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~ SECTION I

k'fﬁégﬁéiiéQﬁéédﬁéﬁééfandeine Shape;Fﬁpctibn

,et‘us consider auparamagnetic ' W_y;f;“

kJ  When such a spin—system is plaoed in arconstant"
 :j$externa1 magnetic field H in,ﬁhe absence of interactions

;among the spins, the energy of the system will the be




Tj.constant magnetlc f1e1d H apégi issoweak that




'm; ;at higher ones., Consequently there will be more'tran itions,

When weak exchange as well as d1pole 1nteractiona




exist among the .apd ‘s,

*Seenoteat the end of this section,




We shall use theffollowk_’,_ﬂ">t'

* 7”fabsorption band |

‘ﬁf;fcorrespond to a‘
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absorption band without specification;j. also o
used when we want to speak‘ about the

frequency distri‘bution as a whole,’




SECTION II

“Statements{'of the Problem in General Tarms andw




' f perturbat1on;5~’
‘iln th1s case, due to the presence'of"the weak per_f;;

‘ 5turbat10n 4{ and the huge number Nfof spins in the










ffvery low temperature.~ Howeve

ghtlon of thls rather queer, low temperature behav1our of *f;f




(;g ’m ~,1'abels‘l the"y"splns in- the system tand é
means summationkover~ 11Lne1ghbouring palrs




l;l3*‘

m

&

JSlnce we are deallng with one- dlmen51onal ISlng model
'adgacent palr of spins can be labelled -as ﬁ ‘and ,Z 4 1

yrespectlvely Therefore
Ja ==Cbﬂ4lﬁﬂp( {g;«343}52+43;4

where 2, means summation over all adjacent pairs of

spins,

"In,order to‘write dOwnfthe general expreSSioneof the”ﬁk

energy 1evels for this one dlmen51ona1 Iszng model we ‘
‘shall use the follow1ng termlnology. We shall call aee;u
' spln p051t1ve 1f its magnetic moment vector /x, is |
‘parallel to the constant external magnetic fxeld H
1negatlve if it is antlparallel We shall assume that

the exchange energy for an adJacent palr of spins is
 posit1ve if the splns are antlparallel and negatlve xfe,e
' otherW1se.f ’ | k |
| We 1ntreduce the followxng notations.

N total number of spins in the system

i

- H = external constant magnetic field

= Vi # number of p081t1ve spins in the system

Vzﬁ= number of negative spins in the system B







v an :mtegration over‘“{ffff \1n contrast to what ’wey‘ dil at

~*f?"s{'»~.end of Sectlon I. G

The ﬁth moment ,of":,f(f)f eeman ‘transition
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enérgy é i .
D S is glven by (see (2 6) and (2 7))

/’=l
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~ SECTION IIT

One—Dimenéional Esing~Mode1,(Open~Chain) foriﬂzé;

~AS«éISamb3e calculationk‘we shail‘take‘anne—dimeﬁ?,'k{
f51ona1 open chaln Ising model con51st1ng of only four
splns and calculate the frequency functlon 7!Q;) ‘hen
‘flrst and the second moments about 5' , the Zeeman
transitlon energy, in the exact expressionx first approXié
‘ matlon and second 1pprox1mat10n at various tenperatures.‘k

In this case, 51nce N is small we can construct the

energy spectrum exp11c1t1y as shown in Flg. (3—1) Simply,e‘

by counting all thc perm1551b1e tran51t10ns among.the |
various energy levels ‘we see that there exlst only five

distinct values of transition energy, namely.
zuHi4y , zuHrzy, 2«H. - 3-2)

The'reason for‘this,willfbe]exPlainedtin‘general terms in
.the next sectlon | |
The McMillan and Opechowsk1 3 expansion (2 11) now

~ takes the following form.,‘




~kopen~chain 151ng model consxstiug of four splns ; Mcbﬁi‘llan




. -19-

and,OpechOWski's mefhod 6f’approxima£ion,‘in geheral, holds -
 satisfactori1y.,‘At;véry low temperaturey thét'is;‘whéh’ |
KT is of the order of exchange C6nsfant'J; the:approﬁimatg;"
‘values beCome'so:ciosefto the éxact vélues thaf‘the |

deviation is really entirely negligible.



Arrange— Zeemak

Mt 2up-3

i “"5"? HH m+

e ws:r

\ Flg (3 l) Energy levels and tran51t10n'sc me of
one—dlmen51ona1 151ng model (open~cha1n) with 4~sp1ns




o 1st

At temperatures below say ¥
amesn;a‘ﬁe “too small to be sho




T ZuR4T ZUAET 2uf | BAHYET PRI F

et Flg .K3E7) Comparlson of frequency,functlon ' s
. in the ‘exact and flrst approx1mat10n ‘The 2nd approx1~w
' mation values nearly coincide the exact values and are

f not shown.f w;jg__vth,




SECTION IV

One-Dimensional

‘Is ng: model as well s:mce 1f N 7'5'4 very Targe th ,« end_

o 'Q““ggp : we shall mea"‘a serles of nega’clve (p sitlv ) spﬂis

*lwi h positive (negatlve‘), sp:'.ns sltuated atf the two ends.
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 Sihcé the arréngement ié a,ring the‘number offnegativeigéps’
 is'always;théjsame‘as the number,of positiveTgapsyiﬁbthé‘;
samé~érrangemént.:;The_gép‘is éihglé if_it‘bonsiéfs OfM  ”
"on}y éne Spin; mulfiple othérwise} as éhan diagtamiticé11y “

as follows:
»doﬁble(positive gap
 single negéfive gap - e  double negative gap

double positive gap

vﬁiugiainagatiVQ gap = (~~+.kl' multiplé,pOSitive gap; .

Let S be the number of negative (p051tive) gaps in

the ring, then (see p /4 )
(4-1)

Eqﬁation'(2-12)~théﬁ,becomes_

Hence thé Zeeman,énérgy,of'the‘system'is determined bynS,







uHere for convenlence, we have cut up the ring 1nto anuopen

"ffj5chain here the two end spins should be taken as adjacent; ;




u7ige‘efé1 for an Ising model“lth’an_arbitrary form of
liéttice, 1f the number of closest nkxghbours of a spin“is
%K wh1ch is a constant then the nﬁmber of transition enefgy;“
;values’is'K +’l prOV1ded that the number’of spins in;the‘:wx“

isystem 1s suff1c1ent1y large that‘we can neglect the

‘~effect of’the boundarles., A proéf of this statement will E

’be found 1njAppend1x 1. ,~ f;fg




fjiiFrom ecuatlon (4'2)”‘ the‘iyenergy level ;, are un q oly
{deflned by g1v1ng V2 and 85 there‘fore we can rep ce

'k"‘quantum numbeyr"'n" and "n'" by’;‘z,s and 9 ,S'

/ ,where WAs (V;,S) denotes the number ’of permisslble




' l the total numb T of\,ﬁ
,negative gaps appearlng in all
;p0551ble arrangementslfor glven o

;jvalues of V2 and S Y

-swpositive spins"nd vz—s negatlve splns are t*:be'*




f“thé afrangement - £ - |

4; fToﬂfind D(VZ,S), we proceed as follows;

_5"1“’be’£he number of multiple negat,ve;gaps 1n,,
mérrangément of1sp1ns, let dl be the number of'afkaﬁéemeﬁth
belongi g to G(VQS), each of these dl arrangementa’has "i"*

kfmultlple negatlve gaps;: Then 1tl1 clear that

gthe G(Vza ) arrangements.fT'“'”””' ‘

V‘To evaluate di, we must distingulsh the followin







‘;where" agaln, the i,factor 1; arlses krom the cyc"

, it is clear

. DC(I/zS)= N (;’I/ ) .

Wlth the help of“equatlons (4-9)(410a)(4 10b’ gﬂ65(471b¢);2_




n}‘sand there are altogether VgG(VZ,S) possylble' transit ons for




@AEHQ 2 (zuﬁ—4f)

k ,LLH(ZZ~Z N) (N 45 4)3’
%I(ZMH 47) L[ o

. ’x‘[( v; zs)& + D] -
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2V,,wH+4\/ :r




T k N= Vz
EZV’MH,‘#ST(S 1

P AT ‘t&/u/_/ .,.45_7 (N~Vz

o bzv ,u,H +4J‘ ( v -z)

\\x\'gw‘@w
. L V»/bzvzﬂH +AST { IN-Va )[( vz-zs)<s ,) L( )( )( ‘; ] )J

gt |




In order to dete‘mlne the ppér 1‘m1t of summ tlo

Thls is necessary because b

summat‘on over odd Vz

‘}Tfas well as Vz ;;§§l¢i*théfﬁbpeﬁfiiﬁitfdik~
';222;773‘;‘15 even or odd7yfF¢fohis,réé§¢ﬁiwék;

summation




kth ,follovung set of replacements. ‘ whenever we bave in




(4-29b) equations (4-25a,b,c) become:




]

,._.z s:z‘ ‘.-.-1' J"‘F 37.,.; = ;' J:z 571., L"—l .
 2p=3 ol 2Pz 4r>-szz'fs+; Pl 2

- *Z:. Zj L l)é‘hz),uﬂﬁﬁ fp _9[( ) r

=2 ’,S JfZ 'l




~pirio _ :,;, ‘ " 2 "5 g
2 Z:v | ’ ~gp:Zi;‘f: Z@gﬁauﬂ+4SZL fﬁ
“"J”Py5=]+z kt=l ’J=z’s=Jrz e - &

ol ( L

;The‘summations over 1 appearlng in the "“above set of expres-—;
f [s:.ons can be reduced by applylng combinatorlal_ analysis e
The fundamental equalltles wk ""‘are goxng to \usekare the

; £0110w1ng  %ﬁ;f  g‘fp *Q







_ ; P‘ 2‘{ l P'-l 2} 2

J.::Z‘US_Z J=P”‘s J"l f=2 57.’1

_2p-z 7’0,?" 2 P— Z (4(f+z)/u/f+4514/?-k -3 z;k/’
. Jé‘;‘z‘s‘,z: ‘}—_P ,s;_‘d..‘fz Jﬂz S=/+2 b / )( )

(4 *z),uh'*"( -H)J’ 4P k z )




NOW?bYﬁrear anglng the summatlons, applying‘repéatedly

ﬁlResults are compared with those obtained by using the
,expr9551ons (4~33a)(4 33b) and (47‘3c) and found to be

)fidentlcal




In 01der to evaluate the double summatlons 1n the

’aéxﬁ?éésidﬁéi(%* Nk‘(4“v3b) and (4~33c),rwe introduce th

ﬁ;;ollow1ng transformatlon Sy

 then we have,




R_T) v) )““’Ju-,,,! (%”39),







‘ylons (4—-35a), (4—35b) and:'( 35c) respect:wely, we fJ.




‘fto hold quite generally for 1arge‘:\" However once we/

‘*assume that N i very 1arge we can greatly;simplify‘fhes‘

‘yéiexpress_ons.' ThlS p01nt will become clear in: he ne t

':fstep When we try to derive_an explicit expression‘for theﬂ_

. inten51ty functlon.f}: 

- fLet us resume our calculation.-,f;rff




}‘§]where‘c”denotes any contour around origin, and zz and 23

‘31gare the roots of the equation ‘

s







i[arbltrarllytsmall 1n comparlson w1th‘that from the flrst
M_term and 1s consequently dropped (see appendlx 4 for the

i,;?ch01ce'offcontour c ) Equatlon (4 50) can then be

' w"‘[“'*“’w”’“’ A ]
LN R e




__ (/ bz,w‘/ ) kb"'-/v'(,U»H +.T)+(z,u/z' ++J')

{ J‘)R-H [(I+A+0<)R ,’-(; A-»f)‘” _U

gu//—4_7') A N(xbﬂ-rf)-r(z,w//v“*?)

(/Z;LH#J’/) (/ -5 - N‘

o { _L(.L) [(—lfAfd)(l'f‘Ai‘d) -( +A-d)(H‘A o() J}




~5d-

if wefas'sume that B> A, i.e., ou¥ > 43, then we

- have the following felations (see appendix 5 for proof):

27-14+Awet O . (4-58)

When~3_approaches;infinity QS“zequireé bykthe‘condition;
(4-51), o iy

R+1 ‘ R*l o '
(I+A+a() > ;(l;+A'—‘o<) PR (4-59)
hence we can omit tho term consisting of (1+A— )R+1 in :
,each oI the expreasions (4 57a), (4 57b) and (4 570)
Moveover, since ‘we are inuerested only in the relatlve
'magnlbude of thuse expre351ons a common factor (7 can be:

extracted,vwhere

| -—N(Mﬁ-rf NN PV e R
o-b" ,.),xNx(g-)(-z,'o (rar)™ (a0
,Lef' ‘ (D rememberlnv that R = N—B ’we ixnally k

 arr1ve at the following set of expre551ons

-
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form N = 4p-1 (? =,i 2 -—;):' The assumptlon that N is
large enters our calculatlon for the expr0551ons (4 Bla),
(4~ G]b) and (4- 610) at the follow1ng p01nts

1) that N must be suff1c1ent1y large such that (see (4 51))

' / i A*/{'—‘"gz/rj‘.)'/ Lael

where Z satlsfles thn condltlon 1mpo=ed on the contour e
,(see appendlz 4),

‘2) that N must be sufflclently large such that (see 4 59)

(/fAfd)M? >?k(/+A—&)M4f

 Howev¢r for large N, the'festriction that N takeé
the pérticﬁiar form N‘=L4P—l wili‘be bf,no‘impbrtance, S0

: that the expressions (4—61a)(4~61b) and (4-61c) can be
regarded‘és qﬁite~genera11y valid. Moréover,fwhen N‘iS f
‘1afge,thése expressions can be used for a One+diﬁénsi§nal;‘

~open~¢hain Ising mOdei as well,
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SECTION V

Inten51ty Functlon in the Flrst Approxzmatlon for

B the Rlng Model W1th Arbitrary N

Thc flrsi approx1matwon calculctlon (2 ll) amounts to 
puttlnv J O (1 .. B = 1, see (4~34)) in our prev1ous
calculatlon for the 1nten31ty function of the ring model
By so d01ng, the set of expresolons (4—32a) (4“32b)’i
k;(4~320), (4- 33a), (4-33p), (4-33c); (4- -57a), (4- 57b),

(4 a7c) and (4 61&),‘(4 Slb) (4- 6lc), as well as the ‘
expreSalons (5- a), (5 b) and (5-0) in Appendlh 3 are all

k reduced to the same set of expressions wbich is as fcllows.

B Guteem, =‘(:/—z,woz o
THewH) o =( be“H)4bw (5-1b)
Che e i

1 (lzuH-47]) =( —‘b%H‘)Z I . (5-le)

and

FIED) =T'EN G em
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) where C) is glven by (4 60) wzth J —‘O,

i.e.,

| Ll ng‘N~3k N N N
@——-%(/wg), xh T xN (5-3)

and the subscrlpt nyn at the lower rlght corner 1nd1cates

that the varlous expre551ons are 1n ~the flvst apnrox1mation

, yxhe frequcncy fdnctlon in ‘the first approx1mat10n can

: ,be oa511y obtaxned by substltutlng (5 la) (5 lb) and
(a lc) into (1- 1): | |

k: (z,wH+4,T) (;;;'27(,,,?— oA ety
f(ZMH),' = W S ey
e | : k]

1:Uz;¢H>4Jl) S b

(/ bz/bff) | (5'f40)



mCOmparicon of the Asymptotlcally Exact E&pr6581ons,

~V.;(4 61a) (4 Glb); 4*6lc) thh Tlrst Approx1mat10n Expressxons

“~7gﬁ(sﬁla) (J lb)'(5 1c) at VGIY Low Temgerature and Conclu51ons‘

Now 1t us resune our originsl question about the




 ;3€ clear that at very low temperature the factor b2/‘H*4J
2 in (4 Glb) and (4 61c), and b ’“H in (srlb) and (5~1c).

"g*]both sets of expressions tends to the same llmit ;namely

',tgoadness of Mchllan and Opechowskl s approxlma-:gljife

etlon at very low temperature., Slnce‘( o - A +Al) and‘

‘((x + A - 1) are flnlte at all temperatures (4 58),

: tend to zero, hence the frequency functlon calculated fromﬂQf~%/

A

F (z/wH +4.T)
i (Z,u,H)

f (IZ,wH 471)

3 where we have used a: subscrlpt “o" to denote the tempera—7

ture. T o Ko -

f A graph (5 2) 1s plotted by puttlng.u,H = 20J for the j77

' frequency function f(f) : calculated from both the

’“CefeﬁprESSiODS (4—61a),‘(4 61b), (4*610), and the expreseions\aﬁj* :

”}(5 1a), (5 lb),«(5 lc) at varlous temperatures. It 1Si,x;f7fn"

'“7iefseen from the graph that the method of approrimatlon 15

’t,qulte good in general and extraordinarlly good at tempera~*l\fj;:f7‘

';;fture below, say,',T = i

"% Ll ~ v
Note that the expre651ons (4—33a), (4»33b) and (4—33c)f“

. “f;{can be written as follows.~fe i*“f@‘“




N . f*-(z/wy 47)
b""“ H”) {’ b 25

"3 S“-f

el g ~t=1)/¢-
VJ/“”*‘”LZLL i/quﬁ‘S.TNtl




. =B2=

(6-6)

~and

) e : e S
| { b oo T (8-
"henCé e

H . |
I, (zuH+47) =]
F L :
Io (2uH) =0
I, (JguH-47]) =0 N
S (6-8)
";ItkiS‘gaSy tb See‘that the freqﬁeucy function,tends ;

 to the same limit as (6-1), namely:

B f, (z,wH +47) —-= |

ﬁ@wD~VSO 

’ﬁﬂwﬂﬁﬂ)?é; ,
i i
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ThlS shows that the T eaucncy functlon calculated  ﬂk
; from the set of exprus51ons (4- °3a), (4 ~33b) and (4*330) f1
tends to tne same llmlt (6-9) 1n the followinﬂ tWO“ 

 processes:

(1) %e flrst 1ec N tend to 1nf1n1ty and then let T tend
to zero, e : '
(2) we let T tend to zero and‘impose‘no anﬂCohditiQn_ -

- on N.



~ Flg. (6 2) C:omparison of the asymptdti values’/ of 'frequencyf? unction in
the exact_(4 Gla b c) and f.irst approx‘lmation (5-1a, ,b c) S s




“f~?exchangé energy can take is equal to the number of

*”f";different values that vlffnd Vz c“n take such thagﬁc

 fﬁ:?equation (1) is satisfied.  It is obvious that this TQEF‘




. ~g6-

| number'is K+ 1, Hence the number of transitlon 11nes in
: the absorptlon band is K + 1, prov1ded that we neglect

: the effect of the boundarxes. 



v (see p 47) .

. we have,




The Exact Evaluation of Q;, Qp and Qg (see p.48)

akln‘ an‘arb1trary contour around the only SiBQUIarltyi;ﬁ
«)ﬁof’the 1ntegrand namely the °r1 in, and applylng :

~'fQCauchy -7 Residue Theor\: for both simp1, po1e and pole of

k,:’;hlghel‘ order, We obtaln 1 ’» E

n der‘to calculate the’higher order derivatlve\ a

| 3 F?in the above'expression we proceed as follows-‘ﬁﬁff7

f’ 3067 w Garo
(zf_%f;)L( );f* 2 r) 2:( ) ( )t




Comblning (4-—353)' (4 48&), (4"4:81))' (4: 56) and (4)
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APPENDIX 4

. To Prove the Existence of the Contour ¢’ (see p.52)  :_

- The contour c' in‘(4—52) must satisfy ﬁhe conditionﬁ'

aveappl<limgl @

where

VI?AE e Miso i @

]
™
\Y
O

’ 25 KT | SRR | ;,(3),‘

~i;é, A and B are positive QuantitiéS'indepehdent'of z but

_dependent on the absolute temperature T,

. Let

?;gx“'f § B @

'f‘and

i

flr"le*f | .  ~<5):

oot



Tz

- then (1) can be'writteh as folloWs:

’/+§;(x ‘7)1 l’*r(x“wl |
A {(’W*V?EX)ZJF f’?)) { %X) f’y)}

.-.Azfﬁzi—f@x\-r—-— X+7 )} [HZ/_X +B X-r% }

WA B 2B 1K)k (1-4) > 0

6)

Thls 19 the condltlon that the contour c' must satisfy
,Let us: choose X and v such that
S=xrys >0 o ()

CIf T = 0, we bave, by (2) and'(3),'A'é~O and B = 0,

hence condition (6) is satisfied,

if T >‘0, By (2) and (3), A.>'O;and'B > 0, hence by



(7),we always,ha?e‘

| I-A* 20 e
(9)

~ However, we must distinguish the case X > O and the case.

X<0. IfX3> 0, then
B (i-$)x 20 ~ o)

";hence, by (8), (9) and (10), condition (6) is satisfied.
- If X<:O we can choose y sufflciently large such
k'that |

(x2+ 7‘2 - Al‘)'!”zg“ > |x]

'hence condltion {(6) is again satisfied
: Therefore the contour c' can always be found and the

: approximatlon (4 52) always valld



APPENDIX 5

To Prove the Inequalities (4-58) (see p.54)

Given

o< ‘-=‘-‘f(/—_A)zr+4AB i o : Y (‘1")
| =B=zA =0
| ’ (2)
fir§£ we need‘to provg the iﬁequality
,é<;>Av S ! | , ' ‘k3)
‘?r00£: thé inequality (3)’cgn be revritten as
( /‘-A)Z +‘4’}15 > ‘A?’

o;{ - 2Al1-2B) >0 T | )



1w B>k then [-28<0

1. B=+ - /-28=0

1. 0<B<F - Ax

hence

¥ B=0  then A=0

khenC€~k,(3);is;a1waysAtrue.

Q-Ef‘Dy

.. (4) holds

. (4) holds

. (4) holds

(4) holds

¥We always need to prove the'inequality’

Proof: S
| "0 =B <]

e EJU—AY+4AB
< JiAFan = eA

but f ' , 0'5,4 < }

X
A
N

(5)

6)
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Since

SI-A 4 AB#O ieTroo

7('5/(/4/1)21»4/48*‘ | | | | L e
| ‘ =/ 4 AB=0  jeT=e0
\ : /7‘ ‘ N s (8)

'fWe now hHave theifollbwing set of relationships:

by (2), 2 =l+A =] o (9)
6),  ItAE e B . (10)
3y x=A (11)
(7) < >[=A if A,B* O (z)

(8) ® =] if A,B =0 | (13)

If iS~then;eaéy‘to éee\thaﬁ  v

E o by"(Z)', (5) and (\ll)‘ ,’4-‘3 /’-IV'A 1"0? =2 |
',(13’-), and ('10':):’ i /> /%A-o? >0

- (2), ‘(5)‘ axid’ (12) 2> ‘M k+e><k zo :
(10),”,"(11)' A "/‘/‘A"“(/;-f-A)::-iZ ey

by‘(14) ; S 23/"/1"‘/}_—0{/ >’
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Hence the set of inequalities (4-58) is‘ proved,



=7 84
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