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ABSTRACT

Interferometric measurements to determine the refractive in-
‘dices of the nematic liquid crystals EBBA and BEPC as a function of
temperature are described utilizing modified Rayleigh and conoscopic
interferometers. Theory is presented relating the refractive indices
and density to the orientational order, local field parameter and mole-
cular properties. The results of simple thermal expansivity measure-
ments are also given for EBBA.

The Lorentz-Lorenz coefficient for SF6 and GeH4 has been
determined from refractive index and density measurements. The method
utilizes a prism shaped high pressure cell which can be removed from
a temperature controlled holder and Weighed on a precision balance.
The results indicate a variation of 0.5% for SF6,and 0.87% for GeH4

over the density range covered.
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PREFACE

In an attempt to make this thesis more easily readable by
maintaining continuity of thought throughout, we have derived, from
basic principles, certain well known theoretical results. Although
the methods of derivation are often somewhat different from those
in the literature, we have attempted to indicate in the text when-
ever the results are not original. 1In order to clearly define the ori-
ginal contributions presented in this thesis, however, we wish to make
note of the following. The results of Sec. 1.2 regarding the propaga-
tion of plane waves in anisotropic media are well known; similarly,
the results obtained from applying the Landau theory of phase transi-
tions to liquid crystals, presented in Sec. 2.4, are not original.
Finally, the topics discussed in Secs. 6.2 and 6.3 appear in liquid
crystal literature as mentioned in the text, although our formalism
is different.

Our original contributions may be summarized as follows.

We have generalized the Clausius-Mossotti relation so as to make it
applicable to certain anistropic molecular fluids. We have attempted
to include the effects of an anisotropic hard-core repulsive term in
the intermolecular interaction potential in the mean-field theory of
nematic liquid crystals. Experimentally, we have measured diréctly the.
Lorentz-Lorenz coefficient of pure fluids, and, using a new and sensi-
tive interferometric techniqﬁe, measured the refractive indices of
nematic liquid crystals. The theory enables the orientational order
parameter and the local field anisotropy parameter to be calculated

from experimental results,
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CHAPTER 1

REFRACTIVE INDICES IN ANISOTROPIC MEDIA

1.1 Introduction.

Dielectric properties of materials reflect the changes in
molecular order that occur at phase transitions. Refractive index
measurements provide a simple and sensitive method of studying these
changes.

In addition to the liquid-vapor transition, certain fluids
exhibit phase changes that correspond to loss of orientational order
of the molecules; these liquid crystals have been the source of con-
siderable interest recently. 1In this thesis, we wish to report a new
and sensitive interferometric method of measuring the refractive indices
of nematic liquid crystals, and in addition, a simple. direct method
of measuring the refractive .index. together with the density of pure
fluids. 1In order to relate these measurements to molecular properties,
we .have derived a general relation between the dielectric permittivity
and molecular polarizability for a broad class of ordered fluids. Using
this relation, experimental results may be interpreted in terms of

simple statistical mechanical models.



1.2 The Propagation of Plane Waves.

Refractive indices of materials may be defined formally in terms
of the phase velocities of plane waves propagating in them. Maxwell's

equations, in Gaussian units, are

>
vx H=2L2D (1.1)
c dt
and-
> 1 9B
VXE=——§‘5€ (1.2)

>
for a region that does not contain currents. If B = ﬁ, elimination of
?>.
H from Eq.'s (1.1) and (1.2) yields

1 »2p ' >
S 5oz = -V x (Vx E), (1.3)

The dielectric permittivity tensor-ea is defined by

8

Da = eaBEB »

1.4)
where o = x,y,z and summation is implied over repeated greek indices.
It is well known (1) that €aB is diagonal in a system of coordinate axes
coincident with the principal dielectric axes of the material. A mono-

chromatic plane wave of frequency v = w/27 propagating in the k-direction



in the material will have a time and space variation proportional to

exp[i(wt—ﬁ°¥)]; then Eq. (1.3) becomes

2 . )
~ %’7?3 = ~kx(kxE) = K (k-F)-Fk2 (1.5)
or
b = ——z—kzczz 5 (1.6)

where‘%* denotes the component of-ﬁ'perpendicular to k. Clearly, D,
L
=

ﬁ; and k.are coplanar, and D is perpendicular to k. The phase velocity

vp.of the wave is given by vp_=~w/k, and the refractive index n is

defined by

=L _ XC )
n = (1.7)
Eq. (1.6) may be re-written in the following form:
>, (E-D)D
= n —DZ

D (1.8)

or

2
n2 = D2 (1.9)




-5
If the components of D in the principal axis system are denoted by
Di = Ddi where i = x,y,z and the di are the components of a unit vector

>
along D, then

Ddi
Ei = E_— (1.10)
11
and
p 4 4 &
;2‘ = 8_ + e -+ €_ . (1.11)
XX vy 2z

It is shown in Appendix A, that, for a given K, the allowed
values of di are those for which n is an extremum. It follows immediately
that for ﬁ along one of the principal axes, say the z-axis, the allowed
directions of D are along the x~axis, with n = /E;X, and along the
y-axis, with n = /E&y. In general, for a given direction of propagation,
two allowed perpendicular directions for % exist, with corresponding
refractive indices. Materials in which all three principal dielectric
constants have different values are termed biaxial, since two different direc-
tions of propagation exist in which the phase velocity is independent of the
direction of 3. If two of the principal dielectric constants are equal,
say € = Eyy = e* » then the phase velocity for wave propagation along
the z-axis is independent of the direction of 3, and n = n, = /E;

For propagation perpendicular to the z-axis, say in the

-
x-direction, extremal values of n are n = n, = /E; if D is along the

> L
y-axis, and n = n, = /E;z = /E; if D is along the z-axis. Such materials



‘are termed uniaxial; all liquid crystals considered in this thesis
belong to this category. For historical reasons, n, is often called
the ordinary index, denoted by nys while n, is called the extraordinary

" and * denote directions per-

index, denoted by n; the subscripts
pendicular and parallel to the optic axis. Finally, if all the di-

>
electric constants are equal, n = Jg'regardless of the direction of D,

and the material is isotropic.



1.3 The Local Field Anisotropy Tensor

In order to relate the dielectric temsor of fluids to molecular
properties, it is necessary to know the relation between an applied
field E and the local electric field fAexperienced by a molecule in the
medium., In cubic crystals, the local field has been evaluated by
Lorentz, and is given by F = (e+2)§/3, where € is the isotropic dielectric
permittivity. This result lhas® been extended to isotropic fluids by
Hirschfelder et al. (2). A more complicated expression for the local
field in certain anisotropic.crystals ﬁas been derived by Ewald (3)
and Born (4); and more recently by Neugebauer (5) and Dunmur (6). For
anisotropic fluids, the relation between.E and % is not known. For
fluids whose pair-correlation function can be made isotropic by scaling
in radial directions after averaging over molecular orientations, the
local field can be easily evaluated in terms of the scaling transformation.
We assume that a_fluidrpolarized by an applied electric field
may be represented as an assembly.of identical dipoles-ﬁ whose relative
spatial distribution is characterized by a pair-correlation function
_ g(;), normalized such that the lim g(rt) = 1 where T = rt is a position
vector originating from a~dipol:+:n the fluid. Let r' = r/f(t) be the radial
scaling transformation under which g(;) becomes isotropic; that is,
g(rt) = g(x'£()t) = go(r'). Let U be the surface given by r = cf(%)
where ¢ is some positive constant; evidently g(;) = go(c), a constant
everywhere on. U.
The electric field-% at the origin due to all dipoles within

1

a sphere r = R is given in cartesian tensor notation by



R _ 2
=// og(rt) CTeTa¥s M)t aran (1.12)
. 0 r3

+
where ra and ua are the components of % and u respectively, p is the
average number density of molecules in the fluid, and dQ is the element

of solid angle. Letting r' = r/f(%) and Pa = Py, where Po't'is the

polarization,
Fla = lmnaBPB (1.13)
and
R/E(%)
Nyg = —/f (r Ydr' (3rar6-6aéa=:);d9 (1.14)

The integration is performed over two regions; over the volume bounded.
by the sphere r' = ¢, and over the volume between the sphere r' = ¢
and the surface r' = R/f(%). The regions of integration are-shown in

Fig. 1. The constant c is chosen such that O<c<R/f(2) for all t¥. Then

1 t '
1 g (Var )
a8 4y 0 =2 - = / (3rar8 GocB)dQ

R/£(%) '
+——// go(r Ydr' (3r oTg S B)dQ . (1.15)



Fig. la Regions of integration in the local field calculation,

showing the arbitrary surface U.
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Fig. 1b The transformed surfaces.
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The first term corresponds to the ‘contribution of dipoles within U to
the -local field; it vanishes for all c since the integral over the
solid angle is zero. The second term, corresponding to the contribution
of dipoles between the surface U and the sphere r = R to the local
field, can be integrated over r' if c is sufficiently large that

vgo(r') = 1 for r' > c. Then

1
Nug = z,;/ (ogegy) (31, Tg=8,6) 40 (1.16)

=
independent of R, ¢ and the detailed structure of g(r). The symmetric

zero-trace -tensor n defined by Eq. (1.16), yields a measure of the

aB’

anisotropy of f£(%), or equivalently of U. The off-diagonal elements

of na can be made to vanish if f(%) is a quadratic form, and na =0

B B

if £(%) is spherically symmetric.

The simplest case of anisotropy occurs when the pair-correlation
function_g(;) can be made isotropic by a scaling in one direction
only. The surface U upon which g(?} is a constant is, .in this casé, a
spheroid; and the scaling transformation which renders g(?) isotropic

is given . by ' = r/f(®) = r(raA If the spheroid is prolate,

%
ag™B’ -

aB

g

|
S O
o RO

(1.17)

where eg is the eccentricity of the pair correlation function. The

diagonal elements of the anisotropy tensor n, are given by

B
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=
n

1 2T oW L
4—“/ f (ln(l—ezgcosze) 2) (3cos26-1)sinbdode; (1.18)
070 '

= . = - — d
n n n an na

=0 if o # B. The integration is carried
XX vy - 2 zz »

B
out in Appendix B, with the result that

(I+e ) (1.19)

Furthermore, it ‘can be shown that if U is a general ellipsoid,

N
R SR § . - .
ngy = 3 + T where Ni is the demagnetizing factor of the ellipsoid.
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1.4 The Dielectric Tensor and the Local Field

The local electric field Fu’ experienced by a molecule in the

fluid, is given by

F =E +F, +F = E +47L _P (1.20)
a a Oa o o

0 lo BB

4P

where Eu is the applied field, FOa = -T;Jl is the Lorentz cavity field,

and Lu is the Lorentz-factor tensor introduced by Dunmur (7). Substitu-

B
tion of Eq. (1.13) into Eq. (1.20) yields

(1.21)

The dielectric permittivity.tensor € is obtained from Eq. (1.4) by

aB
recalling that D = E +47P ; then
o o o

euBEB = Ea+4ﬂPa . (1.22)

The expression for the local electric field Fa in terms of the dielectric
permittivity is obtained by substituting Eqs. (1.21) and (1.22) into

Eq. (1.20); then

-1 -
F = ( 3(€a8+26a6)+nav(eyﬁ GYB))EB . (1.23)

If the assumption is made that the polarization Pa is related to the

local field Fa by
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P, = P qF, (1.24)

where aaB is the effective molecular polarizability, substitution of
Egs. (l.20):aﬂd“(l.24) into Eq. (1.22) yields the anisotropic.Clausius-

Mossotti equation

eaB_GaB = 4ﬂp((€a6_6u6)L6Y+sax)ays . (1.25)

or, as expressed in terms of the anisotropy tensor n.

B’

(eus-éae)(GBY—aﬂpnssaéY) = —= (e _,+26 o (1.26)

oB aB’ "By

If the permittivity tensor edB and the- local field anisotropy tensor

nmB are both diagonal, Eq. (1.26) becomes

(e..-1) 4npuii

(1-4wpn,.0,.) = ———, (1.27)
(Eii+2) 11 11 3

and the local field is given by

_Fi = [%-(eii+2) + nii(eii_li]Ei (1.28)

These resu%Es have been publgshed in our recent, paper (24). If the
assumptions made in deriving these relations are vaégdqﬁgﬂoptical fre~

quencies, then for a uniaxial fluid, Eq. (1.27) becomes
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(n2-1)
—~— (-tmonya) = 2Toa, | (1.29)
(n2+2)
L
since-nz = /Ez'where 2 = " or ;+ Since 48 is traceless, n~ = -2n_ .

and it follows from Eq. (1.29) that

2(ni +2) (n2.+2)

flaeit) il 1.
S L [1. L2 ] (1.30)
@2 -1 @1 TPl %

n'

i

All refractive index measurements will be interpreted on the
basis of Eq. (1.29); in the case of isotropic fluids, e_ = 0, naB =0
and Eq. - (1.29) reduces to the well known Lorentz-Lorenz relation. In
~ general, however, the refractive indices éf a fluid depend on the effective
molecular polarizability Qs the pair-correlation determined anisotropy
tensor n, and the rfumber density p. Whereas an exact determination is
difficult, an approximate determination of the temperature dependence

of these quantities is possible from simple statistical mechanical

models.
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CHAPTER 2

NEMATIC LIQUID CRYSTALS

2.1 Molecular Order in Liquid Crystals

In crystalline solids, long-range order exists in the three
positional degrees of freedom of the constituent molecules. If the
molecules are anisotropic, long-range orientational order can also
exist. Loss of order in one or more degrees of freedom constitutes
a change-of phase, and in an isotropic liquid no long-range order
remains. The term ''mesophase'" is applied to the intermediate phases
that occur between the phase that has long-range order in the largest
number of degrees of freedom and the unordered phase, the isotropic
liquid.

Two  broad categories of mesophases exist. "Plastic crystals"
are characterised by loss of orientational order, while positional order
of the erystal lattice is maintained. Commonly occuring examples are
solid hydrogen, ammonium halides, and the ferroelectrics barium titanate
and  rochelle salts. In the strongly ordered phase, the molecules in
the crystal lattice have a well-defined orientation, whereas in the
less ordered "plastic crystal" mesophase, they commute between
several equivalent orientations. In '"liquid crystals" the converse
is true, orientational order is maintained while positional order is
diminished. It follows from the definitions that the constituent
molecules of these mesophases must be anisotropic, since one cannot

speak of orientation of spherically symmetric molecules, and symmetry
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prevents the loss of positional order in fewer than three dimensions.
In fact, plastic crystal molecules are nearly spherical in shape,
whereas liquid crystal molecules are strongly elongated.

There exists usually a parameter such that a mesophase exists
for some range of its values; the end-points of the range corresponding
to transitions to more or less ordered phases. If this parameter
is temperature, the material is thermotropic, if it is composition
(i.e. concentration in a solvent), it is lyotropic. Three categories
of liquid crystals are distinguished. 1In canonic liquid crystals, long
range positional order is lost in one dimension, in smectics in two
dimensions; and in cholesterics in three. Canonics are regularly
packed long rod-like molecules, where the centers of molecules are
randomly distributed in one dimension (i.e. one dimensional 1iquids).‘
Smectics form uniformly separated layers of two-dimensional 1iqqids
with oriented molecules; while cholesferics form three-dimensional liquids
with well-defined (but not-necessarily uniform) orientation.

Compounds capable of forming the liquid crystalline phase:
are made up of long molecules that are fairly rigid along their long
axes. These can be small organic moleé;les, giving rise to thermo-
tropic @hases, long helical rods, giving rise to lyotropic bhases or
associated structures of molecules and ions, which can be thermo- and/or
lyotropic. The general pattern of small organic molecules is two
nearly coplanar para-substituted aromatic rings rigidly linked by a
double or triple bond (A-B) and short, partly flexible chains, R shown

in Fig. 2. The composition of central link A-B and the chains R are



e

Fig. 2 Structure of common nematogens.

6T
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TABLE I. Composition of some common nematic liquid crystals.

A-B R R' Mol. Wt.
PAA -N=N- .CH_ -0~ -0-CH 258.28
3 3

1

0
MBBA -CH=N- CHB—O— —(CH2)3—CH3 267.37
EBBA -CH=N- Cszo“ —(CH2)3—CH3 281.40
BEPC —O—S— CH3—CH2—O— —(co3)f(CH2)3- 358.39

0 -CH

3
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given in Table I for some common materials. Examples of long helical
rods are DNA, tobacco mosaic virus and certain synthetic polypeptides:
The typical lengths of these are in the hundreds of angstroms; with
widths an order of magnitude smaller. Associated structures consist
of long apolar aliphatic chains (10—20'CH2 groups) having an ionizable

polar group at one end, occuring naturally in soaps and phospholipids.
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2.2 Types of Liquid Crystalline Order

The different types of liquid crystalline order can best be
illustrated graphically. The position and orientation of the molecules
is shown by a dash.

In canonics, long rods are hexagonally packed in two dimensions,
as -shown in Eigure'B. The long molecules can be helical rods or.groups
of associated structures. The probability density of finding a molecule -

at'point (x,y,z) is

P(r,7,2) = PGS G-dnm B - 0350z - B3 vanes) |

where § is the Dirac delta function, d is the repeat distance in the
y-direction, m and n are integers and o and-B are arbitrary constants.
The average value of the orientation of the long axes of the rods is
B = %f and ¢ = 0. Long rods can be made up of associated structures
by the following mechanism. The ionic head dissociates in a solvent,
making the head hydrophilic and the long tail hydrophobic. End views
of the two stable concentration dependent rod-like configurations are
shown in Figure 4.

In smectics, long rahge positional order is retained in one
direction, giving rise to a layered liquid structure. In addition, the
long axes of the molecules have the same average orientation. The
variations smectic A and smec;ic C are shown in Figure 5. The probability
density of finding a molecule at point (x,y,z) is P(x,y,z) =

~

P(x,y)8(z-md-a). The average orientation is 8 = 60 and n is a unit
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Fig. 3 Canonic
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vector pointing in.the direction of average orientation. Smectic A is
a special case of ‘smectic C, where B = 0.
The arrangement of molecules in the cholesteric phase is shown

in Figure 6. In moving through the liquid in the z-direction, n

(averaged in the x-y plane) is periodic in a distance A . Here

n = cos<z£z+a> n = sin <23~z+a and n = 0. Note that there is no
. Ah ? Y >\h Z

long-range positional order, and that ﬁ and -n are eqﬁivalent if the
molecules are simple rods.

Arrangement of molecules in the nematic phase is shown in
Figure 7. This is a special case of the cholesteric phase, obtained
when Ah + », The unit vector n pointing in the direction of average
orientation is called the nematic.director.

In the cholesteric phase, the helical deformation is caused
by chiral (1eft—.or right-handed) molecules. The nematic phase is a
special case of the cholesteric where the constituents are either
achiral or racemic. Because of their relative simplicity, nematics
were chosen as thé subject of this study. All subsequent discussion is

therefore restricted to the nematic mesophase.
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2.3 The Order Parameter in Nematics

In order to quantitatively characterize order in a liquid cry-
stalline mesophase, it is desirable to have an order parameter whose
value reflects the amount of order present. The molecular order.manifests
itself as the anisotropy of macroscopic properties of the mesophase.
Ideally, then, one would like to relate the anisotropy of measurable
physical properties to the molecular order through an order parameter.

To gain thié end, we calculate the polarization P for an array
of spheroidal molecules, carrying permanent dipole moments up along
their long axes in an electric field %l Let o and o be the

" x

molecular polarizabilities parallel and perpendicular to fhe long axis
' th

respectively, and let n, be a unit vector along the long axis of the i

molecule, shown in Figure 8. The contribution of the ith molecule to

the polarization is

-1
= .
P. pun, +7T BG T 6F6 (2.1)

where Tu transforms Fa into components parallel and perpendicular to the

8
long axis of the molecule. If 6 and ¢ are the usual colatitude and
longitude,

—51n¢i —cos¢i 0
TuB = coseicoscbi —coseisnld)i -31nei (2.2)

sinb,cos¢, -5in6,sing, cosf,
i i i i i
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Fig. 8 Co-ordinate system used in the polarization calculation.
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o 0 0
m, .
a = |0 @ o |- (2.3)
af - + '
0 0 o
mMnp
and
51n6i cos¢i
n, = |sinB, sing, . ' : (2.4)
i i i .
o
cosf,
i
-1 _ e 3
TaB = TBa and multiplication yields
o ‘+3Asin26.cos2¢, —3Asin26.sin¢.cos¢. 3Asinb, cosb, cosd,
m, i i i i i i i i
T—1 o T . = —3Asin26,sin¢,cos¢. o 13 sinze.sin2¢. ~3 sinf,cos6,.sing,
o mBy vé i i i m, . i i i i i
3Asiné, cos6,cos¢, -3Acos6.sind, sing, o -+3Acos?e,
, i i i i i i m i

o

(2.5)
where A = (am"f umL Y/3. Letting a = (am"'+2am* )/3,Eq. (2.5) can be
re-written as
-1 )
TaBQmSYTYS = a6a6+A [3niunid—6a6] R (2.6}

and

Pio = Upnia+aﬁaBFB+A [3nianiB—6aB]FB . . 2.7)
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._).
The polarization P is given by

2<%(3n, =6 o) (2.8)

= apF - + < > +
Pa arty upp i AoF i aB

B8

where p is the number density, and < > indicates averaging over all mole-

cules. The second and third terms in the r.h.s. of Eq. (2.8) constitute
>

the anisotropic part of P; they vanish if the material is isotropic and

all molecular orientations are equiprobable. We choose, therefore, the

vector
n = <n, > (2.9)
and the symmetric traceless tensor

= <} - > .
SaB /2(3nianiB GaB) (2.10)
as the dipolar and quadrupolar order-parameters respectively. In a uni-
axial material the orientational probability density function does not
depend on the angle © if the symmetry axis of the material coincides
with the z-axis. Then, dropping the subscript i,
0
_+
n=]|]0 (2.11)

R

where R = <cosf>, and
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%5 0 0
= =1
SuB 0 53 0 (2.12)
0 0 S

where S = <%(3cos26-1)>. If R = 0, the bulk polarizability obtained from

Eq. (2.8) is in agreement with published results (21). The two scalars

R and S are thus sufficient to describe order in uniaxial materials;

they have the value of unity if all themolecules are aligned, and they vanish
in the completely disordered isotropic phase. R distinguishes between
molecules flipped end for end, whereas S does not. Note that R ana S

are not independent, the condition § > L(3R%2-1) must be satisfied, (i.e.

S =0 R = 0) and that negative and positive values of R describe the

saﬁe physical configuration, whereas for S they do not. 1In fact, negative
values of S indicate molecules perpendicularly aligned to the symmetry

axis, randomly distributed otherwise.
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2.4 The Landau Theory

In the thermotropic nematic phase, as the temperature is in-
creased, the angular distribution of the symmetry axes of the molecules
becomes more random, until the value of the order parameter(s) drops to
zero catastrophically at some temperature Tc' Experimentally, the
diminishing order can be seen by measuring the anisotropy of such macro-
scopic properties as the magnetic susceptibility, the dielectric constant
and the refractive index.

If the nature of the intermolecular interaction is known, it
is possible in principle to calculate the temperature dependence of
the order parameters. In practice, exact solutions for three-dimensional.
systems have not yet been obtained. A great deal of qualitative informa-
tion can, however be obtained from the -elegant Landau theory of phase-

transitions (8). We start with the partition function Q, given by

~BE, -BE(Z) :
Q=Je * =/sz(;)e dz =/ e B (E(D)~kTIna(2)) 3 (2.13)
i |

1 .
where B = T ° ¢ is the order parameter, and Q(z) is the density of states.

The Landau free energy density F(z,T) is defined by

1
F(z,T) = $[E(2)-kT1nQ(z)] (2.14)
where V is the volume.
The basic assumption of the Landau theory is that F has a minimum value
for some z, sayicc, and that F may be expanded near ;C in a power series

in 7. Then



35

F(z,T) = F(cC,T) + az(c—z;c)2 + e : (2.15)
a; =0 since %g‘ = 0. Substitution of Eq. (2.15) into Eq. (2.14) and
z=C
c

Eq. (2.13) yields

ac , ' (2.16)

_ _ 2
o = e—BvF(z;c,T)/e BVa, (g ac)

and the average value of ¢ is given by

_BVF(CC’T) —BVaz(C—CC)2
z e dzg (2.17)

e
<g> =

Q

As V » o, clearly <z> ~ Ec’ and the Helmholtz free energy density F is

given by
, -BVa, (- )2
F=-<1nQ=F,D —Elnfe 2 Fe D

(2.18)
Eq. (2.15) can therefore be regarded as an expansion of the Helmholtz
free energy about its equilibrium value; the expected value of the order
parameter is fhat which minimizes F(z,T). It is convenient to define a
quantity AF = F(c,T)—F(CC,T)} since L, < ¢ < 1, we assume that AF can

be expanded about £ = 0. Then

- . 2 3 B
AF a,t + a,t + a,t (2.19)
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and a stable ordered phase will occur if AF is negative. and is a minimum.

Since for a low temperature ordered phase to exist a, must change sign

2
near the transition temperature, it is assumed to have the form a, = q(I—TO),

where q and T0

are positive constants. The other g's are assumed to be
constants. -

If the interaction is predominantly the permanent dipole-dipole
type, that is, the pair interaction potential is not invariant if one
molecule is turned end for end, the configurational free energy AF can
be expanded in terms of R, and is given by

AF = a2R2 + a4R“ + a6R6 (2.20)

where we have chosen somewhat arbitrarily to retain only the first three
terms. There are no odd powers of R, since -+R and -R describe physically
equivalent orientations. At the phase transition, AF = 0, R = RC

and T = Tc' There are two solutions which minimize AF; if a, >0

and a, < 0, then R = 0 and
6 c

S
R2 = <2a4> (T,-T) (2.21)

where TC = Ty The details of the calculations in this section are given

in Appendix C. The free energy AF and R are shown in Figure 9. If

a

< 0 and a, > 0, then R = V/_aé and
4 6 c -
2a6

2 22 50 '/+_
R 3 RC + kl TC T (2.22)



a) the Landau free energy b) the order parameter R as a function

of temperature

Fig. 9 Free energy and order parameter R; continuous transition..

LE
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- 3, 9AF

where k'2 = =% and T =T, + . Furthermore —— = 0 for

1 336 c 0 4qa6 R

+ 24
T < TC = T0 + 3qa ; a metastable ordered phase can therefore persist,
6 .
on heating, up to a temperature T = T: with R? IT+ =-%,R§ . Similarly,
c

since for small R, 2%%-5 ZazR, a metastable unordered (R = 0) phase can
exist, on cooling, down to a temperature T = T0 with R? IT = ngi .

0
The free energy AF and R are shown in Figure 10.

If the interaction is predominantly induced dipole-dipole
type, that is, the pair interaction potential is invariant if one mole-
cule is turned end for end, AF can be expanded in terms of S and is
given by
- 2 3 4 4 : .
AF bZS + b3S b4S (2.23)

where, as before b2 = q(T—TO).' The salient feature here is the inclusion

of odd powers of S in the expansion; b, cannot be zero since negative

3

and positive values of S correspond to physically different configurationms.
At the transition, AF = 0, 8 = s, and T = Tc' There are two

solutions which minimize AF; if b3 > 0 and b4 < 0, then 8. = 0 and

g =29 (T,~1) (2.24)

where Tc =T This solution corresponds to a local minimum only, however;

0
energetically an ordered phase with 'S = -1 will always be favorable. Be-

haviour of the type given by Eq. (2.24) is therefore not expected to

occur. Molecular symmetry thus forces the second solution, where

b3 by®
b3 < 0 and b4 > 0, then SC = EEZ—, Tc = T0 + ZEB; and



AF
T=T¢ R

p—

e R A R

(9]
L
]
.---......l._

T TS

a) the Landau free energy b) the order parameter R as a function of

temperature

Fig. 10 Free energy and order parameter R; discontinuous transition.
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=3 v/t
S = A SC + k2 J/ TC T (2.25)
- qb2 :
. += 3 2 - 9
where Tc T0 + 32qb4 and k2 2b4 .

As previously, a metastable ordered phase can persist, on heating, up

to a temperature TZ, with S T+ = %—SC; and a metastable unordered (S = 0)

c
phase can exist, on cooling, down to a temperature T = T0 with
S T = %—Sc. The free energy AF and S are shown in Figure 11.

0 .
For most nematic liquid crystals, the predominant interaction

is assumed to be the anisotropic Van der Waals interaction, and the
constant'b3 is known to be negative. Thus, the temperature dependence
of the order parameter is expected to be similar to fhat of Eq. (2.25);
in fact, experimental measurements (9) indicate extremely good agree-
ment with Eq. (2.25). The presence of ﬁetastable phases near the
critical point whose stability is enhanced by sample impurities (10),
however, make accurate comparison between theory and éxperiment difficult.
In addition to the nematic-isotropic transition, it is interest-
ing to consider the liquid-vapor transition in a fluid. Using the
so—-called lattice gas model, we consider a volume V, divided into 2N
identical cells, containing N molecules. If a liquid and a vapor
phase coexist in V, then we denote the number of occupied and unoccupied
cells in the liquid by Nl and Nz respectively; we assume that each cell
can either be empty, or confain only one molecule. If the law of
rectilinear diameters holds, i.e. N1+N2 = N, then the number of occupied

and unoccupied cells in the vapor phase is given N2 and Nl respectively,

The probability of a cell being occupied in the liquid.or a cell being
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a) the Landau free energy. b) the order parameter S as a function of

temperature.

Fig. 11 Free energy and order parameter S; discontinuous transition.
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N .

empty in the vapor is ﬁ—%ﬁ— ; whereas the probability of a cell, any-
172

where in V, being either empty or full is 1 The deviation of the

2]
probability in either phase from its average value of l-is

2
Ny NN

YN, T2 oW

. If there is only a single homogeneous phase

12
existing, then y = 0; thus y may be regarded as the order parameter.
In terms of densities = pL—pV where =2§l- =%§Z—and =X
s Y p.c ’ p,L V4,, pV v - pC v

Since +y and -y describe the same physical configuration, the expansion
of the Landau free energy in even powers of y is appropriate. If the
coefficient of the second term in the expression is positive, then

Eq. (2.21) yields immediately

- B :
Py=Py = Cl(Tc T) (2.26)

1 2a4

model, Eq. (2.26) gives a remarkably accurate description of the liquid-

1/2
where B = %—and c; T P, (Jl—) . In view of the simplicity of the

vapor transition.
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CHAPTER 3

MEAN FIELD THEORY

3.1 One-body Pseudopotential in the Mean Field Approximation

For a classical fluid of N identical molecules contained in

a volume V, the configurational partition function QN, n-particle dis-

(n) ()

tribution function P and n-particle correlation function g can
be written
f fexp( -BUy )dy,...dy Zg
= N (3.1)
N: (4w) NI (4m)
f feXP( BU )dY dy
P(n)( ---Y y = n+l... 'N (3.2)
(N-n)! Z
SN ) I N | I CDIFIN
g. "(yqeeev ) =P Crqeeeyy) 4 POy (3.3)

: >
where UN is the N-particle configurational potential energy, r, and Qi
denote, respectively, the position and orientation of molecule i,

> - > .
B = 1/kT and dyi = driin = dr151neid6id¢i

If the molecules are interacting pair-wise, then

1 N N 5 > .
U =3 Z z ) .(Yi,yj) (3.4)



b4

>
where Wi j(¢i’Yj) is the interaction energy of the pair i,j, and the

potential energy of say, molecule 1, e, is given by

1

| 12

’ - > 1 > >
61(Y1'°"YN) = -i wi,j (Yl’Yj) (3'5)

j=2

The mean-field approximation consists of replacing the sum in
Eq.(3.5)by its average vélue; all thermodynamic properties of the system
can then be obtained from the resulting one-body pseudopotential El(¢l).

. . . - > - =
Since the system is a fluid, sl(Yl) = 61(91)_and

N
Uy = _Z e, (@) (3.6)
i=1
From Eq. (3.2),
P DA = or@) (3.7)
where p = N/V,
exp (~Be}.(2))
f(Ql) = (3.8)

v/Qexp(—sEl(Ql))dQl

and self-consistency requires that the average value of U

T, = I\f S E(R)d . (3.9)
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In most mean—-field theories of the nematic state, molecular
interactions conéist explicitly only of anisotropic long-range attrac-
tive forces (13),(15),(25). Repulsive interactions are takén into account
implicitly through assumptions made about the positional distribution.of par-
ticles in the célculation df ;he one;bgdy pseudopdtential.g(ﬂ). These
assumptions, (the most frequent one being that of spherical symmetry),
are usually not well justified. It is possible, however, to obtain an
exact expression for €(Q) in the mean—fieldvapproximation, since the
molecular distribution is consistently détermined by the form of the
interaction potential W

1,2°

The average value of () is given by

el(Yl) = Efwi,j ———————]—(1) e dyj . (3.10)
P (Yl)

Substitution from Egs. (3.3) and (3.7) yields

El(szl) = —12— p/wi ; g(z)(?l,?j)f(szj)d?i . (3.11)

The pair-correlation function can be evaluated by considering pairs of
particles; the potential energy of the pair of molecules, say 1 and 2

is given by

N
yow, . . (3.12)

N
Il ~12
=
+
N |

€1,21 Yy T ¥y,



46

As before, the mean field approximation consists of replacing the sums

in (3.12) by their average value; then, as N - =,

- > > - -
el,Z(Yl,YZ) = Wl,Z + El(Ql) + 82(92) (3.13)

2) » - .
= + ...
g (yl,yz) can now be evaluated, since UN 31,2 + ¢ €

2
(2)@132) N! exp(—BEl’z)[/exp( Be )dY ,dYJ]

N
N-2)! [/;xp (-B's'i’ ; ) d?i ,ydﬁ;_i]E of (Ql)pf (QZ)

N(N-1)exp(-8e; ,)

~o9 _a= > —>
P f(Ql)f(QZJexp( Sel,z)dvl,dvz

(3.14)

In principle, for a given interaction potential W » the one-body pseu-

1,2
dopotential El(ﬂl) can be obtained from Eqs. (11) and (14). As the resulting

integral equation appears intractable, the assumption is made that

e ) -(2) > >
(Yl,yz) may be approximated in Eq. (11) by its average value g (rl,rz)
where ~  denotes averaging over molecular orientations. Letting
> > >
r=r-r,
-(2) > 2
g( )@ / ¢ )(yl,yz)f(Q )£(9,)dq, 4a,
(3.15)

Kii/‘exp (_551,2)d9 1992,
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where K is the normalization factor such that as r - =, (2 -1

given by

2 - > ->

-1 p” ) exp(=Be; ,)dy,,dy, - -

K™ = 2 = exp(—le)dﬂlfexp(-Bel)dQZ
N(N-1)

(3.16)

as N » o
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3.2 Pair-Correlation in a Hard Spheroid Model

In order to take steric repulsion 6f the molecules into
consideration explicitly, the interaction potential Wl 2 is assumed to
3

> >
consist of a short-range repulsive part U(Yl,yz) and a long range attrac-

> >
tive part V(yl,yz). Then

N '
_ l_ > > > >
and
- -> -> —> > - -

where V (? ,? ) is assumed to be contained in e, and e.. If the mole-
1,277'1°72 1 2

cules are represented by cylindrically symmetric "hard" surfaces, whose

orientation is given by Q, a convenient form for U1 2 is
b

- ) _ . _l__ _]; -1 -
Ul,z(r,Ql,Qz) = iiz 1n(2 + — tan olr dl,Z(Ql’QB’ £)1) (3.19)

+ ~ 3 3 . .
where r = rr is the intermolecular vector and d1 2 is the distance between
bl

molecular centers when the surfaces are in point contact externally.

(2)

The anisotropy of the pajr-correlation funetion g (r%) may be

obtained from D(%), defined to be the effective hard core diameter given by

D(3) =/ (1-3D (¢2) ) dr; (3.20)
0
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in order to simplify the notation, henceforth we shall write é(z)(r§)
as g(r%).

We assume that there exists a radial scaling transformation
r = r'f(%) which renders g(rr) isotropic; then, as in Section 1.3,

g(r%) = g(r'f(f)%) = go(r'). From Eq. (3.20), it follows that

D(;') =/ (1-g(rr))dr = f(%)/ (1—g0(r'))dr' (3.21)
/0 0

~ —l A
and f(r) = (ZRO) D(r) where R,, the effective hard-sphere radius, is

0’
assumed constant. Thus, if D(%) is known, the average values of
expressions involving two-particle interactions can be evaluated by
simple scaling.

Substitution of Egs. (3.15), (3.18) and (3.19) into Eq. (3.20)

yields

D(r) = 11m K// ( = - = tan g[r d(Ql,Qz,r)])dr N

(3.22)

exp(-B[El(Ql)+Ez(92))dQld92

and integration over r yields

D(r) =]{/.dl’z(Ql,Qz,f)exp(—B[El(Ql)+E2(Qz))dQ,d92 = d(r)

(3.23)
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In this model, the molecules are represented by hard spheroids, whose
equation is

2(1-a2(s 2 Y2y = B2
r2(1-e?(z -5 )?) = R} (3.24)

> AL s . . . th
where r =r r is a position vector originating at the center of the m

molecule, no is a unit vector along its symmetry axis and e is the eccen-
tricity. Unfortunately, it has not been possible to obtain a closed-

form expression for the distance of closest approach d in spite of

1,2
considerable effort; consequently bounds on it must be considered.

If dl+(§,ﬂl) is the length of the normal projection of surface 1
onto a line through its center in the direction f, and dl_(§,Ql) is the
length of the intercepted segment of the same line, as shown in Figure 12,
then clearly

1 ~ 1 A
< E—dl+(r,Ql) + —-d2+(r,92)

1, » 1. =
241 (1,02 +3d, (r,0,) < d 2

1,2
(3.25)

Letting d, (r) =vj:di(§,9)f(9)d9 ,
d_() < D) < 3, @) (3.26)

from elementary geometry, as shown in Appendix D,

2R0

(1-e2(r.n)2)

~ 2 A rioi1/2
173 and d+(r,Q) = 2R0(l + I%EZ (r+*n)?) / .

d_(r,9) =

(3.27)
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Fig. 12 The geometry of closest approach.
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Since d_(r) > d_((r*n)2) and (0 < a,(rD)?) ,

d_((x-m)?) < D(r)<s 4 (E+0)?) . (3.28)

Eq. (3.28) can be expressed interms of the order parameter Sa as follows:

B

S Ay 22 22 |1 _ 1
(r-n) ra(nanB)rB 5 T | 2 (3nan6'6a8) rB + 3 (3.29)

and

~on 2 1
(ren)2 = 3 raSuBrB + 3 (3.30)

Substitution of Eq. (3.30) into Eq. (3.27) finally yields

e? -1/2 ~ e? 1/2
RO(% -3 (1+2rasa8r8 < D(r):EZRO‘l + 3?I:527(1+2rasa8r6)

(3.31)

It is worth noting that there have been no specific assumptions made
regarding the attractive part of the pair-interaction potential in obtaining
Eq. (3.31), and that in a condensed phase, D(r) may be thought of as the

average repeat distance of molecules in the direction r.
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The bounds d+(raSa rBZ on D(f), given in Eq. (3.31) are shown in Figurel3

B
for r in the z and x (or y) directions as a function of the order para-
meter S = Sz, for the case when the length to width ratio of the hard

core is 2:1, (i.e. e? =-%), and the symmetry axis of the material is in the

z-direction. As can be seen from Fig.,lé, for this model of hard spheroids,
an essential feature of the ordered phase is the anisotropy of the mole-
cular distribution. In order to avoid the necessity of performing two

sets of calculations, one for each bound, we assume

D(;) = %(d_(rususre) + d+(rasa8r6)). (3.32)

This choice of D(r) preserves the essential features of the molecular
distribution; in fact, it is plausible that it is the exact effective
hard core diameter for some elongated hard core potential. To simplify

the notation somewhat, in analogy with tetragonal crystals we shall

~

denote D(r) by "c¢" if r is in the z-direction, and by "a" if r is in

the x or y directions for the case when the symmetry axis of the material

is in the z-direction. Eq. (3.31) suggests that a more general treat-

v

ment might be to expand D(r) in a power series in raS ;5 in order to

r
aB B
avoid introducing additional parameters, however, we continue with the

spheroidal model.

The local field anisotropy tensor n,g can mow be evaluated;

8

the eccentricity of D(r) and hence of fs(g) is

a2

2o1- 8 (3.33)
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Fig. 13 Bounds on the effective hard-core diameter D(r).
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where, from Eqs. (3.32) and (3.31)

2 )
c =Ry [(1 - g—z a2 ? & @+ —&— (1425)) 1/2] (3.34)
: 3(1-e2)
and
, 2\
a = R, [(1 - & (1-s))1/2 + 1+ —2— (1-8) 1/2] (3.35)
3(1l-e )

The value of N, is shown in Figure 14 as a function of S for several
values of the molecular eccentricity e. Values of nzz obtained from
refractive index measurements of PAA(ZG) are also shown; giving reasonable
agreement with theory. The small devietion of the experimental values
from the linear S-dependence predicted .by the' theory may in part be
caused by a decrease in the molecular eccentricity e as a function of
temperature due to molecular vibrations.

Once fs(;) = (ZRO)_lD(;) is known, the one particle pseudopotential
El(ﬂl) can be evaluated from Eq. (3.11) as follows. By noting that, for

a general hard-core repulsive potential U,

> > 2) » >
/U(Yl,Yz)g( )(Yl,yz) dy, =0 (3.36)

(2)

where g is given by Eq. (3.14), Eq. (3.11) vyields

- _1 > > 2) > - -
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Fig. 14 The local field anisotropy tensor as a function of the order

parameter.
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Replacing g(z)(§i,$j) by g(?), where © = ;j—?l
- _i_ L - >
el(Ql) =3 ﬁ/nvl’j(Ql,Qj,r)g(r)f(Qj)dedr . (3.38)

. T o_ 2 . | -
Letting dr = r drer and r = r fS(r),

= _1 ' Ty (ot 3 12 3.1
e, (Q) 5 ﬁ/ﬂvl,j(gl’gj’r fs(r)r)go(r )f(Qj)fs‘(r)r dr erde

(3.39)
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3.3 Dependence of Density on the Order Parameter

The equation of state can be obtained from the partition

function, which, in the mean field approximation is given by

N
/ exp (-Be (2))dy

Q= N (3.39)
N! (47)
The free volume seen by one particle is Vf i)ré? = V—NVm, where Vm,
the volume effectively occupied by one molecule is
1 > 2
V = ~—~— (1-g(r))r4drdQ. (3.40)

where h is the packing fraction. Since, from Eq. (3.11) () is propor-

tional to.the number density, we may write e(R) = —-pz(Q). The pressure

P is given by P = —(%%) and the free energy F is given by F = - %—an.
T

Then

143 1| w~ N2 ,/Z(Q)EXP(B%Z(Q))dQ
P = E [—ln-l = —B-

v v-nv_ _ v2B (3.41)
T n N
/exp(B v 2 (R))d
and
<_B:_} l>(l - pV ) = E%- (3.42)
p-z m pz .
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Far below the liquid-vapor transition (kT << pz) in the condensed
phase at low pressure (P << p2z) Eq. (3.42)~yields

-1 :
P =3 + ..., (3.43)
m

_ kT

z
We suppose most of the volume dependence at T * TC to reside in Vm;
although it is clear from Eq. (3.41) that z may change considerably across
the transition. As a first order approximation we let p—1 = Vm, then

making>the transformation r = r'f(g), Eq. (3.40) yields

-1 L (1-g (r"))r'2dr'| £3(r)de (3.44)
p = 53, “gplr ))r r r - .
0 .

Since fs(r) = D(r)/ZR0

-1 _ 1 3%
P = 24h D (r)er . (3.45)

A 2 ~
If D(r) is a spheroid with eccentricity eg =1 - %E-, then D(r) =

1
a(l-e2cos?6 ) 2 and
g T

3 sin6 db6 2

p-l _ Ta r r _ Ta‘c (3.46)
. 12h (1—e2cos29 )3/2 6h :

g r

where a and c are given by Egs. (3.34) and (3.35). 1In order to further
simplify calculations, we replace a and ¢ in Eq. (3.46) by a linear

approximation,
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a®A - 4S8 (3.47)
and

c 2 A+ 288 (3.48)

2R0 ZRO
where A = —5—-(K+2) and § =3 (k-1) and k is the molecular length to
width ratio x = _1 . This is equivalent to letting

V1-e2
pE) = 2R |1+ (14 2r s 1. | ©(3.49)
0 3 o aB B

The exact values of a and ¢ and the linear approximations are shown

in Figure 15. The volume V(S) is given by

4ﬂR8 - .
V(S) = sin ¥ [(.<+2) - (.<—1)s]2 [(K'I'Z) + 2(.<-1)s] (3.50)
or
~-1\2 -1\3
%% =1 - 3<—§+—;> s2 + 2(%) s3 (3.51)

The thermal expansivity is obtained from Eq. (3.51), and

19V, [xk=1\% _ ds
337 = —6< ) S . (3.52)
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Fig. 15 Approximations to the effective hard-core diameter.
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I ¥
S, + ké Y T -T , and

B~

From Eq. (2.25), near the transition S =

< |t
3/

_1\2 38 1
- 3(%) kéz [1 + Zk—“ (TZ—-T) 2] ) (3.53)
2 _

Arrott and Press (10) have shown that experimentally obtained values of the
expansion coefficients of MBBA obey such a relation. Their experimental

values were fitted to

19V _ + .-G
v ar - Bo T 2T (3.54)
. . ~3 70 1/2
with the result that G = 0.56 + .1 and Z = 0.435 x 10 °/°C . We can

estimate Z from Eq. (3.42) where we take k = 1.6 as suggested by local

field results, and Ké = 0.08, then

k=1

2 -
A % (—) kyS. = 1.512 x 10 3/°cl/2 .

Kk+2 2

The value of ké was obtained from published values of Landau éxpansion
coefficients for MBBA (11). In view of the approximations made in
obtaining Eq. (3.53), the agreement is considered satisfactory.

The discontinuous volume change across the nematic-isotopic

transition is given approximately by

V(0)-V(S ) SN2
_— L = 3(%) s2 (3.55)
v(0) K c
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For « = 1.6 and SC £ 0.3, Eq. (3.55) yields a volume change of 0.75%.

If a and ¢ given by Egs. (3.34) and (3.35) are used instead of the
linear approximation, then the volume change is further reduced to
0.25%. Experimental results (10) for MBBA suggest 0.13%7 as a minimum
estimate, the existence of a two-phase region in the neighborhood of the
fransition makes accurate determination of the discontinuous volume

change difficult.
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3.4 Dipole-Dipole Interaction

The interaction energy between two point dipoles MO and

unj separated by r = rr is

2
=..E— - oA - -A - = -A !
Vij r3[3(ni r)(nj T) n; nj} . (3.56)

substitution into Eq. (3.38) yields, for a spherical sample of radius R

(3r r .- _)n, .
- __1 = o B oB” jB =\ ¢ S T
el(Ql) = 5 PH nl%/n = g(r)f(Qj)dedr . (3.57)

Performing the transformation r = r'fs(§) yields

B8 aB’  r (3.58)

where the first integral is just the dipolar (vector) order parameter
n, of Eq. (2.9), and the second integral is the local field anisotropy

tensor n, of Eqs. (1.14) and (1.16). Then

B

- _ 5
el(ﬂl) 2Tpu nlaanaB . (3.59)

If the symmetry axis of the fluid is in the z-direction, then Eq. (3.59)

becomes, on dropping the subscript 1,
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() = —2ﬂpu2coseanz (3.60)

and the quantity 2ﬁpuanz=fﬂi may be thought of as the effective molecular
field. The orientational probability density function £f(R) is obtained
by substituting Eq. (3.60) into Eq. (3.8), and from Eq. (3.9), the self-

consistent equation for R is

T
/0 cosBexp (BuHEcose) sin0ds

T
/ exp (BuHEcose) sinbde
0

The quadrupolar order parameter S is similarly given by

m
1 2, 4 .
0 E{Bcos e—l)exp(BpHEcose)51n6d6 ,

T
/ exp (BuHEcose) sinbde
0

The integrals are evaluated in Appendix E with the results that

R =‘L(8uHE) v (3.63)

and
=1 - 3 3.64
S = 1 - 25 L(BuH) (366

E
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where L is Langevin's function, L(x) = coth(x) —-% . The sensitivity
of the solution to the anisotropy of the molecular distribution is
apparent. 1f, as is frequéntly'assumed, the distribution is isotropic,
then n,, = HE =0, and R=S = 0. If, as assumed by Born.(lZ)and later
by Chandrasekhar (13) the distribution is anisotropic but independent
of the temperature, then HE = uclR where ¢y is a constant and the solu-

tion for R is identical to the magnetization in the Weiss theory of

ferromagnetism. L(x) may be expanded about x = 0, and letting

2

i%e

3k

T =
C

1

Tc 3 Tc } 3
= - - Y . 3.65
R T R S\T R+ ... ( )

1/2
T \|5 T
NG
C C

while

- 3§kTR - _% . , (3.67)
u Cl c

We have shown, however, that the anisotropy of the distribution

is temperature dependent; as can be seen from Figure 14, n,, = CZS where

cy is a constant if changes in the density are neglected. Since, for

prolate molecules c, < 0, R =S = 0; from Eq. (3.41) it is clear that

2
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for a given R antiparallel alignment is energetically favorable. Oblate

molecules may be considered by replacing the hard~core (prolate) eccentri-
- ) -

city +e? by I:gg- where e% is the eccentricity of an oblate spheroid.
0 ule
. _ _ 2 .,
Then N, > 0 hence Cy > 0, and letting HE = uzczRS and TC = 17k yields,
from Eq. (3.64)
1 1 V/ T
= = + — - —
S ) 1 T (3.68)
c
where only + gives a physically meaningful solution, and
R =L [lZ'T_c_ RS] = gl/2 (3.69)
T . '

~

where the result R? 2 S has been obtained by numerical means.
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3.5 London-van der Waals Interaction

~

If molecule i has a dipole moment usni caused by a spontaneous

- ->
charge fluctuation, the resulting electric field of a point r = rr is

given by
H A A A oA
RN s
E = =3 [3(ni r)r n. |- (3.70)

If molecule j at r has a polarizability o, along its symmetry axis and
o, perpendicular to it, and if a, >> a,, then the induced dipole is

(f-nj)a"nj. The interaction energy of the two dipoles is

0"||U2

A
—3 — L 2 2 - —
vV, . ay (E nj) s

(3(61-2)(;j:§) - Qi-ﬁj)z ) (3.71)

The same form of V, § is obtained from quantum mechanical calculation of

the dipole-dipole contribution to the dispersion energy (14). Substitution

into Eq. (3.38) yields for the one-body pseudopotential

(3rar8_6“3)(3ryr6—6y6)

= __ 1 9
e () = -3 p“so‘"nlanly/“jsnja 6

(3.72)
. g(r)f(Qj)dedr

Performing the transformation r = r'fs(r) yields
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= =_ 1 0
el(Q) = 3 pu3cx..nlanly/nj anGf(Qj)de

‘}(ij/fs(r) gy(r')dr! (3rars_6u8)(3rYr5_6Y5) a_ (3.73)
r

T4 32
0 T fS(r)

The first integral can be expressed in terms of Sa , and integration

B
over r' yields, for large R,

_ s .- § 46 8 )dQ
: / TN e T 0 T W T Y (3.74)

£3(r)

If there exists rotational symmetry about the z-axis, then, as shown

in Appendix F, Eq. (3.58) becomes

2 2 _ 20 —

_ . Tous 2 2 3cos er 1 (3cos el 1)

@) = 5+3\—=) |8+ ——~
24R3

0
(3.75)

(3cos?6_-1) sin® de
+ S ——————;L——m-(9cos”6 -8co0s20 +1)| ———="
2 r r 3
£2(r)
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If a spherically symmetric molecular distribution is supposed,
then fs(f) = 1 and the usual Maier-Saupe pseudopotential is obtained;

dropping the subscript 1,
€(Q) = S(3cos?6-1) x constant . (3.76)

If the molecular distribution is anisotropic, then, as before

1/2

1) = = =2 (1-e2c0s26 )~
f(r) 7R R 1 e, oS er).

when e2 =1 - )
0 0 8

C

Furthermore, the density p is given by p = ;S%E-, and Eq. (3.75) becomes,

on omitting the terms not containing 6, from the integrand

1

221‘1 25— ) 2_1
@ - - ugo,h (3cos6-1) o (1oe?e0s?6 )3/2 z_(3cos 6_-1)
asdc 2 - g r 13 2
0
+ S(9cos”er—8coszer+l)] sin6de . (3.77)

The dependence of E(Q) on S may be condensed into a function ¢(S), then
5@ = - 2(3c0s26-1)4(S) (3.78)

and S is obtained self-consistently from Eq. (3.9)

™
g = J{; %—(3c0326—l)exp[% ¢(S)(3c0326—1)] sin6de

T
J(. exp [%—¢(S)(3cos26—l)] sin6df
0

. (3.79)
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Eq.(3.79) cannot be solved analytically; the temperature dependence of

S has been obtained using numerical methods. The method is described

in Appendix G, and the results are shown in Figure 16. The effect of

the elongated hard core is to make the transition more abrupt; the
behavior of the system varies continuously from the Maier-Saupe solution
(lS)Ito Onsager's result for hard rods (23) as the length to width

ratio of the repulsive potential is increased. Since this behavior is not
in agreement with experimental results, a more realistic interaction
potential should be considered; a model in which the molecular polariz-
ability perpendicular to the symmetry axis is not neglected may predict

more physical behavior.
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Fig. 16 The effect of the anisotropic hard-core on the order parameter

in the mean field approximation.
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CHAPTER 4

PURE FLUIDS - EXPERIMENTAL

4.1 The Lorentz—-Lorenz Relation

>
In an isotropic fluid, the pair-correlation function g(r) is

spherically symmetric; the local field anisotropy tensor na therefore

B

vanishes:and Eq. (1.29) reduces to the well-known Lorentz-Lorenz relation

n?—l
n2+2

= LpM . (4.1)

The Lorentz-Lorenz coefficient L is given by

4t M
o

L= 3Av

(4.2)

where o is the effective molecular polarizability, M is the gram molecular
weightrandnAv :is Avogadro's numbermand Pm istthe mass$zdensity. It is of interest
to investigate: the.vidlidityrefcEqt'(4.1)gaéftossrthetldquidivapor_ transition, since
optical techniques are commonly used (16,17)-to measure the order para-

P.=P.:
. TV PR . PR
near the critical point. The Lorentz-Lorenz coefficients

meter
c

for sulfur hexafluoride and germane have been measured together with

their critical constants. Refractive indices and density are both

measured in the same experiment, yielding values of L accurate to 0.05

per cent for densities near critical. The method utilizes a prism
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shaped high-pressure cell which can be removed from a temperature con-
trolled holder and weighed on a precision balance. The cell is
equipped with a needle valve which allows the high pressure gas to be

bled out in steps, refractive indices are thus measured as a.function

of weight and hence density.
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4.2 Details of the Experiment

Optical equipment used in this experiment is schematically
illustrated in Figure (17). A laser beam, rendered uniphase and colli-
mated by a beam expanding telescope and pinhole filter, traverses a
prismshaped sample vessel and is reflected by a mirror into a telescope.
The prism is oriented with its axis vertical; the beam is refracted
horizontally through an angle which depends on the index of refraction
of the fluid in theppfism-vessel. The beam is reflected into an auto-
collimating telescope (Davison model D275) by a differential-micrometer
driven mirror (Lansing Research Corp. Model 10.253).

The high pressure.sample vessel is shown in Figure 18.. The
body is made of aluminum with a brass needle valve at one end. Two
sapphire windows, clamped in place by flanges, form a prism-shaped
region at the end of the vessel. The space between the windows is kept
to a minimum in order to keep the light path length small.» The long
cylindrical portion of the vessel provides a reasonably large volume
of fluid. Experimental error decreases with increasing volume of the
vessel, but the precision balance available for this experiment had
a limit of 200 gm. Therefore, the sample vessel was designed to ob-
tain a large volume of fluid but under the restriction that the mass
of the vessel and contents not exceed the 1limit of the balance. The
prism angle between the sapphire windows was measured to be 20.088°.

The relationship between the refractive index, n, of the fluid
and the angle of deviation, 6, through the prism vessel for a ray
incident normally to the front face of the prism is derived in Appendix H

and is
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n=n +v(s1n6—s1nea)[B+C(31ne+81nea)]

where n is the refractive index of air, ea is the angle of deviation
for air in the sample cell, and B and C depend on the cell geometry.

The angle of deviation through the prism is measured by adjust-
ment of the micrometer screw on the mirror mount. The mirror is ad-
justed until the beam is centered on the cross hairs of the auto-
collimator, the reading of the micrometer is then recorded. The
procedure "is repeated ten times and the readings are averaged. Five
readings are taken with .the micrometer screw turned clockwise and
five C.C.W. This is done in order to eliminate backlash in the screw
and in order to eliminate the effect that would occur if the amount
of backlash were not a constant amount, but depended on the particular
orientation of the screw. A reference angle is obtained when the
cell is removed for weighing. This reference angle is méasured on
the micrometer screw each time the cell is removed in order to avoid
any problems due to alterations in the alignment of the optical system
during the course of the experiment. The zero angle used for calculation
of the deviation angle is obtained with the cell containing air at N.T.P.

The relationship between the angle of deviation and the read-
ings of the micrometer screw is established by calibrating using a 50
line per inch Ronchi ruling in place of the sample vessel. The micro-
meter readings for -sixty-five orders were measured, and a relationship
between sin® and micrometer screw reading was established. The

relatienship is linear except for a small correction which is nearly
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negligible except for larger angles. (It should be noted that the
maximum angle of deviation encountered in the experiment is only 3
degrees.)

The measurement of the refractdive index described above yields

two values, n, and n, when both liquid and vapour are present in

1
the cell. The density and temperature of interest is in the single
phase region at the coexistence curve boundary. The sample vessel

was initially filled to an average density p' such that it was nearly
all ‘liquid at room temperature with only a small amount of wvapour
present. The sample vessel was then placed in the thermostatic housing
both 1iquid and vapour are

at temperature T If_Tl is below T'

1’ 1
present, and nl(Tl) and nv(Tl) can both be measured (see Fig. 19).

The-temperature was then increased to T, resulting in an increase in

2
the fraction of liquid present. The'values of nl(TZ) and nv(TZ) were

then measured. The temperature was then increased to T, and measure-

3
ments of n repeated. As the temperature approaches T', the meniscus
rises in the vessel and it becomes impossible to measure n_. For
temperatures above T', measurements of n result in obtaining n(p',T).
n(p',T) is almost independent of T for T > T' énd it is easy to extra-
polate to obtainm f(p',T') which is the value sought in this work.
Following the carrying out of the above procedure for obtaining
n(p',T') the sample vessel was. removed from the thermostatic housing

and weighed. The density was obtained using the known volume and the

mass of -the vessel when evacuated.
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Fig. 19 Coexistence curve on a temperature-density plot illuétrating

procedure for obtaining data.
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The density. was then decreased by bleeding out a small amount
of fluid with the needle valve. The procedure was then repeated to
obtain a value corresponding to n(p",T"), etc.

As the ‘critical point is approached at the.top of the co-
existence curve, the large compressibility of the fluid results in
large density gradients. Therefore, it is difficult to obtain n at
the coexistence curve boundary near the critical point. The values
used for calculating the Lorentz-Lorenz coefficient, L, are those
obtained at temperatures shown in the shaded area in Figure 20.

The measurements on the vapour side ‘0f:the coexistence curve
are made in a similar way. except the meniscus level decreases with
increasing temperature and only vapour is present for temperatures
above the coexistence curve. The values used in obtaining L are ob-
tained in the shaded region. The measurements were continued for
densities for which the coexistence curve is well below room temperature
and L for these points correspond to n(p,Troom).

The mass of the.evacuated vessel was obtained by weighing it
after. evacuating it. The volume of the vessel was obtained by filling
it with distilled water and weighing it. Small corrections were made
for the change in volume of the:cell with temperature. Small corrections
were also made for the change in volume of the cell with pressure al-
though the accuracy of this correction is less reliable because of the
difficulty of estimating the change in volume with pressure for the

oddiy shaped vessel.
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Fig. 20 Temperature and density region of which data points are
obtained. The existence of large density gradients creates
difficulties in obtaining data at the coexistence curve near

the critical point.
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4.3 Temperature Control

The. temperature control systems used both in the pure fluid
and the nematic liquid crystal experiments consist of two basic parts;
an outer housing, whose temperature is controlled by a fluid circulating
through it, and an inmner cell-holder, carrying heating coils, embedded
in a thermally insulating foam. The circulating fluid in this experi-
ment was water pumped by a Forma Scientific Model 2095 whose tempera-
ture was. constant to within #0.05°C. In some of the liquid crystal
experiments at higher temperatures, a Haake Model El12 circulator of
similar thermostatic accuracy was used with Shell Vitrea 0il 21.
Temperature sensing was.done with high-resistance Fenwal thermistors,
whose resistance was greater than 2000 Q near the operating temperature.
The thermistors were epoxied into 1/4" copper bolts, which in:turn were
screwed into tapped holes in the cell-holder ..~ Thermistoriresistance was
measured by means of specially constructed Wheatstone bridges utilizing
matched resistors and individually calibrated to each thermistor. Ther
output of each Wheatstone bridge was measured by a Hewlett-Packard
Model 419A DC null voltmeter. Temperature control was effected by
feeding the proportional output of the d.c. null meter into a low output
impedance operational amplifier, Kepco OperationaluPpwgr Supply 7-2B,
whose gain was adjustable. The operational amplifier then supplied
current to the non-inductive windings on the cell holder. The Wheat-
stone bridges used in temperature control had, in addition to the usual
balancing decade box, a 25-turn motor-driven heli-pot, which could be

used to sweep temperature continuously. The circuit diagram for the
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temperature control system is shown in.Figure (21), The thermistors,
their associated bridges and decade boxes, were calibrated using a
Hewlett-Packard Model DY-2801A quartz thermometer. Deviations from
éng’ and B

the theoretically predicted resistance R = R where R

0 0
are characteristic constants of each thermistor were fitted by poly-
nomials in T, thﬁs reducing the uncertainty in the measured témperature
to *0.0001°C. The decade boxes used.in temperature monitoring were
General Radio Type 1433, with a specified temperature coefficient of
resistance less than *20 ppm/°C; in addition, every attempt was made

to regulate room temperature during the course of the experiment. The
temperature control was accurate to #0.0005°C over an eight hour
period. In some of the liquid. crystal experiments, the quartz thermo-
meter was used in addition to thermistor resistance measurements;

the thermistor characteristics appeared to remain constant over the

course of the experiments. The cell containers showing the location

of the heating coil and thermistors is shown in Figure (22).
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4.4 Results

The experimental procedure described above was carried out
for SF6 and GH4. Figures (23) and (24) show the results for the
Lorentz-Lorenz coefficient for A = 6328 Z as a function of density,
the results for SF6 have appeared in the literature (27). The coefficient
is essentially constant within +0.5% over the range covered, although a
small decrease is observed with increasing density.

The decrease in L with increasing density is opposite to the
prediction of Yaris and Kurtman (18) who predicted an increase with
density. The decrease with density agrees with the conclusions of
Chapman, Finnimore, and Smith (22) for xenon. The precision of the
measurements presented in Figures (23) and(24) is almost an order of
magnitude better than Smith's xenon data because density and refractive
index are both measured in this experiment whereas analysis of the
xenon refractive index data required use of published PVT data for
interpretation.

The critical density and temperature for GeH4 were measured
for the first time in this experiment; the obtained values are

p, = 0.5029 gm/cm3 and T, = 38.925°C.
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Fig. 23 The Lorentz-Lorenz coefficient for SF6 as a function of

density.
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Fig. 24 The Lorentz-Lorenz coefficient for GeH4 as a function of

density.
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Fig. 25 Coexistence curve of GeH4.
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CHAPTER 5

NEMATIC LIQUID CRYSTALS - EXPERIMENTAL

5.1 The Anisotropic Lorentz-Lorenz Relation

For nematic liquid crystals, the relation between refractive
indices, number density, polarizability and local field anisotropy is
given by Eq. (1.29). 1In a principal axis system, for a uniaxial material,

Eq. (1.29) yields

(n%—l) 4
——— (1-4mpn,0,) = 3 Py, (5.1)
(n%+2)
and
(ni—l) 47
(1-4mpn,0,) = 3 PoL - (5.2)
(n2+2) '

The polarizabilities o for the medium are given by Eq. (2.8); since for

a system of prolate molecules R = <cosf> = 0,
0, == (o +2a )+ (@ -a ) (5.3)
3 ' m m, m '

and
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(a =-a_ ) (5.4)

where the o denote molecular polarizability. The order parameter S may

be eliminated from Eqs. (5.3) and (5.4) to yield

a"+2aL = o +2<xm . (5.5)

m, +

Since the anisotropy tensor n, is traceless and the material is uniaxial

B

n" + ZnL = 0. (5.6)

If the refractive indices and the number density are known, then the

four equations Ed. (5.1), (5.2), (5.5) and (5.6) may be solved for the

four unknowns o, , o , n, n,ata given temperature. The order parameter
4

S can then be obfained from

(5.7)

In this experiment, the refractive indices n, and n, are measured as a
function of temperature using a modified Rayleigh interferometer. The
difference between the refractive indices is separately measured by use
of a previously reported (20) conoscopic techniques. .Thermal expansivity
measurements were obtained by filling conventional mercury and alcohol
thermometers with liquid crystal samples and measuring the height of the

meniscus in the capillary as a function of temperature. The nematic
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liquid crystals used in the measurements reported here were EBBA
(p-Ethoxy Benzylidene-p-n-Butylaniline) and BEPC (Butyl p-(p-Ethoxy-

phenoxycarbonyl) phenyl Carbonate) obtained from Eastman Kodak Co.
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5.2 The Modified Rayleigh Interferometer

The liquid crystal samples were contained in rectangular
fused quartz cells manufactured by Hellma Ltd. The inside dimensions of
the cells are'l ecm x 5 ¢m x 0.2 ¢m; with a window thickness of 0.12  cm.
The cells were connected to a vacuum system and pumped on for a period
of 24 hours prior to filling. They were then approximately one-half
filled with the liquid crystal sample in the isotropic phase, and were
then immediately reconnected to the vacuum system and were pumped on -
again in order to remove air dissolved in the sample and from the rest
of the cell. The cells were then vacuum sealed, and kept at a suffi-
ciently high temperature to prevent sample recrystallization. The cell
containing the sample to be measured was then placed inside the tempera-
ture controlled cell holder. Sample alignment was effected by placing
the cell holder between the poles of a conventional electromagnet.

The pole-piece separation was 8", providing a B-field of 1.8 kG at a
5 A supply current with 99.8% homogeneity over the volume occupied by
the cell.

The light source used was a Hughes Model 3178H 0.5 mW He-Ne
laser. The beam was collimated and rendered uniphase by a beam expand-
ing telescope and a 10p pinhole filter, it was then passed through a
1 cm diameter iris and a Spindler-Hoyer polarizer. The beam was
normally incident on the cell in such a way that approximately one half
of the beam passed through the liquid crystal sample in the lower
portion of the cell, while the rest of the beam traversed the upper
portion of the cell containing only vapor from the sample. The two

beams were mixed using a 1.5 ecm x 1.5 em x 1.5 cm beam cube and the
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resulting interference pattern was enlarged using a simple £/2.8
f = 4.5 cm lens. Due to imperfections in the alignment of the two
halves of the beam cube, the interference pattern consisted of approxi-

mately 15 vertical fringes, spaced a distance XA_. apart. Using a 0.5 mm

f
slit, a 2.5 em x 0.5 mm horizontal portion was continuously recorded

on film. The optical system and the interference pattern is shown in
Figures 26 and 27. As the temperature of the sample was varied, the
optical path léngth difference of the beam through the liquid and of

the beam through the vapor varied, resulting in horizontal movement of

the fringes. A displacement of the fringes through a distance})\f
corresponds to a change in the phase difference of the two beams of 2w
radians. Since the vapor pressure of the samples is much less than one
atmosphere, changes in the optical path length due to vapor density varia-
tions are neglected. For light polarized parallel or perpendicular to

the optic axis, the change in the corresponding refractive index Ana

is thus

An = ANA (5.8)
o
where £ = 2 mm is the sample thickness, XA = 6328 A is the free-space
wavelength of the laser and AN is the number of fringes that move past
any given point within the interference pattern.
In addition to photographing the interference_pattern, the
movement of fringes was monitored by a silicon photocell, whose amplified

output was recorded on a strip-chart recorder. Sample temperature was



/—-cell housing

L
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. polarlzeri- \:K camera
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Fig. 26 The modified Rayleigh interferometer.
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90T
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Fig. 27 1Interference pattern obtained from the modified Rayleigh -

interferometer.
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recorded by photographing the display of the quartz thermometer every
5 minutes, and in addition, by manually balancing the monitor thermistor
bridge and recording the thermistor resiétance. Temperature was con-
tinuously increased from approximately 20°C below the transition tempera-
ture to 10°C above it; with sweep rates of .5°C/hr far from the transi-
tion, and .002°C/hr near it. Two separate runs were made for each sample;
one with light polarized along the optic axis, and one with light
polarized perpendicular to it. The direction of motion of the fringes
was opposite in the two cases. The refractive index in the isotropic
phase is known to decrease with increasing temperature due to decreasing
density. Since the direction of fringe movement when the polarization
was along the optic axis and the sample was in the nematic phase was
in the same dire;tion as that in the isotropic phase, it was concluded
that thé extraordinary refractive index decreases with increasing tempera-
ture, while the ordinary index increases. The number of fringes moving
past the center of the interference pattern corresponding to changes
in the refractive indices is shown in Figures (28) and (29). Since
fringe displacements of'Af/Z corresponding to AN = %—are easily detected,
the accuracy in measuring the change in the refractive indices is better
than one part in three thousand; an order of magnitude better than pre-
viously reported (21) refractive index measurements.

The absolute value of the ordinary index at a given temperature
was obtained by slowly rotating the cell about its vertical axis, and
counting the fringes as they moved past a given point near the center

of the pattern. The cell rotation was accomplished by using a 1/240 r.p.m.
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Fig. 28 Results of fringe number measurements corresponding to

changes in the refractive indices of EBBA.
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Fig. 29 Results of fringe number measurements corresponding to changes

in the refractive indices of BEPC.
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A.C. motor manufactured by Grahaﬁ Canada Ltd., Model 267777. Care was
taken to mount the motor in such a way as to minimize vibration of the
sample. A 10-tooth spur gear on the motor output shaft was used to.
drive a 96-tooth spur gear mounted on the vertical axis of the cylin-
drical cell holder; the angular velocity of cell rotation was 9.375°/hr.
Cell rotation was initiated with the cell positioned at +30° from its
normal position perpendicular to the beam, and was rotated through 0°

to a final orientation of -30°. In order to correct for errors due to
the gear being slightly off axis, the cell was rotated 180° and the
above procedure was repeated. As shown in Appendix I, the relatiomn

between n, and AN is'given by

x2 + éinze = ax + b : (5.9)
where
X = AMA + cosf -1
d
a = -2( %A-+ n$)

b=n - )2

and € is a constant between zero and unity.
The fringes plotted on the chart paper were symmetric about
6 = 0; the angle corresponding to each intensity maximum was calculated

from the known rotation rate. The quantity x was evaluated for each
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Fig. 30 Analysis of cell rotation data; x vs. x2 + cos?0 for EBBA.
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fringe (AM = integer) and x? + sin?6 was then plotted vs. x. The re-
fractive index n _was calculated from the slope and intercept of the

resulting straight line, since
= 2y2
n = (E) +b . (5.10)
-+

A typical graph is shown in Figure 30; the error in n, is estimated to
be +0.005.

In principle, a similar procedure could have been used to
determine the absolute value of n . Rotation of the cell, however,
necessitates the continuous re-alignment of the nematic director along
the applied B-field. Although the observed time constant for this re-
laxation process was less than one second, it was felt that more
reliable results could be obtained by using the conoscopic method
described in the next section.

The advantages of the modified Rayleigh interferometer des-
cribed in this section that merit mention are its simplicity, its
relative ease of alignment, its inherent insensitivity to the optical
path length of the sample container (i.e. cell windows) and its insen-
sitivity to building vibrations. Although the steel frame table support-
iﬁg the optical Sench and magnet was floated on 14 automobile tire inner-
tubes, an identical experiment using a Mach-Zender interferometer could
not be made to yield reliable results due to building vibrations. No

such problems were encountered during the course of this experiment.
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5.3 Conoscopic Measurements

The difference between the principal refractive indices of
the liquid crystal samples were measured using a conoscopic technique.
A converging beam focussed approximately 0.5 cm below the meniscus of
the sample was obtained by placing compound f£/1.8 f = 85 mm lenses
directly in front of and behind the sample. The beam cube of Figure 24
was replaced by an analyzer. The polarizer and analyzer were crossed
in such a way that the polarization of the incident light was at an
angle of 45° to the optic axis. The resulting interference pattern is
shown in Figure 31. As the difference between the refractiQe.indices
decreased due to increasing £emperature, fringes were observed to move
towards the center of the pattern in the horizontal direction and
away from the center in the vertical direction.

A silicon pﬁotocell was used to monitor the intensity varia-
tions due to fringes sweeping through the center of the pattern. The
number of fringes AN that move past the center as the difference between

the refractive indices changes is given by
(5.11)

Where N0 is a constant. Changes in the refractive index difference can
therefore be measured with an accuracy greater than one part in six
thousand; AN is shown in Figures 32 and :33 as a function of temperature.
These results may be compared with changes in the refractive index
difference calculated from the modifiéd Rayleigh interferometer results

of the previous section; the two sets of results agree to within *+ 1

fringe.
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Fig. 31 Conoscopic diffraction pattern.
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Fig. 32 Conoscopic fringe number measurements for EBBA.
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Fig. 33 Conoscopic fringe number measurements for BEPC.
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The absolute value of n,;-n, can be obtained from the density
of fringes in the diffraction pattern shown in Figure 31 if n  is known.
The diffraction pattern was photographed approximately ten times dur-
ing the course of each run. The value of the ordinary index n, was
obtained from the modified Rayleigh interferometer results of the pre-
vious section for temperatures corresponding to each photograph. If
0 is the angle subtended by the Nth fringe moving in a vertical direc-
tion from the center of the pattern, then the relation between 6, N

and the refractive indices is, as shown in Appendix J,

Nty

1, A@#s)
(n, nL) (} + 5m g sin %) = T (5.12)
for small angles, where 0 < § < 1. Eq. (5.12) may be rewritten as

sin’6 = mN + ¢ (5.13)

ZanLA

where m = and ¢ is a constant. The refractive index difference

Z(nﬁ—nL)

then becomes, in terms of m

n-n = ——m , (5.14)

For each conoscopic photograph, N was plotted vs. sin?6, and m was

obtained. The refractive index difference was then obtained from

Eq. (5.14). The quantity %—(n”—n¢) was then subtracted from AN of
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Eq. (5.1) for each temperature to yield NO. The accuracy of the
measurement of the absolute value of n,-n is determined by the scatter
of points about NO; for EBBA it was found to be iOQOOS, whereas for
BEPC it was slightly worse due to existence of fewer fringes in the
diffraction pattern. This accuracy could be improved considerably

by photographing the pattern more frequently and by using lenses with
smaller f-number. However, the existing thermostatic cell-holder

necessitates the use of lenses with focal lengths of at least 85 mm.
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5.4 Refractive Indices

The refractive indices for each sample are calculated in a
number of distinct steps. The absolute values of n, in.the nematic
phase is obtained from the results of cell rotation. The absolute
value of n,-n, in the nematic phase is obtained from analysis of the
conoscopic diffraction pattern, yielding n, since n, is now known.
The temperature variation of n , n, and n, is accurately 'determined
from measurements using the modified Rayleigh :interferometer. The
consistency of the results is.established by the conoscopic measure-
ments, since the number of fringes traversing the center of the cono-
scopic diffraction pattern corresponds to variations in the difference
between n, and n,. The refractive indices n, n, and n, are shown in
Figures (34) and (35) for EBBA and BEPC. The meaning of the error
bars is that the whole series of points can be shifted as a unit. 1In
addition to the refractive indices, the quantity n = %(n"+2n;) is
also plotted. The expected behavior of n is obtained as follows.

Eq. (5.1) may be re-written as

ni—l
= =Y, (5.15)
ol 2 .
un2+2
2 4r -1 - e -
where Y, = T3 paz(l 4ﬂpn2a2) and & = 5 7 Then

e
[
+

<l+2Y2>1/2
n =
L 1—Y£

3.2
Y2v+ g Y + .... (5.16)
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Fig. 34 Refractive indices of EBBA.
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Fig. 35 Refractive indices of BEPC.
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Fig. 36 Published values for the refractive indices of EBBA.
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since‘yl < 1. Since Y, = %-wpaz » substitution for az-yields

1+ 2mp(a+2A8) + ... (5.17)

=}
[

and

1.+ 2np(a-AS) +.... (5.18)

=]
]

Then, to a first order

n +2n
A= o 1 4 2mpa ... 0(s%) (5.19)

3
and thus n varies as the density if the average molecular polarizability

a is a constant. Eq. (5519) yields for the thermal expansivity

L

n-1

(5.20)

O |=
ale
n1n.
=1=2!

From Figure. 28 it is clear that n decreases with temperature and that

dn. ., s . . .
E% is very nearly constant, giving evidence of the predicted increase
of the thermal expansivity as the transition is approached from below.

For EBBA at 67°C the above. expression yields, since n = 1.599 and
dn

qr = ~6-33 x 10—4/°C %-ég = -1.06 x 10—3/°C. This is in good agree-

dT

ment with measured results, as -discussed in the next section.

The theory further . predicts that
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2(?%42)  (n2+2)
A 3 [—l+—?‘-}= A, (5.21)
o, q+

@2-1)  @2-1) 4

as given by Eq. (1.30). Expanding the polarizabilities o in terms of

S yields
A ;»Zﬁgg[i—zas+45252—863s3;.. +2 + 265+ 26252 + 26353 + ...]
(5.22)
and
AZ zrii-b_+~26252—263s3] (5.23)
Tpa

where § ‘= A/a. Letting p = N/V and using Eq. (3.51) for the volume V

yields
A= %%ég? (1-3k282 + 2k383) (1+22852-26353) - (5.24)
where k = Ei% , and
= A(O)<i+(252-3k2)52—2(63;k3)s3+6k26254+...> . (5.25)

For EBBA, the values of § and k are extremely close. From recent litera-
ture (19) a = 38.4 x 10 2% cm3, A = 10.5 x 107 2% cm3 and § = 0.27 at
A = 5790. If the hard core length to width ratio k is assumed to be

&2, then k = 0.25 and the ‘coefficients of S2 and Sg in Eq. (5.15) are:

I
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very nearly equal to zero. The quantity A is thus expected to be
nearly independent of temperature; values calculated from the refractive

indices indicate that A/A(0) is constant to within *0.0015 throughout

the covered 20°C temperature range.
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Fig. 37 Photograph of apparatus used in the refractive index measure-

ments.
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5.5 Thermal Expansivity

Experimental determination of the temperaﬁure dependence of
the density is of interest because it enables comparison with theory
and makes possible the calculation of the order parameter S and the
local field tensor n from refractive index measurements.

The experimental method consists of filling a conventional
mercury or alcohol thermometer with a liquid crystal sample and mea-
suring the height.of the meniscus in the capillary as a function of
temperature. The thermometers were evacuated by the following pro-
cedure. The top sealed portion of the thermometer stem was broken
off. The thermometer was then turned upside down and heated until a
portion of the substance in the bulb vaporized, forcing some of the
liquid out through the capillary. The thermometer was allowed to cool
so that air was drawn into the bulb. The bulb was -again heated and
the procedure was repeated until all liquid has been: expelled; a glass
tube was then attached.to the opened end. The cell thus formed was
flushgd with alcohol and was attached to a vacuum pump and :pumped on
for several days. Sample material was then pléced in the ;glass tube:
above the thermometer stem, and the cell was re-comnected via valves
to the vacuum pump and to a regulated helium bottle. After pumping
on the sample in the isotropic phése for one hour, repeated applications-
of ‘helium at appréximately 0.5 atm. forced the sample into the thermo-
meter bulb. After further pumping thé cell was sealed and placed in
the temperature-controlled cell holder shown in Figure 38, The results

obtained using a cell made from an. alcohol thermometer (range: 40-120°F)
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Fig. 38 Temperature-controlled cell holder used in thermal expansivity

measurements.
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are shown in Figure 39; the points shown were obtained from three dif-

ferent runs. An expression of the form

_Lldo _ _my~1/2
S = Bg + 2(TmD) (5.26)

suggested by Eq. (3.53) was used to fit the data with the result that

B.= 0.81 % .01 x 1073/°C and z = 0.77 £ .02 x 107 >/°ct/2,

o Due to the

existence of an apparently stable two-phase region extending over 0.15°C,
it was difficult to determine the transition temperature Tt' In this
temperature finterval: the sample in equilibrium consisted of a nematic
phase at the bottom and an isotropic phase onr top-separated by a well-
defined meniscus. This effect was observed in both the thermometer-cells
and in the quartz cells used in interferometry. If, as suggested

by - conoscopic measurements, Tt =.77.75°C, then from Eq. (5.16) the
thermal expansivity-%-g% at 67°C is —l&@4xxa10—3/9c in good agreement
with the result obtained in the prévious section. The main problem
encountered in these measurements was the segmentation of the liquid
crystal filament in the capillary; this could be dvercome however by
using a stem with larger bore. A new cell with increased capacity
utilizing an overflow trap has been made using 0.2 mm i.d. pyrex
capillary; results from measurements using this cell are not yet

available.
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Fig. 39 Relative volume and thermal expansivity for EBBA.
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5.6 The Order Parameter and the Local Field Anisotropy

The order parameter S and the local field anisotropy tensor
n=n can be obtained as a function of temperature by simultaneously

solving Egs. (5.1), (5.2), (5.5) and (5.6). As shown in Appendix K,

this results in

a, = E%{}(ab—l) + ¢©—30ab+9a2b2] ‘ (5.27)

where a = (am +2a )/3 and

1] m.-L

4 (n2+2)  2(n?+2)
b = —g 0 + —= . (5.28)
(n%~l) (ni—l)

S and n are then given by

a”+a*
g = R— (5.29)
InIl m-J—
and
. (n2+2)
]_ l 1}
n = _ L — . (5.30)
brpa, 3 (n2-1) ~

In order to evaluate a,, it is necessary to know a = (aﬁ +2um‘)/3

n -t
and the mass density Py We have no direct way of measuring a or A,
hence we have extrapolated published values (19) of the molecular

polarizabilities of EBBA using Cauchy's formula to obtain a = 37.1x10 2% cm3

and A = 9.90x10 23 cm3 at A = 6328 A. To obtain an expression for the
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density consistent with our thermal expansivity measurements, we
integrate Eq. (5.26) to obtain

/2

p. = po exp[BO(Tt—T) + ZZ(Tt—T)l Ji ‘ (5.31)

M
where Bo and z are as given previously. The constant pO was determined
by fitting Eq. (5.31) to published data (19) with the result that
po = 0.977 gm/cc; the values of p obtained from Eq. (5.31) were within
0.1/% to the published data ovér the entire 40°C temperature range.
Using these values, the order parameter S and the anisotropy tensor
n were calculated for EBBA as a function of temperature. The results
are showh in Figures (40) and (41). Both S and n are very sensitive
to density variations. 1In view of the poor accuracy of the available
density data, we have not attempted to fit the calculated values of
S to a theoretical expression. Calculated values of the local
field anisotropy tensor n are in reasonable agreement with the pre-

dictions of theory; we have no explanation for the deviations from

linearity.
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Fig. 40. The order parameter S obtained from experimental measurements

for EBBA.
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Fig. 41 The local field tensor n obtained from experimental mea-

surements for EBBA.
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CHAPTER 6

" DISTORTIONS IN NEMATICS

6.1 Polarization Anomaly

The -experiments described in this thesis were performed using
Spindler-Hoyer Model 03-6320 polarizing filters. The 80 mm diameter
filter elemepts were mounted on a rotatable ring with 1° divisionms.
Since an arrow and the letter P were inscribed at 0° on the polarizer
ring; we had assumed that the electric field vector of a transmitted
plane wave was co-linear with the direction of the arrow. This assump-
tion yielded consistent results in a]l respects; the extraordinary
(fast-decreasing) index was observed when P was along the applied
%Ffield and hence the optic axis, the ordinary (slole»increasing)
index was observed when P was perpendicular to ﬁ, and the conoscopic
pattern of Figure 3d was observed when P was inclined at an angle of
45° to B. In addition, the conoscopic pattern was seén to disappear
due to lack of contrast when P was either parallel or perpendicular
to B; the polarization of the emerging wave was identical to that of
the incident wave. It was felt then that the polarization and optic
axis alignment were well understood. Near the completion of the
experiments, however, while observing light reflected from a plane
surface through a polarizer, we noticed that the electric vector E of
the transmitted wave was not co-linear with P, but was instead per-

pendicular to it. This observation could only be reconciled with all
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of the experimental results if the polarization of a wave incident on

the sample was rotated an angle 6 on entry, énd an angle -6 on exit,

where 6 is the angle between the long axis of the fused quartz cell

and the applied B-field. Usually the angle 6 was.90° since in its

normal position the cell is vertical while B is horizontal, but conoscopic
measurements were performed wiﬁh the cell tilted in order to gain a
better understanding of this effect. We concluded that there exists a
transition layer in the nematic sample near the cell windows which is
responsible for the rotation of polarization. The transition layer is

a result .of competition between field-induced alignment and strong

A ~

anchoring of the mematic director n (he=-%%;) at the cell windows in
the direction of the long axis of the cell? The ranchdoring is. thought
to be caused by striae on-<the wih&ow surfaces due to polishing during
manufacture; the alignment of nematics by rubbed glass surfaces has
long been.known.

| The effect of the twisted transition layer is clearly seen
if the cell s tilted so that its long axis makes an angle 6 with the
g—field and the conoscopic diffraction pattern is observed. The pattern
does not rotate as 6 is changed, since the direction ; in the bulk of
the sample is always along g. Rotation of the crossed polarizerfanalyzer
pair however causes the pattern to vanish if the incident polarization
is either parallel or perpendicular to the cell long axis; in this case
the polarization of the emerging. wave is identical to that of the

incident wave. The transition region may be imagined as a set of thin

uniaxial plates cut parallel to the optic axis with each plate rotated
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through a small angle with reépect to the preceeding one. The'only
significant effect of such'a.system is to change the polarization and
phase ‘of a wave transmitted through it; we assume therefore that all
of the previously used analysis is.valid if the tramsition layer is
small compared to the bulk sample. A quantitative justification of

this - assumption is given in the next two sectioms.
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6.2 Nematic Alignment

If a sample of nematic liquid crystal oriented in the direction

> > )
n is placed in a uniform magnetic field H, the magnetization M is given

by
M = X, (Hen)n + xJ_[ﬁ—(ﬁ'n)n] (6.1)

where 'x is the bulk diamagnetic susceptibility. The associated free energy per

unit volume EM is given by

> > 1 =20 1
Ey = —/M-dH = - 2(x,~x) (Hn)? - 3 x B . - (6.2)

A

Thus, if ¥ > x,, E., is minimized if n is along ﬁ. Since for all known
n -l-

M

~

nematics the diamagnetic susceptibility is positive, the director n
and hence the optic axis is expected to orient parallel to an externally
applied B-field.

The free energy per unit volume associated with spatial varia-

~

tions of the nematic director n is given, from (23) by

=1
E.= 5 K

p = 7 K (0 + 5 Ky (xm))? + 5 Ky (ax(sm))? 6.3)

where Kl’ K2'and K3 are the elastic constants associated with the deforma-

tions splay, twist and bend respectively. Clearly ED is a minimum if n

~

is a constant everywhere. In the absence of external fields, then, if n

is constrained to lie in a given direction at a sample boundary, surface
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anchoring serves to align the bulk sample. If an external field is

also present, then competition exists between the two effects; the ex-

pected alignment corresponds to spatial variations of n which minimize

the total free energy. Two distinct deformations will be considered;

~

pure twist, corresponding to the rotation of n in the plane of the
cell windows from its anchored vertical direction at the cell windows

to a direction parallel to B in the bulk of the sample, and a combina-

tion of bend and splay, corresponding to the rotation of n from its
(nearly) vertical orientation of the liquid-vapor meniscus to a direc-—

tion parallel to B in the bulk of the sample.
If i, j and k are unit vectors along the x, y and z axes,

~ A

then simple twist may be described by letting n = cosfi + sinfj where

8 is a function of z only. Then n+(Vxn) = - %g-and contribution of

twist .to the free energy is
1 36 \? *
-t () 6.0

The combination of bend and splay may be described by letting n = cosbcos¢ i

+ cosfsin¢j + sinbk, where 6 is a function of z only, and ¢ is a constant.

Then Ve*n = cosH %%— and the contribution of splay to the free energy is

-1 24(28)?

ES =5 chos G(BZ) . (6.5)
N - 2

Since [nx(Vzn)]? = sin26<%g> , the contribution of bend to the free

energy is
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Ll sin? 39_)2
EB =3 K231n 6<az . | (6.6)
In the one-constant approximation Kl = K2 = K3 = K; formally the two
distortions become identical and
1 _(38)\?
£=-1 K<az> . 6.7)

To obtain 6(z) which minimizes the total energy, we consider a small slab
of sample of area A and thickness t. The total energy EF associated with

the magnetization and the distortion is

t
1 1 _/96\2
EF =/ A[— E(X,,5X+)H2cosze + 5 K<8_) ]dz. (6.8)
0

Proceeding somewhat differently than (23), we note that the integral

may be minimized by using Lagrange's equation; .letting

2 - K .
= ——————— » 0 must satisf
L O ) e Y
32
v2 5;2—— sinfBcosf = 0. (6.9)

Eq. (6.9) may be written as

2
3 (Y2 (3ey , 1. 2>_
Bz'<2 3z> + 5 €OS 8) =20 (6.10)

which yields upon integration
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2
2 89) - _ 2
Y <5E- Cl cos“o . (6.11)
. 38 .
Since — , 8 > 0.as z + », C. = 1. Then
9z 1
de 0
z = iyf sing - Y 1n tan >+ C2 . (6012),

Since 6 = g-if z=0, C, =0 and finally

D
Il

2 tan ! exp(-z/vy) (6.13)
or

(6.14)

INTE

To determine which solution is energetically favorable for a sample of

length ZO’ ET =04if 6 = % , the mon-trivial solution will occur if
ET < 0, and at the Frederiksz transition
%0 aé ’ (6.15)
- 2(39Y _ cos26ldz = oO. .
ET / [Y <3z> cos e:ldz 0

0

Substitution from Eq. (6.11) gives

z4 z,
ET =/ (1-2cos20)dz =/ (1-2tanh?z/y)dz = 0 (6.16)
0 0
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and integration yields .

-— = tanh.;;— . (6.17)

The solution of Eq. (6.17) is z, = 1.915 y. This is in good agreement with

0

published results (23) for. the case when anchoring occurs at both extremities
of the twisted region; then 2?0 = my. Thus, a field greater than Hc is

required to overcome surface-induced alignment in a sample of width

3.83 [ k|2
d I\(x..—x*) ’

susceptibility is typically %10—7, while the elastic constant is ~3x10 7

d = 2z_. where Hc =

0 The anisotropy in the diamagnetic

dyne (23). For the d = 0.2 cm cell used in this experiment, the critical
field Hc is only 33 oerstedts.

The magnetic coherence length y for our applied 1.8 kG field
is calculated to be 9.6u. At three coherence lengths from the cell walls
the director ; is only at an angle of 6° from the applied field direction,

thus the twisted transition region is small compared to the bulk sample

width.
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6.3 Propagation in a Twisted Medium

In order to determine the effect of the twisted transition

region, we solve Maxwell's equations for light propagating along the

twist (z2) axié. (A more general derivation is given in (28)). From Eq.(1.3)

>
1 32D > >
2 312 = V2E - V(V-E) . (6.18)

A ~ ~

If i, j and k are unit vectors along the x, y and z axes, then the vectors

~ A ~

cosbi + sinbj (6.19)

=3
I

~ A

sinfi - cos6j (6.20)

>

=
It

and k define the directions of the principal axes of the dielectric tensor;

6 is a function of z. For a wave propagating along the z-axis, we let

o
E = E(z)exp[i(wt—kz)]; then V(V-ﬁ) - 3°E(z) and Eq. (6.17) yields
R 0z ~ ~
. - _ ~ -—)‘_ . .

DZ = Ez = 0. We write E(z) = Eln + E2¢, then D = elEln + €2E2¢ since
eaB is now diagonal. Eq. (6.17) then yields

la—z(eE;1+eE:;{\>)=82 (ErA1+EJ>) (6.21)

c? ot 171 272 3z2 1T EeRle :

For simplicity, we assume that 6 is proportional to z instead of the

relation given by Eq. (6.18), that is, 6 = g%£~ where Ah is the helix
h
pitch. Since from Eq. (6.11) the maximum value of — = l-, a reasonable

dz vy
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A ~

= 21y. Noting that E---n = -¢ and gg'¢ =T,

choice of pitch is A 57

h

Eq. (6.21) yields after some manipulation

1_1.'2_ = 924
(el k l)El 21kE2 (6.22)
and
t_1,13_ = _913
(82 k l)E2 21kEl (6.23)
}\h 2 kA
where we have let g' = ¢( X—-) and k' = —5}-.where A is the free-space

wavelength of the wave. We obtain for the wave-vector k'

klZ =14+ ¢e" + ‘/5'2+4€ (6.24)

and
: 2 - ,
_(ﬂ) 2 T 4 s 6.25
) 2 ¥ /86Z+he’ - §'
where e' = (ei+€é)/2 and §' = (ei—sé)/Z. The two solutions for E cor—
responding to the roots of Eq. (6.25) are
—+ ~ ~ 3
El —(Elf1+-E12¢)exp[1(wt—klz)] (6.26)
and
+ ~ - 3
E2 = (EZln + E22¢)exp[1(wtszz)] . (6.27)

The normal modes are therefore two elliptically polarized waves, whose

components are polarized along the principal axes of the dielectric tensor.



162

In our experiment, the magnetic coherence length y was cal-

)\ _
< ) “"h _2my . 6 x10 °m
culated to be 10u; then U 63 % 10-7a 100. From our
refractive index measurements we estimate that ' = 2.5 x 10% and

§' = 6.2 x 103. Eq. (6.23) yields for &' > 2¢'

12 =~ 1 28'
k' =1+ ¢ i(6+——6) (6.28)
or k!? 2 ¢! within an error of 0.1%, and since k, = ZE'VE. , n, = Ve,
i i i A i i i

as before. Intensity ratios are obtained from Eq. (6.25), .for

k'2 = ei

By |? §'
= = ——— = 1000 (6.29)
12 l+6—,—
and for k'? = eé s
1
E 2 1___8_
21| . §' . 1
E,, T =8 2000 (6.30)

In our experiment therefore the normal modes are essentially plane
polarized waves tracking the principal axes of the dielectric tensor

with an associated refractive index n equal to Ve to within 0.1%.
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CHAPTER 7

CONCLUSIONS

7.1 Summary of Results

We have obtained a simple relation between the refractive
indices, density and local field anisotropy in ordered fluids whose pair-
correlation function can be made isotropic by radial scaling. Using
mean field theory, we have shown that in a system of molecules with elon-
gated hard core, the molecular distribution is anisotropic in the ordered
phase. The corresponding local field anisotropy tensor is shown to be
proportional to the order parameter. We have obtained an expression
for the specific volume as a function of the hard-core eccentricity
and the degree of orientation order. Using the order parameter obtained
from the Landau theory, an expression was obtained for the density as
a function of temperature.

Using a self-consistent formulation for the single particle
pseudopotential, we have shown that ferroelectric order is not expected
to occur for a fluid of hard rods, but may do so for a fluid of hard
disks. 1In the latter case, the transition is expectedlto be of the
first order. Using a single oscillator model, the London-van der Waals
interaction predicts an ordered phase, but inclusion of the anisotropic
hard core causes the order to vanish more abruptly than is experimentally
observed.

Experimentally, we have shown that the Lorentz-Lorenz coefficient

is constént to within * 0.8% for GeH, and to within * 0.5 % for SF

4 6 along
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the coexistence curve. We have determined the critical density and tem-—
perature of GeH4 for the first time with the result that P = 0.504 +
.005 g/cc and Tc = 38.925 * .05°C.

We have measured the refractive indices of the liquid crystals
EBBA and BEPC using a sensitive interferometer technique. Changes in
the refractive indices were measured with an accuracy better than
+0.02%, whereas the absolute values were determined to within iO.S%{
The temperature dependence of the refractive indices was in qualitative
agreement with the predictions of the theory.

We have measured the thermal expansivity of EBBA across the
nematic isotropic transition, the observed behavior is in good agree-
ment with the predictions of theory. The discontinuous volume change
across the transition was &0.3%; the accuracy of this measurement is
difficult to assess due to the existence of an apparently stable two-
phase region near the transition. Using these measurements, the order
parameter and local field anisotropy were calculated. Results for the
order parameter are in good agreement with existing published results,
while the anisotropy temsor is nearly proportional to the degree of

order, as predicted by the theory.
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7.2 Suggestions for Future Work

In order to exploit the sensitive refractive index measure-
ments in the order parameter and local field tensor determination, den-
sity data of comparable accuracy is needed. To gain this end, we have
constructed a special cell capable of holding 10 cc of sample; time,
however, has not been available to make extensive measurements. Pre-
liminary results using this cell indicate greatiy improved accuracy.
By the use of smaller f-number lenses and by photographing the diffrac-
tion pattern more frequently, the accuracy of the conoscopic measure-
ments could be further increased. An independent scheme of measuring
the cell orientation would similarly increase the accuracy of the cell
rotation results, while é combination of the conoscopic and Mach-Zender
interferometry could furnish additional refractive index information.
We have noticed during the course of the experiments that near the transif
tion in the nematic phase that increasing the applied B-field caused the
birefringence to increase. This effect, together with the field-induced
re-alignment of the nematic director merits further investigations.
Explofation of the two phase region in the neighborhood of TC may also
yield information about the nature of the transition. It would be of interest
to see if a relation similar to the law of corresponding states for pure fluids
holds for order in nematic liquid crystals scaled to molecular eccentricity;
measurements on more samples are thus required.

It is believed that the mean-field theory could be further
improved if a closed-form solution for the distance of closest approach

between two arbitrarily oriented elongated surfaces could be obtained.
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A more realistic attractive potential consisting of coupling between
two sets of three mutually orthogonal oscillators is currently being.
considered. Fluctuations of the nematic director have not been con-
sidered in this thesis, although known to be of considerable importance.
Recently acquired photon correlation equipment is currently being set

up to study light scattered from nematic materials.
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APPENDIX A

Letting x = ndX y ¥ = ndy and z = ndz Eq. (1.11) may be

re-written as

+ I+ =1 - A.D

Since D is perpendicular to E, Dk = 0 and
+ + = .
xk_ yky zk =0 (A.2)
Furthermore, n? = %2 + y2 + z2. We wish to consider extrema of nZ subject

to the constraints of Eq. (A.1) and Eq. (A.2). Using the method of

Lagrange's undertermined multipliers, we wish to find the extrema of

2 2 2
= w2424, 2 X y z _
o xX“+y<tz +2X1(xkx+yky+zkz) + Az(e + . + - 1) (A.3)
XX yy zz
This demands that EE-= oF 3 _ 0. Then
9x ay daz
Cx .
x + Alkxi-kz . =0 (A.4)
XX
y+ gk +a, I— (A.5)
y vy .
z —
z + Alkz + Az - =0 (A.6)
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Combining Eq.'s (A.4), (A.5) and (A.6) with (A.1) and (A.2) obtains

2
and
[kx ky k2
k2A, +a | 2+ L+ 2 ]=0
1 2 \e
XX vy zZz
Solving for kl and AZ
S
Az n
and
)\ = P‘i kXX + kyy + kzz
1 k2\e €
XX vy zZ7

Substitution into Eq. (A.4) yields

02 n’k_ [k x k_y k z
x<l~ - >+ -3 (- S Ey + 2=,
XX XX vy ZZ

similarly for y and z.

plying by D we obtain

Letting x = ndx, eté., in Eq.

(A.7)

(A.8)

(A.9)

(A.10)

(A.11)

(A.11) and multi-
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k2c? c?
D 1- — + =%k (Ek +Ek +Ek)=20
x w2e_ w2 X Xy vy zZ z

or

2
w——_ 2— __o— =
5 D - KE + k(Ek) =0

which is Eq. (1.5). Thus the permitted directions of D are those for

which n? = x2+y2+zz is an extremum.
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APPENDIX B

From Eq. (1.16), integration over ¢ yields

m L
N,y = l/i/ (ln(l-e;cosze) %) (3cos26-1)sin6d6 (B.1)
0]
If x = cosf, integration by parts yields
2
1 1 egx <3 ‘
n,, = Lln(1-e2x2) (x3-x) I + ——————-(5—-— x)dx, (B.2)
8 0 JO0 1-e2x3
g
where the first term equals zero. Since eé 5'1, we let egx = gin®..
Then
sin"le , 4 sin le ., 5
1 sin”0 » 1 sin“8cos6dd
n_ == : ——75ga €0s8db - — s
A 3 cos<6 e cos<0
e’>J 0 gJ/o
g .
I I
- 1_2 (B.3)
ed e
g g
Furthermore,
sin”le 232 sin le 3
I = (1-cos<8)“de _ f dae - e
1 cosf 3 (B.4)
0 cosf

0

and
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| M |
_ sin e'(l—cosze) ~ sin ‘e o
I, = ————t df = - e (B.5)
2 0 cosH 0 cosf

14+sinb , _
050 ) then dy = d8/cosf, and

If vy = 1n (

osf = P = 1n = 3 (B.6)

sin_le . sin_le 1+e V1+e
/ de . _ 1 1+sind ' g 1n - g
0 0 Vl—eé Vl—eg

and finally

o |

=2 _
N2z 3

1 1 ' 1+e
o
g g g 8-

It is interesting to consider the limits of n,, as eg -+ 0 and as eg - 1.

In the first case, since
ey 2, %
1 =
s 1n |7 e, t gt ... (B.8)

for small e ,
g

2 2e"
T L2 .__8
N2z 15 ®g:~ 35 (8.9)

and n =0 if e =0. For e =< 1, letting x = l-e yields
zz g g g

_2 1 __2=x)x [Z—X]
"2z ° 3 (1-x)% ~ 2(1-x) In X (8.10)
Since limxlnx = 0, n_,.= - l-_if e = 1. In Figure Bl, n is shown as a
zz 3 g z2z

x>0
function of eg.
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Fig. B.1 The local field anisotropy tensor n,, as function of the

eccentricity eg.
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APPENDIX C

From Eq. (2.20)

AF = azR2 + al}RL+ + a6R6 (c.1)

and the conditions that AF be negative and a minimum, i.e. AF <0,

IAF 32AF
SR 0 and SR2

> 0 yield, respectively

2 L 6
azR + a4R + a6R <0 (c.2)
3 5 2
ZazR + 4a4R + 6a6R 0 (C.3)
and 2a, + 12a,R* + 30a.R* > 0. (C.4)

At the transition, AF = 0, R = RC and T = Tc' Eliminating a, between

-a
Egs. (C.1) and (C.2) and solving for R yields R = 0 or R? -4 .
c c [d 2a6
If Rc = 0, then R is small near the transition, and Eq. (C.3) yields
-a
R2 I 3 Then, if a, > 0,
2a 4
4
2 _ -
R Eg—-(TO T) . (C.5)
4
-a,
Substitution of R? = CP into Eq. (C.1l) yields
4
T 52 _32 2 a2
AF = R <a2+a4(552>> = R 5 < 0 (C.6)
for T < T

0
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: -a
Substitution of R? = E;g into Eq. (C.4) yields
4 .
320F ~ AN
SRz - 2a, + 12a, <2a4)-— ~4a, > 0 (C.7)

0
-a
If Ri = 55 » then, solving Eq. (C.3) directly yields, if a, < 0
6 .

and ag > 0,

R2 = 2 R2 + k'V/T+-T (C.8)

3 ¢ 1 c
342
where k'2 = =3— and T+ =T, + To obtain T , substitution of
1 3a6 c 0 3qa6 c
2 _ 6 az

RC = E;g- into Eq. (C.8) yields TC = T0 + 4qa6 Straightforward

substitutions show that Eq. (C.4) is satisfied for T < T: , while Eq. (C.1)
is satisfied for T < TC.

From Eq. (2.23)

AF = b282 + b3S3 + b4s4 (C.9)

and the conditions that AF be negative and a minimum, i.e. AF < O,

2AF
%%f-= 0 and Eﬁég'i yield, respectively

by8% + b,y83 + b8 < 0 (€.10)

2 3 =
2b,5 + 3b 5% + 4b,S 0 (C.11)
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and

2b, + 6b.,S + 12b

2 .
2 3 4852 0 (C.12)

-

At the transition, AF = 0, S = SC and T = Tc' Eliminating b2 between

-b
Egqs. (C.9) and (C.11) and solving for S yields S =0 or S = _2 .
c c c 2b4
If Sc = (0, then S is small near the transition, and Eq. (C.1l1l) yields
SZ 7% . Then, if b, > 0,
EN ’
3
s = =24 (1 -T) (c.13)
3b 0
3 .
-2b
Substitution of S = 35—-into Eq. (C.9) yields
3
2 ~2b, 2 b2
AF =S b2+b3 31—);.5 3—50 (C.14)
—2b2
for T < TO. Substitution of S = 35 into Eq. (C.12) yields
3
-2b
32AF 2\ _
Ey vl 2b2 + 6b3 ( 3b3> = —2b2 >0 (C.15)
for T < TO.
The absolute minimum of AF is attained however if S = -1; then,
near TO
AF = -b-|b, | (C.16)

3

since b4 < 0.
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APPENDIX D
We wish to find the length of the normal projection of the
surface
R2 - e2(R-n)2 = R

0 (D.1)

~

onto a line in direction & through the origin. The normal N to the sur-

face is given by

- - " - A A
NR) = VI[R2-e2(R-n)2] = 2R-2e2(R-n)n (D.2)
> ~ > > N
The point at which N is colinear with 2 is given by N(Ru) = 2ufl, where
u is some constant. The projection d+ of the surface onto the line is

A

> > )
then d, = 2R *2. To obtain R , consider
+ u u

A

> 2—>.""=
Ru e (Ru n)n = ul (D.3)

~ A N
Multiplication by n,% and Ru yields, respectively,

(1-e2)(§ﬁ-£) = u(ien), (D.4)

EU-E - eZ(EU-S)(S-E) = u (D.5)
and

RZ - e2(§u~£)2 - u(ﬁu-i) - &2 (D.6)
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Combining Egs. (D.4), (D.5) and (D.6) yields

2p2 PPN 2
.;2\' _ e RO (Q'U)_Z ] RO (O.7)

wY

u > 7 > 7
(1-e2) (Ru-l) (R, %)

and'finally

LA A 2 A A
42 = 4(R,-0)2 = 4R2(L + 725 (Lrw)?). (D.8)

+

The length of the line in the 2 direction intercepted by the

surface is simply given by

a2 = 4R2(1 - e2(L-w?) . (D.9)

. ' . m _ =m -
Noting that, for a random variable x, x > x for all positive

even m, Eq. (D.8) gives
' 2 A 1/2
d <2r_[1+-5% (4*n)2 (D.10)
+ 2 %o 1-eZ V70 : :

Expanding d_, given by Eq. (D.9), in a Taylor series in (2°n)2) and

averaging yields

A= 2R (1 + 3 2@ w2 + ....) > 2R (1-e?(L+m)?) (D.11)
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APPENDIX E

We wish to evaluate the integrals in Eq. (3.42)

™
'/()" cosBexp (BuHEcose )sinddé
R = . (E.1)

v
[ exp (BuHEcose )Ysin®8ds
0

Letting v = BuHE and x = cosf yields

J/”l Yx yxx _ 1 tl Yo -vy _ L ¥ -~
X e dx e'" =- - (e'+e - = (e'-e
R = -1 < v .YZ -1 _ ) Y ( )
.fl eYX dx l er 1 ex—e—‘Y
-1 Y 1
(E.2)
and
R = cothy - L L(BuH.) . (E.3)
Y E
. . , 3R _ 1 2
S is obtained by noting that, from Eq. (E.2) S—Y— = -§(ZS+1)—R .
Then
=3 (g2 48R} _ 1 _3 2., _ 1 1y 1
S = 5 <R + 3Y> > 2(coth Y - —cothy + 72 sininZv Y Y2) 5
(E.4)
and

3 1 3
S=l—-—- th _—=l_—L
Y(co Y Y) Y (v)
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APPENDIX F

Rotational symmetry about the z-axis implies that S , is dia-

aB
~gonal and is given by Eq. (2.10), and consequently,; from Eq. (3.31),

D(r) and'fs(r) are independent of the longitude ¢r;%vK}f(3.74) then

simplifies as follows:

sl(Q) = A nlanly[ (2s +686% 1)

<

w2m e - sino_de_d¢_
(9r r,r r.~-3r r.,6 ~3rr 8§ +§ § )(———"
0

=/ o By § o B y§ Y 6§ of aB yd 3 2
0 . fs(cos,er)

2
PO,
: 3
48R0

the.integrand becomes

where A = - Upon multiplying through, the first term I, in

I, =3n.n, rr.rr. (28 +686) =3n, n, r r (2r.r.S, .+1)

1 “loly o By S BS lo 1y a B & BS
(F.2)
and since S is diagonal and S = S = -1 S = - l-S
BS as zz 2 “xx 2 “yy
= 29
Il 3n1anerary(l+S(3cos 8-1)). (F.3)

Since integration over ¢r eliminates all the off-diagonal elements of

r ¥ to obtain
oy

= 2 2 2p_
Il 3nlaru(l+S(BCos 8-1)). (F.4)
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Proceeding as above, the following terms in the integrand are

= - o 2 g2 _

12 nlanlyrarsé 6(28 +686) nlaru(zsaa+l) (F.5)
_ o2 g2

Iy = -0y ny T Ts80g @86t 0gs) = 07,15 (28,00 (F.6)
-1 -2 2 1

L= 3 P01y 00886 PSe6708s) = 3 M 0S0a T3 (F.7)

~ ~

Expressing the components of ny and r in terms of polar angles and

integrating over ¢r yields

Il (3003261—1) (3c0326r—l)
7 = § —— [?cosue -6cos2 0 +&] +28§ ————
i1 T T
2 . 2
(3cos291—1) (3coszer—l)
+ 2 — + 1 (F.8)
2 2 .
28 _ 2a
12+I3 B (3cos 61 1) ) 2 4S (3cos er 1)
o = -5 ——————— (2cos er— 30 -3
2 2
2a _ 25 _
_ iv(3cos 61 1) (3cos Gr 1) 2 .9
3 2 9 3
and
I (3cos?6,-1)
4o . 1 2 1
i § —mMM8M— (3) + 3 - (F.10)

2
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Summing all the terms finally yields

-

- ) (3cos?6 _~1) (3cos?6.-1)

81(-9) = 27 A/l— + ___-_.__E____<S b 1 )
ol‘ 2 2

Wit
w(ro

_ (3coszel-l)
+ § — (9cos%6 -8cos29 +1%
) T T

sin6d6

do (F. 11)
fg(r) '
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APPENDIX G

The self-consistent equation for S given by Eq. (3.79)

becomes, on .letting x = cos6

1 1
2 5(3x2-1)6(5)8
0 —2-(3x2-l)e" ‘ dx
S = I (G.1)
/1 5(3x2-1)6(s)8
e dx
0
. _ 3 . )
Letting a, = §-¢(S)B, and noting that x*= (1+28)/3
1 2
a.x
_ ./04 x2 e 0 dx 1 eaO
x2 = e [ %] - (G.2)
1 a0x2 0
e dx
0
where
1 aox2 o n
I = e dx = z 2 . (G.3)
0 n=0 (Zn+l)n’.
n -n

It is worth noting that the series converges rapidly; since n! >ne ,

the remainder after N terms is bounded by

RN < E (iI%i) . (G.4)
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Since a, is the order of unity, only about 10 terms are needed to get
seven place accuracy, thus eliminating the need to use tabulated values

of Dawson's integral. Eq. (G.2) is solved as follows. The constant

ay may-be written as

ag = = ¢,() (c.5)

where ¢1(S) is a polynomial in S whose coefficients are known for a
given eccentricity eg fromEq.~(3.77). The constant A incorporates

the oscillator strengths, hard sphere radius, packing fraction, etc.;

T' = T/A is regarded as a normalized temperature. An arbitrary value
of a, is chosen to begin with, the corresponding value of S is obtained-
ﬁrom Eq. (G:2). Once S is known, a, ¢ and e_ can be calculated for

a given molecular eccentricity e, and ¢l(S) can be evaluated. The:

normlized temperature corresponding to this value of S is simply

¢, (8)
T' = i . Thus S vs. T' is obtained simply without resorting to
0
root-finding techniques. S decreases monotonically with ay3 T' however

first increases to Té, then decreases. Only those values of S are of
interest which decrease with increasing T'. Having determined T;, the

T T.!
reduced temperature is obtained from the relation 1 —-? =1 - ?rq
c c
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APPENDIX H

The -windows of the cell have surfaces which are nearly parallel;
the first window has a wedge angle-of less than 0.01° and the exit win-
dow has a wedge angle of 0.080°. If the windows had perfectly parallel
surfaces, then the deviation angle for air in the cell would be zero
and would be identical to the reference angle measured with the cell
removed. The effect of the window wedges can be calculated and if
the deviation angle measured with air in the cell is used as a zero
deviation agle, the effect of the window wedge angles can be neglected.

The wedge angle.of the first windowis only 0.01° and is
neglected in the following calculation. The geometry of the cell is
shown in Figure fJ31. Let the prism angle between the windows be denoted
by o and the wedge angle of the second window by ¢. The angle ¢ is of
opposite sense to the prism angle o for the cell used in this experiment.
Consider a ray entering the cell perpendicular to the first window.
_Application of Snell's law at the surfaces leads to the following

equations:
nsina = nssin(w+¢) (H.1)
S

n_siny = nasin(a—¢+6) (H.2)

where n, ng and na are the refractive indices of the sample fluid,

sapphire window and air. Elimination of ¢y yields
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Fig. H.1 Prism cell geometry.
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nsina = nasin(a—¢+e)cos¢+sin¢(n%—nisiﬂ%(a%&#ﬁ))l/z) (H.3)
Expanding in sin® and retaining the first three terms gives
nsin = a +.bsin® + csin?6 . (H.4)

Since the coefficients a, b and ¢ are derivatives of nsina with respect
to.sinB evaluated at 6 = 0, differentiation of Eq. (H.3) with respect

to sin(o-¢+6) andiapplication of the chain rule yields

a = sinag = nasin(a—¢)cos¢ + sin¢(n§“n§Sin2%a'$y)l[2~
0=0 . (H..5)
; . 1 n _sind¢sin(o-¢)
b = %l =-3 nicosd& -2 1/2 cos (0—¢)

(né—nisinz(a—¢))

(H.6)

and

2,2 o4 2 (e
nap531n¢cos (a~¢)

(né—nisinZ(a—¢))3

o = lnazgnsinag_m _ 1
2 ‘ )

/2¥‘+ nagos¢sin(a—¢)

ngsin¢sin2(a—¢)

. (H.7)
(né—ngsinz(a-¢))l/2
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If the cell is filled with air at normal density and the deviation
angle ea is measured, Eq. (H.6) yields
1

n = [na + (sine—sinea)[b + c(sin6+sinea)]] . (H.8)

The use of ea rather than the angle measured with the cell removed
eliminates most of the effect due to the window wedges. If the first
window were also wedged, the above expression could be appropriately

modified.
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APPENDIX I

The geometry of the cell rotated through an angle 8 is shown
in Figure I-.1. QN and 21 are the path lengths of rays through the
evacuated position of the cell, and through that portion which is filled

with the liquid crystal sample, respectively. For incident light

polarized perpendicular to the optic axis, Snell's law is obeyed, and

sind = n sinel (I.1)
where n = n_l_/nA and n, = 1.00029 is the refractive index of air. Since

QNcose =2 (1.2)

f,cos8; = & ‘ (1.3

and

2., = t sinf = (stinG-z

5 sinel)sine R (I.4)

1

The optical path length difference L between the two rays is

L = nll + 22 - zN
__ng 2sine _ 2sin?6 _ _ &
cosel cosf ncosel cosbB

2[/n7—sinze - cose] . (1.5)
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Fig. I.1 Geometry of rotated cell.
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= i

> ~

The change in the optical path length difference L if the cell is

rotated from zero angle to an angle 0 is
AL = 2[?n2—sin26 - cosf - n+i] . (I.6)

Letting AL = (AN+e)A, Eq. (I.6) yields

<A—N2‘- + cose-—l> + E—% +n = /n?-sin%6 . (r.7)

Letting

b=n2- (52
and squaring Eq. (I.7) yields

x2 + sin%6 = ax + b . (1.8)
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APPENDIX J

>
If a plane wave of angular frequency w and wave vector ki

.—>
is incident on a plane dielectric boundary and_ks is the wave vector
of the transmitted wave, then continuity of the tangential component

of the E—field across the boundary demands that
= pt-k_-r (J3.1)

everywhere on the boundary. If ; is in the plane of the boundary,

then
‘T _ L .
kicoscg-:ei> = kscos<2 GS> J.2)

where ei and 6_, are the angles between Ki and Ks<and the normal to the

S
boundary. Since k = 2%3 s
n131nei = n551nes, (J3.3)

where n, and ng are the refractive indices in the two media. Thus
Snell's law is valid for wave-normals in anisotropic media.
The refractive indices corresponding to the two allowed polari-

. >
zations for a wave propagating in the k direction is obtained from

Eq. (A.1). 1If ni = n§ = ni and n§'=.nﬁ, then, letting e2 =1 - —;
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r2(1-e2cos20) = ni (3.4)

2

where 6 is the colatitude and r? = n?. If ﬁ makes an angle o with the

2

z—(optic) axis, then the extremal values of r< or n?) are

2 — A2
ny nL (J.5)
if 6 = w/2, and
| n?
1-e2sina
if 6 = 7/2-a.

The geometry for a plane wave incident on a plane slab of

sample is shown in Figure J.1. From Snell's law, nAsine = nlsinel

and nAsine = nzsinez. The difference in the optical path lengths of

the two waves is

n n

2
cosé " cosH, d = -NA | » (.7
1 2
where we have let n, = 1. Furthermore,
d = sine(ltanel—ltanez) (J3.8)

and simple algebra yields
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Fig. J.1 Geometry of a plane wave incident on a flat slab of sample

material.
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_.m
nlcosel - n2c0s62 = ) (J.9)

>
If the wave vector k is perpendicular to the optic axis, cor-

responding to the vertical fringes in the conoscopic pattern, then

a = /2 and n, =n . Then
. 1 . 2.\1/2 1 . 2.\1/2 _ _ BA
nL<l EE sin 6) - n"<l Eg 31n-6> = 2 (J.10)
and expanding in sin?0 yields
_ 1 . 2g] = NA
(n, n+)[l + 2n¢n" sin %] = (J.11)

If the optic axis is in the plane of incidence and is parallél

2
n
Lo 2 - +
to the front surface, then sina cosez, and ng 1:3223§7§2 .
Solving for cos262 yields
sin26-n2
2 =
cos 62 = — (J.12)
ezsinze—ni
and
9. = 1 1 1028 1/2 1
n,cosb, = n, - Ez'Sln . (J.13)

Eq. (J.9) gives

1 .o \1/2 1 . o \1/2 _ Mr :
QL< -HE sin e) - n"<l - 53-81n ?) = -3 ‘ (7.14)



196

and expanding in sin?0 as before yields

1 . MA
(n,-n,) [1 - E;E~31n26] == (J.15)

Eqs. (J.11) and (J.15) predict the experimentally observed motion of the
fringes in the conoscopic pattern; as n,-n, decreases (with increasing
temperature) the horizontal fringes more towards the center, while the
vertical fringes move away from it.

A commonly occuring mistake in optics text books (see 'Optics'
by Rossi for example) is the statement that the extraordinary wave sur-
face.in uniaxial crystals is an ellipsoid. From Eq. (J.6) it follows

that the wave surface is given by

(1-e2sinZq), (J.16)

"
1
|R4H

a fourth degree ovaloid. If the wave surface is assumed to be an ellip-
soid, the angle of refraction of the extraordinary ray can be easily
obtained. If the optical path length difference for the ordinary and
the extraordinary wave is then calculated using this result, the re-
sulting equation resembles Eq. (J.lS), except the sign of sin?@ is
reversed. The fact that such an equation is incorrect could easily

be overlooked in situations where n -n, cannot be varied continuously.
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APPENDIX K

We wish to solve the following equations:

(n2-1)

(1 - 4mwpa,mn,) = (K.1)

|
vl
©
Q

(n§+2)

(n2-1) '
- : (K.2)

Il

(1 - 4wpo,n,)
(ni+2) ’

n, + 2n

]
(=]

(K.3)

and

a, + 20, = 3a . (K.4)

Letting

(n2-1)

(nﬁ+2)

and

(n2-1)

(n%+2)

elimination of n from Eqs. (K.1) and (K.2) yields

L2 =@_p<;+g)=b- &)
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Elimination of a, from Egs. (K.5) and (K.6) gives
baf + oy (3-3ab) + 3a = 0 (K.6)

Solution of Eq. (K.6) is

Ay = E%-[3(ab—l) + Y/9-30ab+9aZb?, (XK.7)
and then a, = (3a-a,4)/2. Since o, = at+2AS and o, = a-AS; the order para-

meter S is given by

S H -+ 8
©3A (K.8)
The anisotropy temsor n, is obtained from Eq. (K.1);
- 1 1
no bmpa T 3z : (K. 9)

and n, = - %—n . ' (K.10)
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