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Abstract : i1

Abs_tract

This thesis examines the interaction of both bosonic- and superstrings with
various backgrounds with a view to understanding the interplay between
tachyon condensation and world-sheet conformal invariance, and to under-
standing -the d-branes that overlap with closed string modes. We briefly
- review the development of both background independent string field the-
ory and cubic string field theory, as these pfovide insight into the problem of
tachyon condensation. We then develop the boundary state and show that in
backgrounds of interest to tachyon condensation the conformal invariance of
the string world-sheet is broken, which suggests a generalized boundéry state
obtained by integrating over the conformal group of the disk. We find that
this prescription reproduces particle emission amplitudes calculated from the
string sigma mode!l for both on- and off—shell boundary interactions. The
boundary state appears as a coherent superposition of closed string states,
and using this a method for calculating amplitudes beyond tree level is de-
veloped. The interaction.of closed strings with other backgrounds is also ’
discussed. An extension of thé boundary state to encode fields other than
a gauge or tachyon field is described. A modification of the boundary state
which encodes the time dependence of tachyon condensation is reviewed, and

an examination of spherically symmetric tachyon condensation in the 1 /D

expansion is presented.




Contents il

Contents
ADBStract . . . . ..o il
Contents . . . . . ... ... .. ..... ... S iii
List of Tables . . . . . . .. ... ... .... [P vi
List of Figures . . . e e P vii
Preface . . . . . . .. e U S viii
Acknowledgements . . . . ... ... ..o ix
1 Introduction. ... ... .......... I PP 1
2 String Field Theory . . . ... . .. ... .. ... ... ...... 20
2.1 Background Independent String Field Theory . .. . ... .. 23
'2.1.1 Bosonic String Case . . . . . ... ... ... ..., 23
2.1.2 Superstring Case . . . .. .. .. ... ... ..., 28
2.2 Cubic String Field Theory . . . ... ... ... ... L 31
3 Boundary States . . . ... .. e 39
3.1 Imntroduction . . . . . ... ... ... ... o 39
3.2 The Bosonic Boundary State . . . . . ... ... ... ... .. 41

3.2.1 Conformal Transformation of Bosonic Boundary State . 44
3.2.2 Boundary State Single Particle Emission . . . . . . .. 46
3.2.3 Boundary State Multiple Particle Emission . . . . . . . 49



Contents iv

3.2.4 Bosonic Sigma Model . . . . .. ... 0L 52
- 3.2.5 Conformal Transformation in the Sigma Model . . . . . 54
326 Sigma Model Single Particle Emission. . . . . ... .. 55
3.2.7 Sigma Model Multiple Particle Emission . . . . . . .. 58
' 3.2.8 Bosonic Boundary State Summary . .. .. ... .. 62
. 3.3 Bosonic Arﬁplitudes in the Euler Number Expansion . . . .. . 63
331 x=1 ........ PR 64
332 x=0 .. . 65
333 x=-1 ... ... L. T3
334 x=-2 .. ..... R 82
335 Xx=-=3 . .. 86
3.3.6 Beyond the Born-Infeld Action . . ... ... ... .. 87

3.4 Fermionic Boundary State . . . ... . . ... ... ... ... 88‘
3.4.1 Particle Emission from Fermionic Boundary State . . . 90
3.4.2 Particle Emission in the Superstring Sigma Model . . . 91
3.4.3 Euler Number Expansion for Fermions . . . . ... .. 94
3.5 Ghosts and ‘Antighosts . . . . . . e 94
3.6 SUMIATY . .« o o o oo e 96
4 Generalized Boundary Interactions .. . . e 97
41 Additional Boundary State Fields . . . . . . . ... ... Y-
4.2 Time Dependent Tachyons . . . . . .. ... ... ... .... 102
4.3‘. Spherically Symmetric Tachyon Condensdtion ......... 106

5. Conclusions and Future Directions . . . . . . . . ... ... o112
Bibliography . ... ... ... .. e o 115
A Properties of the Conformal ’I‘rénsformation Matrices . .. 126

-A.1 Bosonic Matrix M,(,f;,b), ...................... 126




.Contents ‘ ' v

A2 Fermionic Matrix N . .. .. ... .. ...... . 130

B Green’s Functions . . . ... . ... ... ... e e 133
" B.1 Bosonic Treelevel . . .. . . . . ... .. ... R 133
B.2 Fermionic T‘ree level . .. .. L T 214




List of Tables ' vi

List of Tables

2.1 Level truncation in string field theory . . . . . e 35_‘

3.1 Orientable Sﬁrfaces x=-1 ... . 80
3.2 Non-Orientable Surfaces xy = —-1.. . . .. o 81




List of Figures _ vii

List of Figures

11
1.2

21
2.2

3.1

3.2

3.3
3.4
- 3.5
3.6
3.7
3.8
3.9

Open string theory interaction . . . . . . . .. . .. L 7
String Theory Modulus Space . . . . . ... ... ....... 15
Tachyon Condensation . . . . ... ... .... e e e e 21

Cubic String Field theory integration . ... . . .. .. SR 37

A schematic of the disk tadpole (a) and the emission of one

particle by the boundary state (b). .. . . ... ... ... .. 47
The Sphere . . . . . .. ... 64
Surfaces with x =1 . . .. .. .. .. ... ... .. ...... 65
Orientable surfaces with x =0 . . . . .. ... ... ... ... 65
Non-orientable surfaces with x =0 . . .. ... ... ... ... 66
Orientable surfaces with x = -1 . . . . . . .. ... ... ... 74
Non-orientable surfaces with x = -1 . . . . ... . ... ... 75
Orientable surfaces with x = -2 . . . . . ... .. ... .. .. 82

Non-orientable surfaces with x =—-2 . . . ... ... ... .. 83



Preface 4 viii

Preface

This work investigates a number of aspects.of the interplay between the
conformal invariance in string theory and interaction terms confined to the
boundaries of the string world-sheet. A brief synopsis of some of the theoret-

ical basis for the work is preéented in chapter 2, while chapters 3 and 4 have

- sections of extensive overlap with, respectively, [4, 69, 70] and [54] works on
which the author collaborated. '




Acknowledgements ‘ ix

AcknOwledgemehts

This thesis would not have been possible without the advice and tutelage of
my supervisor, Professor Semenoff, and the members of my PhD. committee,
Professors McKenna, Rozali, Schleich, and Zhitnitsky. I am very grateful to
them, and also my fellow graduate students, who have answered more than
their share of questions, both conceptual and technical, while I was preparing

this. Finally, I am exceptionally grateful for the unwavering support and

encouragement of my wife, Susan, to whom I dedicate this work.




Chapter 1. Introduction - 1

» Chapter 1

'Introduc’tion

Max Born was attributed, in 1928, with the statément that ‘Physics, as we
know it, will bé over in six months’. [59] This confidence was reportedly based
on the recent discovery of the Dirac equation describing the electr(ﬁn; -and the
assumption that a similar equation could be found for the proton. Indeed,
the spectacular success in the development of quantum theory to describe
the emission spectrum of hydrogen, the work functioné of metals, and the
radiation of black bodies, as well as previous triumphs such as Maxwell’s
theory of electricity and magnetism can be seen as justifying that optimism.
It may, without much exaggeration, be asserted that most of the progress in

the discipline over the past century has been related to the quantum effects |
that govern exactly those particles of which Born was speaking, and that

quantum mechanics forms the cornerstone of our current understanding of

the physics of the small. Few physicists today would be willing to suggest -

that their discipline will be solved in short order, and many of the more
pessimistic will suggest that the best we can ever hope to do is achieve
some effective field theory description of the world. They would: point to
the difficulty quantizing graVity, and the success of the Standard Model in
predicting and describing the results of most particle séa_mttering experiments,
and might perhaps suggest that the vein of fundamental discoveries accessible
to us is played oﬁt, nearly exhausted. We take a more optimistic’ attitude,
and so we ask the indulgence of the reader as we briefly touch on some of the

major developments in the field of physics over the past hundred years and

allude to the current state of knowledge. It is our hope that this will serve
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to put the work contained within this thesisl into perspective, both as to its
interest and its applicability to future developments within the field.

The eafly years of the century were marked by two developments that
forced radical changes in the way the world was perceived. The first was
the exposition of the theory of relativity which, for the first time, put the
concepts of time and space on an equal footing and predicted apparently
counterintuitive effects such as length contraction and time dilation for ob-
jects moving close to the speed of light. It was vindicated in many tests such
as the precession of the perihelion of Mercury and the aberration of stars’
light by the sun. The second was the discovery of the quantum nature of
_ atoms, which facilitated aﬁ explanation of the spectra of the elements and
compounds. . ‘

Coming close upon the heels of the initial understanding of the quantum
nature of atoms was the discovery of the constitlients of the nuclei, protons
and neutrons, and the tantalizing hint of more particles through clues such as
- B-decay and the observation in cosmic ray experiments of particles interme-
diate in weight between the nucleons and the electron. The promise of more
‘fundamental’ particles was realized in a number of accelerator and reactor
experiments in the early 1950s, with the discovery of strange particles and
" neutrinos, and the identification of the muon as a lepton with similar proper-
ties to the electron (see [53] for a review). As the number of particles known
to physicists increased, so did the ability of physicists to make sense of their
interactions. Between experiments which revealed the internal structure of
the hadrons and mesons and others which sought to understand weak decay
processes, a picture emerged of three families of particles, interacting with

a spontaneously broken SU(3) X SU(2) x U(1) gauge group. This picture

. which was greatly strengthened by the discovery in the early 1980s of the W
and Z bosons [12-14], and the ¢ quark in the 1990s [1].

Simultaneously, the understanding of the large scale structure of the uni-
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verse has undergone a revolution in the past hundred years. It was originally
observed in the 1920s that distant galaxies recede from us faster than the
- nearby galaxies. This observation admits the interpretation that we live in
an expanding universe. The discovery of the cosmic microwave background
in the 1960s was a window into an epoch when the universe was both hotter
and denser than it is now. The powerful modern telescopes give a window
into the past by allowing us to understand the formation of ‘galaxies and
the evolution of the universe. The-history and evolution of this universe is
also explored by calculations like big bang nucleosynthesis, which predicts
the abundances of the light elements to great accuracy. In addition, recent
precision measurements of the cosmic microwave background [23, 63] give
insight into the small fluctuations in density that were the seeds for the large
scale structure of the universe. |

It apbears that there exists a consistent and complete understanding of
the world we live in. Many of the masses, couplings, and mixings of the
Standard Model are known or measured, and the observed scattering pro-
cesses are by and large calculated to better that 1% accuracy. We have a
model of the early universe that makes use of our knowledge of nuclear pro-
cesses, predicts the abundances of elements, and offers an explanation of the
observed spectrum and describes the fluctuations in the cosmic microwave
background. The dynamics of large objects are described very well by classi-
cal general relativity which has also been tested in an astrophysical setting by
watching the decay of rotation time for binary pulsars. In short, a large va--
riety of physical processes on many scales are well known and well described
by current understanding.

However, there are, just as there were one hundred years ago, a num-
ber of gaps in our understanding that may well provide windows into ne.w

and exciting regimes and effects. One particle not yet observed to complete

the description of the Standard Model is the Higgs boson, and its absence
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raises a question, is it truIy a fundamental particle, distinguished as the only
such scalar in nature, or does its mass-generating effect come from a more

complicated mechanism such as technicolor? Recent observations have dis-

-covered masses and mixings between the species of neutrinos, which are not

predicted in the Standard Model [2, 3, 42]. Recent cosmological observations
have shown two facts that are very interesting, that the matter content of the -
universe accounts for roughly 30% of its observed energy density, with the
otherv 70% coming from so-called vacuum energy [87], and further that the
familiar particles from the Standard Model represent only a small fraction
of the matteif content of the universe, a fact previously suggested by data on
galactic rotation curves [37]. In addition to this there are serious suggestions
that gravity might be testably modified, both at the sub-millimeter level,
and at length scales much greater than the size of our galaxy [35).

Whilé this list is far from a comprehensive exposition of all the current
areas of research, it suffices to give the impression that there are a number
of very interesting and currently unresolved issues in the field. In a very real
sense the discipline of Physics is currently at an exciting cfossrqads where it
. is possible to get precision experimental inforination about the parameters
in a number of theories spanning orders of magnitude in size and energy.
HoWever‘, as many of the fundamental questions about the nature of the
universe are laid open to inspection and resolution by diligent work, other
questions arise to which the answers are not currently known.

A bconcrete gquestion that is often asked is whether the current known
particles exhaust the spectrum of the theory describing the world, and there |
are many currently popular suggestions. It may be that the world exhi(bits
broken supersymmetry, in which case for each known particle there will ex-
ist a superpartner with identical chargés and couplings, and many theorists

expect that the lightest of these superpartners is a viable candidate for the

dark matter that affects galaxy rotation curves [39]. Another possibility is
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that there may exist a larger gauge Agroup which unifies the ekisting particles
and couplings, but is broken at some higher sca,leA. The simplest forms of such
a grand unification which sees- SU(5) break to SU(3) x SU(2) x U(1) have
been experimentally ruled out, and the related supersymmetric models have
been strongly constrained [8, 38], but larger groups have not. The bfeaking
of a large enough group could result in matter in a ‘hidden sector’, which is
to say light matter that is uncharged with respect to the matter we are made
of, but which may couple at higher energies through interactions mediated
by massive particles much like the leptoquarks in standard GUTs.

Other intriguing scenarios have been proposed as well [10, 18, 83]. A
prominent recent theme Being the existence of extra dimensions in addition
to the three spatial and one time dimension so familiar from everyday expe-
rience. This idea has a number of interesting consequences, the first being
that for extra dimensions with a very small spatial extent, wrapped up on
themselves (compactiﬁed), there could very well be an infinite number of
new particles which are massive partners of the known particles coming from
the Fourier modes of the known particles around these compact dimensions.
Equally well, larger, but still small, compact extra dimensions have- been
proposed [9] which give a natural way to interpret the relative weakness of
gravita,tionai interactions as compared with the other forces of nature. These
and similar ideas have given rise to a number of scenarios in which large, or
even non-compact extra dimensions are invoked with the assertion that our
universe resides on some topological feature which describes a subspace of
the extended space. In addition to all of these things, a large body of work
describes the attempts to quantize gravity (for example, [11, 16, 30, 47, 82]),
which is currently a classical theory.

There are thus a largé number of directions in which physical research can

progress, adding more particles to the theory of the universe with interactions

described by larger groups, adding extra dimensions to space and observing
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their effect, examining dynamics on a topological defect in this larger space,
quantizing gravity. To try to do any one of these is a non-trivial task, and
it would appear that to attempt to do many simultaneously Would be much
more difficult, but there has emerged over the past decades a physical the-
ory that can apparently address all of these called ‘String Theory’. String
theory can naturally accommodate mahy of these directions, it can describe
gravitons, it can have particles with complicated gauge interactions, it must
" describe a world with more dimensions than our familiar space and time. For
all this, there is a challenge, that many of the descriptions of string theory
have a tachyon, a particle that travels faster than light. We neither see nor
expect such a particle, and to explain why it is not présent is a challenge that
many have undertaken. In this thesis, we discuss a possible mechanism that
explains the absence of the tachyon, and also can explain why we observe
less dimensions than the number one might expect from string theory. This
mechanism is tachyon condensation, and the details presented later show how
it can force particles to inhabit a small subspace within a higher dimensional
~ volume. |

We will now present a brief overview of string theory, both with a view
to narrative exposition, and with a View to fixing Some conventions (for the
most part following [51, 52, 78, 79]) that will be used later in this work.

Field theories are naturally concérned with point-like quanta and so a
natural géneralization is to ask how to quantize extended objects. These
would have a generalization of a world-line with more than one dimension.
For a point-like object the action is the proper length of the world-line swept
out by the propagation in space and time, and for a one dimensional extended
object the natural action is the surface area swept out by its propagation in

time. This area can be calculated as an integral over the world sheet of

~ the positions of each point along the sheet in space and time, which will be
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Figure 1.1: A representation of world-sheet interactions between open
strings. On the left two open strings, v, and 1, are propagating.
(The previous positions of the two strings are indicated by the
regions diagonally above and below v and %, respectively.) In
the center they interact by connecting at one end, and on the
right they propagate as a single string, 1 * 1) which encodes
the particle information in both of the original sfrinés. This can
also be thought of as a series of incomplete pictures of the étring'
world sheet, the first showing only the portion with ¢ < ty — ¢,
the second showing the portion ¢ < £y, and the third ¢ <ty + ¢,
where ¢y is some rﬁeasure of the time coordinate where they ap-
pear to Vmer'ge, and € is some sinall constant, and target space.

time increasing on the horizontal axis.
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| regarded as fields in what follows. The action is given as

5 = [ Eavin(o)g" (X,) 9. X)X, 0) (L)

where X, is the position of some point of the world-sheet in space and time,
the string world-sheet has a metric A*® and h is defined as the determinant
of h®8. The pair of coordinates denoted o parameterize the world-sheet, and
gﬁ,, is the space-time metric, which is generically a function of the position.
This action has both Weyl and reparameterization invariance and these can
be used to eliminate the world-sheet metric from this equation [51]. It is also

possible to add a term proportional to the two dimensional Ricci scalar R,
g = / ovVER(h) 12

but this is purely a total derivative and, while not important in determin-
ing the spectrum of this theory, and it is poésible to see that this term is
responsible for the coupling constant that governs the string loop expansion.
because up to a constant this term evaluates nothing but the Euler number
of the string world-sheet. As mentioned the reparameterization can elimi-
nate the metric and this gives a sigma model action for the X, which is free
when expanding around Minkowskian space. It can also be shown that not
épecializing to gy — M will give the spacetime gravity action and st.ringy
corrections that vanish in the limit of large string tension [51].

In the free case, which is of interest for perturbative calculations, it is
possible to make a Laurent expansion of the modes of X, observing that
the right and left movers decouple in the bulk of the string world sheet.
The conformal invariance of the string world sheet can be used to fix a flat
metric and then it is possible to Wick rotate from a Minkowskian signature -

to a Euclidean signature through the transformation ¢® — io? [51]. The

* left and right movers can be expressed in terms of the holomorphic and

antiholomorphic coordinates (z and Z) on the Eﬁclideanized world sheet using
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the expansion [78]

y ~ 1 [ab O
XH(2,2) = «* B 1n |22 — Ly my - (1.5
(2,2) = z* + p n|z|+Zm\<zm+2m> (1.3)
- m#E0 . .
- In the following tﬁe terms holomorphic and antiholomorphic will be used
interchangeably with left and right mover. When quantized the commutation

relation between the Fourier modes of X is

[ah, o] = andarep (64, 8y] = 0" 0arb0 (1.4)
In the same way the Fourier coefficients of the two—dimensioridl energy mo-
mentum tensor can be written in terms of these as, and for the holomorphic
- part we find \ '

B w N : ' .

In=3 3 tamaian: ()

n=—oo

where { } : denotes the normal ordering of any expression within { },
~ which is moving the creation (negatively moded) operators to the right, and
the dot represents contraction with respect to the Lorentz indices and Qp is |
proportidnal to the momentum. An identical expression for the antiholomor-
phic Ls can also bé written. Since the energy momentum tensor is traceless
it appears that all the L,,s should annihilate the physical states, however this
strong condition would eliminate the spectrum of the theory, so the condi-
tion is relaxed to be that positively moded Ls will annihilate physical states.
This coi.ncides with the choice of posi‘tively moded as as the annihilation
~ operators, and also imposes that physical states are eigenstates of Lo with

eigenvalue a. Further, the Ls obey the Virasoro algebra
[Lm: Ln] = (m - n) Loin + 5m+n,0A(m) ' : (16)

where the A(m) is the central charge which turns out to be proportional to

the dimension of space-time, which is the number of world-sheet fields Xs.
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Furthermore, it was briefly discussed above that the spacétime metric
is expanded around the Minkowskian metric, which gives rise to. a particu-
lar difficulty due to its negative signature, namely that there may be some
excitations in the spectrum which have a negative norm. It is not difficult
to show, demonstrated in [51, 78] that the condition for eliminating these

negative norm states is equivalent to a condition on the number of Xs and

_ on the value of a. It turns out that‘the number. of dimensions for the bosonic

string must be either 2 or 26, and the value of a in units of the string ten-
sion o' is fixed to —1 when the dimension is 26 [51]. The consequences of
this are interesting to investigate. First the spéctrum of this theory is built
from a Fock space vacuum with the as and @s, and it must satisfy level
matching conditions,-as well as conditions on the polarization tensors for the
various states which are obtained by requiring that the positively moded Ls
do annihilate the state. The ground state of this theory is tachyonic‘,' as it
has negative mass squared, and the massless state consisté of a symmetric
traceless tensor, an antisymmetric ténsor, and a trace term. These may be
identified as a graviton, some gauge field, and a dilaton. | This appears to
be both good and bad, because while a particlé exists with the appropriate
quantum numbers for a graviton, the tachyon mode intimates an instability
in the vacuum, which will be explored more later in this work. ‘
Secondly, there are a number of extraneous degrees of freedom in the
bosonic string, as witnessed by the restrictions on possible polarization ten-
sors for the various excited states. One way to accommodate this is to work

in so called light cone gauge where two directions are singled out as distinct -

- and only oscillations transverse to those are permitted to propagate [49].

While very effective at reducing the number of degrees of freedom and en-
forcing the no-ghost conditions, this has the price of eliminating the manifest
Lorentz invariance of the theory. There is a more elegant way to compensate

for these extra degrees of freedom, and that is to introduce ghost fields in the
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manner of Fadeev and Popov to the string action, as exemplified in [80, 81]
These will be a pair of anticommuting fields, b and ¢ with conformal welghts

2 and —1 respectlvely whose action term
She = _/'d20b3c ' ' (1.7)

These can also be broken into holomorphic- and antlholomorphlc degrees of

freedom and satisfy anticommutation relations

{cm bm} = 5m+n,0

{“bm,b‘n} = {cm,'cn}.——jO. | A - (18)

‘Their fermionic nature gives a contribution to the determinant of the paﬁh
integral which cancels the contrlbutlons of two of the X fields. Naively
these ‘ghosts appear to add to the number of possible Fock space exc1tat10ns
but there.is now an. additional constraint, that the physical states must be
annihilated by an operator composed of these ghosts namely the BRST
operator @ [22] '

Q Z < L"c -a6> e (1.9)
Wi“th | i .

Ll:r’zc = Z(m - n)bm—l—nc—n B : (1'10)

n N . . L * N
The constraint is then that Q + Q must annihilate a physical state. This can
be thought of as analogous to a gauge condition, that just as in the case of

an Abelian gauge theory the transformation A* — A# + 9%\ for some scalar

function A leaves the field strength F' invariant, the BRST transformation .
" |9) = |6) + (Q + Q)|v) will result in a state that 'is still annihilated by the
BRST operator even if |¢) is not, because @ is nilpotent. '
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This is an attractive picture so far, but to mimic nature there is still a
need for fermions charged under gauge groups and the corresponding gauge
bosons in the spectrum. The simplest way to add fermions to the action is
~ to generalize to a supersymmetric theory on the world-sheet [51]. The result

of this is that the action changes
S = Sunic + [ it 500 (L11)

whefe p is the world-sheet v matrik, and 9 is a two dimensional Majorana
spinor which can be decomposed into holomorphic and antiholomorphic parts
which decouple. The convention which will be used for the Laurent expansion
of the ¢ field into modes (following {79] ) is |
7 _
p=y 2 | (112)

1
2"t

where n is either an integer or a rational number of the form n = 2’"2—“ for
integer m. This condition occurs the boundary conditions on the fermions
impose that fermion bilinears are single valued. The anticommutation rela--

tions which arise are “

{08, 9%} = 1" 6mimo (1.13)

The choice between integral and half integral modes for the fermions arises in
the following way in the case of open strings. We require that the boundary
“variation vanishes which in.turn implies the equality of certain holomorphic
and antiholomorphic fermion bilinears, and this means that on the boundary
the fermions are equal up to a sign, and the relative sign between the bound-
aries determines whether the fermions can admit a zero mode. In the case
.of closed strings the same considerations apply, only the choice.of periodic

and antiperiodic is independent for ¥ and ), with the periodic sector known

as the Ramond (R) seétor and the antiperiodic as the Neveu-Schwarz (NS)
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sector [79]. These per"iodicitiesi have the consequence of producing space-time
fermions because the zero modes in the Ramond sector cdrry a representa-
tion of a Clifford algebra. This can be seen by examining equation 1.13 and /
noting that 1} acting on any state in the Fock space will not change the
eigenvalue of that state under action by L. o _ -

The addition of the new fermionic term to the string world sheet action
has the following consequence, that there are additional parts in the two
. dimensional energy momentum tensor, coming from the fermions, and also .
a sort of superpartner for this, the Noether current for non-constant super-
symmetry fransform_ations over the world-sheet. In terms of modes these are
[51]

. vLml _——> Lran + % Z (7’ —|: "T‘;L—) :_w"r ' 'd}m-i-r . (114)

" Gno= Y 0 Y R | (1.15)

 where the sum is implicitly over integers or half integers as appropr'iate for
the sector of the theory. The Virasoro algebra remains unchanged, but there

are additional terms that must be calculated

(L, Gn] = (i—n) Grin ey
{Ga,Go} = 2Lats + B(a)dayso o (an)

where as in (1.6) B(a) is a central charge. The physical_ states are annihilated
by the positive modes of these cuirents (and in the R sector, the zero mode
of G). ‘

Again, it is possible to reduce constraints such as the imposition of the
~ light cone gauge by the introduction of commuting ghost fields with conformal
weights 3 and —%, B and 7. These will be integrally or half integrally moded
© as appropriate from the fermionic sector, and contribute to the opérators L,

G, and @ in a well known way.
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A similar exercise to that performed in the case of purely bosonic string
reveals that the critical dimension is 10, and that depending upon whether
the string is in the NS or R sector (for left and right movers) there is a
different ground state energy. Between this and level matching it is possi-
ble to determine the spectrum in each of the sectors: for the case of both
left and right moving NS Sectors, there is a tachyon, massless modes with
quantum numbers matching those of the graviton, Kalb-Ramond field, and
the dilaton, in addition to the spectrum of massive modes [51]. When both
left and right movers are in the R sector there is no tachyoﬁ but a massless
field that transforms with two spinorial indices under Lorentz transforma-
tion. In the sectors where the left and right moving fermions obey different
boundary conditions level matching makes the lowest state massless and it
has both vector and spinor indices, making it a combination of spin % and
spin % The number of fields described here is apparently too many to ﬁll/ a
supergravity multiplet, but more sophisticated analysis reveals that thereis a
condition which reduces the spectrum, the GSO projection [48], which gives
supersymmetry by projecting out particles of a given chirality. At the level
" of interacting theories it is necessary to have a number of different combi-
nations of left and right moving boundary conditions and GSO projectibns.
This construction reveals essentially two types of spacetime supersymmet-
ric theories, those that are chiral and non-chiral (respectively ITA and IIB
theories). o

Any orientation in string theory would be incomplete without mention of
anothér class of theories, the heterotic string theories. The fact that the left
and righﬁ movers decouple makes it possible to write different theories for
" the left and right movers. In the heterotic theories the left moving degrees:
of freedom are written as fermions which obey some internal symmetry [55,
56). Consistency requires that there be 32 such fermions, and further that

they either all obey the same boundéry conditions (in that case there is an
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Figure 1.2: The modulus space of string theory, which consists of the five

known perturbative string theories, and M theory. The edges on
the figure represent duality transformations which will map one
theory, usually at strong coupling to another at weak coupling, al-

lowing perturbative calculations in one to probe non-perturbative

effects in the other.
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SO(32) symmetry), or half obey one set of conditions and half obey the -
other, and when properly projected this theo‘rSI has gauge group Eg X FEj.
For these theories, the index from a left moving fermion is a gauge index,
and the theories both have a symmetry group large eﬁough to be broken to
the Standard Model. ’ ' | o
iThere remains one small difficulty: the world neither exhibits ten dimen-
sions nor supersymmetry, nor these large gauge groups, and it is:another
matter to further constfain the theories to give a good simulation of the
particles seen now. This is obtained in many ways, all essentially similar in
that they force several dimensions to have another tbpology to that of the
real axis, they are either periodically identified, or identified under reflection,
or both, and this has the effect of breaking the large number of symmetries
- of the system. It is these technique's that allow the various string theories
outlined to be related to one another. There is a famous ‘web’ of dualities
that allow one theory compactified in a certain way at strong coupling to be
related to another at weak coupling with a different compactification.

From this overarching framework, in this thesis we concentrate on the »
problem of tachyon condensation. In a number of the string theories de-
scribed there is a tachyon in the spectrum: The state which is annihilated by
all positively moded oscillators. Since tachyons are not observed in nature
this indicates that the naive Fock space vacuum we have chosen to expand |
around is not the true ground state of the theory. The naive Fock space
vacuum is the one, identified above, which is annihilated by all positively .
moded Virasoro generators L, and by all positively moded as and ¢s. By
contrast, the o-perational definition we choose for the ‘true ground state’ is
one where all the excitations have positive semi-definite mass squared, elim-
inating tachyonic modes. We must therefore attempt to describe thé ground
state of the theory. This problem is commbnly addressed in string field the-
ory, of which there are two principal types. The first is the open string field
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theory [97, 98, 104, 106] which concerns itself solely with interactions at the
string’s boundaries. The second is the cubic, Chern-Simons like, string field
theory [103] which consists solely of a kinetic term for the string field and
a cubic interaction vertex. For each of these, the problem is the same, to
describe what happens to the open string degrees of freedom as the tachyon
condenses. From the world-sheet pbint of view it is possible to consider the
following picture of what is happening: The volume in which open strings
can end describes a d-brane. As the tachyon condenses the number of di-
mensions of this brane decreases, and the final stage of the condensation is
a state in which the brane has been reduced to a point and the two ends of
the open string coincide. This gives rise to closed striﬁgs, so at the endpoint
of tachyon condensation only closed string degrees of freedom remain, and
there are also predictions for the height of the tachyon potential [91].

As noted in [68] it is difficult to reproduce the properties of tachyon
condensation in the cubic string theory because the calculations involve in-
teractions of an infinite number of fields whose mass can be arbitrarily high.
It is possible in some cases to investigate the structure of cubic string theory
using techniques such as level truncation (77, 100]. This ‘method yields re-
sults which tend to agree with those expected for some quantitiés, such as the
vacuum energy of the condensate, but it remains unclear why the procedure
works and whether level truncation is generally applicable, considering that
there is no natural small parameter being expanded in.

In this thesis we study tachyon condensation within the framework of the
open string field theory better known as ‘boundary string field theory’. The
idea is to consider backgrounds that interact with the boundary-of the string,
and analysis suggests tha'tv there is a set of coordinates on ‘the space of all
string fields’ [68] that is better suited to the study of tachyon condensation.

Further from the point of view of the world-sheet the tachyon condensation

is described by a renormalization group flow from the UV, where the opeh
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strings end on d-branes, to the IR where only closed string degrees of freedom
persist. '

Here we formulate a boundary state in order to reproduce string sigma
model amplitudes. This is constructed by modifying the definition of the
boundary state [26] to include an integral over conformal reparameteriza-
tions. This boundary state then encodes the effect of these conformal repa-
rameterizations, and is useful for many circumstances such as computing d-
brane tensions, cylinder amplitudes, and looking for the gravity.counterparts .
of d-branes [32, 34]. In the operator approach to string pertﬁrbation the-
ory the boundary state contains the couplings of closed strings to a d-brane.
This method gives an algebraic approach for calculations, and it suggests a
method to generalize to higher loops, which reproduces the known results for
the annulus. ‘

The plan of the thesis is as follows. In Chapter 2 we introduce both
boundary string field theory and cubic string theory, and we also describe in
the language of boundary string field theory how to obtain actions for the
fields which parameterize the boundary interactions. The discussion of cubic
“string field theory is intended to illustrate another approach to the prob-
lem of tachyon condensation which has offered some concrete evidence of the
dynamics and end point of this process, and to stand in contrast with the
methods used in subsequent chapters. In Chapter 3 we develop the ‘bound- .
ary state’ describing the boundary interactions that parameterize tachyon
condensation. This state is a generalization of that discussed in [26], and
it correctly reproduces the sigma model amplitudes for emission of closed
string states. It is also a description of a state which is at neither fixed
point of renormalization group flow and so interpolates between Neumann
and Dirichlet boundary conditions. We also show that this boundary state

can be used to reproduce known partition functions for boundary fields at

the closed string tree level in the case of conformal invariance, compare with
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recent work on the definition of boundary string field theory at open string
one loop level, and speculate on the applicability to more compliéated sur-
faces. We also briefly develop boundary states for the world-sheet fermions
of the superstring and the (super)conformal ghosts. In Chapter 4 we present
some other calculations related to the question of tachyon condensation. We
write a boundary state describing non-local boundary interactions [74] We
also summarize some recent work on time dependent tachyon condensation
to show the general applicability of the boundary state method, and inves-
tigate the issue of spherically symmetric tachyon condensation. Chapter 5

we conclude and mention some ideas for future directions of research, and

certain calculational details have been relegated to Appendices A'and B.
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Chapter 2
String Field Theory

A classic problem in string theory is to understand how the background
space-time on which the string propagates arises in a self-consistent way.
For ‘openAstrings, there are two main approaches to this problem, discussed
below, cubic string field theory [103] and background independent string field
theory [97, 104].

The latter approach is defined as a problem in boundary conformal field
theory, and the anafysis begins with the partition function of open-string
theory where the world-sheet is a disc. The strings in the bulk are consid-
ered to be on-shell and a boundary interaction with arbitrary operators is
added. The configuration space of open string field theory is then taken to
be the space of all possible boundary operators modulo gauge symmetries
and the possibility of field redefinition. Renormalization fixed points, which
~correspond to conformal field theories, are solutions of classical equations of
motion and should be viewed as the solutions of classical string field theory.

Despite many problems which are both technical and matters of principle,
background independent string field theory has been useful for finding the
classical tachyon potential ehergy functional and the leading derivative térms
in the tachyon effective action [44, 68, 101]. Boundary field theories which
can be used to study tachyons are the subject of the a large portion of the
presented work. .

The existence of a tachyon in the bosonic string theory indicates that

the 26-dimensional Minkowski space background about which the string is

quantized is unstable. An unstable state is likely to decay and the nature of
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Figure‘ 2.1: Tachyon Condensation: This schematic representation shows the -
| idea behind tachyon condensation, that the tachyon is indicative
of an instability in the perturbative vacuum. The perturbative
.(Fock space) vacuum is defined at the maximum of V(T'), and
as the (open string) tachyon T rolls toward fhev minimum of its
potential V' (T') it represents a decay of the space filling brane. At
the minimum of the tachyon potential only'closed string degrees

~ of freedom survive.
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both the decay process and the endpoint of the decay are interesting questions
[77]. Recently, some understanding of this process has been achieved for the
open bosonic string. The picturé is that elaborated by Sen [91, 92], that the
. open bosonic string tachyon reflects the instability of the d-25 brane. This
unstable d-brane should decay by condensation of the open string tachyon
field. The energy per unit volume released in the decay should be the d-25
brane tension and the end-point of the decay is the closed string vacuum
[36, 57, 68, 91]. There are also intermediate unstable states which-are the
d-branes of all dimensions between zero and 25. ’ '

These considerations are generally stated in the following way, that the

tachyon field has a potential of the form
V(T)=M{T) - (22)

where f (T) is a function of the tachyon field which is both universal and
independent of the field theory describing the d-brane, and M is the mass of
* the d-brane for vanishing tachyon field. Further, the potential is defined with
an additive constant such that at its minimum, Ty, it cancels the mass of the

d-brane [92]. With these conventions the tachyon potential can be written
V(T)=M (1 + f(T)) with 1+ f(T) = 0. (2.2)

The conjectures about the dynamics of tachyon condensation also contend
that at the minimum of the tachyon potential the corresponding brane system
is indistinguishable from that where there is no d-brane [90, 92]. This is to

say that the open string degrees of freedom have condensed to leave only

closed string modes. ‘ y . : \
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2.1 Background Independent String Field
Theory -

In this section we review the basic formalism of background independent off-
shell string Itheory because they will be of some use in the motivation of the
subsequent work on the boundary state. This review follows very closely the
work presented in {97, 104-106]- and, for concreteness, focuses on the tachyon
field, although the results are much more general. It was first demonstrated
in [104] that in an attempt to define a Lagrangian in the ‘space of all open-

string world-sheet theories’ we discover that the boundary interaction on the"

string world-sheet is constrained in a certain interesting way. In particular

we find that the classical equations of motion which are derived from S , the
Lagrangian on the space of possible interactiohs, are equivalenf to BRST

invariance of the theory on the string world-sheet. Further we find that if it

~ is possible to decouple the matter and the ghosts in the world-sheet thecry by

a gauge condition on the boundary interaction, then the equations of motion

in that particular gauge are equivalent to conformal ihyariance, and that the
infinitesimal generators of a gauge transformation are the BRST operators.

The result from all of this is that if matter and ghosts are decoupléd then
the on shell action S for the particular interaction is equal to the partition

function of the world-sheet matter. [106]

2.1.1 Bosonic String Case

The starting point for this analysis is the string action with Both bulk and
boundary terms '
’ S = So -+ dey' : (23)

In this equation Sy is the standard action-on a closed string world sheet

S, = / P22(0X,0X" + bdc,), (2.4)
M ) .
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and we have already specialized to the case of flat metrics on both the world
“sheet and a Minkowskian (or Euclidean) metric on space-time. The terms
b and c¢ are the standard anticommuting ghosts from the quantization of
bosonic string theory: Similarly Syq, is a local boundary term made up of

both the bosonic fields and ghost terms on the string world sheet and so can

&@=/,v. (2.5)
oM . .

In particular the boundary operator V satisfies

be written

V=b,0 (2.6)

where b is a ghost field and O is some combination of fields of ghost number
one [104]. The reason for this choice stems particularly from the Batalin-
Vilkovisky formalism [20, 21], and can be summarized in the following way.
In this treatment we consider the strmg world-sheet as a super-manifold with
a U(1) symmetry, referred to as a ghost number symmetry in the literature
[104]. For this kind of manifold the defining characteristic is a structure w
which is a non-degenerate fermionic two-form that is closed; w can be thought
of, and has been motivated in the literature as a fermionic symplectic form.
With this symplectic fdrm it is possible to define a Poisson bracket on the

space
8A o2 kL 0B

oul’

and in terms of this bracket the Master equation for the action is {S, S} = 0.

{4,B} = (2.7)

In this deﬁmtlon of the Poisson bracket the us are local super-coordlnates.
It is also possible to define a vector field V' (notice that it is distinct from
V the boundary interaction term) which is a contraction on the symplectic

form satisfying

‘ 0
VKLUKL = WS . (28)
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and in this case S need not satisfy the Master equation. This condition is

equivalent to (with indices suppressed) |
| Vw = dS. | (2.9)

Now, under a diffeomorphism such as
ul — uk —+— GVL - (2.210)

the two-form w transforms as |
WKL — WKL+ € (VMdeML + dxVMwyz) (2.11)

but since w is closed we have dw = 0 and then V generatés a symmetry of w
if d(VMwy ) = 0. This also implies that for a given vector V it is possible
to construct an S that will give the required V according to the definition

above. It is also possible to write the two-form as

for some basis of operators O of appropriate ghost number, and with (...) "
denoting an expectation value calculated .through the usual path integral

weighted by the string action. It is possible to decompose a particular vector

in terms‘. of these bases and we find that

is = 7{ 46,40, (V O(6,)0(6,)). O (213)

Thus for the special case of choosing the vector V as the BRST operator

ds = %d91d92<d0(91){QBRST,lO(HZ)D' (2.14)

~Now we can specialize to a particular theory that contains the germs of
. generality. In particular we note that the matter part of V can be Taylor

expanded in the bosonic field X as

V=T(X)+ A,(X)3X"* + B0 X 0 X" + ... (2.15)
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and we now restrict our attention to the tachyon field. term, T'(X). We also
note in passing that later in this work the A,(X )0y X# term, which gives rise
to a background gauge field, will also be important. A particularly simple

solvable model is that of the quadratic tachyon
' a u;
T(X)=— —X2. (2.
T = (216

This model was originally considered [106] because it was a simple quadratic
model, and therefore exactly solvable. The addition of non-zero u;s corre-
sponds to a breaking of translational invariance, and because the term adds
a potential energy to the zero mode of the string the stfings oscillations are
* limited to a finite volume, and in the limit of a particular u — oo the string
end is fixed to a particular point in the space in which it is embedded, and we
will argue later that this provides an interesfing model to describe a d-brane.
(This model can easily be generalized to the more general quadratic term
U, X#X? and this is often desirable if additional background fields are also
- being considered.) For this interaction term we note that the ghost fields

decouple, and so the world sheet action can be written as

— 2 7% i Ui 2
S /Mcgzax 8X”+/6Md0 (27r+2i:87rX1)' (2.17)

After some manipulation [106] (presented explicitly in section 3.2.4) we can

find the partition function for this world sheet models

Z=e" H VT (). - (2.18)

Note that this differs from the result found in [66] by a factor felating to
the normalization of the zero modes. It is also possible to note in passing
that there are several good features of this function that are suggestive of
it playing a role similar to the action for a space-time theory. First note.

that for any individual v the function goes as ﬁ for u — ¢ > 0. This
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arises because u plays the role of localizing the function near X = 0, in
fact it is remarked elsewhere in the literature that u interpolates between
Neumann and Dirichlet boundary conditions. (A convenient way to see this is
in the bosonic component of the boundary state written in. (3.10) and (3.11)
go between the the boundary states for Neumann and Dirichlet boundary
conditions [26, 34] as U goes from 0 to co.) This implies that the divergence
near v = 0 'can be interpreted as associated with the delocalization of the
string over the volume of spacetime. Also, the expression for the world sheet

partition function has divergences when u < 0, reflecting the fact that in

- that case the world-sheet action is not bounded below.

Now, following the previous derivation in (2.14) and explicitly writing the

dependence of the fields X on the boundary coordinate §, we find that
ds = 7{ d8:d6,(T(X)(6)) (1 + €8) T(X)(6,)).  (2.19)

Now, use the fact that (as in [104, 106]) the derivative with index ¢ refers to

the parameters within the tachyon field, and we have

(1 +€d;) T (1 +2 Z 8X2> (2.20)

Including the ghost contribution, and using both the explicit form of the X

two point function, and the relationships

f‘d@()cf(e)) - —8%25 (2.21)
§anan,x20)3300) = @r7p0s, 2:22)

it is easy to obtain
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This is equivalent to obtaining the action for the boundary fields
S = ﬁ—(?—-— +1)Z2 (2.24)
A\ '

where f; is the B-function for the ith couplving Y, which is a parameter of the
boundary interaction terms. This way of looking at the effect of terms on
the string world sheet boundary will be particularly useful while ‘conSidering

the boundary state in subsequent sections.

2.1.2 Superstring Case

There have been several attempts to generalize the method given above to
the superstring [67, 68, 76], and we give an account of one of them here [76],
which has the consequénce of proposing a modification to the boundary field

action (2.24). The proposal for the action is

S = S() + SI“ + G_l/zo - (225)
/ ' oM

wherée S is the usual bulk action of the RNS superstring, including both the

bosonic and fermionic ghosts,
S = / d?z (aX“éX“ + YHIY, + 15”8&” + boc + /557) (2.26)

with b, ¢ and 3,y anticommuting and commuting ghosts respecfively.- The
second and third terms of (2.25) can be thought of as the perturbation due
to the addition of the field on the boundary. Explicitly they are given as

Sp = / - / doT DT, - (2.27)
o oM ) s

with the deﬁﬁing relation for I,

I'=p+0F (2.28)
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where p is a fermionic component of th_é boundary action, and F' is a bosonic
component, and 6 is a supercoordinate on the string world sheet. Finally,

the derivative operator D is defined as
D=0,+68 - (2.29)

on the boundary of the string world sheet. The subscript || refers to the
tangential orientation with respect to the boundary while J is a-Grassmanian
derivative. O is also identified as the lowest component of a world-sheet
superfield, ¥ satisfying

‘ U =0+0G_1)20. (2.30)

The proiposal for the string field action, in analogy with the development

leading up to (2.14) is to write the two form w as

0,09 = § f GEHOw(7)0c(r) 251

where the contribution from the conformal ghosts has been suppressed for
clarity (as in (2.21) and (2.22)) as well as the factors appropriate to the
inclusion of bosonized fermions e~® which are appropriate for the (-1). picture.
Similarly we can write '

15 =5 § T @O Qorsr V) (23)

which completes the analogy with equation j(2.14).'

As discussed in [58, 67) the superfield which describes a tachyon p;"oﬁle,is |
L w=rT(X), (2.33)

so following their argufnént_we get
O = uT(X) (2.34)

so it is easy to show that

G_1720 = FT(X) + ¢ u8.T(X). (235)
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Inserting these expressions and integrating we obtain

1 .
St + G_10 = - / drd (u+ OF) (8 + 60)) (u + 6F)

oM

+.2.17; dr (FT(X) + ¢ pd,T(X))

. / | g_; (F2+ s+ FT(X) + 4*udT(X)) .
| (2.36)

It is immediately apparent that integrating out the auxiliary field ' will give

T? in the partition function. This is appropriate because the

a term like e~
tachyon profile T used in the superstring case is analogous to the square root
of that used in the previous section.

Two cases are of special note in the literature, the first is the case of the

constant tachyon, in which, again up to ghost contributions we find that

{@srsT, pT(X)} ox T(X) (2.37)
and upon integration of the various modes we have

dS = —-TdTe T |
- d(e—%Tz) | (2.38)

and since Z o e~iT" we find upon integration .S — Z. For the case of a linear
tachyon |

T(X) = u, X" - (2.39)

the calculation is somewhat more involved, but the result is known [76],
and can be summarized in the following way. The world sheet action (2.36)
includes a term linear in g now and with a field redefinition to account for
this |

11
2‘3“

=+ v'o,T (2.40)
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“the integral becomes simpler in terms of the redefined field, but there is now
a term of the form dzai“zp in the action. It is well known how to show that

the expression for dS becomes [76]

1 1 .
dS = —(X*+ ¢a—”¢>Z(y)dy (2.41)
where y = u?. However, since
dlnZ 1, 1
= —--(X? — 2.42) -
iy Xt a“w (2.42)

we have that the world-sheet partition function is equal to the action for the
boundary field.

2.2 Cubic -String Fié_ld Theory

In addition to the discussion of background independent string field theory
above, another important motivation for the discussion of tachyons and other
string fields comes from understanding cubic string field theory, and the
recent conjectures of Sen [24, 91, 96] about the condensation of open string
tachyons. This brief review draws heavily on lectures on cubic string field
theory delivered at TASI-2001 by Taylor and Zwiebach [99, 100, 107]. This
method is interesting in the context of this thesis for two reasons. The
first reason is that it provides a distinct and independent check on the ideas
describing the condensation of tachyons, and the final state of this decay. The
second is that the coherent states that can be used to describe the product
of string states resemble those which we will detail in constructing boundary
states, and that similar manipulations can be performed on both.

Cubic string theory is an attempt to treat string theory as a field theory, |
with a. kinetic term and a cubic, Chern-Simons like, interaction term. The

string fields are constructed by operating creation operators on a vacuum,

and since there are an infinite number of such possible interactions it is
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possible.to think of string field theory as an interacting field theory with an
infinite number of massive particles in its spectrum. The recent interest in
cubic string field theory can, in large part, be traced to work [85] on the .
conjectures recently raised by Sen [89, 90], which address the question of the

bosonic open string tachyon in the following way.

e In analogy with the Higgs mechanism familiar from the study of the
Standard Model, the bosonic open string tachyon can be thought of as

an instability of a space filling D-brane.

e There exists a locally stable minimum of the. tachyon potential, and

around that minimum there exist no open string excitations.

e That the height of this potential is given by ﬁg =£E,

string coupling constant, and V is the volume of space time.

where g is the

These conjectures appeal to our physical intuition and are under active in-
vestigation. ’

We start with the proposal by Witten [103] for a cubic string field theory

action, particularly. _

S:—%/¢*Q¢—§/¢*¢*¢ (2.43)
where 9 is an open-étring field, g is the string coupling constant, x is a
product on the space of string fields, and @) is an operator which is roughly
analogous to a derivative operator (in fact it will be the BRST operator).
A number of properties that are important in the realization of the theory.
First, with respect to ghost number, the * product is additive, which is to
say that if ‘

P x P2 = Y3 = Gy, = Gy, + Gy, (2.44)

where Gy is the ghost number of the string field ¢. In a similar way to this,

the operator ) adds one to the ghost number of the field:
QY =1 = Gy =1+ Gy, (2:45)




‘Chapter 2. String Field Theory 33

and the integration picks out the components of the integrand which have

ghost number 3,
/¢=o V oGy #3 (2.46)
To avoid difficulty with boundary terms, it is desirable for the integration to

vanish for total derivatives

/Qz/) =0 V 9. (2.4}7)
There are further properties motivated by thinking of @) as an exterior deriva-

tive. The first is that Q is nilpotent (satisfied for the BRST operator in the

critical dimension), secondly a Leibnitz rule for the Q operator

Qi *92) = (Qr) * 2+ (=1)%19p1 * Qi (2.48)
and also a commutativity condition :
/¢1 * Py = G¢1+G"’2 /Tﬁz * "Pl (2-49)

It is also interesting to note that under the analog of a non-Abelian gauge

transformation ¥ — v + d1 subject to ‘
M =QA+g(W*xA—Ax1) ' (2.50)
and G = 0, the cubic string field theory action is invariant.
The Fock space which the bosonic strmg fields inhabit is defined by the
general state ,
Haﬁm...(;_n...b_k...m) - (2.51)
where the ... refer to any arbitrary insertion of oscillators similar to the
preceding «, ¢, or b. The o oscillators come from the quantizing of the

bosonic X field and the b, ¢ are the ghost fields. These have the property

that on the Fock space vacuum [51]

Cby0) = 0
cnl0) = 0, n>2
anl0) = 0

,n>1 (2.52)
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and g is the momentum operé,tor. It is well known that it is possible to

write both the BRST operator and the Virasoro generators in terms of the

- raising and lowering operators a, b, and c,

C CmCnb—m—n : —Co (2.53)

m-—n
Qa=Yawtn+
n mn .
where the matter part of the Virasoro generator is given by
1 _
L= 3 Z : af:_na,m . +adko (2.54)
n

with a a normal ordering constant associated with the mass-shell condition
for the strings as in (1.5) and (1.9) Given this information it is relatively easy
" to explicitly construct Fock space states which have inner products with the
string fields which satisfy all the enumerated requirements for the integral.
For the ‘kinetic’ term of the string field theory action we need to construct a
state which is the tensor product of two such Fock spaces because the string
fields each carry a raising operator Fock space. In particular it can be shown
that the state |

wl = | dp ({0, 7 @ (0, pls) exp [—2(“”%&”#’—

n=1 n
o0 ' .
> (=" (b + c&”bﬁﬁ’)} | (255)
n=0 - :

~ is a representation of the integral. In the above, note that the operators-
numbered 1 and 2 operate on their respective ground states only. We note
in passing that this is tantalizingly similar to the boundary states to be
discussed in chapter 3, in that it is a coherent superposition of independent
Fock spaces. In a similar manner it is possible to construct a state which
is a tensor product of three Fock spaces to represent the integral for the

interaction term, schematically given by

(I3 = /dp(<0,p|1 ® (0, pl2 ® (0, pl3) exp [~ Nyja — D X,;60)] (2.56)
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Level | # Fields | V/Tys

(0,0) 1 -0.685
(24) |~ 3 -0.949
(4,8) 100 | -0.986

(6,12) 31 -0.995
(8,16) 91 . |-0.998
- (10,20) | 252 | -0.999

o

Table 2.1: Level truncation in string field theory. The term V/Tys would be

—1 to confirm Sen’s conjectures. [100]

where the oscillator indices have been suppressed, and the terms N;j and
X;; are known [100] and of similar form to the terms in (I3]. At this point,
in principle it is now possible to calculate all terms and contributions to
" the cubic string field theory action. This approach has not been applied for )
arbitrapfy excitations because there are an infinite numbér of terms in the
_expansion of the string field and the number of terms at each level increase
véry quickly. ' v |
This problem has been approached with some success [77] using level
truncation. The general idea of this method is to include only states up to
some finite level in both oscillators and the sum of the level numbers for
~those oscillators. A complete exposition of this interesting field of study -
~is well beyond the scope of this discﬁssion,'however we pause to note that
this line of research has yielded some compelling ‘experimental’ evidence in
favor of the famous conjectures about the minimum energy of the open ‘string

tachyon

To 1llustrate the ‘method of level truncation we perform exphc1tly the
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calculation at the lowest level. The potential can be written as
V= Z di;d'd’ + gka.z tiind' ¢’ ¢ (2.57)

where d;; and t;;; can be calculated, g is. the string coupling constant of
equation 2.43, and « is chosen to be k = v/37/25 so that #;;; = 1. [99] With

this convention we find that for the ansatz

t,.\
¢ = —|0) ‘ . (2.58)
g .
we obtain L2 ’ s
t t
V= —5-9-2‘ + I‘Cg;; . (259)

and inserting the value for K we get the equation that must be satisfied for
t to find an extremum of the string field theory action is
39/2 : :
—t + th =0 - (2.60)
“and solving for ¢ and substituting into (2.59) we obtain

11 :

V= —%% : (2.61)
and since the tension of the d-25 brane is ﬁ their ratio is —0.685 as
mentioned in Table 2.2.

There is another way to examine the cubic string field theory, which is
equivalent to that described above, but offers a more geometric picture of
the construction. It is to represent the star product as a functional integral
over the fields of the string world sheet. Expiicitly, because of the decoupling
between the matter and ghost sectors of the string, it can be written for an

open string world sheet with width 7 as

s = [ T durdstn=n)x

0<r<m/2

I 6l =yl = D] n [e(M)] % [y(7)] (2.62)

w/2<F<T
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J
_\

Flgure 2.2: Cubic String Field theory 1ntegrat10n this schematlc diagram
' ~ outlines the three string field interaction. The string world-sheets
are conformally mapped onto the unit disk, with the boundaries

forming triangular wedges as indicated, with identification along

the boundaries. The arrows indicate the two steps involved in

the process, first identifying boundaries of the open string using

the * product, and then mapping the resulting world sheet to a )

disk using residual conformal invariance.

subject to the identification that

(2.63)

This can be thought of as joining theé right half of one string to the left half
of another to make a single string. A similar expression to (2.62) can be
found for the integral over string fields, and again because of the decoupling
the matter integral is '
/¢ / I deto H §(2(3) — a(r —3)| ¥ [2(3)].  (2.64)
0<o<n 0<a<m/2

Similar to (2.62) being thought of as gluing the left and right halves of their

respective strings together the integral (2.64) can be thought of as gluing
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the left and right halves of the same string together with this § function
interaction. This is illustrated for the cubic interaction term in Figure 2.2,
- and the residual conformal invariance of the string world sheet is used to map

the semi-infinite string world sheets to a disk, with vertex operator insertions

‘containing the asymptotic description of the open strings.
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Chapter 3
Boundary States

In this chapter we use the boundary state formalism for both the bosonic
string and the superstring to calculate the emission amplitude for closed
string states from particular d-branes and show that the amplitudes are ex-
actly those obtained from world-sheet sigma model calculations. We find
that the construction of the boundary state automatically enforces the re-
quirement for integrated vertex operators, even in the case of an off-shell
boundary state. Using the boundary state and a similar expansion for the
cross-cap, we produce higher order terms in the string loop expansion for the

partition function of the backgrounds considered.

3.1 Introductibn

The study of off-shell string theory has been addressed many times in the
literature within the context of background independent string field theory
[97, 98, 104—106] which has been the subject of a considerable amount of
interest in that it can provide useful information about the proper-ties of un-
stable d-branes [44, 46, 68]. Despite this there are several subtleties that have
been examined, and in particular a great deal of effort has been expended
in determining an action for a tachyon field coupled to a bosonic string [5-
7, 15, 28, 29, 44-46, 66, 68, 84, 102], and while great progress had been made
the understandlng of higher loop effects is incomplete at best.

The boundary state for the superstring was first examined in [26] and the

‘overarching idea of the system is to produce a state that vanishes when the
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boundary conditions, acting as operators, act on it. This state is then sup—}
. posed to reproduce the overlap with closed stri'ng states, and if the surface
.upon which the strings end and have their boundary conditions is regarded
as a dynamical object with fields upon it, the amplitudes for the emission of
various closed string states determine the stringy self-interactions, the brane
coupling to bulk fields, and the brane-brane interaction by string exchange.
A source for a great' deal of the formalism is [32, 34] and this idea has been
generalized to non-quadratic interactions in, among other places, [86, 93—
95]. The principal focus of this chapter is to first develop the boundary
lstate for the case of a background tachyon field and a background vconstant
Abelian gauge field strength, then examine the effect.of world shee\t coordi-
nate reparameterization invariance upon these states, and finally to examine
and explore a way in which the boundary state could be used to generate
amplitudes more complicated than simply tree level closed st.ring exchange.
The general form of the boundary state is particularly simple' for the case of
. quadratic boundary interactions, precisely because they are an exactly solv- .
able model, and while more general interactions are discussed in Chapter 4
and in [85, 95], in this section the emphasis is on conformal properties, and
for the moment we restrict attention to the quadratic case.

Since the bosonic and fermionic world-sheet oscillators, as well as the
conformal ghosts, do not have non-trivial (anti)gommutdtion relationships -
it is possible to decompose the boundary state into the direct product of

'/ boundary states |B) for the bosons and fermions respectively,

|B) = N|Bx)[By) | Buc)| Bsy) | (3.1)

where N is a normalization constant which generically depends upon the
various background fields which appear as coupling constants in the string o

‘model. In addition to this propérty, the (b, ¢) and (3, v) ghosts do not interact

with any,of the fields i_)n the world-sheet boundary and so in a sense these
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contributions are trivial, and do not contribute to the amplitudes other than
as a multiplicative factor which reproduces the known, conformally invariant,
free case. There are a number of constraints that the boundary state must

satisfy in order to encode physical degrees of freedom 26, 34], specifically
(QBRST + QBI%ST) |BY = 0 o (3.2).

which is to say that it is BRST invariant. The strategy espoused here to
determine the boundary state will be to examine in detail, in the next few
sections, the bosonic string in particular backgrounds, and then look at the

fermions and ghosts in a similar manner.

3.2 The Bosonic Boundary State

A tractable problem within this genre is the study of the off-shell theory in
the background of a quadratic tachyon profile, a problem that is similar in-
spirit and detail to the examination of string theory. in the background of a
constant electromagnetic field [40]. In the following we combine these natu-
rally compatible studies using the boundary state formalism [4, 19, 25, 31-
33,41, 70, 72, 73]. It allows us to calculate the probability for a topologlcal :
defect which supports these quadratic fields to emit any number of closed
‘strmg states into its bulk space-time. The loss of conformal invariance in-
troduced by the background tachyon field is naturally accommodated by a
conformal transformation which induces a calculable change in the boundary -
state. This new boundary state can be shown to reproduce the sigma model
expectation values for the insertion of a vertex operator at an varbitrary point
on the string world-sheet.

Using the corréspondence between the sigma model calculation and that

in the operator formalism the question of higher genus surfaces with some

number of boundaries interacting with the background fields is considered.




Chapter 3. Boundary States - 42

The insertion of both loops and boundaries is .included naturally in this
method, and the results obtained are compared with known results.

Throughout this work the bosonic action under consideration is

S(g:FaT())U) -

— /z dpde g, 0° X" 0, X,

1 1 1
do | =F, X 0 X* + —Ty + —U, X*X" |,
+/¢92 ¢(2 X0y X¥ + Ty + U, )
(3.3)

/

where o' is thelinverse string tension, ¥ is the string world-sheet, 9% is the
boundary of the string world-sheet, dpd¢ is the integration measure of the
string bulk, d¢ is the integration measure of the string world-sheet boundary,
and 0, is the derivative tangential to that boundary. This action is motivated
in [66, 106]. The field content in this are a constant U(1) gauge field strength
F,, and the tachyon profile,

1 1 ’
T(X) = é—;r—To + _8—7r_Ul“’XuXV’ ’ (34)

. is characterized by a constant, Ty, and a constant symmetric matrix U“,,.. :
This provides a simple generalization for the discussion given in [28, 106]
~ and (2.16), and similarly to avoid divergences we impose that it is positive
semi-definite. |

The virtue of the boundary state as .ﬁ tool in the analysis of the action
above is that it allows calculations that previously took careful integration
to be reduced to algebraic manipulations. We wish to carefully construct
the boundary state and to show that it reproduces with ease the particle
emission amplitudes that would be obtained from the string sigma model.
The starting poinﬁ for this analysis is the action (3.3). By varying it, we

obtain the equation

1 1 :
(—g,wa,, + FL0,+ ——U,“,> XY =0 (3.5)

2ma! 47
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as the boundary condition for the stfi'ng world-sheet. Recalling the conven-

tions from the action, 8, is the derivative normal to the boundary and 0, is

the derivative tangential to the boundary. We now create a state |B> that

obeys the above ‘condition as an operator equation. . To do this we use repa-

rameterize the string world sheet in terms of holomorphic and antiholomor--

phic variables z = pe’® and z = pe~* and use the standard mode expansion

for X as a function of 2z 1.3

I Al
XH*(2,2) = x* +p/‘ln|z2| + Z (3—2 + of—’”) . (3.6)

m
_ m;£0

we find that in terms ‘of the mode operators the boundary conditions read

U U ,
(g + 2md' F + %;) (g 2ma/F — %E) &k, =0. (3.7)
pv .

~ The condition for the boundary state to obey (3.5) can then bé restated in
“terms of (3.7) to be '

, oy . _ | |
(g +2ma/F + ——) <g 2na'F — 35) &, 1B) =0, (3.8)
% pv

2 n

l

lg,wp"

To satisfy this it is clear that |B) must be a coherent state, and it is given

by [4]

g—2malF —2U\  oF gv
|B) = NHexp — ( / i& A n~-n
. : ‘ 2n/

= NHéxp. (—Ap, 0" 67,) exp (I—.%x’v‘U,,,,x”) |0)  (3.10)

Uut?|1BY=0. (39)
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where A is a normalization constant which must be determined, and we

define
n 1 {g—2md'F — :
puv

\g+2ma'F +
3.2.1 Conformal Trans_formatior_l of Bosonic

Nl E Rl

w|R |o|R

for future convenience.

Boundary State

Clearly this boundary state is not conformally invariant due to the addition
of the interaction with the tachyon field. The two cases where we expect
conformal invariance are at the two fixed points of renormalization group
flow, namely U = 0 and U = oo, which correspond respectively to the case
of Neumann or Dirichlet boundary conditions on the boundary of the string
world sheet [68]. Note that in the case of Dirichlet boundary conditions
the interaction with the background electromagnetic field is eliminated, as
would be expected from the sigma model point of view. Because of this
it is interesting to examine how the boundary state transforms under the
PSL(2,R) symmetry that is broken by the presence of the U term in the
boundary state. In the two conformally invariant cases this leaves the action
invariant. The action of PSL(?,R) on the complex coordinates of the disk is

to perform the mapping

az+b '
N = = 3.12
2= wlz) bz+a ( . )
where a and b satisfy the relation
la?| = |6 = 1. | - (3.13)

This transformation maps the interior of the unit disk to itself, the exterior
to the exterior and the boundary to the boundary. Moreover, this transfor-

mation of the coordinates induces a mapping which intermixes the oscillator
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modes. To see this consider the definition of the oscillator modes

a"—\/7 ?{ X (2 (3.14)

wher_e.thé contour is the boundary of the unit disk, and the mode expansion

of X is
, |
OXH(z) = —iy| 5 Z ey (3.15)

Now, using the fact that X is a scalar, or equ1valent1y the fact that 0X is a

(1,0) tensor, we see that
' dz dw .
B mg, X* 1
ak ](27” O X (w )dz (3 6)

Now, using the fact that a mode expansion for X exists in terms of w with

- coefficients o, in exactly the same way as (3.15), we see that

ol = M@Pqr (3.17)
where p ((_) ) . .
+a)n~ T
M) = f Fm2T ) 3.18
mn 9mi° (az + b)nt! ‘ (3.18)

The properties of the matrix M are interesting and facilitate further
study. Some of the properties of MY are examined in Appendix A.1. The
matrix has a block diagonal form so that creation and annihilation opera-
tors are not mixed by the conformal transformation, and with appropriate
normalization of the oscillator modes it can be seen to be Hermitian, or equiv-
alently that it preserves the inner product on the space of operators. The
exact form M as a function of its indices can be easily obtained, but for the
purposes of this discussion it is easier to to simply note that with the rescal-
ing Mpp = /EMp,, for either m,p > 0.or m,p < 0 then M, = Mi_.
(The purpose of the rescaling is to normalize the creation and annihilation
operators to have the standard simple harmonic oscillator commutation re-

lations.)
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Using this information we obtain that the modification of the boundary

state associated with a particular conformal transformation is

[Ba;b> = NCXP( Z al_l_kME‘z;b_)kAzyM_(_ayib_)Jdij> |

n=1,j,k=—00
i -
exp»(—za@"U,Wx”> |0). (3.19)

In this equation and all following equations we drop the ' associated with the
‘transformed oscillators for notational simplicity. Due to the intuition gained

~ from the conformally invariant cases we propose a boundary state

-

1B) = / 2ad?b8(ja% — || = 1)|Ba) (3.20)

which we will show is the state that reproduces the sigma model amplitudes.
This is just the boundary state (3.19) integrated over the Haar measure of
PSL(2,R).

{

3.2.2 Boundary State Single Particlé Emission

Since we wish to show that the boundary state is an algebraic version of the
- action (3.3) we must calculate the emission probability for various particles
from the boundary state above. This has been done in more detail in [70],
(see also [31, 33]) but we recapitulate the results here for completeness.
The case of .the tachyon is straightforward. To calculate the emission
probability for this or any particle from the d-brane described by the bound-
ary state we must evaluate the overlap of the Fock space ground state with
- the transformed boundary state (3.19). Here, and in subsequent formulae
~ we omit the momentum conserving §-functions, and the integration over the

‘transformation parameters for the boundary state. For a tachyon with mo-

mentum p* we find that the probability for emission from the boundary state




Chapter 3. Boundary States o 47

Figure 3.1: A schematic of the disk tadpole (a) aﬁd the emission of one par-
ticle by the boundary state (b). -

is

: . ' . a, a, n a,
(0,p"|Bap) = Nexp (‘p“py 2 ZME,,‘(’, Ay Mﬁ,fé)

n=1

il

2

N exp -—p"p"z i L (g 2maF - 92—,:% . Uil
: 2 &~ n\g+2maF + a'% » la|2n

In the above expressmn we have used the previously defined form for A}, ¢

he
fact that Mianb) = (%) . and the conventional normalization ab =,/ %’pl‘,
Similarly, for an arbitrary massless state with polarization tensor P,, and

_momentum p*
|Pu) = P,w'a’ildillo,pﬂy - (3:22)

the overlap to be calculated is

, o0
(Py|Bap) = Nexp ( pup,, 5 M an((’, A Mﬂg)
) n=1 .
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(o ¢]
b b
P | =30 Mg, W),
n=1
+papﬂ? ZM_anb 1An M(a b) Z M(ab Aﬁ,,M_m) 1:|
n=1 m=1
= Nexp —p"pugi i - (g el %§> e
' 2
2 =n\g+2maF+ 57 » |a|2n
o (s e
IR WP 24 ey B
POWLA Y it i 4 N i
2 =\ g+2maF+¢Y la|?2(*=1) |a?|a
n= po
2 (g-2na'F—2Y bjAm=1) _p
SHE ) Bl 6
—~\g+2ma'F+ 5 [a| m=1) |a2|a

where again the expliéit form of the matrices M has been used in the last
equality. |

This kind of argument can be repeated indefinitely 6n a state by state
basis to determine the emission probability for that particular state, but
we present here another more general calculation which will prove useful to

consider. | In particular the state A with momentum p* defined by
lprS) = A;wda—a,a ba |0 D > (324)

has its overlap with the boundary state is given by

v al a,b) A n a,
(As|B) = Nexp (—p,,p,, 5 M n’(’) A% MS,}B)

n=1 .

{
A;w& %[ bM_anb)aAn anbbp Z MabA Mab)
n

+5° Y acM G A M_‘;")c Z bM‘“ DA™ ieh
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—papﬁp —ZaM_“nb AR M ZbM(“b A M
chM“b)A’ e . (3.25)

The summation looks formidable, but we note that the contractions of the
various matrices look suspiciously like ‘those of Green’s functions, which it
will transpire that they are, but to see this requires a simple calculation. A
special case of a more general formula proven in the next section shows that

aztb gyhject to |a]? — |b|? = 1 we have that

for y = g2

1 | |
(k — 1)!akzd(y)|y.=° = kM0, (3.26)

Note that since the transformation from z to y is one-to-one the 'above equa-
tion makes sense and is appropriate for the mapping of a point to the origin.
This completes the analysis for the emission of one particle from the boundary
state |Bgy), hbwever' the question becomes more interesting for the emission

of more than one particle.

3.2.3 Boundary State Multiple Particle Emission

As in the case of emission of one particle by the boundary state it is perhaps
" the most instructive to consider the case of the emission of two tachyons first,
and then specialize to more complicated correlators. Ordering the operators
appropriately for radial (as opposed to anti-radial) quantization and noting
that the PSL(2,R) transformation is not sufficient to fix the location of both
closed string vertex operators. Therefore it is necessary to integrate over the
position of the second vertex operator. The quantity that we will wish to
compare with in the sigma model is the integration over insertion points of
an arbitrary number of vertex operators, and in this language one, the ‘bra’

or ‘ket’ appearing in the dverlap equations is singled out as being moved to
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-

the origin. We proceed to calculate, using the previous definitions and mode

_expansion
(Bap| : € X) 2| J0,p") = olexp( S ot MSP an, 1106
| o Uy ~xp
exp Z ot W' + at @'
>0

/ .
exp (ik“x,, + 4/ %kua{)‘ In |w|2> 10, p*)

al
= Nexp (k_“p,,——ln |w|2>
éxp —pp—ZM“bA" ab))_.
exp —p"k” Z M@ b)w )

n1,]0
'

o0
exp —k“p”% Z wiM,(z‘;’b)AZV]\Zf,%’b)
n=1,i=0
.a/ oo ' b - (e _‘.
exp —p"k”; Z w’M,(; )AZVM,(S )w’> .

n=1,1,j=0

(3.27)

- Just as mentioned following (3.25), this result is reminiscent of a pair of
| exponentiated Green’s functions.

The next natural quantity to calculate is the emission of a more general
state in place of either, or both tachyons in the previous calculation. It is
of course possible to demonstrate the overlap of an arbitrary string state
explicitly, but the éombinatorial nature of the result quickly renders the
resulting expressions obscure. With this in mind we examine the slightly

more general state that corresponds to the calculation done in the case of
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_one particle emission (3.25).
- (Bl : € %) 1| ALL50hanG010, ") = Ay x AW
-3
[‘/% <_ZnMabAr M(ab kY = k. __ZnM(abAr (@ )p)
<—' > kWM,E;”’)A’ MEp — k —->p MDA, M) p
) (ab) A r (ab) ' (ab)
( DKW M AL MG q—ky—a—);—-z PMS N

. 1 ab r arla 1 a r a
+ (‘ D KW MEI NG NGDG — hy— =D g Mg AL MY q)
= |
( ZnM (ab) A' “b)p) 5 +(p+qved). (3.28)

In the above A7, is the result for the boundary state to emit two tachyons,
which appears as a multiplicative factor and is calculated explicitly above

(3.27). |
Similarly it is possible to calculate the analbgous expression for the vertex
which emits the complicated state at the point w on the disk, and using the °
standard commutation relationships as outlined previously we find
o or a9 |

(Bap| @ Auvs (n— 1)!X“ (p—1)! V(q - 1)

_ 1 1 m! m—n pr(ab) A7 ab) j' wg—p
[ <Z(n—1)!(p—1)!(m—n)' ML (7 —p)! )
o 1 m/! M (@) A7 (ab) ~ i1y
+H3 (‘Z(n—n‘! M M

XOelik#Xu) . 1,10, p") = Aqy AP

1 m' m-—n a r arlab n, —n
- Z (n—1) (m—n)" M’g’:)A“"M’SO )p7 Al )

1 ! )
7M(ab (ab) .7 ~J—P
< 2P M N G

=S KW MEAT i (o ( _11)! G i!p)!Qj—P-FPu(—l)Pw-p) }J
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. | .
(S 1 I o
1 5!
T e-1G - o) |

,—i—(p “q v & 6) (3.29)

— " krwm Ml AT i1 @+ pu(—1)%—q>

The above expression can be seen to be the same as that of the emission with
the complicated vertex at the center, as the case of two tachyon emission

would suggest.

3.2.4 Bosonic Sigma Model

Having performed an the calculations from the point of view of the raising
and lowering opérators it is now instructive to compare with what should
be analogous results from sigma model calculations. We fix our convention
that the functional integral is in all cases the average over the action given
n (3.3), ‘ |
)) = / DXe SHO(X). (3.30)

In addition, the Green’s function on the unit disk with Neumann boundary

conditions is determined to be [60]
G"(z,2') = -d'¢g" (=In|z — 2| = In|1 — 2Z'|), (3.31)

and it will be useful also to know the bulk to boundary propagator which is |

GH(pe®, &%) = 22 S 2 coslm(é — 8] 3.32

(pe®, ') = 2d/g mX::lmCOS[mG/) ¢ . (332

The boundary to boundary propagator can be read off from (3.32) as the limit
in which p — 1. We use z = pe'® as a parameterization of the points within
the unit disk, so 0 < p <1land0< ¢ < 27. Using the bulk to boundary
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propaga’cor it 1s possible to 1ntegrate out the quadratic interactions on the

boundary [40] and to obtaln an exact propagator, which is given by

G*"(z,7) = —d'g"ln|z— 2|
+ﬁ, i g—2ma'F - %Y bk (22 + (22')
2 =~ g+27ra’F+°"% n

\/
T
=

~~
N
Y
g
3
|
~~
Y
N\
~—
3

2o’ F + 5=
+a! 2 n
Z(g+27ra’F+°‘ v

= —o/¢"In|z — 2|

+—= 1
2~ \g+2ma'F+% n

+ali g—2ma'F = $E\M (2) 2y (3.33)
2 2\ gr onar s 41 T

Note that this expression is appropriately symmetric because the antisymme-
try of Lorentz indices in the final term is compensated by the antisymmetry
of the coordinate term. '

The first calculation that must be done to determine the normalization of
the sigma model amplitudes is the partition function. In this approach the
oscillator modes of X must be integrated out with the contributions from F
and U treated as perturbations. Since both perturbations are quadratic, all
the Feynman graphs that contribute to the free energy can be written and

evaluated, and explicitly the free energy is given by

oo IU . -
- Z Trln (g +2md'F + ——-) - (3.34)
2m

m=1
See [40, 71] for further calculations done in this spirit. From (3.34) we im-

mediately obtain the partition function

oo}

. . 1 v Upr _p oy
7z = —To’ g / — kY gl
¢ H det (9+2ma'F + 2 Y) dage” O
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oo

_ 1 T 1
~ det (Y) ¢ H det (g9 + 2ma’F + 2 ) . (3:35)

m=1

This expression is divergent, but using (-function regularization [66] it can

be reduced to

| _n g+2ma'F . a'U/2 _
Z=¢e \/det (———~—————U/2 .>_detF <1 + panr eyl R (3.36)
/

where I'(g) is the I'.function and the dependence of all transcendental func-

tions on the matrices U and F' is defined through a Taylor expansion.

3.2.5 Conformal Transformation in the Sigma Model

We now wish to calculate the expectation value for vertex op'erators that
correspond to different closed string states, however this is a process that
must be done with some care. To calculate the emission of a closed string
in the world-sheet picture one generally considers a disk emitting an asymp—'
totic closed string state. This is really a closed string cylinder diagram. The
standard method is to use conformal invariance to map the closed string
state to a poin‘_c on the disk, namely the origin, where a corresponding vertex
operator is inserted. On the other hand it has been cogently argued that
it is necessary to have an integrated vertex operator for closed string states

to properly couple [28], in particular that the graviton must be produced |
by an integrated vertex operator to couple correctly to the energy momen-
tum tensor. There is no distinction between a fixed vertex operator and an
integrated vertex operator in the conformally invariant case because the in-
tegration will oniy produce a trivial volume factor, however in the case we
consider more care must be taken. We wish to consider arbitrary locations
of the vertex operators on the string world sheet, and the natural measure

to impose is that of the conformal transformations which map the origin to |

a point within the unit disk on the complex plane. -
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In other words we propose to allow the vertex operator corresponding to
the closed string state to be moved from the origin by a conformal transfor-
mation that preserves the area of the unit disk, namely a PSL(2,R) transfor-

mation. The method to accomplish this is to go to a new coordinate system

az+b 9 9 .
= = -l =1 . ‘ 3.37
y=pa, Lot =B =1, (337)

where a vertex operator at the origin y = 0 would correspond to an insertion

of a vertex operator at the point z = ‘Tb It is worth noting that in the case
of conformal invariance, that is when U — 0 or U — oo the Green’s function

remains unchanged in form, the y dependence coming from the replacement

z — 2(y). Even in the case of finite U the only change to the Green’s

function is the addition of a term that is harmonic within the unit disk. The
parameter of the integration over the position of the vertex oper-ator would
be to the measure on PSL(2,R), giving an infinite factor in the conformally
invariant case [28, 75, 97]. From this argument we have a definite prescription
for the calculation of vertex operator expectation values, which is to use
the conformal transformation to modify the Green’s function, and calculate
the expectation values of operators at the origin with this modified Green’s

function.

3.2.6 Sigma Model Single Particle Emission

Now we will use this prescription to calculate the sigma model expectati(')nv
values of some operators, and we will start with the simplest, that of.the
closed string tachyon. The vertex operator for the tachyon is : eP»X*(z@) .
and it is inserted at the point y = 0. The normal ordering prescription for

all such operators is that any divergent pieces will be subtracted, but finite

~ pieces will remain and by inspection we see that the appropriate subtraction

from the Green’s function is

: g””(z,z') L G""(z,z') _ g,uval In |Z _ zll (338)
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Using (3.38) we see that

(: X =0 ) = Ze~%pupu:gﬂ"(z(y),z'<y))='
: 0
] 124
J/ o 2 [g—-2md'F-2Y 1 |6%
- Ze N\ —— v 2! 7 - ‘
. *P ( g PuP En:l (g+27ra’F el n|a?n|

We recall that our procedure will necessitate an integration over the the pa-
rameters of the PSL(2,R) transformation, but comparison with (3.21) reveals

~ that the normalization is fixed by
N=2Z ‘ ‘ (3.40)

Having obtained this result fixing the normalization it is natural to check
the expectation value for other vertex operators to see if the relation persists.
‘We perform a similar analysis for the massless closed string excitations. In

particular the graviton insertion at y = 0 is given by
Vh) = . —ah,waXﬂax"e%X“(y—“) ;) (3.41)

where h is a symfnetric traceless tensor and the normalization follows the
conventions of [78]. This can be analyzed by the same techniques as for the
tachyon, noting that there will be cross contractions between the exponential

and the X-field prefactors. Explicitly we obtain

) = = Zh (00 6" (M), 2 0) 40 0 (2(0), £ (1) :

x0 : G" (2(y), 2'(y)) : (ipa)(ipg)) e‘%”“”":g”"("(y”"(y”:|y=o
2

o — 21o/F — o U 2(n—-1)]
_ Zn., Z TQ P o |b | 1
s g+ 2ma'F + <Y |a?(r=1)] |a?|2

=1

—2rd'F — a v He [p2n-1)| —p
g+2ma'F+ % U |a?®=1)| |a?|a

2 n
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/ v ‘ :
o © (g—2nd/F -2l 1062
exp | —= Puby Z j,& nla®] | (3.42)
= n .

and by comparing (3.23) and (3.42) we see that the relation N = Z holds
and that the form of the two expectation values is idéntical in detail.

Finally, we can perform the same kind of calculation for a more general
closed string state, like the one considered in (3.25). We consider a state
which may be off shell in the sense that it not annihilated by the positive
modes of the o-model energy momentum tensor (the Virasoro generators), |
may not satisfy the mass shell condition, and may nof be level matched. Our
explicit choice is to consider the operator

2 o o°

' 3/2: o° , N
Wa)y = (i <&7> A N o e

(3.43)

which is an arbitrary state involving three creation operators. We find that

3/2 - Aa . "Ib.
<VA> = ZA“,,J <2> <( 9 0 — G’“’(z,z') .

o a—1)(b— 1)

&
(c—1)!

o° 5lc
(a—Dl(c—1)

9 , b
ECESTRRISER

L G%(2,2') ¢ pa

! gb rvo !
L GH(2,2') M:G (;,z) ! Da

+

61 LGP (2,7
50

-1 Gz #) papgp7>

Xe‘%l’upu:g“"(z’z'): o’ (3.44)

Comparing (3.44) with (3.25) and (3.26) we observe that the two coincide.
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3.2.7 Sigma Model Multiple Particle Emission

In the previous section we demonstrated that the sigma model calculation
of the particle emission coincides with that calculated using the boundary
state, so we now look at the emission of two pérticles. We expect that the
- two particle emission amplitude will depend upon the relative position of the
“two vertex operators since, even in the conformally invariant case, there are
not enough free parameters to fix two closed string vertex operators on the
- disk world sheet. We first calculate the expectation value of the emission of

two tachyons, with momenta p and k.
) = Zew (-2 bk G ) #())
xexp (—&‘&GW (=(0),2(0)))

p( Bube o (s >,z<o>>)
= Aty (3.45)

(: ehuXt i XY R by

w }0

This is the necessary first step in determining a more arbitrary amplitude.
To make contact with the more complicate amplitudes calculated in (3.28)

and (3.29) we consider the expression

o or &

<A;u/6 . (n — 1)!X" (p - 1)!X_V (q - ¥){Xﬁeik”x" : ) : eilpux;: : ‘0>
= Arao A | | 00O (2(w), 2 () + PR "GP (), 2(0))
| GRS (n- 1) .
x ((p’fi) PG (2(w), 2 (w)) + (p_ () <o>>)
x ((qz_'f”l)!éqc:‘”(z(w),z'(w)) + PG 3(0), z'<o>))
OO i), 2 (W)

[CEVIrEy
5 (2(w), z'(O)))

X G 2 (w
(@—1)“ (=), 21 >)+(q..1)
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| HC cin1)v (g (iq1)|G“5(z(‘”)’ 2 (W)
( ks 563 (a(w), /() + P PG (o(u >z<o>'>)]

(p—1)! |
(3.46)

(p—l)

Also note that if we consider
. o o g
st Xt p e X* XY Xt '
(| A (=D -1 (-1 0

we see that it gives the above expression (3. 46) with w ¢ 0.

:

To demonstrate the general equivalence of the boundary state approach
with that of the sigma model the sums that appear in the general expressions
of boundary state matrix elements must be shown to coincide with the ex-
pressions that appear above. To this end consider first th.e sum that appears
n (3.27), |

> bz + (bz+a)m
m (a,b) — W™z
T;)w M Z _7{ o (az + b)me1
_ 7{ n 1 (z aw —b >—1
B ot (bz + a)(a — wb) —bw+a
aw—>b"\°
= {—— ] . 3.47
(—bw + a) ( )

This derivation uses the normalization condition on a and b, and can be seen

to be equal to z"(y) which is the inverse transform of (3.12).
The other sum that appears generally in this analysis is

') m! .
-
= (m—n)!

as seen in (3.29). In the case n > m we have used the shorthand

—'.:m(m—l)...(m*n-ﬁl)'
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Now consider
m!

b m! _ m! (bz +a)™ !

L - _ym ”M(ab) — %\ wmn,r 2 U

‘ ' Z (m — n)!w nm Z 2m ‘ (az + b)ym+1
' . — —n-—1

| _ ol dz (bz+a) ( _ aw-—b )

omi” (a — bw)n+! T Thwta
= " (bz+a)" Ha—bw) "] _ ..,

‘ 2= Fata
az—>b \"
= 9" —
<—bz + a)

The last equality in this can be shown by induction, the case for n =1

(3.48)

Z=w
is trivial,"and so we demonstrate the induction. First note that use of the
Leibnitz rule gives

2Bz +a)*(a b)“““)l sy =

{aw = bt f:( ) e )

+k
(=bw + a)+k =

(3.49)

Now consider for &k = kg + 1 the expression can be manipulated
ak(c‘az—b)" _ a<ak0(d_z—b)n>
—bz+a/) |,_, —bz+a :

_ g laz=b)h (ko n!
= Si=r=

(ko — 1)1
(ko — 7 —1)!

v (az — b)j

(@z — b)n~(kot1) ko n!
(=bz + a)nlko+1) £ ( j ) (n— (ko — 5))!
(ko —1)!
(ko —j — 1) -
X ((n+ 7 — ko) + (2ko — 5)b(az — b))

i=

b (az — b)
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(@bt R (’“0 i 1) .
(—-I_)Z + a)n+(ko+1) = j
(n = (ko +1—4))! (ko — 5)!

as desired. This demonstrates the induction step, and the validity of (3.48).

b (az —b)’ (3.50)

Note that similar results can be obtained for expressions with negative indices
on M,(:,’c’b) and negative powers of w. These are obtained from considering
the boundary state on the right of the matrix elements. This have to be
interpreted as a dual description of the boundary states presented. This
is because radial quantization and the operator state correspondence imply
that in this case the domain of interest is the complex plane with the unit
disk excluded. This is equally a fundamental region of the plane, and the
conformal transformation between the two is w — %, a fact which is intimated
at by the fact that (for n, k > 0) M3, = M3".

Now we have demonstrated that the results obtained from the boundary
state calculations exactly match those of the sigma model after the propa-
gator including the boundary perturbations has been obtained, and the re-
sulting expression has been transformed into a new cdordinate system. This
shows that the bbundary state renders all matrix elements that would other-
wise be calculated in the sigma model obtainable by algebraic manipulations.

This observation will be important as we generalize these results to hvigher

- genus surfaces.  We also remark that the result explicitly presented for the

emission of two closed string states clearly generalizes to the emission of an
arbitrary number of such ‘particles. Mechanically this can be seen because
the commutation of two such vertex operators to produce a normal-ordered

| -expression produces the familiar logarithmic term, and the boundary state

gives the F' and U dependence within the inner product.
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3.2.8 Bosonic Boundary State Summary

In the preceding sections we have developed the bosonic boundary state. It
is a coherent state involving the holomorphic and antiholomorphic creation
operators which satisfies the boundary conditions associated with the bound-
ary conditions (3.8) and (3.9), and is given by (3.20), the content of which

we repeat for convenience.
|B) = /d2ad2b5(|a2| — [6%] = 1)|Bap)

with
[Bas) ' = Zexp ( > a’ikME‘i;’l)kAZVMS“,;‘L’jaij>

n=1,j,k=—00
! A
exp (—- %m“U,,,,w"') |0).

We have shown that this state gives the overlap with an arbitrary number
of closed string states in the sense that it reproduces the string sigma model
calculation of those same dmplitudes. The reason for the integration over the
PSL(2,R) group is that in the operator state correspondence (a. pedagogical
overview of which is given in [78]) the external state (a| at the end of the
overlap (a|B) is defined by a limiting process which takes it to infinite world-
sheet time, thereby fixing it at the origin. Since the object to which this
must be compared is an amplitude with integration over the positions of th‘e
inserted vertex operators it is necessary to mimic this with an integration
over PSL(2,R).

It is also useful to note that the construction parallels that of [61], which

has as a boundary condition that the two dimensional conformal symmetry

is not broken, and this can be stated as

(Ln - E_n) By=0 . (3.51)
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where the Ls.are the Virasoro generators. For oscillator number n = 0 this
is nothing but the level matching condition. Our results show that the level
matching condition is not satisfied without the integration over the conformal
group. This can.be seen in (3.25) because there was no condition on the
indices a, b, c. The properties of the conformal transformation matrices M,(,?,;b)
are such that upon integration over PSL(2,R) the level matching condition
is enforced. This is because the matrices depend upoﬂ the phases of b and
a, and if the numbers bs and bs are not matched in a particular overlap
an integral of the form f d¢e™® results and vanishes. Upon integration at
each level (3.51) is satisﬁed, as can be seen using the properties derived in

| Appendix A for the matrices M.

3.3 Bosonic Amplitudes in the Euler
Number Expansion

Since the overlap of the boundary state with either single or multiple particle
states has been shown to coincide with that calculated in thé sigma model, we -
have the tools that are needed to proceed and determine higher order contri-
butions in the string loop sense to the vacuum energy of the object described
by the boundary state. We will proceed by utilizing a sewing construction to
relate higher order amplitudes to products of lower order amplitudes. The
procedure outlined is envisioned to produce an arbitrary number of interac-
tions with the boundary state at the oriented tree level, and an arbitrary |
number of handles and interactions with the boundary state in the unori-
ented sector. As is well known, the description of ’higher genus orientable

surfaces'is a more difficult subject and the construction will produce results

that are implicit rather than explicit. The final result, excluding terms with-
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Figure 3.2: The sphere presented schematically. The sphere’s contribution to

the partition function is not included because it has no boundary.

out boundary, will be several terms in the Euler number expansion so that

\

Z=Zgisk + Zonn + Zps + ... (352)

where Z,,, refers to the annulus partition function, Zug refers to that of
the Mobius strip, and each term carries the appropriate pbwer of the open
string coupling} constant. The results in this section will be ofganized by
Euler number, and where appropriate compared with other similar results in

the literature.

3.31 x=1

There are two surfaces with y = 1, the disk and RP?. The noﬁ;orientable
surface RP?, see [62] for details in a similar context, has no interaction with
the fields F' and U .and so is not of interest for this analysis. The disk by
contrast has been analyzed previously in this work and the contribution to

‘the partition function for the boundary state is given by its overlap with the
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‘ . . )
‘ | a = b)

Figure 3.3: A drawing of the two surfaces with x = 1. Both the disk (a) and
the surface RP? (b) are shown.

a) - b)

Figure 3.4: The two orientable surfaces with x = 0: the annulus (a) and the
annulus (b). The annulus is shown in a manner that reminds its

role as a closed string propagator.

unit operator (equivalently the tachyon with zero momentum), as given in
(3.35). Both the disk and RP? are illustrated in figure 3.3.

3.3.2 x=0

There are several surfaces that have an Euler number of 0. The easiest to
discuss in this is the torus, which is immaterial for the same reason that RP?

was among the surfaces with x = 1, namely that it has no interactions with

F'or U. Similarly the Klein bottle, the unoriented equivalent of the torus,
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a)

Figure 3.5: The two non-orientable surfaces with x = 0. The Klein bottle (a)
has no boundary, while the Mobius strip (b) has both a cross-cap

and a boundary.

will not contribute to the partition function. We are left with the annulus
and with the Mobius strip as the nontrivial contributions at this level. The’
annulus can be thought of as the tree' level closed string exchange channel.
The Mobius strip is the non-orientable analogue of the disk.

We consider first the annulus that was analyzed in detail in [70], we reca-
pitulate some of the salient results. Suppressing for brev1ty the integrations -

over the parameters of the conformal transformations we have that
. 1 ,
Zann - <Ba',b|'A—|Ba’,b’>- ) ' (353)

Using the integral representation of the closed string propagator

i — _i dzzzLo—lzLo—l
A Arx lz|2
and suppressing the z integrals we obtain .
Zonn = Ziigs (0] exp (—otmls¥ar MGG ) s amnen ZE e
exp( T M) AT M P& ,)|O)
= Zh, (0l exp (ot MG AT, 11504 )

exp( o MP) A Mambgoz‘s 'l)|0>

1
= Zc%zskF(p) exp (Z 'I;gwjérs { [ M(ab An M )‘]Z]gaé
k=1
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(ab) ab)s’“” -

M@ A MY ] },,> | (3.54)
Verifying the first equality requires the use of the Baker-Hausdorff formula
for commutators of exponentials, and the second equality is an application of
Wick’s theorem. The term in the last exponential is ﬁhderstood to have its
powers defined with contraction of both fhe Lorentz and oscillator indices.
The number F(p) is a Gaussian factor dependent on the (otherwise implicit)
momentum of each boundary state, which can be read off from the boundary

conditions (3.9). Explicitly the form of F(p) is given by

F(p) = exp {p“p” [(50'1'9;;6 - M\ ab)An M ab))

1 b
<5Jk96—y—]Z]M( ¥ Am p ) gne 1 () (7M(ab)>

m] né ik

(5kogw — k2 A M) ) - g,“,] } | (3.55)

In addition fhis is multiplied by terms coming from the zero mode part of
the propagator. In the preceding equations the oscillator index has been
chosen as positive or zero to make the negative signs meaningful. In all
cases, repeated indices indicate summation. ,
Equation 3.54 is a concrete realization of the proposal of [28] for the
calculation of loop corrections to the tachyon action. This proposal calculates
the tree level couplings to closed strings for off-shell boundary interactions
and shows that the correct procedure is to use integrated vertex operators to
calculate these couplings. It further argues that otherwise the vertex operator
does not couple correctly to the background fields, for instance in the case of
the graviton a non-integrated vertex operator does not couple to the standard
energy momentum tensor. By demanding closed string factorization of the

one loop amplitudes [28] determine that the partition function for the string
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amplitude with two boundaries is
+ m :
Z(Seay) = Z / dpZ(Vi(p sbdy)f (p f) Z(Vi(~p), Soay).  (3.56)

In (3.56) Vi(p) is a vertex operator for particle I with momentum p and
f(p* + m?2) is a function which goes to 1 when the exchanged particle is on

mass-shell, producing the expe'cted poles in the particle exchange, and
2(ilo). Sww) = [ dXe Vi) (3.57)

For the quadratic tachyon background we have shown that (V;|B) gives
Z(Vi(p), Spay) so the result (3.54) completes the summation over I in (3.56).

Considering (3.54) we note that the cases of U — 0 and U — oo give a
particularly simple form for the matrices MAM. We have

_ ‘ 1 /g—2ndF — (ab
M(avb) Ak M(a)b) ’ — M(a!b) _ M(a'v )
S U P bmo g\ g+ 2ma/F kn

g—2nd'F 1
= (m) mo - (358)

and similarly

1

a,b "~ ‘ '
Mk(:m)Afw kn = _g/wa(smn' : (359)

U—oo
These results can be obtained by explicit contour integration using the defi-
nition of M and are derived in Appendix A. We can see that the U = 0 case
gives the boundary state of a background gauge field [73] and when U = co
a localized object appears. In fact this parameter U interpolates between
Neumann and Dirichlet boundary conditions [66].

It is worthwhile to check the result obtained in (3.54) in the known case

where only the field F is present. Then the boundary conditions enforce that

p = 0, and with the above simplification we find

(o ¢] . .
PN I g—2ma'F 1
ZannlF) = exp (Z Pt { {"5”' B
k=1

poc J
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rs

k

i g—2md'F s 9

VT <— ) Z } Z3is:F(0)
P \g+2ra'F /,, »

_ 1+| |2r ! 2 12 12
= exp ZTrln | & ——-Ara F + An o F

- ZTT In (g(1 - |2*")).
r=0 ' ’
——;—TT In (g + 4ra'F + 4n*F 2)) Ziisk

. , -1
= H(l — |z|*)~P ﬁdet g-— ﬂt@ra’ﬁ’ +4ra®F?) .
. - 1— |Zl2r )

(3.60)

This result agrees upon the inclusion of ‘the ghost contribution with that
obtained in [40]. Note that the partition function for the disk is cancelled by
the term constant in r which is then summed using { function regularization,
mimicking the calculation of [40] that produced the Born-Infeld action at disk
level.

Now, considering the fact that, as mentioned, the field U governs the
interpolation between Neumann and Dirichlet boundary conditions and that
we expect the space filling branes to be unstable, it is also interesting to
examine how these expressions for Z,,, vary with U arbund_ the two fixed
points. In part.icular, ignoring the linear terms in U in the normalization,
which can be seen (3.36) to be divergent, the expression for Z,,, near U = 0
is

’ Zcmn = Zann(U = O) +Tr <U88U.Zann(U = 0)) +... (361)

* Immediately upon differentiation we see that the linear term will be given
by

\

Tr (Ua‘?]zm(U:O)) = [ (] - ] - DVpssm N
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1 . .
det <1 — =2t (E:ZZfLF_)2) ‘

g+2na’ F
T (9—2md'F)/(g+2md'F) U
(g + 21/ F)? — (g = 2w/ F)?
—4b6 M(a'b) 1

a,b .
X _n_bﬁMﬁn)b._ | (3.62) .

The factor of ;%7 comes from the fact that all the other A terms become
trivial because we have evaluated them at U = 0 Wthh was noted to be
conformally invariant, and from summing the terms e~® which stand betweeh
these. Likewise note that the factor 1 /n? instead of 1 /n between M and M
comes from the fact that U enters always as U/n. ”Also, one of the integrals
over the PSL(2,R) groups becomes trivial, and relabeling gives the factor

Vpsir(2,r) and only one integral. Now, we evaluate

1
ZM_" b_M_" b Z%Qm 27rzn2z”z"

n>1

A (az +5)""! (az + b)*!
1 Gz 4 b)o-1 p)o-1

_8;1—182,—1 (af + ) (Elz + _) (363)

nl2 (bz. + a)bt! (bz + @)b+! 2,7=0

and we find that when we include the integration over PSL(2,R) the expres-

sion becomes

/d2ad2b6(|a | = [8] - ZM_,, b 2M_n b=
. n>1"

min(n—1,b—1)

/d2ad2b5(la — |?] - Z Z '(n2)2

n>1

b+n—gq-—1! %] b+" 272
gn—qg-—1b—qg—1! la?] . |a?

(3.64)
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and we have used the fact that upon integration over the phase of a and b

we will have orthogonality in the sum. We find that the contribution is

Ir (Ub%"z_ann(U = 0)) = /dzad2b5(|a2| — 6% - l)VPSL(2,R)N262t

1
X - >
- det <1 - e—2tb (M) )

g+2na' F
-><T (g —2na'F)/(g + 2ma'F) '
-
(9 +2ma'F)? — (g — 2wa' F)?

min(n—1,m-1) -

—4me?m Z 1 1
n,le 1 - e_2m q=0 ((nm)2 |a'212
(m +n — q— 1)| 2 m m+n—2g—2)
gln—g-1(m—q-1)!1) \|a?| '

A similar calculation can be done around the éonde_nsate U — oo with

1/U the natural expansion parameter) and it is found that

Tr (%’aﬁ?/ﬁ)zf\"" (%: 0)) = /dZad2b5(|a2| — |83 = 1)

A2e2t
VpsL(2,R) Jot (1 — o=2) (1= c20)
2m

1Y \— me” —r(a,b) (a,b)
X4T’l‘_‘ <5> ngl mM—n—mM—n—m'
' (3.66)

1
U

trices M is suppressed. Evaluations show that M_,_,M_,_, has zero entries

Because the natural coefficient for L is n the n dependence between the ma-

on diagonal, so this variation vanishes about the condensate. This compar-

‘ison between (3.65) and (3.66) shows that the case of Neumann boundary

conditions, (corresponding to U = 0) is unstable with respect to variations

of the tachyon condensate since the linear variation does not vanish, but
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that Dirichlet boundary conditions, obtained as U — oo are stable. This
illustrates the well'k'nown phenomenon of tachyon condensation and gives a
mechanism to see explicitly how the open string tachyon has been removed
from the excitations of the condensed state. \ ‘

In a similar method we can obtain the partition function for the Mobius
strip in this backgrqund as well. We use the crosscap state elaborated on in
[62] . '

n=1

RN o
- -5 an 3.67
€) exp(Z — 0,8 |0> (3.67)
Using this in analogy with the development of (3.54) we find that the |

1
ZMobius = <Ba b|_|C>

.-: ZdzskZRP2 exp (Z kgl‘ 5rs { [TM(a ,b) An a b)
. k=1

‘ij'(_sl)s(Sjszsr} - (3.68)

pv

As in t‘h_e case of the annulus, we find that the contributions Zd,-s'k cancel

explicitly when we go to. the U = 0 liniit, where confor_mal' invariance is
‘restored. In that limit we find o ,
1 m|,[2m\ —1

ZMobius H det ( + E ;m:j:2m> . (369)

Finally it is amusing to check and make sure that an analogous calculation

will go through and reproduce the known’ partition function for the Klein
bottle. Instead of the two copies of the boundary state two crosscaps are
1nserted and the resulting expression

Zgr = Zhpexp (— > 9" In (gu(1- IZIZT))> (3-70)

r=1

~ which can be seen to reduce to Dedekind n-functions [51], in agreement with
the known result [78].

/
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333 x=-1

To extend it beyond x = 0 the boundary state formélism requires careful
contemplation. We propose the following method which allows the construc-
tion of states of arbitrary Euler number, and for the non-orientable sector in
prin_ciple a complete description of the dynamics.. The procedure proposed
is as folldws; using the sewing construction for higher genus amplitudes (de-
scribed in [78] among others) and armed with the result proved earlier in
this paper that the emission of any particle from the bosonic boundary state
corresponds with the expectation of a vertex operator inserted at a definite
position on the disk, we propose to add any number of interactions with the
brane described by the boundary state and any number of cross caps.

To recapitulate, the idea motivating the sewing construction is to create
a higher genus amplitude by joining two lower genus amplitudes by inéerting
a vertex operator on each of the lower genus amplitudes and summing over

the vertex operator. Explicitly the construction is
(A1 Ay = /th"wﬁ"(:Al:,..:V:>M1<:V:...:An M,
. v v
(3.71)

with M = Mi#M, and ... represents arbitrary vertex insertions. This con-
struction is tantamount to adding a closed string propagator between the
two manifolds with vertex operators on them. Since we have shown that the
emission of one particle from the disk with F' and U on its boundary matches

the overlap obtained from the boundary state
(VIBap) = (Vi)nur - (3.72)

we can then use this to obtain the contribution of a boundary with the fields
U and F at it. This sort of construction was considered in [26].
The novel feature presented here is the generalization of the boundary

state and cross-cap operators through the state operator correspondence.
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a) - | b)

Figure 3.6: The two orientable surfaces with X = —1. They are a one-loop
correction to the disk amplitude (a) and a surface with three

interactions (b), topologically equivalent to a pair of pants.

The fact that sphere amplitude for three string scattering is conformally
invariant is used, in combination with the fact that both |C) and |B,;) both

have a well defined overlap with ahy closed string state allows us to take the

expression _
1 dzdZ 2 a' b) (a b
= - P o
~|Bay) / wrll exp (—25a2 M2\ AT I 6 2) o)
| (3.73)
and its equivalent using |C) to (suppressing prefactors)
o o .
_k v pple¥) a’,b) §5l
exp ( z 1) X M kA M_m 177 _.1)!X z) (3.74)

by use of the operator state correspondencé. These states are inserted within
expectation values to give higher genus contributions.

There are several different states with y = —1. The most obvious are the
four possible insertions of boundary states and cross caps, and the addition
of a handle to either a boundary state or cross cap (thereby going from y = 1
to x = —1 because increasing the genus by 1 decreasés the Euler number by
2).. Note that the state with three cross caps and the state with.a Cross cap

and a handle are topologically equivalent.



Chapter 3. Boundary States 75

a)

0

Figure 3.7: The three non-orientable surfaces with x=-1 -

To obtain the amplitude for three boundaries we calculate .

1 1
N Z’pam.ts’ = <Ba,b|z : Ba’,b’ . KlBa”yb_"> (375)
where : By y : is as.given in (3.74). Noting that the coefficient of a,, in
871 . .
WX 1S~
X = D0y, 3.76
NCE 2 Drater (3.7

Dna = (___1)n——1(a+1)(n+a_ 1) .

(n—1)! g

(3.77)
we proceed to calculate

. . 1
Zipants = ZgiskFO (p) exp (Z Edna.(ncnm,(l)mcam(‘?))k)

k

exp (Z %éna (nCnm(l)mDn,_aCn,m,(Q)Dmle)k>
k o
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€Xp (Z ']%5na (ncnm(3)mDn’aCn’m’(2)Dm’m)k)
ko

exp (Z %6% (nCrm(1)MDyjCrim (2) Dy
k

jC]-k(B)anu_aC'num,,(2)Dmuk)k)  (37)

3

Where as in (3.54) F; (p) is a complicated function which is Gaussian in
the momentum of the boundary state, the integrals are implicit, and-the
expression Cp,n,,(1) is an abbreviation

Com(i) = 2 MGVAL M) 2T (3.79)

m 1

with i an index indicating the integration from which the closed string prop-
- agator z; came from. ’ "

From this we see immediately that the contributions for the genus ex-
pansion become increasingly complicated as x increases. In the particularly
simple case of a vanishing tachyon we obtain a product of exponentials of
4hyperg-eometric functions. In particular for the case of the constant F field

we obtain

— 21/ F\?
Zipamtet (F) = Z53,, exp (_ > Trln (1 — |z z|*" (Z - 27ra’F> ))
n
o <— > Trin (1 — 1|21 ™| 2]

na

— 21’ F\?
F(-n+1,-a+1;2; |2 (&) ))

g+2ma'F

exp (— ZT’I‘ In (1 — n|2z3)*"| 2|2

na

| —2ma/F\ 3\ \
Fn+1,a+1;2; |2/ (M__) ))

g+ 2ma'F
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exp (_ ZTT In (1 - njz1 |2 F(—n+1,m+ 1,2; |2/

m|z |2m|z |2F(m+1 —a+1:2: |z '2) M 2
3 2 ) ) #) »2 g+27-ra/F | ]
| | (3.80)

In the above F(a,b;c;z) is the hypergeometric function defined by its series
expansion ‘

o0

(@a+n—-1)b+n—-1c—-1)!
Z ni(a — 16— 1)! (C+)7§j—1).)$" (3.81):

F(a,b;c;x)

n=

and the logarithm is interpreted as its series expansion, and both Lorentz and

oscillator indices are summed over. Note that this expression has many of the

properties that we éxpect for the partition function on a twice punctured disk.
In particular this depends on three parameters .(the z; terms arising from the
integration over the propagators to the various boundary states) which can be
identified as the Teichmuller parameters for this surface (88]. In the limit of
any of these parameters going to zero the dominant contribution is from-the
annulus amplitude. The analogous amplitude with any number of cross-caps
gives a similar expression with the following modifications, for each cross-
cap the argument in the hypergeometric expression acquires a negative sign,

and the corresponding matrix of Lorentz indices undergoes the substitution
g—2ra'F

g+2ra’ F g-

~ The other two diagrams that must be calcu]ated are the corrections to
the disk and to RP? which come from the addition of a handle. This addition
is achieved by taking the trace, weighted by a factor exponentiated to the
level number (coming from the propagator within the handle), which is an

identical operation to taking the expectation value of this operator on the

torus. For this calculation it is necessary to take the trace of an operator
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that generically has the normal ordered form
. - €Xp (_QnMnmdm) :

where the indices on M can be either positive or negative, with M defined.
by '

an = Dn'mcﬁ’m’Dm’n- ' ' (382)

After a considerable amount of algebra we find by summing over all states

in the Fock space that

o0
B . 1
Tr(whd)h:ex —ay Mpné :) = — X
| p( Xn m m) g|1_whi|2
S
[ 1aloha of A\
n=11-— <£¢ﬂ‘:,ha Mab 1’?’_‘:};}2 M—-c—b) »

(3.83)
This expreésion uses the convention that the sums within the denominator

_run over positive and negative indices. This suppresses the contribution from

the momentum of the loop which is given by a Gaussian,

F(p) = exp {pp[ (6 My; 2212 ) L
= 0j — Mo; e : -
| _ 1 — @hi (5kj = Mkj%Mkl

. o\ o '
<501 - Mozl ol 1i¢. o (3.84)

The specialization to the case of only interactions with a background F field
is given by substituting |z|>F(a + 1,b + 1; 2; |2]2) for M.

It is interesting at this point to compare the results for this procedure
with those obtained by the standard method of constructing the Green’s

function on an arbitrary surface [88], and then integrating out ithe boundary

interaction as described previously (3.33). The Green’s function of a unit disk .
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with Neumann boundary conditions with a punéture of radius € at z = 0 and
a puncture of radius § at z = ret¥ is given by
G'(z,7) = G(z,2)+(Ine) ™ G(,0)G(<,0)
+ (In8) ' G(z, re™)G(2', re¥)

1 z
—Re | 46° : :
e( <z—7'e“/’ + 1—2re’¢>

-1 ' Z'
_ 8 (Z’ — re~w * 1- z’re“w))
—Re (4€® (271 +2) (271 + 7)) + O(?) + O(€%6%) + O(6?).
(3.85)

In the above the expliéit form of the Green’s function for the disk (3.31)
has been substituted into the last two lines. Integrating out the background
. field F' can be done by recasting this as a one dimensional 3 X 3 matrix
model. When this is done the interaction with a field on the boundary
can be integrated out, much as was done for the 2 x 2 case in [40], and
the resulting expression contains the lowest order terms (in the Teichmuller -
parameter) of the hypergeometric functions obtained previously. Similarly
there is a procedure for obtaining the Green’s function for the disk with a
handle added between balls of radius ¢ centered at z = 0 and z = re*¥. This

gives
G'(z,7) = G(z,2)+ (In€e)™" (G(2,0) - G(z,re¥)) (G(7',0) — G(2', re™))
_ 2( -1 5 1 Z .
Re [46 (z7! + 2) (z, — + T Z’re“”)

+(z'-?+z')< ! +1_;ew)]+0(g2). (3.86)

z —ret¥

As in the case of the disk with holes removed, this Green’s function can be

then used to integrate out the quadratic perturbation, obtaining results that

are consistent with those presented in (3.83).
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| ) . 2n —2na' F 2

(3,0) -~ Jexp | =3, Trin(1— |2z (9-———9+2m,F)
v ' s 2
-5 Trin (1 P lPF (- + 1,0 152 ) (3255))

. -
- > Trin (1 —n|z3*"| 22| F(n + 1,a + 1; 2; |22]?) (L——glgzg,ﬁ) )
- Enma Trln (1 - 7?|Zl|2"|22|2F(—n —+ 1, m + 1; 2; |22]2)

. o
m|z3|*™| 22 F(m + 1, —a + 1; 2; |22]?) (9——‘2”0‘ F) > }

g+2ra'F
. o] 1

(1,1) . . an:l Il—whi|2

. Hoo 1

n=1 Iy _h 2\ "
1= (Lo (b2 ) P 2 (ot —bi2ial2) (522252 )
- 1-w'

g+2na’F
exp |1 [ (30 = 1sP (L + 12 17 (352285 1225
1 | ,
' (Jk'j—|z|2F(k+1,j+1;2;|z[2)(g;g:—gjﬁ)"’Jli_l:—',:l‘z-|z|2p(k+1,t+1;2;|z|2))
(dur = 12PF (L 1+ 132 2) (2t S270) — 1 }
Table 3.1: The partition functions for the orientable surfaces with y = —1 in

the case of U = 0. The number of boundaries and handles (b,h)

is listed.
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(b,c) Z
(2,1) Jexp [_— Y. Trln (1 - |2123'|2" gfjﬁ,i )
- T Trn (1 nla PP (= + 1, =0+ 12 —|aP) (£222E)
-5 . Trln (1 —n|z|* P F(n+1,a+1;2; —|22| (g;§:§,§>)
= > ima T In (1 = 121?222 F(—n + L,m+1;2 —|22|%)
.miZ3|2m|Zz|2F(m +1,—a+1;2; —|2?) (%) ) ]
(1,2) [ exp [_' S, Trin (1 — (=1)"|z 23" (L———g;ilzii))

= CnaTrin (14 nlas |2l F(—n + 1, —a + 1,2 - |2 ]) (5222))
Y TrIn (L = n(=1)"]25[*[252F(n + 1,0 + 1;2; —|2]%))
= ma I In (1 = 0|21 || 222 F(—n + 1,m + 1;2; — | 25]%)

m(—1)"|2|*"|22PF(m + 1, —a + 1;2; —|2[?) (QI—EZZ?» 1

Table 3.2: The partition functions for the non-orientable surfaces with X =

~ —1in the case of U = 0. The number of boundaries and crosscaps
(b,c) is listed.
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a) ) b)

)

Figuré 3.8: The three orientable surfaces with x = —2. The double torus

(a) has no boundary, the surface with two boundaries (c) can

be thought of as a one loop correction to the annulus, and the

surface with four boundaries (b) is topologically a shirt (in the

same spirit that 3.6b is a pair of pants)

3.34 x=-2

As the surfaces increase in complexity there are an increasing number of
orientable and non-orientable surfaces with boundary at each Euler number,
and consequently a larger number of amplitudes‘ to calculate. The surfaces in
question are illustrated in Figures 3.8 and 3.9 and can be described as follows.
Among orientable surfaces there are three, one with two loops and no bound-
aries, one with one loop and two boﬁndaries, corresponding to a‘ ‘one-loop’
" modification of a string propagator, and a surface with four boundaries and
no loops, which by analogy with the exposition in previous sections can be

thought of as a tree level interaction between 4 separate D-branes. Similarlly

in the non-orientable sector there are a number of different possibilities, and
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c) . d)

’ Figure 3.9: The four non-orientable surfaces with x = —2.

they are most simply classified keeping iﬁ mind the fact that the insertion
of two cross-caps can be exchanged for a loop on a non- orientable surface
There is a surface with four cross- caps, the non- orlentable analog of the two
loop orientable graph, a surface with' three cross-caps and one boundary,
which will be the higher loop generalization of the interaction with the Mo- .‘
bius strip, the surface IWit'h two boundaries and two cross;caps which is the
noﬁ-erientable contribution to the one-loop modification of the closed string |
“propagator, and a‘surface with. three boundaries and one cross-cap. We will
‘exa'mine each of these surfaces in turn, as in the previous sections. |
Once again the contributions of first lisﬁed surfaces, both in the orientable
and nonorientable sectors can be ignored in our 1nvest1gat10n of the partition
' function for the tachyon field. As before this is because these surfaces do not
interact with this because they have no boundaries.
» Next we consider the surfaces with no handles and at least one boundary.
‘(This is actually all of the surfaces except for Figure 3.8c because surfaces

with two crosscaps are equivalent to a non-orientable surface with a handle.)
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In analogy with (3.75) we calculate for Figure 3.8b with the partition function

given by A
1 1 1
Lishiryy = <Bal,b1|z : Baz,bz' Z : Baa,ba : Z'Ba4,b4>' '(3'87)
Using the convention from the x = —1 case we implicitly assume that the

internal Bs have a propagator inside of them and can be then written using

3.74 Wthh gives
: By = exp (— apanC'nm() Dingq)s . (3.88)

with

Cam(i) = 2PMEPIAE fplenb) zm (3.89)
as in (3.79), and D is as described in (3.76). Using this input, and noting
that there is one factor of + that is not accounted for and whose parameter
z we give the subscript 5 to, we can recast the expression for this amplitude
as : ’

Zishire = (B(1)|: B(2) :: exp (=25 D_pkCrm(3)D_m;Z5 ;) 1 |B(5 x 4))
(3.90)

where the term B denotes the inclusion of the propagator, and 5 X 4 in this
‘case denotes the multiplication of 25 and z4 which only appear in the last term
in the combination 2524, so we rescale, absorbing z;. into the normalization

of z5. Upon performing the calculations we find

Dishiry = Z:iiiskF(; (p) exp (Z Ona (ncnm(l)mcam(5))k>
k

exp (Zdna nCnm( )mDn’ aCrimy (3 ) mi — m)k)

. exp <Z Ona (nCnm(l)mDn:_aCn/m/(2)Dm:_m)k)
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€Xp Zana nDn” C’nm( ) m”mmDn’ Cnm’( ) m'— m)k)

exp Zé,m nDnu Cnm(2) m"mmcam( ))k>

exp Z(Sna (nDanCnm(3)DmummCam(5))k)
exp (Z =6na (nDgnCop(2) Dpmm Dy ;o (3) Dt —m
jcjk(4)an”—aCn”m” (3)Dm//k)k )
exXp (Z %5na (nCnm(l)mDn:jC’n:m:(2)Dm,_m
k. '
ij’jCj’k'(3)Dk’kan”—aCn”m”(2)Dm”k) )
1_.
. exp —0na | NCrm(1)m
(il |
(Dn/an/m: (2)Dm’—m + Dn’jcn’m'(S)Dm’—m) ]Cjk(4)k
_ _ kY
(Dnll'_acnllmll (2)Dmllk + Dnll_aCnllmll (B)Dmllk) ) )

1
€Xp (Z E‘sna (ncnm( )mDn JCn m’( ) Dn ]Cn’m’( ) m —mn
k

GCt(4)k Do Crutryt(3) Drie Dt aCopryr (2) Do) * ) (3.91)

This is clearly a lot more complicated than the corresponding result for the
three boundary case. This can be generalized to the case of any number of

crosscaps by substituting into the expression for C' the term " g‘—rlztd“" in
py ,
the place of > 1 (g Gl

g+2ma F+°‘ U
‘There remains only one general type of dxagram to be concerned with, and

that is the torus amplitude with two boundaries. This can be also constructed
in the following manner, which we choose to emphasize the factorization

properties [26, 28], because the torus can be thought of as the exchange of
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two closed string propagators. With this_ih mind we propose the‘ following
construction, each of the two arms of the torus is thought of as a closed string
propagator occupying its own Fock spéce, and the operators that make up
the two boundary states that form the two ends of this surface are allowed
to be'in either of the Fock spaces, and we average over all possible choices.
This can be thought of as allowing the excitations from the boundary état_e
to propagate along either of the two closed string propagators, and averaging
over all possible choices in in analogy with the general spirit of path integrals.

Then the partition function will be

7 = / 23,00 T] exp (—odiaf MEP AL, 110 263
i,j=12

Z Laon _Ea_n b, Ea_n n_2a2 &k
H éxp( M“bA Mab)’~5’)10p> (3.92)
where the superscript on the « opefatorjs in addition to the Lorentz index

indicates the Fock space to which it belongs. Now, (3.92) can be evaluated

giving

Z = / 45k {0, Pl H exp( m nMr(;vb)An Mé:ﬁ?z?lld;”

1,j=1,2
I exp( ok A M DN )6 ) [0,p)  (3.93)
if,§'=1,2 .
3.3.5 x=-3
As for x = —2 there are a number of different surfaces of this genus that

can be obtained with the insertion of handles, cross-caps, and boundaries.
The method presented above provides a concrete proposal for the construc-
tion of these higher genus amplitudeés for all x < —1. The construction is

particularly appropriate for what can be interpreted as tree level scattering
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amplitudes for an arbitrary number of closed strings emitted from the brane

described by the boundary state..

3.3.6 Beyond the Born-Infeld Action

In the preceding we have further explored the bosonic boundary state formal-
ism [26] and discussed its extension to.the off-shell case including interaction
with a tachyon field of quadratic profile. The boundary state has been shown

to reproduce the o model calculations for emission of any number of closed

string states, as detailed in the correspondence

Vil Vo' B = (VioVh: ) (3.94)

This can be restated as the fact that the boundary state encodes the bosonic

string propagator in an algebraic manner.

It has been shown that the inner product of two of the boundary states

also reproduces the o model calculations for a world-sheet of the appropriate
genus. We also present a generalization of this to higher genus, the results
of which become progressively more comphcated In the case of vanishing
tachyon field we obtain the following expansion in the open string coupling

constant g,

Zp = 'ch))(ZX
x
= g;l\/det(g+27ra’F) ~ R | '
1+ |22 - -
+/H_(1 Hd t( myp 2! 47ra'F+47r2a’2F2>
2|") ( )2, o\
+90(Zoao + Zoll + Zpo1 + anz) ‘ - _
+0(g2) | S (3.95)
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where Z,;; is the partition function given in Table 3.3.3 or 3.3.3 for orientable
x = o and non-orientable x = n surfaces with 7, j boundaries and handles
(or boundaries and cross-caps if appropriate). This is a generalization of
the Born Infeld action taking into account higher loop stringy corrections, ‘
specifically including contributions from Euler number X = —1 in addition
to the x = 1 and x = 0 terms previously in the literature, and including
the contributions from non-orientable surfaces such as the Mobius strip. The
construction presented can be generalized to higher genus with particular
success in the case of the sphere with a number of boundaries and cross-

caps added. It quickly becomes apparent that the simplifications obtained

~ by the method of encoding the Green’s function in the boundary state are

overwhelmed by the increase in the parameters associated with the various

boundary states.

3.4 Fermionic Boundary State

Despite the details shown in the previous sectioris the fermionic c.ontvribution
to the boundar‘y’ states is in fact more involved than that for the X fields.
This stems in part from the fact that the fermions have a more involved
world-sheet action, involving the Ramond a.nd Néveu4SchWarz sectors cor-
responding to different boundary conditions for the fermions [79]. Another
complication that will appear briefly is that there are branch cuts in the in-

tegrals that define the matrices relating the the oscillators before and after

.a conformal transformation; and this introduces some subtlety of treatment,

however, that is-for the Ramond sector fermions, whose zero modes make
them inappropriate for the study of tachyon condensation [67], especially

considering that the lowest lying states in that sector are bosonic.

We start as in the bosoni(_: case with the consideration of the world-sheet,
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action [6, 15, 68] ‘ '
S ferm = / (Wio-vl + 9o yr) + 74 ' Fu (e —ytyY) +
JM o - Jom ,
‘ 1 v 1 v
| s s ).
where as in the case of the X felds there is a boundary interaction with a
constant gauge field, and the term involving the tachyon profile U is a simple
generalization of the result in [76], and is appropriate to the NS sector since .

that is the sector with the tachyon, as Well as that the fermions not having

zero modes renders the inverse integral well defined

1 1 ! ‘ / ! e A
o= [ao-owe) @on
where ¢ is a step function: e(z) = 1 for z > 0 and e(a:) = —1forz < 0.

Combining the previously mentioned expansion for v, and _ with and
expanding as in [32, 34] we obtain the boundary conditions which must be
satisfied '

' U : V o U . ’
(g +2nd'F + %——) Y, +in (g —2ma’'F — 5—) Yy, = (3.98)
) n pv n - T

where the factor of ¢ comes from the conformal rotation of the world-sheet
coordinates, and 7 = +1 will accomplish the GSO prOJectlon w1th the selec-
tions [32 34]

2By) = B, ~|B.). (399)

where | B1) are.the coherent states that satisfy the boundary conditions with -

~ the corresponding positive or negative value for 7, explicitly

Ba)=Nyexp [£i S 0t %] 1) (3.100)

with

-n _[g—2nd'F —
X“”__ g+ 2ma'F +

alv
o5 - (3.101)
2 n L
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Note that in the case of the Ramond sector the above difference becomes a
sum and there is no contribution from the tachyon profile U, and also that X
is closely related to the bosonic term A. We specialize this discussion to the
| Neveu-Schwarz sector, as that is the case which can draw the parallel with
the discussion in the bosonic sector. . |
Now we examine how the conformal transformation which redefines world-
sheet coordinates (3.12) acts on the (3,0) degrees of freedom. Using the
standard mode expansion [51, 79] the relationship between modes before

and after transformation is

d)m = Nmn"p:z
_ dz 12 (bz +a)"/% : :
N = f i (3.102)

The expression for IV also contains an arbitrary phase that comes from the
choice of branch for the square root of the Jacobean for the transformation,
which can be ignored because in all cases we deal with bilinears in this, and
also a relative sign can be absorbed in the definition of n. An examination

of the properties of N, as well as its bosonic partner are found in Appendix
A.

3.4.1 Particle Emission from Fermionic Boundary
State " |

Now, in analogy with the development we can calculate the emission ampli-
tude for a state in the NS-NS sector by taking ‘the_ overlap with the appro-
priate element of the Fock space. As the development here is very similar
to that in the bosonic case we only present a representative sample of the
possible overlaps. First the massless state, corresponding to among other

things the graviton, which is given by

|P;w> = Pyuwl_‘l/zizl/zl())
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within the Fock space. The overlap of ‘ghis with the boundary state given

above is then

(Pw|B) = / dzadzb(s('azl_|b2|_1)iNfPﬂVNr(:£I;)2 X,TVNT(:{%

(3.103)

m'|b|2m_1
X“”|a|2m+1

- / Pad?b5(|a?| — 8| — 1)iN; P

with the bosonic part implicit and calculated previously (3.21). By contrast
the overlap with a state with higher number of excitations is somewhat longer.
An example is to consider the state ' ‘

|Ppuaﬁ> = P;wa/a1031/'21&51/21/;[_11/21/331/2 |0>

where there are the obvious symmetry and antisymmetry relations between

- the indices. The overlap is then

(PuweslB) = — / Pad?b6(|a?| — 17| — 1)PHes

ab) m wad) ar@b). n rlab)
<N7(711/)2X/10N7(111/)2Nn1/2XVﬁNn(;/2 '

— N o) N o N(GM) (3.104)

Sml/2Avas "ml/27 "'nl/2 nl/2

The expressions for the matrices NT(::I’I;)Z can be found in Appendix A.2.

3.4.2 Particle Emission in the Superstring Sigma
Model

" Now, we pursue the analogy with the bosonic case further by calculating

the disk amplitude for emission of the Corresponding particle. We start by -

mentioning the two point functions for the NS fermions on the disk in the free

case, which are respectively. (with Gy(z, w) = (¥(2)¢¥(w)) and the obvious

" notation for the conjugate fields

z—w 1—zw

Gy(z,w) = 9—,<

?

(3.105)
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(3.106)

Gy(z,w) = a—.l (—_\/Z_ﬂi + @ )
‘ ? Zz—=w 1-zw

Note in passing that these reproduce the well known expression [67] for the
correlators of fermions on the boundary of the world-sheet, and when we
parameterize z = €® and w = ¥ we obtain as the sum of the holomorphic

and antiholomorphic propagators

WO + GO = s a0

2
in agreement with [67]. Just as in the case of the bosonic fields it is possible to

integrate out the boundary interactions and obtain the modified propagator

which satisfies the boundary conditions, obtaining, now including the Lorentz .

indices,
P
Q z—w
. - ' {nv}
- 'p_aU :
_ Z (9 27ralF 2 5) Im (z@)"
rez+1/250 \ I +2mo'F+ 57 A

/ [#ﬂ
—9ma'F — &Y
- (g T2 ) Re (2@)"(3.108)

‘ / o U |.
r€Z+1/2>0 g+ 2ma'F + 2r

and the corresponding expression for the éonjugate fields

—1 : —\/Zw
—G , [ - pv
— Gulz,w) ~—9 |
! {uv}
: _ g U
+ Z (g zﬂa? 2 5) Im (zw)"
rez+1/2>0 \ I Tomak 4+ 5T '

r o\ v
: —2ra’'F — &Y
+ Y (g omo'F 3{;) Re (7w)7(3.109)
r€Z+1/2>0 g+emalli+ 5

which reproduce the results from [15, 102]. In a similar way the partition

function from the fermions can be evaluated to obtain _

' o' U
Ly = det 2no'F + —— 3.110
" I I e _<g+ no' F + 5 ) ( ) |

A T
rE€Z+1/2>0
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We note that in tHe case of vanishing tachyon profile U the disk level partition
functions of the bosons and the fermions on the world-sheet the two partition
functions cancel each other in agreement with [17].

Preliminaries aside we may now calculate the expectation value of the
vertex operator corresponding to the state discussed previously. From the
point of view of a purely sigma model calculation, the vertex operator from
the (—1,—1) picture

|PL) —: Pt . (3.111)

will vanish under path integral averaging. In contrast to this however, the
fact that this system is annihilated by the BRST charge operator @) suggests
that the (0, 0) picture is more appropriate in any case, and the corresponding

vertex operator is
P} = P, (0X* + ikoyp®yH) (5X" + z'kmz?%") "X (3.112).
and so averaging we find
(: Py, (0X* + ikap®yh) (SX" a zkﬁw«p) R Ly =
Py (00GY — kahgOGITGY + ikodG!EikaGlY + iksdGHL ikaGS”
_kﬁég"kacg") exp (—-%kuk,G’}”) (3.113)

where the Green’s functions can be evaluated from expressions (3.108) and
(3.109). For the bosonic parts of this expression it has already been shown
that the boundary state encodes the interaction content of the sigma model,
and for the fermionic degrees of freedom there are relevant calculations that
can be found in Appendix B. The coincidence of this with the calculation
from the boundary state is another independent check of the boundary state
giving the correct ovérlap with closed string sﬁates, which is now for the

perturbative superstring.
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3.4.3 Euler Number Expansion for Fermions

To follow the same analysis for the fermions in Euler number expansion as for -

the bosons, the same steps are necessary. First the observation is repeated

. that the sphere and RP? do not have any interactions with these boundary

fields and so are not of interest in constructing a stringy action for these

fields on the brane, and as before the disk‘case has been calculated explicitly.

Paralleling the development before we can 1nterpret the annulus amplitude
as either a tree level self interaction diagram for the brane ﬁelds or in the
case of distinct branes as a single particle exchange.

So,‘ for the case x = 0 we take the fermion boundary state for the NS

sector and the overlap given by
~ 4 . 1 . : .
<B¢|K|B¢ = exp (Z —Tr ([ “b)X“aN( b)z] il

Y Y / k s . )
Sambz V&M—amb s% s] ) ) (3114)
- uv /.

which in the case of vanishing tachyon gives the opposite contribution to

(3.60) as seen explicitly in the calculations [17].

3.5 Ghosts and Antighosts |

For completeness, we now mention the ghost and antighost systems, but since
they do not couple to the boundary interactions, the discussion will be brief.
(see [32, 34] for a more detailed discussion) It has been mentioned before
that the boundary state is a;nnihilated by. the operator Qgrsr + QBRST.
Expanding @ in terms of ghosts b aﬁd c, this condition together with the

known form of the boundary state for the bosonic coordinates leads to the

conditions

(cn +E-n)|Bs) = 0 | - (3.115)
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(b,, — B_n) |Bpe) = 0. | (3.116)
Due to the anticommutation relatibnships between b and c,

{bn,cm} = Sminyo (3.117)
{bnv bWL} = {Cna cm} =0 (3118)

‘it‘ is immediately possible to see that this coherent state is given by

: ‘ i ) 1 )
|Bbc> = €xp (211: c—nb—n + C_nb_n> 5(60 + Co)lO) (3119)

where |0) is a state which is annihilated by ¢, for n > 1 and by b, for n > 0.

Similarly the antighosfs arise for the case of the superstring, and we men- .
tion here those appropriate for the NS sector, és that was where the tachyon
field caused interest. The superghosts contribute to the energy momentum
tensor of the string as do all the other fields, and by decomposing the Q BﬁST
into its components and defining 7 as in the fermionic case the vy modes

relate according to

('yn+in‘r_n-)|Bg7> = 0 (3.120)
(ﬁn+in5_n) |Bgy) = 0 (3.121)

and this gives a superghost boundary state as

|Bgyt) = exp|£i > YnBon — Bonon (3.122)
nEZ+1/2>0

. because the commutators for the Gy system are

(B2 1m] = Smtno (3.123)
By Bm] = [y vm] =0 | (3.124)
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3.6 Summary

While the boundary states for the ghosts and antighosts are well khowh (31,
32], we have developed in this chapter the boundary states for both bosons
and fermions corresponding to the boundary string field theory actions

1
dro!

S(g,F.Ty,U) = / O XH0,X,, + PEOYY, + 90,0
M

1 1 1 :
- v by i by
+£M (2F,,,,X 06 X"+ Ty + o U X*X ) ,
1 1
+f B (it —ve) U (vt - v vt
oM ¢ 4
(3.125)

which is given by
|B) = Z|Bx)|By)|Buc)|Bpy) (3.126) -

with the normalization determined by the comparison of the overlap with
closed string states to the analogous calculation in the world-sheet sigma
model, and the integration over PSL(2,R) implicit. |Bx), |By), |Bs), and
|Bg,) are given respectively by equations 3.19, 3.99, 3.119, and 3.122. This
boundary state correctly reproduces the emission of particles by the brane
described by the boundary interaction, and can be thought of as a state
interpolating between the renormalization group fixed points of tachyon con-

densation.
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Chapter' 4
Generalized Boundary
Interact ions

In the previous chapter we considered exclusively the states in which the -
background consisted of a tachyon field with a quadratic boundary interac- .'

tion, and also a constant antisymmetric gauge field. While these are interest-
ing and have géner’ated a great deal of iﬁvestigation and study [4,17, 68, 101]
they clearly cannot be the whole story, because they do not exhaust the pos-
sible interactions on the boundary of the String world-sheet, inclu"ding the
possibility of interactions higher than quédratié. The programme in String
theory is to regard these as coupling constants that gener.ate, higher order
interactions on the string world-sheet and on the boundary; a famous ex-
ample of which is the spacetime metric tensor which appears in the string
action, when it is expanded around Minkowski spacetime it gives a massless

two dimensional theory plus interaction terms, ,
/ OXMBX"G,, (X®) = / oX*aX" (n,w (aa G (Xﬂ)) PG ) .
A general theory which has such arbitrary interactions is dlﬂicult to solve
~analytically without a great deal of symmetry [51]. While the study of general
world-sheet actions is beyond the scope of this thesis, a much more general
class of boundary interactions is available for investigation.

There are two directions, not mutually exclusive, that this can take, the
first is to investigate additional constant fields and couplings in the context

of the boundary state. These will add to the spectrum of posmble fields and
charges on the hyper-surface that spans the edge of the strlng world sheet.

" The second -is to have non-quadratic interactions on the boundary, which
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will, in general, make it difficult to write out a nice and compact expression
for the boundary state, but none the less, it is possible to recover some kind
of dynamics for the strings from this. In all of this consideration there are -
still two general principles that govern the analysis, that the boundary states .
algebrize .the world-sheet action, and that the efféct of conformal transfor- '

mations is accounted for.

4.1 Additional Boundary State Fields

We wish to demonstrate that the boundary state is not applicable only to
the case of a tachyon field and gauge field, but also to fields of different
world-sheet dimension. We will first examine the addition of different fields
into the ‘boundary state, which amounts to, in the bosonic case adding fields

and interactions in the form

S = / axéX+/ T(X*)+ Au(X)0X" + B, (X))’ XF+ Cu(X)PX* +. ..

M oM (a1)
For the purely quadratic case, each of those fields is expanded to linear order
with the exception of the tachyon discussed before. The paftition function
and world-sheet two point functions are straightforward generalizations of

the case examined in (3.33). In particular we find that the disk propagator

becomes
G*(z,7) = —d'g"Inl|z— 7|
o & (22" + (z2')"
+_
2 n
n=1

g-— %’% —2mad'F — o/nB — a'n®C + ... )
o U
2

4 = +2na'F + o'nB + an?C+ ...
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g-— %’% — 27d/F — o'nB — o'n?C + ... {u_u} (4.2)
g+ a?l%+27ra'F+a’nB+a’nzC+... '

Here we have used the expansion (3.4) for the tachyon T(X ), assumed a
prefactor of — for all the additional fields; and used the convention that B,
C, and the h1gher terms in this expansion are the field strength associated

with the corresponding field in (4.1), so

F, = 0,A.(z) - 0,A.(X)

Cuw = 3,,0,,()() (X) .

(4.3)
In this background the disk partition function becomes
g .
4 - 1U e—TOH O;’U / . ' '/’2- )

det(;) mzldet(g+7—n—l+27ra..F+anB+anC+...)

4 (4.4)

Additional fields such as those described above were discussed in [74],

with boundary interaction
1 ’ . . ° .
Sy = at o ?4 4846 X* (8, (6 — 6) X" (6) (4.5)
T

where 6 parameterizes the boundary. The boundary coupling v in (4.5)
preserves locality in the sense that the Taylor expansion consists of derivatives

of a d-function
. o }
g -0\ = w_5(6 —8'). , )
WO = Dt me@—6) (4.6)

The boundary coﬁpling u can also be Fourier analyzed as

uy =u = fd@u’“’(@)e‘iko, - © (4.7)
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In the language of (4.1) this corresponds to having the couplings
u’ =U" + kFP + k2B‘“’ + k30~" (4.8)

and the partition function is determined to be [74]
1 oo - : g -1
o flae (1) i
el : (49)

in agreement with (4.4) with the identifications a = Tp, up = U- and (4.8). It

is also shown in [74] that using a point splitting regularization it is possible

to introduce a short distance cut-off and truncate the expansion (4.1) and

then renormalize with respect to this cut-off. For our purposes it is sufficient
to note, using the formal relationship

, B o

X(O)X(0+¢) = X(O) R

X(6) (4.10)

it is possible to use a boundary state to describe a non-local boundary inter-
action. The boundary state corresponding to the action (4.1) is, just as in
(3.19)

2 = zew( S i)

n=1,j,k=—00
- al N
exp <——4—w“Uw,x"> |0). (4.11)
with |
o . v’
o 1 g-—3%—27ra’F——a’nB—a'n2C'+... (41
H g+ %% +2ma'F + o'nB + a'n?C + . ..

This will reproduce all the ¢ model amplitudes [70, 74]. We can also con-

sider the case of interaction terms that are explicitly non-local. Due to the

- (anti)symmetry requirement (4.7) still holds and so using equation 4.8 the
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non-local can be recast into a set of local boundary infé’factions, potential‘l»y
infinite in number. ' V o
"This generalization has thé following interesting'property, 1t ‘Was noted
that the transition from U = 0 to U = oo was charécterizing the transition ,
between Neumann and Dirichlet boundary conditions. This could be seen in |
| the“bound'ary state éxpression because for large values of U the coefficient
in the exponential simp‘liﬁed'to‘the well known expression for the bouhdary
state for a D.brane. Now, restricting attention to the case of the additionai
field B which appeared as faﬂ B,3*X# or equivélently the first' term in the
Taylor expansion faM B,,0X*0X" where B,, = 0,B, + 0,B,, as detailed
in equation 4.3 we see that the statement is still the same. In the case that
B — oo the strings Will satisfy the regular Dirichlet boundary conditioné |
but they will not have a condition upon their zero mode. We can contrast ’
the effects of the tachyon’s U with this B. World-sheet ‘excitations Wlth‘
large enough mode number will overcome the effect of U, since it appears as
U/n — 0 as n — oo, but by contrast B appears as nB.’which grows with
increasing n and makes the system ‘more’ Dirichlet in the UV. Of course, this.
is just another way of saying that the coupling U is irrelevant in world-sheet
power counting, and that B is relevant. To specﬁlaté what the effects of this
“kind of background field are, consider the case of a region of space where B
“is non-zero. An end of a string in that region will not leave for the same
reason that it would not leave a brane’s surface. A large region like. that
could model an extended object which ‘traps strings near its boundarles
Another similar point is that if there are large U and B couphngs on
the string boundary, there will be a finite number of modes which dominate
the partition function, equivalently the action for these background fields,
.’ eliminating the need to regularize the expression. ‘We now examine this

‘ thoﬁght somewhat more,svyster'natically. :
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4.2 Time Dependent Tachyons

It is also possible to study tachyons of a more general proﬁlle,_asldiscussed in
[43, 85, 86, 93, 94]. The motivation for this kind of study is to examine the
time dependence of the tachyons described by'a‘boundéry state as opposéd to.
simply the static solutions that describe either the tachyon vacuum or static
D-branes of lower dimension This allows a more sophisticated analysis of the
dynamics that describe the decay of a space -filling brane into one of smaller
dimension.. ’

A'model for the study of this process is the boundary interaction term’ .
§S = Z\?f cosh X® (4.13)
, oM :

where the bulk action is the standard bosonic string action and the term X
is written to conform with the conventions of {86, 95]. It has been previously
~shown [85] that this type of deformation is amenable to study In fact, a
compact expression for the boundary state for this type of perturbatlon is

known to be _
NZZD |j,m m)) ' - (4.14)

where j runs over non-negatlve integer and half integers and can be inter-

~ preted as a spin, m stands in the roll of projection of spin j, R is a rota-

tion matrix in SU(2) which can be parameterfzed as R = ( aB Z), and
|7, m, m)) is a Virasoro Ishibashi state [61] associated with the primary state
|7, m, m) with momentum 2m and conformal weight (52, 2). The matrix el-
“ements of D are defined, for the parameterization of R glven by the formula

[43]

min(j—m,j+n) \ . '
; = VG +m)G —m )G + )G — n)!
D) = k:ma%,n_m) (G —m = )G + n— k)I(m — 0+ k)]

‘ aj+n—kaj+n—kbk(_l‘))m—n+k . (415)
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and also the primary state can be expressed, up to a phase as
|7, m, m) = kQ; mexp (2imX) |0) (4.16)

where O;, are a combination of oscillators with left- and right-moving level
of 52— m?. Since the potential has been specialized to be in the X° direction
it is possible to pick out the coeflicient of the part of the boundary state
that has no dependence on the a® or &° oscillators. Note that the other
25 bosonic directions are given by a boundary state like (3.10) but with all

external fields vanishing giving A
Bas) = nn - 4.17

as in [34]. Now, fixing the phases by comparison with known configurations
[93, 95] we are able to find that for the hyperbolic cosine perturbation (4.13)

it is

|Bo) = N

n>1

1+2 Z (— sin(j\w))n cosh (nXO)] |0) (4.18)

which can be explicitly summed to give a time dependent constant in front
of the X°® mode independent part of |By), and obtain |By) = N f(z°)|0) with

F(2®) = = + L 1 (4.19)

1+ e%° sin <:\ﬂ') 1+ e *°sin (:\ﬂ')

In all of this, sin (Xw) is a parameter from the SU (2) transformation neces-
~sary to put the boundary state in this form.

Similarly, it is interesting to find the coefficient of the term associated
with the purely time (00) component of the graviton, that is the coefficient
of the state

a®,a% |k) € |B)
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which is found to be
.\ g(z°) = cos (2;\7r> +1— f(°) (4.20)

The sum of g and f is conserved, independent of 2°, and can be interpretéd
as the conserved energy density on an unstable d-brane by observing that

the sum goes, in the small A regime as
£(2°) + g(2®) — 2 (1 - 3%2) (a.21)

but on the other hand the d-brane tension is givén as ﬁ with g the open
string coupling constant, and from the point of view of string field theory the
potential energy for the tachyon field deformed by X is —5’-\9—25 and sumrrﬁng |
the two, one obtains the total energy [86, 93, 95]

1 32,2
2m2g% (1_/\ m ) .

which is proportional to (4.21), and this then shows that it is correct to
interpret the sum f(z°) + g(z°) as the total energy density of the system of
branes. This kind of construction will give the evolution of the normalization
of the boundary states which describe the spatial d-brane. The explicit form
of f(z°) is such that for boundary perturbations where sin <;\7r) > 0 we have

f(z®) = 0as 2z — oo ,'.(4..22‘)
which can be interpreted as a decay of the states with Neumann boundary
conditions in all spatial directions. ' ‘

Following [86, 95] it is possible to generalize this sort of construction
to something that has spatial inhomogeneities rather than just some time
dependence. A natural candidate in the spirit of (4.13) is the boundary
interaction

| o x1

552;\?{ cosh —= cos —. 423
o B (4.23)
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As is apparent from the form of the interaction, this will be solvable in the
- same sense that (4.13) was, and further it can be seen to decompose into
boundary states that are purely functions of X° +4X', and so the analysis

above can be repeated. The boundary state describing this decouples as
| |B) = |Bxo x1) ® |an,ﬂ;é0,1>.® |Bb,g> (4.24).
where
|Bxox:) = |By) ® |BL) (4.25)
:;nd following [86] it 1s possible tb find that
|By) = f(z®+iz)|0)

+%g(x0 +ig") (¥, +ial,) (&%, +iaL,) [0)

+ih1x +ig’) (a2, +ialy) (62, +146,) 0)

+ih2 (2 £ dz?) (o2, £ iat,)” (&%, +iat,)" o)

| +;h3 20 % iz') (a0, £ iat,)? (&%, £ it,) |0)

+ohy(a® £ i) (a2, + dal,) (62, +idL,)2[0) + ... (4.26)

4

and similarly the implicit coefficient functions are determined to be

0 1y _ 1. .
fle =) __‘ 1+ exp (”” f;l”” )51n()\7r/2) "
= 1 (4.27)
| 14 exp ( z \i/l’” ) sin( A7 /2)
g(z® £iz') = 1+ cos(hn) — f(ac + i) '  (4.28)

04 1
0, 1y _ _ [z £z
hi(z” £1iz') = (1 + cos(Arr) ) 1 —sin )\7r/2 )cosh( 7 >

~ f@tint) o (4.29)
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ha(2® £iz') = 2 (1 + cos(;\w)) sin(Ar/2) cosh <m$0 + ix1>

V2
+ f(2® £ 4z?) : (4.30)
20 + izt

ha(a® £ izt) = —(1+cos(Z\7r)) sin(Ar/2) sinh (T) (4.31)

Now, using these expressions it is possible to expand the boundary states
for arbitrary oscillators, and we see that, for instance, the coefficient of the
tachyon mode (that is to say the Fock space vacuum |0}) is the same as
the coeflicient of some of the purely spatial components of the graviton (for
instance (o2 ,8%; + o*,8%,)|0)), with similar relationships occurring among
all oscillator combinations with the same holomorphic and antiholomorphic
levels in X°44X!. This can be briefly compared to the case of the quadratic
tachyon profile considered in section 3.2. The similarity to the current éonf

sideration is that the states appearing in the boundary state expansion do

' not necessarily have equal numbers of creation operators at the same level

as they would in the case of pure Neumann or Dirichlet boundary conditions
(compare a_ja_1&_5|0) with a_ja_1&_1&-1|0))

The interesting point that arises from this analysis is that, as in the purely
time dependent case there is time evolution of the coefficient functions. This
evolution is analyzed in detail in [86] and it is found that the energy density
evolves off a brane and becomes localized, showing the decay of a space filling

brane into something smaller.
4.3 Spherically Symmetric Tachyon

Condensation

Another possible generalization within the study of tachyon condensation

is to consider, as in [54], a more symmetric case in which the symmetry

renders the analysis more tractable. The problem considered was that of the
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condensation of open étring tachyon fields which have an O(D) symmetric
profile. In the context of the quadratic tachyon profile studied in 3.2 this is
simply the problem of condensation from a space-filling brane to a spherical
symmetric state by decay of the radial direction.

This problem is investigated by using the observation of [27] that the bulk
excitations can be integrated out of the partition function to get an effective
non-local field theory which lives on the boundary. The problem is then '
reduced to a boundary conformal field theory with D scalar fields on a disc
perturbed by relevant boundary operators with O(D) symmetry. The model
is exactly solvable in thelarge D limit and admits a tractable 1/D expansion,
which only is consistent for tachyon fields that are polynomials. In the case
of tachyon fields that are polynomial the theory is renormalizable by normal
ordering, but in the case of non—polynomiél tachyon potentials it is poésible |
to have large anomalous dimensions for the operators and that these may :
require non-perturbative renormalization which could make the B-functi‘onv
nonlinear. This nonlinearity combined with the vanishing of the A-function

as a field equation for the tachyon profile gives terms that describe tachyon .

~ scattering [64, 65]. However when the tachyon profile, and the other fields

are adjusted so that the sigma model that they define is at an infrared fixed
point of the renormalization group, these background fields are a solution
of the classical equation of motion of string theory. Witten and Shatashvili
[97, 104] have argued that these equations of motion can be derived from an
action which is derived from the disc partition function.

We start with the world-sheet action '

S:/MaXc'}XJr/aM‘T(X)

and breaking the field X into classical and quantum parts in the standard

way

X=X, +X,
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and X, satisfies the wave equation on the entire surface and X, — 0 on
© the boundary: Integratmg out one obtains the action decouples between the

classical and quantum parts as |
) 1 . : i, - -
S = / 0X,0X, +/ <—Xc|8|XC + T(Xc)) (4.32)
M - Jom \2 : :

where the term |3| gives a non-local contribution to the kinetic term, defined |

by its Fourier transform

018(¢ — @) = 3 ~ cosn(¢ ~ ¢) (33
n>0 " .
The quaﬁt_um term is nothing but the partition function of the string with
Dirichlet boundary conditions, and in the absence of the tachyon field the
integration over the classical fields on the boundary will give the terms to
convert from the Diri/chlet to Neumann boundary conditions on the partition
function. ' _
Investigating the large D limit of this O(D) invariant model we reparam- -

eterize
T(X) - DT (X*/D). s

We introduce auxiliary fields and a'source to the partition function ofrthe

| boundary field theory, as

7 = 'Zo/dded-)\e‘xp(—-S) , (4.35)
with
[ d¢ - N
S = o X’|8+2 A X* + DT(x) — Didy — J X? (4.36)
where A is a scalar that enforces the condition x = XX' and Ji is a source .

- term. As was apparent from the initial form of the actlon the zero modes
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of X are special in that they naively contribute a constant term in the two
dimensional partition function (4.35) and also since in the above action all the
X terms appear quadratically it is convenient to integrate out the non-zero

modes (Xp) which then gives the effective action

_ D , do . XiXt\. XiJ
Sef = 2Trln(|5‘|+2z)\)+D/27r <T(X) A <X D ) D
1 @(

=55 | 3, (J(8) — 20AX,) Gx($, ¢', 2i0) (J(¢>’)—2MX0)] (4.37)

where both the trace and the boundary greens function for X are only defined .

on non-zero modes as those were the ones integrated out. In the large D limit
the integrals over x and A can be done using a saddle point method obtaining

the ﬂequations

T'(x) = i) R - T (4.38)
and

X = 5 (X +2(8))} (X +2(8))" + Gx(8,6,2T'(0)). (4:39)

In this z(¢) is the induced classical field

o(0) = [ £6x(6,¢,2700) @) ~ 2T 6@NX), | (440)

X
and the saddle point relation for A has alréady been used to simplify the
expressions. Thus to leading order in the large D limit, the partition function

is given by
Z = Zo/dXo exp _Seff[XO) )\0, Xo] ’ (441)

where o and Ag are solutions of (4.39) and (4.38) respectively. This analysis |
can be extended to higher orders in % as well.
When considering the effective action (4.37) we note that there are di-

vergences that must be renormalized. It was argued in [54] that while the



Chapter 4. Generalized Boundary Interactions 110

logarithm of the mode number contributes a divefgence that can be regular-
ized by ¢ function regularization there remains a truly divergent term which
multiplies the tachyon, and which can be subtracted by the renormalization

transformation
T(x) —: T.(X —2¢(1)—2¢): (4.42)

where'c is an arbitrary constant that should be fixed by a renofmalization
prescription. With the substitution of this into the effective action above,
one can obtain an’expression for an effective action that is finite, up to an
arbitrary parameter that was discussed in [101]. '

Interpreting the ¢ function as being involved with the cutoff of the the-
ory at large world-sheet momentum we can see that taking the logarithmic
derivative of : T : will give a linear B-function for the tachyon field at this
order [64, 65] | |

ﬁ(:T:):—:T:f2:T': (4.43)

which is the large D limit of the tachyon wave operator.

A traﬁsparent way to understand the content of the .classical partition .
function is to consider the limit where T(X) is a smooth function and to
expand in derivatives of T. To do this, we set the source J to zero. Then,
we expect that the condensate x is a constant, independent of ¢. Then,
the Green function can easily be evaluated. It is most useful to consider an

expansion of (4.39) (after renormalization)

x = X2 2) o+ 1) (2T (0) (1.44)

and sums of this type appear in the analysis in [54] Substituting into (4.37)

we find

7 = 7 / dXoe™PTOR/D)
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x (1 - 2c1DT'(X3°2) +2D¢(2) {T’ (%)] 2 ¥ .. )
(4.45)

and the omitted terms are of higher orders in derivatives of T' by its argument.

Now calculating the action, as discussed in [54] and around (2.24) given by

S = (i+/ﬁ(T)%>Z
. _ Zo/dXOe_DT(%&> {1+DT (‘%9%) +2DT' (X_g)

D

(B e

Which exactly coincides with the result of [101].
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Chapter 5

Conclusmns and Future
Dlrectlons

In this thesis we investigated the interplay between interactions on the string
world-sheet boundary, conformal invariance, and tachyon condensation. We
have reviewed some of the background and developments which motivate
the study of tachyon condensation. We developed a boundary state appro-
priate for non-conformally invariant boundary interactions [4, 70], used this
boundary state to calculate higher genus string .diagrams [69). Where pos-
sible we verified that the amplitudes we obtained coincide with the known
results calculated with other methods. We have commented on the applica-
bility of our boundary state to other boundary interactions, including ones
that violate world-sheet locality, and explored other ways to analyze tachyon
condensation in Chapter 4 [54].
The boundary state

B) = [ (e - 191 - D15

with

. o0
lBa3b> = Zexp( Z ot M- A" _anb)Jd'ij>

n=1,j,k=—0o0

!
exp (—%w“Uw,x") |0).

has been shown to correctly reproduce sigma model particle emission am-’

plitudes, and thus describes a brane in the process of tachyon condensation.

As the parameter U runs under RG flow from 0 to oo the string world-sheet
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undergoes a change from Neumann to Dirichlet boundary condltlons and
this boundary state gives a smooth interpolation between the two. The nor-
malization coefficient Z has been shown elsewhere [68] to correctly reproduce

the expected [91] ratios between brane tensions during tachyon condensation,

and this strengthens the interpretation of |B) as a brane. A similar boundary

state was found in the superstring case as well, with the same properties.

We also use the boundary state to calculate higher genus amplitudes. For

. the oase of a conformally invariant boundary we exactly reproduce the known

results at x=0 for a constant background gauge field. We also provide a
concrete realization of the proposal [28] for the strlng loop corrections to
tachyon condensation, manlfestly reproduc1ng the closed string factorlzatlon |
propertles in the off-shell case considered. o '

Chapter 4 examines other boundary interactions, and details several dif-
ferent methods of probing their stfueture. We review the construction of
boundary,state for time dependent ‘backgrounds. It exhibits many simi-
larities to the conformally integrated boundary state defined above which
suggests that these boundary states are also appropriate for the examination
of the time dependent structure of tachyon decay. Also, we examined the
1/ D expansion as an ‘additional way of probing the properties of tachyon
condensation. ' I | '

This work highlights several opportunities for future research and inves- .
tigation. The boundary state constructed in Chapter 3 is well understood
in the context of boundary string field theor'y. As this state represents a

tachyon in the process. of condensing, it would be very interesting to study

its representation in cubic string field theory. It would similarly be interest-

ing to extend the analysis in section 3.3 to higher genus, and also to attempt"

cross-checks on the quantities calculated there. Also, as alluded to in Chap-

ter 4 there is a natural connection between the Ishibashi states [61] used to

describe the time dependent tachyon condensation and the boundary state
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|B), and it is possible to include time dependent coefficients for the spatial

directions in analogy with [86, 93].
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Appendix A

Properties of the Conformal
Transformation Matrices

In this appendlx we examine some of the propertles of the matrices that
perform the conformal transformation which maps
V : az+b
. W= =
' bz+a
on the degrees of freedom in the bosonic and fermionic sectors respectively.

A.1. ‘Bosonic Matrix Mﬁfﬁb)

As d1scussed in chapter 3 the matrix that maps the bosonic degrees of freedom ‘

_ to one another under the conformal transformation above is

dz . (bz+a)"t \' ~
MED = ]{ A Al
comn 27mz (az + b)rtt @A

with the contour for the integral around the unit circle, as seen in (3.18).
Th1s matrix has a 51mple block structure, and the elements in each block can

be evaluated and are enumerated below. There are a total of 1 n1ne cases. _

First, m > 0, n > 0 has a pole of order n+1 at —2 and can be evaluated
as : _
Meh = ié?"iz’"(l'az +a)~t (A.2)
mn o gntl v/a v .

and some of the elements of this are given exphc1t1y as

(@b _ 10"
Ml" - Ean+1

ab) —b n—1 .
ME — (20 (A3)

an-i—l ‘
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The case m > 0, n = 0 is immediately evaluated as

a -b " -
M = (——) | | (A.4)

Examining m > 0, n < 0 there are no poles within the contour so the
matrix vanishes. o

The case m = 0, n > 0 can be obtained from the residue theore.m‘as

(a'9b) — 1 n 1 1. = n:_], .

=0 (A5)

Similarly we determine Még’b) = i, and in the case of m = 0, n < 0 there .
are again no poles within the integration contour so the mat'rix elements
vanish.

Now, for the case'bf m < 0, n > 0 we have poles at both zero and —b/a.

a dz (bz+a)* ! |
Mab) }[ 9z mbz+a) A
mn o~ (az +b)nL (4.6)

but with the transformation z — w = 1/z we can rewrite the integral as

dw . (b+aw)* !
M) - f{ w im0+ Gw)" _
o omi (@ + bw)nt! ‘(A ")

and the negative sign from the differential is compensated for by the switch
of integration directions. This new expression can be seen, as for the m > 0,
n < 0 case to have no poles within the contour ‘and thus to vanish. ’

For the case m < 0, n = 0 there are again two poles, a pole of order
m at 0 and a simple pole at z = —b/a. This can be evaluated by either
performing the redefinition above z — w = 1/z in which case it is obvious
that the expression is just the complex conjugate of the m > 0, n = 0 case,
or it can be evaluated directly which we do for illustrative purposes here in

the case m = —2.

a d 1
. Mzso'b) = f—zz_z

2ni” (bz +a)(az +b)
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“exactly as expected from the previous considerations. |
Finally for the case m < 0, n < 0 the redefinition z — w = 1/z gives the

equality immediately

Caplad) M(a,b) . : (A9)

Im| fn| = 7 ~|m| —|n|

This analysis confirms a kind of block diagonal structure, and ensures
that, as advertised, there is no. mixing between creation and annihilation
operators. There is however a flow to the zero mode which reflects a natural
redefinition of the momentum after a conformal transformation. This was
important in the work on the bosonic degrees of freedom to ensure that the
overlap between the boundary state |B) and a particle matched the sigma
model expectation value for the corresponding vertex operator.

While perhaps obvious, we now check that the expected composition l;],WS.

hold for these matrices. So, calculating we find

MEPMIEY = 5 e s e e 410

mi 2wt (az + b)) (dw + bR+
Since we know that the positive and negative elements of this matrix are
complex conjugates of each other, and further the structure on M and
My, we can restrict the sum to be from 1 to oo and concentrate only on the
annihilation op‘erat,ors, knowing that the sum will also work for the creation

operators, so

dz dw w 1 (Vw+a')k?

m

M(a,b)M(a’7bl) — = =
mn “Tnk 2m'»2m"z (az+b) (a — bw)z + (b — aw) (d'w + b )k+1
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— ]{ﬁﬂw (b'(aw—i—b)-f-a’(bw_,_d)) -1
: 2m ((aw+b)+b’(bw+a))k+1
= M @

mk

gwtb wag used. It can

and in the second to last line the redefinition w — o
immediately be seen that |a'a + b'b|* — |ba' 4+ b'@|> = 1 so this is another

conformal transformation of the same type, as expected. This also shows

)

that the expected inverse matrlx transformation forM,(,mb , which would be

- M%7 is in fact the inverse.

Finally, we check the claimed property that renders these matrices moot

in the conformally invariant case, explicitly that,

a,b 1 a,b 1 ‘. |
~ As before the stated property that Mon, = 0 helps, and we restrict to positive
'k, finding '
M,S‘if’-l-M,ﬁi”” }( dz dw r (bz +a)™! 1wk (bw + Cf)n 1
k o 2mi (az +b)™t1 k"~ (Qw + b)n+1
dz d b 1 (b -1
= f—z—w—ln1~w/z)(z+ )™ (bw + )"
271 2me (az + b)™+1 (Guw + b)n+l
(A.13)
where we have transformed z — 1/z. Integrating along the branch cut which
runs from z = 0 to z = w, and redefining again z — _";ij’a we obtain
Mé;;b)lMng,b) _ ]{fl_vi'i(ljw+c_z)n—1 aw+b\" ) E my
k- : 2mim (aw + b)"t |\ bw + a a
1 . . '
= b A14) .
— | | (A.14)

We have now verified the salient points claimed within the text, and -

shown that these transformations in fact act as a group, and become trivial

in the cases where A(n) is independent of n,
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A.2 Fermionic Matrix N

We have also described previously the matrix in the fermion NS sector, NP
that describes the mappings between the various fermion creation and anni-

hilation operators. This matrix was derived 3.102 to be

dz (bz +a)™1/2 -
(ap) _ AL r=1/2\V2 TR,
Nem” = ?{ omi” (az + b)mHIR2 (A-15)

where 7 € Z + ; Since there are no zero modes for this, the number of
possible options is significantly less, but as in the case of the bosonic matrix
we enmherate them.

In the case r > 0, m > 0 we have poles of order m+1/2 at —‘%. This can

be evaluated to give

1 1 -
N(a,b) — am-—l/Z r—1/2 b —\m—1/2 A.16
rm amt1/2 (m _ 1/2)' z ( Z+ a) _b/a ( )

“and some of the cases that are short to write are

rm—1/2

(@b _ b

N1/2m T gmt1/2
Bm—3/2

N?E;léb)m = am+3/2 (1 - [b|2)

For the case r > 0, m < 0 there are no poles within the integration
contour, and so these elements vanish. Similarly, for the case r <0, m >0
there are apparently poles at both 0 and —b/a but just as in the bosonic
case it is possible to make the transformation z — % which results in a new
function to be integrated with the poles outside of the.contour, and hence
vanishes. The same trick can be used for the case r < 0, m < 0 and we

explicitly exhibit it for completeness

rm

N
271 (az + b)m+1/2
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1
withz — —
w

f‘ dwl 1 (b+4aw)™ /2
2wt w w12 (@ + bw)mt1/2

— dw |T| 1/2 (a + bw)|m| 1/2 ' (A17)
27T2 (b + aw)|m|+1/2 '
, Which shows that |
S(ab)  _ ar(ab) : '
Nt ot = N—lml “in , (A.18)

as desired. This analysis shows as in the bosonic case that the creation and
annihilation operators do not mix under these transformations.

"~ To complete the parallel with the bosonic case it is necessary to show
the composition law, and that in the case that the matrices are contracted
through a PSL(2, R) invariant exponent in the boundary state that they

contract to a unit matrix. The first problem is to calculate

N(“’b) N(“"bl) Z% dz dw - 1/2ww”_1/2 (Vw+ a')e1/?
L o o (az + b)pti/2 (a'w + b')a+1/2
dz dw i 1 (bw+a)t/?
omi 2mi z(a — bw) — (=b + dw) (a'w + b/ )7+1/2
dw (=b + aw)™" 2 (Hw + a')1~1/2
7{ by (a — bw)™+1/2 (a'w + b)a+1/2
aw +b

w+a
dw /2 (b”w + C—l//)q—l/z
o (a"w + br)a+i/2

withw —

(A.19)

with " = @b’ + a'b and a” = a’a + b'b just as in the bosonic case.

Now we calculate in analogy to A.14 the quantity

S " 2mi i’ (az + b)l’“/2 (aw + b)a+1/2

(A.20)
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and by transforming z — % and summing we find

N(@b) frlad) ﬁﬂg 1 (b+az)p /2 W12 (bw +v<f)q_1/2
L 2 2w 2 — w (a + bz)PH1/2 (aw + b)a+1/2
]{. dz (a+bz)1!

21 (B + @z)9-ptl

= b,p (A.21)

These relations show that the matrix of transformations for the fermions

in the NS sector has the analogous nice properties as that of the bosonic

transformation.
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Appendix B -
Green’s Functions

Here we present in some detail the calculations of the bosonic and fermionic
Green’s functions for the quadratic tachyon background under considefation.
The construction presented below will make the generalization to the case ,
of different (quadratic)' boundary interactions that are mentioned in section
4.1 and the case of more complicated interactions, that is to say higher order
than quadratic, while not preSente_d explicitly because they are not amenable
to exapf expression in a compact manner can.bé dealt with through standard

techniques of field theory.

B.1 Bosonic Tree level

The starting point for this calculation is the action (3.3) which is rewritten

here for convenience

1
S(gFTU) = — /)E dod 9,,0°X*0,X,

1 1 1 |
do{ =F,X"0, X!+ —Ty+ —U,X*X"].
+/02 ¢<2 g ¢ * n 0+87TU“ )

2
(B.1)

Ndw, for a disk world-sheet the greens function satisfying Neurria,nn boundary

~ conditions is determined in [60] and we wrote it as (3.31)
G"(z,2') = —d'g" (—In|z — 2| —=In|1 = 2Z'|). - (B.2)

Clearly it is possible to either calculate exactly from the boundary condi-

tions this greens function in the backgroﬁnd of (3.3), or we can treat the
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‘ bound‘ary terms as perturbations and perform an explicit sum (an equivalent

procedure).

For illustrative purposes we choose the second method, and-since the
interaction terms are quadratic there is one term at each order in perturbation
theory. The final bulk to bulk propagator will be the sum of the propagator
with no boundary terms and the increaéing number of boundary interactions.
For the parameterization of the world-sheet z = pe'® we have the bulk to

boundary propagator (3.32) which is

G* (pe'®, ¢ )—2ag"”2~cos[m<¢ ¢)) (B.3)

and also the boundary to boundary propagator

Gﬂu(peidz) ei¢’) — 2a/guu Z COS[m(:; - ¢I)] (B.4)
m=1

using the identities from [50].
Now, to first order in the perturbing terms the contribution to the prop-

agator is

N : / ; | 1 ’
G (pe'®, ple'?) = /dQG“” (pe'?, ') <F89'+ —U> G“"( 1 ple?)
vip

4
pm 'm’
= /d9 Z cosm(¢p—6) .
x | Fo +iU " cos "6 —¢')
(‘] . cosm
_ 2 prp™
= (2) WZ —

x (éU cosm($ — ¢') — mF sinm(é — ¢')>W .
| © (BS5)
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Similarly the second order contribution can be read off from the concatena-
tion of (B.5) with (B.3) to give

G5 (pe e = (~2a'yx a8 3" 2
. . , »
(4—U cosm(¢ — 6) — mF sinm(d — 9))
T

1 , plm’ . ,
il pol _
<F89 + 47fU> E g cosm'(6 — ¢')

!

v o
\ B ' s 3 P ™ 2
= (=2d)n ; 3 <(47r)2 cosm(p — ¢') :
u U . ,
—-m (FE+EF) sinm(¢ — @) |
: uy .
. , - +m?F? cosm(¢ — qS’)) _ (B.6)
. : with the obvious generalization to higher orders. :

"Now, in the above we note that all terms in this sum will naturally sep-
arate into terms with cos m(¢ — ¢') and sinm(¢ — ¢') and by inspection the
dependence on F and U is such that the coefficient of sinm(¢ — ¢') is nat-
urally combinations of F' and U that are antisymmetric in Lorentz indices,

just as those for cosm(¢ — ¢') are symmetric in F and U. Using the facts

ei(¢"¢,) — e—i(¢_¢’)

. ", _

smm(¢—d) =
i(g—¢') —i(p—9¢')

cosm(¢p —¢@') = ¢ +2€

and the identification z = pe'®, the sum
G +G" +GyY + ...

can then be calculated as

G*(z,2") = —d'g"In|z - 2|
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i _ona'F — 2U\ ¥ (om0
g+2ma'F +
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n
n=1
o0
n=1

as noted in (3.33). This includes the In|1 — zZ'| term in the two F and U

dependent terms as can be seen by the limit that as F,U - 0 we recover

~

+

| R

g+ 210’ F + & in

AN

QQ

l\D
3

Q\

|
't

SRR

g ‘—I n s I\n
>' (22)" = (Z)" g o

the known expression (B.2), and in the case of U — oo, Dirichlet boundary

conditions, we obtain
G*(z,2") = —d/g" (= In|z — 2| + In|1 — 22']), (B.8)

which is the Dirichlet propagator on the disk.

B.2 Fermionic Tree level
As in the bosonic Cas.e we start with the fermionic action (3.96) which is
Sperm = [ (WEOWL 4 w0 )+ § B (vt - vut) +
M oM
1, L1,
O (Vigovr v 5v). (B9
® ®

The appropriate Green’s functions for the free case have been determined to

be [15, 102]

Gy(z,w) = aT (

zZ—w l—zw

. 0‘7 <_ \/—_ Viw > | | (B.ll).

G¢(Z, w) =

1-zw
As in the bosonic case we specialize to the bulk to boundary propagator,

which upon imposition of the antisymmetry requirement on it becomes

Gl <pei¢,ei¢"> = 2d’g“" Z o sinr(gb—gb’). (B.12)

r€Z+1/2>0

Vew Ve ) . ®1)
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Upon insertion of the interaction term associated with the gauge field,

‘the first order modification to the bulk to bulk propagator is

Gy (pe ,p'e"’) = (2a/)2F™ / d¢ "
! T €Z+1/2>0

X sinr(6 — ¢)sm7‘(¢ 0’)

= (2a) 7 F™ Z (op')" cosr( 6'). (B. 13)
: r€Z+1/2>0 :

Similarly we can determine the order F? modification as

¢

Gy (pe,de™) = Caa(Fy [ds S oo
rr'€Z+1/2>0

X cosr(f — ¢)sinr'(¢p — 0')
= (Pr(FH™ > (pp) sinr(6 - 6)

r€Z+1/2>0 :
(B.14)

with higher order terms determined similarly.
For the insertion of the U interaction term associated with the tachyon

field, it is important to remember the definition of ale,

1. L[ / ! SN
e =g [awo-dwe) (®15
where € is a step function: ¢(z) = 1 forz > 0 and e(z) = -1 for z < 0.

Using this the lowest order correction to the fermionic Green’s function due
to UM is
Gty ( 9 ,p’e“") = (2a')U™ / dg oo

ryr €Z+1/2>0

x sinr(6 — ¢)g— sinr'(¢ — ')
@

\. ) — (2al)27rUuu/d¢. Z prp/,“/

rr€Z4+1/2>0°




~Appendix B. Green’s Functions | 138

_ X siﬁr(@ - ¢)COST,(T#GI)
_ , , . rsinr(6—6")
= @)U Y (pf) —— —— (B16)

r€Z+1/2>0

The steps in (B.16) can evidently be repeated indefinitely and so for the nth

insertion -of U into the bulk to bulk propagator we obtain

\

Gl;; (pew? p'ewl)‘ — (2a')n+_l1ﬂ'n(Un)#V Z (pp/)

re€Z+1/2>0

. sinr( — ')
o

(B.17)

It is also clear that for interactions with combinations of F' and U the resul-
tant will depend on sin7(6 — 6') in the case of an even number of F's, and on.
cosr(@ — ¢') for an odd number. Summing the contributions of interactions
with both U and F' allows the verification of (3.108). The Green’s func-
tion for the ahtiholomor.phic coordinates ¥ can be obtained by an identical

argument.



