leave the impurity
stationary. These forces in the material are not accounted for in the above Hamiltonian
as we isolate the relevant part of the universe and ”ignore” the surrounding whose effect,
in any case, manifests itself in the renormalized masses of the various parts of the system
under consideration. The important point to note, here, is that radiation can also be
emitted as a result of the collision in the same way as we expect heat to be given off
when a fast ball grazes the surface of a large massive block. A still better analogy is
the case of a charged particle which, being decelerated by some force, gives off radiation
(for instance, an electron colliding with a nucleus surrounded by its electrical field). One
may then substitute the charged particle for our soliton and the decelerating force for
that provided by the step potential; this is the origin of the term ” bremsstrahlung” to
describe this process of a soliton collision. -

Solving for the equation of motion derived from our Hamiltonian density H, we obtain
% — ¢+ sing = —ad(z—x,). (3.1)

Linearizing about the small-amplitude ¢(z,t) as outlined in the introduction leads to

#(z,t) — ¢"(z,t) + (1 - 2sech’[y(z — v1)]) d(x,t) = —a 6(z — Z,) - (3.2)
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For t — —oo, the initial condition where the soliton is far away to the left of the step

potential, the hyperbolic secant term in (3.2) virtually vanishes to leave us with

P(z,t) — ¢"(z,t) + ¢(z,t) = —ad(z—1zx,). (3.3)

We suppose that the behavior of ¢ for this initial condition is relatively independent of
time so that a Fourier transform of equation (3.3) can be performed with respect to the
position only,

(K +1) g(k) = —a,

where @(k) is the Fourier transform of ¢(z) in the vicinity of “t ~ —00.” One can easily

solve this equation, transform back to the z-space, and obtain

(0%

bo(z) = —5 el (3.4)

as the initial small-amplitude field generated by the sole presence of the step potential.
This can be referred to as the “dressing” of the impurity located at z,.

We expect, then, to recover the same dressing at ¢ — —oo with the soliton moving with
a slightly different speed to the right of the impurity. It is convenient to transform to a
different inertial frame in which the soliton is stationary. In this reference frame, we have

instead the impurity or step potential coming from the right with speed v (cf. fig. (3.1)).

2 pi

pi

1 -

v(T,~1T) z

Figure 3.1: The impurity wavefunction “moving” towards a stationary soliton. In the rest
frame of the soliton, whose center is located at coordinate z = 0, it is the impurity center, located at
z = v(To — T) where T is the soliton’s proper time, that moves towards it with speed v. The impurity
dressing assumes an even decaying exponential form at large distances from the soliton’s center.
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After performing the required Lorentz transformation [38]
z=vy(z+v7), t=79(+v2), vyr,=1,, (3.5) .

the last equality making the impurity collide with the stationary soliton located at z = 0

at time 7 =~ 7,, we obtain

d(z,t) — ¢"(2,1) + (1 - 2sech’[y(z — o)) d(=, 1) = _l%l S(z+v(r—7)), (3.6)

the partial derivatives being with respect to the new coordinates (z,7). Since we consider

a soliton with topological index N equal to one, i.e., a kink, v > 0 and we may drop the
absolute sign in equation (3.6).

Expanding ¢(z,7) in the orthonormal basis {f,(z), fx(z)} that we found earlier,!

Cb(’l‘)

B(zr) = T fi() + [ dk () ful) (37)

where (cx(7))* = c_x(7) énsuring thereby that ¢(z,7) remains a real field, we get

%{[51;(7) + c(7) (1 = 2sech®2)] fiy(2) — o fy'(2)}

+ / dk {[&(7) + cx(r) (1 — 2sech®2)] ful2) — e f1(2)} = —% 5z +v(r —7,)). (3.8)

In order to obtain the equations of motion for the normal modes’ coefficients, we simply
multiply the above equation by the complex conjugate of a normal mode fp(2), integrate
the resulting equation with respect to z, and use the orthonormality relations. Doing so

with the zero-frequency mode, fy(z), knowing the following relations

[ e 0 - 2se0h) fE(2) = ) 2] = 0

-0

/+°0dz [2560h2z fk(Z) fb(z) + f;;l(z) fb(z)] = 0,

—00

!Because of the scaling we performed on our Hamiltonian, the normal modes (1.52), (1.54) become
fo(x) = 2 sech (2), fr(z) = ﬁz—wk e®**(tgh (2) — ik) with eigenvalues wi =k + 1,k = (w,/co)l, and
(fb: fb) = 8: (fk)fll) = 6(k - p)
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leads to

G(r) = 2 sech(v(1 — 7))

= —% folo(T — 7)) . (3.9)

One can infer a good deal of physics from equation (3.9). The mode fy(z) provides the

translational motion of the soliton for small displacements since then

ws(z+%7—)) ~ Pe(2) + %d%z) (3.10)
= w() + 2 g,

8

Thus, equation (3.9) can be viewed (at least for small displacements) as some form of
Newton’s equation of motion where the normalized? soliton’s center coordinates c,(7)/8
responds to a force in the immediate vicinity of the impurity (realized when 7 — 7,).
This is even more so by the fact that v is large since we deal with very fast solitons (in
the lab frame). Furthermore, as the coupling constant o makes the force small, ¢,(7) will
only acquire a small speed by the time the force becomes virtually unimportant. This
smallness of ¢,(7) guarantees the approximation of a moving soliton (7 (2 + c(7)/8))
by s(z + ¢5(7)/8) with 4 ~ 1. Hence, this confirms our earlier expectation of a soliton
emerging from a collision with the impurity with a speed slightly less than initially (in
the moving reference frame, this translates into a soliton acquiring a small velocity in the
negative direction). Note, however, that this interpretation breaks down once c,(7)/8
becomes important since then the‘ approxirr{ate equation (3.10) is no longer valid; this
will occur, though, only after the soliton leaves the immediate vicinity of the impurity at
which point the force is vanishingly small and thé soliton cruises with a nearly constant

slow speed (in the moving reference frame).

It is normalized with respect to the the mass of the soliton which has the value of eight in dimen-
sionless units.
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Now, tackling the other modes f,(2), we obtain with the help of the following relations
w(z) = — fulz) [K*+ ZSechzz] ,

1(2) = F(2) (tgh?(2) - sech’(2)),
/+°° dz fb(z) f;(z) (sechQ(z) + tghQ(z)) _ 0,

—0
the expression , _ _ B .

&(r) + wle(r) = —% fw(r —1,)). (3.11)

This equation is rather difficult to solve unless we resort to a trick proposed by

Eilenberger. We decomposed the small field amplitudes c,(7) as

(1) = &(1) + cop(T) (3.12)
with

Yo otpv(T —

o) T — T, D) . )
2wy (p% + 12) (— tgh[v(T — 7)] +ip) (3.13)

Cop(T) =

What does this decomposition correspond to ? One may find out what the terms co,(7)

generate in the (z,7) space:

bolerT) = /_ b co(r) f1(2)

= k% + ik (tgh h -
27r wk k2+fy){ + ik (tghz + tgh[v(r — 7)])

—tgh ztgh [v(7 — 7,)]}
_ (=9 {e—fy |z +v(r —1,) | (x+ t8h2)(y + tghv(r — 7)])
(v*+1)
(1+ tgh2)(1+ tghv(r —7,)])
(v +1) }

+7

Note that for | v(7 — 7,) | = +00, Po(z,7) = — (a/2) e~ 7 | 24+ 0(T — 7o) | which is

exactly the Lorentz-transformed expression of the impurity dressing (3.4) and corresponds
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to the expected situation of the impurity being virtually unaffected a long time after
its collision with the soliton. So, making use of decomposition (3.12) and substituting

equation (3.13) in (3.11), we subtract the impurity dressing contribution and obtain

—Y iku(r —,) [ 2ikv? d 1

2 9 ~ . s
G(r) + “r &(7) cosh? (T —T,) v dT(cosh2 (T — 7o) L

o wk(kQ + ’}’2)
This equation is easier to handle in frequency-space; so taking the Fourier transform on

both sides and using the integral

oo ik 2 _ T Tk
Loo dz """ sech”(az) = = k cosech(2 a)
we get )
~ iame™To  ~y(w — kv) (w/v) +k
= - 14
&(w) (w+1i€)? — w2 wy(y? + k?) sinh[(7/2)((we/v) + k)]’ (3.14)

where we added an infinitesimal imaginary part to the frequency denominator to place
the poles in the lower half of the complex plane. Transforming back in the T-space and

setting w as a complex variable u, we have

(1) = iy [y el =0T = 7)) (u— k) ((u/v) + )
2m (2 + k2) e=0Jry wr((u + 7€)? — w?) sinh[(7/2)((u/v) + k)]

where I'g is the path of integration in the complex plane and the subscript R reminds us
that we will let the radius of a semicircle tend to infinity in order to evaluate &,(7).
For 7 < 7, we need to close the contour of integration in the upper half-plane
(cf. fig. (3.2)); since there is no pole, ¢,(7) = 0, which is consistent with what we expect
before the soliton appreciably begins to feel the impurity at 7 = 7,. Therefore, our choice
for putting the poles below the real line turns out to satisfy the initial conditions of the
problem.

For 7 > 7,, we close the contour in the lower half-plane, make use of the Residue
theorem and the fact that

yv(wp/v?P—p®) 1

_—U’)'

(72 +£2)
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(@) (b)

Figure 3.2: The integration path. The poles, designated by x on the graphs, are barely located in
the lower half-plane because of an infinitesimal imaginary part added to the frequencies —wp and wp.
The integration path is made up of the line from —R to R on the real axis and a semicircle Cgr of radius
R in the upper half-plane in (a) and in the lower in (b) to accommodate the initial conditions of the
problem. This complex integration is necessary to evaluate the inverse Fourier transformation of the
Fourier coefficients E,,(w) in equation (3.14). For that purpose, we let R tend to infinity.

to find

CpT =

o ( o~ Wwp(T — 7o) otwp(T — 75) )
(3.15)

B 2w2yv \ sinh[(7/2)(wg/v + k)] B sinh[(7/2)(—wg /v + k)]
So, subtracting off the intrinsic impurity dressing and its effect during the collision,

equation (3.15) gives us wave-packets

dar) = [ 4z b ful2)

—00
which move with a dispersion relation wy = /1 + k2. To second order in «, we can calcu-
late the energy of the system in the small-amplitude approximation using the following

decomposition of H,,
7;[0 - Hs + Hosc + %[ With
-
Hs. = 5(1/)?+w;2) + (1 —coss),

How = SB+60) + 26 cos(dy),
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Hi = ¢, + ¢, ¢ + (sin,) ¢,
where the field is written as
1/)(z,7') = ¢s(z) + ¢(z7T),

¥s(2) being the static soliton located at z = 0 and ¢(z,7) given by equation (3.7).

Integrating with respect to the coordinate z leads to

+
H, = /oodz.’Hs = M, = 8§, the rest mass of the soliton,
—oo ‘
too 1 &G(r) [ [t .2 2 2.2 2
Huo = [ detoe = {22+ [ db | &) +a} | G0 [} (3.16)
+o0
H = / dzH; = 0, and
—00

By = [Tty = @)+ adEnn) & vl

-0

since we assume | ¢ | < 1.

After a sufficiently long time, the two wave packets, moving in opposite directions in the
soliton rest frame, will become entirely detached from each other and, presumably, from
the impurity dressing as well on account of the impurity’s great speed. Therefore, we can
ignore the mixed terms in | ¢;(7) |* and isolate the terms pertaining to the wavepackets

alone
_om e~ 1oWE(T — 7,)
2wiyv  sinh[(7/2)((we/v) + k)]

with o = =1; the sign referring respectively to a right- or a left-moving wavepacket and

Crol(T) = (3.17)

the superscript r standing for “radiation” which is how we coin this particular excitation
of the small-amplitude field.

Plugging equation (3.17) into (3.16), we obtain for the energy of this radiation
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2 +00 )
He(r>1) = Y, /oo dk wy | &, | (3.18)
o=1 "7

am 5 o [+ L
= G X L * e

o=1

1, ar

+00
= 3 %)2 /_oo dk cosech®[(7/2)((wk/v) + k)]
Hence, ¢ , can be interpreted as the amplitude of the excited normal mode k with

equation (3.18) being the usual sum of individual mode energies.

A general step potenfial V(z) can always be constructed using the decomposition

V(z) = / ™ b, V() Oz — 2),

—0o0

from which we obtain the corresponding force

Fa) = [  de, F,) 6(z — o)
with
F(z,) = — V(x,,)

It is then a simple matter to calculate the radiation amplitudes by linear superposition.

Naively, one would assume that equation (3.17) is the correct result at the classical
level; one for which the amplitudes G simply carry over to the quantum world as the
amplitudes of the corresponding quantum oscillators. However, this classical result is
incorrect, and the reason has to do with the warning we issued when we talked about
the quantization scheme about a classical solution: the presence of a translational mode,
namely in our case, f,(z) with its eigenvalue w, = 0. In classical or quantum mechanics,
the decomposition of the harmonic Hamiltonian density (3.16) is insufficient since the
translational mode has no confinement to approximate it as a harmonic mode. This

simply means that, in the fy(x) “direction”, the anharmonic terms in a functional Taylor
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expansion of a potential V' (cf. equ. (2.32)) are likely to be a#s important as the harmonic
term, whether the state is classical or quantal. As promised, we give in the next section
a method to handle those zero-frequency modes. With this method, we will see that
equation (3.16) is nonetheless valid only after taking into account some facts specific to

our physical situation of a fast soliton’s colliding with a soft impurity.

3.2 The method of collective (pzoo'rdinates

As pointed out in chapter 2, eigenfunctions of the operator

(U
- ()]

with eigenvalues w, equal to zero may exist for an expansion about some minimum ¢, (x).

This arises from continuous symmetries displayed by a Lagrangian

Lje) = [ dx { (260" %(WV—U(@},

and in particular from the translational invariance of minima ¢, (x) for which

Vign(x +a)] = ¢,(x), Va.

A minimum ¢;(x) which is independent of x will not produce a zero-frequency mode
for the reason that ¢;(x + a) = ¢;(x) and, therefore, can be considered as a point in
“field space”. The zero-frequency eigenfunctions f,(x) correspond to the infinitesimal

translational generators of the minima ¢,(x) in the sense that
pn(x) = ¢n(x+0a) — ¢, (x)
= (0a) fo(x)

In our case, this is the function fy(x) = 2 sech z which is exactly the derivative di,(z)/dz

of the soliton solution. In chapter 2, we gave an idea of how symmetries in a classical
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Lagrangian translate over to the quantum world: their respective conjugate momenta
operators turned out to be conser'ved. Before stepping into relativistic field space, let
us deal with a simple example in non-relativistic one-particle quantum mechanics. This
will provide the reader with the basic physics behind the collective coordinates method
applied to fields.

Consider a particle in two dimensions with the following Lagrangian

(@2 +43) — V(a2 +13). (3.19)

The potential enjoys an obvious continuous symmetry: it is rotationally invariant. Let

L =

DN | —

X, # 0 be a minimum of V. This is not the only classical solution since V (x,) such that
| x, |=| %, | will also be a minimum. If we naively apply our method of quantization

about the classical solution x,, we obtain

2
Epn, = ) + > (ni+1/2) hw; + higher orders (3.20)
1=1

PV
0z;0x,

One finds that one eigenvalue, say w;, equals zero on account of the rotational symmetry

where w; are the eigenvalues of

X=X, -

of the potential V. This zero eigenvalue implies that no confinement exists for the
wavefunction in the angular direction. Therefore, it fails to be localized on the circle of
radius | x, |= R although, radially, it is so owing to the nearly quadratic potential for
each of those points x, in the radial direction. This shows that the quantum stationary
states of the system are not localized around any specific classical solution, with the
consequence that the approximate equation for their energies (3.20) is incorrect.

One simple way to deal with this problem is to change from cartesian to polar co-

ordinates, which change is naturally dictated by the symmetry of the potential. The



.

Chapter 3. Soliton bremsstrahlung and the method of collective coordinates 61

Lagrangian (3.19) transforms then to

-

1 .
L=3#+ %7292 — V). (3.21)

One immediately notices the absence of the angular coordinate which makes it ipso facto
a cyclic one, so that its conjugate momentum ! = 72 becomes a conserved quantity.
Therefore, one may readily reduce the problem to a one-dimensional case involving the
radial coordinate 7 and the momentum conjugate to 6, [, considered as a given constant.
Thus, we can write the Lagrangian as -

L —1¢2+£+V(7~)
LTy 272

1 .
= §f2 + Veff(r;l) (3.22)

where Vez(r; 1) becomes an effective potential acting radially on the particle with a given
angular momentum . The term {2/(2 r?) simply corresponds to a fictitious centrifugal
potential. Now, we can apply the usual procedure to this Lagrangian by finding first, a

static solution r(t) = R; given by the extrema of the effective potential V,;;(r; 1),

Verr(r;l) 0
dr ’I‘=R¢
dv 12
av o 2
ar)n B 0, , (3.23)

and second, by building a series of low-lying quantum energy levels about this solution

in the harmonic oscillator approximation,

»

X .
Enp = Vepp(ril) + §(n+1/2)hd)

2

= V(R) + % (n+1/2)ha + L (3.24) |

Ry

whose eigenvalues @ are given by

&')2 . dz‘/eff

— ‘
d2r =R, -
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Note the difference between equations (3.20) and (3.24) where the indices in the former,
{n1,n2}, have been replaced in the latter by {n,l} with | being a number associated
with the coordinate responsible for the symmetry of the Lagrangian. This difference is a
manifestation of our changing from one set of coordinates, the cartesian, to another, the
polar. In the field case, we will encounter the same difference resulting from a change of
coordinates.

A more illuminating way of looking at this reduction insofar as it bears on its gen-
eralization to fields is to view the construction of quantum levels in equation (3.24) as
being built around a classical time-independent solution instead of a static one. Indeed,

the equations of motion derived from (3.21) are

. dv
.o 2 ey _
;r‘ = r8° + ar 0
and
d(r6?)
= 0.
dt

If we set ro(t) = (ra(t),0ua(t)) = (R, vt) with v = [/R} a constant, the second equation
is automatically solved while the first reduces to equation (3.23). Therefore, the approx-
imate energy equation (3.24) can be thought of as an expansion about a, time-dependent
rotating solution which samples uniformly all points on the circle R and which ought to
give a better expansion than that about a specific point x, on this circle (which rotational
symmetry does not favour in any way).

After this short excursion in the discrete non-relativistic realm, we will deal first, with
relativistic but classical fields and then, move on to the quantized format.

In order to keep things simple, we will confine ourselves to a scalar field in one di-

mension with one non-degenerate static solution. The generalization to fields in multiple

dimensions is straightforward.
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Consider the Lagrangian

L= [Ta L (@) - @@ - U, (3.25)

which is the one-dimensional version of equation (2.27), and a static minimum which we

designate by ¢,(z). We recall that this minimum is a solution to

V(4]

T |, ~ "

d=¢p
namely, it satisfies

¢y, dU(4p) _
g ¢p” = 0. (3.26)

However, by translational invariance, ¢,(x) is not the only solution; indeed, ¢,(z + X)

for any X is also a minimum. This invariance signals that we will run into prdblems if
we attempt a harmonic expansion about a specific solution ¢,(z + X ), where X is fixed
arbitrarily, just as we did about the specific solution x, for the rotational symmetric
Lagrangian. We exhort the reader to be vigilant because we will use the exact same
methods that we used before in order to get out of the fix!

The naive expansion would be to express ¢(x) about the classical static solution
¢p(z+X) in the orthonormal basis { f,(z+X), fo(z+X)} which consists of the eigenmodes
(cf. equ. (2.34)) that diagonalize the functional potential V@] with f,(z + X) being a

zero-frequency mode (i.e., one whose eigenvalue equals zero),

o0
¢(x,t) = Pp(z+X) + (1) folz) + D en(t) fulz + X). (3.27)
n=0
The approximate energy equation is then given by
E,, = V[$a] + ED_ (n;+1/2)w; + higher order terms. (3.28)
i

We have just recapitulated what we already mentioned in section 2.2. Due to the zero-
frequency mode f,(z) we know that this expression is incorrect. Now, we entreat the

reader to bear cloéely with us.
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In function space, the basis { fy(z), fn(x)} acts as a reference system in the same way as
the basis {3, 7} does for a 2-dimensional space with decomposition x(t) = z1(t)i + z2(t)j.
Hence, ¢,(t) and c,(t) act as the coordinates of the system with respect to a reference
frame whose origin is at the “point” ¢,(x+X) in field space. In order to fix our problem in
the non-relativistic case, we recall that we made a change of coordinates from z; (¢), zo(t)
to the polar representation r(t),6(¢); which representation naturally lends itself to on
account of the rotational symmetry the Lagrangian enjoyed. Furthermore, we pointed
out that the expansion was made about a time-dependent classical solution instead; for
which the symmetry-related coordinate 6(t) somehow sampled uniformly all the points
connected by the rotational symmetry. The reader may have guessed already that one
would have to change the set of coordinates {cy(t), c,(t)} to one including the coordinate
responsible for the symmetry of the Lagrangian. We know what this coordinate is: this
is the value X in ¢,(z + X). Therefore, our new coordinates would be something like
{X (), g (t)} where g,(t) should be associated with the usual basis functions f,(z) as the
wavefunction is perfectly confined in these “directions” (as it was in the radial direction

for the previous one-particle case). The proper expansion is then as follows:

¢(z,1) = du(z—X(1)) + X_% n(t) fr(z — X (1)), (3.29)

where f,(x — X(t)) is as appropriate as f,(z) due to the translational invariance of the
Lagrangian L (equ. (3.25)). Notice two things: the zero-frequency mode f,(z), which
caused so much trouble, has TOTALLY disappeared; and the expansion is made about a
time-dependent solution ¢,(¢)(x — X (¢)) which samples all minima related to each other
by the translational symmetry. This sampling will be uniform as we discover later that
the momentum conjugate to the coordinate X (¢) is a conserved quantity in the same way
the angular momentum r24 previously was. Expression (3.29) is what we refer to as the

method of collective coordinates [36, 41, 42, 43, 44] where X(t) is called the collective
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coordinate associated with the corresponding translational symmetry.
For convenience, let us denote g,(t) £ X{(t). As mentioned earlier, the potential term
V[¢] is translation invariant and, therefore, does not depend on X(t). Hence, using

expansion (3.29), we obtain

+o00 1
Vel 2 [Tae {50 + )
= V(M,,{qn})
~ Vg + % > ¢2w? + higher order terms (3.30)

in the small-amplitude harmonic approximation with V[¢,] and {w,} being the same as
in equation (3.28).
We note that

Vi = [T {% (%)2 + U(%)}

>

corresponds to the “rest mass” of the field for this particular classical excitation, dn(z).

Then the kinetic energy term

1) = [ 547
becomes
1 o0
T = 5-{q'b(t)D,,bq'b(t) + /_; dk (%) Dok G (?)
+0o0 00 00
s [ aka® Dua) + [ [ dkdp aut) Dy (1)}
1t |
2 = Y Gi(t) Dy g, (3:31)
1,§=b,—00
where
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for any indexed quantity a;, and

Di; = Dj;, (3.32)
D = [Tar {s@ + [Tk aw @) 3:33)
D = = [ as (o) + [ dp o) @)} fule)

= [T daw [ @ e i), (334

Dyp, = d(k+p), | (3.35)

in which we made use of the fact that ¢} (z) and fi(z) are orthonormal to each other by
virtue of ¢ (z) = fy(z). Also, we have (D, _;)* = Dy;. Equation (3.35) is the simple
- generalization to continuous case of the Kronecker function dy,_, in the discrete case. (If
the minus sign bothers, recall that expansion (3.29) is made up of complex eigenfunctions
whose coefficients are related by (gx(t))* = ¢g_x(t) to ensure a real field.) In equations
(3.33) and (3.34), ¢, and the eigenfunctions f; appear with their arguments sef to x
instead of x + X (t) since under the integral sign it does not matter.

The field Lagrangian written in terms of variables {g,(t), gx(¢)} is

L= % +§’ :(t) Di;({@}) 4;(8) — V(Mo {@})| + O(¢?) (3.36)
1,j=b,— 00

where V' (M,, {a:}) 29 V(M,, {ar}) .
Note in the above equation that the coordinate g,(t) = X(¢) nowhere appears, though
its speed, g5(t) = X (t), does.

In order to derive the Hamiltonian, we proceed as usual by finding the canonical momenta

m; conjugate to ¢;(t)
oL

+oo 7
mi(t) = 9 j=§_oo D;; ¢;(t)
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so that formally the inversion reads as

+oo 1/ )
G(t) = (D)i_,] mi(t),
J=b,—o0
and so obtains
+oo/
H = > m¢g-—-1L
i=b,—0c0
1 +o0 /7 . 5
=3 mi (D) m5 + V(Mo, {g;}).
i,j=b,—00

67

(3.37)

(3.38)

In appendix B, we derive the inverse of the matrix D and, therefore, merely state the

results:
O3 = 3
D)y = %, and
(D) = 6(htp) — 22D g kp s
where
D £ determinant of D
= J:/Ii (a+ M,)? with

o= [ dkat) ([ 4 6@ fi@)

(3.39)

It is very illuminating to see to what m, the momentum conjugate to X (t), corresponds.

The total momentum for a given field v is defined as

é_+oo a_’l/)a_iﬁ

In our case, this total field momentum is
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_ +00 a¢ 3¢
P ‘/ dx Ot Or

= [an { (4 +/ dk au(®) fil@) X0 = [ dk dult) fu(o)}

x {¢ (=) + / ak a:(t) fi(a)
= [T (4w + [T dka i) X0
- /_oo dk gy (t) /_+ dz {4, (= +/ dk gx(2) fi(2)} fu(x)
= Dy X(t) + /_ :odk Dy 4 (t)

. +m .
= Dy g5(t) + /_ dk Dy, qi(t)

P = Typ.

Hence, 7, is none other than the total field momentum of the system; which is quite
reassuring as we know that its conjugate coordinate X(t) can be thought of as the “center-
of-mass” of the field ¢(z,t) giving an idea of its location in space. For example, for the
Sine-Gordon Lagrangian, ¢,(x — X(t)) = ¢s(z — X (t)) where X (¢) locates the center of
the soliton (even though the Lorentz factor +, which acts as a scaling factor, is absent).
Furthermore, g,(t) or X (t) is a cyclic coordinate in Hamiltonian (3.38) and, therefore,
we expect P to be a conserved quantity in the same manner as the angular momentum
| = 720 was for the discrete case. One can surely appreciate, by now, the many analogies
we can draw between the discrete and field cases.

Using 7, = P, we can rewrite the classical field-relativistic Hamiltonian as

T o /+°odk Dy + 3 //dkdp {5(k+p) D"’LDD’H&} T 7

+ V(Mo {gn(t)}) . (3.40)
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Now, we must quantize this Hamiltonian. We will use a method developed by Christ
and Lee [41] which makes use of the usual canonical quantization scheme based on the
Hamiltonian. This latter consists in promoting the field ¢(z,t) and its conjugate field

momentum 7(z,t) into operators obeying the equal-time commutation rule (A = 1)
[(z,1),7(y,t")] = i6(x —y) b . (3.41)

The quantum Hamiltonian is simply derived from the classical one by elevating the fields

to the rank of operators

~ 1 +00 ~ A
A= /_ e {(P(z,1) + V(d(,0) (3.42)
with A
V() = 0D )
and X
e, 1) = 2200

Formally, the commutator (3.41) is fulfilled by defining

5
§p(x,1)

in the sense of a functional derivative operator on the appropriate Hilbert space. However,

#(z,t) = —1

what we want to do is to perform a change of variables from ¢(z,t) to {X (), 4x(t)} which
can be executed unambiguously. In order to see things in a more illuminating way, the
reader can always think of QAS(:c,t) as éz(t), an operator with a continuous index z, that
acts on “functions” (y) with y = (y,); in other words, functionals. Thus, 7,4(t) is
correspondingly viewed as 7.(t) which translates as the operator —id/d¢,(t) on this

space of “wavefunctionals.” Hence, in effect, we want to achieve the change of variables

{$(1)} = {R(),d0)} (3.43)
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Under this transformation , how do our operators 7,(t) = —i §/8¢4(t) look like ?
We stress the fact that the only difficulty in the quantum Hamiltonian (3.42) under this
change of variables lies in the momentum operator 7 (z,t) since the potential operator

term V(@(z,t)) can be handled in the same manner as before,
~ A +oo ~ A ‘ ~ .
Vb, 0) = [ dz V(d(,0) = V(Mo {dn()})

with the simple prescription of elevating all the g, (t) in V(M,, {g.(t)}) into operators.3

This is obviously due to the quantum mechanical decomposition of the field operator

qg(z, t) as

bat) = dla=XO) + [ dkal) fils - X(0) (3.44)
2 gue-X) + plo)

which lends itself to the same treatment of V[#(z, )] on account of the integration over
the x coordinate.

Going back to the transformation of #,(t) under the change of variables (3.43), we, once
more, turn to classical concepts to give us a hint of how to handle this problem in the
continuous case; this time, the classical concept is the standard rules of calculus. Were
we to have only a finite number of variables («, ..., ay) instead of the continuum-indexed
(¢¢), the Laplacian /dx 6% /82 would be given by -

N 62

o ool
This Laplacian would act on wavefunctions of the form (o, ..,an). By the standard
rules of calculus, a change of variables {&;} — {8;} would have the Laplacian take the

form

; —~ = Z\/._(wB \/_ (3.45)

o 2,j=1

3Pragmatically, this involves covering the coordinates gn(t) with a nice little hat “ 7.
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where
N (50% (SO(k
B, = i, 3.46
2] kz=£ (5/61 (5,5] ( )

and

B é Det(B)m

It is now easy to see the parallel with the continuum case; the following equivalences can

be made

N
o — @y Z —> /d:r,
i=1

N +o0 7
B «— Z > Z )
i,j=1 3,j=b,~00

so that the generalization of equations (3.46) and (3.45) amounts to

Bi,j:/ do 202 07

—o0 8g; 6q;’
+o00 dp(z) dp(x)
By —
i /_oo R PR S

/+oo dr 7(z,t) = /+oo dzx ()

400 62
= /_oo @ 50
+00 62
= /_oo “ S
g 5
- 2 gVl
m';,_oo \/E dg; dq;

One can easily convince himself that the matrix B corresponds ezactly to the matrix

D we encountered before. Hence, writing the full Hamiltonian in the coordinate basis

{g(t), qx(t)}, we obtain
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. 1 [too 5 _ o
He = — dkdp\/_éqk()(D )k,p\/l_)m (3.47)
11 4 . 5
2D 6X(t) (D )b’b\/ﬁéX(t)
1 [+oo 8 » 8 5 . 5
2 e & {W@)(D VP 5 * Fa P )’“”’ﬁm}

+ v(MO, {qk(t)}) )

where we chose to unmask g,(t) to reveal its true nature, X(¢), and affixed to H the

subscript ¢ to remind us that such an operator is represented in a basis. Setting

) A 3 .0
- — #) & P - = 4
i X @) (1) and —i 0 7 (),

consistent with the commutation rules

[4:(1), ()] = 76(k +p) 5w [X(@), P(t)] = 8w

(3.48)

A

[(X®, ()] = 0 = [g(t), P(t))]

(which corresponds exactly to the usual canonical quantization scheme applied on coordi-
nates { X (t), 4 (t), P(t), #(t)}), we can finally write down the representation-free quantum

Hamiltonian as

where

S
Il

N +o0 N N
—Dy, + / dk Djf, Dy (3.50)
—o00

1
— ——]\TO{Q+MO}2
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with
~ Foo / too 4 /
& = / dz ¢, (z) (/ dk gi(t) fk(af))
—0 —00
(Do = -= (3.51)
bbb — ﬁ’ '
o Db—k lA)ljk 7 —
DY, = Z2=h = 22— (HYy, 3.52
(D7 ok 5 D (D7 )p (3.52)
. D}, D
(D7 ps = 8k +p) - === (3.53)

Note that all the various operators D; ; and D are made so by virtue of {@x(t)} of which
they are function (cf. equs. (3.32) - (3.35)). Also, as before, the operator X(t) is
completely absent from equation (3.47); only its conjugate momentum P comes along for
the ride. Finally, we bring the reader’s attention to the fact that the above Hamiltonian
is ezact in the sense that no approximation whatsoever has been made in its derivation.
Had we carelessly quantized the Hamiltonian (3.40) by using the commutation relations
(3.48), we would have been stuck with the ordering ambiguity of the second and third
terms since D;; and 7 do not commute. Our expedient to treating 7 as differential
operators has just naturally taken care of this ordering.

By virtue of the absence of X(¢) in the Hamiltonian (3.49), we obtain

A

dP .
& A P=
g = HHP]=0

and thus, 15, the total field momentum operator, is conserved. Therefore, we can choose
simultaneous eigenstates of H and P. Let us consider the eigenvalue P = 0. In this case,

the Hamiltonian reduces to
N 1 1 Di. Dt "
Hpogy = = / [dkdp —= i {5(k+p) — 2224 D, (354
2 /1”) D

+ V' (Mo, {G(t)}) -
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The above is an exact result (V' is just expressed in terms of M, and {dk(t)} through
the decomposition (3.45); in principle, this can be an intractable expression except in the
harmonic approximation). Now,‘we can start our expansion and keep only the leading
terms since | 5(z) | < | ¢n(z — X (¢)) |; this translates in keeping low powers of g (t) and
bearing in mind that

M, = /_:° dz da(z — X (1))

is huge compared with any expressions including only {g:(¢)}.

Let us deal first with the determinant operator D. The leading term is — M, as

D= @t M) = -m,—2a- ~ _y (3.55)
T ; ; A . .
Therefore,
- /1o’
VD = i/M + 3.56
VP = Wk 429
and
1 it

WM, + VM,

! + o (3.57)
WM, M/M, " ‘

Substituting equations (3.55)- (3.57) into (3.54) and dropping terms of order 1/M,, ()3

and higher, we find

A~

1 . . ~ A
Aoy ~ 5 [ [dedp & 80 +0) &7 + V(Mo {d(0)}) (3.58)

1 o X A .
* o | [ dkap it {DEDE} 77 - M [ [ akdp i 6k + ) (@) 77

where
V(Mo (00)) = M, + 5 [k G0 dett) o} (5:59)

with wy, being the eigenvalue of the mode f;(z).
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If we discard terms involving order of 1/M, and 7 §(t) gm(t) #, or higher and treat them
as negligible with respect to terms of order M,, §i(t) §y(t),and 7y #,(t), we obtain the

leading quantum correction to the classical result M, = V[¢,(z)]:
A a3 1 +w A_|_ ~ 2 ,\+ A
H(on) ~ Mo I + 5 /_ dk {'/Tk T + Wi, qg, (t) qx (t)} . . (360)

The above Hamiltonian in the rest.frame' of the totalv field is the result we tried so much to
achieve where the zero-frequency w, no longer appears. This expression, therefore, is en-
tirely correct insofar as the small-amplitude and harmonic approximations are concerned;
the wavefunction is truly confined in the “directions” of the eigenfunctions f(z).

For eigenvalues P different from zéro, we need not go back to equation (3.49) but

simply invoke the Lorentz invariance so that

ﬁp = \/]32 + ﬁp:(). (361)

According to Hamiltonian (3.60), the approximate eigenstates in the rest frame (P = 0)

will have energies

* 1
Erest,{nk} ~ M, + - Z (nk + 1/2) W, (3.62)

k

N}

where the asterisk reminds the reader that we deal with quantum “excited” states. For

field momenta P # 0, once again, Lorentz invariance will give us
P = Y E:est,{nk}v (363)

and
T = Y :est,{nk} (364)

as the total field momentum and energy, where

1

TS

(3.65)
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and V is the “speed” of the total field as determined by

P ' |4 :
: = . 3.66
E:est,{nk} v1-— V2 ( )

Practically, the above relations lead us to a situation where one would be unable to isolate

the different variables, even though the relations remain self-consistent. In principle, for
P #0, one can always move to an inertial frame where P = 0, determine Elest, {(n}> and
finally boost the result in order to get the answer in the original inertial frame in which
P #0.

However, for slow moving classical solutions ¢, (z — X (¢)), one can extract a Hamiltonian
in leading orders where the field operators P stands by itself. Indeed, we can make the

following approximation*

T = ny:est

1 .

—F
m rest

V2
(1 + _2_) E:est

Q

. Er . V?
= Erest res2t
Er ., P?
— E* rest )
ot B+ ) (397
by use of equation (3.66).
Furthermore,
E:est _ 1
(E:gst + P2) [E':est + (Pz/E:est)]
1
~ T (3.68)
[(MO + 6) + (P /Erest)]
where

ElLy = M, + 6 with §< M,.

it

“We have remove {n;} from the expression E* est, (e} for simplicity.
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Now, we can assume for low velocity X (t) that

P? ~ M?X?, (3.69)
so that
P2 M2X?
E:est - M0+5
oy MZ2X2§
~ 2
= M,X?+X%. (3.70)

Substituting equation (3.70) into (3.68) leads to

E:est ~ 1 . i

(B2 +P2) . M, + 8+ M, X2+ X2§
T M, 40+ M, X?
N 1 5
T M, + M, X2 (M, + M,X2)?
N 1
T M, + M, X?

1 o

~ E(l_X ). (3.71)

With this approximation, the total energy T becomes

2

T % E:est + IM (1—X2)
: 0
. P> p2x?
%J Erest + 2M - 2M * (3‘72)
0 0 :

We shall suppose that the last term in the above equation is negligible compared to the

other terms, because of the smallness of X2, and verify a posteriori if such an assumption

is reasonable.
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Hence, we assume, for small P # 0, the following Hamiltonian in the small-amplitude
and harmonic expansion:

]52

N 1 +00 ~
iy = o 5 [k (i e+ o () 4} + M1 (3.73)
2M, 2 J-x :

The above Hamiltonian concludes our program for quantization of fields about a classical
solution. Tt will be considered thereafter as the unperturbed Hamiltonian H, to which

small perturbation Hamiltonians ﬁp are grafted.

3.3 Quantization of the bremsstrahlung problem

For a classical field ¥ (z,t), the approximations we made to derive the low P-valued
quantum Hamiltonian (3.73) from the exact one (3.49) can also be made to the classical
Hamiltonian (3.40) to obtain

P2
oM,

s 1 o 2, 2 2
HS = +§/ dk {| 7 2 +w? | e |2} (3.74)
-0

for low values of the total field momentum P with 74 (t) = ¢ (t).

The proper expansion in the moving reference frame attached to the impurity is

Wzt) = bolz — X(7) + (z,7) (3.75)
where .
¢&m):.[:ﬁk%anﬁz—Xﬁ». (3.76)

In section 3.1, we recall that we used instead the expansion

1/)(2’7—) - 1/13(2:) + ¢(Z,T)

with
cy(7)

+o0 '
b)) = T @) + [ dkalt) £,
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which proves a problem for the correct evaluation of the classical or quantum energy of
the system.

With expansion (3.75), the perturbation Hamiltonian becomes
a [t
H, = > / dz Y(2,7) 6(z + v(T — 75))

= % Vs (v(T — 75) — X (1)) +% /+oo dk ci(t). fr(v(t — 1) — X (1)) (3.77)

—0o0
where the term av(x,t) §(x) making up the perturbation Hamiltonian density has been
transformed to (a/7) ¥ (2, 7) 8(z + v(r — o)) under the Lorentz transformation (3.5).
Using approximation (3.69), P =~ Mo'j:(\rh),‘valid for slow moving solitons, the full Hamil-

tonian reads as

_ Mo oo 1 [ 2, 2 2
H = M, + 5 (X(1))* + 5 dk {| 7k |” +wj | ek |} (3.78)

a oy o [t
F 2w ) = X(0) + = [ dk alt) filo(r - 7,) ~ X (7).
8 Y J-oo
It is a simple matter to derive the equations of motion for X (¢) and ¢ (¢) from the above

Hamiltonian; these are

M, X(T) = % fo(v(t — 71,) — X (7)) + % e dk cp(7) fr(v(T — 1) — X (7)) (3.79)

-0

&(r) + wley(r) = _% Lo —1,) - X(7)). (3.80)

These equations are different from the corresponding ones found previously (equs. (3.9)
and (3.11)) by the presence of the additional terms —X (7) in the functions’ arguments
and (a/7) /dk er(T) fr(v(r —7,) — X(7)) in (3.79).° Those additional terms destroy the

simplicity we had previously. It seems that the only way to solve those mixed equations

Expression (3.79), apart from the difference pointed above, is for small X(7) approximately the
same as equation (3.9) once we make the identification c;(7)/M, 2 _x (), where M, = 8, so that

Ys(z — X(1)) & ¢s(z) — X(7) fo(2)-
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is by self-consistent iteration. However, there is a lucky break. This is provided by the
fact that the soliton moves very slowly after its impact with the impurity so that we can
expect
X (T) | < v
in such a way that ‘
U‘(To —7)—X(1) = v(r,— 1) (3.81)
for all time 7. | |

With this approximation, our equations of motion become
.. o o +o0 ,
M X(1) = A —) + 2 |k eln) fio(r - 7)) (382)
. a .,
ép(m) + w;f cp(r) = —; fy(o(T = 75)) (3.83)

This last expression has the exact same form as equation (3.11) and, therefore, solving
for ¢,(7), gives the same answer as for c,(7) in section 3.1. Hence, we have not laboured
in vain in deriving that section’s results. We know that those ¢p(T) contain « to linear
order so as to make the second term in (3.82) proportional to d2. Since we are interested
only in effects linear in o because of its smallness, we can neglect this second term and

recover essentially the previous expression (3.9). Thus, we have
. (0% '
M, X (1) ~ ; fo(v(t — 1)) : (3.84)
In the quantum mechanical domain, we make use of expansion
~ N +o0 . N
bar) = dule = X)) + [ dk @lr) file - X (7))
-0

so that the perturbed Hamiltonian ﬁp is

]3[,, = %/_:)odz i(z,'r)5(z+v(7—7;o))

= %¢S(U(T —To) — )2'(7-)) + % /+°° dk Gi(7) fu(v(T — 70) — X(1)). (3.85)

—o0
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The Hamiltonian of the problem is therefore
H=H,+H,

with H, = ﬁ; as given by equation (3.73).'
We can then determine the equations of motion for the operators X (7) and g (7) in

the usual way by making good use of the commutation relations (3.48). For X’(T), we

have
PO~ X, 80)
— o (X0, P
dX(r) P
= i (3.86)
and
dP A A
)
= TPl =) = X)) = 2 [ dk @) [P (e - 1) - X))
_—gaws’l)T—T—AT _ e e AT%’UT—T—AT
= 220t - - X)) - 2 [k ar) Lrotr ) - X)
Z—f = % {fb(’l)(T—To) - X(7)) + /_:o dk Ge(7) frlv(r — 70) ~X(T))} , (3.87)
so that substituting the former expression in the latter yields
22X (7 e . 00 -
M, X0 S0 =) = X@) + [ dk @) Sl - ) - X))
(3.88)
For 4,(7), we have
WD i (4r), ()]

= 7, (3.89)
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and
% = —i[#,, H]
= —iw? (B, G (1) 4o(r)] - 7“ = i [y 4p() ] fop((r = 70) — X (1))
= GHr) — = 00 —7) = X)), (3.90)
so that
T 4 i) = 2 G006 ) - X0), (391)

We note that the form of these operator equations is exactly the same as that of their
classical counterparts, equations (3.79) and (3.80). In a like manner, we can make the

same approximations on X (7) and the second term in equation (3.82) to obtain

@X(r) o«
M, i folv(t —1,)) (3.92)
dQ(jP(T) 2~ _ a
— 5 + w, Gp(1) = —; fo(v(ro—1T)). (3.93)

We remind the reader that the abo;/e equations and their respective classical analogues
are valid in the limit of a slow-moving soliton as viewed in the frame we designated as
the soliton rest frame (whose term assumes its true meaning only for 7 — —c0).

In conclusion, by virtue of Ehrenfest theorem, the above shows that the evolution of the
expectation value of the Heisenbérg state | 1), which corresponds as closely as possible
to our initial conditions of a soliton at rest and an impurity dressing moving with speed
v at 7 — —oo, will be governed for all intents and purposes by the classical equations of
motion (3.9) and (3.11). Therefore, we can expect that, by comparing with the classical
energy expression (3.74), the average energy for the quantum excitation of the field to be
also given by the classical bremssytrahlung' energy H.(T > 7,), equation (3.18). In order

to prove this assertion, we had to take a lengthy detour in the direction of the collective

coordinates lahd; a trip, nonetheless, that will prove most profitable in the next chapter.




Cbhapter 4

Oscillations of a pinned soliton

The previous two chapters cleared the ground for the main problem we seek to solve
and which constitutes the raison d’étre of this study. The perturbation Hamiltonian

density we are interested in is given by equation (2.39) with
V(z) = 6(x) (4.1)

for the impurity (or pinning center) located at the origin. As in the last chapter, we

divide the discussion between a classical and a quantum treatment.

4.1 Classical treatment

~ The equation of motion flowing from the Hamiltonian density H = H, + H,, is

Y — ¢ + sinyg = ad'(z). (4.2)

As expected, we use the expansion of the field ¥(x,t) as follows:

Y(x,t) = Polz — X (1) + é(z, ) | (4.3)
where
+o0
#(z,1) = /_ k() fula - X (1) (4.4)

With expansion (4.3), the perturbation Hamiltonian yields
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H, = a/+oodxM6(w)

-0 or
_ a{ /;oo N 67,/13(336; X 502y + /;oo dk cx(2) /_:o " afk(xa;X(t)) s (x)}
H, = a (X)) + o[ dka) [(-X@). ws)

If we assume from the outset that we deal with slow solitons, then, upon using the

unperturbed Hamiltonian H} (3.74) and the approximation (3.69), the total Hamiltonian

becomes
M, - 1 rtoo
H o= M, + X0 + 5 [ dk{Im P +of |al?)
> 2 )
. +o00
+2asech(X(0) + o [ dkalt) fi(-X @) (4.6)

The equations of motion for X () and c,(¢) from the above Hamiltonian are found to be

M X() = —afiX@) + o[ dka) fi(-X@) @7

’ 00

G(t) + wp (1) —a f (=X () (4.8)

in the limit of a slow soliton.

Equations (4.7) and (4.8) couple the coordinates X (¢) and c,(t). We must therefore
resort to a self-consistent iterative method. For the start of our iteration process, we
consider first solving for X(¢) by assuming c(t) = 0 in (4.7). Under some assumptions
to be defined later, the resulting solution X (¢), upon substitution into equation (4.8),
will generate solutions ¢,(t) containing o to linear order which in turn, upon feeding
back into (4.7) for the second iteration step, would make the term a/ dker(t) fr (=X (t))
quadratic in a. Since we consider, as a first approximation, equations of motion only
linear in the small coupling constant «, we may as well ignore the higher order term in

equation (5.7) and obtain instead
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M, X(t) = —a fi(X(@)). (4.9)

Note that the Caldeira—Leggétt formalism, which is taken up below, will permit us to
tackle the full equation (5.7) in the limit of low amplitudes for X (¢).

Once again, (5.7) gives some form of Newton’s law of motion for the center-of-mass
coordinate of the soliton X (¢) with a force term —a f}(X). Indeed, this is exactly what
we would expect from a potential V(X)) felt by a stationary soliton determined as follows:

Consider the terms

Os
50 0 (@)

Vi X) = 5 @7 + (1= cos) + o

given by the Hamiltonian density H for a stationary soliton vs(z-— X) whose center is
located at z = X, a distance | X | from the impurity. We may always consider V(z; X)
as the total potential density term as a function of the parameter X, the soliton’s center..

The corresponding potential is therefore

V(X) = /+°°dg; V(z; X)

-0

= /—-:od$ {%(%(ﬂU—X))? + (1—cosws(x_X)) + aﬁaw_s(x“_x)(s(x)}

= M, + a/+oodx folz — X) 6(x)

= Mo + Osz(—X)

V(X) = M, + 2asech(X). (4.10)

This potential is drawn in figure (4.1).

Notice that the force term in equation (4.9), —« f}(X), is exactly the negative of the

gradient of V(X), —dV(X)/dX, reinforcing even further the identification of (4.9) as a
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b Vix)

Figure 4.1: The physical potential provided by the pinning center. The potential for the
domain wall, whose center is parametrized by coordinate X, is of hyperbolic secant form with M, being
the rest mass of the wall and a a negative small coupling constant.

Newton’s law of motion for the soliton’s coordinate X:

_dv(X)

M, X =
° dX

Hence, insofar as quantum fluctuations are set apart, the effect of the pinning center is to
provide a potential well of hyperbolic secant form to a moving soliton which may become
trapped if it does not possess sufficient kinetic energy. ,

In order to solve equation (4.9), we suppose that we have a small amplitude X (¢) about
the minimum of the pbtential V(X). In this case, we may expand the potential V(X)

and keep only the quadratic order so that

MR = ~K
8X(t) =~ 2aX, (4.11)
X@) = %X(t), (4.12)

where we used the mass of the soliton M, = 8.

A simple solution to equation (4.12) is given by

X(t) = X, sin(wt) (4.13)
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with w? = —a/4 (recall that « is negative). Owing to the fact that « is small, w X,
which gives the maximal speed of the oscillating soliton, will have this one move slowly.
Equipped with this approximation for X (t), we can hope to solve for the coefficients ¢, (t)
by keeping terms only up to O(X,). Let us see what we get for [, /(X (2)) in this soliton’s
low-amplitude approximation. ‘

sech? X ¢~#X

f;I(X) = _pr; + \/ﬁwp

—ipX
= \;%w {p* + sech’ X — iptghX}. (4.14)

14

For small X, we have
. 2X2
e ~ 1 — pX — p2 , (4.15)
tghX =~ X,
sech®’X ~ 1 — X2 (4.16)
" Note that the approximation for the exponential eipX

is valid only for sufficiently low
values of p. If we look at our problem from the physics point of view, we would expect only
the low-lying quantum energy states to be excited by the slow motion of the soliton at
the bottom of the hyperbolic seéant potential. Therefore, only states with low momenta
should make an important contribution to the quantum fluctuation. We remind the
reader that this whole calculation is done at temperature 7' ~ 0 so that the higher
energy states will hardly be populated at all. Therefore, we consider the approximation

(4.15) as valid under those circumstances.

Hence, with the above approximations, we obtain

1+ip X(¢)

V21 wp

f'(=X®) ~ {*+1) = X°() + pX(@)}
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Wp P (p® +2) X(¢)

~ 4.17
V2 V2 wy ( )
to order O(X (1)), so that equation (4.8), to this order, becomes
' " dap (p?+2) X(t
(1) + wie(t) = — 2oz _ 2P (" +2) X(t) (4.18)

V2r V21 wp

Note that for a stationary soliton positioned right at the pinning center, equation (4.18)

becomes, with é,(t) = 0 = X (¢) and X (¢) — 0,

Wit = %%
- ?
PP /271'

o

[~

= — ) 419
“ V2T wp ( )

This value simply corresponds to the screening of the soliton caused by the presence of
the impurity; in other words, this is the impurity “dressing” in the presence of the soliton.
Therefore, the screening is given by

~+o0
N dk c;, fr(x)

« 400 fk(x) .

Pser(T) = /

= —— dk 4.20
V2r J-oo Wk ( )
We can subtract off this impurity contribution from equation (4.18) by setting
c(t) = ¢ + &(t). (4.21)
Thus, we obtain
. o ' 24 2) X(¢
E) + o) = —ep+2) X() (4.22)

V2T wy ’

or

é,,(t) + Ww? Ep(t) = —%2—) X, sin(wt) (4.23)


file:///J2lX
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where we used equation (4.13) for X(t).
Solving for &,(t) is easy and the result is

iaXop(w2+1) sin(wt)

V2T wp (wf, —w?)’

Ep(t) — ae—iwpt' + Beiwpt _

(4.24)

with A and B being two constants of integration.

In order to fix those constants, we need the initial conditions. These will be determined
by the physical situation at time ¢ :,—‘w/(2w) of a soliton at its maximal amplitude,
z = —X,, with no velocity, about to be pulled in towards the minimum of the poténtial

V(X). For this case, obviously,

&~/ (2w)) = 0, (4.25)

and from equation (4.18)

_aw ia Xop (W) +1)

wz C,,(—?T/(2Ld)) = on Vorw

i X,p (w2 +1)

p(—m/(2w)) = ¢ 4.26
(omlen) = ¢+ S (4.20
With initial conditions (4.25) and (4.26), we find
—imwp/(2w) , ,2 i
A = T EQ_p_ZL?, B = A ¢m™wplw (4.27)
2 (wp —w?) w?
|
with }
A _iaXop (Wit |
P V2T w, ‘
Pulling everything together, we obtain
olt) = ¢ + &(t) with
() = T w—QCOS(w—I— t)+ ( t) 4.28
G(t) = o) | 5, T 9 sin(wt) ¢ (4.28)
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We need not worry about the vanishing of the denominator (w2 — w?) since it will never

occur as w? > 1 whereas w? = —a/4 < 1.

Therefore,

3z, 1) = /_ Tk a(t) fulz — X (0)

e}

represents the classical small-amplitude fluctuation genérated by the presence of a pinning
center apart from the screening effect. The energy fluctuation is given by the classical

expression in equation (3.74),

l S o
c _ _ : R
Efl’uc - HP (MO + 9 Mo)
L [too : 2 2: 2 -
=3[k Q@ P +od lam Py (4.29)
a? +A a2X2 +A k2 (wQ + 1)2 w4
- - d 0/ k k hadil 4 2\ o3 )
) k + el BN d __w,% (0 —o2)? {w,‘i + (wy, + w°) sinwt  (4.30)

+ 2w?sinwt

Wy w W
COS (—— + wkt) — —sin (—— -+ wkt)J }
2w W 2w ,

where a momentum cut-off A has been introduced in keeping with our previous discussion

of a limited number of modes involved in the limit of 7 — 0 and a slowly oscillating

soliton. The first term in (4.30) corresponds to the impurity screéning effect alone. Also, -

for a slow soliton, we have
p? M, (X)?
2 M, 2

and

+0o0
H, :/ dz H,

—Q

= ah(X®) + o [ b cult) fi-X(®)

o A k2 (w2 4+ 1)2 X2 2
/ dk { -1+ (2 ’“2 ) S sinwt sinwt—l-&)—zcos <%+wkt>
A wi (Wi — w?) wi 2w

2
Q
+
|

(4.31)
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as the energy of the perturbation proper.

Classically, we can speak of thé eigenmodes fi(z — X (1)) in ¢(z,t) of equation 4.4 as
being subjected to a time-dependent potential V(X (t)) = 2 « sech (X (¢)), which destroys
the simple. harmonic motion that they §v0uld otherwise enjoy (in the limit of a slow
soliton), as can be inferred from equation (4.18) with o = 0 and X (¢) ~ 0.

The above discussion was entirely classiéal; the next section deals with the quantum

treatment.

4.2 Quantum treatment

In the last chapter, we expanded at length on the transition from the classical to the
quantum world. We recall that such a transition needed a special treatment on account
of the zero-frequency eigenmode f,(x) associated with the translation invariance of the
classical static solution 1,(x — X). However, here, in the presence of the perturbation
term

Hy, = ag—j §(x),
we found that this led to a potential well 4.10 for which, classically, we expect the soliton
to sit at the bottom motionless. (cf. fig. (4.2 (a)))
Therefore, the classical solution is no longer 1;(z— X)) for any X, but rather v,(z) which

carries NO translational invariance. This implies that we could attempt to diagonalize

2 (PUa
[V (d¢2)
86

Udp) = 1 — cos¢p + 045;6(:6),

with no risk of obtaining a zero-frequency mode. The classical picture (figure 1.2a) of a

the operator

(4.32)

=15 (:c):l ’
with

soliton at rest at the bottom of the potential well is forbidden in quantum mechanics and
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Vix) V(x) V(x)

\j
Y
\

(a) (b)

Figure 4.2: Quantum and classical oscillations of a soliton. The little filled dot is the virtual
particle representing a magnetic soliton, the domain wall. In (a), the soliton is expected classically to be
at the bottom of the potential well V(x); an effaced state that is strictly forbidden in quantum mechanics
which, therefore, imparts the soliton in (b) with quantum oscillations about the minimum. In case of
high energy states, which may come about in many different ways, the oscillations in (c) may assume a
macroscopic character as befit classical states.
we expect, therefore, to have small quantum oscillations about the minimum. Further-
more, as the soliton is very massive, these quantum fluctuations are believed to be minute.
Since the potential well 2a:sech (z) is somewhat shallow, because of the small coupling
constant «, we anticipate the eigenmodes {f,(z), fi(x)} of operator(4.32) to resemble
our previous eigenmodes {fy(x), fr(x)} obtained with the potential U(¢) = 1 — cos ¢.
Therefore, it is reasonable to expect the coordinate ¢ (¢) associated with fb(:c) to reflect
the position of the soliton in the same manner as X (¢) did. In addition to this quantum
effect for coordinate X (or if you prefer ¢,), there also will be quantum fluctuations for
the coordinate & in the “directions” of the eigenmodes fi(z).

All this is very fine insofar as the exact eigenmodes {f,(x), fi(z)} flowing from the
operator (4.32) can easily be found. Unfortunately, this might not be the case. However,
once again, because of the smallness of o, we can think that expansion (4.3) with eigen-

modes fi(z — X (t)) will not be a bad choice; the price to pay being the sad consequence

of obtaining equations of motion mixing the coordinates X (t) and ¢(t), as can easily be

seen by inspection of equation (4.7) and (4.8), away from the simple harmonic form they
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enjoy with the proper coordinates {é,(t), l~c(t)}.1 Perhaps, this a better trade-off as the
diagonalization of operator (4.32) can prove most difficult.

There is another way in which the original expansion (4.3) is preferable. The soliton
may very well perform classical oscillations in the sense that the amplitude is large
enough to be measured with arbitrarily experimental precision (cf. fig. (4.2 (c))). Such
a motion could be initiated by tih-e application of a force for a very short interval of time
even at T'= 0. For a magnetié soliton, the Bloch wall, this force is obviously magnetic.
In our case, the arhplitude X, for the harmonic motion (4.13) could be large compared
with that associated with the quantum fluctuations (cf. fig.( 4.2 (b))), and yet, small
enough, on the length. scale as determined in section 2.2, to develop the real potential
sech (X) up to quadratic order only. In that case, expansion 4.3 can be regarded as one
about a classical time-dependent solution ¢,(x — X (t)) with X (t) obeying the equation
of motion (4.9).

In keeping with our special quantization scheme of collective coordinates in chapter 3,
we consider, therefore, the unperturbed Hamiltonian

A~

2

P +00 4 oa 2 ot R
o =537 * /_Oo dk {7 T + wp éF é} + M,1I, (4.33)

~

with the perturbation term

H, = a/_:)o dx Qw—éﬁ’—t) §(x) (4.34)
where
A N +00 N
o) = e - XO) + [ dkald) fi-X(). (4:35)

The equations of motion for X(¢) and &, can be found as follows:

!This is after all what diagonalization is all about !
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%ﬁt) — [ X, H)]
) 5 2
= —531 [ X0, P*]
_ P
-
%?— = “‘Z[paﬁ]
- —za[P,fb(X)] B m/_  dk (0) [P (X (@)
_ BQ;X) a/_:odk &k (t) af’;(XX),
that '
o . TXQ _ s i ety 22
° e ‘_aa_X+aLm “ "%
and
dést(t) = —i[a), B(t)]
= i[&(t), A 7y
= ﬁk}
di (s
c';t(t) = —i[#(), H@)]

so that

= —i[fgwp & &) — o[k, g f(~X ()]

= —wz é(t) — « /:,(—X(t)))

94

(4.36)
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We note immediately that the operator equations for X (t) and é&(t) ((4.36) and (4.37))
correspond exactly to the form for the equations of motion of X (¢) and c,(t) found above,
equations (4.7) and (4.8). Under the same tassurnptions of low amplitudes for X (¢), so

that

s Wr_ ik(w,%—l—l))%(t)’

V(X)) ~ v

and of omission of terms higher than linear order in o, we can approximate (4.36) by

L EXE) (%)
M, @ - YT (4.38)

Thus, in the limit of a slow solitoﬁ and slmall coupling constant «, the time evolution of
the operators X (t) and &(t) mimic that of their classical counterparts X (¢) and cx(t). As
discussed at the end of section 3.3, we expect, then, the average energy of the quantum
fluctuation to be given by the classical result for the small-amplitude approximation,
equation (4.30). Formally, the quantum fluctuation energy is given by the harmonic-

oscillator form of Hamiltonian (4.33) (minus the classical energy M,),

M, X?
ABiiny B —5— + 2 (+1/2)w
k
M, X? +00
= == 4 / dk (ng +1/2) wy, (4.39)

where X is the average velocity of the oscillating soliton.? Expressions (4.30) and (4.39)
do not include the energy of the perturbation proper, equation (4.31). It is important
to point out that some of those energies may contain infinities which should be handled
with the greatest care to obtain a meaningful physical result. Here, for T = 0, the
introduction of momentum cut-offs and rejection of the zero-point energy would seem to
be sufficient for our purpose. In order to carry out the perturbation to higher orders, one
would have to deal with the usual techniques of normal ordering, counter terms, and the

like, to handle the troublesome divergences.

2Recall that we use the convention % = 1.
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The next section deals with the mapping of our problem onto the Caldeira-Leggett
formalism and the calculation of the spectral density function J(w), the key result of this

study.

4.3 Mapping to the C'aldeira—Leggé‘tt formalism

In the introduction, we mentioned that a general Lagrangian, which expresses the phys-
ical situation of a system coupled to its environment and whose quasi-classical equation

of motion is given by

av(Q)

= Feu(t), (4.40)

MQ + nQ + a0
is
L = %MQQ — V(@Q) + QFul(t) + %Z(mﬂ? - mjw;z;)  (4.41)
i
F2(Q)

For the case of strictly linear dissipation, we have

a linear coupling in the system’s coordinate Q.
It is a simple exercise to derive the equations of motion for the harmonic oscillators z;

in the strictly linear dissipation case:
m;E; + m; wf z; = —QC;, (4.42)
or for unit-mass oscillators,
iy + wizy, = —Q(t)Cp, (4.43)

showing the time-dependence of @ explicitly and changing the index for later convenience.
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Recall the equation of motion we obtained for the coordinates ¢,(¢) in the classical
treatment of the pinning potential in the limit of a slow oscillating soliton in section 4.1
(cf. equation (4.18))

o wp iap(w)+1)

ép(t)v'*' wch(t) = _m - mw

X(t). (4.44)

Apart from the screening contribution —a w,//27, expressions (4.43) and (4.44) would be
somewhat equivalent should the identification of Q(t) with the soliton’s center coordinate
X (t), zp(t) with ¢y(t), and C, with — (i ap (w2+1))/(v/2m w,) be made 3. One’s first reac-
tion would be to regard as suspicious the identification of a whole system parametrized by
the coordinates {X (t), c,(t)}, whose interaction with the surroundings is not accounted
for by the Hamiltonian (2.37), with the Caldeira-Leggett universe consisting, respec-
tively, of the system and the environment coordinates, Q(t) and {z,(t)}. However, we
must admit that the partition of the universe is always arbitrary and consonant with
the kinds of questions one may wish to address. Furthermore, we showed in section 4.1
that, under some specific circumstances, the soliton’s coordinate might be considered as
a classical one subjected to a harmonic forced motion. It seems therefore reasonable to
entertain the idea of the soliton’s constituting the system (parametrized by X (t)) cou-
pled to a bath of harmonic oscillators (parametrized by {c,(¢)}) which may be viewed
as the “environment.” In our specific case, those oscillators correspond to magnons, the

elementary quantum excitations of the magnetization field about the soliton solution.

Above, we promised to deal with 'eqUation 4.7 without omitting the second term

+o00
a /_ dk ci(t) f1(=X(2)).

x

Indeed, it is the presence of this term which makes it possible to think of the coordinate

3The minus sign arises from the fact that we deal with complex coefficients Cp.
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X (t), the soliton’s center, as being subjected to viscous forces reflected by the phenomeno-

logical friction parameter 7 in equation (4.40). In order to see this more clearly, let us

write down the Lagrangian derived from the Hamiltonian 4.6 in the small-amplitude

approximation, |
L :A@X?)4vwm)+§§u@mf—wm%wﬁ} (4.45)
—agymwﬁexwx
where

V(X(®) = afi(X(@) + M, = 2asech (X(t)) + M,,
me(t) = &(t),

and a discrete summation has been chosen instead of the integral sign for convenience. In

the limit of low amplitudes for X (¢), approximation (4.17) is valid and so L transforms -

to
L=.fo)—VMW)+%;H@wP—%MMH% (4.46)
—a) alt) fi — 3 ) Ce X(1)
k . k
where

_iak (wi+1)
vV 27w We .
The terms (1/2) 3, {w? | () > + 2aci(t) f2} lend themselves to completion of a

e 22 and G = (4.47)

square by the addition of a constant to the Lagrangian; which is immaterial insofar as

energy differences and equations of motion are concerned.* Using the fact that C; = C—p,

9 2
e > (ﬁ)
2
2 & w L
4This simply amounts to a canonical transformation for which the coordinates suffer a translation by
specific constants [40].

we find that
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does the trick so that

p= X0 v ¢ IS (a0 r -t la0 B )
k
Y anaxn + @y Loxe
k k
where
A afp . o
alt) £ alt) + SF = ) + (4.49)

The last term in (4.48) can always be combined with V(X) to give an effective potential

which takes directly into account the screening effect of the impurity 5

Var(X) = VXW) - S= 3 Lx. (4.50)
Thus, we obtain
R R R o (LR GT R APAONC SPER)
- Xk: () Ce X (1),

which fits a Lagrangian of the Caldeira-Leggett type '(4.41) in the strictly linear case,
with m; = 1 and no potential renormalization term

Fi(X)

P

2
. 2wi

The equation of motion for the coordinate g,(t) is given by

@ (t) + ‘Uz »(t) = C,X(1),

G(t) + WP g(t) = _i—a%ﬂijl—)X(t), L (452)

which is exactly the equation for &,(t) (4.23) that we found previously in the limit of a
slow soliton and low momentum p, as could have easily been inferred from a comparison

of equations (4.21) and (4.49).

5In the limit of low amplitudes, V(z) ~ wX? so that Vess(X) simply corresponds to a displaced
harmonic potential centered around a value of X # 0 because of the constant force (a®/v/27) 3 % Ck/Wk.
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Similarly, should we derive the equation of motion for X (¢) from Lagrangian (4.51),

we would get the original equation 4.7 in which c;(¢) has been decomposed as (4.49) and
# (—X(t)) derived from the approximation for f(—X(¢)) in (4.17).

Thus, having cast our problem into a Caldeira—Leggett form, we can proceed with the

application of various results associated with this formalism; in particular, the calculation

of the spectral density given by

- 0(v — wj). (4.53)

In our particular case, we have C, assuming the form in (4.47) with m, = 1 and the

summation replaced by an integral on account of the continuous variable p. Hence, we

derive
_ 7 |C 2
) = 5[ a p (v — wp)
+1
= a_/ (o ) (v —wp)
4
2 _ 1 2 1 2
= a_/ (Wp —1) (W +1) S(v — wp)
2 \/w2—1 wg
o —1(w§+1)2
N —2_/ w2 O = wp)
2 2_1 1/2 (,,2 1)2
G LI R
J(v) = 2 v (4.54)
0 v<l1.
Let v =1+ . For v — 1, we have £ — 0 so that
Jv) = J(z) = 2v2a 212 (4.55)

Equation (4.54) is the major result we sought to derive in this study. A graph of the

normalized spectral function is shown in figure (4.3) along with its limiting behavior in
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the region of v &~ 1 as -reﬂecfed by (4.55). It is very important to bear in mind that
this spectral density is for the case T = 0. This function gives the key to discussions of
dissipation and its effect on the motion of a magnetic soliton, a Bloch wall, at temperature‘
T =~ (. This dissipation, we recall, is generated by the pinning potential which, indirectly,
couples the magnetic harmonic oscillators (the magnons) to the quasi-classical motion of

the Bloch wall.

i5¢

Jv)

10 |

0.5 1 1.5 2 2.5
frequency v

Figure 4.3: The normalized spectral density function J (V). This is the normalized spectral
density function at 7' = 0 for the interaction between magnons and an oscillating Bloch wall at low
amplitudes. Those magnons are not the typical spin-waves, but rather the elementary quantum exci-
tations built in the presence of a domain wall. The function given above is normalized in the sense
that the factor a®/2 in the real spectral density function J(v) (equation (4.54)), where « is a small
coupling constant parameter, has been dropped in J (). In the inset, the behavior of the function near
the frequency v = 1 is shown magnified.

In passing, we mention that, should the dissipative mechanism be quasi-linear in the
sense given by Caldeira-Leggett [12], then the phenomenological friction coefficient 7

would have the following relation

1
2
j Wy

v
=352

J

(5(1/ - wj), (4.56)
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using the notation of expression (4.41). Looking at our specific Lagrangian (4.45), where
Q < X, z; < ¢, and my = 1, we note that Fi,(X) = a fi(—X) so that
w +o0 a2
n= 2 Tak LX) P - ). (457)
2 J- W

Knowing that fi(X) = —(k? + 2 sech %z) fx(X), we obtain

n(v) = ot / dk k—2 §(v —wg) + 4sech®X tthX/ dk ﬂ%k)
4 —0o0 Wi —o0 Wi

k2 (402 — k%)

+
+ sech?X [ dk 3
—0 wk

2 +o0 2 _ 1)3/2 e St
- %{/1 dwkud(l/—wk) + 4sech4thh2x/1 dwkM

w Wil — 1

(Wi —1)V2Bw+1)

3 (v —Wk)}

+o0
+ sech?X / dwy,
1

Wi
(o 1 0 ) . bo 1
7,/(,/2_1)1/2 [(V~1) + 4 sech®X tgh Xﬁ v>1
2 1) (32 +1
=9 + sechQX(V )1/(21/ . )] (4.58)
O v<1.

This calculation of 7 only assumes a slow moving soliton in contrast with that of J(v)
(4.54) which, in addition, also assumed low amplitudes for X () and low momenta for

cp(t). In the limit of low value for X (¢), expression (4.58) takes the form

2 (12 _1)2
%———(” V3) [ +1)% + 207 v>1

() — (4.59)

0 v<i.

The key point to note is that the friction coefficient  still vanishes for v < 1 as J(v)

does. Hence, the conclusion to be drawn in the next chapter will remain unaffected.
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Discussion

5.1 Interpretation of the'spectral density function J(v)

The interpretation of our specific form of J (v) is very interesting. For driving frequencies
v less than one, we expect the oscillating soliton to experience no friction as J(v) = 0 in
this domain. In other words, the magnons do not interact with the soliton at such low
frequencies. As the natural frequency of the system can be thought of as w = v/—a/2
(the stable frequency of the potential V(X) = 2asech (X)) and « is already a very
small coupling constant, we think likely that the driving frequency v, which would cause
resonance, will fall within the dissipation-free domain. In practice, as v — w, we should
expect a resonance peak at v ~ w with virtually no linewidth !

Indeed, in appendix C, we show that Lagrangian (4.51) admits the lifetime 7,, of an
energy level E,, for the harmonic oscillator X () coupled to a bath of harmonic oscillator
{gx} to be expressed as

1

nJ(wo) = E (51)

where w, is the natural frequency of the oscillator X (¢). For our specific case, w, = w < 1
so that, in principle, the lifetime of each energy level of the soliton, parametrized by X (¢),
is infinite. In other words, whatever small oscillatory motion the soliton may possess, it
will not be damped by the magnon environment at 7' = 0.

In section 1.5, we discussed the various sources of dissipation beside that of magnons.

We have suggested that, at T' = 0, only the dissipative effect of a spin bath and possibly

103
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of phonons could be considered important on the motion of a domain wall. Our result for
the spectral density (4.54) arising from magnons at T = 0 vindicates this suggestion by
ruling out any dissipation whatsoever for walls oscillating at a sufficiently low frequency.
Therefore, the quantum tunnelling of domain walls at zero temperature under a pinning
potential barrier can only be possibly suppressed by nuclear spins, magnetic impurities or
phonons in the presence of defects.! Hence, magnons, at T = 0 to the very least, should
not be singled out as the main cause for the suppression of quantum tunnelling for states
that are macroscopically distinct from each other, such as the case is for a domain wall

pinned at one location and depinned at another on a macroscopic scale.

5.2 What could be done next?

The first obvious extension of this study would be to investigate the dissipation for the
system at non-zero temperature. In so doing, one might want to adopt a treatment of
the zero-frequency modes that would be amenable to the path-integral formalism since
the latter offers a straightforward generalization to quantum field theory at temperature
T # 0 and may, in some cases, be more gentle on the well-known ordering ambiguity in
going from classical to quantum formalism. There exist adaptations of the collective co-
ordinates method to the functional-integral formalism; the reader may refer, for instance,
to Rajamaran and Wéinberg [46] and Lee [41].

At T # 0, we may have to worry about an additional degree of freedom besides the
direction of the magnetization vector M, namely, its magnitude M which may very well
differ form its saturation value M, expected at T' = 0. Also, one could mind taking into
account the scattering of solitons among themselves; a behavior which is unlikely to be

present at T' = 0.2 Furthermore, one could consider higher-order kinks or breather modes,

The effect of nuclear spins is important despite the presence of defects.
2Even though the scattering amplitude is time-independent, there is a higher likelihood of collision
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all of which translates into more massive, and therefore more energetic, solitons which a
non-zero temperature could “produce” and support. In any event, unless one considers
relatively high temperature T in the sense that e=¥'/*T is non-negligible for energies F’
associated with the above phenomena, these would constitute higher-order corrections to

the magnons’ effect on the motion of a simple soliton.

5.3 Conclusion

We recall that the goal of this study was to give a qualitative idea of the dissipa-
tive effect of magnons on the macroscopic quantum tunneling of a Bloch wall pinned a
defect. We have effectively shown above that magnons do NOT interact dissipatively
with such a domain wall which oscillates at a low frequency at temperature T = 0. In
order to demonstrate this, we needed a method, the collective coordinates, to eliminate
the zero-frequency eigenmode f,(z) which rendered invalid, in the classical or quantum
description, the approximation of the low-lying energy levels of a domain wall by a set
of harmonic oscillators which included this mode. Yet, the eigenmode fo(z) was shown
to play a crucial role in the establishment of a Newton-like law governing the center-of-
mass motion of a domain wall in the presence of impurities. Also, we cast our problem
in the Caldeira-Leggett formalism in order to apply the usual techniques related to the
suppression of macroscopic quantum tunnelling by a microscopic environment.

One obvious extension of this study was shown to be the case at non-zero temperature
which corresponds to the real situation in which experiments are conducted. Unless the
dissipation arising from a spin bath and from bhonons in the presence of impurities are
resolved in detail, the relative importance of magnons on the quantum tunnelling of a
domain wall will be difficult to assess. For the same reasons, a comparison between the

theoretical predictions and experimental results cannot, be fully realized.

events at higher temperature. This new feature considerably complicates the statistical behavior of the
quasi-one-dimensional system; preferably, we strive to obtain magnetic wires with one domain wall only.
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In élosing, we mention that the existence of quantum tunnelling at a level as macroscopic
as a domain wall provides a strong argument for the validity of quantum mechanics in the
classical world. Although a rﬁore convincing test in this regards would be the observa-
tion of MQC, a greater understanding of the effect of dissipation on quantum phenomena,
could surely indicate us on how “macroscopic” a scale we should ever hope to observe a
quantum tunnelling event. Should experimentalists repeatedly fail to observe the quan-
tum tunnelling of a macroscopic object which theory allows, after all factors have been
exhaustively taken into account; we might witness either the breakdown of quantum me-
chanics at this object’s macroscobic level or the inadequacy of our theoretical description
of quantum dissipative processes. In any case, this would certainly rekindle the con-
troversy around the quantum measurement problem and, perhaps, prompt physicists to
entertain the idea that entirely new i.rreducible levels of reality may emerge at certain
stages of complexity of a system.

However, reductioﬁism have served us so well for the understanding of Nature that it
truly deserves our vote of confidence for her investigation. The author have nevertheless
the solid impression that Nature, somehow, will never allow to be so easily contained

within the confines of a reductionistic receptacle; her true beauty lying in her mysteries.
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Appendix A
Detailed derivation of equation (2.10) and (2.13)

In this appendix, we provide the details for the deri'{/a"ti'on" of equation (2.13) in chapter 2.

In equation (2.8), we have the following terms )

sin 0,, sin,,,1, - (A.2)

Sin6,, sin b i, : (A.3)
Oma1 — fﬁm, and : (A.4)

On account of the assumption that the direction of the magnetization vector varies
weakly over the lattice spacing a, we would like to express the above equations in terms
of quantities defined at the m™ site only. Starting with (A.3), we have

9¢

— ~ —a
¢m+1 ¢m Bz ’

where the derivative is taken at the point z = ma, i.e., the coordinate of the m* ion. For
(A.4), we have to take into account the second derivative at the point z = ma as shown
below:

Let ¢ — b1 = Adp_1. Then,

(A¢m — A(Zsm—l)
Az

(¢t~ Adm)

APp_1 = Ay — Az, where Az = ma—(m—1)a,

= Adp +
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And so, we obtain

a A¢m—1
Afm-1 = ma — (m—1)a
- Adrm B a’ A(Ag)
- ama—(m—l)a ma—(m—-1)a Az |_ .
using equation (A.5),
06 _ 200
dml(t) — dm—1(t) — a 5, 4 gz (A.7)

In like manner, proceeding with (A.1), we get
sinfp41 = sinb, + cosby (Oms1 — 0m),
so that

Sin O (t) sinfpia(t) ~ sin®0,(t) + sin b (t) cosOm(t) Bmer(t) — 6m(t))

— sin®0(z,t) + sinf(z,t) cosf(z,1) ('Mézz, t) a
~ 1= (0°(z,1)% + ab(z,1) a"g’z’” , (A.8)
where we used approximations (2.8) and (2.9) applied to the continuous case,
cosf(z,t) = 60°(z1) (A.9)
sinf(z,t) ~ 1 — (8°(2,1))% (A.10)

and discarded variations in (A.7) of order two and higher. For sinf,,_; in (A.4), we

obtain in the continuum limit

0%0(z, 1)
022’

06(z,1)
0z

sinf,_1(t) — sinf(z,t) — a cosb(z,1) + a®cosf(z,t)

so that
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06(z, 1)

Sinb,,(t) sinb_1(t) — sin®8(z,t) — asinb(z,t) cosf(z,1) 3

0%0(z,t)
022

— (@ (=0) + () (_%ﬁ 2 gg(_g))

+ a®sin6(z,1) cos8(z,t)

Q

where we neglected (6°)3.

Also, using (A.8) and (A.9), we obviously have
sinGy (t) cos @ (t) sinbn(t) sin g, (t) — cosd(z,t) sin (2, 1) (1 — 2(6°(2,1))?).

Substituting all those relations into (2.8) yields in the continuum limit

06°
m/S(S+1)5 = |
2, . . .
MS;S_—’__U {(1 _ (03)2) I:el(a 5¢—a2 3—3) _ e—z(agf 2%) _*_e—la—é zagf]
+ aesg¢ l: —ia%f _eia%f .
2 . B ? .
z z :

—2h%S(S+1) K, cos ¢ sin ¢ (1 — 2(6°)%) + ih2/S(S + 1) K, 6°
| (A.11)

o S(S+1){(1‘(93)2) [22 (a%_ ng) - ( Zfﬂ}

— 21°S(S + 1) Kycos ¢ sin g (1 — 2(6°)?) + ih?\/S(S + 1) K, 6°

Q

= Ka’JS(S+1) {( 2(6°)%) Zzzf} - (A12)

—2125(S + 1) K, cos ¢ sin ¢ (1 — 2(6°)%) + ih%/S(S +1) K, 6°,
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where we discarded in (A.11) the last two terms within the parentheses for they involve

variations of order two and higher, which which we neglect.

If we also neglect the term (6°)% with respect to one in expression (A.12), we obtain

(2.10)

0¢°
ot

2
~ h2Ja2S(S+1)—a—¢ — 2h’S(S+1) K, cos ¢ sin ¢

0722
+ih%/S(S+1) K, 6°.  (2.10)

ny/S(S+1)

Let us now calculate the time evolution of the operator S (t).

~

dS+ i oy g
-/m _ __Z H
dt h [Sm: H]

i J & Gz Sz & Gz &z 1 a S— & 1 4 a S—
= S {185 58na] + 1555080 + 5188808000 + 5180 8hnbal)
+ K, i{S}5% + 878y + K, {SY 8% + 5% S¥} (A.13)
= i*]{"grﬁ; S’an - gfn—l g;; + gfn gr—;—l + 5'1Jrrz+1 gfn}
+ K, {8}, 8% + 8758} + K, {8457 + §2 8V},

~

JS(S+1) %siném eiPm —

iJ S(S+1) {— sind,, e'Pm cos 9m+1 — siné,, cosf,, ; etPm (A.14)
+ cos ém sin ém_l eiqjm-1 + sin ém+1 ei‘bm‘i'1 CoS ém}

+1 K, S(S+1) {sin 0., etPm cos 0, + cos 6,, siné,, ei(/ﬁm}

+ K, S(S+1) {sin O, sin ¢y, cos b, + cos 6,, sin 6, sin b ).

Sandwiching equation (A.14) with a classical state vector as outlined in chapter 2, we

obtain:
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A/S(S+1) %(sinem (itm) —
ih?J S(S +1) {-—ei‘bm sin b, (cosbpmi1 + cosOm_1) (A.15)
+ cosf,, (eiqﬁm—1 sinf,,_; + tPm+1 gin 9m+1)}
+2i h2K, S(S + 1) sinfy, cosfy, e¥m
+ 2R* K, S(S +1) siﬁ O, €OS b,y Sin ¢,;.

Concentrating on the first term on the right-hand side of (A.15), denoted as Z, we make

use of the following expansions

cosbmy1 ~ cosby, — sinb, Bpi1 — Om)

— cosf(z,t) — sinf(z,t) % a, (A.16)
cosb,-1 =~ cosb, — sin O (Om—1 — Om)
2
— cosf(z,t) — sinf(z, t)A (—a% + a %) ,
to obtain in the continuum limit
. ‘ 2
T = h*JS(S+1) {—esz(z’ t) sin 6(z,1t) (2 cosf(z,t) — sinf(z,t) a? %)
z

+ cos0(z,t) [(ei(¢(z’ t) = a%f +a’ %?) + Pz t) +a %?)> sinf(z,t)

. _ .QQ 92 §2 2
+ Moz t) —ag + @ ) (—a cos 0(z, ) % + a’® cosf(z, 1) %)

SO0 08 (02 )|

.59 110) . .2 282‘9
= h°JS(S+1)e’¥{—2sinf cosd + sin’fa 32

. i) 9 92 ;)
+ cos0[(ez(_a3§+a 5(22)4-6“15?) sin 8
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. i) 2 82 2 . 9
+ez(—agf+a 5?) —acos9@+a2c050ﬁ +em5?a%cosﬁ
0z 022 0z )

Once more, we discard variations of order two or higher that would result by expanding

the exponentials and obtain

. 2
7T =~ ih2JS(S+1)eZ¢ —2sinf cosf + sin20a2M (A.17)
022 -

2?¢ d%0

27 7 . 2 i
+ cosf l(? +a 622) sinf + a 0039822]}
: ; %¢ d%0
~ mQt‘]S(S—Fl)ezgzs {93 azﬁ + a® ﬁ} ,

where we used (A.8) and (A.9) and neglected 63.
2

We assume that a term like 93@ constituted of two small quantities is negligible so
that (A.17) reduces to |
i 2
ih2J S(S + 1) (2, 1) g2 % : : (A.18)
- 0z

In the continuum limit, the second and third terms on the right-hand side of equation

(A.15) simply transform to
2ih° K, S(S +1) 8 1) in 0(z,t) cosb(z,t)
+ 21* K, S(S + 1) sinf(z,t) cosb(z,t) sin(z,1) ~
2in? K, S(S+1) &8 0,2 1)  (A19)
+ 282K, S(S + 1) 65(z,1) sin ¢(z, t).
We mentioned in chapter 2 that K, is much smaller than K; using this fact and knowing

that sin ¢(z,t) have the same order of magnitude as eid’(z’ t), it is legitimate, therefore,

to approximate (A.19) with

2R K, S(S +1) 1) g,(2,4). (A.20)
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The left-hand side of equation (A.15) yields then the following in the continuum limit:
d o i FICEETAR i(z,1)
I S(S+1)a(sm9me ) = Rhy/S(S+1) 5 (sinf(z,t) e g )

_ %, . ig(z,t) 02
= h S(S+1){cos€(z,t) 5 + isinf(z,t) e Bt}

Q

hy/S(S+1) {—Os(z,t) % + i(1—(6,)%) P %}

ot ot
) ; 0¢
~ 1 ig(2,t) 99 A.21
thy/S(S+1)e 5 (A.21)
L8686
where we neglect terms like 6, Y and 65 3 because they are composed of two small

quantities.

Therefore, using (A.20) and (A.22), equation (A.15) in the continuum limit reads as

. 2 . .
ih./S(SH)aa—few ~ iR2J S(S +1) a2%e1¢ + 200’ K. S(S +1) 0,(2, 1) €
aQS ~ 2 2 829
RYS(S+1) 20 ~ K S(S+1) {Ja o T 20 (A.22)

Taking the classical limit (A — 0,5 — o00) on both sides of (A.24) leads to equation
(2.13)
0¢(z,t) 020

~ 2
_at— ~ Jsa 5234- QKZSQS,

where s is the value of the classical spin, i.e., the magnitude of the magnetization.




Appendix B

Inverse of the velocity matrix D

This appendix is not meant to be rigorous, but gives a heuristic derivation of the
inverse of the matrix D introduced in chapter 3. One should realize that matrix D is
one indexed by a continuum, the variable k, and therefore, it may not obvious, or, for
that matter, even true, to generalize the method we adopt in this appendix (valid for the
usual matrix with a discrete index) to a continuum. . ‘

A discrete indexed version of matrix D is the following

apy @b, -+ Qb0 - Qpp
A_nb 1
4, & = (B.1)
ao.p 1
O
anp 1

where a;; = a;4, (a5,—4)" = app, and app, = O ). We let 7, j denote the total index
set including the index “b”, whereas we reserve k,p for the numeral indices proper. The

special case n = 1 is shown below where, for simplicity, we denote A; by A only;

app  Ap—1 QApo Ap 1
G_1,p 0 0 1
Qg 0 1 0

al,b 1 0 0

117
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Qpp Qp,—1 Gpo  Tp1
ap,—1 0 0 1
Gp,0 0 1 0

Gp,1 1 0 0

The real matrix D in chapter 3 is obtained from two successive limiting transformations:
first, the index k running from —n to n has n — oo to obtain an infinite countable index
set, and second, is made a continuum to obtain an uncountable index set. We will not
show the generalization of our method for either of these two limiting transformations.

We know that the inverse of a matrix C is given by

o Gy
T = DetC (B-3)

where

A L
Ci' = (—1)Z+] DetMij

-and M;; is the matrix obtained from C by deleting the i** row and j* column.
Let us compute the inverse of matrix A, with the help our special case, matrix A . First,

let us count the numeral indices as

—-n & 1

-n+1 & 2

so that for (B.2) we have




Appendix B. Inverse of the velocity matrix D 119

k K
-1 & 1
0 & 2
1 & 3
and obtain respectively
gy Gp1 --- Gppyl  ---  Ap2on4l
ap,1 . 1
O
A, = (B.4)
Gp,n+1 1
O

apon+1 1

and

app  Ap,1  Ap2 05,3
a1 0 0 1
wy 0 1 0

ap,3 1 0 0

Now, denoting A,, by C for convenience, we have

O
Cbb = Det 1 = —1.
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AISO, Cb,k’ = (—1)1+(k/+1) Det Mb,k’ with

G 0 0 ... 0 1
Myp = Myk = | apx 0 0 ... 0 0
an 10 ...00.

where the resulting matrix has its first column made up of all the app with a string of
zero following only the row starting with the specific value a, ;. It is, then, a simple

matter to see that

Det My = (=1)*+! ap (-1)

with p’ being the value corresponding to p = —k.
g

Thus,
Cb,k’ = (—1)(2+kl) (—1)(k/+2) ab,p/

= Qpy,

Cok = app- - (B.6)

Now, for Cj,p of numerall indices k, this involves a bit more bookkeeping. For this
reason, we will explicitly deal with the specific case of n =1, i.e. the matrix 4 in (B.2),
in the hope of finding a general pattern.

We have -
Aip = Apy = (=1)7*2 Det My .

We need calculate only the six different sub-matrices My derived from A.
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Qpp  Ap2 Ap3’

Det Ml,l = Det a’b,2 1 O
Gp3 0- 0

= —(a3) (ap3)
= —(ab,3)2, or

DetM_,_1 = —(ap)? with the original indices k.

Gpp  QAp,1  Ap3

Det Ml,g = Det b2 0 0

= @2 p,3 , or

DetM_l’O = Qppo Ap1

App  Ap,1 Gp2

Det M])g = Det a’b,2 0 1

ap3 1 0
= —Gp + Qb1 A3 t+ Ap2 A2, or
Det M—l,l = -—ap + Gp,—1 Gy, + (ab’0)2

= —aw + |ap1 |? + (ap0)?

app  Qp1 Qp3
Det Ms5 = Det a1 0 1

ap,3 1 0




Appendix B. Inverse of the velocity matrix D 122

= —ap + ap31 Gp3 + a3 a1, or

Det Myy = —ap + ap—1a51 + ap1 ap_1

= —ay + 2|ap; |?

App  Qp1 Gp2

Det M2,3 = Det ab,l 0 0

Gp,3 1 0

= Gp1 Qb2 or

DetMoyl = Qap,-1 db,O

Qpy  Qp,1 Ap2

D@tM3,3 = Det ap,1 0. 0

ap,2 0 1 .
= —Gp1 ap
= —(ap1)?, or
DetMl’l :7 ——(ab’_l)?.

We note that the determinant of matrix A is given by
DetA = —ap + apyap3 + appap2 + apzapy,  or

DetA = —ap + ap_1ap1 + a0 apo + apy ap_y

= —ap + (a0)® + 2| ap; %

so that Det M_;; and Det My, could be rewritten as
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Det A — Gp 1 Qp1

DetM_,; =
= DetA —|ap, |
Det My, = DetA — (ap)?
Thus, we obtain for A4 ,:
A —(as1)?,
A —Qpo Ap,1
A_11 DetA — ap_1 a4,
Agyg Det A — (app)?,
A1 —0p,—1 b0,
A1,1 —(ab,—1)2-

We immediately notice that the above formulae can be described by a general expression

like

Ak,p = 5k,—p DetA — Ap,—k Gp,—p -

Therefore, from (B.3), we obtain, for our specific example, the inverse A~! where

-1
A1 ———
(Ao Det A’
Al bk d
( Jok Det A’ an
A—l — 5 - ab,—k ab,—P
( )kyp k7 P DetA

Hence, the “non-trivial” generalization to a continuous index set yields
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which is the result we sought to show.

_ Dby_k Db’*p

D )

124

On the other hand, the determinant of D (D) can easily be determined for an infinite

countable index set. Indeed, let

where

>

Dy Dyn ...
,Db,——n v
T o
Dy
Dy, 1

Dy

(B.7)

is a (2n+ 1) X (2n+1) matrix whose only non-zero

entries are numbers one on the diagonal running from the top right to the bottom left

corners.
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One can easily show that

D, = DetD,
ljb n 00 0 0.1
Dpns1 0 0 010
n :
= Du(-1) + > (=1)F4%) Dy Det (B.8)
i=—n IDM—i 00 ...000O0
Dy, 10 ... 000

where the matrix within the summation possesses only one row with a complete string
of zeros following the first element, namely, the row that starts with element D, _;.

Hence,

Dy = —Du + Y (- Dy (<) Dy (1),

1=—n

since by crossing out the row containing the element D, _;, we are left with a (2n) x (2n)
matrix of the same form as (B.5) and whose determinant is —1.

Thus, we obtain, making good use of (D, _;)* = D,,

n
Dn = =Dy + Y (=1)*| Dy |?
i=—n
n
= —Dwp + > | Dui % (we changed the index from 7 to k)
k=—n

and taking n to infinity

D = lim D,
n— oo
o0
= —Dy + > | Dpil?. (B.9)
k=—00

We suppose that for a continuous index set, we have the obvious generalization

+oo
D = Dy + [ dk|DyP (B.10)




Appendix B. Inverse of the velocity matrix D 126

Now, we would like to prove expression (3.39) for the determinant D. According to

(B.10), (3.36), and (3.38), we have

D=1 + I
where ,
L= [T low+ [T e} (B.11)
L = ./_:odk {/_:odp 0 (1) /_:odxf;(x) fk(x)} (B.12)
AT awqw [T a e iw)
The term I; can be expanded as
L = R+ 1 | with (B.13)

If:-/ dz (¢ ( 2—2/ d:c/ dk qu(t) ¢.(z) fi(z),  (B.14)
r= " {/_+ ak au®) i@} { [ dpqp()f’(w)}. (B.15)

We recall that ¢,(z) £ f,(z) with {fs(z), fr(x)} forming an orthonormal basis where

[Cawie = [ wpe

2 M,. (B.16)
Therefore, one can express
400 ,
/_oo dk qi(t) fi(z) = e(t) fi(z) + / dr e (t) fo(z). (B.17)
Using decomposition (B.17), we have for I?
r = —[Mocg(t) + [ [drds c(t) estt) 5(r+s)]

= -[doM + [Tarieor], (B.18)
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and, from I,

+0o0

[wew [a @ = [ a e [ d e e

—00
+00

;/- dr c.(t) 5(r + k)

—o0

= c_(t), (B.19)

and, similarly,

—00 —_

[Cawaw [ awnwiw = [are [ daw i
| = /+oodr cr(t) 6(r + k)

—o0

= ). (B.20)

Using (B.19) and (B.20), I, takes the simple form

L = /_+°°dk ci(t) ¢, (1)
_ /_:odk|ck(t) 2. (B.21)

Therefore, adding I? and I, in their simplified expressions (B.18) and (B.21), we obtain

pah == [Tw{[Taan @[T wew i@} + 5

—00

+0oo +00
= WM, - [ drla) P+ [ drle P

= —&(t)M,. (B.22)
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But,

so that equation (B.22) can be expressed as
I{) + Ig = —Cg(t) Mo

= —3r (@0 M)

_ 714: [/_:" dz ¢, (z) (/_t:’ dk qi(t) f,;(rc))r

Hence, the determinant D becomes

=—/ dz ( 2—2/ dm/ dk g, (1) (z)

- _E[/_:oda:qﬁ()(/j dk qx(t) fi( ))}
= Mo+ 2 [T @) ([T dk 0t o)

v U oo ([ ak a) si)

)

1
D = —{M, + 2a + ﬁoﬁ} where
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o 2 [az ) ([77ak o) i)

—0
Therefore,
’ 1y 2
D = 2 {e® + 2M, a0 + M7}
. (@ + M,)?
- MOJ o ?

which is exactly equation (3.39).

129




Appendix C

Lifetime of an environment-coupled harmonic oscillator

In this appendix, we show that the Hamiltonian, derived from the Lagrangian (4.51)
in the limit of low amplitudes for the domain wall, makes the lifetime of a domain wall’s
energy level E, take the form |

nJ(w,) = L (C.1)

2Ty

where J(v) is the spectral density function and w, the natural frequency of the oscillating
domain wall parametrized by the éoordinate X(t).
For low amplitudes of the domain wall, V(X) in (4.50) can be approximated by a

harmonic potential so that

Vers(X) = V(X) = 0l X \/27 Z (C.2)

with w reflecting the curvature at the bottom of the well V(X )

As explained in the footnote of page 99 in chapter 4, expression (C.2) can be thought of
as a displaced harmonic potential well centered around a value of X different from zero
owing to the presence of the constant force term (a?/v/21) > (Ci/wg). Let us denote

k
the new center by X = X' (cf. fig. (C.1)). The energy eigenstates for the Hamiltonian

M,
2

Hx = (2(t) + V(X) (C.3)

are the same as those for the ordinary harmonic oscillator except for their eigenvalues
being all offset by the same constant term V(X') = —(a*/87w?) [ 3 (Ci/wi) 2.

k
In the limit of low amplitudes for a domain wall, we have the total Hamiltonian

H = Hpw + = Z{lqk ? +wi la(®) 7} + X(2) qu ) Ci,, (C.4)
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\7(x') ;

Figure C.1: A shifted harmonic potential in the presence of a constant force. This figure
shows how a harmonic potential is shifted by the presence of a constant force f,. The new minimum for
the shifted potential V(X) = wa? - f, X is now given by X' = f,/w.

where Hpw = Hx with the subscript DW reminding us that the classical object is a
domain wall.

This Hamiltonian is composed of the usual harmonic oscillator term for the domain wall,
Hpw; a (infinite) series of harmonic oscillator Hamiltonians' representing the environ-

ment; and a coupling Hamiltonian for the last term.

We suppose that

Ho = How + 5% {1ist) P+ of |00 ) (©5)

represents the unperturbed Hamiltonian, whose energy eigenstates are denoted by

| n)pw | n)p where

+oo

| n)e 2 ® | 7k

k=—00

= [n)® [m)® [n1)® -,

!The fact that we have complex coordinates gy (t) does not invalidate our procedure, although this
may appear odd. These coordinates are not totally independent of each other so as to ensure that we
deal after all with a real field. This is analogous to going from a real basis {cos(kz),sin(kz)} with real

coefficients to a complex basis {ek T} with complex coefficients.
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and

H1 = X Z qk(t) Ck
k

represents the perturbation Hamiltonian.
According to the standard perturbation theory, the second order correction to the
energy level E, () is given by

| (n |DW (n |b H, l m>DW | m)b |2

(Enn}y — Emime})

QAE'n.,{nk}‘ = Z (C6)

' m:{mk}

where {n;} represents the quantum number for each oscillator “gy(t)” of the bath.

Now,
(0 low (0o Hi I [ o = (Lo (s (X 500G} | o [
= (@ low X [ o) 3 Celals 0 [
= nlow X o) X Ce ] i 1) B

where

T,M 5710,7”0 dn—l,mscminl 5n1,m1 tte 6nk7mk to 6n51,m51 T

with a hat over a particular Kronecker symbol signifying that this symbol is to be omitted
from the expression in which it appears.

For the harmonic oscillator eigenstates, we know that

h

1/2
2—wk> {{ng | ax |mk> + (e | ag [ mi)}

(e | aw | me) = (

using the usual lowering and raising operators, a; and ajf,

for the k™ oscillator,

1/2
= (i> {vmy (ni | my, — 1) + Vmy, +1 (g, | my + 1)}

ka

A 1/2
= <_'> {V myg 5nk,mk—1 + vVmyg + 1 5nk,mk+1 }

ka
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Hence, we obtain

| (0 low (|5 Hi | m)pw | m)y |* =

k

' B\ /2 )
{(n |DW X | m)DW Z Ck (2—%) {V mkénk,mk—-l + VM + 15nk,mk+1}6nk,mk}

) 2wk

. n\Y — .
X {((TL |DW X l m>DW) ZC; (_) {V mp6"p>mp-1 + mp + 15np,m,,+1}(5np,mp}

= |[{(nlow X [m)DW|2><

h 1
P2 . Jog
\/ np,mp—l 6nk,mk+l + \/ mk(mp + 1)(Sn,,,m,,+1 6nk,mk 1} 5nk,mk 8np,mp .

Thus, we have for the summation over the indices {m,},

{ V 5”)«: ymg—1 6np,mp—1 + \/(mk + 1)(mp + 1)5nk,mk+1 6np,mp+1

ch

3 | (n low (n|o Hi [ m)pw [m)s © > | {n low (n | Hi [ m)pw [ m)s |?
me (En,{nr} - Em,{mr}) ™m1,M2,M3,... [(En - Em) + Zr (Enr - Emr)]

= | (n low X | m)pw |2 X

2 kp akp({m.})
i BB+ % (B —Fo)

= [{nlow X |m)pw [> ¥ (C.7)

agp({m-}) |
Z Z [(En - Em) + Zr (Enr - Emr)] ’

k,p mi,mz2,ms,...

where

h
ak,P({mT}) = Ck? Cp 2 \/u)k_w
4

{ vV mpmy 6nk,mk—1 5np,mp—1 Snk,mk Sn,,,mp (CS)

+ /(705 4+ 1) (M + 1) G mtt Oy gt O, Sy +

\/ mp(mk + 1) 5n,,,mp—1 5nk;mlc +1 6nk7mlc 5npamp + \/ my (mp + 1) 6np,mp+1 5nk,mk—1 Snk,mk Sn,,,mp}
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For the “r*h” oscillator, the Kronecker symbol On, m, is present for each product 5nk M 5np,mp

unless k£ = p = r, in which case we have

~ ~ —

5nk77nlc577vk-amk~ = (5n0,7n0)2 (5n_1,m_1)2 (5n1,m1)2 e (5nk,77lk)2 T ((5n123,m123)2 to
What this means is that, when we perform our summation Z = Z , only the
mr m1,Mm2,Ma3z,...

terms for which k£ = p in (C.8) may possibly survive since all other terms for which k # p
vanish because Snk’mk Snp,mp would require n, = m, for all r in order to be non-zero, but in
such a case the Kronecker symbols 0n, m,—1 Onpmp-1> Ongmit1 Onpmp+15 Onpimp+1 Ongympe—15
and 8., m, -1 Ong,met1 i agp({m,}) would all vanish causing ay,({m.}) itself to have the

same fate; and if any of those latter Kronecker symbols were non-zero, then it would

mean that for some r, n, # m, making &, On,m, and, therefore, a; ,({m,}) both zero.

kT

Hence, we obtain

5 [ (nlow (nlo Hi | m)ow | m)s |*

= |(n X |m 2 x
My (En,{nr} - Em,{mr}) l ( |DW | >DW |

Z akp({m-})
k,p m1,m2,ms,... [(En - Em) + Zr (Enr - Emr)]

= | (nlow X | m)pw |2' X

Z Z ak({m})

Lk mi,ma,mas,... [(Eﬂ - Em) + Er (Enr - Emr)]

= [(nlow X |m>DW|2><

Gy 2R .
; T Z mg (5"k>mk—1)2 5"kamk5nk,mk + (mk + 1) ((5nk,mk+1)2 5nk,7nk5nk77nk

k m1,M2,1M3,...

+ 2 V s (mk + 1) 6nk7mk—1 5nk>mk+1 Snk>mk Snk,_mk } /

(Bn = En) + 3 (Eu, — En,)]
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= [ (nlow X [m)pw [ x

> 7

2 2wy (Ew — Em) + (En, —~ Enyt1)

+
(En - Em) + (E'n;c - Enk—~1) },

since the term containing 0., m, -1 0n, m,+1 On,,ms Oni,m, always vanishes no matter what
my, Mo, M3, ... are.

Therefore, making use of the fact that

En = (nk+1/2)hwk

k

for each oscillator k, expression (C.6) yields

]Ck Igh (an+1)AE + hwk
AEn nEt — Mnm C.9
2 {ne} %: ; ka (AE)Q . (hwk)g , ( )
where
Mym £ [ (nlow X [m)pw [>,  and
AE & E, - E,

= h(w'n - wm)

= hwpm-

The second order correction to the energy level where all oscillators of the bath would

be at their ground states (n; = 0 for all k), were it not for the perturbation, is given by

AR ZZM i | Ck 2R 1
n,{ni=0} " 2wk (AE — hwy)
| Cr |? 1

(C.10)

:;Mnm i

k=—o00 2wk (wnm - wk) ‘
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However, by definition, we have [13, 45]

2
Jv) = =% [ C | §(v — wg) (C.11)
2 & Wk
for a bath of unit-mass oscillators.
Substituting (C.11) into (C.10) yields
Mym [ J(v) _
2ABn ez = 3 —2% /0 v s (C.12)

In order to compute this integral, we add an infinitesimal imaginary part to the

denominator and split the integral as follows

Muym . e J(V)
28Fn (ne=0} = %: T el—lgi 0 dv (Wnm — V + i¢)
= 3 —Mum lim [ dv J() .
~ 1 0+ Jo (v — (Wnm — t€))
=y Mo [P J)
m<n T 0t Jo (v — (Wnm — 7€)
- _ 00
+ Moy [P A CoN—
e T et Jo (v — (Wnm — i€))
2AE, =0y = L + I, (C.13)
since My, =|(n|pw X | n)pw |? = 0.

In the classical regime, the macroscopic coordinate X (¢) obeys a general phenomenolog-

ical equation of motion of the form

where K is a linear operator subject to the requirement of causality [45]. For our case,
we have V(X) = V(X) in expression (C.3). The Fourier transform of K, K(v), is

analytical in the lower half of the complex plane,? K(0) = 0, and we have the following

2As a consequence of causality.
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relation [13, 45]:
K(v) = iJ(v) forv € IR

so that ImK((yv) = Jv). (C.14)

Now, in order to solve

= (___M im oo v J(v)
h= mz<:n u e]—->0+ 0 d (v = (Wnm — 1€))
'—Mnm . o0 J( v
B ’mz<:n ( 27 ) el—lg}" —; dv (| v I — ((l)n’,l)_ ZC)) (015)

where wy,, > 0, we transform v into a complex variable z and choose the integration
path I'g by closing the contour in the lower half-plane, where the pole wy, ,, — ¢ is located,

and let R — oo (cf. fig. (C.2)) to obtain

Z (—M'ﬂm)

m<n

lim { lim /FR 0 d(ED) } = EMan) lim 27 J (| wypm—ie |)

21 es0t | R—oo 2| —(wnm — t€)) = 2w esot

by the Residue theorem. We suppose that J(| z |) is sufficiently well-behaved so that the

integrand in the above integral vanishes on the semicircle Cp as R — oo.

Thus,

L = Y (—Mnm)ieli%yq Wnm — € ])

m<n

= Z (_Mnm)i*](wnm)a

m<n

L = 3 My K (wam) (C.16)

m<n

according to (C.14).

For the term I, we do not have to resort to a complex integral on account of the fact

that for m > n, w,,, < 0. Indeed, we have
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Figure C.2: The integration path I'g for the partial evaluation of the second order per-
turbation energy term. The pole, denoted by x in the figure, is barely located in the lower half-plane
on account of an infinitesimal imaginary part added to the harmonic oscillator’s frequency difference
Wnm. The path I'g is made up of the line extending from —R to R on the real line and a semi-circle
Cr of radius R in the lower half-plane. For the proper evaluation of our expression of interest, we let
R tend to infinity.

= mz(ji—ml—»‘? A e e
= S [T s
I = gn%/ow av (u+I|IZZ(I|/)+z‘e) (C.17)

using expression (C.14) once again.

Of the terms I; and I, in (C.13), only I; is complex-valued. According to the standard
interpretation [39], one relates the imaginary part of 2AE, (n,—0) with the lifetime of the
energy level E, of the particle (parametrized by the coordinate X (t)) for which, were

it not for the perturbation, all the bath’s oscillators would normally be in their ground

states; a situation which is likely to be realized at very low temperatures and consistent
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with our requirement that each oscillator be weakly perturbed.® The relation is as follows

11

Tn

where 7, is the lifetime of energy level E,, for the system’s harmonic oscillator.

We showed previously that

z Mnm K*(wnm)

m<n

with Mpm =|(n |ow X | m)ow [>. Now,
Muym = {m (5n,m—1)2 + (m+1) (5n,m+1)2}
for a harmonic oscillator so that

Il = Z Mnm K*(wn,m)

m<n
~=n K*(wn,n—l) )
IL = —in J(wypn1) (C.19)
using expression (C.14).

Substituting equation (C.19) into (C.18), we obtain

11
nJ(wn’n_l) = -2-7_—
11

nJ(hw) = 3 —, (C.20)

3In reality, Im(; AE,, {ny}) Telates to the lifetime of the energy level En {n,} Which corresponds to the

unperturbed energy level E,, (,, 1, with the harmonic oscillator X (t) having quantum number n and the
bath’s oscillators, quantum numbers ny, in the sense that, by slowly turning off the coupling between
the particle and the bath, E’ would approach the value of E, A{nx}- We implicitly suppose that

n,{ng}

the interaction does not create additional quantum states for a complete description of the universe
(system plus bath). Obviously, this is always a matter of semantics when we assign the full thrust of the
perturbation effect to the system’s particle alone, as we did above.
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since, for a harmonic oscillator, all energy levels are separated by the same difference A w,
where w, is the oscillator’s natural frequency. Using the convention A = 1, we obtain

expression (5.1)
1
g ’

n J(w,) =

DN | =

which is the result we wished to demonstrate in this appendix.




