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TURBULENT DIFFUSION IN A STRATIFIED FLUID

ABSTRACT

In natural fluids, stratification of ‘density is common. Observa-
tions_of natural turbulence in the presence of a density stratification
are difficult since :the stratification usually occurs in regions not
readily accessible. In the laboratory, maintenance of a stratification
in a- shear flow presents - equal difficulties.

o Observatlons- were made of_ isolated puffs- of fluid- injected
. "vertically downwards into a uniform fluid of the same density, and
~into ‘a stably stratified fluid of " greater density. The observations
- demonstrate that such isolated puffs in uniform fluid are subject
to the same decay laws as is the turbulent energy in an extended
turbulerit fluid. This implies -that a turbulent field, made up. of
" randomly oriented puffs of fluid of varying volumes and velocities,
~ -would display ‘many of the: characteristics of a fluid in which the
_turbulence is a result’ of shear flow, and that observations made on
_such puffs -can be applied with some confrdence to natural
‘ _turbulence : :

The apparatus was so constructed that ‘the detailed mixing
: between . the injected fluid and the ‘'surrounding flurd resulted in the
-formation of a finely divided. precipitate which rendered the puffs
visible, and - permitted measurements of their path by means of
movmg plCtUre photographs - .

The.results demonstrate that mixing wrth the surroundmgs occurs

) »throughout the puff, which retams its ldentlty and a relatively
-umform densuy .

) "Measurements of the rate of formatlon of precrprtate permit an
estimate of the rate at which the injected fluid became mixed with the

“entrained. fluid. ' The density stratification had. very little -influence -

upon this rate untrl after the puff had reached its maximum pene-
tratron .

" The rate of horlzontal spreading of the puff durmg its- motron

~also showed little effect of the stratification.

.-Measurement of the penetration and -ultimate posmon of the

-center of a-puff in a density stratification together' with measure-
“ments of the position of the center of a puff in uniform fluid permit
-the ‘calculation of -a number of dimensionless ratios. These are
-displayed  graphically as a function of a dimensionless number made

up from the initial conditions of velocity, volume, density 'gradient,
density, -and the acceleration of gravity. This number resembles the

reclprocal of a Richardson’s number and is referred to as 1/Ri

The maximum conversion of 1mt1al kmetrc energy to .potential

' energy observed was 20 percent bemg greatest for smiil values of

1/Ri.

The portion. of the mmal energy which contrlbutes to the break-
down of the stratification was found to be approxrmately 3 percent
and nearly independent of 1/Rj. Some writers have thought the loss.
to densrty stratrflcatlon ‘would be. much greater than this.

A figure representative of the transport of properties during the

- “history .of a puff varied by a-factor 35 over the possible range of -

initial condmons being greater for hlgh values of 1/Rjj.
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ABSTRACT

In natural fluids, stratificatioh of density is
common. Observations of natural turbulence in the presence
of a density stratification are difficult since the stratifi-
cation usually occurs in regions not readily acceséible. In
the laboratory, maintenance of a stratification in a shear
flow presents equal difficulties.

Observations were made of isolated puffs of fluid
injectéd vertically downwards into a uniform fluid of the
same density, and into a stably stratified fluid of greater
density. The observations demonstrate that such isolated
puffs in ﬁniform fluid are subject to the same decay laws as
is the turbulent energy in an extended turbulent fluid. This
.implies that a turbulent field, made up of randomly oriented
puffs of fluid of varying volumes and velocities, would dis-
play many of the characteristics of a fluid in which the tur-
~ bulence is a result of shear flow, and that observations made
on such puffs can be applied with some confidence to natural
turbulence.

The apparatus was so constructed that the detailed
mixing between the injected fluid and the surrounding fluid
resulted in the formation of a finely divided precipitate
which rendered the puffs visible, and permitted measurements

of their path by means of moving picture photographs.
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The results demonstrate that mixing with the surround-
ings occurs throughout the puff, which retains its identity
and a relatively uniform density.

Measurements of the rate of formation of precipitate
permit an estimate of the rate at which the injected fluid
became mixed with the.entrained fluid. The density stratifi-
cation had very liftle influence upon this rate~until after
the puff had reached its maximum penetration.

The rate of horizontal spreading of the puff during
its motion also showed little effect of the stratification.

Measurement of the penetration and ultimate pbsition
of the center of a puff in a density stratification together
~with measureménts of the position of the center of a puff in
uniform fluid permit the calculation of a number of dimen-
sionless ratios., These are displayed graphically as a func-
tion of a dimensionless number made up ffom the initial con-
ditions of velocity, volume, density gradient; density, and
the acceleration of gravity. This number resembles the re-
ciprocal of a Richardson's number and is referred to as l/Ri.

The maximum convérsion of initial kinetic energy to
potential energy observed was 20 percent, being greatest for
small values of 1/Rj.

The portion of the initial energy which contributes
to the breakdown of the stratification was found to be approxi-
mately 3 percent and nearly independent of l/Ri. Some writers

have thought the loss to density stratification would be much
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greater than this.

A figure representative of the transport of proper-
ties during the:history of a puff varied‘by a factor 35 over
the possible range of initial conditions, being greater for
high values of 1/Rj.

An estimate of the possible effect of density strati-
fication upon the production of turbulent energy shows that
production is reduced by as much as a factor 10 for small
1/R;. This arises from the reversal and rebound of the puff

of fluid in the stratification.
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1 INTRODUCTION

1.1 Background

At.the present time, several volumes are available in
which the literature on turbulent flow is summarized in a sys-
tematic manner, or which are particularly concerned with their
author's special field of interest. In these, references to
most of the original publications can be found (Hinze, J..0.
1959, Townsend, A. A. 1956, and Batchelor, G. K. 1953).

Regarding the influence of dénsity stratification
upon turbulent motions and diffusion, no such compilations
"have yet been made in a separate volume. Sverdrup et al (1942)
contains a discussion of the subject, and gives references to
some of the original papers up to that time. More recent
literature is found in a large number oijournals, whiéh in-
dicates that the subject isAimportant to people in fields
ranging from the geophysical sciences to the industrial hand-
ling of fluids. This is understandable since almost all fluids
are stratified to séme exteht unless special précautions afe
-taken to produce uniformity.

In onevof the first series of papers on the subject,
Richardson, (1920), (1925),-develops a criterion for the de-
gree of densiﬁy stratification necessary to damp out turbulent
motions resulting from a velocity shear. Richardson uSes the
usual approximation-of representing the transport of momentum,
and the transport of density-producing properties, due to turbuj

~lent motions, by austausch or transfer coefficients KM and KH
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respectively, defined by Flux = K (Gradient), in analogy with
a kinematic viscosity and diffusion coefficient. He introducés

the dimensionless ratio ged(l/e) :
- ' az = R4, where

_(dU/dZ)2
g is the acceleration due to gravity,

@ is the fluid density,
Z is the vertical displacement,
U is the non~fluctuating part of the horizontal velocity, and

"Ry is now known as the ordinary Richardson's number.

Richardson proposed that for Ri>vl,.turbulent motions
could noﬁ persist but would be damped'out by the energy loss to
the density stratification. This was based upon the mistaken
idea that KM i Ky, an assumption that is approximately true in
a uniform fluid (Ellison, 1957). In a stably stratifiedbfluid,
the ratio KH/KM can assume very small values as will be seen
below.

The unéertainty about the magnitude of KH/KM has led
to defining a new humbef, called the Flux Richardson's number,

defined by Ry = Ky/Km(Ri)+. This represents the ratio

Loss of mean flow energy to buoyancy (Stewart, 1959) (a)
. , : *

Total loss of mean flow energy

| Taylor (1931) enlarged upon Richardson's work. Using
some observations taken by Jacobsen in the Kattegat, he was
able to determine R;, Ky and Ky., He found the ratio ﬁH/KM to l
be at all times less than 1, and to range from .l3 where the

stability © %élg was 11.2 x 10~7em* to .02l where the



stability'ﬁas 105. x lO-7cm.l. In addition, the observations
indicated that as R; increased, it approached the ratio KM/KH.
Taylor proposed that turbulent motions could be maintained
provided Re< 1.

4 recent argument by Ellison (1957) indicates a criti-
cal value of Rf in the range of .l4. A discussion of this sub-
ject with comments from others interested in the field is given .
by Stewart, (1959) (a). |

The.obsefvation is often made (Sverdrup et ai, 1947)
that the fact that Ky/Ky is less than 1 in a stratified fluid,
although the transfer of momentum énd of denéity-producing pro-
perties is caused by the same turbulent motions, can be quali-
tatively understood as foliows: If a fluid blob is displaced
vertically by turbulent motions, momentum can be exchanged with
the surroundings by pressure fofces, while heat or salt can be
~enchanged, to any appreciable extent, only if mixing occurs
between the displaced fluid and its surroundings. In my
opinion, this statement requires qualification. It is-trué
that a drop of oil moving in water can share its momentum with
" the water without breaking up, although, if the motion is
sufficiently violent, breaking up will occur. In this case,'
surface tension defines a boundary which permits the dissipa-
tion of the energy, lost by momentum sharing, to occur in each
fluid separately. For the case.of mutually miscible fluids,
no such boundary exists. The forces which are exerted on a

body moving in a fluid can be broken down into viscous forces



at the interface (skin friction), and pressure forces due to
the formation of a wake (form drag). Both of these imply the
development of turbulent motions which must result in some
degree of intermixing in the absence of any surface tension.

| That there need not be any strict proportionality
between these two phenomena, however, is shown by the experi-
mental fact that}KH/KM assumes different values. - It is‘also
reasonable that‘KH/KM should depend to some extent upon the
factor controlling density, that is heat, salinity, water vapor,
etc. (When it is necessary, the notation in the literature
distinguishes between these by using KH, KS, Ky, etc., as the
respective coefficients). In the llmlt as turbulent motions
become negligible, eachﬂcoefficient must approach the corres-
ponding molecular coefficient. -They may be expected to differ
somewhat until turbulent transport becomes large; with the
exception of Ky, they should then apprdach equality, prOvided
'the hypothetical displaced blob of fluid is representatlve of
the region from which it originated.

If the penetrating fluid is mOVing under its own
buoyancy, as in bubbles of hot gas rising from a heated plate,
it will not, in general, be representative of its point of
origin, (Ellison, 1956). In this case, the relationship be-
tween the coefficients:becomes more complicated, and the above
remarks do not apply. In stable conditions, however, it seems
reasonable to expect a displaced blob to be a‘representative «

one, since the motions are initiated by non-buoyant forces.



In natural conditions, observations of the effect of
denéity stratification upon the turbulent motions are few.

The experimental technique is difficult. Veldcity—méasuring
instruments such és,pressure—tube or pressure-plate anemometéfs
can respond to larger scales of turbulence only. To record
small details, thé hot wire anemometer is the only successful
instrument at this time, (Ellison, 1956) and is quite depend-
able in clean air or water. The hot wire, or wedge, velocity-.
sensing elements must be small and delicate. Théy are iiable
to become contaminated or destroyed by abrasion with foreign
material in the fluid. The amplification, required to build
the signal to recordable values, introduces noise which is
difficult to separate from the noise-like signal.  The sensing
elements muét be supported at-c§néiderable distances from the
amblifier and supported in sﬁch a way that their velocity re-
4lative to the surroundihgs can be determined. |

The difficulties are being overcomey (Grant et al,
1959), (Patterson, A. M. 1958, 1960). Good data on the turbul-
ent components together with gradients of mean velocity and
density, will cast light on the whole problem.

Stewart, (1959) (b), discusses the question of natural
“turbulence. He points out that stability is at least as iﬁ— |
portant as Reynold's number in determining whether or not a
natural flow will Be turbulent. He gives a bibliography of
recent literature on natural diffusion and related subjects.

Townsend, (1958) develops a relationship which



indicates that, in a stably-stratified atmosphere, arbitrarily
small values of turbulent energy are not possible. He suggests
that turbulént energy must have a certain finite amplitude or
die out completély. Stewart (1959) (3), points out that
Townsend's analysis requires é conétanf correlation between
temperatﬁre fluctuations and the vertical turbulent velocity.
Its conclusion, therefore, is open to question.

A density discontinuity between two miscible fluids
represents an extreme example of the effect of stability on
turbulent motions and turbulent mixing. Such a region will
'-supportlintérnal waves, which in themselves, result in little
increase in miXing above the molecular diffusion rate. The
following two experiments show that, when a critical wave am-
plitude is exceeded, turbulent motions are produced which can
break down the stratification. | |

Keulegan, (1949) conducted experiments on the effect
of internal waves upon a'dehsity stratification. He found
‘that there was little mixing across the gfadient until the
internal waves started to break. The principal effect of the
breaking -appeared to be the transport of dense material into
the upper layer. - The waves were caused‘by a.sheér flow in the
upper fluid which was turbulent in consequence. - The lower
fluid was held stationmary. A ccmpiementary experiment with a
moving lower fluid and a stationary upper fluid has not been
done to my knowledge. There is therefore some doubt as to the

interpretation of the résults.



In an early experiment by Taylor, (1927) a velocity
shear was established by running a light fluid over a sta-
tionary dense fluid held in a shallow depression in the bottom
of a channel. Little mixing occurred until a certain critical
velocity of the upper fluid was reached. Once mixing commenced,
the dense fluid was swept out completely.

Most of the precediﬁg papers and experiments imply
the concept of a displaced mass of fluid transferring proper-
ties of density and momentum across a density stratification.
Broadly stated, they explain the alterations of the turbulent
motions and.the density structure by means of a ratio between
the coefficients Ky and Ky.

If the cbncept of a penetrating fluid mass is taken -
literally, somé further insight into the nature of the mixing
process méy be gained by direct observation of a single fluid
mass penetrating into quiet surrounding fluid. |

Scorer, (1957), (1958), made observations on discrete
volumes of fluid moviné under iheir own buoyancy into quiet
surroundings. Such movements .occur as thérmals’in a still
atmosphere. Observations of displaced turbulent fluid moving
against buoyant forces, or in surroundings of the same density
have not been made to my knowledge.

1.2 Purpose |

The object of this research is to study a volume of

fluid penetrating inﬁo a quiet surrounding fluid. Buoyant

forces are either zero or oppose the initial motion. The



initial motion is caused by injecting a cylinder of fluid into
the still fluid.

‘The penetrating fluid will be called a puff. This
will mean the original‘fluid plus any increase in volume or
éhange_in properties resulting from the entrainment of sur-
rounding fluid. The puffvwill be regarded as possessing a
uniform density as far as buoyaht forcés are concernedf The
turbulent motions inside the puff were hot measured . They will
not be considered in detail although the average effect of these
motions in mixing the original and entrained fluids will be con-
sidered, and referred to as the detailed mixing.

The density of the injected fluid is adjusted to have
nearly the same density as the surroundings at the point of
injection. When the surroundings afe uniform, therefore, no
‘buoyancy fofcés exist. When the surroundings are.stratified in
density, buoyant forces are zero at the onset of motion. They
increase in a manner dependent upon the details of the en-
trainment process, and‘upon the density stratification existing.

The information desired from this experiment is first,
the effect of the density stratification on the penetration
and the entrainment rate, and second, the rate at which the en=-
trained fluid becomes mixed with the original fluid.

. As these factors can be expected to depend upon ini-
tial conditions of velocit&'and volume, various values of in-
itial conditions have been used. The details of experimental

¥ The hot wire anemometer will not operate in the absence of
a mean flow (Hlnze, 1959)



methods and measurements will be given in the next section.
Estimates of the coefficient Ky for a simple penetra-

tive flow as described would require the presence of. a verti-
cal Velocity shear. The experimental bomplications appear
fofmidable.-.However, it can be hoped that the technique out-
lined above is-sufficiently realistic that insight into the
nature and magnitude of Ky can be obtained.
1.3 Method |

| "--The initial motion is caused by injecting a cylinder
of fluid vertically doanards into a tank of still fluid
through a nozzle which projects below the surface, - If a
simple tube is used as a nozzle, the result is almost always
the formation of a vortex ring. This is particularly the
case when the length of the cylinder injected is nearly the
‘'same as the diameter. The motion of vortex rings in a real
fluid has been extensively studied by Northrup, (1912) and
more recently by Turner (1957). It is quite poséible‘that
‘such rings are formed in the bcean from breaking waves and may
play a part in mixing the upper layer. On a small scale it is
difficult to introduce a drop of fluid into a quiet fluid with-
out some vortex-ring formation.‘ However, we are concerned here
with turbulént mixing and the motion required is of another
type. Sufficient turbulence must be present in the injécted
fluid to distributé the concentrated vorticity, and destroy
the ring. This was accomplished by placing a coarse screen on

the end of the nozzle. Even with this device, rings formed
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occasionally. When this happened, the data were discarded.
In order to_study the detailed mixing, some physically
obsérvable quantity must be introduced which alters when mole-
cular mixing occurs between the injected and entrained fluid.
The chemical reaction between aqueous solutions of sodium
carbonate in the injected fluid, and calcium hydroxide in the
tank fluid, appears to fulfil the requirements quite well. The
reaction between ions in solution occurs very rapidly when the
fluids are thoroughly mixed (Moelwyn-Hughes, 1957). The rate
of formation of calcium carbénate will therefore be controlled

by the rate at which physical mixing brings the reactants into

~ intimate contact.

The method of measuring the amount of calcium carbon-
ate formed, which was by measuring the light scattered from
the calcium carbonate precipitate, requires justification,

The tank fluid is saturated with calcium carbonate and is well
supplied with condensation nucleii after being used a few
"times. This is evidenced by the increase of background light
scatter, Superéaturation is hot liable to occur., Evidence
supporting the assumption of a linear relationship between

- volume of precipitate and light scattered is available in the
data obtained. It is given in section 2.1 on page 24.

When a density gradient was required, sodium chloride
was added to the fluid in the lower part of the tank, as des-
cribed in the section l.4. An experiment was conducted to

show that the presence of the sodium chloride does not affect
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the‘formation of calcium carbonate significantly. The results
of this experiment are given in section_z;l on page 25.

The cloud of fine caléium carbonate particles settles
sufficiently slowly that its settling velocity can be neglected
compared with the fluid velocities. The cloud apparently comes
to rest. It settles out or disperses in a matter of two or
three hours so the tank can be used again without renewing the
fluid. "

The position of the puff in the tank, as shown by the
presence of the precipitate, was recorded photographically,
together with the face of the oscilloscope (Plate II). The
method used to measure the displacement of the center of the
puff from the nozzle is given in the following section.

1.4 Apparatus »

‘--Alékétch of the apparatus is shown in Fig. 1 and a
photograph in Plate I. The titles on the figure correspond
to the description in the text below or to the bracketed ex-
pressions. When it is necessary, specific reference will be
made to.the photograph.

Initiation of the fluid puff was accomplished by in-
jecting a small volume of fluid into a tank at a depth of 3 cm.
below the surface. The pressure required for the injection was
provided by gravity. A fluid container (400 ml. beaker) was
“mounted at a height of 65 cm. above the surface of the fluid
invthe tank.“A siphon tube dipped into this container and led

vertically downwards through a fall tube to the nozzle. The
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small container, fall tube, and nozzle system were movable ver-
tically, so the nozzle could be removed from ﬁhe tank between
experiments, (Plate I, a.)s This was necessary to prevent a
slow reaction between‘the‘injected and tank fluids with a con-
sequent fouling of the nozzle. While removed from fhe tank,
the nozzle was protected by raising a test tube, containing
some of the upper fluid, to cover the nozzle. This prevented
evaporation at the nozzle and ioss of fluid from dripping.

.The screen on thé end of the nozzle provided sufficient support
that surface tension would prevent any dripping in the short
time interval between removal from the tank and protection by
the means‘mentioned above.

The on-off valve to start and stop the flow was a
rubber hemisphere held by a spring against the end of the
siphon tube which dipped into ﬁhe upper container. This. simple
method avoided the use of packing glands. A vertical tappet
rod, which supported and controlled the rubber valve, led up
to a cam. - The cam was operated by a small motor (Plate I a)
which was so arranged that when switched on, it would open_the
valve once only, then shut off. A nﬁmber of cams were provided
to give a fange of valve-opening times from .1 sec. to .8 sec.

The contact between the cam and tappet rod was used
to provide the timing for an electrical pulse from a battery
source, (Timing Contact), This pulse gave a vertical deflec-
tion on one beam of the dual beam oscilloscope and thus an

accurate value of the valve-opening time.
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An adjustable valve in the fall tube provided a means
of volume regulation independent of the on-off valve. In com-
bination with the various cams this arrangement made a limited
range of velocity-volume combinations possible.

The injected volume was measured.by means of a
loosely-fitting polythene bead (volume measuring bead) in a
graduated glass section of the fall tube. Polythene being
slightly less dense than wétér, the bead would float slowly up-
wards to a constriction in the tube when the on-off valve was
closed. When the valve opened, .the bead fell with the fluid
and the graduations permitted a volume determination accurate
to .02 ml. A piece of burette tube was used for the calibrated
section. | |

The nozzle was a section of glass tubing .540 cm. in
diameter with a coarse screen on the end. The screen consisted
of .033 cm. diameter plastic wire spaced approximateiy 0.1 cm.
apart.' The cross sectional area of the nozzle without the
screen was .229 em?  The screen reduced this area to .19 cm?

The average initial velocity of the puff W, was cal-
culated from the valve-opening time, the volume measurement,
and the nozzle area not decreased by the area of the screen.
This initial velocity was taken td be equal to thé maximum
velocity attained assuming constant acceleration, that is to .
twice the volume divided by the product of the nozzle area.and
the valve-opening time. To check that this gives a reasonable

figure for the average imput velocity, estimates of the volume
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and velocity of the moving puff of fluid were made from moving-
picture photographs. It was not possible to make these volume
measurements with much precision, but the values of momentuﬁ
determined by this means, agreed, on the average, with the
initial momentum calculated from the initial volume and the
velociﬁy determined as stated. It appears that the fluid which
first leaves the hozzle is accelerated by the fluid which
follows so that the entire puff of fluid attains the velocity

- of the latter part.

In order to facilitate filling the siphon tube, which
operation was complicated by :the volume-~measuring bead, a hole
was drilled in the top of the inverted U of the'siphon. A
tube fitted with a stop cock was soldered on to the copper U
tube, (Filling vent and valve). Removal of air at this point
with the nozzle immersed in a beaker of the upper fluid made
the operation quite simple, although it took time to get all
the air bubbles oﬁt. '

The large tank was of plate glass with a metal frame
and an open top, (Plate I, d). The outside dimensions were
L3 cm. on each side. The,outéide was‘painted with dull black
paint except for windows.on two adjacent sides. This blacken-
ing reduced the background light scatter to a small amount
when the solution was freshly filtered and the inside of the
" tank walls were clean. The twoywindows were to permit light
to enter on one side and for observation at right angles.

‘They were made as small as was consistent with their purpose.
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The calcium hydroxide solution in the tank, which will be des-
cribed later, was covered with 1 cm. of kerosene to prevent
‘evaporation and to protect it from the carbon dioxide in the
-air. It was necessary to remove the solution from the tank
after a period of a few weeks, depending upon how often it had
been used, -and to clean the walls free of encrusted calcium
carbonate. This was done by a dilute solution of sulphuric
acid. A new solution of calcium hydroxide was then prepared
and filtered into the tank.

The tank fluid, of which about 70 litres was required,
was made up by mixing distilled water with 1.28 gm./l. or .0l7
mole/l. of Ca(OH)2 in a large carboy. This mixture was stirred
for several hours by a motor stirrer and allowed to settle for
several days. There was always sufficient CaCO3 formed during
the handling of this fluid to cause cloudiness. The solution
was filtered through glass wool while being transferred to the
tank, and covered immediately with kerosene.

When a density gradient was required in the tank, the
Ca(OH)2 solution was divided into two carboys, one containing
abéut‘45 litres and the other the remainder. The fluid in the
L5 litre carboy was mixed with 10% by weight of NaCl and thor-
oughly stirred for four or five hours. - The presence of NaCl
in»solution has a large effect upon the solubility of CaCO3 in
water (Revelle & Fleming 1934). To ensure that the mixture was
saturated with CaC0s, somé N62003 10H,0 in solution was added

until a permanent cloudiness appeared with continued stirring.
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When required for use the solution was filtered into the tank
as before, and the unsalted Ca(OH)2 solution added slowly, so
as to form a two layer system. A nearly linear density gra-

dient of about .003 gnm. ez

was produced by stirring in the
region of the interface. The_measuremént of the density gra-
dient will be described later. The linear portion could be
made sufficiently extensive to cover a depth from about 2 cm.
below the surface to 12 cm. below the surface. This included
all of the range covered by the experimental puffs.

| When the interface was being stirred, a.cloudiness
appeared in the tank. This haé been attributed to the details
of solubility of CaCOB in water containing varying amounts of
NaCl. This cloud would settle out in two days leaving the
 fluid clear. |

Measurement of the density gradient without disturbing

the fluid in the tank was accomplished by means of small glass
floats approximately .5 cm..in diameter. Twelve of these were
made with density covering the range in the tank. They were
putvinto'a tall cage with a glass ffont and back, and with
coarse plastic screen sides. The cage was set on the bottom
of the tank near one of‘the windows so the floats could be ob-
served from outside. Depth markings on one of the glass faces
permitted visual determination of the density-depth relation-
ship. The glass floats were blown from soft glass tubing.

They were calibrated by placing them in distilled water, titra-

‘ting in a 20% NaCl solution with constant stirring until each
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float’separatély became neutrally buoyant. The temperature

~ was held at 20°C. which was approximately the temperature of
the room and tank. The density of the mixture was determined
from tables (Handbook of Chemistry and Physics) and checked
with a sensitive hydrometer. The physical variations of size
and shape in the different floats made it possible to distin-
guish them from one another so each could be recognized and
assigned its proper density. After being in use for some time,
CaCOB deposited on several of the floats as ascertained by
sudden unrealistic variations of the apparent density gradient.
The cage was then lifted out of the tank, the floats cleaned
with diluté HZSOA and re-calibrated.

The fluid in the upper container, which was the fluid
injected into the tank, contained 10. g./l1 or .035 mole/l. of
NachBlOHZO. in distilled water. In terms of the reaction to
form CaCO3, this fluid was twice as concentrated as the tank
fluid. It was made up in 2 litre lots. For use in the density
stratified tank, a number of batches were made with an increased
density by adding NaCl and measuring the density with a sensi-
tive hydrometer. As far as practical the density of the in-
jected fluid was kept close to the density of the tank at the
end of the nozzle. It was always slightly lighter, to prevent
interchange of the fiuids before the injection valve opened.

- The heat developed by the reaction in the minimum
possible volume of tank fluid could cause a density change of

1 x 107% gm/cm3. In practice it would be considerably less
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.than this since the volume ratio was always larger than 2:1
béfore7completion of the reaction. Density changes of this
size were smaller, by an order of magnitude, than could be
measured by the system of floats, and have been neglected.

The center of the tank was illuminated through one of
the windows previously mentioned. A 300 watt incahdescent
- lamp was mounted 100 cm. from the center of the tank, (Plate Ic)
sufficiehtly far to produce reasonably uniform illumination
over the portion of the tank in which the reaction occurred.
Tests showed that the illumination was within 10% of its value
atvthe center, throughout a cylinder 5 cm. in radius extending
from the top to.the bottom of the tank. As only about half of
this volumé was used in the experiment, the variation in light
intensity was probably less than 5% from that at the center.

To exclude other light from the system, a dull black
plywood shield covered everything except the upper fluid con-
tainer and the fall tube. The tank cover had a small hole
above the tank center so the nozzle could be let into the fluid
when required.

A General Electric PV3 photovoltaic cell was used to
measure the scattered light. With a load resistance of 100
ohms, the frequency response shows a drop of about 3% at 1000
cycles/sec, (Zworykin, 1949). This linearity is more than
adequate for the purpose sinée the minimum rise time is about
.8 seconds. The linearity of response to illumination was

checked by determining the increment above the background due
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to a single spherical translucent bead (.5 cm. diameter) at a
number of values of incident illumination covering the range

used in the experiment. The ratio, incremental output/back~

ground output, varied by 10% in a random manner. |

‘The output of the photocell was amplified by a Kin
Tel model 111BF D.C. amplifier giving amplification in 5 steps
to lOOO‘times. The output of the amplifier was fed to one of
the vertical iﬁputs of the oscilloscope.

A DuMont type 333 double-beam oscilloscope was used
to display the valve-timing pulse and the photocell-amplifier
output, (Plate Id)s The sweep speed was calibrated periodi-
cally'against the line frequency which is closely controlled
in this geographical area as it is served by a large inter-
connected grid. The sweep speed of the oscilloscope was found
to require no adjustment and has been taken as correct. It
was chosen to display the valve timing pulse on from 1/4 to
3/L of the face and varied from .25 sec/in. to .10 sec./in.

To ensure that the valve-timing pulse was displayed
on a single scan, the scope was used on external sweep control
until the valve closed. A bulse, provided by an additional
contact on the valve-operating cam, triggered the swéep about
.1 sec. before the valve started to open. When the valve
closed, the scope was switched manually to automatic sweep to
show the photocell output and provide a calibration for the
camefa film speed.

The camera was a Bolex H. 16 standard model with an
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£:1.8 lens of focal length 2.5 cm. (Plate I b). It was mounted
at 75 cm. from the center of the tank inside a light-tight re-
mevable shield. The film speed was set at 16 frames per second.
Tﬁe exact speed was determined from the displacement of the epot
on the oscilloscope and the known sweep speed. Actual camera
film speeds varied from 18 to 22 frames per second. The varia-
tion during any one experiment was small. Eastman Plus X
Panchromatic negative film was used at f:1.8.

Two plane mirrors were used to reflect the face of
the oscilloscope into the field of the camera. These are shown
in the diagram (Fig; 1). The tips of the mirrors are visible
in Plate I a. Two mirrors were used to permit the puff to
eccupy the center of the field. The image of the oscilloscope
.face was split and oceupied two adjacent cornefs of the field,
this being the most convenient physical arrangement.,
| Plate I1 shows a representative series of photographs.
The upper strip (a) shows the progress of a puff in a uniform
tank fluid. The lower strip (b) shows a similar puff when a
density gradient of .003 gm. cmth existed in the tank. The
initial conditiohs of volume and velocity were nearly the same
in each case, being .78 cm? and 31l. cm./sec. for the upper
series and .83 cm% and 32. cm./sec. for the lower series.

Experiments were carried out with volumes ranging
from .8 cm? to .065 cm? For the larger volumes, average ini-

tial velocities of from 9., cm./sec. to 55 cm./sec. were possi-

ble. For the smallest volume, an average initial velociﬁy of
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9., cm./sec. was the greatest that could be obtained from the
apparatus. The acceleration provided by gravity would not per-
mit highef average velocities at this volume unless the appara-
tus were considerably modified by putting in larger diameter
tubes throughout, while keeping the nozzle diameter the same

as before.

Up to ten repeat runé were made with the same initial
conditions, to permit an estimate of the standard deviation.

To obtain the position of the center of the puffs
from the film record, an enlarged image of the puff and the
tip of the nozzle was projectedvonto a screen. To convert
from distances on the enlarged image to distances in the tank,
a photograph was taken of a graduated vertical écale immersed
in the tank fluid at the center of the tank. From the enlarged
image of this -scale, a-grid was made up reading directly in cm.
of actual distance in the tank. When a density gradient was
used in the tank, frequent photogfaphs were taken of the scale
to compensate for the distortion due to the unequal refraction
of the fluid.

The centers of the puffs were estimated visually and
their displacement from the tip of the nozzle recorded. The
accuracy of estimation of the centér was checked on four dis-
‘similar puffs by scanning the image of the puff and the back-
grouﬁd with a photocell. ' The photocell was screened off except
for a square opening 2 mm. oh each side. A graduated step ex-

posure was placed on individual films using the camera shutter
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stops to control the exposure. For this operation, a white
card waé placed temporarily -in the field of the camera, and
illuminated by the incandescent bulb shown in the foreground
of Plate I a. Using the graduated exposure a table was drawn
up for the relative response of the photocell és a function of
film exposure. The centers of the puffs were calculated as a
horizontal line about which the first moment of the exposure
was zero. In the four cases tested, this agreed with the
visual estimate to within 3 mm. of depth in the tank,

(Table 1, page 22). The tendency appeared to be to estimate
the displacement élightly too large. This may have been dué
to systematic differences in the appearance of the top and
bottom of the puff. Errors in velocities calculated from the
estimated displacements may thus be even léss than errors in

the displacements themselves.

Table 1. Comparison of visual estimates of displacement with
calculated values.

Calculated Estimated

L.6 cm. : L7 cm.
5.1 cm. S 5.3 cm.
3.8 cm. | L.l cm.

4.8 cm. 5.0 cm.
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2 DATA OBTAINED

2.1 Detailed Mixing
VA'AThe use‘of‘the output of the photocell as a means of
calculating the detailed physical mixing, requires juspifica—
tion. The quantity of light, scatteredvfrom the precipitate,
will depend upon the incident illumination, and upon the de-
tails of the scattering process. It will be proportional to
the volume of precipitate formed if the following conditions
are met:
a. The incident illumination is constant.
- b. The particles are large with respect to the maximum wave-
length of incident light.
c. The distribution of particle sige is uniform so that the
ratio of surface area to volume is constant.
d. The particle concentration is low so that single scatter-
ing only, need be considered.

To show that these conditions are met approximately,
consider two series of results, (Table 2, page 2L)e In one,
the initial volume was .40 cm? and the initial Velocity 9.4
cm./sec. In the other the initial volume was .80 cm? énd'the
initial velocity 34. cm./sec. The time for the photocell out-
put to reach a maximum was 7 sec. in the first case, and 1 sec.
in the second case. The two sets of.data were taken consecu-
tively over a period of six days. Relative to the first set,
an amplifier gain lower by a factbr 3/5 was used for the

second set to compensate for the increase in volume injected.
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Qﬁ signifies the maximum increment of photocell-amplifier out-

put above the background value.

Table 2. Proportionality between input volume and photocell

response.
oy Vol. QM/Vol. G Vol. @Qy/Vol.  Qy/Vol.x5/3

3.8 42 9.0 3.8 .88 L3 7.2
3.9 43 9.1 L.OY 7L 5.l 9.0
3.9, .42 9.3 3.5 .77 bu5 745
L.05 .50 8.1 3.9 .79 L9 8.2
3.0* .33 9.1 3.8 .80 4.8 8.0
3.2 .37 8.7 3.6 .78 4.6 7.7

av. 8.89 } .39 : av. 7.93 ¥ .57

std. dev. std. dev.

rhe_two sets of data represent quite different initial
conditions and different mixing processes as is shown by the
fact that the time to reach Qﬁ differs by a factor of seven
between the two sets. The constancy achieved in Qﬁ/Voi.:cgain
is not as high as could be desired.but is not unreasonable con-
sidering the nature of the experiment. The reduction in the
second set with reference to the first, may be partially attri-
buted to the increase of deposits on the windows with a conse-
quent reduction of light intensity.

The relative progress of the reaction is computed as

the ratio Q "Q'/Qﬁ — JIncrement of output over background
T Maximum increment -

which compensates for variations in illumination and changes in

amplifier gain.
Q@ is plotted as a function of time in Fig. 2. For

¥ These data were not used in plotting Fig.2. Their volume and
velocity do not match corresponding runs made in astratified fluid.
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similar initial conditions of volume and velocity, the data for
a uniform surrounding fluid, and for one with a density gradi-
ent, are plotted together.

In Fig. 3, Q 1s plotted as a function of t for two
experiménts which had the same initial conditions and no den-
sity gradient. In one however the solutions contained no salt,
while in the other both upper and lower solutions contained
about 6% sodium chloride'mixed thoroughly to a uniform density
of 1.038 gm/cm? From the figure, it is apparent that the salt
does not affect the formation of calcium carbonate to any appre-
ciable extent.;

2..2 Center Displacement

The displééémehﬁ z of the center of the puff as a
function of time is shown in Fig. 4. It requires no explana-
tion except to say that distances were measﬁred from the point
of injection in all cases, and the positions of the centers
were determinsa as described in section l.4. Again for similar
initial conditiohs of volume and velocity, the data for a uni-
form surrounding fluid, and for one with a density gradient,

are plotted together.

2.3 Horizontal Spreading

. Thevhdrizdhﬁéi‘épread of the puff is most meaningful
when plotted as a function of vertical displacement. For a
uniform surrounding fluid, the envelope of successive outlines

of the puff defines a cone. The outline of the cone was ob-

tained by superimposing successive exposures and observing the
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extremeties. The half angle of the cone varied from 159 to 219
and showed no systematic dependence upon the initial volume or
velocity of the puff. An example is shown in Fig. 5. The
successive outlines of the puff are not taken for equal incre-
ments of time.

For the caées where a density gradient was present,
this method could not be used since the vertical displacement
increases to a maximum and then decreases. The total horizon-
tal width of the puff, as defined by the extremities of the
precipitate, was measured on an enlarged image. This distance,
converted to actual distance in the tank, is called 2 r, since
a fair degree of cylindrical symmetry exists. The correspond-
ing vertical displacement of the center z, measured as previous-
ly described (Sec. l.4), Was then plotted against r. For given
values of initial volume, velocity, and density gradient, all
points were plotted on one sheet. The results are shown in
Fig. 6 where the outline only, of the extremeties of the experi-

mental points is shown.

3. ANALYSIS IN NEUTRALLY BUOYANT FLUID

3.1 Detailed Mixing in Uniform Surroundings

To obtain a.qﬁantity representative of the average
detailed mixing, free from the effects of chemical concentra-
tions and gross physical entrainment, the following concepts
are required:

(a) The total momentum of the puff is constant and equal to
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@oVovp, the iniﬁial density, volume, and velocity of the
puff. ’

(b) The total final volume of precipitate formed is propor-
~tional to the initial volume of fluid injected, |
(%“Vo)"

(¢) The instantaneous volume of precipitate is given by Qf
and the remaining unreacted chemical in the injected
fluid by Q - Q'.

(d). From (a) the volume of fluid entrained will be Vo(gg —l)

since the density is constant.

The original amount of chemical in the entrained
fluid (in terms of Q) will be proportional to Qu/2 (wo/w =1)
since, in terms of the reaction, the entrained fluid is only.
half as concentrated as the tank fluid. The remaining active

material in the entrained fluid will then be proportional to

Q&/Z(wb/w -1) - Qf.

If we let A represent the injected fluid and B the
entrained fluid, we can write fof the reaction rate:
dQ'/dt==ki(Total volume) (Concentration of A) (Concentration of B)
where kfis a function Whiéh represents the average state of

mixing between two fluids. This can be written:

dQ'/dt =k' (active material in A) (Active material in B).
S ' Total Volume

{1,a)
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Putting in the values,

dQ'/av = k' (g - Q') {Qﬁ/Z (wo/w - 1) - Q'}

Vo Wo/W (1,b)
Divide by Qy, let G'/Qy = Q, substitute V, for Gy
absorbing all constants of proportionality in k, to obtain,
dQ/dt = k(1-Q) [ 1-w/wo(1-2Q)] (2)

With the exception of k, the quantities in expreSsion
(2) can be obtained from the experimental curves and from the
slopes of the curves. The slopes are subject to considerable
error. At the point Q = .5, the dependence on w drops out and
dQ/dt is observed to vary slowly. A fairly accurate value of
k can be obtained in this range. UFor a single set of initial
conditions, k is found to be nearly the same at other values

of Q. An example is given in Table 3.

Table 3. Mixing function k calculated using the Slopes of
the mixing curves.

Initial conditions: V, = .42 cmd w, = 32. cm./sec.

Time (sec.) 3 S .6 .7 .8
Q .52 .76 .88 .9k .98 1.0
dq/dt 3.1 1.7 .90 45 .25 0.0
w/ Wy .16 11 .083 .068 .053 0.0
Kk 6.6 6.8 7.0 7.7 12

The last two values of k, 7.7 and 12., are determined

for Q = .94 and .98 respectively. In expression (2), the
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factor (1 -Q) is sensitive to small errors in Q when Q is near
to 1. The calculated value of k in this range, must be re-
garded With suspicion.

If we assume kK to be nearly constant, expression (2)

can be integrated numerically in the form

Q=k 4{?1—@) [1 - w/w, (1-20)] at. (3)

Equation (3) is not so sensitive to small errors in
Q and does not make use of the slopes of the Q-t curves.
These slopes are inaccurate, being obtained by numerical

differentiation.

Siﬁce w 1is ndt known in the early part of the range,
before two observations have been taken, the value of the |
integral is known only above a constant. This constant could
be found by assuming the value of k detefmined above at
Q@ = .5 to be correct, or alternatively to determine, for two
different times, what constant would méke k have identical
values. Since this is, to some extent, a distinct calcula-
tion from the pre#ious one, it has been used. Calculations
are shown in Table 4, page 30 for the same data as used
previously. (Table.3, page 28) The integrand in expression
(3) is called B. C signifies 4{§ﬁt, since t = .3 is the

earliest time for which w, and therefore B, is known.
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Table L. Calculation of mixing function k using an integral

expression for Q.

Timev(sec.) 3 : ol .5 .6 7
B 48 25 .128 .058 .021
£ ac I Sce Aot M rr S
Q .52 .76 .88 9L .98
K = Q/IItht 6.5 6.5 615 6.5 6.55
¢ was calculated by letting ¢ +é§§dt = const.
=t

Choosing two poihts at t = .3 and t = .6, this yields

052 = C * éﬁék from which ¢ = .08l. Over the range where @

and w are available, the computed value of k in Table L varies
by less than 1% from its value at Q = ,5. For the other sets
of initial conditions, k varied by less than 10% from its value
at @ = .5 in each case.

The average values of k computed by this method are

listed in Table 5 with the corresponding initial conditions.

Table 5. Mixing function k for various initial conditions.

Vo W, ' k
42 32, 6.5
.065 9.5 3.3
.82 55. 12.3
.80 9.l .86
A2 9.6 .95
.81 32. L5
'63 32. 508
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From equation (1) it is apparent that k has dimen-
sions t-l since Q is dimensionless. Since k is some function
of the initial conditions andApossibly the kinematic viscosity y
it may be possible to determine what function.

A least squares approximation done on the logarithms
of k, V, and wy yields the expression,

k = nm W%.53 va.55 . (L)
where m is a conétant. This gives\the approximate dependence
upon W, and V.

A dimensionally correct expression between k,z), Vo,
and w, consistent with the observations,.can be obtained if V,
is interpreted as a length instead of a volume. Since only one
nozzle diameter was used,-volﬁme and length are proportional.
In this interpretation, the relationship k = ml/‘%wg/z VS% has
the correct dimensions and fits the observations reasonably
well, as will be shown later. 1In Fig. 7, k is plotted against
w3/27=% and the constant my? is found to be .023. Putting in
the relationship between volume and length, we obtainx

k = .0050 32/ 273 (5)
where L, is the initial length of the injected qylinder.

A simple graphical method of finding an approximate
power laW’relaﬁionship between 3 variables, is given in Appen-
dix 1. This method was used initially to determiné equation
(4). By use of this method, Fig. 8 shows the agreement of the
data with equation (4). Fig. 8 also shows the agreement of

the data with an equation similar to (4) but with indices 3/2
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and -3 instead of 1.53 and ~.55.

The function k is a measure of the average state of
mixing which exists inside the puff. It does not involve
~gross entrainment or concentration effects. It must be re-
garded as an imperical relationship which serves to express
the experimental mixing'data in a compact form.

The action of turbulent motions in mixing two misci-
ble fluids can be thought of as a strétching of the initial
interface to produce a greater interfacial areé through which
molecular diffusion can proceed. Molecular diffusion tends to
reduce concentration gradients at the interface while turbulent
stretching tends.to sharpen these gradients and to increase the
interfacial area.

The experimental evidence that k is relatively con-
stant over the range in which observations have been taken,
indicates that, in this type of flow, the initial conditions
determine a relationship between the interfacial area per unit
volume, and the gradient of transition from one fluid to the
other. This relationship thereafter is relatively constant.
The variations in chemical reaction rate are determined by the
total volume occupied by the two fluids, and the undepleted

active materials in this volume.

3.2 Velocity of a Puff in Uniform Fluid of the Same Density.
The superposition of successive outlines of a puff,
penetrating into a uniform fluid of the same denéity, indicates

that the puff is contained in a cone of half angle approximately
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20 degrees, (Fig. 5) The values found varied from 15 degrees
to 21 degfees with an average value of 19 degrees. The vertex
of the cone is located at an indefinite distance from the tip
of the nozzle. No systematic dependence of this distance, or
of the cone angle, upon the initial conditions was determined.

If the shape of the puff remains similar, which is
foughly true, the fact that its outline is contained in a cone
implies that the turbulent velocities inside the puff must be
proportional to the velocity of the center of the puff with
respect to the surroundings. This is so since the turbulent
velocities are responsible for, and proportional to, the raté
of spreading. |

If all velocities are proportional to one another,
and remain éo, the flow is of the type called self-preserving,
and is independent of the Reynold's number providing this is
sufficiently large. For a self-pfeserving flow, the form of
the self-preserving fﬁnctions are universal for any one type
of flow, (Townsend, 1956)» It follows that a non-dimensional
plot of any two variables should show the same form for all
flows of a given type.

In Fig. 10 a plot of z/V(;‘/3 against t"wo/V(;/3 is shown
for ali the data obtained. The considerable scatter is attri-
buted to two factérs:

a. The flows are not self-preserving at the origin
and become so only after an interval of time and distance which

are not related in the same manner as they are after self-
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preservation becomes established.

b. The initial values V_ and w  separately relate to
the initial conditions and not necessarily to the flow after.it”:
has become self-preserving. ,

If we aséume self-preservation, a dimensional argument
yields an expression for the displacement and velocity of a
puff as a function of time measured from a virtual origin where
z2 =0, and w=9o¥ at t = 0.

..Since the density of the surrounding fluid is the same
as that of the puff, no buoyant forces are developed, and the
vertical momentum of the puff, which includes the injected and
entrained fluid, is a constant. Then |

Vw = const
Dimensionally Lk = ct, or L = ¢y t%,
where L can be any length typical of the puff depending on the
choice of ci. Interpreting L as the displacement from the
virtual origin,
Z2 = ¢, t% and w = th'%.

The line drawn on Fig. 10 as(2') % = 100(t'~ 2.5) vhere
Zi and tf are dimensionléss displacement and time corresponding
to the ordinate and abscissa of Fig. 10, indicates the trend of
the data.

It may be instructive to consider the problem from the
point of view of the turbulent energy density:E. We require,

in addition to the concept of self-preservation, the rate of

turbulent energy dissipation dE/dt. In a self-preserving flow,
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this is proportional toj@é/z, where L is a scale length typical
T _
of the turbulence, therefore proportional to Vl/3

1956).

s (Townsend,

. The rate of production of turbulent energy per unit
mass will be equal to the average rate at which a unit mass of

the puff loses energy, that is, to -'%E (3w).,

The turbulent energy equation becomes,

d_E.:'::..d 12 _B' E3/2 ‘
( v&/3 (6)

dt dt
. t ’
where B is a proportionality constant. Since turbulent

velocities are proportional to the mean center velocity,

E <> From momentum conservation, y~1/3 = wl/3 ..
(deb)l/3
Putting in these values,
2 2
dw” - -, dw" . 10/3
I At B w (7)

where A and B are constants.

Subject to w = w

W-h/B

o atvt =ty the solution is,

= ct + (w64/3 - cty) (8)

where ¢ is a constant.

- The values of w obtained numerically from the displace-
ment curves, Fig. 4, if plotted in the form w'l"/3 vs t, show
this straight line tendency except for a region where t is
small. An example is given in Fig. 11l.

The distance from the nozzle at which the experimental
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points start to follow theAfelation given, is largely con-
trolled by the initial length of the injected fluid cylindef,
if this length is large with respect to the radius. 1If 2z, is
this critical distance and L, is the original length of the
injected cylinder, z, = f(R)Lgy, where f(R) varies from 1 to 2,
increasing with increasing initial velocity. For one case,
where L, was nearly equal to the radius, the value of f(R) was:
8.1. It appears that in this case, the process of adjustment
to similarity conditions is altered. The values of ¢ in equa-
tion (8) are listed in Table 6, page 39, for the various
initial conditions.

3.3 Displacement of a Puff in Uniform Fluid of the Same Density

From the last section, (Sec. 3.2),-the displacement of
a puff follows the relationship Ze<t%_if 2 and t are measured
from the correct origin. This origin is not always well de-
fined by the cone thained by superimposing successive positions
of the puff. It can be determined more précisely by using two
nearby displacement values occurring after similarity conditions
are established, that is after the velocity begins to follow

L/3

the relation w ‘e t.

Consider two displacements, z, at t, and zy at ty,
where zp - z, = §, and is small with respect to z, and also
with respect to the displacement from the virtual origin. If
we repreéent displacement and time measured from the virtual

origin by z* and t , then zg -zé =& , and

bp =ty =Ly -ty =€
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From the virtual origin, vﬁ-h/B = ct’, and,
z ¥ = b t . Now,
c v |
x x b -
AR R (9)
- ¢

Expand the left hand side, discard a term in <82, let

x

Zy = 25 *+ § | and simplify to obtain,

(e f) () (G v8) = (kP £,

or approximately (z; f %)3 = (%)3_% . (lO)

The constant ¢ can be obtained from the slope of the
corresponding velocity curve, W"L*/3 = ¢t + const. and € and
$ are known. Hence z; can be approximatéd. This approximate.
value can be checked in (9) and small éorrections made if
necessary. |

The displacement of the virtual origin from the tip
of the nozzle is given by z, - za .'.These displacements wefe |
calculated from the data in Fig. 4, and found to vary from
-.58 cm. to 5.6 cm. No systematic dependencebon the initial
conditions could be observed.

This lack of system with respect to the position of
a virtual origin, is a feature which often occurs in turbulent
floﬁs (Hinze, 1959, page 216). This phenomenon may be due,
in the present case, to‘the fact that in initiatingithe floﬁ,
the apparatus presents several lengths and Velociﬁies, and

consequently many Reynold's numbers which become critical at
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- different mean velocities. This may influence the behav-
iour of the puff for a short distance. After the small
scale effects have had time to decay, the behaviour of the

puff will be controlled by the gross features of initiation.

A sample plot of zh against t is shown in Fig. 12.
No correction for a virtual origin of time has been made
since time is involved linearly.' The points follow a
straight line reasonably well except for small values of t.
In bne seﬂ (not shown) the equation is not obeyed. The iﬁie
tial conditions in this case were V, = .065 emd, and
Wy = 95 cm./éec. It is possible that similariﬁy conditions
are not reached in this case, at least not during the time

. x
of observation.

No systematic dependence of the slope of the straight
' L

line portion of the z*% ys t curve upon the initial condi-
tions has been observed. The same holds for the velocity

curves since the two slopes are related.

The values of the constant ¢ in equations (8) and

(10) are listed in Table 6, page 39, together with the corres-

o ponding initial conditions.

X This is the same set which showed anomalous behaviour with
respect to the velocity law (Equation 8, page 35). This

set had a Reynold's number (wa%/B/p) equal to 380, the

lowest used. For other runs, Reynold's numbers ranged from
870 to 5100. :
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Table 6. Values of slope constant in velocity and displace-

ment curves.

v, cm> w, cm./sec. ¢ cm:A/Bsec%/B
42 32. .82
.82 55. 2e5
.80 ‘ 9.4 .68
.42‘ 9f6 1.3
.81 32. 1.8
.63 32. .90

L ANALYSIS IN STABLY STRATIFIED SURROUNDINGS

L.l Motion Across a Density Discontinuity

4 volume V, of fluid of density @, if injected down-
wards into a uniform fluid of greater density‘?Z will experi-
ence a constant buoyant force equal to VO(GZ - Po)g, as can
be seen by the following: | |

Increase in mass = mass entrained.

or d(€V) = @, dV i PdV + V d€ = G;dv s dV/V = de/(?é;e)

Subject to V = Vj when €= € , the solution of this
is V(e,-@) =V (e -€).

Z o

The buoyant force V(?Z-e)g is therefore given by
Vol(€, -@)g and is constant. This is understandable since
any entrained fluid contributes no buoyant force whatever.
The time for such an injected puff to become sta-

tionary is readily calculable by setting the momentum loss
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‘equal to the initial momentum to obtain
ot = (POWO?/(?Z-PO)g .
To obtain the depth of penetration would require a
knowledge of the entrainment rate.

L2 Motion in a Uniform Stratification

Whefé the surrounding fluid hés a density which in-
creases with depth, the buoyant force is also a function of
the entrainment rate. The additional notation used in this
section is given below:

e instantaneous mean density of the puff
Z instantaneous'depth of the puff,
Gb hean density of the puff at the point of injection Zo'
Péo density of surroundings at the point of injection Z,.
@, mean dehsity of the puff at the point of maximum
,penetrétion Zm; |
FEm density of surroundings at Zm.

¢, density of the soundings at depth Z.

~density of puff and surroundings at the point

eq = €zeq

where the puff eventually comes to rest Zeq'
Although in recordihg the data (Fig. 4), Z, was taken
as zero, and displacements measured from ﬁhis péint, it is
convenient in this section to refer to displacement from the
point of injection as Z - Zo. |
The changes which a fluid puff‘undergoes when inject-
ed verticaily downwérds into a similar fluid with density

stratification are as follows: Assuming Po = ezo’»

the volume
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increases by entrainment of surrounding, more dense, fluid
with resulting increase of average density. The kinetic
energy decreases from losses due to entrainment, and from
work done against the buoyant forces. The potential energy

. of the puff, zero at the start, increases, since it 1is neces-
sarily positive ét the point of maximum penetration due to
the density differencéAbetween the puff and its surroundings.
After coming to rest, the puff rises under buoyant forces,
usually overshoots the equilibrium position, and eventually
comes to rest at some point below the point of injection.

The éxperimental displacements, measured from the
point of injection, are .plotted against time in Fig. 4 for
the various initialiconditions,
| From the measured displacements, an estimate of the
instantaneous velocity cankbe made. The density of the sur-
rounding fluid increases neariy linearly with depth at rates
varying from .0025 to w0031 gm./cm¥ :Initial values of volume
and velocity are known. '

From the data it is possible, in principle, to deter-
mine the'volume and density at all times by numerical methods
as follows:

Decrease of momentum = mean buoyant force x time,

AN (envnwn) = '(ez+% _en) Vng at, wheré ?z‘+% is the mean
density of the sufroundings during the time interval A't.
From this we can obtain the momentum at the next observed

point (@Vw) From this obtain the mass at n+l by dividing

n+l*
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by the observed velocity w The volume of fluid entrained

n+l*
DV is equal to (mass change/mean surrounding density). Then
Pn#-l = envn"' ?Zf_

Vnel

This process can be iterated using mean values of vol-
ume and density in the interval, to calculate the momentum
loss.

In practice, the method does not work well because
the momentum is not known precisely at any one time. The time
of injection is an appreciable portion of the time for the
whole process. Some entrainment of fluid occurs before the
puff has attained its ﬁaximum velocity, hence the initial con-
ditions are not known exéctly. Similar objections apply to
working backwards from the point of zero momentum at~Zm. The
precise time at which w is zero cannot be determined. Several
trial calculations were made but proved so sensitive to small
changes in initial conditions that no reliance éould be
placed upon them.

In the lack of detailed information on instantaneous
Qolume and density, the following section gives a method of

calculating the minimum value of the potential energy at Zm.

L3 Potentlal Energy of a Puff at Max1mum Penetratlon

| To obtaln a minimum estimate of the potentlal energy
of a puff at Z, the following assumptions are made:
(a)- Assume the density of the puff at Z, is equal to the

density of the fluid at the level where the puff eventually
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comes to rest (€, = Pzeq)‘ This must give a maximum value
for the density of the puff at Z, since the greater part of
the ensuing path is through fluid of greater density than
eﬁeq’ and the puff must end up with a density of Pzeq'
(b) Assume the volume of the puff at Zm is determinéd from
mixing of the initial volume V, at density €, with fluid of
the maximum_density'encountered, that is-?zm. This yields
the smallest volume of the puff and therefore the smallest
potential energy consistent'with assumption (a).

To examine whether assumption (a) gives a minimum

value for potential energy, consider the potential energy,if

the density of the puff at Z, is less than @

zeq (it cannot

be greater). In this case the equilibrium point'will not be
at Zeq but‘at‘some higher point Z,.

The potential'energy is given by,
.2m

PEw=_Z;Vg (627-Gh) dz A (11)
€p = @, and 6, = €, + (2 - 2,) d€/dZ, since d€/dZ is
constant. Making these”sﬁbsﬁituéions, and evaluating the
integral, we obtain,

PE = 3 Vg (2, - Za)2 de/dz. (12)
To obtain an equation fornPE in terms of €, and
known quantities, we require the relatiqn between depth and
density,

Zy - 29 = (@ - em) )
46/4z (13)
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and also an expression for V determined from assumption (b),

Ve = VOPO + sz ?V - Vo?’ from which

VaV, (G -0 (1)
(sz - Pm) _
Substituting (13) and (l4) into (12) we obtain after
simplification, ‘ |
PE =V, (P, - &) (6, -€) &.
- 2défaz - (15)

it is apparent that the minimum vaiue of PE will be
obtained when @, has the greatest value consistent with the
observations, that is when € = Peq'

The computations were made using the observations on |
a single puff, and not the averaged vaiues of several obser-
vaﬁions as shown in Fig. 4. This applies to all the compu-
tations in this section where the critical points were used,
and accounts for .the fact that the number of plotted points
in Figs. 13, 15, 17, and 18, is greater than the number of
curves in Fig. 4.

The scatter in the individual observations as indicated
in Fig. 4, is only partly due to variations in input condi-
tions and errors in observations. Even in cases where the
input conditions were nearly identical as far as could be de-
termined, considerable variations in displacement were noted.
The progress of the fluid puff appears to be influenced to

some considerable extent by conditions in the fluid which are
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beyond immediate control, and the observations are valid only
iﬁ a statistical sense. Since, in any real case, these small
perturbations will be present, the resulting scatter must be
regarded as an essential part of the observations.

| Calculations have been made from the data.using equa-
tion (15) with ? substituted for’e This minimum value of
potentlal energy at maximum penetration had been compared with
the initial energy at the point of injection (the sum of ini-
tial kinetic and potential energy when the latter was not

zero), to form the ratio

potential energy at maximum penetratlon
1n1t1al -total energy

In order to show the results in the most general
manner possible, a dimensionless ratio is made up from the
initial conditions which might be expected to influence the

flow. These are €, g, d€/dz, and V. ' The kinematic

0’
viscosity has been omitted since the Reynold's number is
sufficiently high that it is not expected to affect the flow.

A suitable dimensionless combination is € w2 which

s ae/az v/

involves a comparison between kinetic forces and buoyant
forces. This dimensionless form has a resemblance to the
reciprocal of the Richardson's number, differing from it by
the replacement of (du/dz)2 By wg/Vg/B, and will be referred
to as 1/Ry. | |

Ali dimensionless ratios obtained are plotted as a

function of the reciprocal of this Richardson's number, and
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will vary with it in the same general manner as if it were
the usual Richardson's number. The actual numerical values
of l/Ri given in Figé. 13 and following figures, bear no re-
lation to the values of reciprocal Richardson's number which
might be found in practice. |

-In Fig. 13, the ratio of the potential energy at
maximum penetration to the initial total energy is plotted
against l/ﬁi.A The points are distinguished as to the initial
volume, and, when plotted in this manner, show no variation
of the ratio with initial volume.

The results ihdicate that as much as.20 percent of
the initial energy appears as potentiai energy for small
values of 1/R;. For higher values of 1/R;i, the ratio de-
creases rapidly, and approaches zero for l/Ri approximatély
equal to 1000.

For an initial velocity of 54 cm./sec. the puff showed
. no perceptible rise after reaching the point of maximum pene-
tration. At this velocity, the puff dissipates rapidly, and
cannot be observed for long. Since the equilibrium position
is not known, no value can bevassigned to the energy ratio in
this caée. It cannot be zero, however, but must possess some
small value. The density gradienﬁs used were all very nearly
the séme at about .003 gm-/cm% so the principal part of the
change in R; is due to the variations in initial velocity and

volume.
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L.L Effect of a Puff Upon the Surrounding Fluid

_Regarding thé alteration of the dénsity structure of
the ambient fluid by a penetrating puff, the information we
should like to obtain is, (a) what part of the initial energy
is_dissipated in altering the density structure, and (b) where,
with respedt to the point of origin, does this alteration
occur; |

Exact calculation of the effect of a puff on the sur-
roundings is not possible since the details of entrainment
along the path cannot be made with any precision.‘ An approxi-
mate value for the energy lost to the density stratification;ﬁ
and for the location of this dénsity alteration, can be obtain-
ed using the same assumptions as were used before, that is,
that the equilibrium density is achieved by mixing of fluid
from the path extremeties at Z, and Z;,.

In this approximation, the effect upon the surround-
ings is as follows. A quantity of fluid V, is removed from

depth Z,, mixed with sufficient fluid from depth Z, to produce

a density Peqa and the total volume deposited at 2, The

q.
fluid above-Zeq will rise slightly to replace that removed

from Zy. The fluid below Zg, will fall to replace that re-

q
moved from Zp. A sharp grédient will be produced at Z, and at

Zpe A shbrt region of uniform density will be produced at

Z Fig. 14 is an exaggerated illustration of the altera-

eq*
tions in density stratification produced by such a puff. The

solid line represents the original linear density gradient.
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The cross hatched areas represent, in exaggerated form, the
alterations produced by the puff; under the assumption of
mixing at the maximum depth only. The dashed iine represents
the probable alterations in density structure which would be
produced assuming entrainment along the entire path. In
actuality, since the tank is large with réspect to the puff,
Ithe discontinuities athO and Z, are very small, as is the
uniform portion at Zeq' |

| Referring to Fig.‘lh, the areas A and B are equal
sinée thelarea under the curve must remain unchanged. This

can be expressed as follows:

0ne, (Zeq' z2,) = £@ (2 -2,.)  or,

m eq’
HPy = Iy - %eg
Ay ZegmLo (16)

The ratio (16) is also equal to V,/AV, where AV-:is
the volume of fluid removed from Zm. This can be seen by
use of equation (1l4), page 44, and some algebra, setting
€, equal to ?eq.

The ratio in (16), which represents the initial vol-
ume divided by the volume entrained at Zy, from assumption (b)
Sec. 4.3, has been calculated for the various initial condi-
tions and is shown graphically as a function of l/Ri in Fig.
'15. The ratio (16) has an approximate value of 2 for l/Ri
equal to 30, and drops to less than 1 for 1/R; equal to 500.

For l/Ri equal to 1000. which cdrresponds to an initial
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velocity of 55. cm./sec. and initial volume of .80 cmg, the
puff was not observed to rise. (Fig. 4L c¢) The calculated
ratio is therefore zero. Actually there must be some.small
rise and a small finite value for the ratio (16).

Fig. 16 is a piot of the experimental values of maxi-
mum penetration Z, and equilibrium depth, Zeq’ obtained from
the same data as were used to produce Fig. 4. The depths
are plotted against initial velocity. NQ’systematic depend=-
ence of these depths upon the initial volume was observable.
Figs. 15 and 16 are related through equation 16, page 48.

The work done upon the surrounding fluid can be cal-
culated in this simplified pictqre as follows: Referring to
Fig. 14, the work done will be equal to the work‘required to
restore the density gradient to its originel linear form.
This will be the work required to carry the product of density
defect and volume represented by region B to the position of
region A. This product is independent of the size of the
tank, provided the tank is sufficiently large. In the actual
case, Aea and AQb will be small, and the volume large. The

uniform density region at Z,, will be negligibly small with

q
respect to the other distances involved. Let Ee represent the

work required, then

Z

Ee = (tank cross section) A?a (Z x

eq o)

(ze - Z, 4 Zm—Ze')g.
2 2 ‘ (17)

Consider a unit cross sectional tank area and unit
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volume injected. Thévfluid above Zeq must rise unit distance
to replace the displaced volume. Then é}?é = d /dZ and (17)
becomes, :

Ep = de/dZA(Zeq -Z,) (Z, - Zo)'% , per unit V_, (18)

From equation (18) the Values of E have been calcu-
lated from the original data.‘ The ratios Ee/EO, where Ej is
the initial total energy of the puff per unit volume, were
computed and the results are plotted in Fig. 17 as a function
of the reciprocal Richardson's number.

The variation in thié ratio with l/Ri is small. At
low values of l/Ri, where the penetrations are small and re-
lative errors in measurement are proportionately large, the
points are badly scattered. At higher values of 1/R; the
points are well grouped near to a value of .03. As a repre-
sentative figure, we could say that approximately 3 percent
ofvthe initial energy is used to alter the density stratifi-
cation, for the range of Richardson's number covered in the
experiment. |

4;5 Transfer Coefficient

Strictly speaking, a transfer coefficient has little

- meaning for the single displaced puff or fluid. Nevertheless,
computations can be made of the transfer of density differ-
ence during the lifetime of the puff, and the results of these
-computations can be compared for the various initial condi- |
tions of volume and velécity.

As has been shown in the preceding sections, and
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making the same assumptions as before of mixing at the'path
extremity Zy only, the result of the puff is the following.
A volume of fluid V, is removed from position Z,, mixed with
fluid at Z, to make a total volume V, and the whole is de-

posited at Ze This amounts to moving a volume V, from Z0

qO

to Zeq’ and a volume AV from Z, to Z The product of mass

q.
difference and distance transported will be given by

DML =V, (B - Coq) (Zeq-2o) +BV (€ - 1) (Z;-2,)-

eq
(19)
By use of equation 16, page 48, and the fact that
the density gradient is linear, (19) can be written
AML = - [(z ~2)°% o+ 2. -2 (Z -2 )2]1(3.‘
= eq” “ Z?Q.Z-é' m ~ “eq’ 7
‘ m =~ “eq | (20)

If we let Ké be a net density transfer coefficient

‘for this process, such that

AML = -K; d€ then, v (21)
T az | -
1

»where Kﬁ has dimensions L2. These net density transfer co;_
efficients have been caléulated from the original data for
single experiments. Ké is made dimensionless by division by
Vg/B and is plotted against the dimensionless recipfocal
Richardsonfs number in Fig. 18. The‘values range from 1
where 1/R; is approximaﬁely 30, to 35 when 1/R; is approxi-
mately 1100. 1In the range covered, K}'l/Vg/3 varies nearly
linearly with 1/R;.
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Another dimensionless ratio which can be made up from
the density gradient data is the ratio of the equilibrium dis-
tance Zeq - 2, to the distance of maximum penetration Z,  -Z,.
This ratio is plotted in Fig. 19 as a function of the recip-
rocal Richardson's number. The ratio approaches 1 when l/Ri

is approximately 1100. It falls in a roughly linear manner

to a value of .4 when 1/R; is approximately 30.

5 COMPARISON OF NEUTRALLY BUQYANT AND STABLE SURROUNDINGS

5.1 Horizontal Spreading

"‘Figé;-S-éhé.é éﬁéw the horizontal spread of a puff in
‘both uniform and stably stratified surroundings as a function
of vertical displacement.

If the horizontal extension is plotted as a function
of time, (not shown) the curves obtained for uniform and
stably stratified sﬁrrdundings fall very closely together for
the same initial conditions of volume and velocity. This
fact can be observed in Plate II where two puffs with nearly
the same initial conditions penetrate a uniform fluid (upper
~strip) and a stratified fluid (lower strip). During the
active motion of the puff, the radii in the two cases are
nearly identical. After the motion ceases, the puff in Stra-
tified fluid spreads at its own density level under the influ-
ence of gravity, indicating that its density is relatively
uniform throughout. This can not be seen in Plate 11 since

the photographs do not continue to that time.



53

5.2 Vertical Spreading

No réadings Wefe made for vertical spreading due to
the Aifficulty in delineating the upper boundary of the puff.
The last few frames on Plate II indicate that the vertical
extent of the puff is reduced relative to the puff in neutral
surroundings. This reduction does not appear to commence ﬁn—
til after the puff.has reached its maximum penetration. Once
the puff commences to rise however, the vertical extent de-
creases relative to the neutral case. The net result is that
the volume of the puff in stable surroundings is reduced over
that in neutral surroundings roughly by a factor of 2 by the

time the equilibrium position is reached.

5.3 Energy Loss

N A‘compafison can be made between the energy of a puff
at the point of maximum penetration, and the energy of a
similar puff in neutral surroundings at the same elapsed time.
The time of maximum penetration t, 1s read from the data for
a stratified fluid in Fig. 4. The velocity of the puff in
uniform fluid at the same time is computed numerically from

the same figure. The ratio Kinetic Bnergy at tm = KBgp ¢
Initial Kinetic Energy KE,

simply the ratio of Velocity at ty = since momentum is con-
Velocity at tg4

served. Dividing the ratio plotted in Fig. 13 by the ratio
above, for the same initial conditions, we obtain

PEm = Potential energy at maximum penetration

KEtm Kinetic energy at same time in neutral surroundings'
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These energy ratios are plotted in Fig. 20 as a func-
tion of reciprocal Richardson's number. Except near l/Ri
equal to 1100, where the ratié PEm/KEtm has a value approach-
ing zero, the’points are scattered with a mean value near to
.8. As has been mentioned previously, in the experiment with
high reciprocal Richardson's number, the puff dissipated
rapidly, and was not obser?able for long. It may, therefore,
have had a higher value of PEm/KEtm at l/Ri equal to 1100
than is shown in Fig. 20. Since the values of potential
energy were derived from a minimum expression (equation 15,
pége Li), it seems probable that the actual value of the ratio
in Fig. 20 does not differ greatly from 1 over a large range
of Richardson's number.

This épproximate equality of energy content between a
pﬁff in neutral surroundings and one in a density stratifica-
tion, at the time when the latter has become stationary, im-
plies that they have lost nearly the same amount of energy to
turbulent motions. This is rather surprising, in view of the
fact that the velocities in the two cases have beenrconsider-
ablyldifferent as can be seen by the relative displacements in
Fig. 4. This subject will be considered further in the next
section.

5.4 Detailed Mixing

In Fig. 2, the detailed mixing curves for a puff pene-
trating neuﬁrally buoyant and stable surfoundings are plotted

together to permit direct comparison. From the accuracy of
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observation, as indicated by the standard deviation marked on
the curves, and the number of observations taken, it is appar-
ent that little distinction can be made between the two sets
of results.

In equation 2, page 28, if w/wO is replaced by its
equivalent VO/V, the equation is valid for stable as well as
neutrally buoyant fluid, since we are no longer implying the

conservation of momentum. The equation becomes,

4 = k(1-Q) [1 —Vo(l—ZQ)]
dt | - (23)

From the éimilarity between the mixing curves, (Fig. 2)
we know that dQ/dt, (1-Q), (1-2Q) are not greatly different in
the two cases. Also, since k is a function of the initial con-
ditions which are the same, and of the turbulent energy avail-
able to mix the two fluids, which does not differ greatly at
the point of maximum penetration, (Fig. 20) k must also be
substantially unchanged. This implies that the ratio V. /V is
not greatly altered by the presence of the stratification.

We can infer from these facts, that the entrainment
in the two cases has been substantially the same up to this
time, and that the details of the mixing process have not been

greatly altered by the presencé of the density stratification.

6 DISCUSSION

6.11 Mixing Length

Mixing-length theories of turbulent transport processes
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assume that a lump of fluid, when displaced, will retain.its
identity for a certain distance before mixing with its sur-
roundings. They try to account for the transport process in
terms of this mixing-length.

In aésuming that observations of the behaviour of an
isolated volume of fluid moving relative to quiet surroundings
can lead to useful information on the behaviour of a turbulent
fluid, we are implying that the mixing-length idea has more
than a formal significance.

Mixing-length theories are among the first theories
which attempt to account for diffusion in a turbulent fluid,
and are discussed by Hinze (1959), who states (page 275):

4"A complete solution of thehtransport problem can be expected
énly if there is complete knowledge of the statistical func-
tions deécribing the turbulent motion. As long as such a com-
plete knowledge is lacking, any solution of the transport pro-
blem must be incémplete and, at best, approximate."

While no one believes that a miXing-lengthmtheory can
be correct in detail, it has proven successful in yielding
useful semiempirical relationships. More modern theories have
not yet advanced to a stage where they can replace the mixing-
length where practical aﬁswers are required.

6.2' Momentum Conservation and Ratio of Transfer Coefficients

In considering the motion of a moving puff in néutrally
buoyant surroundings we have made use of the fact that the

total momentum is constant in the absence of buoyant'forces.q



57

The total momentum involves the momentum of the injected and
entrained fluid. If some of the entrained fluid does not mix
with the injected fluid, it will not be visible in the experi-
ment, and the momentum of the visible portion will be re-
duced.

A series of measurements of volume and velocity of the
moving fluid were made. Volume measurements are difficult to
make from a series of photographs, so the results serve only
as a rough guide. From these measurements, the momentum in
the visible moving puff was conétant within 25 percent during
the time the puff was visible. The measurements are not in-
consistent with a constant momentum.

In determining an expression for the displacement of
a puff in neutral surroundings, the assumption of a constant
momentum was used. The agreement between this expression and
the experimental points is shown in Fig. 1Z2.

While the preceding two paragraphs indicate that the
-sharing of momentum is accompanied by mixing, a strict applis
cation of this principle would lead to difficulties. Equation
22, page 51, gives an expression for a density transfer co-
efficient for a displéced puff of fluid in stratified sur-
roundings. If, in addition to being stratified, a uniform
velocity gradient were present, the application of momentum
sharing only by detailed mixing, would result in an identical
expression for a momentum transfer coefficient. -It appears

therefore, either that a moving volume of fluid can lose some



58

momentum to its surroundings without mixing with them in any
way, or that the difference between the transfer coefficients
for density and momentum depend upon something more subtle
than can be shown by the decay of a single puff.

Recent work (Ellison and Turner, 1960) indicates
that, in uniform fluid, the ratio of the transfer coefficients
KH/KM has a value near to 1.3. In a fluid with density stra-
tification, Ky/Ky falls to small values. If we consider the
possibility that a displaced volume of fluid can exchange
momentum with its surroundings without mixing, the variations
in Ky/Ky can be understood qualitatively.

Let C be the instantaneous average concentration of
some property in a displaced fluid volume, and C, the concen-
tration of the same property in the surroundings at depth Z,
Then C,-C is the difference in concentration between the dis-
placed fluid and its surroundings. If V is the volume of the
displaced fluid, the total transport of the property by the
puff will be given by T :Z%(CZ—C) dz. (24)
In (24) the integral is taken over the path of the puff to
the point L where the puff comes to the average velocity of
the surroundings.

If the concentration C is determined completely by
mixing with the surroundings, then C will be a function of V
and C,, and will be the same for any property if we neglect
molecular diffusion. If, as we are supposing to be the case

with momentum, some means exists of reducing the difference
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C,-C without mixing, then with V having the same values as
before, C,-C will be smaller and T will be reduced. This
would give a ratio for KH/KM greater than one.

In a density-stratified fluid where the displaced
fluid will penetrate a certain distance and then reverse di-
rection, dZ will change sign but C,-C will not do so immedi-
ately. The sign of the integral will be reversed for a dis-
tance which will be greater as C,-C is greater. It is easy
- to visualize a case in which‘the total value of the integral
will be larger if C,-C is relatively small. We can suppose
that this is the case with momentum, giving small values to
the ratio KH/KM as the stratification becomes great and mixing
lengths reduced.

Examination of equation(?@):and considering vertical
momentum as the property being transported in a uniform fluid
of the same density, we obtain T =/é/%(wz-w) dz, where w
is the velocity of the puff and w, is the veiocity of the
surroundings which is equal to zero in still surroundings.

If momentum is conserved, the integrand in (20) becomes -Vw,
a constant. The path of integration will have no limit and
T becomes infinite.

We must conclude, therefore, that vertical momentum is
not exactly conserved in the puff throughout its history. The
expressions for velocity and displacement of a puff in uniform
fluid of the same density obtained in sections 3.2 and 3.3 are

then only approximately correct. The agreement of the data
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with equations (8) and (9) as shown in Figs. 11 and 12, in-
dicate that the assumptioh of momentum éonservation in the
puff is justified over the range of observétion, where the
momentum is apparantely large with respect to the losses.
If it were possible to continue observations to longer times,
the experimental poihts in Figs. 11 and 12 must fall below
the straight lines indicated. |

If vertical momentum is not conserved, it seems
reasonable to assume that the horizontal momentum of a puff
of fluid penetrating a region of variable mean horizontal
velocity should not be determined entirely by the horizontal
momentum in the fluid entrained. The difference in horizontal
vélocity between the puff andlits surroundings will be less
than calculated strictly by mixing, and the value of C_,-C
in equation 20 therefore smaller when C refers to horizontal

velocity than when it refers to a property such as temperature

or salinity.

6.3 Turbulent Energy Dissipation

v-‘Some arguﬁeﬁtsth'thé éffect of density stratification
upon a turbulent fluid (Bolgiano, 1959) imply that the energy
transfer from turbulent motions to density stratification
occurs over all length scales of turbulence, and might form a
considerable,ﬁortion of the total loss of turbulent energy.
In this case the total viscous dissipation would be consider-
>ably reduced. The results of the expefimental work reported

here, in particular Fig. 17, do not support this view.



61

Fig. 17 indicates that only-about 3 percent of the total
energy goes to potential energy of the stratification.

The observations of'mixing rate indicate that the
molecular mixing, which is closely associated with viscous
dissipation, is much the same when the surrounding fluid is
stratified and when it is not stratified. Observations of the
puff show that it behaves as a unit which suggests that it is
mixed to a fairly uniform density and that the smaller tur-
bulent scales are not influenced to any great extent by the
stratification.

In section 3.2 it was shown that.the assumption of
momehtum conservation and similarity lead to an equation of

the form '
w'L*/3 = ct, A (25)

Where w is the velocity of the pﬁff, t is the time, and c
is an experimental constant. |

In a turbulent fluid, if the Reynold's number is
sufficiently large, the flow is independent 6f Reynold's
number. The only factors which enter into the rate of‘tur-
bulent energy decay will be the turbulent velocities and the
scale of turbulence. Dimensional homogeneity then réquires

that the rate of-decay‘of turbulent density will be given by
2 3

dw W '
it °“ 1T  (26)

where w now represents turbulent velocities and L is a scale
length.

To demonstrate that an isolated puff satisfies equation
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(26), consider-that the turbulent velocity is given by w in
(25). A suitable scale length will be the radius R of the

puff- equal to "z tan gcwhere z 1s penetration and o is the
half angle of‘the cone of expansion of the puff. Integrating

w in (25) to obtaln z, and comparing dw2 with w3
dt Z - tan°¢

: 2
we obtain, dw = 6 tan o WB. (27)
: dt R

The experimental value of o was near to 19° which
makes 6 tan o equal to 2 approximately. .The value of this
constant depends upon what is chosen as a suitable scale
length. The figure 2 is of the séme order of magnitude but
somewhat larger than is associated witn a decaying turbulent
field. |

The foregoing remarksvimply that if a turbulent field
were built up of randomly oriented moving puffs of fluid such
as have been studied in thistexperiment, it would have many
of the properties actually found in a field of turbulence re-
sulting from a shear flow.b The results of a study of isolated
puffs can perhaps be applied'with éome confidence to an actual
turbulent flow.

6edy Turbulent Enercy Productlon

The productlon of turbulent energy per unit mass can

j be shown (Hinze 1960, page 65) to depend upon the term

- Ujujy us;u;oU, /bx In a two dimensional case with mean flow U in
the horlzontal direction éndla ﬁelOcity gradient 0U/dz in the

vertical direction, this becomes - TUw oU/dz | | (28)
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where the lower case letters refer to turbulent velocity com-
ponents and the upper case to mean values.

Consider a steady state of turbulence established in
a uniform.fluid where the production is counter-balanced by
diffusion, by loss to pressure fluctuations and by loss to
viscosity. Now consider that a density gradient is set up.
'vOﬁe effect of the density gradient, as has been shown by the
experimentai.work (Sec. L) is that the vertical motion w is
partially reversed by buoyant forces. The partial reversal-of
w will result in partial reversal of the~sigﬂ of (28), which
will be greatly reduced. 1In addition, there will be a small
but significant loss of turbulent energy to the density stra-
tification (Sec. 4.4). Although the diffusion and viscous
dissipation of turbulént‘energyzwill also be reducéd, the net
effect of the density stratificatioh will be that the turbu-
lent energy will establish a new equilibrium at a much reduced
level. v‘ |

It is possible to make a roﬁgh estimaﬁe of the effect
-of the density gradient upon'the turbulent energy production
if we assume that the stratification influences ohly the ver-
tical motions. A figuré representétive of the total turbulent
energy produced by a puff will be ;uzn0U/bz, wherelzn is the
net displacement of the puff, equal to the largest observed
displacement in the case of a uniform surrounding fluid, and

equal to z q (Sec. L.2) in the case of a stratified fluid.

e

The ratio zeq/zn, which represents roughly turbulent
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energy production in (stratified fluid/uniform fluid) varies
from .1 when l/R:.L (Sec. 4.3) is equal to 30, to .8 when l/Ri
is equal to 1100. '

6.5 Turbulent Scales
' ."The scale of the turbulent motions are commonly des-
cribed (Hinze 1960) by either a Lagrangian scale or an
Eulerian scale. If u(xy) is themvelocity component of a par-
ticular particle of fluid at position x', and u(x’+x) is‘the_
velocity component of the same particle'at some later time

when the particle is at x'+x, then the Lagrangian scale is

given by oo '
’)// u(x')lu(x'+x) dx
°© (u(x’)) (u%x'4x» (29)

Nj~

Where the integral is taken over a large number of realiza-
tions of the product average.

The Eulerian scale is given by an expression similar
to (29) but the averages are taken over different-?articles
at the sahe instant of time;

We are concerned here with particle movements along
the axis of the puff, that is, in the vertical direction.
FIn order to obtain an estimate of the ratio of Lagrangian

scale/Eulerian scale, we will take the denominator of (29) in

2

each case to be equal to Ut .

From equation (25), page 61, we can obtain an express

sion for w in terms of gz, w o= az™>

(30)

where a is a constant.
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Substitution of this value of w for u in (29) yields
Lagrangian scale = z{///;EB dz, which, when evaluated is
equal to z/2. | .

The Eulerian scale can be approximated by considering
that as we measure instantaneous velocities in a puff the
correlations will be high as long as measurements are made in-
side the puff. When the boundary is reached, the correlation
will drop to zero. The Eulerian scale will therefore be
approximately equal to R or to 2y tan o where o¢is the half
‘angle of the cone of successive outlines of the puff and
approximately equal to 19°.

The ratio Lagrangian scale/Eulerian scale is therefore
approximately equai to 1.k

‘The relationship between the Lagrangian and Eulerian
scales is discussed by Corrsin (1959). Hinze (1960) (page 49)
states that the two scales are roughly of the same magnitude.

No estimate of the expected accuracy of the results in
terms of the errors in the measurement of the détermining
parameters has been given. As was stated in Sec. 4.3, page Li,

the error in the results is dominated by statistical scatter.

© A significant improvement in accuracy can be achieved only by

greatly increasing the number of observations.
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7 SUMMARY AND CONCLUSIONS

Turbulent transport mechanisms in a density-stratified
- fluid have been studied by comparison of observations of a
puff of fluid projected vertically downwards into a tank con-
taining a stratified fluid, with similar observations of a |
puff penetrating a uniform fluid of its own density. The in-
Jjected and tank fluids contained chemicals which produced a
finely divided precipitate when mixing occurred on a molecular
scale. Observation of this precipitate, both as to amount and
position, permitted estimates of the detailed mixing process
' occurring between the injected and ambient fluid, and of the
progress of the puff as a whole.

The results of the observations taken with a uniform
surrounding fluid show that the velocity of the center of the
puff obeys the relationship wfh/B = ¢t + const. after an ini-
tial period of Orientation. This relationship can be obtained
bby assuming self-preservation of the puff, which meéns that a
ymoving equilibrium is set up in which all velocities remaih'
proportional.

From the variatioh of velocity and scale with time,
the energy decay rate per unit mass is shown to be %%%x.%B'
where L is a length typical of the puff. The same energy
decay rate per unit mass holds in a turbulent fluid (Townsend,
1956). This implies that a fluid with a large number of ran-
domly oriented puffs would have many features in common with

a naturally turbulent fluid reSulting from a shear flow, and
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that calculations made on the basis of isolated puffs can be-
applied with some confidence to a turbulent fluid.

Since the puffs can Be,observed closely throughout
their history, it is possible to determine the rate at which
they mix with the surroundings, how this mixing proceeds in-
side the puff, and the details of motion of the puff as a
whole. In a turbulent fluid, the effects of all scales of
turbulence are superimposed, and turbulent velocities have all
directions. Thus only the integrated effects of all scales
and orientations can be observed. |

For these reasons, it is possible to obtain estimates
of detailed mixing and energy changes as a function of the
determining parameters which can not be obtained from studies
of a turbulent fluid directly. Numerical values for quantities
useful in turbulence theory have thus been obtained which were
previously unknown to an order 6f magnitude.

In order to display these values in the most general
manner, they are expressed in terms of dimensionless ratios,
and plotted against a dimensionless combination of the initial
conditions which resembles the reciprocal of a Richardson's
number. ~This number is given by 1/Ry = o . Tt can
be thought of as the ratio of inertial g 3z
forces to buoyaﬂt forces. In the experiment'l/Ri varies from
37 to.1140, changes in the initial velocity and volume being
the principal cause of variation.

One quantity determined was the ratio of potential
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energy of a puff at maximum penetration to the initial energy,
which was found to vary from .2 at small values of l/Ri to
zero at l/Ri equal to 1100 as is:shown in Fig. 13. The order
of magnitude of this ratio was not known previously.

Since, in a turbulent field, it is often possible to
determine the turbulent energy, the knowledge of the energy
ratio in the preceding paragraph permits an estimate of the
distance a displaced volume of fluid may be from its equilib-
rium position.

Another gquantity is the fraction of the initial
energy which goes to altering the density gradient, shown in
Fig. 17 as a function of 1/R;. Over a large range of 1/Rj,
this quantity shows no systematic dependence on l/Ri and has
a meén value of .03. No estimate of its magnitude has been"
obtained from studies of turbulent fluid. It has been sug-
gested that a large portion of the energy in larger turbulent
scales would be lost to the density structure since energy
, Would be lost by all stages of the decay cascade.A The evi-
dence presented here demonstrates that this is not the case.

Values have also been obtained for the variation of
density transport and turbulent energy production with the
determining parameters. This variation agrees in kind with
what is known from studies of turbulent fields. The agreement
in these cases gives added confidence to the application of
isolated puff observations to a turbulent field.

A number Ké representative of the density transport
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due to a single displaced blob of fluid was computed. Ké was
made dimensionless by division by Vg/B, and is plotted as a
function of 1/Ry in Fig. 18. KIII/Vg/3 varies from 1 for 1/R;
equal to 30,to 35 for l/Ri equal to 1100. To the accuracy
obtained, the variation is linear over this range. Density
transport estimations for a turbulent fluid are known to vary
in a similar manner, |

An estimate was obtained of the effect upon the pro-
duction of turbulent energy of the Sudden application of a
stratification of density upon a turbulent field. A compari-
son of the equilibrium depth of a puff in a stratified fluid
with the maximum penetration of a similar puff in uniform
fluid gives a measure of the relative production. The ratio
varies linearly with 1/R; from .1 at 1/R; equal to 35 to .8
at 1/R; equal to 1200. It is known that the presence of a
density stratification will cause a great reduction of turbu-
lent energy density in a given shear flow. |

An estimate of the detailed mixing between the inject-
ed and surrounding uniform fluid was obtained by removing
volume and concentration effects from the observed rate of
formation of precipitate. For each set of initial conditions,
the detailed mixing per unit volume of the puff can be repre-
sented by a single number k, (éq. 2, p. 28) which varies by
less than 10% of its mean value from the time of initiation
until the time the chemical reagents are exhausted (1 to 7

sec.). The values of k were found to depend upon the initial
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conditiogs of veloéity, length and viscosity according to the
relationship k = .OOSOU’l/zwg/ZLgl/zw

The detailed mixing in a stratified fluid was found to
be unchanged from that in a uniform fluid within the experimen-~
tal error.

Comparison of the horizontal width of a puff in a
stratified fluid with the width of a similar puff in uﬁé%orm
fluid shows that there is no significant difference in the
spreading rate in the two cases. The vertical kinetic energy
which the puff loses to potential energy is returned to verti-
cal energy or to the alteration of the density structure and
does not enhance the horizontal spreading rate. It has been
suggested, (Parr, 1936) that horizontal turbulence is increased
by the presence of a stratification. The observations do not
support this view.

A comparison has been made between the potential en-
ergy of a puff at maximum penetration in a stratified fluid
and the kinetic energy of a similar puff at the same time
after initiation, but in a neutrally buoyant fluid. The. re-
sults in Fig. 20 show that over the range of l/Ri from 30 to
500 this ratio has a mean value of 0.8, not greatly different
from 1. The value of gzero shown at l/Ri equal. to 1100 must be
regarded with suspicion. In this case the puffs were not ob-
served to rise from the point of maximum penetration. A4 slight
unobserved rise would yield a value for the energy ratio.

Since, for large l/Ri due to a very small density gradient, the
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surroundings would be nearly identical in the two cases, the
energies should also approach equality. |

The expression used to deduce the potential energy
yielded a minimum value. It therefore seems probéble that the
ratio does not differ significantly from 1 over the whole
ranée. This indicates_that the loss of energy to turbulencé
has not been greatly altered by the stratification up to this
time in the history of the puff. |

The fact that a puff in stratified fluid retains a
definite shape, does not break up into separate portions, and
particularly, the reduction in vertical extent when it finally
stops, indicate that it has a nearly uniform density structure
compared with the surroundings.

" This uniformity of density structure inside the puff
together with the observed similarity in the detailed mixing
of a puff with uniform and stratified surroundings, indicates
that all conditions inside the puff are little influenced by
the stratification. The equality in the horizontal spreading
rate and the equality of the energy of the puff as a whole in
uniform and in stratified fluid are consistent with this con-
cept. _

. We can conclude therefore that the effect of the den-
sity stratification is principally upon the initial (large)
turbulent scales in which turbulént energy is produced, and
only slightly upon the small scales in which turbulent energy

decays.
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8 APPENDIX
A graphical method of finding an approximate power
law relationship between 3 variables was used initially on

the data for Vg, W,

o» and k. It may be of interest, and will

be described below.
" If three variables A, B, and C are related by

A = mB™C® where m is a constant, then

Log A logm ¢ o«log B + @log C, or
A = mt * °5B{ * @Ili; where the prime indicates

a logarithm. The linear relationship between A', B', and C',
defines a plane, and the power law relationship between A, B,
and C, also defines a plane in space where the distances are
proportional “to logarithms of the variables. It is desired
to find the traces of this plane on two orthogonal planes, one
where B is constant and other where C is constant. The slopes
of these traces will give the values of B and o« respectively.
Use is made of the principles or orthographic projection.
Any two sets of experimental points determine one point on
each trace. If the experimental data obey a power law, all
the trace points will lie on a line, or nearly so.

For two sets of experimental points, the method of
finding the two_traée points is illustrated ih'Fig. 9.

Let the experimental points be 4, B;, C; and A2, B2,
Co, represented by open circles in Fig. 9. The line x--x in-
dicates the intersection of the B = constant plane and the C

= constant plane. It can be chosen in any convenient position.
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The directions of increasing A, B, and C, as shown are con-
venient so that ordinary log-log paper can be used. Any
origin for A, B, C, = 1 may be chosen. B and C = 1 may be co~
incident if desired. The marked points, (open circles) are
the projections'df the data points on these two orthogonal
planes. 1t is nécessary to know which plane, therefore the
projections must be lébelled as A1By if on the B = constant
plane, or as AiCl if on the C = constant plane. To fine the
trace of the line defined by A;B;C, and A;B5C, on the C = con-
stént plane, join AlBl and A2B2 and produce to intersect the
x--X line at O. Erect a perpendicular to x--x at O to inter-
sect A1Cy, AyC, produced at P. P, represented by a solid
circle, is the required trace point. The tréce point Q, on

C = constant, is found similarly, as shown on the diagram.

It is represented by an open triangle. »

For the experimental data in Table 6, page 39, a plof
of the pdints made in this manner, and the traces of the
planes determined by all possible pairs of points is shown in
Fig. 8. (Some of the trace points lie off the paper, as do

some of the experimental pbints).

The relation k = m w%'53 V5’55 is shown by the dashed
line. The relation k = m'w%‘s Vg?5, is shown by the solid
line. In each case the intersection of the two traces must

lie on the x--x line. This point was chosen by eye to give

the best fit.
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