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Abstract

We study two aspects of the problem of a particle moving on a lattice while subject to dissipa-
tion, often called the “Schmid model.” First, a correspondence between the Schmid model and
boundary sine-Gordon field theory is explored, and a new method is applied to the calculation
of the partition function for the theory. Second, a traditional condensed matter formulation of
the problem in one spatial dimension is extended to the case of an arbitrary two-dimensional
Bravais lattice.

A well-known mathematical analogy between one-dimensional dissipative quantum mechan-
ics and string theory provides an equivalence between the Schmid model at the critical point
and boundary sine-Gordon theory, which describes a free bosonic field subject to periodic in-
teraction on the boundaries. Using the tools of conformal field theory, the partition function
is calculated as a function of the temperature and the renormalized coupling constants of the
boundary interaction. The method pursues an established technique of introducing an auxiliary
free boson, fermionizing the system, and constructing the boundary state in fermion variables.
However, a different way of obtaining the fermionic boundary conditions from the bosonic the-
ory leads to an alternative renormalization for the coupling constants that occurs at a more
natural level than in the established approach.

Recent renormalization group analyses of the extension of the Schmid model to a two-
dimensional periodic potential have yielded interesting new structure in the phase diagram for
the mobility. We extend a classic one-dimensional, finite temperature calculation to the case
of an arbitrary two-dimensional Bravais lattice. The duality between weak-potential and tight-
binding lattice limits is reproduced in the two-dimensional case, and a perturbation expansion
in the potential strength used to verify the change in the critical dependence of the mobility
on the strength of the dissipation. With a triangular lattice the possibility of third order
contributions arises, and we obtain some preliminary expressions for their contributions to the
mobility.
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1. Introduction

Ever since Caldeira and Leggett proposed their model of dissipative quantum mechanics [1],
attempts have been made to apply the formalism to simple situations and determine the effects
of dissipative forces in the quantum regime. A particularly important and general problem is
the question of the mobility of a particle in a periodic potential in the presence of friction.

The application of the Caldeira-Leggett theory to the particle mobility problem at zero
temperature was first studied by Schmid [14]. His results suggested a sudden transition in
the dimensionless mobility from 1 (diffusive hopping) to 0 (localization) as the magnitude of
the friction passes through a critical value. Subsequently, Fisher and Zwerger [7] generalized
Schmid’s model to non-zero temperature, obtaining general expressions for the mobility at
arbitrary temperature. These results apply to the case of a one-dimensional periodic potential,
or to hyper-cubic lattices where the behaviour in the different dimensions is decoupled.

Following the discovery of a mathematical analogy between dissipative quantum mechanics
and open string theory [4], the problem was opened up to attacks and extensions from a string
theory perspective. The similarity arises in the context of open strings with end-points tied to
some world-sheet boundary [3]. When the closed string modes in the bulk of the world-sheet
are integrated away, the resulting effective action term for the open strings on the boundary is
identical to the non-local interaction found in dissipative quantum mechanics upon elimination
of the oscillator bath representing the environment.

More recently, Yi and Kane attacked the two-dimensional particle mobility problem for the

additional cases of equilateral triangular and hexagonal lattices [15]. Their interpretation of



the renormalization group results of Schmid led them to propose an intermediate fixed point for
the non-square geometries that was unstable in the triangular case but stable in the hexagonal
case. They conclude that in a certain transition regime, the fixed point for the mobility in the
hexagonal lattice varies continuously from 0 to 1.

In chapters 2 and 3 of this work, we look at the string theoretical formulation of the Schmid
model at the critical point in terms of a free bosonic field theory with interactions on a boundary.
We demonstrate a new calculation of the partition function using fermionization. The solution
is given in a form such that the renormalized parameters may be more closely related to the bare
parameters of a given condensed matter problem. While acknowledging certain weaknesses of
the model’s applicability to real systems, there is some hope that attempts at analyzing similar
systems might benefit from the alternative approach outlined here.

In chapters 4 and 5, we attempt to clarify the origins and consequences of the behaviour
Yi and Kane suggest. The analysis of Fisher and Zwerger is generalized to non-rectangular
two-dimensional Bravais lattices, and traces of the behaviour predicted by Yi and Kane are
investigated.

Each of the two parts of this thesis contains an introductory chapter that provides a basic
explanation of the origins and machinery of the problem at hand. In the remainder of this
chapter, we will introduce Caldeira-Leggett dissipative quantum mechanics and the Schmid
model, and then outline the nature of the connection between the Schmid model and open

string theory.

1.1 Overview of Problem

The models studied here consider a particle of mass M moving in a periodic potential V' (), and
subject to some constant applied force F'. Dissipation is introduced by Caldeira and Leggett’s
prescription of coupling the particle to a bath of oscillators with a particular spectrum. The

bath variables are eliminated, leaving an effective action for the particle.



In the absence of dissipation, the effect of the periodic potential is to create Bloch bands
in the energy spectrum. The Hamiltonian eigenfunctions are also eigenfunctions of the crystal
momentum, and these states are extended. A particle cannot be restricted to any small region;
it will quickly disperse to fill the entire volume.

In the presence of dissipative forces, on the other hand, we might expect some restriction
of the particle’s mobility. Classically, “friction” impedes the free propagation of the parti-
cle. Quantum mechanically, long-distance correlations in the wavefunction may be destroyed,
leading to the localization of the particle.

Classically, friction is added to a system by including a force that is proportional to the
particle velocity. The constant of proportionality is the friction coefficient 7, and the equation

of motion for the system is then
Mg+nqg+VV(q) =F. (1.1)

The mobility p indicates the ratio of the terminal velocity v to the applied force. In one

dimension we have

v
= — 1.2

1 7 (1.2)
while in higher dimensions the more general mobility tensor 1%/ describes the particle’s response

in the 7 direction to an applied force in the j direction:
v o= uz-Fj. (1.3)

The tensor may in general depend on F' and v. For vanishingly small force we might only take
the constant part of u;'-; this is the linear mobility.

In the absence of the potential V', the classical mobility is found from the steady state



solution to (1.1):
ui = L (1.4)
’ 77

In quantum mechanics, where a particle’s position is not well defined, we approach the
mobility in a way that generalizes to the classical result in the high temperature limit. Using
the expectation value of position as a function of time in response to an applied force, the linear
mobility is then

X'(t) — X'(0)

5F; t1i>rlolo t (15)

p = ‘
F=0

with the particle’s mean position X obtained from the reduced density matrix p(q, q’;t), where

q and ¢’ represent spatial coordinates, which takes into account the effects of dissipation:

X(t) = (qt) = / dq p(a.q:t) q. (1.6)

In the absence of an applied force, the mobility may be studied by analyzing the natural
tendency of a localized state to spread out in space with time. Such behaviour is encoded in
the two-point correlation function (¢*(t)¢?(0)). An alternative definition of mobility is then
to take the (suitably normalized) coefficient of the logarithmic dependence of (z*(t)2?(0)) —

<xi(0)xj (0)> This quantity can be extracted from the two-point function’s Fourier transform:
R / dt ¢ (o (1)a? (0)) (1.7)
w—0

As we will see, Schmid’s original analysis was made using this form of the mobility, while

Fisher and Zwerger took the “terminal velocity” approach and used the definition (1.5).



1.2 Caldeira-Leggett Dissipative Quantum Mechanics

In Caldeira and Leggett’s model of dissipative quantum mechanics (DQM) [1, 2], a heat bath is
represented as a set of oscillators, indexed by «, with coordinates x ., mass m,, and frequencies
wq- The oscillators are coupled linearly to the particle, with coupling constants C,.

The action for the entire system is then

Sla, {za}] = Solg] + Spatn[{za}] + Sintlg, {za}] (1.8)
where
Sld = [ ar (36 - Vi) (1.9
0
Statn[{za}] = Z/o dr (%maa'ci— %mawimi) (1.10)

Sintlg, {za}] = Z/O drCaxe - q (1.11)

The density matrix p in position space, as a function of time ¢, is obtained by propagation

of the initial configuration:

p(q,q" {za}, {2l }5t) =
@ [T [ axa [ ax; Ko oo 210, Q {Xah (X010
x p(Q, Q' {Xa} {X],};0) (1.12)

with the propagator K given by

q q To T, , ,
K = ['o7[ o7 [ 05, [ " dsew (156 @) - ST ATY) (13
Q ! a X4



For our purposes it is reasonable to assume that the initial density matrix factors cleanly
into some initial distribution for the particle and a bath distribution in thermal equilibrium at

temperature T = 1/k[:

p(q, 4" {za} {20 };0) = pla,q) % pp({zat, {2},}). (1.14)

Since we are only concerned with the particle’s properties at time ¢, we can trace out the
final state of the bath from the complete density matrix to leave the part relevant to particle

expectation values:

pa.dst) = T[ [ doo olad' faa) fza)it) (1.15)

Caldeira and Leggett showed that these integrations can be done for a general Sy, and that
this leaves a simplified expression for the particle density matrix that incorporates the bath

through an influence phase i9:

!

q q i i ~7 PN Pt
pla.dit) = [dQ [dQp(Q.Qi0) [ (07 [ DY chSmiS@nein (L)
Q Q’
The influence phase ®[q, ¢'] couples the “forward” and “backward” paths ¢ and ¢/,

la.d] = ~5 [ [ ds yarls =) - Sill (1.17)

with x and y the centre of mass and difference coordinates

v = 1(q+q) y =q—4¢, (1.18)



and Sy a temperature-dependent term coupling difference paths only,

Soly] = % /0 at [ s y(s)an(s = O)ote). (1.19)

The functions a; and ar determined by the oscillator spectrum and the temperature:

ar(s) = /Ooode(w)sinws (1.20)
agr(s) = /Ooode(w)coswscoth(%ﬁhw) (1.21)

Jw) = Y Ca §(w — wa). (1.22)

2
— MaWg

The most interesting behaviour results from taking an “ohmic” spectrum for the oscillators,
where J(w) = nw. In the high temperature limit, this choice of spectrum yields the classical
frictional force —nq. It is thus the spectrum most appropriate for systems where such friction

is observed at high temperatures.

1.3 The Schmid Model

Schmid studied the general problem of a particle in one dimension moving in a potential
V(q) = =Vycos(2mq/ag). (1.23)

In order to extract correlation functions from the system, he worked with a generating

functional in imaginary time:
21F] = / Dy e=Sesslal=[ dt a()F (1) (1.24)

where F(t) is a time-dependent source term and S¢rf[q] is obtained from (1.8) by tracing out

the bath modes with ohmic dissipation (this is a simplified version of the approach described



in the last section):

Sopfld = /_Zdt <%cj(t)2+Vocosq( )>+—/ dt/ ¢ t_t/() () —a)” ) o)

Both the mass term and the interesting non-local influence functional term can be Fourier

transformed (with the convention f = [dt e™'f(t)) to give
dw o
Srl = 5 [ 55 (4w +lel) aw)a-w) + Vo [ de costa(v). (126)

With the friction term associated with a linear term in w, the mass term Mw? serves only
as an high energy cut-off. In renormalization group language, the terms in w are marginal while
the w? terms are irrelevant. We may then often treat M as zero in what follows, while picking

up a characteristic frequency

n
= L 1.27
7 M ( )

that acts as an effective ultraviolet cut-off for the low-energy theory.
Dealing with the cosinusoidal potential in this framework is achieved by a “Coulomb gas ex-
pansion.” This is essentially perturbative in V;. First the exponential of Sy [q] = Vp [ dt cos g(t)

is expanded:

e—Svid — i (

n=0

> / dt e2m<’qt>/“0> : (1.28)

o==+1
Now the exponentials from the cosine interaction provide effective terms for the particle action:

e—Svld i(%) Z /t1/t2 /t exp (%gaiq(ti)). (1.29)

n=0 j=+1}



The exponent is rewritten as an integral over a charge density p(t'),

S ot = — [ dt a@)plt) (1.30)

a
0 =1
where

p(t) = —2aih oi0(t; —t). (1.31)
0 =0

Using this expansion we may write the generating functional (1.24) for the correlation

functions as

m

/Dq -3/ 2D @)

XZ/dtl dt2n< V0/2)> ok LA GE() 4ot ))a(t) (132)

where (anticipating the imminent functional integration) the propagator is
~ -1
Dw) = (Mw?+nw|) (1.33)

and we have used that only neutral charge distributions (i.e. with o; = (—=1)% for i = 1,...,2n)

contribute finitely to the path integral. Note that for w < +, the dominant term in E(w) is

1/nw.

The path integral is gaussian and gives

— \/%Zn:/dtl...dt% <(_‘f‘;ﬂ>2

X exp (—% /ds ds' (iF(s)+ p(s)) D(s — s') (iF(s") + p(s’))> . (1.34)



with D(t) the inverse Fourier transform of D(w),
1
© do L <1
D) = / e D) = Tl <1y (1.35)
o0 2 “Linql > 1/y
From this we may pull down the correlation function

ELL
ZSF(t)
= / /ds D(t—s)(p(s)p(s')) D(s") (1.36)

(q(1)q(0)) =

with charge density correlation function given by

N 2
(W00) = s 3 [t (SR o000

X exp (—% /ds/ds' p(s)D(s — s')p(s')) . (1.37)

We see from this expression that the “charges” in p interact via the essentially logarithmic
potential D(t'). This analogy to electric charges moving in one dimension is the origin of the

term Coulomb gas expansion. Using the expression (1.31) we can rewrite the exponential in

l\)l»—l

(1.37) as
exp <—% / ds / ds' p(s)D(s—s')p(s')) ~ exp k <2ﬂﬁ> 000Dty — 1)
oh

T
= exp —%TZJjUkD(tj—tk) . (1.38)
7.k

.77

where we have introduced the very important dimensionless dissipation parameter

2
nag
= 40 1.39
“ 2mh (1.39)

10



From (1.36) the mobility (1.7) is then

po= lmw[(D(w) - DWw)Sw)D(w)) (1.40)
_ % (1 lim D()S()) (1.41)

where S(w) is the Fourier transform of the charge density correlation function (1.37).
This perturbative expansion in powers of Vj should be valid for weak V. Renormalization
group arguments [7, 14] show that in fact V flows to 0 provided that the dimensionless friction

a given in (1.39) is less than one. We then have the dimensionless mobility

w/pwp = 1 for a < 1. (1.42)

The region where the periodic potential does not flow to zero is not accessible to the
perturbation theory. The approach to this side of the “phase diagram” has been to instead
work in the strong potential limit. In this sort of tight-binding limit, the particle lives mostly
in harmonic oscillator levels localized in the wells of the potential. The possibility of motion is
provided by tunneling through the barrier between minima; these are instantons [6].

A single instanton tunnels from, for example = 0 to x = ag through a barrier of height
Vo(1 — cos(2mz/ap). In an inverted potential formulation, we obtain the action of the classical

path associated with this (this is the WKB phase):

aop 4
s = / dz/2MVy(1 — cos(2mx/ag)) = ~40 MV. (1.43)
0 T
The paths associated with these jumps have the form
2a0 —1 _wot
ft) = — tan™ " e (1.44)

with wg = i—g\/QVO /M the effective harmonic oscillator frequency in the base of the wells. A

11



good approximation to a multi-instanton path is constructed as a sum of jumps of the type

(1.44). For n jumps at times t1,...,1, in direction e; = =1 we have
n
g(t) = D eif(t—ty), (1.45)
j=1
which we may Fourier transform (using an integration by parts) to get
7 .
_ iy it 1.46
) = S e (1.46)

where h(w) is the Fourier transform of % f(t). Note that since the path (1.44) is a smoothed-out
step function, its derivative h(t) is a smoothed-out delta function. When integrated alongside
functions that vary on time scales longer than 1/wg, h(t) = agd(t).

The effective action is infinite unless the paths start and end at the same position, which
allows us to impose charge neutrality >, e; = 0. For the n instantons described by (1.45) we

get effective action

d_w
2T

D wiw)al-w) +i [ dFE)at)
= ns+ %ZejekA(tj —tx) —i—z’/d—wMZe]—ei“tﬂ' (1.47)

- 2 w -
J:k J

Seff = ns-i—%

where A(t') is the inverse Fourier transform of

~ w 2
Alw) = % (1.48)

As mentioned above, on time scales shorter than 1/wg, the function h(t) acts as a delta

function apd(t). In this regime we then have
2
A N o— = 1.49
@ ~ 2 (1.49)

12



and we see that the double sum term in the effective action (1.47) has the same form as that
in (1.38) with the replacement o — 1/a.

Calculating the generating functional using the effective action (1.47) by integrating over
times t; we obtain an expression very similar to (1.34), but with no quadratic term in the source
F. The lack of quadratic term yields a mobility (calculated from the two point correlation

function as in (1.36) that lacks the leading classical behaviour of (1.41):
prp = lim A(w)S(w). (1.50)

Just as A(w) and D(w) are very similar on long time scales, so are the factor X(w) and S(w).
This leads to an approximate duality between the mobility p in the weak potential limit given
by (1.41) and the mobility u7p in the tight-binding limit described above:
1
,u(oz) - 11— ;uTB( /Oé) (151)

- )

Ho Ho

with « defined in (1.39). The implication of this, given the renormalization argument that

/o =0 for a < 1, is that
w/po = 0 for a > 1. (1.52)

In (1.42) and (1.52) we see that there is a sudden transition from classical dissipative
particle behaviour (u = 1/n) to localized tight-binding behaviour (1 = 0) as the friction o
passes through 1.

A finite-temperature approach to this problem was undertaken by Fisher and Zwerger [7].
Their approach involved the full evolution of the density matrix according to the Caldeira-
Leggett prescription. An outline of their approach and a generalization of it to more complicated

lattices is investigated in chapters 4 and 5.

13



1.4 The String Theory Connection

The connection between Caldeira-Leggett dissipative quantum mechanics and string theory
was first pointed out by Callan and Thorlacius [4]. An essential technique in string theory
for dealing with world-sheets of complicated topology is to cut up the world-sheet into various
“fixtures” of simple topology (for example a disk or a cylinder). Calculations may be done on
each fixture, and the results sewn together in a prescribed fashion.

When dealing with closed strings, which are closed loops, cutting the world-sheet into
fixtures results in the severing of some of the strings. The severed closed strings become open
strings with endpoints that live on the boundary of the fixture. The behaviour of these open
strings is influenced by interactions in the bulk of the fixture, but these degrees of freedom
can be integrated away to leave a boundary state. The boundary state is a functional of the
boundary field degrees of freedom. Two adjacent fixtures are re-linked by taking the product
of their boundary states; this is equivalent to a functional integral over their shared (boundary)
degrees of freedom.

Without developing too much formalism (some of which will be covered in chapters 2 and

3), the boundary state for free bosons without interactions is
1
|B>free = €Xp <_ 2:1 Ea—ma—m> |0> (153)
m=

where «,, and &, are mode operators for the string fields in the bulk of the world-sheet and
|0) is the famous SL(2,C) invariant vacuum, annihilated by the positive (m > 0) modes. In

the presence of the gauge field the boundary state is modified to [3]

|IB) = exp <Z %a_m&_m> /DX(s)exp (=Speg — So — Sa — Sis) [0y (1.54)

m=1

where the path integral is over the field configurations on the boundary, with s € [0, 27]

14



parameterizing the boundary (which is assumed to be periodically identified). The various

action terms S are

2m ds 2T ds’ ( — X(s"))
SN = oo zﬂﬁ (1.558)
™ ds dX*(s
salx) = 5 | 2Wzﬁm(X(s))% (155b)
2 ds u G —zms I ms
Sis[X] = /0 7. a(s)- X, where « Zz +a, e"™®) (1.55¢)
m=1
2 dSl . )
Sltl = [ S AMEE)® (1.55d)

The non-local term Sy is very similar to the dissipative term in (1.25), and in fact can be
obtained from this other by enforcing 27-periodicity of the paths ¢(t’) to rewrite the second
integral. Alternatively, we may take the limit of the Sy term as the boundary length goes to
infinity, and recover the (s — s’')? denominator seen in (1.25).

The term S4 is the topological term arising from the gauge field in the bulk. We may freely
take this to be zero now that we have used it to extract the other terms. (The inclusion of this
term in the problem described in chapters 2 and 3 has been discussed in [10]).

The linear source term S;s we choose to ignore, since its function is to share the boundary
fields back into the bulk modes, and may be treated as a c-number and shifted away. The mass
term S,y is necessary to regulate the theory, which is the role of the identical mass term in
the DQM model once friction has been introduced.

The conclusion we draw from this analogy is that calculations done with the DQM action
(1.25) may be relevant to calculations in string theory for models of the type (1.54). Conversely,
to find the boundary state in string theory (perhaps by some other means than the formula
(1.54)) is also to perform the path integral in (1.54). A calculation based on the string theory
side can thus provide insight into condensed matter problems.

To construct the Schmid model, we can consider the free bosonic field theory of the closed

15



strings in the bulk with a periodic interaction on the boundary. By finding the boundary
state for the theory, we are evaluating the path integral expression (1.54) with the periodic

interaction included. We end up working with the theory defined by action

o)

R T 2 2y 9 ix(r,0) . 9 —iXx(r,0)
5_47r/_00d7/0 do (0, X)* + (9, X)?) /_OOdT(2€ +4emiXe0) - (150)

This is the boundary sine-Gordon model, and is discussed in chapter 3.

Since string theory and thus the boundary state formalism is developed in the context of con-
formal field theory, any condensed matter problem being studied by these methods will inherit
symmetries from the string model. In condensed matter systems, extreme reparametrization
invariance tends to arise at the critical points of phase transitions (between localized and delo-
calized phases for example), so it is these critical theories that might be approached using the

string theory analogy.

16



2. Free Bosonic Field Theory

Conformal field theories arise in a variety of contexts, most famously in string theory and in the
statistical mechanics of condensed matter systems. The basic feature of conformal theories is a
total insensitivity to the parametrization of the underlying space (and thus is often associated
with scale invariance). This feature leads to tight constraints on correlation functions and
limits the spectrum of possible theories (by dictating the number of space-time dimensions in
string theory, for example).

The theory of a free boson in 2 dimensions is one of the simplest conformal field theories,
and is the basis for many others. In this chapter we review the important features of free
bosonic field theory that will be applied in order to find the partition function of the boundary
sine-Gordon model. At the end of the chapter we also touch on the subject of free fermion field

theory. The material here is mainly drawn from [12] and [8].

2.1 Action and Equations of Motion

Let us consider fields X#(o,7) which live on the world-sheet parametrized by the spatial co-
ordinate ¢ and the euclidean time 7. In string theory, the fields X* represent coordinates in
space-time, so the field represents a time-dependent embedding of a one-dimensional entity in
space-time, or string.

Our world sheet will live on a strip in the o, 7 plane:
T € (—00,00), o € [0,]. (2.1)

17



Greek indices will be used to index the fields, and these will always contract with the Euclidean
metric, g,,, = 0,,,. Roman indices, as in J,, refer to the coordinates (o, 7) which also contract
with a Euclidean metric. The action that interests us (for now) is the one that minimizes the

area of the string:

S = ! / dT/ do0, X"0"X,,. (2.2)
00 0

drad |

We may obtain the classical equations of motion by varying the fields and integrating by

parts:

65 = — / %0 (= (2000 X)) 0X" + 04(0" X6 X 1)) (2:3)

4ol

This gives an equation of motion

0,07 X" = 0, (2.4)

and we must impose boundary conditions to ensure that the total derivative term is zero as
well. This is usually done by either forcing the derivative term normal to the boundaries to be
zero (the Neumann boundary condition), or by preventing the variation of X at the boundaries
by fixing it to some specific coordinate (the Dirichlet boundary condition).

Since we have boundaries at ¢ = 0 and o = 7 the Neumann condition reduces to

0sXu(0,7) = 0

O Xyu(m,7) = 0. (2.5)

For the Dirichlet condition, fixing the endpoints of the string is equivalent to asking that the
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derivative of the field along the boundary be zero. The Dirichlet condition is then

0-X,0,7) = 0

0 X,(m,7) = 0. (2.6)

Note that these are the most common boundary conditions but not the only possibilities. When
we later add boundary interactions to the action, our boundary conditions will become more
complicated.

Expectation values are defined by a functional integral of the fields, weighted by the expo-

nential of the action. The expectation value of the operator F is
(F) = / DX FIX] (2.7)

where the functional integral is over all field configurations that satisfy the specified boundary
conditions.

It will be advantageous to work in an alternative coordinate basis defined by

w = T+i0 w T —i0 (2.8)

(it is quite standard to use the complex variable z here, but we wish to reserve that symbol
for the radial quantization coordinate transformation). This is simply a linear coordinate
transformation, and w and w should be treated as independent variables. Since 7 and o are
real, however, it will always be true that w = w*. We will commonly abbreviate ww = |w|?.

Our fields X#(w,w) are functions of the two new independent variables. All of our previous
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expressions can be rewritten by applying

Ow = 0r —i0, (2.9)
Oz = O0r+1i0,, (2.10)
which gives us an action
1 _
S = o /dw dw 0, X" 05X, (2.11)
s
and equations of motion
0Oz XH = 0. (2.12)

The equation of motion tells us that the fields X* are harmonic functions

Xtw,w) = XF(w)+ XhE(w) (2.13)

with the “left-moving” field X holomorphic (07X (w) = 0), and the “right-moving” X g(w)
antiholomorphic (9, Xr = 0). Since a derivative with respect to w (or w) makes X holomorphic
(or, respectively, antiholomorphic), we can omit the dependence on w (or w), and write simply
O X (w) (or 0z X (w)).

In quantum field theory, the equation of motion holds only as an operator equation, meaning
that expectation values involving 0,,05X are zero as long as there are no other field operators
near w or w. In a path integral formulation, this is easily obtained using the properties of

functional derivatives:
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OwOp (XH(w,@)...) = /DX e 51X19,0p X1 (w, ) . ..

56_S[X]
- [px .2
/ "X, (w, )

=0 (2.14)

The final line in this equation only follows if ... contains no field operators at w,w; in this
case the functional derivative is a total derivative and its integral is 0.

The complications that arise when field operators coincide are dealt with in the next section.

2.2 Normal Ordering

We now consider the two-point function, or propagator, (X*(w,w)X"(0,0)). Now allowing

w, W to approach 0, we find the “naive” equation of motion is adjusted as follows:

Budhs (X (1, T)X¥(0,0)) = / DX e=SX18,, 0 XH (w, ) X" (0,0) ..

—S[X]
- /DX 775567)(”(0,0)

X, (w, w)
B 5(eXIX¥(0,0))  _ory 6X7(0,0)
- ”/DX < X, (ww)  © S[X]axu(w,w))
= 5 (u, ) (2.15)

The propagator is thus the green function for the operator 0,03 (which is just the two

dimensional Laplacian if we return to o, 7 coordinates):
(XH(w,@)X"(0,0)) = —51" Infw| (2.16)
A normal ordered operator is one that, in each of its constituent fields, satisfies the equation
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of motion. An example is the normal ordered two point function:
[ XH(w,w)XY(0,0): = XH(w,w)X"(0,0) + in* In|w]? (2.17)
Then the expectation value of : X*(w,w)X"(0,0): satisfies
OO (: XH(w,w)X"u(0,0):) = 0 (2.18)

for all w, since the double derivative of the In|w|? term will exactly cancel the delta function
from (2.15). The normal ordered operator is well-defined even if its constituent fields are
coincident; : X*(w,w) X" (w,w): is a meaningful operator.

An unordered operator differs from its normal ordered form by the sum of all possible

contractions of its constituent fields. For the two-point function, this means

XH(w, @)XV (0,0): = XP(w,w)XY(0,0) — (XH(w, @)X (0,0))

(2.19)

Informally, the normal ordered operator is the sum of all possible ways of pairing fields in
the unordered operator and replacing pair with the corresponding propagator. We may express
this more formally: let F({w;,w;}) be an unordered product of local field operators at w;, w;,

fori=1,...,n. Then let

F: o= exp <—/d2w/d2w’ (XM (w, )XY (w', ")) 5prw’@) 5XV(2/,@’)> 7

) 0
_ 2 2,/ 2
= exp </d w/d w' In|w —w'| X (w7 5Xu(w’,w’)>f

(2.20)
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(Here the integration measures are abbreviated, e.g. d?w = dw dw.) This will guarantee that

Ow, 0w, (:F:) = 0 for each of F’s coordinates w;.

2.3 Operator Product Expansion

We have already seen in (2.15) that the product of two local operators may become ill-defined
as the coordinates approach each other on the world-sheet. This can be dealt with by using
the operator product expansion (O.P.E.) which approximates the product of nearby operators
as a sum of local operators. For a set of operators {F}, for each pair F; and F; there is a

neighbourhood of w about wqg such that

Fi(w,w)Fj(wo,Wy) = Z cfj(w — wo, W — W ) Fg(wo, Wo) (2.21)
k
where the coefficient functions ¢;;(w, @) are holomorphic in w and antiholomorphic in @ in this
neighbourhood of 0 except possibly at 0.

O.P.E.s are used to move the singularity of the operator product into the singularity of the
otherwise holomorphic/antiholomorphic coefficient functions. For that reason it is usually only
the singular terms of the O.P.E. that are of interest. Normal ordering can be used to identify
the singular terms (since the normal ordered form of the operator satisfies the naive equations
of motion, only the contractions of the operator will be present as non-singular terms). For

example, consider the product of two field operators at neighbouring points (w,w) and (0, 0).
XH(w,w)X"(0,0) = :X"(w,w)X"(0,0): —in" In|w? (2.22)

The normal-ordered product satisfies (2.16), and thus is well behaved at 0 and can be expanded
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in a Taylor series.

XFw)X¥(0) =~ Infw — w4+ : X*(0) X" (0):
+ i o (335X“(0)X”(0): wh+ 85 X1(0) X" (0): Ek>

k=1
~ = n|w —w')? (2.23)

The first line above is the complete O.P.E.; with all fields evaluated at 0. The second line
introduces the equivalence ~, which indicates that the expressions on either side are equal up
to non-singular terms (so that we may drop all “well behaved” terms). Note that in the power
series expansion the mixed derivative terms are zero by the equation of motion (which applies

to the normal ordered product).

2.4 Conformal Transformations

Our action should be invariant under world-sheet reparametrization. Going from coordinates

w to w' = f(w) for some analytic f and requiring that the new fields satisfy
X*w' @) = X*(w,w) (2.24)
means that the action naively written in the new coordinates
s = / Q' 0T Oy X" ()0 X', () = / dw T Dy X" ()90 Xu(@) = S (2.25)

is equal to the original action. Thus any change of world-sheet coordinates does not change
the basic theory; this is conformal invariance. In boundary conformal field theory, the world-
sheet boundaries will move with the transformation but the boundary operators appearing in

the action and thus the derived boundary conditions must retain their form under conformal

24



transformations. The set of boundary operators that is conformally invariant is not the same
as the set of operators that are conformally invariant in the bulk of the space.

The world-sheet energy-momentum tensor is a set of Noether currents that arise from
variation of world-sheet coordinates. Operating locally, it generates infinitesimal coordinate
changes. In the w,w coordinates it can be shown that the energy-momentum tensor has only

two independent components. The first,

T(w) = —:0u,XF0uXH:, (2.26)
generates transformations in w, while

T(w) = —:05XM0gXH:, (2.27)

generates transformations in w. In the next section we discuss how these tensors may be used

to determine the conformal transformation properties of field operators.

2.5 Primary Fields and Conformal Dimension

A primary field A(w,w) is a field that, under a conform transformation w’ = f(w) transforms

according to

A, @) = <gg>_h (g_g)*h A(w, D), (2.28)

where (h, h) are called the conformal weights of the primary field A.
From (2.24), for example, we know that X* is a primary field with weights (0,0). The energy-
momentum tensor is useful for identifying and determining the weights of primary fields. It can

be shown that the O.P.E. of the energy-momentum tensor acting on a primary field satisfying
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(2.28) is
T(w)A(0,0) ~ %A(O,OH%%A(O,O) (2.29)

Using this we may confirm, for example, that 0, X*(w) is a primary field of weights (1,0).
We accomplish this by finding the O.P.E. of T'(w)0X*(wy), by expanding the normal ordering
of T(w) and then re-normal ordering the resulting operator products (this is equivalent to
cross-contracting the fields in 7'(w) with the 9X*#(wg) but it is instructive to work it out very

explicitly):

T(w)oX*(w,) = —:0X"(w)0X,(w): 0X*(w,)

= — lim 00y (X¥ (v, W)X, (w, @) + 41", In|w — w|?) By, X+ (w,)

w!—w

. , 1
= — lim <%7] VmaXu(wo)

+ 0Oy O, [ X (W) X, (W) X (wo): — 2n%, In|w' — w2 XH(w,)
o = w XY ) — Iy — X (w) )

1
~ et @) (2.30)

We want local operators at w,, so we Taylor expand X*(w) = X*(w,)+ (w—wy)0X*(w,)+. . .
to get
1

T(w)0X*(w,) ~ mX“(wo) + pr—

DX (w,); (2.31)

from which we conclude that 0X* is a primary field of weights (1,0) (since X* has no w

dependence, it trivially has weight h= 0).
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It is also important for our purposes to know the weights of an exponential of the fields:

T(w) cekuXt(wo) . :3X”(w)3X,,(w)::eikﬂXﬂ(ﬁo);
= — :8X”(w)@X,,(w)eik“X“(wo’%);
— (— ik, 00 In Jw — wo|?) (— 5iKk" Dy In [ — w,|) : ethu X (wo)
— 20XH(w)(—Lik, 0y In |w — w,|) e X"we);

2
(G ) e (232

w—w,)?  w—w

The O.P.E. has terms from contracting both or just one of the fields in T(w) with the ex-

ponential. Acting with T'(w) gives a similar result, and we find that : e®*»X" : has weights

(Kt )4, ke ki 4).

2.6 Radial Quantization

It is often advantageous to perform the coordinate transformation

E

(2.33)

gl
1
N
Il
o

w— z=¢eV

Referring to our original coordinates, circles about the origin in z coordinates are lines of
constant 7; 7 = —oo maps to z = 0, 7 = 0o maps to z = oco.

In radial quantization it is very advantageous to make use of a connection between operators
and states. Consider an operator very close to z = Z = 0. This position corresponds to 7 = —o0,
and thus in the original 7,0 coordinates it establishes an “ingoing” state for our subsequent
calculations. A path integral on the z world-sheet with the operator at the origin corresponds
to a path integral on the strip (w world-sheet) with some initial state defined at 7 = —oo. This

relationship will be explored further in the next chapter.
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2.7 Mode Expansions

Since 0X*(z) satisfies 9(0X (z)) = 0 everywhere except perhaps at z = 0, it has a Laurent

expansion about 0. This is customarily expanded as

0XH(z) = —i\/g i oz F 1 (2.34a)

m=—0oQ

where the ay are operators. (Note that in the original o, 7 coordinates, this is just a Fourier
decomposition; so it should not surprise us if the « turn out to act as harmonic raising and

lowering operators.) Similarly,

[e.9]

OXH(2) = —i % Gz L, (2.34D)
k=—o00

These can be integrated to give the general mode expansion for X*(z,z) = X}(z) + X(2):

1 «
X = — |a¥ —iprl Py 2.35
e = 5 (scL ipL nz+zn§:03 s ) (2.350)
X“(Z) = L a2t —ipplnz +i E %2_” (2 35b)
R - \/é R PR n .
n=0

The g and oy mode operators have been reinterpreted as momenta. It can be shown, for
example by careful commutation of contour integrals that extract the various modes from the

field X*, that the operators =, pr, ar satisfy commutation relations

[zr,p] =4 and [on,a-,] =n, (2.36)

with all other commutators zero. The analogous relations hold for the right-moving modes:

[r.pr] =1 and |on,a_n]=n, (2.37)
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and the left- and right-moving modes commute with each other.

The vacuum states consist of eigenstates |k, kgr) of the momentum operators

prlkr,kr) = krl|kr,kr) pr kL, kr) = krlkr,kr) (2.38)

are annihilated by positive mode oscillators;

Oén‘kL,kR> = an‘kL,kR> =0 for n>0 (239)

2.8 Free Fermion Theory

The discussion of fermions will not be as deep as the discussion of bosons. Free fermionic
field theory has many similarities with the bosonic development, and several more complicated
aspects.

A free fermion ¢ (w,w) = ¢ (w) + ¥r(wW) has action

s=o [ ar [ do (@) + vh@ (). (2.40)

where w = 7 + i0 is on the Euclidean cylinder.

Since only fermion bilinears must be periodic under ¢ — o + 27, there are two sectors of
fermions, depending on whether they are periodic (Ramond) or antiperiodic (Neveu-Schwarz)
in their spatial coordinate. Explicitly,

oo (W, ¥p) — (=¥, —¥p) “Neveu-Schwarz” (NS) (2.41)

(Y, vg) — (Yp,Yg) “Ramond” (R)

with all fields evaluated at 7,0 The resulting mode expansions, in radial quantization z = e",
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wy
I
)

, are

Y, (2) = Z¢nz_” 1[)2(,2) = Zzﬁlz‘" (2.42)
Yp() = Y " Yh(z) = > gl (2.43)

where the index n ranges over integers or half-odd integers depending on the sector:

NS sector n— % cZ (2.44)

R sector n e 7.

We will refer to the modes ¥y, z/)l: as left-moving, and the Jn, JIL modes as right-moving. We
will frequently use the index r to sum over half-odd integers in the NS sector.

The modes have anticommutation relations

{apn,zpin} —1 {Jn,aﬁ_n} —1, (2.45)

and all other inter-mode anticommutators are 0.

The vacuum state is different in the Ramond and Neveu-Schwarz sectors. In both cases, all
positive mode (n > 0) oscillators annihilate the vacuum and negative mode operators (n < 0)
create excited states. In the Ramond sector, the n = 0 modes complicate the notion of vacuum

somewhat; we define our Ramond sector vacuum |0)  such that

U105 = 1 0) = 0 (2.46)

In the Neveu-Schwarz sector the Hamiltonian is

1

Hys = Y. (m_ﬁpr + mZ_TJT> - (2.47)
1
r=3
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The Hamiltonian for the Ramond sector is
> ~ o~ 1

n=1

We will ultimately be fermionizing a bosonic system, and most of our difficult work will

involve the fermion operators.
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3. Boundary Sine-Gordon Model

In this chapter we will calculate the partition function of the boundary sine-Gordon model
at the self-dual radius. The theory is free in the bulk, while the periodic interaction at the
boundaries modifies the boundary conditions. The results of this section, along with several
extensions of the model, have been published in [10]. The approach was previously applied to
the rolling tachyon problem [11]

We will first develop basic ideas about calculating partition functions using boundary states.
In a path integral expression for the partition function, the field configurations are restricted
to be periodic in the euclidean time; at the same time we have to impose our boundary con-
ditions at spatial extremes of the world-sheet. To re-enter familiar string theory territory, we
interchange the spatial and time coordinates so that the spatial component is periodic while
the boundary conditions are recast as incoming and outgoing states.

The success of this approach comes from fermionizing the system. In free field theory,
fermions are obtained as exponentials of bosonic fields, with the exponent containing a factor
of i/4/2 to ensure the correct conformal weights for the fermions. Since the bosonic boundary
interactions are constrained to have the right conformal scaling dimensions, the exponentials
appearing in the action appear without the factor 1/ V2. The disparity is remedied by intro-
ducing an additional boson field Y with trivial boundary conditions, and forming new boson
fields (X +Y)/v/2. The new fields can be fermionized, and the boundary interaction is still
marginal.

Upon fermionizing, the momenta of the bosons are related to fermion number. Since fermion
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number is discrete, so must the boson momenta be. This leads to a requirement that the target
space of the boson be compactified at a certain radius. Once this has been ensured, the partition

functions may be calculated in the fermion system.

3.1 The Model

The boundary sine-Gordon model is the model of a free bosonic field X on a 2d space, subject
to a periodic interaction at the boundary of the space. As in section (2.1), we let world-sheet
Euclidean time parameter 7 run over all real values, while the spatial coordinate o is restricted
to the interval [0,7]. The sinusoidal interaction is present at the o = 0 boundary, and we

impose either Neumann or Dirichlet conditions at the ¢ = 7 boundary. The action is then

L " A 9 ix(r,0) . 9 —iXx(r,0)
S = /_de/0 dod, X0°X /_wd7(2e +2e ) (3.1)

One would typically take g = g to make the Hamiltonian hermitian. We need not insist on
this for now, however. The equations of motion are as in (2.4). However, the derivative term

in (2.3) that leads to the Neumann boundary condition equation is modified to
0, X(7,0) + i%eiX(T’O) - de_iX(T’O) = 0. (3.2)

This is the new boundary condition at o = 0.

3.2 Boundary States

The thermal partition function can be obtained in a path integral formalism from

Z = / DXe PH (3.3)
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where the path integral is over configurations of X (o, 7) that are periodic in the 7 direction
(remember 7 is already the Euclidean time) with period § = 1/T. In this problem we must
also enforce the boundary conditions at ¢ =0 and ¢ = 7.

In string theory we are much more accustomed to o being the periodically identified coor-
dinate, while 7 is subject to notions of “in-coming” and “out-going” states. For this reason
we redefine our coordinates, using conformal invariance. In particular we want to make the

B-periodic T into a 27-periodic o’

Now ¢ is 27-periodic and our boundaries are at 7/ = 0 and —272/3. So (7/,¢’) parametrize a
finite length of Euclidean cylinder.
In the Boltzmann factor (3.3), the conformal transformation to o, 7" will preserve the form

of the double integral over Hamiltonian density H, but the integration limits are adjusted:

Jé; T 27 272/ 27_‘_2 27 27[.2
BH = /dT/da'H = /da'/ dr' H = # do'H = —H'. (3.4)
o Jo 0 0 BJo B

So our partition function (3.3) becomes
Z = /D/X exp(—aH) (3.5)

where o = 272/ and the prime on the integration measure indicating that the paths are
restricted to satisfy the boundary conditions at 7/ = 0 and a. We may let X roam freely over
all paths, provided that we enforce the boundary conditions some other way. Let ¥1[X] be a

functional of the path that enforces the boundary condition at 7/ = 0, and ¥5[X] do the same
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at 7 = a. Then

Z = /DX\I’Q[X]eXp(—aH)\Ifl[X].

= (Bi|exp(—aH)|B3) (3.6)

where | B;) are the boundary states corresponding to functionals W;[X] that enforce the bound-

ary conditions [12]. To do this they must satisfy
BB} =0 (3.7)

where B; are the operators obtained from the left hand side of the boundary condition equation
(3.2).

We also need the form of the new Hamiltonian H'. It is obtained in the canonical fash-
ion from the free action in the new coordinates. The action preserves its form (other than

integration limits) under the conformal transformation, so the new Lagrangian is

2
L = i do’0,X0°X
47T 0
(3.8)
and the new Hamiltonian is then
oL
/ — —
i = (0 X) L
_ L 2Wd "((0X)* — (0., X)?)
- 47[' 0 7 T 7'
27
_ 2i do’ ((20:X (2))? + (30:X (2))?) (3.9)
™ Jo

where now the derivatives are with respect to z = e™ 7' z = ¢™ = The fields 8, X (2) and
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07X (Z) have mode expansions given in (2.34a) and (2.34b), and we may may integrate them
very easily by realizing that o’ € [0,27] is a contour integral in the complex plane. Then with

do' = dz/iz = dz/iz we find

Hl:f 20X+ 50X ()2

S
= Z —_nQy + a_ nan) - % (310)

(Here the 1/12 comes from the commutation of a, past a_, which results in a > >~ ; n. The
requirement of modular invariance demonstrates that this sum is best interpreted as ((—1) =

—1/12, with ¢ the Riemann zeta function.)

3.3 Auxiliary Boson

In order to facilitate fermionization, we must introduce an additional bosonic field Y to the

system [9, 13]. Our free action, on the cylinder in ¢’, 7’ space is then

1 2

So = 5| dT do’ (0,X0°X + 8,Y 0°Y). (3.11)

where we may extend the 7/ domain to £oco since our boundary conditions will be enforced by
the boundary states. To make Y easy to deal with, we give it Dirichlet boundary conditions at
both boundaries.

Our real purpose is to change the scale of interaction term, however. We perform a unitary

rotation on the fields X,Y to get

o1 = P2 = . (3.12)
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The free part of the action (3.11) becomes

0o 2
S, = % dT// do’ (3a¢18“¢1 + 8a¢28“¢2) . (3.13)
—00 0

Our mode expansion for the new fields ¢;(z, 2) = ¢;1(2) + ¢;ir(2Z) has the same form as (2.35),
explicitly

bir(z,2) = wir, —imip Inz + Z %an_" (3.14)

1
\/i n#0
and similarly for ¢;pr.
We will also write the consequences that simple boundary conditions on X and Y have for

¢;. For the case of the boundary state |N, D) where X has Neumann boundary conditions and

Y has Dirichlet boundary conditions,

(XL = Xg)IN,D) =0 (é10 — d2r)|N, D) =0
—

(YL +Yg)IN,D) =0 (¢2r — ¢1R)|N, D) =0

(3.15)

with all fields evaluated at 7 = 0, arbitrary o.
Similarly the boundary state |D, D), for the case of X and Y both having Dirichlet boundary
conditions at 7 = 0, satisfies
(X, — Xg)|D,D) =0 (1 — ¢1r)|D, D) =0
=

(3.16)
(Yr — Yr)|D,D) =0 (o1 — ¢or)|D, D) = 0.

3.4 Fermionization

Fermionization is a process by which the bosonic fields of a system are combined into operators
that have fermionic commutation relations. If the inherited properties of the derived fermions

can be shown to follow from some fermionic action, then expressions obtained in the fermionic
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theory (in particular the form of the partition function) are valid in the bosonic context as
well. To perform our computation in the fermion system, we will need the Hamiltonian, the
boundary conditions, and thus the boundary state must be obtained in terms of the fermionic
operators.

For the boson fields ¢;, the fermionic field operators are [8, 11]

U (2) = Cup e V2o, Pl(z) = Vol
Uar(2) = G eV () = eVl (3.17)
Uip(3) = (pieYom: fp(z) = e V2o ¢l
Yor(2) = Qr:e V2idan ;R(E) = :eﬁid)?R:C;R.

The operators (;i (where H is the handedness, L or R) are cocycles, and are necessary in the
two boson case to ensure that the 11 and 19 fields anticommute (without it, the two kinds
of fermions would commute instead). It is enough to use bosonic momentum operators in the

cocycles [11]:

Gr = (g = exp = (miL + TR + 2ToL + 27m2R)

Co = Cor = exp 5= (mar + TaR) (3.18)

+im/2 are obtained

In resolving the anticommutator of, for example, 17 and g, factors of e
when commuting the cocycle from one operator through the exponential factor of the other.

The exponential in the boundary condition (3.2), acting on the boundary state |B, D) can
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then rewritten in the following way:

geiX|B,D) - gei(X+Y>|B,D)
_ gei\/id>1‘B,D>
= JeivaiLeiv2eir| g D)

2
_ %/ :eiﬂ¢1L ::ei\/ﬁfbmz |B, D)

= %¢IL¢1R’B7 D) (3.19)

with all fields evaluated at the boundary.

In the first line of this equation, the introduction of Y is allowed since X and Y are
independent and e?'|B, D) = |B, D) from Y’s Dirichlet boundary condition. In the third line,
the left- and right-moving parts of ¢, are independent and the exponential can be factored.

The normal ordering in the fourth line, however, introduces an infinite constant that must
be absorbed into the coupling constant. This is a standard coupling renormalization. We will
continue using the symbols g and g in the fermion theory, but we should remember that these

are renormalized versions of the original couplings. In a similar fashion we obtain

g _ g/
53¢ NIB.D) = Tl oglB.D) (3.20)

The operator product in bosonic operators can be used to show that, for a bosonic holo-

morphic field X (z), [8]
X ()10 X () = 00, X (2). (3.21)

So our bosonic field derivatives may be expressed as fermion bilinears. In terms of the original

39



X and Y fields we then have

Wl (w): = V2idudiL(w) (3.22a)
by (0): = —V2i0uar(w) (3.22b)
Pl (@) = —V2i05¢1,() (3.22c)
Py p(@): = V2i0p¢aR(T) (3.22d)

The derivative operator in the boundary condition (3.2) is expressed as a fermion bilinear

using (3.22):

0, X = (Ou+0n)25(61 + bo)

= %8111 (P11 + P2r) + %% (p1r + P2R)
= % <:¢IL¢1L‘ - :¢$L¢2L: - :¢IR¢1R: + :¢$R¢2R:) (3.23)

Introducing the vector notation

(G
v=| " v} = (ij ¢;L> (3.24)
Yor,

and similarly for ¢¥p and @Z)}L%, along with the Pauli matrices o’ we can write the complete

boundary equation in fermion variables as

(:zp}a%L: —photn: + mgyl (14 0%)pR — gyl (1 - 03)2,&3) IB,D) = 0.(3.25)
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In a similar fashion, the analogue of the Dirichlet boundary condition (2.6) for Y is
i — ) IB.DY = 0 3.26
pp: = YpYg: ) [B, D) (3.26)

3.5 Boson momenta and fermion numbers

The boson momenta m;;, and ;g can be obtained from the spatial integral of the derivative
of the boson fields ¢;; this follows from the mode expansion (2.34a). In radial coordinates we

have

(Z \/_az ¢ZL)

21
— o sl

L =

*S\

Do (T/JT_T i — Vi _T¢2r> Neveu Schwarz
= (3.27a)
D on= < o Win — Vi T/Jjn) + ¢j oVio — —1  Ramond
and similarly
- (ZZ),T _Tﬂ;i s = _,,T,Z,T T) Neveu Schwarz
TiR = o o (3.27b)

Zr 1
- Zn:l (1/}3’_”,{5@'7” - wi,_n{ﬁn) - TZJ,OTZLO + % Ramond.

Since the fermion numbers are integers (in the Neveu Schwarz sector) or half-odd-integers
(in the Ramond sector), this limits the spectrum of the momenta in the bosonic theory. The way
to handle this is to compactify the boson theory, which identifies target field values separated
by 2m R where R is the compactification radius.

From the bosonic mode expansions (2.35a) and (2.35b), the parts of X (o, 7) linear in o and

T are

\_/—% ((px,r +px,R)T + (Px,1. — PX,R)i0) (3.28)
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which leads to the definition of total momentum p and wrapping number w:

p = pL+Dpr w = pr—Ppr (3.29)

Since taking 0 — o + 27 must map X to an equivalent X (in the sense that X ~ X + 27), the
wrapping number for X must satisfy

W =mR = w= V2Rm (3.30)

with m € Z. The total momentum, is quantized according to

2
ZwR%p = 2mm = p= %n (3.31)

withn € Z. At R=1, \/§pX7L and \/§pX7R are integers and either both are even or both are
odd. The same must apply to Y, and the implication for the ¢ bosons is that 2¢1 1, 2¢1 r, 2¢2 1,
and 2¢9 g all must be integers with the same parity. The significance of this is that our partition
function expression (which originated with a trace over all possible states) must respect these
relationships between momenta, and thus between fermion number as described in (3.27). This
means that our partition function must be the sum of fermionic expressions for the Ramond

and Neveu-Schwarz sectors:
Z = ZNns+ Zg. (3.32)

By compactifying at R = 1, we are guaranteed that the half-integral spectrum of the
fermion number operators spans the same values as the ¢ boson momenta; and by separating
the partition function into the sum over the two fermion sectors we are enforcing the relationship

between those ¢ boson momenta.
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3.6 Gluing relations

Having established that the boson momenta are integers, we are set to establish another im-
portant set of relationships for the fermion fields acting on boundary states. Using the “gluing
relations” (3.15) for the boson fields at the boundary, we obtain gluing relations for the fermion

operators. For example, acting on the | N, D) state with the vector zb};((), o) gives

/l/} C].L :e_\/§i¢1L : C]_L :e\/§i¢2R:
v,y = IN,D) = |N, D) (3.33)
Yo Cor, :eV2id2r . Cop, e~ VbR,

with all fields in this expression evaluated at (7 = 0,0). Since the boson momenta have been

restricted to integers, we have CILCQR‘B,D> = |B, D) and thus

v vy - | S reVior: (f Gop Ny _ [ T eV2idnn, D)
ar Car re~V2idin CnglR —i(1Rr e~ V2itiR .
(U
1R

A similar computation can be performed for 1/12 and w%. The result is the two gluing

relations for the vectors (3.24):
(¥}(0,0) + ¢} (0,0) ic")|[N,D) = 0 (¢(0,0) +ic ¢, (0,0))|N,D) = 0, (3.35)

where 0! = (9¢) is the Pauli matrix acting left on the row vector 1/12 or right on the column

Yy

If instead we impose Dirichlet boundary conditions on X, this leads to the much simpler
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relations
Wh+vID,D) = 0 (¥ —v,)D,D) = 0. (3.36)

3.7 Fermion boundary state

We have found the expression for the partition function as a matrix element (3.6) of boundary
states, and we have developed an equivalent fermionic theory with Hamiltonian (2.47) or (2.48)
and boundary conditions (3.25). We will now establish the form of the boundary states in
fermion variables. Then the computation of the partition function will be possible.

The action for the pair of fermions 11,19 can be written exactly as (2.40), though now the

field operators, such as 1, represent the vectors defined in (3.24):
s=o | o; dr /0 " do (600, 0) + (@) (@) (3.37)
This action is invariant under the unitary transformation
Y, = U, and o) —ofu™! (3.38)
and similarly (and independently) for 1/ ,. These symmetries have corresponding currents [§]
Ji =1 ooy, (3.39)
where o are Pauli matrices acting on the vectors ¢; and @Z)};. In fact

[, 08 = $0%,  [JEl) = Sl (3.40)

For a vector 6, of angles, the currents J{ generate finite SU(2) transformations according
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to

e~ ety FibdE = [y, (3.41a)

o—i0a T} wEeeran — wEU—l (3.41b)

where U = ¢i0ao"/2,

Note that the gluing relations (3.35) for the | N, D) and |D, D) states appear related by this

sort of rotation, in particular it can be shown that
IN,D) = €™1|D,D) (3.42)

We will attempt to construct the boundary state |B, D) that satisfies the boundary conditions
(3.25) as an intermediate rotation of the |N, D) state in the o' direction. Our ansatz is thus

that
IB,D) = exp(~i0,J3)|N, D) (3.43)

for some vector of (possibly complex) angles (6,).

Using (3.41b) in (3.35) we obtain gluing relations for the boundary state:

0 = e ibal? (1/12(0,0) +¢}(o,a)z‘al) ¢%JE| B, D)

- (%(o,@wz(o,aw—lwl) ¢%a7%| B, D) (3.44)
and similarly
0 = <¢R(0,0)—|—i01U¢L(0,0)) B, D). (3.45)

Applying these to the boundary state equation (3.25) gives an equation for U. Beginning
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with the boundary state equation, we apply (3.41a) to change ¥ to ¥r:

0 = <:¢£03¢L: — :wka?’qﬁ}g:
+ gl (L4 o*)er — mgul (1 - a*)ur) (B, D)
= (:1/12031/@: — :wga?’(—ialUwL):

+ gl (14 0*)(—io Uv) — mgul(1 - 0%)(~ie'Uvy)) |B, D) (3.46)

We will suppress normal ordering for a while. We can then separate the 11, vector on the right,
and anticommute the fermion operators left (note the introduction of indices a to handle the
vector product). The anticommutators of the v, 1/)}; fields vanish because the matrix between

them is traceless. The first two terms on the right hand side of (3.46), then, satisfy

(vio*r — who'(—io'Up)) [B.D) = —(o*Usn)" (v]o’U~'0? — w}) |B.D)

= — (c2Uyy)" (zp}ai”U—la? + z‘zp}U—lal) B, D)

Y} (0® = U0U) yr| B, D) (3.47)
and so the complete boundary state equation is
0 = @Z)E [03 — U 03U + 7g(0? —ioc")U + wg(o? + z'al)U] Y| B, D). (3.48)
The matrix U is then obtained by solving

0 = AU -U1e? +7g(0? —iot) + ng(o? +iot), (3.49)
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to obtain

V1—=m?gl? —img

U o— (3.50)

—irg V1-=m?gl

Here, the diagonal elements of U are fixed by demanding that U be unitary. This also forces
g=g"

The boundary state for the full boundary condition is a rotation of the Neumann and thus
of the Dirichlet boundary states. In the two possible fermion sectors, the Dirichlet-Dirichlet
boundary state | D, D), which satisfies (3.16), is

N —
3

D.D)ys = 272 [Texp (vl i, +98,0.,) 0)ys (3.51)

3
Il
D=

N —
8

|\D,D)p, = 27 exp (sz_nJ_n + JT_MZ)_”> exp <¢(T)1;0) 10) - (3.52)

3
Il
—_

The operators 1, etc., are vectors containing the modes of the L and R fermion operator

vectors (3.24), for example

Uy
Ui(2) = D> 2" b, = 1/117 . (3.53)
n 2,n

We are interested in the action of the Hamiltonian on the boundary state. Since the currents

Ji commute with the Hamiltonian, we can move them left,
e aH|B,D> — e aHe ZanLe“T‘]L|D’D> — e zGanemrJLe aH|D,D>.

and work with the |D, D) state instead. The action of the Hamiltonian on the Dirichlet-Dirichlet

state can be examined mode by mode. We will work it out carefully in the Neveu-Schwarz
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sector. Combining (2.47) and (3.52) we have

V2

1 o0
e—aHNS|D,D>NS — /6 H exp(—aH} — aH)exp(D,) 0) vg
1

=2

with

HE = @l + o)
W, + ol p_,).

S
Il

(3.54)

(3.55)

For different values of r > 0, the operators in (3.55) commute with each other. For equal

r, we have
[H}, D] = rD; (1, D;] = rD,
and thus
e HI AT - p ema(Hr4r)g=a(Hi+r) _ p o=2ar —a(Hr+H)
and finally

e—a(HTL-l-HTR)eDT _ ee*af'Dre—a(HﬂH}?).

Since HX|D, D) = HE|D, D) = 0, (3.54) becomes

e fNS|D DYy = 7 H exp (e_2ar(1/1T_ﬂZ_r + {/;T—ﬂ/’—r)) 10) s

(3.56)

(3.57)

(3.58)

(3.59)

48



Re-rotating the left-moving fields gives

e HNS|B D) yg = 7 H eXp( _2ar(iw_rU—101J—r - Z'ZZT—TUIUW—r)) 0) s (3:60)

Not surprisingly, the result in the Ramond sector is simply

a/3 0

e Hr|B, D)y, = Hexp( —2an ZI/JT U~ 101¢_ Z'?,ZJL,LUIUT,Z)T_H))

exp(ipd U o) [0) (3.61)

3.8 Evaluation of the Partition Function

Using the boundary states found in the last section, we can construct the fermion theory matrix
elements associated with the boson partition function. Continuing from above, the NS sector

partition function is

Zns = <D D|e~H~s|B, D)
- 50 T o (41 + v,
=3
a/6 X _ N
X % 1exp( (wT_rM—lw_T +¢T_TM1N_T)> 10) v g (3.62)
r=3

where we have abbreviated
M = ic'U Mt = —iuTlol. (3.63)

—2ar

and y=e
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The exponentials can be broken up and grouped:

7 € /6 1/1“,[). ﬁ/wT M~1q) 1/1”/1 ﬁ/wT Mz/JT
NS = 2 <0|NS I | (6 rretter 77“) (6 rrretter 77") |0>NS‘ (364)
1
=3

Then we can obtain

ot ot t ot 0% s o
Ao TLMLe o) = (14 G+ B iy B, ) (170 20
+ 7 M Mao{ 0] 08 ],
+ ’Ylezlelﬁ_ﬂb;_r@,_rﬂ,—r> 0)

= (14 ~trM +~2det M) |0) (3.65)

where in the first line, the first two terms in each set of brackets are still in our vector notation,
while the remaining terms have been broken down into their components. Since det M = 1, its

eigenvalues are ¢ and ¢! with

Then our factor from (3.65) is
(1+ytrM +~%det M) = 1+e 27 (C+ ¢ Fetor
= (14 e 21 4 ¢ tem2om). (3.67)

The other pair of exponentials in (3.64) works out the same way and the partition function

is

e/t —2ar) 2 —1_—2ar)\2
Ing = TH(H@ (14 ¢ e (3.68)
1

=75
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Using the Jacobi triple product identity,

oo oo
Z qun2 _ H(l . q2n+2)(1 + Zq2n+1)(1 + Z—1q2n+1)’ (3.69)
k=—o00 n=0

we have

k=1

« n —an2 - 1

By a similar procedure in the Ramond sector we obtain

00 2
n 1 —a(n Lyo 1
Zp = 1eo/8 (Zg( +3) g—alnt3) Hm> . (3.71)
n k=1

As explained leading up to (3.32), the partition function for the bosonic system is obtained
as the sum of the Ramond and Neveu-Schwarz partition functions. In this sum we face the
combination
2 2

n ngée—a(m%)?] _ Yo (e—a(n2+m2) +e—a((n+%>2+<n+%>2>>
n

n,m

[Z Cne—an2

n
_ Z:gn—me—%oz(m—n)2 <e—%a(m+n)2 + e—%a(m+n+1)2>
n,m

l /2

1
= Zgne—§an26—2an . (372)

51



Then our partition function reads

00 2
1 —la m—n m—n —lam n —lam n
7 %ea/fi(Hm)} e~3om=n)? ¢ <€2(+)2+e2(++1)2>

k=1 m,n
1 2 T 1
— _ea/12 e~ 2on

1, o Lo 1
% <ﬁe /12%:C e 2 Hm) (3.73)

k=1

N~

The first bracketed term is ¢ independent, and is exactly the bosonic partition function of

the free Dirichlet boson Y. We may remove it to get the desired partition function for X only:

H (1— i—zak)' (3.74)

k=1

1 1 2
A — _ea/12 ne—gan
X 7 ;C

Recalling that 8 = 272/« is our physical parameter, we use Poisson resummation to get

n _Lon2 Lo nln¢ 27 —ﬁ(k—iln ¢/2m) m —B(k+0)
< [ 2 = e 2 + = —_— [ a g — e 375
> > Ve X 52 6o

n n

where from (3.66) we know

b = ’ = —cos! (ir(g+19)- (3.76)

We can also write

Mt - P - Vo] - For ot

(3.77)

where 7(7) is the Dedekind eta function (for which the identity n(—1/7) = (—ir)"/?n(r) holds

generally).
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Combining these results, we have the partition function for the compact boson subject to

a periodic potential on one boundary and a Dirichlet boundary condition on the other:

= 1

_ 24 —B(n+8

Zpp = &b/ E e~ Bn+d) I | m. (3.78)
n k=1

3.9 Conclusions

The expression for the partition function (3.78) is not new, nor is the idea of attacking the
problem using fermionization [13]. However, our approach differs in the way that the renormal-
ization of the coupling constants is performed. In the reference [13], the coupling is redefined
inside an exponential of the boundary condition, leading to a relationship between their cou-

plings ¢’, g and the ones obtained here:

~

Q

sin?m\/¢'g’ = 7295 and = (3.79)

~

©||
Qe

Our calculation, which involves a more direct renormalization of the couplings, in some sense
justifies their renormalization arguments and provides an alternative approach for constructing
boundary states using periodic operators.

Ultimately, the realization of a system described by the boundary sine-Gordon model at the
self-dual radius is physically very difficult. At the self-dual radius, other interactions besides the

X s relevant

periodic boundary potential become marginal; in particular the bulk operator e’
and destroys any hope of maintaining the critical boundary theory.

An interesting extension, discussed in [10], involves compactification at rational radii R =
n/m. The boundary state and partition function are then obtained by fermionizing and pro-
jecting out combinations of fermion number that coincide with the boson momenta at the

rational radius. Perhaps these rational CFTs might be more easily realized in real systems.

Future work using this approach should be possible, in particular it should be possible to
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apply it to the dissipative Hofstadter model [5], where there are two bosonic degrees of freedom,

a periodic potential for each, and a magnetic field term that couples the two directions.
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4. Mobility at finite temperature

In this chapter we return to the condensed matter context and consider two other important
results relating to the Schmid model. The first is a finite temperature analysis of the one-
dimensional problem, and the second is a renormalization group analysis of the zero temperature

problem on a two-dimensional lattice.

4.1 Non-zero temperature approach

Fisher and Zwerger [7] attacked the Schmid model at arbitrary temperature, obtaining inter-
esting results for the temperature dependence of the mobility. Their approach was also very
explicit in its development of the duality between the weak potential and tight-binding limits
of the problem. In anticipation of generalizing the results to two dimensions, we present some
details of their calculations.

Working at finite temperature requires the full density matrix approach to Caldeira-Leggett
dissipative quantum mechanics, presented in section 1.2. We will use much of the notation from
that section. We work towards an expression for the mobility as defined in (1.5). We are now
working in real time ¢.

Our applied force F' is now a constant that we include in the potential:
V(q) = —Vhcos(2mq/ay) — Fq (4.1)
Putting this into the expression for the reduced density matrix (1.16) involves the difference in
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particle actions

Solg] — Sold'] = Solz+ 23/] Solz — 5]
= M/ dt'i( /dt’/ dt' Fy(t
+ /0 dt’ [cos —(ac + 1y) — cos 2—”(:5 — 1y (4.2)

where as before, z = %(q—{—q’ ) and y = g—q’. Each cosine is then expanded in a Coulomb gas as
in section 1.3. The first cosine is represented as a sum over n charges o; = +1 and the second

is indexed by n’ charges e; = +1. For each n,n’ and times ¢;,t; we have charge distributions

271h 27h
o) = TS odt—t) A = 23 egblt—ty). (4.3)
0 @ 5=

We are interested in the classical probability distribution P(X;t) for the position of the
particle as a function of time, which is obtained as the diagonal component of the reduced

density matrix p(q, ¢’;t) described in (1.16)

PXit) = AX X0 (4.4)
:ZZ% -V Z/dtl /dt/dtl /dt
n=0n’'=0 oi,ej=%1
/dl‘o/dyo Ao + Y0, Zo — 303 0) x G(p, p's 20, o) (4.5)

where the propagator corresponding to charge distributions p and p’ is

X 0 t
G(p.p'sz0,0) = / D:c/ Dy exp |:ﬁ/0 dt’ (Mg +nzg+ Fy+x(p—p') — sy(p + p))
x Y

0 0

— Saly]| - (4.6)
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The path integrals may be performed to yield

M ; .
G(p, p'sw0,90) = Shd(D) exp (,—i MXy,

[ [ = 3 ) va?) - Sial) (@)

where

— 1l _
d(t) = S(1-e"), (4.8)
v o= /M, (4.9)
and the classical path y,(t') solves
o = Ve = (0 = p)/M (4.10)

subject to y,(0) = yo and y,(t) = 0.

Note that if the charge distribution is not neutral, then the integral in So generates terms
linear in ¢ which effectively kill that configuration’s contribution to the probability distribution.
Thus we may restrict our attention to the case of “neutral” total charge distributions, which
means n +n’ is even and Y o — Y el = 0.

To go further, we take the spatial Fourier transform of P(X),
P(\t) = / dX e X P(X, 1), (4.11)

and use it as a generating function for the expectation value of the position at time ¢:

Xt = (X)) = /dX XP(X) = —i%ﬁ()\,t) . (4.12)

In the generating function (4.11), the integral over X produces a delta function in yg, and
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the resulting x( integral involving the initial particle density matrix has no dependence on A
(which comes from the initial state having zero total momentum; the details are given the

appendix of [7]). The result is that the expectation value of X (¢) is

o) = Te- (3 [ty (1.13)

where the average on the right hand side is a weighted average over the set of configurations

of the charges:

Ay = Y () EDT Y /dtl .. dt Aexp(Qly,))- (4.14)
n7n’:O O'i,ej::l:l
n+n’ even neutral
The influence phase is
ot
Q) =4 [t [F = 3o+ 0] (®) = Sl (4.15)

with y,(t') the particular solution to (4.10) for the given charge distributions,

a n n’
yp(t) = EO D eh(t —ti) =Y _oh(t —t5)] . (4.16)
i=1 j=1

The dimensionless friction « is defined in (1.39), and

ht') = 0(t') + 0(—t")e?” (4.17)
is the Green function for the operator %% — %.

Using (4.13) in the expression for the mobility (1.5) we get
1 t
K 1 lim T <§ dt’(p+p’)> . (4.18)
0
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As in Schmid’s original calculation, we can show a duality between this expression and an
expression originating in a tight-binding approximation. The approach of Fisher and Zwerger
is to reorganize and relabel the terms in (4.18) so that the smoothed-out paths become series of
tight-binding hops, and the smoothness is absorbed into the form of the bath spectrum J(w).

We begin by defining paths ¢ and ¢, on a tight-binding lattice with lattice constant ag =

ap/a according to

Y - e ) — 1 ¢ / / 19a
) = oY et—t) =} | o) (4.19)

a.(t) oy oib(t—t) = L [ at's(t). (4.19D)
=1

Now by creating sum and difference paths z5(t) = 3(gs + &) and ys(t) = g5 — ¢, we can
rewrite (4.13) and (4.15) as functionals of these sharp tight-binding trajectories instead of y,,.

The result is that (4.15) becomes

t
0= % /0 dt'ys(t') + i® [xs, ys] (4.20)

where i® is defined in (1.17), and the superscript 7 indicates that instead of an ohmic spectrum

given by (1.22), the weighted density of states is to be taken as

nw

T = T ome

(4.21)

The expectation value term in the expression for the mobility (4.18) can then be written

N Y Ly , - o1
th—ilaloﬁ<§/0 dt'(p+ p') Lo n lim - (zs), (4.22)
Htb
= == 4.23
Ho ( )
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where the average (-) indicates the use of weight (4.20) with spectral function (4.21). The
mobility p in the weak potential limit with lattice spacing aq is thus related to the mobility
wurp of the same particle on a tight-binding lattice with spacing a9 = ag/«. This disparity
in lattice spacing ag < ag/« is equivalent, given the definition of a, to a < 1/a. The other
parameter of the mobility is the force F'; this is regrouped into energy change due to a single

hop € = Fgg. Then we may write the duality equation for the mobility

plase) _ | prs(i/ac/a) (424
Ho Ho

Working in the tight-binding framework, Fisher and Zwerger calculate prp as a function of
temperature to order V2, by looking at all possible “one-blip” paths. This involves summing

over all paths with n = n’ =1, 01 = e;. The four contributing paths are written

vy = Eao(O(t' —t1) —O(t' —t7)) (4.25)

xp, = Cao(0(t' —t1) + (' — 1)) (4.26)

where £ and ( each take on the values £1. For these simple paths the integrals can be simplified

to leave
7 2rVE ™ . . ~ ~
o 1-— eho/o dt sin(et/ah)sin](2/a)Q1(t)] exp[—(2/a)Q2(t)] (4.27)
where
O:(t) = /Omdw% (4.28)
Oa(t) = /Omdw%coth(%ﬁhw). (4.29)

This is enough to reproduce the zero-temperature result of Schmid. In taking the 8§ — oo
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limit it is necessary to replace the cut-off function (1 + (w/v)?)~! with an exponential cut-off

e~ then the integrals can be performed to give

where € = Fag is the potential energy difference between adjacent minima. The mobility then
clearly has a critical dependence on «, and it can be seen that as the applied force F' — 0 (the
linear mobility limit), the coefficient of V02 goes to zero as long as a < 1. The perturbation
expansion breaks down for « > 1, but the duality argument implies an abrupt transition in the
dimensionless mobility to 0 as a passes through 1.

The finite temperature expression is also used by Fisher and Zwerger to divine the behaviour
of the mobility with temperature. In particular they note in the weak-potential limit where
1 = mug at zero temperature, there is a drop in the mobility as the temperature rises above

zero before it starts to approach its classical value of 1/7.

4.2 Yi-Kane Generalization to 2d

Yi and Kane [15] looked at the renormalization behaviour of a generalized two-dimensional
Schmid model. From the lattice vectors { R} they construct an arbitrary periodic potential that
contains Fourier components corresponding to each reciprocal lattice vector G. They eliminate
the friction as a parameter in favour of the lattice spacing, and show using Schmid’s renormaliza-
tion approach that the perturbative stability of the mobility depends (in this parametrization)
only on the lengths of the shortest lattice vector and the shortest reciprocal lattice vector.
Having stated the problem in this way, they apply their simple rules to more general cases,
such as the triangular and hexagonal lattice.

Beginning from (1.26), we rescale the particle coordinate and define imaginary time path

r(1) = q(7)\/n/27 = (¢/ao)v/a, with a the dimensionless friction defined in (1.39). Now the
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free parameter of the system is the lattice spacing, corresponding to /a. We may also go to
two dimensions, in which case the particle coordinate is the vector r(7) and the action, adapted

from (1.26), is

d .
Slr] = %/alcu\w]e"‘"”]7‘(cu)|2 —/T—TZvGe%ZG"”(T). (4.31)
e

In lieu of the mass term, we now have an exponential which enforces a short time cut-off 7.. The
cosine potential has been generalized to include Fourier components vg = v* 4 at all reciprocal
lattice vectors G (here the reciprocal lattice is defined as all vectors g such that for any lattice
vector R, g - R is an integer).

The duality between weak potential and tight binding limits is established very explicitly
by considering the dual action of the tight-binding model; for a momentum space path k(7)

the tunnelling amplitudes t g between sites separated by R leads to the dual action
dr -
1 w|Te 2 2miR-k(T
Slk] =1 /dw\w[e' e |k (w)]? — / - ER:tRe (n), (4.32)

From Schmid’s analysis in 1.3 we know that in the absence of any potential (all vg = 0) we
have dimensionless mobility p/pp = 1. In the tight-binding case, in the absence of tunnelling
(tr = 0) we have localization u/pg = 0. The stability of these couplings is obtained by a
standard renormalization. For the weak potential limit, renormalization of the couplings v

gives flow equations
dvg = (1 — |G]*)vg (4.33)

and thus if all reciprocal lattice vectors are sufficiently small then the couplings v flow to zero;
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i.e.

Gonin| > 1= £ =1 (4.34)
Ho
Analogously, the flow equations in the tight-binding limit send all tunnelling couplings tg to

zero provided that the lattice spacing is sufficiently large:

|Rpin| > 1= £ =0 (4.35)

Ho

For a square lattice we will once again have the transition from free particle to tight binding
behaviour as « passes through 1. This is only the case for certain geometries however, where
|Riin] = |Gmin|™!. For a general Bravais lattice, there is some structure factor ¥ which

describes the relationship between the shortest scales of the lattice and its reciprocal:
|Rmm| = \/§|Gmm|_1 (4.36)

For lattice spacing |Ruyin| = v/, the reciprocal lattice spacing is |G pin| = \/Z—/a. The
perturbative stability of the p/ug = 0 regime is still guaranteed for « > 1, but the /g =1
limit is now stable for o < X.

For a general Bravais lattice in two dimensions, we may take a basis { R, R} such that Ry
is the shortest non-trivial lattice vector and Rs is the shortest lattice vector that is not parallel
to Ry. The relative length of the two basis vectors is 7 = |Ra|/|R1| > 1, and ¢ the angle
between them. (It can be shown that in order to satisfy the other restrictions, v cos¢ < %,
with equality in the case of a rhombic lattice). The reciprocal lattice has the same structure,
but oriented differently and with structure factor ¥ = 1/42sin? ¢. For the square lattice, this

recovers S = 1, while for an equilateral triangular lattice we have ¥4, = 4/3.

For the equilateral triangular lattice, in the region where 1 < a < 4/3, both the tight-
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binding and zero-potential limits are stable. (This implies that there is then some intermediate
unstable fixed point as well.)

Very interesting consequences result from Yi and Kane’s extension of their argument to the
case of non-Bravais lattices. They note in particular that changing the sign of the equilateral
triangle potential yields its dual lattice, which is hexagonal. Since only the sign of the potential
has changed, the structure of the reciprocal lattice is the same. However, the lattice constant
of the triangular lattice is a factor of /3 larger than the nearest neighbour separation on the
hexagonal lattice, and thus the structure factor is X, = 4/9. Now, for 4/9 < o < 1, neither
of the two perturbative limits is stable. The result is that for these values of « there must exist
stable intermediate fixed points 0 < u/ug < 1.

The behaviour predicted by Yi and Kane for non-square lattices is an interesting and poten-
tially observable phenomenon. In the next chapter we investigate the two-dimensional problem
from the perspective of Fisher and Zwerger, and attempt to generalize their approach to a

general two dimensional Bravais lattice.
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5. Particle Mobility on a Bravais

Lattice

Here we apply the methods of Fisher and Zwerger to the problem of the mobility of a particle
moving on a two dimensional Bravais lattice subject to dissipation. The lattice is modelled
using a potential that is a sum of plain waves oriented along a small number of reciprocal
lattice vectors. The generalization of Fisher and Zwerger’s expressions from the 1d case is
straightforward, though cumbersome.

We then proceed to expose the duality between the weak potential and tight-binding mo-
bilities, commenting on subtleties that arise in two dimensions. For the case of a triangular
lattice, there is the possibility of terms arising at third order in the perturbation expansion in

the potential strength. A useful parameterization and expressions for these terms is developed.

5.1 Reformulation in two dimensions

We will consider a general two-dimensional Bravais lattice, with an associated potential that
is a sum of cosine plane waves along certain reciprocal lattice vectors. We will denote these
reciprocal lattice vectors as g;, and generally use the index b to sum over the corresponding
potential components. Note that in the simplest rectangular lattice potential, the g, would
consist of two elements, each parallel to a rectangular axis of the lattice. For an equilateral
triangular lattice, however, it is necessary to take three cosine plane waves (corresponding to

the presence of six equivalent nearest neighbours in the triangle’s reciprocal lattice).
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We write our potential, as a function of the particle position q, as

V(g) = > Vicos(2rq-g;). (5.1)
b

We anticipate that this will need to be expanded in a Coulomb gas,

exp <% /0 tV[q]) _ lgexp (%‘f /0 ' dt/(e2m9b'q+e_2”9b'q)>
- 11 i (‘57?>n 3 /Otdt/...dt;bexp <—%/Otds q(s)-pb(s)> (52)

b ny=0 oé’::l:l

and as usual we will need a corresponding construction for the forward-going potential V[q'].

We now have component charge densities that are vectors parallel to their associated gy,

py(s) = 2mhgy,» old(s —tf)

(3

ph(s) = 2rmhgyy ebd(s — 1)), (5.3)
J

and the total charge density is just the sum of these:

p(s) = D p p'(s) = D p (5.4)
b

The early steps of the problem factor exactly, and the initial expressions from section 4.1
may be immediately adapted by replacing the paths ¢, ¢’, z, y with their vector equivalents, with
dot products forming the necessary linear combinations. This is true of the particle position
probability distribution (4.5), although the propagator (4.7) picks up another prefactor of
M/2mhd(t). Ultimately the behaviours in the two dimensions are not independent because
the two components of the charge distributions p are correlated (assuming a non-rectangular

lattice).
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We once again encounter the issue of charge neutrality; unless the distributions p and p’
have the same net charge the Sy]y] will kill the contribution to the probability distribution
P(X). As a result, the neutrality condition

[t ()~ pte)) = o (5.5)

0

is imposed on the charge distributions.
Without any new complications, we come to the expression for the linear mobility analogous

0 (4.18):

B s gy 01 _/
o J tllgloéFt dt'(p+p')’ . (5.6)

The average (-), involves all the g, contributing to the potential

F=0

Wy, = X (B)" ()" 5 [, | oo, 6

!
b N4 Ob,€h

with the weight 2 the obvious generalization of (4.15), and the particular solution y,(s) to the

vector version of (4.10) given concisely as

0() = g5 [ 4 hs =)~ o). (5.8)

The function h(s) is defined in equation (4.17).

5.2 Tight-binding duality

We can rewrite this as a tight-binding expression and expose the duality as in section 4.1. The
only complications are in dealing with the structure factor ¥ (defined in section 4.2) for non-

square lattices, and the relative orientation of the tight-binding lattice to the original lattice.
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We give our original (real-space, not tight-binding) lattice a basis {@1, a2} whose members
satisfy the relations imposed on R; and Ry in section 4.2, namely that they open at acute
angle ¢, |as|/|a1] =y > 1, and ycos ¢ < % The structure factor is ¥ = 1/42 sin ¢2.

We may then take the reciprocal lattice basis {g,g,} to satisfy

gi a; = € (5.9)
where €;; = [ ° §], which implies
1 1
= —— = —. 5.10
‘gl‘ ]aglsinqﬁ ‘92’ \allsinqﬁ ( )

Just as in the one-dimensional case, the particular solution y,,(s) is the basis for our tight-

binding expansion. We then take basis {a1,as} for our tight-binding lattice as

~ X 27h
g = lmxal 2 (5.11)

3 (2

«Q n
where in two dimensions the dimensionless friction coefficient involves the area of the unit cell:

nja; x as] nlai||az|sin ¢
= — - = —— - 7 12
@ 2mh 2mh (5.12)

Now we may produce tight-binding paths

a,(t') = > @)y olf(t—t)) a.(t') = D a )y et —t) (5.13)
b ) b )

and note that this definition leads to

L[ aspts) = alt) (5.14)
nJo
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as desired. We can then rewrite (5.6) as

ij L
B2 s 1B (5.15)
Ho Ho
with
. 5 1
oo 1y -
Hrp = & t1i>rlolo oF; t <ws(t)>7 F=0 (5.16)

the mobility on the tight binding lattice defined in (5.11) and the average (5.7) is taken with
respect to the revised spectrum (4.21).

Since the reciprocal lattice, and thus the tight-binding lattice, is rotated relative to the
original lattice, directional information should be extracted with care.

The relation between the dimensionless friction « and the corresponding quantity « of the

tight binding lattice is

~ T]’al X 62‘ sinqﬁ
a = = .

2mh o

(5.17)

5.3 Second order contributions

In the original one-dimensional analysis, the zero-temperature stability of the weak-potential
limit was shown to second order by showing that the coefficient of V02 in (4.27) is zero as long
as o/ < 1. For o/ > 1 the perturbation expansion breaks down. (We use o’ to refer to the
dimensionless dissipation parameter in the 1d problem.)

The dependence on o’ in the 1-d calculation comes from the integrals in the influence phase
(1.16), which involves products of the paths 2 and y. These paths, on the tight-binding lattice,
each contribute a factor ¢y = ¢o/a’ which combine with the other factors to leave a residual

1/a’. In two dimensions, the paths in the order V;? term each contribute |a,| = |ay|/c, and
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combine with the surrounding factor n/2mh to produce, in the case of V7,

o (lal\* _ 1 e VR (5.18)
2th \ « a \ |as|sin ¢ a ’
From this we conclude that at zero-temperature, Vi = 0 for a < v/X. For the case of Vs, the

exponential factors combine to give

1

T (5.19)

and thus at 7= 0, V5 = 0 for a < sin? ¢pv/3.

When |a1| # |ag|, the limits on « are different, and this suggests that the behaviour
renormalizes differently along the two directions, or that it is simply determined by the smaller
bound. When |a;| = |as|, such as for the equilateral triangular lattice, v/3 = 1/sin ¢ and these
limits on « are the same. (In the triangular case there would also be a V3 term which would
have the same features).

Upon accounting for the different definition of a used in this section and 4.2, we are not
surprised to find that the limit o < 1/sin ¢ agrees with Yi and Kane’s renormalization group

argument for the stability of the p/ug = 1 fixed point in the equilateral triangular lattice.

5.4 Third order contributions

A potentially interesting aspect of the triangular lattice is the possibility for paths of odd order.
For a reasonably constructed triangular lattice, the potential will consist of 3 terms where any
two of the associated reciprocal lattice vectors g, form a basis for the reciprocal lattice, and
the third can be formed from some combination g3 = £g; = g,. Then there are many paths of
length 2 and length 1 that end at the same point. Here we will work out some of the details of
the third order contributions.

Our potential in this case consists of components in three directions, g, for i = 1,2, 3, with
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g; = g+ g3. One contribution to the average position at time ¢ results from the tight-binding

paths

q,(t'") = af(t' —t1) (5.20)

q;(t/) = 029(75/ — tg) + a39(t’ — t3). (521)

This contribution is weighted by the potential strengths

() () - =

The integrals in the influence phase contribute terms depending on the relative positions of the

times t;. Assuming that ¢; < t3 < t3 we have corresponding centre and difference vectors x(t')

and y,(t') satisfying (here we suppress the subscript s)

p
0 s t < t1
, 301 L th< <ty
x(t') = (5.23a)
%(al + (12) , ta < t' < t3
[ a1 , ta<
a; s t < t < to
y(t,) = a; —ay |, to < t < t3 (523b)
{ 0 , otherwise

Defining 71 = to — t1, 7o = t3 — t5 our weighting factor for this path is e* with (here we

combine equations (4.20), (1.17) and (1.19) and extend them to two dimensions)

Q = Q)+ + Q3 (5.24)
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with

0, = / Q'F -y (t (5.25)

iQy = h dt ds y(s) - z(t)a)(s—t') (5.26)
t/
1 v

Q3 = ~ dt ds y(s) - y(t)aj(s — ). (5.27)
0

Working these out one by one for the particular paths 5.23, for all £1 < t5 < t3 < t we have

) T1 T2
i = %(/ dt’F-a1+/ dt’F-(a1+a2)>
0 0

= %F (a1 + (a1 + a2)12); (5.28)

. to
iQy = [ /ds—i—/dt' ds+/ / } taj(s—t')
t t ty  Jv
= —ﬁ<(a1'a1)/ /dSCY]S_t ) + a;- al—ag/ /dsal s—t' — 1)
tl

+(a1 + a2) - (a1 — a2) dt ds oq(s—t))
. o Jv
= —% ((a1-a1)Ag(11) + a1 (a1 —a2)Ai(11;72) + (a1 +a2) - (a1 — az)Ap(12))

(5.29)

where we have defined the required double integrals of o] as
Ao(r) = /dt ds al(s — ) (5.30)
Ai(m1;3m2) = dt ds a)(s—t —m7). (5.31)

0 0
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Similarly, we have

1 [ v
Q3 = _ﬁ/ dt’ ds y(s) - y(t/)a%(s —t)
0 0
1
- —Z ((a1)2B0(7'1) +ay - (a1 — az)B(11,72)
(a — a2)2B0(7-2)) ) (5.32)
where
Bo(t) = /dt’ ds ah(s —t') (5.33)
0 t/
T1 T2
Bi(r1;1m2) = dt’ [ ds ap(s —t' — ). (5.34)

0 0

These expressions for ; represent only one of 72 similar paths contributing at order V3.

The others are obtained by the following 4 independent operations:

1. Re-ordering the times; t; < t3 < t3 is only one of 6 possibilities. Reordering of the
times makes a significant difference to the phases €25 and 23, particularly in the cross

terms associated with Ay and Bj.

2. Taking an alternative single vector into p; we chose a; but there are 3 distinct
options. This has no effect on factors 29 and Qg if the lattice is equilateral, since « and
y are rotated in the same way and their dot products feel nothing. The force term

does change, as does the final coordinate x(t) = a; that e is weighting.

3. Changing the overall parity; we get a new configuration by taking the negative of all
three vectors. There are 2 ways to do this; doing it flips the sign of €21 as well as the sign

of x(t) that e is weighting.

4. Interchanging the forward and backward paths p and p’; this removes the asymme-

try in putting only one vector in p and two in p’. There are 2 choices for this assignment,
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which changes the sign of 2; and 5. It also changes the sign of the contribution in the

average, since (iV1)(—iVa)(—iV3) = —i[[, Vi — (iV2)(iV3)(—iV1) =i [, V-

Using index j = 1,...,6 for the timing arrangements and k = 1,2,3 for the single vector
choice p(t') = aiB(t' —t1), we then have weights Qi k(ﬁ, T9) associated with these six possibili-
ties. Letting & = %1 represent the parity and ( = %1 the forward or backward path assignment,

we can write the order V3 contribution to the expectation value of x4(t):

o t t t . . .
()@ = %Z S € a /dtl /dﬁ /dTQ exp(i€C® 1+ iclF 4+ Qi) (5.35)
0 0 T1

{=+1
_ V- t et gt ' ' '
- %Zak /odtl /517'1 /d7'2 Sin(Q{k) COS(Q%k) eXp(Qék) (5.36)
Jk 1

(5.37)

Having parametrized the terms and reduced the problem to a sum over 18 similar pieces,
the integrals remain difficult to simplify because of the cross-coupling of the integration times
71 and 7 in the A; and Bj terms. It may be interesting to pursue this calculation further, to

verify that the critical dependence on « is not altered by these third order terms.

5.5 Closing remarks

In chapters 4 and 5 we have presented the core results of Fisher and Zwerger’s analysis of
a particle in a periodic potential subject to dissipation, and extended the analysis into two
dimensions. This has included adapting the second order perturbative expressions for the
mobility at finite temperature to the case of an arbitrary Bravais lattice, as well as making
investigations into the form of the third order contributions (which appear in the case of a

triangular lattice).
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The generalization is consistent with the renormalization group arguments of Yi and Kane
for the zero temperature problem, but is formulated at finite-temperature and permits pertur-

bative calculation of the non-linear mobility.
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